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Abstract

The ultraproduct construction is a major mathematical construction that is used in algebra,

mathematical logic, and other areas. It allows us to construct new models of theories from

old ones. The ultraproduct is a quotient of the direct product of structures modulo an

equivalence relation determined by an ultrafilter. The ultraproduct construction has some

striking applications, such as a very elegant proof of the compactness theorem in

first-order logic, and the construction of nonstandard models of analysis.

Dimitrov introduced the notion of an effective ultraproduct construction for structures,

which is a computability-theoretic analog of the classical ultraproduct construction, where

the structures are uniformly computable and the role of an ultrafilter is played by a

cohesive set. A cohesive set is an infinite set of natural numbers, which cannot be split

into two infinite parts by any computably enumerable set. While the elements of the

classical ultraproduct are equivalence classes of arbitrary sequences of elements of

structures, in the effective case, these sequences are partial computable, and in some cases

computable. Hence the effective ultraproduct construction allows us to build countable

non-standard models with interesting properties. We investigate the isomorphism types

and other model-theoretic properties of cohesive powers of computable structures,

focusing on certain graphs and equivalence structures. We show how computable

structures can have effective ultrapowers with new properties, while preserving some old

ones, as expressed in a formal language. For graphs we show that every graph can be

embedded into the cohesive power of a certain kind of special graph.

The computable structures for which we classify cohesive powers for include the

following:

• Equivalence Structures

• Injection Structures

• Two to One Structures
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• 2,0:1 Structures

• Partial Injection Structures

• Directed Pseudoforests

• Strongly Locally Finite Graphs

• Abelian p-groups

• Number Fields

• Infinite Algebraic Extensions of Q
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1. Introduction

1.1. Outline

An outline of the entire document will be given. In chapter 1, we will introduce the

background needed to put our research findings in proper context. There are many

different branches of mathematical logic, including set theory, proof theory, computability

theory, and model theory. The research presented in this dissertation is in the field of

computable model theory, which lies at the intersection of computability theory and model

theory. Accordingly, in section 1.2 we will provide brief introduction to the

computability-theoretic notions we will need. In section 1.3, we will provide a brief

introduction to model theory, with particular emphasis on the ultrapower construction

which our work bears a close analogy to. In section 1.4, we will define the cohesive power

construction, an effective analogue of the ultrapower construction, and discuss its

properties.

In chapter 2, we will present our main research findings. In section 2.1, we will analyze

the cohesive powers of equivalence structures, which we manage to classify up to

isomorphism. In section 2.2, we will analyze the cohesive powers of injection structures,

which we also classify up to isomorphism. In section 2.3, we will analyze the cohesive

powers of two-to-one structures which we again classify up to isomorphism. In section

2.4, we will analyze the cohesive powers of (2, 0) : 1 structures, for which the

classification problem is algorithmically undecidable, but we still manage to obtain a

partial characterization of their properties. In section 2.5, we will analyze the cohesive

powers of partial injection structures, and for a subclass of them we manage to classify

their cohesive powers up to isomorphism. In section 2.6, we will analyze the cohesive

powers of directed pseudoforests, also known as function structures, for which the

classification problem is algorithmically undecidable since they contain (2, 0) : 1

structures as a special case, but we still obtain a partial characterization of their properties.

In section 2.7, we will analyze the properties of strongly locally finite graphs, for which
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the classification problem is also algorithmically undecidable, but we obtain universal

embeddability results for all computable graphs.

In chapter 3, we will discuss directions for future research. In section 3.1, we will do

preliminary analysis of the cohesive powers of Abelian p-groups, and although the

classification problem for abelian groups is algorithmically undecidable, but we obtain a

partial characterization of their properties, though further progress may be possible

through collaboration with algebraists. In section 3.2, we will do preliminary analysis of

the cohesive powers of fields, including number fields and transcendental extensions of Q,

for which we obtain a partial characterization of their properties, but more results await

once further progress is made by algebraic geometers on generalizations of Hilbert’s Tenth

Problem.

1.2. Computability Theory

Computability theory is mathematical theory of algorithms. The study of particular

algorithms can be traced back to Euclid (330 BCE) and his famous algorithm for

determining the greatest common divisor of a pair of integers. The word algorithm itself

has roots in the name of the mathematician Muhammad ibn Musa al-Khwarizmi who

developed methods of solving linear as well as quadratic equations (e.g., completing the

square) in the beginning of the ninth century. Modern computability theory started in 1936

with Turing’s seminar paper [66] on computable numbers with an application to the

Entscheidungsproblem (decision problem). The Entscheidungsproblem was a problem

posed by Hilbert and Ackermann in 1928 to devise an algorithm that decides whether a

first-order sentence is universally valid, i.e., true in every first-order structure. It turned

out that there is no such algorithm.

To demonstrate that no algorithmic solution exists would requires considerably more

theoretical work, as limitative theorems often do. It is easy to construct an equilateral

triangle with straightedge and compass, but the theory of computable real numbers was

needed to show that squaring the circle is impossible. It is easy to solve a quadratic
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equation with roots, but the development of Galois theory was needed to show that quintic

equations cannot be solved with roots. In the same way, it was only after computability

theory was developed that it could be shown that no algorithm could ever solve this

decision problem.

In [66], Turing introduced a universal Turing machine, one that is capable of copying any

other Turing machine and running it on inputs. This was instrumental for the development

of digital computers.

Each Turing machine has an infinite tape divided in cells holding symbols, and has a head

that can read a single symbol, write another one and move left or right one cell at the time.

The finite set of states contains a starting state qstart and a halting state qend. In addition to

a finite set of states, each Turing machine has a finite alphabet, including a blank symbol

B, and it computes with words over that alphabet. This action of a specific Turing

machine is according to its program applied to a given input. The program consists of

finitely many instructions given as tuples of the form:

(p, a, q, b,X) or simply p, a, q, b,X

where p, q are states, a, b are symbols from the alphabet, and X stands for L (go left) or R

(go right). This instruction says that while in state p and reading symbol a, change to state

q (if different from p), replace a by b (if different from b), and move one cell left if X = L

or right if X = R. The computation begins by placing the input word at the beginning of

the tape, one symbol in each cell, while the rest of the tape is blank, and putting the

machine head in the starting state over the left-most symbol. The computation then

proceeds in steps according to the program. It stops when the program reaches a halting

state; otherwise it computes forever. If a computation reaches a halting state, then it

outputs the word that is written on the tape at that final step.

While computer scientists work with various alphabets for the Turing machines, in

mathematics we can code symbols and words by natural numbers, N = {0, 1, 2, . . .}, so

we may assume that every Turing machine alphabet consists of a single symbol 1, in
3



addition to the blank symbol. Every natural number x is represented in unary, by a string

of x+ 1 consecutive 1’s. Hence 0 is represented as 1, while 1 is represented as 11, and 2

as 111, etc.

For example, the program with the following two instructions, will compute a function

s(x) = x+ 1:

qstart, 1, qstart,1, R

qstart, B, qend, 1, R

This program will scan a given input until it reaches a blank symbol, it will then convert

the first blank symbol to 1 and halt.

A unary function g on natural numbers, g : N ⇒ N, is called computable if there is a

Turing machine that on every input x halts and outputs f(x). Hence the successor

function above, s(x), is computable. A Turing machine computes a binary function on

natural numbers, say h(x, y) = x+ y, if starting with input x, y, a pair written as x and y

in unary separated by a blank symbol, ends the computation in halting state outputting

x+ y in unary. We similarly define computable n-ary functions h : Nn ⇒ N, where the

inputs are n-tuples of natural numbers.

We can also consider partial functions on natural numbers, such as ψ(x) = x− 5 which is

defined only on numbers x such that x ≥ 5. That is, the domain of ψ,

dom(ψ) = {5, 6, 7, . . .}. Such a function ψ is partial computable if there is a Turing

machineM that on every input x in the domain halts and outputs the correct value ψ(x),

while it does not halt, computing forever, on the inputs x that not in the domain. We can

show that the function above is partial computable by devising a corresponding Turing

machine. Such a Turing machine will compute forever on inputs 0, 1, 2, 3, and 4. We can

also show that a binary partial function θ(x, y) = x− y, which is defined only on pairs

x, y for which x ≥ y, is partial computable. Two partial functions are equal if they have

the same domains and for each input in the domain they output the same value.
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Every partial computable function has a corresponding Turing machine.

Conversely, given any Turing machineM and a number n ≥ 1, there is a corresponding

partial computable n-ary function φ(n)
M that is (partially) computed byM .

Partial functions include total functions, so partial computable functions include

computable functions, which are sometimes called total computable for emphasis.

A set A ⊆ N of natural numbers is computable if there is a Turing machine that on an

input x always halts, and outputs 1 if x ∈ A, and outputs 0 if x /∈ A. This is equivalent to

saying a set A is computable if its characteristic function cA is computable, where:

cA(x) =

 1, if x ∈ A;

0, if x /∈ A.

It is easy to see that the complement of a computable set is computable. All finite sets and

co-finite sets are computable. Many other sets are computable. A set of natural numbers is

identified with a unary relation. We similarly define computable binary relations and

computable relations of any arity.

A set A of natural numbers is computably enumerable if A is empty or there is a

computable unary function f such that

A = ran(f) = {f(0), f(1), . . .}. For an infinite set, an enumeration f(0), f(1), . . . can be

modified by crossing repetitions to be one-to-one. However, it does not have to be in an

increasing order, so we cannot know at any stage in advance whether a number that has

not been enumerated in A will later be enumerated or not. Assume that there is a

computable enumeration in the increasing order:

f(0) < f(1) < f(2) < · · · .

From such an enumeration we can design a decision algorithm since given x we can find n

such that x ≤ f(n) and then decide whether x ∈ {f(0), . . . , f(n)}. If “yes,” output 1, if
5



“no,” output 0. Hence computable infinite sets are exactly those computably enumerable

sets for which there is a computable enumeration in the increasing order.

The partial characteristic function of a set A is defined by

pcA(x) =

 1, if x ∈ A;

undefined, if x /∈ A.

We can show that A is computably enumerable if and only if the partial characteristic

function of A is partial computable. It is easy to see that from a computable characteristic

function we can construct a partial computable characteristic function. The converse is not

always possible.

It can also be shown that a set A is computably enumerable if and only if is the domain of

a partial computable function ψ : A = dom(ψ).Moreover, a set A is computably

enumerable if and only there is a computable binary relation R such that for every x,

x ∈ A⇔ (∃y)R(x, y).

All pairs of natural numbers can be computably listed without repetitions, for example, by

placing them first into infinitely many infinite lists as:

(0, 0), (0, 1), (0, 2), (0, 3), . . .

(1, 0), (1, 1), (1, 2), . . .

(2, 0), (2, 1), . . .

. . .

and then systematically listing them all in a single infinite list, say by following finite

diagonals, to obtain:

(0, 0); (1, 0), (0, 1); (2, 0), (1, 1), (0, 2); . . . .

6



This method gives us computable bijection f : N2 ⇒ N:

f(x, y) = 1
2
(x+ y + 1)(x+ y) + y + 1.

That is, because (x, y) is the (y + 1)th entry in its diagonal and the previous diagonals

contain 1 + 2 + · · ·+ (x+ y) entires. Sometines, instead of f(x, y) we write ⟨x, y⟩

emphasizing that this is a computable pairing function that codes a pair of natural numbers

by a single one.

Similarly, we can computably enumerate all k-tuples of natural numbers for k > 2, as well

as the set of all finite tuples of natural numbers. These computable enumerations or

numberings can be viewed as algorithmically coding various mathematical objects by

natural numbers. This idea goes back to Gödel, so we often call the object’s position in the

list its Gödel number. In particular, all computably enumerable sets can be simultaneously

computably listed by first listing in a computable manner all Turing machines. Each

Turing machine is a finite list of instructions that consist of finite sequences of symbols.

Let

M0,M1,M2, . . .

be a fixed computable enumeration of all Turing machines. We can assure that there are

no repetitions in this enumeration, i.e., that the enumeration is one-to-one. For a Turing

machineMe, we will denote the unary partial computable function it computes by φe, and

for n > 1, an n-ary partial computable function it computes by φ(n)
e . Hence

φ0, φ1, φ2, . . .

is a computable enumeration of all unary partial computable functions. For each partial

computable function ψ there are infinitely many Gödel codes e such that ψ = φe. This

statement is known as the Padding Lemma. This is true since to the Turing machineMe

that computes φe we can add extraneous instructions to obtain new programs computing

the same function.

For φe, we denote its domain dom(φe) byWe.
7



A set A is computably enumerable if and only if A = We for some e.

Hence

W0,W1,W2, . . .

is a computable enumeration of all computably enumerable sets. Hence there are

countably many computably enumerable sets.

There are computably enumerable sets with complements that are not computably

enumerable. These are exactly the noncomputable computably enumerable sets. For

example, the halting setK is computably enumerable, but not computable. The setK

consists of all inputs e on which the Turing machine with index e halts. That is,

K = {e : e ∈ We} = {e : φe(e)}. The set K is computably enumerable because it can be

algorithmically listed by the procedure that simultaneously runs:

φ0(0), φ1(1), . . . , φe(e), . . .and enumerates those e for which φe(e) converges, as soon as

the convergence occurs. Here, simultaneously means that we start with the first Turing

machine and run it for one step, and then at each step we add a new Turing machine

program and also run all activated machines for an additional computational step.

We will now prove thatK is not a computable set.

The proof is by contradiction, so we will assume thatK is computable. The complement

of K is the divergence set:

K = {e : φe(e) ↑}.

Since we assumed thatK is computable, K would also be computable and hence

computably enumerable. IfK were computably enumerable, then for some i we have

K = Wi . Then

i ∈ K ⇔ i ∈ Wi (by definition of K)

⇔ i ∈ K (sinceK = Wi),

8



which is a contradiction.

We would like to further classify the undecidable problems. Kleene-Mostowski

arithmetical hierarchy provides framework for classification of some of these problems. It

relates quantifier complexity of relations with their computability in an important way. We

also have the following classification of sets of natural numbers. A set A is Σ0
0 = Π0

0 if it

is computable. Let n be a positive natural number. A set A is Σ0
n if there is a computable

(n+ 1)-ary relation R such that for every a ∈ ω,

a ∈ A⇔ (∃m1)(∀m2)(∃m3) · · · (Qmn)R(a,m1,m2,m3, . . . ,mn),

where Q is ∃ if n is an odd number, and Q is ∀ if n is an even number. The existential

quantifier here can be viewed as a projection. The negation corresponds to

complementation and the universal quantifier can be expressed using the existential

quantifier and negation.

A set B is Π0
n if and only if its complement B is Σ0

n.

For a partial computable function φe with Gödel code (index) e, we write φe,s(x) ↓ if

e, x < s and there is an output < s of φe(x) after < s in the corresponding computation,

i.e., this computation halts by stage s. If the output is y, we also write φe,s(x) ↓ y. The

relations

R(e, x, s) ⇔ φe,s(x) ↓ and

P (e, x, s, y) ⇔ φe,s(x) ↓ y

are computable relations since there is a bound on the number of computation steps.

The predicate defined as

T (e, x, z) ⇔ (P (e, x,s, y)&z = ⟨s, y⟩)

is Kleene’s T predicate from Kleene’s normal form.

The relation

9



∃s(φe,s(x) ↓) is Σ0
1 binary relation which says that the computation for φe on input x halts

at some stage.

Thus, the relation ∀s(φe,s(x) ↑) is a Π0
1 binary relation which says that the computation

for φe on input x never halts.

The above hierarchy of sets of natural numbers is a proper hierarchy since Σ0
n sets are

strictly contained in Σ0
n+1 sets, and Π0

n sets are strictly contained in Π0
n+1 sets. Clearly,

every Σ0
n is also Π0

n+1, and every Π0
n is also Σ0

n+1. It then follows that the union of all Σ0
n

sets is the same as the union of all Π0
n sets. A set is called arithmetical if it belongs to this

union.

A set A is arithmetical iff A is Σ0
k or Π0

k for some k ≥ 0.

Equivalently, a set A is arithmetical if it can be obtained from a computable relation by

finitely many projections and complementations.

We say that a set is ∆0
n if it is both Σ0

n and Π0
n. We have that ∆0

n sets are strictly contained

in Π0
n (or Σ0

n) sets. By definition, ∆0
0 sets are the computable sets. The following theorem

is due to Post.

If a set A is ∆0
1, then A is computable.

If a set A is ∆0
1, then A is both Σ0

1 and Π0
1. Then both A and A are computably

enumerable. By computably enumerating them simultaneously, we can devise a decision

algorithm for A since every natural number will appear either in A or A.

Let N = (N,+, ·, S, 0) be the standard model of arithmetic in the language of arithmetic,

L = {+, ·, S, 0} denoting plus, times, successor, and zero. The name comes from the fact

that a relation is arithmetical if and only if it is definable inN by a first-order formula.

Gödel established that all computable relations are definable in N , and hence all

arithmetical relations are definable in N . Hence for every arithmetical set A, there is a

first-order formula α(x) such that

10



A = {n : N ⊨ α(n)}.

This can be generalized to all arithmetical relations. Recall the classification of first-order

formulas. The upper subscript 0 signifies that the quantification is only over variables that

stand for individual elements. A formula is a Σ0
0 = Π0

0 formula if it contains no

quantifiers, so it quantifier-free. For n > 0, a formula is a Σ0
n (Π0

n, respectively) formula if

it is equivalent to a formula in the prenex normal form which begins with an existential

(universal, respectively) quantifier and has n alternations of quantifiers.

A relation definable in N by a quantifier-free formula is computable. It follows that a

relation definable in N by a Σ0
n formula (Π0

n formula, respectively) is a Σ0
n relation (Π0

n

relation, respectively).

For any computable relation there are two natural defining formulas: one with a block of

existential quantifiers followed by a formula with only bounded quantifiers, ∀x < y and

∃x < y, and the other one with a block of universal quantifiers followed by a formula with

only bounded quantifiers. A block of existential (universal) quantifiers can be replaced by

a single existential (universal) quantifier by coding tuples of natural numbers by a single

natural number. Matiyasevich proved that bounded quantifiers can be eliminated from the

above formulas, so a computable set is definable in N both by a Σ0
1 and a Π0

1 formula (see

A.7 of Appendix in [1]). Moreover, a set that is Σ0
n (Π0

n, respectively) is definable inN by

a Σ0
n (Π0

n, respectively) first-order formula.

Given a set complexity class C we say that a set A is C-complete if A is in C, and A is

C-hard in the sense that every set X in C can be reduced to A. The reduction means that

there is a computable function f : N ⇒ N such that for every n we have:

n ∈ X ⇔ f(n) ∈ A.

The reduction function f does not have to be one-one, it can be many-one, so the above

reduction is calledm-reduction. We can show that the halting setK is complete for the

class of all computable enumerable sets.

11



Furthermore, we can, for example, show that the set FIN = {e : We is finite} is Σ0
2 as

follows:

e ∈ FIN ⇔∃s(dom(φe,s) = dom(φe))

⇔ ∃s∀t∀x(t > s⇒ (φe,t(x) ↓⇒ φe,s(x) ↓))

We can further show that every Σ0
2 set can be reduced to FIN via a computable function.

Hence FIN is Σ0
2-complete. The complement set INF = {e : We is infinite} will be

Π0
2-complete.

For more on arithmetical hierarchy and complexity of problems see [29, 51, 61, 63].

We can use computable ordinals to define computable infinitary formulas. The

computable Σ0 and Π0 formulas are the finitary quantifier-free formulas. The computable

Σα+1 formulas are of the form

∨
n∈We

∃−→y nψn(
−→x ,−→y n),

where for n ∈ We, ψn is a Πα formula indexed by its Gödel number, and ∃−→y n is a finite

block of existential quantifiers. That is, Σα+1 formulas are computably enumerable

disjunctions of ∃Πα formulas. Similarly, Πα+1 formulas are computably enumerable

conjunctions of ∀Σα formulas. It can be shown that a computable Σ1 formula is of the

form ∨
n∈ω

∃−→y nθn(
−→x ,−→y n),

where (θn(−→x ,−→y n))n∈ω is a computable sequence of quantifier-free formulas. If α is a

limit ordinal, then Σα (Πα, respectively) formulas are of the form
∨
n∈We

ψn (
∧
n∈We

ψn,

respectively), such that there is a sequence (αn)n∈We of ordinals having limit α, given by

the ordinal notation for α, and every ψn is a Σαn (Παn , respectively) formula.
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1.3. Model Theory and the Ultrapower Construction

Dirk van Dalen once said ”Logic appears in a “sacred” and in a “profane” form; the sacred

form is dominant in proof theory, the profane form in model theory.” Formally, model

theory refers to the semantics of first-order logic and its generalizations. But what model

theory is really about is the study of mathematical structures and the properties they have

in common, across all domains of mathematics. It is in this way a competitor to category

theory.

Definition 1.3.1. A first-order language L is the set of all finite formulas formed by a

given set of nonlogical constant symbols c, d, e, ..., function symbols f, g, h, ..., and

relation symbols R,S, T, ... (of any arity), along with the standard set of logical symbols:

delimiters ( and ); Boolean connectives ∧ (and), ∨ (or), ¬ (not), and→ (implies);

quantifiers ∀ (for all) and ∃ (there exists); the identity =, and first-order variables

x, y, z, ....

Definition 1.3.2. Given a first-order language L, an L-structure consists of a setM along

with an interpretation function which for each constant symbol c assigns an element

cM ∈M , for each n-ary function symbol assigns a function fM :Mn →M , and for each

n-ary relation symbol assigns a relation RM ⊆Mn.

This interpretation function allows one to determine what sentences of L are true are false

aboutM . A theory in L is a set of sentences in L. If all the sentences in a theory T are

true inM , we say thatM is a model of T . That is why we call the study of L-structures by

the name ”model theory”.

The classical ultraproduct construction is one of the major tools for constructing new

models of theories, such as nonstandard models of arithmetic and analysis. The

construction has found important and elegant applications in logic and other areas of

mathematics. For example, the compactness theorem for the first-order logic can be

established directly using an ultraproduct construction. Given a family of structures
13



(Ai)i∈I for the same first-order language L, indexed by a set I , with the domains (Ai)i∈I ,

the ultraproduct is defined using an ultrafilter on I .

Definition 1.3.3. A filter F over I is a nonempty set of subsets of I such that F is closed

under the intersection of two (hence finitely many) sets and under the superset relation. A

filter over I is proper if it is not equal to the power set of I . A filter U is an ultrafilter if for

every subset X of I , either X or its complement I −X belongs to U .

It follows that an ultrafilter is a maximal proper filter.

Definition 1.3.4. Given an ultrafilter U over I , two functions f, g ∈ Πi∈IAi are

U -equivalent if the set of all inputs on which their values are equal belongs to U . The

elements of the ultraproduct ΠUAi are the corresponding equivalence classes [f ]. The

ultrafilter is also used to give interpretations of the symbols in L. For each atomic

formula α(x1, . . . , xn) that has at most one symbol from L, by definition, α([f1], . . . , [fn])

holds in ΠUAi if and only if the set {i : Ai |= α(f1(i), . . . , fn(i))} belongs to U .

Using the properties of an ultrafilter we can show that the ultraproduct structure is

well-defined.

Łoś’s theorem, the fundamental theorem of ultraproducts, establishes the satisfiability of a

first-order formula of an arbitrary complexity in an ultraproduct ΠUAi given similarly as

in the above definition (see [8]). If all structures Ai are the same structure A, then the

ultraproduct is the ultrapower ΠUA. We say that two structures for the same language are

elementarily equivalent if they satisfy the same first-order sentences (i.e., have the same

first-order theory). An important consequence of Łoś’s theorem is that a structure and its

ultrapower are elementarily equivalent.

An ultrafilter is principal if it contains a singleton. It follows that a non-principal

ultrafilter over an infinite I contains all co-finite subsets of I . If U is a principal ultrafilter

such that {i0} ∈ U , then
∏

U Ai is isomorphic to Ai0 . Hence the construction of nontrivial

ultraproducts requires non-principal ultrafilters. The existence of non-principal ultrafilters
14



cannot be proved in ZF (see [2]). However, the axiom of choice proves not just the

existence of a non-principal ultrafilter over a given infinite I , but a stronger statement

known as the ultrafilter lemma. The ultrafilter lemma says that every proper filter on I is

contained in an ultrafilter on I . The ultrafilter lemma is strictly weaker than the axiom of

choice.

1.4. The Cohesive Power Construction

We will consider an effective product (called cohesive product) of structures, a

computability-theoretic analog of the ultraproduct construction, which does not depend on

the axiom of choice. That is, a cohesive product is based on a more constructive approach

by using, instead of an ultrafilter on the index set ω, the set of all supersets of a cohesive

set, where cohesive sets come naturally in computability theory. A cohesive set is an

infinite set of natural numbers, which is indecomposable with respect to computably

enumerable sets. There are continuum many cohesive sets. Some cohesive sets (countably

many of them) are the complements of maximal sets. Maximal sets are co-atoms in the

lattice E∗ of computably enumerable sets modulo finite sets. Cohesive and maximal sets

have been studied extensively (see [10, 63]).

Starting with infinite countable structures, the classical ultraproduct construction typically

produces an uncountable structure. An ultrafilter is countably complete if it is closed

under countable intersections. An ultrafilter is countably incomplete if it has a countable

subset of sets the intersection of which is empty, or equivalently it is not countably

complete. While the principal ultrafilters are countably complete, the existence of

non-principal countably complete ultrafilters is a strong axiom of infinity which is not

provable in ZFC. In particular, there is no countably complete non-principal ultrafilter on

ω. Frayne, Morel and Scott [30] proved that if U is a countably incomplete ultrafilter, then

ΠUAi is either finite or of cardinality at least 2ℵ0 . Hence such an ultraproduct ΠUAi is

never countably infinite. However, cohesive product construction always produces a

countable structure. That is, we start with a uniformly computable sequence of structures
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for the same computable language, and in their direct product consider only partial

computable sequences modulo a fixed cohesive set. In some cases partial computable

functions can be replaced by (total) computable functions.

The motivation for effective powers dates back to Skolem’s construction of a countable

non-standard model of arithmetic, where instead of building a structure from all functions

on natural numbers he used only arithmetical functions (see also [20]). Skolem’s idea was

further developed in the study of models of fragments of arithmetic by Feferman, Scott,

and Tennenbaum [28], Lerman [43], Hirschfeld [37], Hirschfeld and Wheeler [38], and

McLaughlin [47–49]. Nelson [53] investigated recursive saturation of effective

ultraproducts (see also [23]). While for a countable language, ultrapowers over countably

incomplete ultrafilters are ℵ1-saturated, cohesive powers of decidable (that is, strongly

constructive) structures are recursively saturated.

Dimitrov [16, 18] discovered an effective power construction of fields while working on a

long-standing open problem posed by Downey and Remmel in [25]. The problem is to

find natural orbits under automorphisms of the lattice L∗ of computably enumerable

vector spaces over a computable field, modulo finite subspaces. Maximal vector spaces

play an important role in the study of this lattice. In particular, Dimitrov [18] used the

effective powers of the field Q of rational numbers to characterize principal filters

determined by maximal vector spaces over Q. In [17], Dimitrov introduced the notion of a

cohesive power of a computable structure in general, and established a restricted version

of Łoś’s theorem for cohesive powers. Although a cohesive power of a computable

structure A may not even be elementarily equivalent to A, additional decidability in the

structure A plays a significant role in increasing preservation of satisfiability of more

complex sentences in the cohesive power (see [23]). In [21], Dimitrov and Harizanov

found further applications of cohesive powers of Q to the automorphisms of the lattice L∗.

The cohesive power construction allows us to obtain countable models with interesting

properties. While the ultrapowers of isomorphic structures over a fixed ultrafilter are
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isomorphic, it is possible for isomorphic computable structures to have cohesive powers,

over a fixed cohesive set, which are not even elementarily equivalent. However, if C is a

cohesive set, and computable structures A1 and A2 are computably isomorphic, then

ΠCA1
∼= ΠCA2 (see [17,23]). A computable structure A is called computably categorical

if every computable isomorphic structure is computably isomorphic to A. For example,

the usual ordered set of natural numbers, (ω,<), is a computable structure that is not

computably categorical. Let ω also stand for the order type of natural numbers, let ζ stand

for the order type of integers, and η for the order type of rational numbers. It was shown in

[23, 24] that if a computable A is computably isomorphic to (ω,<), then for any cohesive

set C, the cohesive power ΠCA is a linear ordering of order type ω + ζη . On the other

hand, if C is a cohesive set with a computably enumerable complement, then there is a

computable isomorphic copyM of (ω,<) such that ΠCM is of order type ω + η. It was

shown in [23] that many more order types can be obtained as cohesive powers of

computable isomorphic copies of (ω,<). In this paper, we will focus on cohesive powers

of computable structures from several other classes that were studied in computable

structure theory, in particular, in the context of computable categoricity and categoricity at

higher levels of arithmetical hierarchy.

We will next state precise definitions and some properties of the relevant notions from

computability theory and computable structure theory, many of which were mentioned

above.

Notation 1. The complement of a set X ⊆ ω is denoted by X . We write ⊆∗ for inclusion

up to finitely many elements. By c.e. we abbreviate computably enumerable.

Definition 1.4.1. A set C ⊆ ω is cohesive if C is infinite and for every c.e. setW , either

W ∩ C orW ∩ C is finite. Equivalently, ifW ∩ C is infinite, then C ⊆∗ W, and ifW ∩ C

is infinite, then C ⊆∗ W .

Clearly, an infinite subset of a cohesive set is cohesive. It follows that if a cohesive set C
17



is contained in the union of finitely many c.e. sets, up to finitely many elements, then it is

contained in one of them, up to finitely many elements. That is, because C must have an

infinite intersection with at least one of the finitely many c.e. sets in the union. It can be

shown that every infinite set of natural numbers has a cohesive subset. Hence there are 2ℵ0

cohesive sets. Some cohesive sets are the complements of c.e. sets.

Definition 1.4.2. A set E ⊆ ω is maximal iff E is c.e. and E is cohesive.

We will first give a definition of the cohesive product of computable structures, which was

introduced in [19]. By ≃ to denote the equality of partial functions.

Definition 1.4.3. Let L be a computable language. Let (Ai)i∈ω be a uniformly

computable sequence of computable structures in L, with uniformly computable sequence

of domains (Ai)i∈I . Let C ⊆ ω be a cohesive set. The cohesive product B of Ai over C, in

symbols B =
∏

C Ai, is a structure defined as follows.

1. Let

D = {ψ | ψ : ω ⇒
⋃
i∈ω Ai, ψ is a partial computable function,

C ⊆∗ dom(ψ), and if ψ(i) ↓ then ψ(i) ∈ Ai}.

For ψ1, ψ2 ∈ D, let ψ1 =C ψ2 iff C ⊆∗ {i : ψ1(i) ↓= ψ2(i) ↓}.

The domain of
∏

C Ai is the quotient set D/=C
and we will denote it here by B.

2. If f ∈ L is an n-ary function symbol, then fB is an n-ary function on B such that

for every [ψ1], . . . , [ψn] ∈ B, we have

fB([ψ1], . . . , [ψn]) = [ψ] iff (∀i ∈ ω)
[
ψ(i) ≃ fAi(ψ1(i), . . . , ψn(i))

]
.
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3. If R ∈ L is anm-ary relation symbol, then RB is anm-ary relation on B such that

for every [ψ1], . . . , [ψm] ∈ B,

RB([ψ1], . . . , [ψm]) iff C ⊆∗ {i ∈ ω | RAi(ψ1(i), . . . , ψm(i))}.

4. If c ∈ L is a constant symbol, then cB is the equivalence class (with respect to =C)

of the computable function g : ω ⇒
⋃
i∈ω Ai such that g(i) = cAi , for each i ∈ ω.

If Ai = A for every i ∈ ω, then
∏

C Ai is called the cohesive power of A over C and is

denoted by
∏

C A.

If C is co-c.e., then for every [ψ] ∈
∏

C Ai there is a computable function f such that

[f ] = [ψ]. That is, for (ai)i ∈ ΠiAi which is a fixed computable sequence, define

f(i) =

 ψ(i) if ψ(i) ↓ first,

ai if i is enumerated into C first.

An embedding of a structure A into a structure B is an isomorphism between A and a

substructure of B. A structure A naturally embeds into its cohesive power B =
∏

C A.

For a ∈ A let [ca] ∈ B be the equivalence class of the constant function ca such that

ca(i) = a for every i ∈ ω. The function d : A⇒ B such that d(a) = [ca] is called the

canonical embedding of A into B. If A is a finite structure, then
∏

C A ∼= A since for

every element [ψ] from ΠCA, the partial function ψ is eventually constant on C.

In [19, 23] the authors provide variants of Łoś’s theorem for cohesive products of

uniformly computable and more generally uniformly n-decidable structures. For example,

every Σ0
n+3 sentence true in an n-decidable structure is also true in its cohesive powers. In

particular, we have the following theorem for cohesive powers of computable structures.

Theorem 1.4.1. (Dimitrov [17]) Let B =
∏

C A be a cohesive power of a computable

structure A. Let C be a cohesive set.
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1. If σ is a Π0
2 (or Σ0

2) sentence in L, then B |= σ iff A |= σ.

2. If σ is a Π0
3 sentence in L, then B |= σ implies A |= σ.

By contrapositive, if σ is a Σ0
3 sentence in L, then A |= σ implies B |= σ

The converse of part (2) in the previous theorem does not hold. The first such

counterexample was produced by Feferman, Scott and Tennenbaum in their result in [28]

that no cohesive power of the standard model of arithmetic is a model of Peano arithmetic.

There is a Π0
3 sentence (involving Kleene’s T predicate) that is true in the standard model

of arithmetic N but is false in every cohesive power of N (see [43]). More recently, in

[23], the authors produced natural examples of such sentences concerning linear orders.

On the other hand, if A is a decidable structure, then A and
∏

C A i.e., they are

elementarily equivalent (see [17, 53]).

More has been done to generalize this.

Theorem 1.4.2. ([23]) Let L be a computable language, let (Ai : i ∈ N) be a sequence of

uniformly n-decidable L-structures, and let C be cohesive.

(1) Let Φ(v0, . . . , vm−1) be a Σn+2 formula. Then for any [φ0], . . . , [φm−1] ∈ |
∏

C Ai|,

∏
C
Ai ⊨ Φ([φ0], . . . , [φm−1]) ⇒ C ⊆∗ {i : Ai |= Φ(φ0(i), . . . , φm−1(i))

}
.

(2) Let Φ(v0, . . . , vm−1) be a Πn+2 formula. Then for any [φ0], . . . , [φm−1] ∈ |
∏

C Ai|,

C ⊆∗ {i : Ai |= Φ(φ0(i), . . . , φm−1(i))
}

⇒
∏

C
Ai |= Φ([φ0], . . . , [φm−1]).

(3) Let Φ(v0, . . . , vm−1) be a ∆n+2 formula. Then for any [φ0], . . . , [φm−1] ∈ |
∏

C Ai|,

∏
C
Ai |= Φ([φ0], . . . , [φm−1]) ⇔ C ⊆∗ {i : Ai |= Φ(φ0(i), . . . , φm−1(i))

}
.
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Lemma 1.4.3. ([23]) Let L be a computable language, letA be a computable L-structure,

and let C be cohesive. Let Φ be a sentence of the form ∀x⃗ ∃y⃗ ∀z⃗Ψ(x⃗, y⃗, z⃗), where

Ψ(x⃗, y⃗, z⃗) is decidable in A. Then

∏
C
A |= Φ ⇒ A |= Φ.

Theorem 1.4.4. ([23]) ([23])Let L be a computable language, let A be an n-decidable

L-structure, and let C be a cohesive set.

(1) Let Φ(v0, . . . , vm−1) be a ∆n+2 formula. Then for any [φ0], . . . , [φm−1] ∈ |
∏

C A|,

∏
C
A |= Φ([φ0], . . . , [φm−1]) ⇔ C ⊆∗ {n : A |= Φ(φ0(n), . . . , φm−1(n))

}
.

(2) Let Φ be a ∆n+3 sentence. Then A |= Φ if and only if
∏

C A |= Φ.

(3) Let Φ be a Σn+3 sentence. If A |= Φ, then
∏

C A |= Φ.

Corollary 1.4.4.1. ([23]) ([23]) Let L be a computable language, and let C be a cohesive

set.

(1) Let (Ai : i ∈ N) be a sequence of uniformly decidable L-structures, and let

Φ(v0, . . . , vm−1) be a formula with all free variables displayed. Then for any

[φ0], . . . , [φm−1] ∈ |
∏

C Ai|,

∏
C
Ai |= Φ([φ0], . . . , [φm−1]) ⇔ C ⊆∗ {i : Ai |= Φ(φ0(i), . . . , φm−1(i))

}
.

In particular, if Φ is a sentence, then

∏
C
Ai |= Φ ⇔ C ⊆∗ {i : Ai |= Φ}.
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(2) If A is a decidable L-structure, then A and
∏

C A are elementarily equivalent.

Proposition 1.4.1. ([23]) Let L ⊆ L+ be computable languages, let (An : n ∈ N) be a

uniformly computable sequence of L+-structures, and let C be a cohesive set. Then

∏
C
(An↾L) ∼=

(∏
C
An

)
↾L.

Thus in the case of a single computable L+-structure A,

∏
C
(A↾L) ∼=

(∏
C
A
)
↾L.

Proposition 1.4.2. ([23]) Let L be a computable language with a unary relation symbol

U . Let (An : n ∈ N) be a uniformly computable sequence of L-structures, and suppose

that {a ∈ |An| : An |= U(a)} forms the domain of a computable substructure Bn of An

for every n. Let C be a cohesive set. Then
{
[φ] ∈ |

∏
C An| :

∏
C An |= U([φ])

}
forms

the domain of a substructure D of
∏

C An, and
∏

C Bn ∼= D.

Definition 1.4.4. Let L be a relational language, and letA0, . . . ,Ak−1 be L-structures for

some k > 0. The disjoint union of A0, . . . ,Ak−1 is the L-structure
⊔
i<kAi with domain⋃

i<k({i} × |Ai|) defined as follows. For everym-ary relation symbol R and every

(i0, x0), . . . , (im−1, xm−1) ∈
∣∣⊔

i<kAi

∣∣, the relation R⊔
i<k Ai((i0, x0), . . . , (im−1, xm−1))

holds if and only if i0 = · · · = im−1 = i for some i < k and RAi(x0, . . . , xm−1) holds.

Proposition 1.4.3. ([23]) Let L be a computable relational language, let A0, . . . ,Ak−1 be

computable L-structures for some k > 0, and let C be cohesive. Then

∏
C

(⊔
i<k

Ai

)
∼=
⊔
i<k

(∏
C
Ai

)
.

Lemma 1.4.5. ([23]) Let L be a computable language, let (An : n ∈ N) be a uniformly

computable sequence of L-structures, and let C be cohesive. Let p(x⃗; c⃗) be a computable
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type over
∏

C An with computable enumeration (Φi : i ∈ N). Assume that the formulas

(
∃x⃗

∧
i<k

Φi(x⃗; y⃗) : k ∈ N

)

are uniformly decidable in the structures (An : n ∈ N). Then
∏

C An realizes p(x⃗; c⃗).

Theorem 1.4.6. ([23]) Let L be a computable language, and let C be a cohesive set.

(1) Let (Ai : i ∈ N) be a sequence of uniformly decidable L-structures. Then
∏

C Ai is

recursively saturated.

(2) Let (Ai : i ∈ N) be a sequence of uniformly n-decidable L-structures for an n > 0.

Then
∏

C Ai is Σn-recursively saturated.

(3) Let A be a decidable L-structure. Then
∏

C A is recursively saturated.

(4) Let A be an n-decidable L-structure for an n > 0. Then
∏

C A is Σn-recursively

saturated.

Lemma 1.4.7. ([23]) Let L be a computable language, let (An : n ∈ N) be a uniformly

computable sequence of L-structures, and let C be co-c.e. and cohesive. Let p(x⃗; c⃗) be a

computable type over
∏

C An consisting of formulas of the form ∃z⃗ Φ(x⃗, z⃗; c⃗), with

computable enumeration (∃z⃗iΦi(x⃗, z⃗i; c⃗) : i ∈ N). Further assume that the formulas

(Φi(x⃗, z⃗i; y⃗) : i ∈ N) are uniformly decidable in the structures (An : n ∈ N). Then∏
C An realizes p(x⃗; c⃗).

Theorem 1.4.8. ([23]) Let L be a computable language, and let C be a co-c.e. cohesive

set.

(1) Let (Ai : i ∈ N) be a sequence of uniformly n-decidable L-structures. Then
∏

C Ai is

Σn+1-recursively saturated.
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(2) Let A be an n-decidable L-structure. Then
∏

C A is Σn+1-recursively saturated.

Corollary 1.4.8.1. ([23]) Let L be a computable language, and let C be a co-c.e. cohesive

set.

(1) Let (Ai : i ∈ N) be a uniformly computable sequence of L-structures. Then
∏

C Ai is

Σ1-recursively saturated.

(2) Let A be a computable L-structure. Then
∏

C A is Σ1-recursively saturated.

Theorem 1.4.9. ([23]) Let L be a computable language, let A0 and A1 be computable

L-structures that are computably isomorphic, and let C be cohesive. Then∏
C A0

∼=
∏

C A1.

Corollary 1.4.9.1. ([23]) Let L be a computable language, let A be a computably

categorical computable L-structure, let B be a computable L-structure that is isomorphic

to A, and let C be cohesive. Then
∏

C A ∼=
∏

C B.

Theorem 1.4.10. ([23]) Let L be a computable language, and let A and B be decidable

L-structures. Then A ≡ B if and only if for every cohesive set C,
∏

C A ∼=
∏

C B.
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2. Classification of Cohesive Powers

2.1. Equivalence Structures

Let A = (A,EA) be an equivalence structure A. The equivalence class of a ∈ A is

eqvA(a) = {x ∈ A : xEAa}.

We generally omit the superscript when it can be inferred from the context.

Definition 2.1.1. (i) Let A be an equivalence relation. The character of A is the set

χ(A) = {⟨k, n⟩ : n, k > 0 and A has at least n equivalence classes of size k}.

(ii) We say that A has bounded character if there is some finite k such that all finite

equivalence classes of A have size at most k.

Clearly, two countable equivalence structures are isomorphic if they have the same

character and the same number of infinite equivalence classes.

For a set X , by card(X) or |X| we denote the size of X. Let

InfA = {a : eqvA(a) is infinite} and FinA = {a : eqvA(a) is finite}.

The following lemma from [3] gives us some important complexities.

Lemma 2.1.1. For any computable equivalence structure A:

(a ){⟨k, a⟩ : card(eqvA(a)) ≤ k} is a Π0
1 set, and {⟨k, a⟩ : card(eqvA(a)) ≥ k is a Σ0

1

set;

(b) InfA is a Π0
2 set, and FinA is a Σ0

2 set;

(c) χ(A) is a Σ0
2 set.
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We say that a subset K of ω is a character if there is some equivalence structure with

characterK. This is the same as saying thatK ⊆ ⟨ω − {0}⟩ × ⟨ω − 0}⟩, for all n > 0 and

k,

⟨k, n+ 1⟩ ∈ K ⇒ ⟨k, n⟩ ∈ K.

It was shown in [3] that for any Σ0
2 characterK, there is a computable equivalence

structure A with characterK, which has infinitely many infinite equivalence classes while

FinA is a Π0
1 set.

Theorem 2.1.2. [3] Let A be a computable equivalence structure. The structure A is

computably categorical iff it is one of the following types:

1. A has only finitely many finite equivalence classes;

2. A has finitely many infinite classes, bounded character, and at most one finite k

such that there are infinitely many classes of size k.

Hence if A is an equivalence structure as in the previous theorem and D is a computable

structure isomorphic to A, then for any cohesive set C we have ΠCA ∼= ΠCD.

Proposition 2.1.1. Let A be a computable equivalence structure. Let C be a cohesive set

and let B = ΠCA.

(a) Then χ(B) = χ(A).

(b) If A has infinitely many infinite equivalence classes, then B has infinitely many infinite

equivalence classes.

If A has exactly n infinite equivalence classes, then B has at least n infinite equivalence

classes.

(c) If A has infinitely many infinite equivalence classes, then ΠCA ∼= A.

(d) If A has finitely many finite equivalence classes and no infinite equivalence classes,

then ΠCA ∼= A.
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Proof. (a) The character of an equivalence structure is definable by a Σ0
2 sentence (see

[3]).

(b) This holds since there is an embedding of A into B.

(c) This follows from (a) and (b). That is, if A has infinitely many infinite equivalence

classes, then ΠCA also has infinitely many infinite equivalence classes, and since A and

ΠCA have the same character, they are isomorphic.

(d) This is true since A is a finite structure.

Theorem 2.1.3. Let A = (A,E) be a computable equivalence structure. Let C be a

cohesive set. If A has a bounded character, then ΠCA ∼= A.

Proof. Since the character of A is bounded, if it is nonempty, let k ∈ ω be the largest size

of a finite equivalence class of A. If the character of A is empty, let k = 0. Recall that A

and ΠCA have the same character. If A has infinitely many infinite equivalence classes,

then A and ΠCA are isomorphic. Thus, assume that A has at most finitely many infinite

equivalence classes.

If A has no infinite equivalence class, then A satisfies the following Π0
1 sentence, saying

that there are no k + 1 non-equivalent elements:

(∀x1) · · · (∀xk+1)[
∨

1≤i<j≤k+1 xiExj]

Since ΠCA satisfies the same sentence, it has no infinite equivalence classes, so A and

ΠCA are isomorphic.

Thus, assume that A hasm infinite equivalence classes, wherem ∈ ω andm > 0. Hence

A satisfies the following Σ0
2 sentence, saying that there are exactlym equivalence classes

with at least k + 1 elements, hence infinite. We will use notation xli for variables.

(∃x11) · · · (∃x1k+1) · · · (∃xm1 ) · · · (∃xmk+1)(∀y1) · · · (∀yk+1)[
∧

1 ≤ l ≤ m

1 < i < j ≤ k + 1

(xli ̸=

xlj ∧ xliExlj) ∧ (
∧

1≤i<j≤k+1 (yi ̸= yj ∧ yiEyj) ⇒
∨
l=1,...,m y1Ex

l
1)]
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Hence ΠCA satisfies the same sentence, so it has exactlym infinite equivalence classes,

so it is isomorphic to A.

Theorem 2.1.4. Let A = (A,E) be a computable equivalence structure. Let C be a

cohesive set. If A has an unbounded character, then ΠCA has infinitely many infinite

equivalence classes.

Hence if A has an unbounded character and finitely many (possibly zero) infinite

equivalence classes, then ΠCA ≇ A.

Proof. Without loss of generality, we will assume that A = ω. Hence we can order the

elements in A by the usual ordering of the natural numbers. Let B = ΠCA, and

B = (B,EB). Choose a computable sequence of elements in A :

a(0), a(1), a(2), a(3), . . .

such that they all belong to distinct equivalence classes, and for every k, the equivalence

class of a(k) has > k elements. Since E is computable and the character of A is

unbounded, such a sequence can be obtained by enumerating A and checking the

conditions. We can think of a(⟨m, i⟩) as a representative of the equivalence class in A

where a partial function ψm,∗ might take its ith coordinate value (for i ≥ 0). That is, define

partial computable functions ψm,n(i), form, i ≥ 0 and n ≥ 1, as follows:

ψm,n(i) =

 cn cn is the nth element in eqv(a⟨m, i⟩) if it exists;

↑ otherwise.

Every ψm,n is defined for all except possibly finitely many initial values, so

C ⊆∗ dom(ψm,n). Hence [ψm,n] ∈ B.

Fixm. Let n1 ̸= n2. Then we have that [ψm,n1 ] ̸= [ψm,n2 ] since

|eqv(a(⟨m, i⟩)| > ⟨m, i⟩ ≥ i, so starting with some i, eqv(a⟨m, i⟩) will have the nth1 and

the nth2 elements and they will be distinct. Also, [ψm,n1 ]EB[ψm,n2 ] since the values of

ψm,n1 and ψm,n2 , when defined, are from the same equivalence class in A. Hence the

equivalence class of [ψm,1] is infinite.
28



Now, letm1 ̸= m2. Then ¬([ψm1,1]EB[ψm2,1]) since the values of ψm1,1 and ψm2,1, when

defined, are from different equivalence classes in A.

Corollary 2.1.4.1. Let A = (A,E) be a computable equivalence structure. Let C be a

cohesive set. Then ΠCA ∼= A iff A has a bounded character or infinitely many

equivalence classes.

It was shown in [5] that the following model-theoretic result holds for the equivalence

structures. Let the formulas γk(x) state that the equivalence class of x has at least k

elements, where k ∈ ω − {0}. Then the language of equivalence relations {E} expanded

with unary predicates {γk : k ≥ 1} has quantifier elimination; i.e., every first-order

formula in the original language is logically equivalent to a quantifier-free formula in the

new language. Since the formulas γk(x) are Σ0
1 formulas, it follows that a computable

equivalence structure A and its cohesive powers satisfy the same first-order sentences.

However, in some cases, the distinction can be made by using computable (infinitary)

sentences.

Corollary 2.1.4.2. Let A = (A,E) be a computable equivalence structure with

unbounded character and no infinite equivalence classes. Let C be a cohesive set. Then

there is a computable infinitary Σ3 sentence α such that ΠCA |= α and A |= ¬α.

Proof. We have that ΠCA has an infinite equivalence class, while A does not. Let α be

the sentence saying that there is an infinite equivalence class:

∃x
∧
n∈ω [∃y1 · · · ∃yn

∧
1≤i<j≤n(yi ̸= yj ∧xEyi)].

Hence α is a computable Σ3 sentence true in ΠCA but false in A.

2.2. Injection Structures

We will now study structures with a single unary function. An injection structure

A = (A, f) consists of a non-empty set A with an one-to-one function f : A⇒ A. Let
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f 0(a) =def a. Given a ∈ A, the orbit of a under f is defined as

Of (a) = {b ∈ A : (∃n ∈ ω)[fn(a) = b ∨ fn(b) = a]}.

We have that the size of orbit Of (a) is k ≥ 1 if and only if fk(a) = a and

(∀t < k)[f t(a) ̸= a]. Hence the property that card(Of (a)) = k is computable.

By analogy with the character of an equivalence structure, we define the character χ(A)

of an injection structure A as follows:

χ(A) = {⟨k, n⟩ ∈ ⟨ω − {0}⟩ × ⟨ω − {0}⟩ : A has at least n orbits of size k}.

Hence ⟨k, n⟩ ∈ χ(A) if and only if

(∃x1) · · · (∃xn)
(∧n

i=1 card(Of (xi)) = k ∧
∧
i ̸=j(∀t < k)[f t(xi) ̸= xj]

)
.

By ran(f) we denote the range of f , ran(f) = f(A). An injection structure (A, f) may

have two types of infinite orbits: Z-orbits, which are isomorphic to (Z, S) and in which

every element is in ran(f), and ω-orbits, which are isomorphic to (ω, S) and have the

form Of (a) = {fn(a) : n ∈ ω} for some a /∈ ran(f). Thus, injection structures are

characterized by the number of orbits of size k for each finite k, and by the number of

orbits of types Z and of type ω.

For every computable injection structure A = (A, f), we have the following arithmetic

complexity of important relations:

(a) {(k, a) : a ∈ ran(fk)} is a Σ0
1 set,

(b) {(a, k) : card(Of (a)) ≥ k} is a Σ0
1 set,

(c) {a : Of (a) is infinite} is a Π0
1 set,

(d) {a : Of (a) has type Z} is a Π0
2 set,

(e) {a : Of (a)has type ω} is a Σ0
2 set, and
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(f) χ(A) is a Σ0
1 set.

It was shown in [7] that for any c.e. characterK, there is a computable injection structure

A = (ω, f) with characterK and any specified finite or countably infinite number of

orbits of types ω and Z and for which ran(f) is computable and {a : Of (a) is finite} is

computable.

Theorem 2.2.1. [7] A computable injection structure A is computably categorical if and

only if A has finitely many infinite orbits.

Hence if A is an injection structure with finitely many infinite orbits and D is a

computable structure isomorphic toA, then for any cohesive set C we have ΠCA ∼= ΠCD.

By f−1(b) we will denote the unique a such that f(a) = b if it exists, in symbols

f−1(b) ↓= a; otherwise f−1(b) is not defined which we also denote by f−1(b) ↑. For

n ≥ 1, we denote by f−n a partial function (f−1)n.

Since the injection structures have the following axiom

∀x∀y[f(x) = f(y) ⇒ x = y],

we have that a cohesive power of a computable injection structure is an injection structure.

We would like to determine the isomorphism types of such cohesive powers.

Proposition 2.2.1. Let A = (A, f) be a computable injection structure. Let C be a

cohesive set, and B = ΠCA.

(a) Then χ(B) = χ(A).

(b) The structures A and B have the same number of ω-orbits.

(c) If A has bounded character and no infinite orbits, then A ∼= B.

Proof. (a) The character of a computable injection structure is definable by a Σ0
1 sentence.

(b) Let n ∈ ω − {0}.We can say that there are ≥ n many ω-orbits by the following Σ0
2

sentence σn:
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(∃x1) · · · (∃xn)(∀y)[
∧

1≤i<j≤n xi ̸= xj ∧
∧

1≤i≤n xi ̸= f(y)].

Thus, having < n many ω-orbits can be expressed by a Π0
2 sentence, ¬σn. Hence if A has

no ω-orbits, B has no ω-orbits; and if A has exactly n many ω-orbits, B has exactly n

many ω-orbits. If A has infinitely many ω-orbits, then for every n ≥ 1, A ⊨ σn and hence

B ⊨ σn, so B has infinitely many ω-orbits. The last conclusion also follows from the fact

that A can be embedded into B.

(c) Since the character of A is bounded, let k ∈ ω − {0} be the largest size of a finite orbit

of A.

Since A has no infinite orbits, A satisfies the following Π0
1 sentence, saying that there are

no orbits of size k + 1:

¬(∃x)[
∧

1≤i≤k+1 f
i(x) ̸= x]

Thus, B satisfies the same sentence and, since B has the same character as A, it is

isomorphic to A.

Theorem 2.2.2. Let A be a computable injection structure with unbounded character.

Let C be a cohesive set, and B = ΠCA. Then B has infinitely many Z-orbits.

Hence if A has unbounded character and finitely many Z-orbits, then A ≇ ΠCA.

Proof. Without loss of generality, we will assume that A = ω. Choose a computable

sequence of elements in A :

a(0), a(1), a(2), a(3), . . .

such that they all belong to distinct finite orbits, and for every k, the orbit of a(k) has > k

elements. Since f is computable and the character of A is unbounded, such a sequence

can be obtained by simultaneously enumerating the elements of A and checking the

conditions.

For every natural numberm and an integer z ∈ Z, we will define a computable function

ψm,z as follows:
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ψm,z(i) = f z(a(⟨m, i⟩)).

Each [ψm,z] is in B. Fixm. Let integers z1, z2 be such that z1 ̸= z2. Starting with some i0,

the orbit of a(⟨m, i⟩) will be so large that for i ≥ i0, we will have

f z1(a(⟨m, i⟩)) ̸= f z2(a(⟨m, i⟩)),

hence [ψm,z1 ] ̸= [ψm,z2 ]. In addition, [ψm,z1 ] and [ψm,z2 ] belong to the same orbit in B

since f z2−z1([ψm,z1 ]) = [ψm,z2 ]. Hence the set {[ψm,z] : z ∈ Z} forms a Z-orbit. On the

other hand, ifm1 ̸= m2, then for every i, ⟨m1, i⟩ ̸= ⟨m2, i⟩, so a(⟨m1, i⟩) and a(⟨m2, i⟩)

belong to different orbits. Hence [ψm1,0] and [ψm2,0] belong to different orbits in B, so

there are infinitely many Z-orbits.

Theorem 2.2.3. Let A be a computable injection structure with an infinite orbit. Let C

be a cohesive set, and B = ΠCA. Then B has infinitely many Z-orbits.

Hence if A has an infinite orbit, but has at most finitely many Z-orbits, then A ≇ ΠCA.

Proof. Assume that A has an infinite orbit. Let a be an element of such an infinite orbit.

For every natural numberm and every integer z, we define a partial computable function

ψm,z by ψm.z(n) = fm(2n+1)+n−1+z(a). Since the domain of each ψ is co-finite, we have

that [ψm,z] ∈ B. For anym and z1, z2 such that z1 ̸= z2, we have that {n :

ψm,z1(n) ↓= ψm,z2(n) ↓} = ∅ since the orbit of a is infinite; hence [ψm,z1 ] ̸= [ψm,z2 ]. We

also have that f([ψm,z]) = [f ◦ ψm,z] = [ψm,z+1]. Hence for everym we have a Z-orbit

{[ψm,z] : z ∈ Z} = O([ψm,0]).

Now, assume thatm1 ̸= m2. Since for any k ∈ ω, we have fk([ψm1,0]) ̸= [ψm2,0], it

follows that O([ψm1,0]) ̸= O([ψm2,0]). Hence B has infinitely many Z-orbits.

Corollary 2.2.3.1. Let A = (A, f) be a computable injection structure. Let C be a

cohesive set. Then ΠCA ∼= A iff A has a bounded character and no infinite orbits, or A

has infinitely many Z-orbits.

It was shown in [7] that the following model-theoretic result holds for the injection

structures. Let the formulas γk(x) state that (∃y)[fk(y) = x]. Then in the language of
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injection structures {f} expanded with unary predicates {γk : k ≥ 1} we have quantifier

elimination; i.e., every first-order formula in the original language is logically equivalent

to a quantifier-free formula in the new language. Since the formulas γk(x) are Σ0
1

formulas, it follows that a computable injection structure A and its cohesive powers

satisfy the same first-order sentences. However, in some cases, the distinction can be

made by using computable (infinitary) sentences.

Corollary 2.2.3.2. If A is a computable injection structure with an unbounded character

and no infinite orbits, then there is a computable (infinitary) Σ2 sentence α such that

B ⊨ α and A ⊭ α.

Proof. Let α say that there is an infinite orbit:

∃x
∧
k∈ω[f

(k)(x) ̸= x].

2.3. Two-to-One Structures

We will now investigate cohesive powers of two-to-one structures that were introduced

and studied in [6] from the computability-theoretic point of view with focus on the

complexity of isomorphisms between these structures.

Definition 2.3.1. A two-to-one structure A = (A, f) consists of a non-empty domain A

with a single unary function f : A⇒ A such that for every a ∈ A we have

card(f−1(a)) = 2.

We will also call a two-to-one structure a 2:1 structure, and often identify it with its

directed graph GA with vertex set A and edges (a, f(a)) for a ∈ A.

Definition 2.3.2. For a ∈ A, the orbit of a is:

Of (a) = {x ∈ A : (∃n,m ∈ ω) [fn(x) = fm(a)]}.

That is, the orbit of a is the set of elements of A, which belong to the same connected

component of GA to which a belongs.
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Let B be a full binary tree with its nodes pointing toward the root. We can show that there

are two types of orbits in a 2:1 structure: Z-chains, and k-cycles for k ≥ 1. A Z-chain

consists of a directed one-to-one basic sequence of nodes ordered as integers, with a tree

B attached to every node of the basic sequence as follows: there is a connecting edge,

which is not part of the basic sequence but points toward the sequence, to which the root

of B is attached. A k-cycle is a directed one-to-one cycle of size k such that a tree B is

attached to each node of the cycle via a connecting edge, which is not part of the cycle but

points toward the cycle, to which the root of B is attached. Hence all tree edges point

toward the cycle. For pictures illustrating orbits see Section 1 in [6].

Lemma 2.3.1. [6] (i) The predicate “Of (a) is a k-cycle” is Σ0
1.

(ii) The predicate “Of (a) is a Z-chain” is Π0
1.

Two countable 2:1 structures are isomorphic if they have the same number of k-cycles for

every k ≥ 1, and the same number of Z-chains.

2:1 structures have the following axioms:

∀y∃x1∃x2[x1 ̸= x2 ∧ f(x1) = y ∧ f(x2) ⇒ y]

∀x1∀x2∀x3[(f(x1) = f(x2) ∧ f(x2) = f(x3)) ⇒ (x1 = x2 ∨ x1 = x3 ∨ x2 = x3)]

Hence a cohesive power of a computable 2:1 structure is a 2:1 structure. We would like to

determine the isomorphism types of these cohesive powers.

Theorem 2.3.2. Let A be a computable 2 : 1 structure. Let C be a cohesive set, and

B = ΠCA.

(i) The cohesive power B has the same number of k-cycles, for any k ≥ 1, as A does.

(ii) The cohesive power B has infinitely many Z-chains.

Hence if A has at most finitely many Z-chains, then A ≇ ΠCA.

35



Proof. (i) The property that a 2:1 structure has at least n many k-cycles, where n, k ≥ 1

can be expressed by an existential sentence θn,k:

(∃x1) · · · (∃xn)[
∧

1≤m≤n(f
k(xm) = xm ∧ (

∧
1≤l<k f

l(xm) ̸= xm))

∧
∧

(1≤i<j≤n)&(1≤l<k) f
l(xi) ̸= xj].

Hence both A and its cohesive power B satisfy the same such sentences, so they have the

same number of k-cycles.

(ii) Fix a natural ordering on the domain A.We will “abuse” the notation and by f−1

denote the unary function on A, which for every a chooses the smaller of the two elements

that f maps into a. Hence f−z will be defined for every integer z where, as usual,

f 0(a) = a.

Since A always contains a full binary tree component T , we can define a computable

function g : ω ⇒ A, which chooses elements g(n) on T that are spaced apart so that

f z(g(n)) where |z| ≤ n do not “interfere” for different n’s. More precisely, if n1 ̸= n2 or

z1 ̸= z2, then f z1(g(n1)) ̸= f z2(g(n2)) where |z1| ≤ n1 and |z2| ≤ n2. Equivalently,

|f z(g(n)) : −n ≤ z ≤ n ∧ 0 ≤ n ≤ m}| = (m+ 1)2.

Our goal is to use this property to define partial computable functions ψm,z for natural

numbersm and integers z, such that ψm,∗’s witness that there are infinitely many Z-chains.

A partial function ψm,z : ω ⇒ A is defined as follows:

ψm,z(x) =

 f z(g(⟨m,x⟩)) if |z| ≤ ⟨m,x⟩;

↑ otherwise.

It follows that [ψm,z] ∈ B for everym, z. Furthermore, f([ψm,z]) = [ψm,z+1], so

{[ψm,z] : z ∈ Z} is a subset of a Z-chain. For any pair of natural numbersm1 andm2 such

thatm1 ̸= m2 and arbitrary k1, k2, we have fk1([ψm1,0]) ̸= fk2([ψm2,0]), so [ψm1,0] and

[ψm2,0] belong to different Z-chains. Hence B has infinitely many Z-chains.
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Corollary 2.3.2.1. Let A be a computable 2 : 1 structure. Let C be a cohesive set. Then

A ∼= ΠCA iff A has infinitely many Z-chains.

Corollary 2.3.2.2. Let A be a computable 2 : 1 structure with no Z-chains. Let C be a

cohesive set, and B =
∏

C A. Then there is a computable (infinitary) Σ2 sentence α such

that B ⊨ α and A ⊭ α.

Proof. Let α say that there is a Z-chain:

∃x
∧
l≥0&k>0(f

(l+k)(x) ̸= f l(x)).

2.4. (2,0):1 Structures

We will now investigate the class of (2,0):1 structures, which includes 2:1 structures.

They were introduced and studied in [6] from the computability-theoretic point of view

with focus on the complexity of isomorphisms between these structures.

Definition 2.4.1. A (2, 0) : 1 structure is a structure with a single unary function,

A = (A, f) where f : A⇒ A, such that for every a ∈ A, we have card(f−1(a)) ∈ {0, 2}.

As usual, a (2,0):1 structure A is often identified with its directed graph G(A, f), and the

orbit of a is defined to be the set of all points in A which belong to the connected

component of G(A, f) containing a. The orbits of (2,0):1 structures can be k-cycles for

k ≥ 1, Z-chains, or ω-chains. A k-cycle consists of a directed one-to-one cycle of size k

such that for each node of the cycle there is a connecting edge, which is not part of the

cycle and pointing toward the cycle, to which the root of a binary tree is attached with all

tree edges pointing toward the cycle. Here, a tree can be finite or infinite and it has to

satisfy the condition card(f−1(a)) ∈ {0, 2}.

A Z-chain consists of a directed one-to-one basic sequence of nodes ordered as integers,

with a binary tree attached to every node of the basic sequence as follows: there is a

connecting edge, which is not part of the basic sequence but points toward the sequence,

to which the root of a tree is attached. Hence each element of a k-cycle or a Z-chain also
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has a binary branching tree attached to it as its root and with all edges directed toward the

root. An ω-chain consists of a directed basic sequence of nodes ordered as natural

numbers such that for every node except the first one there is a binary branching tree

attached as above, with connecting edge pointing toward the basic sequence and the tree

edges pointing toward the root. Hence the first node of the basic sequence does not belong

to the range of f . For pictures illustrating orbits see Section 1 in [6].

Let (A, f) be a (2,0):1 structure and a ∈ A. The length of a is defined as:

l(a) = sup{n+ 1 : |{a, f(a), f 2(a), . . . , fn+1(a)}|= n+ 1}.

It is the longest “non-cycling” directed path starting with a. It can be finite or infinite.

Definition 2.4.2. Let A = (A, f) be a (2, 0) : 1 structure. Let k, n ∈ ω − {0}.

(a) The cycle character of A is

χcycle(A) = {⟨k, n⟩ : A has ⩾ n many k-cycles}.

(b) The path character of A is

χpath(A) = {⟨k, n⟩ : A has ⩾ n many a such that l(a) = k}.

(c) The endpath character of A is

χendpath(A) = {⟨k, n⟩ : A has ⩾ n many a /∈ f(A) such that l(a) = k}.

We say that a character is bounded if there is an upper bound on k.

(2,0):1 structures have the following axioms:

∀y∀x∃z[f(x) ̸= y ∨ (z ̸= x ∧ f(z) = y)] and

∀x1∀x2∀x3[(f(x1) = f(x2) ∧ f(x2) = f(x3)) ⇒ (x1 = x2 ∨ x1 = x3 ∨ x2 = x3)].

Hence a cohesive power of a computable (2,0):1 structure is a (2,0):1 structure.
38



Proposition 2.4.1. Let A be a computable (2, 0) : 1 structure. Let C be a cohesive set,

and let B =
∏

C A. Then A and B have tha same cycle character, path character, and

endpath character.

Proof. Let k, n ≥ 1. Then ⟨k, n⟩ ∈ χcycle(A) can be expressed by a Σ0
1 sentence as in the

proof of Theorem 2.3.2 (i).

Furthermore, ⟨k, n⟩ ∈ χpath(A) can be expressed by the following Σ0
1 sentence:

(∃x1) · · · (∃xn)[
∧

1≤m≤n((
∧

0≤l<s<k f
l(xm) ̸= f s(xm))∧

∨
1≤l<k(f

k(xm) = f l(xm)))∧
∧

1≤i<j≤n xi ̸= xj].

Finally, ⟨k, n⟩ ∈ χendpath(A) can be expressed by the following Σ0
2 sentence:

(∃x1) · · · (∃xn)[
∧

1≤m≤n((
∧

0≤l<s<k f
l(xm) ̸= f s(xm))∧

∨
1≤l<k(f

k(xm) = f l(xm)) ∧ (∀y)(f(xm) ̸= y)) ∧
∧

1≤i<j≤n xi ̸= xj].

By Theorem 1.4.1 it follows that A and B satisfy the same sentences above for every pair

(k, n), so A and B have the same characters.

Theorem 2.4.1. Let C be a cohesive set.

(i) Let A be a computable (2, 0) : 1 structure with bounded path character and no infinite

orbits. Then ΠCA ∼= A.

(ii) Let A be a computable (2, 0) : 1 structure with unbounded path character or with an

infinite orbit. Then ΠCA has infinitely many Z-chains.

Hence if A has only finitely many (including zero) Z-chains, we have A ≇ ΠCA.

Proof. (i) Let B = ΠCA. LetM ∈ ω be the least upper bound for the length of (finite)

paths in A. Since A does not have infinite orbits, it satisfies the following Π0
1 sentence:

(∀x)
∨

0≤m<n≤M(fm(x) = fn(x)).
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By Theorem 1.4.1, B also satisfies this sentence, which implies that B has no infinite

orbits. Since we can completely describe finite orbits by Σ0
2 sentences, it follows that A

and B are isomorphic.

(ii) Fix a natural ordering on the domain A.We will denote by f−1 a partially computable

unary function on A, which for every a chooses the smaller of the two elements that f

maps into a, if card(f−1(a)) = 2, and is undefined otherwise. Hence we have f−z for

every integer z, where f 0(a) = a.

By the assumption about A, we can define a computable function g : ω ⇒ A, which

chooses elements g(n) in A such that for everym ∈ ω, we have

|{f z(g(n)) : f z(g(n)) ↓ ∧ 0 ≤ n ≤ m ∧ −n ≤ z ≤ m}| = (m+ 1)2.

We now proceed similarly as in (ii) in the proof of Theorem 2.3.2 to show that there are

infinitely many Z-chains.

The following theorem focuses on ω-chains.

Theorem 2.4.2. Let C be a cohesive set. Let A be a computable (2, 0) : 1 structure with

bounded endpath character and with finitely many (including 0) elements in A− f(A) of

infinite length. Then
∏

C A and A have the same number of ω-chains.

Proof. Let B = ΠCA. LetM ∈ ω be the least upper bound for the endpath character of

A; that is,M = max{k : ⟨k, n⟩ ∈ χendpath(A)}.

Suppose that in B we choose [ψ] ∈ B − f(B) such that [ψ] is an element of an ω-chain.

We will show that [ψ] belongs to the range of the canonical embedding function of A info

B.

Consider a c.e. setW = {i ∈ ω : ψ(i) ↑ ∨ l(ψ(i)) > M}, which is infinite. We claim that

C ⊆∗ W . To establish the claim, assume otherwise, hence C ⊆∗ W . We have that
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W = {i ∈ ω : ψ(i) ↓ ∧ l(ψ(i)) ≤M} so it is a finite union of c.e. sets Yj for

j ∈ {1, . . . ,M} where

Yj =
⋃

0≤k<j{i ∈ ω : ψ(i) ↓ ∧f j(ψ(i)) ↓= fk(ψ(i)) ↓ ∧

∧
0≤m<n<j f

m(ψ(i)) ↓≠ fn(ψ(i)) ↓}.

Hence, since C is cohesive, for some j0, k0 such that j0 > k0 we have that

C ⊆∗ {i ∈ ω : ψ(i) ↓ ∧f j0(ψ(i)) ↓= fk0(ψ(i)) ↓ ∧

∧
0≤m<n<j0 f

m(ψ(i)) ↓̸= fn(ψ(i)) ↓},

which will imply that f j0 [ψ] = fk0 [ψ], contradicting the fact that [ψ] is an element of an

ω-chain. Hence

C ⊆∗ W = {i ∈ ω : ψ(i) ↑ ∨ l(ψ(i)) > M}.

Since C ⊆∗ {i ∈ ω : ψ(i) ↓}, we have

C ⊆∗ {i ∈ ω : ψ(i) ↓ ∧ l(ψ(i)) > M} =

{i ∈ ω : ψ(i) ↓ ∧ l(ψ(i)) > M ∧ ψ(i) ∈ f(A)} ∪

{i ∈ ω : ψ(i) ↓ ∧ l(ψ(i)) > M ∧ f(i) ∈ A− f(A)}.

We can further show that C ⊆∗ {i ∈ ω : ψ(i) ↓ ∧ l(ψ(i)) > M ∧ f(i) ∈ A− f(A)}

since, otherwise, there is [τ ] ∈ B such that f([τ ]) = [ψ], contradicting the fact that

[ψ] ∈ B − f(B).

Hence, C ⊆∗ ⋃{Xa : a ∈ (A− f(A)) ∧ l(a) = ∞}. By assumption, the union in the

previous formula is a finite union, so for some a0, we have

C ⊆ {i ∈ ω : ψ(i) ↓= a0}.

Thus, [ψ] belongs to the range of the canonical embedding. It follows that the number of

ω-chains is the same in A and B.
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For the following result we require more decidability in a computable structure.

Definition 2.4.3. [6] A computable (2, 0) : 1 structure A = (A, f) is said to be highly

computable if ran(f) is a computable set.

Theorem 2.4.3. Let C be a cohesive set. Let A be a highly computable (2, 0) : 1 structure

with unbounded endpath character or with infinitely many elements in A− f(A) of

infinite length. Then ΠCA has infinitely many ω-chains.

Hence if A has only finitely many ω-chains, we have A ≇ ΠCA.

Proof. Let B = ΠCA. Let g : ω ⇒ A be a computable function such that

g(ω) ⊆ A− f(A) and for everym ∈ ω we have

|{fk(g(n)) : fk(g(n)) ↓ ∧ 0 ≤ n ≤ m ∧ 0 ≤ k ≤ m} = (m+1)(m+2)
2

.

A partial function ψm,n : ω ⇒ A form,n ∈ ω is defined as follows:

ψm,n(x) =

 fn(g(⟨m,x⟩)) if 0 ≤ n ≤ ⟨m,x⟩;

↑ otherwise.

It follows that every [ψm,n] ∈ B. If n1 ̸= n2, then [(ψm,n1)] ̸= [(ψm,n2)]. Furthermore,

[(ψm,0)] ∈ B − f(B) and f([ψm,n]) = [ψm,n+1] , so {[ψm,n] : n ∈ ω} is a subset of an

ω-chain. For any pair of natural numbersm1,m2 such thatm1 ̸= m2 and arbitrary k1, k2,

we have fk1([ψm1,0]) ̸= fk2([ψm2,0]), so [ψm1,0] and [ψm2,0] belong to different ω-chains.

Hence B has infinitely many ω-chains.

Corollary 2.4.3.1. If A is a highly computable (2, 0) : 1 structure with unbounded

endpath character and no ω-chains. Let C be a cohesive set, and B =
∏

C A. Then there

is a computable Σ2 sentence α such that B ⊨ α and A ⊭ α.

Proof. The property that there is an ω-chain can be expressed by a computable (infinitary)

Σ2 sentence α:

∃x(
∧
y∈A(x ̸= f(y)) ∧

∧
l≥0∧k>0(f

(l+k)(x) ̸= fn(x)))
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2.5. Partial Injection Structures

A partial injection structure (A, f) consists of a set A and a partial function f : A⇒ A

such that if x, y ∈ dom(f) and x ̸= y, then f(x) ≠ f(y).We will call f a partial

injection. As usual, we write f(x) ↓ to denote that x ∈ dom(f), and f(x) ↑ to denote that

x /∈ dom(f). Also, f(x) ↓ y stands for f(x) ↓ and f(x) = y. Partial inverse function f−1

is defined naturally. For z ∈ Z, f z is defined as the usual composition of partial functions.

Partial injection structures and their computability-theoretic properties, including

complexity of their isomorphisms, were studied by Marshall in [44]. She calls a partial

injection structure (A, f) a partial computable injection structure if A a computable set

and f is a partial computable function.

In order to make a partial injection structure (A, f) into a first-order structure, we will

consider it as a relational structure A = (A,Gf ), where Gf is the graph of f :

Gf = {(x, y) : x ∈ dom(f) ∧ f(x) = y}.

Having this framework in mind, we can still write (A, f).

Definition 2.5.1. We say that a partial computable injection structure (A, f) is a

computable partial injection structure if Gf is a computable binary relation. Hence

(A,Gf ) is a computable structure.

Proposition 2.5.1. Let (A, f) be a partial computable injection structure.

(i) If ran(f) is computable, then Gf is computable.

(ii) If dom(f) is computable, then Gf is computable.

Proof. (i) Without loss of generality, we may assume that A= ω. Given a pair (x, y), first

determine whether y ∈ ran(f). If y /∈ ran(f), then (x, y) /∈ Gf . If y ∈ ran(f), then run a

Turing machine program Pf for computing f simultaneously on 0, 1, 2, . . . by adding

more and more inputs and computation steps (although finitely many at every stage) until

we find z such that the program Pf halts on z and outputs y. If x = z then (x, y) ∈ Gf ,

and if x ̸= z then (x, y) /∈ Gf .
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(ii) Given a pair (x, y), first determine whether x ∈ dom(f), and if that is the case

compute f(x).

The domain of a partial computable injection function with computable range does not

have to be computable. For example, for the halting setK, consider a computable 1− 1

enumeration g : ω ⇒ K. Let f : ω ⇒ ω be defined as:

f(x) =

 g−1(x) if x ∈ K

↑ otherwise

Then f is a partial computable injection with ran(f) = ω and dom(f) = K.

Let (A, f) be a partial injection structure. The orbit of a is defined to be:

Of (a) = {b : ∃n ∈ ω(fn(a) ↓= b ∨ fn(b) ↓= a)}.

There are five kinds of orbits. Finite orbits may be k-cycles or k-chains for k ≥ 1. A

k-chain is of the form {xi : 1 ≤ i ≤ k} where xi ̸= xj for 1 ≤ i < j ≤ k and

x1 ∈ A− ran(f), xi+1 = f(xi), and xk /∈ dom(f). Infinite orbits may be Z-chains,

ω-chains, or ω∗-chains. An ω∗-chain is of the form {xi : i ∈ ω} where x0 ∈ A− dom(f),

xi = f(xi+1), and xi ̸= xj for i ̸= j.

Definition 2.5.2. Let A = (A, f) be a partial injection structure. In the following

definitions we will assume that k, n ∈ ω − {0}.

(a) The cycle character of A is

χcycle(A) = {⟨k, n⟩ : A has ⩾ n many k -cycles}.

(b) The finite chain character of A is

χpath(A) = {⟨k, n⟩ : A has ⩾ n many k -chains}.

We say that a character in the previous definition is bounded if there is an upper bound on

the size k. Two countable partial injection structures are isomorphic if and only if they

have the same cycle character, the same finite chain character nd the same number of

Z-chains, ω-chains and ω∗-chains.
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Let A = (A, f) be a computable partial injection structure. Let C be a cohesive set, and

B = ΠCA. Then fB([ψ]) ↓ if C ⊆∗ {i ∈ ω : f(ψ(i)) ↓} and fB([ψ]) ↑ otherwise.

Similarly, fB([ψ]) = [ϕ] if and only if C ⊆∗ {i ∈ ω : f(ψ(i)) ↓= ϕ(i) ↓}. We often omit

the superscript in fB.

The following proposition is based on Theorem 1.4.1.

Theorem 2.5.1. Let A = (A, f) be a computable partial injection structure. Let C be a

cohesive set. Then the cohesive power ΠCA is a partial injection structure that has the

same cycle character and finite chain character as A.

Proof. Being a partial injection structure can be described by the following Π0
1 sentences:

∀x∀y∀z[(f(x) = z ∧ f(y) = z) ⇒ x = y]

∀x∀y∀z[(f(x) = y ∧ f(x) = z) ⇒ y = z]

Furthermore,

⟨k, n⟩ ∈ χcycle(A) iff

∃x1 · · · ∃xn[
∧

1≤i≤n(f
k(xi) = xi ∧

∧
1≤l<k f

l(xi) ̸= xi) ∧
∧

1≤i<j≤n&1≤l<k f
l(xi) ̸= xj],

which is a Σ0
1 sentence.

Also,

⟨k, n⟩ ∈ χpath(A) iff

∃x1 · · · ∃xn∃y1 · · · ∃yk∀y[∧
1≤i<j≤n xi ̸= xj ∧

∧
1≤i≤n(f (y) ̸= xi ∧ fk−1(xi) = yi ∧ f(yi) ̸= y)],

which is a Σ0
2 sentence.

In some cases, the cohesive power is isomorphic to the original structure.
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Theorem 2.5.2. Let A be a computable partial injection structure with bounded cycle

character, bounded finite chain character, and no infinite orbits. Let C be a cohesive set.

Then A ∼= ΠCA.

Proof. Let A = (A, f) and B = ΠCA. LetM be the maximum size of finite orbits. Since

A has no infinite orbits, it satisfies the following Π0
2 sentence:

¬∃x∃y(fM+1(x) = y ∧
∧

1≤i≤M (f i(x) ̸= x)).

Hence B satisfies the same sentence, so it has no infinite orbits. Thus, together with

Theorem 2.5.1, we have A ∼= B.

If the conditions of the previous theorem are not satisfied, the cohesive power will have

infinitely many Z-chains.

Theorem 2.5.3. Let A be a computable partial injection structure with unbounded cycle

character, or with unbounded finite chain character, or with an infinite orbit. Let C be a

cohesive set. Then ΠCA has infinitely many Z-chains.

Hence if A has only finitely many Z-chains, then A ≇ ΠCA.

Proof. The proof is similar to that of part (ii) of Theorem 2.3.2.

The cohesive power always has at least as many orbits of a certain fixed type as A. In

some cases the number of ω-chains and ω∗-chans is the same.

Theorem 2.5.4. Let A be a computable partial injection structure with bounded finite

chain character. Let C be a cohesive set. Then ΠCA has the same number of ω-chains

and the same number of ω∗-chains as A.

Proof. Let A = (A, f) and B = ΠCA. LetM be the maximum size of finite chains. The

property that A has ≥ n many ω-chains can be expressed by the following Σ0
2 sentence:

∃x1 · · · ∃xn∃y1 · · · ∃yn∀z[
∧

1≤i<j≤n xi ̸= xj ∧
∧

1≤i≤n(f
M(xi) = yi ∧ f(z) ̸= xi)]
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Hence A and B have the same number of ω-chains.

Similarly, the property that A has ≥ n many ω∗-chains can be expressed by the following

Σ0
2 sentence:

∃x1 · · · ∃xn∃y1 · · · ∃yn∀z[
∧

1≤i<j≤n xi ̸= xj ∧
∧

1≤i≤n(f
M(yi) = xi ∧ f(xi) ̸= z)].

Theorem 2.5.5. Let A = (A, f) be a computable partial injection structure with

unbounded finite chain character. Let C be a cohesive set.

(i) Assume that ran(f) is computable. Then ΠCA has infinitely many ω-chains.

Hence if A has only finitely many ω-chains, then A ≇ ΠCA.

(ii) Assume that dom(f) is computable. Then ΠCA has infinitely many ω∗-chains.

Hence if A has only finitely many ω∗-chains, then A ≇ ΠCA.

Proof. (i) Proof is similar to that of Theorem 2.4.3.

(ii) Let g : ω ⇒ (A− dom(f)) be a computable function such that if natural numbers

m1,m2, n1, n2 are such thatm1 ̸= m2 or n1 ̸= n2, then f−n1(g(m1)) ̸= f−n2(g(m2))

where n1 ≤ m1 and n2 ≤ m2. Such a function exists since the chain character is

unbounded and dom(f) is computable.

We define partial function ψm,n : ω ⇒ A form,n ∈ ω as follows:

ψm,n(x) =

 f−n(g(⟨m,x⟩)) if n ≤ ⟨m,x⟩;

↑ otherwise.

It follows that [ψm,n] ∈ ΠCA since dom(ψm,n) is cofinite. We can show that

{[ψm,n] : n ∈ ω} form an ω∗-chains, and that form1 ̸= m2 we have that [ψm1,0] and

[ψm2,0] belong to different ω∗-chains. Hence ΠCA has infinitely many ω∗-chains.
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2.6. Directed Pseudoforests

A function structure, also known as an directed pseudoforest, consists of a set A and a

unary partial function f : A⇒ A, i.e., a function with dom(f) ⊆ A. The language L

consists of a single unary function symbol, but, for simplicity, we will use the same

notation f for the symbol and its interpretation in various structures. It will be clear from

the context in which structure the symbol is beng interpreted as a unary partial function.

Particular examples of function structures studied before include injection structures,

two-to-one structures, (2, 0): 1 structures, and partial injection structures. Even when f is

a total function, we often identified A with the directed graph with vertex set A (also

called nodes) and edges (a, f(a)) for a ∈ dom(f).

In order to make a function structure (A, f) where f may not be a total function into a

first-order structure, we will consider it as a relation structure (A,Gf ), where Gf is the

graph of f :

Gf = {(a, b) : a ∈ dom(f) ∧ f(a) = b}.

Having this framework in mind, we can still write (A, f). A function structure (A,Gf ) is

also sometimes called a directed pseudoforest in graph theory.

A partial function ψ is partial computable if and only if its graph Gψ is c.e.. For a partial

computable function ψ with dom(f) being computable, we have that Gψ is computable.

Hence the graph Gf of a (total) computable function f is computable.

Definition 2.6.1. We say that a function structure (A, f) is computable if the universe A is

a computable set and dom(f) is computable.

Thus, (A,Gf ) is a computable relation structure. We will still write f(a) ↓= b, or simply

f(a) = b, instead of (a, b) ∈ Gf .

Let A = (A, f) be a function structure. We write f(a) ↓ to denote that a ∈ dom(f) and

f(a) ↑ to denote that a /∈ dom(f). We write f 0(a) = f(a) if f(a) ↓, and

fn+1(a) = f(fn(a)) provided that fn(a) ↓ and f(fn(a))↓.
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For a ∈ A, we say that a is a root if there is no b ∈ A such that fm(b) ↓= a and

fn(b) ↓= b for somem,n ∈ N− {0}.

Definition 2.6.2. For a ∈ A, the orbit of a is:

O(a) = {b ∈ A : (∃n ∈ N)(∃m ∈ N) (fn(b) ↓= fm(a) ↓)}.

That is, the orbit of a is the set of elements of A, which belong to the same connected

component to which a belongs. There are different types of orbits depending whether

there are roots that form finite cycles or infinite chains or there is a root that is not mapped

into any node. As usual, we use ω to denote the order type of the natural numbers.

Definition 2.6.3. (i) An orbit of A is a k-cycle for k ≥ 1 if it contains k distinct roots

a1, . . . , ak such that

f(a1) ↓= a2, . . . , f(ak−1) ↓= ak and f(ak) ↓= a1.

(ii) An orbit of A is an ω-chain if it contains infinitely many distinct roots a1, a2, . . . such

that

f(a1) ↓= a2, f(a2) ↓= a3, . . . , f(an) ↓= an+1, . . . .

(iii) An orbit of A is a tree orbit if it contains a root a such that a /∈ dom(f).

It can be shown that every orbit in a function structure is either a k-cycle for some k ≥ 1,

an ω-chain, or a tree orbit.

For a ∈ A, we define the length of a as:

l(a) = sup{k + 1 : card({a, f(a), f 2(a), . . . , f k(a)}) = k + 1}, assuming that

f(a) ↓, . . . , f k(a) ↓.

It is the length of the longest “non-cycling” directed path starting with a, measured by the

number of nodes on the path. It can be finite or infinite.
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For a root a ∈ A− dom(f) we define the depth of the tree orbit O(a) for a root

a /∈ dom(f) for to be

d(a) = sup({k+1 : ∃a1 · · · ∃ak(f(ak) = a ∧
∧

1≤i<k f(ai) = ai+1 ∧
∧

1≤i<j≤k(ai ̸= aj))).

We define three types of characters for A = (A, f).

Definition 2.6.4. (i) The cycle character of A is

χcycle(A) = {⟨k, n⟩ : A has ≥ n many k-cycles, where k, n ≥ 1}.

(ii) The path character of A is

χpath(A) = {⟨k, n⟩ : A has ⩾ n many a with l(a) = k, where k, n ≥ 1}.

(iii) The tree character of A is

χtree(A) = { ⟨k, n⟩ : A has ≥ n many a with d(a) = k, where k, n ≥ 1}.

We say that a character is bounded if there is a finite upper bound on the size k in the

above definitions.

Let A be a computable function structure. Let C be a cohesive set. Then ΠCA is a

function structure since being a function structure can be expressed by the following Π0
1

sentence:

∀x∀y∀z[(f(x) ↓= y ∧ f(x) ↓= z) ⇒ y = z]

Let B = ΠCA, and [φ] ∈ B. Then f([ψ]) ↓ if and only if C ⊆∗ {i : f(ψ(i)) ↓}.

Furthermore, f([ψ]) ↓= [ϕ] if and only if C ⊆∗ {i : f(ψ(i)) ↓= ϕ(i) ↓}.

Proposition 2.6.1. Let A be a computable function structure and C a cohesive set. Then

B = ΠCA has the same cycle character, path character, and tree character as A.
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Proof. We can express the cycle character as

⟨k, n⟩ ∈ χcycle(A) iff

∃x1 · · · ∃xn[
∧

1≤i≤n(f
k(xi) = xi ∧

∧
0≤l<s<k f

l(xi) ̸= f s(xi)) ∧

∧
1≤i<j≤n&1≤l<k f

l(xi) ̸= xj],

which is a Σ0
1 sentence. Hence the same sentence is satisfied in B, so ⟨k, n⟩ ∈ χcycle(A) iff

⟨k, n⟩ ∈ χcycle(B).

For the path character we have

⟨k, n⟩ ∈ χpath(A) iff

(∃x1) · · · (∃xn)(∀y)[
∧

1≤m≤n(
∧

0≤l<s<k f
l(xm) ̸= f s(xm) ∧ (fk(xm) = y ⇒

∨
1≤l<k y = f l(xm)) ∧

∧
1≤i<j≤n xi ̸= xj],

which is a Σ0
2 sentence. Hence ⟨k, n⟩ ∈ χpath(A) iff ⟨k, n⟩ ∈ χpath(B).

For the tree character we have

⟨k, n⟩ ∈ χtree(A) iff

∃x1 · · · ∃xn∃y1 · · · ∃yn∀z[
∧

1≤i<j≤n xi ̸= xj ∧

∧
1≤i≤n(f

k(yi) = xi ∧ f(xi) ̸= z)],

which is a Σ0
2 sentence. Hence ⟨k, n⟩ ∈ χtree(A) iff ⟨k, n⟩ ∈ χtree(B).

We will next consider the number of ω-chains in a cohesive power of a computable

function structure.

Theorem 2.6.1. Let A be a computable function structure with bounded path character.

Let C be a cohesive set. Then ΠCA has no ω-chains.
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Proof. Let S ∈ N be greater than the size of the length of any element in A. Then A

satisfies the following sentence:

¬∃x∃y[fS(x) = y ∧
∧

0≤i<j≤M ¬(f i(x) = f j(x))],

which is a Π0
1 sentence. Hence B satisfies the same sentence, so it does not have

ω-chains.

Hence we have the following corollary that gives a sufficient condition for a cohesive

power to be isomorphic to the structure.

Corollary 2.6.1.1. If a computable function stricture A has bounded path character and

no infinite orbits, then A ∼= ΠCA.

Theorem 2.6.2. Let A be a computable function structure with unbounded path character

or with at least one ω-chain. Let C be a cohesive set. Then ΠCA has infinitely many

ω-chains.

Proof. Fix a natural ordering on the universe A. Since A has unbounded path character or

at least one ω-chain, we can define a computable function g : N ⇒ A, which chooses

elements g(k) that are spaced apart so that fn(g(k)) where 0 ≤ n ≤ k do not “interfere”

for different k’s and n‘s. More precisely, if k1 ̸= k2 or n1 ̸= n2, then

fn1(g(k1)) ↓≠ fn2(g(k2)) ↓ where n1 ≤ k1 and n2 ≤ k2.

Our goal is to use this property to define partial computable functions ψm,n for natural

numbersm and n, such that ψm,∗’s witness that there are infinitely many ω-chains.

A partial computable function ψm,n : N ⇒ A is defined as follows:

ψm,n(x) =

 fn(g(⟨m,x⟩)) if n ≤ ⟨m,x⟩;

↑ otherwise.

For everym,n we have that [ψm,n] ∈ B since {i ∈ N : ψm,n(i) ↓} is cofinite.
52



Fixm. If n1 ̸= n2, then [ψm,n1 ] ̸= [ψm,n2 ] by the choice of g. Also f([ψm,n]) ↓= [ψm,n+1]

since if f([ψm,n]) ↓= [ϕ], then the set {i ∈ N :ϕ(i) ↓= ψm,n+1(i) ↓} is cofinite. Hence

{[ψm,n] : n ∈ N} is a subset of an ω-chain.

For any pair of natural numbersm1 andm2 such thatm1 ̸= m2 and any t ∈ N, if

f t([ψm1,0]) ↓= [θ], then {i ∈ N : θ(i) ↓= ψm2,0(i) ↓} is finite, so we have

f t([ψm1,0]) ̸= [ψm2,0]. Hence [ψm1,0] and [ψm2,0] belong to different ω-chains. Thus, B has

infinitely many ω-chains.

We now consider the number of tree orbits in a cohesive power of a computable function

structure.

Theorem 2.6.3. Let A = (A, f) be a computable function structure and C a cohesive set.

If A has unbounded tree character, then B = ΠCA has infinitely many tree orbits of

infinite depth.

Proof. Let g : N ⇒ A be a computable function such that for every n ∈ N, we have that

fn(g(n)) ↓ and fn(g(n)) ∈ A− dom(f), and ifm ̸= n, then fn(g(n) ̸= fm(g(m)). Such

a function g exists since A has unbounded tree character, and A and dom(f) are

computable sets.

We define a partial computable function ψm,n : N ⇒ A form,n ∈ N as follows:

ψm,n(x) =

 f ⟨m,x⟩−n(g(⟨m,x⟩)) if n ≤ ⟨m,x⟩;

↑ otherwise.

We have that [ψm,n] ∈ B since {i ∈ N : ψm,n(i) ↓} is cofinite. For everym,

[ψm,0] ∈ B − dom(f) since for every x, we have

ψm,0(x) ↓= f ⟨m,x⟩(g(⟨m,x⟩)) ↓∈ A− dom(f). Also, if n1 ̸= n2, then [ψm,n1 ] ̸= [ψm,n2 ].

For n ≥ 1, we have f([ψm,n]) ↓= [ψm,n−1], since if f([ψm,n]) = [ϕ], then

{i ∈ N : ϕ(i) ↓= ψm,n−1(i) ↓} is cofinite. Hence {[ψm,n] : n ∈ N} is a subset of a tree

orbit of B of infinite depth.
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Form1 ̸= m2 and any t ∈ N, if f t([ψm1,0]) ↓= [θ], then for every i ∈ N,

θ(i) = f t(ψm1,0(i)) = f t(f ⟨m1,i⟩(g(⟨m1, i⟩)). It follows that {i ∈ N : θ(i) ↓= ψm2,0(i) ↓}

is empty by the choice of g. Thus, we have f t([ψm1,0]) ̸= [ψm2,0], so [ψm1,0] and [ψm2,0]

belong to different tree orbits. Hence B has infinitely many tree orbits of infinite

depth.

The previous results give us a variety of examples where a computable function structure

is not isomorphic to its cohesive power. It should be noted that the last theorem is the only

result where we used the fact that dom(f) is a computable set. In the other results having

a computable graph Gf was sufficient.

2.7. Strongly Locally Finite Graphs

A graph (or undirected graph) (V,E) is a nonempty set V of vertices with a symmetric

binary relation E (also called the edge relation), so it can be axiomatized by the following

universal sentence:

∀x∀y[E(x, y) ⇒ E(y, x)].

Hence, by Theorem 1.4.1 a cohesive power of a graph is a graph.

If (x, y) ∈ E, then vertices x and y are adjacent to each other. The degree of a vertex is

the number of vertices it is adjacent to. A graph G is called locally finite if the degree of

each vertex in G is finite. A graph G is strongly locally finite if all connected components

of G are finite. In [11], a criterion was obtained for computable categoricity of certain

strongly locally finite computable graphs.

The disjoint union of graphs (V1, E1) and (V2, E2) where V1 ∩ V2 = ∅ is a graph

(V1 ∪ V2, E1 ∪ E2). Hence there are no edges between V1 and V2. We write

(V1, E1)⨿ (V2, E2) and also view it as decomposition into a disjoint union. If

V1 ∩ V2 = ∅, then a union of graphs G1 = (V1, E1) and G2 = (V2, E2) is any graph

G = (V1 ∪ V2, E) such that E1 ∪ E2 ⊆ E and E ↾ (Vi × Vi) = Ei for i = 1, 2. We simply

write G = G1 ∪G2.
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The following result demonstrates the universal feature with respect to embeddability into

cohesive powers of certain computable graphs.

Theorem 2.7.1. Let G be a computable graph. Let C be a cohesive set. Then there is a

computable, strongly locally finite graph A such that ΠCA is isomorphic to the union

G ∪H for some graph H or H = ∅.

Proof. If G is finite, then G is strongly locally finite and G ∼= ΠCG.

Let N+ = ω − {0}. Now, assume that a graph G = (V,R) is infinite and fix a computable

enumeration f of its vertices V = {f(n) : n ∈ N+}. Using this enumeration we will build

a computable graphA with domain N+and edge set E. Consider vertices a, b ∈ N+. If a, b

can be written as a = k(k+1)
2

+m and b = k(k+1)
2

+ n for some k,m, n such that

1 ≤ m,n ≤ k + 1, then let

(a, b) ∈ E ⇔ (f(m), f(n)) ∈ R.

If there are no k,m, n as above, then let (a, b) /∈ E. Note that k(k+1)
2

= 1+ 2 + · · ·+ k, so

the idea is to divide the natural numbers into segments of length 1, 2, . . .. Clearly, A is a

computable, strongly locally finite graph.

For n ∈ N+ we define functions ψn by ψn(x) = x(x+1)
2

+ n. Hence each [ψn] is an

element of the cohesive power ΠCA. Consider the subgraph S of A with the vertex set

{[ψn] : n ∈ N+}. Consider a function ρ : {[ψn] : n ∈ N+} ⇒ V defined by

ρ([ψn]) = f(n). Then we can show that ρ is a graph isomorphism (see [36]), so S is

isomorphic to G. Hence ΠCA is isomorphic to the union G ∪H for some graph H .

If a computable graph G is locally finite, we have a stronger result.

Theorem 2.7.2. Let G be an infinite computable graph that is locally finite. Let C be a

cohesive set. Then there is a computable, strongly locally finite graph A such that ΠCA is

isomorphic to the disjoint union G ⊔H for some graph H .
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Proof. Let G = (V,R). Let f,A, ψn, ρ be defined as in the proof of the previous theorem.

Let φ be a partial computable function such that [φ] ∈ ΠCA and E([φ], [ψm]) for some

m ≥ 1. Then C ⊆∗ {i ∈ ω : φ(i) ↓ ∧ (φ(i), ψm(i)) ∈ E}. Since G is locally finite, we

have that {i ∈ ω : φ(i) ↓ ∧ (φ(i), ψm(i)) ∈ E} is the following finite disjoint union of

c.e. sets:∐
n:f(m)Rf(n){i ∈ ω : φ(i) = i(i+1)

2
+ n where 1 ≤ m,n ≤ i+ 1}.

Since C is cohesive, there is some n0 such that

C ⊆∗ {i : φ(i) ↓= i(i+1)
2

+ n0} ⊆ {i : φ(i) ↓= ψn0(i)}.

Hence [φ] = [ψn0 ]. Thus, ΠCA is isomorphic to the disjoint union

G ⊔ (ΠCA− {[ψm] : m ≥ 1}).
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3. Future Research

3.1. Abelian p-groups

Thus far, we have studied the classification of cohesive powers of various kinds of

combinatorial structures that can be viewed as directed graph. It may be worthwhile

though, to investigate the cohesive powers of algebraic structures. Several of the

structures we examined were sets endowed with a unary (partial) function, like injection

structures, two to one structures, (2,0):1 structures, partial injection structures, and

pseudoforests. One kind of algebraic structure similar to those is a magma, a set endowed

with a single binary operation. Relatively little work has been done on the

computability-theoretic properties of general magmas, but groups have been the object of

considerable interest in computability theory. In particular, Calvert et. al. in ([4]) analyzed

the computable categoricity of Abelian p-groups, so it seems promising to investigate their

cohesive powers as well.

Definition 3.1.1. If p is a prime number, than an Abelian group A is an Abelian p-group if

for each x ∈ A, the order of x is a power of p.

Definition 3.1.2. The Prüfer p-group Z(p∞) denotes Z[1/p]
Z .

Lemma 3.1.1. Any countable Abelian p-group can be written uniquely upto isomorphism

in the form

(⊕i∈NZ (pni))⊕ (⊕αZ (p∞))

where α ≤ ω. ⊕i∈NZ (pni) is called the reduced part and ⊕αZ (p∞) is called the divisible

part.

Definition 3.1.3. If A = (⊕i∈NZ (pni))⊕ (⊕αZ (p∞)), then the character of A is

χ(A) = {(n, k) : n, k > 0, |{i∈ N : ni = n}| ≥ k}.

Lemma 3.1.2. Two countable Abelian p-groups are isomorphic if and only if their

characters are equal and their α’s are equal.
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Definition 3.1.4. An abelian group is a torsion group if every element has finite order. An

abelian group is torsion-free if every nonzero element has infinite order.

Definition 3.1.5. If A is an abelian group, then its torsion part AT denotes

{x ∈ A : |x| <∞} and its torsion-free quotient AF denotes A
AT

.

Lemma 3.1.3. If A is an abelian group, then AT is a torsion group and AF is a

torsion-free group.

Theorem 3.1.4. If A is an Abelian p-group and either A has unbounded character or

nontrivial divisible part, then B =
∏

C A is not a torsion group, let alone a p-group.

Proof. Since A is an infinite computable structure, it follows that there exists a

computable bijection F : N →A. Let φ: N →A be defined by φ(n) = F (µm : τ(m,n))

where τ(m,n) denotes the formula
∧n+1
j=1 ¬jF (m) = 0. Now τ(m,n) is a decidable

predicate, and since A has unbounded character or nontrivial divisible part, it follows that

µm : τ(m,n) ↓ and thus φ(n) = F (µm : τ(m,n)) ↓. Thus φ is a total computable

function. For any k ∈ N+, we have

{i : kφ(i) = 0} ⊆ {i : k > i+ 1} = {i : i < k − 1} ,

which is finite, so {i : kφ(i) = 0} is finite and thus k[φ] ̸= 0. Therefore, [φ] has infinite

order, which implies that B is not a torsion group, let alone a p-group.

Lemma 3.1.5. If A is an abelian group, then the isomorphism type of A is uniquely

determined by the isomorphism type of AT , the isomorphism type of AF , and the element

of Ext1 (GF , GT ) determined by the extension 0 → GT → G→ GF → 0.

Definition 3.1.6. The rank of an abelian group is the cardinality of any maximal linearly

independent subset.

Lemma 3.1.6. An abelian group and its torsion-free quotient have the same rank.
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Theorem 3.1.7. If A is an Abelian p-group and B =
∏

C A, then BT is an Abelian

p-group, and χ (BT ) = χ(A).

Proof. Since A is an Abelian p-group, it follows that for all primes q ̸= p, we have

A |= ∀x : ¬qx = 0, which is always a Π0
1 sentence, so by Dimitrov’s theorem

B |= ∀x : ¬qx = 0 for all primes q ̸= p, which implies that BT |= ∀x : ¬qx = 0 for all

primes q ̸= p, which by the fact that BT is a torsion group implies that BT is an Abelian

p-group. If k, n ∈ N+, then (k, n) ∈ χ(A) if and only if

A |= σ = ∃x1, . . . , xk
(( k∧

i=1

(
pnxi = 0,¬pn−1xi = 0,¬∃y : xi = py

) )
,

∧
c1,...,ck=0,...,pn−1

( k∑
j=1

cjxj = 0 →
k∧
i=1

(cj = 0)
))
.

(3.1)

Now σ is a Σ0
2 sentence, so by Dimitrov’s Theorem A |= σ if and only if B |= σ, which is

true if and only if BT |= σ, which is true if and only if (k, n) ∈ χ (BT ). Thus

(k, n) ∈ χ(A) if and only if (k, n) ∈ χ (BT ) for all k, n ∈ N+, which implies that

χ(A) = χ (BT ).

Theorem 3.1.8. If A has trivial divisible part and bounded character, then B =
∏

C A is

isomorphic to A.

Proof. Let N = max ({ni : i∈ N}). Then

A |= ∀x
(
x = 0 or

N∨
i=1

(
pix = 0,¬

((
pi − 1

)
x = 0

)) )
,

which is a Π0
1 sentence, so by Dimitrov’s theorem

B |= ∀x
(
x = 0 or

N∨
i=1

(
pix = 0,¬

((
pi − 1

)
x = 0

)) )

and thus B is a reduced Abelian p-group, which by the fact that the characters of A and

B = BT are equal implies that A and B are isomorphic.
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Lemma 3.1.9. For any n ∈ N+, Z (p∞) has pn − pn−1 elements of order pn.

Lemma 3.1.10. ⊕n
i=1⊕Z (p∞) has pn − 1 elements of order p.

Lemma 3.1.11. If A has finitely many finite cyclic group summands with maximum order

pk andm is the size of the reduced part, then A hasm
(
pn(k+1) − pnk

)
elements of order

pk+1 if the number of Prüfer group summands is n ∈ N+, and infinitely many elements of

order pk+1 if A has infinitely many Prüfer group summands.

Theorem 3.1.12. If A is an Abelian p-group with at most finitely many finite cyclic group

summands and B =
∏

C A, then BT is isomorphic to A.

Proof. First suppose that A has no finite cyclic group summands. Then for all n ∈ N+, A

has at least n Prüfer group summands if and only if

A |= σ = ∃x1 . . . xpn−1

(( ∧
i,j=1,...,pn−1,i ̸=j

¬xi = xj

)
,

pn−1∧
i=1

(pxi = 0,¬(p− 1)xi = 0)
)
.

Now σ is a Σ0
1 sentence, so by Dimitrov’s Theorem A |= σ if and only if B |= σ, which is

true if and only if BT |= σ, which is true if and only if BT has at least n Prüfer group

summands. Thus for all n ∈ N+, A has at least n Prüfer group summands if and only if

BT has at least n Prüfer group summands. Now suppose that A has finitely many finite

cyclic group summands. Let pk be the maximum order of the finite cyclic group

summands, and letm be the size of the reduced part. Then for all n ∈ N+, A has at least n

Prüfer group summands if and only if

A |= τ = ∃x1 . . . xm(pn(k+1)−pnk)

(( ∧
i,j=1,...,m(pn(k+1)−pnk),i ̸=j

¬xi = xj

)
,

m(pn(k+1)−pnk)∧
i=1

(pxi = 0,¬(p− 1)xi = 0)
)
.

(3.2)
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Now τ is a Σ0
1 sentence, so by Dimitrov’s Theorem A |= τ if and only if B |= τ , which is

true if and only if BT |= τ , which is true if and only if BT has at least n Prüfer group

summands. Thus for all n ∈ N+, A has at least n Prüfer group summands if and only if

BT has at least n Prüfer group summands.

3.2. Fields

Groups were an example of a set endowed with a single binary operation. It may also be

worthwhile to investigate the cohesive powers of algebraic structures consisting of a set

endowed with two binary operations. Feferman et. al. investigated effective ultrapowers

of the semiring of natural numbers in [28], for instance. And the first structure whose

cohesive powers were investigated was the field Q of rational numbers, in [19]. Dimitrov

et al. invented the notion of cohesive powers in order to study the automorphism problem

for computably enumerable vector spaces and the properties of their lattice in [18]. If we

can investigate the cohesive powers of more fields, we can apply our results to make

further progress on the study of these vector spaces.

Notation: We have that N denotes the commutative semiring (N,+, ·, 0, 1), Z denotes the

commutative ring (Z,+, ·, 0, 1), and Q denotes the field (Q,+, ·, 0, 1).

Remark: Note that N is a subset of Z, Z is a subset of Q, and N is a subset of Q, and they

denote the natural embeddings of the smaller structures in the larger ones.

Definition 3.2.1. A structure is rigid if its only automorphism is the identity function.

Proposition 3.2.1. The embeddings of N in Z, Z in Q, and N in Q extend to embeddings

of
∏

C N in
∏

C Z,
∏

C Z in
∏

C Q, and
∏

C N in
∏

C Q.

Proposition 3.2.2. ([42]) Z is Π0
1-definable in Q and thus N is Σ0

2-definable in Q.

Proposition 3.2.3. A cohesive power
∏

C Z is Π0
1-definable in

∏
C Q,

∏
C N is

Σ0
1-definable in

∏
C Z, and

∏
C N is Σ0

2-definable in
∏

C Q.

Proposition 3.2.4. ([28]) There is a Π0
3 sentence σ such that PA ⊢ σ but

∏
C N ⊭ σ, so∏

C N is not a model of Th (N).
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Proposition 3.2.5. ([22]) A cohesive power
∏

C Q is not a model of Th (Q).

Proposition 3.2.6. ([38],[49]) A cohesive power
∏

C N is rigid.

Proposition 3.2.7. ([22]) A cohesive power
∏

C Q is rigid.

Lemma 3.2.1. The field Q is the unique model up to isomorphism of the second-order

theory consisting of the field axioms, axioms of the form ¬(1 + . . .+ 1 = 0) for any

number of 1’s, and the axiom

∀X
(
(0 ∈ X ∧ 1 ∈ X ∧ ∀x, y, z ((x ∈ X ∧ y ∈ X) →

(x+ y ∈ X ∧ xy ∈ X ∧ (x+ z = 0 → z ∈ X) ∧ (xz = 1 → z ∈ X)) → ∀x : x ∈ X
).

(3.3)

Definition 3.2.2. The theory T is the first-order theory consisting of the field axioms,

axioms of the form ¬(1 + . . .+ 1 = 0) for any number of 1’s, and the axiom schema

(
φ(0) ∧ φ(1) ∧ ∀x, y, z ((φ(x) ∧ φ(y)) → (φ(x+ y) ∧ φ(xy) ∧ (x+ z = 0 → φ(z))∧

(xz = 1 → φ(z))
)
→ ∀xφ(x)

(3.4)

for each formula ϕ(x).

Lemma 3.2.2. The theory T is a proper subset of Th(Q), and the models of T are the

fields of characteristic 0 which have no proper subfields which are definable without

parameters.

Proposition 3.2.8. ([37]) The structure N is Π0
3-definable in

∏
C N.

Theorem 3.2.3. A cohesive power
∏

C Q has definable proper subfields and is thus not a

model of T .
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Proof. Since N is Π0
3-definable in

∏
C N and

∏
C N is Σ0

2-definable in
∏

C Q, it follows

that N is first-order definable in
∏

C Q, so let φ(x) be a first-order formula defining N in∏
C Q. Then the formula

∃m,n, yφ(m) ∧ φ(n) ∧ ny = 1 ∧ (x = my ∨ x+my = 0)

is a first-order definition of Q in
∏

C Q, so Q is a definable proper subfield of
∏

C Q and

thus
∏

C Q is not a model of T .

Definition 3.2.3. If F is a subfield of E, then E is called a field extension over F ,

deg
(
E
F

)
is the dimension of E as a vector space over F , and E is a finite extension of F if

deg
(
E
F

)
is finite.

Definition 3.2.4. A number field is a finite extension of Q.

Definition 3.2.5. IfK is a number field, then OK , known as the ring of algebraic integers

ofK, is the set of all roots inK of monic polynomials in Z[X].

Proposition 3.2.9. ([55]) IfK is a number field, then OK is Π0
1-definable in K.

Proposition 3.2.10. ([15]) IfK is a totally real number field or a quadratic extension of a

totally real number field, then Z is Σ0
1-definable in OK .

Now the Weak Tate-Shafarevich Conjecture in algebraic geometry states that if E is an

elliptic curve over a number fieldK, then dimF2

(
E/K

2

)
is even.

Proposition 3.2.11. ([46]) If the weak Tate-Shafarevich conjecture is true, then Z is

Σ0
1-definable in OK for all number fields K.

Theorem 3.2.4. IfK is a number field and Z is Σ0
1-definable in OK , then

∏
C N is

Σ0
2-definable in

∏
C K.

Corollary 3.2.4.1. A cohesive power
∏

C K is not a model of Th(K).
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Proof. Since Z is Σ0
1-definable in OK and OK is Π0

1-definable in K, it follows that N is

Σ0
2-definable in K. Thus using exactly the same reasoning used in the paper to show that∏
C N is Σ0

2-definable in
∏

C Q, it follows that
∏

C N is Σ0
2-definable in

∏
C K. (The

complexity is crucial in that proof.)

Definition 3.2.6. If E is a field extension of F and a ∈ E, then F (a) denotes the smallest

subfield of E containing F ∪ {a}.

Definition 3.2.7. If E is a field extension of F and a ∈ E is algebraic over F , then the

minimal polynomial of a over F is the monic polynomial of least degree in F [X] which

has a as a root.

Proposition 3.2.12. If E is a field extension of F , a ∈ E is algebraic over F , and d is the

degree of the minimal polynomial of a over F , then every element of F (a) can be written

uniquely as

f0 + f1a+ f2a
2 + · · ·+ fd−1a

d−1

for some f0, . . . , fd−1 ∈ F .

Proposition 3.2.13. If E is a finite extension of F and F is of characteristic 0, then

E = F (a) for some a ∈ E.

Theorem 3.2.5. IfK= Q(a) is a number field and p is the minimal polynomial of a over

Q, then
∏

C K = (
∏

C Q) (π(a)) and π(p) is the minimal polynomial of π(a) over
∏

C Q,

where π denotes both the canonical embedding ofK in
∏

C K and the induced embedding

of Q[X] in (
∏

C Q) [X].

Proof. Let d = deg(p). Let [φ] ∈
∏

C K, and let the partial functions

φ0, . . . , φd−1: N →
∏

C Q be defined as follows. If φ(x) ↓, then φ(x) can be written

uniquely as q0 + q1a+ q2a
2 + . . .+ qd−1a

d−1 for some q0, . . . , qd−1 ∈ F , so let φk(x) = qk

for 0 ≤ k ≤ d− 1. If φ(x) ↑, then let φk(x) ↑ for 0 ≤ k ≤ d− 1. Now
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C ⊆∗ {i∈ N :φ(x) ↓} = {i∈ N :φk(x) ↓} and thus [φk] ∈
∏

C Q for 0 ≤ k ≤ d− 1,

which implies that

[φ] = [φ0] + [φ1] (π(a)) + [φ2] (π(a))
2 + . . .+ [φd−1] (π(a))

d−1

. Thus
∏

C K = (
∏

C Q) (π(a)). If r[X] ∈ (
∏

C Q) [X] and 1 ≤ deg(r) ≤ d− 1, then

since p is the minimal polynomial of a over Q, it follows that r (π(a)) ̸= π(0), so since

π(p) (π(a)) = π(0), it follows that π(p) is the minimal polynomial of π(a) over∏
C Q.

Definition 3.2.8. If E is a field extension of F , then Aut(E) is the group of

automorphisms of E, and Aut
(
E
F

)
is the subgroup of Aut(E) consisting of

automorphisms of E which fix F .

Proposition 3.2.14. If E = F (a), F is of characteristic 0, then E is a Galois extension of

F if and only if then the minimal polynomial of a over F splits over E, and in this case

Gal
(
E
F

)
= Aut

(
E
F

)
.

Theorem 3.2.6. IfK is a number field, then Aut (
∏

C K/
∏

C Q) is isomorphic to

Aut (K/Q), and ifK is also a Galois extension of Q, then
∏

C K is a Galois extension of∏
C Q and thus Gal (

∏
C K/

∏
C Q) is isomorphic to Gal (K/Q).

Proof. SinceK is a finite extension of Q, it follows that K= Q(a) for some a ∈ K. Let

G : Aut (
∏

C K/
∏

C Q) → Aut (K/Q) be defined by G(f) = π−1 ◦ f ◦ π. If

f ∈ Aut
(∏

C K∏
C Q

)
, then since p(a) = 0, it follows that π(p) (π(a)) = π(0) and thus

π(0) = f (π(0)) = f (π(p) (π(a))), which by the fact that f fixes
∏

C Q equals

π(p) (f (π(a))), so π(p) (f (π(a))) = 0 and thus f (π(a)) is a root of π(p), which implies

that f (π(a)) ∈ π(K), so since K= Q(a), it follows that f (π(x)) ∈ π(K) for all x ∈ K,

so G(f) = π−1 ◦ f ◦ π is well-defined.

Let f ∈ Aut
(∏

C K∏
C Q

)
. Since f , π, and π−1 are homomorphisms, it follows that

G(f) = π−1 ◦ f ◦ π is a field homomorphism and is thus injective. If x ∈ K, then since
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f ∈ Aut
(∏

C K∏
C Q

)
, it follows that f−1 ∈ Aut

(∏
C K∏
C Q

)
, so G (f−1) = π−1 ◦ f ◦ π is

well-defined and thus G(f) (π−1 (f−1 (π(x)))) = π−1 (f (π (π−1 (f−1 (π(x)))))) = x, so

G(f) is surjective and thus G(f) is a field automorphism. If q∈ Q, then π(q) ∈
∏

C Q, so

since f ∈ Aut
(∏

C K∏
C Q

)
, it follows that f (π(q)) = π(q) and thus

G(f)(q) = π−1 (f (π(q))) = π−1 (π(q)) = q, so G(f) fixes Q and thus

G(f) ∈ Aut (K/Q). Since f was arbitrary, G is well-defined.

If f, g ∈ Aut (
∏

C K/
∏

C Q), then

G(fg)(x) = π−1 ((fg) (π(x))) = π−1
(
f
(
π
(
π−1 (g (π(x)))

)))
= G(f)

(
π−1 (g (π(x)))

)
= (G(f)G(g)) (x)

(3.5)

for all x ∈ K, so G(fg) = G(f)G(g), so G is a group homomorphism. If G(f) = G(g),

then π−1 (f (π(a))) = π−1 (g (π(a))) and thus f (π(a)) = g (π(a)), so since∏
C K = (

∏
C Q) (π(a)) it follows that f = g, so G is injective. If h ∈ Aut (K/Q), then

0 = h(0) = h (p(a)), which by the fact that r fixes Q equals p (h(a)), so h(a) is a root of

p and thus π (h(a)) is a root of π(p), which by the fact that
∏

C K = (
∏

C Q) (π(a))

implies that exists a unique element f ∈ Aut (
∏

C K/
∏

C Q) which sends π(a) to

π (h(a)), and G(f)(a) = π−1 (f (π(a))) = π−1 (π (h(a))) = h(a), which by the fact that

K= Q(a) implies that G(f) = h, so G is surjective and thus G is a group isomorphism.

Therefore, Aut (
∏

C K/
∏

C Q) is isomorphic to Aut (K/Q). And if K is a Galois

extension of Q, then p splits over K, which implies that π(p) splits over
∏

C K, so

Gal

(∏
C

K/
∏
C

Q

)
= Aut

(∏
C

K/
∏
C

Q

)

which is isomorphic to Aut (K/Q) = Gal (K/Q), so Gal (
∏

C K/
∏

C Q) is isomorphic

to Gal (K/Q).

Theorem 3.2.7. LetK be a number field. Then ifK is not rigid, then
∏

C K is not rigid.

And if Z is Σ0
1-definable in OK , then Aut (

∏
C K) = Aut (

∏
C K/

∏
C Q), and K is rigid
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if and only if
∏

C K is rigid.

Proof. If K is not rigid, then Aut(K) is not trivial, but Aut(K) = Aut (K/Q) which is

isomorphic to Aut (
∏

C K/
∏

C Q), so Aut (
∏

C K/
∏

C Q) is nontrivial, which implies

that Aut (
∏

C K) is nontrivial and thus
∏

C K is not rigid. Suppose that Z is Σ0
1-definable

in OK . Then
∏

C N is Σ0
2-definable in

∏
C K, which implies that

∏
C Q is Σ0

2-definable in∏
C K. Let f ∈ Aut (

∏
C K). Then since f is a field automorphism of

∏
C K (i.e., a

structure automorphism) and
∏

C Q is a first-order definable subfield of
∏

C K (i.e., an

elementary substructure), it follows that f |∏
C Q is a field automorphism, which by the

fact that
∏

C Q is rigid implies that f |∏
C Q is the identity function and thus

f ∈ Aut (
∏

C K/
∏

C Q). Since f was arbitrary, Aut (
∏

C K) = Aut (
∏

C K/
∏

C Q)

which is isomorphic to Aut (K/Q) = Aut(K), so Aut(K) is trivial if and only if

Aut (
∏

C K) is trivial and thusK is rigid if and only if
∏

C K is rigid.

Proposition 3.2.15. ([14]) If F = R(t) where R is a formally real field which contains the

algebraic real numbers, then Z is Σ0
1-definable in F .

Theorem 3.2.8. If F = R(t) where R is a formally real field which contains the algebraic

real numbers, then
∏

C F is not elementarily equivalent to F .

Proof. Since Z is Σ0
1-definable in F , it follows that N is is Σ0

1-definable in F . Since this is

at a sufficiently low level, using the same reasoning that was used to show the definability

of
∏

C N in
∏

C Q, it follows that the same Σ0
1 formula that defines N in F also defines∏

C N in
∏

C F . Thus since
∏

C N is not elementarily equivalent to N, it follows that∏
C F is not elementarily equivalent to F .
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