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Abstract of Praxis 

 

 

Machine Learning-Based Cost Predictive Model for Better Operating Expenditure 

Estimations of U.S. Light Rail Transit Projects 

 

Inaccurate forecasts of operating expenditures during the planning phase for new 

Light Rail Transit (LRT) projects in the United States underestimated future costs by up 

to 45% (Pickrell, 1989). When operating expenditures exceeded projected levels, local 

transit agencies often reduced public transit services to operate within their respective 

annual budgets. Therefore, it is imperative for transit agencies to produce reasonably 

accurate planning estimates to secure sufficient funding to support future operations, 

maintenance, and service delivery associated with LRT systems.  

The research aimed to develop a more accurate LRT operating expenditure 

predictive model to be used during the planning stage. Traditional statistical analysis and 

various machine learning-based algorithms were utilized with input from 22 LRT 

systems in the United States spanning between 2008 to 2018 from various U.S. 

governmental public databases. This praxis extended the current state of practice that 

relied primarily on sum of unit-cost estimates (also known as the unit-cost method) which 

generally failed to produce accurate forecasts due to lack of engineering details at the 

planning stage. Existing research attempted to develop regression-based methodologies 

using system-based attributes but did not substantially increase prediction accuracy from 

using the unit-cost method. The research improved current practices and research by 

having developed a more accurate and replicable machine learning-based predictive 

model using available geographic, socio-economic and LRT system-related variables. 
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Glossary of Terms 

Aerial Tramway: Vehicles supported on suspended aerial cables. 

Alaska Railroad: A statewide passenger and freight rail system that connects Fairbanks 

to Seward. 

Artificial Neural Network: A machine learning technique that utilizes network 

architecture consisting of multiple layers to approximate the relationship between input 

and output data. 

Bootstrapped Dataset: Randomly selected dataset with replacement from the training 

set. 

Bus: Passenger vehicles supported by rubber tires based on fixed schedules and routes. 

Bus Rapid Transit: Passenger vehicles supported by rubber tires based on fixed 

schedules and routes with separate/dedicated right of way. 

Cable Car: Electrical vehicles powered by cables under the street surface with no 

incline. 

Capital Costs: The initial one-time costs to bring a project to a commercially viable 

state. This can include for rendering of services and purchasing of assets spanning from 

planning, engineering, construction, procurement, testing & commissioning, and project 

close-out. 

Capital Investment Grants: A grant program managed by the Federal Transit 

Administration to fund capital investments in public transit systems which may include 

new builds, expansions and upgrades, and/or major state of good repair projects. 
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Commuter Bus: Vehicles supported by rubber tires transiting between outlying areas to 

a central urban core with at least five miles of continuous closed-door service. 

Commuter Rail: Vehicles supported by rail transiting between outlying areas to a central 

urban core. 

Decision Tree: A decision support tool that uses a tree-like model of inputs and possible 

outputs. 

Demand Response: A variety of vehicles operating to dynamic need responses with no 

fixed schedule. 

Demand Response Taxi: A special instance of Demand Response operated by taxi 

companies. 

Federal Transit Administration: An agency within the United States Department of 

Transportation with the mandate to provide financial and technical assistance to state and 

local public transportation agencies. 

Ferryboat: Water vessels that transport passengers across waterways. 

Gross Domestic Product: The monetary measure of finished goods and services 

produced within a certain state or country. 

Heavy Rail: High capacity rail service usually within an urban setting characterized by 

high passenger volume, high speed, separate right-of way, raised platform loading and 

sophisticated signalling. 

Hybrid Rail: Rail systems that operate on national railroads. 
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Inclined Plane: A special instance of cable car where electrical vehicles powered by 

cables under the street surface operate on an inclined plane. 

k Nearest Neighbour: A machine learning algorithm that works by pooling and 

averaging the values of k nearest data points to predict new observations. 

Kernel Function: A class of algorithm that allows to operate in high-dimensional feature 

space without computing coordinates in the same. 

Light Rail Infrastructure: Comprise of trackways, stations, and supporting structures 

such as elevated guideways, bridges, and tunnels. 

Light Rail Transit: An urban transportation mode operating on exclusive at grade, 

and/or elevated rights-of-way using electrically powered light rail vehicles. 

Light Rail Vehicles: Typically, electrically powered passenger rail cars on fixed rails. 

May be operated manually by operators or automatically depending on system. 

Mean Absolute Error: The average of the summation of the absolute difference between 

the predicted value y and actual value 𝑦̂. 

Mean Absolute Percentage Error: The average summation of the absolute percentage 

error. 

Metropolitan Density: Population within a defined service area. 

Multiple Linear Regression: A traditional statistical technique that models the 

relationship between a continuous response variable to a group of predictor variables. 
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Multicollinearity: Linear association between two or more predictor variables. 

Monorail: Transit modes that does not operate with wheels on rail. 

National Transit Database: A public database managed by the Federal Transit 

Administration with data covering public transportation agencies receiving federal 

funding. 

Operating Costs: The total costs to operate and maintain the system. For an LRT 

system, this can be categorized as vehicle maintenance, facilities maintenance, vehicle 

and non-vehicle operations, and general administration. 

Public Transportation: Also known as public transit, or mass transportation offers a 

variety of transit options to the general public. 

Publico: Public bus system in Puerto Rico. 

Random Forest: An ensemble machine learning technique by combining and averaging 

the results from multiple decision trees. 

Right of Way: A legal right to proceed with precedence over others in a particular and 

redefined space. 

Rolling Stock: Comprise of light rail vehicles, and maintenance, and support vehicles for 

LRT systems. 

Root Mean Squared Error: The square root of the average summation of the squared 

difference between the predicted value y and actual value 𝑦̂. 

Service Area: The area of service coverage reachable by public transportation. 
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State of Good Repair: The condition of an asset to continue sufficiently operating at or 

near full level of performance. 

Streetcar Rail: Single vehicle trains powered by overhead cables with frequent stops. 

Support Vector Regression: A machine learning technique that is an extension of the 

linear regression model but allows for nonlinearity within tolerances of error to a certain 

degree in order to determine a suitable hyperplane that minimizes the total error.  

Testing Set: The portion of the total dataset used to independently test against the model 

outcome from the training set for validation purposes. 

Total Lifecycle cost: The total costs of ownership for the duration of an asset. This is the 

cumulation of capital and operating costs. 

Training Set: The portion of the total dataset used to build or train the model. 

Transit Agency: An entity directly responsible for the administration, management and 

operation of public transportation services in a specific region. 

Transportation Planning: The process of defining transit needs in alignment with 

present and future community requirements and foreseeable policies and goals leading to 

the development an action plan for future works.  

Trolleybus: Vehicles supported on rubber tires powered by overhead cables and operated 

manually on non-dedicated city streets. 

Unit-cost Method: Sum of unit cost estimates based on a detailed breakdown of line 

items. 
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U.S. Economic Regions: Regions defined by the Bureau of Economic Analysis for the 

purpose of comparing economic data. The regions in the United States are: Far West, 

Mideast, Southwest, Southeast, New England, Great Lakes, Plains, and Rocky Mountain. 

Vanpool: Vehicles in a ride sharing environment. 
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 Chapter 1 – Introduction 

As part of the process for securing funding from the federal government for new Light 

Rail Transit (LRT) projects in the United States, transit agencies prepare and submit 

transportation plans justifying the investment need. This business case is developed 

during the planning stages of new LRT projects and is a culmination of a multi-year 

regional transportation planning process with the active involvement from a large cross 

section of government, private, and public stakeholders. A critical component of the 

submission and decision-making process is the key consideration for total lifecycle cost 

(capital and operating). This includes estimating operating expenditures for the daily 

operations, maintenance, and service delivery of the new LRT system. Therefore, it is 

imperative for transit agencies to produce reasonably accurate planning estimates to 

secure sufficient funding to more reliably sustain future LRT operations.  

Existing methodologies generally failed to produce accurate forecasts due to a lack of 

engineering details at the planning stage. Having used this inexact and biased method 

often led to inaccurate and unreliable results (Harmatuck, 2008).  

The primary research goal was to improve current practices by developing a more 

accurate and repeatable operating expenditures predictive model for new LRT projects 

based on key predictor variables. Unlike the methodologies currently used, this research 

included geographic and socio-economic variables in addition to LRT system-related 

attributes in the overall analysis. This praxis extended the current state of practice and 

research that relied primarily on sum of unit-cost (also known as the unit-cost method) or 

regression-based estimates by having considered various machine learning algorithms.  
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The development and application of a new methodology to support transit agencies is 

important to establish the investment worthiness of new LRT projects at the planning 

stage. At the regional level, it supports the local evaluation process in considering the full 

lifecycle operational, maintenance and service needs. This forms a key part of the 

decision-making process by better understanding more accurate year-by-year cashflow 

requirements. By having a more reliable mathematically driven cost prediction model, 

transit agencies can secure the appropriate level of funding at the planning stage and can 

be better assured that future operating costs are within budget. 

1.1 Background 

LRT lifecycle cost are categorized as capital expenditures (CAPEX) or operating 

expenditures (OPEX). CAPEX capture the temporary project costs for planning, 

engineering, construction, vehicle purchases, testing and commissioning, and project 

close out. OPEX account for the day-to-day aspect of running the operations after 

implementation of the new asset. This includes vehicle maintenance, facilities 

maintenance, vehicle and non-vehicle operations, and general administration. 

Since the 1970s, raising costs in the public transit industry of the United States led to 

operating expenditure to increase at twice the rate of revenue generation (Cervero, 1984). 

Salaries and wages, staff benefits, and increasing costs for materials & supplies, utilities, 

and energy consumption were major operational cost drivers (American Public 

Transportation Association, 2019). Escalating LRT operating costs were attributed to 

three distinct but interrelated factors (Paaswell, Goldman, Seaman, Thorson, & Gordon, 

2005): 
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• Cost overruns: Where final project costs exceeded initial predictions due to 

systematic underestimation, not taking operating costs into consideration, and 

weak procurement methodologies. 

• Unit-cost escalation: Where unit prices (e.g. labour, material, supplies, equipment, 

and others) increased over time due to inflation in commodity prices and labour 

charges, regulations required purchasing domestic goods, and lack of competition 

and technical capacity. 

• Project escalation: Where scope and complexity increased over the project 

lifecycle imposing additional operational requirements in the future.  

Analyses conducted over a 25-year period showed that CAPEX and OPEX overruns had 

been a constant theme for LRT projects (Pickrell, 1989; Love, Ahiaga-Dagbui, Welde, & 

Odeck, 2017). Between 2007 and 2017, LRT systems in the United States experienced an 

increase from $1.17 to $2.14 billion in operating expenditures. In comparison, passenger 

fare revenues for LRT generated $555 million in 2017 which was insufficient to fully 

support operating conditions (American Public Transportation Association, 2019). The 

operating cost-revenue gap was filled with a complex combination of local, regional, 

state, and more rarely, federal government subsidies. In the last several decades, 

government subsidies had grown to account for approximately 75% of capital and 

operating expenditures (American Public Transportation Association, 2019).  

As operating expenditures continued to climb within the context of finite government 

funding, existing LRT systems across the country started to experience a decrease in 

service and security levels, infrastructure and fleet quality, and passenger comfort. This 

led to a national repair backlog worth $89.9 billion in 2019 (American Public 
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Transportation Association, 2019). New LRT projects had been affected by raising costs 

and limited government funding as some were funded at lower levels or none at all 

(Paaswell et al., 2005). 

Operating cost overruns can be mitigated by having accurate forecasts at the beginning of 

a new LRT project. As part of securing financial commitment from a limited pool of 

government funding under raising cost conditions during the planning phase, transit 

authorities need to include more realistic and accurate forecasts of operating 

expenditures. 

1.2 Research Motivation 

This praxis investigated the development and application of an effective machine 

learning-based estimation methodology to more accurately forecast operating 

expenditures for new LRT projects. The review of existing literature and research 

showcased the current state of LRT operating expenditure estimation tools. Only 2% of 

existing research related to LRT systems touched on lifecycle cost which reflected a need 

for additional focus and attention in this area (Ng, Beruvides, Simonton, Chiu-Wei, 

Peimbert-Carvia, Winder, & Guadalupe, 2015). Although much research had been poured 

into producing more accurate estimates for capital costs (Catalina, 2016; Chen, Qing-

Huai, & Gao, 2009; Guerra, 2011; Harbuck, 2002), much less focus had been placed on 

more accurately predicting operating expenses as it was difficult to predict especially at 

early stages of planning (Dutta & Zhong, 2016). This was surprising as operating 

expenditures accounted for two-thirds of total system lifecycle cost while capital 
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expenditures only accounted for the remaining one-third on average (Congressional 

Research Service, 2020). 

All estimation models to date demonstrated the common theme of estimating operating 

and maintenance costs by the sum of unit-cost or using regression-based analysis with 

LRT system-based variables supported by historical data of LRT systems (U.S. 

Department of Transportation, 1992; U.S. Department of Transportation, Federal Transit 

Administration & Los Angeles County Metropolitan Transportation Agency, 2014). 

These methodologies lacked a systematic approach or produced inaccurate results that 

were needed for securing government funding. At the time of writing, there were no LRT 

OPEX estimating tools based on machine learning algorithms. 

1.3 Problem Statement 

Inaccurate forecasts of operating expenditures for new Light Rail Transit projects in the 

United States underestimated costs by up to 45%, which contributed to future budget 

deficit and service reductions (Pickrell, 1989).  

Operating expenses that exceeded the originally projected levels increased budgetary 

deficits which led transit agencies to either requested additional funding from 

government, increased levels of alternate revenue sources at the risk of reducing 

ridership, and/or reduced transit services in order for a transit agency to operate within 

their annual budget. 
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1.4 Thesis Statement 

U.S. transit agencies need a predictive model to accurately forecast operating 

expenditures using select geographic, socio-economic, and system predictive variables 

for new Light Rail Transit projects to more reliably sustain future LRT operations.  

Development of a new methodology to accurately predict operating expenditures for new 

LRT projects during the planning stage can allow transit agencies to secure reliable 

funding from government and sustain future operations. In addition, it can enable various 

internal and external stakeholders to better understand the true lifecycle cost of a project 

at early stages of project development and can form an important role in the decision-

making process. 

1.5 Research Objectives 

The primary objective of this praxis was to develop a machine learning-based predictive 

model to more accurately forecast operating expenditures for new LRT projects. The 

model considered geographic (U.S. economic region), socio-economic (population, 

service area, metropolitan density and GDP), and LRT system-related (system age, total 

length of track, numbers of stations and maintenance facilities, fleet size, average vehicle 

length, age of fleet, miles per vehicle, and average typical weekday operating hours) 

attributes. Common industry estimation practices revolved around the usage of the unit-

cost estimate technique required by the U.S. Department of Transportation as part of the 

process to secure federal funding. This method required input variables that was not fully 

available or well understood during the planning stage leading to inaccurate estimations. 

In an attempt to increase functionality from the industry wide practice, applied 
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researchers developed alternate tools using regression-based methodologies utilizing 

several LRT system-based attributes.  However, even with these advancements, issues 

related to practicality, flexibility, scalability and accuracy still remained a general flaw 

across all existing techniques. 

This research extended the current industry practice and research by introducing the 

following into the new predictive models: 

1. Introduced geographic and socio-economic variables not used in past regression-

based research. 

2. Incorporated larger and more recent time-series data to increase estimation 

accuracy. 

3. Developed a more accurate and replicable machine learning-based predictive 

model using variables available at early stages of planning. 

1.6 Research Questions and Hypotheses 

The following research questions address the praxis objectives: 

• RQ1: What are the most important cost drivers for operating expenditures to 

consider in new LRT projects in the United States? 

• RQ2: Are there more accurate prediction methods using traditional statistical 

analysis or machine learning-based algorithms for operating expenditures in new 

LRT projects? 

The hypotheses that address the research questions are: 
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• H1: Incorporating select geographic, socio-economic, and system attributes can 

improve operating expenditure estimates.  

• H2: Machine Learning techniques can provide more accurate predictions of 

operating expenditures than multiple linear regression analysis. 

1.7 Scope and Limitation 

This praxis focused on operating expenditure predictive cost model only and did not look 

at other lifecycle cost components for new LRT projects such as CAPEX. The analysis 

utilized multiple regression analysis and various machine learning techniques such as 

Artificial Neural Network, k Nearest Neighbour, Random Forest, and Support Vector 

Regression techniques.  This research tested and trained from data for 22 select LRT 

systems in the United States between 2008 and 2018. In order for the results of this study 

to be repeatable for other similar applications, the same training and testing dataset need 

to be used for future LRT system related predictions. Since the dataset was derived from 

historical data from within the United States, the applicability of this research for the use 

in the context of other countries need to be further explored. 

1.8 Organization of Praxis 

This praxis is organized in the following chapters: 

• Chapter 1 - Introduction: This chapter provides background information for the 

research topic and describes the underlying research motivation, objectives, 

questions, and hypotheses that form the basis of this praxis. 
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• Chapter 2 - Literature Review: This chapter provides an in-depth exploration of 

relevant research related to the evolution of public transit and LRT systems in the 

United States, existing public transit planning and funding model and processes, 

current operating expenditure estimating methodologies used in industry, and 

existing research completed to improve the industry practice. The holistic and 

comprehensive review identifies remaining practice and research gaps leading to 

the need for this praxis. 

• Chapter 3 - Methodology: This chapter presents the data source, method of 

collection, data preparation, employed research methodologies, and analytical 

techniques and tools used. 

• Chapter 4 - Results: This chapter summarizes the results from methods presented 

in the previous chapter, and highlights whether additional geographic and socio-

economic variables were significant. The results section also presents the type and 

level of improvements to existing cost estimating practices achieved by using 

machine learning-based algorithms based on select geographic, socio-economic, 

and LRT system-based predictor variables. 

• Chapter 5 - Conclusion: This chapter provides the praxis findings and 

conclusions, contribution to existing engineering management practices, and 

recommendations for next steps to advance the research area in this field of study. 
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Chapter 2 – Literature Review 

An extensive literature review was performed as the first step to journey through the 

history and evolution of LRT systems in the United States. This chapter discusses the 

typical planning process to secure federal government funding and explores the current 

methodologies for creating operating expenditure estimates at the planning phase for a 

new LRT system. The chapter also discusses the current state of research in an effort to 

improve operating cost estimate development and identifies persisting research gaps to 

underscore and substantiate the need for this research.  

2.1 Public Transit in the United States 

Public transit (also known as metro systems, mass transit, mass transportation, or public 

metro systems) transport customers using heavy rail, light rail, buses, ferries, demand 

response, and other transportation variations. In 2017, the majority of public 

transportation in the United States was provided by approximately 4,580 non-profit 

transit agencies (American Public Transportation Association, 2019). 

Public transit in the United States started as being predominantly privately-owned 

enterprises supported by direct farebox revenues in the early 1900’s. This transformed 

into the present day publicly owned and operated model due to various factors. Primarily, 

the introduction and rapid rise of private vehicles in the 1950’s led to substantial 

investments in the construction and expansion of highways and civil infrastructures 

which fostered suburbanization across the country (Light Trail Conference Planning 

Committee, 2001). This downward trend in public transit ridership subsequently resulted 

in decreasing revenues needed to support ongoing capital and operating costs. It was 
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during this time that many systems filed for bankruptcy and left many cities across the 

United States without public transit services. In order to provide basic transportation, 

governments introduced transit subsidies and eventually public ownership from mounting 

political, social, and financial pressures (Elgar & Kennedy, 2005). Since then, capital and 

operating costs continued the trend of being supported through a complex system of 

federal, state, and local financial aid (Wachs, 1989). Currently, government subsidies 

have grown to account for an average of approximately 75% of total expenditures from 

transit agencies in the United States (American Public Transportation Association, 2019). 

LRT is one of the major modes of the U.S. public transportation system and is primarily 

an urban transportation mode operating on exclusive at grade, and/or elevated right-of-

way using electrically powered light rail vehicles. LRT systems are different than heavy 

rail systems (e.g. underground subways). Heavy rail systems are completely grade 

separated and powered by a separate power rail allowing it to operate at much higher 

speeds with larger passenger carrying capacities. Therefore, LRT is generally considered 

to be the "lighter" version of heavy rail systems (American Public Transit Association, 

2019).  

2.2 Transit Mode Assessment and Selection 

Public transit systems are considered an essential service in providing accessibility and 

social equity to “level the playing field” especially for underprivileged members in 

society. Transit agencies across the United States utilize different public transit modes 

and technologies to serve a variety of requirements and environments in order to 

maximize coverage for different circumstances where possible (Victoria Transport Policy 
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Institute, 2020). For example, buses are considered to be a more effective transit mode 

for short distance travel in low density settings while light and heavy rail systems are 

most suitable in higher density urban environments. For long haul travel, commuter bus 

and rail systems are more fitting for use in these circumstances (Catalina, 2016). 

Various services that provide social mobilities to the general public can be generally 

categorized as:  

• Bus (Bus, Trolley, Bus Rapid Transit); 

• Commuter Bus; 

• Streetcars and Light Rail Transit; 

• Heavy Rail Transit; 

• Commuter and Hybrid Rail; 

• Demand Response; 

• Ferries; and  

• Others 

Transit agencies that received federal funding that regularly reported into the National 

Transit Database (NTD) are summarized in Table 2.1 (American Public Transportation 

Association, 2019). The reported number of U.S. transit agencies that operated each of 

the different transit modes in 2018 are summarized below.  
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Table 2.1 – Summary of Various Public Transit Modes in 2018 

Transit 

Mode 

Description Number of U.S. 

transit agencies 

operating this 

transit mode  

Alaska 

Railroad 

(AR) 

A statewide passenger and freight rail system that 

connects Fairbanks to Seward. 

1 

Bus (MB) Passenger vehicles supported by rubber tires based 

on fixed schedules and routes. 

1262 

Bus Rapid 

Transit (RB) 

Passenger vehicles supported by rubber tires based 

on fixed schedules and routes with 

separate/dedicated right of way. 

12 

Cable Car 

(CC) 

Electrically powered vehicles powered by cables 

under the street surface with no incline. 

1 

Commuter 

Bus (CB) 

Vehicles supported by rubber tires transiting 

between outlying areas to a central urban core with 

at least five miles of continuous closed-door service 

(APTA, 2019). 

192 

Commuter 

Rail (CR) 

Vehicles supported by rail transiting between 

outlying areas to a central urban core 

28 

Demand 

Response 

(DR) 

A variety of vehicles operating to dynamic need 

responses with no fixed schedule. 

1915 

Demand 

Response 

Taxi (DT) 

A special instance of Demand Response operated 

by taxi companies. 

105 

Ferryboat 

(FB) 

Water vessels that transport passengers across 

waterways. 

38 

Heavy Rail 

(HR) 

High capacity rail service usually within an urban 

setting characterized by high passenger volume, 

high speed, separate right-of way, raised platform 

loading and sophisticated signalling (APTA, 2019). 

15 

Hybrid Rail 

(YR) 

Rail systems that operate on national railroads. 6 
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Inclined 

Plane (IP) 

A special instance of cable car where electrically 

powered vehicles powered by cables under the 

street surface operate on an inclined plane. 

3 

Light Rail 

Transit 

(LRT) 

Lower capacity rail service usually within an urban 

and suburban setting with slower speeds and lighter 

passenger volume capacity compared to Heavy 

Rail.  

22 

Monorail / 

Automated 

Guideway 

(MG) 

Transit modes that does not operate with wheels on 

rail. 

6 

Publico (PB) Public bus system in Puerto Rico. 1 

Streetcar Rail 

(SR) 

Single vehicle trains powered by overhead cables 

with frequent stops. 

21 

Trolleybus 

(TB) 

Vehicles supported on rubber tires powered by 

overhead cables and operated manually on non-

dedicated city streets. 

5 

Aerial 

Tramway 

(TR) 

Vehicles supported on suspended aerial cables. 2 

Vanpool 

(VP) 

Vehicles in a ride sharing environment. 111 

 

The number of rail systems continued to grow in major metropolitan areas in the United 

States. While the number of new heavy rail systems had been stagnant for the last three 

decades, cities continued to make major investments in light rail transit systems 

(American Public Transportation Association, 2019). Based on the current and continuing 

popularity of LRT, this praxis explored this increasingly important transit mode. 
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2.3 History and Evolution of LRT 

What was considered to be the first-generation LRT, electrical streetcars powered by 

overhead trolley systems that shared space with general road traffic succumbed to the 

financial pressure during the 1950’s. This led these operations to be either converted to 

bus operations or abandoned altogether (Light Trail Conference Planning Committee, 

2001). In order to compete with privately-owned vehicles and to support higher density 

urban centres, governments in the United States started to invest heavily on heavy rail 

which led to the further decline of LRT systems. It was not until the latter part of the 20th 

century that the United States experienced a re-emergence of LRT technologies due to 

many heavy rail systems having performed poorly (Kain, Gittell, Daniere, Daniel, 

Somerville, & Zhi, 1992). Subsequentially, second generation LRT quickly became the 

preferred system of choice where trains ran in an exclusive right of way with less 

frequent stops and had designated stations, crossing, signalling, and intersections at a 

fraction of the cost of heavy rail. The San Diego Metropolitan Transit Authority built the 

first newly constructed second-generation LRT system in 1981. Since then, new systems 

had been constructed across the country at an average rate of nearly one per year (Light 

Trail Conference Planning Committee, 2001).  

As of 2018, 22 modern Light Rail Transit systems received grant money from the Federal 

Transit Administration (FTA) and reported statistics to the National Transit Database. 

Across all systems, the basic elements of LRT systems could be generally categorized as 

being comprised of the following components (Light Rail Conference Planning 

Committee, 2001): 
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• Infrastructure: Trackways, stations, and supporting structures such as elevated 

guideways, bridges, and tunnels. 

• Rolling Stock: Light rail vehicles, and maintenance, and support vehicles. 

• Support Facilities and Fixed Equipment: Operation and maintenance centre, 

operation control centre, work yards, inventory and storage, electrical, elevating, 

signalling, and communications facilities. 

2.4 Planning Process for New LRT Systems 

Regional transportation strategies form the long-range vision for new capital works 

including new LRT systems and expansions. This plays into multi-year transportation 

planning which assess alternate improvement strategies to existing services, evaluate and 

prioritize proposed improvements, develop transportation plans and programs and 

specific project development, and evaluate system operations and performance (Federal 

Transit Administration, 2007). Throughout this cyclical process, close collaboration 

between the transit agency and local, state and federal governments is critical to ensure 

transportation strategies meet regional development visions (TransLink, 2019). In 

addition, this cooperative process involve other stakeholders of the system such as the 

business community, school and student organizations, environmental groups, the 

travelling public, and others so that all viewpoints and perspectives are gathered to form a 

holistic and comprehensive transportation plan which balance the needs of many (refer to 

Figure 2.1).  
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Figure 2.1 – Transportation Planning Process (Federal Transit Administration, 2007) 

New LRT systems or expansion of existing LRT services may become part of a 

community’s transportation plan. As part of the process to ensure that the needs and 

objectives of the community are met, evaluation of total lifecycle cost form a key 

consideration as part of the decision-making process. 

Total LRT lifecycle cost are categorized as either CAPEX or OPEX. CAPEX capture the 

temporary project costs for planning, engineering, construction, vehicle purchases, testing 

and commissioning, and project close-out. OPEX account for the day-to-day aspect of 

running LRT operations. This includes vehicle maintenance, facilities maintenance, 

vehicle and non-vehicle operations, and general administration. 
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The development of a robust and reliable methodology to estimate system costs 

throughout its lifespan is needed at the planning stage. This helps to evaluate alternate 

transportation modes, assess options to fund and procure for initial project costs, and 

develop funding portfolio for future operating and maintenance expenses.  

2.5 Governmental Funding Process 

Given the reliance on limited government funding for new public transit projects in the 

United States, public transit agencies submit a comprehensive transportation plan to be 

considered for governmental funding such as the Federal Transit Administration Capital 

Investment Grants (CIG).  

There are three categories for projects under the CIG program (Federal Transit 

Administration, 2019): 

• New Starts: New fixed guideway or guideway expansion with capital costs equal 

to or greater than $300 million or seeking equal to or more than $100 million 

from the CIG program. 

• Small Starts: Fixed guideway with capital costs less than $300 million or seeking 

less than $100 million from the CIG program. 

• Core Capacity: System expansion to increase capacity by more than 10% for 

existing systems that are at capacity today or will be within five years. 

Mandatory CIG funding requirements for new LRT systems require adherence to 

stringent project development processes as shown on Figure 2.2. 
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Figure 2.2 – CIG Funding Process (Federal Transit Administration, 2019) 

Building a robust and accurate business case for CIG funding as part of the LRT project 

development stage is crucial. The submission is founded on regional transportation 

strategies that outline problems that need to be addressed and the overall short and long-

term objectives for the region. The submission outlines alternatives looking at potential 

multi-modal transportation methods to improve the quality of services, increase 

environmental stewardship, and expand level of mobility. The comprehensive evaluation 

of cross-sectional factors leads to a recommended action plan to be carried forward. 

Supporting facts and analysis based on a combination of qualitative and quantitative 

methods are presented to substantiate the recommended action plan.  
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Estimating lifecycle cost form a substantial part of the analysis during planning. The CIG 

program requires estimation of both capital and operating expenses for the anticipated 

LRT project lifecycle. Generating a robust financial plan to support the system for the 

entirety of its lifespan is critical to provide project justification for initial capital funding 

and to secure financial commitment for future operating costs. 

The U.S. federal government generally fund the capital aspect of new public transit 

projects only (not operating expenses). However, in order to secure federal funding for 

new capital works, public transit agencies substantiate how future operations can be 

supported in the short and long-term. Operating expenses of new systems are mostly 

covered by a combination of system-generated revenues (e.g. fares), and local and state 

governments through various forms of subsidies or funding. This can come in the form of 

direct and indirect taxation schemes such as property taxes, road and bridge tolls, fuel gas 

taxes, and others (Congressional Research Services, 2020). This is reflected in the local 

financial commitment checklist shown in Figure 2.3 as part of the CIG submission. Some 

key requirements include a 20-year cash flow statement which show required capital and 

operating financial plans and how revenues and expenses are anticipated to be balanced. 

Sensitivity cost analysis are completed by the transit agency to generate different 

scenarios to ensure financial submissions are completed with rigour.  
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Figure 2.3 – Local Financial Requirements for the CIG Program (Federal Transit 

Administration, 2019) 
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Aside from evaluating based on financial sustainability and cost effectiveness, an overall 

rating is computed by combining other critical system aspects such as level of mobility 

improvements, environmental benefits, congestion relief, economic development, land 

use effectiveness, and other major categories for all submissions. This allows for a 

consistent calibration for the comparison between different types and sizes of projects 

across the country. Figure 2.4 describes the weights for various criteria for CIG 

evaluation by the FTA. 

 

 

 

 

 

 

Figure 2.4 – CIG Rating Evaluation Criterion (Federal Transit Administration, 2019) 

Developing accurate short and long-term operating cost estimates for new LRT systems 

can not be understated as it can hinder transit agencies from securing adequate funding. 

Underestimating Operating and Maintenance (O&M) costs at the planning stage can lead 

to transit agencies to not be able to fully support new systems in operation potentially 

leading to staff and service reductions. 
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Only 2% of existing research related to LRT systems touched on lifecycle cost reflecting 

a need for additional focus and attention in this area (Ng, Beruvides, Simonton, Chiu-

Wei, Peimbert-Carvia, Winder, & Guadalupe, 2015). Although much research had been 

poured into producing more accurate estimates for capital costs (Catalina, 2016; Chen, 

Qing-Huai, & Gao, 2009; Guerra, 2011; Harbuck, 2002), much less focus had been 

placed on more accurately predicting operating expenses as it was difficult to predict 

especially at early stages of planning (Dutta & Zhong, 2016). This was especially 

surprising as operating expenditures accounted for two-thirds of total system lifecycle 

cost while capital expenditures only accounted for the remaining one-third on average 

(Congressional Research Service, 2020). 

2.6 Operating Expenditures Estimation 

Operating expenditure estimates are important to forming financial requirements and 

operating and maintenance systems, and processes development. For new LRT projects, 

operating expenditure estimates were generally developed to secure government funding 

when engineering designs are less than 30% complete (Catalina, 2016). Decision-makers 

used this cost information as a key consideration for approving new projects like for the 

CIG program. Past analysis had shown that estimates of future operating expenditures for 

new LRT projects in the United States underestimated costs by up to 45% (Pickrell, 

1989). Operating expenses that exceeded the original projected levels led to increased 

budgetary deficits. 

This section explores the current state of practice using sum of unit-cost estimates (also 

known as the unit-cost method) and the major limitations leading to existing forecast 
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inaccuracies. The development of other cost-estimating models that used alternate 

methodologies such as traditional statistical analysis techniques are summarized. This 

formed the context for which the research extended the current state of practice and 

research by developing alternate techniques to generate more accurate operating 

expenditure estimates. 

2.6.1 Current State of Practice – Unit-Cost Method and Limitations  

The U.S. Department of Transportation developed guidelines for estimating operating 

expenditures for various transit systems using the sum of unit-cost method based on 

historical data collected from the National Transit Database. The guideline described a 

top-down approach where transit agencies developed detailed breakdown of cost items 

based on the principle of reflecting historical information, anticipating future operations, 

and addressing all functional responsibilities of transit property (U.S. Department of 

Transportation, 1992). Some recent examples of the unit-cost method being used were for 

the East San Fernando Valley Transit Corridor in Los Angeles, CA (Los Angeles County 

Metropolitan Transportation Agency, 2014), Sound Transit Regional High Capacity 

Transit System Plan in Seattle, WA (Sound Transit, 2015), and the proposed Durham–

Orange Light Rail line in Chapel Hill, NC (Durham‐Orange Light Rail Transit Project, 

2012). 

Key cost categories form the unit-cost model’s core framework for estimate breakdown. 

All new LRT systems requesting financial support through the Federal Transit 

Administration CIG program still use the unit-cost method and follow the cost 

breakdown structure. Namely, 
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• Vehicle Operations include part-time and full-time vehicle operators, dispatchers, 

depot clerks, and other administrative and support staff. 

• Vehicle Maintenance include servicing for preventative maintenance (tire 

maintenance, fluid changes), heavy maintenance (accident and other major 

repairs), paint, and body shop. 

• Non-Vehicle Maintenance include resources for maintaining buildings and 

facilities not considered as vehicle and/or rolling stock. 

• General Administration include shared support functions such as procurement, 

accounting, finance, marketing, and other departments not covered in previous 

categories. 

This method is based on a combination of accounting, engineering, operation expertise, 

direct measurement, and comparison with peer transit properties. One of the biggest 

challenges with this method in creating a new operating and maintenance cost estimate 

was that it was often based on peer transit properties where there was not a full 

understanding of the working environment and to ensure it was applicable for the 

situation leading to inaccurate results (U.S. Department of Transportation, 1992). 

Additionally, relatively complete engineering designs were needed to produce this level 

of estimate which were typically absent during the planning stage (Catalina, 2016). There 

was evidence that cost estimates from using this method were inexact, biased, and lead to 

unreliable operating cost estimate results (Harmatuck, 2008). 
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2.6.2 Current State of Research – Proposed Models and Techniques 

Due to the relative computational intensity required for creating unit-cost estimates, many 

other studies had instead focused efforts on developing prediction models based on 

traditional statistical techniques.  

Hoback (2008) estimated new LRT capital costs using linear regression analysis based on 

one predictor variable. The study based the methodology on data from 24 select LRT 

systems between 1985 to 2005. The predictor variable, vehicle mileage, was further 

categorized as in-street, in-median, rail, embank trench, elevated bridge, or tunnel miles 

depending on the infrastructure type. In order to adhere to regression analysis 

assumptions, data was normalized so that results were valid. With consideration for time 

value of money and to allow for cost comparison between different years, data was 

calibrated to account for inflation, and localized conditions such as cost of living.  

Differences in predictive and actual capital costs for 24 new LRT systems or extensions 

was between -19% to +20% with an average absolute error of 6.0%. However, because 

the training and testing set was the same, the applicability for other transit systems at 

large remains questionable because the model results had not been independently 

verified. Additionally, the problem with overfitting due to not using an independent test 

set for model error verification is highly likely in this case. Another major concern is the 

use of 15 to 30 year old data to model a current, real life application may not be reflective 

of conditions in 2020.  

The need for this easy-to-use cost predictive tool for capital costs stemmed from having 

limited information at the planning stage. Hoback (2008) claimed that at this phase, only 



27 

 

approximate mileage and type of mileage were known so detailed estimates was difficult 

to generate. This praxis shared the vision to create a cost predictive tool that used 

available attributes at the planning stage. This model can help transit agencies generate 

schematic cost values at the beginning of new LRT projects to inform decision makers of 

rough order of magnitude (ROM) capital costs.  

Although Hoback’s model was focused solely on capital costs, the linear regression 

analysis was extended to analyzing operating expenditures for LRT systems. Bruun 

(2005) created a regression-based cost model to compute total and marginal operating 

cost estimates for LRT and Bus Rapid Transit systems. Bruun’s cost model assigned 

operating cost to be a function of several key predictors such as train-hours, car 

kilometers, and fleet size. The equation was based on using one candidate system (Dallas 

Area Rapid Transit) only. The research produced operating cost predictions with the key 

assumption that they operated like Dallas Area Rapid Transit. This was a major limitation 

for the application for a larger array of systems as O&M environments varied 

dramatically between different LRT systems. 

Previous models did not look at marginal operating costs and it was useful as a form of 

sensitivity analysis to simulate operating conditions at various points in time. By having 

the ability to forecast operating costs at various timeframes and under a variety of 

different potential operating scenarios, this helped inform transit agencies if LRT 

technology was best suited for the region. From a practical standpoint, this allowed for 

the development of multi-year cash flow operating estimates derived from reviewing a 

range of potential future options. This praxis incorporated the ability to give transit 



28 

 

agencies a holistic and comprehensive picture of the future financial obligations required 

to keep the system operating and in a state of good repair. 

Hsu (2013) proposed a cost estimating model by averaging high-low ranges of unit-cost 

estimates from a select group of major cost drivers based on historical data from nine 

systems. Unlike the industry used unit-cost method that detailed breakdown of costs, the 

proposed model used only eight cost categories including dollars per vehicle-mile, dollars 

per vehicle-hour, dollars per route-mile, roundtrip travel time, peak headway, operating 

time, cars per train, and route length during maximum service.  

Using the built model against an independent test set of six LRT systems in different U.S. 

cities, the model computed a high-low range for operating costs based on historical 

maximum and minimum unit costs from time-series data. By averaging the high-low 

results, Hsu (2013) found the error ranged from -13% to +1% with an absolute error of 

8.2%. 

The primary research application for Hsu’s method was to develop a cost-estimating 

method to compare capital and operating costs between different types of public transport 

systems, namely, Bus Rapid Transit and LRT. So long as there was available information 

for the predictor inputs, this methodology was a simplified method compared to the unit-

cost estimate method from utilizing only eight cost categories. This helped transit 

agencies to evaluate and compare which system may be most suitable for the region. 

Although the model provided a simplified tool using fewer variables and proven to 

generate more accurate results than the conventional method, the predictor variables 

needed information for future passenger demand and volumes. These were generally 
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unavailable to transit agencies at the early planning stages of a new LRT system. 

Additionally, deriving unit costs for vehicle-mile, vehicle-hour, and route mile at the time 

of planning was difficult due to the many external variables that needed to be considered. 

Therefore, this praxis developed a model that did not rely on information related to unit-

costs, passenger demand and volumes as inputs. Additionally, the study relied on results 

from exploring correlations in six select LRT test systems and so had not proven to be 

generally replicable and applicable for LRT systems at large within the United States.  

Dutta & Zhong (2016) developed an estimation model based on MLR analysis for 

understanding the relationship between operating expenditures and an assortment of 

predictor variables. System attributes used as predictor variables included route miles, 

train hours, car miles, and vehicles at peak hours (Dutta & Zhong, 2016).  

Dutta & Zhong’s cost predictive model was easy to use due to the limited amount of 

system attributes needed for the calculation. However, the predictor variables were 

generally not available at the planning stages. Input attributes such as train hours, and 

vehicles at peak hours were generally not easily determined without a better 

understanding of detailed engineering of infrastructure, specifications of rolling stock, or 

determination of final operating regime. This praxis’ approach to developing planning 

level operating expenditure estimates was to utilize cost components that were easily 

accessible with minimum level of engineering detail. 

Dutta & Zhong’s trained model was based on 12 select existing operational LRT systems 

that had been implemented within the last 10 years of the study publication. In the case of 

the United States where the higher O&M costs stemmed from larger systems built in the 
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20th century, the model was not applicable for the older segment of LRT systems. This 

praxis bridged this gap by including older systems into the trained model. In addition, the 

limited training set which the model was based on raised questions about its general 

effectiveness to predict and forecast operating expenditures for LRT systems across 

geographical, economical and time-scale divides. 

Separate attribute data from five LRT systems in 2009 were used as test input into Dutta 

& Zhong’s model. The results from the independent test set showed disagreement 

between the predicted and actual O&M costs in the range of -16% to +31% with an 

average absolute error of 19.6%. Therefore, the praxis expanded on the model's use of 

MLR analysis for computing operating expenditures by use of a larger sample of existing 

LRT systems (22 systems between 2008 to 2018) to increase prediction accuracy. 

Harmatuck (2008) approached the operating cost model by incorporating passenger-

related attributes (passenger trips, trip length) in addition to system attributes (vehicle 

hours, speed, labour and energy prices, directional route miles, and vehicles at peak 

service). This approach was different from the models by Bruun (2005) and Dutta & 

Zhong (2016) due to the added dimension of passenger driven elements and was also 

based on the entire time-series dataset from 21 LRT systems between 1994 and 2005 

which was the largest dataset used compared to all previous research for this application. 

The results showed that passenger-related attributes such as passenger trips and trip 

length were significant in the prediction of the model response. Harmatuck concluded 

that there was a correlation between operating costs and passenger trips and trip length. 

However, similar to results from Hsu (2013), attributes that required information about 
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future passenger volumes and demands were difficult to estimate to inform operating cost 

predictions at the planning stage. This praxis expanded on Harmatuck's model by 

incorporating significant geographic and socio-economic attributes in addition to LRT-

system attributes. It was envisaged that by accounting for these significant predictors, that 

it considered localized geographical, market, financial, and economic conditions tied to 

cost drivers of LRT OPEX. 

The results were not verified with actual operating expenditures experienced for systems 

in operations. This praxis validated prediction results by comparing predicted results 

against actual operating data from 30% of the total data for a selection of 22 LRT systems 

located in different U.S. economic regions (Far West, Mideast, Southwest, Southeast, 

New England, Great Lakes, Plains, and Rocky Mountain) between 2008 and 2018. 

Haramatuck explored the use of three other estimation methods outside of MLR, namely: 

least-squares dummy variable, maximum likelihood stochastic frontier, and hierarchical 

Bayesian frontier. There were advantages and disadvantages with each of the different 

methods. Each operated with a different set of assumptions and therefore were not 

directly applicable for every set of input variable. The study's results highlighted that 

MLR analysis allowed the flexibility to add significant variables but produced highly 

biased results if inputs were combined inefficiently. The maximum likelihood stochastic 

frontier and hierarchical Bayesian frontier models were objective and produced unbiased 

results unlike MLR and least-squares dummy variable method but required specialized 

algorithm and training.  
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As an extension to Haramatuck’s study comparing requirements and prediction accuracy 

between MLR analysis with other statistical methods, this praxis extended this practice 

by exploring applicability and usability of machine learning algorithms. In the practice of 

predicting operating expenditures for new LRT systems, the literature review concluded 

that no research had been conducted in the past using machine learning, big data, 

artificial intelligence or deep learning. Just as Haramatuck had highlighted how different 

methods operated with different sets of assumptions and parameters, this praxis 

showcased the theoretical knowledge and associated advantages and disadvantages of 

each machine learning algorithm in this application based on the provided dataset. 

There was limited research in developing cost prediction models for light rail operating 

costs outside of the United States. Chen et al. (2009) explored a life-cycle cost analysis 

approach for heavy rail transit lines for five urban systems across China. The annual 

operation and maintenance expenses were categorized as energy consumption, repairs, 

depreciation, and other expenses. Chen et al. (2009) used a total cost model based on the 

present value sum approach. The operation cost component was one of several major cost 

components (e.g. capital, planning, scrap cost components) and considered energy 

consumption cost under a 20-year lifecycle with an 8% discount rate assumption. 

Chen et al.'s model required energy consumption demand to develop an operating cost 

estimate. However, using one attribute to determine more than 20 years of operating cost 

forecast was not sufficient to produce accurate forecasts. Rather than relying solely on 

energy consumption attributes, this praxis expanded on Chen's research by taking into 

consideration additional attributes. However, Chen’s model touched on an important 

aspect of time value of money which needed to be considered to ensure calibration of 
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data from different points in time. This praxis utilized this type of calibration through 

conversion to net present value. 

Kim, Kim, Lee, Han, Kim, & Jun (2010) stated that producing accurate operating cost 

estimates during planning in South Korea was impossible. The study proposed a lifecycle 

cost analysis for new LRT systems in South Korea. The operating and maintenance cost 

components were categorized as station, train, and system. Since there were no LRT 

systems in South Korea as it was still in the stage of early emergence, the operating cost 

estimate was based on a factored approach applied to these cost components at the 

planning phase. 

The model by Kim et al. (2010) was significant in South Korea because it provided a 

systematic approach to exploring lifecycle cost in a manner that supported early stage 

decision making. With the same goal, this praxis produced a predictive model that was 

better able to inform decisions at planning stage based on exact and unbiased 

mathematical and statistical rigour, and a systematic approach. 

2.7 Summary 

This literature review provided the historical backdrop and evolution of LRT systems in 

the United States. It also provided a summary of the current state of practice and research 

that formed the basis for this praxis in the upcoming chapters. The development of 

accurate operating cost prediction models at the planning stage is important and the 

review highlighted how this core element plays a vital role in the overall evaluation and 

decision-making process for new LRT systems. The literature review showed that this 
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research was necessary to provide an easy to use and accurate predictive model based on 

objective and systematic approaches.  

The literature review of existing practices using the unit-cost method highlighted there 

were gaps leading to inaccurate results of up to 45%. This led to the rise of research 

endeavours to resolve inaccuracies by developing cost estimating methods based on 

traditional statistical tools. The review showed that although sound and meticulous efforts 

had been made to reduce errors, traditional statistical methods such as MLR inherently 

had limitations based on specific assumptions and operating parameters. Some of the 

limitations included the need for normality of residuals, homoscedasticity, and the 

absence of multicollinearity as examples. Although having shown evidence of higher 

average accuracy compared to the unit-cost method, the validated prediction error for 

regression-based methods were in the range of -19% and +31%. 

The goal of this research was to increase prediction accuracy and subsequentially reduce 

total model error. MLR analysis was further explored and expanded upon in this research 

by considering additional geographic, and socio-economic attributes with information 

easily determined at the planning stages of an LRT project.  

This research also supported the need for additional research for development of 

predictive models using alternate approaches. With the emergence of big data and 

heightened advances in machine learning, the accuracy of predictions can be increased by 

using machine learning methods (Bratsas et al., 2019). Therefore, various machine 

learning algorithms were utilized to develop a predictive model that was more reliable 

and accurate than all other methods used to date. 
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Chapter 3 – Methodology 

The purpose of this praxis was to develop a more accurate operating expenditure 

prediction model using MLR analysis and machine learning techniques with additional 

attribute types. To achieve this goal, the research was divided into two primary 

components: (1) identify significant variables and (2) assess accuracy prediction of an 

independent test set between MLR and machine learning methods.  

In order to conduct the analysis, the techniques required extensive data collection, 

preparation, and assessment. This chapter summarizes the data sources, samples collected 

for training and testing sets, data preparation and calibration, and the theoretical 

backgrounds for each analytical model. Evaluation metrics between models are discussed 

at the end of the chapter. 

3.1 Data Source and Selection 

This section describes the collection and compilation of data from various sources, 

specifically, the U.S. Federal Transit Administration (FTA) National Transit Database 

(NTD), U.S. Bureau of Economic Analysis (BEA), and U.S. Census Bureau databases. 

3.1.1 Federal Transit Administration – National Transit Database 

Starting in 1974 through the National Mass Transit Act approved by the U.S. Congress, 

all transit agencies that received public transportation program funding were required to 

provide annual reporting to the National Transit Database. The NTD is a repository of 

data consisting of financial, operating, and asset conditions of each transit system and can 
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show patterns and trends through time-series dataset. Based on the 2008 to 2018 dataset, 

the following 22 LRT systems were used for the purpose of this praxis: 

1. Baltimore: Maryland Transit Administration  

2. Boston: Massachusetts Bay Transportation Authority  

3. Buffalo: Niagara Frontier Transportation Authority  

4. Charlotte: Charlotte Area Transit System  

5. Cleveland: The Greater Cleveland Regional Transit Authority  

6. Dallas: Dallas Area Rapid Transit  

7. Denver: Denver Regional Transportation District  

8. Hampton: Transportation District Commission of Hampton Roads  

9. Houston: Metropolitan Transit Authority of Harris County, Texas  

10. Los Angeles: Los Angeles County Metropolitan Transportation Authority  

11. Minneapolis: Metro Transit  

12. Newark: New Jersey Transit Corporation  

13. Phoenix: Valley Metro Rail 

14. Pittsburgh: Port Authority of Allegheny County  

15. Portland: Tri-County Metropolitan Transportation District of Oregon  

16. Sacramento: Sacramento Regional Transit District  

17. Salt Lake City: Utah Transit Authority  

18. San Diego: San Diego Metropolitan Transit System  

19. San Francisco: San Francisco Municipal Transportation Agency  

20. San Jose: Santa Clara Valley Transportation Authority  

21. Seattle: Central Puget Sound Regional Transit Authority  
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22. St. Louis: Bi-State Development Agency of the Missouri-Illinois Metropolitan 

District  

Using Google Maps, Figure 3.1 maps out the 22 LRT systems in the United States used 

for this research. The mapping shows that there was coverage of LRT systems across all 

major regions within the country. 

 

Figure 3.1 – Mapping of LRT Systems in the United States (Google, 2020) 

In order to ensure that the reporting was consistent between years and reporting agencies, 

a standard format was developed and utilized in the submission of annual updates to the 

NTD. American transit agencies submit this yearly information through an online portal 

with specific reporting modules. A list of annual reporting module forms with description 

and required inputs for 2018 are included in Table 3.1 (Federal Transit Administration, 

2019).  
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Table 3.1 – FTA Annual Reporting Module Form 

Module Forms Description Required Inputs 

Identification 

Form 

Summary of general transit 

agency information. 

Geographical and demographic 

information. 

Contractual 

Relationship Form 

Summary of all operations 

that are either directly owned 

or through third parties. 

Mode of service and contract 

relationship (directly 

owned/operated) or through third 

party, contract cost and expenses. 

Sources of Funds Summary of all funding 

sources. 

Funding sources breakdown by 

directly generated funds, directly 

generated dedicated funds, local 

government, state government, 

federal funds, and non-added 

revenues. 

Uses of Capital 

Form 

Summary of costs for capital 

works such as rehabilitation, 

expansion, state of good 

repair and other non-

operating works. 

Cost breakdown for capital 

projects into guideway, passenger 

stations, administrative buildings, 

maintenance buildings, revenue 

vehicles, service vehicles, fare 

collection equipment, 

communication, and information 

systems, and other capital 

expenses. 

Operating 

Expenses Form 

Summary of operating 

expenses breakdown by 

functions. 

Operating costs breakdown into 

labour costs, services, materials 

and supplies, utilities, casualty 

and liability, taxes, and 

miscellaneous costs. 

Statement of 

Finances Form 

Summary of agency financial 

statement based on standard 

accounting practices. 

Financial statement information 

with current assets, and liabilities. 

Stations and 

Maintenance 

Facilities Form 

Summary of stations and 

maintenance facilities. 

Total of passenger stations that 

are accessible and non-accessible, 

number of elevators and 

escalators, and total number of 

maintenance facilities based on 

size. 
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Transit Asset 

Management 

Facilities Form 

Summary of total transit 

asset management facilities 

including stations, 

maintenance facilities, 

inventory storage facilities, 

parking facilities, and others. 

List all facilities, addresses, year 

built, and condition assessment. 

Transit Way 

Mileage Form 

Summary of transit 

guideway, power, and signal 

and track elements. 

Linear miles, total track miles, 

expected service years and 

percent agency capital 

responsibility of all guideway, 

busway, and other infrastructural 

elements. 

Revenue Vehicle 

Inventory Form 

Summary of revenue 

generating fleet assets such 

as passenger vehicles. 

Information of each fleet 

including vehicle type, total 

vehicle, ownership type, funding 

type, model, length, seating 

capacity, year manufactured, year 

built and rebuilt, and miles at 

current year and average lifetime 

miles. 

Service Vehicle 

Inventory Form 

Summary of service vehicle 

inventory which are vehicles 

not directly responsible for 

transit service. This could 

include track maintenance 

vehicles, and others. 

List service vehicle fleet including 

vehicle type, total vehicles, useful 

life, year manufactured, and 

rebuilt. 

Transit Asset 

Management 

Performance 

Measurement 

Target Form 

Summary of key 

performance indicators 

comparing target % vs. 

actual %. Outlines next year 

target % for each service 

type (e.g. Bus, Light Rail, 

etc). 

Outline current year actual 

performance %. Outline next year 

target performance %. 

Service Form Summary of total transit 

service. 

List out each service type (e.g. 

bus, light rail) and input ridership, 

periods of service, vehicles 

available for annual maximum 

service, total services operated in 

days, and others. 

Employees Form Summary of total staff 

employed. 

Include work hours, and count for 

full time/part time employees 
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based on functions such as vehicle 

operations, vehicle maintenance, 

facility maintenance, and general 

administration. 

Maintenance 

Performance Form 

Summary of maintenance 

performance by mode and 

service type. 

List out the number of major 

failures, preventative failures and 

others by different modes such as 

bus or light rail, etc. 

Federal Funding 

Allocation 

Statistics Form 

Summary of how federal 

funding was allocated to 

different functions and 

services. 

List each mode and service with 

% of allocated federal funding. 

CEO Certification 

Form 

CEO endorsement that the 

submission is accurate and 

complete in compliance with 

FTA submission guidelines. 

 

 

An example of the Operating Expense Form submitted by the Tri-County Metropolitan 

Transportation District of Oregon for the 2018 annual submission is shown in Figure 3.2.

 

Figure 3.2 – Operating Expense Form for 2018 (Federal Transit Administration, 2019) 
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The NTD annual reporting was due based on the agency’s fiscal year end date (Federal 

Transit Administration, 2017). All submissions for the prior year were finalized and 

submitted by the following July. The FTA reviewed for accuracy and summarized all the 

submitted data to prepare a comprehensive final report in the following December. For 

example, all 2018 submissions were submitted by July 2019 with the final dataset along 

with the annual FTA report released in December 2019. At the time of writing of this 

praxis, the most up to date publicly released dataset was for 2018. 

The datasets were released in Microsoft Excel format categorized by module forms 

consisting of submissions from all applicable transit agencies. For example, the 

Operating Expense datasheet included all systems along with cost categories of operating 

expenses as shown in Figure 3.3. 

 

Figure 3.3 – Operating Expense by Transit Agency and Functions for 2018 

An extensive compilation effort to collect all select attributes from various forms and 

different years was conducted. Ten predictor variables (excluding operating expenditures 
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as it was the response variable) from NTD were used for the research. Table 3.2 provides 

the predictor variables explored in this praxis and the associated NTD data form sources. 

Table 3.2 – NTD Source of Select Predictor Variables 

Predictor Variables for Praxis NTD Module Source 

Service Area Identification Form 

Operating Expenditures (Response) Operating Expenses Form 

System Age Operating Expenses Form 

Track Length Transit Way Mileage Form 

Number of Stations Transit Asset Management Facilities Form 

Number of Maintenance Facilities Transit Asset Management Facilities Form 

Number of Vehicles Revenue Vehicle Inventory Form 

Average Vehicle Length Revenue Vehicle Inventory Form 

Average Typical Weekday Hours Service Form 

Average Age of Fleet Revenue Vehicle Inventory Form 

Average Miles per Vehicles Revenue Vehicle Inventory Form 

3.1.2 United States Bureau of Economic Analysis Database 

Two additional variables, State Gross Domestic Product (GDP) and U.S. Economic 

Region, were collected from the United State Bureau of Economic Analysis (BEA) 

Database.  

State GDP is a socio-economic indicator and was collected for each system in the state 

where the transit agency resided from the Bureau of Economic Analysis database (Bureau 

of Economic Analysis, 2019). 
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The BEA categorized states by geographical regions for the comparison of economic 

purposes as shown in Figure 3.4. The regions in the United States were: New England, 

Mideast, Great Lakes, Plains, Southeast, Southwest, Rocky Mountain, and Far West. This 

praxis used these economic regions for where the LRT system resided as another 

predictor variable for the purpose of this research (Refer to Table 3.3). 

 

Figure 3.4 – U.S. Economic Region (Bureau of Economic Analysis, 2019) 

3.1.3 United States Census Bureau 

Two additional variables were collected or derived from the United States Census Bureau 

- Population and Metropolitan Density.  

Population by county from the U.S. Census Bureau database was used to equate the total 

population served for each LRT system (U.S. Census Bureau, 2019). Table 3.3 details the 

relevant counties that were served by each of the 22 transit agencies with LRT 
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technologies. By adding the population of all the counties that each LRT system served, a 

total service population for each transit agency was calculated and used as a predictor 

variable. 

Metropolitan Density was calculated by dividing Population with Service Area gathered 

from the NTD. 

Table 3.3 – Transit Agency by County and Economic Region 

 
Transit Agency Counties Served U.S. 

Economic 

Region 

1 Baltimore: Maryland Transit 

Administration  

All countries in the 

state of Maryland 

Mideast 

2 Boston: Massachusetts Bay 

Transportation Authority  

Suffolk New England 

3 Buffalo: Niagara Frontier Transportation 

Authority  

Erie Mideast 

4 Charlotte: Charlotte Area Transit 

System  

Mecklenburg County  

Cabarrus, SC 

Gaston, SC 

Union, SC 

York, SC 

Southeast 

5 Cleveland: The Greater Cleveland 

Regional Transit Authority  

Cuyahoga Great Lakes 

6 Dallas: Dallas Area Rapid Transit  Dallas 

Tarrant  

Collin 

Southwest 

7 Denver: Denver Regional Transportation 

District  

Boulder 

Broomfield 

Denver  

Jefferson 

Adams, CO 

Arapahoe, CO 

Douglas, CO 

Rocky 

Mountain 
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Weld, CO 

8 Hampton: Transportation District 

Commission of Hampton Roads  

City of Hampton, 

Virginia 

Southeast 

9 Houston: Metropolitan Transit Authority 

of Harris County, Texas  

Harris  Southwest 

10 Los Angeles: Los Angeles County 

Metropolitan Transportation Authority  

Los Angeles Far West 

11 Minneapolis: Metro Transit  Hennepin 

Ramse 

Dakota 

Anoka 

Washington 

Scott 

Carver 

Wright 

Sherburne 

Chisago 

Isanti 

Le Sueur 

Mille Lacs 

Sibley 

Sterns 

Benton 

Rice 

Goodhue 

McLeod 

Pierce, WI 

St. Croix, WI. 

Plains 

12 Newark: New Jersey Transit 

Corporation  

New Jersey 

Orange, NY 

Rockland, NY 

Mideast 

13 Phoenix: Valley Metro Rail Maricopa Southwest 

14 Pittsburgh: Port Authority of Allegheny 

County  

Allegheny Midwest 

15 Portland: Tri-County Metropolitan 

Transportation District of Oregon  

Multnomah  

Clackamas 

Far West 

16 Sacramento: Sacramento Regional 

Transit District  

Sacramento Far West 
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17 Salt Lake City: Utah Transit Authority  Box Elder 

Davis 

Salt Lake 

Summit 

Tooele 

Utah 

Weber 

Rocky 

Mountain 

18 San Diego: San Diego Metropolitan 

Transit System  

San Diego Far West 

19 San Francisco: San Francisco Municipal 

Transportation Agency  

San Francisco Far West 

20 San Jose: Santa Clara Valley 

Transportation Authority  

Santa Clara Far West 

21 Seattle: Central Puget Sound Regional 

Transit Authority  

King 

Pierce 

Snohomish 

Far West 

22 St. Louis: Bi-State Development Agency 

of the Missouri-Illinois Metropolitan 

District 

St. Louis,  

St. Charles 

Jefferson 

Plains 

3.2 Sample Size  

Data collected from various spreadsheets and sources were combined into a single 

Microsoft Excel document as an input into statistical and machine learning analysis 

software. Refer to Appendix A for the total dataset.  The 14 predictor variables are: 

1. Economic Region: Geographic regions defined by the Bureau of Economic 

Analysis for economic comparison purposes (Bureau of Economic Analysis, 

2019). Each system resided in one of the following regions: New England, 

Mideast, Great Lakes, Plains, Southeast, Southwest, Rocky Mountain, and Far 

West.  
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2. Service Area: Measure of transit access in terms of area coverage measured in 

square miles. 

3. Population Served: Measure of transit access in terms of population within the 

Service Area. 

4. Metropolitan Density: Measure of transit access by dividing Population with 

Service Area.  

5. State GDP: Gross Domestic Product of U.S. State for which the transit system 

resided adjusted to 2020 U.S. dollars. 

6. System Age: Service years relative to the year 2020 measured from the inception 

of transit service. 

7. Total Track Length: Length of LRT track (one pair of rails) multiplied by 

number of directions measured in miles (e.g. multiple by 2 for two-directional 

trackway). 

8. Number of Stations: Total number of LRT stations.  

9. Number of Maintenance Facilities: Total number of LRT facilities supporting 

routine, preventative and heavy maintenance. 

10. Total Vehicles: Total number of LRT passenger carrying vehicles not including 

maintenance support vehicles. 

11. Average Vehicle Length: Average length of LRT vehicles not including 

maintenance support vehicles measured in feet. 

12. Average Age of Fleet: Average age of LRT vehicles in operations not including 

maintenance support vehicles measured in years. 
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13. Typical Weekday Service Hours: Typical weekday hours where LRT is in 

public service measured in hours. 

14. Average Miles per Vehicle: Average miles of LRT vehicles during all years of 

operation up to the reporting year.  

3.3 Data Preparation 

The state GDP between 2008 to 2018 was in 2009 or 2012 U.S. dollars while operating 

costs were valued in the same year that it was collected. In order to compare costs 

consistently between systems in different years for the analysis and account for the time 

value of money, costs data were normalized and converted to 2020 dollars using 

construction industry estimating standards from RSMeans. The 2020 RSMeans Historical 

Cost Index is shown in Figure 3.5.  

 

Figure 3.5 – RSMeans Historical Cost Index (RSMeans, 2020) 
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Time adjustments using the historical cost indexes was done using the following formula: 

𝐼𝑛𝑑𝑒𝑥 𝑓𝑜𝑟 𝑌𝑒𝑎𝑟 2020

𝐼𝑛𝑑𝑒𝑥 𝑓𝑜𝑟 𝑌𝑒𝑎𝑟 𝐴
×  𝐶𝑜𝑠𝑡 𝑓𝑜𝑟 𝑌𝑒𝑎𝑟 𝐴 = 𝐶𝑜𝑠𝑡 𝑓𝑜𝑟 𝑌𝑒𝑎𝑟 2020    (Eq. 3.1) 

where:  

 𝑌𝑒𝑎𝑟 𝐴 = 𝑌𝑒𝑎𝑟 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑑𝑎𝑡𝑎 𝑖𝑠 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 

For example: to convert operating costs from Massachusetts Bay Transportation 

Authority in Year 2008 ($126,158,689 dollars in thousands) to Year 2020 dollars in 

thousands: 

𝐶𝑜𝑠𝑡 𝑓𝑜𝑟 𝑌𝑒𝑎𝑟 2020 =
𝐼𝑛𝑑𝑒𝑥 𝑓𝑜𝑟 2020

𝐼𝑛𝑑𝑒𝑥 𝑓𝑜𝑟 2008
×  𝐶𝑜𝑠𝑡 𝑓𝑜𝑟 2008 

100

75.4
×  $126,158,689 = $167,319,216 

3.4 Model Selection 

There is no "one size fits all" approach for predictive modelling that works best for every 

problem (Bratsas et al., 2019). One study predicted shrub cover fractions in a specific 

study area using Support Vector Regression, Random Forest, and Partial Least Squares 

showed that Support Vector Regression outperformed the others based root mean square 

error (Schwieder et al., 2014). Another study attempted to predict stock market indexes 

using Artificial Neural Network, Random Forest, and Support Vector Regression showed 

that a Support Vector Regression-Artificial Neural Network hybrid approach had the best 

overall prediction performance (Patel et al, 2015). Often times, the best method generally 

depended on the problem being solved, and size, type, and structure of the dataset.  
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MLR and machine learning algorithms were used as the basis for developing a more 

accurate predictive model for LRT operating expenditures at the planning stage. The 

machine learning techniques used include Artificial Neural Network (ANN), k Nearest 

Neighbour (kNN), Random Forest (RF), and Support Vector Regression (SVR). 

The primary tool selected for use in this praxis for MLR analysis was Minitab. Machine 

learning analysis utilized the Waikato Environment for Knowledge Analysis (WEKA) 

software. These software tools had been selected due to the lower computational 

requirements and a user-friendly graphical interface for inputs and outputs. 

There was a total of 237 line-items in the dataset which was randomly categorized into 

training and testing sets using a 70% and 30% split respectively. The training set was 

used to build or "train" the model while the test set was used for independent model error 

validation purposes. By testing data not included in the training process, an unbiased 

evaluation of prediction accuracy was assessed. The same training and testing sets were 

utilized for all methods so the accuracy of prediction for the test set could be compared 

between employed techniques. 

3.4.1 Multiple Linear Regression 

MLR models the relationship between a continuous response variable (operating 

expenditures) to a group of predictor variables (Minitab, 2019). The predictor variables 

are either categorical or numerical values. The optimal relationship is based on fitting the 

best fitted hyperplane to the observed data that minimizes the errors. The errors are 

measured by the sum of squared residuals based on squaring the distance between the 

observed data to the hyperplane to keep the value positive. This "goodness-of-fit" is 
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quantified using R2 which is the percentage of variation of the response explained by the 

model (Minitab, 2019).  

There are data considerations for the results to be valid. These include predicting a 

continuous response variable, normality of residuals, homoscedasticity, and the absence 

of multicollinearity between predictor variables. A stepwise selection procedure was 

utilized for the research to reduce the number of predictor variables to account only for 

those that were statistically significant and minimizes multicollinearity between them.  

This praxis used p-values to determine if the association between the response variable 

and each predictor variable was statistically significant. As an industry standard and 

based on other studies on public transit, the significance level of 0.05 was selected to 

conduct this assessment (Ongwandee & Chavalparit, 2010; MacDonald et al., 2010; Cao 

& Schoner, 2014). When the p-value of a predictor was equal to or less than the 

significance level of 0.05, it was concluded that a significant association between the 

predictor and response variables was present. When the p-value of a predictor was greater 

than the significance level of 0.05, then we concluded that the predictor was not 

statistically significant and was removed from the model in the stepwise variable 

selection process (Minitab, 2019).  

The variance inflation factor (VIF) is a measure of multicollinearity between predictors. 

Common industry practices where VIF is equal to or greater than 10 suggested that there 

existed collinearity in the model (Garcia et al., 2013). Data multicollinearity is a problem 

in regression because it reduces the precision and overall performance of the model when 

variables are not independent from one another. When VIF value was higher than 10 in 
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the research model, the predictor variable was removed from the model to minimize 

multicollinearity between input variables. 

3.4.2 Artificial Neural Network 

ANN is a machine learning technique that utilizes network architecture consisting of 

multiple layers to approximate the relationship between input and output data. The layers 

are generally categorized as the input layer, hidden layer(s), and the output layer. These 

are subsequently connected, and the input layer and hidden layers consists of a set 

number of nodes determined at the onset of the modelling. This configuration allows 

ANN to generalize problems well and accommodate nonlinear problems. As the input 

data is pushed through the feedforward process, the algorithm combines the dot product 

of each layer with the weights of the previous layer to calculate some values until it 

reaches the final node in the output layer (Bratsas et al., 2019). The final predictive 

output is compared with the actual value and the error is backpropagated through the 

layers to determine each node's error contribution. This backpropagation algorithm 

evaluates the minimum value in the loss function using stochastic gradient descent where 

weights are then updated throughout the neural network until the error is minimized 

resulting in the final model configuration (Bratsas et al., 2019).  

The learning rate is a key model attribute that controls model change rate before weights 

are updated during the stochastic gradient descent optimization process. For this research, 

it was important to select an optimal learning rate to allow the network to converge to a 

solution balancing slow learning speeds and possibility of overshooting (Sulaiman et al., 

2009). 
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Due to the potential complex nature of this machine learning algorithm, it generally 

performs better with relatively larger datasets with more features. Although it is 

computationally intensive leading to low training speeds, the prediction of test data is 

generally much faster because the stochastic gradient descent process generally takes 

fewer steps to update the model leading to faster predictions. Dependent on the 

complexity of the trained model, this method has a tendency to overfit as it attempts to 

learn more complex relationships in the data. Several methods can be mobilized to avoid 

this which includes early stopping of updating weights when errors increase. Another 

means of reducing overfitting in ANN comes in the form of parameter regularization by 

shrinking or imposing a penalty on high predictor coefficients. Both of these are done 

automatically in WEKA as part of the optimization process.  

Parameter tuning is important to optimize result accuracy for ANN. Different 

combinations of model learning speeds, and the numbers of nodes and input and hidden 

layers were tested to select the configuration producing the least error in the final 

prediction results. 

3.4.3 k Nearest Neighbour 

kNN is a machine learning algorithm and works by pooling and averaging the values of k 

nearest data points to predict new observations. The research mapped out data from the 

training set then made predictions for operating expenditures from the test set based on 

local proximity of nearest neighbours. Different values of k were explored to understand 

the optimal value to generate the best prediction results for the test set. 
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kNN operates on the basis of feature similarity so it can be sensitive to inaccurate or 

irrelevant features (Imandoust, & Bolandraftar, 2013). Considered a "lazy" learning, the 

kNN algorithm stores the training data and does not begin training until testing data is 

received. This means that training time is relatively fast, but testing can be slow 

depending on the value of k. When datasets are relatively large with higher dimensions, 

this method can suffer from the "curse of dimensionality" due to the intensive 

computational and memory requirements for storing and processing the associated 

amounts of data (Tomasev & Mladenic, 2014). 

An important aspect is to define how measurements of distance is calculated. Although 

there are many methods for the distance function, commonly utilized techniques include 

the Euclidean Distance and Manhattan Distance methods which were utilized in this 

research (Imandoust, & Bolandraftar, 2013). The Euclidean Distance method calculates 

distance between two vectors by the square root of the sum of the squared absolute 

differences between them shown in Equation 3.2 (Malik & Baharudin, 2012). 

𝑑(𝑝, 𝑞) = √∑ (𝑞𝑖 − 𝑝𝑖)2𝑛
𝑖=1           (Eq. 3.2) 

The Manhattan Distance method, also referred to as the "City block distance method", 

comprise of the absolute sum of the vector differences described by Equation 3.3. 

𝑑(𝑝, 𝑞) =  ∑ |𝑝𝑖 − 𝑞𝑖|
𝑛
𝑖=1               (Eq. 3.3) 

Another important model parameter is whether to weigh the contributions of neighbours. 

Known as “distance weighting,” the algorithm gives more consideration to neighbours 
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closest to the query point and less for those further away. Different methods of distance 

weighting in the application of this research were explored using either: 

𝑤𝑖 =
1

𝑑𝑖
                    (Eq. 3.4) 

𝑤𝑖 = 1 − 𝑑𝑖            (Eq. 3.5) 

Note that for1-di in WEKA, the distances are calibrated in the [0,1] range. 

Once the weights of the neighbours are calculated using the respective distance weighting 

formula, the refinement of the kNN regression algorithm that considers the weights of the 

contribution of each k neighbours according to the distance to the query point xq is given 

by: 

𝐹(𝑥𝑞) =
∑ 𝑤𝑖𝑓(𝑥𝑖)𝑘

𝑖=1

∑ 𝑤𝑖
𝑘
𝑖=1

       (Eq. 3.6) 

3.4.4 Random Forest 

RF is an ensemble machine learning technique by combining and averaging the results 

from multiple decision trees. Randomly selected dataset with replacement from the 

training set, also known as the bootstrapped dataset, is used and a random subset of that is 

used at each step to grow a decision tree. To predict new observations from the test set, 

each case is funnelled through each decision tree. The results are aggregated and 

averaged to produce the test prediction. Results from an individual decision tree tend to 

overfit the training data leading to poor accuracy for prediction of new data. By 

averaging multiple decision trees, RF has the added ability to improve flexibility and 

accuracy while reducing overfitting issues. 
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Due to the random nature of the decision process, RF is considered a "black box" method 

because it is difficult to gain a full understanding behind the specific rationale and logic 

creating decision trees (Zhang & Wang, 2009). This also means relatively lower training 

and prediction speeds compared to other machine learning-based algorithms. However, 

the advantages by using combinations of a variety of decision trees is that it handles 

irrelevant features without overfitting and have relatively high prediction accuracy (Pal, 

2005; Zhang & Wang, 2009) 

3.4.5 Support Vector Regression 

SVR is a machine learning technique that is an extension of the linear regression model 

but allows for nonlinearity within tolerances of error to a certain degree in order to 

determine a suitable hyperplane that minimizes the total model error. The tolerance for 

error is denoted as ε and any data points that lies between the boundary of +/- ε is not 

penalized in the training loss function (Chen et al., 2005). Data that falls outside this 

range are known as support vectors in regression problems. The deviation away from ε 

for data that falls outside of these bounds are denoted as ξ. This is combined with the cost 

parameter (C) to form the loss function which penalizes errors outside of ε.  

SVR models nonlinearity in higher dimensions using various kernel functions. This can 

be in the form of polynomial, radial basis function (RBF), or others to help expand the 

feature space to approximate linear separation (Bratsas et al., 2019). The polynomial 

kernel function was used for the purpose of the research. The kernel function calculates 

dimensional relationships between data without explicitly mapping the data to the higher 

dimension (Gopi & Palanisamy, 2014). Also known as the "kernel trick", this technique 
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allows SVR to be effective with higher dimensional space calculations and remain less 

computationally intensive. 

Many different combinations of the Cost Parameter and degrees for the polynomial 

kernel function were evaluated to determine the best SVR model that reduced total error 

in the test set. It is generally stated that higher values of the Cost Parameter and Degrees 

of Polynomial results in slower training and testing speeds due to the calculations 

required. Additionally, higher degrees of polynomial tend to overfit the training data as it 

considers greater details of boundary conditions. While lower degrees of polynomial have 

the opposite effect which generally results in underfitting the problem, the key goal was 

to find the right balance to derive the optimal degree of polynomial. 

3.5 Measuring Prediction Accuracy between Models 

The optimized configuration for each method that generated the highest accuracy was 

subsequently compared against each other on the basis of several metrics based on the 

independent test set. The metrics used were the following: 

• Coefficient of Determination or R Squared (R2) measures the degree for 

which the response explains the predictor variables. It is generally defined 

by: 

𝑅2 = 1 −
𝑆𝑆𝑅𝑒𝑠

𝑆𝑆𝑡𝑜𝑡
= 1 −

∑ (𝑓𝑖−𝑓̅)2
𝑖

∑ (𝑓𝑖−𝑦𝑖)2
𝑖

                                   (Eq. 3.7) 

where: 

𝑓𝑖 = 𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝑑𝑎𝑡𝑎 𝑣𝑎𝑙𝑢𝑒 𝑎𝑡 𝑖 

𝑓̅ = 𝑚𝑒𝑎𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝑑𝑎𝑡𝑎 𝑠𝑒𝑡 
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𝑦𝑖 = 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 𝑣𝑎𝑙𝑢𝑒 𝑎𝑡 𝑖 

• Mean Absolute Error (MAE) is the average of the summation of the 

absolute difference between the predicted value y and actual value 𝑦̂. 

𝑀𝐴𝐸 =
1

𝑛
∑ |𝑦𝑖 − 𝑦̂𝑖|                                                             𝑛

𝑖=1 (Eq. 3.8) 

• Root Mean Squared Error (RMSE) is the square root of the average 

summation of the squared difference between the predicted value y and 

actual value 𝑦̂. 

𝑅𝑀𝑆𝐸 = √
1

𝑛
∑ (𝑦𝑖 − 𝑦̂𝑖 )2𝑛

𝑖=1                                                     (Eq. 3.9) 

• Mean Absolute Percentage Error (MAPE) is the average summation of the 

absolute percentage error. 

𝑀𝐴𝑃𝐸 =
1

𝑛
∑

|𝑦𝑖 − 𝑦̂𝑖|

𝑦̂𝑖

𝑛

𝑖=1

× 100                                              (Eq. 3.10) 

• Accuracy is average prediction accuracy of the model. 

𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 = 1 − 𝑀𝐴𝑃𝐸 = 1 − 
1

𝑛
∑

|𝑦𝑖−𝑦̂𝑖|

𝑦̂𝑖

𝑛
𝑖=1 × 100           (Eq. 3.11) 

The five different metrics were used to compare the best model configuration between 

MLR, ANN, kNN, RF, and SVR to ultimately determine the technique that produced the 

best prediction results based on the provided dataset. 
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Chapter 4 – Results 

This chapter describes the results from using the various analytical techniques 

summarized in Chapter 3. The research tested the following hypotheses: 

• H1: Incorporating select geographic, socio-economic, and system attributes can 

improve operating expenditure estimates.  

• H2: Machine Learning techniques can provide more accurate predictions of 

operating expenditures than MLR. 

MLR results were used to first distinguish between significant and non-significant 

predictor variables for determining operating expenditures to respond to the first 

hypothesis. The chapter continues by describing prediction accuracies of the response 

variable based on the test data between MLR using significant variables and machine 

learning-based algorithms such as ANN, kNN, RF, and SVR. The chapter concludes with 

identifying the most accurate prediction method based on the provided dataset. 

4.1 Significant Predictor Variables 

Using Minitab and the full data set, a total of 14 predictor attributes were inputted into 

Minitab as part of the MLR analysis to determine significant predictors for the response 

variable (operating expenditures). The results for R2, adjusted R2, p-values, and VIF 

values for each of the predictor variables are shown in Table 4.1.  
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Table 4.1 – MLR Results with 14 predictor variables 

R2 0.9355 

Adjusted R2 0.9295 

Predictor Variables P-Values VIF 

U.S. Economic Region 

- Great Lakes 

- Mideast 

-New England 

- Plains 

- Rocky Mountain 

- Southeast 

- Southwest 

0.000   

7.48 

9.74 

18.11 

2.02 

3.58 

2.27 

3.38 

Service Area 0.000 10.27 

Population Served 0.000 6.13 

Metropolitan Density 0.685 2.43 

State GDP 0.160 5.33 

System Age 0.000 3.84 

Total Track Miles 0.000 14.52 

Total Stations 0.000 7.77 

Total Maintenance Facilities 0.000 2.80 

Total Vehicles 0.000 14.93 

Average Vehicle Length 0.520 4.87 

Average Age of Fleet 0.151 22.96 

Typical Weekday Service Hours 0.098 1.89 

Average Miles per Vehicle 0.000 4.73 

The predictor variables with a p-value greater than 0.05 had a high probability to not be 

significant in determining operating expenditures. Using a stepwise, forward elimination 

selection process, predictor variables with p-values greater than the significance level 

were individually removed. After each individual predictor was removed, the model was 

recalculated to generate the values leading to the removal of all predictors with p-values 

below 0.05 in descending order. Using this method, the four variables removed were 

metropolitan density, average vehicle length, average age of fleet, and typical weekday 

service hours. Table 4.2 shows the resulting R2, adjusted R2, p-values, and VIF values for 

each of the remaining 10 predictor variables. 
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Table 4.2 – MLR Results with 10 predictor variables 

R2 0.9337 

Adjusted R2 0.9289 

Predictor Variables P-Values VIF 

U.S. Economic Region 

- Great Lakes 

- Mideast 

-New England 

- Plains 

- Rocky Mountain 

- Southeast 

- Southwest 

0.000  

1.87 

3.17 

11.37 

1.76 

2.80 

1.99 

1.88 

Service Area 0.000 6.07 

Population Served 0.000 4.95 

State GDP 0.000 2.99 

System Age 0.000 2.79 

Total Track Miles 0.000 11.58 

Total Stations 0.000 4.87 

Total Maintenance Facilities 0.000 2.41 

Total Vehicles 0.000 11.37 

Average Miles per Vehicle 0.000 2.08 

Unlike R2, the adjusted R2 value describes the goodness of fit adjusted for the number of 

predictors and penalizes for adding variables that does not improve the performance of 

the model. The adjusted R2 values for 14 predictors versus 10 predictors were 92.95% 

and 92.89% respectively and shows a minor fit reduction (0.06%) by removing four 

insignificant predictors. 

VIF is a measure of multicollinearity between numerical predictors and those with a 

value greater than 10 were removed. Referring to Table 4.2, there appears to be 

collinearity between the predictors total track miles, and total vehicles. This seems to be 

logical as there would be more vehicles operating if there are more track length to serve a 

greater area of service coverage. Therefore, the predictor variable, total vehicles, was 

removed from the model to provide the final results shown in Table 4.3.  
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Table 4.3 – MLR Results with nine predictor variables 

R2 0.9060 

Adjusted R2 0.8996 

Predictor Variables P-Values VIF 

U.S. Economic Region 

- Great Lakes 

- Mideast 

-New England 

- Plains 

- Rocky Mountain 

- Southeast 

- Southwest 

0.000  

1.84 

3.16 

5.25 

1.76 

2.09 

1.76 

1.73 

Service Area 0.000 5.66 

Population Served 0.000 4.89 

State GDP 0.000 2.47 

System Age 0.000 2.79 

Total Track Miles 0.000 4.20 

Total Stations 0.000 3.81 

Total Maintenance Facilities 0.000 2.12 

Average Miles per Vehicle 0.000 1.76 

The adjusted R2 value decreased to 89.96% which shows that the regression remains a 

relatively good fit to the observed data. The remaining nine predictor variables are all 

significant (p-values less than significance level of 0.05) and have low multicollinearity 

(VIF less than 10). From the results, we conclude that select geographic, socio-economic, 

and system attributes are significant and can improve operating expenditure estimates, 

namely: U.S. Economic Region, Service Area, Population Served, State GDP, System 

Age, Total Track Miles, Total Stations, Total Maintenance Facilities, and Average Miles 

per Vehicle. 

4.2 Operating Expenditure Predictive Models 

This section contains the results from MLR and different machine learning-based 

techniques, namely, ANN, kNN, RF, and SVR. A training and testing data split of 70% 
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and 30% was utilized for the techniques. Nine significant predictor variables identified in 

Section 4.1 were utilized for MLR analysis to meet underlying method assumptions while 

all 14 predictor variables were utilized for machine learning algorithms. The most 

accurate setup for each method that delivered the highest accurate prediction for the test 

set were compared against one another based on R2, MAE, RMSE, MAPE, and Accuracy 

(1-MAPE) at the conclusion of this chapter. 

4.2.1 Multiple Linear Regression Results 

In Section 4.1, nine significant predictor variables for determining the response variable 

had been identified. Using these variables, other data considerations were assessed before 

using the dataset to generate the model results. Aside from checking the predictor 

significance and multicollinearity between variables, MLR has other underlying data 

assumptions such as homoscedasticity, normality of residuals, and residual linear 

relationship. Using Minitab, Figure 4.1 is the results plot showing residuals normal 

probability plot, versus fits, histogram, and versus order graphs. 
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Figure 4.1 – Residuals Plot 

The Normal Probability Plot shows that the residuals are relatively linear indicating 

normality of residuals. This is confirmed on the histogram where the residuals 

distribution matches the shape of a normal distribution curve. Homoscedasticity of the 

residuals is confirmed through the residual plots where it shows no trends of patterns with 

what appears to be a random distribution of relatively equal distribution of residuals 

above and below the centerline. This indicates that the residuals are not correlated with 

each other. On the residuals versus fit plot, the residuals are visually described as not 

having any specific patterns which indicates that the residuals are randomly distributed 

with constant variance (Minitab, 2019). In conclusion, the dataset meets the assumptions 

of MLR. 
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Using WEKA, 70% of the total data (166 instances) was used as a training set and the 

remaining 30% (71 instances) was used to independently validate the accuracy of the 

trained model. The best fit training model produced R = 0.955 and R2 = 0.913 which 

shows a relatively strong goodness of fit between the regression equation to the training 

dataset. The trained model for MLR produced the following linear regression equation 

that correlated the assortment of predictor variables to operating expenditures as shown in 

Equation 4.1: 

𝑶𝒑𝒆𝒓𝒂𝒕𝒊𝒏𝒈 𝑬𝒙𝒑𝒆𝒏𝒅𝒊𝒕𝒖𝒓𝒆𝒔

=  20,828,518 − (31,444,954 × 𝑆𝑜𝑢𝑡ℎ𝑒𝑎𝑠𝑡) − (31,444,954 × 𝑃𝑙𝑎𝑖𝑛𝑠)

− (31,444,954 × 𝑀𝑖𝑑𝑒𝑎𝑠𝑡) − (4,687,994 × 𝑅𝑜𝑐𝑘𝑦 𝑀𝑜𝑢𝑛𝑡𝑎𝑖𝑛)

− (52,288,544 × 𝑆𝑜𝑢𝑡ℎ𝑤𝑒𝑠𝑡) − (21,432,194 × 𝐹𝑎𝑠𝑡𝑤𝑒𝑠𝑡)

+ (256,764,842 × 𝑁𝑒𝑤 𝐸𝑛𝑔𝑙𝑎𝑛𝑑) − (28,430 × 𝑆𝑒𝑟𝑣𝑖𝑐𝑒 𝐴𝑟𝑒𝑎)  

+ (16.81 × 𝑃𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑆𝑒𝑟𝑣𝑒𝑑)  + (13.59 × 𝑆𝑡𝑎𝑡𝑒 𝐺𝐷𝑃) 

+ (2,435,369 × 𝑆𝑦𝑠𝑡𝑒𝑚 𝐴𝑔𝑒)  + (1,288,939 × 𝑇𝑜𝑡𝑎𝑙 𝑇𝑟𝑎𝑐𝑘 𝑀𝑖𝑙𝑒𝑠)  

− (2,102,095 ×  𝑇𝑜𝑡𝑎𝑙 𝑆𝑡𝑎𝑡𝑖𝑜𝑛𝑠)  

+ (13,710,472 ×  𝑇𝑜𝑡𝑎𝑙 𝑀𝑎𝑖𝑛𝑡𝑒𝑛𝑎𝑛𝑐𝑒 𝐹𝑎𝑐𝑖𝑙𝑖𝑡𝑖𝑒𝑠)  

− 50.66 × (𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑀𝑖𝑙𝑒𝑠 𝑝𝑒𝑟 𝑉𝑒ℎ𝑖𝑐𝑙𝑒) 

                                                                                                                                (Eq. 4.1) 

where:  

𝑆𝑜𝑢𝑡ℎ𝑒𝑎𝑠𝑡, 𝑃𝑙𝑎𝑖𝑛𝑠, 𝑀𝑖𝑑𝑒𝑎𝑠𝑡, 𝑅𝑜𝑐𝑘𝑦 𝑀𝑜𝑢𝑛𝑡𝑎𝑖𝑛, 𝑆𝑜𝑢𝑡𝑤𝑒𝑠𝑡, 𝐹𝑎𝑟𝑤𝑒𝑠𝑡, 𝑁𝑒𝑤 𝐸𝑛𝑔𝑙𝑎𝑛𝑑

= 0 (𝑛𝑜) 𝑜𝑟 1(𝑦𝑒𝑠)  

𝑖𝑓 𝑡ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑖𝑡 𝑎𝑔𝑒𝑛𝑐𝑦 𝑟𝑒𝑠𝑖𝑑𝑒𝑠 𝑖𝑛 𝑡ℎ𝑖𝑠 𝑈.𝑆. 𝑒𝑐𝑜𝑛𝑜𝑚𝑖𝑐 𝑟𝑒𝑔𝑖𝑜𝑛 
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The linear regression equation highlights the operating expenditure correlation with 

different U.S. economic regions. With all attributes remaining equal, transit agencies in 

the New England region can expect significantly higher operating expenditures compared 

to any other region in the country based on this relationship. This generally reflects 

higher costs in New England, namely due to relatively high land costs due to population 

density, higher labour costs, and other strong economic and market drivers specific to this 

region. 

Outside of the attributes related to the different U.S. economic regions, while it seems 

logical that most predictor variables have a positive correlation with total operating 

expenditures, Service Area, Total Stations, and Average Miles per Vehicle have a 

negative correlation with the response variable. This negative correlation may be due to 

economies of scale where cost per unit decrease for these predictors as customer volumes 

increase. In this case, as service area coverage increase with the total number of LRT 

stations and miles per vehicle, it appears that there may be cost efficiencies for operations 

and maintenance leading to a negative correlation with operating expenditures. 

The test data representing 30% of the total dataset was used to independently validate the 

trained model. The testing model results produced R = 0.942 and R2 = 0.887 which were 

individually less than the R and R2 value from the training set (Refer to Table 4.4). 

However, these values remain relatively high indicating a high degree of goodness of fit. 

This also indicates that there is no evidence to suggest that there are issues with 

overfitting of the trained model with the purpose of using it to predict new queries.  
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Table 4.4 – Training vs Test Model Results for MLR 

 MLR Training Model MLR Test Model 

R Value 0.955 0.942 

R2 Value 0.913 0.887 

 

When comparing between predicted and actual operating expenditures, the MLR 

predictive model resulted in an average absolute percentage error of 27.5% (Refer to 

Appendix A). The validated prediction error for regression-based methods from previous 

research for estimating operating expenditures for LRT systems was in the range of -19% 

and +31% (Hoback, 2008; Hsu, 2013; Dutta & Zhong, 2016). Although this praxis had 

incorporated significant geographic and socio-economic features in addition to system 

attributes from a more recent and larger set of data compared with known assessed 

research for this application, the MLR results fell within the same range of previous 

regression-based operating cost predictive models by others. 

4.2.2 Artificial Neural Network Results 

In order to attain the best results accuracy, different ANN structures were examined to 

produce the optimal architecture. A test and trial approach for finding the optimal values 

for key variables such as different number of layers, neurons per layer, and learning rate 

were employed. All other variables were kept fixed including momentum equal to 0.2. 

Table 4.5 shows the MAE, RMSE, R, and R2 values for the test set related to the different 

ANN configurations. The best model arrangement included one hidden layer with five 

neurons with a learning rate of 0.3. This optimized ANN configuration produced the 

lowest MAE, RMSE, and highest R and R2 values. Generally, a smaller number of hidden 
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layers and neurons are not satisfactory because it is too generalized and high number of 

hidden layers and neurons may lead to overfitting (Heidari, Sobati, & Movahediard, 

2016). In this case, one hidden layer with five neurons produced the best results and may 

be due to the relatively low complexity of the system being modelled. 

Table 4.5 – Different ANN Model Configurations 

Number 

of Hidden 

Layers 

Neuron per 

Hidden 

Layers 

 

Learning 

Rate 

 

Mean Absolute 

Error (MAE) 

Root Mean 

Squared Error 

(RMSE) 

 

 

R 

 

 

R2 

1 5 0.3 8,724,609.05 12,210,034.14 0.987  0.974 

1 7 0.3 9,052,924.41 13,267,880.26 0.985 0.970 

1 11 0.3 9,435,821.87 13,066,897.75 0.986 0.972 

2 4, 2 0.3 10,409,655.00 14,837,683.79 0.983 0.966 

2 5, 3 0.3 10,506,254.95 14,627,516.02 0.981 0.962 

2 5, 7 0.3 9,614,012.74 13,600,380.57 0.984 0.968 

2 7, 5 0.3 9,910,561.80 13,855,066.94 0.983 0.966 

2 7, 5 0.5 9,955,200.69 14,180,081.71 0.982 0.964 

2 7, 5 0.7 9,774,347.90 14,050,825.52 0.984 0.968 

2 9, 7 0.7 9,786,448.31 13,718,308.97 0.984 0.968 

2 11, 5 0.7 10,368,120.53 13,603,692.52 0.984 0.968 

2 11, 7 0.7 10,234,891.75 13,627,413.21 0.984 0.968 

When compared between predicted and actual operating expenditures, the ANN 

predictive model resulted in an average absolute percentage error of 12.33% (Refer to 

Appendix A). This was an improvement from using MLR with an average error of 27.5% 

and shows that ANN produced more accurate results. 

4.2.3 k Nearest Neighbour Results 

The selection of the hyperparameter k in kNN affects the result outcomes and the overall 

model performance. In order to produce better results, a test and trial process for the 

value k was undertaken in consideration for the bias-variance trade-off. Generally, 

smaller k values may overfit the data (low bias, high variance) for considering every 
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detailed pattern of the boundary conditions. Larger k values have the opposite outcome 

where the trained model tends to overgeneralize the dataset and ignore patterns and 

details needed to provide useful insights (high bias, low variance). 

The prediction results from using various k nearest neighbour values for the Euclidean or 

Manhattan distance functions with different distance weightings are shown in Tables 4.6 

and 4.7. There is a general pattern that showed incorporating distance weighting that gave 

more consideration to data points closer to the query point generated more accurate 

prediction results. Results from both Euclidean and Manhattan models shows that MAE 

and RSME were lower with higher R2 values when considered distance weighting. 

Table 4.6 – Different kNN Model Configuration using Euclidean Distance Function 

Distance 

Function k 

Mean Absolute 

Error (MAE) 

Root Mean Squared 

Error (RMSE) R 

 

R2 

No Distance Weighting 

Euclidean 1 8,260,787.52 12,865,637.43 0.986 0.972 

Euclidean 2 8,544,672.32 14,935,867.98 0.981 0.962 

Euclidean 3 10,176,825.06 18,586,169.98 0.970 0.941 

Euclidean 5 10,348,703.81 18,193,319.58 0.972 0.945 

Euclidean 7 14,711,655.95 26,445,886.33 0.952 0.906 

Euclidean 9 19,455,104.19 34,203,849.37 0.921 0.848 

Distance Weighting by 1 / distance 

Euclidean 1 8,260,787.52 12,865,637.43 0.986 0.972 

Euclidean 2 7,014,952.44 11,993,395.10 0.987 0.974 

Euclidean 3 7,660,586.81 13,355,741.99 0.984 0.968 

Euclidean 5 7,563,117.36 13,981,786.45 0.983 0.966 

Euclidean 7 8,948,323.46 17,285,041.28 0.979 0.958 

Euclidean 9 11,322,394.25 21,383,450.21 0.971 0.943 

Distance Weighting by 1 – distance 

Euclidean 1 8,260,787.52 12,865,637.43 0.986 0.972 

Euclidean 2 8,418,191.56 14,600,517.42 0.982 0.964 

Euclidean 3 9,993,676.99 18,136,583.73 0.971 0.943 

Euclidean 5 10,096,021.53 17,777,872.36 0.973 0.947 

Euclidean 7 13,908,155.45 24,763,990.16 0.958 0.970 

Euclidean 9 18,234,364.03 31,922,185.68 0.933 0.870 
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Table 4.7 – Different kNN Model Configuration using Manhattan Distance Function 

Distance 

Function k 

Mean Absolute 

Error (MAE) 

Root Mean Squared 

Error (RMSE) R 

 

R2 

No Distance Weighting 

Manhattan 1 8,064,479.65 12,766,705.46 0.986 0.972 

Manhattan 2 7,934,698.74 12,669,265.30 0.987 0.974 

Manhattan 3 9,272,838.48 16,238,245.78 0.978 0.956 

Manhattan 5 9,939,419.65 17,390,154.78 0.979 0.958 

Manhattan 7 15,820,638.84 28,277,471.43 0.949 0.900 

Manhattan 9 18,497,536.56 33,182,220.35 0.929 0.863 

Distance Weighting by 1 / distance 

Manhattan 1 8,064,479.65 12,766,705.46 0.986 0.972 

Manhattan 2 6,681,645.05 10,206,582.36 0.991 0.982 

Manhattan 3 6,865,350.16 10,813,770.78 0.990 0.980 

Manhattan 5 7,126,296.44 12,648,352.37 0.987 0.974 

Manhattan 7 8,895,254.66 16,193,054.34 0.983 0.966 

Manhattan 9 9,989,326.97 18,803,298.79 0.979 0.958 

Distance Weighting by 1 – distance 

Manhattan 1 8,064,479.65 12,766,705.46 0.986 0.972 

Manhattan 2 7,636,150.35 11,807,555.25 0.988 0.976 

Manhattan 3 8,756,793.98 14,800,623.17 0.981 0.962 

Manhattan 5 8,953,665.58 15,309,210.88 0.982 0.964 

Manhattan 7 12,830,014.30 20,894,270.42 0.973 0.947 

Manhattan 9 14,478,362.55 23,506,704.78 0.968 0.937 

The kNN configuration that produced the best prediction accuracy used the Manhattan 

distance function with k = 2 and Distance Weighting of 1 / distance. This arrangement 

produced the smallest error indicated by the lowest relative value of MAE and RMSE 

with the highest goodness of fit. The optimized results show that the best value of k =2 

given the dataset is one that considers the bias-variance trade off. As shown in Figure 4.2, 

this means that the value was small enough that considers the patterns of the train data 

but also generalize well enough to make prediction of the independent test data resulting 

in the lowest RMSE and MAE. 
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Figure 4.2 – MAE and RMSE vs k graph for optimal kNN model 

When compared between predicted and actual operating expenditures, the kNN 

predictive model resulted in an average absolute percentage error of 8.2% (Refer to 

Appendix A). This was an improvement from using MLR with an average error of 27.5% 

and shows that kNN produced more accurate results. 

4.2.4 Random Forest Results 

The RF algorithm in WEKA aggregates and averages results from multiple decision trees 

to produce a predictive model that explained 97.7% of the variance in the test set. When 

compared between predicted and actual operating expenditures, the RF predictive model 

resulted in an average absolute percentage error of 9.5% (Refer to Appendix A). This was 

an improvement from using MLR with an average error of 27.5% and shows that RF 

produced more accurate results.  
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In Section 4.1, the following were noted as significant variables: U.S. Economic Region, 

Service Area, Population, State GDP, System Age, Total Track Miles, Total Stations, 

Total Maintenance Facilities, and Average Lifetime Miles per Vehicle using a stepwise, 

forward elimination selection process in MLR. Using the RF model, the top three most 

important predictive variables based on nodes used were in order of Population (1119 

nodes), Metropolitan Density (915 nodes and is a function of Population divided by 

Service Area), and State GDP (727 nodes) as shown in Table 4.8. Together, this 

confirmed that geographic and socio-economic attributes are important considerations in 

addition to system variables, namely: Population, Service Area, and State GDP. 

Table 4.8 – Attribute Importance from Random Forest 

Predictor Variables Nodes Used in RF in Descending Order 

Population Served 1119 

Metropolitan Density 915 

State GDP 727 

System Age 546 

Total Track Miles 348 

Total Vehicles 324 

Average Age of Fleet 298 

U.S. Economic Region 276 

Service Area 261 

Total Stations 248 

Average Miles per Vehicle 238 

Typical Weekday Service Hours 165 

Total Maintenance Facilities 159 

Average Vehicle Length 139 

4.2.5 Support Vector Regression Results 

In order to optimize the SVR model, various combinations of model parameters: 

polynomial degrees (𝑑) and cost parameter (𝐶) were used to derive model results. The 

parameters d and 𝐶 varied between the values of 1, 2, 3 or 5 respectively as shown in 
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Table 4.9. The optimal model had a polynomial degree of two and cost parameter of five 

that produced the lowest MAE and relatively low RMSE suggesting that the model is 

relatively generalized to predict new test data. 

Table 4.9 – SVR Model Configurations 

Polynomial 

Degree 

(𝒅) 

Cost 

Parameter 

(𝑪) 

Mean Absolute 

Error 

(MAE) 

Root Mean 

Squared Error 

(RMSE) 

 

 

R 

 

 

R2 

1 1 14,749,829.98 24,191,594.67 0.960 0.922 

1 2 14,627,710.38 23,969,850.16 0.960 0.922 

1 3 14,618,395.51 23,952,359.38 0.960 0.922 

1 5 14,631,007.00 24,013,253.11 0.960 0.922 

2 1 8,353,734.98 12,092,192.51 0.988 0.976 

2 2 7,636,879.61 11,561,467.71 0.989 0.978 

2 3 7,424,705.22 11,449,497.15 0.989 0.978 

2 5 7,351,085.99 11,619,306.68 0.989 0.978 

3 1 7,506,582.93 11,882,054.80 0.988 0.976 

3 2 7,820,929.36 12,606,458.14 0.986 0.972 

3 3 7,973,973.25 12,729,064.95 0.986 0.972 

3 5 7,881,251.56 12,781,590.01 0.986 0.972 

5 1 9,358,226.10 16,583,213.95 0.976 0.953 

5 2 10,655,373.95 20,403,250.73 0.967 0.935 

5 3 11,042,001.17 21,937,320.49 0.963  0.927 

5 5 12,585,316.83 26,726,683.76 0.950 0.903 

When compared between predicted and actual operating expenditures, the SVR 

predictive model resulted in an average absolute percentage error of 9.3% (Refer to 

Appendix A). This was an improvement from using MLR with an average error of 27.5% 

and shows that SVR produced more accurate results. 

A summary comparison of actual and predicted values from the optimal arrangement for 

MLR, ANN, kNN, RF, and SVR is in Appendix A.  The Minitab and WEKA results 

output for each of the optimized models can be found in Appendix B through F. 
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4.3 Comparison Between Predictive Models 

Prediction accuracy between all techniques employed in this research were evaluated 

based on different metrics, namely, R2, MAE, RMSE, MAPE, and Accuracy. A summary 

table of results based on the independent test set from the best model configuration of 

each employed technique can be found in Table 4.10. 

Table 4.10 – Evaluation Metric between all Models for Independent Test Set 

 MLR ANN kNN RF SVR 

R
2
 0.887 0.974 0.982 0.977 0.978 

RMSE 25,430,627.86 12,210,034.14 10,206,582.36 13,476,821.31 11,619,306.68 

MAE 18,325,753.54 8,724,609.05 6,681,645.05 8,070,477.19 7,351,085.99 

MAPE 27.5% 12.3% 8.2% 9.5% 9.3% 

Accuracy 72.5% 87.7% 91.8% 90.5% 90.7% 

The values of R2 for all techniques using the independent test set were greater than 85% 

with machine learning methods resulted in values greater than 97%. As this was based on 

the results of optimized trained models compared against an independent test set with 

30% of the total data, it appears that models were sufficiently generalized to make 

accurate predictions of new queries. The high R2 values reflects a strong ability for the 

input variables to be predicted by the response. It was possible to obtain valid high R2 

values based on the accurate measurements submitted by transit agencies every year to 

the NTD that was also thoroughly reviewed before publication by the Federal Transit 

Administration. This suggests that the high R2 values may be attributable to minimal 

reporting errors.  

MLR had an MAPE of 27.5% which fell within the range of average error for previous 

regression-based research conducted in this area which was in the range of -19% to +31% 

(Hoback, 2008; Hsu, 2013; Dutta & Zhong, 2016). This means that accuracy of 
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regression-based modelling, despite the addition of other predictor variables introduced 

in this research outside of system attributes, did not improve from previous research 

using MLR. 

In general, in comparing the values for R2, MAE, and RMSE along with MAPE and 

Accuracy between employed methods shows a general trend that machine learning 

techniques performed significantly better than MLR. 

The most accurate method, based on the supplied dataset is kNN, with the lowest RMSE, 

MAE, MAPE, and highest R2 and Accuracy. The method has the best scores relative to 

the other methods in each of the evaluation metrics. Compared to known previous 

research conducted for this application and with existing industry practice using the unit-

cost based method, the results from using this machine learning technique shows a 

significant error reduction for operating expenditure estimations at the planning stage. 

4.4 Summary 

The results section answered the original research questions and verified the associated 

hypothesis found in Section 1.6: 

RQ1: What are the most important cost drivers for operating expenditures to 

consider in new LRT projects in the United States? 

H1: Incorporating select geographic, socio-economic, and system attributes can 

improve operating expenditure estimates.  

Results from Analysis: Confirms H1 that select geographic, socio-economic, and 

system attributes are significant and can improve LRT OPEX estimates. 
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RQ2: Are there more accurate prediction methods using traditional statistical 

analysis or machine learning-based algorithms for operating expenditures in new 

LRT projects? 

H2: Machine Learning techniques can provide more accurate predictions of 

operating expenditures than MLR. 

Results from Analysis: Confirms H2 that machine learning techniques performed 

significantly better than MLR on the basis of model fit, lowest errors, and highest 

accuracy from an independent test set. 
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Chapter 5 – Conclusion 

This chapter summarizes the works completed as part of this praxis, identifies research 

contribution to extend the current state of practice and research, and suggests next steps 

to advance this area of knowledge. 

5.1. Summary of Praxis Works 

The primary purpose of the research was to develop a more accurate and replicable 

operating expenditures predictive model for new LRT projects at the planning stage. This 

helps transit agencies produce reasonably accurate planning estimates to secure sufficient 

funding to support future needs associated with new LRT systems. The new model from 

this research included variables available at planning phase so that it can be useful as an 

early prediction tool. 

A comprehensive literature review showed that the existing state of practice using the 

unit-cost method led to inaccurate operating expenditure estimates for new LRT projects. 

This method required by the U.S. Department of Transportation for federal funding of 

new LRT projects was computationally intensive and required engineering information 

unavailable at the preliminary planning stages. This resulted in costs being 

underestimated by up to 45% that led to future budget deficits and inability to sustain 

LRT operations (Pickrell, 1989). 

In order to address this functional gap, the literature review captured existing research to 

develop new prediction models based on traditional statistical techniques using system-

related attributes alone. The results of these previous studies showed that error still 

existed within the range of -19% to +31%. Although these refined techniques showed 
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evidence that its possible to decrease average prediction errors compared with the 

industry practice of using the unit-cost method, there remained room for improvement to 

increase operating expenditures prediction accuracy.  

The literature review found that machine learning-based techniques had not been 

previously employed for this application. In this praxis, machine learning-based 

algorithms were introduced to increase operating expenditure prediction accuracy. This 

research also introduced the largest and most recent data set along with available 

geographic, and socio-economic factors in addition to select LRT system inputs unlike 

existing research completed to date. 

The research concluded that there were select geographic, socio-economic, and system 

attributes that were significant, namely: U.S. Economic Region, Service Area, Population, 

U.S. State GDP, System Age, Total Track Miles, Total Stations, Total Maintenance 

Facilities, and Average Lifetime Miles per Vehicle. 

MLR and multiple machine learning techniques such as ANN, kNN, RF, and SVR were 

utilized in this research. In order to validate results for each method, the research created 

independent training and testing sets with a 70% and 30% split respectively. Each 

employed method underwent a parameter tuning exercise in order to converge to the 

optimal architecture with the best accuracy. Evaluation between the optimized 

configuration for each method were completed based on five evaluation metrics: R2, 

MAE, RMSE, MAPE, and Accuracy. 

Despite the addition of geographic and socio-economic variables, the MLR results 

produced an average absolute error rate of 27.5%. This fell within similar ranges for 
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model errors of previous regression-based cost predictive models ranging between -19% 

to +31% using LRT systems attributes only. This showed that accuracy of regression-

based modelling, despite the addition of a more robust dataset along with other 

significant predictor variables introduced in this praxis outside of system attributes, did 

not improve results from previous research for this application. 

Machine learning-based algorithms performed substantially better than the MLR 

predictive model on the basis of model fit, lowest errors and highest accuracy. The 

prediction accuracy of ANN, kNN, RF, and SVR for the independent test set were 87.7%, 

91.8%, 90.5%, and 90.7% respectively. The most accurate method, based on the supplied 

dataset, was kNN with the lowest MAE, RMSE, MAPE, and highest R2 and Accuracy. In 

comparing these results with the unit-cost based method used in industry and models by 

previous research using regression, this was a significant accuracy increase that can prove 

to be useful for public transit agencies across the country in real world applications for 

predicting future operating expenditures of new LRT projects. 

5.2. Recommendations for Future Research 

The project was primarily focused on U.S. LRT systems and it may be worthwhile to 

understand if similar techniques and methods are applicable for other major 

transportation modes such as heavy rail, and bus systems within the U.S. public 

transportation domain. 

The premise of the research focused on LRT systems in the United States only. However, 

the literature review showed that other countries like China and South Korea are at the 

beginning of employing LRT technologies. As additional data is collected from outside 
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the United States, similar research may be applied to understand key similarities and/or 

differences of LRT operating expenditures cost estimation to the work completed in this 

study. 

This praxis introduced the development of a more accurate LRT operating predictive 

model by using machine learning-based algorithms. This had shown to be a fruitful 

endeavour as average prediction accuracy were significantly higher than using methods 

employed in industry and research at present. This study can potentially be further 

advanced by using more sophisticated and complex machine learning algorithms such as 

additional ensemble learners to investigate if cost estimate accuracies can be increased 

further. 
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Appendix A – Total Data Set 

Test 

Data 

ID Agency Year Actual 

Predicted Values Absolute Percentage Error (%) 

MLR ANN kNN RF SVR MLR ANN kNN RF SVR 

1 Tri-County Metropolitan Transportation District of 

Oregon 

2014 $126,163,127 $118,831,486 $133,307,171 $119,632,761 $120,061,331 $133,530,381 5.81% 5.66% 5.18% 4.84% 5.84% 

2 Port Authority of Allegheny County 2017 $70,493,691 $63,949,711 $60,346,392 $70,373,969 $69,113,711 $68,004,890 9.28% 14.39% 0.17% 1.96% 3.53% 

3 The Greater Cleveland Regional Transit Authority 2015 $15,703,749 $19,420,856 $16,807,428 $15,454,846 $15,299,774 $15,331,376 23.67% 7.03% 1.58% 2.57% 2.37% 

4 Denver Regional Transportation District 2015 $128,822,647 $83,774,797 $108,475,305 $123,051,389 $116,364,011 $108,162,856 34.97% 15.79% 4.48% 9.67% 16.04% 

5 Valley Metro Rail, Inc. 2016 $40,457,066 $39,228,618 $50,381,462 $46,357,205 $46,458,848 $45,477,653 3.04% 24.53% 14.58% 14.83% 12.41% 

6 Los Angeles County Metropolitan Transportation 

Authority 

2013 $279,258,621 $247,298,137 $278,665,263 $303,519,356 $277,164,862 $277,125,028 11.44% 0.21% 8.69% 0.75% 0.76% 

7 Metropolitan Transit Authority of Harris County, Texas  2009 $20,944,169 $19,862,747 $24,956,140 $19,872,181 $21,292,311 $19,757,054 5.16% 19.16% 5.12% 1.66% 5.67% 

8 Los Angeles County Metropolitan Transportation 

Authority 

2011 $218,379,750 $249,996,235 $228,002,233 $222,565,826 $197,280,314 $223,010,215 14.48% 4.41% 1.92% 9.66% 2.12% 

9 Dallas Area Rapid Transit 2010 $146,007,018 $122,362,846 $133,531,987 $129,448,573 $130,125,820 $108,571,555 16.19% 8.54% 11.34% 10.88% 25.64% 

10 The Greater Cleveland Regional Transit Authority 2010 $16,485,001 $11,911,994 $22,503,269 $16,987,603 $16,597,822 $19,603,544 27.74% 36.51% 3.05% 0.68% 18.92% 

11 Niagara Frontier Transportation Authority 2018 $27,415,244 $17,506,991 $22,467,114 $26,813,602 $28,927,172 $24,460,581 36.14% 18.05% 2.19% 5.51% 10.78% 

12 The Greater Cleveland Regional Transit Authority 2009 $17,939,179 $10,102,746 $21,981,001 $17,564,566 $16,811,308 $19,067,286 43.68% 22.53% 2.09% 6.29% 6.29% 

13 The Greater Cleveland Regional Transit Authority 2018 $13,003,504 $23,209,696 $21,805,244 $14,576,298 $16,015,882 $14,524,274 78.49% 67.69% 12.10% 23.17% 11.70% 

14 Denver Regional Transportation District 2010 $93,122,361 $68,541,277 $72,807,221 $69,687,430 $80,317,685 $68,754,158 26.40% 21.82% 25.17% 13.75% 26.17% 

15 Massachusetts Bay Transportation Authority 2017 $209,540,754 $202,417,436 $218,076,648 $224,256,646 $219,936,448 $224,047,581 3.40% 4.07% 7.02% 4.96% 6.92% 

16 Bi-State Development Agency of the Missouri-Illinois 

Metropolitan District 

2010 $70,332,634 $73,157,864 $85,041,596 $74,877,160 $75,551,102 $75,913,579 4.02% 20.91% 6.46% 7.42% 7.94% 

17 Los Angeles County Metropolitan Transportation 

Authority  

2012 $247,439,854 $246,219,012 $263,970,883 $255,559,771 $242,877,483 $253,599,394 0.49% 6.68% 3.28% 1.84% 2.49% 

18 San Francisco Municipal Transportation Agency 2018 $237,189,861 $192,767,203 $286,785,896 $242,858,385 $231,207,441 $280,748,834 18.73% 20.91% 2.39% 2.52% 18.36% 

19 Bi-State Development Agency of the Missouri-Illinois 

Metropolitan District 

2016 $91,798,271 $67,069,595 $87,071,211 $85,247,440 $86,051,637 $84,581,583 26.94% 5.15% 7.14% 6.26% 7.86% 

20 Denver Regional Transportation District 2014 $119,238,973 $86,116,184 $105,083,124 $112,121,190 $103,193,812 $100,988,045 27.78% 11.87% 5.97% 13.46% 15.31% 

21 Port Authority of Allegheny County 2011 $60,178,824 $66,345,948 $59,096,566 $63,299,672 $64,058,244 $59,785,137 10.25% 1.80% 5.19% 6.45% 0.65% 

22 Transportation District Commission of Hampton Roads 2014 $12,804,201 $2,551,955 $16,253,062 $13,691,396 $13,576,920 $13,486,493 119.93

% 

26.94% 6.93% 6.03% 5.33% 

23 Tri-County Metropolitan Transportation District of 

Oregon 

2008 $111,565,171 $133,697,677 $115,044,000 $132,513,231 $123,324,725 $116,944,651 19.84% 3.12% 18.78% 10.54% 4.82% 

24 Metropolitan Transit Authority of Harris County, Texas  2017 $72,977,309 $63,347,656 $68,935,805 $66,894,087 $80,431,079 $70,883,045 13.20% 5.54% 8.34% 10.21% 2.87% 

25 Niagara Frontier Transportation Authority 2013 $27,667,420 $23,734,791 $26,849,072 $27,860,329 $28,190,372 $27,774,103 14.21% 2.96% 0.70% 1.89% 0.39% 

26 Bi-State Development Agency of the Missouri-Illinois 

Metropolitan District 

2013 $77,068,490 $69,741,046 $89,263,685 $75,580,025 $76,609,566 $79,276,680 9.51% 15.82% 1.93% 0.60% 2.87% 

27 Maryland Transit Administration 2009 $44,055,011 $53,532,014 $56,930,529 $50,489,328 $50,584,188 $50,469,550 21.51% 29.23% 14.61% 14.82% 14.56% 

28 Valley Metro Rail, Inc. 2011 $38,775,135 $32,562,409 $42,670,999 $39,369,266 $36,702,834 $33,830,692 16.02% 10.05% 1.53% 5.34% 12.75% 

29 Transportation District Commission of Hampton Roads 2013 $14,713,912 $10,907,492 $19,240,640 $13,598,263 $21,133,784 $14,299,070 25.87% 30.76% 7.58% 43.63% 2.82% 

30 Sacramento Regional Transit District 2013 $59,480,499 $120,756,348 $63,114,035 $64,465,349 $63,543,235 $66,213,782 103.02

% 

6.11% 8.38% 6.83% 11.32% 

31 Utah Transit Authority 2013 $54,045,303 $81,315,237 $66,639,987 $56,591,527 $62,506,133 $63,034,294 50.46% 23.30% 4.71% 15.66% 16.63% 

32 San Francisco Municipal Transportation Agency 2013 $216,884,542 $173,381,781 $207,980,363 $212,233,729 $206,015,747 $211,348,616 20.06% 4.11% 2.14% 5.01% 2.55% 

33 Metro Transit  2018 $78,332,827 $62,708,722 $75,612,571 $79,148,803 $81,563,101 $82,744,487 19.95% 3.47% 1.04% 4.12% 5.63% 
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34 Central Puget Sound Regional Transit Authority 2009 $27,541,446 $78,874,625 $35,368,546 $61,725,384 $48,282,942 $55,880,505 186.39

% 

28.42% 124.12

% 

75.31% 102.90

% 

35 Santa Clara Valley Transportation Authority 2010 $73,905,691 $71,675,679 $76,315,520 $73,582,755 $76,475,710 $76,370,807 3.02% 3.26% 0.44% 3.48% 3.34% 

36 Port Authority of Allegheny County 2008 $58,813,463 $53,490,362 $62,713,220 $64,393,723 $65,860,143 $61,826,089 9.05% 6.63% 9.49% 11.98% 5.12% 

37 Los Angeles County Metropolitan Transportation 

Authority 

2010 $218,924,321 $249,379,452 $233,278,195 $215,878,136 $197,336,721 $218,908,593 13.91% 6.56% 1.39% 9.86% 0.01% 

38 Dallas Area Rapid Transit 2016 $205,785,984 $219,195,037 $197,901,451 $198,804,792 $194,295,340 $197,685,041 6.52% 3.83% 3.39% 5.58% 3.94% 

39 Santa Clara Valley Transportation Authority 2015 $94,335,135 $87,059,501 $105,078,076 $98,584,923 $102,080,838 $100,250,273 7.71% 11.39% 4.50% 8.21% 6.27% 

40 Sacramento Regional Transit District 2009 $66,962,154 $93,308,868 $69,478,950 $60,873,516 $62,108,243 $61,989,469 39.35% 3.76% 9.09% 7.25% 7.43% 

41 Metropolitan Transit Authority of Harris County, Texas  2011 $21,878,339 $23,592,937 $28,258,012 $20,638,906 $22,710,145 $21,676,004 7.84% 29.16% 5.67% 3.80% 0.92% 

42 Maryland Transit Administration 2014 $49,967,561 $53,825,510 $44,534,885 $48,291,190 $49,373,581 $49,306,976 7.72% 10.87% 3.35% 1.19% 1.32% 

43 Bi-State Development Agency of the Missouri-Illinois 

Metropolitan District 

2014 $83,562,544 $68,404,783 $89,372,624 $81,997,664 $80,610,632 $80,410,075 18.14% 6.95% 1.87% 3.53% 3.77% 

44 Sacramento Regional Transit District 2008 $68,739,411 $94,268,484 $69,102,087 $60,403,030 $61,959,152 $62,773,450 37.14% 0.53% 12.13% 9.86% 8.68% 

45 Santa Clara Valley Transportation Authority 2013 $82,012,247 $76,102,509 $90,239,191 $81,805,888 $84,381,817 $84,339,590 7.21% 10.03% 0.25% 2.89% 2.84% 

46 Tri-County Metropolitan Transportation District of 

Oregon 

2015 $129,317,901 $116,464,755 $144,376,695 $152,155,314 $125,282,620 $144,477,425 9.94% 11.64% 17.66% 3.12% 11.72% 

47 Transportation District Commission of Hampton Roads 2012 $15,550,749 $10,594,917 $16,328,171 $13,551,373 $21,114,153 $20,696,942 31.87% 5.00% 12.86% 35.78% 33.09% 

48 Denver Regional Transportation District 2018 $131,228,832 $107,025,198 $130,071,987 $127,004,130 $130,157,755 $137,807,726 18.44% 0.88% 3.22% 0.82% 5.01% 

49 Central Puget Sound Regional Transit Authority 2014 $71,593,349 $80,706,948 $79,080,316 $66,815,445 $68,497,973 $78,010,747 12.73% 10.46% 6.67% 4.32% 8.96% 

50 New Jersey Transit Corporation 2018 $129,219,099 $138,243,060 $122,119,026 $114,500,146 $110,924,178 $116,635,994 6.98% 5.49% 11.39% 14.16% 9.74% 

51 Bi-State Development Agency of the Missouri-Illinois 

Metropolitan District 

2009 $76,768,316 $74,045,409 $82,715,222 $74,267,185 $75,131,110 $74,680,913 3.55% 7.75% 3.26% 2.13% 2.72% 

52 Central Puget Sound Regional Transit Authority 2018 $123,999,267 $88,367,194 $99,299,162 $100,880,115 $93,562,684 $89,856,173 28.74% 19.92% 18.64% 24.55% 27.53% 

53 Los Angeles County Metropolitan Transportation 

Authority 

2008 $203,271,767 $234,765,196 $162,692,167 $213,259,087 $140,643,945 $189,971,985 15.49% 19.96% 4.91% 30.81% 6.54% 

54 Niagara Frontier Transportation Authority 2009 $32,151,242 $17,507,620 $28,799,863 $30,779,422 $29,719,513 $32,245,908 45.55% 10.42% 4.27% 7.56% 0.29% 

55 New Jersey Transit Corporation 2017 $125,880,865 $134,559,579 $118,212,622 $114,478,802 $114,764,697 $122,618,403 6.89% 6.09% 9.06% 8.83% 2.59% 

56 Port Authority of Allegheny County 2009 $68,718,530 $63,782,545 $63,574,311 $64,936,457 $65,650,490 $61,471,879 7.18% 7.49% 5.50% 4.46% 10.55% 

57 San Diego Metropolitan Transit System 2008 $74,203,219 $64,649,003 $72,606,280 $78,359,931 $77,069,727 $70,571,950 12.88% 2.15% 5.60% 3.86% 4.89% 

58 Utah Transit Authority 2008 $36,316,385 $34,820,047 $45,217,307 $38,062,094 $39,524,874 $36,588,256 4.12% 24.51% 4.81% 8.83% 0.75% 

59 Los Angeles County Metropolitan Transportation 

Authority 

2017 $410,251,793 $319,073,917 $389,405,504 $378,191,712 $355,203,808 $401,366,680 22.22% 5.08% 7.81% 13.42% 2.17% 

60 Utah Transit Authority 2015 $63,083,513 $82,303,630 $66,347,505 $68,739,990 $70,835,706 $65,348,331 30.47% 5.17% 8.97% 12.29% 3.59% 

61 Transportation District Commission of Hampton Roads 2016 $13,951,401 $911,448 $15,321,638 $13,479,639 $13,263,914 $12,799,341 106.53

% 

9.82% 3.38% 4.93% 8.26% 

62 San Diego Metropolitan Transit System 2015 $84,805,048 $112,657,370 $80,649,138 $88,994,882 $88,787,656 $84,852,029 32.84% 4.90% 4.94% 4.70% 0.06% 

63 Denver Regional Transportation District 2009 $67,729,141 $63,201,445 $56,629,114 $62,794,835 $64,348,934 $59,978,239 6.69% 16.39% 7.29% 4.99% 11.44% 

64 Sacramento Regional Transit District 2016 $67,972,702 $141,311,688 $67,912,780 $75,999,445 $81,815,027 $71,013,083 107.89

% 

0.09% 11.81% 20.36% 4.47% 

65 Santa Clara Valley Transportation Authority 2009 $77,116,458 $69,330,162 $69,562,315 $73,620,547 $77,355,943 $72,764,204 10.10% 9.80% 4.53% 0.31% 5.64% 

66 Central Puget Sound Regional Transit Authority 2013 $62,906,064 $79,198,576 $73,573,559 $62,524,374 $64,042,898 $74,535,739 25.90% 16.96% 0.61% 1.81% 18.49% 

67 Sacramento Regional Transit District 2012 $55,932,366 $94,334,003 $64,352,405 $62,997,321 $61,353,600 $60,670,494 68.66% 15.05% 12.63% 9.69% 8.47% 

68 City of Charlotte North Carolina 2015 $16,284,774 $29,085,720 $18,200,173 $16,416,091 $17,279,436 $14,620,737 78.61% 11.76% 0.81% 6.11% 10.22% 

69 Massachusetts Bay Transportation Authority 2013 $180,470,511 $196,164,067 $196,914,812 $190,254,273 $190,813,898 $194,569,146 8.70% 9.11% 5.42% 5.73% 7.81% 

70 Santa Clara Valley Transportation Authority 2018 $138,006,656 $93,169,757 $112,804,220 $115,172,152 $112,181,769 $110,992,917 32.49% 18.26% 16.55% 18.71% 19.57% 

71 Dallas Area Rapid Transit 2014 $192,474,212 $214,527,240 $191,307,747 $188,923,788 $185,920,259 $190,204,037 11.46% 0.61% 1.84% 3.41% 1.18% 
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Appendix B – MLR Results 

=== Run information === 
 
Scheme: weka.classifiers.functions.LinearRegression -S 0 -C -R 1.0E-8 -additional-stats -num-decimal-places 4 
Relation: Test-weka.filters.unsupervised.attribute.Remove-R1-5,9-10,12-weka.filters.unsupervised.attribute.Remove-
R10-13 

Instances: 237 
Attributes: 10 
 Region 
 ServiceArea 
 PopulationServed 
 StateGDPinMillions(2020Dollars) 
 ActualOperatingCost(2020Dollars)  
 SystemAge 

 TotalTrackMiles 
 TotalStations 
 TotalMaintenanceFacilities 
 AverageLifetimeMilesperVehicle 
Test mode: split 70.0% train, remainder test 
 
=== Classifier model (full training set) === 
 

 
Linear Regression Model 
 
 ActualOperatingCost(2020Dollars) = 
 
-31378130.5577 * Region=Southeast,Plains,Mideast,RockyMountain,Southwest,FarWest,NewEngland + 
30218936.6354 * Region=RockyMountain,Southwest,FarWest,NewEngland + 
-53491449.446 * Region=Southwest,FarWest,NewEngland + 

27949840.6561 * Region=FarWest,NewEngland + 
284215483.7336 * Region=NewEngland + 
 -28937.8889 * ServiceArea + 
 16.8824 * PopulationServed + 
 14.9731 * StateGDPinMillions(2020Dollars) + 
2449930.4136 * SystemAge + 
1311897.6667 * TotalTrackMiles + 
-2152590.0364 * TotalStations + 
14094389.3565 * TotalMaintenanceFacilities + 

 -51.6031 * AverageLifetimeMilesperVehicle + 
21313373.1071 
 
Regression Analysis: 
 
Variable Coefficient SE of Coef t-Stat 
Region=Southeast,Plains,Mideast,RockyMountain,Southwest,FarWest,NewEngland -31378130.5577 8407927.1488 -
3.732  

Region=RockyMountain,Southwest,FarWest,NewEngland 30218936.6354 6299744.7968 4.7969 
Region=Southwest,FarWest,NewEngland -53491449.446 8383028.0282 -6.3809 
Region=FarWest,NewEngland 27949840.6561 5762056.9035 4.8507 
Region=NewEngland 284215483.7336 16199016.6349 17.5452 
ServiceArea -28937.8889 2696.4745 -10.7317 
PopulationServed 16.8824 1.2766 13.2241 
StateGDPinMillions(2020Dollars) 14.9731 2.1265 7.0411 
SystemAge 2449930.4136 322015.8886 7.6081 

TotalTrackMiles 1311897.6667 74392.486 17.6348 
TotalStations -2152590.0364 158844.1673 -13.5516 
TotalMaintenanceFacilities 14094389.3565 1664407.3003 8.4681 
AverageLifetimeMilesperVehicle -51.6031 6.1154 -8.4382 
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const 21313373.1071 9892521.8776 2.1545 
 
Degrees of freedom = 223 
R^2 value = 0.9056 
Adjusted R^2 = 0.90005 

F-statistic = 164.4843 
 
Time taken to build model: 0.08 seconds 
 
 
=== Classifier model for training split (166 instances) === 
 
 

Linear Regression Model 
 
 ActualOperatingCost(2020Dollars) = 
 
-31444953.5634 * Region=Southeast,Plains,Mideast,RockyMountain,Southwest,FarWest,NewEngland + 
26756959.615 * Region=RockyMountain,Southwest,FarWest,NewEngland + 
-47600549.7888 * Region=Southwest,FarWest,NewEngland + 
30856350.39 * Region=FarWest,NewEngland + 

278197035.3569 * Region=NewEngland + 
 -28430.924 * ServiceArea + 
 16.81 * PopulationServed + 
 13.5905 * StateGDPinMillions(2020Dollars) + 
2435368.4838 * SystemAge + 
1288939.9046 * TotalTrackMiles + 
-2102095.1954 * TotalStations + 
13710471.8722 * TotalMaintenanceFacilities + 

 -50.6609 * AverageLifetimeMilesperVehicle + 
20828517.6806 
 
Regression Analysis: 
 
Variable Coefficient SE of Coef t-Stat 
Region=Southeast,Plains,Mideast,RockyMountain,Southwest,FarWest,NewEngland -31444953.5634 9930427.5592 -
3.1665 
Region=RockyMountain,Southwest,FarWest,NewEngland 26756959.615 7532289.4242 3.5523 

Region=Southwest,FarWest,NewEngland -47600549.7888 9858626.1484 -4.8283 
Region=FarWest,NewEngland 30856350.39 6830900.0722 4.5172 
Region=NewEngland 278197035.3569 18768203.9208 14.8228 
ServiceArea -28430.924 3196.2745 -8.895  
PopulationServed 16.81 1.6666 10.0866 
StateGDPinMillions(2020Dollars) 13.5905 2.3939 5.6772 
SystemAge 2435368.4838 373232.8888 6.5251 
TotalTrackMiles 1288939.9046 84260.6879 15.297  

TotalStations -2102095.1954 183420.7709 -11.4605 
TotalMaintenanceFacilities 13710471.8722 1744178.0721 7.8607 
AverageLifetimeMilesperVehicle -50.6609 6.9383 -7.3017 
const 20828517.6806 11754677.6328 1.7719 
 
Degrees of freedom = 152 
R^2 value = 0.9129 
Adjusted R^2 = 0.90544 

F-statistic = 122.538 
=== Predictions on test split === 
 
inst#,actual,predicted,error 
1,126163127,118831486.481,-7331640.519 
2,70493691,63949711.237,-6543979.763 
3,15703749,19420855.609,3717106.609 
4,128822647,83774796.579,-45047850.421 
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5,40457066,39228617.951,-1228448.049 
6,279258621,247298136.787,-31960484.213 
7,20944169,19862746.938,-1081422.062 
8,218379750,249996235.389,31616485.389 
9,146007018,122362846.022,-23644171.978 

10,16485001,11911993.521,-4573007.479 
11,27415244,17506990.852,-9908253.148 
12,17939179,10102745.518,-7836433.482 
13,13003504,23209695.915,10206191.915 
14,93122361,68541276.651,-24581084.349 
15,209540754,202417436.21,-7123317.79 
16,70332634,73157863.764,2825229.764 
17,247439854,246219012.353,-1220841.647 

18,237189861,192767203.046,-44422657.954 
19,91798271,67069595.21,-24728675.79 
20,119238973,86116184.479,-33122788.521 
21,60178824,66345947.765,6167123.765 
22,12804201,-2551954.917,-15356155.917 
23,111565171,133697677.257,22132506.257 
24,72977309,63347656.203,-9629652.797 
25,27667420,23734790.653,-3932629.347 

26,77068490,69741046.385,-7327443.615 
27,44055011,53532014.244,9477003.244 
28,38775135,32562408.551,-6212726.449 
29,14713912,10907492.423,-3806419.577 
30,59480499,120756348.017,61275849.017 
31,54045303,81315236.512,27269933.512 
32,216884542,173381781.243,-43502760.757 
33,78332827,62708722.203,-15624104.797 

34,27541446,78874625.431,51333179.431 
35,73905691,71675679.224,-2230011.776 
36,58813463,53490362.416,-5323100.584 
37,218924321,249379452.364,30455131.364 
38,205785984,219195037.011,13409053.011 
39,94335135,87059501.286,-7275633.714 
40,66962154,93308867.651,26346713.651 
41,21878339,23592937.179,1714598.179 
42,49967561,53825510.174,3857949.174 

43,83562544,68404783.349,-15157760.651 
44,68739411,94268483.645,25529072.645 
45,82012247,76102509.042,-5909737.958 
46,129317901,116464754.954,-12853146.046 
47,15550749,10594916.989,-4955832.011 
48,131228832,107025198.021,-24203633.979 
49,71593349,80706948.468,9113599.468 
50,129219099,138243060.26,9023961.26 

51,76768316,74045409.25,-2722906.75 
52,123999267,88367193.641,-35632073.359 
53,203271767,234765196.322,31493429.322 
54,32151242,17507619.74,-14643622.26 
55,125880865,134559579.156,8678714.156 
56,68718530,63782544.816,-4935985.184 
57,74203219,64649003.174,-9554215.826 
58,36316385,34820047.075,-1496337.925 

59,410251793,319073917.45,-91177875.55 
60,63083513,82303630.435,19220117.435 
61,13951401,-911448.259,-14862849.259 
62,84805048,112657369.653,27852321.653 
63,67729141,63201444.845,-4527696.155 
64,67972702,141311688.234,73338986.234 
65,77116458,69330161.786,-7786296.214 
66,62906064,79198575.62,16292511.62 
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67,55932366,94334003.027,38401637.027 
68,16284774,29085720.498,12800946.498 
69,180470511,196164067.433,15693556.433 
70,138006656,93169756.665,-44836899.335 
71,192474212,214527240.06,22053028.06 

 
=== Evaluation on test split === 
 
Time taken to test model on test split: 0.03 seconds 
 
=== Summary === 
 
Correlation coefficient 0.9419 

Mean absolute error 18325753.5359 
Root mean squared error 25430627.8644 
Relative absolute error 32.5948 % 
Root relative squared error 33.5631 % 
Total Number of Instances 71  
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Appendix C – ANN Results 

=== Run information === 
 
Scheme: weka.classifiers.functions.MultilayerPerceptron -L 0.3 -M 0.2 -N 500 -V 0 -S 0 -E 20 -H 5 
Relation: Test-weka.filters.unsupervised.attribute.Remove-R1-5-weka.filters.unsupervised.attribute.Remove-R5,7 
Instances: 237 

Attributes: 15 
 Region 
 ServiceArea 
 PopulationServed 
 Density 
 StateGDPinMillions(2020Dollars) 
 ActualOperatingCost(2020Dollars)  
 SystemAge 

 TotalTrackMiles 
 TotalStations 
 TotalMaintenanceFacilities 
 TotalVehicles 
 AverageVehicleLength 
 TypicalWeekdayServiceHours 
 AverageAgeofFleet 
 AverageLifetimeMilesperVehicle 

Test mode: split 70.0% train, remainder test 
 
=== Classifier model (full training set) === 
 
Linear Node 0 
 Inputs Weights 
 Threshold 0.5341679119004917 
 Node 1 -0.7790137939268289 

 Node 2 -1.1370936442727175 
 Node 3 -0.5344882362606599 
 Node 4 -0.32442651811567325 
 Node 5 0.6686474412704482 
Sigmoid Node 1 
 Inputs Weights 
 Threshold -0.4121427346307579 
 Attrib Region=FarWest 0.505685979505829 
 Attrib Region=NewEngland 0.17136266082498688 

 Attrib Region=Mideast 0.042790433071616334 
 Attrib Region=Southeast -0.0420516302255367 
 Attrib Region=GreatLakes 0.4362054243693053 
 Attrib Region=Plains 0.5383682504017616 
 Attrib Region=Southwest 0.0153257731578986 
 Attrib Region=RockyMountain 0.5838415932365576 
 Attrib ServiceArea -0.17961268889925971 
 Attrib PopulationServed 0.2557122134232263 

 Attrib Density 0.2381737187745797 
 Attrib StateGDPinMillions(2020Dollars) -0.17356713440261465 
 Attrib SystemAge -0.5087574635847424 
 Attrib TotalTrackMiles -0.09568734597610103 
 Attrib TotalStations 0.08461599735681206 
 Attrib TotalMaintenanceFacilities 0.34606043585580404 
 Attrib TotalVehicles 0.18163135289915766 
 Attrib AverageVehicleLength 0.5228825751487431 

 Attrib TypicalWeekdayServiceHours -0.686629587305461 
 Attrib AverageAgeofFleet -0.393183145548607 
 Attrib AverageLifetimeMilesperVehicle -0.7295900804361578 
Sigmoid Node 2 
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 Inputs Weights 
 Threshold 0.15134558774884638 
 Attrib Region=FarWest -1.3240470008791068 
 Attrib Region=NewEngland -0.9644265910530762 
 Attrib Region=Mideast 1.051652232656031 

 Attrib Region=Southeast 0.16939016613413063 
 Attrib Region=GreatLakes 0.18625090563261015 
 Attrib Region=Plains -0.7138845631485654 
 Attrib Region=Southwest 0.25813300366117226 
 Attrib Region=RockyMountain 0.4816809320450521 
 Attrib ServiceArea -0.19669539276176992 
 Attrib PopulationServed -0.9038344631743421 
 Attrib Density -1.7223495546592067 

 Attrib StateGDPinMillions(2020Dollars) 0.15420523789540844 
 Attrib SystemAge -2.4723253717277887 
 Attrib TotalTrackMiles 0.5054442140224861 
 Attrib TotalStations 2.1187722732235983 
 Attrib TotalMaintenanceFacilities -2.2893790186007146 
 Attrib TotalVehicles -3.5322636745606846 
 Attrib AverageVehicleLength -0.01708765516099747 
 Attrib TypicalWeekdayServiceHours -0.9094281482130264 

 Attrib AverageAgeofFleet 1.3227696331334324 
 Attrib AverageLifetimeMilesperVehicle 0.3063398781866812 
Sigmoid Node 3 
 Inputs Weights 
 Threshold -0.4457878391398468 
 Attrib Region=FarWest -0.07525845583882732 
 Attrib Region=NewEngland 0.12942672061787233 
 Attrib Region=Mideast 0.14812820764743037 

 Attrib Region=Southeast 0.5588409242940507 
 Attrib Region=GreatLakes 0.9148764058011097 
 Attrib Region=Plains 0.3769978630482627 
 Attrib Region=Southwest 0.4650167711039976 
 Attrib Region=RockyMountain 0.30353398209625027 
 Attrib ServiceArea 0.6222234379995584 
 Attrib PopulationServed -0.4452216475590903 
 Attrib Density 0.25877459651642487 
 Attrib StateGDPinMillions(2020Dollars) 0.69684034599393 

 Attrib SystemAge 1.0550448572408577 
 Attrib TotalTrackMiles -0.9510203627018045 
 Attrib TotalStations 0.3224612496148874 
 Attrib TotalMaintenanceFacilities -0.13752406907923553 
 Attrib TotalVehicles -2.702536238220084 
 Attrib AverageVehicleLength -0.4380285558252509 
 Attrib TypicalWeekdayServiceHours 0.1412624448731989 
 Attrib AverageAgeofFleet -1.1798220000125217 

 Attrib AverageLifetimeMilesperVehicle 0.7852436482245884 
Sigmoid Node 4 
 Inputs Weights 
 Threshold -0.31540192002971945 
 Attrib Region=FarWest 0.1284830539488937 
 Attrib Region=NewEngland 0.28724404546496135 
 Attrib Region=Mideast 0.18674263872757757 
 Attrib Region=Southeast 0.3829583586117777 

 Attrib Region=GreatLakes 0.3357652036086363 
 Attrib Region=Plains 0.3446233985373205 
 Attrib Region=Southwest 0.13401075920277705 
 Attrib Region=RockyMountain 0.34785149994622494 
 Attrib ServiceArea 0.10512155748198528 
 Attrib PopulationServed 0.113209378314057 
 Attrib Density 0.21607040260382931 
 Attrib StateGDPinMillions(2020Dollars) 0.06386591510543903 
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 Attrib SystemAge -0.053976750333228726 
 Attrib TotalTrackMiles 0.1089204568812133 
 Attrib TotalStations 0.0059824611714877135 
 Attrib TotalMaintenanceFacilities 0.43586760421683507 
 Attrib TotalVehicles 0.2804519028011419 

 Attrib AverageVehicleLength 0.18684553495147613 
 Attrib TypicalWeekdayServiceHours -0.2715633920525789 
 Attrib AverageAgeofFleet 0.06093806066642684 
 Attrib AverageLifetimeMilesperVehicle -0.03872433152363187 
Sigmoid Node 5 
 Inputs Weights 
 Threshold 0.08766936164371757 
 Attrib Region=FarWest -0.704452500325303 

 Attrib Region=NewEngland -0.034573080605763085 
 Attrib Region=Mideast -0.8254747663054852 
 Attrib Region=Southeast -0.20590422831443375 
 Attrib Region=GreatLakes -0.2334582693867021 
 Attrib Region=Plains 0.9728868302048755 
 Attrib Region=Southwest 0.5013737087538719 
 Attrib Region=RockyMountain 0.06921061108797649 
 Attrib ServiceArea 1.1587524986821371 

 Attrib PopulationServed 1.1680028778424156 
 Attrib Density 0.13012643387880893 
 Attrib StateGDPinMillions(2020Dollars) 1.1045253847343994 
 Attrib SystemAge 1.0470424976261916 
 Attrib TotalTrackMiles 0.6023890418046197 
 Attrib TotalStations 1.7832327296239614 
 Attrib TotalMaintenanceFacilities -0.06540155580867613 
 Attrib TotalVehicles 1.367192142795208 

 Attrib AverageVehicleLength 0.469719451410262 
 Attrib TypicalWeekdayServiceHours -1.0851159344904653 
 Attrib AverageAgeofFleet -0.3302203555258331 
 Attrib AverageLifetimeMilesperVehicle -0.1642609177499706 
Class  
 Input 
 Node 0 
 
 

Time taken to build model: 0.24 seconds 
 
 
=== Classifier model for training split (166 instances) === 
 
Linear Node 0 
 Inputs Weights 
 Threshold 1.386514259585355 

 Node 1 -0.3221807282895841 
 Node 2 -0.8319640772343656 
 Node 3 -1.4190995450656685 
 Node 4 -0.6699116380751043 
 Node 5 -0.6416603047409511 
Sigmoid Node 1 
 Inputs Weights 
 Threshold -0.49402979546724773 

 Attrib Region=FarWest 0.38263921218319524 
 Attrib Region=NewEngland 0.2343165167517047 
 Attrib Region=Mideast 0.31085882128005743 
 Attrib Region=Southeast 0.11104241672635486 
 Attrib Region=GreatLakes 0.6221145037775456 
 Attrib Region=Plains 0.3983686659419054 
 Attrib Region=Southwest 0.2611449143942491 
 Attrib Region=RockyMountain 0.3944150634797153 
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 Attrib ServiceArea 0.3804443529077426 
 Attrib PopulationServed 0.1076551337982881 
 Attrib Density 0.4861852954706694 
 Attrib StateGDPinMillions(2020Dollars) 0.194235468096959 
 Attrib SystemAge -0.12027203493535565 

 Attrib TotalTrackMiles -0.3441957405313878 
 Attrib TotalStations -0.13333611658341601 
 Attrib TotalMaintenanceFacilities -0.025857138324679826 
 Attrib TotalVehicles -0.3983750466565552 
 Attrib AverageVehicleLength 0.07871700188911104 
 Attrib TypicalWeekdayServiceHours -0.19414072689796252 
 Attrib AverageAgeofFleet -0.2832079130876579 
 Attrib AverageLifetimeMilesperVehicle -0.19551640996840267 

Sigmoid Node 2 
 Inputs Weights 
 Threshold -0.2357465555807104 
 Attrib Region=FarWest -0.9038500129786935 
 Attrib Region=NewEngland -0.25524782770665544 
 Attrib Region=Mideast 0.7058572005978979 
 Attrib Region=Southeast 0.3970527319377801 
 Attrib Region=GreatLakes 1.0238258126103685 

 Attrib Region=Plains 0.12292873356552832 
 Attrib Region=Southwest 0.06399251947438851 
 Attrib Region=RockyMountain 0.31897854231799944 
 Attrib ServiceArea 0.5927271038433463 
 Attrib PopulationServed -0.3510479502182961 
 Attrib Density 0.4713559373796153 
 Attrib StateGDPinMillions(2020Dollars) 0.9468134154524539 
 Attrib SystemAge 1.9421970249416585 

 Attrib TotalTrackMiles -0.5667119491055692 
 Attrib TotalStations -0.8080783755843445 
 Attrib TotalMaintenanceFacilities -0.3777199377370632 
 Attrib TotalVehicles -2.1764872124210286 
 Attrib AverageVehicleLength -0.1280501914829632 
 Attrib TypicalWeekdayServiceHours 0.09596580777599477 
 Attrib AverageAgeofFleet -0.834687280690697 
 Attrib AverageLifetimeMilesperVehicle 0.5388253654315831 
Sigmoid Node 3 

 Inputs Weights 
 Threshold 0.09510335035237866 
 Attrib Region=FarWest -0.5151940440309521 
 Attrib Region=NewEngland -0.2322824081093369 
 Attrib Region=Mideast -0.09340318156143144 
 Attrib Region=Southeast 0.319084209244834 
 Attrib Region=GreatLakes 0.17695256755215483 
 Attrib Region=Plains -0.7733909607728722 

 Attrib Region=Southwest 0.3689303674134668 
 Attrib Region=RockyMountain 0.43231960121730284 
 Attrib ServiceArea -0.27995563896413816 
 Attrib PopulationServed -0.8546207353875288 
 Attrib Density -1.5636942886530907 
 Attrib StateGDPinMillions(2020Dollars) -1.0320845567288035 
 Attrib SystemAge -2.874012507103123 
 Attrib TotalTrackMiles -0.06722188469972816 

 Attrib TotalStations 0.6318923643590904 
 Attrib TotalMaintenanceFacilities -1.4066860348730648 
 Attrib TotalVehicles -3.466996424659942 
 Attrib AverageVehicleLength -0.2575085531586112 
 Attrib TypicalWeekdayServiceHours 0.03386659396633426 
 Attrib AverageAgeofFleet 1.634680120209921 
 Attrib AverageLifetimeMilesperVehicle 1.1876360188510309 
Sigmoid Node 4 
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 Inputs Weights 
 Threshold -0.27722733225944507 
 Attrib Region=FarWest 1.5759165094171441 
 Attrib Region=NewEngland -0.06371708493252842 
 Attrib Region=Mideast -0.041841899571949975 

 Attrib Region=Southeast -0.10551873517630882 
 Attrib Region=GreatLakes 0.2883530317628002 
 Attrib Region=Plains 0.4255892181881831 
 Attrib Region=Southwest -0.2779126289468189 
 Attrib Region=RockyMountain 0.16035624137742718 
 Attrib ServiceArea 0.003274031701345944 
 Attrib PopulationServed -0.23586237020456632 
 Attrib Density 0.18842642943390253 

 Attrib StateGDPinMillions(2020Dollars) 0.6328294758676828 
 Attrib SystemAge -0.6322847503034082 
 Attrib TotalTrackMiles 0.11007903626804974 
 Attrib TotalStations 0.8145210099894097 
 Attrib TotalMaintenanceFacilities -0.13484295659969375 
 Attrib TotalVehicles -0.33150449311911256 
 Attrib AverageVehicleLength -0.010926839054334706 
 Attrib TypicalWeekdayServiceHours -1.129468446074515 

 Attrib AverageAgeofFleet 0.017305916787123187 
 Attrib AverageLifetimeMilesperVehicle 0.303636942092692 
Sigmoid Node 5 
 Inputs Weights 
 Threshold -0.24844193111136026 
 Attrib Region=FarWest -0.08778424456605996 
 Attrib Region=NewEngland 0.17726088208683347 
 Attrib Region=Mideast -0.22732134322934122 

 Attrib Region=Southeast -0.12189651131532044 
 Attrib Region=GreatLakes 0.5350373323074556 
 Attrib Region=Plains 0.5504173843153349 
 Attrib Region=Southwest 0.15211246919272448 
 Attrib Region=RockyMountain 0.6076531705956408 
 Attrib ServiceArea 0.11000706122443514 
 Attrib PopulationServed -0.557866380550393 
 Attrib Density 0.5390250184432157 
 Attrib StateGDPinMillions(2020Dollars) -0.5367997320595976 

 Attrib SystemAge -0.5225098437617356 
 Attrib TotalTrackMiles -0.3772427880693798 
 Attrib TotalStations 0.025184135553010866 
 Attrib TotalMaintenanceFacilities -0.14475329609429266 
 Attrib TotalVehicles 0.03203015265362066 
 Attrib AverageVehicleLength 0.2694191686218675 
 Attrib TypicalWeekdayServiceHours -0.07932926098991451 
 Attrib AverageAgeofFleet -1.1611382556486092 

 Attrib AverageLifetimeMilesperVehicle -1.0518154624517737 
Class  
 Input 
 Node 0 
 
=== Predictions on test split === 
 
inst#,actual,predicted,error 

1,126163127,133307170.919,7144043.919 
2,70493691,60346391.691,-10147299.309 
3,15703749,16807427.971,1103678.971 
4,128822647,108475304.756,-20347342.244 
5,40457066,50381461.684,9924395.684 
6,279258621,278665262.913,-593358.087 
7,20944169,24956139.749,4011970.749 
8,218379750,228002233.335,9622483.335 
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9,146007018,133531987.227,-12475030.773 
10,16485001,22503268.562,6018267.562 
11,27415244,22467114.467,-4948129.533 
12,17939179,21981001.335,4041822.335 
13,13003504,21805244.383,8801740.383 

14,93122361,72807220.991,-20315140.009 
15,209540754,218076648.451,8535894.451 
16,70332634,85041595.692,14708961.692 
17,247439854,263970882.635,16531028.635 
18,237189861,286785895.572,49596034.572 
19,91798271,87071210.662,-4727060.338 
20,119238973,105083124.3,-14155848.7 
21,60178824,59096565.522,-1082258.478 

22,12804201,16253061.577,3448860.577 
23,111565171,115043999.578,3478828.578 
24,72977309,68935805.113,-4041503.887 
25,27667420,26849071.708,-818348.292 
26,77068490,89263685.219,12195195.219 
27,44055011,56930529.136,12875518.136 
28,38775135,42670999.469,3895864.469 
29,14713912,19240639.941,4526727.941 

30,59480499,63114035.18,3633536.18 
31,54045303,66639987.322,12594684.322 
32,216884542,207980363.244,-8904178.756 
33,78332827,75612570.637,-2720256.363 
34,27541446,35368546.035,7827100.035 
35,73905691,76315519.984,2409828.984 
36,58813463,62713219.941,3899756.941 
37,218924321,233278194.568,14353873.568 

38,205785984,197901451.097,-7884532.903 
39,94335135,105078076.279,10742941.279 
40,66962154,69478949.513,2516795.513 
41,21878339,28258012.312,6379673.312 
42,49967561,44534885.128,-5432675.872 
43,83562544,89372623.722,5810079.722 
44,68739411,69102086.875,362675.875 
45,82012247,90239191.304,8226944.304 
46,129317901,144376695.32,15058794.32 

47,15550749,16328171.351,777422.351 
48,131228832,130071987.017,-1156844.983 
49,71593349,79080315.909,7486966.909 
50,129219099,122119025.853,-7100073.147 
51,76768316,82715222.435,5946906.435 
52,123999267,99299162.21,-24700104.79 
53,203271767,162692167.016,-40579599.984 
54,32151242,28799862.856,-3351379.144 

55,125880865,118212621.527,-7668243.473 
56,68718530,63574311.102,-5144218.898 
57,74203219,72606279.901,-1596939.099 
58,36316385,45217307.442,8900922.442 
59,410251793,389405503.59,-20846289.41 
60,63083513,66347505.036,3263992.036 
61,13951401,15321637.988,1370236.988 
62,84805048,80649137.789,-4155910.211 

63,67729141,56629113.5,-11100027.5 
64,67972702,67912779.813,-59922.187 
65,77116458,69562315.221,-7554142.779 
66,62906064,73573558.938,10667494.938 
67,55932366,64352404.993,8420038.993 
68,16284774,18200172.599,1915398.599 
69,180470511,196914811.662,16444300.662 
70,138006656,112804219.564,-25202436.436 
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71,192474212,191307746.7,-1166465.3 
 
=== Evaluation on test split === 
 
Time taken to test model on test split: 0.04 seconds 

 
=== Summary === 
 
Correlation coefficient 0.987  
Mean absolute error 8724609.0535 
Root mean squared error 12210034.1433 
Relative absolute error 15.5179 % 
Root relative squared error 16.1147 % 

Total Number of Instances 71  
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Appendix D – kNN Results 

=== Run information === 
 
Scheme: weka.classifiers.lazy.IBk -K 2 -W 0 -I -A "weka.core.neighboursearch.LinearNNSearch -A 
\"weka.core.ManhattanDistance -R first-last\"" 
Relation: Test-weka.filters.unsupervised.attribute.Remove-R1-5-weka.filters.unsupervised.attribute.Remove-R5,7 

Instances: 237 
Attributes: 15 
 Region 
 ServiceArea 
 PopulationServed 
 Density 
 StateGDPinMillions(2020Dollars) 
 ActualOperatingCost(2020Dollars)  

 SystemAge 
 TotalTrackMiles 
 TotalStations 
 TotalMaintenanceFacilities 
 TotalVehicles 
 AverageVehicleLength 
 TypicalWeekdayServiceHours 
 AverageAgeofFleet 

 AverageLifetimeMilesperVehicle 
Test mode: split 70.0% train, remainder test 
 
=== Classifier model (full training set) === 
 
IB1 instance-based classifier 
using 2 inverse-distance-weighted nearest neighbour(s) for classification 
 

 
Time taken to build model: 0 seconds 
 
 
=== Classifier model for training split (166 instances) === 
 
IB1 instance-based classifier 
using 2 inverse-distance-weighted nearest neighbour(s) for classification 
 

=== Predictions on test split === 
 
inst#,actual,predicted,error 
1,126163127,119632761.444,-6530365.556 
2,70493691,70373968.914,-119722.086 
3,15703749,15454846.148,-248902.852 
4,128822647,123051388.687,-5771258.313 
5,40457066,46357205.285,5900139.285 

6,279258621,303519355.777,24260734.777 
7,20944169,19872181.104,-1071987.896 
8,218379750,222565825.859,4186075.859 
9,146007018,129448573.12,-16558444.88 
10,16485001,16987603.219,502602.219 
11,27415244,26813601.577,-601642.423 
12,17939179,17564565.883,-374613.117 
13,13003504,14576297.902,1572793.902 

14,93122361,69687430.37,-23434930.63 
15,209540754,224256645.696,14715891.696 
16,70332634,74877160.312,4544526.312 
17,247439854,255559770.523,8119916.523 
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18,237189861,242858385.092,5668524.092 
19,91798271,85247439.816,-6550831.184 
20,119238973,112121190.265,-7117782.735 
21,60178824,63299672.017,3120848.017 
22,12804201,13691396.328,887195.328 

23,111565171,132513230.696,20948059.696 
24,72977309,66894086.663,-6083222.337 
25,27667420,27860329.122,192909.122 
26,77068490,75580025.442,-1488464.558 
27,44055011,50489327.949,6434316.949 
28,38775135,39369266.438,594131.438 
29,14713912,13598262.754,-1115649.246 
30,59480499,64465348.701,4984849.701 

31,54045303,56591526.698,2546223.698 
32,216884542,212233728.501,-4650813.499 
33,78332827,79148803.152,815976.152 
34,27541446,61725384.03,34183938.03 
35,73905691,73582755.213,-322935.787 
36,58813463,64393723.033,5580260.033 
37,218924321,215878135.927,-3046185.073 
38,205785984,198804792.432,-6981191.568 

39,94335135,98584923.162,4249788.162 
40,66962154,60873516.07,-6088637.93 
41,21878339,20638906.329,-1239432.671 
42,49967561,48291189.897,-1676371.103 
43,83562544,81997664.454,-1564879.546 
44,68739411,60403030.109,-8336380.891 
45,82012247,81805887.772,-206359.228 
46,129317901,152155313.586,22837412.586 

47,15550749,13551373.122,-1999375.878 
48,131228832,127004129.993,-4224702.007 
49,71593349,66815445.444,-4777903.556 
50,129219099,114500145.536,-14718953.464 
51,76768316,74267184.77,-2501131.23 
52,123999267,100880115.39,-23119151.61 
53,203271767,213259087.467,9987320.467 
54,32151242,30779422.183,-1371819.817 
55,125880865,114478802.357,-11402062.643 

56,68718530,64936456.934,-3782073.066 
57,74203219,78359931.476,4156712.476 
58,36316385,38062093.928,1745708.928 
59,410251793,378191711.504,-32060081.496 
60,63083513,68739989.597,5656476.597 
61,13951401,13479638.941,-471762.059 
62,84805048,88994881.927,4189833.927 
63,67729141,62794834.825,-4934306.175 

64,67972702,75999444.79,8026742.79 
65,77116458,73620547.464,-3495910.536 
66,62906064,62524374.428,-381689.572 
67,55932366,62997320.682,7064954.682 
68,16284774,16416090.966,131316.966 
69,180470511,190254273.031,9783762.031 
70,138006656,115172152.295,-22834503.705 
71,192474212,188923788.121,-3550423.879 

 
=== Evaluation on test split === 
 
Time taken to test model on test split: 0.03 seconds 
 
=== Summary === 
 
Correlation coefficient 0.9909 
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Mean absolute error 6681645.0457 
Root mean squared error 10206582.3585 
Relative absolute error 11.8842 % 
Root relative squared error 13.4706 % 
Total Number of Instances 71  
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Appendix E – RF Results 

=== Run information === 
 
Scheme: weka.classifiers.trees.RandomForest -P 100 -attribute-importance -I 100 -num-slots 1 -K 0 -M 1.0 -V 0.001 -S 
1 
Relation: Test-weka.filters.unsupervised.attribute.Remove-R1-5-weka.filters.unsupervised.attribute.Remove-R5,7 

Instances: 237 
Attributes: 15 
 Region 
 ServiceArea 
 PopulationServed 
 Density 
 StateGDPinMillions(2020Dollars) 
 ActualOperatingCost(2020Dollars)  

 SystemAge 
 TotalTrackMiles 
 TotalStations 
 TotalMaintenanceFacilities 
 TotalVehicles 
 AverageVehicleLength 
 TypicalWeekdayServiceHours 
 AverageAgeofFleet 

 AverageLifetimeMilesperVehicle 
Test mode: split 70.0% train, remainder test 
 
=== Classifier model (full training set) === 
 
RandomForest 
 
Bagging with 100 iterations and base learner 

 
weka.classifiers.trees.RandomTree -K 0 -M 1.0 -V 0.001 -S 1 -do-not-check-capabilities 
 
Attribute importance based on average impurity decrease (and number of nodes using that attribute) 
 
76217273324669200 ( 422) TotalVehicles 
72556304737951568 ( 179) TotalMaintenanceFacilities 
45285589443783912 ( 281) Region 
37048931019829824 ( 404) TotalTrackMiles 

33835710138538704 ( 364) TotalStations 
14187807200330980 ( 287) ServiceArea 
9729636281728370 ( 263) AverageVehicleLength 
9057172844587870 ( 209) TypicalWeekdayServiceHours 
8791391095096614 ( 1207) Density 
7827162573557444 ( 1561) PopulationServed 
4581656556134810 ( 1020) StateGDPinMillions(2020Dollars) 
4403905910440305.5 ( 762) SystemAge 

2481287237852026.5 ( 427) AverageAgeofFleet 
2274890079977768.5 ( 404) AverageLifetimeMilesperVehicle 
 
 
Time taken to build model: 0.16 seconds 
 
 
=== Classifier model for training split (166 instances) === 

 
RandomForest 
 
Bagging with 100 iterations and base learner 
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weka.classifiers.trees.RandomTree -K 0 -M 1.0 -V 0.001 -S 1 -do-not-check-capabilities 
 
Attribute importance based on average impurity decrease (and number of nodes using that attribute) 
 

65455395885807744 ( 324) TotalVehicles 
41380059215863664 ( 159) TotalMaintenanceFacilities 
35800830470173616 ( 276) Region 
32721419335526864 ( 248) TotalStations 
27974063443087060 ( 348) TotalTrackMiles 
12281029474132484 ( 261) ServiceArea 
10849808077683962 ( 1119) PopulationServed 
9825815868194842 ( 139) AverageVehicleLength 

9718279406198192 ( 165) TypicalWeekdayServiceHours 
7379236741152347 ( 915) Density 
4911928193926154 ( 298) AverageAgeofFleet 
4016953220276114 ( 727) StateGDPinMillions(2020Dollars) 
3144376009051003 ( 546) SystemAge 
2885364965085968.5 ( 238) AverageLifetimeMilesperVehicle 
 
=== Predictions on test split === 

 
inst#,actual,predicted,error 
1,126163127,120061330.664,-6101796.336 
2,70493691,69113711.387,-1379979.613 
3,15703749,15299773.542,-403975.458 
4,128822647,116364011.086,-12458635.914 
5,40457066,46458848.055,6001782.055 
6,279258621,277164862.12,-2093758.88 

7,20944169,21292311.105,348142.105 
8,218379750,197280314.039,-21099435.961 
9,146007018,130125819.762,-15881198.238 
10,16485001,16597821.891,112820.891 
11,27415244,28927171.897,1511927.897 
12,17939179,16811307.55,-1127871.45 
13,13003504,16015882.312,3012378.312 
14,93122361,80317685.376,-12804675.624 
15,209540754,219936448.478,10395694.478 

16,70332634,75551101.699,5218467.699 
17,247439854,242877483.077,-4562370.923 
18,237189861,231207440.88,-5982420.12 
19,91798271,86051637.467,-5746633.533 
20,119238973,103193812.323,-16045160.677 
21,60178824,64058244.187,3879420.187 
22,12804201,13576920.102,772719.102 
23,111565171,123324724.621,11759553.621 

24,72977309,80431079.079,7453770.079 
25,27667420,28190372.207,522952.207 
26,77068490,76609566.005,-458923.995 
27,44055011,50584188.017,6529177.017 
28,38775135,36702834.122,-2072300.878 
29,14713912,21133783.543,6419871.543 
30,59480499,63543235.307,4062736.307 
31,54045303,62506133.173,8460830.173 

32,216884542,206015747.21,-10868794.79 
33,78332827,81563100.982,3230273.982 
34,27541446,48282942.255,20741496.255 
35,73905691,76475710.085,2570019.085 
36,58813463,65860143.179,7046680.179 
37,218924321,197336721.442,-21587599.558 
38,205785984,194295339.585,-11490644.415 
39,94335135,102080837.861,7745702.861 
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40,66962154,62108242.901,-4853911.099 
41,21878339,22710145.216,831806.216 
42,49967561,49373581.057,-593979.943 
43,83562544,80610631.828,-2951912.172 
44,68739411,61959151.568,-6780259.432 

45,82012247,84381817.386,2369570.386 
46,129317901,125282619.554,-4035281.446 
47,15550749,21114153.137,5563404.137 
48,131228832,130157754.943,-1071077.057 
49,71593349,68497973.338,-3095375.662 
50,129219099,110924177.96,-18294921.04 
51,76768316,75131110.493,-1637205.507 
52,123999267,93562684.277,-30436582.723 

53,203271767,140643945.375,-62627821.625 
54,32151242,29719512.588,-2431729.412 
55,125880865,114764696.928,-11116168.072 
56,68718530,65650490.085,-3068039.915 
57,74203219,77069726.989,2866507.989 
58,36316385,39524874.174,3208489.174 
59,410251793,355203807.659,-55047985.341 
60,63083513,70835705.826,7752192.826 

61,13951401,13263914.224,-687486.776 
62,84805048,88787655.667,3982607.667 
63,67729141,64348933.811,-3380207.189 
64,67972702,81815026.579,13842324.579 
65,77116458,77355942.985,239484.985 
66,62906064,64042897.821,1136833.821 
67,55932366,61353600.005,5421234.005 
68,16284774,17279435.573,994661.573 

69,180470511,190813897.968,10343386.968 
70,138006656,112181768.823,-25824887.177 
71,192474212,185920259.491,-6553952.509 
 
=== Evaluation on test split === 
 
Time taken to test model on test split: 0.05 seconds 
 
=== Summary === 

 
Correlation coefficient 0.9882 
Mean absolute error 8070477.1947 
Root mean squared error 13476821.305 
Relative absolute error 14.3544 % 
Root relative squared error 17.7866 % 
Total Number of Instances 71  
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Appendix F – SVR Results 

=== Run information === 
 
Scheme: weka.classifiers.functions.SMOreg -C 5.0 -N 0 -I 
"weka.classifiers.functions.supportVector.RegSMOImproved -T 0.001 -V -P 1.0E-12 -L 0.001 -W 1" -K 
"weka.classifiers.functions.supportVector.PolyKernel -E 2.0 -C 250007" 

Relation: Test-weka.filters.unsupervised.attribute.Remove-R1-5-weka.filters.unsupervised.attribute.Remove-R5,7 
Instances: 237 
Attributes: 15 
 Region 
 ServiceArea 
 PopulationServed 
 Density 
 StateGDPinMillions(2020Dollars) 

 ActualOperatingCost(2020Dollars)  
 SystemAge 
 TotalTrackMiles 
 TotalStations 
 TotalMaintenanceFacilities 
 TotalVehicles 
 AverageVehicleLength 
 TypicalWeekdayServiceHours 

 AverageAgeofFleet 
 AverageLifetimeMilesperVehicle 
Test mode: split 70.0% train, remainder test 
 
=== Classifier model (full training set) === 
 
SMOreg 
 

Support vectors: 
+5.0 * k[0] 
+5.0 * k[1] 
-1.4654836963250408 * k[2] 
-5.0 * k[3] 
-5.0 * k[4] 
-5.0 * k[5] 
-5.0 * k[6] 
+5.0 * k[7] 

+5.0 * k[8] 
+4.205305206944586 * k[9] 
-3.7700306233785623 * k[10] 
+5.0 * k[11] 
+5.0 * k[12] 
+5.0 * k[13] 
+0.8805454936135313 * k[14] 
-5.0 * k[15] 

-5.0 * k[16] 
-4.069329059693503 * k[17] 
+5.0 * k[18] 
-0.9842508408368704 * k[19] 
-4.213252276885332 * k[20] 
+1.113281957043514 * k[21] 
+5.0 * k[22] 
-5.0 * k[23] 

+0.12877635408542787 * k[24] 
+5.0 * k[25] 
-5.0 * k[26] 
-5.0 * k[27] 
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-0.09179920944494152 * k[28] 
+5.0 * k[30] 
+5.0 * k[31] 
-5.0 * k[32] 
+5.0 * k[33] 

-1.06014252932271 * k[34] 
+0.2512125780059078 * k[35] 
-5.0 * k[36] 
+0.6057369268735016 * k[38] 
+2.9858145883526968 * k[40] 
-0.007778245001984301 * k[41] 
-2.6756235939624444 * k[42] 
-0.5595058698048619 * k[43] 

+0.8612497782724272 * k[44] 
-0.7416139182437959 * k[45] 
+4.118088155622678 * k[46] 
-5.0 * k[47] 
-5.0 * k[48] 
+5.0 * k[49] 
+5.0 * k[50] 
-3.8607743048281202 * k[51] 

-3.3532112340876767 * k[52] 
+5.0 * k[53] 
-2.0365930943902035 * k[54] 
+5.0 * k[55] 
+5.0 * k[56] 
-4.336626912108784 * k[57] 
-5.0 * k[58] 
-5.0 * k[59] 

-5.0 * k[60] 
+4.736980029716626 * k[61] 
+0.17855569469229549 * k[62] 
+5.0 * k[63] 
+5.0 * k[64] 
-5.0 * k[65] 
+0.31851948244426576 * k[66] 
-2.192015229038634 * k[67] 
-3.292943569972224 * k[68] 

+5.0 * k[69] 
+0.26856268283755114 * k[70] 
-5.0 * k[71] 
+5.0 * k[72] 
-5.0 * k[73] 
+5.0 * k[74] 
-5.0 * k[75] 
+4.772697347353998 * k[76] 

-0.4772032992040324 * k[77] 
+0.797373995600148 * k[79] 
-1.416139767442887 * k[81] 
+5.0 * k[82] 
-4.808472341790186 * k[83] 
+0.07526009216295286 * k[84] 
-3.2010025236197817 * k[85] 
+2.0235989921362885 * k[86] 

+3.4169592644445306 * k[87] 
-3.5155449797295604 * k[88] 
-5.0 * k[89] 
+3.4746963122428003 * k[90] 
-0.0888948279184847 * k[91] 
+3.760542767916504 * k[92] 
+4.977749015522391 * k[93] 
-5.0 * k[94] 
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-0.628703323170467 * k[95] 
+2.332306126021557 * k[96] 
-0.9554054057241634 * k[97] 
+0.27561096617623343 * k[99] 
-0.4589179273594079 * k[100] 

+0.12104707572097338 * k[101] 
+1.1280474966250713 * k[102] 
-4.616979304016197 * k[103] 
+1.23987207057027 * k[104] 
+1.5110092651125162 * k[105] 
-4.960490200679953 * k[106] 
+5.0 * k[107] 
+0.42704550648976797 * k[108] 

+4.877467448982512 * k[109] 
-5.0 * k[110] 
+0.6108728835825156 * k[111] 
-5.0 * k[112] 
+1.4798639043928468 * k[113] 
-5.0 * k[114] 
+5.0 * k[115] 
+2.5066711711389917 * k[116] 

-0.6817475949747821 * k[117] 
+1.142962055371045 * k[118] 
-0.4686742906924956 * k[119] 
+1.2158335219325107 * k[121] 
-2.0938721253395207 * k[122] 
+0.5104928044585196 * k[124] 
-4.700419051036827 * k[125] 
-1.2428037926443123 * k[126] 

+5.0 * k[127] 
-4.459437055900485 * k[128] 
+3.954297105024075 * k[129] 
+5.0 * k[130] 
-5.0 * k[131] 
+3.9509936735452253 * k[132] 
-5.0 * k[133] 
-5.0 * k[134] 
+4.840040211055481 * k[135] 

+1.5983918188881021 * k[136] 
-3.5587786266150148 * k[137] 
+5.0 * k[138] 
-0.22716895890651062 * k[139] 
+5.0 * k[141] 
+2.5117165363150837 * k[142] 
+5.0 * k[143] 
-5.0 * k[144] 

-5.0 * k[145] 
-5.0 * k[146] 
-5.0 * k[147] 
+2.7352292434521894 * k[148] 
+5.0 * k[149] 
+2.587557044989837 * k[150] 
+1.105213470260801 * k[151] 
+5.0 * k[152] 

-5.0 * k[153] 
+1.3660978839643259 * k[154] 
-4.9948906903926895 * k[155] 
+0.22625986968675438 * k[156] 
-0.7382102200538722 * k[157] 
-5.0 * k[158] 
+5.0 * k[159] 
+0.17512684023841174 * k[160] 
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-5.0 * k[161] 
-1.4963983802963223 * k[162] 
-0.02220414537257321 * k[163] 
+5.0 * k[164] 
+2.4397853177423254 * k[165] 

+4.398700799413039 * k[166] 
-4.376145769969453 * k[167] 
-4.319492068014508 * k[168] 
+5.0 * k[169] 
-5.0 * k[170] 
+3.617256638574315 * k[171] 
+5.0 * k[172] 
+5.0 * k[173] 

-0.15084086736538566 * k[174] 
-5.0 * k[175] 
+3.500075103913846 * k[176] 
-5.0 * k[177] 
-5.0 * k[178] 
-5.0 * k[179] 
-3.330576268935839 * k[180] 
+5.0 * k[181] 

+5.0 * k[182] 
-5.0 * k[183] 
+2.9118006461441697 * k[184] 
+5.0 * k[185] 
-5.0 * k[186] 
+2.358154212193396 * k[187] 
+4.547498247281354 * k[188] 
-0.8515712038516836 * k[189] 

-2.7730592553942417 * k[190] 
+5.0 * k[191] 
-4.283473999005315 * k[192] 
+1.6214837132939806 * k[193] 
-5.0 * k[194] 
-0.42962581479568884 * k[195] 
+0.7150453828593473 * k[196] 
+2.628950299912956 * k[197] 
-3.0537220081998875 * k[198] 

-5.0 * k[199] 
-5.0 * k[200] 
+0.20778518607936902 * k[201] 
+2.3628526024702032 * k[202] 
+5.0 * k[203] 
+5.0 * k[204] 
+5.0 * k[205] 
+0.467286704338684 * k[206] 

-5.0 * k[207] 
-5.0 * k[208] 
+5.0 * k[209] 
-5.0 * k[210] 
-1.4247318663140183 * k[211] 
-5.0 * k[212] 
+3.596944656021995 * k[213] 
+5.0 * k[215] 

-0.7975106000327848 * k[216] 
+2.04057612920483 * k[217] 
+1.2947127333371942 * k[218] 
-1.692755795540884 * k[219] 
-0.47048691408730103 * k[220] 
+5.0 * k[221] 
-3.7379143426040553 * k[222] 
-3.5054179981530513 * k[223] 
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+1.5173942424054365 * k[224] 
+5.0 * k[225] 
-5.0 * k[226] 
+1.9281254954823384 * k[227] 
+2.278626678545438 * k[228] 

-5.0 * k[229] 
-4.323465126801846 * k[230] 
+4.846696918700417 * k[231] 
-5.0 * k[232] 
+0.3828385214772108 * k[233] 
+5.0 * k[234] 
+5.0 * k[235] 
-5.0 * k[236] 

 + 0.0093 
 
 
 
Number of kernel evaluations: 28203 (99.978% cached) 
 
Time taken to build model: 2.73 seconds 
 

 
=== Classifier model for training split (166 instances) === 
 
SMOreg 
 
Support vectors: 
+0.8678985177607011 * k[0] 
+0.3223781004246814 * k[1] 

-4.844132138106984 * k[2] 
+5.0 * k[3] 
-1.9672872805810573 * k[5] 
-2.3520508635278747 * k[6] 
-0.7604276477520461 * k[7] 
+0.813451895211903 * k[9] 
+0.28739176519825005 * k[10] 
-4.439766134857214 * k[11] 
+0.2534242181933213 * k[12] 

+5.0 * k[13] 
-0.30677220314330234 * k[14] 
+2.6879160485711435 * k[16] 
+1.9461800881618803 * k[17] 
-1.8935544216844158 * k[18] 
+0.022347274169174553 * k[19] 
-1.1490586401620988 * k[20] 
+2.274626288217985 * k[21] 

+5.0 * k[22] 
-1.9239958669262949 * k[23] 
+1.8272252020985496 * k[24] 
-0.2963603838715476 * k[26] 
-5.0 * k[27] 
+5.0 * k[28] 
+5.0 * k[29] 
-1.7387353431272505 * k[30] 

+5.0 * k[31] 
-5.0 * k[33] 
-0.16632011611642808 * k[34] 
+2.7670794641996315 * k[35] 
+5.0 * k[36] 
+2.9792609398620997 * k[37] 
+5.0 * k[38] 
+0.9597689563151627 * k[39] 
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+2.3930410060619796 * k[40] 
-1.6549928795651183 * k[41] 
+0.2614254781485863 * k[42] 
-1.1045069082447987 * k[43] 
-4.075640342835623 * k[44] 

+0.18313927879399583 * k[45] 
-3.700867411922716 * k[46] 
-5.0 * k[47] 
-5.0 * k[49] 
-0.8077248093722558 * k[50] 
+2.6813522081923513 * k[51] 
-5.0 * k[52] 
-0.6106489392399679 * k[53] 

+5.0 * k[54] 
+5.0 * k[55] 
+5.0 * k[56] 
-5.0 * k[57] 
-5.0 * k[58] 
+0.862657011472186 * k[59] 
-3.2627219385503383 * k[60] 
+1.548879218793175 * k[61] 

+5.0 * k[62] 
-3.1226845849257003 * k[63] 
-3.7229887011862153 * k[64] 
+5.0 * k[65] 
+4.268831851456842 * k[66] 
-1.4914495342494847 * k[67] 
-5.0 * k[68] 
-5.0 * k[69] 

-5.0 * k[70] 
-5.0 * k[71] 
-5.0 * k[72] 
+3.0183258452954678 * k[73] 
-1.303645552215821 * k[74] 
-0.9120220035076934 * k[75] 
-1.6328333306939817 * k[76] 
+5.0 * k[77] 
+2.0270945618487106 * k[80] 

+5.0 * k[81] 
-2.0056984087843532 * k[82] 
+5.0 * k[83] 
+1.1392771647437128 * k[84] 
-1.5918088308117062 * k[85] 
-5.0 * k[86] 
-1.6814081762095916 * k[87] 
-5.0 * k[88] 

-2.3149117584790515 * k[89] 
-0.11736892246874492 * k[90] 
+1.1540963081873825 * k[91] 
-0.9786409718621537 * k[92] 
+5.0 * k[93] 
-0.8530449181761506 * k[94] 
+3.7063409245679115 * k[95] 
-0.1733694237828511 * k[96] 

-1.2515973585851847 * k[97] 
-5.0 * k[98] 
+0.9696410331628883 * k[99] 
-4.056926072351872 * k[100] 
+1.4848798939900454 * k[101] 
+0.4321150408189682 * k[102] 
+2.747386568170511 * k[103] 
-0.32918579719275287 * k[104] 
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+5.0 * k[105] 
-5.0 * k[106] 
+5.0 * k[107] 
+5.0 * k[108] 
-2.3085820267732475 * k[109] 

-1.4089418178448678 * k[110] 
+3.0530170850535683 * k[111] 
+4.135477354179201 * k[112] 
+1.0681074249427025 * k[113] 
+5.0 * k[114] 
-0.42810595123554374 * k[115] 
-2.9000927266408936 * k[116] 
+0.3506912112857845 * k[117] 

-5.0 * k[118] 
+0.3820506893387659 * k[119] 
+4.272945819363679 * k[120] 
+0.3686313908838601 * k[121] 
-0.8451135798388085 * k[122] 
-5.0 * k[123] 
-5.0 * k[124] 
+0.7224957615116135 * k[125] 

+0.32356320782721365 * k[126] 
-5.0 * k[127] 
+0.01406396412155282 * k[128] 
+5.0 * k[129] 
+2.9898336207013694 * k[130] 
+2.0623791333145767 * k[131] 
+0.7048707711629371 * k[132] 
-2.8169426374355475 * k[133] 

-4.227200112356993 * k[135] 
+4.146070925107907 * k[136] 
+5.0 * k[137] 
+1.4683152929785053 * k[138] 
+0.13002310671947473 * k[139] 
-1.9339784234735926 * k[140] 
+5.0 * k[141] 
+5.0 * k[142] 
-5.0 * k[143] 

-0.19332429710640536 * k[144] 
-0.51607588693932 * k[145] 
-5.0 * k[146] 
+1.1565743547759513 * k[147] 
-1.6369904770810324 * k[148] 
-5.0 * k[149] 
-3.6787425374831444 * k[150] 
-5.0 * k[151] 

+0.20666273750480568 * k[152] 
-0.03473905949672146 * k[153] 
-5.0 * k[154] 
+1.0953728907036786 * k[155] 
+5.0 * k[156] 
+5.0 * k[157] 
+5.0 * k[158] 
-3.508612266183931 * k[159] 

-2.421063413879401 * k[160] 
+0.9615272142631843 * k[161] 
-5.0 * k[162] 
+4.062029489407989 * k[163] 
+3.0092137377668307 * k[164] 
-0.11769550616421004 * k[165] 
 + 0.0386 
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Number of kernel evaluations: 13861 (99.98% cached) 
=== Predictions on test split === 
 

inst#,actual,predicted,error 
1,126163127,133530381.472,7367254.472 
2,70493691,68004890.087,-2488800.913 
3,15703749,15331376.207,-372372.793 
4,128822647,108162856.046,-20659790.954 
5,40457066,45477652.598,5020586.598 
6,279258621,277125028.201,-2133592.799 
7,20944169,19757054.345,-1187114.655 

8,218379750,223010215.24,4630465.24 
9,146007018,108571554.827,-37435463.173 
10,16485001,19603543.5,3118542.5 
11,27415244,24460581.447,-2954662.553 
12,17939179,19067286.437,1128107.437 
13,13003504,14524274.121,1520770.121 
14,93122361,68754157.661,-24368203.339 
15,209540754,224047581.119,14506827.119 

16,70332634,75913578.553,5580944.553 
17,247439854,253599394.246,6159540.246 
18,237189861,280748834.12,43558973.12 
19,91798271,84581582.955,-7216688.045 
20,119238973,100988044.629,-18250928.371 
21,60178824,59785137.084,-393686.916 
22,12804201,13486493.016,682292.016 
23,111565171,116944651.172,5379480.172 

24,72977309,70883045.42,-2094263.58 
25,27667420,27774102.615,106682.615 
26,77068490,79276680.432,2208190.432 
27,44055011,50469550.169,6414539.169 
28,38775135,33830692.017,-4944442.983 
29,14713912,14299070.226,-414841.774 
30,59480499,66213782.381,6733283.381 
31,54045303,63034294.17,8988991.17 
32,216884542,211348616.323,-5535925.677 

33,78332827,82744487.089,4411660.089 
34,27541446,55880504.778,28339058.778 
35,73905691,76370807.47,2465116.47 
36,58813463,61826088.595,3012625.595 
37,218924321,218908592.966,-15728.034 
38,205785984,197685040.847,-8100943.153 
39,94335135,100250273.403,5915138.403 
40,66962154,61989469.415,-4972684.585 

41,21878339,21676003.833,-202335.167 
42,49967561,49306975.644,-660585.356 
43,83562544,80410074.674,-3152469.326 
44,68739411,62773450.375,-5965960.625 
45,82012247,84339589.862,2327342.862 
46,129317901,144477424.925,15159523.925 
47,15550749,20696941.512,5146192.512 
48,131228832,137807725.547,6578893.547 

49,71593349,78010746.91,6417397.91 
50,129219099,116635994.001,-12583104.999 
51,76768316,74680912.628,-2087403.372 
52,123999267,89856173.45,-34143093.55 
53,203271767,189971985.131,-13299781.869 
54,32151242,32245908.182,94666.182 
55,125880865,122618402.58,-3262462.42 
56,68718530,61471879.113,-7246650.887 
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57,74203219,70571949.851,-3631269.149 
58,36316385,36588255.744,271870.744 
59,410251793,401366680.125,-8885112.875 
60,63083513,65348331.235,2264818.235 
61,13951401,12799341.06,-1152059.94 

62,84805048,84852029.252,46981.252 
63,67729141,59978239.483,-7750901.517 
64,67972702,71013082.654,3040380.654 
65,77116458,72764203.774,-4352254.226 
66,62906064,74535739.149,11629675.149 
67,55932366,60670493.686,4738127.686 
68,16284774,14620737.394,-1664036.606 
69,180470511,194569145.913,14098634.913 

70,138006656,110992916.922,-27013739.078 
71,192474212,190204037.08,-2270174.92 
 
=== Evaluation on test split === 
 
Time taken to test model on test split: 0.03 seconds 
 
=== Summary === 

 
Correlation coefficient 0.9883 
Mean absolute error 7351085.9922 
Root mean squared error 11619306.6774 
Relative absolute error 13.0749 % 
Root relative squared error 15.3351 % 
Total Number of Instances 71  


