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Abstract

Robust Prediction Transportability under Covariate Shift: A Two-Step Weighted
Bootstrap Framework

Researchers are often interested in transporting a prediction model or a causal relation-

ship to a new population with a different covariate distribution. Weighting methods are

commonly used to correct for sample selection bias and mitigate the covariate shift prob-

lem. However, when and under what conditions weighting is appropriate remains underex-

plored. Although covariate shift has been extensively studied in both prediction modeling

and causal inference, often referred to as sample selection bias, these areas are typically

treated separately, despite sharing important conceptual similarities.

In this dissertation, we first elucidate the connections with overlap weight and compare

the key differences between weighting methods in causal inference and in semi-supervised

prediction, focusing on their goals, underlying assumptions, and data-generating mecha-

nisms. We then address the practical challenge of insufficient population overlap, which

often leads to unstable or ineffective weighting in prediction transportability. To overcome

this, we propose a two-step procedure combining importance sampling and double bootstrap

techniques, to improve predictive performance under covariate shift even in limited-overlap

scenarios.

Building on this method, we further develop a novel approach for measuring population

overlap that incorporates modeling information from both the propensity score estimation

and the outcome model. This measure provides a more informative assessment of over-

lap quality than existing purely empirical metrics, offering practitioners guidance on when

weighting is likely to succeed.

Through comprehensive simulations with source and target samples generated under

distinct mechanisms, we evaluate various weighting strategies, including no weights, stan-

dard propensity score weights, and the proposed two-step weights, across different degrees

of covariate shift, overlap, and model misspecification. We find that when overlap is low,
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weighting methods do not improve predictive accuracy, while in moderate or high-overlap

settings, our proposed method performs comparably to standard approaches under correct

model specification and shows significant improvements under misspecification. Finally,

we discuss practical considerations for selecting appropriate weighting methods and demon-

strate how our new overlap measure can inform these decisions, ultimately providing a

robust framework for prediction transportability under covariate shift.
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Chapter 1: Introduction

In both predictive modeling and causal inference, researchers often aim to apply find-

ings from one population to another that differs in its characteristics. This process, some-

times referred to as transportability or generalization, is complicated by two fundamental

challenges. The first is covariate shift, meaning that the distribution of covariates differs

between the population used to develop the model and the new population to which it will

be applied[50, 40]. The second, and often more critical in practice, is the absence of out-

come data in the new population, which prevents direct estimation of model performance

or causal effects. Together, these issues limit the generalizability of statistical conclusions

and can lead to biased or unreliable results if not properly addressed[9].

Even in carefully designed studies such as randomized clinical trials, the study popula-

tion often differs systematically from the broader target population[15, 31, 5]. For example,

minority or older subgroups may be underrepresented in a trial, leading to systematic differ-

ences in baseline risk factors or treatment response. If these discrepancies are ignored, both

predictive models and causal effect estimates derived from the trial may fail to generalize,

raising concerns about validity and equity [2].

These challenges are not merely theoretical but occur frequently in real world applica-

tion. For instance, models developed from clinical trial cohorts often need to be extended

to broader community populations that differ in demographics or clinical risk profiles, and

such external populations rarely have complete outcome follow-up. Similar difficulties

arise when translating results across registries or large-scale biobanks, where covariate in-

formation is available but outcomes are missing or only partially observed[9]. Researchers

examined the transportability of a lung-cancer prediction model originally developed using

data from the National Lung Screening Trial (NLST) to a nationally representative popula-

tion in the National Health and Nutrition Examination Survey (NHANES). In this setting,
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covariate information was available from both datasets, but lung-cancer outcomes were

observed only in the NLST cohort. Because NHANES lacked follow-up data on cancer

diagnosis, the study population distributions differed substantially, creating both covariate

shift and missing outcome problems. They demonstrated that these data limitations can

cause biased or over-optimistic estimates of predictive accuracy if not properly accounted

for, underscoring how lack of population overlap and unobserved outcomes pose practical

barriers to model generalization across populations[46].

A common approach to address covariate shift is to apply weighting methods, which

adjust the data used for model estimation or evaluation so that their covariate distribution

aligns with that of the target population [44, 13]. Formally, each observation receives a

weight proportional to the ratio of the covariate densities between populations, minimiz-

ing divergence measures such as the Kullback–Leibler divergence. These weights allow

unbiased estimation of quantities such as expected loss or causal effect under appropri-

ate identifiability and overlap conditions. However, the success of this approach critically

depends on population overlap—the extent to which the predictor distributions intersect.

When overlap is weak, weight estimates become unstable and result in inflated variance or

poor predictive accuracy [46].

Despite their conceptual similarity, weighting plays distinct roles in predictive model-

ing and causal inference. In causal inference, weights are used to balance treatment groups

and estimate counterfactual effects, whereas in predictive modeling they serve to adapt or

calibrate a model for a new data distribution. Yet in both contexts, the performance of

weighting is sensitive to the same underlying issues: lack of overlap, model misspecifica-

tion, and instability of extreme weights. Understanding these shared mechanisms provides

a unified foundation for improving generalization across diverse populations.

To address these challenges, this dissertation proposes a two-step procedure that inte-

grates importance weighting with a double-bootstrap approach to stabilize estimation under

limited overlap. In addition, a new overlap diagnostic metric is introduced, combining in-
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formation from both the propensity model and the outcomemodel to assess when weighting

is likely to succeed.

The goal of this work is to advance the theoretical understanding and practical imple-

mentation of robust weighting for prediction transportability. The dissertation begins by

introducing the existing weighting framework, comparing weighting methods in predic-

tive modeling and causal inference, and clarifying their connections and distinctions in ob-

jectives and assumptions. Building on these insights, subsequent chapters introduce the

proposed two-step weighting and overlap diagnostics, evaluate their performance through

simulation studies under varying covariate shift and overlap scenarios, and provide applied

guidance on extending predictive models to new populations when outcomes are unavail-

able.

The remainder of the dissertation proceeds as follows. Chapter 2 provides a compre-

hensive literature review on covariate shift, weighting techniques, and transportability in

both causal inference and predictive modeling contexts. Chapter 3 formally defines the

problem setup for prediction under covariate shift, introduces key assumptions, and details

the proposed two-step weighting method. Chapter 4 evaluates our methods through exten-

sive simulation analyses. Chapter 5 illustrates the application of the methodology using

real-world data examples. Finally, Chapter 6 summarizes the dissertation’s contributions,

discusses limitations, and suggests directions for future research.
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Chapter 2: Literature Review

This section reviews current research progress about covariate shift for either causal

inferences or predictive modeling, then discusses the differences and connections using the

weighting method for the two different purposes.

2.1 Covariate Shift

Covariate shift describes settings where the distribution of covariates, P (X), differs

between two populations, while the conditional distribution of the outcome given covariates,

P (Y | X), remains unchanged across those settings [50, 35]. This assumption differentiates

covariate shift from other forms of dataset shift. In label shift, for example, P (Y ) changes

while P (X | Y ) is stable; and in concept shift, the conditional relationship P (Y | X)

itself may vary [38]. Covariate shift often arises in practice when a prediction model or

a causal relationship is trained in one population and applied in another, and the covariate

distribution in the deployment environment differs from that of the training data.

In predictive modeling, covariate shift presents a major challenge to model generaliza-

tion. When a model is trained under one covariate distribution and deployed in an environ-

ment where P (X) differs, its performance can degrade even if the conditional distribution

P (Y | X) remains stable. This is particularly problematic in fields such as medical risk

prediction, credit scoring, and recommendation systems, where deployment settings often

differ systematically from the training environments [35, 49]. For instance, data collected

from a university hospital may differ systematically from data collected in community clin-

ics due to differences in patient demographics, socioeconomic status, or access to care. In

longitudinal cohort studies, the covariate distribution may evolve over time due to aging,

policy changes, availability of new treatment or changes in data collection procedures, even

when the underlying relationships remain stable. In public health surveillance, data col-

4



lected during a pandemic or outbreak may have different covariate patterns compared to

data from baseline periods. These types of distributional shifts can compromise the validity

of downstream analyses when not appropriately accounted for. To mitigate this, several

approaches have been proposed, including importance weighting, domain adaptation, and

covariate balancing methods, which aim to account for the shift by reweighting or trans-

forming training data to better align with the target setting [51, 38]. These adjustments are

critical to ensure reliable performance and fairness in real-world applications where covari-

ate distributions are rarely static.

Covariate shift arises in causal inference when researchers estimate treatment effects in

one population and aim to generalize or transport those effects to another population with

different covariate distributions. Even if the treatment assignment mechanism is random-

ized and estimates are unbiased in the trial population, the covariate distribution could still

differ significantly, and the causal effect may not generalize to the target population without

proper adjustment.

Figure 2.1 compares the distribution of district sizes (number of schools) in a national

dataset versus those included in 37 randomized controlled trials [55]. Districts recruited

for studies tend to be much larger than typical districts nationwide, indicating a shift in the

distribution of key covariates. This discrepancy reflects covariate shift: although treatment

effects may be internally valid, differences in P (X) between study and target populations

can limit generalizability unless appropriately adjusted. This issue has motivated a growing

literature on transportability and generalizability [37, 9].

2.1.1 Covariate Shift in Prediction Modeling

Under the framework of predictionmodeling, covariate shift is closely related to transfer

learning and domain adaptation. In ordinary supervised learning the source and target data

share both the covariate distribution and the predictive task. When either of these conditions

changes, the situation becomes transfer learning, which reuses past knowledge to improve
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Figure 2.1: Distribution of log-district size in studies versus total population

learning in the new setting. If only the task changes, for example when a language model

that predicts the next token is further trained to classify sentiment on the same texts, we call

this inductive transfer. If only the distribution changes we have domain adaptation, such as

moving a spam filter from corporate to personal email, and these methods usually rely on

the covariate shift assumption that P (Y | X) stays fixed while P (X) drifts. When both

the task and the distribution differ the problem remains within transfer learning but falls

outside domain adaptation.

Covariate shift is commonly handled through multiple strategies when transferring pre-

dictive models to new populations. A classical approach is reweighting the source data to

better represent the target population, often using density-ratio estimationmethods. Importance-

weighted likelihood and importance-weighted cross-validation incorporate these weights

directly into the modeling and tuning process, respectively [44, 51]. Direct density-ratio

estimation methods explicitly estimate these ratios without separately estimating densities,

simplifying computations [51]. Model recalibration is another practical strategy, leveraging

target population covariates and source outcomes to refine predictions, particularly preva-

lent in epidemiological applications [46, 36]. Additionally, recent methods emphasize the
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importance of considering potential conditional shift alongside covariate shift, providing

uncertainty bounds when the assumption of stable conditional distributions might be vio-

lated [21]. Each method comes with distinct assumptions and trade-offs, making the careful

selection of strategies crucial depending on the specific characteristics of the shift scenario

encountered.

2.1.2 Covariate Shift in Causal Inference

Covariate shift is naturally related to causal inference from two aspects. A change in

the covariate distribution P (X) can threaten either internal validity, when treatment and

control units in one study differ, or external validity, when we apply an effect learned in

one study to a new population. In both cases, causal methodology treats the distributional

difference as covariate shift and corrects it with weighting or representation learning.

To investigate the causal relationship in one study, when ignorability holds, estimat-

ing the average treatment effect reduces to reconciling two samples drawn from different

regions of P (X). Classical solutions such as trimming, weighting or matching construct

a pseudo�population in which covariates are balanced. Modern approaches learn repre-

sentations that minimize a distributional distance between reweighted treatment groups,

linking the finite�sample error of causal estimators to covariate shift bounds shown in

machine�learning theory [22]. A balanced comparison between two population ensures

unbiased treatment effect estimation and thus guarantee the internal validity.

And for external validity, transporting an unbiased effect estimate to a new population

requires aligning the study covariate distribution with the target population. Once a causal

effect is unbiased within the study, the next question is whether it holds in a population

whose covariate distribution P (X) differs from that of the trial. Rather than relying on

abstract transport formulas, recent applied work shows that straightforward weighting can

translate the study results to the target setting. Some also introduce inverse odds of sam-

plingweights, a simple extension of propensity weighting, and demonstrate themethodwith
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a numerical example that moves results from an HIV trial to a wider clinic population[57].

Practice oriented guidance compares outcome model based, participation model based esti-

mators with inverse odds weights, and doubly robust estimators, then provides implemen-

tation details, and illustrates the workflow by reanalyzing a coronary artery surgery trial

nested in an observational registry[9].

A recent scoping review [32] systematically examined when, why, and how such trans-

port is performed in practice. The paper summarizes 21 applied studies and 7 method-

ological papers, highlighting that successful transportability depends not only on covariate

alignment but also on identifying appropriate effect modifiers, ensuring sufficient overlap,

and selecting valid estimators such as inverse probability weighting or doubly robust meth-

ods. It also emphasizes that transportability is most effective when internal validity holds,

all necessary covariates are measured in both populations, and causal assumptions are ex-

plicitly stated, often using selection diagrams to justify the transport strategy.

Together these papers show that external validity can be achieved in practice with the

same weighting logic used for internal validity, provided that analysts have covariate data

from both the study sample and the target population, and respect overlap and positivity

requirements.

Both scenarios rely on the same statistical idea: unequal sampling of covariate space can

be removed by importance weighting or balanced representations as long as P (Y | X,T )

remains stable. The distinction is their scales. Internal validity corrects covariate shift

within a study to compare treatments fairly, whereas external validity corrects covariate

shift between studies to generalize already unbiased findings.

2.2 Weighting Method

2.2.1 Weighting Methods in Predictive Modeling

In the area of covariate shift and transfer prediction, weighting is also widely studied.

However, the challenges for weighting in causal inference remain in the weighting method
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in transfer prediction. Weighting could remove bias due to the difference between themodel

in the target population and that in the source population, but could potentially increase the

variance[39] because weights need to be estimated. Thus many have proposed different

approaches to address such issues from different aspects.

First of all, as the ratio of density is hard to estimate accurately for high-dimensional

data even with sufficient samples, the prediction would improve if a better estimation of

density ratio is applied. [47] A low-dimensional weighting approach is proposed to repre-

sent high-dimensional covariates in lower dimensions while the ratio in lower dimension

is loss-equivalent to correct differences in the outcome models due to covariate shift. This

new approach uses covariates with lower dimensions thus avoiding the negative effects of

high dimensionality on prediction performance in the covariate shift setting. The method

is applied to a cancer gene expression dataset, provided by The Cancer Genome Atlas Net-

work, and achieves good performance.

Unlike traditional methods that either weight training samples (weighted methods) or

testing samples (robust methods), a novel approach applies weights to both training and test-

ing samples. The author proposes a minimax risk classification (MRC) framework that can

effectively estimate weights and then weight both training and testing samples. This double

weighting strategy effectively manages issues such as support mismatch and extreme values

in weights, which can significantly improve the performance of the weighting method[33].

Another approach focuses on the trade-off of variance and bias. Traditional approaches

like Kernel Mean Matching (KMM) focus on estimating the importance weights, the ratio

of densities between target and source population [13]. However, these methods can suf-

fer from high variance, especially when there is insufficient overlap and the weights are

inaccurately estimated. Nonparametric regression (NR) is also used but tends to incur high

bias with limited training size. A new estimator is proposed to integrate the residuals of NR

with KMM weighting. This combined approach balances the trade-off between bias and

variance, enhancing the robustness and accuracy of importance weighting under covariate
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shift[29].

2.2.2 Weighting Methods in Causal Inference

In the causal inference literature, when estimating the average treatment effect, it is

common to consider the covariate balancing between the treatment and control groups[27].

Propensity score is a well-accepted tool to achieve covariate balancing under the framework

of causal inference[41]. Trimming and matching[8, 48] are also widely applied in covariate

balancing but they tend to discard many data points, and the choice of thresholds can be ad

hoc sometimes.

But the performance of the weighting methods is hindered by two conditions - misspec-

ification of the propensity score model and extreme weight estimates with large variances.

Propensity scores are often sensitive to misspecification of the model they are estimated

from, leading to biased estimates of the average treatment effect[25]. Furthermore, the in-

verse weighting methods require that the propensity score is bounded away from 0 and 1.

However, when the estimated weights have large variances, some of the weight values may

be extreme[10], which occurs when there is insufficient overlap between the target and the

source populations.[59].

To address the issue of weight model misspecification[25], various modifications to the

basic propensity score weighting method have been proposed, such as covariate balanc-

ing propensity score (CBPS) ([18], generalized boosted modeling (GBM)[34], Bayesian

additive regression trees (BART)[16]. Methods employing other weights, such as entropy

balancing[14], energy balancing[17], nonparametric CBPS[11] have also been developed.

It should be noted that all of those methods are built under the framework of causal infer-

ence, and the goal is to estimate the average treatment effects in the counterfactual scenario.

In summary, CBPS tries to improve the coefficient estimation in the propensity score

model using moment conditions as extra information. Both BART and GBM apply the re-

gression tree model, but BART builds a sum-of-trees model and then uses a back-fitting
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MCMC algorithm to fit the propensity score while GBM estimates the log odd ratio of

propensity score iteratively. All three methods aim at estimating the propensity scores di-

rectly. Entropy balancing and nonparametric CBPS build optimization problems with dif-

ferent intuitions. Entropy balancing optimizes KL entropy divergence under the constraints

of sample moment conditions, and nonparametric CBPS finds the weights that can best un-

correlate the treatment assignment with the covariates.

2.3 Weighting Methods May NOT Improve Performance

Weighting approaches are widely used to address covariate shift in both prediction trans-

portability and causal inference. However, their effectiveness is not always guaranteed.

Weighting methods are widely employed to address covariate shift in both prediction trans-

portability and causal inference, yet their effectiveness is not always guaranteed. Impor-

tance weights can exhibit high variance, especially when their distribution is heavy-tailed,

which may destabilize estimation and limit predictive performance even in relatively large

samples [7]. Moreover, the finite-sample distribution of importance-weighted risk esti-

mators is often skewed; in many practical settings this skewness leads to over- or under-

estimation of risk and can misguide hyperparameter selection, ultimately compromising

generalization [23]. When trying to transfer risk prediction models for digestive cancers

from biobanks linked to electronic health records (EHR), post-stratification weights are ap-

plied in various models adjusted with different covariates. The use of propensity score

weights was found not to consistently improve performance. Sometimes unweighted mod-

els outperform weighted models, or the difference in performance was minimal [42]. Simi-

lar limitations arise in causal inference: inverse probability weighting is highly sensitive to

limited covariate overlap, often leading to unstable or biased estimates [59].

Several theoretical reasons underpin these observed failures. First, weighting can fail

when the density ratio between the target and source distributions, Pt(x)
Ps(x) , varies dramatically.

This uneven ratio yields importance weights with large variances, significantly reducing the
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effective sample size and thus leading to unstable estimators[6]. Second, weighting assumes

no model misspecification. When not specified correctly, it could result in poorer predictive

performance [12]. Lastly, practical implementation introduces additional estimation errors,

as the density ratio or propensity scores are typically estimated from finite samples. Such

estimation errors further compound variance and bias, undermining the intended benefits

of weighting methods.

Given these potential pitfalls, it is crucial to implement diagnostic tools to evaluate the

suitability of weighting methods for specific applications. For instance, measuring overlap

between source and target distributions helps assess whether weighting is likely to produce

reliable results. Limited overlap suggests that weighting could lead to weight estimates with

large variances and thus poor performance.

2.4 Measurement of Population Overlap

Estimating or transporting prediction models or causal effects across such settings de-

pends critically on support overlap, the extent to which regions of X space represented

in the target are adequately represented in the source (or between treatment arms). Lack

of overlap inflates variance of importance weights, destabilizes estimators, and can induce

extrapolation bias. Foundational treatments appear in work on covariate shift adaptation

in machine learning and in the broader dataset shift literature, as well as in classic causal

inference discussions of the propensity score and positivity. [52, 38].

One class of overlap diagnostics compares the entire empirical distributions ofX under

two groups, with their densities denoted asP andQ. Common divergence measures include

Kullback-Leibler divergenceDKL(P‖Q), Jensen Shannon divergence (a symmetrized, bounded

variant of KL), Hellinger distance H(P,Q), and Bhattacharyya distance, which is directly

tied to the Bhattacharyya coefficient measuring density overlap[8]. Smaller values indicate

closer distributions; for Hellinger and Bhattacharyya coefficients near zero difference (or

coefficient near one) suggests good overlap, whereas large KL or Jensen Shannon values in-
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dicate substantial shift and possibly non overlapping support if densities vanish in regions

of the target. Practical tutorials that give formulas, bounds, and examples of how these

respond to tail separation are widely available and useful for exploratory diagnostics.

When there are relatively large number of covariates, density estimation are oftern inac-

curate and researchers often monitor simpler summaries that are strongly linked to overlap

and to bias after adjustment. The standardized mean difference (SMD) compares group

means scaled by a pooled standard deviation; values below about 0.1 are often taken to in-

dicate negligible imbalance, 0.1 to 0.2 modest, and larger values concerning, although con-

text matters. Variance ratios, empirical distribution plots, and standardized differences for

higher order terms extend this idea. Detailed evaluations of balance diagnostics for propen-

sity score matched samples, interpretation ranges, and applied guidance are available[1, 58].

Several methods explicitly target the region of common support. One approach esti-

mates the average treatment effect within a trimmed subset defined by bounds on the es-

timated propensity score chosen to minimize asymptotic variance, effectively discarding

regions with extreme or near zero weights. Their work provides data driven thresholds,

often yielding cut points such as 0.1 < ê(X) < 0.9 in examples, though optimal values

depend on the data generating process[8].

No single metric can comprehensively capture population overlap. A robust evaluation

requires a layered approach. Initial assessments often rely on low-dimensional summaries,

including standardized mean differences (SMDs) and the distribution of propensity scores.

When high-dimensional covariate structure or complex geometry may obscure regions of

poor support, distributional measures such as the Hellinger distance, Bhattacharyya dis-

tance, Wasserstein distance, or maximum mean discrepancy (MMD) can provide more sen-

sitive diagnostics [38]. In practice, trimming or overlap weighting is frequently employed

to define target estimands with sufficient effective sample sizes and acceptable levels of

covariate support. For applications involving transportability or extrapolation beyond the

observed study sample, representativeness indices and outcome-relevant diagnostics—such
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as prognostic scores or performance gaps from doubly robust estimators—should also be ex-

amined. By integrating these complementary perspectives, researchers can reliably assess

the validity of transported causal estimates or reweighted predictive models.
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Chapter 3: Methods

3.1 Notation

Let Y be the outcome variable and X be the covariates. We observe (Xi, Yi), i =

1, · · · , n1, a simple random sample from the source population. But for the target popu-

lation, only the covariate information Xi, i = n1 + 1, · · · , n1 + n0, is available whose

distribution may differ from the Xi, i = 1, · · · , n1. The total sample size is N = n1 + n0.

The use of S to indicate which subjects in the population belong to, e.g., Si = 1 denotes

that the ith observation is from the source population while Si = 0 for the target population.

We also use fs(x, y) and fs(x) to represent the joint and marginal distribution in the source

(s = 1) and target (s = 0) population.

Since the outcome information is not available in the target population, this is a semi-

supervised learning problem. we want to estimate Ytarget with the information from the

source population and covariates in the target population. Formally, we are interested in

estimating

E(Y |S = 0, X = x)

through a weighted regression in the source population. After estimating the target outcome,

we are equally interested in the performance of our estimation. Given the loss function

Lθ(Y,X) indexed by a parametric model, we also want to estimate the expected loss in

target population

ψθ = E(Lθ(Y,X)|S = 0).

Typical choices include squared error Lθ(y, x) = (y − gθ(x))2 for continuous or cross-

entropy for binary outcome.
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3.1.1 Assumptions

To identify the target risk and relate it to the weighted source expectation, we impose

the following standard assumptions. Let fs(x, y) and fs(x) denote the joint and marginal

densities in population s ∈ {0, 1}, where S = 1 indicates the source population and S = 0

the target population.

(A1) Covariate Shift (Conditional Invariance). The conditional distribution of the out-

come given the covariates is the same in the source and target populations:

f0(y | x) = f1(y | x)

for all x in the support of f0(x). This assumption allows the relationship between Y

and X to be learned from the source data and transferred to the target domain.

(A2) Positivity (Overlap). Every covariate pattern observed in the target population has

positive probability in the source population:

f1(x) > 0 whenever f0(x) > 0.

This ensures that the density ratio f0(x)/f1(x) and the associated weights are well-

defined.

(A3) Integrability. The loss function Lθ(Y,X) is integrable under both f0 and f1:

Ef0 [|Lθ(Y,X)|] <∞, Ef1 [|Lθ(Y,X)|] <∞.

This guarantees that all expectations used in the derivations exist.

Assumption (A1) is sometimes referred to as the transportability or domain invariance

condition and is not directly testable without target outcomes. Assumption (A2) requires
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that the two populations share sufficient covariate overlap; violations lead to unstable or

high-variance weights in finite samples.

Together, (A1)–(A3) imply that expectations over the target distribution can be repre-

sented as weighted expectations over the source distribution, forming the theoretical basis

for the importance-weighted framework.

3.2 Existing Framework

This section reviews the existing framework for handling population transportability un-

der covariate shift, which forms the foundation of our proposedmethod[46, 45, 44]. We first

introduce the key notation, and assumptions that define the relationship between the source

and target populations. We then provide an intuitive illustration of the weighting concept

and show, through theoretical derivation, that the density ratio w(x) = f0(x)/f1(x) aligns

the source distribution with the target. Practical approaches for estimating this weight are

discussed, including kernel-based and propensity-score formulations. Finally, we establish

the identifiability and estimation of the target expected loss, setting the stage for the next

section, where we address the limitations of these existing weighting methods and propose

a more robust framework.

3.2.1 Weighting Approach

To motivate the weighting framework, consider the visualization in Figure 3.1. The or-

ange points represent samples drawn from the source population, where both covariates and

outcomes are observed. The blue points correspond to the target population, for which only

covariate information is available. Hollow blue circles indicate that the target outcomes are

unobserved, which are available only in a simulated data.

In the top-left panel, the two populations exhibit distinct covariate distributions: the

orange and blue points cluster in different regions of the feature space. When a classifier

(or regression model) is trained only on the source data, it learns a decision boundary opti-
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Figure 3.1: Weighting intuition under covariate shift

mized for the source distribution. In the top-right panel where darker blue points highlight

the misclassified target observations, this boundary does not generalize well to the target

population, whose covariate distribution is shifted. The covariate shift between populations

leads to biased prediction or risk estimation in the target domain.

Because the target outcomes are unavailable, we cannot directly adjust the model based

on target labels. Instead, the central idea ofweighting is to up-weight source samples that are

more similar to the target population and down-weight those that are less. In the bottom-left

panel, larger orange points represent source observations assigned higher weights because

their covariate patterns resemble those found in the target population. This reweighting

scheme relies solely on the relative positions of covariates between populations, not on

target outcomes.

After applying the weights, the fitted decision boundary (bottom-right panel) aligns

more closely with the target population structure. This improvement demonstrates that ap-

propriate weighting can correct for distributional discrepancies between the training and

target domains, thereby enabling the model to approximate the target conditional relation-

ship E(Y | S = 0, X) and the corresponding target risk.
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Let Lθ(Y,X) be a general loss function associated with model parameter θ. The target

risk we want to minimize is

E(Lθ(Y,X)|S = 0, X = x).

However, since data are only observed from the source distribution f1(x, y), the goal is to ex-

pressR0(θ) in terms of expectations under f1. Using the definition of the Kullback–Leibler

divergence between f0(x, y) and a reweighted version of f1(x, y), it is showed that the target

risk can be obtained by minimizing the following weighted source expectation[44]:

Ef0 [Lθ(Y,X)] =
∫
Lθ(y, x) f0(x)

f1(x)
f1(x, y) dy dx = Ef1 [w(X)Lθ(Y,X) ] .

Here the optimal weight function is

w(x) = f0(x)
f1(x)

.

For any loss function Lθ(Y,X) indexed by a parameter θ, define the target risk as the

expected loss in the target population:

R0(θ) = Ef0 [Lθ(Y,X)] =
∫∫

Lθ(y, x) f0(y, x) dy dx.

Under the covariate shift assumption

f0(y | x) = f1(y | x),

the joint densities differ only through their marginal covariate distributions. Using this

relationship, the target risk can be expressed as an expectation over the source distribution:

R0(θ) =
∫∫

Lθ(y, x) f0(x)
f1(x)

f1(y, x) dy dx = Ef1 [w(X)Lθ(Y,X)] ,
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where w(x) = f0(x)
f1(x) is the density-ratio weight.

This equation shows that, for any given loss function, the expected target loss can be

evaluated as a weighted expectation under the source population. Consequently, minimiz-

ing the target risk is equivalent to minimizing a weighted empirical risk estimated from the

labeled source data.

3.2.1.1 Connection to the Kullback-Leibler Divergence

An important special case arises when the loss is chosen as the negative log-likelihood

of a probabilistic model gθ(y | x):

Lθ(Y,X) = − log gθ(Y | X).

In this case, the target risk becomes

R0(θ) = −Ef0 [log gθ(Y | X)] = KL(f0 ‖ gθ)− Ef0 [log f0(Y | X)],

where KL(f0 ‖ gθ) denotes the Kullback-Leibler (KL) divergence between the true target

conditional distribution f0(y | x) and the model gθ(y | x). Because the second term does

not depend on θ, minimizing R0(θ) is equivalent to minimizing the KL divergence.

Similarly we could have

Ef0 [− log gθ(Y | X)] = Ef1 [w(X) (− log gθ(Y | X))] ,

which shows that minimizing the KL divergence in the target population is equivalent to

maximizing the weighted log-likelihood in the source population. This provides the the-

oretical basis of the weighted maximum-likelihood estimator proposed by Shimodaira for

covariate shift correction[44].
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3.2.2 Propensity-Score Weighting

A straightforward way to approximate the density ratio

w(x) = f0(x)
f1(x)

is to estimate the marginal covariate densities f0(x) and f1(x) separately and take their

ratio. This method, based on kernel density estimation (KDE), provides an intuitive non-

parametric approach to importance weighting. While conceptually simple, this approach

often performs poorly in practice. When the covariate dimension is moderate or high, ker-

nel density estimation becomes unstable and highly sensitive to the bandwidth choice. In

addition, the ratio based on KDE can vary sharply when f̂1(x) is small, producing extreme

weights and high variance in subsequent analyses. Because of these issues, KDE-based

weighting is rarely effective beyond low-dimensional or well-separated settings. More ro-

bust estimation strategies are needed, which are discussed next.

An alternative and more robust way to estimate the density ratio avoids direct density

estimation and instead uses the probability of population membership. By Bayes’ rule, the

ratio of marginal covariate densities can be written as

f0(x)
f1(x)

= Pr(S = 0 | X = x)
Pr(S = 1 | X = x)

× Pr(S = 1)
Pr(S = 0)

.

Since the constant Pr(S = 1)/Pr(S = 0) does not affect weighted estimation, the weights

can be equivalently defined up to a proportionality constant as

w(x) ∝ Pr(S = 0 | X = x)
Pr(S = 1 | X = x)

= 1− π(x)
π(x)

,

where π(x) = Pr(S = 1 | X = x) is the probability that an observation belongs to the

source population. In practice, π(x) can be estimated from the combined source and target

samples by fitting a classification model for S on X . The fitted probabilities yield the
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estimated weights

ŵ(x) = 1− π̂(x)
π̂(x)

.

This formulation converts density-ratio estimation into a standard supervised learning prob-

lem, where π(x) can be modeled using logistic regression, random forests, or other flexible

methods. The approach is typically more stable than kernel-based estimation, especially

whenX is high-dimensional. It also connects directly to the concept of inverse-odds weight-

ing widely used in causal inference and transportability analyses. These estimated weights

will be used to construct the weighted estimators of the target outcome and expected loss

in the next section.

3.2.2.1 Identifiability of Target Outcome and Target Loss

Recall the target conditional mean and the target expected loss,

m0(x) = E(Y |S = 0, X = x), ψθ = E(Lθ(Y,X)|S = 0).

Under (A1) covariate shift (conditional invariance) and (A2) positivity, the outcome is iden-

tifiable pointwise:

m0(x) = E(Y |S = 1, X = x).

For loss-based performance, apply the law of total expectation and (A1):

E(Lθ(Y,X)|S = 0) = E(E[Lθ(Y,X)|X,S = 0]|S = 0)

= E
(∫

Lθ(y,X)f(y|X,S = 0)dy
∣∣∣∣S = 0

)
= E

(∫
Lθ(y,X)f(y|X,S = 1)dy

∣∣∣∣S = 0
)

= E(E[Lθ(Y,X)|X,S = 1]|S = 0).

Thus, even without target outcomes, ψθ is a functional of (i) the conditional distribution of

Y given X learned in the source and (ii) the marginal distribution of X in the target.
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3.2.2.2 Estimation of Target Outcome and Target Loss

To ensure valid estimation of model performance and avoid overfitting, a train test split

is applied in the original paper and the expected target loss can be estimated with an inverse-

odds weighting representation.

Let π(x) = Pr(S = 1|X = x) and o(x) = {1−π(x)}/π(x) denote the inverse odds of

source membership. Using the E(X|A = a) = E( I(A=a)
P (A=a)X), we obtain the inverse-odds

representation

ψβ̄ = E [E [L(Y,X) | X,S = 1, Dtest = 1]|S = 0, Dtest = 1]

= 1
Pr[S = 0 | Dtest = 1]

E
[
I(S = 1) Pr[S = 0 | X,Dtest = 1]

Pr[S = 1 | X,Dtest = 1]
L(Y,X)

∣∣∣∣∣Dtest = 1
]

We show the detailed proof without considering the train test split. Given E(X|A =

a) = E( I(A=a)
P (A=a)X)

ψβ̂ = E [E [Lθ(Y,X) | X,S = 1]|S = 0]

= 1
Pr[S = 0]

E [I(S = 0)E [Lθ(Y,X) | X,S = 1]]

= 1
Pr[S = 0]

E
[
I(S = 0)E

[
I(S = 1)

P (S = 1|X)
Lθ(Y,X) | X

]]

= 1
Pr[S = 0]

E
[
E
[

I(S = 1)
P (S = 1|X)

Lθ(Y,X) | X
]

E [I(S = 0)|X]
]

= 1
Pr[S = 0]

E
[
E
[
I(S = 1) E [I(S = 0)|X]

P (S = 1|X)
Lθ(Y,X) | X

]]

= 1
Pr[S = 0]

E
[
I(S = 1) Pr[S = 0 | X]

Pr[S = 1 | X]
Lθ(Y,X)

]

Here the forth equation takes T = E
[

I(S=1)
P (S=1|X)Lθ(Y,X) | X

]
as a constant and use

E [T × I(S = 0)] = E [T × E(I(S = 0) | X)]. The fifth equation holds because E(I(S =

0)) | X) is a function of X .

In practice, to avoid overfitting when θ (or gθ) is trained on the same data used for
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evaluation, we use a train/test split (or K-fold cross-fitting). Let Dtest = 1 indicate the

evaluation split. Then

ψθ =E(Lθ(Y,X)|S = 0, Dtest = 1)

= 1
Pr(S = 0|Dtest = 1)

E
[

1{S = 1}Pr(S = 0|X,Dtest = 1)
Pr(S = 1|X,Dtest = 1)

Lθ(Y,X)
∣∣∣∣∣Dtest = 1

]

Replacing the unknown probabilities by estimates π̂(x) fitted on the pooled (X,S) in

the evaluation split yields the empirical estimator (normalizing by the estimated target mass

in that split):

ψ̂θ =
∑N
i=1 1{Si = 1, Dtest,i = 1}1−π̂(Xi)

π̂(Xi) Lθ(Yi, Xi)∑N
i=1 1{Si = 0, Dtest,i = 1}

.

Under assumptions (A1)–(A2), the target expected loss and outcome are identifiable

using importance weighting. The ideal weight w(x) = f0(x)/f1(x) aligns the source distri-

bution with the target. In practice, inverse-odds weighting based on estimated population

membership probabilities provides a stable and implementable approximation. This frame-

work establishes the foundation upon which our proposed robust weighting method will

build, addressing the instability and bias that can arise when overlap is limited or the esti-

mated weights are highly variable.

This shows the target MSE can be estimated with ratio of densities, scaled by the sam-

pling fraction. Then we could use the empirical representation to estimate the target loss.

ψ̂θ̂ =
∑N
i=1 I(Si = 1) Pr[S=0|X]

Pr[S=1|X] (Yi − gθ̂(Xi))2∑N
i=1 I(Si = 0)

3.2.3 Measurement of Population Overlap

In prediction transportability and causal inference, the degree of overlap between co-

variate distributions across populations is central. Let S ∈ {0, 1} denote source (S = 1)

and target (S = 0). Let fs(x) be the covariate density in population s and let π(x) =
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Pr(S = 1 | X = x). Limited common support leads to unstable weighting and poor target

performance.

3.2.3.1 Distance and moment based summaries

A classic, low dimensional summary is the Absolute Average Standardized Mean Dif-

ference (AASMD)[48]. For each covariate Xj define

SMDj =

∣∣∣ X̄j,0 − X̄j,1

∣∣∣√
1
2

(
s2
j,0 + s2

j,1

) .

Then average across J covariates

AASMD = 1
J

J∑
j=1
|SMDj| .

Another widely used summary is the Mahalanobis distance between the mean vectors of

the two groups

D2
M = (µ0 − µ1)>Σ−1 (µ0 − µ1),

where µs = E[X | S = s] and Σ is a pooled covariance matrix.

3.2.3.2 Distribution based measures

When f0 and f1 or accurate density estimates are available, one may quantify overlap

using divergence or affinity metrics.

Total variation distance and overlap coefficient[19]

TVD(f0, f1) = 1
2

∫
|f0(x)− f1(x)| dx,

OVL(f0, f1) =
∫

min{f0(x), f1(x)} dx = 1− TVD(f0, f1).
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KullbackïLeibler and JensenïShannon[24, 30]

DKL(f0 ‖ f1) =
∫
f0(x) log

(
f0(x)
f1(x)

)
dx,

JSD(f0, f1) = 1
2DKL(f0 ‖m) + 1

2DKL(f1 ‖m), m = 1
2(f0 + f1).

Wasserstein distance[56] For p ≥ 1,

Wp(f0, f1) =
{

inf
γ∈Γ(f0,f1)

∫
‖x− y‖p dγ(x, y)

}1/p
.

In one dimension,

W1(f0, f1) =
∫ ∞
−∞
|F0(x)− F1(x)| dx =

∫ 1

0

∣∣∣F−1
0 (u)− F−1

1 (u)
∣∣∣ du.

Bhattacharyya affinity and distance[4]

BC(f0, f1) =
∫ √

f0(x) f1(x) dx, DB(f0, f1) = − log
(
BC(f0, f1)

)
.

3.2.3.3 Propensity score based indices

A scalable alternative focuses on the scalar score U = π(X) = Pr(S = 1 | X). Let

gs(u) be the density of U in population s.

Tipton overlap index on the propensity scale[54]

Tipton =
∫ 1

0

√
g0(u) g1(u) du.

This is the Bhattacharyya affinity applied to the propensity score distributions g0 and g1.

Hellinger distance[3]

BCU =
∫ 1

0

√
g0(u) g1(u) du, DB,U = − log(BCU) .
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R indicator of representativeness[43] Given estimated inclusion probabilities p̂i for i =

1, . . . , N with

p̄ = 1
N

N∑
i=1

p̂i, S(p̂) = 1
p̄

√√√√ 1
N − 1

N∑
i=1

(p̂i − p̄)2, R = 1− 2S(p̂).

3.2.3.4 Discussion and guidance

Distance and moment summaries such as AASMD and Mahalanobis are easy to com-

pute and interpret, but they primarily reflect first and second moment alignment and can

miss higher order or interaction effects. Distribution based measures provide a richer no-

tion of similarity across the full joint distribution, though density based quantities can be

difficult to estimate reliably in moderate to high dimensions. Propensity score based indices

compress the problem into the one dimensional score U , which helps avoid the curse of di-

mensionality and connects directly to weighting stability, although their fidelity depends

on accurate estimation and calibration of π(·). All measures above focus on covariate in-

formation. Incorporating modeling information, for example initial model fitting results of

unweighted or weighted approaches, can align overlap assessment more closely with target

domain prediction and further improve decision making.

In the following simulation studies, we will use AASMD and the Tipton index to char-

acterize overlap regimes and to stratify model performance under covariate shift.

3.3 Possible Improvement

3.3.1 Limitations of the Current Framework

While the transportability framework proposed by Steingrimsson et al. (2023) provides

a rigorous foundation for estimating model performance in a new target population, several

important limitations remain that motivate methodological improvement.
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�R�G�G�V(1 � �̂ (x))=�̂ (x)�� �$ �G�R�X�E�O�H �E�R�R�W�V�W�U�D�S �D�Y�H�U�D�J�H�V �D�F�U�R�V�V �P�D�Q�\ �S�H�U�W�X�U�E�D�W�L�R�Q�V �R�I �E�R�W�K �O�D�\��

�H�U�V �D�Q�G �S�U�R�G�X�F�H�V �H�P�S�L�U�L�F�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�V �R�I �W�D�U�J�H�W �O�R�V�V �W�K�D�W �S�U�R�Y�L�G�H �L�Q�I�R�U�P�D�W�L�R�Q �R�Q �Z�K�H�W�K�H�U

�Z�H�L�J�K�W�L�Q�J �L�V �E�H�Q�H�I�L�F�L�D�O�� �7�K�H �V�X�E�V�H�F�W�L�R�Q�V �W�K�D�W �I�R�O�O�R�Z �G�H�I�L�Q�H �W�K�H �W�D�U�J�H�W �H�V�W�L�P�D�Q�G�V �D�Q�G �S�H�U��

�I�R�U�P�D�Q�F�H �F�U�L�W�H�U�L�D�� �S�U�H�V�H�Q�W �W�K�H �V�F�K�H�P�D�W�L�F �D�Q�G �D�O�J�R�U�L�W�K�P�� �G�H�W�D�L�O �F�K�R�L�F�H�V �I�R�Uw1 �D�Q�Gw2�� �D�Q�G

�H�[�S�O�D�L�Q �G�L�D�J�Q�R�V�W�L�F�V �W�K�D�W �V�X�S�S�R�U�W �W�K�H �V�L�P�X�O�D�W�L�R�Q �V�W�X�G�L�H�V �L�Q�W�U�R�G�X�F�H�G �L�Q �W�K�H �Q�H�[�W �F�K�D�S�W�H�U�V��

���������� �2�Y�H�U�Y�L�H�Z

�:�H �S�U�R�S�R�V�H �D �W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H �L�P�S�O�H�P�H�Q�W�H�G �W�K�U�R�X�J�K �D �Z�H�L�J�K�W�H�G �G�R�X�E�O�H �E�R�R�W�V�W�U�D�S��

�7�K�H �P�H�W�K�R�G �V�H�S�D�U�D�W�H�V�V�W�D�E�L�O�L�]�D�W�L�R�Q�I�U�R�P�W�U�D�Q�V�S�R�U�W�� �/�D�\�H�U �� �F�R�Q�V�W�U�X�F�W�V �V�W�D�E�L�O�L�]�L�Q�J �Z�H�L�J�K�W�V

w1 �R�Q �W�K�H �V�R�X�U�F�H �V�D�P�S�O�H �W�R �W�H�P�S�H�U �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I �R�E�V�H�U�Y�D�W�L�R�Q�V �W�K�D�W �Z�R�X�O�G �U�H�F�H�L�Y�H �H�[�W�U�H�P�H

�W�U�D�Q�V�S�R�U�W �Z�H�L�J�K�W�V�� �Z�K�L�F�K �W�\�S�L�F�D�O�O�\ �R�F�F�X�U�V �Z�K�H�Q� (x) = P(S = 1 j X = x) �L�V �Y�H�U�\ �V�P�D�O�O

�D�Q�G �W�K�H �L�Q�Y�H�U�V�H �R�G�G�V �Z�H�L�J�K�W(1� �̂ (x))=�̂ (x) �L�V �O�D�U�J�H �I�R�U �D �V�R�X�U�F�H �V�D�P�S�O�H�� �/�D�\�H�U �� �F�R�Q�V�W�U�X�F�W�V

�W�U�D�Q�V�S�R�U�W �Z�H�L�J�K�W�Vw2 �W�K�D�W �D�O�L�J�Q �W�K�H �V�R�X�U�F�H �F�R�Y�D�U�L�D�W�H �G�L�V�W�U�L�E�X�W�L�R�Q �Z�L�W�K �W�K�H �W�D�U�J�H�W �V�R �W�K�D�W �P�R�G�H�O

�I�L�W�W�L�Q�J �D�Q�G �H�Y�D�O�X�D�W�L�R�Q �D�U�H �W�D�L�O�R�U�H�G �W�R �W�K�H �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q��

����



�7�K�H �D�O�J�R�U�L�W�K�P �U�X�Q�V �D �G�R�X�E�O�H �O�R�R�S �L�Q�G�H�[�H�G �E�\(a; b)�� �)�R�U �H�D�F�K �R�X�W�H�U �U�H�S�O�L�F�D�W�Ha =

1; : : : ; B1 �Z�H �F�U�H�D�W�H �D �/�D�\�H�U �� �Z�H�L�J�K�W �Y�H�F�W�R�Uw(1;a) = f w(1;a)
i gn1

i =1 �� �)�R�U �H�D�F�K �L�Q�Q�H�U �U�H�S�O�L��

�F�D�W�Hb= 1; : : : ; B2 �Z�H �E�X�L�O�G �D �/�D�\�H�U �� �Z�H�L�J�K�W �Y�H�F�W�R�Uw(2;b) = f w(2;b)
i gn1

i =1 �� �W�\�S�L�F�D�O�O�\ �I�U�R�P �D�Q

�H�V�W�L�P�D�W�H�G �L�Q�Y�H�U�V�H �R�G�G�V �V�X�F�K �D�V(1 � �̂ (X i ))=�̂ (X i ) �Z�K�H�U�H�̂ (x) �P�R�G�H�O�V �V�R�X�U�F�H �P�H�P�E�H�U�V�K�L�S��

�7�K�H �F�R�P�E�L�Q�H�G �I�L�W�W�L�Q�J �Z�H�L�J�K�W �L�V

W (a;b)
i = w(1;a)

i w(2;b)
i :

�7�K�L�V �V�H�S�D�U�D�W�L�R�Q �R�I �U�R�O�H�V �L�V �W�K�H �N�H�\ �G�H�V�L�J�Q �S�U�L�Q�F�L�S�O�H�� �/�D�\�H�U �� �V�W�D�E�L�O�L�]�H�V �H�V�W�L�P�D�W�L�R�Q �E�\ �F�R�Q��

�W�U�R�O�O�L�Q�J �W�K�H �H�I�I�H�F�W �R�I �H�[�W�U�H�P�H �W�U�D�Q�V�S�R�U�W �Z�H�L�J�K�W�V �E�H�I�R�U�H �W�K�H�\ �D�U�H �D�S�S�O�L�H�G�� �/�D�\�H�U �� �W�D�U�J�H�W�V �W�K�H

�F�R�Y�D�U�L�D�W�H �V�K�L�I�W �E�H�W�Z�H�H�Q �V�R�X�U�F�H �D�Q�G �W�D�U�J�H�W�� �7�K�H �G�R�X�E�O�H �E�R�R�W�V�W�U�D�S �W�K�H�Q �D�Y�H�U�D�J�H�V �D�F�U�R�V�V �P�D�Q�\

�S�H�U�W�X�U�E�D�W�L�R�Q�V �R�I �E�R�W�K �O�D�\�H�U�V�� �Z�K�L�F�K �L�P�S�U�R�Y�H�V �V�W�D�E�L�O�L�W�\ �D�Q�G �\�L�H�O�G�V �H�P�S�L�U�L�F�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�V �W�K�D�W

�V�X�S�S�R�U�W �G�L�D�J�Q�R�V�W�L�F�V �R�Q �Z�K�H�W�K�H�U �Z�H�L�J�K�W�L�Q�J �L�V �E�H�Q�H�I�L�F�L�D�O��

���������� �*�R�D�O

�7�K�H �S�U�R�S�R�V�H�G �W�Z�R �V�W�H�S �P�H�W�K�R�G �D�L�P�V �W�R �U�R�E�X�V�W�O�\ �H�V�W�L�P�D�W�H �T�X�D�Q�W�L�W�L�H�V �W�K�D�W �U�H�O�\ �R�Q �Z�H�L�J�K�W�H�G

�H�V�W�L�P�D�W�L�R�Q �D�Q�G �W�K�D�W �F�D�Q �V�X�I�I�H�U �I�U�R�P �Z�H�L�J�K�W �L�Q�V�W�D�E�L�O�L�W�\��

�,�Q �W�K�H �P�R�G�H�O �W�U�D�Q�V�S�R�U�W�D�E�L�O�L�W�\ �I�U�D�P�H�Z�R�U�N�� �W�K�H �T�X�D�Q�W�L�W�L�H�V �R�I �L�Q�W�H�U�H�V�W �D�U�H �W�K�H �W�D�U�J�H�W �R�X�W�F�R�P�H

m(x) = E(Y j X = x) �D�Q�G �W�K�H �W�D�U�J�H�W �O�R�V�V ̂ � �I�R�U �D�Q�\ �H�V�W�L�P�D�W�L�R�Q �P�H�W�K�R�G �L�Q�G�H�[�H�G �E�\

� �� �,�I �Z�H �I�L�W �D �O�L�Q�H�D�U �P�R�G�H�O�� �W�K�H�Q �H�V�W�L�P�D�W�L�Q�J �W�K�H �W�D�U�J�H�W �R�X�W�F�R�P�H �L�V �H�V�V�H�Q�W�L�D�O�O�\ �H�T�X�L�Y�D�O�H�Q�W

�W�R �H�V�W�L�P�D�W�L�Q�J �P�R�G�H�O �F�R�H�I�I�L�F�L�H�Q�W�V �W�K�D�W �S�H�U�I�R�U�P �Z�H�O�O �L�Q �W�K�H �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q�� �,�Q �R�X�U �V�H�W�X�S��

�E�R�W�K �D�U�H �H�V�W�L�P�D�W�R�U�V �Z�H�L�J�K�W�H�G �E�\ �W�K�H �L�P�S�R�U�W�D�Q�F�H �Z�H�L�J�K�W�V�� �7�K�H �F�R�H�I�I�L�F�L�H�Q�W�̂ �L�V �H�V�W�L�P�D�W�H�G �E�\

�Z�H�L�J�K�W�H�G �O�L�Q�H�D�U �U�H�J�U�H�V�V�L�R�Q �D�Q�G ̂ � �L�V �H�V�W�L�P�D�W�H�G �E�\ �W�K�H �Z�H�L�J�K�W�H�G �O�R�V�V �L�Q �W�K�H �V�R�X�U�F�H �S�R�S�X�O�D�W�L�R�Q

�D�Q�G �W�K�H�Q �V�F�D�O�H�G �E�\ �W�K�H �W�D�U�J�H�W �V�D�P�S�O�L�Q�J �I�U�D�F�W�L�R�Q��

�2�Q�F�H �Z�H �K�D�Y�H �W�K�H �V�R�X�U�F�H �G�D�W�D �D�Q�G �W�D�U�J�H�W �F�R�Y�D�U�L�D�W�H�V�� �Z�H �F�D�Q �R�E�W�D�L�Q �W�K�H �P�R�G�H�O�L�Q�J �F�R�H�I�I�L��

�F�L�H�Q�W�V �I�U�R�P �W�K�H �X�Q�Z�H�L�J�K�W�H�G �V�R�X�U�F�H �I�L�W �D�Q�G �W�K�H �Z�H�L�J�K�W�H�G �V�R�X�U�F�H �I�L�W�� �G�H�Q�R�W�H�G�̂ s �D�Q�G�̂ w ��

�$ �G�L�U�H�F�W �X�V�H �R�I �W�K�H �W�Z�R �V�W�H�S �P�H�W�K�R�G �L�V �W�R �H�V�W�L�P�D�W�H �D �Q�H�Z �Z�H�L�J�K�W�H�G �F�R�H�I�I�L�F�L�H�Q�W �W�K�U�R�X�J�K �W�K�H

����



�G�R�X�E�O�H �O�R�R�S �W�R �R�E�W�D�L�Q �D �P�R�U�H �V�W�D�E�O�H �D�Q�G �U�R�E�X�V�W �F�R�H�I�I�L�F�L�H�Q�W �I�R�U �W�K�H �Z�H�L�J�K�W�H�G �P�R�G�H�O�� �G�H�Q�R�W�H�G

�̂ ��

�,�I �W�K�H �W�D�U�J�H�W �R�X�W�F�R�P�H�V �Z�H�U�H �R�E�V�H�U�Y�H�G�� �W�K�H�Q �W�K�H �F�R�H�I�I�L�F�L�H�Q�W �I�L�W�W�H�G �L�Q �W�K�H �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q��

�̂ t �� �Z�R�X�O�G �E�H �W�K�H �Q�D�W�X�U�D�O �E�H�Q�F�K�P�D�U�N��

�7�R �F�O�D�U�L�I�\ �W�K�H �Q�R�W�D�W�L�R�Q�V�� �W�K�H �W�D�E�O�H �E�H�O�R�Z �V�X�P�P�D�U�L�]�H�V �W�K�H �F�R�H�I�I�L�F�L�H�Q�W�V �D�Q�G �W�K�H�L�U �G�D�W�D �L�Q��

�S�X�W�V��

�7�D�E�O�H �������� �0�R�G�H�O �F�R�H�I�I�L�F�L�H�Q�W�V �D�Q�G �W�K�H�L�U �G�D�W�D �L�Q�S�X�W�V

�0�R�G�H�O �&�R�H�I�I�L�F�L�H�Q�W �%�D�V�H�G �R�Q

�8�Q�Z�H�L�J�K�W�H�G �V�R�X�U�F�H �P�R�G�H�O�̂ s (X; Y )S=1

�:�H�L�J�K�W�H�G �V�R�X�U�F�H �P�R�G�H�O�̂ w (X; Y )S=1 �D�Q�G(X )S=0

�0�R�G�H�O �Z�L�W�K �W�Z�R �V�W�H�S�̂ (X; Y )S=1 ��(X )S=0 �� �W�Z�R �V�H�W�V �R�I �Z�H�L�J�K�W�V
�7�D�U�J�H�W �P�R�G�H�O� �̂ t (X; Y )S=0

� �7�D�U�J�H�W �R�X�W�F�R�P�H�V �D�U�H �X�Q�R�E�V�H�U�Y�H�G �L�Q �R�X�U �P�D�L�Q �V�H�W�W�L�Q�J �D�Q�G �D�U�H �X�V�H�G �R�Q�O�\ �I�R�U �F�R�Q�F�H�S�W�X�D�O �E�H�Q�F�K�P�D�U�N�L�Q�J �R�U �L�Q
�V�L�P�X�O�D�W�L�R�Q �V�W�X�G�L�H�V��

�+�R�Z�H�Y�H�U�� �V�L�Q�F�HY �L�Q �W�K�H �W�D�U�J�H�W �V�D�P�S�O�H �L�V �Q�R�W �D�Y�D�L�O�D�E�O�H�� �Z�H �F�D�Q�Q�R�W �G�L�U�H�F�W�O�\ �R�E�V�H�U�Y�H �K�R�Z

�D�Q�\ �F�R�H�I�I�L�F�L�H�Q�W �Z�R�X�O�G �S�H�U�I�R�U�P �R�Q �W�K�H �W�D�U�J�H�W �R�X�W�F�R�P�H�V�� �7�K�H �I�U�D�P�H�Z�R�U�N �H�Q�D�E�O�H�V �X�V �W�R �H�V�W�L��

�P�D�W�H �L�W�V �S�H�U�I�R�U�P�D�Q�F�H �W�K�U�R�X�J�K ̂ � �I�R�U �D�Q�\ �J�L�Y�H�Q �F�R�H�I�I�L�F�L�H�Q�W��

�:�L�W�K�L�Q �H�D�F�K(a; b) �L�W�H�U�D�W�L�R�Q �Z�H �I�L�U�V�W �I�L�W �W�K�H �R�X�W�F�R�P�H �P�R�G�H�O �E�\ �P�L�Q�L�P�L�]�L�Q�J �W�K�H �Z�H�L�J�K�W�H�G

�H�P�S�L�U�L�F�D�O �O�R�V�V

�̂ (a;b) = arg min
�

n1X

i =1

W (a;b)
i L

�
Yi ; f � (X i )

�
;

�D�Q�G �V�L�P�X�O�W�D�Q�H�R�X�V�O�\ �U�H�F�R�U�G �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�D�U�J�H�W �O�R�V�V �H�V�W�L�P�D�W�L�R�Q

 ̂ (a;b)
� =

P N
i =1 I (Si = 1) W (a;b)

i L (Yi ; g� (X i ))
P N

i =1 I (Si = 0)
; � 2 f �̂ s; �̂ w ; �̂ (a;b)g:

�:�H �F�R�P�S�X�W�H �W�K�H�V�H �T�X�D�Q�W�L�W�L�H�V �I�R�U�̂ s �D�Q�G�̂ w �� �7�R �H�V�W�L�P�D�W�H ̂ �̂ �� �D�Q�R�W�K�H�U �U�R�X�Q�G �R�I �W�K�H �W�Z�R

�V�W�H�S �S�U�R�F�H�G�X�U�H �L�V �Q�H�H�G�H�G�� �$�V �D �S�U�D�F�W�L�F�D�O �Z�R�U�N�D�U�R�X�Q�G�� �Z�L�W�K�L�Q �H�D�F�K(a; b) �L�W�H�U�D�W�L�R�Q �Z�H �D�O�V�R

�F�D�O�F�X�O�D�W�H �W�K�H �W�D�U�J�H�W �O�R�V�V �R�I �W�K�H �H�V�W�L�P�D�W�H�G �F�R�H�I�I�L�F�L�H�Q�W �I�U�R�P �W�K�D�W �L�W�H�U�D�W�L�R�Q�� �G�H�Q�R�W�H�G ̂ (a;b)
�̂ ( a;b ) ��

�7�R �M�X�G�J�H �Z�K�H�W�K�H�U �Z�H�L�J�K�W�L�Q�J �K�H�O�S�V�� �Z�H �F�R�P�S�D�U�H �W�K�H �H�P�S�L�U�L�F�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�V �R�I ̂ �̂ s
�D�Q�G

����



 ̂ �̂ w
�R�E�W�D�L�Q�H�G �I�U�R�P �W�K�H �W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H�� �7�K�L�V �F�R�P�S�D�U�L�V�R�Q �T�X�D�Q�W�L�I�L�H�V �V�W�D�E�L�O�L�W�\�� �U�H�Y�H�D�O�V

�Z�K�H�U�H �Z�H�L�J�K�W�L�Q�J �K�H�O�S�V �R�U �K�X�U�W�V�� �D�Q�G �S�U�R�Y�L�G�H�V �G�L�D�J�Q�R�V�W�L�F�V �R�Q �Z�K�H�Q �W�R �Z�H�L�J�K�W�� �7�K�H �H�V�W�L�P�D�W�L�R�Q

�R�Î �̂ �F�D�Q �E�H �L�Q�F�O�X�G�H�G �Z�K�H�Q �Z�H �D�V�V�H�V�V �W�K�H �W�Z�R �V�W�H�S �H�V�W�L�P�D�W�R�U �L�Q �W�K�H �U�H�V�X�O�W�V �V�H�F�W�L�R�Q��

���������� �,�O�O�X�V�W�U�D�W�L�R�Q �Z�L�W�K �W�K�H �G�R�X�E�O�H �E�R�R�W�V�W�U�D�S �I�L�J�X�U�H

�)�L�J�X�U�H������ �V�X�P�P�D�U�L�]�H�V �W�K�H �W�Z�R �V�W�H�S �Z�R�U�N�I�O�R�Z �Z�L�W�K�R�X�W �U�H�S�H�D�W�L�Q�J �D�O�O �G�H�W�D�L�O�V �I�U�R�P �W�K�H

�R�Y�H�U�Y�L�H�Z�� �7�K�H �O�H�I�W �S�D�Q�H�O �V�K�R�Z�V �W�K�H �R�U�L�J�L�Q�D�O �G�D�W�D�V�H�W �D�Q�G �W�K�H �F�R�P�S�X�W�D�W�L�R�Q �R�I�̂ s �D�Q�G�̂ w �� �7�K�H

�R�X�W�H�U �O�R�R�S �L�Q�G�H�[�H�G �E�\a = 1; : : : ; B1 �G�U�D�Z�V �/�D�\�H�U �� �V�X�E�V�D�P�S�O�H�VD (a) �X�V�L�Q�J �V�W�D�E�L�O�L�]�L�Q�J

�Z�H�L�J�K�W�Vw1 �W�K�D�W �W�H�P�S�H�U �R�E�V�H�U�Y�D�W�L�R�Q�V �O�L�N�H�O�\ �W�R �U�H�F�H�L�Y�H �H�[�W�U�H�P�H �W�U�D�Q�V�S�R�U�W �Z�H�L�J�K�W�V�� �)�R�U �H�D�F�K

�I�L�[�H�Ga�� �W�K�H �L�Q�Q�H�U �O�R�R�S �L�Q�G�H�[�H�G �E�\b = 1; : : : ; B2 �G�U�D�Z�V �/�D�\�H�U �� �V�X�E�V�D�P�S�O�H�VD (a;b) �X�V�L�Q�J

�W�U�D�Q�V�S�R�U�W �Z�H�L�J�K�W�Vw2 �W�K�D�W �D�O�L�J�Q �V�R�X�U�F�H �F�R�Y�D�U�L�D�W�H�V �Z�L�W�K �W�K�H �W�D�U�J�H�W�� �(�D�F�K �L�Q�Q�H�U �U�H�S�O�L�F�D�W�H �\�L�H�O�G�V

�D �Z�H�L�J�K�W�H�G �I�L�W�̂ (a;b) �D�Q�G �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�D�U�J�H�W �O�R�V�V �H�V�W�L�P�D�W�H�V �I�R�U �W�K�H �I�L�[�H�G �F�D�Q�G�L�G�D�W�H�V�̂ s

�D�Q�G�̂ w �� �D�V �Z�H�O�O �D�V �I�R�U �W�K�H �U�H�S�O�L�F�D�W�H �F�R�H�I�I�L�F�L�H�Q�W �Z�K�H�Q �U�H�F�R�U�G�H�G�� �7�K�H �I�L�Q�D�O �H�V�W�L�P�D�W�R�U �D�Y�H�U�D�J�H�V

�W�K�H �L�Q�Q�H�U �D�Q�G �R�X�W�H�U �I�L�W�V

�̂ =
1

B1B2

B 1X

a=1

B 2X

b=1

�̂ (a;b) :

�$�F�U�R�V�V �D�O�O �U�H�S�O�L�F�D�W�H�V �Z�H �R�E�W�D�L�Q �W�K�H �H�P�S�L�U�L�F�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�Vf  ̂ �̂ s
g��f  ̂ �̂ w

g�� �D�Q�Gf  ̂ �̂ ( a;b ) g �W�K�D�W

�V�X�S�S�R�U�W �G�L�D�J�Q�R�V�W�L�F�V �R�Q �V�W�D�E�L�O�L�W�\ �D�Q�G �R�Q �Z�K�H�Q �Z�H�L�J�K�W�L�Q�J �K�H�O�S�V��

�7�K�H �Q�H�[�W �W�D�E�O�H �F�R�O�O�H�F�W�V �W�K�H �P�D�L�Q �R�E�M�H�F�W�V �X�V�H�G �E�\ �W�K�H �W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H�� �V�W�D�W�H�V �K�R�Z �H�D�F�K

�L�V �R�E�W�D�L�Q�H�G �Z�L�W�K�L�Q �W�K�H �R�X�W�H�U �D�Q�G �L�Q�Q�H�U �O�R�R�S�V�� �D�Q�G �O�L�V�W�V �W�K�H �G�D�W�D �H�O�H�P�H�Q�W�V �H�D�F�K �R�E�M�H�F�W �G�H�S�H�Q�G�V

�R�Q�� �,�W �V�H�U�Y�H�V �D�V �D �T�X�L�F�N �U�H�I�H�U�H�Q�F�H �I�R�U �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �D�Q�G �I�R�U �L�Q�W�H�U�S�U�H�W�L�Q�J �W�K�H �G�L�D�J�Q�R�V�W�L�F

�T�X�D�Q�W�L�W�L�H�V �U�H�F�R�U�G�H�G �D�F�U�R�V�V �U�H�S�O�L�F�D�W�H�V��

����
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���������� �&�K�R�L�F�H �R�Iw1 �D�Q�Gw2

�$�I�W�H�U �R�X�W�O�L�Q�L�Q�J �W�K�H �W�Z�R �V�W�H�S �V�W�U�X�F�W�X�U�H�� �Z�H �G�H�V�F�U�L�E�H �K�R�Z �W�R �F�K�R�R�V�H �W�K�H �Z�H�L�J�K�W�V �I�R�U �W�K�H

�W�Z�R �O�D�\�H�U�V��

�'�H�V�L�J�Q �J�R�D�O�V���/�D�\�H�U �� �X�V�H�Vw1 �W�R �V�W�D�E�L�O�L�]�H �H�V�W�L�P�D�W�L�R�Q �E�\ �U�H�G�X�F�L�Q�J �W�K�H �L�P�S�D�F�W �R�I �R�E�V�H�U�Y�D��

�W�L�R�Q�V �W�K�D�W �Z�R�X�O�G �U�H�F�H�L�Y�H �H�[�W�U�H�P�H �W�U�D�Q�V�S�R�U�W �Z�H�L�J�K�W�V �Z�K�H�Q� (x) = P(S = 1 j X = x) �L�V

�Y�H�U�\ �V�P�D�O�O�� �/�D�\�H�U �� �X�V�H�Vw2 �W�R �W�U�D�Q�V�S�R�U�W �W�K�H �V�R�X�U�F�H �W�R�Z�D�U�G �W�K�H �W�D�U�J�H�W �E�\ �D�O�L�J�Q�L�Q�J �F�R�Y�D�U�L�D�W�H

�G�L�V�W�U�L�E�X�W�L�R�Q�V��

�/�D�\�H�U ���� �V�W�D�E�L�O�L�]�L�Q�J �Z�H�L�J�K�W�Vw1�� �:�H �F�R�Q�V�L�G�H�U �W�Z�R �F�R�P�S�O�H�P�H�Q�W�D�U�\ �U�R�X�W�H�V��

�5�R�X�W�H �$�� �Z�H�L�J�K�W �E�D�V�H�G �V�W�D�E�L�O�L�]�D�W�L�R�Q���6�W�D�U�W �I�U�R�P �D �S�U�H�O�L�P�L�Q�D�U�\ �W�U�D�Q�V�S�R�U�W �Z�H�L�J�K�Wr (x) =

1� � (x)
� (x) �D�Q�G �W�H�P�S�H�U �H�[�W�U�H�P�H�V��

���� �3�R�Z�H�U �V�K�U�L�Q�N�D�J�H��w1(x) = r (x)� �Z�L�W�K� 2 (0; 1]�� �6�P�D�O�O�H�U� �V�K�U�L�Q�N�V �O�D�U�J�Hr (x) �P�R�U�H

�V�W�U�R�Q�J�O�\ �Z�K�L�O�H �S�U�H�V�H�U�Y�L�Q�J �W�K�H�L�U �R�U�G�H�U�L�Q�J��

���� �7�U�X�Q�F�D�W�L�R�Q��w1(x) = min f r (x); cg �Z�L�W�K �D �F�X�W�R�I�Ic > 0 �F�K�R�V�H�Q �E�\ �D �K�L�J�K �T�X�D�Q�W�L�O�H �R�I

r (X ) �R�U �E�\ �D�Q �H�I�I�H�F�W�L�Y�H �V�D�P�S�O�H �V�L�]�H �W�D�U�J�H�W��

���� �6�P�R�R�W�K �F�D�S��w1(x) = r (x)
1+ r (x)=c �Z�L�W�Kc > 0�� �7�K�L�V �I�R�O�O�R�Z�Vr (x) �I�R�U �P�R�G�H�U�D�W�H �Y�D�O�X�H�V

�D�Q�G �I�O�D�W�W�H�Q�V �W�K�H �U�L�J�K�W �W�D�L�O �V�P�R�R�W�K�O�\��

�5�R�X�W�H �%�� �G�L�V�W�D�Q�F�H �E�D�V�H�G �V�W�D�E�L�O�L�]�D�W�L�R�Q���'�H�I�L�Q�H �D �G�L�V�W�D�Q�F�H �I�U�R�P �D �S�R�L�Q�Wx �W�R �W�K�H �W�D�U�J�H�W �V�X�S�S�R�U�W

�D�Q�G �G�R�Z�Q�Z�H�L�J�K�W �D�V �W�K�H �G�L�V�W�D�Q�F�H �J�U�R�Z�V�� �$ �V�W�D�Q�G�D�U�G �F�K�R�L�F�H �X�V�H�V �W�D�U�J�H�W �P�R�P�H�Q�W�V(�̂ 0; �̂ 0)

�D�Q�G �W�K�H �0�D�K�D�O�D�Q�R�E�L�V �G�L�V�W�D�Q�F�H

dM (x) =
q

(x � �̂ 0)> �̂ � 1
0 (x � �̂ 0):

�&�R�Q�V�W�U�X�F�Ww1 �Z�L�W�K �D �N�H�U�Q�H�O �R�U �D �W�K�U�H�V�K�R�O�G�� �I�R�U �H�[�D�P�S�O�H

���� w1(x) = exp
�

� 1
2 dM (x)2=h2

�

; h > 0

����



���� w1(x) = 1f dM (x) � r g �R�Uw1(x) =
�
1 + dM (x)2=r2

� � 1
; r > 0:

�5�R�X�W�H �% �G�R�H�V �Q�R�W �U�H�T�X�L�U�H �D �S�U�H�O�L�P�L�Q�D�U�\�̂ �D�Q�G �G�L�U�H�F�W�O�\ �O�L�P�L�W�V �H�[�W�U�D�S�R�O�D�W�L�R�Q �D�Z�D�\ �I�U�R�P

�W�K�H �W�D�U�J�H�W �P�D�V�V��

�/�D�\�H�U ���� �W�U�D�Q�V�S�R�U�W �Z�H�L�J�K�W�Vw2�� �/�D�\�H�U �� �D�O�L�J�Q�V �W�K�H �V�R�X�U�F�H �Z�L�W�K �W�K�H �W�D�U�J�H�W�� �&�R�P�P�R�Q

�F�K�R�L�F�H�V �L�Q�F�O�X�G�H

���� �,�Q�Y�H�U�V�H �R�G�G�V �I�U�R�P �D �F�O�D�V�V�L�I�L�F�D�W�L�R�Q �P�R�G�H�O�� �I�L�W�̂ (x) = P(S = 1 j X = x) �X�V�L�Q�J �V�R�X�U�F�H

�D�Q�G �W�D�U�J�H�W �F�R�Y�D�U�L�D�W�H�V �D�Q�G �V�H�Ww2(x) =
1 � �̂ (x)

�̂ (x)
�� �&�O�L�S�̂ (x) �W�R["; 1 � " ] �Z�L�W�K �V�P�D�O�O"

�W�R �D�Y�R�L�G �L�Q�I�L�Q�L�W�H �Z�H�L�J�K�W�V��

���� �'�L�U�H�F�W �G�H�Q�V�L�W�\ �U�D�W�L�R �H�V�W�L�P�D�W�L�R�Q�� �H�V�W�L�P�D�W�Hr (x) =
f 0(x)
f 1(x)

�Z�L�W�K�R�X�W �P�R�G�H�O�L�Q�Jf 0 �R�Uf 1 �V�H�S��

�D�U�D�W�H�O�\�� �I�R�U �H�[�D�P�S�O�H �E�\ �.�/�,�(�3 ���.�X�O�O�E�D�F�N���/�H�L�E�O�H�U �,�P�S�R�U�W�D�Q�F�H �(�V�W�L�P�D�W�L�R�Q �3�U�R�F�H�G�X�U�H��

�R�U �O�H�D�V�W �V�T�X�D�U�H�V �L�P�S�R�U�W�D�Q�F�H �I�L�W�W�L�Q�J�� �W�K�H�Q �V�H�Ww2(x) = r̂ (x) �D�Q�G �Q�R�U�P�D�O�L�]�H��

���� �&�D�O�L�E�U�D�W�L�R�Q �R�U �E�D�O�D�Q�F�L�Q�J �Z�H�L�J�K�W�V�� �F�K�R�R�V�Hw2 �W�R �P�D�W�F�K �V�H�O�H�F�W�H�G �W�D�U�J�H�W �P�R�P�H�Q�W�V �Z�K�L�O�H

�N�H�H�S�L�Q�J �Z�H�L�J�K�W�V �F�O�R�V�H �W�R �R�Q�H �E�\ �P�L�Q�L�P�L�]�L�Q�J �D�Q �H�Q�W�U�R�S�\ �R�U �T�X�D�G�U�D�W�L�F �G�L�Y�H�U�J�H�Q�F�H �V�X�E��

�M�H�F�W �W�R �P�R�P�H�Q�W �F�R�Q�V�W�U�D�L�Q�W�V��

�5�H�P�D�U�N�V �I�R�U �S�U�D�F�W�L�F�H���:�L�W�K�L�Q �W�K�H �G�R�X�E�O�H �O�R�R�S��w1 �L�V �F�R�Q�V�W�U�X�F�W�H�G �R�Q�F�H �S�H�U �R�X�W�H�U �U�H�S�O�L�F�D�W�H

�D�Q�G �U�H�X�V�H�G �D�F�U�R�V�V �W�K�H �L�Q�Q�H�U �O�R�R�S��w2 �L�V �F�R�Q�V�W�U�X�F�W�H�G �L�Q�V�L�G�H �W�K�H �L�Q�Q�H�U �O�R�R�S �V�R �W�K�D�W �W�U�D�Q�V�S�R�U�W

�I�R�O�O�R�Z�V �W�K�H �F�X�U�U�H�Q�W �U�H�V�D�P�S�O�H�� �7�X�Q�L�Q�J �S�D�U�D�P�H�W�H�U�V �V�X�F�K �D�V� ��c��h�� �R�Ur �F�D�Q �E�H �V�H�O�H�F�W�H�G �W�R

�D�F�K�L�H�Y�H �D �W�D�U�J�H�W �H�I�I�H�F�W�L�Y�H �V�D�P�S�O�H �V�L�]�H �R�U �W�R �N�H�H�S �W�K�H �F�R�H�I�I�L�F�L�H�Q�W �R�I �Y�D�U�L�D�W�L�R�Q �R�I �W�K�H �F�R�P�E�L�Q�H�G

�Z�H�L�J�K�W�V �Z�L�W�K�L�Q �D �F�K�R�V�H�Q �U�D�Q�J�H��

���������� �$�O�J�R�U�L�W�K�P

�7�K�L�V �V�X�E�V�H�F�W�L�R�Q �S�U�H�V�H�Q�W�V �D �S�U�D�F�W�L�F�D�O �H�[�D�P�S�O�H �Z�L�W�K �D �F�R�Q�W�L�Q�X�R�X�V �R�X�W�F�R�P�H�� �D �O�L�Q�H�D�U �U�H�J�U�H�V��

�V�L�R�Q �R�X�W�F�R�P�H �P�R�G�H�O�� �D�Q�G �D �O�R�J�L�V�W�L�F �U�H�J�U�H�V�V�L�R�Q �Z�H�L�J�K�W �P�R�G�H�O��

����



�$�O�J�R�U�L�W�K�P ���7�Z�R �V�W�H�S �Z�H�L�J�K�W�H�G �G�R�X�E�O�H �E�R�R�W�V�W�U�D�S ���G�R�X�E�O�H �O�R�R�S �R�Y�H�U �O�D�\�H�U�V��

�5�H�T�X�L�U�H���6�R�X�U�F�Hf (X i ; Yi )g
n1
i =1 �� �W�D�U�J�H�Wf X j g

n0
j =1 �� �O�R�V�VL�� �/�D�\�H�U �� �U�H�S�VB1�� �/�D�\�H�U �� �U�H�S�VB2��

�R�X�W�F�R�P�H �H�V�W�L�P�D�W�L�R�Q �P�R�G�H�O�� �Z�H�L�J�K�W �H�V�W�L�P�D�W�L�R�Q �P�R�G�H�O

���� �(�V�W�L�P�D�W�H �X�Q�Z�H�L�J�K�W�H�G �D�Q�G �Z�H�L�J�K�W�H�G �V�R�X�U�F�H �P�R�G�H�O �F�R�H�I�I�L�F�L�H�Q�W�V�̂ s �D�Q�G�̂ w

���� �,�Q�L�W�L�D�O�L�]�H �V�W�R�U�D�J�H �I�R�U �H�V�W�L�P�D�W�H�G �F�R�H�I�I�L�F�L�H�Q�W�Vf �̂ (a;b)g �D�Q�G �I�R�U �H�V�W�L�P�D�W�H�G �W�D�U�J�H�W �O�R�V�V�H�V

f  ̂ (a;b)
� g �Z�L�W�K� 2 f �̂ w ; �̂ s; �̂ (a;b)g

���� �I�R�Ua = 1; : : : ; B1 �G�R . �/�D�\�H�U ���� �F�R�Q�V�W�U�X�F�Ww(1;a) �R�Q�F�H �S�H�Ua

���� �&�R�Q�V�W�U�X�F�W �/�D�\�H�U �� �V�W�D�E�L�O�L�]�L�Q�J �Z�H�L�J�K�W�Vw(1;a)
i �I�R�Ui = 1; : : : ; N �E�D�V�H�G �R�Q �W�K�H �F�K�R�V�H�Q

�5�R�X�W�H ���Z�H�L�J�K�W �E�D�V�H�G �R�U �G�L�V�W�D�Q�F�H �E�D�V�H�G��

���� �I�R�Ub= 1; : : : ; B2 �G�R . �/�D�\�H�U ���� �F�R�Q�V�W�U�X�F�Ww(2;b) �I�R�U �H�D�F�Kb

���� �&�R�Q�V�W�U�X�F�W �/�D�\�H�U �� �W�U�D�Q�V�S�R�U�W �Z�H�L�J�K�W�Vw(2;b)
i �I�R�Ui = 1; : : : ; N �X�V�L�Q�J �W�K�H �V�H�O�H�F�W�H�G

�P�H�W�K�R�G

�(�[�D�P�S�O�H��w(2;b)
i =

1 � �̂ (X i )
�̂ (X i )

�� �Z�K�H�U�H�̂ �L�V �I�L�W �E�\ �O�R�J�L�V�W�L�F �U�H�J�U�H�V�V�L�R�Q �X�V�L�Q�J �W�K�H �U�H�V�D�P��

�S�O�H�G �G�D�W�D

���� �'�H�I�L�Q�H �F�R�P�E�L�Q�H�G �Z�H�L�J�K�W�VW (a;b)
i  w(1;a)

i w(2;b)
i

���� ���R�S�W�L�R�Q�D�O���1�R�U�P�D�O�L�]�HW (a;b) �Z�L�W�K�L�Q �W�K�H �V�R�X�U�F�H �V�R �W�K�D�W1
n1

P
i :Si =1 W (a;b)

i = 1

���� �̂ (a;b)  arg min
�

n1X

i =1

W (a;b)
i L

�
Yi ; f � (X i )

�

������  ̂ (a;b)
�̂

 
P N

i =1 I (Si = 1) W (a;b)
i L(Yi ; g� (X i ))

P N
i =1 I (Si = 0)

�&�R�O�O�H�F�W���̂ (a;b) ;  ̂ (a;b)
�̂ s

;  ̂ (a;b)
�̂ w

;  ̂ (a;b)
�̂ ( a;b )

������ �H�Q�G �I�R�U

������ �H�Q�G �I�R�U

������ �$�J�J�U�H�J�D�W�H �F�R�H�I�I�L�F�L�H�Q�W�̂  
1

B1B2

B 1X

a=1

B 2X

b=1

�̂ (a;b)

������ �(�P�S�L�U�L�F�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�V�� f �̂ (a;b)g��f  ̂ �̂ s
g�� �D�Q�Gf  ̂ �̂ w

g

������ �'�L�D�J�Q�R�V�W�L�F�V�� �F�R�P�S�D�U�Hf  ̂ �̂ s
g �Z�L�W�Kf  ̂ �̂ w

g �W�R �D�V�V�H�V�V �Z�K�H�W�K�H�U �Z�H�L�J�K�W�L�Q�J �L�P�S�U�R�Y�H�V �H�V�W�L��

�P�D�W�H�G �W�D�U�J�H�W �O�R�V�V

������ �7�D�U�J�H�W �O�R�V�V �R�I�̂ ���R�S�W�L�R�Q�D�O���� �F�R�Q�G�X�F�W �D�Q�R�W�K�H�U �U�R�X�Q�G �R�I �W�K�H �W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H �W�R �H�V�W�L�P�D�W�H

 ̂ �̂

����



�7�K�H �W�K�H�R�U�H�W�L�F�D�O �S�U�R�S�H�U�W�L�H�V �R�I �W�K�H �R�U�L�J�L�Q�D�O �H�V�W�L�P�D�W�R�U ̂ �̂ �D�U�H �G�L�I�I�L�F�X�O�W �W�R �G�H�U�L�Y�H �E�H�F�D�X�V�H �L�W

�U�H�O�L�H�V �R�Q �Z�H�L�J�K�W�V �R�E�W�D�L�Q�H�G �I�U�R�P �W�K�H �H�V�W�L�P�D�W�H�G �S�U�R�S�H�Q�V�L�W�\ �V�F�R�U�H�̂ (x)�� �:�K�H�Q �W�K�H �X�Q�G�H�U�O�\��

�L�Q�J �Z�H�L�J�K�W�L�Q�J �P�R�G�H�O �L�V �X�Q�N�Q�R�Z�Q �R�U �S�R�V�V�L�E�O�\ �P�L�V�V�S�H�F�L�I�L�H�G�� �W�K�H �H�V�W�L�P�D�W�H�G �Z�H�L�J�K�W�V �P�D�\ �Q�R�W

�F�R�Q�Y�H�U�J�H �W�R �W�K�H �W�U�X�H �L�P�S�R�U�W�D�Q�F�H �Z�H�L�J�K�W�V�� �D�Q�G �W�K�H �U�H�V�X�O�W�L�Q�J �D�V�\�P�S�W�R�W�L�F �H�[�S�U�H�V�V�L�R�Q�V �E�H�F�R�P�H

�F�R�P�S�O�L�F�D�W�H�G�� �(�Y�H�Q �X�Q�G�H�U �F�R�U�U�H�F�W �V�S�H�F�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �Z�H�L�J�K�W�L�Q�J �P�R�G�H�O�� �W�K�H �G�H�S�H�Q�G�H�Q�F�H �E�H��

�W�Z�H�H�Q �W�K�H �H�V�W�L�P�D�W�H�G �Z�H�L�J�K�W�V �D�Q�G �W�K�H �F�R�Y�D�U�L�D�W�H�V �P�D�N�H�V �W�K�H �D�Q�D�O�\�V�L�V �W�H�F�K�Q�L�F�D�O�O�\ �L�Q�Y�R�O�Y�H�G�� �D�Q�G

�F�O�R�V�H�G �I�R�U�P �U�H�V�X�O�W�V �D�U�H �J�H�Q�H�U�D�O�O�\ �K�D�U�G �W�R �R�E�W�D�L�Q��

�+�R�Z�H�Y�H�U�� �L�I �W�K�H �W�U�X�H �Z�H�L�J�K�W�V �Z�H�U�H �N�Q�R�Z�Q�� �W�K�H�Q �I�R�U �D�Q�\ �I�L�[�H�G �S�D�U�D�P�H�W�H�U �Y�D�O�X�H �W�K�H �F�R�U��

�U�H�V�S�R�Q�G�L�Q�J �Z�H�L�J�K�W�H�G �H�P�S�L�U�L�F�D�O �H�V�W�L�P�D�W�R�U �L�V �X�Q�E�L�D�V�H�G �I�R�U �L�W�V �S�R�S�X�O�D�W�L�R�Q �F�R�X�Q�W�H�U�S�D�U�W�� �D�Q�G

�E�R�R�W�V�W�U�D�S �V�D�P�S�O�H�V �S�U�H�V�H�U�Y�H �W�K�L�V �S�U�R�S�H�U�W�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �E�H�F�D�X�V�H �W�K�H�\ �U�H�S�O�L�F�D�W�H �W�K�H �H�P�S�L�U�L��

�F�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�� �,�Q �R�X�U �S�U�R�S�R�V�H�G �D�O�J�R�U�L�W�K�P�� �L�I �L�G�H�Q�W�L�F�D�O �Z�H�L�J�K�W�V �D�U�H �X�V�H�G �L�Q �W�K�H �I�L�U�V�W �O�D�\�H�U

�D�Q�G �W�K�H �W�U�X�H �S�U�R�S�H�Q�V�L�W�\ �V�F�R�U�H �Z�H�L�J�K�W�V �D�U�H �X�V�H�G �L�Q �W�K�H �V�H�F�R�Q�G �O�D�\�H�U�� �W�K�H �H�V�W�L�P�D�W�R�U �L�Q�K�H�U�L�W�V �W�K�L�V

�X�Q�E�L�D�V�H�G�Q�H�V�V �I�R�U �I�L�[�H�G� �� �:�K�H�Q �W�K�H �Z�H�L�J�K�W�V �D�U�H �H�V�W�L�P�D�W�H�G�� �K�R�Z�H�Y�H�U�� �D�G�G�L�W�L�R�Q�D�O �Y�D�U�L�D�E�L�O�L�W�\

�I�U�R�P �H�V�W�L�P�D�W�L�Q�J�̂ (x) �P�X�V�W �E�H �D�F�F�R�X�Q�W�H�G �I�R�U�� �Z�K�L�F�K �F�D�Q �L�Q�W�U�R�G�X�F�H �E�L�D�V �D�Q�G �F�R�P�S�O�L�F�D�W�H�V �W�K�H

�W�K�H�R�U�H�W�L�F�D�O �D�Q�D�O�\�V�L�V��

���������� �:�K�\ �W�K�L�V �D�G�G�U�H�V�V�H�V �W�K�H �O�L�P�L�W�D�W�L�R�Q�V

�7�K�L�V �V�X�E�V�H�F�W�L�R�Q �H�[�S�O�D�L�Q�V �K�R�Z �W�K�H �W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H �U�H�V�S�R�Q�G�V �W�R �W�Z�R �N�H�\ �F�R�Q�F�H�U�Q�V �W�K�D�W

�D�U�L�V�H �L�Q �S�U�D�F�W�L�F�H��

���� �6�H�Q�V�L�W�L�Y�L�W�\ �D�Q�G �L�Q�V�W�D�E�L�O�L�W�\ �R�I �Z�H�L�J�K�W�L�Q�J���/�D�\�H�U �� �V�W�D�E�L�O�L�]�D�W�L�R�Q �W�H�P�S�H�U�V �R�E�V�H�U�Y�D�W�L�R�Q�V

�W�K�D�W �Z�R�X�O�G �U�H�F�H�L�Y�H �H�[�W�U�H�P�H �W�U�D�Q�V�S�R�U�W �Z�H�L�J�K�W�V �Z�K�H�Q� (x) �L�V �Y�H�U�\ �V�P�D�O�O�� �7�K�L�V �U�H�G�X�F�H�V

�Y�D�U�L�D�Q�F�H �L�Q�I�O�D�W�L�R�Q �E�H�I�R�U�H �W�U�D�Q�V�S�R�U�W �L�V �D�S�S�O�L�H�G�� �7�K�H �G�R�X�E�O�H �E�R�R�W�V�W�U�D�S �W�K�H�Q �D�Y�H�U�D�J�H�V

�U�H�V�X�O�W�V �R�Y�H�U �P�D�Q�\ �S�H�U�W�X�U�E�D�W�L�R�Q�V �R�I �E�R�W�K �O�D�\�H�U�V�� �7�K�L�V �D�Y�H�U�D�J�L�Q�J �O�L�P�L�W�V �G�R�P�L�Q�D�W�L�R�Q

�E�\ �D�Q�\ �V�L�Q�J�O�H �K�L�J�K �Z�H�L�J�K�W �R�E�V�H�U�Y�D�W�L�R�Q �D�Q�G �S�U�R�G�X�F�H�V �V�P�R�R�W�K�H�U �H�V�W�L�P�D�W�H�V�� �6�W�D�Q�G�D�U�G

�R�S�H�U�D�W�L�R�Q�V �V�X�F�K �D�V �W�U�X�Q�F�D�W�L�R�Q�� �S�R�Z�H�U �V�K�U�L�Q�N�D�J�H�� �D�Q�G �Q�R�U�P�D�O�L�]�D�W�L�R�Q �S�U�R�Y�L�G�H �I�X�U�W�K�H�U

�F�R�Q�W�U�R�O �Z�K�H�Q �Q�H�H�G�H�G��

���� �8�V�H �P�R�G�H�O�L�Q�J �L�Q�I�R�U�P�D�W�L�R�Q �W�R �J�X�L�G�H �Z�K�H�Q �W�R �Z�H�L�J�K�W���7�K�H �P�H�W�K�R�G �S�U�R�G�X�F�H�V �P�R�G�H�O

����



�E�D�V�H�G �H�Y�L�G�H�Q�F�H �D�W �H�D�F�K �U�H�S�O�L�F�D�W�H�� �:�L�W�K�L�Q �H�Y�H�U�\ �S�D�L�U(a; b) �Z�H �I�L�W �W�K�H �R�X�W�F�R�P�H �P�R�G�H�O

�Z�L�W�K �W�K�H �F�R�P�E�L�Q�H�G �Z�H�L�J�K�W�V �D�Q�G �F�R�P�S�X�W�H �H�V�W�L�P�D�W�H�G �W�D�U�J�H�W �O�R�V�V�H�V �I�R�U �W�K�H �I�L�[�H�G �F�D�Q�G�L��

�G�D�W�H�V �D�Q�G �I�R�U �W�K�H �U�H�S�O�L�F�D�W�H �V�S�H�F�L�I�L�F �I�L�W�� �$�J�J�U�H�J�D�W�L�Q�J �W�K�H�V�H �H�V�W�L�P�D�W�H�V �R�Y�H�U �U�H�S�O�L�F�D�W�H�V

�\�L�H�O�G�V �H�P�S�L�U�L�F�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�V �I�R�U �W�K�H �Z�H�L�J�K�W�H�G �D�Q�G �X�Q�Z�H�L�J�K�W�H�G �D�S�S�U�R�D�F�K�H�V�� �&�R�P��

�S�D�U�L�Q�J �W�K�H�V�H �G�L�V�W�U�L�E�X�W�L�R�Q�V�� �W�R�J�H�W�K�H�U �Z�L�W�K �V�L�P�S�O�H �G�L�D�J�Q�R�V�W�L�F�V �V�X�F�K �D�V �H�I�I�H�F�W�L�Y�H �V�D�P�S�O�H

�V�L�]�H �R�I �W�K�H �F�R�P�E�L�Q�H�G �Z�H�L�J�K�W�V�� �S�U�R�Y�L�G�H�V �D �G�L�U�H�F�W �D�Q�G �P�R�G�H�O �L�Q�I�R�U�P�H�G �E�D�V�L�V �I�R�U �G�H�F�L�G�L�Q�J

�Z�K�H�W�K�H�U �Z�H�L�J�K�W�L�Q�J �L�P�S�U�R�Y�H�V �W�D�U�J�H�W �S�H�U�I�R�U�P�D�Q�F�H �L�Q �W�K�H �V�H�W�W�L�Q�J �D�W �K�D�Q�G��

�7�K�H �S�X�E�O�L�V�K�H�G �O�L�W�H�U�D�W�X�U�H �R�Q �Z�K�L�F�K �W�K�L�V �I�U�D�P�H�Z�R�U�N �E�X�L�O�G�V �R�I�I�H�U�V �O�L�P�L�W�H�G �V�L�P�X�O�D�W�L�R�Q �F�R�Y��

�H�U�D�J�H �D�F�U�R�V�V �R�Y�H�U�O�D�S �O�H�Y�H�O�V�� �P�R�G�H�O �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q�� �D�Q�G �G�H�V�L�J�Q �F�K�R�L�F�H�V�� �:�H �X�V�H �W�K�L�V �R�E��

�V�H�U�Y�D�W�L�R�Q �W�R �P�R�W�L�Y�D�W�H �W�K�H �Q�H�[�W �F�K�D�S�W�H�U�V�� �Z�K�H�U�H �Z�H �S�U�H�V�H�Q�W �D �V�L�P�X�O�D�W�L�R�Q �S�U�R�J�U�D�P �W�K�D�W �Y�D�U�L�H�V

�W�K�H�V�H �I�D�F�W�R�U�V �D�Q�G �H�Y�D�O�X�D�W�H�V �S�H�U�I�R�U�P�D�Q�F�H �X�V�L�Q�J �W�K�H �E�R�R�W�V�W�U�D�S �E�D�V�H�G �G�L�D�J�Q�R�V�W�L�F�V �L�Q�W�U�R�G�X�F�H�G

�K�H�U�H��

������ �9�D�U�L�D�Q�F�H �(�V�W�L�P�D�W�L�R�Q

�,�Q �W�K�H �W�Z�R���V�W�H�S �S�U�R�F�H�G�X�U�H�� �Z�H �G�H�Y�H�O�R�S �W�K�H �H�P�S�L�U�L�F�D�O �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �H�V�W�L�P�D�W�H�G �Z�H�L�J�K�W�H�G

�F�R�H�I�I�L�F�L�H�Q�W�V �W�K�U�R�X�J�K �D �Z�H�L�J�K�W�H�G �G�R�X�E�O�H �E�R�R�W�V�W�U�D�S�� �:�H �D�U�H �D�O�V�R �L�Q�W�H�U�H�V�W�H�G �L�Q �H�V�W�L�P�D�W�L�Q�J �W�K�H

�Y�D�U�L�D�Q�F�H �Z�L�W�K�L�Q �W�K�L�V �S�U�R�F�H�G�X�U�H �Z�L�W�K�R�X�W �U�H�O�\�L�Q�J �R�Q �W�K�H �H�P�S�L�U�L�F�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�� �7�K�H �N�H�\ �L�G�H�D

�L�V �W�K�D�W �W�K�H�̂ �Y�D�O�X�H�V �D�U�H �Q�R�W �L�Q�G�H�S�H�Q�G�H�Q�W �D�F�U�R�V�V �W�K�H �V�H�F�R�Q�G �E�R�R�W�V�W�U�D�S �V�D�P�S�O�H�V�� �V�R �Z�H �D�L�P �W�R

�H�V�W�L�P�D�W�HVar( �̂ ) �Z�K�L�O�H �D�F�F�R�X�Q�W�L�Q�J �I�R�U �F�R�U�U�H�O�D�W�L�R�Q��

�,�IX 1; : : : ; X n �D�U�H �F�R�U�U�H�O�D�W�H�G �Z�L�W�K �F�R�P�P�R�Q �Y�D�U�L�D�Q�F�H� 2 �D�Q�G �S�D�L�U�Z�L�V�H �F�R�U�U�H�O�D�W�L�R�Q� �� �W�K�H�Q

Var

 
1
n

nX

i =1

X i

!

= � � 2 +
1 � �

n
� 2:

�6�L�Q�F�H �W�K�H�U�H �D�U�H �W�Z�R �O�D�\�H�U�V �R�I�̂ �H�V�W�L�P�D�W�L�R�Q�V�� �Z�H �Z�L�O�O �X�V�H �W�K�H �V�D�P�S�O�H �D�Y�H�U�D�J�H �R�I �W�K�H �I�L�U�V�W��

�O�D�\�H�U �V�D�P�S�O�H �Y�D�U�L�D�Q�F�H�V �W�R �H�V�W�L�P�D�W�H� 2 �D�Q�G �D �Q�R�Y�H�O �U�H�V�D�P�S�O�L�Q�J �V�F�K�H�P�H �W�R �H�V�W�L�P�D�W�H� �Z�L�W�K�L�Q

�W�K�H �S�U�R�S�R�V�H�G �W�Z�R���V�W�H�S �S�U�R�F�H�G�X�U�H��

�,�Q �W�K�L�V �S�D�U�W �Z�H �L�Q�W�U�R�G�X�F�H �Q�R�W�D�W�L�R�Q �I�R�U �L�Q�G�H�[�L�Q�J�� �,�Q �W�K�H �W�Z�R���V�W�H�S �E�R�R�W�V�W�U�D�S�� �O�H�WB1 �D�Q�GB2

����



�G�H�Q�R�W�H �W�K�H �L�Q�G�L�F�H�V �I�R�U �W�K�H �I�L�U�V�W �D�Q�G �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �V�H�F�R�Q�G �E�R�R�W�V�W�U�D�S �V�D�P�S�O�H�V�� �)�R�U �H�[�D�P��

�S�O�H���̂ (a;b) �L�V �W�K�H �H�V�W�L�P�D�W�H�G �F�R�H�I�I�L�F�L�H�Q�W �I�R�U �W�K�Hb�W�K �E�R�R�W�V�W�U�D�S �V�D�P�S�O�H �Z�L�W�K�L�Q �W�K�Ha�W�K �E�R�R�W�V�W�U�D�S

�V�D�P�S�O�H �I�U�R�P �W�K�H �R�U�L�J�L�Q�D�O �G�D�W�D�V�H�WD�� �,�Q �W�R�W�D�O �W�K�H�U�H �D�U�HB1 � B2 �H�V�W�L�P�D�W�H�V��

�$�V�V�X�P�H �W�K�H�U�H �D�U�Hp �F�R�Y�D�U�L�D�W�H�V�� �:�L�W�K�R�X�W �O�R�V�V �R�I �J�H�Q�H�U�D�O�L�W�\�� �V�X�S�S�R�V�H �Z�H �Z�L�V�K �W�R �H�V�W�L�P�D�W�H

�W�K�H �Y�D�U�L�D�Q�F�H �R�I �W�K�H �H�V�W�L�P�D�W�H�G �F�R�H�I�I�L�F�L�H�Q�W �I�R�UX 1�� �Q�D�P�H�O�\Var( �̂ 1)�� �7�K�H �T�X�D�Q�W�L�W�\� 2 �F�D�Q �E�H

�H�V�W�L�P�D�W�H�G �X�V�L�Q�J �W�K�H �D�Y�H�U�D�J�H �V�D�P�S�O�H �Y�D�U�L�D�Q�F�H �R�I(�̂ (a;1)
1 ; : : : ; �̂ (a;B )

1 ) �I�U�R�P �W�K�H �I�L�U�V�W �O�D�\�H�U��

�̂ 2
1 =

1
B1

B 1X

a=1

B 2X

b=1

�
�̂ (a;b)

1 � �� (a;�)
1

� 2

B2 � 1
;

�Z�K�H�U�H

�� (a;�)
k =

1
B1

B 2X

b=1

�̂ (a;b)
k

�L�V �W�K�H �P�H�D�Q �R�I �W�K�H �H�V�W�L�P�D�W�H�G �F�R�H�I�I�L�F�L�H�Q�W�V �Z�L�W�K�L�Q �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �V�H�F�R�Q�G �O�D�\�H�U��

�7�R �H�V�W�L�P�D�W�H� �� �Z�H �K�D�Y�HA �Y�H�F�W�R�U�V �R�I �O�H�Q�J�W�KB �I�R�Û� 1�� �:�H �F�D�Q �V�H�O�H�F�W �D�Q�\ �S�D�L�U �D�P�R�Q�J �W�K�H

A �Y�H�F�W�R�U�V �W�R �H�V�W�L�P�D�W�H� �D�Q�G �W�K�H�Q �D�Y�H�U�D�J�H �W�K�H
�

A
2

�
�U�H�V�X�O�W�L�Q�J �H�V�W�L�P�D�W�H�V��

�7�R �H�V�W�L�P�D�W�H �W�K�H �F�R�U�U�H�O�D�W�L�R�Q�� �Z�H �I�L�U�V�W �H�V�W�L�P�D�W�H �W�K�H �F�R�Y�D�U�L�D�Q�F�H �D�Q�G �W�K�H�Q �D�S�S�O�\�̂ 2 �W�R �R�E�W�D�L�Q

�̂ �� �)�R�U �D�Q�\ �W�Z�R �I�L�U�V�W���O�D�\�H�U �E�R�R�W�V�W�U�D�S �V�D�P�S�O�H�V�� �V�D�\D (a1 ) �D�Q�GD (a2 ) �I�U�R�P �W�K�H �R�U�L�J�L�Q�D�O �G�D�W�D�V�H�W

D�� �W�K�H�U�H �Z�L�O�O �E�H �V�R�P�H �R�Y�H�U�O�D�S�S�L�Q�J �V�D�P�S�O�H�V�� �G�H�Q�R�W�H�GD (a1 ;a2 )
0 �� �D�Q�G �X�Q�L�T�X�H �V�D�P�S�O�H�V �I�U�R�P

�H�D�F�K�� �G�H�Q�R�W�H�GD (a1 ;a2 )
1 �D�Q�GD (a1 ;a2 )

2 �� �$�V�V�X�P�H �W�K�H�U�H �D�U�Ht% �R�Y�H�U�O�D�S�S�L�Q�J �V�D�P�S�O�H�V�� �V�R �W�K�H�U�H �D�U�H

(1 � t)% �X�Q�L�T�X�H �V�D�P�S�O�H�V �L�Q �H�D�F�K�� �)�U�R�P �W�K�H�V�H �W�K�U�H�H �V�H�W�V�� �G�U�D�ZC �S�D�L�U�V �R�I �Q�H�Z �E�R�R�W�V�W�U�D�S

�V�D�P�S�O�H�V��

D (a1 ;a2 )
(c;1) : t% �I�U�R�PD (a1 ;a2 )

0 �D�Q�G1 � t% �I�U�R�PD (a1 ;a2 )
1 ;

D (a1 ;a2 )
(c;2) : t% �I�U�R�PD (a1 ;a2 )

0 �D�Q�G1 � t% �I�U�R�PD (a1 ;a2 )
2 ;

����



�I�R�Uc = 1; : : : ; C�� �(�D�F�K �S�D�L�U(D (a1 ;a2 )
(c;1) ; D (a1 ;a2 )

(c;2) ) �\�L�H�O�G�V �D �S�D�L�U �R�I �F�R�H�I�I�L�F�L�H�Q�W �H�V�W�L�P�D�W�H�V��

�
�̂ (a1 ;a2 )

(c;1) ; �̂ (a1 ;a2 )
(c;2)

�
=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

�̂ (a1 ;a2 )
(c;1);0 �̂ (a1 ;a2 )

(c;2);0

������
������

�̂ (a1 ;a2 )
(c;1);k �̂ (a1 ;a2 )

(c;2);k

������
������

�̂ (a1 ;a2 )
(c;1);p �̂ (a1 ;a2 )

(c;2);p

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

:

�)�R�U �W�K�HC �S�D�L�U�V
�
�̂ (a1 ;a2 )

(c;1) ; �̂ (a1 ;a2 )
(c;2)

�
�� �H�[�W�U�D�F�W �W�K�Hk�W�K �U�R�Z�V �D�Q�G �I�R�U�P �D �S�D�L�U �R�I �Y�H�F�W�R�U�V �I�U�R�P

�Z�K�L�F�K �Z�H �F�R�P�S�X�W�H �F�R�Y�D�U�L�D�Q�F�H �D�Q�G �F�R�U�U�H�O�D�W�L�R�Q �I�R�U �W�K�Hk�W�K �F�R�H�I�I�L�F�L�H�Q�W��

dcov(a1 ;a2 )
k = cov

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

�̂ (a1 ;a2 )
(1;1);k �̂ (a1 ;a2 )

(1;2);k

������
������

�̂ (a1 ;a2 )
(c;1);k �̂ (a1 ;a2 )

(c;2);k

������
������

�̂ (a1 ;a2 )
(C;1);k �̂ (a1 ;a2 )

(C;2);k

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:

�7�K�H�Q �W�K�H �F�R�U�U�H�O�D�W�L�R�Q �L�V

�̂ (a1 ;a2 )
k = dcov(a1 ;a2 )

k =�̂ 2
k :

�7�K�L�V �K�R�O�G�V �I�R�U �D�Q�\ �S�D�L�U �R�I �I�L�U�V�W���O�D�\�H�U �V�X�E�V�D�P�S�O�H�V �I�U�R�PD�� �:�L�W�KA �V�X�E�V�D�P�S�O�H�V �W�K�H�U�H �D�U�H
�

A
2

�
�S�D�L�U�V�� �(�D�F�K �S�D�L�U �\�L�H�O�G�V �R�Q�H�̂ �� �D�Q�G �D�Y�H�U�D�J�L�Q�J �W�K�H�V�H �J�L�Y�H�V �W�K�H �I�L�Q�D�O �H�V�W�L�P�D�W�H �R�I �F�R�U�U�H�O�D�W�L�R�Q

�R�U �F�R�Y�D�U�L�D�Q�F�H�� �)�L�Q�D�O�O�\��

Var( �̂ k) = �̂ k � 2
k +

1 � �̂ k

B1
� 2

k :

������ �2�X�W�F�R�P�H �0�R�G�H�O �0�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q

�$�W �I�L�U�V�W �J�O�D�Q�F�H �W�K�H�U�H �L�V �D �W�H�Q�V�L�R�Q �E�H�W�Z�H�H�Q �W�Z�R �V�W�D�W�H�P�H�Q�W�V �W�K�D�W �I�U�H�T�X�H�Q�W�O�\ �D�S�S�H�D�U �L�Q �W�U�D�Q�V��

�S�R�U�W�D�E�L�O�L�W�\�� �,�G�H�Q�W�L�I�L�F�D�W�L�R�Q �U�H�O�L�H�V �R�Q �W�K�H �V�W�D�W�L�V�W�L�F�D�O �D�V�V�X�P�S�W�L�R�Q �W�K�D�W �W�K�H �F�R�Q�G�L�W�L�R�Q�D�O �R�X�W�F�R�P�H

�G�L�V�W�U�L�E�X�W�L�R�Q �L�V �L�Q�Y�D�U�L�D�Q�W �D�F�U�R�V�V �S�R�S�X�O�D�W�L�R�Q�V��f 1(y j x) = f 0(y j x)�� �W�R�J�H�W�K�H�U �Z�L�W�K �S�R�V�L�W�L�Y�L�W�\��

����



�,�Q �F�R�Q�W�U�D�V�W�� �S�U�D�F�W�L�F�D�O �D�Q�D�O�\�V�L�V �X�V�H�V �D �Z�R�U�N�L�Q�J �S�U�H�G�L�F�W�L�R�Q �P�R�G�H�O �W�K�D�W �L�V �D�O�P�R�V�W �V�X�U�H�O�\ �P�L�V�V�S�H�F��

�L�I�L�H�G �D�Q�G �Z�K�R�V�H �I�L�W�W�H�G �I�R�U�P �P�D�\ �G�L�I�I�H�U �G�H�S�H�Q�G�L�Q�J �R�Q �Z�K�H�W�K�H�U �Z�H �D�U�H �P�R�G�H�O�L�Q�J �R�Q �W�K�H �V�R�X�U�F�H

�R�U �W�K�H �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q�� �7�K�H �I�L�U�V�W �V�W�D�W�H�P�H�Q�W �F�R�Q�F�H�U�Q�V �W�K�H �G�D�W�D �J�H�Q�H�U�D�W�L�Q�J �P�H�F�K�D�Q�L�V�P�� �7�K�H

�V�H�F�R�Q�G �F�R�Q�F�H�U�Q�V �R�X�U �V�W�D�W�L�V�W�L�F�D�O �D�S�S�U�R�[�L�P�D�W�L�R�Q�� �2�Q�F�H �W�K�L�V �G�L�V�W�L�Q�F�W�L�R�Q �L�V �H�[�S�O�L�F�L�W�� �W�K�H �W�H�Q�V�L�R�Q

�G�L�V�D�S�S�H�D�U�V��

�2�X�W�F�R�P�H �L�Q�Y�D�U�L�D�Q�F�H �V�D�\�V �W�K�D�W �I�R�U �D�Q�\x �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�IY �L�V �W�K�H �V�D�P�H �L�Q �V�R�X�U�F�H(S =

1) �D�Q�G �W�D�U�J�H�W(S = 0) �� �,�W �G�R�H�V �Q�R�W �V�D�\ �W�K�D�W �D�Q�\ �V�S�H�F�L�I�L�F �S�U�H�G�L�F�W�L�R�Q �P�R�G�H�O �H�T�X�D�O�V �W�K�H �W�U�X�W�K��

�%�H�F�D�X�V�H �W�K�H �W�U�X�H �F�R�Q�G�L�W�L�R�Q�D�O �P�H�D�Q �L�V �X�Q�N�Q�R�Z�Q�� �Z�H �H�Y�D�O�X�D�W�H �D �Z�R�U�N�L�Q�J �P�R�G�H�O �L�Q�G�H�[�H�G �E�\�

�W�K�U�R�X�J�K �W�K�H �W�D�U�J�H�W �H�[�S�H�F�W�H�G �O�R�V�V

 � = E
h
L � (Y; X) j S = 0

i
:

�8�Q�G�H�U �F�R�Y�D�U�L�D�W�H �V�K�L�I�W�� �W�K�H �S�D�U�D�P�H�W�H�U �W�K�D�W �P�L�Q�L�P�L�]�H�V � �F�D�Q �G�L�I�I�H�U �I�U�R�P �W�K�H �S�D�U�D�P�H�W�H�U �W�K�D�W

�P�L�Q�L�P�L�]�H�V �W�K�H �D�Q�D�O�R�J�R�X�V �V�R�X�U�F�H �O�R�V�V�� �H�Y�H�Q �L�If 1(y j x) = f 0(y j x)�� �6�L�Q�F�H �R�X�W�F�R�P�H�V

�D�U�H �R�E�V�H�U�Y�H�G �R�Q�O�\ �L�Q �W�K�H �V�R�X�U�F�H�� �Z�H �W�D�U�J�H�W � �E�\ �U�H�Z�H�L�J�K�W�L�Q�J �V�R�X�U�F�H �R�E�V�H�U�Y�D�W�L�R�Q�V �Z�L�W�K �W�K�H

�G�H�Q�V�L�W�\ �R�U �L�Q�Y�H�U�V�H �S�U�R�E�D�E�L�O�L�W�\ �U�D�W�L�R �D�Q�G �I�R�U�P �Z�H�L�J�K�W�H�G �H�V�W�L�P�D�W�L�Q�J �R�U �O�L�N�H�O�L�K�R�R�G �H�T�X�D�W�L�R�Q�V

�I�R�U �W�U�D�L�Q�L�Q�J�� �D�V �Z�H�O�O �D�V �D �Z�H�L�J�K�W�H�G �H�V�W�L�P�D�W�R�U �R�I � �I�R�U �H�Y�D�O�X�D�W�L�R�Q�� �2�X�W�F�R�P�H �L�Q�Y�D�U�L�D�Q�F�H

�H�Q�D�E�O�H�V �L�G�H�Q�W�L�I�L�F�D�W�L�R�Q�� �:�H�L�J�K�W�L�Q�J �D�O�L�J�Q�V �E�R�W�K �I�L�W�W�L�Q�J �D�Q�G �D�V�V�H�V�V�P�H�Q�W �Z�L�W�K �W�K�H �W�D�U�J�H�W �F�R�Y�D�U�L�D�W�H

�G�L�V�W�U�L�E�X�W�L�R�Q �Z�K�H�Q �W�K�H �Z�R�U�N�L�Q�J �P�R�G�H�O �L�V �P�L�V�V�S�H�F�L�I�L�H�G��

�)�L�J�X�U�H �������� �0�R�G�H�O �F�K�R�L�F�H �X�Q�G�H�U �F�R�Y�D�U�L�D�W�H �V�K�L�I�W

�)�L�J�X�U�H�������V�X�P�P�D�U�L�]�H�V �W�K�H �L�Q�W�X�L�W�L�R�Q�� �$ �O�L�Q�H�D�U �F�O�D�V�V�L�I�L�H�U �W�U�D�L�Q�H�G �R�Q �W�K�H �X�Q�Z�H�L�J�K�W�H�G �V�R�X�U�F�H

����



�G�D�W�D �L�V �R�S�W�L�P�L�]�H�G �I�R�Uf 1(x) �D�Q�G �F�D�Q �E�H �E�L�D�V�H�G �I�R�U �W�K�H �W�D�U�J�H�W�� �:�H�L�J�K�W�L�Q�J �E�\f 1� � (X )g=� (X )

�L�Q�F�U�H�D�V�H�V �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I �V�R�X�U�F�H �R�E�V�H�U�Y�D�W�L�R�Q�V �W�K�D�W �O�R�R�N �O�L�N�H �W�K�H �W�D�U�J�H�W �D�Q�G �G�H�F�U�H�D�V�H�V �W�K�H

�L�Q�I�O�X�H�Q�F�H �R�I �W�K�R�V�H �W�K�D�W �G�R �Q�R�W�� �Z�K�L�F�K �P�R�Y�H�V �W�K�H �I�L�W�W�H�G �E�R�X�Q�G�D�U�\ �W�R�Z�D�U�G �W�K�H �W�D�U�J�H�W �U�L�V�N �P�L�Q�L��

�P�L�]�H�U �Z�L�W�K�L�Q �W�K�H �F�K�R�V�H�Q �P�R�G�H�O �F�O�D�V�V�� �2�Q�H �P�L�J�K�W �D�V�N �Z�K�\ �Q�R�W �V�Z�L�W�F�K �W�R �D �T�X�D�G�U�D�W�L�F �E�R�X�Q�G�D�U�\

�W�K�D�W �D�S�S�H�D�U�V �W�R �I�L�W �E�R�W�K �S�D�Q�H�O�V�� �,�Q �S�U�D�F�W�L�F�H �W�K�H �F�R�U�U�H�F�W �I�X�Q�F�W�L�R�Q�D�O �I�R�U�P �L�V �X�Q�N�Q�R�Z�Q�� �D�G�G�L�W�L�R�Q�D�O

�I�O�H�[�L�E�L�O�L�W�\ �F�D�Q �L�Q�I�O�D�W�H �Y�D�U�L�D�Q�F�H �L�Q �U�H�J�L�R�Q�V �Z�L�W�K �O�L�W�W�O�H �W�D�U�J�H�W �V�X�S�S�R�U�W�� �D�Q�G �D �I�O�H�[�L�E�O�H �X�Q�Z�H�L�J�K�W�H�G

�I�L�W �P�D�\ �F�K�D�V�H �S�D�W�W�H�U�Q�V �L�Q �V�R�X�U�F�H �R�Q�O�\ �U�H�J�L�R�Q�V �W�K�D�W �D�U�H �L�U�U�H�O�H�Y�D�Q�W �I�R�U �W�K�H �W�D�U�J�H�W�� �:�H�L�J�K�W�L�Q�J

�D�Q�G �P�R�G�H�O �F�K�R�L�F�H �S�O�D�\ �F�R�P�S�O�H�P�H�Q�W�D�U�\ �U�R�O�H�V�� �Z�H�L�J�K�W�L�Q�J �G�L�U�H�F�W�V �D �J�L�Y�H�Q �F�O�D�V�V �W�R�Z�D�U�G �W�K�H

�W�D�U�J�H�W �G�L�V�W�U�L�E�X�W�L�R�Q�� �Z�K�L�O�H �H�[�S�D�Q�G�L�Q�J �W�K�H �F�O�D�V�V �D�G�G�U�H�V�V�H�V �D�S�S�U�R�[�L�P�D�W�L�R�Q �H�U�U�R�U �R�Q�F�H �V�W�D�E�L�O�L�W�\

�L�V �X�Q�G�H�U �F�R�Q�W�U�R�O��

�6�W�H�S�S�L�Q�J �E�D�F�N �W�R �W�K�H �H�D�U�O�L�H�U �W�H�Q�V�L�R�Q�� �W�K�H �S�U�D�F�W�L�F�D�O �U�X�O�H �L�V �V�L�P�S�O�H�� �1�R�W�H �W�K�D�W �Z�H�L�J�K�W�L�Q�J �L�V

�S�U�D�F�W�L�F�D�O�O�\ �Q�H�F�H�V�V�D�U�\ �R�Q�O�\ �Z�K�H�Q �W�K�H �S�U�H�G�L�F�W�L�R�Q �P�R�G�H�O �W�U�D�L�Q�H�G �R�Q �W�K�H �V�R�X�U�F�H �H�[�K�L�E�L�W�V �G�L�I�I�H�U�H�Q�W

�D�Q�G �Z�R�U�V�H �S�H�U�I�R�U�P�D�Q�F�H �X�Q�G�H�U �W�K�H �W�D�U�J�H�W �G�L�V�W�U�L�E�X�W�L�R�Q�� �6�X�F�K �D �J�D�S �F�U�H�D�W�H�V �U�R�R�P �I�R�U �W�D�U�J�H�W

�R�U�L�H�Q�W�H�G �Z�H�L�J�K�W�L�Q�J �D�Q�G �I�R�U �R�X�U �W�Z�R �V�W�H�S �Z�H�L�J�K�W�H�G �G�R�X�E�O�H �E�R�R�W�V�W�U�D�S �W�R �U�H�G�X�F�H �W�D�U�J�H�W �U�L�V�N��

�,�I �Q�R �P�H�D�Q�L�Q�J�I�X�O �G�L�I�I�H�U�H�Q�F�H �L�Q �S�H�U�I�R�U�P�D�Q�F�H �L�V �R�E�V�H�U�Y�H�G�� �W�Z�R �F�D�V�H�V �U�H�P�D�L�Q�� �)�L�U�V�W�� �W�K�H

�P�R�G�H�O �P�D�\ �E�H �D�G�H�T�X�D�W�H�O�\ �V�S�H�F�L�I�L�H�G �I�R�U �W�K�H �W�D�V�N �V�R �W�K�D�W �F�R�Y�D�U�L�D�W�H �V�K�L�I�W �K�D�V �O�L�W�W�O�H �L�P�S�D�F�W �R�Q

�W�K�H �P�D�U�J�L�Q�D�O �O�R�V�V�� �6�H�F�R�Q�G�� �W�K�H �P�R�G�H�O �P�D�\ �E�H �W�R�R �Z�H�D�N �W�R �H�[�W�U�D�F�W �X�V�H�I�X�O �S�D�W�W�H�U�Q�� �O�H�D�G�L�Q�J �W�R

�V�L�P�L�O�D�U�O�\ �S�R�R�U �S�H�U�I�R�U�P�D�Q�F�H �L�Q �E�R�W�K �S�R�S�X�O�D�W�L�R�Q�V�� �,�Q �S�U�D�F�W�L�F�H�� �Z�H �F�R�X�O�G �X�V�H �D�E�V�R�O�X�W�H �S�H�U�I�R�U��

�P�D�Q�F�H �W�R �G�L�V�W�L�Q�J�X�L�V�K �W�K�H�V�H �F�D�V�H�V�� �V�W�U�R�Q�J �W�D�U�J�H�W �S�H�U�I�R�U�P�D�Q�F�H�� �I�R�U �H�[�D�P�S�O�H �K�L�J�K �D�F�F�X�U�D�F�\ �D�Q�G

�O�R�Z �P�H�D�Q �V�T�X�D�U�H�G �H�U�U�R�U �Z�L�W�K �J�R�R�G �F�D�O�L�E�U�D�W�L�R�Q�� �V�X�S�S�R�U�W�V �W�K�H �I�L�U�V�W �F�D�V�H�� �Z�H�D�N �W�D�U�J�H�W �S�H�U�I�R�U��

�P�D�Q�F�H �V�X�S�S�R�U�W�V �W�K�H �V�H�F�R�Q�G�� �$ �U�H�D�O �Z�R�U�O�G �H�[�D�P�S�O�H �Z�L�W�K �Q�R �G�L�V�F�H�U�Q�L�E�O�H �G�L�V�W�L�Q�F�W�L�R�Q �E�H�W�Z�H�H�Q

�W�K�H �W�Z�R �S�R�S�X�O�D�W�L�R�Q�V �Z�L�O�O �E�H �S�U�H�V�H�Q�W�H�G �O�D�W�H�U��

������ �%�D�O�D�Q�F�L�Q�J �Z�H�L�J�K�W�V �D�Q�G �W�K�H�L�U �F�R�Q�Q�H�F�W�L�R�Q �W�R �L�P�S�R�U�W�D�Q�F�H �Z�H�L�J�K�W�L�Q�J �I�R�U �S�U�H�G�L�F�W�L�R�Q

�7�K�L�V �V�H�F�W�L�R�Q �U�H�Y�H�D�O�V �W�K�H �F�R�Q�Q�H�F�W�L�R�Q �E�H�W�Z�H�H�Q �Z�H�L�J�K�W�L�Q�J �L�Q �F�D�X�V�D�O �L�Q�I�H�U�H�Q�F�H �D�Q�G �L�P�S�R�U��

�W�D�Q�F�H �Z�H�L�J�K�W�L�Q�J �I�R�U �S�U�H�G�L�F�W�L�R�Q �X�Q�G�H�U �F�R�Y�D�U�L�D�W�H �V�K�L�I�W�� �:�H �X�V�H �W�K�H �E�D�O�D�Q�F�L�Q�J �Z�H�L�J�K�W�V �I�U�D�P�H��

�Z�R�U�N �Z�L�W�K �D �W�L�O�W�L�Q�J �I�X�Q�F�W�L�R�Qh(x)�� �Z�L�W�K �V�S�H�F�L�D�O �D�W�W�H�Q�W�L�R�Q �W�R �R�Y�H�U�O�D�S �Z�H�L�J�K�W�L�Q�J�� �W�R �V�K�R�Z �K�R�Z

����



�D �V�L�Q�J�O�H �F�R�Q�V�W�U�X�F�W�L�R�Q �G�H�W�H�U�P�L�Q�H�V �E�R�W�K �W�K�H �W�D�U�J�H�W �F�R�Y�D�U�L�D�W�H �G�L�V�W�U�L�E�X�W�L�R�Q �D�Q�G �W�K�H �H�V�W�L�P�D�Q�G�>������

�����@�� �7�K�L�V �Y�L�H�Z�S�R�L�Q�W �F�O�D�U�L�I�L�H�V �Z�K�\ �V�R�P�H �Z�H�L�J�K�W�V �L�P�S�U�R�Y�H �V�W�D�E�L�O�L�W�\ �Z�K�H�Q �R�Y�H�U�O�D�S �L�V �Z�H�D�N

�D�Q�G �H�[�S�O�D�L�Q�V �K�R�Z �W�K�H �W�U�D�Q�V�S�R�U�W�D�E�L�O�L�W�\ �Z�H�L�J�K�W�V �X�V�H�G �L�Q �S�U�H�G�L�F�W�L�R�Q �D�U�L�V�H �D�V �D �S�D�U�W�L�F�X�O�D�U �F�K�R�L�F�H

�Z�L�W�K�L�Q �W�K�H �V�D�P�H �I�U�D�P�H�Z�R�U�N��

�/�H�WZ 2 f 0; 1g �G�H�Q�R�W�H �J�U�R�X�S �P�H�P�E�H�U�V�K�L�S �I�R�U �F�R�Q�W�U�R�O �D�Q�G �W�U�H�D�W�P�H�Q�W��X �W�K�H �F�R�Y�D�U�L�D�W�H�V��Y

�W�K�H �R�X�W�F�R�P�H�� �D�Q�Ge(x) = Pr( Z = 1 j X = x) �W�K�H �S�U�R�S�H�Q�V�L�W�\ �V�F�R�U�H�� �%�D�O�D�Q�F�L�Q�J �Z�H�L�J�K�W�V �D�U�H

�L�Q�G�H�[�H�G �E�\ �D �Q�R�Q�Q�H�J�D�W�L�Y�H �W�L�O�W�L�Q�J �I�X�Q�F�W�L�R�Qh(x) �W�K�D�W �V�H�W�V �D �W�D�U�J�H�W �F�R�Y�D�U�L�D�W�H �G�L�V�W�U�L�E�X�W�L�R�Q �Z�L�W�K

�G�H�Q�V�L�W�\ �S�U�R�S�R�U�W�L�R�Q�D�O �W�Rf (x)h(x)�� �Z�K�H�U�Hf (x) �L�V �W�K�H �P�D�U�J�L�Q�D�O �G�H�Q�V�L�W�\ �R�IX �L�Q �W�K�H �F�R�P�E�L�Q�H�G

�V�D�P�S�O�H�� �7�K�H �W�D�U�J�H�W �H�V�W�L�P�D�Q�G �L�V

� h =
R

� (x) f (x)h(x) dx
R

f (x)h(x) dx
;

� (x) = E(Y j Z = 1; X = x) � E(Y j Z = 0; X = x):

�7�R �H�V�W�L�P�D�W�H� h �� �X�V�H �J�U�R�X�S �V�S�H�F�L�I�L�F �Z�H�L�J�K�W�V

w1(x) /
h(x)
e(x)

; w0(x) /
h(x)

1 � e(x)
;

�G�H�I�L�Q�H�G �X�S �W�R �D �F�R�P�P�R�Q �P�X�O�W�L�S�O�L�F�D�W�L�Y�H �F�R�Q�V�W�D�Q�W �D�Q�G �Q�R�U�P�D�O�L�]�H�G �L�Q �S�U�D�F�W�L�F�H�� �7�K�H�V�H �V�D�W�L�V�I�\

�W�K�H �E�D�O�D�Q�F�L�Q�J �U�H�O�D�W�L�R�Q

f 1(x) w1(x) / f 0(x) w0(x) / f (x) h(x);

�V�R �W�K�H �W�Z�R �Z�H�L�J�K�W�H�G �F�R�Y�D�U�L�D�W�H �G�L�V�W�U�L�E�X�W�L�R�Q�V �F�R�L�Q�F�L�G�H �Z�L�W�K �W�K�H �F�K�R�V�H�Q �W�D�U�J�H�W �X�S �W�R �V�F�D�O�H�� �'�L�I��

�I�H�U�H�Q�W �F�K�R�L�F�H�V �R�Ih(x) �W�K�H�U�H�I�R�U�H �V�H�W �E�R�W�K �W�K�H �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q �D�Q�G �W�K�H �L�P�S�O�L�H�G �Z�H�L�J�K�W�V �I�R�U

�W�U�H�D�W�H�G �D�Q�G �F�R�Q�W�U�R�O �X�Q�L�W�V��

�7�D�E�O�H�������V�X�P�P�D�U�L�]�H�V �F�R�P�P�R�Q �F�K�R�L�F�H�V �R�Ih(x)�� �W�K�H �L�P�S�O�L�H�G �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q �D�Q�G �H�V��

�W�L�P�D�Q�G�� �D�Q�G �W�K�H �U�H�V�X�O�W�L�Q�J �S�D�L�U �R�I �Z�H�L�J�K�W�V(w1; w0) �I�R�U(Z = 1; Z = 0) �� �)�R�U �U�H�I�H�U�H�Q�F�H��

ATE = Ef Y(1) � Y(0)g��ATT = Ef Y(1) � Y(0) j Z = 1g��ATC = Ef Y(1) � Y(0) j

����



Z = 0g�� �D�Q�GATO �D�Y�H�U�D�J�H�Vf Y(1) � Y(0)g �R�Y�H�U �W�K�H �R�Y�H�U�O�D�S �G�H�Q�V�L�W�\ �S�U�R�S�R�U�W�L�R�Q�D�O �W�R

f (x) e(x)f 1 � e(x)g�� �7�K�H �R�Y�H�U�O�D�S �F�K�R�L�F�Hh(x) = e(x)f 1 � e(x)g �\�L�H�O�G�V �W�K�H �E�R�X�Q�G�H�G

�R�Y�H�U�O�D�S �Z�H�L�J�K�W�Vw1(x) / 1 � e(x) �D�Q�Gw0(x) / e(x)�� �Z�K�L�F�K �G�R�Z�Q �Z�H�L�J�K�W �U�H�J�L�R�Q�V �Z�L�W�K

�H�[�W�U�H�P�H �S�U�R�S�H�Q�V�L�W�L�H�V �D�Q�G �I�R�F�X�V �L�Q�I�H�U�H�Q�F�H �R�Q �W�K�H �D�U�H�D �R�I �J�U�H�D�W�H�V�W �V�K�D�U�H�G �V�X�S�S�R�U�W��

�7�D�E�O�H �������� �(�[�D�P�S�O�H�V �R�I �E�D�O�D�Q�F�L�Q�J �Z�H�L�J�K�W�V �D�Q�G �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q

�7�D�U�J�H�W �3�R�S�X�O�D�W�L�R�Qh(x) �(�V�W�L�P�D�Q�G �:�H�L�J�K�W(w1; w0)

�&�R�P�E�L�Q�H�G 1 �$�7�(
�

1
e(x) ;

1
1� e(x)

�

�7�U�H�D�W�H�G e(x) �$�7�7
�
1; e(x)

1� e(x)

�

�&�R�Q�W�U�R�O 1 � e(x) �$�7�&
�

1� e(x)
e(x) ; 1

�

�2�Y�H�U�O�D�Se(x)f 1 � e(x)g �$�7�2
�
1 � e(x); e(x)

�

�1�H�[�W �Z�H �Z�L�O�O �W�D�O�N �D�E�R�X�W �W�K�H �F�R�Q�Q�H�F�W�L�R�Q �L�P�S�R�U�W�D�Q�F�H �Z�H�L�J�K�W �W�R �S�U�H�G�L�F�W�L�R�Q �W�U�D�Q�V�S�R�U�W�D�E�L�O�L�W�\��

�)�R�U �S�U�H�G�L�F�W�L�R�Q �X�Q�G�H�U �F�R�Y�D�U�L�D�W�H �V�K�L�I�W�� �O�H�WS 2 f 0; 1g �L�Q�G�L�F�D�W�H �V�R�X�U�F�H �D�Q�G �W�D�U�J�H�W �P�H�P�E�H�U�V�K�L�S

�Z�L�W�K� (x) = Pr( S = 1 j X = x)�� �7�R �W�U�D�L�Q �R�U �H�Y�D�O�X�D�W�H �D �P�R�G�H�O �I�R�U �W�K�H �I�X�O�O �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q��

�U�H�Z�H�L�J�K�W �V�R�X�U�F�H �R�E�V�H�U�Y�D�W�L�R�Q�V �V�R �W�K�D�W �W�K�H�L�U �F�R�Y�D�U�L�D�W�H �G�L�V�W�U�L�E�X�W�L�R�Q �P�D�W�F�K�H�V �W�K�H �W�D�U�J�H�W�� �D�Q�G

�O�H�D�Y�H �W�D�U�J�H�W �R�E�V�H�U�Y�D�W�L�R�Q�V �X�Q�Z�H�L�J�K�W�H�G��

wS=1 (x) /
1 � � (x)

� (x)
; wS=0 (x) / 1:

�7�K�L�V �L�V �W�K�H �$�7�& �U�R�Z �L�Q �7�D�E�O�H�������D�I�W�H�U �P�D�S�S�L�Q�JZ = 1 �W�R �W�K�H �V�R�X�U�F�H �D�Q�GZ = 0 �W�R �W�K�H �W�D�U�J�H�W��

�,�I �W�K�H �J�R�D�O �L�V �W�R �L�P�S�U�R�Y�H �V�W�D�E�L�O�L�W�\ �E�\ �I�R�F�X�V�L�Q�J �R�Q �U�H�J�L�R�Q�V �Z�L�W�K �V�W�U�R�Q�J �V�K�D�U�H�G �V�X�S�S�R�U�W�� �F�K�R�R�V�H

�W�K�H �R�Y�H�U�O�D�S �W�L�O�W�L�Q�J �I�X�Q�F�W�L�R�Qh(x) = � (x)f 1 � � (x)g�� �Z�K�L�F�K �J�L�Y�H�V

wS=1 (x) / 1 � � (x); wS=0 (x) / � (x);

����



�D�Q�G �W�D�U�J�H�W�V �W�K�H �R�Y�H�U�O�D�S �S�R�S�X�O�D�W�L�R�Q �U�D�W�K�H�U �W�K�D�Q �W�K�H �I�X�O�O �W�D�U�J�H�W�� �%�R�W�K �F�R�Q�V�W�U�X�F�W�L�R�Q�V �D�U�L�V�H �I�U�R�P

�W�K�H �V�D�P�H �E�D�O�D�Q�F�L�Q�J �Z�H�L�J�K�W�V �I�U�D�P�H�Z�R�U�N �Z�L�W�K �G�L�I�I�H�U�H�Q�W �F�K�R�L�F�H�V �R�Ih(x) �D�Q�G �D �U�H�L�Q�W�H�U�S�U�H�W�D�W�L�R�Q

�R�I �W�U�H�D�W�P�H�Q�W �D�Q�G �F�R�Q�W�U�R�O �D�V �V�R�X�U�F�H �D�Q�G �W�D�U�J�H�W��

����



�&�K�D�S�W�H�U �����6�L�P�X�O�D�W�L�R�Q �6�H�W�X�S

�,�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q �F�K�D�S�W�H�U�V�� �Z�H �I�L�U�V�W �G�H�V�F�U�L�E�H �F�R�P�P�R�Q�O�\ �X�V�H�G �G�D�W�D���J�H�Q�H�U�D�W�L�Q�J �P�H�F�K�D��

�Q�L�V�P�V �W�K�D�W �L�Q�G�X�F�H �F�R�Y�D�U�L�D�W�H �V�K�L�I�W�V�� �1�H�[�W�� �Z�H �L�Q�W�U�R�G�X�F�H �H�[�L�V�W�L�Q�J �P�H�W�K�R�G�V �I�R�U �T�X�D�Q�W�L�I�\�L�Q�J �W�K�H

�G�H�J�U�H�H �R�I �R�Y�H�U�O�D�S �E�H�W�Z�H�H�Q �W�Z�R �V�D�P�S�O�H�V�� �:�H �W�K�H�Q �F�R�P�S�D�U�H �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �S�U�R�S�R�V�H�G

�W�Z�R���V�W�H�S �S�U�R�F�H�G�X�U�H �D�Q�G �W�K�H �V�W�D�Q�G�D�U�G �Z�H�L�J�K�W�L�Q�J �D�S�S�U�R�D�F�K �X�Q�G�H�U �Y�D�U�L�R�X�V �G�D�W�D���J�H�Q�H�U�D�W�L�Q�J

�P�H�F�K�D�Q�L�V�P�V �D�Q�G �G�L�I�I�H�U�H�Q�W �G�H�J�U�H�H�V �R�I �R�Y�H�U�O�D�S��

������ �'�D�W�D �J�H�Q�H�U�D�W�L�Q�J �P�H�F�K�D�Q�L�V�P�V �W�R �F�U�H�D�W�H �F�R�Y�D�U�L�D�W�H �V�K�L�I�W

�:�H �E�H�J�L�Q �Z�L�W�K �W�K�H �V�L�P�S�O�H �L�O�O�X�V�W�U�D�W�L�Y�H �H�[�D�P�S�O�H �X�V�H�G �L�Q �W�K�H �R�U�L�J�L�Q�D�O �I�U�D�P�H�Z�R�U�N �Z�L�W�K �)�L�J��

�X�U�H�������>�����@�� �7�K�H �S�O�R�W �G�L�V�S�O�D�\�V �V�R�X�U�F�H �D�Q�G �W�D�U�J�H�W �V�D�P�S�O�H�V �I�U�R�P �W�Z�R �U�H�O�D�W�H�G �S�R�S�X�O�D�W�L�R�Q�V�� �Z�L�W�K

�D �O�L�Q�H�D�U �P�R�G�H�O �I�L�W�W�H�G �L�Q �H�D�F�K �J�U�R�X�S�� �7�K�H �F�R�Y�D�U�L�D�W�H�V �G�L�I�I�H�U �S�U�L�P�D�U�L�O�\ �W�K�U�R�X�J�K �D �V�K�L�I�W �L�Q �W�K�H�L�U

�G�L�V�W�U�L�E�X�W�L�R�Q �F�U�H�D�W�H�G �E�\ �D �O�L�Q�H�D�U �S�U�R�S�H�Q�V�L�W�\ �V�F�R�U�H �P�R�G�H�O�� �Z�K�L�O�H �W�K�H �R�X�W�F�R�P�H �I�R�O�O�R�Z�V �D �V�P�R�R�W�K

�Q�R�Q�O�L�Q�H�D�U �V�L�J�Q�D�O �Z�L�W�K �D�G�G�H�G �Q�R�L�V�H�� �:�K�H�Q �R�Y�H�U�O�D�S �L�V �P�R�G�H�U�D�W�H �W�K�H �W�Z�R �I�L�W�W�H�G �O�L�Q�H�V �D�U�H �V�L�P��

�L�O�D�U�� �E�X�W �D�V �R�Y�H�U�O�D�S �Z�H�D�N�H�Q�V �W�K�H�L�U �V�O�R�S�H�V �G�L�Y�H�U�J�H �D�Q�G �W�K�H �V�R�X�U�F�H �I�L�W �Q�R �O�R�Q�J�H�U �D�O�L�J�Q�V �Z�L�W�K

�W�K�H �W�D�U�J�H�W �S�D�W�W�H�U�Q�� �7�K�L�V �S�L�F�W�X�U�H �F�D�S�W�X�U�H�V �W�K�H �E�D�V�L�F �L�Q�W�X�L�W�L�R�Q �R�I �F�R�Y�D�U�L�D�W�H �V�K�L�I�W �D�Q�G �Z�K�\ �Q�D�L�Y�H

�W�U�D�Q�V�S�R�U�W �F�D�Q �E�H �E�L�D�V�H�G��

����



�)�L�J�X�U�H �������� �6�W�D�U�W�L�Q�J �(�[�D�P�S�O�H

�:�K�L�O�H �S�H�G�D�J�R�J�L�F�D�O�O�\ �X�V�H�I�X�O�� �W�K�L�V �V�W�D�U�W�L�Q�J �H�[�D�P�S�O�H �L�V �O�L�P�L�W�H�G�� �,�W �L�V �O�R�Z �G�L�P�H�Q�V�L�R�Q�D�O�� �G�R�H�V

�Q�R�W �Y�D�U�\ �R�Y�H�U�O�D�S �L�Q �D �F�R�Q�W�U�R�O�O�H�G �Z�D�\�� �D�Q�G �G�R�H�V �Q�R�W �S�U�R�E�H �W�K�H �V�W�D�E�L�O�L�W�\ �R�I �Z�H�L�J�K�W�L�Q�J �X�Q�G�H�U �P�L�V��

�V�S�H�F�L�I�L�F�D�W�L�R�Q �R�U �X�Q�G�H�U �W�K�H �S�U�H�V�H�Q�F�H �R�I �U�H�G�X�Q�G�D�Q�W �R�U �R�P�L�W�W�H�G �Y�D�U�L�D�E�O�H�V�� �0�R�W�L�Y�D�W�H�G �E�\ �W�K�H�V�H

�J�D�S�V�� �W�K�H �U�H�P�D�L�Q�G�H�U �R�I �W�K�L�V �F�K�D�S�W�H�U �E�X�L�O�G�V �D �F�R�P�S�U�H�K�H�Q�V�L�Y�H �V�L�P�X�O�D�W�L�R�Q �S�U�R�J�U�D�P �W�K�D�W �V�\�V�W�H�P��

�D�W�L�F�D�O�O�\ �Y�D�U�L�H�V �W�K�H �G�D�W�D �J�H�Q�H�U�D�W�L�Q�J �S�U�R�F�H�V�V �D�Q�G �W�K�H �R�Y�H�U�O�D�S �E�H�W�Z�H�H�Q �S�R�S�X�O�D�W�L�R�Q�V�� �:�H �H�Y�D�O�X�D�W�H

�X�Q�Z�H�L�J�K�W�H�G �P�R�G�H�O�V�� �V�W�D�Q�G�D�U�G �Z�H�L�J�K�W�L�Q�J�� �D �W�U�X�H �Z�H�L�J�K�W �E�H�Q�F�K�P�D�U�N �Z�K�H�Q �D�Y�D�L�O�D�E�O�H�� �D�Q�G �R�X�U

�S�U�R�S�R�V�H�G �W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H �X�Q�G�H�U �F�R�Q�W�L�Q�X�R�X�V �D�Q�G �E�L�Q�D�U�\ �R�X�W�F�R�P�H�V�� �2�Y�H�U�O�D�S �L�V �T�X�D�Q�W�L�I�L�H�G

�Z�L�W�K �E�R�W�K �W�K�H �7�L�S�W�R�Q �L�Q�G�H�[ �D�Q�G �W�K�H �D�E�V�R�O�X�W�H �D�Y�H�U�D�J�H �V�W�D�Q�G�D�U�G�L�]�H�G �P�H�D�Q �G�L�I�I�H�U�H�Q�F�H�� �Z�K�L�F�K

�D�O�O�R�Z�V �X�V �W�R �U�H�O�D�W�H �S�H�U�I�R�U�P�D�Q�F�H �W�R �R�Y�H�U�O�D�S �L�Q �D �F�R�P�S�D�U�D�E�O�H �V�F�D�O�H �D�F�U�R�V�V �V�F�H�Q�D�U�L�R�V��

�6�L�P�X�O�D�W�L�R�Q �V�W�X�G�L�H�V �L�Q �F�D�X�V�D�O �L�Q�I�H�U�H�Q�F�H �D�Q�G �S�U�H�G�L�F�W�L�R�Q �W�U�D�Q�V�S�R�U�W�D�E�L�O�L�W�\ �F�R�P�P�R�Q�O�\ �V�S�H�F�L�I�\

�W�Z�R �F�R�P�S�R�Q�H�Q�W�V�� �D �P�H�F�K�D�Q�L�V�P �W�K�D�W �V�H�S�D�U�D�W�H�V �W�Z�R �S�R�S�X�O�D�W�L�R�Q�V ���K�H�U�H���V�R�X�U�F�H�D�Q�G�W�D�U�J�H�W�� �D�Q�G

�D�Q �R�X�W�F�R�P�H �P�R�G�H�O �W�K�D�W �O�L�Q�N�V �F�R�Y�D�U�L�D�W�H�V �W�R �W�K�H �U�H�V�S�R�Q�V�H�� �,�Q �W�K�H �W�U�D�Q�V�S�R�U�W�D�E�L�O�L�W�\ �V�H�W�W�L�Q�J�� �Z�H

�G�H�O�L�E�H�U�D�W�H�O�\ �P�L�V�V�S�H�F�L�I�\ �W�K�H �I�L�W�W�H�G �S�U�H�G�L�F�W�L�R�Q �P�R�G�H�O �W�R �U�H�I�O�H�F�W �U�H�D�O�L�V�W�L�F �P�R�G�H�O �X�Q�F�H�U�W�D�L�Q�W�\��

�&�R�Q�F�U�H�W�H�O�\�� �Z�H �J�H�Q�H�U�D�W�H �R�X�W�F�R�P�H�V �I�U�R�P �D �Q�R�Q�O�L�Q�H�D�U �W�U�X�W�K �W�K�D�W �L�Q�F�O�X�G�H�V �F�X�U�Y�D�W�X�U�H�� �E�X�W �Z�H �I�L�W

�O�L�Q�H�D�U �P�R�G�H�O�V �G�X�U�L�Q�J �D�Q�D�O�\�V�L�V �E�H�F�D�X�V�H �W�K�H �W�U�X�H �I�R�U�P �L�V �X�Q�N�Q�R�Z�Q �R�U �L�Q�I�H�D�V�L�E�O�H �L�Q �S�U�D�F�W�L�F�H�� �,�I

�W�K�H �W�U�X�H �R�X�W�F�R�P�H �P�R�G�H�O �Z�H�U�H �N�Q�R�Z�Q �D�Q�G �F�R�U�U�H�F�W�O�\ �I�L�W�W�H�G �X�V�L�Q�J �V�R�X�U�F�H �G�D�W�D�� �W�K�H �V�D�P�H �P�R�G�H�O

�Z�R�X�O�G �U�H�P�D�L�Q �Y�D�O�L�G �L�Q �W�K�H �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q �X�Q�G�H�U �V�W�D�Q�G�D�U�G �W�U�D�Q�V�S�R�U�W�D�E�L�O�L�W�\ �F�R�Q�G�L�W�L�R�Q�V�� �D�Q�G

����



�U�H�Z�H�L�J�K�W�L�Q�J �Z�R�X�O�G �E�H �X�Q�Q�H�F�H�V�V�D�U�\�� �%�H�O�R�Z�� �Z�H �V�X�P�P�D�U�L�]�H �V�H�Y�H�U�D�O �S�U�D�F�W�L�F�D�O �P�H�F�K�D�Q�L�V�P�V �I�R�U

�J�H�Q�H�U�D�W�L�Q�J �W�Z�R �V�D�P�S�O�H�V �W�K�D�W �H�[�K�L�E�L�W �F�R�Y�D�U�L�D�W�H �V�K�L�I�W �Z�L�W�K �F�R�Q�W�U�R�O�O�D�E�O�H �R�Y�H�U�O�D�S��

�7�Z�R �P�X�O�W�L�Y�D�U�L�D�W�H �Q�R�U�P�D�O�V

�$ �G�L�U�H�F�W �D�S�S�U�R�D�F�K �L�V �W�R �J�H�Q�H�U�D�W�H �F�R�Y�D�U�L�D�W�H�V �L�Q �W�K�H �V�R�X�U�F�H �D�Q�G �W�D�U�J�H�W �I�U�R�P �P�X�O�W�L�Y�D�U�L�D�W�H

�Q�R�U�P�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�V �Z�L�W�K �G�L�I�I�H�U�H�Q�W �P�H�D�Q�V �D�Q�G �Y�D�U�L�D�Q�F�H�V�� �/�H�Wp �G�H�Q�R�W�H �W�K�H �F�R�Y�D�U�L�D�W�H �G�L�P�H�Q��

�V�L�R�Q �D�Q�G �Z�U�L�W�HS 2 f 1; 0g �I�R�U �V�R�X�U�F�H �D�Q�G �W�D�U�J�H�W�� �*�H�Q�H�U�D�W�H

X j S = 1 � N
�
cs1p; vsI p

�
; X j S = 0 � N

�
ct1p; vt I p

�
;

�Z�K�H�U�HI p �L�V �W�K�Hp� p �L�G�H�Q�W�L�W�\ �P�D�W�U�L�[�� �7�K�H �O�R�F�D�W�L�R�Q �S�D�U�D�P�H�W�H�U�V(cs; ct ) �F�R�Q�W�U�R�O �W�K�H �V�H�S�D�U�D�W�L�R�Q

�E�H�W�Z�H�H�Q �W�K�H �W�Z�R �S�R�S�X�O�D�W�L�R�Q�V�� �D�Q�G �W�K�H �Y�D�U�L�D�Q�F�H �S�D�U�D�P�H�W�H�U�V(vs; vt ) �F�R�Q�W�U�R�O �G�L�V�S�H�U�V�L�R�Q �D�Q�G

�K�H�Q�F�H �W�K�H �G�H�J�U�H�H �R�I �R�Y�H�U�O�D�S�� �,�Q �R�X�U �H�[�D�P�S�O�H�V�� �Z�H �V�H�W(vs; vt ) = (2 ; 1=2) �W�R �L�Q�G�X�F�H �G�L�I�I�H�U�H�Q�W

�V�S�U�H�D�G�V��

�)�L�J�X�U�H �������� �7�Z�R �0�X�O�W�L�Y�D�U�L�D�W�H �1�R�U�P�D�O�V �%�D�V�H�G

�3�U�R�S�H�Q�V�L�W�\ �V�F�R�U�H�±�E�D�V�H�G �S�R�S�X�O�D�W�L�R�Q �D�V�V�L�J�Q�P�H�Q�W

�$�Q�R�W�K�H�U �F�R�P�P�R�Q �G�H�V�L�J�Q �J�H�Q�H�U�D�W�H�V �D �V�L�Q�J�O�H �F�R�Y�D�U�L�D�W�H �G�L�V�W�U�L�E�X�W�L�R�Q �D�Q�G �D�V�V�L�J�Q�V �R�E�V�H�U�Y�D��

�W�L�R�Q�V �W�R �V�R�X�U�F�H �R�U �W�D�U�J�H�W �Y�L�D �D �O�R�J�L�V�W�L�F �P�R�G�H�O �I�R�US�� �)�R�Up = 2�� �O�H�WX � N 2(�; �) �D�Q�G

����



�G�H�I�L�Q�H

logit Pr( S = 1 j X ) = X 1 � X 2 + 0:5:

�7�K�L�V �\�L�H�O�G�V �W�K�H �S�U�R�E�D�E�L�O�L�W�\ �R�I �E�H�O�R�Q�J�L�Q�J �W�R �W�K�H �V�R�X�U�F�H �S�R�S�X�O�D�W�L�R�Q �J�L�Y�H�QX �� �'�X�U�L�Q�J �D�Q�D�O�\�V�L�V��

�R�Q�H �F�D�Q �I�L�W �H�L�W�K�H�U �W�K�H �F�R�U�U�H�F�W �D�V�V�L�J�Q�P�H�Q�W �P�R�G�H�O �R�U �D �P�L�V�V�S�H�F�L�I�L�H�G �D�O�W�H�U�Q�D�W�L�Y�H ���I�R�U �H�[�D�P�S�O�H��

logit Pr( S = 1 j X ) = X 2
1 � X 2�� �W�R �H�[�D�P�L�Q�H �U�R�E�X�V�W�Q�H�V�V �R�I �Z�H�L�J�K�W�L�Q�J �D�Q�G �S�U�H�G�L�F�W�L�R�Q��

�)�L�J�X�U�H �������� �3�U�R�S�H�Q�V�L�W�\ �6�F�R�U�H �E�D�V�H�G

�&�R�Q�W�U�R�O�O�L�Q�J �R�Y�H�U�O�D�S �E�\ �V�F�D�O�L�Q�J �W�K�H �O�R�J�L�W���2�Y�H�U�O�D�S �F�D�Q �E�H �W�X�Q�H�G �Y�L�D �D �V�F�D�O�D�Ud �W�K�D�W �V�F�D�O�H�V

�W�K�H �O�R�J�L�W��

logit Pr( S = 1 j X ) = d(X 2
1 � X 2 + c):

�$�Vjdj �L�Q�F�U�H�D�V�H�V�� �W�K�H �O�L�Q�H�D�U �S�U�H�G�L�F�W�R�U �P�R�Y�H�V �I�X�U�W�K�H�U �I�U�R�P �]�H�U�R �I�R�U �P�R�U�H �S�R�L�Q�W�V�� �S�X�V�K�L�Q�J

�S�U�R�E�D�E�L�O�L�W�L�H�V �W�R�Z�D�U�G0 �R�U1 �D�Q�G �U�H�G�X�F�L�Q�J �R�Y�H�U�O�D�S �E�H�W�Z�H�H�Q �V�R�X�U�F�H �D�Q�G �W�D�U�J�H�W��

�3�U�R�S�H�Q�V�L�W�\ �V�F�R�U�H �Z�L�W�K �D �V�X�S�H�U�S�R�S�X�O�D�W�L�R�Q �D�Q�G �V�X�E�V�D�P�S�O�L�Q�J

�$ �X�V�H�I�X�O �H�[�W�H�Q�V�L�R�Q �V�H�S�D�U�D�W�H�V �W�K�H �J�H�Q�H�U�D�W�L�R�Q �R�I �D �O�D�U�J�H�V�X�S�H�U�S�R�S�X�O�D�W�L�R�Q�I�U�R�P �W�K�H �F�R�Q��

�V�W�U�X�F�W�L�R�Q �R�I �W�K�H �R�E�V�H�U�Y�H�G �V�R�X�U�F�H �D�Q�G �W�D�U�J�H�W �V�D�P�S�O�H�V�>�����@�� �)�L�U�V�W�� �J�H�Q�H�U�D�W�HN �L�Q�G�H�S�H�Q�G�H�Q�W

�G�U�D�Z�V

X � N
�
(0:35; 0)> ; diag(0:07; 0:07)

�
; S � Bernoulli

�
� (X )

�
;

����



�Z�L�W�K

logit � (X ) = 2 :5 + 10X 1 + 10X 2
2 � 5

3X 2:

�6�H�F�R�Q�G�� �I�R�U�P �W�K�H �R�E�V�H�U�Y�H�G �V�D�P�S�O�H�V �E�\ �W�D�N�L�Q�J �D�O�O �V�X�S�H�U�S�R�S�X�O�D�W�L�R�Q �S�R�L�Q�W�V �Z�L�W�KS = 0 �D�V

�W�K�H �W�D�U�J�H�W �D�Q�G �D�Q �L�Q�G�H�S�H�Q�G�H�Q�W �V�X�E�V�D�P�S�O�H �R�I �S�R�L�Q�W�V �Z�L�W�KS = 1 �D�V �W�K�H �V�R�X�U�F�H�� �)�R�U �L�Q�V�W�D�Q�F�H��

�Z�L�W�KN = 10;000�� �N�H�H�S�L�Q�J �D�O�O �W�D�U�J�H�W �S�R�L�Q�W�V �D�Q�G �L�Q�F�O�X�G�L�Q�J �H�D�F�K �V�R�X�U�F�H �S�R�L�Q�W �Z�L�W�K �S�U�R�E�D�E�L�O�L�W�\

0:05 �W�\�S�L�F�D�O�O�\ �\�L�H�O�G�V �D �V�R�X�U�F�H���W�D�U�J�H�W �U�D�W�L�R �Q�H�D�U2:1 �Z�K�L�O�H �S�U�H�V�H�U�Y�L�Q�J �F�R�Y�D�U�L�D�W�H �V�K�L�I�W �D�Q�G �W�K�H

�D�V�V�L�J�Q�P�H�Q�W �E�R�X�Q�G�D�U�\�� �7�K�L�V �P�H�F�K�D�Q�L�V�P �G�H�F�R�X�S�O�H�V �W�Z�R �O�H�Y�H�U�V�� �W�K�H�D�V�V�L�J�Q�P�H�Q�W�W�K�D�W �V�K�D�S�H�V

�F�R�Y�D�U�L�D�W�H �V�K�L�I�W �D�Q�G �W�K�H�V�D�P�S�O�L�Q�J �I�U�D�F�W�L�R�Q�V�W�K�D�W �V�H�W �V�D�P�S�O�H �V�L�]�H �U�D�W�L�R�V��

�,�I �R�Q�H �G�R�H�V �Q�R�W �Q�H�H�G �L�Q�G�H�S�H�Q�G�H�Q�W �F�R�Q�W�U�R�O �R�Y�H�U �V�D�P�S�O�H �V�L�]�H �U�D�W�L�R�V�� �D �V�L�P�S�O�H�U �D�O�W�H�U�Q�D�W�L�Y�H �L�V

�W�R �D�G�M�X�V�W �W�K�H �L�Q�W�H�U�F�H�S�W �L�Q �W�K�H �O�R�J�L�W �W�R �F�K�D�Q�J�H �W�K�H �P�D�U�J�L�Q�D�O �S�U�H�Y�D�O�H�Q�F�H �R�IS = 1 �Z�K�L�O�H �N�H�H�S�L�Q�J

�W�K�H �G�H�F�L�V�L�R�Q �E�R�X�Q�G�D�U�\ �X�Q�F�K�D�Q�J�H�G��

�)�L�J�X�U�H �������� �6�X�S�H�U�S�R�S�X�O�D�W�L�R�Q �D�Q�G �6�X�E�V�D�P�S�O�L�Q�J

�0�L�[�W�X�U�H�V �R�I �Q�R�U�P�D�O�V �Z�L�W�K �V�K�L�I�W�H�G �P�L�[�L�Q�J �Z�H�L�J�K�W�V

�&�R�Y�D�U�L�D�W�H �V�K�L�I�W �F�D�Q �D�O�V�R �E�H �L�Q�G�X�F�H�G �E�\ �P�L�[�W�X�U�H�V �Z�L�W�K �G�L�I�I�H�U�H�Q�W �F�R�P�S�R�Q�H�Q�W �Z�H�L�J�K�W�V �D�F�U�R�V�V

�S�R�S�X�O�D�W�L�R�Q�V�� �/�H�W

f S=1 (x) = (0 :5 � � ) N (m1; � 1) + (0 :5 + � ) N (m2; � 2);

����



f S=0 (x) = (1 � � ) N (m1; � 1) + � N (m2; � 2);

�Z�L�W�Km1 = ( � 3=2; 0)> ��m2 = (3 =2; 0)> �� �D�Q�G� 1 = � 2 = 1
4 I 2�� �7�K�H �S�D�U�D�P�H�W�H�U� 2 (0; 1=2)

�V�K�L�I�W�V �P�D�V�V �W�R�Z�D�U�Gm2 �L�Q �W�K�H �V�R�X�U�F�H �D�Q�G �W�R�Z�D�U�Gm1 �L�Q �W�K�H �W�D�U�J�H�W�� �6�P�D�O�O� �\�L�H�O�G�V �V�X�E�V�W�D�Q�W�L�D�O

�R�Y�H�U�O�D�S �Z�L�W�K �W�K�H �W�D�U�J�H�W �O�D�U�J�H�O�\ �Q�H�V�W�H�G �Z�L�W�K�L�Q �W�K�H �V�R�X�U�F�H �V�X�S�S�R�U�W�� �Z�K�L�O�H �O�D�U�J�H�U� �S�U�R�G�X�F�H�V �W�K�H

�R�S�S�R�V�L�W�H �H�P�S�K�D�V�L�V �D�Q�G �F�D�Q �U�H�G�X�F�H �R�Y�H�U�O�D�S��

�)�L�J�X�U�H �������� �0�L�[�W�X�U�H �1�R�U�P�D�O�V �X�Q�G�H�U �0�L�[�L�Q�J �6�K�L�I�W�V�

�2�X�W�F�R�P�H �P�R�G�H�O �I�R�U �S�U�H�G�L�F�W�L�R�Q���:�H �X�V�H �W�K�H �V�D�P�H �T�X�D�G�U�D�W�L�F �R�X�W�F�R�P�H �J�H�Q�H�U�D�W�L�R�Q �D�V �D�E�R�Y�H��

Y =
1
p

pX

j =1

X 2
j + "; " � N (0; 1);

�V�R �W�K�D�W �W�K�H �W�U�X�W�K �L�V �T�X�D�G�U�D�W�L�F �L�QX �� �Z�K�L�O�H �W�K�H �D�Q�D�O�\�V�L�V �G�H�O�L�E�H�U�D�W�H�O�\ �I�L�W�V �D �O�L�Q�H�D�U �P�R�G�H�O �W�R �L�Q�G�X�F�H

�P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q�� �7�K�L�V �F�R�Q�I�L�J�X�U�D�W�L�R�Q �L�V�R�O�D�W�H�V �W�K�H �L�P�S�D�F�W �R�I �F�R�Y�D�U�L�D�W�H �V�K�L�I�W �D�Q�G �R�Y�H�U�O�D�S �R�Q

�W�U�D�Q�V�S�R�U�W�D�E�L�O�L�W�\ �G�L�D�J�Q�R�V�W�L�F�V �D�Q�G �Z�H�L�J�K�W�L�Q�J �S�H�U�I�R�U�P�D�Q�F�H�� �Z�K�L�O�H �D�Y�R�L�G�L�Q�J �W�U�L�Y�L�D�O�L�W�L�H�V �W�K�D�W �D�U�L�V�H

�Z�K�H�Q �W�K�H �D�Q�D�O�\�V�L�V �P�R�G�H�O �F�R�L�Q�F�L�G�H�V �Z�L�W�K �W�K�H �G�D�W�D���J�H�Q�H�U�D�W�L�Q�J �W�U�X�W�K��

����



������ �2�Y�H�U�Y�L�H�Z �R�I �6�L�P�X�O�D�W�L�R�Q �'�H�V�L�J�Q

�%�X�L�O�G�L�Q�J �X�S�R�Q �W�K�H �G�D�W�D �J�H�Q�H�U�D�W�L�Q�J �P�H�F�K�D�Q�L�V�P�V �L�Q�W�U�R�G�X�F�H�G �D�E�R�Y�H�� �Z�H �G�H�V�L�J�Q �D �F�R�P��

�S�U�H�K�H�Q�V�L�Y�H �V�H�W �R�I �V�L�P�X�O�D�W�L�R�Q�V �W�R �H�Y�D�O�X�D�W�H �W�K�H �S�U�R�S�R�V�H�G �W�Z�R���V�W�H�S �Z�H�L�J�K�W�H�G �G�R�X�E�O�H �E�R�R�W�V�W�U�D�S
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�P�R�G�H�O �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q��

�0�R�G�H�O �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q �W�K�U�R�X�J�K �Y�D�U�L�D�E�O�H �R�P�L�V�V�L�R�Q �D�Q�G �U�H�G�X�Q�G�D�Q�F�\���%�H�\�R�Q�G �W�K�H �H�[��

�S�O�L�F�L�W �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �S�U�R�S�H�Q�V�L�W�\ �V�F�R�U�H �P�R�G�H�O�� �Z�H �I�X�U�W�K�H�U �L�Q�Y�H�V�W�L�J�D�W�H �W�Z�R �S�U�D�F�W�L�F�D�O

�W�\�S�H�V �R�I �P�R�G�H�O �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q �W�K�D�W �D�U�L�V�H �L�Q �D�S�S�O�L�H�G �S�U�H�G�L�F�W�L�R�Q �W�U�D�Q�V�S�R�U�W�D�E�L�O�L�W�\�� �R�P�L�V�V�L�R�Q

�R�I �U�H�O�H�Y�D�Q�W �F�R�Y�D�U�L�D�W�H�V �D�Q�G �L�Q�F�O�X�V�L�R�Q �R�I �U�H�G�X�Q�G�D�Q�W �F�R�Y�D�U�L�D�W�H�V�� �%�\ �V�\�V�W�H�P�D�W�L�F�D�O�O�\ �U�H�P�R�Y�L�Q�J �R�U

�D�G�G�L�Q�J �Y�D�U�L�D�E�O�H�V �L�Q �E�R�W�K �W�K�H �R�X�W�F�R�P�H �D�Q�G �Z�H�L�J�K�W �P�R�G�H�O�V�� �Z�H �H�[�D�P�L�Q�H �K�R�Z �V�X�F�K �V�S�H�F�L�I�L�F�D��

�W�L�R�Q �H�U�U�R�U�V �L�Q�I�O�X�H�Q�F�H �W�K�H �P�H�D�Q �V�T�X�D�U�H�G �H�U�U�R�U �R�I �W�D�U�J�H�W �S�U�H�G�L�F�W�L�R�Q�V �D�Q�G �Z�K�H�W�K�H�U �W�K�H �S�U�R�S�R�V�H�G

�P�H�W�K�R�G �P�D�L�Q�W�D�L�Q�V �U�R�E�X�V�W�Q�H�V�V �X�Q�G�H�U �W�K�H�V�H �G�H�Y�L�D�W�L�R�Q�V��

�(�[�W�H�Q�V�L�R�Q �W�R �E�L�Q�D�U�\ �R�X�W�F�R�P�H�V���:�K�L�O�H �P�R�V�W �V�L�P�X�O�D�W�L�R�Q �V�H�W�W�L�Q�J�V �L�Q�Y�R�O�Y�H �F�R�Q�W�L�Q�X�R�X�V �R�X�W��

�F�R�P�H�V �Z�L�W�K �T�X�D�G�U�D�W�L�F �W�U�X�H �P�R�G�H�O�V �D�Q�G �O�L�Q�H�D�U �I�L�W�W�H�G �P�R�G�H�O�V�� �Z�H �H�[�W�H�Q�G �W�K�H �H�Y�D�O�X�D�W�L�R�Q �W�R �E�L��

�Q�D�U�\ �R�X�W�F�R�P�H�V �X�V�L�Q�J �O�R�J�L�V�W�L�F �U�H�J�U�H�V�V�L�R�Q�� �7�K�L�V �D�O�O�R�Z�V �X�V �W�R �W�H�V�W �Z�K�H�W�K�H�U �W�K�H �W�Z�R���V�W�H�S �P�H�W�K�R�G

�L�P�S�U�R�Y�H�V �D�F�F�X�U�D�F�\�� �$�8�&�� �%�U�L�H�U �V�F�R�U�H�� �D�Q�G �O�R�J���O�R�V�V �X�Q�G�H�U �G�L�V�F�U�H�W�H �R�X�W�F�R�P�H�V �D�Q�G �W�R �F�R�Q�I�L�U�P

�L�W�V �J�H�Q�H�U�D�O �D�S�S�O�L�F�D�E�L�O�L�W�\ �E�H�\�R�Q�G �W�K�H �F�R�Q�W�L�Q�X�R�X�V���U�H�V�S�R�Q�V�H �V�H�W�W�L�Q�J��

�,�Q �V�X�P�P�D�U�\�� �W�K�H �V�L�P�X�O�D�W�L�R�Q �V�W�X�G�\ �V�S�D�Q�V �P�X�O�W�L�S�O�H �D�[�H�V �R�I �K�H�W�H�U�R�J�H�Q�H�L�W�\�²�R�Y�H�U�O�D�S �O�H�Y�H�O��

�P�R�G�H�O �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\�� �D�Q�G �P�R�G�H�O �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q�²�X�Q�G�H�U �E�R�W�K �F�R�Q�W�L�Q�X�R�X�V �D�Q�G �E�L�Q�D�U�\ �R�X�W��

�F�R�P�H�V�� �7�K�L�V �G�H�V�L�J�Q �H�Q�D�E�O�H�V �D �V�\�V�W�H�P�D�W�L�F �H�Y�D�O�X�D�W�L�R�Q �R�I �W�K�H �S�U�R�S�R�V�H�G �W�Z�R���V�W�H�S �S�U�R�F�H�G�X�U�H

����



�D�J�D�L�Q�V�W �W�U�D�G�L�W�L�R�Q�D�O �Z�H�L�J�K�W�L�Q�J �D�Q�G �X�Q�Z�H�L�J�K�W�H�G �P�H�W�K�R�G�V�� �7�K�H �U�H�V�X�O�W�V �S�U�H�V�H�Q�W�H�G �L�Q �W�K�H �Q�H�[�W

�F�K�D�S�W�H�U �G�H�P�R�Q�V�W�U�D�W�H �K�R�Z �W�K�H �W�Z�R���V�W�H�S �D�S�S�U�R�D�F�K �D�F�K�L�H�Y�H�V �F�R�Q�V�L�V�W�H�Q�W �V�W�D�E�L�O�L�W�\ �J�D�L�Q�V�� �S�D�U�W�L�F��

�X�O�D�U�O�\ �Z�K�H�Q �R�Y�H�U�O�D�S �L�V �O�L�P�L�W�H�G �R�U �P�R�G�H�O �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q �L�V �S�U�H�V�H�Q�W��

����



�&�K�D�S�W�H�U �����6�L�P�X�O�D�W�L�R�Q �6�W�X�G�\

�7�K�L�V �F�K�D�S�W�H�U �S�U�H�V�H�Q�W�V �W�K�H �H�P�S�L�U�L�F�D�O �H�Y�D�O�X�D�W�L�R�Q �R�I �W�K�H �W�U�D�Q�V�S�R�U�W�D�E�L�O�L�W�\ �I�U�D�P�H�Z�R�U�N �D�Q�G �W�K�H

�S�U�R�S�R�V�H�G �W�Z�R���V�W�H�S �S�U�R�F�H�G�X�U�H �L�Q�W�U�R�G�X�F�H�G �L�Q �&�K�D�S�W�H�U ���� �X�Q�G�H�U �W�K�H �V�L�P�X�O�D�W�L�R�Q �G�H�V�L�J�Q�V �V�S�H�F�L��

�I�L�H�G �L�Q �6�H�F�W�L�R�Q �������� �2�X�U �R�E�M�H�F�W�L�Y�H�V �D�U�H �W�K�U�H�H�I�R�O�G�� �)�L�U�V�W�� �W�R �T�X�D�Q�W�L�I�\ �K�R�Z �F�R�Y�D�U�L�D�W�H �V�K�L�I�W �D�Q�G

�S�R�S�X�O�D�W�L�R�Q �R�Y�H�U�O�D�S �D�I�I�H�F�W �S�U�H�G�L�F�W�L�Y�H �D�F�F�X�U�D�F�\ �Z�K�H�Q �P�R�G�H�O�V �W�U�D�L�Q�H�G �L�Q �D �V�R�X�U�F�H �V�D�P�S�O�H �D�U�H �G�H��

�S�O�R�\�H�G �L�Q �D �W�D�U�J�H�W �V�D�P�S�O�H �Z�L�W�K�R�X�W �R�X�W�F�R�P�H�V�� �6�H�F�R�Q�G�� �W�R �F�R�Q�W�U�D�V�W �F�R�Q�Y�H�Q�W�L�R�Q�D�O �V�L�Q�J�O�H �O�D�\�H�U

�L�P�S�R�U�W�D�Q�F�H �Z�H�L�J�K�W�L�Q�J �Z�L�W�K �W�K�H �W�Z�R���V�W�H�S �Z�H�L�J�K�W�L�Q�J �S�U�R�F�H�G�X�U�H �W�K�D�W �V�H�S�D�U�D�W�H�V �V�W�D�E�L�O�L�]�D�W�L�R�Q

�I�U�R�P �W�U�D�Q�V�S�R�U�W�� �7�K�L�U�G�� �W�R �H�[�D�P�L�Q�H �U�R�E�X�V�W�Q�H�V�V �X�Q�G�H�U �P�R�G�H�O �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q �D�Q�G �L�P�S�H�U�I�H�F�W

�V�S�H�F�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �Z�H�L�J�K�W �P�R�G�H�O�� �L�Q�F�O�X�G�L�Q�J �R�P�L�V�V�L�R�Q �R�U �U�H�G�X�Q�G�D�Q�F�\ �R�I �F�R�Y�D�U�L�D�W�H�V��

�:�H �E�H�J�L�Q �Z�L�W�K �F�R�Q�W�U�R�O�O�H�G �V�H�W�W�L�Q�J�V �L�Q �Z�K�L�F�K �F�R�Y�D�U�L�D�W�H �V�K�L�I�W �L�V �L�Q�G�X�F�H�G �W�K�U�R�X�J�K �W�Z�R �F�R�P��

�S�O�H�P�H�Q�W�D�U�\ �P�H�F�K�D�Q�L�V�P�V�� �7�K�H �I�L�U�V�W �P�H�F�K�D�Q�L�V�P �G�U�D�Z�V �V�R�X�U�F�H �D�Q�G �W�D�U�J�H�W �F�R�Y�D�U�L�D�W�H�V �I�U�R�P �P�X�O��

�W�L�Y�D�U�L�D�W�H �Q�R�U�P�D�O �G�L�V�W�U�L�E�X�W�L�R�Q�V �Z�L�W�K �G�L�I�I�H�U�H�Q�W �P�H�D�Q�V �D�Q�G �F�R�Y�D�U�L�D�Q�F�H �V�W�U�X�F�W�X�U�H�� �Z�K�L�F�K �\�L�H�O�G�V

�J�H�R�P�H�W�U�L�F �F�R�Q�W�U�R�O �R�I �R�Y�H�U�O�D�S�� �7�K�H �V�H�F�R�Q�G �P�H�F�K�D�Q�L�V�P �D�V�V�L�J�Q�V �V�R�X�U�F�H �D�Q�G �W�D�U�J�H�W �P�H�P�E�H�U�V�K�L�S

�W�K�U�R�X�J�K �D �S�U�R�S�H�Q�V�L�W�\ �P�R�G�H�O�� �D�O�O�R�Z�L�Q�J �G�L�U�H�F�W �F�R�Q�W�U�R�O �R�I �R�Y�H�U�O�D�S �W�K�U�R�X�J�K �W�K�H �V�W�U�H�Q�J�W�K �R�I �V�H�O�H�F��

�W�L�R�Q�� �,�Q �D�O�O �V�F�H�Q�D�U�L�R�V�� �R�X�W�F�R�P�H�V �D�U�H �J�H�Q�H�U�D�W�H�G �I�U�R�P �D �F�R�P�P�R�Q �G�D�W�D �J�H�Q�H�U�D�W�L�Q�J �P�H�F�K�D�Q�L�V�P

�W�K�D�W �V�D�W�L�V�I�L�H�V �F�R�Q�G�L�W�L�R�Q�D�O �L�Q�Y�D�U�L�D�Q�F�H �D�F�U�R�V�V �S�R�S�X�O�D�W�L�R�Q�V�� �Z�K�L�O�H �W�K�H �I�L�W�W�H�G �S�U�H�G�L�F�W�L�R�Q �P�R�G�H�O�V

�D�U�H �G�H�O�L�E�H�U�D�W�H�O�\ �P�L�V�V�S�H�F�L�I�L�H�G �W�R �U�H�I�O�H�F�W �U�H�D�O�L�V�W�L�F �S�U�D�F�W�L�F�H��

�3�H�U�I�R�U�P�D�Q�F�H �L�V �D�V�V�H�V�V�H�G �D�V �W�D�U�J�H�W �U�L�V�N�� �G�H�I�L�Q�H�G �D�V �W�K�H �H�[�S�H�F�W�H�G �O�R�V�V �L�Q �W�K�H �W�D�U�J�H�W �S�R�S�X��

�O�D�W�L�R�Q�� �)�R�U �F�R�Q�W�L�Q�X�R�X�V �R�X�W�F�R�P�H�V �Z�H �U�H�S�R�U�W �P�H�D�Q �V�T�X�D�U�H�G �H�U�U�R�U �D�Q�G�� �Z�K�H�U�H �U�H�O�H�Y�D�Q�W�� �E�L�D�V �L�Q

�H�V�W�L�P�D�W�H�G �U�H�J�U�H�V�V�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�V�� �)�R�U �E�L�Q�D�U�\ �R�X�W�F�R�P�H�V �Z�H �U�H�S�R�U�W �D�U�H�D �X�Q�G�H�U �W�K�H �U�H�F�H�L�Y�H�U

�R�S�H�U�D�W�L�Q�J �F�K�D�U�D�F�W�H�U�L�V�W�L�F �F�X�U�Y�H �D�Q�G �O�R�J �O�R�V�V�� �7�R �U�H�O�D�W�H �S�H�U�I�R�U�P�D�Q�F�H �W�R �W�K�H �V�H�Y�H�U�L�W�\ �R�I �F�R�Y�D�U�L��

�D�W�H �V�K�L�I�W�� �Z�H �V�X�P�P�D�U�L�]�H �R�Y�H�U�O�D�S �X�V�L�Q�J �W�K�U�H�H �G�L�D�J�Q�R�V�W�L�F�V�� �R�Y�H�U�O�D�S �F�R�Q�W�U�R�O �L�Q �G�D�W�D �J�H�Q�H�U�D�W�L�Q�J

�P�H�F�K�D�Q�L�V�P�� �W�K�H �7�L�S�W�R�Q �L�Q�G�H�[ �R�Q �W�K�H �S�U�R�S�H�Q�V�L�W�\ �V�F�R�U�H �V�F�D�O�H �R�U �W�K�H �D�E�V�R�O�X�W�H �D�Y�H�U�D�J�H �V�W�D�Q�G�D�U�G��

�L�]�H�G �P�H�D�Q �G�L�I�I�H�U�H�Q�F�H �D�F�U�R�V�V �F�R�Y�D�U�L�D�W�H�V��

�$�F�U�R�V�V �D�O�O �G�H�V�L�J�Q�V �Z�H �F�R�P�S�D�U�H �I�R�X�U �H�V�W�L�P�D�W�R�U�V�� �7�K�H �X�Q�Z�H�L�J�K�W�H�G �V�R�X�U�F�H �P�R�G�H�O �V�H�U�Y�H�V

����



�D�V �D �E�D�V�H�O�L�Q�H �I�R�U �Q�D�L�Y�H �W�U�D�Q�V�S�R�U�W�� �$ �F�R�Q�Y�H�Q�W�L�R�Q�D�O �V�L�Q�J�O�H �O�D�\�H�U �L�P�S�R�U�W�D�Q�F�H �Z�H�L�J�K�W�L�Q�J �P�R�G�H�O

�U�H�S�U�H�V�H�Q�W�V �W�K�H �V�W�D�Q�G�D�U�G �D�S�S�U�R�D�F�K�� �7�K�H �S�U�R�S�R�V�H�G �W�Z�R���V�W�H�S �S�U�R�F�H�G�X�U�H �V�H�S�D�U�D�W�H�V �V�W�D�E�L�O�L�]�D�W�L�R�Q

�I�U�R�P �W�U�D�Q�V�S�R�U�W �E�\ �F�R�P�E�L�Q�L�Q�J �D �V�W�D�E�L�O�L�]�L�Q�J �O�D�\�H�U �W�K�D�W �W�H�P�S�H�U�V �H�[�W�U�H�P�H �Z�H�L�J�K�W�V �Z�L�W�K �D �W�U�D�Q�V��

�S�R�U�W �O�D�\�H�U �W�K�D�W �D�O�L�J�Q�V �F�R�Y�D�U�L�D�W�H �G�L�V�W�U�L�E�X�W�L�R�Q�V�� �)�L�Q�D�O�O�\�� �Z�K�H�Q �D�Y�D�L�O�D�E�O�H �L�Q �V�L�P�X�O�D�W�L�R�Q�� �W�D�U�J�H�W

�P�R�G�H�O �L�V �D�Q �R�U�D�F�O�H �E�H�Q�F�K�P�D�U�N �W�R �V�K�R�Z �W�K�H �E�H�V�W �S�R�V�V�L�E�O�H �P�R�G�H�O�L�Q�J �U�H�V�X�O�W�V�� �)�R�U �W�U�D�Q�V�S�D�U�H�Q�F�\��

�Z�H �D�G�K�H�U�H �W�R �D �F�R�P�P�R�Q �U�H�S�R�U�W�L�Q�J �V�W�U�X�F�W�X�U�H�� �I�L�J�X�U�H�V �V�K�R�Z �W�D�U�J�H�W �U�L�V�N �D�J�D�L�Q�V�W �R�Y�H�U�O�D�S �G�L�D�J��

�Q�R�V�W�L�F�V �Z�L�W�K �X�Q�F�H�U�W�D�L�Q�W�\ �E�D�Q�G�V �D�F�U�R�V�V �U�H�S�O�L�F�D�W�H�V�� �D�Q�G �W�D�E�O�H�V �F�R�O�O�H�F�W �V�X�P�P�D�U�\ �V�W�D�W�L�V�W�L�F�V �I�R�U

�H�D�F�K �P�R�G�H�O �X�Q�G�H�U �Y�D�U�L�R�X�V �V�H�W�W�L�Q�J�V��

�7�K�H �U�H�P�D�L�Q�G�H�U �R�I �W�K�L�V �F�K�D�S�W�H�U �L�V �R�U�J�D�Q�L�]�H�G �D�V �I�R�O�O�R�Z�V�� �6�H�F�W�L�R�Q ������ �U�H�S�R�U�W�V �U�H�V�X�O�W�V �I�R�U

�W�K�H �W�Z�R �Q�R�U�P�D�O �D�Q�G �S�U�R�S�H�Q�V�L�W�\ �E�D�V�H�G �P�H�F�K�D�Q�L�V�P�V �X�Q�G�H�U �F�R�Q�W�L�Q�X�R�X�V �R�X�W�F�R�P�H�V�� �6�H�F�W�L�R�Q ������

�V�W�X�G�L�H�V �U�R�E�X�V�W�Q�H�V�V �W�R �Y�D�U�L�D�E�O�H �R�P�L�V�V�L�R�Q �D�Q�G �U�H�G�X�Q�G�D�Q�F�\ �L�Q �W�K�H �S�U�H�G�L�F�W�L�R�Q �D�Q�G �Z�H�L�J�K�W �P�R�G�H�O�V��

�6�H�F�W�L�R�Q ������ �H�[�W�H�Q�G�V �W�K�H �F�R�P�S�D�U�L�V�R�Q �W�R �E�L�Q�D�U�\ �R�X�W�F�R�P�H�V�� �7�K�U�R�X�J�K�R�X�W�� �Z�H �H�P�S�K�D�V�L�]�H �W�K�H

�U�H�J�L�P�H�V �L�Q �Z�K�L�F�K �Z�H�L�J�K�W�L�Q�J �L�P�S�U�R�Y�H�V �R�U �G�H�J�U�D�G�H�V �W�U�D�Q�V�S�R�U�W �S�H�U�I�R�U�P�D�Q�F�H�� �D�Q�G �Z�H �K�L�J�K�O�L�J�K�W

�Z�K�H�Q �W�K�H �W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H �R�I�I�H�U�V �P�H�D�Q�L�Q�J�I�X�O �J�D�L�Q�V �L�Q �V�W�D�E�L�O�L�W�\ �D�Q�G �D�F�F�X�U�D�F�\��

������ �6�L�P�X�O�D�W�L�R�Q�V �:�L�W�K �'�D�W�D �*�H�Q�H�U�D�W�L�Q�J �0�H�F�K�D�Q�L�V�P

�:�H �E�H�J�L�Q �Z�L�W�K �D �R�Y�H�U�Y�L�H�Z �R�I �W�K�H �F�R�P�S�D�U�D�W�L�Y�H �S�H�U�I�R�U�P�D�Q�F�H �D�F�U�R�V�V �W�K�H �W�Z�R �G�H�V�L�J�Q�V �L�Q

�6�H�F�W�L�R�Q �������� �)�L�J�X�U�H�V �G�L�V�S�O�D�\ �W�K�H �W�D�U�J�H�W �U�L�V�N �I�R�U �I�R�X�U �D�S�S�U�R�D�F�K�H�V�� �W�K�H �X�Q�Z�H�L�J�K�W�H�G �V�R�X�U�F�H

�P�R�G�H�O���W�K�H �Z�H�L�J�K�W�H�G �P�R�G�H�O�� �W�K�H �S�U�R�S�R�V�H�G �W�Z�R���V�W�H�S �P�R�G�H�O�� �D�Q�G �W�K�H �W�D�U�J�H�W �P�R�G�H�O��

���������� �7�Z�R �1�R�U�P�D�O

�)�L�J�X�U�H�������J�L�Y�H�V �W�K�H �V�L�P�X�O�D�W�L�R�Q �U�H�V�X�O�W�V �I�R�U �W�Z�R �Q�R�U�P�D�O �G�D�W�D �J�H�Q�H�U�D�W�L�Q�J �P�H�F�K�D�Q�L�V�P �Z�L�W�K

�G�L�I�I�H�U�H�Q�W �F�R�Y�D�U�L�D�W�H �V�L�]�H�V��

����



�)�L�J�X�U�H ��������ymse �Z�L�W�K �7�L�S�W�R�Q �D�Q�G �G�L�I�I�H�U�H�Q�W� t �I�R�U �7�Z�R �1�R�U�P�D�O

�(�D�F�K �U�R�Z �F�R�U�U�H�V�S�R�Q�G�V �W�R �D �G�L�I�I�H�U�H�Q�W �F�R�Y�D�U�L�D�W�H �G�L�P�H�Q�V�L�R�Q�� �L�Q�F�U�H�D�V�L�Q�J �I�U�R�P �W�R�S �W�R �E�R�W�W�R�P��

�:�L�W�K�L�Q �D �U�R�Z�� �W�K�H �O�H�I�W �S�D�Q�H�O �L�Q�G�H�[�H�V �R�Y�H�U�O�D�S �E�\ �W�K�H �7�L�S�W�R�Q �L�Q�G�H�[�� �Z�K�H�U�H �O�D�U�J�H�U �Y�D�O�X�H�V �L�Q�G�L��

�F�D�W�H �E�H�W�W�H�U �R�Y�H�U�O�D�S�� �D�Q�G �W�K�H �U�L�J�K�W �S�D�Q�H�O �X�V�H�V �W�K�H �P�H�D�Q �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �V�R�X�U�F�H �D�Q�G �W�D�U�J�H�W

�S�R�S�X�O�D�W�L�R�Q�� �Z�K�H�U�H �V�P�D�O�O�H�U �Y�D�O�X�H�V �L�Q�G�L�F�D�W�H �E�H�W�W�H�U �R�Y�H�U�O�D�S�� �7�K�X�V�� �P�R�Y�L�Q�J �O�H�I�W�Z�D�U�G �L�Q �W�K�H �O�H�I�W

�S�D�Q�H�O�V �R�U �U�L�J�K�W�Z�D�U�G �L�Q �W�K�H �U�L�J�K�W �S�D�Q�H�O�V �F�R�U�U�H�V�S�R�Q�G�V �W�R �Z�R�U�V�H�Q�L�Q�J �R�Y�H�U�O�D�S��

�$�F�U�R�V�V �E�R�W�K �G�H�V�L�J�Q�V�� �W�K�H �R�U�D�F�O�H �W�D�U�J�H�W �F�X�U�Y�H �L�V �I�O�D�W �V�L�Q�F�H �L�W �G�R�H�V �Q�R�W �G�H�S�H�Q�G �R�Q �Z�H�L�J�K�W�L�Q�J

�R�U �P�R�G�H�O �V�S�H�F�L�I�L�F�D�W�L�R�Q�� �,�Q �F�R�Q�W�U�D�V�W�� �W�K�H �U�L�V�N�V �I�R�U �P�R�G�H�O�V �I�L�W�W�H�G �L�Q �W�K�H �V�R�X�U�F�H �S�R�S�X�O�D�W�L�R�Q �L�Q��

�F�U�H�D�V�H �D�V �R�Y�H�U�O�D�S �G�H�W�H�U�L�R�U�D�W�H�V�� �7�K�L�V �L�Q�F�U�H�D�V�H �L�V �P�R�V�W �S�U�R�Q�R�X�Q�F�H�G �I�R�U �W�K�H �X�Q�Z�H�L�J�K�W�H�G �P�R�G�H�O��

�7�K�H �S�U�R�S�R�V�H�G �W�Z�R���V�W�H�S �S�U�R�F�H�G�X�U�H �D�O�V�R �G�H�J�U�D�G�H�V �D�V �R�Y�H�U�O�D�S �Z�R�U�V�H�Q�V�� �E�X�W �L�W�V �L�Q�F�U�H�D�V�H �L�V �F�R�Q��

����



�V�L�V�W�H�Q�W�O�\ �V�P�D�O�O�H�U �W�K�D�Q �W�K�D�W �R�I �Z�H�L�J�K�W�H�G �P�R�G�H�O�� �U�H�I�O�H�F�W�L�Q�J �L�P�S�U�R�Y�H�G �V�W�D�E�L�O�L�W�\��

�7�K�H �S�U�R�S�R�V�H�G �W�Z�R���V�W�H�S �S�U�R�F�H�G�X�U�H �R�X�W�S�H�U�I�R�U�P�V �Z�H�L�J�K�W�H�G �P�R�G�H�O �D�F�U�R�V�V �W�K�H �I�X�O�O �U�D�Q�J�H �R�I

�R�Y�H�U�O�D�S �L�Q �D�O�O �W�K�U�H�H �F�R�Y�D�U�L�D�W�H �G�L�P�H�Q�V�L�R�Q�V �D�Q�G �L�Q �E�R�W�K �G�H�V�L�J�Q�V�� �Z�L�W�K �W�K�H �O�D�U�J�H�V�W �J�D�L�Q�V �Z�K�H�Q

�R�Y�H�U�O�D�S �L�V �S�R�R�U�� �:�K�H�Q �R�Y�H�U�O�D�S �L�V �J�R�R�G�� �D�O�O �W�U�D�Q�V�S�R�U�W�H�G �H�V�W�L�P�D�W�R�U�V �D�S�S�U�R�D�F�K �W�K�H �R�U�D�F�O�H �S�H�U��

�I�R�U�P�D�Q�F�H �D�Q�G �W�K�H �G�L�I�I�H�U�H�Q�F�H�V �D�P�R�Q�J �P�H�W�K�R�G�V �Q�D�U�U�R�Z�� �D�V �H�[�S�H�F�W�H�G��

�$�V �W�K�H �F�R�Y�D�U�L�D�W�H �G�L�P�H�Q�V�L�R�Q �L�Q�F�U�H�D�V�H�V�� �W�K�H �U�H�J�L�P�H �Z�L�W�K �P�L�Q�L�P�D�O �R�Y�H�U�O�D�S �E�H�F�R�P�H�V �P�R�U�H

�F�K�D�O�O�H�Q�J�L�Q�J�� �,�Q �W�K�L�V �U�H�J�L�P�H �Z�H �R�E�V�H�U�Y�H �F�D�V�H�V �Z�K�H�U�H �W�K�H �X�Q�Z�H�L�J�K�W�H�G �V�R�X�U�F�H �P�R�G�H�O �D�W�W�D�L�Q�V

�O�R�Z�H�U �U�L�V�N �W�K�D�Q �W�K�H �Z�H�L�J�K�W�H�G �P�R�G�H�O�� �L�Q�G�L�F�D�W�L�Q�J �W�K�D�W �Z�H�L�J�K�W�L�Q�J �F�D�Q �L�Q�W�U�R�G�X�F�H �H�[�F�H�V�V �H�U�U�R�U

�D�Q�G �D�P�S�O�L�I�\ �P�R�G�H�O �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q �Z�K�H�Q �W�K�H�U�H �L�V �Q�R �G�L�I�I�H�U�H�Q�F�H �L�Q �S�R�S�X�O�D�W�L�R�Q�� �7�K�H �W�Z�R���V�W�H�S

�S�U�R�F�H�G�X�U�H �P�L�W�L�J�D�W�H�V�� �E�X�W �F�D�Q�Q�R�W �I�X�O�O�\ �H�O�L�P�L�Q�D�W�H�� �W�K�L�V �S�K�H�Q�R�P�H�Q�R�Q�� �D�Q�G �U�H�P�D�L�Q�V �X�Q�L�I�R�U�P�O�\

�E�H�W�W�H�U �W�K�D�Q �Z�H�L�J�K�W�H�G �P�R�G�H�O �L�Q �W�K�H�V�H �K�L�J�K���G�L�P�H�Q�V�L�R�Q�D�O�� �O�R�Z���R�Y�H�U�O�D�S �V�H�W�W�L�Q�J�V��

�:�H�L�J�K�W�L�Q�J �L�P�S�U�R�Y�H�V �W�U�D�Q�V�S�R�U�W �S�H�U�I�R�U�P�D�Q�F�H �Z�K�H�Q �W�K�H�U�H �L�V �D�W �O�H�D�V�W �P�R�G�H�U�D�W�H �R�Y�H�U�O�D�S�� �D�Q�G

�W�K�H �W�Z�R���V�W�H�S �I�R�U�P�X�O�D�W�L�R�Q �\�L�H�O�G�V �V�\�V�W�H�P�D�W�L�F �V�W�D�E�L�O�L�W�\ �J�D�L�Q�V �R�Y�H�U �Z�H�L�J�K�W�H�G �D�S�S�U�R�D�F�K�� �,�Q �Y�H�U�\

�V�X�I�I�L�F�L�H�Q�W �R�Y�H�U�O�D�S�� �D�G�G�L�W�L�R�Q�D�O �Z�H�L�J�K�W�L�Q�J �F�D�Q �E�H �F�R�X�Q�W�H�U�S�U�R�G�X�F�W�L�Y�H�� �H�V�S�H�F�L�D�O�O�\ �D�V �G�L�P�H�Q�V�L�R�Q

�J�U�R�Z�V�� �Z�K�L�F�K �V�X�S�S�R�U�W�V �W�K�H �U�R�O�H �R�I �R�Y�H�U�O�D�S �G�L�D�J�Q�R�V�W�L�F�V �I�R�U �G�H�F�L�G�L�Q�J �Z�K�H�Q �D�Q�G �K�R�Z �V�W�U�R�Q�J�O�\

�W�R �Z�H�L�J�K�W��

���������� �3�6 �%�D�V�H�G

�:�H �Q�R�Z �I�R�F�X�V �R�Q �W�K�H �S�U�R�S�H�Q�V�L�W�\ �V�F�R�U�H�±�E�D�V�H�G �G�D�W�D �J�H�Q�H�U�D�W�L�Q�J �P�H�F�K�D�Q�L�V�P �D�Q�G �V�W�X�G�\ �K�R�Z

�R�Y�H�U�O�D�S �D�Q�G �Z�H�L�J�K�W �P�R�G�H�O �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q �D�I�I�H�F�W �W�U�D�Q�V�S�R�U�W �S�H�U�I�R�U�P�D�Q�F�H�� �)�L�J�X�U�H�������J�L�Y�H�V

�W�K�H �V�L�P�X�O�D�W�L�R�Q �U�H�V�X�O�W�V �I�R�U �3�6 �E�D�V�H�G �G�D�W�D �J�H�Q�H�U�D�W�L�Q�J �P�H�F�K�D�Q�L�V�P �X�Q�G�H�U �G�L�I�I�H�U�H�Q�W �G�H�J�U�H�H �R�I

�P�R�G�H�O �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q�� �:�L�W�KX � N (03� 1; 2 � I 3)�� �W�K�H �I�L�W�W�H�G �Z�H�L�J�K�W �P�R�G�H�O �L�V �D �O�L�Q�H�D�U

�U�H�J�U�H�V�V�L�R�Q �P�R�G�H�O �Z�L�W�K �D�O�OX �� �7�D�E�O�H �E�H�O�R�Z �J�L�Y�H�V �W�K�H �W�U�X�H �X�Q�G�H�U�O�\�L�Q�J �Z�H�L�J�K�W �P�R�G�H�O�� �0�R�U�H

�F�R�P�S�O�H�[ �W�K�H �W�U�X�H �Z�H�L�J�K�W �P�R�G�H�O�� �P�R�U�H �P�L�V�V�S�H�F�L�I�L�H�G �W�K�H �Z�H�L�J�K�W �P�R�G�H�O �Z�R�X�O�G �E�H �Z�K�H�Q �I�L�W�W�H�G

�Z�L�W�K �R�Q�O�\ �O�L�Q�H�D�U �W�H�U�P�V��

����



�0�R�G�H�O �6�S�H�F�L�I�L�F�D�W�L�R�Q�7�U�X�H �0�R�G�H�O

�&�R�U�U�H�F�W�O�\ �6�S�H�F�L�I�L�H�G� (X ) = ( X 1 + X 2 � 2X 3)=2

�0�R�G�H�U�D�W�H�O�\ �0�L�V�V�S�H�F�L�I�L�H�G� (X ) = X 2
1 � X 2 + X 3)

�6�H�Y�H�U�H�O�\ �0�L�V�V�S�H�F�L�I�L�H�G� (X ) = ( X 2
1 + X 1 + X 2 � X 1X 3)=2

�7�D�E�O�H �������� �:�H�L�J�K�W �0�R�G�H�O �0�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q

�5�R�Z�V �F�R�U�U�H�V�S�R�Q�G �W�R �W�K�H �V�S�H�F�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �S�D�U�W�L�F�L�S�D�W�L�R�Q �P�R�G�H�O �X�V�H�G �W�R �F�R�Q�V�W�U�X�F�W �Z�H�L�J�K�W�V��

�W�K�H �W�R�S �U�R�Z �L�V �F�R�U�U�H�F�W�� �W�K�H �P�L�G�G�O�H �U�R�Z �L�V �P�R�G�H�U�D�W�H�O�\ �P�L�V�V�S�H�F�L�I�L�H�G�� �D�Q�G �W�K�H �E�R�W�W�R�P �U�R�Z �L�V

�V�H�Y�H�U�H�O�\ �P�L�V�V�S�H�F�L�I�L�H�G�� �:�L�W�K�L�Q �H�D�F�K �U�R�Z�� �W�K�H �O�H�I�W �S�D�Q�H�O �L�Q�G�H�[�H�V �R�Y�H�U�O�D�S �X�V�L�Q�J �W�K�H �7�L�S�W�R�Q

�L�Q�G�H�[ �D�Q�G �W�K�H �U�L�J�K�W �S�D�Q�H�O �X�V�H�V �W�K�Hd �D�V �S�R�S�X�O�D�W�L�R�Q �G�L�I�I�H�U�H�Q�F�H �D�Q�G �P�R�Y�H�P�H�Q�W �W�R �W�K�H �U�L�J�K�W

�L�Q�G�L�F�D�W�H�V �Z�R�U�V�H �R�Y�H�U�O�D�S��

�:�K�H�Q �W�K�H �S�D�U�W�L�F�L�S�D�W�L�R�Q �P�R�G�H�O �L�V �F�R�U�U�H�F�W�� �W�K�H �W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H �D�Q�G �W�K�H �Z�H�L�J�K�W�H�G �P�R�G�H�O

�\�L�H�O�G �V�L�P�L�O�D�U �P�H�D�Q �V�T�X�D�U�H�G �H�U�U�R�U �D�F�U�R�V�V �P�R�V�W �R�Y�H�U�O�D�S �O�H�Y�H�O�V�� �$ �V�P�D�O�O �D�G�Y�D�Q�W�D�J�H �I�R�U �W�K�H

�W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H �H�P�H�U�J�H�V �R�Q�O�\ �Z�K�H�Q �R�Y�H�U�O�D�S �L�V �O�L�P�L�W�H�G�� �7�K�H �W�D�U�J�H�W �P�R�G�H�O �L�V �L�Q�Y�D�U�L�D�Q�W �W�R

�R�Y�H�U�O�D�S �E�\ �F�R�Q�V�W�U�X�F�W�L�R�Q �D�Q�G �U�H�P�D�L�Q�V �I�O�D�W�� �D�V �H�[�S�H�F�W�H�G��

����



�)�L�J�X�U�H ��������ymse �Z�L�W�K �7�L�S�W�R�Q �D�Q�Gd �I�R�U �3�6 �0�R�G�H�O

�8�Q�G�H�U �P�R�G�H�U�D�W�H �R�U �V�H�Y�H�U�H �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q�� �W�K�H �Z�H�L�J�K�W�H�G �P�R�G�H�O �G�H�J�U�D�G�H�V �D�V �R�Y�H�U�O�D�S

�Z�R�U�V�H�Q�V �D�Q�G �F�D�Q �S�H�U�I�R�U�P �Z�R�U�V�H �W�K�D�Q �W�K�H �X�Q�Z�H�L�J�K�W�H�G �V�R�X�U�F�H �P�R�G�H�O�� �,�Q �F�R�Q�W�U�D�V�W�� �W�K�H �W�Z�R

�V�W�H�S �S�U�R�F�H�G�X�U�H �F�R�Q�V�L�V�W�H�Q�W�O�\ �U�H�G�X�F�H�V �P�H�D�Q �V�T�X�D�U�H�G �H�U�U�R�U �U�H�O�D�W�L�Y�H �W�R �W�K�H �Z�H�L�J�K�W�H�G �P�R�G�H�O �D�W

�D�O�O �R�Y�H�U�O�D�S �O�H�Y�H�O�V�� �L�Q�F�O�X�G�L�Q�J �U�H�J�L�P�H�V �Z�L�W�K �P�L�Q�L�P�D�O �R�Y�H�U�O�D�S��

�,�Q �W�K�H�V�H �V�H�W�W�L�Q�J�V�� �W�K�H �O�H�I�W �S�D�Q�H�O�V �E�D�V�H�G �R�Q �W�K�H �7�L�S�W�R�Q �L�Q�G�H�[ �D�U�H �Q�R�W �U�H�O�L�D�E�O�\ �L�Q�I�R�U�P�D�W�L�Y�H

�E�H�F�D�X�V�H �W�K�H �L�Q�G�H�[ �L�W�V�H�O�I �U�H�O�L�H�V �R�Q �D �F�R�U�U�H�F�W�O�\ �V�S�H�F�L�I�L�H�G �S�D�U�W�L�F�L�S�D�W�L�R�Q �P�R�G�H�O�� �Z�K�L�F�K �L�V �Q�R�W

�J�X�D�U�D�Q�W�H�H�G �K�H�U�H�� �7�K�H �U�L�J�K�W �S�D�Q�H�O�V �U�H�P�D�L�Q �L�Q�W�H�U�S�U�H�W�D�E�O�H �E�H�F�D�X�V�H �W�K�H�\ �G�R �Q�R�W �G�H�S�H�Q�G �R�Q �W�K�H

�Z�H�L�J�K�W �P�R�G�H�O��

�,�Q �V�X�P�P�D�U�\�� �Z�L�W�K �D �F�R�U�U�H�F�W �Z�H�L�J�K�W �P�R�G�H�O�� �H�L�W�K�H�U �Z�H�L�J�K�W�L�Q�J �D�S�S�U�R�D�F�K �W�U�D�Q�V�S�R�U�W�V �Z�H�O�O��

����



�Z�L�W�K �D �V�O�L�J�K�W �H�G�J�H �I�R�U �W�K�H �W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H �Z�K�H�Q �R�Y�H�U�O�D�S �L�V �O�L�P�L�W�H�G�� �:�L�W�K �D �P�L�V�V�S�H�F�L�I�L�H�G

�Z�H�L�J�K�W �P�R�G�H�O�� �Z�H�L�J�K�W�L�Q�J �F�D�Q �K�D�U�P �S�H�U�I�R�U�P�D�Q�F�H�� �7�K�H �W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H �P�L�W�L�J�D�W�H�V �W�K�L�V

�U�L�V�N �D�Q�G �S�U�R�Y�L�G�H�V �U�R�E�X�V�W �L�P�S�U�R�Y�H�P�H�Q�W�V �R�Y�H�U �W�K�H �Z�H�L�J�K�W�H�G �P�R�G�H�O �D�F�U�R�V�V �D�O�O �R�Y�H�U�O�D�S �U�H�J�L�P�H�V��

�D�O�W�K�R�X�J�K �L�P�S�U�R�Y�H�G �Z�H�L�J�K�W�L�Q�J �F�D�Q �V�W�L�O�O �S�H�U�I�R�U�P �Z�R�U�V�H �W�K�D�Q �W�K�H �X�Q�Z�H�L�J�K�W�H�G �V�R�X�U�F�H �P�R�G�H�O��

������ �5�R�E�X�V�W�Q�H�V�V �W�R �9�D�U�L�D�E�O�H �6�H�O�H�F�W�L�R�Q �L�Q �3�U�H�G�L�F�W�L�R�Q �D�Q�G �:�H�L�J�K�W �0�R�G�H�O�V

�7�K�L�V �V�H�F�W�L�R�Q �H�Y�D�O�X�D�W�H�V �W�K�H �U�R�E�X�V�W�Q�H�V�V �R�I �W�K�H �S�U�R�S�R�V�H�G �W�Z�R �V�W�H�S �S�U�R�F�H�G�X�U�H �W�R �Y�D�U�L�D�E�O�H �V�H��

�O�H�F�W�L�R�Q �H�U�U�R�U�V �L�Q �E�R�W�K �W�K�H �S�U�H�G�L�F�W�L�R�Q �P�R�G�H�O �D�Q�G �W�K�H �Z�H�L�J�K�W �P�R�G�H�O�� �:�H �F�R�Q�V�L�G�H�U �W�Z�R �F�O�D�V�V�H�V

�R�I �P�L�V�V�S�H�F�L�I�L�F�D�W�L�R�Q�� �R�P�L�V�V�L�R�Q �R�I �W�U�X�O�\ �U�H�O�H�Y�D�Q�W �Y�D�U�L�D�E�O�H�V �D�Q�G �L�Q�Y�R�O�Y�H�P�H�Q�W �R�I �U�H�G�X�Q�G�D�Q�W �Y�D�U�L��
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�Z�K�L�W�H �D�U�H�V �L�Q �E�R�W�K �S�O�R�W�V�� �7�K�H �V�W�U�D�L�J�K�W �O�L�Q�H�V �U�H�S�U�H�V�H�Q�W �W�K�H �V�H�S�D�U�D�W�L�R�Q �O�L�Q�H �E�X�L�O�W �Z�L�W�K �O�R�J�L�V�W�L�F

�U�H�J�U�H�V�V�L�R�Q �L�Q �V�R�X�U�F�H �S�R�S�X�O�D�W�L�R�Q ���R�U�D�Q�J�H �O�L�Q�H���� �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q ���E�O�X�H �O�L�Q�H�� �D�Q�G �Z�H�L�J�K�W�H�G

�U�H�J�U�H�V�V�L�R�Q ���J�U�H�H�Q �O�L�Q�H���� �Z�L�W�K �I�L�W�W�H�G �F�R�H�I�I�L�F�L�H�Q�W �L�Q �H�D�F�K �P�R�G�H�O �D�V� = ( � 0; � 1; � 2)��

x2 =
� 0

� � 2
+

� 1

� � 2
x1

�$�Q�G �L�W �L�V �F�O�H�D�U �W�K�D�W �W�K�H �Z�H�L�J�K�W�H�G �V�H�S�D�U�D�W�L�R�Q �O�L�Q�H �L�V �F�O�R�V�H�U �W�R �W�K�H �W�D�U�J�H�W �F�O�D�V�V�L�I�L�F�D�W�L�R�Q �O�L�Q�H �L�Q

�W�K�H �W�D�U�J�H�W �S�R�S�X�O�D�W�L�R�Q��

����
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