Stochastic Approximation on Manifolds and Topological Data Analysis

by Peiqi Yang

B.S. in Mathematics, June 2018, University of Science and Technology of China

A Dissertation submitted to

The Faculty of
The Columbian College of Arts and Sciences
of The George Washington University
in partial fulfillment of the requirements
for the degree of Doctor of Philosophy

August 31, 2025

Dissertation directed by

Hao Wu
Associate Professor of Mathematics



The Columbian College of Arts and Sciences of The George Washington University
certifies that Peiqi Yang has passed the Final Examination for the degree of Doctor of

Philosophy as of July 8, 2025. This is the final and approved form of the dissertation.

Stochastic Approximation on Manifolds and Topological Data Analysis

Peiqi Yang

Dissertation Research Committee:
Hao Wu, Associate Professor of Mathematics, Dissertation Director
Yangxiang Zhao, Associate Professor of Mathematics, Committee Member

Lien-Yung Nyima Kao, Assistant Professor of Mathematics, Committee Member

i



Acknowledgments

I want to first express my great gratitude to my advisor Hao Wu. He is so helpful
and patient, always inspiring me with different ideas. Topics in this dissertation are
all based on his research and discussions with him. Secondly, I want to thank my
colleagues Conglong Xu and Yingfeng Hu for wide-ranging discussions and collabora-
tions with them. Especially for Conglong, some parts in Chapter [2| are coming from
the manuscript which he is the first author. Then, I would also like to thank Wenxuan
Fu, my wife. You’ve brought me a lot of joy during my PhD career and supported me
towards my goal. Next, I would like to thank my parents for consistently supporting
me on my PhD study and life. Last but not least, I really appreciate all the help and

concerns from my friends, colleagues and all the professors in the math department.

il



Abstract of Dissertation

Stochastic Approximation on Manifolds and Topological Data Analysis

We study stochastic gradient descents on manifolds with deterministic, semi-
adaptive and adaptive learning rates. To guarantee the convergence of the stochastic
gradient descents, we establish convergence theorems on manifolds for retraction-
based stochastic gradient descents admitting certain confinements. We then apply
stochastic gradient descent algorithms to the weighted low-rank approximation prob-
lem and compare the performance of these algorithms.

We also study the relation between the persistent homology and the spectral
sequence of a filtered chain complex over a field, which are used in topological data
analysis. Our method is based on a decomposition of the persistent homology. We
demonstrate that, under fairly general assumptions, these two algebraic structures

capture the same information from the filtered chain complex.
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Chapter 1: Introduction

1.1 Stochastic Gradient Descents on Manifolds

Stochastic Gradient Descent (SGD) is a widely adopted optimization method in
machine learning that iteratively optimizes an expectation function under appropri-
ate smoothness assumptions. Stochastic gradient descents on Euclidean spaces and
its convergence theory have been well studied in the past decades. (See, for exam-
ple, [Bot99, [LO19].) However, the well-known “curse of dimensionality” refers to the
explosive increase in computational cost as the dimensions of the parameter and the
data spaces grow. Applying differential geometry methods to describe these spaces
and reduce search dimensions is a novel method, which leads to efficient algorithms for
high-dimensional data. In some machine learning problems, non-linear relations be-
tween optimal parameters naturally suggest a submanifold structure for optimization.

This motivates us to study stochastic gradient descents on manifolds.

In Chapter [2| we establish convergence Theorems [2.2.9] and [2.2.T1] for stochastic

gradient descents on manifolds admitting confinements. Theorem is inspired
by of [Bot99, Section 5]. Intuitively speaking, there are two obvious ways for a
gradient descent to diverge. First, the gradient flow-line could be unbounded in the
descending direction. [Bot99] avoids this by assuming the existence of a confinement
[Bot99l (5.1)]. We do the same by adapting Bottou’s ideas to manifolds. Second, the
gradient vector of the cost function could grow so rapidly that the gradient descent
fails to be a good approximation of the gradient flow-line. To avoid this, Bottou
elected to impose constraints to limit the growth of the gradient vector [Bot99, (5.2)].
These constraints somewhat limit the applications of his version of the convergence

theorem though. We choose to resolve this issue by a “semi-adaptive” approach. That



is, we start with a preferred sequence of learning rates and then, depending on the
outcome of each iteration of the algorithm, adjust the learning rate for the following

iteration to guarantee convergence.

Theorem [2.2.11] is a generalization of [LO19] to stochastic gradient descents on
Riemannian manifolds with adaptive learning rates. While the core idea of our proof
of Theorem [2.2.11]is similar to that in [LO19], we need to overcome technical hurdles

rooted in three issues:

1. It is assumed in [LO19| that the cost function and its gradient are both globally
Lipschitz. This limits the application of the results of [LO19]. We replace
the assumption of global Lipschitzness by a notion of retraction-specific local

Lipschitzness. See Definition below.

2. To use the local Lipschitzness, we need to confine the search steps in a compact
subset of the manifold. For this purpose, we opt to assume that the random
search admits a “k-confinement”. See Definition below. This also guaran-

tees that the search sequence contains a converging subsequence.

3. To prove Theorem [2.2.11] we need to estimate the difference of the gradients of
two closely related functions in Lemma [2.2.160. When working on an Euclidean
space, these two gradients are identical, which eliminates the need for such an
estimation. But, when working on a Riemannian manifold, it took us some

effort to control the difference between them.

After resolving these issues, we apply the arguments similar to those in [LO19] to

complete our proof of Theorem [2.2.11

Then, as an application, we apply Theorems [2.2.9 and [2.2.11]to establish different

versions of algorithms for a Regularized Weighted Low-Rank Approximation Problem



(Problem [2.3.3). When looking into the Eckart-Young Theorem which is a vital part
of the classical Low-Rank Approximation Problem, we come up with a new proof of
the theorem. This proof is attached in Section separately. Finally, we compare

the computational efficiencies of the adaptive and semi-adaptive approaches when

applied to Problem [2.3.3]

1.2 Decomposition of Persistent Homology and Spectral Sequences

Over the past two decades, topological data analysis through persistent homology
has grown into an innovative method combining topological methods and data anal-
ysis. Persistent homology is a kind of homological invariant widely used in the area
of topological data analysis. Given a data set, for example, a point cloud, it may
generate simplicial complexes with different filtrations (Cech, Vietoris—Rips, etc.),
and persistent homology will detect the birth and death of homological cycles in each
dimension. This brings a topological insight into the structure of the point cloud,
or other types of data which can be fitted into abstract simplicial complexes. Afra
Zomorodian and Gunnar Carlsson introduced an algorithm in [ZC05] which allows
one to compute the persistent homology by counting its persistent Betti numbers and
presenting the data in barcodes or diagrams. By computing persistent homology of
certain data sets, one can extract topological information even from high-dimensional,
incomplete and noisy data. These topological techniques provide powerful tools to
study topological structures and invariants of various mathematical objects, advanc-

ing the understanding of complex structures and data.

Filtered chain complexes arise naturally in many applications of algebraic topol-
ogy. For example, given a point cloud in a metric space, one can consider the abstract

simplicial complex consisting of all the possible abstract simplices with vertices in



this cloud. This abstract simplicial complex gives rise to a simplicial chain complex,
which, by itself, has trivial homology. But, when equipped with the filtration induced
by the diameters of simplices, the filtered chain complex captures much topological

information of the point cloud.

There are two main approaches to extracting homological information from a
filtered chain complex. The more classical approach is via spectral sequences defined
by Jean Leray [Ler46], which are hard to compute in most cases. More recently, in the
study of point clouds, most researchers opt to use the persistent homology because

there are efficient algorithms to compute it [EH10L [ZC05|.

A natural question is how different or similar are the homological data obtained
by these two approaches. Saugata Basu and Laxmi Parida [BP17] established explicit
relations between the spectral sequences and the persistent homology for filtered chain
complexes over a field. In fact, similar relations are implicit in the work of my advisor
[Wulh] in the context of the Khovanov-Rozansky homology in knot theory. In Chapter
, we apply the arguments in [Wul5| to more general filtered chain complexes over
fields and, among other things, recover the results in [BP17]. Our method is based on
decomposition theorems of persistent homology and spectral sequences, which allow
us to avoid complicated exact sequence arguments and provide a direct and intuitive
explanation why the two approaches yield exactly the same information from a filtered

chain complex over a field under fairly general assumptions.

It is worth mentioning that we were not aware that our result was covered by
a previous paper by Michael Usher and Jun Zhang [UZI16]. They established the
similar decomposition for elementary Floer-type complexes. In [UZ16], Proposition
7.4], they prove a more general version of the decomposition theorem for filtered chain

complexes, which relaxes the homotopy equivalence assumption in our version.



Chapter 2: Stochastic Gradient Descents on Manifolds

2.1 Stochastic Gradient Descents

Let Q be a probability space. A stochastic gradient descent in R™ for a C* cost

function F': R™ — R is given by the iterative update

Xt+1 = X — ntg(Xt,wt) (211)

where ¢ is a function g : R” x Q@ — R" and {w;}{° C € is a sequence of random
variables of independent identical distribution in € satisfying E(g(x,w;)) = VF(x)
Vx € R™.

In classical applications of stochastic gradient descents, the learning rates {n;}g°

are usually a deterministic sequence of non-negative numbers satisfying
o o
Znt = oo and an < 00. (2.1.2)
t=0 t=0

More recent applications often adopt adaptive learning rates not satisfying these
constraints. In [LO19], Li and Orabona provided an elegant proof for the convergence

of stochastic gradient descent (2.1.1)) with the adaptive learning rates

«

(8 + X1 llgei wi) )2

Ny = (2.1.3)

where a and [ are positive numbers and 0 < ¢ < %

We will establish convergence theorems and algorithms of stochastic gradient de-

scents on manifolds with both the deterministic and adaptive learning rates in this



chapter.

2.2 The Convergence Theorems

2.2.1 Relevant Concepts

Before stating our main convergence theorem, we need to review some necessary
technical concepts and their basic properties. In this manuscript, we only discuss the

type of random functions given in Definition [2.2.1]

Definition 2.2.1. Let M be a differentiable manifold, and €2 a probability space. A
function f : M x — R is called a random function on M. We say that f is kth-order
differentiable in the M-direction if, for every w € Q, f(*,w) : M — R is kth-order
differentiable. We also say that f is locally bounded on M if, for every compact set

K C M, there is a Cx > 0 such that |f(z,w)| < Ck for every (z,w) € K x Q.

In Definition [2.2.1] M is the manifold in which we search for the optimal param-

eters of the learning model. 2 is the space of samples used to guide our search.

Definition 2.2.2. [AMSQ9, Definition 4.1.1] Let M be a differentiable manifold. A
retraction on M is a C' map R : TM — M such that, for every € M, the restriction

R, = R|1,n satisfies

e R,(0,) =z, where 0, is the zero vector in T, M,

e dR,(0,) = idr, ) under the canonical identification Ty, T, M = T, M, where dR,

is the differential of R, and idr, s is the identity map of T, M.

Retraction is introduced as an approximation to the classical exponential map



which is hard to compute in general. It has nice properties such as pulling back the

differential calculations on the manifold to its tangent space point-wisely.

Lemma 2.2.3. Let h : M — R be any C? function. Then, for any x € M and v €
T, M, there exists an s* € [0,1] such that h(R,(v)) = h(z) + (Vh(z),v), + sHess(ho
R.)|s+v(Vv,V), where Hess(h o R,) is the Hessian of the function ho R, : T,M — R,

which is defined on the inner product space T, M.

Proof. Define p(s) = h(R,(sv)). Then, by Taylor’s Theorem, there exists an s* €

[0,1] such that p(1) = p(0) + p'(0) + 5p"(s*). Note that:

* p(0) = h(R:(02)) = h(x) and p(1) = h(R.(v));

e p'(s) = (V(hoR,)(sv),v), and therefore p'(0) = (V(hoR;)(0;),v), =

x

(Vh(z),v),, where the last equation follows from Equation (2.2.1)) below;

o p'(s) = £ (V(hoR,)(sv),v), = (£V(hoR,)(sv),v) = Hess(hoR;)|s(v,V).

Combining the above, we get that h(R,(v)) = h(z) + (Vh(z),v), + 3Hess(h o
R,)|sv(V, V). O

We also need the following concept of retraction-specific Lipschitzness.

Definition 2.2.4. Let M be a Riemannian manifold, R a given retraction on M,
and € a probability space. Suppose that the random function f : M x Q@ — R is
first-order differentiable in the M-direction. Then, for each x € M and each w € €},
the function f,, := f(R.(*),w) : T,M — R is a first-order differentiable function. Its
gradient Vf, , is the vector in T, M dual to the differential df, ., via the Riemannian

inner product (%, ).



e f said to have R-Lipschitz gradient in the M-direction if there is a constant
C' > 0 such that

IV fou(V) =V fou(02)]lo < Cllvil
for every x € M, v € T,M and w € (.

e f said to have locally R-Lipschitz gradient in the M-direction if, for every

compact subset K of M and every r > 0, there is a constant Cx, > 0 such that

vax,w<v) - vf:c,w(Ox)Hx S OK,THVHJC

for every x € K, every v € T, M satisfying ||v||, < r and every w € .

In the case when 2 = {w} is a probability space of a single point, the above gives the
definitions of the gradient of a deterministic function on M being R-Lipschitz and

locally R-Lipschitz.

Remark 2.2.5. In Definition [2.2.4] denote by Vj;f the gradient of f with respect
to M, that is, Vy f(z,w) = Vf,(z), where f, := f(x,w) : M — R. Note that

frw = fuo Ry. Since dR,(0,) = idr,as, we have that, for any v € T, M,

(Vf2w(02), V), = (dfew)lo. (V) = %(fw ° R.)(tv) = d(f. © Ry)lo, (V)

= (dfo)lz 0 (dRa)lo, (V) = dfule(v) = (Vfu(2),v), = (Varf(z,0), V), .

This shows that

V few(0z) = Vi f(z,w). (2.2.1)

Finally we introduce the concept of confinements of random functions on Rieman-

nian manifolds, which plays a central role in this chapter.



Definition 2.2.6. Let M be a Riemannian manifold, 2 a probability space, and
f: M xQ — R arandom function on M that is first-order differentiable in the M-
direction. A confinement of f on M is a first-order differentiable function p: M — R

satisfying:

o for every § € R, the set {x € M | p(z) < 6} is compact;

e there exists a py € R such that (Vp(z), Vy f(z,w)), > 0 for every w €
and every x € M satisfying p(x) > po, where (x,%)_ is the Riemannian inner

product on T, M.

Existence of confinement of a random function guarantees that the stochastic
gradient descent happens in a compact subset of the manifold and therefore has con-
vergent subsequences. However, the proof of Theorem with adaptive learning
rates requires a stronger confinement. We introduce a constant x > 0 to enhance the

second condition of the ordinary confinement as the following.

Definition 2.2.7 (k-confinement). Assume that:

1. M is a Riemannian manifold with a fixed C? retraction R : TM — M;
2.  is a probability space;

3. f: M xQ — Ris arandom function on M that is first-order differentiable in

the M-direction.

For a fixed xk > 0, a k-confinement of f on M is C? differentiable function p : M — R

satisfying:

e For every § € R, the set {z € M | p(z) < §} is compact;

9



e There exist pg, p1 € R such that

— Po < P1,

P(Ro(—5Var f(,w))) < py (2.2.2)

for every s € [0, k], every w € Q and every x € M satisfying p(z) < po,

(Vo(a), Varf (0,0)), = 5| Hess(poRa)| w000 (Var f(@,0), Vi f (,))

(2.2.3)
for every s € [0, k], every w € Q and every = € M satisfying py < p(x) < p1,
where Hess(po R,) is the Hessian of the function po R, : T, M — R, which

is defined on the inner product space T, M.

The following lemma explains the origin of the idea of k-confinements.

Lemma 2.2.8. Assume that:

1. M is a Riemannian manifold with a fized C* retraction R : TM — M.

NS

. Q is a probability space.

Co

. f M xQ — R is a random function on M that is first-order differentiable in

the M -direction.
4. k> 0.
5. p: M — R is C? function satisfying:

e For every c € R, the set {x € M | p(x) < c} is compact;

10



o There exists a pp € R and a ¢ > 0 such that (Vp(x), Vi f(z,w)), > ¢ for

every w € Q and every x € M satisfying p(x) > po.
Let

(i) Ko . ={x e M | p(z) < po}, Go :=max{||Vy f(z,w)|. | z € Ko, w € Q},

(i) p1 = max{py + K| (Vp(z),Vv), | + 2k*[Hess(p o R,)|_w(v,v)| | 2 € Ko, v €
T, M, ||v]. < Go, s€0,K]},

(iii) Ki:={x € M | p(z) < pi} and Gy = max{||Vy f(z,w)]|. |z € Ky, weQ},

. . ~ 2
(iv) Kk := min < R, : —
max{ [Hess(poRs)|—ev (vov)| | €K1, vETM, [|[v]|o<G1, se[0.7]}

Then p is a k-confinement of f.

Proof. By Lemma below, for any x € M, and any s > 0, we have that

p(Ro(=sV [f(z,0))) = p(x) = s (Vp(x), Var f(x,0))

1
+ 532Hess(p 0 Ry)|—srvp fww) (Varf(z,w), Vi f (2, w))

for some s* € [0, s]. By the definition of p; in item above, one can see that, for
any x € Ko and s € [0, k] C [0,&], p(R:(—sV f(z,w))) < p1. This proves Inequality

223).

For every s € [0, k], every w € Q and every z € M satisfying py < p(z) < p1, we

have that
(Vo(a), Var f(w,0)), > ¢ = Z|Hess(p o Bo)l o9y sta)(Var (2, 0), Varf(z, )|

This proves Inequality (2.2.3)). O

11



2.2.2 Convergence Theorems for Deterministic and Adaptive Learning
Rates

We first state a convergence theorem of stochastic gradient descent with “semi-

adaptive” learning rates.

Theorem 2.2.9 (Semi-Adaptive Learning Rates). Assume that:

1. M is an m-dimensional Riemannian manifold equipped with a C?* retraction
R :TM — M. Denote by (x,*)_ the Riemannian inner product on T, M for all

x € M and by || * ||, the metric it induces on T, M.
2. Q1 is a probability space with probability measure .
3. f: M xQ — R s arandom function on M satisfying:

(i) f is first-order differentiable in the M -direction,
(17) f and ||V f]| are locally bounded on M,
(15i) f has locally R-Lipschitz gradient in the M direction.

4. F: M — R is the expectation of f(x,w) with respect to w under the probability

distribution pi. That is, F(z) = Ey,(f(z,w)) = [, f(z,w)dp for all x € M.

5.p: M — R is a C? confinement of f. Fiz a py € R satisfying that (Vp(z),

Vfo(2))e >0 for every w € Q and every x € M satisfying p(x) > po.

6. {wi}2y is a sequence of independent random variables taking values in € with

tdentical probability distribution p.

7. Fiz positive constants a,b,0 and a sequence {c;}°, of positive numbers satis-
fying 3720 ¢ =00 and Y2 ¢ < 0o. Define ¢ = max{c, | t >0}, 0 = > ;2 c?

andﬁ1:ﬁ0+ca—l—l’27".

12



8. xy € M is a fized point satisfying p(xo) < po-

Define a sequences {T,:}52, of random elements of M and a sequence {p;}:°, of

random positive numbers so that, fort >0,

F1 = R, (—%VMf(ft,wt)) : (2.2.4)
¢
o > max{A4, By, %}, (2.2.5)
where
1 e N
A, ::a sup {maX{O, — (V,o(:vt),VMf(xt,w))jt} | w € Q} , (2.2.6)

1 ~ - N
B, =7 sup {\/max{(), Hess(p o Rz,)|ova @) (Var f(Te,w), Varf (2, w)) } |

0] <O, we Q} (2.2.7)

and Hess(p o R,) is the Hessian of the function po R, : T,M — R, which is defined

on the inner product space T, M. Then

o {%,}32, is contained in the compact subset {x € M | p(x) < (1} of M. In

particular, it has convergent subsequences.
Assume that {1}, also satisfies:

(a) each o is independent of {w,}>2,,
(b) {p1}52y is bounded above and below by positive numbers. That is, there are
Drin, Prnax > 0 such that
Din < 0 < Doy for allt > 0. (2.2.8)

13



Then we further have that:

o {F (&)}, converges almost surely to a finite number;
o {|IVF(Z)|z }2 converges almost surely to 0;

e any limit point of {Z,}2, is almost surely a stationary point of F.

We can replace the sequence {p;}:°, by a single factor ¢ and still get a convergent
stochastic gradient descent algorithm, which is formulated in Corollary below.
This makes the learning rates deterministic instead of “semi-adaptive”. Of course,
this may sometimes shrink the learning rates by too much and potentially slow down

the convergence.

Corollary 2.2.10 (Deterministic Learning Rates). With Assumptions to (@

stated in Theorem fiz a positive constant ¢ satisfying

C

> A B
v > max{A, ,@},

(2.2.9)

where

A ::ésup{maX{O, V), Varf (), } | 5) < o, w e Q).

B ::% sup{\/max{o, Hess(p o Ry)|ovy fzw)(Varf(z,w), Vi f(z,w))} |

01 <O, xeM, jz) < pi, we},

and Hess(p o R,) is the Hessian of the function po R, : T,M — R, which is defined

on the inner product space T, M.

14



Define a sequence {T:}:°, of random elements of M by
Fio1 = Rs, (—%VMf(jt,wt)> fort > 0. (2.2.10)

Then:

{Z:}52, is contained in the compact subset {x € M | p(z) < p1} of M. In

particular, it has convergent subsequences,

{F(Z¢)}:2, converges almost surely to a finite number,

{IIVF(Z4) ||z, }22o converges almost surely to 0,

any limit point of {Z,}52, is almost surely a stationary point of F'.

For cost functions admitting k-confinements, we further establish a convergence

theorem for the stochastic gradient descent with adaptive learning rates.

Theorem 2.2.11 (Adaptive Learning Rates). Assume that:

1. M is an m-dimensional Riemannian manifold equipped with a C?* retraction
R :TM — M. Also, (x,x),_ is the Riemannian inner product on T, M for all

x € M and induces the norm || * ||, on T,M for all x € M.
2. Q 1s a probability space with a probability measure L.
3. f: M xQ—= R is arandom function on M satisfying:

(1) f is first-order differentiable in the M -direction,
(i1) f and |V f|| are locally bounded on M,

(15i) f has locally R-Lipschitz gradient in the M -direction.

15



4. F : M — R is the expectation of f(x,w) with respect to w. That is, F(r) =

E(f(z,w)) = [, f(z,w)du for all z € M.

5. For a fited k > 0, p: M — R is a C? k-confinement of f. Fiz py,p1 € R for
which Inequalities (2.2.2)) and (2.2.3)) are true. Let Ky be the compact subsets

of M given by

Ki:={zeM]|px)<p}. (2.2.11)
6. {wi}2, is a sequence of independent random variables taking values in Q0 with
identical probability distribution p.
7. xog € Ky is a fized point.
8. Fix positive constants €, «, 8 satisfying:
(i) 0<e<3.
(ii)

o

prte

< k. (2.2.12)

Define a sequences {x:}7°, of random elements of M and a sequence {m;}2, of

random positive numbers by

Tpr1 = Ry, (—m:Vrf (2, wyr))
fort > 0. (2.2.13)

o
- T
(B0 IVarf (wsws)lI2,) 2+

N =

Then:

o {1:}°, is contained in the compact subset Ky of M. In particular, it has con-

vergent subsequences.

o {|IVF(x)||s }i2 converges almost surely to 0.

16



o Any limit point of {x:}32, is almost surely a stationary point of F'.

Some of our technical lemmas are fairly basic. Some of these have already appeared
in [BT00, LO19] for example. For the convenience of the reader, we nevertheless
include these lemmas and the proofs of most of them here. The main outlier is
Lemma [2.2.16] Over Euclidean spaces, this lemma is trivial. So it does not appear
in [BT00, LOT9.

2.2.3 Geometric Lemmas

To proceed further, we need to understand the dependence of the solution of an

ODE initial value problem on the initial value and other parameters.

Lemma 2.2.12. [Tay13, Chapter 1, Proposition 6.1] Let h : R x R" x R — R" be a
Ct function. Assume that there is an open set U C R™ x R! and an interval (t_1,t;)

such that t_1 < tg < t1 and the initial value problem

4 _

i h(t,,Z) and §(to) =& (2.2.14)
T

has a solution y(t, T, %) fort € (t_1,t1) and € U. Then, for eacht € (t_1,t1),
Z

—

the function §(t, T, Z) is C1 jointly in the initial value T and the parameter vector z

z

for eU.

8y

17



Proof. Define a C! function H : R x R"” x R! — R x R x R! by

< =
Il
>
—
=
< 7
Xy

Y
et}

t

Then i(t, T, 2) is the solution of the initial value problem

] 7(t) 7(t) 7(to) to
Slaw [ =H | g || ad | ) | =] @
=) 2(t) (to) z

on the interval (¢_1, ;). By [Tay12, Chapter 1, Proposition 6.1], for each t € (¢_1,t1),
t to

the function y(t,z, %) | 1s C' in the initial value | 7 |. This proves the lemma.
Z Z

O

Definition 2.2.13. Recall that T'M & T'M is the vector bundle over M obtained

by direct summing T'M to itself. Its fiber over x € M is T,M & T,M. It comes

with a standard smooth manifold structure. For any (u,,v,) € T,M @® T, M, define

PTr(uy,vsy) € Tr,(u,)M to be vector resulted from the parallel transportation of v,

along the curve R, (tu,) from ¢t = 0to ¢t = 1. Then PTgr : TM & TM — TM is a

function.

Lemma 2.2.14. The function PTr : TM &' TM — T M defined in Definition

18



is C*. Moreover, for any x € M and u,,v., v? € T,M, we have that

) T

(PTr(0z,v,), PTr(Us, V2)) (0 = (Ve V2), - (2.2.15)

Proof. Equation is a standard property of parallel transportation. We only
need to prove that PTr : TM & TM — TM is C'. Fixan z € M and u, € T, M.
Consider the curve € given by R,(tu,) for 0 < ¢ < 1. By the Lebesgue Number
Lemma, there is a positive integer p such that, for [ = 1,2,..., p, there is a coordinate
chart U; such that the segment of € with I’Tl <t < é is contained in U;. By the
continuity of R and the compactness of closed intervals, we know that there is a
neighborhood W of u, in T'M such that, for any w, € W, the curve R,(tw,) with

1*71 <t< fo is contained in U.

Next, we prove that PTx is C' on the open subset W = {(wy,v,) € TM &
M ’ w, € W} of TM & TM. We do so by inductively prove that PTR(éwy, vy) is

C' in (wy,v,) for (wy,v,) € Wforl=0,1,2,....,p.

For | = 0, PTx(0,,v,) = v, and is clearly C*. Now assume that PTR(l_ley, vy)

is C' in (wy,,v,) for (w,,v,) € W. We prove that PTR(éwy,vy) is C' in (wy,v,)

for (wy,v,) € W. Denote by (z1,...,2m) the coordinate functions for the chart U;.
These equip TU; with a frame [ai, e i]. Note that PTR(twy, v,) for l_Tl <t< 2%

is a parallel vector field along the curve R,(tw,) with l <t < <. So it satisfies

L
- p
the first order differential equation 2 (PTx(tw,,v,)) = 0 for 71 <t< %. Under the
frame [8%1, o %], this is
avk 0
3 ;F il Ry ow) (& (zi|Ry(twy))) vj=0for k=1,2,...,m, (2.2.16)

where PTg(tw,,v,) = >0 vj5 a - and {I';;} are the Christoffel symbols of the Levi-
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Civita connection with respected to the coordinates (zi,...,z,), which are C* in

(21, ..., 2m). Since R is C?  we know that:

k 12
o VIR, (tw,) is C% in w, for w, € W,

° % (zi|Ry(twy)) is C! in w, for w, € W.

Write 0 = [v1,...,0,)7 € R™ and A = D", Ff;j]Ry(twy) (% (zi’Ry(twy)))]me-

Then A is a matrix of functions that are C' in w, for w, € W. And Equation

(2.2.16]) becomes

ov
— 4+ Av=0. 2.2.1
5 +Av=0 ( 7)

By Lemma [2.2.12] the solution ¢ of Equation (2.2.17) is C"! jointly in w, for w, € W

and in the initial value z7|t:z_T1. But PTR(l_ley,vy) is C'in (w,,v,) for (w,,v,) €
W and PTR(%wy,Vy) = [%, ce %]ﬁ]t:z%. So 17|t:% is a column of functions

that are C! in (wy,v,) for (w,,v,) € W . Putting these together, we have that

PTR(éwy,vy) = [6%1’ e %]Uh:é is also C! in (wy, v,) for (w,,v,) € W.

This completes the induction and proves that PTg(w,,v,) is C' in (w,,v,) for
(Wy,vy) € W. In summary, we have established that, for every (u,,v,) € TM &TM,
there is an open neighborhood W of (ug,vy) in TM @&TM on which PTx is C*. This
proves that PTr : TM & TM — TM is C*. O

Lemma 2.2.15. Fix any x € M and any r > 0. Then there is an open neighborhood

U, of x in M and a positive number C,, such that
[IVE(R, ()|, = [IV(F o R)(W)]l| < Cy,llul,

for every y € U, and every u € T,M satisfying ||ull, < r.
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Proof. For any y € M and u,v € T,M, we have that

(V(F o Ry)(u),v), = d(F o Ry)lu(v) = (dF[r,w) © (dRy|u))(V)

= (VE)(Ry()), (dRy|u)(V)) g, ) = (adj(dRy[u) (VF)(Ry(W))), V), ,

where adj(dR,[y) is the adjoint of dR,[, with respect to the inner products (x,x),
and (*,%)p ). This shows that

V(F o Ry)(u) = adj(dRy|u)(VF)(R,(0))). (2.2.18)

Let (Wy, (y1,-..,Ym)) be a C* coordinate chart containing z. Fix an open neigh-
borhood U, of z such that its closure U, is compact and contained in W,. For
y € W,, apply the Gram-Schmidt Process to the basis [8%1, . ayim] of T, M and then
normalize the lengths. This gives an orthonormal basis [v1(y), ..., Vv, (y)] for T,M

8]:

and a C* m x m invertible upper-triangular matrix P(y) such that [-2- Byrr ) By

Vi(y),-..,vin(y)|P(y). For y € U, and u € T,M, we use the orthonormal basis

Vi), .., viu(v)] for T,M and the basis

[PTr(u,vi(y)), ..., PTr(u,vy(y))] for Tg, M. By Lemma2.2.14, [PTr(u,v(y)), . ..
)

PTr(u, v,,(y))] is orthonormal and C! jointly in y and u.

Under the standard identification T,,(T,M) = T,M, denote by [dR; ;] the m X
m matrix of the differential map dR,|, : T,M — Tg M under these bases for
the two tangent spaces. Then each dR;; is C' jointly in y and u. Therefore, the
gradient VydR; ;(y,u) is continuous jointly in y and u for 1 <,5 < m. So D,, :=
max{||VudR;;(y,0)|l, | 1 <i,j <m, y € Uy, u€ T,M, |ull, <r} < oco. By the

Mean Value Theorem, there is an s* € [0, 1] such that

[dR; j(y,u) — dR; j(y, 0y)| =[(VudR; ;(y, s™u),u), |
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<[IVudRi;(y, s™u)llyl[all,

<Dy [|ully.

Recall that dRylo, = idp,ax and [PTR(0,vi(y)),..., PTr(0,vn(y))] = [Vi(y),...
Vi (y)]. So [dR; ;(y,0,)] = I,,, that is,

1 ifi=j,
0 ifi# .
Combining the above, we get that, for y € U, and u € T,,M satisfying |[ul|, < r,

|dR; j(y,u) — 0i5] < Dy rllull,. (2.2.19)

Furthermore, note that the matrix representing adj(dR,|u) : Tr,wM — T,M is
[dR;;]" under the bases [PTgr(u,vi(y)),...,PTr(u,v,,(y))] for Tgr,wM and

[Vi(y), ..., Vim(y)] for T,M since both bases are orthonormal.

Denote by || || the standard norm on R™ and by || % || the Frobenius norm
on R™ ™. Also, for y € U, and u € T,M satisfying |[ul, < r, let @ = w(y,u) =
[wi(y,0),...,wn(y,u)]’ € R™ be such that VF(R,(u)) = [PTr(u,vi(y)),-..,

PTgr(u,v,,(y))]@. Then, for y € U, and u € T, M satisfying |Jul, < r, we have

IV F(Ry (W)l g, ) = IV(F 0 Ry)(u)]l,]
=[[[VE(R, (W)l r, ) — lladi(Ry ) (VF (R, (a))]l,]
= “HPTR(u? Vl(y))v s 7PTR(u’ Vm(Q))]wHRy(u) - ||[V1(y)7 ce vvm(y)“dRiJ(y’ u)]TIB”y‘

= [[[@]| = l[dR:;(y, v)]" || < l[dR:;(y, )" & — &l = [[([dRy;(y, w) — d55]" )0

S AR,y w) = 5wy w)? < |m S0 S (dRi (g, 0) — 6% (wily, w))?

Jj=1 =1 j=1 i=1
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m

my Y D2 llul(wily, w))? = | m2D2 Jul2 ) (wi(y, w))?

j=1 i=1 i=1

IN

=mDy . ||ully|[@]] = mDy ,[lull, [V F(Ry ()| £, ) < mDsr|ullyGer,

where G, := max{||VF(R, ()|, | ¥ € Uz, u € T,M, |lu|| <r} < co. Now
define C,, := mD, ,G,, > 0. The above computations show that Lemma [2.2.15] is

true for this choice of Cy,. O

Lemma 2.2.16. For any fixed positive number r and a compact subset K C M, there

1s a constant Cy > 0 such that
IVE(Ro(v))llrotv) = IV (F 0 Ba)(V)llz| < Coll vl
for every x € K and every v € T,M satisfying ||v]|. < r.

Proof. By Lemma [2.2.15] for every x € K C M, there are an open neighborhood U,

of z in M and a positive number C, , such that
[IVE(R, ()|, = IV(F o R)(u)]l,| < Cy,llul,

for every y € U, and every u € T, M satisfying |lu||, < r. Since K is compact, there
are xy,---x, € K such that K C J;_, U,,. Set Cy := max{Cy,,..... Cy,r}. Then

Lemma [2.2.16| is true for this choice of C,. ]

2.2.4 Proof of Theorem [2.2.9

While Theorem is inspired by Section 5 of [Bot99], our proof follows largely
the strategy laid out in [BT00]. Similar arguments were used by my advisor to prove

a special case of Theorem as [Wu2ll Theorem 1.1].
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Lemma 2.2.17. The sequence {&;};2, defined in Equation (2.2.4) of Theorem[2.2.9

is contained in the compact subset {x € M | p(x) < p1} of M. That is, p(&;) <

for allt > 0.

Proof. We prove inductively that

-~

(@) +5 DG < (2.2.20)

J=t

e}l

which implies the lemma.

For t = 0, p(Zo) < po by our choice. So p(Zg) + %Z;‘;O & < po+ b%" < p1.

Assume that Inequality (2.2.20)) is true for some ¢t > 0. Now we prove it for ¢+ 1. By
Lemma [2.2.3] there is an s* € [0, 1] such that

p(Zi1) = ﬁ(Rgzt<—ava(jtu we)))

t

. Ct e ~
= p(@) — jt (Vp(Ee), Varf(Ze, wi)),
2
C - ~ ~
"‘_2;2 Hess(p o R:L“)|—s*;—ttVMf(it,wt)<va(xt: wy), Vi f (&g, wi)).
t

Recall that ¢ = max{c¢, | t > 0} and 0 = > ;7 ¢7. Note that 0 < s*2- < © by

Inequality (2.2.5)). Let us consider the following two cases.

Case 1: p(;) < po. Then, by Inequality (2.2.5), we get

. . c AP v’ b2c?
P(ZTir1) < p(Tr) + —ady + -=b"B; < p(3y) +ca+ —— < po+ca + ——.
Pt 2¢; 2 2
Thus,
bZ e b2 >
P(Te1) + 5 ¢; < po+ca+ 526 < p1
j=t+1 =t



Case 2: po < p(Z) < p1. Then (Vp(Z,), Varf (&4, wi)), > 0 by our choice of py. So,
by Inequality (2.2.5)),

2
. . c 3 N N
p(Tr11) < p(E) + 55 Hess(po Bl v 93 4 o) (Vad (T, 000), Var (1, 1))

A

27
2 2.2
~ i~ Ct 122 - <~ boci
< p@) + 2_9036 By < p(a) + =+
Thus,
p(Zer1) + 5 Z ¢; < p(Ty) + 5 ZCJ </
j=t+1 Jj=t

This proves Inequality ([2.2.20)) for ¢ + 1 and completes the proof of the lemma. [

Remark 2.2.18. Note that we did not use Assumptions (a) and (b) from Theorem

2.2.9 in the proof of Lemma [2.2.17

Lemma 2.2.19. F is first-order differentiable and has locally R-Lipschitz gradient.
Moreover, there exists a Cy > 0 such that ||[V(F o R,)(v) — VF(x)|. < Cy||v]|+ and
F(R,(v)) < F(z) + (VF(2),v), + &|v|? for every x € M satisfying p(z) < py and

T

every v € T, M satisfying ||v||. < Gy, where
G == max{||Vy f(z,w)|s | @ € M satisfying p(x) < p1, w € Q}. (2.2.21)

Proof. Since ||V f(z,w)|| is locally bounded, it follows from the Donimated Con-
vergence Theorem that F is first-order differentiable and VF(z) = [, Vs f(x,w)dpu.
Since R is C?, ||Vr,uf(R:(v),w)|| is also locally bounded, So, again by the Don-
imated Convergence Theorem, we have V(F o R)(v) = [, Vruf(R.(v),w)dp =
Jo Vew(V)du, where fo . = f(Ry(*),w) : T,M — R is defined in Definition m

Since f has locally R-Lipschitz gradient, we know that for every compact subset

K of M and every r > 0, there is a constant Cf, > 0 such that ||V f,,(v) —
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V fow(04)]lz < Crr||V]: for every z € K, every v € T, M satisfying ||v||, < r and

every w € 2. Thus,

IV(F o R)W) = V(Fo RO = | | Vhiulidn— [ V1.0l
/ IV fo¥) = V foa((0.) adis < / CrerllVllads = Ccr [V]]o-
Q Q

This shows that F' has locally R-Lipschitz gradient.

Now consider the special case K = {z € M | p(z) < p1} and r = Gy. Let
Cy = Ckg,- Then, by Equation and the above inequality, we have that
IV(F o R,)(v) — VF(x)||. < Ci||v||. for every x € M satisfying p(z) < p; and
every v € T, M satisfying ||v|]| < Gi. Let p(s) = F(R.(sv)) for s € [0,1]. Then
p'(s) = (V(FoR,)(sv),v),. And

F(R,(v)) — F(z) = p(1) - p(0) = / p(s)ds = / (V(F o Ry)(sv),v), ds
= /0 (VF(xz)+ V(FoR,)(sv) — VF(z),v), ds

= (VF(z),v), + /0 (V(FoRy)(sv)— VF(x),v), ds

IN

(VE(z) / IV(F o Ry)(sv) = VE(2)|.[[v]|.ds

IN

1
(VF@)v), + [ Cuslv|Eds = (VF().v), + 2
0

for every x € M satisfying p(z) < p; and every v € T, M satisfying ||v|| < G;. This

completes the proof. O

Lemma 2.2.20. Series Y o . E(|[VF(2)|3,) converges and, consequently, both se-

ries 3 g ¢l VE(Z0)|2, and 3272, ||V E(2,)[3, converge almost surely.

Proof. By Lemma [2.2.17, p(Z;) < p1. So ||V f(Z4, wi)||z, < Gi, where G is defined
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in Equation (2.2.21)). By Lemma [2.2.19 we have

F(jt+1> = F(Rif(_ﬁva(jtth))>

Pt
~ Ct ~ ~ 0103 ~ 2
< F(3:) — —(VF(&), VMf(%Wt»i«t + 2 HVMf(l’t»Wt)Hzt'
o 2¢7
So
_ . c . . C,G?
F(Z1) < F(2) — j (VF(@1), Vi f (@, w1)) 5, + 2(112 i (2.2.22)
t min
Taking expectations, we get
~ . c . . C,G?
E(F(Z1)) < E <F(xt) - j (VE(Z), Vi f (%4, w01))5, + 2(11)2 1 cf)
t min
N . . C,G?
= E(F(#) ~ E(" (VF(#), Varf (F,w))z,) + 5ag ¢
vel? 2(I)min
Note that
c . N c . . .
B (VF@), Varf Grsalls) = E ( SEUVFE). VS, | 30)
t t
c .
> S B(IVF@)IE,).
Thus,
_ . c . C,G?
B(F(#1)) < B(F(E) — 5~ B(IVF@E)IE) + o2y o6

min

Summing the above inequality from 0 to ¢, we get that

t t
~ N Cr _ C,G?
E(F () < E(F(0) ~ Y0 o B(IVF@E L) + S5 32
r=0 = Max min r—q

Therefore,
R, 163
P 2= C BV F@E) < B(F (@) — B () + g5 32
- N C1G?
< B(F(30)) ~ B(F(iun)) + 535 -0

min



By Lemmal[2.2.17] {,} is contained in a compact subset of M. So the right hand side
of the above inequality is bounded above. This implies that Y_,° ¢, E(||VF(Z:)]3,)
converges. It then follows that Y _,°( ¢;||VF(Z,)|)2, is finite with probability 1, that is,
>ico cll VE(#0)|[3, converges almost surely. But 0 < &£[|VE ()12, < g IVF ()3,

By the M-Test, we know that 37,7 £ ||V F(Z,)|[3, converges when 3%, ¢ || VEF(2,)|[3,

converges. Thus, > 77, ~|VE (Z1)|12, also converges almost surely. O

Lemma 2.2.21. Both > 7, “ (VF(Zy), Varf (@, w));, and im0 F(Z) converge

almost surely.

Proof. Define
uy = (VF(Z,), Vi f (2, w01) — VE(2y)) 5, (2.2.23)

and 2 = >0, “u;. By Lemmas 2.2.17 and [2.2.19, the sequence {u;}Z, is bounded.

Choose a U > 0 such that |u;| < U for all t > 0. Note that Z; and ¢; depend only on

wo, - . .,w;_1 and are independent of w;. So
c c
E(—tut Wy« W) = —tE(ut | WOy« vy We—1)
¥t Pt
:% (VF(i), VF(#) — VF(#)); =0
t
and therefore F(z | Wo, - - - wi—1) = z—1. This shows that {z}7°, is a martingale

relative to {w;}2,. For any ¢t > 0, we have that

c c
E(z) = E(2i-1) + E(—w) = E(z_1) + E(E(=u, | Woy -+, Wi1))
Pt Pt
= E(Zt_l) === E(Zo) = 0.
Note that z;_; is also determined by wy,...,w;_1, So the variance of z; satisfies
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c c? c
Var(z) = E(2) = E((—w + 21)°) = B(=5u} + 27, +2—wz1)
Pt Yt Pt

c? cAU? c
= Var(z_1)+ E(@—% u?) + 2E(;utzt 1) < Var(z_1)+ 7 + QE(jtutzt_l)
c2U? c2U?
= Var(z-1)+ qig +2E(2 1 E( —Ut | wo, .y wie1)) = Var(z-1) + q;z‘

Summing the above inequality from 1 to ¢, we get that

2

Var(z) < Var(z)

rnln =1 min

This shows that {Var(z)};2, is bounded. Thus, by the Martingale Convergence
Theorem, lim;_,., z; = Zt 0, L Sy converges almost surely. By Lemma [2.2.20] series

Yo 0 S VE (Z1))3, also converges almost surely. Thus,

o oo

S SN F (@), Varf (Ewr))s, = Z ot Z —HVF )2,

i—o Ft t=0

converges almost surely.

Next consider {F(Z;)}2,. Assume that >~ 0 o (VF(@1), Ve f (21, w1));, con-

verges. Define

oo ClG2 00
Z va('rTawT)> + 2@2 Z 072'7

— min

where G is defined in Equation (2.2.21)). By Inequality (2.2.22)), {v;}$2, is a decreas-

ing sequence. By Lemmas[2.2.17and [2.2.19] {F (%)}, is a bounded sequence. Since

Yoot and Y2 0 LAV (%), Varf(Zi,wi));, both  converge, the sequences
{32, 2 2pand {d70 ‘g (VF(xT) Vuf(Tr,wr)); }i2o are also bounded. So {v;}5<,
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is bounded too. Thus, lim;_,, v; converges. Note that

o0 o0

im S = lim S Z(VF(&,), Varf (ir,wr)), = 0.
t—00 p— t—o00 p— ©r T

This shows that

lim F(Z;) = lim v,
t—ro0 t—r00

converges when %, £ (VE(Z;), Var f(Z4, wy));, converges. But we have shown that
the latter sum converges almost surely. Hence, lim; ., F'(Z;) also converges almost

surely. O

Lemma 2.2.22. limy . |VF(Z:)||z, = 0 almost surely.

Proof. By Lemmas [2.2.200 and [2.2.21} we have that > 7, %|VF(3,)|3,,

Yoo @ (VE(2:), Var f (%4, wr))5, and limy o F'(7;) all converge almost surely. So,
to prove the current lemma, we only need to show that lim; . || VF(Z¢)|z, = 0 if all

these three are convergent, which we will assume throughout this proof.

First, we claim that liminf, .. ||[VF(Z¢)|lz, = 0. Otherwise, there would be an
€ > 0and a7 > 0 such that |VF(Z;)||z, > e if t > 7. Then > .2, %HVF(@)H?H >
Y fIVE@IE, =
Yoo %HVF(:@)H% converges. This shows that liminf, , |VF(%;)|z = 0.

€2

Y ¢ = oo, which contradicts our assumption that

émax

It remains to show that, under our assumptions, limsup,_, . [|VF(Z;)|z, = 0, too.
Let us prove this by contradiction again. Assume limsup,_, . [|[VF(Z)||z, = s > 0.
Let ¢y, C5, G; and r = ry be the positive constants given in Lemmas [2.2.19] and

2.2.16] Let K = {x € M | p(x) < f1} be the compact subset of M in Lemma [2.2.16

Since lim;_,o, ¢; = 0, there is a T' > 0 such that Ct(c};& < g and g—GF <rgift >T.

Since liminf, . [|[VF(Z;)|z, = 0 and limsup,_, . | VF(Z;)|lz, = s > 0, there are two

infinite sequences {p;} and {¢;} of positive integers such that
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0T<p1<q1<pg<(]2<---<pi<qi<pi+1<---,

o |[VE@p )z, < 1 IVE(@) |z, > 5 and § < |VF(3)[|z, < 5 if ps <t < g, for
i=1,2....

Then, by Lemmas [2.2.19 and [2.2.16] we have that, fort=1,2...,

q;i—1

s N N N _
1 < IVE@)lz, = IVE@p)la, < S IVE@E i)z — IVEE) 2]
t=p;

qi—1 ¢,
= Z ||VF<R5?t<_EVMf(J~:t’wt)))||Rit(f%VMf(it,wt)) — [IVE(@)| 2

t=p;

q;i—1 ¢,
< Z ||VF<R5?t<_EVMf(J~:t’wt)))||Rit(f%VMf(it,wt))

t=p;

c N
—[V(F o Razt)(—éVMf(%wt))Hzt
q;—1
+) O |IV( FOth)(——VMf(:vt,wt))llxt IVE(Z:)| 2
t=p;

q;i—1
< ) G - —VMf Ty, w5, + Z Cill - —VMf(fﬁt,wt)llxt

t=p; t=p;

qi—1
c . Ci+ (C5)G
- (S LTt Ewls < GRS
t=p; th min t=p;
Thus,
th $>Ofori:1,2.... (2.2.24)

IoATeR

t=p;

Using Lemmas [2.2.19] and [2.2.16| again, we get

S - ~ ~
1 IWVE@)z, < IVE@pi)llzy = IVE(@p)llz,,

—IVE@@,)lz,

Cy. -
:HVF(R:EPZ,(—(;’ VMf($p¢awpi)))HRipi(_:m

D 2 VMf(jPz Wp, ))

Cy. -
S ”VF<RJEPZ~(_QOP va(powpi)))HRip.(_ °p4 va(iwam))

Di i PP
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Cy. -
—[V(Fo Racpi)(—gopl Vo f (@i, wp) iz,

y2

Tp,

+V(Fo Rip)(—f;’f Varf (Eps ) — VE(Fp,)

pi

<ol = LV 0 f (Fpr wp) 13y, + Coll = 2N 01 f (s, )
Di Di
:Cpi(Cl + CQ) “va<'i.p¢7wpi) < Cpi(Cl + C'2)G1

Tp,
(I)rnin ! CI)rnin

.’L'pi

<

| »

This shows that

. s
IVE @)z, 2 3 (2.2.25)
By Inequalities (2.2.22)), (2.2.25)) and the definitions of p;, ¢;, we have
gi—1 c ClGQ gi—1
- - t - - 1 2
F@) < F(@) = 3 2 (VF@) Il Gl + gt 3
qgi—1 c g;i—1 c
= F(ip) = ) — (VF(@), Vaf (Fw) = VE@E));, — Y —IVF@)IE,
—_ —_
i—1
GG 2
202 !
min ¢—,,
gi—1 Ct 82 gi—1
< F(¥,) - ; o (VF(Z1), Vi f(Te,wi) — VE(Z4)) 5, — 640, 2 c
i1
n GG 2
2(I)I2nin !
t=p
g;i—1 2 gi—1 2 ¢i—1
o ~ Ct S ClGl 2
= P =2 g 2 ey, 2
t=p t=p; l=p

where (7 is defined in Equation ([2.2.21]) and wu; is defined in (2.2.23). Combining this
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with Inequality ([2.2.24)), we get that

i—1 qi—1 qi—1

tS¢min : 64¢max Ct ClG% 2
——— < < F(z,,) — F(z, ) — — — .
4(Cy 4 C4)G, Z “="2 ( (Zp,) (Zq,) _Z SOtUt + 202 t:zp Ct

(2.2.26)

But 3.7, ¢ converges. So, when > % {|[VE(Z,)[12,, 2272, & (VF(30), Vau f (T, wi))z,
and lim;_, ., F'(Z;) all converge, the right hand side of Inequality (2.2.26)) converges to
0 as ¢ — co. Thus, under our convergence assumptions, we get 0 < A‘(C,Sﬁ% <0 by
taking the limit of Inequality (2.2.26)) as ¢ — oo. This is a contradiction. Therefore,
limsup,_, . ||[VF(Z¢)|lz, = 0 under our convergence assumptions. This shows that

limy o0 [[VE(Ze)]lz, = 0 when Y% e ||VF(Z)3,, D002y ce (VE(Z), Varf(F,wr)) 5,

fit7

and lim;_,o, F'(Z;) all converge. Hence, lim;_, ||VF(Z;)||z, = 0 almost surely. O

Proof of Theorem[2.2.9, 1t is clear that Theorem follows from Lemmas [2.2.17]
2227l and 2222 0

Proof of Corollary|2.2.1(0]. Corollary [2.2.10]is a special case of Theorem when
¢ = ¢ for all t > 0. First, as a fixed constant, ¢ is independent of {w;}$°,. Note that

p(z) < py for all t > 0 and that (Vj(x), Vf,(z)), > 0 for every w € Q and every
x € M satisfying p(x) > pp. So A > A, and B > B, for all ¢ > 0. And ¢ > ¢ for all
t > 0 by the definition of c. Thus, the sequence {p; = p}°, satisfies all requirements
in Theorem [2.2.91 O

2.2.5 Proof of Theorem [2.2.11

The rest of the proof of Theorem [2.2.11| proceeds similarly to that of [LOI9,
Theorem 1]. The next lemma is a manifold version of [LO19, Lemma 3]. Similar

lemmas have been used in the previous literature (for example [BT00]). Recall that
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K in this subsection are given from Equation (2.2.11)). G; is now given by Equation

(2.2.28) below in Lemma, [2.2.24]

Lemma 2.2.23. The sequence {x;:};2, defined in Equation (2.2.13) from Theorem

2.2.11]is contained in the compact subset K1 of M defined in Equation (2.2.11). That

is, p(xy) < py for allt > 0.

Proof. We prove this lemma by induction. For t = 0, p(z¢) < p; by our choice.

Assume that z; € K;. Let us consider x;,;. Note that

0<n < 104 <kforallt>0

55“!'6

and let Ko := {z € M | p(z) < po}.

If x; € Ky C Ky, then, by Inequality (2.2.2)), we have that

p(xe1) = Rey (=1 Vs f (2, 01)) < p1.

So x41 € K.

(2.2.27)

Now consider the case z; € K; \ Ky C K;. By Lemma we have that

p(Ti11) = p(Ray (=0:V s f (71, w1)))

= p(ze) = m (Vp(xe), Vs f (w4, 01))

1
+§77t2HeSS(P o Rz)|—s*ntVMf(xt,wt)(va(xtv wt)a va(xty wt))

for some s* € [0,1]. By Inequalities (2.2.3) and ([2.2.27)), we have that

p(Te1)
= plxe) = (Vp(ar), Ve f (2, wr)),
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1
+§77t2HeSS(P © Rx)|—8*77tVMf(It,w1s)(va(xt’ wt)’ va(xtv wt))

IN

plae) + (— (Vp(a2), Var f (@),

1
—l-é/i‘HeSS(P o R$)|78*’I7tV]\,jf(xt,UJt)(VMf(xt’ wt)v va(l‘t, wt))‘)

IN

p(xe) < pr.
Again, x;11 € K.

This shows that {x,}:2, C K;. O

Lemma 2.2.24. F is first-order differentiable and has locally R-Lipschitz gradient.
Moreover, there exists a Cy > 0 such that ||V(F o R,)(v) — VF ()|, < Cy||v]l. and
F(R,(v)) < F(2) + (VF(z),v), + S|v|2 for every x € M satisfying p(z) < p1 and

every v € T, M satisfying ||v|. < kG1, where Gy is given by

Gy =max{||Vy f(z,w)|, | # € M satisfying p(x) < p1, w € Q}. (2.2.28)
Proof. The proof of Lemma is a canon of Lemma [2.2.19] with some variables

relabeled. O

Lemma 2.2.25. Set F* = min{F(z) | v € K1}. Then, for any T > 1,

a Ci o o 5
EQ mlIVFE(@)|2,) < Fla) — F* + TE(Z NV f (e, wi)llz,),  (2.2.29)

t=0 t=0

where C is the positive constant from Lemma|2.2.24)

Proof. By Lemma we have that

F(241) = F(Re,(=n:Var f (24, wy))

C
< F(x) = e (VF (1), Vi f (w6, 01)),, + 7177t2|’VMf(33tawt)H§;t-
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Taking expectations on both sides, we get that

E(F (1)) < E(F(2)) = E(n (VF(20), Vi f (20, 00),,) +%E(UEIIVMf($t, wo)1z,))-

Note that

E(n <VF(xt),VMf(:z:t,wt)>xt) = E(E(n (VF(xt),VMf(xt,wt))xt | Tt M)

= E(m (VF(21), VF(241)),,)-
So

Em|VF(z)l3,) < E(F(x ))—E(F($t+1))+ilE(IIVMf(l’t,wt)ll ). (2:2.30)

Summing Inequality (2.2.30) from 0 to 7', we get that

T T
EQ mlIVF(@)|3,) < Fzo)=E(F(wr)+5EQ nilIVarf (w,w)l7,), (2:2:31)
t=0

t=0

where E(F(zg)) = F(x0) since zg is fixed. But E(F(xr41)) > F* since {z;:}2, C K;.

This prove Inequality (2.2.29)). O

The next two lemmas are [LO19, Lemma 1 and 2]. Please see [LO19] and the

references therein for their proofs.

Lemma 2.2.26. [AIS98, Proposition 2; Mail3, Lemma A.5] Let {a:}:°, and {b;}:°,be

two sequence of non-negative numbers. Assume that

o >, aby converges,
o > 7, a diverges,
e there exists an L > 0 such that |byy1 — b| < Lay fort > 0.
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Then lim;_, by = 0.

Lemma 2.2.27. [LO19, Lemma 2] Let ag > 1, a; > 0 fort =1,...,T and b > 1.
Then

T a; 1
2 (a0 + D2iy ai)? = (b—1)ag

Now we are ready to adapt the proof of [LOI9, Theorem 1] to manifolds and prove
Theorem 2.2.111

Lemma 2.2.28. We have

o > 2 onilIVarf(xe, we) ||325t converges,

o > 2 omlIVF(zy)|3, converges almost surely,

¢ Z?io e = o0
Proof. (Following [LO19].)

ZmHVMf z,wi)llz, = Znt+leMf wr,wi)l7, +Z — ) Varf (@, w3,

By Lemma [2.2.27] for any 7' > 1,

T T ) ) ,
2 2 |V f (e, wi) |7, o
; t+1 20 Z (5‘*‘22:0 ||va(xi7wi)||ii)l+25 2e32¢
So
o2
Znt+1Hva(37tawt)th = 9p

t=0

Note that {n;} is a decreasing sequence of positive numbers. Since {z;}°, C K;, we
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have

oo

a?
Z 7)t+1 Vs f (e, w) :2ct < Z - 77t2+1)G2 G1770 G261+25
t=0

t=0

2

where G is given in Equation ([2.2.28)). Thus, >_.° 07| VarSf (z, w2, < g T

2 .
G%B{IW and is therefore convergent.

By Lemma [2.2.25 we have that

IN

o . C oo
EQY_ m|VF()ll3,) F(xo) — F" + éE(Z |\ Varf(ze, w017,
t=0 t=0

2 2

C
< F(wo) — F* + — 2 4

1
5 (—25B25 + G1—51+25) < 00.

This implies that the probability of > ;2 m||VF(2)||2, < oo is 1. In other words,

oMl VE(zy)||2, converges almost surely.

Finally, for the series Y .~ n:, we have that, since {z,}{°, C Kj,

[e.e] [e.e]

o «
;’% - t=0 (5+Z (Vs f(zi,w;)||? Z 5+tG2 -

t=

where G is given in Equation ([2.2.28]) and %—1— ¢ < 1 by Assumption in Theorem
2211 O

Proof of Theorem [2.2.11). (Following [LO19] mostly.) Let G1 be given in Equation

(2.2.28)), and C7, Cy be the positive constants given in Lemmas [2.2.24] and [2.2.16},

where we take K = K; and r = ;%ng in Lemma [2.2.16| By Lemma [2.2.23] we have

IVE(@e)lI7,,, — IVF ()L,

Ti4+1

IVF@e) oy + IVE@)a) [IVF @) o = IVE (@) o,
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< 2G|[|IVF(@141) |laeyy — IV (20) |||
= 2G1||IVF(Re, (=N arf (26, w0))) Rey (0 flaeon) — IV (@) [y |
< 2G1 <} ||VF(th (_ntva(xh wt)))||th(*77tVMf($t7Wt))

—IV(F o Ry,) (=0 Var f (e, wr) [l

HIV(F 0 Re,) (=¥ as f@es0)) oy = IV F () ] )

By Lemmas [2.2.23| and [2.2.16},

‘HVF<RI1& (_ntva(xmWt)))Hth(meMf(mt,wt)) - HV(F © Rﬂft) (_ntva(mtth)) th’

< Coni|IVar f (g, wi) |2, < CoGamy.

Note that, by Lemma [2.2.23) z; € K; for t > 0. Therefore, ||n,Vaf(xe, wi)|le <

;% < k(G1. Consequencetly, by Lemma [2.2.24] we have
] €

IV(F 0 Ru,) (=1 s f (w1, 00)) Lo = IVF (@)l | € Cinell Var f (0, wi)lla, < CL811.

So

[IVF (z441) IVF(z,)]2,] < 2G3(Cy + Co)n. (2.2.32)

||£Bt+1

In summary, we have that

o > 2 omlIVE(z,)|2, converges almost surely by Lemma [2.2.28]

e > 2y =00 by Lemma [2.2.28]

o ‘||VF Tyi1) |V F(x)|? | < 2G3(Cy + Co)my by Inequality (2.2.32).

||$t+1

Thus, by Lemma [2.2.26 {||VF(x)]|, }52 converges almost surely to 0. By Lemma
2.2.23] {z;}7°, C K;. So {z;}2, has convergent subsequences, which converge almost

surely to stationary points of F'. O
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2.3 An Application: Weighted Low-rank Approximation

2.3.1 The Weighted Low-Rank Approximation Problem
Problem 2.3.1 (The Weighted Low-Rank Approximation Problem). Assume that:

1. m, n and k are fized positive integers satisfying k < min{m,n},
2. A=la; ;] € R™" is a given matriz of constants,

3. W = [w,; ;] € R™" is a given matriz of weights satisfying w; ; > 0 for (i,j) €

{1,2,...,m} x{1,2,...,n} and 331° | 370wy =1,
where R™*™ 4s the space of m x n real matrices. Define F:R™n 5 R by
F(P) =) wijlai; — piy)?
i=1 j=1

for P = [p; ;] € R™*". Solve for

argmin{ F(P) | P € R™", rankP < k}.

When all the positive weights in W take the same value, we say Problem has
binary weights. The Matrix Completion Problem, a problem extensively studied in
the recent literatures (for instance, [BCWLP24], [YTL24], [YZ24], [Lee24], [KLL723],
[CD23], [YM23], [BCN23|, [WC23|, [BA11]), is a special case of Problem with

binary weights.

Problem is known to be NP-hard |[GG1I]. One existing approach to this

problem is to reformulate it as an uncontrained problem on R™** x R"** and then
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estimate the solution to the uncontrained problem by various first order or second
order algorithms on the Euclidean space. (See, for instance, [BWZ19, BA11l, [SJ03]).

Different from this existing approach, we regularize Problem to Problem [2.3.2]

Problem 2.3.2 (A Regularized Weighted Low Rank Approximation Problem). Un-
der Assumptions (1)-({3) in Problem fiz a positive number X and define F :
R™™ — R by

F(P)=> > wij(ai; —pij)* + APl

i=1 j=1

or P = [p; ;] € R™"™ where ||P||r := mOST"  p2.ois the Frobenius norm. Solve
5] 1=1 J=11"%j

for
argmin{ F'(P) | P € R™*", rankP < k}.

We reformulate Problem to an unconstrained problem on a Riemannian
manifold through the Reduced Singular Value Decomposition. The n x k Stiefel
manifold Vj(R") is defined by

Vi(R") ={V e R™* | VTV = L},
where [} is the k x k identity matrix. Define a function D:Xk : RF — RF¥F by

- . z; if i =],
Dkx ([l‘l, . ,ka] ) = [dle]’ where dl,] = (231)
0 otherwise.

For P € R™"™ rankP < k if and only if it admits the following Reduced Singular
Value Decomposition

P=UDI x)VT, (2.3.2)

where U € Vi (R™), V € Vj(R") and x € R¥.
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The Reduced Singular Value Decomposition motivates us to reformulate Problem
into Problem [2.3.3] which is an unconstrained problem over the Riemannian
manifold Vj,(R™) x R* x V},(R™). We then apply Theorem [2.2.11|to design a stochastic

gradient descent with adaptive learning rates over this manifold for Problem [2.3.3]

Problem 2.3.3 (A Reformulated Regularized Weighted Low Rank Approximation
Problem). Under Assumptions (1)-(3) in Problem fix a positive number X\ and
let F: R™™ — R be as in Problem[2.3.4 Solve for

argmin{ F(UD*(x)VT) | (U,x,V) € Vi(R™) x R x V;(R™)}.

For x = [z1,...,2%)7 € R* the standard Euclidean norm of x is given by ||x|| :=

\/SoF, 2. Note that, for (U,x,V) € Vi(R™) x R¥ x Vi(R") and P = UDP*(x)V7,

1P[lr = x|l (2.3.3)

Next, we apply Theoremd [2.2.9/and [2.2.11{to design convergent stochastic gradient

descent algorithms with both deterministic and adaptive learning rates for Problem

233

2.3.2 The Random Function and the Retraction

Recall that we normalize the weight matrix W = [w, ;] so that 7" | Y77 w;; = 1.

Definition 2.3.4. Define the probability space €2,, , by

Qo ={(i,j) €Z* | 1 <i<m, 1 <j<n} (2.3.4)

The probability measure p on €, ,, is given by pu({(¢, 7)}) = w; ; for every (¢, 5) € Q.
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Definition 2.3.5. For F': R”™*" — R given in Problem [2.3.3] define G : Vi (R™) x
R* x V(R") — R by
G(U,x,V) = F(UDy**(x)VT), (2.3.5)

for all (U,x,V) € Vix(R™) x R* x V;(R").
Definition 2.3.6. For (7,v) € Q,,,, define fm :R™™ —» Rand f., : R™" — R by

fen(P) s = (Gry — pry)?, (2.3.6)

for(P): = frr(P) + MIP|% = (ary — prn)? + A P12, (2.3.7)
for all P = [p;;] € R™", and define g, : Vx(R™) x R* x V;(R") — R by
9er (U, x, V) == fr (UDPRx)WVT) = [, (UDF*R(x)VT) + A|x|%, (2.3.8)

for all (U,x,V) € Vi(R™) xR¥ x V,,(R™), where D{*¥(x) is defined in Equation (2.3.1)).
The random function that we use is ¢ : Vi(R™) x R¥ x V. (R") x Q,,,, — R given by
gU,x,Vi1,7v) = 9., (U,x, V).

Lemma 2.3.7. Let G : Vi (R™) xRF x V;(R") — R be as in Definition[2.3.5, We take
the expectation of g over the probability space §2,,, with respect to the random input
(1,7) with the probability distribution p given in Definition [2.3.4 For (U,x,V) €

Ve(R™) x RF x V,.(R™), we have that the expectation of g is
E(T:’Y)NM<gT7’Y(U> X, V)) = G(Uv X, V)

Proof. Let F : R™™ — R as in Problem and P € R™*" as in Equation ([2.3.2)).
Then

Eepyn(g(U,x,Vi7,7)) = E(T,7)~u<f(UD1]:Xk(X)VT§T> Y)) = Epymn(f(P57,7))
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= Zzwz’,jf(P%j)
i=1 j=1

= Z sz‘,j ((ai; —pig)? + MPIE)

i=1 j=1

m n m n

= Z Zwi,j(ai,j - pz’,j)2 + Z Zwi,jAHPH%
i=1 j=1 i=1 j=1
m

- Zzwivj(ai,j _pi,j)z + A||P||F = F(P)

i=1 j=1

= FUDI*x)VT =GU,x,V).

To define the retraction, we first describe the tangent spaces and a retraction of

the Stiefel manifold in Lemma 2.3.91

Definition 2.3.8. Assume that £ < n. For an n X k real matrix C' with linearly

independent columns, define qf(C) = @ in the QR decomposition C' = QR, where

o () € Vi(R™),

e Ris a k X k upper triangular matrix with positive entries along its diagonal.

Computationally, qf(C') can be obtained by applying the Gram-Schmidt Process on
the columns of C', scaling the resulting orthogonal set of vectors into an orthonormal

set and then using this orthonormal set of vectors as the columns of qf(C).

Lemma 2.3.9. [AMS09, Examples 3.5.2, 3.6.2 and 4.1.3] The n x k Stiefel manifold

Vi(R™) is a Riemannnian submanifold of R™%. Moreover:

e For X € Vi(R™), the tangent space of Vi,(R"™) at X is TxVix(R") = {Z €
R | XTZ + ZTX = 0}.
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e Denote by Iy the orthogonal projection Iy : R™* — TV (R™). Then, for
any € € R Ty (€) = (I, — XXT)E + X (XT¢ — €7X).

o Forany X € Vi(R") and Z € TxVj(R"), X+Z € R™F has linearly independent
columns. Define R%®") : TV, (R") = Vi(R") by R¥™(Z) = qf(X+Z). Then

RV*®") s q retraction on Vi,(R™).

The manifold Vi (R™) x R* x V}(R") is a Riemannian submanifold of the Euclidean
space R™* x RF x R™* Note that the tangent space of the manifold V;(R™) x R* x
Vk(Rn) at (U,X, V) € W(Rm) X Rk X W(Rn) is TUVk(Rm) X Rk X TVVk(R”) We are

ready to describe the retraction on the manifold Vi (R™) x RF x V(R™).

Definition 2.3.10. For (U,x,V) € Vi(R™)xR*x V;.(R") and (Y, %, Z) € Ty Vi.(R™) x
R* x Ty Vi (R™), define Ry (Y. %, Z) = (af(U +Y),x + x,qf(V + Z)). Then, by
Lemmal.3.9) R: TVi(R™) x RF x TV, (R") — Vi(R™) x R* x V;(R") is a retraction
on Vi(R™) x R¥ x Vi (R™).

The following lemma is very useful in finding the gradient of the restriction of a

function on a Riemannian submanifold.

Lemma 2.3.11. [AMS09, Equation (3.37)] Let M be a Riemannian manifold and
f: M — R a differentiable function. Assume that M is a Riemannian submanifold
of M. For any x € M, denote by m, : T,M — T, M the orthogonal projection. Then

V(flu)(@) = m(V f(x)) for any x € M.
Now let f: R™*"™ — R be any differentiable function. Write

o P =UD*x)VT where (U, x,V) € R™*F x RF x Rk,

o P=[p;] ER™" U =[u,;] € R™* V =[v;;] € R"F and x = [21,...,24]" €

i?j

R*.
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Consider f = f(P) = f(UDF**(x)VT). Note that

k
i= Z Ui 1 T1Vj1- (2.3.9)
I=1

By the Chain Rule, we have that, for { =1,....k,t=1,...,mand j=1,...,n,

o _ a_f,ij,z, of _ Z a—f,gﬁlui,z and o ZZ o7 O, Lt Vil

Ou,y = opi ; v, Op; or; = ‘= Opi ;
(2.3.10)
Let us compute the gradient of g, , next.
Corollary 2.3.12. Define the matrices
. (07, ]
vaT,’y = a—’ﬂ/ = [_25T,i(a7,’y - pT,'y)xlv’y,l]kaa
Uyl
L dmxk
r afT
Vvl = a—’y = [=26,,j(ary — Pro)Titiri], . »
Vi1
dnxk
SV _ -
ng _2((17';)/ - pr;y)u'r,lv'y,l
Ofry —2(ay. —
~ - T, P, )uT,2U 2
vxfT7’y — 8'2 — Y Y v
Ofry
| [;;k ] L _Q(CLT,W _pT,'y)uT,k:U%k ]

where § is a Kronecker delta. Then the gradient of g, at any (U,x,V) € Vi (R™) x
Rk X Vk(Rn) 18

Viry(U,x, V) = (y (Vi fro)s Vafrn+22%, Ty (Vi fr4)) € Ty Vi(R™) xR Ty Vi (R™),

(2.3.11)
where T x(§) = (I, = XX+ X (XTE - €1'X) is the orthogonal projection given in
Lemma[2.3.9.
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Proof. For (U,x,V) € R™F xR xRk view f;ﬁ as a composite function of (U, x, V)

via fry = froy(P) and P = UD*(x)VT. Then

of

87:? = —=20r(ary — Pry) 210,
of

31;? = =20, j(ary = Pra) Tz,
afr*y

8$l = —2(0/7—77 - pT,v)Ur,lU%l'

Then, by Lemmas [2.3.9|and [2.3.11] the gradient of g, , is given by Equation (2.3.11]).

]

2.3.3 The k-confinement

We establish s-confinements for the random function g in this subsection.

Definition 2.3.13. For A = [a;;] € R™*" in Problem [2.3.3| define

a:=max{a;; | (i,)) € Qun}-
Definition 2.3.14. The function p : Vi(R™) x R¥ x V;(R") — R is defined by
p(U,x,V) = |x||? for any (U,x,V) € V4(R™) x R* x V,(R").

Lemma 2.3.15. Let p : Vi(R™) x R¥ x V. (R") — R be the function given in Definition

2.5.14 and g, : Vi(R™) x R¥ x V,(R") — R the function given in Definition .
For any (U,x,V) € Vi,(R™) x R¥ x Vj(R"),

(VU %, V), Vur (U5 V) = ~4{an — pra)pes + AU, x,V) > —a + 4X|x]]
(2.3.12)
In particular, (Vp(U,x,V), Vg, (Ux,V)) >0 if p(Ux,V) > &.
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Proof. Note that p is independent of U and V. So the gradient of p is

Vo(U,x,V) = (0,2x,0) € Ty Ve (R™) x R* x Ty, Vi (R™) (2.3.13)

for any (U, x, V) € Vi(R™) x R* x V;.(R"). By Equations (2.3.3)) and (2.3.11)), we have
that

_(aT,'y - pT,’y)uT,lv’y,l + )\xl

_<a7—,7 - pT,’\{)uT,QU’}/Q + )\.’172

(Vp(U,x,V),Vg.~,(U,x,V)) =4xT

| _(a/T,’Y - qu/)uT,kU%k + /\-rk

k k
=—4 Z(GTW — Pry ) Ur Us 1T + 4N Z 7
I=1 =1

= = A(ary = Pra)pry + WX

> — a2+ A\|x]2 > —a+ 4\|x]>

In particular, (Vp(U,x,V),Vg,,(U,x,V)) > 0if p(U,x,V) = ||x|* > &. =

Lemma 2.3.16. Let p : Vi (R™) x R* x Vi(R") — R be the function given in Def-

inition |2.3.14| and R the retraction given in Definition |2.5.10. For any (U,x,V) €
Vie(R™) x R x Vi(R™) and any (Y, X', Z") € TyVi(R™) x R* x Ty, Vi (R™), Hess(p o

Rwxv)) v 5,21y 1s independent of (Y',X', Z"). Moreover,
k
Hess(po Rux,v))(Vgry(U,x, V), Vg, (U x,V)) =8 Z(—(am — Drr U0y 1+ AT)2.

=1
(2.3.14)

Proof. Note that (po Rix1)(Y, %, Z) = ||x+x]? for any (U,x,V) € Vi(R™) x RF x
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Vi(R™) and any (Y, %, 7) € TyVi(R™) x RF x Ty, Vi (R™). So
HGSS(p o R(U,X,V))|(Y’ X! Z’)((Y )A(a Z)7 (Y7)A(7 Z)) = 2||)A(||2

for any (U,x,V) € Vi(R™)xR* x V.(R") and any (Y, %, Z), (Y, X, Z") € Ty Vi.(R™) x
R* x Ty Vi(R"). In particular, it is independent of (Y’ %', Z’). Thus by Equa-
tion (2.3.11)), for any (U,x,V) € Vi(R™) x R* x V,(R"), we know that Hess(p o
Rwxv) (V7 (U, % V), Vg (U, x, V) = 2| Vg | = 2|V fry + 2Xx]|”. Combin-
ing this with Corollary , we get Equation ([2.3.14)). O

We show below that p is a k-confinement for the random function g as defined in

Definition [2.2.7] with appropriately chosen , py and p;.

Lemma 2.3.17. Let p : Vi(R™) x RF x V. (R") — R be the function given in Definition
and R be the retraction given in Definition |2.5.10, We have that, for every
(U,x,V) € Vi(R™) x RE x Vi(R™),

K
(Vp(U,x,V),Vyg.,(Ux,V)) > §|Hess(p o Ruxv))(Vgry(U,x,V), Vg, (U,x,V))|
(2.3.15)
if the positive real number k satisfies
—a+4A||x[]* > 8k (2ka + 2k|[|x|* + N*[)x[*) . (2.3.16)

Proof. From Equation (2.3.14)), we have

Hess(,o o Ruxvy)(Vgry(U,x,V), Vg, ,(U,x,V))
k

= 8 Z (Arry — Dry)Ur iUy + Ar)? <8 Z (arq — p777)2uzylvil + 2)\2I12>

=1

k k
< 16 Z(aﬂw - pTﬁ)2 +16)? Z i = 160%||x||* + 16 Z(aﬂ'y — pry)’

=1 =1 =1
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k k
< 16N|x|P+16) "2 (a2, +pi,) < 16X°|x[°+ 16> 2 (a+|x]?)
=1 =1
= 16 (2ka + 2k||x||> + A*||x||?) . (2.3.17)

Then from Equation ([2.3.12)) and Inequality (2.3.16|), we have

<vp(U7 X7 V)? VgT,'Y(U7 X7 V))

= —Aary — Pro)pry + ANIX]? 2 a2, + 4N x]?

v

—a + 4\||x[|* > 8k (2ka + 2k||x|* + A*[|x[]?)

v

K
E\Hess(p © R(U,X:V))(VgTﬁ(U? x, V), VQT,’Y(U7 x, V)l

]

Lemma 2.3.18. Let p : V,(R™) xR* x V,.(R") — R be the function given in Definition
and R the retraction given in Definition [2.5.10, We have

p(R(U,x,V)(_SVgT,'y<U> X, V))) S P1 (2318)

for every (U,x,V) € Vi(R™) x R¥ x Vi(R™) satisfying ||x||*> < po and for every

s € [0, k], if the positive real numbers py, p1 and k satisfy that

po + ak + (16ka + 8\%py + 16kpo)k* < pi. (2.3.19)

Proof. By Lemma [2.2.3 for any (U,x,V) € Vi(R™) x R* x V,(R"), and any s > 0,

we have that

P(Rux ) (—sVgr(U,x,V))) =p(U,x,V) — s (Vp(U,x,V),Vg,,(U,x,V))

2

S
+3Hess(p o Ruxvy)(Vgry(U,x,V), Vg, (U,x,V))).
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From Equation (2.3.14) and Inequality (2.3.17)), we have

Hess(p o Rwx1))(Vgry(U,x,V), Vg, (U, x,V)) < 16 (2ka + 2k||x|* + \*||x[]?) .
(2.3.20)
Then by Inequality (2.3.12)), for ||x]|*> < po and s € [0, ], we have

p(Ruxvy(—sVgry(U,x,V)))

Ix|[* = s(—a + 4A[|x[|*) + 85 (2ka + 2k|x||* + A*||x]|*)

IN

IN

”XH2 + as + (16ka + 8)\2HXH2 + 16k|]x|\2) 52

< po+ak + (16ka + 8\ py + 16kpo)x* < p1.

]

Proposition 2.3.19. For any fired A > 0, assume the positive real numbers py, p1

and k satisfy Inequality (2.3.19)) above and the following inequalities

0 <k < gime (2.3.21)
(1416kx)
PO 2 Tx iGN (2.3.22)

Then the function p : Vi(R™) x RF x Vi (R") — R given in Definition [2.5.14| is
a k-confinement of the random function g on the manifold Vi(R™) x R* x Vj(R™).

In particular, p satisfies Inequalities (2.2.2) and (2.2.3) for any values of py and py
satisfying Inequalities (2.3.19) and (2.3.22)).

Proof. For any r > 0,

{(U,x,V) € Vi(R™) x R* x Vi,(R™) | p(U,x,V) < r?}

= Vi(R™) x {x € R* \ x| <7} x Vi(R™),
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which is compact.

By Inequalities (2.3.19) and (2.3.21)), we have p; > po + ax + (16ka + 8\%p, +
16kpg)K? > po. By Lemma[2.3.18] Inequality ([2.3.18]) follows from Inequality (2.3.19)).
Also, by Inequalities (2.3.21]) and (2.3.22]), py > % > x> 0.

Inequality ([2.3.22)) is equivalent to

4)\p0 —a
K < .
= (16k + 8X2)py + 16ka

: A|x|2—a . . . . ) s &
Notice that ersisixriem IS an increasing function of |Ix||* when ||x|[* > . Then

. 4)\HXH2 —a
~ (16K + 8A?)||x||? + 16ka

(2.3.23)

for pg < ||x]|? < p1. Moreover, Inequality (2.3.23) is equivalent to Inequality (2.3.16)).
Thus, by Lemma [2.3.17, Inequality (2.3.15|) follows. Therefore, p(U,x,V) is a k-

confinement of g according to Definition [2.2.7] m

2.3.4 The SGD Algorithm with Deterministic Learning Rates

We first show that the same function p(U,x, V) = ||x||? in Definition [2.3.14]is a

confinement of the random function g in Definition [2.3.6}

Corollary 2.3.20. Define
- ! a
= — > — .3.
po = max{||xo[l*, 7} = 77 (2.3.24)

where A > 0 s given in Problem [2.5.5, a is given in Definition and Xq is

given by the initial iterate (Uy, Xo, Vo) of Algorithm |2.5.21] and |2.3.27 below. With pg
given in Equation (2.3.24)), the function p(U,x,V) = ||x||*> in Definition [2.5.14| and
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the random function g in Definition satisfy that

o p(Uy,x0, Vo) < po,

o (Vp(U,x,V),Vgry(U,x,V)) 2 0 for (1,7) € Qnp and (U, x,V) € Vi(R™) X
R* x Vi (R™) satisfying p(U,x,V) > po.

That is, the function p is a confinement function for the random function g in Defi-

m’tz’on on the manifold Vi,(R™) x R* x Vi.(R"™), and po satisfies Assumptions @
and @ of Theorem .

Proof. We have p(Up, Xo, Vo) = [|%0||* < max{||x0||*, &} = po. By Lemma [2.3.15| for
p(U,x,V) > py > &, we have (Vp(U,x,V),Vg.,(Ux,V)) >0 for (1,7) € Q. O

an’

Algorithm 2.3.21 (Stochastic Gradient Descent with Semi-Adaptive Learning Rates

for Problem [2.3.3)).

Input:

the random function g given in Definition [2.3.6]

the retraction R given in Definition |2.3.10],

the positive integers m,n and k given in Problem [2.3.3]

the positive scalar A given in Problem [2.3.3]

the matrices A and W given in Problem [2.3.3]

positive scalars a, b, © and @,
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- a sequence {¢;}52, of positive numbers satisfying > ;> ¢; = oo and >~ ¢f <

00,

- an initial iterate (Up, Xo, Vo) € Vi(R™) x R* x V;(R™).
Output: A sequence of iterates {(Us, xz, Vi) }22, C Vi(R™) x R¥ x Vi (R™).

o fort=20,1,2... do
1. Select a random element (7, ;) from €2, ,, with the probability distribution

1 independent of {(7,,7,)}Z1.

2. Define A; and B; by

1
A= _ max {maX{O, Aary = Prrn)Piry — 4NIx]1%} ‘ (1,7) € men} ’

(2.3.25)
1 k
B, : = b max 82(_(6%7 = Pty )t 7 1Vt + Aty)? } (7:7) € Qoen ¢
=1
(2.3.26)

where Uy = [ug; ], Vi = [veij], X = [244] and P, = [py 5] := UtD,';’Xk’(xt)V;T

€ Rmxm,

3. Choose random positive number ¢; so that

Ct

¢ 1= max{ A, By, 9 D pnin - (2.3.27)
4. Set
_ Ct
- X, Vi) \ T TE, Yt ) Aty 5 -J.
(Ugg1, Xe41, Vi) Rw V)( avy (Ut xt, Vi) (2.3.28)
t
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where Vg, ~, (Ui, x¢, V;) is given in Corollary [2.3.12]

e end for

Proposition 2.3.22. Let G be the function given in Definition and

{(Uy, x4, Vi) }22 C Vi(R™) x R¥ x Vi(R™) be the sequence from the Algorithm |2.3.21.
Then:

1. {(Uys, x4, Vi) }22, is contained in the compact subset {(U,x,V) € Vi(R™) x R* x
Ve(R™) | [Ix[1* < 1 = ﬁo—i-ca—i—b%"} of Vie(R™) x R* x Vi, (R™) where py is given in
Equation , a and b are given in Algom'thm and ¢ = max{¢ | t>
0} and 0 = Y ;2 ¢} with the sequence {c,}2 is given in Algorithm [2.5.21]

Therefore, {(Uy, x4, V;)}52, has convergent subsequences;
2. {G(Us, x4, Vi) }22 converges almost surely to a finite number;
3. ANIVG (U, xt, Vi) |I}22, converges almost surely to 0;
4. any limit point of {(Uy,x¢, Vi) }2, is almost surely a stationary point of G.
Proof. This proposition is a direct consequence of Theorem [2.2.9, The only thing not

immediately clear is that the sequence {¢;}:°, is also bounded above. To see this,

note that

1
A < o sup {maX{O, A(ar~ — Pr~y)Dry — 4/\Hx|]2} ‘ (U,x,V) e Kq,(1,7) € Qan} ,

Sy
IN

t
=1

k
1
E sup {J 8 Z(_(a’r,w - p’rﬁ)u‘r,lv'y,l + /\.’L'l)2 ‘ (U, X, V) € K17 (T7 7) € Qan} ’

IA
O]ES)

)

ol
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where K = {(U,x,V) € Vi(R™)xRFx Vi (R") | [|x[|* < 1} and U = [u; 4], V = [vy],
x = [z}, P = [pi;] := UD*(x)VT. Together, these imply that {¢,}3°, is bounded

above. ]

To use Algorithm directly, one needs to compute the ; given by Equation
(2.3.27) in each iteration of the algorithm. When mn is large, such computations
may be costly. So we provide manual estimations for these {;}, which speed up the
computation of each iteration of the algorithm at the expense of having somewhat
smaller learning rates. Our estimations of ¢, also provide suggestions for the values

of the constants a and b that should be used in the algorithm.

Lemma 2.3.23. For t > 0, the A, and B; given in Algorithm |2.5.21] are upper

bounded by A, and B, given below:

. 0 if Ixell* = 3,

AWat|xelDlIxell+4A x> A+2vA+1 : 2 a
a < Aa a Zf”XtH < N’

1 1
B, < B, := E\/lﬁk@a + (2 + A2)[|x4]|2) < g\/1(5k(2a +(2+A2)p1).  (2.3.30)

Proof. Note that, for (U,x,V) = ([ui ], [z1,. .., 2], [vi;]) € Ve(R™) x R* x V;(R")
and P = [p;;] := UD"*(x)VT  we have |p.,| < ||[P|lr = |x|| = /p(U,x,V) and
|ar | < v/a. Moreover, 4(ary — Pirn)Pirny — 4A|%|? < 0if |[x,]|* > &. So, for t > 0,

we have that

max{0, 4(ary = P )Pery — 4N%%}
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0 if x> > &,

IN

Av/a+ [l lIxell + AA]el|* < 22PHa i [l < .

Thus, for the A; given in Algorithm [2.3.21] we have Equation (2.3.29)

By Equation (2.3.14), for any 6 € [-©,0], any (U,x,V) = ([ui ], [21,..., 7|7,
(i ;]) € Vi(R™) x R* x Vi(R") and P = [p; ;] := UD**(x)VT, we have

0 < HeSS(P oR (Ux V)) |0Vg-,—,»y(U,x,V)<ng,’Y(U7 X, V)) VgT,’Y(U7 X, V))

= 82 a7'7 Pry urlv'yl"’)\l’l)

< 162 (Ary — Proy uTlvw) +)\2:v12).

Since (U,x,V) € Vi(R™) x R* x V;(R"), we have that Y ", uf, = " 02, =1 for

JIJ

l=1,... k. In particular, |u;|, |vj| <1lforl=1,...,k So,forl=1,... k,
((ary — p‘w)uﬂlvml)Q < (ary — pT,'y) < 2( +p77) <2a+ 2”PH2 =2a+ QHXHz
Note that 7 < ||x||?. Combining the above, we get

0 < HeSS(P © R(U,X,V)) |¢9ngﬁ(U,x,V)<ng,'y(Ua X, V): ng,'y<U7 X, V))

< 16k(2a+ (2 + M) ||x]|?) < 16k(2a+ (2 + A\)p1)

for (U, x,V) € Vi(R™) x R¥ x V},(R") satisfying p(U,x, V) < p. This shows that, for
the B, given in Algorithm [2.3.21], we have Equation ([2.3.30) ]

With the estimations in Lemma [2.3.23] we have the following corollary.
Corollary 2.3.24. Proposition remains true if we replace the p; in Algorithm
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2.3.21] by
(Pt = maX{Atu Bt; ~ mln} (2331)

where At and Bt are given in Equations (2.3.29) and m

Of course, ¢; given by Equation (2.3.31) is larger than ¢; given by Equation
(2.3.27), which leads to a smaller learning rate % in Algorithm [2.3.21] But, for very

large mn, one can compute ¢; much quicker than ;.

Corollary 2.3.25. Fiz the scalars a and b in Assumption (1) of Theorem as:

1 1
a=—andb=—, 2.3.32
) A (2332

where X is given in Problem (2.5.5. Then we have

%ggﬁgmm{Q+2¢7+1 ¢wmu+8uz+vxmm+ao+®(;¢m&.

In particular, this maximum is O(1) as A — 0.

Proof. By Inequalities (2.3.29)) and (2.3.30)), we have that

16k(2 2 2
nmx{A+?XX+1agV(3(a+J +A)m%é;¢mm}
a

A 2Vh 41 A/16k2a+ (24 N)(po +cat B)
= max a _7(I)min )

a ’ b e)

where a is given in Definition [2.3.13| and py is given in Equation ([2.3.24)).
By Equation ([2.3.32]), we have

A+2VX+1a

=(AN+2VI+1
¥ (+\/_+)a,
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V16k(2a + (2 + A2)(po + ca + 52))
b

= \/32ka) + 8k(2 + A\2)(2\pp + 2¢ + 7).

Thus, we have the corollary. O]

Corollary [2.3.25( means that the choices of a and b given by Equation ([2.3.32))

provide a finite upper bound for {¢;} and {@;} as A — 0%. So, for very small A > 0,
we are not shrinking the preferred learning rate ¢; by too much to get the actual

learning rates % and % that guarantee convergence.

Corollary 2.3.26. In Algorithm (2.3.21, choose a and b be as in Equation (2.3.32)),
and © and P, so that

C

®in > max {()\ + 2V + 1)a, \/32kza)\ + 8k(2 4+ A2)(2Apo + 2¢ + a)} and © =

min

For these values of a, b, © and Py, the sequence of {p:}5°, in Algorithm [2.3.21) is

giwen by the constant value

Yt = (I)min-
Proof. Corollary [2.3.26| follows from Corollary [2.2.10L m

Now we fix the scalars @ and b in Assumption (7)) of Theorem as a = 5 and
b= % from Equation ([2.3.32]), where X is given in Problem W Fix the sequence

{ct}52, in Assumption (7)) of Theorem by

1
G =—: (2.3.33)
t+1

Thus, ¢ = max{¢ } t>0t=1lando=>) ;" ci= %2. Further, we choose a positive
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scalar ®,,;, satisfying

. T +12
D = Lmax { (A +2VA + 1)a, /32kar + 8k(2 4+ A2) ( 2Apo +
(2.3.34)

where a is given in Definition [2.3.13] pg is given in Equation (2.3.24) and L > 1
is one of the constant inputs for Algorithm below. Fix positive scalar © in

Assumption ([7)) of Theorem as

(2.3.35)

With the preparations above, we are now ready to apply Theorem to Problem
233

Algorithm 2.3.27 (Stochastic Gradient Descent with Deterministic Learning Rates

for Problem [2.3.3]).

Input:

- the random function g given in Definition [2.3.6]

- the retraction R given in Definition [2.3.10]

- the positive integers m,n and k given in Problem [2.3.3]
- the positive scalar A given in Problem [2.3.3]

- the matrices A and W given in Problem [2.3.3]

- a scalar L > 1,

- an initial iterate (Up, X0, Vo) € Vi(R™) x R* x V;(R™).
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Output: A sequence of iterates {(Us, xz, Vi) }22, C Vi(R™) x R¥ x V;(R™).

o fort=0,1,2... do
1. Select a random element (7, ;) from €, ,, with the probability distribution
p independent of {(7,,v,)}Z}.

2. Set

1

ngm(Ut,xt,%)> , (2.3.36)

(Ut+17xt+17 Vi+1> = R(Ut,xuvt) <_

where Vg, -, (Us, x4, V;) is given in Corollary [2.3.12 and @, is given in

Equation ([2.3.34]).

e end for

Proposition 2.3.28. Let G be the function given in Fquation (2.3.5) and
{(Us, x4, Vi) }220 C Vi(R™) x R¥ x Vi(R™) be the sequence from the Algorithm|2.3.27.
Then:

1. {(Uy, x4, Vi) }22, is contained in the compact subset

w2 412
12\

{(U,x,V) € Vi(R™) x R* x Vi(R™) | [|x||* < o + }

of Vi(R™) x R* x V.(R™), where py is given in Equation (2.3.24) and X\ in
Problem [2.3.3 Therefore, {(Uy, x4, Vi) }i2, has convergent subsequences;
2. {G(Uy, x4, Vi) }i2 converges almost surely to a finite number;

3. {||IVG(Us,x¢, Vi) || 520 converges almost surely to 0;
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4. any limit point of {(Uy,x¢, Vi) }2, is almost surely a stationary point of G.

Proof of Proposition |2.3.28. Let ®,,;, be as in Equation (2.3.34]) and © in Equation
(2.3.35)). Proposition [2.3.28] follows from Corollary [2.3.26| as a special case. n

Remark 2.3.29. Proposition [2.3.2§] follows from Corollary [2.2.10| with

2412
¢:®min:Lmax{(A+2\/X+1)a,\/32ka)\+8k(2+/\2) <2>\,50+7Tj6L )}

Theoretically, we can hold L as a constant for different \ and still have convergent

stochastic gradient descents. In this way, we can make
e=0(1)as A — 07, (2.3.37)

which is not true for stochastic gradient descents on R™**¥ x R™*¥_ In practice, we

choose different L for different A to optimize the performance of Algorithm [2.3.27]

2.3.5 The SGD Algorithm with Adaptive Learning Rates

We first fix the scalars associated to the k-confinement in Assumption (5)) of

Theorem [2.2.11] For A and k£ given in Problem and a defined in Definition
2.3.13 we fix a k satisfying Inequality (2.3.21)), and set

(14 16kk)a
PO = N — 16kn — 8\%r

(2.3.38)

which satisfies Inequality (2.3.22). For xq in the initial iterate (Uy, xo, Vo) € Vi (R™) x
R* x V,.(R"), we set

p1 = max{[|xo||®>, po+ ak + (16ka + 8\*py + 16kpy)K°}. (2.3.39)
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Thus, Assumption in Theorem [2.2.11] and Inequality (2.3.19) are satisfied. By
Proposition [2.3.19, p(U,x,V) = ||x||*> defined in Definition [2.3.14is a k-confinement

of the random function g for x, py and p; satisfying the conditions in that proposition.

We fix the initial learning rate to be ny = —+ k, where a > 0,0 < e < % This

grte

means that
8= (9) e (2.3.40)
K
With the preparations above, we are now ready to present Algorithm [2.3.30] for
Problem 2.3.3

Algorithm 2.3.30 (Stochastic Gradient Descent with Adaptive Learning Rates for
Problem [2.3.3)). Let ¢g be the random function defined in Definition and R the
retraction defined in Definition 2.3.10l

Input:

- (From Problem [2.3.3) Positive integers m, n and k satisfying k& < min{m,n},
a scalar A > 0, matrices of constants A = [a;;] € R™*" and W = [w; ;] € R™*"

such that > " >7%  wij =1 and w;; > 0V 4, .

- (k-Confinement) A scalar  satisfying 0 < k < m (Inequality (2.3.21])) and
po > 0 given by Equation 2.3.BSH

- (Initial Learning Rate) Positive scalars « > 0, 0 < ¢ < %, and [ given by

Equation ([2.3.40)).

- (Initial Tterate) (Up, %o, Vo) € Vi(R™) x R* x Vi (R™).

Lp; does not explicitly occur in Algorithm [2.3.30l But with p; given by Equation (2.3.39), all
the relevant assumptions in Theorem @ are satisfied
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Output: Sequence of iterates {(Uy, x, V;)}32, C Vi(R™) x R* x Vi (R").

o fort=1,2... do

1. Select a random element (7;,7;) from Q,,,, with probability distribution p

independent of {(7,,7,)}'Z5.

2. Update learning rate as

(0%

= - — (2.3.41)
(B + Zfzé IV, 7 (Ui, %, Vi) [[2)2 7
where Vg, . (U,x,V) is computed in Corollary [2.3.12
3. Set
(Utg1, %41, Vi) = R(Ut,xt,Vt)(_ntngt;y,g(Uh X, Vi) (2.3.42)
e end for

Proposition 2.3.31. Applying Theorem [2.2.11) to Algorithm [2.3.30, we have

1. {(Up, x4, V) }32, is contained in the compact subset Ky = Vi,(R™) x Ky x Vi,(R™)
of Ve(R™) x R¥ x Vi (R™), where K| = {x € RF : |x||> < p1}. Therefore,

{(Up,x¢, Vi) }22 has convergent subsequences.
2. {||IVG(U, x4, Vi) || }32 converges almost surely to 0.
3. Any limit point of {(Us, x¢, V) }52, is almost surely a stationary point of G.

Remark 2.3.32. Observe that, by Inequality (2.3.21)), we have that n, < ny < k = O(})

as A — 0. If the regularizing scalar X is too small, then the learning rates would be
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very small and slow down the convergence. This is observed in the numerical results

from Section 2.4]

2.4 Numerical Results

Netflix provided a dataset [Kag24] with 100480507 integer ratings (ranging from
1 to 5) given by 480189 users on 17770 movies, forming a 480189 x 17770 data matrix
with about 1.17% of its entries observed. In this section, we evaluate the performance
of Algorithm on the Matrix Completion Problem with a subset of the Netflix
data and compare it to Algorithm [2.3.27] which is a convergent stochastic gradient

descent algorithm on V,(R™) x R* x V,(R") with deterministic learning rates.

Due to our limited computing power, instead of working with the whole data
matrix, we work with a randomly sampled submatrix A = [a; ;] € R*7000x1000 of the
whole data matrix. A has 278338 observed entries, which is about 1.03% of all of
its entries. We fix the low-rank constraint to be k = 32. We also fix the matrix of

weights to be

0 if a; ; is missing,
W = [w;;] € R¥00X1000 " where w; ; =
- Z?J ) /[/7c] -

1 . )
ssg3g il @i is observed.

These choices for A, k and W are used for both Algorithm [2.3.30] and Algorithm

2.3.27 Denote by Q270001000 the probability space defined in Definition with

its probability measure given by the weight matrix W = [w; ;]. We then randomly

sample a sequence {(ir, ;) } 2% of elements of Q270001000 t0 use for the iterations of

both Algorithm [2.3.30] and Algorithm [2.3.27]
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2.4.1 Figures and Anaylsis

In Figures 2.1 and [2.2], we refer to

e F from Problem as “the cost function with regularization removed”,
e Algorithm [2.3.30| as “Adaptive (Learning Rates) algorithm”,

e Algorithm [2.3.27 as “Deterministic (Learning Rates) algorithm”.

SGD with Adaptive vs Deterministic Learning Rates

0.4995 4

0.4994 4

0.4993 4

0.4992 4

0.4991 4

R ive: A=10-% k=107
0.4990 4 Adaptive: A=10"%, k=10

Adaptive: A=10"% k=5x10"%

cost functions with regularization removed

Adaptive: A=10"% k=5x10"1

049891 ___ petemministic: A = 10*
Deterministic: A =10"¢
Loy

04988 — Deterministic: A =10

10° 10! 102 103
log(t): log of number of iterations

Figure 2.1: The performance profile of SGD with the Adaptive and the Deterministic
learning rates.

In Figure , We plot { F(U, D32%2(x,) V") }19% from Problem for both the

Adaptive and the Deterministic algorithms for A = 1074, 107¢ and 10~5.

e For the Adaptive algorithm, we fix o = 10° and € = 6—14. Corresponding to the

three values of ), the confinement scalar & is chosen to be 1077, 5 x 1072 and

2Tt is worth mentioning that the choice of o in Algorithm [2.3.30| barely affects the performance
of the algorithm when it is chosen properly as a positive number.
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5 x 107! to optimize the performance of the algorithm. Note that these choices

of x satisfy the condition 0 < k < m imposed by Inequality (2.3.21]).

e For the Deterministic algorithm, the scalar L is fixed as 10* for all three values

of A to optimize the performance of the algorithm.

With these choices of parameters, curves in Figure depict the sequence
{F(U,D32%%(x,)V;T) 9% oyer the log,, of iteration ¢. One can see that the Adaptive
algorithm with A = 107 and x = 1077 (the purple curve) has the best performance
among the six implementations of the two algorithms. Note that the yellow curve
(Adaptive: A = 107% and xk = 5 x 10711) is extremely close to the brown curve (Deter-
ministic: A = 107%). For these two choices of parameters, the two algorithms barely

change the value F'. This seems to confirm Remark [2.3.32]

SGD with Adaptive vs Deterministic Learning Rates for Different Lambda
(@) A=107% k=10"7 (b)A=10"°, k=5x10"° (c)A=107%, k=5%x10""

0.49951 4 0.49951

0.4995
g 3 b 0.49950
2 .
& 0.4994 g 0.49950 2
£
g g
= 049949
-3

8
£ 049948
]

0.4993
0.49949 4

0.4992

3
2
£ 049947
04591 0.49948 £
s

§ 0.49946
g

0.4990 0.49947 4

cost functions with regularization remove
ost functions with regularization

0.4989 S
—— Adaptive © 0.49946 | — Adaptive — Adaptive
—— Determinisf tic —— Deterministic —— Deterministic

0.4988

10° 10! 10? 10° 100 10! 10? 103 10° 10! 10? 10°
log(t): log of number of iterations log(t): log of number of iterations log(t): log of number of iterations

Figure 2.2: The performance profiles of SGD with the Adaptive and the Deterministic
learning rates for different values of A.

Figure[2.2]provides a closer look at the same curves in Figure[2.I]sorted by different
A values. Once can see that the Adaptive algorithm outperforms the Deterministic
algorithm for A = 10~* and 1079, but underperforms the Deterministic algorithm for
A = 1078, This seems to indicate that, as A — 0, the Adaptive algorithm gradually
loses its efficiency relative to the Deterministic algorithm. Another point to dress
out here as A — 0 is the performance of F' in Problem [2.3.2) who has the regularized

function. It needs further discussion to see if the algorithms working with F would
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remain convergence as A — 0 where F' becomes F'.

2.4.2 Statistical Results

To statistically test the hypothesis that the sequence {Uy, x;, V;T 12 generated by
Algorithm [2.3.30| leads to a lower F'(Usgoo D323 (x1000)Vihoo) than Algorithm [2.3.27]

we repeated our experiments on both algorithms for A\ = 10~* with 30 different

randomly sampled sequences {(is, j;) }12% of elements of Qa7000.1000-

Of the thirty (U100 D32 (x1000)Vihyo) from Algorithm , the maximum is
approximately 0.4995, the minimum is approximately 0.4987, the mean is approx-
imately 0.499 and the standard deviation is approximately 0.0002. Of the thirty
F (U000 D332 (x1000) Vi5yo) from Algorithm the maximum is approximately
0.4997, the minimum is approximately 0.4994, the mean is approximately 0.4995 and
the standard deviation is approximately 0.0001. The Levene’s test rejects the hypoth-
esis that the F(Usgoo D32 (x1000)Vihoo) from both algorithms has the same standard
deviation with a p-value about 0.0014. Therefore, we applied the Welch’s t-test. The
result of the t-test rejects the hypothesis that the F(Usoo0 D322 (x1000)Vihyo) from
Algorithm is not higher than Algorithm with a p-value less than 0.001.
Therefore, our numerical results indicate that the sequence {Uy, x;, VI 11290 generated

by Algorithm [2.3.30] leads to a F(Uioo0D32*%2(x1000)Vihy) statistically significantly

lower than the one generated by Algorithm [2.3.27]

2.5 A New Proof of the Eckart-Young Theorem

The Eckart-Young Theorem plays a key role in the theory of low-rank approxi-

mation. While studying Problem [2.3.1} we found a new proof of this theorem using a
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direct critical point analysis, instead of the tricky interplay between the spectral and
Frobenius norms employed by the traditional proof (for instance, [Wik24]). Notations

used in this section are unrelated to those used in the other sections of this chapter.

2.5.1 The Eckart-Young Theorem

Theorem 2.5.1 (Eckart-Young). For a matriz A € R"™ " counting multiplicity,
denote by s1 > --- > s, the positive singular values of A. For any matriz P € R™*"

of satisfying rankP <k, we have that ||[A — P||} > 72, | 53, where

o | Xl :=+/Tr(XTX)=/Tr(XXT) is the Frobenius norm of a real matriz X,

o 5;=01ifj>r.

In particular, ||A — P|3 = 3772, 7 if and only if there are a matriz V € O,, and

a matrix U € O,, such that

A = Vdiag,,.,{s1,...,5:0,...,00U7, (2.5.1)
P = Vdiag,, . {s1,...,5r0,...,0}U", (2.5.2)
where diag,, ., {t1,. .., tminfmn} } 15 the m x n diagonal matriz [2; j)mxn satisfying
ti ifi=7,
fL’iJ =

0 otherwise.
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2.5.2 A New Proof

As mentioned above, we prove the Eckart-Young Theorem via a direct critical
point analysis. The linear algebra arguments involved in our proof come largely
from rehashing the proof of the Singular Value Decomposition. We will be using the

following notations in our proof.

e Denote by (A4, B) = Tr(ATB) = Tr(BAT) the standard bi-invariant inner
product of R™ ™. Note that ||A||% = (A, A) for A € R™*".

° RZLX” is the set of m X n real matrices of rank at most k.

Lemma 2.5.2. Define f : R}”" — R to be the function f(P) = ||A — P||% for all

P e R™". Then f attains its minimal value.

Proof. Note that R"™ = {P € R™" | the determinants of all (k + 1) x (k +
1) minors of P are 0}. Since determinants of minors are continuous functions of P,
this implies that R}7"*" is a closed subset of R™*". Furthermore, f(P) > (||A|lr —

|P||r)?. So f(P) > ||A]|% = f(0) if || P||r > 2||A||p. Therefore,

inf{f(P) | P € Ry""} = inf{f(P) | P € R™" and [|P[|p < 2||Al[r}.

But {P € R | ||P||lr < 2||A|lr} is a compact set since it is the intersection of the
closed set R;"™™ and the compact set {P € R™*" | ||P||r < 2||A||r}. Thus, f attains

its minimal value by the Extreme Value Theorem. [

Lemma 2.5.3. Assume that Py € R} is a minimizer of the function f : Rj™" — R

given by f(P) = ||A — P||%. Then AT Py = P{ Py and PyA" = P,P].
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Proof. For any matrix R € R™™ and matrix S € R™", define g : R? — R by

9(x,y) = |A = (In + 2R) Py(I,, + yS) |3,

where I, € R™ and I, € R™" are the identity matrices. Note that (I,, +
zR)Py(I, + yS) € R for all (z,y) € R? since Py, € R}”". One can see that
g(z,y) = f(In + R)Py(I, + yS)) > f(Py) = g(0,0) for all (z,y) € R? since P, is a
minimizer of f. So a9(0 0) = a—g(() 0) = 0. Then

0= g—iw,m =2(-RPy, A~ Ry) = 2Te((A - R)Fy R") = —2(R. (A~ Py ).

But the above equation is true for every matrix R € R™*™. This implies that
(A — Ry)PT = 0, that is AP] = PyP{. Taking transpositions of both sides of the
latter equation, one gets that PyAT = PyP]. Similarly, using g—g((), 0) = 0, one gets
thatATP[):POTP(). ]

Lemma 2.5.4. Assume that A, P € R™" satisfy ATP = PTP and PAT = PPT.

Then there are

a matrix V€ O,y,,

a matriz U € O,
e a non-negative integer r and oy, ...,0,. >0,

e a non-negative integer | satisfying | < r,

such that

A = Vdiag,, ., {o1,...,0.,0,...,00U7,
P = Vdiag,,,,{01,...,00,0,...,0}U".
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Proof. Set r = rankA and [ = rankP. Then r = rankA > rankPA” = rankPPT =
rankP = [ > 0. Denote by o4, ..., 0; the positive singular values of P counting multi-
plicity. Applying the orthogonal diagonalization algorithm to the symmetric matrix
PT P, one gets an orthonormal subset {u;, ..., u;} of R™ such that PT Pu; = o2u; for
1 =1,...,1. Define v; := O%_Pui fori =1,...,0. Then {vy,...,u} is an orthonormal
subset of R™ and Pluy,...,w] = [v1,...,v]diag, {o1,...,01}. Let {aq,...,0,} be
an orthonormal basis for the eigenspace of PT P belonging to the eigenvalue 0. Also,

extend {vy,..., v} to an orthonormal basis {vy, ..., v, U41,...,0m} of R™. Set

U= [, o Uy, Uy, - o Uy) € R™™ and V = (U1, U, Vi 1y ey U] € RTX™L

These are orthogonal matrices. And PU = Vdiagmxn{al, ...,01,0,...,0}. That is,
P = Vdiag,, ., {o1,...,01,0,...,0}U". (2.5.3)

So

Vdiag,,, {o1,...,0,0,...,00U" AT = PAT = pPT
=Vdiag,,.,{01,...,0,,0,...,0U Udiag, ., {01, ...,00,0,...,0VT

=Vdiag,, .., {02, ...,02,0,...,0}V".
Multiplying VT on the left of both sides of the above equation, one gets that
diag,, . {o1,...,0,0,...,00UT A" = diag,,, ., {02,...,02,0,...,0}V7T.

Taking transpositions on both side, this gives

Aluy, ..o ug, gy, - - -, Ugldiag,, o . {o1, ..., 00,0,...,0}
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=[v1,..., 0,041, ..., Op)diag, ... {02, ..., 07,0,...,0}.

The first [ columns of this equation imply that
Aluy, ... ) = oy, ..., om] = [Puy, . .., Puy]. (2.5.4)
Multiplying AT on the left of both sides of Equation , one gets that
AT Aluy, ... u) = [ATPuy, ..., AT Pw) = [PT Puy, ..., PT Pu)| = [02us, ..., 0]
Consequently,

UTATAU = UT[AT Auy, ..., AT Auy, AT Adiyyq, ..., AT Ady,)

ST 2 2 T gn T gn
= U'lojuy,...,o0u;, A" Alyyq, ..., A" Ady,)

u

T
u
l 2 2 T A T A
= [o7uy, ..., o5uy, AN Atyyq, ..., AN Aty
ﬁT
I+1

~T
Up,

diag;, {o1,..., 0}  Cla-px

Ot (n—1) Bn—1)x(n—1)

where, in the last step, the lower indices indicate the dimensions of the blocks. But
UTAT AU is a positive semidefinite symmetric matrix. So we have that C' = 0 and
B is also a positive semidefinite symmetric matrix. Applying the Orthogonal Diag-

onalization Algorithm to B, one gets a matrix W € O,,_; and o;.1,...,0, > 0 such
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that

Y T

B =Wdiag, 1yxm-p{0ip1:---+00,0,...,0}WT.

Define

U=0U 0 (2.5.5)

Then U is orthogonal. And UTATAU = diag,,.,{0%,...,02,0,...,0}. By the defi-
nition of U, it has the same first | columns as U. So U = (U1, ey Uy Uty - ey Uy
By Equation (2.5.4), we have that v; = U%_Aui fori = 1,...,1. Let v; = %Auj
for j =1+ 1,...,r. Note that {vy,...,v,.} is an orthonormal subset of R™. FEx-
tend this set to an orthonormal basis {vy,...,v,} of R™. Denote by V' the matrix

[v1,...,Um] € Op. Note that {vi1,...,vm} C {v1,..., 0}t = Span{dyi1,...,0m}

So, there is a matrix Z € O,,_; such that

V=V . (2.5.6)
0 7
By the definitions of the the matrices U € O, and V € O,,, we have that AU =
Vdiag,,y,{01,...,0:,0,...,0}. That is, A = Vdiag,,,,{o1,...,0,,0,...,0}UT. By
Equations (2.5.3)), (2.5.5) and ([2.5.6)), we have that

. o |
PU = Vdiag,, {o1....,00,0,....,00070 |
0o w
. I
= Vdiag,, ,{01,...,0,0,...,0}
0w
. ~ | O
= Vdiag,,,,{01,...,00,0,...,0} =V diag,, s, {01,...,00,0,...,0}
0 7

= Vdiag,,.,{01,...,0,0,...,0}.
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That is, P = Vdiag,, ., {o1,...,01,0,...,0}UT.

With the above lemmas, the proof of Theorem [2.5.1]is straightforward.

Proof of Theorem[2.5.1 By Lemma [2.5.2) the minimum of ||A — P||% under the con-

straint rank P < k is attained at some Py € R}"”". By Lemmas [2.5.3 and [2.5.4} there

are

a matrix V € O,,,

a matrix U € O,,
e a non-negative integer r and oy,...,0, > 0,

e a non-negative integer [ satisfying | < min{r, k},

such that
A = Vdiag,, {o1,...,0:,0,...,0}UT,
Py, = Vdiag,,.,{o1,...,0,,0,...,0}U".
Note that, counting multiplicity, {o1,...,0,} is a permutation of {sq,- -

A-RE- Y 2> Y 2> 3 2

j=l+1 j=l+1 j=k+1
This shows that
min{||[A - Pl | PR} > > s
j=k+1

(2.5.7)

(2.5.8)

,Sr}. So

Clearly, for any singular value decomposition of A given by Equation ([2.5.1)), we
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have that [|[A — P[|%2 = 2if P is given by Equation (2.5.2)). This shows that

j=k+1 Sj
o
min{[|[A— P|} | PER" "} = Y s
j=k+1

and that the minimum is attained at any P given by Equation (2.5.2)).

It remains to show that the minimum is only attained at matrices P given by
Equation (2.5.2). Assume again that Py is a minimizer of ||[A — P||% under the con-
straint rank P < k. Then Equations (2.5.7)) and ([2.5.8]) remain true for 7. Addition-

ally, we must have that >~ = > ki1 55, which is only true if {oy,..., 01} =

j=l+1 ]

{s1,..., sk} counting multiplicity. One can then re-order {1, ...,0;} and {o741,...,0,}

into descending sequences in Equations (2.5.7)) and ([2.5.8)) by re-ordering the columns

of U and V. This makes Equations (2.5.7)) and (2.5.8)) into the formats given by Equa-

tions (2.5.1)) and (2.5.2). Thus, Py must be a matrix given by Equation (2.5.2). [
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Chapter 3: Decomposition of Persistent Homology and Spectral

Sequences

3.1 Relevant Concepts and Statements of Results

In this chapter, we fix a base field F and consider filtered chain complexes of

[F-spaces.

Definition 3.1.1. A filtered chain complex (C,d, F) over F consists of

1. a Z-graded F-space C' = @, Cn,
2. a differential map d : C' — C satisfying d* = 0 and d(C,,) C C,,_1,

3. an ascending Z-filtration F on each C,, satisfying d(FrC,) C FPC,_;.

We write FPC' =, ., FPC,,. We say that

nez
e (C,F) islocally finite dimensional over F if dimp FPC,, < oo for each p € Z and

n € 7,

e F is bounded below on (), if there is a p € Z depending on n, such that
FrC, =0.

Note that (FPC,d|zrc) is a subcomplex of the chain complex (C,d) for all p € Z.
The persistent chain complex (PC,d,) of (C,d,F) [ZC05, Definition 3.1] is defined

to be the direct sum

(PC,d,) := E(FC,d| o).

PEZL
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Let x be a homogeneous indeterminate of degree 1 acting on PC' as the natural
inclusion map  : FPC — FPTIC for each p € Z. This makes (PC,d,) is a chain
complex of graded F[z]-modules, where the homogeneous component of degree p is
(FPC,d|zrc). The homology PH := H(PC,d,) is a graded F[z]-module and called
the persistent homology of (C,d, F) [ZC05] .

Our arguments are based on Theorem [3.1.4] Before stating the theorem, let us

introduce the following notations.

Definition 3.1.2. Let M be a graded F[z] module. Then M]||n||{s} is a bigraded

F|x]-module where

e || - || indicates the homological grading,
e {-} indicates the polynomial degree shift, that is (M]|n||{s})* = M* .
Definition 3.1.3. Denoted by Z, o, = Z; U {+0o0}, we assume n,s € Z and m €

Z . Define two types of graded chain complex

Upsoe = 0 — Fla]||n]|{s} — 0 (3.1.1)

Unsm = 0—=Flz]||n+ 1||{s +m} LN Flz]||n||{s} — 0 (3.1.2)

where m = oo in (3.1.1) and 0 < m < oo in (3.1.2)).

Our main results are the following.

Theorem 3.1.4. Let (PC,d,) be the persistent chain complex of a filtered chain

complex (C,d, F) over F satisfying:

e [For each n, the filtration F on C,, is bounded below;,
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o (C,d,F) is locally finite dimensional over F.

Then, up to chain homotopy and permutation of factors, (PC,d,) can be uniquely

decomposed into a direct sum of graded chain complezes of types (3.1.1) and (3.1.2).

More precisely, for each n € Z, there exist K, € Zio and a unique sequence

{(sn(i),mn(i))}fi"l C7Z X Ly o satisfying:

o the set {i | sy(i) = s} is finite for all s € Z and n € Z,
o 5,(1) < s,(i+1),

o m, (1) <mu(i+1) if s,(i) = sp(i + 1),

so that
o) K,

n=—o0 =1

Consequently, the persistent homology PH = H(PC,d,) can be uniquely decom-

posed into a direct sum of

00 K,

PH= B P H(Uns0)ma)- (3.1.4)

n=—oo =1

Here, each factor in Decomposition (3.1.4) has the form H(Uy, s ) = Flz]||n||{s} or
H(Un,sm) = Fz]/(z™)|[n[[{s} for m < oo.

The proof of Theorem is included in Section Since the spectral sequences
corresponding to the persistent chain complexes U, s », and U, s ,,, are easy to compute,
Theorem leads to a direct sum decomposition of spectral sequences over [F into

simple factors. Denote by E( the r-th page of the spectral sequence of (C,d, F)
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and by E,(fg the homogeneous component of E with homological grading n and

F[x]-module grading s.

Theorem 3.1.5. Let (PC,d,) be the persistent chain complex of a filtered chain

complex (C,d, F) over F satisfying:

e [For each n, the filtration F on C,, is bounded below;

o (C,d,F) is locally finite dimensional over F.

Decomposition (3.1.4) of the persistent homology PH = H(PC,d,) in Theoremm
induces a direct sum decomposition of the spectral sequence {E™} of (C,d,F). More
precisely, for v € Z, o and the same sequence {(s,(i), m, (i)Y C Z x Zy o given

in Theorem |3.1.4], we have that,

%) Ky

E(T) = @ @E(r)<Un,sn(z),mn(z))a

n=—oo i=1

where:

o EO(U, s00) 2 F|n||{s} Vr > 1, and consequently E) (U, ,..) = F||n||{s}.

o [fm < oo, then

Flln + 1||{s + m} @ F||n|[{s} forl<r <m,
E (Un,sm) 22

0 forr >m.

And, consequently E©) (U, om) = 0.

Comparing the decompositions in Theorems [3.1.4] and [3.1.5] one can deduce that

the spectral sequence and the persistent homology determine each other under fairly

general assumptions. We formulate this as the following.
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Definition 3.1.6. The spectral sequence {E™} collapses locally to B if {E,(fg}
collapses to Ef{f) for every mn,s € Z. That is, there exists 7, € Z, such that

Effﬁ =~ 7(102) if r>r,,.

Definition 3.1.7. Let K, € Z, o, and {(s,(i),m, (1))} C Z x Z, » be the unique
sequence described in Theorem [B.1.4} For n,s € Z and m € Z, o, define the multi-
plicity of H (U, sm) in Decomposition (3.1.4) as

Vnam = [{i | 1 <0 < Ky, s,(6) = s, my(i) = m}|.
In particular, the multiplicity of H(U,, s ) is defined as
Vnsoo = [{i | 1 <0 < Kny (i) = 5, ma(i) = oo} .

Theorem 3.1.8. Let (PC,d,) and {E™} be the persistent chain complex and spectral

sequences of a filtered chain complex (C,d, F) over F satisfying:

e For each n, the filtration F on C,, is bounded below;

o (C,d,F) is locally finite dimensional over F.
Then we have

1. dimp E}Z’ﬁ = Unsoo+ D omor(Vnysm + Vn—1,s—mm), which shows that the persistent

homology determines the spectral sequence.
2. The spectral sequence {E™} collapses locally to B, and
(a’) Vn,s,oo = dlm]F ET(L(,)?);

(b) Vnsm = dlm]F E»,(:’;L) - dlm]F E;:;LJFU — VUn—1,s—m,m-
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If the filtration F is also bounded below on the entire C, then (a) and (b) imply
that the spectral sequence determines the persistent homology, because vy, s, = 0

for s < 0 since F is bounded below uniformly.

Corollary 3.1.9. [BP17, Corollary 2] [EH10, Spectral Sequence Theorem] Let (PC, d,)

be the persistent chain complex of a filtered chain complex (C,d, F) over F satisfying:

e For each n, the filtration F on C,, is bounded below;

o (C,d,F) is locally finite dimensional over F.

Then for any r > 0, we have

dimsED =3 (ums’oo +> (Vnam + yn_l,s,m)> : (3.1.5)

s m>r

Equation (3.1.5)) is equivalent to the following equation from [BP17, Corollary 2/:

dimp ES(F) = bu(F) + > (' (F) + 1 (F)) (3.1.6)

t—s>r
where b, (F) is the persistent Betti number and u$'(F) is the persistent multiplicity
that are both defined in [EHI0, VII.1].

Corollary follows directly from Corollary and Proposition [3.4.2]

82



3.2 Decomposition of Persistent Homology

3.2.1 Persistent chain complexes

Let (C,d,F) be a filtered chain complex over F defined in Definition and
(PC,d,) be the correspond persistent chain complex. For each p,n € Z, fix an F-
subspace GP of FPC,, such that F?C, = FP~'C,, & GP. Then

p
e, = @ Gl
q=—00
For ¢ < p, denote by nP4 : FPC,, — G% the natural projection. Restricting the
differential map d,, : C,, = C,—1 to G2, we have d? : GP — FPC,,_, = ‘Z:_Oo GI_ .

Define the map d?? : GF — GI_| by d?? = 7% o dP for any p > q. Thus df =

Zqﬁp dfl’q‘

Definition 3.2.1. For each n € 7Z, we define a graded F[z]-module as PC,, = F[z] ®r C,,
where PC 1= D5 2*GP=* is the homogeneous component of PC,, of degree p. PC,,
is a graded [F|xz]-module for each n. Define an F[z]-module map (d,),, : PC,, — PC,_4

such that (6,)h := (d)|ar : G, — PC,,_y is given by (0.) = >, 2P~ 1dh.

Note that (d;), is a homogeneous map preserving the module grading since the

degree of dP9 is ¢ — p.

Proposition 3.2.2. (PC,é,) is isomorphic to (PC,d,). In particular, (PC,d,) is a
free Flz]-module.

Proof. Recall that F7C,, = @,__ Gb and (PC,d;) = @, (FPC,d|rvc). We have

PEZ

PC, = @pez FrC, = @pGZ ( P G%). For any n € Z and any u € FPC,, C PC,,

q=—00
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there is a decomposition of u given by u = > _ ¢%? where each g% € G4 C FPC,,.

q<p

Define ¢,, : PC,, — PC,, by

on(u) = on (Z gii“’) = a7l

q<p q<p

where g = ¢?? when viewed as an element of G¢ C PC,. This is an F-linear
isomorphism with ¢, * (Zq<p xp_qgg) = Y g<p 9P, Consider ¥ : FPC — FrHiC.
P e G4 C FPC, and ¢iPt! € G1 C FPTIC, are the same element as g? € GP C

PC,,. Then i*(g2P) = g4P*! and, for u € FPC,,

on(wu) = (P(u) = ¢ ( (Z gzm)) = (Z g,%PH)

q<p q<p
_ E (p+1)—q,q _ p—q+1 g
q<p q<p
=z g 2P gl = x -, (u).
q<p

To verify ¢ is a chain map, we have

0z © Pn(u) = 0 (Z qug%) = a7 (8.)5(g8)

q<p q<p
_ Z 2P Z xq—kd%k(gg) — Z Z m(p—q)Jr(q—k)d%k(gg)
q<p k<q q<p k<gq
= 3
q<p k<q
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Note that d2*(ge?) € Gk_, c FPC,_;. We also have

©n—1© dx(u) = ¥n-1 <d|]-'1’Cn (Z gg,p>> = Pn-1 (Z dgl(gg,p)>

q<p q<p
= Pn-1 (Z Z dgfk(gg’p)> = Z Z wn1 (dE(g27))
q<p k<q q<p k<gq
=YYt
q<p k<gq

Thus 6, 0o ¢ = pod, and ¢ is a chain map.

1

Since §, = pod, o' and d, od, = 0, we have §, 05, = pod,od, 0o p ! =0.

Note that §, preserves the module grading. Therefore (PC,J,) is a chain complex of

graded F[z]-modules and isomorphic to (PC,d,) induced by ¢. O

Proposition shows that (PC,d,) is isomorphic to persistent chain complex

(PC,d,). We will no longer distinguish between these two in the rest of this manuscript.

3.2.2 Existence of the decomposition

Definition 3.2.3. A graded F-space M is locally finite dimensional if M* is finite
dimensional over F for every k € Z, where M* is the F-subspace of M consisting of

all homogeneous elements of degree k.

Lemma 3.2.4. Let F[x] be the graded polynomial ring with deg(x) = 1. Assume that

M s a free graded F[z]-module satisfying:

e F[z]-grading of M is bounded below,

o M 1is locally finite dimensional over IF.
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Then M admits a countable homogeneous basis.

Denote by Nk, the F-dimension of (M/xM)*, where (M/xM)* is F-subspace of
M/xM consisting of all elements of grading k. Assume that g is the lowest Fx]-

grading of M. Define the sequence Ly; as

LM:(ga7g7g+1a7g+1aag+k77g+k7)
S—— \ ~ S I J

~-
9 g+1 g+k
)‘M )‘M >‘]\/I

Let E be a countable collection of homogeneous elements of M such that the cardinality
of EN MPF is finite for every k. After arranging the elements of E in non-decreasing
order by their degrees, the degrees of elements in E form a non-decreasing sequence

Lg. Then Lg = Ly for any homogeneous basis B of M.

Proof. M has a homogeneous basis since free graded modules over polynomial rings
with grading bounded below admit homogeneous bases [Wul4, Lemma 4.4] [Pas91),
Page 130, Exercise 3].

Let B be any homogeneous basis for M. To prove that Lg = L, it suffices to
show that 7(B) is a homogeneous F-basis for (M/xM), where w : M — (M/xM) is
the canonical projection. Since 7 is surjective, w(B) spans (M /zM). Assume that
m(B) is not F-linearly independent, then there exist P > 0 with b, € B, f, € F and

gp € Flz] for all 1 < p < P, such that

P

Z(fp — gpr)bp =0 (3:2.1)

p=1
and f, — g,x # 0 for each p. By the F[z]-linearly independence of B, all coefficients
in equation (3.2.1)) are zero. We have that f, —xg, = 0, which implies that f, and g,

are both equal to zero for all p. This is a contradiction.
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Lemma 3.2.5. Assume that

2\
IS
2\
=
~

is a chain complex of free graded F|x]-module satisfying:

e [ts differential d is homogeneous and preserves the F|x]-grading;
e The Flz]|-grading of M and N are bounded below;

e M and N are locally finite dimensional over IF.

Then M has a homogeneous Flz]-basis V. UW and N has a homogeneous F|x]-basis
W U R satisfying

(1) d(v) =0 for everyv € V;

(II) There exists a bijection ~ : W — W mapping each w € W to a w € W such

that d(w) = x™w for some non-negative integer m depending on w;

Considering the submodules MY, MW, NW and N generated by V, W, W, and R,

the chain complex decomposes into a direct sum of three subchain complezes as
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Proof. We prove this by induction. Let B® be a homogeneous basis for M and B©® be
a homogeneous basis for N, respectively. By Lemma [3.2.4] L) is the non-decreasing
sequence of degrees in any homogeneous basis of M. Let sets W(©, V) and W(O) be
empty sets. Let Z(© = B and R = B We will construct by induction the sets

BO BO yvO W o0 zO W and RO satisfying the following conditions:

(i) B is a homogeneous basis for M and B® is a homogeneous basis for N;

(i) OO = VO UWO, BO = 70 10O and BO = WY U RO,

-1

(iii) V0D c vO, wiD c wo, 7 c W and RO-D 5 RO

(iv) d(2") C Spang, RY;
(v) d(v) =0 for every v € V©:

(vi) There exists a bijection ~: W® — w mapping each w € W to a w € w

such that d(w) = x™w for some positive integer m depending on w;

(vii) The sequence Low for set of homogeneous elementdl] is consist of the first

terms of L.

In each iteration, we remove an element from Z® with the lowest grading and add it
to OW. We will induct on the size of organized base set O). Conditions (i)-(vii) are
trivially true when [ = 0. Then assume that we have updated all these sets satisfying
conditions (i)-(vii) after [ steps. By (vii), |OW| = [VW| + |[W®| = [. We will then

(I+1

construct BU+D BUAD y(+D) py i+ T ), O+ ZU+1) gnd RUAD,

Let w be an element of Z® with the lowest module grading, whose degree by
Lemma is the (I + 1)-th term of L.
'Notation follows Lemma
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If d(w) = 0, we will do the following updates:
v — 0 {w}, WD — W(”, W(l+1) _ W(l),

Z+1) _ \{w} O+ — /41 W(l+1), RUHD — R(l)’

1+1)

B — Z+1) U+ - BU+D W( U RUD.

This update preserves condition (v) and automatically satisfies all other conditions.

If d(w) # 0, assume that d(w) = >, e where E is a finite subset of R") by
(iv), and each a, = c.2™¢ is a non-zero monomial in F[z]. Let é be an element with
the highest module grading in E. Note that m, = deg(w) — deg(e) and therefore

me = Mingcg m,. Define

d(w s
w = (w) = cs€ + E coxMe T Mee,
xme

ecE.e#£é

and do the following updates:
VD — O ) — Oy ), w Oy (@),

RU+D — RO \ {e}, OU+D — D) D) - B+ — jU+D W l+1

Then B*+Y is still a homogeneous basis for N. Thus the bijection ~ in (vi) is extend
by w + w. Note that d(w) = 2™w. It remains to construct Z(*+! and show it

satisfies condition (iv).

By conditions (iv) in the previous step, any element in W(l) will not appear in the
image of z € ZW since 2 is not in W according to condition (ii). Now consider for

each z in ZU \ {w}, then d(z) is a linear combination of base elements in R, We

89



have d(z) = B0+ .. ., Be€, where [ are the coefficient monomials and F, is a finite
subset of R*Y. Notice that deg(f.) = deg(z) — deg(w) > deg(w) — deg(w) = m,.
Define

e
Then d(2') = d(z) — %d(w) = d(z) — B.w = ) p Bee and therefore d(z') €

SpanF[x}R(l—&-l)' Now we update Z¢+D and BO+D by
200 =]z € 20\ {w})

and

B(l+l) — Z(l+1) U O(l+1).

Hence d(Z*V) C Spang, R“. B! is obtained from BY by an invertible Flz]-
linear transformation, so B{*Y) is also a basis for M. This proves condition (iv). Note
that |0 = |[VO| + {w}| + |[WW| = [ + 1. Therefore conditions (i)-(vi) work for
all BO, BO, yvO W, W(l), OV, ZW and RY for each natural number .

Recall that M* is finite dimensional for every k. Let ¢ be the lowest grading of

M, which is the first term in Lj;. Thus @kK: M ¥ is finite dimensional for any K > g.

Set I = dimp @f:g MF = Zf:g A where Ak, is given in Lemma [3.2.4, Observe

that |OUx)| = I and

K
@ Mk - Span]F[x}O(lK)

k=g

since ZUx) contains only elements that have degree larger than K. Thus

M = Mk g Sp&HF[x] U O(l)
k=g =0

Then any element in M can be written as a linear combination of elements in some
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OO, Let

V= GV“) and W = GW(”,
=0 =0

then this is our desired V' and W. Note that VU W = [J;2, O®. Each OV is a
subset of a homogeneous basis BY) and therefore linearly independent. Hence V LI W

is indeed a homogeneous basis for M.

In each step, we have constructed a bijection between W® and W(l). Define

W= GW(” and R — ﬁR(’).
=0

=0

Let ¢ be the lowest module grading of N. Fix a K > ¢, BO N (@kK:g, Nk> is finite
for every [ since N is locally finite dimensional. Note that R¢~Y > R® for each [
from condition (iii). Then for there exists a positive integer |y depending on K, such

that
K 00 K K
Rb) A (@ N’“) = (ﬂ RU)) N (@ Nk> = RN (@ Nk> .
k=g’ 1=0 k=g’ k=g’

Therefore (@k{ig, N’“) has a basis B%) N (@kK:g, Nk’> = (WUR)N (@kK:g, N"“).
W U R spans N as K growing. Hence W U R is indeed a homogeneous basis for N.

This concludes the constructions of V., W, W and R.

Notice that after the construction of W and R, we obtained a subchain complex
00— NB — 5 ...

where N is the submodule generated by R in N. Denote by N’ be the term before

M in the chain complex and consider the other direct summand

d d
s N/ s M s NW > (.
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If d(u) # 0 for any v € N', then d(u) = > oy, 1%V + > ,ew Yow where all but finitely
many 7, and 7, are 0. We claim that v,, = 0 for each w. Otherwise, since d(v) =0

for each v € V and d(w) = "™ w for each w € W, we have

0= (dod)(u) = Z Ywd(w) = Z V.

weWw weW

Since each w € W is an F[z]-base element, ,, must be 0 if w € W. Therefore we will

further decompose the subchain complex into

d
s MV » 0

where MV is the submodule in M generated be V, and

0 — > MW 4y NW

2\
(@)

where MW is the submodule in M generated by W as well as N"W is the submodule

in N generated by W.

Proposition 3.2.6. Assume that

(A, d) = --- dnity q, —nyoq Ity

is a chain complex of free graded F|x]-module satisfying:

e [ts differential d is homogeneous and preserves the F[x]-grading of A;
e For each n, the F[x]-grading of A, is bounded below;

e [For each n, A, is locally finite dimensional over IF.
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Then every A, has a homogeneous F[x]-basis that is the disjoint union of three subsets

Vi, W, and W,,, satisfying the following conditions:

(I) d(v) =0 for every v € V,;

(II) There exists a bijection ~: W, — W,_1 mapping each w € W,, to a w € W,_;

such that d(w) = x™w for some non-negative integer m depending on w.

Proof. By Lemma [3.2.4] each A, has a homogeneous basis. Since for each n, A,

satisfies all the conditions in Lemma |3.2.5 we may apply this lemma to

We will obtain F|x]-basis sets Vi UW, for A; and Wo U Ry for Ay with a direct sum

decomposition
=, A > 0
D
d 5
0 > U > Z/{() > 0
D
0 v Ay 20

Here fll, U, Uy and flo are submodules generated by sets f/l, Wi, Wy and Ry respec-

tively.

We will prove this proposition by two inductions separately on the upward branch

d do %
Py Ay — Ay > 0

and the downward branch

~ d d_1
0 y Ag —— A4 —— -+




For the upward branch, we first apply Lemma to

B, Ay~ A > 0.
It decomposes into
%y A, > 0
D
0 s Uy —2 U, > 0
D
0 > I > 0

where 1212, Uy, Uy and F are the submodules generated by sets ‘72, Wy, W1 and Ry
respectively. Note that ‘N/g L W5 is a basis for Ay = flg ® U, and W, LI Ry is a basis for
A, =U,®F,. R, satisfies condition (I) in A; thus let V3 = Ry. Now we have obtained
Vi, Wy and W. Since W, generates U; and W, U V; is a basis for 1211, ViuW, uW,

is a basis for A; = Uy @ Ay, satisfying conditions (I) and (II).

Then assume that p > 1 and we have obtained all V;,, W}, and W, for p > k > 1.
Also, W, generates U, and f/p generates Ap while Wpl_lf/p being a basis for A, = Mp@flp.

Then it suffices to obtain V}, and Wp from %. By applying Lemma m, the chain

complex
dp+1 ~ d
e Ay —— A, — 0
decomposes into
+2
—= Ay —— 0
dpt1 57
0 —— Uy > U, > 0
0 > b, > 0

where flpH, Up i1, Hp and [}, are the submodules generated by sets ‘N/pﬂ, Wi, Wp
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and R, respectively. Note that f/pH L Wyi1 is a basis for A, = Ap+1 ® Upy1 and
W ,UR, is a basis for flq = U,®F,. Since d, maps flp to 0, we assign V,, = R, satisfying
condition (I). Hence we have obtained Vj, LI W, LI W, as a basis for A, = U, ® A,,

satisfying conditions (I) and (II).
For the downward branch, we first apply Lemma to

e do d*l

0 > A s Ay —— -
It decomposes into
0 > Fo > 0
8%
0 —— Uy —25 U1 —— 0

where Fy, Uy, U_1 and A_; are the submodules generated by sets Vi, Wy, W_; and
R_4 respectively. Note that Vy U W is a basis for flo =F Uy and W_1UR_;is a
basis for A 1 =U_1 ® fl_l. Recall that Wy, is obtained at the beginning of the proof,
thus now we have obtained all V;,, Wy and W. Since W generates U, and V, U Wy
is a basis for Ay, Vo U Wy LI Wy is a basis for Ay = Uy & Ay, satisfying conditions (1)
and (II).

Then assume that ¢ < 0 and we have obtained all V},, W}, and W for 0 < k < .
Also, W, generates U, and R, generates A, while W, U R, being a basis for A, =
U, ® flq. Then it suffices to obtain V, and W, from R,. By applying Lemma m,
the chain complex

dq dg—1

0 y A, y Agg —
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decomposes into

0 > Iy > 0
D
0 > U, dq>ﬂq_1—>0

D
dg—1

0 —— A, —5

where Fy, Uy, Hq_l and flq_l are the submodules generated by sets V;, W, Wq_l and
R,_1 respectively. Note that V, LI W, is a basis for A, = F, ® U, and W,_, U R,_; is
a basis for A,_; = Hq_l &5 Aq_l. Hence we have obtained V, LI W, L Wq as a basis for

A, = U, ® A,, satisfying conditions (I) and (IT).

In conclusion, we have obtained V,, U W,, U W,, be a homogeneous basis of A4,

satisfying condition (I) and (II) for each n. O

Corollary 3.2.7. The chain complex (A,d) in Propositz'on 18 homotopic to the
direct sum of chain complexes of the Types and giwven in Definition
5.1.5. Each v € V, generates a component Up gegvoo- Lach pair w € W,y and
w € W, generate a component Un.degw,m, where d(w) = z™w for some positive

integer m,, depending on w.

Recall that Z ~ = Z, U {+o0}. Then for each n, there exist K, € Z, ~ and
the sequence {(5,(i), mn (i)Y C 7 x 7y o satisfies s,(1) < s,(i + 1) and m, (i) <

mn(i + 1) if s,(1) = s,(i + 1), such that

0o Ky

A~ @ @Un,sn(i),mn(i)'

n=—oo =1

Consequently,
[e%s) Kn

HA) = @ P HUnsuiyma)

n=—oo =1

where H(Un,s.00) = Fla]|[n|[{s} and H(Up,sm) = Flz]/(a™)||n||{s}.

96



Proof. Let V,, U W, UW, be the basis of A, from Proposition 3.2.6, Note that each
v € V,, generates a subcomplex U, s «, and each pair of (w,w) € W,;; x W,, generate

a subcomplex U, s ,,. So it suffices to show that
Upso = 0— Flz]||n+ 1]|{s} N Flz]||n||{s} — 0

is homotopic to zero. Consider the identity map id and the chain homotopy given by

h = 1- in the diagram

0 > Fx] L Fla] > 0
P o
0 > Flz] —— F[z] > 0

Here hod + d o h =1id. Hence id is null-homotopic and
Unso = 0— Flz]||n+ 1]|{s} RN Flz]||n||{s} — 0

is homotopic to zero when. O

3.2.3 Uniqueness of the decomposition

The following lemma is a generalization of [Wul5, Lemma 4.14].

Lemma 3.2.8. Recall that Z, o = Z4 U {4+00}. Let K,K' € Zy  and n € Z.

Suppose there are two sequences {(s(i),m(i))}X, and {(s'(i),m' (i)}, in Z x Z, o

satisfying:

o Ifi<j, then s(i) < s(j) and s'(i) < §'(j).

o Ifi<jands(i)=s(j), then m(i) < m(j).
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o I[fi<jands'(i)=5s'(j), then m'(i) < m/(j).

o For every s € Z, index sets {i | s(i) = s} and {i | s'(i) = s} are finite.

If

K

@H nsz)m(z @H n,s'(j),m J))

i=1
as graded F[x]-modules, then K = K’ and s(i) = §'(i1),m(i) = m/(i) for every 1 <i <
K.

Proof. For a graded F-space V = € we consider its graded dimension as the

€L Z’

Hilbert series, that is, gdimgV := ", (dimg V;)¢’. Denote

M:@H n,s(t m() @H n,s’(j),m J)>

From Corollary [3.2.7, we have H(Up, s4),00) = Flz]||n||{s(i)} and H(Uy s4)me)) =
Flz]/(x™)||n||{s(i)} for m(i) < co. Then graded dimension is well-defined on M
since the F[z]-grading on M is bounded below and for each fixed s € Z the index set

is finite.

Let w; be the generator of H (U, () m(;)) which is homogeneous of degree s(i). For
any [ > 0, define M® = 2!M/2*'M. Then M® is an F-space with homogeneous
basis {z'w; }ier,. Here {(s(i), m(i)) }ies, is a subsequence of {(s(i), m(i)) }£, depending
on the choice of [, where m(i) > [ for all i € I; in the subsequence. Consider the

graded dimension of M®. Then gdimpM® = ¢/, @ = 37 *@O+ " Define

i€l
Sei:={i € Z | s(i) = ¢, m(i) > I} and similarly S, := {i € Z | §'(i) = ¢, m/(i) > [}.
Then S.; C I; and the cardinality of S, is the coefficient of the ¢*! term in gdimy M o,

Therefore each S, is finite according to locally finiteness and this coefficient of the

tt in gdimpM©® is also the cardinality of S.,. Thus S.; and S, have the same
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(finite) cardinality for each ¢ and [. Hence the lemma follows. ]

We are now ready to prove Theorem [3.1.4]

Proof of Theorem[3.1.4. The F|x]-grading of PC,, is bounded below since the filtra-
tion of (), is bounded below, and PC' is locally finite dimensional since (C,F) is

locally finite dimensional. Therefore (PC,d,) satisfies all the conditions in Proposi-

tion[3.2.6| The existence of Decompositions (3.1.3)) and (3.1.4) follows from Corollary

3.2.7. Since PC' is locally finite dimensional, we know that {i | s(i) = s} is finite
for all s € Z in the decomposition (3.1.4]). Thus, Lemma implies that Decom-
positions (3.1.3)) and (3.1.4)) are unique up to chain homotopy and permutation of

factors. O

3.3 Spectral Sequences

There are several approaches to compute the spectral sequence of filtered chain
complexes. We will use ezxact couples to compute the spectral sequence of summands
Unsm and U, s . Properties of exact couples can be found in many books such as

[McCO1] and [Rot09]. Let us first briefly review this approach.

Definition 3.3.1. [McCO01] An exact couple C = (A, E, f, g, h) consists of two graded
F-linear spaces A, E and homogeneous homomorphisms f, g and h where the following

diagram

is exact. The differential map d on E' is defined to be d = g o h.
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The derived exact couple C' = (A, E, f,g,h) = (A", E', f',¢',h’) is defined by

E' =%kerd/Imd = H(FE,d),

f/ = f|A/7
e ¢'(f(a)) = g(a) + d(E) for any a € A,
e hW(b+d(E)) = h(b) for any b € kerd.

Definition 3.3.2. [Wulb] For a graded chain complex K of free F|x]-modules, the
short exact sequence 0 — K{1} & K ™ K/xK — 0 where 7, is the standard

quotient map. It induces an exact couple HW (K) = (AM, EW 1) 41 1)) given

by
H(K) - s H(K)
H(K/2K)

Denote by H( (K) the exact couple of HM (K) derived (r — 1) times.

Lemma 3.3.3. [Wul5] As graded F-linear spaces,

I

EO (U s0) Fllnll{s} ~ vr>1,

Flln+ 1|{s+m} d F|n|[{s} 1<r<m,
NN In -+ 1]l{s +m} & Flinll {s}

0 r > m.

In particular, E(OO)(UmS’OO) = E(l)(Un,s,oo) and E(OO)(UmS,m) = E(m+1)(Un757m).
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Proof. (Following [Wulhl Lemma 4.17].) First consider H(U, s ). Since the only
nonzero term of U, ;. is located at the n-th homological degree, the connecting
homomorphism A = A is always zero. Thus d™) = 0 on E™ for all » > 1. Therefore

EM = BO) = Rz /2F[x]||n||{s} = F||n||{s} for all r > 1.

Next consider H(U,, ¢.m). For 1 < r < m, z"-F[z]/(z™) = Span{z", 2", ... 2™}

is a subspace of F|x]/(2™). Define the F-linear mapping =" by

" 2" - Fla]/(2™) = Flo]/(2™), ™2t 0<i<m—r—1.

We will show by induction that for all 1 < r < m:

HO Unsm) = (2" HUnsn), HUn s/ 2Un ), @, 1 0 27 2™ 7).

For r = 1, we have

AW = H(Up ) = Flz]/(@™)[[n||{s}

and

ED = H(Up gm/tUpsm) = Flln + 1||{s + m} & F||n||{s}.

The nonzero part of ’H(U(Un,s,m) is the following part:

Unsm{1} Un,s,m Un,s.m/TUn,sm
A0—>F{S+m} [In+ 1]
Flz)/(@"){s + 1} —— Fla]/(a™){s} ——— F{s} [Inl]
0 [In = 1]|
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where A(1) = 2™~ Thus HY (U gm) = (H(Unson), HUn son/TUn s m)s T, Ty A).

Assume the inductive hypothesis for » < k — 1 < m, and compute H*® (U, )
by considering the derived exact couple (z¥72 - H(Upsm)s H(Unsm/TUp sm), T, Ty ©
¥k 1) Then A®) =g . A®-D = gh=1. (U, ,,). From the diagram above we

may still find that f*) = z and h®) = A = 2™, For any a € A*®~1 we have
g*V(a) =1, 02 *(a) = mp 0 2t F(za) = (1, 0 2V (fFE V().

Therefore ¢ (a) = 7, o 2'7%(a)). Note that d*~1) = glh=1) o B~ = (7, 0 2%7F) o
2™ =, 0 2™ FH = 0, thus EW = B¢ ~ (U, /72U sm) = Flln + 1]|{s +
m} & F||n|[{s}.

Finally consider r = m+1. The differential map d™ becomes d™ = g™ o h(™ =

m—1

(mpox!™™)ox™ ! = 1,01 = i which is an isomorphism on F||n+1||{s+m}&F||n||{s},

then E(™+) = H(E™) 4) 2 0. Hence B = EMm+D 2 ( for all » > m. O

Under our assumptions, the spectral sequence {E(’")} does not necessarily collapse
in the usual sense. However, from Lemma [3.3.3] each E™ (U, , ) and E™ (U, )

both collapse after finite pages. Therefore, we have the following corollary.

Corollary 3.3.4. Let {E™} be the spectral sequence in Theorem . Then {E™}
collapses locally to E©), which means {ES)} collapses to ESD for every (n,s) €

7 X 7.

We have another observation from Lemma [3.3.3]

Corollary 3.3.5. Let K be a chain complex of free graded F|x]-module satisfying:

o [ts differential d is homogeneous and preserves the F|x]-grading of K ;
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e For each n, the F[x]-grading of K, is bounded below;

e [For each n, K, is locally finite dimensional over .

Then we have that
EY(K)~ H(K/zK)

and that {E")(K)} collapses locally to E©)(K) where
EN(K)~ H(K/(z — 1)K).

In particular, assume that K is the persistent chain complex of a filtered chain complex

(C,d,F) over F satisfying:

(a) For each n, the filtration F on C,, is bounded below;

(b) (C,d,F) is locally finite dimensional over F.

Then K/xK is isomorphic to the graded chain complex associated to (C,d,F), and

K/(z — 1)K is isomorphic to the filtered chain complex (C,d,F).

Proof. From Definitions 3.3.1/and [3.3.2] we have that EW(K) = H(K/xK). Since K

satisfies all conditions in Proposition it admits the decomposition in Corollary

[3.2.71 Tt remains to show that

E(Oo)<Un,s,oo) = H(Un,s,oo/(x - 1)Un,s,oo)

and

E(Oo)(Un,s,m) = [—I([]n,s,m/<3j - 1)Un,s,m)7
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where U, 5.« and U, s, are given in Definition m From ring isomorphism F[x]/(z—
1) = F, we have

Unsoof/(® —1)Up 500 =0 — Fln||{s} =0

and

Upsm/(x —1) nsm_0—>IE‘||n+1||{s+m}—>IF||n||{s}—>O

Hence H(Upso/(x — D)Upsoo) = Fl|n||{s} and H(Upsm/(z — 1)U, 5m) = 0. Com-
paring these to Lemma [3.3.3] we know that E)(K) = H(K/(z — 1)K).

Let K be the persistent chain complex of a filtered chain complex (C, d, F) over F
satisfying conditions (a) and (b). From Definition|3.1.1} recall that z is a homogeneous
element of degree 1 that act on K as the natural inclusion map ? : FPC — FrHiC

for each p € Z. Fix p € Z, we have x(FP~1C) C FPC. Thus

K/zK =@ FrC/Fic
PEZL
which is the associated graded chain complex. Notice that x = 1 in the quotient
chain complex K/(z — 1)K. From Definition and Proposition following
their notations, we know that the homogeneous component of degree p on homological

degree n is

(K/x—l ) @1’@” P ¢ = rrC.,.

q=—00

Let d, be the induced differential map of K/(x — 1)K, then

=y e =y

q<p

where d? is the differential map d,, : C,, — C,,_1 of (C,d, F) restricted on G?. Thus
K/(x — 1)K is isomorphic to the filtered chain complex (C,d, F). O
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Now we prove Theorem [3.1.5]

Proof of Theorem |5.1.5. The decomposition follows from Theorem The struc-
tures of E") (U, 4.m) and E (U, , ) are given in Lemma [3.3.3, By Corollary [3.3.4}
{E™} collapses locally. O

3.4 Relations Between E") and PH

Next, we establish the relation between the spectral sequence and the persistent
homology. From the discussions in the above sections, we know that as F-spaces, the
spectral sequence is determined by the persistent chain complex. Thus, it is straight
forward to give a formula of the F-dimension of the spectral sequence by counting
the relevant components in the persistent homology. Moreover, we will further show
in this section that the persistent homology can also be recovered from the spectral

sequence if the filtration is bounded below uniformly.

Corollary 3.4.1. Recall that p%’ is the persistent multiplicities from [EHI0, VI 1]
for finite filtered chain complex, and vy s, be defined in Definition[3.1.7. Then

4, — S
i /’Lﬂz - V?’L,l,]*l}

— ,,5,5+m
L Vn,s,m = K, .

Also, the persistent Betti number b7 defined in [EHI0, VIIL.1] can be expressed in

terms of Vp.sm as

i7 j —_
by) = E Un.s.m-

J—m<s<i

Proof. This follows directly from Definition [3.1.7] with an index changing. The mul-

tiplicity vy, 5m of H(U,s.,m) means the number of n-homology cycles generating at
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filtration level s and surviving for m filtration levels. By [EH10), VII.1], the persistent
multiplicity z% means numbers of n-homology cycles generating at filtration level
i while getting killed at filtration level j. Hence p%/ = Unjij—i and Uy g = usstm.

n

Following the fundamental lemma of persistent homology from [EH10, VII.1], we have

b =37 i Dok 1. Therefore

/L'7 j e — JR—
bnj - E E Un,sk—s = E E Vn,sm = E Vn,s,m-

s<t k>j s<i m4s>j j—m<s<i

Recall that Effg is the homogeneous component of E") with homological grading

n and F|x]-module grading s. Then we have the following proposition.

Proposition 3.4.2. For any r > 0,

: r E
dlm]F Eé% = Vn,s,00 + (Vn,s,m + Vn—l,s—m,m)-

m>r

I

Proof. From Theorem [3.1.5] the spectral sequence decomposes uniquely as E()
D B ED(Upsiymy(iy). Consider an extended sequence {(I,s;(i),m(i))} C

Z x 7 X Ly « and its subsequence {(I, s;(4), my(7))}1.0)er,., Where
Ly = {(L,1) € L X Ly oo | 1 <0 < Ko, Fln|l{s} € B (Uny0,m0)}-

Then E{) & D .ier, . Flin|[{s} since each E"(Upg,(i)my(s)) contributes at most one

summand of F||n||{s} in EY) from Lemma m Thus

dimp E(") = dimp FOmsl = |1, .

)

It suffices to count |I, 4| in terms of v.
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We first separate I, s = I, 00 U I}, , Where I,y oo := {(n,4) | 1 <i < Ky, 5,(1) =
s, my(i) = oo} and I}, ;= I, \I,, 00, because we have EC)(Uy ) = F||n||{s} for

all > 1 in Lemma [3.3.3] Notice that v, 5 00 = |Ins.00|-

Next consider I/, ;. According to Lemma (3.3.3, E® (U, ,,) = 0 for all m < r.

[

Also, any rest of the summand F||n||{s} in EY) coming from either EC (U gm) =
Fl|ln+ 1||{s + m} @ F||n||{s} or ' (Up_14mm) = F|In||{s} ®F||n — 1||{s — m} for

all m > r. Therefore ];L’S = Ly sm>r U Ln_1 s—mm>r Where
In,s,mzr = {(TL,Z) | 1 S 7 S KT“ Sn(@) =3, mn(z) Z r,a}
and

Lt semmsr i={(n—1,9) | 1 <1 < K,_1, $,(i) =5 —my(i), my() >r}.

Thus |1, sm>r| = Zer Unsm and |11 s—mm>r| = Zer Vn—1s—mm- 1t is clear that
Ly sm>r N1 s—mm>r = 0 since the index of I,, 5 >, coming form homological degree

n while the other coming from homological degree n — 1. Hence

‘[n,s‘ = ’[n,s,oo’ + ’[n,s,mZT’ + ’[nfl,sfm,mZTI = Vn,s,00 + Z(Vn,s,m + anl,sfm,m)-
m>r
Now we prove Theorem |3.1.8|
Proof of Theorem|[3.1.8. The first part of the theorem follows from Proposition [3.4.2]

If {E(} is the spectral sequence of the persistent chain complex (PC,d,) satisfying

conditions in Theorem [3.1.4], it suffices to show that
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® U500 = dimp E7(L°§) and

o m) o p(me)
® Unsm — dlmIF En,s - dlm]F En,s — Vn—1,s—m,m-

From Corollary , {E™} collapses locally to E(). Thus E}f? exists for every
n,s € Z and is also finite F-dimensional. It consists of the free part of the homology
group with homogeneous grading. Suppose Effg collapses at the M-th page, which

means By = BV = BEY for all r > M but ESYY 2 ECD. Consider dimy EY)

12

Un,sioo + D msr(Vnysm + Vn—1,s—mm) from Proposition 3.4.2| For all r > M, by E,(fg

qurj Y we have

o ‘ +1) _
Un s+ Vn—1,5—m, = dilng E,(fg — dimgp ES"S ) = 0.

Thus Zsz(Vn,s,m + Up—15-mm) = 0 and dimp ESLO;”) = dimp Efl]\s@ = Upsoo- Hence

Vn.s.0o 18 determined by the infinite page E,(LOS)

For general v, 4 ,,, consider Proposition again. We have

: m : m+1)
dimp B — dims BT = vy 50 + Vit semm-

. . 41
Thus vy, 5, = dimp E,(fz) — dimy Eﬁf’; ) _ Un—1,5—m,m-

If the filtration of (C, d, F) is bounded below uniformly, the F[z]|-grading of (PC, d,)
is therefore bounded below uniformly. Then there exists S € Z, such that v, 5, = 0

) are in

for all n € Z, m € Zy o and s < S. Thus all v,, 5, = dimg E\"Y — dimg B\
terms of dimensions of spectral sequence. Finally, each nonzero v, s, is determined

recursively by terms from only the spectral sequence. O]
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