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Abstract of Dissertation

Essays on Housing Space Analysis

This dissertation demonstrates that the standard urban model (SUM) has important,

previously unknown, and rather counterintuitive predictions about the determinants of

housing consumption in cities. For example, the SUM predicts that, as higher wages in

the CBD prompt city growth, the housing space per household falls, i.e. rising income

is associated with falling housing consumption. Empirical testing using a specially con-

structed panel dataset of U.S. cities, confirms this prediction. When city size, income,

and housing price rise, housing space per household falls.

Virtually all research on urban housing supply uses the number of housing units as a

measure of housing output. Supply differences among cities are based on changes in the

number of units as housing price changes. Microeconomic models of the housing mar-

ket treat housing units as heterogeneous combinations of attributes producing housing

services. Logically the supply of housing services should be measured by aggregating

housing services rather than units.

The dissertation focuses on measuring housing services as square feet of interior

space and provides insights in understanding the spatial and temporal variations in

housing space. It demonstrates the consequences of conducting housing market anal-

ysis based only on housing units instead of housing space. In addition, the theoretical

literature has developed many propositions about the determinants of total housing

units in cities but neglected propositions regarding the total supply of housing services.

The theoretical component of this dissertation therefore fills the gap in the literature as
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well.
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Chapter 1

The Role of Housing Space in Housing Market Analysis:

A Literature Review

1.1 Introduction

A central theme in urban economics is the study of urban housing market. However,

the conventional demand and supply analysis cannot be directly applied to the hous-

ing market. Houses exhibit substantial variation in structural features, living space, lot

size, characteristics of the surrounding neighborhood, and quality of local public ser-

vices, etc. In other words, no two houses can be exactly alike.1 Housing is also not

divisible. A two-bedroom unit is certainly not equivalent to two one-bedroom units. A

consumer can only choose to live in one housing unit or another. Therefore, housing vi-

olates two of the most basic assumptions about commodities in the standard economic

theory – homogeneity and divisibility. Clearly, one major difficulty in formulating hous-

ing market theory lies in how to quantify consumer’s housing consumption. On one

extreme, each housing unit can be treated as a unique commodity and hence enters the

utility function separately. But this amounts to assuming an infinite number of housing

markets with only one unit of housing supply in each market.2 To avoid dealing with

1Two condos next to each other might be considered identical. But there can still be differences of
layout, next-door neighbor, and balcony view, etc.

2One major contribution of the hedonic price theory in urban economics is to reduce this infinite
dimensional problem to a finite characteristics space. This point will be discussed further in this review.
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an infinite dimensionality problem, some research assumes that each housing unit is

identical and and the housing market analysis can proceed with the traditional price

theory, in which case number of units is equal to housing consumption in a given mar-

ket.3 There are obvious flaws in this oversimplified approach. First, it is unrealistic to

assume every consumer consumes the same amount of housing, in this case one hous-

ing unit. Second, the clear variation in housing unit size within each urban housing

market is abstracted away in this approach.

Despite its complexity, there are also some well known regularities in the urban

housing market. Low income households tend to cluster in the central city, and high

income class leaves the central city and settles in affluent suburbs. As a result, residen-

tial structures are built more densely towards the city center as opposed to the suburbs.

The best articulated urban housing theory abstract from all features of the housing mar-

ket except lot size (or housing space) and accessibility to employment is the Standard

Urban Model (SUM), generally attributed to Alonso (1964), Mills (1967), and Muth

(1969). This model sets out a framework that successfully explains many aspects of the

observed spatial structure of cities. In its generic form, housing consumption is mea-

sured by lot size and the land rent is a function of distance from the central business

center (CBD). One major contribution of Muth (1969) is to introduce a housing pro-

duction function in the model with two input factors – structure and land. Muth (1969)

called the housing output “housing services”, which is a measure of the full combina-

tion of housing characteristics. Although the concept of housing services is theoretically

appealing, there is no direct measurement in the data for this variable, which creates a

gap between theoretical and empirical studies.4 In his summary of the SUM, Brueckner

3This approach is adopted in many housing supply papers, such as Mayer and Somerville (2000b),
Malpezzi and Maclennan (2001a), Glaeser and Gyourko (2005a), Goodman (2005a), and Saiz (2010a)

4Another related issue is how to measure the price per unit of housing services, which is another
theoretical variable in the model.
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(1987b) replaces “housing services” by “housing space” (or interior space of living area),

which amounts to saying that housing space is the closest empirical measure to housing

services. Interior space is the one housing characteristic tied directly to the availability

of space. The housing production function states that housing services are produced

with structure and land inputs. Space is the one characteristic that is produced with

structure and land inputs. Other housing characteristics, like granite counters, marble

floors, indirect lighting, are like furniture in that they take up space but are not pro-

duced directly with structure and land inputs. For the real estate economics literature

that deals with market valuation of housing services, detailed characteristics of what

fills the space within a housing unit are certainly important. But the SUM is attempting

to model the density of structures in a city not the spatial distribution of fireplaces or

skylights. Since its introduction, the SUM has served as the theoretical foundation for

many urban economic studies and remain so to the present. Surprisingly, the past em-

pirical tests of the SUM focus only on its implications derived from the version of the

model where housing consumption is measured by the lot size. The attempts of Muth

(1969) and Brueckner (1987b) to include the variation in housing structure or housing

space have not been directly tested. One major task undertaken in this dissertation is to

re-visit the version of the SUM in Brueckner (1987b) and study the model’s implications

regarding housing space.5

Microeconomic models of the housing market treat housing units as heterogeneous

combinations of attributes producing housing services. Logically the supply of hous-

ing services should be measured by aggregating housing services rather than units.

However, the aggregate empirical literature (Mayer and Somerville (2000b), Malpezzi

and Maclennan (2001a), Glaeser and Gyourko (2005a), Goodman (2005a), and Saiz

5Testable hypotheses and related empirical tests regarding housing space are presented in Chapter
2.4.1.3.
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(2010a)) uses housing units instead of services. The second major task undertaken

in this dissertation is to measure housing services as square feet of interior space and

to demonstrate that empirical results obtained for units may not be valid indicators of

effects on housing services. Differences are illustrated by estimating housing supply

elasticities using units and interior space. The results suggest that the common prac-

tice in the literature of using units to measure housing supply can result in misleading

conclusions.6

The rest of this chapter is organized as follows. Section 2 reviews the known prop-

erties of the SUM and describes the unexplored implications regarding housing space.

Section 3 reviews previous empirical tests of the SUM based its known properties. Sec-

tion 4 discusses the housing supply literature with a focus of various modeling ap-

proaches to estimate supply elasticity. Section 5 concludes the chapter.

1.2 The role of housing space in urban housing theory

1.2.1 Hedonic theory and the standard urban model

Housing market is more complex than regular commodities studied in conventional

economic theory, because every housing unit is unique in some way and not perfectly

divisible. Houses exhibit substantial variation in structural features, living space, lot

size, characteristics of the surrounding neighborhood, and quality of local public ser-

vices, etc. In other words, no two houses can be exactly alike. Housing is also not

divisible. A two-bedroom unit is certainly not equivalent to two one-bedroom units. A

consumer can only choose to live in one housing unit or another. Therefore, direct ap-

plication of the conventional economic theory is not suitable for the analysis of housing

market.
6The estimation of supply elasticity is undertaken in Chapter 3.
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The seminal work of Rosen (1974) introduces an alternative approach, which shift

in focus from the housing commodities themselves, inherently indivisible and distinct,

to their underlying characteristics. Instead of indexing housing units by location and

other characteristics, consumer’s choice is assumed to depend on location and these

characteristics directly. In this way, an infinite dimensional problem (housing units)

is reduced to finite dimensional (characteristics).7 The general formulation of Rosen’s

theory can be outlined as follows. Consumers’ tastes are described in a utility function

v(Gm, Hn), (1.1)

where Gm is an m-dimensional vector of private goods, Hn is an n-dimensional vector

of housing characteristics.8 Besides the usual properties, the utility function, v(.), is

assumed to be strictly quasi-concave in Gm holding Hn constant. The budget constraint

is assumed to be

PmGm + p(Hn, x) + T (x) = y, (1.2)

where Pm is a price vector for private goods, p(Hn, x) is the hedonic housing price

function relating the price of a dwelling to its characteristics and location, T (x) is the

transportation cost which depends only on the travel distance to work, all expenses sum

up to the level of income, y .9 Forming the Lagrangian, the first order conditions are

∂ v(Gm, Hn)
∂ Gmi

= λPmi, i = 1, 2, ......, m, (1.3)

7There can be also an infinite number of characteristics, but it is usually accepted that all housing
units can be represented by a reasonable amount of characteristics.

8For simplicity, each housing unit is occupied by one consumer. All consumers have the same utility
function.

9In Rosen’s original formulation, transportation cost could enter utility function directly and is not
written out as a separate function in the budget constraint. This formulation is used here to show more
clearly between Rosen’s formulation and the SUM formulated by Muth.
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∂ v(Gm, Hn)
∂ Hn j

= λ
∂ p(Hn, x)
∂ Hn j

, j = 1,2, ......, n, (1.4)

−
∂ p(Hn, x)
∂ x

=
∂ T (x)
∂ x

, (1.5)

The interior solution of the consumer’s optimization problem is guaranteed to exist if

the hedonic housing price function is convex in housing characteristics. Due to the

introduction of hedonic housing price function, the usual diagrammatic analysis with

indifference curves cannot be directly applied. Rosen (1974) suggests solving for the

optimal level of Gm holding Hn constant and constructing an indirect utility function.

This indirect utility function describes consumer’s behavior, based on her/his choice of

housing, by the prices of private commodities and income net of housing and trans-

portation costs. Given the properties of the utility function (1.1) discussed above, the

resulting indirect utility function satisfies all the usual conditions required in a compet-

itive equilibrium. A bid-rent function, which is defined as the highest price a consumer

is willing to pay at a given utility level, can thus be defined in this indirect utility func-

tion by the implicit function theorem. The tangency conditions between the hedonic

price function and the bid-rent function can be used to form a graphical representation

of the optimization problem.10

The diagrammatic interpretation of this hedonic theory provides a convenient bridge

linking existing empirical work on hedonic price functions with economic theory of con-

sumer’s behavior. By making certain assumptions on the supply side of the housing

market, the estimated hedonic coefficients relate directly to the consumer’s willingness

to pay. However, when it comes to city level data empirical work, there are at least two

difficulties in applying the hedonic theory. First, the internal city structure is mainly

10The bid-rent approach is usually credited to Alonso (1964). Detailed discussion of the hedonic theoy
is omitted, because the purpose here is to describe how the standard urban model paves the road for city
level data analysis based on the more general hedonic housing theory. A rigorous presentation of hedonic
theory can be found in Rosen (1974) or Epple (1987).
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characterized by consumer’s location choice and housing space consumption (tall ver-

sus low residential structures, dense versus sparse residential area, etc.). Many charac-

teristics included in the hedonic literature do not change systematically with location,

such as the price of granite counter tops and air-conditioning. Second, the existence

of the equilibrium assumed in hedonic theory demands strong assumptions regarding

distributions of household types and producer types (Epple (1987)). It is often tedious

and unnecessary to derive model implications based on the generic setup of the hedonic

model for city level aggregates. The standard urban model (SUM, or sometimes AMM),

introduced by Alonso (1964), Mills (1967), and Muth (1969), provides a simplified

version of the hedonic model, which is therefore more suitable for city level housing

market analysis.

The SUM assumes a monocentric city, where everyone works in the Central Busi-

ness District (CBD). Households maximize utility by consuming private goods, choos-

ing housing unit size and location. The SUM simplifies the general hedonic theory by

assuming that there are only two characteristics in the hedonic price function contained

in Equation (1.2), and further assuming the hedonic price function takes the form

p(Hn, x) = p(q, x) = p(x)q. (1.6)

In the equation above, housing price is simplified to a product of housing space, q, and

housing price per unit space, p(x), which varies with location. T (x) in Equation (1.2)

can also be simplified to t x , where t is the round-way commuting cost.11 The condition

shown in Equation (1.5) thus becomes the well-known Muth’s equation

p′(x) = −
t
q

. (1.7)

11This simplification is not necessary in this section, but it is needed to solve the Muth’s equation and
derive the hypotheses introduced in Chapter 2 of this dissertation.
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This equation states that in the equilibrium location, the household’s net savings on the

purchase of a given quantity of housing space and transportation costs which would

result from a very short move (toward or away from the CBD) would be zero. In other

words, the household is unable to increase her/his real income by any change of loca-

tion (Muth (1969)). The utility function is simplified to v(c, q), where c is the aggregate

expenditure on private goods and q is the consumption of housing space.12 Using this

setup of the SUM a substantial number of questions about the determinants of urban

form, particularly the density functions that describe the changes in price, rent, struc-

ture density, and population density over space have been resolved.

Having established the fact that the SUM can be considered as a simplified version

(with two characteristics) of the general hedonic theory, the next section reviews the

properties of the SUM that are repeatedly tested in the literature. Historically, in Alonso

(1964) and Mills (1967)’s formualutions, q in Equation (1.7) was defined as lot size

instead of housing space. Accordingly, p(x)was price per unit of land and the SUM was

normally referred to as the urban land use model. Muth (1969) defined q as housing

services, a variable that equals the total amount of household’s housing consumption.

Because housing services are not observable in practice, to make this variable more

relevant to the reality, Brueckner (1987b) defined q as housing space. The housing

space definition of q leads to the widely quoted implication of the SUM – higher income

households reside in suburbs to live in larger housing units. Ironically, the empirical

studies of the SUM focus only on its implications of household location choice (w.r.t x),

the implications of the SUM on housing space consumption (w.r.t q) are left out in the

empirical analysis.

12In practice, private goods consumption enters the utility function as an aggregate with the price
level normalized to unity. This simplified approach is taken in all classic description of the SUM, such as
Alonso (1964), Mills (1967), Muth (1969), and Brueckner (1987b).
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1.2.2 Properties of the standard urban model

Tests of the SUM are usually conducted using city level variables such as population

density, land area, central density, and land rent. In general, there are two sets of

properties that form the foundations of many empirical tests of the SUM. The first set

of model properties concerns about “gradient”, which is defined as the rate of change of

a variable. For example, if population density in a city is denoted by D, the population

density gradient is defined as D′

D . The derivative is taken with respect to distance, x, in

the SUM. Muth (1961) demonstrates that the solution to the differential equation (1.7)

is

p(x) = p0e−γx , (1.8)

where γ represents the housing price gradient. This solution is obtained based on the

assumption that the per-capita income-constant (i.e. compensated) elasticity of de-

mand for housing is a constant (and housing is produced based on a Cobb-Douglas

technology). This exponential form of housing price can also be obtained by assuming

that the ratio of marginal transport cost to income net of transport cost, or t
y−t x in the

setup described before, is constant across locations – reflecting the fact that conges-

tion is least in peripheral locations from which total commuting cost is greatest (Anas

et al. (1998)). More importantly, if the price of housing declines exponentially with

distance to the center of the city, so do the land rent, the ratio of structure (non-land

input) to land inputs, and population density (McDonald (2007)).13 The gradients of

these variables can be solved given specific model parameters. This set of properties of

the SUM regarding “gradients” provides testable hypotheses in many empirical studies.

Empirical tests of estimating “gradients” are often referred to as testing monocentricity

(McMillen (2006)).

13The production side of the SUM is omitted here. A complete demonstration of the SUM can be
found in Chapter 2 of this dissertation.
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Notably, this set of model properties does not involve housing space consumption,

even if the functional form for this variable can also be solved under the same assump-

tions. In fact, many authors derive the gradient equations, like Equation (1.8), using

Alonso (1964) and Mills (1967)’s setup, where q in Equation (1.7) refers to lot size,

instead of Muth (1969) and Brueckner (1987b)’s formulation, where q is defined as

housing consumption (housing services in Muth (1969) and housing space in Brueck-

ner (1987b)). One reason of omitting the housing consumption in the empirical studies

could be that housing services, the combination of all housing characteristics, is not di-

rectly observable. If the main objective of the SUM is to predict spatial structure of cities,

housing space is a reasonable proxy for housing services, as formulated in Brueckner

(1987b).

The other set of properties of the SUM is for urban land use. The SUM predicts a

city will continue to expand to its surrounding area until the urban land rent is equal to

the agricultural land rent. Therefore, the SUM has direct implications about how urban

areas change with respect to city income, transportation cost, agricultural land rent,

and population. These properties of the SUM have been the subject of repeated empir-

ical tests in the past, and they are still receiving attention in the literature today. There

are two types of equilibrium in the SUM, when it comes to urban land use. In a closed

city equilibrium, total city population is given, other variables in a city, such as hous-

ing price, land rent, and city radius, converge to their optimal levels to accommodate

the given population. In an open city equilibrium, cross-city migration is allowed and

city population is endogenous, other variables converge to the optimal levels such that

nobody can increase utility by migrating to another city and the obtained utility levels

equalize across cities. Brueckner (1987b) views the closed city model as a description

of the short run equilibrium of each individual city, and all cities tend to converge to

the long run equilibrium described by the open city model. The closed city model also

10



reflects the effects of changes that are implemented identically in all cities at the same

time while the open city models effects of events that occur in individual cities. In

the case of the closed city model, the urban land use is characterized by the following

equation

x̄ = f (y, ra, t, L), (1.9)

where x̄ denotes the city radius, y is income, ra is agricultural land rent, t is transporta-

tion cost, L is total population. The partial derivatives of Equation (1.9) can be signed by

implicit functional theorem based on equilibrium conditions.14 Equation (1.9) becomes

the basis for empirical studies of urban land use.15 If the empirically estimated partial

derivatives take on the same signs as predicted by the SUM, it implies the urbanization

process is governed by regular economic forces instead of resulting from an abnormal

phenomenon called “urban sprawl” (Brueckner and Fansler (1983)). Tests of the SUM

based on Equation (1.9) are more general, because no additional assumption, such as

constant compensated elasticity of housing demand and Cobb-Douglas technology, is

needed in deriving these properties.

Two things can be noted here. First, as argued in (Brueckner and Fansler (1983))

tests of the SUM based on Equation (1.9) only apply to the case of the closed city model,

they do not apply to the open city model. Second, derivation of Equation (1.9) and its

partial derivatives does not rely on the introduction of housing space consumption in

the SUM. In fact, identical theoretical results can be derived using either Alonso (1964)

and Mills (1967)’s setup or Muth (1969) and Brueckner (1987b)’s formulation. In other

words, the SUM’s implication about housing space is not considered in the second set

14In the case of closed city model, the equilibrium conditions are (1) urban land rent equals agricul-
tural land rent at the city boundary, and (2) total population all live in the city.

15The SUM is very parsimonious in explaining urban spatial structure compared to other models,
particularly in other social sciences. In those models, the structure of local government, differences in
environmental quality, public services, crime, etc influence the spatial distribution of population and
employment.
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of commonly studied properties either.

1.3 Empirical tests of the standard urban model

The empirical tests of the SUM are reviewed based on the same two categories of model

properties described above. The first category of empirical papers focuses on testing for

monocentricity based on estimation of various gradients. McDonald (1989) reviewed

past tests for population density gradient estimation, which is the earliest form of test-

ing the implications of the SUM. Despite a few exceptions, most empirical papers find

supporting evidence for the SUM. In particular, employment concentration and greater

population density are associated with a steeper gradient. The population density gra-

dient is also found to decline over time, which is explained by declining transportation

cost and rising income over time. McMillen (1996) conducted nonparametric estima-

tion of land rent gradient for the city of Chicago as a test of monocentricity. His findings

showed that the monocentric city represents land value pattern in Chicago through

the early 19th century (1836 to 1928), but fails to explain the land value pattern in

1960 to 1990. But in a more recent and similar study based on structure to land ratio

(floor-area ratio), McMillen (2006) showed strong supporing evidence of monocentric-

ity using data from Cook county in Chicago between 1983 to 1999, i.e. the floor-area

ratio declined sharply from the CBD and continued to decline to the city edge. Ahlfeldt

and Wendland (2011) also found supporting evidence for the SUM based on land rent

gradient test using archival data in Berlin.

The second group of empirical tests of the SUM concerns the model’s urban land

use implications. Examples from this strand of literature include Brueckner and Fansler

(1983), McGrath (2005), who conduct their tests based on Equation (1.9) using his-

torical data. Paulsen (2012), Spivey (2008), and Wassmer (2006) who retest the same
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implications with more recent data and reach similar conclusions. While the economic

literature does not specify a functional form for Equation (1.9), the functional form

used for estimation in these studies can be summarized by the following specification:

x̄ i,τ = β
T Zi,τ + γ

T X i,τ +αi + γτ+ εi,τ, (1.10)

where the dependent variable, x̄ , is the urban land area or city radius, Z is the vector

of the variables in the model y, ra, t, and L, X is the vector of other control variables,

alphai represents city fixed effects, τ is a time variable which captures other macro

factors influencing urban land expansion.16 Even though a panel of cities is needed to

estimate parameters in Equation (1.10), as pointed out in Paulsen (2012), empirical

estimation of the predictions of the SUM does not always rely on panel data sets. The

theory originally predicts what should happen within a city as a function of changes

within that city, but it has often been estimated using cross-section data on a sample of

cities. Brueckner and Fansler (1983), Spivey (2008), and Wassmer (2006) conducted

empirical tests of the SUM based on cross-section data. In these studies, the time sub-

script, τ, in Equation (1.10) is no longer relevant, city fixed effects and time variable

cannot be included in the estimation equation. Brueckner and Fansler (1983) estimated

Equation (1.10) with cross-section data on 40 urban counties and urbanized area from

1970. There is no additional control variables included in their estimation. Spivey

(2008) and Wassmer (2006) also estimated Equation (1.10) with cross-section data

based on the size of census defined “urban areas” in the US using data from 2000. In

addition to the variables in the SUM, Spivey (2008) controls for number of sub-centers

and distance to coastal border, Wassmer (2006) controls for more locational effects and

includes census sector-level employment shares in the model. All of these cross-section

16This estimation equation is a generalized version of the equation in McGrath (2005).
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studies found that the SUM fits the data quite well. Population, income, and agricultural

land rent variables almost always have the expected signs and can explain a substantial

fraction (over 80 percent) of the variation in urbanized land area across a sample of

cities. However, Wassmer (2006) found agricultural land rent to be statistically non-

significant and Spivey (2008) found a negative income elasticity in some specifications.

In most specifications across the research, proxies for transportation cost were found

to be non-significant in predicting cross-city variation in spatial size. McGrath (2005)

fitted Equation (1.10) to a panel data set including 33 US cities over 5 decades (1950 –

1990) with no additional control variables. Spivey (2008) also estimated a panel model

for over 300 cities in 3 decades (1980 – 2000). The time variable and transportation

cost are excluded in Spivey (2008). Both panel studies confirmed the SUM’s predictions

of the effects of income, population, and agricultural land rent on urban land area.

In summary, all of these papers provide supporting evidence to the SUM.17 How-

ever, none of the studies reviewed in this section tests the SUM’s implication for hous-

ing space. A major task undertaken in this dissertation is to study the implications for

average housing unit size based on the open city model. It shows in this study that,

besides the urban land area, the SUM also has direct implications for average housing

unit size in cities. These new properties of the SUM are derived under the same general

assumptions when deriving the SUM’s predictions for urban land area. These implica-

tions will in turn serve as the basis for testable hypotheses in the empirical study of this

dissertation. Both theoretical and empirical study of these implications are described

in Chapter two. The approach taken here can be viewed as an alternative test for the

SUM.
17Besides these two groups of empirical studies of the SUM, there are also other methods in the

literature to test the SUM, such as Hamilton and Roell (1982) and Zhao (2016). Hamilton and Roell
(1982) challenges the SUM for not including non-work traveling. Zhao (2016) tests a special property
of the SUM, i.e. under some assumptions the sum of the elasticity of central density and the elasticity of
land area with respect to population change will be unity.
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1.4 Estimation of housing supply elasticity

Due to the recent housing financial crisis, the study of housing bubbles in the US market

enters the center of the stage of the housing literature, in which estimation of housing

supply elasticity is one of the most important research topics. As pointed out by Glaeser

et al. (2008), housing supply is the key to understand boom-bust housing cycles. Addi-

tionally, supply elasticity is also a key parameter in studies of other important topics in

housing market analysis, such as construction regulation, affordable housing, and city

amenity, etc. Therefore, estimation of housing supply elasticities for cities has been the

objective of significant recent research effort.

The literature on estimation of supply elasticity since 2000 has grown considerably.

This section reviews the widely cited articles after the year of 2000. The earlier studies

of housing supply can be found in DiPasquale and Wheaton (1994). The first approach

to estimate supply elasticity can be described as estimating reduced form models of

housing markets. Following Malpezzi and Maclennan (2001a), consider the follow-

ing four-equation stock adjustment model of the housing market, with all variables in

natural logarithm,

QD = δ(K
∗ − K−1), (1.11)

K∗ = α0 +α1Ph +α2Y +α3D, (1.12)

QS = β0 + β1Ph, (1.13)

QD =QS. (1.14)

Equation (1.11) is a partial stock adjustment process. It states that the new housing

demand (QD) in each period is the difference between the desired level of housing ser-
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vices (K∗) and the existing housing services from previous period (K−1) multiplied by

some adjustment coefficient (δ) which lies between 0 and 1. Desired housing services

might not be fully realized in each period because of durability of housing, construction

lags, and transaction costs. Equation (1.12) is housing demand function. Desired hous-

ing services, (K∗), reflect the consumers’ preferences. Accordingly, K∗ varies inversely

with housing price (Ph), and directly with income (Y ), while demographic characteris-

tics, D, of the households also matter. The supply side of the market is characterized

by equation (1.13), which says the new supply of housing services depend on housing

price. The last equation says the market is cleared when new housing demand is equal

to new housing supply in each period. Perhaps the strongest assumption in this version

of stock adjustment model is the exogenously given adjustment parameter, δ. Theoreti-

cally, this parameter would be determined by many important variables and parameters

in the housing market, such as vacancy rate, depreciation rate, user cost, and interest

rate, etc. However, as shown in Malpezzi and Maclennan (2001b), estimation based on

this strong assumption still leads to estimates of supply elasticity that are comparable

to other studies based on more realistic models.

The reduced form of the four equation system (1.11) – (1.14) is given by:

Ph =
δα0 − β0

β1 −δα1
+

δα2

β1 −δα1
Y +

δα3

β1 −δα1
D−

δ

β1 −δα1
K−1. (1.15)

The estimating equation is therefore:

Ph = γ0 + γ1Y + γ2D+ γ3K−1 + ε. (1.16)

The housing supply elasticity with respect to price, β1, can be computed based on

the coefficient of K−1 as−δ(α1+
1
γ3
). This approach is particularly useful in comparative

studies of supply elasticity as the data requirements are relatively simple, but the accu-
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racy of the estimates for supply elasticity depends on the specification of the reduced

form housing price equation and the estimates of the demand elasticities.

Malpezzi and Maclennan (2001a) estimated the housing supply elasticity for the

prewar and postwar periods of the United States and the United Kingdom based on the

above approach. Malpezzi and Maclennan (2001a) showed that the UK has less elastic

supply than the US. For prewar US, they estimated supply elasticities to be between 4

and 10 and for postwar, between 6 and 13. In contrast, US estimates were found to

lie between 1 and 4 for prewar and between 0 and less than 1 for postwar. Based on a

similar model, Goodman (2005a) estimated central city and suburban housing market

elasticities for 351 US cities for the periods of 1970 – 1980, 1980 – 1990, and 1990

– 2000 respectively. They found that the suburban supply is more elastic than central

city supply. Their elasticity estimates lie between 1.25 and 1.42, with housing supply

more elastic (1.86) in the South and West than in the North and East (0.89). The stock

adjustment model is also estimated in Goodman and Thibodeau (2008), who found an

average supply elasticity of 0.35 for 133 US MSAs between 1990 to 2000.

Mayer and Somerville (2000a) developed a model of residential construction by

modeling housing starts as a function of current and lagged changes in housing price,

real interest rates, and construction costs. They modeled the stock of housing and flow

of housing separately and conclude the flow elasticity is much larger. Their estima-

tion sample consisted of US cities in 1975 to 1994, and their results showed that the

elasticity of housing starts is 6.3 and the elasticity of stock is only 0.08. Green et al.

(2005) extended the work of Mayer and Somerville (2000a) to derive the housing sup-

ply elasticity directly from the standard urban model. They showed that under some

assumptions, for a monocentric city with a competitive land market, housing supple
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elasticity, η, can be written as follows:

η=
2
φ
p

n
(i − g)

k
p, (1.17)

where n is city population, φ is a factor of proportionality decreasing in density, i is a

discount rate, g is city population growth rate, k is transportation cost, and the price

of housing, p, at a fixed point in the city. The intuition under Equation (1.17) is that

the factors affecting housing supply elasticity can be broken into components: the first

fraction on the right hand side measures the size of the city, the second fraction rep-

resents the city’s expected growth rate relative to the discount rate (i − g) divided by

the transportation cost (k). These factors account for how urban form will affect the

property value as well as the discount rate that affects the valuation of the future price

increases caused by city population growth. Housing supply elasticity falls as the pop-

ulation and its growth rate rise, and as the interest rate and transportation cost fall.

Lastly, these factors are scaled by the price of a housing unit similarly situated in dif-

ferent cities. Green et al. (2005) estimated supply elasticities for 45 US metropolitan

areas (between 1979 to 1996) and then analyzed the determinants of supply elasticity

by regressing the estimated elasticities on population, population growth rate, mean

commuting time, population density, and housing price. Their city specific housing

supply elasticity estimates ranged from -0.3 to 29.9.

In a more recent study of US metropolitan areas, Saiz (2010a) derived a housing

supply function from the standard urban model and incorporated the geographic and

regulatory determinants in estimating housing supply elasticities of 95 US metropoli-

tan areas in 2000. The MSA specific supply elasticities ranged from 0.6 to 5.45 with

a population weighted average of 1.75. The estimating equation used in Saiz (2010a)

is similar to previous studies, except that Saiz (2010a) allowed supply elasticities to
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differ depending on geographic and regulatory constraints. Saiz (2010a) used GIS

software and satellite image data on elevation and presence of water bodies to esti-

mate the amount of developable land. It showed that regulatory constraints, measured

by Wharton Index, and topographical land availability to be critical determinants of

housing supply elasticity. Most areas that are widely regarded as supply-inelastic were

found to be severely land constrained. Most recent studies focused on refinement of

the previous estimation of supply elasticity. Cox (2011) suggested that Saiz (2010a)’s

results can be improved by allowing more general definition of geographic and regula-

tory determinants of housing supply. Davidoff (2013) compared alternative approaches

of estimating supply elasticities with Saiz (2010a)’approach, and found similar results.

However, Davidoff (2013) also noted that variation in supply elasticities resulted from

regulatory and geographical constraints is not associated with increased cycle severity.

Therefore, Davidoff (2013) rejected the hypothesis that differences in supply elasticity

caused cross-sectional variation in the severity of the 2000s housing cycle among US

housing markets. Lastly, Ihlanfeldt and Mayock (2014) estimated supply elasticities for

64 counties in Florida based using county tax rolls data between 1995 to 2011. Their

estimates of short run supply elasticities ranged from 0.45 to 8.27 based on a stock-

adjustment model similar to the one described before. Their findings indicated that in

areas where the supply elasticity is high, housing boom periods are characterized by

greater construction and less price appreciation, during the bust periods, there is more

new construction in high supply elasticity areas, but the magnitudes of price changes

are unaffected by whether the supply elasticity is high or low.

Table 1.1 summarizes the estimation results of these papers reviewed here.18 As

there are various approaches to estimate supply elasticity explained above, there is a

18Two earlier estimates of housing supply elasticity, Muth (1960) and Follain (1979), are also included
in Table 1.1.
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wide range of elasticity estimates. However, several regularities can be found in the

estimation results in the literature. First, housing supply is generally found to be more

elastic in the long run than in the short run. Second, supply elasticity is greater when

housing supply is measured by new starts instead of housing stock. Third, there is great

variation in supply elasticities across local housing markets. Housing supply tends to be

more elastic when there is more developable land and less stringent housing construc-

tion regulation. Clearly, significant progress has been made on modeling the supply

side of the housing market and estimating the housing supply elasticity. However, in

all these studies in Table 1.1 and many other studies involving estimating housing sup-

ply elasticities, housing services are measured by housing units. In the standard urban

model described above, the housing unit size or the interior space of housing varies

with the distance from the city center. Even more importantly, it varies with the size

of the city as housing price rises with city size and income. When housing services

are measured by housing units in a city, the internal structure of a city or the variation

of housing unit size is omitted. This study fills the gap in the literature by estimating

housing supply elasticity using housing space instead of units. The housing supply mod-

els follow two widely cited econometric models in the housing supply literature with

certain modifications to allow variation in housing unit size.

1.5 Conclusion

As shown in this review, the SUM can be reviewed as a simplified version of the more

general hedonic housing theory. By focusing on two characteristics only, housing space

and location, the SUM provides many interesting predictions regarding aggregate vari-

ables at the city level. Such predictions would be much more difficult to obtain in

the general hedonic framework. Despite many supporting empirical evidences for the
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SUM found in the literature, the model’s implications regarding housing space are never

tested. Housing space is not only left out in testing the SUM, but it is also omitted in the

supply literature, where housing supply elasticity is estimated based on housing units.

This study fills the gaps in the literature by (1) study the SUM’s implications regarding

average unit size in cities and (2) estimating supply elasticity based on interior space of

housing. The first task is the main objective in Chapter 2. Estimation of space elasticity

is carried out in Chapter 3.
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Chapter 2

What Does the Standard Urban Model Imply about the Effect of City

Income on Housing Consumption and Could This Possibly Be True?

2.1 Introduction

Understanding housing demand and consumption is a major challenge because it takes

place in an urban spatial context. City growth is generally generated by or at least asso-

ciated with rising wages and income. The standard urban model (SUM) introduced by

Alonso (1964), Mills (1967), and Muth (1969) predicts that this wage-driven growth

causes complex changes in the spatial pattern of housing consumption. In the SUM, the

price of a unit of housing, land rents, capital-land ratio (building heights), and popula-

tion density all decline smoothly with distance from the CBD. Brueckner (1987b) also

demonstrates that urban land expansion is consistent with predictions of the SUM based

on variation in a few city characteristics including income, transport cost, agricultural

land rent, and total population. Curiously, the question of what urban growth implies

for aggregate housing consumption, i.e. what happens to residential space per unit as

the city grows, remains an understudied topic.1

It is well known that as the growth is generated by rising income in a process where

1This is not to say that residential housing space is ignored in the literature. In fact, housing space is
included in many urban studies, such as estimation of hedonic housing prices. But the studies focusing
on explaining the variation of housing space across regions and over time are rare.
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the sizes of housing units at the edge of the CBD actually fall, but this does not mean

that average housing unit size in the city falls because the entire spatial distribution of

population and housing unit sizes changes as the city grows. This paper focuses on hous-

ing (space) per household, measured as the quotient of total housing space in the city

and number of households. It demonstrates the theoretical basis for expecting housing

space per household to vary inversely with income and population and provides empir-

ical evidence to confirm these expectations. Brueckner (1987b) has used the SUM to

show that, at a given distance from the city center, housing unit size decreases as income

and city population rise. However, overall city size is also increasing so Brueckner’s re-

sult does not necessarily imply that housing space per household varies inversely with

income and population.2 This paper first demonstrates that, in an open city SUM where

the city boundary and population are allowed to change simultaneously in response to

rising income, average housing unit size in the city falls. Thus rising household income

produces falling housing consumption. In addition to these new theoretical results for

effects of rising income on housing consumption, the relation between housing unit

size and transportation cost, agricultural land rent, and reference utility levels are also

developed in this paper.

Many well known properties of the SUM have been subject to repeated empirical

tests based on both historical and recent data. Most of these empirical tests provide

supporting evidence for the SUM. Population density (McDonald (1989)), housing price

and land rent (McMillen (1996), Ahlfeldt and Wendland (2011)), and capital-land ratio

(McMillen (2006)) decline with distance from the CBD, as predicted by the SUM. These

2This point is not fully clear in Brueckner (1987b). In an open city model, when city expands due to
an income rise, housing unit becomes smaller everywhere and unit size at the edge of the city (largest
unit) stays the same, population density increases everywhere as well. Therefore, intuitively, housing
space per household should decrease. However, rigorously speaking we need to first define housing
space per household as the ratio of total housing space to total housing units, then we can derive the
comparative statics of this ratio with respect to various exogenous shocks. In addition, as shown in the
next section, this intuitive argument does not always lead to correct results.

24



studies also show that density gradients have been falling consistent with the conse-

quences of rising income and falling transportation cost. Other authors focus on testing

the SUM’s implications for urban land expansion. Examples from this strand of liter-

ature include Brueckner and Fansler (1983) and McGrath (2005), who conduct their

tests based on historical data, Paulsen (2012), Spivey (2008), and Wassmer (2006),

who retest the same implications with more recent data and reach similar conclusions.

The theoretical propositions derived in this study provide yet another testable implica-

tion of the SUM.

An examination of individual cities indicates that there is substantial diversity in the

relation between growth in housing units and change in housing (space) per household.

According to the American Housing Survey (AHS) from 1997 to 2007, the number of

housing units grew 17% in Las Vegas, while total housing space grew 32%. In contrast,

during the same period, total units grew 24% but the total space grew only 8% in Austin.

Clearly, the general relation between housing (space) per household and city population

is not straightforward. The objective of this paper is to understand, both theoretically

and empirically, the nature of this variation in housing (space) per household across

cities.

The rest of the chapter is organized as follows. Section 2 briefly reviews the SUM

and then derives two new propositions regarding the effects of changing income, utility,

agricultural reservation price, and transportation cost on the average size and price

of housing in an open city model. Section 3 discusses the problem of measuring the

supply of housing space, as opposed to counting housing units, in cities and develops

new measures of aggregate space. Section 4 presents results of empirical tests of the

theoretical propositions and the final section concludes.
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2.2 Theory

The open city version of the SUM, as summarized in Brueckner (1987b), relies on a

spatial equilibrium assumption. Households freely migrate among cities, with the result

that land value, housing price, housing unit size, and other endogenous variables adjust

to equalize utility. The open city model is widely used in housing market analysis.

Glaeser et al. (2006) and Glaeser and Gyourko (2005a) use the spatial equilibrium

condition to study the relation between housing supply and urban growth. Saiz (2010a)

derives a supply function from an open city model and estimates supply elasticity for

individual MSAs. As argued in Glaeser (2007), even though the empirical validity of

the spatial equilibrium assumption remains an open question, this assumption has been

particularly effective in making sense of urban housing markets. In this section, the

standard open city model is reviewed and two new propositions regarding housing per

household and housing value per square foot are demonstrated.

2.2.1 Setup of the standard open city model

Consider the open city version of the SUM. Households consume housing (space), which

is measured by square feet of interior space, and non-housing goods treated here as

a composite good because their relative prices are assumed constant. The standard

assumption is that the supply of the composite good is perfectly elastic and its price is

normalized to unity. The household problem can be summarized as follows:

max
c,q

v(c, q) s.t. y − t x = c + p(x)q (2.1)

where q is housing (space) consumption or housing unit size, and c is a composite

good. The utility function v(.) is strictly quasi-concave. y is the household income
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which is exogenously given and assumed to be constant across all households,3 x is the

distance between a household’s residence and the central business district (CBD) where

all households travel to work in each period in order to earn income, t is the round trip

commuting cost per unit distance, p is the price per square foot of housing, which is

assumed to vary with distance. Homogeneous households may choose to live further

from the CBD where commuting cost is higher if housing price is lower. At any given x ,

each household chooses c and q to maximize utility. On the other hand, all households

attain the same utility level, denoted by u, no matter where they choose to live.

Previous results have shown that utility maximization by households along with the

iso-utility condition can be used to solve for p and q, to yield:

∂ p
∂ y

> 0,
∂ p
∂ t
< 0,

∂ p
∂ u
< 0,

∂ p
∂ x

< 0. (2.2)

∂ q
∂ y

< 0,
∂ q
∂ t
> 0,

∂ q
∂ u
> 0,

∂ q
∂ x

> 0. (2.3)

Therefore when household income increases, holding other variables including x con-

stant, housing price rises and housing consumption decreases. The decrease in hous-

ing consumption does not mean housing is inferior. It is due to the substitution effect

from the increase in housing price along a Hicksian demand curve. Similarly, housing

price drops and housing consumption increases in order to compensate for higher trans-

portation cost. When utility increases, households live in larger houses at lower prices.

Lastly, households living further away from the CBD consume more housing space at

lower housing prices. All this is standard.

Housing (space) is produced by a competitive industry using land and perfectly

3The hours of work in the CBD are fixed. Since there is no other income sources, income is equal to
wage.

27



malleable housing capital. Housing is rented to households at a price of p(x) per square

foot at distance x . The production function, H(N , l), is strictly concave with constant

returns to scale. N is housing capital or structural inputs, and l is land. The rental price

of housing capital, i, is exogenous. Returns to housing capital and land are collected

by absentee capital owners and landlords. The producer’s problem can therefore be

written as:

max
N ,l

p(x)H(N , l)− iN − r l (2.4)

Land available for housing production at distance x from the CBD is given by θ x ,

where 0< θ < 2π. As shown in Brueckner (1987b), it is convenient to reformulate the

producer’s problem in terms of profit per unit land as:

max
S

p(x)h(S)− iS − r (2.5)

where S = N
l , is the structure/land ratio or housing capital per unit land, and h(S) =

H(S, 1). Solving the producer’s problem with a zero economic profit condition, yields

the following results:4

∂ S
∂ y

> 0,
∂ S
∂ t
< 0,

∂ S
∂ u
< 0,

∂ S
∂ x

< 0. (2.6)

∂ r
∂ y

> 0,
∂ r
∂ t
< 0,

∂ r
∂ u
< 0,

∂ r
∂ x

< 0. (2.7)

Land rent and structure/land ratio both increase when there is a rise in income, i.e.

higher income cities have, ceteris paribus, larger structure/land ratios (taller build-

ings) and higher land rents. Higher transportation cost lowers land rent and the struc-

4Following Brueckner (1987b), price of structure inputs, i, is assumed to be constant.
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ture/land ratio.

To close the model, the land rent at the city edge is set equal to an exogenous

agricultural land rent:

r(y, t, u, x̄) = rA. (2.8)

where x̄ is the city radius, or the distance between the city edge and the CBD, rA is

the agricultural land rent. This condition ensures that urban expansion continues until

urban land rent equals agricultural land rent. Solution for x̄ can be written as

∂ x̄
∂ y

> 0,
∂ x̄
∂ t
< 0,

∂ x̄
∂ u
< 0,

∂ x̄
∂ rA

< 0. (2.9)

The urban area expands when there is a rise in income, and decreases in transportation

cost, utility level, and agricultural land rent.

Using this open city setup of the SUM a substantial number of questions about the

determinants of urban form, particularly the density functions that describe the changes

in price, rent, structure density, and population density over space have been resolved.

However, two interesting questions about the open city SUM have not been explored.

First, while the open city SUM has been used to study the determinants of urban sprawl,

measured either as total urban land area or the slope of the population density gradient,

the determinants of housing per household in a city have not been explored. Second, as

city population expands due to rising CBD income, housing per household and housing

value per square foot in a city change simultaneously. The implications of the SUM for

housing value per square foot also remain unexplored. Answers to these two questions

are provided in the next section.
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2.2.2 Determinants of housing (space) per household

and housing value per square foot

First, it is necessary to build on the results from the previous section. By definition,

θ x is land used for housing production at distance x , and h is housing production per

unit land at distance x . Therefore, θ xhd x is the total housing production at distance

x . Total housing space, Q, or the sum of housing production in the whole city, can be

written as

Q =

∫ x̄(y,t,u,rA)

0

θ xh(y, t, u, x) d x . (2.10)

The arguments of each endogenous variable are given in the parentheses. Similarly,

household density (households per unit land) at distance x is h
q , or total production

of housing divided by housing unit size. Thus, θ x h
q d x is the number of households

at distance x . Total housing units, L, which are also equal to total population,5 can

therefore be written as

L =

∫ x̄(y,t,u,rA)

0

θ x
h(y, t, u, x)
q(y, t, u, x)

d x . (2.11)

Q and L can also be written as functions of their determinants:

Q =Q(y, t, u, rA), (2.12)

L = L(y, t, u, rA). (2.13)

Housing (space) per household in a city, denoted by q∗, is the ratio of Q to L:

q∗=
Q
L
= f (y, t, u, rA). (2.14)

5It is standard to assume constant household size in the SUM. If there is one person per household,
households equal population.
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In addition, because ph is the value of housing per unit land at distance x , θ x phd x is

the total housing value at distance x by definition. Total housing value in a city is given

by:

V =

∫ x̄(y,t,u,rA)

0

θ x p(y, t, u, x)h(y, t, u, x) d x , (2.15)

i.e. the sum of values of all houses in a city. Housing value per square foot in a city,

denoted by p∗, is defined as the ratio of V to Q:6

p∗=
V
Q
= g(y, t, u, rA). (2.16)

Therefore, through equations (2.14) and (2.16), the SUM has direct implications for

interior housing space per household and housing value per square foot. The compara-

tive statics of these two variables provide interesting extensions of the SUM. These new

theoretical results are summarized in the following two propositions (see Appendix A

for technical details):

Proposition 1. In the open city version of the SUM, housing (space) per household de-

creases when there is an increase in income or agricultural land rent, but increases when

utility rises. Housing per household stays the same when transportation cost changes. In

mathematical terms, ∂ q∗
∂ y < 0, ∂ q∗

∂ rA
< 0, ∂ q∗

∂ u > 0 ∂ q∗
∂ t = 0.

6Note the difference between housing value per square foot ( V
Q ) and housing value per unit ( V

L ).
Specifically, let p̃ = V

L = g̃(y, t, u, rA), the results shown below for p∗ defined in equation (2.16) might
not hold for p̃. For example, when income rises, p̃ might increase or decrease depending on how individ-
ual household’s housing expenditure, pq, changes with distance from the CBD. In particular, if households
living at the city edge (x = x̄) have the highest housing expenditure, then housing value per unit de-
creases with city income. However, this condition cannot be derived based on the usual assumptions
(shown in Appendix A) made in the SUM. In addition, housing value per unit treats small and large units
as a single observation and hence overweights the value of the small units. Because this study focuses on
the SUM’s implications for the distribution of housing unit sizes in a city, housing value per square foot
is the relevant variable.
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Proof. First demonstrate that ∂ q∗
∂ y =

∂
∂ y (

Q
L )< 0. It can be shown that

∂ q∗
∂ y
= L−2(

θ

t
)

∫ x̄

0

(L −
Q
q
)h d x . (2.17)

Therefore, Sign[ ∂ q∗
∂ y ] = Sign[F], where F =

∫ x̄

0
(L − Q

q )h d x . F is a function of rA. It is

shown in Appendix A that ∂ F
∂ rA
> 0. In addition, F → 0 as rA →∞. Because the city

disappears as agricultural land rent goes to infinity. so F < 0,∀rA ∈ (0,∞) and ∂ q∗
∂ y < 0.

Second, after some manipulation, it can be shown that

∂ q∗
∂ rA

= L−2θ 2 x̄
∂ x̄
∂ rA

∫ x̄

0

xhh̄(
1
q
−

1
q̄
) d x , (2.18)

where h̄ and q̄ are h and q evaluated at x = x̄ . Since housing unit size increases with

distance to the CBD, 1
q −

1
q̄ > 0 if x 6= x̄ . In addition, ∂ x̄

∂ rA
< 0, or city size shrinks as

agricultural land rent increases. Therefore, ∂ q∗
∂ rA
< 0.

Third, it can be shown that

∂ q∗
∂ u
= L−2(−

θ

t
){−M L +

∫ x̄

0

(L −
Q
q
)

h
v1

d x}, (2.19)

where M is positive and v1 is the partial derivative of utility function w.r.t its first argu-

ment (see Appendix A for the expression of M). It can also be shown that
∫ x̄

0
(L−Q

q )
h
v1

d x

is negative, ∀rA ∈ (0,∞). Therefore, ∂ q∗
∂ u > 0.

Lastly, it can be shown that ∂ L
∂ t = −

2
t L and ∂Q

∂ t = −
2
t Q. Therefore, ∂ q∗

∂ t = 0. Proposi-

tion 1 is proved.

These results have an intuitive explanation. As income rises with utility held con-

stant in an open city model, population increases along with both population density
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and city radius. At the same time, housing density rises within the old city boundary,

but every house is smaller in size. In the new city, the largest house in the city (located

at x̄) is still of the same size as the largest house before expansion (see Appendix A for

a proof). Housing per household decreases. The mechanism for agricultural land rent

change is simpler. When agricultural land rent rises, urban land at the city boundary is

converted to farmland. Housing production stops at a smaller house size, which drives

down housing per household in the whole city. Next, when utility increases, housing

units become bigger everywhere. Even though the city boundary shrinks, all residents

live in larger houses in a smaller and less crowded city. Lastly, the SUM implies that

there is no relation between transportation cost and housing per household. Simply

speaking, this is true because in the model when transportation cost goes up, city size

and total housing space both decrease by the same proportion. As shown in Appendix

A, this result is related to the linear functional form of transportation cost in the SUM.

It is interesting to consider the above results in a closed city model, which allows

utility to vary but treats total housing units as exogenous. But the previous results,

such as the inverse relation between city income and housing per household, cannot be

obtained in a closed city model. Brueckner (1987b) already shows that the comparative

statics w.r.t city income are indeterminate in a closed city model. Specifically, when city

income rises, housing consumption will rise in regions closer to the CBD but fall in places

further away. For the same reason, the results shown here for housing per household

do not apply to the case of a closed city model. More specifically, in a closed city model,

∂
∂ y (

Q
L ) cannot be signed without further assumptions on the general functional forms in

the analysis. Brueckner (1987b) provides a linkage between closed city and open city

comparative static results by decomposing the open city changes into two parts. First,

let the exogenous variables, such as income, increase holding city housing units fixed,

and predict the impacts using closed city results. Second, adjust population to cancel
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the utility change generated by income, again inferring impacts from closed city results.

This argument can be reversed to provide an intuitive explanation of why the inverse

relation between income and housing per household does not hold for a closed city

model. Proposition 1 states that housing per household falls when income rises in an

open city model, where utility is exogenous and housing units are endogenous. To get

the results for a closed city model, it is necessary to change the utility level in order

to lower the number of housing units. Specifically, since housing units increase when

income goes up in an open city model, utility needs to increase to cause households

to leave and offset the increase in housing units. However, as utility rises, housing per

household also increases, which goes in the opposite direction from the change that

resulted from an income rise. Therefore, the final change of housing per household in

a closed city model is indeterminate. As a description of reality, the open city model

is appropriate for a cross section of cities where the iso-utility condition holds due to

inter-city migration. This will be the basis for the hypothesis testing performed here.

One limitation of this classic form of the SUM is that it does not include any time

cost to commuting. However, as discussed below, the conclusions shown in Proposition

1 remain applicable when time cost of commuting is included. Consider the following

more general setup, where the budget constraint is given by y − T (y; a)x = c + pq, in

which commuting cost of unit distance, T (y), now increases with income or T ′(y) >

0. Many studies have Followed Mills and Hamilton (1984), where T (y) is given by

t0 + t1 y , in which t0 is the operating cost and t1 is the parameter for time cost of

commuting. In this more general setting, we can still proceed with the comparative

static analysis demonstrated in Appendix A, except that the total effect of income now

consists of two parts - direct income effect (same as before) and indirect effect through

time cost of commuting. In other words, all partial derivatives w.r.t income in appendix

A have to be re-written as the sum of variation caused by y holding T (y) constant

34



and t1 times variation caused by T (y) holding y constant. For example, average unit

size, q∗, is shown to decrease with y and unchanged w.r.t T (y) in Appendix A (before

including time cost of commuting and T (y) is a constant,t). After introducing time cost

of commuting, the total effect of y on q∗ remains negative, because the indirect effect

of y through time cost of commuting is zero.

Besides housing per household, the comparative statics of equation (2.16) can show

how housing value per square foot changes in an open city model. These results are

shown below:

Proposition 2. In the open city version of the SUM, housing value per square foot increases

when there is a rise in income or agricultural land rent, but is unchanged by variation in

transportation cost. In mathematical terms, ∂ p∗
∂ y > 0, ∂ p∗

∂ rA
> 0, ∂ p∗

∂ t = 0.

Proof. The formal proof is relegated to Appendix A, because the method is so similar to

that employed for Proposition 1. Signing ∂ p∗
∂ u requires additional information on third

order derivatives of utility function, which is generally not defined within the SUM.

Therefore, the result is left out of the analysis.

This proposition shows that housing value per square foot changes in the opposite

direction of housing per household. As income rises, housing price is driven up every-

where by higher housing demand, and housing value per square foot increases. When

there is an increase in agricultural land rent, it becomes more expensive to build resi-

dential housing on urban land. Therefore, housing value per square foot increases in

this case due to the competition between rural and urban land use. Similarly as before,

due to the linear functional form of transportation cost, there is no change in housing

value per square foot associated with transportation cost reduction.

Propositions 1 and 2 demonstrate the counterintuitive result that urban growth gen-

erated by rising income results in less consumption of housing space per household and
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higher price per square foot. Testing these two propositions sheds light on a curious

lack of data. While measures of aggregate housing units by city are readily available

along with information on interior space for individual units, there is no readily avail-

able panel data on total housing space or average space per unit by city in spite of the

fact that this is the logical measure of aggregate housing supply. Tests of the two propo-

sitions thus first require construction of panel data on aggregate housing interior space

per city.

2.3 Measuring housing (space) per household and housing value

per square foot

Given that estimates of aggregate or average interior housing space for cities are not

available for a cross section of cities, let alone the panel needed for testing here, two

alternative approaches are adopted to construct these measures. One estimate is based

on data from Zillow and the other uses the American Housing Survey (AHS). These are

very different sources. Each is likely subject to significant measurement error. However,

if the tests of the two propositions are robust to choice of such diverse approaches

to measuring aggregate housing space and the attenuation bias associated with the

measurement error, this should provide substantial support for the correctness of the

inference.

2.3.1 Zillow data

Zillow maintains a database that includes information on characteristics of 110 million

U.S. homes. Zillow reports monthly county level median home value and median value

per square foot. Because information on some counties is missing for some months, this

produces an unbalanced monthly panel. Annual estimates of home value and median
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value per square foot were constructed by taking the monthly averages for June and

July. If either of these two months was missing, an adjacent month was substituted.

Panel data for 1998 to 2007 for 151 MSAs was constructed using this approach.7

The constructed panel data set (MSA/year) contains information on median housing

unit size and value per square foot. Median unit size is preferred for the purpose of this

study than average unit size. One reason is that there are some superstar cities, such

as San Francisco and New York, where average unit size might be driven up by a few

large mansions. Summary statistics for these two variables are shown in columns 2 to

4 of Table 2.1. From 1998 to 2007, both average unit size and its standard deviation

increased. The variability of average unit size is relatively stable over time, because

the coefficients of variation remain similar across years. The same pattern is found for

value per square foot shown in panel 2, except that the variability of housing value is

also increasing over time. 8

2.3.2 American Housing Survey data

AHS national files from 1997 to 2007 provide an alternative data source for the two

main variables used in this study. The AHS collects data on interior space of housing

for a panel of cites. The square footage of a housing unit in the AHS is the interior space

of all rooms plus area of hallways and entry ways. In addition, the weight variable pro-

vided in the survey, which is constructed by first taking the inverse of the probability

of selection and then adjusting for nonresponse bias, is used to correct for the unrepre-

sentative sample in computing city average measures.

7Zillow county level data set has missing values for some counties, which results in the unbalanced
panel. However, inspection of the data set indicates no consistent relation between missing values and
any of the important variables used in this study, such as income.

8The median unit size variable constructed from Zillow data using the quotient of median value and
median value per square foot could be biased unless the value per square foot remains constant across
units with different sizes. This potential issue will not exist for the AHS data described below, in which
the median unit size is calculated based on household level data.
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2.3.3 Comparing Zillow and AHS estimates

Table 2.1 compares summary statistics from the Zillow and AHS estimates of average

unit size and value per square foot. Zillow data is annual whereas AHS estimates are

biannual. The AHS is a balanced panel of 137 MSAs while the Zillow panel is unbal-

anced. The MSAs included in the two data sets are very similar but not identical. Two

thirds of the MSAs are included in both data sets. Unit interior space increases fairly

uniformly in Zillow but actually falls in the AHS. Average price per square foot rises

fairly regularly in both sets of estimates and is essentially identical in 2007. Some of

the year to year variation in the Zillow data is due to the unbalanced panel. In addi-

tion, AHS data shows much more variability for both space and price as reflected by the

coefficients of variation.

Considering only the cities that appear in both data sets in Table 2.2, there are some

consistent differences across the two data sources. AHS data has both smaller interior

square footage and lower housing value than Zillow. However, the cross section corre-

lations between the two are quite high for the housing price measure. Regressing log of

AHS housing price on log of Zillow housing price with year dummies produces a 1.13

slope coefficient, which is significant at 1% level, with a R-square of 0.88. Similar re-

gression for housing unit size leads to a non-significant slope coefficient of 0.01, and a

R-square of also 0.01. The low correlation between the two housing unit size estimates

indicates large measurement errors. However, when first differences in both the unit

size variables are taken, the slope coefficient becomes 0.044 and is significant at 5 %

level. Given these similarities as well as disparities, the empirical testing in this study

will be conducted using variables constructed from both sources. Similar statistical in-

ferences drawn from separate testing samples can lead to more convincing conclusions.

Measurement error is likely to exist in both constructed median unit sizes. It is im-
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portant to check in which direction these unit size variables deviate from the true value.

County tax assessor’s office collects the information of size from all existing residential

housing units for property taxation purposes. The average unit size calculated based

on their database is likely to be the closest to the true value. However, many tax as-

sessor’s offices do not reveal their information to the public. Even when some of the

assessor’s offices do provide the information they collected from the property taxation

form, it is either too expensive to purchase these data or the unit size information is

not provided in the data for sale. To have a sense of how well these constructed unit

size variables predict the true value. One city’s true average unit size is manually con-

structed based on the information extracted from appraisal data used to set property

taxes. The city chosen here is Akron in Ohio. This city consists of two counties, Portage

county and Summit county. In 2007, there are a total of 49736 residential housing units

in Portage county and 198366 units in Summit county. The exact average unit sizes are

1696.72 and 1606.27 square feet, therefore the weighted average unit size in Akron

is 1678.39. The two constructed median unit sizes from Zillow and AHS are 1558.41

and 1161. Therefore, both data sources provide downward biased estimates of unit

size, but Zillow data provides much more accurate unit size measure than does AHS.

The downward bias of the Zillow estimate is only about 7%, but AHS estimate biases

downward by as many as 30%.9

9This downward bias is likely partially due to the fact that median unit size is lower than average
unit size in this city. It is also likely to be the case most cities have similar left skewed distribution of unit
size, because of a few very large housing units. As discussed before, for the purpose of testing the SUM,
median unit size is preferred than average.
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2.4 Empirical test of the propositions

2.4.1 Test of Proposition 1

2.4.1.1 Empirical model specification

The theoretical propositions demonstrate that housing per household, q∗, defined by

equation (2.14), is determined by income, utility level, and agricultural land rent. Fol-

lowing the same notation as before, the expression for housing per household can be

written as:

q∗i,τ = f (uτ, yi,τ, rA i,τ). (2.20)

The subscript i is for city, τ for year. Utility across cities in each year is constant by

assumption. The other two variables vary across cities and over time, hence predictions

of the SUM for their effects on housing per household can be tested empirically. The

theory provides no guidance as to the functional form of the estimating equation. A

log-log functional form is used in this study, so that the estimated coefficients all have

an elasticity interpretation. Several papers have studied the implications of the closed

city version of the SUM for urban land expansion. The functional form chosen here

is consistent with the recent literature (McGrath (2005) and Deng et al. (2008)). The

estimating equation is shown below:

ln q∗i,τ = β1 ln yi,τ + β2 ln rA i,τ + γτ+ρi + εi,τ. (2.21)

As before, y is income and rA is agricultural land rent. The rest of the model contains

a general time trend, τ, city specific fixed effect, ρi, and a random error, εi,τ.
10 One

10Measurement error is likely to be contained in εi,τ due to the way the dependent variable is con-
structed. However, there is no reason to suspect the correlation between the measurement error and the
explanatory variables.
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major challenge in using economic data to test the SUM is how to deal with the local

market heterogeneity across cities. Brueckner and Fansler (1983) use a cross section

of “urbanized areas” to test the SUM’s implications for urban expansion assuming that

these urban areas are all similar except for their income, transportation cost, agricul-

tural land rent, and population size. This approach is followed by Wassmer (2006)

and Spivey (2008), who test the same implications of the SUM with more recent data.

There are also several studies testing the same implications of the SUM using panel

data sets. McGrath (2005) includes a time trend variable to capture the unobserved

time varying effects common to all cities. His results show the time trend variable is

very significant even after controlling for all the determinants of urban expansion. But

he does not include city fixed effects to control for time-invariant local market hetero-

geneity. Using the data on urbanized land area from 1980, 1990, and 2000, Paulsen

(2012) estimates a metropolitan fixed-effect panel model to test the SUM’s implications

for urbanization. Deng et al. (2008) study these same implications, using a panel data

set of China. They first rely on a list of time-invariant variables to account for local mar-

ket specific effects. They also conduct a first-difference transformation to their data to

control for general city specific effects. Their results show that these city specific effects

are crucial in conducting the empirical test of the SUM. By specifying the estimating

equation as in equation (2.21), heterogeneity over time and across cities considered in

previous studies is also considered here.

The treatment of household income as non-stochastic in equation (2.21) is based

on the common practice of regarding income as exogenous in demand equations and

in other tests of the standard urban model such as (Brueckner and Fansler (1983),

Wassmer (2006), Spivey (2008), McGrath (2005), Paulsen (2012), and Deng et al.

(2008)). However, if there is a causal relation between average house size in a city and

current household income, presumably larger units have a positive effect on income. Of
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course, this would bias estimates of β1 equation (2.21) upward. Such upward bias in

estimates of β1 works against finding the negative value expected based on Proposition

1. Put another way, the parameter estimate from equation (2.21) should be regarded

as an upper bound on the true structural relation.11

One limitation of the classic form of the SUM is that there is only one agent type.

A more realistic model should allow for different agent types with different skill levels,

such as high vs low skill workers. However, if there are two agent types with different

wages in the model, the proportion of these two agent groups will have to change with

city size. The relative change in proportion will depend on housing demand elasticities

of the two types of agents. Due to its complexity, there is not even numerical simula-

tion results showing how exactly the proportions of the two agent types will change

as city expands. Therefore, it is beyond the scope of this study to fully address this

heterogeneous agent issue theoretically. However, because this is the first empirical

test of either total or average interior space of housing performed at the city level, one

additional complication has to be considered besides local market heterogeneity when

testing the theoretical results. The SUM assumes all earnings are from working in the

CBD, so income and earnings are equal, and proportional to the wage rate. Following

Brueckner (1987b), the term “income” is used in the theory section instead of “wage”.

The previous theory sections already show that the SUM implies wages increase with

housing prices and city size. In these larger and higher wage cities, housing per house-

hold should fall. But all these results rely on the assumption of homogeneous agents.

Broxterman and Yezer (2015) have demonstrated that skill intensity of the workforce

is an increasing function of housing price. That is, as housing prices rise with city size,

the average educational level of households rises also. As long as income elasticity of

11Putting the point formally, if there is a relation of the form: y = ϕ+θ ln q∗+ε, and equation (2.21)
is estimated by OLS, then the estimated coefficient of income, y , given θ > 0, will be biased above the
true value of β1.
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demand for housing is less than unity (see Dongsoo Kim and Yezer (2009) for empiri-

cal evidence), rising skill intensity (higher education level among workers) means that

household mix is changing from those who spend a high fraction of income on housing

to those who spend a lower fraction of income on housing. This selection effect also

tends to lower housing consumption for given income artificially. On the other hand,

average skill intensity rises with city size and house price but the skill wage ratio falls

(see Dongsoo Kim and Yezer (2009)). Therefore, average wage or earnings in a city

can vary due to change in labor force mix and wage ratio. In order to test the SUM,

wage variation of a homogeneous worker group is needed, which means neither the

skill intensity ratio or wage ratio should change. To deal with this issue when testing

the theory, this study also uses a weighted wage variable, which is a weighted sum of

skilled and unskilled workers’ wages holding the weights constant across cities. Specif-

ically, weighted wage is equal to 20 % of skilled workers’ median wage plus 80 % of

unskilled workers’ median wage.12

2.4.1.2 Data

Both Zillow and AHS data are used in estimating equation (2.21). The variable housing

per household from both data sources was discussed before. Zillow does not have its

own income variable, so the BEA county level personal income is used. Agricultural

land rent is taken from the Census of Agriculture. Because the census of Agriculture

only provides county level estimates for the years of 1997, 2002, and 2007, state level

farm land value estimates are used instead. The average value of per-acre farm land

is merged to the corresponding MSAs. Wages are extracted from the Current Popula-

tion Survey (CPS) March files. All monetary variables are deflated to real values using

national CPI. Summary statistics of all variables can be found in Table 2.3.
12The weights chosen here are consistent with the fraction of college graduates in MSAs reported in

Census of Population and Housing.
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2.4.1.3 Estimation results

The estimation results for equation (2.21) using personal income are shown in columns

1 and 3 in Table 2.4. Heterogeneity across local housing markets is controlled for by in-

cluding city fixed effects in the model. In addition, a time trend variable is also included

to capture time-variant unobservable factors that are common across all metropolitan

areas. Statistical inferences are based on standard errors clustered on cities. Results

from both data sources show that show that the estimated coefficient of personal in-

come is negative and significant as predicted by theory. The difference in estimated

coefficients of personal income in columns 1 and 3 is anticipated based on measure-

ment errors in the alternative dependent variables constructed from two data sources.

Agricultural land rent is negative and non-significant in column 1 but becomes positive

and significant in column 3. The test results are inconclusive for agricultural land rent.

One reason might be that the MSA level agricultural land rent is approximated by state

level variables in this study.13

Two clarifications are worth mentioning here. First, even though one-tailed tests

are more appropriate here for testing the theoretical predictions, following previous

studies, statistical inferences discussed in this chapter are all two-tailed tests. Because

P-values are lower when one-tailed tests are used, using one-tailed tests will strengthen

the supporting empirical evidences. Second, as shown in Cameron et al. (2008), using

clustered standard error can sometimes be problematic, because the estimated stan-

dard errors can be downward biased when the number of cluster groups is small. The

solution to this issue is to use standard errors generated by cluster bootstrap. In the sim-

ulation results shown in Cameron et al. (2008), this issue only exists when the number

of cluster groups is less than 6. Because the standard errors are clustered at the city

13Additional tests using county-level AGR land rents are reported in the robustness check section.
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level, which includes over 120 cluster groups in both data sets, the usual heterogene-

ity and within cluster serial correlation robust standard errors are used for statistical

inference.

As discussed before, the effects of changing average human capital and wage ratio

on average city income should be eliminated to better test the theory. In Table 2.5, a

weighted wage variable is used to test the theory. The effect of changing human capital

on city income is therefore eliminated. The same pattern can be seen in columns 1 and 3

in Table 2.5. Income is still negative and significant in both columns. Agricultural land

rent is negative and significant in column 1 where the estimation results are based on

Zillow data, but it remains positive and significant when AHS data is used. Noticeably,

the magnitude of the income coefficients changes significantly in columns 1 and 3 in

Table 2.5, compared to their counterparts in Table 2.4. This is also consistent with the

theoretical argument made above. This difference shows that it is important to account

for the heterogeneity among households in the same city. Simply using average personal

income ignores the changing skill intensity effect which is not considered by the SUM.

2.4.2 Test of Proposition 2

2.4.2.1 Empirical model specification and data

Proposition 2 states that housing value per square foot, p∗, defined in equation (2.16), is

determined by utility level, income and agricultural land rent. Therefore, the expression

for p∗ can be written as:

p∗i,τ = g(uτ, yi,τ, rA i,τ). (2.22)

As before in testing Proposition 1, a log-log functional form is used. The estimating
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equation is shown below:

ln p∗i,τ = β1 ln yi,τ + β2 ln rA i,τ + γτ+ρi + εi,τ. (2.23)

The measurement of income, y , and agricultural land rent, rA, are the same as before.

The dependent variable, p∗, is the median value per square foot. The measurement

error in the constructed dependent variable is likely to be contained in εi,τ. But as

long as the explanatory variables are orthogonal to the error term, the inclusion of

the measurement error only reduces the efficiency of the estimated coefficients. As

in testing Proposition 1, both unobserved time-variant and time-invariant effects are

considered by this model specification. Similarly, the tests based on weighted wage

instead of average income are also presented as a way to better estimate the income

effect on housing value per square foot through the channel suggested by the SUM.

2.4.2.2 Estimation results

The estimation results for equation (2.23) are shown in columns 2 and 4 in Tables

2.4. The results are similar across the two columns. Both income and agricultural land

rent are positive and significant as predicted by theory. When income is measured by

weighted wage, the estimated coefficient decreases in column 2 in Table 2.5. But the

rest of the results in columns 2 and 4 in Table 2.5 are very similar to Table 2.4.

In summary, the empirical tests show that housing per household is negatively as-

sociated with income, while housing value per square foot is positively correlated with

income and agricultural land rent as predicted by theory. The negative relation between

housing per household and agricultural land rent is rejected by results using AHS data.

The conclusions are drawn based on inferences conducted with two different samples.

In addition, eliminating the effect of labor force composition on average city income
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does not alter the conclusions.

2.4.3 Additional robustness tests

Following the literature, the heterogeneity across cities is dealt with by the inclusion of

city specific effect in the estimation equation. However, it might be argued that there

are still other factors that vary both across cities and over time and affect the outcome

variables. These factors, if correlated with city income, can potentially invalidate the

conclusions based on statistical inferences shown before. In this section, robustness

tests are conducted by including additional city characteristics that vary both across

cities and over time. The augmented estimation equation is shown below:

Di,τ = β1 ln yi,τ + β2 ln rA i,τ + X ′φ + γτ+ρi +ηi,τ. (2.24)

The dependent variable, or Di,τ, can be either average unit size or housing price as in

equations (2.21) and (2.23). The vector X represents a set of city specific characteristics

that also vary over time. These characteristics include the following: (1) percentage

of college graduates, (2) percentage of vacant housing units, (3) percentage of renter

occupied housing units, (4) percentage of employed people who work in agricultural

sector, (5) percentage of employed people among all residents, (6) percentage of for-

eign born residents, (7) percentage of people living in poverty. All of these variables

are extracted from US census (either decennial census or American Community Survey

(ACS)). These variables are clearly highly relevant. It is also noted that if income is

considered to determine some of the chosen control variables, adding these variables

to the estimation equation could introduce included-variable bias into the standard er-

ror of the estimated income coefficient. However, if similar statistical inferences can be

obtained after including these variables, it can at least be argued that the empirical re-
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sults in this study are robust after “controlling” for the predetermined city characteristics

captured in these variables. Therefore, the results reported in this section can render

additional supporting evidence if they are consistent with all the previous findings.

The robustness tests are reported in Table 2.6. As can be seen, the estimated coef-

ficients of income and agricultural land rent are robust to the new specifications with

Zillow data. Both coefficients remain statistically significant and are similar in magni-

tude compared to results of Table 2.4. In the AHS results, income coefficients are still

of the same sign as in Table 2.4, but the coefficient becomes non-significant at the con-

ventional level when the dependent variable is the unit size. The AHS uses a relatively

older MSA definition, the control variables constructed based on the most recent census

definition might not coincide to the corresponding variables based on the previous MSA

definitions.14 Therefore, besides the loss of degree-of-freedom in the augmented spec-

ification, the non-significant coefficients in the AHS results might also be attributed to

the different definitions of the geographic areas. In summary, results in Table 2.6 show

that the negative relation between housing unit size and city income implied by the

SUM is supported by testing with more general specifications.

As discussed before, some researchers relied on cross-sectional data to test the SUM.

The most widely cited study of such kind is Brueckner and Fansler (1983). Wassmer

(2006) and Spivey (2008) also followed the cross-sectional approach. Cross-sectional

tests of Propositions 1 and 2 are reported In Appendix B. In Table 2.7, agricultural land

rent is measured by population weighted county level farm land value taken from Agri-

cultural census 2007 instead of state level variables.15 The results based on Zillow data

remain largely consistent with that reported in Table 2.4. But the estimation results

14The AHS uses 1981 MSA definition, and sometimes the AHS variables are collected for part of some
MSAs. See “Codebook for the American Housing Survey (April 2011 v2.0)”.

15These county level farm land value is not available for all years in the panel data set. A few observa-
tions are lost in the cross-sectional tests, because only MSAs with all counties farm land value available
are included.
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based on AHS data changed a lot. This is likely due to larger measurement error in

dependent variables constructed from AHS data. Due to the likely estimation bias re-

sulted from heterogeneous cities and measurement error, estimation results based on

panel data are preferred in this study.

Finally, in Tables 2.8 and 2.9, several additional robustness checks are reported.

First, as discussed before, AGR land rent is a state level proxy in order to allow for more

years of observations. In Tables 2.8 and 2.9, more accurate county level AGR land rent

is used. Because this county level variable is only available in Census of Agriculture for

three years, 1997, 2001, and 2007, the sample size decreases. As shown in Table 2.8,

AGR land rent takes on the expected negative signs when dependent variable is average

housing size. Second, estimation results with and without time and city fixed effects

are not discussed before. These estimation results are reported in Tables 2.8 and 2.9.

In all specifications, the inverse relation between income and average unit size and pos-

itive relation between income and housing price are well supported by empirical tests.

Third, transportation cost is not included in previous estimating equations, because by

theory it does not have impact on the dependent variables. In Tables 2.8 and 2.9, a

crude measure of transportation cost, which is the average reported commuting time

from AHS, is inserted in the estimating equation as one additional robustness check.

The estimated coefficient for this transportation cost variable is non-significant in all

specifications in both tables as predicted by theory. Forth, as argued by some studies in

the literature, metropolitan areas can sometimes contain a large fraction of agricultural

land , which makes a MSA not exactly a city. In Columns 4 in Tables 2.8 and 2.9, both

dependent variables are re-constructed for the central city of each MSA. The estimation

results again show consistent results as before.
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2.5 Conclusion

This chapter has proved and tested two propositions regarding previously unknown

properties of the SUM. One, the prediction that house price rises with city income in

an open city model, is not remarkable. The other, the inverse relation between city

income and average size of housing units, is far more counterintuitive. The empirical

verification of these predictions of the SUM serves as a non-trivial test of the theory or

at least of its utility in understanding urban housing markets. Furthermore, the two

propositions developed here provide insights regarding the effects of other exogenous

factors on housing prices and average unit size.

Another important contribution of the research is the focus on using of housing

unit size as a measure of housing demand and supply rather than simply counting the

number of housing units in a city and implicitly ignoring differences in their sizes. Two

approaches to measuring aggregate and average unit size are developed. One uses the

AHS and the other Zillow data. While each involves significant measurement error,

they produce comparable estimates of average price per square foot. Differences in

average unit size in the panel of cities studied here are significant but, in both cases, the

predicted negative relation with city income is found. Another objective of this research

is to suggest measuring city housing supply in terms of square feet of interior space per

housing unit. The contemporary housing supply literature provides only housing unit

based elasticity. Estimation of housing space based elasticity is a goal set up for the next

chapter.
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Table 2.1: MSA average unit size and value per squ.ft.

Panel 1: unit size (squ.ft.)

Zillow data AHS data

year mean std.dev. C.V. obs. mean std.dev. C.V. obs.

1998 1495.143 134.091 8.97% 131
1999 1492.362 141.465 9.48% 133 1437.036 250.682 17.44% 137
2000 1485.521 135.859 9.15% 132
2001 1488.150 132.241 8.89% 135 1375.854 220.097 16.00% 137
2002 1491.318 138.047 9.26% 148
2003 1505.117 138.563 9.21% 149 1368.511 210.672 15.39% 137
2004 1517.823 140.252 9.24% 150
2005 1518.571 151.447 9.97% 151 1368.672 201.398 14.71% 137
2006 1515.155 159.534 10.53% 119
2007 1534.106 147.355 9.61% 120 1366.058 199.609 14.61% 137

Panel 2: value per squ.ft.

Zillow data AHS data

year mean std.dev. C.V. obs mean std.dev. C.V. obs

1998 63.587 22.469 35.34% 131
1999 65.717 25.799 39.26% 133 57.905 29.888 51.62% 137
2000 67.502 31.888 47.24% 132
2001 70.973 34.013 47.92% 135 65.086 41.245 63.37% 137
2002 75.026 37.301 49.72% 148
2003 79.771 38.923 48.79% 149 73.591 47.497 64.54% 137
2004 86.614 46.220 53.36% 150
2005 92.867 54.374 58.55% 151 88.878 72.108 81.13% 137
2006 93.402 53.764 57.56% 119
2007 90.807 51.761 57.00% 120 90.948 65.356 71.86% 137

Note: C.V. stands for coefficient of variation. Values are converted to 1990 dollars
using national CPI.
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Table 2.2: MSA average unit size and value per squ.ft. (consistent geographic areas)

Panel 1: unit size (squ.ft.)

Zillow data AHS data

year mean std.dev. C.V. obs. mean std.dev. C.V. obs.

1999 1489.612 136.449 9.16% 86 1434.012 226.910 15.82% 86
2001 1490.473 126.973 8.52% 93 1375.892 198.012 14.39% 93
2003 1511.297 136.961 9.06% 92 1366.652 180.010 13.17% 92
2005 1517.040 141.999 9.36% 79 1380.190 179.087 12.98% 79
2007 1531.574 142.673 9.32% 81 1374.543 182.941 13.31% 81

Panel 2: value per squ.ft.

Zillow data AHS data

year mean std.dev. C.V. obs. mean std.dev. C.V. obs.

1999 66.507 27.716 41.67% 86 58.216 27.966 48.04% 86
2001 71.893 36.499 50.77% 93 63.271 40.018 63.25% 93
2003 81.790 41.757 51.05% 92 71.244 43.822 61.51% 92
2005 100.102 62.797 62.73% 79 85.948 61.874 71.99% 79
2007 97.383 59.564 61.17% 81 89.611 62.830 70.11% 81

Note: C.V. stands for coefficient of variation. The statistics are shown for the same
MSAs across two data sources. Values are converted to 1990 dollars using national
CPI.
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Table 2.4: Tests of Propositions 1 and 2 with a fixed effect estimator using personal
income

Dependent variable: unit size value per squ.ft. unit size value per squ.ft.

data source: Zillow Zillow AHS AHS

(1) (2) (3) (4)

Personal income -0.132 1.093 -0.856 1.396
(0.063)** (0.308)*** (0.284)*** (0.550)***

Agricultural land rent -0.015 0.119 0.255 0.119
(0.011) (0.035)*** (0.042)*** (0.054)**

Constant -3.019 -58.699 70.819 -79.248
(1.900)* (6.651)*** (5.608)*** (8.795)***

Year trend Y Y Y Y
MSA FE Y Y Y Y
Clustered S.E. (MSA) Y Y Y Y
R-squared 0.887 0.941 0.747 0.904
year 1998 – 2007 1998 – 2007 1997 – 2007 1997 – 2007
Observation 1358 1358 822 822

Significance level: 1%***, 5%**, 10%*. Standard errors are in the parentheses. All variables are in
logrithmic form. All monetary values are in real terms using national CPI. Following previous studies,
two-tailed testing results are reported in the table. The results will become more significant with lower
P-values if one-tailed tests are conducted instead.
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Table 2.6: Robustness tests with additional control variables

Dependent variable: unit size value per squ.ft. unit size value per squ.ft.

data source: Zillow Zillow AHS AHS

(1) (2) (3) (4)

Personal income -0.109 0.879 -0.249 1.106
(0.071)* (0.277)*** (0.269) (0.513)**

Agricultural land rent -0.021 0.087 0.138 0.075
(0.011)** (0.035)*** (0.036)*** (0.056)

% college graduates 0.178 -1.030 0.641 -1.063
(0.108)* (0.409)** (0.380)* (0.579)*

% vacant units 0.017 0.856 1.942 0.400
(0.150) (0.527) (0.661)*** (0.879)

% renter-occupied 0.072 -0.383 0.196 -0.727
(0.181) (0.566) (0.394) (0.537)

% AGR employment 0.204 -1.736 0.952 -2.175
(0.136) (0.586)*** (0.367)** (0.555)***

% employed people 0.327 3.677 0.816 4.283
(0.192)* (0.834)*** (0.515)** (0.935)***

% foreign born -0.028 -0.574 -0.175 -0.346
(0.118) (0.409) (0.254) (0.414)

% people in poverty 0.241 2.027 0.480 4.280
(0.287) (0.686)*** (0.458) (0.774)***

Constant 0.968 -59.313 80.540 -55.438
(3.604) (10.161)*** (9.227)*** (13.268)***

Year trend Y Y Y Y
MSA FE Y Y Y Y
Clustered S.E. (MSA) Y Y Y Y
R-squared 0.893 0.954 0.780 0.922
year 1998 – 2007 1998 – 2007 1997 – 2007 1997 – 2007
Observation 1358 1358 822 822

Significance level: 1%***, 5%**, 10%*.
Standard errors are in the parentheses.
All variables are in logrithmic form, except for the control variables.
All monetary values are in real terms using national CPI.
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Table 2.7: Robustness checks with cross-sectional data

Dependent variable: unit size value per squ.ft. unit size value per squ.ft.

data source: Zillow Zillow AHS AHS

(1) (2) (3) (4)

Personal income -0.110 0.754 -0.736 10.705
(0.062)* (0.199)*** (0.829) (1.847)***

Agricultural land rent -0.004 0.303 -0.009 0.363
(0.014) (0.044)*** (0.031) (0.068)***

Constant 8.472 -5.656 9.107 -22.787
(0.581)*** (1.848)*** (1.851)*** (4.126)***

R-squared 0.043 0.522 0.010 0.399
year 2007 2007 2007 2007
Observation 114 114 117 117

Significance level: 1%***, 5%**, 10%*.
Standard errors are in the parentheses.
All variables are in logrithmic form.
All monetary values are in real terms using national CPI.
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Table 2.8: Robustness checks with different model specifications

Dependent variable: Housing (space) per household

Geographic unit: MSA Central city

(1) (2) (3) (4)

Household income -0.020 -0.228 -0.208 -0.195
(0.053) (0.058)*** (0.055)*** (0.061)***

Transportation cost -0.063 -0.075 -0.075 -0.045
(0.056) (0.060) (0.057) (0.063)

Agricultural land rent 0.039 -0.089 -0.022 -0.054
(0.010)*** (0.026)*** (0.023) (0.045)

Time trend -0.012 -0.008 -0.007
(0.001)*** (0.002)*** (0.002)***

Constant 31.256 10.660 25.811 24.230
(0.001)*** (0.583)*** (3.643)*** (4.904)***

Time trend Y N Y Y
MSA FE N Y Y Y
Clustered S.E. (MSA) Y Y Y Y
R-squared 0.099 0.759 0.781 0.736
Observation 363 363 363 363

Significance level: 1%***, 5%**, 10%*.
Data source: American Housing Survey national file 1997, 2001, and 2007.
Standard errors are in the parentheses.
All variables are in logrithmic form.
All monetary values are in real terms using national CPI.
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Table 2.9: Robustness checks with different model specifications

Dependent variable: Housing value per square foot

Geographic unit: MSA Central city

(1) (2) (3) (4)

Household income 0.856 0.289 0.209 0.163
(0.118)*** (0.100)*** (0.077)*** (0.988)*

Transportation cost -0.230 0.032 0.034 -0.067
(0.141) (0.109) (0.095) (0.122)

Agricultural land rent 0.202 0.454 0.198 0.257
(0.037)*** (0.078)*** (0.055)*** (0.112)**

Time trend 0.024 0.030 0.030
(0.003)*** (0.004)*** (0.006)***

Constant -54.297 -2.549 -59.319 -60.236
(6.542)*** (0.982)** (8.572)*** (11.732)***

Time trend Y N Y Y
MSA FE N Y Y Y
Clustered S.E. (MSA) Y Y Y Y
R-squared 0.524 0.882 0.918 0.897
Observation 363 363 363 363

Significance level: 1%***, 5%**, 10%*.
Data source: American Housing Survey national file 1997, 2001, and 2007.
Standard errors are in the parentheses.
All variables are in logrithmic form.
All monetary values are in real terms using national CPI.
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Chapter 3

Should We Measure Housing Units or Housing Space When

Estimating the Elasticity of Supply?

Microeconomic theory suggests households consume housing services, a composite com-

modity involving a number of heterogeneous inputs. This was recognized by Rosen

(1974) who demonstrated the relation between hedonic equations and the underly-

ing demand for housing characteristics. Since that seminal work, some research has

worked with housing characteristics, particularly when individual demand for housing

is to be understood, while other research has simply focused on counting the number

of housing units, i.e. the space that is occupied by individual “households”. The hous-

ing unit has a sociological dimension based on persons living together, and a physical

dimension, having direct access to the outside or from a common hall.

Housing units are far easier to measure than housing services, which must be con-

structed statistically and involve an element of consumer preference that can differ

across time and household types. Housing space represents a compromise between the

housing units lacking in any quality or quantity dimension and a full specification of

all housing characteristics. Interior space of housing is fundamental to the provision

of housing services and other housing characteristics, which may vary directly or even

proportionally to housing space. Interior space is also directly measurable and is a

widely advertised characteristic of housing units. Finally, production costs vary with
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interior space and, as a measure of supply, interior space has the advantage of playing

an obvious role in the cost function.

Housing services in the general literature can be produced by both interior space and

the way that the space is finished with other housing characteristics, such as wood floors

versus carpet, granite counters, fire places, etc. As already discussed in the theoretical

sections in Chapter 2 of this dissertation, the housing production function in the SUM

is based on production of interior space and not on all these other elements of housing

services. This is because interior space implies a logical combination of structure and

land inputs. But other aspects of housing, i.e. air-conditioning, fire places, etc, do

not require land inputs at all. Indeed, these other aspects of housing can be regarded

as furnishings added to the interior space in the same way that furniture is added. It

should cost the same amount to carpet 2,000 square feet of interior space regardless

of the location of the unit. But the cost per square foot of interior space does rise with

land cost. Thus modeling the supply of interior space is more consistent with the SUM,

in which households trade off higher commuting cost with lower housing price when

making residential location choices.

Using interior space rather than units to measure housing services has the potential

to provide new insights and modify previous results in the literature. The application

of housing supply measures selected to illustrate this potential here is the estimation of

housing supply elasticities for cities.1 Estimation of housing supply elasticities for cities

has been the objective of significant recent research effort.2 Malpezzi and Maclennan

(2001b) estimate the housing supply elasticity for the prewar and postwar periods of

the United States and the United Kingdom using a stock adjustment model. Based on

1The estimate of housing supply elasticity is widely used in the literature. Some examples are Di-
Pasquale and Wheaton (1994), Glaeser et al. (2005), Glaeser and Gyourko (2005b), Glaeser et al. (2008),
Goodman and Thibodeau (2008) and Saks (2008).

2There are also earlier research on estimating housing supply elasticity and other housing supply
issues. A summary can be found in Dipasquale (1999).
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a similar model, Goodman (2005b) estimates the average housing supply elasticities of

351 US cities for 1970 – 1980, 1980 – 1990, and 1990 – 2000 respectively. Mayer and

Somerville (2000a) model the stock of housing and flow of housing separately and con-

clude the flow elasticity is much larger. Green et al. (2005) extend the work of Mayer

and Somerville (2000a) to demonstrate cross–city variations in housing supply elastici-

ties. Saiz (2010b) derives a housing supply function from the standard urban model and

incorporates the geographic and regulatory determinants in estimating housing supply

elasticities of all metropolitan areas in the United States. More recent studies focused

on refinement of the previous estimation of supply elasticity. Cox (2011) suggested

that Saiz (2010a)’s results can be improved by allowing more general definition of geo-

graphic and regulatory determinants of housing supply. Davidoff (2013) compared al-

ternative approaches of estimating supply elasticities with Saiz (2010a)’approach, and

found similar results. Lastly, Ihlanfeldt and Mayock (2014) estimated county-level sup-

ply elasticities in Florida based on a stock-adjustment model, demonstrated variations

in supply elasticity at the county level. A detailed description of this literature can be

found in section 1.4 in Chapter 1 of this dissertation. Several conclusions can be drawn

from this literature: First, housing supply is generally found to be more elastic in the

long run than in the short run. Second, supply elasticity is greater when housing sup-

ply is measured by new starts instead of housing stock. Third, there is great variation

in supply elasticities across local housing markets. Housing supply tends to be more

elastic when there is more developable land and less stringent housing construction

regulation.

Significant progress has been made on modeling the supply side of the housing

market and estimating the housing supply elasticity. However, in all these studies and

many other studies involving estimating housing supply elasticities, housing services are

measured by housing units (see Table 1.1). In the standard urban model summarized
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in Brueckner (1987a), the housing unit size or the interior space of housing varies with

the distance from the city center. When housing services are measured by housing units

in a city, the internal structure of a city or the variation of housing unit size is omitted.

Consider, for example if all housing units were divided into two units. Total housing

units double but the total interior space of housing would stay the same. Alternatively,

when the newly built housing units are larger in size, the percentage change in total

interior space is larger than the percentage change in total housing units.

Despite the wide use of estimates of housing supply elasticity, there is no study that

estimates housing supply elasticity using a measure of housing services. This paper fills

the gap in the literature by estimating housing supply elasticity following two widely

cited econometric models in the housing supply literature. The average housing sup-

ply elasticity across cities is estimated by the stock adjustment model introduced by

Malpezzi and Maclennan (2001b). The city specific housing supply elasticities are esti-

mated following the model in Saiz (2010b). In addition, following Glaeser and Gyourko

(2005b), the supply elasticities at the city level are estimated for growing and declin-

ing cities separately. The results show that space elasticity is in general higher than

unit elasticity in the full sample. In line with findings of Glaeser and Gyourko (2005b)

and Goodman (2005b), this study also finds a higher supply elasticity among growing

cities compared to declining cities. All these empirical results will be discussed using

the common theoretical framework in the literature.

The rest of the paper is organized as follows: section 2 demonstrates some stylized

facts of the variation in housing space; section 3 reviews the stock adjustment model and

presents the estimation results of this model, following Glaeser and Gyourko (2005b),

supply elasticities are treated separately for growing and declining cities; section 4 gen-

eralizes the supply function derived in Saiz (2010b) and presents the estimated city

specific supply elasticities; section 5 concludes.
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3.1 Variations of Housing Space

When total housing is measured by the number of units, the variation in average hous-

ing unit size is abstracted away in the analysis. As demonstrated in Liu (2014), aver-

age housing unit size varies systematically with city characteristics as suggested in the

Standard Urban Model. It is therefore inappropriate to assume that total housing space

(product of average unit size and the number of units) changes proportionally with to-

tal units. In this section, several stylized facts are demonstrated based on descriptive

statistics at both national level and city level.

During the period from 1997 to 2007, the average housing unit size at the national

level was about 1670.35 square feet, with a standard deviation of 30.74.3 These statis-

tics are 1671.87 and 31.81 for growing cities, defined as cities having positive popu-

lation growth between 1997 and 2007, and 1668.64 and 32.58 for declining cities.4

Variation in unit size at the city level is much greater than the change of national av-

erages over time. Taking the year of 2007 for example, the average housing unit size

in that year is 1683.32 square feet, and the standard deviation is 278.98. These same

statistics are 1688.54 square feet and 236.81 for growing cities, and 1677.45 square

feet and 321.63 for declining cities. Therefore, significant cross-city variation in unit

size exists among both growing and declining cities.

In addition, housing units built in different years vary significantly in size. At the

national level, the square feet per newly constructed unit has increased over time. The

3The American Housing Survey(AHS) collects data on interior space of housing for a representative
sample of a panel of MSAs over time. These results are based on the AHS national files 1997, 1999,
2001, 2003, 2005, and 2007, which are all the data files available in AHS after the change in their data
collection methods in 1997 and before the housing crisis in 2008. There are a few issues that are worth
mentioning: (1) The housing units include all types of units, e.g. owner-occupied, rental, single family
units, and condos. But the mobile homes are excluded from this study, these units are about 3% of the
whole sample. (2) AHS metro files contain more individual households, but the few number of MSAs
each year limits its use here. However, the general pattern we show below can also be found in AHS
metro files.

4The “MSA” and “city” are interchangeable in this paper.
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average unit size built between 1997 and 2007 is 2034.37 square feet, with a standard

deviation of 929.38. Comparing to the average unit size of all units over the same

period, this difference implies that new supply provides substantially more housing

services than existing units. When the ratio of the average new unit size (built after

1997) to the existing unit size (built before 1997) is computed, out of the 95 MSAs

with new units built between 1997 and 2007, 70 of them have a ratio greater than 1.

For example the ratio of average new unit size to average existing unit size for Austin

is 1.13 and 1.67 for Kansas City. There are also cities in which the newly built units are

smaller, such as San Francisco and Washington DC, where the new to existing unit size

ratios are 0.64 and 0.67 respectively.

In general, the average housing unit size is determined by two different causes,

both of which can have either a positive or a negative effect. First, if cities are ex-

panding outward, larger than average-size units (single family units) are usually built

at the city edge (positive effect). But if cities are expanding from inside, smaller than

average-size units (multi-family units) can be built within the old city boundary (neg-

ative effect). Second, the complex filtering process is constantly changing the average

unit size in the housing market. Existing housing units can be split and occupied by

multiple households (negative effect), or old units can be combined or upgraded to

be occupied by single household (positive effect). A complete analysis of the mecha-

nism through which average housing unit size is affected is beyond the scope of this

paper.5 Instead, this study makes the first attempt to explore the potential differences

in estimating space elasticity compared to the conventional unit elasticity. Based on the

simple statistics shown in this section, several stylized facts can be shown from these

results: (1) variation in housing space differs from the variation in housing units both

5Liu (2014) contributes to this line of research by analyzing the relationship between average housing
unit size and average city income.
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at the national level and city level; (2) this difference is much more dramatic at the

city level compared to the national level; (3) some information reflecting individual

city differences in growth and housing market filtering is not reflected in changing unit

totals. Even though, these numbers are insufficient to show the underlying mechanism

through which average housing unit size is changing over time and across cities, the

observed variations in unit size indicate the potential loss of information when using

units to measure housing supply.

3.2 Stock Adjustment Model of the Housing Market

The empirical study here follows Malpezzi and Maclennan (2001b), who introduce a

classic model of housing market – the equilibrium price and quantity of housing services

are determined by the aggregate demand and supply forces in the housing market. The

discussion of the key parameter, housing supply elasticity, is based on estimation of a

simple reduced form equation based on a market equilibrium condition.

3.2.1 Model

The first test of the effect of measuring supply of space rather than units is the following

4-equation stock adjustment model from Malpezzi and Maclennan (2001b):

QD = δ(K
∗ − K−1) (3.1)

K∗ = α0 +α1Ph +α2Y +α3D (3.2)

QS = β0 + β1Ph (3.3)

QD =QS (3.4)

Equation (3.1) is a partial stock adjustment process. It states that the new housing
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demand (QD) in each period is the difference between the desired level of housing ser-

vices (K∗) and the existing housing services from previous period (K−1) multiplied by

some adjustment coefficient (δ) which lies between 0 and 1. Desired housing services

might not be fully realized in each period because of durability of housing, construction

lags, and transaction costs. Equation (1.12) is housing demand function. Desired hous-

ing services, (K∗), reflect the consumers’ preferences. Accordingly, K∗ varies inversely

with housing price (Ph), and directly with income (Y ), while demographic characteris-

tics, D, of the households also matter.6 The supply side of the market is characterized

by equation (1.13), which says that the supply of new housing services depends on

housing price. The last equation says the market is cleared when new housing demand

is equal to new housing supply in each period. Perhaps the strongest assumption in this

version of stock adjustment model is the exogenously given adjustment parameter, δ.

Theoretically, this parameter would be determined by many important variables and

parameters in the housing market, such as vacancy rate, building and land use regula-

tions, depreciation rate, etc. However, as shown in Malpezzi and Maclennan (2001b),

estimation based on this strong assumption still leads to estimates of supply elasticity

that are comparable to other studies based on more realistic models. In this paper,

the stock adjustment parameter will be treated as exogenous in the estimation of the

reduced form equation as in Malpezzi and Maclennan (2001b).

All variables are in the logarithmic form. Therefore, β1 can be interpreted as the

housing supply elasticity. This simple setup has several advantages over other more

complicated models for the purpose of this study: (1) the flow of housing demand and

supply (QD and QS in the model) is linked to the stock of housing services (empirically

measured by units or space) by the adjustment process in equation (1.11), which means

6Following Malpezzi and Maclennan (2001b), we use current population to approximate the variable
D, which is supposed to represent the demographic characteristics in a region where the demand equation
applies.
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the estimated supply elasticity is a flow elasticity and directly comparable to many other

works in the literature; (2) the specification of the supply equation is in its simplest form

to highlight the supply elasticity, which is the parameter of interest in this study; (3)

the purpose in this section is to examine the potential differences in space elasticity

versus unit elasticity, it is hence sufficient to discuss the relative magnitude of supply

elasticities without referring to any precise point estimates of supply elasticity.7

Following Malpezzi and Maclennan (2001b), the reduced form of the four equation

system (1.11) – (1.14) is given by:

Ph =
δα0 − β0

β1 −δα1
+

δα2

β1 −δα1
Y +

δα3

β1 −δα1
D−

δ

β1 −δα1
K−1. (3.5)

The stochastic version of the above equation is:

Ph = γ0 + γ1Y + γ2D+ γ3K−1 + ε. (3.6)

Given δ and α1 from previous studies, the housing supply elasticity with respect

to price, β1, can be computed based on the coefficient of K−1 as −δ(α1 +
1
γ3
). 8 In

addition, two demand side parameters can be derived from the ratios of the coefficients

of equation (1.16). Specifically, the income elasticity of housing demand, α2, and the

population elasticity of housing demand, α3, are equal to −γ1
γ3

and −γ2
γ3

respectively.

Therefore, the parametric specification of the stock adjustment model offers several

interesting tests on alternative measures of housing services: (1) a necessary condition

of positive housing supply elasticity can be shown to be 1
γ3
+ α1 < 0. Because price

elasticity of demand, α1, is negative, a good measure of housing services should either

have a negative estimate of γ3 in equation (1.16) or a positive coefficient sufficiently

7Specific point estimates of supply elasticity will be presented in the next section, in which a supply
function derived from a simple spatial equilibrium model is estimated using an instrumental-variable
approach.

8By definition, 0< δ < 1, α1 < 0, and γ3 can be either positive or negative.
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large such that supply elasticity is positive given α1; (2) estimates of γ1 and γ3 should

take on the opposite sign to be consistent with a positive income elasticity of housing

demand; (3) the negative of the ratio of γ2 to γ3 should be positive to be consistent with

a positive relation between housing demand and population. In the rest of this section,

the estimation results of equation (1.16) will be discussed based on these three tests.

3.2.2 Data

The main dataset used in this empirical study is the American Housing Survey (AHS)

data national files for the years of 1997, 1999, 2001, 2003, 2005 and 2007, which are

longitudinal and conducted every other year for the same 141 Metropolitan Statistical

Areas (MSA). The data before 1997 are excluded because the sample units are differ-

ent. Therefore, there are 846 observations in 6 waves of surveys covering a 10-year

period. There are only 137 cities in estimating equation (1.16) due to missing values

and obvious statistical discrepancies. The main variables used in estimating (1.16) are

discussed below.

Housing services (K−1) are measured by housing space (product of average hous-

ing unit size and number of units) and housing units. These variables, along with

household income and population are all constructed from the AHS national files. The

housing price index is a self-constructed index based on a two step procedure. Because

of the longitudinal structure of the data, the housing price index has to be both com-

parable across locations and over time. First, the housing price index is constructed

by putting the housing value on the LHS and a vector of housing characteristics on

the RHS using the AHS micro dataset following the traditional hedonic approach. The

constructed price index is comparable across different locations. Second, the Federal

Housing Finance Agency (FHFA) housing price index (repeated sales) is used to update

the price index from the first step. By taking these two steps, the desired housing price
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index is obtained.

Specifically, The following hedonic model is estimated for the year of 1997,

log vi = z′iβ + d ′iα+ εi, (3.7)

where vi is the housing value for unit i; zi is a vector of variables that account for hous-

ing characteristics, including the number of rooms, square footage, air conditioning,

household income, the number of people in the unit, di is a vector of the city indicator

variables. The estimated d̃i ’s are treated as price index in 1997. Next, the FHFA repeat

sales housing price index is used to update the estimated hedonic housing price vector

α to obtain the desired housing price index for the panel dataset.9 There is a recent

paper by Paul Carrilo and Olsen (2012), which provides a similar estimate of such a

panel of housing price index following a similar procedure. They use rent instead of

housing value in the first step. However, the result reported in this paper is very similar

if their price index is used.

3.2.3 Estimation results

Besides using different measures of housing services, equation (1.16) is also estimated

in three different samples. Glaeser and Gyourko (2005b) point out that the supply

elasticities of growing and declining cities should be treated separately due to the dura-

bility of housing. Goodman (2005b) estimates housing supply elasticity for growing

and declining cities using a model similar to this section and reports much higher hous-

ing supply elasticity in growing cities based on decennial census data. Therefore, in

addition to the full sample results, equation (1.16) is also estimated for growing and

declining cities separately.10 In each sample(full, growing, and declining), the discus-

9The constructed price index is checked against the terminal year (2007) hedonic estimates.
10A city is growing if its population increases between 1997 and 2007.
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sion of the estimation results all centers around the three tests implied by the stock

adjustment model introduced before.

Estimation results of equation (1.16) are shown in Table 3.1. City fixed effects are

included to account for the potential estimation bias resulting from unobservable lo-

cal housing market characteristics, and these fixed effects are jointly very significant as

shown by the p-values of the F test. The reported standard errors are clustered at the

city level to allow for serial correlation of the error for each city. Columns 1 and 2 in

Table 3.1 show the results using the full sample. Household income and population

have similar estimated coefficients, but the coefficient of housing services takes on the

opposite sign when changing from units (column 1) to housing space (column 2). As

discussed before, housing services have to be either negative or positive but sufficiently

large to be consistent with a positive price elasticity of housing supply and a negative

price elasticity of housing demand. The negative sign of housing services measured by

housing space is consistent with a negative price elasticity of housing demand, but the

positive housing services measured by housing units imply that price elasticity of de-

mand has to be smaller than -11.36 for the supply elasticity to remain positive.11 This

value of price elasticity of demand is way beyond the “reasonable” range for this pa-

rameter in the literature. According to Malpezzi and Maclennan (2001b), the demand

elasticity has been found to be between 0.1 to 0.5 according to the literature. There-

fore, housing space provides better estimates than housing units based on the first test.

In addition, if housing is normal goods and increase in population increases housing

demand, then α2 and α3 are positive in equation (1.11), or the ratios of household in-

come to housing services and population to housing services both have to be negative.

When housing services are measured by units, the standard nonlinear Wald tests fail

11The coefficient of housing services (units) is not estimated accurately and its 95% CI contains both
negative and positive values. A standard one-sided t test fails to reject the null that this coefficient is
positive with a p-value equals to 0.81.
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to reject the null hypotheses, γ1
γ3
> 0 and γ2

γ3
> 0, with p-values over 0.81. The same

two null hypotheses are rejected at 1% level when housing services are measured by

housing space. It can thus be concluded that housing space provides more consistent

estimation results to economic theory than housing units.

Estimation results in column 1 of Table 1 can be compared directly with Table 2

in Malpezzi and Maclennan (2001b), where equation (1.16) is estimated using time

series data for the postwar period of the US. Table 3.2 presents estimates of supply

elasticities from Malpezzi and Maclennan (2001b) and this study. In Malpezzi and

Maclennan (2001b), discussion of supply elasticity is based on the estimated coefficient

of income, γ1, instead of γ3. Supply elasticity can be written as δα2
γ1
+δγ1 by comparing

equation (1.15) with equation (1.16). Their point estimate of γ1 is 0.101, which is much

smaller than the estimate of the same parameter in this study (1.438). Therefore, as

shown in Table 3.2, the implied housing supply elasticity (by units) is much greater in

Malpezzi and Maclennan (2001b). This is expected, because their estimate of supply

elasticity is over 48 years, whereas the time span is only 10 years in this paper. However,

because they measure housing supply by housing units, their estimated coefficient of

housing services is also positive as in column 1 in Table 1. As discussed before, a positive

housing services coefficient is not compatible with positive supply elasticity. Therefore,

as shown in Table 3.2, unit supply elasticities implied by housing services coefficient

in both Malpezzi and Maclennan (2001b) and this study become negative. Only when

supply is measure by space, income coefficient and housing services coefficient both

imply positive supply elasticity.

As argued in Glaeser and Gyourko (2005b), supply is more elastic in growing cities

than declining cities due to durability of housing units. Similar patterns can be found

from the point estimates in the two sub-sample results for growing and declining cities

respectively. Based on the implied elasticities shown on the bottom of Table 3.1, supply
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elasticity is generally greater in growing cities than in declining cities. The results of

growing cities are shown in columns 3 and 4 in Table 3.1. Housing services switch signs

when changing from units in column 3 to housing space in column 4, which means

housing space is more likely to be associated with a positive supply elasticity. However,

It fails to reject the null of positive housing services in both columns 3 (p-value equals

to 0.99) and 4 (p-value equals to 0.20). The ratios of income to housing services and

population to housing services are positive in column 3 and negative in column 4 based

on the point estimates, which again shows the results using housing space are more

consistent with theoretical expectations. But the null hypotheses of γ1
γ3
> 0 and γ2

γ3
> 0

are not rejected in both columns 3 (p-values greater than 0.98) and column 4 (p-values

around 0.21). The declining cities are shown in the last two columns in Table 3.1.

Both point estimates of the housing services coefficient are negative and consistent with

positive housing supply elasticity, but the specification using housing units in column

5 fails to reject the null that the housing services coefficient is positive. In addition,

the null hypotheses of γ1
γ3
> 0 and γ2

γ3
> 0 are rejected at 1% level in column 6 where

housing services are measured by housing space, but not rejected in column 5 where

housing services are measured by units (p-values around 0.18).

In conclusion, the estimation results of the reduced form equation derived from the

stock adjustment model clearly favor housing space over housing units as the measure

for housing services, since the housing space results are more likely to be associated

with positive housing supply elasticity, and are more consistent with other theoreti-

cal expectations, such as implying that housing is a normal good and that population

growth increases housing demand. Even though the estimation results do not provide

direct estimate of housing supply elasticity, estimated coefficients of housing services in

columns 4 and 6 in Table 3.1 are consistent with the previous findings shown in Glaeser

and Gyourko (2005b) that growing cities are associated with higher supply elasticity
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than declining cities.

In the rest of the paper, city specific supply elasticities are estimated using a specifi-

cation derived from a simple spatial equilibrium model used in Saiz (2010b). Although

the study of average supply elasticity across cities is of great interest for many macroe-

conomic simulation models at the national level and when micro-level data are lacking,

recent studies have shown that it is more reasonable to treat each local housing mar-

ket separately when estimating behavior parameters such as supply elasticity. In the

next section, the model used in Saiz (2010b) is extended by relaxing the constant hous-

ing unit size assumption. Guided by the theoretical results, estimations of unit supply

elasticity and space supply elasticity are conducted for each individual city.

3.3 Micro Model of Housing Market

In this section, local market specific housing supply elasticities are estimated across

MSAs. It is interesting to see that if unit elasticities are always smaller than space

elasticities across all cities, or the downward bias actually depends on local market

characteristics. Using an extended version of the spatial equilibrium model in Saiz

(2010b), it will be shown theoretically in this section that housing supply elasticity

becomes greater after relaxing the constant housing unit size assumption. In other

words, the model implies that unit elasticity is smaller than space elasticity, and this

downward bias becomes larger if housing expenditure share in income is smaller. The

empirical results in this section can serve as tests of these model implications.

3.3.1 Fixed Housing Space Consumption

Saiz (2010b) estimates a supply function derived from a simplified version of the stan-

dard urban model with constant utility level to generate the housing supply elasticities
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across cities.12 The housing supply curve is identified through demand shocks. How-

ever, the empirical study in Saiz (2010b) relies on the assumption of fixed household

housing consumption. As shown below, a relaxation of this assumption will lead to

different theoretical results.

First, the model setup introduced in Saiz (2010b) is reviewed. Consumers in a city

share identical preferences,

u(c) = cρ, (3.8)

where ρ ∈ (0, 1). c = Amenity (A) + private goods. Substituting the household budget

constraint into equation (3.8) yields:

u(c) = (A+w− γr ′ − td)ρ, (3.9)

where w is wage, t is transport cost per unit distance, d is travel distance, γ is the

personal consumption of housing space, which is assumed to be a constant, and r ′ is the

unit price for housing space consumption paid by consumers in each period.13 Everyone

works in the CBD and lives at some distance from it. Population is assumed to be equal

to the number of housing units, which is denoted by H. Based on these assumptions,

the total housing consumption is given by γH. Because of the constant housing space

per household assumption, the change in housing consumption is equal to the change

in housing units. The spatial equilibrium condition requires all consumers to achieve

the same utility level, ū, which is normalized to zero. Therefore, in the equilibrium

A+w− γr ′ − td = 0. (3.10)

12In fact, the model used in Saiz (2010b) is a Thunen model of the urban land market.
13Housing consumption in this model is equal to housing space. All subscripts for city and time are

omitted for simplicity. All notations in the model are taken from Saiz (2010b), unless new variables are
introduced.
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Because γr ′ is simply the housing expenditure in each period (housing rent), denoted

by r. Housing rent can be written as

r(d) = γr ′ = A+w− td = r0 − td, (3.11)

where r0 = A+w.

On the production side, the housing developer solves the following problem

max
L

pQ(L)− ccQ−δL, s.t. Q(L) = Lβ , (3.12)

where β ∈ (0, 1). p is housing price per unit housing space, Q is total housing space

production, cc is a constant for marginal construction cost, L is land which is the only

input for housing production and δ is the unit price for land. Using the first order

condition of the developer’s problem and substitute γH for Q,14

pγH = ccγH +
δL
β

. (3.13)

Divide both sides by H, equation (3.13) can be written as

P = CC + LC(H), (3.14)

where P is housing value, CC is the construction cost for a housing unit, LC(H) is the

land cost which depends on the total housing units (H). P and r(d) are linked through

the asset market equilibrium condition,

P =
r(d)

i
, (3.15)

14Recall that γH is by definition the total housing space demanded, therefore γH = Q when housing
market is cleared.
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where i is exogenously given interest rate. Therefore, there is no uncertainty in the

asset market equilibrium. In this model, residential land competes with the agricultural

land at the edge of the city. The radius of the circular city is denoted by φ and the

agricultural land rent is assumed to be zero. Let Λ be the available share of land for

housing development, the total land area for housing development is given by Λπφ2 in

the circular city, which is equal to γH.15 Therefore,

r0 = iCC + t(
γH
Λπ
)

1
2 .16 (3.16)

Because the housing price varies by distance, average housing price is needed in order

to derive the supply function. First, average housing rent is equal to total rent divided

by total housing space. Let the average housing rent be r̃, by definition,

r̃ =

∫ φ

0

2πΛx r(x)
γH

dx = r0 −
2
3

tφ. (3.17)

The second equality is derived by substituting equation (3.11) in equation (3.17) and

using the expression of φ. In this case, the average housing rent equals the rent paid by

people living two-thirds ofφ from CBD. Substituting in the expression for r0 in equation

(3.16),

r̃ = iCC +
1
3

t(
γH
Λπ
)

1
2 . (3.18)

By equations (3.15) and (3.18), the average housing price, P̃, is given by

P̃ = CC +
t

3i
(
γH
Λπ
)

1
2 . (3.19)

15Following Saiz (2010b), the housing space is assumed to be equal to lot size for simplicity.
16The derivation is as follows. Because Λπφ2 = γH, φ = ( γH

Λπ )
1
2 . By equation (3.11), r(φ) = r0 −

t( γH
Λπ )

1
2 . On the other hand, because δ = 0 when d = φ. By equation (3.15) and (3.14), r(φ) = iCC .

Combining these two expressions for r(φ), it shows the desired expression in the text.
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The housing supply function can therefore be written as

P̃ = CC +MΛ−
1
2 Q

1
2 , (3.20)

where M = t
3i (

1
π)

1
2 . This is the housing supply function derived in Saiz (2010b), which

provides the relation between average housing price (P̃) and housing supply (Q). The

empirical estimating equation used in Saiz (2010b) is based on the first order differen-

tials of equation (3.20). Rewriting the supply function as P̃ = CC + f (Q), taking the

logarithm on both sides, and totally differentiating yields:

d ln P̃ = σd ln CC + β sd lnQ, (3.21)

where σ is the construction cost share and β s is the inverse of housing supply elas-

ticity. Equation (3.21) is the estimating equation used in Saiz (2010b) for empirical

study. It is easy to show that ∂ β
s

∂Λ < 0.17 This means that more available land a city has

for housing development the more elastic the housing supply is. Similarly if available

land for housing is restricted, housing supply is less elastic. This effect is larger as the

population size becomes bigger.

By equations (3.11), (3.15), (3.17), and (3.18), the housing demand function is

given by

P̃ =
A+w

i
−

2t
3i
(
γH
Λπ
)

1
2 , (3.22)

which is clearly downward sloping. Amenity and labor productivity can therefore be

used as exogenous shocks to housing supply from the demand side. This completes the

description of the model introduced in Saiz (2010b).

There are two ways in which equation (3.21) can be used to estimate supply elas-

17β s =
1
2 MΛ−

1
2 Q

1
2

P̃
, so ∂ β s

∂Λ = −
1
4 MΛ−

3
2 Q

1
2

P̃
< 0. This is also the Proposition (1) in Saiz (2010b).
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ticity. Case 1: equation (3.21) can be written as

d ln P̃k = σd ln CCk + β
sd lnQk. (3.23)

The subscript k stands for different cities or different housing markets. There is no sub-

scripts on β s, because supply elasticity is constrained to be identical in all cities.18 Since

this is a supply function, OLS estimates will suffer from simultaneous bias. The identifi-

cation strategy is to find unique demand side instruments for Q in equation (3.23) such

that we can have consistent estimate for β s. The demand shifters are related directly

to amenity (A) and labor productivity (w). Following Saiz (2010b), the instruments for

estimating equation (3.23) are chosen to be average sun hours in 1970, a shift-share of

industrial composition, and immigrants share.19 Average sun hours in January in 1970

is related to amenity level. The shift-share of industrial composition and immigrants

share are related to labor productivity. Both of them are computed between 1980 and

1990 to instrument housing supply change between 1997 and 2007. The time lag is to

reassure the exclusion restrictions of these instruments.

Case 2: equation (3.21) can also be written as

d ln P̃k = σd ln CCk + β
s
kd lnQk, (3.24)

which allows city specific elasticity to differ. Recall that, β s
k is a function of the share

of available land for housing development. Both geographical and regulatory factors

18Clearly, this model provides an alternative specification, different from the stock adjustment model,
to estimate average supply elasticity. The improvement in this model is that the supply elasticity is
estimated directly using an instrumental variable approach.

19One major contribution of Saiz (2010b) is to discuss the validity of these instruments based on
theory and statistical tests. These same instruments are also used in this study. The construction of these
instruments is described fairly clearly in Saiz (2010b), so they are not repeated here. The only thing to
note is that our data is for a different time range, so these variables are reconstructed to accommodate
our data set. The validity of these instruments is supported by standard tests discussed in estimation
results.
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can affect the available land share in a city. Direct estimation with the expression for

β s
k would involve non-linearity, so the first order approximation is taken for simplicity.

Following Saiz (2010b),

β s
k = β

land(1−Λk) + β
land,pop(1−Λk) ln popk,−1 + β

WRI ln WRIk, (3.25)

where (1−Λk) is the unavailable land share determined by geography and ln WRIk is the

log of the Wharton Residential Land Use Regulatory Index (WRLURI), which measures

the strength of a vector of land use and building code regulations in each city. Because

∂ β s

∂Λ < 0, the unavailable land share (1 − Λ) should have a positive effect on β s
k, or a

negative effect on supply elasticity. In Saiz (2010b), β land turns out to be negative and

β land,pop is positive, both are statistically and economically significant. The explanation

is that the negative effect from unavailable land on supply elasticity depends on the

initial development of the city. If a region is far from fully developed then unavailable

land share becomes non-binding in determining supply elasticity. Lastly, the regulation

restriction is also introduced as a factor affecting β s
k. As shown in Saiz (2010b), there

is a price feedback effect on the regulation restriction, which means homeowners tend

to protect their houses more when initial housing price is high. Therefore, when substi-

tuting equation (3.25) in equation (3.24), due to the price feedback effect, regulation

is also endogenous. Valid instrument found in Saiz (2010b) is the share of Christians in

non-traditional denominations, defined as one minus the Catholic and mainline protes-

tant Christian shares.20

20Mainline protestant denominations include: United Church, American Baptist, Presbyterian,
Methodist, Lutheran and Episcopal.
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3.3.2 Flexible Housing Space Consumption

The major drawback of the above modeling of housing supply is that the housing space

consumption is not treated as a “good”. The marginal utility derived from housing

consumption is zero because it only shows up in the budget constraint. This section

incorporates housing space consumption following Brueckner (1987a) to derive new

supply and demand functions allowing households to choose freely their housing space

consumption.

First, consumer preferences have housing space as an additional argument. The

point is illustrated easily by assuming Cobb-Douglas preferences so that the new utility

including housing consumption can be written as

u(c,γ) = cργσ. (3.26)

In terms of the utility function shown in equation (3.8) this fixed housing consumption

case arises when when σ = 0. For simplicity, let σ = 1− ρ. The budget constraint is

the same as before

A+w= c + γr ′ + td. (3.27)

The notation remains the same meanings unless otherwise noted. The F.O.C of con-

sumer optimization problem leads to

γr ′ = r(d) = (1−ρ)(A+w− td). (3.28)

The bid rent function for housing, can still be written as,

r(d) = r ′0 − t ′d, (3.29)
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where r ′0 = (1−ρ)(A+w) and t ′ = (1−ρ)t. Because now there is a trade-off between

housing consumption and private goods, the housing rent becomes only a fraction of

the housing rent at the city center (d = 0) of the fixed housing consumption case. In

addition, only part of the marginal transportation cost, t, is translated to a decrease in

housing rent as consumers move away from the CBD. This change also has very impor-

tant impact on supply elasticity as shown later in this section. As before, all consumers

achieve the same utility level, then

(A+w− γr ′ − td)ργ1−ρ = ū. (3.30)

The total number of housing units, H, is equal to population and is given by

H =

∫ φ

0

2πΛx
γ

dx . (3.31)

Personal housing consumption cannot be put outside the integral sign like before, be-

cause the housing space consumption increases as people live further from the CBD. By

equation (3.31), the “average unit size” can be defined as

γ∗ =

∫ φ

0

2πΛx
H

dx .21 (3.32)

The expression for φ is therefore similar to the last section,

φ = (
γ∗H
Λπ
)

1
2 . (3.33)

The asset market equilibrium is the same as before (equation (3.15)), except that this

condition is generalized to allow different housing unit sizes. The developer solves the

21The existence of γ∗ can easily be seen by the intermediate theorem.
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same problem as in equation (3.12). The F.O.C leads to

pQ = ccQ+
δ

β
L. (3.34)

Substituting γ∗H for Q and divide both sides by H,

P = ccγ∗ +
δL
βH

. (3.35)

The expression for r0 therefore becomes,

r0 = iCC + t(
γ∗H
Λπ
)

1
2 . (3.36)

Let average housing rent to be the ratio of total rent over total housing space consump-

tion, average housing rent, r̃, can be written as

r̃ =
1
γ∗H

∫ φ

0

2πΛx r(x)dx = iCC +
1
3

t(
γ∗H
Λπ
)

1
2 , (3.37)

where the second equality is derived similarly as in equation (3.17). Finally, the supply

function can be derived similarly:

P̃ = CC +M ∗Λ−
1
2 (Q)

1
2 , (3.38)

where P̃ = r̃
i , M ∗ = t ′

3i (
1
π)

1
2 and Q = γ∗H. The supply function can be similarly written

in differential form:

d ln P̃ = σd ln CC + β s∗d lnQ. (3.39)

β s∗ is the inverse supply elasticity, which is shown to be smaller than β s in equation
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(3.21) by the following proposition.22

Proposition 3. After relaxing the assumption of fixed housing space consumption per

household, inverse supply elasticity becomes smaller, or β s∗ in equation (3.39) is less than

β s in equation (3.21) given the same housing price and housing consumption. In addition,

the ratio, β
s∗

β s , becomes greater as income share of housing expenditure becomes smaller.

Proof. Recall from equation (3.21), β s =
1
2 MΛ−

1
2 Q

1
2

P̃ , where M = t
3i (

1
π)

1
2 . In equation

(3.39), β s∗ =
1
2 M∗Λ−

1
2 Q

1
2

P̃ , where M ∗ = t ′

3i (
1
π)

1
2 . Given the same housing price (P̃) and

total housing supply (Q), β s∗ = (1−ρ)β s, because t ′ = (1−ρ)t and ρ ∈ (0, 1).

Proposition (3) implies that the elasticity of supply of units is smaller than the elas-

ticity of supply of space. In addition, the difference between them increases as the share

of housing in consumption decreases.23 As before, β s∗ can either be treated as the same

across cities or expand to allow variation in city specific elasticities as in equation (3.25).

In sum, based on (3.20), (3.21), (3.38) and (3.39), two stochastic equations can be

derived from the model for empirical study:

∆ ln P̃k = β
s∆ lnQk +σ∆ ln CCk +α+ εk; (3.40)

∆ ln P̃k = {β
land(1−Λk)+β

land,pop ln popk,−1(1−Λk)+β
REG ln WRIk}∆ lnQk+σ∆ ln CCk+R j

k+εk.

(3.41)

Average supply elasticity across cities can be identified in equation (3.40). Esti-

mation of equation (3.41) generates city specific supply elasticities. Following Saiz

22Demand function can be easily shown to take the same form of equation (3.22). Therefore, demand
side unique shifters remain the same.

23Because the share of housing in consumption falls with city size, this difference is likely to be more
pronounced in large cities.
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(2010b), a regional dummy variable, R j
k, is added. All the differentials are approxi-

mated by their discrete forms so differences of the variables are needed in the above

equations, housing consumption Q will be measured by housing units or housing space.

3.3.3 Data and Estimation Results

Two alternative measures of housing supply (Q), housing units and housing space, as

well as housing price (P) are all taken from the panel data set used for estimating the

stock adjustment model. Construction cost (CC) is the RS Means construction cost

index.24 The differences of these variables between 1997 and 2007 are used in estimat-

ing equations (3.40) and (3.41). Unavailable land share (1−Λ) and regulation index

(WRI) are both taken from the dataset used by Saiz (2010b). The sources of all other

variables, including all instrumental variables, are shown in Table 3.4.25

Estimation results are shown in Table 3.3. Columns 1 and 2 show the coefficient

estimates for equation (3.40). P values of Wu-Hausman endogeneity test indicates that

housing supply in equation (3.40) is indeed endogenous. Demand side shifters, labor

productivity and amenity, are used as instruments for housing supply. The validity of

these instruments is justified given large values of the Sargan test. The first stage R-

squared’s show no indication of weak instrument problems.26 Because the coefficient

of housing supply is inversely related to supply elasticity, the estimated coefficients in

columns 1 and 2 are consistent with Proposition 1, which states that space elasticity is

greater than unit elasticity. Specifically, the estimated space elasticity is 0.303, which

is about 40% larger than unit elasticity. However, the negative construction cost coef-

ficients are inconsistent with the theory, in which this coefficient is the income share

24See Gyourko and Saiz (2004) and Gyourko and Saiz (2006) for a detailed discussion of this con-
struction cost index.

25See Saiz (2010b) for more detailed discussion on construction of these instrumental variables.
26LIML estimation results are very similar to 2SLS estimates, which further alleviates the concerns for

weak instrument problem.
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of housing expenditure.27 One explanation might be that the restriction of constant

supply elasticity causes misspecification of the actual supply function. As shown below,

construction cost coefficient falls between 0 and 1 after the supply elasticity is allowed

to differ across cities by geographic and regulatory constraints.

Estimation results for equation (3.41) are shown in columns 3 and 4 in Table 3.3.

Endogeneity of housing supply is detected by Wu-Hausman tests applied on all terms

involving housing consumption. One additional instrumental variable is added in 2SLS

estimation of equation (3.41), due to endogeneity of housing regulation index. Sargan

tests provide support to these instruments. Averages of Shea’s partial R-squared’s show

no sign of weak instrument issues.28 Unavailable land share is negative, but the inter-

action of unavailable land and the initial population is positive. As explained in Saiz

(2010b), this is because a higher unavailable land share can only affect housing sup-

ply elasticity when initial population reaches some threshold level to make geographic

constraints binding. Even though these estimates take on the expected signs, they are

statistically non-significant at conventional levels in either column 3 or 4 after control-

ling for regional fixed effects. Regulation coefficients are highly significant and take on

the expected signs. Lastly, construction cost is positive and between 0 and 1, which is

consistent with the theoretical model presented in the last section. The average space

elasticity based on column 4 in Table 2 is 0.201, which is about 25% greater compared

to average unit elasticity based on results in column 3. Therefore, the estimation results

for a more general supply elasticity specification in columns 3 and 4 in Table 2 are also

consistent with Proposition 1.

Estimates of city specific supply elasticities can be obtained by computing the inverse

27Saiz (2010b), construction cost is not added in the estimating equation. Instead, an arbitrary cali-
bration method is used before estimating equations (3.40) and (3.41). Because the calibration procedure
is not fully clear from that paper, the construction cost coefficient is also estimated in this paper.

28LIML estimator again produces very similar results compared to 2SLS.
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of β in equation (3.25) based on coefficient estimates from the last two columns of Table

3.3. All estimated coefficients in columns 3 and 4 in Table 3.3 take on the expected signs.

In both columns, supply elasticity is inversely related to geographic constraints when

initial population exceeds a threshold level. The non-significant coefficients might be

explained by the relatively short time span in the data. Regulatory constraint also has

a negative impact on supply elasticity. Construction cost is positive and between 0 and

1, which is consistent with the theory shown before. In all 101 cities, there are only

3 cities with ratio of space elasticity to unit elasticity smaller than one.29 In the rest

of the cities, space elasticity is always greater than unit elasticity. These results are

plotted in Figure 3.1. There is clearly a gap between space and unit elasticity, which is

the prediction in Proposition 1. In addition, the spikes in the figure indicate the unit

elasticity ranking differs from space elasticity ranking for many cities, such as New York

(NY), Los Angeles (CA), Chicago (IL), etc.

Saiz (2010b) also estimates equation (3.41) using census count of housing units

between 1970 to 2000. Because their estimates of the supply elasticity are for a much

longer time period, more elastic supply should be expected in their results compared to

this study. The average unit elasticity is 2.5 in Saiz (2010b), and 1.98 for the same cities

of this study. This estimated average unit elasticity is much larger than the average unit

elasticity estimated here in column 3 Table 2, 0.161. Goodman (2005b) also estimates

unit supply elasticity based on decennial census data using a different model. Their

estimate of supply elasticity for the period of 1990 to 2000 ranges from 0.41 to 0.72

depending on the estimation approaches. The sample of cities in Goodman (2005b) is

similar to that of Saiz (2010b). However, it is not possible to recover the estimated unit

elasticity in Goodman (2005b) for the same cities of this paper.

29These three cities are Erie (PA), Santa Barbara-Santa Maria-Lompoc (CA), and Fort Myers-Cape
Coral (FL).
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Figure 3.1 shows that space elasticity is greater than unit elasticity in all cities. It

is interesting to know that how this difference changes with city types. In Table 3.5,

difference in space and unit elasticity is regressed against four city type indicators. The

estimation results show that new cities, defined as cities with units built after 1960

greater than 30%, have smaller gap between space and unit elasticity. This is expected

because in new cities the difference in size between existing housing units is likely to be

smaller. The estimated effect is quite large, considering the sample average difference

between the two elasticities is only 0.04. The gap between space and unit elasticity

does not vary in growing cities, because the estimated coefficient is statistically non-

significant. Cities with stringent rent control policy are shown to have the greatest

difference between space and unit elasticity, which indicates variation in housing unit

size is probably greater in highly regulated markets. The positive effect of rent control

on elasticity gap can be considered as a negative new city effect. Rent control tends to

restrict the size of existing units and new supply is likely to be uncontrolled, so new

supply is likely to be much larger than the controlled existing stock. This increases the

elasticity gap and the effect is verified empirically. Lastly, cities with single urban center

have relatively smaller difference between space and unit elasticity, but this difference

is both statistically and economically insignificant.

In summary, this section extends the housing supply function derived from the spa-

tial equilibrium model used in Saiz (2010b), and reaches the conclusion that space

elasticity is greater than unit elasticity. Because when consumers are free to choose

housing unit size, their housing consumption is more responsive to price shock. This

theoretical conclusion also is supported by the empirical findings in this section.
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3.4 Conclusion

Microeconomic theory suggests that housing demand should be measured by the hous-

ing services consumed by households. Similarly housing supply in responding to this

demand produces housing services. Measures of the number of housing units are based

on the manner in which the housing stock is partitioned by households and ignore the

differences in service levels among units. An alternative measure, interior space, which

is closer to the concept of services in the literature, does not vary with the manner in

which the population is divided into households, and is directly reflected in costs of

production.

Simple descriptive statistics demonstrate that interior space per unit is: changing

over time, very different for new and existing units, and varying across cities. All this

suggests that using space rather than units as a measure of housing services can have

implications for the conduct and conclusions of empirical research.

The potential for important results to vary with the measure of housing services is

tested in this paper by observing the difference between the housing supply elasticities

estimated based on housing units and housing space. It shows that the housing supply

elasticity of interior space is always higher than that of housing units both at the national

level and the city level. The two different housing supply elasticities could provide

different elasticity-rankings of cities. Based on these findings, interior space appears

to be a superior measure of housing services for purposes of structural estimation of

econometric models of housing demand and supply.
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Figure 3.1: Housing supply unit/space elasticity across cities

Note: This figure shows the supply elasticity estimates based on the result from col. (3) and (4) in Table
2. All the MSAs in the figure are ranked by their unit elasticities on the horizontal axis in an ascending
order from left to right. MSAs with unit elasticities greater than 0.2 are dropped from the figure to show
more clearly the gap between two the types of elasticity estimates. The results are consistent with the
proposition that space elasticity is greater than unit elasticity.
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Figure 3.2: Housing space elasticity of cities

Note: This figure shows geographical locations of cities included in estimation sample. The space elas-
ticity estimates for cities included based on the result from col. (3) and (4) in Table 2. The digital map
is taken from Census Bureau’s cartographic boundary shapefiles for Core Based Statistical Areas.
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Table
3.1:

M
ultivariate

panelanalysis:
stock

adjustm
ent

m
odel

D
ependent

Variable:
R

ealH
ousing

Price
(average

in
each

M
SA

at
period

t)

Fullsam
ple

G
row

ing
cities

D
eclining

cities

(1)
(2)

(3)
(4)

(5)
(6)

M
easure

of
H

ousing
Services:

U
nit

Space
U

nit
Space

U
nit

Space

R
ealH

ousehold
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e
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1.349
1.378

1.419
1.404

1.205
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in
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M
SA
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period

t)
(0.124)***

(0.130)***
(0.178)***

(0.184)***
(0.178)***

(0.173)***
Population
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0.815
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0.685

(totalin
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M
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period
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(0.147)***

(0.151)***
(0.146)***

(0.140)***
H

ousing
Services

0.088
-0.313

0.336
-0.073

-0.129
-0.477

(totalin
each

M
SA

at
period

t-1)
(0.100)

(0.067)***
(0.133)**

(0.120)
(0.130)

(0.072)***
Intercept

-22.229
-14.247

-25.072
-20.767

-18.338
-7.719

(2.911)***
(3.314)***

(3.773)***
(4.597)***

(4.196)***
(4.135)*

M
SA

Fixed
Effects

Y
Y

Y
Y

Y
Y

M
SA

-clustered
Standard

Error
Y

Y
Y

Y
Y

Y
P

value
of

F
test

on
M

SA
Fixed

Effects
0.000

0.000
0.000

0.000
0.000

0.000
O

bservations
685

685
360

360
325

325
R

-squared
0.921

0.925
0.904

0.902
0.930

0.939

Im
plied

elasticity
by

incom
e

coef.
0.536

0.516
0.522

0.531
0.528

0.486
Im

plied
elasticity

by
services

coef.
-3.259

1.108
-0.743

4.259
2.476

0.779

N
ote:

Standard
errors

in
parentheses.

Significance
level:

*
p
≤

0.10,
**

p
≤

0.05,
***

p
≤

0.01.
A

ll
variables

are
in

logrithm
ic

form
.

The
sam

ple
contains

137
M

SA
s

for
6

years(1997,1999,2001,2003,2005,2007),am
ong

w
hich

there
are

72
grow

ing
cities

and
65

declining
cities.

A
city

is
grow

ing
if

its
population

increases
betw

een
1997

and
2007,

otherw
ise

it
is

considered
declining.

In
each

regression,
one

year
of

observations
has

to
be

dropped
out

because
the

inclusion
ofthe

lagged
housing

services
variable.

There
are

73
grow

ing
cities

W
e

com
pare

the
results

from
tw

o
different

m
easures

ofhousing
services

–
num

ber
ofunits

(units)
and

square
feet

ofinterior
space

(Space).
C

ol.(1)
and

(2)
show

the
results

ofthe
fullsam

ple.
C

ol.
(3)

and
(4)

show
the

results
for

grow
ing

cities
only.

C
ol.

(5)
and

(6)
show

the
results

for
declining
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only.

A
city

is
a

“grow
ing

city”
ifits

population
increases

betw
een

1997
and

2007.
Im

plied
elasticities

are
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based
on

incom
e
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housing
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coefficients,given

that
α

1
=
−

0.5,α
2
=

0.5,
δ
=
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Table
3.3:

Instrum
entalvariable

analysis:
housing

supply
function

D
ependent

Variable:
∆

ln(H
ousing

Price)

(1)
(2)

(3)
(4)

M
easure

for
H

ousing
C

onsum
ption

(Q
)

U
nits

Space
U

nits
Space

∆
ln(Q

)
4.602

3.297
(1.546)***

(1.216)***
U

navailable
Land×

∆
ln(Q

)
-33.619

-13.490
(43.628)

(17.426)
ln(1997

Population)×
U

navailable
Land×

∆
ln(Q

)
1.736

0.320
(3.401)

(1.199)
ln(R

egulation
Index)×

∆
ln(Q
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2.068

1.679
(1.073)**

(0.790)**
C

onstruction
cost

-2.323
-2.141

0.737
0.423

(1.341)*
(1.454)

(1.203)
(0.997)

Intercept
0.884

1.284
0.043

0.378
(0.421)**
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(0.415)

(0.440)

Supply
elasticity

estim
ate

0.218
0.303

0.161
0.201

W
u-H

ausm
an

Endogeneity
Test

P
value

0.000
0.000

0.000
0.000

Sargan
Test

P
value

0.511
0.610

0.614
0.677

First
Stage

R
-squared

0.118
0.096

0.177
0.128

R
egionalFE

N
N

Y
Y

O
bservations

101
101

101
101

Year
1997-2007

1997-2007
1997-2007

1997-2007

N
ote:

Standard
errors

in
parentheses.

Significance
level:

*
p
≤

0.10,**
p
≤

0.05,***
p
≤

0.01.
This

table
show

s
the

coefficients
of2SLS

estim
ation

ofthe
housing

supply
functions

specified
in

equations
(3.40)

and
(3.41).

Supply
elasticity

estim
ates

are
com

puted
using

the
inverse

ofthe
estim

ated
coefficients

of
∆

ln(Q
)(averages

are
taken

in
col.

(3)
and

(4)).
C

oefficients
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regionaldum
m

ies
are

om
itted.
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colum

ns
(1)

and
(2),

∆
ln(Q

)
is

instrum
ented

by
average

sun
hours

in
January

in
1970,a

shift-share
ofindustrialcom

position,and
im

m
igrants

share
betw

een
1980

and
1990.

In
addition

to
these

instrum
ents,in

colum
ns

(3)
and

(4),regulation
index

is
instrum

ented
by

the
share

ofC
hristians

in
non-traditional

denom
inations.

In
colum

ns
(3)

and
(4),first-stage

R
-squared

is
the

average
of

Shea’s
partialR

-squared’s.
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Table 3.5: Explaining difference in space and unit elasticity by city type

Dependent variabe: difference between space and unit elasticity

City type New city Growing city Rent control city single center city

coef. -0.014 0.018 0.032 -0.007
S.E. (0.008)* (0.015) (0.015)** (0.008)

R-square 0.117
Obs 101

Note: Significance level: * p ≤ 0.10, ** p ≤ 0.05, *** p ≤ 0.01. New city: cities with
housing units built after 1990 greater than 15%. Growing city: population grow by
more than 5% between 1997 and 2007. Rent control city: cities with stringent rent
control policy. Single center city: cities(MSAs) with one center city.
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Appendix A

This appendix shows all the theoretical results of the SUM in the text and the detailed
proofs of the two propositions.

A.1 Basic results:

Following equation (2.1) in the text, the FOC of consumer’s utility maximization prob-
lem is v2(y − t x − pq, q) = pv1, where v1 is the partial derivative of utility func-
tion v(.) w.r.t its first argument. The iso-utility condition in the open city model is
v(y − t x − pq, q) = u, where u is the constant utility level. These two conditions can
lead to the following standard comparative statics for housing price, p, and housing
unit size, q.

∂ p
∂ y
=

1
q

,
∂ p
∂ t
= −

x
q

,
∂ p
∂ u
= −

1
qv1

,
∂ p
∂ x
= −

t
q

.

∂ q
∂ y
=

v1

q
∆−1,

∂ q
∂ t
= −

x v1

q
∆−1,

∂ q
∂ u
= (

pv11 − v12

v1
−

1
q
)∆−1,

∂ q
∂ x
= −

t v1

q
∆−1.

∆ is v22−2pv12+ p2v11 and is negative, because the strictly concave utility function
is assumed to satisfy all standard assumptions: vi > 0 and vii < 0 when i ∈ {1,2},
and vi j = v ji > 0 when i 6= j. Similarly, following equation (2.5), the FOC of housing
producer’s profit maximization is ph′ = i, where h′ is the derivative of h(.).30 The zero
profit condition is ph− iS− r = 0. The standard comparative statics for housing capital
unit land, S, and urban land rent, r, can be summarized as:

∂ S
∂ φ
= −

h′

ph′′
∂ p
∂ φ

,
∂ r
∂ φ
= h

∂ p
∂ φ

,

where φ can be y , t, u or x .
The comparative statics for per unit land housing production, h, is given by ∂ h

∂ φ =
h′ ∂ S
∂ φ , where φ can be y , t, u, or x . By equation (2.8) in the text and the above results

30As shown in the text, h′ > 0 and h′′ < 0.
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for r. The comparative statics of city radius, x̄ , can be shown as below:

∂ x̄
∂ y
=

1
t

,
∂ x̄
∂ t
= −

x̄
t

,
∂ x̄
∂ u
= −

1
t v̄1

,
∂ x̄
∂ rA
= −

q̄

th̄
.

The bar on top of a variable means to evaluate the variable at x = x̄ . The above
basic results are used throughout this section.

A.2 Proof of Proposition 1:

We need to show ∂ q∗
∂ y < 0, ∂ q∗

∂ rA
< 0, ∂ q∗

∂ u > 0 ∂ q∗
∂ t = 0. Recall from the text, L =

∫ x̄

0
θ x h

q d x , Q =
∫ x̄

0
θ xh d x and q∗= Q

L .
∂ q∗
∂ y : ∂

∂ y (
h
q ) = q−2(h′ ∂ S

∂ y q− ∂ q
∂ y h) = q−2[− (h

′)2

ph′′ q
∂ p
∂ y −

v1
q ∆

−1h] and ∂
∂ y (

h
q ) = q−2(h′ ∂ S

∂ x q−
∂ q
∂ x h) = q−2[− (h

′)2

ph′′ q
∂ p
∂ x +

t v1
q ∆

−1h], where the basic results of ∂ S
∂ y , ∂ q

∂ y , ∂ S
∂ x and ∂ q

∂ x are used.

Also from the basic results, ∂ p
∂ y = −

1
t
∂ p
∂ x , so ∂

∂ y (
h
q ) = −

1
t
∂
∂ x (

h
q ). Therefore, the expression

of ∂ L
∂ y can be written as:

∂ L
∂ y
= θ x̄

h̄
q̄
∂ x̄
∂ y
+

∫ x̄

0

θ x
∂

∂ y
(
h
q
) d x

= θ x̄
h̄
q̄
∂ x̄
∂ y
+

∫ x̄

0

θ x(−
1
t
)
∂

∂ x
(
h
q
) d x

= θ x̄
h̄
q̄

1
t
− θ x̄

h̄
q̄

1
t
+

∫ x̄

0

θ

t
h
q

d x

=

∫ x̄

0

θ

t
h
q

d x > 0,

where the third equality comes from integration by parts and plugging in the expression
for ∂ x̄

∂ y . Similarly, ∂ h
∂ y = −

1
t
∂ h
∂ x . ∂Q

∂ y = θ x̄ h̄ ∂ x̄
∂ y +
∫ x̄

0
−θt x ∂ h

∂ x d x =
∫ x̄

0
θ
t h d x . Using the

expressions for ∂Q
∂ y and ∂ L

∂ y , ∂ q∗
∂ y = L−2( ∂Q

∂ y L − ∂ L
∂ y Q) = L−2 θ

t

∫ x̄

0
(L − Q

q )h d x . Sign[ ∂ q∗
∂ y ] =

Sign[
∫ x̄

0
(L − Q

q )h d x]. Let F =
∫ x̄

0
(L − Q

q )h d x , F is a function of rA. It is easily seen,
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∂Q
∂ rA
= θ x̄ h̄ ∂ x̄

∂ rA
and ∂ L

∂ rA
= θ x̄ h̄

q̄
∂ x̄
∂ rA

. Therefore, ∂ F
∂ rA

can be derived as follows:

∂ F
∂ rA
= (h̄L −

h̄
q̄

Q)
∂ x̄
∂ rA
+

∫ x̄

0

(h
∂ L
∂ rA
−

h
q
∂Q
∂ rA
) d x

=
∂ x̄
∂ rA

h̄

∫ x̄

0

θ x(
h
q
−

h
q̄
) d x +

∂ x̄
∂ rA

h̄

∫ x̄

0

θ x̄(
h
q̄
−

h
q
) d x

=
∂ x̄
∂ rA

h̄θ

∫ x̄

0

(
h
q
−

h
q̄
)(x − x̄) d x .

The expressions of ∂Q
∂ rA

and ∂ L
∂ rA

are used to get the second equality. As shown before,
∂ x̄
∂ rA
< 0, x < x̄ , and q < q̄ if x 6= x̄ . Therefore, ∂ F

∂ rA
> 0. Assume x̄ → 0 as rA →∞,

in other words, the city disappears if the agricultural land rent is infinite.31 With this
assumption, F(rA→∞) = 0. F(rA)< 0, ∀rA ∈ (0,∞). Therefore, ∂ q∗

∂ y < 0.
∂ q∗
∂ rA

: Making use of the expressions for ∂Q
∂ rA

and ∂ L
∂ rA

derived before, it can be shown
that

∂ q∗
∂ rA

=
∂

∂ rA
(
Q
L
) = L−2(

∂Q
∂ rA

L −
∂ L
∂ rA

Q)

= L−2(θ x̄ h̄
∂ x̄
∂ rA

L − θ x̄
h̄
q̄
∂ x̄
∂ rA

Q)

= L−2θ 2 x̄
∂ x̄
∂ rA

∫ x̄

0

xhh̄(
1
q
−

1
q̄
) d x .

Because q < q̄ and ∂ x̄
∂ rA
< 0, ∂ q∗

∂ rA
< 0.

∂ q∗
∂ u : The proof of ∂ q∗

∂ u > 0 is slightly more complicated. Using the basic results and
after some manipulation, it can be shown that ∂

∂ u(
h
q ) =

1
t v1

∂
∂ x (

h
q ) +

v12−pv11
q2v1∆

h. Therefore,

∂ L
∂ u
= θ x̄

h̄
q̄
∂ x̄
∂ u
+

∫ x̄

0

θ x
∂

∂ u
(
h
q
) d x

= −
θ

t
x̄

h̄
q̄ v̄1
+

∫ x̄

0

θ x
1

t v1

∂

∂ x
(
h
q
) d x +

∫ x̄

0

θ x
(v12 − pv11)h

q2v1∆
d x

= −
∫ x̄

0

θ

t
h
q
∂

∂ x
(

x
v1
) d x +

∫ x̄

0

θ x
(v12 − pv11)h

q2v1∆
d x ,

where the expression for ∂
∂ u(

h
q ) is used in the second equality and integration by parts is

31This assumption is maintained throughout this section.
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used in the third equality. ∂
∂ x (

x
v1
) can be expanded as follows. First, by the basic results

of ∂ p
∂ x and ∂ q

∂ x , ∂ v1
∂ x = v11(−t − ∂ p

∂ x q − p ∂ q
∂ x ) + v12

∂ q
∂ x =

t v1(pv11−v12)
q∆ . Therefore, ∂

∂ x (
x
v1
) =

v−2
1 (v1− x ∂ v1

∂ x ) =
1
v1
− x t(pv11−v12)

qv1∆
. Plugging the expression of ∂

∂ x (
x
v1
) in ∂ L

∂ u and simplifying,
∂ L
∂ u = −
∫ x̄

0
θ
t

h
q

1
v1

d x . The expression of ∂Q
∂ u can be derived in a similar manner as follows.

∂Q
∂ u
= θ x̄ h̄

∂ x̄
∂ u
+

∫ x̄

0

θ x
∂ h
∂ u

d x

=
θ

t
x̄(−

h̄
v̄1
) +

∫ x̄

0

θ x
1

t v1

∂ h
∂ x

d x

= −
∫ x̄

0

θ

t
h
∂

∂ x
(

x
v1
) d x

= −
∫ x̄

0

θ

t
h[

1
v1
+

x t(v12 − pv11)
qv1∆

] d x

= −
∫ x̄

0

θ

t
h
v1

d x +
θ

t
M ,

where M = x th(v12−pv11)
qv1∆

> 0. The fact that ∂ h
∂ u =

1
t v1

∂ h
∂ x is used in the second equality.

Integration by parts is used in the third equality. ∂
∂ x (

x
v1
) is replaced by its expression

derived before in the forth equality. The derivation of ∂ q∗
∂ u can now be shown as follows.

∂ q∗
∂ u
=
∂

∂ u
(
Q
L
) = L−2(

∂Q
∂ u

L −
∂ L
∂ u

Q)

= L−2[(−
∫ x̄

0

θ

t
h
v1

d x +
θ

t
M)L − (−
∫ x̄

0

θ

t
h
q

1
v1

d x)Q]

= L−2(−
θ

t
)[−M L +

∫ x̄

0

(L −
Q
q
)

h
v1

d x].
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If
∫ x̄

0
(L − Q

q )
h
v1

d x < 0, then ∂ q∗
∂ u > 0. Let F =

∫ x̄

0
(L − Q

q )
h
v1

d x .

∂ F
∂ rA
= (

h̄
v̄1

L −
h̄

q̄ v̄1
Q)
∂ x̄
∂ rA
+

∫ x̄

0

h
v1

∂ L
∂ rA
−

h
qv1

∂Q
∂ rA

d x

=
∂ x̄
∂ rA
θ h̄

∫ x̄

0

xh
v̄1q
−

xh
v̄1q̄
+

x̄h
v1q̄
−

x̄h
v1q

d x

= −
θ

t

∫ x̄

0

xh
v̄1

q̄
q
−

xh
v̄1
+

x̄h
v1
−

x̄h
v1

q̄
q

d x

= −
θ

t

∫ x̄

0

(
q̄
q
− 1)(

xh
v̄1
−

x̄h
v1
) d x .

The expressions of ∂Q
∂ rA

and ∂ L
∂ rA

are used in the second equality. The basic result ∂ x̄
∂ rA
= − q̄

th̄

is used in the third equality. Because q̄ > q, x < x̄ , v1 < v̄1, q̄
q − 1 > 0, and xh

v̄1
− x̄h

v1
< 0

if x 6= x̄ . Thus, ∂ F
∂ rA
> 0. By the same argument as before, F < 0. Therefore, ∂ q∗

∂ u > 0.
∂ q∗
∂ t : It is easy to show that ∂

∂ t (
h
q ) =

x
t
∂
∂ x (

h
q ) by using the basic results shown at the

beginning of the appendix. Therefore,

∂ L
∂ t
= θ x̄

h̄
q̄
∂ x̄
∂ t
+

∫ x̄

0

θ x
∂

∂ t
(
h
q
) d x

= θ x̄
h̄
q̄
)(−

x̄
t
) +

∫ x̄

0

θ

t
x2 ∂

∂ x
(
h
q
) d x

= −
2
t

∫ x̄

0

θ xh d x = −
2
t

L.

The expression for ∂ x̄
∂ t is used in the second equality. Similarly, ∂Q

∂ t = −
2
t Q by using the

fact that ∂ h
∂ t =

x
t hx . Therefore, ∂ q∗

∂ t = L−2( ∂Q
∂ t L − ∂ L

∂ t Q) = 0.

A.3 Proof of Proposition 2:

we need to show ∂ p∗
∂ y > 0, ∂ p∗

∂ rA
> 0, ∂ p∗

∂ t = 0. Since these results are proved in a very
similar manner as their counterparts in the previous proposition, intermediate steps
are omitted in the proof. But they are easily obtained following the same methodology
introduced above.

Recall from the text, V =
∫ x̄

0
θ x ph d x , Q =
∫ x̄

0
θ xh d x and p∗= V

Q .
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∂ p∗
∂ y : after some manipulation, ∂ p∗

∂ y = Q−2 θ
t

∫ x̄

0
(pQ − V )h d x . Let F =

∫ x̄

0
(pQ −

V )h d x . Sign[ ∂ p∗
∂ y ] = Sign[F]. ∂ F

∂ rA
= x̄

∂ rA
h̄
∫ x̄

0
θh(p̄− p)(x − x̄) d x . By the basic results,

p̄ < p and x < x̄ if x 6= x̄ . Therefore, ∂ F
∂ rA
< 0. Thus, F > 0,∀rA ∈ (0,∞) and ∂ p∗

∂ y > 0.
∂ p∗
∂ rA

: It is easy to show that ∂ V
∂ rA
= θ x̄ p̄h̄ ∂ x̄

∂ rA
and ∂Q

∂ rA
= θ x̄ h̄ ∂ x̄

∂ rA
. Therefore, ∂ p∗

∂ rA
=

∂
∂ rA
( V

Q ) = Q−2θ 2 x̄ h̄ ∂ x̄
∂ rA

∫ x̄

0
xh(p̄ − p) d x . By the basic results, p̄ < p and ∂ x̄

∂ rA
< 0. Thus,

∂ p∗
∂ rA
> 0.
∂ p∗
∂ t : it can be shown that ∂ V

∂ t = −
2
t V and ∂Q

∂ t = −
2
t Q. Therefore, ∂ p∗

∂ t = Q−2( ∂ V
∂ t Q −

∂Q
∂ t V ) = 0.

A.4 Housing price and unit size at the city edge:

It mentions several times in the text about the change of housing price and unit size at
the edge of the city. It summarizes here all possible changes of these two variables due
to exogenous shocks in the SUM.

First, the expressions for housing price (p) and unit size (q) with their arguments at
the city edge can be written as p̄ = p̄(y, t, u, x̄(y, t, u, rA)) and q̄ = q̄(y, t, u, x̄(y, t, u, rA)).
The city radius x̄ is itself a function of exogenous variables. Therefore, the comparative
statics can be solved using the following two equations.

∂ p̄
∂ φ
= (
∂ p
∂ φ
)| x̄ + (

∂ p
∂ x
)| x̄
∂ x̄
∂ φ

;

∂ q̄
∂ φ
= (
∂ q
∂ φ
)| x̄ + (

∂ q
∂ x
)| x̄
∂ x̄
∂ φ

.

φ can be any of the exogenous variables, y, t, u, rA. (.)| x̄ means to evaluate the
expression in the parentheses at x = x̄ . Plugging in the basic comparative static results
of the SUM, it can be shown that (1) housing price at the city edge does not vary with
income, transportation cost and utility change, and increases when agricultural rent
rises; (2) housing unit size at the city edge does not vary with income and transportation
cost, and increases when utility level rises, decreases when agricultural land rent goes
up.
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