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Abstract of Dissertation

Stochastic Approximation on Manifolds and Topological Data Analysis

We study stochastic gradient descents on manifolds with deterministic, semi-

adaptive and adaptive learning rates. To guarantee the convergence of the stochastic

gradient descents, we establish convergence theorems on manifolds for retraction-

based stochastic gradient descents admitting certain confinements. We then apply

stochastic gradient descent algorithms to the weighted low-rank approximation prob-

lem and compare the performance of these algorithms.

We also study the relation between the persistent homology and the spectral

sequence of a filtered chain complex over a field, which are used in topological data

analysis. Our method is based on a decomposition of the persistent homology. We

demonstrate that, under fairly general assumptions, these two algebraic structures

capture the same information from the filtered chain complex.
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Chapter 1: Introduction

1.1 Stochastic Gradient Descents on Manifolds

Stochastic Gradient Descent (SGD) is a widely adopted optimization method in

machine learning that iteratively optimizes an expectation function under appropri-

ate smoothness assumptions. Stochastic gradient descents on Euclidean spaces and

its convergence theory have been well studied in the past decades. (See, for exam-

ple, [Bot99, LO19].) However, the well-known “curse of dimensionality” refers to the

explosive increase in computational cost as the dimensions of the parameter and the

data spaces grow. Applying differential geometry methods to describe these spaces

and reduce search dimensions is a novel method, which leads to efficient algorithms for

high-dimensional data. In some machine learning problems, non-linear relations be-

tween optimal parameters naturally suggest a submanifold structure for optimization.

This motivates us to study stochastic gradient descents on manifolds.

In Chapter 2, we establish convergence Theorems 2.2.9 and 2.2.11 for stochastic

gradient descents on manifolds admitting confinements. Theorem 2.2.9 is inspired

by of [Bot99, Section 5]. Intuitively speaking, there are two obvious ways for a

gradient descent to diverge. First, the gradient flow-line could be unbounded in the

descending direction. [Bot99] avoids this by assuming the existence of a confinement

[Bot99, (5.1)]. We do the same by adapting Bottou’s ideas to manifolds. Second, the

gradient vector of the cost function could grow so rapidly that the gradient descent

fails to be a good approximation of the gradient flow-line. To avoid this, Bottou

elected to impose constraints to limit the growth of the gradient vector [Bot99, (5.2)].

These constraints somewhat limit the applications of his version of the convergence

theorem though. We choose to resolve this issue by a “semi-adaptive” approach. That
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is, we start with a preferred sequence of learning rates and then, depending on the

outcome of each iteration of the algorithm, adjust the learning rate for the following

iteration to guarantee convergence.

Theorem 2.2.11 is a generalization of [LO19] to stochastic gradient descents on

Riemannian manifolds with adaptive learning rates. While the core idea of our proof

of Theorem 2.2.11 is similar to that in [LO19], we need to overcome technical hurdles

rooted in three issues:

1. It is assumed in [LO19] that the cost function and its gradient are both globally

Lipschitz. This limits the application of the results of [LO19]. We replace

the assumption of global Lipschitzness by a notion of retraction-specific local

Lipschitzness. See Definition 2.2.4 below.

2. To use the local Lipschitzness, we need to confine the search steps in a compact

subset of the manifold. For this purpose, we opt to assume that the random

search admits a “κ-confinement”. See Definition 2.2.7 below. This also guaran-

tees that the search sequence contains a converging subsequence.

3. To prove Theorem 2.2.11, we need to estimate the difference of the gradients of

two closely related functions in Lemma 2.2.16. When working on an Euclidean

space, these two gradients are identical, which eliminates the need for such an

estimation. But, when working on a Riemannian manifold, it took us some

effort to control the difference between them.

After resolving these issues, we apply the arguments similar to those in [LO19] to

complete our proof of Theorem 2.2.11.

Then, as an application, we apply Theorems 2.2.9 and 2.2.11 to establish different

versions of algorithms for a Regularized Weighted Low-Rank Approximation Problem
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(Problem 2.3.3). When looking into the Eckart-Young Theorem which is a vital part

of the classical Low-Rank Approximation Problem, we come up with a new proof of

the theorem. This proof is attached in Section 2.5 separately. Finally, we compare

the computational efficiencies of the adaptive and semi-adaptive approaches when

applied to Problem 2.3.3.

1.2 Decomposition of Persistent Homology and Spectral Sequences

Over the past two decades, topological data analysis through persistent homology

has grown into an innovative method combining topological methods and data anal-

ysis. Persistent homology is a kind of homological invariant widely used in the area

of topological data analysis. Given a data set, for example, a point cloud, it may

generate simplicial complexes with different filtrations (Čech, Vietoris–Rips, etc.),

and persistent homology will detect the birth and death of homological cycles in each

dimension. This brings a topological insight into the structure of the point cloud,

or other types of data which can be fitted into abstract simplicial complexes. Afra

Zomorodian and Gunnar Carlsson introduced an algorithm in [ZC05] which allows

one to compute the persistent homology by counting its persistent Betti numbers and

presenting the data in barcodes or diagrams. By computing persistent homology of

certain data sets, one can extract topological information even from high-dimensional,

incomplete and noisy data. These topological techniques provide powerful tools to

study topological structures and invariants of various mathematical objects, advanc-

ing the understanding of complex structures and data.

Filtered chain complexes arise naturally in many applications of algebraic topol-

ogy. For example, given a point cloud in a metric space, one can consider the abstract

simplicial complex consisting of all the possible abstract simplices with vertices in
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this cloud. This abstract simplicial complex gives rise to a simplicial chain complex,

which, by itself, has trivial homology. But, when equipped with the filtration induced

by the diameters of simplices, the filtered chain complex captures much topological

information of the point cloud.

There are two main approaches to extracting homological information from a

filtered chain complex. The more classical approach is via spectral sequences defined

by Jean Leray [Ler46], which are hard to compute in most cases. More recently, in the

study of point clouds, most researchers opt to use the persistent homology because

there are efficient algorithms to compute it [EH10, ZC05].

A natural question is how different or similar are the homological data obtained

by these two approaches. Saugata Basu and Laxmi Parida [BP17] established explicit

relations between the spectral sequences and the persistent homology for filtered chain

complexes over a field. In fact, similar relations are implicit in the work of my advisor

[Wu15] in the context of the Khovanov-Rozansky homology in knot theory. In Chapter

3, we apply the arguments in [Wu15] to more general filtered chain complexes over

fields and, among other things, recover the results in [BP17]. Our method is based on

decomposition theorems of persistent homology and spectral sequences, which allow

us to avoid complicated exact sequence arguments and provide a direct and intuitive

explanation why the two approaches yield exactly the same information from a filtered

chain complex over a field under fairly general assumptions.

It is worth mentioning that we were not aware that our result was covered by

a previous paper by Michael Usher and Jun Zhang [UZ16]. They established the

similar decomposition for elementary Floer-type complexes. In [UZ16, Proposition

7.4], they prove a more general version of the decomposition theorem for filtered chain

complexes, which relaxes the homotopy equivalence assumption in our version.
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Chapter 2: Stochastic Gradient Descents on Manifolds

2.1 Stochastic Gradient Descents

Let Ω be a probability space. A stochastic gradient descent in Rn for a C1 cost

function F : Rn → R is given by the iterative update

xt+1 = xt − ηtg(xt, ωt) (2.1.1)

where g is a function g : Rn × Ω → Rn and {ωt}∞0 ⊂ Ω is a sequence of random

variables of independent identical distribution in Ω satisfying E(g(x, ωt)) = ∇F (x)

∀x ∈ Rn.

In classical applications of stochastic gradient descents, the learning rates {ηt}∞0

are usually a deterministic sequence of non-negative numbers satisfying

∞∑
t=0

ηt = ∞ and
∞∑
t=0

η2t < ∞. (2.1.2)

More recent applications often adopt adaptive learning rates not satisfying these

constraints. In [LO19], Li and Orabona provided an elegant proof for the convergence

of stochastic gradient descent (2.1.1) with the adaptive learning rates

ηt =
α

(β +
∑t−1

i=0 ∥g(xi, ωi)∥2)
1
2
+ε

, (2.1.3)

where α and β are positive numbers and 0 < ε ≤ 1
2
.

We will establish convergence theorems and algorithms of stochastic gradient de-

scents on manifolds with both the deterministic and adaptive learning rates in this
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chapter.

2.2 The Convergence Theorems

2.2.1 Relevant Concepts

Before stating our main convergence theorem, we need to review some necessary

technical concepts and their basic properties. In this manuscript, we only discuss the

type of random functions given in Definition 2.2.1.

Definition 2.2.1. Let M be a differentiable manifold, and Ω a probability space. A

function f : M×Ω → R is called a random function on M . We say that f is kth-order

differentiable in the M -direction if, for every ω ∈ Ω, f(∗, ω) : M → R is kth-order

differentiable. We also say that f is locally bounded on M if, for every compact set

K ⊂ M , there is a CK > 0 such that |f(x, ω)| ≤ CK for every (x, ω) ∈ K × Ω.

In Definition 2.2.1, M is the manifold in which we search for the optimal param-

eters of the learning model. Ω is the space of samples used to guide our search.

Definition 2.2.2. [AMS09, Definition 4.1.1] Let M be a differentiable manifold. A

retraction on M is a C1 map R : TM → M such that, for every x ∈ M , the restriction

Rx = R|TxM satisfies

• Rx(0x) = x, where 0x is the zero vector in TxM ,

• dRx(0x) = idTxM under the canonical identification T0xTxM ∼= TxM , where dRx

is the differential of Rx and idTxM is the identity map of TxM .

Retraction is introduced as an approximation to the classical exponential map
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which is hard to compute in general. It has nice properties such as pulling back the

differential calculations on the manifold to its tangent space point-wisely.

Lemma 2.2.3. Let h : M → R be any C2 function. Then, for any x ∈ M and v ∈

TxM , there exists an s⋆ ∈ [0, 1] such that h(Rx(v)) = h(x) + ⟨∇h(x),v⟩x +
1
2
Hess(h ◦

Rx)|s⋆v(v,v), where Hess(h ◦ Rx) is the Hessian of the function h ◦ Rx : TxM → R,

which is defined on the inner product space TxM .

Proof. Define p(s) = h(Rx(sv)). Then, by Taylor’s Theorem, there exists an s⋆ ∈

[0, 1] such that p(1) = p(0) + p′(0) + 1
2
p′′(s⋆). Note that:

• p(0) = h(Rx(0x)) = h(x) and p(1) = h(Rx(v));

• p′(s) = ⟨∇(h ◦Rx)(sv),v⟩x and therefore p′(0) = ⟨∇(h ◦Rx)(0x),v⟩x =

⟨∇h(x),v⟩x, where the last equation follows from Equation (2.2.1) below;

• p′′(s) = d
ds
⟨∇(h ◦Rx)(sv),v⟩x =

〈
d
ds
∇(h ◦Rx)(sv),v

〉
x
= Hess(h◦Rx)|sv(v,v).

Combining the above, we get that h(Rx(v)) = h(x) + ⟨∇h(x),v⟩x + 1
2
Hess(h ◦

Rx)|s⋆v(v,v).

We also need the following concept of retraction-specific Lipschitzness.

Definition 2.2.4. Let M be a Riemannian manifold, R a given retraction on M ,

and Ω a probability space. Suppose that the random function f : M × Ω → R is

first-order differentiable in the M -direction. Then, for each x ∈ M and each ω ∈ Ω,

the function fx,ω := f(Rx(∗), ω) : TxM → R is a first-order differentiable function. Its

gradient ∇fx,ω is the vector in TxM dual to the differential dfx,ω via the Riemannian

inner product ⟨∗, ∗⟩x.
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• f said to have R-Lipschitz gradient in the M -direction if there is a constant

C > 0 such that

∥∇fx,ω(v)−∇fx,ω(0x)∥x ≤ C∥v∥x

for every x ∈ M , v ∈ TxM and ω ∈ Ω.

• f said to have locally R-Lipschitz gradient in the M -direction if, for every

compact subset K of M and every r > 0, there is a constant CK,r > 0 such that

∥∇fx,ω(v)−∇fx,ω(0x)∥x ≤ CK,r∥v∥x

for every x ∈ K, every v ∈ TxM satisfying ∥v∥x ≤ r and every ω ∈ Ω.

In the case when Ω = {ω} is a probability space of a single point, the above gives the

definitions of the gradient of a deterministic function on M being R-Lipschitz and

locally R-Lipschitz.

Remark 2.2.5. In Definition 2.2.4, denote by ∇Mf the gradient of f with respect

to M , that is, ∇Mf(x, ω) = ∇fω(x), where fω := f(∗, ω) : M → R. Note that

fx,ω = fω ◦Rx. Since dRx(0x) = idTxM , we have that, for any v ∈ TxM ,

⟨∇fx,ω(0x),v⟩x = (dfx,ω)|0x(v) =
d

dt
(fω ◦Rx)(tv) = d(fω ◦Rx)|0x(v)

= (dfω)|x ◦ (dRx)|0x(v) = dfω|x(v) = ⟨∇fω(x),v⟩x = ⟨∇Mf(x, ω),v⟩x .

This shows that

∇fx,ω(0x) = ∇Mf(x, ω). (2.2.1)

Finally we introduce the concept of confinements of random functions on Rieman-

nian manifolds, which plays a central role in this chapter.
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Definition 2.2.6. Let M be a Riemannian manifold, Ω a probability space, and

f : M × Ω → R a random function on M that is first-order differentiable in the M -

direction. A confinement of f on M is a first-order differentiable function ρ : M → R

satisfying:

• for every δ ∈ R, the set {x ∈ M
∣∣ ρ(x) ≤ δ} is compact;

• there exists a ρ0 ∈ R such that ⟨∇ρ(x),∇Mf(x, ω)⟩x ≥ 0 for every ω ∈ Ω

and every x ∈ M satisfying ρ(x) ≥ ρ0, where ⟨∗, ∗⟩x is the Riemannian inner

product on TxM .

Existence of confinement of a random function guarantees that the stochastic

gradient descent happens in a compact subset of the manifold and therefore has con-

vergent subsequences. However, the proof of Theorem 2.2.11 with adaptive learning

rates requires a stronger confinement. We introduce a constant κ > 0 to enhance the

second condition of the ordinary confinement as the following.

Definition 2.2.7 (κ-confinement). Assume that:

1. M is a Riemannian manifold with a fixed C2 retraction R : TM → M ;

2. Ω is a probability space;

3. f : M × Ω → R is a random function on M that is first-order differentiable in

the M -direction.

For a fixed κ > 0, a κ-confinement of f on M is C2 differentiable function ρ : M → R

satisfying:

• For every δ ∈ R, the set {x ∈ M
∣∣ ρ(x) ≤ δ} is compact;

9



• There exist ρ0, ρ1 ∈ R such that

– ρ0 < ρ1,

–

ρ(Rx(−s∇Mf(x, ω))) ≤ ρ1 (2.2.2)

for every s ∈ [0, κ], every ω ∈ Ω and every x ∈ M satisfying ρ(x) ≤ ρ0,

–

⟨∇ρ(x),∇Mf(x, ω)⟩x ≥ κ

2

∣∣∣Hess(ρ◦Rx)|−s∇Mf(x,ω)(∇Mf(x, ω),∇Mf(x, ω))
∣∣∣

(2.2.3)

for every s ∈ [0, κ], every ω ∈ Ω and every x ∈ M satisfying ρ0 ≤ ρ(x) ≤ ρ1,

where Hess(ρ◦Rx) is the Hessian of the function ρ◦Rx : TxM → R, which

is defined on the inner product space TxM .

The following lemma explains the origin of the idea of κ-confinements.

Lemma 2.2.8. Assume that:

1. M is a Riemannian manifold with a fixed C2 retraction R : TM → M .

2. Ω is a probability space.

3. f : M × Ω → R is a random function on M that is first-order differentiable in

the M-direction.

4. κ̃ > 0.

5. ρ : M → R is C2 function satisfying:

• For every c ∈ R, the set {x ∈ M
∣∣ ρ(x) ≤ c} is compact;

10



• There exists a ρ0 ∈ R and a ζ > 0 such that ⟨∇ρ(x),∇Mf(x, ω)⟩x ≥ ζ for

every ω ∈ Ω and every x ∈ M satisfying ρ(x) ≥ ρ0.

Let

(i) K0 := {x ∈ M
∣∣ ρ(x) ≤ ρ0}, G0 := max{∥∇Mf(x, ω)∥x

∣∣ x ∈ K0, ω ∈ Ω},

(ii) ρ1 := max{ρ0 + κ̃| ⟨∇ρ(x),v⟩x | +
1
2
κ̃2|Hess(ρ ◦ Rx)|−sv(v,v)|

∣∣ x ∈ K0, v ∈

TxM, ∥v∥x ≤ G0, s ∈ [0, κ̃]},

(iii) K1 := {x ∈ M
∣∣ ρ(x) ≤ ρ1} and G̃1 := max{∥∇Mf(x, ω)∥x

∣∣ x ∈ K1, ω ∈ Ω},

(iv) κ := min

{
κ̃, 2ζ

max{|Hess(ρ◦Rx)|−sv(v,v)|
∣∣ x∈K1, v∈TxM, ∥v∥x≤G1, s∈[0,κ̃]}

}

Then ρ is a κ-confinement of f .

Proof. By Lemma 2.2.3 below, for any x ∈ M , and any s ≥ 0, we have that

ρ(Rx(−s∇Mf(x, ω))) = ρ(x)− s ⟨∇ρ(x),∇Mf(x, ω)⟩

+
1

2
s2Hess(ρ ◦Rx)|−s⋆∇Mf(x,ω)(∇Mf(x, ω),∇Mf(x, ω))

for some s⋆ ∈ [0, s]. By the definition of ρ1 in item (ii) above, one can see that, for

any x ∈ K0 and s ∈ [0, κ] ⊂ [0, κ̃], ρ(Rx(−s∇Mf(x, ω))) ≤ ρ1. This proves Inequality

(2.2.2).

For every s ∈ [0, κ], every ω ∈ Ω and every x ∈ M satisfying ρ0 ≤ ρ(x) ≤ ρ1, we

have that

⟨∇ρ(x),∇Mf(x, ω)⟩x ≥ ζ ≥ κ

2

∣∣Hess(ρ ◦Rx)|−s∇Mf(x,ω)(∇Mf(x, ω),∇Mf(x, ω))
∣∣.

This proves Inequality (2.2.3).
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2.2.2 Convergence Theorems for Deterministic and Adaptive Learning

Rates

We first state a convergence theorem of stochastic gradient descent with “semi-

adaptive” learning rates.

Theorem 2.2.9 (Semi-Adaptive Learning Rates). Assume that:

1. M is an m-dimensional Riemannian manifold equipped with a C2 retraction

R : TM → M . Denote by ⟨∗, ∗⟩x the Riemannian inner product on TxM for all

x ∈ M and by ∥ ∗ ∥x the metric it induces on TxM .

2. Ω is a probability space with probability measure µ.

3. f : M × Ω → R is a random function on M satisfying:

(i) f is first-order differentiable in the M-direction,

(ii) f and ∥∇Mf∥ are locally bounded on M ,

(iii) f has locally R-Lipschitz gradient in the M direction.

4. F : M → R is the expectation of f(x, ω) with respect to ω under the probability

distribution µ. That is, F (x) = Eω∼µ(f(x, ω)) =
∫
Ω
f(x, ω)dµ for all x ∈ M .

5. ρ̃ : M → R is a C2 confinement of f . Fix a ρ̃0 ∈ R satisfying that ⟨∇ρ̃(x),

∇fω(x)⟩x ≥ 0 for every ω ∈ Ω and every x ∈ M satisfying ρ̃(x) ≥ ρ̃0.

6. {ωt}∞t=0 is a sequence of independent random variables taking values in Ω with

identical probability distribution µ.

7. Fix positive constants a, b,Θ and a sequence {ct}∞t=0 of positive numbers satis-

fying
∑∞

t=0 ct = ∞ and
∑∞

t=0 c
2
t < ∞. Define c = max{ct

∣∣ t ≥ 0}, σ =
∑∞

t=0 c
2
t

and ρ̃1 = ρ̃0 + ca+ b2σ
2
.
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8. x0 ∈ M is a fixed point satisfying ρ̃(x0) ≤ ρ̃0.

Define a sequences {x̃t}∞t=0 of random elements of M and a sequence {φt}∞t=0 of

random positive numbers so that, for t ≥ 0,

x̃t+1 = Rx̃t

(
− ct
φt

∇Mf(x̃t, ωt)

)
, (2.2.4)

φt ≥ max{At, Bt,
ct
Θ
}, (2.2.5)

where

At :=
1

a
sup

{
max{0, − ⟨∇ρ̃(x̃t),∇Mf(x̃t, ω)⟩x̃t

}
∣∣ ω ∈ Ω

}
, (2.2.6)

Bt :=
1

b
sup

{√
max{0, Hess(ρ̃ ◦Rx̃t)|θ∇Mf(x̃t,ω)(∇Mf(x̃t, ω),∇Mf(x̃t, ω))}

∣∣
|θ| ≤ Θ, ω ∈ Ω

}
(2.2.7)

and Hess(ρ̃ ◦ Rx) is the Hessian of the function ρ̃ ◦ Rx : TxM → R, which is defined

on the inner product space TxM . Then

• {x̃t}∞t=0 is contained in the compact subset {x ∈ M
∣∣ ρ̃(x) ≤ ρ̃1} of M . In

particular, it has convergent subsequences.

Assume that {φt}∞t=0 also satisfies:

(a) each φt is independent of {ωτ}∞τ=t,

(b) {φt}∞t=0 is bounded above and below by positive numbers. That is, there are

Φmin,Φmax > 0 such that

Φmin ≤ φt ≤ Φmax for all t ≥ 0. (2.2.8)
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Then we further have that:

• {F (x̃t)}∞t=0 converges almost surely to a finite number;

• {∥∇F (x̃t)∥x̃t}∞t=0 converges almost surely to 0;

• any limit point of {x̃t}∞t=0 is almost surely a stationary point of F .

We can replace the sequence {φt}∞t=0 by a single factor φ and still get a convergent

stochastic gradient descent algorithm, which is formulated in Corollary 2.2.10 below.

This makes the learning rates deterministic instead of “semi-adaptive”. Of course,

this may sometimes shrink the learning rates by too much and potentially slow down

the convergence.

Corollary 2.2.10 (Deterministic Learning Rates). With Assumptions (1) to (8)

stated in Theorem 2.2.9, fix a positive constant φ satisfying

φ ≥ max{A,B,
c

Θ
}, (2.2.9)

where

A :=
1

a
sup

{
max{0, − ⟨∇ρ̃(x),∇Mf(x, ω)⟩x}

∣∣ ρ̃(x) ≤ ρ̃0, ω ∈ Ω
}
,

B :=
1

b
sup
{√

max{0, Hess(ρ̃ ◦Rx)|θ∇Mf(x,ω)(∇Mf(x, ω),∇Mf(x, ω))}
∣∣

|θ| ≤ Θ, x ∈ M, ρ̃(x) ≤ ρ̃1, ω ∈ Ω
}
,

and Hess(ρ̃ ◦ Rx) is the Hessian of the function ρ̃ ◦ Rx : TxM → R, which is defined

on the inner product space TxM .

14



Define a sequence {x̃t}∞t=0 of random elements of M by

x̃t+1 = Rx̃t

(
−ct
φ
∇Mf(x̃t, ωt)

)
for t ≥ 0. (2.2.10)

Then:

• {x̃t}∞t=0 is contained in the compact subset {x ∈ M
∣∣ ρ̃(x) ≤ ρ̃1} of M . In

particular, it has convergent subsequences,

• {F (x̃t)}∞t=0 converges almost surely to a finite number,

• {∥∇F (x̃t)∥x̃t}∞t=0 converges almost surely to 0,

• any limit point of {x̃t}∞t=0 is almost surely a stationary point of F .

For cost functions admitting κ-confinements, we further establish a convergence

theorem for the stochastic gradient descent with adaptive learning rates.

Theorem 2.2.11 (Adaptive Learning Rates). Assume that:

1. M is an m-dimensional Riemannian manifold equipped with a C2 retraction

R : TM → M . Also, ⟨∗, ∗⟩x is the Riemannian inner product on TxM for all

x ∈ M and induces the norm ∥ ∗ ∥x on TxM for all x ∈ M .

2. Ω is a probability space with a probability measure µ.

3. f : M × Ω → R is a random function on M satisfying:

(i) f is first-order differentiable in the M-direction,

(ii) f and ∥∇Mf∥ are locally bounded on M ,

(iii) f has locally R-Lipschitz gradient in the M-direction.

15



4. F : M → R is the expectation of f(x, ω) with respect to ω. That is, F (x) =

E(f(x, ω)) =
∫
Ω
f(x, ω)dµ for all x ∈ M .

5. For a fixed κ > 0, ρ : M → R is a C2 κ-confinement of f . Fix ρ0, ρ1 ∈ R for

which Inequalities (2.2.2) and (2.2.3) are true. Let K1 be the compact subsets

of M given by

K1 :=
{
x ∈ M

∣∣ ρ(x) ≤ ρ1
}
. (2.2.11)

6. {ωt}∞t=0 is a sequence of independent random variables taking values in Ω with

identical probability distribution µ.

7. x0 ∈ K1 is a fixed point.

8. Fix positive constants ε, α, β satisfying:

(i) 0 < ε ≤ 1
2
.

(ii)

α

β
1
2
+ε

≤ κ. (2.2.12)

Define a sequences {xt}∞t=0 of random elements of M and a sequence {ηt}∞t=0 of

random positive numbers by


xt+1 = Rxt (−ηt∇Mf(xt, ωt))

ηt =
α

(β+
∑t−1

s=0 ∥∇Mf(xs,ωs)∥2xs )
1
2+ε

for t ≥ 0. (2.2.13)

Then:

• {xt}∞t=0 is contained in the compact subset K1 of M . In particular, it has con-

vergent subsequences.

• {∥∇F (xt)∥xt}∞t=0 converges almost surely to 0.
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• Any limit point of {xt}∞t=0 is almost surely a stationary point of F .

Some of our technical lemmas are fairly basic. Some of these have already appeared

in [BT00, LO19] for example. For the convenience of the reader, we nevertheless

include these lemmas and the proofs of most of them here. The main outlier is

Lemma 2.2.16. Over Euclidean spaces, this lemma is trivial. So it does not appear

in [BT00, LO19].

2.2.3 Geometric Lemmas

To proceed further, we need to understand the dependence of the solution of an

ODE initial value problem on the initial value and other parameters.

Lemma 2.2.12. [Tay12, Chapter 1, Proposition 6.1] Let h : R×Rn ×Rl → Rn be a

C1 function. Assume that there is an open set U ⊂ Rn × Rl and an interval (t−1, t1)

such that t−1 < t0 < t1 and the initial value problem

dy⃗

dt
= h(t, y⃗, z⃗) and y⃗(t0) = x⃗ (2.2.14)

has a solution y⃗(t, x⃗, z⃗) for t ∈ (t−1, t1) and

 x⃗

z⃗

 ∈ U . Then, for each t ∈ (t−1, t1),

the function y⃗(t, x⃗, z⃗) is C1 jointly in the initial value x⃗ and the parameter vector z⃗

for

 x⃗

z⃗

 ∈ U .

17



Proof. Define a C1 function H : R× Rn × Rl → R× Rn × Rl by

H




τ

y⃗

z⃗


 =


1

h(τ, y⃗, z⃗)

0⃗

 .

Then


t

y⃗(t, x⃗, z⃗)

z⃗

 is the solution of the initial value problem

d

dt


τ(t)

y⃗(t)

z⃗(t)

 = H




τ(t)

y⃗(t)

z⃗(t)


 and


τ(t0)

y⃗(t0)

z⃗(t0)

 =


t0

x⃗

z⃗


on the interval (t−1, t1). By [Tay12, Chapter 1, Proposition 6.1], for each t ∈ (t−1, t1),

the function


t

y⃗(t, x⃗, z⃗)

z⃗

 is C1 in the initial value


t0

x⃗

z⃗

. This proves the lemma.

Definition 2.2.13. Recall that TM ⊕ TM is the vector bundle over M obtained

by direct summing TM to itself. Its fiber over x ∈ M is TxM ⊕ TxM . It comes

with a standard smooth manifold structure. For any (ux,vx) ∈ TxM ⊕ TxM , define

PTR(ux,vx) ∈ TRx(ux)M to be vector resulted from the parallel transportation of vx

along the curve Rx(tux) from t = 0 to t = 1. Then PTR : TM ⊕ TM → TM is a

function.

Lemma 2.2.14. The function PTR : TM ⊕ TM → TM defined in Definition 2.2.13
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is C1. Moreover, for any x ∈ M and ux,v
1
x,v

2
x ∈ TxM , we have that

〈
PTR(ux,v

1
x), PTR(ux,v

2
x)
〉
Rx(ux)

=
〈
v1
x,v

2
x

〉
x
. (2.2.15)

Proof. Equation (2.2.15) is a standard property of parallel transportation. We only

need to prove that PTR : TM ⊕ TM → TM is C1. Fix an x ∈ M and ux ∈ TxM .

Consider the curve C given by Rx(tux) for 0 ≤ t ≤ 1. By the Lebesgue Number

Lemma, there is a positive integer p such that, for l = 1, 2, . . . , p, there is a coordinate

chart Ul such that the segment of C with l−1
p

≤ t ≤ l
p
is contained in Ul. By the

continuity of R and the compactness of closed intervals, we know that there is a

neighborhood W of ux in TM such that, for any wy ∈ W , the curve Ry(twy) with

l−1
p

≤ t ≤ l
p
is contained in Ul.

Next, we prove that PTR is C1 on the open subset W̃ := {(wy,vy) ∈ TM ⊕

TM
∣∣ wy ∈ W} of TM ⊕ TM . We do so by inductively prove that PTR(

l
p
wy,vy) is

C1 in (wy,vy) for (wy,vy) ∈ W̃ for l = 0, 1, 2, . . . , p.

For l = 0, PTR(0y,vy) = vy and is clearly C∞. Now assume that PTR(
l−1
p
wy,vy)

is C1 in (wy,vy) for (wy,vy) ∈ W̃ . We prove that PTR(
l
p
wy,vy) is C1 in (wy,vy)

for (wy,vy) ∈ W̃ . Denote by (z1, . . . , zm) the coordinate functions for the chart Ul.

These equip TUl with a frame [ ∂
∂z1

, . . . , ∂
∂zm

]. Note that PTR(twy,vy) for
l−1
p

≤ t ≤ l
p

is a parallel vector field along the curve Ry(twy) with l−1
p

≤ t ≤ l
p
. So it satisfies

the first order differential equation D
∂t
(PTR(twy,vy)) = 0 for l−1

p
≤ t ≤ l

p
. Under the

frame [ ∂
∂z1

, . . . , ∂
∂zm

], this is

∂vk
∂t

+
m∑
i=1

m∑
j=1

Γk
i,j|Ry(twy)

(
∂

∂t

(
zi|Ry(twy)

))
vj = 0 for k = 1, 2, . . . ,m, (2.2.16)

where PTR(twy,vy) =
∑m

j=1 vj
∂
∂zj

and {Γk
i,j} are the Christoffel symbols of the Levi-
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Civita connection with respected to the coordinates (z1, . . . , zm), which are C∞ in

(z1, . . . , zm). Since R is C2, we know that:

• Γk
i,j|Ry(twy) is C

2 in wy for wy ∈ W ,

• ∂
∂t

(
zi|Ry(twy)

)
is C1 in wy for wy ∈ W .

Write v⃗ = [v1, . . . , vm]
T ∈ Rm and Λ = [

∑m
i=1 Γ

k
i,j|Ry(twy)

(
∂
∂t

(
zi|Ry(twy)

))
]m×m.

Then Λ is a matrix of functions that are C1 in wy for wy ∈ W . And Equation

(2.2.16) becomes

∂v⃗

∂t
+ Λv⃗ = 0. (2.2.17)

By Lemma 2.2.12, the solution v⃗ of Equation (2.2.17) is C1 jointly in wy for wy ∈ W

and in the initial value v⃗|t= l−1
p
. But PTR(

l−1
p
wy,vy) is C

1 in (wy,vy) for (wy,vy) ∈

W̃ and PTR(
l−1
p
wy,vy) = [ ∂

∂z1
, . . . , ∂

∂zm
]v⃗|t= l−1

p
. So v⃗|t= l−1

p
is a column of functions

that are C1 in (wy,vy) for (wy,vy) ∈ W̃ . Putting these together, we have that

PTR(
l
p
wy,vy) = [ ∂

∂z1
, . . . , ∂

∂zm
]v⃗|t= l

p
is also C1 in (wy,vy) for (wy,vy) ∈ W̃ .

This completes the induction and proves that PTR(wy,vy) is C1 in (wy,vy) for

(wy,vy) ∈ W̃ . In summary, we have established that, for every (ux,vx) ∈ TM⊕TM ,

there is an open neighborhood W̃ of (ux,vx) in TM ⊕TM on which PTR is C1. This

proves that PTR : TM ⊕ TM → TM is C1.

Lemma 2.2.15. Fix any x ∈ M and any r > 0. Then there is an open neighborhood

Ux of x in M and a positive number Cx,r such that

∣∣∥∇F (Ry(u))∥Ry(u) − ∥∇(F ◦Ry)(u)∥y
∣∣ ≤ Cx,r∥u∥y

for every y ∈ Ux and every u ∈ TyM satisfying ∥u∥y ≤ r.

20



Proof. For any y ∈ M and u,v ∈ TyM , we have that

⟨∇(F ◦Ry)(u),v⟩y = d(F ◦Ry)|u(v) = ((dF |Ry(u)) ◦ (dRy|u))(v)

= ⟨(∇F )(Ry(u)), (dRy|u)(v)⟩Ry(u)
= ⟨adj(dRy|u)((∇F )(Ry(u))),v⟩y ,

where adj(dRy|u) is the adjoint of dRy|u with respect to the inner products ⟨∗, ∗⟩y

and ⟨∗, ∗⟩Ry(u)
. This shows that

∇(F ◦Ry)(u) = adj(dRy|u)((∇F )(Ry(u))). (2.2.18)

Let (Wx, (y1, . . . , ym)) be a C∞ coordinate chart containing x. Fix an open neigh-

borhood Ux of x such that its closure Ux is compact and contained in Wx. For

y ∈ Wx, apply the Gram-Schmidt Process to the basis [ ∂
∂y1

, . . . , ∂
∂ym

] of TxM and then

normalize the lengths. This gives an orthonormal basis [v1(y), . . . ,vm(y)] for TyM

and a C∞ m×m invertible upper-triangular matrix P (y) such that [ ∂
∂y1

, . . . , ∂
∂ym

] =

[v1(y), . . . ,vm(y)]P (y). For y ∈ Ux and u ∈ TyM , we use the orthonormal basis

[v1(y), . . . ,vm(y)] for TyM and the basis

[PTR(u,v1(y)), . . . , PTR(u,vm(y))] for TRy(u)M . By Lemma 2.2.14, [PTR(u,v1(y)), . . . ,

PTR(u,vm(y))] is orthonormal and C1 jointly in y and u.

Under the standard identification Tu(TyM) = TyM , denote by [dRi,j] the m ×

m matrix of the differential map dRy|u : TyM → TRy(u)M under these bases for

the two tangent spaces. Then each dRi,j is C1 jointly in y and u. Therefore, the

gradient ∇udRi,j(y,u) is continuous jointly in y and u for 1 ≤ i, j ≤ m. So Dx,r :=

max{∥∇udRi,j(y,u)∥y
∣∣ 1 ≤ i, j ≤ m, y ∈ Ux, u ∈ TyM, ∥u∥y ≤ r} < ∞. By the

Mean Value Theorem, there is an s⋆ ∈ [0, 1] such that

|dRi,j(y,u)− dRi,j(y,0y)| =| ⟨∇udRi,j(y, s
⋆u),u⟩y |
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≤∥∇udRi,j(y, s
⋆u)∥y∥u∥y

≤Dx,r∥u∥y.

Recall that dRy|0y = idTyM and [PTR(0,v1(y)), . . . , PTR(0,vm(y))] = [v1(y), . . . ,

vm(y)]. So [dRi,j(y,0y)] = Im, that is,

dRi,j(y,0y) = δi,j =


1 if i = j,

0 if i ̸= j.

Combining the above, we get that, for y ∈ Ux and u ∈ TyM satisfying ∥u∥y ≤ r,

|dRi,j(y,u)− δi,j| ≤ Dx,r∥u∥y. (2.2.19)

Furthermore, note that the matrix representing adj(dRy|u) : TRy(u)M → TyM is

[dRi,j]
T under the bases [PTR(u,v1(y)), . . . , PTR(u,vm(y))] for TRy(u)M and

[v1(y), . . . ,vm(y)] for TyM since both bases are orthonormal.

Denote by ∥ ∗ ∥ the standard norm on Rm and by ∥ ∗ ∥F the Frobenius norm

on Rm×m. Also, for y ∈ Ux and u ∈ TyM satisfying ∥u∥y ≤ r, let w⃗ = w⃗(y,u) =

[w1(y,u), . . . , wm(y,u)]
T ∈ Rm be such that ∇F (Ry(u)) = [PTR(u,v1(y)), . . . ,

PTR(u,vm(y))]w⃗. Then, for y ∈ Ux and u ∈ TyM satisfying ∥u∥y ≤ r, we have

∣∣∥∇F (Ry(u))∥Ry(u) − ∥∇(F ◦Ry)(u)∥y
∣∣

=
∣∣∥∇F (Ry(u))∥Ry(u) − ∥adj(Ry|u)(∇F (Ry(u)))∥y

∣∣
=
∣∣∥[PTR(u,v1(y)), . . . , PTR(u,vm(y))]w⃗∥Ry(u) − ∥[v1(y), . . . ,vm(y)][dRi,j(y,u)]

T w⃗∥y
∣∣

=
∣∣∥w⃗∥ − ∥[dRi,j(y,v)]

T w⃗∥
∣∣ ≤ ∥[dRi,j(y,u)]

T w⃗ − w⃗∥ = ∥([dRi,j(y,u)− δi,j]
T )w⃗∥

=

√√√√ m∑
j=1

(
m∑
i=1

(dRi,j(y,u)− δi,j)wi(y,u))2 ≤

√√√√m
m∑
j=1

m∑
i=1

(dRi,j(y,u)− δi,j)2(wi(y,u))2
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≤

√√√√m

m∑
j=1

m∑
i=1

D2
x,r∥u∥2y(wi(y,u)))2 =

√√√√m2D2
x,r∥u∥2y

m∑
i=1

(wi(y,u))2

=mDx,r∥u∥y∥w⃗∥ = mDx,r∥u∥y∥∇F (Ry(u))∥Ry(u) ≤ mDx,r∥u∥yGx,r,

where Gx,r := max{∥∇F (Ry(u))∥Ry(u)

∣∣ y ∈ Ux, u ∈ TyM, ∥u∥ ≤ r} < ∞. Now

define Cx,r := mDx,rGx,r > 0. The above computations show that Lemma 2.2.15 is

true for this choice of Cx,r.

Lemma 2.2.16. For any fixed positive number r and a compact subset K ⊂ M , there

is a constant C2 > 0 such that

∣∣∥∇F (Rx(v))∥Rx(v) − ∥∇(F ◦Rx)(v)∥x
∣∣ ≤ C2∥v∥x

for every x ∈ K and every v ∈ TxM satisfying ∥v∥x ≤ r.

Proof. By Lemma 2.2.15, for every x ∈ K ⊂ M , there are an open neighborhood Ux

of x in M and a positive number Cx,r such that

∣∣∥∇F (Ry(u))∥Ry(u) − ∥∇(F ◦Ry)(u)∥y
∣∣ ≤ Cx,r∥u∥y

for every y ∈ Ux and every u ∈ TyM satisfying ∥u∥y ≤ r. Since K is compact, there

are x1, · · ·xn ∈ K such that K ⊂
⋃n

i=1 Uxi
. Set C2 := max{Cx1,r. . . . .Cxn,r}. Then

Lemma 2.2.16 is true for this choice of C2.

2.2.4 Proof of Theorem 2.2.9

While Theorem 2.2.9 is inspired by Section 5 of [Bot99], our proof follows largely

the strategy laid out in [BT00]. Similar arguments were used by my advisor to prove

a special case of Theorem 2.2.9 as [Wu21, Theorem 1.1].
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Lemma 2.2.17. The sequence {x̃t}∞t=0 defined in Equation (2.2.4) of Theorem 2.2.9

is contained in the compact subset {x ∈ M
∣∣ ρ̃(x) ≤ ρ̃1} of M . That is, ρ̃(x̃t) ≤ ρ̃1

for all t ≥ 0.

Proof. We prove inductively that

ρ̃(x̃t) +
b2

2

∞∑
j=t

c2j ≤ ρ̃1, (2.2.20)

which implies the lemma.

For t = 0, ρ̃(x̃0) ≤ ρ̃0 by our choice. So ρ̃(x̃0) +
b2

2

∑∞
j=0 c

2
j ≤ ρ̃0 +

b2σ
2

< ρ̃1.

Assume that Inequality (2.2.20) is true for some t ≥ 0. Now we prove it for t+1. By

Lemma 2.2.3, there is an s⋆ ∈ [0, 1] such that

ρ̃(x̃t+1) = ρ̃(Rx̃t(−
ct
φt

∇Mf(x̃t, ωt)))

= ρ̃(x̃t)−
ct
φt

⟨∇ρ̃(x̃t),∇Mf(x̃t, ωt)⟩x

+
c2t
2φ2

t

Hess(ρ̃ ◦Rx)|−s⋆
ct
φt

∇Mf(x̃t,ωt)(∇Mf(x̃t, ωt),∇Mf(x̃t, ωt)).

Recall that c = max{ct
∣∣ t ≥ 0} and σ =

∑∞
t=0 c

2
t . Note that 0 ≤ s⋆ ct

φt
≤ Θ by

Inequality (2.2.5). Let us consider the following two cases.

Case 1: ρ̃(x̃t) ≤ ρ̃0. Then, by Inequality (2.2.5), we get

ρ̃(x̃t+1) ≤ ρ̃(x̃t) +
ct
φt

aAt +
c2t
2φ2

t

b2B2
t ≤ ρ̃(x̃t) + ca+

b2c2t
2

≤ ρ̃0 + ca+
b2c2t
2

.

Thus,

ρ̃(x̃t+1) +
b2

2

∞∑
j=t+1

c2j ≤ ρ̃0 + ca+
b2

2

∞∑
j=t

c2j < ρ̃1.
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Case 2: ρ̃0 < ρ̃(x̃t) < ρ̃1. Then ⟨∇ρ̃(x̃t),∇Mf(x̃t, ωt)⟩x ≥ 0 by our choice of ρ̃0. So,

by Inequality (2.2.5),

ρ̃(x̃t+1) ≤ ρ̃(x̃t) +
c2t
2φ2

t

Hess(ρ̃ ◦Rx)|−s⋆
ct
φt

∇Mf(x̃t,ωt)(∇Mf(x̃t, ωt),∇Mf(x̃t, ωt))

≤ ρ̃(x̃t) +
c2t
2φ2

t

b2B2
t ≤ ρ̃(x̃t) +

b2c2t
2

.

Thus,

ρ̃(x̃t+1) +
b2

2

∞∑
j=t+1

c2j ≤ ρ̃(x̃t) +
b2

2

∞∑
j=t

c2j ≤ ρ̃1.

This proves Inequality (2.2.20) for t+ 1 and completes the proof of the lemma.

Remark 2.2.18. Note that we did not use Assumptions (a) and (b) from Theorem

2.2.9 in the proof of Lemma 2.2.17.

Lemma 2.2.19. F is first-order differentiable and has locally R-Lipschitz gradient.

Moreover, there exists a C1 > 0 such that ∥∇(F ◦ Rx)(v)−∇F (x)∥x ≤ C1∥v∥x and

F (Rx(v)) ≤ F (x) + ⟨∇F (x),v⟩x +
C1

2
∥v∥2x for every x ∈ M satisfying ρ̃(x) ≤ ρ̃1 and

every v ∈ TxM satisfying ∥v∥x ≤ G1, where

G1 := max{∥∇Mf(x, ω)∥x
∣∣ x ∈ M satisfying ρ̃(x) ≤ ρ̃1, ω ∈ Ω}. (2.2.21)

Proof. Since ∥∇Mf(x, ω)∥ is locally bounded, it follows from the Donimated Con-

vergence Theorem that F is first-order differentiable and ∇F (x) =
∫
Ω
∇Mf(x, ω)dµ.

Since R is C2, ∥∇TxMf(Rx(v), ω)∥ is also locally bounded, So, again by the Don-

imated Convergence Theorem, we have ∇(F ◦ R)(v) =
∫
Ω
∇TxMf(Rx(v), ω)dµ =∫

Ω
∇fx,ω(v)dµ, where fx,ω := f(Rx(∗), ω) : TxM → R is defined in Definition 2.2.4.

Since f has locally R-Lipschitz gradient, we know that for every compact subset

K of M and every r > 0, there is a constant CK,r > 0 such that ∥∇fx,ω(v) −
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∇fx,ω(0x)∥x ≤ CK,r∥v∥x for every x ∈ K, every v ∈ TxM satisfying ∥v∥x ≤ r and

every ω ∈ Ω. Thus,

∥∇(F ◦Rx)(v)−∇(F ◦Rx)(0x)∥x = ∥
∫
Ω

∇fx,ω(v)dµ−
∫
Ω

∇fx,ω((0x))dµ∥x

≤
∫
Ω

∥∇fx,ω(v)−∇fx,ω((0x))∥xdµ ≤
∫
Ω

CK,r∥v∥xdµ = CK,r∥v∥x.

This shows that F has locally R-Lipschitz gradient.

Now consider the special case K = {x ∈ M
∣∣ ρ̃(x) ≤ ρ̃1} and r = G1. Let

C1 = CK,G1 . Then, by Equation (2.2.1) and the above inequality, we have that

∥∇(F ◦ Rx)(v) − ∇F (x)∥x ≤ C1∥v∥x for every x ∈ M satisfying ρ̃(x) ≤ ρ̃1 and

every v ∈ TxM satisfying ∥v∥ ≤ G1. Let p(s) = F (Rx(sv)) for s ∈ [0, 1]. Then

p′(s) = ⟨∇(F ◦Rx)(sv),v⟩x. And

F (Rx(v))− F (x) = p(1)− p(0) =

∫ 1

0

p′(s)ds =

∫ 1

0

⟨∇(F ◦Rx)(sv),v⟩x ds

=

∫ 1

0

⟨∇F (x) +∇(F ◦Rx)(sv)−∇F (x),v⟩x ds

= ⟨∇F (x),v⟩x +
∫ 1

0

⟨∇(F ◦Rx)(sv)−∇F (x),v⟩x ds

≤ ⟨∇F (x),v⟩x +
∫ 1

0

∥∇(F ◦Rx)(sv)−∇F (x)∥x∥v∥xds

≤ ⟨∇F (x),v⟩x +
∫ 1

0

C1s∥v∥2xds = ⟨∇F (x),v⟩x +
C1

2
∥v∥2x

for every x ∈ M satisfying ρ̃(x) ≤ ρ̃1 and every v ∈ TxM satisfying ∥v∥ ≤ G1. This

completes the proof.

Lemma 2.2.20. Series
∑∞

t=0 ctE(∥∇F (x̃t)∥2x̃t
) converges and, consequently, both se-

ries
∑∞

t=0 ct∥∇F (x̃t)∥2x̃t
and

∑∞
t=0

ct
φt
∥∇F (x̃t)∥2x̃t

converge almost surely.

Proof. By Lemma 2.2.17, ρ̃(x̃t) ≤ ρ̃1. So ∥∇Mf(x̃t, ωt)∥x̃t ≤ G1, where G1 is defined
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in Equation (2.2.21). By Lemma 2.2.19, we have

F (x̃t+1) = F (Rx̃t(−
ct
φt

∇Mf(x̃t, ωt)))

≤ F (x̃t)−
ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
+

C1c
2
t

2φ2
t

∥∇Mf(x̃t, ωt)∥2x̃t
.

So

F (x̃t+1) ≤ F (x̃t)−
ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
+

C1G
2
1

2Φ2
min

c2t . (2.2.22)

Taking expectations, we get

E(F (x̃t+1)) ≤ E

(
F (x̃t)−

ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
+

C1G
2
1

2Φ2
min

c2t

)
= E(F (x̃t))− E(

ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
) +

C1G
2
1

2Φ2
min

c2t .

Note that

E(
ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
) = E

(
ct
φt

E(⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t

∣∣ x̃t)

)
≥ ct

Φmax

E(∥∇F (x̃t)∥2x̃t
).

Thus,

E(F (x̃t+1)) ≤ E(F (x̃t))−
ct

Φmax

E(∥∇F (x̃t)∥2x̃t
) +

C1G
2
1

2Φ2
min

c2t .

Summing the above inequality from 0 to t, we get that

E(F (x̃t+1)) ≤ E(F (x̃0))−
t∑

τ=0

cτ
Φmax

E(∥∇F (x̃τ )∥2x̃τ
) +

C1G
2
1

2Φ2
min

t∑
τ=0

c2τ .

Therefore,

1

Φmax

t∑
τ=0

cτE(∥∇F (x̃τ )∥2x̃τ
) ≤ E(F (x̃0))− E(F (x̃t+1)) +

C1G
2
1

2Φ2
min

t∑
τ=0

c2τ

≤ E(F (x̃0))− E(F (x̃t+1)) +
C1G

2
1

2Φ2
min

σ.
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By Lemma 2.2.17, {x̃t} is contained in a compact subset of M . So the right hand side

of the above inequality is bounded above. This implies that
∑∞

t=0 ctE(∥∇F (x̃t)∥2x̃t
)

converges. It then follows that
∑∞

t=0 ct∥∇F (x̃t)∥2x̃t
is finite with probability 1, that is,∑∞

t=0 ct∥∇F (x̃t)∥2x̃t
converges almost surely. But 0 ≤ ct

φt
∥∇F (x̃t)∥2x̃t

≤ ct
Φmin

∥∇F (x̃t)∥2x̃t
.

By the M -Test, we know that
∑∞

t=0
ct
φt
∥∇F (x̃t)∥2x̃t

converges when
∑∞

t=0 ct∥∇F (x̃t)∥2x̃t

converges. Thus,
∑∞

t=0
ct
φt
∥∇F (x̃t)∥2x̃t

also converges almost surely.

Lemma 2.2.21. Both
∑∞

t=0
ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
and limt→∞ F (x̃t) converge

almost surely.

Proof. Define

ut = ⟨∇F (x̃t),∇Mf(x̃t, ωt)−∇F (x̃t)⟩x̃t
(2.2.23)

and zt =
∑t

τ=0
cτ
φτ
uτ . By Lemmas 2.2.17 and 2.2.19, the sequence {ut}∞t=0 is bounded.

Choose a U > 0 such that |ut| ≤ U for all t ≥ 0. Note that x̃t and φt depend only on

ω0, . . . , ωt−1 and are independent of ωt. So

E(
ct
φt

ut

∣∣ ω0, . . . , ωt−1) =
ct
φt

E(ut

∣∣ ω0, . . . , ωt−1)

=
ct
φt

⟨∇F (x̃t),∇F (x̃t)−∇F (x̃t)⟩x̃t
= 0

and therefore E(zt
∣∣ ω0, . . . , ωt−1) = zt−1. This shows that {zt}∞t=0 is a martingale

relative to {ωt}∞t=0. For any t ≥ 0, we have that

E(zt) = E(zt−1) + E(
ct
φt

ut) = E(zt−1) + E(E(
ct
φt

ut

∣∣ ω0, . . . , ωt−1))

= E(zt−1) = · · · = E(z0) = 0.

Note that zt−1 is also determined by ω0, . . . , ωt−1, So the variance of zt satisfies
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V ar(zt) = E(z2t ) = E((
ct
φt

ut + zt−1)
2) = E(

c2t
φ2
t

u2
t + z2t−1 + 2

ct
φt

utzt−1)

= V ar(zt−1) + E(
c2t
φ2
t

u2
t ) + 2E(

ct
φt

utzt−1) ≤ V ar(zt−1) +
c2tU

2

Φ2
min

+ 2E(
ct
φt

utzt−1)

= V ar(zt−1) +
c2tU

2

Φ2
min

+ 2E(zt−1E(
ct
φt

ut

∣∣ ω0, . . . , ωt−1)) = V ar(zt−1) +
c2tU

2

Φ2
min

.

Summing the above inequality from 1 to t, we get that

V ar(zt) ≤ V ar(z0) +
U2

Φ2
min

t∑
τ=1

c2τ ≤ V ar(z0) +
U2

Φ2
min

σ.

This shows that {V ar(zt)}∞t=0 is bounded. Thus, by the Martingale Convergence

Theorem, limt→∞ zt =
∑∞

t=0
ct
φt
ut converges almost surely. By Lemma 2.2.20, series∑∞

t=0
ct
φt
∥∇F (x̃t)∥2x̃t

also converges almost surely. Thus,

∞∑
t=0

ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
=

∞∑
t=0

ct
φt

ut +
∞∑
t=0

ct
φt

∥∇F (x̃t)∥2x̃t

converges almost surely.

Next consider {F (x̃t)}∞t=0. Assume that
∑∞

t=0
ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
con-

verges. Define

vt = F (x̃t)−
∞∑
τ=t

cτ
φτ

⟨∇F (x̃τ ),∇Mf(x̃τ , ωτ )⟩x̃τ
+

C1G
2
1

2Φ2
min

∞∑
τ=t

c2τ ,

where G1 is defined in Equation (2.2.21). By Inequality (2.2.22), {vt}∞t=0 is a decreas-

ing sequence. By Lemmas 2.2.17 and 2.2.19, {F (x̃t)}∞t=0 is a bounded sequence. Since∑∞
t=0 c

2
t and

∑∞
t=0

ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
both converge, the sequences

{
∑∞

τ=t c
2
τ}∞t=0 and {

∑∞
τ=t

cτ
φτ

⟨∇F (x̃τ ),∇Mf(x̃τ , ωτ )⟩x̃τ
}∞t=0 are also bounded. So {vt}∞t=0
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is bounded too. Thus, limt→∞ vt converges. Note that

lim
t→∞

∞∑
τ=t

c2τ = lim
t→∞

∞∑
τ=t

cτ
φτ

⟨∇F (x̃τ ),∇Mf(x̃τ , ωτ )⟩x̃τ
= 0.

This shows that

lim
t→∞

F (x̃t) = lim
t→∞

vt

converges when
∑∞

t=0
ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
converges. But we have shown that

the latter sum converges almost surely. Hence, limt→∞ F (x̃t) also converges almost

surely.

Lemma 2.2.22. limt→∞ ∥∇F (x̃t)∥x̃t = 0 almost surely.

Proof. By Lemmas 2.2.20 and 2.2.21, we have that
∑∞

t=0
ct
φt
∥∇F (x̃t)∥2x̃t

,∑∞
t=0

ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
and limt→∞ F (x̃t) all converge almost surely. So,

to prove the current lemma, we only need to show that limt→∞ ∥∇F (x̃t)∥x̃t = 0 if all

these three are convergent, which we will assume throughout this proof.

First, we claim that lim inft→∞ ∥∇F (x̃t)∥x̃t = 0. Otherwise, there would be an

ϵ > 0 and a τ > 0 such that ∥∇F (x̃t)∥x̃t > ϵ if t ≥ τ . Then
∑∞

t=0
ct
φt
∥∇F (x̃t)∥2x̃t

≥∑∞
t=τ

ct
φt
∥∇F (x̃t)∥2x̃t

≥ ϵ2

Φmax

∑∞
t=τ ct = ∞, which contradicts our assumption that∑∞

t=0
ct
φt
∥∇F (x̃t)∥2x̃t

converges. This shows that lim inft→∞ ∥∇F (x̃t)∥x̃t = 0.

It remains to show that, under our assumptions, lim supt→∞ ∥∇F (x̃t)∥x̃t = 0, too.

Let us prove this by contradiction again. Assume lim supt→∞ ∥∇F (x̃t)∥x̃t = s > 0.

Let C1, C2, G1 and r = r2 be the positive constants given in Lemmas 2.2.19 and

2.2.16. Let K = {x ∈ M
∣∣ ρ(x) ≤ ρ̃1} be the compact subset of M in Lemma 2.2.16

Since limt→∞ ct = 0, there is a T > 0 such that ct(C1+C2)G1

Φmin
≤ s

8
and ctG1

Φmin
≤ r2 if t > T .

Since lim inft→∞ ∥∇F (x̃t)∥x̃t = 0 and lim supt→∞ ∥∇F (x̃t)∥x̃t = s > 0, there are two

infinite sequences {pi} and {qi} of positive integers such that
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• T < p1 < q1 < p2 < q2 < · · · < pi < qi < pi+1 < · · · ,

• ∥∇F (x̃pi)∥x̃pi
< s

4
, ∥∇F (x̃qi)∥x̃qi

> s
2
and s

4
≤ ∥∇F (x̃t)∥x̃t ≤ s

2
if pi < t < qi for

i = 1, 2 . . . .

Then, by Lemmas 2.2.19 and 2.2.16, we have that, for i = 1, 2 . . . ,

s

4
< ∥∇F (x̃qi)∥x̃qi

− ∥∇F (x̃pi)∥x̃pi
≤

qi−1∑
t=pi

∣∣∥∇F (x̃t+1)∥x̃t+1 − ∥∇F (x̃t)∥x̃t

∣∣
=

qi−1∑
t=pi

∣∣∣∣∥∇F (Rx̃t(−
ct
φt

∇Mf(x̃t, ωt)))∥Rx̃t (−
ct
φt

∇Mf(x̃t,ωt)) − ∥∇F (x̃t)∥x̃t

∣∣∣∣
≤

qi−1∑
t=pi

∣∣∣∣∥∇F (Rx̃t(−
ct
φt

∇Mf(x̃t, ωt)))∥Rx̃t (−
ct
φt

∇Mf(x̃t,ωt))

− ∥∇(F ◦Rx̃t)(−
ct
φt

∇Mf(x̃t, ωt))∥x̃t

∣∣∣∣
+

qi−1∑
t=pi

∣∣∣∣∥∇(F ◦Rx̃t)(−
ct
φt

∇Mf(x̃t, ωt))∥x̃t − ∥∇F (x̃t)∥x̃t

∣∣∣∣
≤

qi−1∑
t=pi

C2∥ −
ct
φt

∇Mf(x̃t, ωt)∥x̃t +

qi−1∑
t=pi

C1∥ −
ct
φt

∇Mf(x̃t, ωt)∥x̃t

= (C1 + C2)

qi−1∑
t=pi

ct
φt

∥∇Mf(x̃t, ωt)∥x̃t ≤
(C1 + C2)G1

Φmin

qi−1∑
t=pi

ct.

Thus,
qi−1∑
t=pi

ct >
sΦmin

4(C1 + C2)G1

> 0 for i = 1, 2 . . . . (2.2.24)

Using Lemmas 2.2.19 and 2.2.16 again, we get

s

4
− ∥∇F (x̃pi)∥x̃pi

≤ ∥∇F (x̃pi+1)∥x̃pi+1 − ∥∇F (x̃pi)∥x̃pi

=∥∇F (Rx̃pi
(− cpi

φpi

∇Mf(x̃pi , ωpi)))∥Rx̃pi
(− cpi

φpi
∇Mf(x̃pi ,ωpi ))

− ∥∇F (x̃pi)∥x̃pi

≤
∣∣∣∣∥∇F (Rx̃pi

(− cpi
φpi

∇Mf(x̃pi , ωpi)))∥Rx̃pi
(− cpi

φpi
∇Mf(x̃pi ,ωpi ))
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− ∥∇(F ◦Rx̃pi
)(− cpi

φpi

∇Mf(x̃pi , ωpi))∥x̃pi

∣∣∣∣
+ ∥∇(F ◦Rx̃pi

)(− cpi
φpi

∇Mf(x̃pi , ωpi))−∇F (x̃pi)∥x̃pi

≤C2∥ −
cpi
φpi

∇Mf(x̃pi , ωpi)∥x̃pi
+ C1∥ −

cpi
φpi

∇Mf(x̃pi , ωpi)∥x̃pi

=
cpi(C1 + C2)

Φmin

∥∇Mf(x̃pi , ωpi)∥x̃pi
≤ cpi(C1 + C2)G1

Φmin

≤ s

8
.

This shows that

∥∇F (x̃pi)∥x̃pi
≥ s

8
. (2.2.25)

By Inequalities (2.2.22), (2.2.25) and the definitions of pi, qi, we have

F (x̃qi) ≤ F (x̃pi)−
qi−1∑
t=pi

ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t
+

C1G
2
1

2Φ2
min

qi−1∑
t=pi

c2t

= F (x̃pi)−
qi−1∑
t=pi

ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)−∇F (x̃t)⟩x̃t
−

qi−1∑
t=pi

ct
φt

∥∇F (x̃t)∥2x̃t

+
C1G

2
1

2Φ2
min

qi−1∑
t=pi

c2t

≤ F (x̃pi)−
qi−1∑
t=pi

ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)−∇F (x̃t)⟩x̃t
− s2

64Φmax

qi−1∑
t=pi

ct

+
C1G

2
1

2Φ2
min

qi−1∑
t=pi

c2t

= F (x̃pi)−
qi−1∑
t=pi

ct
φt

ut −
s2

64Φmax

qi−1∑
t=pi

ct +
C1G

2
1

2Φ2
min

qi−1∑
t=pi

c2t ,

where G1 is defined in Equation (2.2.21) and ut is defined in (2.2.23). Combining this
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with Inequality (2.2.24), we get that

sΦmin

4(C1 + C2)G1

<

qi−1∑
t=pi

ct ≤
64Φmax

s2

(
F (x̃pi)− F (x̃qi)−

qi−1∑
t=pi

ct
φt

ut +
C1G

2
1

2Φ2
min

qi−1∑
t=pi

c2t

)
.

(2.2.26)

But
∑∞

t=0 c
2
t converges. So, when

∑∞
t=0

ct
φt
∥∇F (x̃t)∥2x̃t

,
∑∞

t=0
ct
φt

⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t

and limt→∞ F (x̃t) all converge, the right hand side of Inequality (2.2.26) converges to

0 as i → ∞. Thus, under our convergence assumptions, we get 0 < sΦmin

4(C1+C2)G1
≤ 0 by

taking the limit of Inequality (2.2.26) as i → ∞. This is a contradiction. Therefore,

lim supt→∞ ∥∇F (x̃t)∥x̃t = 0 under our convergence assumptions. This shows that

limt→∞ ∥∇F (x̃t)∥x̃t = 0 when
∑∞

t=0 ct∥∇F (x̃t)∥2x̃t
,
∑∞

t=0 ct ⟨∇F (x̃t),∇Mf(x̃t, ωt)⟩x̃t

and limt→∞ F (x̃t) all converge. Hence, limt→∞ ∥∇F (x̃t)∥x̃t = 0 almost surely.

Proof of Theorem 2.2.9. It is clear that Theorem 2.2.9 follows from Lemmas 2.2.17,

2.2.21 and 2.2.22.

Proof of Corollary 2.2.10. Corollary 2.2.10 is a special case of Theorem 2.2.9 when

φt = φ for all t ≥ 0. First, as a fixed constant, φ is independent of {ωt}∞t=0. Note that

ρ̃(x̃t) ≤ ρ̃1 for all t ≥ 0 and that ⟨∇ρ̃(x),∇fω(x)⟩x ≥ 0 for every ω ∈ Ω and every

x ∈ M satisfying ρ̃(x) ≥ ρ̃0. So A ≥ At and B ≥ Bt for all t ≥ 0. And c ≥ ct for all

t ≥ 0 by the definition of c. Thus, the sequence {φt = φ}∞t=0 satisfies all requirements

in Theorem 2.2.9.

2.2.5 Proof of Theorem 2.2.11

The rest of the proof of Theorem 2.2.11 proceeds similarly to that of [LO19,

Theorem 1]. The next lemma is a manifold version of [LO19, Lemma 3]. Similar

lemmas have been used in the previous literature (for example [BT00]). Recall that
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K1 in this subsection are given from Equation (2.2.11). G1 is now given by Equation

(2.2.28) below in Lemma 2.2.24.

Lemma 2.2.23. The sequence {xt}∞t=0 defined in Equation (2.2.13) from Theorem

2.2.11 is contained in the compact subset K1 of M defined in Equation (2.2.11). That

is, ρ(xt) ≤ ρ1 for all t ≥ 0.

Proof. We prove this lemma by induction. For t = 0, ρ(x0) ≤ ρ1 by our choice.

Assume that xt ∈ K1. Let us consider xt+1. Note that

0 < ηt ≤
α

β
1
2
+ε

≤ κ for all t ≥ 0 (2.2.27)

and let K0 :=
{
x ∈ M

∣∣ ρ(x) ≤ ρ0
}
.

If xt ∈ K0 ⊂ K1, then, by Inequality (2.2.2), we have that

ρ(xt+1) = Rxt (−ηt∇Mf(xt, ωt)) ≤ ρ1.

So xt+1 ∈ K1.

Now consider the case xt ∈ K1 \K0 ⊂ K1. By Lemma 2.2.3, we have that

ρ(xt+1) = ρ(Rxt(−ηt∇Mf(xt, ωt)))

= ρ(xt)− ηt ⟨∇ρ(xt),∇Mf(xt, ωt)⟩x

+
1

2
η2tHess(ρ ◦Rx)|−s⋆ηt∇Mf(xt,ωt)(∇Mf(xt, ωt),∇Mf(xt, ωt))

for some s⋆ ∈ [0, 1]. By Inequalities (2.2.3) and (2.2.27), we have that

ρ(xt+1)

= ρ(xt)− ηt ⟨∇ρ(xt),∇Mf(xt, ωt)⟩x
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+
1

2
η2tHess(ρ ◦Rx)|−s⋆ηt∇Mf(xt,ωt)(∇Mf(xt, ωt),∇Mf(xt, ωt))

≤ ρ(xt) + ηt

(
−⟨∇ρ(xt),∇Mf(xt, ωt)⟩x

+
1

2
κ
∣∣Hess(ρ ◦Rx)|−s⋆ηt∇Mf(xt,ωt)(∇Mf(xt, ωt),∇Mf(xt, ωt))

∣∣)
≤ ρ(xt) ≤ ρ1.

Again, xt+1 ∈ K1.

This shows that {xt}∞t=0 ⊂ K1.

Lemma 2.2.24. F is first-order differentiable and has locally R-Lipschitz gradient.

Moreover, there exists a C1 > 0 such that ∥∇(F ◦ Rx)(v)−∇F (x)∥x ≤ C1∥v∥x and

F (Rx(v)) ≤ F (x) + ⟨∇F (x),v⟩x +
C1

2
∥v∥2x for every x ∈ M satisfying ρ(x) ≤ ρ1 and

every v ∈ TxM satisfying ∥v∥x ≤ κG1, where G1 is given by

G1 := max{∥∇Mf(x, ω)∥x
∣∣ x ∈ M satisfying ρ(x) ≤ ρ1, ω ∈ Ω}. (2.2.28)

Proof. The proof of Lemma 2.2.24 is a canon of Lemma 2.2.19 with some variables

relabeled.

Lemma 2.2.25. Set F ∗ = min{F (x)
∣∣ x ∈ K1}. Then, for any T ≥ 1,

E(
T∑
t=0

ηt∥∇F (xt)∥2xt
) ≤ F (x0)− F ∗ +

C1

2
E(

T∑
t=0

η2t ∥∇Mf(xt, ωt)∥2xt
), (2.2.29)

where C1 is the positive constant from Lemma 2.2.24.

Proof. By Lemma 2.2.24, we have that

F (xt+1) = F (Rxt(−ηt∇Mf(xt, ωt))

≤ F (xt)− ηt ⟨∇F (xt),∇Mf(xt, ωt)⟩xt
+

C1

2
η2t ∥∇Mf(xt, ωt)∥2xt

.
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Taking expectations on both sides, we get that

E(F (xt+1)) ≤ E(F (xt))−E(ηt ⟨∇F (xt),∇Mf(xt, ωt)⟩xt
)+

C1

2
E(η2t ∥∇Mf(xt, ωt)∥2xt

)).

Note that

E(ηt ⟨∇F (xt),∇Mf(xt, ωt)⟩xt
) = E(E(ηt ⟨∇F (xt),∇Mf(xt, ωt)⟩xt

∣∣ xt, ηt))

= E(ηt ⟨∇F (xt),∇F (xt)⟩xt
).

So

E(ηt∥∇F (xt)∥2xt
) ≤ E(F (xt))− E(F (xt+1)) +

C1

2
E(∥∇Mf(xt, ωt)∥2xt

). (2.2.30)

Summing Inequality (2.2.30) from 0 to T , we get that

E(
T∑
t=0

ηt∥∇F (xt)∥2xt
) ≤ F (x0)−E(F (xT+1))+

C1

2
E(

T∑
t=0

η2t ∥∇Mf(xt, ωt)∥2xt
), (2.2.31)

where E(F (x0)) = F (x0) since x0 is fixed. But E(F (xT+1)) ≥ F ∗ since {xt}∞t=0 ⊂ K1.

This prove Inequality (2.2.29).

The next two lemmas are [LO19, Lemma 1 and 2]. Please see [LO19] and the

references therein for their proofs.

Lemma 2.2.26. [AIS98, Proposition 2; Mai13, Lemma A.5] Let {at}∞t=0 and {bt}∞t=0be

two sequence of non-negative numbers. Assume that

•
∑∞

t=0 atbt converges,

•
∑∞

t=0 at diverges,

• there exists an L ≥ 0 such that |bt+1 − bt| ≤ Lat for t ≥ 0.
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Then limt→∞ bt = 0.

Lemma 2.2.27. [LO19, Lemma 2] Let a0 > 1, at ≥ 0 for t = 1, . . . , T and b > 1.

Then
T∑
t=1

at

(a0 +
∑t

i=1 ai)
b
≤ 1

(b− 1)ab−1
0

.

Now we are ready to adapt the proof of [LO19, Theorem 1] to manifolds and prove

Theorem 2.2.11.

Lemma 2.2.28. We have

•
∑∞

t=0 η
2
t ∥∇Mf(xt, ωt)∥2xt

converges,

•
∑∞

t=0 ηt∥∇F (xt)∥2xt
converges almost surely,

•
∑∞

t=0 ηt = ∞.

Proof. (Following [LO19].)

∞∑
t=0

η2t ∥∇Mf(xt, ωt)∥2xt
=

∞∑
t=0

η2t+1∥∇Mf(xt, ωt)∥2xt
+

∞∑
t=0

(η2t − η2t+1)∥∇Mf(xt, ωt)∥2xt
.

By Lemma 2.2.27, for any T ≥ 1,

T∑
t=0

η2t+1∥∇Mf(xt, ωt)∥2xt
=

T∑
t=0

α2∥∇Mf(xt, ωt)∥2xt

(β +
∑t

i=0 ∥∇Mf(xi, ωi)∥2xi
)1+2ε

≤ α2

2εβ2ε
.

So
∞∑
t=0

η2t+1∥∇Mf(xt, ωt)∥2xt
≤ α2

2εβ2ε
.

Note that {ηt} is a decreasing sequence of positive numbers. Since {xt}∞t=0 ⊂ K1, we
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have

∞∑
t=0

(η2t − η2t+1)∥∇Mf(xt, ωt)∥2xt
≤

∞∑
t=0

(η2t − η2t+1)G
2
1 ≤ G2

1η
2
0 = G2

1

α2

β1+2ε
,

where G1 is given in Equation (2.2.28). Thus,
∑∞

t=0 η
2
t ∥∇Mf(xt, ωt)∥2xt

≤ α2

2εβ2ε +

G2
1

α2

β1+2ε and is therefore convergent.

By Lemma 2.2.25, we have that

E(
∞∑
t=0

ηt∥∇F (xt)∥2xt
) ≤ F (x0)− F ∗ +

C1

2
E(

∞∑
t=0

η2t ∥∇Mf(xt, ωt)∥2xt
)

≤ F (x0)− F ∗ +
C1

2
(

α2

2εβ2ε
+G2

1

α2

β1+2ε
) < ∞.

This implies that the probability of
∑∞

t=0 ηt∥∇F (xt)∥2xt
< ∞ is 1. In other words,∑∞

t=0 ηt∥∇F (xt)∥2xt
converges almost surely.

Finally, for the series
∑∞

t=0 ηt, we have that, since {xt}∞t=0 ⊂ K1,

∞∑
t=0

ηt =
∞∑
t=0

α

(β +
∑t−1

i=0 ∥∇Mf(xi, ωi)∥2xi
)
1
2
+ε

≥
∞∑
t=0

α

(β + tG2
1)

1
2
+ε

= ∞

where G1 is given in Equation (2.2.28) and 1
2
+ ε ≤ 1 by Assumption (8) in Theorem

2.2.11.

Proof of Theorem 2.2.11. (Following [LO19] mostly.) Let G1 be given in Equation

(2.2.28), and C1, C2 be the positive constants given in Lemmas 2.2.24 and 2.2.16,

where we take K = K1 and r = αG1

β
1
2+ε

in Lemma 2.2.16. By Lemma 2.2.23, we have

∣∣∥∇F (xt+1)∥2xt+1
− ∥∇F (xt)∥2xt

∣∣
= (∥∇F (xt+1)∥xt+1 + ∥∇F (xt)∥xt)

∣∣∥∇F (xt+1)∥xt+1 − ∥∇F (xt)∥xt

∣∣
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≤ 2G1

∣∣∥∇F (xt+1)∥xt+1 − ∥∇F (xt)∥xt

∣∣
= 2G1

∣∣∥∇F (Rxt (−ηt∇Mf(xt, ωt)))∥Rxt (−ηt∇Mf(xt,ωt)) − ∥∇F (xt)∥xt

∣∣
≤ 2G1

(∣∣∥∇F (Rxt (−ηt∇Mf(xt, ωt)))∥Rxt (−ηt∇Mf(xt,ωt))

− ∥∇(F ◦Rxt) (−ηt∇Mf(xt, ωt)) ∥xt

∣∣
+
∣∣∥∇(F ◦Rxt) (−ηt∇Mf(xt, ωt)) ∥xt − ∥∇F (xt)∥xt

∣∣)

By Lemmas 2.2.23 and 2.2.16,

∣∣∥∇F (Rxt (−ηt∇Mf(xt, ωt)))∥Rxt (−ηt∇Mf(xt,ωt)) − ∥∇(F ◦Rxt) (−ηt∇Mf(xt, ωt)) ∥xt

∣∣
≤ C2ηt∥∇Mf(xt, ωt)∥xt ≤ C2G1ηt.

Note that, by Lemma 2.2.23, xt ∈ K1 for t ≥ 0. Therefore, ∥ηt∇Mf(xt, ωt)∥xt ≤
αG1

β
1
2+ε

≤ κG1. Consequencetly, by Lemma 2.2.24, we have

∣∣∥∇(F ◦Rxt) (−ηt∇Mf(xt, ωt)) ∥xt − ∥∇F (xt)∥xt

∣∣ ≤ C1ηt∥∇Mf(xt, ωt)∥xt ≤ C1G1ηt.

So ∣∣∥∇F (xt+1)∥2xt+1
− ∥∇F (xt)∥2xt

∣∣ ≤ 2G2
1(C1 + C2)ηt. (2.2.32)

In summary, we have that

•
∑∞

t=0 ηt∥∇F (xt)∥2xt
converges almost surely by Lemma 2.2.28,

•
∑∞

t=0 ηt = ∞ by Lemma 2.2.28,

•
∣∣∥∇F (xt+1)∥2xt+1

− ∥∇F (xt)∥2xt

∣∣ ≤ 2G2
1(C1 + C2)ηt by Inequality (2.2.32).

Thus, by Lemma 2.2.26, {∥∇F (xt)∥xt}∞t=0 converges almost surely to 0. By Lemma

2.2.23, {xt}∞t=0 ⊂ K1. So {xt}∞t=0 has convergent subsequences, which converge almost

surely to stationary points of F .
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2.3 An Application: Weighted Low-rank Approximation

2.3.1 The Weighted Low-Rank Approximation Problem

Problem 2.3.1 (The Weighted Low-Rank Approximation Problem). Assume that:

1. m, n and k are fixed positive integers satisfying k ≤ min{m,n},

2. A = [ai,j] ∈ Rm×n is a given matrix of constants,

3. W = [wi,j] ∈ Rm×n is a given matrix of weights satisfying wi,j ≥ 0 for (i, j) ∈

{1, 2, . . . ,m} × {1, 2, . . . , n} and
∑m

i=1

∑n
j=1wi,j = 1,

where Rm×n is the space of m× n real matrices. Define F̂ : Rm×n → R by

F̂ (P ) =
m∑
i=1

n∑
j=1

wi,j(ai,j − pi,j)
2

for P = [pi,j] ∈ Rm×n. Solve for

argmin{F̂ (P ) | P ∈ Rm×n, rankP ≤ k}.

When all the positive weights in W take the same value, we say Problem 2.3.1 has

binary weights. The Matrix Completion Problem, a problem extensively studied in

the recent literatures (for instance, [BCWLP24], [YTL24], [YZ24], [Lee24], [KLL+23],

[CD23], [YM23], [BCN23], [WC23], [BA11]), is a special case of Problem 2.3.1 with

binary weights.

Problem 2.3.1 is known to be NP-hard [GG11]. One existing approach to this

problem is to reformulate it as an uncontrained problem on Rm×k × Rn×k and then
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estimate the solution to the uncontrained problem by various first order or second

order algorithms on the Euclidean space. (See, for instance, [BWZ19, BA11, SJ03]).

Different from this existing approach, we regularize Problem 2.3.1 to Problem 2.3.2.

Problem 2.3.2 (A Regularized Weighted Low Rank Approximation Problem). Un-

der Assumptions (1)-(3) in Problem 2.3.1, fix a positive number λ and define F :

Rm×n → R by

F (P ) =
m∑
i=1

n∑
j=1

wi,j(ai,j − pi,j)
2 + λ∥P∥2F

for P = [pi,j] ∈ Rm×n where ∥P∥F :=
√∑m

i=1

∑n
j=1 p

2
i,j is the Frobenius norm. Solve

for

argmin{F (P ) | P ∈ Rm×n, rankP ≤ k}.

We reformulate Problem 2.3.2 to an unconstrained problem on a Riemannian

manifold through the Reduced Singular Value Decomposition. The n × k Stiefel

manifold Vk(Rn) is defined by

Vk(Rn) = {V ∈ Rn×k | V TV = Ik},

where Ik is the k × k identity matrix. Define a function Dk×k
k : Rk → Rk×k by

Dk×k
k ([x1, . . . , xk]

T ) = [di,j], where di,j =


xi if i = j,

0 otherwise.

(2.3.1)

For P ∈ Rm×n, rankP ≤ k if and only if it admits the following Reduced Singular

Value Decomposition

P = UDk×k
k (x)V T , (2.3.2)

where U ∈ Vk(Rm), V ∈ Vk(Rn) and x ∈ Rk.
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The Reduced Singular Value Decomposition motivates us to reformulate Problem

2.3.2 into Problem 2.3.3, which is an unconstrained problem over the Riemannian

manifold Vk(Rm)×Rk×Vk(Rn). We then apply Theorem 2.2.11 to design a stochastic

gradient descent with adaptive learning rates over this manifold for Problem 2.3.3.

Problem 2.3.3 (A Reformulated Regularized Weighted Low Rank Approximation

Problem). Under Assumptions (1)-(3) in Problem 2.3.1, fix a positive number λ and

let F : Rm×n → R be as in Problem 2.3.2. Solve for

argmin{F (UDk×k
k (x)V T ) | (U,x, V ) ∈ Vk(Rm)× Rk × Vk(Rn)}.

For x = [x1, . . . , xk]
T ∈ Rk the standard Euclidean norm of x is given by ∥x∥ :=√∑k

l=1 x
2
l . Note that, for (U,x, V ) ∈ Vk(Rm)× Rk × Vk(Rn) and P = UDk×k

k (x)V T ,

∥P∥F = ∥x∥. (2.3.3)

Next, we apply Theoremd 2.2.9 and 2.2.11 to design convergent stochastic gradient

descent algorithms with both deterministic and adaptive learning rates for Problem

2.3.3.

2.3.2 The Random Function and the Retraction

Recall that we normalize the weight matrixW = [wi,j] so that
∑m

i=1

∑n
j=1 wi,j = 1.

Definition 2.3.4. Define the probability space Ωm,n by

Ωm,n = {(i, j) ∈ Z2 | 1 ≤ i ≤ m, 1 ≤ j ≤ n}. (2.3.4)

The probability measure µ on Ωm,n is given by µ({(i, j)}) = wi,j for every (i, j) ∈ Ωm,n.
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Definition 2.3.5. For F : Rm×n → R given in Problem 2.3.3, define G : Vk(Rm) ×

Rk × Vk(Rn) → R by

G(U,x, V ) = F (UDk×k
k (x)V T ), (2.3.5)

for all (U,x, V ) ∈ Vk(Rm)× Rk × Vk(Rn).

Definition 2.3.6. For (τ, γ) ∈ Ωm,n, define f̂τ,γ : Rm×n → R and fτ,γ : Rm×n → R by

f̂τ,γ(P ) : = (aτ,γ − pτ,γ)
2, (2.3.6)

fτ,γ(P ) : = f̂τ,γ(P ) + λ∥P∥2F = (aτ,γ − pτ,γ)
2 + λ∥P∥2F , (2.3.7)

for all P = [pi,j] ∈ Rm×n, and define gτ,γ : Vk(Rm)× Rk × Vk(Rn) → R by

gτ,γ(U,x, V ) := fτ,γ(UDk×k
k (x)V T ) = f̂τ,γ(UDk×k

k (x)V T ) + λ∥x∥2, (2.3.8)

for all (U,x, V ) ∈ Vk(Rm)×Rk×Vk(Rn), whereDk×k
k (x) is defined in Equation (2.3.1).

The random function that we use is g : Vk(Rm)× Rk × Vk(Rn)× Ωm,n → R given by

g(U,x, V ; τ, γ) = gτ,γ(U,x, V ).

Lemma 2.3.7. Let G : Vk(Rm)×Rk×Vk(Rn) → R be as in Definition 2.3.5. We take

the expectation of g over the probability space Ωm,n with respect to the random input

(τ, γ) with the probability distribution µ given in Definition 2.3.4. For (U,x, V ) ∈

Vk(Rm)× Rk × Vk(Rn), we have that the expectation of g is

E(τ,γ)∼µ(gτ,γ(U,x, V )) = G(U,x, V ).

Proof. Let F : Rm×n → R as in Problem 2.3.3 and P ∈ Rm×n as in Equation (2.3.2).

Then

E(τ,γ)∼µ(g(U,x, V ; τ, γ)) = E(τ,γ)∼µ(f(UDk×k
k (x)V T ; τ, γ)) = E(τ,γ)∼µ(f(P ; τ, γ))
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=
m∑
i=1

n∑
j=1

wi,jf(P ; i, j)

=
m∑
i=1

n∑
j=1

wi,j

(
(ai,j − pi,j)

2 + λ∥P∥2F
)

=
m∑
i=1

n∑
j=1

wi,j(ai,j − pi,j)
2 +

m∑
i=1

n∑
j=1

wi,jλ∥P∥2F

=
m∑
i=1

n∑
j=1

wi,j(ai,j − pi,j)
2 + λ∥P∥2F = F (P )

= F (UDk×k
k (x)V T ) = G(U,x, V ).

To define the retraction, we first describe the tangent spaces and a retraction of

the Stiefel manifold in Lemma 2.3.9.

Definition 2.3.8. Assume that k ≤ n. For an n × k real matrix C with linearly

independent columns, define qf(C) = Q in the QR decomposition C = QR, where

• Q ∈ Vk(Rn),

• R is a k × k upper triangular matrix with positive entries along its diagonal.

Computationally, qf(C) can be obtained by applying the Gram-Schmidt Process on

the columns of C, scaling the resulting orthogonal set of vectors into an orthonormal

set and then using this orthonormal set of vectors as the columns of qf(C).

Lemma 2.3.9. [AMS09, Examples 3.5.2, 3.6.2 and 4.1.3] The n×k Stiefel manifold

Vk(Rn) is a Riemannnian submanifold of Rn×k. Moreover:

• For X ∈ Vk(Rn), the tangent space of Vk(Rn) at X is TXVk(Rn) = {Z ∈

Rn×k | XTZ + ZTX = 0}.
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• Denote by ΠX the orthogonal projection ΠX : Rn×k → TXVk(Rn). Then, for

any ξ ∈ Rn×k, ΠX(ξ) = (In −XXT )ξ + 1
2
X(XT ξ − ξTX).

• For any X ∈ Vk(Rn) and Z ∈ TXVk(Rn), X+Z ∈ Rn×k has linearly independent

columns. Define RVk(Rn) : TVk(Rn) → Vk(Rn) by R
Vk(Rn)
X (Z) = qf(X+Z). Then

RVk(Rn) is a retraction on Vk(Rn).

The manifold Vk(Rm)×Rk×Vk(Rn) is a Riemannian submanifold of the Euclidean

space Rm×k×Rk×Rn×k. Note that the tangent space of the manifold Vk(Rm)×Rk×

Vk(Rn) at (U,x, V ) ∈ Vk(Rm)× Rk × Vk(Rn) is TUVk(Rm)× Rk × TV Vk(Rn). We are

ready to describe the retraction on the manifold Vk(Rm)× Rk × Vk(Rn).

Definition 2.3.10. For (U,x, V ) ∈ Vk(Rm)×Rk×Vk(Rn) and (Y, x̂, Z) ∈ TUVk(Rm)×

Rk × TV Vk(Rn), define R(U,x,V )(Y, x̂, Z) = (qf(U + Y ),x + x̂, qf(V + Z)). Then, by

Lemma 2.3.9, R : TVk(Rm)×Rk × TVk(Rn) → Vk(Rm)×Rk × Vk(Rn) is a retraction

on Vk(Rm)× Rk × Vk(Rn).

The following lemma is very useful in finding the gradient of the restriction of a

function on a Riemannian submanifold.

Lemma 2.3.11. [AMS09, Equation (3.37)] Let M be a Riemannian manifold and

f : M → R a differentiable function. Assume that M is a Riemannian submanifold

of M . For any x ∈ M , denote by πx : TxM → TxM the orthogonal projection. Then

∇(f |M)(x) = πx(∇f(x)) for any x ∈ M .

Now let f : Rm×n → R be any differentiable function. Write

• P = UDk×k
k (x)V T where (U,x, V ) ∈ Rm×k × Rk × Rn×k,

• P = [pi,j] ∈ Rm×n, U = [ui,j] ∈ Rm×k, V = [vi,j] ∈ Rn×k and x = [x1, . . . , xk]
T ∈

Rk.
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Consider f = f(P ) = f(UDk×k
k (x)V T ). Note that

pi,j =
k∑

l=1

ui,lxlvj,l. (2.3.9)

By the Chain Rule, we have that, for l = 1, . . . , k, i = 1, . . . ,m and j = 1, . . . , n,

∂f

∂ui,l

=
n∑

j=1

∂f

∂pi,j
xlvj,l,

∂f

∂vj,l
=

m∑
i=1

∂f

∂pi,j
xlui,l and

∂f

∂xl

=
m∑
i=1

n∑
j=1

∂f

∂pi,j
ui,lvj,l.

(2.3.10)

Let us compute the gradient of gη,γ next.

Corollary 2.3.12. Define the matrices

∇U f̂τ,γ =

[
∂f̂τ,γ
∂ui,l

]
m×k

= [−2δτ,i(aτ,γ − pτ,γ)xlvγ,l]m×k ,

∇V f̂τ,γ =

[
∂f̂τ,γ
∂vj,l

]
n×k

= [−2δγ,j(aτ,γ − pτ,γ)xluτ,l]n×k ,

∇xf̂τ,γ =



∂fτ,γ
∂x1

∂fτ,γ
∂x2

...

∂fτ,γ
∂xk


=



−2(aτ,γ − pτ,γ)uτ,1vγ,1

−2(aτ,γ − pτ,γ)uτ,2vγ,2
...

−2(aτ,γ − pτ,γ)uτ,kvγ,k


where δ is a Kronecker delta. Then the gradient of gτ,γ at any (U,x, V ) ∈ Vk(Rm)×

Rk × Vk(Rn) is

∇gτ,γ(U,x, V ) = (ΠU(∇U f̂τ,γ),∇xf̂τ,γ+2λx,ΠV (∇V f̂τ,γ)) ∈ TUVk(Rm)×Rk×TV Vk(Rn),

(2.3.11)

where ΠX(ξ) = (In−XXT )ξ+ 1
2
X(XT ξ− ξTX) is the orthogonal projection given in

Lemma 2.3.9.
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Proof. For (U,x, V ) ∈ Rm×k×Rk×Rn×k, view f̂τ,γ as a composite function of (U,x, V )

via f̂τ,γ = f̂τ,γ(P ) and P = UDk×k
k (x)V T . Then

∂f̂τ,γ
∂ui,l

= −2δτ,i(aτ,γ − pτ,γ)xlvγ,l,

∂f̂τ,γ
∂vj,l

= −2δγ,j(aτ,γ − pτ,γ)xluτ,l,

∂f̂τ,γ
∂xl

= −2(aτ,γ − pτ,γ)uτ,lvγ,l.

Then, by Lemmas 2.3.9 and 2.3.11, the gradient of gτ,γ is given by Equation (2.3.11).

2.3.3 The κ-confinement

We establish κ-confinements for the random function g in this subsection.

Definition 2.3.13. For A = [ai,j] ∈ Rm×n in Problem 2.3.3, define

a := max{a2i,j | (i, j) ∈ Ωm,n}.

Definition 2.3.14. The function ρ : Vk(Rm) × Rk × Vk(Rn) → R is defined by

ρ(U,x, V ) = ∥x∥2 for any (U,x, V ) ∈ Vk(Rm)× Rk × Vk(Rn).

Lemma 2.3.15. Let ρ : Vk(Rm)×Rk×Vk(Rn) → R be the function given in Definition

2.3.14 and gτ,γ : Vk(Rm) × Rk × Vk(Rn) → R the function given in Definition 2.3.6.

For any (U,x, V ) ∈ Vk(Rm)× Rk × Vk(Rn),

⟨∇ρ(U,x, V ),∇gτ,γ(U,x, V )⟩ = −4(aτ,γ − pτ,γ)pτ,γ + 4λρ(U,x, V ) ≥ −a+ 4λ∥x∥2.

(2.3.12)

In particular, ⟨∇ρ(U,x, V ),∇gτ,γ(U,x, V )⟩ ≥ 0 if ρ(U,x, V ) ≥ a
4λ
.
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Proof. Note that ρ is independent of U and V . So the gradient of ρ is

∇ρ(U,x, V ) = (0, 2x, 0) ∈ TUVk(Rm)× Rk × TV Vk(Rn) (2.3.13)

for any (U,x, V ) ∈ Vk(Rm)×Rk×Vk(Rn). By Equations (2.3.3) and (2.3.11), we have

that

⟨∇ρ(U,x, V ),∇gτ,γ(U,x, V )⟩ =4xT



−(aτ,γ − pτ,γ)uτ,1vγ,1 + λx1

−(aτ,γ − pτ,γ)uτ,2vγ,2 + λx2

...

−(aτ,γ − pτ,γ)uτ,kvγ,k + λxk


=− 4

k∑
l=1

(aτ,γ − pτ,γ)uτ,lvγ,lxl + 4λ
k∑

l=1

x2
l

=− 4(aτ,γ − pτ,γ)pτ,γ + 4λ∥x∥2

≥− a2τ,γ + 4λ∥x∥2 ≥ −a+ 4λ∥x∥2.

In particular, ⟨∇ρ(U,x, V ),∇gτ,γ(U,x, V )⟩ ≥ 0 if ρ(U,x, V ) = ∥x∥2 ≥ a
4λ
.

Lemma 2.3.16. Let ρ : Vk(Rm) × Rk × Vk(Rn) → R be the function given in Def-

inition 2.3.14 and R the retraction given in Definition 2.3.10. For any (U,x, V ) ∈

Vk(Rm) × Rk × Vk(Rn) and any (Y ′, x̂′, Z ′) ∈ TUVk(Rm) × Rk × TV Vk(Rn), Hess(ρ ◦

R(U,x,V ))|(Y ′,x̂′,Z′) is independent of (Y
′, x̂′, Z ′). Moreover,

Hess(ρ ◦R(U,x,V ))(∇gτ,γ(U,x, V ),∇gτ,γ(U,x, V )) = 8
k∑

l=1

(−(aτ,γ − pτ,γ)uτ,lvγ,l + λxl)
2.

(2.3.14)

Proof. Note that (ρ ◦R(U,x,V ))(Y, x̂, Z) = ∥x+ x̂∥2 for any (U,x, V ) ∈ Vk(Rm)×Rk ×
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Vk(Rn) and any (Y, x̂, Z) ∈ TUVk(Rm)× Rk × TV Vk(Rn). So

Hess(ρ ◦R(U,x,V ))|(Y ′,x̂′,Z′)((Y, x̂, Z), (Y, x̂, Z)) = 2∥x̂∥2

for any (U,x, V ) ∈ Vk(Rm)×Rk×Vk(Rn) and any (Y, x̂, Z), (Y ′, x̂′, Z ′) ∈ TUVk(Rm)×

Rk × TV Vk(Rn). In particular, it is independent of (Y ′, x̂′, Z ′). Thus by Equa-

tion (2.3.11), for any (U,x, V ) ∈ Vk(Rm) × Rk × Vk(Rn), we know that Hess(ρ ◦

R(U,x,V ))(∇gτ,γ(U,x, V ),∇gτ,γ(U,x, V )) = 2∥∇xgτ,γ∥2 = 2∥∇xf̂τ,γ + 2λx∥2. Combin-

ing this with Corollary 2.3.12, we get Equation (2.3.14).

We show below that ρ is a κ-confinement for the random function g as defined in

Definition 2.2.7 with appropriately chosen κ, ρ0 and ρ1.

Lemma 2.3.17. Let ρ : Vk(Rm)×Rk×Vk(Rn) → R be the function given in Definition

2.3.14 and R be the retraction given in Definition 2.3.10. We have that, for every

(U,x, V ) ∈ Vk(Rm)× Rk × Vk(Rn),

⟨∇ρ(U,x, V ),∇gτ,γ(U,x, V )⟩ ≥ κ

2
|Hess(ρ ◦R(U,x,V ))(∇gτ,γ(U,x, V ),∇gτ,γ(U,x, V ))|

(2.3.15)

if the positive real number κ satisfies

−a+ 4λ∥x∥2 ≥ 8κ
(
2ka+ 2k∥x∥2 + λ2∥x∥2

)
. (2.3.16)

Proof. From Equation (2.3.14), we have

Hess(ρ ◦R(U,x,V ))(∇gτ,γ(U,x, V ),∇gτ,γ(U,x, V ))

= 8
k∑

l=1

(−(aτ,γ − pτ,γ)uτ,lvγ,l + λxl)
2 ≤ 8

k∑
l=1

(
2(aτ,γ − pτ,γ)

2u2
τ,lv

2
γ,l + 2λ2x2

l

)
≤ 16

k∑
l=1

(aτ,γ − pτ,γ)
2 + 16λ2

k∑
l=1

x2
l = 16λ2∥x∥2 + 16

k∑
l=1

(aτ,γ − pτ,γ)
2
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≤ 16λ2∥x∥2 + 16
k∑

l=1

2
(
a2τ,γ + p2τ,γ

)
≤ 16λ2∥x∥2 + 16

k∑
l=1

2
(
a+ ∥x∥2

)
= 16

(
2ka+ 2k∥x∥2 + λ2∥x∥2

)
. (2.3.17)

Then from Equation (2.3.12) and Inequality (2.3.16), we have

⟨∇ρ(U,x, V ),∇gτ,γ(U,x, V )⟩

= −4(aτ,γ − pτ,γ)pτ,γ + 4λ∥x∥2 ≥ −a2τ,γ + 4λ∥x∥2

≥ −a+ 4λ∥x∥2 ≥ 8κ
(
2ka+ 2k∥x∥2 + λ2∥x∥2

)
≥ κ

2
|Hess(ρ ◦R(U,x,V ))(∇gτ,γ(U,x, V ),∇gτ,γ(U,x, V ))|.

Lemma 2.3.18. Let ρ : Vk(Rm)×Rk×Vk(Rn) → R be the function given in Definition

2.3.14 and R the retraction given in Definition 2.3.10. We have

ρ(R(U,x,V )(−s∇gτ,γ(U,x, V ))) ≤ ρ1 (2.3.18)

for every (U,x, V ) ∈ Vk(Rm) × Rk × Vk(Rn) satisfying ∥x∥2 ≤ ρ0 and for every

s ∈ [0, κ], if the positive real numbers ρ0, ρ1 and κ satisfy that

ρ0 + aκ+ (16ka+ 8λ2ρ0 + 16kρ0)κ
2 ≤ ρ1. (2.3.19)

Proof. By Lemma 2.2.3, for any (U,x, V ) ∈ Vk(Rm) × Rk × Vk(Rn), and any s ≥ 0,

we have that

ρ(R(U,x,V )(−s∇gτ,γ(U,x, V ))) =ρ(U,x, V )− s ⟨∇ρ(U,x, V ),∇gτ,γ(U,x, V )⟩

+
s2

2
Hess(ρ ◦R(U,x,V ))(∇gτ,γ(U,x, V ),∇gτ,γ(U,x, V ))).
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From Equation (2.3.14) and Inequality (2.3.17), we have

Hess(ρ ◦R(U,x,V ))(∇gτ,γ(U,x, V ),∇gτ,γ(U,x, V )) ≤ 16
(
2ka+ 2k∥x∥2 + λ2∥x∥2

)
.

(2.3.20)

Then by Inequality (2.3.12), for ∥x∥2 ≤ ρ0 and s ∈ [0, κ], we have

ρ(R(U,x,V )(−s∇gτ,γ(U,x, V )))

≤ ∥x∥2 − s(−a+ 4λ∥x∥2) + 8s2
(
2ka+ 2k∥x∥2 + λ2∥x∥2

)
≤ ∥x∥2 + as+

(
16ka+ 8λ2∥x∥2 + 16k∥x∥2

)
s2

≤ ρ0 + aκ+ (16ka+ 8λ2ρ0 + 16kρ0)κ
2 ≤ ρ1.

Proposition 2.3.19. For any fixed λ > 0, assume the positive real numbers ρ0, ρ1

and κ satisfy Inequality (2.3.19) above and the following inequalities

0 < κ < λ
4k+2λ2 , (2.3.21)

ρ0 ≥ (1+16kκ)a
4λ−16kκ−8λ2κ

. (2.3.22)

Then the function ρ : Vk(Rm) × Rk × Vk(Rn) → R given in Definition 2.3.14 is

a κ-confinement of the random function g on the manifold Vk(Rm) × Rk × Vk(Rn).

In particular, ρ satisfies Inequalities (2.2.2) and (2.2.3) for any values of ρ0 and ρ1

satisfying Inequalities (2.3.19) and (2.3.22).

Proof. For any r > 0,

{(U,x, V ) ∈ Vk(Rm)× Rk × Vk(Rn)
∣∣ ρ(U,x, V ) ≤ r2}

= Vk(Rm)× {x ∈ Rk
∣∣ ∥x∥ ≤ r} × Vk(Rn),
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which is compact.

By Inequalities (2.3.19) and (2.3.21), we have ρ1 ≥ ρ0 + aκ + (16ka + 8λ2ρ0 +

16kρ0)κ
2 > ρ0. By Lemma 2.3.18, Inequality (2.3.18) follows from Inequality (2.3.19).

Also, by Inequalities (2.3.21) and (2.3.22), ρ0 ≥ (1+16kκ)a
4λ−16kκ−8λ2κ

≥ a
4λ

> 0.

Inequality (2.3.22) is equivalent to

κ ≤ 4λρ0 − a

(16k + 8λ2)ρ0 + 16ka
.

Notice that 4λ∥x∥2−a
(16k+8λ2)∥x∥2+16ka

is an increasing function of ∥x∥2 when ∥x∥2 ≥ a
4λ
. Then

κ ≤ 4λ∥x∥2 − a

(16k + 8λ2)∥x∥2 + 16ka
(2.3.23)

for ρ0 ≤ ∥x∥2 ≤ ρ1. Moreover, Inequality (2.3.23) is equivalent to Inequality (2.3.16).

Thus, by Lemma 2.3.17, Inequality (2.3.15) follows. Therefore, ρ(U,x, V ) is a κ-

confinement of g according to Definition 2.2.7.

2.3.4 The SGD Algorithm with Deterministic Learning Rates

We first show that the same function ρ̃(U,x, V ) = ∥x∥2 in Definition 2.3.14 is a

confinement of the random function g in Definition 2.3.6.

Corollary 2.3.20. Define

ρ̃0 := max{∥x0∥2,
a

4λ
} ≥ a

4λ
, (2.3.24)

where λ > 0 is given in Problem 2.3.3, a is given in Definition 2.3.13 and x0 is

given by the initial iterate (U0,x0, V0) of Algorithm 2.3.21 and 2.3.27 below. With ρ̃0

given in Equation (2.3.24), the function ρ̃(U,x, V ) = ∥x∥2 in Definition 2.3.14 and
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the random function g in Definition 2.3.6 satisfy that

• ρ̃(U0,x0, V0) ≤ ρ̃0,

• ⟨∇ρ̃(U,x, V ),∇gτ,γ(U,x, V )⟩ ≥ 0 for (τ, γ) ∈ Ωm,n and (U,x, V ) ∈ Vk(Rm) ×

Rk × Vk(Rn) satisfying ρ̃(U,x, V ) ≥ ρ̃0.

That is, the function ρ is a confinement function for the random function g in Defi-

nition 2.3.6 on the manifold Vk(Rm)×Rk ×Vk(Rn), and ρ0 satisfies Assumptions (5)

and (8) of Theorem 2.2.9.

Proof. We have ρ̃(U0,x0, V0) = ∥x0∥2 ≤ max{∥x0∥2, a
4λ
} = ρ̃0. By Lemma 2.3.15, for

ρ̃(U,x, V ) ≥ ρ̃0 ≥ a
4λ
, we have ⟨∇ρ̃(U,x, V ),∇gτ,γ(U,x, V )⟩ ≥ 0 for (τ, γ) ∈ Ωm,n.

Algorithm 2.3.21 (Stochastic Gradient Descent with Semi-Adaptive Learning Rates

for Problem 2.3.3).

Input:

- the random function g given in Definition 2.3.6,

- the retraction R given in Definition 2.3.10,

- the positive integers m,n and k given in Problem 2.3.3,

- the positive scalar λ given in Problem 2.3.3,

- the matrices A and W given in Problem 2.3.3,

- positive scalars a, b, Θ and Φmin,
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- a sequence {ct}∞t=0 of positive numbers satisfying
∑∞

t=0 ct = ∞ and
∑∞

t=0 c
2
t <

∞,

- an initial iterate (U0,x0, V0) ∈ Vk(Rm)× Rk × Vk(Rn).

Output: A sequence of iterates {(Ut,xt, Vt)}∞t=0 ⊂ Vk(Rm)× Rk × Vk(Rn).

• for t = 0, 1, 2 . . . do

1. Select a random element (τt, γt) from Ωm,n with the probability distribution

µ independent of {(τι, γι)}t−1
ι=1.

2. Define At and Bt by

At : =
1

a
max

{
max{0, 4(aτ,γ − pt,τ,γ)pt,τ,γ − 4λ∥xt∥2}

∣∣ (τ, γ) ∈ Ωm×n

}
,

(2.3.25)

Bt : =
1

b
max


√√√√8

k∑
l=1

(−(aτ,γ − pt,τ,γ)ut,τ,lvt,γ,l + λxt,l)2
∣∣ (τ, γ) ∈ Ωm×n

 ,

(2.3.26)

where Ut = [ut,i,j], Vt = [vt,i,j], xt = [xt,l] and Pt = [pt,i,j] := UtD
k×k
k (xt)V

T
t

∈ Rm×n.

3. Choose random positive number φt so that

φt := max{At, Bt,
ct
Θ
,Φmin}. (2.3.27)

4. Set

(Ut+1,xt+1, Vt+1) = R(Ut,xt,Vt)(−
ct
φt

∇gτt,γt(Ut,xt, Vt)), (2.3.28)
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where ∇gτt,γt(Ut,xt, Vt) is given in Corollary 2.3.12.

• end for

Proposition 2.3.22. Let G be the function given in Definition 2.3.5 and

{(Ut,xt, Vt)}∞t=0 ⊂ Vk(Rm)× Rk × Vk(Rn) be the sequence from the Algorithm 2.3.21.

Then:

1. {(Ut,xt, Vt)}∞t=0 is contained in the compact subset {(U,x, V ) ∈ Vk(Rm)×Rk ×

Vk(Rn)
∣∣ ∥x∥2 ≤ ρ̃1 = ρ̃0+ca+ b2σ

2
} of Vk(Rm)×Rk×Vk(Rn) where ρ0 is given in

Equation (2.3.24), a and b are given in Algorithm 2.3.21, and c = max{ct
∣∣ t ≥

0} and σ =
∑∞

t=0 c
2
t with the sequence {ct}∞t=0 is given in Algorithm 2.3.21.

Therefore, {(Ut,xt, Vt)}∞t=0 has convergent subsequences;

2. {G(Ut,xt, Vt)}∞t=0 converges almost surely to a finite number;

3. {∥∇G(Ut,xt, Vt)∥}∞t=0 converges almost surely to 0;

4. any limit point of {(Ut,xt, Vt)}∞t=0 is almost surely a stationary point of G.

Proof. This proposition is a direct consequence of Theorem 2.2.9. The only thing not

immediately clear is that the sequence {φt}∞t=0 is also bounded above. To see this,

note that

At ≤
1

a
sup

{
max{0, 4(aτ,γ − pτ,γ)pτ,γ − 4λ∥x∥2}

∣∣ (U,x, V ) ∈ K1, (τ, γ) ∈ Ωm×n

}
,

Bt ≤
1

b
sup


√√√√8

k∑
l=1

(−(aτ,γ − pτ,γ)uτ,lvγ,l + λxl)2
∣∣ (U,x, V ) ∈ K1, (τ, γ) ∈ Ωm×n

 ,

ct
Θ

≤ c

Θ
,
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whereK1 = {(U,x, V ) ∈ Vk(Rm)×Rk×Vk(Rn)
∣∣ ∥x∥2 ≤ ρ̃1} and U = [ui,j], V = [vi,j],

x = [xl], P = [pi,j] := UDk×k(x)V T . Together, these imply that {φt}∞t=0 is bounded

above.

To use Algorithm 2.3.21 directly, one needs to compute the φt given by Equation

(2.3.27) in each iteration of the algorithm. When mn is large, such computations

may be costly. So we provide manual estimations for these {φt}, which speed up the

computation of each iteration of the algorithm at the expense of having somewhat

smaller learning rates. Our estimations of φt also provide suggestions for the values

of the constants a and b that should be used in the algorithm.

Lemma 2.3.23. For t ≥ 0, the At and Bt given in Algorithm 2.3.21 are upper

bounded by Ãt and B̃t given below:

At ≤ Ãt :=


0 if ∥xt∥2 ≥ a

4λ
,

4(
√
a+∥xt∥)∥xt∥+4λ∥xt∥2

a
< λ+2

√
λ+1

λa
a if ∥xt∥2 < a

4λ
,

(2.3.29)

Bt ≤ B̃t :=
1

b

√
16k(2a+ (2 + λ2)∥xt∥2) ≤

1

b

√
16k(2a+ (2 + λ2)ρ1). (2.3.30)

Proof. Note that, for (U,x, V ) = ([ui,j], [x1, . . . , xk]
T , [vi,j]) ∈ Vk(Rm) × Rk × Vk(Rn)

and P = [pi,j] := UDk×k(x)V T , we have |pτ,γ| ≤ ∥P∥F = ∥x∥ =
√
ρ̃(U,x, V ) and

|aτ,γ| ≤
√
a. Moreover, 4(aτ,γ − pt,τ,γ)pt,τ,γ − 4λ∥xt∥2 ≤ 0 if ∥xt∥2 ≥ a

4λ
. So, for t ≥ 0,

we have that

max{0, 4(aτ,γ − pt,τ,γ)pt,τ,γ − 4λ∥xt∥2}
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≤


0 if ∥xt∥2 ≥ a

4λ
,

4(
√
a+ ∥xt∥)∥xt∥+ 4λ∥xt∥2 < λ+2

√
λ+1

λ
a if ∥xt∥2 < a

4λ
.

Thus, for the At given in Algorithm 2.3.21, we have Equation (2.3.29)

By Equation (2.3.14), for any θ ∈ [−Θ,Θ], any (U,x, V ) = ([ui,j], [x1, . . . , xk]
T ,

[vi,j]) ∈ Vk(Rm)× Rk × Vk(Rn) and P = [pi,j] := UDk×k(x)V T , we have

0 ≤ Hess(ρ ◦R(U,x,V ))|θ∇gτ,γ(U,x,V )(∇gτ,γ(U,x, V ),∇gτ,γ(U,x, V ))

= 8
k∑

l=1

(−(aτ,γ − pτ,γ)uτ,lvγ,l + λxl)
2

≤ 16
k∑

l=1

(
((aτ,γ − pτ,γ)uτ,lvγ,l)

2 + λ2x2
l

)
.

Since (U,x, V ) ∈ Vk(Rm) × Rk × Vk(Rn), we have that
∑m

i=1 u
2
i,l =

∑n
j=1 v

2
j,l = 1 for

l = 1, . . . , k. In particular, |ui,l|, |vj,l| ≤ 1 for l = 1, . . . , k. So, for l = 1, . . . , k,

((aτ,γ − pτ,γ)uτ,lvγ,l)
2 ≤ (aτ,γ − pτ,γ)

2 ≤ 2(a2τ,γ + p2τ,γ) ≤ 2a+ 2∥P∥2 = 2a+ 2∥x∥2.

Note that x2
l ≤ ∥x∥2. Combining the above, we get

0 ≤ Hess(ρ ◦R(U,x,V ))|θ∇gτ,γ(U,x,V )(∇gτ,γ(U,x, V ),∇gτ,γ(U,x, V ))

≤ 16k(2a+ (2 + λ2)∥x∥2) ≤ 16k(2a+ (2 + λ2)ρ̃1)

for (U,x, V ) ∈ Vk(Rm)×Rk ×Vk(Rn) satisfying ρ̃(U,x, V ) ≤ ρ̃1. This shows that, for

the Bt given in Algorithm 2.3.21, we have Equation (2.3.30)

With the estimations in Lemma 2.3.23, we have the following corollary.

Corollary 2.3.24. Proposition 2.3.22 remains true if we replace the φt in Algorithm
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2.3.21 by

φ̃t := max{Ãt, B̃t,
ct
Θ
,Φmin}, (2.3.31)

where Ãt and B̃t are given in Equations (2.3.29) and (2.3.30).

Of course, φ̃t given by Equation (2.3.31) is larger than φt given by Equation

(2.3.27), which leads to a smaller learning rate ct
φ̃t

in Algorithm 2.3.21. But, for very

large mn, one can compute φ̃t much quicker than φt.

Corollary 2.3.25. Fix the scalars a and b in Assumption (7) of Theorem 2.2.9 as:

a =
1

λ
and b =

1√
λ
, (2.3.32)

where λ is given in Problem 2.3.3. Then we have

φt ≤ φ̃t ≤ max
{
(λ+ 2

√
λ+ 1)a,

√
32kaλ+ 8k(2 + λ2)(2λρ0 + 2c+ σ),

c

Θ
,Φmin

}
.

In particular, this maximum is O(1) as λ → 0+.

Proof. By Inequalities (2.3.29) and (2.3.30), we have that

φt ≤ φ̃t ≤ max

{
λ+ 2

√
λ+ 1

λa
a,

√
16k(2a+ (2 + λ2)ρ1)

b
,
c

Θ
,Φmin

}

= max

λ+ 2
√
λ+ 1

λa
a,

√
16k(2a+ (2 + λ2)(ρ0 + ca+ b2σ

2
))

b
,
c

Θ
,Φmin

 ,

where a is given in Definition 2.3.13 and ρ̃0 is given in Equation (2.3.24).

By Equation (2.3.32), we have

λ+ 2
√
λ+ 1

λa
a = (λ+ 2

√
λ+ 1)a,
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√
16k(2a+ (2 + λ2)(ρ0 + ca+ b2σ

2
))

b
=
√

32kaλ+ 8k(2 + λ2)(2λρ0 + 2c+ σ).

Thus, we have the corollary.

Corollary 2.3.25 means that the choices of a and b given by Equation (2.3.32)

provide a finite upper bound for {φt} and {φ̃t} as λ → 0+. So, for very small λ > 0,

we are not shrinking the preferred learning rate ct by too much to get the actual

learning rates ct
φt

and ct
φ̃t

that guarantee convergence.

Corollary 2.3.26. In Algorithm 2.3.21, choose a and b be as in Equation (2.3.32),

and Θ and Φmin so that

Φmin ≥ max
{
(λ+ 2

√
λ+ 1)a,

√
32kaλ+ 8k(2 + λ2)(2λρ0 + 2c+ σ)

}
and Θ =

c

Φmin

.

For these values of a, b, Θ and Φmin, the sequence of {φt}∞t=0 in Algorithm 2.3.21 is

given by the constant value

φt = Φmin.

Proof. Corollary 2.3.26 follows from Corollary 2.2.10.

Now we fix the scalars a and b in Assumption (7) of Theorem 2.2.9 as a = 1
λ
and

b = 1√
λ
from Equation (2.3.32), where λ is given in Problem 2.3.3. Fix the sequence

{ct}∞t=0 in Assumption (7) of Theorem 2.2.9 by

ct =
1

t+ 1
. (2.3.33)

Thus, c = max{ct
∣∣ t ≥ 0} = 1 and σ =

∑∞
t=0 c

2
t =

π2

6
. Further, we choose a positive

59



scalar Φmin satisfying

Φmin = Lmax

{
(λ+ 2

√
λ+ 1)a,

√
32kaλ+ 8k(2 + λ2)

(
2λρ̃0 +

π2 + 12

6

)}
(2.3.34)

where a is given in Definition 2.3.13, ρ̃0 is given in Equation (2.3.24) and L ≥ 1

is one of the constant inputs for Algorithm 2.3.27 below. Fix positive scalar Θ in

Assumption (7) of Theorem 2.2.9 as

Θ =
1

Φmin

. (2.3.35)

With the preparations above, we are now ready to apply Theorem 2.2.9 to Problem

2.3.3.

Algorithm 2.3.27 (Stochastic Gradient Descent with Deterministic Learning Rates

for Problem 2.3.3).

Input:

- the random function g given in Definition 2.3.6,

- the retraction R given in Definition 2.3.10,

- the positive integers m,n and k given in Problem 2.3.3,

- the positive scalar λ given in Problem 2.3.3,

- the matrices A and W given in Problem 2.3.3,

- a scalar L ≥ 1,

- an initial iterate (U0,x0, V0) ∈ Vk(Rm)× Rk × Vk(Rn).

60



Output: A sequence of iterates {(Ut,xt, Vt)}∞t=0 ⊂ Vk(Rm)× Rk × Vk(Rn).

• for t = 0, 1, 2 . . . do

1. Select a random element (τt, γt) from Ωm,n with the probability distribution

µ independent of {(τι, γι)}t−1
ι=1.

2. Set

(Ut+1,xt+1, Vt+1) = R(Ut,xt,Vt)

(
− 1

(t+ 1)Φmin

∇gτt,γt(Ut,xt, Vt)

)
, (2.3.36)

where ∇gτt,γt(Ut,xt, Vt) is given in Corollary 2.3.12 and Φmin is given in

Equation (2.3.34).

• end for

Proposition 2.3.28. Let G be the function given in Equation (2.3.5) and

{(Ut,xt, Vt)}∞t=0 ⊂ Vk(Rm)× Rk × Vk(Rn) be the sequence from the Algorithm 2.3.27.

Then:

1. {(Ut,xt, Vt)}∞t=0 is contained in the compact subset

{(U,x, V ) ∈ Vk(Rm)× Rk × Vk(Rn)
∣∣ ∥x∥2 ≤ ρ̃0 +

π2 + 12

12λ
}

of Vk(Rm) × Rk × Vk(Rn), where ρ0 is given in Equation (2.3.24) and λ in

Problem 2.3.3. Therefore, {(Ut,xt, Vt)}∞t=0 has convergent subsequences;

2. {G(Ut,xt, Vt)}∞t=0 converges almost surely to a finite number;

3. {∥∇G(Ut,xt, Vt)∥}∞t=0 converges almost surely to 0;

61



4. any limit point of {(Ut,xt, Vt)}∞t=0 is almost surely a stationary point of G.

Proof of Proposition 2.3.28. Let Φmin be as in Equation (2.3.34) and Θ in Equation

(2.3.35). Proposition 2.3.28 follows from Corollary 2.3.26 as a special case.

Remark 2.3.29. Proposition 2.3.28 follows from Corollary 2.2.10 with

φ = Φmin = Lmax

{
(λ+ 2

√
λ+ 1)a,

√
32kaλ+ 8k(2 + λ2)

(
2λρ̃0 +

π2 + 12

6

)}
.

Theoretically, we can hold L as a constant for different λ and still have convergent

stochastic gradient descents. In this way, we can make

φ = O(1) as λ → 0+, (2.3.37)

which is not true for stochastic gradient descents on Rm×k × Rn×k. In practice, we

choose different L for different λ to optimize the performance of Algorithm 2.3.27.

2.3.5 The SGD Algorithm with Adaptive Learning Rates

We first fix the scalars associated to the κ-confinement in Assumption (5) of

Theorem 2.2.11. For λ and k given in Problem 2.3.3 and a defined in Definition

2.3.13, we fix a κ satisfying Inequality (2.3.21), and set

ρ0 =
(1 + 16kκ)a

4λ− 16kκ− 8λ2κ
(2.3.38)

which satisfies Inequality (2.3.22). For x0 in the initial iterate (U0,x0, V0) ∈ Vk(Rm)×

Rk × Vk(Rn), we set

ρ1 = max{∥x0∥2, ρ0 + aκ+ (16ka+ 8λ2ρ0 + 16kρ0)κ
2}. (2.3.39)
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Thus, Assumption (7) in Theorem 2.2.11 and Inequality (2.3.19) are satisfied. By

Proposition 2.3.19, ρ(U,x, V ) = ∥x∥2 defined in Definition 2.3.14 is a κ-confinement

of the random function g for κ, ρ0 and ρ1 satisfying the conditions in that proposition.

We fix the initial learning rate to be η0 =
α

β
1
2+ε

= κ, where α > 0, 0 < ε ≤ 1
2
. This

means that

β =
(α
κ

) 2
1+2ε

. (2.3.40)

With the preparations above, we are now ready to present Algorithm 2.3.30 for

Problem 2.3.3.

Algorithm 2.3.30 (Stochastic Gradient Descent with Adaptive Learning Rates for

Problem 2.3.3). Let g be the random function defined in Definition 2.3.6 and R the

retraction defined in Definition 2.3.10.

Input:

- (From Problem 2.3.3) Positive integers m, n and k satisfying k ≤ min{m,n},

a scalar λ > 0, matrices of constants A = [ai,j] ∈ Rm×n and W = [wi,j] ∈ Rm×n

such that
∑m

i=1

∑n
j=1wi,j = 1 and wi,j ≥ 0 ∀ i, j.

- (κ-Confinement) A scalar κ satisfying 0 < κ < λ
4k+2λ2 (Inequality (2.3.21)) and

ρ0 > 0 given by Equation (2.3.38).1

- (Initial Learning Rate) Positive scalars α > 0, 0 < ε ≤ 1
2
, and β given by

Equation (2.3.40).

- (Initial Iterate) (U0,x0, V0) ∈ Vk(Rm)× Rk × Vk(Rn).

1ρ1 does not explicitly occur in Algorithm 2.3.30. But with ρ1 given by Equation (2.3.39), all
the relevant assumptions in Theorem 2.2.11 are satisfied
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Output: Sequence of iterates {(Ut,xt, Vt)}∞t=0 ⊂ Vk(Rm)× Rk × Vk(Rn).

• for t = 1, 2 . . . do

1. Select a random element (τt, γt) from Ωm,n with probability distribution µ

independent of {(τι, γι)}t−1
ι=0.

2. Update learning rate as

ηt =
α

(β +
∑t−1

ι=0 ∥∇gτι,γι(Uι,xι, Vι)∥2)
1
2
+ε

, (2.3.41)

where ∇gτ,γ(U,x, V ) is computed in Corollary 2.3.12.

3. Set

(Ut+1,xt+1, Vt+1) = R(Ut,xt,Vt)(−ηt∇gτt,γt(Ut,xt, Vt)). (2.3.42)

• end for

Proposition 2.3.31. Applying Theorem 2.2.11 to Algorithm 2.3.30, we have

1. {(Ut,xt, Vt)}∞t=0 is contained in the compact subset K1 = Vk(Rm)× K̂1×Vk(Rn)

of Vk(Rm) × Rk × Vk(Rn), where K̂1 = {x ∈ Rk : ∥x∥2 ≤ ρ1}. Therefore,

{(Ut,xt, Vt)}∞t=0 has convergent subsequences.

2. {∥∇G(Ut,xt, Vt)∥}∞t=0 converges almost surely to 0.

3. Any limit point of {(Ut,xt, Vt)}∞t=0 is almost surely a stationary point of G.

Remark 2.3.32. Observe that, by Inequality (2.3.21), we have that ηt ≤ η0 ≤ κ = O(λ)

as λ → 0. If the regularizing scalar λ is too small, then the learning rates would be
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very small and slow down the convergence. This is observed in the numerical results

from Section 2.4.

2.4 Numerical Results

Netflix provided a dataset [Kag24] with 100480507 integer ratings (ranging from

1 to 5) given by 480189 users on 17770 movies, forming a 480189×17770 data matrix

with about 1.17% of its entries observed. In this section, we evaluate the performance

of Algorithm 2.3.30 on the Matrix Completion Problem with a subset of the Netflix

data and compare it to Algorithm 2.3.27, which is a convergent stochastic gradient

descent algorithm on Vk(Rm)× Rk × Vk(Rn) with deterministic learning rates.

Due to our limited computing power, instead of working with the whole data

matrix, we work with a randomly sampled submatrix A = [ai,j] ∈ R27000×1000 of the

whole data matrix. A has 278338 observed entries, which is about 1.03% of all of

its entries. We fix the low-rank constraint to be k = 32. We also fix the matrix of

weights to be

W = [wi,j] ∈ R27000×1000, where wi,j =


0 if ai,j is missing,

1
278338

if ai,j is observed.

These choices for A, k and W are used for both Algorithm 2.3.30 and Algorithm

2.3.27. Denote by Ω27000,1000 the probability space defined in Definition 2.3.4 with

its probability measure given by the weight matrix W = [wi,j]. We then randomly

sample a sequence {(it, jt)}1000t=0 of elements of Ω27000,1000 to use for the iterations of

both Algorithm 2.3.30 and Algorithm 2.3.27.
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2.4.1 Figures and Anaylsis

In Figures 2.1 and 2.2, we refer to

• F̂ from Problem 2.3.1 as “the cost function with regularization removed”,

• Algorithm 2.3.30 as “Adaptive (Learning Rates) algorithm”,

• Algorithm 2.3.27 as “Deterministic (Learning Rates) algorithm”.

Figure 2.1: The performance profile of SGD with the Adaptive and the Deterministic
learning rates.

In Figure 2.1, We plot {F̂ (UtD
32×32
32 (xt)V

T
t )}1000t=0 from Problem 2.3.1 for both the

Adaptive and the Deterministic algorithms for λ = 10−4, 10−6 and 10−8.

• For the Adaptive algorithm, we fix α = 105 and ε = 1
64
.2 Corresponding to the

three values of λ, the confinement scalar κ is chosen to be 10−7, 5 × 10−9 and

2It is worth mentioning that the choice of α in Algorithm 2.3.30 barely affects the performance
of the algorithm when it is chosen properly as a positive number.
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5×10−11 to optimize the performance of the algorithm. Note that these choices

of κ satisfy the condition 0 < κ < λ
128+2λ2 imposed by Inequality (2.3.21).

• For the Deterministic algorithm, the scalar L is fixed as 104 for all three values

of λ to optimize the performance of the algorithm.

With these choices of parameters, curves in Figure 2.1 depict the sequence

{F̂ (UtD
32×32
32 (xt)V

T
t )}1000t=0 over the log10 of iteration t. One can see that the Adaptive

algorithm with λ = 10−4 and κ = 10−7 (the purple curve) has the best performance

among the six implementations of the two algorithms. Note that the yellow curve

(Adaptive: λ = 10−8 and κ = 5×10−11) is extremely close to the brown curve (Deter-

ministic: λ = 10−4). For these two choices of parameters, the two algorithms barely

change the value F̂ . This seems to confirm Remark 2.3.32.

Figure 2.2: The performance profiles of SGD with the Adaptive and the Deterministic
learning rates for different values of λ.

Figure 2.2 provides a closer look at the same curves in Figure 2.1 sorted by different

λ values. Once can see that the Adaptive algorithm outperforms the Deterministic

algorithm for λ = 10−4 and 10−6, but underperforms the Deterministic algorithm for

λ = 10−8. This seems to indicate that, as λ → 0, the Adaptive algorithm gradually

loses its efficiency relative to the Deterministic algorithm. Another point to dress

out here as λ → 0 is the performance of F in Problem 2.3.2 who has the regularized

function. It needs further discussion to see if the algorithms working with F would
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remain convergence as λ → 0 where F becomes F̂ .

2.4.2 Statistical Results

To statistically test the hypothesis that the sequence {Ut,xt, V
T
t }1000t=0 generated by

Algorithm 2.3.30 leads to a lower F̂ (U1000D
32×32
32 (x1000)V

T
1000) than Algorithm 2.3.27,

we repeated our experiments on both algorithms for λ = 10−4 with 30 different

randomly sampled sequences {(it, jt)}1000t=0 of elements of Ω27000,1000.

Of the thirty F̂ (U1000D
32×32
32 (x1000)V

T
1000) from Algorithm 2.3.30, the maximum is

approximately 0.4995, the minimum is approximately 0.4987, the mean is approx-

imately 0.499 and the standard deviation is approximately 0.0002. Of the thirty

F̂ (U1000D
32×32
32 (x1000)V

T
1000) from Algorithm 2.3.27, the maximum is approximately

0.4997, the minimum is approximately 0.4994, the mean is approximately 0.4995 and

the standard deviation is approximately 0.0001. The Levene’s test rejects the hypoth-

esis that the F̂ (U1000D
32×32
32 (x1000)V

T
1000) from both algorithms has the same standard

deviation with a p-value about 0.0014. Therefore, we applied the Welch’s t-test. The

result of the t-test rejects the hypothesis that the F̂ (U1000D
32×32
32 (x1000)V

T
1000) from

Algorithm 2.3.27 is not higher than Algorithm 2.3.30 with a p-value less than 0.001.

Therefore, our numerical results indicate that the sequence {Ut,xt, V
T
t }1000t=0 generated

by Algorithm 2.3.30 leads to a F̂ (U1000D
32×32
32 (x1000)V

T
1000) statistically significantly

lower than the one generated by Algorithm 2.3.27.

2.5 A New Proof of the Eckart-Young Theorem

The Eckart-Young Theorem plays a key role in the theory of low-rank approxi-

mation. While studying Problem 2.3.1, we found a new proof of this theorem using a
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direct critical point analysis, instead of the tricky interplay between the spectral and

Frobenius norms employed by the traditional proof (for instance, [Wik24]). Notations

used in this section are unrelated to those used in the other sections of this chapter.

2.5.1 The Eckart-Young Theorem

Theorem 2.5.1 (Eckart-Young). For a matrix A ∈ Rm×n, counting multiplicity,

denote by s1 ≥ · · · ≥ sr the positive singular values of A. For any matrix P ∈ Rm×n

of satisfying rankP ≤ k, we have that ∥A− P∥2F ≥
∑∞

j=k+1 s
2
j , where

• ∥X∥F :=
√

Tr(XTX) =
√

Tr(XXT ) is the Frobenius norm of a real matrix X,

• sj = 0 if j > r.

In particular, ∥A − P∥2F =
∑∞

j=k+1 s
2
j if and only if there are a matrix V ∈ Om and

a matrix U ∈ On such that

A = V diagm×n{s1, . . . , sr, 0, . . . , 0}UT , (2.5.1)

P = V diagm×n{s1, . . . , sk, 0, . . . , 0}UT , (2.5.2)

where diagm×n{t1, . . . , tmin{m,n}} is the m× n diagonal matrix [xi,j]m×n satisfying

xi,j =


ti if i = j,

0 otherwise.
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2.5.2 A New Proof

As mentioned above, we prove the Eckart-Young Theorem via a direct critical

point analysis. The linear algebra arguments involved in our proof come largely

from rehashing the proof of the Singular Value Decomposition. We will be using the

following notations in our proof.

• Denote by ⟨A,B⟩ := Tr(ATB) = Tr(BAT ) the standard bi-invariant inner

product of Rm×n. Note that ∥A∥2F = ⟨A,A⟩ for A ∈ Rm×n.

• Rm×n
k is the set of m× n real matrices of rank at most k.

Lemma 2.5.2. Define f : Rm×n
k → R to be the function f(P ) = ∥A − P∥2F for all

P ∈ Rm×n
k . Then f attains its minimal value.

Proof. Note that Rm×n
k = {P ∈ Rm×n | the determinants of all (k + 1) × (k +

1) minors of P are 0}. Since determinants of minors are continuous functions of P ,

this implies that Rm×n
k is a closed subset of Rm×n. Furthermore, f(P ) ≥ (∥A∥F −

∥P∥F )2. So f(P ) > ∥A∥2F = f(0) if ∥P∥F > 2∥A∥F . Therefore,

inf{f(P ) | P ∈ Rm×n
k } = inf{f(P ) | P ∈ Rm×n

k and ∥P∥F ≤ 2∥A∥F}.

But {P ∈ Rm×n
k | ∥P∥F ≤ 2∥A∥F} is a compact set since it is the intersection of the

closed set Rm×n
k and the compact set {P ∈ Rm×n | ∥P∥F ≤ 2∥A∥F}. Thus, f attains

its minimal value by the Extreme Value Theorem.

Lemma 2.5.3. Assume that P0 ∈ Rm×n
k is a minimizer of the function f : Rm×n

k → R

given by f(P ) = ∥A− P∥2F . Then ATP0 = P T
0 P0 and P0A

T = P0P
T
0 .
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Proof. For any matrix R ∈ Rm×m and matrix S ∈ Rn×n, define g : R2 → R by

g(x, y) = ∥A− (Im + xR)P0(In + yS)∥2F ,

where Im ∈ Rm×m and In ∈ Rn×n are the identity matrices. Note that (Im +

xR)P0(In + yS) ∈ Rm×n
k for all (x, y) ∈ R2 since P0 ∈ Rm×n

k . One can see that

g(x, y) = f((Im + xR)P0(In + yS)) ≥ f(P0) = g(0, 0) for all (x, y) ∈ R2 since P0 is a

minimizer of f . So ∂g
∂x
(0, 0) = ∂g

∂y
(0, 0) = 0. Then

0 =
∂g

∂x
(0, 0) = 2 ⟨−RP0, A− P0⟩ = −2Tr((A− P0)P

T
0 R

T ) = −2
〈
R, (A− P0)P

T
0

〉
.

But the above equation is true for every matrix R ∈ Rm×m. This implies that

(A − P0)P
T
0 = 0, that is AP T

0 = P0P
T
0 . Taking transpositions of both sides of the

latter equation, one gets that P0A
T = P0P

T
0 . Similarly, using ∂g

∂y
(0, 0) = 0, one gets

that ATP0 = P T
0 P0.

Lemma 2.5.4. Assume that A,P ∈ Rm×n satisfy ATP = P TP and PAT = PP T .

Then there are

• a matrix V ∈ Om,

• a matrix U ∈ On,

• a non-negative integer r and σ1, . . . , σr > 0,

• a non-negative integer l satisfying l ≤ r,

such that

A = V diagm×n{σ1, . . . , σr, 0, . . . , 0}UT ,

P = V diagm×n{σ1, . . . , σl, 0, . . . , 0}UT .
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Proof. Set r = rankA and l = rankP . Then r = rankA ≥ rankPAT = rankPP T =

rankP = l ≥ 0. Denote by σ1, . . . , σl the positive singular values of P counting multi-

plicity. Applying the orthogonal diagonalization algorithm to the symmetric matrix

P TP , one gets an orthonormal subset {u1, . . . , ul} of Rn such that P TPui = σ2
i ui for

i = 1, . . . , l. Define vi :=
1
σi
Pui for i = 1, . . . , l. Then {v1, . . . , vl} is an orthonormal

subset of Rm and P [u1, . . . , ul] = [v1, . . . , vl]diagl×l{σ1, . . . , σl}. Let {ûl+1, . . . , ûn} be

an orthonormal basis for the eigenspace of P TP belonging to the eigenvalue 0. Also,

extend {v1, . . . , vl} to an orthonormal basis {v1, . . . , vl, v̂l+1, . . . , v̂m} of Rm. Set

Û = [u1, . . . , ul, ûl+1, . . . , ûn] ∈ Rn×n and V̂ = [v1, . . . , vl, v̂l+1, . . . , v̂m] ∈ Rm×m.

These are orthogonal matrices. And PÛ = V̂ diagm×n{σ1, . . . , σl, 0, . . . , 0}. That is,

P = V̂ diagm×n{σ1, . . . , σl, 0, . . . , 0}ÛT . (2.5.3)

So

V̂ diagm×n{σ1, . . . , σl, 0, . . . , 0}ÛTAT = PAT = PP T

=V̂ diagm×n{σ1, . . . , σl, 0, . . . , 0}ÛT Ûdiagn×m{σ1, . . . , σl, 0, . . . , 0}V̂ T

=V̂ diagm×m{σ2
1, . . . , σ

2
l , 0, . . . , 0}V̂ T .

Multiplying V̂ T on the left of both sides of the above equation, one gets that

diagm×n{σ1, . . . , σl, 0, . . . , 0}ÛTAT = diagm×m{σ2
1, . . . , σ

2
l , 0, . . . , 0}V̂ T .

Taking transpositions on both side, this gives

A[u1, . . . , ul, ûl+1, . . . , ûn]diagn×m{σ1, . . . , σl, 0, . . . , 0}
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=[v1, . . . , vl, v̂l+1, . . . , v̂m]diagm×m{σ2
1, . . . , σ

2
l , 0, . . . , 0}.

The first l columns of this equation imply that

A[u1, . . . , ul] = [σ1v1, . . . , σlvl] = [Pu1, . . . , Pul]. (2.5.4)

Multiplying AT on the left of both sides of Equation (2.5.4), one gets that

ATA[u1, . . . , ul] = [ATPu1, . . . , A
TPul] = [P TPu1, . . . , P

TPul] = [σ2
i u1, . . . , σ

2
i ul].

Consequently,

ÛTATAÛ = ÛT [ATAu1, . . . , A
TAul, A

TAûl+1, . . . , A
TAûn]

= ÛT [σ2
i u1, . . . , σ

2
i ul, A

TAûl+1, . . . , A
TAûn]

=



uT
1

...

uT
l

ûT
l+1

...

ûT
n


[σ2

i u1, . . . , σ
2
i ul, A

TAûl+1, . . . , A
TAûn]

=

diagl×l{σ2
1, . . . , σ

2
l } C(n−l)×l

0l×(n−l) B(n−l)×(n−l),


where, in the last step, the lower indices indicate the dimensions of the blocks. But

ÛTATAU is a positive semidefinite symmetric matrix. So we have that C = 0 and

B is also a positive semidefinite symmetric matrix. Applying the Orthogonal Diag-

onalization Algorithm to B, one gets a matrix W ∈ On−l and σl+1, . . . , σr > 0 such
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that

B = Wdiag(n−l)×(n−l){σ2
l+1, . . . , σ

2
r , 0, . . . , 0}W T .

Define

U = Û

Il 0

0 W

 ∈ Rn×n. (2.5.5)

Then U is orthogonal. And UTATAU = diagn×n{σ2
1, . . . , σ

2
r , 0, . . . , 0}. By the defi-

nition of U , it has the same first l columns as Û . So U = [u1, . . . , ul, ul+1, . . . , un].

By Equation (2.5.4), we have that vi = 1
σi
Aui for i = 1, . . . , l. Let vj = 1

σj
Auj

for j = l + 1, . . . , r. Note that {v1, . . . , vr} is an orthonormal subset of Rm. Ex-

tend this set to an orthonormal basis {v1, . . . , vm} of Rm. Denote by V the matrix

[v1, . . . , vm] ∈ Om. Note that {vl+1, . . . , vm} ⊂ {v1, . . . , vl}⊥ = Span{v̂l+1, . . . , v̂m}.

So, there is a matrix Z ∈ Om−l such that

V = V̂

Il 0

0 Z

 . (2.5.6)

By the definitions of the the matrices U ∈ On and V ∈ Om, we have that AU =

V diagm×n{σ1, . . . , σr, 0, . . . , 0}. That is, A = V diagm×n{σ1, . . . , σr, 0, . . . , 0}UT . By

Equations (2.5.3), (2.5.5) and (2.5.6), we have that

PU = V̂ diagm×n{σ1, . . . , σl, 0, . . . , 0}ÛT Û

Il 0

0 W


= V̂ diagm×n{σ1, . . . , σl, 0, . . . , 0}

Il 0

0 W


= V̂ diagm×n{σ1, . . . , σl, 0, . . . , 0} = V̂

Il 0

0 Z

 diagm×n{σ1, . . . , σl, 0, . . . , 0}

= V diagm×n{σ1, . . . , σl, 0, . . . , 0}.
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That is, P = V diagm×n{σ1, . . . , σl, 0, . . . , 0}UT .

With the above lemmas, the proof of Theorem 2.5.1 is straightforward.

Proof of Theorem 2.5.1. By Lemma 2.5.2, the minimum of ∥A−P∥2F under the con-

straint rankP ≤ k is attained at some P0 ∈ Rm×n
k . By Lemmas 2.5.3 and 2.5.4, there

are

• a matrix V ∈ Om,

• a matrix U ∈ On,

• a non-negative integer r and σ1, . . . , σr > 0,

• a non-negative integer l satisfying l ≤ min{r, k},

such that

A = V diagm×n{σ1, . . . , σr, 0, . . . , 0}UT , (2.5.7)

P0 = V diagm×n{σ1, . . . , σl, 0, . . . , 0}UT . (2.5.8)

Note that, counting multiplicity, {σ1, . . . , σr} is a permutation of {s1, · · · , sr}. So

∥A− P0∥2F =
r∑

j=l+1

σ2
j ≥

∞∑
j=l+1

s2j ≥
∞∑

j=k+1

s2j .

This shows that

min{∥A− P∥2F | P ∈ Rm×n
k } ≥

∞∑
j=k+1

s2j .

Clearly, for any singular value decomposition of A given by Equation (2.5.1), we
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have that ∥A− P∥2F =
∑∞

j=k+1 s
2
j if P is given by Equation (2.5.2). This shows that

min{∥A− P∥2F | P ∈ Rm×n
k } =

∞∑
j=k+1

s2j

and that the minimum is attained at any P given by Equation (2.5.2).

It remains to show that the minimum is only attained at matrices P given by

Equation (2.5.2). Assume again that P0 is a minimizer of ∥A − P∥2F under the con-

straint rankP ≤ k. Then Equations (2.5.7) and (2.5.8) remain true for P0. Addition-

ally, we must have that
∑r

j=l+1 σ
2
j =

∑∞
j=k+1 s

2
j , which is only true if {σ1, . . . , σl} =

{s1, . . . , sk} counting multiplicity. One can then re-order {σ1, . . . , σl} and {σl+1, . . . , σr}

into descending sequences in Equations (2.5.7) and (2.5.8) by re-ordering the columns

of U and V . This makes Equations (2.5.7) and (2.5.8) into the formats given by Equa-

tions (2.5.1) and (2.5.2). Thus, P0 must be a matrix given by Equation (2.5.2).
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Chapter 3: Decomposition of Persistent Homology and Spectral

Sequences

3.1 Relevant Concepts and Statements of Results

In this chapter, we fix a base field F and consider filtered chain complexes of

F-spaces.

Definition 3.1.1. A filtered chain complex (C, d,F) over F consists of

1. a Z-graded F-space C =
⊕

n∈ZCn,

2. a differential map d : C → C satisfying d2 = 0 and d(Cn) ⊂ Cn−1,

3. an ascending Z-filtration F on each Cn satisfying d(FpCn) ⊂ FpCn−1.

We write FpC =
⊕

n∈ZFpCn. We say that

• (C,F) is locally finite dimensional over F if dimF FpCn < ∞ for each p ∈ Z and

n ∈ Z,

• F is bounded below on Cn if there is a p ∈ Z depending on n, such that

FpCn = 0.

Note that (FpC, d|FpC) is a subcomplex of the chain complex (C, d) for all p ∈ Z.

The persistent chain complex (PC, dx) of (C, d,F) [ZC05, Definition 3.1] is defined

to be the direct sum

(PC, dx) :=
⊕
p∈Z

(FpC, d|FpC).
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Let x be a homogeneous indeterminate of degree 1 acting on PC as the natural

inclusion map ip : FpC ↪→ Fp+1C for each p ∈ Z. This makes (PC, dx) is a chain

complex of graded F[x]-modules, where the homogeneous component of degree p is

(FpC, d|FpC). The homology PH := H(PC, dx) is a graded F[x]-module and called

the persistent homology of (C, d,F) [ZC05] .

Our arguments are based on Theorem 3.1.4. Before stating the theorem, let us

introduce the following notations.

Definition 3.1.2. Let M be a graded F[x] module. Then M ||n||{s} is a bigraded

F[x]-module where

• || · || indicates the homological grading,

• {·} indicates the polynomial degree shift, that is (M ||n||{s})k = Mk−s.

Definition 3.1.3. Denoted by Z+,∞ = Z+ ∪ {+∞}, we assume n, s ∈ Z and m ∈

Z+,∞. Define two types of graded chain complex

Un,s,∞ = 0 → F[x]||n||{s} → 0 (3.1.1)

Un,s,m = 0 → F[x]||n+ 1||{s+m} xm

−→ F[x]||n||{s} → 0 (3.1.2)

where m = ∞ in (3.1.1) and 0 < m < ∞ in (3.1.2).

Our main results are the following.

Theorem 3.1.4. Let (PC, dx) be the persistent chain complex of a filtered chain

complex (C, d,F) over F satisfying:

• For each n, the filtration F on Cn is bounded below;

78



• (C, d,F) is locally finite dimensional over F.

Then, up to chain homotopy and permutation of factors, (PC, dx) can be uniquely

decomposed into a direct sum of graded chain complexes of types (3.1.1) and (3.1.2).

More precisely, for each n ∈ Z, there exist Kn ∈ Z+,∞ and a unique sequence

{(sn(i),mn(i))}Kn
i=1 ⊆ Z× Z+,∞ satisfying:

• the set {i | sn(i) = s} is finite for all s ∈ Z and n ∈ Z,

• sn(i) ≤ sn(i+ 1),

• mn(i) ≤ mn(i+ 1) if sn(i) = sn(i+ 1),

so that

PC ≃
∞⊕

n=−∞

Kn⊕
i=1

Un,sn(i),mn(i). (3.1.3)

Consequently, the persistent homology PH = H(PC, dx) can be uniquely decom-

posed into a direct sum of

PH ∼=
∞⊕

n=−∞

Kn⊕
i=1

H(Un,sn(i),mn(i)). (3.1.4)

Here, each factor in Decomposition (3.1.4) has the form H(Un,s,∞) ∼= F[x]||n||{s} or

H(Un,s,m) ∼= F[x]/(xm)||n||{s} for m < ∞.

The proof of Theorem 3.1.4 is included in Section 3.2. Since the spectral sequences

corresponding to the persistent chain complexes Un,s,∞ and Un,s,m are easy to compute,

Theorem 3.1.4 leads to a direct sum decomposition of spectral sequences over F into

simple factors. Denote by E(r) the r-th page of the spectral sequence of (C, d,F)
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and by E
(r)
n,s the homogeneous component of E(r) with homological grading n and

F[x]-module grading s.

Theorem 3.1.5. Let (PC, dx) be the persistent chain complex of a filtered chain

complex (C, d,F) over F satisfying:

• For each n, the filtration F on Cn is bounded below;

• (C, d,F) is locally finite dimensional over F.

Decomposition (3.1.4) of the persistent homology PH = H(PC, dx) in Theorem 3.1.4

induces a direct sum decomposition of the spectral sequence {E(r)} of (C, d,F). More

precisely, for r ∈ Z+,∞ and the same sequence {(sn(i),mn(i))}Kn
i=1 ⊆ Z × Z+,∞ given

in Theorem 3.1.4, we have that,

E(r) ∼=
∞⊕

n=−∞

Kn⊕
i=1

E(r)(Un,sn(i),mn(i)),

where:

• E(r)(Un,s,∞) ∼= F∥n∥{s} ∀r ≥ 1, and consequently E(∞)(Un,s,∞) ∼= F∥n∥{s}.

• If m < ∞, then

E(r)(Un,s,m) ∼=


F||n+ 1||{s+m} ⊕ F||n||{s} for 1 ≤ r ≤ m,

0 for r > m.

And, consequently E(∞)(Un,s,m) ∼= 0.

Comparing the decompositions in Theorems 3.1.4 and 3.1.5, one can deduce that

the spectral sequence and the persistent homology determine each other under fairly

general assumptions. We formulate this as the following.
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Definition 3.1.6. The spectral sequence {E(r)} collapses locally to E(∞) if {E(r)
n,s}

collapses to E
(∞)
n,s for every n, s ∈ Z. That is, there exists rn,s ∈ Z+ such that

E
(r)
n,s

∼= E
(∞)
n,s if r > rn,s.

Definition 3.1.7. Let Kn ∈ Z+,∞ and {(sn(i),mn(i))}Kn
i=1 ⊆ Z×Z+,∞ be the unique

sequence described in Theorem 3.1.4. For n, s ∈ Z and m ∈ Z+,∞, define the multi-

plicity of H(Un,s,m) in Decomposition (3.1.4) as

νn,s,m := |{i | 1 ≤ i ≤ Kn, sn(i) = s, mn(i) = m}|.

In particular, the multiplicity of H(Un,s,∞) is defined as

νn,s,∞ := |{i | 1 ≤ i ≤ Kn, sn(i) = s, mn(i) = ∞}|.

Theorem 3.1.8. Let (PC, dx) and {E(r)} be the persistent chain complex and spectral

sequences of a filtered chain complex (C, d,F) over F satisfying:

• For each n, the filtration F on Cn is bounded below;

• (C, d,F) is locally finite dimensional over F.

Then we have

1. dimFE
(r)
n,s = νn,s,∞+

∑
m≥r(νn,s,m+ νn−1,s−m,m), which shows that the persistent

homology determines the spectral sequence.

2. The spectral sequence {E(r)} collapses locally to E(∞), and

(a) νn,s,∞ = dimFE
(∞)
n,s ,

(b) νn,s,m = dimFE
(m)
n,s − dimFE

(m+1)
n,s − νn−1,s−m,m.
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If the filtration F is also bounded below on the entire C, then (a) and (b) imply

that the spectral sequence determines the persistent homology, because νn,s,m = 0

for s ≪ 0 since F is bounded below uniformly.

Corollary 3.1.9. [BP17, Corollary 2] [EH10, Spectral Sequence Theorem] Let (PC, dx)

be the persistent chain complex of a filtered chain complex (C, d,F) over F satisfying:

• For each n, the filtration F on Cn is bounded below;

• (C, d,F) is locally finite dimensional over F.

Then for any r > 0, we have

dimFE
(r)
n =

∑
s

(
νn,s,∞ +

∑
m≥r

(νn,s,m + νn−1,s,m)

)
. (3.1.5)

Equation (3.1.5) is equivalent to the following equation from [BP17, Corollary 2]:

dimFE
(r)
n (F) = bn(F) +

∑
t−s≥r

(µs,t
n (F) + µs,t

n−1(F)) (3.1.6)

where bn(F) is the persistent Betti number and µs,t
n (F) is the persistent multiplicity

that are both defined in [EH10, VII.1].

Corollary 3.1.9 follows directly from Corollary 3.4.1 and Proposition 3.4.2.
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3.2 Decomposition of Persistent Homology

3.2.1 Persistent chain complexes

Let (C, d,F) be a filtered chain complex over F defined in Definition 3.1.1 and

(PC, dx) be the correspond persistent chain complex. For each p, n ∈ Z, fix an F-

subspace Gp
n of FpCn such that FpCn = Fp−1Cn ⊕Gp

n. Then

FpCn =

p⊕
q=−∞

Gq
n.

For q ≤ p, denote by πp,q
n : FpCn → Gq

n the natural projection. Restricting the

differential map dn : Cn → Cn−1 to Gp
n, we have dpn : Gp

n → FpCn−1 =
⊕p

q=−∞ Gq
n−1.

Define the map dp,qn : Gp
n → Gq

n−1 by dp,qn = πp,q
n−1 ◦ dpn for any p ≥ q. Thus dpn =∑

q≤p d
p,q
n .

Definition 3.2.1. For each n ∈ Z, we define a graded F[x]-module as PCn = F[x]⊗F Cn

where PCp
n :=

⊕
k≥0 x

kGp−k
n is the homogeneous component of PCn of degree p. PCn

is a graded F[x]-module for each n. Define an F[x]-module map (δx)n : PCn → PCn−1

such that (δx)
p
n := (δx)|Gp

n
: Gp

n → PCp
n−1 is given by (δx)

p
n =

∑
q≤p x

p−qdp,qn .

Note that (δx)n is a homogeneous map preserving the module grading since the

degree of dp,qn is q − p.

Proposition 3.2.2. (PC, δx) is isomorphic to (PC, dx). In particular, (PC, dx) is a

free F[x]-module.

Proof. Recall that FpCn =
⊕p

q=−∞Gp
n and (PC, dx) =

⊕
p∈Z(FpC, d|FpC). We have

PCn =
⊕

p∈ZFpCn =
⊕

p∈Z

(⊕p
q=−∞ Gq

n

)
. For any n ∈ Z and any u ∈ FpCn ⊂ PCn,
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there is a decomposition of u given by u =
∑

q≤p g
q,p
n where each gq,pn ∈ Gq

n ⊂ FpCn.

Define φn : PCn → PCn by

φn(u) = φn

(∑
q≤p

gq,pn

)
=
∑
q≤p

xp−qgqn

where gqn = gq,pn when viewed as an element of Gq
n ⊂ PCn. This is an F-linear

isomorphism with φ−1
n

(∑
q≤p x

p−qgqn

)
=
∑

q≤p g
q,p
n . Consider ip : FpC → Fp+1C.

gq,pn ∈ Gq
n ⊂ FpCn and gq,p+1

n ∈ Gq
n ⊂ Fp+1Cn are the same element as gpn ∈ Gp

n ⊂

PCn. Then ip(gq,pn ) = gq,p+1
n and, for u ∈ FpCn,

φn(xu) = φ(ip(u)) = φn

(
ip

(∑
q≤p

gq,pn

))
= φn

(∑
q≤p

gq,p+1
n

)

=
∑
q≤p

x(p+1)−qgqn =
∑
q≤p

xp−q+1gqn

= x ·
∑
q≤p

xp−qgqn = x · φn(u).

To verify φ is a chain map, we have

δx ◦ φn(u) = δx

(∑
q≤p

xp−qgqn

)
=
∑
q≤p

xp−q · (δx)qn(gqn)

=
∑
q≤p

xp−q
∑
k≤q

xq−kdq,kn (gpn) =
∑
q≤p

∑
k≤q

x(p−q)+(q−k)dq,kn (gpn)

=
∑
q≤p

∑
k≤q

xp−kdq,kn (gpn).
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Note that dq,kn (gq,pn ) ∈ Gk
n−1 ⊂ FpCn−1. We also have

φn−1 ◦ dx(u) = φn−1

(
d|FpCn

(∑
q≤p

gq,pn

))
= φn−1

(∑
q≤p

dqn(g
q,p
n )

)

= φn−1

(∑
q≤p

∑
k≤q

dq,kn (gq,pn )

)
=
∑
q≤p

∑
k≤q

φn−1

(
dq,kn (gq,pn )

)
=
∑
q≤p

∑
k≤q

xp−kdq,kn (gpn).

Thus δx ◦ φ = φ ◦ dx and φ is a chain map.

Since δx = φ ◦ dx ◦ φ−1 and dx ◦ dx = 0, we have δx ◦ δx = φ ◦ dx ◦ dx ◦ φ−1 = 0.

Note that δx preserves the module grading. Therefore (PC, δx) is a chain complex of

graded F[x]-modules and isomorphic to (PC, dx) induced by φ.

Proposition 3.2.2 shows that (PC, δx) is isomorphic to persistent chain complex

(PC, dx). We will no longer distinguish between these two in the rest of this manuscript.

3.2.2 Existence of the decomposition

Definition 3.2.3. A graded F-space M is locally finite dimensional if Mk is finite

dimensional over F for every k ∈ Z, where Mk is the F-subspace of M consisting of

all homogeneous elements of degree k.

Lemma 3.2.4. Let F[x] be the graded polynomial ring with deg(x) = 1. Assume that

M is a free graded F[x]-module satisfying:

• F[x]-grading of M is bounded below,

• M is locally finite dimensional over F.
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Then M admits a countable homogeneous basis.

Denote by λk
M the F-dimension of (M/xM)k, where (M/xM)k is F-subspace of

M/xM consisting of all elements of grading k. Assume that g is the lowest F[x]-

grading of M . Define the sequence LM as

LM = (g, · · · , g︸ ︷︷ ︸
λg
M

, g + 1, · · · , g + 1︸ ︷︷ ︸
λg+1
M

, · · · , g + k, · · · , g + k︸ ︷︷ ︸
λg+k
M

, · · · ).

Let E be a countable collection of homogeneous elements of M such that the cardinality

of E ∩Mk is finite for every k. After arranging the elements of E in non-decreasing

order by their degrees, the degrees of elements in E form a non-decreasing sequence

LE. Then LB = LM for any homogeneous basis B of M .

Proof. M has a homogeneous basis since free graded modules over polynomial rings

with grading bounded below admit homogeneous bases [Wu14, Lemma 4.4] [Pas91,

Page 130, Exercise 3].

Let B be any homogeneous basis for M . To prove that LB = LM , it suffices to

show that π(B) is a homogeneous F-basis for (M/xM), where π : M −→ (M/xM) is

the canonical projection. Since π is surjective, π(B) spans (M/xM). Assume that

π(B) is not F-linearly independent, then there exist P > 0 with bp ∈ B, fp ∈ F and

gp ∈ F[x] for all 1 ≤ p ≤ P , such that

P∑
p=1

(fp − gpx)bp = 0 (3.2.1)

and fp − gpx ̸= 0 for each p. By the F[x]-linearly independence of B, all coefficients

in equation (3.2.1) are zero. We have that fp − xgq = 0, which implies that fp and gp

are both equal to zero for all p. This is a contradiction.
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Lemma 3.2.5. Assume that

· · · M N · · ·d

is a chain complex of free graded F[x]-module satisfying:

• Its differential d is homogeneous and preserves the F[x]-grading;

• The F[x]-grading of M and N are bounded below;

• M and N are locally finite dimensional over F.

Then M has a homogeneous F[x]-basis V ⊔W and N has a homogeneous F[x]-basis

W ⊔R satisfying

(I) d(v) = 0 for every v ∈ V ;

(II) There exists a bijection ¯ : W → W mapping each w ∈ W to a w̄ ∈ W such

that d(w) = xmw̄ for some non-negative integer m depending on w;

Considering the submodules MV , MW , NW and NR generated by V , W , W , and R,

the chain complex decomposes into a direct sum of three subchain complexes as

· · · MV 0

0 MW NW 0

0 NR · · ·

d

d

⊕

d

⊕
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Proof. We prove this by induction. Let B(0) be a homogeneous basis forM and B̃(0) be

a homogeneous basis for N , respectively. By Lemma 3.2.4, LM is the non-decreasing

sequence of degrees in any homogeneous basis of M . Let sets W (0), V (0) and W
(0)

be

empty sets. Let Z(0) = B(0) and R(0) = B̃(0). We will construct by induction the sets

B(l), B̃(l), V (l), W (l), O(l), Z(l), W
(l)

and R(l), satisfying the following conditions:

(i) B(l) is a homogeneous basis for M and B̃(l) is a homogeneous basis for N ;

(ii) O(l) = V (l) ⊔W (l), B(l) = Z(l) ⊔O(l) and B̃(l) = W
(l) ⊔R(l);

(iii) V (l−1) ⊂ V (l), W (l−1) ⊂ W (l), W
(l−1) ⊂ W

(l)
and R(l−1) ⊃ R(l);

(iv) d(Z(l)) ⊂ SpanF[x]R
(l);

(v) d(v) = 0 for every v ∈ V (l);

(vi) There exists a bijection ¯ : W (l) → W
(l)

mapping each w ∈ W (l) to a w̄ ∈ W
(l)

such that d(w) = xmw̄ for some positive integer m depending on w;

(vii) The sequence LO(l) for set of homogeneous elements1 is consist of the first l

terms of LM .

In each iteration, we remove an element from Z(l) with the lowest grading and add it

to O(l). We will induct on the size of organized base set O(l). Conditions (i)-(vii) are

trivially true when l = 0. Then assume that we have updated all these sets satisfying

conditions (i)-(vii) after l steps. By (vii), |O(l)| = |V (l)| + |W (l)| = l. We will then

construct B(l+1), B̃(l+1), V (l+1), W (l+1), W
(l+1)

, O(l+1), Z(l+1) and R(l+1).

Let w be an element of Z(l) with the lowest module grading, whose degree by

Lemma 3.2.4 is the (l + 1)-th term of LM .

1Notation follows Lemma 3.2.4.
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If d(w) = 0, we will do the following updates:

V (l+1) = V (l) ∪ {w}, W (l+1) = W (l), W
(l+1)

= W
(l)
,

Z(l+1) = Z(l) \ {w}, O(l+1) = V (l+1) ∪W (l+1), R(l+1) = R(l),

B(l+1) = Z(l+1) ∪O(l+1), B̃(l+1) = W
(l+1) ∪R(l+1).

This update preserves condition (v) and automatically satisfies all other conditions.

If d(w) ̸= 0, assume that d(w) =
∑

e∈E αee where E is a finite subset of R(l) by

(iv), and each αe = cex
me is a non-zero monomial in F[x]. Let ê be an element with

the highest module grading in E. Note that me = deg(w) − deg(e) and therefore

mê = mine∈E me. Define

w̄ =
d(w)

xmê
= cêê+

∑
e∈E,e̸=ê

cex
me−mêe.

and do the following updates:

V (l+1) = V (l), W (l+1) = W (l) ∪ {w}, W
(l+1)

= W
(l) ∪ {w̄},

R(l+1) = R(l) \ {ê}, O(l+1) = V (l+1) ∪W (l+1), B̃(l+1) = R(l+1) ∪W
(l+1)

.

Then B̃(l+1) is still a homogeneous basis for N . Thus the bijection ¯ in (vi) is extend

by w 7→ w̄. Note that d(w) = xmw̄. It remains to construct Z(l+1) and show it

satisfies condition (iv).

By conditions (iv) in the previous step, any element in W
(l)

will not appear in the

image of z ∈ Z(l) since z is not in W (l) according to condition (ii). Now consider for

each z in Z(l) \ {w}, then d(z) is a linear combination of base elements in R(l). We

89



have d(z) = βzw̄+
∑

e∈Ez
βee, where β are the coefficient monomials and Ez is a finite

subset of R(l+1). Notice that deg(βz) = deg(z) − deg(w̄) ≥ deg(w) − deg(w̄) = mê.

Define

z′ = z − βz

xmê
w.

Then d(z′) = d(z) − βz

xmê
d(w) = d(z) − βzw̄ =

∑
e∈Ez

βee and therefore d(z′) ∈

SpanF[x]R
(l+1). Now we update Z(l+1) and B(l+1) by

Z(l+1) = {z′|z ∈ Z(l) \ {w}}

and

B(l+1) = Z(l+1) ∪O(l+1).

Hence d(Z(l+1)) ⊂ SpanF[x]R
(l+1). B(l+1) is obtained from B(l) by an invertible F[x]-

linear transformation, so B(l+1) is also a basis for M . This proves condition (iv). Note

that |O(l+1)| = |V (l)| + |{w}| + |W (l)| = l + 1. Therefore conditions (i)-(vi) work for

all B(l), B̃(l), V (l), W (l), W
(l)
, O(l), Z(l) and R(l) for each natural number l.

Recall that Mk is finite dimensional for every k. Let g be the lowest grading of

M , which is the first term in LM . Thus
⊕K

k=g M
k is finite dimensional for any K ≥ g.

Set lK = dimF
⊕K

k=g M
k =

∑K
k=g λ

k
M where λk

M is given in Lemma 3.2.4. Observe

that |O(lK)| = lK and
K⊕
k=g

Mk ⊆ SpanF[x]O
(lK)

since Z(lK) contains only elements that have degree larger than K. Thus

M =
∞⊕
k=g

Mk ⊆ SpanF[x]

∞⋃
l=0

O(l).

Then any element in M can be written as a linear combination of elements in some
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O(l). Let

V =
∞⋃
l=0

V (l) and W =
∞⋃
l=0

W (l),

then this is our desired V and W . Note that V ⊔ W =
⋃∞

l=0 O
(l). Each O(l) is a

subset of a homogeneous basis B(l) and therefore linearly independent. Hence V ⊔W

is indeed a homogeneous basis for M .

In each step, we have constructed a bijection between W (l) and W
(l)
. Define

W =
∞⋃
l=0

W
(l)

and R =
∞⋂
l=0

R(l).

Let g′ be the lowest module grading of N . Fix a K ≥ g′, B̃(l) ∩
(⊕K

k=g′ N
k
)
is finite

for every l since N is locally finite dimensional. Note that R(l−1) ⊃ R(l) for each l

from condition (iii). Then for there exists a positive integer l0 depending on K, such

that

R(l0) ∩

(
K⊕

k=g′

Nk

)
=

(
∞⋂
l=0

R(l)

)
∩

(
K⊕

k=g′

Nk

)
= R ∩

(
K⊕

k=g′

Nk

)
.

Therefore
(⊕K

k=g′ N
k
)
has a basis B̃(l0) ∩

(⊕K
k=g′ N

k
)
= (W ⊔ R) ∩

(⊕K
k=g′ N

k
)
.

W ⊔ R spans N as K growing. Hence W ⊔ R is indeed a homogeneous basis for N .

This concludes the constructions of V , W , W and R.

Notice that after the construction of W and R, we obtained a subchain complex

0 NR · · ·d

where NR is the submodule generated by R in N . Denote by N ′ be the term before

M in the chain complex and consider the other direct summand

· · · N ′ M NW 0.d d
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If d(u) ̸= 0 for any u ∈ N ′, then d(u) =
∑

v∈V γvv+
∑

w∈W γww where all but finitely

many γv and γw are 0. We claim that γw = 0 for each w. Otherwise, since d(v) = 0

for each v ∈ V and d(w) = xmww̄ for each w ∈ W , we have

0 = (d ◦ d)(u) =
∑
w∈W

γwd(w) =
∑
w∈W

γwx
mww̄.

Since each w̄ ∈ W is an F[x]-base element, γw must be 0 if w ∈ W . Therefore we will

further decompose the subchain complex into

· · · MV 0d

where MV is the submodule in M generated be V , and

0 MW NW 0d

where MW is the submodule in M generated by W as well as NW is the submodule

in N generated by W .

Proposition 3.2.6. Assume that

(A, d) = · · · An An−1 · · ·dn+1 dn dn−1

is a chain complex of free graded F[x]-module satisfying:

• Its differential d is homogeneous and preserves the F[x]-grading of A;

• For each n, the F[x]-grading of An is bounded below;

• For each n, An is locally finite dimensional over F.
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Then every An has a homogeneous F[x]-basis that is the disjoint union of three subsets

Vn, Wn and W n, satisfying the following conditions:

(I) d(v) = 0 for every v ∈ Vn;

(II) There exists a bijection ¯ : Wn → W n−1 mapping each w ∈ Wn to a w̄ ∈ W n−1

such that d(w) = xmw̄ for some non-negative integer m depending on w.

Proof. By Lemma 3.2.4, each An has a homogeneous basis. Since for each n, An

satisfies all the conditions in Lemma 3.2.5, we may apply this lemma to

· · · A1 A0 · · ·d2 d1 d0

We will obtain F[x]-basis sets Ṽ1 ⊔W1 for A1 and W 0 ⊔ R0 for A0 with a direct sum

decomposition

· · · Ã1 0

0 U1 U0 0

0 Ã0 · · ·

d2

d1

⊕

d0

⊕

Here Ã1, U1, U0 and Ã0 are submodules generated by sets Ṽ1, W1, W 0 and R0 respec-

tively.

We will prove this proposition by two inductions separately on the upward branch

· · · A2 Ã1 0
d3 d2

and the downward branch

0 Ã0 A−1 · · ·d0 d−1
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For the upward branch, we first apply Lemma 3.2.5 to

· · · A2 Ã1 0.
d3 d2

It decomposes into

· · · Ã2 0

0 U2 U1 0

0 F1 0

d3

d2

⊕
⊕

where Ã2, U2, U1 and F1 are the submodules generated by sets Ṽ2, W2, W 1 and R1

respectively. Note that Ṽ2⊔W2 is a basis for A2 = Ã2⊕U2 and W 1⊔R1 is a basis for

Ã1 = U1⊕F1. R1 satisfies condition (I) in A1 thus let V1 = R1. Now we have obtained

V1, W1 and W 1. Since W1 generates U1 and W 1 ⊔ V1 is a basis for Ã1, V1 ⊔W1 ⊔W 1

is a basis for A1 = U1 ⊕ Ã1, satisfying conditions (I) and (II).

Then assume that p > 1 and we have obtained all Vk, Wk and W k for p > k ≥ 1.

Also,Wp generates Up and Ṽp generates Ãp whileWp⊔Ṽp being a basis forAp = Up⊕Ãp.

Then it suffices to obtain Vp and W p from Ṽp. By applying Lemma 3.2.5, the chain

complex

· · · Ap+1 Ãp 0
dp+1 dp

decomposes into

· · · Ãp+1 0

0 Up+1 Up 0

0 Fp 0

dp+2

dp+1

⊕
⊕

where Ãp+1, Up+1, Up and Fp are the submodules generated by sets Ṽp+1, Wp+1, W p
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and Rp respectively. Note that Ṽp+1 ⊔ Wp+1 is a basis for Ap+1 = Ãp+1 ⊕ Up+1 and

W p⊔Rp is a basis for Ãq = Up⊕Fp. Since dp maps Ãp to 0, we assign Vp = Rp satisfying

condition (I). Hence we have obtained Vp ⊔ Wp ⊔ W p as a basis for Ap = Up ⊕ Ãp,

satisfying conditions (I) and (II).

For the downward branch, we first apply Lemma 3.2.5 to

0 Ã0 A−1 · · ·d0 d−1

It decomposes into

0 F0 0

0 U0 U−1 0

0 Ã−1 · · ·

d0

⊕

d−1

⊕

where F0, U0, U−1 and Ã−1 are the submodules generated by sets V0, W0, W−1 and

R−1 respectively. Note that V0 ⊔W0 is a basis for Ã0 = F0 ⊕ U0 and W−1 ⊔R−1 is a

basis for A−1 = U−1⊕ Ã−1. Recall that W 0 is obtained at the beginning of the proof,

thus now we have obtained all V0, W0 and W 0. Since W 0 generates U0 and V0 ⊔W0

is a basis for Ã0, V0 ⊔W0 ⊔W 0 is a basis for A0 = U0 ⊕ Ã0, satisfying conditions (I)

and (II).

Then assume that q < 0 and we have obtained all Vk, Wk and W k for 0 ≤ k < q.

Also, W q generates U q and Rq generates Ãq while W q ⊔ Rq being a basis for Aq =

U q ⊕ Ãq. Then it suffices to obtain Vq and Wq from Rq. By applying Lemma 3.2.5,

the chain complex

0 Ãq Aq−1 · · ·dq dq−1
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decomposes into

0 Fq 0

0 Uq U q−1 0

0 Ãq−1 · · ·

dq

⊕

dq−1

⊕

where Fq, Uq, U q−1 and Ãq−1 are the submodules generated by sets Vq, Wq, W q−1 and

Rq−1 respectively. Note that Vq ⊔Wq is a basis for Ãq = Fq ⊕ Uq and W q−1 ⊔Rq−1 is

a basis for Aq−1 = U q−1 ⊕ Ãq−1. Hence we have obtained Vq ⊔Wq ⊔W q as a basis for

Aq = U q ⊕ Ãq, satisfying conditions (I) and (II).

In conclusion, we have obtained Vn ⊔ Wn ⊔ W n be a homogeneous basis of An

satisfying condition (I) and (II) for each n.

Corollary 3.2.7. The chain complex (A, d) in Proposition 3.2.6 is homotopic to the

direct sum of chain complexes of the Types (3.1.1) and (3.1.2) given in Definition

3.1.3. Each v ∈ Vn generates a component Un,deg v,∞. Each pair w ∈ Wn+1 and

w̄ ∈ W n generate a component Un,deg w̄,mw where d(w) = xmww̄ for some positive

integer mw depending on w.

Recall that Z+,∞ = Z+ ∪ {+∞}. Then for each n, there exist Kn ∈ Z+,∞ and

the sequence {(sn(i),mn(i))}Kn
i=1 ⊆ Z × Z+,∞ satisfies sn(i) ≤ sn(i + 1) and mn(i) ≤

mn(i+ 1) if sn(i) = sn(i+ 1), such that

A ≃
∞⊕

n=−∞

Kn⊕
i=1

Un,sn(i),mn(i).

Consequently,

H(A) ∼=
∞⊕

n=−∞

Kn⊕
i=1

H(Un,sn(i),mn(i))

where H(Un,s,∞) ∼= F[x]||n||{s} and H(Un,s,m) ∼= F[x]/(xm)||n||{s}.
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Proof. Let Vn ⊔Wn ⊔W n be the basis of An from Proposition 3.2.6. Note that each

v ∈ Vn generates a subcomplex Un,s,∞ and each pair of (w, w̄) ∈ Wn+1 ×Wn generate

a subcomplex Un,s,m. So it suffices to show that

Un,s,0 = 0 → F[x]||n+ 1||{s} 1−→ F[x]||n||{s} → 0

is homotopic to zero. Consider the identity map id and the chain homotopy given by

h = 1· in the diagram

0 F[x] F[x] 0

0 F[x] F[x] 0

1

0

1

id
1

id
0

Here h ◦ d+ d ◦ h = id. Hence id is null-homotopic and

Un,s,0 = 0 → F[x]||n+ 1||{s} 1−→ F[x]||n||{s} → 0

is homotopic to zero when.

3.2.3 Uniqueness of the decomposition

The following lemma is a generalization of [Wu15, Lemma 4.14].

Lemma 3.2.8. Recall that Z+,∞ = Z+ ∪ {+∞}. Let K,K ′ ∈ Z+,∞ and n ∈ Z.

Suppose there are two sequences {(s(i),m(i))}Ki=1 and {(s′(i),m′(i))}K′
i=1 in Z× Z+,∞

satisfying:

• If i < j, then s(i) ≤ s(j) and s′(i) ≤ s′(j).

• If i < j and s(i) = s(j), then m(i) ≤ m(j).
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• If i < j and s′(i) = s′(j), then m′(i) ≤ m′(j).

• For every s ∈ Z, index sets {i | s(i) = s} and {i | s′(i) = s} are finite.

If
K⊕
i=1

H(Un,s(i),m(i)) ∼=
K′⊕
j=1

H(Un,s′(j),m′(j))

as graded F[x]-modules, then K = K ′ and s(i) = s′(i),m(i) = m′(i) for every 1 ≤ i ≤

K.

Proof. For a graded F-space V =
⊕

i∈Z Vi, we consider its graded dimension as the

Hilbert series, that is, gdimFV :=
∑

i∈Z(dimF Vi)t
i. Denote

M :=
K⊕
i=1

H(Un,s(i),m(i)) ∼=
K′⊕
j=1

H(Un,s′(j),m′(j)).

From Corollary 3.2.7, we have H(Un,s(i),∞) ∼= F[x]||n||{s(i)} and H(Un,s(i),m(i)) ∼=

F[x]/(xm(i))||n||{s(i)} for m(i) < ∞. Then graded dimension is well-defined on M

since the F[x]-grading on M is bounded below and for each fixed s ∈ Z the index set

is finite.

Let wi be the generator of H(Un,s(i),m(i)) which is homogeneous of degree s(i). For

any l ≥ 0, define M (l) = xlM/xl+1M . Then M (l) is an F-space with homogeneous

basis {xlwi}i∈Il . Here {(s(i),m(i))}i∈Il is a subsequence of {(s(i),m(i))}Ki=1 depending

on the choice of l, where m(i) > l for all i ∈ Il in the subsequence. Consider the

graded dimension of M (l). Then gdimFM
(l) = tl

∑
i∈Il t

s(i) =
∑

i∈Il t
s(i)+l. Define

Sc,l := {i ∈ Z | s(i) = c, m(i) > l} and similarly S ′
c,l := {i ∈ Z | s′(i) = c, m′(i) > l}.

Then Sc,l ⊂ Il and the cardinality of Sc,l is the coefficient of the tc+l term in gdimFM
(l).

Therefore each Sc,l is finite according to locally finiteness and this coefficient of the

tc+l in gdimFM
(l) is also the cardinality of S ′

c,l. Thus Sc,l and S ′
c,l have the same
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(finite) cardinality for each c and l. Hence the lemma follows.

We are now ready to prove Theorem 3.1.4.

Proof of Theorem 3.1.4. The F[x]-grading of PCn is bounded below since the filtra-

tion of Cn is bounded below, and PC is locally finite dimensional since (C,F) is

locally finite dimensional. Therefore (PC, dx) satisfies all the conditions in Proposi-

tion 3.2.6. The existence of Decompositions (3.1.3) and (3.1.4) follows from Corollary

3.2.7. Since PC is locally finite dimensional, we know that {i | s(i) = s} is finite

for all s ∈ Z in the decomposition (3.1.4). Thus, Lemma 3.2.8 implies that Decom-

positions (3.1.3) and (3.1.4) are unique up to chain homotopy and permutation of

factors.

3.3 Spectral Sequences

There are several approaches to compute the spectral sequence of filtered chain

complexes. We will use exact couples to compute the spectral sequence of summands

Un,s,m and Un,s,∞. Properties of exact couples can be found in many books such as

[McC01] and [Rot09]. Let us first briefly review this approach.

Definition 3.3.1. [McC01] An exact couple C = (A,E, f, g, h) consists of two graded

F-linear spaces A, E and homogeneous homomorphisms f , g and h where the following

diagram

A A

E

f

gh

is exact. The differential map d on E is defined to be d = g ◦ h.
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The derived exact couple C ′ = (A,E, f, g, h)′ = (A′, E ′, f ′, g′, h′) is defined by

• A′ = f(A),

• E ′ = ker d/Imd = H(E, d),

• f ′ = f |A′ ,

• g′(f(a)) = g(a) + d(E) for any a ∈ A,

• h′(b+ d(E)) = h(b) for any b ∈ ker d.

Definition 3.3.2. [Wu15] For a graded chain complex K of free F[x]-modules, the

short exact sequence 0 → K{1} x−→ K
πx−→ K/xK → 0 where πx is the standard

quotient map. It induces an exact couple H(1)(K) = (A(1), E(1), f (1), g(1), h(1)) given

by

H(K) H(K)

H(K/xK)

x

(πx)∗∆

Denote by H(r)(K) the exact couple of H(1)(K) derived (r − 1) times.

Lemma 3.3.3. [Wu15] As graded F-linear spaces,

E(r)(Un,s,∞) ∼= F||n||{s} ∀r ≥ 1,

E(r)(Un,s,m) ∼=

 F||n+ 1||{s+m} ⊕ F||n||{s} 1 ≤ r ≤ m,

0 r > m.

In particular, E(∞)(Un,s,∞) ∼= E(1)(Un,s,∞) and E(∞)(Un,s,m) ∼= E(m+1)(Un,s,m).
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Proof. (Following [Wu15, Lemma 4.17].) First consider H(Un,s,∞). Since the only

nonzero term of Un,s,∞ is located at the n-th homological degree, the connecting

homomorphism ∆ = h(1) is always zero. Thus d(r) = 0 on E(r) for all r ≥ 1. Therefore

E(r) ∼= E(1) ∼= F[x]/xF[x]||n||{s} ∼= F||n||{s} for all r ≥ 1.

Next considerH(Un,s,m). For 1 ≤ r < m, xr·F[x]/(xm) = Span{xr, xr+1, . . . , xm−1}

is a subspace of F[x]/(xm). Define the F-linear mapping x−r by

x−r : xr · F[x]/(xm) → F[x]/(xm), xr+i 7→ xi 0 ≤ i ≤ m− r − 1.

We will show by induction that for all 1 ≤ r ≤ m:

H(r)(Un,s,m) ∼= (xr−1 ·H(Un,s,m), H(Un,s,m/xUn,s,m), x, πx ◦ x1−r, xm−1).

For r = 1, we have

A(1) = H(Un,s,m) ∼= F[x]/(xm)||n||{s}

and

E(1) = H(Un,s,m/xUn,s,m) ∼= F||n+ 1||{s+m} ⊕ F||n||{s}.

The nonzero part of H(1)(Un,s,m) is the following part:

Un,s,m{1} Un,s,m Un,s,m/xUn,s,m

0 F{s+m} ||n+ 1||

F[x]/(xm){s+ 1} F[x]/(xm){s} F{s} ||n||

0 ||n− 1||

x

∆

πx
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where ∆(1) = xm−1. Thus H(1)(Un,s,m) = (H(Un,s,m), H(Un,s,m/xUn,s,m), x, πx,∆).

Assume the inductive hypothesis for r ≤ k − 1 < m, and compute H(k)(Un,s,m)

by considering the derived exact couple (xk−2 · H(Un,s,m), H(Un,s,m/xUn,s,m), x, πx ◦

x2−k, xm−1)′. Then A(k) = x · A(k−1) ∼= xk−1 ·H(Un,s,m). From the diagram above we

may still find that f (k) = x and h(k) = ∆ = xm−1. For any α ∈ A(k−1), we have

g(k−1)(α) = πx ◦ x2−k(α) = πx ◦ x1−k(xα) = (πx ◦ x1−k)(f (k−1)(α)).

Therefore g(k)(α) = πx ◦ x1−k(α). Note that d(k−1) = g(k−1) ◦ h(k−1) = (πx ◦ x2−k) ◦

xm−1 = πx ◦ xm−k+1 = 0, thus E(k) ∼= E(k−1) ∼= H(Un,s,m/xUn,s,m) ∼= F||n + 1||{s +

m} ⊕ F||n||{s}.

Finally consider r = m+1. The differential map d(m) becomes d(m) = g(m)◦h(m) =

(πx◦x1−m)◦xm−1 = πx◦1 = i which is an isomorphism on F||n+1||{s+m}⊕F||n||{s},

then E(m+1) = H(E(m), i) ∼= 0. Hence E(r) ∼= E(m+1) ∼= 0 for all r > m.

Under our assumptions, the spectral sequence {E(r)} does not necessarily collapse

in the usual sense. However, from Lemma 3.3.3, each E(r)(Un,s,∞) and E(r)(Un,s,m)

both collapse after finite pages. Therefore, we have the following corollary.

Corollary 3.3.4. Let {E(r)} be the spectral sequence in Theorem 3.1.5. Then {E(r)}

collapses locally to E(∞), which means {E(r)
n,s} collapses to E

(∞)
n,s for every (n, s) ∈

Z× Z.

We have another observation from Lemma 3.3.3.

Corollary 3.3.5. Let K be a chain complex of free graded F[x]-module satisfying:

• Its differential d is homogeneous and preserves the F[x]-grading of K;
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• For each n, the F[x]-grading of Kn is bounded below;

• For each n, Kn is locally finite dimensional over F.

Then we have that

E(1)(K) ∼= H(K/xK)

and that {E(r)(K)} collapses locally to E(∞)(K) where

E(∞)(K) ∼= H(K/(x− 1)K).

In particular, assume that K is the persistent chain complex of a filtered chain complex

(C, d,F) over F satisfying:

(a) For each n, the filtration F on Cn is bounded below;

(b) (C, d,F) is locally finite dimensional over F.

Then K/xK is isomorphic to the graded chain complex associated to (C, d,F), and

K/(x− 1)K is isomorphic to the filtered chain complex (C, d,F).

Proof. From Definitions 3.3.1 and 3.3.2, we have that E(1)(K) ∼= H(K/xK). Since K

satisfies all conditions in Proposition 3.2.6, it admits the decomposition in Corollary

3.2.7. It remains to show that

E(∞)(Un,s,∞) ∼= H(Un,s,∞/(x− 1)Un,s,∞)

and

E(∞)(Un,s,m) ∼= H(Un,s,m/(x− 1)Un,s,m),
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where Un,s,∞ and Un,s,m are given in Definition 3.1.3. From ring isomorphism F[x]/(x−

1) ∼= F, we have

Un,s,∞/(x− 1)Un,s,∞ ∼= 0 → F||n||{s} → 0

and

Un,s,m/(x− 1)Un,s,m
∼= 0 → F||n+ 1||{s+m} 1−→ F||n||{s} → 0.

Hence H(Un,s,∞/(x − 1)Un,s,∞) ∼= F||n||{s} and H(Un,s,m/(x − 1)Un,s,m) ∼= 0. Com-

paring these to Lemma 3.3.3, we know that E(∞)(K) ∼= H(K/(x− 1)K).

Let K be the persistent chain complex of a filtered chain complex (C, d,F) over F

satisfying conditions (a) and (b). From Definition 3.1.1, recall that x is a homogeneous

element of degree 1 that act on K as the natural inclusion map ip : FpC ↪→ Fp+1C

for each p ∈ Z. Fix p ∈ Z, we have x(Fp−1C) ⊂ FpC. Thus

K/xK ∼=
⊕
p∈Z

FpC/Fp−1C

which is the associated graded chain complex. Notice that x = 1 in the quotient

chain complex K/(x − 1)K. From Definition 3.2.1 and Proposition 3.2.2, following

their notations, we know that the homogeneous component of degree p on homological

degree n is (
K/(x− 1)K

)p
n
=
⊕
k≥0

1kGp−k
n =

p⊕
q=−∞

Gq
n = FpCn.

Let d∗ be the induced differential map of K/(x− 1)K, then

(
d∗
)p
n
=
∑
q≤p

1p−qdp,qn = dpn

where dpn is the differential map dn : Cn → Cn−1 of (C, d,F) restricted on Gp
n. Thus

K/(x− 1)K is isomorphic to the filtered chain complex (C, d,F).
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Now we prove Theorem 3.1.5.

Proof of Theorem 3.1.5. The decomposition follows from Theorem 3.1.4. The struc-

tures of E(r)(Un,s,m) and E(r)(Un,s,∞) are given in Lemma 3.3.3. By Corollary 3.3.4,

{E(r)} collapses locally.

3.4 Relations Between E(r) and PH

Next, we establish the relation between the spectral sequence and the persistent

homology. From the discussions in the above sections, we know that as F-spaces, the

spectral sequence is determined by the persistent chain complex. Thus, it is straight

forward to give a formula of the F-dimension of the spectral sequence by counting

the relevant components in the persistent homology. Moreover, we will further show

in this section that the persistent homology can also be recovered from the spectral

sequence if the filtration is bounded below uniformly.

Corollary 3.4.1. Recall that µi,j
n is the persistent multiplicities from [EH10, VII.1]

for finite filtered chain complex, and νn,s,n be defined in Definition 3.1.7. Then

• µi,j
n = νn,i,j−i,

• νn,s,m = µs,s+m
n .

Also, the persistent Betti number bi,jn defined in [EH10, VII.1] can be expressed in

terms of νn,s,m as

bi,jn =
∑

j−m<s≤i

νn,s,m.

Proof. This follows directly from Definition 3.1.7 with an index changing. The mul-

tiplicity νn,s,m of H(Un,s,m) means the number of n-homology cycles generating at
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filtration level s and surviving for m filtration levels. By [EH10, VII.1], the persistent

multiplicity µi,j
n means numbers of n-homology cycles generating at filtration level

i while getting killed at filtration level j. Hence µi,j
n = νn,i,j−i and νn,s,m = µs,s+m

n .

Following the fundamental lemma of persistent homology from [EH10, VII.1], we have

bi,jn =
∑

s≤i

∑
k>j µ

s,k
n . Therefore

bi,jn =
∑
s≤i

∑
k>j

νn,s,k−s =
∑
s≤i

∑
m+s>j

νn,s,m =
∑

j−m<s≤i

νn,s,m.

Recall that E
(r)
n,s is the homogeneous component of E(r) with homological grading

n and F[x]-module grading s. Then we have the following proposition.

Proposition 3.4.2. For any r > 0,

dimFE
(r)
n,s = νn,s,∞ +

∑
m≥r

(νn,s,m + νn−1,s−m,m).

Proof. From Theorem 3.1.5, the spectral sequence decomposes uniquely as E(r) ∼=⊕∞
l=−∞

⊕Kl

i=1 E
(r)(Ul,sl(i),ml(i)). Consider an extended sequence {(l, sl(i),ml(i))} ⊆

Z× Z× Z+,∞ and its subsequence {(l, sl(i),ml(i))}(l,i)∈In,s where

In,s := {(l, i) ∈ Z× Z+,∞ | 1 ≤ i ≤ Kl, F||n||{s} ⊆ E(r)(Ul,sl(i),ml(i))}.

Then E
(r)
n,s

∼=
⊕

(l,i)∈In,s
F||n||{s} since each E(r)(Ul,sl(i),ml(i)) contributes at most one

summand of F||n||{s} in E
(r)
n,s from Lemma 3.3.3. Thus

dimFE
(r)
n,s = dimF F⊕|In,s| = |In,s|.

It suffices to count |In,s| in terms of ν.
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We first separate In,s = In,s,∞ ⊔ I ′n,s where In,s,∞ := {(n, i) | 1 ≤ i ≤ Kn, sn(i) =

s, mn(i) = ∞} and I ′n,s := In,s\In,s,∞, because we have E(r)(Un,s,∞) ∼= F||n||{s} for

all r ≥ 1 in Lemma 3.3.3. Notice that νn,s,∞ = |In,s,∞|.

Next consider I ′n,s. According to Lemma 3.3.3, E(r)(Ul,s,m) ∼= 0 for all m < r.

Also, any rest of the summand F||n||{s} in E
(r)
n,s coming from either E(r)(Un,s,m) ∼=

F||n+ 1||{s+m} ⊕ F||n||{s} or E(r)(Un−1,s−m,m) ∼= F||n||{s} ⊕ F||n− 1||{s−m} for

all m ≥ r. Therefore I ′n,s = In,s,m≥r ⊔ In−1,s−m,m≥r where

In,s,m≥r := {(n, i) | 1 ≤ i ≤ Kn, sn(i) = s, mn(i) ≥ r}

and

In−1,s−m,m≥r := {(n− 1, i) | 1 ≤ i ≤ Kn−1, sn(i) = s−mn(i), mn(i) ≥ r}.

Thus |In,s,m≥r| =
∑

m≥r νn,s,m and |In−1,s−m,m≥r| =
∑

m≥r νn−1,s−m,m. It is clear that

In,s,m≥r∩ In−1,s−m,m≥r = ∅ since the index of In,s,m≥r coming form homological degree

n while the other coming from homological degree n− 1. Hence

|In,s| = |In,s,∞|+ |In,s,m≥r|+ |In−1,s−m,m≥r| = νn,s,∞ +
∑
m≥r

(νn,s,m + νn−1,s−m,m).

Now we prove Theorem 3.1.8.

Proof of Theorem 3.1.8. The first part of the theorem follows from Proposition 3.4.2.

If {E(r)} is the spectral sequence of the persistent chain complex (PC, dx) satisfying

conditions in Theorem 3.1.4, it suffices to show that
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• νn,s,∞ = dimF E
(∞)
n,s and

• νn,s,m = dimF E
(m)
n,s − dimFE

(m+1)
n,s − νn−1,s−m,m.

From Corollary 3.3.4, {E(r)} collapses locally to E(∞). Thus E
(∞)
n,s exists for every

n, s ∈ Z and is also finite F-dimensional. It consists of the free part of the homology

group with homogeneous grading. Suppose E
(r)
n,s collapses at the M -th page, which

means E
(r)
n,s

∼= E
(r+1)
n,s

∼= E
(∞)
n,s for all r ≥ M but E

(M−1)
n,s ̸∼= E

(M)
n,s . Consider dimF E

(r)
n,s =

νn,s,∞ +
∑

m≥r(νn,s,m + νn−1,s−m,m) from Proposition 3.4.2. For all r ≥ M , by E
(r)
n,s

∼=

E
(r+1)
n,s we have

νn,s,r + νn−1,s−m,r = dimFE
(r)
n,s − dimFE

(r+1)
n,s = 0.

Thus
∑

m≥M(νn,s,m + νn−1,s−m,m) = 0 and dimFE
(∞)
n,s = dimFE

(M)
n,s = νn,s,∞. Hence

νn,s,∞ is determined by the infinite page E
(∞)
n,s .

For general νn,s,m, consider Proposition 3.4.2 again. We have

dimFE
(m)
n,s − dimFE

(m+1)
n,s = νn,s,m + νn−1,s−m,m.

Thus νn,s,m = dimFE
(m)
n,s − dimFE

(m+1)
n,s − νn−1,s−m,m.

If the filtration of (C, d,F) is bounded below uniformly, the F[x]-grading of (PC, dx)

is therefore bounded below uniformly. Then there exists S ∈ Z, such that νn,s,m = 0

for all n ∈ Z, m ∈ Z+,∞ and s < S. Thus all νn,S,m = dimFE
(m)
n,S − dimFE

(m+1)
n,S are in

terms of dimensions of spectral sequence. Finally, each nonzero νn,s,m is determined

recursively by terms from only the spectral sequence.
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