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Abstract 

 

The Development of a Generalized Meshfree Approximation for Solid and Fracture 
Analysis 

 

 This dissertation is concerned with the development of a generalized meshfree 

(GMF) approximation to improve the accuracy and efficiency of conventional meshfree 

methods in the solid and fracture analysis. The particular focus of the dissertation is 

placed on both the mathematical and numerical analysis of the proposed approximation in 

terms of its convergence and stability properties. The GMF approximation can be 

considered as a general expression reproducing all the existing meshfree approximations 

as well as a new approximation utilizing different basis functions. In addition, the GMF 

approximation possess the so-called weak Kronecker delta property at the boundary that, 

in turn, allows us to directly impose the essential boundary conditions without 

complicated treatments as seen in the traditional meshfree approximations and therefore 

greatly improves the computational efficiency. Furthermore, by choosing certain basis 

function, the proposed approximation can be extended to a higher-order or specific 

enriched approximation without adding extra nodes and is naturally conforming. This 

unique feature leads to high accuracy and enables us to solve some challenging problems 
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such as problem involving large deformation, moving discontinuity and high-gradients. 

The proposed approximation is further furnished with the element-free Galerkin (EFG) 

method for the solid and fracture analysis. 

 The proposed method is tested against several benchmark problems with 

analytical solutions as well as some practical problems with experimental data with 

regard to its predictive simulation capabilities. For the time-dependent problems, a 

stability analysis is performed to guarantee that the proposed method is stable and 

produces a bounded solution whenever the solution of the exact differential equation is 

bounded. In fracture analysis, the cohesive failure model is adopted and the meshfree 

visibility approach is utilized to define the crack and its initiation and propagation. 
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Chapter 1 − Introduction 

 

1.1. Motivation 

 Today, computer-aided engineering (CAE) analysis has becoming a very 

powerful and indispensable tool in almost all engineering fields. In automotive industry, 

engineers and designers rely heavily on CAE analysis for vehicle component designs, 

structural optimizations, and vehicle crashworthiness evaluations. For example, the finite 

element method (FEM) based CAE tool is routinely used for vehicle crashworthiness and 

enables the engineers to assess vehicle structural and occupant safety under many 

different impact scenarios in a robust and accurate way. 

 Thanks to the rapid improvement of computers, engineers attempt to apply the 

FEM-based CAE analysis to solve very sophisticated problems with high-accuracy 

expectation. However, the FEM has inherent limitations to satisfy their expectation. One 

of the well-known limitations in the FEM comes from the mesh quality and related mesh 

distortion problems. Examples are severe mesh distortion of honeycomb barriers in 

vehicle crash simulations, rubber materials of crash test dummies in occupant safety 

analyses, soil and wood materials in road-side safety analyses, and brittle vehicles 

components in car-to-car crash simulations. As a result, the FEM suffers from numerical 
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instability, and may yields non-physical results due to the distortion of mesh. 

 In the mid 1990’s, the meshfree methods, such as the element-free Galerkin 

(EFG) method [Belytschko 1994b] and the reproducing kernel particle method (RKPM) 

[Liu 1995b], were proposed as a solution to improve the mesh quality problems involving 

in the FEM. The meshfree methods have been applied to many problems with success. 

Wang et al. utilized the meshfree methods for the development of honeycomb barriers 

and a rubber material within crash test dummies in automotive crashworthiness 

simulations [Wang 2009b]. However, the meshfree methods have their own deficiencies, 

mainly the high CPU cost.  

 In the meshfree methods, the approximations based on the moving least square 

(MLS) method [Belytschko 1994b; Lancaster 1981] or the reproducing kernel (RK) 

method [Liu 1995b] are non-convex approximations. Unfortunately, those non-convex 

approximations do not bear the Kronecker-delta property at the boundaries which is an 

important and convenient property to enforce the essential boundary conditions. 

Therefore, special boundary condition treatments are required for the meshfree methods, 

which increases the computation time considerably and sometimes even degrades the 

accuracy. Recently, the maximum entropy (ME) approximation, which is a convex 

meshfree approximation, has proposed [Arroyo 2006; Sukumar 2004] but it has not been 

2



extensively studied in solid and fracture mechanics. 

 For the aforementioned reasons, the new approach for the construction of 

meshfree approximation, the so-called generalized meshfree (GMF) approximation, is 

developed in this research. The GMF approximation is the general approximation to 

produce existing approximations as well as new approximations with possessing the 

weak Kronecker-delta property at the boundaries regardless of whether convex or non-

convex, which makes the essential boundary conditions impose straightforward and 

reduces the computational time in the meshfree methods. In addition, the comparative 

study between convex and non-convex approximations is conducted to account for their 

performance and characteristics in the meshfree methods. 

 

1.2. Objective and scope of the research 

 The objective of this research is to develop the GMF approximation for 

improving the accuracy and efficiency in the conventional meshfree method for solid and 

fracture analysis. The specific components of this research work are summarized as 

follows: 

(1)  Introduce the enrichment of basis functions to construct meshfree 

approximations, which satisfies the required constraints, 
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(2)  Develop the GMF approximation, which can reproduce existing meshfree 

approximations as well as produce a new approximation, 

(3)  Develop the GMF approximation, which has the weak Kronecker delta property 

at the boundaries, 

(4)  Develop the GMF approximation, which can be extended to higher-order or 

specific enriched approximations, 

(5)  Study the characteristics of convex and non-convex GMF approximations in 

meshfree methods, 

(6)  Study the convergence and stability of the GMF approximation in meshfree 

methods, and 

(7)  Evaluate the performance of the GMF approximation in fracture analysis. 

 

1.3. Contributions of the research 

 The proposed GMF approximation is the integrated formulation for generating 

existing approximations, such as MLS, RK and ME approximations, as well as new 

approximations. The GMF approximation naturally bears the weak Kronecker-delta 

property at boundaries and can be extended to higher-order approximations. Those 

features of the GMF approximation have great benefits to simply computational 
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algorithms and coding process of meshfree methods. In addition, the comparative study 

of convex and non-convex approximations in convergence and stability analyses proved 

in depth understanding of performance and characteristics of meshfree methods. The 

fracture analysis with the modified cohesive zone model shows the promising results in 

1D and 2D benchmarking problems. Consequently, this research contributes to improving 

the accuracy and efficiency in conventional meshfree methods for solid and fracture 

analyses. 

 

1.4. Organization of this dissertation 

 This dissertation is composed of six chapters. In the second chapter, the existing 

meshfree approximations and important issues in the cohesive fracture mechanics are 

reviewed. The third chapter presents the approach of the GMF approximation and its 

development. In addition, the imposition of the weak Kronecker-delta property at the 

boundary and the extension to the higher-order approximation are described. In the fourth 

chapter, the convergence and stability of the GMF approximation in meshfree methods 

are analyzed. The meshfree fracture analysis using the proposed GMF approximation is 

described in detail in the fifth chapter. In addition, benchmarks are performed to test and 

validate its numerical implementations in the fracture analysis. Finally, the conclusions 
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are presented in the sixth chapter along with recommendations for follow-on future 

research. 
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Chapter 2 − Literature Review 

 

2.1. Meshfree approximations 

 The construction of shape functions based on scattered data is a fundamental task 

in meshfree methods. In general, the construction of the meshfree shape functions can be 

categorized into two groups, the interpolation methods and the approximation methods 

[Fasshauer 2006]. A well-known interpolation method is the radial basis function (RBF), 

which are invariant under all Euclidean transformations. The classic form of RBF is the 

multi-quadrics (MQ) [Hardy 1971]. There are other forms of RBF, such as thin plate 

spline (TPS) [Duchon 1977] and Gaussian radial function [Powell 1992]. The RBF offers 

an exponential convergence rate and works well with highly scattered data points 

[Madych 1990, 1992]. However, they are limited to small-scale problems because of their 

non-locality and have been enhanced by the weighted radial basis collocation method [Hu 

2007] and the combined RK and RBF approximation [Chen 2008]. Other interpolation 

methods include non-Sibsonian interpolation [Belikov 1997], point interpolation method 

(PIM) [Liu 2002], and moving kriging (MK) interpolation method [Gu 2003]. 

 The moving least square (MLS) approximation [Belytschko 1994b, 1996; 

Krongauz 1996; Lancaster 1981] and the reproducing kernel (RK) approximation [Chen 
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1996; Liu 1995b] are two commonly used approximation methods. The MLS 

approximation was achieved by performing a position dependent weighted least squares 

fit and the RK approximation was achieved by introducing a correction function to the 

smooth particle hydrodynamics (SPH) approximation [Gingold 1977; Lucy 1977] to 

impose the reproduction of basis functions. It can be shown that MLS and RK both 

exactly produce basis functions introduced in the approximation. These approximations 

can be easily extended to a higher order. However, both approximations do not bear the 

Kronecker-delta property, which is a convenient property for imposing the essential 

boundary conditions. Several special treatments have been proposed for imposing the 

essential boundary conditions, such as the Lagrange multiplier method [Belytschko 

1994b, 1996], the penalty method [Liu 2002], the modified variational principles [Lu 

1994], the transformation method [Chen 1996], the control of dilation parameter [Gosz 

1996], the mixed transformation method [Chen 2000a], the singular kernel method [Chen 

2000a; Kaljevic 1997], the coupling with finite element method (FEM) [Belytschko 

1995b; Huerta 2000; Krongauz 1996; Rabczuk 2006b], among others.  

 Alternatively, the maximum entropy (ME) approximation has been introduced 

[Arroyo 2006; Sukumar 2004, 2007b]. The ME approximation is developed based on the 

Shannon’s entropy concept [Shannon 1948] and ME principle [Jaynes 1957], which is a 
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convex approximation with an exponential basis function and possesses weak Kronecker-

delta property at the boundaries. This approximation guarantees the unique solution 

inside a convex hull with a minimum distributed data set. However, it is difficult to 

extend this method to higher-order approximations since the first k  moments of 

arbitrary fixed points do not belong to the moment space given by the convex hull of the 

nodal points [Arroyo 2006; Tagliani 2000]. Some methods have been proposed for 

constructing the higher-order approximations by compromising some of properties in the 

linear ME approximation. Cyron et al. introduced a gap function to allow errors in the 

second-order constraint, while maintaining the convex condition and weak Kronecker-

delta property at the boundaries [Cyron 2009]. Sukumar and Wright introduced a higher-

order approximation by using the entropy expression for the positive/negative distribution 

[Hobson 1998], but the approximation loses convexity and Kronecker-delta property at 

the boundaries [Sukumar 2007b]. 

 In this section, the three approximations, such as the MLS, the RK and the ME 

approximations, which are most popular in meshfree methods, are reviewed. Originally, 

those approximations were derived in different contexts and expressed in different forms.  
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2.1.1. Moving least square approximation 

 The MLS approximation was proposed by Lancaster and Salkauskas [Lancaster 

1981] and utilized in the development of the meshfree methods, such as the diffuse 

approximation method [Nayroles 1992] and the EFG method [Belytschko 1994b]. The 

approximation ( )hu x  in the space co-ordinate [ ],T x y=x  in 2D is defined as 

 ( ) ( ) ( )h Tu =x Γ x a x        (2.1) 

where ( )Γ x  is the monomial basis vector, for instance [ ]( ) 1, ,T x y=Γ x  for the linear 

basis and 2 2( ) 1, , , , ,T x y x xy y⎡ ⎤= ⎣ ⎦Γ x  for the quadratic basis. The coefficient ( )a x  is 

obtained by minimizing the weighted, discrete L2 norm of Eq. (2.1) as follows  

 
2

1
( ; ) ( ) ( )

n
T

a i i i
i

J uφ
=

⎡ ⎤= −⎣ ⎦∑ x X Γ x a x      (2.2) 

where ( ; )a iφ x X  is the weight function that defines the smoothness and compact support 

of the approximation, a denotes the support size of the weight function, i i= −X x x , iu  

is the ith nodal value, and n is the number of nodes. The stationary of J in Eq. (2.2) with 

respect of ( )a x  leads to  

 ( ) ( ) ( )=A x a x B x u        (2.3) 

or 1( ) ( ) ( )−=a x A x B x u        (2.4) 

where 
1

( ) ( ; ) ( ) ( )
n

T
a i i i

i
φ

=

=∑A x x X Γ x Γ x ,      (2.5) 

 [ ]1 1 2 2( ) ( ; ) ( ) , ( ; ) ( ), , ( ; ) ( )a a a n nφ φ φ=B x x X Γ x x X Γ x x X Γ x" , and  (2.6) 
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 [ ]1 2, , ,T
nu u u=u " .       (2.7) 

Substituting Eq. (2.4) into Eq. (2.1), we have 

 ( )1 1

1 1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
n n

h T T
i i i ii

i i
u u u− −

= =

= = Ψ∑ ∑x Γ x A x B x u = Γ x A x B x x  (2.8) 

where the MLS approximation can be obtained as 

 ( )1( ) ( ) ( ) ( )T
i i i

−Ψ =x Γ x A x B x       (2.9) 

If only the constant basis is selected, that is [ ]( ) 1T =Γ x , the Eq. (2.9) becomes 

 

1

( ; )( )
( ; )

a i
i n

a j
j

φ

φ
=

Ψ =

∑
x Xx

x X
       (2.10) 

which is the Shepard function [Shepard 1968]. 

 

2.1.2. Reproducing kernel approximation 

 The RK approximation was proposed by Liu et al. [Liu 1995b] by using the 

theory of wavelets where functions are represented by a combination of the dilation and 

translation of a single wavelet. The integral window transform of a real function ( )u x  

with a real window function 
a

φ
′−⎛ ⎞

⎜ ⎟
⎝ ⎠

x x  is defined as 

 , ( )u u d
a

φ φ
Ω

′−⎛ ⎞ ′= Ω⎜ ⎟
⎝ ⎠∫

x x x       (2.11) 

which is utilized in the SPH method to find a suitable smoothed reproducing window 

function that mimics the Dirac delta function. Consider a function ( )u x  that is a linear 
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combination of the basis vector ( )Γ x  and a set of unknown coefficients c in the 

expression 

 ( ) ( )Tu =x Γ x c         (2.12) 

In order to obtain c, we multiply both sides of Eq. (2.12) by ( )′Γ x  and perform the 

integral window transform with respect to a positive window function 
a

φ
′−⎛ ⎞

⎜ ⎟
⎝ ⎠

x x  to 

yield 

 , ,Tu φ φΓ = ΓΓ c        (2.13) 

or 1( ) ,u φ−=c M x Γ        (2.14) 

where ( ) , ( ) ( )T T d
a

φ φ
Ω

′−⎛ ⎞ ′ ′= Ω⎜ ⎟
⎝ ⎠∫

x xM x = ΓΓ Γ x Γ x     (2.15) 

which is the so-called moment matrix or the positive definite symmetric Gram matrix. 

Inserting Eqs. (2.14) and (2.15) into Eq. (2.12) gives the approximation of ( )u x  as 

 1( ) , , ( ) ( )h Tu u Cu C u d
a

φ φ φ−

Ω

′−⎛ ⎞ ′ ′= = = Ω⎜ ⎟
⎝ ⎠∫

x xx Γ M Γ x,x x   (2.16) 

where 

 1( ) ( ) ( ) ( )TC −′ ′=x,x Γ x M x Γ x       (2.17) 

which is the correction function. The discrete form of Eq. (2.16) becomes 

 
1 1

( ) ( ; ) ( ; ) ( )
n n

h
a i i i i i

i i

u C u uφ
= =

= = Ψ∑ ∑x x X x X x     (2.18) 

where the RK approximation can be obtained as 

 ( ) ( ; ) ( ; )i a i iCφΨ =x x X x X .      (2.19) 
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The correction function with a constant and linear polynomial [ ]( ) 1, ,T x y=Γ x  can be 

expressed as 

 1 2( ; ) ( ) ( )i iC C C= + ⋅x X x x X       (2.20) 

where 1( )C x  and 2 ( )C x  are a scalar and a vector, respectively, which can be defined in 

terms of the zeroth, first and cross moments. If we take that 2 ( )C =x 0 , then Eq. (2.19) 

becomes the Shepard function, Eq. (2.10). So, the second term in Eq. (2.20) is the 

corrected or enriched term to achieve a linear reproducing condition. 

 It has been shown that the MLS approximation, Eq. (2.9), and the RK 

approximation, Eq. (2.19), are identical [Belytschko 1994a]. These two approximations 

are non-convex approximations and can be easily extended to a higher-order. However, 

both approximations do not bear the Kronecker-delta property and several special 

treatments have been proposed for imposing the essential boundary conditions. 

 

2.1.3. Maximum entropy approximation 

2.1.3.1. Entropy theory 

 Shannon introduced the concept of entropy in information theory [Jaynes 1957; 

Khinchin1953; Shannon 1948]. Suppose we have a set of events 1 2( , )nx x xx "  of a 

complete system, together with their corresponding probabilities 1 2( , )np p pp " , where 
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n  is the number of events. The probability has the following natural properties, 

 0≥ip  ( 1,2i n= " ) and      (2.21) 

 1
1

=∑
=

n

i
ip ,         (2.22) 

which are referred as convex conditions [Boyd 2004]. Then the entropy is defined as  

 1 2
1

( ) ( , ) log
n

n i i
i

H H p p p p p
=

= = −∑p " ,     (2.23) 

which measures the amount of uncertainty with the given probability distribution in an 

unique way. The entropy )(pH  is based on the satisfaction of three conditions;  

 (i) )(pH  should be continuous in the ip ,  

 (ii) )(pH  is a monotonic increasing function of n  if npi /1= , and  

 (iii) the composition law must hold.  

The entropy 0H =  if and only if all the ip  but one are zero, and it is a maximum and 

equal to log( )n  when all the ip  are equal to 1 n .  

 The entropy in continuous distribution is defined in the following form  

 dx
x
xpxppH ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

)(
)(log)(),(

φ
φ ,      (2.24) 

where )(xφ  is a prior probability distribution in terms of Bayes’ theorem [Jaynes 1963; 

Sivia 2006]. This is also known as the Kullback-Leiber divergence [Kullback 1951] or 

the principle of minimum relative (cross) entropy [Shore 1980]. The generalized form of 

entropy is  
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 dx
x
xpxpxxppH ∫ ⎥

⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−=

)(
)(log)()()(),(

φ
φφ ,    (2.25) 

which was proposed by Skilling from the general notions of subset independence, 

coordinate invariance, system independence and scaling of probability distributions 

[Skilling 1988, 1989]. 

 

2.1.3.2. Maximum entropy principle 

 Following the introductory text by Khinchin [Khinchin 1953], in the two simple 

different probability distributions,  

x
p

 1 2

0.5 0.5
x x⎛ ⎞

⎜ ⎟
⎝ ⎠

   and   ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
01.099.0
21 xx

, 

the first clearly represents more uncertainty (higher entropy) than the second, in which 

the result of the experiment is almost surely 1x . While in the first case we naturally 

refrain from making any prediction. Jaynes interprets it such that distributions of high 

entropy represent greater “disorder,” that they are “smoother,” that they are “more 

probable,” that they “assume less.” Thus it is believed that the possible distributions are 

concentrated strongly near one of maximum entropy [Jaynes 1979].  

 In the ME principle proposed by Jaynes, the probabilities ),,,( 21 nppp "p  for 

events ),,,( 21 nxxx "x  are unknown. All we know are the expectation value of the 
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function )(xf r ,   

 ∑
=

>=<
n

i
irir xfpxf

1

)()(  ( mr ,,2,1 …= ),     (2.26) 

where m  is the number of the expectation functions, and convex conditions Eq. (2.21) 

and Eq. (2.22). Under this limited information (three equations), the least biased and 

maximally noncommittal probability assignment ip  can be obtained where the entropy 

becomes maximum: 

 Maximize ⎟
⎠

⎞
⎜
⎝

⎛
−== ∑

=

n

i
iin pppppHH

1
21 log),,,()( "p        (2.27) 

with satisfying Eq. (2.21), Eq. (2.22) and Eq. (2.26) [Jaynes 1957]. 

 

2.1.3.3. Global and local maximum entropy approximations 

 Recently, the ME approximation schemes were introduced by Sukumar and 

Arroyo independently [Arroyo 2006; Sukumar 2004, 2007b]. Consider an element with 

co-ordinate ix  ( ni ,,2,1 …= ), where n  is the number of nodes, then the interpolant 

)(xhu  for nodal value )( ixu  can be expressed by 

 ∑
=

Ψ=
n

i
ii

h uu
1

)()()( xxx ,       (2.28) 

where )(xiΨ  is the shape function that satisfies convex conditions, 0)( ≥Ψ xi  and 

1)(
1

=Ψ∑ =

n

i i x , and linear constraints, xxx =Ψ∑ =

n

i ii1
)( . When 3=n  in 2D (or 4=n  

in 3D), there is a unique interpolant. However, if 3>n  in 2D (or 4>n  in 3D), the 
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system is under-determined and it is impossible in a normal way to find a solution which 

satisfies the constraints. In the viewpoint of the ME principle, the shape function iΨ  is 

the same as the probability ip  and nodal data are the events. If it is true, then the shape 

function can be obtained by maximizing the entropy )(ΨH . Using the discrete form of 

Eq. (2.24), the problem is restated as 

 Maximize
1

( )( , , ) ( ) log
( ; )

n
i

a i
i a i

H φ
φ=

⎛ ⎞Ψ
Ψ = − Ψ⎜ ⎟

⎝ ⎠
∑ xx x

x X
 for fixed x  (2.29) 

subject to  0)( ≥Ψ xi  ( ni ,,2,1 …= ),     (2.30) 

  
1

( ) 1 0
n

i
i=

Ψ − =∑ x ,       (2.31) 

  
1

( ) 0
n

i i
i=

Ψ =∑ x X .      (2.32) 

If ( ; ) 1a iφ =x X , which is a uniform distribution in the whole domain, it is the global 

maximum entropy (GME) approximation since global nodal information is used. When 

( ; )a iφ x X  is the positive kernel function with a support size )(xa , then it is local 

maximum entropy (LME) approximation because nodal information within the support is 

used. 

 This ME approximation, which is the solution of the constrained convex 

optimization problem, can be solved by the method of Lagrange multipliers [Agmon 

1979; Jaynes 1957]. The Lagrangian associated with Eq. (2.29) - (2.32) is 
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 0 0
1 1

( , , , , ) ( , , ) ( ( ) 1) ( )
n n

a r a i r i i
i i

L Hφ λ λ φ λ λ
= =

Ψ = Ψ + Ψ − − Ψ∑ ∑x x x x X   (2.33) 

where 0λ  and )(xrλ ( mr ,,1…= ) are Lagrange multipliers, and 1=m  in 1-D, 2=m  

in 2-D, and 3=m  in 3-D. To find the saddle point of the Lagrangian, the variation 

should be zero imposed by the Karush-Kuhn-Tucker (KKT) condition: 

 0 0
1

( )( , , , , ) log 1 0
( ; )

n
i

a r r i i
i a i

Lδ φ λ λ λ λ δ
φ=

⎡ ⎤Ψ
= − + + − Ψ =⎢ ⎥

⎣ ⎦
∑ xx P X

x X
.  (2.34) 

Since the variations iΨδ  are arbitrary, thus 

 0
( )log 1 0

( ; )
i

r i
a i

λ λ
φ
Ψ

− + + − =
x X

x X
.     (2.35) 

Let 01log λψ += ,         (2.36) 

where ψ  is the partition function in statistical mechanics, then the shape function  

becomes 

 
1

( , ) ( ; )( , )
( , ) ( ; )

r i

r j

i r a i
i r n

r a jj

e
e

λ

λ

ψ λ φλ
ψ λ φ

=

Ψ = =
∑

X

X

x x Xx
x x X

.    (2.37) 

The continuity of ME approximations with any positive kernel function is proved in the 

references [Arroyo 2006; Sukumar 2007a]. Since the basis function in Eq. (2.37) is the 

exponential function, it is difficult to solve these non-linear equations explicitly to find 

)(xrλ . The duality method is suitable for solving the ME approximation [Agmon 1979; 

Boyd 2004]. The Lagrange dual function with the Lagrange multipliers )(xrλ  is 

 )(),,,,(inf),( 0
*

000 irrar HLg X1x
P

λλλλλφλλ +−−−=Ψ= ,  (2.38) 
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where  0(log ( ; ) 1)*
0

1

( ) a i r i

n

r i
i

H e φ λ λλ λ − + −

=

− + =∑ x X 1 X1 X ,    (2.39) 

which is the conjugate function of ),,( aH φΨx  [Boyd 2004]. Inserting Eq. (2.39) into 

Eq. (2.38) and using Eq. (2.36), the Lagrange dual function is reduced to 

 ),(log)(ˆ rrg λψλ x−= ,       (2.40) 

which is the lower bound of the ME approximation [Agmon 1979; Alhassid 1978]. 

Therefore, the minimizer )(* xrλ  of Eq. (2.40) is obtained by solving 

 ( )*( ) arg min log ( , )r rλ ψ λ=x x .      (2.41) 

The saddle point of ψlog  is at 0)(log =∂∂ rλψ : 

 ( ) 0),(),(log)(
1

=Ψ=
∂

∂
= ∑

=

n

i
iri

r

r
r XxxxR λ

λ
λψ ,    (2.42) 

which is the same as the linear constraint Eq. (2.32). The Hessian of ψlog , )(xJ , is 

positive definite for all )(xrλ  [Arroyo 2006; Sukumar 2004]. Therefore, there is a 

unique solution of )(xrλ  which is the minimizer of ψlog  and satisfying the linear 

constraint as well. )(xrλ  at fixed x  can be found by iterative methods, such as the 

Newton-Raphson method at inside domain or the bisection method at near the boundary 

nodes or edges [Boyd 2004; Press 1992; Sukumar 2004].  

 The ME approximation is a convex approximation and possesses weak 

Kronecker-delta property at the boundaries. However, it is difficult to extend this method 

to higher-order approximations since the first k  moments of arbitrary fixed points do 
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not belong to the moment space given by the convex hull of the nodal points [Arroyo 

2006; Tagliani 2000]. Some methods have been proposed for constructing the higher-

order approximations by compromising some of properties in the linear ME 

approximation. 

 

2.2. Cohesive fracture mechanics 

2.2.1. Cohesive zone models 

 In the linear elastic fracture mechanics (LEFM), it is assumed that the material 

behavior is linear within distances from the crack tip and all contributions to the fracture 

energy are represented with a single parameter, such as the stress intensity factor or the 

energy release rate. The LEFM gives great success with brittle materials in the static 

fracture analysis. In the elastic plastic fracture mechanics (EPFM), the process zone is 

defined in front of the crack tip to avoid crack tip singularity and to describe the plastic 

behavior of a material. The cohesive zone model, one of the process zone models, is the 

most popular one in the computational fracture mechanics due to its simplicity and 

applicability in various fracture problems. [Gdoutos 2005; Zehnder 2009] 

 Since Dugdale and Barenblatt introduced the concept of cohesive zone in the 

fracture mechanics [Barenblatt 1959, 1962; Dugdale 1960], it has been developed quickly 
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and became widely used in the computational fracture mechanics. Willis considered a 

cohesive force zone in moving crack [Willis 1967], Rice proved the equivalence of 

Griffith and cohesive force theories for brittle materials [Rice 1968a, 1968b], Hillerborg 

et al. introduced characteristic crack opening and critical length and applied to the FE 

analysis of concrete [Hillerborg 1976], and Planas and Elices applied the cohesive zone 

model to the nonlinear fracture [Planas 1991]. 

 In the cohesive fracture mechanics, the degraded small narrow region in front of 

the actual crack tip termed the cohesive zone is represented as a line or a plane. Then, two 

different constitutive laws subject the each behavior of two regions of a material. The 

cohesive zone is subjected by the cohesive constitutive law (or simply cohesive law) and 

the rest of regions are followed by the continuum constitutive law. The main advantage of 

the cohesive zone model is the removal of singularity at the crack tip. The general form 

of the cohesive law is defined by the traction-separation relationship. In general, the area 

under the cohesive law curve is equal to the fracture energy. There have been many 

proposed cohesive laws [Chandra 2002]. 

 Needleman proposed the potential-based cohesive law by the polynomial 

potential function [Needleman 1987] and the exponential potential function [Needleman 

1990] from the universal binding energy [Rose 1981] in the mode-I fracture. Xu and 
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Needleman defined the modified exponential potential function for the mixed mode-I and 

mode-II fracture and proposed the initially-elastic and reversible cohesive law [Xu 1993], 

which was utilized in the 2D simulation of crack growth in brittle solids [Xu 1994]. de-

Andres et al. derived the initially-elastic and irreversible cohesive law from the first and 

the second laws of thermodynamics [Lubliner 1972, 1973] and analyzed the 3D fatigue 

crack growth [de-Andres 1999]. 

 Camacho and Ortiz proposed the initially-rigid and irreversible cohesive law for 

the mixed mode-I and mode-II fracture, introduced the concept of effective stress to 

define fracture criteria for crack initiation from the generalized Griffith’s criterion 

[Dienes 1986; Margolin 1984], and performed the 2D fragmentation simulation in brittle 

material [Camacho 1996]. Ortiz and Pandolfi introduced the concept of effective crack 

opening displacement and performed the 3D crack propagation analysis in brittle material 

[Ortiz 1999].  

 Tvergaard introduced the non-dimensional displacement jump to consider the 

mixed mode-I and mode-II fracture [Tvergaard 1990]. Geubelle and Baylor proposed the 

initially-elastic and irreversible cohesive law with the non-dimensional displacement 

jump vector [Geubelle 1998]. Espinosa and Zavattieri defined the initially-elastic and 

irreversible cohesive law with the modified non-dimensional displacement jump 
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[Espinosa 2003], and Zavattieri extended this method to the fracture analysis of shell 

[Zavattieri 2006]. 

 These cohesive laws can be summarized into two models: initially-elastic 

cohesive law and initially-rigid cohesive law. The distinction of these two cohesive 

models is associated with how the crack initiation process is modeled. The initially-

elastic cohesive law is also named the intrinsic cohesive law since the failure criterion is 

incorporated within the cohesive law itself. The initially-rigid cohesive law is referred to 

as the extrinsic cohesive law because the crack initiation is evaluated by the external 

stress-based failure criteria. Falk, Zavattieri, and Kubair performed comparative studies 

of these two cohesive laws and found that the their results are somewhat different in 

terms of crack opening profile and crack branching [Falk 2001; Kubair 2003; Zavattieri 

2003]. 

 The initially-elastic (or intrinsic) cohesive law subjects the cohesive element 

behavior starting from the origin by the traction-separation curve. The traction-separation 

curve has the hardening portion and the softening portion. Under applied loads, the 

cohesive element is resisting in the hardening portion until the traction reaches its 

maximum. Then, the cohesive element gets failed and weakened along the softening 

portion of the curve. Finally, the crack is completely split when separation reaches its 
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maximum and traction becomes zero. Irreversibility can be incorporated in the traction-

separation curve by remembering the maximum separation. There have been some 

proposed traction-separation curves, such as the polynomial [Needleman 1987], the 

exponential [de-Andres 1999; Needleman 1990; Xu 1993], the bilinear [Espinosa 2003; 

Geubelle 1998], and the trapezoidal [Tvergaard 1992] curves. Its main drawback is that 

the cohesive zone model is not convergent as the mesh is refined. The effective modulus 

of a material is non-physically decreased depending on the degree of refinement because 

the constitutive laws for the cohesive elements and the bulk material are dependent on 

each other even though they are defined independently [Klein 2001]. One remedy is to 

increase the hardening slope of the traction-separation curve as steep as possible but this 

might lead to spurious traction oscillations [Schellekens 1993] and very small time-step 

in the explicit numerical analysis. 

 In the initially-rigid (or extrinsic) cohesive law, only the softening portion of the 

traction-separation curve is defined. Initially, the behavior of whole material is subjected 

to the continuum constitutive law under applied loads. When the stress at some points, 

like a crack tip or any flaw in a material, reaches the failure criterion defined externally, 

cohesive elements are inserted and weakened until the separation reaches its maximum 

and traction becomes zero. Then, the cracks are seperated completely. This method is 
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naturally associated with adaptivity. The linear [Camacho 1996; Ortiz 1999] and the 

bilinear [Guinea 1994] curves were proposed. The main difficulty in this method is that 

traction discontinuity can be occurred temporally in 2D and 3D problems since the failure 

is evaluated externally and some regularizations are required to remedy this traction 

inconsistency in time [Papoulia 2003; Sam 2005]. 

 

2.2.2. Numerical representations of cohesive zone models 

 The cohesive zone model has become very popular in the computational fracture 

mechanics, due to its simplicity and applicability, rather than the classical fracture 

mechanics. In company with developing cohesive zone models, there have been many 

numerical methods proposed for representing the cohesive zone models. Those numerical 

representations were categorized into some groups by investigators [de Borst 2003; 

Jirasek 2002; Planas 2003]. 

 Jirasek and Belytschko classified numerical crack representations into two 

categories, implicit and explicit models of discontinuities [Jirasek 2002]. In the implicit 

model, the strain or the constitutive equation of a material is modified to represent the 

discontinuity in the elements implicitly. The smeared crack method and the virtual 

internal bond (VIB) model are included in this category. The explicit method, in which 
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the displacement field is constructed to be discontinuous along the crack surface, includes 

the discrete method, the embedded crack method, the partition-of-unity method, and the 

visibility criterion method. 

 Bazant proposed the smeared type of the cohesive zone model by distributing the 

fracture energy over the width of elements [Bazant 1983]. Since the fracture energy is 

smeared out over the area of the series of elements, which is a narrow singular band, a 

parameter called the characteristic length or the crack band width is naturally emerged 

[Oliver 1989]. Rots introduced the fixed and rotated smeared crack concepts by 

depending if the principle angle is rotated during the element weaken, and found out that 

there is the danger of stress-locking because of the fact that the geometrical 

discontinuities are modeled by using the assumption of displacement continuity [Rots 

1991]. In addition, there is the mesh bias of crack propagation because of the loss of 

material stability that arises upon the onset of crack [Hill 1962]. This can be removed by 

use of higher-order gradients [Peerlings 1998].   

 Gao and Klein proposed, in different contexts, the VIB model with cohesive 

interactions between material particles [Gao 1998; Klein 1998]. The VIB model 

incorporates the cohesive description of particle interactions from the atomistic view of 

material to introduce fracture directly into the continuum constitutive behavior by using 
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the Cauchy-Born rule which is the multi-scale mapping rule between atomic motion and 

continuum deformation. Zhang and Ge extended this method to the virtual multi-

dimensional internal bond (VMIB) model [Zhang 2006]. 

 The interface elements are the discrete type of the cohesive zone model. When 

the crack path is known in advance from experimental results or the structure of the 

material like laminated composites, the interface elements give highly accurate results. In 

order to allow arbitrary crack propagation, Xu and Needleman inserted interface elements 

with the initially-elastic cohesive law between all continuum elements in the 2D 

simulation of crack growth in brittle material [Xu 1994], while Ortiz and Pandolfi used 

the initially-rigid cohesive law in the 3D simulation [Ortiz 1999]. The defects of this 

method are that the number of degrees of freedom of the discretized model is greatly 

increasing as the number of bulk elements increases, and the crack propagation is 

dependent on the mesh pattern. Inserting interface elements after remeshing FE model 

was studied and shown to be successful in some problems, especially in 2D. However, 

there are many difficulties in 3D and nonlinear problems in terms of inconsistency and 

management of field data [Jirasek 2002].  

 The displacement approximation by embedding the displacement jump within 

the element can represent the discontinuity with an arbitrary path explicitly, which is the 
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so-called embedded crack model [Jirasek 2000]. This model is based on the enhanced 

assumed strains (EAS). There are two types of discontinuities, the strong discontinuity 

and the weak discontinuity. In the strong discontinuity, the displacement is discontinuous 

but the strain is continuous, and vice versa in the weak discontinuity. In fact, it has been 

demonstrated that there is no difference between these two discontinuity models [de 

Borst 2001]. Since a variationally inconsistent formulation must be used for the best 

results, the stiffness matrix is non-symmetric in general [de Borst 2001; Jirasek 2002]. 

Besides, this method has some mesh bias inherited from the smeared crack model [de 

Borst 2003]. 

 The partition-of-unity type of cohesive zone model, the so-called extended finite 

element method (X-FEM), was proposed [Moes 2002; Wells 2001], which is the special 

case of the partition of unity method (PUM) [Babuska 1997; Melenk 1996]. In this 

method, the discontinuity is superimposed on the continuous displacement field by the 

enrichment basis with extra nodal degrees of freedom around discontinuity. This 

enrichment basis is chosen with the prior knowledge of a problem and its solution. Oliver 

classified the embedded crack model with strong continuity as the E-FEM since 

enrichment is associated with elements while enrichment is associated with nodes in the 

X-FEM [Oliver 2006]. The level set method was utilized to represent the crack and its tip 
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[Stolarska 2001], but this method is difficult to extend to multi-cracks or crack branching. 

In order to simulate crack branching and merging, the cohesive segment method 

[Remmers 2003, 2008], the cracking particle method [Rabczuk 2004], and the cracking 

node method [Song 2009] were proposed. The phantom-node method was proposed as an 

alternative method of the X-FEM in terms of overlapping elements instead of adding 

additional degrees of freedom, which is easier to implement [Hansbo 2004; Song 2006].  

 The visibility criterion method was developed to represent discontinuities in the 

meshfree method by modifying the domain of influence for a particular node [Belytschko 

1996]. This method is somewhat similar to the element deletion method in classical FEM 

in terms that an integration cell is deleted when it is failed completely in the meshfree 

methods. For correcting non-convex boundaries of the meshfree approximation in the 

partially cut domain of influence, diffraction and transparency methods were proposed 

[Belytschko 1996]. For representing the reference and current configurations of crack 

surface, surface elements [Brighenti 2005; Krysl 1999] or particle splitting algorithm [Li 

2005] were utilized.  

 

2.2.3. Crack initiation and propagation 

 Simply in the 1D problem, the crack initiation can be easily captured by checking 
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if the maximum stress at an integration point exceeds the critical stress of a material and 

there is no crack propagation. However, in multi-dimensional problems, the crack 

initiation and propagation are carefully considered since the crack initiation and direction 

depend on all stress components under given stress fields. Two methods, the Rankine 

criterion and the loss of hyperbolicity, are commonly used. 

 Most common method for the crack initiation is the Rankine criterion or the 

maximum normal stress criterion in which the crack is initiated when the maximum 

principle stress at any integration point exceeds the critical stress of material and the 

orientation of crack is perpendicular to the maximum principle stress direction. Often, 

smoothing or non-local stresses are used since the stress field around crack tip is 

inaccurate and overestimated. 

 Basically, discontinuities or localizations in the PDE is associated with an 

instability problem. In a rate-independent material, the loss of stability coincides with the 

loss of hyperbolicity [Hill 1962; Rice 1976], which was utilized to decide the crack 

initiation and orientation [Belytschko 2003]. This method is related to the eigenvalues of 

the acoustic tensor. 
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2.2.4. Cohesive fracture in meshfree methods 

 Since the SPH method was proposed in late 1970’s [Gingold 1977; Lucy 1977], 

the meshfree methods had been considered as a suitable tool for the fracture mechanics. 

However, the actual physics-based fracture analysis by the meshfree methods has been 

lively studied after Belytschko and co-workers proposed the EFG method in mid 1990’s 

[Belytschko 1994a, 1994b, 1995a, 1996; Fleming 1997; Krysl 1999; Sukumar 1997]. 

Those works were performed in the context of the LEFM. From early 2000’s, the concept 

of the cohesive zone model began to be incorporated with the meshfree methods in two 

types of crack representations, the visibility criterion and the nodal enrichment. 

 The cohesive zone model by the visibility criterion was incorporated with 

meshfree methods firstly by Belytschko and co-workers [Belytschko 2000c]. Klein 

described the cohesive fracture and fragmentation with the visibility criterion and the 

VIB model [Klein 2000]. Recently, Soparat and Nanakorn performed crack growth 

simulation by meshfree methods associated with cohesive interface elements [Soparat 

2008]. 

 Belytschko, Rabczuk and Zi proposed the nodal enrichment type of the cohesive 

zone model in meshfree context. In the cracking particle method, the crack passes on the 

node, which is named the cracked node, and only the cracked nodes are enriched 
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[Rabczuk 2004]. While, in the extended element-free Galerkin (X-EFG) method 

developed by using the concept of the X-FEM [Ventura 2002], the crack goes through the 

domain of integration cells and never passes on the node, and the nodes around the 

cracked integration cells are enriched [Rabczuk 2007b]. Two methods have been equally 

developed and applied for solving practical problems, for instance [Rabczuk 2006a, 

2007a, 2008b, 2009; Sun 2007; Wang 2009a; Zhang 2008, 2009] for the cracking particle 

method and [Bordas 2008; Rabczuk 2008a; Zi 2007] for the X-EFG method. 
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Chapter 3 − Generalized Meshfree Approximation 

 

 In this chapter, a new approach for the construction of meshfree approximation is 

presented. The proposed method provides great flexibility in the selection of the basis 

functions to achieve convex and non-convex approximations. Several commonly used 

meshfree approximations can be considered as degenerated cases under this framework. 

The proposed method also allows the mixture of convex and non-convex approximations. 

This can be done by introducing the local convex functions blended with the basis 

functions to generate a mixed convex and non-convex approximation. This special 

property can be utilized to achieve weak Kronecker-delta property at the boundaries for 

the non-convex approximations such as the MLS or the RK approximations. The method 

also can be applied to the construction of the higher-order convex approximation by 

allowing minimum errors in the higher-order constraints. 

 

3.1. Approach 

 The approximation problem in 1D is stated as follows. Let input data and 

corresponding output data 1 2(x ), (x ) (x )nu u u ∈  be given. The approximation 

function (x) :h du →  is constructed with a set of basis functions (x) : d
iΓ → ,  
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in the following form 

 
1 1

(x) (x) (x) (x ) (x)
n n

h
i i i i

i i
u C u

= =

= Γ = Ψ∑ ∑ ,     (3.1) 

where (x)iC  are coefficients that need to be determined, (x )iu  are the given data, and 

(x)iΨ are the shape functions. An example of shape function is the Shepard function 

[Shepard 1968]: 

 
1

(x; )(x)
(x; )

a i
i n

a jj

X
X

φ
φ

=

Ψ =
∑

 .      (3.2) 

The Shepard function possesses the partition of unity property. The Shepard function also 

holds a convexity if a positive weight function is used in Eq. (3.2). Comparing to Eq. 

(3.1), the corresponding terms of the Shepard function are  

 ( )

1

x (x; )
(x)

(x; )
i a i

i n
a jj

u X
C

X

φ

φ
=

=
∑

 and       (3.3) 

 (x) 1iΓ = .        (3.4) 

Consequently, Eq. (3.1) can be written as 

  
1 1

1

(x ) (x; )(x) (x) (x)
(x; )

n n
h i a i

i i n
i i a jj

u Xu C
X

φ
φ= =

=

= Γ =∑ ∑
∑

.     (3.5) 

 For linear polynomial reproducibility in the approximation, we need  

 
1 1

(x)(x x ) (x) 0
n n

i i i i
i i

X
= =

Ψ − = Ψ =∑ ∑ .     (3.6) 

Apparently, the Shepard function in Eq. (3.2) does not satisfy the above linear constraint 

34



equation. For this reason, the basis functions are enriched similar to that in the RK 

approximation. For a single constraint in Eq. (3.6), we need one enrichment function and 

the basis function is further expressed as 

 (x, ) 1 [ (x)]i Eλ λΓ = +        (3.7) 

where [ (x)]E λ  is the enrichment function and (x)λ  is the coefficient to be determined. 

In Eq. (3.7), the first term, unity, is for imposing the partition of unity of the shape 

function and the second term, the enrichment function, is for satisfying any constraints of 

the shape function. In the following section, we investigate three possible choices of the 

enrichment functions. 

 

(1) Constant λ  

 Evidently, this choice leads to a trivial solution since it generates the Shepard 

function. 

 

(2) Linear function of (x)λ   

 Let the basis function be expressed as 

 
1

( , ) 1 (x)
m

k
i i k i

k
X e Xλ λ

=

Γ = + ∑ ,      (3.8) 

where ke  are the coefficients of polynomial k
iX . By substituting Eq. (3.8) into Eq. 
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(3.5), one obtains 

 1

1 1
1 1

(x ) (x; )[1 (x) ]
(x, ) (x, ) (x, )

(x; )[1 (x) ]

m kn n
i a i k ih k

i i n m k
i i a j k jj k

u X e X
u C

X e X

φ λ
λ λ λ

φ λ
=

= =
= =

+
= Γ =

+
∑∑ ∑

∑ ∑
  (3.9) 

and the shape function becomes 

 1

1 1

(x; ) 1 (x)
(x, )

(x; ) 1 (x)

m k
a i k ik

i n m k
a j k jj k

X e X

X e X

φ λ
λ

φ λ

=

= =

⎡ ⎤+⎣ ⎦Ψ =
⎡ ⎤+⎣ ⎦

∑
∑ ∑

.    (3.10) 

Substituting Eq. (3.10) into the linear constraint Eq. (3.6) leads to 

 1

1
1 1

(x; ) 1 (x)
0

(x; ) 1 (x)

m k
n a i k ik

in m ki a j k jj k

X e X
X

X e X

φ λ

φ λ

=

=
= =

⎡ ⎤+⎣ ⎦ =
⎡ ⎤+⎣ ⎦

∑
∑
∑ ∑

.    (3.11) 

Consequently, one obtains (x)λ  as 

 1

1 1

(x; )
(x)

(x; )

n
a j jj

n m k
a j j k jj k

X X

X X e X

φ
λ

φ
=

= =

−
=

∑
∑ ∑

.     (3.12) 

It is recognized that the existence of (x)λ  is determined by the denominator of Eq. 

(3.12). If an odd number of polynomial degree k is considered and the positive (x; )a iXφ  

and ke  are used, the denominator 
1 1

(x; )n m k
a j j k jj k

X X e Xφ
= =∑ ∑  is always positive and 

non zero. Figure 3.1 compares the shape functions with the different enrichment 

functions constructed under non-uniform discretization as shown in Figure 3.2(a). In 

Figure 3.1, the solid lines represent shape functions constructed with enrichment function 

iX  and the dashed lines are the shape functions constructed with enrichment function 

3
iX . It is observed in Figure 3.1 that the smoothness of the enrichment function 
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Figure 3.1. Shape functions (solid line: using enrichment function iX , dashed line: using 
enrichment function 3

iX ). 
 
 

 

 

Figure 3.2. Description of discretization models in 1D: (a) non-uniform model (6 nodes), 
(b) uniform model (7 nodes). 

 

(a) 

(b) 
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determines the smoothness of the shape function. It is also interesting to note that the 

convexity of the Shepard function has turned into a non-convexity after introducing a 

non-positive enrichment function. The graphical representation of the non-convexity in 

the linear enrichment function is illustrated in Figure 3.3. 

 We further consider the case using the enrichment function iX . By substituting 

Eq. (3.12) into Eq. (3.10), the shape function becomes 

 
( )

2
1 1

2
1 1

1

(x; ) (x; ) (x; ) (x; )
(x)

(x; ) (x; ) (x; ) (x; )

n n
a i a j j a i i a j jj j

i n
n n

a k a j j a k k a j jj j
k

X X X X X X X

X X X X X X X

φ φ φ φ

φ φ φ φ

= =

= =
=

−
Ψ =

−

∑ ∑
∑ ∑ ∑

 

          (3.13) 

      1(0) (x) ( ) (x; )T
i a iX Xφ−= H M H      (3.14) 

where  [ ]01)0( =TH ,        (3.15) 

 [ ]ii
T XX 1)( =H ,       (3.16) 

 1 1

2
1 1

(x; ) (x; )
(x)

(x; ) (x; )

n n
a j a j jj j

n n
a j j a j jj j

X X X

X X X X

φ φ

φ φ

= =

= =

⎡ ⎤
⎢ ⎥=
⎢ ⎥
⎢ ⎥⎣ ⎦

∑ ∑
∑ ∑

M ,   (3.17) 

 ( )2
1 1

1
det( (x)) (x; ) (x; ) (x; ) (x; )

n
n n

a k a j j a k k a j jj j
k

X X X X X X Xφ φ φ φ
= =

=

= −∑ ∑ ∑M , 

          (3.18) 

which is the MLS or RK approximation with the basis function [ ]1, x . Here )( iXH  is 

the vector of basis functions, (x)M  is the positive definite symmetric Gram matrix, or 

38



 
 
 
 
 
 
 
 
 
 
 

 
Figure 3.3. Description of the non-convex meshfree polynomial approximation scheme. 
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the moment matrix, and 1(x; ) (0) (x) ( )T
i iC X X−= H M H  is the correction function.  

 

(3) Non-linear function of (x)λ  

 Let the basis function be expressed as 

 ( )
1

( , ) 1 (x)
m

k
i i k i

k
X e Xλ λ

=

Γ = +∑ .      (3.19) 

By considering the Taylor series, the elaborate selection of coefficients ke  in Eq. (3.19) 

leads the enrichment function to any non-algebraic function, such as exponential, inverse 

tangent, or hyperbolic tangent functions. The enrichment by non-linear functions in Eq. 

(3.19) is similar to the enrichment by linear functions in Eq. (3.8) except that a closed 

form solution of (x)λ  is, in general, not available and a non-linear solving scheme is 

required to obtain the (x)λ . When the enrichment function is chosen to become 

(x)( , ) iX
i iX eλλΓ = , the approximation becomes the LME approximation. It is 

immediately recognized that the positive shape function is guaranteed by the choice of 

the positive enrichment function. 

 In this work, we intend to construct a special enrichment function to achieve 

convexity, higher order of polynomial reproducibility, and weak Kronecker delta property 

near the boundaries. 
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3.2. Development of generalized meshfree approximation 

 Following the above study, the GMF approximation method is proposed in this 

section. This method can construct a convex, non-convex, or combined convex and non-

convex approximation. The first-order GMF approximation in one dimension is described 

as follows: 

 
1

(x; ) ( , )(x, )
(x; ) ( , )

i a i i i
i n

a j j jj

X X
X X

ψ φ λλ
ψ φ λ

=

Γ
Ψ = =

Γ∑
   for fixed x ,  (3.20) 

subjected to 

1
(x) 0

n

i i
i

R X
=

= Ψ =∑  (linear constraints),    (3.21) 

where  

(x; ) ( , )i a i i iX Xψ φ λ= Γ ,       (3.22) 

 
1 1

(x; ) ( , )n n
i a i i ii i

X Xψ ψ φ λ
= =

= = Γ∑ ∑ .     (3.23) 

 In the GMF approximation, the property of the partition of unity is automatically 

satisfied by the normalization in Eq. (3.20). The completion of the GMF approximation is 

achieved by finding λ  to satisfy Eq. (3.21). To determine λ  at any fixed x  in Eq. 

(3.20), a root-finding algorithm is required for the non-linear base functions. The 

behavior of basis functions in the construction of the GMF approximation is studied 

thereafter. 
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 The spatial derivative of the GMF approximation is given by 

 ,x , ,x
i

i i
d
dx λλ
Ψ

= Ψ +Ψ        (3.24) 

where ,x,x
,x

1

n
ji

i i
j

ψψ
ψ ψ=

Ψ = −Ψ ∑ ,       (3.25) 

 ,x ,x ,xi a i a iψ φ φ= Γ + Γ ,       (3.26) 

 ,,
,

1

n
a ja i

i i
j

λλ
λ

φφ
ψ ψ=

ΓΓ
Ψ = −Ψ ∑ ,      (3.27) 

 1
,x ,xJ Rλ −= − ,        (3.28) 

 ,,

1 1

n n
a ja i

i
i j

J X R λλ φφ
ψ ψ= =

ΓΓ
= −∑ ∑ ,      (3.29) 

 ,x ,x
1

1
n

i i
i

R X
=

= Ψ +∑ .       (3.30) 

 By choosing appropriate basis functions in the GMF approximation, some well-

known convex or non-convex approximations, such as Shephard, MLS, RK and ME 

approximations, can be recovered as described in the previous section. One of the special 

properties of the convex approximation is the satisfaction of the weak Kronecker-delta 

property at the boundaries. When the basis function is non-positive such as polynomials, 

the convex approximation property and Kronecker-delta property at the boundaries are 

lost. The MLS and the RK approximations are the typical non-convex approximations. 

 In the MLS or the RK approximation, polynomial basis functions are introduced 

to meet the polynomial reproducing conditions. As in the ME approximation, the 

employment of exponential basis function takes into account the exponential distribution 
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of the probability at the node in the view point of the information theory. Therefore it 

yields a convexity in the approximation since the exponential function is non-negative. It 

is noted that other probability density function can also be chosen as a basis function and 

a different entropy measure can also be used to obtain the convex approximation. The 

enriched basis function and weight function play an important role in controlling the 

smoothness and convexity of the approximation. The coefficient λ  in Eq. (3.20) can be 

viewed as a corrected weight to impose polynomial reproducibility. 

 

3.2.1. Essential boundary conditions 

3.2.1.1. Weak Kronecker-delta property in convex GMF approximation 

 Imposing essential boundary conditions is an important issue in meshfree 

methods. This section investigates the selection of basis functions to yield the GMF 

approximation with the weak Kronecker-delta property at the boundaries. 

 One of the important characteristics in the convex approximation is the weak 

Kronecker-delta property at the boundaries. Figures 3.4(a) and (b) describe the convex 

hulls in 1D and 2D with discrete nodes respectively. The convex hull of a set , denoted 

by ( )conv , is the set of all convex combinations of points in [ Boyd 2004]: 
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Figure 3.4. Description of convex hulls: (a) 1D convex hull, (b) 2D convex hull. 
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1 1

( ) , 0, 1
n n

i i i i i
i i= =

⎧ ⎫
= Ψ ∈ Ψ ≥ Ψ =⎨ ⎬
⎩ ⎭
∑ ∑conv x x

.
   (3.31) 

In a discrete model, there are 3 types of nodes: nodes at corners, at edges (or on surfaces), 

and in the domains, where the first two types of nodes are directly associated with the 

imposition of essential boundary conditions. 

 We first consider the case for 1D convex hull. At the boundary node ( 1x x= ), the 

linear constraint equation can be obtained by substituting Eq. (3.20) using the exponential 

basis function into Eq. (3.21) to yield  

 11 1 1 2 (x x )(x x ) (x x )
1 1 1 2 1

0 00 0 0

(x x ) (x x ) (x x ) 0n
ne e eλλ λ −− −

≥ ≥= < <

− + − + + − = .  (3.32) 

Subsequently, one can find out the condition for Eq. (3.32) to hold is for λ →∞  and 

therefore 11 2 (x x )(x x ) 0ne eλλ −− = = → . The shape functions evaluated at the boundary 

node 1x x=  become 

 1 1(x , ) 1λΨ = ,        (3.33) 

 2 1 1(x , ) (x , ) 0nλ λΨ = = Ψ = .      (3.34) 

Thus the Kronecker-delta condition at the boundary is secured. Same conclusion can be 

obtained for x xn= . The derivation for the 2D convex hull, that considers four different 

cases, is given in the Appendix A. 

 It is observed that the necessary condition for any one dimensional GMF 
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approximation to possess the Kronecker-delta property is the condition in the basis 

functions ( , )j i ijX λ δΓ = , where x xi i jX = −  and xi  is the boundary nodes. In other 

words, the non-convex basis function in the GMF approximation has to be “blended” 

with other functions in order to achieve the local convexity at the boundaries. 

 

3.2.1.2. Weak Kronecker-delta property in non-convex GMF approximation 

 Based on the above discussion, we introduce an approach to impose the 

Kronecker-delta property at the boundaries for the MLS or any other non-convex 

approximations. In this approach, Kronecker-delta property at the boundaries is imposed 

in constructing the MLS approximation, and the approach is independent of solving 

discretized partial differential equation (PDE). 

 Figure 3.5 shows a discrete domain (Ω ) with a convex hull ( 1 ). There are a 

total of n nodes with EBn  nodes located on the essential boundary. The basis function in 

the degenerated MLS approximation is defined by 

 ( , ) 1 ( )i i iX Xλ λΓ = + .       (3.35) 

To introduce the Kronecker-delta property at the essential boundaries, we define a 

blending function as  
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Figure 3.5. Description of boundary nodes and boundary supports. 
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1

( , , ) ( , , )
EB

j j

n
X D

j B j j
j n

B X C X D eλλ λ
=

Θ = =∏      (3.36) 

where  1 1 2 2

1

EB
n n n n n nj j EB EB

n
X D X D X DX D

j n

e e e eλ λ λλ

=

= × × ×∏ ,    (3.37) 

 (x; )EB
j

j j jr
D X PφΘ = = ⋅  is the kernel function at the boundary nodes, (3.38) 

 jP  is the penalty constant. 

This blending function serves as a boundary correction function. The boundary kernel 

function Eq. (3.38) with support size EB
jr  is applied to all the essential boundary nodes. 

This support size EB
jr  can be chosen the same as the original support size in (x; )a iXφ  

or other small values to localize its effect on the essential boundaries. The boundary 

correction function of Eq. (3.36) becomes unity outside the boundary supports and it 

takes the exponential form within the support of boundary nodes. The shape function of 

Eq. (3.22) is rewritten as 

 (x; ) ( , ) ( , , ) (x; ) ( , , )i a i i i B j j a i i i jX X C X D X X Dψ φ λ λ φ λ= Γ = Γ ,  (3.39) 

 
[ ]
1 ( ) out of boundary support         ,

( , , )
inside boundary support of ,1 ( ) n nj j

i
X Di i j

ji

X
X D

NX eλ

λ
λ

λ

+⎧⎪Γ = ⎨
+⎪⎩

. (3.40) 

( , , )i i jX DλΓ  can be considered as a modified or corrected basis function corresponding 

to the boundary nodes. The penalty constant plays a role in making the decay of 

exponential function faster and simplifying root-finding of λ  to meet the linear 
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constraint within a support size EB
jr . It is noted that other convex basis functions, such as 

inverse tangent function and hyperbolic tangent function, can also be used in conjunction 

with the blending function to yield similar results. Consequently, the linear constraint 

equation Eq. (3.32) becomes  

 1 11 2 1 (x x )(x x )
1 2 1 2 1 1

0 00 0 0 0

[1 (x x )] (x x ) [1 (x x )] (x x ) 0n DD
n ne eλλλ λ −−

> >< < < <

+ − − + + + − − = . 

            (3.41) 

It is recognized that, in order to satisfy Eq. (3.41), we have the following condition, 

0 λ< < ∞ . Using the fact 1Dλ λ<< ⋅ , we have 1 1(x x )
1 11 (x x ) (x x ) 0j D

j jeλλ −⎡ ⎤+ − − ≈⎣ ⎦  

and therefore achieve the Kronecker-delta property at the boundaries. 

 Figure 3.6(a) compares the shape functions of MLS and the shape functions of 

GMF with exponential basis function, GMF(exp), with a non-uniform discretization 

shown in Figure 3.2(a). Figure 3.6(b) demonstrates that the Kronecker-delta property at 

the boundaries is achieved by the proposed method while the rest of shape functions 

away from the boundary remains the same as the original MLS approximation, which is 

named as the GMF(MLS) approximation. That is to say, the GMF(MLS) approximation is 

the non-convex MLS approximation with weak Kronecker-delta property at the 

boundaries. 
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Figure 3.6. Shapes of MLS and GMF approximations. 
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3.2.2. Selection of basis functions in GMF approximation 

3.2.2.1. Properties of basis functions 

 Four fundamental properties of basis functions involved in the construction of 

the GMF approximation are described below. 

 

(1) Continuity: iΓ  is a continuous function 

 The continuity of basis functions is necessary to ensure the smoothness of the 

approximation. It is obvious that the basis function should be continuous within the 

domain for any smooth GMF approximation. In general, the continuity of the GMF 

approximation is decided by the weight function and the basis function. 

 

(2) Positivity: 0iΓ ≥  

 The GMF approximation provides great flexibility in the selection of the basis 

functions. Depending on what basis function is chosen, the convex or non-convex 

approximation can be achieved. In general, a non-positive basis function produces a non-

convex GMF approximation and a positive basis function generates a convex GMF 

approximation. The positivity of basis functions is a necessary condition to guarantee the 

convexity of the approximation. For example, the negativity of the shape function could 
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lead to negative mass in the discrete system, which is not physical. The positivity of mass 

can be ensured by the selection of positive basis functions.  

 

(3) The partition of unity: ∑
=

=−Ψ
n

i
i

1
01  

 This property is essential for the meshfree approximation. The property is 

guaranteed by the normalization of ψ  in the GMF approximation: ψψ ii =Ψ . In fact, 

this condition is always satisfied in the GMF approximation regardless of the selection of 

basis functions. 

 

(4) Linear reproducibility: 
1

( ) 0
n

i i
i

R x X
=

= Ψ =∑  

 This property is essential for the convergence of the numerical solution. This 

property is achieved by finding λ  that satisfies the linearity constraint equation 

(x) 0R = . In order to better understand the basic characteristics of basis functions under 

this construction, we study the convergence of root-finding of the linearity constraint 

equation by the following basis functions. 

  (i) Non-symmetric function: xe , 

  (ii) Odd function: tanh(x)+1, 

  (iii) Odd harmonic function: sin(x)+1, 
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  (iv) Even function: sech(x), and 

  (v) Odd non-positive polynomial function: x+1. 

 Figure 3.7(a) compares these functions. It is recognized that the linear 

reproducibility is automatically satisfied with a trivial solution (x) 0λ =  when the basis 

function is zero at 0iX = . In order to obtain a non-trivial solution, the basis function has 

to be translated if it is zero at 0iX = . For simplicity, the basis function is translated to 

have unity at 0iX = . It is noted that different translations could result in different 

approximations. 

 Figure 3.7(b)-(f) are the (x)R  plots for the five different basis functions based 

on the discretization model in Figure 3.2(a). The use of monotonic increasing function 

such as xe , tanh(x)+1 and x+1 has a single root of (x)R  despite the positivity or non-

positivity of the basis function. For non-monotonic increasing functions such as sin(x)+1 

and sech(x), either no root or a multiple root is found for (x)R  

 

3.2.2.2. Basis functions for convex GMF approximation 

 In this section, we select a few representative basis functions for the construction 

of a convex GMF approximation with the weak Kronecker-delta property at the 

boundaries. These functions given below are shown in Figure 3.8.  
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Figure 3.7. Plots of 1(x)R  with five different types of functions (black lines indicate the 

roots of 1(x)R ): (a) all functions, (b) xe , (c) tanh(x)+1, (d) x+1 , (e) sin(x)+1, (f) 
sech(x). 
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Figure 3.8. Positive basis functions. 
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  (i) GMF(exp): Exponential function: xe  

  (ii) GMF(tanh): Hyperbolic tangent function: tanh(x)+1 ,  

  (iii) GMF(atan): Inverse tangent function: -12 tan (x)+1
π

 

  (iv) GMF(sech): Hyperbolic secant function: 
( 0)
( 0)

sech(x) x
2 - sech(x) x

<⎧
⎨ ≥⎩

 

  (v) GMF(RBF): Radial basis function (RBF): 
( 0)

( 0)

2 2

2 2

1 x
x +c

12 - x
x +c

⎧ <⎪⎪
⎨
⎪ ≥
⎪⎩

  

       ( 1.0c= : shape parameter)  

  (vi) GMF(Renyi): Renyi basis function: 
1
-11-1+ x

αα
α

⎛ ⎞
⎜ ⎟
⎝ ⎠

  ( 0.5 1α< < ) 

where the type of the basis function in the GMF approximation is indicated in the 

parenthesis, like “GMF(basis)”. 

 It is noted that modified hyperbolic secant function and modified radial basis 

function (RBF) shown in Figure 3.8(b) suffer numerical difficulties to converge by 

Newton-Raphson method since their derivatives are zero at 0x = . Thus alternative 

method such as bisection method is preferable to find a root for 0R = . Figure 3.9 shows 

the shape functions and their derivatives of the GMF convex approximation using xe , 

tanh(x)+1  and -12 tan (x)+1
π

. The derivation of the Renyi basis function is described in 

Appendix B. 
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Figure 3.9. Shape function and its derivative on non-uniform model (a different color 

indicates the shape function at a different node point): (a) shape function, (b) derivative. 
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3.2.3. Multi-dimensional GMF approximation  

 The first-order GMF approximation in multi-dimension is expressed as 

 
1

( ; ) ( , ) ( , , )( , )
( ; ) ( , ) ( , , )

i a i i i r i r
i r n

a j j j r i rj

B
B

ψ φ λ λλ
ψ φ λ λ

=

Γ Θ
Ψ = =

Γ Θ∑
x X X Xx

x X X X
   for fixed x , (3.42) 

subjected to  
1

( ) 0
n

r i i
i=

= Ψ =∑R x X  (linearity constraints),   (3.43) 

where ( ; ) ( , ) ( , , )i a i i i r i rBψ φ λ λ= Γ Θx X X X ,     (3.44) 

 
1 1

( ; ) ( , ) ( , , )n n
i a i i i r i ri i

Bψ ψ φ λ λ
= =

= = Γ Θ∑ ∑ x X X X ,   (3.45) 

  i i= −X x x ,        (3.46) 

 ( ; )a iφ x X : the weight function of node i  with support size ( )a x , 

 ),( rii λXΓ : the basis function of the GMF approximation, 

 x : the coordinate of interior point (fixed point),  

 ix : the coordinate of node i , 

 n : the number of nodes within the support size ( )a x  at fixed x , 

 )(xrλ ( mr ,,2,1= ): constraint parameters which have to be decided, 

 m : the number of constraints ( 1m =  in 1D, 2m =  in 2D, and 3m =  in 3D), 

 ( , , )i rB λ ΘX : the blending function and Θ is internal functions or variables.  

 

58



3.3. Higher-order approximation scheme 

 Without considering the convex property and Kronecker-delta condition at the 

boundaries, the higher-order meshfree shape functions can be obtained in the MLS 

approximation. In contrast, it is almost impossible to achieve a higher order polynomial 

reproducibility in the convex approximation without violating the convexity since the 

first k  moment ( ( ) n k
k i ii

µ = Ψ∑x x ) of arbitrary fixed point ( x ) doesn’t belong to the 

moment space ( 1 2, , , kµ µ µ ) given by the convex hull of the nodal points ( 1 2, , nx x x ) 

[Arroyo 2006; Tagliani 2000]. In this section, we introduce two possible methods to 

achieve the second-order convex GMF approximation. One is to allow a small tolerance 

in solving the constraint equation and the other is to allow a small tolerance in meeting 

the positivity.  

 

3.3.1. Minimum residual error 

 Cyron et al. introduced a gap function to achieve the second-order convex 

approximation using ME principle [Cyron 2009]. This gap function is a predefined 

tolerance in the second-order constraint. However, this method can’t ensure a predefined 

tolerance for a non-uniform model. Here we introduce an enhanced approach for the 

second-order constraint given by 
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 2 2
2 2

1
(x) arg min (x) (x x )

n

i i
i

Rλ
=

⎛ ⎞
= = Ψ −⎜ ⎟

⎝ ⎠
∑ ,    (3.47) 

where 2 (x)λ  is the second-order constraint parameter satisfying Eq. (3.47). In general, 

1(x)λ  for 1(x) 0R =  and 2 (x)λ  for 2 (x) 0R =  cannot be found simultaneously for the 

second-order convex approximation. But it is possible to find 1(x)λ  that satisfies 

1(x) 0R =  and then to find 2 (x)λ  that minimizes 2 (x)R  by the numerical iteration. 

Figure 3.10 shows the second-order convex shape function with the minimum error of 

2 (x)R  under the uniform and the non-uniform discretizations shown in Figure 3.2(a) and 

(b). In the non-uniform discretization, 2 (x)R  residual error is bigger than that in the 

uniform discretization. 

 

3.3.2. Minimum negative effect 

 We introduce a higher-order non-convex GMF approximation which satisfies the 

Kronecker-delta condition at the boundaries. This can be achieved by a blending function 

as  

 1 1 1( , , ) ( , , ) ( ) 1i i iB X N X Xλ λ κ κ λΘ = = ⋅ + ,    (3.48) 

where κΘ =  is a negative effect parameter ( κ<0 ). This function can be considered as 

a relaxation function since it relaxes the positivity of the basis function. The relaxed basis 

function is generated by multiplying the original positive basis function by the relaxation 
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Figure 3.10. The second-order approximation and 2 (x)R residual error: (a) shape 

function (uniform model), (b) 2 (x)R residual error (uniform model), (c) shape function 
(non-uniform model), (d) 2 (x)R residual error (non-uniform model). 
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function in the following form 

 1 1 1
ˆ ( , , ) ( , ) ( , , )i i iX X N Xλ κ λ λ κΓ = Γ ⋅ .     (3.49) 

An example of the relaxed basis function is shown in Figure 3.11. It is shown that when 

the negative effect parameter (κ ) approaches zero, the relaxed basis function resumes 

positivity. When the negative effect parameter (κ ) increases, the negative effect in the 

relaxed basis function increases. Therefore, the minimum negative effect in the GMF 

approximation can be achieved by controlling the negative effect parameter (κ ). Any 

positive basis functions mentioned above can be blended with the relaxation function to 

form the relaxed basis function. Figures 3.12(a)-(d) show the second-order non-convex 

GMF approximations with inverse tangent function as the basis function for the uniform 

and the non-uniform discretizations in Figure 3.2(a) and (b). It is shown that the 

Kronecker-delta condition at the boundaries is satisfied even though the second-order 

GMF approximation is non-convex. It also demonstrates how the negative effect 

parameter (κ ) affects the shape functions in the second-order GMF approximation. 
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Figure 3.11. Released basis functions. 
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Figure 3.12. The second-order approximation with released basis function (atan): (a) 

uniform model ( 0.1=κ ), (b) uniform model ( 3.0κ = ), (c) non-uniform model ( 0.1=κ ), 
(d) non-uniform model ( 2.0κ = ). 
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Chapter 4 − Convergence and Stability Analysis in GMF Approximation 

 

4.1. Convergence analysis 

 In this section, errors of the convex and non-convex GMF approximations are 

estimated and the support size effect on convergence is analyzed. Comparative 

convergence studies of several numerical examples with the GMF approximations are 

performed. 

 

4.1.1. Interpolant estimate and support size effect in GMF approximation 

 Definition 1. Let dΩ⊂ \ , 1d ≥ , be an open domain. Define a set of open 

covers { }iΩ  of Ω , i
i
Ω ⊃ Ω∪ , that satisfies the overlapping condition 

 { }x card | x iM i M∃ ∈ ∀ ∈Ω ∈Ω ≤` .    (4.1) 

 

 Definition 2. Let { }1 2span 1, , , , ( )m k
i i i i iV H= Γ Γ Γ ⊂ Ω Ω" ∩ , 1k ≥ , be a finite 

dimensional space, and let { }* 1 2span , , , , ( )m k
i i i i i i i i iV H= Ψ Ψ Γ Ψ Γ Ψ Γ ⊂ Ω Ω" ∩  where 

j
iΓ  denotes basis functions and iΨ …. are shape functions,  then we define a general 

approximation space 

 * ( )h k
i

i
V V H= ⊂ Ω∩ .       (4.2) 
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 Let (x) ( )ku H∈ Ω . Recall the approximation function in Eq. (3.1), 

 
1

(x) (x )
n

h
i i

i
u u

=

= Ψ∑ .       (4.3) 

The global estimates in Hilbert space are provided by Babuska and Melenk [Babuska 

1997] as 

 

2
2

2

2 2
2

( )
1 1( )

2 22

1 1

22

( )
1 1

( ) ( )

                  ( ) ( )

                  ( )
i

n n
h h h

i i i iL
i iL

n n
h h

i i i i
i i

n n
h

i i L
i i

u u u u u u

M u u M u u

M u u

Ω
= =ΩΩ

= =Ω Ω

Ω Ω
= =

− = Ψ − = Ψ −

≤ Ψ − = Ψ −

≤ Ψ −

∑ ∑∫

∑ ∑∫ ∫

∑ ∑ ∩

.  (4.4) 

where 
1

n

i
i=

Ψ∑  is known as the Lebesgue function. We first assume that the local 

approximation space iV  has the following property:  

 2 ( )( )
( ) ( , , ) k

ii

h
i HL

u u C i a n u
Ω ΩΩ Ω

− ≤
∩∩

     (4.5) 

where a  is the support size and ( )C "  is a term dependent on some parameters. The 

Lebesgue function plays a crucial role in the study of the uniform convergent behavior of 

(x)hu  as n →∞ . The local maximum of the Lebesgue function is defined as 

 
1

n

i
i=

Λ = Ψ∑         (4.6) 

which is the so-called Lebesgue constant. In the approximation theory, the Lebesgue 

constant is a measure to give an idea of how accurate the approximation is with respect to 
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the location of the discretized nodes. In the convex GMF approximation including the 

Shepard and the ME approximations, the Lebesgue constant becomes always 

 
1 1

1
n n

i i
i i= =

Λ = Ψ = Ψ =∑ ∑        (4.7) 

which is independent of the support size and the location of nodes.  

 Bounding the Lebesgue function in the non-convex GMF approximations such as 

the MLS and the RK approximations is more involved and limited to certain conditions 

[Han 2001]. In practice, we compute the Lebesgue constant and use it as one of the 

indicators to determine whether its basis functions are likely to provide good 

approximation. In general, for the non-convex approximation with 
1

1
n

i
i=
Ψ =∑ , we have 

 
1

1
n

i
i=

Λ = Ψ ≥∑ .        (4.8) 

 Correspondingly, Eq. (4.4) can be written as  

 
2 ( )( )

max ( , , ) k
h

HL i
u u M C i a n u

ΩΩ
− ≤ Λ ,    (4.9) 

which is the upper bound of the global error. The estimate of max ( , , )
i

C i a n  is associated 

with the basis functions. By applying the Taylor expansion of u and letting the local 

truncation error be 2( )O a , the global error of the GMF approximation with linear 

reproducibility is given by 

 12

2
1 ( )( )

h
HL

u u M C a u
ΩΩ

− ≤    for the convex approximation  (4.10) 

or 
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 12

2
1 ( )( )

h
HL

u u M C a u
ΩΩ

− ≤ Λ    for the non-convex approximation (4.11) 

where 1C  is some constant ( 1 0C > ) which is independent of support size a. 

 The Lebesgue constants (Λ ) in the convex and non-convex approximations with 

different support sizes and basis functions are summarized in Table 4.1 for a non-uniform 

discretization shown in Figure 3.2(a). The weight function is chosen to be the cubic B-

spline kernel function, and the support size is normalized by the maximum distance of 

neighboring nodes. It shows that the Lebesgue constant in the non-convex approximation 

is increasing when the support is getting larger, which means the upper bound error in Eq. 

(4.11) increases as the support size increases. The maximum Lebesgue function is usually 

observed near the boundary or highly non-uniform node locations within the 

approximation domain. The Lebesgue constant for the uniform nodal distribution is often 

smaller than that for the non-uniform nodal distribution case in the non-convex 

approximation. In contrast, the support size in the convex approximation has no effect on 

the Lebesgue constant. The effect of support size on the accuracy of the GMF 

approximation is further studied in the numerical examples. 

 

4.1.2. Numerical convergence examples 

 In the following examples, unless otherwise specified, Gauss integration with 5 x 
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Table 4.1. Lebesgue constant (Λ ) in the non-convex and convex approximations based 
on irregular nodal distribution. 

Normalized support size 1.6 1.8 2.0 2.2 2.4 2.6 

MLS approximation 
( i iXΓ = ) 

1.031 1.078 1.125 1.161 1.189 1.210

Non-convex approximation
( 3

i iXΓ = ) 
1.165 1.266 1.321 1.353 1.375 1.390

Lebesgue 
constant 

(Λ ) 

Convex approximation 1.0 1.0 1.0 1.0 1.0 1.0 
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5 x 5 (or five points in one dimension) is used in the domain integration. Since the MLS 

approximation doesn’t have the Kronecker-delta property at the boundaries, two different 

treatments for the essential boundary condition are utilized for comparison: (1) 

MLS(trans) - linear basis function with full transformation method [Chen 1996, 2000a], 

and (2) GMF(MLS) - linear basis function with the local convexity achieved at the 

boundary areas. The weight function is chosen to be the cubic B-spline kernel function in 

all examples. 

 

4.1.2.1. One-dimension second-order differential equation 

 This problem has been studied by Chen et al. to evaluate the performance of the 

stabilized conforming nodal integration (SCNI) method in comparison with other 

meshfree integration schemes [Chen 2001]. The second-order differential equation is 

considered: 

 , 20 0xxu u− + =         (4.12) 

with boundary conditions 

 , ,(0) (1) 1x xu u= = .       (4.13) 

 Meshfree models with 11, 21, 41, and 81 equally spaced nodes are used in the 

convergence study. Two normalized support sizes of 1.5a =  and 2.5a =  are 
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considered in this example. The L2 norm and H1 norm with two different support sizes are 

compared in Figure 4.1 and 4.2 respectively. Figure 4.1(a) reports the L2 errors for 

different approximations with normalized support size a=1.5. The FEM solution is also 

plotted for comparison. In all approximations, the convex GMF approximations including 

the use of exponential basis function GMF(exp), inverse tangent function GMF(atan) and  

the proposed local convexity approximation GMF(MLS) generate better accuracy than the 

non-convex approximation, MLS(trans). Whereas, in H1 norm comparison, all four 

meshfree approximations yield similar accuracy. The FEM is clearly less accurate and 

displays a slightly lower rate of convergence. To specifically investigate the influence of 

normalized support size, a larger normalized support a=2.5 is also used in the 

convergence study. Figure 4.2(a) and (b) indicate that the use of the convex GMF 

approximations, especially the GMF(exp) approximation, is more accurate and presents 

better rates of convergence when a larger support is used.  

 The comparison of u and du/dx using an equally spaced 11-node model is shown 

in Figure 4.3(a)-(d) and Figure 4.4(a)-(d). Oscillation is observed in du/dx in all GMF 

approximations when small support size is used. Oscillation is improved when a larger 

support is adopted. However, noticeable error near the boundaries in non-convex 

approximation, MLS(trans), suggests that a model refinement is needed in those areas. 
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Figure 4.1. L2 and H1 norms of errors with a=1.5: (a) L2 norm, (b) H1 norm. 
 
 

 

Figure 4.2. L2 and H1 norms of errors with a=2.5: (a) L2 norm, (b) H1 norm. 
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Figure 4.3. Comparison of u and du/dx using uniform discretization with a=1.5: (a) u of 
MLS approximations, (b) du/dx of MLS approximations, (c) u of GMF approximations, 

(d) du/dx of GMF approximations. 
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Figure 4.4. Comparison of u and du/dx using uniform discretization with a=2.5: (a) u of 
MLS approximations, (b) du/dx of MLS approximations, (c) u of GMF approximations, 

(d) du/dx of GMF approximations. 
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Figure 4.5. Comparison of u and du/dx using non-uniform discretization with a=1.5: (a) u 
of MLS approximations, (b) du/dx of MLS approximations, (c) u of GMF approximations, 

(d) du/dx of GMF approximations. 
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An irregular discretization is also studied. Again, the convex GMF(exp) approximation 

presents better solutions than other approximations in irregular discretization as shown in 

Figure 4.5(a)-(d). 

 

4.1.2.2. One-dimensional reduced wave equation 

 In this example, elastic wave propagation in a bar governed by the Helmholtz 

equation is studied by meshfree methods using the different GMF approximations. The 

one-dimensional Helmholtz equation is    

 2
, ( )xxu k u F x+ =        (4.14) 

where k is the wave number. The homogeneous differential equation with non-

homogeneous boundary condition is considered, i.e. ( ) 0, (0) 1 and ( ) 0F x u u L= = = . 

Its analytical solution is  

 [ ]sin ( )
( )

sin( )
k L x

u x
kL
−

= .       (4.15) 

The wave number k=2 and the length of the bar L=10.0 are adopted in this study. The 

analysis is first performed by the linear FEM using 20 elements. It is well known that the 

FEM solutions experience notorious discretization error as shown in Figure 4.6. 

 In the case of meshfree methods, meshfree models with 21, 41, 81 equally spaced 

nodes are used in the convergence study. Figure 4.7(a) and (b) compare the errors of L2 
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Figure 4.6. Comparison of analytical and FEM solutions using uniform discretization. 
 
 

 
Figure 4.7. L2 norms of GMF and MLS approximations: (a) a=1.5, (b) a=2.5. 
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norms in MLS and GMF approximations using linear constraints. Higher-order 

constraints are also considered in the construction of the higher-order GMF 

approximations due to the oscillatory type of the solution in Eq. (4.15) and are given by 

 { }1
1

(x) cos( x) cos( x ) 0
n

i i
i

R k k
=

= Ψ − =∑ ,     (4.16) 

 { }2
1

(x) sin( x) sin( x ) 0
n

i i
i

R k k
=

= Ψ − =∑ .     (4.17) 

In the MLS approximation, a natural choice of basis functions is [1, sin(kx), cos(kx)] and 

the approximation is denoted as MLS-CS. In the convex GMF approximation GMF-

CS(atan), the inverse tangent function is selected as the basis function and the minimum 

effect error approach (Eq. (4.10)) is introduced to relax the positivity of the basis function 

as well as to impose the Kronecker-delta condition at the boundaries. For convergence 

reasons, a slightly larger support is used in solving of higher-order constraints. The 

results of L2 norms errors using higher-order constraints with different support size are 

compared in Figure 4.8(a) and (b) respectively. Superior performance of the convex GMF 

approximation GMF-CS(atan) over two non-convex GMF approximations MLS-

CS(trans) and GMF-CS(MLS) is presented in terms of the accuracy, especially, when 

larger support size is adopted. The results indicate that if the approximation contains the 

solution of the homogenized Helmholtz equation, the discretization error can be greatly 

reduced. This is also confirmed in the plots of wave amplitude from Figure 4.9. We can 
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Figure 4.8. L2 norms of GMF-CS and MLS-CS approximations: (a) a=2.5, (b) a=3.0. 

 
 

 
 

Figure 4.9. Comparison of approximations using uniform discretization with a=2.5: (a) 
GMF and MLS approximations, (b) GMF-CS and MLS-CS approximations. 

 

(a)                                 (b) 
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conclude that the amplitude of the meshfree wave behaves much better than the one from 

FEM as shown in Figure 4.6. 

 

4.1.2.3. Cantilever beam 

 In this example, a 3D cantilever beam as shown in Figure 4.10 is analyzed by 

LS-DYNA to study the convergence of the GMF approximations with different basis 

functions. The beam is fixed at one end and is subjected to a parabolic traction (P) at the 

other end. The analytical solution is obtained by assuming that the Poisson’s ratio is zero 

and a plane stress condition is considered [Timoshenko 1970]. The analytic solution is 

given as 

 ( ) ( )
2

26 3 2
6 4x
Py Du L x x y
EI

ν
⎡ ⎤⎛ ⎞

= − − + + −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

, and    (4.18) 

 ( ) ( ) ( )
2

2 23 4 5 3
6 4y

P D xu y L x L x x
EI

ν ν
⎡ ⎤

= − + + + −⎢ ⎥
⎣ ⎦

   (4.19) 

where the moment of the inertia of the beam is 3 12I D= . The following parameters are 

used for this problem: Young’s modulus E = 1000, L = 50, D = 10, and B = 1. Both 

uniform and non-uniform discretizations shown in Figure 4.11 are used for the analysis 

using 3 3 3× ×  Gaussian quadrature with normalized support size 1.5a =  in the 

meshfree computation. The FEM analysis is also performed using a fully integrated linear 
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Figure 4.10. 3D cantilever beam. 

 
 

 

Figure 4.11. Discretization of cantilever beam: (a) uniform model, (b) non-uniform model. 
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element for the comparison. 

 The results of L2 norm error in displacement are shown in Figure 4.12(a) and (b) 

for the uniform and non-uniform discretizations respectively. The GMF approximations 

with three different basis functions present similar accuracy in both uniform and non-

uniform discretizations. Further, the accuracy and convergence of the meshfree method 

are better than the FEM in this study. The displacement distributions along the mid-

surface shown in Figure 4.13(a) and (b) further confirm the accuracy of the meshfree 

method. Note that the support size in the non-uniform discretizations is slightly larger 

than that of the uniform discretizations. This is the reason that the non-uniform model 

predicts a slightly better tip displacement solution than the uniform model when 

normalized support 1.5a =  is adopted in the analysis. 

 Next, the effects of support size and integration order are investigated for 

employing the three basis functions in the GMF approximation. When a normalized 

support size less than two is used in the analysis, three basis functions give similar tip 

displacement results for both discretizations as shown in the plots from Figure 4.14(a) 

and (b) to Figure 4.16(a) and (b). On the other hand, significant errors in the GMF(MLS) 

approximation are observed when the normalized support is greater than 2.0 regardless of 

the integration order. This is probably due to the non-convexity in the GMF(MLS) 
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Figure 4.12. L2 norm: (a) uniform model, (b) non-uniform model. 
 
 

 
Figure 4.13. Displacement profiles of a cantilever beam: (a) uniform model, (b) non-

uniform model. 
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Figure 4.14. Tip displacement of a cantilever beam ( 2 2 2× ×  Gaussian quadrature): (a) 

uniform model, (b) non-uniform model. 
 
 

 
Figure 4.15. Tip displacement of a cantilever beam (3 3 3× ×  Gaussian quadrature): (a) 

uniform model, (b) non-uniform model. 
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Figure 4.16. Tip displacement of a cantilever beam ( 4 4 4× ×  Gaussian quadrature): (a) 

uniform model, (b) non-uniform model. 
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approximation. It is also observed that the GMF(exp) approximation presents the best 

displacement solution among the three basis functions. The difference between the 

GMF(exp) and the GMF(atan) approximations is marginal when the normalized support 

is less than 2.5. However, a stiff response is observed in the GMF(atan) approximation 

when a larger support size is used. The results suggest that the convex approximation 

exhibits better accuracy and convergence than the non-convex approximation especially 

when the support size is large. 

 

4.2. Stability analysis 

 For time-dependent problems, stability guarantees that the numerical method 

produces a bounded solution whenever the solution of the exact differential equation is 

bounded. In this section, two ingredients for stability in the numerical analysis are 

studied: dispersion errors and stable time step using the GMF approximation. At first, the 

dispersion characteristics in semi- and full- discretizations are analyzed. The critical time 

step for the meshfree methods is computed by eigenvalue problem and compared with the 

actual stable time step required in the numerical analysis. 
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4.2.1. Dispersion errors 

4.2.1.1. von Neumann analysis 

 The von Neumann analysis provides a method to analyze the numerical 

dispersion errors for the spatial semi-discretization of PDE [Belytschko 2000a; Christon 

2000; Voth 2001; You 2002]. The 1D wave equation in x-axis is 

 
2 2

2 2

(x, ) (x, ) 0
x

u t u tc
t

∂ ∂
+ =

∂ ∂
      (4.20) 

where t is time, c is the wave speed, and (x, )u t  is the displacement. The Fourier 

solution of Eq. (4.20) becomes 

 [ ]0(x, ) exp xu t u k tι ιω= −       (4.21) 

where 0u  is the amplitude, 1ι = − , k is the wave number, and ω  is the circular 

frequency. In fact, /c kω=  for the non-dispersive medium. 

 By introducing the approximation function, 
1

(x, ) (x) ( )
n

h
i i

i
u t u t

=

= Ψ∑ , on uniform 

discretization with x∆  as shown in Figure 4.17, the semi-discretization of weak form 

associated with Eq. (4.20) for infinite domain is 

 0+ =Mu Ku��         (4.22) 

where M and K are the consistent mass and stiffness matrix, u is the nodal displacement 

vector, and superimposed double dot indicates the time derivative. In time-history 

analysis, a lumped mass matrix is easier to form and requires less storage space and 
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Figure 4.17. Uniform node distribution for 1D dispersion analysis. 

 

• • • ••••
i 1i +1i − i m+i m− ⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅⋅

• • • •
x∆

iΨ

88



computational effort. Usually, it is more important to have a diagonal matrix in time-

history analysis than in vibration analysis, as time-history analysis is usually much more 

expensive. The lumped mass matrix Mlump is obtained by the row-sum technique in this 

study. The displacement of any node ( i mu + ) at co-ordinate x i m+  can be expressed 

relative to the displacement of any other node ( iu ) in terms of nodal space x∆ . Thus, 

considering x x xi m i m+ = + ∆ , the semi-discrete solution of Eq. (4.21) becomes  

 [ ]( ) ( ) exp xi m iu t u t kmι+ = ∆       (4.23) 

where [ ]0( ) exp xi iu t u k tι ιω= −  and ω  is the discrete circular frequency.  

 For the shape function ( iΨ ) with a local support as shown in Figure 4.17, the 

semi-discrete form of the wave equation, Eq. (4.22), may be written for the ith node as 

 , , 0
m

i i m i m i i m i m
i m

M u K u+ + + +
=−

⎡ ⎤+ =⎣ ⎦∑ �� .      (4.24) 

By inserting Eq. (4.23) into Eq. (4.24) and taking only the real part of the Euler formula, 

[ ] ( ) ( )exp x cos x sin xkm km kmι ι∆ = ∆ + ∆ , we have 

 2
, ,cos( x) cos( x) 0

m m

i i m i i m
i m i m

M km K kmω + +
=− =−

⎡ ⎤ ⎡ ⎤− ∆ + ∆ =⎣ ⎦ ⎣ ⎦∑ ∑ .   (4.25) 

Using Eq. (4.25), the normalized phase speed ( c ) is defined as 

 ,

,

cos( x)1
cos( x)

m
i i mi m

m
i i mi m

K kmcc
c ck M km

+=−

+=−

⎡ ⎤∆⎣ ⎦= =
⎡ ⎤∆⎣ ⎦

∑
∑

     (4.26) 

where c  is the discrete wave speed ( /c kω= ), and the normalized wave length ( λ ) 
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is 

 2 xλ
λ
∆

=         (4.27) 

where λ  is the wave length. Since c, k and λ  are not changed, the normalized phase 

speed ( c ) is dependent on nodal space ( x∆ ) and the domain size of influence (m), in 

other words, mesh refinement and normalized support size (a). 

 The dispersion analyses using the lumped mass matrix are performed with the 

GMF(exp), the GMF(atan) and the MLS approximations, and with the FEM for 

comparison. Their curves of the normalized phase speed ( c ) with respect to the 

normalized wave length ( λ ) are shown in Figure 4.18. Figure 4.18 shows that the 

normalized phase speed ( c ) is delayed when the normalized wave length ( λ ) 

increases, which means that the discrete wave speed ( c ) becomes slower when the nodal 

space ( x∆ ) increases. Also, the discrete wave speed ( c ) is lower when the domain size 

of influence (m) increases. However, there is no notable difference among 

approximations. It is noted that, the use of conventional meshfree approximations with 

optimal lumping may result in non-positive definite mass matrix when the domain is 

irregularly discretized. However, the use of the GMF approximation will always result in 

positive nodal masses. 
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Figure 4.18. Normalized phase speed using lumped mass in wave equation. 
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4.2.1.2. Full discretization analysis 

 The von Neumann analysis is based on the decomposition of errors in the Fourier 

series and shows the dispersion characteristics of approximations in spatial semi-

discretization. However, the dispersion effects in full-discretization are of practical 

importance. In this section, the dispersion effect in full-discretization is studied with the 

1D wave equation. 

 The 1D wave equation of an elastic bar impacting onto a rigid wall shown in 

Figure 4.19 is given as 

 xx,u Euρ =��  in (0,L),       (4.28) 

 x, (0, ) 0u t = , ( , ) 0u L t = , 

 (x,0) 0u = , 0(x, )u t v=� , 

where 100.0E = , 0.01ρ =  and 0 1.0v =  [You 2002]. The rod is discretized with 11 

uniform nodes and 14 non-uniform nodes shown in Figure 4.20 with two Gaussian 

integration points within each integration cell. The explicit time integration method with 

row-sum lumping technique is used in the analysis. The computed time displacements at 

the center of the rod obtained from different approximation methods are compared with 

analytical solutions. The GMF(exp), the GMF(MLS) and the MLS(trans) approximations 

are considered in the meshfree analysis. The support size effect in meshfree analysis is 
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Figure 4.19. Elastic bar impacting onto a rigid wall. 

 
 

 
Figure 4.20. Non-uniform discretization of rod. 
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also studied in this example. 

 Figure 4.21 shows the numerical solutions with uniform discretization and Figure 

4.22 presents the results with non-uniform discretization. The solution of the FEM is also 

plotted for comparison. Figure 4.21 and 4.22 show that the amplitude errors and the 

phase errors increase in all cases as the normalized support size (a) increases. Especially, 

in the MLS(trans) approximation, which is the non-convex MLS approximation with the 

transformation method, the errors are noticeably large when 3.0a =  as shown in Figure 

4.21(b) for the uniform discretization case. The analysis in non-uniform discretization 

even diverges when the normalized support size 1.3a >  in Figure 4.22(b). On the other 

hand, the solution obtained from the non-convex GMF(MLS) approximation generates 

same accuracy as the one using the convex GMF(exp) approximation as shown in Figure 

4.21(a), 4.21(c), 4.22(a) and 4.22(c). 

 

4.2.2. Stable time step for meshfree methods 

 The stable time step for meshfree methods using the non-convex MLS 

approximation has been studied by Belytschko et al. [Belytschko 2000a; Liu 1995]. The 

critical time step ( ct∆ ) for central difference time integration is governed by the Courant–

Friedrichs–Lewy (CFL) condition, which is determined by the maximal eigenvalue in the 
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Figure 4.21. Solutions of wave equation with uniform discretization: (a) using the 
GMF(exp) approximation, (b) using the MLS(trans) approximation, (c) using the 

GMF(MLS) approximation. 
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Figure 4.22. Solutions of wave equation with non-uniform discretization: (a) using the 
GMF(exp) approximation, (b) using the MLS(trans) approximation, (c) using the 

GMF(MLS) approximation. 
 

(c) 

(b) 

(a) 

96



assembled system. The critical time step is given by 

 
max max

2 2
ct ω λ

∆ = =        (4.29) 

for the uniformly distributed nodes, where ω  is the frequency and λ  is the eigenvalue. 

For the non-uniformly distributed nodes, the critical time step can be obtained by the 

eigenvalue inequality. The mass matrix and the stiffness matrix can be expressed as 

 
1 1 1 1

Q Qe e n nn n
Q Q

e e
e e Q Q= = = =

= = =∑ ∑∑ ∑M M M M ,     (4.30) 

 
1 1 1 1

Q Qe e n nn n
Q Q

e e
e e Q Q= = = =

= = =∑ ∑∑ ∑K K K K       (4.31) 

where en is the number of elements or integration cells and Qn  is the number of 

quadrature points in each element or cell. Then the eigenvalue inequality can be stated as 

 ( ) ( )min min max maxmin min max maxQ G G Q

e Q e Q
λ λ λ λ≤ ≤ ≤     (4.32) 

where min
Qλ  and max

Qλ  are the minimum and maximum eigenvalues at quadrature point 

Q and min
Gλ  and max

Gλ  are the minimum and maximum eigenvalues of the assembled 

system. Eq. (4.29) becomes 

 
( )max max max

2 2 2min
max

c G G e Q

Q

t
ω λ λ

⎛ ⎞
⎜ ⎟

∆ = = = ⎜ ⎟
⎜ ⎟
⎝ ⎠

.    (4.33) 

 Considering the 1D case, Eq. (4.30) and (4.31) become 

97



 

1 1 1 2 1

2 1 2 2 2

1 2

(x ) (x )

Q

Q

Q Q Q Q

n

nQ T
Q Q Q Q

n n n n

w J w Jρ ρ

Ψ Ψ Ψ Ψ Ψ Ψ⎡ ⎤
⎢ ⎥
Ψ Ψ Ψ Ψ Ψ Ψ⎢ ⎥

= = ⎢ ⎥
⎢ ⎥
⎢ ⎥Ψ Ψ Ψ Ψ Ψ Ψ⎣ ⎦

M

"

"

# # % #
"

Ψ Ψ , (4.34) 

 

1,x 1,x 1,x 2,x 1,x ,x

2,x 1,x 2,x 2,x 2,x ,x
,x ,x

,x 1,x ,x 2,x ,x ,x

(x ) (x )

Q

Q

Q Q Q Q

n
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Q Q Q Q

n n n n

w EJ w EJ

Ψ Ψ Ψ Ψ Ψ Ψ⎡ ⎤
⎢ ⎥
Ψ Ψ Ψ Ψ Ψ Ψ⎢ ⎥

= = ⎢ ⎥
⎢ ⎥
⎢ ⎥Ψ Ψ Ψ Ψ Ψ Ψ⎣ ⎦

K

"

"

# # % #
"

Ψ Ψ . 

          (4.35) 

where xQ  is the co-ordinate of quadrature point, Qw  is the weight of quadrature point, 

ρ  is the density, E is the Young’s modulus, and J is the Jacobian. The lumped mass 

matrix by row-sum technique becomes 

 

1

2

Q

Q
lump Q

n

w Jρ

Ψ⎡ ⎤
⎢ ⎥Ψ⎢ ⎥= ⎢ ⎥
⎢ ⎥Ψ⎢ ⎥⎣ ⎦

M % .     (4.36) 

The eigenvalue problem is stated as 

 0Q Q Q Q Qλ− =K v M v .       (4.37) 

It is clear that the only non-zero eigenvalue of Eq. (4.37) with the lumped mass matrix is 

 
2
,x2

1

(x )
(x )

n
i QQ

i i Q

cλ
=

Ψ
=

Ψ∑        (4.38) 

and the corresponding eigenvector is 
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 1,x 2,x ,x

1 2 xQ

T
nQ

n

Ψ Ψ Ψ⎡ ⎤
= ⎢ ⎥Ψ Ψ Ψ⎣ ⎦

v "      (4.39) 

where c is the wave speed, /c E ρ= . Finally, the critical time step with the lumped 

mass in 1D becomes 

 
1/22

,x2

1

(x )2 2
(x )

n
i Q

c Q
i i Q

t c
λ

−

=

⎛ ⎞Ψ
∆ = = ⎜ ⎟⎜ ⎟Ψ⎝ ⎠

∑ .     (4.40) 

 In the numerical analysis, a 1D bar with two free-ends is considered. The model 

is discretized with 21 uniform as well as non-uniform nodes. Two-point quadrature rule is 

considered in the analysis. The eigenvalue profiles with two different normalized support 

sizes 1.5 and 3.0a =  are shown in Figure 4.23 for the uniform discretization and in 

Figure 4.24 for the non-uniform discretization. The FEM has uniform eigenvalues across 

the uniform discretization domain as shown in Figure 4.23. The meshfree approximations 

do not have this property due to the boundary effect. In the meshfree approximations, the 

eigenvalues in the domain are much lower than the ones in the FEM as the support size 

increases. However, near boundary area, the eigenvalues of the meshfree approximations 

are as high as the ones in the FEM. Negative eigenvalues are observed in the 

conventional non-convex MLS approximation when normalized support size 3.0a =  is 

used. This may be due to the mass lumping in the explicit numerical methods. Those 

unphysical negative eigenvalues or negative mass problems in the meshfree methods with 
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Figure 4.23. Eigenvalue profiles using uniform discretization with two quadrature points: 

(a) a=1.5, (b) a=3.0. 
 

 

Figure 4.24. Eigenvalues profiles using non-uniform discretization with two quadrature 
points: (a) a=1.5, (b) a=3.0. 
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the non-convex approximations can be seen in the cases when the support size is very 

large or the discretization is highly irregular. Malkus and Plesha have shown that the zero 

or negative masses caused by mass lumping do not destroy the essential algebraic 

properties of the discrete eigenvalue problem in the FE framework, in spite of the 

negative or infinite eigenvalues which may result [Malkus 1986].  

 In the non-uniform discretization shown in Figure 4.24, the eigenvalues in the 

FEM are dependent on the nodal space. The maximal eigenvalue in the FEM is much 

larger than the one in the meshfree approximation methods. It is observed that the 

negative eigenvalue near the boundary with the non-convex MLS approximation in 

Figure 4.24(a). Figure 4.25(a) and (b) shows the maximal eigenvalues with respect to the 

normalized support size in the interior domain and near the boundary.  

 The bar impacting problem used in Figure 4.19 is adapted here to study the 

critical time step by different meshfree approximations. The critical time step from the 

CFL condition ( CFL
ct+ ) is computed by the Eq. (4.40), where the maximal eigenvale in the 

domain are utilized. The stable time step by the actual convergence ( actual
ct+ ) in the 

analysis is also computed for the comparison. Both uniform and non-uniform nodes 

described in Figure 4.23 and 4.24 respectively are used to study the discretized effect. 

Table 4.2 and 4.3 summarize the CFL
ct+  and the actual

ct+  using the GMF(exp), the 
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Figure 4.25. Maximal eigenvalues using uniform discretization (a=1.5, quadrature 

points=2): (a) in the interior domain, (b) at the boundary area. 
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Table 4.2. Comparison of CFL
ct  and actual

ct  in the uniform discretization. 

 a maxλ (interior) CFL
ct  actual

ct  ratio(%) 

FEM 1.0  2400.0 0.000408 0.000495  17.5 
1.5  2157.5 0.000431 0.000570  24.5 

GMF(exp) 
3.0  538.0 0.000862 0.000905  4.7 
1.5  2192.6 0.000427 0.000575  25.7 

GMF(MLS) 
3.0  538.0 0.000862 0.001020  15.5 
1.5  2192.6 0.000427 0.000520  17.9 

MLS(trans) 
3.0  538.0 0.000862 0.000665  -29.7 

 

 

Table 4.3. Comparison of CFL
ct  and actual

ct  in the non-uniform discretization. 

 a maxλ (interior) CFL
ct  actual

ct  ratio(%) 

FEM 1.0  9600.0 0.000204 0.000298  31.4 
1.5  1470.2 0.000522 0.000568  8.1 

GMF(exp) 
3.0  487.4 0.000906 0.001000  9.4 
1.5  2001.6 0.000447 0.000575  22.3 

GMF(MLS) 
3.0  516.9 0.000880 0.001135  22.5 
1.5  2001.6 0.000447 0.000475  5.9 

MLS(trans) 
3.0  516.9 0.000880 fail - 
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GMF(MLS), the MLS(trans) approximations. The values of CFL
ct+  are the same in both 

GMF(MLS) and MLS(trans) cases but the values of actual
ct+  are different. The results 

show that CFL
ct+  with the maximal eigenvale in the domain fairly provides the stable 

time step which is low but close to the actual
ct+ . On the contrary, the case of MLS(trans) 

with 3.0a =  will require smaller time step, and sometimes does not even converge in 

the non-uniform case. The boundary treatment by local-convexity in the non-convex 

GMF approximation does not affect the stable time step in the meshfree analysis. The 

results show that the critical time step computed with the maximal eigenvalue in the 

domain, not near the boundary area, gives the stable time step in meshfree methods. 

 

4.2.2.1. Explicit dynamic analysis in large deformation 

 The following example is used to identify the applicability of the GMF 

approximations to a large deformation analysis of a highly non-linear foam material. The 

highly compressible foam is commonly used in many automotive crashworthiness 

simulations. The FEM analysis sometimes suffers from numerical difficulties in modeling 

large material distortion.  

 A 3D compression simulation of low-density foam material is performed by a 

hydrocode, LS-DYNA. The simulation model is shown in Figure 4.26(a). In this analysis, 
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Figure 4.26. Description of a model and foam material property: (a) setup of a 

compression test (punch: 40 40mm mm× , foam:100 100 100mm mm mm× × ), (b) strain vs. 
stress curve of foam material. 
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the bottom of the foam is fixed, and the rigid punch is moved downward with a 

prescribed velocity of 3.33 mm/s. The low-density foam material is modeled by the 

material type 57 (*MAT_LOW_DENSITY_FOAM) in the material database of LS-

DYNA [Hallquist 2006, LSTC 2007]. The parameters of this foam material model are 

taken as; density ( ρ ) is 24 3kg m , Young’s modulus (E) is 0.25 MPa, and the nominal 

stress versus strain characteristic of the foam is plotted in Figure 4.26(b). The dimension 

of the foam is 100 100 100mm mm mm× ×  and the area of punch is 40 40mm mm× . The 

foam is modeled with 21 21 21× ×  nodes with 20 20 20× ×  integration zones. The 

explicit time integration method with lumped mass is employed. For a fair comparison of 

CPU times using different approximation methods including FEM, a 2 2 2× ×  

integration order is adopted in the analysis. A normalized support size of 1.5 is used in the 

meshfree analysis. 

 Figure 4.27 compares the force history curves measured at the punch with four 

different methods. The mixed-transformation method is used to treat the boundary 

conditions in the MLS approximation, which is named as MLS(m-trans). Each symbol in 

the plot indicates the termination time of each punch test. The results indicate that their 

responses are fairly overlapped but the meshfree methods allow larger deformation than 

FEM. Figure 4.28 shows the final deformed shapes of the foam along the symmetric 
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Figure 4.27. Force history on punch (each symbol indicates the termination time of each 

punch test). 
 
 

 
Figure 4.28. Maximum deformed shapes of the mid section of form (each percentage 

means the compression ratio): (a) using FEM, (b) using the MLS(m-trans) approximation, 
(c) using the GMF(exp) approximation, (d) using the GMF(atan) approximation. 

FEM 
MLS(m-trans)
GMF(exp) 
GMF(atan) 
FEM 
MLS(m-trans)
GMF(exp) 
GMF(atan) 
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plane. The compression ratio in Figure 4.28 is defined as 

 Maximum compressed displacement by punchCompression ratio (%) = 100
Initial height of foam

×   

          (4.41) 

The results show that the convex approximation behaves more robust than non-convex 

approximation in handling large material distortion. The GMF(atan) approximation 

behaves the best among three basis functions since it allows the largest deformation 

comparing to the others. A comparison of normalized CPU time using different methods 

is listed in Table 4.4. The final punching depth in FEM is used as a reference for the 

comparison. All the three meshfree methods are re-analyzed to obtain the corresponding 

CPU time based on the same punching depth. Noted that MLS(m-trans) requires a 

slightly higher CPU time compared to the GMF(exp) and the GMF(atan) approximations. 

The extra effort in the boundary condition treatment in the MLS approximation is now 

avoided in GMF(exp) and the GMF(atan) approximations. 
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Table 4.4. CPU time comparison of foam compression. 
 FEM MLS(m-trans) GMF(exp) GMF(atan) 

Normalized 
CPU time 

1.0 3.1 2.8 2.8 
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Chapter 5 − Fracture Analysis 

 

 In this chapter, the performance of the GMF approximation in the fracture 

analysis is evaluated. Governing equations are discretized by the EFG method 

[Belytschko 1994b, 1996; Chen 2006; Li 2007; Liu 2002, 2005]. Crack is modeled by the 

visibility criterion method in the meshfree method [Belytschko 1996]. Crack initiation 

and propagation are determined by the cohesive zone model in this research. Modified 

cohesive fracture model is proposed in collaboration with the proposed GMF 

approximation in meshfree computation. Both 1D and 2D problems are analyzed to 

validate the proposed method. In the examples, the bulk material is assumed to be linear 

elastic under a plane strain condition. Special attention is paid to the study of the mesh 

objectivity problem in the 1D problem and the crack growth in the 2D problems.  

 

5.1. Meshfree cohesive fracture analysis 

5.1.1. Governing equations and discretization 

 The formulations are derived in the total Lagrangian formulation in which 

derivatives and integrals are taken with respect to the initial Lagrangian coordinates X  

and the notations follow those in the reference [Belytschko 2000b]. The linear 
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momentum equation of the body shown in Figure 5.1 are written as 

 ρ ρ∇⋅ =P + b u�� , ∈ΩX       (5.1) 

where P  is the nominal stress tensor, ρ  is the density, b  is the body force, ∇  is the 

left gradient and the superimposed double dots denote the material time derivative. The 

bulk material is assumed to be linear elastic under a plane strain condition. The boundary 

conditions are 

 ( , ) ( , )t t=u X u X  on uΓ ,      (5.2) 

 ( , ) ( , )t t t⋅ =n P X T X  on tΓ , and     (5.3) 

 a b( , ) ( , ) ( )c ct t+ −⋅ = ⋅ =n P X n P X f u  on cΓ     (5.4) 

where Γ  is the boundary, the subscript u, t and c denote displacement, traction and 

cohesive respectively, the superimposed bar denotes the imposed quantity, n is the normal 

vector at the boundary, T  is the traction, f  is the cohesive traction, and a bi  is the 

separation. The weak form of the momentum equation is: find V∈u such that  

 int 0kin ext cohW W W W Wδ δ δ δ δ= + − + =  0V∀ ∈v     (5.5) 

with 

 kinW dδ ρ
Ω

= ⋅ Ω∫ v u�� ,       (5.6) 

 int :W dδ
Ω

= ∇ Ω∫ v P ,        (5.7) 

 
t

extW d dδ ρ
Γ Ω

= ⋅ Γ + ⋅ Ω∫ ∫v T v b , and     (5.8) 
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Figure 5.1. The description of cohesive zone model: (a) free body diagram, (b) cohesive 
zone model: enlarged dashed area in free body diagram, (c) traction-seperation curve. 
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 a b
c

cohW dδ
Γ

= ⋅ Γ∫ v f        (5.9) 

where u  and v  are trial and test functions respectively and V  and 0V  are the 

approximation spaces for trial and test functions defined as 

 { }1( , ) | , on , discontinuous on u cV t H= ∈ = Γ Γu X u u u u  , and  (5.10) 

 { }1
0 ( ) | , 0 on , discontinuous on u cV H= ∈ = Γ Γv X v v v  .   (5.11) 

 The approximation displacement field is defined as 

 
1

( , ) ( ) ( )
n

h
i i

i
t t

=

= Ψ∑u X X u       (5.12) 

where ( )iΨ X  is the convex GMF approximation and ( )i tu  is the nodal displacement. 

Then, the test function becomes 

 
1

( ) ( )
n

h
i i

i=
= Ψ∑v X X v .       (5.13) 

Substituting hu  and hv  into the weak form of the momentum equation Eq (5.5), we 

obtain the semi-discretized equation as 

 { } { } { } { }intext coh
ij j i i iM F F F⎡ ⎤ = − −⎣ ⎦ u��      (5.14) 

where 

 T
ij i jM dρ

Ω
⎡ ⎤ = Ψ Ψ Ω⎣ ⎦ ∫ ,       (5.15) 

 { }
t

ext T T
i i iF d dρ

Γ Ω
= Ψ Γ+ Ψ Ω∫ ∫T b ,     (5.16) 

 { } ( )int T
i iF d

Ω
= ∇Ψ Ω∫ P  , and      (5.17) 

 { }
c

coh T
i iF d

Γ
= Ψ Γ∫ fc fd ge h .       (5.18) 
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For performing the integration of Eq. (5.15) - (5.17), the Gaussian integration scheme 

with background cells is utilized. Triangular element-type cells with one Gaussian 

integration point are used. Eq. (5.18) is obtained by the integration on the crack with one 

Gaussian integration point. The explicit time integration method, such as the central 

difference method, is used and mass matrix Eq. (5.15) is diagonalized by the row-sum 

technique [Belytschko 2000b]. It is noted that there is no need for the special boundary 

treatments, such as the Lagrange multiplier method or the penalty method, since the 

convex GMF approximation has the weak Kronecker delta property at the boundaries. 

 

5.1.2. Crack representation 

 The visibility criterion [Belytschko 1996] is used for representing the 

discontinuity. At every time step, the failure criterion is evaluated at every integration 

point (ξ ). At first, we consider a 1-D case as shown in Figure 5.2 for simplicity. Figure 

5.2(a) shows that the reference configurations of shape functions at each node and the 

influence domain 5( )ω ξ  of the fifth integration point ( 5ξ ) at t=0. The displacement at 

5ξ  is defined as 

 5 5
1

( , ) ( ) ( )
n

i i
i

u t u tξ ξ
=

= Ψ∑ .       (5.19) 

 The stress at 5ξ  reaches the maximum strength at ct t= . Figure 5.2(b) shows 

114



 
 
 
 

 
 

 

 

 
Figure 5.2. The description of visibility criterion in 1D problem: (a) at t=0, (b) before the 

crack is initiated at t=tc, (c) after the crack is initiated at t=tc. 
 

t = 0 

t = tc 

t = tc 
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that the shape functions and the influence domain right before the crack is initiated at 5ξ . 

After the crack is initiated at 5ξ  as shown in Figure 5.2(c), the influence domain 5( )ω ξ  

is split into two areas, upper area 5( )ω ξ+  and lower area 5( )ω ξ− , and nodes included in 

each area are redefined such that 5( )n ω ξ∈ , 5( )n ω ξ+ +∈ , 5( )n ω ξ− −∈  and 

n n n+ −= ∪ . It is noted that the shape functions are never reconstructed during analysis. 

Then, the displacement of 5ξ  can be expressed with two separated influence domains as 

 5 5( , ) ( ) ( )c c
i i

i n

u t u tξ ξ
+

+

∈

= Ψ∑ , and      (5.20) 

 5 5( , ) ( ) ( )c c
i i

i n

u t u tξ ξ
−

−

∈

= Ψ∑ .      (5.21) 

In general, these two values are not identical. The difference between these two values at  

ct t=  can be obtained by 

 5 5 5( , ) ( , ) ( , )c c c
c t u t u tδ ξ ξ ξ+ −= −       (5.22) 

which is the so-called critical opening displacement ( cδ ) described in Figure 5.2(c).  

 Basically, the critical opening displacement is the physical constant of a material. 

However, the critical opening displacement, Eq. (5.22), obtained by the visibility criterion, 

which is the numerical value, not the physical value. Papoulia and Sam described the 

traction inconsistency in time with the initially-rigid cohesive law in higher dimensions 

and proposed the remedy by introducing the activation opening displacement in order to 

match two tractions: one from continuum constitutive law and the other from cohesive 
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law [Papoulia 2003; Sam 2005]. In this research, the numerical critical opening 

displacement, Eq. (5.22), is used for matching two tractions from continuum constitutive 

law and from cohesive law. The general expression of the opening displacement (δ ) at 

the jth integration point in multi-dimension is expressed as 

 ( , ) ( , ) ( , )j j jt t t+ −= −δ ξ u ξ u ξ .      (5.23) 

 

5.1.3. Modified cohesive zone model 

 The effective traction ( efsT ) and the effective crack opening displacement ( efsδ ) 

[Camacho 1996; Ortiz 1999] are defined as 

 2 2
2

1
efs n tT T T

β
= + , and       (5.24) 

 2 2 2
efs n tδ δ β δ= +        (5.25) 

where the subscript n  and t  denote the normal and the tangential directions on the 

cracked surface ( cΓ ) respectively as described in Figure 5.1(b) and 0β ≥  is a 

parameter defined later. The normalized non-dimensional displacement jump (∆ ) and the 

critical displacement jump ( c∆ ) [Espinosa 2003; Tvergaard 1990] are introduced as 

 
2 2

2n t

nf tf

δ δγ
δ δ
⎛ ⎞ ⎛ ⎞

∆ = +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

, and      (5.26) 
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2 2

2nc tc
c

nf tf

δ δγ
δ δ
⎛ ⎞ ⎛ ⎞

∆ = +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

      (5.27) 

where the subscript c  and f  are the abbreviations of critical and failure respectively 

and 0γ ≥  is a parameter defined later. The failure opening displacement nfδ  and tfδ  

are material constants, but the critical opening displacement ncδ  and tcδ  are 

numerically obtained by the visibility criterion when the crack is initiated as described 

previously. The initially-rigid irreversible cohesive law shown in Figure 5.3 can be 

assumed as 

 
*

max
1( )
1efs

c

T T−∆
∆ =

−∆
       (5.28) 

where maxT  is the maximum strength of a material and *
maxmax( , )∆ = ∆ ∆  which 

describes the irreversibility of the cohesive law. Then, the failure criterion is defined as 

 max( ) 0efsT T∆ − ≥        (5.29) 

which is the traction-driven failure criterion. 

 Originally, the initially-rigid cohesive law was proposed with the interface 

elements in the FE framework [Camacho 1996; Ortiz 1999]. In the FE framework, the 

crack initiation and propagation occurs at nodes on the boundaries of elements. Hence, 

the critical opening displacement is always zero. However, in the meshfree method, the 

visibility criterion produces the positive non-zero critical opening displacement when the 
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Figure 5.3. Initially rigid irreversible cohesive law. 
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crack is initiated. Therefore, after the crack is initiated, the initially-elastic irreversible 

cohesive law with the critical opening displacement is adopted for the softening stage. 

This is the combined initially-rigid and initially-elastic irreversible cohesive law or the 

hybrid irreversible cohesive law. In other words, the initially-rigid cohesive law is used 

for the crack initiation and then it is switched to the initially-elastic irreversible cohesive 

law until the crack is separated completely. The initially-elastic irreversible cohesive laws 

of the normal and the tangential tractions shown in Figure 5.4(a) and (b) can be defined 

as 

 *

( )efs n
n

nf

T
T δ

δ
∆

=
∆

 , and       (5.30) 

 *

( )efs t
t

tf

T
T δα

δ
∆

=
∆

       (5.31) 

where 0α ≥  is a parameter defined later. 

 In the formulations above, there are three parameters, α , β  and γ . The 

relationship among those parameters can be found. By inserting Eq. (5.30) and (5.31) into 

Eq. (5.24) at ct t= , Eq. (5.24) becomes 

 
2 22( )efs nc tc

efs
c nf tf

T
T δ δα

δ β δ
⎛ ⎞ ⎛ ⎞∆ ⎛ ⎞

= +⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟∆ ⎝ ⎠⎝ ⎠ ⎝ ⎠
.     (5.32) 

Obviously, the square root term in Eq. (5.32) should become c∆  and is equal to Eq. 
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Figure 5.4. Initially elastic irreversible cohesive law: (a) normal component, (b) 

tangential component. 
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(5.27). Then, we obtain  

 αγ
β

= .         (5.33) 

By dividing Eq. (5.25) by nfδ , Eq. (5.25) becomes 

 
2 2 2

2efs tfn t

nf nf nf tf

δ δδ δβ
δ δ δ δ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
.     (5.34) 

Let efs

nf

δ
δ

∆ = , using Eq. (5.26) and Eq. (5.33), we have 

 2 tf

nf

δ
α β

δ
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

.        (5.35) 

The mode-I and mode-II energy release rates, IG  and IIG , which are the energies 

dissipated by fracture per unit new fracture surface area, are defined as the area 

underneath the cohesive law described in Figure 5.4. They are expressed as 

 max
1
2I nfG Tδ= , and       (5.36) 

 max
1
2II tfG Tδ α=  .       (5.37) 

By using Eq. (5.33), (5.35) – (5.37), we can obtain 

  tfII

I nf

G
G

δ αγ β
δ β
⎛ ⎞

= = =⎜ ⎟⎜ ⎟
⎝ ⎠

,      (5.38) 

 nfII

I tf

G
G

δ
α

δ
⎛ ⎞⎛ ⎞

= ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
, and       (5.39) 

 nfII

I tf

G
G

δ
β

δ
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

 or 1 tfI

II nf

G
G

δ
β δ

⎛ ⎞
= ⎜ ⎟⎜ ⎟

⎝ ⎠
.     (5.40) 
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The three parameters are closely related to each other. If α  is set to zero, then β  and 

γ  become zero too, which means that the tangential components of traction and 

displacement are ignored. 

 In the stress field, the principle stresses ( nT  and tT ) and the principle angle ( pθ ) 

can be obtained by the Mohr’s circle theory. If α  is zero, the perpendicular of the 

principle normal stress becomes the crack orientation, which is the Rankine criterion or 

the maximum normal stress criterion. However, if the tangential component is considered 

( 0α ≠ ), the crack orientation has to be adjusted. Let Eq. (5.24) redefine as 

 2 2( )efs n sT T T∆ = +        (5.41) 

where 1
s tT T

β
= . Figure 5.5 shows the failure criterion ( n sp p−  plane) overlaps on the 

crack tip in the 2D body. If the tangential traction is ignored, the point A in Figure 5.5 

becomes the failure point by the Rankine criterion with the principle angle ( pθ ) with 

respect to the global coordinate. If we consider the tangential traction ( sT ), the point B in 

Figure 5.5 becomes the new failure point and the angle ( tθ ) associated with the tangential 

traction ( sT ) can be defined as 

 tan s
t

n

T
T

θ = .        (5.42) 

At the moment the crack is initiated, maxefsT T=  and *
c∆ = ∆ . Thus, Eq. (5.41) with Eq. 

(5.28), Eq. (5.30) and Eq. (5.42) becomes 

123



 
 
 
 
 
 
 
 
 

 
Figure 5.5. The description of crack orientation. 
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2 2 2 2
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11 tan 1 tan
1

c nc
n s n t t

c c nf

T T T T Tδθ θ
δ

− ∆
= + = + = +

∆ −∆
.  (5.43) 

A simple algebra leads Eq. (5.43) to 

 
2

1tan 1nf
t c

nc

δ
θ

δ
−
⎡ ⎤⎛ ⎞⎢ ⎥= ± ∆ −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

.      (5.44) 

By recalling that efs

nf

δ
δ

∆ = , we can modify the displacement term in Eq. (5.44) with Eq. 

(5.25) as 

 
2

2 2 2 21 1nf efs nf tc
c nc tc

nc nf nc nc nc

δ δ δ δδ β δ β
δ δ δ δ δ

⎛ ⎞
∆ = = + = + ⎜ ⎟

⎝ ⎠
.   (5.45) 

Substituting Eq. (5.45) into Eq. (5.44), the angle ( tθ ) can be simplified as 

 1 1tan tantc s
t

nc n

T
T

δθ β
δ

− −⎛ ⎞ ⎛ ⎞
= ± =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

, 
2 2t
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.   (5.46) 

More specifically, 
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.   (5.47) 

The total angle (θ ) becomes 

 p tθ θ θ= + .        (5.48) 
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5.1.4. Crack initiation and propagation algorithm 

 The 2D crack initiation and propagation algorithm is described in Figure 5.6. In 

Figure 5.6(a), the solid dots are described nodes, the blank dots represents the integration 

points and the mesh with dashed lines are integration cells. The triangular element-like 

integration cell with one Gaussian integration point is used. The crack initiates or 

propagates one integration cell at a time.  

 For the crack initiation, stresses at all integration points are checked at every time 

step before they meet the failure criterion. When the failure criterion is met at certain 

integration point ( 1ξ ), the critical opening displacement ( cδ ) and the crack orientation 

( cn ) are then defined. The crack line is defined from one edge to the other edge through 

the integration point as shown in Figure 5.6(b). The crack orientation is defined in the 

reference configuration by Nanson’s law [Belytschko 2000b]. In general, there are three 

neighboring integration cells which share common edges with the cracked integration cell. 

Two of the neighboring integration cells become candidates for subsequent crack 

propagation. The remaining neighboring integration cell is excluded in the crack 

propagation. 

 When the stresses in any candidate integration cell reach the propagation 

criterion, the crack is propagated. Similarly to the crack initiation, the incipient crack line 
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Figure 5.6. The description of crack propagation (• : nodes, : integration points, : 
integration cells, : incipient crack line, : final crack line): (a) at t=0, (b) at the 

moment of crack initiated at t=tc1, (c) before the crack is propagated at t=tc2, (d) after the 
crack is propagated at t=tc2, (e) before the crack is propagated at t=tc3, (f) after the crack 

is propagated at t=tc3, (g) before the crack is propagated at t=tc4, (h) after the crack is 
propagated at t=tc4, (i) after the crack is propagated at t=tc5. 

(a) (b) (c)

(d)(e)(f) 

(g) (h) (i)

t = 0 t = tc1 t = tc2 

t = tc2 t = tc3t = tc3 

t = tc4 t = tc4 t = tc5 
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in crack propagation, which is the dashed line in Figure 5.6(c), is defined by the critical 

opening displacement ( cδ ) and the crack orientation ( cn ) at the integration point ( 2ξ ). 

However, the incipient crack line is offset to connect to the existing crack line. So, the 

final crack line becomes the solid line in Figure 5.6(d). Likewise, cracks are propagated 

continuously like Figure 5.6(e) through (i).  

 

5.2. Numerical fracture examples 

 The fracture simulations in 1D and 2D are performed to evaluate the 

performance of the GMF approximation in the fracture mechanics. In all problems, the 

GMF(exp) approximation with the cubic B-spline weight function is utilized. The one 

Gaussian quadrature point is used for calculating stresses at nodes in all the cases and 

tractions at crack points in the 2D cases. In addition, the tangential components for the 

crack initiation and propagation are not considered in the examples presented here. 

 

5.2.1. 1D fracture problems 

 At first, a 1D problem shown in Figure 5.7 is considered to study the mesh 

objectivity and support size effect. The left end of the rod is fixed at the wall and the 

impulsive loading ( 0.005v = ) is applied at the other end. The flaw exists initially in the 
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Figure 5.7. The description of 1D bar model. 
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middle of the rod and the fracture is occurred at that point. The rod length is 10L =  and 

it is discretized with 11 and 21 equally spaced nodes. The dimensionless unit system is 

adapted: Young’s modulus of the rod is 62 10E = ×  and the maximum strength and the 

failure opening displacement are max 200T =  and 0.005fδ =  respectively. The 

normalized support size 1.2a =  is adapted in the meshfree computation. Essentially, the 

responses of the rod should be the same regardless of model refinement or change of 

meshfree support size. 

 For comparison, five ways of representing cracks are utilized. They are based on 

damage mechanics, adaptive method, X-EFG method, cracking particle method, and 

visibility criterion method. The damage mechanics is a continuum mechanics approach 

with local degradation by the damage law. The X-EFG and the cracking particle methods 

are the enrichment-type methods. In these methods, the displacement field of the cracked 

nodes or integration cells is enriched by adding new degrees of freedom. In the visibility 

criterion method, the domain of influence is cut and modified to represent discontinuities 

in cracks. The meshfree shape functions are never reconstructed during the analysis 

period. In the adaptive method, the new degrees of freedom are added at cracked points 

by remeshing the model. Therefore, the shape functions are reconstructed and the field 

variables are mapped onto the remeshed nodes. 
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 The curves of the reaction force at the wall vs. the displacement of the right end 

rod are compared in Figure 5.8(a)-(f). In Figure 5.8(a), the responses of the damage 

mechanics are different when the mesh size is different, which means that the results 

from the damage mechanics is not objective in mesh size. The problem of mesh 

objectivity or sensitivity has been studied by investigators and some remedies are 

proposed [de Borst 1993; Chen 2000b]. The responses in other methods, X-EFG, cracking 

particle, visibility and adaptive methods, shown in Figure 5.8(b)-(e), are almost identical, 

which means they are mesh objective. 

 The support size effect is further studied in the visibility criterion method. The 

use of larger support size 2.2a =  in the visibility criterion method is clearly less 

accurate and displays sudden force drop and oscillations near the onset of the crack 

initiation as shown by the blue curve in Figure 5.8(f). This is due to the fact that the 

domain integration in the cracked media does not provide enough accuracy in the 

visibility criterion method. Some treatments, such as finer discretization and more 

background cells, can not resolve this problem. The noticeable error in the cracked media 

suggests that a special treatment is needed in these areas. A better accuracy can be 

achieved by the assumed strain method as shown by the red curve in Figure 5.8(f). The 

assumed strain for the cracked element is obtained by that the support size set to unity. 
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Figure 5.8. The reaction force – displacement responses of 1D bar problem: (a) using 
damage mechanics, (b) using adaptive method, (c) using XEFG method, (d) using 

cracking particle method, (e) using visibility criterion with a=1.2, (f) using visibility 
criterion with a=2.2. 
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Other treatments such as the coupled FEM/meshfree method can be considered as well. 

 

5.2.2. 2D fracture problems 

 In this section, two dynamic fracture experiments are simulated to compare crack 

growth in the experiment with one in the simulation. In examples, mode-I brittle fracture 

is assumed and uniform discretization with the GMF(exp) approximation is used. These 

are the early outputs of developing the fracture analysis with the modified cohesive zone 

model. The preliminary results of simulations show relatively good agreement with 

experimental results. 

 

5.2.2.1. Thin double notched plate under impulsive loading 

 In this example, the brittle fracture of thin steel plate under impact loading 

[Kalthoff 1987] is simulated. The thin plate with two notches is impacted by a projectile 

as described in Figure 5.9(a). The experimental results show that the thin steel plate is 

experienced only mode-I brittle fracture under specific impact velocity ( 0 33.0 /v m s= ) 

of the projectile. The material properties of high strength steel plate (maraging steel type 

18Ni1900) are taken as: Young’s modulus (E) = 190 GPa, density ( ρ ) = 8000 3/kg m , 

Poisson’s ration (ν ) = 0.3, and critical stress intensity factor ( IcK ) = 68 MPa m . The 
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Figure 5.9. The description of thin double notched plate model: (a) test setup, (b) 
discretized half plate model with integration cells. 

(b)
(a) 
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fracture energy ( FG ) for the plane strain becomes 22.1 2/KJ m . The maximum strength 

( maxT ) is 824 MPa  and the corresponding failure crack opening normal displacement 

( nfδ ) is 0.054 mm . Due to the symmetry, only half of the plate is modeled and discretized 

with 441 uniformly distributed nodes as shown in Figure 5.9(b). It is also assumed that 

the projectile has the same elastic impedance as the plate and thus the impact velocity of 

the plate is half that of the projectile. The simulation result is shown in Figure 5.10. The 

blue and the red lines represent the notch and the crack lines respectively. Each symbol 

indicates the crack tip measured at different time frame. The crack has an average angle 

of 65° , which agrees with the experimental value of 70° . 

 

5.2.2.2. Three point bending test 

 The three point bending test of a concrete beam is simulated and compared with 

the experiment results [John 1990]. The concrete beam is simply supported and subjected 

to an impact force. The impact force ( 0 0.05 /v m s= ) is applied at the middle of the 

beam as described in Figure 5.11(a). The beam has a notch with the distance sηA  from 

its center and η  is the offset ratio with values: η  = 0, 0.5, and 0.7. The material 

properties of concrete are taken as: Young’s modulus (E) = 29GPa, density ( ρ ) = 

2400 3/kg m , Poisson’s ration (ν ) = 0.2, and the fracture energy ( FG ) = 31.1 2/J m  
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Figure 5.10. The numerical result of crack propagation (each symbol indicates crack 
propagation time). 
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(a) 

 

 

(b) 

Figure 5.11. The description of three point bending test model: (a) test setup, (b) 

discretized beam model with a notch at center. 
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[Ruiz 2001]. The maximum strength ( maxT ) = 8 MPa  and the corresponding failure crack 

opening normal displacement ( nfδ ) is 0.0078 mm . The concrete beam is modeled with 

816 regularly distributed nodes as shown in Figure 5.11(b). When η  = 0, only mode-I 

fracture is shown. mixed-mode fractures are occurred when η  = 0.5 and 0.7. The 

fracture patterns in experiments are shown in Figure 5.12 [John 1990]. The crack 

propagation angles from the vertical notch line in the experiments are 0° , 22°  and 

30°  for 0η = , 0.5η =  and 0.7η =  respectively. The numerical results are shown in 

Figure 5.13. The crack angles are 0° , 24°  and 33°  for 0η = , 0.5η =  and 0.7η =  

respectively, which agrees with the experimental values. The numerical crack patterns are 

similar to the ones observed in the experimental results until the crack height of 50 mm . 

After that, the numerical crack patterns are somewhat deviated from the experimental 

results, which is caused by stress locking probably. The study about its remedy is ongoing. 
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Figure 5.12. The experimental results of crack propagation [John 1990]. 

 
 

 
Figure 5.13. The numerical results of crack propagation (three independent cases are 

plotted in one plot). 
 

0η = 0.5η = 0.7η =
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Chapter 6 − Conclusion and Future Research 

 

6.1. Conclusion 

 This research presents the GMF approximation, a new approach in the 

construction of meshfree approximation, to improve the accuracy and efficiency in the 

conventional meshfree methods for the solid and fracture analyses. 

 The GMF approximation introduces an enriched basis function in the original 

Shepard’s method. This enriched basis function is introduced to meet the linear or higher-

order reproducing conditions as well as to offer a great flexibility on the control of 

smoothness and convexity of the approximation. The basis function can be translated or 

blended with other functions to generate a specific approximation either locally or 

globally within the approximation domain. The basis function is then corrected to satisfy 

the reproducing conditions. Since the basis function could be a nonlinear algebraic 

function or certain combinations of functions, a nonlinear solving scheme such as 

Newton’s method is employed to obtain the solution. Several convex and non-convex 

approximations are obtained using the proposed method including their degeneration to 

the well-known MLS, RK and ME approximations. 
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 To impose the essential boundary conditions for the non-convex approximations 

such as MLS and RK approximations, a blending function is proposed in conjunction 

with the polynomial basis function. This blending function can be viewed as a blending 

of transition functions that enforces the non-convex approximation to become a convex 

approximation near the boundary nodes such that the weak Kronecker-delta property is 

guaranteed. Two possible ways to construct the higher-order GMF approximation are 

also introduced. One is to minimize the residual error in higher-order constraints and the 

other is to minimize the negative effects by using the relaxation function. The former is 

developed for the convex approximation and the latter is for the non-convex 

approximation. Both methods generate the approximations satisfying the Kronecker-delta 

condition at the boundaries. 

 The performance of the GMF approximation is evaluated by several analytical 

and numerical benchmark problems and is summarized as follows: 

(1)  The interpolant error of the convex GMF approximation is not affected by the 

support size and is lower than the one of the non-convex GMF approximation. Compared 

to the finite element method using linear approximation, the meshfree method using the 

GMF approximations displays higher accuracy due to the smoothness and non-local 

nature of the approximation. Especially, the convex GMF approximation behaves more 
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robust than the non-convex GMF approximation in terms of support size and 

discretization effects in the large deformation. 

(2) The enforcement of essential boundary condition using strictly convex or 

partially convex GMF approximation near the boundary is straightforward and easier 

than traditional meshfree methods. As a result, the GMF approximation improves the 

efficiency in meshfree analysis in terms of the CPU cost. 

(3) To demonstrate the effectiveness of the GMF approximation in solving the wave 

characteristic of the problem using the higher-order GMF approximation, a one-

dimensional homogeneous Helmholtz equation is solved. The results show that when the 

approximation contains the solution of the homogenized Helmholtz equation, the 

discretization error can be greatly reduced. 

(4) It is confirmed that, in the foam compression simulations, the performance of 

meshfree methods is superior to the one of FEM. The results also show that the convex 

approximation behave more robust than non-convex approximation in handling large 

material distortion. Moreover, the GMF(atan) approximation behaves the best among 

other basis functions. 

(5) The dispersion errors in meshfree analysis using lumped mass are increasing as 

the support size is getting larger, and there is no notable difference between various 
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meshfree approximations in spatial semi-discretization. In full-discretization, the 

meshfree analysis using the GMF approximation shows stable behavior regardless of the 

wide support size. On the other hand, the MLS approximation with transformation 

method tends to become unstable as the support size becomes larger or the discretization 

becomes irregular.  

(6) The critical time step of the GMF approximation computed by the maximal 

eigenvalue of the problem with lumped mass fairly estimates the stable time step in the 

meshfree analysis and is larger than the one in FEM. The boundary treatment by local-

convexity in the non-convex GMF approximation does not affect the stable time step in 

the meshfree analysis, unlike in the conventional meshfree methods. The effect on time 

step by the negative eigenvalue at integration points near boundary area needs to be 

studied more. 

(7) The use of conventional meshfree approximations with optimal mass lumping 

may result in non-positive definite mass matrix when the domain is irregularly discretized. 

However, the use of the GMF approximation will always result in positive nodal masses. 

(8) For the fracture analysis, the modified cohesive zone model with visibility 

criterion and crack initiation and propagation algorithm in the meshfree method are 

proposed. The mesh objectivity of cohesive zone model in meshfree methods is 
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confirmed by 1D fracture examples. Promising preliminary results are obtained in 2D 

fracture examples.  

 

6.2. Future research 

 Based on the results of this research, the follow topics are recommended for 

follow-on future research: 

(1) Although there is no theoretical difficulty in demonstrating that the GMF 

approximation bears the weak Kronecker-delta property at boundaries in 3D, a rigorous 

derivation and prove are strongly recommend to complete the theoretical development. 

(2) The boundary treatments for other conditions, such as contacts, in meshfree 

methods are required to be studied further.  

(3) The remedy for reducing the dispersion errors in meshfree analysis using lumped 

mass is recommended as part of the follow-on work.  

(4) The modified cohesive zone model needs to be more refined by some parametric 

studies for mode-I and mode-II fractures. Additional study for the algorithm of crack 

initiation and growth is required to simulate higher dimensional fracture analysis. 

 

144



References 

 

Agmon N, Alhassid Y, Levine RD, 1979, “An algorithm for finding the distribution of 
maximal entropy”, Journal of Computational Physics 30 pp. 250-258. 

Alhassid Y, Agmon N, Levine RD, 1978, “An upper bound for the entropy and its 
application to the maximal entropy problem”, Chemical Physics Letters 53(1) pp. 22-
26. 

Arroyo M, Ortiz M, 2006, “Local maximum-entropy approximation schemes: a seamless 
bridge between finite elements and meshfree methods”, International Journal for 
Numerical Methods in Engineering 65 pp. 2167-2202. 

Babuska I, Melenk JM, 1997, “The partition of unity method”, International Journal for 
Numerical Methods in Engineering 40 pp. 727-758. 

Barenblatt GI, 1959, “The formulation of equilibrium cracks during brittle fracture. 
general ideals and hypotheses. axially-symmetric cracks”, Prikladnaya Matematika i 
Mekhanika (PMM) 23(5) pp. 434-444 (in Russian); Journal of Applied Mathematics 
and Mechanics 23 pp. 622-636 (English Translation). 

Barenblatt GI, 1962, “The mathematical theory of equilibrium cracks in brittle fracture”, 
Advances in Applied Mechanics, eds. Dryden HL, von Karman T, Academic Press, 
New York, Vol. VII, pp. 55-125. 

Bashkirov AG, 2004, “Maximum Renyi entropy principle for systems with power-law 
Hamiltonians”, Physical Review Letters, 93(13) pp. 130601. 

Bashkirov AG, 2006, “Renyi entropy as a statistical entropy for complex systems”, 
Theoretical and Mathematical Physics, 149(2) pp. 1559-1573. 

Bazant ZP, Oh BH, 1983, “Crack band theory for fracture of concrete”, Materiaux et 
Constructions 16(93) pp. 155-177. 

Belikov VV, Ivanov VD, Kontorovich VK, Korytnik SA, Semenov AY, 1997, “The non-
Sibsonian interpolation: a new method of interpolation of the values of a function on 
an arbitrary set of points”, Computational Mathematics and Mathematical Physics 
37(1) pp. 9-15. 

Belytschko T, Gu L, Lu YY, 1994a, “Fracture and crack growth by element free Galerkin 
methods”, Modelling and Simulation in Materials Science and Engineering 2 pp. 519-
534. 

Belytschko T, Lu YY, Gu L, 1994b, “Element-free Galerkin methods”, International 
Journal for Numerical Methods in Engineering 37(2) pp. 229-256. 

Belytschko T, Lu YY, Gu L, 1995a, “Crack propagation by element-free Galerkin 

145



methods”, Engineering Fracture Mechanics 51(2) pp. 295-315. 

Belytschko T, Organ D, Krongauz Y, 1995b, “A coupled finite element-element-free 
Galerkin method”, Computational Mechanics 17 pp. 186–195. 

Belytschko T, Krongauz Y, Organ D, Fleming M, Krysl P, 1996, “Meshless methods: an 
overview and recent developments”, Computer Methods in Applied Mechanics and 
Engineering 139 pp. 3-47. 

Belytschko T, Guo Y, Liu WK, Xiao SP, 2000a, “A unified stability analysis of meshless 
particle methods”, International Journal for Numerical Methods in Engineering 48 pp. 
1359-1400. 

Belytschko T, Liu WK, Moran B, 2000b, Nonlinear finite elements for continua and 
structures, Wiley, NY, USA. 

Belytschko T, Organ D, Gerlach C, 2000c, “Element-free Galerkin methods for dynamic 
fracture in concrete”, Computer Methods in Applied Mechanics and Engineering 187 
pp. 385-399.  

Belytschko T, Chen H, Xu J, Zi G, 2003, “Dynamic crack propagation based on loss of 
hyperbolicity and a new discontinuous enrichment”, International Journal for 
Numerical Methods in Engineering 58 pp. 1873-1905. 

Bordas S, Rabczuk T, Zi G, 2008, “Three-dimensional crack initiation, propagation, 
branching and junction in non-linear materials by an extended meshfree method 
without asymptotic enrichment”, Engineering Fracture Mechanics 75 pp. 943-960. 

Boyd S, Vandenberghe L, 2004, Convex optimization, Cambridge University Press, 
Cambridge, UK. 

Brighenti R, 2005, “Application of the element-free Galerkin meshless method to 3-D 
fracture mechanics problems”, Engineering Fracture Mechanics 72 pp. 2808-2820. 

Brody DC, Buckley IRC, Constantinou IC, 2007, “Option price calibration from Renyi 
entropy”, Physics Letter A, 366 pp. 298-307. 

Camacho GT, Ortiz M, 1996, “Computational modeling of impact damage in brittle 
materials”, International Journal of Solids and Structures 33 pp. 2899-2938. 

Chandra N, Li H, Shet C, Ghonem H, 2002, “Some issues in the application of cohesive 
zone models for metal-ceramic interfaces”, International Journal of Solids and 
Structures 39 pp. 2827-2855. 

Chen JS, Pan C, Wu CT, Liu WK, 1996, “Reproducing kernel particle methods for large 
deformation analysis of non-linear structures”, Computer Methods in Applied 
Mechanics and Engineering 139 pp. 195-227. 

Chen JS, Wang HP, 2000a, “New boundary condition treatments in meshfree computation 
of contact problems”, Computer Methods in Applied Mechanics and Engineering 187 
pp. 441-468. 

146



Chen JS, Wu CT, Belytschko T, 2000b, “Regularization of material instabilities by 
meshfree approximations with intrinsic length scales”, International Journal for 
Numerical Methods in Engineering 47 1303-1322. 

Chen JS, Wu CT, Yoon S, You Y, 2001, “A stabilized conforming nodal integration for 
Galerkin mesh-free methods”, International Journal for Numerical Methods in 
Engineering 50 pp. 435-466. 

Chen JS, Hu W, Hu HY, 2008, “Reproducing kernel enhanced local radial basis 
collocation method”, International Journal for Numerical Methods in Engineering 75 
pp. 600-627.  

Chen YP, Lee JD, Eskandarian A, 2006, Meshless methods in solid mechanics, Springer, 
NY, USA. 

Christon MA, Voth TE, 2000, “Results of von Neumann analyses for reproducing kernel 
semi-discretizations”, International Journal for Numerical Methods in Engineering 47 
pp. 1285-1301. 

Cyron CJ, Arroyo M, Ortiz M, 2009, “Smooth, second order, non-negative meshfree 
approximants selected by maximum entropy”, International Journal for Numerical 
Methods in Engineering 79 pp. 1605-1632. 

de-Andres A, Perez JL, Ortiz M, 1999, “Elastoplastic finite element analysis of three-
dimensional fatigue crack growth in a aluminum shafts subjected to axial loading”, 
International Journal of Solids and Structures 36 pp. 2231-2258. 

de Borst R, Sluys LJ, Muhlhaus HB, Pamin J, 1993, “Fundamental issues in finite 
element analyses of localization of deformation”, Engineering Computations 10 pp. 
99-121. 

de Borst R, Wells GN, Sluys LJ, 2001, “Some observations on embedded discontinuity 
models”, Engineering Computations 18 pp. 241-254. 

de Borst R, 2003, “Numerical aspects of cohesive-zone models”, Engineering Fracture 
Mechanics 70 pp. 1743-1757. 

Dienes JK, 1986, “Comments on ‘A generalized Griffith criterion for crack propagation’ 
by L. G. Margolin”, Engineering Fracture Mechanics 23(3) pp. 615-617. 

Duchon J, 1977, “Splines minimizing rotation-invariant semi-norms in Sobolev spaces”, 
Constructive Theory of Functions of Several Variables, eds. Schempp W, Zeller K, 
Oberwolfach, Germany, 1976; Lecture Notes in Mathematics 571 pp. 85-100. 

Dugdale DS, 1960, “Yielding of steel sheets containing slits”, Journal of the Mechanics 
and Physics of Solids 8 pp. 100-104. 

Espinosa HD, Zavattieri PD, 2003, “A grain level model for the study of failure initiation 
and evolution in polycrystalline brittle materials. part I: theory and numerical 
implementation”, Mechanics of Materials 35 pp. 333-364. 

147



Falk ML, Needleman A, Rice JR, 2001, “A critical evaluation of dynamic fracture 
simulations using cohesive surface”, Journal de Physique IV 11(Pr 5) pp. 43-50. 

Fasshauer G, 2006, “Meshfree methods”, Handbook of Theoretical and Computational 
Nanotechnology, eds. Rieth M, Schommers W, American Scientific Publishers, 
Valencia, CA, pp. 33-97. 

Fleming M, Chu YA, Moran B, Belytschko T, 1997, “Enriched element-free Galerkin 
methods for crack tip fields”, International Journal for Numerical Methods in 
Engineering 40 pp.1483-1504. 

Gao H, Klein P, 1998, “Numerical simulation of crack growth in an isotropic solid with 
randomized internal cohesive bonds”, Journal of the Mechanics and Physics of Solids 
46(2) pp. 187-218. 

Geubelle PH, Baylor JS, 1998, “Impact-induced delamination of composites: a 2D 
simulation”, Composites Part B 29B pp. 589-602. 

Gingold RA, Monaghan JJ, 1977, “Smoothed particle hydrodynamics: theory and 
application to non-spherical stars”, Monthly Notices of the Royal Astronomical Society 
181 pp. 375-389. 

Gosz J, Liu WK, 1996, “Admissible approximations for essential boundary conditions in 
the reproducing kernel particle method”, Computational Mechanics 19 pp. 120-135. 

Gu L, 2003, “Moving kriging interpolation and element-free Galerkin method”, 
International Journal for Numerical Methods in Engineering 56 pp. 1-11. 

Guinea GV, Planas J, Elices M, 1994, “A general bilinear fit for the softening curve of 
concrete”, Materials and Structures 27 pp. 99-105.  

Gdoutos EE, 2005, Fracture mechanics, Springer, Dordrecht, The Netherlands. 

Hallquist JO, 2006, LS-DYNA® theory manual, LSTC, CA, USA. 

Han W, Meng X, 2001, “Error analysis of the reproducing kernel particle method”, 
Computer Methods in Applied Mechanics and Engineering 190 pp. 6157-6181. 

Hansbo A, Hansbo P, 2004, “A finite element method for the simulation of strong and 
weak discontinuities in solid mechanics”, Computer Methods in Applied Mechanics 
and Engineering 193 pp. 3523-3540. 

Hardy RL, 1971, “Multiquadric equations of topography and other irregular surfaces”, 
Journal of Geophysical Research 176 pp. 1905-1915. 

Hero AO, Michael O, Gorman J, 2002, “Alpha-divergences for classification, indexing 
and retrieval”, Technical Report CSPL-328, Communications and Signal Processing 
Laboratory, The University of Michigan, June 2002. 

Hill R, 1962, “Acceleration waves in solids”, Journal of the Mechanics and Physics of 
Solids 10 pp. 1-16. 

148



Hillerborg A, Modeer M, Peterson PE, 1976, “Analysis of crack formation and crack 
growth in concrete by means of fracture mechanics and finite elements”, Cement and 
Concrete Research 6 pp. 773-782. 

Hobson MP, Lasenby AN, 1998, “The entropic prior for distributions with positive and 
negative values”, Monthly Notices of the Royal Astronomical Society 298 pp. 905-908. 

Hu HY, Chen JS, Hu W, 2007, “Weighted radial basis collocation method for boundary 
value problems”, International Journal for Numerical Methods in Engineering 69 pp. 
2736-2757. 

Huerta A, Fernandez-Mendez S, 2000, “Enrichment and coupling of the finite element 
and meshless method”, International Journal for Numerical Methods in Engineering 
48 pp. 1615–1636. 

Jaynes ET, 1957, “Information theory and statistical mechanics”, Physical Review 106(4) 
pp. 620-630. 

Jaynes ET, 1963, “Information theory and statistical mechanics”, Statistical Physics, ed. 
Ford K, Benjamin, New York, pp. 181-218. 

Jaynes ET, 1979, “Concentration of distributions at entropy maxima”, E. T. Jaynes: 
Papers on Probability, Statistics and Statistical Physics, ed. Rosenkrantz RD, D. 
Reidel Publishing, Dordrecht, pp. 315. 

Jirasek M, 2000, “Comparative study on finite elements with embedded discontinuities”, 
Computer Methods in Applied Mechanics and Engineering 188 pp. 307-330. 

Jirasek M, Belytschko T, 2002, “Computational resolution of strong discontinuities”, 
Proceedings of the Fifth World Congress on Computational Mechanics (WCCM V), 
eds. Mang HA, Rammerstorfer FG, Eberhardsteiner J, Vienna, Austria. 

John R, Shah SP, 1990, “Mixed-mode fracture of concrete subjected to impact loading”, 
Journal of Structural Engineering 116(3) pp. 585-602. 

Kaljevic I, Saigal S, 1997, “An improved element free Galerkin formulation”, 
International Journal for Numerical Methods in Engineering 40 pp. 2953-2974. 

Kalthoff JF, Winkler S, 1988, “Failure mode transition at high rates of shear loading”, 
International Conference on Impact Loading and Dynamic Behavior of Materials 1 pp. 
185-195. 

Khinchin AI, 1953, “The entropy concept in probability theory”, Uspekhi 
Mathematicheskikh Nauk 8(3) pp. 2-30 (in Russian); Mathematical foundations of 
Information Theory, Dover, New York, 1957 (English translation). 

Klein P, Gao H, 1998, “Crack nucleation and growth as strain localization in a virtual-
bond continuum”, Engineering Fracture Mechanics 61 pp. 21-48. 

Klein PA, Foulk JW, Chen EP, Wimmer SA, Gao HJ, 2001, “Physics-based modeling of 
brittle fracture: cohesive formulations and the application of meshfree methods”, 

149



Theoretical and Applied Fracture Mechanics 37 pp. 99-166. 

Krongauz Y, Belytschko T, 1996, “Enforcement of essential boundary conditions in 
meshless approximations using finite elements”, Computer Methods in Applied 
Mechanics and Engineering 131 pp. 133-145. 

Krysl P, Belytschko T, 1999, “The element free Galerkin method for dynamic 
propagation of arbitrary 3-D cracks”, International Journal for Numerical Methods in 
Engineering 44 pp.767-800. 

Kubair DV, Geubelle PH, 2003, “Comparative analysis of extrinsic and intrinsic cohesive 
models of dynamic fracture”, International Journal of Solids and Structures 40 pp. 
3853-3868. 

Kullback S, Leibler RA, 1951, “On information and sufficiency”, The annals of 
Mathematical Statistics 22 pp. 79-86. 

Lancaster P, Salkauskas K, 1981, “Surfaces generated by moving least squares methods”, 
Mathematics of Computation 37 pp. 141-158. 

Li S, Simonsen CB, 2005, “Meshfree simulations of ductile crack propagations”, 
International Journal for Computational Methods in Engineering Science and 
Mechanics 6 pp. 1-19.  

Li S, Liu WK, 2007, Meshfree particle methods, Springer, NY, USA. 

Liu GR, 2002, Mesh free methods: moving beyond the finite element method, CRC Press, 
NY, USA. 

Liu GR, Gu YT, 2005, An introduction to meshfree methods and their programming, 
Springer, NY, USA. 

Liu WK, Jun S, Li S, Adee J, Belytschko T, 1995a, “Reproducing kernel particle methods 
for structural dynamics”, International Journal for Numerical Methods in Engineering 
38 pp. 1655-1679. 

Liu WK, Jun S, Zhang YF, 1995b, “Reproducing kernel particle methods”, International 
Journal for Numerical Methods in Fluids 20 pp. 1081-1106.  

LSTC, 2007, LS-DYNA® keyword user’s manual, Version 971, LSTC, CA, USA. 

Lu YY, Belytschko T, Gu L, 1994, “A new implementation of the element free Galerkin 
method”, Computer Methods in Applied Mechanics and Engineering 113 pp. 397-414. 

Lubliner J, 1972, “On the thermodynamic foundations of non-linear solid mechanics”, 
International Journal of Non-Linear Mechanics 7 pp. 237-254. 

Lubliner J, 1973, “On the structure of the rate equations of materials with internal 
variables”, Acta Mechanica 17 pp. 109-119. 

Lucy L, 1977, “A numerical approach to testing the fission hypothesis”, The 
Astronomical Journal 82 pp. 1013–1024. 

150



Madych WR, Nelson SA, 1992, “Bounds on multivariate polynomials and exponential 
error estimates for multiquadric interpolation”, Journal of Approximation Theory 70 pp. 
94–114. 

Madych WR, Nelson SA, 1990, “Multivariate interpolation and conditionally positive 
definite functions. II”, Mathematics of Computation 54(189) pp. 211–230. 

Malkus DS, Plesha ME, 1986, “Zero and negative masses in finite element vibration and 
transient analysis”, Computer Methods in Applied Mechanics and Engineering 59 pp. 
281-306. 

Margolin LG, 1984, “A generalized Griffith criterion for crack propagation”, Engineering 
Fracture Mechanics 19(3) pp. 539-543. 

Melenk JM, Babuska I, 1996, “The partition of unity finite element method: basic theory 
and applications”, Computer Methods in Applied Mechanics and Engineering 139 pp. 
289-314. 

Moes N, Belytschko T, 2002, “Extended finite element for cohesive crack growth”, 
Engineering Fracture Mechanics 69 pp. 813-833. 

Nayroles B, Touzot G, Villon P, 1992, “Generalizing the finite element method: diffuse 
approximation and diffuse elements”, Computational Mechanics 10 pp. 307-318. 

Needleman A, 1987, “A continuum model for void nucleation by inclusion debonding”, 
Journal of Applied Mechanics 54 pp. 525-531. 

Needleman A, 1990, “An analysis of decohesion along an imperfection interface”, 
International Journal of Fracture 42 pp. 21-40. 

Oliver J, 1989, “A consistent characteristic length for smeared cracking models”, 
International Journal for Numerical Methods in Engineering 28 pp. 461-474. 

Oliver J, Huespe AE, Sanchez PJ, 2006, “A comparative study on finite elements for 
capturing strong discontinuities: E-FEM vs X-FEM”, Computer Methods in Applied 
Mechanics and Engineering 195 pp. 4732-4752. 

Ortiz M, Pandolfi A, 1999, “Finite-deformation irreversible cohesive elements for three-
dimensional crack-propagation analysis”, International Journal for Numerical 
Methods in Engineering 44 pp. 1267-1282. 

Papoulia KD, Sam CH, Vavasis SA, 2003, “Time continuity in cohesive finite element 
modeling”, International Journal for Numerical Methods in Engineering 58 pp. 679-
701. 

Peerlings RHJ, de Borst R, Brekelmans WAM, Geers MGD, 1998, “Gradient-enhanced 
damage modeling of concrete fracture”, Mechanics of Cohesive-Frictional Materials 3 
pp. 323-342. 

Planas J, Elices M, 1991, “Nonlinear fracture of cohesive materials”, International 
Journal of Fracture 51 pp. 139-157. 

151



Planas J, Elices M, Guinea GV, Gomez FJ, Cendon DA, Arbilla I, 2003, “Generalizations 
and specialization of cohesive crack models”, Engineering Fracture Mechanics 70 pp. 
1759-1776. 

Powell MJD, 1992, “The theory of radial basis function approximation in 1990”, 
Advances in Numerical Analysis, ed. Light W, Oxford University Press, Oxford, UK, 
pp. 303-322. 

Press WH, Teukolsky SA, Vetterling WT, Flannery BP, 1992, Numerical recipes in 
fortran: the art of scientific computing, Cambridge University Press, New York. 

Rabczuk T, Belytschko T, 2004, “Cracking particles: a simplified meshfree method for 
arbitrary evolving cracks”, International Journal for Numerical Methods in 
Engineering 61 pp. 2316-2343. 

Rabczuk T, Belytschko T, 2006a, “Application of particle methods to static fracture 
reinforced concrete structures”, International Journal of Fracture 137 pp. 19-49. 

Rabczuk T, Xiao SP, Sauer M, 2006b, “Coupling of mesh-free methods with finite 
elements: basic concepts and test results”, Communications in Numerical Methods in 
Engineering 22 pp. 1031-1065. 

Rabczuk T, Belytschko T, 2007a, “A three-dimensional large deformation meshfree 
method for arbitrary evolving cracks”, Computer Methods in Applied Mechanics and 
Engineering 196 pp. 2777-2799. 

Rabczuk T, Zi G, 2007b, “A meshfree method based on the local partition od unity for 
cohesive cracks”, Computational Mechanics 39 pp. 743-760. 

Rabczuk T, Bordas S, Zi G, 2008a, ”On three-dimensional modeling of crack growth 
using partition of unity methods”, Computers and Structures DOI: 
10.1016/j.compstruc.2008.08.010. 

Rabczuk T, Zi G, Bordas S, Nguyen-Xuan H, 2008b, “A geometrically non-linear three-
dimensional cohesive crack method for reinforced concrete structures”, Engineering 
Fracture Mechanics 75 pp. 4740-4758. 

Rabczuk T, Song JH, Belytschko T, 2009, “Simulations of instability in dynamic fracture 
by the cracking particles method”, Engineering Fracture Mechanics 76 pp. 730-741. 

Remmers JJC, de Borst R, Needleman A, 2003, “A cohesive segments method for the 
simulation of crack growth”, Computational Mechanics 31 pp. 69-77. 

Remmers JJC, de Borst R, Needleman A, 2008, “The simulation of dynamic crack 
propagation using the cohesive segments method”, Journal of the Mechanics and 
Physics of Solids 56 pp. 70-92. 

Renyi A, 1961, “On measures of entropy and information”, Proceedings of the 4th 
Berkeley Symposium on Mathematical Statistics and Probability 1 pp. 547-561. 

Rice JR, 1968a, “A path independent integral and the approximate analysis of strain 

152



concentration by notches and cracks”, Journal of Applied Mechanics 35 pp. 379-386. 

Rice JR, 1968b, “Mathematical analysis in the mechanics of fracture”, Fracture: An 
Advanced Treatise (Chapter 3), ed. Liebowitz H, Academic Press, New York, pp. 191-
311. 

Rice JR, 1976, “The Localization of Plastic Deformation”, Proceedings of the 14th 
International Congress on Theoretical and Applied Mechanics, ed. Koiter WT, Delft, 
1976; Theoretical and Applied Mechanics, North-Holland Publishing Co., Vol. 1, pp. 
207-220.  

Rose JH, Ferrante J, Smith JR 1981, “Universal binding energy curves for metals and 
bimetallic interfaces”, Physical Review Letters 47(9) pp. 675-678. 

Rots JG, 1991, “Smeared and discrete representations of localized fracture”, International 
Journal of Fracture 51 pp. 45-59. 

Ruiz G, Pandolfi A, Ortiz M, 2001, “Three-dimensional cohesive modeling of dynamic 
mixed-mode fracture”, International Journal for Numerical Methods in Engineering 
52 pp. 97-120. 

Sam CH, Papoulia KD, Vavasis SA, 2005, “Obtaining initially rigid cohesive finite 
element models that are temporally convergent”, Engineering Fracture Mechanics 72 
pp. 2247-2267. 

Schellekens JCJ, de Borst R, 1993, “On the numerical integration of interface elements”, 
International Journal for Numerical Methods in Engineering 36 pp. 43-66. 

Shannon CE, 1948, “A mathematical theory of communication”, The Bell Systems 
Technical Journal 27 pp. 379-423. 

Shepard D, 1968, “A two-dimensional interpolation function for irregularly-spaced data”, 
Proceedings of the 1968 ACM National Conference, New York, pp. 517-524, DOI: 
10.1145/800186.810616. 

Shore JE, Johnson RW, 1980, “Axiomatic derivation of the principle of maximum 
entropy and the principle of maximum cross-entropy”, IEEE Transactions on 
Information Theory IT-26(1) pp. 26-37. 

Sivia DS, Skilling J, 2006, Data analysis: a Bayesian tutorial, Oxford University Press, 
NY, USA. 

Skilling J, Street S, 1988, “The axioms of maximum entropy”, Maximum Entropy and 
Bayesian Methods in Science and Engineering, eds. Erickson GJ, Smith CR, Kluwer 
Academic Publisher, Dordrecht, Vol. I, pp. 173-187. 

Skilling J, 1989, “Classic maximum entropy”, Maximum Entropy and Bayesian Methods, 
ed. Skilling J, Kluwer Academic Publisher, Dordrecht, pp. 45-52. 

Song JH, Areias PMA, Belytschko T, 2006, “A method for dynamic crack and shear band 
propagation with phantom nodes”, International Journal for Numerical Methods in 

153



Engineering 67 pp. 868-893. 

Song JH, Belytschko T, 2009, “Cracking node method for dynamic fracture with finite 
elements”, International Journal for Numerical Methods in Engineering 77 pp. 360-
385. 

Soparat P, Nanakorn P, 2008, “Analysis of cohesive crack growth by the element-free 
Galerkin method”, Journal of Mechanics 24(1) pp. 45-54. 

Stolarska M, Chopp DL, Moes N, Belytschko T, 2001, “Modeling crack growth by level 
sets in the extended finite element method”, International Journal for Numerical 
Methods in Engineering 51 pp. 943-960. 

Sukumar N, Moran B, Black T, Belytschko T, 1997, “An element-free Galerkin method 
for three-dimensional fracture mechanics”, Computational Mechanics 20 pp. 170-175. 

Sukumar N, 2004, “Construction of polygonal interpolants: a maximum entropy 
approach”, International Journal for Numerical Methods in Engineering 61 pp. 2159-
2181. 

Sukumar N, Wets RJB, 2007a, “Deriving the continuity of maximum-entropy basis 
functions via variational Analysis”, SIAM Journal of Optimization 18(3) pp. 914-925. 

Sukumar N, Wright RW, 2007b, “Overview and construction of meshfree basis functions: 
from moving least squares to entropy approximants”, International Journal for 
Numerical Methods in Engineering 70 pp. 181-205. 

Sun Y, Hu YG, Liew KM, 2007, “A mesh-free simulation of cracking and failure using 
the cohesive segments method”, International Journal of Engineering Science 45 pp. 
541-553. 

Tagliani A, 2000, “Existence and stability of a discrete probability distribution by 
maximum entropy approach”, Applied Mathematics and Computation 110 pp. 105-114. 

Timoshenko SP, Goodier JN, 1970, Theory of Elasticity, McGraw-Hill, NY, USA. 

Tvergaard V, 1990, “Effect of fibre debonding in a Whisker-reinforced metal”, Materials 
Science and Engineering A125 pp. 203-213. 

Tvergaard V, Hutchinson JW, 1992, “The relation between crack growth resistance and 
fracture process parameters in elastic-plastic solids”, Journal of the Mechanics and 
Physics of Solids 40(6) pp. 1377-1397. 

Ventura G, Xu JX, Belytschko T, 2002, “A vector level set method and new discontinuity 
approximations for crack growth by EFG”, International Journal for Numerical 
Methods in Engineering 54 pp. 923-944. 

Voth TE, Christon MA, 2001, “Discretization errors associated with reproducing kernel 
methods: one-dimensional domains”, Computer Methods in Applied Mechanics and 
Engineering 190 pp. 2429-2446. 

Wang H, Wang S, 2009a, “A simplified mesh-free method with embedded 

154



discontinuities”, Communications in Numerical Methods in Engineering DOI: 
10.1002/cnm.1221. 

Wang HP, Wu CT, Guo Y, Botkin ME, 2009b, “A coupled meshfree/finite element 
method for automotive crashworthiness simulations”, International Journal of Impact 
Engineering 36 pp. 1210-1222. 

Wells GN, Sluys LJ, 2001, “A new method for modeling cohesive cracks using finite 
elements”, International Journal for Numerical Methods in Engineering 50 pp. 2667-
2682. 

Willis JR, 1967, “A comparison of the fracture criteria of Griffith and Barenblatt”, 
Journal of the Mechanics and Physics of Solids 15 pp. 151-162. 

Xu XP, Needleman A, 1993, “Void nucleation by inclusion debonding in a crystal matrix”, 
Modelling and Simulation in Materials Science and Engineering 1 pp. 111-132. 

Xu XP, Needleman A, 1994, “Numerical simulation of fast crack growth in brittle solids”, 
Journal of the Mechanics and Physics of Solids 42(9) pp. 1397-1434. 

You Y, Chen JS, Voth TE, 2002, “Characteristics of semi- and full discretization of 
stabilized Galerkin meshfree method”, Finite Elements in Analysis and Design 38 pp. 
999-1012. 

Zavattieri PD, 2003, “Study of dynamic crack branching using intrinsic cohesive surfaces 
with variable initial elastic stiffness”, R&D-9650, GM Research & Development 
Center. 

Zavattieri PD, 2006, “Modeling of crack propagation in thin-walled structure using a 
cohesive model for shell elements”, Journal of Applied Mechanics 73 pp. 948-958.  

Zehnder AT, 2009, Lecture notes on fracture mechanics, Cornell University, NY, USA. 

Zhang YY, Gao LS, 2008, “A simplified meshless method for cohesive cracks”, 
Communications in Numerical Methods in Engineering DOI: 10.1002/cnm.1169. 

Zhang YY, Chen L, 2009, “Impact simulation using simplified meshless method”, 
International Journal of Impact Engineering 36 pp. 651-658. 

Zhang Z, Ge X, 2006, “Micromechanical modeling of elastic continuum with virtual 
multi-dimensional internal bonds”, International Journal for Numerical Methods in 
Engineering 65 pp. 135-146. 

Zi G, Rabczuk T, Wall W, 2007, “Extended meshfree methods without branch enrichment 
for cohesive cracks”, Computational Mechanics 40 pp. 367-382. 

 

155



Appendices 

 

A. Derivation of weak Kronecker-delta property in 2D convex hull 

 In 2D convex hull, when the fixed point is at the boundary node 

( 1 1 1( , ) ( , )x y x y=x x ), the linear constraint Eq. (3.54) together with the exponential basis 

function can be rewritten as 

 1 13 2 13 1 1 2 11 11 2 11 1 12 2 12
11 12 13 1

0

0n nX Y X YX Y X Y
ne X e X e X e Xλ λ λ λλ λ λ λ + ++ +

=

+ + + + =   (A.1) 

 1 13 2 13 1 1 2 11 11 2 11 1 12 2 12
11 12 13 1

0

0n nX Y X YX Y X Y
ne Y e Y e Y e Yλ λ λ λλ λ λ λ + ++ +

=

+ + + + =   (A.2) 

where ij i jX x x= −  and ij i jY y y= − . In 2D convex hull, it is very difficult to find the 

conditions for 1λ  and 2λ  that satisfy weak Kronecker-delta property at the boundary. 

Therefore, four different cases representing the translating and rotating of convex hull at 

different fixed point as shown in Figure A.1(a)-(d) are used to studying the conditions 

that satisfy the weak Kronecker-delta property. 

 

Case (a). Fixed point (square dot) is at the corner node 1 1 1( , ) ( , )x y x y=x x  as shown in 

Figure A.1(a). One can observe that 

 1 2 nx x x≠ ≠ ≠ ,  

 1 2 ny y y≠ ≠ ≠  and 1 ky y=  at ( , )k k kx yx  which is a black dot. 
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Figure A.1. Possible positions of convex hull (the fixed point is located at the center). 
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The x-distances between nodes become  

 11 0X =  and 12 1 0nX X < ,  

but y-distances between nodes become 

 11 1 0kY Y= = , 12 1 0nY Y < , and 1( 1) 1( ) 0k k mY Y+ + > , 

since some nodes ( 1 ~k k m+ +x x ) are in negative area. To satisfy Eq. (A.1) and Eq. (A.2) 

simultaneously, it requires 

 1λ →∞  and 2 0λ = ,  

which leads to  

 1 1 2 1 1 1 2 11 12 2 12 0k k n nX Y X YX Ye e eλ λ λ λλ λ + ++ = = = = → . 

The approximations at the boundary 1x  then become 

 1 1 1 2( , , ) 1λ λΨ =x , and 

 2 1 1 2 1 1 2( , , ) ( , , ) 0nλ λ λ λΨ = = Ψ =x x . 

 

Case (b). Fixed point (square dot) is at the corner node 1 1 1( , ) ( , )x y x y=x x  as shown in 

Figure A.1(b). One edge of convex hull is coincided with y-axis, which means some 

nodes ( 1 ~k k l+ +x x ) bear the same x-coordinate. It is apparent that  

 1 2 nx x x≠ ≠ ≠  and 1 1k k lx x x+ += = = , 

 1 2 ny y y≠ ≠ ≠  and 1 ky y=  at ( , )k k kx yx  which is a black dot. 
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The x-distances between nodes become  

 11 1( 1) 1( ) 0k k lX X X+ += = = =  and 12 1 0nX X < ,  

but y-distances between nodes become 

 11 1 0kY Y= = , 12 1 0nY Y < , and 1( 1) 1( ) 0k l k l mY Y+ + + + > , 

since some nodes ( 1 ~k l k l m+ + + +x x ) are in negative area. Thus, in order to satisfy Eq. (A.1), 

one has 

 1λ →∞  and 2λ  is some value, not infinite. 

Therefore, 

  1 1 2 1 1 1 2 11 12 2 12 0k k n nX Y X YX Ye e eλ λ λ λλ λ + ++ = = = = → . 

With the fact that 11 1( 1) 1( ) 0k k lX X X+ += = = = , Eq. (A.2) can be rewritten as 

 2 1( 1) 2 1( )
1( 1) 1( ) 0k k lY Y

k k le Y e Yλ λ+ +

+ ++ + = .     (A.3) 

Since 1( 1) 1( ) 0k k lY Y+ + < , to satisfy Eq. (A.3), 2λ  should be large enough to enforce 

2 1( 1) 2 1( ), , 0k k lY Ye eλ λ+ + → , but not infinite. The approximations at the boundary 1x  then 

become 

 1 1 1 2( , , ) 1λ λΨ =x , and 

 2 1 1 2 1 1 2( , , ) ( , , ) 0nλ λ λ λΨ = = Ψ =x x . 

 

Case (c). Fixed point (square dot) is at the corner node 1 1 1( , ) ( , )x y x y=x x  as shown in 
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Figure A.1(c). Two edges of the convex hull coincide with y- and x-axis, which means 

some nodes ( 1 ~k k l+ +x x ) share the same x-coordinate and some other nodes ( 1 ~l l m+ +x x ) 

share the same y-coordinate. Then  

 1 2 nx x x≠ ≠ ≠  and 1 1k k lx x x+ += = = , 

 1 2 ny y y≠ ≠ ≠  and 1 1l l my y y+ += = = . 

The x-distances between nodes become  

 11 1( 1) 1( ) 0k k lX X X+ += = = =  and 12 1 0nX X < , 

and y-distances between nodes become 

 11 1( 1) 1( ) 0l l mY Y Y+ += = = =  and 12 1 0nY Y < . 

To satisfy Eq. (A.1) and Eq. (A.2), one can conclude that 

 1λ →∞  and 2λ →∞ ,  

then  1 1 2 11 12 2 12 0n nX YX Ye eλ λλ λ ++ = = → . 

The approximations at the boundary 1x  become 

 1 1 1 2( , , ) 1λ λΨ =x , 

 2 1 1 2 1 1 2( , , ) ( , , ) 0nλ λ λ λΨ = = Ψ =x x . 

 

Case (d). Fixed point (square dot) is at the edge node 1 1 1( , ) ( , )x y x y=x x  as shown in 

Figure A.1(d). The position of the boundary nodes is detailed in Figure A.2. One edge of 
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Figure A.2. Detail description of the case 4. 
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convex hull is with y-axis, which means some nodes ( 1 ~k k m+ +x x ) have the same x-

coordinate only. We obtain  

 1 2 nx x x≠ ≠ ≠  and 1 1k k mx x x+ += = = , 

 1 2 ny y y≠ ≠ ≠  and 1 ky y=  at ( , )k k kx yx  which is a black dot. 

The x-distances between nodes become  

 11 1( 1) 1( ) 0k k mX X X+ += = = =  and 12 1 0nX X < ,  

but y-distances between nodes become 

 11 1 0kY Y= = , 12 1 0nY Y < , and 1( 1) 1( ) 0k k lY Y+ + > , 

since some nodes ( 1 ~k k l+ +x x ) are in negative area. To satisfy Eq. (A.1), we have 

 1λ →∞  and 2λ  is some value, not infinite,  

and  1 1 2 1 1 1 2 11 12 2 12 0k k n nX Y X YX Ye e eλ λ λ λλ λ + ++ = = = = → . 

With the fact that 11 1( 1) 1( ) 0k k mX X X+ += = = = , Eq. (A.2) can be rewritten as 

 2 1( 1) 2 1( )
1( 1) 1( ) 0k k mY Y

k k me Y e Yλ λ+ +

+ ++ + = .     (A.4) 

In Eq. (A.4), 1( 1) 1( )k k lY Y+ +  is positive but 1( 1) 1( )l l mY Y+ +  is negative. Thus 2λ  is some 

specific value which satisfies Eq. (A.4). With the help of constant constraint, 

 1 1 1 2 2 1 1 2 1 1 2( , , ) ( , , ) ( , , ) 1nλ λ λ λ λ λΨ +Ψ + +Ψ =x x x . 

The approximations at the boundary 1x  become 

 1 1 1 2 1 1 1 2 1 1 2( , , ) ( , , ) ( , , ) 1k k mλ λ λ λ λ λ+ +Ψ +Ψ + +Ψ =x x x ,  
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 2 1 1 2 1 1 1 2( , , ) ( , , ) 0kλ λ λ λ−Ψ = = Ψ =x x , 

 1 1 1 2 1 1 2( , , ) ( , , ) 0m nλ λ λ λ+Ψ = = Ψ =x x , 

which is weak Kronecker-delta condition at the boundary. 

 

B. Derivation of Renyi basis function 

 The Renyi entropy of order α is defined as  

 
1

1( ) log ( ) ( 0, 1)
1

n

i
i

H α
α α α

α =

⎛ ⎞
Ψ = Ψ ≥ ≠⎜ ⎟− ⎝ ⎠

∑ x ,    (B.1) 

which is the generalization of the Shannon entropy [Renyi 1961]. In the limit that α 

approaches 1, the Renyi entropy converges to the Shannon entropy. By generalizing the 

Kullback–Leibler divergence [Kullback 1951], the Renyi generalized divergence of order 

α is obtained by 

 1

1

1( , ) log ( ) ( ; ) ( 0)
1

n

a i a i
i

H α α
α φ φ α

α
−

=

⎛ ⎞
Ψ = Ψ >⎜ ⎟− ⎝ ⎠

∑ x x X ,   (B.2) 

which is known as the alpha-divergence (α-divergence) [Hero 2002; Renyi 1961]. Based 

on the principle of the maximum entropy, the ( )iΨ x  can be obtained by maximizing Eq. 

(B.2) with satisfying the constraint equations below: 

 
1

( ) 1 0
n

i
i=
Ψ − =∑ x ,        (B.3) 

 
1

( ) 0
n

i i
i=
Ψ =∑ x X .       (B.4) 

 By following the solving procedure described in the references [Bashkirov 2004, 

163



2006; Brody 2007], the Lagrangian in the Lagrange multiplier method is expressed as 

 0 0
1 1

( , , , , ) ( , , ) ( ( ) 1) ( )
n n

a r a i r i i
i i

L Hαφ λ λ φ λ λ
= =

Ψ = Ψ + Ψ − − Ψ∑ ∑x x x x X . (B.5) 

To find the saddle point of the Lagrangian, the variation should be zero imposed by the 

KKT condition: 

 
1 1

0 01
1

1

( ) ( ; )( , , , , ) 1 0
1 ( ) ( ; )

n
i a i

a r r i in
i j a jj

L
α α

α α

φαδ φ λ λ λ λ δ
α φ

− −

−
=

=

⎡ ⎤Ψ⎢ ⎥Ψ = + + − Ψ =
⎢ ⎥− Ψ⎣ ⎦

∑
∑

x x Xx X
x x X

. 

          (B.6) 

Since iδΨ  is arbitrary, Eq. (B.6) becomes 

 
1 1

01
1

( ) ( ; ) 1 0
1 ( ) ( ; )

i a i
r in

j a jj

α α

α α

φα λ λ
α φ

− −

−
=

Ψ
+ + − =

− Ψ∑
x x X X

x x X
.    (B.7) 

To eliminate the parameter 0λ , we multiply Eq. (B.7) by iΨ  and sum over i: 

 
1 1

01
1

1

( ) ( ; ) 1 0
1 ( ) ( ; )

n
i a i

r i in
i j a jj

α α

α α

φα λ λ
α φ

− −

−
=

=

⎡ ⎤Ψ⎢ ⎥+ + − = ×Ψ
⎢ ⎥− Ψ⎣ ⎦

∑
∑

x x X X
x x X

.   (B.8) 

By using Eq. (B.4), we obtain 

 0 1
1
αλ
α

= − −
−

.        (B.9) 

After putting Eq. (B.9) back to Eq. (B.7) and with some algebra, we can obtain 

 ( )
1

1
1

1

1( ) ( ; ) 1 ( ) ( ; )n
i a i r i j a jj

α
α ααφ λ φ

α

−
−

=

⎡ ⎤−⎛ ⎞Ψ = + Ψ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
∑x x X X x x X .  (B.10) 

By using Eq. (B.3), we can obtain the expression of the partition function ψ : 

164



 ( )
111

111
1

1

1 1( ) ( ; ) ( ; ) 1
n

n
j a j a i r ij

i

ααα α αφ φ λ
α ψ

−

−−−
=

=

⎡ ⎤−⎛ ⎞⎢ ⎥⎡ ⎤Ψ = + =⎜ ⎟⎣ ⎦ ⎢ ⎥⎝ ⎠
⎣ ⎦

∑ ∑x x X x X X  (B.11) 

By inserting Eq. (B.11) into Eq. (B.10), we produce the final expression of ( )iΨ x  as 

 ( )
1

11 1( ) ( ; ) 1i a i r i

ααφ λ
ψ α

−−⎛ ⎞Ψ = +⎜ ⎟
⎝ ⎠

x x X X .     (B.12) 

By using Eq. (B.3) again, we obtain 

 ( )
1

11( ; ) 1i a i r i

ααψ φ λ
α

−−⎛ ⎞= +⎜ ⎟
⎝ ⎠

x X X .     (B.13) 

Consequently, the Renyi basis function is defined as 

 ( )
1

11( , ) 1i i r r i

ααλ λ
α

−−⎛ ⎞Γ = +⎜ ⎟
⎝ ⎠

X X .     (B.14) 

 Figure B.1(a) and (b) show the GMF(Renyi) approximations and its derivatives 

by the irregular model shown in Figure 3.2(a). It is noted that if the variables are in the 

form of a power-law expressed as kx , then the range of α for convergence is 

 1 1
1 k

α< <
+

        (B.15) 

[Bashkirov 2004, 2006; Brody 2007]. Thus, k is unity in the linear GMF(Renyi) 

approximation and then the range of α for convergence becomes 0.5 1α< < . When α 

approaches 1, the GMF(Renyi) approximation becomes similar with the GMF(exp) 

approximation, which agrees with the definition of the Renyi entropy of order α. When α 

is 0.5, the GMF(Renyi) approximation is smoother as shown in Figure B.1. Noteworthily, 
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Figure B.1. The GMF(Renyi) approximation and its derivative (solid line: α=0.99, dashed 
line: α=0.5): (a) shape functions, (b) derivatives. 

 

(a) (b)
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when α becomes two, the GMF(Renyi) approximation becomes the MLS approximation. 
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