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Abstract

(Stable Alluvial Channel Geometry)

This study numerically computes stable alluvial channel geometry by finding a bank

profile for known water and sediment discharges and uniform sediment size. The

sediment concentration along curving banks is found by solving numerically the steady

state diffusion of sediments in the bank regions using the Finite Element approach.

Analysis shows that a simple power law can represent the stable profile of the bank

region. For each value of dimensionless diffusion coefficient E pertaining to stable

bank geometry, the analysis predicts a unique pair of bank region aspect ratio and

power law profile. This aspect ratio and the power law profile of the bank region along

with flow resistance and sediment transport relations are used to solve the geometry

of alluvial channels. This model has been tested against 66 sets of experimental data

and 506 sets of field data and results demonstrate that the predicted alluvial channel

geometry values fall within the limits of ±50% of observation.
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Chapter 1 – Introduction

1.1 Motivation

A channel whose perimeter is made of the material transported by the channel is

an alluvial channel. It has been documented that alluvial streams are the architects

of their own geometry [2]. Stable equilibrium channels are formed when water and

sediment discharges are almost steady for long periods of time, i.e. decades or cen-

turies [3]. Some river engineers have defined them as graded or regime channels [4–8].

It is possible that the width of such a channel may change due to some extreme

events, e.g. a flood of high frequency, but stability is achieved after some time. Quite

a few approaches are available to define and explain alluvial channel morphology.

Some of these are in the form of equations that predict the geometry of channels,

while others simulate channel adjustments using mathematical models, though most

of the mathematical models neglect adjustments in geometry in time and they do not

simulate bank erosion and deposition processes.

Alluvial channel geometry may change over a wide range of scales in time and

space. These changes in geometry may be due to natural instability, changes in

land use of catchment area controlling rivers/channels or due to the maintenance

of artificial canals. Alluvial channel geometry may change due to aggradation or

degradation, or due to bank retreat because of flow erosion or gravity, or bank advance

due to silting processes.
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Changes in alluvial channel geometry, particularly in width, can affect the sur-

rounding areas in a number of ways. It would have an impact on the people residing in

the floodplains, bridges, and other structures located near a bank of the river/channel,

levees, etc. due to the bank erosion, bank advance, or bankline abandonment by the

active river channel.

An alluvial channel can become wider due to erosion of either one of the banks or

both the banks without substantial incision [9–12]. If the depth of an alluvial channel

is increased due to scour and degradation, the banks become unstable because of

increased height and the steepening and widening occurs rapidly in most cases [13–16].

On the other hand, an alluvial channel can become narrower when benches/berms are

formed at the margins due to stabilization of the bed levels after degradation takes

place for some time [17].

Water is essential for the survival of all known forms of life. World water use has

been growing rapidly in the last century. Water use for agriculture purposes has went

up significantly in the recent years. Hence, there is great emphasis on the design of

stable alluvial channels in water resources engineering. The main contributions of

this dissertation towards the stability of alluvial channels are as follows:

1. To find a relationship between the bank region width and the water depth for

alluvial channels.

2. To find a stable bed profile for the bank regions of alluvial channels.
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1.2 Applications of Stable Alluvial Channels

Alluvial channels (unlined canals/channels) are designed to fulfill various objectives

that are listed as follows:

• Irrigation

• Flood control

• Diversion

• Navigation

• Transportation

• Drainage of wetlands

• Linking rivers

The design of alluvial channels should be such that equilibrium section is deter-

mined to convey a design discharge without the erosion of the banks. Such a channel

will guarantee to convey the required discharge without the process of widening and

shallowing. Failure to design stable alluvial channels leads to convey lesser discharges

than expected. The purpose of construction of the canal would not be fulfilled, e.g.

if a canal were to be meant for flood control, then it would drain water more slowly

than expected and thus fail to prevent the flood or lower crop yields due to conveying

lower amounts of water considering the canal to be used for irrigation.
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1.3 Problem Statement

Continuous research has been going on for more than a century to determine a solu-

tion for the stable geometry of an alluvial channel. The existing regime equations are

mostly applicable for specific areas having similar conditions to the area where the

equations were developed. Therefore, a search is required for determining more com-

prehensive geometry models that can be applied to a wide range of alluvial channels.

Stable alluvial channel geometry is not a single variable problem; rather, many

factors control it. However, according to several researchers [4, 18, 19], water and

sediment discharges are the two significant and independent factors that affect alluvial

channel geometry. Water and sediment discharges being the input variables, the

alluvial channel has three degrees of freedom, namely bed slope, width, and depth of

flow, to vary to reach a state of equilibrium where no further change would occur for

the given input parameters. A sediment transport equation and a hydraulic resistance

relation provide two equations for determining the stable channel slope and geometry.

However, there should be a third relation that would lead to a unique solution. This

third relation may be a width predictor. In this study, the ratio of bank width to

water depth combined with Chang’s minimum stream power concept [20] has been

taken as the third relationship. A combined use of the three formulas yields a unique

slope, flow depth, and channel width. This study is an effort to investigate this

scenario to solve for the geometry of alluvial channels.
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1.4 Scope of this Research and Approach

The primary objective of this research is to find a numerical solution for stable alluvial

channel geometry under given water and sediment discharges with a known uniform

sediment size. The following goals have been established to achieve the primary

objective:

1. To predict the concentration of sediments along the bed of the bank regions of

alluvial channels.

2. To predict the shear stress along the bed of the bank regions of alluvial channels.

3. To relate the sediment concentration along the bed of the bank region to the

shear stress at the corresponding locations of alluvial channels.

4. To predict bank region geometry for the alluvial channel, i.e. the bank region

width-depth ratio and the profile of the bank region.

5. To determine the complete geometry of alluvial channels.

6. To generate a design chart for stable alluvial channel geometry.

In order to perform the tasks outlined in the scope of this Dissertation, a straight

prismatic alluvial channel with steady uniform longitudinal water and sediment dis-

charges was considered. A simple power law was selected to represent the profile of

the bank region of the alluvial channel. The governing partial-differential equations

for the suspension of sediment and shear stress along with the appropriate boundary

conditions were solved numerically considering the finite element approach with the

5



help of the software MATLAB [21]. The sediment concentration and shear stress

contours in the bank region of the alluvial channel were then generated for analysis

purposes. In this way, the first two goals were achieved.

It was assumed that the sediment concentration in the bank region of an alluvial

channel followed a simple power law with the shear stress at the corresponding lo-

cations in the bank region. The root mean square error, a statistical measure that

is used for optimization procedures, was considered for comparison purposes. This

error was found for each value of exponent in numerous scenarios. Finally, the third

goal was achieved by selecting the value of the exponent for the shear stress that gave

the minimum root mean square error.

In order to obtain the fourth objective, i.e. to predict the bank region geometry of

an alluvial channel, the weighted root mean square error was computed for a range of

parameters that included the diffusion coefficient, bank region width-depth ratio and

the bank region profile. The minimum value of this error became a factor of fulfilling

the fourth objective of this study by determining the stable bank region geometry for

an alluvial channel.

This stable bank region geometry of the alluvial channel thus obtained along with

Chang’s minimum stream power concept [20] were utilized to achieve the fifth goal by

solving for the entire geometry of the alluvial channel. Different values of sediment

and flow discharges for the same sediment size were taken using stable alluvial channel

geometry to generate the design chart for alluvial channels. In this way, the sixth

and final goal of the objectives was achieved. Hence the primary objective of this

dissertation was accomplished with achieving all these six goals.
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1.5 Organization of the Dissertation

This Dissertation is divided into eight chapters. Chapter 2 presents a detailed intro-

duction to alluvial channels including the definition and the factors that affect the

geometry of alluvial channels. Some researchers [22–25] have defined a stable channel

according to their judgment, experience, and research and these definitions of a stable

channel are mentioned in Chapter 2. Furthermore, this chapter reviews historically

the empirical and analytical developments of alluvial channel geometry.

Chapter 3 discusses in detail the governing equations for suspension of sediments

and the shear stress in alluvial channels. The proposed stable alluvial bank geometry

model along with the assumptions are given in this chapter. Chapter 3 also presents

the non-dimensionalization of the governing equations for the proposed model and

their respective boundary conditions. Moreover, Chapter 3 discusses how to calculate

the weighted root mean square error for different scenarios in search of the stable

alluvial bank geometry.

Chapter 4 analyzes the proposed model for alluvial bank region geometry using

Finite Element Method by incorporating the computer software MATLAB [21]. The

range of different independent variables are given in this chapter and the results of

the simulations in search of stable alluvial bank region geometry are given in detail

in Chapter 4.

The stable alluvial channel design procedure is discussed in detail in Chapter 5.

It presents the stable alluvial channel design chart for a sediment size of 0.3 mm.

Chapter 6 provides information regarding field and laboratory data, its sources

7



and their respective range for the different parameters, e.g. flow discharge, sediment

discharge, and flow depth. The entire data sets used in this research study is contained

in Appendix A.

Chapter 7 shows the verification and comparison of field and laboratory data with

the proposed stable alluvial channel geometry model. It further includes a detailed

discussion on the analysis and results of the field and laboratory data.

Finally, Chapter 8 points out the contribution of this research study to the field of

water resources engineering and furthermore concludes the entire work done in this

research study. It also proposes recommendations for further improvements to the

proposed model for the geometry of alluvial channels.
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Chapter 2 – Alluvial Channels: Theory and

Development

A channel wholly situated in alluvium with no bedrock exposed in the channel at

low flow or likely to be exposed by erosion is termed as an alluvial channel. Flow and

boundary interactions control the processes of an alluvial channel [26].

2.1 The Stable Channel

Different definitions exist under the context of stable channels. Some of them are as

follows:

1. Kennedy 1895: A regime channel is a non-silting and non-scouring channel [22].

2. Lane 1955: A stable channel is an earth channel (a) which carries water, (b) the

banks and bed of which are not scoured objectionably by moving water, and

(c) in which objectionable deposits of sediment do not occur [23].

3. Vanoni, Brooks, and Kennedy 1961: A channel is defined as being in regime

if its mean measurable behavior during a given time period does not differ

significantly from its mean measurable behavior during similar time periods

before and after the given time period [27].

4. Chorley and Kennedy 1971: A channel in regime is a channel in a steady-state

equilibrium with a time span of 10 − 102 years [28].
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5. Mahmood 1971: Stable or in regime channels are those that do not change over

a period of one or several typical water years [24].

6. Griffiths 1983: A channel can be defined as stable if its gross dimensions oscil-

late about constant values in space and time irrespective of changes in channel

position. A quantitative condition for stability, consonant with the above state-

ment is that for any specified steady flow and time interval, the temporal mean

value of average of spatial variation in total sediment concentration within a

given channel, is constant, independent of alterations in channel alignment [25].

Hence, the gross dimensions of a stable channel remain essentially constant over a

longer period of time. The geometry of such a channel may change locally in space

or time without interfering with overall stability, provided the variations in geometry

fluctuate about constant values. Most natural rivers fall under this definition of

stability.

2.2 Alluvial Channel Geometry

The geometry of a channel is referred to its three-dimensional form fashioned over

the course of time to carry the flow and sediment discharges. The channel geometry

can be categorized into four forms [29] that are enumerated as follows:

1. Cross-sectional form - the shape and size of a channel in a direction perpendic-

ular to longitudinal flow either at a point or as a reach average.

2. Channel bed slope - the longitudinal profile or gradient of the bed of a channel.
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3. Planimetric geometry or channel pattern - the plan form of a channel, the

simplest and commonest subdivision being straight, meandering and braided

[30].

4. Bed configuration - the distinct forms in the bed that are molded due to the

flow discharge and sediment transport in the channel.

Hydraulic geometry of alluvial rivers is thus not a function of discharge only;

rather it depends on many factors, as have been pointed out by many researchers in

the past recent years [28,31,32]. The various variables/factors that affect the hydraulic

geometry of alluvial rivers/channels directly or indirectly are shown in Figure 2.1.

Figure 2.1: Factors affecting alluvial channels
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2.3 Analytical Development of Alluvial Channel

Geometry in History

It was Du Buat in 1786, who gave his idea of equilibrium regarding a river/channel

as follows [33]:

“Everything in nature is subjected to the law of equilibrium; this law is the universal

moderator of movement. It occurs in the determination of the speed of a river, in the

establishment of its bed and the cross-section of its channel, and of the angle in which

it departs from a straight line in forming a bed. If equilibrium is broken, the river

strives to re-assert it.”

The shift from qualitative description to quantitative development of self-formed ge-

ometry of alluvial channels started with the proposed empirical model of Kennedy [22]

in 1895 that related flow velocity, V to the flow depth, D in a channel that is given

as follows:

V = 0.84D0.64 (2.1)

He considered the Upper Bari Doab Canal, now in Pakistan for deriving this

empirical relationship between the mean flow velocity V and mean flow depth D.

Kennedy [22] studied the data for this canal collected between 1890 and 1894 at 30

sites along 90-mile reach. The criterion for the selection of these reaches was stability,

i.e. there was no noticeable aggradation and degradation and no maintenance work
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was required.

Since then, the following three approaches have been successfully developed and

practically applied to the design of stable alluvial channels:

1. Empirical including Hydraulic Geometry Relations

2. Extreme Methods

3. Physical including Similarity Approaches

2.3.1 Empirical including Hydraulic Geometry Relations

Following Kennedy, Lindley [34], Lacey [35–38], Blench [39, 40] and Simons and Al-

bertson [41] were the next to contribute to the empirical development of regime theory.

The different regime equations developed for the design of sand-bed stable channels

were based on field observations and regression analysis. Later on, empirical relations

were also developed for gravel-bed streams [31,42]. Julien and Wargadalam [43] have

presented the regime concept on the basis of governing principles of open channel

flow. Recently, the use of computers has made it possible to utilize large sets of data

to derive sophisticated regime equations [28]. Regime theories undoubtedly take flow

discharge as the major variable controlling alluvial channel geometry. One of the ma-

jor drawbacks of regime equations is that they are dimensionally non-homogeneous.

The other shortcoming of regime equations is that their use is valid only for those

regions of whose data was used to derive them.

Leopold and Maddock [5] extended the regime concept of canals to the rivers of the

United States by expressing the channel width, depth and velocity by simple power
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functions of bankfull discharge only utilizing flow data on 119 gaging sites in nine

basins with discharge varying from 13 cfs to 554,699 cfs. Their hydraulic geometry

equations are as follows:

W = aQb (2.2a)

D = cQe (2.2b)

V = kQm (2.2c)

where W is the width of the channel. Continuity of flow implies Q = WDV with the

following two conditions:

a× c× k = 1 (2.3a)

b+ e+m = 1 (2.3b)

Leopold and Maddock [5] determined b, e and m as 0.5, 0.4, and 0.1 respectively.

These values for b, e, and m present global generalization for rivers and streams.

The width relationship in particular is applicable for rivers that have a wide range

of discharges and sediment properties. Moreover, the values of a, c, and k vary sig-

nificantly for different physiographic regions. Hence, it makes them generally unsuit-

able for stable design purposes. Nixon [44], Schumm [45], Kellerhals [46], Bray [42],

Andrews [47], and Hey and Thorne [31] developed hydraulic geometry relations for

alluvial channels. The work of Hey and Thorne [31] is most impressive in the sense
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that they considered sediment transport in their model, though it is based entirely on

statistical regression analysis. However, hydraulic geometry relations have endorsed

many similarities shown in corresponding empirical relations.

2.3.2 Extreme Methods

Recently different concepts/hypotheses have been put forth in contrast to regime

concepts which relate canal width to discharge and sediments in the banks. These

hypotheses are called Extreme methods that employ the criterion of maximization

or minimization of a key parameter as the third equation to give the unique solu-

tion of slope, width, and the depth of flow, though the theoretical justification for

such a criterion is still not entirely obvious yet required for the evolution of alluvial

channel geometry. Nevertheless, extreme hypothesis methods predict alluvial channel

geometry that agree well globally with a wide range of data.

Langbein [48] first suggested minimum variance as a condition for the solution

of channel geometry. Later on, Chang [20] regarded minimum stream power as the

necessary and sufficient condition for regime. His method appreciably underpredicts

the width of Punjab and Sind canals in Pakistan wider than 150 ft. (46 m) but fits

smaller canal data much better. Chang’s work [20] is discussed in detail in Chapter

5, due to the fact that this research study utilizes his minimum stream power concept

for the design of stable channel design. Yang et al. [49] considered the criteria of

minimum total energy loss for the most hydraulic efficient cross-section. Griffith

[50] recommended maximum sediment discharge to be the most effective factor in

15



shaping the channel cross-section. Pickup [51], Kirkby [52], White et al. [53], and

Farias [54] also used this criterion of maximum sediment discharge to solve the alluvial

channel geometry. Davies and Sutherland [55] argued that the principle of maximum

friction factor was superior to other extreme hypotheses for river behavior, due to its

compatibility with the known behavior of turbulent flows and non-linear processes.

Ramette [56, 57] gave the idea of the maximum Froude number for stable channel

design with reasonable results.

Jia [58], on the other hand, demonstrated noticeably that the Froude number of

the channel flow would tend to attain a minimum value for equilibrium conditions with

restrictions imposed to water and sediment discharges and sediment size. Stevens [59]

extended the theory of Lane’s work [23] that is valid for both alluvial and rigid

boundary channels. He used the bank soil properties to determine the stable channel

widths. Using bank soil properties also suggest the possibility of more than one

width and slope to carry a given water discharge with or without bed-material load.

According to him, the maximum width was not so well defined due to dependence

on the depositional characteristics of the suspended sediment and the development

of meandering tendencies in wider channels. Therefore, he considered the minimum

allowable width to be the best choice.

Cheema et al. [60] presented the hypothesis that a channel would attain a stable

width when the rate of change of unit stream power with respect to its width is a

minimum. They tested their model on canals located in Punjab and Sind provinces of

Pakistan and results showed that the predicted widths of canals compared well with

the observed ones.
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2.3.3 Physical including Similarity Approaches

The physical approach utilizes continuity, sediment transport, flow resistance, shear

stress, bank stability, and bed forms to solve for the stable channel geometry. It is

based on the fundamental laws of hydraulics. It was only in the late 1940s that the

U.S. Bureau of Reclamation took an initiative and considered this approach for the

solution of channel geometry. Glover and Florey [61] introduced the idea of threshold

theory and derived continuous curving channel boundary defined by the classic cosine

profile for the clear water condition, i.e. qs = 0 where qs is the sediment discharge per

unit width of the channel. The limiting design condition is that of “threshold”, i.e.,

the fluid shear stress acting on a given particle on the boundary of the channel cross-

section is equal to the critical shear at that point. In other words, the given particle

is at the verge of motion. Theoretically, this section is the narrowest possible section

consistent with bank stability with no bed load transport [62]. However, Parker [63]

showed that this approach cannot predict stable channel and threshold banks while

transporting sediment. Practically, this conclusion is incompatible with the natural

stream data that testifies channels with mobile bed and stable banks. Parker [64]

overcame this difficulty by postulating a mechanism for the equilibrium bank-mobile

bed condition for self-formed straight alluvial channels. This mechanism of stability

for alluvial channels is summarized as follows:

• Gravity is responsible for pulling down the sediment particles along the lateral

slope of banks.

• Bank erosion takes place and the channel widens.
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• The lateral diffusion of suspended sediment from the central region of the chan-

nel overloads the flow near the banks.

• Deposition takes place, equilibrium banks are established, and a stable alluvial

channel is maintained.

Parker [64] presented his analytical formulation with the help of approximate but

reasonable assumptions. He used singular perturbation techniques for the solution

and rational regime relations for stable alluvial channels. Parker assumed the follow-

ing assumptions for his hypothesis of self-formed rivers with equilibrium banks and

mobile bed:

1. The channel was prismatic and straight.

2. There was no secondary flow.

3. The sediment was non-cohesive and does not change with the channel.

Diplas and Vigilar [65] modified Parker’s model [64] by solving the governing

equations numerically with the bank geometry as part of the solution. This solu-

tion yielded a threshold channel with continuous curving bank region (a fifth-degree

polynomial curve) with a larger top width and center depth with more than dou-

ble the cross-sectional area and conveying flow discharge more than twice the values

corresponding to the classic “cosine” channel under the same conditions. This cross-

sectional shape of an alluvial channel with much higher efficiency than the classic

“cosine” channel is due to the role of momentum diffusion that is responsible for

lower stresses in the central region and increased stresses in the bank region. The
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result is a deeper cross-section with milder slopes to eliminate bank erosion [66, 67].

The unique cross-sectional geometry of such a channel and the flow discharge it car-

ries can be found by observing the local topography, measuring sediment properties

and the knowledge of critical Shields parameter.

Babayean-Koopaei and Valentine [68] carried out an experimental study in detail

regarding the bank profile of straight stable alluvial channels. They approximated a

hyperbolic function for the bank profile of an alluvial channel that fitted even better

than the fifth-degree polynomial indicated by Diplas and Vigilar.

Henderson [69] extended the theory of threshold channels to establish stable chan-

nel geometry. Li et al. [70] also developed mathematical expressions for “Type B”

channels (a channel with curving banks and no bed region) as defined by Hender-

son [69]. Bray [42] used Laceys width formula, Neill’s flow resistance formula [71]

and flow continuity equation to develop the geometry equation for the channels by

considering the two dimensional shear stress τ to be very close to the critical shear

stress of bed sediment for the threshold condition of channels. τ is given by γDS

where γ is the unit weight of water and S is the longitudinal bed slope of the channel.
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Chapter 3 – Analytical Formulation of Channel

Bank Geometry

It is a natural tendency of rivers and channels to constantly preserve a balance between

water and sediment loads and their potential to transport them. Therefore, stable

channel geometry experiences the phenomenon of maintaining equilibrium banks and

a mobile bed. In other words, flow forces acting on the bank regions maintain a

balance between sediment erosion and deposition in the bank regions, while the mobile

bed means that the flow forces acting on the channel bed are capable of moving

bed material. The geometry of alluvial channels may change for varying water and

sediment discharges, as has been observed in natural rivers. This study is an effort

to find an analytical solution for stable alluvial bank geometry.

3.1 Prismatic Channel with Uniform Flow

Consider steady and uniform flow of water in an ideally straight prismatic alluvial

channel having a constant downstream slope S over the cross-section as shown in

Figure 3.1. The cross-section of the alluvial channel is symmetrical with respect

to its center. The origin for the three-dimensional Cartesian coordinate system is

chosen at point O, the geometric midpoint on the bed of the cross-section as shown

in Figure 3.1. The x-axis represents the lateral direction, the y-axis denotes the

vertical direction, i.e. depth of flow while the channel flow is longitudinal, i.e. along

the z-axis. The components Vx́ and Vý of velocity V̄ = (Vx́, Vý, Vź) are identically zero
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in the entire flow field. Thus, V̄ = (0, 0, Vź)≡Vź≡V . Hence, the uniform longitudinal

velocity can be represented by constant velocity V . Uniform flow has, therefore, two

important characteristics that are as follows:

1. A constant flow, i.e.

∂D

∂z
= 0 (3.1a)

2. A constant mean flow velocity, i.e.

∂V

∂z
= 0 (3.1b)

whereas the steady flow is represented by

∂V

∂t
= 0 (3.2)

A typical longitudinal section of the channel is shown in Figure 3.2. The longitu-

dinal bed slope S ranges from 0.01-0.0001 for most open channels, i.e. rivers, canals

and ditches. For S < 0.1, i.e. θ < 5.7◦, it follows that mostly sin θ ≈ tan θ within

0.5% and hence the vertical distance ý1 may be taken as equal to the water depth D

at right angles to the bed. The only resistance to the flow in a uniform flow is due to

the shear stress on the wetted perimeter of the channel. Shear stress at the boundary

is denoted by τo (see Figure 3.2) and is given as

τo = γRS (3.3)
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Figure 3.1: A perspective view of an alluvial channel

where γ is the unit weight of water and R is the hydraulic radius given by (A/P )

with A being the cross-sectional area of the alluvial channel and P being the wetted

perimeter. Figure 3.3 depicts the idealized cross-sectional geometry for the alluvial

Figure 3.2: A typical longitudinal section of the alluvial channel

channel already shown in Figure 3.1 considered for the current research study. The

cross-sectional shape of the channel is defined with a top width B and a center depth
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D. The total cross-sectional width B is divided into a flat central bed region of width

b and two bank regions of a total width 2Bb.

Figure 3.3: Definition sketch of an alluvial channel

Morphological behavior is the manifestation of the changes in planform, bed to-

pography and bed sediment composition. Due to complexity of the phenomenon,

it is appropriate to simplify the alluvial channel geometry based on reasonable as-

sumptions to study erosion, transport, and deposition of sediments in a less complex

framework. A few more assumptions have been made in the current study in order to

simplify and solve for the alluvial channel bank geometry model. They are as follows:

1. The effects of secondary currents are neglected in the proposed model.

2. The channel only supports bedload transport on its entire flat region.

3. The perimeter of the channel is composed of non-cohesive sand or silt with

diameter ds with no vegetation.
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4. The diffusion coefficient is isotropic, i.e. ǫx = ǫy = ǫz = ǫ.

5. There is uniform concentration of sediments in the longitudinal direction.

6. The volumetric sediment concentration (c) at the boundary of the bank region

and shear stress, (τ) at the corresponding location follows a simple power law

of the form

c∝τ p1 (3.4)

where p1 is an exponent.

7. The concentration of sediments c(y), at a vertical distance of y from the channel

bed in the bed region is given by the following exponential function:

c(y) = coe
−(ωs

ǫ
y) (3.5)

where co is the volumetric sediment concentration at the bed of the alluvial

channel, ωs is sediment fall velocity and ǫ is the diffusion coefficient. The basis

of assuming this exponential function for the sediment concentration in the bed

region will be discussed in Section 3.3.1.

Velocity of water in a stream or river is one of the most important properties

of open channel flows due to its dependence on many factors. It is strongly related

to shear, i.e. flow resistance. It also influences sediment transport within the chan-

nel. There are several resistance formulas available in the literature of which the

Darcy-Weisbach equation is recommended for its dimensional correctness and sound
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Figure 3.4: Idealized main flow (no secondary currents)

theoretical basis [72]. In general, the uniform velocity is considered a function of two

variables x́ and ý, neglecting secondary currents as shown in Figure 3.4.

3.1.1 Central Cross-sectional Region

Consider uniform, steady and idealized flow in the central cross-sectional region of

an alluvial channel given in Figure 3.5 where velocity and sediment concentration

profiles are also shown. The velocity and volumetric sediment concentration at any

point at depth ý in the central region are the functions of ý only, i.e.

V = V (ý) (3.6a)

c = c(ý) (3.6b)

There is no diffusion of sediments in the lateral direction at any depth ý due to the
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Figure 3.5: Idealized flow and sediment concentration profiles in the central
region

fact that the concentration gradient is zero in that direction. The diffusive flux in

the vertical direction is equal to the flux due to the fall velocity of the sediments

because of gravity, and hence equilibrium is achieved. It is also assumed that there

is a uniform flow of sediments longitudinally.

3.1.2 Flow and Concentration Fields in the Bank Region

Since the flow depth varies fromD at the junction of central and bed regions to zero at

the water margin, velocity and sediment concentration are functions of two variables,

x́ and ý as shown in Figure 3.6 along with velocity and concentration profiles, i.e.

V = V (x́, ý) (3.7a)
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c = c(x́, ý) (3.7b)

As mentioned earlier, there is no velocity component and secondary currents in the

cross-section of the alluvial channel; thus there is no convection of sediments due to

these motivating agents. The bed concentration along the bank profile changes from

maximum at the junction of the bed and bank regions to a minimum at the water

margin. Hence, diffusion will take place due to the concentration gradient and due

to the fall velocity of sediments. However, longitudinal sediment discharge and flow

velocity are uniform in the bank region.
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(a) Perspective view of velocity profile, V = V (x́, ý)

(b) Perspective view of concentration profile, C = C(x́, ý)

Figure 3.6: Bank region: Flow and concentration fields are functions of two
variables, x́ and ý.
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3.2 Geometry of a Bank Region

Consider a typical cross-section of the alluvial channel for the analysis and determina-

tion of a stable bank geometry profile as shown in Figure 3.7. The shaded bank region

R with arbitrary (or given) flow depth D and bank region width Bb is considered for

the purpose of analysis. The solution for stable geometry will be identical for the left

and right bank regions, due to symmetry of the cross-section. Previous studies show

Figure 3.7: A typical cross-section of the alluvial channel

that the tendency of a continuous curving boundary for the bank region is towards

equilibrium condition. Therefore, a simple form of power law may be an easy solution

to the channel shape. The current study assumes the profile of the bank region with

flow depth D and bank region width Bb to be in form of a power law given as follows:

y

D
=

(

x

Bb

)p

(3.8)

where p is an arbitrary exponent. The origin of the two-dimensional Cartesian coor-

dinate system for the bank region is defined at point A as shown in Figure 3.7. A
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Figure 3.8: Alluvial channel bank region

two-dimensional view of the bank region segment of unit length (δz = 1) is shown

in Figure 3.8. Moreover, it is assumed that there exists a stable ratio between the

bank region width and the water depth, i.e. (Bb/D) in an alluvial channel considering

steady uniform distribution of sediments in a two-dimensional (lateral) steady uni-

form flow in the bank regions, provided there are steady uniform longitudinal water

and sediment discharges. The variation of the exponent p only in Equation (3.8) can

lead to a family of bank profiles as can be seen in Figure 3.9. A rectangular section

can be achieved for p = 0. The choice of a linear relationship between x and y, i.e.

p = 1 for Equation (3.8), leads to a trapezoidal cross-section, whereas the higher

values of the arbitrary exponent p lead to curving boundaries as observed in real

scenarios. Consider the variation of bank region width Bb only for the same values of

flow depth D and the exponent p, say 2 as has been shown in Figure 3.10. It therefore

suggests that there can be an infinite number of bank profiles for alluvial channels.
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The current research study attempts to analyze numerous bank profiles numerically

in search of the equilibrium bank geometry.

Figure 3.9: One-parameter family of bank profiles obtained by varying p.

Figure 3.10: One-parameter family of bank profiles obtained by varying Bb.
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3.3 The Governing Equations for Sediment Con-

centration and Shear Stress in the Bank Re-

gion of Alluvial Channels

The formulation of the governing equations for sediment concentration and shear

stress in the bank region with appropriate boundary conditions will help to solve for

stable alluvial bank region geometry. A typical method of developing a mathematical

model of physical processes is a control volume approach, and is often employed in

the field of fluid mechanics and thermodynamics. To interpret a physical law in the

system under consideration, it is applied to a small representative volume (termed as a

control volume) to formulate a volume-wise mathematical model. A similar approach

is followed in this section where the hypothesis along with the assumptions are applied

to a control volume in the alluvial channel to construct the governing equations. The

governing equations are then non-dimensionalized for general applicability.

3.3.1 Sediment Concentration Field in the Bank Region

Consider a perspective view of the bank region of an alluvial channel with a segment of

unit length as shown in Figure 3.11 for the derivation of steady, uniform distribution

of sediment concentration in the bank region. The location of the origin for the

Cartesian coordinate system is selected at point A, the junction of the bed and bank

regions as mentioned earlier and as shown in Figure 3.11. There are two important

phenomena taking place in the bank region of the alluvial channel involving sediments
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that are as follows:

• Convection of sediments, i.e. movement of sediments due to the flow.

• Diffusion of sediments, i.e. movement of sediments due to settling velocity under

the influence of gravity in the vertical direction and concentration gradient.

Figure 3.11: A perspective view of an alluvial channel bank region

Figure 3.12 shows the convection and diffusion of sediments in a small element in the

bank region under general two-dimensional anisotropic conditions. The net increase

in concentration within the elementary volume in a small increment of time δt will

be zero for equilibrium purposes. Mathematically,

{

∂

∂x

(

ǫx
∂c

∂x

)

−
∂(vxc)

∂x
+

∂

∂y

(

ǫy
∂c

∂y

)

−
∂(vyc)

∂x
+ ωs

∂c

∂y

}

δxδyδt =
∂c

∂t
δxδyδt (3.9)

The components Vx and Vy of velocity V̄ = (Vx, Vy, Vz) are identically zero assuming

no flow in the entire bank region, therefore V̄ = (0, 0, Vz)≡Vz≡V . Hence, the uniform
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Figure 3.12: Sediment fluxes through a small element in the bank region of
an alluvial channel under general anisotropic two-dimensional
conditions (after Vanoni [1])

longitudinal velocity in the bank region can be represented by constant V . Consider-

ing now isotropic diffusion with uniform flow velocity V in the longitudinal direction,

Figure 3.13 demonstrates the change in sediment concentration in the volume of the

element due to settling under gravitational attraction denoted by the term containing

fall velocity ωs, and through diffusive flux in the lateral and vertical directions. There

is no change in the sediment flux through the faces parallel to the x-y plane, i.e., faces

abcd and a′b′c′d′, because of the uniform downstream velocity and because of the con-

centration gradient normal to the faces is zero. Since the diffusion coefficients for

sediments have been assumed to be the same and constant, i.e. ǫx = ǫy = ǫz = ǫ,

then

∂ǫ

∂x
=
∂ǫ

∂y
=
∂ǫ

∂z
= 0 (3.10)
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A small element (see Figure 3.11) of width δx, height δy and of unit length (i.e.

δz = 1) within the segment of the bank region is chosen for analysis purposes. The

net change in sediment concentration in the volume (δxδy.1) of the element in time

δt is equal to the difference of inflow and outflow of sediment through the element

as shown in Figure 3.13. The only change in sediment concentration in the volume

of the element is due to settling under gravitational attraction denoted by the terms

containing the fall velocity ωs and through diffusive fluxes in the lateral and verti-

cal directions. Equation (3.9) is reduced to the following differential equation, that

Figure 3.13: Sediment fluxes through a small element in the bank region of
an alluvial channel under isotropic conditions

is formed by equating the net increase in concentration within the elementary vol-

ume (Figure 3.13) in time δt considering mean velocity components in the x and y
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directions equal to zero. Thus,

{

∂

∂x

(

ǫ
∂c

∂x

)

+
∂

∂y

(

ǫ
∂c

∂y

)

+ ωs
∂c

∂y

}

δyδxδt =
∂c

∂t
δyδxδt (3.11)

Since δx, δy, δz and δt are arbitrary, and assuming steady state condition (i.e.

∂c/∂t = 0), the following governing partial-differential equation for the concentra-

tion field in the bank region is established as

ǫ
∂2c

∂x2 + ǫ
∂2c

∂y2 + ωs
∂c

∂y
= 0 (3.12)

The curved boundary for the bank region of the alluvial channel under consideration

has already been assumed to follow the given profile as mentioned earlier in Section

3.2 and given by Equation (3.8) as

y

D
=

(

x

Bb

)p

Let Sc denote the boundary of the bank region where volumetric sediment concentra-

tion is given, i.e. x = 0, and let Sq1
and Sq2

denote the other two boundaries where

total flux is given. Sq1
represents the bed of the bank region whereas Sq2

represents

the water surface in the bank region R of the alluvial channel. Thus,

S = Sc ⊕ Sq1
⊕ Sq2

(3.13)
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where S represents the entire boundary of the flow region R and ⊕ denotes the union

of disjointed sets Sc, Sq1
, and Sq2

.

Consider the cross-section of the bed region of the alluvial channel under con-

sideration as shown in Figure 3.14. At any point at height y above the bed, the

sediment concentration c is a function of y only, as discussed previously in Section

3.1.1. The two-dimensional steady-state convection-diffusion equation thus reduces

to one-dimensional equation, i.e.

Figure 3.14: A section of the bed region of an alluvial channel

ǫ
d2c

dy2 + ωs
dc

dy
= 0 (3.14)

Integrating Equation (3.14) twice and inserting the limits vertically from 0 to y with

the corresponding values of sediment concentration of co and c(y), respectively yields

[ln c]c(y)
co

= −
ωs

ǫ
[y]y0

ln c(y) − ln co = −
ωs

ǫ
[y] y

0

ln

[

c(y)

co

]

= −
(ωs

ǫ
y
)
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Hence, the sediment concentration in the bed region is given by the following equation

as assumed earlier in Section 3.1 and given is by Equation (3.5),

c(y) = coe
−(ωs

ǫ
y)

This sediment concentration for the bed region will become the boundary condition

for the bank region due to continuity at the boundary between the bed and bank

regions. The bed concentration co can be found out experimentally or from field

data. There is no sediment flux across the water surface, i.e. Sq1
and the bed of the

bank region, i.e. Sq2
. These two boundary conditions for the bank region are given

as follows:
[

ǫ
∂c

∂x
+ ǫ

∂c

∂y
+ ωsc = 0

]

for Boundary Sq1
(3.15a)

[

(

ǫ
∂c

∂y
+ ωsc

)

y=D

= 0

]

for Boundary Sq2
(3.15b)

Therefore, the volumetric concentration field c(x, y) in the bank region R is com-

pletely defined by the Boundary Value Problem that is shown in Figure 3.15 and is

given as follows:

Governing Equation

ǫ
∂2c

∂x2 + ǫ
∂2c

∂y2 + ωs
∂c

∂y
= 0

Boundary Conditions

[

ǫ
∂c

∂x
+ ǫ

∂c

∂y
+ ωsc = 0

]

for Boundary Sq1
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[

(

ǫ
∂c

∂y
+ ωsc

)

y=D

= 0

]

for Boundary Sq2

c(y) = c(y) = coe
−(ωs

ǫ
y) for Boundary Sc

The bar (-) over c denotes a given or known quantity.

Figure 3.15: Bank region of an alluvial channel with boundary conditions

3.3.2 Shear Stress Field in the Bank Region

The velocity of the flow affects the shear stress and sediment transport in an alluvial

channel, as mentioned earlier. A stream exerts drag forces on its bed that in turn

affects the sediment transport. An alluvial channel may, for example, cut its banks,

remain stable, or silt up its section, depending upon whether or not the drag forces are

sufficient to cause scour. The distribution of drag forces may also determine whether

or not an alluvial channel will tend to alter its cross-section, such as by scouring

39



material from the banks and depositing the eroded material in the bed. It is of

extreme importance to know the distribution of shear along the wetted perimeter for

stable geometry of alluvial channels. The ordinary formulas of hydraulics do not give

much help because they are derived on the assumption that the drag is distributed

uniformly around the wetted perimeter.

Olsen and Florey [73] expressed velocity and shear stress distributions in a channel

mathematically in a form of a partial-differential equation by considering the following

statements:

1. The uniform downstream velocity V in the alluvial channel is a continuous

function of the coordinates x and y.

2. The shear stress τ per unit area on any plane containing a line lying in the

direction of flow is proportional to the gradient of some function φ of the velocity

taken in the direction normal to the plane, i.e.

τ∝
∂φ

∂s

τ = −µ
∂φ

∂s
(3.16)

where s is a distance measured normal to the plane of shear and µ is the constant

of proportionality and

3. φ is assumed to be a function of velocity such that

φ∝V n1
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(a) Perspective view of the φ surfaces (b) Two dimensional view of the
φ surfaces

Figure 3.16: Constant φ surfaces in the bank region

φ = KV n1 (3.17)

where K and n1 are constants.

Equation (3.16) suggests that the resultant shearing stress at any point is equal to a

constant multiplied by the maximum slope of the surface representing the function φ

at that point. The perspective and the two dimensional views of typical φ surfaces

are shown in Figure 3.16. The shear stress resists the flow and its direction is opposite

to the flow of water in the z-direction. Consider the differential element (see Figure

3.11) of width δx, height δy and of unit length (i.e. δz = 1) within the bank region R

for the derivation of the governing equation for the shear stress field. Generally, two

types of forces need to be considered, i.e. surface forces or shear forces acting on the

surface of the differential element and body forces that are distributed throughout

the differential element. The surfaces forces acting on vertical and horizontal faces

of the differential element are denoted by SF v and SF h respectively. Here, the only
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body force of interest is the weight of the small element denoted by δW , as shown in

Figure 3.17. It can be expressed as

δW = γδxδyδz (3.18)

It is usually convenient to reference the area to the coordinate system for the purpose

Figure 3.17: Weight of the differential element in the bank region of an allu-
vial channel

of analysis in case of stresses. A double subscript notation will be used to identify a

particular shear stress component. The first subscript indicates the direction of the

normal to the plane on which the shear stress acts, and the second subscript denotes

the direction of the stress. For example, in Figure 3.18, τxz denotes the shear stress

on the plane add′a′ that is perpendicular to the x-direction and is acting along the

z-direction. The stresses are shown only for the planes add′a′ and bcc′b′ for clarity.

The stresses on planes dcc′d′ and abb′a′ are shown in Figure 3.19.
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Figure 3.18: Shear acting on the faces add′a′ and bcc′b′ of the small element
in the bank region of an alluvial channel

Figure 3.19: Shear acting on the faces dcc′d′ and abb′a′ of the small element
in the bank region of an alluvial channel
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Figure 3.20: Shear forces acting on the small element in the bank region of
an alluvial channel

Since δz = 1, the component of the weight of the differential element in the

z-direction is given by

δW z = γSδxδy.1 (3.19)

The shear components in the x and y directions can be expressed in the following

form:

τxz = −µ
∂φ

∂x
(3.20)

τyz = −µ
∂φ

∂y
(3.21)

Hence, the net shear force acting along the vertical and horizontal sides of the small

element as shown in Figure 3.20, SF v and SF h respectively, are given by the following

two equations:

SF v =
∂τxz

∂x
δxδy.1
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SF h =
∂τyz

∂y
δyδx.1

The gravitational component acting in the direction of flow must be balanced by the

shear forces considering steady channel flow, and hence

∂τxz

∂x
δxδy.1 +

∂τyz

∂y
δyδx.1 − γSδxδy.1 = 0

Since δx and δy are arbitrary, this implies that

∂τxz

∂x
+
∂τyz

∂y
= γS (3.22)

Substituting Equation (3.20) and Equation (3.21) in Equation (3.22) results in

∂2φ

∂x2 +
∂2φ

∂y2 = −
γS

µ
= K1 (3.23)

where K1 is a constant. Equation (3.23) is the Poisson’s Equation.

Let Sφ denote the bed of the bank region where the function φ is defined, i.e.,

φ = 0 since velocity is zero at the bed of the bank region. S ∂φ
∂x

denotes the boundary

at the junction of the bed and bank regions and S ∂φ
∂y

denotes the water surface in

the bank region R of the alluvial channel. The gradient of φ is zero at both of these

boundaries. Thus

S = Sφ ⊕ S ∂φ
∂x

⊕ S ∂φ
∂y

(3.24)

where S represents the entire boundary of the flow region R and ⊕ denotes the union
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of disjointed sets Sφ, S ∂φ
∂x

and S ∂φ
∂y

. Therefore, the shear stress field, i.e. the gradient

of the function φ, in the bank region R is completely defined by the Boundary Value

Problem that is shown in Figure 3.21 and is given as follows:

Governing Equation

∂2φ

∂x2 +
∂2φ

∂y2 = K1

Boundary Conditions

[φ = 0] for Boundary Sφ

[

(

∂φ

∂y
= 0

)

y=D

]

for Boundary S ∂φ
∂y

[(

∂φ

∂x
= 0

)

x=0

]

for Boundary S ∂φ
∂x

Figure 3.21: Governing equation for shear stress in flow field in bank region
with boundary conditions
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3.4 Dimensionless Formulation of Boundary Value

Problem

An analytical equation that relates a physical process must be dimensionally homo-

geneous. The dimensionless equation can be obtained by dividing the terms of the

equation by a parameter that has the same dimensions. Non-dimensionalization or

normalization converts the problem to one without any system of units and it makes

all the relevant parameters range generally from 0 to 1. It also reduces the equa-

tion to relevant parameters. The analysis of such an equation is a vigorous scientific

procedure. In this study, the governing equations along with respective boundary con-

ditions describing the bank region processes will be reduced to non-dimensionalized

form in order to achieve more general results. For this purpose, normalized variables

are introduced with the normalizing parameters shown in Figure 3.22 in the bank

region R of the alluvial channel under consideration that are given as follows:

X =
x

D
(3.25a)

Y =
y

D
(3.25b)

C =
c

co
(3.25c)

Φ =
φ

φo

(3.25d)

E =
ǫ

ωsD
(3.25e)
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where

X Dimensionless lateral distance from flat bed region to the bank of channel

Y Dimensionless normal distance from channel bed to the water surface

C Non-dimensional sediment concentration

Φ Normalized form of φ

E Non-dimensional isotropic diffusion coefficient, i.e., E = EX = EY

Figure 3.22: Bank region R with normalizing parameters used for non-
dimensionalization of the Boundary Value Problem

The transformation of any function F(x, y) and its partial derivatives to F(X,Y ) and

respective derivatives can be achieved using normalized variables. Using the chain

rule for the derivatives, we can write

∂F

∂x
=
∂F

∂X

∂X

∂x
+
∂F

∂Y

∂Y

∂x
(3.26a)
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∂F

∂y
=
∂F

∂X

∂X

∂y
+
∂F

∂Y

∂Y

∂y
(3.26b)

The following identities are used to normalize the Boundary Value Problem for the

sediment concentration field, c(x, y) and shear stress field, i.e. the gradient of the

function φ(x, y), in the bank region:

∂

∂x
=

1

D

∂

∂X
(3.27a)

∂2

∂x2
=

1

D2

∂

∂X2
(3.27b)

∂

∂y
=

1

D

∂

∂Y
(3.27c)

∂2

∂y2
=

1

D2

∂

∂Y 2
(3.27d)

Equations (3.25a) through (3.25e) and Equations (3.27a) through (3.27d) are utilized

in normalizing the governing equations and their respective boundary conditions for

the bank region R. A short series of steps is given herein for the transformation of

the Boundary Value Problem for the concentration and shear stress fields as follows:

3.4.1 The Bank Profile

The profile for the bank region of the proposed alluvial channel considered in this

study is given by Equation (3.8). Its reduction to non-dimensionalized form is made

as follows:

y

D
=

(

x

Bb

)p
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Y =

(

XD

Bb

)p

Y = Xp

(

Bb

D

)

−p

(3.28)

(Bb/D) can be referred to as the non-dimensional bank region width or non-dimensional

aspect ratio of the bank region R.

3.4.2 The Governing Equation for the Concentration Field

The two-dimensional governing equation for the concentration field in the bank region

of the alluvial channel is given by Equation (3.12) and is reduced to its normalized

form:

ǫ
∂2c

∂x2 + ǫ
∂2c

∂y2 + ωs
∂c

∂y
= 0

The partial derivative of c with respect to x and y can be written as

∂c

∂x
=
co
D

∂C

∂X

∂c

∂y
=
co
D

∂C

∂Y

Also,

∂2c

∂x2 =
co
D2

∂2C

∂X2

∂2c

∂y2 =
co
D2

∂2C

∂Y 2
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The governing equation for the sediment concentration field in the bank region thus

takes the form:
(

ǫ

ωsD

)

∂2C

∂X2 +

(

ǫ

ωsD

)

∂2C

∂Y 2 +
∂C

∂Y
= 0

Hence, the transformed form of the governing equation for the sediment concentration

from c(x, y) to C(X,Y ) is given by

E
∂2C

∂X2 + E
∂2C

∂Y 2 +
∂C

∂Y
= 0 (3.29)

Boundary Conditions for the Concentration Field

The sediment concentration is given at Sc boundary while fluxes are given at Sq1

and Sq2
boundaries. The boundary conditions for these three surfaces of the bank

region are also normalized in a similar fashion herein.

(i) At the Bed of the Bank Region Sq1

ǫ
∂c

∂x
+ ǫ

∂c

∂y
+ ωsc = 0

(EωsD)

(

co
D

∂C

∂X

)

+ (EωsD)

(

co
D

∂C

∂Y

)

+ ωsCco = 0

E
∂C

∂X
+ E

∂C

∂Y
+ C = 0 (3.30a)

(ii) At the Water Surface of the Bank Region Sq2

[

ǫ
∂c

∂y
+ ωsc

]

y=D

= 0
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Figure 3.23: Bank region with boundary conditions in dimensionless form

[

(EωsD)
co
D

∂C

∂Y
+ ωsCco

]

Y =1

= 0

[(

E
∂C

∂Y

)

+ C

]

Y =1

= 0 (3.30b)

(iii) At the Junction of the Bed and Bank Regions Sc

c(y) = coe
−(ωs

ǫ
y)

Cco = coe
−(ωsY D

EωsD )

C(Y ) = e−(Y
E ) (3.30c)

Figure 3.23 shows the bank region R for the alluvial channel with the governing equa-

tion for the sediment concentration field and its boundary conditions in dimensionless

form.
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3.4.3 The Governing Equation for the Shear Stress Field

The two-dimensional governing equation for the shear field (the gradient of the func-

tion φ) in the bank region of the alluvial channel is given by Equation (3.23) and is

reduced to its normalized form:

∂2φ

∂x2 +
∂2φ

∂y2 = K1

φo

D2

(

∂2Φ

∂X2 +
∂2Φ

∂Y 2

)

= K1

(

∂2Φ

∂X2 +
∂2Φ

∂Y 2

)

=
K1D

2

φo

(

∂2Φ

∂X2 +
∂2Φ

∂Y 2

)

= K2 (3.31)

where K2 is a constant.

Boundary Conditions for the Shear Stress Field

The gradient of φ is zero at S ∂φ
∂x

and S ∂φ
∂y

boundaries. Also, the function φ is zero

at Sφ boundary. These boundary conditions for the shear stress in the bank region

R can be normalized in a similar way as has been done for the concentration field

scenario.

(i) At the Bed of the Bank Region Sφ

[φ = 0] for Boundary Sφ

[Φ = 0] for Boundary SΦ (3.32a)
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(ii) At the Water Surface of the Bank Region S ∂φ
∂y

[

(

∂φ

∂y
= 0

)

y=D

]

for Boundary S ∂φ
∂y

[(

∂Φ

∂Y
= 0

)

Y =1

]

for Boundary S ∂Φ

∂Y
(3.32b)

(iii) At the Junction of the Bed and Bank Regions S ∂φ
∂x

[(

∂φ

∂x
= 0

)

x=0

]

for Boundary S ∂φ
∂x

[(

∂Φ

∂X
= 0

)

X=0

]

for Boundary S ∂Φ

∂X
(3.32c)

Figure 3.24 shows the bank region R for the alluvial channel with the governing

equation for the shear stress field and its boundary conditions in dimensionless form.

Figure 3.24: Shear stress distribution in the bank region with boundary con-
ditions in dimensionless form
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3.5 Physics of Stationary Bank Profile

A precise definition of a stable channel can be given as follows:

“A channel is said to be stable when all particles on its boundary are not moving.”

This means that a channel section cannot change with time without sediment trans-

port. After developing the numerical model for the flow problem under consideration,

it is important to highlight the physical meaning associated with each term in the

model. This not only helps to understand the phenomenon but also defines the appli-

cation range of the model. A numerical solution to the mathematical model computes

the concentration in the channel, and the associated flux determines the stability of

the channel.

An alluvial channel usually carries a sediment load, and therefore erosion or de-

position may take place at the bed and bank of the channel boundary. Equilibrium is

established when there is a balance between the flow and sediment discharges in the

alluvial channel. In this study, the bank region of an alluvial channel is analyzed for

stability purposes. Assuming steady state uniform water flow with uniform concen-

tration of sediments in the longitudinal direction only (no component of velocity in

the transverse or vertical direction), there are two important phenomena in the bank

region, i.e.

• There is diffusion of sediments in the lateral and vertical directions due to

concentration gradient.
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• There is diffusion of sediments due to settling velocity in the vertical direction.

Let qnet denote the net flux in the cross-sectional bank region of an alluvial channel. It

consists of two parts, i.e., diffusive flux denoted by qdiffusive and settling flux denoted

by qsettling. Mathematically,

qnet = qdiffusive + qsettling (3.33)

The bed of the bank region will erode if there is a net flux of sediments towards the

flow region; erosion takes place at a higher rate per unit area on the boundary of

the bank region than settling of the sediments. Hence, the flow depth increases (see

Figure 3.25). Mathematically,

qnet > 0 (3.34)

The flow depth will decrease if the sediment particles settle at a faster rate per unit

Figure 3.25: Eroded bed (solid line) of the bank region of an alluvial channel

area on the bed of the bank region than the erosion process as shown in Figure 3.26.

Mathematically,

qnet < 0 (3.35)
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The profile of a stable alluvial bank region should be such that the total fluxes are

Figure 3.26: Bed (solid line) of the bank region rises due to deposition of
sediments

in equilibrium (see Figure 3.27). In other words, the erosion rate per unit area of the

bed is equal to the deposition rate. Mathematically,

qnet = 0 (3.36)

Using this concept of equilibrium, the Boundary Value Problem for the sediment

Figure 3.27: Equilibrium bank of an alluvial channel

concentration field c was set up with boundary conditions for the bank region R of

the alluvial channel. Similarly, a shear stress field was presented in the same region

with its respective boundary conditions. The solution of the governing equations
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makes it possible to find the sediment concentration at any location within the bank

region R with the corresponding shear stress value. Leading questions to the previous

statement could be as to how these two parameters, sediment concentration and shear

stress, are related to each other and what is the effect of this relationship on the

stability or equilibrium of the bank geometry. The Einstein-Brown formula [74] for

sediment transport is introduced here in order to answer these questions.

The Einstein-Brown formula relates a dimensionless function of sediment dis-

charge, ϕ to dimensionless shear stress, ψ, i.e.,

ϕ = f

(

1

ψ

)

(3.37)

For values of (1/ψ) in access of 0.09, the Einstein-Brown formula takes the form:

ϕ = 40

(

1

ψ

)3

(3.38)

or

ϕ∝

(

1

ψ

)3

(3.39)

It is assumed in this study that sediment concentration c at any location on the bank

is related in a similar way to shear stress τ . Hence this relationship can be written

for any point on the bank as follows:

c∝τ 3 (3.40)
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and at the junction of bed and bank regions, it can be represented as

co∝τo
3 (3.41)

where co is the bed region concentration and τo is the corresponding shear stress. It

can then be proposed that, for an alluvial channel to be stable, the bank region must

have a profile that satisfies the governing equations for sediment concentration and

shear stress with the binding condition of

(

c

co

)

∝

(

τ

τo

)3

(3.42)

The closer (c/co) is to (τ/τo)
3, the more the bank profile of the alluvial channel will

tend towards stability.

3.6 In Search of Stable Bank Geometry

Heretofore, the following have been established:

• An alluvial channel with bank region R with some assumptions mentioned in

Section 3.1 is considered.

• The geometry of the bank region R is defined in terms of flow depth D, bank

region width Bb and the profile of the bank region boundary in form of a power

law given by Equation (3.8).

• The governing partial-differential equations for the suspended sediments and
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shear stress in the bank regions with boundary conditions have been formulated

and transformed in dimensionless form to achieve general results.

Since three varying parameters are involved in the determination of sediment con-

centration and shear stress of bank region for stability purposes, i.e., finding the

optimum or equilibrium bank geometry profile, E, (Bb/D), and the exponent p, it

would be simpler to use a statistical measure of error to optimize these parameters.

The weighted root mean square error, εrms is introduced here to find the optimum

values of these parameters.

Given any set of these parameters, the minimum error constitutes a relatively

stable geometry where the sediment concentration ratio tends to approach the cube

of shear stress ratio as shown in Equation 3.42. In other words, bank profile naturally

adopts a profile which is termed as stable bank geometry. In a typical numerical

approach setting, the error is computed discretely at every node, squared, and is

integrated over the domain, generally referred to as L2 Norm. An extended approach

is followed here to define the error. Since the error is computed along the river bank

profile which varies from case to case depending upon the value of p, it is necessary to

include its contribution within the error. Thus far, the length of the river bed profile

Ls gives a measure of the wetted length of the bank profile which varies with p.

The weighted root mean square error, εrms is calculated by the following relation-

ship:

εrms =

√

√

√

√

√

N
∑

i=1

[

(

ci

co

)

c
−

(

τi

τo

)3

s

]2

N
×

(

Ls

D

)

(3.43)
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where

N Number of nodes considered along the bank region boundary

(

ci

co

)

c
Dimensionless sediment concentration at the ith node on the bank boundary

of the bank region calculated using the sediment concentration field

(

τi

τo

)3

s
Dimensionless shear stress at the ith node on the bank boundary

of the bank region calculated using the shear model

(

Ls

D

)

Dimensionless arc length along the bed of the bank region from the

junction of the bed and bank regions to the water margin.

3.7 Numerical Methodology

A short summary of the numerical solution, the analysis of the Boundary Value

Problem for sediment concentration and shear stress and the search for the stable

geometry are presented herein; they are discussed in detail in Chapter 4. The govern-

ing equations and their respective boundary conditions for the bank region R were

solved using the Finite Element Method. Software MATLAB [21] was utilized for the

analysis of the Boundary Value Problem for the bank region R.

The initial step to numerically solve the governing equation is to generate a mesh

over the computational domain. In the current study, the entire bank region R is

divided into a triangular mesh. The computational domain extends from 0 to 1 in

the y-direction on the left bank region and follows the bank profile up to (Bb/D) in

the x-direction. Each triangle in the mesh has three nodes and represents an element.

A total of 7483 nodes with 14706 elements are considered in the current study. A
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typical schematic grid of the bank region is shown in Figure 3.28. It is important

Figure 3.28: A typical schematic Finite Element Grid for the bank region (5
x 4 mesh is shown here for clarity; the actual mesh size is 86 x
86).

to assign a suitable nomenclature to the elements as well as to nodes in order to

correctly locate the elements in the region R. In addition to the elements in the

mesh, boundary elements are also specified separately to apply suitable boundary

conditions. It is important to note that boundary elements with Dirichlet boundary

conditions are not included in the list of boundary elements. The nomenclature for

the nodal connectivity follows a counter-clockwise convention, and a typical element

is shown in Figure 3.29.

For a reasonable choice of the bank profile under consideration, i.e., (Bb/D) and

62



Figure 3.29: Typical nodal connectivity for an element used in the Finite
Element Grid

p in Equation (3.28), the following steps are performed:

• The governing equation for the sediment concentration for region R is analyzed

using the Finite Element Method. The sediment concentration field can then

be illustrated with a contour plot, as will be shown in Chapter 4.

• The governing equation for the shear stress for the region R is also analyzed.

The shear stress field can also be then plotted as contours in the bank region,

as will be shown in Chapter 4.

• The weighted root mean square error εrms is computed from the solution of the

governing equations for the Boundary Value Problem using Equation (3.43).

• Detailed analyses are performed for a large number of bank profiles and the

profile with the minimum error is the optimum (equilibrium) bank geometry

for the alluvial channel.
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Chapter 4 – Determination of Channel Bank

Geometry

The current study is being carried out to find out the stable bank geometry of an

alluvial channel. The bank region R of an alluvial channel with three boundaries con-

stitutes the control volume for analysis purposes. In this chapter, the dimensionless

governing partial-differential equations for sediment concentration and shear stress

along with their boundary conditions will be analyzed to determine the stable bank

profile for the alluvial channel. There are three key parameters involved in these

analysis in search of stable bank profile. These parameters are as follows:

1. Nondimensional isotropic diffusion coefficient, EX = EY = E

2. Nondimensional aspect ratio of the bank region (Bb/D), and

3. The exponent p in Equation (3.8)

Table 4.1 summarizes the parametric range for these parameters along with their

respective increments used in the analysis of the boundary value problem for the

bank region R.

Table 4.1: Range of variables used in the parametric study.

Parameter Description Minimum Maximum Increment Used

E Dimensionless Diffusion Coefficient 0.10 0.60 0.01
(Bb/D) Dimensionless Bank Region Width 2.0 10.0 0.10

p Exponent p in Equation (3.8) 2.0 10.0 0.10
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4.1 Analysis of the Bank Region R

The two parameters that define the geometrical shape of a bank region are dimension-

less bank region width (Bb/D) and the exponent p in Equation (3.28). In this study,

81 x 81 profiles have been selected for the analysis of the Boundary Value Problem

by varying both these parameters through an increment of 0.10 from a value of 2.0

to 10.0 as given in Table 4.1.

The third key parameter, i.e., the dimensionless diffusion coefficient E is assumed

to be isotropic in the current study, i.e. EX=EY =E. The values of E chosen in the

numerical analysis range from 0.10 to 0.60 and the choice of this range is based on

the values of ǫ, the kinematic eddy diffusivity, the fall velocity of a sediment grain

ωs and D, the depth of water for the field and laboratory data given in Appendix

A. 51 cases of E were thus considered for the stable bank region analyses. Hence a

total of 51 x 81 x 81 (334611) cases were simulated in search of stable bank geometry.

For each value of E, 81 x 81 sub-cases (i.e., 81 x 81 different profiles of the bank

region as previously mentioned) were considered for finding the stable bank profile

by minimizing the weighted root mean square error, i.e. εrms. Numerical simulations

were performed in (Bb/D)− p space for each value of E to generate εrms contours in

search of stable bank profile as will be discussed in Section 4.2. Since the values of

certain parameters like dimensionless shear, dimensionless sediment concentration, Φ

the function of velocity etc., are very important along the bed of the bank region, it

is more convenient to generate the plots of these parameters along the entire bed of

the bank region.
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The first step is to solve the sediment concentration field in the bank region. For

every subset of E − (Bb/D) − p parametric space given in Table 4.1, the sediment

concentration field is solved using numerical analysis. Figure 4.1 shows the contour

plots of dimensionless sediment concentration for a sample of three among the pop-

ulation of 334611 cases. The values of (Bb/D) and p are kept the same for E = 0.15,

E = 0.34 and E = 0.57 for the purpose of comparison.

Figure 4.1: Comparison of sediment concentration fields for (Bb/D) = 3.5
and p = 2.3 for different values of dimensionless diffusion coeffi-
cient, i.e., (a) E = 0.15, (b) E = 0.34 and (c) E = 0.57

66



For a given flow depth D and longitudinal bed slope S, higher E values mean finer

sediments, implying roughly uniform distribution of sediment concentration along the

bank. Smaller E values, on the other hand, give an indication of coarser sediments

suggesting higher concentration near the bed region. These physical phenomena are

obvious from Figure 4.1. It is obvious from the figure that all the contours of sediment

concentration are horizontal.

The second step in finding the stable bank profile is to solve the governing equa-

tion for Φ, a function of velocity as given in Equation (3.17). A typical solution of Φ

is shown in Figure 4.2 in form of a contour plot for E = 0.34 with (Bb/D) = 3.5 and

p = 2.3. Since there is no flow condition at the bed of channel and bank region, i.e.

the longitudinal velocity is zero along at the perimeter of the channel, the analyses

of alluvial channel geometry respond to this physical condition. The value of this

Figure 4.2: A typical example of a contour plot of Φ in the bank region for
E = 0.34 with (Bb/D) = 3.5 and p = 2.3

function Φ is zero at the boundary and Figure 4.2 corresponds to this value. As the

distance is increased from the boundary of the bank region, the velocity increases
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gradually towards the surface of the water. The gradient of Φ at the water surface

is zero as is obvious from the contour lines terminating at the water surface (the

imaginary tangents are perpendicular to the water surface for the contours). The

gradient of Φ must be zero at the boundary between the bed and bank regions due

to continuity of the contours; and this fact is reflected from the contours meeting

the boundary perpendicularly. The dimensionless concentration contours in the bank

region are shown typically in Figure 4.3. The sediment concentration on the bed of

the bank region is also shown in the figure. As mentioned earlier, this plot was gen-

erated by solving numerically the governing partial-differential equation for sediment

concentration in the bank region. Figure 4.4 shows a typical shear stress contour plot

for one of the subset of E − (Bb/D) − p parametric space. The shear stress on the

boundary is also plotted in the figure. In this way, the dimensionless contour plots for

concentration and shear for 81 x 81 scenarios by varying (Bb/D) and p for each value

of E, i.e. from 0.10 to 0.60 with an increment of 0.01 are obtained in the current

study.

It is assumed in this study that sediment concentration on the bank and the shear

stress are related to each other by Equation (3.42):

(

c

co

)

=

(

τ

τo

)3

Error analysis is performed and the weighted root mean square error, εrms is also

found for all the 81 x 81 profiles [(Bb/D) − p space] associated with each value of

E. The εrms contour plot for each E is generated in (Bb/D) − p space. These 51
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Figure 4.3: A typical example of a dimensionless concentration field in the
bank region for E = 0.34 with (Bb/D) = 3.5 and p = 2.3

εrms contour plots for each value of E are utilized for comparison purposes and to

determine the stable bank geometry of alluvial channels. Figure 4.5 shows sample

contour plots for values of E = 0.15, E = 0.34 and E = 0.57 in (Bb/D) − p space.

It can be seen from Figure 4.5 that the error increases for higher (Bb/D) and p

values, whereas it decreases for their smaller numerical values. For an E value of 0.15

in Figure 4.5(a) with the error value of 0.39271, the bank profile has (Bb/D) = 2.9 and

p = 3.7 suggesting a bank geometry closest to the bank profile that satisfies Equation

(3.42). Similarly, E = 0.34 has a minimum error of 0.12681 for a bank profile having

(Bb/D) = 3.5 and p = 2.3, while an error of 0.16881 is associated with E = 0.57 that

has a bank profile with (Bb/D) = 2.0 and p = 2.3. In this way, a unique pair of values

is achieved for (Bb/D) and p for each value of E. Hence 51 different geometries of

the bank region R were selected from 51 x 81 x 81 (334611) cases in search of stable
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Figure 4.4: A typical example of a dimensionless shear stress field in the bank
region for E = 0.34 with (Bb/D) = 3.5 and p = 2.3

bank profile. The selection of these pairs was purely on the basis of local minimum

value of weighted root mean square error, εrms for each value of E. Table 4.2 shows

the values of E, (Bb/D), p and εrms for these selected 51 different scenarios of the

bank region R. It is noted that 2.3 ≤ p ≤ 4.3 and 2.0 ≤ (Bb/D) ≤ 5.8 from the table

shown for the 51 selected profiles for E from 0.10 to 0.60.
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Figure 4.5: Contour plots of εrms in (Bb/D) − p Space for (a) E = 0.15, (b)
E = 0.34 and (c) E = 0.57 for comparison purposes
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Table 4.2: Values of dimensionless bank region width, (Bb/D) and the expo-
nent p based on the minimum weighted root mean square error,
εrms for each value of the dimensionless diffusion coefficient, E

E (Bb/D) p εrms

0.10 2.4 4.3 0.44768
0.11 2.4 4.1 0.43891
0.12 2.5 4.0 0.42897
0.13 2.6 3.9 0.41801
0.14 2.7 3.8 0.40598
0.15 2.9 3.7 0.39271
0.16 3.0 3.6 0.37828
0.17 3.2 3.5 0.36264
0.18 3.3 3.4 0.34573
0.19 3.6 3.3 0.32742
0.20 3.8 3.2 0.30766
0.21 4.2 3.2 0.28636
0.22 4.6 3.1 0.26314
0.23 4.9 3.0 0.23858
0.24 5.3 2.9 0.21331
0.25 5.7 2.8 0.18901
0.26 5.8 2.7 0.16843
0.27 5.5 2.6 0.15347
0.28 5.0 2.5 0.14269
0.29 4.7 2.4 0.13586
0.30 4.3 2.4 0.13147
0.31 3.9 2.4 0.13027
0.32 3.9 2.3 0.12812
0.33 3.7 2.3 0.12698
0.34 3.5 2.3 0.12681∗

0.35 3.3 2.3 0.12714
0.36 3.1 2.3 0.12821
0.37 3.0 2.3 0.12934
0.38 2.9 2.3 0.13081
0.39 2.8 2.3 0.13248
0.40 2.7 2.3 0.13436
0.41 2.6 2.3 0.13665
0.42 2.6 2.3 0.13814
0.43 2.5 2.3 0.14012
0.44 2.5 2.3 0.14245
0.45 2.4 2.3 0.14412
0.46 2.4 2.3 0.14656
0.47 2.3 2.3 0.14836
0.48 2.3 2.3 0.15039
0.49 2.2 2.3 0.15318
0.50 2.2 2.3 0.15441
0.51 2.2 2.3 0.15667
0.52 2.1 2.3 0.15965
0.53 2.1 2.3 0.16069
0.54 2.1 2.3 0.16256
0.55 2.1 2.3 0.16517
0.56 2.0 2.3 0.16777
0.57 2.0 2.3 0.16881
0.58 2.0 2.3 0.17048
0.59 2.0 2.3 0.17271
0.60 2.0 2.3 0.17546

∗ The minimum value of error
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4.2 The Most Stable Bank Geometry

The numerical analyses of the governing equations for the bank region R gave the

sediment concentration and Φ (i.e. shear stress) fields for 81 x 81 profiles ((Bb/D)−p

space) associated with each E. The relationship between concentration and shear

stress is closely reviewed here for the bank region. The closer the (c/co) curve to

(τ/τo)
3 curve, the lesser the error and the more stable the bank profile. The bank

geometry with the minimum value of εrms among 81 x 81 profiles is the closest match

to the (c/co)=(τ/τo)
3 line for that particular E value. Figure 4.6 shows a typical

comparison of (c/co) and (τ/τo)
3 curves for values of E = 0.15, E = 0.34 and E =

0.57. The values of (Bb/D) and p for these three values of E are based on the

minimum error and are taken from Figure 4.5. E = 0.34 is seen to be a more stable

bank profile than the profiles for E = 0.15 and E = 0.57. The error for E = 0.34

is the minimum as can be seen from Table 4.2. This bank profile for E = 0.34

is the most stable one among the 51 profiles associated with all the values of E.

This comparison is also plotted on a logarithmic scale along with the (c/co)=(τ/τo)
3

line for only three cases shown in Figure 4.7. The sediment concentration and shear

stress for all the 334611 numerical simulations were compared with the (c/co)=(τ/τo)
3

relationship. The E = 0.34 curve is the closest to the (c/co)=(τ/τo)
3 line, suggesting

minimum weighted root mean square error. Hence the p1 in Equation (3.4) is taken

as 3.0 suggesting that, for stable alluvial bank geometry profile, there exists a cubic

relationship between the dimensionless sediment concentration and the dimensionless

shear.
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Figure 4.6: Comparison of dimensionless concentration and shear stress
along the bed of the bank region showing three different val-
ues of the dimensionless diffusion coefficient, i.e., (a) E = 0.15,
(b) E = 0.34 and (c) E = 0.57
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It is noted from Figure 4.6 and Figure 4.7 that the proposed alluvial geome-

try model fits fairly well to approximately 80% of the dimensionless water depth in

the bank region. The dimensionless aspect ratio (Bb/D), the exponent p and the

Figure 4.7: Comparison of dimensionless sediment concentration and shear
stress, i.e., (c/co)−(τ/τo) curves along the bed o f the bank region
for different values of the dimensionless diffusion coefficient E

weighted root mean square error, εrms are plotted against the dimensionless diffusion

coefficient E as shown in Figure 4.8. The minimum weighted root mean square error

is reviewed very closely to determine the stable bank profile of an alluvial channel.
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The values of error corresponding to E values from 0.10 to 0.20 are omitted to focus

on the main graph (this omission does not affect the result for stable bank profile, as

will be apparent later in the section). It can be seen from Table 4.2 and Figure 4.8

that an overall reduction of approximately 72 per cent in εrms has taken place from

a value of 0.44768 at E = 0.10 to a value of 0.12681 at E = 0.34. As E is further

increased gradually beyond 0.34 to a value of 0.60, there is a gradual increase in εrms

by only 28 per cent approximately from 0.12681 to 0.17546. On the other hand, p falls

from a value of 4.3 at E = 0.10 to a value of 2.3 at E = 0.32 and remains constant

thereafter to E = 0.60 whereas (Bb/D) varies rather rapidly. This suggests that for

slightly higher values of E, i.e., beyond the value of E = 0.32, the bank profile tends

to stabilize, which is typical of canals, than for smaller E values (see Field Data in

Appendix A).

Since E can be varied arbitrarily, the geometry of the bank region can be specified

in terms of (Bb/D) and p for any given value of E for a range of 0.10 to 0.60. The

geometry of the bank region will then be completely defined for any value of E.

However, the minimum value of εrms = 0.12681 is at E = 0.34 with dimensionless

bank region width (Bb/D) = 3.5 and p = 2.3 indicating the most stable profile among

the 51 selected ones for E values from 0.10 to 0.60. It will be more convenient to

identify a zone of stable bank geometry profiles for alluvial channels from a practical

point of view. A small range of 1% of the minimum εrms for upper and lower bounds

is selected to specify this zone of stable bank profiles. The ±1% limits of εrms are also

shown in Figure 4.8. The range of (Bb/D) is from of 3.0 to 3.8, whereas p remains

constant at 2.3 with E values ranging from 0.325 to 0.37. As mentioned earlier, the
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Figure 4.8: Variation of (Bb/D), p and εrms with E = EX = EY
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value of exponent p tends to take a constant value of 2.3 beyond the value of E = 0.31,

suggesting that for the stable channel bank profiles, Equation (3.8) can be written in

a dimensional space as follows:

y = D(
x

Bb

)2.3 (4.1)

The dimensionless bank profile region for 1% error in minimum εrms along with the

stable dimensionless profile are shown in Figure 4.9. This region of 1% error in min-

imum εrms corresponds to most field and laboratory channels as would be discussed

in Chapter 6. Most field and laboratory channels are known to have E value within

acceptable limits of 0.34 [75]. It can be thus comprehended from Figure 4.9 that

Figure 4.9: Range of profiles for the proposed geometry model and stable
alluvial bank region

dimensionless stable channel bank profiles are very close to the region shown analyti-
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cally; and physical evidence of field and laboratory studies reinforces this result. The

range of 1% in minimum weighted root mean square error is shown by bank region

profiles A and C, respectively, whereas profile B is the more likely stable profile for

the bank region of an alluvial channel.

4.3 Summary

A summary of this chapter is presented as follows:

• The governing equations of sediment concentration and shear stress (i.e. Φ) in

the bank region of an alluvial channel are solved numerically.

• A total of 81 x 81 bank profiles for stability purposes are considered for 51

values of E from 0.10 to 0.60 with an increment of 0.01.

• The local weighted root mean square error is found for each E value among 81

x 81 scenarios.

• The bank profile with the minimum error of these local minima is selected based

on the best possible match with the (c/co)=(τ/τo)
3 line.

• The most likely stable bank geometry thus has the bank aspect ratio of (Bb/D) =

3.5 and the bank curve follows the following relationship:

y = D(
x

Bb

)2.3

• A range of 3.0 ≤ (Bb/D) ≤ 3.8 is suggested with constant p = 2.3 from practical
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and physical aspects of alluvial channels. This range is based on 1% error in

minimum εrms while simulating 51 x 81 x 81 cases using numerical analyses.
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Chapter 5 – Stable Alluvial Channel Design

The term “geometry” of an alluvial channel corresponds to various parameters that

completely define the cross-sectional shape and the longitudinal bed slope of the

alluvial channel. Figure 5.1 shows the cross-sectional geometry of an alluvial channel

and these parameters defining the channel geometry are as follows:

1. Top width, B

2. Flow depth, D

3. Bank region width, Bb

4. Bed width, b

5. Longitudinal bed slope, S and

6. Bank region profile, y = y(x)

Figure 5.1: The cross-sectional geometry of an alluvial channel
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The cross-sectional area, A and the wetted perimeter, P of an alluvial channel can

be computed by using the different cross-sectional parameters. The current study has

proposed that the ratio of bank region width to flow depth is 3.5, i.e. (Bb/D) = 3.5 for

stable alluvial channel bank region. This ratio along with Chang’s minimum stream

power condition [20], a resistance formula and a sediment discharge relationship are

used to solve for the geometry of an alluvial channel for any given values of water dis-

charge and sediment load in the channel with a given sediment size. Chang suggested

the idea of minimum stream power to solve the stable channel design. The following

section summarizes the work and contribution of Chang in the field of Open Channel

Hydraulics.

5.1 Chang’s Stable Alluvial Channel Design

Chang [20] introduced the concept of minimum stream power for stable alluvial chan-

nel design. Stream power represents the energy consumption per unit time of the

stream flow and he defined it for an alluvial channel as γQS per unit channel length

where γ is the specific weight of flow with water discharge, Q and the longitudinal

bed slope, S . Chang developed the minimum stream power concept by analogy from

the theorem of least work. This may be stated as follows [20]:

“In an elastic indeterminate structure, the redundants must have such values that

the total strain energy, resulting from the application of a given system of loads, is a

minimum consistent with equilibrium.”
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Chang stated that the width, depth and slope of an alluvial channel would take

values such that the total rate of doing work by the external forces on the water and

sediment mixture was minimum. He proposed his famous hypothesis of minimum

stream power for the stable channel design by giving the following statement [20]:

“For an alluvial channel, the necessary and sufficient condition for equilibrium is

when the stream power is a minimum subject to given constraints. Hence, an alluvial

channel with given water discharge and sediment inflow tends to establish its width,

depth and slope such that the stream power or slope is a minimum.”

Chang applied flow resistance and sediment transport formulas along with his min-

imum stream power condition to describe completely the flow in a regime alluvial

channel. He solved these three equations for the three unknowns, i.e. width, depth

and slope of an alluvial channel for given parameters of water discharge, sediment

load, bank slope, bed material and water temperature. He approximated the cross-

sectional shape of an alluvial channel to a trapezoid with the side slopes calculated

from the given canal data. He considered width, B as an average value of bed width

and top width of the approximated trapezoidal alluvial channel cross-section. Chang

used a trial-and-error procedure based on IBM Scientific Subroutine RTMI [76] to

solve stable alluvial channel geometry with a tolerance value of 0.001 ft. for the flow

depth, D.

Chang’s analysis predicted experimental channel as generally narrower and deeper
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due to non-cohesive bank material. He observed that the width-depth ratio of a canal

was sensitive to the bank slope. He concluded that non-cohesive banks had flatter

bank slopes in the range of 2.0 : 1 to 3.1 : 1. Chang’s work provided a very useful tool

for the determination of stable alluvial channel design.

5.2 The Stable Alluvial Channel Geometry

The solution for the geometry of a stable alluvial channel requires few basic and fun-

damental relationships. At any given section in an alluvial channel with a uniform

flow, flow continuity holds true and it implies that the water discharge, Q is the prod-

uct of the cross-sectional area, A and the uniform longitudinal velocity, V . Equation

(5.1) is the mathematical form of this continuity equation.

Q = AV (5.1)

A flow resistance formula gives stage-discharge relationship in a channel provided

resistance coefficient is known. Manning’s equation [77] is a simple well-known resis-

tance formula given as follows:

V =
1.486

n
R

2

3S
1

2 (5.2)

where

n Manning’s coefficient of roughness (independent of units) and
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R Hydraulic Radius of the channel cross-section R = (A/P )

The application of the Manning-Strickler equation [78] is an easy way to find the

value of Manning’s n as it relates Manning’s n to the sediment size ds in feet. The

Manning-Strickler equation is given as follows:

n = 0.031ds
1/6 (5.3)

There are many formulas available in the literature to predict the sediment load

in alluvial channels [1]. Three sediment transport relations i.e. DuBoys formula,

Engelund-Hansen formula, and Lacey-Inglis formula are selected for the analyzing

the data sets given as follows:

DuBoys formula

qs =
0.173

ds
3/4

τo (τo − τc) (5.4)

Engelund-Hansen formula

qs = 0.05γsV
2

√

√

√

√

ds

g
(

γs

γ
− 1

)

[

τo
(γs − γ) ds

]
3

2

(5.5)

Lacey-Inglis formula

qs = 0.562
(νg)1/3

ωs

V 2

gds

γV 3

g
(5.6)
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where

qs Sediment discharge per unit bed width of an alluvial channel

τo Bed shear as given by Equation 3.3

τc = 0.0125 + 0.019ds

g Acceleration due to gravity

γs Specific weight of sediments

ν Kinematic viscosity of water

The total amount of sediment discharge Qs is found by integrating the sediment

discharge for unit bed width for the entire bed width b, i.e.

Qs =

∫

b

qsdb (5.7)

For the flat bed region, shear can be approximated by γRS and is given by Equa-

tion 3.3. This approximation for shear stress is utilized for computing Qs since the

sediment discharge formula relates unit sediment discharge to shear stress.

Equations (5.1), (5.2) and (5.7) are solved simultaneously using the known pa-

rameters to solve the unknown geometry of the stable alluvial channel. The software

MATLAB [21] has been utilized to solve for the stable alluvial channel geometry. The

solution technique is so designed that the stable alluvial geometry satisfies the flow

resistance formula, the sediment discharge formula and the bank region aspect ratio

(Bb/D) along with the minimum stream power condition. It solves the three simul-

taneous equations to compute the alluvial channel geometry, i.e. the width, depth,

and slope for the given values of water discharge, sediment load and sediment size.
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The flow chart in Figure 5.2 shows the key steps of the computations for utilizing the

technique using MATLAB [21]. The nested iterations within the solution technique

are utilized to find the unique values of the unknown implicit variables, i.e. width,

depth and slope of the alluvial channel. The following steps are applied to find the

solution of stable alluvial channel geometry using MATLAB [21]:

1. With the given values of Q, Qs and ds, a value of (B/D) is assumed keeping in

view the optimum bank region ratio (Bb/D = 3.5).

2. Assume a value of channel width B.

3. Compute flow depth D from the assumed width-depth ratio.

4. Calculate the value of bank width region Bb from (Bb/D = 3.5).

5. The channel bed width b is computed by the following relationship:

b = B − 2Bb

6. Since the cross-sectional geometry parameters are known at this point, calculate

now the area A, perimeter P and hydraulic radius R for the channel.

7. Find the slope S using the sediment transport formula.

8. Determine the flow discharge Q using the resistance formula.

9. Check whether the condition |Qcalc −Qgiven|≤δ along with the minimum slope

criteria is satisfied for the geometry or not, δ being the tolerance value. Using an
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Figure 5.2: Flow chart for the design of alluvial channels
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iterative procedure, solve for the channel width B such that these two conditions

are satisfied.

The accuracy of results for the solution of alluvial channel geometry depends on the

value of δ, the tolerance value. The smaller the tolerance value, the more accurate

result is achieved for stable channel geometry for design purposes. A value of δ =

10−4Qgiven was considered for this study. A set of sample calculations obtained by

simulating the model are shown in Figure 5.3 in which γQS, and V , D, and A are

shown respectively as functions of the channel width, B for Q = 1000 cfs, Qs = 0.05

lbs/s and ds = 0.3 mm. The minimum slope i.e. minimum stream power has its value

at a width of 67.03 ft and depth of 7.36 ft.

5.3 The Stable Alluvial Channel Design Chart

The dimensionless Froude number, Fr [78], is a convenient index of the flow regime [79]

since open channel flow is a free-surface phenomenon. It plays a very important part in

the appropriate flow equations. On the other hand, the effect of the Reynolds number,

Re [78], is least when the flow is on a large scale. Canal designers therefore consider the

Froude number while designing alluvial canals. Lower flow regime is mostly a source

of stability in alluvial channels and upper flow regime often causes meandering and

bank erosion as has been indicated by the field data of India-Pakistan Canals [20].

The value of the Froude number is always kept well below the critical value of 1.0 for

stable alluvial channels. A value of 0.3 for the Froude number in the case of alluvial

channels can be considered as the limit for the lower flow regime. Chang [20] has
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Figure 5.3: Variations of parameters with channel width
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used the following approximation, developed by Attaullah and Simons [26], for the

upper limit of the lower flow regime and it will also be used in the current study:

Fr = 4.388

(

R

ds

)

−0.31

(5.8)

This approximation of the Froude number has been utilized in developing the design

chart shown in Figure 5.4 for a sediment size of 0.3 mm for stable alluvial channels.

Similar design charts can be developed for sediment sizes other than 0.3 mm. This

design chart reflects six flow properties of an alluvial channel explicitly apart from the

sediment size of 0.3 mm, i.e. flow discharge Q, sediment discharge Qs, longitudinal

bed slope S, mean flow velocity V , top width B and the width-depth ratio (B/D).

For a given set of Q and Qs with ds = 0.3 mm in this particular case, the values of

S, B, (B/D) and V can be found directly from the Figure 5.4. At this stage, using

the most likely stable bank region aspect ratio (Bb/D = 3.5), the bed width b and

the bank region width Bb can be calculated to completely solve for the geometry of

an alluvial channel.

The selection of the theoretical region of parameters in the design chart as shown

in Figure 5.4 is important to recognize for designing alluvial channels from a practical

point of view. The lower limit for this design chart has been established considering

the threshold for sediment motion, while Equation (5.8) specifies its upper limit.

The upper limiting value of the longitudinal slope of 0.0020 specified in the design

chart gives the value of the Froude number well below the critical value. Each of the

sediment discharge formulas as given by Equations (5.4) - (5.6) was used to predict the
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stable geometry of alluvial channels. The results were then compared with field and

experimental data for the minimum error. The Duboys formula, given by Equation

(5.4), was then adopted to generate the design chart for the stable geometry of alluvial

channels [see Figure 5.4].

The range of various parameters in Figure 5.4 is within the values that exist

typically and practically in the field and laboratory studies, e.g. the top width B

has values from 2 ft. to 250 ft. as shown in the figure. The sediment discharge

Qs and the uniform flow velocity V have maximum contours of 4.0 lb/sec and 5.5

fps respectively. The top width-depth ratio (B/D) cannot be less than 7.0 and this

lower limit is achieved by assuming no bed width of an alluvial channel; whereas the

maximum contour of (B/D = 21) reflects the limit of prediction for the design of

alluvial channels as given by Equation (5.8).
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Figure 5.4: Stable alluvial channel geometry design chart
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Chapter 6 – Data Sets and Sources

Various investigators have made significant efforts to gather and compile allu-

vial channel data. It was Johnson [80] in 1943 who prepared the earliest significant

collection of sediment transport data. He started his collection with the study of

Gilbert [81] in 1914 and ended his data with measurements collected at Waterways

Experiment Station, Vicksburg, Mississippi [82] in 1936. Following Johnson, Peter-

son and Howells [83] compiled computer-based data that included Johnson’s data

and newer laboratory and field data. It was Brownlie [84] who published his famous

compilation of laboratory and field alluvial channel data that contained more than

7,000 records. Church and Rood [85] released a compilation of alluvial river regime

data pertaining mostly to rivers in Canada and the United States. Wargadalam [28],

Kodoatie [86] and Hadadin [87] have also given laboratory and field data for alluvial

channels in their Ph.D. dissertations. Espinosa [88] has given a large database that in-

cludes field observations only in his Ph.D. dissertation. Other sources of experimental

data are Diplas [62], Ikeda [89] and Ikeda et al. [90].

The current study has considered 562 records of alluvial channel data (496 field

records and 66 laboratory records) mostly to validate the results of the proposed allu-

vial channel geometry model from the above mentioned compilations. The hydraulic

data for most of the alluvial (field or laboratory) channels include measurements

for water discharge, sediment discharge, channel width, flow depth, longitudinal bed

slope or water surface gradient, uniform flow velocity, water temperature and sedi-
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ment size. Cross-sectional data for a few alluvial channels is also available in some

publications, e.g. Simons [91]. Table 6.1 shows the range of different parameters for

the experimental and field data used in this study. The detailed data sets utilized in

this research study are given in Appendix A.

Table 6.1: Range of data sets used in this study

6.1 Experimental Data

There are 66 data sets that are taken from various experimental studies of alluvial

channels. Diplas [62], Dhandapani [92], Ikeda [89] and Ikeda et al. [90] performed

laboratory experiments on self-formed channels considering equilibrium conditions,

i.e. there was no considerable change in size and shape of the channels when the data

was recorded. Diplas used sand with median diameter of 1.9 mm and Dhandapani

used sand with median diameter of 0.27 mm. Ikeda used well graded sand with

median diameter of 1.3mm whereas Ikeda et al. used quartz of the same size. Ten

data sets of laboratory data from different sources were also taken from Kodoatie [86].

Table 6.2 shows a summary of laboratory data sets utilized in this study.
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Table 6.2: Summary of laboratory data used for the analysis of the stable
alluvial channel model

6.2 Field Data

A total of 496 field data sets have been considered for this research study; these are

summarized in Table 6.3. A brief detail of some of the data sets is given herein.

Simons [91] gave detailed data records of some canals in Colorado, Nebraska and

Wyoming, United States. He has also given data of the Punjab Canal and Sind

Canal located in the Indo-Pak region of Asia. This data is also known as “Simons

and Bender data” and is available in the literature [41]. Chitale’s [93] 32 records

of canal data were first published in India [94] and this data was recorded between

May and October 1944. Three verticals of a cross-section located at the center and

at the intersection of the bed and the side slopes were selected for the collection of

18 samples of suspended sediment. The concentrations given are the mean values of

these samples. Shinohara and Tsubaki [95] recorded data on the Hii River in Japan

and 10 data sets have been taken for this study. The data included flow discharge,

sediment concentration (ppm), sediment size (d50 mm), slope, flow depth, width,

gradation, specific gravity and type of bed forms.
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Table 6.3: Summary of field data used for the analysis of the stable alluvial
channel model

Colby and Hembree [96] collected field measurements on the Niobrara River near

Cody, Nebraska. These observations were taken from July 13, 1949 through July

8, 1953. Milhous [97] collected data for his Ph.D. dissertation submitted to Oregon

State University, Oregon. Tables I-1, I-3 and I-5 gave discharge, energy slope, tem-

perature and sediment concentration (from bedload discharges). Hydraulic radius

measurements are also given in these tables. The width or mean depth were not
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given. Figure 9 of Milhous [97] gave the values of Manning’s n. The utilization of

Manning’s n and hydraulic radius gave equivalent depth and width for a rectangular

channel. Tables I-2, I-4 and I-6 gave particle size distributions. Mean particle size was

obtained from these tables. A special trough was used in the stream bed to transport

the bedload material to a pit adjacent to the stream for bed load sampling.

Culbertson et al. [98] obtained the data for the Rio Grande Conveyance Canal of

which 9 records have been selected for this study. The total load was assumed to be

equal to the suspended load measured at the weir (see Section 194 of Culbertson [98]).

The hydraulic data of a few rivers in Colorado given by Williams and Rosgen [99] have

been included in this study. They collected data of Williams Fork near Leal, La Garita

Creek near La Garita and North Fork of South Platte River at Buffalo. The data

of a few Idaho rivers like the South Fork Payette River in Lowman, Valley Creek in

Stanley, Johnson Creek at Yellow Pine and South Fork Salmon River have been taken

from Brennan et al. [100], [101], [102], Frostrom [88] and Wolman et al. [103]. The

data for East Fork River, Wyoming was taken from Leopold and Emmett [104] and

Emmett et al. [105], [106] while the data for Toutle River at Tower Road, Washington

was acquired from Childers et al. [107], Dinchart [108] and Williams and Rosgen [99].
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Chapter 7 – Data Analysis and Results

Top width “B” is one of the parameters of alluvial channels/rivers given in the data

sets provided in Appendix A, but there is no mention of the bed width “b”. Si-

mons [91] has provided channel cross-sectional data for some of the field canals;

whereas the cross-sectional geometry of Laboratory Run No.2 by Dhandapani [92]

was extracted using CAD software. It should be noted that in most of these data,

the precise value of bed width “b” cannot be extracted, thus making it difficult to

directly compare the bank region profiles of field and laboratory data with the pro-

posed alluvial channel geometry profile. In order to compare the geometry of the

proposed model with the geometry of channels/rivers data provided in Appendix A

with reasonable accuracy, it is assumed that the bed width does not exist, i.e. b = 0

and B = 2Bb. Figure 7.1 shows the graph between the width-depth ratio of field

and laboratory data and their respective dimensionless diffusion coefficient E. The

dimensionless aspect ratio (Bb/D) curve obtained from the analysis of the Boundary

Value Problem for bank region R as has been shown in Figure 4.8 is also plotted

in Figure 7.1 for comparison purposes. The proposed bank region model suggests

that all the data points given in Appendix A should lie above the (Bb/D) curve.

The plotted field and experimental data points clearly demonstrate that the field and

laboratory data correspond reasonably well to the proposed stable alluvial channel

geometry presented in the current study. However, this graph recommends to people

of interest to collect such field and laboratory cross-sectional data so as to verify the
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Figure 7.1: Comparison of (Bb/D) for field and laboratory data with the
proposed bank geometry model
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stable bank region geometry, i.e. (Bb/D) ratio.

The three important parameters of alluvial channel geometry, “B” the top width

and “D” the flow depth and their ratio, i.e. width-depth ratio (Bb/D) are also

analyzed for comparison purposes for both field and laboratory data. Figure 7.2 shows

the comparison between computed and measured widths for the field and laboratory

data.

Figure 7.2: Comparison of proposed model width and measured width for
field and laboratory data
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The graph clearly demonstrates that calculated channel widths using the proposed

model are within ±50% of the actual data, thus showing fit that is typical of the canal

data. Figure 7.3 demonstrates the comparison between the computed and measured

water depths of alluvial channels using the proposed model in the current study.

Figure 7.3: Comparison of proposed model flow depth and measured flow
depth for field and laboratory data
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Figure 7.4 compares the computed and measured width-depth ratios of alluvial

channels. All these graphs state that the results achieved using the proposed stable

geometry model compare well within an error margin of 50% of the data.

Figure 7.4: Comparison of proposed model and measured width-depth ratios
for field and laboratory data
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Figure 7.5 shows the comparison of computed and measured channel cross-section

of Laboratory Run No. 2 [92]. As mentioned earlier, the channel cross-sectional

geometry was extracted through CAD software. The predicted profile for Run No. 2

gives smaller cross-section, i.e. smaller top width and smaller flow depths. Figures
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Figure 7.5: Comparison of cross-sectional geometries for proposed model and
Laboratory Run No. 2

7.6, 7.7, and 7.8 show a comparison of computed and measured channel cross-sections

for field data of three of the non-cohesive canals of Simons [91] respectively. The

cross-sectional profiles show fits that are fairly typical of canal data. The average top

width for Canal No. 24 [91] as shown in Figure 7.8 has a value of 29.5 ft. whereas

the computed top width is 31.08 ft.; that is within +6% of the measured value.

Similar cross-sectional profiles can be produced for all the U.S. Canals of Simons [91]

and the Niobrara River by Colby and Hembree [96] since the data pertaining to the

cross-sections are available in their literature.

Figure 7.9, drawn on logarithmic scales, illustrates two parameters, the width B
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Figure 7.6: Comparison of bank profiles for proposed model and Canal No.
10
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Figure 7.7: Comparison of bank profiles for proposed model and Canal No.
22
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Figure 7.8: Comparison of cross-sectional geometries for proposed model and
Canal No. 24

and the width-depth ratio (B/D) of some of the field and laboratory data plotted on

the design chart for stable alluvial channels for a given size of 0.3 mm. The purpose

of this plot is to verify values of the channel width B and width-depth ratio (B/D)

against the field and experimental data for alluvial channels. The design values for

stable alluvial geometry compare reasonably well with the data.

Figure 7.10 shows velocities and sediment loads plotted on the contour plots for

the design velocities and sediment loads for the data shown in Figure 7.9 for the same

sediment size of 0.3 mm. The design chart for velocities and sediment loads shown in

Figure 7.10 can be obtained using the iterative scheme discussed in Chapter 5. The

comparison between measured values of velocities and sediment loads compare fairly

with the design chart.
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Figure 7.9: Comparison of field and laboratory data for width-depth ratio
and width of alluvial channels
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Figure 7.10: Comparison of field and laboratory data for sediment discharge
and velocity in alluvial channels
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Chapter 8 – Conclusions and Further Research

This chapter summarizes the work presented in this study and gives ideas for

future work. The main contribution of this study is to relate the bank region width

and the water depth for stable alluvial channels. It also suggests the use of a power

law profile to find the stable geometry for alluvial channels. This study concludes

with the following important contributions to the geometry of an alluvial channel:

1. It proposes a unique pair of aspect ratio of bank region (Bb/D) and the expo-

nent p in Equation (4.1) for dimensionless diffusion coefficient E ranging from

0.10 to 0.60, considering steady and uniform longitudinal water and sediment

discharges.

2. It predicts the profile of the bank region by the following power law as given by

Equation (4.1):

y = D(
x

Bb

)p

3. It considers the condition of minimum weighted root mean square error ǫrms a

possible criterion for stable banks in an alluvial channel.

Further research based on this study can proceed to improve the proposed model

as follows:

1. Anisotropic diffusion coefficients should be considered.

2. Secondary flow should be included in the proposed model.
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Appendix A – Data Sets

A.1 Field Data
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A.2 Experimental Data
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