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Abstract of Dissertation

Diagnostic Accuracy of Biomarkers with a Continuous Gold
Standard

The receiver operating characteristic (ROC) curve is a very useful tool for describ-

ing and comparing the diagnostic accuracy of biomarkers when the binary-scale gold

standard is available.There are, however, many examples of diagnostic tests whose

gold standards are continuous. Hence, several extensions are proposed to evaluate the

diagnostic potential of biomarkers when the gold standard is continuous-scale, such

as the modified area under ROC curve (AUC)-type measure defined by Obuchowski.

Also, diagnostic accuracy can be improved by effectively combining biomarkers. Some

methods of maximizing diagnostic accuracy via linear combination of biomarkers are

proposed. But there is no explicit form of the ROC-type measure and the best lin-

ear combination. In practice, the performances of biomarkers are affected by various

factors beyond the disease status, for example, the characteristics of patients or test

settings. In our research, we focused on the situations where the gold standard is

continuous. For multiple biomarkers’ test, an explicit form of ROC-type measure

of diagnostic accuracy is derived under the elliptical distributions, a more general

distribution than normal distribution, and so is the best linear combination. We

also propose a linear combination by fitting regression of the gold standard on the

biomarkers. It is the estimate of the best linear combination and much easier to com-

pute. For the single biomarker’s test, we proposed regression methods for adjusting

the ROC-type measure with covariate effect. We discussed the regression modeling

framework for categorical covariates and continuous covariates.
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Chapter 1

Introduction

Medical test is a familiar part of daily life. Accurate diagnosis is the first step to con-

trol a disease. Creating an effective treatment always depends on the true medical

conditions. In the past decades, a grown number of methodological topics are devel-

oped pertaining to diagnostic tests. There has been much more attention paid to the

accuracy of discriminant analysis of biomarkers and the identification and correction

of biases.

The accuracy of a diagnostic test can be defined on various scenarios and method-

ologies of estimating the accuracy can vary on scales of diagnostic tests and gold

standards, perhaps absent or partially missing, and the underlying distributions. The

gold standard indicates patients’ true disease status and sometimes does not simply

subdivide them into diseased and non-diseased.

In this research, we concentrate on the accuracy of biomarkers with a continuous gold

standard. The accuracy of biomarkers are defined on the continuous gold standard

and the methodology of combining multiple biomarkers to increase the test accuracy

are proposed. In addition, we account for covariate effects which include but not

limited to patients’ characteristics, expertise of the test operators, test procedures or

aspects of specimen handling. An easy and feasible regression modeling framework

for the accuracy of biomarkers is provided in our research. It allows us to estimate

and compare the accuracies for different covariate levels and also provides a standard

to choose the best biomarker under certain conditions. To our best knowledge, such

regression analyses have not been addressed in the literature for biomarkers with a
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continuous gold standard.

1.1 Motivation of Diagnostic Accuracy of Biomark-

ers with a Contiuous Gold Standard

In practice, the gold standard may be not obtained easily due to practical or ethi-

cal concerns. Some biomakers of subjects can have strong association with the gold

standard. We usually use biomarkers with good discriminating ability to detect phys-

iologic abnormalities instead of a gold standard in medical application. Evaluating

the diagnostic accuaracy of a biomarker is vital in medical research.

When a diagnostic test and its gold standard are both binary, we define two important

probabilities or fractions to assess the accuracy of the test: sensitivity and specificity.

Sensitivity is also known as the true-positive rate(TPR) and is the probability that

positives are correctly identified. Specificity is also known as the true negative rate

(1 minus the false-positive rates(FPR)) and is the probability that negatives are cor-

rectly identified. They are the most widely used measures of accuracy for vast of

diagnostic studies [5].

However, most medical tests have quantitative values. Biomarkers for cancer, such as

PSA and CA-125, are measured as serum concentrations. Other standard biochemi-

cal measures, such as bilirubin for liver disease and creatinine for kidney malfunction,

are also measured as concentrations in serum. Antibody levels, serum glucose, tem-

perature and blood pressure are all commonly used for diagnostic purposes. Among

numerous statistical methodologies related to the diagnostic studies, the receiver op-

erating characteristic (ROC) curve is the most useful and widely used in analyzing

and comparing the accuracy of biomarkers when the medical tests are continuous-

scaled [38]. The ROC curve present a graphic relationship between FPR and TPR

2



for different thresholds dichotomizing the test result. Corresponding summary indices

derived from ROC curve are also applied to different diagnostic problems. The area

under the ROC curve (AUC) is the most common measure. Classic ROC analysis

relys on the binary gold standard to identify the presence or absence of disease. We

investigate the association between the diagnostic test results and the binary gold

standard to estimate accuracy at various cutpoints of the diagnostic test results.

Traditional ROC techniques may not be applicable when the binary gold standard

does not exist. Although statisticians can dichotomize the continuous gold standard

so that the traditional ROC methods can be used, this approach is always affected

by the way of dichotomization and can lead to biased estimates of accuracy. Simply

shifting a single cutpoint can alter the area under the ROC curve significantly, par-

ticularly when the accuracy is low. A two-cutpoint approach causes bias of estimate

of accuracy, especially when more observations in the middle are discarded[32]. A

consistent estimate of the accuracy of biomarkers is needed when the gold standard

outcome is continuous and can not be dichotomized definitely.

1.1.1 Motivation of Combining Multiple Biomarkers to Max-

imize the Accuracy of Biomarkers with a Continuous

Gold Standard

Several useful disease markers may be available for the same individual in medical

study. In cancer screening, there may not exist a single marker used for classication

with satisfactory levels of sensitivity and specicity. We expect that combining those

biomarkers on the basis of ROC curve-based indexes can achieve adequately accurate

classification. More generally, it could be extended to any diagnostic problem that

need a composite diagnostic test from combining multiple diagnostic tests to detect

the presence of abnormality more accurately. Many effective methods of combining
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biomarkers that maximize the accuracy indexes have been proposed, including linear

and nonlinear combination methods. However, most literature is for the situation

where the gold standard is binary-scale. Researchers pays less attention to the case

where the gold standard is continuous. Due to the complexity of diagnostic accu-

racy directly connecting to the continuous gold standard and the form of nonlinear

combinations, there are only discussions in the literature about finding optimal linear

combination of biomarkers to increase the classification accuracy [48, 7].

1.1.2 Motivation of Adjusting Covariate Effect in Diagnos-

tic Accuracy of Biomarkers with a Continuous Gold

Standard

In evaluating these biomarkers, it is often necessary to consider the covariates associ-

ated with biomarkers of interest as the discrimination performance of biomarkers may

be better in certain settings than in others. FEV1, a measure of lung function for

predicting acute pulmonary exacerbations in children with cystic fibrosis, discrimi-

nates better in patients who are less healthy[44]. To account for the covariate’s effect,

ROC analysis using regression models is advocated. Parametric, semi-parametric or

non-parametric regression framework are proposed to model ROC curve or ROC-

type summary measures directly or indirectly with covariate adjustment when the

gold standard is binary. Adjusting for covariate effect when the gold standard is con-

tinuous is more challenging since it involves the joint distribution of the biomarkers

and the gold standard, instead of two different distributions of test results for dis-

eased and non-diseased population. We are tackling more difficulties when allowing

covariates to be included.
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1.2 Review of Analysis of Diagnostic Accuracy of

Biomarkers

A vast literature on the diagnostic accuracy of biomarker exists for the situations

where the gold standard is binary. Methodologies of comparing and evaluating the

diagnostic accuracy are well developed in the past decades [13, 14, 23]. Using the area

under the ROC curve (AUC) to evaluate and compare the accuracy of a diagnostic test

is recommended as this accuracy index summarizes the ROC curve as a whole [45, 46].

It can have an explicit form if the distributions of diagnostic tests in the normal

and the abnormal populations are assumed [45] or be calculated by nonparamatric

method if the distributions are unknown [8]. Moreover, we focus on a specified region

of interest and then the partial AUC would be more helpful [46, 24]. Although we

often have definitive disease status in ROC analysis, methodologies of estimating ROC

curve are also available when the gold standard is impossible or unethical to obtain

in practice [2, 51]. Other indices, such as Youden index and placement values, may

not be widely known but gives researchers a new perspective to accuracy problems

[12, 44].

As a standard tool to evaluate the accuracy the application of ROC curve has been

expanded to the case where the gold standard is not binary. Xiong and Belle [49]

used ROC surface to measure the diagnostic accuracy when there are three ordinal

diagnostic groups . When the gold standard is ordinal, nominal or continuous scale it

is less useful to apply the traditional ROC curve to this situation directly. Summary

indices derived from ROC becomes a more feasible method to evaluate and compare

the accuracy of biomarkers, such as the area under the ROC curve. Obuchowski

[31, 32] constructed an accuracy measure that is analogous to AUC but does not rely

on the dichotomization of gold standard. She gave a nonparametric estimate and

a confidence interval for the diagnostic accuracy and implement a normal test for
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comparing accuracies. She also pointed out that this ROC-type measure is a linear

of Kendall’s τ . The main disadvantage of this nonparametric estimate is intensive

computation and difficult to find optimal combinations of multiple biomarkers. Wang

and Chang [48] extended the AUC index and developed a new measure which does

not depend on the choice of cutting point for the continuous gold standard by an

integral. Procedures to find an optimal linear combination to maximize their accuracy

was applicable even if the number of biomarkers is huge.

1.2.1 Combining Multiple Biomarkers

When the gold standard is binary, there is a vast literature about combining multiple

biomarkers to increase their discrimination ability. Su and Liu [43] used a linear com-

bination of biomarkers as a new diagnostic marker to gain a higher ROC curve. They

noted that Fisher’s best linear discriminant could maximize the ROC curve globally

when the distributions of diseased and non-diseased population are assumed normal

with proportional covariance matrices. They also proved that there did not exist a

dominating ROC curve that would produce highest sensitivities over the entire range

of specificity using any linear combination without the assumption of proportional

covariance matrices and gave an alternative optimal linear combination to maximize

AUC. Jin ang Lu [16] generalized it using the generalized linear models to relax the

normal distribution assumption. Another approach to combining multiple biomark-

ers is using logistic regression. It yielded a predicted probability of diseased given

multiple diagnostic tests, which was used as a score to discriminate diseased from non-

diseased subjects [41]. More properties of logistic-type discriminant functions were

discussed by Eguchi and Copas [9]. By Neyman-Pearson Lemma [27], the likelihood

ratio combination of biomarkers was proved to be an optimal solution to maximize

the sensitivities at every value of specificity [25]. McIntosh and Pepe[25] showed
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that the risk score (i.e. the probability of disease given data on multiple markers)

would have equivalent rules as the likelihood ratio and approximated it with bino-

mial regression. However, this method was sensitive to distributions and would have

poor performance if model assumptions were violated. Motivated by cancer study,

a small region of ROC curve was likely to be our interest. Instead of maximizing

the entire ROC curve, Baker [4], Pepe [40, 39], and Liu [19] proposed to maximize

partial areas under ROC curves or sensitivities for a specified range of specificity.

Baker [4]proposed a nonparametric method by dividing biomarkers into n quantiles

and maximizing TPR for fixed FPR in positivity regions. He described algorithms for

biomarkers with order or not. His method became cumbersome when n or the number

of biomarkers was large. Pepe, in her former paper [40], proposed a nonparametric

approach for maximizing AUC that could expand to partial AUC and incorporate

covariate effect but gave the solution for only two biomarkers involved. In her lat-

ter paper [39], she completed her ideas for two or more biomarkers and discussed

the choice of objective function to be optimized. AUC is preferred especially when

distribution assumptions were not valid. Liu [19] constructed a linear combination

favoring a high (or low) specificity that had a better performance than Su and Liu’s

[43] for certain distributions.To tackle the computation difficulties of nonparametric

approaches, Ma and Huang [22] used sigmoid AUC estimator as objective function

and Liu et. al [20] proposed a min-max combination of biomarkers that only had one

coefficient to estimate.

When the gold standard is continuous, only linear combinations of biomarkers are

proposed due to lack of explicit form of accuracy and computational issue arising

from nonparamatric estimate of accuracy. Wang and Chang [48] proposed an exten-

sion of the AUC-type measure as the objective function, which was an integral of the

empirical AUC for each possible threshold of gold standard. Their AUC-type measure

could accommodate many reasonable choices of distribution of gold standard and was
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free of threshold, as Obuchowski’s estimator [32]. However, the complex form of their

accuracy brought difficulties of deriving variance and it was lacking of a meaning-

ful interpretation. Under joint multivariate normality,they showed that the optimal

combination coefficient depends only on the covariance matrix of biomarkers and the

covariance between biomarkers and the gold standard. If normality assumption was

not fully verified, they derived a smooth estimate of their accuracy index and pro-

posed the threshold gradient descent method to find the optimal linear combination

of biomarkers. Similarly to his former work, Chang [7] maximized the accuracy index

from Obuchowski [32]. To overcome the computationally inefficiency of this nonpara-

metric estimate, he made a smooth approximation of it and proposed a threshold

gradient descent regularization-based algorithm to find the optimal linear combina-

tion that maximized it. He proved the uniqueness of the optimal linear combination

but failed to derived an explicit form of the diagnostic accuracy under normal distri-

bution.

1.2.2 Adjusting Covariate Effect

When the gold standard is binary, the accuracy indices or ROC curve with covariate

adjustments are widely used to access the covariate effect. There are two general

approaches, indirect and direct, to account for covariate effect.

The first approach is building a regression model between biomarkers and covariates

first and then deriving the diagnostic accuracy, like ROC Curves, AUC, sensitivity

and specificity, following the model built above. Let us denote by Y the binary gold

standard,X the value of biomarker, Z the covariates and θ the diagnostic accuracy,

where Z can be a 1 × p vector of covariates. Based on the binary gold standard,

we rewrite X and Z by (XD, XC)′ and (ZD, ZC)′,where XD and ZD are biomarker

and covariates for diseased population (i.e. Y = 1 ), and XC and ZC (it is a 0
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vectors in setting, which means no covariate effect for non-diseased) are biomarker

and covariates for non-diseased population (i.e. Y = 0 ). We express this approach

by the following equations.

XC = g(αC), (1.1)

XD = g(αD + ZDβD), (1.2)

θ = h(Z), (1.3)

Equations 1.1 and 1.2 shows the relationship between biomarkers and covariates,

where link function g() can be any reasonable one according to different scenarios

and Equation 1.3 means the diagnostic accuracy is a function of covariates. Tosteson

[47] modeled categorical rating test results by a generalized ordinal regression, which

permitted location and scale parameters for covariate adjustment. Based on the two

regression equations for test results in diseased and non-diseased group, they derived

the corresponding ROC curve. One important contribution of their paper was that

they interpreted how the parameters influenced the test results and furthermore how

the shape of ROC indicated covariate effects. Faraggi [12] presented a regression based

procedure for a continuous biomarker or a suitable transformation of this biomarker

that was assumed normally distributed. He estimated the regression parameters with

computational efficiency and examined the covariate effect on ROC curve, AUC, and

Youden Index(YI).However, the deviation of variances of summary indices would be

quite complex. To utilize prior knowledge about the regression parameters, O’Malley

et al. [34] proposed a Baysian regression model for ROC curve with covariates in-

volved. They also investigated the effect of different prior distributions.

The other approach is directly modeling ROC curve or summary measures of accuracy

(such as AUC). We express the approach in the following equations.

ROCZ(t) = g1(η(t), Zβ), (1.4)
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AUC = g2(Zβ), (1.5)

where t ∈ T and T is the set of possible FPRs for various cutpoints c. The model

in the form of Equation 1.4 arises naturally when the test result X has the same

distribution but different location-scale parameters in the diseased and non-diseased

groups. Pepe [35] formulated this general regression model of ROC curve and pro-

posed an estimating equation approach. She accomplished her regression analysis of

ROC by introducing Generalized Linear Model(GLM) in 2000 [37]. She estimated

ROC curve parametrically based on pairs of diseased and non-diseased observations.

Using GLM procedure, the regression parameters were easily estimated and their

asymptotic distribution was discussed. Compared with Pepe’s model [37], Alonzo

and Pepe [1] proposed a more conceptually and computationally simplified procedure

by restricting a range of FPRs for binary indicators in GLM. The choice of FPRs set,

T , would be the key to gain statistical efficiency. More semiparametric ROC analyses

were proposed to avoid the inefficiency from parametric method and cumber from

nonparametric method [50, 17, 18]. Interestingly, Lin, Zhou and Li [18] proposed a

more robust model with a nonparametric estimation on unknown link and baseline

function(i.e. g() and η()). The model in the form of Equation 1.5 is more restricted

to discrete covariate [29, 46]. The summary index was calculated for each data sub-

group that had same covariate level and corresponding inference on covariate effect

was made. This model could be meaningless for continuous covariates or missing in-

formation but easily to implement and interpret. Pepe [36] compared and evaluated

both models and left remarks about choice of regression analysis of ROC.

Moreover, other statistical techniques, such as survival analysis [15, 17] and place-

ment values [6], were also applied to ROC regression analysis. Even when the gold

standard was missing or partially missing the methodologies of estimating ROC curve

with covariate adjustment were developed [42, 21].

When the gold standard is not binary, applying the covariates adjustment to the ac-
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curacy is challenging and has not been addressed in the literature, which is our main

focus in the dissertation.

1.3 A Road Map of the Dissertation

Chapter 2 derives an explicit form of the accuracy of an biomarker with a continuous

gold standard when the joint distribution of the biomarker and the gold standard

is from elliptical family and gives approaches to the optimal linear combination of

multiple biomarkers to maximize the accuracy. Chapter 3 proposes an regression

modeling framework of the accuracy of biomarkers and a hotelling T 2 test about

covariate effects. The methodology in Chapter 3 is limited to the situations where

the covariate is discrete and Chapter 4 expands the method to an continuous covariate.

Chapter 5 is an discussion of future research on diagnostic accuracy of biomarkers

and limitations of our research.
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Chapter 2

Maximizing an ROC-type Measure

via Linear Combinations of

Biomarkers

2.1 Introduction

The Receiver operating characteristic (ROC) curve is one of the most important

tools for characterizing a diagnostic test’s accuracy and for comparing accuracies of

competing diagnostic tests.The traditional ROC analysis, based on a binary gold

standard, can easily be found in the literature and textbooks[38]. However, such a

gold standard of a disease might be continuous. The application of ROC curves can

be expanded to the case where the gold standard is not binary through dichotomiz-

ing the nominal-,ordinal- or continuous-scale gold standard. However, this approach

often dilutes the measure of accuracy and can mislead the true relationship between

the gold standard and diagnostic test and produce a biased estimate as there still is

no confirmative threshold to be used to dichotomize such gold standard [31].

In practice, there may exist more than one diagnostic tests or biomarkers that could

be considered to substitute the gold standard. Diagnostic accuracy can be improved
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by combining multiple biomarkers to better approximate the gold standard. Hence,

the methodologies of combining potential biomarkers effectively are desired. Although

the likelihood ratio provides the globally optimal combination when the gold stan-

dard is binary, it is not applicable to a continuous gold standard. Among various

combinations, linear combination is the easiest to conduct and interpret. Researchers

proposed and developed the methods of finding optimal linear combinations that max-

imized AUC or partial AUC when the gold standard is binary [43, 40, 39, 19]. When

the gold standard is continuous, the AUC-type measure proposed by Obuchowski [32]

can be easily computed. It is challenging, however, to find the optimal linear com-

bination of biomarkers with respect to this index. Chang [7] proposed a smoothed

approximation of this index and the algorithm based on this modified index to find

the optimal linear combination of biomarkers.

In this Chapter, we derived the exact form of the index and the optimal combination

vector under elliptical distributions assumption in section 2. The simulation studies

are conducted in section 3 to evaluate and compare the performance of the optimal

linear combination under different underlying distributions assumptions. A example

from a behavioral intervention study for families of youth with type 1 diabetes to

improve glycemic control is also given to illustrate our methods.

2.2 Methodology

2.2.1 Modified Area under Curve-type Measure with a Con-

tinuous Gold Standard

For clarity and convenience, we start with one diagnostic measurement, since the

linear combination of measurements, for a given vector of coefficients, can be treated

as a single measurement.
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Let Y be the score of the continuous gold standard and W the score of a continuous

diagnostic test, respectively. If we have p biomarkers, i.e. X = (X1, X2, ..., Xp)
T , then

W will be a linear combination of X, i.e. W = l′X, where l is a p× 1 real vector.

We use a probability to measure the accuracy of the diagnostic test W :

θ = P ((W − W̃ )(Y − Ỹ ) > 0), (2.1)

where (W̃ ,Ỹ ) is an independent copy of (W ,Y ).

The interpretation of the probability is similar to the traditional (i.e. binary-scale

gold standard) ROC area: it is the probability that a randomly chosen patient with

a higher gold standard outcome has a higher diagnostic test result than a randomly

chosen patient with a lower gold standard outcome. If the distribution of a diagnostic

test value satisfies that P ((W − W̃ )(Y − Ỹ ) > 0) is large (say, larger than 0.5), then

it simply means that the biomarker is positively associated with the gold standard,

which means that the biomarker’s test result will more likely decrease/increase when

the value of the gold standard decrease/increase.

We consider two estimates of θ, differing only by the way tied observations are dealt

with, based on a sample of size n. Suppose that there are m = n(n − 1) pairs of

observations, (Wi,Yi) and (W̃i,Ỹi), i = 1, 2, ...,m. Then an estimate θ1 of θ can be

given by

θ1 =
1

m

m∑
i=1

I(Wi, Yi, W̃i, Ỹi) (2.2)

and its variance is

V ar(θ1) =
1

m
V ar(I(Wi, Yi, W̃i, Ỹi)) =

1

m
(θ1 − θ21), (2.3)
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where I = 1 if Wi > W̃i and Yi > Ỹi, or Wi < W̃i and Yi < Ỹi, otherwise I = 0. The

second estimate is proposed by Obuchowski [32] as follows:

θ2 =
1

n(n− 1)

n∑
i=1

n∑
j=1

ψ(Wi, Yi,Wj, Yj) (2.4)

V ar(θ2) =
1

(n/2)(n/2− 1)

n∑
i=1

(
1

n− 1

n∑
j=1

ψ(Wi, Yi,Wj, Yj)− θ2)2 (2.5)

where i 6= j, n is the total number of subjects in the study sample, and

ψ =


1 if Wi > Wjand Yi > Yj, or Wi < WjandYi < Yj,

0.5 if Wi = Wjor Yi = Yj,

0 otherwise.

(2.6)

These two estimates can be shown to converge to θ with probability 1 as the sample

size n goes to infinity, following the properties of U-statistics and the law of large

numbers, so θ1 and θ2 become close when n is large.

2.2.2 Optimal Linear Combination

Consider that there are p different diagnostic measurements (or biomarkers) available

from each subject, along with the gold standard. Let X = (X1, X2, ..., Xp)
T ∈ Rp

be a p-dimensional random vector of these diagnostic measurements and X̃ be an

independent copy of X. Let l ∈ Rp be a real-valued vector and W ≡ l′X, W̃ ≡ l′X̃,

be the linear combination of the p measurements, respectively. The value of W is

usually referred to as the (linear) risk score. Given the measurements X and l ∈ Rp,

the corresponding θ, using formula 2.1, is a function of l:

θ(l) = P ((W − W̃ )(Y − Ỹ ) > 0) = P ((l′X − l′X̃)(Y − Ỹ ) > 0) (2.7)
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Moreover, similar to that in the conventional AUC with a binary gold standard, the

probability θ here is also scale invariant; that is, for any a > 0, both diagnostic

tests with values X and aX have the same probability θ. Therefore, without loss of

generality, we will always keep the first coefficient of X equal to 1. Throughout we

write θ∗ = max
l
θ(l) and call it the diagnostic accuracy of the p biomarkers. Recall

the two estimators θ1 and θ2, we can immediately obtain tow estimates of θ∗:

θ∗1 = max
l
θ1(l), (2.8)

θ∗2 = max
l
θ2(l), (2.9)

where θ1(l) and θ2(l) are the corresponding forms of θ1 and θ2 with W = l′X.

These two estimates of θ∗ are nonparametric, free of any distribution assumptions.

Parametric estimate of θ∗ can be derived for certain distributions. We first present

an explicit form of the accuracy index θ under the assumption that the biomarkers

and the continuous gold standard jointly follow the elliptical distribution.

Definition 2.1 (Elliptical Distribution) The random vector X = (X1, X2, ..., Xp)
T

is said to have an elliptical distribution with parameters vector µ (p × 1) and the

positive-definite matrix Σ (p× p) if its characteristic function can be expressed as

E[exp(itTX)] = exp(itTµ) ·Ψ(tTΣt). (2.10)

It follows from the properties of elliptical distribution that a linear combination of

variables with elliptical distribution also has an elliptical distribution; that is, the

distribution of l′X or W is also elliptical. It was shown by Fang et al. [11] that the

Kendall’s τ of W and Y is given by

τ =
2

π
arcsin(ρ), (2.11)
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where ρ is the Pearson Correlation Coefficient between W and Y . The Kendall’s τ is

defined as below [10]:

Definition 2.2 (Kendall’s τ) Kendall’s τ for the random variables W and Y is

defined as

τ , P ((W − W̃ )(Y − Ỹ ) > 0)− P ((W − W̃ )(Y − Ỹ ) < 0), (2.12)

where (W̃ ,Ỹ ) is an independent copy of (W ,Y ).

Note that

θ = P ((W − W̃ )(Y − Ỹ ) > 0)

= τ + P ((W − W̃ )(Y − Ỹ ) < 0)

= τ + 1− P ((W − W̃ )(Y − Ỹ ) > 0)

= τ + 1− θ,

θ can be expressed as

θ =
1

2
τ +

1

2
(2.13)

=
1

π
arcsin(ρ) +

1

2
. (2.14)

Thus the linear combination l that maximizes the Pearson correlation coefficient also

maximizes the accuracy θ. We denote such a combination by lmax.

To find lmax, we first introduce the following definition in Anderson’s book [3].

Definition 2.3 (The Multiple Correlation Coefficient) The maximum correla-

tion between Y and the linear combination α′X is called the multiple correlation co-

efficient between Y and X. It is equal to Corr(Y, β′X), where β = Σ−1xxΣxy and

Σxy = Cov(X, Y ),Σxx = V ar(X).
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β′X has the maximum correlation with Y and the correlation depends only on the

covariance structure, regardless of distribution. The multiple correlation coefficient

is given by

ρ =

√
β′Σxxβ

Σyy

=

√
Σ′xyΣ

−1
xxΣxy

Σyy

. (2.15)

Write yi as the measurements of the continuous golden standard and xi = (xi1, xi2, ..., xip)

as the p measurements of the biomarkers for subject i = 1, ..., n. Then we can estimate

the vector lmax by:

l̂ = Σ̂−1xx Σ̂xy = (X ′PX)−1(X ′PY ), (2.16)

where Σ̂xx and Σ̂xy are sample variance-covariance matrices, X = (x1, x2, ...xn)′ is an

n × p matrix, Y = (y1, y2, ..., yn)′ is an n × 1 vector, P = In − 1
n
JnJ

′
n and Jn is an

n× 1 vector with all elements 1.

Let us consider a linear regression of Y on X.

E [Y ] = Jnα +Xβ =

(
Jn X

)α
β

 (2.17)

It is not hard to derive the estimate of β,

β̂ = (X ′PX)−1(X ′PY ). (2.18)

Thus, the regression coefficient β̂ is also an estimate of the vector lmax.

In addition, we can also use the sample multiple correlation coefficient in Anderson’s

book [3] to estimate the ρ corresponding to the vector lmax. Here

ρ̂ =

√
l̂′Σ̂xxl̂

Σ̂yy

=

√√√√Σ̂′xyΣ̂
−1
xx Σ̂xy

Σ̂yy

(2.19)

We thus have the third estimate θ∗3 of the accuracy θ∗ under the elliptical distribution.
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It is given by

θ∗3 =
1

π
arcsin(ρ̂) +

1

2
. (2.20)

The estimate of the variance of θ∗3 can be obtained by bootstrap method.

2.3 Simulation

We conduct simulation studies by using synthesized data sets. The use of the syn-

thesized data is to confirm the consistency between the two nonparametric index, θ∗1

and θ∗2, and the estimate, θ∗3, resulting from the elliptical distribution. In addition,

we also evaluate the performance of θ∗3 when the data is not generated by elliptical

distribution.

2.3.1 Multivariate Normal Distribution

Under normality assumption, we can generate data (X, Y ) ∼ N(0,Σ), where

Σ =

 Σxx Σxy

Σyx Σyy


The true maximizer is

lmax = Σ−1xxΣxy (2.21)

and the true diagnostic accuracy is

θ∗ =
1

2
+
arcsin(ρ)

π
, (2.22)

where

ρ =

√
Σ′xyΣ

−1
xxΣxy

Σyy

. (2.23)
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We generate observations of size 30, 60, 100, 150 or 200 and repeat 500 times when we

have 2, 3 or 4 biomarkers. By formula 2.2 and 2.4, we can calculate θ1(l) and θ2(l) for

each data set when l is given. We then use the built-in R function optim() to search

for the maximizer and obtain the estimates of diagnostic accuracy, θ∗1 and θ∗2. We

also denote the maximizers as l∗1 and l∗2. By formula 2.16, 2.21 and 2.22, we calculate

the maximizer l∗3 and the estimate of diagnostic accuracy, θ∗3, assuming that the data

is from elliptical distribution. Their standard errors are also given in the simulation.

The simulation results are shown in Table 2.1.

From Table 2.1, we can see that these three estimates of diagnostic accuracy all per-

form well and their confidence intervals include the true value of diagnostic accuracy.

θ∗1 has the largest standard error which is not surprising since it does not make full

use of data as seen in formula 2.2. For θ∗2, we need more time to search for the

maximizer. The parametric estimator θ∗3 has the smallest standard error and the

corresponding maximizer l∗3 is easiest to calculate by formula. As the sample size

increases, these three estimates become more accurate, but they do not change much

when the numbers of biomarkers change. Among these estimates, θ∗3 is the most

accurate and computationally effective. We recommend use of l∗3 and θ∗3 to estimate

the optimal linear combination and the accuracy of diagnostic tests when the data

follows an elliptical distribution.

2.3.2 Multivariate Lognormal Distribution and Multivariate

Gamma Distribution

In this section, we investigate the performance of l∗3 and θ∗3 when the elliptical dis-

tribution assumption is not valid. We generate (X, Y ) from multivariate lognormal

distribution and multivariate gamma distribution, respectively, with similar setting

to that in the previous section. The algorithm of generating random variables from
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Table 2.1: Multivariate Normal Distribution

pa nb θ∗c θ∗1 θ∗2 θ∗3

2

30

0.808

0.822(0.097)d 0.816(0.038) 0.814(0.033)
60 0.816(0.072) 0.813(0.026) 0.810(0.023)
100 0.815(0.055) 0.812(0.020) 0.810(0.019)
150 0.816(0.045) 0.810(0.017) 0.809(0.015)
200 0.817(0.038) 0.810(0.013) 0.809(0.012)

3

30

0.852

0.853(0.092) 0.860(0.033) 0.860(0.027)
60 0.860(0.064) 0.856(0.021) 0.854(0.018
100 0.856(0.052) 0.854(0.017) 0.853(0.016)
150 0.859(0.039) 0.855(0.012) 0.854(0.011)
200 0.861(0.035) 0.854(0.011) 0.853(0.010)

4

30

0.863

0.869(0.090) 0.872(0.030) 0.873(0.024)
60 0.873(0.061) 0.870(0.020) 0.868(0.017)
100 0.870(0.047) 0.867(0.015) 0.866(0.013)
150 0.868(0.038) 0.865(0.012) 0.864(0.011)
200 0.871(0.034) 0.865(0.010) 0.864(0.009)

a The number of biomarkers.
b The sample size of observations.
c The true value of diagnostic accuracy.
d The estimate of diagnostic accuracy and its standard er-

ror.
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multivariate gamma distribution is given in Appendix A. As there is no specific form

of lmax and θ∗ for both distributions, we can not calculate the true value. However,

the nonparamatric estimate θ∗2 is distribution free and can be treated as the true value

if a large number of observations are generated. We compare the performance of θ∗3

with θ∗2. The reason that we choose θ∗2 but not θ∗1 is that θ∗1 has larger standard error.

Table 2.2 summarizes the results for data from multivariate lognormal distribution.

Table 2.3 summarizes the results for data from multivariate gamma distribution.

When the data are generated from multivariate lognormal distribution, it can be seen

from Table 2.2 that θ∗3 is very close to θ∗2 but has a slightly larger standard error

although the sample size of observations is small. When the data are generated from

multivariate gamma distribution, θ∗3 performs as good as the nonparametric estimate,

θ∗2, even for the standard errors; the differences between them are much smaller than

that from multivariate lognormal distribution. We suspect that θ∗3 gives an accurate

and robust estimate of diagnostic accuracy even if the distribution is not from ellipti-

cal family. Moreover, using l∗3 and θ∗3 in a diagnostic accuracy problem is much more

computationally efficient than a nonparametric method.

2.3.3 A Real Example

It is critical to integrate medical and behavioral sciences to assist patients in achieving

optimal chronic disease self-management. In the study conducted by Nansel, Lannotti

and Liu (2012), the effect on the diabetes management outcomes of a low-intensity,

clinic-integrated behavioral intervention for families of youth with type 1 Diabetes

was tested. In this study, patients were recruited by research staff during routine clinic

visits. Blood sample were obtained at each visit and shipped to a central laboratory

for A1c assay. Simultaneous sample were processed with the DCA-2000 on site. At

each quarterly clinic visit, data from home blood glucose tests since previous visit
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Table 2.2: Multivariate Lognormal Distribution

p n θ∗ θ∗2 θ∗3 |θ∗2-θ∗3|

2

30

0.814

0.809(0.041) 0.798(0.065) 0.011
60 0.810(0.027) 0.794(0.049) 0.016
100 0.809(0.021) 0.784(0.043) 0.025
150 0.810(0.017) 0.778(0.040) 0.032
200 0.808(0.013) 0.778(0.034) 0.03

3

30

0.853

0.857(0.033) 0.854(0.051) 0.003
60 0.853(0.023) 0.840(0.043) 0.013
100 0.852(0.016) 0.833(0.036) 0.019
150 0.852(0.013) 0.833(0.029) 0.019
200 0.851(0.011) 0.829(0.029) 0.022

4

30

0.864

0.866(0.031) 0.871(0.043) 0.005
60 0.865(0.021) 0.858(0.039) 0.003
100 0.864(0.015) 0.852(0.032) 0.012
150 0.862(0.011) 0.844(0.028) 0.018
200 0.862(0.010) 0.843(0.027) 0.019

Table 2.3: Multivariate Gamma Distribution

p n θ∗ θ∗2 θ∗3 |θ∗2-θ∗3|

2

30

0.661

0.688(0.058) 0.688(0.058) 0
60 0.681(0.039) 0.680(0.038) 0.001
100 0.674(0.030) 0.673(0.030) 0.001
150 0.672(0.024) 0.671(0.025) 0.001
200 0.672(0.020) 0.672(0.022) 0

3

30

0.707

0.730(0.050) 0.727(0.046) 0.003
60 0.720(0.034) 0.716(0.034) 0.004
100 0.715(0.028) 0.713(0.028) 0.002
150 0.714(0.023) 0.712(0.023) 0.002
200 0.715(0.020) 0.712(0.021) 0.003

4

30

0.735

0.755(0.046) 0.759(0.043) 0.004
60 0.747(0.034) 0.744(0.032) 0.003
100 0.743(0.027) 0.741(0.026) 0.002
150 0.743(0.020) 0.741(0.019) 0.002
200 0.739(0.019) 0.737(0.018) 0.002
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Table 2.4: The diagnostic accuracy of each individual biomarker and the optimal
linear combination

Linear Combinationa BxHbA1C BxDOF
θ∗2 0.888(0.010)b 0.888(0.010) 0.731(0.018)
θ∗3 0.873(0.015) 0.873(0.015) 0.724(0.016)
a The linear combination of BxHbA1C and BxDOF.
b The estimate of diagnostic accuracy and its standard

error.

was also collected from most patients. We treat the HbA1c level measured in central

laboratory as the gold standard and the HbA1c from on-site facilities(BxHbA1c) and

the mean of data obtained from the metered blood glucose monitoring (BxDOF) as

our biomarkers. Our interest is the diagnostic accuracy of the two biomarkers and the

linear combination of them. For simplicity, we confined our study at the first visit. In

table 2.4, the diagnostic accuracy index θ∗2 and θ∗3 are calculated for each individual

biomarker and the optimal linear combination of them. As shown in the table 2.4,

the linear combination of two biomarkers achieves the higher diagnostic accuracy and

BxHbA1c is a much better biomarker than BxDOF. The performance of θ∗3 is as good

as the nonparametric diagnostic accuracy index θ∗2 in the example. The coefficients of

optimal linear combination of BxHbA1C and BxDOF are (1, 0.0015) and (1, 0.0013)

corresponding to θ∗2 and θ∗3 separately, which also concludes θ∗3’s good performance

and the biomarker BxDOF’s nonsignificance.
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Chapter 3

Regression Analysis of Diagnostic

Accuracy of Biomarkers with a

Discrete Covariate

3.1 Introduction

It is well known that the performance of a diagnostic test/biomarker may depend

on certain characteristics of patients, the environmental factors of diagnostic tests,

setting and types of diagnostic tests, and so on. In the context of diagnostic radi-

ology, statisticians are interested in comparing the diagnostic accuracies over some

discrete covariates, such as readers, modalities. Regression models on discrete covari-

ates for various ROC summary measures were proposed, such as the area under the

ROC curve, based on a conventional analysis of variance (ANOVA) when the gold

standard is binary [29, 46]. In such regression framework, a summary measure of

accuracy is calculated for each covariate level or each combination of covariates level

and standard regression analysis is applied to evaluate the covariates effect. The sum-

mary measure of accuracy can be estimated through parametric or nonparametric.

Since the estimate of accuracy is particularly relevant to the sample size of obser-
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vations, Obuchowski [28, 30, 33] discussed the sample size estimation and compared

the performance of parametric and nonparametric estimates of accuracy in regression

analysis for data with a small sample size.

When the gold standard is continuous, however, there has no specic methodology

developed in the literature to account for the effect of covariates in assessing the di-

agnostic accuracy despite of scale of cavariates . In this Chapter, we start from the

case where the covariates are discrete and propose the methodology for directly eval-

uating the effect of discrete covariates on the accuracy index concerning a biomarker

and a gold standard, both measured on a continuous scale. Our motivation is from

a behavioral intervention study for families of youth with type 1 diabetes to improve

glycemic control [26]. Measurements of hemoglobin A1c level were obtained at each

clinic visit and analyzed both centrally and locally. A research interest is to look

into how accurately the A1c levels were measured in the local lab as compared to the

central lab and whether such accuracy is inuenced by other factors.

In Section 2, we propose methods to assess the effect of a common covariate on the

diagnostic accuracy of a biomarker, and obtain the asymptotic properties for hypoth-

esis testing. In Section 3, we first present simulation results on type I error and

power of the tests for various sample sizes, and then demonstrate the methods using

hemoglobin A1c measurements obtained from both the central lab and three local

labs to evaluate the accuracy of the local labs and potential discrepancies among the

local labs.
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3.2 Methodology

3.2.1 Regression Analysis

Let Yi be the gold standard, Xi the biomarker, and Zi the covariate, for the ith

subject (i = 1, 2, 3, ..., N). We assume that X and Y are continuous and without loss

of generality, Z is discrete, taking K possible values z1, . . . , zK .

We want to build a model of the diagnostic accuracy on the covariate. Obuchowski

[31, 32] defined the accuracy as the probability that at the same covariate level a

randomly chosen patient with a higher gold standard outcome has a higher biomarker

test result than a randomly chosen patient with a lower gold standard outcome.

Extending this definition, for each level k (= 1, 2, 3, ...K), we define the diagnostic

accuracy index as

θk = P ((Yi − Yj)(Xi −Xj) > 0|Zi = Zj = zk) . (3.1)

We estimate θk with Obuchowski’s[32] nonparamatric estimator θ̂k, which is calcu-

lated by summing the indicators of all possible pairs of subjects. Thus, at the kth

level (k = 1, 2, 3, ...K), we have an unbiased estimator for θk:

θ̂k =
1

nk(nk − 1)

∑
1≤i 6=j≤nk

I((Yi − Yj)(Xi −Xj) > 0|Zi = Zj = zk)

=
2

nk(nk − 1)

∑
1≤i<j≤nk

Iij (3.2)

where I is the indicator function of an event, Iij =
∑

1≤i<j≤nk

I((Yi − Yj)(Xi − Xj) >

0|Zi = Zj = zk), nk is the number of observations at covariate level k and the

summations are taken over the corresponding sets of observations with same covariate

level.
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Our probit-link model assumes that Φ−1(θk)) is a linear function of the covariate Z

at each level k, that is,

Φ−1(θk) = b0 + b1zk, (3.3)

where Φ is the standard normal distribution. (Other strictly monotone functions

with domain (−∞,∞) and range (0,1) can also be used instead of Φ but the technical

derivations are similar.) The regression coefficients b = (b0, b1) can be estimated using

the simple or weighted linear regression techniques with data
{

Φ−1(θ̂k), zk

}
.

The exact variance of θ̂k given below is derived using theory developed for general

U-statistic,

var(θ̂k) = E(θ̂k − θk)2 =

(
nk
2

)−2
E

( ∑
1≤i<j≤nk

(Iij − θk)

)2

=

(
nk
2

)−2((
nk
2

)
var(Iij) + 6

(
nk
3

)
cov(Iij, Iil)

)
(3.4)

where

var(Iij) = E(Iij − θk)2 = θk − θ2k, (3.5)

and

cov(Iij, Iil) = cov(Iij, Imj) = cov(Iij, Ijl) = cov(Iij, Imi)

= E(Iij − θk)(Iil − θk) = E(IijIil)− θ2k

, pk − θ2k. (3.6)

Thus the variance of θ̂k can also be written in terms of pk and θk as

σ2
k = var(θ̂k) =

2

nk(nk − 1)
θk −

2(2nk − 3)

nk(nk − 1)
θ2k +

4(nk − 2)

nk(nk − 1)
pk. (3.7)
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We use a nonparamatric unbiased estimator p̂k to estimate pk, where

p̂k =
1

3

(
nk
3

)−1 ∑
1≤i<j<l≤nk

I((Yi − Yj)(Xi −Xj) > 0, (Yi − Yl)(Xi −Xl) > 0|Zi = Zj = Zl = zk)

+ I((Yi − Yl)(Xi −Xl) > 0, (Yj − Yl)(Xj −Xl) > 0|Zi = Zj = Zl = zk)

+ I((Yi − Yj)(Xi −Xj) > 0, (Yj − Yl)(Xj −Xl) > 0|Zi = Zj = Zl = zk). (3.8)

Substituting θk and pk for θ̂k and p̂k, we obtain an estimator of the variance of θ̂k:

σ̂2
k = v̂ar(θ̂k) =

2

nk(nk − 1)
θ̂k −

2(2nk − 3)

nk(nk − 1)
θ̂2k +

4(nk − 2)

nk(nk − 1)
p̂k. (3.9)

Applying the delta-method, the variance of Φ−1(θ̂k) is found to be

wk = var(Φ−1(θ̂k)) =
var(θ̂k)

[φ(Φ−1(θk))]
2 , (3.10)

and its estimator

ŵk = v̂ar(Φ−1(θ̂k)) =
v̂ar(θ̂k)[

φ(Φ−1(θ̂k))
]2 , (3.11)

where φ, the derivative of Φ, is the standard normal density function.

Alternatively the variance of Φ−1(θ̂k) can be estimated via bootstrapping with re-

peated sampling with replacement from {(Xi, Yi)|Zi = zk}. Later we will present

simulation results to compare these two variance estimation approaches in control-

ling error rates. Samples at different covariate levels are assumed to be independent.

Thus Cov(θ̂k, θ̂m) = 0 and Cov(Φ−1(θ̂k),Φ
−1(θ̂m)) = 0 when k 6= m.

To investigate whether the accuracy θ depends on the covariate Z, we test the null

hypothesis b1 = 0. To this end, we rewrite our model Φ−1(θk)) = b0 + b1zk as

R = Zb+ ε, (3.12)
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where R = (Φ−1(θ̂1), ...,Φ
−1(θ̂K))′, Z = ((1, ...1)′, (z1, ...zK)′),b = (b0, b1)

′, and ε ∼

N(0,W ). The variance-covariance matrix of the response variable R is a diagonal

matrix with elements (w1, . . . , wK). Thus the regression coefficients b can be estimated

by

b̂ = (Z ′Ŵ−1Z)−1Z ′Ŵ−1R,

with var(b̂) = (Z ′W−1Z)−1 and estimate v̂ar(b̂) = (Z ′Ŵ−1Z)−1, asymptotically.

A test statistic can then be defined as

T =
b̂1

v̂ar(b̂1)
,

which asymptotically follows a standard normal distribution. The null hypothesis is

rejected if T exceeds the normal critical value at a given level of significance.

3.2.2 The Hotelling’s T-square Test

The regression approach in general assumes that the accuracy index and the covariate

satisfy certain known functional relationship. In the regression model developed in

the previous section, we assume that the transformed accuracy under a normal probit

link is a linear function of the covariate values, and obtain estimates of the regression

coefficients via weighted least squares method. When such a functional relationship

is not clear we may test a more general hypothesis H0 : θ1 = θ2 = ... = θK , with

alternative Ha : not all θks are equal.

Equivalently, the test can be written in the form of a union-intersection test,

H0 :
⋂
m<K

{θm − θK = 0} ;
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Ha :
⋃
m<K

{θm − θK 6= 0} .

We propose a test statistic analogous to the Hotelling’s T 2 to test the above null hy-

pothesis. As all the θ̂ks are U-statistics, they have asymptotically normal distributions

and are mutually independent. Therefore,

E(θ̂m − θ̂K) = θm − θK , (3.13)

var(θ̂m − θ̂K) = var(θ̂m) + var(θ̂K) = σ2
m + σ2

K , (3.14)

cov(θ̂m − θ̂K , θ̂l − θ̂K) = var(θ̂K) = σ2
K ,m 6= l. (3.15)

Or equivalently, θ̂ → N(µ,Σ) where

θ̂ = (θ̂1 − θ̂K , θ̂2 − θ̂K , . . . , θ̂K−2 − θ̂K , θ̂K−1 − θ̂K)′,

µ = (θ1 − θK , θ2 − θK , . . . , θK−2 − θK , θK−1 − θK)′,

,

Σ =



σ2
1 + σ2

K σ2
K · · · σ2

K

σ2
K σ2

2 + σ2
K · · · σ2

K

...
. . .

...

σ2
K · · · σ2

K−2 + σ2
K σ2

K

σ2
K · · · σ2

K σ2
K−1 + σ2

K


.

Then our Hotelling T 2 statistic is

T 2 = θ̂′Σ̂−1θ̂, (3.16)

where the estimate Σ̂ of Σ is obtained with σ̂2
l replacing σ2

l , l = 1, 2, ..., K.

Under the null hypothesis, T 2 asymptotically has a χ2 distribution with K−1 degrees
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of freedom. If the observed T 2 is greater than χ2
K−1(α), we reject the null hypothesis

H0 at level α of significance, where χ2
K−1(α) is the upper α percentile of the χ2

distribution with K − 1 degrees of freedom.

Technical details on the asymptotic distribution of θ̂k are provided in the appendix

B.

3.3 Simulation Study and A Real Example

We conducted simulation studies to examine the finite sample performance of the two

methods proposed in the previous section, the Z test based on regression analysis and

Hotelling T 2 test. For each test, we also compared the two estimates of the variance

of θk: One is the asymptotic variance given in section 3.2.1, and the other is bootstrap

variance with 1000 repetitions. We compared the type I error rates and powers of

two tests with various alternatives. This section summarizes the simulation results

and demonstrates the proposed methods with a real example.

3.3.1 Comparisons of Regression Analysis and Hotelling’s T 2

Test

We assume that given the covariate Z, (X, Y ) follows a bivariate normal distributions.

Then it follows from Fang’s work [11],

θ = P ((Xi −Xj)(Yi − Yj) > 0) =
1

2
+

1

π
arcsin(ρ), (3.17)

where (Xi, Yi) and (Xj, Yj) are random samples from the distribution of (X, Y ),

ρ = corr(X, Y ) =
cov(X, Y )√
var(X)var(Y )

. (3.18)
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Without the loss of generality, we assume (X, Y )|Z = k ∼ N(

0

0

 ,
 σ2

x σxσyρk

σxσyρk σ2
y

),

and θk is a function of ρk, which is the correlation coefficient between the biomarker

X and the gold standard Y when the covariate is at the kth level. In our simulations,

the covariate Z is set to have K = 2, 3, 4or5 levels. For each level, we assumed that

we could obtain n = 30,60,100,150, or 200 observations. We generated 1000 data

sets to obtain the empirical type I error rates and power under various alternative

hypotheses.

Type I Error

Under null hypothysis, we fixed ρ = .8 for each level of Z. Table 3.1 summerizes

the type I error rates of regression-based test and Hotelling T 2 test under various

configurations of variance estimation, number of levels of covariate, and sample sizes.

As expected, for relative large sample sizes, the two test approaches control type I

error quite satisfactorily at the nominal level of 0.05, using either the asymptotic

or Bootstrap variance. For relatively small sample sizes, however, using asymptotic

variance yields inflated type I error rates in which case the Bootstrap variance is

preferred.

Power Analysis

Simulations were conducted to estimate the empirical power of the tests under various

configurations of the alternative hypothesis Ha: not all θks are equal. Under bivariate

normal assumption, we considered three settings to generate the covariate dependent

correlation coefficient ρk. The first setting is to exactly meet the assumptions of

regression analysis, in which Φ−1(θk) increases by the same amount as the level of Z

is increased by one unit. To generate data for this setting, we fixed b = (b0, b1)
′and

33



solved for ρks from the equation Φ−1(θk) = b0 + b1Zk. The second setting departs

slightly from the first setting in that the logit link function log(θ/(1 + θ)) was used

instead of the probit link function Φ−1(θk) to generate data. The third setting is

more general in that the θks are different but do not follow any functional trend as

the covariate varies.

For all the three settings, number of levels of covariate and sample sizes were the same

as the set-up for Type I error simulations. Both equal and unequal variances of X

and Y were considered. The equal variances case occurs more likely when X and Y

measure the same variable, for example, Y is the gold standard and X is an imperfect

instrument; the unequal variances occurs more likely otherwise. The simulated powers

for the three settings are presented in Table 3.2−3.4, respectively. As expected, power

increases as sample size does. Power obtained with asymptotic variance appears to

be larger than the power obtained with Bootstrap variance, suggesting that when the

sample size is relatively large, the asymptotic variance is reliable. For small sample

sizes, however, the Bootstrap variance should be used due to the inflation of type

I error rates with asymptotic variance. In all the three settings, it appears that

the regression method is slightly more powerful than Hotelling’s T 2, even when the

regression model assumptions are violated (settings 2 and 3).

3.3.2 A real Example

We also focus on the study conducted by the Eunice Kennedy Shriver National Insti-

tute of Child Health and Human Development [26], as in Chapter 2. The diagnostic

accuracy of on-site facilities is of our interest. We treat the HbA1c level measured in

central laboratory (LxA1c) as the gold standard and the HbA1c level measured from

the on-site facilities (BxHBA1C) as the imperfect biomarker. The null hypothesis is

that the sites have the same diagnostic accuracy, or θ1 = θ2 = θ3, where θi is the
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accuracy index for facility i.

For simplicity, we still confined attention to HbA1c measures at the first visit. The

empirical site-specific accuracy is presented in Table 3.5, which indicates high con-

sistency in measuring HbA1c between each site and the central lab, with the second

site appearing to have the highest accuracy. The null hypothesis of equal accuracy

among sites was tested using both regression analysis and the Hotelling’s T 2 test,

with Bootstrap variance. As expected, both methods fail to reject the null hypothe-

sis. We thus conclude that the diagnostic accuracies of the three on-site facilities do

not differ. Tests with asymptotic variance and at other visits yielded same conclusion

(data not shown).
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Table 3.5: Results of The Real Example

Site θ̂ ŝe(θ̂) Regression Analysis Hotelling T 2 Test

1 .876 .017 b̂1=-.046 χ2=1.459

2 .889 .014 ŝe(b̂1)=.064 P-value=.482
3 .852 .024 P-value=.475
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Chapter 4

Regression Analysis of Diagnostic

Accuracy of Biomarkers with a

Continuous Covariate

4.1 Introduction

In medical study, covariates of interest may not be discrete or converted to a discrete

variable appropriately. A more general modeling framework that can accommodate

continuous covariates or many discrete covarites is desired. When the gold standard is

binary, Pepe [35] proposed a general regression model to account for both continuous

and discrete covariates. Moreover, she gave a solution to estimation of coefficients in

regression models using GLM procedure in her following paper [37]. She interpreted

the ROC curve with covariate adjustment as the set of conditional probabilities that

the test results from non-diseased population exceed that from diseased population

given FPRs and covariates and used indicators from all possible pairs of test results as

response variable to fit GLM. The explanatory variables in the model can be functions

of covariates associated with diseased or non-diseased subjects.

Inspired by the work for the case where the gold standard is binary, we propose
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a general regression model to adjust for continuous covariate effect when the gold

standard is continuous, an issue which has not been discussed in the literature. In

this chapter, we introduce the methodology of testing the effect of one continuous

covariate. In section 2, we start from a model for multivariate normal distribution

and then a more general regression model is presented. In section 3, simulations are

conducted to explore the properties of the model under a simple setting of parameters.

An example from a behavioral intervention study is given to illustrate our methods,

in which we focus on the continuous covariate effect.

4.2 Methodology

4.2.1 Model for Multivariate Normal Distribution

Consider one continuous covariate. We start from a three-dimensional normal distri-

bution. Let X, Y and Z be the test result, gold standard and covariate separately.

Assume that 
X

Y

Z

 ∼ N



µx

µy

µz

 ,


σ2
x ρxyσxσy ρxzσxσz

ρxyσxσy σ2
y ρyzσyσz

ρxzσxσz ρyzσyσz σ2
z


 .

Conditional on Z,

X
Y

 ∣∣∣∣∣Z = z

∼ N


a1(z − µz) + µx

a2(z − µz) + µy

 ,Σz =

 (1− ρxz)σ2
x (ρxy − ρxzρyz)σxσy

(ρxy − ρxzρyz)σxσy (1− ρyz)σ2
y


 ,
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[fl] where

a1 = ρxz
σx
σz
, a2 = ρyz

σy
σz
.

For two subjects randomly chosen from the population, (X1, Y1, Z1) and (X2, Y2, Z2),

we define the diagnostic accuracy with covariate effect as follow:

P ((X1 −X2)(Y1 − Y2) > 0|Z1 = z1, Z2 = z2). (4.1)

Under normal assumption, (X1, Y1) and (X2, Y2) both have bivariate normal distri-

butions conditional on Z1 = z1, Z2 = z2, where

X1

Y1

 ∣∣∣∣∣Z1 = z1 ∼ N


a1(z1 − µz) + µx

a2(z1 − µz) + µy

 ,Σz

 ,

X2

Y2

 ∣∣∣∣∣Z2 = z2 ∼ N


a1(z2 − µz) + µx

a2(z2 − µz) + µy

 ,Σz

 .

Since the linear combination of normal variables is still normal, we have

X1 −X2

Y1 − Y2

 ∣∣∣∣∣Z1 = z1, Z2 = z2 ∼ N


a1(z1 − z2)
a2(z1 − z2)

 , 2Σz

 .

The standardization of

X1 −X2

Y1 − Y2

 ∣∣∣∣∣Z1 = z1, Z2 = z2,

U1

U2

 ∣∣∣∣∣Z1 = z1, Z2 = z2, has

a standard bivariate normal distribution with mean

0

0

 and correlation coefficient

ρxy|z, where

U1

U2

 ∣∣∣∣∣Z1 = z1, Z2 = z2 ,

 (X1−X2)−a1(z1−z2)√
2(1−ρ2xz)σx

(Y1−Y2)−a2(z1−z2)√
2(1−ρ2yz)σy

 ∣∣∣∣∣Z1 = z1, Z2 = z2,
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ρxy|z =
ρxy − ρxzρyz√

(1− ρ2xz)(1− ρ2yz)
.

Therefore, the diagnostic accuracy with covariate adjustment can be derived as fol-

lows:

P ((X1 −X2)(Y1 − Y2) > 0|Z1 = z1, Z2 = z2)

= P ((X1 −X2) > 0, (Y1 − Y2) > 0|Z1 = z1, Z2 = z2)

+ P ((X1 −X2) < 0, (Y1 − Y2) < 0|Z1 = z1, Z2 = z2)

= P (U1 > −
a1(z1 − z2)√
2(1− ρ2xz)σx

, U2 > −
a2(z1 − z2)√
2(1− ρ2yz)σy

|Z1 = z1, Z2 = z2)

+ P (U1 < −
a1(z1 − z2)√
2(1− ρ2xz)σx

, U2 < −
a2(z1 − z2)√
2(1− ρ2yz)σy

|Z1 = z1, Z2 = z2)

= P (U1 <
a1(z1 − z2)√
2(1− ρ2xz)σx

, U2 <
a2(z1 − z2)√
2(1− ρ2yz)σy

|Z1 = z1, Z2 = z2)

+ P (U1 < −
a1(z1 − z2)√
2(1− ρ2xz)σx

, U2 < −
a2(z1 − z2)√
2(1− ρ2yz)σy

|Z1 = z1, Z2 = z2)

= P (U1 <
a1|z1 − z2|√
2(1− ρ2xz)σx

, U2 <
a2|z1 − z2|√
2(1− ρ2yz)σy

|Z1 = z1, Z2 = z2)

+ P (U1 < −
a1|z1 − z2|√
2(1− ρ2xz)σx

, U2 < −
a2|z1 − z2|√
2(1− ρ2yz)σy

|Z1 = z1, Z2 = z2)

= P (U1 <
ρxz|z1 − z2|√
2(1− ρ2xz)σz

, U2 <
ρyz|z1 − z2|√
2(1− ρ2yz)σz

|Z1 = z1, Z2 = z2)

+ P (U1 < −
ρxz|z1 − z2|√
2(1− ρ2xz)σz

, U2 < −
ρyz|z1 − z2|√
2(1− ρ2yz)σz

|Z1 = z1, Z2 = z2)

= F (
ρxz|z1 − z2|√
2(1− ρ2xz)σz

,
ρyz|z1 − z2|√
2(1− ρ2yz)σz

) + F (− ρxz|z1 − z2|√
2(1− ρ2xz)σz

,− ρyz|z1 − z2|√
2(1− ρ2yz)σz

)

= 2F (
ρxz|z1 − z2|√
2(1− ρ2xz)σz

,
ρyz|z1 − z2|√
2(1− ρ2yz)σz

)− Φ(
ρxz|z1 − z2|√
2(1− ρ2xz)σz

)− Φ(
ρyz|z1 − z2|√
2(1− ρ2yz)σz

) + 1

(4.2)
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where F () is the CDF of standard bivariate normal distribution with correlation

coefficient ρxy|z and Φ() is the CDF of standard normal distribution.

It is easy to see that the probability is a function of |z1 − z2|, which will be free of

|Z1 − Z2| if and only if ρxz = ρyz = 0.

Next we relax the normal assumption on Z and use the following models.

X = β1Z + εx (4.3)

Y = β2Z + εy, (4.4)

where εx ∼ N(0, σ2
x),εy ∼ N(0, σ2

y) and corr(εx, εy) = ρxy 6= 0, which is free of Z.

Then

P ((X1 −X2)(Y1 − Y2) > 0|Z1 = z1, Z2 = z2)

= P ((X1 −X2) > 0, (Y1 − Y2) > 0|Z1 = z1, Z2 = z2)

+ P ((X1 −X2) < 0, (Y1 − Y2) < 0|Z1 = z1, Z2 = z2)

= P (β1(z1 − z2) + (εx1 − εx2) > 0, β2(z1 − z2) + (εy1 − εy2) > 0|Z1 = z1, Z2 = z2)

+ P (β1(z1 − z2) + (εx1 − εx2) < 0, β2(z1 − z2) + (εy1 − εy2) < 0|Z1 = z1, Z2 = z2)

= P (εx1 − εx2 > −β1(z1 − z2), εy1 − εy2 > −β2(z1 − z2)|Z1 = z1, Z2 = z2)

+ P (εx1 − εx2 < −β1(z1 − z2), εy1 − εy2 < −β2(z1 − z2)|Z1 = z1, Z2 = z2), (4.5)

where (εx, εy) has a joint normal CDF F () with mean (0, 0)′ and variance-covariance

matrix

 σ2
x σxσyρxy

σxσyρxy σ2
y

. Since formula (4.5) is symmetric with respect to the

origin, it is not hard to derive formula (4.6)

P ((X1 −X2)(Y1 − Y2) > 0|Z1 = z1, Z2 = z2)

= 2F (
β1√

2
|z1 − z2|,

β2√
2
|z1 − z2|)− Φ(

β1√
2
|z1 − z2|)− Φ(

β2√
2
|z1 − z2|) + 1. (4.6)
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The probability is also a function of |Z1 − Z2|, which will be free of |Z1 − Z2| if and

only if β1 = β2 = 0.

The correlation between X and Y may depend on the covariate Z. A model in which

the correlation between X and Y is not free of Z is proposed as follows:

Y = β0 + β1Z + εy, (4.7)

X = α0 + α1Z + α2Y + α3ZY + εx, (4.8)

cov(X, Y |Z) = (α2 + α3Z)V ar(Y ) = (α2 + α3Z), (4.9)

where εy and εy are independent and both have standard normal distribution. The

correlation between X and Y is a function of Z and they are jointly normal dis-

tributed conditional on Z. Thus, similar to the above derivations, we can calculate

the diagnostic accuracy conditional on Z.

AsX
Y

 ∣∣∣∣∣Z = z

∼ N


α0 + α1z + (α2 + α3z)(β0 + β1z)

β0 + β1z

 ,Σ(z) =

(α2 + α3z)2 + 1 α2 + α3z

α2 + α3z 1


 ,

the distribution of

X1 −X2

Y1 − Y2

 ∣∣∣∣∣Z1 = z1, Z2 = z2 is easily derived as:

X1 −X2

Y1 − Y2

 ∣∣∣∣∣Z1 = z1, Z2 = z2 ∼ N


a1(z1 − z2) + a2(z

2
1 − z22)

β1(z1 − z2)

 ,Σ(z1) + Σ(z2)

 ,
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where a1 = α1 + α2β1 + α3β0 and a2 = α3β1. The diagnostic accuracy conditional on

Z is

P ((X1 −X2)(Y1 − Y2) > 0|Z1 = z1, Z2 = z2)

= P ((X1 −X2) > 0, (Y1 − Y2) > 0|Z1 = z1, Z2 = z2)

+ P ((X1 −X2) < 0, (Y1 − Y2) < 0|Z1 = z1, Z2 = z2)

= P (U1 > −
a1(z1 − z2) + a2(z

2
1 − z22)√

(α2 + α3z1)2 + (α2 + α3z2)2 + 2
, U2 > −

β1(z1 − z2)√
2

|Z1 = z1, Z2 = z2)

+ P (U1 < −
a1(z1 − z2) + a2(z

2
1 − z22)√

(α2 + α3z1)2 + (α2 + α3z2)2 + 2
, U2 < −

β1(z1 − z2)√
2

|Z1 = z1, Z2 = z2)

= 2F

(
a1|z1 − z2|+a2|z1 − z2|(z1 + z2)√
(α2 + α3z1)2 + (α2 + α3z2)2 + 2

,
β1|z1 − z2|√

2

)

− Φ

(
a1|z1 − z2|+a2|z1 − z2|(z1 + z2)√
(α2 + α3z1)2 + (α2 + α3z2)2 + 2

)
− Φ

(
β1|z1 − z2|√

2

)
+ 1

= 2F

(
a1(z(2) − z(1)) + a2(z

2
(2) − z2(1))√

(α2 + α3z(1))2 + (α2 + α3z(2))2 + 2
,
β1(z(2) − z(1))√

2

)

− Φ

(
a1(z(2) − z(1)) + a2(z

2
(2) − z2(1))√

(α2 + α3z(1))2 + (α2 + α3z(2))2 + 2

)
− Φ

(
β1(z(2) − z(1))√

2

)
+ 1, (4.10)

where U1

U2

 ∣∣∣∣∣Z1 = z1, Z2 = z2 ∼ N


0

0

 ,
 1 ρxy|z

ρxy|z 1


 ,

Z(1) = min(Z1, Z2), Z(2) = max(Z1, Z2),

ρxy|z =
2α2 + α3(z(1) + z(2))√

2((α2 + α3z(1))2 + (α2 + α3z(2))2 + 2)
,

and F () is the CDF of

U1

U2

 ∣∣∣∣∣Z1 = z1, Z2 = z2.

Therefore, the diagnostic accuracy is a function of (Z(1), Z(2)) or

(min(Z1, Z2),max(Z1, Z2)), which will be free of (Z(1), Z(2)) if and only if α1 = α3 =

β1 = 0.
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4.2.2 A General Model

We consider a more general regression modeling framework, motivated by the model

under normal assumption in section 4.2.1. Suppose our accuracy index θij = P ((Yi−

Yj)(Xi−Xj) > 0|Zi = zi, Zj = zj) can be modeled parametrically with the form

g(θij) =
K∑
k=1

βkTk, (4.11)

where g is some specific link function, βs are unknown parameters and T s are variables

calculated from paired covariates.

For example, with probit link, and T1 = 1,T2 = min(Zi, Zj) and T3 = |Zi − Zj|, our

model will be

θij = Φ(β1 + β2min(zi, zj) + β3|zi − zj|). (4.12)

In the model, positive β2 means the increment of accuracy as minimum covariate

increases when the subjects come from the same difference of covariates and positive

β3 means the increment of accuracy as the difference of covariates becomes large when

the subjects have the same minimum covariates.

To fit the model to data, we propose an indicator Uij = I((Yi− Yj)(Xi−Xj) > 0) as

the response variable in the model. The expectation of Uij is our accuracy index. It

is easy to observe the following facts:

Uii = 0, (4.13)

Uij = Uji. (4.14)

Therefore, according to our model 4.11, we can fit a correlated GLM model using the

data {Uij, Zi, Zj} for i = 1, 2, ..., n and j = i+1, i+2, ..., n, where we have N = n(n−1)
2

observations. The variance-covariance matrix of Uij can be calculated and denoted
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as ΣN×N . The elements in ΣN×N are given by

var(Uij) = θij − θ2ij = ζij, (4.15)

cov(Uij, Uil) = ζ1ijl − θijθil = ρ1ijl, (4.16)

cov(Uil, Ujl) = ζ2ijl − θilθjl = ρ2ijl, (4.17)

cov(Uij, Ujl) = cov(Ujl, Uij) = ζ3ijl − θijθjl = ρ3ijl, (4.18)

cov(Uij, Uml) = 0, (4.19)

where

ζ1ijl = E(UijUil)

= E(I((Yi − Yj)(Xi −Xj) > 0)I((Yi − Yl)(Xi −Xl) > 0)|Zi = zi, Zj = zj, Zl = zl)

= P ((Yi − Yj)(Xi −Xj) > 0, (Yi − Yl)(Xi −Xl) > 0|Zi = zi, Zj = zj, Zl = zl),

ζ2ijl = E(UilUjl)

= E(I((Yi − Yl)(Xi −Xl) > 0)I((Yj − Yl)(Xj −Xl) > 0)|Zi = zi, Zj = zj, Zl = zl)

= P ((Yi − Yl)(Xi −Xl) > 0, (Yj − Yl)(Xj −Xl) > 0|Zi = zi, Zj = zj, Zl = zl),

and

ζ3ijl = E(UijUjl)

= E(I((Yi − Yj)(Xi −Xj) > 0)I((Yj − Yl)(Xj −Xl) > 0)|Zi = zi, Zj = zj, Zl = zl)

= P ((Yi − Yj)(Xi −Xj) > 0, (Yj − Yl)(Xj −Xl) > 0|Zi = zi, Zj = zj, Zk = zl),

all are functions of (Zi, Zj, Zl).

For instance, taking n = 5, we have 10 observations

(U12, U13, U14, U15, U23, U24, U25, U34, U35, U45)
′

and the variance-covariance matrix Σ10×10 will be:
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

ζ12 ρ1123 ρ1124 ρ1125 ρ3123 ρ3124 ρ3125 0 0 0

ρ1123 ζ13 ρ1134 ρ1135 ρ2123 0 0 ρ3134 ρ3135 0

ρ1124 ρ1134 ζ14 ρ1145 0 ρ2124 0 ρ2134 0 ρ3145

ρ1125 ρ1135 ρ1145 ζ15 0 0 ρ2125 0 ρ2135 ρ2145

ρ3123 ρ2123 0 0 ζ23 ρ1234 ρ1235 ρ3234 ρ3235 0

ρ3124 0 ρ2124 0 ρ1234 ζ24 ρ1245 ρ2234 0 ρ3245

ρ3125 0 0 ρ2125 ρ1235 ρ1245 ζ25 0 ρ2235 ρ2245

0 ρ3134 ρ2134 0 ρ3234 ρ2234 0 ζ34 ρ1345 ρ3345

0 ρ3135 0 ρ2135 ρ3235 0 ρ2235 ρ1345 ζ35 ρ2345

0 0 ρ3145 ρ2145 0 ρ3245 ρ2245 ρ3345 ρ2345 ζ45



.

To simplify the notation, we rewrite it as

θij = Φ(Tijβ), (4.20)

where

β = (β1, β2, β3)
′,

and

Tij = (T1ij, T2ij, T3ij) = (1,min(Zi, Zj), |Zi − Zj|).

Ignoring the correlations between the indicators Uij, we apply the techniques of GLM

and get the estimating equations

∂L
∂β

=
∑

1≤i<j≤n

{ Uij − Φ(Tijβ)

Φ(Tijβ)(1− Φ(Tijβ))
φ(Tijβ)T ′ij}3×1 =

∑
1≤i<j≤n

= 03×1. (4.21)

Since the estimating equations are nonlinear, the method of iteratively reweighted

least squares(IRLS) is required for solution β̂. This algorithm is iterative and re-

quires only weighted OLS at each step. It is programmable in most statistical soft-
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ware. Bootstrapping is used in the regression model to accommodate the unknown

correlations between Uijs.

The variance-covariance matrix of β̂ is

V (β̂) = {−E(
∂2L
∂β∂β′

)}−1 (4.22)

and the estimate of the variance-covariance matrix is given by

V̂ (β̂) =

{
− ∂2L
∂β∂β′

}−1 ∣∣∣∣∣
β=β̂

=

{
− ∂2L
∂βu∂βv

}−1
(3×3)

∣∣∣∣∣
βu=β̂u,βv=β̂v

(4.23)

=
∑

1≤i<j≤n

{T ′ij(
Uij

Φ(Tijβ̂)2(1− Φ(Tijβ̂))
φ2(Tijβ̂)− Uij − Φ(Tijβ̂)

Φ(Tijβ̂)(1− Φ(Tijβ̂))2
φ2(Tijβ̂)

+
Uij − Φ(Tijβ̂)

Φ(Tijβ̂)(1− Φ(Tijβ̂))
φ′(Tijβ̂))Tij}3×3 (4.24)

A generalized estimating equations(GEE) estimator of β is an alternative solution to

the problem:

D′V −1(U − θ) = 0, (4.25)

where

U = (U12, U13, ...U23, ...U(n−1)n)′,

θ = (θ12, θ13, ...θ23, ...θ(n−1)n)′,

θij = Φ(Tijβ),

D = { ∂θ
∂β
}N×3 = {φ(Tijβ)Tij},

B = diag(θ12(1− θ12), θ13(1− θ13), ...θ23(1− θ23), ...θ(n−1)n(1− θ(n−1)n)),

V = B
1
2R(α)B

1
2 ,
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and R(α) is a ”working” correlation matrix for U with parameter vector α. For a given

α the solution β̂ can be obtained by IRLS calculation. This estimator is consistent

and asymptotically normal in distribution. α̂ = α̂(β̂) is replaced iteratively by a

simple function of ”residuals”, which is given by
Uij−θij√
θij(1−θij)

here.

A sandwich estimate of the variance-covariance matrix of β is given by

V̂ (β̂) = (D̂′V̂ −1D̂)−1D̂′V̂−1 ˆcov(U)V̂ −1D̂(D̂′V̂−1D̂)−1 (4.26)

where

ˆcov(U) = (U − θ̂)(U − θ̂)′.

4.3 Simulation Study

Simulations are conducted and summarized in this section. We describe the rela-

tionship between the diagnostic accuracy index and a continuous covariate by several

plots. We also give a short example to demonstrate our models.

4.3.1 Simulation Under Normal Assumption

We generate the covariate Z by a uniform distribution, or Z ∼ U(a, b). Then the

biomarker X and gold standard Y are generated by the following equation:

X = β1Z + εx

Y = β1Z + εy,
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where εx and εy are independent of Z,

corr(εx, εy) = ρxy,

εx ∼ N(0, σ2
x), εy ∼ N(0, σ2

y).

We generate n observations (Xi, Yi, Zi), where i = 1, 2, ..., n and n = 30, 60, 100, 150,

or, 200. By formula (4.6), we have the accuracy index

P ((X1 −X2)(Y1 − Y2) > 0|Z1 = z1, Z2 = z2)

= 2F (
β1√

2
|z1 − z2|,

β2√
2
|z1 − z2|)− Φ(

β1√
2
|z1 − z2|)− Φ(

β2√
2
|z1 − z2|) + 1

For simulations, we use β1 = β2 =
√

2, σ2
x = σ2

y = 1, and a = 0, b = 4. There-

fore,

P ((X1 −X2)(Y1 − Y2) > 0|Z1 = z1, Z2 = z2)

= 2F (|z1 − z2|, |z1 − z2|)− 2Φ(|z1 − z2|) + 1,

where F () is the CDF of bivariate normal distribution with mean µ = (0, 0)′ and

variance-covariance matrix

 1 ρxy

ρxy 1

. In this simple setting, we can see that the

accuracy index, denoted as θ(z12), is only dependent on z12 = |z1 − z2| for some

specific ρxy. To explore the properties of the accuracy index, we plot θ(z12) vs z12,

Φ−1(θ(z12)) vs z12, and logit(θ(z12)) vs z12 for different ρxys. The figures are shown

as Figure 4.1 − 4.3. From the figures, we can see that Φ−1(θ(z12)) and z12 roughly

have a linear relationship except for some small z12s while the linear pattern between

logit(θ(z12)) and z12 is slightly weaker. We also notice that the slope of the fitted line

is negatively related to ρxy, i.e. the slope is large when ρxy is small.
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Figure 4.1: θ(z12) vs z12
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Figure 4.2: Φ−1θ(z12) vs z12
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Figure 4.3: logit(θ(z12)) vs z12
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4.3.2 A real Example

We continue to use the study conducted by the Eunice Kennedy Shriver National

Institute of Child Health and Human Development [26], as in Chapter 2. We are

interested in the effects of two continuous covariates, the mean of data obtained

from the metered blood glucose monitoring (BxDOF) and the length of time the

patients have had diabetes at first clinic visit (DURATION). We treat the HbA1c

level measured in central laboratory (LxA1c) as the gold standard and the HbA1c

level measured from the on-site facilities (BxHBA1C) as the imperfect biomarker.

For simplicity, we still confined attention to HbA1c measures at the first visit. We

fit regressions on BxDOF and DURATION separately, using our model 4.20. The

estimates are obtained by bootstrapping logistic regression. The results in Table 4.1

indicate the significant effect of BxDOF although the magnitude of estimates are

pretty small. The corresponding p-values are also summarized in Table 4.1.
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Table 4.1: Regression on Continuous Covariates

Regression on BxDOF
Parameter Estimate Standard error P-value

β1 1.774 0.39 <0.001
β2 -0.003 0.002 0.185
β3 0.01 0.002 <0.001

Regression on DURATION
Parameter Estimate Standard error P-value

β1 1.724 0.182 <0.001
β2 0.0001 0.002 0.863
β3 0.001 0.0015 0.179
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Chapter 5

Discussion and Future Research

5.1 Diagnostic Accuracy of Biomarkers with a Con-

tinuous Gold Standard

The diagnostic accuracy that we define in the dissertation is analogous to classic AUC,

which is a probability that a randomly chosen subject with a higher gold standard will

have a higher diagnostic test/biomarker result than a randomly chosen subject with

a lower gold standard. We expect that the diagnostic test/biomarker with a larger

probability has more discrimination power than the one with smaller probability.

We need to be aware that the accuracy here measures how the biomarker has same

increasing/decreasing trend but may not have same increasing/decreasing rate. It

does not mean that the biomarker is close to gold standard or have same scale with

gold standard. This diagnostic accuracy also can be extended to an analogue of partial

AUC if we restrict the range of the biomarker and gold standard. As seen in formula

3.1 and 4.1, it also can accommodate the covariate effect easily. We can evaluate and

compare the diagnostic accuracies of a biomarker at any covariate level.
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5.2 Combining Multiple Biomarkers

We only propose the method to find optimal linear combination in the dissertation

as the discussion about optimal nonlinear combinations would be infeasible. We

derive an explicit form of the diagnostic accuracy under elliptical distribution. El-

liptical distribution is a boarder distribution family, including normal distribution,

laplace distribution, t-student distribution, cauchy distribution, logistic distribution,

and symmetric stable distribution. It remains to see whether other families of distri-

butions would permit explicit forms of the accuracy index.

To evaluate the robustness of the linear combination in formula, simulations are also

conducted under multivariate lognormal distribution and multivariate gamma distri-

bution. We notice that the parametric estimator θ∗3 is very close to the true value

and is as accurate as the nonparametric estimate θ∗2 under non-elliptical distributions.

We also noticed that our coefficients vector of optimal linear combination, i.e. l∗3, has

a larger variance under non-elliptical distribution, especially when the sample size is

small. However, further simulation studies (data not shown) demonstrated that the

diagnostic accuracy is not sensitive to the maximizer. Even if l∗3 is far away from the

true lmax and have a larger variance, the diagnostic accuracy indices are still close to

the true value and have a relatively small variance.

5.3 Adjusting Covariates Effects

When the covariate is discrete, we develop two methods, regression analysis and

Hotellings T 2 in Chapter 3, to investigate the effect of covariates on the diagnostic

accuracy of a continuous biomarker when the gold standard is also measured on a

continuous scale. Asymptotic variances estimates are derived for inference on the

accuracy index and are compared with variance estimates using Bootstrap. Simu-
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Table 5.1: The Performance of Maximizers

Distribution p n lmax l3

Normal

2
100

(1,1)
(1,0.476)*

(0,0.205)**

200
(1,0.454)
(0,0.128)

3
100

(1,1,1)
(1,1.07,1.107)
(0,0.451,0.467)

200
(1,1.015,1.019)
(0,0.259,0.255)

4
100

(1,1,1,1)
(1,1.044,1.085,1.058)
( 0,0.407,0.425,0.405)

200
(1,1.02,1.036,1.033)
(0,0.32,0.341,0.308)

Lognormal

2
100

(1,0.38)
(1,0.675)
(0,1.037)

200
(1,0.608)
(0,1.052)

3
100

(1,0.861,0.761)
(0.936,7.383,8.8)
(0.352,75.78,104.4)

200
(0.988,1.621,1.656)
(0.155,6.053,6.38)

4
100

(1,0.997,1.121,1.017)
(0.892,4.242,4.974,3.872)
(0.452, 25.06,30.07,17.34)

200
(0.948,2.658,2.465,2.397)
(0.318,16.74,10.52,11.02)

Gamma

2
100

(1,1.09)
(0.984,1.775)
(0.178,1.928)

200
(1,1.443)
(0, 0.595)

3
100

(1,1.279,1.646)
(0.98,2.12,2.49)
(0.199,5.305,6.649)

200
(1,1.436,1.653)
(0, 0.571, 0.691)

4
100

(1,1.318,1.478,1.289)
(0.988,3.499,3.179,3.232)
(0.155,27.96,16.6,15.04)

200
(1,1.607,1.868,1.948)
(0,2.193,3.523,2.937)

* We set the first element in l3 be 1 or −1 in our simulations as a · lmax
can maximize the accuracy as same as lmax.

** Corresponding variances for each element in l3
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lation studies indicate that the two methods with either variance estimates control

type error rates when sample sizes are relatively large. For small sample sizes, the

Bootstrap variance estimates are preferred.

The regression analysis approach in Chapter 3 focuses on a discrete covariate but the

method can be readily extended to deal with a continuous covariate. Alternatively

one can discretize the continuous covariate and directly use the regression analysis or

Hotelings T 2 developed in Chapter 3 to test the null hypothesis of no difference in

accuracy. Caution needs to be given if the test fails to reject the null hypothesis since

the p-value from the test may depend on how the continuous covariate is discretized.

When the covariate is continuous, we proposed a more general regression framework

in chapter 4 to compare and evaluate the diagnostic accuracies with different covariate

levels, as seen in formula 4.1. We start from consideringg one continuous covariate.

However, it can be extended to multiple covariates by combining them into a single

one. The combination can be linear or nonlinear and the method of combining mul-

tiple covariates are beyond our work. We also mention that Tk in model 4.11 can be

functions of multiple covariates. The flexibility of choice of link function g() adapted

our model for other contexts.

We estimate the regression coefficients in model 4.20 using either bootstrapping re-

gression model or GEE techniques. Bootstrapping regression model is implemented

conveniently but time-consuming. GEE techniques is more complicated because of

the difficulty of clustering data.
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Appendix A: Generating Data from Multivariate Gamma

Distribution

We propose a simple scheme for generating a data set from Multivatiate Gamma

Distribution. Our algorithm proceeds as following:

(1). Generate p+ 1 independent random variables G0, G1, ...Gp from Gamma Distri-

bution, where

Gi ∼ Gamma(αi, β), i = 0, 1, ..., p

(2). Generate p-dimentional random vector (X1, X2, ..., Xp−1, Y ), where

Xi = G0 +Gi, i = 1, 2, ..., p− 1

Y = G0 +G1 + ...+Gp

The vector (X1, X2, ..., Xp−1, Y ) is then a p-dimensional Gamma vector, where the

marginal distribution of each Xi is Gamma(α0 +αi, β) and the marginal distribution

of Y is Gamma(
∑p

i=0 αi, β). The covariance matrix is

Σ =



σ2
1 σ2

x · · · σ2
x σ2

1

σ2
x σ2

2 · · · σ2
x σ2

2

...
. . .

...

σ2
x · · · σ2

x σ2
p−1 σ2

(p−1)

σ2
1 σ2

2 · · · σ2
(p−1) σ2

y


,

where

σ2
i =

α0 + αi
β2

, i = 1, ..., p− 1

σ2
x =

α0

β2
,

σ2
y =

∑p
i=0 αi
β2

.
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This is a special case of Multivariate Gamma Distribution, which is for our simula-

tion’s purpose.

Appendix B: Asymptotic Distribution

We will derive the asymptotic distribution of the empirical estimator of the accuracy

index, which is a U-statistic for continuous probability distribution in 2-dimension

with a symmetric kernel

h((X1, Y1), (X2, Y2)) = I((X1 −X2)(Y1 − Y2) > 0)

and

θ = E(h((X1, Y1), (X2, Y2))) = P ((X1 −X2)(Y1 − Y2) > 0).

The observations (Xi, Yi) are i.i.d. with a common distribution F (x, y). Define

h1((x1, y1))

= E(h((x1, y1), (X2, Y2)))

= P ((x1 −X2)(y1 − Y2) > 0)

= P (x1 < X2, y1 < Y2) + P (x1 > X2, y1 > Y2)

= 1− Fx(x1)− Fy(y1) + 2F (x1, y1),

h0 = 0,

h2((x1, y1), (x2, y2)) = h((x1, y1), (x2, y2)),
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and

h̃1((x1, y1)) = h1((x1, y1))− θ.

Note that E(h1((X1, Y1)) = E(h((X1, Y1), (X2, Y2)) = θ. We have

ζ1 = cov(I((Y1 − Y2)(X1 −X2) > 0), I((Y1 − Y3)(X1 −X3) > 0)) = var(h1((X1, Y1)))

= P ((Y1 − Y2)(X1 −X2) > 0, (Y1 − Y3)(X1 −X3) > 0)− θ2 = p− θ2,

ζ2 = var(h((X1, Y1), (X2, Y2))) = θ − θ2.

Assuming EF |h|<∞, we define a projection of θ̂∗ of θ̂,

θ̂∗ =
n∑
i=1

EF

{
θ̂|(Xi, Yi)

}
− (n− 1)θ.

In terms of the function h̃1, we have

θ̂∗ − θ =
2

n

n∑
i=1

h̃1((Xi, Yi)).

Note that the projection is exactly a sum of i.i.d. random variables. Since 2h̃1 are

i.i.d with mean 0 and variance 4ζ1, it follows that
√
n(θ̂∗ − θ) L−→∼ N(0, 4ζ1) by the

central limit theorem. To prove that the asymptotic distribution of θ̂ are the same as

θ̂∗, we need to show that
√
n(θ̂− θ) and

√
n(θ̂∗− θ) are asymptotically equivalent. It

is sufficient to show that nE(θ̂∗ − θ̂)2 → 0. Note that

nE(θ̂∗ − θ̂)2 = nV ar(θ̂∗ − θ̂).
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The difference θ̂ − θ̂∗ may itself be expressed as a U-statistic,

θ̂∗ − θ̂ =
1(
n
2

) ∑
1≤i<j≤n

H((Xi, Yi), (Xj, Yj))

based on the symmetric kernel

H((xi, yi), (xj, yj)) = h((xi, yi), (xj, yj))− h̃1((xi, yi))− h̃1((xj, yj))− θ.

Here EF {H} = EF {H|(X1, Y1)} = 0.

We introduce two Theorems from Serfling (1980).

Theorem .1 Let v be an even integer. If EFH
v <∞ (implied by EFh

v <∞), then

EF (Un − Ûn)v = O(n−v), n→∞

where Un is U-statistics with kernel h, Ûn is the corresponding projection of Un and

H is the symmetric kernel of their difference.

Theorem .2 Let v be an even integer. Suppose that EFh
v <∞. Put

Un = Ûn +Rn.

Then, for any δ > 1/v, with probability 1

Rn = o(n−1(log(n))δ), n→∞.
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According to the above theorems,

nE(θ̂∗ − θ̂)2 = nO(n−2)→ 0, n→∞,

when EFh
2 <∞ and ζ > 0.

Therefore,
√
n(θ̂ − θ) L−→∼ N(0, 4ζ1), or

θ̂ is AN(θ,
4ζ1
n

).

Thus, θ̂1, ...θ̂K are mutually independent, each is distributed as normal asymptoti-

cally:

θ̂k is AN(θk,
4ζk
n

).

According to the delta-method, Φ−1(θ̂k) are also mutually independent, each is dis-

tributed as normal asymptotically:

Φ−1(θ̂k) is AN(Φ−1(θk),
4ζk

nφ2(Φ−1(θk))
).
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