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Abstract 

Multiple Stage Vehicle Systems (MSVS’s) may be comprised of a lower-atmospheric 

aircraft first stage and upper-atmospheric launch vehicle upper stages.  Until now, synthesis 

of such aircraft/launch-vehicle MSVS’s has been by unconnected Disciplinary Analysis 

and Optimization Programs (DAOP’s) developed for either aircraft or launch vehicles. 

Because DAOP’s are specific to their respective vehicles, they are not well suited to model 

a vehicle outside their discipline, and thus have been applied to the MSVS’s stages 

sequentially, but not to the system as a whole. Ideally, it is desirable to have a synthesis 

method, which can be applied across multiple disciplines, modeling the MSVS holistically. 

This research develops such a methodology for the synthesis of Rapid Point-To-Point 

Transport (RPPT) and Reusable Launch Vehicle (RLV) MSVS’s by implementing a Bi-

Level Integrated System Synthesis Response Surface (BLISS-RS) method to link aircraft 

and launch vehicle DAOP’s. 

The methodology allocates the responsibilities of the design process across the 

aircraft/launch vehicle disciplines by using appropriate DAOP’s for each of the MSVS’s 

stages.  The DAOP’s are constrained at the staging location, where the design variables 

relevant to the DAOP linkage are passed between them, optimizing the final vehicle 

system.  The use of independent aircraft and launch vehicle DAOP’s cooperatively results 

in a converged system with optimized stages.  

Based on this methodology, a MSVS synthesis and optimization program, MSVS-OPT, 

has been developed.  A design study for a turbofan/turbojet-ramjet RPPT system is 

presented to validate the methodology and MSVS-OPT. 
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1.0 Introduction 

The MSVS configuration can be applied to conceptualize the Rapid Point-to-Point 

Transport (RPPT) and the second-generation Reusable Launch Vehicle (RLV).  The RPPT 

is defined as a multiple stage transport system capable of delivering a payload of 

passengers or cargo from one ground location to another within a trip time of less than 

three hours.  The second-generation RLV is defined as a multiple stage system capable of 

economically and readily delivering a payload to low Earth orbit.  It is desirable for these 

systems to operate from existing airfields in an effort to increase their accessibility and 

reduce their support infrastructure. 

This can be accomplished by developing a MSVS comprised of an aircraft first stage 

and launch vehicle upper stages.  When appropriately sized upper stage vehicles are mated 

to the aircraft first stage, such a system is applicable to either RPPT or RLV missions. 

Because both RPPT and RLV systems are launched from the same staging position and 

share commonality with regard to the first stage vehicle, a similar method can be used for 

their synthesis, prompting the developed methodology and resulting MSVS-OPT program. 

1.1 Motivation 

Current synthesis methods are principally ineffective for combined aircraft/launch 

vehicle systems because they use unconnected Disciplinary Analysis and Optimization 

Programs (DAOP’s). Aircraft DAOP’s or launch vehicle DAOP’s are applied to the 

system’s stages sequentially, but not to the system as a whole.  This is because DAOP’s 

are specific to their respective vehicles, and are generally not well suited to model a vehicle 

outside their discipline.  Ideally, it is desirable to have a synthesis method applied across 

multiple disciplines, modeling the MSVS holistically.  Thus, a new methodology is needed, 

1 



 

  

  

  

  

  

   

  

 

  

  

   

  

   

  

 

  

 

  

    

 

 

 

   

which considers the impact of aircraft and launch vehicle design constraints independently 

without losing focus of the entire aircraft/launch vehicle system as a whole.  It also must 

clearly present the effect of the upper stage weight on the total system weight, as well as 

define the optimal staging position.  Thus, the synthesis of aircraft/ launch vehicle MSVS’s 

must address the following concerns: 

1) It must make use of aircraft and launch vehicle Disciplinary Analysis and Optimization 

Programs (DAOP’s), as DAOP’s made for aircraft design or launch vehicle design are 

specific to their respective vehicles, and are generally not well suited to model a vehicle 

outside their discipline.  

2) It must determine the optimal staging parameters (such as altitude, Mach number, and 

flight-path angle), and the upper stage weight allocation to the total system weight. 

Efforts to link DAOP’s to model MSVS’s have been made with emphasis placed on 

POST and CONSIZ.  Partly due to this, aircraft synthesis tools such as ACSYNT or FLOPS 

have played small roles in RPPT and RLV development, leaving traditional aircraft 

relatively unconsidered in this area of research.  Thus, methods to link ACSYNT/FLOPS 

with POST and CONSIZ for an aircraft/launch vehicle RPPT or RLV MSVS have not been 

developed. 

1.2 Previous Work 

RPPT and RLV systems have been mainly synthesized as a single or two-stage 

configuration, having propulsion systems ranging from rocket, to air breathing, to 

combined cycles.  As proponents of MSVS’s, numerous studies [4, 10, 17, 25] have shown 

that staging provides exceptional benefits, among which are the reduction of the overall 

vehicle (and vehicle system) weight, the amount of propellant expended, and an increase 
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in payload capacity.  For MSVS’s, the staging altitude and Mach number have been 

extensively explored as optimization variables. Most design configurations have been 

studied, save an MSVS with a sub-sonic first stage. 

1.2.1 RPPT Design Studies 

The RPPT has been considered for commercial, civilian and military aerospace 

vehicles for many years.  Yet, to date the only operational RPPT has been the Concorde. 

As a single stage system, the Concorde must carry the fuel necessary to reach and sustain 

supersonic cruise speed.  As a result, this design configuration reduces the Concorde’s 

mass fraction, limiting its payload capacity.  At a gross weight of 408,000 lb, it has the 

passenger capacity of a DC-9, while a Boeing 747 has more than three times the passenger 

capacity and just more than twice the Concorde’s weight. 

Table 1: RPPT Design Studies 

RPPT Stages Speed Advantages Disadvantages 
The Concorde 1 Mach 2.2  - Only operational RPPT  - Single stage deisgn

   requires large amounts
   of fuel.
 - Very loud engines.
 - Limited Serivice 

Sonic Cruiser 1 Trans-sonic  - By increasing its cruise
   speed to just 17% above
   conventional aircraft it can
   reduce flight times by 10-15%.

 - Low speed.
 - Single stage design
   limits range.
 - Still in development. 

Supersonic 
Business Jets

1 Mach 2.4  - Due to their wing and fuelage
   shape, which re-direct the 
   induced shock waves of
   supersonic flight, they can travel
   over populated areas.

 - Small vehciles with 
   low payload.
 - Still in development.
 - Re-direction of shock
   waves may not be possible 

HSCT 1 Mach 2.4  - High-speed, high-payload.
 - Largest research into RPPT's.
 - Capable of service from
    existing airports. 

- Single stage design
    required a large vehicle.
 - Development cancelled.

As a response to the problems encountered by the Concorde passing through the 

transonic flight regime, the Sonic Cruiser [26] is under study.  It has a highly swept delta 

wing design, which moves the shock waves (and the majority of the induced drag) to the 
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rear of the aircraft, giving it a much smaller drag coefficient, even at near sonic speeds.  

Additionally, the U.S. Defense Advanced Projects Agency (DARPA) awarded over $35 

million in contracts to Boeing, Lockheed Martin and Northrop Gumman [22] for high-

speed transport study.  The agency intends to have the three compete in a design 

competition that will produce an aircraft capable of delivering a 20,000 lb payload 7000 

miles downrange at a speed of at least 1,600 mph.  Finally, the High Speed Civil Transport 

(HSCT) concept, was initiated in the late 1980’s as a joint NASA and Boeing program, and 

deemed the High Speed Research (HSR) Program.  Spearheaded by NASA’s Langley 

Research Center, its mission objective was to deliver more than 300 passengers over 5,000 

nautical miles at a cruise speed of Mach 2.4 [28]. 

1.2.2 RLV Design Studies 

While the only operational RLV to date is the Space Shuttle, numerous paper studies 

have been done which explore the feasibility of other designs.  The United States Air Force 

initiated the original Aerospace Plane Program in the early 1960’s [25] to produce a 

recoverable orbital launch system with the goal of routine access to space.  The program 

emphasized a Two-Stage-To-Orbit (TSTO) vehicle system, but shortly afterwards began 

serious work on a Single-Stage-To-Orbit (SSTO) vehicle [4].  The Aerospace Plane was 

the result: a winged SSTO utilizing an air-breathing/rocket combined cycle propulsion 

system. 

In November 1965, NASA initiated a re-evaluation of the TSTO concept [4], consisting 

of a winged aircraft first stage and a rocket powered launch vehicle second stage.  Using a 

horizontally launched winged first stage was to retain the capabilities of the Aerospace 

Plane, in that it could take-off and land from existing runways without the need for special 
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launch facilities.  The studies showed that for lowest take-off gross weight and maximum 

payload, optimal results were achieved with a turbojet-ramjet (or scramjet) propulsion 

system, staging at hypersonic Mach numbers. 

Table 2: RLV Design Studies 

RLV Stages Type Advantages Disadvantages 
Space Shuttle 2 Solid rocket

1st stage
Liquid rocket

2nd stage

 - Only operational RLV
 - Highly effective in carrying high
   payload to low Earth orbit.

 - Vertical launch 
- Use of rocket 1st stage 

   limits launch sites. 
- Low turn-around time. 

X-30 National 
Aerospace 
Plane 

1 Combined
Turbojet-
Ramjet-

Scramjet-
Rocket 

 - Horizontal takeoff from
   conventional runways.

 - Cancelled due to 
   technical difficulties 

Sanger-Horus 2 Scramjet
1st stage
Rocket

2nd stage

 - Horizontally launched.
 - Makes use of available launch
   sites.

 - Hypersonic staging 
   creates high drag due 
   to carriage of the 2nd 
   stage. 

The German rocket pioneer Eugene Sanger began development on the Sanger-HORUS 

vehicle system [17]. Sanger-HORUS is a TSTO vehicle system, with a first stage air-

breathing winged vehicle, Sanger (named in honor of its inventor), and a second stage 

rocket-powered, lifting body called the Hypersonic Orbital Reusable Upper Stage 

(HORUS). The system is launched horizontally and climbs to a set separation altitude and 

velocity, generally around Mach 5-7.  At separation, the HORUS vehicle proceeds to orbit 

as a manned orbiter or an unmanned cargo unit. 

1.2.3 Methods 

DAOP’s are executed and interpreted by a specialized expert in aircraft design or 

launch vehicle design.  Until recently, a MSVS designer would close the design space 

around the aircraft or launch vehicle stage by manually iterating each of the DAOP’s 

sequentially.  An optimal design was often found using trade studies in a parametric 

approach, where one variable was varied at a time in relation to the others.   
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A formal optimization guided by the gradients obtained in a System Sensitivity 

Analysis (SSA) [15] is an alternative to the parametric approach. In reference 15, SSA was 

applied to join POST, CONSIZ, and an engine analysis code to model the performance of 

a SSTO concept.  The objective function of vehicle dry weight was calculated from a given 

set of design variables through an iterative process.  Engine information was passed to 

POST and CONSIZ, which were tightly coupled by the internal design variables of 

CONSIZ’s gross weight and POST’s mass ratio.  In this procedure, optimal trajectory paths 

and vehicle mass ratio are produced by POST while the vehicle component and gross 

weights are produced by CONSIZ. 

In reference, 8 Braun, et al., apply a multidisciplinary optimization strategy called a 

Sequential Compatibility Constraint Method (SCCM), to POST, CONSIZ and a Pratt and 

Whitney engine sizing code.  With the SCCM, there is no iterative loop. Instead, coupling 

variables and compatibility constraints are added to the optimization problem statement. 

Using a SCCM, the disciplines of trajectory and weights/sizing converge at the solution 

and not at each point. Hence, accurate derivatives may be obtained without requiring strict 

convergence of the disciplinary models, resulting in an average savings of 75% of the CPU 

time for an iterative method. 

BLISS-RS 

An alternative to seeking system optimization by following a sensitivity-guided path in 

the design space is available with Response Surface Methodology (RSM) [20]. RSM’s fit 

a surface to numerous design points of a feasible design to create a design space.  This 

surface then becomes a representation of the design space, and optimization may be 

performed.  Reference 18 describes a Bi-Level Integrated System Synthesis Response 
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Surface (BLISS-RS) methodology.  BLISS-RS is used to perform system optimization for 

a number of DAOP’s, through the use of shared, local and coupling variables.  The method 

models the system by assemblage of modules, with each module comprising a DAOP that 

simulates a particular discipline.  The DAOP may be limited to analysis or may be used for 

optimization on variables local to the module.  A dispersion of design variable points is 

generated, the DAOP’s are executed, and the results are stored in the form of response 

surfaces (RS’s).  Approximations to these RS’s are made in the form of regression 

equations, as described in Reference 2, and system optimization can be performed. 

1.3 Present Study 

The present study develops a methodology to implement a BLISS-RS [2, 18] method 

for the design of MSVS’s, combining aircraft and launch vehicle DAOP’s.  The aircraft 

synthesis program ACSYNT and the launch vehicle sizing and trajectory optimization 

programs CONSIZ and POST have been connected to analyze and model the performance 

of such MSVS’s.  The methodology is general enough to be applicable to a wide variety of 

booster and cruise vehicles so that many design studies of multiple stage vehicles may be 

performed.  If more detailed study is desired, the method may be extended to include 

additional DAOP’s in addition to the three being used, such as an engine sizing code, CFD 

code, advanced materials modules, etc. The methodology is also not limited to the use of 

only the DAOP’s chosen in this study.  Any DAOP may be substituted for the ones selected 

here, such as FLOPS in place of ACSYNT, or even another launch vehicle DAOP if the 

first stage is a launch vehicle. In this way, the methodology can be used to link any number 

of disparate DAOP’s together for the decomposition of a highly complex engineering 

system that involves multiple disciplines.  The DAOP’s are used as validated black boxes 
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in the sense that they are permitted to perform their local optimizations aside from the 

system-level optimization.  Use of the DAOP’s in this fashion capitalizes on their proven 

capabilities and eliminates the need to develop new methods and analysis tools. 

1.4 Objectives 

Based on this methodology, a new design tool, MSVS-OPT, is presented which links 

ACSYNT, POST, and CONSIZ, optimizing shared, local and coupling variables relevant 

to the MSVS.  MSVS-OPT distributes the variables required as an input to each DAOP, 

applies them to receiving DAOP’s, and takes the output to be enforced as compatibility 

constraints in its System Optimizer.  The result is a balanced design satisfying the 

requirements of each DAOP.   Of particular importance is the determination of the 

appropriate weight allocation.  This weight fraction, xsystem, is the ratio of the system’s 

upper stages to the total system. 

Wupperstage Equation 1 x = system Wsystem 

The system fuel fraction is also optimized and extracted from the final design 

parameters. MSVS-OPT also determines the optimal staging condition in terms of the 

flight-path angle, altitude, and airspeed as a shared design variable between ACSYNT and 

POST. 

Equation 2 {XSH} = [γ M h] 
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2.0 Disciplinary Analysis and Optimization Programs 

Aerospace vehicles may be divided into one of two basic categories: atmospheric 

vehicles, such as conventional aircraft, which operate within less than 80,000 –100,000 

feet; and launch vehicles, such as satellites and orbiting space craft like the space shuttle, 

which operate above 80,000 – 100,000 feet.  In either case, both must encounter the lower, 

middle, and in some aircraft cases, the upper regions of the atmosphere.  Vehicle design in 

these regions can be accomplished through the DAOP’s listed in Table 3. 

Table 3: Disciplinary Analysis and Optimization Programs 

DAOP ACSYNT POST CONSIZ 
Purpose Aircraft Analysis 

Sizes the booster 
vehicle and finds 

its trajectory 

Spacecraft Analysis 
Finds the trajectory 
of the cruise vehicle 

Spacecraft Analysis 
Sizes the cruise 

vehicle 

Input g 

h 
M 
T1 

*CD2 
*W2 

g 

h 
M 

*Sref2 

W2 * 
*bl2 

knose2 

pl2 

pd2 

AR2 

tr2 

swp2 

toc2 

MR2 * 
Output ^W1 

^MR2 
^CD2 

^Sref2 
^W2 
^bl2 

Optimization 
Sensitivity 

YES 
YES 

YES 
YES 

NO 
NO 

Time per Execution 2 - 10 minutes 2 - 10 minutes 0 - 1 minute 

When the first stage of an MSVS is a conventional aircraft, it will be exposed to the 

lower/middle atmosphere.  Formulas and empirical relations relevant to this flight regime 

are intrinsic within ACSYNT.  ACSYNT also has the capability to analyze other aircraft 

sensitive design considerations, such as noise pollution and FAA regulations.  For these 
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reasons, analysis of an MSVS’s aircraft first stage operating from commercial airports 

should include the capabilities of ACSYNT within its analysis. 

The upper stages of the MSVS may experience only the upper atmosphere.  In the upper 

atmosphere, the exponentially decaying air density becomes so low that the driving 

aerodynamic forces of lift and drag, which prevail in the equations of motion for lower-

atmospheric vehicles, are no longer prominent.  ACSYNT can no longer accurately model 

the vehicle’s trajectory at such high altitudes.  POST and CONSIZ are better suited to 

model the upper stages of the MSVS under such circumstances.  POST has upper 

atmosphere models and applies high-altitude trajectory equations of motion to solve orbital 

and ballistic problems.  CONSIZ was specifically developed as a launch vehicle sizing 

program to calculate vehicle weights and geometry from a mass ratio produced by POST’s 

optimized trajectory. 

2.1 ACSYNT 

The AirCraft SYNThesis (ACSYNT) program is a modular FORTRAN code 

developed in the 1970’s at the NASA Ames Research Center for the purpose of performing 

conceptual design studies on both advanced and common aircraft.  ACSYNT consists of 

several main modules: COPES, geometry, trajectory, aerodynamics, propulsion and 

weights, discussed in detail in [1].  As shown in Figure 1, given separate module inputs for 

propulsion, control, geometry, aerodynamics, weights, and trajectory, ACSYNT produces 

a detailed weight statement and mission profile. 
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Propulsion Inputs 
Thrust Available 

Inlet Type 
SFC, etc. 

Aerodynamic Inputs 
Coefficients, etc. 

Control Inputs 
Optimization Flags 

Iteration Number 
Constraints, etc. ACSYNT 

Geometry Inputs 
Wing 
Empennage 
Fuselage, etc. 

Weights Inputs 
Empirical Coefficients 

Trajectory Inputs 
Mission Profile 
Number of Missions 
Breguet Range Flags 

Outputs 
Gross Weight, Mission Profile, Trajectory Analysis 

Figure 1: ACSYNT Inputs and Outputs 

2.2 POST 

As ACSYNT is tailored for aircraft analysis, POST is tailored for upper and exo-

atmospheric vehicle trajectory analysis. Developed in 1970 at the Martin Marietta 

Corporation under contract by NASA, the Program to Optimize Simulated Trajectories 

(POST) was originally made to be a space shuttle trajectory optimization program.  It has 

since evolved into a general-purpose FORTAN code designed for flexible 3DOF (and 

subsequently 6DOF) simulations – used in trajectory optimization for a wide variety of 

aerospace vehicles.  POST is best described as an n-phase trajectory simulation program, 

in that it simulates the vehicle trajectory path by a sequence of logical trajectory phases. 

Like ACSYNT, POST is modular in nature, consisting of five major modules: planet, 

vehicle, trajectory simulation, coupling calculations, and optimization, which are discussed 

in detail in [5].  POST performs its analysis by treating the vehicle as a point mass object. 

As shown in Figure 2, POST takes user inputs (or in this methodology inputs supplied by 
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another DAOP) and calculates the trajectory path, terminal conditions, and the vehicle’s 

mass ratio. 

Propulsion Inputs 
T, Engine Type, Isp 

Geometry Inputs 
Sref, lref 

Control Inputs 
Optimization 

Iterations 
Constraints 

Atmosphere models 
POST 

Aerodynamic Inputs 
Coefficients, etc 

Guidance Inputs 
Euler Angles 

Weights Inputs 
Gross Weight 

Outputs 
MR, Trajectory Path & Terminal Conditions 

Figure 2: POST Inputs and Outputs 

2.3 CONSIZ 

The CONfiguration SIZing program (CONSIZ) was developed at the NASA Langley 

Research Center for use in obtaining overall launch vehicle size, weight and characteristics 

based upon a required mass ratio (MR) for the mission necessary.  CONSIZ is a discrete 

program that can model a vehicle from a series of empirical formulas, which are based on 

historical launch vehicle data, predicted technology weight reduction factors and finite 

element structural analysis. 
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Propulsion Inputs 
T, T/Wlo, Isp, OF 

Geometry Inputs 

CONSIZ 

Outputs 
Gross Weight, Sref 

Figure 3: CONSIZ Inputs and Outputs 

The program works by iterating the actual vehicle MR with the required MR until 

convergence.  CONSIZ accomplishes this by means of scaling the propellant tanks up or 

down accordingly.  In the process it recalculates the relevant areas, volumes and weights 

with its empirical formulas.  Once converged, a properly scaled and sized vehicle based on 

the needed mass ratio is produced, capable of completing the required mission.  Following 

a solution, the estimated structural weights, dry weight, gross weight, propellant weight, as 

well as the vehicle geometric properties are sent to the CONSIZ output file. 

2.4 Application  

The method of linking the DAOP’s is similar regardless of the MS mission because 

both vehicle systems – either booster/cruiser(s) for the RPPT or booster/orbiter(s) for the 

RLV – are common at the staging point.  As seen in Figure 4, the staging point is the point 

where the first stage vehicle’s mission ends and the upper stage vehicles’ mission begins. 

It is the location where all vehicle stages share the same point along the trajectory path.  It 

is thus the physical location along the trajectory where design variables must be shared and 

exchanged between the DAOP’s.  Physical coupling of the DAOP’s prompts the 

Control Inputs 
Optimization 

Iterations 
Mission Info 

Weights Inputs 
Mass Ratio (MR) 
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administration of staging constraints on the altitude, velocity and flight-path angle of the 

vehicles, as shared trajectory variables between ACSYNT and POST. 

Staging Constraints: 
RLV Upper Stage Paths Altitude 

POST and CONSIZ Velocity 
Flight-Path Angle 

All Stages 
ACSYNT 

1st Stage Path 
ACSYNT 

RPPT Upper Stage Paths 
POST and CONSIZ 

Staging Point 

Figure 4: Disciplinary Analysis and Optimization Program Usage 

There is, thus, a multitude of design variables that passed between and calculated by 

ACSYNT, POST, and CONSIZ.  In effect, each DAOP produces hundreds or thousands of 

variables resulting from the design of a single stage in the MSVS.  On the system level, 

everything affects everything else.  Solution of this problem must be done with a 

decomposition method, as described in Section 4.0.  
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3.0 MSVS-OPT 

Cooperation of the DAOP’s is achieved through use of the organizational and control 

program developed in this research, MSVS-OPT, which connects the DAOP’s with 

response surfaces.  MSVS-OPT uses a Sequential Compatibility Constraint Method 

(SCCM), as described in [15], to manage shared and local variables, and enforce 

compatibility constraints on the coupling variables.  

ACSYNT 

POST 

CONSIZ 

Matlab 
System Optimizer 

Adjust RS bounds 

Final Analysis 

No 

Yes 

Set {Y*}, {XSH}, {XSLOC} bounds 

System Analysis 
yields {LB} and {UB} 

W1 RS 

Cd2 RS 

MR2 RS 

W2 RS 

bl2 RS 

Sref2 RS Converged? 

Initialize 
{LB}, {UB} for {Y*}, {XSH}, {XSLOC} 

End 

 

  

  

 

  

 

  

 

 

 

 

 
 

 

 

 

 

  

 
 

 

 

 

 

 

  

  
 

 

Figure 5: MSVS-OPT Process 
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Figure 5 shows the overall MSVS-OPT process.  First the DAOP’s are initialized.  This 

is done by selecting nominally expected values for the {Y*}, {XSH} and {XLOC} variables. 

There is no need to add objective function weight coefficients {w’s} because for the 

DAOP’s used, there is one optimized output per DAOP.  Next, a preliminary system 

analysis is performed on each of the DAOP’s, from which a range of feasible {Y*}, {XSH}, 

and {XLOC} values will be obtained.  The bounds are set and a dispersion of the variables 

is inserted into the DAOP’s.  The DAOP’s are run serially to produce response surfaces of 

locally optimized {Y^} variables.  Linear approximations are fitted to the response 

surfaces, which are then sent to the Matlab System Optimizer. If convergence between the 

{Y*} and {Y^} variables is obtained within a reasonable tolerance a final analysis is 

performed using the system optimized {Y*}, {XSH} and {XLOC} variables to obtain the 

final results.  If not, the RS’s are adjusted and the system optimization is repeated until 

convergence is achieved. 

3.1 Design Variables 

There are four types of design variables considered: initial input variables, shared 

variables, local variables, and coupling variables.  The initial input variables, discussed in 

Section 3.1.1, are defined as the set of inputs the DAOP’s require to construct and execute 

their input files.  The shared variables, discussed in Section 3.1.2, are variables that at least 

two DAOP’s share in common.  The local variables, discussed in Section 3.1.2, are 

variables that affect only one DAOP.  The coupling variables, discussed in Section 3.1.3, 

are variables that are output from one DAOP and input into another.  Figure 6 – read right-

then-down for outputs from the system-level optimizer to the modules (ACSYNT, POST, 

and CONSIZ), and left-then-up for outputs from the modules to the system-level optimizer 
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– illustrates the flow of the shared, local and coupling design variables in the MSVS-OPT 

process.  The later appear twice: once as inputs into the modules from the system-level 

optimizer in the form of {Y*}, and then as outputs from the modules to the system-level 

optimizer in the form of {Y^}. 

g g knose2 

h h pl2 

SYSTEM M M pd2 

LEVEL T1 W2 
* AR2 

OPTIMIZER CD2 
* Sref2 

* tr2 

W2 
* bl2 
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^ ACSYNT 
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Figure 6: Shared, Local and Coupling Variable Dependence 

The initial input variables are not shown, as they are supplied to the DAOP’s outside 

of the MSVS-OPT process.  The shared and local variables are shown without a superscript 

identifier, because they are not outputs.  The coupling variables are shown with either (*) 

or (^) superscript identifiers to indicate System Optimizer proposed values or DAOP 

calculated values, respectively. 
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3.1.1 Initial Input Variables 

Since there is a plethora of variables and inputs required to build complete input decks 

for ACSYNT, POST and CONSIZ, it is useful to describe these inputs in vector notation. 

First, begin by defining the Design Variable Input Vector (DVIV).  The DVIV is a 1 x n 

row vector. The 1st through nth columns of the DVIV are not single design variables, but 

categorical designations of the type of variables in the columns, analogous to one of the 

modules within either ACSYNT, POST or CONSIZ such as geometry, trajectory, 

aerodynamics, etc. The DVIV, then, is simply a means of describing the inputs into POST, 

CONSIZ and ACSYNT with the greatest amount of brevity possible.  The initial inputs for 

the programs may be represented as a row vector containing vital information such as 

control inputs and the module properties of geometry, trajectory, aerodynamics, propulsion 

and weights.  They are shown in Equation 3, Equation 4, and Equation 5. 

Equation 3 {IA} = [control  geometry  aerodynamics  trajectory  propulsion  weights] 

Equation 4 {IP} = [control  geometry  aerodynamics  propulsion  guidance] 

Equation 5 {IC} = [control  geometry  aerodynamics  propulsions] 

ACSYNT Input Variables 

1) Control: COPES options, optimization flags, constraint and design variable 

designations, vehicle type, iteration number, tolerances, etc. 

2) Geometry: Fuselage diameter, wing area, empennage details, engine pod 

specifications, etc. 

3) Trajectory:  Cruise flight data, Breguet range calculation flags and trajectory mission 

summary, etc. 
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4) Aerodynamics: variable includes the aerodynamic coefficients of the booster vehicle, 

etc. 

5) Propulsion: Type of engine flags, max thrust, etc. 

6) Weights: Weights factors for the component weight build-up.  

POST Input Variables 

1) Control: Optimization flags, maximum number of iterations, optimization variable 

designation and weighting factors, independent and dependent variable designation and 

tolerance, program controls like conic section calculations, atmospheric models, 

gravity models, cross range and down range calculations, etc. 

2) Aerodynamics: Aerodynamic force and moment coefficient tables, reference length 

and reference area, etc. 

3) Propulsion: Type of engine flags, number of engines, and detailed engine data such as 

Isp, flow rate and thrust. 

4) Guidance: Flags to orient the vehicle to Euler angles, etc. 

CONSIZ Input Variables 

1) Control: Flags for vehicle type (expendable or reusable), center of gravity calculation, 

maximum iterations, etc 

2) Geometry: Wing characteristics, fuselage, body, etc.  

3) Aerodynamics: Body-to-nose fineness ratios and wing reference and exposed areas; 

4) Propulsion: Type of engine used (the default engine is a rocket; however, the model of 

a ramjet can be used following the method developed in Appendix B: CONSIZ 

Propulsion Module Augmentation), and various aspects of the engine’s performance 

capabilities such as sea-level static thrust, vacuum thrust, number of engines, etc. 
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3.1.2 Shared and Local Variables 

In addition to the coupling variables, which are at the heart of the linkage of the 

DAOP’s, there are equally relevant shared and local variables that impact the system 

design.  Shared variables, {XSH}, are variables that affect more than one DAOP, and are 

supplied to the DAOP as an input only, not to be calculated and sent to another DAOP like 

coupling variables.  Local variables, {XLOC}, are the myriad of design variables produced 

by the DAOP’s as part of their detailed design of the individual MSVS’s stages. 

Shared Variables 

There are design variables held in common between the DAOP’s corresponding to the 

two segments of the RPPT/RLV mission: segment one being all stages traveling combined 

to the staging position; and segment two being the cruise/orbiting portion of the upper 

stages, and the return of the first stage.  These segments are shown in Figure 4.  Both 

mission segments and vehicle stages have separate but intersecting trajectory paths in that 

they share a trajectory point at the staging location, where the upper stages disengage from 

the first stage.  Thus, there will be a set of shared variables {XSH} associated with the 

staging point in the trajectory module of ACSYNT and as an initial event in POST.  The 

staging point variables are listed in a vector of flight-path angle, Mach number, and 

altitude, chosen so that the stages are physically constrained together. 

Equation 6 {XSH} = [γ M h] 

For more than one upper stage, the ending flight-path angle, Mach number, and altitude 

of the previous stage must be aligned with the starting flight-path angle, Mach number, and 

altitude in a similar manner as described above. The staging trajectory vector is an example 

of shared variables being used as set of inputs applied to more than one DAOP.  
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Local Variables 

The benefit of modeling the MSVS’s stages with highly detailed DAOP’s is to exploit 

the tremendous amount of disciplinarily sensitive information produced by the DAOP’s 

about the system’s stages.  The entire set of design variables that the DAOP’s generate are 

defined as local variables, {XLOC}, which are variables used as an input by only one DAOP. 

That is, they are not sent to another DAOP like coupling variables.  The DAOP’s ACSYNT 

and POST have the ability to optimize a large number of their internal local variables, and 

thus, the local design of the system’s stages can be optimized separate from the system 

level.  Yet, this local optimization still remains influenced by the system design in terms 

of the coupling variable exchange. 

System-Level Local Variables 

A special set of local variables need to be defined to address two issues: the first is the 

case when there is a set of local variables to which the DAOP’s output may be especially 

sensitive; the second is when using a DAOP that does not have optimization capabilities, 

such as CONSIZ.  In the first situation, it is necessary to extract these local variables from 

the local DAOP optimization and bring them up to the system-level for optimization.  In 

the second situation, because the DAOP has no optimization capabilities, it is necessary to 

define a large set of system-level local variables to exercise greater control over a particular 

DAOP’s execution. 

So, in addition to the shared variables, these system-level local variables, {XSLOC}, 

may also be used as a set of inputs to a DAOP.  For this methodology, ACSYNT and 

CONSIZ were each granted an array of system-level local variables.  The first stage 

vehicle’s engine thrust, T1, was permitted to vary as an independent variable inside the 
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System Optimizer so that the first stage would have the needed Ps to execute the staging 

maneuver. 

Equation 7 {XSLOC}ACSYNT = [T1] 

Several geometric parameters inside CONSIZ were varied as local variables inside the 

System Optimizer.  This was done to exercise some level of control over the geometry of 

the upper stages.  The CONSIZ system-level local variable array contains the ratio of the 

nose section length to the vehicle diameter, knose2; the length of the payload bay area, pl2; 

the payload bay area diameter, pd2; the wing aspect ratio, AR2; the exposed wing taper 

ratio, tr2, which is the ratio of the length of the chord at the wing’s root to the length of the 

chord at the wing’s tip; the cosine of the wing’s sweep, swp2; and the thickness to chord 

ratio of the wing, toc2. These local variables are given in Equation 8. 

Equation 8 {XSLOC}CONSIZ = [knose2 pl2 pd2 AR2 tr2 swp2 toc2] 

The complete list of all local variables that are brought to the system-level can be 

expressed a total system-level local variable vector, defined as 

Equation 9 {XSLOC} = [{XSLOC}ACSYNT {XSLOC}CONSIZ] 

3.1.3 Coupling Variables 

Coupling variables, denoted as {Y}, are given appropriate superscript and subscript 

notation describing their function.  The superscript (^) denotes a coupling variable that is 

calculated by a DAOP.  The superscript (*) denotes a coupling variable that is a System 

Optimizer proposed input to a DAOP that is calculated as a {Y^} by another.  And, the 

subscripts A, P, and C denote coupling variables from ACSYNT, POST, and CONSIZ, 

respectively. The exchange of these {Y*} and {Y^} variables can be seen in Figure 6. 
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ACSYNT accepts the coupling variable {Y*} inputs of the upper stages’ gross weight, 

W2, and the overall coefficient of drag, CD2.  These variables are defined in Equation 10.  

ACSYNT does not output any {Y^} coupling variables.  It only outputs the total system 

weight, which is the objective function of the system optimization.  But, it is not involved 

in the variable exchange. 

Equation 10 {Y*}ACSYNT = [W2* CD2*] 

POST receives the {Y*} coupling variables of each upper stage’s gross weight, 

aerodynamic reference area, and body lengths: W2, Sref2, and bl2, defined in Equation 11.  

Execution of POST yields the {Y^} coupling variables of each upper stage’s burnout mass 

ratio, and overall coefficient of drag: MR2, and CD2, defined in Equation 12. 

Equation 11 {Y*}POST = [W2* Sref2 * bl2*] 

Equation 12 {Y^}POST = [MR2^ CD2^] 

CONSIZ receives the {Y*} coupling variable input of each upper stage’s MR2, defined 

in Equation 13.  Execution of CONSIZ yields the {Y^} coupling variables of each upper 

stage’s gross weight, aerodynamic reference area, and body length: W2, Sref2, and bl2, 

defined in Equation 14. 

Equation 13 {Y*}CONSIZ = [MR2*] 

Equation 14 {Y^}CONSIZ = [W2^ Sref2 ̂  bl2^] 

The total {Y*} and {Y^} vectors are formed in the space, respectively, of 

Equation 15 {Y*} = [{Y*}ACSYNT {Y*}POST {Y*}CONSIZ] 

Equation 16 {Y^} = [{Y^}POST {Y^}CONSIZ] 
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3.2 Design Variable Flow 

The variable exchange is shown in Figure 7.  The first variable exchange is the transfer 

of the input variable vectors, {IA}, {IP} and {IC}, from their respective input decks to the 

DAOP’s.  MSVS-OPT then instructs the execution of the DAOP’s. With the inputs POST 

performs an optimal trajectory run.  The resulting optimal mass ratio serves as the input to 

CONSIZ.  CONSIZ then photographically scales the wing and fuselage of the upper stages 

and resizes the main propellant tanks through an iterative process, holding a number of 

vehicle parameters, such as the thrust to weight ratio at lift off, constant. 

W2 

W2 
Sref2 
bl2 

CD2 

POST 
Input Deck 

CONSIZ 
Input Deck 

MR2 

ACSYNT 
Input Deck ACSYNT 

POST 

CONSIZ 

{IA} 

{IC} 

{IP} 

Figure 7: Coupling Variable Exchange Between the DAOP’s 

CONSIZ produces each upper stage’s gross weight (W2), which are transferred into the 

weights module of ACSYNT as the weight of the upper stages; each upper stage’s 

coefficients of drag (CD2), are also transferred to ACSYNT in its aerodynamics module; 

and each upper stage’s reference aerodynamic area (Sref2), are used in the calculation of the 

aerodynamic forces of the upper stages in POST. 
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3.3 MSVS-OPT Process 

Referring the MSVS-OPT process in Figure 5, given DAOP’s A, B, and C with 

proposed {Y*} coupling variables, shared variables {XSH}, and local variables {XLOC} 

system-level optimization is executed as follows: 

1) The user supplies initial guesses for the output generated from Program B and Program 

C {Y*} for insertion into Program A, as well as the initial guesses for the shared 

variables {XSH}, and local variables {XLOC}.  The same is done for the {Y*}, {XSH}, 

{XLOC} and the {Y^} outputs of Program A, Program B, and Program C. 

2) The Programs are run with the initial {Y*}, {XSH} and {XLOC}, which then generate 

their output, {Y^}. The {Y*}, {XSH} and {XLOC} are varied from their lower bound 

(LB) to 0.76 of their upper bound (UB).  The reasoning behind the value of 0.76UB is 

discussed in section 6.2.  The Programs are run first with all the {Y*} and {X} at their 

LB. Then, n additional runs are made with one of the {Y*}, {XSH} or {XLOC} variables 

at 0.76 of its UB and all others at their LB.  This is repeated until all {Y*}, {XSH} and 

{XLOC} variables have been input at 0.76 of their UB.  For example: 

Run 1: Y*1 = LB, Y*2 = LB … Y*n = LB, 

XSH1 = LB, XSH2 = LB … XSHn = LB, 

XLOC1 = LB, XLOC2 = LB … XLOCn = LB. 

Run 2: Y*1 = 0.76UB, Y*2 = LB … Y*n = LB, 

XSH1 = LB, XSH2 = LB … XSHn = LB, 

XLOC1 = LB, XLOC2 = LB … XLOCn = LB. 

Run (n+1):Y*1 = LB, Y*2 = LB … Y*n = LB, 

XSH1 = LB, XSH2 = LB … XSHn = LB, 
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XLOC1 = LB, XLOC2 = LB … XLOCn = 0.76*UB. 

3) Response surfaces (section 5.0) are made with a single output versus the initial input 

and weighting coefficient guesses: Y^ versus {Y*} and {X}.  This is an (n+1) 

dimensional response surface, with n equal to the number of {Y*} and {X} variables. 

4) Matlab is used to fit a linear approximation to the newly made response surfaces by the 

method described in section 5.2. 

5) The Matlab System Optimizer then issues new {Y*} and {X} variables, as described in 

section 4.2. 

6) The linear approximation fit is applied to the new {Y*} and {X} variables to yield 

approximated {Y^} outputs.  A single Y^ from one of the Programs is the objective 

function to be minimized against the constraints on {Y*} and {X}. 

7) The Matlab System Optimizer continues to propose new {Y*} and {X} and receives 

new {Y^} from the RS’s made in Step 4 until the objective function is minimized and 

the compatibility constraints {Y^} – {Y*} = 0 are satisfied. 

8) If there is a significant error between what the System Optimizer proposes (Y*’s) and 

what the Programs actually calculate (Y^’s), the original guesses for the {Y*} and {X} 

variables may need to be modified in Step 1. 

3.3.1 Example MSVS-OPT Usage for ACSYNT 

1) The inputs for which the System Optimizer will propose Y* values will be CD2*, and 

W2*, output from CONSIZ. The system optimizer also proposes initial values for the 

shared variables: γ, h, M, and T1.  What ACSYNT will calculate as a Y^ value is W1^. 

2) ACSYNT is run for all values of γ, h, M, T1, CD2*, W2*, and the corresponding W1^ 

value produced. 
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3) Matlab is used to create a response surface:  W1^ versus γ, h, M, T1, CD2*, and W2*. 

4) Matlab is used to fit a linear approximation to the newly made response surface.  With 

this approximation, any input of γ, h, M, T1, CD2*, or W2* will yield a value of W1^. 

5) New values of γ, h, M, T1, CD2*, and W2* are issued from the System Optimizer to the 

RS linear approximation. 

6) Using the newly supplied γ, h, M, T1, CD2*, and W2* values, the RS linear approximation 

yields values for W1^. 

7) The Matlab System Optimizer continues to propose γ, h, M, T1, CD2*, and W2* values 

and receives W1^ values until the objective function (incidentally W1) is minimized and 

all compatibility constraints are satisfied. 
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4.0 Optimization Methods 

The connection of the DAOP’s is accomplished in two main optimization phases: local 

optimization and system optimization.  Local optimization consists of allowing the 

DAOP’s to perform optimization on certain locally defined variables, applying constraints 

on others. With local optimization, many aspects of the RPPT/RLV problem can be 

addressed by construction of the DAOP input decks.  System optimization consists of 

performing multiple local optimization runs.  These runs generate RS’s representative of 

the {XSH}, {XLOC}, and {Y} variables.  Then, approximations to the RS’s are made, and 

compatibility constraint equations involving the coupling variables are formed.  The 

system optimization is completed when compatibility constraints are satisfied and the 

specified system objective function is optimized successfully. 

4.1 Decomposed Local Optimization 

With a decomposed method, the DAOP’s are executed in the manner for which they 

were designed, so that a feasible design point is created quickly and accurately for a given 

set of inputs.  The local optimization statement for a particular DAOP can be stated 

formally as follows: 

Equation 17 GIVEN: {XSH}, {Y}, {XSLOC} 

FIND: {XLOC}DAOP 

MINIMIZE: DAOP coupling variables or system objective 

SATISFY: {XLOC} constraints 

Prior to system optimization, each DAOP is executed independently, given the initial 

{Y*}, {XSH}, and {XLOC} inputs.  The DAOP performs its own local optimization.  In the 

case of ACSYNT, the only output generated is that of the total system weight, W1.  Because 
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this is a singular output generated by a local objective function within ACSYNT, it is not 

necessary to construct any specialized optimization with regard to ACSYNT.  In the case 

of POST, there are two {Y^} output variables calculated.  One is the burnout mass ratio of 

each upper stage, MR2, and the other is overall coefficient of drag for each upper stage, 

CD2.  Because CD2 is a value calculated from aerodynamic tables supplied to POST in the 

initialization stage of the process, it cannot be truly optimized.  Instead, it is interpolated 

from tables at its lowest value, coinciding with POST’s selected Mach number and altitude 

along the trajectory.  This leaves only MR2 as the single objective function for POST to 

optimize locally.  So, just as in the case of ACSYNT, when there one variable in the 

objective function, no additional steps need be taken at the local optimization level. 

Finally, CONSIZ does not have the capability to perform internal optimization, and so no 

further steps are needed at this level either. 

By making use of Matlab’s random number generator, a range of values for the {Y*}, 

{XSH} and {XLOC} variables is created from the chosen upper and lower bounds.  Those 

points, along with each DAOP’s DVIV, are used to calculate locally optimized {Y^} points. 

From these points, a linear response surface can be fit to yield predicted {Y^} values.  These 

linear RS approximations can then be used for the system optimization. 

4.2 Decomposed System Optimization 

MSVS-OPT’s SCCM uses compatibility constraints applied to the coupling variables 

to carry out the control and optimization of the design. The presence of compatibility 

constraint equations is necessary to ensure that the coupling variable calculated by one 

DAOP is equal to the initial value in inserted into another.  So, for given a vector of 
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coupling variables with compatibility constraint equations, the DAOP’s may be connected 

and optimized for a desired objective function, J.  

In this formulation, the coupling variables are the set of {Y}.  The System Optimizer 

proposes initial input values for the coupling variables {Y*}, shared variables {XSH}, and 

local variables {XLOC}. The proposed values, along with the DVIV’s, are passed to their 

respective DAOP.  The DAOP produces calculated values for the coupling variables, {Y^}. 

The System Optimizer then applies compatibility constraint equations on the RS’s of the 

form {Y^} – {Y*} = 0.  Referring to Figure 6, the system optimization problem statement 

may be stated formally as follows: 

Equation 18 GIVEN: βj 

FIND: {XSH}, {XLOC}, and {Y*} 

MINIMIZE: J 

SATISFY: {c} = 0 

{LB} ≤ {x} ≤ {UB} 

In Equation 18, βj are the linear regression coefficients of the RS approximation 

equation describing the jth output of a particular DAOP, described in section 5.2.1 and 

5.2.2.  The total DVIV, {I}, is written as 

Equation 19 {I} = [{IA} {IP} {IC}] 

The {LB} and {UB} vectors represent the bounds on the system optimization vector, {x}, 

formed in the space of [{Y*} | {XSH} | {XLOC}] and defined as 
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 γ  

Equation 20 

{ }x = 
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The constraint column vector {c} is defined as the set of linear compatibility constraint 

equations, which close the solution between ACSYNT, POST and CONSIZ: 

 W2
^ −W2

* 

MR2
^ − MR2

* 

 
 
 
 
 
 
 

 
 
 
 
 
 

=Equation 21 { }c S ^ *− Sref 2 ref 2 

C ^ − C * 
D2 D2 

bl2
^ − bl2

* 

Finally, the system-level objective function to minimize, J, is the total system weight, 

W1. With this formulation, a total, decomposed system optimization can be developed by 

first executing independent DAOP optimizations to produce a cloud of feasible design 

points as a response surface for each DAOP output (coupling variable); second, fitting 

mathematical representations of those response surfaces in the form of linear 

approximations; third, using those mathematical representations, which are simply linear 

regression models to the surfaces, optimize the {XSH}, {XSLOC}, and {Y} variables, 
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SSysystetemm O Opptitimmiizzatiationon
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FFIIND:ND: {X{XSHSH}} , , {{Y}Y} , , {{XSXSLOLOCC}}
MMIINN:: WW11

SASATTIISFSFYY:: {{Y*Y* -- YY^̂} =} = 0 0 ccoonnssttrraainintsts

minimize the total system weight, and in the process determine the multitude of {XLOC} 

variables that the DAOP’s have calculated during their local optimization.  The entire 

process for the ACSYNT-POST-CONSIZ problem can be represented in Figure 8. 

ACSYNT
GIVEN: [ γ M h W2 CD2 T1 ]
FIND: {XLOC}|ACSYNT

MIN: W1

SATISFY: {XLOC}|ACSYNT constraints

POST
GIVEN:  [ γ M h W2 Sref2 bl2 ]
FIND: {XLOC}|POST, CD2

MIN: MR2

SATISFY: {XLOC}|POST constraints

CONSIZ
GIVEN:  [MR2 knose2 pl2 pd2

AR2 tr2 swp2 toc2 ]
FIND: {XLOC}|CONSIZ, 

W2, Sref2, bl2

=
=
=

’
=
=
=

ACSYNT
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System Optimization 
GIVEN: RSACSYNT , RSPOST , RSCONSIZ 

FIND: {XSH} , {Y} , {XSLOC } 
MIN: W1 

SATISFY: {Y* - Y^} = 0 constraints 

Figure 8: Decomposed System Optimization for ACSYNT, POST, and CONSIZ 

4.3 Disadvantages of an Non-Decomposed System Optimizer 

It is of note to discuss why this decomposed BLISS-RS method has been opted for, 

over a total system optimization statement, which is not decomposed.  As discussed in 

Section 3.1.1 through Section 3.1.3, there are hundreds, even thousands of design variables 

that are involved in the synthesis of the MSVS’s stages.  This multitude of variables is 

generated due to the local design of the stages, made by the aircraft and launch vehicle 

DAOP’s. To optimize the system, a total system design variable vector, {x}, could be 

defined that encompasses all shared, coupling, system-level local, and local variables as: 

Equation 22 {x} = [{XSH} {Y} {XSLOC} {XLOC}] 
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Then, an all-in-one system optimization statement can be constructed as follows: 

Equation 23 FIND: all {x} 

MINIMIZE: W1 = W1(x) 

SATISFY: all local and coupling constraints 

This system optimizer would then optimize the hundreds or thousands of {x} variables, 

minimizing the system objective of the gross system weight, W1, which is a function of all 

{x} variables.  The minimization would be subject to the satisfaction of all local 

constraints, as handled by the DAOP’s, and the coupling constraints defined in Equation 

21.  This all-in-one system optimization statement is undesirable for a number of reasons. 

Firstly, use of an all-in-one system optimizer would negate the advantage of using these 

DAOP’s to synthesis the MSVS’s stages.  The DAOP’s posses the specialized capabilities 

for their vehicles and have been developed to perform local optimization.  By use of an all-

in-one optimizer, the DAOP’s are now run as pure black boxes and are not fully capitalized 

on. Secondly, in a realistic engineering project in a large company, a separate engineering 

group may operate each DAOP, so extraction of the DAOP to the system optimizer for 

multiple calls would render its autonomy ineffective.  Lastly, the all-in-one optimizer 

would require direct command of the DAOP’s, making as many execution calls as 

necessary to converge on an optimum.  Since a system optimizer may make as many as 

one hundred or one thousand calls to a DAOP, the computing budget for the problem would 

grow out of control.  Therefore, a decomposition method, such as BLISS-RS, was chosen 

for this methodology.    
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5.0 Response Surface Methods and Empirical Models 

A response surface is an n-dimensional surface that describes the relationship between 

one dependent variable to n independent variables of a given function.  It is a means by 

which the output of a system can be correlated to any number inputs that are of interest. 

The inputs are varied over a desired range of values and the output value, or response, is 

generated as a function of those input values.  While response surfaces may be n-

dimensional, they are most powerful when used as graphical descriptions, or surfaces, of 

all the variables.  Because it is impossible to depict more than three dimensions on a two-

dimensional surface, response surfaces are generally used to assess the relationship 

between one output variable and two input variables.  As such, a three-dimensional 

graphical description is produced and reasonable deductions can be made.  An example of 

a three-dimensional response surface is shown in Figure 9. 

Figure 9: Three-Dimensional Response Surface Fit Through a Cloud of Points 
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Three-dimensional response surfaces are used to determine optimal combinations of 

input factors or, when used in conjunction with other response surfaces, to explore possible 

tradeoffs within the design space.  They are commonly called carpet plots or contour plots. 

Carpet plots are data surfaces generated by the variance of two independent variables. 

Contour plots are valuable visualization tools that show the trend of a variable as a contour 

line varied against two independent variables.  Topography maps, which illustrate vertical 

height versus east-west and north-south directions, are the best example of contour plots. 

As shown in Figure 9, for any range of values of inputs, a dispersion of output values 

is created as function of those inputs.  It is necessary to construct a mathematical 

representation of the data for optimization techniques.  Approximation to the response 

surface may be generated from an empirical model described by multiple regression of the 

function.  The minimum number of response surface observations, y, needed to fit the 

model is found according to the type of multiple-regression used.  Because approximation 

is being made, it is necessary to redefine and regenerate the RS bounds, producing new RS 

approximation equations, to get an accurate model of the DAOP performance.  This 

refinement and regeneration of the RS’s adds CPU time proportional to the type of 

approximation used. 

5.1 Second Order Model 

A second order quadratic function is the lowest order of polynomial approximation, 

and may be expressed as 

T TEquation 24 f (x) = a + ∇G { }x + { }x [H ]{ }x 

In this case, the second order fit to the response surface necessitates observations 

according to the sum of its parts.  The first term in Equation 24 is a scalar quantity and it 
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in itself requires one observation.  The second gradient term is an n x 1 column-vector, thus 

requiring n observations.  The final term in the expression, [H], is the Hessian matrix.  The 

Hessian matrix is a square matrix requiring n observations along its diagonal.  It can be 

shown that the number of observations required off the diagonal of the Hessian matrix is 

(n2 – n)/2.  Summation of the number of observations per term (1 + n + n + (n2 – n)/2) 

yields the total number of response surface observations needed to for a second order fit to 

the true response surface: 

n2 + 3n + 2 
Equation 25 Nquadratic = 

2 

It can be seen from Equation 25 that the number of points (observations) needed to fit 

a quadratic model to a response surface increases rather quickly as the number of 

independent design variables increases.  Because the number of minimum design variables 

needed for the MSVS synthesis cannot be reduced to less than those described in Section 

3.1, a linear model has been chosen.  The dimensionality of creating a quadratic model has 

too much impact on the computational labor involved in generating the resultant response 

surfaces (see Table 4). 

Table 4: Minimum Number of RS Observations Per Approximation Method 

ACSYNT POST CONSIZ 
n 6 6 8 

7 7 9Nlinear 

28 28 45Nquadratic 

Although a quadratic model provides greater accuracy, it is still an approximation to 

the actual DAOP performance, so that RS refinement and regeneration cannot be avoided. 

Instead of shrinking the approximation error during initial RS generation, it may be 

advantageous, instead, to reduce the error during RS refinement. Since the number of 
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points required to generate a quadratic RS approximation increases like n2, as shown in 

Equation 25, CPU time can become high.  But, as shown in Section 5.2, linear 

approximation requires point generation proportional to n.  Therefore, CPU time and model 

error can be greatly reduced by using linear approximation and refining the RS’s through 

iterative cycles, as shown in Section 7.1.2.  Experience gained in reference 18 indicated 

that this is a more cost-effective approach in terms of CPU time.  Thus, it has been adapted 

for this methodology and followed herein. 

5.2 Linear Model 

A system has n independent design variables with which a response surface is 

generated.  In the case of a multiple linear regression model, the minimum number of 

response surface observations needed to fit a linear model is comprised of the total number 

of independent design variables, n, plus one more point: 

Equation 26 Nlinear = n +1 

This formulation is easily verified through the example of the three-dimensional 

response surface, the carpet plot.  A carpet plot has one dependent variable (the response) 

and two independent design variables (the inputs to the system).  To draw a linear 

representation of the data it is necessary to vary the independent design variables (n) with 

the response (representing the one additional point).  An even simpler example is that of a 

two-dimensional plot.  To draw a two-dimensional representation of the data the dependent 

variable must be varied against the one independent variable; thus, n + 1 points. 
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5.2.1 Linear Regression Approximation 

As its name implies, a multiple linear regression model is a linear approximation to an 

n-dimensional response surface.  If there are only two independent variables and one 

dependent variable as the response, then the model simply describes a plane. When the 

number of independent variables (n) increases beyond two, the model then describes a 

hyper-plane.  The form of a multiple linear regression model for a single response 

observation, y, to n independent variables, with an inherent model error ε, is shown in 

Equation 27 and expanded in Equation 28. 

n 

Equation 27 y = β o + ∑ β i xi + ε 
i=1 

Equation 28 y = β + β x + β x +  + β x + εo 1 1 2 2 n x 

As it can be seen, the linear regression model is constructed as the sum of a finite series 

of the product of the independent variables, xi, (called regressors) and their corresponding 

unknown partial regression coefficients, βj, plus an initial constant coefficient, βo. The 

need for an initial regression coefficient when constructing a linear approximation becomes 

clear when inspecting the form of a two-dimensional line in Cartesian coordinates given 

by the standard equation: 

Equation 29 y = mx + b 

The output value, y, is determined by the regressor value, x, multiplied by the slope of 

the line, m, which is offset from the origin by a value of b, which is identical to the βo 

described in Equation 27.  In this sense, it is clear that each β regression coefficients is 

representative of the slope of the output due to a particular input.  Or put another way, each 

regression coefficient is the partial derivative of the output with respect to a specific 
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independent variable.  Thus, each β regression coefficient represents the slope of the linear 

RS approximation due to a particular independent variable.  

Generally speaking, the number of RS observations, m, must be greater than the 

number of independent variables, n.  For multiple RS observations, yi, observed m times 

as y1, y2 … ym, with m > n, the form of a multiple linear regression model to an n-

dimensional response surface is defined to be 

m n 

∑ ∑ 
1 1== 

Equation 30 yi = β 0 + β + εxj ij i 
i j 

Equation 30 may changed from indicial notation and written in vector/matrix notation 

as 

Equation 31 {y} = [X]{β} + {ε} 

where 

β ε




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1 
1 
     
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   
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, { } 

 y1 x x11 12 x1 1n o 
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

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


 

β εy2 

 

x x x 
, [X ] =Equation 32 { }y = 

ε 

ε 

 

, and { } 21 22 2 1 2n = = 
  

βym xm x x   1 2m nm n m 

In Equation 32, {y} is a m x 1 column vector of RS observations; [X] is called the 

design matrix and is an m x n array of the independent variables; {β} is an m x 1 column 

vector of regression coefficients comprised of one initial regression coefficient, βo, and n 

regression coefficients corresponding to the independent variables; and {ε} is an m x 1 

column vector of random model errors.  Each column of the design matrix represents a 

column vector of one of the independent variables, and each row represents a single run of 

the program.  For the specific example of the ACSYNT output calculation of the total 

system weight, W1^, the linear regression model of Equation 31 may be written as 
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^ * C *
2 T1 (1) β  γW1 (1) (1) M (1) h(1) W (1) (1) 2 D o 
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
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^ * C *
2 T1 (2) βγ(2) (2) M (2) h(2) W (2) (2) 11 2 DEquation 33 = 
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

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
 

  

W1 

 
 

 
 


 

 


^ * (n) C * 
2 (n) T1 (n) βγ(n) (n) M (n) h(n) W2 D n 

The numbers contained in the parentheses of Equation 33 refer to the run number. 

Additional models to all the other {Y^} variables may be created in a similar manner. 

Finally, in order to get a fitted linear approximation to the response surface it is necessary 

to find the partial regression coefficients contained in the {β} vector.  This is achieved by 

solving Equation 31 for {β}. If the number of RS observations, n, is equal to the exact 

minimum number of observations necessary to construct the linear approximation (n + 1), 

then the random error in the model tends to zero, and Equation 31 becomes 

Equation 34 {y} = [X]{β} 

In such a case, the regression coefficients may be found by simply multiplying both 

sides of Equation 34 by the inverse of [X].  The result may be achieved by invoking the 

inv matrix inversion command in Matlab. 

Equation 35 [X]-1{y} = [X]-1[X]{β} 

Equation 36 {β} = [X]-1{y} 

This yields the fitted regression model: 

Equation 37 {y^} = [X]{β} 

5.2.2 Method of Least Squares 

If higher fidelity in the model approximation is desired, then using more than the 

minimum number of points needed to build the approximation must be done.  When this is 
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the case, the design matrix is no longer square and its inverse cannot be taken by the method 

used in Equation 35.  Therefore, the least squares function must be used. It is given by 

m 
2Equation 38 { }L = ∑ε1 

i=1 

' = { }{ }ε ε 

' = β ) { } [ ]{ } ({ }y − [X ]{ } ( y − X β ) 

' ' ' ' ' ' = { }{ }y { }[X ]{ }β −{ }[ ]{ }y { }β [ ][X ]{ } y − y β X + X β 

' ' ' ' ' = { }{ }y { }[ ]{ }y + { }β [ ][X ]{ } y − 2 β X X β 

When the partial derivative of the least squares function with respect to the linear 

regression coefficients is zero, the components of the random error vector will be 

minimized: 

∂{ }L ' ' Equation 39 y 2 β= 0 = −2[X ] { }+ [X ] [X ]{ } 
∂{ } bβ 

Now replace {β} by {b}, where {b} is the vector of least squares estimators of {β} that 

minimizes {L}.  Doing this with simplification of Equation 39 yields: 

Equation 40 [X]’[X]{b} = [X]{y} 

Equation 41 {b} = ([X]-1[X])-1[X]-1{y} 

Finally, when using more than n + 1 points to fit a linear regression model, the 

approximated response observation is 

Equation 42 {y^} = [X]{β} 

Using this method for the total system weight produced by ACSYNT, for any input of 

{XSH}, {XLOC|A}, and {Y*A} variables, the system weight can be found by 

Equation 43 W1^ = [1 γ M h W2* CD2* T1]{βW1} 
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Using the method defined in Section 5.2.1, for any input of {XSH}, {XLOC|P}, and {Y*P} 

variables, the upper stage mass ratio and coefficient of drag can be found, respectively, by 

Equation 44 MR2^ = [1 γ M h W2* Sref2 * bl2*]{βMR2} 

Equation 45 CD2^ = [1 γ M h W2* Sref2 * bl2*]{βCD2} 

Similarly, for any input of {XLOC|C}, and {Y*C} variables, the upper stage gross weight, 

wing reference area, and body length can be found, respectively, by 

Equation 46 W2^ = [1 MR2* knose2 pl2 pd2 AR2 tr2 swp2 toc2]{βW2} 

Equation 47 Sref2 ̂  = [1 MR2* knose2 pl2 pd2 AR2 tr2 swp2 toc2]{βSref2} 

Equation 48 bl2^ = [1 MR2* knose2 pl2 pd2 AR2 tr2 swp2 toc2]{βbl2} 

5.3 Error Analysis of Fitted Response Surfaces 

To gauge the validity of using linear approximated functions to response surfaces as an 

accurate measure of a DAOP’s performance to the chosen design variables, a simple error 

analysis was performed.  The error analysis quantified the deviation between the RS 

approximation predictions of the {Y^} variables and the actual DAOP {Y^} values.  For 

the ACSYNT variable of W1, the method of least squares was made to make the RS 

approximation.  The ACSYNT RS was generated using n + 1 points varied from the design 

variables’ LB to 0.76(UB), plus 10 randomly generated points within the bounds of LB 

and UB. For the POST and CONSIZ variables of MR2, CD2, W2, Sref2, and bl2, the RS’s 

were generated using 7 randomly generated points. A normalized error scheme was 

performed for each run in the form shown in Equation 49: 

^ ^YDAP − YRS
Equation 49 %Error = ^ ⋅100 

YDAP 
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Figure 10 displays the deviation between what the linear RS approximation predicts 

and what ACSYNT calculates for the total system weight, W1. The ACSYNT error history 

over its 17 trial runs is shown in Figure 11. 

Figure 10: ACSYNT Calculated W1 and RS Approximation of W1 
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Figure 11: ACSYNT Percent Error Per Run 
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Figure 12 and Figure 13 display the deviation between what the linear RS 

approximation predicts and what POST calculates for the upper stage mass ratio, MR2, and 

coefficient of drag, CD2.  The POST RS linear approximation error history over its 7 trial 

runs is shown in Figure 14. 

Figure 12: POST Calculated MR2 and RS Approximation of MR2 

Figure 13: POST Calculated MR2 and RS Approximation of MR2 
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Figure 14: POST Calculated CD2 and RS Approximation of CD2 
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Figure 15: POST Percent Error Per Run 

Figure 15, Figure 16, and Figure 17 display the deviation between what the linear RS 

approximation predicts and what CONSIZ calculates for the upper stage gross weight, W2, 

exposed wing area, Sref2, and body length, bl2.  The CONSIZ RS linear approximation error 

history over its 7 trial runs is shown in Figure 18. 
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Figure 16: CONSIZ Calculated W2 and RS Approximation of W2 

Figure 17: CONSIZ Calculated Sref2 and RS Approximation of Sref2 

Figure 18: CONSIZ Calculated bl2 and RS Approximation of bl2 
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Figure 19: CONSIZ Percent Error Per Run 

The errors displayed in the preceding figures are errors over one cycle of optimization. 

While the mean error for all coupling variables and the total system objective is less than 

eight percent, there are some runs where the error spikes to upwards of 15 percent.  This is 

the initial disadvantage of using a linear approximation to the DAOP’s output.  However, 

this initial error is dissipated over several optimization cycles, as shown in Section 7.1.2. 
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6.0 Design Variable Manipulation 

Several operations need to be performed on the {x} variables in the MSVS-OPT 

process.  Point dispersion was accomplished by generating random numbers within the {x} 

lower and upper bounds, in addition to the manner in which the variables were varied 

described in Section 3.3.  After point placement, normalization of the {x} variables with 

respect to the lower and upper bounds is done to provide uniformity in scale among the 

{x} vector for the system optimization.  Finally, to converge on a true optimum, the {x} 

bounds must be reduced and resized after each optimization cycle. 

6.1 Random Number Generation 

Random numbers for the design variables were generated within the designated lower 

and upper bounds by using the Matlab rand function.  The rand function uses a uniform 

distribution algorithm to yield a random number between 0 and 1.  To relate the number 

produced by Matlab to a design variable it is necessary to do a simple, linear coordinate 

mapping.  If the number generated by Matlab is denoted by ξ, which will vary from ξLB = 

0 to ξUB = 1, then the relation which maps ξ variables to design variables, x, is given by 

the relation: 

ξ −ξ x − xLB LBEquation 50 = 
ξ −ξ x − xUB LB UB LB 

Thus, to get randomly dispersed design variables, x, from Matlab generated random 

numbers, ξ, it is necessary to know the physical limits to the design variable, which should 

have already been assigned as xLB and xUB. Figure 19 graphically illustrates Equation 50. 
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Figure 20: Linear Mapping of Variables 

6.2 Normalization of Bounds 

Normalization of the variable bounds adds several benefits during the optimization 

process.  Firstly, it allows easy tracking of the design variables from iteration to iteration 

to see how they are traveling with respect to the bounds.  Secondly, because of the wide 

range of values the variables have, there may be internal errors in the System Optimizer 

due to scaling issues. When the variables are all normalized to operate within the same 

range of values, the optimization process runs smoother with higher confidence in the final 

solution. 

With a linear approximation to the response surface, an n-dimensional hypercube will 

be produced.  The corners of the hypercube represent the bounds of the variable values, 

where the design variables may take on their minimum or maximum values.  Consider a 

three-dimensional hypercube formed in the space of one response value, Z, System 

Optimizer proposed independent variable values, {Y*}, and the DAOP calculated 

independent variable values, {Y^}. As the points become coagulated at the corners of the 

hypercube the variable values may vary according the depiction of Figure 20.  
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Figure 21: Variable Bounds at the Corners of a Three-Dimensional Hypercube 

In this example let the set of variables {Z}, {Y*}, and {Y^} be designated as the set 

{x}, so that when a variable is at its minimum value it shall be called LB and when the 

variable is at its maximum value it shall be called UB.  At the origin of the hyper cube, 

point O, all variables in {x} are at their lowest values, LB.  At point B, {Z} is maximum at 

UB and {Y*} and {Y^} are minimum at LB. At point C, {Y*} is maximum at UB and {Z} 

and {Y^} are minimum at LB.  At point A, {Y^} is maximum at UB and {Z} and {Y*} are 

minimum at LB.  Lastly, at point D, all variables in {x} are at UB. 

The point placement algorithm will generate points on the hypercube and it is useful to 

know their position relative to the bounds.  For tracking the results of the program, it is 

best to map the independent variables to a simple numeric scheme so they can be easily 

monitored. Once mapped, the original independent, natural, variables will be referred to 

as coded variables.  Then, as the optimizer manipulates these variables and calculates their 

values one is instantly aware of one’s position relative to the bounds. To be generic, 

assume that a variable x varies from its lowest value at the lower bound, LB, to its 

maximum value at the upper bound, UB.  Now, replace x by xn such that 
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 0 when x = LB 


Equation 51 x = +1/ 2 when x = (LB + UB) / 2n 
 +1 when x = UB 

Hence, when the natural variable is at its lowest value it has a coded variable value of 

0; when the natural variable is at the midpoint between bounds it has a coded variable value 

of +1/2; and when the natural variable is at its maximum value it has a coded variable value 

of +1.  It can be verified that the following scheme describes the above coordinate mapping 

from natural to coded variables: 

x − LB
Equation 52 xn = 

UB − LB 

To construct a linear RS in n-dimensional space with the above one might generate 

sample points (or runs) where at one point all xn = 0 (the LB); then sample an additional n 

points where one xn = +1 (the UB, or, stated another way; a value for the variable that is 

100% of the distance from the LB to the UB) and all other xn = 0. A small improvement 

would be to modify the sampling to: one point where all xn = 0; then sample an additional 

n points where one xn = +0.76 (a value for the variable that is 76% of the distance from 

the LB to the UB) and all other xn = 0. The value of +0.76 is justified by the probability of 

creating a minimum error because of the linear approximation. 

F(x) 

X = 0.76UB UB = 1LB = 0 
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Figure 22: Linear Approximation Fit 
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For instance, take the example of a linear approximation to a quadratic function F(x), 

as shown in Figure 21.  The function F(x), represented by the bold curve, may be 

approximated by a line between the bounds of LB and UB on either extreme of the curve 

(as shown by the two thin lines emanating from the LB origin).  As the slope of the line 

approximation to the curve is varied, there is an error between the bound and the 

approximation line.  In the case of the lower approximation, the error between the line and 

the lower bound is small and the error between the line and the upper bound is great. 

Similarly, with the case of the upper approximation, the error between the line and lower 

bound is great and the error between the line and the upper bound is small.  It can be shown 

that there is an intersection of the linear approximation line to the function that occurs at 

+0.76UB that produces the same amount of error between the approximation and the upper 

bound as between the approximation and the lower bound.  This point is preferable because 

there is symmetry of approximation error with regard to the bounds. 

6.3 Bound Reduction and Shifting 

After an initial system optimization run is made on {x}, optimizing on a tighter band 

of variable values can close the design space.  This is done by taking the optimal {x} values, 

{xopt}, and shifting the bounds so that a new range of values is centered on that optimum. 

Additionally, the bound interval is reduced, closing in on the overall optimal values.  The 

act of shifting and reducing the {x} bounds around an optimum value enhances the RS fit 

to the data. 

There are certain {x} variables that have hard physical limits on their bounds, while 

others may exceed or be less than the bounds originally chosen to constrain the 

optimization.  Because all {x} variables are real, physical variables, they all have lower 
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hard boundaries (in other words, most cannot be zero, and none can be negative). 

Additionally, some of these variables have hard upper bounds, but some do not.  To this 

point, the variables have been normalized to vary from the originally chosen LB at 0 to the 

originally chosen UB at 1. Because a linear approximation has been fit to the response 

surfaces, it is possible to search outside these set bounds and extrapolate a solution beyond 

the confines of the original problem.  Caution must be used, however, because it is not 

desirable to extrapolate a solution beyond the variables’ physical, hard limits.  This would 

return infeasible design results.  Thus, it is necessary to instruct the Matlab optimizer to 

search beyond the set lower and upper bounds of 0 and 1, but not beyond the hard lower 

bound (HLB) or the hard upper bound (HUB). To do this, first solve Equation 52 for the 

real variable x: 

Equation 53 x = x (UB − LB)+ LBn 

Next, determine the HLB and HUB by substituting their values in to x and solving for 

xn. This xn now becomes the hard lower bound and hard upper bound within which the 

Matlab optimizer is permitted to search.  If it is desired to not have the Matlab optimizer 

search beyond the bounds, set HLB = LB and HUB = UB.  The following relations make 

the transformations: 

HLB − LB
Equation 54 =xHLB UB − LB 

HUB − LB
Equation 55 =xHUB UB − LB 

The process of shifting and reducing the bounds within which the response surfaces are 

generated requires similar caution.  When a run of optimization is made, the {x} variables 

will be optimized and may return values anywhere between 0 and 1.  Recall that {x} at 
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each optimization run is normalized with respect to the original LB and UB.  The following 

algorithm ensures that the bound shifting with regard to the LB and UB of the previous run 

is within the HLB and HUB.  

As a final note, the {x} interval should not be allowed to shrink below a significant 

percentage of the original interval size.  Consider the following.  For a DAOP with output, 

Y, and input, X, the relationship between Y and X may not be very smooth.  Because of 

complex internal logic, Y may not be a very smooth function of X, and may take the form 

of Figure 22.  
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Trend 2 
Trend 1 

 

  

  

 

   

  

 

  

  

 

      

  

   

   

 

   

 

 

 

 

 

 
 

Figure 23: Highly Erratic DAOP Output Trend 

In such a case, the larger the interval size of X, the less error there is in approximating 

the overall data movement, as seen in Trend 1.  The smaller the interval size of X, the 

greater the error and the likelihood of misrepresenting the data becomes, as seen in Trend 

2. Included in the bound reduction algorithm is a logic statement to prohibit shrinking an 

interval to below 20% of its original value, shown in Appendix F. 
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7.0 MSVS-OPT Validation 

MSVS-OPT is validated with the design, analysis and optimization of a two-stage 

RPPT vehicle system.  The major constraint of the RPPT mission is to travel – from one 

existing airport to another – downrange at least 5000 nautical miles within a maximum 

time of three hours.  To cover maximum distance with minimum time, the cruise vehicle’s 

speed exceeds Mach 4, requiring sustained supersonic cruise.  The total vehicle system 

weight is the object of minimization.  Payload weight and downrange distance are to be 

maximized, while mission time is minimized.  These constraints pose several challenges 

for MSVS-OPT. Figure 23 shows a concept of the vehicle system, with the baseline aircraft 

first stage, and launch vehicle type second stage cruise vehicle. 

Figure 24: Two-Stage Concept 

This two-stage system uses a less common engine combination of a turbofan/turbojet-

ramjet.  Because the system is to operate from existing airports, the booster vehicle’s use 

of high-bypass turbofan engines is meant to minimize noise and environmental pollution. 

Similarly, the cruise vehicle is powered by a turbojet-ramjet combined cycle propulsion 

system, with the turbojet being used to accelerate to supersonic speeds and the ramjet used 
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for greater efficiency during cruise flight.  The booster vehicle is modeled roughly from 

the Boeing 747-400 baseline, having the same geometric and aerodynamic properties. The 

first stage mission profile is plotted in Figure 24. 
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Figure 25: First Stage Mission Profile 

The manner in which the DAOP’s were exercised for this problem is of some note.  The 

upper stage cruise vehicle was indicated to ASCYNT as a bomb, for which the first stage 

had to carry to a set flight condition and release.  ACSYNT was instructed to perform a 

bombing mission, in which the weight of the upper stage cruise vehicle was added 

ACSYNT’s weights module, and the coefficient of drag of the upper stage was added as 

the drag of the bomb in ACSYNT’s aerodynamics module.  The trajectory module of 

ACSYNT was used to release the “bomb”, i.e. the upper stage, as the staging parameters 

defined by the flight path angle, the Mach number, and the altitude. 

The cruise vehicle’s aerodynamics are modeled after the winged hypersonic aircraft 

configuration described by Nelms in reference 13, and geometry based on the design 

process of CONSIZ.  This configuration is chosen for its aerodynamic efficiency in 
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supersonic flight and its configuration of a winged vehicle able to land at commercially 

available sites.  The second stage mission profile is plotted in Figure 25. 
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Figure 26: Second Stage Mission Profile 

7.1 MSVS-OPT Results 

MSVS-OPT was run for a total of five cycles, in which the {x} system variable vector 

was optimized for minimum system weight.  Equality constraints were placed on the {Y} 

coupling variables. The RS’s for POST and CONSIZ were generated using the minimum 

number of points required for a linear RS approximation, as found with Equation 26.  The 

number of points used to generate the ACSYNT RS was increased to twice the minimum 

number of points to improve the linear model’s fidelity.  The number of RS points 

generated, NS, for each DAOP are given in the following equations: 

Equation 56 NSPOST/CONSIZ = n + 1 

Equation 57 NSACSYNT = 2(n +1) 
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Table 5 lists all {x} variables supplied to and taken from the DAOP’s and the 

corresponding number of RS generation points for each DAOP.  After each cycle, the 

bounds and interval size were shifted and reduced by the method described in Section 6.3.  

Table 6 lists the {x} variables’ LB and UB across the MSVS-OPT cycles. 

Table 5: RS Generation Data Per Cycle for System Level Variables 

ACSYNT POST CONSIZ 
Outputs {Y^} [W1 

^] [MR2 
^]^ CD2 [Sref2 

^ W2 
^ bl2 

^] 

Inputs 

{XSH} 
{XLOC} 

{Y*} 

[g h M] 
[T1] 

[CD2 
* W2 

*] 

[g M h] 

[Sref2 
* W2 

* bl2 
*] 

[knose2 pl2 pd2 AR2 tr2 swp2 toc2] 

[MR2 
*] 

n 
NS 

6 
14 

6 
7 

8 
9 

Table 6: System Level Variables for the RPPT Study 

CYCLE 1 CYCLE 2 CYCLE 3 CYCLE 4 CYCLE 5 
{x} LB UB LB UB LB UB LB UB LB UB Units 
g 30.0 40.0 35.0 40.0 36.5 39.0 36.8 38.8 36.8 38.8 [deg] 

M 0.700 0.900 0.696 0.796 0.720 0.770 0.724 0.764 0.725 0.765 [-] 

h 40000 50000 47214 50000 47630 49630 47650 49650 47663 49663 [ft] 

W2 250000 350000 269366 306866 274693 293443 279589 294589 278423 293423 [lb] 

CD2 0.009 0.020 0.009 0.015 0.011 0.014 0.011 0.014 0.011 0.013 [-] 

T1 100000 125000 93750 106250 93750 103125 93750 102500 93750 102500 [lb] 

Sref2 1000 1500 1041 1291 1082 1207 1170 1270 1196 1296 [ft2] 
bl2 140.0 160.0 148.7 163.7 152.0 159.5 154.5 160.5 154.2 160.2 [ft] 

MR2 1.750 2.000 1.751 1.876 1.780 1.843 1.823 1.873 1.823 1.873 [-] 

knose2 1.025 1.075 1.038 1.062 1.044 1.056 1.045 1.055 1.045 1.055 [-] 

pl2 
50.0 60.0 52.5 57.5 53.7 56.2 54.0 56.0 54.0 56.0 [ft] 

pd2 
12.5 17.5 13.8 16.3 14.4 15.6 14.5 15.5 14.5 15.5 [ft] 

AR2 
2.000 5.000 2.590 4.090 2.949 3.699 2.112 2.712 2.112 2.545 [-] 

tr2 
0.200 0.400 0.248 0.348 0.272 0.322 0.259 0.299 0.257 0.297 [-] 

swp2 0.707 0.966 0.834 0.922 0.856 0.900 0.861 0.897 0.862 0.897 [-] 

toc2 0.050 0.150 0.076 0.126 0.089 0.114 0.097 0.117 0.098 0.118 [-] 

7.1.1 Local Optimization Results 

Local optimization consisted of allowing the DAOP’s to perform optimization on 

certain locally defined variables, applying constraints on others.  With local optimization, 
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many aspects of the RPPT/RLV problem can be addressed by construction of the DAOP 

input decks.  Several local design variables and constraints were applied to ACSYNT and 

POST; these are listed in Table 7. 

Table 7: Local DAOP Design Variables and Constraints 

Local Design Variables Local Constraint Variables 

ACSYNT 

wing area 
wing aspect ratio 

wing sweep 
wind dihedral 
t/w at takeoff 

takeoff runway length 
staging Ps 

POST 

pitch angles 
engine throttle settings 

flight path angles 

landing altitude 
landing flight path angle 

landing velocity 
down range distance 

The first segment of the RPPT mission, as defined by Figure 4, was modeled with 

ACSYNT by using COPES to perform a local optimization, minimizing the system gross 

weight. Limits were placed on the local design variables listed in Table 7.  Due to the 

nature of the mission profile for the booster vehicle, the propulsion design variable of 

thrust-to-weight at takeoff was also optimized.  Constraints were placed on the booster 

vehicle that are relevant not only to its mission, but to its operation from existing airports. 

For instance, the take-off runway length was limited to a maximum distance of 13,000 feet, 

which is the runway length at the Dryden Airfield.  To execute a 1G maneuver at the staging 

point (meaning a steady climb in lieu of a pull-up maneuver), it is necessary to constrain 

the specific excess power, Ps, at the exact value.  This value corresponds the flight-path 

angle at the staging Mach number and altitude, which are system-level design variables 

optimized by the System Optimizer.  A Ps value more or less than the one specified would 

alter the flight-path angle value.  A 1G maneuver is preferable to a pull-up maneuver 

because the kinetic energy gained by the system is lost in potential energy, and the resulting 

forces on the passengers are too high. 
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POST locally minimized the final landing weight using the JPL NPSOL optimizer by 

indirectly minimizing the propellant consumed.  The local optimization was subject to the 

constraints of geodetic altitude, flight-path angle, velocity and the dot product of the down 

range and cross range position vectors at the termination point of the trajectory.  Tables of 

pitch-angle, tables of throttle setting, and tables of flight-path angle were assigned, along 

the trajectory, as independent variables to allow POST greater control during the problem. 

Because the focus of this research is on modeling the MSVS as a whole, MSVS-OPT 

was used only to optimize those variables relevant to the connection of independent 

DAOP’s.  Thus, the local optimum values for the first and second stage vehicles were 

obtained at each point generated in for RS generation, but not at the optimum point found 

using the system optimizer.  These local DAOP variables include those listed in Table 7, 

and may be extended to include a plethora of configuration, propulsion, or aerodynamic 

characteristics of interest to the designer. 

One way to find the stages’ optimized local variables would have been to list them in 

the {x} variable vector, and generate RS representations of the variables.  This method 

requires a large amount of additional computational labor, as discussed in Section 8.0.  An 

alternative method would have been to search inside each module around the system 

optimum point for the local variables.  Interpolating among the points calculated for the 

RS fitting would give an approximation to the local variables at the system optimum point. 

Either method would have returned approximated values of the {XLOC} variables from each 

module.  Presented in Table 8 are the values for the {XLOC} variables listed in Table 7.  

These are not the system optimum values, but values extracted from the local DAOP 

optimizations residing at neighboring points to the {Y^} system optimized variables.  Thus, 
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the results are not the exact values at the system optimum, but are representative of the 

design at the local level. 

Table 8: Local DAOP Optimization Results 

Local Design Variable Value Units Local Constraint Variable Value Units 

ACSYNT 

wing area 
wing aspect ratio 
wing sweep 
wing dihedral 
t/w at at takeoff 

6132 [ft2] 
7.5 [-] 
10 [deg] 
7 [deg] 

0.59 [-] 

takeoff runway length 
staging Ps 

26476 [ft] 
370 [-] 

POST 

landing altitude 
landing flight path angle 
landing velocity 
downrange distance 

50 [ft] 
-5 [deg] 

220 [ft/s] 
5336 [nm] 

Notice that the POST local variables are not indicated in Table 8.  This is because the 

POST local design variables were set up at tables of pitch angle, engine throttle setting, 

and flight path angle that varied with altitude at various events in the POST simulated 

trajectory. As such, there are hundreds of values for each of the three variables calculated 

at each event.  And, since there are several events in which these three variables were 

calculated hundreds of times, presentation of this tremendous amount of local data about 

the second stage’s trajectory path is out of the scope of the final vehicle system.  Table 9 

lists several important local variables calculated by the DAOP’s during their local 

optimization.  These values have been interpolated between neighboring points to the 

system optimum. 

Table 9: Selected Local DAOP Optimization Results Per Stage 

First Stage Second Stage 
Initial LB Initial UB Final Initial LB Initial UB Final Units 

Gross Weight 400,000 900,000 639,589 250,000 350,000 281,793 [lb] 
Sref 5800 9000 6132 1000 1500 1254 [ft2] 

W/S 69 100 104 250 233 225 [lb/ft2] 
T/W 0.44 1.00 0.63 0.36 0.50 0.44 [-] 
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7.1.2 System Optimization Results 

Table 10 displays the system level variables over the five iterative cycles for which 

they were optimized by MSVS-OPT. 

Table 10: Optimized System Level Variables Per Cycle 

{x} CYCLE 1 CYCLE 2 CYCLE 3 CYCLE 4 CYCLE 5 Units 
g 40.000 37.761 37.774 37.799 37.804 [deg] 

M 0.7455 0.7448 0.7444 0.7445 0.7389 [-] 

h 49715 48630 48650 48663 48201 [ft] 

W2 288117 284068 287089 285923 281793 [lb] 

CD2 0.01218 0.01240 0.01240 0.01240 0.01214 [-] 

T1 100000 100000 100000 100000 100000 [lb] 

Sref2 1165.6 1144.0 1220.0 1245.5 1254.1 [ft2] 

bl2 
156.2 155.8 157.5 157.2 156.1 [ft] 

MR2 1.8136 1.8117 1.8480 1.8485 1.8389 [-] 

knose2 1.050 1.050 1.050 1.050 1.050 [-] 

pl2 55.0 55.0 55.0 55.0 55.0 [ft] 

pd2 
15.0 15.0 15.0 15.0 15.0 [ft] 

AR2 
3.345 3.324 2.412 2.245 2.000 [-] 

tr2 
0.298 0.297 0.279 0.277 0.269 [-] 

swp2 
0.878 0.878 0.879 0.879 0.880 [-] 

toc2 0.101 0.101 0.107 0.108 0.114 [-] 

Figure 26 through Figure 41 display the optimization histories for the {x} variables, 

which illustrate their bound travel and optimum values at each of the five cycles. The 

bound reduction and shrinking algorithm can be seen in use over the cycles.  Of note are 

the situations during the optimization when the bounds are forced to the HLB or HUB, and 

when an interval size is decreased to 20% of the original interval size.  The previous 

situation can be observed for nearly all the {x} variables.  This is due to the fact that the 

interval size was reduced to 50% of its previous value after each cycle.  Thus, upon 

reaching cycle five, the interval size has been halved four times.  The later situation can be 

seen in {x} variables such as the staging flight path angle, and the staging altitude – where 
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the HUB was reached early in the optimization process – or the first stage engine thrust – 

where the HLB was reached at cycle one. 

Figure 27: Optimization History for γ 

Figure 28: Optimization History for M 
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Figure 29: Optimization History for h 

Figure 30: Optimization History for W2 
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Figure 31: Optimization History for CD2 

Figure 32: Optimization History for T1 
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Figure 33: Optimization History for Sref2 

Figure 34: Optimization History for bl2 
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Figure 35: Optimization History for MR2 

Figure 36: Optimization History for knose2 
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Figure 37: Optimization History for pl2 

Figure 38: Optimization History for pd2 

68 



 

 

    

 

    

 

Figure 39: Optimization History for AR2 

Figure 40: Optimization History for tr2 
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Figure 41: Optimization History for swp2 

Figure 42: Optimization History for toc2 

As stated in Section 4.1, the single objective function of system gross weight is the 

subject of minimization for which MSVS-OPT manipulates the system design variables, 

{x}. Figure 42 shows the optimization history for the total system weight.  The LB and 

UB of the system weight do not shift or shrink, as the system weight is a calculated quantity 
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and not a design variable that is optimized.  It is interesting to note that the system weight 

found in cycle one is offset from the other weights calculated for the remaining cycles. 

This may be due non-linear influences in the system model, which are not fully represented 

through a linear approximation.  However, after climbing in magnitude from cycle one to 

cycle two, the system weight quickly begins to converge, reaching a steady-state value 

within three iterations. 

Figure 43: Optimization History for W1 

It is advantageous to track the accuracy of the RS approximations during the 

optimization process, and to ensure that the error of approximation is decreasing, as a 

measure of confidence in the returned MSVS-OPT results.  This was done by inserting the 

optimal {x} values of cycle(i) into cycle(i+1)’s RS approximation.  Cycle(i+1)’s RS was 

generated with reduced interval bounds centered on the {xi} optimum. Figure 43 shows 

that over five iterative cycles, the percent error between what RS(i) calculates and what 

RS(i+1) predicts for the {xi} optimum decreases to within tolerable values.  The {Y^} 
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variables are listed on the x-axis of the figure.  The vertical bars indicate, from left to right, 

the percent error from one RS cycle to next in approximating the previous cycle’s optimum. 

Figure 44: RS Approximation Error From Optimization Cycle to Cycle 

Another means by which the system model can be examined is through inspection of 

the linear RS regression coefficients, β, discussed in Section 5.2.1 and Section 5.2.2.  The 

RS coefficients are representative of the slope of an RS approximation output due to a 

particular independent variable.  Or put another way, each regression coefficient is the 

partial derivative of the output with respect to a specific independent variable.  These 

derivatives indicate how much one independent variable affects the RS approximation. 

The greater the difference between the β coefficients, the greater the effect one variable 

has on another. 

If the problem were linear, then use of linear RS regression coefficients would result in 

a trend of constant β’s across the cycles.  However, since the problem is non-linear in 

nature, the β’s will differ from cycle to cycle, alluding to the degree of curvature in the 
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problem. A trace of how these coefficients, or slopes, change across the cycles yields 

information on how the {x} variables are affecting the RS approximations.  For instance, 

if there were no side constraints (i.e. no hard physical bounds), then the {x} variables could 

be allowed to vary from negative to positive infinity, and infinite RS’s could be generated. 

At infinity, the derivatives would tend to level off, indicating that there is no preference to 

change one {x} variable over another, which is the definition of a precise mathematical 

optimum.  This is an example of the law of diminishing returns, in that at the beginning of 

a process there are large gradients involved, but as the process continues over time, the 

gradients become smaller. Indeed, observation of Figure 44 through Figure 49, illustrates 

this point.  Although only five iterations are shown, the trend is quite clear.  For brevity in 

presentation, only one graph is shown for each RS coefficient, containing the first two 

values.  Because the variation in the RS coefficients diminishes cycle after cycle, the effect 

of further altering the {x} variables diminishes, which is indicative of converging on an 

optimum. 
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Figure 45: Convergence of the W1 RS First and Second Coefficients 
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Figure 46: Convergence of the MR2 RS First and Second Coefficients 
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Figure 47: Convergence of the CD2 RS First and Second Coefficients 
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Figure 48: Convergence of the W2 RS First and Second Coefficients 
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Figure 49: Convergence of the Sref2 RS First and Second Coefficients 

75 



20 81 

18.5 80.5 

17 80 

15.5 79.5 

14 79 

Cycle 1 Cycle 2 Cycle 3 Cycle 4 Cycle 5 

 

 

    

   

   

    

  

  

  

  

    

  

 

    

     

  

 

βb
l 2(

1)
 

βb
l 2(

2)
 

Bbl2(1) 
Bbl2(2) 

12.5 78.5 

11 78 

9.5 77.5 

8 77 

6.5 76.5 

5 76 

Figure 50: Convergence of the bl2 RS First and Second Coefficients 

Because the linear RS model to the DAOP performance is within reasonable error 

tolerance to the actual DAOP results, some design results can be obtained from the RS’s. 

Observe Figure 50 and Figure 51, which represent the total system weight and second stage 

mass ratio dependence on the staging Mach number and altitude, respectively.  Recall that 

mass ratio is the ratio of the gross weight to the landing weight and is thus proportional to 

the gross weight.  So, if mass ratio increases, then gross weight increases.  Also, the total 

system weight is the sum of the first and second stage gross weights.  So, if system weight 

increases, then the first stage gross weight increases.  With that in mind, notice the 

relationships the linear RS’s reveal about how the staging condition affects the first and 

second stage gross weight.  The graphs move in different directions, so that what is 

beneficial for one vehicle stage, in terms of minimum weight, is detrimental to the other. 

Using this method’s RS’s in conjunction, a compromise between the two vehicles can be 

reached where a set of optimized {XSH} staging variables can be found that is not 

immediately intuitive. 
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8.0 Computational Labor Analysis 

To give a successful measure of this methodology and MSVS-OPT’s ability to 

synthesize MSVS’s, the execution time of all the processes used in this research must be 

detailed.  The NASA Langley Vehicle Analysis Branch SGI computer, VAB08, provided 

the computational resources available to MSVS-OPT in this research.  VAB08 is composed 

of 12 MIPS R10000 64-bit processors at 194 MHz each.  VAB08’s memory size is a 2-

way interleaved 1024 Mbytes, with an instruction cache size of 32 Kbytes and a data cache 

size of 32 Mbytes.  While there are 12 processors available on VAB08, ACSYNT, POST, 

and CONSIZ have been developed as serial programs.  Therefore, the DAOP’s were 

executed sequentially, and serially for each run. 

The total computational labor involved running MSVS-OPT is the sum of the major 

functions and DAOP executions made, comprising all the processes of the program.  A 

large portion the CPU time spent is in generating the points for the RS’s. This is due to the 

computational labor involved in executing the DAOP’s.  The number of RS points 

generated per DAOP is equal to the number of iterations (cycles) required for convergence 

multiplied by the number of points generated, N.  Then, the total run time is the number of 

cycles multiplied by the sum of the products of each DAOP’s NS and their run time.  This 

makes the time required for RS generation 

3 

Equation 58 tRSgen = Ncycle ∑(N DAOP )i ⋅ (tDAOP )i 
i=1 

When local optimization is performed, it takes an average of 2.5 minutes to execute 

one ACSYNT or POST run.  Because no optimization is being performed by CONSIZ, its 

run time is an average of 2.5 seconds.  Using these values and Equation 58, the execution 
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time of each DAOP run and the total time are found.  The results are displayed in Table 

11.  

Table 11: Approximated DAOP Execution Time 

N Ncycle NStotal Run Time Total Time 
ACSYNT 
POST 
CONSIZ 

14 
7 
9 

5 
5 
5 

70 
35 
45 

2.5 min 
2.5 min 
2.5 s 

175 min 
88 min 

113 s 
15863 s 

264 min 
4.4 hr 

Next, the computational time involved in executing the Matlab functions of the MSVS-

OPT process is found by taking the sum of their execution times.  These times are 

associated with the following Matlab functions: Inputgen, which generates the inputs for 

use in the construction of the RS’s; Inputwrite, which writes the input files for the DAOP’s 

in their correct format; Outputwrite, which extracts relevant output variables from the 

DAOP’s produced output files and writes them to a new output file; Norm, which 

normalizes the variables for use in optimization; linapprox, which takes the normalized 

{x} variables, makes the linear approximation to the RS’s and finds the regression 

coefficients; and opt, which performs the system optimization.  The sum of these times, 

multiplied by the number of cycles, Ncycle, yields the Matlab computational labor portion 

of the total MSVS-OPT process time: 

7 

Equation 59 tMatlab = Ncycle ∑(tMatlab Functions )i 
i=1 

The computational time required for the MSVS-OPT Matlab functions is given in Table 

12.  Comparison of the total times in Table 11 and Table 12 shows that the majority of 

computational time is involved in RS generation. 
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Table 12: Approximated Matlab Function Execution Time 

Time Ncycle Total Time 
Generate Input 1 s 5 5 s 
Write Input Files 2 s 5 10 s 
Write Output Files 10 s 5 50 s 
Read Output Files 2 s 5 10 s 
Normalize Variables 1 s 5 5 s 
Make Linear Approx. 1 s 5 5 s 
Optimize 5 s 5 25 s 

110 s 
1.83 min 

0.031 hr 

It is of interest to estimate the elapsed time of MSVS-OPT for the alternative method 

mentioned at the end of Section 7.1 – that of a single optimizer manipulating all {XSH}, 

{XLOC}, and {Y} variables in a single {x} vector, without local DAOP optimization.  

Constructing an all-in-one standard Non-Linear Programming (NLP) optimizer does this. 

In general, NLP optimizers require a number of runs (N) proportional the number of design 

variables (NDV) squared.  To account for unknown mechanisms, a proportionality factor 

of 1.5 is used. 

Equation 60 NNLP = (1.5)(NDV)2 

The number of design variables may be estimated as follows:  To exercise a fair 

comparison of current MSVS-OPT methodology to the proposed new method, consider the 

same number of local variables present in ACSYNT and POST.  In the MSVS-OPT 

methodology, there are five independent, local variables; and there are 20 independent, 

local variables in POST.  In addition to these 25 local variables, there are three shared 

variables, five coupling variables, and seven local CONSIZ variables.  Thus, the total NDV 

would be 25 + 3 + 5 + 7 = 40.  Because the NLP optimizer is optimizing all the local 

variables, ACSYNT, POST, and CONSIZ could be all executed in analysis mode, making 

their run times on the order of approximately five, five, and two and a half seconds. 
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Summation of these times gives the approximate time required for generating the RS’s of 

one run. 

Equation 61 tone run = 5 + 5 + 2.5 = 10.5 s 

Using Equation 60 with the 40 design variables makes the number of NNLP runs equal 

to: 

Equation 62 NNLP = (1.5)(40)2 = 2400 runs 

At 10.5 seconds per run, the total serial processing time would be: 

Equation 63 tRS generation = (2400 runs)(10.5 s/run) = 25200 s = 7 hrs 

This, in comparison to the 4.4 hours it takes to run MSVS-OPT with ACSYNT and 

POST performing local optimization, illustrates the current method’s advantage in using 

BLISS.  The advantage of BLISS grows with the number of local variables because of the 

quadratic relationship in Equation 60 and the linear relationship in BLISS. 
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9.0 Concluding Remarks 

Adaptation of the BLISS-RS method to this problem provides the user with a powerful 

synthesis tool, in which the design space of the first and upper stages can be fully explored 

and optimization performed on any number of design variables. 

This research developed a methodology to synthesize MS RPPT and RLV systems 

using a BLISS-RS method to link aircraft and launch vehicle DAOP’s.  Based on this 

methodology, an automated synthesis and optimization program, MSVS-OPT, was 

developed.  The methodology applied MSVS-OPT to optimize for the minimum number 

of MS coupling variables needed to connect the DAOP’s, and defined the shared trajectory 

variables between ACSYNT and POST that physically link the first and upper stages.  It 

can be extended to optimize for further coupling variables, shared variables, and an 

assortment of other local variables that are of interest to the user. 

The fundamental concept developed in this methodology is the theory needed to 

synthesize MSVS’s incorporating an aircraft first stage, and launch vehicle upper stages. 

Further, the specific configuration issues of a subsonic aircraft first stage mated to a 

hypersonic launch vehicle have been addressed.  The methodology clearly defined the 

prerequisite number of design variables required for such MSVS’s.  The formulation for 

the optimal staging condition, in terms of flight path angle, Mach number, and altitude has 

been developed, as well as the stage weight allocation, in terms of the total system weight 

fraction of the upper stages to the first stage. 

The methodology was exercised on a two-stage RPPT system incorporating a modified 

747-400 first stage and a winged launch vehicle second stage concept.  MSVS-OPT was 

used to optimize the allocation of the second stage’s gross weight to vehicle system and 
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solve for the optimal staging parameters to achieve minimum system gross weight.  The 

methodology’s flexibility, in that it allows for local optimization and constraint application 

within each DAOP, was used so that the RPPT mission requirements were satisfied. 

Based on the results of this research, future work is suggested in the following areas: 

1) The number of design variables included in {x} system variable vector should be 

increased beyond the minimum number of variables established in this research.  It is 

suggested that further sensitivity studies be performed on the MSVS with MSVS-OPT 

to reveal the influence of other independent variables. 

2) The modular nature of BLISS-RS should be exploited by augmenting the number of 

modules used in the present study.  For instance, an engine sizing code can be inserted 

into the BLISS-RS structure as a new module.  This new module could replace the T1 

local ACSYNT variable and enhance the fidelity of the engine performance in all 

stages.  This can be done for other current design variables, or a new module can be 

added in addition to the variables already present. 

3) ACSYNT and CONSIZ perform weight analysis using empirical relations derived from 

historical data.  ACSYNT’s relations are made based on aluminum aircraft, with no 

provisions for alternative material use, such as composites. While CONSIZ can 

employ the use of technology reduction factors to its weight build-up, its ability to 

accurately model the effect of multiple materials is somewhat limited in scope.  Thus, 

another possible area of future work based on this research could be the alteration of 

the DAOP’s to account for advanced materials.  In this way, aside from sensitivity 

studies made on the performance characteristics of the MSVS, the actual system’s 

construction can be studied as well. 
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4) Finally, this methodology lends itself quite well to use in parallel processing.  In this 

study, the DAOP’s were executed in series.  Because of this, the computational labor, 

as described in Section 8.0, was extensive because each DAOP run was made 

individually.  Future work concerned with the application of parallel processing can 

greatly reduce the CPU time needed to execute MSVS-OPT, and can make quick 

design studies another benefit of this methodology.  Also, a full array of local variables 

can be added to the {x} vector, representing greater detail of the design at the local 

level.  It is of importance that the {XLOC} variables be recovered for future development 

of these methods. 
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Appendix A: MSVS-OPT Construction 

MSVS-OPT works by executing FORTRAN DAOP’s inside of Matlab.  Once 

executed, the DAOP results are extracted in a form Matlab can interpret and system 

optimization is performed. Figure 52 displays the MSVS-OPT Matlab function and C-

shell script flow. 

bounds.m 

Inputgen.m 

awriter.m cwriter.mpwriter.m 

apcexec.m 

pout.maout.m cout.m 

reader.m 

normalize.m 

linapprox.m 

opt.m sysopt.m 
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a d ummy .a cs 

 

 

   

    

    

 

 

      

  

 

   

 

   

 

 

 

  

 

Figure 53: MSVS-OPT Matlab Function and C-Shell Script Flow 
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In Figure 52, the Matlab functions are enclosed in square boxes, the C-shell scripts in 

ovals, and the ACSYNT, POST, and CONSIZ dummy files are represented as index cards. 

The first Matlab function to be called by MSVS-OPT is the bounds.m function.  This is a 

relatively simple function that establishes the lower and upper bounds, LB and UB, and the 

physical, hard lower and upper bounds, HLB and HUB.  The inputs to the bounds.m 

function are the hard-coded, user defined LB, UB, HLB, and HUB column vectors, which 

it produces as outputs.  The function is given in Equation 64. 

 LB 
UB 
HLB 
HUB 

 



 

= 



 

boundsEquation 64 

  

Once the bound vectors have been established, MSVS-OPT calls the Matlab function 

Inputgen.m to generate column vectors for the {x} variables with which the RS’s will be 

made.  Inputgen.m uses the internal Matlab function rand, to create a random dispersion of 

points within the LB and UB vectors defined by bounds.m. It also requires the inputs of 

the speed of sound, a, and the number of ACSYNT points be generated for the ACSYNT 

RS, Aj.  The Inputgen.m function is given in Equation 65. 
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Ps1  
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Equation 65 

 
 
 
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 
 
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 
 
 
 
 
 
 
 
 
 
 

M 
h 

W2 

CD2i 

T1i 

Sref 2i 

bl2i 

MR2i 

knose2 

pl2 

pd 2 

AR2 

tr2 

swp2 

toc2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

= Inputgen 

 





 
 

Aj 

LB 
UB 
a  





 
 

After the {x} variable vectors have been established the text files adummy.acs, 

pdummy.inp, and cdummy.inp are called by the Matlab functions awriter.m, pwriter.m, and 

cwriter.m, respectively.  The dummy files are the input decks that represent the problem 

for which the DAOP is to be executed.  The difference between the dummy input files and 

the real input files run by the DAOP’s is the {x} variables have symbolic identifiers in the 

place of their numerical values. The writer functions use the internal Matlab function fopen 

to open the dummy files, then use the internal Matlab function fgets to extract (line-by-line) 

the dummy input files.  The internal Matlab function num2str converts the specified {x} 

variable, defined by Inputgen.m, into a string.  Then, the string representation of the 

numeric value of the {x} variable is inserted in place of the symbolic identifier in the 

dummy input file by the internal Matlab function strrep (the string replacement function).  

This internal function replaces one string with another. Finally, the internal Matlab 
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 

function fwrite is used to write the lines to a designated real input file, and the internal 

Matlab function fclose is used to close the dummy input file. The writer functions do not 

produce any outputs, per say, but they do create several input files, corresponding to the 

number of DAOP runs per cycle, that will be used by the apcexec.m function. Their inputs 

include the number of iterations or cycles, Iter, the respective number of points for each 

DAOP RS, Aj, Pj, or Cj, and the speed of sound for pwriter.m. The writer functions are 

given in Equation 66, Equation 67, and Equation 68. 


 
 
 
 
 
 
 
 
 

 

Iter 
Aj 

Ps1 

M 


 
 
 
 
 
 
 
 
 

 

Equation 66 awriter 
h 

W2 

CD2i 

T1i  


 
 
 
 
 
 
 
 
 
 
 
 

Iter 
Pj 

γ 

M 
h 


 
 
 
 
 
 
 
 
 
 
 
 
 

pwriterEquation 67 

W2 

Sref 2i 

bl2i 

a 
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
 
 
 
 
 
 
 
 
 
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 
 

 


 
 
 
 
 
 
 
 
 
 
 
 

 

Iter 
C j 

MR2i 

knose2 

pl2Equation 68 cwriter 
pd 2 

AR2 

tr2 

swp2 

toc2  

After the input files have been written for all the runs necessary to execute one cycle 

of MSVS-OPT, it is time to execute the DAOP’s.  The apcexec.m function calls the C-shell 

scripts runacsynt, runpost3d, and runconsiz.  The C-shell scripts link the input and output 

files to the standard FORTRAN input and output files.  They are executed inside the Matlab 

function by using a “!” as the first column in the line that calls them. When a “!” is written 

in a Matlab function or script, it instructs Matlab to send the commands on that line to the 

command prompt of the background system.  In this research, a UNIX system was used to 

run Matlab and the FORTRAN DAOP’s.  The apcexec.m function does not produce any 

outputs, but it accepts the number of iterations, Iter, and the number of CONSIZ RS points 

per run, Cj, as inputs.  It is given in Equation 69. 

Equation 69 

 
 

apcexec 
Iter 
C j 


 

 

The {Y^} coupling variable output is collected from the DAOP produced output files 

with the aout.m, pout.m, and cout.m Matlab functions.  The out functions use the “!” 

operator to call the C-shell pattern search and recognition device, grep, to extract the 

coupling variables from the output file and write/append them to specified output files 

92 



 

   

 

     

     

     

    

    

    

   

  

    

     

     

  

    

   

  

  

   

using the “>” and “>>” operators.  The only input the out functions require is the number 

of iterations.  They are given in Equation 70, Equation 71, and Equation 72. 

aout Iter) 

pout Iter)(

(Equation 70 

Equation 71 

Equation 72 cout Iter) 

The {Y^} coupling variables are read from the out function created output files with 

the reader.m Matlab function.  Reader.m uses the internal Matlab functions fopen, fwrite, 

and fclose just as the writer functions do, but reader.m now converts the {Y^} coupling 

variable values, which are strings, to numbers using the internal Matlab function str2num. 

The function’s inputs are the number of iterations and the number of RS points per run for 

( 

each of the DAOP’s.  It will produce as outputs the {Y^} coupling variable column vectors 

for a particular cycle. It is given as 

W1 f  
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

C Iter 
 
 
 

 


 
 
 


 

D2 f 

W A2 f j= reader Equation 73 
S Pref 2 f j 

bl C2 f j 

MR2 f 

To foster smooth convergence during optimization, it is necessary to next normalize 

the {x} variable, and {Y^} variable column vectors using the normalize.m Matlab function. 

The inputs to normalize.m include all {x} and {Y^} variable column vectors, the number 

of RS points per run for each DAOP, and the lower and upper bound vectors.  From these, 

normalize.m will produce normalized {x} and {Y^} variable column vectors, which are 

designated with an n subscript.  The function is given by 

93 



 

     

  

 

    

 

 


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Aj 

Pj 

C jγ n LB 
UB 
γ 

M 
h 

W2 

CD2i 

T1i 

Sref 2i 

bl2i 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

M n 

hn 

W2n 

CD2n 

T1n 
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swp2n 

toc2n 

W1 fn 

MR2 fn 

CD2 fn 

W2 fn 

Sref 2n 

bl2 fn 

MR= normalize 2i 

knose2 

pl2 

pd 2 

AR2 

tr2 

swp2 

toc Equation 74 2 

W1 f 

MR2 f 

CD2 f 

W2 f 

Sref 2 

bl2 f  

MSVS-OPT next calls the linapprox.m function to make linear RS approximations to 

the normalized {x} and {Y^} variable column vectors.  It calls the internal Matlab function 

inv to take the inverse of the design matrices, defined in Section 5.2.1.  The outputs are the 

linear regression coefficient column vectors of the approximations to the RS’s.  The 

function is given by 
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W1 fn 

MR2 fn 

CD2 fn 
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W2 fn 

bl2 fn 

γ n 

M n 

hnβ W1  
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
 

 
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 
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 
 

 

βMR W2 2n 

βC CD2 D2n= linapprox 
βS T1nref 2 

bl 
β
β 

W S2 ref 2n 

bl2 2n 

MR2n 

knose2n 

pl2n 

pd 2n 
Equation 75 AR2n 

tr2n 

swp2n 

toc2n  

After the linear RS regression coefficients are found, MSVS-OPT calls the opt.m 

function to perform the system optimization of the {x} variables and the system objective. 

Opt.m calls the sub-function sysopt.m, which contains the formulation of the objective 

function, W1c, in terms of the {x} variables and the W1 regression coefficients.  The 

sysopt.m function is given as 

Equation 76 [W1c ] = sysopt 

 

 

x 
βW1 


 

 

The opt.m function forms compatibility constraints on the coupling variable column 

vectors by using the linear RS regression coefficient column vectors, the lower and upper 
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bound column vectors, and the hard lower and upper bound column vectors.  It does this 

using the internal Matlab function fmincon, which is used to apply linear constraints on the 

objective function listed in sysopt.m.  The linear constraints are of the form [A]{x} = {b}, 

where [A] is a matrix of coefficients to {x} column vector of design variables which are to 

be optimized, and {b} is a column vector of constant values.  The number of rows in [A] 

must equal the number of rows in {b}.  The number of columns in [A] must equal the 

number of rows in {x}. At this point, it is best to illustrate the fmincon function’s constraint 

set up with an example.  Recall that the upper stage gross weight, W2, is a coupling variable 

and that is holds position x4 in the {x} variable vector defined in Equation 20.  Recall, also 

Equation 46, which is the linear RS approximation to W2. Then, the constraint on W2 must 

be of the form 

* ^Equation 77 W = W2 2 

Substituting the {x} position holders for the variables in Equation 46 that are defined 

in Equation 20, Equation 77 can be written as 

Equation 78 x = βW (1,1) + βW (2,1)x + βW (3,1)x + βW (4,1)x + 4 2 2 9 2 10 2 11 

= βW (5,1)x + βW (6,1)x + βW (7,1)x + βW (8,1)x + βW (9,1)x2 12 2 13 2 14 2 15 2 16 

Solving Equation 78 for the constant βW2(1,1) and writing it in terms of all 16 {x} 

components will give an equation from which the form of the [A]{x}={b} can be matched. 

For instance, on one side of the equation there will be a constant value of βW2(1,1), which 

is equivalent to a row in {b}.  And, on the other side of the equation there will be an 

expression of constant multipliers (the regression coefficients) to the {x} components, 

which is equivalent to a row in [A].  The rest of the constraint equations may be formed in 
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a similar manner. The final result will be a [A] matrix with a number of rows equal to the 

coupling variables (5), and a number of columns equal to the number of {x} variables (16). 

Opt.m calculates the normalized system objective, f1, as its output, as well as the 

optimized normalized {x} variables, x1, the optimized real {x} variables, xr1, the real 

system objective value, W1r, and a convergence flag, work1.  It is given by 

LB 
UB 
HLB 
HUB 
βW1 


 
 
 
 
 
 
 
 
 
 
 
 

 


 
 
 
 
 
 
 
 
 
 
 
 

 

 x1 
 
 
 
 
 
 

 
 
 
 
 
 

f1 

xr1 

work1 

W1r 

Equation 79 = opt
βW2 

βbl2 

βSref 2 

β
β 

CD2 

MR2  

This would be the conclusion of one MSVS-OPT cycle.  After a cycle, the bounds are 

shifted and reduced using the boundshift.m function.  This function takes as input the 

original lower and upper bound column vectors, LB and UB, the previous cycle’s lower 

and upper bound column vectors, run1_LB and run1_UB, the hard lower and upper bound 

vectors, HLB and HUB, the previous cycle’s normalized optimized {x} variable column 

vector, x1, and the previous cycle’s real optimized {x} variable column vector, xr1.  It 

produces as outputs the new bound interval size, int2, and the new lower and upper bounds, 

LB2 and UB2.  It is given as 

97 



 

     

 

 

 

 
 

 

 

 
 

 

 


 
 
 
 
 
 
 
 
 

 


 
 
 
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 

 

run1_ LB 
run1_UB 

LB
int 2 

 
 
 

UB
LB boundshift Equation 80 2 

UB 
HLB 
HUB 

x1 

xr1 

2 

 

= 
 
 

 
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Appendix B: CONSIZ Propulsion Module Augmentation 

Because of the mission of the RPPT (i.e., that it be able to take off as well as land from 

any conventional airport or base), it is necessary for the cruise/orbiter vehicle portion of 

the total system to have a propulsion system conducive to commercial airport operation. 

Thus, rocket systems are undesirable.  Yet, for the cruise/orbiter vehicle to travel 

hypersonically, it is also necessary for it to have a high-speed propulsion system.  A ramjet 

is the clear solution.  While POST provides provisions for the modeling of a ramjet engine, 

CONSIZ does not, and, as both programs are needed to completely model the total vehicle 

performance and design, a model of a ramjet engine must be developed for implementation 

into the basic CONSIZ program. 

Thus, a model for a ramjet engine is formulated in this section.  The desire is to be able 

to use the ideal velocity equation for use in modeling the performance of air breathing 

engines, in this case, a ramjet.  This is possible by the introduction and development of the 

equivalent, effective specific impulse, which is a lumped average estimate of the air-

breathing engine’s performance over the entire pressure-ratio of its operation.  Starting 

with the ideal velocity equation, without regard to drag and gravity losses and assuming a 

uniform gravitational field (i.e. gravity does not vary with altitude): 

 m1  
Equation 81 ∆videal = go I sp ln  

m 2  

Here, ∆videal is the incremental flight velocity, that is, the vehicle’s final velocity less 

its initial velocity.  The go term is the acceleration of gravity at the Earth’s surface and m1 

and m2 are the vehicle’s initial and final mass, respectively. The specific impulse, or Isp, 

warrants some detailed discussion. The impulse of an engine, I, is regarded as an indicator 
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of its aero-propulsion performance [10].  The impulse is defined to be the ratio of the 

amount of thrust of the engine (measured in force) to the rate of propellant consumed 

(measured in mass per second): 

T 
Equation 82 I = • 

m 

The impulse of the engine has units of [force]/[mass/time]. Of more significance is the 

specific impulse, denoted as Isp.  The term “specific” denotes the fact that the impulse is 

represented only by units of time, usually seconds.  It is found by dividing the impulse by 

the local acceleration of gravity.  By dividing by the local acceleration of gravity, the mass 

of propellant multiplied by the gravity acceleration in the denominator becomes the weight 

of propellant (a force), thus canceling with the force term in the numerator and leaving 

only units time.  The following equation illustrates this specific-dimensionalization 

through the use of SI units: 

T [N ]
Equation 83 I = = = [s]sp • [N / s]m g 

Here, the local acceleration of gravity, as derived in Appendix D: Gravitational Model, 

is determined by 

R 2 

Equation 84 = gg o (R + h)2 

The equivalent, effective specific impulse (Ieff), derived in Appendix C, is defined as 

the sum of all forces in the direction of flight due to propulsion, aerodynamics and gravity, 

divided by the propellant mass flow rate: 

 D mg Equation 85 I = I 1− − sin( )γ 
eff sp  T T 
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This effective impulse, as can be seen in its dependence on local gravity and 

aerodynamic force terms (drag and thrust), may vary by an order of magnitude for an air-

breathing engine.  Thus, it cannot be used with confidence in the ideal velocity equation. 

The equivalent, effective specific impulse (I*) is then introduced as the true measure of 

aero-propulsion performance.  This is a constant value for the engine and may be used in 

the ideal velocity equation to yield the correct mass ratio.  It is the non-instantaneous, 

lumped effective specific impulse over the entire flight regime [10].  I* is defined as 

1
Equation 86 I* = (1 I eff ) 

and may be determined by either of the two methods 

∆v flight 
Equation 87 I* = 

∫ dv flight I eff 

1  D mg Equation 88 I* = = I = I 1− − sin( )γ 
eff sp(1 I eff )  T T 

Substituting the new I*, as defined in Equation 87 or Equation 88, for the Isp of Equation 

81, yields a new form of the ideal velocity equation, applicable to air-breathing engines: 

 m1  
Equation 89 ∆v flight = go I * ln  

m 2  
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Appendix C: Derivation of the Ideal Rocket Equation and I* 

Presented below are the derivations for the ideal rocket (velocity) equation and the 

equivalent, effective specific impulse of an engine. 

Derivation of the Ideal Rocket Equation 

The following derivation assumes tangential flight with no lift on the vehicle.  This 

implies that the angle of attack is zero and the velocity vector is offset from the local 

horizontal by the flight-path-angle, γ, only.  Also, the thrust and drag force vectors are 

aligned with the velocity vector.  Finally, it is assumed that there is constant mass 

throughout the velocity change (i.e. dm/dt = 0 so that mass does not change with time). 

These resulting forces with the previous assumptions are illustrated in Figure 53: 

W 
D 

γ 

T 
γ 

Figure 54: Simplified Model of Forces Acting on a Moving Body 

With these assumptions, application of Newton’s second law of particle motion along 

the line of action yields the following equation of motion: 

Equation 90 T − D −W sin( )γ = m dv 
dt 

Separating the variables in Equation 90 and replacing W with mg yields 

Equation 91 mdv = Tdt − Ddt − mg ( )dtsin γ 

Dividing Equation 91 through by the mass, m, yields 

Equation 92 dv = 
T dt − 

D dt − g ( )dtsin γ 
m m 
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Notice that as time progresses the amount of propellant must decrease (i.e. the mass 

flow rate must be negative): 

dm • 

Equation 93 = − m 
dt 

dm
Equation 94 dt = − • 

m 

Substituting Equation 94 into Equation 92 results in 

T dm D
Equation 95 dv = − − dt − g sin( )γ dt• m mm 

Recall the definition of specific impulse: the specific impulse of the engine is the ratio 

of the force of thrust of the engine and the weight of propellant burned per second, or 

T 
Equation 96 I = sp • 

m g 

Here, the thrust, T, and acceleration of gravity, g, are taken at any given altitude.  Most 

commonly, the Isp is given at sea level so that the thrust would be mean sea level thrust and 

the acceleration of gravity would be that of gravity at the Earth’s surface, go. Solving for 

T / m 
• 

in Equation 96, substituting into Equation 95 and integrating yields 

m2 t 2 t 2 

Equation 97 ∆v = −g I dm 
− 

D dt − g ( )dtflight ∫ sp ∫ ∫ sin γ 
m mm1 t1 t1 

The second and last terms in the above relation are the drag and gravity “losses”, 

respectively.  If the specific impulse is assumed constant and the drag and gravity losses 

are neglected, the result is the ideal rocket equation, also called Silovkoski’s Equation: 

 m1  
Equation 98 ∆videal = gI sp ln  

m 2  
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Equation 98 is valid for a rocket engine at any given altitude. 

Derivation of the Equivalent Effective Specific Impulse I* 

Re-writing Equation 96 and using the physical meaning of Equation 93 (the mass flow 

rate must be negative because propellant is consumed during flight) yields 

dm T
Equation 99 = − 

dt I sp g 

or 

T
Equation 100 dt = − I g

dm sp 

Substituting Equation 100 into Equation 90 results in 

dm dv flight Equation 101 = − 
m gI sp [1− (D T )− (mg T )sin(γ )] 

When the drag gravity losses are neglected in the above expression, the ideal rocket 

equation results, again for the case of constant Isp. In the first derivation, the losses due to 

drag and gravity where ascribed to the flight velocity, and thus when neglected yielded a 

fictitious “ideal velocity.”  In the same manner, the form of Equation 101 suggests that 

assigning the drag and gravity losses to the specific impulse will yield an “effective” 

specific impulse [10]: 

 D mg Equation 102 I = I 1− − sin( )γ 
eff sp  T T 

Substituting Equation 102 into Equation 101 and integrating over the flight path (from 

1 to 2) gives 

m2 1 vflight 2dm dv flight Equation 103 = −∫ ∫ 
m1 m g vflight1 I eff 

which then yields a new ideal rocket equation: 
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1 m1Equation 104 ∆v flight = g ln
 


 

(1 I ) meff  2  

Now, define a new term, I*, the equivalent, effective specific impulse as 

1
Equation 105 I* = (1 I eff ) 

The term “equivalent” is used because in the case in which there is a non-constant 

specific impulse, this is a constant that may be used in place of the specific impulse in the 

ideal velocity equation. The term “effective” refers to the fact that drag and gravity losses 

have been accounted for.  And finally, the term “specific” denotes the fact that the impulse 

has been normalized by having the mass term removed (recall that the impulse of the engine 

is defined as “force of thrust” divided by “mass flow rate of propellant”.  So, by dividing 

by the average gravitation constant of acceleration, the mass of propellant multiplied by 

the gravity acceleration in the denominator becomes the weight of propellant, thus 

canceling with the force term in the numerator and leaving units of seconds.).  A new 

formulation of the ideal velocity equation can be written as 

 m1  
Equation 106 ∆v flight = gI * ln  

m 2  

Evaluation of I* 

Recalling the two different methods of accounting for losses, the two forms of the ideal 

velocity equation may be written as 

dm dvideal Equation 107 = 
m gI sp 

dm dv flight Equation 108 = 
m gIeff 
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Since both representations are equivalent to dm/m they are equal to each other and one 

could write 

dv dv flight ideal Equation 109 = 
I Isp eff 

Solving for Ieff states that the effective specific impulse is the specific impulse 

multiplied by the slope of the videal versus vflight curve: 

dvideal Equation 110 I = Ieff sp dv flight 

Additionally, using the definition of I* as declared in Equation 105 in Equation 110: 

∆vEquation 111 flight I* = 
∫ (dv flight I eff ) 

I* may also be determined by using Equation 105 and Equation 102, which may be 

calculated is the bracketed term is known as a function of the flight velocity: 

1  D mg Equation 112 I* = = I = I 1− − sin( )γ 
eff sp(1 I eff )  T T 
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Appendix D: Gravitational Model 

The following derivation assumes a spherical earth of uniform density.  Newton’s 

inverse square law of gravitation states that the attraction between any two point-mass 

bodies decreases as the reciprocal of the square of the radial distance between the objects 

increases.  The constant of proportionality for this relationship is the universal constant of 

gravitation: 

1 2Equation 113 F = G
m m 

12 2r 

where F12 is the force of attraction of body 1 on body 2, m1 and m2 are the respective masses 

of the attracting bodies, G is the universal constant of gravitation and r is the radial distance 

between the two bodies.  Assuming that the two bodies (the earth and the vehicle above its 

surface) are point masses with all of their mass concentrated at their center of gravity, 

consider the following cases and figure: 

Case 2 

Case 1 
h 

r 
R 

m2 

m1 

Figure 55: Geometry of two attracting bodies. 

Case 1 On the surface of the Earth the acceleration due to gravity is go and the distance 

between body 1 (the vehicle) and body 2 (the Earth) is the mean equatorial radius 

of the Earth, R. 
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Case 2 At any given geodetic altitude, h, above the surface of the Earth the acceleration 

due to gravity is g and the distance between body 1 (the vehicle) and body 2 (the 

Earth) is the radial distance, r. 

Applying Newton’s Second Law of motion (i.e. the force acting on body 1 is the 

product of the mass of body 1 and its acceleration, gravity at the surface) at Cases 1 and 2, 

Equation 113 becomes, respectively; 

m m1 2Equation 114 m g = G1 o 2R 

m m1 2Equation 115 m g = G1 (R + h)2 

Taking the ratio of Equation 115 to Equation 114 and solving for g yields 

R 2 

Equation 116 g = go (R + h)2 

The above equation may be used whenever the local acceleration of gravity is needed, 

at any altitude above the surface of the earth. 
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Figure 56: Magnitude of gravitational acceleration 
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The magnitude of the gravitational acceleration remains fairly constant up to a geodetic 

altitude of 30 km.  Note that at an altitude of 250 km, which is the average orbital altitude 

of the space shuttle, the acceleration of gravity is about 90% of that at the surface of the 

earth.  It may seem counter-intuitive that objects float aboard the space shuttle, but gravity 

is balanced by the centrifugal forces caused by the free-falling orbit of the shuttle, giving 

the illusion of “zero gravity” [24]. 
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Appendix E: Derivation of Ps 

Referring to Figure 53, considering the motion of the vehicle system in purely the 

vertical plane. Resolution of the forces in the tangential (along the flight path) direction 

gives the governing equation of motion as 

W dV
Equation 117 T − D − = W sin γ 

g dt 

Re-writing Equation 117 yields Equation 118, and noticing that the rate of climb (RC) 

is the change in altitude with respect to the change in time and is equal to the vertical 

component of the flight speed yields Equation 119: 

T − D 1 dV
Equation 118 sinγ = − 

W g dt 

dh
Equation 119 RC = = V sin γ 

dt 

Substituting Equation 118 into Equation 119 and multiplying through by dh/dh results 

in 

(T − D) V dV dh
Equation 120 RC = V − 

W g dh dt 

When there is no change in velocity with altitude (i.e. dv/dh = 0), Equation 120 

becomes 

(T − D)
Equation 121 RC = V 

W 

Substituting Equation 119 into Equation 121 yields 

T − D 
Equation 122 sinγ = 

W 

Since the rate of climb is equivalent to the specific excess power of the transport, the 

minimum Ps,min needed is found by substitution of Equation 122 into Equation 121:  
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     Equation 123 P = V sinγ = Ma sin γs min 
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Appendix F: Bound Shifting and Reduction Algorithm 

for i = 1:16 

int1(i) = UB1(i) – LB1(i) 
int2(i) = (UB1(i) – LB1(i))/2 

if int2(i) < 0.20*(UB1(i) – LB1(i)) 
int2(i) = int1(i) 

else 
int2(i) = (UB1(i) – LB1(i))/2 

end 

if x1(i) = UB1(i) 
UB2(i) = UB1(i) + int2(i)/2 

if UB2(i) > HUB(i) 
UB2(i) = UB1(i) 
LB2(i) = UB1(i) – int2(i) 

else 
UB2(i) = UB1(i) + int2(i)/2 
LB2(i) = UB1(i) – int2(i)/2 

end 

elseif x1(i) = LB1(i) 
LB2(i) = LB1(i) – int2(i)/2 
if LB2(i) < HLB(i) 

LB2(i) = LB1(i) 
UB2(i) = LB1(i) + int2(i) 

else 
LB2(i) = LB1(i) – int2(i)/2 
UB2(i) = LB1(i) + int2(i)/2 

end 

else 
LB2(i) = x1(i) – int2(i)/2 

if LB2(i) < HLB(i) 
LB2(i) = LB1(i) 

else 
LB2(i) = x1(i) – int2(i)/2 

end 

UB2(i) = x1(i) + int2(i)/2 

if UB2(i) > HUB(i) 
UB2(i) = UB1(i) 

else 
UB2(i) = x1(i) + int2(i)/2 

end 
end 

end 
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