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Abstract

The Development of a Generalized Meshfree Approximation for Solid and Fracture

Analysis

This dissertation is concerned with the development of a generalized meshfree

(GMF) approximation to improve the accuracy and efficiency of conventional meshfree

methods in the solid and fracture analysis. The particular focus of the dissertation is

placed on both the mathematical and numerical analysis of the proposed approximation in

terms of its convergence and stability properties. The GMF approximation can be

considered as a general expression reproducing all the existing meshfree approximations

as well as a new approximation utilizing different basis functions. In addition, the GMF

approximation possess the so-called weak Kronecker delta property at the boundary that,

in turn, allows us to directly impose the essential boundary conditions without

complicated treatments as seen in the traditional meshfree approximations and therefore

greatly improves the computational efficiency. Furthermore, by choosing certain basis

function, the proposed approximation can be extended to a higher-order or specific

enriched approximation without adding extra nodes and is naturally conforming. This

unique feature leads to high accuracy and enables us to solve some challenging problems

vi



such as problem involving large deformation, moving discontinuity and high-gradients.

The proposed approximation is further furnished with the element-free Galerkin (EFG)

method for the solid and fracture analysis.

The proposed method is tested against several benchmark problems with

analytical solutions as well as some practical problems with experimental data with

regard to its predictive simulation capabilities. For the time-dependent problems, a

stability analysis is performed to guarantee that the proposed method is stable and

produces a bounded solution whenever the solution of the exact differential equation is

bounded. In fracture analysis, the cohesive failure model is adopted and the meshfree

visibility approach is utilized to define the crack and its initiation and propagation.
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Chapter 1 — Introduction

1.1. Motivation

Today, computer-aided engineering (CAE) analysis has becoming a very

powerful and indispensable tool in almost all engineering fields. In automotive industry,

engineers and designers rely heavily on CAE analysis for vehicle component designs,

structural optimizations, and vehicle crashworthiness evaluations. For example, the finite

element method (FEM) based CAE tool is routinely used for vehicle crashworthiness and

enables the engineers to assess vehicle structural and occupant safety under many

different impact scenarios in a robust and accurate way.

Thanks to the rapid improvement of computers, engineers attempt to apply the

FEM-based CAE analysis to solve very sophisticated problems with high-accuracy

expectation. However, the FEM has inherent limitations to satisfy their expectation. One

of the well-known limitations in the FEM comes from the mesh quality and related mesh

distortion problems. Examples are severe mesh distortion of honeycomb barriers in

vehicle crash simulations, rubber materials of crash test dummies in occupant safety

analyses, soil and wood materials in road-side safety analyses, and brittle vehicles

components in car-to-car crash simulations. As a result, the FEM suffers from numerical



instability, and may yields non-physical results due to the distortion of mesh.

In the mid 1990’s, the meshfree methods, such as the element-free Galerkin

(EFG) method [Belytschko 1994b] and the reproducing kernel particle method (RKPM)

[Liu 1995b], were proposed as a solution to improve the mesh quality problems involving

in the FEM. The meshfree methods have been applied to many problems with success.

Wang et al. utilized the meshfree methods for the development of honeycomb barriers

and a rubber material within crash test dummies in automotive crashworthiness

simulations [Wang 2009b]. However, the meshfree methods have their own deficiencies,

mainly the high CPU cost.

In the meshfree methods, the approximations based on the moving least square

(MLS) method [Belytschko 1994b; Lancaster 1981] or the reproducing kernel (RK)

method [Liu 1995b] are non-convex approximations. Unfortunately, those non-convex

approximations do not bear the Kronecker-delta property at the boundaries which is an

important and convenient property to enforce the essential boundary conditions.

Therefore, special boundary condition treatments are required for the meshfree methods,

which increases the computation time considerably and sometimes even degrades the

accuracy. Recently, the maximum entropy (ME) approximation, which is a convex

meshfree approximation, has proposed [Arroyo 2006; Sukumar 2004] but it has not been



extensively studied in solid and fracture mechanics.

For the aforementioned reasons, the new approach for the construction of

meshfree approximation, the so-called generalized meshfree (GMF) approximation, is

developed in this research. The GMF approximation is the general approximation to

produce existing approximations as well as new approximations with possessing the

weak Kronecker-delta property at the boundaries regardless of whether convex or non-

convex, which makes the essential boundary conditions impose straightforward and

reduces the computational time in the meshfree methods. In addition, the comparative

study between convex and non-convex approximations is conducted to account for their

performance and characteristics in the meshfree methods.

1.2. Objective and scope of the research

The objective of this research is to develop the GMF approximation for

improving the accuracy and efficiency in the conventional meshfree method for solid and

fracture analysis. The specific components of this research work are summarized as

follows:

1) Introduce the enrichment of basis functions to construct meshfree

approximations, which satisfies the required constraints,



2 Develop the GMF approximation, which can reproduce existing meshfree

approximations as well as produce a new approximation,

3 Develop the GMF approximation, which has the weak Kronecker delta property

at the boundaries,

4) Develop the GMF approximation, which can be extended to higher-order or

specific enriched approximations,

5) Study the characteristics of convex and non-convex GMF approximations in

meshfree methods,

(6) Study the convergence and stability of the GMF approximation in meshfree

methods, and

(7) Evaluate the performance of the GMF approximation in fracture analysis.

1.3. Contributions of the research

The proposed GMF approximation is the integrated formulation for generating

existing approximations, such as MLS, RK and ME approximations, as well as new

approximations. The GMF approximation naturally bears the weak Kronecker-delta

property at boundaries and can be extended to higher-order approximations. Those

features of the GMF approximation have great benefits to simply computational



algorithms and coding process of meshfree methods. In addition, the comparative study

of convex and non-convex approximations in convergence and stability analyses proved

in depth understanding of performance and characteristics of meshfree methods. The

fracture analysis with the modified cohesive zone model shows the promising results in

1D and 2D benchmarking problems. Consequently, this research contributes to improving

the accuracy and efficiency in conventional meshfree methods for solid and fracture

analyses.

1.4. Organization of this dissertation

This dissertation is composed of six chapters. In the second chapter, the existing

meshfree approximations and important issues in the cohesive fracture mechanics are

reviewed. The third chapter presents the approach of the GMF approximation and its

development. In addition, the imposition of the weak Kronecker-delta property at the

boundary and the extension to the higher-order approximation are described. In the fourth

chapter, the convergence and stability of the GMF approximation in meshfree methods

are analyzed. The meshfree fracture analysis using the proposed GMF approximation is

described in detail in the fifth chapter. In addition, benchmarks are performed to test and

validate its numerical implementations in the fracture analysis. Finally, the conclusions



are presented in the sixth chapter along with recommendations for follow-on future

research.



Chapter 2 — Literature Review

2.1. Meshfree approximations

The construction of shape functions based on scattered data is a fundamental task

in meshfree methods. In general, the construction of the meshfree shape functions can be

categorized into two groups, the interpolation methods and the approximation methods

[Fasshauer 2006]. A well-known interpolation method is the radial basis function (RBF),

which are invariant under all Euclidean transformations. The classic form of RBF is the

multi-quadrics (MQ) [Hardy 1971]. There are other forms of RBF, such as thin plate

spline (TPS) [Duchon 1977] and Gaussian radial function [Powell 1992]. The RBF offers

an exponential convergence rate and works well with highly scattered data points

[Madych 1990, 1992]. However, they are limited to small-scale problems because of their

non-locality and have been enhanced by the weighted radial basis collocation method [Hu

2007] and the combined RK and RBF approximation [Chen 2008]. Other interpolation

methods include non-Sibsonian interpolation [Belikov 1997], point interpolation method

(PIM) [Liu 2002], and moving kriging (MK) interpolation method [Gu 2003].

The moving least square (MLS) approximation [Belytschko 1994b, 1996;

Krongauz 1996; Lancaster 1981] and the reproducing kernel (RK) approximation [Chen



1996; Liu 1995b] are two commonly used approximation methods. The MLS

approximation was achieved by performing a position dependent weighted least squares

fit and the RK approximation was achieved by introducing a correction function to the

smooth particle hydrodynamics (SPH) approximation [Gingold 1977; Lucy 1977] to

impose the reproduction of basis functions. It can be shown that MLS and RK both

exactly produce basis functions introduced in the approximation. These approximations

can be easily extended to a higher order. However, both approximations do not bear the

Kronecker-delta property, which is a convenient property for imposing the essential

boundary conditions. Several special treatments have been proposed for imposing the

essential boundary conditions, such as the Lagrange multiplier method [Belytschko

1994b, 1996], the penalty method [Liu 2002], the modified variational principles [Lu

1994], the transformation method [Chen 1996], the control of dilation parameter [Gosz

1996], the mixed transformation method [Chen 2000a], the singular kernel method [Chen

2000a; Kaljevic 1997], the coupling with finite element method (FEM) [Belytschko

1995b; Huerta 2000; Krongauz 1996; Rabczuk 2006b], among others.

Alternatively, the maximum entropy (ME) approximation has been introduced

[Arroyo 2006; Sukumar 2004, 2007b]. The ME approximation is developed based on the

Shannon’s entropy concept [Shannon 1948] and ME principle [Jaynes 1957], which is a



convex approximation with an exponential basis function and possesses weak Kronecker-

delta property at the boundaries. This approximation guarantees the unique solution

inside a convex hull with a minimum distributed data set. However, it is difficult to

extend this method to higher-order approximations since the first k moments of

arbitrary fixed points do not belong to the moment space given by the convex hull of the

nodal points [Arroyo 2006; Tagliani 2000]. Some methods have been proposed for

constructing the higher-order approximations by compromising some of properties in the

linear ME approximation. Cyron et al. introduced a gap function to allow errors in the

second-order constraint, while maintaining the convex condition and weak Kronecker-

delta property at the boundaries [Cyron 2009]. Sukumar and Wright introduced a higher-

order approximation by using the entropy expression for the positive/negative distribution

[Hobson 1998], but the approximation loses convexity and Kronecker-delta property at

the boundaries [Sukumar 2007b].

In this section, the three approximations, such as the MLS, the RK and the ME

approximations, which are most popular in meshfree methods, are reviewed. Originally,

those approximations were derived in different contexts and expressed in different forms.



2.1.1. Moving least square approximation

The MLS approximation was proposed by Lancaster and Salkauskas [Lancaster
1981] and utilized in the development of the meshfree methods, such as the diffuse
approximation method [Nayroles 1992] and the EFG method [Belytschko 1994b]. The
approximation u"(x) in the space co-ordinate x' = [x, y] in 2D is defined as

u"(x) =T (x)a(x) (2.1)
where T'(x) is the monomial basis vector, for instance T (x) :[l,x, y] for the linear
basis and T (x) :[1,x, y,xz,xy,y2] for the quadratic basis. The coefficient a(x) is
obtained by minimizing the weighted, discrete L, norm of Eq. (2.1) as follows

1=Y X[ @a)-u, T (22)

i1

where ¢, (x;X;) is the weight function that defines the smoothness and compact support
of the approximation, a denotes the support size of the weight function, X, =x-x,, U

is the i™ nodal value, and n is the number of nodes. The stationary of J in Eq. (2.2) with

respect of a(x) leads to

A(x)a(x) = B(x)u (2.3)
or  a(x)=A(x)B(x)u (2.4)
where  A(x) = z¢ (%X, ()T (%), (25)
B(X) = [, (6 X, (%), 6, (6 X,) T3 (%), ., (6 X, )T, ()], and (26)
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T

u' =[u,u,,-u, . 2.7)
Substituting Eqg. (2.4) into Eqg. (2.1), we have
) =TT (A OB = 3T (A WBE) 4, =D ¥, (28)

where the MLS approximation can be obtained as

¥,(x) =T (0)(A"()B(X)) (2.9)
If only the constant basis is selected, that is T (x) = [1] , the Eq. (2.9) becomes
W, (x) = LX) (2.10)

Z_:¢a(X;Xj)

which is the Shepard function [Shepard 1968].

2.1.2. Reproducing kernel approximation
The RK approximation was proposed by Liu et al. [Liu 1995b] by using the
theory of wavelets where functions are represented by a combination of the dilation and

translation of a single wavelet. The integral window transform of a real function u(x)

!

X—X

with a real window function ¢( j is defined as

x—x' ,
0.9)=[,9[ 2 Juree @.1)
which is utilized in the SPH method to find a suitable smoothed reproducing window

function that mimics the Dirac delta function. Consider a function u(x) that is a linear

11



combination of the basis vector I'(x) and a set of unknown coefficients ¢ in the

expression
u(x)=TI"(x)c (2.12)
In order to obtain ¢, we multiply both sides of Eq. (2.12) by I'(x') and perform the

integral window transform with respect to a positive window function ¢(Ej to
a

yield
(Tu,¢)=(TT",$)c (2.13)

or c=M"(x)(Tu,g¢) (2.14)

x—Xx
a

where  M(x)=(TT",¢)= jg¢( jF(x')FT (x)dQ (2.15)

which is the so-called moment matrix or the positive definite symmetric Gram matrix.

Inserting Egs. (2.14) and (2.15) into Eq. (2.12) gives the approximation of u(x) as

x—x
a

u"(x) =(I"MTu,¢) = (Cu,¢) = M( jC(x,x’)u(x’)dQ (2.16)
where

C(x,x) =T" (x)M(x)[(x) (2.17)
which is the correction function. The discrete form of Eq. (2.16) becomes

U"(x) = Z¢ (x; X, )C (X, ), = Z‘P () (2.18)

where the RK approximation can be obtained as

Yi(x) =4,(x; X))C(x; X)) - (2.19)
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The correction function with a constant and linear polynomial T’ (x) :[1,x, y] can be
expressed as

C(x;X;)=C,(x)+C,(x)- X, (2.20)
where C,(x) and C,(x) are ascalar and a vector, respectively, which can be defined in
terms of the zeroth, first and cross moments. If we take that C,(x)=0, then Eq. (2.19)
becomes the Shepard function, Eq. (2.10). So, the second term in Eq. (2.20) is the
corrected or enriched term to achieve a linear reproducing condition.

It has been shown that the MLS approximation, Eq. (2.9), and the RK
approximation, Eq. (2.19), are identical [Belytschko 1994a]. These two approximations
are non-convex approximations and can be easily extended to a higher-order. However,
both approximations do not bear the Kronecker-delta property and several special

treatments have been proposed for imposing the essential boundary conditions.

2.1.3. Maximum entropy approximation
2.1.3.1. Entropy theory

Shannon introduced the concept of entropy in information theory [Jaynes 1957,

Khinchin1953; Shannon 1948]. Suppose we have a set of events x(x,X,:--X,) of a

complete system, together with their corresponding probabilities p(p,, p,:-- p,), where

13



n is the number of events. The probability has the following natural properties,
p,20 (i=12---n)and (2.21)
i p. =1, (2.22)
i=1
which are referred as convex conditions [Boyd 2004]. Then the entropy is defined as
HE)=H(p, P, )=~ P log P, (229)
which measures the amount of uncertainty with the given probability distribution in an
unique way. The entropy H(p) is based on the satisfaction of three conditions;
(i) H(p) should be continuous in the p,,
(i) H(p) isamonotonic increasing function of n if p, =1/n, and
(iii) the composition law must hold.
The entropy H =0 if and only if all the p, but one are zero, and it is a maximum and

equal to log(n) whenall the p; areequalto 1/n.

The entropy in continuous distribution is defined in the following form

p(x)

H(p,¢) =— p(X)log(—jdx, (2.24)
I #(x)

where ¢(x) is a prior probability distribution in terms of Bayes’ theorem [Jaynes 1963;

Sivia 2006]. This is also known as the Kullback-Leiber divergence [Kullback 1951] or

the principle of minimum relative (cross) entropy [Shore 1980]. The generalized form of

entropy is
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H(p.g) = [| POO— 600 - p(x)log(%ﬂdx, (2.25)

which was proposed by Skilling from the general notions of subset independence,
coordinate invariance, system independence and scaling of probability distributions

[Skilling 1988, 1989].

2.1.3.2. Maximum entropy principle
Following the introductory text by Khinchin [Khinchin 1953], in the two simple
different probability distributions,
Xl X2 Xl X2
05 05 0.99 0.01)

the first clearly represents more uncertainty (higher entropy) than the second, in which

X

P

the result of the experiment is almost surely x,. While in the first case we naturally
refrain from making any prediction. Jaynes interprets it such that distributions of high
entropy represent greater “disorder,” that they are “smoother,” that they are “more
probable,” that they “assume less.” Thus it is believed that the possible distributions are
concentrated strongly near one of maximum entropy [Jaynes 1979].

In the ME principle proposed by Jaynes, the probabilities p(p,, p,,:--, p,) for

events x(x;,X,,---,X,) are unknown. All we know are the expectation value of the
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function f (x),

< fr(x)>=zn:pifr(xi) (r=12,...,m), (2.26)
i=1
where m is the number of the expectation functions, and convex conditions Eq. (2.21)
and Eq. (2.22). Under this limited information (three equations), the least biased and
maximally noncommittal probability assignment p, can be obtained where the entropy
becomes maximum:
Maximize(H(p) =H(p, Py, P,) = —Zn: p, log pij (2.27)

i=1

with satisfying Eq. (2.21), Eq. (2.22) and Eq. (2.26) [Jaynes 1957].

2.1.3.3. Global and local maximum entropy approximations
Recently, the ME approximation schemes were introduced by Sukumar and
Arroyo independently [Arroyo 2006; Sukumar 2004, 2007b]. Consider an element with

co-ordinate x; (i=12,...,n), where n is the number of nodes, then the interpolant
u"(x) fornodal value u(x,) can be expressed by
u"(x) = Zn:‘lfi (x)u(x;), (2.28)
i=1
where YW, (x) is the shape function that satisfies convex conditions, ¥,(x)>0 and
> ¥i(x)=1, and linear constraints, » " ¥, (x)x; =x. When n=3 in 2D (or n=4

in 3D), there is a unique interpolant. However, if n>3 in 2D (or n>4 in 3D), the
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system is under-determined and it is impossible in a normal way to find a solution which
satisfies the constraints. In the viewpoint of the ME principle, the shape function ‘¥, is
the same as the probability p, and nodal data are the events. If it is true, then the shape

function can be obtained by maximizing the entropy H(¥). Using the discrete form of

Eq. (2.24), the problem is restated as

Maximize(H(x,‘P,¢a)=—2Ti(x)log%\2—§)i)] forfixed x  (2.29)
subject to W (x)20 (i=12,...,n), (2.30)
Z::‘I’i(x)—lzo, (2.31)

anj\yi(x)xi =0. (2.32)

If ¢,(x;X;)=1, which is a uniform distribution in the whole domain, it is the global

maximum entropy (GME) approximation since global nodal information is used. When

¢.(x;X;) is the positive kernel function with a support size a(x), then it is local

maximum entropy (LME) approximation because nodal information within the support is

used.

This ME approximation, which is the solution of the constrained convex

optimization problem, can be solved by the method of Lagrange multipliers [Agmon

1979; Jaynes 1957]. The Lagrangian associated with Eq. (2.29) - (2.32) is
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L(x, ¥, Ao A) = H(G W, 4) + 4, (0) D) = 2. ) W (0)X, (2.33)

i=1 i=1
where 4, and A,(x)(r=1...,m) are Lagrange multipliers, and m=1 in 1-D, m=2
in 2-D, and m=3 in 3-D. To find the saddle point of the Lagrangian, the variation

should be zero imposed by the Karush-Kuhn-Tucker (KKT) condition:

: ¥i(x)
oL(x,P,¢,, 4, 4.)=) | —log————+1+ 4, -1 X, [0¥, =0. (2.34)
ﬂo ; ¢a (X' X|) /10
Since the variations o, are arbitrary, thus
Clog—Yi) 4L Zax =0 (2.35)
¢a(X;Xi)
Let logy =1+ 4,, (2.36)

where y is the partition function in statistical mechanics, then the shape function

becomes

\Pi(x'ﬂr)ZWi(X’&)= Ifba(x;Xi)ei'Xi :
w(x,4,) zj:l%(x;xj)efhxj

(2.37)
The continuity of ME approximations with any positive kernel function is proved in the
references [Arroyo 2006; Sukumar 2007a]. Since the basis function in Eq. (2.37) is the
exponential function, it is difficult to solve these non-linear equations explicitly to find

A, (x) . The duality method is suitable for solving the ME approximation [Agmon 1979;

Boyd 2004]. The Lagrange dual function with the Lagrange multipliers A, (x) is

004, 4) =i LG W, 2, 20) =g = H (<214 2,X,), (2.38)

18



where  H™(=2)1+4,X;) = el9htX)-folraXi (2.39)

i=1

which is the conjugate function of H(x,V,¢,) [Boyd 2004]. Inserting Eq. (2.39) into

Eq. (2.38) and using Eq. (2.36), the Lagrange dual function is reduced to

6(4,) = —logy(x,2,), (2.40)
which is the lower bound of the ME approximation [Agmon 1979; Alhassid 1978].
Therefore, the minimizer 1 (x) of Eq. (2.40) is obtained by solving

A; (x)=argmin(logy(x,4)). (2.41)
The saddle point of logy isat d(logy)/o4, =0:

Rr<x)=‘a('°g+("“=iwi (x,2)X, =0, (2.42)

r

which is the same as the linear constraint Eqg. (2.32). The Hessian of logy, J(x), is
positive definite for all A (x) [Arroyo 2006; Sukumar 2004]. Therefore, there is a
unique solution of A (x) which is the minimizer of logy and satisfying the linear
constraint as well. A (x) at fixed x can be found by iterative methods, such as the
Newton-Raphson method at inside domain or the bisection method at near the boundary
nodes or edges [Boyd 2004; Press 1992; Sukumar 2004].

The ME approximation is a convex approximation and possesses weak
Kronecker-delta property at the boundaries. However, it is difficult to extend this method

to higher-order approximations since the first k moments of arbitrary fixed points do

19



not belong to the moment space given by the convex hull of the nodal points [Arroyo

2006; Tagliani 2000]. Some methods have been proposed for constructing the higher-

order approximations by compromising some of properties in the linear ME

approximation.

2.2. Cohesive fracture mechanics

2.2.1. Cohesive zone models

In the linear elastic fracture mechanics (LEFM), it is assumed that the material

behavior is linear within distances from the crack tip and all contributions to the fracture

energy are represented with a single parameter, such as the stress intensity factor or the

energy release rate. The LEFM gives great success with brittle materials in the static

fracture analysis. In the elastic plastic fracture mechanics (EPFM), the process zone is

defined in front of the crack tip to avoid crack tip singularity and to describe the plastic

behavior of a material. The cohesive zone model, one of the process zone models, is the

most popular one in the computational fracture mechanics due to its simplicity and

applicability in various fracture problems. [Gdoutos 2005; Zehnder 2009]

Since Dugdale and Barenblatt introduced the concept of cohesive zone in the

fracture mechanics [Barenblatt 1959, 1962; Dugdale 1960], it has been developed quickly
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and became widely used in the computational fracture mechanics. Willis considered a

cohesive force zone in moving crack [Willis 1967], Rice proved the equivalence of

Griffith and cohesive force theories for brittle materials [Rice 1968a, 1968b], Hillerborg

et al. introduced characteristic crack opening and critical length and applied to the FE

analysis of concrete [Hillerborg 1976], and Planas and Elices applied the cohesive zone

model to the nonlinear fracture [Planas 1991].

In the cohesive fracture mechanics, the degraded small narrow region in front of

the actual crack tip termed the cohesive zone is represented as a line or a plane. Then, two

different constitutive laws subject the each behavior of two regions of a material. The

cohesive zone is subjected by the cohesive constitutive law (or simply cohesive law) and

the rest of regions are followed by the continuum constitutive law. The main advantage of

the cohesive zone model is the removal of singularity at the crack tip. The general form

of the cohesive law is defined by the traction-separation relationship. In general, the area

under the cohesive law curve is equal to the fracture energy. There have been many

proposed cohesive laws [Chandra 2002].

Needleman proposed the potential-based cohesive law by the polynomial

potential function [Needleman 1987] and the exponential potential function [Needleman

1990] from the universal binding energy [Rose 1981] in the mode-I fracture. Xu and
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Needleman defined the modified exponential potential function for the mixed mode-I and

mode-II fracture and proposed the initially-elastic and reversible cohesive law [Xu 1993],

which was utilized in the 2D simulation of crack growth in brittle solids [Xu 1994]. de-

Andres et al. derived the initially-elastic and irreversible cohesive law from the first and

the second laws of thermodynamics [Lubliner 1972, 1973] and analyzed the 3D fatigue

crack growth [de-Andres 1999].

Camacho and Ortiz proposed the initially-rigid and irreversible cohesive law for

the mixed mode-I and mode-II fracture, introduced the concept of effective stress to

define fracture criteria for crack initiation from the generalized Griffith’s criterion

[Dienes 1986; Margolin 1984], and performed the 2D fragmentation simulation in brittle

material [Camacho 1996]. Ortiz and Pandolfi introduced the concept of effective crack

opening displacement and performed the 3D crack propagation analysis in brittle material

[Ortiz 1999].

Tvergaard introduced the non-dimensional displacement jump to consider the

mixed mode-I and mode-I11 fracture [Tvergaard 1990]. Geubelle and Baylor proposed the

initially-elastic and irreversible cohesive law with the non-dimensional displacement

jump vector [Geubelle 1998]. Espinosa and Zavattieri defined the initially-elastic and

irreversible cohesive law with the modified non-dimensional displacement jump
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[Espinosa 2003], and Zavattieri extended this method to the fracture analysis of shell

[Zavattieri 2006].

These cohesive laws can be summarized into two models: initially-elastic

cohesive law and initially-rigid cohesive law. The distinction of these two cohesive

models is associated with how the crack initiation process is modeled. The initially-

elastic cohesive law is also named the intrinsic cohesive law since the failure criterion is

incorporated within the cohesive law itself. The initially-rigid cohesive law is referred to

as the extrinsic cohesive law because the crack initiation is evaluated by the external

stress-based failure criteria. Falk, Zavattieri, and Kubair performed comparative studies

of these two cohesive laws and found that the their results are somewhat different in

terms of crack opening profile and crack branching [Falk 2001; Kubair 2003; Zavattieri

2003].

The initially-elastic (or intrinsic) cohesive law subjects the cohesive element

behavior starting from the origin by the traction-separation curve. The traction-separation

curve has the hardening portion and the softening portion. Under applied loads, the

cohesive element is resisting in the hardening portion until the traction reaches its

maximum. Then, the cohesive element gets failed and weakened along the softening

portion of the curve. Finally, the crack is completely split when separation reaches its
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maximum and traction becomes zero. Irreversibility can be incorporated in the traction-

separation curve by remembering the maximum separation. There have been some

proposed traction-separation curves, such as the polynomial [Needleman 1987], the

exponential [de-Andres 1999; Needleman 1990; Xu 1993], the bilinear [Espinosa 2003;

Geubelle 1998], and the trapezoidal [Tvergaard 1992] curves. Its main drawback is that

the cohesive zone model is not convergent as the mesh is refined. The effective modulus

of a material is non-physically decreased depending on the degree of refinement because

the constitutive laws for the cohesive elements and the bulk material are dependent on

each other even though they are defined independently [Klein 2001]. One remedy is to

increase the hardening slope of the traction-separation curve as steep as possible but this

might lead to spurious traction oscillations [Schellekens 1993] and very small time-step

in the explicit numerical analysis.

In the initially-rigid (or extrinsic) cohesive law, only the softening portion of the

traction-separation curve is defined. Initially, the behavior of whole material is subjected

to the continuum constitutive law under applied loads. When the stress at some points,

like a crack tip or any flaw in a material, reaches the failure criterion defined externally,

cohesive elements are inserted and weakened until the separation reaches its maximum

and traction becomes zero. Then, the cracks are seperated completely. This method is
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naturally associated with adaptivity. The linear [Camacho 1996; Ortiz 1999] and the

bilinear [Guinea 1994] curves were proposed. The main difficulty in this method is that

traction discontinuity can be occurred temporally in 2D and 3D problems since the failure

is evaluated externally and some regularizations are required to remedy this traction

inconsistency in time [Papoulia 2003; Sam 2005].

2.2.2. Numerical representations of cohesive zone models

The cohesive zone model has become very popular in the computational fracture

mechanics, due to its simplicity and applicability, rather than the classical fracture

mechanics. In company with developing cohesive zone models, there have been many

numerical methods proposed for representing the cohesive zone models. Those numerical

representations were categorized into some groups by investigators [de Borst 2003,

Jirasek 2002; Planas 2003].

Jirasek and Belytschko classified numerical crack representations into two

categories, implicit and explicit models of discontinuities [Jirasek 2002]. In the implicit

model, the strain or the constitutive equation of a material is modified to represent the

discontinuity in the elements implicitly. The smeared crack method and the virtual

internal bond (VIB) model are included in this category. The explicit method, in which
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the displacement field is constructed to be discontinuous along the crack surface, includes

the discrete method, the embedded crack method, the partition-of-unity method, and the

visibility criterion method.

Bazant proposed the smeared type of the cohesive zone model by distributing the

fracture energy over the width of elements [Bazant 1983]. Since the fracture energy is

smeared out over the area of the series of elements, which is a narrow singular band, a

parameter called the characteristic length or the crack band width is naturally emerged

[Oliver 1989]. Rots introduced the fixed and rotated smeared crack concepts by

depending if the principle angle is rotated during the element weaken, and found out that

there is the danger of stress-locking because of the fact that the geometrical

discontinuities are modeled by using the assumption of displacement continuity [Rots

1991]. In addition, there is the mesh bias of crack propagation because of the loss of

material stability that arises upon the onset of crack [Hill 1962]. This can be removed by

use of higher-order gradients [Peerlings 1998].

Gao and Kilein proposed, in different contexts, the VIB model with cohesive

interactions between material particles [Gao 1998; Klein 1998]. The VIB model

incorporates the cohesive description of particle interactions from the atomistic view of

material to introduce fracture directly into the continuum constitutive behavior by using
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the Cauchy-Born rule which is the multi-scale mapping rule between atomic motion and

continuum deformation. Zhang and Ge extended this method to the virtual multi-

dimensional internal bond (VMIB) model [Zhang 2006].

The interface elements are the discrete type of the cohesive zone model. When

the crack path is known in advance from experimental results or the structure of the

material like laminated composites, the interface elements give highly accurate results. In

order to allow arbitrary crack propagation, Xu and Needleman inserted interface elements

with the initially-elastic cohesive law between all continuum elements in the 2D

simulation of crack growth in brittle material [Xu 1994], while Ortiz and Pandolfi used

the initially-rigid cohesive law in the 3D simulation [Ortiz 1999]. The defects of this

method are that the number of degrees of freedom of the discretized model is greatly

increasing as the number of bulk elements increases, and the crack propagation is

dependent on the mesh pattern. Inserting interface elements after remeshing FE model

was studied and shown to be successful in some problems, especially in 2D. However,

there are many difficulties in 3D and nonlinear problems in terms of inconsistency and

management of field data [Jirasek 2002].

The displacement approximation by embedding the displacement jump within

the element can represent the discontinuity with an arbitrary path explicitly, which is the

27



so-called embedded crack model [Jirasek 2000]. This model is based on the enhanced

assumed strains (EAS). There are two types of discontinuities, the strong discontinuity

and the weak discontinuity. In the strong discontinuity, the displacement is discontinuous

but the strain is continuous, and vice versa in the weak discontinuity. In fact, it has been

demonstrated that there is no difference between these two discontinuity models [de

Borst 2001]. Since a variationally inconsistent formulation must be used for the best

results, the stiffness matrix is non-symmetric in general [de Borst 2001; Jirasek 2002].

Besides, this method has some mesh bias inherited from the smeared crack model [de

Borst 2003].

The partition-of-unity type of cohesive zone model, the so-called extended finite

element method (X-FEM), was proposed [Moes 2002; Wells 2001], which is the special

case of the partition of unity method (PUM) [Babuska 1997; Melenk 1996]. In this

method, the discontinuity is superimposed on the continuous displacement field by the

enrichment basis with extra nodal degrees of freedom around discontinuity. This

enrichment basis is chosen with the prior knowledge of a problem and its solution. Oliver

classified the embedded crack model with strong continuity as the E-FEM since

enrichment is associated with elements while enrichment is associated with nodes in the

X-FEM [Oliver 2006]. The level set method was utilized to represent the crack and its tip
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[Stolarska 2001], but this method is difficult to extend to multi-cracks or crack branching.

In order to simulate crack branching and merging, the cohesive segment method

[Remmers 2003, 2008], the cracking particle method [Rabczuk 2004], and the cracking

node method [Song 2009] were proposed. The phantom-node method was proposed as an

alternative method of the X-FEM in terms of overlapping elements instead of adding

additional degrees of freedom, which is easier to implement [Hansbo 2004; Song 2006].

The visibility criterion method was developed to represent discontinuities in the

meshfree method by modifying the domain of influence for a particular node [Belytschko

1996]. This method is somewhat similar to the element deletion method in classical FEM

in terms that an integration cell is deleted when it is failed completely in the meshfree

methods. For correcting non-convex boundaries of the meshfree approximation in the

partially cut domain of influence, diffraction and transparency methods were proposed

[Belytschko 1996]. For representing the reference and current configurations of crack

surface, surface elements [Brighenti 2005; Krysl 1999] or particle splitting algorithm [Li

2005] were utilized.

2.2.3. Crack initiation and propagation

Simply in the 1D problem, the crack initiation can be easily captured by checking
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if the maximum stress at an integration point exceeds the critical stress of a material and

there is no crack propagation. However, in multi-dimensional problems, the crack

initiation and propagation are carefully considered since the crack initiation and direction

depend on all stress components under given stress fields. Two methods, the Rankine

criterion and the loss of hyperbolicity, are commonly used.

Most common method for the crack initiation is the Rankine criterion or the

maximum normal stress criterion in which the crack is initiated when the maximum

principle stress at any integration point exceeds the critical stress of material and the

orientation of crack is perpendicular to the maximum principle stress direction. Often,

smoothing or non-local stresses are used since the stress field around crack tip is

inaccurate and overestimated.

Basically, discontinuities or localizations in the PDE is associated with an

instability problem. In a rate-independent material, the loss of stability coincides with the

loss of hyperbolicity [Hill 1962; Rice 1976], which was utilized to decide the crack

initiation and orientation [Belytschko 2003]. This method is related to the eigenvalues of

the acoustic tensor.
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2.2.4. Cohesive fracture in meshfree methods

Since the SPH method was proposed in late 1970’s [Gingold 1977; Lucy 1977],

the meshfree methods had been considered as a suitable tool for the fracture mechanics.

However, the actual physics-based fracture analysis by the meshfree methods has been

lively studied after Belytschko and co-workers proposed the EFG method in mid 1990’s

[Belytschko 1994a, 1994b, 1995a, 1996; Fleming 1997; Krysl 1999; Sukumar 1997].

Those works were performed in the context of the LEFM. From early 2000’s, the concept

of the cohesive zone model began to be incorporated with the meshfree methods in two

types of crack representations, the visibility criterion and the nodal enrichment.

The cohesive zone model by the visibility criterion was incorporated with

meshfree methods firstly by Belytschko and co-workers [Belytschko 2000c]. Klein

described the cohesive fracture and fragmentation with the visibility criterion and the

VIB model [Klein 2000]. Recently, Soparat and Nanakorn performed crack growth

simulation by meshfree methods associated with cohesive interface elements [Soparat

2008].

Belytschko, Rabczuk and Zi proposed the nodal enrichment type of the cohesive

zone model in meshfree context. In the cracking particle method, the crack passes on the

node, which is named the cracked node, and only the cracked nodes are enriched
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[Rabczuk 2004]. While, in the extended element-free Galerkin (X-EFG) method

developed by using the concept of the X-FEM [Ventura 2002], the crack goes through the

domain of integration cells and never passes on the node, and the nodes around the

cracked integration cells are enriched [Rabczuk 2007b]. Two methods have been equally

developed and applied for solving practical problems, for instance [Rabczuk 2006a,

2007a, 2008b, 2009; Sun 2007; Wang 2009a; Zhang 2008, 2009] for the cracking particle

method and [Bordas 2008; Rabczuk 2008a; Zi 2007] for the X-EFG method.
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Chapter 3 — Generalized Meshfree Approximation

In this chapter, a new approach for the construction of meshfree approximation is
presented. The proposed method provides great flexibility in the selection of the basis
functions to achieve convex and non-convex approximations. Several commonly used
meshfree approximations can be considered as degenerated cases under this framework.
The proposed method also allows the mixture of convex and non-convex approximations.
This can be done by introducing the local convex functions blended with the basis
functions to generate a mixed convex and non-convex approximation. This special
property can be utilized to achieve weak Kronecker-delta property at the boundaries for
the non-convex approximations such as the MLS or the RK approximations. The method
also can be applied to the construction of the higher-order convex approximation by

allowing minimum errors in the higher-order constraints.

3.1. Approach
The approximation problem in 1D is stated as follows. Let input data and
corresponding output data wu(X,),u(x,)---u(x,)eR be given. The approximation

function u"(x):R? — R is constructed with a set of basis functions I',(x): R’ >R,
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in the following form
u'(x) =D C(O(x) =D u(x,)V,(x), (3.1)
i=1 i=1
where C.(x) are coefficients that need to be determined, u(x;) are the given data, and

Y. (x)are the shape functions. An example of shape function is the Shepard function

[Shepard 1968]:

g, (x; X))
VY, (x)=—=" ! . 3.2)
z]’:l ¢a (X;Xj)

The Shepard function possesses the partition of unity property. The Shepard function also
holds a convexity if a positive weight function is used in Eq. (3.2). Comparing to Eq.

(3.1), the corresponding terms of the Shepard function are

u(Xi)¢a(X;Xi) a

Ci(X) = ,,
Zj:l ¢a (X;Xj)

nd (3.3)

T (x)=1. (3.4)

Consequently, Eq. (3.1) can be written as

m(x)=ici(x>r,-(x>=i”z(’§")§fx;?))- G5)
i=1 =N At P.¢

For linear polynomial reproducibility in the approximation, we need
D -x,) = D W (x)X, =0. (3.6)
i=1 i=1

Apparently, the Shepard function in Eq. (3.2) does not satisfy the above linear constraint
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equation. For this reason, the basis functions are enriched similar to that in the RK
approximation. For a single constraint in Eq. (3.6), we need one enrichment function and
the basis function is further expressed as
I'(x,A) =1+ E[A(x)] (3.7)

where E[A(X)] is the enrichment function and A(X) is the coefficient to be determined.
In Eq. (3.7), the first term, unity, is for imposing the partition of unity of the shape
function and the second term, the enrichment function, is for satisfying any constraints of
the shape function. In the following section, we investigate three possible choices of the

enrichment functions.

(1) Constant A
Evidently, this choice leads to a trivial solution since it generates the Shepard

function.

(2) Linear function of A(x)

Let the basis function be expressed as
(X, A)=1+A(x)D e X/}, (3.8)
k=1

where e, are the coefficients of polynomial X*. By substituting Eq. (3.8) into Eq.
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(3.5), one obtains

v u(x)g, (G X+ A(x)D e X/ ]

W' (6,2) = Y G, (62) = Y. (3.9)
P P Z/_zl B, (X DI+Ax)Y T X /]
and the shape function becomes
8,06 X)[ 144027 e, X |
¥, (x,4)=—; — - (3.10)
ijlqﬁa(x;xj)D+,1(x)zk=1ekxj J
Substituting Eq. (3.10) into the linear constraint Eq. (3.6) leads to
\ ¢a(x;Xl.)[1+i(x)zkmzlek)(ik}
- — - X, =0. (3.11)
Y X 1+ A0 6 X |
Consequently, one obtains A(x) as
- o, (x; X)X,
Ax) = ZH S (3.12)

Zj:1¢a(X;XJ)XjZZ:1€kXJk |
It is recognized that the existence of A(X) is determined by the denominator of Eq.
(3.12). If an odd number of polynomial degree & is considered and the positive ¢, (x;X,)
and e, are used, the denominator Z::I g, (x; X)X jz::l e, X j" is always positive and
non zero. Figure 3.1 compares the shape functions with the different enrichment
functions constructed under non-uniform discretization as shown in Figure 3.2(a). In
Figure 3.1, the solid lines represent shape functions constructed with enrichment function

X, and the dashed lines are the shape functions constructed with enrichment function

X . It is observed in Figure 3.1 that the smoothness of the enrichment function
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Figure 3.1. Shape functions (solid line: using enrichment function X, dashed line: using
enrichment function X.).

(a)+o ° o o Y

(b) + ° o ™ o o o

Figure 3.2. Description of discretization models in 1D: (a) non-uniform model (6 nodes),
(b) uniform model (7 nodes).
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determines the smoothness of the shape function. It is also interesting to note that the
convexity of the Shepard function has turned into a non-convexity after introducing a
non-positive enrichment function. The graphical representation of the non-convexity in
the linear enrichment function is illustrated in Figure 3.3.

We further consider the case using the enrichment function X,. By substituting

Eq. (3.12) into Eq. (3.10), the shape function becomes

¢a(X;Xi)ZZ:1¢a(X;X/’)Xj2 _¢a(X;Xi)X[2Z:1¢a(X;X/)Xj

¥, (x)=—
CIEE A WICE AL ALHIRACE AL

(3.13)

=H (M (x)H(X,)4, (x; X)) (3.14)

where H"(0)=[1 0], (3.15)

H'(x)=[ Xx], (3.16)

LX) (X)X,
M(x) = 24 200 : (3.17)

Db X)X, D 4 (6X)X ]
det(M(x)) = Z(¢ XY AGX )X 4,6 X)X, D 4,(6X)X, ) :
(3.18)

which is the MLS or RK approximation with the basis function [l,x]. Here H(X,) is

the vector of basis functions, M(x) is the positive definite symmetric Gram matrix, or
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weighted function polynomial basis function linear enriched approximation

Figure 3.3. Description of the non-convex meshfree polynomial approximation scheme.

39



the moment matrix, and C(x;X,)=H"(0)M™'(x)H(X,) is the correction function.

(3) Non-linear function of A(X)

Let the basis function be expressed as
r(X,A) :1+iek (2(x)X,)" . (3.19)
k=1

By considering the Taylor series, the elaborate selection of coefficients e, in Eq. (3.19)
leads the enrichment function to any non-algebraic function, such as exponential, inverse
tangent, or hyperbolic tangent functions. The enrichment by non-linear functions in Eq.
(3.19) is similar to the enrichment by linear functions in Eq. (3.8) except that a closed
form solution of A(x) is, in general, not available and a non-linear solving scheme is
required to obtain the A(x). When the enrichment function is chosen to become
[(X,,A)=e"™" | the approximation becomes the LME approximation. It is
immediately recognized that the positive shape function is guaranteed by the choice of
the positive enrichment function.

In this work, we intend to construct a special enrichment function to achieve

convexity, higher order of polynomial reproducibility, and weak Kronecker delta property

near the boundaries.
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3.2. Development of generalized meshfree approximation

Following the above study, the GMF approximation method is proposed in this

section. This method can construct a convex, non-convex, or combined convex and non-

convex approximation. The first-order GMF approximation in one dimension is described

as follows:
v (x,4) = Yoo S XX A) for fixed X, (3.20)
y Zj:1¢a(x;xj)rj()(j,ﬂ,)
subjected to
R(x) = i‘PiX . =0 (linear constraints), (3.21)
-1
where
v, =¢,(x; X' (X,, 1), (3.22)
= Vim0 B X)ON(X,A). (3.23)

In the GMF approximation, the property of the partition of unity is automatically

satisfied by the normalization in Eq. (3.20). The completion of the GMF approximation is

achieved by finding A to satisfy Eq. (3.21). To determine A at any fixed x in Eq.

(3.20), a root-finding algorithm is required for the non-linear base functions. The

behavior of basis functions in the construction of the GMF approximation is studied

thereafter.

41



The spatial derivative of the GMF approximation is given by

dV¥,
— =¥, +¥, 4, (3.24)
dx
where W, =ri_g Y Yix (3.25)
4 =
Vi =00 0.1, (3.26)
T, "G,
¥, =¢"—”*—‘Piz¢”—”, (3.27)
4 =Y
A, =-J"'R,, (3.28)
" gT "G T
J:z¢a i,A XZ_RZ¢a JA , (329)
= ¥ F=—
R, =YW, X +1. (3.30)

i=1

By choosing appropriate basis functions in the GMF approximation, some well-

known convex or non-convex approximations, such as Shephard, MLS, RK and ME

approximations, can be recovered as described in the previous section. One of the special

properties of the convex approximation is the satisfaction of the weak Kronecker-delta

property at the boundaries. When the basis function is non-positive such as polynomials,

the convex approximation property and Kronecker-delta property at the boundaries are

lost. The MLS and the RK approximations are the typical non-convex approximations.

In the MLS or the RK approximation, polynomial basis functions are introduced

to meet the polynomial reproducing conditions. As in the ME approximation, the

employment of exponential basis function takes into account the exponential distribution
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of the probability at the node in the view point of the information theory. Therefore it

yields a convexity in the approximation since the exponential function is non-negative. It

is noted that other probability density function can also be chosen as a basis function and

a different entropy measure can also be used to obtain the convex approximation. The

enriched basis function and weight function play an important role in controlling the

smoothness and convexity of the approximation. The coefficient A4 in Eq. (3.20) can be

viewed as a corrected weight to impose polynomial reproducibility.

3.2.1. Essential boundary conditions

3.2.1.1. Weak Kronecker-delta property in convex GMF approximation

Imposing essential boundary conditions is an important issue in meshfree

methods. This section investigates the selection of basis functions to yield the GMF

approximation with the weak Kronecker-delta property at the boundaries.

One of the important characteristics in the convex approximation is the weak

Kronecker-delta property at the boundaries. Figures 3.4(a) and (b) describe the convex

hulls in 1D and 2D with discrete nodes respectively. The convex hull of a set C, denoted

by conv(C), is the set of all convex combinations of points in C [ Boyd 2004]:
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m nodes at corner
e hodes at edge

o nodes in domain
(a)
Figure 3.4. Description of convex hulls: (a) 1D convex hull, (b) 2D convex hull.
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conv(C) = {Z Y .X,

i=1

x,eC, ¥, >0, 2\111:1} (3.31)

i=1
In a discrete model, there are 3 types of nodes: nodes at corners, at edges (or on surfaces),
and in the domains, where the first two types of nodes are directly associated with the
imposition of essential boundary conditions.

We first consider the case for 1D convex hull. At the boundary node (x =X, ), the
linear constraint equation can be obtained by substituting Eq. (3.20) using the exponential

basis function into Eq. (3.21) to yield

A(X—X) A(X—X,) A(X=X,) _
e (x,—x,)+e (X, =X,)+--+e (x,—-x,)=0. (3.32)
=0 =0 <0 20 <0

Subsequently, one can find out the condition for Eq. (3.32) to hold is for 4 —> o and

therefore ") =...=¢*™™) 5 0. The shape functions evaluated at the boundary
node x =X, become
Y (x,,4)=1, (3.33)
Y, (x,,A)==Y¥, (x,,4)=0. (3.34)

Thus the Kronecker-delta condition at the boundary is secured. Same conclusion can be

obtained for x =x,. The derivation for the 2D convex hull, that considers four different

cases, is given in the Appendix A.

It is observed that the necessary condition for any one dimensional GMF
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approximation to possess the Kronecker-delta property is the condition in the basis
functions I',(X;,4)=0,, where X, =x,—x, and X, is the boundary nodes. In other
words, the non-convex basis function in the GMF approximation has to be “blended”

with other functions in order to achieve the local convexity at the boundaries.

3.2.1.2. Weak Kronecker-delta property in non-convex GMF approximation

Based on the above discussion, we introduce an approach to impose the
Kronecker-delta property at the boundaries for the MLS or any other non-convex
approximations. In this approach, Kronecker-delta property at the boundaries is imposed
in constructing the MLS approximation, and the approach is independent of solving

discretized partial differential equation (PDE).

Figure 3.5 shows a discrete domain (Q) with a convex hull (C,). There are a
total of » nodes with n,, nodes located on the essential boundary. The basis function in
the degenerated MLS approximation is defined by

I(X,,A)=1+(1X)). (3.35)
To introduce the Kronecker-delta property at the essential boundaries, we define a

blending function as
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Figure 3.5. Description of boundary nodes and boundary supports.
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B(X,,,0)=C,(X,,4.D,) =] [ (3.36)

J=m

ngp
AX,D; AX, D, AX,,D, 2X, D
where He T = g @ o e s (3.37)

J=m

O=D, = ¢r,.EB (x;X;)- P, is the kernel function at the boundary nodes, (3.38)

P, is the penalty constant.
This blending function serves as a boundary correction function. The boundary kernel
function Eq. (3.38) with support size rjEB is applied to all the essential boundary nodes.
This support size rjEB can be chosen the same as the original support size in ¢,(x; X,)
or other small values to localize its effect on the essential boundaries. The boundary
correction function of Eq. (3.36) becomes unity outside the boundary supports and it
takes the exponential form within the support of boundary nodes. The shape function of

Eq. (3.22) is rewritten as

v, = 4,0 X0 (X, Gy (X, A.D,) = ,(x: X)E, (X, 4.D,), (339)

N 1+(1X)) , out of boundary support

L(X;,4,D;)= XD . . (3.40)
: [1 +(A Xi)] e, inside boundary support of N,

r,x i»4,D;) can be considered as a modified or corrected basis function corresponding

to the boundary nodes. The penalty constant plays a role in making the decay of

exponential function faster and simplifying root-finding of A4 to meet the linear
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constraint within a support size rj.EB . It is noted that other convex basis functions, such as

inverse tangent function and hyperbolic tangent function, can also be used in conjunction
with the blending function to yield similar results. Consequently, the linear constraint

equation Eq. (3.32) becomes

[1+A(x, —xz)]e/l("‘_"z)D1 (X, =x,)+-+[1+ A(x, —Xn)]eml_x")D‘ (x,—-x,)=0.

>0 <0

<0 >0 <0 <0

(3.41)
It is recognized that, in order to satisfy Eq. (3.41), we have the following condition,

0<A<oo. Using the fact |A|<<|1-D,

, we have [1 + A(X, —xj)]e“xl_"fw‘ (x,-x,)=0
and therefore achieve the Kronecker-delta property at the boundaries.

Figure 3.6(a) compares the shape functions of MLS and the shape functions of
GMF with exponential basis function, GMF(exp), with a non-uniform discretization
shown in Figure 3.2(a). Figure 3.6(b) demonstrates that the Kronecker-delta property at
the boundaries is achieved by the proposed method while the rest of shape functions
away from the boundary remains the same as the original MLS approximation, which is
named as the GMF(MLS) approximation. That is to say, the GMF(MLS) approximation is
the non-convex MLS approximation with weak Kronecker-delta property at the

boundaries.
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Figure 3.6. Shapes of MLS and GMF approximations.
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3.2.2. Selection of basis functions in GMF approximation

3.2.2.1. Properties of basis functions

Four fundamental properties of basis functions involved in the construction of

the GMF approximation are described below.

(1) Continuity: I', is a continuous function

The continuity of basis functions is necessary to ensure the smoothness of the

approximation. It is obvious that the basis function should be continuous within the

domain for any smooth GMF approximation. In general, the continuity of the GMF

approximation is decided by the weight function and the basis function.

(2) Positivity: I', 20

The GMF approximation provides great flexibility in the selection of the basis

functions. Depending on what basis function is chosen, the convex or non-convex

approximation can be achieved. In general, a non-positive basis function produces a non-

convex GMF approximation and a positive basis function generates a convex GMF

approximation. The positivity of basis functions is a necessary condition to guarantee the

convexity of the approximation. For example, the negativity of the shape function could
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lead to negative mass in the discrete system, which is not physical. The positivity of mass

can be ensured by the selection of positive basis functions.

(3) The partition of unity: Z‘I’i -1=0
i=1
This property is essential for the meshfree approximation. The property is
guaranteed by the normalization of y in the GMF approximation: ¥, =y, /y . In fact,

this condition is always satisfied in the GMF approximation regardless of the selection of

basis functions.

(4) Linear reproducibility: R(x)= Z‘PiX . =0
i=1

This property is essential for the convergence of the numerical solution. This
property is achieved by finding A that satisfies the linearity constraint equation
R(x)=0. In order to better understand the basic characteristics of basis functions under
this construction, we study the convergence of root-finding of the linearity constraint
equation by the following basis functions.

(i) Non-symmetric function: e*,

(i1) Odd function: tanh(x)+1,

(ii1) Odd harmonic function: sin(x)+1,
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(iv) Even function: sech(x), and

(v) Odd non-positive polynomial function: x+1.

Figure 3.7(a) compares these functions. It is recognized that the linear

reproducibility is automatically satisfied with a trivial solution A(x)=0 when the basis

function is zero at X, =0. In order to obtain a non-trivial solution, the basis function has

to be translated if it is zero at X, =0. For simplicity, the basis function is translated to

have unity at X, =0. It is noted that different translations could result in different

approximations.

Figure 3.7(b)-(f) are the R(x) plots for the five different basis functions based

on the discretization model in Figure 3.2(a). The use of monotonic increasing function

such as e”, tanh(x)+1 and x+1 has a single root of R(x) despite the positivity or non-

positivity of the basis function. For non-monotonic increasing functions such as sin(x)+1

and sech(x), either no root or a multiple root is found for R(x)

3.2.2.2. Basis functions for convex GMF approximation

In this section, we select a few representative basis functions for the construction

of a convex GMF approximation with the weak Kronecker-delta property at the

boundaries. These functions given below are shown in Figure 3.8.
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Figure 3.7. Plots of R,(x) with five different types of functions (black lines indicate the
roots of R, (x)): (a) all functions, (b) e*, (c) tanh(x)+1,(d) x+1,(e)sin(x)+1, ()
sech(x).
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Figure 3.8. Positive basis functions.
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(i) GMF(exp): Exponential function: e*

(i) GMF(tanh): Hyperbolic tangent function: tanh(x)+1,

. 2
(iii) GMF(atan): Inverse tangent function: —tan™ (x)+1
T

sech(x) (x<0)
2-sech(x) (x=0)
1

2 2
X +c

(iv) GMF(sech): Hyperbolic secant function: {
(x<0)

(v) GMF(RBF): Radial basis function (RBF):
2 -T (x > O)

X +c

(¢=1.0: shape parameter)

1
(vi) GMF(Renyi): Renyi basis function: (1 +1-_0: JM (0.5<a<l)
a

where the type of the basis function in the GMF approximation is indicated in the
parenthesis, like “GMF (basis)”.

It is noted that modified hyperbolic secant function and modified radial basis
function (RBF) shown in Figure 3.8(b) suffer numerical difficulties to converge by
Newton-Raphson method since their derivatives are zero at x=0. Thus alternative
method such as bisection method is preferable to find a root for R =0. Figure 3.9 shows
the shape functions and their derivatives of the GMF convex approximation using e,
tanh(x)+1 and %tan'l (x)+ 1. The derivation of the Renyi basis function is described in

Appendix B.

56



GMF(exp) osl GMF(exp)
— — GMF{tanh) —— GMF(tanh)
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(a) (b)
Figure 3.9. Shape function and its derivative on non-uniform model (a different color
indicates the shape function at a different node point): (a) shape function, (b) derivative.
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3.2.3. Multi-dimensional GMF approximation

The first-order GMF approximation in multi-dimension is expressed as

¢, (X X)) (X, 4)B(X,,4,.,0)

n for fixed X,
Z./:l ¢, (X X ) (X;,4,)B(X,, 4,,0)

¥ (x,A) =L =
7%

subjected to R, (X)= i‘I’iXi =0  (linearity constraints),
i1
where y, =¢ (X; X)I',(X,,4)B(X,4.,0),
v=3" v =" X (X, 4)B(X,,4,,0),
X, =X=X,
@.(X; X.) : the weight function of node i with support size a(X),
I (X,,4,.) : the basis function of the GMF approximation,
X : the coordinate of interior point (fixed point),
X; : the coordinate of node 17,

n : the number of nodes within the support size a(X) at fixed X,

A.(X)(r=1,2,---,m): constraint parameters which have to be decided,

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

m : the number of constraints (m=1 in 1D, m=2 in2D,and m=3 in3D),

B(X,,4,,0): the blending function and @ is internal functions or variables.
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3.3. Higher-order approximation scheme

Without considering the convex property and Kronecker-delta condition at the
boundaries, the higher-order meshfree shape functions can be obtained in the MLS
approximation. In contrast, it is almost impossible to achieve a higher order polynomial
reproducibility in the convex approximation without violating the convexity since the
first & moment (4, (X)= Zj‘l’le‘ ) of arbitrary fixed point (X) doesn’t belong to the
moment space (4, 1, -+, i, ) given by the convex hull of the nodal points (X;,X,,-*-X )
[Arroyo 2006; Tagliani 2000]. In this section, we introduce two possible methods to
achieve the second-order convex GMF approximation. One is to allow a small tolerance
in solving the constraint equation and the other is to allow a small tolerance in meeting

the positivity.

3.3.1. Minimum residual error

Cyron et al. introduced a gap function to achieve the second-order convex
approximation using ME principle [Cyron 2009]. This gap function is a predefined
tolerance in the second-order constraint. However, this method can’t ensure a predefined
tolerance for a non-uniform model. Here we introduce an enhanced approach for the

second-order constraint given by
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A,(x) = arg min[R2 (x)= i‘l’i(xz —~ xf)j, (3.47)
P
where A,(x) is the second-order constraint parameter satisfying Eq. (3.47). In general,
A (x) for R(x)=0 and 4,(x) for R,(x)=0 cannot be found simultaneously for the
second-order convex approximation. But it is possible to find A (x) that satisfies
R (x)=0 and then to find 4,(x) that minimizes R,(x) by the numerical iteration.
Figure 3.10 shows the second-order convex shape function with the minimum error of
R,(x) under the uniform and the non-uniform discretizations shown in Figure 3.2(a) and

(b). In the non-uniform discretization, R,(x) residual error is bigger than that in the

uniform discretization.

3.3.2. Minimum negative effect

We introduce a higher-order non-convex GMF approximation which satisfies the
Kronecker-delta condition at the boundaries. This can be achieved by a blending function
as

B(X.,4,0)=N(X,,A4,x)=Kk-(4X,)+1, (3.48)
where © =k is a negative effect parameter (0 < x ). This function can be considered as
a relaxation function since it relaxes the positivity of the basis function. The relaxed basis

function is generated by multiplying the original positive basis function by the relaxation
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Figure 3.10. The second-order approximation and R, (x)residual error: (a) shape
function (uniform model), (b) R, (x)residual error (uniform model), (c) shape function
(non-uniform model), (d) R, (x)residual error (non-uniform model).
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function in the following form

(X, 4,x) =T(X,,4) N(X,, 2, K). (3.49)
An example of the relaxed basis function is shown in Figure 3.11. It is shown that when
the negative effect parameter (« ) approaches zero, the relaxed basis function resumes
positivity. When the negative effect parameter (x ) increases, the negative effect in the
relaxed basis function increases. Therefore, the minimum negative effect in the GMF
approximation can be achieved by controlling the negative effect parameter (x). Any
positive basis functions mentioned above can be blended with the relaxation function to
form the relaxed basis function. Figures 3.12(a)-(d) show the second-order non-convex
GMF approximations with inverse tangent function as the basis function for the uniform
and the non-uniform discretizations in Figure 3.2(a) and (b). It is shown that the
Kronecker-delta condition at the boundaries is satisfied even though the second-order
GMF approximation is non-convex. It also demonstrates how the negative effect

parameter ( k) affects the shape functions in the second-order GMF approximation.
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Chapter 4 — Convergence and Stability Analysis in GMF Approximation

4.1. Convergence analysis

In this section, errors of the convex and non-convex GMF approximations are
estimated and the support size effect on convergence is analyzed. Comparative
convergence studies of several numerical examples with the GMF approximations are

performed.

4.1.1. Interpolant estimate and support size effect in GMF approximation

Definition 1. Let QcR", d>1, be an open domain. Define a set of open

covers {Qi} of Q UQ, oQ, that satisfies the overlapping condition

IMeN VxeQ card{i|xeQ}<M. 4.1)

Definition 2. Let V; =span{LI},I'7,--, 7} c H*(QNQ,), k=1, be a finite

dimensional space, and let Vi*zspan{\lfi,‘P.r.1 Y I? --,\Pirim}ch(QﬂQi) where
') denotes basis functions and ¥, .... are shape functions, then we define a general

approximation space

VI =NV c H*(Q). (4.2)

65



Let u(x) e H*(Q). Recall the approximation function in Eq. (3.1),
Uh(x):ijiu(xi)- (4.3)
i=1

The global estimates in Hilbert space are provided by Babuska and Melenk [Babuska

1997] as
Hu u" . HZ‘P (u—u; ) jZ‘P (u-u )
Q) Q
<MJ.Z“P (u-u, )‘ _MJ.Z|‘P| ‘(u u )‘ (4.4)
< MZH’ | ZH(U_ L2(QNey)

n
where Z|\P,| is known as the Lebesgue function. We first assume that the local
i=1

approximation space V, has the following property:

lw-u <C(i,a,n)|ul (4.5)

|_2 ©@NQ,) H* (QNoy;)

where a is the support size and C(---) is a term dependent on some parameters. The
Lebesgue function plays a crucial role in the study of the uniform convergent behavior of
u"(x) as n— oo. The local maximum of the Lebesgue function is defined as

A= iz:;|\1'i| (4.6)
which is the so-called Lebesgue constant. In the approximation theory, the Lebesgue

constant is a measure to give an idea of how accurate the approximation is with respect to
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the location of the discretized nodes. In the convex GMF approximation including the
Shepard and the ME approximations, the Lebesgue constant becomes always
A=ZH:|‘Pi|:i‘Pi =1 (4.7)
i=1 i=1
which is independent of the support size and the location of nodes.

Bounding the Lebesgue function in the non-convex GMF approximations such as
the MLS and the RK approximations is more involved and limited to certain conditions
[Han 2001]. In practice, we compute the Lebesgue constant and use it as one of the
indicators to determine whether its basis functions are likely to provide good
approximation. In general, for the non-convex approximation with Zn:‘Pi =1, we have

i=1

A=Zn:|\yi|21. (4.8)

i=1

Correspondingly, Eq. (4.4) can be written as

Hu —u" (4.9)

. <JMA m?xC(i,a, n)||U||Hk(Q) ,

which is the upper bound of the global error. The estimate of m?xC(i, a,n) isassociated
with the basis functions. By applying the Taylor expansion of u and letting the local
truncation error be O(a®), the global error of the GMF approximation with linear
reproducibility is given by

<J/MC,a?|u

Hu—uh

2@ M) for the convex approximation (4.10)

or
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Hu ~u" <JMAC,a*|u

2(0) H(©) for the non-convex approximation (4.12)

where C, is some constant (C, > 0) which is independent of support size a.

The Lebesgue constants (A) in the convex and non-convex approximations with

different support sizes and basis functions are summarized in Table 4.1 for a non-uniform

discretization shown in Figure 3.2(a). The weight function is chosen to be the cubic B-

spline kernel function, and the support size is normalized by the maximum distance of

neighboring nodes. It shows that the Lebesgue constant in the non-convex approximation

is increasing when the support is getting larger, which means the upper bound error in Eq.

(4.11) increases as the support size increases. The maximum Lebesgue function is usually

observed near the boundary or highly non-uniform node locations within the

approximation domain. The Lebesgue constant for the uniform nodal distribution is often

smaller than that for the non-uniform nodal distribution case in the non-convex

approximation. In contrast, the support size in the convex approximation has no effect on

the Lebesgue constant. The effect of support size on the accuracy of the GMF

approximation is further studied in the numerical examples.

4.1.2. Numerical convergence examples

In the following examples, unless otherwise specified, Gauss integration with 5 x
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Table 4.1. Lebesgue constant ( A ) in the non-convex and convex approximations based

on irregular nodal distribution.

Normalized support size 1.6 1.8 2.0 2.2 24 2.6
MLS approximation
1.031 | 1.078 | 1.125 | 1.161 | 1.189 | 1.210
(I, =X,)
Lebesgue L
Non-convex approximation
constant 3 1.165 | 1.266 | 1.321 | 1.353 | 1.375 | 1.390
(T, =X})
(A)
Convex approximation 1.0 1.0 1.0 1.0 1.0 1.0

69




5 x 5 (or five points in one dimension) is used in the domain integration. Since the MLS
approximation doesn’t have the Kronecker-delta property at the boundaries, two different
treatments for the essential boundary condition are utilized for comparison: (1)
MLS(trans) - linear basis function with full transformation method [Chen 1996, 2000a],
and (2) GMF(MLS) - linear basis function with the local convexity achieved at the
boundary areas. The weight function is chosen to be the cubic B-spline kernel function in

all examples.

4.1.2.1. One-dimension second-order differential equation

This problem has been studied by Chen et al. to evaluate the performance of the
stabilized conforming nodal integration (SCNI) method in comparison with other
meshfree integration schemes [Chen 2001]. The second-order differential equation is
considered:

-u, +20u=0 (4.12)
with boundary conditions

u,(0)=u, () =1. (4.13)

Meshfree models with 11, 21, 41, and 81 equally spaced nodes are used in the

convergence study. Two normalized support sizes of a=15 and a=25 are
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considered in this example. The L, norm and H; norm with two different support sizes are

compared in Figure 4.1 and 4.2 respectively. Figure 4.1(a) reports the L, errors for

different approximations with normalized support size a=1.5. The FEM solution is also

plotted for comparison. In all approximations, the convex GMF approximations including

the use of exponential basis function GMF(exp), inverse tangent function GMF(atan) and

the proposed local convexity approximation GMF(MLS) generate better accuracy than the

non-convex approximation, MLS(trans). Whereas, in H; norm comparison, all four

meshfree approximations yield similar accuracy. The FEM is clearly less accurate and

displays a slightly lower rate of convergence. To specifically investigate the influence of

normalized support size, a larger normalized support a=2.5 is also used in the

convergence study. Figure 4.2(a) and (b) indicate that the use of the convex GMF

approximations, especially the GMF(exp) approximation, is more accurate and presents

better rates of convergence when a larger support is used.

The comparison of u and du/dx using an equally spaced 11-node model is shown

in Figure 4.3(a)-(d) and Figure 4.4(a)-(d). Oscillation is observed in du/dx in all GMF

approximations when small support size is used. Oscillation is improved when a larger

support is adopted. However, noticeable error near the boundaries in non-convex

approximation, MLS(trans), suggests that a model refinement is needed in those areas.
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Figure 4.1. L, and H; norms of errors with a=1.5: (a) L, norm, (b) H, norm.

—=—FEM
—— MLS(trans)

—— GMF(MLS)

*

—e— GMF(exp)
—— GMF(atan) /

I

—
—

log(h)

(2)

|
—

H1 norm (log)

—a—FEM

—+— MLS(trans)
—— GMF(MLS)
—— GMF(exp)
—— GMF(atan)

log(h)

(b)

Figure 4.2. L, and H, norms of errors with a=2.5: (a) L, norm, (b) H; norm.
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MLS approximations, (b) du/dx of MLS approximations, (c¢) u of GMF approximations,

(d) du/dx of GMF approximations.
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An irregular discretization is also studied. Again, the convex GMF(exp) approximation
presents better solutions than other approximations in irregular discretization as shown in

Figure 4.5(a)-(d).

4.1.2.2. One-dimensional reduced wave equation

In this example, elastic wave propagation in a bar governed by the Helmholtz
equation is studied by meshfree methods using the different GMF approximations. The
one-dimensional Helmholtz equation is

U, +k°u=F(x) (4.14)
where k is the wave number. The homogeneous differential equation with non-
homogeneous boundary condition is considered, i.e. F(x)=0, u(0)=1 and u(L)=0.

Its analytical solution is

_sin [k(L—x)]

100 =D

(4.15)
The wave number k=2 and the length of the bar L=10.0 are adopted in this study. The
analysis is first performed by the linear FEM using 20 elements. It is well known that the
FEM solutions experience notorious discretization error as shown in Figure 4.6.

In the case of meshfree methods, meshfree models with 21, 41, 81 equally spaced

nodes are used in the convergence study. Figure 4.7(a) and (b) compare the errors of L;
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norms in MLS and GMF approximations using linear constraints. Higher-order

constraints are also considered in the construction of the higher-order GMF

approximations due to the oscillatory type of the solution in Eq. (4.15) and are given by

R (X)= Zn:‘l’i {cos(kx) —cos(kx;)} =0, (4.16)
R,(X) :Zn:‘Pi {sin(kx) —sin(kx;)} =0. (4.17)

i=1

In the MLS approximation, a natural choice of basis functions is [1, sin(kx), cos(kx)] and

the approximation is denoted as MLS-CS. In the convex GMF approximation GMF-

CS(atan), the inverse tangent function is selected as the basis function and the minimum

effect error approach (Eg. (4.10)) is introduced to relax the positivity of the basis function

as well as to impose the Kronecker-delta condition at the boundaries. For convergence

reasons, a slightly larger support is used in solving of higher-order constraints. The

results of L, norms errors using higher-order constraints with different support size are

compared in Figure 4.8(a) and (b) respectively. Superior performance of the convex GMF

approximation GMF-CS(atan) over two non-convex GMF approximations MLS-

CS(trans) and GMF-CS(MLYS) is presented in terms of the accuracy, especially, when

larger support size is adopted. The results indicate that if the approximation contains the

solution of the homogenized Helmholtz equation, the discretization error can be greatly

reduced. This is also confirmed in the plots of wave amplitude from Figure 4.9. We can
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conclude that the amplitude of the meshfree wave behaves much better than the one from

FEM as shown in Figure 4.6.

4.1.2.3. Cantilever beam

In this example, a 3D cantilever beam as shown in Figure 4.10 is analyzed by

LS-DYNA to study the convergence of the GMF approximations with different basis

functions. The beam is fixed at one end and is subjected to a parabolic traction (P) at the

other end. The analytical solution is obtained by assuming that the Poisson’s ratio is zero

and a plane stress condition is considered [Timoshenko 1970]. The analytic solution is

given as
2
u, :—6%{(6L—3x)x+(2+v)£y2 _DTH ,and (4.18)
2
U, :6%{3vy2(L—x)+(4+5v) - +(3L—x)x2} (4.19)

where the moment of the inertia of the beam is | = D3/12. The following parameters are
used for this problem: Young’s modulus E = 1000, L = 50, D = 10, and B = 1. Both
uniform and non-uniform discretizations shown in Figure 4.11 are used for the analysis
using 3x3x3 Gaussian quadrature with normalized support size a=1.5 in the

meshfree computation. The FEM analysis is also performed using a fully integrated linear
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Figure 4.10. 3D cantilever beam.
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Figure 4.11. Discretization of cantilever beam: (a) uniform model, (b) non-uniform model.
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element for the comparison.

The results of L, norm error in displacement are shown in Figure 4.12(a) and (b)

for the uniform and non-uniform discretizations respectively. The GMF approximations

with three different basis functions present similar accuracy in both uniform and non-

uniform discretizations. Further, the accuracy and convergence of the meshfree method

are better than the FEM in this study. The displacement distributions along the mid-

surface shown in Figure 4.13(a) and (b) further confirm the accuracy of the meshfree

method. Note that the support size in the non-uniform discretizations is slightly larger

than that of the uniform discretizations. This is the reason that the non-uniform model

predicts a slightly better tip displacement solution than the uniform model when

normalized support a=1.5 is adopted in the analysis.

Next, the effects of support size and integration order are investigated for

employing the three basis functions in the GMF approximation. When a normalized

support size less than two is used in the analysis, three basis functions give similar tip

displacement results for both discretizations as shown in the plots from Figure 4.14(a)

and (b) to Figure 4.16(a) and (b). On the other hand, significant errors in the GMF(MLYS)

approximation are observed when the normalized support is greater than 2.0 regardless of

the integration order. This is probably due to the non-convexity in the GMF(MLS)
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uniform model, (b) non-uniform model.
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approximation. It is also observed that the GMF(exp) approximation presents the best

displacement solution among the three basis functions. The difference between the

GMPF(exp) and the GMF(atan) approximations is marginal when the normalized support

is less than 2.5. However, a stiff response is observed in the GMF(atan) approximation

when a larger support size is used. The results suggest that the convex approximation

exhibits better accuracy and convergence than the non-convex approximation especially

when the support size is large.

4.2. Stability analysis

For time-dependent problems, stability guarantees that the numerical method

produces a bounded solution whenever the solution of the exact differential equation is

bounded. In this section, two ingredients for stability in the numerical analysis are

studied: dispersion errors and stable time step using the GMF approximation. At first, the

dispersion characteristics in semi- and full- discretizations are analyzed. The critical time

step for the meshfree methods is computed by eigenvalue problem and compared with the

actual stable time step required in the numerical analysis.
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4.2.1. Dispersion errors
4.2.1.1. von Neumann analysis

The von Neumann analysis provides a method to analyze the numerical
dispersion errors for the spatial semi-discretization of PDE [Belytschko 2000a; Christon

2000; Voth 2001; You 2002]. The 1D wave equation in x-axis is

o%u(x,t) e o%u(x,t) _
ot? ox®

0 (4.20)
where t is time, ¢ is the wave speed, and u(x,t) is the displacement. The Fourier
solution of Eq. (4.20) becomes

u(x,t) = u, exp[kx — ot (4.21)
where u, is the amplitude, 1=+/-1, k is the wave number, and  is the circular
frequency. In fact, c=w/k for the non-dispersive medium.

By introducing the approximation function, u"(x,t) = Zn:‘Pi (x)u, (t), on uniform

i1

discretization with Ax as shown in Figure 4.17, the semi-discretization of weak form
associated with Eq. (4.20) for infinite domain is

Mii + Ku =0 (4.22)
where M and K are the consistent mass and stiffness matrix, u is the nodal displacement

vector, and superimposed double dot indicates the time derivative. In time-history

analysis, a lumped mass matrix is easier to form and requires less storage space and
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Figure 4.17. Uniform node distribution for 1D dispersion analysis.
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computational effort. Usually, it is more important to have a diagonal matrix in time-
history analysis than in vibration analysis, as time-history analysis is usually much more
expensive. The lumped mass matrix M"™ is obtained by the row-sum technique in this
study. The displacement of any node (u,,,) at co-ordinate X, . can be expressed
relative to the displacement of any other node (u,) in terms of nodal space Ax. Thus,
considering X;.,, = X; + MAX, the semi-discrete solution of Eq. (4.21) becomes

U () = U; (t) exp [kmAX | (4.23)
where u,(t) =u, exp[zkxi —@t] and @ is the discrete circular frequency.

For the shape function (¥;) with a local support as shown in Figure 4.17, the

semi-discrete form of the wave equation, Eq. (4.22), may be written for the i node as

m

Z [Mi,i+mui+m + Ki,i+mui+m] =0. (4.24)
By inserting Eq. (4.23) into Eqg. (4.24) and taking only the real part of the Euler formula,
exp[kmAx] = cos(kmAx)+zsin (kmAx) , we have

—E)Z'i [ M., cos(kmAx) |+ Zm: [ Kijum COS(kmAX) | =0. (4.25)

Using Eq. (4.25), the normalized phase speed (|c|) is defined as

o= % 1 \/Zim[Kmm cos(kmAX) | (4,26

ck Zi_m[M e cos(kmAx)]

where T is the discrete wave speed (T =a/k), and the normalized wave length (|2)
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-2 (421)
where A is the wave length. Since ¢, k and A are not changed, the normalized phase
speed (|c|) is dependent on nodal space (Ax ) and the domain size of influence (m), in
other words, mesh refinement and normalized support size (a).

The dispersion analyses using the lumped mass matrix are performed with the
GMF(exp), the GMF(atan) and the MLS approximations, and with the FEM for
comparison. Their curves of the normalized phase speed (|c|) with respect to the
normalized wave length (|4]) are shown in Figure 4.18. Figure 4.18 shows that the
normalized phase speed (|c|) is delayed when the normalized wave length (|2])
increases, which means that the discrete wave speed (C ) becomes slower when the nodal
space (AXx) increases. Also, the discrete wave speed (C ) is lower when the domain size
of influence (m) increases. However, there is no notable difference among
approximations. It is noted that, the use of conventional meshfree approximations with
optimal lumping may result in non-positive definite mass matrix when the domain is

irregularly discretized. However, the use of the GMF approximation will always result in

positive nodal masses.
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Figure 4.18. Normalized phase speed using lumped mass in wave equation.
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4.2.1.2. Full discretization analysis

The von Neumann analysis is based on the decomposition of errors in the Fourier
series and shows the dispersion characteristics of approximations in spatial semi-
discretization. However, the dispersion effects in full-discretization are of practical
importance. In this section, the dispersion effect in full-discretization is studied with the
1D wave equation.

The 1D wave equation of an elastic bar impacting onto a rigid wall shown in
Figure 4.19 is given as

pli=Eu, _ in(OL), (4.28)

u, (0,t)=0, u(L,t)=0,

u(x,0)=0, u(x,t)=v,,
where E =100.0, p=0.01 and v,=1.0 [You 2002]. The rod is discretized with 11
uniform nodes and 14 non-uniform nodes shown in Figure 4.20 with two Gaussian
integration points within each integration cell. The explicit time integration method with
row-sum lumping technique is used in the analysis. The computed time displacements at
the center of the rod obtained from different approximation methods are compared with

analytical solutions. The GMF(exp), the GMF(MLS) and the MLS(trans) approximations

are considered in the meshfree analysis. The support size effect in meshfree analysis is
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Figure 4.19. Elastic bar impacting onto a rigid wall.

nodes almost overlapping

T

o) Vi) o o o

Figure 4.20. Non-uniform discretization of rod.
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also studied in this example.

Figure 4.21 shows the numerical solutions with uniform discretization and Figure
4.22 presents the results with non-uniform discretization. The solution of the FEM is also
plotted for comparison. Figure 4.21 and 4.22 show that the amplitude errors and the
phase errors increase in all cases as the normalized support size (a) increases. Especially,
in the MLS(trans) approximation, which is the non-convex MLS approximation with the
transformation method, the errors are noticeably large when a=3.0 as shown in Figure
4.21(b) for the uniform discretization case. The analysis in non-uniform discretization
even diverges when the normalized support size a>1.3 in Figure 4.22(b). On the other
hand, the solution obtained from the non-convex GMF(MLS) approximation generates
same accuracy as the one using the convex GMF(exp) approximation as shown in Figure

4.21(a), 4.21(c), 4.22(a) and 4.22(c).

4.2.2. Stable time step for meshfree methods
The stable time step for meshfree methods using the non-convex MLS
approximation has been studied by Belytschko et al. [Belytschko 2000a; Liu 1995]. The

critical time step (At,) for central difference time integration is governed by the Courant—

Friedrichs—Lewy (CFL) condition, which is determined by the maximal eigenvalue in the
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assembled system. The critical time step is given by

A== (4.29)
Orax A4

max

for the uniformly distributed nodes, where @ is the frequency and A is the eigenvalue.
For the non-uniformly distributed nodes, the critical time step can be obtained by the

eigenvalue inequality. The mass matrix and the stiffness matrix can be expressed as

M=iMe=iiM§=iMQ, (4.30)
e=1 e=1 Q=1 Q=1

K=YK =YK =3 K° (4.31)
e=1 e=1 Q=1 Q=1

where nis the number of elements or integration cells and n, is the number of
quadrature points in each element or cell. Then the eigenvalue inequality can be stated as
min — “"max —

min(inn A2 ) <A <8 < max(mgx /Ir‘n?ax) (4.32)

where A%

min

and A2 are the minimum and maximum eigenvalues at quadrature point

Qand A:. and A5 are the minimum and maximum eigenvalues of the assembled

in max

system. Eq. (4.29) becomes

A= =2 _min| —2 |, (4.33)

C G G =
Brax \Y j’max ‘ max (;Ln?ax )
Q

Considering the 1D case, Eq. (4.30) and (4.31) become
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(4.35)

where X, is the co-ordinate of quadrature point, w, is the weight of quadrature point,
p is the density, E is the Young’s modulus, and J is the Jacobian. The lumped mass

matrix by row-sum technique becomes

\Pl
Q ¥,
M, = Wo0J . (4.36)
an
Q
The eigenvalue problem is stated as
K%? - 1°M%v? =0. (4.37)

It is clear that the only non-zero eigenvalue of Eq. (4.37) with the lumped mass matrix is

Q _ A2 : lIIiz,x(XQ)
A% =c ;—\Pi(XQ) (4.38)

and the corresponding eigenvector is
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(4.39)

where c is the wave speed, c=+/E/p . Finally, the critical time step with the lumped

mass in 1D becomes

2 2 x \Pizx(XQ) "
At =—2_=2 SAELA-LY 4.40
R (C 20, (x,) J A0

In the numerical analysis, a 1D bar with two free-ends is considered. The model
is discretized with 21 uniform as well as non-uniform nodes. Two-point quadrature rule is
considered in the analysis. The eigenvalue profiles with two different normalized support
sizes a=1.5and 3.0 are shown in Figure 4.23 for the uniform discretization and in
Figure 4.24 for the non-uniform discretization. The FEM has uniform eigenvalues across
the uniform discretization domain as shown in Figure 4.23. The meshfree approximations
do not have this property due to the boundary effect. In the meshfree approximations, the
eigenvalues in the domain are much lower than the ones in the FEM as the support size
increases. However, near boundary area, the eigenvalues of the meshfree approximations
are as high as the ones in the FEM. Negative eigenvalues are observed in the
conventional non-convex MLS approximation when normalized support size a=3.0 is
used. This may be due to the mass lumping in the explicit numerical methods. Those

unphysical negative eigenvalues or negative mass problems in the meshfree methods with
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Figure 4.23. Eigenvalue profiles using uniform discretization with two quadrature points:
(a) a=1.5, (b) a=3.0.
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Figure 4.24. Eigenvalues profiles using non-uniform discretization with two quadrature
points: (a) a=1.5, (b) a=3.0.
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the non-convex approximations can be seen in the cases when the support size is very
large or the discretization is highly irregular. Malkus and Plesha have shown that the zero
or negative masses caused by mass lumping do not destroy the essential algebraic
properties of the discrete eigenvalue problem in the FE framework, in spite of the
negative or infinite eigenvalues which may result [Malkus 1986].

In the non-uniform discretization shown in Figure 4.24, the eigenvalues in the
FEM are dependent on the nodal space. The maximal eigenvalue in the FEM is much
larger than the one in the meshfree approximation methods. It is observed that the
negative eigenvalue near the boundary with the non-convex MLS approximation in
Figure 4.24(a). Figure 4.25(a) and (b) shows the maximal eigenvalues with respect to the
normalized support size in the interior domain and near the boundary.

The bar impacting problem used in Figure 4.19 is adapted here to study the
critical time step by different meshfree approximations. The critical time step from the
CFL condition (at:™) is computed by the Eq. (4.40), where the maximal eigenvale in the
domain are utilized. The stable time step by the actual convergence (at*“®) in the
analysis is also computed for the comparison. Both uniform and non-uniform nodes
described in Figure 4.23 and 4.24 respectively are used to study the discretized effect.

Table 4.2 and 4.3 summarize the at™™ and the at*™* using the GMF(exp), the
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actual

Table 4.2. Comparison of " and at in the uniform discretization.
a ﬂmax (interior) Al‘CCFL Al‘fcmal ratio(%)
FEM 1.0 2400.0 0.000408 0.000495 17.5
1.5 2157.5 0.000431 0.000570 245
GMF(exp)
3.0 538.0 0.000862 0.000905 4.7
1.5 2192.6 0.000427 0.000575 25.7
GMF(MLS)
3.0 538.0 0.000862 0.001020 15.5
1.5 2192.6 0.000427 0.000520 17.9
MLS(trans)
3.0 538.0 0.000862 0.000665 -29.7
Table 4.3. Comparison of az&™ and az“““ in the non-uniform discretization.
a A (interior)|  ar* At ratio(%)
FEM 1.0 9600.0 0.000204 0.000298 31.4
1.5 1470.2 0.000522 0.000568 8.1
GMF(exp)
3.0 487.4 0.000906 0.001000 9.4
1.5 2001.6 0.000447 0.000575 223
GMF(MLS)
3.0 516.9 0.000880 0.001135 22,5
1.5 2001.6 0.000447 0.000475 5.9
MLS(trans)
3.0 516.9 0.000880 fail -
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GMF(MLS), the MLS(trans) approximations. The values of ato™ are the same in both
GMF(MLS) and MLS(trans) cases but the values of at®“® are different. The results
show that atS™ with the maximal eigenvale in the domain fairly provides the stable
time step which is low but close to the at**“*'. On the contrary, the case of MLS(trans)
with a=3.0 will require smaller time step, and sometimes does not even converge in
the non-uniform case. The boundary treatment by local-convexity in the non-convex
GMF approximation does not affect the stable time step in the meshfree analysis. The
results show that the critical time step computed with the maximal eigenvalue in the

domain, not near the boundary area, gives the stable time step in meshfree methods.

4.2.2.1. Explicit dynamic analysis in large deformation

The following example is used to identify the applicability of the GMF
approximations to a large deformation analysis of a highly non-linear foam material. The
highly compressible foam is commonly used in many automotive crashworthiness
simulations. The FEM analysis sometimes suffers from numerical difficulties in modeling
large material distortion.

A 3D compression simulation of low-density foam material is performed by a

hydrocode, LS-DYNA. The simulation model is shown in Figure 4.26(a). In this analysis,
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Figure 4.26. Description of a model and foam material property: (a) setup of a
compression test (punch: 40mm x 40mm , foam: 100mm x100mm x100mm ), (b) strain vs.

stress curve of foam material.
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the bottom of the foam is fixed, and the rigid punch is moved downward with a
prescribed velocity of 3.33 mm/s. The low-density foam material is modeled by the
material type 57 (*MAT_LOW_DENSITY_FOAM) in the material database of LS-
DYNA [Hallquist 2006, LSTC 2007]. The parameters of this foam material model are
taken as; density (p) is 24 kg/m3, Young’s modulus (E) is 0.25 MPa, and the nominal
stress versus strain characteristic of the foam is plotted in Figure 4.26(b). The dimension
of the foam is 100mmx100mmx100mm and the area of punch is 40mmx40mm. The
foam is modeled with 21x21x21 nodes with 20x20x20 integration zones. The
explicit time integration method with lumped mass is employed. For a fair comparison of
CPU times using different approximation methods including FEM, a 2x2x2
integration order is adopted in the analysis. A normalized support size of 1.5 is used in the
meshfree analysis.

Figure 4.27 compares the force history curves measured at the punch with four
different methods. The mixed-transformation method is used to treat the boundary
conditions in the MLS approximation, which is named as MLS(m-trans). Each symbol in
the plot indicates the termination time of each punch test. The results indicate that their
responses are fairly overlapped but the meshfree methods allow larger deformation than

FEM. Figure 4.28 shows the final deformed shapes of the foam along the symmetric
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Figure 4.28. Maximum deformed shapes of the mid section of form (each percentage
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plane. The compression ratio in Figure 4.28 is defined as

Maximum compressed displacement by punch y
Initial height of foam

Compression ratio (%) = 100

(4.41)

The results show that the convex approximation behaves more robust than non-convex

approximation in handling large material distortion. The GMF(atan) approximation

behaves the best among three basis functions since it allows the largest deformation

comparing to the others. A comparison of normalized CPU time using different methods

is listed in Table 4.4. The final punching depth in FEM is used as a reference for the

comparison. All the three meshfree methods are re-analyzed to obtain the corresponding

CPU time based on the same punching depth. Noted that MLS(m-trans) requires a

slightly higher CPU time compared to the GMF(exp) and the GMF(atan) approximations.

The extra effort in the boundary condition treatment in the MLS approximation is now

avoided in GMF(exp) and the GMF(atan) approximations.
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Table 4.4. CPU time comparison of foam compression.

FEM MLS(m-trans) GMF(exp) GMF (atan)

Normalized
CPU time

1.0 3.1 2.8 2.8
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Chapter 5 — Fracture Analysis

In this chapter, the performance of the GMF approximation in the fracture

analysis is evaluated. Governing equations are discretized by the EFG method

[Belytschko 1994b, 1996; Chen 2006; Li 2007; Liu 2002, 2005]. Crack is modeled by the

visibility criterion method in the meshfree method [Belytschko 1996]. Crack initiation

and propagation are determined by the cohesive zone model in this research. Modified

cohesive fracture model is proposed in collaboration with the proposed GMF

approximation in meshfree computation. Both 1D and 2D problems are analyzed to

validate the proposed method. In the examples, the bulk material is assumed to be linear

elastic under a plane strain condition. Special attention is paid to the study of the mesh

objectivity problem in the 1D problem and the crack growth in the 2D problems.

5.1. Meshfree cohesive fracture analysis

5.1.1. Governing equations and discretization

The formulations are derived in the total Lagrangian formulation in which

derivatives and integrals are taken with respect to the initial Lagrangian coordinates X

and the notations follow those in the reference [Belytschko 2000b]. The linear
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momentum equation of the body shown in Figure 5.1 are written as

V-P+pb=pii, XeQ (5.1)

where P is the nominal stress tensor, p is the density, b isthe body force, V isthe

left gradient and the superimposed double dots denote the material time derivative. The

bulk material is assumed to be linear elastic under a plane strain condition. The boundary

conditions are

u(X,t)y=u(X,t) on T,, (5.2)
n -P(X,t)=T(X,t) on T,,and (5.3)
n;-P(X,t)=n_-P(X,t)= f([u]) on T, (5.4)

where T' is the boundary, the subscript u, t and ¢ denote displacement, traction and
cohesive respectively, the superimposed bar denotes the imposed quantity, » is the normal

vector at the boundary, T is the traction, f is the cohesive traction, and [[]] is the

separation. The weak form of the momentum equation is: find « €V such that

W =W, +OW, —OW, +6W,, =0  VveV, (5.5)
with

W, = [_pv-iidQ, (5.6)

W, = [ Vv:PdQ, (5.7)

SW,, = L y-TdT + jQ ov-bdQ, and (5.8)
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Figure 5.1. The description of cohesive zone model: (a) free body diagram, (b) cohesive
zone model: enlarged dashed area in free body diagram, (c) traction-seperation curve.
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W, = jr [v] AT (5.9)
where » and v are trial and test functions respectively and V and V, are the

approximation spaces for trial and test functions defined as
V ={u(X,t)|ueH u=iu on T,,u discontinuous on I',}, and (5.10)
Vo ={v(X)|veH",y=00nT,,v discontinuous on T |. (5.11)
The approximation displacement field is defined as
u'(X,t) = Zn:‘Pi (X)u, (1) (5.12)
i1
where ¥, (X) is the convex GMF approximation and #;(t) is the nodal displacement.
Then, the test function becomes
v'(X) = Z‘P (X)v, . (5.13)
i1
Substituting #" and »" into the weak form of the momentum equation Eq (5.5), we

obtain the semi-discretized equation as

[, i} = ) - () 519

where
[Mijjzjgp\{'i\{'}dg, (5.15)
(R} =], ¥ITdT + [ p¥]bd, (5.16)
{(F™}=[ (v¥,) PdQ ,and (5.17)
(R} = jr[[qﬂ]] fdr. (5.18)
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For performing the integration of Eq. (5.15) - (5.17), the Gaussian integration scheme
with background cells is utilized. Triangular element-type cells with one Gaussian
integration point are used. Eq. (5.18) is obtained by the integration on the crack with one
Gaussian integration point. The explicit time integration method, such as the central
difference method, is used and mass matrix Eq. (5.15) is diagonalized by the row-sum
technique [Belytschko 2000b]. It is noted that there is no need for the special boundary
treatments, such as the Lagrange multiplier method or the penalty method, since the

convex GMF approximation has the weak Kronecker delta property at the boundaries.

5.1.2. Crack representation

The visibility criterion [Belytschko 1996] is used for representing the
discontinuity. At every time step, the failure criterion is evaluated at every integration
point (£). At first, we consider a 1-D case as shown in Figure 5.2 for simplicity. Figure
5.2(a) shows that the reference configurations of shape functions at each node and the
influence domain (&) of the fifth integration point (&) at t=0. The displacement at
& is defined as

U =iz:‘,\fa<55)ui V). (5.19)

The stress at & reaches the maximum strength at t=t°. Figure 5.2(b) shows
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Figure 5.2. The description of visibility criterion in 1D problem: (a) at /=0, (b) before the
crack is initiated at /=t,, (c) after the crack is initiated at t=¢..
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that the shape functions and the influence domain right before the crack is initiated at &, .
After the crack is initiated at &, as shown in Figure 5.2(c), the influence domain (&)
is split into two areas, upper area " (&) and lower area @ (&), and nodes included in
each area are redefined such that new(&) , nTew' (&), n ew (&) and

n=n"Un". It is noted that the shape functions are never reconstructed during analysis.

Then, the displacement of &, can be expressed with two separated influence domains as

U (&,17) = 3, (&), (), and (5.20)

ien*

U (&) = Y9, (E)u,(t). (5.21)

ien”

In general, these two values are not identical. The difference between these two values at
t=t° can be obtained by

0 (&, 1°) =u"(&,1°) —u (&, t°) (5.22)
which is the so-called critical opening displacement (o, ) described in Figure 5.2(c).

Basically, the critical opening displacement is the physical constant of a material.
However, the critical opening displacement, Eq. (5.22), obtained by the visibility criterion,
which is the numerical value, not the physical value. Papoulia and Sam described the
traction inconsistency in time with the initially-rigid cohesive law in higher dimensions
and proposed the remedy by introducing the activation opening displacement in order to

match two tractions: one from continuum constitutive law and the other from cohesive
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law [Papoulia 2003; Sam 2005]. In this research, the numerical critical opening
displacement, Eq. (5.22), is used for matching two tractions from continuum constitutive
law and from cohesive law. The general expression of the opening displacement (J) at

the j™ integration point in multi-dimension is expressed as

6(§jat):”+(§j)t)_u_(é:j,t)- (5.23)

5.1.3. Modified cohesive zone model

The effective traction (T, ) and the effective crack opening displacement (J,;)

[Camacho 1996; Ortiz 1999] are defined as

T, = Tn2+i2Tt2,and (5.24)

B

s =[O + 85, (5.25)
where the subscript n and t denote the normal and the tangential directions on the
cracked surface (I',) respectively as described in Figure 5.1(b) and >0 is a
parameter defined later. The normalized non-dimensional displacement jump (A) and the

critical displacement jump (A, ) [Espinosa 2003; Tvergaard 1990] are introduced as

2 2
5 (5
A= || S| 447 2| and (5.26)
\/(5nf] (é‘tf]
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(& AE]
5nf é"[f

where the subscript ¢ and f are the abbreviations of critical and failure respectively
and >0 is a parameter defined later. The failure opening displacement ¢, and o
are material constants, but the critical opening displacement &, and o, are

numerically obtained by the visibility criterion when the crack is initiated as described

previously. The initially-rigid irreversible cohesive law shown in Figure 5.3 can be

assumed as
1-A
T (A)=——T 5.28
efs( ) l—AC max ( )
where T__ is the maximum strength of a material and A™ =max(A,,,A) Which

describes the irreversibility of the cohesive law. Then, the failure criterion is defined as

T (A) =T 20 (5.29)
which is the traction-driven failure criterion.

Originally, the initially-rigid cohesive law was proposed with the interface
elements in the FE framework [Camacho 1996; Ortiz 1999]. In the FE framework, the
crack initiation and propagation occurs at nodes on the boundaries of elements. Hence,
the critical opening displacement is always zero. However, in the meshfree method, the

visibility criterion produces the positive non-zero critical opening displacement when the
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Figure 5.3. Initially rigid irreversible cohesive law.
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crack is initiated. Therefore, after the crack is initiated, the initially-elastic irreversible

cohesive law with the critical opening displacement is adopted for the softening stage.

This is the combined initially-rigid and initially-elastic irreversible cohesive law or the

hybrid irreversible cohesive law. In other words, the initially-rigid cohesive law is used

for the crack initiation and then it is switched to the initially-elastic irreversible cohesive

law until the crack is separated completely. The initially-elastic irreversible cohesive laws

of the normal and the tangential tractions shown in Figure 5.4(a) and (b) can be defined

as
T, (A
T = EfS(* ) 5, , and (5.30)
A nf
T, (A
T =« efs(* ) o (5.31)
A6

where « >0 isa parameter defined later.

In the formulations above, there are three parameters, «, £ and y. The
relationship among those parameters can be found. By inserting Eg. (5.30) and (5.31) into
Eq. (5.24) at t=t°, Eq. (5.24) becomes

T (A) 2 2 2
Tefs — efs % +(gj @ . (532)
A O B )\ S

Obviously, the square root term in Eq. (5.32) should become A, and is equal to Eq.
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Figure 5.4. Initially elastic irreversible cohesive law: (a) normal component, (b)

tangential component.
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(5.27). Then, we obtain

==, 5.33
4 1 (5.33)

By dividing Eq. (5.25) by J,, Eq. (5.25) becomes

2 2 2
0, 0,
efs — 5n + ﬂ 2 tf 5t . ( 5 ' 3 4)
§nf 5nf 5nf é"(f

0,
Let A= ;S , using Eq. (5.26) and Eq. (5.33), we have

nf

a=p"]—|. (5.35)

5nf

The mode-l1 and mode-Il energy release rates, G, and G, , which are the energies

dissipated by fracture per unit new fracture surface area, are defined as the area

underneath the cohesive law described in Figure 5.4. They are expressed as

G, :%5meax, and (5.36)
1
GII ZEé‘tf aTmax : (537)

By using Eq. (5.33), (5.35) — (5.37), we can obtain

Gy _p[% |_a
v= G —ﬂ(dﬁ}—ﬁ, (5.38)
Gn 5nf
—(G—I (5} ], and (5.39)
G | O 1_ |G| %
e, df} "5 \G, (5] (540)
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The three parameters are closely related to each other. If « is set to zero, then g and
y become zero too, which means that the tangential components of traction and
displacement are ignored.

In the stress field, the principle stresses (T, and T,) and the principle angle (6,)
can be obtained by the Mohr’s circle theory. If « is zero, the perpendicular of the
principle normal stress becomes the crack orientation, which is the Rankine criterion or
the maximum normal stress criterion. However, if the tangential component is considered
(a #0), the crack orientation has to be adjusted. Let Eq. (5.24) redefine as

T (A) =T +T7 (5.41)
where T, :%Tt. Figure 5.5 shows the failure criterion ( p, — p, plane) overlaps on the
crack tip in the 2D body. If the tangential traction is ignored, the point A in Figure 5.5
becomes the failure point by the Rankine criterion with the principle angle (6,) with
respect to the global coordinate. If we consider the tangential traction (T, ), the point B in
Figure 5.5 becomes the new failure point and the angle (6, ) associated with the tangential
traction (T, ) can be defined as

tan 6, = I—S (5.42)

n

At the moment the crack is initiated, T, =T,

max

and A" =A_. Thus, Eq. (5.41) with Eq.

(5.28), Eq. (5.30) and Eq. (5.42) becomes
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Figure 5.5. The description of crack orientation.
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T = T2 +T2 =T, |/L+ tan? g, :ﬁ%ﬁnwhﬂanz 0, . (5.43)
e\ 2 /) Ynf

A simple algebra leads Eq. (5.43) to

0,

nc

S 2
6, =tan™| £ [Ac ”fj -1/. (5.44)

efs

By recalling that A =

, we can modify the displacement term in Eq. (5.44) with Eq.

nf

(5.25) as

2
0, Oy O
NGy T . (5.45)
5 5nf §nc §nc 5nc

nc

Substituting Eq. (5.45) into Eq. (5.44), the angle (6, ) can be simplified as

tc

2 =tan? T , (—Eéﬁt SE] (5.46)
0, T, 2 2

nc

0, :tan‘l[iﬂ

More specifically,

0,
tan”'| gl ,T.>0
)
tan™ O T, <0
g ={an"| -p 5 T < , (5.47)
0 , T, =0
T
2 T~ T, and [T [>T,
The total angle (&) becomes
0= gp +6,. (5.48)
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5.1.4. Crack initiation and propagation algorithm

The 2D crack initiation and propagation algorithm is described in Figure 5.6. In
Figure 5.6(a), the solid dots are described nodes, the blank dots represents the integration
points and the mesh with dashed lines are integration cells. The triangular element-like
integration cell with one Gaussian integration point is used. The crack initiates or
propagates one integration cell at a time.

For the crack initiation, stresses at all integration points are checked at every time
step before they meet the failure criterion. When the failure criterion is met at certain
integration point (&), the critical opening displacement (J,) and the crack orientation
(n,) are then defined. The crack line is defined from one edge to the other edge through
the integration point as shown in Figure 5.6(b). The crack orientation is defined in the
reference configuration by Nanson’s law [Belytschko 2000b]. In general, there are three
neighboring integration cells which share common edges with the cracked integration cell.
Two of the neighboring integration cells become candidates for subsequent crack
propagation. The remaining neighboring integration cell is excluded in the crack
propagation.

When the stresses in any candidate integration cell reach the propagation

criterion, the crack is propagated. Similarly to the crack initiation, the incipient crack line
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Figure 5.6. The description of crack propagation (® : nodes, © : integration points, ./

integration cells, ..... : incipient crack line, —: final crack line): (a) at =0, (b) at the
moment of crack initiated at r=t.,, (c) before the crack is propagated at t=t.,, (d) after the
crack is propagated at 1=t,,, (¢) before the crack is propagated at r=t;, (f) after the crack
is propagated at t=t.3, (g) before the crack is propagated at 1=t.4, (h) after the crack is
propagated at t=t.4, (i) after the crack is propagated at t=t,s.
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in crack propagation, which is the dashed line in Figure 5.6(c), is defined by the critical
opening displacement () and the crack orientation (#,) at the integration point (¢&,).
However, the incipient crack line is offset to connect to the existing crack line. So, the
final crack line becomes the solid line in Figure 5.6(d). Likewise, cracks are propagated

continuously like Figure 5.6(e) through (i).

5.2. Numerical fracture examples

The fracture simulations in 1D and 2D are performed to evaluate the
performance of the GMF approximation in the fracture mechanics. In all problems, the
GMF(exp) approximation with the cubic B-spline weight function is utilized. The one
Gaussian quadrature point is used for calculating stresses at nodes in all the cases and
tractions at crack points in the 2D cases. In addition, the tangential components for the

crack initiation and propagation are not considered in the examples presented here.

5.2.1. 1D fracture problems
At first, a 1D problem shown in Figure 5.7 is considered to study the mesh
objectivity and support size effect. The left end of the rod is fixed at the wall and the

impulsive loading (v=0.005) is applied at the other end. The flaw exists initially in the
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Figure 5.7. The description of 1D bar model.
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middle of the rod and the fracture is occurred at that point. The rod length is L =10 and
it is discretized with 11 and 21 equally spaced nodes. The dimensionless unit system is
adapted: Young’s modulus of the rod is E =2x10° and the maximum strength and the
failure opening displacement are T, , =200 and &, =0.005 respectively. The
normalized support size a=1.2 is adapted in the meshfree computation. Essentially, the
responses of the rod should be the same regardless of model refinement or change of
meshfree support size.

For comparison, five ways of representing cracks are utilized. They are based on
damage mechanics, adaptive method, X-EFG method, cracking particle method, and
visibility criterion method. The damage mechanics is a continuum mechanics approach
with local degradation by the damage law. The X-EFG and the cracking particle methods
are the enrichment-type methods. In these methods, the displacement field of the cracked
nodes or integration cells is enriched by adding new degrees of freedom. In the visibility
criterion method, the domain of influence is cut and modified to represent discontinuities
in cracks. The meshfree shape functions are never reconstructed during the analysis
period. In the adaptive method, the new degrees of freedom are added at cracked points
by remeshing the model. Therefore, the shape functions are reconstructed and the field

variables are mapped onto the remeshed nodes.
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The curves of the reaction force at the wall vs. the displacement of the right end

rod are compared in Figure 5.8(a)-(f). In Figure 5.8(a), the responses of the damage

mechanics are different when the mesh size is different, which means that the results

from the damage mechanics is not objective in mesh size. The problem of mesh

objectivity or sensitivity has been studied by investigators and some remedies are

proposed [de Borst 1993; Chen 2000b]. The responses in other methods, X-EFG, cracking

particle, visibility and adaptive methods, shown in Figure 5.8(b)-(e), are almost identical,

which means they are mesh objective.

The support size effect is further studied in the visibility criterion method. The

use of larger support size a=2.2 in the visibility criterion method is clearly less

accurate and displays sudden force drop and oscillations near the onset of the crack

initiation as shown by the blue curve in Figure 5.8(f). This is due to the fact that the

domain integration in the cracked media does not provide enough accuracy in the

visibility criterion method. Some treatments, such as finer discretization and more

background cells, can not resolve this problem. The noticeable error in the cracked media

suggests that a special treatment is needed in these areas. A better accuracy can be

achieved by the assumed strain method as shown by the red curve in Figure 5.8(f). The

assumed strain for the cracked element is obtained by that the support size set to unity.
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Figure 5.8. The reaction force — displacement responses of 1D bar problem: (a) using

damage mechanics, (b) using adaptive method, (¢) using XEFG method, (d) using

cracking particle method, (e) using visibility criterion with a=1.2, (f) using visibility

criterion with ¢=2.2.
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Other treatments such as the coupled FEM/meshfree method can be considered as well.

5.2.2. 2D fracture problems

In this section, two dynamic fracture experiments are simulated to compare crack
growth in the experiment with one in the simulation. In examples, mode-1 brittle fracture
is assumed and uniform discretization with the GMF(exp) approximation is used. These
are the early outputs of developing the fracture analysis with the modified cohesive zone
model. The preliminary results of simulations show relatively good agreement with

experimental results.

5.2.2.1. Thin double notched plate under impulsive loading

In this example, the brittle fracture of thin steel plate under impact loading
[Kalthoff 1987] is simulated. The thin plate with two notches is impacted by a projectile
as described in Figure 5.9(a). The experimental results show that the thin steel plate is
experienced only mode-1 brittle fracture under specific impact velocity (v, =33.0 m/s)
of the projectile. The material properties of high strength steel plate (maraging steel type
18Ni1900) are taken as: Young’s modulus (E) = 190 GPa, density (p) = 8000kg /m®,

Poisson’s ration (v) = 0.3, and critical stress intensity factor (K, ) = 68 MPa+/m . The
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Figure 5.9. The description of thin double notched plate model: (a) test setup, (b)
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fracture energy (G ) for the plane strain becomes 22.1 KJ /m®. The maximum strength

(T,

max

) is 824 MPa and the corresponding failure crack opening normal displacement
(0,) 15 0.054 mm . Due to the symmetry, only half of the plate is modeled and discretized
with 441 uniformly distributed nodes as shown in Figure 5.9(b). It is also assumed that
the projectile has the same elastic impedance as the plate and thus the impact velocity of
the plate is half that of the projectile. The simulation result is shown in Figure 5.10. The
blue and the red lines represent the notch and the crack lines respectively. Each symbol
indicates the crack tip measured at different time frame. The crack has an average angle

of 65°, which agrees with the experimental value of 70°.

5.2.2.2. Three point bending test

The three point bending test of a concrete beam is simulated and compared with
the experiment results [John 1990]. The concrete beam is simply supported and subjected
to an impact force. The impact force (v, =0.05m/s) is applied at the middle of the
beam as described in Figure 5.11(a). The beam has a notch with the distance 7/, from
its center and 7 is the offset ratio with values: » = 0, 0.5, and 0.7. The material
properties of concrete are taken as: Young’s modulus (E) = 29GPa, density (o) =

2400kg / m®, Poisson’s ration (v) = 0.2, and the fracture energy (G.) = 31.1J/m?
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Figure 5.10. The numerical result of crack propagation (each symbol indicates crack
propagation time).
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Figure 5.11. The description of three point bending test model: (a) test setup, (b)
discretized beam model with a notch at center.
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[Ruiz 2001]. The maximum strength (T__ ) = 8MPa and the corresponding failure crack

opening normal displacement (o, ) is 0.0078 mm. The concrete beam is modeled with
816 regularly distributed nodes as shown in Figure 5.11(b). When 7 = 0, only mode-I
fracture is shown. mixed-mode fractures are occurred when n = 0.5 and 0.7. The
fracture patterns in experiments are shown in Figure 5.12 [John 1990]. The crack
propagation angles from the vertical notch line in the experiments are 0°, 22° and
30° for =0, n=0.5 and 7 =0.7 respectively. The numerical results are shown in
Figure 5.13. The crack angles are 0°, 24° and 33° for =0, »=0.5 and n=0.7
respectively, which agrees with the experimental values. The numerical crack patterns are
similar to the ones observed in the experimental results until the crack height of 50 mm.

After that, the numerical crack patterns are somewhat deviated from the experimental

results, which is caused by stress locking probably. The study about its remedy is ongoing.

138



80 r

60 r

40 t

20 -

0

n=0 n=0.5

n=0.7

Figure 5.12. The experimental results of crack propagation [John 1990].
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Figure 5.13. The numerical results of crack propagation (three independent cases are

plotted in one plot).
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Chapter 6 — Conclusion and Future Research

6.1. Conclusion

This research presents the GMF approximation, a new approach in the

construction of meshfree approximation, to improve the accuracy and efficiency in the

conventional meshfree methods for the solid and fracture analyses.

The GMF approximation introduces an enriched basis function in the original

Shepard’s method. This enriched basis function is introduced to meet the linear or higher-

order reproducing conditions as well as to offer a great flexibility on the control of

smoothness and convexity of the approximation. The basis function can be translated or

blended with other functions to generate a specific approximation either locally or

globally within the approximation domain. The basis function is then corrected to satisfy

the reproducing conditions. Since the basis function could be a nonlinear algebraic

function or certain combinations of functions, a nonlinear solving scheme such as

Newton’s method is employed to obtain the solution. Several convex and non-convex

approximations are obtained using the proposed method including their degeneration to

the well-known MLS, RK and ME approximations.
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To impose the essential boundary conditions for the non-convex approximations

such as MLS and RK approximations, a blending function is proposed in conjunction

with the polynomial basis function. This blending function can be viewed as a blending

of transition functions that enforces the non-convex approximation to become a convex

approximation near the boundary nodes such that the weak Kronecker-delta property is

guaranteed. Two possible ways to construct the higher-order GMF approximation are

also introduced. One is to minimize the residual error in higher-order constraints and the

other is to minimize the negative effects by using the relaxation function. The former is

developed for the convex approximation and the latter is for the non-convex

approximation. Both methods generate the approximations satisfying the Kronecker-delta

condition at the boundaries.

The performance of the GMF approximation is evaluated by several analytical

and numerical benchmark problems and is summarized as follows:

1) The interpolant error of the convex GMF approximation is not affected by the

support size and is lower than the one of the non-convex GMF approximation. Compared

to the finite element method using linear approximation, the meshfree method using the

GMF approximations displays higher accuracy due to the smoothness and non-local

nature of the approximation. Especially, the convex GMF approximation behaves more
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robust than the non-convex GMF approximation in terms of support size and

discretization effects in the large deformation.

(2 The enforcement of essential boundary condition using strictly convex or

partially convex GMF approximation near the boundary is straightforward and easier

than traditional meshfree methods. As a result, the GMF approximation improves the

efficiency in meshfree analysis in terms of the CPU cost.

3) To demonstrate the effectiveness of the GMF approximation in solving the wave

characteristic of the problem using the higher-order GMF approximation, a one-

dimensional homogeneous Helmholtz equation is solved. The results show that when the

approximation contains the solution of the homogenized Helmholtz equation, the

discretization error can be greatly reduced.

4) It is confirmed that, in the foam compression simulations, the performance of

meshfree methods is superior to the one of FEM. The results also show that the convex

approximation behave more robust than non-convex approximation in handling large

material distortion. Moreover, the GMF(atan) approximation behaves the best among

other basis functions.

5) The dispersion errors in meshfree analysis using lumped mass are increasing as

the support size is getting larger, and there is no notable difference between various
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meshfree approximations in spatial semi-discretization. In full-discretization, the

meshfree analysis using the GMF approximation shows stable behavior regardless of the

wide support size. On the other hand, the MLS approximation with transformation

method tends to become unstable as the support size becomes larger or the discretization

becomes irregular.

(6) The critical time step of the GMF approximation computed by the maximal

eigenvalue of the problem with lumped mass fairly estimates the stable time step in the

meshfree analysis and is larger than the one in FEM. The boundary treatment by local-

convexity in the non-convex GMF approximation does not affect the stable time step in

the meshfree analysis, unlike in the conventional meshfree methods. The effect on time

step by the negative eigenvalue at integration points near boundary area needs to be

studied more.

(7) The use of conventional meshfree approximations with optimal mass lumping

may result in non-positive definite mass matrix when the domain is irregularly discretized.

However, the use of the GMF approximation will always result in positive nodal masses.

(8) For the fracture analysis, the modified cohesive zone model with visibility

criterion and crack initiation and propagation algorithm in the meshfree method are

proposed. The mesh objectivity of cohesive zone model in meshfree methods is
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confirmed by 1D fracture examples. Promising preliminary results are obtained in 2D

fracture examples.

6.2. Future research

Based on the results of this research, the follow topics are recommended for

follow-on future research:

1) Although there is no theoretical difficulty in demonstrating that the GMF

approximation bears the weak Kronecker-delta property at boundaries in 3D, a rigorous

derivation and prove are strongly recommend to complete the theoretical development.

2 The boundary treatments for other conditions, such as contacts, in meshfree

methods are required to be studied further.

3 The remedy for reducing the dispersion errors in meshfree analysis using lumped

mass is recommended as part of the follow-on work.

4) The modified cohesive zone model needs to be more refined by some parametric

studies for mode-1 and mode-11 fractures. Additional study for the algorithm of crack

initiation and growth is required to simulate higher dimensional fracture analysis.
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Appendices

A. Derivation of weak Kronecker-delta property in 2D convex hull
In 2D convex hull, when the fixed point is at the boundary node
(X(x,») =%,(x,,)), the linear constraint Eq. (3.54) together with the exponential basis

function can be rewritten as

eﬂ'an‘MQYqul + ejinz +2h, X12 + eﬁina*'ﬂszm X13 Feee gt eﬂiXm + Al Xln =0 (Al)
L

=0
o Xutiehs Yll + hKuthhe Y;z + A Futlels Y13 g BNt lh, Yln =0 (AZ)

=0

where X, =x,—x; and Y, =y,—y,. In 2D convex hull, it is very difficult to find the
conditions for A, and A, that satisfy weak Kronecker-delta property at the boundary.
Therefore, four different cases representing the translating and rotating of convex hull at
different fixed point as shown in Figure A.1(a)-(d) are used to studying the conditions

that satisfy the weak Kronecker-delta property.

Case (a). Fixed point (square dot) is at the corner node X(x,y) =X,(x;,»,) as shown in
Figure A.1(a). One can observe that

X, EX, EEX

n!

n#Ey,#--#y, and y =y, at X.(x,,»,) whichisa black dot.
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A\ 4
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(a) (b) (© (d)

Figure A.1. Possible positions of convex hull (the fixed point is located at the center).
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The x-distances between nodes become
X,;=0 and X,---X,, <0,
but y-distances between nodes become
Y,=Y,=0, ¥,---Y,<0,and Yl(k+1) """ Yl(k+m)>o’

since some nodes (X,., ~ X,,, ) are in negative area. To satisfy Eq. (A.1) and Eq. (A.2)

k+m
simultaneously, it requires

A —o and 4,=0,
which leads to

AKXty _ L pAXuthb L ANt ()
The approximations at the boundary x, then become

Y, (x,4,4,)=1,and

\PZ(Xl’ﬂl’/lz)=”'=\Pn(xl’/?‘1722)=o'

Case (b). Fixed point (square dot) is at the corner node X(x,y) =X,(x;,»,) as shown in

Figure A.1(b). One edge of convex hull is coincided with y-axis, which means some
nodes (X,,, ~ X,,, ) bear the same x-coordinate. It is apparent that
X #Ex, ##x, and x;=x,,="=x_,,

n#Ey,#--#y, and y =y, at X.(x,,y,) whichisa black dot.
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The x-distances between nodes become
Xy =Xy ==Xy =0 and X,--- X, <O,
but y-distances between nodes become
Y,=Y, = 0, Y,-Y, < 0, and Yl(k+l+l) """ Yl(k+l+m) >0,

since some nodes (X,,,.; ~ X,.,.,,) are in negative area. Thus, in order to satisfy Eq. (A.1),

k+1+m

one has

A4 —oo and A4, issome value, not infinite.

Therefore,
ehethle | _ pMXuthln — | ANty
With the fact that Xy, = Xj.q) == Xy, =0, EQ. (A.2) can be rewritten as
P Yl(k+l) Feeet eﬂle(“”Yl(kH) =0. (A3)

Since Y.y Y.y <0, to satisfy Eq. (A.3), 4, should be large enough to enforce
el L oM 5 0 put not infinite. The approximations at the boundary X, then

become
Y, (x,4,4,)=1,and

\PZ(Xl’ﬂl’/lz)=”'=\Pn(xl’/?‘1722)=o'

Case (c). Fixed point (square dot) is at the corner node X(x,y)=X,(x;,);,) as shown in
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Figure A.1(c). Two edges of the convex hull coincide with y- and x-axis, which means
some nodes (X, ., ~ X,.,) share the same x-coordinate and some other nodes (X, ~ X,.,,)
share the same y-coordinate. Then

X #Ex, ##x, and x,=x,,="=x_,,

NWEF oy, and y=y ==y,
The x-distances between nodes become

Xy =Xy ==Xy =0 and X,--- X, <O,
and y-distances between nodes become

Y, :Yl(l+1) == Y1(1+m) =0 and Y,1, <0.

To satisfy Eq. (A.1) and Eg. (A.2), one can conclude that
A = and 4, > o,

then  etfethle —... = ANutil 5
The approximations at the boundary X, become
Filxy, 4, 4,) =1,

\PZ(Xl’ﬂl’/lz)=”'=\Pn(xl’/?‘1722)=o'

Case (d). Fixed point (square dot) is at the edge node X(x,y)=X(x;,);) as shown in

Figure A.1(d). The position of the boundary nodes is detailed in Figure A.2. One edge of
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X1l+1 - Xl +m

X ™ Xy

Figure A.2. Detail description of the case 4.
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convex hull is with y-axis, which means some nodes (X, , ~X,,, ) have the same x-
coordinate only. We obtain
X #Ex, £ #x, and x;=x,,=""=x,,,,
n#=y, %%y and y =y, at X, (x,,y,) whichisa black dot.
The x-distances between nodes become
Xy =Xy ==Xy =0 and X,--- X, <0,
but y-distances between nodes become
Yll:Y1k201 Y12"'Y1n<0'and Yl(k+1) """ Yl(k+l)>0’
since some nodes (X, ., ~ X,,,) are in negative area. To satisfy Eq. (A.1), we have

A4 —oo and A4, issome value, not infinite,

and eﬂiXu*ﬂzYu — . — elelk+ﬂQ}/1k — e — e/11X1u+42Yln - 0 .
With the fact that X, = X, =---= Xy, =0, Eq. (A.2) can be rewritten as
AQYl ke+1 ﬂin ke+m
e gy o€ Y,y = 0. (A.4)

InEq. (A4), Yy Y., Ispositivebut Y., ---Y, ., isnegative. Thus 4, issome

specific value which satisfies Eq. (A.4). With the help of constant constraint,

qjl(xﬂ//ll’z’z)+\P2(X1’ﬂl7/12)+'”+1Pn(xl’ﬂl’ﬂ'2) =1.

The approximations at the boundary x;, become

\Pl(xl’/q‘l’ﬂ’z)+\Pk+1(xl’/?‘1722)+"'+qjk+m (Xl’ﬂl’ﬂ’z) =1,
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qj2(xl’/ll1/12) == \Pk—l(xl’/q‘ﬂ/lz) =0,
\Pm+l(xl721’22) ==Y, (Xl’/ilf/lz) =0,

which is weak Kronecker-delta condition at the boundary.

B. Derivation of Renyi basis function
The Renyi entropy of order « is defined as

Ha(q’):ﬁlog(g‘l’f‘(x)j (@20, 1), (B.1)
which is the generalization of the Shannon entropy [Renyi 1961]. In the limit that «
approaches 1, the Renyi entropy converges to the Shannon entropy. By generalizing the
Kullback—Leibler divergence [Kullback 1951], the Renyi generalized divergence of order
o. is obtained by

H,(¥.4,) =ﬁlog(§‘1’f‘(x)¢j“ (x; xl.)j (a>0), (B2)
which is known as the alpha-divergence (a-divergence) [Hero 2002; Renyi 1961]. Based
on the principle of the maximum entropy, the ¥,(x) can be obtained by maximizing Eq.
(B.2) with satisfying the constraint equations below:

S W, (x)-1=0, (B23)

i1

3w (X)X, =0. (B.4)

By following the solving procedure described in the references [Bashkirov 2004,
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2006; Brody 2007], the Lagrangian in the Lagrange multiplier method is expressed as
LY, 6, A0, A4) =H, (X, ¥, 8,)+ 4O W.()-1) - 2> W, (X)X, . (B.5)
i=1 i=1
To find the saddle point of the Lagrangian, the variation should be zero imposed by the

KKT condition:

L& a6 X))
A A= S g (o)

+1+4,-4.X, |0V, =0.

(B.6)
Since SV, is arbitrary, Eq. (B.6) becomes
a-1 1-a .
a \I’:i (X)¢a l(x’ xz) +1+/10 _lrxi — 0 ] (B?)
l-« Zjﬂ\}fj’ (X)g, (% X,)
To eliminate the parameter A4;, we multiply Eq. (B.7) by ¥, and sum over i:
n a-1 1-a .
Yo _H0 X)) x =0 fxe,, (B.8)
| 1-«a Zjﬂ\}fjf(x)@ “(xX;)
By using Eq. (B.4), we obtain
ﬂo = —L—l. (B.9)
l-«a
After putting Eq. (B.9) back to Eq. (B.7) and with some algebra, we can obtain
1
l-a n a . a-1
¥,() =4, (X xi){(1+7(ﬂ,xi )]Z“\P,- () (% X,)} . (B.10)

By using Eg. (B.3), we can obtain the expression of the partition function  :
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(3 w00 ax) [ =3 oo 1425 0x) [ =2 @

i=1 (24

By inserting Eq. (B.11) into Eq. (B.10), we produce the final expression of ¥,(x) as

1

¥, 0) =, (% xi){1+1‘—“(ﬂ,xi)]“- (B.12)
7% o

By using Eq. (B.3) again, we obtain

1

v, =4,(% xi)(l"'l_Ta(ﬂrxi)Ja_l' (B.13)

Consequently, the Renyi basis function is defined as

T (X,4) :(1+1_—“(/1,,x,.)j“'1. (B.14)
(04

Figure B.1(a) and (b) show the GMF(Renyi) approximations and its derivatives
by the irregular model shown in Figure 3.2(a). It is noted that if the variables are in the

form of a power-law expressed as x”, then the range of « for convergence is

1 aa (8.15)
1+k
[Bashkirov 2004, 2006; Brody 2007]. Thus, & is unity in the linear GMF(Renyi)
approximation and then the range of « for convergence becomes 0.5<a <1. When a
approaches 1, the GMF(Renyi) approximation becomes similar with the GMF(exp)

approximation, which agrees with the definition of the Renyi entropy of order . When «

is 0.5, the GMF(Renyi) approximation is smoother as shown in Figure B.1. Noteworthily,

165



0.9/
08

0.7 |

061

0.5F

0.4

031

0.2+

0.1

- 1
Figure B.1. The GMF(Renyi) approximation and its derivative (solid line: 0=0.99, dashed
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when a becomes two, the GMF(Renyi) approximation becomes the MLS approximation.
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