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Abstract of Dissertation  
 

Modeling Coherent Scattering Effects from a Corn Canopy at L-Band 
 
  

This research was conducted to improve the understanding between microwave 

backscatter and the complex dynamics of an agricultural canopy, such as corn. In 

particular, how important are coherent scattering effects in a corn canopy at L-Band? To 

study this, a coherent scattering model was developed to compute L-Band backscatter from 

a corn canopy over a full growing season. The model consists of a layer of random medium 

over a lossy dielectric half-space having a rough interface. The random medium consists 

of three different scatterer types used to represent the corn stalk, leaf and cob. Each 

scatterer has prescribed orientation statistics and dielectric properties that were taken from 

field measurements over a corn canopy’s growing season. Concurrently, radar 

measurements from the same canopy was taken using a truck-mounted L-Band radar 

system, known as ComRad, developed and operated by George Washington University 

(GW) and NASA Goddard Space Flight Center (NASA/GSFC). A comparison between 

the measured and the modeled backscatter will show that coherent effects cannot be 

ignored at L-Band and highlights both the accuracy and robustness of the GW scattering 

model. 

In addition, a careful theoretical study of the scattering mechanisms that occur in the 

random medium model will be presented. From this study, enhanced backscatter, which is 

usually presented as a multiple scattering effect will be shown to occur under single 

scattering in the presence of a reflecting plane. The complex scattering phenomenon will 

be shown to be a simple summation of a direct (or volume) scatter and direct-reflected (or 



ix 
 

double-bounce) scatter. A graphical depiction of these scattering processes is given, which 

provides physical insight into a complicated problem. It will be shown that for both 

backscatter and specular scatter, an enhancement occurs. For like-polarization, this 

enhancement adds up to +3 dB additional power at backscatter, which is a well-

documented phenomenon known as coherent or enhanced backscatter. A less-documented 

phenomenon shows up for the cross-polarized case where the enhancement can be 

negative, but also zero or positive, depending on the relationship of the incident angle to 

the Brewster angle, which is a novel contribution of this research. 
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Chapter 1 Introduction 
Satellite radar is a valuable tool in Earth remote sensing. In particular, remote sensing of 

vegetation canopies to garner temporal and spatial data of biomass and underlying soil 

moisture at a global scale.  The data acquired from satellite radar play an important role in 

hydrology, climate modeling, crop monitoring, famine prediction, food security and overall 

disaster mitigation to name a few [Lobell et al., 2008]. However, for the data to have 

meaningful interpretation requires an accurate scattering model for the vegetation canopy. 

Research in this area has been conducted over the past fifty years and a good historical 

review can be found in [Lang, 2016; Steele-Dunne, 2017]. A small subset of major 

contributing works was performed by [Fung and Ulaby, 1978; Lang 1981; Tsang and Kong, 

1981; Lang and Sidhu, 1983; Karam and Fung, 1983].  

In this dissertation, the development of an accurate radar scattering model for a vegetation 

canopy will be presented. The model’s validity is checked by comparing the simulated 

backscatter to measured backscatter, of a corn canopy over its entire growing season. Most 

studies present data over a short time period in the growing season (usually the middle). 

This study’s comparison over an entire growing season is a good check to the model’s 

robustness due to the large variation in canopy parameters that occur over a growing 

season.  

The model includes coherent scattering effects, which is not normally taken into 

consideration. The model consists of a sparse layer of discrete random medium over a 

dielectric half-space. The mean field for the random medium layer is then calculated. This 

was originally done by [Foldy, 1945] for a random medium consisting of independent 

isotropic point scatterers. [Lax, 1951, 1952] and later [Twersky, 1962, 1964, 1967] 
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extended Foldy’s work to include arbitrarily shaped and correlated scatterers. Next, the 

mean field results in conjunction with the Distorted Born Approximation are used to 

calculate the scattering coefficients. Details of this approach can be found in [Lang 1981; 

Lang and Sidhu, 1983;] where the scattering coefficients are found at backscatter. This 

method is based on a wave approach which includes coherent or enhancement effects.  

Another method used in modeling vegetation is based on Radiative Transfer (RT) [Tsang, 

1985]. This method does not take into account coherent effects, since it is based on energy 

balance. A method to include the coherent effect into the RT results have been proposed 

by [Zuniga and Kong, 1980], but this is somewhat artificial and does not include the 

angular variation of the enhancement [Lang and Sharma, 2017].  

In this dissertation, the bistatic scattering coefficients will be derived and shown to be a 

summation of distinct scattering geometries. Two of these scattering geometries will be 

seen to occur due to coherent effects, leading to coherent or enhanced backscatter, which 

has been documented by [Zuniga et al. 1980; Kravtsov and Saichev, 1982; Lang, 1981; 

Lang and Sidhu, 1983]. This phenomenon was demonstrated experimentally in the optical 

regime by [Kuga and Ishimaru, 1984; Tsang and Ishimaru, 1984], where both a peak at the 

backscattering angle was measured, and an angular, or enhancement width, which 

describes how fast the enhancement decays at angles away from backscatter.  All of these 

cases are for like-polarization. For the cross-polarized case, [Mandt, Tsang and Ishimaru, 

1990] showed that the backscatter enhancement also occurs for the cross-polarized case in 

the optical regime and can be either positive or negative. In [Lang and Khadr, 1992], a 

negative enhancement was also shown to occur for the cross-polarized case at both back 

and at specular scatter in the microwave regime.  
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This dissertation consists of four additional chapters. In Chapter 2, the bistatic scattering 

coefficients (polarimetric) are derived for the vegetation model. The model consists of a 

sparse layer of discrete random medium over a flat dielectric half-space. The random 

medium layer will consist of several types of dielectric scatterers, used to model vegetation 

plant’s constituents. Scatterers such as thin discs and cylinders, will be used to model 

leaves and stalks.  

Chapter 3 gives an overview of calculating the scattering amplitude from individual 

scatterers such as a dipole, a thin dielectric disc and a thin dielectric cylinder. For the 

dipole, the polarizability is found and used to calculate the backscattering coefficients, as 

developed in [Lang and Sidhu 1983]. The thin dielectric disc uses a quasi-static 

approximation for the internal fields in the disk, a method described by [Levine et al. 1985]. 

The thin dielectric cylinder uses a similar method which approximates the internal field in 

the cylinder with a quasi-static approximation, and is detailed in [Seker and Schneider, 

1988]. Finally, the quasi-static thin disc approximation is shown to reduce to the dipole 

approximation for Rayleigh scatterers [Ishimaru, 1997]. 

In Chapter 4, a detailed study of the enhancement effects will be presented. The 

enhancement will be characterized by an enhancement peak and width. It will be seen that 

for like-polarization, a maximum limit of +3 dB will be seen to occur at both back and 

specular scatter. For cross-polarization, the enhancement can be either positive or negative 

and can be seen at both back and specular angles. The reduction in the overall enhancement 

will then be discussed when the other scattering mechanisms, such as direct (or volume) 

scatter and surface scatter (due to rough surface) is introduced. Finally, effects such as 
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surface roughness and antenna beamwidth on the characteristics of the enhancement will 

be presented. 

In Chapter 5, detailed field measurements of a corn canopy taken over the full growing 

season will be presented. These measurements are used to model the backscattering 

coefficients. Concurrently, radar measurements over the same corn canopy were taken. A 

comparison between the model and the measurements will be discussed.  

Finally in Chapter 6, a short conclusion and recommendations for future work will be 

given.  

 

 

 

 

 

 

 

 

 



 

5 
 

 
Chapter 2  Bistatic Scattering Coefficients from a Vegetation Layer 

In this chapter, general expressions for the bistatic scattering coefficients from a layer of 

vegetation will be derived. The method is based on work done by [Lang, 1981] where the 

vegetation is modeled as a sparse layer of randomly oriented discrete scatterers. An 

equation for the mean field is found by using an approximation from [Foldy, 1945]. From 

this equation, the random layer can be replaced with an effective layer. The scatterers are 

then embedded in this effective medium and the correlation of the scattered field is found. 

This method is known as the Distorted Born Approximation (DBA). From this procedure, 

the scattering coefficients can finally be found. A detailed derivation of this procedure will 

be presented in this chapter. In addition, geometric depictions of the scattering coefficients 

will be presented to provide physical insight and interpretation of a complex problem.  

2.1 Random media model for vegetation layer 
 

The model for a layer of vegetation as shown in Figure 2.1 consists of a layer of random 

medium with a thickness of ‘d’, containing i-particles, each having a volume of 
ipV , 

randomly oriented and positioned over a lossy dielectric half-space. These random 

parameters will be collectively represented by the parameter β, having probability 

distribution function p(β). This can be used to prescribe orientation statistics of the particles 

or any other type of random variable, such as dielectric constant or particle size. The layer 

is excited by an incident plane wave traveling in the ı̂  direction, with an incident 

polarization q�. The incident wave induces currents in the scatterers, resulting in a scattered 

wave traveling in the o� direction, with a scattered polarization p�. 
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z

xZ=0

Z=-d

 

Figure 2.1 Random medium over dielectric half-space used to model a layer of 

vegetation  

The following simplifying assumptions will be made for this model in order to realize a 

tractable solution for the bistatic scattering coefficients: 

- particles are sparsely distributed 

- particles have azimuthal symmetry 

- layer is transverse homogenous 

- the scatterers are independent from each other 

The sparse layer allows the z=0 boundary in Figure 2.1 to be treated as diffuse (ie: zero 

reflection). The azimuthal symmetry assumption, results in zero average depolarization.  

This allows for the simplification of the propagation constant in the mean medium. The 

transverse homogeneity assumption allows for the density of the scatterers to be set to a 
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constant. Finally, statistical independence between scatterers reduces unwieldy cross-terms 

when computing the total scattering contribution. It is important to note that these 

assumptions are not only simplifying, but are valid for a layer of vegetation.  

(a) (b) (c) (d)

 

Figure 2.2 Incident and scattered field direction vectors 

Within the random medium, the incident and scattered fields can be either upward or 

downward traveling, as shown in Figure 2.2. To represent these fields, the following 

direction vectors are used, ˆ ˆ ˆ ˆi , i ,o ,and o − + − + . These direction vectors can be expressed in 

spherical coordinates as: 

i i i i i
ˆ ˆ ˆ ˆi sin cos x sin sin y cos z− = − θ φ − θ φ − θ                                                                   (2.1a) 
 

i i i i i
ˆ ˆ ˆ ˆi sin cos x sin sin y cos z+ = θ φ + θ φ + θ                                                                      (2.1b)   

                                                    

s s s s sˆ ˆ ˆ ˆo sin cos x sin sin y cos z− = − θ φ − θ φ − θ                                                               (2.1c) 
 

s s s s sˆ ˆ ˆ ˆo sin cos x sin sin y cos z+ = θ φ + θ φ + θ                                                                   (2.1d) 
 
 

The incident field will have an associated polarization, represented by its polarization 

vector q�. The polarization can either be horizontal, h�i or vertical, v�i where, 

i

ˆ ˆi zĥ ˆ ˆi z
×

=
×

                                                                                                                     (2.2a) 
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i i
ˆ ˆv̂ h i= ×                                                                                                                      (2.2b) 

Similarly, the scattered field will have an associated polarization, represented by its 

polarization vector p�. The polarization can also be either be horizontal, h�s or vertical, v�s 

where, 

s
ˆ ˆo zĥ
ˆ ˆo z
×

=
×

                                                                                                                    (2.3a) 

s s
ˆ ˆv̂ h o= ×                                                                                                                     (2.3b) 

Note that the i te− ω  time dependence is used in this dissertation.  

 

2.2 Self-Consistent, Multiple Scattering Equations 
 

The self-consistent multiple scattering equations are a pair of equations that 

describe the scattering effects exactly. (ie: takes into account multiple scattering, 

diffraction etc.) However, for even simple problems, the solution of these equations 

is non-trivial and simplifying assumptions are needed, such as the Foldy-Lax 

approximation [Foldy 1945, Lax 1951]. To derive the self-consistent multiple 

scattering equations, we begin with the wave equation,                

( ) ( ) ( )2
o oE k , x E i J∇×∇× β − ε β ⋅ β = ωµ                                                                    (2.4) 

where: 

( ) ( ) ( ) ( )
N

d r i
i 1

, x z 1 U , x I
=

ε β = ε + ε − β∑  

( )d
g

I z d
z

I z d
> −

ε = ε < −
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( ) pi
i

pi

1 x V
U , x

0 x V
∈

β =  ∉
 

Equation 2.4 can be expressed in operator form as follows:   

( ) ( )L E gβ ⋅ β =                                                                                                               (2.5)  

where: 

( ) ( )
( )

( ) ( ) ( ) ( )

o

2
o 0 d

N N
2

i 0 r i
i 1 i 1

0

L L V

L I k z

V V k 1 U , x I

g i J
= =

β = + β

= ∇×∇× − ε

β = β = ε − β

= ωµ

∑ ∑
  

The total electric field can be expressed as the sum of incident and scattered fields: 

( ) ( ) ( )
N

(i)
o s o s

i 1
E E E E E

=

β = + β = + β∑                                                                               (2.6) 

Eois the incident field in the absence of scatterers and is defined as 

1
o oE L g−=                                                                                                                         (2.7) 

Es
(i)(β) is the scattered field due to the i-th particle. Examining Equation 2.7, one can see 

that Lo−1 is a dyadic Green’s function for a source placed over the dielectric half-space. 

Expanding and substituting Equation 2.6 into Equation 2.5, results in, 

( ) ( ) ( ) ( )
N

(i)
o o s o o s

i 1
L V E E L V E E g

=

     + β ⋅ + β = + β ⋅ + β =       
∑   

This simplifies to, 

( ) ( ) ( )(i) (i)
o s eqL E V E g⋅ β = − β ⋅ = β                                                                                    (2.8) 

The geq
(i)(β) term is an equivalent source term for the scattered electric field from the i-th 

particle, and exists only inside the scatterer. Since geq
(i)(β) represents the current induced 
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in the i-th particle by the field incident on the i-th particle, and since Maxwell’s 

Equations are linear, the following relationship between the induced equivalent source 

and the incident field can be mathematically expressed as, 

( ) ( ) ( )(i) (i) (i)
eqg T Eβ = β ⋅ β                                                                                                 (2.9) 

The expression (i)T  is the dyadic transition operator for the i-th particle and E(i)(β) is the 

vector field incident on the i-th particle, and can be expressed as: 

( ) ( )
N

(i) (i)
o s

j 1
j i

E E E
=
≠

β = + β∑                                                                                               (2.10) 

Since Ti(β) is a linear and bounded operator, Equation 2.9 can be expressed in integral 

form as: 

( ) ( ) ( )(i) (i)
eq ig dx ' t , x, x ' E , x '

∞

−∞

β = β ⋅ β∫                                                                           (2.11) 

Note that Ti(β) is finite only within the scatterer and zero everywhere else. Substituting 

Equation 2.9 into Equation 2.8 and solving for Es
(i)(β) results in, 

( ) ( ) ( )(i) 1 (i)
s o iE L T E−β = ⋅ β ⋅ β                                                                                          (2.12) 

Note that Equation 2.12 is an expression for the scattered field in terms of the dyadic 

Green’s function, the transition operator and the incident field on the particle. 

Substituting Equation 2.12 into Equations 2.6 and 2.10 results in the following pair of 

equations, known as the Self-Consistent, Multiple Scattering set of equations. 

( ) ( ) ( )
N

1 (i)
o o i

i 1
E E L T E−

=

β = + ⋅ β ⋅ β∑                                                                                 (2.13) 
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( ) ( ) ( )
N

(i) 1 ( j)
o o j

j 1
j i

E E L T E−

=
≠

β = + ⋅ β ⋅ β∑                                                                             (2.14) 

Substituting Equation 2.14 into Equation 2.13 and expanding, 

( ) ( ) ( )
N N N

1 1
o o i o o j o

j 1i 1 i 1
j i

E E L T E L T E ...− −

== =
≠

β = + ⋅ β ⋅ + ⋅ β ⋅ +∑ ∑∑                                              (2.15) 

The second term in Equation 2.15 represents single-scattering, the third term represents 

double-scattering and so forth. In this formulation, only single scattering term will be 

used. This term is known in the literature as the 1st order Born Approximation and is 

valid for a shallow random medium consisting of small fractional volume and low 

albedo, since it does not take in account attenuation of the incident and scattered waves. 

  

2.3 The mean field equation 
 

From Section 2.2, the 1st order Born Approximation does not account for attenuation in the 

random medium layer. In order to account for attenuation, an equivalent mean field 

method, first introduced by [Foldy, 1945], which replaces the incident field exciting each 

particle, E(i)(β), by the mean field, 〈E〉 will be needed. Using this method and ensemble 

averaging Equation 2.13, over all realizations of β,  

( ) ( ) ( )
N

1 (i)
o o i

i 1
E E L T E−

=

β = + ⋅ β ⋅ β∑  

Carrying through the ensemble averaging results in, 

( ) ( )
N

1
o o i

i 1
E E L T E−

=

= + ⋅ β ⋅ β∑                                                                             (2.16) 
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An explicit expression 〈𝐿𝐿𝑜𝑜−1〉 can be found by substituting Equation 2.7 in Equation 2.16, 

solving for g and comparing to Equation 2.9, 

N
1

o o i
i 1

L L T ( )−

=

= − β∑                                                                                                   (2.17) 

Assuming identical scatterers,  

( )1
o o i oL L N T ( ) L N ds p(s )T(s )− = − β = − ∫   

where p�s� is the probability distribution of the particle position variable s and N is the 

number of scatterers. Since the density of particles at s is ρ�s� = Np�s�, then 

( )1
o oL L ds (s )T(s )− = − ρ∫   

where T�s� is the dyadic transition operator of a particle located at s and the overbar 

denotes averaging over all particle orientations. Invoking the small fractional volume 

approximation, 𝛿𝛿 ≪ 1, where 𝛿𝛿 is the density multiplied by the volume of the scatterer. the 

density can be expressed as, 

ρ�s� =  δ ρ�δs�   

( )1
o oL L ds ( s )T(s )− = − δ ρ δ∫                                                                                      (2.18) 

Finally, substituting Equation 2.18 into the operator form of the mean equation, 〈𝐿𝐿𝑜𝑜−1〉 ∙

〈E〉 = g  results in, 

( )oL ds ( s )T(s ) E g − δ ρ δ ⋅ = ∫   
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Note that T�s� operates on a vector explicitly as: 

( ) ( ) ( )T s dx ' t x s, x ' s x ' ⋅Ψ = − − ⋅Ψ ∫   

A final expression for the mean field in operator form is: 

( ) ( )oL E ds s T s E g ⋅ − δ ρ δ ⋅ = ∫   

Explicitly writing out, the mean field equation becomes,

( ) ( ) ( ) ( ) ( )2
oE x ' k E x ' dsdx ' s t x ' s , x '' s E x '' g(x ') ∇×∇× − −δ ρ δ − − ⋅ = ∫∫    

(2.19) 

2.4 The Mean Field 
 

A plane wave of unit amplitude, polarization, q� , traveling in the ı̂ direction is incident 

on the effective layer, as shown in Figure 2.3. The incident wave can be expressed as: 

( )t t zi i

q

ˆi k x k z
o ˆE qe+ ⋅ −=                                                                                             (2.20) 

Where, itk  is the transverse components of the free space propagation constant and 

i i

22
z 0 tk k k= −  
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z

xZ=0

Z=-d

 

Figure 2.3 Random medium model replaced with an effective uniaxial layer 

This incident wave will excite two waves in the –d < z < 0 region, one down-going and 

one up-going wave due to reflection from the ground interface at z=-d, and can be 

expressed as:  

( )z z t tq q i
i z i z ik x

q q qE (x) A e B e e− κ + κ + ⋅= +                                                                        (2.21) 

where q i
i

z z qq
z

2k f
k
δ πρ

κ = +   

This expression for 
qzκ (propagation constant in the mean medium) was obtained using a 

rigorous two-variable method in [Lang and Sidhu, 1983]. A less rigorous approach deriving 

the same results can be found in Appendix A.1  

Additionally, a down-going wave is also excited at the z=-d interface into the z < -d region 

and can be expressed as, 

diffuse interface 
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( ) ( )z t tg i

g i

ik z ik x
q q

22
z g t

E x C e e

where

k k k

− + ⋅=

= −

  

Applying boundary conditions at the z=0 (a diffuse interface) and z=-d, the coefficients 

can be computed as: 

zq

q

q

q

i2 d
q q g

q g

A 1

B A e

C T

+ κ

=

= Γ

=

  

where Γgqand Tgq are the Fresnel reflection and transmission coefficients, respectively. 

Substituting these coefficients into the Equation 2.21, results in the mean field in the  

-d < z < 0 region: 

( ) ( )z z t tq q i

q

i z i z ik x
q sE x e e e− κ + κ + ⋅= + Γ                                                                             (2.22) 

Where, 

( )q i

i

zq

q q

i g

h

i g

i g

v

i g

z z qq
z

i2 d
s g

z z
g

z z

g z z
g

g z z

2 ˆ ˆk f i, i
k

e

k k

k k

k k

k k

+ κ

πρδ
κ = +

Γ = Γ

−
Γ =

+

ε −
Γ =

ε +
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2.5 The dyadic mean Green’s function 
 

The plane waves within the mean layer will induce currents in the scatterers, which in 

turn act as sources generating scattered fields. A Green’s function approach for a point 

source within the mean layer, called the dyadic mean Green’s function, will be useful 

analytically. The geometry is shown in Figure 2.4. 

Source point at z’

 

Figure 2.4 Geometry for determining the mean Green’s function 

An equation describing the dyadic mean Green’s function ( )x, x 'G is given in Equation 

2.23.  

( ) ( ) ( )2
0I k x G(x, x ') I z '∇× ∇× − ε ⋅ = δ                                                                   (2.23) 
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Using a Fourier Transform approach, ( )x, x 'G can be decomposed into waves traveling in 

the ±z directions. This is explicitly shown in Equation 2.24, which is recognized as a 

transverse Fourier Transform pair.  

( )
( ) ( )'

t t tik x x
t t2

1G(x, x ') dk G k ,z, z ' e
2

∞
+ ⋅ −

−∞

 =   π ∫                                                              (2.24) 

The tilde denotes the transverse Fourier Transform operation. Note that ( )x, x 'G can be 

expressed as a dyadic, 

( ) ( ) ( )' '
v t h t

ˆ ˆˆ ˆx, x ' k , z, z ' vv k , z, z ' hhG G G= +                                                                           (2.25)  

In order to find the dyadic Green’s function the solution to a one-dimensional Fourier 

Transform, G�p�kt, z, z′� , where p ϵ {h,v} is all that is needed. From Figure 2.4, 

G�p�kt, z, z′�expressed as: 

z

zp

z zp p

zg

ik z
p

i z
p

p t i z i z
p p

ik z
p

T e z 0

A e z ' z 0
G (k , z, z ')

B e C e d z z '

B e z d

++

+ κ

+ κ − κ

−

 >


< <= 
+ − < <


< −

                                                            

Applying the continuity and jump conditions at the source point z=z’ and noting that Bp =

ΓpCp, the values for the coefficients can be determined. The continuity condition can be 

expressed as, 

z z zp p pi z ' i z ' i z '
p p pA e B e C e+ κ + κ − κ

= +    
   

And the jump condition can be expressed as,  
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( ) ( )p t p t
z z ' z z '

d dlim G k ,z, z ' G k , z, z ' 1
dz dzδ→∞

= +δ = −δ

 
− = 

 
    

Carrying through the operations, the coefficients of interest corresponding to the mean 

region, are determined to be, 

z zp p

p

zp

p

zp

p

i z ' i z '
p

p
z

i z '

p
z

i z '

p p p p
z

e e
A

i2

eC
i2

eB C
i2

− κ + κ

+ κ

+ κ

+ Γ
=

κ

=
κ

= Γ = Γ
κ

  

Substituting these values into G�p�kt, z, z′� for the z > 0 region, due to a source located in 

the 0 < z’ < -d region, results in, 

( )
z zp p

z

p

i z ' i z '
p ik z

p t
z

e e
G k , z, z ' e

i2

− κ + κ

+
 + Γ
 =
 κ 

                                                                        (2.26) 

Substituting Equation 2.26 into Equation 2.24, the expression for the mean Green’s 

function becomes, 

( )
( )

z zp p '
t t tz

p

i z ' i z '
ik x xp ik z

t2
z

e e1G(x, x ') dk e e
i22

− κ + κ∞
+ ⋅ −+

−∞

  + Γ
  =
 κ π   

∫                                        (2.27) 

Where t zk k k= +  and t ˆx x z= +   

The solution of this Equation 2.27 can be found by using the Method of Stationary Phase 

[Colin and Zucker, 1969]. The final result for the mean Green’s function is, 
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( )
o '

z z t tp p s

ik r
i z ' i z ' ik x

p p
1 eG x, x ' e e e

4 r

+
− κ + κ − ⋅ = + Γ π

               (2.28) 

 
The interested reader can find a detailed solution to Equation 2.27 in the Appendix A.2.  

A expression for the dyadic Green’s function can now be written as,  

( )
o '

z z t tz zv v sh h z
ik r

i z ' i z ' ik xi z ' i z ' ik z
v h

1 e ˆ ˆˆ ˆx, x ' e e vv e e hh e e
4 r

G
+

− κ + κ − ⋅− κ + κ +    = + Γ + + Γ      π
     

A final more compact form for the dyadic Green’s function is given in Equation 2.29. 

( ) ( )o '
t ts s s z

ik r
ik xi z ' i z ' ik z

p
1 ex, x ' e e e e

4 r
G

+
− ⋅− κ + κ + = + Γ  π                                       (2.29) 

2.6 Scattered fields 
 

From Equation 2.16, the scattered field in operator form is given by 

( )
N

1
o i

i 1
L T E−

=

⋅ β ⋅∑   

Converting to an integral representation, the scattered field can be expressed in terms of 

the dyadic mean Green’s function, dyadic transition operator and the mean field as, 

( ) ( ) ( ) ( )sE x, s dx ' G x, x ' dx '' t x ' s, x '' s E x ''  = − − ⋅   ∫ ∫                                        (2.30) 

Substituting expressions for the dyadic mean Green’s function given in Equation 2.27 and 

the mean field given by Equation 2.22, into Equation 2.30, 

( ) ( ) ( )
o ' ''

t t t ts s z zs i

ik r
ik x ik xi z ' i z ' i z '' i z ''

s p q
1 eE x, s dx ' e e e dx '' t x ' s , x '' s e e e

4 r

+
− ⋅ + ⋅− κ + κ − κ + κ    = + Γ − − ⋅ + Γ     π 

∫ ∫  
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This expression can be expanded as the sum of the following four terms,

( ) ( )

( ) ( )

( )

o' ''
t t t ts zs i

o' ''
t t t ts zs i

ik r
ik x ik xi z ' i z ''(1)

s

ik r
ik x ik xi z ' i z ''(2)

s q

i(3)
s p

1 eE x, s dx ' e e dx '' t x ' s , x '' s e e
4 r
1 eE x, s dx ' e e dx '' t x ' s , x '' s e e

4 r
1E x, s dx ' e

4

+
− ⋅ + ⋅− κ − κ

+
− ⋅ + ⋅− κ + κ

+ κ

   = − − ⋅    π 

   = − − ⋅Γ    π 

= Γ
π

∫ ∫

∫ ∫

∫ ( )

( ) ( )

o' ''
t t t ts zs i

o' ''
t t t ts zs i

ik r
ik x ik xz ' i z ''

ik r
ik x ik xi z ' i z ''(4)

s p q

ee dx '' t x ' s , x '' s e e
r

1 eE x, s dx ' e e dx '' t x ' s , x '' s e e
4 r

+
− ⋅ + ⋅− κ

+
− ⋅ + ⋅+ κ + κ

   − − ⋅     

   = Γ − − ⋅Γ    π 

∫

∫ ∫

  

These expressions will be simplified by applying assumptions about the behavior of the 

Green’s function and mean field over the particle. In addition, the transition operator will 

be replaced by using its relationship with the scattering amplitude. This will be shown in 

detail for Es
(1)�x, s�. 

The si z 'e− κ term can be recast as, 

z s s s ss zs s sss 0 s1 1 1
ˆ ˆ ˆ ˆik z ' h h v vi z ' ik z 'i z ' i z ' i z 'i z ' ˆ ˆe e e e e e I oo e
 − +− κ −− κ − κ − κ− κ    = = = −   

Noting that the Green’s function decays slowly across the size of the particle allows the 

s1i z 'e− κ term to be approximated, 

s s z1 1i z ' i se e− κ − κ≈   

Similarly, the zi z ''e− κ term can be recast as,   

 z i i ii i i z iiz 0 1 1 i 1
ˆ ˆ ˆ ˆik z '' h hi v vi z '' i z '' i z '' ik z '' i z ''i z '' ˆˆe e e e e e I ii e
 − +− κ − κ − κ − − κ− κ    = = = −    

Note that the mean field also varies slowly across the particle, therefore 
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i i z1 1i z '' i se e− κ − κ≈  

Substituting these approximations into the scattered field expression for Es
(1)�x, s�and 

dropping the subscript of ‘1’ in the κ − term results in the following expression,  

( ) ( )
o' ''

z t t z t ts z i zs s i i

ik r
ik z ' ik x ik z '' ik xi s i s(1)

s
1 eˆˆˆ ˆE x, s dx ' e I oo e e dx '' t x ' s , x '' s e I ii e e

4 r

+
− − ⋅ − + ⋅− κ − κ−     = − − − ⋅ −      π ∫ ∫

( )

( )

o ' ''
t t z t t zs z i zs s i i

o
s z i z0 0

ik r
ik x ik z ' ik x ik z ''i s i s

ik r
ˆi s i sˆik o x ' ik i x ''

1 e ˆˆˆ ˆe I oo dx ' e e dx '' t x ' s , x '' s e e e I ii
4 r
1 e ˆ ˆe I oo dx 'dx '' t x ' s , x '' s e e e I

4 r
+ −

+
− ⋅ − + ⋅ −− κ − κ

+
− κ − κ− ⋅ + ⋅

     = − − − ⋅ −        π

  = − − − −   π

∫ ∫

∫∫ ˆˆii 
 

 

where the following definitions was used, 

s s

i i

t z 0

t z 0

ˆˆk k z k o
ˆˆk k z k i

+

−

+ ≡

− ≡
  

Applying the following change of variables 

' x ' s x ' ' s dx ' d '
x '' s x '' s dx '' d ''

= − = − =
= − = − =

x x x
x'' x'' x

  

( ) ( ) ( )o
0s z i z0 0

ik r ˆˆik o i sˆi s i sˆik o x ' ik i x ''(1)
s

1 e ˆˆˆ ˆE x, s e I oo d d t , e e e e I ii
4 r

+ −+ −
+

+ − + ⋅− κ − κ− ⋅ + ⋅    = − −     π ∫∫ x' x'' x' x''   

Next, recognizing the double integral term is a 2-dimensional Fourier Transform, Es
(1)�x, s� 

can be expressed as, 

( ) ( ) ( ) ( )o
0s z i z

3 ik r ˆˆik o i si s i s(1)
s 0 0

2 e ˆ ˆˆˆ ˆ ˆE x, s e I oo t k o,k i e e I ii
4 r

+ −+
+ − + ⋅− κ − κπ     = − −     π

   
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The relationship between the dyadic transition operator and the dyadic scattering 

amplitude, see B.7 in Appendix B, can now be used to get a final expression for the 

scattered field, Es
(1)�x, s� 

( ) ( )0 03
1 ˆ ˆ ˆˆˆ ˆ ˆ ˆf (o, i) I oo t k o,k i I ii

2
  = − ⋅ ⋅ −   π

   

Substituting into Es
(1)�x, s�, results in,  

( ) ( ) ( )0
0s z i z

ik r ˆˆik o i si s i s(1)
s

e ˆˆE x, s e f o , i e e
r

+ −+
+ − + ⋅− κ − κ+ −= ⋅ ⋅                 (2.31) 

 

Similarly, expressions for the other three terms are:   

( ) ( ) ( )0
0s z i z

ik r ˆˆik o i si s i s(2)
s q

e ˆˆE x, s e f o , i e e
r

+ ++
+ − + ⋅− κ + κ+ += ⋅ ⋅Γ                                                 (2.32) 

( ) ( ) ( )0
0s z i z

ik r ˆˆik o i si s i s(3)
s p

e ˆˆE x, s e f o , i e e
r

− −+
− + ⋅+ κ − κ− −= Γ ⋅ ⋅                                                   (2.33) 

( ) ( ) ( )0
0s z i z

ik r ˆˆik o i si s i s(4)
s p q

e ˆˆE x, s e f o , i e e
r

− ++
− − ⋅+ κ + κ− += Γ ⋅ ⋅Γ                                              (2.34) 
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2.7 Bistatic Scattering Coefficient 
 

The bistatic scattering coefficient describes the scattering properties of a target and is 

defined as a ratio of a scattered intensity to an incident intensity, as expressed in Equation 

2.35. Note that the order of the limits is important to ensure the far-field condition. 

{ }

pqp 'q '

qq '

2
s0

pqp'q ' A x
i

I4 x
lim lim

A I

p,q,p ',q ' h, v

→∞ →∞

π
σ =

∈

                                                                                       (2.35) 

where, 

 A is the area of illumination 

Iiqq′ is the incident intensity 

Ispqp′q′ is the scattered intensity 

The scattered intensity can be found by calculating the second moment, or the correlation 

of the fluctuating component of the scattered field. An explicit expression for this 

correlation can be found as follows, 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

pq pq s spq p 'q '

s s s spq

pqp

p 'q ' pq p 'q '

q

N N
* (i) *( j)

s 1 s 2 1 2
i 1 j 1

N N N
(i) *(i) (i) *( j)

1 2 1 2
j 1i 1 i 1
i

s

j

I E x E x E x E x

E x E x E x E x

′ ′
= =

== =
≠

= =

= +

∑∑

∑ ∑∑
  

Assuming N identical and statistically independent scatterers,  

( ) ( ) ( ) ( )
s s s s 'pq p 'q ' pq p 'q

(i) *(i) (i) *( j)
1 2 1 2N E x E x N(N 1) E x E x= + −    
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For large N, 

( ) ( ) ( ) ( ) ( )
s s s s 'pq p 'q ' pq p 'q

(i) *(i) 2 (i) *( j)
i i 1 i 2 i 1 2

V

N ds p s E x , s E x , s N E x E x = +  ∫   

Note that the integral is taken over the illuminated volume. Using the small fractional 

volume approximation (δ ≪ 1), Np�si� = ρ�si�~δρ, the correlation of the scattered fields 

become, 

 ( ) ( ) ( ) ( )
pq pq pq p 'q '

* (i) *(i)
s 1 s 2 i s 1 i s 2 i

V

E x E x ds E x , s E x , s= δρ∫                                            (2.36) 

Using the result of Equation 2.36 into Equation 2.35, a general expression for the bistatic 

scattering coefficient can be expressed as, 

( ) ( )
pq p 'q '

2 4 4
0 (i) *( j)
pqp'q ' t z s sA x i 1 j 1A

4 x
lim lim ds ds E x, s E x, s

A→∞ →∞
= =

 π
σ = δρ 

 
∑∑∫ ∫                            (2.37) 

Substituting Equations 2.31 through 2.34 into Equation 2.37 will result in sixteen terms 

contributing to the overall scattering coefficient. Carrying through the integrations, in 

particular, the integral of the exponential functions over ts  will reveal that only six terms 

are of O(δ0), the other ten terms, due to phase cancellations are of O(δ1) and since 𝛿𝛿 ≪ 1, 

their contribution to the overall scattering coefficient is negligible. More details on this is 

provided in Appendix A.4. The six non-negligible integrations will be explicitly carried 

out in the following section to derive expressions for the various scattering coefficients.  
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2.7.1 Direct Scatter: 

The first of six terms that contribute to the overall scattering coefficient occurs when i=j=1, 

corresponding to a downward going incident field and an upward going scattered field. 

Neither incident nor scattered field comes into contact with the ground interface.  This 

scatter term is referred to as direct (or volume) scatter and is depicted geometrically in 

Figure 2.5.  

 

Figure 2.5 Geometry for direct-scatter (i=j=1) 

Substituting Equation 2.31 into Equation 2.37, an expression for the scattering coefficient 

can be derived.  

( ) ( )
pq p 'q '

2
0 (1) *(1)
pqp'q ' t z s sA x

A

4 x
lim lim ds ds E x, s E x, s

A→∞ →∞

 π
σ = δρ 

 
∫ ∫  

( ) ( )
* *

s i s i zp q p ' '

pqp 'q '

i s0 *
d pq p'q ' z

d

ˆ ˆˆ ˆ4 f o , i f o , i ds e
∞  − κ +κ −κ −κ+ − + −   

−

σ = πρδ ∫   

Evaluating the integral, let the scaling or ordering parameter 𝛿𝛿 → 1 , and using some 

complex number simplifications results in a final expression for the scattering coefficient 

due to  direct scatter.  
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( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 *
d pq p'q ' 2Imag d

1 eˆ ˆˆ ˆ4 f o , i f o , i
− κ +κ

+ − + −

κ +κ

 − σ = πρ
 
 

                                            (2.38) 

2.7.2 Direct-Reflected Incoherent Scatter: 

There are two direct-reflected incoherent scatter terms. The first term occurs when i=j=2, 

corresponding to both an upward going incident and scattered field. Note that the incident 

field comes into contact with the ground interface and is multiplied by the appropriate 

Fresnel reflection coefficient. This is depicted geometrically in Figure 2.6.  

 

Figure 2.6 Geometry for the incoherent direct-reflected scatter (i=j=2) 

Substituting Equation 2.32 into Equation 2.37, an expression for the scattering coefficient 

can be derived. 

( ) ( )
pq p 'q '

2
0 (2) *(2)
pqp'q ' t z s sA x

A

4 x
lim lim ds ds E x, s E x, s

A→∞ →∞

 π
σ = δρ 

 
∫ ∫  

( ) ( )
* *

s i s i zp q p ' '

pqp 'q '

i s0 * *
dri1 pq p'q ' q q ' z

d

ˆ ˆˆ ˆ4 f o , i f o , i ds e
∞  − κ −κ −κ +κ+ + + +   

−

σ = πρδ Γ Γ ∫  

Evaluating the integral, let the scaling or ordering parameter 𝛿𝛿 → 1 , and using some 

complex number simplifications results in a final expression for the scattering coefficient 

due to the first type of direct-reflected incoherent scatter.  
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( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 * *
dri1 pq p'q ' q q ' 2Imag

1 eˆ ˆˆ ˆ4 f o , i f o , i
κ −κ

+ + + +

κ −κ

 − σ = πρ Γ Γ
 
 

                                 (2.39) 

The second of the direct-reflected incoherent terms occurs when i=j=3, corresponding to a 

both down-going incident and scattered field. Note in this case, that the scattered field is 

now being reflected off the ground interface and is multiplied by its appropriate Fresnel 

reflection coefficient. This is depicted in Figure 2.7. 

 

Figure 2.7 Geometry for direct-reflected incoherent scatter (i=j=3) 

Substituting Equation 2.33 into Equation 2.37 results in the following expression for the 

scattering coefficient, 

( ) ( )
pq p 'q '

2
0 (3) *(3)
pqp'q ' t z s sA x

A

4 x
lim lim ds ds E x, s E x, s

A→∞ →∞

 π
σ = δρ 

 
∫ ∫  

( ) ( )
* *

s i s i zp q p ' '

pqp 'q '

i s0 * *
dri2 pq p'q ' p p ' z

d

ˆ ˆˆ ˆ4 f o , i f o , i ds e
∞  κ −κ −κ +κ− − − −   

−

σ = πρδ Γ Γ ∫  

Evaluating the integral, let the scaling or ordering parameter 𝛿𝛿 → 1 , and using some 

complex number simplifications results in a final expression for the scattering coefficient 

due to the second type of direct-reflected incoherent scatter.  
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( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 * *
dri2 pq p'q ' p p ' 2Imag

1 eˆ ˆˆ ˆ4 f o , i f o , i
−κ +κ

− − − −

−κ +κ

 − σ = πρ Γ Γ
 
 

                              (2.40) 

2.7.3 Direct-Reflected Coherent Scatter: 

There are two direct-reflected coherent scatter terms that occur when i=2 and j=3 and when 

i=3 and j=2. For the first case, when i=2 and j=3, examining Equation 2.32 and 2.33, show 

that both incident and scattered fields are in the positive direction, with the incident field 

being reflected from the ground interface. Similarly, when i=3 and j=2, both incident and 

scattered fields are in the negative direction, with the scattered field being reflected off the 

ground interface. This is depicted in Figure 2.8.  

 

Figure 2.8 Geometry for direct-reflected coherent scatter (i=2, j=3 and i=3 and j=2) 

Substituting Equation 2.32 and Equation 2.33 into Equation 2.37 results in the following 

expression for the scattering coefficient, 

( ) ( )
pq p 'q '

2
0 (2) *(3)
pqp'q ' t z s sA x

A

4 x
lim lim ds ds E x, s E x, s

A→∞ →∞

 π
σ = δρ 

 
∫ ∫  

( ) ( ) ( ) * *
s i s i zz z z p q p ' 's i

pqp 'q '

i si2 k k s0 * *
drc1 pq p'q ' q p ' z

d

ˆ ˆˆ ˆ4 f o , i f o , i ds e e
∞  − κ −κ +κ −κ− −+ + − −   

−

σ = πρδ Γ Γ ∫  
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Evaluating the integral, let the scaling or ordering parameter 𝛿𝛿 → 1 , and using some 

complex number simplifications results in a final expression for the scattering coefficient 

due to the first component of the direct-reflected coherent scatter.  

( ) ( )
( ) ( )

( ) ( )

s iz z p qs i

pqp 'q '
z z s is i p q

i2Real di2 k k d
0 * *
drc1 pq p'q ' q p ' i2 k k Real

1 e eˆ ˆˆ ˆ4 f o , i f o , i
+ κ −κ+ −

+ + − −
 − + κ −κ  

 − σ = πρ Γ Γ
 
 

              (2.41) 

For the second case, where i=3 and j=2, Substituting Equation 2.32 and Equation 2.33 into 

Equation 2.37 results in, 

( ) ( )
pq p 'q '

2
0 (3) *(2)
pqp'q ' t z s sA x

A

4 x
lim lim ds ds E x, s E x, s

A→∞ →∞

 π
σ = δρ 

 
∫ ∫  

( ) ( ) ( ) * *
s i s i zz z z p q p ' 's i

pqp 'q '

i si2 k k s0 * *
drc2 pq p'q ' p q ' z

d

ˆ ˆˆ ˆ4 f o , i f o , i ds e e
∞  + κ −κ +κ −κ+ −− − + +   

−

σ = πρ Γ Γ ∫  

Evaluating the integral, let the scaling or ordering parameter 𝛿𝛿 → 1 , and using some 

complex number simplifications results in a final expression for the scattering coefficient 

due to the second component of the direct-reflected coherent scatter.  

 ( ) ( )
( ) ( )

( ) ( )

s iz z p qs i

pqp 'q '
z z s is i p q

i2Real di2 k k d
0 * *
drc2 pq p'q ' p q ' i2 k k Real

1 e eˆ ˆˆ ˆ4 f o , i f o , i
− κ −κ− −

− − + +
 − − + κ −κ  

 − σ = πρ Γ Γ
 
 

         (2.42) 

The two direct-reflected coherent terms, contributes maximally when i sz zk k= , 

which occurs at two angles. The first angle corresponds to backscatter and the second 

angle corresponds to specular scatter. The contribution from these coherent terms 

decrease as the scattering angle goes away form the back or specular scattering angle. The 
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rate of decay will be shown later to be strongly dependent on the frequency and the layer 

depth.  

2.7.4 Reflected Scatter: 

The reflected term occurs when i=j=4, corresponding to a downward going scattered field 

and an upward going incident field. Both fields come into contact with the ground interface. 

This is depicted geometrically in Figure 2.9. 

 

Figure 2.9 Geometry for reflected scatter (i=j=4) 

Substituting Equation 2.50 into Equation 2.53 results in the following expression for the 

scattering coefficient, 

( ) ( )
pq p 'q '

2
0 (4) *(4)
pqp'q ' t z s sA x

A

4 x
lim lim ds ds E x, s E x, s

A→∞ →∞

 π
σ = δρ 

 
∫ ∫  

( ) ( )
* *

s i s i zp q p ' '

pqp 'q '

i s0 * * *
r pq p'q ' q q ' p p ' z

d

ˆ ˆˆ ˆ4 f o , i f o , i ds e
∞  κ +κ −κ −κ− + − +   

−

σ = πρδ Γ Γ Γ Γ ∫  

Evaluating the integral, let the scaling or ordering parameter 𝛿𝛿 → 1 , and using some 

complex number simplifications results in a final expression for the scattering coefficient 

reflected scatter. 

( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 * * *
r pq p'q ' q q ' p p ' 2Imag

1 eˆ ˆˆ ˆ4 f o , i f o , i
κ +κ

− + − +

− κ +κ

 − σ = πρ Γ Γ Γ Γ
 
 

                            (2.43) 
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The equations for the various bistatic scattering coefficients are re-written below for 

completeness. Note that the total bistatic scattering coefficient is simply the sum of the 

six scattering terms shown in Equations 2.44 through 2.49. 

( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 *
d pq p'q ' 2Imag

1 eˆ ˆˆ ˆ4 f o , i f o , i
− κ +κ

+ − + −

κ +κ

 − σ = πρ
 
 

                                         (2.44) 

( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 * *
dri1 pq p'q ' q q ' 2Imag

1 eˆ ˆˆ ˆ4 f o , i f o , i
κ −κ

+ + + +

κ −κ

 − σ = πρ Γ Γ
 
 

                               (2.45) 

( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 * *
dri2 pq p'q ' p p ' 2Imag

1 eˆ ˆˆ ˆ4 f o , i f o , i
−κ +κ

− − − −

−κ +κ

 − σ = πρ Γ Γ
 
 

                            (2.46) 

( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 * * *
r pq p'q ' q q ' p p ' 2Imag

1 eˆ ˆˆ ˆ4 f o , i f o , i
κ +κ

− + − +

− κ +κ

 − σ = πρ Γ Γ Γ Γ
 
 

                         (2.47) 

( ) ( )
( ) ( )

( ) ( )

s iz z p qs i

pqp 'q '
z z s is i p q

i2Real di2 k k d
0 * *
drc1 pq p'q ' q p ' i2 k k Real

1 e eˆ ˆˆ ˆ4 f o , i f o , i
+ κ −κ+ −

+ + − −
 − + κ −κ  

 − σ = πρ Γ Γ
 
 

           (2.48) 

( ) ( )
( ) ( )

( ) ( )

s iz z p qs i

pqp 'q '
z z s is i p q

i2Real di2 k k d
0 * *
drc2 pq p'q ' q p ' i2 k k Real

1 e eˆ ˆˆ ˆ4 f o , i f o , i
+ κ −κ− −

+ + − −
 − − + κ −κ  

 − σ = πρ Γ Γ
 
 

           (2.49) 

where, 
pqp 'q '

0
dσ is the direct scattering coefficient; 

pqp 'q '

0
dri1σ and 

pqp 'q '

0
dri2σ are the two-types of 

incoherent direct-reflected scattering coefficients; 
pqp 'q '

0
rσ is the reflected scattering coefficient; 

pqp 'q '

0
drc1σ and 

pqp 'q '

0
drc2σ are the two-types of coherent direct-reflected scattering coefficients.  
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Note that Eq. 2.48 and Eq. 2.49 are complex conjugates and can be combined into one equation 

given by Eq. 2.50, which represents the total coherent scattering contribution due to direct-

reflected scatter.  

( ) ( )
( ) ( )

( ) ( )

s iz z p qs i

pqp 'q '
z z s is i p q

i2Real di2 k k d
0 * *
drc pq p'q ' p q ' i2 k k Real

1 e eˆ ˆˆ ˆ8 f o , i f o , i Real
− κ −κ− −

− − + +
 − − + κ −κ  

 − σ = πρ Γ Γ
 
 

                (2.50) 

The total coherent bistatic scattering coefficient is computed by summing all of the above scattering 

contributions, 

pqp 'q ' pqp 'q ' pqp 'q ' pqp 'q ' pqp 'q 'pqp 'q '

0 0 0 0 0 0
c d dri1 dri2 drc rσ = σ +σ +σ +σ +σ                                                            (2.51) 

If the direct-reflected coherent term (Eq. 2.50) is not included in the summation, the result 

will be referred to as the incoherent bistatic scattering coefficient, 

pqp 'q ' pqp 'q ' pqp 'q ' pqp 'q 'pqp 'q '

0 0 0 0 0
i d dri1 dri2 rσ = σ +σ +σ +σ                                                                             (2.52) 
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Chapter 3  Scattering Amplitudes of Individual Scatterers 
In Chapter 2, the bistatic scattering coefficients for a layer of discrete random medium over 

a flat dielectric half-space was derived. One key parameter seen in these equations is the 

scattering amplitude ( )pq
ˆˆf o , i± ± . In this chapter, a few useful methods to calculate 

( )pq
ˆˆf o , i± ± will be presented. The first method, useful for Rayleigh-type scatterers 

[Ishimaru, 1997], describes ( )pq
ˆˆf o , i± ± in terms of its dipole polarizability. The second 

method, valid for resonant scatterers, uses an electrostatic approximation for the internal 

field of the scatterer. This method will be used to calculate ( )pq
ˆˆf o , i± ± for a thin circular 

dielectric disc and a thin dielectric cylinder, both of which are very useful in the radar 

modeling of vegetation. It will be shown that the electrostatic approximation converge to 

the dipole polarizability solution for Rayleigh-type scatterers.  

3.1 Dipole polarizability method 
 

 A scatterer is placed in a homogenous non-magnetic medium characterized by εr and 

µ0. If the size of the scatterer is much smaller than the surrounding wavelength, both the 

amplitude and phase of an incident wave are approximately constant over the whole 

volume of the scatterer. This incident field induces an electric charge with alternate signs 

on opposite sides of the scatterer, forming a dipole. The scattering from this dipole will be 

described in terms of a polarizability dyadic, and will be derived in this section.  

First, the internal field of a small scatterer can be expressed as the sum of its transverse 

and normal components, 
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z
t 'o

i o
r

E ˆE E z= +
ε

                                                                                                            (3.1) 

Expanding Equation 3.1 and expressing as a dyadic, 

'
' ' ' ' '

i
r

ẑˆ ˆ ˆ ˆ ˆx y x y z E
 

 + + ⋅ + +   ε 
  

' '
' ' ' '

i
r

ˆ ˆz zˆ ˆ ˆ ˆx x y y E
 

+ + ⋅ ε 
                                                                                                 (3.2) 

Next, the polarizability dyadic of a small scatterer, α can be represented in terms of its 

dipole moment Pmand the applied field, Ei, 

m o iP E= ε α ⋅                                                                                                                    (3.3) 

The polarization vector P of the scatterer in terms of the internal fields can be expressed 

as, 

( )int o i o r i o i o r iP D E E E 1 E= − ε = ε ε − ε = ε ε −                                                                  (3.4) 

Substituting Equation 3.2 into Equation 3.4. 

( )
' '

' ' ' '
o r i

r

ˆ ˆz zˆ ˆ ˆ ˆP 1 x x y y E
 

= ε ε − + + ⋅ ε 
                                                                               (3.5) 

The dipole moment Pm, of a dielectric scatterer is equal to the electric polarization vector, 

P , integrated over the volume of the scatterer. For an electrically small scatterer, 
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characterized by a constant P, the integral simplifies to the multiplication of P by the 

volume of the scatterer. 

m pP Pdv PV= =∫                                                                                                             (3.6) 

Equating, Equation 3.3 and Equation 3.6, 

p o iPV E= ε α ⋅   

And then substituting Equation 3.5 into Equation 3.6, results in, 

( )
' '

' ' ' '
o r i p o i

r

ˆ ˆz zˆ ˆ ˆ ˆ1 x x y y E V E
 

ε ε − + + ⋅ = ε α ⋅ ε 
                                                                  (3.7) 

Comparing the right and left hand side of Equation 3.7, gives an expression for the 

polarizability dyadic, α: 

( )
' '

' ' ' '
r p

r

ˆ ˆz zˆ ˆ ˆ ˆ1 V x x y y
 

α = ε − + + ε 
                                                                                   (3.8) 

Expressing α in spherical cooridinates: 

' ' ' ' ' '
r

ˆ ˆ ˆ ˆˆ ˆa r r a aθ φα = + θθ + φφ   

Note that, 

( ) ( ) ( )
( ) ( ) ( )
( ) ( )

' ' ' '

' ' ' '

' ' '

ˆ ˆ ˆ ˆr sin cos x sin sin y cos z
ˆ ˆ ˆ ˆcos cos x cos sin y sin z
ˆ ˆ ˆsin x cos y

= θ φ + θ φ + θ

θ = θ φ + θ φ − θ

φ = − φ + φ
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Substituting these expressions into Equation 3.8, 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

' ' ' ' ' '
r

' ' ' ' ' '

' ' ' '

ˆ ˆ ˆ ˆ ˆ ˆa sin cos x sin sin y cos z sin cos x sin sin y cos z

ˆ ˆ ˆ ˆ ˆ ˆa cos cos x cos sin y sin z cos cos x cos sin y sin z

ˆ ˆ ˆ ˆa sin x cos y sin x cos y

θ

φ

   α = θ φ + θ φ + θ θ φ + θ φ + θ   
   + θ φ + θ φ − θ θ φ + θ φ − θ   
   + − φ + φ − φ + φ   

 

Expand and collect the following nine-terms of the polarizability dyadic are: 

2 2 2 2 2
xx ra sin cos a cos cos a sinθ φα = θ φ+ θ φ+ φ                                                           (3.9) 

2 2 2
xy ra sin sin cos a cos sin cos a sin cosθ φα = θ φ φ+ θ φ φ− φ φ                                     (3.10) 

xz ra sin cos cos a sin cos cosθα = θ θ φ− θ θ φ                                                                 (3.11) 

yx xyα = α                                                                                                                       (3.12) 

2 2 2 2 2
yy ra sin sin a cos sin a cosθ φα = θ φ+ θ φ+ φ                                                          (3.13) 

yz a sin cos sin a sin cos sinθ φα = θ θ φ− θ θ φ                                                                  (3.14) 

zx xzα = α                                                                                                                       (3.15) 

zy yzα = α                                                                                                                       (3.16) 

2 2
zz ra cos a sinθα = θ+ θ                                                                                              (3.17) 

where, 
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( )

( )

r
r

r

r

1
a

1
a a 1θ φ

ε − χ
= =

ε + χ

= = ε − = χ

  

In [Lang and Sidhu, 1983], expressions for the backscatter coefficients for a layer of 

Rayleigh scatterers in terms of its dipole polarizability, α  are derived. Expressions for 

hhσ  are reproduced below,  

zh

h

zh

h

0
hhd hhdr hhr

4 4Im( )d
20 p

hhd hh
z

4
2 20 p

hhdr hh h

4 4Im( )d
4 20 p

hhr h hh
z

where,

k V 1 e
4 4 Im( )

k V
4 d

4
k V 1 e

4 4 Im( )

− κ

− κ

σ = σ +σ +σ

 δ −
σ = α   π κ 

δ
σ = α Γ

π
 δ − +

σ = Γ α   π κ 

  

These expressions can be obtained from the bistatic scattering coefficient equations, 

Equation 2.44, 2.45, 2.46, 2.47 and 2.48, derived in Chapter 2 by: 

- Use reciprocity (ie: ( ) ( )pp pp
ˆ ˆˆ ˆf o , i f o , i+ + − −=  ) 

- ˆô i= − (ie: backscatter) 

- p=q  

- 
i sz zk k= ( i sθ = ±θ ) 

- 
2
0kf

4
= α

π
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Also note that the binomial expansion of the exponential term results in the following 

simplification: 

( )

( )
( )( )

( )
s ip q

p q

s ip q
p q

2Imag d
s i

2Imag
s i

1 1 2 Im ag d1 e d
2 Im ag

κ −κ

κ −κ

− + κ − κ−
→ =

κ − κ
 

Note that α  is averaged over φ which has a uniform distribution over 2π. Substitute 

Equation 3.13 for αhh, in the expression for hhdσ ,since αhh = αyy [Lang and Sidhu, 1983] 

to get, 

zh

h

4 4Imag( )d
20 p 2 2 2 2 2

hhd r
z

k V 1 ea sin sin a cos sin a cos
4 4 Im ag( )

− κ

θ φ

 δ −
σ = θ φ+ θ φ+ φ   π κ 

 

zh

h

24 4Imag( )d
0 p 2 2 2 2 2

z

k V 1 esin sin cos sin cos
4 1 4 Im ag( )

− κ δ χ −
= θ φ+ χ θ φ+ χ φ   π + χ κ 

 

Expanding,

( )

( )
h

* * *
4 4 2 2 4 2 2 2

* *

4 *
0 p 2 2 4 * 4 4 * 2 2 2

*

*
2 2 2 * 2 2 2 * 4

*

4Imag d

h

sin sin sin cos sin sin sin cos
1 1 1 1

k V
sin cos sin cos sin cos sin cos

4 1

sin sin cos cos sin cos cos
1

1 e
4 Im ag

κ

χ χ χχ χχ
θ φ + θ θ φ + θ φ φ

+ χ + χ + χ + χ
δ χχ

= + θ θ φ + χχ θ φ + χχ θ φ φ
π + χ

χχ
+ θ φ φ + χχ θ φ φ + χχ φ

+ χ

−
⋅

κ

 
  
 

  

Integrating over the ϕ variable, which has a uniform distribution over 2π, and grouping 

terms results in, 
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( )( )
( )

( )
h4 * 4Imag d* * *

0 p 4 2
hhd * *

h

k V 3 1 2 1 esin sin 1
4 8 1 1 2 4 Im ag1 1

κ   χχ δ χ χ χ + χ + χχ − σ = θ − θ +   π + χ + χ κ+ χ + χ    
    (3.18) 

Substitute Equation 3.13 for 𝛼𝛼ℎℎ, in the expression for hhdrσ . 

4
2 20 p

hhdr hh h

4
2 20 p 2 2 2 2 2

r h

24
20 p 2 2 2 2 2

h

k V
4 d

4
k V

4 a sin sin a cos sin a cos d
4

k V
4 sin sin cos sin cos d

4 1

θ φ

δ
σ = α Γ

π
δ

= θ φ+ θ φ+ φ Γ
π

δ χ
= θ φ+ χ θ φ+ χ φ Γ

π + χ

 

( )( )
4 * * * *

20 p 4 2
hhdr h* *

k V 3 1 24 sin sin 1 d
4 8 1 1 2 1 1

  δ χχ χ χ χ + χ + χχ  σ = θ − θ + Γ
 π + χ + χ + χ + χ  

     (3.19) 

Finally, substitute Equation 3.13 for 𝛼𝛼ℎℎ, in the expression for hhrσ . 

zh

h

zh

h

zh

4 4Imag( )d
4 20 p

hhr h hh
z

4 4Imag( )d
240 p 2 2 2 2 2

h r
z

24 4Imag( )d
40 p 2 2 2 2 2

h

k V 1 e
4 4 Im ag( )

k V 1 ea sin sin a cos sin a cos
4 4 Im ag( )

k V 1 esin sin cos sin cos
4 1 4 Im a

− κ

− κ

θ φ

− κ

 δ − +
σ = Γ α   π κ 

 δ − +
= Γ θ φ+ θ φ+ φ   π κ 

δ χ − +
= Γ θ φ+ χ θ φ+ χ φ

π + χ
hzg( )

 
  κ 

 

( )( )
zh

h

4 * 4Imag( )d* * *
40 p 4 2

hhr h * *
z

k V 3 1 2 1 esin sin 1
4 8 1 1 2 4 Im ag( )1 1

− κ    δ χχ χ χ χ + χ + χχ − +  σ = Γ θ − θ +    π + χ + χ κ + χ + χ    

  (3.20) 

An illustrative example, reproducing the plot from Fig. 6 in [Lang and Sidhu, 1983] is 

performed. This plot displays backscatter versus incident angle, as seen in Figure 3.1. The 



 

40 
 

parameters used are reproduced in Table 3.1 below. It is interesting to note that backscatter 

due to the reflected scatter is much less than the other scattering terms, since it is 

proportional to 4
hΓ . In general the reflected scatter term can be ignored when modeling 

vegetation fields, unless the ground is saturated with moisture such as mangrove or rice 

fields. Also, the direct-reflected and reflected backscatter is seen to increase with 

increasing angles of incidence. This is due to the behavior of the Fresnel reflection 

coefficient for horizontal polarization, which increases and approaches 1 at a 90° incidence. 

The direct-reflected scattering contribution is also greater than the direct scatter 

contribution. Finally, note that the direct scatter term is relatively flat over all incident 

angles. This is due to the skin depth for the layer being larger than the layer depth. A plot 

of the skin depth is shown in Figure 3.2. Even at an incident angle of 80°, the skin depth is 

15.2 m, which is over an order of magnitude larger than the 1 m layer depth. Under this 

condition, the scatterers in the layer see about the same incident field, regardless of the 

incident angle.  

Parameter Value 

Frequency 400 MHz 

Layer Depth 1 m 

Disc Distribution 18/π over[0, π/18] 

Disc Density 500 

Disc Dielectric Constant 30.8+i0.62 

Ground Dielectric Constant 12+i3 

Disc Radius 7.5 cm 

Disc Thickness 0.5 mm 

Table 3.1 Parameters describing a layer of circular discs over a dielectric half-space 
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Figure 3.1 HPOL backscatter terms versus incident angle for a layer of circular 
discs 

 

Figure 3.2 HPOL skin depth for a layer of circular discs 

 

 

3.2 Scattering Coefficient of an Electrically Thin Dielectric Disc and Cylinder 
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In Section 3.1, the scattering coefficients for electrically small scatterers was developed 

using the dipole polarizability method. For larger scatterers, an approach developed by 

LeVine et al. (1985) will be used to derive the scattering coefficient of a thin dielectric 

disc.  

Consider a plane wave incident on a dielectric disc having thickness, T and a complex 

permittivity of 𝜀𝜀𝑟𝑟 , as shown in Figure 3.3. An incident plane wave of unit amplitude and 

polarization q� will excite currents that re-radiate a scattered field. 

 

Figure 3.3 Thin disc geoemetry 

If the scatterer is relatively thin (a >> t) and the radius is electrically large (a >> λ), then 

the induced electric field within the disc can be approximated by the electric field in an 

unbounded slab having the same orientation as the disc. At the disc boundary (z=t), the 

electric field can be expressed as a sum of the tangential and normal field components, 
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i it in ˆE E E z= +                                                                                                               (3.21) 

Both the tangential electric field and the normal displacement field must be continuous 

across the boundary and the internal fields can be expressed as: 

( )( )
( )

0 t

0 t

ˆik i x
it

ˆik i x
in

r

ˆ ˆ ˆ ˆE q q n n e

1 ˆ ˆ ˆE q n ne

+ ⋅

+ ⋅

= − ⋅

= ⋅
ε

  

The quasi-static approximation of the internal electric field within the disk is the sum of 

the tangential and normal components of the electric field, 

( ) ( )( ) ( ) 0 t
ˆik i x'

i it in
r

1ˆ ˆ ˆ ˆ ˆ ˆ ˆE x E E q q n n q n n e+ ⋅ 
= + = − ⋅ + ⋅ ε 

                                               (3.22) 

From [Levine et al. 1983], the dyadic scattering amplitude can be calculated from the 

internal fields as,  

( ) ( ) ( ) ( ) ( )'0

2
ˆik o x0 r ' '

i

k 1ˆˆ ˆ ˆ ˆf o, i;q I oo dv E x e
4

− ⋅ε −
= −

π ∫                                                         (3.23) 

Substituting in Equation 3.22 into 3.23, 

( ) ( ) ( )( ) ( ) ( ) ( )' '
0 t 0

2 ˆ ˆik i x ik o x0 r '

r

k 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆI oo dv q q n n q n n e e
4

+ ⋅ − ⋅ε −  
= − ⋅ − ⋅ + ⋅ π ε 

∫   

Applying the thin disc approximation: 

( ) ( ) ( ) ( )' ' ''0 0 t 0 t0
ˆ ˆ ˆik o x ik o x ik o xˆ ˆik o z ze e e e− ⋅ − ⋅ − ⋅− ⋅= =   
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( ) ( ) ( )( ) ( ) ( ) ( )' '
0 t 0 t

2 ˆ ˆik i x ik o x0 r '

r

k 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆI oo dv q q n n q n n e e
4

+ ⋅ − ⋅ε −  
= − ⋅ − ⋅ + ⋅ π ε 

∫  

Setting (ϵr − 1) =  𝜒𝜒   and factoring out the ˆ ˆq n⋅ term, the final expression for the 

scattering amplitude of a thin planar dielectric scatterer can be expressed as,  

( ) ( ) ( ) ( ) '
0 t

2 ˆ ˆik i o x'0kˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆf o, i;q I oo q q n n dv e
4 1

+ − ⋅ χ χ
= − ⋅ − ⋅ π + χ 

∫                                           (3.24) 

For a circular disc, the integral can be replaced with a Bessel function, 

( ) ( ) ( )
2
0

1 s
s

k 2 aTˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆf o, i;q I oo q q n n J (k a)
4 1 k

  χ χ π
= − ⋅ − ⋅   π + χ   

                                       (3.25) 

1J is a Bessel function of the first kind.  

A comparison for HH-pol backscatter from a layer of discs versus incident angle using 

Equation 3.25 (thin-disc model) and the dipole model is shown in Fig. 3.4. The model 

parameters are detailed in Table 3.1. A plot comparing the total backscatter versus incident 

angle from the dipole and thin-disc methods is shown in Figure 3.4. 
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Figure 3.4 Comparison of HPOL backscatter versus incident angle predicted by 
dipole and thin disc model for a disc radius at the Raleigh limit 

First, it is observed that both methods agree quite well for low incident angles, from 10° to 

about 30°. After 30° the two methods diverge. Note that the discs are at the Rayleigh limit 

(ie: wavelength divided by the radius of disc is equal to 0.1), where the validity of the 

dipole approximation becomes questionable. Reducing the size of the disc by a factor of 

two shows that the scattering predicted from the dipole method and the thin-disc method 

are much closer, as shown in Figure 3.5, where a worse case difference of 0.3 dB at 80° 

incident angle is seen. 
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Figure 3.5 Comparison of HPOL backscatter versus incident angle predicted by dipole and 
thin disc model for a disc radius less than the Raleigh limit 

 

3.3 Thin-disc model reduction to the dipole model 
 

As seen in Section 3.2, the dipole polarizability formulation and the thin-disc formulation 

results appear to diverge for electrically large scatterers and converge for electrically small 

scatterers. It will be instructive to show analytically that the expressions derived using the 

thin disc model converges to the exact expressions derived via the dipole polarizability 

method as the disc becomes electrically small. This will be shown for the HH case and for 

a circular disc having a radius of ‘a’, thickness ‘t’ and a volume of ‘Vp’. First, for the thin 

disc model, the HH component from the scattering amplitude dyadic for the thin disc given 

in Equation 3.25 is extracted, 
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( ) ( )
2 2
0

hh 1 s
s

k 2 aTˆ ˆ ˆ ˆf i, i 1 h n J (k a)
4 1 k

  χ χ π
− = − ⋅   π + χ   

                                                       (3.26) 

For an electrically small scatterer, set sk a 1<< and use the small-argument approximation 

of the Bessel function,  

( ) ( )
2 2

20
hh

kˆ ˆ ˆ ˆf i, i 1 h n a T
4 1

 χ χ
− = − ⋅ π π + χ 

                                                                       (3.27) 

Noting the geometry from Figure 3.1,  

i i

ˆ ˆ ˆ ˆn x sin sin ysin cos z cos
ˆ ˆ ˆh x sin y cos

= θ φ+ θ φ+ θ

= φ + φ
  

Substituting into Equation 3.27, 

( ) ( )
2 2

2 20
hh

i

k a Tˆ ˆf i, i 1 sin cos
4 1

where

 χπ χ
− = − θ Φ π + χ 

Φ = φ−φ
                                                            (3.28) 

Substituting Equation 3.28 into Equation 2.70, 

( ) ( )

( ) ( )

( )
( )

( )

sh

hh sh

sh

sh

4Im d
0 *
d pp pp 4Im

2 2 2 * 2 4Im d*
2 2 2 20 0

4Im*

24 2 2 *
0 2 2

2 *

1 eˆ ˆ ˆ ˆ4 f i, i f i, i

k a T k a T 1 e4 1 sin cos 1 sin cos
4 1 4 1

4 k a T
1 sin cos s

1 14

− κ

κ

− κ

κ

 −
σ = πρ − −  

 

      χπ χ πχ χ −
= πρ − θ Φ − θ Φ        π + χ π + χ       

πρ χ π χ χ
= − θ Φ −

+ χ + χπ
( ) ( )

sh

sh

4Im d*
2 2 4 4

4Im*
1 ein cos sin cos

1 1

− κ

κ

  χ χ −
θ Φ + θ Φ   + χ + χ   

 

Integrating over Φ from [0,2π], 

( )
( )

( )
sh

sh

24 2 2 4Im d* 2 2 *
0 4

2 4Im* *

4 k a T sin sin 3 1 e1 sin
1 2 1 2 8 1 14

− κ

κ

πρ χ π       χ θ χ θ χ χ −
= − − + θ      + χ + χ + χ + χπ       
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Finally, grouping like-terms, 

( )
( )( )

sh

sh

24 2 2 4Im d* * *
0 4 2

4Im* *

k a T 3 1 2 1 esin sin 1
4 8 1 1 2 1 1

− κ

κ

  ρ χ π  χ χ χ + χ + χχ −  = θ − θ +  π + χ + χ + χ + χ     
(3.29) 

Replacing  pV
ρ =

δ
 where 2

pV a T= π  in Equation 3.29 results in, 

( )( )
sh

hh sh

24 4Im d* * *
0 p0 4 2

d 4Im* *

k V 3 1 2 1 esin sin 1
4 8 1 1 2 1 1

− κ

κ

  χ δ  χ χ χ + χ + χχ −  σ = θ − θ +  π + χ + χ + χ + χ     

      (3.30) 

Note that Equation 3.30, which is the HH direct-backscatter term derived using the thin-

disc approximation, under the assumption that the thin-disc is electrically small, is exactly 

the same as Equation 3.18, which is the dipole approximation for the HH direct-backscatter 

term.  

Similarly, if Equation 3.28 is substituted into Equation 2.71, the expression for the direct-

reflected scatter terms derived via the thin-disc model will equal the expression derived 

using the dipole polarizability method, for an electrically small disc. 

( ) ( )

( ) ( )

hh

0 * *
dr hh hh h h

2 2 2 * 2 *
2 2 2 2 *0 0

h h*

ˆ ˆ ˆ ˆ16 f i, i f i, i d

k a T k a T16 1 sin cos 1 sin cos d
4 1 4 1

σ = πρ − − Γ Γ

     χπ χ πχ χ
= πρ − θ Φ − θ Φ Γ Γ       π + χ π + χ     

 

( )( )
24 * * *

20 p 4 2
h* *

k V 3 1 24 sin sin 1 d
4 8 1 1 2 1 1

 δ χ χ χ χ + χ + χχ = θ − θ + Γ
π + χ + χ + χ + χ  

          (3.31) 

Note that Equation 3.31, which is the HH direct-reflected backscatter term derived using 

the thin-disc approximation, under the assumption that the thin-disc is electrically small, is 
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exactly the same as Equation 3.19, which is the dipole approximation for the HH direct-

reflected backscatter term.  

The final scatter term is the reflected term. Substitute Equation 3.28 into Equation 2.72, 

( ) ( )( )

( ) ( )

sp

pp sp

sp

sp

4Im d
0 * 4
r pq pp p 4Im d

4Im d2 2 2 * 2 *
2 2 2 2 40 0

p 4Im d*

1 eˆ ˆ ˆ ˆ4 f i, i f i, i

k a T k a T 1 e4 1 sin cos 1 sin cos
4 1 4 1

κ

κ

κ

κ

 − +
σ = πρ − − Γ  

  
      χπ χ πχ χ − +

= πρ − θ Φ − θ Φ Γ         π + χ π + χ        

 

( )( )
sp

sp

2 4Im d4 * * *
0 p 4 4 2

p 4Im d* *

k V 3 1 2 1 esin sin 1
4 8 1 1 2 1 1

κ

κ

   δ χ χ χ χ + χ + χχ − + = Γ θ − θ +  
π + χ + χ + χ + χ     

(3.32) 

Note that Equation 3.32, which is the HH reflected backscatter term derived using the thin-

disc approximation, under the assumption that the thin-disc is electrically small, is exactly 

the same as Equation 3.20, which is the dipole approximation for the HH reflected 

backscatter term. A numerical example using parameters from Lang and Sidhu (1981) in 

Fig.12 is tabulated below in Table 3.2.  

 

Parameter Value 

Frequency 1800 MHz 

Layer Depth 1 m 

Disc Distribution 18/π over[0, π/18] 

Disc Density 4000 

Disc Dielectric Constant 30.8+i0.62 
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Ground Dielectric 

Constant 

12+i3 

Disc Radius 7.5 cm 

Disc Thickness 0.5 mm 

Table 3.2 Parameters for a layer of circular discs sized at the Raleigh limit, over a dielectric 
half-space 

The backscatter from HH is computed using the dipole approximation and the thin disc 

approximation as a function of the electrical size of the disc. The electrical size of the disc 

is taken to be the ratio of the disc radius to the wavelength. As shown in Figure 3.6, as the 

size of the disc decreases, the backscatter predicted from the dipole model versus the thin-

disc model converges. Note that when the ratio of the disc radius to the wavelength is equal 

to 0.1, this is known as the Rayleigh limit [Ishimaru, 1977]. 

   

Figure 3.6 Comparison of HPOL backscatter versus electrical size using dipole vs thin 

disc model 

3.4 Scattering from a thin dielectric cylinder 
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A similar electrostatic approximation, described in Seker (1988) can be used to calculate  

the scattering amplitude, ( )f o , i± ±  for a thin dielectric cylinder.  The thin cylinder has a 

radius of a, length L, and a complex relative permittivity 𝜀𝜀𝑟𝑟. At the cylinder boundary (r=a), 

the electric field induced in the cylinder from a plane wave source, can be expressed as a 

sum of the tangential and normal field components. 

i it in ˆE E E z= +                                                                                                               (3.33) 

Applying boundary conditions (ie: tangential electric field and the normal displacement 

field must be continuous across the boundary), the internal field can be expressed as, 

The internal fields can be expressed as: 

( ) 0 t
ˆik i x

t ˆ ˆ ˆE q z ze+ ⋅= ⋅                                                                                                         (3.34) 

( ) 0 t
ˆik i x

n
r

2 ˆ ˆ ˆ ˆE q q z ze
1

+ ⋅= − ⋅
+ ε

                                                                                         (3.35) 

The quasi-static approximation of the internal electric field within the disk can now be 

expressed as the sum of the tangential and normal components of the internal fields, given 

by Equation 3.34 and 3.35. 

( ) ( ) 0 t
ˆik i x

i
r

2ˆ ˆ ˆˆ ˆ ˆ ˆE q z z q q z z e
1

+ ⋅ 
= ⋅ + − ⋅ + ε 

                                                                      (3.36) 

Substituting Equation 3.36 into Equation 3.23, From Levine et al 1983, the dyadic 

scattering amplitude can be calculated by: 
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( ) ( ) ( ) ( ) ( ) ( )'00 t

2
ˆik o xˆ0 r ik i x'

r

k 1 2ˆˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆf o, i I oo dv q z z q q z z e e
4 1

− ⋅+ ⋅ε −  
= − ⋅ + − ⋅ π + ε 

∫  

Applying the thin cylinder approximation, 

( )' ' ' '0 0 t 0 0 t
ˆik o x ˆ ˆ ˆˆik o x ik o zz ik o xe e e e− ⋅ − ⋅ − ⋅ − ⋅= =   

( ) ( ) ( ) ( ) ( )'
0 t0 t

2
ˆik o xˆ0 r ik i x'

r

k 1 2ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆI oo dv q z z q q z z e e
4 1

− ⋅+ ⋅ε −  
= − ⋅ + − ⋅ π + ε 

∫  

( ) ( ) ( ) ( ) ( ) '
0 t

2 ˆ ˆik i o x0 r '

r

k 1 2ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆI oo q z z q q z z dv e
4 1

+ − ⋅ε −  
= − ⋅ + − ⋅ π + ε 

∫                                  (3.37) 

The integral can be evaluated as follows: 

( ) ( )' '
0 t 0

Lˆ ˆˆ ˆ ˆik i o x ik i o z z' 2 '

0

dv e a dz e+ − ⋅ + − ⋅
= π∫ ∫   

Note that, 

i i i i i

s s s s s

ˆ ˆ ˆ ˆi x sin cos ysin sin z cos
ˆ ˆ ˆ ˆo x sin cos ysin sin z cos
= − θ φ − θ φ − θ
= θ φ + θ φ + θ

  

Substituting into the integral expression, 

( ) ( )

( )

( )

'
0 i s

0 i s

L
ik cos cos z2 '

0

ik cos cos L
2

0 i s

ˆˆ ˆf o, i;q a dz e

1 ea
ik cos cos L

− θ + θ

− θ + θ

= π

 −
= π  

θ + θ  

∫
  

Now, substitute into Equation 3.37, 



 

53 
 

( ) ( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( )

( )

( )
( ) ( )

0 i s

0 i s

2 ik cos cos L
0 r 2

r 0 i s

2 ik cos cos L
0 r 2

r r 0 i s

2
0 r

k 1 2 1 eˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆI oo q z z q q z z a
4 1 ik cos cos

k 1 2 2 1 eˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆI oo q z z q q z z a
4 1 1 ik cos cos

k 1
ˆ ˆ ˆI oo

4

− θ + θ

− θ + θ

 ε −   −
= − ⋅ + − ⋅ π   π + ε θ + θ    

 ε −   −
= − ⋅ + − ⋅ π   π + ε + ε θ + θ    

ε −
= −

π
( )

( )

( )
0 i sik cos cos L

2

r r 0 i s

2 2 1 eˆˆ ˆq z z 1 q a
1 1 ik cos cos

− θ + θ    −
⋅ − + π    + ε + ε θ + θ     

 

The final expression for the dyadic scattering amplitude for a thin dielectric cylinder is:

( ) ( ) ( )
( )

( )
0 i s2 2 ik cos cos L

0 r r

r r 0 i s

k 1 a 1 2 1 eˆˆ ˆ ˆ ˆ ˆˆ ˆf (o, i) I oo q z z q
4 1 1 ik cos cos

− θ + θ  ε − π  ε − −
= − ⋅ +    π ε + + ε θ + θ     

  (3.38) 

3.5 Numerical electromagnetic solutions 
 

In this section, the use of numerical electromagnetic solvers will be discussed. For non-

canonical shapes or inhomogeneous dielectric constant profiles, the use of a numerical 

electromagnetic field solver is required. As an example, a cylinder having a periodic 

dielectric constant profile will be investigated. This model will be useful in modeling a 

corn stalk [Lang et al. 2014]. The approximations described in the previous sections are 

valuable and provide insight into the scattering behavior of canonical shapes, however, 

cannot be used to solve this problem. Using a commercial electromagnetic solver (FEKO), 

which is based on the Method of Moments [Harrington, 1968], the scattering amplitude 

can be found.  

The periodic dielectric cylinder is pictured in Figure 3.7. The cylinder has a diameter of 

‘d’, and two sections that repeat. The first section has a length of 1h and dielectric constant 

of r1ε  and the second section has a length of 2h  and a dielectric constant of r2ε . These 

sections of length h1+h2 are repeated  p-times.  



 

54 
 

 

Figure 3.7. Periodic dielectric constant cylinder 

This cylinder with parameters shown in Fig. 3.7 is excited with a 1.25 GHz plane wave at 

40° incidence. The cylinder is modeled in FEKO and the back and bistatic scattering 

amplitudes are computed. Recall from Ch. 2, that the back and bistatic scattering 

amplitudes are required in order to compute the scattering coefficients. The result is plotted 

in Figure 3.8 for both HH-pol and VV-pol.  

 

Figure 3.8 Simulated back and bistatic scattering coefficients. 

It is worthwhile to consider whether there exists a uniform dielectric constant that can 

replace the complex periodic dielectric constant. From [Ishimaru, 1997], any periodic 

dielectric structure can support an infinite set of modes having varying wave numbers, 
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known as space harmonics. At low frequencies, the periodic dielectric structure allow only 

the lowest mode to propagate, so that the layer acts approximately as if it had a uniform 

dielectric constant equal to an average value for the periodic layer. Using a basic volumetric 

dielectric mixing model,  

p
1 p 1 p 2 p 2 p

eff
1 1 p 2 p

h h1
p h h

− − − −

− −

ε + ε
ε =

+∑                                                                                        (3.39) 

where 1 ph −   and 2 ph −   are the lengths of the p-th pair; 1 p−ε  and 2 p−ε are the dielectric 

constant of the p-th pair, and p is the number of pairs in the cylinder. Now replacing the 

cylinder with a homogeneous dielectric constant using Eq. 3.39, the back and bistatic 

scattering amplitudes are computed and plotted in Figure 3.9, along with the results from 

the periodic cylinder model. Clearly, at 1.25 GHz and 40° incident angle, Eq. 3.39 is a very 

good approximation.  

  

Figure 3.9 Comparison of back and bistatic scattering amplitudes for a periodic and 
approximate uniform stalk models 

Another scattering geometry that can be simplified using dielectric mixing is a three-layer 

cylinder. This structure consists of three concentric layers with different dielectric 

constants, as picture in Fig. 3.10. 
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Fig. 3.10 Cross-sectional view of a three layer cylinder 

The effective dielectric constant can be expressed as,

2 2 2 2 2
1 2 1 3 2

eff cob r1 r 2 r32 2 2
3 3 3

d d d d d
d d d−

− −
ε = ε + ε + ε                                                                  3.40 

 

  

d1

d2

d3

ϵr1

ϵr3

ϵr2
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Chapter 4 Enhancement Effects 
In Chapter 2 the derivation for the bistatic scattering coefficients from a layer of 

random medium over a dielectric half-space was presented. In this chapter, these results 

will be used to show that at certain angles, the waves within the layer can form conjugate 

paths, resulting in an increase in scattered power. Even though enhanced backscatter is a 

well-known phenomenon in acoustics, microwave and optical regimes, the majority of the 

published literature relates to the like-polarized case. In this chapter, the behavior of 

enhanced backscatter for both like and cross-polarized case will be studied. In addition, 

details of parameters that can mask coherent effects will also be discussed.  

4.1 Qualitative overview of enhanced backscatter 
 

In this section, the concept of enhanced backscatter will be presented. In optics the 

effect is often called coherent backscatter and is a multiple scattering event, where on 

average, the scattering from a discrete set of particles in a medium will tend to 

constructively add in the direction towards backscatter [Ishimaru, 1978]. As shown in 

Figure 4.1, conjugate wave pairs (or a pair of waves having the same trajectory, traveling 

in opposite directions) are the source of enhanced backscatter, since they add coherently in 

the backscatter direction, due to having the same phase. Away from backscatter, as seen in 

Figure 4.1b, the path lengths for the wave pairs are no longer identical (ie: the waves have 

different phases), resulting in a reduction in enhanced backscatter.  
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Figure 4.1 Enhanced backscatter due to multiple scattering geometry 

Enhanced backscatter is not exclusive to multiple scattering in discrete random media, 

but can exist under single scattering in the presence of a reflecting plane, as shown in Figure 

4.2. The reflecting plane mimics multiple scatter, creating the conjugate wave pairs. In 

figure 4.2a, each wave traverses the same path, but in opposite directions, resulting in a 

pair of coherent waves. Away from backscatter, as shown in Figure 4.2b, the path lengths 

are no longer equal; therefore the two waves are no longer fully coherent, resulting in a 

reduction in enhancement at this angle. The next section will present a more theoretical 

formulation to describe the enhanced scattering that occurs under a single scattering 

approximation in the presence of a reflecting plane. 

 

Figure 4.2 Enhanced backscatter due to single scattering in the presence of a reflecting 
surface geometry 

4.2 Enhanced Backscatter  
 

The presence of a reflecting ground plane, which generates a reflected wave, is the 

source of enhanced backscatter. From Chapter 2, recall that there are three expressions for 

the bistatic scattering coefficients, Equations 2.45, 2.46, and 2.49, for waves that undergo 
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a single reflection, known as direct-reflected scatter. This type of scattering is due to scatter 

paths that are either reflected from a ground plane and then scattered, or scattered and then 

reflected from a ground plane. These equations are reproduced below, 

( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 * *
dri1 pq p'q ' q q ' 2Imag

1 eˆ ˆˆ ˆ4 f o , i f o , i
κ −κ

+ + + +

κ −κ

 − σ = πρ Γ Γ
 
 

                                    (4.1) 

( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 * *
dri2 pq p'q ' p p ' 2Imag

1 eˆ ˆˆ ˆ4 f o , i f o , i
−κ +κ

− − − −

−κ +κ

 − σ = πρ Γ Γ
 
 

                                  (4.2) 

( ) ( )
( ) ( )

( ) ( )

s iz z p qs i

pqp 'q '
z z s is i p q

i2Real di2 k k d
0 * *
drc pq p'q ' p q ' i2 k k Real

1 e eˆ ˆˆ ˆ8 f o , i f o , i Real
− κ −κ− −

− − + +
 − − + κ −κ  

 − σ = πρ Γ Γ
 
 

                 (4.3) 

Recall that Equations 4.1 and 4.2 are the incoherent direct-reflected terms and Equation 

4.3 is the coherent direct-reflected term. The incoherent terms contribute over all angles, 

whereas the coherent term does not. On closer inspection of Equation 4.3, the coherent 

term contribute maximally when 
i sz zk k= , which occurs at two angles, backscatter and 

specular and is known as either enhanced backscatter or enhanced specular scatter. First, 

the enhanced backscatter for both like and cross-polarization cases will be discussed, 

followed by enhanced specular backscatter.  

4.2.1 Backscatter, Like-Polarization 

In order to see the effect of the direct-reflected coherent terms at backscatter, apply the 

following to Equations 4.1 through 4.3: 

- Use reciprocity (ie: ( ) ( )pp pp
ˆ ˆˆ ˆf o , i f o , i+ + − −=  ) 
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- ˆô i= −  

- p=q  

- 
i sz zk k= ( i sθ = ±θ ) 

Also note that the binomial expansion of the exponential term results in the following 

simplification: 

( )

( )
( )( )

( )
s ip q

p q

s ip q
p q

2Imag d
s i

2Imag
s i

1 1 2 Im ag d1 e d
2 Im ag

κ −κ

κ −κ

− + κ − κ−
→ =

κ − κ
 

Applying the above, the backscattering coefficients for both the incoherent and coherent 

direct-reflected terms reduce to:  

( ) ( )pp '

0 * *
dri1 pp p'p ' p p '

ˆ ˆ ˆ ˆ4 f i , i f i , i d− + − +σ = πρ − − Γ Γ                                                              (4.5) 

( ) ( )ppp ' p '

0 * *
dri2 pp p'p ' p p '

ˆ ˆ ˆ ˆ4 f i , i f i , i d− − − −σ = πρ − − Γ Γ                                                            (4.6) 

( ) ( )ppp ' p '

0 * *
drc1 pp p'p ' p p '

ˆ ˆ ˆ ˆ8 f i , i f i , i d− + − +σ = πρ − − Γ Γ                                                            (4.7) 

 

 

 

At backscatter, the coherent direct-reflected term (Equation 4.7) equals the sum of the 

incoherent direct-reflected terms (Equation 4.5 and Equation 4.6), due to reciprocity in the 
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scattering amplitude function. In other words, the coherent term doubles the power at 

backscatter, or causes a 3 dB increase in power at backscatter, [Lang and Khadr, 1992]  

In addition to an enhancement peak, there is also an associated enhancement width, 

which characterizes how quickly the peak decreases away from the backscattering angle. 

This enhancement width depends on the frequency, angle of incidence and layer properties. 

In order to characterize the enhancement width, the bistatic equations are needed. In 

particular, the enhancement width can be seen to be proportional to the 
( )

( )
z zs i

s i

i2 k k d

z z

1 e
i2 k k

− −
−

−
 

term. To find the first null in this function, manipulate as follows, 

( )

( )
( )

( ) ( )( )
( )

( ) ( )( )
( )

z z z zs i s i
z zs i

z zs i

s i s i

s iz zs i

s i

i k k d i k k d
i2 k k d

i k k d

z z z z

z zi k k d

z z

e e1 e e
i2 k k i2 k k

sin k k d
e

k k

+ − − −
− −

− −

− −

−−
=

− −

−
=

−

 

Multiply top and bottom by d, to get into sinc-form. 

( ) ( )( )
( )

( ) ( )( )
( )( ) ( )( ) ( )( )

s iz zs i

s i

z zs i

s i

s i s i s i

z zi k k d

z z

i k k d
z z

z z z z z z

sin k k d
de

k k d

de sin c k k d

d cos k k d isin k k d sin c k k d

− −

− −

−
=

−

= −

 = − − − − 

 

The enhancement width is proportional to, ( )( ) ( )( )s i s iz z z zd cos k k d sin c k k d − −  . 

The first null in this function can be found by setting, 
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( )s iz zk k d
2
π

− =  

 Note that 
iz o ik k cos= θ  and 

sz o sk k cos= θ  

( )o s ik cos cos d
2
π

θ − θ =  

Let s iθ = θ + ∆θ  where ∆θ  is the angle from the incident angle to the first null. 

( )( )o i ik cos cos d
2
π

θ + ∆θ − θ =  

Solving for ∆θ  and multiplying by two results in an expression for the enhancement width. 

1
i i

o

2 cos cos
2k d

−  π
∆θ = + θ −θ  

   
                                                                                (4.8) 

From Equation 4.8, enhancement width is seen to be dependent on the incident angle and 

the layer thickness. As a check on the validity of Equation 4.8, a comparison will be made 

with previously published results from Figure 6 in [Lang and Khadr, 1992]. The 

comparison is tabulated in Table 4.1, which shows good agreement between the two, with 

a small error due to reading from a graph.  
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Frequency (GHz) Layer Thickness (m) Enhancement 

Width (degrees) 

from [Lang and 

Khadr, 1992] 

Enhancement 

Width (degrees) 

from Equation 4.8 

0.5 1 ~ 32 32.71 

1 1 ~ 14 14.5 

2 1 ~ 7 6.94 

Table 4.1 Comparison of predicted enhancement width using Equation 4.9 and Figure 

6 from Lang and Khadr 

4.2.2 Backscatter, Cross-Polarization 

In order to see the effect of the coherent terms for the cross-polarized case, apply the 

following to Equations 4.1 through 4.4,  

- Use reciprocity (ie: ( ) ( )pp pp
ˆ ˆˆ ˆf o , i f o , i+ + − −=  ) 

- ˆô i= −  

- p≠q  

- 
i sz zk k= ( i sθ = ±θ ) 

These are seen in Equations 4.9 through 4.11, where Equations 4.9 and 4.10 are the 

incoherent terms and Equation 4.11 is the coherent term. Unlike the like-polarized case, 

these equations cannot be simplified further, so the effect of the coherent term is not as 

obvious.  
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( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 * *
dri1 pq p'q ' q q ' 2Imag

1 eˆ ˆ ˆ ˆ4 f i , i f i , i
κ −κ

− + − +

κ −κ

 − σ = πρ − Γ Γ
 
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                                (4.9) 

( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

2Imag d
0 * *
dri2 pq p'q ' p p ' 2Imag

1 eˆ ˆ ˆ ˆ4 f i , i f i , i
−κ +κ

− − − −

−κ +κ

 − σ = πρ − − Γ Γ
 
 

                            (4.10) 

( ) ( )
( )

( )

s ip q

pqp 'q '
s ip q

i2Real d
0 * *
drc pq p'q ' q p ' i2 Real

1 eˆ ˆ ˆ ˆ8 f i , i f i , i
+ κ −κ

− + − −
 κ −κ  

 − σ = πρ − − Γ Γ
 
 

                            (4.11) 

Examining the above equations, a major difference in particular between the coherent and 

the incoherent terms are the Fresnel reflection coefficients being dissimilar for the coherent 

terms. If p=h (for horizontal polarization) and q=v (for vertical polarization), the Fresnel 

reflection coefficients can be computed from Equations 4.12 and 4.13.   

2
i g i

h 2
i g i

cos sin

cos sin

θ − ε − θ
Γ =

θ + ε − θ
                                                                                           (4.12) 

2
g i g i

v 2
g i g i

cos sin

cos sin

ε θ − ε − θ
Γ =

ε θ + ε − θ
                                                                                       (4.13) 

where iθ is the incident angle and gε is the dielectric constant of the ground. An example 

plot of Equations 4.12 and 4.13 would be helpful in highlighting key characteristics of hΓ

and vΓ . For an gε equal to 23, the magnitude of hΓ and vΓ is plotted versus a range of 

incident angles, as seen in Figure 4.3.  
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Figure 4.3 HPOL and VPOL Fresnel reflection coefficient, magnitude and phase  

A couple of important observations can be made from this plot. First, the magnitude of hΓ

is always less than or equal to the magnitude of vΓ . Second, for vΓ , there exists an incident 

angle where there is zero reflection, known as the Brewster angle, Bθ [Balanis, 2012]. In 

this example, Bθ is about 79.5°. Note that there is no equivalent Bθ  for the horizontally 

polarized reflection coefficient.  Third, when the incident angle is less than the Brewster 

angle ( )i Bθ < θ ,  there is a 180° phase difference between the  hΓ  and vΓ . However, an 

abrupt change occurs when the incident angle is greater than the Brewster angle ( )i Bθ > θ

, where the phase of hΓ  and vΓ are equal.  

Using these observations about the Fresnel reflection coefficients in Equations 4.12 

and 4.13 reveals that when i Bθ < θ , there is an out-of-phase condition between hΓ  and vΓ

, resulting in the coherent terms having a negative sign, which causes the scattering 

coefficient to decrease at the backscatter angle. When i Bθ > θ , because the phases of hΓ  

and vΓ are equal, there is an increase at the backscatter angle. Finally, when i Bθ = θ , the 

case where there is zero reflection, there is zero enhancement.  
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Note that the above discussion assumed a lossless dielectric half-space. If loss is 

included, there are some changes that occur. To see this, plots of the magnitude and phase 

of hΓ  and vΓ  with gε equal to 23+i14.1 are generated in Figure 4.4. The main difference 

when looking at the magnitude plot, is seen at the Brewster angle, where instead of zero 

reflection, there is an angle where there is minimal reflection. The main difference when 

looking at the phase plot, is the instantaneous 180° phase change at the Brewster angle is 

now more gradual.  

 

Figure 4.4 HPOL and VPOL Fresnel reflection coefficient, magnitude and phase (lossy) 

The behavior of the Fresnel reflection coefficients is not the only term in Eq. 4.11causing 

a polarity change between positive and negative. The bracketed exponential term, in Eq 

4.11, 
( )

( )

s ip q

s ip q

i2Real d

i2 Real

1 e
− κ −κ

 − κ −κ  

 − 
 
 

, which will be denoted by Ψ , also varies between positive and 

negative values as a function of
p qs iκ − κ . A plot of Ψ versus 

p qs iκ − κ is shown in Fig. 

4.5, which shows a damped periodic oscillatory behavior, which takes on positive and 

negative values.  
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Figure 4.5 Exponential coherent scattering termΨ  vs differential propagation constant

p qs iκ − κ  

4.3  Enhanced Specular Scatter 
 

To this point, enhancement effects have been exclusive to backscatter. In this section, 

enhancement effects will be shown to also show up at another angle, namely at the specular 

angle, which is not often published in the literature. Note that the coherent direct-reflected 

scattering coefficient expressions contribute maximally when 
i sz zk k= . This equality 

holds for two angles, when i sθ = θ  (backscatter) and when i sθ = −θ  (specular scatter).  

At this point it would be instructive to show some plots for the bistatic scattering 

coefficients. Simulating a layer of thin dielectric discs, with parameters given in Table 4.2, 

the bistatic scattering coefficients are plotted versus the scattering angle, for an incident 

angle of 45°. For convenience, the scattering angles are swept to encompass both 

backscatter and specular scatter. It is important to note that the specular reflection of the 

mean field is not accounted for in these plots, since the interest is in the behavior of the 

enhancement.  
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First, in Figure 4.6, all the components of 0
HHσ (direct, direct-reflected incoherent, 

direct-reflected coherent, reflected) are plotted versus the scattering angle, in addition to 

the total incoherent and coherent 0
HHσ . First, the reflected component is much lower than 

the rest of the scattering terms. This is usually true for most cases since the backscatter 

from the reflected term is proportional to the fourth power of the Fresnel reflection 

coefficient, as seen in Equation 2.47. Unless the ground is saturated with moisture, like rice 

or mangrove fields, this term can generally be ignored. Second, a 3 dB enhancement is 

seen between the coherent direct-reflected and the incoherent direct-reflected terms at both 

backscatter angle of -45° and at the specular scattering angle of +45° and this enhancement 

decreases away from the back and specular scattering angles. Finally, note that the 

enhancement for the total 0
HHσ is about 1.5 dB. This is important to note that if the other 

scattering terms are of the same order (or dominant), the enhancement effect due to the 

coherent terms are reduced.   

Parameter Value 

Frequency 1500 MHz 

Incident Angle 45° 

Layer Depth 1 m 

Disc Distribution cosθ  [0, π/2] 

0 elsewhere 

Disc Density 4000 per/m3 

Disc Dielectric Constant 17.0+i5.55 

Ground Dielectric Constant 23+i14.1 
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Disc Radius 3.0 cm 

Disc Thickness 0.2 mm 

Table 4.2 Parameters for a layer of circular discs over a dielectric half-space taken 
from [Nagi, 1994, (Table 5.1)]  

3 dB

1.5 dB

3 dB

1.5 dB

 

Figure 4.6 SigmaHH bistatic scatter from a circular layer of discs over a 

dielectric half-space 

Next, as seen in Figure 4.7, the components of 0
HVσ is plotted versus scattering angle. Here 

again, enhancements at both back and specular is seen, however, they are negative. Again, 

the reflected scatter is much less than the other scattering components.  There is roughly -

2 dB of enhancement at both back and specular scattering angles for the incoherent and 

coherent direct-reflected terms. When all terms are combined, the enhancement is less 

pronounced.   
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-2.25 dB

-1.0 dB

-2 dB

-1.0 dB

Figure 4.7 SigmaHV bistatic scatter from a circular layer of discs over a dielectric 
half-space 

 

4.4 Enhancement reduction 
 

In the previous section, the enhancement was seen to be reduced when other scattering 

terms are introduced. In this section, two notable conditions that reduce the enhancement 

effects will be explored in more detail, such as surface roughness and antenna beamwidth.  

4.4.1 Surface Scatter 

The derivations for the scattering coefficients in Chapter 2 modeled the dielectric 

interface as a flat, smooth surface. In this section, surface roughness at the interface of the 

half-space dielectric will be introduced. The roughness will introduce an additional 



 

71 
 

scattering term and a reduction in the reflection coefficient, both of which can reduce the 

enhancement effect.  

As shown in Figure 4.8, the roughness profile consists of a fluctuating component over 

an average (flat) surface. This roughness is characterized by the surface height standard 

deviation, σ , correlation length, L, and the surface roughness spectrum (or correlation 

function).  

Average Surface

Fluctuating Surface

Figure 4.8 Random medium over a dielectric half-space with a rough surface interface 

A flat surface has only a specular reflection. As roughness is introduced, the specular 

component reduces and diffuse components increase. The reduction in the specular 

reflection coefficient from a rough surface characterized by a Gaussian height distribution 

with a standard deviation,σ , about the average surface is given as,  

( )20 i
2 2k cos

r q e− σ θΓ = Γ                                                                                            (4.14) 
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The exponential  term is called the roughness factor and Γq is the Fresnel reflection 

coefficient from a smooth surface, given by Equation 4.14 and 4.15. A few observations 

can be made about the addition of the roughness to a surface: 

- the reflection coefficient will always decrease as the surface roughness increases 

- surface roughness effects are more pronounced for higher frequency waves 

- surface roughness effects are more pronounced at normal incidence than at 

grazing 

For purposes of this dissertation, only small scale surface roughness will be considered, 

which is characterized by the product of the wavenumber, 0k  and the standard deviation 

of the surface height, σ  being less than 0.3. Under this constraint, the surface backscatter 

can be calculated by the Small Perturbation Method (SPM) [Rice, 1951], and given by, 

( ) ( )zq

2
2 3

2Im d2i g io 4 2 2 4 2
hh i 0 i2

i g i

cos sin
4k L cos 1 2 k Lsin e

cos sin

− − Κθ − ε − θ   σ = σ θ + θ     θ + ε − θ
   (4.15) 

( ) ( ) ( ) ( )zq

2
2 2 3

2Im d2i g io 4 2 2 4 2
vv i g 0 i2

g i g i

sin 1 sin
4k L cos 1 1 2 k Lsin e

cos sin

− − Κθ − ε + θ   σ = σ θ ε − + θ     ε θ + ε − θ
     

                                                                                                                     (4.16) 

Note that these equations are based on a first-order solution, assuming o
hv 0σ = . Also, the 

exponential term accounts for the two-way attenuation through the layer.  

As discussed in Section 4.2.1, the direct-reflected coherent scatter in conjunction with 

a reflecting surface is the source of enhancement. Since surface roughness reduces the 
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specular reflection coefficient, the contribution from the direct-reflected terms will be 

reduced, which leads to a reduction in enhancement [Sharma and Lang, 2017].  

4.4.2 Antenna beamwidth 

As shown in the previous section, the enhancement factor is characterized by its 

magnitude and its angular width. The relationship of the angular width to the antenna 

beamwidth is important in detecting the enhanced backscatter. This section will 

explore this relationship in more detail. 

î
ô

s∆

Transmit 
Antenna

Receive 
Antenna

ẑ

x̂

Ground Coordinate System

ŷ
Antenna Coordinate System

( )ˆ ˆ ˆx, y, z

( )ˆ ˆ ˆx ', y ', z '

x̂ '

ŷ '

ẑ '

 

Figure 4.9 Radar antenna geometry  

First, a derivation of the received power Pt given a transmit power, Pt, and antenna 

gain, Gt, the incident power density transmitted in the î  direction is, 

( ) ( ) ( )q qi t t 2

1ˆ ˆS i P G i
ˆ4 R i

 
 =
 π 

                                                                                   (4.17) 
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where ( )ˆR i  is the distance from the antenna to the surface element s∆ , along the î

direction, and { }q h, v∈   

The scattered power in the ô direction from an excitation from the î direction is 

described by the scattering coefficient, ( )o
pq

ˆô, iσ . The scattered power density in the ô

direction is, 

( ) ( ) ( ) ( )pq q

o
o pq i 2

r

1ˆ ˆˆ ˆS o o, i S i s
ˆ4 R o

 
∆ = σ ∆  π 

                                                                (4.18) 

Now, the received power, Pr∆   from the surface element s∆  can be expressed as, 

 ( ) ( ) ( ) ( )
p pq p pq

2

r o r oˆ ˆ ˆ ˆPr A o S o G o S o
4
λ

∆ = ∆ = ∆
π

                                                         (4.19) 

Summing over all illuminated s∆ elements and taking the limit as s∆ approaches zero, 

results in the bistatic radar equation, 

( )
( ) ( ) ( )

( ) ( )
q ppq

o2 t r pqr
t3 2 2

t Area t r

ˆ ˆˆ ˆG i G o o, iP
ds

ˆP ˆ4 R i R o

σλ
=

π ∫                                                               (4.20) 

Setting ˆô i= − , ( ) ( )
q pt r

ˆ ˆG i G o= and , will ( ) ( )2 2
t r

ˆ ˆR i R o= , will result in the monostatic 

radar equation, 

( )
( ) ( )

( )
qpq

2 o2 t pqr
t3 4

t Area t

ˆ ˆ ˆG i i, iP
ds

ˆP 4 R i

σ −λ
=

π ∫                                                                        (4.21) 
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The common assumption when using Equation 4.24 is to assume that the gain, 

scattering coefficient and the range are all constant. However, the antenna patterns are 

not always narrow pencil beams and as Figure 4.5 and Figure 4.6 show, the scattering 

coefficients may not be constant over the beamwidth of the antenna due to the 

enhancement effect.  

Assuming an antenna oriented in the +z-axis, having a Gaussian antenna pattern of the 

form, 

 ( ) ( )
2

BW

q q

,
2 2 2
t t o

ˆG i G , G e
 θ φ

− 
θ = θ φ =                                                                               (4.22) 

where BWθ  is the antenna beamwidth. 

To place the antenna in the scatterer’s reference plane ( )' ',θ φ , first rotate the antenna 

about the x-axis by 180°, rotate the new y-axis by iθ  and finally rotate the new z-axis 

by iφ . This can be described using the following rotation matrix manipulations, 

'
o o o o

'
o o

'
o o

x cos sin 0 cos 0 sin 1 0 0 x
y sin cos 0 0 1 0 0 1 0 y
z 0 0 1 sin 0 cos 0 0 1 z

 φ − φ θ − θ       
        = φ φ −         
        θ θ −         

  

Carrying through the matrix multiplication results in, 

' ' '
o o o o ox cos cos x sin y cos sin z= φ θ + φ + φ θ                                                             (4.23) 

' ' '
o o o o oy sin cos x cos y sin sin z= φ θ − φ + φ θ                                                              (4.24) 
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' '
o oz sin x cos z= θ − θ                                                                                                (4.25) 

Transforming both antenna (non-primed) and ground (primed) coordinates to 

spherical, 

' ' ' '

' ' ' '

' ' '

x r sin cos
y r sin sin
z r cos

= θ φ

= − θ φ

= θ

  
x r sin cos
y r sin sin
z r cos

= θ φ
= − θ φ
= θ

 

Now substitute these expressions into Equations 4.26, 4.27 and 4.28 to get, 

( ) ( )
( )

' ' ' '
o o o

'
o o

r sin cos cos cos r sin cos sin r sin cos

cos sin r cos

θ φ = φ θ − θ φ + φ θ φ

+ φ θ θ
                             (4.26) 

( ) ( )
( )

' ' ' '
o o o

'
o o

r sin sin sin cos r sin cos cos r sin cos

sin sin r cos

− θ φ = φ θ − θ φ − φ θ φ

+ φ θ θ
                           (4.27) 

( ) ( )' ' ' '
o or cos sin r sin cos cos r sin cosθ = θ − θ φ − θ θ φ                                               (4.28) 

Using Equation 4.29 and noting that 'r r= , an expression for θ  can be found to be, 

1 ' ' '
o ocos sin sin cos cos cos−  θ = θ θ φ + θ θ                                                                (4.29) 

To solve for φ , divide Equation 4.29 by 4.28 and solve for φ ,  

( )

' '
1 o o

1
' ' ' 2

o o

sin cos cos cos sincos
1 sin cos sin cos cos

−

 
θ φ θ − θ θ 

φ =  
 − θ φ θ + θ θ 

                                                    (4.30) 
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An expression for the antenna pattern in terms of the ground coordinates can be 

expressed by substituting Equation 4.32 and 4.33 into Equation 4.25, 

  
( )

[ ]

( )
( )

2
o o

BW

pq

sin sin cos cos cos

o2 2 pqr o
3 2

t Area t

ˆ ˆe i, iP G tan d d
ˆP 4 R i

 θ θ φ+ θ θ
−  θ  σ −λ

= θ θ φ
π ∫                                     (4.31) 

And noting that ( )2
t

ˆds R i tan d d= θ θ φ  

Using Equation 4.26, the enhancement versus antenna beamwidth will be 

investigated. First, we will compute the scattering coefficient for a general layer of 

dielectric cylinders over a lossy ground plane. The parameters for this model are 

shown in Table 4.3. The scattering coefficients are plotted for both HH-pol and HV-

pol in Figure 4.10. The enhancement is around +3 dB and -8.6 dB for HH-pol and 

HV-pol, respectively. Both have an angular width (null-to-null) of 10.5°.    

 

 

 

 

 

Parameter Value 

Frequency 1500 MHz 

Incident Angle 45° 



 

78 
 

Layer Depth 1 m 

Cylinder Distribution U[0, 5°] 

Cylinder Density 50 cylinders/m2 

Cylinder Dielectric Constant 17.0+i5.55 

Ground Dielectric Constant 23+i14.1 

Cylinder Radius 0.5 cm 

Disc Thickness 0.2 mm 

Table 4.3 Layer parameters for dielectric cylinders over a ground plane 

 

                             (a)                                                                (b) 

Fig. 4.10 (a) HH-pol bistatic scattering coefficient, incident angle of -45° (b) HV-pol 
bistatic scattering coefficient, incident angle of -45° 

 

Next the enhancement is computed for various antenna beamwidths. The antenna 

pattern assumed is a Gaussian. The results are plotted in Figure 4.11. For antenna 

beamwidths much smaller than the angular width, the full enhancement is detected. 

When the antenna beamwidth equals the angular width, a decrease in enhancement for 
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HH-pol from 3 dB to 1.8 dB is seen. For HV-pol, the enhancement increases from -8.6 

dB to -2.3 dB.  

 

 
                             (a)                                                                (b) 

Fig. 4.11 (a) HH-pol enhanced backscatter versus antenna beamwidth (b) HV-pol 
enhanced backscatter versus antenna beamwidth 
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Chapter 5  Radar Model of Corn Canopy over the full growing season 
In this chapter, the modeling of a corn canopy over the full growing season is undertaken. 

Modeling over a full season is an ambitious task due to the complex dynamics in the canopy 

and underlying soil. These long and short term dynamics will be a good test for the 

robustness of the model. Model parameters such as plant architecture, dielectric constant, 

density, and soil moisture are taken from an actual field, located in Beltsville, MD. These 

measurements are used in the scattering model to predict backscatter at both like-

polarizations (HH-pol and VV-pol). Concurrent to the field measurements, backscatter 

measurements were taken with a truck mounted L-Band radar. A detailed comparison 

between the modeled (both coherent and incoherent) and measured data will be the 

highlight of this chapter.   

5.1 Radar experiment 
 

The Optimizing Production Inputs for Economic and Environmental Enhancement 

(OPE3) site is maintained by the United States Department of Agriculture – Agricultural 

Research Service (USDA-ARS) [Gish et al., 2003]. The site, located in Beltsville, MD, has 

a corn canopy equipped with several sensors used to monitor atmospheric, surface and sub-

surface parameters. Concurrently, backscatter and in-situ field measurements were taken 

over the growing season. The backscatter measurements were taken from a truck-mounted 

L-Band radar system, known as the Combined Radar/Radiometer, or ComRAD [O’Neill 

et al., 2006], pictured in Figure 5.1. The ComRAD system was built and operated by The 

George Washington University (GW) and NASA Goddard Space Flight Center (GSFC).  
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Figure 5.1 ComRad system at OPE3 corn canopy site in Beltsville, MD 

The system is a SMAP [Entekhabi et al., 2010] satellite simulator, containing both an L-

Band radar and radiometer mounted on a 19 m high boom. The system can illuminate a 

scene with an incident elevation angle ranging from 0° to 175° and azimuthally from 0° to 

300°. The antenna used is a parabolic dish antenna with a Cassegrain-like feed. The feed is 

implemented with a circular waveguide with two orthogonally placed wire probes, one to 

support horizontal polarization (HH-pol) and the second to support vertical polarization 

(VV-pol). The system is fully automated, via GPIB and custom software, allowing for 

continuous and remote data capture. For this study, the radar is operated at 1.25 GHz, with 

a fixed incident elevation angle of 40°. A total of 60 independent measurements are made 

as the boom is swept 120° in azimuth across the canopy. This was done several times over 

the course of a full day in order to see any relationship between backscatter and 

measurement time.  
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 5.2 In-situ field measurements: 
 

Detailed in-situ field measurements of the corn plant’s constituents, namely the leaves, 

stalks and cobs are taken approximately weekly over the growing season. The plants are 

randomly sampled from an area outside of the radar footprint. The majority of 

measurements were typically taken while the plant was standing. In some cases, the plant 

was removed and measured stand-alone against a gridded-board, as shown in Figure 5.2. 

 

Figure 5.2 Sample corn plant used for measurement 

5.2.1 Leaves: 

For the leaves, the length, maximum width, thickness, density and location along the 

stalk were measured.  The averages from three randomly sampled plants, taken 

approximately weekly, are listed in Table 5.1.  

 

Beginning 
Angle 

Ending Angle 



 

83 
 

 

Table 5.1 Averaged measured leaf parameters 

The density (leaves per m3) is derived by counting the leaves in a 1 m2 area and dividing 

by the canopy height. Another key measurement made is the leaf angular orientation, which 

is characterized by a beginning angle and an ending angle, illustrated in Figure 5.2. The 

beginning and ending angles denote the leaf orientation near the stalk and away from the 

stalk, respectively. An angle of +90° corresponds to a leaf that is oriented vertically in the 

+z-direction, and an angle of 0° corresponds to a leaf that is oriented parallel to the ground 

and an angle of -90° corresponds to a leaf that is oriented vertically in the –z-direction. The 

data collected are used to generate orientation statistics for the leaves, shown in Figure 5.3. 

The data shows that the beginning angle of the leaves tend to be more vertical in the 

beginning of the season, having an approximate uniform distribution over 45° to 90°, and 

tend to a more uniform distribution towards the end of the season.  The azimuthal angle is 

assumed to have a uniform distribution over 0° to 360°. For the ending angle, a uniform 

distribution over various elevation angle ranges can be used.  

DoY
Leaf Major 
Radius (cm)

Leaf Minor 
Radius (cm)

Leaf Thickness 
(mm)

Leaf Density 
(leaves/m2)

157 7.43 0.96 0.37 44.7
167 20.23 2.66 0.28 53.6
171 24.87 2.68 0.23 55.8
174 30.36 3.29 0.22 51.4
185 38.40 3.77 0.25 73.7
192 37.63 3.52 0.25 60.3
199 43.00 4.51 0.25 69.3
213 41.50 4.70 0.25 73.8
216 40.40 4.53 0.25 85
221 36.80 4.34 0.25 91.7
228 37.00 4.26 0.25 82.8
236 38.00 4.38 0.12 85
243 38.10 4.40 0.25 85
258 27.60 3.00 0.25 85
263 33.50 3.50 0.07 82.8
269 29.50 3.50 0.16 69.3
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Figure 5.3 Monthly leaf orientation histograms 

The dielectric constant of the corn leaves are measured at five different times during the 

season. A stack of leaves was held between two wooden planks, as shown in Figure 5.4a. 
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An open coaxial probe in conjunction with a vector network analyzer measures the 

reflected power from the leaf samples, from which the dielectric constant can be 

determined [Xu et al., 1991]. The stack of leaves was thick enough such that the coaxial 

probe sees a half-space of dielectric material at the measurement frequency. A plot of the 

measured dielectric constant over the growing season is shown in Figure 5.4b. Note that 

both the real and imaginary parts of the measured dielectric constant are highest at the 

beginning of the growing season and tend to decrease as the season progresses. The largest 

decrease in dielectric constant is seen at the onset of senescence after DoY 235, as the 

leaves begin to dry out.  

 

Figure 5.4 (a) Leaf dielectric constant measurement (b) Measured leaf dielectric 

constant over growing season 

5.2.2 Stalks 

For the stalks, the height is measured from right under the brace roots to the top node of 

the plant and the radius is measured at two locations on the stalk, to provide the most 

representative radius. The first measurement is made between the bottom two nodes and 

the second measurement is made between the top two nodes. The measurements are 

averaged and are summarized in Table 5.2. Note that the radius of the stalk at the bottom 
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node can be significantly higher than at the top node. Since the stalk is modeled as a 

cylinder, an equivalent radius is used such that the volume of the cylinder is equal to the 

volume of the conical stalk. The stalk density is fixed over the growing season at 6.7 

stalks/m2.  

 

Table 5.2 Averaged measured stalk parameters 

The stalk’s anatomy is more complicated than the leaf and comprises a series of longer 

sections, called internodes, separated by shorter sections called nodes. The nodes are 

identified by where the leaves are attached to the stalk. The leaf emanates from one node 

and wraps around the internode, forming a sheath, to just below the next higher node before 

branching out [Bowman, 1911]. The dielectric constant of the stalk is also measured using 

an open coaxial probe technique. The stalk is cut into samples containing nodes and 

internodes and the dielectric constant is measured at a few locations within the cross-

section, by inserting the coaxial probe perpendicular to the cut, as shown in Figure 5.5. 

Note that the nodes on the stalk can be identified by where a leaf begin to grow away from 

DoY Stalk Height (cm)

  , 
Bottom Node 

(mm)

 , 
Top Node 

(mm)
Equivalent 

Radius (mm)
157 7.7 4.0 3.0 3.5
167 18.0 8.1 6.0 7.1
171 23.0 9.3 7.4 8.4
174 29.3 9.7 6.5 8.2
185 58.0 9.9 6.2 8.1
192 55.3 10.8 8.0 9.4
195 79.0 9.9 7.7 8.8
199 87.0 8.9 4.7 6.9
213 140.0 10.7 3.3 7.3
216 131.7 9.4 3.0 6.4
221 117.3 8.7 2.0 5.7
228 132.0 10.4 3.4 7.2
236 115.7 7.8 1.3 4.9
243 112.0 8.0 1.5 5.1
258 116.7 7.5 2.0 5.0
263 115.0 7.1 1.7 4.7
269 78.3 7.6 3.4 5.6
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the stalk. The nodes appear to be more yellow in hue, whereas the internode samples have 

white regions. A plot of the measured dielectric constants for the nodes and inter-nodes 

taken on DOY 213 is shown in Figure 5.6. The permittivity at the node is consistently 

higher than at the internode.  

 

Figure 5.5 Cross-section of stalk nodes and internodes  

 

Figure 5.6 Measured dielectric constant of stalk nodes and internodes taken on DoY 

213 

As mentioned in Chapter 3, a periodic stalk can be approximated with a homogeneous 

dielectric constant via a simple dielectric mixing model (see Eq. 3.39). Using Eq. 3.39, a 

uniform homogenous dielectric constant is computed over the whole growing season and 

plotted in Fig. 5.7.  
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Figure 5.7 Effective dielectric constant for stalk over growing season 

5.2.3 Cobs 

The measurements of the dimensions of the corn cobs start on DoY 212. The cob’s 

maximum radius and length are measured from random sampling of cobs outside of the 

radar footprint. The average of the measurements is shown in Table 5.3.  

DoY 
Cob Radius 
(mm) 

Cob Length 
(cm) 

213 19.2 28 

228 22.15 25 

236 22.6 20 

243 22.4 17 

258 22 21 

263 30 16 

269 25 20 

Table 5.3 Averaged measured cob parameters 

Similar to the stalk, the dielectric constant varies significantly over the cob. 

Measurements are made at three locations, the outer leafy layer, the middle layer consisting 
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of the kernels, and the center layer, as shown in Figure 5.8. For the outer layer, similar to 

the leaves, a thick stack is formed and measured with the coaxial probe. For the other two 

layers, the coaxial probe is inserted perpendicular to the cross-section. The measured 

dielectric constant over the growing season is shown in Figure 5.9.  

 

Figure 5.8 Cross-section of a corn cob 

 

Figure 5.9 Measured dielectric constant of the cob over the growing season 

5.2.4 Soil Characteristics 

In addition to measurements of the corn plant’s constituents, the underlying soil has a 

significant influence on radar backscatter. The test site has a soil texture that is 
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characterized as sandy loam, 23.5% silt, 60.3% sand and 16.1% clay, with a bulk density 

of 1.25 g·cm−3. Using an empirical model from [Dobson, 1985], the complex dielectric 

constant of the soil is computed. The inputs to the Dobson model are the percentage of 

sand and clay, bulk density, volumetric water content, and soil temperature. The data was 

taken using a gravimetric sampling technique and Delta-T theta probes. Several location 

on the edges of the radar footprint was sampled, with the probe inserted 6 cm into the 

surface, giving a reasonable estimate of the soil moisture in the first 5 cm. 

The surface roughness of the soil was measured by using digital images of the surface 

profile against a known grid. The horizontal surface heights were measured in 1 cm 

increments. These data are then processed to determine the rms surface height and the 

correlation length. Note that the initial surface roughness undergoes rapid changes in the 

beginning of the growing season but tends to a settle to a constant value (and fairly flat, 

with respect to L-Band frequencies), due to rain and wind effects. A typical measurement 

which will be used in the models for the surface height for the mature canopy averages to 

3.5 mm with a correlation length of 113 mm. This measurement is taken parallel to the 

row, at a quarter of the distance between adjacent rows.  

5.2.5 Biomass 

The biomass was measured by cutting three sample plants and separating into stem, leaf 

and cob components. Each component was placed into its own individual paper bag, which 

is then placed into air-tight bags and taken to the lab to be weighed. The bags are then 

oven-dried to constant weight for three days at 70°C and weighed again. From this process, 

the leaf, stem, cob and total water content is then computed in terms of gm/plant and then 

converted to g/m2 using the plant density measurements, and plotted in Figure 5.10.  
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The peak biomass occurs on DoY 213 and rapidly decreases throughout the rest of the 

growing season. Both the stalk and leaf biomass tend to decrease rapidly towards the end 

of the growing season, unlike the stalk, which continues to hold moisture. This can be seen 

easier in Figure 5.11, which has the %-biomass plotted over DoY. In this plot, the stalk 

holds upwards of 70% of the total biomass at the end of the growing season.  

 

Figure 5.10 Measured biomass of stalk, leaf, cob and total  

 

Figure 5.11 Measured %-biomass of corn plant’s constituents 
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5.3 Radar Measurements 
 

In this section, the measured radar backscatter data will be presented along with ground 

truth such as soil moisture and biomass. As shown in Figure 5.12, HH-pol, VV-pol and 

soil moisture are plotted over the growing season. The dataset recorded has sufficient 

samples during the various stages of the growing season, such as early growth, peak 

growth and senescence.  
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Figure 5.12 Measured HH-pol and VV-pol over the growing season 

5.3.1 Radar return versus soil moisture 
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The measured soil moisture data shows that the season was in general quite dry, with 

less than 10% soil moisture for over 70% of the growing season. There are five peaks in 

the soil moisture curve with corresponding peaks in both HH-pol and VV-pol, occurring 

on DoY 183, 224, 233, 239 and 262.  

Figure 5.12 also shows significant changes in both HH-pol and VV-pol from day-to-day 

measurements, where a negligible change in both soil moisture and plant architecture is 

seen. For example, from DoY 169 to DoY 170, HH-pol changes by 2.1 dB and VV-pol 

changes by 1.1 dB. During this time period, the soil moisture changes from 10.5% to 9.8%. 

Such a small change in soil moisture should not cause such a large change in backscatter. 

Also, interesting to note that there is an inverse relationship between the soil moisture and 

backscatter for this case (ie: the soil moisture decreased, but the backscatter increased). 

Since DoY 169 measurements were taken in the afternoon and DoY 170 measurements 

were taken in the morning, it is postulated that the AM measurements exhibit increased 

backscatter because of the presence of dew [Hornbuckle, 2007, 2010; Cosh et al. 2009].  

Dew sensors were installed in the field during the month of August. These sensors detect 

either the presence or absence of dew. A scatterplot of both HH-pol and VV-pol backscatter 

versus soil moisture is shown in Figure 5.13. From this plot, that data corresponding to the 

presence of dew is higher on average than the trendline for both HH-pol and VV-pol. 

Similarly, data corresponding to the absence of dew is lower on average than the trendline.  

Computing the average increase in backscatter due to the presence of dew is about 1.5 dB 

for HH-pol and 1 dB for VV-pol. This shows that dew does have a significant effect on 

backscatter at L-Band.   
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Figure 5.13 HH-pol and VV-pol versus soil moisture with dew sensor data 

 

5.3.2 Radar Return versus biomass 

 

Finally, in Figure 5.14, HH-pol and VV-pol are overlaid with the total measured biomass. 

In general, both HH-pol and VV-pol tracked the increasing biomass from DoY 156 through 

198, with σHH0  having a stronger correlation with biomass changes. Peak biomass occured 

at DoY 211 and decreased after DoY 225. During the DoY 211 through the end of the 

growing season, there isn’t a strong correlation between backscatter and biomass. This will 

be investigated further in the next section dealing with the scattering model for the corn 

canopy.  
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Figure 5.14 𝛔𝛔𝐇𝐇𝐇𝐇𝟎𝟎  and 𝛔𝛔𝐕𝐕𝐕𝐕𝟎𝟎  versus total biomass 

 

5.4 Radar Model and Simulations 
 

In this section, the theory described in Chapter 2 and 3, along with the detailed field 

measurements from a corn canopy given in this chapter are used to simulate HH-pol and 

VV-pol backscatter. In addition to backscatter, some other important parameters such as 

two-way attenuation, individual backscatter contributions (direct, direct-reflected and 

surface) and enhanced backscatter was also simulated over the growing season. These 

parameters give physical insight into understanding the relationship between backscatter 

and canopy parameters.  Finally, a comparison between the simulated HH-pol and VV-pol 

backscatter with concurrent radar backscatter measurements will show the validity of the 

modeling methods, the importance of enhancement effects and accuracy of the GW 

scattering model.  
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5.4.1 Scattering model for corn canopy 

A corn plant consists of a stalk, leaves and typically one cob. The stalk is modeled by a 

dielectric cylinder having a uniform dielectric constant. From the measurements in Section 

5.2, the stalk dielectric constant was seen to be non-uniform, having a periodic profile. 

Using a simple dielectric mixing model, described in Ch. 3, the periodic dielectric constant 

profile can be replaced with a uniform dielectric constant. The leaves are modeled as thin 

dielectric discs. The cob is modeled by a dielectric cylinder. Similar to the stalk, a simple 

dielectric mixing model was used to find a uniform dielectric constant. The orientation 

statistics were also measured and detailed in Section 5.2 and used in the model.  

The ground is modeled having a rms height and correlation function, which are measured 

parameters. The backscatter due to the rough surface was predicted using the Small 

Perturbation Method [Fung, 2009]. More complicated methods, such as the Integral 

Equation Method [Fung 2009] was used, but showed little to no difference. This was 

because the roughness measured was relative small [Sharma and Lang, 2017]. 

Node

Internode

 

Figure 5.15 Corn plant model 
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5.4.2 Two-way canopy attenuation 

The two-way canopy attenuation, ( )( )q2Im d
1010 log e− κ  is plotted in Fig 5.16. The plot is as 

expected, with the canopy having low attenuation during the early part of the season, 

increasing in the middle of the season and becoming low again towards the end of the 

season as the plants dry out and leaves shed. The attenuation is about 2 dB higher for VV-

pol than HH-pol during the middle part of the season. This is because the stalks are 

physically the largest constituent of the plants and is dominantly vertically oriented.  

Figure 5.16 Simulated Two-way canopy attenuation  

5.4.3 Leaf, Stalk and cob scatter 

The direct, direct-reflected (both coherent and incoherent) and surface scatter is plotted 

in Figure 5.17 for both HH-pol and VV-pol cases over the growing season. For HH-pol, 

the leaf scatter is dominant during the early and middle stages, and decrease rapidly 

during senescence. This follows a similar trend in dielectric constant as seen back in Fig. 

5.4. For VV-pol the stalk is the dominant scatterer throughout the entire growing season. 

It is interesting to see that unlike the leaf scatter, which decreases towards the end of the 

season, the stalk scatter remains high. This can be explained by the stalks’ ability to 

retain moisture, as shown in the measured biomass in Fig. 5.10 and Fig. 5.11, where the 

stalk accounts for 70% of the corn plant moisture towards the end of the season.  
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Figure 5.17 Simulated 𝛔𝛔𝐇𝐇𝐇𝐇𝟎𝟎  and 𝛔𝛔𝐕𝐕𝐕𝐕𝟎𝟎  for individual scattering components of leaf, stalk 
and cob 

5.4.4 Direct, Direct-Reflected and Surface Scatter 

The dominant individual scattering contributors, namely direct, direct-reflected and 

surface scatter is plotted in Fig. 5.18. During the early season, the surface scatter for VV-

pol is dominant during the first part of the early season. Whereas for HH-pol, the direct-

reflected scatter is greater the surface scatter. Direct scatter is negligible for both HH-pol 

and VV-pol cases. As the season progresses, the direct-scatter increases and surface scatter 

decreases, primarily due to the increased canopy attenuation. Direct-reflected scatter 

continues to be dominant. Finally, in the late part of the season, the direct scatter begins to 

decrease as the plants begin to dry out and shed leaves. The surface scatter begins to 

increase since the canopy attenuation decreases. Direct-reflected scatter remains the 

dominant scattering term. For VV-pol it is worth pointing out that the increase in the direct-

reflected scatter during the late season is due to a rain event.  
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Figure 5.18 Simulated 𝛔𝛔𝐇𝐇𝐇𝐇𝟎𝟎  and 𝛔𝛔𝐕𝐕𝐕𝐕𝟎𝟎  for individual scattering components direct, 
direct-reflected (coherent and incoherent) and surface. 

 

5.4.5 Enhanced backscatter 

 Next, a plot of the simulated enhancement at backscatter for both HH-pol and VV-pol 

is shown in Fig. 5.19.  During the early part of the season, the enhanced backscatter is 

higher for HH-pol than for VV-pol. This is primarily due to the high amount of surface 

scatter for VV-pol, which swamps out the coherent effect caused by the direct-reflected 

scatter. Towards the later part of the early the season the enhanced backscatter approaches 

2.6 dB (close to the theoretical 3 dB).  In the middle of the season, both HH-pol and VV-

pol have on average 2 dB of enhanced backscatter. In the late season, HH-pol enhancement 

continues to remain high, whereas VV-pol enhancement decreases, expect for a rain event 

causing a spike. Again, the reason for HH-pol enhancement remaining high is due to direct-

reflected scatter being higher than the direct and surface scatter. As opposed to the VV-pol 

case, where again, the surface scatter is the highest scatter contributor, as seen in Fig. 5.18. 
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5.5  Measured vs simulated total backscatter 
 

Finally, this section will compare the simulated and measured backscatter over the 

growing season. The total simulated coherent and incoherent backscatter, σHH0 and σVV0 , is 

plotted in Figure 5.20, along with the measured backscatter.  

Figure 5.19. Enhanced backscatter for HH-pol and VV-pol over the growing 

season 
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Figure 5.20 Measured versus modeled (continuous curves) 𝛔𝛔𝐇𝐇𝐇𝐇𝟎𝟎 and 𝛔𝛔𝐕𝐕𝐕𝐕𝟎𝟎  over the 

growing season 

In general, both the incoherent and coherent model compared well with the measured 

backscatter. This is primarily due to the extensive amount of field measurements taken, in 

particular the detailed dielectric constant measurements taken over the season. However, 

the coherent model matched the data better, with a RMSD (root mean square error in dB) 

varying from 0.9 to 1.1 dB for HH-pol and 0.8 to 1.1 dB for VV-pol over the entire growing 

season. The most comparable study with this research was done by [Monsivais-Huertero 

et. al, 2018] with their results of 0.55 dB to 2.42 dB RMSD for HH-pol and a 1.78 dB to 

2.22 dB for VV-pol. A final comparison uses a well-known open source incoherent 

scattering model, MIMICS, from the University of Michigan to model the corn canopy. 

The model uses gravimetric water content and an empirical model [Ulaby and El-Rayes, 

1987] to compute the dielectric constant. The final results from the MIMICS simulation 
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showed that the RMSD for HH-pol varied from 1.7 to 2.5 dB and 1.3 to 1.6 dB for VV-

pol.  

Based on the comparisons of other scattering models and other similar research, the GW 

coherent model clearly is the most accurate, and confirms that coherent scattering is an 

important effect to model in a corn canopy at microwave frequencies, such as L-Band.  
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Chapter 6 Conclusions and Future Work 
In Chapter 2, a careful derivation of the bistatic scattering coefficients for a model 

consisting of a layer of random medium over a lossy dielectric half-space was presented. 

The total bistatic scattering coefficients was shown to the sum of direct (or volume) scatter, 

direct-reflected (or double-bounce) scatter and intuitive graphical depictions are used to 

provide physical insight into a complex scattering problem. The remaining scattering terms 

are shown to not contribute.  

In Chapter 3, techniques to compute the scattering amplitude of scatterers useful in the 

modeling of vegetation were developed. The first method uses the polarizability dyadic 

accurate for electrically small (or Raleigh) scatterers. The second technique uses an 

electrostatic approximation for the fields inside of a scatterer. It was shown that the results 

from this method converge to the first method for small scatterers. Finally, for non-

canonical shapes with inhomegenous dielectric constant profiles, a brief introduction to the 

use of commercial numerical EM solvers, such as FEKO was presented. 

In Chapter 4, a careful analysis of coherent scattering effects is undertaken. It was shown 

that for like-polarization the maximum enhancement is +3dB, whereas for cross-

polarization, the enhancements can be negative, zero or positive, depending on the 

relationship of the incident angle to the Brewster angle. Also, small-scale surface 

roughness was introduced and shown to reduce the enhancement by lowering the 

contribution of the double-bounce terms. Finally, when using the radar equation, the 

antenna beamwidth should be considered, since the bistatic scattering coefficient is not 

constant over the antenna illumination area due to coherent effects.  
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In Chapter 5, all the concepts from the previous chapters were used to model a corn canopy 

over its entire growing season. Concurrent field and radar measurements were made, 

allowing for a good comparison between model and measured backscatter. For the model, 

both the Distorted Born Approximation, which accounts for coherent scattering effects and 

the Radiative Transfer (the incoherent model) was used. It was shown that the coherent 

model yielded about 1 dB RMSD against the measured data for both HH-pol and VV-pol, 

which is better than previous and current published research. The main contributors to this 

accuracy were the leaf orientation statistics, the periodic stalk model and the cob model. 

Also, a simple dielectric mixing formulism was used to simplify the complicated dielectric 

constant inhomogeneity in the stalk and the cob to a uniform effective dielectric constant. 

Numerical electromagnetic simulations were used to show equivalence of the simplified 

dielectric mixing model. 

Even with the accurate performance of the scattering model, there are two main areas for 

further research. The first is modeling of the dew effect which can increase backscatter by 

up to 1.5 dB. Second, the effect of the plant row periodicity could be taken into account. 

Finally, an experiment measuring enhanced backscatter for cross-polarization would be 

important to the research community in this field.  
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Appendix A 
A.1 Derivation  of propagation constant in mean medium 

z

xZ=0

Z=-d

 

Figure A.1 

From Chapter 2, Equation 2.18 is a vector integro-differential equation described the 

scattered field within the random medium layer shown in Figure  A.1. 

 ( ) ( ) ( ) ( ) ( )2
oE x ' k E x ' dsdx ' s t x ' s , x '' s E x '' g(x ') ∇×∇× − −δ ρ δ − − ⋅ = ∫∫   (A.1) 

Applying the following to Equation A.1, 

- g(x ')  can be set to zero since there are no sources within the medium.  

- ( )sρ δ →ρ  

 ( ) ( ) ( ) ( )2
oE x ' k E x ' dsdx ' t x ' s , x '' s E x '' 0 ∇×∇× − −ρδ − − ⋅ = ∫∫          (A.2) 

Assuming a plane wave solution of the form, 

( ) i x
oE x E e

where

î

+ κ⋅=

κ = κ
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And substituting into Equation A.2 and carrying through the ∇  operation, 

( ) ( ) 'i x 2 i x i x
o o o oE e k E e dsdx ' t x ' s , x '' s E e 0+ κ⋅ + κ⋅ + κ⋅ κ× κ× + +ρδ − − ⋅ = ∫∫  

Dividing through by i xe+ κ⋅ , 

( ) ( ) ( )'i x x2
o o o oE k E dsdx ' t x ' s , x '' s E e 0+ κ⋅ − κ× κ× + +ρδ − − ⋅ =  ∫∫  

Applying the following change of variables, 

' ' ' ' ' 'x s x dx dx x x s
x s x ds dx x x s
− = = = +
− = − = = +

  

( ) ( ) ( )'i x x2
o o o oE k E dxdx ' t x, x ' E e 0+ κ⋅ − κ× κ× + +ρδ ⋅ =  ∫∫  

Recognizing that the double integral is a the Fourier Transform of the transition operator, 

( ) ( ) ( )32
o o o oE k E 2 t , E 0κ× κ× + + π ρδ κ κ ⋅ =      (A.3) 

Using the following vector identity, ( ) ( )A B C B A C C A B× × = ⋅ − ⋅ , Equation A.3 can be 

recast as, 

( ) ( ) ( ) ( )32
o o o o oE E k E 2 t , E 0κ ⋅ κ − κ ⋅κ + + π ρδ κ κ ⋅ =  

Explicitly writing out κ , 

( ) ( ) ( ) ( )32
o o o o o

ˆ ˆ ˆ ˆ ˆ ˆi E i i i E k E 2 t i, i E 0κ ⋅ κ − κ ⋅κ + + π ρδ κ κ ⋅ =  

This simplifies to, 

( ) ( ) ( ) ( )32 2 2
o o o o

ˆ ˆ ˆ ˆk E i E i 2 t i, i E 0− κ + κ ⋅ + π ρδ κ κ ⋅ =  (A.4) 

Expanding oE and κ in a power series in δ , 

0 1κ = κ + δκ    (A.5) 
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(0) (1)
o o oE E E= + δ    (A.6) 

To solve for the 0δ  (zeroth order solution), substitute Equation A.5 and A.6 into Equation 

A.4, 

( ) ( ) ( ) ( )32 2 (0) 2 (0) 2 2 (1)
o 0 o 0 o 0 0 0

ˆ ˆ ˆ ˆk E i E i 2 t i, i E 0− κ + κ ⋅ + π ρδ κ κ ⋅ =  

Collecting only the 0δ  terms, 

( ) ( )2 2 (0) 2 (0)
o 0 o 0 o

ˆ ˆk E i E i 0− κ + κ ⋅ =   (A.7) 

Dotting by î , Equation A.7 reduces to, (0)
o

ˆE i 0⋅ = . Substituting this into Equation A.7 

gives the following relationship for 0κ  to zeroth order, 

0 okκ =   (A.8) 

To solve for 1κ , start with Equation A.4, 

( ) ( ) ( ) ( )32 2 2
o o o o

ˆ ˆ ˆ ˆk E i E i 2 t i, i E 0− κ + κ ⋅ + π ρδ κ κ ⋅ =  

Substituting Equation A.5 and A.6, 

( )( )( ) ( ) ( )( )
( ) ( ) ( )( )

2 22 (0) (1) (0) (1)
o 0 1 o o 0 1 o o

3
0 1 0 1 o

ˆ ˆk E E i E E i

ˆ ˆ2 t i, i E 0

− κ + δκ + δ + κ + δκ ⋅ + δ

+ π ρδ κ + δκ κ + δκ ⋅ =
 

Collecting 1δ  and (0)
oE terms: 

( ) ( ) ( )3(0) (0) (0)
0 1 o 0 1 o 0 0 o

ˆ ˆ ˆ ˆ2 E 2 i E i 2 t i, i E 0− κ κ + κ κ ⋅ + π ρ κ κ ⋅ =     (A.9) 

Define two polarization unit vectors, α̂  and β̂ , both orthogonal to the direction of 

propagation, î . Rewriting 
o o

(0) (0) (0)
o

ˆˆE E Eα β= α + β  into Equation A.9, a dot from the left by α̂  

Repeat except dot from the left by β̂ . This results in the following two equations, 
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( ) ( )( ) ( ) ( ) ( )
( ) ( )( ) ( ) ( ) ( )

o o o o o o

o o o o o o

3(0) (0) (0) (0) (0) (0)
0 1 0 1 0 0

3(0) (0) (0) (0) (0) (0)
0 1 0 1 0 0

ˆ ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ2 E E 2 i E E i 2 t i, i E E 0

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ2 E E 2 i E E i 2 t i, i E E 0

α β α β α β

α β α β α β

 α ⋅ − κ κ α + β + κ κ ⋅ α + β + π ρ κ κ ⋅ α + β =  
 β⋅ − κ κ α + β + κ κ ⋅ α + β + π ρ κ κ ⋅ α + β =  




 

These two expressions reduce to, 

( ) ( )
( ) ( )

o o

o o

3(0) (0)
0 1 0 0

3(0) (0)
0 1 0 0

ˆ ˆˆ2 E 2 t i, i E 0

ˆ ˆˆ2 E 2 t i, i E 0

α α

β β

 − κ κ + π ρα ⋅ κ κ ⋅ = 
 − κ κ + π ρβ⋅ κ κ ⋅ = 




  (A.10) 

Note that the dyadic transition operator when expanded out, contains nine terms, 

( )0 0 i i i i ii
ˆ ˆ ˆˆ ˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆt i, i t t t ii t t t i t i t i t iiαα αβ α βα ββ β α βκ κ = αα + αβ+ + βα + ββ+ β + α + β+            

Carrying out the dot product operation in Equation A.10, 

( )

( )

o o o

o o o

3(0) (0) (0)
0 1

3(0) (0) (0)
0 1

2 E 2 t E t E 0

2 E 2 t E t E 0

α αα α αβ β

β βα α ββ β

  − κ κ + π ρ + =  
  − κ κ + π ρ + =  

 

 
 

Or in matrix form, 

( ) ( )
( ) ( )

o

o

3 3 (0)
0 1

3 3 (0)
0 1

E2 2 t 2 t 0
0E2 t 2 2 t

ααα αβ

ββα ββ

   − κ κ + π ρ π ρ    =    π ρ − κ κ + π ρ     

 

 
  (A.11) 

Using the relationship between the transition operator and the scattering amplitude, given 

in Appendix B, 

( ) ( ) ( ) ( )2
o o

ˆ ˆ ˆˆ ˆ ˆ ˆˆf i, i 2 I ii t i, i I ii= π − ⋅ κ κ ⋅ −  

Note that 

ˆˆˆ ˆˆ ˆI ii
ˆˆ ˆ ˆˆ ˆI ii

= αα +ββ+

− = αα +ββ
 

Equation A.11 becomes, 
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o

o

(0)
0 1

(0)
0 1

E2 4 f 4 f 0
4 f 2 4 f 0E

ααα αβ

βα ββ β

  − κ κ + πρ πρ  
=    πρ − κ κ + πρ       

 (A.12) 

For a non-trivial solution to matrix equation A.12, its  determinant must be zero. 

0 1

0 1

2 4 f 4 f
0

4 f 2 4 f
αα αβ

βα ββ

− κ κ + πρ πρ
=

πρ − κ κ + πρ
  

Carrying out the determinant operation results in the following equation, 

( ) ( )
2

2
1 1

0 0

2 2f f f f f f 0αα ββ αα ββ αβ βα

 πρ πρ
κ − + κ + − = κ κ 

  

This equation can be solved for 1κ  using the quadratic formula, 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2 2

1
0 0 0

2 2
2

0 0 0

2

0 0

2 1 2 4 2f f f f f f f f
2 4 4

f f f f 4 f f f f

f f f f 4 f f f f

αα ββ αα ββ αα ββ αβ βα

αα ββ αα ββ αα ββ αβ βα

αα ββ αα ββ αα ββ αβ βα

   πρ πρ πρ
κ = + ± + − −   κ κ κ   

   πρ πρ πρ
= + ± + − −   κ κ κ   
πρ πρ

= + ± + − −
κ κ

  

Finally, an expression for 1κ  is given by, 

 ( )2

1
0

f f f f 4f fαα ββ αα ββ αβ βα
πρ  κ = + ± − − κ  

  (A.13) 

If the average depolarization is zero, then f f 0αβ βα= = , which is valid when the scatterers 

in the mean medium have azimuthal symmetry, and Equation A.13 reduces to, 

1
0

f f f fαα ββ αα ββ
πρ  κ = + ± − κ

 

1
0

2 f+
αα

πρ
κ =

κ
  (A.14) 
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1
0

2 f−
ββ

πρ
κ =

κ
  (A.15) 

Therefore, κ  to first order, can be expressed by using Equations A.8, A.14 and A.15 in 

Equation A.5, 

0 1 o
o

2k f
k

+ +
αα

πρ
κ = κ + δκ = + δ    (A.16) 

0 1 o
o

2k f
k

− −
ββ

πρ
κ = κ + δκ = + δ   (A.17) 

Introducing more common nomenclature for polarization, let hα =  and vβ = , and the 

expressions for κ to first order, including polarization can be expressed as, 

h o hh
o

2k f
k

+ πρ
κ = κ = + δ  

v o vv
o

2k f
k

− πρ
κ = κ = + δ  

This can be written more compactly as, 

( )
{ }

q o qq
o

2 ˆ ˆk f i, i
k

q h, v

πρ
κ = + δ

∈
  (A.18) 
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A.2 Stationary phase integral  
 

The solution to Equation 2.26 is accomplished by using the Method of Stationary Phase 

since this integral has a slowly varying function x yf (k , k ) multiplying a fast varying 

exponential phase function. This type of integral can be readily approximated via the 

Method of Stationary Phase [Colin and Zucker, 1969], 

( ) ( ) ( ) ( ) ( ) ( )1 2x yx y s s

s s

i sign signiPq k ,kiPq k ,k 4
x y x y x y 2

2dk dk F k ,k e F k ,k e e
P ab c

π
+  λ + λ ++  π

−
∫∫      (A.19) 

Recasting Equation 2.26 as and solve for the stationary points. 

( )
( )

( )x y zi k x k y k z
p x y x y2

1G x, x ' dk dk f (k ,k )e
2

∞
+ + +

−∞

=
π ∫                                                      (A.20)                                                  

z zp p

t t

p

i z ' i z '
p ik x '

x y
z

where

e e
f (k ,k ) e

i2

− κ + κ

− ⋅
 + Γ
 =

κ  

 

Where the stationary points, 
sxk  and 

syk  can be found by solving: 

x

y

q 0
k
q 0
k

∂
=

∂
∂

=
∂

  

And the coefficients a, b and c are various derivatives of ( )x yq k ,k evaluated at the 

stationary points, 
sxk and 

syk . 
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2

2
x
2

2
y

x y

qa
k
qb
k

qc
k k

∂
=
∂

∂
=
∂

∂
=
∂ ∂

  

( ) ( )2 2

1,2

And

a b a b 4c
2

+ ± + +
λ =

  

At the stationary points, the integral’s contribution is greatest and away from the stationary 

points, the integral’s contribution is negligible. Comparing Equation A.19to Equation 

A.20, the relevant terms are identified, in order to find the solution to the integral. First, q 

is found, since the derivatives of q are needed to find the stationary points.  

( )x y x y z

2 2 2
0 x yz

q k ,k k x k y k z

where

k k k k

= + +

= − −
 

 Carrying through the derivative operations for 
s

2

2
x

qa
k
∂

=
∂

and solving for xk evaluated at the 

stationary point, 

0

2 2 2
x y z x y x y

x

qq k x k y k z k x k y k k k z 0
k x x
∂ ∂ ∂   = = + + = + + − − =   ∂ ∂ ∂

  

s

z
x

k xk
z

=                                                                                                                     (A.21) 

Next, carry through the derivative operations for 
s

2

2
y

qb
k
∂

=
∂

and solve for yk evaluated at the 

stationary point,  
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0

2 2 2
x y z x y x y

y

qq k x k y k z k x k y k k k z 0
k y x
∂ ∂ ∂   = = + + = + + − − =   ∂ ∂ ∂

 

s

z
y

k yk
z

=                                                                                                                     (A.22) 

To get an explicit expression for 
sxk , divide Equation A.21 by Equation A.22 to get 

expressions for xk  and yk  without a dependence on the z-variable.  

s sx y
xk k
y

=                                                                                                                   (A.23) 

s sy x
yk k
x

=                                                                                                                   (A.24) 

Squaring Equation A.21, and substituting Equations A.24, 

( )
s

s s s

s s s

2 2 2 2
z x

2 2 2 2 2 2
0 x y x

2
2 2 2 2 2 2

0 x x x2

x k k z

x k k k k z

yx k k k k z
x

=

− − =

 
− − = 

 

  

Solving  for 
sxk , 

s

0 0
x 2 2 2

k x k xk
rx y z

= =
+ +

                                                                                          (A.25) 

Similarly, the other stationary point, 
syk is found to be 

s

0 0
y 2 2 2

k y k yk
rx y z

= =
+ +

                                                                             (A.26) 

Substituting, Equations A.25 and A.26 into the expression for 
szk   

s

2 2 2 2
2 2 2 2 2 2 20 0 0

z 0 x y 0 2 2

k x k y kk k k k k r x y
r r r

= − − = − − = − −   

0k z
r

=                                                                                                                           (A.27) 
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Now an expression for ( )s sx yq k ,k can be found by substituting the expressions for 
sxk ,

syk

and 
szk (Equations A.25, A.26, A.27) into the expression for ( )x yq k ,k : 

( )

( )

s s s s sx y x y z

2 2 20 0
0 x y

2 2 2 2 2 2
20 0 0 0
0 2 2

2 2
2 2 20 0 0

2 2
20 0 0

2 2 20 0

q k ,k k x k y k z

k x k yx y k k k z
r r

k x k y k x k yk z
r r r r

k x k y k r x y z
r r r

k x k y k z
r r r

k kx y z r
r r

= + +

= + + − −

= + + − −

= + + − −

= + +

= + + =

  

( )s sx yq k ,k 0k r=                                                                                           (A.28) 

Next, the following derivative are computed and evaluated at the stationary points, 

2 22
0 y

2 3
x z

k kqa z
k k

 −∂
= = −  
∂   

                                                                                               (A.29) 

2 22
0 x

2 3
y z

k kqb z
k k

 −∂
= = −  ∂  

                                                                                               (A.30) 

x y
3

x y z

k k zqc
k k k
∂

= =
∂ ∂

                                                                                                    (A.31) 

Substituting Equations A.26 and A.27 into Equation A.29 will result in the expression for 
‘a’ evaluated at the stationary points. 
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( )
( )

s

s
s s

2 2
2 0

2 2 0 2
0 y

33
2 2 2z 2
0 x y

2 2 2 2 2 22 2 2 2
0 00 0

2 2

3 3
2 2 2 2 2 2 2 2 2 2 2 22 2
0 0 0 0 0 0

2 2

k ykk k r
a z z

k
k k k

k x y z k yk r k y
r rz z

k r k x k y k r k x k y
r r

 
−  −   = − = −

− −

 + + − −   

= − = −
   − − − −
   
   

.  

2 2 2 2 2 2 2 2
0 0 0 0

2 2

3 3 3
2 2 02
0 2

2

k x k z k x k z
r rz z

k zk z
rr

   + +   

= − = −
        

  

( )2 2

2
0

x z r
a

k z
+

=                                                                                                              (A.32) 

Similarly, ‘b’ evaluated at the stationary points can be expressed as, 

( )2 2

2
0

y z r
b

k z
+

=                                                                                                              (A.33) 

And ‘c’ evaluated at the stationary points can be found as follows, 

s s

x

0 0

x y
3 33 2
0z 0

3

k x k x zk k z xyrr rc
k zk k z
r

= = =                                                                                   (A.34) 

Now the final term to be evaluated is 2ab c− : 

( ) ( ) ( )( )

( )

22 2 2 2 2 2 2 2 2 2 2 2

4 4 2 4
0 0 0 0

2 2 2 2 2 4 2

4 2 4
0 0

x z r y z r r x z y z x y rxyr
k z k z k z k z

r z x y z r z
k z k z

+ + + + − 
= − = 

 

+ +
= =
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2ab c−
2

0

r
k z

=                                                                                                           (A.35) 

Now substitute in the above derived terms into the right-hand side of Equation A.19 to get 

asymptotic expression for the integral. Note that 1sign( )λ  and 2sign( )λ  are both equal to 

1. Finally, we get, 

( ) ( ) ( ) ( )

( )

1 2x ys s

s s

z zp p

t t 0

s

i sign signiPq k ,k 4
x y 2

i z ' i z '
ip ik x ' ik r 2

2 2
z

0

2F k , k e e
P ab c

e e1 2e e e
ri2k2

k z

π
+  λ + λ  

− κ + κ π
+− ⋅

π
=

−

 + Γ π =
 π  

 

( )

z zp p0
t t

s

s

0
z zp p t t

i z ' i z 'ik r
p ik x '

z2
z

ik r
i z ' i z ' ik x '

p

e e1 ei2 k e
r i2k2

1 e e e e
4 r

− κ + κ

− ⋅

− κ + κ − ⋅

 + Γ
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A.3 Derivation of the z-component of the propagation constant  
 

The z-component of Equation A.18 is also used in Chapter 2 denoted as  
qzκ and can be 

derived as follows,  

( )

( )

( )

q i

i

i

i

22
z q t

2
2

o qq t
o

22 2
o qq t

o

2 2
z qq

o

k

2 ˆ ˆk f i, i k
k

4 ˆ ˆk f i, i O( ) k
k

4 ˆ ˆk f i, i O( )
k

κ = κ −

 πρ
= + δ − 

 

πρ
= + δ + δ −

πρ
= + δ + δ

 

Using the binomial approximation, a final expression for the z-component of the 

propagation constant in the mean medium is, 

( )q i

i

z z qq
z

2 ˆ ˆk f i, i
k
πρ

κ = + δ    (A.19) 
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A.4 Correlation of scattered field integrals  
 

From Chapter 2, the following expression for the bistatic scattering coefficient was 

introduced.  

( ) ( )
pq p 'q '

2 4 4
0 (i) *( j)
pqp'q ' t z s sA x i 1 j 1A

4 x
lim lim ds ds E x, s E x, s

A→∞ →∞
= =

 π
σ = δρ 

 
∑∑∫ ∫                     

Note that of the sixteen integrals of ( ) ( )
pq p 'q '

(i) *( j)
s sE x, s E x, s term integrated over zs  will be of 

the form,  

( ) z

0
i a b s

z
d

ds e +δ

−

δ ∫   

where either a=0 or a≠0. When a≠0, the integral is of 1O( )δ as shown below. 

δ� ds ei(a+δb)s = δ �
1 − e−i(a+δb)d

i(a + δb) � = δ
0

−d
�
1 − (1 − i(a + δb)d

i(a + δb) � = δd = O(δ1) 

 

When a=0, the integral becomes O(δ0) as shown below. 

 

δ� ds ei(δb)s = δ �
1 − e−i(δb)d

i(δb) � = δ
0

−d
�

1
i(δb)� =

1
ib

= O(δ0) 

The sixteen expressions for ( ) ( )
pq p 'q '

(i) *( j)
s sE x, s E x, s  are listed below. On inspection, the 

expressions that are O(δ0) occur for the following: 

i=j=1     1=j=2     i=j=3     i=j=4     i=2, j=3     i=3, j=2 
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Appendix B 
Relationship between the dyadic transition operator and the dyadic scattering 

amplitude 

A dyadic incident plane wave can be expressed as: 

  ( ) ( ) oik x
i

ˆ ˆˆE x, i I ii e+ ⋅= −     (B.1)  

A dyadic scattered wave can be expressed as as: 

 ( ) ( )
oik x

s
eˆ ˆˆE x, i f o, i

x

+ ⋅

=   (B.2) 

From Chapter 2, the scattered field can be written in terms of a dyadic Green’s function, a 

dyadic transition operator and the incident field. 

 ( ) ( ) ( ) ( )' ' '' ' '' ''
s i

ˆ ˆE x, i dx G x, x dx t x , x E x , i= ⋅∫ ∫   (B.3) 

 The free space Dyadic Green’s Function, given in Insert Reference: 

 ( )
'

0ik x x
'

2 '
o

eG x, x I
k 4 x x

+ − ∇∇
= + 

π − 
  (B.4) 

In the far-field, B.4 can be asymptotically expressed as, 

 ( ) ( )
'

0
o

ˆik o x
ik x' eˆ ˆG x, x I oo e

4 x

− ⋅

−
π

   (B.5) 

Substituting B.1 and B.5 into B.3, 
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( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

'
0

o o

o' ''
o o

ˆik o x
ik x ik x' '' ' ''

s

3 ik x
ˆˆik o x ik i x' '' ' ''

eˆ ˆˆˆ ˆE x, i dx I oo e dx t x , x I ii e
4 x

2 eˆˆˆ ˆI oo dx dx t x , x e e I ii
4 x

− ⋅
+ ⋅

− ⋅ + ⋅

= − ⋅ −
π

π
= − −

π

∫ ∫

∫
 

 ( ) ( ) ( ) ( )
o

3 ik x

o o

2 eˆ ˆˆˆ ˆ ˆI oo t k o,k i I ii
4 x
π

= − ⋅ ⋅ −
π

   (B.6) 

Comparing B.6 with B.2, an explicit relationship between the dyadic scattering amplitude, 

( )ˆˆf o, i  and the dyadic transition operator is seen as, 

 ( ) ( ) ( ) ( ) ( )
3

o o

2ˆ ˆ ˆˆˆ ˆ ˆ ˆf o, i I oo t k o,k i I ii
4
π

= − ⋅ ⋅ −
π

   

 ( ) ( ) ( ) ( )2
o o

ˆ ˆ ˆˆˆ ˆ ˆ ˆf o, i 2 I oo t k o,k i I ii= π − ⋅ ⋅ −   (B.7) 

Note that the tilde above the transition operator denotes the Fourier Transform. 
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