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Abstract of Dissertation

Unitary Bethe-Salpeter Methods in Two- and Three-Body Systems

The study of resonances, unstable particles formed in particle scattering, is motivated

by the questions about the strong interaction and the composition of hadrons. In

order to advance this study in the intermediate energy region, a variety of techniques

are used. In this thesis, we present work done on two di�erent analyses that use the

principle of unitarity and the Bethe-Salpeter equation to study the resonances

�(1405), �(1385), and a1(1260). Firstly, we perform a simultaneous analysis ofS-

and P-waves of the Strangeness =� 1 two-body meson-baryon scattering amplitude

using all low-energy data. For the �rst time, di�erential cross section data are

included for chiral unitary coupled-channel models. From this model,S- and P-wave

amplitudes are extracted and we observe both well-knownI (J P ) = 0(1 =2� ) S-wave

states as well as a newI (J P ) = 1(1 =2+ ) state absent in quark models and lattice

QCD results. Multiple statistical and phenomenological tests suggest that, while the

data clearly require anI = 1 P-wave resonance, the new state just accounts for the

absence of the decuplet �(1385)3=2+ in the model which is subsequently included in

the parameterization. Secondly, we formulate the �nal state interaction of the

a1(1260) resonance decay in a manifestly three-body-unitary parameterization and �t

it to the a1(1260) lineshape measured by the ALEPH experiment. Dalitz plots

calculated from this �t are presented. The work demonstrates the feasibility to

numerically solve a previously derived amplitude and its generalization to isobars

with spin and coupled channels. The model is a good test case because it can also be

applied to other meson decays including exotic states and modi�ed for the

�nite-volume problem as it arises in lattice QCD due to its manifest unitarity. The

understanding of the resonances being analyzed in both the two-body work and the

three-body work gives a better understanding of intermediate energy QCD.
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1 Introduction

1.1 Background

All of the material world is composed of particles and forces. The theory that

describes the behavior of fundamental particles is known as the standard model. In

this theory, all particles are grouped as either fermions or bosons. The fermions can

be subdivided into leptons and quarks which compose hadrons. These quarks can

take one of six 
avors: up, down, top, bottom, charm, and strange. In a simpli�ed

view, two quarks can compose a hadron state known as a meson and three can

compose a hadron called a baryon. The properties of mesons and baryons are of great

interest to physics because they provide most of the mass of the matter we are made

of and interact with. Several questions which dominate the study of hadrons are:

What generates their mass? How do they interact with other particles? What can we

learn about them from unstable particles? In this thesis, we present work that

contributes to humanity's knowledge of the answers to these questions

There are four fundamental interactions that describe the behavior of particles: the

strong interaction, the weak interaction, the electromagnetic interaction, and the

gravitational interaction. The �rst three are studied in the standard model with

Quantum Field Theory, QFT [31].

The work done in this thesis is focused on the strong interaction at lower energies.

This research is of interest because the strong force is primarily responsible for

binding quarks together within a hadron and for binding nucleons together within a

nucleus. Knowledge of it can be used to understand a number of phenomena related

to the composition and properties of hadrons. The term con�nement describes the

phenomenon that one quark cannot be observed by itself. Another interesting

phenomenon concerns the mass coming from the binding of quarks within a hadron,

which is a consequence of non-linear, highly relativistic gluon forces. This process is

1



Figure 1: Some examples of Feynmann diagrams for di�erent types of photon produc-
tion with time running from top to bottom. The lines marked q and �q denote quarks
and anti-quarks; the lines markedg represent gluons; and the lines marked
 represent
photons. Figure taken from Ref. [1].

responsible for generating the majority of the mass of hadrons and, therefore, the

majority of the mass of all objects which we interact with. These phenomena, among

others, motivate the study of the strong interaction and its underlying theoretical

formulation, Quantum Chromodynamics (QCD).

Furthermore, one is motivated to study the strong interaction to explain data from

the many experiments being done on this subject, a few of which are described in

Refs. [32{ 35]. Billions of dollars are being spent on these experiments and quite a bit

of e�ort has been devoted to producing results. It is �tting that some amount of

e�ort be spent analysing the results.

The strong interaction in the intermediate energy region cannot be approached in the

usual way. Typically, one performs a perturbative calculation based on a Lagrangian

density composed of particle �elds. The QCD interaction is associated with a gauge

boson that carries the force and a coupling that describes the strength of vertices

involving quarks and gluons. One can calculate the amplitude of particle interactions

by writing it as a sum of in�nitely many contributions. Each one of these

contributions can be represented by a Feynman diagram, some examples of which are
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shown in Fig. 1. The diagrams contain vertices depicted with black dots that describe

gluon interactions and propagators depicted with lines that describe the propagation

of particles. This sum can then be written in orders of the power of the coupling.

This coupling will have an energy dependence due to a procedure known as

renormalization that allows for rigorous calculations of particle interaction amplitudes

despite divergent integrals. This procedure involves introducing an energy scale at

which calculations are being made, (regularization scale). Renormalization gives the

coupling constant, which would otherwise be scale-independent, a dependence on the

regularization scale. For the strong interaction, shown in Fig. 2, it decreases at higher

energies, but at lower energies it increases to values that can exceed 1. Thus, QCD

can be handled perturbatively at high energies, but at low energies, a di�erent

approach must be taken. Several methods that are used in the lower energy region at

various levels of rigor are, for example, Lattice QCD, Chiral Perturbation Theory,

approaches inspired by unitarity, and Quark Models.

Lattice QCD is an ab-initio approach that makes calculations for particles con�ned to

a �nite volume on a lattice. The lattice consists of a number of sites on a grid, as

depicted in Fig. 3. Fields which represent quarks are de�ned at these sites, and �elds

representing gluons are de�ned on the links between each site and its neighbors. The

aim of lattice QCD is to calculate the so-called path integral which is used to

compute contributions to, e.g., amplitudes for all possible trajectories of the particles

of interest. This path integral cannot be solved analytically which necessitates

calculations in a �nite-volume in grid points on a lattice for numerical evaluation.

The strength of this method is that it works from �rst principles. Some properties

such as symmetries are di�erent on the lattice than in reality. However, there are

methods with which calculations on the lattice can be related to those in the in�nite

volume. For a description of lattice QCD, we direct the interested reader to Ref. [36].

For a mapping of �nite-volume lattice QCD results to the in�nite volume, see,
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Figure 2: The running coupling constant of the strong interaction measured in a
number of di�erent experiments. Q is the momentum transfer and� s is the coupling
constant for QCD, a dimensionless parameter that gives the strength of a vertex. It
"runs", meaning its value changes as a function ofQ. Figure taken from Ref. [2]
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Figure 3: A depiction of a lattice. The colored dots represent sites on which quark
�elds are de�ned. These are connected by the black lines on which gluon �elds are
de�ned. (Figure taken from Ref. [3]).

e.g. [37{ 42]. We do not make use of lattice QCD in this thesis but we present results

that could be related to equivalent lattice results.

Chiral Perturbation Theory (ChPT) exploits the chiral symmetry which indicates

that rotating the left-handed and right-handed components of the quark �eld has no

e�ect on the QCD Lagrangian if the quarks are massless. Through these symmetries,

an e�ective Lagrangian can be constructed that makes a perturbative approach with

hadrons instead of quarks as degrees of freedom possible. This method works very

well in the low-energy region at which the systematic expansion of amplitudes in

meson masses and momenta converges rapidly. In this thesis, we make use of ChPT

in an ansatz we employ. For that reason, we describe it in more detail in Sec. 2.6.

The principle of unitary, (described in Sec. 2.3), follows from conservation of

probability. It can be used to extend the energy range of ChPT at the cost of losing

systematic power counting. This method, which is the focus of the �rst part of this

thesis, is reviewed in Ref. [43]. Another method, which is the focus of the second part

of this thesis, uses unitarity in conjunction with the Bethe-Salpeter Equation,
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(described in Sec. 2.2), to construct a model for three-particle interactions.

Quark models are phenomenological approaches to the study of hadrons that attempt

to account for con�nement in a rather ad-hoc way. We wish to distinguish these

models | which merely attempt to explain the data without the rigor of full

systematic | from e�ective �eld theories (EFTs) which are more rigorous. These

quark models group quarks together. The simplest is the naive bag model which

treats quarks within a hadron as if they are con�ned within the radius of a spherical

"bag." This model introduces a number of phenomenological parameters that cannot

be calculated theoretically, including an external pressure that needs to be present to

cancel the internal pressure from the quarks in the bag. Chodos and Thorn [44] made

modi�cations to account for pions coupling to the quarks on the surface of the bag.

The e�ect introduces an external pressure on the bag that can a�ect the size of the

bag. Another quark model involves joining quarks via a potential. The simplest of

these was given by Isgur and Carl [45] but other potentials have also been

used [46{48]. The quarks in these models have constituent masses which are not

calculated through theoretical or experimental methods but rather adjusted to give

the most accurate observable results. In the non-relativistic case these constituent

masses are roughly one third of the baryon mass or half of the meson mass. It should

therefore be understood that these quarks are not the actual quarks of the QCD

Lagrangian. The constituent mass, unlike the renormalized running quark mass, has

no physical meaning outside the quark model and can be several orders of magnitude

larger than the physical quark mass.

All of these methods, (and every other method of theoretical physics), must be related

to experimental measurements. In the study of hadrons, a large amount of data is

collected from scattering particles. The main observable is the cross section,� , which

can be measured by �ring a beam of particles at a target and measuring the fraction

of scattered particles. One can further compute the di�erential cross section,d�
d
 .
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In non-relativistic quantum mechanics one can impose the Sommerfeld radiation

condition that, far away from the source of the scattering, the particle should be a

sum of a plane wave in the direction of the incoming wave and a spherical wave with

some angular dependence for the angle of the outgoing particle,� relative to the

incoming direction. In the limit, r ! 1 the amplitude can be written

 k (r ) = ei k �r +
eikr

r
f (� ) ; (1)

where bold symbols denote three-dimensional vectors and standard font denotes

either the equivalent four-vector or the magnitude of the three-vector. We either use

context or give an explanation to distinguish between the two possibilities for

standard font. This scattering is depicted diagrammatically in Fig. 4. The di�erential

cross section for this wave function will bed�
d
 = jf (� )j2. In relativistic quantum

mechanics, there is a scattering operator,S which is analogous to the right side of

Eq. (1) and a reaction operator,T, that is analogous to the second term of the right

side. This T can be related to the cross section. The plot of the intensity at di�erent

energies is called a line shape.

For 2 ! 2, spinless scattering,there are two kinematically independent degrees of

freedom. Typically these are chosen to be the Mandelstams and � , the scattering

angle. The former can be calculated for incoming four-momentump1 and p2 and

outgoing four-momentump3 and p4 with s = ( p1 + p2)2 = ( p3 + p4)2. This gives the

total energy of the system. Note that the term
p

s is also denoted in the literature as

E or W. Throughout this thesis these three terms are equivalent. Fig. 5

schematically depicts a two particle collision in the center-of-mass frame. Note that if

the particles being scattered are not spinless, more degrees of freedom are possible.

The case of three-body scattering of spinless particles can be described by 8

kinematically independent degrees of freedom. Fig. 6 shows the incoming and
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Figure 4: A quantum mechanical depiction of scattering. An incoming plane wave in
the z-direction interacts with a target and emits an outgoing plane wave and spherical
wave with some angular distribution. The Sommerfeld radiation condition requires
that at large distances, the plane wave and the spherical wave with some angular
dependence are the only contributions to the wave function in the spinless case. Figure
taken from Ref. [4].

outgoing momenta in the three-body center-of-mass for momentap1, p2, p3, and q1,

q2, q3. The line shape plots for the 3! 3 case are similar to those of the 2! 2 case

with the di�erence that they depend on the total three-body energy,
p

s, where

s = ( p1 + p2 + p3)2 = ( q1 + q2 + q3)2, rather than the two-body energy. There is no

unique way to parameterize the 8 degrees of freedom, but a common method is to

have several of them account for the energy of two-body subsystems. For outgoing

momenta,q1 and q2, the total energy would be� 12, where� 12 = ( q1 + q2)2. Dalitz

plots, which we describe in Sec. 2.4, show the distribution of likelihood of an event as

a function of the energies of two-body subsystems. We describe these subsystems,

called isobars, in Sec. 2.1.

Peaks in the cross section can be caused by resonances which are unstable particles

that are formed and then decay on the time-scale of the strong interaction of the

order of 10� 22 seconds. This time is much shorter than the travel time to the

detector, such that only the resonance decay products, but not states themselves, can
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�

Figure 5: A schematic depiction of
2 ! 2 collision in the center-of-mass
rest frame.

p1

p2 p3

q1

q2 q3

Figure 6: The three-body center-of-
mass rest frame depiction of the in-
coming (left) and outgoing (right) four-
momentap1, p2, p3, and q1, q2, q3.

be detected. The position of the peak is associated with the resonance massM , while

the broadness of the peak is associated with the width �. A narrower width implies a

more stable particle due to the energy-time uncertainty principle. Fig. 7 shows an

example of a peak in the line-shape data associated with a resonance.

While this provides an intuitive understanding of resonance parameters, the de�nition

of a resonance can be made more rigorous by considering pole positions in the

complex energy plane. If one continues the amplitude describing a peak on the real
p

s axis into the complex plane, one may �nd a singularity. The real and half of the

imaginary energy values of the pole position give the respective mass and width of

the resonances. Finding resonances in the analysis of scattering data, and specifying

the masses and width is useful because many theoretical approaches like the discussed

quark models can only predict these parameters. In Sec. 2.5, we brie
y justify this

method, known as analytic continuation, as a model independent way to study

resonances. There, we will also provide a more detailed discussion including partial

waves, in which resonances exist, branch points, and other non- analyticities that the

S-matrix can in general possess.

These resonances, just like all particles, come with conserved quantum numbers which

we brie
y describe. The isospin,I , of a particle is closely related to its charge states

and gives information about the di�erence of up and down quark content that
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Figure 7: An example of a resonance. The peak in these line-shape data from The
ALEPH Experiment [5] is caused by thea1(1260). The mass,M , is given by the energy
value at which the peak occurs and the width, �, can be determined in the absence of
other resonances and background by taking the width of the peak at half the maximum
height. This naive parameterization can be improved in a model independent way as
described in Sec. 2.5

constitutes the particle. It is de�ned in analogy to quantum spin. In the same way

that the total spin, S has a component,S3, that can take values

S3 = � S;� S + 1; :::; S, the isospin has a component,I 3, that can take values in

integer steps. The isospin component,I 3, gives half the di�erence of the number of up

quarks and the number of down quarks:I 3 = 1
2((nu � n �u) � (nd � n �d)), where nu is

the number of up quarks,nd is the number of down quarks and�u and �d represent the

respective anti-quarks. Thus, for a given isospin there are a number of isospin

components possible; these components are ordered in a multiplets. For example, a

proton, (I 3 = 1
2), and a neutron, (I 3 = � 1

2), form a douplet for I = 1
2 and there is a

triplet of pions with I = 1, I 3 = � 1; 0; 1.

Each of the other 
avors of quarks has its own quantum number that works in a

similar way. For example, strangeness,S, has a projectionS3 = ( ns � n �s), where ns

and n �s are the numbers of strange and anti-strange quarks respectively. There are
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also quantum numbers charm, top, and bottom, de�ned in similar ways.

The total angular momentum quantum number is denotedJ . The decay products of

a resonance of spinJ couple together such that their total spinS and relative orbital

angular momentumL givesJ , J = L + S.

All of the quantum numbers described so far are additive, meaning that the sum of

the quantum numbers in an interaction (that preserves this quantum number) is the

same before and after. There are also multiplicative quantum numbers whose

product, rather than sum is conserved. One example is parity,P, which gives the sign

of how a state transforms under the parity operation,̂P, which replaces every

coordinate with its negative: P̂ r = � r . Thus, P = +1 for state  if P̂ j  i = j i and

P = � 1 if P̂ j  i = � j  i . Two related multiplicative quantum numbers areC-parity

and G-parity. C-parity speci�es how a state transforms under charge conjugation, a

transformation where each particle becomes its anti-particle. TheG-parity tells how

a state transforms under the operation in which a rotation in isospin space is

performed followed by charge conjugation. It can generalize the concept ofC-parity

to systems in a multiplet with particles that are not neutral. If we consider the pion

triplet, f � + ; � 0; � � g, for example, the� 0 has well-de�nedC-parity but the � + and

� � do not. The rotation involved in G-parity allows this generalization to the other

states in the multiplet. Five of these, isospin, G-parity, spin, parity, andC-parity, are

commonly grouped together with the notationI G(J P C ). For example, the� meson

has quantum numbersI G(J P C ) = 1 + (1�� ). Under the strong interaction these

quantum numbers are conserved.

1.2 Motivation

In this thesis we study three resonances, the �(1405), the �(1385) and thea1(1260).

We discuss these resonances below.
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�(1405): The �(1405), which has quantum numbersJ P = 1
2

� , was �rst observed

over 60 years ago [49]. Its exact structure is still up for debate because the real part

of its mass is below the�KN threshold and therefore its peak cannot be seen in�KN

scattering. The hypothesis exists that it consists of two states but this is di�cult to

verify due to the scarcity of data at the energy value of the pole [50]. Our research on

the structure of the �(1405), discussed in Sec. 4, can help resolve a decades long

controversy.

�(1385): The �(1385) is similar to the �(1405) in that it is also a S = � 1 baryon

that can be studied through meson-baryon interaction. Unlike the �(1405), it has

quantum number J P = 3
2

+ . These quantum numbers mean that it has a signi�cant

e�ect on the di�erential cross section data, d�
d
 . This will be described in more detail

in Sec. 3.1. The introduction of such data to models previously used to study the

�(1405) allows one to simultaneously analyze both resonances giving a more realistic

scenario of each.

a1(1260): The a1(1260) almost exclusively decays into three pions, thus it makes a

good case study for three body analysis. Three-body amplitudes constitute a frontier

in our fundamental understanding of meson dynamics and can be used to analyze

so-called exotic states with quantum numbers forbidden by the simple constituent

quark-antiquark model.

Such states are forbidden because, according to the quark model, the quantum

numbers are determined as follows:J = L
L

S, P = ( � 1)L +1 , C = ( � 1)L + S.

According to these formulae, theJ P C states 0+ � , 1� + , 2+ � , 3� + , ::: are forbidden

[51]. A discovery of this type of state would provide direct evidence for explicit gluon

dynamics at low energies. Such exotic states are long sought-for. Thea1(1260) is not

an exotic state but, as a state that decays into three pions, it is a valuable case for

the testing of methods that can be used for the analysis of upcoming data. The most
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Figure 8: A plot showing the intensity for the exoticJ P C = 1 � + quantum numbers
from the COMPASS experiment. the best �t, (red), which can be composed of a
Breit-Wigner term, (blue, dashed), and a non-resonant background, (purple, dotted).
(Figure from Ref. [6]).

prominent modern experimental e�orts in this regard are:

COMPASS Experiment: COMPASS at CERN claimed evidence [6] of an exotic

state. This experiment studied di�ractive dissociation of negative pions into a

� � � � � + �nal state, using a 190 GeV� � beam on a 3 mm lead target. In addition to

their �ndings of the a1(1260), a2(1320), and� 2(1670), they report �nding a state

with J P C = 1 � + . They �t this state yielding a mass of 1660 MeV and a width of 269

MeV. Their �t is shown with the intensity distribution for the J P C = 1 � + quantum

numbers in Fig. 8.

For the �t shown, they use a Breit-Wigner, which we will describe in Sec. 2.5, with a

non-resonant background. The signal shown in Fig. 8 may be an artifact originating

from an over-simpli�cation in their analysis. Several other models have also been

used to analyse this data [52{55], generally referred to asisobar models(not to be
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Figure 9: A cartoon of the setup of the GlueX experiment which has an ideal design
for the search for exotic mesons. (Figure from Ref. [7]).

confused with the isobar formulation used in this thesis). Such amplitudes are quite

basic and usually lack two-body unitarity for subsystems, let alone three-body

unitarity, which is the main topic of this thesis. The absence of these S- matrix

principles may lead to artifacts that could even resemble resonant enhancements as

shown in the �gure. The work of this thesis, suitably extended to more quantum

numbers, can thus help provide theoretically more sound analysis tools for the

analysis of the COMPASS and other experiments.

GlueX Experiment: The search for exotic states is continued by the GlueX

experiment at Je�erson Lab which has a unique experimental setup in which a

high-energy photon beam is used for the production of two, three, and multi-meson

�nal states [56]. This experiment is depicted schematically in Fig. 9.

There are several reasons why this experiment is ideal for the study of exotics: Firstly,

a number of exotic states are predicted in photon hadron collisions. Secondly, the

beam energy is high enough to allow for full coverage of the expected range of light

quark exotics. Finally, the photon beam is linearly polarized which allows the beam
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to be set up in a way that measures parity.

The GlueX experiment has already given results [7,57], and there are more to come.

The need for analysis of these results motivates the need for an understanding of

three-body methods which in turn motivates a better understanding of thea1(1260).

The studies of the statesa1(1260), �(1405), and �(1385) are structured as follows.

Sec. 2 describes in more detail subjects that were brie
y referenced, namely, the

isobar formulation, unitarity, the Bethe-Salpeter equation, Dalitz plots, analytic

continuation and Chiral Perturbation Theory. Sec. 3 describes previous work done on

the subjects discussed. Sec. 4 describes an analysis of di�erential cross section data,

antikaon-nucleon scattering, and di�erentiation of universal parameters of the

�(1405) and the �(1385). Sec. 5 describes the model we develop of the Final State

Interaction (FSI) of the � � ! � � � � � + � � decay. This model is used to study the

a1(1260) resonance. We give a conclusion in Sec. 6. In order to present readable

results, we have placed some of the more technical work in Appendices.
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2 Technical Toolbox

2.1 The Isobar Formulation

Three-body dynamics is more complicated than two-body dynamics for several

reasons, including the fact that there is an increase in the number of

subsytem-interactions that must be accounted for. A full calculation will sum over all

possible cases in which none of the particles interact, two of the particles interact

with each other but one does not, and all three of the particles interact.

This challenge can be approached with the isobar formulation. An isobar, which is

denoted in Feynmann-like diagrams (Fig. 10) with a double solid line, represents a

two-body subsystem. It does not need to be resonant but simply represents the

on-shell two-body scattering amplitude, suitably decomposed for integration into the

three-body system. When two of the three particles form an isobar, the remaining

particle is called a spectator. One possible interaction between the isobar and the

spectator occurs when one of the particles in the isobar is emitted and then forms a

di�erent isobar with the spectator. This is called one particle exchange. This is not

ad-hoc modeling, but a consequence of three-body unitarity as discussed in Sec. 3.4.

Later in this thesis, when we apply the isobar formulation to��� interaction, it is

called One Pion Exchange (OPE).

It is also possible for all three of the particles to interact at the same time. We call

this interaction the three-body contact term, and it includes all those interactions

which do not contain any intermediate on-shell particles like OPE. We denote this

term with an incoming and outgoing isobar/specator pair joined in the center with a

diamond. In our formalism, which we describe in Sec. 3.4, the existence of this term

is a consequence of unitarity, and does not come from modeling or perturbative

expansion of a Lagrangian.

If there is no interaction between the isobar and the spectator, either through one
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Figure 10: Left: An isobar and a spectator that are disconnected, meaning they do
not interact. Center left: An isobar and a spectator with one particle exchange. Center
right: A three-body contact term where all three particles interact. Right: The decay
vertex of a source decaying into an isobar and a spectator. This process is followed by
strong three-body �nal-state interaction (FSI) as shown in Fig. 38 in more detail in a
later chapter. Note that these processes are are calculated through dispersion relations
and not a-priori expansions of a given Lagrangian, although e�ective Lagrangians may
be used to model these processes.

particle exchange or through three-body contact, we say the process is disconnected.

Note that even then, there is a two-body interaction in the subsystem, and the

process cannot be discarded. Only the fully disconnected process in which none of the

particles interact can be omitted. If there is interaction of all three particles, we say

that the diagram is connected. The �rst three images in Fig. 10 illustrates a

disconnected isobar and specator diagram, a (connected) one particle exchange

diagram, and a (connected) three-body contact diagram respectively. These are the

three ingredients of three-body interaction in the isobar formulation. A proof exists

that every subinteraction in the three body system can be recast as an isobar

spectator interaction [58,59].

In theory, there is no problem making calculations for interactions with three

incoming and outgoing on-shell particles. But experimentally it is prohibitively

di�cult to prepare an experiment in which 3 particles from multiple beams

simultaneously interact. In order to get data for three-body interaction, we look at

situations where a resonance decays into three particles, or, more generally, where

three particles undergo strong �nal state interaction. This decay is depicted

diagramatically by a circle with an outgoing isobar and spectator in the right diagram

in Fig. 10.
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2.2 The Bethe-Salpeter Equation

This section reviews standard material on the Bethe-Salpeter equation which was �rst

introduced by Ref. [60]. For a more detailed explanation, see for example Ref. [61] or

Ref. [62]. The Bethe-Salpeter Equation is the relativistic version of the

Lippman-Schwinger Equation which is used in non-relativistic quantum mechanics to

describe scattering processes. The latter equation is derived from Schr•odinger's

equation for a su�ciently short-ranged potential, V , given by

 

�
} 2r 2

2m
+ V(r )

!

 (r ) = E (r ) : (2)

From this equation and the Sommerfeld radiation condition, it follows that, far

enough from the scattering source,

 (r ) =
ei k �r

(2� ~)
3
2 )

�
2m

4� ~2

eikr

r

Z
d3r 0e� i k 0�r 0

V(r 0) (r 0) ; (3)

as given in Ref. [63], wherek is the incident wave vector and the potentialV falls o�

su�ciently rapidly with r . This equation can be written in several other ways. In

momentum space an equivalent formulation is

T(p0; p) = V(p0; p) +
Z

d3q V(p0; p)
1

E + i� � q2

2m

T(q; p) (4)

whereV is the Fourier transform of the potential given by

V(p0; p) = hpjV jpi =
1

(2� ~)3

Z
d3r ei (k 0� k )�r V(r ) ; (5)

and the T matrix is proportional to f (� ) from Eq. (1) and can thus be related to the

cross section with, for example, Eq. (7.50) in Ref. [63].

The Bethe-Salpeter Equation is a relativistic version of the Lippmann-Schwinger

18



equation given by

hqn jT(s)jpm i = hqn jB (s)jpm i +
Z d4k

(2� )4
hqn jB (s)jki � (� (k)) hkjT(s)jpm i : (6)

Here, � (� (k))denotes the free Green's function which describes propagation and

hqn jB (s)jpm i is the interaction kernel, respectivelywhich describes particle interaction.

They are not determined by the BSE but in Sec. 3.4 we discuss how unitarity

constrains them. The incoming and outgoing four-momenta on whichT depends are

denotedpm and qn . This T is the amplitude that can be related to the cross-section.

It can represent either 2-particle interaction or isobar spectator interaction.

There is an obvious similarity between Eq. (6) and Eq. (4) wherehqn jB (s)jki is

analagous toV(p0; p) and � (� (k)) is equivalent to 1

E + i� � q2
2m

.

A big di�erence is that the relativistic Bethe-Salpeter Equation includes an integral

over four-momentum rather than three-momentum. The Bethe-Salpeter equation,

thus, accounts for anti-particle propagation, as well. As described in Sec. 3.4,

unitarity can be matched to the BSE, reducing the four-dimensional integration to a

three-dimensional one. The result may be regarded as a Lippmann-Schwinger type of

equation, without anti-particle contributions, but with relativistic kinematics.

If the product hqn jB (s)jki � (� (k)) is small enough and analytic everywhere, the

equation can be approached iteratively, in a way analagous to the Born

Approximation. The equation and its iterative solution for this circumstance are

depicted diagramatically in Fig. 11. Because one cannot generally assume that the

iterative solution is valid, especially if the interaction term has singularities, it is not

the approach in this thesis. However, the iterative expansion can be used as test for

the solution in certain circumstances, e.g., at low energies where one expects
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T = B + B T
�

= B + B B
�

+ :::

Figure 11: A diagramatic depiction of the Bethe-Salpter Equation and its iterative
solution, (convergence issues put aside).

convergence of the series.

2.3 Unitarity

In this section, we rely heavily on Ref. [63].Unitarity applies to the scattering

operator, S, which is de�ned in terms of the incoming and outgoing free states,� in

and � out , by Sj� in i = j� out i . If there is no interaction between the particles, the

(iso)spin and momenta of the incoming states are identical to the outgoing ones. In

that case,S = 1. The transition operator, T is introduced to account for the

component ofS that describes particle interaction. In the convention of Ref. [63], it

can be written as

S = 1 � 2�i T ; (7)

whereT is the reaction amplitude operator. Unitarity, which follows from

conservation of probability, imposes the constraint that

SyS = 1 : (8)
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This imposes a constraint onT called the optical theorem,

T � Ty = 2�i TyT : (9)

We have written these constraints in operator notation but it is also common to

represent the operators in momentum space as (continuous) matrices. One can

calculate the matrix elements by putting the operators between wave functions of

in/outgoing asymtotic states. For the 2! 2 case with incoming and outgoing

momentum p and p0, the S-matrix will be

hp0jSjpi = � (p � p) � 2�i� (Ep0 � Ep)T(p0; p) : (10)

whereEp0 and Ep are the energies ofp0 and p respectively, and theT matrix is

de�ned by

hp0j T jpi = � (Ep0 � Ep)T(p0; p) : (11)

Note that we once again follow the convention of Ref. [63]. The coe�cient which is

multiplied by T can be changed if it is done consistently. In matrix notation, the

unitarity constraint of Eq. (9) on the T can be formulated

T(p0; p) � T � (p0; p) = � 4�mi
Z

d3qT� (p0; q)� (2mE � q2)T(q; p) ; (12)

wherem is the reduced mass of a two-body system with massesm1 and m1 given by

m = m1m1
m1+ m2

. This equation corresponds to Eq.(7.311) in Ref. [63]. Notably, the

right-hand side contains an integral over all possible intermediate states and a delta

function that puts these states on-shell. For three-body unitarity, we will use a very

similar equation (see Eq. (29) below). Indeed, in order to make a model in low-energy
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QCD that accurately captures behavior that follows from conservation of probability,

one must impose the unitarity constraint. In Sec. 3, we describe how unitarity, in

conjunction with the Bethe-Salpeter equation, can be used to construct models for

two- and three-body scattering.

2.4 Dalitz Plots

The 2 ! 2 spinless scattering process has only 2 independent kinematic degrees of

freedom, usually parameterized as the Mandelstam-s and the scattering angle� .

Thus the data can be completely represented with the di�erential cross section,d�
d
 , at

di�erent energies.

For scattering involving more particles, there will be more variables. The full 3! 3

case has 8 degrees of freedom: The six four-momenta have 24 components from which

one subtracts six for the on-shell condition, four for conservation of momentum, and 6

for the Euler angles. If the interaction has fewer incoming particles there will be fewer

degrees of freedom, but in any case, two independent variables are not enough. Those

extra degrees of freedom are captured in the form of Dalitz plots which are

two-dimensional plots given for a speci�c value or a range of Mandelstam-s. Each of

the two axes of the plot corresponds to one of the three invariant masses. If the

outgoing particles have four-momenta,q1, q2, and q3, then the invariant mass of the

�rst two particles, (1 and 2), will be � 12 = ( q1 + q2)2 = (
p

s �
q

q2
3 + m2)2 � q2

3,

wherem is the mass of the third particle. .

The Dalitz plots show the likelihood of an event occurring with given values of the

invariant masses on the axes. This can be done with data by choosing a bin size and

plotting the number of events in each bin. These methods can be compared to

theoretical Dalitz plots which calculate the likelihood of a given event from the

amplitude.

Only two of the three possible invariant masses are used in the plot, but any
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two-body invariant mass can be calculated froms and the other two invariant masses.

Thus, the Dalitz plot might look di�erent depending on which two invariant masses

are chosen for the axes but it will contain the same information. A sample Dalitz plot

for D +
s ! K + K � � + decay is shown in Fig. 12. The likelihood distribution gives the

Figure 12: A sample Dalitz plot for the processD +
s ! K + K � � + from the BABAR

detector. Each point represents a decay event. In this case,m2 = � . The horizontal
axis gives the invariant mass for theK + K � and the vertical axis gives the invariant
mass forK � � + . The dense bands show the positions where the two-body subsystem
on the axis can form a resonance. The vertical band at around 1.1GeV2 is caused by
the � (1020) and the horizontal band at around0:800 GeV2 is caused by the �K � (892)0

resonance. Figure taken from Ref. [8].

information about the structure of the process being measured. If two of the particles

can form a resonance it might dominate the interaction. In that case, one will see

enhanced bands at values of the invariant mass equal to the mass of the resonance.

2.5 Analytic Continuation

In this section, we give a brief overview of analytic continuation. For more details

see [2,64,65]. This method takes a physical amplitude calculated as a function of real
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energy and analytically continues it to the complex energy plane. This is done to

extract the real and imaginary position and residue of a pole associated with peaks in

the data. These parameters are useful for comparison with other models like quark

models which can predict resonance parameters, but not observables. Then, usually

the real part of a pole position is associated with a quark model state, but this

method is not rigorous and particularly ignores the fact that quark model spectra are

usually real. In contrast, from the perspective of scattering theory, the association of

a resonance with a complex pole is well de�ned and reaction-independent

In the simplest case, when there is no external background or nearby poles, one can

model a resonance with the Breit-Wigner distribution,

T(E) �
1

E 2 � M 2 + iM �
; (13)

whereE is the energy andM and � are free parameters. In the case where a

Breit-Wigner distribution describes the cross section data for a resonance, one can

obtain the real pole positions simply by �nding the height of the peak and the

imaginary part simply by taking the full width at half maximum. These quantities

correspond toM and � =2 respectively. The pole parameters can be extracted directly

from the data without calculating the function for imaginary energy values.

Very few resonances, however, can be approximated with a Breit-Wigner distribution.

Close-by thresholds distort the Breit-Wigner shape, and the generalized version of

Eq. (13) depends on the orbital angular momenta of the decay products which

induces momentum-dependent width. Also, if there is a multi-channel decay, the

widths in the denominator add. More sophisticated resonance parametrizations like

Flatte distributions are discussed, e.g., in Ref. [66]. Only a few resonances, for

example the� (770), can be approximated well with a Breit-Wigner. Most other

resonances have a completely di�erent shape as illustrated in Fig. 13 which shows the
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Figure 13: A plot of the real (solid blue) and imaginary (dashed red)�KN amplitude
for I (J P ) = 0( 1

2
� ). The shaded regions show the 1� uncertainty. The shape shown,

caused by the two poles of the �(1405) is distinctly di�erent from the Breit-Wigner
shape. This di�erence illustrates the bene�t of calculating pole parameters which are
independent of background.

�KN amplitude in
uenced by the poles of the �(1405) and by di�erent thresholds (see

also Fig. 13 below).

In addition to the complex position of the pole, one can extract the residue of the pole.

It can be shown that the amplitude as a function of complex energy can be written as

a Laurent series around the pole, or, more generally if there is more than one pole, as

a sum of the residue terms at the di�erent pole positions and a smooth function

(Mittag-Le�er theorem). The background is then absorbed in the higher terms in the

expansion making the residue another background independent resonance parameter

that can be extracted from analytic continuation. If a resonance is in a multi-channel

environment, it can also be shown that the resonance position is channel independent,

but the residues are not, playing the role of branching fractions (or, more precisely,

products of branching fractions according to the in- and out-states of the amplitude).

In order to continue the amplitude to the complex plane, the analytic structure of the

function must be taken into account. The amplitude as a function of complex energy

will be connected to the real axis by several Riemann sheets [65]. The energy

threshold of the particles being scattered determines a branch point on the real axis.
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There will be a sheet that is connected above the real axis which is usually referred to

as �rst, or physical, sheet. If one follows this sheet to values below the real axis it

exhibits a discontinuity and its part below the real axis is no longer analytically

connected to the physical axis. Similarly, the second sheet is connected below the real

axis and will not be connected above the real axis. At the branch points, both sheets

are connected. The branch points are endpoints of branch cuts at which the function

is discontinuous. For example, if one chooses to run the cut along the real axis, it is

responsible for the mentioned discontinuity. Unstable particles have branch points in

their two-body sub-amplitude, at the respective two-body threshold which induce

additional branch points in the three-body amplitude, at
p

s = 3M if all particles

have the same massM . If the sub-amplitude has a resonance pole itself (i.e., in the

unstable-particle case of a resonant isobar), these poles likewise induce branch points

in the complex three-body energy,
p

s. All these additional branch points are simple

and induce one additional cut [64]. In a coupled channel approach, there will be

multiple sheets, each with di�erent branch points, but the resonance poles on each

sheet will have the same location for each amplitude associated with channel

transition i ! j . When these poles are found, they can be used to compare results to

other models. The branch points and branch cuts de�ne the structure of the complex

plane. Two examples of the analytic structure of the complex plane are shown in

Fig. 14.

The analytic structure of the complex plane is further complicated when one uses the

common method of Partial Wave Analysis, (PWA). This involves taking an amplitude

for particle scattering and writing it as a sum of contributions corresponding to

di�erent relative angular momenta of the particles being scattered. For more details

and more rigorous de�nitions, see Sec. 5.1.2 in a later chapter and Ref. [67]. Each

partial wave, a contribution for a given relative angular momentum, can be handled

separately, allowing one to study only the part of the amplitude corresponding to the
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Figure 14: Depictions of the analytic structure of the complex
p

s plane for ���
scattering on the left andS = � 1 meson-baryon scattering on the right. The quantityp

s stands for the total three-body and two-body energy, respectively. The gray regions
contain partial wave speci�c cuts and the left-hand cuts. The colored dots depict the
threshold branch points for the particle collisions, including unstable particles with
complex branch points. The black lines give the branch cuts. The black stars show
the position of resonances, namely thea1(1260) on the left and the two poles of the
�(1405) and the �(1385) on the right.

resonance of interest. This method introduces new cuts for a given partial wave.

When all partial waves are summed over, these wave-dependent cuts will vanish, but

they must be accounted for when one is performing analytic continuation for a given

partial wave. These sub-threshold cuts are indicated with gray areas in Fig. 14. Note

that there is one more cut, the so-called left-hand cut, which is sub-threshold as well,

but not only present in partial wave amplitudes but also the plane-wave amplitude.

Poles on the �rst Riemann sheet | which is connected above the real axis | are

forbidden by causality. This can be shown with a proof that, if the Green's function

obeys the causality commutation relations, it must be analytic for all energies with a

positive imaginary parts [65]. The second Riemann sheet, connected below the axis,

does not satisfy these requirements, meaning that it does not have to be analytic.

Thus, it is where one looks for poles when doing analytic continuation.
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2.6 Chiral Perturbation Theory

This thesis does not explicitly use chiral perturbation theory, but it does make heavy

use of Refs. [9,11,68] which take ChPT as an inspiration for the Bethe-Salpeter

kernel for 2-body scattering. Thus, we give a brief description of the theory here, but

we aim only to give the most rudimentary understanding necessary to motivate the

ways in which it is applied in this thesis. For a more detailed description, see

Ref. [69]. Throughout this description, we rely heavily on Refs. [9,69,70].

ChPT relies on approximate chiral symmetries of the QCD Lagrangian density. These

QCD symmetries are implemented in a tower of e�ective Lagrangians that can be

used to perturbatively calculate low-energy processes. The QCD Lagrangian is

L QCD =
X

f = u;d;s;c;b;t

�qf (i =D � mf )qf �
1
4

Ga�� G��
a ; (14)

where we have omitted theCP-violating � term [71]. The indexf sums over the


avor for quark �elds, qf and quark massesmf . The symbol =D is the Feynman slash

on the gauge covariant derivative,D � = @� + igA � , whereA � � A a� � a=2 is the gluon

�eld, � a are the Gell-Mann matrices,a is the color index, andg is the strong coupling.

The symbol G is the gauge invariant gluon �eld strength tensor which can be written

G�� � Ga��
� a
2 = @� A � � @� A � + ig [A � ; A � ].

The di�erent 
avors of quarks have very di�erent masses. In theMS scheme, (which

is not the same as the constituent quark models), they are:mu =
h
2:16+ :49

� 0:26

i
MeV,

md =
h
4:67+ :48

� 0:17

i
MeV, ms =

h
93+11

� 5

i
MeV,

mc = [1270 � 20] MeV,mb = [4180 � 30] MeV, andmt = [172900]� 400MeV [2].

Chiral Perturbation Theory deals with the low energy limit, well below the masses of

the top, bottom and charm quarks.

The chiral operators arePL = 1
2(1 � 
 5) and PR = 1

2(1 + 
 5) which project the quark

�elds to the left-handed and right-handed component �elds viaqR = PRq and
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qL = PL q. These operators satisfyPR + PL = 1.

In the limit of small momenta and masses, using the decomposition of quark �elds

into left-handed and right-handed �elds and settingmu;d;s ! 0 one can write the

Lagrangian as

L QCD =
X

f = u;d;s

(�qR;f i =DqR;f + �qL;f i =DqL;f ) �
1
4

G��� G��
� : (15)

The charm, top, and bottom quarks are neglected in this Lagrangian because their

masses are much larger than the energy range at which ChPT is valid. This

Lagrangian isUL (3) � UR (3) invariant for quark �eld transformations qR ! URqR and

qL ! UL qL [69].

This symmetry can be decomposed according to

UL (3) � UR(3) = SUV (3) � SUA (3) � UV (1) � UA (1) ; (16)

where the subscriptsV and A for vector and axial can be related to the right-handed

and left-handed subscripts withV = ( L + R) and A = ( L � R).

From Noether's theorem it follows that symmetries lead to conservation laws. The

UV (1) symmetry induces Baryon number conservation. From each of these

symmetries, there exists a conserved current and invariant charge. The invariant

charges for the vector and axial currents can be writtenQV a and QAa . When one

applies the charge operators to the vacuum state, one getsQV ajV ai = 0 and

QAa jAai 6= 0 [69]. This means that the vector symmetry remains but the axial

symmetry is broken. This corresponds to symmetry breaking observed in nature.

This symmetry breaking is called spontaneous symmetry breaking as opposed to

explicit symmetry breaking because the Lagrangian preserves the symmetry but it is

not present in the ground state. Furthermore, theUA (1) current is not conserved due

to quantum e�ects.
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Thus the UL (3) � UR(3) spontaneously break to aSUV (3) symmetry. The 8

generators of the broken/hiddenSU(3)A are called Goldstone Bosons,� a, which are

identi�ed with � + , � � , � 0, K + , K � , K 0, �K 0, and � . They are grouped in the matrix

� =
8X

a=1

� a� a

0

B
B
B
B
B
B
@

� 0 + 1p
3
�

p
2� +

p
2K +

p
2� � � � 0 +

p
1

3 �
p

2K 0

p
2K �

p
2 �K 0 � 2p

3
�

1

C
C
C
C
C
C
A

: (17)

The e�ective ChPT Lagragian can be written in terms of the Goldstone Bosons as an

expansion of increasing powers of derivatives and quark-mass terms [72]:

L ef f = L 2 + L 4 + L 6 + ::: (18)

Note that odd power terms do not contribute because the Lagrangian is a scalar,

therefore the �elds must be contracted in pairs. On top of di�erent powers of masses

and momenta in the Lagrangian, one needs to take the structure of a given

perturbative expansion into account (number of vertices, loops, propagators). This

method to arrive at a systematic expansion scheme is referred to as power

counting [72].

In this thesis, we are interested in ChPT extended to meson-baryon interaction [73].

In this case, the odd powers will contribute to the expansion of the Lagrangian

because the nucleon (and baryon) in general have a mass which does not disappear in

the limit mu;d;s ! 0. The corresponding Lagrangian reads

L ef f
�B = L (1)

�B + L (2)
�B + L (3)

�B + ::: ; (19)
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where the low-lying baryons are given in the matrix

B =

0

B
B
B
B
B
B
@

� 0
p

2
+ �p

6
� + p

� � � � 0
p

2
+ �p

6
n

� � � 0 � 2p
6
�

1

C
C
C
C
C
C
A

: (20)

The Goldstone bosons and the baryons are used to construct the chiral Lagrangian

from which Feynman rules can be derived following the usual methods of QFT. We

describe the method that is used to construct this Lagrangian in Sec. 3.2.
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3 Literature Review

In this section, we summarize the literature that gives the state-of-the-art prior to

work done in this thesis. We begin, in Sec. 3.1 by describing the available

experimental data forS = � 1 meson-baryon scattering. This consists of total cross

section measurements, di�erential cross section measurements, and threshold

measurements. In Sec. 3.2 we describe the model developed by M. Mai and U.

Mei�ner which is the basis for the �KN analysis performed in this work. This model

had previously been �t to the total cross section data and threshold data and made

predictions for the pole position of the �(1405).

Sec. 3.3 gives some very general background, without going into any speci�cs, about

three body approaches in low-energy QCD. In Sec. 3.4, we summarize Ref. [17], which

derives a three-body model based on the Bethe-Salpeter Equation and the principle

of unitarity. This model is the basis for the three-body analysis presented in this

thesis. It is the �rst one to implement the proof of manifest unitarity. We summarize

some experimental data in Sec. 3.5 and the theoretical approaches in Sec. 3.6.

3.1 Experimental Data for S = � 1 Meson-Baryon Scattering

The available data that can be used for the study of the �(1405) and the �(1385) has

been collected over several decades and takes a number of di�erent forms. Because we

show �ts to the data in Sec. 3.2 and Sec. 4 it would be redundant to show it here.

Instead, we describe the data in this section and show plots in the next one.

There are 10 possible meson-baryon pairs with the right quantum numbers

I (J P ) = 0( 1
2

� ), S = � 1 which can form the �(1405). They areK � p, �K 0n, � 0�,

� 0� 0, � + � � , � � � + , � �, � � 0, K + � � , and K 0� 0. Out of these, only the �rst 6 have

thresholds close enough to sizeably contribute to the�KN amplitude around its

threshold. In principle there are 6 possible incoming states and 6 possible outgoing

states for cross section data that could be used to study the �(1405). However, data
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is available for only one incoming state,K � p. This is not surprising because of the

instability of other baryons. Thus, there are 6 channels for the �(1405). These data

are given in Refs. [25{27,74] and shown in Fig. 15.

The K � p incoming channel has a threshold higher than 1405 MeV so that the peak

caused by the �(1405) cannot be seen directly. But the width of �(1405) is large

enough that it can a�ect cross sectional data with real energy values above the

threshold. Thus, data sets for processes with thresholds above the mass of the

�(1405) can be used to study it.

Di�erential cross section data are also available [28]. The bulk of these data

corresponds to energies where the ChPT kernel ceases to be a good approximation,

but some are available at lower energies for theK � p ! K � p and K � p ! K 0n

channels. The di�erential cross section makes it possible to simultaneously study the

e�ects of the �(1385) and the �(1405) with a coupled channel analysis. Prior to this

thesis, no such analysis had been performed.

Measurements of the energy shift and width of kaonic hydrogen can also constrain

theoretical predictions. This was done by the SIDDHARTA collaboration, see

Ref. [75]. Ref. [76] relates these results to the complex�KN scattering lengths at the

threshold including isospin breaking. There are plans to continue this experimental

research to study kaonic deuterium at JPARC and Frascati. Such results can be

related to S = � 1 interactions but they would require a three-body analysis to

account for the three components of the kaonic deuterium system [77]. This

additionally highlights the importance of the development of three-body analysis

models which is also a focus of this work.

The threshold amplitudes can be further constrained by decay ratios


 = ( K � p ! � � � + )=(K � p ! � + � � ), Rn = ( K � p ! � � 0)=(K � p ! � � 0; � 0� 0),

Rc = ( K � p ! charged particles)=(K � p ! all �nal states) from Refs. [24,78]. The

strength of having SIDDHARTA data and ratios calculated at theK � p threshold is
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that the threshold is the point closest to the pole of the �(1405) in the complex plane,

thus, it is of great importance to constrain the amplitude with observables at the

threshold.

Further comparisons to data can be made by utilizing measurements from

experiments for which the process of interest is a subprocess. One such scenario is


p ! K + (� �) which is measured by the CLAS collaboration [10] giving data shown

in Fig. 16. Ref. [11] introduces generic couplings for
p ! K + MB to the 10 channels

mentioned above, whereM and B represent a meson and a baryon respectively.

These couplings, in addition to free parameters from the interaction of interest, can

be �t to data. Another such reaction is from Hemingway [30] with data shown in

Fig. 35, isK � p ! � + (1660)� � , � + (1660) ! �(1405) � + , �(1405) ! � � . The generic

couplings forK � p ! �(1660) � � and �(1660) ! (� � � + )� + can be �t to the

Hemingway data, giving a process that can be used to study the �(1405). Note that

the 
p ! K + (� �) data require additional �t parameters unrelated to the �(1405)

which inhibits its ability to constrain the values of pole positions as theK � p cross

section data. Nevertheless, it is still useful in this study.

In summary, the data of interest take the form of total cross section data, di�erential

cross section data, kaonic hydrogen measurements, threshold ratios, and more

complicated processes from the CLAS collaboration and Hemingway which can be �t

with additional couplings. All of these data are utilized in this thesis in Sec. 4.

3.2 A Model for S = � 1 Meson Baryon Scattering

We here refer to a model derived over a series of works [9,11,68], developed by Maxim

Mai and Ulf Mei�ner which we extend in this thesis. In this section we summarize its

state prior to work done. It makes predictions for and is constrained by the data

previously described. The model is the only approach which has the correct

low-energy behavior, ful�lls two-body unitarity and describesS- and P-waves
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simultaneously without introducing explicit states. Ref. [68] gives the method of

calculating the Bethe-Salpeter Kernel from the Lagrangian and analytic solution of

the BSE building on previous work [79{ 81], Ref. [9] describes the development of the

model, and Ref. [11] gives the most recent iteration of the model, (prior to work in

this thesis).

The model starts from the chiral Lagrangian for meson-baryon interaction which is

expanded in Eq. (19) with a �rst order term,

L (1)
�B = h�B(i
 � D � � m0)B i +

D=F
2

h�B
 � 
 5[u� ; B ]� i ; (21)

whereh: : :i denotes the trace in 
avor space,D � B := @� B + 1
2 [[uy; @� u]; B ], m0 is the

baryon mass,D, F are the axial coupling constants. The "/" between them should

not be understood as a ratio but as an alternative between the two withD

corresponding to "+" and F corresponding to "-". They parametrize the Born terms

which are free parameters. However these terms are neglected in this model, because

they induce overlapping ultraviolet divergences in the rescattering series that are

di�cult to renormalize. The mesons and baryons are grouped in matricesB and �

given in Eq. (17) and Eq. (20). The meson matrix is related throughU,

U = exp
�

i
�
F0

�

(22)

u2 := U ; u� := iu y@� u � iu@� uy ;

� � := uy�u y � u� yu ; � := 2B0 u ; (23)

with � givin in Eq. (17). F0 = 92:3 MeV is the meson decay constant in the chiral

limit, B0 is related to quark condensates in the chiral limit, andu is the quark mass

matrix, u = diag(m u; md; ms). This Lagrangian leads to the Weinberg-Tomaza term

in the amplitude which is the �rst order approximation for the Bethe-Salpeter kernel,
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but the strength of the model we employ is that it considers up to next to leading

order chiral expansion. The second order Lagrangian term in the power counting

scheme is given by

L (2)
�B = bD=F hB

h
� + ; B

i

�
i + b0 hBB i h� + i

+ b1=2 hB
�

u� ;
h
u� ; B

i

�

�

i + b3 hB
�

u� ;
n
u� ; B

o�

i + b4 hBB i hu� u� i

+ ib5=6 hB� ��
� h

u� ; u�

i
; B

�

�
i + ib7 hB� �� u� i hu� Bi

+
i b8=9

2m0

�

hB
 �
�

u� ;
h
u� ;

h
D � ; B

ii

�

�

i + hB
 �
�

D � ;
h
u� ;

h
u� ; B

ii

�

�

i
�

+
i b10

2m0

�

hB
 �
�

u� ;
n
u� ;

h
D � ; B

io �

i + hB
 �
�

D � ;
n
u� ;

n
u� ; B

oo �

i
�

+
i b11

2m0

�

2hB
 �
h
D � ; B

i
i hu� u� i + hB
 � Bi h

h
D � ; u�

i
u� + u�

h
D � ; u�

i
i

�

; (24)

wherebi are the Low-Energy Constants (LEC)s. From these Lagrangians, one can

evaluate the full interaction kernel,V , up to Next to Leading Order (NLO). If the

Lagrangain at NNLO were considered, it would require 78 indepedent operators. [82].

The perturbative amplitude calculated from both Lagrangians can then be used in

the Bethe-Salpeter Equation to calculate the unitary amplitude of the interactions.

T(=q2
; =q1

; p) = V(=q2
; =q1

; p) + i
Z dd`

(2� )d

V(=q2
; =̀; p)

`2 � M 2 + i�
1

=p � =̀ � m + i�
T(=̀; =q1

; p) ; (25)

wherep is the total 4-momentum of the system andq1 and q2 are the incoming and

outgoing 4-momentum of one of the scattered particles, respectively. This equation

can be solved for the amplitude,T, which is then related to the total cross section

data, threshold data, and SIDDHARTA data described in the previous section.

The Lagrangian in Eq. (21) also induces baryons and u-channel exchange, but

especially the u-channel exchange cannot be solved for in the full Bethe-Salpeter

equation due to its topology. Instead, this contribution is neglected and absorbed in

the values of the low-energy constants of Eq. (25).
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Figure 15: The best �t solutions collected in Tab. 3.2 and error bands in comparison
with the total cross section data. These data do the majority of the constraining of
the free-parameters. Figure taken from Ref. [9].

The free parameters of the model are the LECs, (not includingD/ F which are

neglected), that parameterize the NLO Lagrangian as well as the regularization scale

for each channel, which make the integral solvable. There are 14 LECs and a

regularization scales for each channel, thus there are 20 free parameters. Because

there are so many degrees of freedom, and because the mathematical expression for

the amplitude is quite intricate, �tting presents a challenge. The size of the sample

space means that there are many local minima in the� 2 function. Therefore, there is

no guarantee that there is only one set of free parameters that describe the data well;

in fact, there are quite a few such solutions.

In order to address this challenge, the C++ library Minuit2 was used to perform a

rapid minimization starting from thousands of randomly generated starting

parameters. This allowed the collection of a large number of solutions.

These solutions must meet a further condition. Causality requires that the amplitude

must not have any poles when it is analytically continued to the �rst Riemann sheet,
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see Sec. 2.5. This condition is not built into the Bethe-Salpeter equation, thus many

sets of best-�t parameters do have unphysical poles on the �rst Riemann sheet.

Fit # 1 2 3 4 5 6 7 8
� 2

d:o:f : (hadronic data) 1.35 1.14 0.99 0.96 1.06 1.02 1.15 0.90
� 2

p:p: (CLAS data) 3.18 1.94 2.56 1.77 1.90 6.11 2.93 3.14

Table 1: Quality of the various �ts in the description of the hadronic and the
photoproduction data from CLAS. � 2

p:p: is the � 2 per data point and � 2
d:o:f : is the � 2

per degree of freedom. Table from Ref. [11]

The large set of best �t parameters is tested and only the ones that preserve causality

are kept. This yields 8 solutions. The� 2 for these solutions from the hadronic data,

given in the upper row of Tab. 1, range between 0.9 and 1.35. Thus, all solutions are

reasonable �ts of these data sets.

Fig. 15 shows the �t of the eight solutions to the cross section data. These sets

constitute the majority of the data and impose the strongest constraints on the free

parameters. The �ts come with error bands generated using the bootstrap

method [83].

The eight �ts are also compared to the CLAS photoproduction data [10] and the

Hemingway lineshape data [30]. Because these data sets require the �t of additional

free parameters, they are not used for the �t of the LECs or scale factors. Instead,

the 8 �ts are taken as is and the additional couplings are �t. The� 2 for these �ts is

shown in the lower row of Tab. 1. For some sets of LECs and scale factors, there was

no �t of the couplings that returned a good� 2, thus the CLAS data can rule out

solutions, even though it requires the �t of additional free parameters to be compared

to results in this sector. The �ts are shown forW = 2:5 GeV in Fig. 16. The plot

shows that solutions 6 is particularly bad. Even though it accurately described the

data to which it was �t, it could not describe the CLAS data. On the other hand,

solution 4 describes the CLAS data well.

When these �ts are analytically continued into the complex plane, they each give the
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Figure 16: The 8 best �t solutions of the hadronic data compared with the CLAS
photoproduction data [10]. Because these data require additional free-parameters
to compare to the processes of interest, the LECs and scale constants are not �t to
these data. However, even with the additional degrees of freedom, some �ts of the
LECs and scale constants to the cross section and threshold data cannot describe
this photoproduction data. Thus some �ts, like #6 are ruled out. Figure taken from
Ref. [11]

.

broad and narrow poles of the �(1405). The con�dence region for these poles given

by the variances of the real and imaginary pole positions are shown in Fig. 17 along

with the con�dence region for the poles from other models. Some of these models

include an NLO term in the Lagrangian that is not complete [13,14], a model that

parametrized the Bethe-Salpeter kernel with free parameters [16], and the �t of this

model prior to the iteration being shown [15]

The model we employ in its form immediately prior to work in this thesis solves the

Bethe-Salpeter Equation with a kernel from a chiral Lagrangian up to NLO. It is

compared to all available data except the di�erential cross section data. TheS-wave

component of the amplitude that dominates the total cross section has no angular

dependent e�ect on d�
d
 . This means that theP-wave components which provide only

a small contribution to the total cross section can be isolated and determined by

di�erential cross section data assuming that theD-wave is negligible . Note that

there are two di�erent possible contibutions to theP-wave corresponding to di�erent
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Figure 17: The analytic continuation con�dence regions of the poles of the �(1405) for
the model we employ (colored rectangles) and other models (Black crosses) [12{ 16].
Figure from [9].

parities and the di�erential cross-section data does not resolvewhich P-wave

contribution a structure lies on, as will be discussed later. The neglectedD-wave

contribution would depend on the cos� to a higher power than theP-wave and, at

higher energies than we consider, would be characterized by the �(1520).

Because the parameters for the LECs and the scale constants are simultaneously �t

for the coupled channel model that could describe bothS-wave andP-wave, the

positions of the two resonances are correlated. An analysis of the di�erential cross

section data in order to determine the e�ects of the �(1385) resonance (aP-wave

state) constitutes the two-body work in this thesis. It will be discussed in Sec. 4.

40



3.3 First Approaches to Three-Body Interactions

The relativistic quantum three-body problem is considerably more complicated than

the two-body version. There have been several frameworks developed to solve this

problem, each with its own strengths and weaknesses.

The Faddeev equations are the most general framework for three-body

interactions [84,85]. A considerable simpli�cation of the Faddeev equations was

achieved in Ref. [86]. They were initially derived for the non-relativistic case but they

have a relativistic version. In principle, the Faddeev equations give a complete

solution to the three-body problem. But numerical implementation for their solutions

presents a challenge. One strategy is to use them for potentials that can be separated

into incoming and outgoing components, but for potentials that cannot be

decomposed into a product of terms from each component, the calculations become

very di�cult. This motivates the search for a di�erent set of equations for the

three-body problem.

The Aaron Amado and Young (AAY) model [87{93] provides a framework for the

three-body problem which uses the isobar formulation to apply the BSE to the

three-body case. They use the BSE and three-body unitarity to construct a

three-body amplitude. However, their derivation for the kernel is only valid for

bound-state particle scattering. Ref. [17], which generalizes this proof to hold for

higher energies, is the basis of this work.

A third framework can be found in the Khuri-Treiman equations [94{102]. These

equations take calculations for 2! 2 particle scattering and rotate the interaction to

a 1 ! 3 decay. The limitation of this method is that it does not give results for the

3 ! 3 case. However, since data for three-body interactions tend to come from 1! 3

decays, such equations are still very useful. The comparison between the modi�ed

Aaron, Amado, and Young model, and the Khuri-Treiman method is currently being

investigated in collaboration with Bonn University.
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Figure 18: The total scattering amplitude as composed by the connected part,Tc

and the disconnected part,TD . Single lines depict stable particles and double lines
depict isobars. Figure taken from Ref. [17].

The Faddeev equations, Khuri-Treiman equations, and Aaron Amado and Young

model give the broad background for the relativistic, quantum three-body problem

Next, we will go more into speci�cs in our description of more recent work.

3.4 Three-body Unitarity with Isobars Revisited

In the following we will summarize the work of Ref. [17] which derives an expression

for a three-body amplitude. The �rst step is to expand the scattering matrix,S.

S := 1 + i (2� )4� 4(Pi � Pf ) T̂ , wherePi and Pf are the initial and �nal total

four-momentum of the system and the totalT-matrix is written T̂ which is

distinguished from the operator that indicates internal three-body rescattering

denoted byT and depicted in Fig. 18.

The scattering amplitude for the 3! 3 process,T̂ , has a connected piece,̂Tc, and a

disconnected piece,̂Td as shown in Fig. 18. The full amplitude is given by

hq1; q2; q3jT̂ (s)jp1; p2; p3i = hq1; q2; q3jT̂c(s)jp1; p2; p3i + hq1; q2; q3jT̂d(s)jp1; p2; p3i ;

(26)

whereqi are the outgoing momenta andpi are the incoming momenta. The connected

and disconnected pieces can be written:

hq1; q2; q3jT̂c(s)jp1; p2; p3i =
1
3!

3X

n=1

3X

m=1

v(q�n ; q�n )S(� (qn )) hqn jT(s)jpm i S(� (pm ))v(p �m ; p �m ) ;

(27)
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and

hq1; q2; q3jT̂d(s)jp1; p2; p3i =
1
3!

3X

n=1

3X

m=1

2Eqn (2� )3� 3(qn � pm ) v(q�n ; q�n )S(� (qn ))v(p �m ; p �m ) :

(28)

Here, S is the isobar propagator andv is the � ! �� decay vertex which depends on

the four-momentum of the outgoing pions.

From the unitarity of the S matrix it follows that

hq1; q2; q3j(T̂ � T̂y)jp1; p2; p3i = i
Z 3Y

`=1

"
d4k`

(2� )4
(2� )� + (k2

` � m2)

#

(29)

� (2� )4� 4

 

P �
3X

`=1

k`

!

hq1; q2; q3jT̂yjk1; k2; k3i hk1; k2; k3jT̂ jp1; p2; p3i :

Here theki are the intermediate four-momenta. The right side of Eq. (29) can be

expanded in terms of the disconnected and connected amplitudes,Td and Tc, which

can be be written as the sums of permutations of states. These terms from this

expansion are depicted in the topologies on the left side of Fig. 19. Topologies (1a),

(1b), (3a), and (3b) are for disconnected-connected combinations,̂Ty
d T̂c and T̂y

c T̂d.

Topology (2) is for the disconnected-disconnected diagram̂Ty
d T̂d. Topologies (4a) and

(4b) are for the fully connected diagramT̂y
c T̂c.

These terms will be matched to equivalent terms from a similar expansion from the

Bethe-Salpeter equation, given as:

hqn jT(s)jpm i = hqn jB (s)jpm i +
Z d4k

(2� )4
hqn jB (s)jki � (� (k)) hkjT(s)jpm i ; (30)

where� (� (k)) represents the Green's function,k is the spectator momentum, and

hqn jB (s)jpm i represents the interaction kernel. Without imposing unitarity, neither

quantity is �xed.
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Figure 19: The left hand side of this �gure shows the topological representation of
the expansion of unitarity relation (29). The right hand side shows the expansion
of the Bethe Salpeter amplitude 32. The �gure is displayed in a suggestive way to
present matching conditions. The double lines indicate isobars. The black dashed lines
indicate intermediate momentaki . The red boxes contain the terms considered by the
AAY model however the terms in the blue dashed box also exist and only vanish for
bound state-particle scattering and at energies below threshold. Figure taken from
Ref. [17].
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In operator notation, the ansatz for the Bethe-Salpeter Equation, (Eq. (6)), is

T = B + B�T = B + T �B (31)

This leads to

T̂ � T̂y = v(S � Sy)v + vSTSv� vSyTySyv

= v(S � Sy)v +
�
vS � vSy

�
TSv

| {z }
! (1a)

+ vSyTy
�
Sv � Syv

�

| {z }
! (1b)

+ vSy(T � Ty)Sv :

T � Ty = ( B � B y)
| {z }

! (2)

+ ( B � B y)�T
| {z }

! (3a)

+ Ty� y(B � B y)
| {z }

! (3b)

+ Ty(� � � y)T
| {z }

! (4a)

+ Ty� y(B � B y)�T
| {z }

! (4b)

;

(32)

The underbraces in Eq. (32) indicate how their topology is depicted in the right side

of Fig. 19. That �gure is displayed suggestively to allow a comparison between the

right side and the left. From the matches in the �gure, the most general form of the

matching conditions forS can be derived:

S(� (k)) � Sy(� (k)) = i
S(� (k))Sy(� (k))

2(2� )2

Z
d4 �K � +

0

@

 
P � k

2
+ �K

! 2

� m2

1

A (33)

� � +

0

@

 
P � k

2
� �K

! 2

� m2

1

A

 

v

 
P � k

2
+ �K;

P � k
2

� �K

!! 2

:

Here � will take the form � (� (k)) := (2 � )� + (k2 � m2)S(� (k)), where

� + (x) = � (x)�( x). The most general form of the discontinuity forB is

hqjB jpi � h qjB yjpi = iv (P � p � q; q)(2� )� + ((P � q � p)2 � m2)v(P � p � q; p)

(34)
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Figure 20: One-meson exchange contribution from Eq.(35). The left side shows the
forward time-ordered piece and the right side shows the backwards time-ordered part
that can be added without violating unitarity because it is strictly real.

The expression for the interaction term,B , is derived from these discontinuities

hqjB(s)jpi =
v(P � p � q; q)v(P � p � q; p)

m2 � u � i�
: (35)

This expression corresponds to a sum of a forward and backward time-ordered OPE

as depicted in Fig. 20. Note that Eq. (34) only �xes the imaginary part and the

backwards time-ordered exchange will be strictly real in the physical region.

Therefore, it can be added without a�ecting unitarity, thus providing an analytic

approximation to the u-channel kinematics. The kernel does not explicitly include a

t-channel exchange, however, this approach does not claim to explicitly include a

term for each possible contribution. Instead it writes the kernel in the most general

way that the constraint of unitarity allows. In particular, t-process exchange implies

the exchange of at least two pions. Such a process can only go on-shell for three-body

energies
p

s > 5m� which is the inelastic threshold beyond which 5-body unitarity

needs to be taken into account, anyway.

To �nd the propagator, � , we write the equations in terms of the inverse,

D(� (k)) := � � � 1(� (k)) : (36)

The discontinuity of D for oneS-wave isobar with the simple case settingv(p; q) = �
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is DiscD(� (k)) = i
8�

K cmp
� (k)

� 2 Here K cm =
q

� (k)=4 � m2 is the magnitude of

3-momentum of the particles from isobar decay de�ned in the isobar center of mass.

D can be reconstructed from this equation, e.g., via a twice-subtracted dispersion

relation,

D(� (k)) = A + B � (k) +
� (k)2

�

1Z

4m2

d� 0 Im D(� 0)
� 02(� 0 � � (k) � i� )

: (37)

Substituting Eq. (35) into the Bethe Salpeter ansatz gives

hqjT(s)jpi =
v(P � p � q; p)v(P � p � q; q)

m2 � (P � p � q)2 � i�
(38)

�
Z d3`

(2� )3

1
2E`

v(P � q � `; ` )v(P � q � `; q)
m2 � (P � q � `)2 � i�

1
D(� (`))

h̀ jT(s)jpi :

Here v is the isobar decay vertex and� is the invariant mass of the isobar squared,

D(� (`)) is the inverse propagator.

This expression is unitary beyond the bound state-particle scattering case and valid

up to the �rst inelastic threshold. The scattering problem can be written in terms of

on-shell 2! 2 amplitudes that only depend on the invariant mass. These amplitudes

are general, i.e., one can go beyond the simplistic picture of a \resonant" isobar, and,

if wished, directly insert scattering phase shifts from experiment, with or without

resonances. It should be mentioned that one needs the analytic continuation below

the two-particle threshold as input. This makes the result dependent on the

unphysical two-body sub-threshold region. To account for the physical contact force

between all three bodies, we add a term,C, which can be done without a�ecting our

matching condition because it is strictly real:

hqjT(s)jpi = hqjC(s)jpi +
1

m2 � (P � p � q)2 � i�
�

Z d3`
(2� )3

1
2E`

T22 (39)

� (� (`))

 

h̀ jC(s)jpi +
1

m2 � (P � p � `)2 � i�

!

h̀ jT(s)jpi :
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This equation allows one to numerically solve for the amplitude. Much of this thesis

involves working with an equivalent integral equation that takes into account spin

and isospin and it emphasizes the numerical problems involved in solving this

equation in practice.

3.5 Experimental Studies of the a1(1260)

The method for calculation of three-body amplitudes outlined in the previous section

can be applied to several sets of available data. As mentioned, the��� ! ���

process is not directly observable because one cannot prepare three di�erent states in

a way that guarantees they interact simultaneously. Instead, we consider data from

decay processes that have three pions in the �nal state, ensuring the��� interaction.

Here, we summarize the data from three collaborations.

The Argus Experiment: The �rst is the work of the Argus collaboration which

presented experimental results for the reactione+ e� ! � + � � [18]. The � � could

decay into 6 di�erent channels. Approximately 6% of the� � decays were� � � � � + � � .

Approximately 7500 events were observed.

The advantage of this process for the study of thea1(1260) is that the � � interacts

with the other particles on the scale of the weak interaction, which has a coupling

constant on the order of 10� 6. This is vaninshingly small compared to the strong

interaction with a coupling constant on the order of 100. Thus, the contribution of � �

is negligible. One can observe the e�ects of three-pion interaction in this process.

Even more relevant is the fact that one has a well-de�ned initial state that

automatically �lters out the quantum numbers of the a1(1260), I G(J P C ) = 1 � (1++ ).

This can be seen in contrast to pion or photon-induced reactions corresponding to the

COMPASS and GlueX experiments, respectively. There, many partial

waves/quantum numbers are produced simultaneously and require a partial wave

decomposition �rst (see discussion in Sec. 1.2). The energy that the neutrino takes
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from the system will vary for each event which means that a spectrum of energies for

the three pion system can be collected.

The projected and unprojected Dalitz plots from this paper, (Ref. [18]), are shown in

Fig. 21. The outline of the� band with constructive interference is visible. One sees

that at energies close to the peak of the line shape there are many events but those

farther away are much more sparsely populated. Thus, one sees the qualitative e�ects

one would expect for the Dalitz plots for thea1(1260).

In addition to the Argus collaboration, the OPAL collaboration at CERN [103] and

the DELPHI collaboration [104], both at CERN present data for the� � ! � � � � � + .

These results follow a similar process as that of the ARGUS collaboration in

generating the data.

The CLEO Experiment: A second experimental study that is worth discussing

in detail was performed by the CLEO collaboration [19]. This experiment collected

results for � � ! � � � 0� 0� � . This process will be very similar to� � ! � � � � � +

because each case has two pions with the same isospin projection and one that is

di�erent. The di�erent one can form a � -meson with one of the other two pions, but

the two pions with the same isospin projection cannot form a� -meson.

The CLEO experiment records 4:3 � 106 � � � + event pairs. This large data set makes

it possible to calculate branching ratios for thea1(1260) decay process using a

model-dependent �t. They are: �(( �� )S� wave)=� T otal = 0:6019,

�(( �� )D � wave)=� T otal = 0:0130� 0:0060� 0:0022,

�(( � (1450)� )S� wave)=� T otal = 0:0056� 0:0084� 0:0032,

�(( � (1450)� )D � wave)=� T otal = 0:0204� 0:0120� 0:0028, and

�( �� )=� T otal = 0:1876� 0:0429� 0:0148. These branching ratios indicate that the

dominant intermediate contribution in the a1(1260) ! ��� decay comes from�� in

S-wave but �� also has a notable contribution. Note that for these branching ratios,
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Figure 21: The Dalitz plots, (left), and projected Dalitz plots, measured by the Argus
collaboration [18]. The plots show the events as a function of two-body invariant mass
within bins of three-body invariant mass. The bins are 0:8 GeV < m3� < 1:0 GeV,
1:0 GeV < m3� < 1:2 GeV, 1:2 GeV < m3� < 1:4 GeV, and 1:4 GeV < m3� < 1:6 GeV.
The thick black lines in the left column show the expected location of the� band. The
density of points within those bands con�rms the expectation. This can be compared
to the results of this thesis shown in Fig. 45. Figure taken from Ref. [18].
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a very simple isobar model was used that did not take into account the three-body

unitary rescattering e�ects which are the main subject of this thesis.

In addition, the CLEO collaboration report the line shape, Dalitz plots and projected

Dalitz plots, the latter of which are shown in Fig. 22. These plots show the same�

band structure and kinematic re
ection as the equivalent Argus plots, but the larger

number of events allows a smaller
p

s bin size.

The ALEPH Experiment: Further experimental results for� � ! � � � � � + � � are

available from the ALEPH collaboration at CERN Switzerland [105]. This

experiment produced over 300,000� decay events which were analysed in Ref. [5] and

Ref. [20]. They present lineshapes for� � ! � 0� � � � , � � ! � 0� 0� 0� � � � ,

� � ! � 0� + � � � � � � ,� � ! � 0� 0� � � � , and � � ! � + � � � � � � . Out of these, we are only

interested in the last one because it has three outgoing pions and their isospins ensure

that in the restriction to the �� channels made in this thesis any two pion cluster has

the quantum numbers of a� 0 meson. The line shape for the� + � � � � decay is shown

in Fig. 23.

This line shape data is similar to the data from the ARGUS collaboration in that

they both show a pronounced peak that dominates the entire spectrum. Note that

di�erences in shape from the plots are in part a result of the fact that the ALEPH

plot [20] gives the invariant mass squared on the horizontal axis and the ARGUS plot

gives the invariant mass on the horizontal axis.

These results were updated with a new analysis of the data in Ref. [20]. (See Fig. 24

for the relevant comparison.) This paper uses a di�erent method to separate the

detector e�ects from the results and uses more sophisticated statistical methods to

calculate the uncertainties of the data. The new points in the line shape have error

bars for two dimensions rather than one. This upgrade gives great bene�ts to a very

detailed comparison of theory to the data. But the centers of the points are very
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Figure 22: The projected Dalitz plot data (red points), as a function of the� � � 0

invariant mass (s1 or s2). The solid black line shows the �t result and the colored
histogram gives the background. Plots (a) to (h) correspond to the bins for

p
s =

0.6-0.9, 0.9-1.0, 1.0-1.1, 1.1-1.2, 1.2-1.3, 1.3-1.4, 1.4-1.5, 1.5-1.8GeV. Figure taken
from Ref. [19].
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Figure 23: The Line Shape data from
the ALEPH collaboration for the chan-
nels � � ! � � � 0� 0� � , (Black points),
and � � ! � � � � � + � � , (Green shaded
band). The latter channel is relevant
to this work. Figure from [5].

Figure 24: The Line Shape data from
the ALEPH collaboration that was up-
dated with statistical methods com-
pared to the older line shape [5]. Figure
from [20]

similar. With the current state-of-the-art, no theoretical models, (including ours)

have reached the precision in which the di�erence between the data sets becomes

relevant. However, we look forward to an era in which detailed three-body analysis

makes the newer data necessary.

3.6 Theoretical Approaches to the a1(1260)

To our knowledge, the work presented in this thesis is the �rst to study thea1(1260)

that both accounts for rescattering and utilizes a manifest proof for unitarity, but it is

certainly not the only work to study the a1(1260). In order to present our results in

their proper context, we brie
y summarize three other theoretical approaches.

Janssen Thesis: The �rst of these is the M.S. thesis of Georg Janssen [106] which

gave a detailed description of work published in Ref. [21]. This thesis used the

Bethe-Salpeter equation to solve for three-body amplitudes, but it did not make use
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of unitarity. We outline a few points of interest about the method used in Janssen's

thesis.

Janssen's thesis uses OPE for the kernel of the Bethe-Salpeter equation which is

similar to the kernel derived in Sec. 3.4, however, Janssen did not invoke unitarity. A

further di�erence between the thesis work and Refs. [17] is that there, the��

interaction is modeled from a hadronic Lagrangian, whereas in this thesis, the

interaction is not modeled but simply absorbed in an energy and momentum

dependent counter term, except, of course, for the OPE required by unitarity. The

OPE interaction in Janssen has the denominator

p
s � Ep � Eq �

q
m2 + p2 + q2 + 2pqcos� ; (40)

which can be compared to the denominator of Eq. (35), in a comparable form

(
p

s � Ep � Eq)2 � (m2 + p2 + q2 + 2pqcos� ) : (41)

For positive, real energies and momenta in the physical region, the two denominators

will yield the same poles. Janssen's version of OPE has the structure of the left

diagram in Fig. 20 whereas the denominator we use in this work includes both

diagrams meaning that it accounts for both the forward and backward time-ordered

pion exchange, ensuring the correct analytic behavior in theu-channel. Because the

backward time-ordered pion exchange denominator cannot equal 0 for real momenta,

an integral over it will not yield an imaginary part. This means that the inclusion or

exclusion of this term will not a�ect the unitarity constraint on the OPE term. Thus,

an understanding of unitarity not only allows the derivation of the Bethe-Salpeter

kernel, but it also allows for an informed decision about which model-dependent

choices are allowed.

Furthermore, Janssen's thesis gives detailed calculations for the propagator,� , for the
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Figure 25: The line shape calculated with (solid line) and without (dashed line) the
inclusion of a dresseda1(1260) ! �� vertex function. Figure from Ref. [21].

Bethe-Salpeter equation, (Eq. (6)), but in its �nal results, it uses a stable� . In our

thesis, an understanding of the constraints of unitarity allows for a calculation of the

amplitude. Without this understanding, the approximations that Janssen makes are a

reasonable solution to a di�cult problem. With these approximations, the line shape

is shown in Fig. 25.

Kamano et al. Another theoretical study, Ref. [22] by Kamano et al, makes

calculations for the processa1(1260) ! � 0� + � � . Like the three-body work done in

this thesis for 1! 3 decay, they calculated the amplitude from a sum of a connected

part that includes rescattering terms and a disconnected part that does not.

From this amplitude, they calculated observables including the Dalitz plot which is

shown on the left side of Fig. 26. The structure of the plot is dominated by the�

bands which exhibit constructive interference as one would expect from Bose

symmetry. The right side of the �gure shows the ratio of the Dalitz plot calculated

with the rescattering terms to that calculated without indicating the e�ect of the
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Figure 26: (left) Dalitz plot of a1(1260) ! � + � � � 0; (right) ratio of Dalitz plot
distributions with and without the rescattering terms. Figure from Ref. [22].

rescattering. The large ratio particularly in the region in which both invariant masses

are small justi�es their inclusion of the rescattering terms.

The paper was published in 2011, before a manifest proof of unitarity for the

rescattering terms above breakup was released. We have not checked whether their

formalism would still ful�ll manifest three-body unitarity, as does ours.

Mikhasenko et al. The �nal paper we discuss here is from 2018 by Mikhasenko et

al. [23]. It makes a detailed calculation of the� decay process that approximates

unitarity which simpli�es their calculation by neglecting the complicated moving

singularities in the OPE process for the Bethe-Salpeter equation and instead giving

the formula for the line-shape:

d�
ds

=
1
s

 

1 �
s

m2
�

! 2  

1 +
2s
m2

�

!
c� (s)

jm2 � s � ig2C(s)=2j2
: (42)

Here � (s) is the propagator for the� -meson. This formula has four variations; two of

them are called non-dispersive and haveC(s) = � (s). The other two are in the

dispersive (DISP) case whereC(s) = ~� (s), with ~� de�ned by
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Figure 27: Fit to ALEPH data with the four models from [23]. The models di�er by
either including the e�ect of interference between two�� decay channels (SYMM) or
(QTB), and either using the dispersive integral over the phase space (DISP), or not.
The lower panels show the normalized residues. Figure from Ref. [23].

i ~� (s) = l0 +
s
�

Z 1

9m2
�

ds0 � (s0)
s0(s0 � s � i� )

: (43)

Both the dispersive and the non-dispersive amplitude can be related to the data in a

Symmetrized (SYMM) way by summing over both possible spectators. They can be

written in the Quasi-Two-Body, (QTB) way in which only one � � case is considered.

Thus, there are four cases, QTB, SYMM, DISP-QTB, DISP-SYMM. The �ts of these

four models to the data are shown in Fig. 27.

From the �gure, it is clear that the dispersive case yields a better �t, but it is unclear

whether the SYMM model is better than the QTB model. The dispersive SYMM and

QTB are then used to calculate the pole position with analytic continuation. The

plots of the poles are shown in Fig. 28.

Each case has a pole for thea1(1260) as well as a spurious pole|an artifact of the

parametrization|that is located behind the cut from the complex �� branch point on
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Figure 28: Analytic continuation of the amplitude for di�erent models from [23]:
QTBDISP (Left plot), SYMMDISP (Right plot). Lines indicate equipotential levels.
The poles of the amplitude are the yellow spots. The red dots indicate branch points
corresponding to the opening of decay channels. Figure from [23]. See also Fig. 14.

the second Riemann sheet. In the QTB case, the pole is far enough from the cut that

it has a signi�cant e�ect on the real axis, whereas in the SYMM case, it is well

hidden behind the branch cut and the e�ects of poles on the data come almost

entirely from the a1(1260) pole. This pole has a real and imaginary value of

(1209� 576i ) � (4 � 11i ) MeV. This value is the main result of the paper and is

quoted in the PDG [2].

Each of the three theory works summarized here is useful for insight or comparison

and presents its own unique set of results.
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4 S- and P-wave structure of S = � 1 meson-baryon scattering in the
resonance region

The contents of this chapter coincides to a large part with the work of Ref. [107]. All

authors of Ref. [107] have agreed that the article can be used as part of this thesis.

4.1 Introduction

Strangeness plays an important role in various facets of strongly interacting matter.

For example, the attractive interaction between antikaons and nucleons leads to the

famous �(1405)-resonance as predicted in Ref. [49]. Nowadays this low-energy,

S = � 1 region is accessed by chiral unitary coupled-channel

models [11,13,15,29,80,81,108{121], amplitude analyses [122{127], lattice

QCD [128{ 132], and quark models [133{ 135], see, e.g., the reviews in Refs. [2,136]. A

similar mechanism can be responsible for the generation ofK � pp bound

states [137,138] as predicted in Ref. [139]. Furthermore, the equation of state of

neutron stars is sensitive to the antikaon condensate [140,141] and thus to the

propagation of antikaons in nuclear medium. In the era of high-precision

measurements of neutron star properties with LIGO [142], this ultimately can lead to

new interconnection between QCD and astrophysical observations.

At the core of all theoretical studies lies the antikaon-nucleon scattering amplitude,

which has to address the non-perturbative regime of QCD valid over a large energy

range including the resonance region. Such a twice non-perturbative amplitude can

neither rely on perturbative QCD nor its low-energy e�ective �eld theory. Thus, some

model dependence has to be introduced, with the corresponding parameters being

�tted to data. In this thesis we use the model derived in a series of works [9,11,11,68]

which to our knowledge is the only approach, which has the correct low-energy

behavior, ful�lls two-body unitarity and describes S- and P-waves simultaneously

without introducing explicit states. This property is utilized to �t all available

scattering and threshold data including (for the �rst time) di�erential cross sections,
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simultaneously, up to energies well below theD-wave �(1520)3=2� resonance.

4.2 Model

The entire database for meson-baryon scattering in the strangenessS = � 1 sector

comes from experiments withK � p in the initial state. (See Sec. 3.1.) In general, 10

combinations of ground state octet mesons and baryons have the same quantum

numbers, meaning that the scattering amplitudeT must describe the dynamics of all

coupled-channels simultaneously. Two-body unitarity constrains the form of such a

scattering amplitude, incorporated exactly via the Bethe-Salpeter equation ind

Minkowski dimensions

T(=q2
; =q1

; p) = V(=q2
; =q1

; p) + i
Z dd`

(2� )d

V(=q2
; =̀; p)

`2 � M 2 + i�
1

=p � =̀ � m + i�
T(=̀; =q1

; p) ; (44)

wherep is the total and q1=2 are the incoming/outgoing meson four-momenta, while

m=M denotes the mass of the baryon/meson in each channel, respectively. Di�erent

channels are related by SU(3)f symmetry and its breaking in the interaction kernelV

and can be further restricted by demanding the correct energy-dependence around

the corresponding thresholds. This requirement is addressed by taking the

ChPT [143,144] local potential up to the next-to-leading chiral order

V(=q2
; =q1

; p) = AW T ( =q1 + =q2) + A1� 4(q1 � q2) + A5� 7[ =q1; =q2] (45)

+ A0DF + A8� 11

�

=q2(q1 � p) + =q1(q2 � p)
�

;

whereA are matrices over the channel space that depend on the meson decay

constants (�xed throughout this work together with meson and baryon masses to the

physical values [2]) and low-energy constants (LECs)f b0; bD ; bF ; b1; :::; b11g. The

latter are not known from ChPT (See Sec. 3.2) and must be �tted to the data.

The present model corresponds to an in�nite set of ChPT Feynman diagrams. Since
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this set does not contain all possible diagrams, the regularization scale of the loop

integration in Eq. (44) does not cancel out. To express it di�erently, this scale

parameterizes the missing Feynman topologies to some extent and is dealt with as

free parameters of the model. Neglecting isospin breaking, there are six such

parameters calledf ai ji = 1; ::; 6g corresponding to the 6 channels with available data.

Previous analyses [9,15,68] have shown that o�-shell terms explicitly contained in

Eq. (44) have only minor e�ect and are dropped here as well. With this

approximation the scattering amplitude is solved analytically and is projected to

physical observables [145]. In particular, for channel indicesi and j the partial wave

amplitudes read

16�Wf ij
L � = +

q
E i + mi

q
E j + mj

�

A ij
L +

�

W �
mi + mj

2

�

B ij
L

�

(46)

�
q

E i � mi

q
E j � mj

�

A ij
L � 1 �

�

W +
mi + mj

2

�

B ij
L � 1

�

:

Here E =
q

m2 + q2
cms for qcms being the modulus of the three-momentum in the

center of mass system, whileA ij
L and B ij

L denote the partial wave projected (to

angular momentumL) invariant amplitudes. On-shell the latter are related to the

scattering amplitude (44) as T ij
ON = A ij + ( =q + =q0)B ij , see for more details and further

de�nitions Sec. 2 of Ref [145]. To our knowledge the model extended in this research

is the only existing unitary coupled-channel model for antikaon-nucleon interaction

which contains explicit S- and P-wave interactions, derived from the low-energy

behavior of QCD Green's functions.

4.3 Data and �ts

The available data consist of: (a) Total cross sections [25{27,74] for

f K � p ! S i ji = 1; ::; 6g in the lab-momentum range ofPlab < 300 MeV; (b)

Di�erential cross sections [28] in the same momentum window for theK � p ! K � p
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Figure 29: Real (solid, blue) and imaginary (red, dashed) parts with 1� uncertainty
bands of �KN partial wave amplitudes with I (J P ). The vertical dashed lines show the
positions of the� �, � 0� 0, � + � � , � � � + , K � p, �K 0n thresholds, and the dots over the
plots represent the available data in the respective channel from top to bottom.

and K � p ! �K 0n reactions; (c) Threshold decay ratios [24,78]
 = 2:38� 0:04,

Rn = 0:189� 0:015,Rc = 0:664� 0:011, and energy shift �E = 283 � 42 eV and

width � = 541 � 110 eV of kaonic hydrogen measured in the SIDDHARTA [75]

experiment and related [76] to theK � p complex-valued scattering lengthaK � p.

Further data, related indirectly to the �KN scattering amplitude, require additional

model assumptions and are not used in �ts.A-posteriori checks to these data will be

discussed below.

We employ a multi-step �tting routine to explore the parameter space as extensively

as possible.

� We set all parametersb to zero, e�ectively reducing the chiral order of the

driving term V of Eq. (44). The remaining parameters are �tted to the data

starting from a large setO(103) of randomized starting values of natural size,

i.e. jai j . 5.

� Using the best �ts of the previous step as starting values we �t all parameters of

the model simultaneously. The starting values of the so-called dynamical LECs

b1 � b11 are chosen randomly and �tted within natural limits jb1� 11j < 10 GeV� 1.
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The starting values of the symmetry-breaking LECsb0; bD ; bF are chosen to be

consistent with ground-state octet baryon masses and� �N at the next-to-leading

chiral order. In the �t, small variations around these values are allowed. We

found that this stabilizes the �t considerably.

� We impose an analyticity constraint on the scattering amplitude, disregarding

solutions with poles on the �rst Riemann sheet closer than 150 MeV to the

real axis. Note that all poles on the �rst Riemann sheet are forbidden even

those farther than 150 MeV from the real axis. However, we cannot easily verify

whether the model with the given parameters has poles at very large energies

and such poles will have a very small contribution to the physical amplitude.

� 2
dof 1:10 (62=30=8%)

j� j [GeV� 14] 0:106

a1� 6 b1� 11 [GeV� 1]

+0:44+0 :28
� 0:14 � 0:34+0 :11

� 0:04

+2:04+1 :37
� 0:50 +0:29+0 :21

� 0:18

+0:14+0 :15
� 0:20 � 0:62+0 :04

� 0:06

� 0:95+0 :30
� 0:31 � 0:02+0 :16

� 0:14

� 0:75+0 :16
� 0:45 +0:24+0 :06

� 0:11

� 1:99+0 :30
� 3:59 � 0:82+0 :31

� 0:09

� 1:32+0 :44
� 0:04

b0;D;F [GeV� 1] � 0:01+0 :02
� 0:10

� 0:50+0 :01
� 0:01 +0:04+0 :22

� 0:14

+0:08+0 :01
� 0:01 +0:15+0 :05

� 0:06

� 0:22+0 :01
� 0:01 +0:40+0 :13

� 0:05

Table 2: Parameters of the best �t. The values in parentheses behind the� 2dof show
the contributions from data sets (a,b,c), respectively. The generalized variance is given
by the determinant of the covariance matrix,j� j, and is related to the volume of the
error ellipse as described in the main text. Error bars on the model parameters are
determined in a re-sampling procedure.

The obtained best �t has an order of magnitude smaller� 2
dof than the next best �ts.
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Its parameters are collected in Tab. 2. The data is well reproduced by the model as

shown in Figs. 30 and 31. In Fig. 30 also theS-wave cross section is shown. The

P-wave contribution to the total cross section is very small butP-wave as such still

has a major in
uence on the �t through the di�erential cross section. The major

contribution to the � 2
dof originates from the total cross sections data (a), see values in

parenthesis. All model parameters are of natural size with 1� -uncertainties

determined in a re-sampling procedure. This procedure involves generating 200

synthetic data sets in which each data point is calculated by taking a normally

distributed random variate for each real data point. The free parameters are then �t

to each synthetic data set using the best �t parameters as starting values. This gives

200 sets of �t parameters. The error bands can be calculated by taking the observable

values that are 1 standard deviation above and below the mean.

The quantity j� j shows the generalized variance that is proportional to the volume of

the error ellipse of the 20-dimensional parameter space which can serve as a bulk

measure of how well the data restrict the parameters. In particular, in the region

with con�dence 1� � around the best �t parameters (p), the volume of ellipse reads

(2� )p= 2

p�( p
s ) (� 2

p;� )p=2j� j1=2. We will set the quoted number (0:106 GeV� 14) into relation

when discussing the stability of results in the following. Furthermore, exploring the

covariance matrix, we have not found any obvious separation between various

parameter groups.

The interaction kernel (45) contains explicit (linear) dependence on the (cosine of the)

scattering angle, and so does the solution of the dynamical coupled-channel

equation (44). The best �t solution is projected to the S- and P-waves, denoted as in

Ref. [145] byf I
L � , indicating total angular momentum J = L � 1=2 and isospinI . This

is depicted in Fig. 29 for the �KN channel including 1� error bands up to energies

covered by the considered data base (see dots above Fig. 29). Around the�KN

threshold, the dominant contribution is due to theS-wave amplitudes with a clear
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Figure 30: Total cross sections [24{ 27] �tted by the model described in the main part of
the manuscript. Error bands represent the 1� uncertainty determined in a re-sampling
procedure. The dashed black line shows the contribution of theS-wave part of the
amplitude only. For the channels,K � p ! K � p, K � p ! � 0� , and K � p ! � + � � ,
cusps can be seen at the�K 0n theshold.

resonant behavior in the sub-threshold region in the isoscalar channel.

To identify the resonance parameters, the amplitudesf I
L � are analytically continued

to the complex energy-plane on the second Riemann sheet (II.RS). Indeed, on the

II.RS connected to the physical one between the� � and �KN thresholds we �nd two

poles in the 0(1=2� ) sector, associated with the �(1405), and one in the 1(1=2+ )

channel, referred in the following to as �(1380)1=2+ . In Sec. 4.4, we describe several

tests that give evidence that this state exists in the �t to account for the physical

e�ects of the �(1385)3 =2+ on the data.

The resonance parameters are collected in the right panel of Tab. 3, including the
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Figure 31: Di�erential cross sections [28] �tted by the model described in the main part
of the manuscript. Error bands represent 1� uncertainty determined in a re-sampling
procedure.

magnitudes of the couplings to the meson-baryon channels

g2 := j lim
W ! W �

(W � W � )f I
L � (W)j (47)

for the pole positionW � . As expected, the narrow pole of the �(1405) couples

predominantly to �KN , while the broad one more to the� � channels. The new

�(1380)1 =2+ state couples mostly to the� 0� channel.

The resonance poles in the complex energy-plane are depicted and compared with the

outcome of other models in Fig. 32. Note that all these models are purelyS-wave

approaches, and do not include the di�erential cross section data (b) that bears

information on the partial wave content. This is in line with the observation that,
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I (J P ) 0(1=2� ) 0(1=2� ) 1(1=2+ )

Pole position [MeV] 1430� 15i 1360� 43i 1360� 11i

Covariance [MeV2]

0

@
+20:0 +3:7

+14:9

1

A

0

@
+169 � 166

+ 202

1

A

0

@
+354 � 91

+ 31

1

A

C
ou

pl
in

gs
[G

eV
]

gK � p 0:34+0 :10
� 0:05 0:35+0 :06

� 0:03 0:10+0 :05
� 0:03

g �K 0n 0:32+0 :10
� 0:05 0:35+0 :06

� 0:04 0:10+0 :04
� 0:03

g� 0 � � � 0:19+0 :03
� 0:03

g� 0 � 0 0:19+0 :03
� 0:02 0:39+0 :04

� 0:03 �

g� + � � 0:19+0 :03
� 0:02 0:40+0 :04

� 0:03 0:11+0 :06
� 0:07

g� � � + 0:19+0 :03
� 0:02 0:38+0 :04

� 0:03 0:09+0 :06
� 0:06

g� � 0:22+0 :23
� 0:09 0:30+0 :10

� 0:07 �

g� � 0 � � 0:13+0 :25
� 0:07

gK + � � 0:05+0 :03
� 0:03 0:02+0 :02

� 0:01 0:08+0 :07
� 0:06

gK 0 � 0 0:06+0 :03
� 0:03 0:02+0 :02

� 0:01 0:08+0 :07
� 0:06

Table 3: Prediction of resonance parameters found in a channel of given isospin (I )
and total angular momentum (J = L � 1=2) on the second Riemann sheet, including
the absolute values of the couplings to meson-baryon channels.

while there is a good agreement on the parameters of both poles in theS-wave with

these models, the newP-wave state has not been found in any previous analyses.

4.4 Stability of results

The predictions for both poles of the �(1405)1=2� are well in agreement with other

modern approaches [11,13,29]. The newP-wave �(1380)1=2+ -resonance has similar

mass, width, and branching ratios as the decuplet �(1385)3=2+ , but di�erent total

angular momentum and is not listed in the PDG [2]. Before discussing the possible

origin of this spurious state we perform several statistical and phenomenological tests

to con�rm its existence within the present model.

� First: The � �-invariant mass distribution [30] from the K � p ! �(1660) + � � !

(( � � � + )� + )� � reaction can be used for ana-posteriori test of the obtained solu-
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Figure 32: Pole positions (black stars at the centers of the ellipses) for theI (J P ) =
0(1=2� ) (left) channel. The error ellipses are from a re-sampling procedure shown
explicitly in the corresponding insets. The shaded rectangles show the predictions of
Refs. [11,13,29] for the narrow (blue) and broad (orange) pole of �(1405). The black
crosses denote the locations of the �(1405) poles when the �(1385)3=2+ is included
in the model (see \Fifth" in the main text). In that case, the I (J P ) = 1(1 =2+ ) pole
(right, star) disappears and is replaced by the �(1385)3=2+ (right, cross).

tion. For this and following Ref. [81], we assume energy-independent production

and decay vertices of the �(1660)1=2+ . Fitting the associated constants, while

not altering the meson-baryon scattering amplitude in the �nal state, we obtain

a good �t with � 2
pp = 0:89 (per data point). The result is shown in Fig. 35 in

the Appendix.

� Second:A similar test of our scattering amplitude can be performed using the

� �-invariant mass distributions [10] of the reactions 
p ! K + (� �) recently

measured with CLAS at Je�erson Lab. Following Refs. [11, 16] we obtain a
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