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Abstract

Robust Prediction Transportability under Covariate Shift: A Two-Step Weighted
Bootstrap Framework

Researchers are often interested in transporting a prediction model or a causal relation-
ship to a new population with a different covariate distribution. Weighting methods are
commonly used to correct for sample selection bias and mitigate the covariate shift prob-
lem. However, when and under what conditions weighting is appropriate remains underex-
plored. Although covariate shift has been extensively studied in both prediction modeling
and causal inference, often referred to as sample selection bias, these areas are typically
treated separately, despite sharing important conceptual similarities.

In this dissertation, we first elucidate the connections with overlap weight and compare
the key differences between weighting methods in causal inference and in semi-supervised
prediction, focusing on their goals, underlying assumptions, and data-generating mecha-
nisms. We then address the practical challenge of insufficient population overlap, which
often leads to unstable or ineffective weighting in prediction transportability. To overcome
this, we propose a two-step procedure combining importance sampling and double bootstrap
techniques, to improve predictive performance under covariate shift even in limited-overlap
scenarios.

Building on this method, we further develop a novel approach for measuring population
overlap that incorporates modeling information from both the propensity score estimation
and the outcome model. This measure provides a more informative assessment of over-
lap quality than existing purely empirical metrics, offering practitioners guidance on when
weighting is likely to succeed.

Through comprehensive simulations with source and target samples generated under
distinct mechanisms, we evaluate various weighting strategies, including no weights, stan-
dard propensity score weights, and the proposed two-step weights, across different degrees

of covariate shift, overlap, and model misspecification. We find that when overlap is low,
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weighting methods do not improve predictive accuracy, while in moderate or high-overlap
settings, our proposed method performs comparably to standard approaches under correct
model specification and shows significant improvements under misspecification. Finally,
we discuss practical considerations for selecting appropriate weighting methods and demon-
strate how our new overlap measure can inform these decisions, ultimately providing a

robust framework for prediction transportability under covariate shift.
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Chapter 1: Introduction

In both predictive modeling and causal inference, researchers often aim to apply find-
ings from one population to another that differs in its characteristics. This process, some-
times referred to as transportability or generalization, is complicated by two fundamental
challenges. The first is covariate shift, meaning that the distribution of covariates differs
between the population used to develop the model and the new population to which it will
be applied[50, #40]. The second, and often more critical in practice, is the absence of out-
come data in the new population, which prevents direct estimation of model performance
or causal effects. Together, these issues limit the generalizability of statistical conclusions
and can lead to biased or unreliable results if not properly addressed[9].

Even in carefully designed studies such as randomized clinical trials, the study popula-
tion often differs systematically from the broader target population[|15, 31, 5]. For example,
minority or older subgroups may be underrepresented in a trial, leading to systematic differ-
ences in baseline risk factors or treatment response. If these discrepancies are ignored, both
predictive models and causal effect estimates derived from the trial may fail to generalize,
raising concerns about validity and equity [2].

These challenges are not merely theoretical but occur frequently in real world applica-
tion. For instance, models developed from clinical trial cohorts often need to be extended
to broader community populations that differ in demographics or clinical risk profiles, and
such external populations rarely have complete outcome follow-up. Similar difficulties
arise when translating results across registries or large-scale biobanks, where covariate in-
formation is available but outcomes are missing or only partially observed[9]. Researchers
examined the transportability of a lung-cancer prediction model originally developed using
data from the National Lung Screening Trial (NLST) to a nationally representative popula-

tion in the National Health and Nutrition Examination Survey (NHANES). In this setting,



covariate information was available from both datasets, but lung-cancer outcomes were
observed only in the NLST cohort. Because NHANES lacked follow-up data on cancer
diagnosis, the study population distributions differed substantially, creating both covariate
shift and missing outcome problems. They demonstrated that these data limitations can
cause biased or over-optimistic estimates of predictive accuracy if not properly accounted
for, underscoring how lack of population overlap and unobserved outcomes pose practical
barriers to model generalization across populations[46].

A common approach to address covariate shift is to apply weighting methods, which
adjust the data used for model estimation or evaluation so that their covariate distribution
aligns with that of the target population [44, 13]. Formally, each observation receives a
weight proportional to the ratio of the covariate densities between populations, minimiz-
ing divergence measures such as the Kullback—Leibler divergence. These weights allow
unbiased estimation of quantities such as expected loss or causal effect under appropri-
ate identifiability and overlap conditions. However, the success of this approach critically
depends on population overlap—the extent to which the predictor distributions intersect.
When overlap is weak, weight estimates become unstable and result in inflated variance or
poor predictive accuracy [A46].

Despite their conceptual similarity, weighting plays distinct roles in predictive model-
ing and causal inference. In causal inference, weights are used to balance treatment groups
and estimate counterfactual effects, whereas in predictive modeling they serve to adapt or
calibrate a model for a new data distribution. Yet in both contexts, the performance of
weighting is sensitive to the same underlying issues: lack of overlap, model misspecifica-
tion, and instability of extreme weights. Understanding these shared mechanisms provides
a unified foundation for improving generalization across diverse populations.

To address these challenges, this dissertation proposes a two-step procedure that inte-
grates importance weighting with a double-bootstrap approach to stabilize estimation under

limited overlap. In addition, a new overlap diagnostic metric is introduced, combining in-



formation from both the propensity model and the outcome model to assess when weighting
is likely to succeed.

The goal of this work is to advance the theoretical understanding and practical imple-
mentation of robust weighting for prediction transportability. The dissertation begins by
introducing the existing weighting framework, comparing weighting methods in predic-
tive modeling and causal inference, and clarifying their connections and distinctions in ob-
jectives and assumptions. Building on these insights, subsequent chapters introduce the
proposed two-step weighting and overlap diagnostics, evaluate their performance through
simulation studies under varying covariate shift and overlap scenarios, and provide applied
guidance on extending predictive models to new populations when outcomes are unavail-
able.

The remainder of the dissertation proceeds as follows. Chapter 2 provides a compre-
hensive literature review on covariate shift, weighting techniques, and transportability in
both causal inference and predictive modeling contexts. Chapter 3 formally defines the
problem setup for prediction under covariate shift, introduces key assumptions, and details
the proposed two-step weighting method. Chapter 4 evaluates our methods through exten-
sive simulation analyses. Chapter 5 illustrates the application of the methodology using
real-world data examples. Finally, Chapter 6 summarizes the dissertation’s contributions,

discusses limitations, and suggests directions for future research.



Chapter 2:  Literature Review

This section reviews current research progress about covariate shift for either causal
inferences or predictive modeling, then discusses the differences and connections using the

weighting method for the two different purposes.

2.1 Covariate Shift

Covariate shift describes settings where the distribution of covariates, P (X), differs
between two populations, while the conditional distribution of the outcome given covariates,
P (Y | X), remains unchanged across those settings [50, 35]. This assumption differentiates
covariate shift from other forms of dataset shift. In label shift, for example, P (Y ) changes
while P (X | Y) is stable; and in concept shift, the conditional relationship P (Y | X)
itself may vary [38]. Covariate shift often arises in practice when a prediction model or
a causal relationship is trained in one population and applied in another, and the covariate
distribution in the deployment environment differs from that of the training data.

In predictive modeling, covariate shift presents a major challenge to model generaliza-
tion. When a model is trained under one covariate distribution and deployed in an environ-
ment where P (X) differs, its performance can degrade even if the conditional distribution
P (Y | X) remains stable. This is particularly problematic in fields such as medical risk
prediction, credit scoring, and recommendation systems, where deployment settings often
differ systematically from the training environments [35, 49]. For instance, data collected
from a university hospital may differ systematically from data collected in community clin-
ics due to differences in patient demographics, socioeconomic status, or access to care. In
longitudinal cohort studies, the covariate distribution may evolve over time due to aging,
policy changes, availability of new treatment or changes in data collection procedures, even

when the underlying relationships remain stable. In public health surveillance, data col-



lected during a pandemic or outbreak may have different covariate patterns compared to
data from baseline periods. These types of distributional shifts can compromise the validity
of downstream analyses when not appropriately accounted for. To mitigate this, several
approaches have been proposed, including importance weighting, domain adaptation, and
covariate balancing methods, which aim to account for the shift by reweighting or trans-
forming training data to better align with the target setting [51, 38]. These adjustments are
critical to ensure reliable performance and fairness in real-world applications where covari-
ate distributions are rarely static.

Covariate shift arises in causal inference when researchers estimate treatment effects in
one population and aim to generalize or transport those effects to another population with
different covariate distributions. Even if the treatment assignment mechanism is random-
ized and estimates are unbiased in the trial population, the covariate distribution could still
differ significantly, and the causal effect may not generalize to the target population without
proper adjustment.

Figure compares the distribution of district sizes (number of schools) in a national
dataset versus those included in 37 randomized controlled trials [55]. Districts recruited
for studies tend to be much larger than typical districts nationwide, indicating a shift in the
distribution of key covariates. This discrepancy reflects covariate shift: although treatment
effects may be internally valid, differences in P (X) between study and target populations
can limit generalizability unless appropriately adjusted. This issue has motivated a growing

literature on transportability and generalizability [37, 9].

211 Covariate Shift in Prediction Modeling

Under the framework of prediction modeling, covariate shift is closely related to transfer
learning and domain adaptation. In ordinary supervised learning the source and target data
share both the covariate distribution and the predictive task. When either of these conditions

changes, the situation becomes transfer learning, which reuses past knowledge to improve



Figure 2.1: Distribution of log-district size in studies versus total population

learning in the new setting. If only the task changes, for example when a language model
that predicts the next token is further trained to classify sentiment on the same texts, we call
this inductive transfer. If only the distribution changes we have domain adaptation, such as
moving a spam filter from corporate to personal email, and these methods usually rely on
the covariate shift assumption that P (Y | X) stays fixed while P (X) drifts. When both
the task and the distribution differ the problem remains within transfer learning but falls
outside domain adaptation.

Covariate shift is commonly handled through multiple strategies when transferring pre-
dictive models to new populations. A classical approach is reweighting the source data to
better represent the target population, often using density-ratio estimation methods. Importance-
weighted likelihood and importance-weighted cross-validation incorporate these weights
directly into the modeling and tuning process, respectively [44, 51]. Direct density-ratio
estimation methods explicitly estimate these ratios without separately estimating densities,
simplifying computations [51]]. Model recalibration is another practical strategy, leveraging
target population covariates and source outcomes to refine predictions, particularly preva-

lent in epidemiological applications [46, 36]. Additionally, recent methods emphasize the



importance of considering potential conditional shift alongside covariate shift, providing
uncertainty bounds when the assumption of stable conditional distributions might be vio-
lated [21]]. Each method comes with distinct assumptions and trade-offs, making the careful
selection of strategies crucial depending on the specific characteristics of the shift scenario

encountered.

2.1.2 Covariate Shift in Causal Inference

Covariate shift is naturally related to causal inference from two aspects. A change in
the covariate distribution P (X) can threaten either internal validity, when treatment and
control units in one study differ, or external validity, when we apply an effect learned in
one study to a new population. In both cases, causal methodology treats the distributional
difference as covariate shift and corrects it with weighting or representation learning.

To investigate the causal relationship in one study, when ignorability holds, estimat-
ing the average treatment effect reduces to reconciling two samples drawn from different
regions of P (X). Classical solutions such as trimming, weighting or matching construct
a pseudo( Jpopulation in which covariates are balanced. Modern approaches learn repre-
sentations that minimize a distributional distance between reweighted treatment groups,
linking the finite! Isample error of causal estimators to covariate shift bounds shown in
machinelllearning theory [22]. A balanced comparison between two population ensures
unbiased treatment effect estimation and thus guarantee the internal validity.

And for external validity, transporting an unbiased effect estimate to a new population
requires aligning the study covariate distribution with the target population. Once a causal
effect is unbiased within the study, the next question is whether it holds in a population
whose covariate distribution P (X) differs from that of the trial. Rather than relying on
abstract transport formulas, recent applied work shows that straightforward weighting can
translate the study results to the target setting. Some also introduce inverse odds of sam-

pling weights, a simple extension of propensity weighting, and demonstrate the method with



a numerical example that moves results from an HIV trial to a wider clinic population[57].
Practice oriented guidance compares outcome model based, participation model based esti-
mators with inverse odds weights, and doubly robust estimators, then provides implemen-
tation details, and illustrates the workflow by reanalyzing a coronary artery surgery trial
nested in an observational registry[9].

A recent scoping review [32] systematically examined when, why, and how such trans-
port is performed in practice. The paper summarizes 21 applied studies and 7 method-
ological papers, highlighting that successful transportability depends not only on covariate
alignment but also on identifying appropriate effect modifiers, ensuring sufficient overlap,
and selecting valid estimators such as inverse probability weighting or doubly robust meth-
ods. It also emphasizes that transportability is most effective when internal validity holds,
all necessary covariates are measured in both populations, and causal assumptions are ex-
plicitly stated, often using selection diagrams to justify the transport strategy.

Together these papers show that external validity can be achieved in practice with the
same weighting logic used for internal validity, provided that analysts have covariate data
from both the study sample and the target population, and respect overlap and positivity
requirements.

Both scenarios rely on the same statistical idea: unequal sampling of covariate space can
be removed by importance weighting or balanced representations as long as P(Y | X, T)
remains stable. The distinction is their scales. Internal validity corrects covariate shift
within a study to compare treatments fairly, whereas external validity corrects covariate

shift between studies to generalize already unbiased findings.

2.2 Weighting Method

2.2.1 Weighting Methods in Predictive Modeling

In the area of covariate shift and transfer prediction, weighting is also widely studied.

However, the challenges for weighting in causal inference remain in the weighting method



in transfer prediction. Weighting could remove bias due to the difference between the model
in the target population and that in the source population, but could potentially increase the
variance[39] because weights need to be estimated. Thus many have proposed different
approaches to address such issues from different aspects.

First of all, as the ratio of density is hard to estimate accurately for high-dimensional
data even with sufficient samples, the prediction would improve if a better estimation of
density ratio is applied. [47] A low-dimensional weighting approach is proposed to repre-
sent high-dimensional covariates in lower dimensions while the ratio in lower dimension
is loss-equivalent to correct differences in the outcome models due to covariate shift. This
new approach uses covariates with lower dimensions thus avoiding the negative effects of
high dimensionality on prediction performance in the covariate shift setting. The method
is applied to a cancer gene expression dataset, provided by The Cancer Genome Atlas Net-
work, and achieves good performance.

Unlike traditional methods that either weight training samples (weighted methods) or
testing samples (robust methods), a novel approach applies weights to both training and test-
ing samples. The author proposes a minimax risk classification (MRC) framework that can
effectively estimate weights and then weight both training and testing samples. This double
weighting strategy effectively manages issues such as support mismatch and extreme values
in weights, which can significantly improve the performance of the weighting method[33].

Another approach focuses on the trade-off of variance and bias. Traditional approaches
like Kernel Mean Matching (KMM) focus on estimating the importance weights, the ratio
of densities between target and source population [13]]. However, these methods can suf-
fer from high variance, especially when there is insufficient overlap and the weights are
inaccurately estimated. Nonparametric regression (NR) is also used but tends to incur high
bias with limited training size. A new estimator is proposed to integrate the residuals of NR
with KMM weighting. This combined approach balances the trade-off between bias and

variance, enhancing the robustness and accuracy of importance weighting under covariate



shift[29].

2.2.2 Weighting Methods in Causal Inference

In the causal inference literature, when estimating the average treatment effect, it is
common to consider the covariate balancing between the treatment and control groups[27].
Propensity score is a well-accepted tool to achieve covariate balancing under the framework
of causal inference[41]]. Trimming and matching[8, 48] are also widely applied in covariate
balancing but they tend to discard many data points, and the choice of thresholds can be ad
hoc sometimes.

But the performance of the weighting methods is hindered by two conditions - misspec-
ification of the propensity score model and extreme weight estimates with large variances.
Propensity scores are often sensitive to misspecification of the model they are estimated
from, leading to biased estimates of the average treatment effect[25]. Furthermore, the in-
verse weighting methods require that the propensity score is bounded away from 0 and 1.
However, when the estimated weights have large variances, some of the weight values may
be extreme[[10], which occurs when there is insufficient overlap between the target and the
source populations.[59].

To address the issue of weight model misspecification[25], various modifications to the
basic propensity score weighting method have been proposed, such as covariate balanc-
ing propensity score (CBPS) ([18], generalized boosted modeling (GBM)[34], Bayesian
additive regression trees (BART)[[16]. Methods employing other weights, such as entropy
balancing[|14], energy balancing[|1 7], nonparametric CBPS[[11]] have also been developed.
It should be noted that all of those methods are built under the framework of causal infer-
ence, and the goal is to estimate the average treatment effects in the counterfactual scenario.

In summary, CBPS tries to improve the coefficient estimation in the propensity score
model using moment conditions as extra information. Both BART and GBM apply the re-

gression tree model, but BART builds a sum-of-trees model and then uses a back-fitting

10



MCMC algorithm to fit the propensity score while GBM estimates the log odd ratio of
propensity score iteratively. All three methods aim at estimating the propensity scores di-
rectly. Entropy balancing and nonparametric CBPS build optimization problems with dif-
ferent intuitions. Entropy balancing optimizes KL entropy divergence under the constraints
of sample moment conditions, and nonparametric CBPS finds the weights that can best un-

correlate the treatment assignment with the covariates.

2.3 Weighting Methods May NOT Improve Performance

Weighting approaches are widely used to address covariate shift in both prediction trans-
portability and causal inference. However, their effectiveness is not always guaranteed.
Weighting methods are widely employed to address covariate shift in both prediction trans-
portability and causal inference, yet their effectiveness is not always guaranteed. Impor-
tance weights can exhibit high variance, especially when their distribution is heavy-tailed,
which may destabilize estimation and limit predictive performance even in relatively large
samples [7]. Moreover, the finite-sample distribution of importance-weighted risk esti-
mators is often skewed; in many practical settings this skewness leads to over- or under-
estimation of risk and can misguide hyperparameter selection, ultimately compromising
generalization [23]]. When trying to transfer risk prediction models for digestive cancers
from biobanks linked to electronic health records (EHR), post-stratification weights are ap-
plied in various models adjusted with different covariates. The use of propensity score
weights was found not to consistently improve performance. Sometimes unweighted mod-
els outperform weighted models, or the difference in performance was minimal [42]. Simi-
lar limitations arise in causal inference: inverse probability weighting is highly sensitive to
limited covariate overlap, often leading to unstable or biased estimates [59].

Several theoretical reasons underpin these observed failures. First, weighting can fail

Pt (X)

when the density ratio between the target and source distributions, 5 0

varies dramatically.

This uneven ratio yields importance weights with large variances, significantly reducing the

11



effective sample size and thus leading to unstable estimators[6]. Second, weighting assumes
no model misspecification. When not specified correctly, it could result in poorer predictive
performance [[12]. Lastly, practical implementation introduces additional estimation errors,
as the density ratio or propensity scores are typically estimated from finite samples. Such
estimation errors further compound variance and bias, undermining the intended benefits
of weighting methods.

Given these potential pitfalls, it is crucial to implement diagnostic tools to evaluate the
suitability of weighting methods for specific applications. For instance, measuring overlap
between source and target distributions helps assess whether weighting is likely to produce
reliable results. Limited overlap suggests that weighting could lead to weight estimates with

large variances and thus poor performance.

2.4 Measurement of Population Overlap

Estimating or transporting prediction models or causal effects across such settings de-
pends critically on support overlap, the extent to which regions of X space represented
in the target are adequately represented in the source (or between treatment arms). Lack
of overlap inflates variance of importance weights, destabilizes estimators, and can induce
extrapolation bias. Foundational treatments appear in work on covariate shift adaptation
in machine learning and in the broader dataset shift literature, as well as in classic causal
inference discussions of the propensity score and positivity. [52, B§].

One class of overlap diagnostics compares the entire empirical distributions of X under
two groups, with their densities denoted as P and Q. Common divergence measures include
Kullback-Leibler divergence D (P Q), Jensen Shannon divergence (a symmetrized, bounded
variant of KL), Hellinger distance H (P, Q), and Bhattacharyya distance, which is directly
tied to the Bhattacharyya coefficient measuring density overlap[8]. Smaller values indicate
closer distributions; for Hellinger and Bhattacharyya coefficients near zero difference (or

coefficient near one) suggests good overlap, whereas large KL or Jensen Shannon values in-

12



dicate substantial shift and possibly non overlapping support if densities vanish in regions
of the target. Practical tutorials that give formulas, bounds, and examples of how these
respond to tail separation are widely available and useful for exploratory diagnostics.

When there are relatively large number of covariates, density estimation are oftern inac-
curate and researchers often monitor simpler summaries that are strongly linked to overlap
and to bias after adjustment. The standardized mean difference (SMD) compares group
means scaled by a pooled standard deviation; values below about 0.1 are often taken to in-
dicate negligible imbalance, 0.1 to 0.2 modest, and larger values concerning, although con-
text matters. Variance ratios, empirical distribution plots, and standardized differences for
higher order terms extend this idea. Detailed evaluations of balance diagnostics for propen-
sity score matched samples, interpretation ranges, and applied guidance are available[[l], 58].

Several methods explicitly target the region of common support. One approach esti-
mates the average treatment effect within a trimmed subset defined by bounds on the es-
timated propensity score chosen to minimize asymptotic variance, effectively discarding
regions with extreme or near zero weights. Their work provides data driven thresholds,
often yielding cut points such as 0.1 < €(X) < 0.9 in examples, though optimal values
depend on the data generating process[8].

No single metric can comprehensively capture population overlap. A robust evaluation
requires a layered approach. Initial assessments often rely on low-dimensional summaries,
including standardized mean differences (SMDs) and the distribution of propensity scores.
When high-dimensional covariate structure or complex geometry may obscure regions of
poor support, distributional measures such as the Hellinger distance, Bhattacharyya dis-
tance, Wasserstein distance, or maximum mean discrepancy (MMD) can provide more sen-
sitive diagnostics [38]. In practice, trimming or overlap weighting is frequently employed
to define target estimands with sufficient effective sample sizes and acceptable levels of
covariate support. For applications involving transportability or extrapolation beyond the

observed study sample, representativeness indices and outcome-relevant diagnostics—such

13



as prognostic scores or performance gaps from doubly robust estimators—should also be ex-
amined. By integrating these complementary perspectives, researchers can reliably assess

the validity of transported causal estimates or reweighted predictive models.
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Chapter 3:  Methods

3.1 Notation

Let Y be the outcome variable and X be the covariates. We observe (Xj,Yj), I =

1,---,ny, a simple random sample from the source population. But for the target popu-
lation, only the covariate information X;, i = n; + 1,--- Ny + Ny, is available whose
distribution may differ from the Xj, i = 1,--- , n;. The total sample size is N = n; + n.

The use of S to indicate which subjects in the population belong to, e.g., S;j = 1 denotes
that the ith observation is from the source population while S; = 0 for the target population.
We also use Ts(X, y) and f5(X) to represent the joint and marginal distribution in the source
(s = 1) and target (s = 0) population.

Since the outcome information is not available in the target population, this is a semi-
supervised learning problem. we want to estimate Y,ge; With the information from the
source population and covariates in the target population. Formally, we are interested in

estimating

E(Y|S=0,X =x)

through a weighted regression in the source population. After estimating the target outcome,
we are equally interested in the performance of our estimation. Given the loss function
Lg(Y, X) indexed by a parametric model, we also want to estimate the expected loss in
target population

We = E(Lo(Y, X)|S = 0).

Typical choices include squared error Lg(y,X) = (y — gg(X))? for continuous or cross-

entropy for binary outcome.
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3.1.1 Assumptions

To identify the target risk and relate it to the weighted source expectation, we impose
the following standard assumptions. Let f5(X,y) and fs(X) denote the joint and marginal
densities in population s {0, 1}, where S = 1 indicates the source population and S = 0

the target population.

(A1) Covariate Shift (Conditional Invariance). The conditional distribution of the out-

come given the covariates is the same in the source and target populations:

foly | X) = fu(y [ X)

for all X in the support of fo(X). This assumption allows the relationship between Y

and X to be learned from the source data and transferred to the target domain.

(A2) Positivity (Overlap). Every covariate pattern observed in the target population has

positive probability in the source population:

fi(X) >0 whenever fo(X) > 0.

This ensures that the density ratio fo(X)/f1(X) and the associated weights are well-

defined.

(A3) Integrability. The loss function Lg(Y, X) is integrable under both fy and f;:

Er[ILo(Y, X)[] < 00, Eg[|Lo(Y, X)[] < oo.

This guarantees that all expectations used in the derivations exist.

Assumption (A1) is sometimes referred to as the transportability or domain invariance

condition and is not directly testable without target outcomes. Assumption (A2) requires
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that the two populations share sufficient covariate overlap; violations lead to unstable or
high-variance weights in finite samples.

Together, (A1)—(A3) imply that expectations over the target distribution can be repre-
sented as weighted expectations over the source distribution, forming the theoretical basis

for the importance-weighted framework.

3.2 Existing Framework

This section reviews the existing framework for handling population transportability un-
der covariate shift, which forms the foundation of our proposed method[46, 45, 44]. We first
introduce the key notation, and assumptions that define the relationship between the source
and target populations. We then provide an intuitive illustration of the weighting concept
and show, through theoretical derivation, that the density ratio w(X) = To(X)/T1(X) aligns
the source distribution with the target. Practical approaches for estimating this weight are
discussed, including kernel-based and propensity-score formulations. Finally, we establish
the identifiability and estimation of the target expected loss, setting the stage for the next
section, where we address the limitations of these existing weighting methods and propose

a more robust framework.

3.21 Weighting Approach

To motivate the weighting framework, consider the visualization in Figure 3.1. The or-
ange points represent samples drawn from the source population, where both covariates and
outcomes are observed. The blue points correspond to the target population, for which only
covariate information is available. Hollow blue circles indicate that the target outcomes are
unobserved, which are available only in a simulated data.

In the top-left panel, the two populations exhibit distinct covariate distributions: the
orange and blue points cluster in different regions of the feature space. When a classifier

(or regression model) is trained only on the source data, it learns a decision boundary opti-
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Figure 3.1: Weighting intuition under covariate shift

mized for the source distribution. In the top-right panel where darker blue points highlight
the misclassified target observations, this boundary does not generalize well to the target
population, whose covariate distribution is shifted. The covariate shift between populations
leads to biased prediction or risk estimation in the target domain.

Because the target outcomes are unavailable, we cannot directly adjust the model based
on target labels. Instead, the central idea of weighting is to up-weight source samples that are
more similar to the target population and down-weight those that are less. In the bottom-left
panel, larger orange points represent source observations assigned higher weights because
their covariate patterns resemble those found in the target population. This reweighting
scheme relies solely on the relative positions of covariates between populations, not on
target outcomes.

After applying the weights, the fitted decision boundary (bottom-right panel) aligns
more closely with the target population structure. This improvement demonstrates that ap-
propriate weighting can correct for distributional discrepancies between the training and
target domains, thereby enabling the model to approximate the target conditional relation-

ship E(Y | S = 0, X) and the corresponding target risk.
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Let Lo(Y, X) be a general loss function associated with model parameter 8. The target

risk we want to minimize is

E(Lo(Y, X)|S =0, X = X).

However, since data are only observed from the source distribution f1(X, ), the goal is to ex-
press Ro(0) in terms of expectations under ;. Using the definition of the Kullback—Leibler
divergence between fy(X, y) and a reweighted version of (X, y), it is showed that the target

risk can be obtained by minimizing the following weighted source expectation[44]:

fo(x)

Er[Lo(Y,X)] = Lo(y2) £ o5

f1(x,y)dydx = E¢, [W(X) Lo(Y, X)].

Here the optimal weight function is

_ Fo(¥)
f1(x)

w(X)

For any loss function Lg(Y, X) indexed by a parameter 6, define the target risk as the

expected loss in the target population:

Ro(0) = Ego[Le(Y,. X)] = Le(y,X) fo(y, x) dy dx.

Under the covariate shift assumption

fo(y | x) = fu(y | %),

the joint densities differ only through their marginal covariate distributions. Using this

relationship, the target risk can be expressed as an expectation over the source distribution:

fo(X)
f1(x)

Ro(8) =  Le(y,x) fu(y, x) dy dx = Eg, [W(X) Lo (Y, X)],
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fo(X)
1)

where W(X) = is the density-ratio weight.
This equation shows that, for any given loss function, the expected target loss can be
evaluated as a weighted expectation under the source population. Consequently, minimiz-

ing the target risk is equivalent to minimizing a weighted empirical risk estimated from the

labeled source data.

3.2.1.1 Connection to the Kullback-Leibler Divergence

An important special case arises when the loss is chosen as the negative log-likelihood

of a probabilistic model gg(y | X):

Le(Y, X) = —logge(Y | X).

In this case, the target risk becomes

Ro(8) = —Eg[log ge(Y | X)] = KL(fo o) — Ego[log fo(Y | X)),

where KL(fp gg) denotes the Kullback-Leibler (KL) divergence between the true target
conditional distribution fo(y | X) and the model gg(y | X). Because the second term does
not depend on 6, minimizing Ry (8) is equivalent to minimizing the KL divergence.

Similarly we could have

Ef,[—10gge(Y | X)] = E¢, [Ww(X) (—1logge(Y | X))],

which shows that minimizing the KL divergence in the target population is equivalent to
maximizing the weighted log-likelihood in the source population. This provides the the-
oretical basis of the weighted maximum-likelihood estimator proposed by Shimodaira for

covariate shift correction[44].
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3.2.2 Propensity-Score Weighting

A straightforward way to approximate the density ratio

_ o)

"0 0

is to estimate the marginal covariate densities fo(X) and f;(X) separately and take their
ratio. This method, based on kernel density estimation (KDE), provides an intuitive non-
parametric approach to importance weighting. While conceptually simple, this approach
often performs poorly in practice. When the covariate dimension is moderate or high, ker-
nel density estimation becomes unstable and highly sensitive to the bandwidth choice. In
addition, the ratio based on KDE can vary sharply when ﬁ(x) is small, producing extreme
weights and high variance in subsequent analyses. Because of these issues, KDE-based
weighting is rarely effective beyond low-dimensional or well-separated settings. More ro-
bust estimation strategies are needed, which are discussed next.

An alternative and more robust way to estimate the density ratio avoids direct density
estimation and instead uses the probability of population membership. By Bayes’ rule, the

ratio of marginal covariate densities can be written as

fox) _Pr(S=0|X=x) Pr(s=1)
f.x) Pr(S=1|X=x) Pr(S=0)

Since the constant Pr(S = 1)/ Pr(S = 0) does not affect weighted estimation, the weights
can be equivalently defined up to a proportionality constant as

Pr(S=0|X=x) _1-—m(x)

W) B E1IX=x k)

where (X) = Pr(S = 1| X = X) is the probability that an observation belongs to the
source population. In practice, T(X) can be estimated from the combined source and target

samples by fitting a classification model for S on X. The fitted probabilities yield the
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estimated weights

This formulation converts density-ratio estimation into a standard supervised learning prob-
lem, where T1(X) can be modeled using logistic regression, random forests, or other flexible
methods. The approach is typically more stable than kernel-based estimation, especially
when X is high-dimensional. It also connects directly to the concept of inverse-odds weight-
ing widely used in causal inference and transportability analyses. These estimated weights
will be used to construct the weighted estimators of the target outcome and expected loss

in the next section.

3.2.2.1 Identifiability of Target Outcome and Target Loss

Recall the target conditional mean and the target expected loss,

Mo(X) =E(Y|S=0,X =x),  Wg = E(Lo(Y, X)|S = 0).

Under (A1) covariate shift (conditional invariance) and (A2) positivity, the outcome is iden-

tifiable pointwise:

mo(X) = E(Y|S =1, X =X).
For loss-based performance, apply the law of total expectation and (A1):
E(Le(Y, X)IS = 0) = E(E[Le(Y, X)|X,S = 0]|S = 0)
=E Lo(y, X)F(y|X,S=0)dy S =0
=E Lo(y, X)F(y|X,S=1)dy S =0

= E(E[Lq(Y, X)|X, S = 1]|S = 0).

Thus, even without target outcomes, g is a functional of (i) the conditional distribution of

Y given X learned in the source and (i1) the marginal distribution of X in the target.
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3.2.2.2 Estimation of Target Outcome and Target Loss

To ensure valid estimation of model performance and avoid overfitting, a train test split
is applied in the original paper and the expected target loss can be estimated with an inverse-
odds weighting representation.

Let 1(X) = Pr(S = 1|X = x) and o(x) = {1 — n(x)}/1(X) denote the inverse odds of

1(A=a)

source membership. Using the E(X|]A = a) = E(P( Aa)

X), we obtain the inverse-odds

representation

LIJE = E[E [I—(Ya X) | X1 S = 11 Dtest = 1]|S = O! Dtest = 1]

1 1(S=1) Pr[S =0 X, Dees = 1]

= L(Y,X) Dy =1
Pr[S =0 | Diest = 1] Pr[S =1 | X, Dt = 1] (¥, X) Deex

We show the detailed proof without considering the train test split. Given E(X|A =

a) = E(HAZ2 X)

bg = E[E[Le(Y, X) [ X,S =1]IS =0]

= Pr[81=0] E[1(S = 0)E[Le(Y,X) | X,S =1]]

_ Pr[Slzo]E I(S = 0)E F>I(§:1|1>)<)"9(Y’X) | X

= s = E E BsoipgliV 01X ENGS=0X]
_ Pr[S1=O] cg 16 :PleEE (15|x=) OIX1, v xy | x

"o =ut P

1(S=1)

Here the forth equation takes T = E P =11

Le(Y,X) | X as a constant and use
E[T < 1(S=0)]=E[T xE((S =0) | X)]. The fifth equation holds because E(I (S =
0)) | X) is a function of X.

In practice, to avoid overfitting when 8 (or ¢g) is trained on the same data used for
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evaluation, we use a train/test split (or K-fold cross-fitting). Let Dy = 1 indicate the

evaluation split. Then

We =E(Lo(Y, X)|S = 0, Diest = 1)

B 1 . 1{S = 1} Pr(S = 0|X, Dyex = 1)
" Pr(S = 0|Dies = 1) Pr(S = 1|X, Dy = 1)

Le(Y, X) Diest = 1

Replacing the unknown probabilities by estimates f1(X) fitted on the pooled (X, S) in
the evaluation split yields the empirical estimator (normalizing by the estimated target mass

in that split):

< N{Si = 1, D = ISR L6(Yi, X0)

2\1:1 1{SI = 0, Dtest,i = 1}

Under assumptions (A1)—(A2), the target expected loss and outcome are identifiable
using importance weighting. The ideal weight w(x) = fo(X)/T1(X) aligns the source distri-
bution with the target. In practice, inverse-odds weighting based on estimated population
membership probabilities provides a stable and implementable approximation. This frame-
work establishes the foundation upon which our proposed robust weighting method will
build, addressing the instability and bias that can arise when overlap is limited or the esti-
mated weights are highly variable.

This shows the target MSE can be estimated with ratio of densities, scaled by the sam-

pling fraction. Then we could use the empirical representation to estimate the target loss.

~ LS =) s (Y= gg(Xa)?

° N, 1(Si = 0)

3.2.3 Measurement of Population Overlap

In prediction transportability and causal inference, the degree of overlap between co-
variate distributions across populations is central. Let S {0, 1} denote source (S = 1)

and target (S = 0). Let fs(X) be the covariate density in population S and let m(X) =
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Pr(S = 1| X = x). Limited common support leads to unstable weighting and poor target
performance.
3.2.3.1 Distance and moment based summaries

A classic, low dimensional summary is the Absolute Average Standardized Mean Dif-

ference (AASMD)[48]. For each covariate X; define

Xjo — Xj1
SMD; = .
7 Sfo+sh
Then average across J covariates
1 J
AASMD = —  |SMD;].
J =

Another widely used summary is the Mahalanobis distance between the mean vectors of
the two groups

D2 = (Mo — K1) = (Mo — M),

where s = E[X | S = s] and X is a pooled covariance matrix.

3.2.3.2 Distribution based measures

When Ty and T; or accurate density estimates are available, one may quantify overlap
using divergence or affinity metrics.

Total variation distance and overlap coefficient[|]19]

TVD(fo, 1) = [fo(x) — F1(X)| dX,

1
2

OVL(fo, f1) = min{fo(x), Fi(x)} dx = 1 — TVD(Fo, f.).
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Kullbacki Leibler and Jenseni Shannon[24, 30]

fo(X) dx,

Dki(fo f1) = To(x) log £,

JSD(fo, f1) = 3Dki(fo M) + 1Dk (fr m), m = 3(fo + f1).

Wasserstein distance[56] Forp = 1,

1/p

Wp(fo, F) = inf = x—y "dy(x.y)

In one dimension,

WithoB) = IFg0) —Fi00l dx = Fy(u) — Fri(w) du

Bhattacharyya affinity and distance[4]

BC(fo, f1) = To(x) f1(X) dx, Dg(fo, f1) = —log BC(fo, f1) .

3.2.3.3 Propensity score based indices

A scalable alternative focuses on the scalar score U = 11(X) = Pr(S =1 | X). Let
gs(u) be the density of U in population S.

Tipton overlap index on the propensity scale[54]
o
Tipton = go(u) g1(u) du.
0

This is the Bhattacharyya affinity applied to the propensity score distributions go and g;.

Hellinger distance[3]
1 -
BCy = . o(u) g2(u) du, Dguy = —log(BCy).
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R indicator of representativeness[43] Given estimated inclusion probabilities p; for i =

1,...,N with

N

1
- ) —1_ A

1 N

p== B, SP)=
N iz

ol =

3.2.3.4 Discussion and guidance

Distance and moment summaries such as AASMD and Mahalanobis are easy to com-
pute and interpret, but they primarily reflect first and second moment alignment and can
miss higher order or interaction effects. Distribution based measures provide a richer no-
tion of similarity across the full joint distribution, though density based quantities can be
difficult to estimate reliably in moderate to high dimensions. Propensity score based indices
compress the problem into the one dimensional score U, which helps avoid the curse of di-
mensionality and connects directly to weighting stability, although their fidelity depends
on accurate estimation and calibration of T(+). All measures above focus on covariate in-
formation. Incorporating modeling information, for example initial model fitting results of
unweighted or weighted approaches, can align overlap assessment more closely with target
domain prediction and further improve decision making.

In the following simulation studies, we will use AASMD and the Tipton index to char-

acterize overlap regimes and to stratify model performance under covariate shift.

3.3 Possible Improvement

3.3.1 Limitations of the Current Framework

While the transportability framework proposed by Steingrimsson et al. (2023) provides
a rigorous foundation for estimating model performance in a new target population, several

important limitations remain that motivate methodological improvement.
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6HQVLWLYLW\DQG LQVWDELOLRH RX 2 HHIXW ILLDIPFHHARKRIGNH O
LO\RQLQYHUVH RGGV RUGHQVLW\ UDWLR ZHLJKWLQJ WR FF
VRXUFHDQG WDUJHW SRSXODWLRQV +RZHYHU WKHHIIHFWL"
QRWIXDUDQWHHG LQ DOO FDVHV $V LOOXVWUDWHG LQ ILJIX
FDQ YDU\VXEVWDQWLDOO\DFURVV GLITHUHQW VFHQDULRYV

J)LIXUH ([DPSOHRIZHLJKWLQJ

JLIXUFKSURYLGHV D YLVXDO LOOXVWUDWLRQ RI KRZ ZHLJKW|
XQGHU FRYDULDWH VKLIW ,QHDFKSDQHO RUDQJHDQG EOXH
VRXUFHDQG WDUJHW SRSXODWLRQV UHVSHFWLYHO\ 7KHILV
VLRQUHODWLRQVKLSVHVWLPDWHG XVLQJ L XQZHLJKWHG VF
VHUYLQJ DV D EHQFKPDUN XQDYDLODEOH LQ SUDFWLFH DQ
GbDWD JUHHQ 7KHFRPSDULVRQDFURVV WKHWKUHHSDQHOV
ZHLIKWLQJGHSHQGY FULWLFDOO\RQ SRSXODWLRQRYHUODS

,Q WKH OHIW SDQHO ZHLJKWLQJ VXFFHVVIXOO\ PLWLJDWH
EDODQFLQJ WKH FRYDULDWH GLVWULEXWLRQV EHWZHHQ WK
ZHLIKWLQJLV XQQHFHVVDU\EHFDXVH WKHWZR SRSXODWLRQ
LOWURGXFLQJ ZHLIJKWV LQ WKLV FDVHLQFUHDVHYVY YDULDELO
UDF\ ,Q WKHULJKW SDQHO ZHLJKWLQJIDLOV GXH WR D IHZ F
ZHLIKWV GRPLQDWLQIJWKHHVWLPDWLRQ UHVXOWLQJLQ XQ\

7KHVH H[DPSOHV HPSKDVL]H WZR FULWLFDO OLPLWDWLRQ"



KLIKO\VHQVLWLYH WRRXWOLHUVDQG HIWUHPH YDOXHV RI W
ZHDN RYHUODS 6HFRQG DQG SHUKDSV PRUHLPSRUWDQWO\
JXLGD QAHHRQEZHLIKWLQJ VKRECGG EHWISFSOWKEGH GHFLVLRQ WR -
PDGHDGKRF ZLWKRXWD SULQFLSOHG GLDJQRVWLFWRDVVH\
WUDQVSRUWDELOLW\ $V D UHVXOW HYHQ WKHRUHWLFDOO\
SRRUO\RU XQQHFHVVDULO\LQIODWHHVWLPDWLRQ YDULDQF

2YHUODS DVVHVVPHQW EDVHGKHRBXOU RQW RYDRH DRVH P H
RYHUODS SULPDULO\ WKURXJK WKH FRYDULDWH GLVWULEXW!|
IRUPDOL]JHG E\ WKH LGHQWLILDELOLW\ FRQGLWLRQV $ DQG
SURSHUW\ Rl WKH FRYDULDWH VSDFH DORQH LQGHSHQGHQMW
SUHGLFWLYHPRGHOLQJ ZKHWKHU WZR SRSXODWLRQV DUH W
WKH PRGHO SHUIRUPV DFURVV WKHLU UHVSHFWLYH FRYDULD
FRYDULDWHRYHUODS DSSHDUVDGHTXDWH PRGHO UHVLGXDC
DWLFDOO\EHWZHHQ SRSXODWLRQV LQGLFDWLQJ WKDW WKH
LQIRUPDWLYH DVVHV VP HRORG ¥ IOR K D\GHIGR & R BIEBERRNMWWWH G O R V
FRHIILFLHQW GLVWULEXWLRQ RUSUHGLFWLRQ HUURU GLVW!|
GDWD DQG PRGHO SHUVSHFWLYHYV

ILPLWHG VLPXODWLRKAPRUVLOXQOWOLRYXG\GHPRQVWUDWHV W
DVLPSOHXQLYDULDWHVLPXODWLRQ :KLOHWKLVH[DPSOHFC
UHIOHFW WKHFRPSOH[LW\RIUHDO ZRUOG GDWD VHWWLQJV
LVQHHGHG WR HIDPLQH WKH IUDPHZRUN XQGHU GLYHUVH DQC

+fYDU\LQJGHJUHHV RIRYHUODS EHWZHHQ VRXUFHDQG WDU
fGLITHUHQW GDWD JHQHUDWLQJPHFKDQLVPV

tPRGHO PLVVSHFLILFDWLRQ DQG



fYDULDEOHRPLVVLRQRUUHGXQGDQW FRYDULDWHYV

6\VWHPDWLF HYDOXDWLRQ XQGHU WKHVH FRQGLWLRQV LV H
LPSURYHY WUDQVSRUWDELOLW\ ZKHQ LW LV XQQHFHVVDU\ I
IRUPDQFH

7ZR 6WHS 3URFHGXUH

7KLV VHFWLRQ LQWURGXFHV D WZR VWHS SURFHGXUH IRU ¢
VKLIW :H REVHUYH D ODEH O HGDWRX D DHX \QIDMEMD R GVWL PHJJH W
VLigd 7KHDLP LVWR ILWDQG HYDOXDWH D PRGHO IRU XVH LQ V
VRXUFHRXWFRPHY 7KHPHWKRG XVHVWZR ZHLJKW OD\HUV ZL
ELOL]LQJIW MKBEWWHPSHU REVHUYDWLRQV WKDW ZRXOG UHFF
ZKHQX) = P(S=1jX =x) LVYHU\VPDOO /D\HU EXL®GV WUDQV!
WKDW DOLJQ WKH VRXUFH FRYDULDWH GLVWULEXWLRQ ZLWK
RG@GEVA(X)="(x) $ GRXEOHERRWVWUDSDYHUDJHV DFURVV PDQ\ !
HUV DQG SURGXFHV HPSLULFDO GLVWULEXWLRQV RI WDUJHW
ZHLIJKWLQJ LV EHQHILFLDO 7KH VXEVHFWLRQV WKDW IROOR
IRUPDQFH FULWHULD SUHVHQW WKH VFKHP D\WWsF D@& DOJRU|
H[SODLQ GLDJQRVWLFV WKDW VXSSRUW WKH VLPXODWLRQ VW

2YHUYLHZ

‘H SURSRVH D WZR VWHS SURFHGXUH LPSOHPHQWHG WKUR.
7KH PHWKRG VW B B UOWERWIDRY/SRWW FRQVWUXFWYV VWDELOL]
w; RQ WKHVRXUFHVDPSOHWRWHPSHUWKHLQIOXHQFHRIREVI
WUDQVSRUW ZHLJKWV ZKLFK WP$3 £ D DO* RFIK YN Z\KWHRD O O
DQG WKHLQYHUYHERBGNINLIKRWIHIRUD VRXUFHVDPSOH /D\H
WUDQVSRWWZEKDMW RBWNVIQ WKHVRXUFHFRYDULDWH GLVWULEXYV
ILWWLQJDQG HYDOXDWLRQ DUH WDLORUHG WR WKH WDUJHW



7KH DOJRULWKP UXQV D GRXBHBOHRIRRBAKQBX\WMHI BAHSOLFD

HVWLPDWHG LQY KIU VX REXY) ZXFHGBIWRGHOV VRXUFH PHPEHUV
7KH FRPELQHG ILWWLQJ ZHLJKW LV

Wi(a;b) — Wi(l;a) Wi(z;b):

7KLVVHSDUDWLRQRIUROHVLVWKHNH\GHVLJQ SULQFLSOH
WUROOLQJWKHHIITHFW RIH[WUHPH WUDQVSRUW ZHLJKWYV EHI
FRYDULDWH VKLIWEHWZHHQ VRXUFHDQG WDUJHW 7KHGRXE
SHUWXUEDWLRQVRIERWKOD\HUV ZKLFKLPSURYHV VWDELOL
VXSSRUWGLDIJQRVWLFVRQ ZKHWKHU ZHLIJKWLQJLV EHQHILF]

*RDO

7KHSURSRVHG WZRVWHS PHWKRG DLPVWRUREXVWO\HVWL
HVWLPDWLRQ DQG WKDW FDQ VXIIHU IURP ZHLJKW LQVWDELOL
,QWKHPRGHOWUDQVSRUWDELOLW\IUDPHZRUN WKH  TXDQ\
m(x) = E(Y j X = x) DQG WKH WbUBHW QRNVYWLPDWLRQ PHWKRG L
| ZHILW D OLQHDU PRGHO WKHQ HVWLPDWLQJ WKH WDUJ}
WR HVWLPDWLQJ PRGHO FRHIILFLHQWY WKDW SHUIRUP ZHOO
ERWK DUH HVWLPDWRUV ZHLJKWHG E\ WKA LV 8§R WWP DWW H G HEL J
ZHLIJKWHG OLQHDVU UHH VWV P DRVHBES WKH ZHLJKWHG ORVV LQ !
DQG WKHQ VFDOHG E\WKH WDUJHW VDPSOLQJIUDFWLRQ
2QFH ZHKDYH WKH VRXUFH GDWD DQG WDUJHW FRYDULDWH!
FLHQWV IURP WKH XQZHLJKWHG VRXUFH ILWD@& WKH ZHLIJKW
$GLUHFW XVHRIWKHWZRVWHS PHWKRGLVWRHVWLPDWH D



GRXEOHORRSWRREWDLQD PRUHVWDEOHDQG UREXVW FRHII

N

, I WKHWDUJHW RXWFRPHVY ZHUH REVHUYHG WKHQ WKH FRHI
" ZRXOG EHWKH QDWXUDO EHQFKPDUN
7R FODULI\ WKH QRWDWLRQV WKH WDEOHEHORZ VXPPDUL]

SXWV

7TDEOH ORGHO FRHIILFLHQWV DQG WKHLU GDWD

ORGHO &RHIILFLHQW %DVHG RQ

8QZHLJKWHG VRXUEH PRGHO (X: Y )s=1
‘HLJKWHG VRXUFHRRGHO  (X;Y)ss1 D Q@®)s-o
ORGHO ZLWK WZR VIVHS (X;Y)ss1 (X)sso WZR VHWV RI ZHLIJKWYV

AN

/DUJHW PRGHO t (X;Y )s=o0

7TDUJHW RXWFRPHV DUH XQREVHUYHG LQ RXUPDLQ VHWWLQJDQGDUH XV
VLPXODWLRQ VWXGLHYV

+RZHYHUY VIQQFEKH WDUJHW VDPSOH LV QRW DYDLODEOH ZH
DQ\ FRHIILFLHQW ZRXOG SHUIRUP RQ WKH WDUJHW RXWFRPH\
PDWH LWV SHUIROPIRQ PHQWKLWRMIRRHIILFLHQW

'LWKLQa&WPEWHUDWLRQ ZH ILUVW ILW WKH RXWFRPH PRGHO |
HPSLULFDO ORVYV

X
Nab) = argmin T WEPL Y f (X))
i=1

DQG VLPXOWDQHRXVO\UHFRUG WKHFRUUHVSRQGLQJWDUJH'

P .
AGab) _ L 1(S =1) WL (Y5 g (X0)) 2§ A, Nadg,

L iN::L I(S| — O) 1 Sy W»

‘H FRPSXWH WKHVH, TX®® W R W IVIL FDGWHWV KHU URXQG RI1 WKH
VWHS SURFHGXUH LV QHHGHG $V D S Uiy WWHL® VR RIQIAHRXQV
FDOFXODWH WKHWDUJHW ORVV RIWKHHVWLPEWHG FRHIILFL

7TR MXGJH ZKHWKHU ZHLJKWLQJ KHOSV ZH FRP ®MWBH WKH HF



AN

~n REWDLQHG IURP WKH WZR VWHS SURFHGXUH 7KLV FRPSDL
ZKHUHZHLJKWLQJKHOSV RUKXUWY DQGSURYLGHV GLDJQRV)
RMFDQEHLQFOXGHG ZKHQ ZHDVVHVV WKH WZR VWHS HVWLPI

,OOXVWUDWLRQ ZLWK WKH GRXEOH ERRWVWUDS ILJXUH

JLIXURWXPPDUL]J]HVY WKH WZR VWHS ZRUNIORZ ZLWKRXW UH S
RYHUYLHZ 7KHOHIW SDQHO VKRZV WKH RUL DID OKFDWDVHW
RXWHU ORRSAQGH{BG&WYDZV /D\HU VXEWORARVIRMWWDELOL]LQ.
ZHLIMWWWKDW WHPSHU REVHUYDWLRQV OLNHO\WR UHFHLYH H[
IL[MGWKH LQQHU ORIRS1LQ @KW BEDEYV /D\HU  VXEVDWPIS@H V
WuUDQVSRWWEKDWBOWYIQ VRXUFHFRYDULDWHY ZLWK WKH WDU
DZHLIKWH®QWWKH FRUUHVSRQGLQJWDUJHW ORYV HVWLPD
DJ% DVZHOODV IRUWKHUHSOLFDWH FRHIILFLHQW ZKHQ UHF

WKHLQQHUDQG RXWHU ILWYV

Ao L RR

BlBZa:lb:l
$FURVV DOO UHSOLFDWHV ZH REWD § Q" WK BBS QM RDW GLVWL
VXSSRUW GLDJQRVWLFVRQ VWDELOLW\DQG RQ ZKHQ ZHLJKW
7KH QH[W WDEOH FROOHFWV WKHPDLQ REMHFWYV XVHG E\ WK
LVREWDLQHG ZLWKLQ WKHRXWHUDQGLQQHU ORRSV DQGOL"
RQ ,WVHUYHVDVDTXLFNUHIHUHQFHIRULPSOHPHQWDWLR
TXDQWLWLHVY UHFRUGHG DFURVV UHSOLFDWHYV



J)LIXUH 6FKHPDWLF RIWKHWZR VWHS ZHLJKWHG GR



@e) MOHTI41IIHYA
T=S(AX) b MMEEHOSHNADH C ) M OHINOGHTMAY T AAHYO MHCNAL

@®) OHOYd HANX YA
ES(AD) HREM AP S ONWHT MA VO EMMOBHIZMANI AAHO MHCNAL

@Qe)v
OHOYd @ENXIA OHMMICTHZ .
ES(A ) @AV 8B MWBITAAM OHRBXKd TWIA) AAMO  MHCNALZ el
@e)M\
HMAINAAdd 90AAHdEdMXI HINXE9 ('x) $°A ._sé_iﬁ,mvx_gma::mu OHMMCTH: @e)
@M (@pM GoM @M = WMCTHZ OHO13dY® )
SIMANHIdHd HANXYA
AGIHOHYd GERHMZ (X)v=(X)v TAQ
AHMATNAAYd MHCNAM DOXINHHINSRHE HAOWANIHS dMACTHZ MNISAOANM NH\A/ @™
AANYN4d OHAXHN 90d 9HAAQI \MTOT13IAMAD1
NHSVHHOHEAMHYOMMD IS WNCTHZ cOT[T0TIAMA NH\A/ M
CgliliTFOI NG TH Z
MNISAQ@NM COINX LHMAHNA ZBHOSdAAIXA NH\A/ @e)d
SHID NHMXY HIM O epm
ANMHATAZ DA IATIAMA COTAX OHMAHNG ZAHMSJIAAIXA NH\A/ @d
Od OHAAYHOTIHDO NY OHMXSdHd ZY+ HdAT 0Y¥Y3d\9

\HY¥M Zd4X 90 A HNXOH4dNS SHMAIZM HIM OT AMIHINIT Y \H" HO3d.



& KR L RAH B QW

$IWHU RXWOLQLQJ WKH WZR VWHS VWUXFWXUH ZH GHVFUL
WZR OD\HUYV

'"HVLIJQ JR'DOWU XWVWR VWDELOL]HHVWLPDWLRQ EVUHGXFLQJ
WLRQV WKDW ZRXOG UHFHLYH HIWWHPHBWUDPRQ¥XRUW ZHLIKW
YHU\VPDOO /DAWR WVBIVSRUW WKHVRXUFH WRZDUG WKH W|
GLVWULEXWLRQV

/ID\HU VWDELO LWL QHZAARQYWEHU WZR FRPSOHPHQWDU\ URXW

5RXWH $ ZHLJKW EDVBEWDUWWD EULRRIDWURQLPLYOHU\ WUDQVSR

L5 DQG WHPSHU H[WUHPHYV

3RZHU VK UWL(®QNDEH ZLWX(0;1] 6P DO ®KU L Q N K)OFCRIIHH
VWURQJO\ ZKLOH SUHVHUYLQJ WKHLU RUGHULQJ

7UXQF RMKLR@Nfr(x);cg ZLWK D EXWRIRVHQ E\ D KLIJK TXDQWLC
r(X) RUE\DQ HIIHFWLYH VDPSOH VL]H WDUJHW

BPRRWKvEDS % ZLWKO 7KLV IRXKDRRAWPRGHUDWH YDOXF

1+r(x)=c

DQGIODWWHQV WKHULJKW WDLO VPRRWKO\

5RXWH % GLVWDQFH EB MG \DAGOLE/MOR QF W RBVDR HD V8 B UQMW V X S S
DQG GRZQZHLJKW DV WKH GLVWDQFH JURZV HV¥WPQGDUG FK
DQG WKH ODKDODQRELV GLVWDQFH

q
du ()= (x  %0)” Aol(x No):

ERQVWWAMNK D NHUQHO RUD WKUHVKROG IRUH[DPSOH

wi(x)=exp  Zdu(x)>=h* ; h>0



wi(X)= 1fdy(x) rg RUW(X)= L1+dy()2=r2 : 1> 0

5RXWH % GRHV QRW UHYT RRWHGD. SHRAWDRIOCQPUWY HIWUDSROIL
WKHWDUJHW PDVYV

/ID\HU WUDQVSRUWIEIHUKWUYLIQV WKH VRXUFH ZLWK WKH W
FKRLFHVLQFOXGH

,QYHUVHRGGV IURP D FODMX)\W¥LR(SFDIWX RQ)PR/&A QO VIRXW FH

(;)) DEQOEOY MPRL "] ZLWK VPDOO

WRDYRLG LQILQLWH ZHLJKWYV

(X; DIWMKRRX W 1, REPVDNBEG! )
1

DUDWHO\ IRUH[DPSOHE\./,(3 .XOOEDFN /HLEOHU ,PSRUYV

DQG WDUJHW FRW,IxY+

'LUHFW GHQVLW\ UDW LixH=V

RUOHDVW VTXDUHYV LP S RANDOH D QAGVARQORDW KHHQ VHW

&DOLEUDWLRQ RU ED O D WIRQBXW E KKWHD HKWRIRG WD UJHW P |
NHHSLQJ ZHLJKWV FORVHWRRQHE\PLQLPL]LQJDQ HQWU
MHFW WR PRPHQW FRQVWUDLQWYV

SHPDUNV IRU SUDAFWNIOFWMKH GRXEGROQRWBE XFWHG RQFH SHU RX)
DQG UHXVHG DFURW MWKHRIGMVMYWHWXG RS LQVLGH WKH LQQHU O
IROORZV WKH FXUUHQW UHVDPSOH h7 XRUFQ X STHJ D HP 6 MVAHUN GV W
DFKLHYHD WDUJHW HIIHFWLYHVDPSOHVL]HRUWRNHHS WKH |
ZHLIKWV ZLWKLQ D FKRVHQ UDQJH

$OJRULWKP

7KLVVXEVHFWLRQ SUHVHQWYV D SUDFWLFDO H[DPSOH ZLWK
VLRQ RXWFRPHPRGHO DQGDORJLVWLFUHJUHVVLRQ ZHLJKW



$OJRULWAKRPVWHS ZHLJKWHG GRXEOH ERRWVWUDS GRXEOH OI

5HTXLORIXBRHY)gY, WDIKIgW ORVVD\HU BIHEDAHU BLHSV
RXWFRPHHVWLPDWLRQ PRGHO ZHLJKW HVWLPDWLRQ PRGH
(VWLPDWH XQZHLJKWHG DQG ZHLIKWHEHEVRXUFH PRGHO FR}#
,QLWLDOL]H VWRUDJH IR " M\gWLP® WRHIG HAVRWL PLCFW H G WWD U J +
f Mg zLwa ;s @bg
IRak1;:::;B; GR . /D\HU  F R @W\WRIXFHS H U
&RQVWUXFW /D\HU VWDPBERBL]LQNZEHRDVKE®RQ WKH FKRVH
5RXWH ZHLJKW EDVHG RUGLVWDQFHEDVHG
IRRE1L;:::;B, GR . /D\HU FR®3W B X FHD F K
&RQVWUXFW /D\HU WIDIRWSR UMNZHLUBWWKH VHOHF Wt
PHWKRG
1 "(Xi)

@b —
([DP SOt )

ZKHUWW ILWE\ORJLVWLF UHJUHVVLRQ X
SOHG GDWD
'"HILQH FRPE L QW &’z HWIKWFY
RsmumemMmﬂaLWKLQWKHvf%ggwﬂ%wwa
X1 .
&b argminT WAL Y f (X))
P i=1 N
nat) o 1(S =) WP L(Yg (X))

NS =0
& R O O¥ahE WD - Nab). Aty (5=0)

Naib)

HQG IRU
HQG IRU
R1 R2

$JIJUHIJDWH FRH L H QWD

122 a=1 p=1
(PSLULFDO GLM¥®d £% v IDRIEVY
'LDIJQRVARFSDUWHZLWK g WR DVVHVV ZKHWKHU ZHLJKWLQJ L
PDWHG WDUJHW ORVV

7DUJHWDRSWRRQDO FRQGXFWDQRWKHUURXQGRIWKHW

N
I




7KHWKHRUHWLFDO SURSHUWLBV IR GW K HRXUOLW LVQR G HHWMYLHP E
UHOLHV RQ ZHLJKWV REWDLQHG I1UR PRV KK H® WHKPH WHEGHIICR S
LQJZHLIJKWLQJPRGHO LV XQNQRZQ RU SRVVLEO\PLVVSHFLIL
FROQYHUJH WR WKHWUXHLPSRUWDQFH ZHLIKWY DQG WKH UH'
FRPSOLFDWHG (YHQ XQGHU FRUUHFW VSHFLILFDWLRQ RI WK
WZHHQWKHHVWLPDWHG ZHLIKWV DQG WKHFRYDULDWHYV PDN
FORVHG IRUP UHVXOWY DUHJHQHUDOO\KDUG WR REWDLQ

+RZHYHU LI WKH WUXH ZHLIJKWYVY ZHUH NQRZQ WKHQ IRU DQ
UHVSRQGLQJ ZHLJKWHG HPSLULFDO HVWLPDWRU LV XQELDVH
ERRWVWUDS VDPSOHVY SUHVHUYH WKLV SURSHUW\DV\PSWRW
FDO GLVWULEXWLRQ ,Q RXUSURSRVHG DOJRULWKP LILGHQ
DQGWKHWUXHSURSHQVLW\VFRUH ZHLJKWV DUH XVHG LQ WK
XQELDVHGQHVVKRQ WKHHZHLIJKWY DUH HVWLPDWHG KRZHYHL
I[URP HVWACH PWVQJIEH DFFRXQWHG IRU ZKLFKFDQ LQWURGXFH
WKHRUHWLFDO DQDO\VLV

"K\WKLVDGGUHVVHV WKHOLPLWDWLRQV

7KLV VXEVHFWLRQH[SODLQVKRZWKHWZRVWHS SURFHGXU
DULVHLQ SUDFWLFH

6HQVLWLYLW\N\DQG LQVWDEUO MWD LZAH L DRV IRQIWHPSHUYV
WKDW ZRXOG UHFHLYH H[WUH Exji WUYCHIM S/PDW @HTLK KWV &
YDULDQFH LQIODWLRQ EHIRUH WUDQVSRUW LV DSSOLHG
UHVXOWY RYHU PDQ\ SHUWXUEDWLRQV RI ERWK OD\HUYV
E\DQ\VLQJOH KLIJK ZHLJKW REVHUYDWLRQ DQG SURGXFH
RSHUDWLRQV VXFK DV WUXQFDWLRQ SRZHU VKULQNDJH
FRQWURO ZKHQ QHHGHG

8VH PRGHOLQJ LQIRUPDWLRQ WRHPHMWKRIGHRUW & X HH.J KPVR



EDVHG HYLGHQFH DW HDFK UH&Ip ZHDWW W KW RIXQVH R IR U\ PSRX
ZLWK WKHFRPELQHG ZHLIJKWV DQG FRPSXWH HVWLPDWHG
GDWHV DQG IRUWKHUHSOLFDWH VSHFLILF ILW $JJUHJDV
\LHOGV HPSLULFDO GLVWULEXWLRQV IRU WKH ZHLJKWHG
SDULQIJWKHVHGLVWULEXWLRQV WRJIJHWKHU ZLWK VLPSO
VLIHRIWKHFRPELQHG ZHLJKWYV SURYLGHVD GLUHFWDQG
ZKHWKHU ZHLJKWLQJLPSURYHV WDUJHW SHUIRUPDQFH LC

7KH SXEOLVKHG OLWHUDWXUH RQ ZKLFK WKLV IUDPHZRUN E
HUDJH DFURVV RYHUODS OHYHOV PRGHO PLVVSHFLILFDWLRC(
VHUYDWLRQ WR PRWLYDWH WKHQH[WFKDSWHUV ZKHUH ZH S
WKHVH IDFWRUV DQG HYDOXDWHY SHUIRUPDQFH XVLQJ WKH E
KHUH

O9DULDQFH (VWLPDWLRQ

,QWKHWZR VWHS SURFHGXUH ZHGHYHORS WKH HPSLULFED
FRHIILFLHQWV WKURXJK D ZHLJKWHG GRXEOH ERRWVWUDS :}
YDULDQFH ZLWKLQ WKLY SURFHGXUH ZLWKRXW UHO\LQJ RQ W
LV WKDWDWKHY DUH QRW LQGHSHQGHQW DFURVYV WKH VHFRQG
HVWMIEWAKLOH DFFRXQWLQJIRUFRUUHODWLRQ

|
X 1
Var = X; = 2%+
Ny

6LQFH WKHUH DUHWWR PDWHWRWYR| ZH ZLOO XVH WKH VDPSOH
OD\HU VDPSOH YDULDREB\DVQR MM UMNVIPRASOLQZVWKHOH WR H
WKH SURSRVHG WZR VWHS SURFHGXUH

,QWKLV SDUW ZHLQWURGXFH QRWDWLRQ IBUD@&H[LQJ ,Q"



GHQRWH WKHLQGLFHV IRUWKHILUVWDQG WKHFRUUHVSRQG

SO¥Y LVWKH HVWLPDWHGWR HEIRRVL WY WO B WaANSD R RZW WW U® 8V |

VDPSOH IURP WKH B U LQ MWRD/ODGEL) WEHAMNWWDIUR-D W H V
$VVXPHWHKHARMDWHOWHY LWKRXWORVVRIJHQHUDOLW\ V)

WKH YDULDQFH RI WKH H\XW L® D RWRIE, F R7AHKI HL F X BRQRDLOREUH
HVWLPDWHG XVLQJ WKH DYAUD:IHYYDPIS®RP YWKH. D QNNVRID\H U

. -y 2
1 R P

/\% — .
)
B1 o b=1 B 1

ZKHUH
1 R2

I((a;) -
Bi b=1

Nab)
k

LV WKHPHDQ RI WKHHVWLPDWHG FRHIILFLHQWY ZLWKLQ WKH

7R HVW L ZBIVKIBR WHH FW R U VER | RWMH QH WRQ VHOHFW DQ\ SDLU DPR
A YHFWRUV W R B GWLKPHDQVHY HWIDV K OWKIHQ J HVWLPDWH YV

7RHVWLPDWH WKH FRUUHODWLRQ ZH ILUVWWRN WEWDW® W K
A YRUDQ\WZR ILUVW OD\H UER FOWDEW UDSPV/WR S GRHM. JVLRDO GDV
D WKHUH ZLOO EH VRPH RYHUDE'S3LRQ G XRMITHM VEHPGROW M GU
HDFK GB®RWHES'" $VVXPH WBHXYHDOW SSLQJVDPSOHV VRV
(1 t)% XQLTXH VDPSOHV LQ HDFK )URPSDKHVHRWEHH B R/RIWWW C
VDPSOHYV

D{eii™ : 1% | U RR™™) D QG t% | U ™,

DE?E)aZ) : t% I U F]]%al;az) D q_G t% I U Fuéal;az);



IRd+ 1;:::;C (DFK @O D) \LHOGV D SDLU RI FRHIILFLHQW HVYV

2 3

Nagsaz) Nai;az)
(c:1):0 (c:2);0

Naiiaz). Mara2) — fgANaijap)  Naijan)

(c1) * (c2) (c:1):k (c;2):k

Napaz)  Nap;az)
(c:1);p (c:2):p

)RU Wis® LAEY?; "o H[WU KM WREY DQG IRUP D SDLU RI YHF'
ZKLFK ZH FRPSXWH FRYDULDQRKWR @8 HRURLHHIDW LRQ IRU WKH

0
Nag,az) Nai;az)

1
(1;1):k (1;2);k
dOV(al;aZ) = cov Nag;az) Naia2)C -
k (ck  (C2)k =

Nazsaz) Nag;az)
(C1)k  (C2)k

7TKHQ WKHFRUUHODWLRQ LV

/\(kal:az) — do\/kal;az):/\lf:

7KLV KROGV IRUDQ\SDLU RI ILDV W \@&RANXEWVDPESDHASW KM WBRD

/; SDLUV (DFKSDLWDQGOGENBRMH QI WKHVHJILYHV WKHILQDO H

RUFRYDULDQFH )LQDOO\

1 % 2
k.

Var("y) = M 2+ B
1

2XWFRPHORGHOOLVVSHFLILFDWLRQ

$WILUVW JODQFH WKHUH LV D WHQVLRQ EHWZHHQ WZR VWD
SRUWDELOLW\ ,GHQWLILFDWLRQ UHOLHV RQ WKH VWDWLVWL
GLVWULEXWLRQ LV LQY DYy P>xQ WTRFKR WY RSIRISAKIOHDUNVZLRDR/ S RV L V



,QFRQWUDVW SUDFWLFDODQDO\VLV XVHVDZRUNLQJSUHGLF
LILHGDQG ZKRVHILWWHG IRUPPD\GLIIHUGHSHQGLQJRQ ZKH\
RUWKHWDUJHW SRSXODWLRQ 7KHILUVW VWDWHPHQW FRQF
VHFRQG FRQFHUQV RXU VWDWLVWLFDO DSSUR[LPDWLRQ 2QF
GLVDSSHDUYV
2XWFEFRPHLQYDULD Q KHAVKIH \G W\KWD W/ ILI R XWELERVODRPIKSI=Q V R X U F H

1) DQG WO HOHWW GRHV QRW VD\ WKDW DQ\ VSHFLILF SUHGLFW|
%HFDXVH WKHWUXHFRQGLWLRQDO PHDQ LV XQNQRZQ ZHHYI
WKURXJK WKH WDUJHW H[SHFWHG ORVYV

h [
= EL (Y;X)jS=0:

8QGHU FRYDULDWH VKLIW WKH ED®Q BRHWH UUWRPDMKMHLED B D PHA
PLQLPL]JHV WKH DQDORJRXMYVRXY FyQ RV V6 IHIFHHQRXWFRP HV

DUHREVHUYHG RQO\ LQ W EM WHRZHILFIK VZ HOQY YRXMH REVHU YDV
GHQVLW\RULQYHUVH SUREDELOLW\ UDWLR DQG IRUP ZHLJKV
IRU WUDLQLQJ DV ZHOO DV D ZRHL HK\D B & IHW IWR.® D WORWFRIPH L C

HQDEOHVLGHQWLILFDWLRQ HLIJKWLQJDOLJQVERWKILWWLC
GLVWULEXWLRQ ZKHQ WKH ZRUNLQJPRGHO LV PLVVSHFLILHG

JLIXUH ORGHO FKRLFH XQGHU FRYDULDWH VKL

JLIXUNXPPDULIHVWKHLQWXLWLRQ $OLQHDUFODVVLILHU



GDWD LV RSMX)PLQMBGFIRQUEH ELDVHG IRU WKIH WOGIMW HLIKWL
LQFUHDVHY WKH LQIOXHQFH RI VRXUFH REVHUYDWLRQV WKD
LQIOXHQFH RIWKRVH WKDW GR QRW ZKLFKPRYHV WKH ILWWH
PL]JHUZLWKLQ WKHFKRVHQPRGHO FODVV 2QHPLJKWDVN ZK\
WKDW DSSHDUVWRILWERWK SDQHOV ,Q SUDFWLFHWKHFRUU
IOH[LELOLW\FDQLQIODWHYDULDQFHLQUHJLRQVZLWKOLWW
ILW PD\ FKDVH SDWWHUQV LQ VRXUFH RQO\ UHJLRQV WKDW D!
DQG PRGHO FKRLFH SOD\ FRPSOHPHQWDU\ UROHV ZHLJKWLC
WDUJHW GLVWULEXWLRQ ZKLOH H[SDQGLQJWKH FODVV DGGH
LV XQGHU FRQWURO

6WHSSLQJEDFNWR WKHHDUOLHU WHQVLRQ WKH SUDFWLF
SUDFWLFDOO\QHFHVVDU\RQO\ZKHQ WKHSUHGLFWLRQPRGH ¢
DQG ZRUVH SHUIRUPDQFH XQGHU WKH WDUJHW GLVWULEXWL
RULHQWHG ZHLJKWLQJDQG IRURXU WZR VWHS ZHLJKWHG GR X

QR PHDQLQJIXO GLIIHUHQFH LQ SHUIRUPDQFH LV REVHUY
PRGHO PD\EH DGHTXDWHO\VSHFLILHG IRUWKH WDVN VR WKD
WKH PDUJLQDO ORVV 6HFRQG WKHPRGHO PD\EH WRR ZHDN V
VLPLODUO\ SRRU SHUIRUPDQFHLQ ERWK SRSXODWLRQV ,Q S
PDQFHWRGLVWLQJXLVKWKHVHFDVHVY VWURQJWDUJHW SHU
ORZ PHDQ VTXDUHG HUURU ZLWK JRRG FDOLEUDWLRQ VXSSR
PDQFH VXSSRUWY WKH VHFRQG $ UHDO ZRUOG H[DPSOH ZLWK
WKH WZR SRSXODWLRQV ZLOO EH SUHVHQWHG ODWHU

%DODQFLQIJZHLIKWV DQG WKHLU FRQQHFWLRQ WR LPSRU\

7KLV VHFWLRQ UHYHDOV WKHFRQQHFWLRQ EHWZHHQ ZHLJ
WDQFH ZHLIJKWLQJ IRU SUHGLFWLRQ XQGHU FRYDULDWH VKLI
ZRUN ZLWK D WLV QMK YBEWERO DWWHQWLRQ WRRYHUODS



DVLQJOHFRQVWUXFWLRQ GHWHUPLQHY ERWK WKH WDUJHW F
@ 7KLV YLHZSRLQW FODULILHV ZK\ VRPH ZHLJKWV LPSURY
DQG H[SODLQV KRZWKHWUDQVSRUWDELOLW\ZHLJKWYV XVHG |
ZLWKLQ WKH VDPH IUDPHZRUN

/HZ2f0;1g GHQRWH JURXS PHPEHUVKLS KRW KR 6 RAYROLDQGIW U
WKH RXW FeRPHPrOZXG j X = x) WKH SURSHQVLW\VFRUH %DODQFL
LQGH[HG E\ D QRQQHJD WkK)YWKDVO WHWY IXOYPWIR®Y FRYDULDW H
GHQVLW\ SUR SRiXW ZKG& D@ MWRVKH P D UJL XDIOQGMIQNW ERR RLQH G
VDPSOH 7KH WDUJHW HVWLPDQG LV

_ R (Oh(x) dx.
T T f(Oh(x)dx

X)) = E(Y]Z=1;X=Xx) E(Y]Z=0;X=X):
TR HVWELPOWHHIURXS VSHFLILF ZHLJKWYV

wi(x) / (). wo(X) /

e(x)’

h(x) .
1 eXx)’

GHILQHG XS WR D FRPPRQ PXOWLSOLFDWLYH FRQVWDQW DQG
WKHEDODQFLQJUHODWLRQ

fa(x)wi(x) 7 fo(x)Wo(x) 7 f(x)h(x);

VRWKHWZR ZHLJKWHG FRYDULDWH GLVWULEXWLRQV FRLQFL:
IHUHQW FKRLWHKMW®RHIRUH VHW ERWK WKH WDUJHW SRSXODWLF
WUHDWHG DQG FRQWURO XQLWYV

7DEOH/XPPDUL]HV FRPPR@)F WAIHFHR/SFOILHG WDUJHW SRSXOLC
WLPDQG DQG WKH UHVX®@ W) QR ZL1YZRE @H LIFKUWWHIHUHQF H
ATE = EfY(1) Y(@©)g ATT= EfY(1) Y(0)jZ =1g ATC= EfY(1) Y(0)]j



Z =0g D@BO DYHUMJBYV Y(0)g RYHU WKH RYHUODS GHQVLW\ SU|
fx)ex)fl ex)g 7KH RYHUOIY EKeX)EH e(x)g \LHOGV WKH ERXQGH |
RYHUOD SWZ(k)L/J K We¢x) DQnGXx) / eX) ZKLFK GRZQ ZHLJKW UHJLRQ"
H[WUHPH SURSHQVLWLHV DQG IRFXV LQIHUHQFH RQ WKH DUHLE

7TDEOH ([(DPSOHV RIEDODQFLQJZHLJKWV DQG FRUUHVS

7DUJHW 3RSXOMXWLRQ(VWLPDQG (wiip) KW

&RPELQHG 1 $7( = TS
7TUHDWHG ¢X) $77 112
&RQWURO1 eX) $7 & L ex).q

e(x) !

2YHUOD®X)f1 ex)g $72 1 e(x);e(x)

1H[W ZH ZLOO WDON DERXW WKH FRQQHFWLRQLPSRUWDQFH
J)RU SUHGLFWLRQ XQG 32 fORlY D Q GD WHWH VIR LOFHHAD Q G WD UJH W
ZLWHK =Pr(S=1jX=%x) 7TRWUDLQRUHYDOXDWHDPRGHO IRUWKH
UHZHLJKW VRXUFH REVHUYDWLRQV VR WKDW WKHLU FRYDUL
OHDYH WDUJHW REVHUYDWLRQV XQZHLJKWHG

Ws=1 (X) / 17()(); Ws=o (x) / L

(x)

7KLV LV WKH $7 & U RI WQ{ TDAEESS WRIW K H V R % 0 FHRDVQIGH WD UJH W
I WKHJRDOLVWRLPSURYHVWDELOLW\E\IRFXVLQJRQUHJLR
WKHRYHUODS W CW {31 | X@F WLREK JLYHV

Wt (X)/ 1 (X); Ws=o (X) /' (X);



DQGWDUIJHWYV WKHRYHUODS SRSXODWLRQ UDWKHU WKDQ WK
WKHVDPHEDODQFLQJZHLIJKWV IUDMKZBQES DLUWHK Q WM HRULSHUGI\W E
RIWUHDWPHQWDQG FRQWURO DV VRXUFHDQG WDUJHW



&EKDSWHWLPXODWLRQ 6HWXS

,Q WKH VLPXODWLRQ FKDSWHUV ZH ILUVW GHVFULEH FRPPF
QLVPV WKDW LQGXFHFRYDULDWH VKLIWYV 1H[W ZHLQWURGX
GHJUHHRIRYHUODS EHWZHHQWZR VDPSOHV 'HWKHQFRPSDL
WZR VWHS SURFHGXUH DQG WKH VWDQGDUG ZHLIJKWLQJ DSS
PHFKDQLVPVDQG GLIITIHUHQW GHJUHHV RIRYHUODS

‘DWD JHQHUDWLQJ PHFKDQLVPV WR FUHDWH FRYDULDWH V

‘HEHJLQ ZLWK WKH VLPSOH LOOXVWUDWLYHH[DPSOH XVHG
XUH> @ 7KHSORW GLVSOD\VVRXUFHDQG WDUJHW VDPSOHYV |
DOLQHDUPRGHO ILWWHG LQ HDFKJURXS 7KH FRYDULDWHYV G
GLVWULEXWLRQFUHDWHGE\DOLQHDU SURSHQVLW\VFRUH PF
QRQOLQHDU VLJQDO ZLWK DGGHG QRLVH :KHQ RYHUODS LV P
LODU EXW DV RYHUODS ZHDNHQV WKHLU VORSHV GLYHUJH D¢
WKH WDUJHW SDWWHUQ 7KLV SLFWXUH FDSWXUHV WKH EDVLE
WUDQVSRUW FDQ EH ELDVHG



J)LIXUH 6WDUWLQJ ([DPSOH

KLOH SHGDJRJLFDOO\XVHIXO WKLVVWDUWLQJH[DPSOH L\
QRWYDU\RYHUODSLQDFRQWUROOHGZD\ DQGGRHV QRW SUF
VSHFLILFDWLRQ RUXQGHU WKH SUHVHQFH RITUHGXQGDQW RU
JDSV WKHUHPDLQGHU RIWKLVY FKDSWHUEXLOGV D FRPSUHKH
DWLFDOO\YDULHVWKHGDWDJHQHUDWLQJSURFHVVDQG WKH
XQZHLIKWHG PRGHOV VWDQGDUG ZHLJKWLQJ D WUXH ZHLJK'
SURSRVHG WZR VWHS SURFHGXUH XQGHU FRQWLQXRXV DQGE
ZLWK ERWK WKH 7LSWRQ LQGH[DQG WKHDEVROXWHDYHUDJH
DOORZV XVWRUHODWH SHUIRUPDQFH WR RYHUODS LQDFRPS

6LPXODWLRQVWXGLHVLQFDXVDOLQIHUHQFHDQG SUHGLF\
WZR FRPSRQHQWY DPHFKDQLVP WKDWWRXDBRWDWBRWW ZR SRS
DQRXWFRPHPRGHO WKDW OLQNV FRYDULDWHYV WR WKH UHVS
GHOLEHUDWHO\ PLVVSHFLI\ WKH ILWWHG SUHGLFWLRQ PRGH
&RQFUHWHO\ ZHJHQHUDWH RXWFRPHVIURPD QRQOLQHDU W1
OLQHDU PRGHOV GXULQJDQDO\VLYEHFDXVHWKHWUXHIRUP I
WKHWUXHRXWFRPHPRGHO ZHUHNQRZQDQG FRUUHFWO\ ILW?
ZRXOGUHPDLQYDOLGLQWKHWDUJHW SRSXODWLRQ XQGHU YV



UHZHLIJKWLQJZRXOGEHXQQHFHVVDU\ %HORZ ZHVXPPDUL]H
JHQHUDWLQJWZR VDPSOHV WKDW H[KLELW FRYDULDWH VKLIV
TZR PXOWLYDULDWH QRUPDOV

$ GLUHFW DSSURDFK LV WR JHQHUDWH FRYDULDWHYV LQ WK
QRUPDO GLVWULEXWLRQV ZLWK G Ipl GHIHRQWHPIOR) ¥ FDYCDGU Y. D WIH
VLRQ DQ32Z YygWRU VRXUFH DQG WDUJHW *HQHUDWH

XjS=1 N &l vslp XjS=0 N cly wlp;

ZKHPHY WKH. GHQWLW\ PDWUL[ 7K HcOR FIRY MRLRODW O M WHDJWET
EHWZHHQ WKH WZR SRSXODWLR Q Ws; R)QFARW WHJ R D WGLLD/EHHU S DR G
KHQFHWKH GHJUHH RI RYHUO DS v) ©(R;X42) W B R. QG HZGI LM HHAW H C
VSUHDGYV

JLIXUH 7ZR OXOWLYDULDWH 1RUPDOV %DVHG

BURSHQVLW\ VFRUH+EDVHG SRSXODWLRQDVVLIJQPHQW

$QRWKHU FRPPRQ GHVLJQ JHQHUDWHV D VLQJOH FRYDULDYV
WLRQV WR VRXUFH RUWDUJEW)RUB D ORIWNWLF PRGHO IRU



GHILQH
logitPr(S=1jX) = X; X,+0:5:

7TKLV\LHOGV WKH SUREDELOLW\RI EHORQ JXQULW R WKIHOAR XV F
RQHFDQILWHLWKHU WKHFRUUHFW DVVLIQPHQW PRGHO RUTL
logitPr(S=1jX)= X2 X, WRH[DPLQHUREXVWQHVV RIZHLJKWLQJD

J)LIXUH BURSHQVLW\6FRUH EDVHG

&RQWUROOLQJRYHUODS EYNMBDOISEGD\W KEHH Q\RNIYMWG WIMFD AN O |
WKH ORJLW
logitPr(S=1jX) = d(X? X+ 0):

$df LQFUHDVHVY WKH OLQHDU SUHGLFWRU PRYHV IXUWKHU |
SUREDELOLWUWHDV/MERZHDANEGEFLQIJ RYHUODS EHWZHHQ VRXUFH DQ

BURSHQVLW\VFRUH ZLWK D VXSHUSRSXODWLRQDQG VXEVDP

$ XVHIXO HIWHQVLRQ VHSDUDWWXSHMKIIS RIS R B P INKRIREKRRI D O
VWUXFWLRQ Rl WKH REVHUYHG @R XWUBN \V QUEHW B H BH@ VD@ WO
GUubDzZVv

X N (0:35 0)7; diag(0:07; 0:07) ; S Bernoulli (X) ;



ZLWK

logit (X) = 2:5+10X;+10X5 32Xy

6HFRQG IRUP WKH REVHUYHG VDPSOHV E\ WBNLOQDWOO VXSH
WKH WDUJHW DQG DQ LQGHSHQGH @\l W WEKHDWEXOUHERII SRUQW V \2
ZLWK10;000 NHHSLQJDOO WDUJHW SRLQWV DQGLQFOXGLQJHD
0:05 W\SLFDOO\\LHOGV D V RXIWKH OWD$U H WHIDM QR BRIDJUL D W H
DVVLIJQPHQW ERXQGDU\ 7KLV PHFKD @M\APL GRIWFHRIRB/O KD SWHAR O
FRYDULDWH WIDIPISYOD. QG WIBEW VRIGWVVDPSOH VL]H UDWLRYV

,IRQHGRHV QRW QHHG LQGHSHQGHQW FRQWURORYHU VDP S
WR DGMXVW WKHLQWHUFHSW LQ WKH O BX1W WIROAKIDIQH B WKIH P
WKH GHFLVLRQ ERXQGDU\ XQFKDQJHG

J)LIXUH 6 XSHUSRSXODWLRQDQGG6XEVDPSOLQ

OL[IWXUHV RIQRUPDOV ZLWK VKLIWHG PL[LQJ ZHLJKWYV

&RYDULDWHVKLIWFDQDOVREHLQGXFHGE\PL[WXUHV ZLWK
SRSXODWLRQV /HW

fs=a(x) = (0:5 )N(my; 1) + (0:5+ )N(mg; 2);



fs=o(x) = (1 JN(myg; 1) + N(mg; »);

ZLWiK=( 322,00 m;=(3=2,0° DQG ,=13i, 7KH SDUDRRAG WH U

VKLIWYV PDmyVORERMK 8 R X U Frit, D Q GV\K R Z\DDULGY HWMO GP D ® BV W D QW L
RYHUODS ZLWK WKH WDUJHW ODUJHO\ QHV W B GREG WKH.\Q WKKHH V
RSSRVLWH HPSKDVLVY DQG FDQ UHGXFH RYHUODS

JLIXUH OL[IWXUH 1RUPDOV XQGHU OL[LQJ 6KLIW\

2XWFRPHPRGHO IRUISXMMB WVAHHL\RODPH TXDGUDWLFRXWFRPH JH!

1 X
Y= X/+" " N O
p]=l
VR WKDW WKH W UX WK L ARXDIGUDWMLE\WQRY GHOLEHUDWHO\ ILW
PLVVSHFLILFDWLRQ 7KLV FRQILIJXUDWLRQ LVRODWHY WKH L
WUDQVSRUWDELOLW\GLDJQRVWLFVDQG ZHLIJKWLQJSHUIRUP

ZKHQ WKHDQDO\VLV PRGHO FRLQFLGHV ZLWK WKH GDWD JHQ'



2YHUYLHZ RIGLPXODWLRQ 'HVLJQ

%XLOGLQJ XSRQ WKH GDWD JHQHUDWLQJ PHFKDQLVPV LQW
SUHKHQVLYH VHW RI VLPXODWLRQVWRHYDOXDWH WKH SURSH
DFURVV GLYHUVHFRYDULDWHVKLIWVFHQDULRY 7KHJRDO LV
XQGHU GLITHUHQW GHJUHHV RIRYHUODS YDU\LQJPRGHO VSF
ELQDU\RXWFRPHYV

'DWD JHQHUDWLQJ BARRD QUWHP MR XU PHEFKDQLVPYV SUHVHQWH(
VHOHFWHG IRU WKH SULPDU\ WP Q BBHPA.Q QUBMP® SURKGM L WK H

VFRUH BBIVHBQ 7KHVH WZR PHFKDQLVPV UHSUHVHQW FRPSO
DWH VKLIW2RQH FRQVWUXFWHG WKURXJK GLUHFW GLIIHUHQF
RWKHU LQGXFHG E\ SUREDELOLVWLFDVVLJQPHQW PRGHOV 7
DQHVWHMBWLQJ ZKHUH WKH WDUJHW SRSXODWLRQDQG VRXUF
DQG RYHUODS FDQ EH GLUHFWO\ FRQWUROOHG E\ VKLIWLQJ V
SURSHQVLW\ VFRUH ED VRQGE MHWMEHEURAKHQMWWRH VRXUFH
SRSXODWLRQV DUH GHILQHG WKURXJK D VDPSOLQJPHFKDQL\
WKH FRYDULDWH VSDFH 7RJHWKHU WKHVHWZR GHVLJQV HQE
XQGHU ERWK JHRPHWULFDOO\FRQWUROOHG DQG PRGHO GUL

7ZR QRUPDO PHPRWQUKR WZR QRUPDO GHVLJQ FRYDULDWHV
SRSXODWLRQVDUHGUDZQIURPPXOWLYDULDWHQRUPDO GLV
DQFHV 7KLV VHWXS SURYLGHV SUHFLVH FRQWURO RYHU WKH
L WKH VHSDUDWLRQ EHWZHHQ SRSXODWLR@ WHRDLAQNYBI@G LL
WLIJDWH KRZ GLPHQVLRQDOLW\DQG RYHUODS MRLQWO\ DIIHF
RI WKH RSWLPDO WDUJHW PRGHO XQZHLJKWHG PRGHO WKH"
DQG WKH SURSRVHG WZR VWHS PHWKRG DUH FRPSDUHG DW HI
TXDQWLI\KRZWKHPHWKRG VWDELOL]HV HVYWLPDWLRQ ZKHQ \



SRSXODWLRQV EHFRPHVLQFUHDVLQJO\GLVWLQFW

BURSHQVLW\ VEFRUH EDXQHEKHH¥KPRQEFRGHVLJQ DOO REVHUYI
IURP D FRPPRQ VXSHUSRSXODWLRQ DQG WKHVRXUFH+WDUJF
VFRUH PBE&H®)= ORIXW ) 7KHVWUHQJWK RI WKHVHOHFWLRQ |
WUROOHG E\D VFDOLQJIDFWRU GLUHFWO\JRYHUQV WKH GH:
WR DVVHVV UREXVWQHVV ZKHQ WKH SURSHQVLW\VFRUH ZHLJ
PRGHUDWHO\PLVVSHFLILHG HJ RPLWWLQJQRQOLQHDU RU
PLVVSHFLILHG )RUHDFKFDVH WKHSURSRVHG WZR VWHS PH\
LQJWRHYDOXDWHKRZVWDELOL]DWLRQPLWLIJDWHV WKH SHU
PRGHO PLVVSHFLILFDWLRQ

ORGHO PLVVSHFLILFDWLRQ WKURXJK YDULBBROBPAKMLIHRQ D
SOLFLW PLVVSHFLILFDWLRQ RI WKH SURSHQVLW\VFRUH PRGt
W\SHV RI PRGHO PLVVSHFLILFDWLRQ WKDW DULVHLQDSSOLH
RIUHOHYDQWFRYDULDWHVDQGLQFOXVLRQRIUHGXQGDQW F
DGGLQJ YDULDEOHV LQ ERWK WKHRXWFRPHDQG ZHLJKW PRG
WLRQHUURUVLQIOXHQFH WKHPHDQVTXDUHG HUURU RIWDUJ
PHWKRG PDLQWDLQV UREXVWQHVYVY XQGHU WKHVH GHYLDWLR(

(IWHQVLRQWRELQDKLEXNWRRFPHWLPXODWLRQ VHWWLQJV LQY
FRPHV ZLWK TXDGUDWLF WUXH PRGHOVDQG OLQHDU ILWWHG
QDU\RXWFRPHV XVLQJORJLVWLFUHJUHVVLRQ 7KLVDOORZYV
LPSURYHVDFFXUDF\ $8& %ULHU VFRUH DQG ORJ ORVV XQGH
LWV IJHQHUDO DSSOLFDELOLW\EH\RQG WKHFRQWLQXRXV UH)

, QVXPPDU\ WKHVLPXODWLRQ VWXG\VSDQV PXOWLSOHDI[H
PRGHO GLPHQVLRQDOLW\ DQG PRGHO PLVVSHFLILFDWLRQ?2XC
FRPHVY 7KLV GHVLIJQ HQDEOHV D V\VWHPDWLF HYDOXDWLRQ



DIJDLQVW WUDGLWLRQDO ZHLJKWLQJDQG XQZHLIJKWHG PHWK
FKDSWHU GHPRQVWUDWH KRZ WKH WZR VWHS DSSURDFK D FKI
XODUO\ZKHQ RYHUODS LV OLPLWHG RUPRGHO PLVVSHFLILFD'



&KDSWHWLPXODWLRQ 6WXG\

7KLVFKDSWHU SUHVHQWV WKHHPSLULFDOHYDOXDWLRQ RI
SURSRVHG WZR VWHS SURFHGXUH LQWURGXFHG LQ &KDSWHU
ILHG LQ 6HFWLRQ 2XUREMHFWLYHVDUH WKUHHIROG )LUYV
SRSXODWLRQRYHUODSDIIHFW SUHGLFWLYHDFFXUDF\ZKHQP
SOR\HGLQ DWDUJHW VDPSOH ZLWKRXW RXWFRPHVY 6HFRQG
LPSRUWDQFH ZHLJKWLQJ ZLWK WKH WZR VWHS ZHLJKWLQJ S|
IURP WUDQVSRUW 7KLUG WRH[DPLQHUREXVWQHVYV XQGHU |
VSHFLILFDWLRQ RI WKHZHLJKW PRGHO LQFOXGLQJRPLVVLR(

'HEHILQZLWK FRQWUROOHG VHWWLQJVLQ ZKLFKFRYDULD
SOHPHQWDU\PHFKDQLVPV 7KHILUVWPHFKDQLVP GUDZV VRX
WLYDULDWH QRUPDO GLVWULEXWLRQV ZLWK GLITHUHQW PHD
JHRPHWULFFRQWURORIRYHUODS 7KHVHFRQGPHFKDQLVPD
WKURXJKD SURSHQVLW\PRGHO DOORZLQJGLUHFWFRQWURDQ
WLRQ ,QDOOVFHQDULRYVY RXWFRPHVDUHJHQHUDWHG IURP I
WKDW VDWLVILHVY FRQGLWLRQDO LQYDULDQFH DFURVYV SRS X(
DUHGHOLEHUDWHO\PLVVSHFLILHGWRUHIOHFW UHDOLVWLF

3HUIRUPDQFH LV DVVHVVHG DV WDUJHW ULVN GHILQHG DV
ODWLRQ )RUFRQWLQXRXVRXWFRPHVZHUHSRUWPHDQ VTXD
HVWLPDWHG UHJUHVVLRQ FRHIILFLHQWY )RUELQDU\ RXWFR
RSHUDWLQJ FKDUDFWHULVWLFFXUYHDQG ORJORVYV 7R UHOI
DWHVKLIW ZHVXPPDUL]J]HRYHUODS XVLQJWKUHH GLDJQRVW|
PHFKDQLVP WKH7LSWRQLQGH[RQWKHSURSHQVLW\VFRUHYV
LIHG PHDQ GLITHUHQFH DFURVV FRYDULDWHYV

$FURVV DOO GHVLJQV ZH FRPSDUH IRXU HVWLPDWRUV 7KH



DVDEDVHOLQHIRU QDLYHWUDQVSRUW $FRQYHQWLRQDO VL
UHSUHVHQWY WKHVWDQGDUGDSSURDFK 7KH SURSRVHG WZF
IURP WUDQVSRUW E\FRPELQLQJD VWDELOL]JLQJOD\HU WKDW
SRUW OD\HU WKDW DOLJQV FRYDULDWH GLVWULEXWLRQV )L
PRGHOLVDQRUDFOHEHQFKPDUNWR VKRZWKHEHVW SRVVLE
ZHDGKHUH WR D FRPPRQ UHSRUWLQJ VWUXFWXUH ILIXUHV YV
QRVWLFV ZLWK XQFHUWDLQW\ EDQGY DFURVV UHSOLFDWHYV
HDFK PRGHO XQGHU YDULRXV VHWWLQJV

7KH UHPDLQGHU RI WKLV FKDSWHU LV RUJDQL]J]HG DV IROOR
WKHWZR QRUPDO DQG SURSHQVLW\EDVHG PHFKDQLVPV XQGFE
VWXGLHVUREXVWQHVVWRYDULDEOHRPLVVLRQDQGUHGXQG
6HFWLRQ HIWHQGY WKH FRPSDULVRQ WR ELQDU\ RXWFRPH
UHJLPHVLQ ZKLFKZHLIKWLQJLPSURYHV RUGHJUDGHV WUDQ'
ZKHQ WKHWZR VWHS SURFHGXUH RITHUV PHDQLQJIXOJDLQV L

6LPXODWLRQV :LWK ' 'DWD *HQHUDWLQJOHFKDQLVP

'HEHJLQ ZLWK D RYHUYLHZ RI WKH FRPSDUDWLYH SHUIRUP
6HFWLRQ J)LIXUHVY GLVSOD\ WKH WDUJHW ULVN IRU IRXU LC
PRGHO WKHZHLJKWHG PRGHO WKH SURSRVHG WZR VWHS PR(

7ZR 1RUPDO

JLIXURLYHV WKH VLPXODWLRQ UHVXOWV IRUWZR QRUPDO C
GLITHUHQW FRYDULDWH VL]HYV



JLIXUHmee ZLWK 7LSWRQ D:QR WG TZIRH URIWRAD O

(DFKURZFRUUHVSRQGVWRDGLIITHUHQW FRYDULDWH GLPH(
'LWKLQ DURZ WKHOHIWSDQHO LQGH[HV RYHUODS E\ WKH 7L¢
FDWHEHWWHU RYHUODS DQG WKHULJKW SDQHO XVHV WKH Pl
SRSXODWLRQ ZKHUHVPDOOHU YDOXHVLQGLFDWH EHWWHU R
SDQHOV RUULIJKWZDUG LQ WKHULJKW SDQHOV FRUUHVSRQG\

$FURVVERWKGHVLIQV WKHRUDFOHWDUJHW FXUYHLVIOD'
RUPRGHO VSHFLILFDWLRQ ,Q FRQWUDVW WKHULVNV IRUPR
FUHDVHDVRYHUODS GHWHULRUDWHY 7KLVLQFUHDVHLV PR\
7KHSURSRVHGWZR VWHS SURFHGXUHDOVR GHJUDGHV DV RY



VLVWHQWO\VPDOOHU WKDQ WKDW RI ZHLJKWHG PRGHO UHIO

7TKHSURSRVHGWZR VWHS SURFHGXUH RXWSHUIRUPV ZHLJK
RYHUODS LQDOO WKUHH FRYDULDWH GLPHQVLRQV DQG LQ ER
RYHUODS LV SRRU :KHQ RYHUODS LVJRRG DOOWUDQVSRUW
IRUPDQFHDQG WKHGLITHUHQFHV DPRQJPHWKRGY QDUURZ D

$V WKHFRYDULDWH GLPHQVLRQ LQFUHDVHYVY WKHUHJLPH Z
FKDOOHQJLQJ ,Q WKLV UHJIJLPH ZH REVHUYH FDVHV ZKHUH WK
ORZHU ULVN WKDQ WKH ZHLJKWHG PRGHO LQGLFDWLQJ WKD\
DQGDPSOLI\PRGHOPLVVSHFLILFDWLRQZKHQWKHUHLVQRGL
SURFHGXUH PLWLJDWHV EXW FDQQRW IXOO\HOLPLQDWH WHK
EHWWHU WKDQ ZHLIJIKWHG PRGHO LQ WKHVH KLJK GLPHQVLRQ

'HLIKWLQJLPSURYHV WUDQVSRUW SHUIRUPDQFH ZKHQ WKH
WKHWZR VWHS IRUPXODWLRQ\LHOGV V\VWHPDWLF VWDELOL
VXIILFLHQW RYHUODS DGGLWLRQDO ZHLIJKWLQJFDQ EH FRXQ
JURZV ZKLFKVXSSRUWYV WKHUROHRIRYHUODS GLDJQRVWLF
WR ZHLJKW

36 %DVHG

'HQRZIRFXVRQWKHSURSHQVLW\VFRUH*EDVHG GDWD JHQ
RYHUODS DQG ZHLJKW PRGHO PLVVSHFLILFDWLRQYHMMFW WU
WKH VLPXODWLRQ UHVXOWYV IRU 36 EDVHG GDWD JHQHUDWLAQ
PRGHO PLVVSHFLXLF®DWLR® I;3L WKKH ILWWHG ZHLJKW PRGHO L
UHJUHVVLRQ PR GHREOHMWEKHIDARZ JLYHV WKH WUXH XQGHUO\LQJ
FRPSOH[WKHWUXHZHLJKWPRGHO PRUHPLVVSHFLILHG WKH
ZLWKRQO\OLQHDU WHUPV



ORGHO 6SHFLILFDWLRAQUXHORGHO

&RUUHFWO\B6SHFRK)EHG, + X, 2X3)=2
ORGHUDWHO\ OLVVSHFE M2H X, + Xa)
BHYHUHO\OLVVEHEXEHB, + X5 X Xg)=2

7TDEOH 'HLIKWORGHO OLVVSHFLILFDWLRQ

SRZVFRUUHVSRQGWRWKHVSHFLILFDWLRQRIWKHSDUWLFL
WKH WRS URZLV FRUUHFW WKHPLGGOH URZLVY PRGHUDWHO)
VHYHUHO\ PLVVSHFLILHG :LWKLQ HDFK URZ WKH OHIW SDQH
LQGH[ DQG WKH ULJEKW\SHRSHOOODWHMRWYKILIIHUHQFH DQG PRYH
LQGLFDWHY ZRUVH RYHUODS

KHQWKHSDUWLFLSDWLRQPRGHOLVFRUUHFW WKHWZR V\
\LHOG VLPLODU PHDQ VTXDUHG HUURU DFURVV PRVW RYHUOI
WZR VWHS SURFHGXUH HPHUJHV RQO\ ZKHQ RYHUODS LV OLPL
RYHUODS E\FRQVWUXFWLRQDQG UHPDLQV IODW DV H[SHFWH



JLIXUH/mse ZLWK 7L SOMRQ BRGRGHO

8QGHU PRGHUDWH RUVHYHUH PLVVSHFLILFDWLRQ WKH ZH
ZRUVHQV DQG FDQ SHUIRUP ZRUVH WKDQ WKH XQZHLJKWHG V
VWHS SURFHGXUH FRQVLVWHQWO\UHGXFHYVY PHDQ VTXDUHG +
DOORYHUODS OHYHOV LQFOXGLQJUHJLPHV ZLWKPLQLPDO R

, QWKHVH VHWWLQJV WKHOHIWSDQHOV EDVHG RQ WKH 7LS
EHFDXVH WKH LQGH[ LWVHOI UHOLHVY RQ D FRUUHFWO\ VSHFL
JXDUDQWHHG KHUH 7KH ULJKW SDQHOV UHPDLQLQWHUSUHW
ZHLIJKW PRGHO

,Q VXPPDU\ ZLWK D FRUUHFW ZHLJKW PRGHO HLWKHU ZHL.



ZLWKDVOLIKWHGIJHIRUWKHWZR VWHS SURFHGXUH ZKHQ RY
ZHLIJKW PRGHO ZHLJKWLQJ FDQ KDUP SHUIRUPDQFH 7KH WZ
ULVNDQG SURYLGHV UREXVWLPSURYHPHQWV RYHU WKH ZHLJ
DOWKRXJKLPSURYHG ZHLJKWLQJFDQ VWLOO SHUIRUP ZRUVH

SREXVWQHVV WR 9DULDEOH 6HOHFWLRQ LQ S3UHGLFWLRQD

7TKLVVHFWLRQHYDOXDWHV WKHUREXVWQHVV RI WKH SURS
OHFWLRQ HUURUV LQ ERWK WKH SUHGLFWLRQ PRGHO DQG WKl
RIPLVVSHFLILFDWLRQ RPLVVLRQRIWUXO\UHOHYDQW YDULD
DEOHV WKDWDUH XQUHODWHG WR HLWKHU WKH RXWFRPH RU"
IURP WZR QRUPDO FRPSRQHQWY XQGHU WZR OHYHOV RI RYHL
SRSXODWLRQV VXIILFLHQW DQG OLPLWHG 3HUIRUPDQFH LV
HUURU RI SUHGLFWHG RXWFRPHV LQ WXH AMEODMIMS RSO D WL
UHVXOWYV IRU IRXUDSSURDFKHY KH RSWLPDO WDUJHW PRGF
FROQYHQWLRQDO ZHLIJKWHG PRGHO DQG WKH SURSRVHG WZR

2PLVVLEK@Q WUXO\UHOHYDQW YDULDEOHV DUH RPLWWHG IUR
VRXUFHDQG WDUJHW HVWLPDWRUV HIKLELW SURQRXQFHG OR
OLPLWHG RYHUODS ,Q FRQWUDVW RPLVVLRQ LQ WKH ZHLJKYV
UHZHLJKWLQJ 8QGHU VXIILFLHQW RYHUODS GURSSLQJ YDU
KDV D VPDOOHK.LWEDRVWVGEHEHRSSLQJ WKHP IURP WKH SUHGLFWLI
FDWHV WKDW RXWFRPH PLVVSHFLILFDWLRQ LV WKH GRPLQDQ
KRZHYHU RPLVVLRQ LQ WKH ZHLJKW PRGHO EHFRPHV PRUH F
SURSRVHG WZR VWHS SURFHGXUHLPSURYHV XSRQ WKH FRQYF
VHWWLQJY EHFDXVH LW UHGXFHV LQVWDELOLW\IURP SRRUGO
WKH SUHGLFWLRQ WR WKH WDUJHW FRYDULDWH GLVWULEXWL



SHGXQGDIHRGAXQGDQW YDULDEOHV LQ WKH SUH%GFRWLRQ PRGH
HLWKHU WKH VRXUFH RUWKH WDUJHW HVWLPDWRU ZKLFK UF
UHJUHVVLRQLQ WKHSUHVHQFH RI QRLVH FRYDULDWHYV )RU\
FDQGHJUDGH SHUIRUPDQFHZKHQRYHUODSLVOLPLWHG EHF
KDUGHUWR HVWLPDWHDQG WKHLQGXFHG ZHLJKWV EHFRPH P
LVOHVV VHQVLWLYH WR WKLY GHIJUDGDWLRQ WKDQ WKH FRQ"®
FRQVLVWHQWO\ O Ry4& D RWRAMRPEBRHKH DEEGRUWHG VHWWLQJV

7DEOH (IITHFWV Rl YDULDEOH RRBkY X QRO D GG | UHGK@W R A\
FRQGLWLRQV

6FHQDULR 2YHUODS ORGHO 6SHFLILFDWLRQ 7DUJHW

%YRWKPLVVLQ@B61I 85081 18123 9171
6X11 LFL%iLéH\j\P LFWLRQ43BN V BEY1 16231 8954
'H KW PLVVIL2X344 33992 19415 11584
YRWK FRUUHEB¥M4 33992 13575 7710

%RWK PLVVLQW@0O/5 171880 48742 53747
/LPLWH UHGLFWLR Q@AWY VLIAQBBO 67221 43494
"HLIKW PLVVLX346 85165 17141 12235
%YRWKFRUUHBYM6 85165 14790 8375

2PLVVLRQ

%RWKFRUUHRBB02 14627 7342 5819
6XIILFL%|LQHY]\53LFWLRQZOBZJUMEZW 9047 5780
'H KW FRUUHBR®BW 14810 9689 7471
%RWK ZURQJ 1:990 14810 9038 6257

%RWKFRUUHES87 47649 11658 6612
/LPLWH UHGLFWLRQIPBMU U&BAY 17200 7319
"HLIKW FRUURSM 47532 21950 7071
WRWK ZURQJ 1:.974 47532 22061 9062

5HGXQGDQF\

$FURVV RPLVVLRQ DQG UHGXQGDQF\VFHQDULRYV WKH WDU
EHQFKPDUN EXW LV RIWHQ LQIHDVLEOH LQ DSSOLFDWLRQV Z1I
DYDLODEOH 7KHFRQYHQWLRQDO ZHLJKWHG PRGHO LV HIIHF
DQG WKH SDUWLFLSDWLRQ PRGHO LV ZHOO VSHFLILHG EXWL
RUUHGXQGDQW YDULDEOHV LQ WKH ZHLJKW PRGHO RQFH RY'}
WZR VWHS SURFHGXUH UHPDLQV VWDEOHLQ ERWKFODVVHV R



WKHJIJDS WR WKHWDUJHW EHQFKPDUN HVSHFLDOO\XQGHU OL
LVIUDJLOH

, IPRGHOHUVH[SHFWRPLVVLRQLQRXWFRPHSUHGLFWRUYV
\LHOGV ODUJHU JDLQV WKDQ UHILQLQJ WKH SDUWLFLSDWLRQ
RYHUODSLVOLPLWHGRULIWKHSDUWLFLSDWLRQPRGHO PXV)
WRUV WKHWZRVWHS SURFHGXUHLY SUHIHUUHGRYHUFRQYH
H[FHVV ZHLJKW YDULDELOLW\ ZKLOH SUHVHUYLQJWKHDELOL

%LQDU\RXWFRPH

$IWHU WKH VLPXODWLRQV ZLWK FRQWLQXRXV RXWFRPH LW
LQWRELQDU\FDVH 7KHIROORZLQJILIXUHJLYHVDQLQWXLWI
WLRQ PRGHOLQ VRXUFH SRSXODWLRQ WR WDUJHW SRSXODWL
RQ WKHOHIWDUH IURP VRXUFH SRSXODWLRQ ZKLOH WKH UHG
6LQFH WKH RXWFRPHLVELQDU\ZLWK SRVLWLYHRU QHJDWLY|
DELOLW\RIRXWFRPHYDULDEOHEHORQJLQJWR SRVLWLYHFO
DQG ZKLWH LI FORVH WR KDOI 6LPLODU ZLWK WKH VLPXODW
DUHGHWHUPLQHG ZLWK D TXDGUDWLF UHODWLRQVKLS ZLWK (
ZKLWHDUHV LQ ERWK SORWYV 7KH VWUDLJKW OLQHV UHSUHV|
UHJUHVVLRQ LQ VRXUFH SRSXODWLRQ RUDQJH OLQH WDUJ
UHJUHVVLRQ JUHHQOLQH ZLWKILWWKG,FRHIILFLHQW LQ HLC

0 1
X2 = ——+ ——X
2 2

$QG LWLV FOHDU WKDW WKH ZHLIJKWHG VHSDUDWLRQ OLQH L\
WKH WDUJHW SRSXODWLRQ
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