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Abstract of Dissertation

Computation of Semiconductor Device Noise for Semi-Classical Transport

A new model for semiconductor device electronic current noise is presented in the

framework of semi-classical transport theory. The salient feature of this model is

that it connects the current noise characteristics directly to the physics of scattering

described by the semi-classical transport theory and makes no additional assumption

regarding the nature of noise. Employing this approach, not only it computes the

terminal current noise, it also reveals the spatial origin of the current noise across

semiconductor structures. Furthermore, the terminal current noise is directly re-

lated to carrier scattering inside the device, which is accounted for in the Boltzmann

transport equation (BTE), without the need to add Langevin noise terms to the

calculations. Accordingly, it utilizes the well-established spherical harmonics expan-

sion (SHE) technique to solve the (BTE), and it combines analytical and numerical

methods, in contrast with the Monte Carlo (MC) approach that employs ensemble

averages of randomly generated events. The model shows that the key calculations

for computing the current spectral density are reduced to the solution of the (BTE)

with special initial condition and boundary conditions at the Ohmic contacts. It is
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solved in the frequency domain to directly compute the terminal current noise spec-

tral density. It is also shown that with this approach, the Nyquist theorem under

thermal equilibrium conditions is recovered.
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Chapter 1

Introduction

There is a continuous technological progress towards low-power and high-density semi-

conductor devices. The process of making semiconductor devices smaller requires

deeper understanding of their electronic behavior. Therefore, semiconductor device

simulation would play an integral part in this process, in characterizing and predict-

ing the behavior of these new devices or systems. Semiconductor device simulation,

experiment on new micro- and nano-scale devices without fabricating them, model for

noise behavior and help to develop new devices and sensors with optimal functional

characteristics and to reduce undesired behaviors.

As devices become smaller, fluctuations in the output signals of semiconductor

devices are becoming an important issue both at the circuit and system levels. Ac-

cordingly, a consistent description of the dynamics of carriers is essential for a deeper

understanding of the observed noise properties.

A suitable description of electrical fluctuations taking place in a semi-classical

semiconductor device must be based on a statistical approach. The large number of

1



particles involved in a device makes a deterministic picture of the system unrealistic.

Studying the statistical behavior of the microscopic noise sources, and with the use

of this physics-based device noise model, we provide a convenient framework relat-

ing the external fluctuations observed at the semiconductor device terminals to the

microscopic noise sources.

1.1 Noise Sources

Noise is an unwanted signal that does not have any information and degrades perfor-

mance of the desired signal. Noise arises from many sources, external and internal.

External sources are mainly caused by the coupling of the device with the outside

physical world. For example, ”cross talk” in two adjacent wires can make them behave

as capacitors, high frequency signals can leak, creating electromagnetic interference,

and etc. In general, external noise sources can be eliminated by careful design and

certain techniques. Internal noise sources on the other hand are caused by micro-

scopic events inside the device. These are responsible for the fluctuations observed

in the terminal current or voltage. In this work, we will focus on the microscopic

noise and the process behind them. In general these noise sources can be reduced,

but can never be eliminated. As an illustration, a typical current or voltage spectral

density plot for bulk material is shown in Figure (1.1)[1]. Based on this diagram,

different noise sources are shown to contribute to the spectral density. Flicker noise is

more dominant at low frequency, and generation-recombination noise at intermediate

frequency, and thermal noise at high frequency.
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1.1.1 Thermal Noise

Thermal noise is due to the thermal agitation of charge carriers inside any conductor.

This thermal agitation is the result of collision of carriers with the lattice. It happens

regardless of any applied electrical signal. The power spectral density of voltage and

current variance (mean-square) per hertz of bandwidth is given respectively by:

v2 = 4KBTR, i2 =
4KBT

R
. (1.1)

1.1.2 Shot Noise

Shot noise is due to the fact that current is carried by discrete charges. These discrete

charges constitute independent random events, their random time of crossing a junc-

tion in a semiconductor device, (i.e.) p-n junction show shot noise. Unlike thermal

noise, this type of noise requires DC current flow. Variations in the arrival times

of discrete carriers at terminals are usually modeled as Poisson process. According

to Schottky’s formula, the value of the current variance (mean-square) per hertz of

bandwidth is given by:

i2 = 2eI (1.2)

1.1.3 1/f Noise (Flicker Noise)

Flicker noise can be due to various causes. There have been many experiments and

studies in understanding the nature and the source of this noise and several explana-

tions have been proposed. For more details, see[2].
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In general, these types of noise have a spectral density that increases with de-

creasing frequency as it can be seen in Figure (1.1). Flicker noise is dominant at low

frequency. Often the spectral density is approximated by a power function:

S = f−γ, γ ≈ 1. (1.3)

Figure 1.1: Typical current voltage spectral density plot for a bulk material. The
dashed line corresponds to the 1/f noise, while the dashed-dotted line is for generation-
recombination noise. The dotted line is for thermal noise and the solid line shows the
total observed noise1.

1.2 Noise Calculation Techniques

Treatment of the electron transport in a system ranges from its fundamental form,

using the Schrdinger equation, which describe the electron wave function, to more
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approximate forms such as the moment based models. Depending on the system,

and how small it is, an appropriate treatment is selected. For example, in semicon-

ductor devices, moment based models, such as the Drift Diffusion equation (DD), or

the Hydrodynamic equation (HD) have been used appropriately for semiconductors

with large device geometry. As device becomes smaller, the above approximations

become less accurate, and fail to capture important phenomenon, at which point, the

Semi-classical approach for electron transport, which groups classical and quantum

effects, would be appropriate. In this section, the most common techniques for noise

calculation that are used in the semi-classical and macroscopic approach will be sur-

veyed. The basic principle behind every method will be reviewed. Furthermore, the

advantages and disadvantages of each of them will be pointed out, in terms of the

numerical simulation. This information is summarized in Table (1).

1.2.1 Semi-Classical approach

Monte Carlo Method

Two different approaches are used in this method: the ensemble approach and the

incident flux approach. In the case of the ensemble approach, the device is divided

into cells and populated with an ensemble of particles. In the semi-classical trans-

port theory, particles drift under the influence of the macroscopic electric field and

experiences random changes in the value and direction of the wave vectors due to the

scattering mechanisms in the crystal. In this approach, the trajectories of an ensem-

ble within a device are followed in time. In the case of the incident flux, particles
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are injected from the contact and their trajectory is followed one at a time as they

traverse the device. In both cases, all these data is stored into a memory and all

average quantities of interest, such as average velocity, energy or higher moments can

be computed[3]. In order to get a statically meaningful and accurate data, a large

number of carrier histories must be saved. This limitation is pronounced more when

carriers travel into a region of high doping concentration, at which a larger number of

carriers must to be simulated. Additionally, simulating rare events, such as the ones

that produce high energy carriers, which maybe a small fraction of the total number

of carriers, require simulating a high number of carriers in order to cover such small

probability. On the other hand, it is the most versatile method to use on a semi-

conductor device in numerical simulations, and considered to be the benchmark for

numerical computation because it is relatively straight forward to implement, and it

is easy to incorporate details such as complex band structures and scattering mech-

anisms. However, it requires a lot of memory and computation time to simulate all

these random events only in the time domain.

Langevin Approach

In this approach the Boltzmann Transport Equation (BTE) is solved for the fluc-

tuation of the distribution function instead of the definite distribution function by

adding random source term to describe the electrical fluctuation[4]. Statistical con-

siderations usually allow enough information to be obtained about the source term

to solve the problem. One of the most common assumptions made about the source

term is white noise, and the problem reduces to finding the intensity of such term.
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This approach can be applied to the semi-classical theory, by solving the Langevin

Boltzmann Transport Equation (LBTE), and to the macroscopic approach, by solving

the drift diffusion, or the hydrodynamic equations. Recently, this approach has been

applied to solve the (LBTE) in the frequency domain deterministically, by use of the

spherical harmonics expansion technique, to determine the noise spectral density.

1.2.2 Macroscopic approach

Macroscopic approaches (Drift Diffusion or Hydrodynamic) are approximations to

the semi-classical approach. They do not directly solve the distribution function, but

estimated from average quantities, such as the mean velocity and mean energy. The

noise spectral density is typically calculated in this approach by adding a Langevin

source term. These approaches are usually efficient for larger devices. However, they

are limited in the fact that they use kinetic terms that are fitted from experimen-

tal data such as the mobility, but have no theoretical justifications. With shrinking

in device dimensions, and the subsequent increase in the electric field, the mobility

models used become less accurate, and produce less accurate terminal current. Fur-

ther refining on mobility models has been made in order to rectify these inaccuracies,

but it lacked any physical justifications. Moreover, The Drift Diffusion model has

the challenge that it assumes local thermal equilibrium, with the lattice (constant

temperature) and therefore is unequipped to simulate for the hot carriers. The hot

carrier effect is a physical phenomenon which is caused by the high energy carrier

population. A solution to the above challenge in the Drift Diffusion model is rectified
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by introducing the Hydrodynamic approach. In this approach, the carrier energy (or

equivalently the temperature) is explicitly introduced as another unknown in addition

to the concentration and current density in the Drift Diffusion model. Such approach

is considered to be a second step to better successively estimate the distribution

function in momentum space[5]. Even though the aforementioned approach provides

sufficient characterization of the device noise for larger devices, it is still an approx-

imation, and proves to be not suitable for smaller devices[6]. Another approach is

the Impedance field method, which can be employed in the above models, where the

terminal and local noise can be computed from two terms: 1) is the propagation field

term, which can be computed deterministically using the transport equation, and 2)

the noise source, which is a phenomenological term that is added depending on the

kind of noise source[7],[8].

1.2.3 Probabilistic Approach

This approach is based on a reasonable assumption on the underlying microscopic

process under investigation. This assumption gives a rough estimate of the noise

spectral density. For example, this approach is used to prove Schottky’s theorem

for shot noise. It is assumed that the number of carriers per unit time crossing the

depletion region in a p-n junction obeys Poisson process.
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Probabilistic

approach

Langevin ap-

proach

Monte Carlo

Approach
No computation
requirements

Moderate computa-
tion requirements

Intensive computa-
tion requirements

Noise is the result
of some reason-
able probabilistic
assumptions

Noise is the result of
the Langevin source
term

Noise is the result of
the electron scatter-
ing

Rough estimate
on the spectral
density

Spectral density de-
pends on the choice
of Langevin noise
source and scatter-
ing

Fluctuation and
noise calculation
comes are em-
bedded in the
simulation and can
predict real device
spectral densities

Noise spectral den-
sity can be solved
directly in the
frequency domain
using deterministic
method

Noise spectral den-
sity is calculated
by solving its cor-
responding correla-
tion functions in the
time domain.

Spatial origin of the
noise in devices

Only fluctuations at
the terminal

No microscopic
interpretation
of fluctuation
phenomena is
possible

Microscopic in-
terpretation of
the fluctuation
phenomena is
somewhat hidden

Microscopic process
is directly linked to
the noise spectral
density

Cannot be used in
CAD

Can be used in
CAD

Cannot be used in
CAD

Table 1.1: Comparison of the most common techniques for noise calculation.
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1.3 Contribution

In prior efforts, a semiconductor noise model was implemented to compute the noise

spectral density in the framework of semi-classical transport, employing the theory

of stochastic differential equations (SDE) using a deterministic method on a bulk

semiconductor[9],[10]. Applying the mentioned model on devices requires solving the

Boltzmann equation in a spatial domain. Furthermore, it requires prescribing an ap-

propriate boundary condition that describes the behavior of particles at the device

contacts and its effect on current noise fluctuations observed at the terminals. We

extend this noise model to work on real physical semiconductor devices with appro-

priate boundary conditions as shown in Figure (1.2). This is achieved by showing

that key calculations for computing the spectral density are reduced to the solution

of the transient Boltzmann Transport Equation (BTE) with special initial conditions

and boundary conditions at the Ohmic contacts. In this work we show in particular

that the Poissonian random launch of carriers at the contacts simply enters into the

model as boundary conditions to the aforementioned initial value problem for the

(BTE) for bulk. In some respect, the Poisson stochastic process introduced here to

model the launching of carriers into the device is similar in approach to the con-

tact injection models used in Monte Carlo techniques[11],[12]. This semiconductor

noise model integrates the random launching of electrons into the device from Ohmic

contacts with the stochastic dynamics of carriers within the device. Two stochastic

processes describe the full dynamics of the carriers starting from their injection into

the device until their exit: the launch time of carriers from the contacts is described

10



Figure 1.2: Block diagram representing the theories required to compute the current
spectral density using our noise model.

by independent Poisson launch processes, and the stochastic motion of carriers that

is caused by scattering inside the device is described by inhomogeneous Poisson type

Markov processes according to the semi-classical transport theory. With the use of

Ramo-Shockley theorem, which connects the current observed at the terminal with

the motion of a single carrier inside the device, it is possible to compute the current

noise auto covariance and noise current spectral density. The goal and contribution

of this work can be summarized as follows:

• Derivation of a semiconductor device noise model in the framework of semi-

classical transport and stochastic differential equation.

• Complete device noise model that describes the carrier’s dynamics at the con-

11



tacts and inside the device: Use of Poisson launch process to model the random

time injection from the contacts into the semiconductor device and its dynamics

inside the device due to the electric field and the random impulse force due to

scattering. In contrast with the Langevin method, this approach makes no addi-

tional assumptions regarding the nature of noise, and relies solely on the physics

of scattering in the semi-classical approach to determine and characterizes the

noise.

• Show that the random launch of carriers at the contacts simply enter into the

model as boundary conditions to the initial value problem for the (BTE) for

bulk.

• Show that the key calculations for computing the current noise spectral density

are reduced to the solution of the transient (BTE) with special initial conditions

and boundary conditions at the Ohmic contacts.

• The noise spectral density can be computed by solving the (BTE) directly in

the frequency domain with special initial and boundary conditions. This is in

contrast with the Monte Carlo method, which is only implemented in the time

domain.

• This approach gives more insight into the physics of noise. Not only are the

experimental terminal current fluctuations investigated, but also the spatial

origin of noise.
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1.4 Organization

This dissertation is organized as follows: Chapter 2 shows a very brief description

of the semi-classical theory. We show that the (BTE) is the semi-classical treat-

ment of the Semi-Classical theory. In Chapter 3, shows that a carrier’s motion in

a semiconductor can be interpreted as a differential equation driven by inhomoge-

neous randomly weighted Poisson process (due to scattering). This is a stochastic

differential equation (SDE) that is characterized by the transition probability density

function, which is a solution of the forward Kolmogorov-Feller equation, is identical

to the distribution function, which is a solution to the (BTE) with special condition.

In chapter 4, we connect the motion of carriers inside a semiconductor to the induced

current at the terminal of the device by using the Ramo-Shockley theorem. Moreover,

we show that the current autocovariance is a function of the Ramo-Shockly current,

and the transition probability density function, which is a solution of the (BTE).

Furthermore, we show that the current autocovariance and the current spectral den-

sity can be computed simply by solving an effective distribution function that is a

linear combination of the solution of the (BTE). In chapter 5, we show two processes

to describe the dynamics of the carriers in semiconductor devices, (i) the random

injection of particles into the semiconductor device and (ii) the transport of particles

inside the device due to the electric field and scattering. We show that with these

two processes, we can solve an effective distribution function with a special initial

condition, and boundary condition to compute the current noise spectral densities in

semiconductor devices. Furthermore, this theoretical approach is shown to be reduced
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to the Nyquist theorem at thermal equilibrium. In chapter 6, we apply spherical har-

monics technique to solve for the current spectral density. Spherical harmonics is a

well know technique that combines analytical and numerical methods to solve the

(BTE), which is suitable for Computer Assisted Design Applications (CAD). For the

calculation of current noise in our model, two quantities that are solutions of (BTE)

are required: one is the steady state distribution function, which will be used as ini-

tial condition for the second quantity, and the other one is an effective distribution

function in the frequency domain. In chapter 7, this approach is verified by applying

it on 1-D structures. A resistor and an n+nn+ structure are simulated to compute

the current spectral density. The results are compared with published theoretical and

experimental results. Finally, conclusion and future work are shown in chapter 8.
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Chapter 2

Semi-Classical Model of Electron

Dynamics

A Fundamental treatment in describing an electron is by its wave function, ψ(~x, t),

which is obtained by solving the Schrodinger equation:

i~
∂ψ(~x, t)

∂t
= − ~2

2m0

52 ψ(~x, t) + [Ec0(~x) + Uc(~x) + Us(~x, t)]ψ(~x, t), (2.1)

where Ec0(~x) describe potentials that are built-in or applied to the device, Uc(~x) is

the crystal potential which describes the electrostatic potential due to the atoms,

and the average potential due to the other electrons. Finally, Us(~x, t) corresponds to

the scattering potential due to the random deviation in potential caused by ionized

impurities or lattice vibrations. Device analysis for electron transport is usually

based on approximate solution to equation (2.1), as long as quantum effects are

negligible. The semi-classical transport model is usually sufficient to describe the
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dynamics of carriers in semiconductor devices. Rather than rely on approximated

kinetic terms, such as mobility and diffusion, they are evaluated directly from the

distribution function. However, it should be noted that with technological advances

towards smaller semiconductor devices, it will be impossible to neglect such quantum

effects.

2.1 The Adiabatic Principle and the Independent

Electron approximation

A complex system of the crystal makes it very hard to characterize. For example, a

rigorous description of such system would require writing down a Hamiltonian which

include single electron potentials describing the interactions of each electron with

the atomic cores (nuclei and the inner shell electrons), pair potentials describing the

interactions between electrons, pair potentials describing the interactions between

the atomic cores, kinetic energies of the each electrons and the atomic cores. Such

system is very difficult to characterize. The adiabatic principle alleviates this problem

by assuming that the system of atomic cores are moving very slowly in comparison to

the outer shell electrons. Therefore, when the outer shell electrons are investigated,

the atomic cores are assumed to be frozen, and when the atomic cores are investigated,

the outer shell electrons are assumed to be rigidly bound to the atomic cores. As a

result, with such approximation, it is possible to separate the electron motion from

the lattice vibration state. Furthermore, the total energy of the system is given
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by the independent contribution of the lattice vibration energies, and the electron

energies. With the independent electron approximation, it is possible to treat the

electron-electron interactions by one electron effective potential. Each one electron

is considered to be moving independently in a perfectly periodic potential due to the

atomic core and the other electrons. From the above two approximations, the whole

system can be describes by a single electron, and this electron moves in a periodic

potential, which has the periodicity of the lattice.

2.2 Electrons in a Periodic Potential (Bloch’s The-

orem)

Electrons in a semiconductor crystal respond to external field and the crystal poten-

tial. The crystal potential due to the lattice atoms and the other electrons is always

present. The crystal potential is periodic due to the periodicity of the lattice. The

dynamic behavior of a single particle system due to the periodic potential is evaluated

by computing the time independent wave equation of (2.1).

− ~2

2m0

52 ψ(~x, t) = [Uc(~r)]ψ(~x, t) = εψ(~x, t). (2.2)

The solution of the wave equation is a periodic Bloch wave, which consist of a function

with the periodicity of the lattice, multiplied by a plane wave:

ψ(~x) = µk exp(i~k~x), (2.3)
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where the Bloch function is periodic:

µk(~x+ ~a) = µk(~x). (2.4)

By inserting (2.3) into (2.2), we find:

1

2m0

[(
~
i

∂

∂~x
+ ~~k)2 + Uc(~x)]µk(~x) = ε(~k)µk(~x), (2.5)

where it is solved with the boundary condition in (2.4). Evaluating the above equation

for any ~k , resulting in an infinite number of eigenvalues ε(~k). Each eigenvalue is

associated with a band, because as ~k varies, a band of energies is traversed. By

repeating the procedure for ~k, results in one continuous curve for ε(~k) that is periodic

in ~k space. Furthermore, there are certain energy gaps that cannot be reached by any

~k in any band. The periodicity in ε(~k) is a direct consequence of the spatial. periodic

crystal potential.

ε(~k) = ε(~k + ~Kj), (2.6)

where ε( ~Kj) = j 2π
~a

is a reciprocal lattice vector, is the lattice constant, and n cor-

responds to a band index. Because of the periodicity of ε(~k) , all the information

is available in one period (Brillouin Zone)13. Furthermore, it can be shown that an

electron in a level specified by a band index n, and wave vector ~k , has a mean velocity

given by:

~vn =
1

~
5~k εn(~k). (2.7)
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2.3 Wave Packet of Bloch Electrons

In the absence of any external interactions, it is shown above that Bloch theorem

accounts for the crystal periodic potential. An electron in such a state will remain

there forever. However, over time, and in the presence of thermal vibrations, exter-

nal electric field and/or magnetic field, the dynamic variables describing the electron

states are expected to evolve. Solving for the time dependent wave equation, and

in order to describe a particle’s location and momentum, we form a linear combi-

nation of the solution of the time dependent wave equation, which is known as a

wave packet. Such solution cannot have well defined spatial position and momentum

simultaneously. The uncertainty in the particle’s position is related to the spread in

the wave vectors by:

4x4 k = 1. (2.8)

Accordingly, the wave packet should have a significant value only within a region:

4x =
1

4k
. (2.9)

When 4k is small compared with the reciprocal lattice constant, it results in a large

4x compared with the lattice constant. As a result, a wave packet can be associated

with a vector quantity to denote the position in real space where there is a finite

probability of finding an electron, and this quantity is the position of the electron.

Hence, as long as it is not required to specify the electron’s position and momentum

with higher accuracies than 4k and 4x , then both quantities can be specified
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simultaneously. In the presence of an external field −5 φ(~x), the total energy of the

system is:

εtotal = ε(~k(t))− qφ(~x). (2.10)

The total energy is expected to remain constant as the wave packet moves, as a result:

∂εtotal
∂t

= 5~kε ·
∂~k

∂t
− q5~x φ(~x)

∂~x

∂t
. (2.11)

Substituting (2.7) into (2.11):

∂εtotal
∂t

= ~vn · [~
∂~k

∂t
− q5~k φ(~x)] = 0. (2.12)

Finally this leads to the following expression in terms of the external electric field:

~
∂~k

∂t
= q5~x φ(~x). (2.13)

Equation (2.7) and (2.13) constitute the semi-classical equations, which describe the

time evolution of the wave packet of electrons in the presence of external electric field.

2.4 Scattering Mechanisms

According to the adiabatic approximation, and Bloch theory, it is shown that it is

possible to separate the electron’s motion from the lattice vibration, and the absence

of any external field, or thermal vibration, results in a perfectly periodic potential and

perfect periodic energy band. As a result, electrons will remain in the same eigenstate.
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Deviation from the perfect periodicity, due to thermal vibrations, impurities or crys-

tal defects, causes small shift in the energy bands. This shift leads to a sudden change

in the electrons states. This process of making an almost instantaneous transition

from one wave vector in one band to another is known as scattering. This process

limits the velocity of the charge carriers, and therefore, it is the source of intrinsic

noise in semiconductors. Scattering mechanisms are classified in terms of the sources

inducing the carrier’s transition from one electron’s state to another. Carrier-phonon

scattering is due to the deformation of the perfectly periodic potential as a result of

the lattice vibration. The most important interaction is the one with the acoustic and

optical modes of the lattice vibrations. Generally, acoustic phonons have little energy,

and are considered to be elastic. On the other hand, optical phonons are considered

to be energetic, and there is a significant loss or gain of energy during the interactions.

Optical phonons can also cause a transition between different bands (Intervalley scat-

tering). When the optical lattice vibration wave becomes large enough, it induces a

transition of electrons from the valence band to the conduction band (thermal gener-

ation), or vice versa when electrons emit energy and transition into the valence band

(thermal recombination). Another generation-recombination mechanism is when this

transition is assisted by an intermediate trap in the middle of the band gap. For

ionized impurity, the scattering source is simply a screened coulomb potential which

induces an elastic transition in carriers. The effect of electron-electron scattering is in

general very limited, and usually present when the carrier density is very high leads

to collision between carriers.
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2.5 Summary of the Semi-Classical Theory

The semi-classical treatment describes the carriers’ dynamics in the applied and built

in potentials by classical Newton’s law. The effect of the crystal potential is treated

indirectly by the use of the effective mass or the energy band structure. And the car-

rier scattering is treated quantum mechanically. The semi-classical transport model

describes the motion of independent particles within the semiconductor material,

under the influence of the macroscopic and microscopic electric field, and the micro-

scopic scattering mechanisms. The scattering mechanisms accounts for the interaction

between the electrons and crystal vibration, generation-recombination, or electron-

electron interactions. The macroscopic field obeys the theory of Maxwell equation in

a medium which can be solved using the Poisson equation. According to the semi-

classical theory, the motion of a particle within a semiconductor is described by the

following equations:

∂~x

∂t
= ~v(~x) =

1

~
5~k ε(

~k), (2.14)

Ftotal = ~
∂~k

∂t
= −q ~E(~x) + ~Fr, (2.15)

where ~x and ~k correspond to the electron position and wave vector, respectively;

~E(~x) is the electric field; ~v(~k) is the electron velocity; ε(~k) is the energy wave vector

relationship. ~Fr is a random force on a carrier, which corresponds to the change in the

wave vector as a result of scattering. In the semi-classical theory, the change in the

wave vector is considered instantaneous. The duration of a collision is much shorter

than the time between collisions. This process can be described in the context of a
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stochastic process as the derivative of an inhomogeneous randomly weighted Poisson

process.

2.5.1 Boltzmann Transport Equation (BTE)

The (BTE) is the semi-classical treatment of describing the evolution of the state of

the carriers via the distribution function f
(
~x,~k, t

)
in phase space

(
~x,~k
)

. Deriving a

continuum equation for the distribution function, which it is postulated that it does

not change along the trajectories:

∂f
(
~x,~k, t

)
∂t

= 0. (2.16)

Expanding the above equation by using the chain rule:

∂f
(
~x,~k, t

)
∂t

+
∂~x

∂t
· ∇~xf

(
~x,~k, t

)
+
∂~k

∂t
· ∇~kf

(
~x,~k, t

)
= 0

 . (2.17)

Inserting (2.2) and (2.3) into (2.5) yields:

∂f
(
~x,~k, t

)
∂t

+
1

~
∇~kε(~k) · ∇~xf

(
~x,~k, t

)
− e

~
~E(~x) · ∇~kf

(
~x,~k, t

)
+

+
1

~
~Fr · ∇~kf

(
~x,~k, t

)
= 0. (2.18)

The fourth term in the LHS is due to the change in the wave vector state of a carrier as

a result of scattering. In order to incorporate the quantum effect of the semiconductor

crystal lattice, and from perturbation theory, it can be expressed as a collision integral
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in terms of the scattering transition rate:

1

~
~Fr · ∇~kf

(
~x,~k, t

)
= −

∫
K′

d~k′f(~r,~k′)[1− f(~r,~k)]S(~r,~k′, ~k)

+f(~r,~k)

∫
K′

d~k′[1− f(~r,~k′)]S(~r,~k,~k′),

(2.19)

where S
(
~x,~k′, ~k

)
is the transition rate for a carrier with position ~x to change its

wave vector state from ~k′ to wave vector state ~k. For non-degenerate systems in

many semiconductor device applications, where the carrier’s distribution function is

small, the Pauli Exclusion Principle is neglected:

1

~
~Fr·∇~kf

(
~x,~k, t

)
= −

∫
K′

d~k′f
(
~x,~k′, τ

)
S
(
~x,~k′, ~k

)
− f

(
~x,~k, τ

)∫
K′

d~k′S
(
~x,~k,~k′

) .

(2.20)

Inserting (2.20) into (2.18) we arrive at the (BTE):

∂f
(
~x,~k, t

)
∂t

+
1

~
∇~xε · ∇~xf

(
~x,~k, t

)
− q

~
~E (~x)∇~kf

(
~x,~k, t

)
=

=

∫
K′

d~k′f
(
~x,~k′, τ

)
S
(
~x,~k′, ~k

)
− f

(
~x,~k, τ

)∫
K′

d~k′S
(
~x,~k,~k′

)
. (2.21)

2.6 Summary

In this chapter it was shown a brief summary of the semi-classical transport theory.

The description of the carriers’ motion due to the macroscopic electric field, and col-

lisions within the crystal is formulated, and characterized in terms of the carriers’
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distribution function, which is a solution of the Boltzmann transport equation. For

a wealth of information on the semi-classical theory, formal derivations and justifica-

tions of the semi-classical model are well documented in the literature[13].
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Chapter 3

Stochastic Differential Equation

(SDE)

In this section, it will be shown how the semi-classical transport equations of electron

motion can be interpreted as stochastic differential equations, which are driven by

inhomogeneous randomly weighted Poisson process. In semiconductor devices, the

scattering rates describe the random changes in the electron wave vector. According

to the theory of stochastic differential equation, the solution is a Markov process which

can be characterized by a transition probability density function which satisfies the

Kolmogorov-Feller equation. Furthermore, it will be shown that in the case of the

semi-classical transport, this equation (Kolmogorov-Feller equation) reduces to the

Boltzmann transport equation.
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3.1 Stochastic Differential Equations

Consider the following stochastic differential equation:

d~y (t) = ~a (t, ~y) dt+ d~j (t, ~y) , (3.1)

which describes the motion of a system in phase space Y . Here, ~y (t) represents the

stochastic process, and ~a (t, ~y) is a deterministic function known as the drift coefficient

and ~j (t, ~y) is an inhomogeneous randomly weighted Poisson process given by:

~j (t, ~y) =

ti∫
t0

∑
i

[
~yt+i − ~yt−i

]
δ (s− ti) ds, (3.2)

where ti and ~yt+i are random variables correspond to the time instant and out-coming

state of the ith random change in ~y (t), respectively. The state dependence might

describe the spatial variation of the electric field that a charged particle is subject

to, as it moves within a semiconductor device; while the dependence on time might

account for the time variation of such fields. There is also the dependence on the

state of the system ~y (t) for the jump process which describes the dependence of the

scattering rates on the electron kinetic energy. According to the SDE theory, the

solution of equation (3.1) is a Markov process which is characterized by a transition

probability density function ρ (~y0, t0~y, t) , such that

P {~y < ~y (t) < ~y + d~y|~y (t0) = ~y0} = ρ (~y0, t0; ~y, t) d~y. (3.3)
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Furthermore, the transition probability density function satisfies the forward Kolmogorov-

Feller equation, which takes the following form:

∂

∂t
ρ (~y0, t0; ~y, t) +

m∑
i=1

∂

∂yi
(ai (t, ~y) ρ (~y0, t0; ~y, t)) =

{
∂

∂ t
ρ (~y0, t0; ~y, t)

}
jump

. (3.4)

The RHS of the above equation (3.4) corresponds to the solution of equation (3.1)

when the system is only excited by the jump process ~j (t). The jump process is

described by the intensity function q (t, ~y)and the relative transition density function

Q (t, ~y′, ~y′) where:

1. q (t, ~y) dt is the probability that ~y (t)will undergo a random change in the in-

finitesimal interval(t, t+ dt), when ~y (t) = ~y.

2. 1 − q (t, ~y) dtis the probability that ~y (t) will remain unchanged in the same

interval.

3. Q (t, ~y′, ~y) d~yis the probability of ~y (t)taking a value within d~yabout ~yat time(t+ dt),

given that ~y (t) = ~y and that ~y has undergone a change in(t+ dt).

As a result, the probability space of transitions from ~y′ into d~y about ~y can be

partitioned into transitions with no jump and transitions with one jump. Note that

transitions with more than one jump in an infinitesimal time interval are omitted.

ρ (~y′, t; ~y, t+ dt) = [1− q (t, ~y′) dt] δ (~y′ − ~y)︸ ︷︷ ︸
NoJump

+ q (t, ~y′) dtQ (t, ~y′, ~y)︸ ︷︷ ︸
OneJump

. (3.5)
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Using the Chapman-Kormogoloff equation, the transition probability can be expanded

as follows:

ρ (~y0, t0; ~y, t+ dt) =

∫
Y

ρ (~y0, t0; ~y′, t) ρ (~y′, t; ~y, t+ dt) d~y′, t0 ≤ t ≤ t+ dt. (3.6)

By inserting (3.5) into (3.6) and integrating,

ρ (~y0, t0; ~y, t+ dt) = ρ (~y0, t0; ~y, t)− ρ (~y0, t0; ~y′, t) q (t, ~y) dt+

+

∫
Y

ρ (~y0, t0; ~y′, t) dtq (t, ~y′)Q (t, ~y′, ~yd~y′), (3.7)

and by subtracting the term ρ (~y0, t0; ~y, t) on both sides, dividing by dt and taking

the limits as dt→ 0, yields:

{
∂

∂t
ρ (~y0, t0~y, t)

}
jump

=

∫
Y

ρ (~y0, t0; ~y′, t) q (t, ~y′)Q (t, ~y′, ~y) d~y′ − ρ (~y0, t0; ~y, t) q (t, ~y) .

(3.8)

Finally the forward Kolmogorov-Feller equation for the general stochastic process

described by equations (3.1) and (3.2) is given by:

∂

∂t
ρ (~y0, t0~y, t) +

m∑
i=1

∂

∂yi
(ai (t, ~y) ρ (~y0, t0~y, t)) =

=

∫
Y

ρ (~y0, t0; ~y′, t) q (t, ~y′)Q (t, ~y′, ~y + d~y′)− ρ (~y0, t0; ~y′, t) q (t, ~y). (3.9)
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3.2 Electron Motion Described by SDEs

Similar to (3.1) and (3.2), the semi-classical theory describes the carriers’ dynamics

in a semiconductor by the following stochastic differential equations:

d~x

dt
= ~v(~k) =

1

~
∇~kε(~k), ~Ftotal = ~

d~k

dt
= −e ~E(~x) +

d~s

dt
, (3.10)

where ~x and ~k are the stochastic processes corresponding to the electron position

and wave vector respectively; ~E is the electric field; ε(~k) is the energy wave vector

relationship; and ~s is a random process characterizing the random changes in the

electron wave vector due to scattering. Hence, it is characterized by the scattering

transition rate S
(
~x,~k,~k′

)
which defines the probability of a transition from ~k into

~k′ per unit time, and assumes that there is always an available empty state for the

transition to take place. In another word, the Pauli’s exclusion principle is not con-

sidered. The transitions into the new wave vectors after scatterings are considered to

be instantaneous and spatially localized at ~x. Hence, the process can be represented

as a randomly weighted Poisson process:

~s
(
t, ~x,~k

)
=

ti∫
t0

∑
i

[
~kt+i −

~kt−i

]
δ (s− ti) ds, (3.11)

where ti and ~kt+i are random variables that correspond to the random time at which

the ith scattering event took place, and the new wave vector after collision. The

scattering rate or the rate at which the electron collides per unit time λ
(
~x,~k
)

is

obtained by integrating transition rates S
(
~x,~k,~k′

)
over all the possible final state

30



space K:

λ
(
~x,~k
)

=

∫
K

S
(
~x,~k,~k′

)
d~k′. (3.12)

Assuming a scattering event has occurred at some time ti, the probability density

function for the jump βi, or the electron wave vector after collision is given by:

ρcol

(
~x,~k,~k + βi

)
=
S
(
~x,~k + βi, ~k

)
λ
(
~x,~k
) . (3.13)

The above equation constitutes the basis of the semi-classical transport theory and

they are used to simulate the electron motion in the Monte Carlo approach. Equations

(3.10) and (3.11) can be represented as a stochastic differential equation in terms of

the phase space coordinates

 ~x

~k

 as follows:

d

 ~x (t)

~k (t)

 =

 1
~∇~kε

(
~k
)

− q
~
~E (~x, t)

 dt+ d

 0

~s
(
t, ~x,~k

)
 . (3.14)

Comparing the general stochastic differential equation in (3.1) to the above equation

(3.14), we deduce the following: ~y =

 ~x

~k

 , ~a (t, ~y) =

 1
~∇~kε

(
~k
)

− q
~
~E (~x, t)

 , ~j =

 0

~s

 and ~yt+i =

 0

~kt+i

 . It is clear that the process defined by equation (3.10)

and (3.11) belongs to the class of processes characterized by equations (3.1) and

(3.2). Therefore, the process is Markovian and it is completely characterized by the

transition probability density function which satisfies the Kolmogorov-Feller equation.
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The intensity function q (t, ~y) and the transition density function Q (t, ~y′, ~y′) for the

process defined by equations (3.11) and (3.14) reads as follows:

q (t, ~y) = λ
(
~x,~k
)
, (3.15)

Q (t, ~y′, ~y) = ρcol

(
~x,~k,~k′

)
δ (~x− ~x′) =

S
(
~x,~k,~k′

)
λ
(
~x,~k′

) δ (~x− ~x′) . (3.16)

The delta function in the above equation is a consequence of the electron remaining

in the same position ~x during collision with probability one. By inserting equations

(3.15) and (3.16) into (3.8) and substituting the value of ~a (t, ~y) as given in (3.14) into

(3.9) we arrive at the forward Kolmogorov-Feller equation for the electron motion as

described by the semi-classical carriers’ transport theory as follows:

∂

∂t
ρ
(
~x′, ~k′, t0; ~x,~k, t

)
+

1

~
∇~kε

(
~k
)
.∇~xρ

(
~x′, ~k′, t0; ~x,~k, t

)
− q
~
~E (~x, t) .∇~kρ

(
~x′, ~k′, t0; ~x,~k, t

)
=

=

∫
K

ρ
(
~x′, ~k′, t0; ~x,~k, t

)
S
(
~x,~k,~k′

)
d~k′ − ρ

(
~x′, ~k′, t0; ~x,~k, t

)
λ
(
~x,~k
)
,(3.17)

and subject to the initial condition:

ρ
(
~x′, ~k′, t0; ~x,~k, t = t0

)
= δ

(
~k − ~k′

)
δ (~x− ~x′) , (3.18)
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and normalized to unity as follows:

∫
XK

ρ
(
~x′, ~k′, t0; ~x,~k, t

)
d~xd~k = 1. (3.19)

The derivation of the above equation was carried out considering the motion of

the electron confined to a single energy band. By integrating the above forward

Kolmogorov-Feller equation for the motion of electron over the backward coordinate,

one obtains the well-known Boltzmann transport equation:

∂f
(
~x,~k, t

)
∂t

+
1

~
∇~xε · ∇~xf

(
~x,~k, t

)
− q

~
~E (~x)∇~kf

(
~x,~k, t

)
=

∫
K′

d~k′f
(
~x,~k′, τ

)
S
(
~x,~k′, ~k

)
− f

(
~x,~k, τ

)∫
K′

d~k′S
(
~x,~k,~k′

)
, (3.20)

where f
(
~x,~k, t

)
is normalized to unity.

3.3 Summary

Based on the theory of stochastic differential equations (SDE), it is shown that elec-

tron motion can be interpreted as a differential equation driven by inhomogeneous

randomly weighted Poisson process. In the context of the SDE theory, the electron

transport describes a Markov process which is characterized by the transition prob-

ability density function. Accordingly, the transition probability density function is

solved by the forward Kolmogorov-Feller equation. In the context of the semi-classical

theory, the electron transport is described identically by the (BTE). As result, it is
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shown that under stationary conditions, the motion of electrons in a system defines a

Markovian process that is characterized by the transition probability density function,

which is also a solution of the (BTE).
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Chapter 4

Current Spectral Density

Computation for a Homogeneous

Structure

In this chapter, a model to compute spectral density of the fluctuation in the terminal

current will be derived for a homogeneous structure using the theory of the semi-

classical transport and the machinery of stochastic differential equations as shown

above in Chapter 3. In order to determine the current correlation function and the

current spectral density observed at the terminal of a semiconductor device, we first

need to relate the motion of particles inside a device to the observed induced current

at the terminal using the Ramo-Shockley theorem.
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4.1 Extension to the Ramo-Shockley Theorem

The extension to the Ramo-Shockley theorem establishes the connection to the motion

of a single particle inside a volume and its resulting induced current observed at the

terminal[14]. For example, for a two terminal device, the current is given by:

i
(
x,~k
)

=
−q
∆V

~E0 (x) · ~v
(
~k
)
, (4.1)

where ~v(~k), is the velocity of a particles, ~E0(x) is the electrostatic field due exclusively

to the applied potential at the contacts, which can be computed from Laplace’s

equation and ∆V is the potential difference between the two terminals.

4.2 Current Autocovariance Computation

The current fluctuation in a semiconductor device is characterized by the autocovari-

ance of the current signal observed at the terminal:

CI (t, τ) = 〈(i (t+ τ)− 〈i (t+ τ)〉) (i (t)− 〈i (t)〉)〉 , (4.2)

where the brackets denotes ensemble averages. For a stationary process, the mean

value of the current is constant and the autocovariance is only a function of the time

difference:

CI (τ) = 〈(i (0)− 〈i〉) (i (τ)− 〈i〉)〉 = 〈i (0) i (τ)〉 − 〈i〉2 . (4.3)
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The current autocovariance for a single particle, due to a motion of a single particle,

can be written in terms of the joint distribution function as follows:

CI (τ) =

∫
XKX′K′

dxd~kdx′d~k′ i
(
x,~k
)
i
(
x′, ~k′

)
f
(
x,~k, τ, x′, ~k′, 0

)
︸ ︷︷ ︸

〈i(0)i(τ)〉

−

−
∫

X′K′

dx′d~k′i
(
x′, ~k′

)
f
(
x′, ~k′

)
︸ ︷︷ ︸

〈i〉

∫
XK

dxd~ki
(
x,~k
)
f
(
x,~k
)

︸ ︷︷ ︸
〈i〉

, (4.4)

where f
(
x,~k, τ, x′, ~k′, 0

)
and f

(
x,~k
)

are the first order and second order distribution

function for a single particle, and X and K denote the entire spatial and wave vector

phase space, respectively. Furthermore, the second order distribution can be written

in terms of the transition probability density function:

f
(
x,~k, τ, x′, ~k′, 0

)
= ρ

(
x,~k, τ |x′, ~k′, 0

)
f
(
x′, ~k′

)
. (4.5)

Equation (4.5) allows us to write the autocovariance for a single particle as follows:

CI (τ) =

∫
XK

dxd~k i
(
x,~k
) ∫

X′K′

dx′d~k′i
(
x′, ~k′

)
f
(
x′, ~k′

) [
ρ
(
x,~k, τ |x′, ~k′, 0

)
− f

(
x,~k
)]

.

(4.6)

By defining

g
(
x,~k, τ

)
=

∫
X′K′

dx′d~k′i
(
x′, ~k′

)
f
(
x′, ~k′

) [
ρ
(
x′, ~k, t, x′, ~k′

)
− f

(
x,~k
)]

. (4.7)
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Equation (4.6) can be written as follows:

CI (τ) =

∫
XK

dxd~ki
(
x,~k
)
g
(
x,~k, τ

)
. (4.8)

It was shown in chapter 3 (3.17) that the transition probability density function is

a solution of the forward Kolmogorov-Feller equation, which is also identical to the

(BTE) with special initial conditions (3.18). Accordingly, g
(
~x,~k, τ

)
is an effective

distribution function that is a linear combination of solutions of the (BTE) and it

reads as follows:

∂g

∂τ

(
x,~k, τ

)
+ L~x~k

{
g
(
x,~k′, τ

)}
= 0, (4.9)

where:

L~k

{
g
(
x,~k, τ

)}
= − q

~
E∞ (x) · ∇~kg−

−

∫
K′

d~k′g
(
x,~k′, τ

)
S
(
x,~k′, ~k

)
− g

(
x,~k, τ

)∫
K′

d~k′S
(
x,~k,~k′

), (4.10)

and subject to the initial condition:

g
(
x,~k, τ = 0

)
= i
(
x,~k
)
f
(
x,~k
)
− 〈i〉 f

(
x,~k
)
. (4.11)

E∞ (x) is the steady state electric field computed apriori, using the self consistent

solution of the stationary (BTE) and the Poisson equation. Therefore, by solving

equation (4.9), we can compute the current autocovariance function.
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4.3 Current Noise Spectral Density Computation

in Frequency Domain

The spectral density function and the autocovariance constitute the Fourier transform

pair. By taking the Fourier transform of the autocovariance equation (4.8), we obtain

the following expression for the current noise spectral density:

SI (ω) = 2Re

∫
XK

dxd~ki
(
~x,~k
)
G
(
x~k, ω

) , (4.12)

where G (x, k, ω), is the Fourier transform of g (x, k, τ) and satisfies the following

equation:

jωG (x, k, ω)− f∞ (x, k) i (x, k) + Lk {G (x, k, ω)} = 0, (4.13)

where:

Lk {G (x, k, ω)} = − q
~
E∞ (~x) · ∇kG

−

∫
K′

dk′G (x, k′, ω)S (x, k′, k)−G (x, k, ω)

∫
K′

dk′S (x, k, k′)

 . (4.14)

Therefore, by solving equation (4.13), we can directly solve the current noise spec-

tral density function. Conceptually, similar approach that is based on the transition

probability density function (Green function) was proposed on homogeneous semi-

conductors and used analytically to describe the current noise under the relaxation

time approximation[15],[16],[17]. However, in this model, the Green function is not

directly used in the calculation, and the autocovariance and spectral density func-
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tions are calculated directly in terms of the effective distribution functions g
(
x,~k, τ

)
and G

(
x,~k, w

)
respectively without solving for the backward coordinates, which will

ease the numerical computation. Furthermore, the collision integral is used in all its

complexity.

4.4 Summary

We have shown a current noise model for a homogeneous structure, within the frame-

work of semi-classical model, which is a direct solution of the (BTE), and without any

additional assumptions regarding the nature of noise. The connection between the

Kolmogorov-Feller equation which solves for the transitional probability density func-

tion (pdf), and the Boltzmann transport equation, allows one to compute the current

noise directly from the solution of the (BTE) with special condition. The extension to

the Ramo-Shockley theorem allows the connection between the instantaneous motion

of carriers inside the device, and the current induced at the terminal.
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Chapter 5

Model Formulation for a Spatial

Structure

The above semiconductor noise model was implemented to compute the noise spec-

tral density in the framework of semi-classical transport, employing the theory of

stochastic differential equations (SDE) using a deterministic method on a bulk semi-

conductor. Applying the mentioned model on devices requires solving the (BTE)

in a spatial domain. Furthermore, it requires prescribing an appropriate boundary

condition that describes the behavior of particles at the device contacts and its ef-

fect on current noise fluctuations observed at the terminals. We extend this noise

model to work on physical semiconductor devices with boundary conditions. This

is achieved by showing that the key calculations for computing the spectral den-

sity are reduced to the solution of the transient (BTE) with special initial condition

and boundary condition at the Ohmic contacts. We show in particular that the Pois-

sonian random launch of carriers at the contacts simply enters into the model as
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boundary conditions to the aforementioned initial value problem for the (BTE) for

bulk. In some respect, the Poisson stochastic process introduced here to model the

launching of carriers into the device is similar in approach to the contact injection

models used in Monte Carlo techniques. This semiconductor noise model integrates

the random launching of carriers into the device from the Ohmic contacts with the

stochastic dynamics of carriers within the device. Two stochastic processes describe

the full dynamics of the carriers starting from their injection into the device until

their exit: the launch time of carriers from the contacts is described by independent

Poisson launch processes, and the stochastic motion of carriers that is caused by scat-

tering inside the device is described by inhomogeneous Poisson type Markov processes

according to the semi-classical transport theory. With the use of Ramo-Shockley the-

orem, which connects the current observed at the terminal with the motion of a single

carrier inside the device, it is possible to compute the current noise auto covariance

and noise current spectral density.

5.1 Particles Dynamics Described by SDE’s and

Poisson Process at the Contacts

Two random sources contribute to the current fluctuation observed at the contact of a

device: (i) random impulse force on the particles inside the device due to scattering (ii)

random momentum and launch time of carriers from Ohmic contacts into the device.

The random launch process from each Ohmic contact is modeled as a Poisson process
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with random inward momentum into the device and launch times. Once a particle is

launched into the device, it evolves according to the particle dynamics described above

by the semi-classical transport. When a particle reaches one of the boundaries with

its momentum directed into an Ohmic contact, it is absorbed, and its trajectory is

terminated at once. In order to account for the random launch time and momentum

at the contacts, the resulting probabilities are integrated over the random initial

momentum distribution and the random launch time Poisson distribution. According

to SDE theory, these two coupled processes represent a Markov process and can

be characterized by its transition probability density function ρ
(
~x,~k, t| ⇀x0, ~k0, 0

)
,

satisfying the Kolmogorov-Feller equation[18],[19]. As mentioned above, it is well

known that this equation has the same form as that of the (BTE). The solution of the

(BTE) with special initial and boundary conditions constitutes the key calculation for

the autocovariance and terminal noise current density. An expression for the steady

state occupation density function for particles will be derived in terms of particles

that were injected from the contacts at random time, then the correlation function

and the spectral density function will be derived and finally it will be shown that the

key calculation to compute the noise current spectral density function is to solve the

transient Boltzmann equation with appropriate initial and boundary conditions.
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5.1.1 Steady State Distribution Function and Poisson Dis-

tribution

Let ρn

(
~x,~k, t

)
be the probability density function of finding the nth particle at loca-

tion ~x and momentum ~k at time t, given that it was injected from the device contact

Ω at an earlier time with a corresponding inflow momentum distribution. In non-

degenerate system, particles are injected from the contacts into the device according

to a Poisson random process with independent identically distributed inter-arrival

times. The particles launch times from the contacts are as shown in Figure (5.1):

Figure 5.1: Timing diagram illustrating the random launch time of particles.

∆i are independent identically distributed (i.i.d) random variables, which correspond

to the inter-arrival time between particles, and described by the probability density

function, ρ (∆i). τn are random variables, which corresponds to the random launch

time of the nth particle, and described by the probability distribution function,Tn (τ).

It is easy to see from Figure (5.1), and from basic stochastic theory that the random

launch time of the nth particle is the sum of the inter-arrival times of all the previous

particles up to the nth particle:

τn =
n∑
i

∆i = ∆1 + ∆2 + ....+ ∆n−1 + ∆n, (5.1)
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and the pdf of the iner-arrival time of particles follow an exponential pdf:

ρ (∆n) = λ e−λ(τn−τn−1). (5.2)

From the above equations, it is easy to see that the pdf of the launch time of particles

is the convolution of the pdf of ∆i:

T (τn) = [ρ (∆1) ∗ ρ (∆2) ∗ ρ (∆3) ∗ ... ∗ ρ (∆n−1) ∗ ρ (∆n)] . (5.3)

The summation of the exponential pdf to describe the random launch time is described

by the Erlang distribution:

Tn (τn) =
(λΩi)

n (τ)n−1 e−λΩi
τ

(n− 1) !
, (5.4)

where λΩi is the rate at which particles are injected into the device from the ith

contact. The Laplace transform of the pdf of the launch time of the nth particle:

T̃n (s) =

(
λΩi

s+ λΩi

)n
. (5.5)

Accounting for the random launch time of the nth particle from the ith contact, the

probability density function for the nth particle, ρn

(
~x,~k, t

)
is given by:

ρn

(
~x,~k, t

)
=

t∫
0

dτ

∫
d~k′fΩi

(
~k′
)
ρ
(
~x,~k, t|Ωi, ~k

′, τ
)
Tn (τ) , (5.6)
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where fΩi

(
~k′
)

is the probability density function for a particle’s initial random mo-

mentum at the ith contact. According to the above description, a particle enters into

the device from any of the device contacts at a random launch time that can be de-

scribed by Poissonian statistics and its trajectory is followed inside the device that

can be described by a single particle transition probability density function ρ
(
~x,~k, t

)
in phase space until it exits the device from any of the device contacts. These two

independent stochastic processes describe the dynamics of a single particle. Particles

continue to be launched from all contacts into the device with Poissonian distribution,

and continue to experience random force and drift force due to scattering and electric

field inside the device, respectively, which is described by the framework shown in

chapter 3, until they exit the device as shown in Figure (5.2). The random wait-

ing time for independent particles from each contact is a Poisson process. Hence, it

is a function of the order of injected particles. Furthermore, the trajectory for any

injected particle from the contacts into the device can be described by the single

particle transition probability density function with appropriate initial and boundary

conditions. As a result, the accumulation of all the single particle probability den-

sity functions in phase space
(
~x,~k
)

that were launched from all contacts (at random

launch time) provides the occupation probability f
(
~x,~k, t

)
for particles in phase

space (~x,~k) inside the device:

f
(
~x,~k, t

)
=

∞∑
n=1

ρn

(
~x,~k, t

)

=
∞∑
n=1

∑
Ωi

t∫
0

dτn

∫
d~k′fΩi (k′) ρ

(
~x,~k, t|Ωi, ~k

′, τ
)
Tn (τ) . (5.7)
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Figure 5.2: Overview of the stochastic processes that take place in a real semicon-
ductor device.

For a stationary process, the conditional pdf is a function of the time difference:

f
(
~x,~k, t

)
=

∞∑
n=1

ρn

(
~x,~k, t

)

=
∞∑
n=1

∑
Ωi

t∫
0

dτn

∫
d~k′fΩi (k′) ρ

(
~x,~k, t− τ |Ωi, ~k

′, 0
)
Tn (τ) , (5.8)

and with convolution, the above equation becomes:

f
(
~x,~k, t

)
=

∞∑
n=1

ρn

(
~x,~k, t

)
=

∞∑
n=1

∑
Ωi

∫
d~k′fΩi (k′)

[
ρ
(
~x,~k, .|Ωi, ~k

′, 0
)
∗ Tn (.)

]
(t) . (5.9)

The convolution for the density functions
[
ρ
(
~x,~k, .|Ωi, ~k

′, 0
)
∗ Tn (.)

]
(t), results into
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a multiplication in the Laplace domain ρ̃
(
~x,~k, s|Ωi, ~k

′, 0
)
· T̃n (s). Therefore:

Laplace
[
f
(
~x,~k, t

)]
= f̃

(
~x,~k, s

)
=

∞∑
n=1

∑
Ωi

∫
d~k′fΩi (k′)

[
ρ̃
(
~x,~k, s|Ωi, ~k

′, 0
)
· T̃n (.)

]
.(5.10)

Inserting (5.5) into (5.10):

f̃
(
~x,~k, s

)
=
∞∑
n=1

∑
Ωi

∫
d~k′fΩi (k′)

[
ρ̃
(
~x,~k, s|Ωi, ~k

′, 0
)
·
(

λΩi

s+ λΩi

)n]
, (5.11)

and recognizing that:
∞∑
n=1

∑
Ωi

(
λΩi

s+ λΩi

)n
=
∑
Ωi

λΩi

s
, (5.12)

we arrive at an expression in the Laplace domain for the occupation probability of

particles in the system:

f̃
(
~x,~k, s

)
=
∑
Ωi

λΩi

s

∫
d~k′fΩi (k′) ρ̃

(
~x,~k, s|Ωi, ~k

′, 0
)
. (5.13)

Transforming the f̃
(
~x,~k, s

)
back into the time domain, results into the following

equation:

f
(
~x,~k, t

)
=
∑
Ωi

λΩi

t∫
0

dτ

∫
dk′fΩi

(
~k′
)
ρ
(
~x,~k, τ |Ωi, ~k

′, 0
)
. (5.14)
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Therefore, the steady state occupation probability f∞ (x, k) is given by:

f∞

(
~x,~k
)

= lim
t→∞

f
(
~x,~k, t

)
=

∑
Ωi

λΩi

∞∫
0

dτ

∫
d~k′fΩi

(
~k′
)
ρ
(
~x,~k, τ |Ωi, k

′, 0
)
. (5.15)

Equations (5.14) and (5.15) relate the phase space occupation probability to the in-

jection rate and to the single particle transition probability density function, which

satisfies the Kolmogorov-Feller (BTE) equation. They account for the particles dy-

namics from the time of injection, and their evolutions inside the device until they

exit. This approach calculates the steady-state distribution function and all average

quantities given the injection rate of particles from the contacts and an appropriate

boundary condition for the transition probability density function.

5.2 Derivation of the Noise Model

With the use of Ramo-Shockley theorem, the Poisson launch process of independent

particles from the contacts and their dynamics inside the device, it is possible to

directly compute the current noise autocovariance observed at a terminal for a non

homogeneous semiconductor structure. In order to illustrate the concept, we consider

a point contact Ωwhere independent particles are injected at random times into the

device, where they experience scattering and the influence of an electric field until

they exit the device as shown in Figure (5.3). This concept can also be extended

to realistic semiconductor devices with multiple contacts. Using equation (5.15), the
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Figure 5.3: Point contact where particles are launched with random time injection
and inflow momentum into the device, and particles scatter back into the contact
with outflow momentum.

steady state occupation probability function for a multiple contact becomes:

f∞

(
~x,~k
)

=
∑
Ωi

λΩi

∞∫
0

du

∫
d~k′fΩi (k′) ρ

(
~x,~k, u|Ωi, ~k

′, 0
)
. (5.16)

The steady state distribution function satisfies the steady state (BTE), with a well un-

derstood equilibrium distribution at the boundaries. The boundary condition for the

transition probability density function, which satisfies the Kolmogorov-Feller equa-

tion, has been introduced and studied for many years[20],[21]. Depending on the

system’s dynamics and its’ application, its’ boundaries can be absorbing, reflecting

and partially absorbing or partially reflecting boundaries. In our case, we would like

to model particles that are injected from the device boundaries at random time with

inflow momentum. When particles reach theses boundaries from inside the device

with outflow momentum, they no longer contribute to current. Thus, they are no

longer part of the autocovariance and noise computation. Boundaries that behave
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this way pose a singular behavior. In this work, we make no assumption regarding

the boundary condition of the transition probability density function. We do this

by introducing a new auxiliary distribution function fM

(
~x,~k, t

)
with specific initial

and boundary conditions. This auxiliary distribution function starts at steady state

conditions and represents the state of the device when all injections into the device

are turned off at some time t = 0. In other words, it represents particles that were

initially inside the device at t = 0. It is clear that such an auxiliary function satisfies

the following expression:

f∞

(
~x,~k
)
U (t) = fM

(
~x,~k, t

)
+
∑
Ωi

λ

t∫
0

du

∫
d~k′fΩi (k′) ρ

(
~x,~k, u|Ωi, ~k

′, 0
)
, (5.17)

where U (t) is the step function. According to the above expression, it is clear that the

role of the auxiliary distribution function fM

(
~x,~k, t

)
is to counteract the continuous

random time injection of particles from the Ohmic contact in such a way that would

keep the number of particles inside the device constant and maintain the steady state

distribution function f∞

(
~x,~k
)

inside the device. In other words, fM

(
~x,~k, t

)
is a

solution of the transient (BTE) and subject to the following initial and boundary

conditions, respectively:

fM

(
~x,~k, t = 0

)
= f∞

(
~x,~k
)
, (5.18)

fM

(
~x = Ωi, ~k, t

)
= 0, ~k · ~s > 0, (5.19)
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where ~s denotes the unit inward normal to device boundary Ω. Here, the system

starts at a steady state distribution function fM

(
~x,~k, t = 0

)
= f∞

(
~x,~k
)

. Since

fM

(
~x,~k, t

)
is a decreasing function of time, the steady state is preserved by the

second term on the right hand side of equation (5.17) with the continuous random

injection of particles from the contact. For illustration, Figure (5.4) shows a point

contact and the behavior of the two functions in (5.17).

Figure 5.4: Illustration of the electron’s dynamics in terms of two distribution func-
tions to compute the steady state distribution function.
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5.2.1 Calculating the Average Current for a Stationary Pro-

cess

As stated above, we assume that at some instant of time t, the average current at the

terminal is induced by particles which are injected into the device from the contact∑
i

∞∑
n=1

in Ωi

(
~x,~k, t

)
, and particles that were initially inside the device IM (t):

I(t) =
∑
i

∞∑
n=1

in Ωi

(
~x,~k, t

)
+ IM (t) . (5.20)

Expressing the average current in terms of the transitional pdf, the average current

becomes:

E

{∑
i

∞∑
n=1

in Ωi

(
~x,~k, t

)
+ IM (t)

}
=

∫
XK

i
(
~x,~k
)
λ
∑
i

t∫
0

du

∫
d~k′fΩi

(
~k′
)
ρ
(
~x,~k, u|Ωi, ~k

′, 0
)

+ fM

(
~x,~k, t

)
︸ ︷︷ ︸

f∞(x,k)

,(5.21)

or similarly,

E

{∑
i

∞∑
n=1

in Ωi

(
~x,~k, t

)
+ IM (t)

}
= E

{∑
i

∞∑
n=1

in Ωi

(
~x,~k, t+ τ

)
+ IM (t+ τ)

}
=

∫
XK

i
(
~x,~k
)
f∞ (x, k) . (5.22)
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5.2.2 Calculating the Current Correlation Function

Based on the described system above, in terms of particles, which are initially inside

the system, and particles which are launched from the boundaries into the device, the

autocovariance of the system reads as follows:

CI (t, τ) =

E

{(∑
i

∞∑
n=1

in Ωi

(
~x′, ~k′, t

)
+ IM (t)

)(∑
i

∞∑
m=1

im Ωi

(
~x,~k, t+ τ

)
+ IM (t+ τ)

)}

−E

{∑
i

∞∑
n=1

in Ωi

(
~x′, ~k′, t

)
+ IM (t)

}
E

{∑
i

∞∑
m=1

im Ωi

(
~x,~k, t+ τ

)
+ IM (t+ τ)

}
,

(5.23)

where
∑
i

∞∑
n=1

in Ωi

(
~x′, ~k′, t

)
and

∑
i

∞∑
m=1

im Ωi

(
~x,~k, t+ τ

)
correspond to the current at

time t and t+τ respectively, that is caused by particles injected from the contact into

the device, and IM (t) and IM (t+ τ) correspond to the current at time t and t + τ

respectively, that is caused by particles which were initially inside the device at t = 0.

Separating the correlation function matrix of the injected particles into diagonal and

non diagonal terms:
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CI(t, τ) =

= E

{∑
i

∞∑
n=1

inΩi(~x
′, ~k′, t)inΩi(~x,

~k, t)

}
︸ ︷︷ ︸

AD

+E

{∑
i

∞∑
n=1

inΩi(~x
′, ~k′, t)

∑
j

∞∑
m 6=n

imΩj(~x,
~k, t+ τ)

}
︸ ︷︷ ︸

AND

+E
{
IM(t)IM(t+ τ)

}
−E

{∑
i

∞∑
n=1

inΩi(~x
′, ~k′, t) + IM(t)

}
E

{∑
i

∞∑
m=1

imΩi(~x,
~k, t+ τ) + IM(t+ τ)

}
,

(5.24)

where AD and AND are the diagonal and non-diagonal correlation function of the

injected particles respectively. The correlation function of the particles that were

inside the device at time t = 0 is as follows:

E
{
IM (t) IM (t+ τ)

}
=

=

 ∫
XKX′K′

d~xd~kd~x′d~k′i
(
~x,~k
)
i
(
~x′, ~k′

)
ρ
(
~x,~k, t+ τ |~x′, ~k′, t

)
fM

(
~x,~k, t

)
=
〈
i2
〉
M

(5.25)
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Let’s look at the correlation function of the injected particles, first the diagonal term

AD in equation (5.24):

AD (τ) = E

{∑
i

∞∑
n=1

in Ωi

(
~x′, ~k′, t

)
in Ωi

(
~x,~k, t+ τ

)}
. (5.26)

The diagonal term can be written in terms of the joint probability density function:

AD (τ) =
∑
i

∞∑
n=1

∫
XKX′K′

d~xd~kd~x′d~k′i
(
~x,~k
)
i
(
~x′, ~k′

)
fn Ωi

(
~x,~k, t+ τ, ~x′, ~k′, t

)
,

(5.27)

where fn Ωi

(
~x,~k, t+ τ, ~x′, ~k′, t

)
, is the joint probability density function for the nth

particle that was injected from contact Ωi at t = 0 for the stationary process and can

be written in terms of the transition probability density function and the backward

coordinates first order probability density function as follows:

fn Ωi

(
~x,~k, t+ τ, ~x′, ~k′, t

)
= ρ

(
~x,~k, t+ τ |~x′, ~k′, t

)
fn Ωi

(
~x′, ~k′, t

)
, (5.28)

where ρ
(
~x,~k, t+ τ |~x′, ~k′, t

)
is the transition probability density function for a particle

inside the device in phase space
(
~x,~k
)

at time t+ τ given that it was in phase space(
~x′, ~k′

)
inside the device at timet.

AD (τ) =
∑
i

∞∑
n=1

∫
XKX′K′


d~xd~kd~x′d~k′i

(
~x,~k
)
i
(
~x′, ~k′

)
ρ
(
~x,~k, t+ τ |~x′, ~k′, t

)
fn Ωi

(
~x′, ~k′, t

)
 . (5.29)
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Furthermore, writing the nth particle first order probability density function

fn Ωi

(
~x′, ~k′, t

)
in terms of the transition probability density function and the distri-

bution function at the contacts and applying the Poissonian statistics one obtains:

AD (τ) =
∑
i

∞∑
n=1

∫
XKX′K′



d~xd~kd~x′d~k′i
(
~x,~k
)
i
(
~x′, ~k′

)
·

ρ
(
~x,~k, t+ τ |~x′, ~k′, t

)
·

λ
t∫

0

du
∫
K′′

d~k′′fΩi (k′′) ρ
(
~x′, ~k′, u|Ωi, ~k

′′, 0
)


. (5.30)

Expressing the distribution function for the injected particles into the device,

fn Ωi

(
~x′, ~k′, t

)
in terms of the steady state distribution function f∞

(
~x,~k
)

, and the

auxiliary function fM

(
~x,~k, t

)
in (5.17):

∑
i

fn Ωi

(
~x′, ~k′, t

)
=
∑
i

λ

t∫
0

du

∫
K′′

d~k′′fΩi (k′′) ρ
(
~x′, ~k′, u|Ωi, ~k

′′, 0
)

︸ ︷︷ ︸
f∞(x,k)−fM (x,k,t)

, (5.31)

AD (τ) =∫
XKX′K′

[
d~xd~kd~x′d~k′i

(
~x,~k
)
i
(
~x′, ~k′

)
ρ
(
~x,~k, t+ τ |~x′, ~k′, t

)
·

·
[
f∞

(
~x,~k
)
− fM

(
~x,~k, t

)]]
. (5.32)

As a result, the diagonal term of the autocovarienace in (5.24) is equal to the current

mean squared for all particles that were injected from the contacts:

AD (τ) =
〈
i2
〉
−
〈
i2
〉
M
. (5.33)
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Focusing on the non diagonal term AND in equation (5.24), since the matrix is sym-

metric, we consider only m > n.

AND (τ) = E

{(
∞∑
n=1

in

(
~x′, ~k′, t

))( ∞∑
m>n

im

(
~x,~k, t+ τ

))}
. (5.34)

By computing the above expression in terms of the joint pdf, and accounting for the

poissonian injection, and after mathematical and algebraic manipulations, we show

in appendix A, that it becomes 〈i〉2:

AND (τ) =

∫
X′K′

d~x′d~k′i
(
~x′, ~k′

)
f
(
~x′, ~k′, t

)
︸ ︷︷ ︸

〈i〉

·
∫

XK

d~xd~ki
(
~x,~k
)
f
(
~x,~k, t+ τ

)
︸ ︷︷ ︸

〈i〉

= 〈i〉2 . (5.35)

Combining AD (τ), AND (τ), which are the diagonal and non diagonal parts respec-

tively of the correlation function for particles that are injected from the contacts, and

the correlation function for particles that were initially inside the device we arrive at

the current autocovariance function:

CI (τ) = AD (τ) + AND (τ) + E
{
IM (t) IM (t+ τ)

}
− 〈i〉2 . (5.36)
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Hence, substituting (5.25),(5.33) and (5.35) into (5.36), the autocovariance function

for stationary process reads as follows:

CI (τ) =

∫
XK

d~xd~ki
(
~x,~k
) ∫

X′K′

d~x′d~k′i
(
~x′, ~k′

)
f∞

(
~x′, ~k′

) [
ρ
(
~x,~k, τ |~x′, ~k′, 0

)] .
(5.37)

Note that Poisson process takes part in the final result in (5.37) because the non

diagonal term of the matrix cancels out with the square mean term in the auto-

covariance in (5.24). Note that the autocovariance can also be expressed in terms

of Poisson process by substituting equation (5.16) for the steady state distribution

function f∞

(
~x′, ~k′

)
:

CI (τ) =

∫
XK

d~xd~ki
(
~x,~k
)[ ∫

X′K′

d~x′d~k′i
(
~x′, ~k′

)
·

·
∑
Ωi

λ

∞∫
0

du

∫
d~k′fΩi

(
~k′
)
ρ
(
~x,~k, u|Ωi, ~k

′, 0
)
ρ

(
~x,~k, τ |~x′, ~k′, 0)

]
.

(5.38)

By defining

g
(
~x,~k, τ

)
=

∫
X′K′

d~x′d~k′i
(
~x′, ~k′

)
f∞

(
~x′, ~k′

) [
ρ
(
~x,~k, τ |~x′, ~k′, 0

)]
, (5.39)
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where g
(
~x,~k, τ

)
is an effective distribution function that satisfies the transient (BTE)

and subject to the following initial and boundary conditions respectively:

g
(
~x,~k, τ = 0

)
=

∫
X′K′

d~x′d~k′i (x′, k′) f∞

(
~x′, ~k′

)
δ (~x− ~x′) δ

(
~k − ~k′

)
= i

(
~x,~k
)
f∞

(
~x,~k
)
, (5.40)

g
(

Ω, ~k > 0, τ
)

= 0 , ~k · ~s > 0, (5.41)

where ~s denotes the unit inward normal to device boundary Ω. The boundary condi-

tion on g(~x,~k, t) is a direct result of the absorbing boundary conditions imposed on the

conditional probability density function ρ(~x,~k, t|~r′, ~k′, 0), which reflects the eventual

removal of electrons from the device over long correlation times, i.e. CI(t→∞) = 0.

Furthermore, the above formulation for the autocorrelation function in terms of the

transition probability density function is consistent with well established results in

the literature[22]. Consider the current spectral density at zero frequency and at

equilibrium for a homogeneous system:

SI(0) = 2Re


∞∫

0

dτ CI(τ)

 . (5.42)
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Expressing the current spectral density SI(0) (5.42) in terms of the effective distri-

bution function in (5.39):

SI(0) =

2Re


∞∫
0

dτ
∫

XK

d~xd~ki
(
~x,~k
) ∫

X′K′

d~x′d~k′i
(
~x′, ~k′

)
f∞

(
~x′, ~k′

)
ρ
(
~x,~k, τ |~x′, ~k′, 0

)
︸ ︷︷ ︸

g(~x,~k,τ)


.

(5.43)

Furthermore, SI(0) can be expressed in terms of the diffusion constant:

SI(0) = 2

∫
XK

d~xd~ki
(
~x,~k
)
i
(
~x,~k
)
τcoll

(
~k
)
f∞

(
~x,~k
)
. (5.44)

Comparing (5.43) and (5.44), we arrive at the following relations:

∞∫
0

dτ g
(
~x,~k, τ

)
=

∞∫
0

dτ

∫
X′K′

d~x′d~k′i
(
~x′, ~k′

)
f∞

(
~x′, ~k′

)
ρ
(
~x,~k, τ |~x′, ~k′, 0

)
= i

(
~x,~k
)
τcoll

(
~k
)
f∞

(
~x,~k
)
, (5.45)

∞∫
0

dτ

∫
X′K′

d~x′d~k′i
(
~x′, ~k′

)
f∞

(
~x′, ~k′

)
ρ
(
~x,~k, τ |~x′, ~k′, 0

)
︸ ︷︷ ︸
δ(~x−~x′)δ(~k−~k′)e

− τ
τcoll(

~k)

=

= i
(
~x,~k
)
τcoll

(
~k
)
f∞

(
~x,~k
)
, (5.46)
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where we show an expression for the current effective distributions function for a

homogeneous system at thermal equilibrium:

g(~x,~k, τ) = i(~x,~k)f∞(~x,~k)e
− τ

τcoll(
~k) , (5.47)

and the transition probability density function:

ρ
(
~x,~k, τ |~x′, ~k′, 0

)
= δ (~x− ~x′) δ

(
~k − ~k′

)
e
− τ

τcoll(
~k) . (5.48)

From the expression of the effective distribution function in equation (5.47), we arrive

at a well known expression for the current autocovariance:

CI(τ) =

∫
XK

d~xd~ki
(
~x,~k
)
i
(
~x,~k
)
f∞

(
~x,~k
)
e
− τ

τcoll(
~k) . (5.49)

5.2.3 Computing the Current Spectral Density

The spectral density is defined as the Fourier transform of the autocovariance function

CI (τ). The autocovariance has even symmetry with respect to τ . As a result, the

current spectral density reads as follows:

SI(ω) = 2Re

{∫
dtCI(t)e

−j
}

= 2Re


∫
X

d~x

∫
K

d~k i(~x,~k)G(~x,~k, ω)

︸ ︷︷ ︸
SI(~x,ω)


. (5.50)
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Here, we note that SI(~x, ω) is a function whose integration over the spatial domain

directly results in the terminal noise current spectral density. The spatial current

noise is expressed as:

SI(~x, ω) = 2Re


∫
K

d~k i(~x,~k)G(~x,~k, ω)

 , (5.51)

where G(~x,~k, ω), is the Fourier transform of g(~x,~k, t) and satisfies the following equa-

tions:

jωG(~x,~k, ω)− i(~x,~k)f∞(~x,~k) + Lxk

{
G(~x,~k, ω)

}
= 0, (5.52)

where:

L~x~k

{
G
(
~x,~k, ω

)}
=

[
~v
(
~k
)
.∇~xG

(
~x,~k, ω

)
− E∞ (~x) · ∇~kG

(
~x,~k, ω

)
−

−

∫
K′

d~k′G
(
~x,~k′, ω

)
S
(
~x,~k′, ~k

)
−G

(
~x,~k, ω

)∫
K′

d~k′S
(
~x,~k,~k′

)],
(5.53)

and G
(
~x,~k, ω

)
has the following boundary condition:

G(Ω, ~k, ω) = 0 , ~k · ~s > 0, (5.54)

where ~s denotes the unit inward normal to device boundary Ω. The above result

show that the key calculations for computing the current noise spectral density are

reduced to the solution of the Fourier transform of the (BTE) with special initial

condition and boundary condition at the Ohmic contacts. The above result can easily
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be extended to multiple contacts and solved using deterministic numerical method

such as spherical harmonics. It can be seen from equation (5.52) that the current

noise spectral density can be computed by solving the effective distribution function

in the frequency domain G(~x,~k, ω) with special initial and boundary conditions. For

a device with multiple terminals, one needs to define the respective Ramo-Shockley

functions for each terminal. Here, let’s assume zero potential at all contacts except at

the jth contact. Hence, at contact j, the induced terminal current due to each carrier

with position ~x and wave vector ~k is:

ij(~x,~k) = q

[
− ~E(0)

j (~x)

Vj

]
︸ ︷︷ ︸

~Ξ(~x)

·~v(~k) = q~Ξj(~x) · ~v(~k), (5.55)

where Vj is the electrostatic potential at the jth contact, and ~E
(0)
j is the electrostatic

field that is due exclusively to the applied potential at the jth contact of the device,

and can be computed from Laplace’s equations:

∇ · ~E(0)
j (~x) ≡ 0. (5.56)

As a result, the effective distribution function in the frequency domain G(~x,~k, ω) in

terms of the jth terminal induced current satisfies the following (BTE) equation in
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the frequency domain:

jωG(~x,~k, ω)− ij(~x,~k)f∞(~x,~k) + ~v(~k) · ∇~xG−
q

~
~E∞(~x) · ∇~kG =

=

∫
K′

d~k′G(~x,~k′, ω)S(~k′, ~k)−G(~x,~k, ω)

∫
K′

d~k′S(~k,~k′)

︸ ︷︷ ︸
λ(~k)=1/τ(~k)

,

(5.57)

where λ(~k) = 1/τ(~k) is the total scattering rate for all scattering mechanisms, ob-

tained by direct integration of the transition probability for each scattering type.

Hence, it is easy to show that G(~x,~k, ω) satisfies the following equation:

G(~x,~k, ω) =

[
−τ ~v(~k)

(jωτ + 1)
· ∇~xG+

q

~
τ ~E∞(~x)

(jωτ + 1)
· ∇~kG+

+
τ

(jωτ + 1)
ij(~x,~k)f∞(~x,~k) +

τ

(jωτ + 1)

∫
K′

d~k′G(~x,~k′, ω)S(~x,~k′, ~k)

]
.

(5.58)

65



Finally, by substituting (5.58) into (5.51) and with some mathematical manipulation,

the spatial current noise can be expressed as follows:

SI (~x, ω) = 2Re

[
−q~Ξj(~x) · ∇~x ·

∫
K

[
τ ~v(~k)~v(~k)

(jωτ + 1)

]
Gd~k

︸ ︷︷ ︸
η(~x)D̂G(ω)

−q~Ξj(~x) ·
∫
K

q

~

∇~k
(
τ ~v(~k)

)
(jωτ + 1)

G

 d~k
︸ ︷︷ ︸

η(~x) µ̂G(ω)

· ~E∞(~x)

+q2~Ξj(~x) ·
∫
K

τ ~v(~k)~v(~k)

(jωτ + 1)
f∞(~x,~k) d~k

︸ ︷︷ ︸
n(~x)D̂0(ω)

·~Ξj(~x)

+

∫
K

d~k
(
q~Ξj(~x) · ~v(~k)

) τ

(jωτ + 1)

∫
K′

d~k′G(~x,~k′, ω)S(~x,~k′, ~k)

]
,

(5.59)

where D̂0(ω) is the diffusion constant for which the Einstein relation holds at thermal

equilibrium,n(~x) is the electron charge density, D̂G and µ̂G are kinetic terms that are

similar in form to the spreading diffusion coefficient and the mobility respectively.

However, these two terms are expressed in terms of the effective distribution function

G(~x,~k, ω) instead of the steady state distribution function f∞(~x,~k) , and η(~x) is a

space dependent term that is similar in form to the charge density, but with respect

to the effective distribution function. The spatial current noise can thus be expressed
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in a compact form as follows:

SI (~x, ω) = 2Re

[
−q~Ξj(~x) · ∇~x ·

[
η(~x)D̂G(ω)

]
−q~Ξj(~x) · [η(~x) µ̂G(ω)] · ~E∞(~x)

+q2~Ξj(~x) ·
[
n(~x)D̂0(ω)

]
· ~Ξj(~x)

+

∫
K

d~k
(
q~Ξj(~x) · ~v(~k)

) τ

(jωτ + 1)

∫
K′

d~k′G(~x,~k′, ω)S(~x,~k′, ~k)

]
.

(5.60)

It turns out that this formalism leads to a current noise spectrum that is reduced to

the Nyquist Theorem. It is particularly straightforward to illustrate this employing

the following argument: Consider a 1-D device. In this case, the spherical harmonics

technique up to the first order is reduced to the Legendre polynomial. Let one consider

only isotropic scattering mechanisms and concentrate on acoustic and intervalley

phonons. (A detailed description of these scattering mechanisms can be found in Ref.

3). The Ramo-Shockley velocity is an odd function with respect to wave vector space

~k. As a result, the current spectral density is expressed only in terms of the odd terms

of the Legendre polynomial expansion. Furthermore, for isotropic scattering, the

transition scattering rate is angularly independent, hence, the scattering-in portion

of the integral in (5.60) vanishes for the first order term, resulting in the following:

SI (x, ω) = 2Re

{
− q
L

(
∂η(x)DG(ω)

∂x
+ η(x)µG(ω)E∞(x)

)
+

[
q2

L2

]
[n(x)D0(ω)]

}
.

(5.61)
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Note that the spatially dependent current spectral density reduces to a form that is

similar to the standard drift diffusion formula for the current (first two terms), plus a

third term that corresponds to the current noise due to the initial condition in (5.57).

In order to verify this theoretical approach, it is important to note that the current

density of a spatially homogeneous structure at equilibrium is only a function of the

third term in (5.61). Accounting for the overall spectrum, we arrive at an expression

for the current spectral density that is a function of the real part of the diffusion

constant that satisfies Einstein relations. This expression is reduced to the Nyquist

Theorem (NT) and results in the following:

SI (ω) = 4

(
q2

L

)
NRe {Deq (ω)} = 4K T G(ω). (5.62)

5.3 Summary

Two processes were shown to describe the dynamics of the carriers in semiconductor

devices, (i) the random injection of particles into the semiconductor device and (ii)

the transport of particles inside the device due to the electric field and scattering.

We derive an expression for the steady state distribution function in terms of the

above two processes. Furthermore, a current noise model to compute the current

autocovariance, and the current spectral density has been derived solely within the

framework of semi-classical model, which is a solution of the (BTE) with special initial

condition and special boundary condition as shown in Figure (5.5), and without

any additional assumptions regarding the nature of noise. Finally, the theoretical
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approach is verified by showing that the current noise is reduced to the Nyquist

thermal noise.

Figure 5.5: Flow diagram for the current autocovariance and spectral density com-
putation for a semiconductor device.
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Chapter 6

Numerical Calculation of the

Current Spectral Density

For the calculation of current noise in our model, two quantities that are solutions of

(BTE) are required:

1. The steady state distribution function is computed by solving the (BTE) equa-

tion (solved self consistently with Poisson Equation), which will be used as initial

condition for the second quantity, namely, the effective distribution function in

the frequency domain.

2. The other one is the effective distribution function in the frequency domain.

From (5.51) we can see that once the effective distribution function is computed, it’s

multiplication by the Ramo-shockley function and integrating over the wave vector

space gives us the spatial current noise across the device, and further integration over

all real space gives us the terminal current noise at the specific contact. Various
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techniques have been developed in solving the (BTE). Monte Carlo (MC) method,

integral equation method, and a number of basis function expansions. This model

allows the use of a well-established spherical Harmonics expansion (SH) technique to

solve (BTE). This technique combines analytical and numerical methods, in contrast

with the Monte Carlo (MC) approach that employs ensemble averages of randomly

generated events. Utilizing this technique, we show a current noise model that leads

to the solution of a time-dependent transient solution of the (BTE) with special initial

and Ohmic boundary conditions that is solved in the frequency domain to directly

compute the terminal current noise spectral density. Formulating the (BTE) in terms

of the general SH expansion allows reducing the dimensionality of the problem. For

example, solving a transient (BTE) for 3-D device would require solving for (7-D)

(BTE) equation (3 real space, 3 wave vector space, and time). Employing the spherical

harmonics expansion would allow us to transform the (BTE) from a (7-D) equation

into a (5-D) equation (3 real space, 1 wave vector and time). The (BTE) to compute

the steady state distribution function self consistently with the Poisson equation is

shown, and the initial condition for solving the current effective distribution function

in the frequency domain is evaluated in section 6.1. Finally, the current effective

distribution function is evaluated in section 6.2.

6.1 Steady state distribution function

In order to compute the steady state distribution function, and all average quanti-

ties for semiconductor devices, we need to self-consistently solve three equations: 1)
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The Boltzmann Transport Equation (BTE), 2) Poisson Equation, and 3) the current

continuity equation. Expressing the steady state distribution function as an infinite

spherical harmonics expansion:

f(t, ~x,~k) =
∑
lm

fml (t, ~x, k)Y m
l (θ, φ), l = 0, 1, 2, ......, m = −l,−l + 1, ...0, l − 1, l,

(6.1)

where Y m
l (θ, φ) are the spherical harmonics , θ and φ are the polar and azimuthal

angles of the wave vector ~k. fml (t, ~x, k) are the unknown expansion coefficients, which

are to be determined, ~x is the real space position vector, k is the magnitude of the

momentum. The spherical harmonics provides us with the angular dependence of

the distribution function in momentum space, and the coefficients provide us with

its dependence in time, real space position and magnitude of the wave vector. The

expansion means that at each spatial point, ~r in real space the wave vector space

description of the distribution function is specified on each sphere of radius k by a

weighted sum of surface spherical harmonics. The weight of each harmonic, Y m
l (θ, φ),

is specified by fml (t, ~x, k). The above expansion forms a complete basis. Hence,

no approximations are introduced until the series is truncated. In order to solve

for the distribution function using this approach, we need a system of equations

to solve each of the coefficients fml (t, ~x, k) using the (BTE). This set of equations

is generated by substituting the above summation into the (BTE), then projecting

the (BTE) onto each of the spherical harmonics basis functions. The substitution

and projection produce an equation for each of the unknown coefficients fml (t, ~x, k).

Finally, using the SH properties, the orthogonality and recurrence properties lead to
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a simplified, sparsely coupled set of equations with identical form for all the unknown

coefficients[23],[24],[25]. As a result, the (BTE) to solve for f(t, ~x,~k) is constructed

using the above expansion to solve for the unknown coefficients fml (t, ~x, k):

3∑
i=1

{
v

[
∂

∂xi
− qEi

(
∂

∂ε
− (l − 1)

γ′

2γ

)]
â−i

}
fml +

+
3∑
i=1

{[
∂

∂xi
− qEi

(
∂

∂ε
+ (l + 2)

γ′

2γ

)]
â+
i

}
fml =

=

[
∂fml
∂t

]
coll

, (6.2)

where i corresponds to the spatial dimensions, â−i and â+
i are operators acting to raise

or lower fml :



â−1 f
m
l ≡ 1

2

[
−αml−1α

m
l f

m−1
l−1 + α−ml−1α

−m
l fm+1

l−1

]
â+

1 f
m
l ≡ 1

2

[
α−m+1
l+1 α−m+1

l fm−1
l+1 − α

m+1
l+1 α

m+1
l fm+1

l+1

]
â−2 f

m
l ≡ i

2

[
αml−1α

m
l f

m−1
l+1 + α−ml−1α

−m
l fm+1

l−1

]
â+

1 f
m
l ≡ −i

2

[
α−m+1
l+1 α−m+1

l fm−1
l+1 − α

m+1
l+1 α

m+1
l fm+1

l+1

]
â−3 f

m
l ≡ 1

2

[
α−m+1
l−1 αml f

m
l−1

]
â+

3 f
m
l ≡ 1

2

[
αml+1α

−m+1
l fml+1

]
αml ≡

√
(l +m) / (2l + 1)



. (6.3)

Here, γ (ε) is the dispersion relation, γ′, γ′′ are the first and second derivative of the

dispersion relation with respect to energy. Non-parabolicity of the band structure is

described by the relation: γ(ε) = ε+βε2 = ~2~k2

2m0
, where it is obtained from approximate

solutions to equation (2.5) and derived by the k.p theory. β = 0.5 is the non-parabolic
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factor, which is a constant that is proportional to the inverse of the energy gap, and[
∂fml
∂t

]
coll

is the collision integral. In general, the non-degenerate collision terms for

any type of scatterings are as follows:

[
∂f

∂t

]
coll

=

∫
K′

d~k′f
(
~x,~k′, t

)
S
(
~x,~k′, ~k

)
− f

(
~x,~k, t

)∫
K′

d~k′S
(
~x,~k,~k′

)
. (6.4)

The first term accounts for the scattering into the state ~k, and the second terms

accounts for scattering out of the state ~k, and the scattering transition probability

S
(
~x,~k′, ~k

)
is given in terms of the Fermi-golden rule. Depending on the scatter-

ing type, the transition probability may or may not depend on the angle between

electron wave vector before and after scattering. In this work, we concentrate on

Isotropic scattering as a first step to verify our theoretical approach. In the case of

intervalley scattering, S
(
~x,~k′, ~k

)
does not depend on the angle of the wave vector

before and after scattering. Hence, it is considered isotropic. Furthermore, consid-

ering acoustic scattering to be elastic alleviates any dependence on the angle before

and after scattering of the wave vector, and taken to be isotropic. When isotropic

scattering, which is angularly independent, is considered, they only depend on the

first spherical harmonics basis function. Therefore, when the spherical harmonics ex-

pansion is substituted for the distribution function f
(
~x,~k, t

)
in the collision integral,

the scattering-in term will only depend on l = 0 coefficient, and all the other terms

vanish due to orthogonality. In the case of the scattering-out term, integration is over

~k′, and all coefficients can be factored out of the integral. As a result the general

form for isotropic collision integral in terms of the spherical harmonics expansion for
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all unknown coefficients is as follows:

[
∂fml
∂t

]
coll

=


[
∂f0

0

∂t

]
coll

, l = 0, m = 0

− fml
τ(ε)

, l 6= 0

 . (6.5)

For elastic acoustic scattering:

[
∂f 0

0

∂t

]
Acoustic coll

= 0, (6.6)

and intervalley scattering has the following form:

[
∂f 0

0

∂t

]
Intervalley coll

=

=
15∑
n=1

D2
n (m2

tml)
1/2

√
2π~3ρωn

1

exp(~ωn
KT

)− 1
·[√

γ(ε+ ~ωn)γ′(ε+ ~wn)

[
exp(

~ωn
KT

)f0(ε+ ~ωn, x∗)− f0(ε, x∗)

]
+
√
γ(ε− ~ωn)γ′(ε− ~wn)

[
f0(ε− ~ωn, x∗)− exp(

~ωn
KT

)f0(ε, x∗)

]]
. (6.7)

From the aforementioned analysis, the general form for the set of equation system for

the steady state distribution coefficients in terms of the spherical harmonic expansion
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approach is:

3∑
i=1

{
v

[
∂

∂xi
− qEi

(
∂

∂ε
− (l − 1)

γ′

2γ

)]
â−i

}
fml +

+
3∑
i=1

{[
∂

∂xi
− qEi

(
∂

∂ε
+ (l + 2)

γ′

2γ

)]
â+
i

}
fml

=


[
∂f0

0

∂t

]
coll

, l = 0, m = 0

− fml
τ(ε)

, l 6= 0

 . (6.8)

Modeling for a one dimensional real space x and considering a two dimensional wave

vector space in polar coordinates, k, θ, where θ is the angle between the electric field

which is in the direction of the momentum kx, then the distribution function can be

expanded in the Legendre polynomials of the angle θ:

f(t, x,~k) =
∑
n

fn(t, x, k)Pn(cos θ), (6.9)

where the Legendre polynomials in cos θ, are the set of reduced spherical harmonics,

Y m
l when there is rotational symmetry about the polar direction. In other word, there

is no variation in the azimuthal angle φ. As a result, the steady state distribution

function in terms of the Legendre polynomial expansion is expressed as follows:

v

[
∂

∂x
− qE

(
∂

∂ε
− n− 1

2

γ′

γ

)]
σn−1fn−1+

+v

[
n+ 1

n+ 2

∂

∂x
+ qE

(
n+ 1

n+ 2

∂

∂ε
+
n− 1

2

γ′

γ

)]
σn+1fn+1 =

=


[
∂f0

0

∂t

]
coll

, n = 0

− fn
τ(ε)

, n 6= 0

 . (6.10)
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Truncating the above expansion by taking only the first two spherical harmonics ex-

pansions in (6.10), we have two coupled partial differential equations in terms of the

zero order (symmetric) and first order (asymmetric) unknown coefficients, respec-

tively:

n = 0 : v

[
1

2

∂

∂x
+ qE

(
1

2

∂

∂ε
− 1

2

γ′

γ

)]
2

3
f1 =

[
∂f 0

0

∂t

]
coll

. (6.11)

In order to generate a closed system of equations, coefficients higher than the first

order are set to zero, resulting in the following:

n = 1 : v

[
∂

∂x
− qE

(
∂

∂ε

)]
f0 = − f1

τ(ε)
. (6.12)

From (6.12) we can express the asymmetric coefficients in terms of the symmetric

one:

f1 = −vτ(ε)

[
∂f0

∂x
− qE

(
∂f0

∂ε

)]
. (6.13)

By substituting (6.13) into (6.11), we obtain a second order partial differential equa-

tion in terms of the symmetrical part of the distribution function:

n = 0 :

−v1

3

[
vτ(ε)

∂f 2
0

∂x2
− vτ(ε)

∂ (qE)

∂x

∂f0

∂ε
− vτ(ε)qE

∂f0

∂x∂ε
+

+qE
∂ (vτ(ε))

∂ε

∂f0

∂x
+ qEvτ(ε)

∂f0

∂ε∂x
− (qE)2 ∂ (vτ(ε))

∂ε

∂f0

∂ε
−

− (qE)2 vτ(ε)
∂2f0

∂ε2
−qEγ

′

γ
vτ(ε)

∂f0

∂x
+ (qE)2 γ

′

γ

∂f0

∂ε

]
=

=

[
∂f 0

0

∂t

]
coll

. (6.14)
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Equation (6.14) is a two dimensional second order partial differential equation in

terms of real space and energy. In order to solve the above equation, we need to

impose boundary conditions in real space and in energy space. In real space, at the

two contacts located at x = 0 and x = L, the distribution functions are given by

Maxwellians at the lattice temperature, and the carrier concentrations are given by

their local doping. In energy space, the distribution function approaches zero as the

energy is increased. For our calculation, the distribution function reaches zero at

1.0 eV. The energy range may have to be extended for high bias so that the charge

density can be accurately evaluated in terms of the distribution function. At the

lowest energy, we use the condition of the current continuity equation, by expressing

the current continuity equation in terms of the distribution function.

6.1.1 Poisson Equation:

The steady state solution of the (BTE) is solved self consistently with the Poisson

equation. The drift term in the (BTE) includes the electric field, which is computed

by solving the Poisson equation:

∇~x · (ε∇~xφ) = − [n (~x)− p (~x) +NA (~x)−ND (~x)] , (6.15)

where ε is the dielectric constant, and n (~x) is the electron concentration, p (~x) is the

hole concentration, ND (~x) is the doping concentration for donors, and NA (~x) is the

doping concentration for acceptors. Modeling for a one dimensional real spacex, and
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for electron concentration and donors, the Poisson equation becomes:

d2φ

dx2
=

q

εs
[n (x)−D] , (6.16)

where the electron concentration n (x) is computed in terms of the solution of the

(BTE), namely, the distributions function f
(
~k, x

)
as follows:

n (x) =
1

4π3

∫
d~kf

(
~k, x

)
. (6.17)

The electric field in the (BTE) is computed by computing the electrostatic potential

obtained from the Poisson equation:

E (x) = −dφ (x)

dx
. (6.18)

The values of the potential at the two contacts located at x = 0 and x = L, are

specified.

6.1.2 Current Continuity equation:

For a complete the physical system and to help it converge, we need to ensure that

the current continuity is satisfied:

d (n (x) v (x))

dx
=

1

4π3

d

dx

∫
v
(
~k
)
f
(
~k, x

)
d~k = Rgr, (6.19)
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whereRgr is the net generation-recombination. In the case of no generation-recombination:

1

4π3

d

dx

∫
v
(
~k
)
f
(
~k, x

)
d~k = 0, (6.20)

and the current continuity is satisfied when the following holds:

1

4π3

∫
v
(
~k
)
f
(
~k, xj+ 1

2

)
d~k =

1

4π3

∫
v
(
~k
)
f
(
~k, xj− 1

2

)
d~k. (6.21)

6.1.3 Initial condition term in the frequency domain

Gm
l (~r,~k, t = 0)

We need to express the initial condition ij(~r,~k)f∞(~r,~k) for an arbitrary contact j

above in equation (5.57) in terms of the spherical harmonics. We have shown in

(5.55) that the induced terminal current at a contact j due to each carrier with

position ~x and wave vector ~k is:

ij(~x,~k) = q

[
− ~E(0)

j (~x)

Vj

]
︸ ︷︷ ︸

~Ξ(~x)

·~v(~k) = q~Ξj(~x) · ~v(~k) = I
(
~x,~k
)
. (6.22)

Moreover, we have shown in (6.1) that the steady state distribution function expansion

in terms of spherical harmonics is as follows:

f(t, ~x,~k) =
∑
lm

fml (t, ~x, k)Y m
l (θ, φ), l = 0, 1, 2, · · · ,m = −l,−l + 1, · · · 0, l − 1, l.

(6.23)
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From (6.22), and (6.23), the initial condition is expanded as follows:

ij(~x,~k)f∞(~x,~k) = q~Ξj(~x) ·

[∑
lm

(
v1(~k) + v2(~k) + v3(~k)

)
fml (~x, k)Y m

l (θ, φ)

]
. (6.24)

Evaluating the velocity wave vector space in terms of the spherical coordinates:

ij(~x,~k)f∞(~x,~k) = q~Ξj(~x)·

[
|v|
∑
lm

(sin θ cosφ+ sin θ sinφ+ cos θ) fml (~x, k)Y m
l (θ, φ)

]
.

(6.25)

Expressing the all the momentum space angular dependence in terms of the basis

function Y m
l by employing the recurrence relations for spherical harmonics[26]:



cos θY m
l = α−m+1

l αml+1Y
m
l+1︸ ︷︷ ︸

M̂+
3 Y

m
l

+αml α
−m+1
l−1 Y m

l−1︸ ︷︷ ︸
M̂−3 Y

m
l

eiφ sin θY m
l = −αm+1

l αm+1
l+1 Y

m+1
l+1 + α−ml α−ml−1Y

m+1
l−1

e−iφ sin θY m
l = α−m+1

l α−m+1
l+1 Y m−1

l+1 − αml αml−1Y
m−1
l−1

αml ≡
√

(l +m) / (2l + 1)


. (6.26)
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From the above relations, and with some mathematical manipulations, we transfer

the angular dependence to the basis function Y m
l .

sin θ cosφY m
l =

[
1

2

[
−αm+1

l αm+1
l+1 Y

m+1
l+1 + α−m+1

l α−m+1
l+1 Y m−1

l+1

]︸ ︷︷ ︸
M̂+

1 Y
m
l

+

+
1

2

[
α−ml α−ml−1Y

m+1
l−1 − α

m
l α

m
l−1Y

m−1
l−1

]︸ ︷︷ ︸
M̂−1 Y

m
l

]
,

sin θ sinφY m
l =

[
1

2i

[
αm+1
l αm+1

l+1 Y
m+1
l+1 + α−m+1

l α−m+1
l+1 Y m−1

l+1

]︸ ︷︷ ︸
M̂+

2 Y
m
l

+

+
−1

2i

[
α−ml α−ml−1Y

m+1
l−1 + αml α

m
l−1Y

m−1
l−1

]︸ ︷︷ ︸
M̂−2 Y

m
l

]
. (6.27)

As results the initial condition ij(~r,~k)f∞(~r,~k) is expressed as follows:

ij(~x,~k)f∞(~x,~k) = q~Ξj(~x) ·

|v|
∑
lm


M̂+

1 Y
m
l + M̂−

1 Y
m
l

+M̂+
2 Y

m
l + M̂−

2 Y
m
l

+M̂+
3 Y

m
l + M̂−

3 Y
m
l

 fml (~x, k)


ij(~x,~k)f∞(~x,~k) = q~Ξj(~x) ·

[
|v|

3∑
i

∑
lm

(
M̂+

i Y
m
l + M̂−

i Y
m
l

)
fml (~x, k)

]
,

(6.28)

where M̂+−
i is an operator that acts to lower or raise the index lon the basis function

Y m
l . Collecting and regrouping all the terms in the summation which have the same

Y m
l function, in order to replace the M̂+−

i operator which acts on the basis function

with a new operator, â+−
i which acts to lower or raise the coefficients fml , we arrive

at the following expression for the initial condition of equation (5.57) for an induced

82



terminal current at contact j :

Gm
l (~x,~k, t = 0) = ij(~x,~k)f∞(~x,~k)

= q~Ξj(~x) ·

[
|v|

3∑
i

∑
lm

(
â−i f

m
l (~x, k) + â+

i f
m
l (~x, k)

)
Y m
l

]
.(6.29)

Modeling for a one dimensional real space x, and considering a two dimensional wave

vector space in polar coordinates, k, θ, where θ is the angle between the electric field

which is in the direction of the wave vector kx, then the distribution function can be

expanded in the Legendre polynomials of the angle θ:

Y 0
n =

√
2n+ 1

4π
Pn (cos θ) , (6.30)

and noticing that the Ramo-Shockley current in the case of 1-D structure is uniform

in real space:

ij(x,~k) = q

[
−E(0)

j

Vj

]
︸ ︷︷ ︸

Ξ(x)

·~v(~k) = qΞ · ~v(~k) = qΞ v(k) cos θ. (6.31)

The initial condition in (6.24) in terms of the Legendre polynomial becomes:

Gn(x,~k, t = 0) = qΞ v(k) cos θ
∑
n

fn(t, x, k)Pn(cos θ). (6.32)

Considering a 1-D structure in the x3 direction in (6.29), the relation in (6.26),l = n,

and noticing that for the Legendre polynomial: m = 0, P1 (cos θ) = cos θ, and with
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the use of the recurrence relations:

P1 (cos θ)

√
2n+ 1

4π
Pn (cos θ) =

[
α1
nα

0
n+1

√
2n+ 3

4π
Pn+1 (cos θ)︸ ︷︷ ︸

M̂+
3 Y

m
l

+α0
nα

1
n−1

√
2n− 1

4π
Pn−1 (cos θ)︸ ︷︷ ︸

M̂−3 Y
m
l

]
, (6.33)



α1
nα

0
n+1 =

√
n+1
2n+1

√
n+1
2n+3

α0
nα

1
n−1 =

√
n

2n+1

√
n

2n−1

P1 (cos θ)Pn (cos θ) =


√

1
2n+1

√
n+1
2n+1

√
n+1
2n+3

√
2n+3

1
Pn (cos θ)

+
√

1
2n+1

√
n

2n+1

√
n

2n−1

√
2n−1

1
Pn (cos θ)


P1 (cos θ)Pn (cos θ) =

{
n+1
2n+1

Pn (cos θ) + n
2n+1

Pn (cos θ)
}

σn = n+1
2n+1

, σ0 = 1, σ1 = 2
3
, σ2 = 3

5
, ...

P1 (cos θ)Pn (cos θ) =
{
σnPn+1 (cos θ) + n

n+1
σnPn−1 (cos θ)

}



, (6.34)

and transfer the lowering and raising operators into the unknown coefficients, we

arrive at the initial condition in terms of the steady state distribution function coef-

ficients for 1-D structure:

Gn(x,~k, t = 0) = qΞvf = |v|
∞∑
n

{
σn−1fn−1 +

n+ 1

n+ 2
σn+1fn+1

}
. (6.35)
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6.2 Effective distribution function in the frequency

domain

The (BTE) for the effective distribution function G(~r,~k, ω) in the frequency domain

was shown in (5.57):

jωG(~x,~k, ω)− ij(~x,~k)f∞(~x,~k) + ~v(~k) · ∇~xG−
q

~
~E∞(~x) · ∇~kG =

=

∫
K′

d~k′G(~x,~k′, ω)S(~k′, ~k)−G(~x,~k, ω)1/τ(~k). (6.36)

Similar to (6.1) for the steady state distribution function, employing the Spherical

harmonics expansion to G(~r,~k, ω) in the frequency domain:

G(ω, ~x,~k) =
∑
lm

Gm
l (ω, ~x, k)Y m

l (θ, φ), l = 0, 1, 2, · · · ,m = −l,−l + 1, · · · 0, l − 1, l.

(6.37)

We arrive at identical forms to the infinite coefficients of G(~r, ε, ω):

[
jωGm

l (~x, ε, ω)−
∑
lm

Gm
l (~x, ε, t = 0)Y m

l (θ, φ)+

+
3∑
i=1

{
v

[
∂

∂xi
− qEi

(
∂

∂ε
− (l − 1)

γ′

2γ

)]
â−i

}
Gm
l +

+
3∑
i=1

{[
∂

∂xi
− qEi

(
∂

∂ε
+ (l + 2)

γ′

2γ

)]
â+
i

}
Gm
l

]
=

[
∂Gm

l

∂t

]
coll

, (6.38)
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where the second term on the left hand side of the above equation is the spherical

harmonics expansion of the initial condition (6.29). Inserting (6.29) into (6.38) we

show a general (BTE) equation in the frequency domain employing the spherical

harmonics expansion, to compute the current effective distribution function for an

arbitrary contact j :

[
jωGm

l (ω, ε, ~x)− q~Ξj(~x) ·

[
|v|

3∑
i

(
â−i f

m
l (~x, k) + â+

i f
m
l (~x, k)

)]
+

+
3∑
i=1

{
v

[
∂

∂xi
− qEi

(
∂

∂ε
− (l − 1)

γ′

2γ

)]
â−i

}
Gm
l (ω, ε, ~x) +

+
3∑
i=1

{[
∂

∂xi
− qEi

(
∂

∂ε
+ (l + 2)

γ′

2γ

)]
â+
i

}
Gm
l (ω, ε, ~x)

]
=

=


[
∂G0

0

∂t

]
coll

, l = 0, m = 0

−Gml
τ(ε)

, l 6= 0

 .

(6.39)

Considering a 1-D structure in the x3 direction, and applying the Legendre polyno-

mial, the coefficients Gn(x,~k, ω) for the effective distribution function in the frequency

domain satisfies the following equations:

G(ω, x,~k) =
∑
n

Gn(ω, x, k)Pn(cos θ), (6.40)
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[
jωGn − |v|

∞∑
n

{
σn−1fn−1 +

n+ 1

n+ 2
σn+1fn+1+

}
+v

[
∂

∂x
− qE

(
∂

∂ε
− n− 1

2

γ′

γ

)]
σn−1Gn−1

+v

[
n+ 1

n+ 2

∂

∂x
+ qE

(
n+ 1

n+ 2

∂

∂ε
+
n− 1

2

γ′

γ

)]
σn+1Gn+1

]
=

=


[
∂G0

0

∂t

]
coll

, l = 0, m = 0

−Gml
τ(ε)

, l 6= 0

 . (6.41)

Using the Legendre polynomial up to the first order to solve (BTE) for the effective

distribution function in the frequency domain:

n = 0 :

jωG0 (w, ε, x3)− |v| 1
2
σ1f1+v

[
1

2

∂

∂x
+ qE

(
1

2

∂

∂ε
− 1

2

γ′

γ

)]
σ1G1 =

[
∂G0

0

∂t

]
coll

,

(6.42)

n = 1 :

jωG1 (w, ε, x3)− |v|σn−1fn−1+v

[
∂

∂x
− qE

(
∂

∂ε

)]
σ0G0 = − G1

τ(ε)
, (6.43)

where the higher order terms have been omitted, we obtain two equations to determine

the two unknown functions, namely, the zero order or the symmetrical part of the

effective distribution function G0 , and the first order or the asymmetrical part of the

effective distribution function G1. The asymmetrical part can be expressed in terms

of the symmetrical part of the distribution function:

G1 (ω, ε, x3) =
τ(ε)v

[j + 1]
σ0f0 +

τ(ε)v

[j + 1]

[
qE

(
∂

∂ε

)
− ∂

∂x

]
σ0G0. (6.44)
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By substituting the asymmetrical part G1 in (6.44) into (6.42), we obtain a second

order partial differential equation in terms of the symmetrical part of the effective

distribution function:

[
jωG0 (ω, ε, x3)− |v| 1

2
σ1f1+

+v

[
1

2

∂

∂x
+ qE

(
1

2

∂

∂ε
− 1

2

γ′

γ

)]
σ1 ·

·
[

τ(ε)v

[jωv + 1]
σ0f0 +

τ(ε)v

[jωv + 1]

[
qE

(
∂

∂ε

)
− ∂

∂x

]
σ0G0

]
︸ ︷︷ ︸

G1(ω,ε,x3)

]
=

=

[
∂G0

0

∂t

]
coll

. (6.45)

Using the chain rule:

jωG0 (ω, ε, x3)− |v| 1
2
σ1f1+

vσ1

[
σ0

2

(
τ(ε)v

[jωv + 1]

∂f0

∂x

)
+
σ0

2

(
τ(ε)v

[jωv + 1]

(
∂qE

∂x

∂G0

∂ε
+ qE

∂G0

∂x∂ε

))
−σ0

2

(
τ(ε)v

[jωv + 1]

∂2G0

∂x2

)
+ qE

σ0

2

∂

∂ε

(
τ(ε)v

[jωv + 1]

)
f0

+qE
σ0

2

(
τ(ε)v

[jωv + 1]

)
∂f0

∂ε
+ (qE)2 σ0

2

∂

∂ε

(
τ(ε)v

[jωv + 1]

)
∂G0

∂ε

+ (qE)2 σ0

2

(
τ(ε)v

[jωv + 1]

)
∂2G0

∂ε2
− qEσ0

2

∂

∂ε

(
τ(ε)v

[jωv + 1]

)
∂G0

∂x

−qEσ0

2

(
τ(ε)v

[jωv + 1]

)
∂G0

∂ε∂x
− qE 1

2

γ′

γ

(
τ(ε)v

[jωv + 1]
σ0f0

)
− (qE)2 σ0

2

γ′

γ

(
τ(ε)v

[jωv + 1]

)
∂G0

∂ε
+ qE

σ0

2

γ′

γ

(
τ(ε)v

[jωv + 1]

)
∂G0

∂x

]
=

=

[
∂G0

0

∂t

]
coll

. (6.46)
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With further mathematical manipulation:

jωG0 (ω, ε, x3)− |v| 1
2
σ1f1−

−v
3

[
−
(

τ(ε)v

[jωv + 1]

∂f0

∂x

)
−
(

τ(ε)v

[jωv + 1]

(
∂qE

∂x

∂G0

∂ε
+ qE

∂G0

∂x∂ε

))
+

(
τ(ε)v

[jωv + 1]

∂2G0

∂x2

)
− qE ∂

∂ε

(
τ(ε)v

[jωv + 1]

)
f0 − qE

(
τ(ε)v

[jwv + 1]

)
∂f0

∂ε

− (qE)2 ∂

∂ε

(
τ(ε)v

[jωv + 1]

)
∂G0

∂ε
− (qE)2

(
τ(ε)v

[jωv + 1]

)
∂2G0

∂ε2

+qE
∂

∂ε

(
τ(ε)v
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∂x
+ qE

(
τ(ε)v
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)
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+qE
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γ

(
τ(ε)v

[jωv + 1]
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)
+ (qE)2 γ

′

γ

(
τ(ε)v
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)
∂G0

∂ε
− qEγ

′

γ

(
τ(ε)v

[jωv + 1]

)
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]
.

=

[
∂G0

0

∂t

]
coll

. (6.47)

Finally, we arrive at the following form:

jωG0 (ω, ε, x3)− v1

3
f1−

−v
3

[(
τ(ε)v

[jωv + 1]

∂2G0

∂x2

)
−
(

τ(ε)v
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∂G0
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∂G0
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∂ε

(
τ(ε)v

[jωv + 1]

)
∂G0
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∂ε
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[jωv + 1]

)
∂G0
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∂x

)
−qE ∂
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(
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=
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. (6.48)
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Note from (6.48) that the effective distribution function is reduced to the steady state

distribution function, equation (6.14 ), when the initial condition terms, namely, the

last four terms of the above equation are eliminated , and ω = 0. Analogous to

the steady state distribution function equation (6.14), in order to solve the above

equation, we need to impose boundary conditions in real space and in energy space.

In real space, at the two contacts located at x = 0 and x = L, the current effective

distribution functions are absorbing boundary conditions (5.54). In energy space, the

distribution function approaches zero as the energy is increased. For our calculation,

we distribution function reaches zero at 1.0 eV.

6.3 Summary

Two quantities, which are a solution of the (BTE), are computed to solve for current

noise spectral density:

1. The steady state distribution function, which is used to evaluate the initial

condition of the effective distribution function.

2. The effective distribution function, which is solved directly in the frequency

domain in order to directly compute the current noise spectral density.

The spherical harmonics technique is applied to solve for such quantities. We show the

general approach to solve for any arbitrary device dimensions, and arbitrary contact.

Finally we show how this approach is reduced to the Legendre polynomial for 1-D

structures.
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Chapter 7

Results

The theoretical and numerical approach using (SHE) have been shown in chapter 5,

and 6 respectively for a general device structure. In this chapter, current noise results

are investigated in 1-D structures, in order to verify our theoretical and numerical

approach, and investigate the spatial current noise across the spatial structure. The

effect of a non-parabolic band structure, as well as acoustic and inelastic intervalley

phonon scattering is considered in the simulations19. The electric field is chosen to

be in the [1 1 1] direction, in order to provide identical distribution function on all

valleys, and the (BTE) is identical for all valleys in the first conduction band. A 0.6

µm long 1-D resistor and a 0.6 µm silicon n+nn+ structure biased at 0, 0.25, 0.5 and

1 Volts have been simulated.
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7.1 Current noise in Resistor

A 0.6 µm n-type homogeneous structure with doping densities of 1015cm−3 has been

simulated and analyzed. Figure (7.1) and Figure (7.2) shows the steady state elec-

tron distribution function for the homogeneous structure. It is shown that electrons

occupy higher energy states as the electric field is increased. Figure (7.3) shows a

typical behavior for the velocity spectral density at T = 300 K. The velocity spectral

density decreases with increasing electric field at the flat spectrum frequency range

(up to 100GHz). These results are in agreement with published results computed

using the MC simulation[27]. It is also well known that increasing the electric field,

electrons gain more energy, heat up and their kinetic temperature, which is obtained

by computing the variance of the distribution function, increases as can be seen in

Figure (7.4). Furthermore, The current spectral density for the homogenous structure

is shown in Figure (7.5).
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Figure 7.1: Electron energy distribution functions obtained using Legendre polyno-

mial up to the 1st order for electric field values (4, 8, 20, 50 and 100 kV/cm). The

distribution functions have been multiplied by the density of states and normalized

to unity.
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Figure 7.2: Log plot for the electron energy distribution functions obtained using

Legendre polynomial up to the 1st order for electric field values (4, 8, 20, 50 and 100

kV/cm). The distribution functions have been multiplied by the density of states and

normalized to unity.
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Figure 7.3: Velocity spectral density as a function of electric field for n-type Si material

at 1 GHz, T=300 K.
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Figure 7.4: Kinetic temperature as a function of the electric field.
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Figure 7.5: Current spectral density as a function of electric field for n-type Si material

at 1 GHz, T=300 K and donor concentration 1015cm−3.

It is intuitive that when the electric field increases, and temperature increases, elec-

trons scatter more frequently, and scattering is the source of intrinsic noise. However,

they tend to produce less current noise[28]. Scattering has two different effects on

current noise: more scattering leads to more current noise, and faster decay in the

induced fluctuations. This effect can be analyzed by noticing that the current noise

at zero frequency is proportional to two terms: the correlation time that decays with

increasing electric field, and the increasing variance, which is proportional to the car-

rier’s temperature, with increasing electric field. The correlation time is the time

integral of the normalized autocovariance. It is shown in Figure (7.6) and (7.7) for

Lattice temperature of 77K, which corresponds to the liquid nitrogen temperature,

and 300K, which corresponds to room temperature respectively, that increasing the
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electric field, leads to lower correlation time. Furthermore, independently of the elec-

tric field, increasing the lattice temperature leads to less correlation time as shown

in Figure (7.8). This further illustrates that the increase in scattering, whether by

increasing the electric field or temperature, leads to reduced correlation time. On the

other hand, the increase in temperature is counterbalanced by the strong decrease

in the correlation time, which is caused by the strong scattering of the hot carriers.

Depending on the scattering mechanisms and the doping concentration, one of these

two terms will dominate, but eventually at high electric fields the decrease in the

carrier’s correlation time is stronger than the increase in the carrier’s temperature.

As a result, current noise eventually decreases with increasing electric field. The key

calculation in this current noise approach is the solution of the (BTE) with special

initial and boundary conditions. Moreover, the (BTE) is a solution to a distribution

function within the semi-classical framework, where it relies only on the physics of

scattering as the cause of noise without any additional assumptions regarding the

nature of noise, yet it produces this well-known results published in the literature.
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Figure 7.6: Normalized auto covariance function of electron current parallel to the

electric field at 77K. The figure shows reduced velocity correlation times as electrons

gain energy from increasing electric fields.
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Figure 7.7: Normalized autocovariance function of electron current parallel to the

electric field at 300K. The figure shows reduced velocity correlation times as electrons

gain energy from increasing electric fields.
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Figure 7.8: Normalized autocovariance function of electron current parallel to the

electric field at 77K and 300K. The figure shows reduced velocity correlation times

as electrons gain energy from increasing temperature.

Figure (7.9 a) shows the numerical simulation of the current noise for two donor

concentrations 1015 and 1017cm−3 as a function of frequency. As a numerical check,

The Nyquist theorem is satisfied within a very small numerical error, and this is

consistent with our finding in equation (5.63). Figure (7.9 b) shows the spatial de-

pendence of the current noise. We see a spatially flat current noise for a homogeneous

structure. Since the doping and electric field is constant across the structure, it is

expected to have a flat current spectral density. Moreover, the current noise drops
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at higher frequencies which is consistent with the cut-off frequency of the terminal

current noise at around 10THz.

Figure 7.9: (a) Terminal Current spectral density for 0.6um resistors with donor

concentration 1015 and 1017 as a function of frequency; and (b) spatial origin of

current noise at 1GHz, 1THz and 10THz at T = 300K for doping concentration

1015cm−3.
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7.2 Current noise in n+nn+ Device

A 1-D 0.6 µm silicon n+nn+ structure shown in Figure (7.10) biased at 0, 0.25, 0.5

and 1 Volts has been simulated at T=300K with doping 1017cm−3 and length 0.1µ for

the n+ region, doping 5 ∗ 1015cm−3 and length 0.4µ for the n region, and 0.1µ linear

doping transition between n and n+ regions.

Figure 7.10: Geometry of the n+nn+ diode

For the numerical simulation the energy is divided between 0 and 1.0 eV into 100

bins of 10meV width for each cell, and the real space is divided between 0 and

0.6µm into 360 bins of 1.67nm width for each cell. In Figure (7.11) the n+nn+

corresponding space dependent energy distribution is shown for 0.0, 0.25, 0.5 and 1V.

In the regions x < 0.1µm the distribution function behaves more or less like an

equilibrium distribution. In the n region particles gain more energy from the driving

electric field and the distribution function becomes non-Maxwellian. As the applied

voltage increases, the electric field increases, and particles gain more energy.
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Figure 7.11: Electron energy distribution function for n+nn+ structure at 0, 0.25, 0.5

and 1 V. The distribution functions have been multiplied by the density of states and

divided by the carrier concentration
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7.2.1 Average quantities

The results for several average quantity terms are shown in Figure (7.12 a, b and c):

the electron density and the doping concentration, the average electron velocity, and

the electrostatic potential, respectively, across the device.
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Figure 7.12: Simulation results for average quantities of n+nn+ structure: (a) carrier

density and doping profile for different bias (0, 0.25, 0.5 and 1.0 V); (b) Average

velocity; and (c) Potential.
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7.2.2 Terminal current noise

The terminal current noise in (5.50) at different biases is shown in Figure (7.13).

It shows the well-known behavior of the terminal current spectral density [29]. Ne-

glecting 1/f noise, the spectrum is flat below 100 GHz, and it exhibits a resonant

peak at the plasma frequency that corresponds to the combination of the n and n+

doping of the structure in the real space. The plasma frequency observed here is due

the capacitance of the lowly doped region and the inductive effect of the electron

acceleration. Plasma frequency is due to the rapid oscillation of the charge density in

conducting media. Displacements of positive charges, represented by positive donor

ions in an n type semiconductor, and negative charges, represented by free conduction

electrons, create electric field which acts as a restoring force to pull back electrons to

their original position. This process results in a harmonic motion of electrons around

their original equilibrium position with a characteristic frequency known as a plasma

frequency[30].

f =
1

2π

√
ne2

εsime

. (7.1)

In semiconductor device structure such as n+nn+, it is initiated by the microscopic

fluctuation of the carrier velocity, that leads to fluctuation in the space charge. This

effect results in a fluctuation in the internal electric field, and time oscillation in the

total current at the plasma frequency which is observed at the macroscopic level.
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Figure 7.13: Current Terminal spectral density for n+nn+ device at 0, 0.25, 0.5 and

1.0V as a function of frequency.

7.2.3 Spatial current noise

One of the main contributions of this approach is that it enables us to examine the

current noise across the device. This feature allows us to probe into a semiconductor

device where experimental measurements are not possible. Fig. 7.14 (a and b) shows

the spatial contribution of the terminal current noise at 1GHz and 10THZ respec-

tively. For practical applications, frequencies of main interest are below 100 GHZ.

Furthermore, spatial current noise does not change below this frequency as is evident

from the flat spectrum of the terminal current density. At 1GHz, at zero bias, it is

shown that the current noise contribution is spatially symmetric across the device,

which is expected due to its geometrical symmetry. This is consistent with fact that

the electric field is symmetric across the device at thermal equilibrium. As we increase

the applied voltage, we see that this symmetry is broken, and that more current noise

contribution stems from the cathode (n+n) junction of the device rather than the
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anode junction. This is due to the fact that the electric field symmetry is broken,

and increases at the anode (nn+) junction of the device. This in turn leads to more

hot energetic carriers, which in turn lead to faster decay in the correlation time, and

thus reduces the current noise at this junction of the device. This trend has been

shown numerically using the LBE approach[31], the Impedance field method, and

experimentally[32]. Recently in ref. 32, experimental measurements on an NMOFET

have shown that the drain side of the transistor produces less current noise and cur-

rent degradation than the source side. Two groups of transistors were used; the first

group was stressed from the drain side, and the second group was subjected to the

reveres stress, where the drain and the source were swapped. It was shown that the

current noise from the drain side results in less noise than source side of the transistor.

These experiments have further corroborated the results our approach produced. As

the frequency is increased beyond frequency of interest, 100GHz, the current noise

becomes frequency dependent, and we observe that the total current noise is reduced.

However, more current noise contribution stems more from the anode (nn+) junction

of the device where hot electrons are located, as it can be seen in Fig. 7.14(b). In

order to further analyze the current noise, we examine the spatial profile of the kinetic

terms DG and µG in (5.61) and in turn their effect on the current noise at 1GHz (the

spectrum is flat below 100 GHz). As shown in Fig. 7.15 (a and b), the kinetic term

µG decreases in the negative direction as the electric field increases towards the anode

(n+n) junction due to the heating of carriers; whereas, the kinetic term DG increases

with increasing electric field, exhibiting the opposite behavior. Further analysis of

these kinetic terms will be the subject of future work. It is important to stress that
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in our approach, the spatial contribution to the terminal current noise is due to the

stochastic trajectory of carriers all across the device, whereas the spatial contribution

of current noise in Ref. 31 is due to the local Langevin noise source terms. However,

the respective integration of the above two quantities over the device, provides us

with the terminal current noise, and this quantity is identical in both approaches.

Figure 7.14: Spatial origin of current noise for n+nn+ device at 0, 0.25, 0.5 and 1.0

V (a) at 1GHz; and (b) 10 THz.
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Figure 7.15: Spatial profile of (a) µGand (b)DGapplied voltage 0, 0.25, 0.5 and 1.0 V,

at GHz.

7.2.4 Summary

In this chapter, the theoretical approach for the current noise model shown in chap-

ter 5 is applied for 1-D structures. Numerical current noise results were shown for

a homogeneous structure, and non-homogeneous structure n+nn+. Current noise re-

sults are shown to be in agreement with published results using the MC simulation.

111



Furthermore, it reduced to the Nyquist theorem at thermal equilibrium. Moreover,

spatial current noise is shown across the structure, and it is in agreement with the

theory and experiment that cold carriers produce less noise than cold ones. Finally,

results for kinetic terms for the effective distribution function are shown across the

structure.

112



Chapter 8

Conclusion

8.1 Conclusion

The work described in this dissertation is a new approach to characterize current

noise in semiconductor devices, completely within the framework of semi-classical

transport. The semi-classical theory is used as a description of the behavior of charge

carriers in semiconductors. This description which leads to the Boltzmann equation is

classical, because the electrons are treated as classical particles with well defined posi-

tion and momentum, and quantum-mechanical with a band structure and scattering.

We show that the key calculation of the current spectral density in semiconductor

devices is only the solution of the (BTE) with special initial and boundary condi-

tions, without any additional assumptions regarding the nature of noise. With such

approach, the only noise source is due solely to the physics of scattering which is

inherent in the semi-classical theory. This is in contrast with the Langevin approach,

in which a random source term with well know characteristic is added to the com-
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putation, and the random fluctuations which is inherent in the MC approach. A

theoretical framework of our model for a general semiconductor device is shown in

this work by utilizing the (SHE) technique to solve the (BTE) with special initial and

boundary conditions. Furthermore, this theoretical approach is shown to be reduced

to the well-known Nyquist Theorem (NT) at thermal equilibrium. In order to verify

our theoretical approach, numerical results are shown for 1-D homogeneous, and non

homogeneous structures. It is shown that our numerical results are in agreement with

the (NT) and other well known methods in the literature. The salient feature of this

approach is the following:

1. Current noise spectral density can be directly computed by solving the (BTE)

in the frequency domain with special initial and boundary conditions, and by

employing the Ramo-Shockley theorem that connects the motion of carriers

inside the device to the device terminals without the need to add a Langevin

noise source.

2. There are efficient numerical techniques which are used to solve the (BTE),

which can be employed to directly solve for the current noise spectral density,

and used in Computer Assisted Design (CAD) tools.

3. This approach gives more insight into the physics of noise. Not are the terminal

current fluctuations investigated, but also the spatial origin of noise, which is

consistent with the theoretical and experimental findings in the literature which

corroborated the fact that the source side of a semiconductor device produces

more noise than the drain side.
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8.2 Future Work

1. Langevin approach has been shown in the literature to compute the noise

spectral density. This approach uses the ad-hoc random term with educated as-

sumptions, for the noise computation. While we do not use any additional noise

source terms in our calculations, and solely rely on the semi-classical framework

without any additional assumptions, our end results for the terminal current

noise spectral density is consistent with the terminal current noise produced by

the Langevin approach. However, the spatial current noise in equation (5.51)

in our approach is different from the Langevin approach. Further theoretical

study is due in order to compare and investigate these two approaches.

2. In this work, we have investigated the current noise in semiconductor devices

by connecting the terminal current to the motion of carriers inside the device,

by employing the Ramo-Shockley current. A future direction of this approach

will be to connect the terminal voltage to the motion of carriers inside a device,

and compute the terminal and spatial voltage noise spectral density.

3. Spherical harmonics expansion technique is expandable to quantum domain

(Schrodinger or Wigner equations), which will allow us to solve for quantum

effects in smaller semiconductor devices.

4. The theoretical part of this approach was presented for a general device. Two

dimensional structures can be simulated for the terminal and spatial current

noise, and more scattering mechanisms, such as impurity scattering,impact ion-
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ization, can be added to the simulation.

5. Physical justification of the kinetic terms, which are computed in terms of the

effective distribution function, would give us further physical insight of the

current noise, and possibly would allow us to simulate current noise in a form

that is similar to the drift diffusion form, which will make it very efficient in

CAD tools.
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Appendix A

Derivation of the non diagonal part of the correla-

tion function in (5.24)

Focusing on the non diagonal term AND in equation (5.24), since matrix is symmetric,

we consider only m > n.

AND (τ) = E

{(
∞∑
n=1

in

(
~x′, ~k′, t

))( ∞∑
m>n

im

(
~x,~k, t+ τ

))}
. (A.1)

Expressing (A.1) in terms of the joint (pdf):

AND (τ) =
∞∑
n=1

∞∑
m>n

∫∫
XKX′K′

d~xd~kd~x′d~k′i
(
~x,~k
)
i
(
~x′, ~k′

)
fmn

(
~x,~k, t+ τ, ~x′, ~k′, t

)
.

(A.2)

Since particles in the system are independent of each other, the joint distribution

function for the mth, and nth particles is:

fmn

(
~x,~k, t+ τ, ~x′, ~k′, t

)
= fm

(
~x,~k, t+ τ

)
fn

(
~x′, ~k′, t

)
:
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AND (τ) =
∞∑
n=1

∞∑
m>n

∫∫
XKX′K′

d~xd~kd~x′d~k′
[
i
(
~x,~k
)
i
(
~x′, ~k′

)
·

·
∫

X′′K′′

d~x′′d~k′′ρ
(
~x,~k, t+ τ |~x′′, ~k′′, t

)
fm

(
~x′′, ~k′′, t

)
︸ ︷︷ ︸

fm(~x,~k,t+τ)

fn

(
~x′, ~k′, t

)]
.

(A.3)

The random launch times of the nth and the mth particles is described by the joint

probability density function Tnm (τm, τn). From the timing diagram in Figure (5.1),

the joint (pdf) for the particles random launch time is expressed as follows:

Tnm (τm, τn) = Tn (τn) [T∆ ∗ ..... ∗ T∆]︸ ︷︷ ︸
m−n

(τm − τn) , (A.4)

where T∆ is an independent and identically distributed (pdf) (i.i.d) that describe the

inter-arrival time of particles, and T∆ ∗ ..... ∗ T∆is the convolution. Expressing (A.3)

in terms of the random lauch time (pdf) in (A.4):
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AND (τ) =∫∫
XKX′K′

d~xd~kd~x′d~k′
[
i
(
~x,~k
)
i
(
~x′, ~k′

)
·

·
∑
Ωj

∑
Ωi

∞∑
n=1

∞∑
m>n

t∫
0

dτnTn (τn)

∫
KΩi

d~k
Ωi
fΩi

(
~kΩi

)
ρ
(
~x′, ~k′, t|Ωi, ~kΩi

, τn

)
︸ ︷︷ ︸

fn(x′,k′,t)

·

·
t∫

0

dτm [T∆ ∗ .....T∆]︸ ︷︷ ︸
m−n

(τm − τn) ·

·
∫

X′′K′′

d~x′′d~k′′ρ
(
~x,~k, t+ τ |~x′′, ~k′′, t

) ∫
KΩj

d~k
Ωi
fΩj

(
~k

Ωj

)
ρ
(
~x′′, ~k′′, t|Ωi, ~kΩj

, τm

)
︸ ︷︷ ︸

fm(~x,~k,t+τ)

]
.

(A.5)

Rearranging terms in (A.5):

AND (τ) =

∫∫
XKX′K′

d~xd~kd~x′d~k′
[
i
(
~x,~k
)
i
(
~x′, ~k′

)
·

·
∑
Ωj

∑
Ωi

∞∑
n=1

∞∑
m>n

·

·
∫

KΩi

d~k
Ωi
fΩi

(
~k

Ωi

) t∫
0

dτnTn (τn) ρ
(
~x′, ~k′, t− τn|Ωi, ~kΩi

, 0
)
·

·
∫

X′′K′′

d~x′′d~k′′ρ
(
~x,~k, τ |~x′′, ~k′′, 0

) ∫
KΩj

d~k
Ωj
fΩj

(
~km

Ωj

)
·

·
t∫

0

dτm [T∆ ∗ .....T∆]︸ ︷︷ ︸
m−n

(τm − τn) ρ
(
~x′′, ~k′′, t− τm|Ωj, ~k

m
Ωj
, 0
)]

. (A.6)
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Making use of the following equation:

t∫
0

dτm [T∆ ∗ .....T∆]︸ ︷︷ ︸
m−n

(τm − τn) ρ
(
~x′′, ~k′′, t− τm|Ωi, ~kΩi , 0

)
=

=

[T∆ ∗ .....T∆]︸ ︷︷ ︸
m−n

∗ρ
(
~x′′, ~k′′, .|Ωi, ~kΩi , 0

) (t− τn) . (A.7)

Substituting Equation (A.7) into (A.6):

AND (τ) =

∫∫
XKX′K′

d~xd~kd~x′d~k′
[
i
(
~x,~k
)
i
(
~x′, ~k′

)
·

·
∑
Ωj

∑
Ωi

∞∑
n=1

∞∑
m>n

∫
KΩ

d~k
Ωi
fΩi

(
~k

Ωi

)
·

·
t∫

0

dτnTn (τn) ρ
(
~x′, ~k′, t− τn|Ωi, ~kΩi

, 0
)
·

·
∫

X′′K′′

d~x′′d~k′′ρ
(
~x,~k, τ |~x′′, ~k′′, 0

) ∫
KΩj

d~k
Ωj
fΩj

(
~k

Ωj

)
·

·

[T∆ ∗ .....T∆]︸ ︷︷ ︸
m−n

∗ρ
(
~x′′, ~k′′, .|Ωj, ~kΩj

, 0
) (t− τn)

]
. (A.8)

By noticing the the following equation in (A.8):

t∫
0

dτn

[
Tn (τn) ρ

(
~x′, ~k′, t− τn|Ωi, ~kΩi , 0

)
·

·

[T∆ ∗ .....T∆]︸ ︷︷ ︸
m−n

∗ρ
(
~x′′, ~k′′, .|Ωj, ~kΩj , 0

) (t− τn)

]

=

Tn (.) ∗ ρ
(
~x′, ~k′, .|Ωi, ~kΩi , 0

)[T∆ ∗ .....T∆]︸ ︷︷ ︸
m−n

∗ρ
(
~x′′, ~k′′, .|Ωj, ~kΩj , 0

) (t) .

(A.9)
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Substituting Equation (A.9) into (A.8):

AND (τ) =

∫∫
XKX′K′

d~xd~kd~x′d~k′
[
i
(
~x,~k
)
i
(
~x′, ~k′

)
·

·
∑
Ωj

∑
Ωi

∞∑
n=1

∞∑
m>n

∫
KΩi

d~k
Ωi
fΩi

(
~kn

Ωi

)
·

·
∫
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d~x′′d~k′′ρ
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~x,~k, τ |~x′′, ~k′′, 0
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KΩj

d~k
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fΩj

(
~k

Ωj

)
·

·
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Tn (.) ∗ ρ

(
~x′, ~k′, .|Ωi, ~kΩi

, 0
)]
·

·

T∆ ∗ .....T∆︸ ︷︷ ︸
m−n

 ∗ ρ(~x′′, ~k′′, .|Ωj, ~kΩj
, 0
) (t)

]
. (A.10)

For m > n: we set l = m− n, and taking the Laplace transform of (A.10):

AND (τ) =

∫∫
XKX′K′

d~xd~kd~x′d~k′
[
i
(
~x,~k
)
i
(
~x′, ~k′

)
·

·
∑
Ωj

∑
Ωi

∞∑
n=1

∞∑
l=1

∫
KΩi

d~k
Ωi
fΩi

(
~k

Ωi

)
·

·
∫

X′′K′′
d~x′′d~k′′ρ
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~x,~k, τ |~x′′, ~k′′, 0

)∫
KΩj

d~k
Ωj
fΩj

(
~k

Ωj

)
·

·
(

λΩi

s+ λΩi

)n
.ρ̃
(
~x′, ~k′, s|Ωi, ~kΩi

, 0
)
·

∗

[(
λΩj

s+ λΩj

)l
.ρ̃
(
~x′′, ~k′′, s|Ωj, ~kΩj

, 0
)]]

. (A.11)
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Further simplification to the above equation by computing the inner two summations:

Transforming (A.12) back into the time domain:

AND (τ) =

∫∫
XKX′K′

d~xd~kd~x′d~k′i
(
~x,~k
)
i
(
~x′, ~k′

)
·

∑
Ωj

∑
Ωi
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KΩi

d~k
Ωi
fΩi

(
~k

Ωi

)

·
∫

X′′K′′

d~x′′d~k′′ρ
(
~x,~k, τ |~x′′, ~k′′, 0

) ∫
KΩj

d~k
Ωj
fΩj

(
~k

Ωj

)

·
[
λΩi

s
.ρ̃
(
~x′, ~k′, s|Ωi, ~kΩi

, 0
)
∗
[
λΩj

s
.ρ̃
(
~x′′, ~k′′, s|Ωj, ~kΩj

, 0
)]]

.

(A.12)

It is easy to see that the above expression becomes 〈i〉2:

AND (τ) =∫∫
X′K′

d~x′d~k′i
(
~x′, ~k′

)∑
Ωi

λΩi

t∫
0

dt

∫
KΩi

d~k
Ωi
fΩi

(
~k

Ωi

)
ρ
(
~x′, ~k′, t|Ωi, ~kΩi

, 0
)

︸ ︷︷ ︸
f(~x′,~k′,t)︸ ︷︷ ︸

〈i〉

·

·
∫∫
︸︷︷︸
XK

d~xd~ki
(
~x,~k
)
·

·
∑
Ωj

λΩj

∫
X′′K′′

d~x′′d~k′′ρ
(
~x,~k, τ |~x′′, ~k′′, 0

) ∫
KΩj

d~k
Ωj
fΩ

(
~k

Ωj

)
ρ
(
~x′′, ~k′′, t|Ωj, ~kΩj

, 0
)

︸ ︷︷ ︸
f(~x,~k,t+τ)

(A.13)
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