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Abstract of Dissertation

Inverse Weighting Method with Jackknife Variance Estimator for Differential
Expression Analysis of Single-cell RNA Sequencing Data

Recently developed single cell RNA sequencing (scRNA-seq) technology is able to

measure the expression values of thousands of genes at the single cell level and has at-

tracted substantial research from the computational and statistical community. How-

ever, scRNA-seq data have a high level of heterogeneity including extremely large out-

liers and an unusual abundance of observed zero counts due to biological stochasticity

and technical difficulties. In this thesis, we review five cutting-edge analysis meth-

ods for differential expression analysis of scRNA-seq data: Limma, edgeR, MAST,

scImpute and SAVER. Furthermore, an inverse non-dropout-probability weighting

method is proposed to handle the informative dropout events in scRNA-seq data

where the dropout probability depends on the gene-cell-specific expression level. The

weights are estimated using the maximum likelihood method with the Gauss-Hermite

quadrature. The variance of the weighted estimator is estimated using the jackknife

method. Both normalized scRNA-seq data using linear regressions and negative bi-

nomial outcomes using generalized linear models are considered. Furthermore, the

proposed method is extended to the lineage data where cells nested within the same

embryo are correlated. Extensive simulation studies are carried out and our pro-

posed method performs among the top three in all the methods in terms of AUC,

sensitivity, specificity and FDR. Surprisingly, some computation-intensive methods

such as scImpute and SAVER do not outperform the simpler methods when data are

generated from a Splat pipeline mimicking the real scRNA-seq data. One possible

explanation is that those methods that take advantage of relationships between genes

in the same cell or between similar cells are not robust when the data have a substan-

tial amount of noise such as high-expression outliers, varying dispersion parameters
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(which depend on expected expression levels) and dropout probabilities (depending

on true expression levels). Finally, our inverse weighting method and the test based

on the jackknife variance estimator are illustrated using a lineage dataset where genes

that are differentially expressed between cell division lineages are identified.
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Chapter 1

Introduction

Gene expression profiling has traditionally been based on bulk samples of millions of

cells, measured either using microarray (Heller, 2002) or bulk RNA sequencing (bulk

RNA-seq) (Wang et al., 2009) technologies. In bulk RNA-seq data, the expression

values being measured for each gene are the average expression values of a large

number of cells. Although it is suitable for revealing a global view of average gene

expression levels and disclosing associations between genomic markers and phenotypes

when all cells in the sample are up- or down-regulated in the same way, bulk RNA-seq

data lack details of cell-specific functionality, which may yield attenuated estimates

in the presence of heterogeneous cell populations in a sample. For example, bulk

RNA-seq is unable to accurately reveal the transcriptome of cells during various early

embryonic developmental stages where there exist multiple lineages with a relatively

small number of cells (Biase et al., 2018). With the rapid developments of sequencing

technologies, single-cell RNA sequencing (scRNA-seq) technique (Shapiro et al., 2013)

became available recently which enables a wide variety of transcriptome analyses at
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the single cell level, providing deep insight into the individual cell characteristics and

isolate changes in a small number of cells such as oncogenes in early carcinogenesis

cells.

However, compared to bulk RNA-seq, scRNA-seq is affected by higher levels of noise

and tends to include an abundance of zero counts due to both technical and biolog-

ical difficulties (Kharchenko et al., 2014). The observed zero counts in scRNA-seq

data originate from two possible scenarios. First, the observed zero counts are truly

zeros, where biologically the genes are unexpressed in particular cells; second, the

observed zero counts are "false" zeros, where the non-zero transcripts are missed in

the sequencing experiments (referred to as dropout events). The unique phenomenon

of dropout events in scRNA-seq data is caused by the amount of certain RNA input

being below the detection limit or by the failure of amplification of specific RNA

transcript prior to sequencing. Modeling the dropout events is challenging because

of their complicated dependency on both gene expression levels and cell character-

istics. Furthermore, scRNA-seq data reveal huge heterogeneity in gene expression

levels originating from the presence of multiple possible cell states within a sample of

cells (Marinov et al., 2014).

The presence of dropout events and huge heterogeneity from cell to cell are two main

challenges in the analysis of scRNA-seq data. To address the challenges, a variety

of methods have been proposed and existing methods have been adapted to analyze

scRNA-seq data. Most of them explicitly model the dropout events. MAST (Finak

et al., 2015) treats all observed zero counts as dropouts, and employs a two-part joint

model to address the observed zero counts. One part is a linear regression modeling

the observed non-zero expression levels, and the other part is a logistic regression

modeling the probability of observing zero counts. To distinguish truly unexpressed

zero counts from dropout zeros, model-based imputation methods are developed for
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scRNA-seq data. scImpute (Li and Li, 2018) proposes a mixture model of normally-

distributed true expression levels and gamma-distributed expression levels subject to

dropout, and estimates each gene’s dropout probability in each cell by fitting the

mixture model. It takes a relatively conservative imputation approach: it deter-

mines which values are most likely affected by dropout events, and performs impu-

tation only on these values by borrowing information from similar cells on the same

gene. SAVER (Huang et al., 2018) is another imputation method which assumes a

poisson-gamma model for the scRNA-seq counts and takes advantage of gene-to-gene

relationships to estimate the prior parameters in an empirical Bayes framework. It

recovers each gene expression value by the posterior mean of the true expression level

and provides a measure of uncertainty for the posterior mean.

A common task in many scRNA-seq studies is to identify differentially expressed

(DE) genes between cell samples under different treatments or biological environ-

ments. Among various statistical packages performing differential expression analy-

sis on scRNA-seq data, we choose five widely-used state-of-the-art methods. Each

of them addresses certain characteristics of scRNA-seq data and employs advanced

cutting-edge statistical tools. Specifically, Limma (Ritchie et al., 2015) and edgeR

(McCarthy et al., 2012) are originally designed for microarray and bulk RNA-seq

data. MAST, scImpute and SAVER are developed specifically for scRNA-seq

data. RNA expression values are fed into Limma and MAST in the form of the

normalized and log-transformed gene expression matrix, while edgeR, scImpute

and SAVER read in the count matrix of RNA segments directly. The R packages

designed for each method are listed in Table 1.1 below. Each method is readily us-

able following the instructions and recommendations of the corresponding package. In

the following sections of the Introduction, we review and compare the mathematical

formulas and procedures of the five methods in details.
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Table 1.1: R packages for Limma, edgeR, MAST, scImpute & SAVER

Method Model

Differential expression test

Year/Version URL

Limma Linear model

Moderated t test

2004/3.40.2 http://bioconductor.org/

packages/release/bioc/html/limma.html

edgeR Negative binomial model

Likelihood ratio test

2010/3.26.4 http://bioconductor.org/

packages/release/bioc/html/edgeR.html

MAST Hurdle model

Likelihood ratio test

2015/1.10.0 http://bioconductor.org/

packages/release/bioc/html/MAST.html

scImpute Mixture model

Wilcoxon rank sum test

2018/0.0.9 https://github.com/

Vivianstats/scImpute

SAVER Negative binomial model

Wilcoxon rank sum test

2018/1.1.1 https://github.com/

mohuangx/SAVER

1.1 Linear Models for Microarray and RNA-seq

Data (Limma)

Limma is originally designed for the analysis of microarray data, and has been ex-

tended to RNA-seq data. In Limma, gene-wise linear model is carried out on the

log2-counts per million (log-CPM) values which are assumed to be normally dis-

tributed. However, the residual variance is usually not independent of the mean for

RNA-seq data. The voom method (Law et al., 2014) is developed to eliminate the

dependent mean-variance relationship. That is, in the first step, a LOWESS curve

is fitted for the mean-variance trend of the log-transformed counts at the gene level.

In the second step, the estimated mean-variance trend is interpolated to predict the

variance of each individual observation based on its fitted count. And the inverse

predicted variance becomes the weight for each observation. Finally, the log-CPM

values and the associated weights are input into the linear modeling procedure.
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Consider a linear model for a single gene,

Yi = Xβi + εi,

where Yi = (Yi1, Yi2, · · ·Yin)T is the vector of log-CPM values for gene i,X is an n×p

design matrix with full column rank and βi =
(
βi0, βi1, · · · βi(p−1)

)T is a gene-specific

vector of regression coefficients. The design matrix reflects the experimental design

and sample characteristics and the regression coefficients represent log-fold changes

between experimental conditions. In order to account for heteroscedasticity, the error

εi is assumed to take the form

εi ∼ N
(
0,V −1i σ2

i

)
,

where σ2
i is the residual variance, and Vi = diag (vi1, vi2, · · · vin) is the diagonal matrix

of precision (inverse of variance) weights derived from the voom method. In this case,

the weighted least squares (WLS) coefficient estimator of βi is

β̂i =
(
XTViX

)−1
XTViYi.

As a linear combination of Yi, β̂i is therefore normally distributed as

β̂i ∼ N
(
βi,Uiσ

2
i

)
,

where Ui =
(
XTViX

)−1. The residual sample variance is

s2i =
(
Yi −Xβ̂i

)T (
Yi −Xβ̂i

)
/di,

where di = n− p is the residual degrees of freedom.

Take an example to test whether βi1 is equal to zero for gene i. The WLS estimator
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β̂i1 follows a normal distribution,

β̂i1 | βi1, σ2
i ∼ N

(
βi1, ui1σ

2
i

)
,

where ui1 is the 1st diagonal element of Ui. The residual sample variance s2i follows

a scaled χ2 distribution,

s2i |σ2
i ∼

σ2
i

di
χ2
di
.

The ordinary t statistic follows a t distribution with di degrees of freedom under the

null hypothesis H0 : βi1 = 0.

ti =
β̂i1

si
√
ui1

H0∼ tdi .

However, the number of replicates for each gene is often quite small in microarray

experiments. The ordinary t statistic could produce invalid inference when the sample

size is as few as three or four. To address this problem, Limma takes advantage of

the parallel structure that the same model is fitted to thousands of genes and borrows

information across all the genes to assist in inference about individual gene through

an empirical Bayes framework. The parallel structure is described by a hierarchical

model, which imposes a prior distribution on σ2
i ,

σ−2i ∼
1

d0s20
χ2
d0
.

It follows that the posterior distribution of σ−2i given s2i is

σ−2i | s2i ∼
1

d0s20 + dis2i
χ2
d0+di

,

and the posterior mean of σ−2i is

s̃−2i =
d0 + di

d0s20 + dis2i
.
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Limma then proposes the moderated variance estimate by inversing the posterior

mean of σ−2i , called the posterior residual variance,

s̃2i =
d0s

2
0 + dis

2
i

d0 + di
. (1.1)

The moderated t statistic defined based on this variance estimate is shown to follow

a t distribution with d0 + di degrees of freedom under the null hypothesis H0 : βi1 =

0.

t̃i =
β̂i1

s̃i
√
ui1

H0∼ td0+di . (1.2)

The posterior residual variance s̃2i defined in (1.1) is a weighted average of the residual

sample variance calculated from a few observations, s2i , and the prior residual variance

s20. Therefore, it shrinks s2i values towards a common value s20, which reduces the

number of false positives for genes with underestimated variances and improves the

power to detect DE genes for genes with large sample variances.

The hyperparameters in the above hierarchical model are d0 and s20, which are esti-

mated from the observed data using the moment method. The marginal distribution

of s2i is a scaled F distribution,

s2i ∼ s20Fdi,d0 .

Write zi = log s2i . Then zi can be viewed as the sum of a constant log s20 and a ran-

dom variable following the Fisher’s z distribution, logFdi,d0 , where Fdi,d0 is a random

variable following F distribution with degrees of freedom (di, d0), that is,

zi = log s20 + logFdi,d0 ,

which should be roughly normal with finite moments of all orders. The hyperparam-

eters d0 and s20 are estimated by equating empirical to theoretical values for the first

two moments of zi. Then the moment estimates d̂0 and ŝ20 are substituted into (1.2)
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to conduct moderated t tests for differential gene expression.

Limma includes a unique strategy for scenarios where RNA samples are correlated.

The strategy is similar to fitting a single random effect model with a prespecified

correlation structure that all genes are constrained to share the same intrablock cor-

relation. The duplicateCorrelation function in the R package is used to estimate the

consensus correlation. The correlation structure is then incorporated into fitting the

linear mixed model and hence into all tests for differential expression.

1.2 Empirical Analysis Digital Gene Expression in

R (edgeR)

edgeR is another method initially developed for the analysis of bulk RNA-seq data.

It models the RNA-seq read count Yij as negative binomial (NB) distributed,

Yij ∼ NB
(
µij, σ

2
ij

)
.

The mean of the NB distribution µij is

µij = Njpij,

where Nj is the library size (total number of reads) in sample j, and pij is the

(unknown) relative abundance of gene i in sample j (
∑G

i=1 pij = 1). The variance of

the NB distribution σ2
ij is a quadratic function of the mean

σ2
ij = µij + φiµ

2
ij,

where φi is the dispersion parameter of the NB distribution. The quadratic mean-

variance relationship of the NB distribution can be modeled through a generalized
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linear model (GLM) for each gene as follows,

log µij = xTj βi + logNj,

where xj is a vector of covariates that specifies the treatment condition and sample

characteristics of sample j, and βi denotes the regression coefficients for gene i.

The regression coefficients βi in the GLM is estimated by maximum likelihood method

using the iteratively (re-)weighted least squares (IWLS) algorithm (McCullagh and

Nelder, 1989). The score function with respect to the coefficients βi is

s (βi) = XTηi,

where X = (x1, x2, · · ·xn)T is a design matrix, and ηi = (ηi1, ηi2, · · · ηin)T with ηij =

(Yij − µij) / (1 + φiµij). The Fisher information matrix goes as follows,

I (βi) = XTΩiX,

where Ωi is an n × n diagonal matrix of working weights ωij = µij/ (1 + φiµij).

The Fisher’s scoring iteration is employed to find the maximum likelihood estimate

(MLE) of βi, that is, in the r-th iteration, the new estimate β(r+1)
i is obtained from

the previous estimate β(r)
i by

β
(r+1)
i = β

(r)
i + I−1

(
β

(r)
i

)
s
(
β

(r)
i

)

= β
(r)
i +

(
XTΩ

(r)
i X

)−1
XTη

(r)
i .

The line search strategy is combined with the Fisher’s scoring iteration by assigning a

stepsize modifier δi to ensure that each iteration will produce increase in the likelihood

function.
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Prior to fitting GLMs, edgeR estimates the dispersion φi using the Cox-Reid profile-

adjusted likelihood method. The Cox-Reid method is based on the idea of approxi-

mate conditional likelihood (Cox and Reid, 1987), which can be used to calculate a

common dispersion across all the genes or trended dispersion that is a smooth func-

tion of average read count for each gene. However, in real scientific applications, it

may be not realistic to assume a common dispersion across genes or a fixed rela-

tionship between variability and abundance. It is more likely that individual genes

have distinct dispersions depending on a variety of their genomic or biological fac-

tors. The challenge is that genes with small sample sizes provide relatively little

statistical information for estimating their own dispersion individually, which could

lead to unreliable genewise dispersion estimates. To allow for gene-specific variability,

even based on small sample size within a gene, edgeR employs the empirical Bayes

approach and proposes a moderated genewise dispersion estimate, which shrinks the

genewise dispersion towards the trended dispersion, effectively borrowing information

across genes. Therefore, for genes with small sample sizes, the genewise dispersions

are shrunken heavily towards the overall trend.

After estimating dispersion parameters and fitting NB GLMs, edgeR further screens

for DE genes using the likelihood ratio tests. In the R package, the estimateGLM-

TagwiseDisp function obtains the moderated genewise dispersion estimate, the glmFit

function fits the NB GLM and the glmLRT function performs the likelihood ratio test

for RNA-seq data.

1.3 Model-based Analysis of Single-cell

Transcriptomics (MAST)

MAST proposes a hurdle model specifically designed for zero-inflated single-cell gene

expression data. It treats the gene expression levels either non-zero or non-detectable
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within individual cells, and models the expression matrix of log2 +1 transcripts per

million (TPM) as a two-part model system. The first part models the probability of

non-zero expression using a logistic regression model,

logit (P (Iij = 1)) = xjβ
D
i ,

where Iij indicates whether gene i is detectably expressed in cell j, xj is the covariate

vector of cell j, and βDi denotes the regression coefficients for gene i in the logistic

model for non-zero probabilities. The second part models the non-zero expression

level (conditional on a cell expressing the gene) using a linear regression model,

Yij | Iij = 1 ∼ N
(
xjβ

C
i , σ

2
i

)
,

where Yij is the expression level log2(TPM + 1) of gene i in cell j, σ2
i is the residual

variance for gene i, and βCi denotes the regression coefficients for gene i in the linear

model for non-zero expressions. The two sets of regressions are fitted independently

for each gene. The cellular detection rate (CDR) is defined as the fraction of genes

expressed in each cell,

CDRj =
1

G

G∑

i=1

Iij,

where G is the total number of genes. MAST allows for estimation and control of

the CDR by explicitly adjusting CDRj as a covariate (an element of the covariate

vector xj) in both the logistic and linear regressions.

In the logistic regression, the regression coefficients are regularized using a Bayesian

logistic regression procedure available in the bayesglm function in the R package arm,

which assumes a Cauchy prior for βDi .

In the linear regression, the number of cells expressing a gene varies from gene to

gene. Let Yi = (Yi1, Yi2, · · · , Yimi)T be the vector of non-zero log2(TPM + 1) values
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for gene i, then

Yi |βCi , σ2
i ∼ N

(
XβCi , σ

2
i I
)
.

The ordinary least squares (OLS) coefficient estimator of βCi is

β̂Ci =
(
XTX

)−1
XTYi,

whereX is an mi×p design matrix. To obtain more precise gene-specific variance es-

timates, an empirical Bayes framework is employed again. A gamma prior is assumed

on the precision of gene i,

τi = σ−2i ∼ Gamma (α0, β0) .

It can be shown that the sum of squared residuals Ri =
(
Yi −Xβ̂Ci

)T (
Yi −Xβ̂Ci

)

follows a gamma distribution given τi,

Ri | τi ∼ Gamma

(
mi − p

2
,
τi
2

)
.

It follows that the posterior distribution of τi given Ri is

τi |Ri ∼ Gamma (α′, β′) ,

and the posterior mean of τi given Ri is

τ̃i =
α′

β′
,

where α′ = α0 + (mi − p) /2 and β′ = β0 +Ri/2.
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The inverse of τ̃i goes as follows,

τ̃−1i =
β0 +Ri/2

α0 + (mi − p) /2

=
mi − p

2α0 +mi − p
· Ri

mi − p
+

2α0

2α0 +mi − p
· β0
α0

. (1.3)

Here τ̃−1i is equivalent to the posterior residual variance s̃2i defined in (1.1), which is a

weighted average of the residual sample variance Ri/ (mi − p) and the inverse of the

prior precision β0/α0. Genes with fewer expressed cells are shrunken more heavily

towards a global estimate β0/α0, as the ratio of 2α0 to (mi − p) is greater. The

shrunken variance estimate therefore improves the robustness of differential expression

test when a gene is only expressed in a few cells.

The hyperparameters in the above hierarchical model are α0 and β0, which are es-

timated from the observed data using the maximum likelihood method. The joint

likelihood of Ri and τi is

f (Ri, τi) = f (Ri | τi) f (τi) =
τα
′−1

i exp (−τiβ′) βα0
0 (1/2)

mi−p
2 R

mi−p
2
−1

i

Γ (α0) Γ
(
mi−p

2

) .

Integrating the joint likelihood over τi yields the marginal likelihood of Ri,

f(Ri) =
Γ (α′) βα0

0 (1/2)
mi−p

2

Γ (α0) β′α
′Γ
(
mi−p

2

) R
mi−p

2
−1

i

=
(1/2)

mi−p
2

B
(
mi−p

2
, α0

)
β
mi−p

2
0

R
mi−p

2
−1

i
(

1 + Ri
2β0

)mi−p
2

+α0

=
1

B
(
mi−p

2
, α0

)
(
mi − p

2α0

)mi−p
2
(

Riα0

β0(mi − p)

)mi−p
2
−1(

1 +
Ri

2β0

)−(mi−p2
+α0) α0

β0 (mi − p)
,

where B is the beta function. This is the probability density function of a scaled

F distribution with degrees of freedom (mi − p, 2α0) and non-centrality parameter
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β0 (mi − p) /α0, that is,

Ri ∼ F

(
mi − p, 2α0,

β0 (mi − p)
α0

)
.

This likelihood is maximized numerically through the optim function in R. The MLEs

α̂0 and β̂0 are then substituted into the shrunken variance estimates (1.3) to conduct

tests for differential expression.

Finally, DE genes are determined using the likelihood ratio tests. Since the two sets

of regressions are defined conditionally independent for each gene, the likelihood ratio

test statistics in the two parts can be added up and the resulting test statistic still

follows an asymptotically χ2 distribution, whose degrees of freedom is the sum of the

degrees of freedom of the two likelihood ratio test statistics.

MAST also permits complex experimental designs through accommodating random

effects into the hurdle model. In the R package, the zlm function fits the hurdle

model and the lrTest function performs the likelihood ratio test for scRNA-seq data.

Besides fixed effects models, the zlm framework is quite general, which has wrappers

for a variety of modeling functions including mixed models.

1.4 scImpute

scImpute is an imputation method designed specially for processing scRNA-seq data.

It standardizes the count matrix by the library size of each cell and creates a gene

expression matrix Y = (Yij) by taking the log10 transformation,

Yij = log10

(
Y N
ij + 1.01

)
,
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where Y N
ij is the normalized count using the library size. To account for the existence

of dropout events, scImpute models the log-transformed gene expression level Yij

using a mixture model with two components,

fYij (y) = λiGamma (y;αi, βi) + (1− λi)N
(
y;µi, σ

2
i

)
.

The first component assumes a gamma distribution for the Yij values possibly affected

by dropout events, while the second component assumes a normal distribution for the

(non-dropout) Yij values that are true expression levels. The intuition behind this

mixture model is that if a gene has high expression and low variation in most cells,

a zero count is most likely to be caused by the dropout event; on the contrary, if a

gene has constantly low or medium expression values with high variation, then a zero

count may reflect the gene is truly unexpressed in the cell.

For each gene, the parameters of the two components could be different in various

cell types, so scImpute first identifies clusters of similar cells by spectral clustering,

then fits separate mixture models for different cell sub-populations. Let Cj denote the

candidate neighbor set of cell j. Within each cell sub-population, the parameters of

the mixture model are estimated by the Expectation-Maximization (EM) algorithm,

and their MLEs are denoted as λ̂i, α̂i, β̂i, µ̂i and σ̂2
i . It follows that the probability

that gene i is dropped out in cell j can be estimated as

dij =
λ̂iGamma

(
Yij; α̂i, β̂i

)

λ̂iGamma
(
Yij; α̂i, β̂i

)
+
(

1− λ̂i
)
N (Yij; µ̂i, σ̂2

i )
.

Therefore, each gene i has an estimated overall dropout rate λ̂i (the proportion of cells

in which gene i is affected by dropout events), which does not depend on individual

cells; and estimated dropout probabilities dij, j = 1, 2, · · ·n, which may vary across

different cells.
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scImpute imputes the gene expression values cell by cell. For each cell j, it first

divides genes into two gene sets Aj = {i : dij > t} and Bj = {i : dij < t}, where t

is a threshold on dropout probabilities, whose default value is 0.5. Genes with zero

expression values in set Aj are treated as genes highly likely affected by dropout

events in cell j, which need to be imputed, while genes in set Bj are assumed to have

accurate expression values in cell j with high confidence and do not need imputation

even if the observed value is zero. Then the zero values in set Aj are imputed by

borrowing information from the same gene’s expression in other similar cells learned

from set Bj. scImpute constructs a non-negative least squares (NNLS) regression

model (Slawski et al., 2013) on the expression values of genes in set Bj to select cells

similar to cell j from its candidate neighbor set Cj, that is,

β̂(j) = arg min
β(j)

∥∥YBj ,j − YBj ,Cjβ(j)
∥∥2
2
, subject to β(j) > 0,

where YBj ,j is a vector in the jth column of Y , whose rows correspond to the genes in

set Bj, YBj ,Cj is a submatrix of Y , whose rows correspond to the genes in set Bj and

columns correspond to the cells in set Cj, and the coefficients β(j) =
(
β
(j)
l , l ∈ Cj

)
is

a vector with components corresponding to cells in set Cj. The estimated coefficients

β̂(j) are then used to impute the gene expression values in set Aj. For cell j,

Ŷij =




Yi,Cj β̂

(j), i ∈ Aj and Yij = 0.

Yij, otherwise.

The NNLS model has the property of leading to a sparse estimate β̂(j), whose compo-

nents may have zeros. Cell j′ in the candidate neighbor set Cj is selected to impute

cell j if and only if β̂(j)
j′ > 0. After data imputation, the non-parametric Wilcoxon

rank sum test is employed to screen for DE genes.
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1.5 Single-cell Analysis Via Expression Recovery

(SAVER)

Unique molecular identifiers (UMIs) are short sequences or molecular “tags" added

to DNA fragments in some next generation sequencing library preparation protocols

to identify the input DNA molecule. They are used to reduce errors and quantitative

bias introduced by amplification.

SAVER is a gene expression recovery method for UMI-based scRNA-seq data that

borrows information across genes through an empirical Bayes framework to obtain

accurate expression estimates for all genes. It models the observed UMI count Yij as

a poisson random variable,

Yij ∼ Poisson (sjλij) ,

where λij represents the true expression of gene i in cell j, and sj is a cell-specific

normalization factor, for example, a library size normalization factor defined as the

library size divided by the mean library size across cells. To account for prediction

uncertainty, a gamma prior is assumed on λij,

λij ∼ Gamma (αij, βij) .

Let µij and vij be the mean and the variance of the gamma distribution. Then αij

and βij are reparameterizations of µij and vij as follows,





αij = µ2
ij/vij.

βij = µij/vij.
(1.4)
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The posterior distribution of λij given Yij is

λij |Yij ∼ Gamma (αij + Yij, βij + sj) ,

and the posterior mean of λij is

λ̃ij =
αij + Yij
βij + sj

. (1.5)

SAVER estimates the prior mean µij from the observed expressions of other genes

in the same cell. Specifically, it uses the log normalized counts of all other genes as

predictors in a poisson GLM,

log µij = γi0 +
∑

i′ 6=i

γii′ log

(
Yi′j + 1

sj

)
.

In the GLM, the response is the standardized observed expression Yij/sj and the

predictors are log ((Yi′j + 1) /sj) , i
′ 6= i. Since the number of genes often far exceeds

the number of cells, a LASSO penalty is added to the loglikelihood function to shrink

most of the regression coefficients to zero, which is believed to reflect the true bio-

logical mechanism that genes often interact with a small groups of other genes. The

penalized model with the lowest five-fold cross-validation error is selected and used

to get the prediction of µij.

The accuracy of µij in predicting λij differs across genes. To estimate the prior

variance vij, a common mean-variance relationship is assumed for each gene. Three

assumptions are considered in estimating the dispersion parameter φ̂i which differ in

the quantity assumed to be constant for gene i across cells: constant coefficient of

variation (constant shape parameter αij = αi), constant Fano factor (constant rate

parameter βij = βi), or constant variance (vij = vi). The model with the highest
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marginal likelihood is selected and the corresponding MLE φ̂i is used to obtain the

estimate of vij.

Based on (1.4), µ̂ij and v̂ij can be reparameterized into α̂ij and β̂ij, the estimated

shape and rate parameters of the gamma distribution. Substituting α̂ij and β̂ij into

the equation (1.5) gives

λ̃ij =
α̂ij + Yij

β̂ij + sj
=

sj

β̂ij + sj
· Yij
sj

+
β̂ij

β̂ij + sj
· µ̂ij.

It is used as the SAVER recovered expression value, which is a weighted average of

the standardized observed expression Yij/sj and the prediction µ̂ij from the penalized

poisson regression using the expression of other genes as predictors. Finally, the

Wilcoxon rank sum test based on λ̂ij is conducted for each gene.
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Chapter 2

Method

The biggest challenge in scRNA-seq is the high percentages of genes that drop out in

the sequencing process, which is unique in single cell data due to technical difficulties

in extracting and amplifying the minuscule amount of RNA from a gene in a single

cell. It is not unusual to observe up to 90% of genes with zero or low read count

for a particular cell in the single cell experiments (Huang et al., 2018). Although

many of the observed zero counts reflect true zero expression, a considerable fraction

is due to dropout events. Furthermore, dropout probabilities are highly dependent on

the expression magnitudes of individual genes in a cell. We propose the inverse non-

dropout-probability weighting method to correct biases caused by the informative

dropout. First, all observed zero counts are removed from the data and the probabil-

ity of dropout is estimated by the MLE for each non-zero observation. Second, the

non-dropout probabilities are input into regression models as the inverse weights in

estimating treatment effects. Third, a t test statistic with jackknife variance estima-

tor is introduced to account for the reduced variability in the presence of the inverse
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probability weights. In addition, another version of our method accounting for cor-

related cells in lineage data (Biase et al., 2018) comparing gene expression profiles

of single cells belonging to different lineages in early embryonic developmental stage,

where cells in the same embryo are more correlated than those from different embryos,

is proposed, whose jackknife variance estimator explicitly accounts for within-embryo

correlations.

2.1 Inverse Non-Dropout-Probability Weighting

Inverse probability weighting technique, originated from the Horvitz-Thompson es-

timator (Horvitz and Thompson, 1952), is commonly used to account for partially

missing data whose missing probabilities vary from subject to subject. When the

sample is drawn from the target population with known selection probabilities, the

inverse of the selection probabilities are used to weight the observations, mapping

the observed sample into a hypothetical sample representative of the target popula-

tion.

In the presence of the informative dropout, the observed sample is biased compared

with the hypothetical sample before dropout, which may mislead the downstream

analyses. To address this problem, we propose an inverse non-dropout-probability

weighting method to map the observed sample composition back to that of the target

population before dropout. The non-dropout-probability weight is defined as

wij =
1

1− πDij
(2.1)

where πDij is the probability that gene i is dropped out in cell j, which is estimated

using the maximum likelihood method in section 2.1.2.
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2.1.1 Probability of Dropout

The Trimmed Means of M values (TMM) (Robinson and Oshlack, 2010) is a scaling

normalization method for RNA-seq data, which standardizes RNA-seq read counts

using a set of scaling factors that adjust the original library sizes to avoid extremely

large log-fold changes between the samples of genes. Specifically, TMM excludes

highly expressed genes and those with high variation of expression values and calcu-

lates a scaling factor per cell using a weighted average of the remaining genes. The

product of the original library size and the scaling factor is called the effective library

size, which replaces the original library size in normalization.

The raw scRNA-seq data come in the form of a count matrix with rows represent-

ing genes and columns representing cells. For differential expression analysis, gene

expression is rarely considered at the level of raw counts since libraries sequenced

at a greater depth will result in higher counts. It is common practice to transform

raw counts onto a scale that accounts for such library size differences. We start by

transforming the raw counts to log-CPM values Z = (Zij) using the effective library

sizes calculated by TMM, which is readily available in the calcNormFactors function

in edgeR. The transformation goes as follows:

Zij = log2

(
Yij/Lj + 2/L̄

)
, (2.2)

which is directly available in the cpm function in edgeR. An offset of 2/L is added

to the observed CPM values before converting to the log2 scale, where 2 is a value

chosen a priori and L̄ =
∑n

j=1 Lj/n is the average effective library size in millions. The

part of 2/L is added to avoid taking the logarithm of zero. The advantage of the log-

transformation is to prevent a few large observations from being extremely influential,

and the transformed values become continuous and more symmetric while allowing
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negative values, providing greater flexibility in choosing appropriate models. We

assume that the log-CPM value Zij (based on the true count) is normally distributed,

that is, for gene i,

Zij
i.i.d.∼ N

(
µi, σ

2
i

)
, j = 1, 2, · · ·n. (2.3)

Figure 2.1: Relationship between the proportion of zeros and the mean of
log-CPM values excluding cells with zero observations for individual genes

It’s known that the dropout rate for a given cell depends on the average expression

magnitude of a gene, with dropouts being more frequent for genes with lower expres-

sion magnitude (Kharchenko et al., 2014). Figure 2.1 (using human K562 cell data

from Klein et al. (2015)) displays an example of the dependence of the gene-specific

proportions of zero counts on the average of observed log-CPM values which exclude

cells with zero observations. It can be seen that the proportions of zeros can be

approximated by a logistic decreasing trend (the red curve) over the mean log-CPM

values in non-zero counts for individual genes. Notice that we are not using the lo-
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gistic relationship in Figure 2.1 to estimate the probabilities of dropout because the

relationship in individual cell would be different from the relationship on gene level

averaging over all cells, and not all of the observed zero counts are due to dropout

events. Nevertheless, the negative relationship is obvious in this plot.

A technical difficulty is that we could not distinguish the true zero expressions where

a gene is biologically not expressed in a given cell from the dropout zeros where

a gene was expressed in a cell but the transcripts were not successfully measured

in the sequencing process. Strictly speaking, the dropout indicator can be treated

as a latent variable and the probabilities of dropout can be estimated using the

EM algorithm. However, this will greatly increase the computation time, especially

given a large number of genes. Besides, given the high percentage of zero counts

(up to 80% in some cases) in scRNA-seq data, the majority of observed zero counts

are indeed dropouts. On the other side, genes with a large number of true zero

counts have low expression levels on average and the non-zero expressions tend to

drop out as well. We would have no power to detect the treatment effects if the

observed counts are all zero from a specific gene regardless which method we use.

In summary, by ignoring the zero counts that are truly unexpressed, our method

provides a quick and straightforward solution to detect the treatment effects in genes

with a reasonable amount of expressions. Therefore, we assume a logistic relationship

between the probability of dropout πDij versus the log-CPM value Zij for each non-zero

observation,

πDij = π (Zij) =
1

1 + e−k0i(Zij−x0i)
. (2.4)

where x0i is the midpoint parameter of the logistic function, at which the probabil-

ity of dropout is 50%, and k0i is the shape parameter that controls how quickly the

probabilities change from that point. As in (2.4), we assume an unfixed relationship

(varied k0i and x0i) between dropout probabilities and log-CPM values across genes.
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Furthermore, the parameters of the normal distribution (µi, σ
2
i ) and the logistic func-

tion (k0i, x0i) are allowed to be different in different cell types (groups) in the same

gene, and it is straightforward to adjust our method in section 2.1.2 by estimating

these parameters in specific cell types (groups) separately.

2.1.2 Estimation of Weights

Let Yij be the true count of gene i in cell j in the hypothetical scenario of no dropout,

and Zij be the log-CPM value based on Yij. Let Iij indicate whether gene i drops out

in cell j. Then

P (Iij = 1 |Zij) = πDij .

Since the estimation of weight is conducted gene by gene, for simplicity, the subscripts

i will be suppressed in the following derivations.

The joint distribution of Zj and Ij is

P (Zj, Ij) = P (Zj)P(Ij |Zj)

= P (Zj) P (Ij = 1 |Zj)Ij P (Ij = 0 |Zj)1−Ij

= N
(
µ, σ2

) (
πDj
)Ij (

1− πDj
)1−Ij

.

Suppose this gene is expressed in m cells and not expressed in (n−m) cells,

Z = (Zobs,Zmiss) ,

where Zobs = (z1, · · · zm) and Zmiss = (zm+1, · · · zn). Notice although we are studying

the dropout probabilities, we treat all observed zero counts as dropout and ignore

possible zero counts that are truly unexpressed. Therefore, Ij are observed for j =
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1, 2, · · ·n. The joint likelihood is

Ln
(
µ, σ2, k0, x0

∣∣∣Zobs,Zmiss, I
)

=
(
2πσ2

)−m
2 exp

(
− 1

2σ2

m∑

j=1

(zj − µ)2
)

m∏

j=1

e−k0(zj−x0)

1 + e−k0(zj−x0)

(
2πσ2

)−n−m
2 exp

(
− 1

2σ2

n∑

j=m+1

(zj − µ)2
)

n∏

j=m+1

1

1 + e−k0(zj−x0)
.

Integrating out Zmiss yields

Ln
(
µ, σ2, k0, x0

∣∣∣Zobs, I
)

=

∫
Ln
(
µ, σ2, k0, x0

∣∣∣Zobs,Zmiss, I
)
dZmiss

=
(
2πσ2

)−m
2 exp

(
− 1

2σ2

m∑

j=1

(zj − µ)2
)

m∏

j=1

e−k0(zj−x0)

1 + e−k0(zj−x0)∫
(
2πσ2

)−n−m
2 exp

(
− 1

2σ2

n∑

j=m+1

(zj − µ)2
)

n∏

j=m+1

1

1 + e−k0(zj−x0)
dZmiss (2.5)

where the integral part

∫
(
2πσ2

)−n−m
2 exp

(
− 1

2σ2

n∑

j=m+1

(zj − µ)2
)

n∏

j=m+1

1

1 + e−k0(zj−x0)
dZmiss

=




∫
(
2πσ2

)− 1
2 exp

(
−(z − µ)2

2σ2

)
1

1 + e−k0(z−x0)
dz




n−m

=




∫
π−

1
2 e−z

2
1

1 + e−k0(
√
2σz+µ−x0)

dz




n−m

(2.6)
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By Gauss-Hermite quadrature, the integral given in parenthesis can be estimated

by

∫
π−

1
2 e−z

2
1

1 + e−k0(
√
2σz+µ−x0)

dz ≈ π−
1
2

N∑

i=1

wi

1 + e−k0(
√
2σxi+µ−x0)

, (2.7)

where N is the number of nodes used (we choose N = 32), the nodes x1, x2, · · · xN are

the roots of the physicists’ version of the Hermite polynomial

HN(x) = (−1)Nex
2
dN

dxN
e−x

2

,

and the associated weights wi are given by

wi =
2N−1N!

√
π

N2 [HN−1 (xi)]
2.

Nodes and weights for Gaussian quadrature can be calculated using the gauss.quad

function in the R package statmod.

Combining equations (2.5), (2.6) and (2.7), the likelihood of the joint distribution of

Zobs and I goes as follows,

Ln
(
µ, σ2, k0, x0

∣∣∣Zobs, I
)

=
(
2πσ2

)−m
2 e−

∑m
j=1

1
2σ2

(zj−µ)2
m∏

j=1

e−k0(zj−x0)

1 + e−k0(zj−x0)


π−

1
2

N∑

i=1

wi

1 + e−k0(
√
2σxi+µ−x0)




n−m

=π−
n
2

(
2σ2
)−m

2 e−
∑m
j=1( 1

2σ2
(zj−µ)2+k0(zj−x0))

m∏

j=1

1

1 + e−k0(zj−x0)




N∑

i=1

wi

1 + e−k0(
√
2σxi+µ−x0)




n−m

.
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Then the log-likelihood function has the form

ln

(
µ, σ2, k0, x0

∣∣∣Zobs, I
)

∝− m

2
log σ2 − 1

2σ2

m∑

j=1

(zj − µ)2 −
m∑

j=1

k0 (zj − x0)−
m∑

j=1

log
[
1 + e−k0(zj−x0)

]

+ (n−m) log




N∑

i=1

wi

1 + e−k0(
√
2σxi+µ−x0)


 .

To restrict σ2 to be positive and k0 to be negative, we define σ2 = eb and k0 = −ea.

Then the log-likelihood can be written as

ln

(
µ, b, a, x0

∣∣∣Zobs, I
)

∝− mb

2
− 1

2eb

m∑

j=1

(zj − µ)2 +
m∑

j=1

ea (zj − x0)−
m∑

j=1

log
[
1 + ee

a(zj−x0)
]

+ (n−m) log




N∑

i=1

wi

1 + ee
a(
√
2
√
ebxi+µ−x0)


 . (2.8)
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The score functions are

∂ln
∂µ

=
1

σ2

m∑

j=1

zj −
mµ

σ2
+ (n−m)

∑N
i=1

k0wie
−k0(

√
2σxi+µ−x0)

[
1 + e−k0(

√
2σxi+µ−x0)

]2

∑N
i=1

wi

1 + e−k0(
√
2σxi+µ−x0)

,

∂ln

∂b
=

1

2σ2

m∑

j=1

(zj − µ)2 − m

2
+ (n−m)

∑N
i=1

k0wixiσe
−k0(

√
2σxi+µ−x0)

√
2
[
1 + e−k0(

√
2σxi+µ−x0)

]2

∑N
i=1

wi

1 + e−k0(
√
2σxi+µ−x0)

,

∂ln
∂a

=− k0
m∑

j=1

zj +mk0x0 −
m∑

j=1

(zj − x0)− k0e−k0(zj−x0)

1 + e−k0(zj−x0)

+ (n−m)

∑N
i=1

k0wi

(√
2σxi + µ− x0

)
e−k0(

√
2σxi+µ−x0)

[
1 + e−k0(

√
2σxi+µ−x0)

]2

∑N
i=1

wi

1 + e−k0(
√
2σxi+µ−x0)

,

∂ln
∂x0

=mk0 −
m∑

j=1

k0e
−k0(zj−x0)

1 + e−k0(zj−x0)
− (n−m)

∑N
i=1

k0wie
−k0(

√
2σxi+µ−x0)

[
1 + e−k0(

√
2σxi+µ−x0)

]2

∑N
i=1

wi

1 + e−k0(
√
2σxi+µ−x0)

.

The log-likelihood can be maximized numerically to derive the MLEs of k0 and x0

using the quasi-Newton algorithm, which is readily available in the optim function

in R. The initial values for a = log(−k0) and x0 are determined by fitting a logistic
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function between the proportion of zeros and the mean log-CPM values in observed

non-zero counts for all genes as shown in Figure 2.1. So the initial values for a and

x0 are common for all genes. The initial values for gene-specific µ and b = log (σ2)

are determined based on the observed log-CPM values using a bootstrap resampling

method. For each gene, ten bootstrap samples are randomly drawn with replacement

from the log-CPM values Zj excluding cells with zero observations. Within each

bootstrap sample, the empirical mean and log variance are computed as the initial

values for µ and b and are input into the optim function together with the initial values

for a and x0 to maximize the log-likelihood function in (2.8). Among the ten log-

likelihoods from the ten sets of initial values, the largest log-likelihood is selected and

the corresponding MLEs are used in the following procedure. We denote the MLEs

by µ̂, b̂, â and x̂0, by continous mapping, −eâ is the MLE of k0. Plugging k̂0i = −eâi

and x̂0i into equations (2.4) and (2.1), we get the MLEs of dropout probabilities πDij

and weights wij.

Currently, a lot of genomics, epigenomics and proteomics studies will make their

sequencing, microarray or protein-protein interaction data available in GEO or their

own websites as required by their funding agencies. Therefore, it is not unusual to get

bulk RNA-seq and scRNA-seq data on the same set of genes under similar conditions.

When external bulk RNA-seq data are available, they would provide an independent

consistent estimate for µi and σ2
i , which simplifies computation in calculating the

MLEs and greatly reduces computation time. That is, we simply input the estimates

of mean µi and variance σ2
i derived from the bulk RNA-seq data into our maximum

likelihood estimation while still estimate k0i and x0i using the MLEs from the log-

likelihood (2.8).
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2.2 Jackknife Variance Estimators

Although the inverse weighting scheme maps the sample composition back to that

of the target population and the weighted estimator corrects the bias in the point

estimator caused by the non-random dropout probabilities which depend on the true

expressions, the sample obtained by the inverse weighting method has smaller vari-

ance compared to the sample before dropout because the dropped out counts may

equal to an observed value on average but it won’t all equal the observed value with

zero variation. Jackknife variance estimators are employed to account for the inverse

weighting scheme in calculating the appropriate variances of the weighted estima-

tors.

2.2.1 Jackknife Variance Estimator for Independent

Data

Suppose the parameter of interest is denoted by θ and its estimate from a sample of

size n is denoted by θ̂. The jth partial estimate θ̂(j) is obtained using the formula of

θ̂ by deleting the jth observation. The jackknife estimate of θ is defined as

θ∗ = nθ̂ − (n− 1)θ̄, (2.9)

where

θ̄ =
1

n

n∑

j=1

θ̂(j).

The jackknife variance estimator of θ∗ (Tukey, 1958) is

ˆvar(θ∗) =
n− 1

n

n∑

j=1

(θ̂(j) − θ̄)2. (2.10)
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Although the jackknife method makes no assumptions about the shape of the underly-

ing probability distribution, it requires that the observations are independent of each

other. Technically, the observations are assumed to be independent and identically

distributed.

Proposition 1 (Student’s t distribution)

Under the independence assumption (when n→∞),

θ∗ − θ
ˆvar(θ∗)1/2

∼ tn−1

2.2.2 Jackknife Variance Estimator for Stratified Data

Rao et al. (1992) described a customary “delete cluster" jackknife variance estimator

for a general weighted point estimator in stratified multistage designs. For the case

when the clusters include single units and the weights are Horvitz-Thompson weights

π−1j , j = 1, 2, · · ·n, the variance estimator goes as follows,

ˆvar(θ̂) =
H∑

h=1

nh − 1

nh

∑

j∈Sh

(θ̂∗(j) − θ̂)2, (2.11)

where θ̂∗(j) is computed by omitting unit j ∈ Sh and modifying the weights where π−1j′

is replaced by nhπ−1j′ / (nh − 1) for all j′( 6= j) ∈ Sh and the weight stays unaltered for

j′ /∈ Sh.

Proposition 2 (Asymptotic normality)

Under the assumption of independence conditional on cluster membership (when n =
∑H

h=1 nh →∞),

θ̂ − θ
ˆvar(θ̂)1/2

D−→ N (0, 1)
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2.3 Model Specification for Case of Independent

Cells

Our method is developed to detect differential expression in comparing gene expres-

sion profiles between various cell types (groups) in scRNA-seq experiments. The

essential idea is to fit gene-wise regression models adjusting for the observation-level

dropout probabilities using the inverse weights and perform hypothesis tests, one gene

a time, employing the jackknife variance estimators. First, we consider an experiment

in which the expression levels of G genes are measured for n independent single cells

from two cell groups. The goal is to detect the DE genes between two groups.

2.3.1 Weighted Linear Model (Norm_w)

First, we discuss the model fitting and group effect estimates in the hypothetical

scenario of no dropout. Assuming the expression levels, expressed as the log-CPM

values (2.2), are independent normally distributed outcomes (2.3) for each gene, linear

models are used to estimate the difference between the average log-CPM values of

different cell groups. For the simplicity of notations, we don’t use the subscript i for

genes because all analyses are gene-specific. Let Zj be the log-CPM value in cell j.

The simple linear model is

Zj = β0 + β1xj + εj, j = 1, 2, · · ·n,

where xj is the binary indicator for two groups, β1 is the regression coefficient rep-

resenting the log-fold changes between two groups, and εj is a normally distributed

random error,

εj ∼ N
(
0, σ2

)
.
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Our goal is to assess whether there is a group effect for each gene, that is, to test

whether β1 is equal to zero.

However, scRNA-seq data has a large amount of false zero counts due to dropout

events, which are hard to differentiate from truly unexpressed zeros. As explained in

section 2.1.1, we directly remove all the cells with zero counts and fit linear models

using the cells with non-zero scRNA-seq counts. Because the dropout probabilities de-

pend on the expression levels, we employ the inverse non-dropout-probability weights

wj (defined in section 2.1) and fit the weighted linear regressions. The observations

with low counts are up-weighted and the cells with high expression levels are weighted

less to mimic the composition of expression levels before dropout.

Let S denote the set of cells with non-zero counts of size m. Given the log-CPM

vector Z = (Zj, j ∈ S) and the corresponding covariate vector of group indicators

x = (xj, j ∈ S), the WLS estimate of β1 has a closed form

β̂w1 =

∑
wj (xj − xw)

(
Zj − Zw

)
∑
wj (xj − xw)2

,

where xw and Zw are the weighted means

xw =

∑
wjxj

∑
wj

, Zw =

∑
wjZj
∑
wj

.

The variance of β̂w1 is var(β̂w1 ) = σ2/
∑
wj (xj − xw)2, which can be estimated by

ˆvar(β̂w1 ) =
s2w

∑
wj (xj − xw)2

,

where s2w = WSSR/ (m− 2). Although our inverses weighting method provides valid

estimates of β1, it underestimates the variances. Thus, the jackknife point estimator
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of β1 and its variance estimator are employed for variance estimation and hypothesis

testing.

β∗1 = mβ̂w1 − (m− 1)β̄w1 , (2.12)

ˆvar(β∗1) =
m− 1

m

∑

j∈S

(β̂w1 (j) − β̄w1 )2, (2.13)

where β̄w1 = 1
m

∑
j∈S β̂

w
1 (j), and β̂

w
1 (j) is the WLS estimate of β1 using the data without

the jth observation. Given β∗1 and ˆvar(β∗1), we conduct a t test for each gene,

β∗1

ˆvar (β∗1)1/2
H0∼ tm−1. (2.14)

2.3.2 Weighted Generalized Linear Model (NB_w)

Generalized linear model (GLM) is an extension of the linear model when the response

data is non-normally distributed. The scRNA-seq counts in their original scale are

often assumed to follow negative binomial distributions which have a quadratic mean-

variance relationship. For a single gene, let Y = (Yj, j ∈ S) be the observed non-zero

read counts and E(Yj) = µj, j ∈ S. We assume that

var(Yj) = σ2
j = µj + φµ2

j ,

log(µj) = β0 + β1xj + log(Nj), j ∈ S,

where xj is the binary covariate indicating cell groups, β1 is the regression coefficient

representing the group effect on the average scRNA-seq counts, and Nj is the effective

library size in cell j calculated by TMM. We are interested in testing whether β1 is

equal to zero.

We apply the inverse non-dropout-probability weights wj on the GLM with a log link
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function by assuming a NB distribution on Y , which is readily available in the glm.nb

function in the R package MASS. In fitting the weighted GLM, β1 is estimated by

maximum likelihood method using the iteratively (re-)weighted least squares (IWLS)

algorithm (McCullagh and Nelder, 1989). The formulas of jackknife point estimator,

variance estimator and t test statistic are same to (2.12), (2.13) and (2.14) in the case

of the weighted linear model.

2.4 Model Specification for Case of Correlated

Cells

Both the linear model and the GLM assume that the observations are independent.

Mixed model is an extension of classical linear model to allow for both fixed and

random effects, and is particularly useful when there exist correlations between ob-

servations in the data. For example, in clustered designs, samples within the same

cluster may be correlated, which needs to be accounted for when fitting appropriate

models. Fitting tens of thousands of generalized linear mixed models (GLMM) is

computationally intensive and the performance is not significantly better than that

of fitting linear mixed models as shown in our simulation studies in section 3.3. We

explain the linear mixed model in details in this section, while the GLMM would be

fitted using the similar idea. First, we consider an experiment in which the expression

levels of G genes are measured for n single cells nested within K clusters. There are

two groups of cells to be compared targeting at the DE genes.

2.4.1 Weighted Linear Mixed Model (Norm_w)

First, we discuss the model fitting and group effect estimates in the hypothetical

scenario of no dropout. Under the normal assumption on the log-CPM values, a

linear mixed model is fitted for each gene separately, allowing a random intercept
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which has the same value within the cluster but different values between different

clusters. For a single gene, let Zkj be the log-CPM value in cell j of cluster k. The

linear mixed model with a random intercept goes as follows,

Zkj = β0 + β1xkj + αk + εkj, k = 1, 2, · · ·K, j = 1, 2, · · ·nk,
K∑

k=1

nk = n,

where xkj is the binary covariate indicating cell groups whose differences are of inter-

ests, β1 is the regression coefficient representing log2-fold-changes between two cell

groups, αk is the random intercept for the kth cluster, and εkj is a normally distributed

error. It is assumed that

αk
i.i.d.∼ N

(
0, τ 2

)
, k = 1, 2, . . . , K,

εkj
i.i.d.∼ N

(
0, σ2

)
, j = 1, 2, . . . , nk,

where all α and ε are independent.

Writing the linear mixed model in matrix form, we get

Z = Xβ + V α+ ε,
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where

β =




β0

β1


 , X =




x1

x2

...

xK




with xk =




1 xk1

1 xk2
...

...

1 xknk



nk×2

,

α =




α1

α2

...

αK



, V =




1n1 0 . . . 0

0 1n2 . . . 0

...
... . . . ...

0 0 . . . 1nK




with 1nk =




1

1

...

1



nk×1

and 

α

ε


 ∼ N







0

0


 ,




τ 2IK 0

0 σ2In





 .

So the model above implies

Z ∼ N (Xβ,Σ∗) ,

where

Σ∗ = τ 2V V ′ + σ2In

is a block diagonal variance-covariance matrix. The variance components τ 2 and

σ2 can be estimated using the maximum likelihood method. Given the estimated

variance-covariance matrix Σ̂∗, β̂ derived by the linear mixed model is given by

β̂ =
(
X ′Σ̂−1∗ X

)−1
X ′Σ̂−1∗ Z.

In the presence of large amount of zero counts, the inverse non-dropout-probability

weighting method is employed again. We denote the set of cells with non-zero counts

by S = (S1, S2, · · ·SK), consisting of K subsets corresponding to K clusters, and de-
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note the number of cells in set Sk bymk. Given the log-CPM vector Z = (Zkj, j ∈ Sk)

and the corresponding design matrix X, the weighted point estimate β̂w1 is obtained

via the restricted maximum likelihood (REML) using the lme function in the R pack-

age nlme.

For data with clusters, the form of the jackknife variance estimator is different from

that in the independent case. For weighted random intercept model, we refer to the

jackknife variance estimator defined in equation (2.11),

ˆvar(β̂w1 ) =
K∑

k=1

mk − 1

mk

∑

j∈Sk

(β̂1
∗
(j) − β̂w1 )2, (2.15)

where β̂1
∗
(j) is computed by omitting unit j ∈ Sk and modifying the weights where wj′

is replaced by mkwj′/ (mk − 1) for all j′(6= j) ∈ Sk and the weight stays unaltered for

j′ /∈ Sk. The Z test statistic goes as follows:

β̂w1

ˆvar(β̂w1 )1/2
H0∼ N (0, 1), (2.16)

where β̂w1 is the weighted point estimator for the cell group difference and ˆvar(β̂w1 ) is

the corresponding jackknife variance estimator.
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Chapter 3

Simulation

3.1 Data Generation

To generate datasets with known truth which mimic real scRNA-seq data, we adopted

the Splat method in Zappia et al. (2017). The Splat package was developed to sim-

ulate gene-cell-level count data, which captures many features commonly observed

in real scRNA-seq data, such as outlier gene expression levels with extremely large

values, varying sequencing depths (library sizes) across cells, dispersion parameter

values that depend on the mean expression levels, and informative dropout. The core

of the Splat simulation process (Figure 3.1) is the gamma-poisson hierarchical model

where the RNA-seq count in a single cell is assumed to be poisson whose mean has

a prior distribution which is assumed to be gamma. We elaborate the scRNA-seq

count data generation process in the following. First, the data generation pipeline

begins with generating gene-level means from a gamma distribution. Second, a ran-

dom subset of the gene-level mean values were changed to outliers that is the product
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of the median of the gamma random variables in the first step and a log-normal

distributed multiplication factor. Third, the library sizes of different cells are gener-

ated from a log-normal distribution and are then used to scale the gene-level means

within each cell. After the first three steps, we get initial gene-cell-level mean values.

Fourth, the distribution of gene-cell-level means are further permuted using a differ-

ent gamma distribution with the same mean as the one generated in the first three

steps but allowing the standard deviation/mean ratio to change depending on the

Biological Coefficient of Variation (BCV) which is a function of the permuted value

of the gamma distribution, a common dispersion parameter and a degree of freedom

parameter. Fifth, the gene-cell-level means generated from the first four steps allow-

ing a high degree of heterogeneity and variations are used to generate random counts

from a poisson distribution. The last optional step is to create dropout in scRNA-seq

counts by randomly setting some counts to zeros, where the dropout probabilities de-

pend on the means of the poisson distribution. All the parameters in the generation

process are estimated from the a real scRNA-seq data input by the user. Besides

generating a single population of cells, the Splat simulation is also capable of creating

distinct groups of cells where a subset of genes are differentially expressed between

different groups. Differential expression is modeled using a process similar to step

two. Specifically, a multiplicative DE factor is assigned to each gene in each group

and applied to the gene-level means. For the DE genes, the DE factors are generated

from a log-normal distribution while for other genes they are set to one.
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Outlier probability
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Outlier location
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λ
′
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λ

′
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Expected library size
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Library size location
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λ

′
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′
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Y
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Dropout shape
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Dropout midpoint
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Dropout shape

Figure 3.1: The Splat simulation model with modification on dropout probabilities

We further modified the Splat pipeline (Figure 3.1) to mimic the real data and ex-

amine performances of differential expression analysis methods under different data

structures. First, different from the Splat model where the probability of dropout is

generated based on the underlying gene-cell-level mean expression level of the poisson

distribution, we generate the dropout zeros using a logistic function but based on the

log-CPM values.

πDij = 1/ (1 + exp (−k0 (Zij − x0))) ,

where Zij is the log-CPM value of gene i in cell j. Second, we also consider the
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scenario of different dropout schemes in different groups of cells, by allowing the

logistic functions for different groups sharing the same shape parameter k0 but varying

in midpoint parameter x0. But for different genes in the same group, we use the

same set of parameters k0 and x0. Third, the model described above is sufficient for

simulating a population of multiple homogeneous cell types but not to produce more

complex situations encountered in some real biological samples. For example, it does

not consider cell-to-cell stochasticity in gene expression. Inspired by SAVER, we

consider the scenario of cell-wise correlation through multiplying the gene-cell-level

mean λij by a cell-specific efficiency loss factor τj drawn from a gamma distribution,

and generating true counts Y ′ij from a poission distribution with mean τjλij.

τj ∼ Gamma
(
αC , βC

)
, j = 1, 2, · · ·n,

Y
′
ij ∼ Poisson (τjλij) .

Moreover, in the situation where single cell samples are partitioned into clusters, con-

sensus correlation may exist in the cells in the same cluster. To mimic situations with

cluster-wise correlation, we divide n cells into K clusters of equal size. Specifically,

a cluster-specific multiplicative factor γi(k), generated from a gamma distribution,

is assigned to each gene expression values in the same cluster by multiplied to the

gene-cell-level mean (Figure 3.2).

γi(k) ∼ Gamma
(
αS, βS

)
, k = 1, 2, · · ·K,

Y
′
ij ∼ Poisson

(
γi(k)λij

)
, j ∈ Sk.
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Figure 3.2: The Splat simulation model with modification on dropout probabilities
and within-cluster correlations

In the simulation studies to compare the performance of different methods in handling

dropout, we consider the simplified scenario of no outliers, that is, the outlier proba-

bility πO is set as 0 in our simulation. In the future, we may consider adding outliers

to the simulated data sets and test for robustness of our proposed methods.
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3.2 Simulation Setup

Table 3.1: Setup of simulation scenarios (%Zero due to truly non-expression ≈ 12%)
Scenario 1 is the basic setup mimicking a common data configuration in scRNA-seq
data. Scenarios 2-8 differ from scenario 1 by one characteristic a time, as described
in the table.

Scenario Description

1 (basic) Number of Genes=500, Number of Cells=200, %DE=5%, %Zero=75%

2 Number of Cells=24

3 Number of Genes=2000

4 %DE=30%

5 %Zero in the Pooled Sample of Two Groups=60%

6 %Zero in the Pooled Sample of Two Groups=85%

7 Unbalanced Dropout between Groups: %Zero (Group1)=75%, %Zero (Group2)=60%

8 Within-cell Correlation Included: τj ∼ Gamma(10, 10)

We generate scRNA-seq count matrices using different combinations of parameters

(eight scenarios described in Table 3.1). Other parameters required in the data gen-

eration pipeline are set to the corresponding values estimated from a real dataset

(Klein et al., 2015). For each scenario, 50 simulated datasets are generated. Each

dataset contains 24 − 200 cells equally split into two groups and 500 − 2000 genes

of which 5% − 30% are differentially expressed between the groups. Three different

percentages of dropout are evaluated plus an unbalanced dropout setup where the two

groups have different percentages of dropout. In scenario 8, within-cell correlation is

added by incorporating cell-specific efficiency loss τj sampling from a Gamma (10, 10)

distribution.

In addition to the cases of independent cells, we further consider incorporating cor-

relations among cells from the same cluster into the simulation by splitting the 200

cells into 50 clusters of equal size (splitting the 24 cells into 6 clusters for scenario
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2). The cluster-specific factors γik are sampled from a Gamma (5, 5) distribution. To

study the performance of various methods in the presence of correlated cells, the eight

scenarios described in Table 3.1 are simulated again with the extra feature of 6− 50

clusters of 4 correlated cells sharing the same γik in each cluster.

3.3 Results from Simulated Data

In scRNA-seq data, some genes have expression levels dropped out for almost all

cells. Genes that are dropped out in most cells provide little evidence for differential

expression. These genes are filtered out prior to further downstream analysis. Our

criterion is to filter out genes that are expressed in fewer than two cells in either

group in order that each cell group has minimum sample size required by the jackknife

resampling procedure.

3.3.1 Performance of Different Methods in Identifying DE

Genes

We evaluate and compare the performance of seven methods: the inverse weighting

method using linear regressions (Norm_w), the inverse weighting method using NB

GLMs (NB_w), Limma, edgeR, MAST, scImpute and SAVER. To quantify

the performance in identifying DE genes in scRNA-seq data, all seven methods are

evaluated in terms of sensitivity, specificity, false discovery rate (FDR) and area under

the curve (AUC) of the receiver operating characteristic (ROC) curve, which plots

sensitivity against (1-specificity). Mathematically, they can be expressed as

sensitivity = true positive rate =
TP

TP + FN

specificity = true negative rate =
TN

TN + FP
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FDR = 1− precision =
FP

FP + TP
(FDR = NA if FP + TP = 0)

Here, TP is the number of genes that are called significant and are also truly DE

genes, FP is the number of genes that are called significant but are not truly DE

genes. Similarly, TN is the number of genes that are not truly DE genes and are not

called significant, FN is the number of genes that are truly DE genes but are not called

significant. AUC is evaluated based on raw p-values, while sensitivity, specificity

and FDR are determined using Benjamini–Hochberg adjustment (Benjamini et al.,

2001) with the threshold being the FDR adjusted p-value <0.05 for multiple testing

correction.

The results based on 50 replications per scenario are summarized in Table 3.2 for in-

dependence case and Table 3.3 for correlated case. In Table 3.2, the performances in

analyzing scRNA-seq data from independent cells of the seven methods are compared

side by side. Most methods except scImpute have specificity close to 100%. How-

ever, the Benjamini-Hochberg adjustment may be over-stringent for edgeR, Limma

and SAVER, leading to low sensitivity. Due to the low sensitivity levels, there are

relatively high percentages of cases using SAVER and scenarios 1, 6 & 8 of edgeR

that reported zero positive findings (Table 3.4). scImpute and Limma have higher

FDR due to low specificity and low sensitivity, respectively. Averaging over all possi-

ble threshold values, the simpler methods such as edgeR, MAST and the proposed

inverse weighting methods have higher AUC than scImpute, Limma and SAVER.

It is surprising to see that scImpute and SAVER which incorporate the correla-

tions across genes do not outperform the other methods in scenario 8 where genes

in the same cell share a cell-specific random effect creating correlations among genes

in the same cell. It is possible that there exist other scenarios when the scImpute

or SAVER would be superior but their superiority is not guaranteed in all cases of

scRNA-seq data which are extremely heterogeneous and complex. Furthermore, the
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proposed inverse weighting method using linear regressions outperforms all the other

methods in scenario 7 where there exists an unbalanced dropout percentages between

two groups.

Whether one assumes the log-CPM values are normally distributed outcomes in

weighted linear regressions or the scRNA-seq counts are NB distributed outcomes

in weighted GLMs, the performance of the two methods are similar (except scenario

7) in all aspects (AUC, sensitivity, specificity & FDR). However, it is far more com-

putationally time-consuming to fit thousands of GLMs than to fit thousands of linear

models (Table 3.6), therefore, we recommend weighted linear regressions using log-

CPM outcomes.

In Tables 3.3 and 3.5, the performances of the five methods from literature and the

proposed inverse weighting method using linear mixed models in analyzing scRNA-

seq data from correlated cells are compared side by side. Considering that the inverse

weighing method using the GLMM is too time-consuming and does not have greater

AUC than that using the linear mixed model, we discourage the use of the weighted

GLMM in scRNA-seq analysis. Similar patterns as those observed in Tables 3.2 and

3.4 exist in Tables 3.3 and 3.5.

3.3.2 Running Time

We also compared the running time of the seven methods. The running time was com-

puted using a personal computer with 3.40GHz CPU (intel(R) Core(TM) i7-6700).

The running time of each method using one dataset under scenario 1 is shown in

Table 3.6 for independent case and Table 3.7 for correlated case. In the independence

case, Limma is the fastest. edgeR and MAST are also relatively fast. scImpute

and SAVER take more time, as they borrow information from other genes in the

same cell using either multiple imputation or penalized regression, both of which are
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computationally intensive. The proposed method using weighted GLMs assuming

NB distributions is the most time-consuming and the method using weighted linear

regressions is similar to scImpute and SAVER. This is surprising as the proposed

weighted method simply fits separate models without estimating prior parameters

or borrowing information from other genes. We think it is most likely that the R

packages for the five widely-used methods (Limma, edgeR, MAST, scImpute and

SAVER) employed more efficient computation framework (for example, the core

codes are written in C++). Therefore, they are far more efficient than the R code we

wrote running thousands of lm or glm procedures. For scRNA-seq data from corre-

lated cells, edgeR is the fastest to run; Limma is also fast, followed by scImpute

and SAVER; MAST is more computationally intensive, as linear mixed models are

fitted for correlated data. The proposed method is the slowest, most likely due to the

less efficient language or algorithms in our code.
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Table 3.4: Percentages of cases when no genes were selected in the differential
expression analysis of simulated scRNA-seq data from independent cells

Prop(NA) Norm_w edgeR MAST NB_w scImpute Limma SAVER
1 0 0.36 0 0 0 0.02 0.96
2 0.1 1 0.78 0.18 0 1 1
3 0 0.04 0 0 0 0 0.94
4 0 0 0 0 0 0 0.46
5 0.02 0.02 0 0 0 0.12 0.58
6 0 0.88 0 0 0 0 0.98
7 0 0.04 0 0 0 0 0.1
8 0 0.48 0 0 0 0.04 0.86

Table 3.5: Percentages of cases when no genes were selected in the differential
expression analysis of simulated scRNA-seq data from correlated cells

Prop(NA) Norm_w edgeR MAST scImpute Limma SAVER
1 0 0.38 0 0 0 0.94
2 0 1 1 0 1 1
3 0 0.04 0 0 0 0.94
4 0 0 0 0 0 0.52
5 0 0 0 0 0.02 0.54
6 0 0.92 0 0 0 0.96
7 0 0.02 0.06 0 0 0.24
8 0 0.4 0 0 0 0.86

Table 3.6: Comparison of the running time of seven methods analyzing simulated
scRNA-seq data from independent cells under scenario 1

Method Norm_w edgeR MAST scImpute Limma SAVER NB_w

Time consumption
in seconds

17.31 1.56 4.3 10.92 0.13 20.79 248.57

Table 3.7: Comparison of the running time of six methods analyzing simulated
scRNA-seq data from correlated cells under scenario 1

Method Norm_w edgeR MAST scImpute Limma SAVER

Time consumption
in seconds

413.06 1.55 137.19 10.48 3.39 20.05
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Chapter 4

Real Data Analysis: Between-Lineage

Differential Expression Analysis on

Rainbow-seq Data

4.1 Introduction

A central question in developmental biology is how cells break molecular and func-

tional uniformity during mitotic divisions (Altschuler and Wu, 2010). Two sets of

biological theories have been proposed. The first theory hypothesizes that a progeni-

tor cell first divides into a set of homogeneous cells, and then these homogeneous cells

exhibit different tendencies towards different routes of differentiation, which is known

as the homogeneous model. The second set of theory is a non-homogeneous model

where every division creates a pair of cells with slight differences in their molecular

profile, and accumulation of these differences leads to cell fate commitment. As shown
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in Figure 4.1A, homogeneous and non-homogeneous hypotheses differ in whether the

descendant cells produced by each cell of a 2-cell stage embryo contribute equiva-

lently to the embryonic inner cell mass (brown) and the supportive trophectoderm

(blue-grey) in the blastocyst-stage embryos.

All cells originated from the same ancestor cell belong to the same lineage. In the

non-homogeneous model, the two cell lineages descending from the two cells in the

2-cell stage will have systematically differential expression profiles in the 4-cell, 8-cell

and later developmental stages. Therefore, researchers can validate the two complet-

ing theories by comparing the expression profiles of single cells belonging to different

lineages in each developmental stage. In order to use single-cell transcriptome pro-

filing to test the competing models, we need to trace the history of cell divisions.

The Rainbow-seq approach (Biase et al., 2018) bridged a critical gap between cell

lineage tracing (Tabansky et al., 2013) and scRNA-seq assays, which uses fluores-

cent protein genes to trace cell divisions in preimplantation embryonic development

(PED) embryos. In rainbow-seq, mouse embryos are generated by crossing a strain

with homozygous genotype on the Brainbow sequence (Cai et al., 2013) with a mouse

strain with homozygous tamoxifen-inducible Cre recombinase gene (Figure 4.1B). Ta-

moxifen functions to induce CRE translocation to the nucleus, which in turn induces

recombination on the loxP sites, and thus lead to activation of one and only one of

the four fluorescent protein genes in the Brainbow sequence. To test these anticipated

effects, 2-cell stage embryos are treated with 4-Hydroxytamoxifen for two hours and

cultured until later developmental stages (4-cell, 8-cell, morula or early blastocyst

stages) in which fluorescent proteins are expressed so that the cell lineages can be

traced. As shown in Figure 4.1B, in the blastocyst stage, activated Brainbow genes

can exhibit either relatively equal (balanced) or differential (unbalanced) distribution

in the inner cell mass (ICM) and trophectoderm (TE), that is, the cells on the sur-

face of the embryo. The equal and differential distributions would lend support to
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the homogeneous and the non-homogeneous hypotheses respectively.

Figure 4.1: Competing theories on lineage tracking strategy (picture borrowed from
Biase et al. (2018))
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4.2 Results from Real Data

In the rainbow-seq data (Biase et al., 2018), the number of genes is G = 13604 and

for each gene, the number of embryos is K = 6 for 4-cell stage embryos and K = 4 for

8-cell stage embryos. Cells were color labeled as red, green or no-color in each embryo,

where cells with no-color represent failed fluorescent labeling and their lineage cannot

be traced. After removing the cells with unknown labels in the data, the number of

cells with known color labels is n = 24 for 4-cell stage blastomeres and n = 21 for 8-

cell stage blastomeres. We filter out genes that are expressed in fewer than three cells

in either lineage group and then employ the inverse weighting method using linear

mixed models (Norm_w) proposed in 2.4.1 to screen for the genes with expression

differences between two cell lineages in the 4-cell and 8-cell stage respectively.

The rainbow data is normalized in the form of the fragments per kilobase of transcript

per million mapped reads (FPKM). Instead of using the log-CPM values defined in

(2.2), we input the log2(FPKM + 1) expression values in the Norm_w method.

For a single gene, after removing all the cells with zero counts, write Zkj as the

log2(FPKM + 1) value in cell j of embryo k. A linear mixed model with estimated

inverse non-dropout-probability weights ŵj is fit as follows,

Zkj = β0 + β1xkj + αk + εkj, k = 1, 2, · · ·K, j ∈ Sk,

wj =
1

1− πDj
with πDj =

1

1 + e−k0(Zkj−x0)
,

where xkj is the binary covariate indicating the cell lineage, β1 is the regression

coefficient representing the lineage effect, αk is the random intercept for embryo k,

and parameters k0 and x0 are estimated using the maximum likelihood method. The

null hypothesis is that no expression differences exist between the two cell lineages,

namely β1 = 0. The Z test statistic is given in (2.16).
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Figure 4.2: Top 12 DE genes between two cell lineages in the 4-cell stage
Shaded columns delineate different embryos. The blastomeres of the two lineages
are marked with A (red) and B (blue).

Figure 4.3: Top 12 DE genes between two cell lineages in the 8-cell stage
Shaded columns delineate different embryos. The blastomeres of the two lineages
are marked with A (red) and B (blue).

We employ the Benjamini–Hochberg correction to control the FDR at level α = 0.05
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and identify 100 DE genes in the 4-cell stage and 52 DE genes in the 8-cell stage.

Figures 4.2 and 4.3 show 12 top-ranked genes with between-lineage differences in the

4-cell stage and 8-cell stage respectively.

Even though the above DE genes appear to support the non-homogeneous hypothesis,

the absolute expression differences are small (Figures 4.2 and 4.3). Due to the limited

sample size and high percentage of dropout (%Zero=41%-46%) in the rainbow-seq

experiments, we have low power to detect the DE genes between two cell lineages. In

fact, the original paper of Biase et al. (2018) identified 12 DE genes in the 4-cell stage

and 16 DE genes in the 8-cell stage, much less than ours as they ignored dropout

events and treated them all as zeros, leading to attenuated β1 estimates. However, a

systematic difference in the distributions of gene expressions from all genes between

the two cell lineages were observed, indicating potentials for the non-homogeneous

model. Larger sample size and better scRNA-seq technique to reduce dropout are

needed for large scale study of differential expression between lineages on individual

gene level. The 100 and 52 DE genes identified here also need further biological

experiments to validate and confirm.
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Chapter 5

Discussion and Future Directions

Single cell RNA-seq data are available because of the recent advances in biological

and sequencing technologies, which have attracted research interests from biologists,

bioinformaticians, clinical researchers and data scientists. New analysis methods us-

ing advanced statistical and computational tools are being proposed on a regular

basis. Although each method has its own advantages addressing some characteristics

in scRNA-seq data, it is unclear which methods are better or how much better. Re-

view papers comparing existing methods (Bacher and Kendziorski, 2016; Dal Molin

et al., 2017; Andrews and Hemberg, 2018; Wang et al., 2019) reported different re-

sults with no method being a constant “winner”. In this thesis, we examine scRNA-

seq data analysis and generate data mimicking real scRNA-seq data incorporating

characteristics such as prior distribution for the mean, outliers, various library sizes,

heterogeneous dispersion values and expression-dependent dropout. In comparing

the five most popular scRNA-seq analysis methods and our proposed method, we

also observe that none of these methods is superior in all contexts. The performance
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of each method is sensitive to the data configuration. Small changes in the data gen-

eration process may lead to significantly increased or decreased AUC from the same

method. In summary, scRNA-seq data cannot be described by a single mathematical

model because scRNA-seq datasets vary substantially. The model that fits one type

of scRNA-seq data may not work for another type of scRNA-seq data.

Second, methods employing more complicated models and more intensive computa-

tions, such as scImpute and SAVER, may not outperform simpler models, such

as MAST. Most methods have higher accuracy and AUC when data are gener-

ated according to their own model. However, when the data are generated from a

pipeline based on real scRNA-seq data with many other characteristics violating the

assumptions of statistical regressions or tests, the superior performance may be lost.

Therefore, statistical techniques that were supposed to handle certain characteristic

of scRNA-seq data, such as imputation of dropout or correlations within cell, may

not outperform their simpler counterparts.

Furthermore, we proposed the inverse-non-dropout-probability weighting method to

address the most important and also unique characteristic of scRNA-seq data –

dropout. The maximum likelihood method with Gauss Hermit quadrature is em-

ployed to estimate the weights. A jackknife variance estimator is used for the weighted

regression coefficient estimates. Although simple, our method performs reasonably

well, similar to the performance of MAST.

There are a few limitations of the current study. First, the data generation pipeline

adapted from Splat may not capture all characteristics of scRNA-seq data and the

reported comparisons of performance are limited by the data generation configuration

and scenarios. It is highly possible that if a different data generation pipeline was

employed, the methods that did not perform the best in the current simulations,

such as scImpute and SAVER, would perform much better. Second, our method
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does not differentiate truly non-expressions and dropouts. Fine tuning the method

of estimating the dropout probability while including true zeros may further improve

the performance of the proposed methods. A main concern is that we do not want

to pay too large a price in computation complexity and time. Third, the proposed

inverse weighting method depends heavily on the model assumptions and dropout

mechanism. If training data with known DE genes are available, machine learning

methods that make fewer assumptions about the data and let the data train an

automatic algorithm to differentiate DE and non-DE genes may be more suitable.

Last, more and more projects are being funded to carry out scRNA-seq experiments

on thousands of cells. As the cell numbers increase, there will be more power to

detect DE genes. Also, additional information about the cell characteristics and gene

expressions such as microarray, bulk RNA are becoming available from independent

data sources. Integrative methods that take advantage of large number of cells and

other resources of information should be developed.
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Appendix A: Boxplots for Case of Independent Cells in Simulation Study

Figure A1: Boxplots of AUC of seven methods analyzing simulated scRNA-seq
data from independent cells under eight scenarios
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Figure A2: Boxplots of sensitivity of seven methods analyzing simulated scRNA-seq
data from independent cells under eight scenarios
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Figure A3: Boxplots of specificity of seven methods analyzing simulated scRNA-seq
data from independent cells under eight scenarios
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Figure A4: Boxplots of FDR of seven methods analyzing simulated scRNA-seq data
from independent cells under eight scenarios
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Appendix B: Boxplots for Case of Correlated Cells in Simulation Study

Figure A5: Boxplots of AUC of six methods analyzing simulated scRNA-seq data
from correlated cells under eight scenarios
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Figure A6: Boxplots of sensitivity of six methods analyzing simulated scRNA-seq
data from correlated cells under eight scenarios
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Figure A7: Boxplots of specificity of six methods analyzing simulated scRNA-seq
data from correlated cells under eight scenarios
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Figure A8: Boxplots of FDR of six methods analyzing simulated scRNA-seq data
from correlated cells under eight scenarios
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Appendix C: R codes

R Code Snippets for Inverse Non-Dropout-Probability Weight Estimation

############################################################

#Estimation of Inverse Probability Weights

############################################################

node=32

z=gauss.quad(node,kind="hermite")

Z=lcpm

Z[dat$counts==0]<-NA

####################################

### Mean Zero Relationship for Group 0

####################################

X2=rowMeans(Z[,ind_Grp1],na.rm=T)

Y2=rowMeans(is.na(Z[,ind_Grp1]))

plot(Y2~X2,cex=.8,ylab="Proprotion␣of␣zeros",xlab="Mean␣log-CPM␣in␣non-zero␣

counts",main="Group␣0")

XY2=data.frame(cbind(X2,Y2))

nlT=nls(Y2~1/(1+exp(-k*(X2-x0))),data=XY2,start=list(k=-1.5,x0=2.5))

#x=seq(min(X2,na.rm=T),max(X2,na.rm=T),0.01)

#lines(x,predict(nlT,list(X2=x)),col="red",cex=.8)

k0=coef(nlT)[1]

x0=coef(nlT)[2]

####################################

### MLE of k0 and x0 for Group 0

####################################

Y0=Z[,ind_Grp1]

M0=NULL

LV0=NULL
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LK0=NULL

X0=NULL

for (i in 1:G2){

ll0 <- function(x) {

m0 <- x[1]

lv0 <- x[2]

lk0 <- x[3]

x0 <- x[4]

v0=exp(lv0)

k0=-exp(lk0)

part2=sum(log(1+exp(-k0*(Y0[i,]-x0))),na.rm=T)

###log likelihood

k0*sum(Y0[i,]-x0,na.rm=T)+part2-(ncol(Y0)-n0[i])*log(sum(z$weights/(1+exp(-

k0*(sqrt(2*v0)*z$nodes+m0-x0)))))+n0[i]/2*log(v0)+1/(2*v0)*sum((Y0[i,]-m0

)^2,na.rm=T)

}

dll0 <- function(x) {

m0 <- x[1]

lv0 <- x[2]

lk0 <- x[3]

x0 <- x[4]

v0=exp(lv0)

k0=-exp(lk0)

yt=-k0*(Y0[i,]-x0)

xt=-k0*(sqrt(2*v0)*z$nodes+m0-x0)

###derivative of log likelihood

c(-1/v0*sum(Y0[i,]-m0,na.rm=T)-(ncol(Y0)-n0[i])*sum(z$weights*k0*exp(xt)/(1+

exp(xt))^2)/sum(z$weights/(1+exp(xt))),

n0[i]/2-1/(2*v0)*sum((Y0[i,]-m0)^2,na.rm=T)-(ncol(Y0)-n0[i])*sum(z$weights*z
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$nodes*k0*sqrt(v0)*exp(xt)/(sqrt(2)*(1+exp(xt))^2))/sum(z$weights/(1+exp(

xt))),

-sum(yt,na.rm=T)+sum(yt*exp(yt)/(1+exp(yt)),na.rm=T)+(ncol(Y0)-n0[i])*sum(z$

weights*xt*exp(xt)/(1+exp(xt))^2)/sum(z$weights/(1+exp(xt))),

-n0[i]*k0+sum(k0*exp(yt)/(1+exp(yt)),na.rm=T)+(ncol(Y0)-n0[i])*sum(z$weights

*k0*exp(xt)/(1+exp(xt))^2)/sum(z$weights/(1+exp(xt))))

}

RESULT=NULL

LL0=NULL

###bootstrap method to determine inital values

for (B in 1:5){

population=lcpm[i,ind_Grp1]

resample=sample(population[population!=0],replace=T)

if(var(resample)!=0){

mstart=mean(resample)

lvstart=log(var(resample))

lkstart=log(-k0)

xstart=x0

start0=c(mstart,lvstart,lkstart,xstart)

result=optim(start0,ll0,dll0,method="BFGS")$par

RESULT=rbind(RESULT,result)

LL0=c(LL0,ll0(result))

}

}

if(is.null(LL0)){

population=lcpm[i,ind_Grp1]

resample=population[population!=0]

mstart=mean(resample)

lvstart=log(var(resample))
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lkstart=log(-k0)

xstart=x0

start0=c(mstart,lvstart,lkstart,xstart)

result=optim(start0,ll0,dll0,method="BFGS")$par

RESULT=rbind(RESULT,result)

LL0=c(LL0,ll0(result))

}

par=RESULT[which.min(LL0),]

M0[i]=par[1]

LV0[i]=par[2]

LK0[i]=par[3]

X0[i]=par[4]

}

####################################

### MLE of W for Group 0

####################################

K0=-exp(LK0)

PD0_pred=1/(1+exp(-K0*(Z[,ind_Grp1]-X0)))

###inverse probablity weights

W0=1/(1-PD0_pred)

R Code Snippets for Case of Independent Cells

############################################################

#Inverse Weighting Method using Linear Regressions (Norm_w)

############################################################

Y=lcpm

Y[dat$counts==0]<-NA

beta_w=NULL

###jackknife point estimator
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beta_w2=NULL

###jackknife variance estimator

se_beta_w2=NULL

for (i in 1:nrow(Y)){

y=as.numeric(Y[i,])

x1=ifelse(inf_Cell$Group=="Group1",0,1)

w=as.numeric(W[i,])

lm0=data.frame(cbind(y,x1,w))

lm0=lm0[is.na(lm0$y)==F,]

fit_w=lm(y~x1,data=lm0,weights=w)

beta_w[i]=as.numeric(fit_w$coefficients[2])

BETA_jk=NULL

for (J in 1:nrow(lm0)){

lm_jk=lm0[-J,]

fit_jk=lm(y~x1,data=lm_jk,weights=w)

beta_jk=as.numeric(fit_jk$coefficients[2])

BETA_jk=c(BETA_jk,beta_jk)

}

beta_w2[i]=nrow(lm0)*beta_w[i]-(nrow(lm0)-1)*mean(BETA_jk)

se_beta_w2[i]=sqrt(sum((BETA_jk-mean(BETA_jk))^2)*(nrow(lm0)-1)/nrow(lm0))

}

###jackknife t test statistic

stat=beta_w2/se_beta_w2

df=n-1

###p value

pval_jk=2*pt(-abs(stat),df)

############################################################

#Inverse Weighting Method using NB GLMs (NB_w)
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############################################################

Y=dat$counts

Y[dat$counts==0]<-NA

beta_w=NLL

###jackknife point estimator

beta_w2=NULL

###jackknife variance estimator

se_beta_w2=NULL

model_glm_w <- function(dat) {

tryResult=tryCatch({

m0 <- glm.nb(y~x1+offset(log(L)),data=dat,weights=w)

if (any(names(m0)=="th.warn")==T) {

m0 <- glm(y~x1+offset(log(L)),data=dat,weights=w,family=poisson)

}

},error=function(e){

return(as.character(e))

})

if(is.character(tryResult)){

m0 <- glm(y~x1+offset(log(L)),data=dat,weights=w,family=poisson)

err=paste("i=", i, ":␣", tryResult, sep="")

message(err)

error_log=paste(output_dir, "/error_nb_w.txt",sep="")

write(err, file=error_log, append=T)

}

m0

}

for (i in 1:nrow(Y)){

y=as.numeric(Y[i,])

x1=ifelse(inf_Cell$Group=="Group1",0,1)
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w=as.numeric(W[i,])

lm0=data.frame(cbind(y,x1,w,L))

lm0=lm0[is.na(lm0$y)==F,]

fit_w=model_glm_w(lm0)

beta_w[i]=as.numeric(fit_w$coefficients[2])

BETA_jk=NULL

for (J in 1:nrow(lm0)){

lm_jk=lm0[-J,]

fit_jk=model_glm_w(lm_jk)

beta_jk=as.numeric(fit_jk$coefficients[2])

BETA_jk=c(BETA_jk,beta_jk)

}

beta_w2[i]=nrow(lm0)*beta_w[i]-(nrow(lm0)-1)*mean(BETA_jk)

se_beta_w2[i]=sqrt(sum((BETA_jk-mean(BETA_jk))^2)*(nrow(lm0)-1)/nrow(lm0))

}

###jackknife t test statistic

stat=beta_w2/se_beta_w2

df=n-1

###p value

pval_jk2=2*pt(-abs(stat),df)

R Code Snippets for Case of Correlated Cells

############################################################

#Inverse Weighting Method using Linear Mixed Models (Norm_w)

############################################################

Y=lcpm

Y[dat$counts==0]<-NA

beta_w=NULL #WLSE

###point estimator
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beta_w2=NULL

###jackknife variance estimator

se_beta_w2=NULL

for (i in 1:nrow(Y)){

y=as.numeric(Y[i,])

x1=ifelse(inf_Cell$Group=="Group1",0,1)

x2=inf_Cell$Embryo

w=as.numeric(W[i,])

lm0=data.frame(cbind(y,x1,x2,w))

lm0=lm0[is.na(lm0$y)==F,]

lm0$n=sapply(lm0$x2,function(x) sum(lm0$x2==x))

lm0$w2=lm0$w*lm0$n/(lm0$n-1)

tryResult = tryCatch({

if(length(unique(lm0$x2,fromLast=T))-(sum(lm0$n==1))<0.2*K){

stop(’Less␣than␣20%␣of␣embryos␣have␣replicates␣(more␣than␣one␣cell)’)

}

BETA_jk=NULL

for (J in 1:nrow(lm0)){

lm_jk=lm0[-J,]

w_jk=apply(lm_jk,1,function(x) ifelse(x[3]==lm0$x2[J],x[6],x[4]))

fit_jk=lme(y~x1,data=lm_jk,random=~1|x2,weights=~1/w_jk)

beta_jk=as.numeric(fixed.effects(fit_jk)[2])

BETA_jk=c(BETA_jk,beta_jk)

}

fit_w=lme(y~x1,data=lm0,random=~1|x2,weights=~1/w)

beta_w[i]=as.numeric(fixed.effects(fit_w)[2])

beta_w2[i]=beta_w[i]

se_beta_w2[i]=sqrt(sum((BETA_jk-beta_w[i])^2*(lm0$n-1)/lm0$n))

},error=function(e){
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return(as.character(e))

})

if(is.character(tryResult)){

fit_w=lm(y~x1,data=lm0,weights=w)

beta_w[i]=as.numeric(fit_w$coefficients[2])

BETA_jk=NULL

for (J in 1:nrow(lm0)){

lm_jk=lm0[-J,]

fit_jk=lm(y~x1,data=lm_jk,weights=w)

beta_jk=as.numeric(fit_jk$coefficients[2])

BETA_jk=c(BETA_jk,beta_jk)

}

beta_w2[i]=nrow(lm0)*beta_w[i]-(nrow(lm0)-1)*mean(BETA_jk)

se_beta_w2[i]=sqrt(sum((BETA_jk-mean(BETA_jk))^2)*(nrow(lm0)-1)/nrow(lm0))

err=paste("i=", i, ":␣", tryResult, sep="")

message(err)

error_log=paste(output_dir, "/error_norm_w.txt",sep="")

write(err, file=error_log, append=T)

}

}

###jackknife t test statistic

stat=beta_w2/se_beta_w2

df=n-1

###p value

pval_jk=2*pnorm(-abs(stat))
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Appendix D: Table for Selected DE Genes in Real Data Analysis

Table A1: Selected DE genes between two cell lineages in the 4-cell stage

gene test statistic raw p value adjusted p value q value

79059 31.9 1.2e-223 1.17e-219 1.11e-219

319845 -20.5 2.1e-93 1.03e-89 9.72e-90

17771 15 1.22e-50 3.96e-47 3.75e-47

110058 11.4 3.48e-30 8.5e-27 8.05e-27

217071 -10.6 3.49e-26 6.83e-23 6.47e-23

16971 10.4 2.76e-25 4.49e-22 4.25e-22

380912 -8.76 2.04e-18 2.84e-15 2.69e-15

18645 8.57 1.06e-17 1.3e-14 1.23e-14

20741 -7.97 1.62e-15 1.76e-12 1.67e-12

70359 -7.94 2.09e-15 2.05e-12 1.94e-12

102502 7.45 9.1e-14 8.09e-11 7.66e-11

228366 -7.24 4.43e-13 3.61e-10 3.42e-10

15983 7.03 2.08e-12 1.56e-09 1.48e-09

360013 6.89 5.64e-12 3.94e-09 3.73e-09

72433 6.79 1.08e-11 7.07e-09 6.69e-09

20401 6.59 4.37e-11 2.67e-08 2.53e-08

15251 -6.24 4.43e-10 2.41e-07 2.28e-07

227707 -6.24 4.3e-10 2.41e-07 2.28e-07

22787 -5.63 1.79e-08 9.22e-06 8.73e-06

26363 5.4 6.57e-08 3.21e-05 3.04e-05

241447 5.25 1.49e-07 6.91e-05 6.55e-05

58220 5.24 1.62e-07 7.19e-05 6.81e-05

14360 5.18 2.2e-07 9.33e-05 8.84e-05

75219 -4.93 8.33e-07 0.000339 0.000321
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11752 4.9 9.42e-07 0.000357 0.000338

75292 4.9 9.49e-07 0.000357 0.000338

110196 -4.87 1.13e-06 0.000411 0.000389

71522 -4.82 1.45e-06 0.000507 0.00048

74246 4.8 1.61e-06 0.000526 0.000498

241041 -4.8 1.61e-06 0.000526 0.000498

29859 4.78 1.79e-06 0.000556 0.000526

67077 4.77 1.82e-06 0.000556 0.000526

107975 -4.77 1.88e-06 0.000556 0.000526

104418 -4.62 3.84e-06 0.0011 0.00104

72836 4.6 4.27e-06 0.00119 0.00113

13808 4.56 5.01e-06 0.00136 0.00129

56381 4.53 5.87e-06 0.00155 0.00147

67542 4.5 6.8e-06 0.00175 0.00166

17237 -4.45 8.55e-06 0.00214 0.00203

67968 4.38 1.16e-05 0.00277 0.00263

627427 -4.39 1.14e-05 0.00277 0.00263

242864 -4.37 1.24e-05 0.00288 0.00272

244416 4.35 1.36e-05 0.0031 0.00294

22719 -4.31 1.6e-05 0.00355 0.00336

64652 4.28 1.87e-05 0.00397 0.00376

103268 4.28 1.85e-05 0.00397 0.00376

53869 -4.26 2.06e-05 0.00428 0.00405

105689 4.19 2.73e-05 0.00556 0.00526

399675 -4.16 3.16e-05 0.0063 0.00597

100041379 4.15 3.27e-05 0.0064 0.00606

319638 4.13 3.58e-05 0.00687 0.0065
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53871 4.11 4e-05 0.00752 0.00712

667281 4.09 4.37e-05 0.00806 0.00763

17420 -4.06 4.82e-05 0.00852 0.00807

215384 4.07 4.8e-05 0.00852 0.00807

219249 -4.06 4.88e-05 0.00852 0.00807

66141 4.05 5.03e-05 0.00863 0.00817

68690 4.05 5.15e-05 0.00868 0.00822

56324 -4.03 5.64e-05 0.00934 0.00885

67213 -4 6.24e-05 0.0101 0.00957

69577 -4 6.31e-05 0.0101 0.00957

218885 3.96 7.35e-05 0.0116 0.011

18640 3.96 7.58e-05 0.0118 0.0111

100043034 3.95 7.95e-05 0.0121 0.0115

26921 -3.93 8.55e-05 0.0129 0.0122

23918 -3.87 0.000107 0.0156 0.0148

107173 -3.88 0.000106 0.0156 0.0148

30949 3.86 0.000115 0.0166 0.0157

57765 -3.84 0.000122 0.0172 0.0163

105180375 3.79 0.000151 0.0211 0.02

58810 -3.77 0.000161 0.0222 0.021

56460 -3.76 0.000171 0.0232 0.022

17192 -3.75 0.000178 0.0235 0.0223

67267 3.75 0.000177 0.0235 0.0223

270110 3.74 0.000182 0.0237 0.0225

232536 3.73 0.000188 0.0242 0.023

11991 -3.72 0.000201 0.0255 0.0241

70762 3.67 0.000245 0.0307 0.0291
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16797 -3.64 0.000275 0.0334 0.0316

23807 -3.64 0.000277 0.0334 0.0316

381560 3.64 0.000271 0.0334 0.0316

626391 -3.63 0.00028 0.0334 0.0316

50497 -3.62 0.000292 0.0344 0.0326

18241 3.61 0.000308 0.035 0.0332

18292 3.61 0.000303 0.035 0.0332

55935 -3.61 0.000305 0.035 0.0332

13367 -3.6 0.000318 0.0357 0.0338

76670 3.59 0.000331 0.036 0.0341

93765 -3.6 0.000324 0.036 0.0341

414115 3.59 0.00033 0.036 0.0341

11947 -3.58 0.000346 0.0367 0.0348

16418 -3.58 0.000343 0.0367 0.0348

14297 3.56 0.000371 0.039 0.037

66132 3.55 0.000381 0.0397 0.0375

329101 3.55 0.000389 0.04 0.0379

140740 -3.51 0.000448 0.0457 0.0432

20733 -3.49 0.000475 0.0469 0.0444

67531 -3.49 0.000475 0.0469 0.0444

328370 3.49 0.000475 0.0469 0.0444

213464 -3.48 0.000503 0.0492 0.0466

Table A2: Selected DE genes between two cell lineages in the 8-cell stage

gene test statistic raw p value adjusted p value q value

381693 15.7 1.67e-55 1.45e-51 1.45e-51

210104 -9.77 1.48e-22 6.41e-19 6.41e-19
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14186 8.03 9.41e-16 2.72e-12 2.72e-12

211135 6.69 2.29e-11 4.97e-08 4.97e-08

75788 -6.44 1.2e-10 2.08e-07 2.08e-07

20544 -6.18 6.55e-10 9.46e-07 9.46e-07

66343 -6.12 9.37e-10 1.16e-06 1.16e-06

103729 -5.84 5.1e-09 5.52e-06 5.52e-06

20287 -5.4 6.8e-08 5.36e-05 5.36e-05

71924 -5.41 6.31e-08 5.36e-05 5.36e-05

73571 5.43 5.65e-08 5.36e-05 5.36e-05

216080 5.35 8.99e-08 6.49e-05 6.49e-05

76205 -5 5.7e-07 0.00038 0.00038

70118 4.88 1.09e-06 0.000628 0.000628

234854 -4.88 1.08e-06 0.000628 0.000628

245671 4.8 1.6e-06 0.000867 0.000867

193452 4.78 1.75e-06 0.000894 0.000894

209212 4.71 2.53e-06 0.00122 0.00122

434729 4.69 2.72e-06 0.00124 0.00124

97541 4.68 2.9e-06 0.00125 0.00125

13543 4.55 5.48e-06 0.00226 0.00226

17289 -4.52 6.18e-06 0.00243 0.00243

319167 -4.45 8.76e-06 0.0033 0.0033

238276 -4.41 1.03e-05 0.00374 0.00374

212073 -4.4 1.08e-05 0.00374 0.00374

98258 4.38 1.18e-05 0.00392 0.00392

259300 4.34 1.42e-05 0.00457 0.00457

19893 -4.32 1.57e-05 0.00485 0.00485

20362 -4.28 1.85e-05 0.00551 0.00551
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15159 -4.23 2.29e-05 0.00645 0.00645

208194 4.23 2.31e-05 0.00645 0.00645

78787 -4.21 2.53e-05 0.00685 0.00685

208836 -4.2 2.67e-05 0.00703 0.00703

227615 -4.19 2.78e-05 0.0071 0.0071

75767 -4.07 4.78e-05 0.0118 0.0118

59048 3.99 6.68e-05 0.0158 0.0158

238799 -3.98 6.75e-05 0.0158 0.0158

56449 3.97 7.22e-05 0.0165 0.0165

224826 -3.95 7.73e-05 0.0168 0.0168

268882 -3.95 7.71e-05 0.0168 0.0168

18803 -3.91 9.19e-05 0.0194 0.0194

14403 -3.88 0.000106 0.0208 0.0208

16440 3.88 0.000104 0.0208 0.0208

100609 3.88 0.000103 0.0208 0.0208

19891 3.87 0.000109 0.021 0.021

83984 -3.85 0.000119 0.0224 0.0224

170938 -3.82 0.000134 0.0246 0.0246

320635 3.82 0.000136 0.0246 0.0246

73046 -3.73 0.000192 0.034 0.034

68729 -3.7 0.000218 0.0377 0.0377

208266 -3.64 0.000274 0.0466 0.0466

24064 3.62 0.000297 0.0495 0.0495

88


	Acknowledgements
	Abstract of Dissertation
	List of Figures
	List of Tables
	Introduction
	Linear Models for Microarray and RNA-seq Data (Limma)
	Empirical Analysis Digital Gene Expression in R (edgeR)
	Model-based Analysis of Single-cell Transcriptomics (MAST)
	scImpute
	Single-cell Analysis Via Expression Recovery (SAVER)

	Method
	Inverse Non-Dropout-Probability Weighting
	Probability of Dropout
	Estimation of Weights

	Jackknife Variance Estimators
	Jackknife Variance Estimator for Independent Data
	Jackknife Variance Estimator for Stratified Data

	Model Specification for Case of Independent Cells
	Weighted Linear Model (Norm_w)
	Weighted Generalized Linear Model (NB_w)

	Model Specification for Case of Correlated Cells
	Weighted Linear Mixed Model (Norm_w)


	Simulation
	Data Generation
	Simulation Setup
	Results from Simulated Data
	Performance of Different Methods in Identifying DE Genes
	Running Time


	Real Data Analysis: Between-Lineage Differential Expression Analysis on Rainbow-seq Data
	Introduction
	Results from Real Data

	Discussion and Future Directions
	References
	Appendix A: Boxplots for Case of Independent Cells in Simulation Study
	Appendix B: Boxplots for Case of Correlated Cells in Simulation Study
	Appendix C: R codes
	Appendix D: Table for Selected DE Genes in Real Data Analysis

