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Abstract

A Parallel High-Order Solver for Linear Elasticity Problems Using A Weak Galerkin

Finite Element Method on Unstructured Quadrilateral Meshes

Weak Galerkin Finite Element Method (WGFEM) [15] is a high-order discontinuous

method for unstructured grids. Recently, The WGFEM has been successfully applied to

solve lineanr elasticity problems. In this work, we integrate a domain decomposition method

with a WGFEM solver for parallel solutions of linear elasticity equations on unstructured

quadrilateral grids. In particular, we employ a Balancing Domain Decomposition by Con-

straints (BDDC) [4] to effectively reduce the computational cost of the coarse problem

for the interface unknowns. The WG-BDDC method shares some similarity with the well-

known FETI-DP. However, the standard continuous Galerkin Finite Element Method solves

unknowns on nodal points. These nodal points on subdomain interfaces may connect to

multiple elements in the FETI-DP method after domain decomposition. The WG-BDDC

method does not need to involve solutions on the nodal points. Therefore, the communi-

cation between two adjacent subdomains only requires to collect information over their

common faces.

A unique feature of the WGFEM method is the use of weak gradient operator to differentiate

basis functions. For 2D problems, an integration by parts was used to change surface inte-

grals to line integrals. WGFEM employs two kinds of basis functions. The first group is on

the edges of each element and the second group is inside each element. Two groups of bsas

function can be chosen independently. In order to have continuous solution in each element

given that two different spaces are used, a stabilizer is introduced at element interfaces. In

the BDDC method, the unknowns are grouped to interior, dual and primal spaces for each

subdomain by the technique of Schur complement. Unknowns in the primal spaces will

constitute a new global problem to solve. The size of this new global problem is significantly

smaller than that of the global problem involving all unknowns on subdomain interfaces.

First, we tested the orders of accuracy of WG-BDDC method on structured grids. Subse-
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quently, by using our university cluster, the WG-BDDC is robust for solving linear elasticity

problems on parallel computers. Excellent scalability performance was obtained for the

WG-BDDC method on uniform grids by testing over 144 CPUs. Moreover, the WG-BDDC

method is successfully extended to fully unstructured grids of all quadrilateral elements

to solve beam deformation problems. The results on unstructured grids is comparable

qualitatively to that on structured grids.

v



Table of Contents

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Numerical Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1 Mathematical Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.2 Form Variation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.3 Weak Galerkin Finite Element Method . . . . . . . . . . . . . . . . . . . . . 6

2.3.1 Preliminary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.3.2 Weak Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.3.3 Weak Galerkin Quadrilateral Meshes and Basis Functions . . . . . . . . . . 8

2.3.4 Weak Galerkin Method for Linear Elasticity Equation . . . . . . . . . . . . 10

3 Parallel Computing Method . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.1 Block Cholesky Elimination and Schur Complement . . . . . . . . . . . . . . 17

3.2 FETI Method and FETI-DP Method . . . . . . . . . . . . . . . . . . . . . . . 18

3.3 WG-BDDC Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.3.1 Primal and Dual Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.3.2 Preconditioned Conjugate Gradient Method . . . . . . . . . . . . . . . . . 25

3.3.3 Local Information Recovery . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.3.4 Local Information Recovery . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.1 Accuracy Verification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.1.1 2D Linear Elasticity Equation . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.1.2 Beam Deformation Tests . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.2 Scalability and Speed-up Tests . . . . . . . . . . . . . . . . . . . . . . . . . 34

5 Conclusions and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . 36

A Stabilizer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

B One-dimensional Weak Galerkin Method . . . . . . . . . . . . . . . . . . . 39

B.1 Transfer Global Equation into Weak Form . . . . . . . . . . . . . . . . . . . 39

B.2 Weak Gradient Operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

B.3 Stabilizer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

B.4 Solution for 1-D Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

vi



List of Figures

2.1 Stress, displacements, and body force . . . . . . . . . . . . . . . . . . . . . 4

2.2 Weak Galerkin quadrilateral elements and solution points. . . . . . . . . . . 8

2.3 Mapping for quadrilateral elements. . . . . . . . . . . . . . . . . . . . . . . 9

2.4 Mapping for quadrilateral elements. . . . . . . . . . . . . . . . . . . . . . . 15

3.1 Domain decomposition in FETI . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 BDDC computational domain . . . . . . . . . . . . . . . . . . . . . . . . . 23

4.1 WG method plotting using structured mesh . . . . . . . . . . . . . . . . . . 29

4.2 WG method plotting using structured mesh . . . . . . . . . . . . . . . . . . 30

4.3 Grid deformation after simulation using a structured mesh . . . . . . . . . . 31

4.4 Contour plot the x-component displacements on a structured mesh . . . . . . 32

4.5 Grid deformation after simulation using an unstructured mesh . . . . . . . . 33

4.6 Contour plot the x-component displacements on an unstructured mesh . . . . 33

4.7 Scalability of WGFEM method . . . . . . . . . . . . . . . . . . . . . . . . 34

B.1 Mesh for 1-D problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

vii



List of Tables

4.1 L
2 errors for the second order WGFEM on structured grids . . . . . . . . . . 29

4.2 L
2 errors for the third order WGFEM on structured grids . . . . . . . . . . . 30

4.3 L
2 errors for the second order WGFEM on unstructured grids . . . . . . . . 31

viii



Chapter 1: Introduction

Finite Element (FE) methods [2] have been widely used in solving structural mechanics

problems over the past 30 years. The FE method can be used on unstructured grids and thus

is geometrically flexible. One of the most popular FE methods is the continuous Galerkin

finite element method (CGFEM). In CGFEM, the computational domain is divided into

a group pf connected elements and unknowns are placed at nodal points of each element.

Usually the Galerkin method is used to satisfy the conservation law in a weak form, and

the law is satisfied for the global domain rather than for each element. Therefore, CGFEM

involves very large, sparse matrices in application.

There is a need of accurate parallel computing algorithms for the finite element method

because practical engineering problems requires large amount of computational time. One

famous parallel computing technique for the standard continuous finite element method is the

Finite Element Tearing and Inter Connecting (FETI) [5] accelerated by separating interface

unknowns in dual and primal spaces, namely FETI-DP method [3]. In particular numerical

analysis, the FETI method is an iterative substructuring method for solving systems of

linear equations from the finite element method for the solution of elliptic partial differential

equations. In each iteration, FETI [6] requires the solution of a Neumann problem in each

substructure and the solution of a coarse problem.

This MS thesis research aims to explore future practical applications of the WG method

as a new high order discontinuous finite element method. The WG method for solving

the second order elliptic equations is developed by Wang and Ye[2], and Mu[3] proved its

accuracy on some other partial differential equations such as Biharmonic equations and

Helmholtz equations. Usually, quadrilateral elements are favored for solving boundary-layer

problems. Therefore, studies in quadrilateral grids instead of triangular grids have been

done for the WG method which solves boundary unknowns on element faces. It consists
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of two key components, i.e., the weak gradient operators contributing stiffness matrix and

stabilizer minimizing the differences between interior unknowns and unknowns on the

element interfaces through L2 projections [11]. In this research, interior space and boundary

space are the same orders of polynomial when making numerical tests, which are the second

order and the third order.

The simplest version of FETI with no preconditioner in the substructure is scalable

with the number of substructures but the condition number grows polynomially with the

number of elements per substructure. To avoid this disadvantage, the BDDC algorithm

[4], first introduced by Dohrmann, is a variant of the two-level Neumann–Neumann type

preconditioner for solving the interface coarse problem. BDDC with a preconditioner

consisting of the solution of a Dirichlet problem in each substructure is scalable with the

number of substructures and its condition number grows only polylogarithmically with the

number of elements per substructure. Throughout this thesis, we will employ the Block

Cholesky Elimination [7] and our discussion can also be seen as a practice of domain

decomposition methods using such a framework. We use the Cholesky factorization to

decompose matrices into triangular matrices for getting their inverse matrices and LAPACK

[1] for matrix multiplying. The Block Cholesky Elimination is a decomposition of a positive-

definite matrix into the product of a lower triangular matrix and its conjugate transpose.

Unknowns on boundaries for each sub-domain is grouped into dual and primal spaces, and

the large global matrix is replaced by several local matrices. After the Block Cholesky

Elimination on each CPU, the displacements of primal space from each processor is collected

by MPI process. A preconditioned conjugate gradient method [12] was used to solve the

interface problems of the BDDC algorithms, and the iterations were stopped when the

relative primal residual is small enough. The last step is recovering the displacements of

interior and dual space by the results of primal space from PCG iteration. The calculations

in each sub-domain are independent, so we can use different CPU to do the Block Cholesky

Elimination and information recovery at the same time.
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Chapter 2: Numerical Method

2.1 Mathematical Models

The FE method has enjoyed many successes in computational solid mechanics. One of the

most notable areas is elastic mechanics, an important branch of solid mechanics, for studying

the deformation and internal forces generated by elastic and deformable objects under

external forces. When an external force does not exceed a certain limit, the object is restored

to its original state after the external force is removed. Linear and small displacement theory

has been widely used to model elasticity. Such a model is very suitable for the FE method

to solve. The basic starting points for modeling elastic mechanics are

• Balance of momentum

• Strain displacement

• Strain-stress temperature

Following Newton’s second law, the dynamic equations of motion for linear elasticity prob-

lems can be described in terms of the stress tensor σ, the strain tensor ε, the displacement

vector u, and the body force vector f . The governing elasticity equation can be written as

∇ ·σ+f = ρü (2.1)

In this MS thesis research, we focus on solving two-dimensional elasticity equation with a

balance of momentum. By defining the computational domain and boundary conditions, we

have a complete mathematical model for static linear elasticity problems.

−∇·σ(u) = f , in Ω

u = û, on ∂Ω

(2.2)
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where σ(u) is a symmetric Cauchy stress tensor and ρ stands for mass density of the elastic

body.

𝜎y
𝜎𝑥

𝑇𝑦𝑥 𝑇𝑥𝑦
𝑣(𝑥, 𝑦)

𝑢(𝑥, 𝑦)
X(𝑥, 𝑦)

Y(𝑥, 𝑦)

Figure 2.1: Stress, displacements, and body force

As shown in figure 2.1, x and y components of displacements are u(x,y) and v(x,y).

X(x,y) and Y (x,y) are x and y components of forces. Meanwhile, normal and shear stresses

σx, σy, τxy, and τyx are also defined in the figure. For linear, isotropic and homogeneous

materials, the stress-strain relation is

σ(u) = 2µε(u)+λ (∇·u)I (2.3)

Where ε(u) is evaluated through the strain-displacement relation,

ε(u) =
1

2
(∇u+∇uT ) (2.4)
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µ and λ are Lame indices which can be written as

λ =
Ev

(1+ v)(1−2v)
(2.5)

µ =
E

2(1+ v)
(2.6)

where E is the elasticity modulus and v is the Poisson’s ratio.

2.2 Form Variation

To facilitate our introduction of a variational form for the above mathematical model, we

define some notations for tensor calculations. The divergence of a tensor field A is defined

as the vector with components

(∇ ·A)i =
∂Ai j

∂x j
(2.7)

The gradient of a vector field b is the tensor with components

(∇b)i, j =
∂bi

∂x j
(2.8)

Now we introduce the virtual work ω and integrate the governing equation for static linear

elasticity problems, where ω is a vector

−

∫

Ω
[∇ ·σ(u)]ωdX =

∫

Ω
f ωdX (2.9)

After an integration by parts to the left hand side, we have

∫

Ω
[∇ ·σ(u)]ωdX =

∫

∂Ω
∇ · [σ(u)ω]ds−

∫

Ω
σ(u) : ε(ω)dX (2.10)
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The weak form of equation(2.2) can be rewritten as

∫

Ω
σ(u) : ε(ω)dX =

∫

Ω
f ωdX +

∫

∂Ω
[σ(u)ω] ·nds (2.11)

Taking into account of the stress-strain relation, the left hand side can be further derived into

∫

Ω
σ(u) : ε(ω)dX =

∫

Ω
[λ trε(u)I +2µε(u)] : [

1

2
(∇ω +∇ωT )]dX

= 2µ

∫

Ω
ε(u) : ε(ω)dX +λ

∫

Ω
trε(u)I : ε(ω)dX

(2.12)

2.3 Weak Galerkin Finite Element Method

2.3.1 Preliminary

In order to formulate the Weak Galerkin method, it is important to introduce the notion of

weak derivatives and define related polynomial spaces[8]. We are considering functions for

which all the derivatives, which belong to L2 space so that most of the classical derivation

rules can be applied. In this MS thesis research, all the computation for a Dirichlet problem

in the form of linear elasticity equations over a bounded domain Ω ⊂R
n is in Sobolev space.

The norm is defined as

||v||s,Ω =

(

∑
|α|=s

∫

Ω
|∂ 2v|2dΩ

)1/2

(2.13)

where

α = (α1,α2, ...,αn) (2.14)

|α|= α1 +α2 + ...+αn (2.15)

The divergence is defined as

H(div;Ω) = {v : v ∈ [L2(Ω)]n,∇ · v ∈ L2(Ω)} (2.16)
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whose norm is defined as

||v||H(div;Ω) = (||v||2Ω + ||∇ · v||2Ω)
1/2 (2.17)

The curl of H(curl;Ω) in L2(Ω) is defined as

H(curl;Ω) = {v : v ∈ [L2(Ω)]n,∇× v ∈ L2(Ω)} (2.18)

whose norm is defined as

||v||H(curl;Ω) = (||v||2Ω + ||∇× v||2Ω)
1/2 (2.19)

2.3.2 Weak Operators

The WG method consists of two key components, i.e., the weak gradient for contributing

stiffness matrix and stabilizer for contact interior unknowns and unknowns on the boundary.

Unknowns are divided by on boundaries (ub) and interior (u0) for each element indepen-

dently. Let’s assume that T ⊂ R
d is an arbitrary polygon domain, the boundary is ∂T . The

weak function in the domain is v = {v0,vb} with v0 ∈ L2(T ) and vb ∈ L2(∂T ). The weak

space for all T is Sobolev space, which is defined as S(T )

S(T ) = {v = {v0,vb} : v0 ∈ L2(T ),vb ∈ L2(∂T )} (2.20)

Now we define weak operators we used in WGFEM. For any v ∈ S(T ), the discrete weak

gradient of v is ∇wv

(∇wv,q)Ω =−(v0,∇ ·q)Ω + 〈vb,q ·n〉∂Ω (2.21)

For any v ∈ S(T ), the weak divergence operator is ∇w · v

(∇w · v,q)Ω =−(v0,∇q)Ω + 〈vb ·n,q〉∂Ω (2.22)

7



where q is a test function whose basis function is in L2 space.

2.3.3 Weak Galerkin Quadrilateral Meshes and Basis Functions

Two sets of points are defined in the reference element: interior points and boundary points.

Unlike the continuos finite element methods, the WG method does not assign points on

element corner points. In Figure 2.2, we present two quadrilateral WG elements as T1 and

T2. Solid points represent solution points for u0 and hollow points is solution points for ub.

In the case of the first-order WG scheme, there is one solution point for u0 and three interior

basis functions representing 1, x and y respectively. Meanwhile, Gauss-Legendre quadrature

point locations are used for points on boundaries in the present study. We set linear basis

functions and two unknown variables on each edge. For the second-order WG scheme, the

solution point for u0 is the same, but there are three points on each boundary.

𝑢0
𝑢𝑏

𝑢0𝑇1 𝑇2

Figure 2.2: Weak Galerkin quadrilateral elements and solution points.

In two dimensional cases, displacement u for each solution point has the following form

u =







ux

uy






(2.23)
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Considering on the second order cases, we have N0 = 3 and Nb = 8 so that in total 11

unknown variable in each direction. The basis function has the form that ψ = {ψ0,ψb}. We

have N0 = 3 and Nb = 8, so that in total 11 unknown variable in each direction.

Figure 2.3: Mapping for quadrilateral elements.

The basis function of u0 is in reference element as shown in Figure 2.3.

ψ1 = [1,1] (2.24)

ψ2 = [ξ ,ξ ] (2.25)

ψ3 = [η ,η ] (2.26)

The basis function of ub is based on each edge and they are arc functions.

ψ4 =















ŝ on e1

0 else

ψ5 =















1− ŝ on e1

0 else

(2.27)
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ψ6 =















ŝ on e2

0 else

ψ7 =















1− ŝ on e2

0 else

(2.28)

ψ8 =















ŝ on e3

0 else

ψ9 =















1− ŝ on e3

0 else

(2.29)

ψ10 =















ŝ on e4

0 else

ψ11 =















1− ŝ on e4

0 else

(2.30)

2.3.4 Weak Galerkin Method for Linear Elasticity Equation

By defining the computational domain, we have a mathematical model for static linear

elasticity problems

−∇·σ = f , in Ω (2.31)

Considering the Dirichlet boundary condition, we have

u = û, on ∂Ω (2.32)

After the processes of form variation in 2.3.1, we get WGFEM weak form equation.

∑
e

2µ

∫

Ω
ε(u) : ε(ω)dX +∑

e

λ

∫

Ω
trε(u)I : ε(ω)dX + s(u,ω) =

∑
e

{

∫

Ω
f ωdX −

∫

∂Ω
[σ(u)ω] ·nds}

(2.33)

In this section, we use the weak operators to evaluate these terms which are grouped into

three parts: tensor production, stabilizer and right hand side.
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2.3.4.1 Tensor Production

We apply the constant test function q to the weak gradient equation. Then the weak gradient

equation can be rewritten as

∫

Ωe

(∇wuh)qdX =−

∫

Ωe

u0∇ ·qdv+
∫

∂Ωe

ubq ·nds (2.34)

Define weak Galerkin finite element space u0 ∈ P1(Ω
0
e), ub ∈ P1(∂Ω0

e), ∇wu ∈ [P0(Ω
0
e)]

2,

q ∈ [P0(Ω
0
e)]

2. In this research, the bases of q and ∇wuh are [1 0]T and [0 1]T for each

degree of freedom, thus







qx

qy






=







1 ·qx

1 ·qy






=







1 0

0 1













qx

qy






(2.35)

So the term containing ∇q in equation (2.34) is 0. On each edge ub = ψb1ub1 +ψb2ub2,

while on each degree of freedom, ub,i is only related to its own shape function ψb,i. As a

result, we can get the following equation on each edge DOF ub,i. In two dimensional cases,

there are now two equations involving two dependent variables.The term ds
dŝ

is the length of

this edge.

qx

∫

Ωe

ψqx
ψ∇wuh

dX∇wuhx,i
= qx

∫

∂Ωe

ψqx
·nxψb,idŝ

ds

dŝ
ub (2.36)

qy

∫

Ωe

ψqy
ψ∇wuh

dX∇wuhy,i
= qy

∫

∂Ωe

ψqy
·nyψb,idŝ

ds

dŝ
ub (2.37)

From this equation, we can get the weak gradient vector







∇wuhξ

∇wuhη






of u0 in the reference

element as

∂ψ1

∂ξ
= 0 ,

∂ψ1

∂η
= 0 (2.38)

∂ψ2

∂ξ
= 0 ,

∂ψ2

∂η
= 0 (2.39)

11



∂ψ3

∂ξ
= 0 ,

∂ψ3

∂η
= 0 (2.40)

The weak gradient vectors of ub in physical element are

∂ψ4

∂x
=

y2 − y1

2|A|
,

∂ψ4

∂y
=−

x2 − x1

2|A|
(2.41)

∂ψ5

∂x
=

y2 − y1

2|A|
,

∂ψ5

∂y
=−

x2 − x1

2|A|
(2.42)

∂ψ6

∂x
=

y3 − y2

2|A|
,

∂ψ6

∂y
=−

x3 − x2

2|A|
(2.43)

∂ψ7

∂x
=

y3 − y2

2|A|
,

∂ψ7

∂y
=−

x3 − x2

2|A|
(2.44)

∂ψ8

∂x
=

y4 − y3

2|A|
,

∂ψ8

∂y
=−

x4 − x3

2|A|
(2.45)

∂ψ9

∂x
=

y4 − y3

2|A|
,

∂ψ9

∂y
=−

x4 − x3

2|A|
(2.46)

∂ψ10

∂x
=

y1 − y4

2|A|
,

∂ψ10

∂y
=−

x1 − x4

2|A|
(2.47)

∂ψ11

∂x
=

y1 − y4

2|A|
,

∂ψ11

∂y
=−

x1 − x4

2|A|
(2.48)

where |A| is the area of element. xi and yi (i = 1,2,3,4) are vertex coordinates of the

element.

Kinematics or strain displacement refers to the geometry of deformation. Measures of

changed in lengths and in angles, generally called strains, are important quantities that are

used to assist in describing the deformation. An extensional strain is a ratio of a change in

length relative to corresponding original length as a result of a general deformation. Shear

strains refer to distortion as a result of changed in angles usually between two originally

perpendicular lines. For the two-dimensional linear theory, the appropriate linear strains are

εxx =
∂ux

∂x
εyy =

∂uy

∂y
γxy =

∂ux

∂y
+

∂uy

∂x
(2.49)
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In order to calculate in discrete form, the expressions for the strains must be developed.

Recall that the strain vector ε is defined by

ε =



















εxx

γxy

γyx

εyy



















(2.50)

Using the representation for the displacement within the element, this can be expresses that

ε =



















∂ψ
∂x

0

∂ψ
∂y

0

0
∂ψ
∂x

0
∂ψ
∂y

























ux

uy






(2.51)

This can be written as

ε = Lu (2.52)

where

u = [ux uy]
T (2.53)

In this case, γ is split into two terms as presented.

∑
e

2µ

∫

Ω
ε(u) : ε(ω)dX =







ωx

ωy







T



















∂ψ
∂x

0

∂ψ
∂y

0

0
∂ψ
∂x

0
∂ψ
∂y



















T 

















2µ 0 0 0

0 µ µ 0

0 µ µ 0

0 0 0 2µ





































∂ψ
∂x

0

∂ψ
∂y

0

0
∂ψ
∂x

0
∂ψ
∂y

























ux

uy







(2.54)
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and

∑λ

∫

Ω
trε(u)I : ε(ω)dX =







ωx

ωy







T



















∂ψ
∂x

0

∂ψ
∂y

0

0
∂ψ
∂x

0
∂ψ
∂y



















T 

















λ 0 0 λ

0 0 0 0

0 0 0 0

λ 0 0 λ





































∂ψ
∂x

0

∂ψ
∂y

0

0
∂ψ
∂x

0
∂ψ
∂y

























ux

uy







(2.55)

2.3.4.2 Stabilizer

Let’s define the weak function on each element space

S(k,T ) = {u = {u0,ub} : u0 |∈ Pk(Ω
0
T ),ub ∈ Pk(E),E ⊂ ∂ΩT} (2.56)

where k is the order of polynomial for each function, and E is the boundary edge of each

element. For each element T , we use Q0 to represent the L2 projection from LT to Pk(T )

and Qb is the L2 projection from L2(T ) to Pk(∂T ) [13]. The local weak discrete space Qh is

Qhv = {Q0u0,Qbub} (2.57)

A stabilizer is introduced to connect the two independent spaces, the interior and the

boundary. As shown in figure 2.4, the stabilizer describes the difference of boundary values

and the projected interior value to the boundary. When we project the value from interior

basis function to boundary basis function, the two values are different even though they

share the same location. The stabilizer is a boundary integral which measure the difference

and connect the spaces.
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𝑢0𝑢𝑏 𝑢𝑏

Figure 2.4: Mapping for quadrilateral elements.

The following equation is the stabilizer to measure the difference and connect the interior

values to the boundary value

S(u,v) = ∑
T

h−1
t 〈Qbu0 −ub,Qbω0 −ωb〉∂T (2.58)

where hT is the characteristic length of each element.

Then we introduce the way to evaluate S. The basis function of u0 is in reference element.

At first we get the function ξ (x,y) and η(x,y) for each element.

ξ (x,y) = A1 +B1x+C1y+D1xy (2.59)

η(x,y) = A2 +B2x+C2y+D2xy (2.60)

Replace x and y to the polynomial of s for each edge of an element. For example, the

replacement on the first edge is

x = (x2 − x1)ŝ+ x1 on e1 (2.61)
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y = (y2 − y1)ŝ+ y1 on e1 (2.62)

Where (x1,y1) is the the coordinate of the first point and (x2,y2) is the the coordinate of the

second point.

The stabilizer S is a matrix about the integral of ŝ

S = h−1







〈u0,v0〉 −〈u0,vb〉

−〈ub,v0〉 〈ub,vb〉






(2.63)

More details about calculating stabilizer matrix is shown in Appendix A.

2.3.4.3 Right Hand Side

The calculation for right hand side is the same as continuous finite element with an extra

term including
∫

∂Ω[σ(u)ω] ·nds . Multiply e by a coefficient matrix c, we can get the stress

tensor σ we need as

σ = ce =



















σxx

τxy

τyx

σyy



















=



















1 0 0 0

0 1
2

1
2

0

0 1
2

1
2

0

0 0 0 1





































∂ψ
∂x

0

∂ψ
∂y

0

0
∂ψ
∂x

0
∂ψ
∂y

























ux

uy






(2.64)

16



Chapter 3: Parallel Computing Method

In this research, we use a new version of the domain decomposition (DD) method [14] called

Balancing Domain Decomposition by Constraints (BDDC) to solve large global equations.

The basic idea of DD method is to divide the computational space into a number of smaller

spaces of a set of non-overlapping sub-domains. Each sub-domain contains its own set

of grid elements. For finite element methods, after domain decomposition, the remaining

challenging task is to correctly represent the interfaces that connect these sub-domains by

satisfying the continuity constraints. The DD method only considers two levels of mesh

and the multiplicative coarse domain is used to correct the local grid sub-field. The finite

element tearing and interconnecting (FETI) methods are a family of domain decomposition

(DD) algorithms with Lagrange multipliers that have been developed during the last decade

for the fast iterative solution of large-scale systems of equations arising from the finite

element method of partial differential equations. A significant difference between BDDC

and FETI is applying additive routines instead of multiplicative operations aforementioned.

Moreover, the flexibility of for choosing constraining points on common interfaces will

help significantly reduce communication cost. In this section we will discuss the difference

between BDDC and FETI with more details.

3.1 Block Cholesky Elimination and Schur Complement

The Block Cholesky Elimination [10] is a decomposition of a positive-definite matrix into

the product of a lower triangular matrix and its conjugate transpose. First, we consider that

M is symmetric and positive definite block matrix

M =







A BT

B C






(3.1)
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where M is the global stiffness matrix, A is the square matrix represents the interior values of

each subdomain, C is the values on the interface and B represents the connectivity between

A and C. We employ the block Cholesky elimination and obtain the following equation







A BT

B C






=







IA 0

BA−1 IC













A 0

0 C−BA−1BT













IA A−1BT

0 IC






(3.2)

Both IA and IC are identity matrices. The Schur complement is represented as

S =C−BA−1BT (3.3)

The inverse of a symmetric, positive definite block matrix can be represented as







A BT

B C







−1

=







IA −A−1BT

0 IC













A 0

0 S−1













IA 0

−BA−1 IC






(3.4)

3.2 FETI Method and FETI-DP Method

The FETI method is a numerically scalable domain decomposition methods with Lagrange

multipliers for the iterative solution of second-order linear elasticity system which was first

proposed by Farhat. FETI method partitioned the entire computational domain into two level

sub-domains, the coarse grid and fine grid. A Lagrangian multiplier is employed to resolve

the singularity for the matrix of each sub-domain after the process of domain decomposition.

In this section, we use an example of a two-dimensional partitioned sub-domain case with

the Dirichlet boundary condition on the boundary. The original geometry and computational

domain is shown in Figure 3.1.
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𝜕Ω1 𝜕Ω2Ω1 Ω2Γ

Figure 3.1: Domain decomposition in FETI

The original governing equation for each sub-domain in matrix form is







A
( j)
II A

( j)
IΓ

A
( j)
ΓI A

( j)
ΓΓ













u
( j)
I

u
( j)
Γ






=







f
( j)
I

f
( j)
Γ






(3.5)

where j = 1,2.

The boundary condition along ∂Ω is Dirichlet condition, a homogeneous Neumann condition

is applied on Γ. The global problem after assemblage is













A
(1)
II 0 A

(1)
IΓ

0 A
(2)
II A

(2)
IΓ

A
(1)
ΓI A

(2)
ΓI AΓΓ

























u
(1)
I

u
(2)
I

uΓ













=













f
(1)
I

f
(2)
I

fΓ













(3.6)

where AΓΓ = A
(1)
ΓΓ +A

(2)
ΓΓ and fΓ = f

(1)
Γ + f

(2)
Γ . Unknown variables are decomposed into two

computational sub-domains which are represented by u
(1)
I , u

(2)
I and uΓ corresponding to the

domains Ω1, Ω2 and Γ respectively. Since the interior matrices are positive definite, we can

eliminate the interior unknown variables by Schur complement operators. The interface
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unknowns have the new form as

S( j) = A
( j)
ΓΓ −A

( j)
ΓI A

( j)
II

−1A
( j)
IΓ (3.7)

g
( j)
Γ = f

( j)
Γ −A

( j)
ΓI A

( j)
II

−1 f
( j)
I (3.8)

Based on the given equation Au = f , we can reduce the global equation into system which

only include interface unknowns

(S(1)+S(2))uΓ = g
(1)
Γ +g

(2)
Γ (3.9)

For FETI method, we introduce the Lagrange multiplier to enforce the continuity along

interfaces. The equation for each sub-domain is







A
( j)
II A

( j)
IΓ

A
( j)
ΓI A

( j)
ΓΓ













u
( j)
I

u
( j)
Γ






=







f
( j)
I

f
( j)
Γ +λ

( j)
Γ






(3.10)

where λ
( j)
Γ is a virtual vector called Lagrange multiplier and λ

(1)
Γ = −λ

(2)
Γ . Then we can

solve the Equation 3.3 and Equation 3.5.

g
( j)
Γ = f

( j)
Γ −A

( j)
ΓI A

( j)
II

−1 f
( j)
I (3.11)

u
( j)
Γ = S( j)(−1)(g

( j)
Γ +λ

( j)
Γ ) (3.12)

FETI-DP is an improved version of FETI with further dividing the interface to primal spaces

and dual spaces. In FETI-DP method, Schur complement is calculated twice. We consume
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that we have a linear system which can be written as

































A
( j)
II A

( j)
1I · · · A

( j)
mI · · · A

( j)
lI

A
( j)
1I A

( j)
11 · · · A

( j)
1m · · · A

( j)
ll

...
...

. . .
...

. . .
...

A
( j)
mI A

( j)
m1 · · · A

( j)
mm · · · A

( j)
ml

...
...

. . .
...

. . .
...

A
( j)
lI A

( j)
l1 · · · A

( j)
lm · · · A

( j)
ll

































































u
( j)
I

u
( j)
1

...

u
( j)
m

...

u
( j)
l

































=

































f
( j)
I

f
( j)
1

...

f
( j)
m

...

f
( j)
l

































(3.13)

The variables along the interface between the two non-overlapping sub-domians can be

written as
























u
j
1

...

u
( j)
m

...

u
( j)
l

























= TE

























û
j
1

...

û
( j)
m

...

û
( j)
l

























=

























1 · · · 1 0 · · ·

...
. . .

... 0 · · ·

−1 · · · 1 · · · −1

· · · 0
...

. . .
...

· · · 0 1 · · · 1

















































û
j
1

...

û
( j)
m

...

û
( j)
l

























(3.14)

TE is a square matrix and each columns represents the new space of interface unknown

variables. The original interface is divided into two spaces: primal space and dual space. ûm

is primal space having all of the boundary information. At the same time, the boundary is

continue because u
( j)
i = û

( j)
m + û

( j)
i . The the problem can be written as

T T

































A
( j)
II A

( j)
1I · · · A

( j)
mI · · · A

( j)
lI

A
( j)
1I A

( j)
11 · · · A

( j)
1m · · · A

( j)
ll

...
...

. . .
...

. . .
...

A
( j)
mI A

( j)
m1 · · · A

( j)
mm · · · A

( j)
ml

...
...

. . .
...

. . .
...

A
( j)
lI A

( j)
l1 · · · A

( j)
lm · · · A

( j)
ll

































T

































û
( j)
I

û
( j)
1

...

û
( j)
m

...

û
( j)
l

































= T T

































f
( j)
I

f
( j)
1

...

f
( j)
m

...

f
( j)
l

































(3.15)
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where

T =







I 0

0 TE






(3.16)

Unknown variables on each sub-domain have been changed into primal space which only

include connection information along interfaces. The other unknowns are changed into dual

space including interior unknowns and the rest interface unknowns. The global equation is

rewritten as
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where λ is Lagrange multiplier which is an external unknown vector. After tearing, the

unknown variables have new format in the dual space that u
(1)
∆

6= u
(2)
∆

. To maintain the

continuity an assembled residual of resulting vector is needed. The residue is mapped into

the appropriate space of enforced vector on the right-hand side of the equation. Then we

can use the residue vector to correct the solution and gradually obtain the final results.

3.3 WG-BDDC Method

In this section, we discuss WG-BDDC method in details. Local matrices after domain

decomposition are singular and the pseudo-inverses is needed in FETI method, but the

WG-BDDC method has an advantage to cover this difficulty. The preconditioned conjugate

gradient (PCG) method is employed to solve a global coarse problem. WG-BDDC method

is processed by the following steps:

• Divide the unknowns of the interface into primal and dual sub-spaces and calculate
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the preconditioner SBDDC.

• Solve the linear system for unknowns in primal space by PCG method.

• Calculate the other unknowns by a recovery process.

3.3.1 Primal and Dual Spaces

WG method is a discontinuous finite element method, so in WG-BDDC method, primal

constraints are introduced over edges/faces. As shown in Figure 3.2 , we partition the

interface space Γ into two sub-spaces, i.e, primal space Π and dual space ∆. Unknowns

in primal space are represented by solid squares which are the constraints between each

sub-domain. Unknowns in dual space are represented by hollow squares which are variables

local to each subspace. The information from hollow squares in dual space to those in primal

𝑈Δ𝑈Π𝑈𝐼
Ω1

Ω3

Ω2

Ω4
Figure 3.2: BDDC computational domain

space is connected by preconditioner. After using weak Galerkin finite element method, we
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have gotten the equations in matrix form for each subdomain which is
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We define the subscript c represents the unknown variables in primal space after assemble

and the subscript r denotes the remaining unknown variable, where

Acc =
N

∑
i=1

A
( j)
ΠΠ (3.19)
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(3.20)

The global equation is rewritten as
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The implementation of the WG-BDDC algorithm is presented in the following manner

S−1
BDDC = R̂T

D,Γ{RT
Γ,∆(
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0 R
( j)T

∆
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0
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)RΓ,∆ +ΦS−1

Π ΦT}R̂D,Γ (3.22)

The matrix Φ is the connection between Schur complement S and global stiffness matrix.

We assemble the global matrix from multiple non-overlapped sub-domains and the mapping
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matrix R is applied on each sub-domain.
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The matrix SΠ is the global coarse system matrix
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N
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j=1

R
( j)T

Π {AΠΠ −

[

A
( j)
ΠI A

( j)
Π∆

]







A
( j)
II A

( j)
I∆

A
( j)
∆I A

( j)
∆∆







−1





A
( j)T

ΠI

A
( j)T

Π∆






}R

( j)
Π (3.24)

The major computational cost is on
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II A
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∆I A

( j)
∆∆







−1

, which is calculated in each processor(j).

Then we use conjugate gradient method to solve this linear equation.

The BDDC preconditioner has the foloowing form

S−1
BDDC = RT

D,ΓS−1
ΓΓRD,Γ (3.25)

The coarse problem after preconditioning can be written as

S−1
ΓBDDCSΓΓuΓΓ = S−1

BDDC fΓ (3.26)

3.3.2 Preconditioned Conjugate Gradient Method

Conjugate gradient method (CG) is an algorithm for the numerical solution of symmetric

and positive-definite systems of linear equations. Unfortunately, large systems often arise

when numerically solving partial differential equations or optimization problems. The CG

method is often implemented as an iterative algorithm effective for solving sparse systems.

The preconditioned conjugate gradient method (PCG) is a improved version of CG which

has been reported by Bramble and Pasciak [9] that helps to calculate the convergence of
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CG iterations to solve symmetric saddle point problems. In this research, we employed

a preconditioner which is an approximation to the inverse of stiffness matrix using MPI

communications. The algorithm is

Algorithm 1: Preconditioned Conjugate Gradient Method

Input:

r0 = b−Mu0

z0 = S−1
BDDCr0

p0 = z0

k=0

1 Repeat;

2 αk =
rT

k zk

pT
k

Apk

3 uk+1 = uk +αk pk

4 rk+1 = rk −αkApk

5 if rk+1is sufficiently small then

6 return uk+1

7 else

8 zk+1 = S−1
BDDCrk+1

9 βk =
zT

k+1rk+1

zT
k

rk

10 pk+1 = zk+1 +βk pk

11 k=k+1

12 end

where r is the residue vector, z is a operator with preconditioner, p is the orthogonal

direction vector and k is the iteration number.

3.3.3 Local Information Recovery

The solution on the interface, uΠ, is obtained from the PCG solver. The local interior

unknowns ur is calculated by each processor, and the relationship between interior unknowns
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and interface unknowns is

A
( j)
rr u

( j)
r +(A

( j)
Πr)

T u
( j)
Π = f

( j)
r (3.27)

We have got the solutions of uc and f
( j)
r , then the local information ur is calculated by

u
( j)
r = (A

( j)
rr )

−1( f
( j)
r − (A

( j)
Πr)

T u
( j)
Π ) (3.28)
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Chapter 4: Results and Discussion

The performance of the WG-BDDC method with triangular elements is validated. However,

it has not been tested on all quadrilateral elements. Therefore, a WG-BDDC solver which

use all quadrilateral element meshes is developed. Several tests were made to verify the

order of accuracy and the results are revealed in Section 4.1. Finally, the WG-BDDC solvers

is tested on multiple processors from 4 to 144 cores in order to demonstrate the scalability

of such a parallel algorithm by solving the same problem in Section 2.1.

4.1 Accuracy Verification

4.1.1 2D Linear Elasticity Equation

The 2D linear elsticity equation is tested using the following governing equation

−∇·σ = f , in Ω

u = 0, on ∂Ω

(4.1)

The computational domain is [0,0]× [1,1]. To verify the order of accuracy of the WG

method on all quadrilateral meshes, tests were conducted on structured grids. The exact

solution is given by

u =







sin(2πx)sin(2πy)

1






(4.2)

Samples of meshes and contour plots are presented in Figure 4.1.
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(a) Structured mesh elements (b) Contour plot the x-component displacements

Figure 4.1: WG method plotting using structured mesh

To verify the second-order accuracy, we use five different grids as shown in Table 4.1.

By measuring L2 errors on each grid, the orders of numerical accuracy are reported four

times. As grid is refined, the order of accuracy approaches the optional order, which is 2.

However, the order of accuracy obtained based the coarsest two grids is only 1.42. The

reason is the basis functions of interior unknowns are linear rather than bi-linear, which

cause the stabilizer term has not enough effect on connecting unknowns on boundaries and

interior unknowns.

number o f elements L2 − error order

16 7.998e-01 -

64 2.993e-01 1.418

256 8.567e-02 1.804

1024 2.217e-02 1.949

4096 5.575e-03 1.991

Table 4.1: L2 errors for the second order WGFEM on structured grids

As to the third order tests, the results are shown in Table 4.2, which are similar to the

traditional continuous finite element method. Six basis functions are employed for interior
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unknowns which gives a high accuracy contacting with unknowns on boundaries and interior

unknowns.

number o f elements L2 − error order

16 8.217e-02 -

64 6.743e-03 3.606

256 7.176e-04 3.232

1024 8.613e-05 3.058

4096 1.065e-05 3.015

Table 4.2: L2 errors for the third order WGFEM on structured grids

To verify the second-order accuracy on unstructured meshes, we use three different grids

as shown in Table 4.3. Sample of meshes and counter plot of x-component displacement are

presented in Figure 4.2.

(a) Unstructured mesh elements (b) Contour plot the x-component displacements

Figure 4.2: WG method plotting using structured mesh
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number o f elements L2 − error order

48 2.523e-01 -

192 8.914e-02 1.500

768 3.067e-02 1.648

Table 4.3: L2 errors for the second order WGFEM on unstructured grids

4.1.2 Beam Deformation Tests

We also make beam deformation tests for linear elasticity equation using both structured

and unstructured grids. The solver is used to simulate a beam deformation test problem on a

square box. In this problem, a uniform load is applied on the right boundary (x = 1). Essen-

tial boundary conditions (u = 0) are imposed on bottom and left sides. On the top side, a

natural boundary condition is specified. Bickford[7] solved the same problem by continuous

finite element method as an example in his book. The grid obtained on a structured mesh is

shown in Figure 4.3.

Figure 4.3: Grid deformation after simulation using a structured mesh

The contour plot of beam deformation on such a structured mesh after post processing is

shown in Figure 4.4.
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Figure 4.4: Contour plot the x-component displacements on a structured mesh

We solve the same problem in another grid to test the performance of WGFEM solver

in unstructured grids. The grid deformation using the displacements obtained from the

simulations on the unstructured mesh is shown in Figure 4.5.
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Figure 4.5: Grid deformation after simulation using an unstructured mesh

The contour plot of the x-component displacements on the unstructured mesh is shown

in Figure 4.6.

Figure 4.6: Contour plot the x-component displacements on an unstructured mesh

By comparing with the solution in Bickford’s book, our results calculated by WGFEM

solver are correct.
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4.2 Scalability and Speed-up Tests

Finally, the WG-BDDC solvers is tested on multiple processors from 4 to 64 cores in order

to demonstrate the scalability of such a parallel algorithm by solving the same problem in

section 4.1. In our research, all sub-domains considered here are rectangular. The total

number of elements for a square-box computational domain is 20,736. Figure 4.7 shows the

total computational time on different numbers of processors.
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Figure 4.7: Scalability of WGFEM method

Comparing to the linear scability, the line of WG-BDDC clearly shows a super-linear

speed up and the slope of the WG-BDDC speed-up curve decreases as the number of

processors increases from 36 to 64. As we discussed before, the most cost is on the Cholesky

elimination of matrix contribution and displacement recovery. If we do not consider the cost

on MPI and PCG iteration, speed-up is expected to be n3 which is much more than linear

speed-up. The more sub-domains are used, the higher the cost of PCG iterations is. Let us

assume the number of all unknowns is N, and the number of unknowns for each sub-domain

is n. For each sub-domain, the cost on Cholesky elimination is O(n3) and the cost of PCG

iteration is O(N2/n). Therefore, when the ratio of N and n is large, O(n3) is much bigger
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than O(N2/n) and the speed-up is super-linear. For the above problem with total 20,736

elements, when the number of total elements for each sub-domain is 144, it is expected

that the cost PCG iterations for the global problem will be as expensive as the cost of the

Cholesky Elimination for the local problem being solved on each processor.
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Chapter 5: Conclusions and Future Work

In this research, a WGFEM solver has been successfully implemented on both structured and

unstructured grids involving all quadrilateral cells. Subsequently, we successfully created

a new parallel algorithm, WG-BDDC. Moreover, a parallel high-order solver using weak

Galerkin finite element method (WG-BDDC) is successfully extended to simulate beam

deformation using unstructured grids. We successfully verified its solution accuracy by using

Fortran and MPI libraries on parallel computers with up to 144 cores on both structured

grids and unstructured grids. In the future, this parallel WG-BDDC solver can be extended

to handle three-dimensional geometries for large-scale engineering structural mechanics

problems.
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Appendix A: Stabilizer

The basis function of u0 is in reference element. At first we get the function ξ (x,y) and

η(x,y) for each element.

ξ (x,y) = A1 +B1x+C1y+D1xy (A.1)

η(x,y) = A2 +B2x+C2y+D2xy (A.2)

The coefficients are calculated by
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(A.4)

Then replace x and y to the polynomial of s

x = (x2 − x1)ŝ+ x1 on e1 (A.5)

x = (x3 − x2)ŝ+ x2 on e2 (A.6)

x = (x4 − x3)ŝ+ x3 on e3 (A.7)

x = (x1 − x4)ŝ+ x4 on e4 (A.8)
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y = (y2 − y1)ŝ+ y1 on e1 (A.9)

y = (y3 − y2)ŝ+ y2 on e2 (A.10)

y = (y4 − y3)ŝ+ y3 on e3 (A.11)

y = (y1 − y4)ŝ+ y4 on e4 (A.12)

The stabilizer is a matrix about the integral of ŝ

S = h−1







〈u0,v0〉∂Ω −〈u0,vb〉∂Ω

−〈ub,v0〉∂Ω 〈ub,vb〉∂Ω






(A.13)
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Appendix B: One-dimensional Weak Galerkin Method

B.1 Transfer Global Equation into Weak Form

For a one-dimensional elasticity problem, we have a global equation as

d2u

dx2
= f (B.1)

In the finite element method, we construct a weak formulation, by multiplying both sides of

the differential equation by a test function v(x) and integrating from 0 to L.

∫ L

0

d2u

dx2
vdx =

∫ L

0
f vdx (B.2)

Through integration by parts and applying the nature boundary condition, we rewrite the

global equation(B.1) into weak form

∫ L

0

du

dx

dv

dx
dx =−

∫ L

0
f̂ vdx (B.3)

B.2 Weak Gradient Operator

Similar to standard Galerkin method, we multiply one arbitrary test function q on it and

integrate over the element. The weak gradient operator is dwu
dx

.

∫

Ωe

dwu

dx
qdx =−

∫

Ωe

u0
dwq

dx
dx+

∫

∂Ωe

ub(q ·n)ds (B.4)

The basis function for u0 is

ψ1
0 = 1 (B.5)
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The basis function for ub is

ψ1
b =















1, x = xn−1

0, else

ψ2
b =















1, x = xn

0, else

(B.6)

The basis function for weak gradient operator dwu
dx

is

ψw = 1 (B.7)

First we calculate the weak gradient of u0 and ub by equation(B.4).

dwu0

dx
= 0 (B.8)

dwu1
b

dx
=−1 (B.9)

dwu2
b

dx
=−1 (B.10)

B.3 Stabilizer

The stabilizer is calculated in the same way as that of 2-D problem, which is

S = h−1







〈u0,v0〉 −〈u0,vb〉

−〈ub,v0〉 〈ub,vb〉






(B.11)

B.4 Solution for 1-D Example

A bar which has a cross sectional area A and a Young’s modulus E will be considered. The

bar is under tension which is caused by the force F . We apply the conditions which are

E = 1, A = 1, F = 10, L = 1 as figure B.1. A nature boundary condition is applied on the

40



F𝑋1 𝑋2 𝑋3 𝑋4

Figure B.1: Mesh for 1-D problem

left side. The tensor product of weak gradient of each element is

K =
EA

h













0 0 0

0 1 −1

0 −1 1













(B.12)

where h is the length of each element. After assembling and applying the boundary condition,

the tensor product of weak gradient in matrix form is

K =
EA

h







































0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 1 0 0 0

0 0 0 −1 2 −1 0

0 0 0 0 −1 2 −1

0 0 0 0 0 −1 1







































(B.13)
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The stabilizer for each element is

S = h−1













1 0 0

0 0 0

0 0 0













(B.14)

After assembling, the stabilizer in matrix form is

S = h−1







































1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0







































(B.15)

Then we solve the global equation in matrix form:







































1 0 0 0 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 −1 2 −1 0

0 0 0 0 −1 2 −1

0 0 0 0 0 −1 1













































































u1
0

u2
0

u3
0

0

u2
b

u3
b

u4
b







































=







































1.667

5.0

8.333

0

0

0

10







































(B.16)
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The results are

u =







































u1
0

u2
0

u3
0

u1
b

u2
b

u3
b

u4
b













































































1.667

5.0

8.333

0.0

3.333

6.667

10.0







































(B.17)
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