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Abstract of Dissertation

Goodness-of-Fit Tests for Several Models

This thesis contains three projects in the Goodness-of-Fit test.

In the first project, we propose a test for assessing nonlinear dose-response models

based on a Crámer-von Mises statistic. We establish the asymptotic distribution of

the test, and demonstrate that the test can detect the local alternative converging

to the null at the parametric rate 1/
√
n. We provide a Wild bootstrap resampling

technique to calculate the critical values. It is observed that the test has good power

performance in small sample sizes. We apply the proposed method to analyze 250

datasets from a pharmacologic study and conduct two small simulation experiments

to explore the numerical performance of the proposed test and compare one commonly

used test in practice.

In the second project, we propose a robust projection-based test to check linear

regression models when the dimension may be divergent. The proposed test can

maintain the type I error rate effectively when outliers are present, achieve dimension

reduction as if only a single covariate was present, and inherits the robustness of

the M-estimation. The test is shown to be consistent and can detect root-n local

alternative hypotheses. We further derive asymptotic distributions of the proposed

test under the null hypothesis and analyze asymptotic properties under the local and

global alternatives. We evaluate the finite-sample performance via simulation studies

and apply the proposed method to analyze a real dataset as an illustration.

In the third project, we propose a test for assessing Stukel’s generalized logistic model

for binary dose-response data. Even though two additional shape parameters are

shown in the link function, we establish the asymptotic distribution of the test, and
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demonstrate that the test can detect the local alternative converging to the null at the

parametric rate 1/
√
n. We provide a bootstrap resampling technique to calculate the

critical values. It is observed that the test has good power performance with balanced

and unbalanced data. We compare the performance with the Hosmer-Lemeshow test,

Osius and Rojek Test, and Stukel test and show the superiority of the proposed test

under the standard logistic model setting. We apply the proposed method to analyze

age at menarche in Warsaw girls data and conduct two small simulation experiments

to explore the numerical performance.
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Chapter 1

Introduction

1.1 Goodness-of-Fit Tests for Parametric Models

Correct model specification is fundamental and critical in data analysis. There has

been extensive research regarding model checking problems. A great deal of the results

are based on evaluating the difference between the conditional expectation under the

null and alternative hypotheses, or the expectation of the residual under the null

hypothesis. Overall, there are two classes of methods for model checking.

The first class focuses on the procedure based on smoothing residuals and is called

“local approach”, which includes Dette (1999); Härdle et al. (1998); Horowitz and

Härdle (1994); Eubank and Hart (1992); Härdle and Mammen (1993). Most notably,

the null asymptotic distributions of these tests are generally free of the data generating

process and therefore are convenient to calculate critical values. Unfortunately, most

of these methods suffer from the “curse of dimensionality”, detecting the alternative

hypothesis with only nonparametric rate, and careful selection of bandwidth is needed.

Lavergne and Patilea (2008) incorporated a dimension-reduction idea in smoothing

the residuals and constructed a test by using the linear projection approach. The

resulting test can avoid the curse of dimensionality and has higher power as they

advocated. But they also introduced a penalty function and an initial value needed

to be determined in advance. Furthermore, there is no guideline on how to choose

the penalty function.
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An alternative to the local approach is the conditional moment (CM) test (Newey,

1985; White, 1984), which was inspired by the fact that certain conditional moments

can be expressed as a finite number of unconditional moment restrictions. As a

consequence, the sample versions of these unconditional moments result in various CM

tests. However, these CM tests are generally not consistent as pointed out by Bierens

(1982). The reason lies in that for any tests based on a finite number of moment

restrictions, one can always construct a data generating process which guarantees

that the null hypothesis is false while the moment restrictions involved hold; that is,

such tests are not consistent. As a remedy, Bierens (1982) proposed an integrated

conditional moment (ICM) test, which differs from the CM tests such that ICM is still

a CM test, but based on uncountable many moments. The idea works as follows.

Let X be the covariates and Y be the response variable, x be a vector with the

same length as X and e(λ,X, Y ) be the model error with an unknown parameter

vector λ, that can be infinitely dimensional. The ICM tests transform the conditional

expectation of the null hypothesis E(e(λ,X, Y )|X) = 0 into uncountable many mo-

ments E{e(λ,X, Y )w(X,x)} = 0 for any x with the weighting function satisfying

the equivalence of the conditional expectation and infinite unconditional moments.

There is a large amount of literature describing the ICM test and the following five

weighting functions have been proposed in the literature: exponential weighting func-

tion exp(
√
−1x⊤X) by Escanciano (2006a); Bierens (1982); linear indicator weighting

function I(X⊤θ ≤ u) for u ∈ IR1 by Stute and Zhu (2002); Escanciano (2006a); lo-

gistic weighting function {1 + exp(x⊤X)}−1 by Lee et al. (2001); simple indicator

weighting function I(X ≤ x) by Stute (1997); Lin et al. (2002); and trigonometric

weighting function cos(x⊤X)+sin(x⊤X) by Bierens and Ploberger (1997). However,

some weighting functions give rise to inconsistent model checking methods and differ-

ent choices of weighting functions give rise to different power properties. In addition,

no best weighting function in terms of power is available since Bierens and Ploberger
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(1997) showed that all these weighting functions lead to asymptotic admissible tests.

It is worth pointing out that the tests based on the linear indicator weighting and

simple indicator weighting functions are similar to the idea of using integrated mo-

ments over half-spaces for goodness of fit, which can be traced back to Beran and

Millar (1989).

Among these weighting functions, the linear indicator weighting function is the most

attractive one because its associated tests avoid choosing the integrating function

which is necessary for the logistic, exponential, and trigonometric weighting functions.

In fact, the introduction of the linear indicator weighting function initially aims to

prevent the high-dimensional problem of data which may harass the testing methods

based on the simple indicator weighting function. The linear indicator weighting

function was first studied by Stute and Zhu (2002, 2005) and Xia et al. (2004) for

checking generalized linear models and single-index models, where the projection

direction is chosen to be the regression parameter. The rationality of the linear

indicator weighting function was justified in Escanciano (2006a) on a basis of an

important proposition proved by Jones (1987) that the departure can be detected by

a projection of the function along a certain direction; that is, for random variables ε

and x with E∥x∥ < ∞, E(ε|x) = 0 if and only if E(ε|x⊤θ) = 0 almost sure for any

unit vector θ.

1.2 Outline of This Dissertation

In this dissertation, several goodness-of-fit tests have been proposed under different

modeling scenarios. This dissertation first gives a brief overview of the goodness-of-fit

tests on parametric models. It will then go on to three themed chapters: Chapter

2, the introduction of how to use a Crámer-von Mises (CvM) statistic to check non-

linear dose-response relationship. The results have been summarized in an article,

which has been published on Wu et al. (2021); Chapter 3, the development of the
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projection-based test for linear model checking with a divergent number of covari-

ates; Chapter 4, the model checking approach for dose-response model with binary

responses, especially, the Stukel’s generalized logistic model. Technical details are

deferred to the Appendix.
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Chapter 2

Nonlinear Dose-Response

Models

2.1 Introduction

In this chapter, a new cumulative-residuals-based test was proposed for checking dose-

response modeling. It is similar to but different from Ritz and Martinussen’s test,

with a simpler expression yet being more powerful. In fact, Ritz and Martinussen’s

test is a Kolmogorov-Smirnov (KS) test, while the proposed test is a Crámer-von

Mises (CvM) test. In the literature on goodness-of-fit tests for distribution models,

empirical evidence suggests that the CvM test is found be more powerful than the

KS test for a broad class of alternative hypotheses (Stephens, 1974). The Anderson-

Darling test (AD, Anderson and Darling, 1952), a modification of the CvM test, gives

more weight to the tails than the CvM test. Generally speaking, the AD test has

better power against fatter tails, and the KS test has more power against deviation

in the middle, while the performance of the CvM is between the KS and AD tests.

However, the latter is more sensitive to the distribution’s tails and may suffer worse

bias problems.

2.1.1 Dose-Response Models

The dose-response relationship has received considerable attention in recent years due

to its extensive applications in food safety, toxicology, biochemistry, agriculture, and
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epidemiology studies. For example, in pharmacodynamic studies, the dose-response

relationship is commonly used to assess the efficacy and potential harms of drugs.

In order to support drug registration, the U.S. Food and Drug Administration also

released guidance on dose-response relationship in 2003.

The potential uses of dose-response relationship in drug development and product

labeling include determining safe and hazardous levels of drugs, detecting potential

pollutants, identifying appropriate starting doses, and suggesting adjusted dosages for

special groups. In addition, knowledge of dose-response offers economical benefits to

global drug development by enabling multiple regulatory agencies to make approval

decisions from a common database.

A variety of statistical estimation and inference methods have been applied for the

analysis of dose-response curves (Finney, 1964; Ritz et al., 2019). Representative

regression methods such as the probit model, logit model (Finney, 1964), or other

methods such as the Spearman-Karber method (Hamilton et al., 1977) play essen-

tial roles in studying dose-response relationship, which are available in established

software packages such as DoseFinding (Bornkamp et al., 2018), drfit (Ranke, 2018),

MCPmod (Bornkamp et al., 2009), drc (Ritz and Streibig, 2005; Ritz et al., 2015),

and dr4pl (Landis et al., 2019).

In principle, a dose-response relationship is selected based on how well it describes

the observed data. Physiologically plausible dose-response relationships are evaluated

based on various goodness-of-fit criteria in a process referred to as model selection.

Following model selection, a single model is selected as the best representation of

observed data.

2.1.2 Ritz & Martinussen Test Statistic

Ritz and Martinussen (2011) developed a cumulative-residuals-based test TRM, whose
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expression is given in (2.3), and made a comprehensive comparison with other tests

such as the one proposed by Neill (1988). However, although the test was demon-

strated to be superior to the existing ones with wider applicability, it is still conser-

vative, and a significant test result is more alarming than a non-significant one (Ritz

et al., 2015).

Consider the nonlinear model (NLM):

Y = F (X,β) + ε (2.1)

where Y ∈ IR1 is the response variable, X ∈ IR1 is a one-dimensional predictor (dose

level), β ∈ Ωβ (parameter space) ⊂ IRp is an unknown parameter vector, F (X,β)

is a known function to describe the dose-response relationship, and E(ε|X) = 0 with

E(ε2|X) < ∞.

Denote ε(X,β) = Y −F (X,β). Let {(Yi, Xi), i = 1, . . . , n} be a sample from (Y,X),

and β̂n be the estimators of β that minimize the least squares function

Sn(β) =
n∑

i=1

{Yi − F (Xi,β)}2 (2.2)

subject to β ∈ Ωβ. Given further information on the error distribution, a weighted

least squares estimator or even the maximum-likelihood estimator (MLE) could be a

better-suited estimator. Let ε̂(Xi, β̂n) = Yi − F (Xi, β̂n).

Ritz and Martinussen (2011) defined a cumulative-residual-based test:

TRM = sup
u

|Ŵn(β̂n, u)| (2.3)
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where

Ŵn(β̂n, u) =
1√
n

n∑
i=1

Ψ(Xi, β̂n)ε̂(Xi, β̂n)zi

with

Ψ(X,β) =

[
I(X ≤ u)−

{
n∑

j=1

I(Xj ≤ u)
∂F (Xj,β)

∂β⊤

}
I−1

β
∂F (X,β)

∂β

]

and z1, · · · , zn are i.i.d. standard normal random variables, and Iβ is the Fisher

information matrix.

2.2 Proposed Method

2.2.1 Proposed Test Statistic

With the same setting. To validate the fact that the mean function F (x,β) ap-

propriately described the dose-response relationship, it is equivalent to check whether

E{ε(X,β)|X} = 0, which holds if and only if E{ε(X,β)I(X ≤ u)} = 0 for all u ∈ IR1.

The sample version of E{ε(X,β)I(X ≤ u)} is 1/n
∑n

i=1 ε̂(Xi, β̂n)I(Xi ≤ u).

Consider

H0 : Pr (E{ε(X,β)|X} = 0) = 1 for some β (2.4)

against the alternative hypothesis:

H1 : Pr (E{ε(X,β)|X} = 0) < 1 for any β ∈ Ωβ.
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The proposed test statistic is defined as follows. Define

Mn(u) =
1√
n

n∑
i=1

ε̂(Xi, β̂n)I(Xi ≤ u) (2.5)

for u ∈ IR1. Our test statistic is

Tn =

∫
IR1

{Mn(u)}2 Fn(du), (2.6)

where Fn(u) = 1/n
∑n

i=1 I(Xi ≤ u). The null hypothesis will be rejected for large

test statistics. The estimated empirical process Mn(u) is a residual marked empirical

process.

Closely examining Mn(u), taking the first-order Taylor expansion on Mn(u) in β and

using a representation for β̂n −β, 1√
n

∑n
i=1Ψ(Xi,β)ε(Xi,β) is the dominate term of

Mn(u), and TRM and Tn are similar (Seber and Wild, 1989). Nonetheless, there are two

differences between TRM and Tn. First, Ritz and Martinussen (2011) modified Mn(u)

to obtain p−values conveniently. But such a modification introduces additional terms

to be estimated, which may bring calculation errors in small sample sizes. Second,

their test is a KS statistic, while Tn is a CvM statistic.

2.2.2 Statistical Properties

The statistical properties of the test statistic under the null hypothesis and the power

performance under the alternative hypotheses were examined.
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Let

Σβ = E

{
∂F (X,β)

∂β

∂F (X,β)

∂β⊤

}
,

Λu(X, ε,β) =

[
I(X ≤ u)− E

{
∂F (X,β)

∂β⊤ Σ−1

β
I(X ≤ u)

}
∂F (X,β)

∂β

]
ε,

Dn(β1,β2) =
n∑

i=1

{F (Xi,β1)− F (Xi,β2)}2.

The following assumptions are needed for the main result.

Assumption 2.1.

(a) E|Y |3 < ∞ and E|X|3 < ∞.

(b) F (x,β) is a continuous function of β for β ∈ Ωβ.

(c) Ωβ is a closed, bounded compact subset of IRp.

(d) D(β1,β2) = 0 if and only if β1 = β2.

(e) The first and second partial derivatives,
∂F (x,β)

∂β
,
∂2F (x,β)

dx∂β
,
∂2F (x,β)

∂β∂β⊤ exist

and are continuous and bounded for all β ∈ Ωβ, x ∈ IR1.

(f) Σβ is positive finite.

The assumptions in Assumption 2.1 are standard in the nonlinear regression literature

to ensure the existence of the estimates defined in (2.2), and the estimators are

asymptotically normal. See Jennrich (1969); Seber and Wild (1989) for more detailed

discussions.

Theorem 2.1. Suppose that Assumption 2.1 hold. Under the null hypothesis (2.4),

the estimated empirical process Mn(u), −∞ < u < ∞, converges in distribution to

M(u), ∞ < u < ∞, in the Skorohod space S[−∞,∞], where M(u) is a centered

10



Gaussian process with the covariance functions

cov{M(u1),M(u2)} = E{Λu1(X, ε,β)Λu2(X, ε,β)}.

For the test statistic Tn,

Tn−→
∫

{M(u)}2FX(du) in distribution, (2.7)

where FX is the distribution of X.

It is shown that the estimated empirical process Mn(u), −∞ < u < ∞, converges

to a centered Gaussian process, and Tn converges to an integrated squared Gaussian

process. The convergence theoretically demonstrates that the proposed test Tn has

attractive asymptotic properties.

In the following, the power behavior of the statistic under the local and global alterna-

tives were investigated. Consider the local alternative with a deviation of a nonlinear

measurable function of X from the null hypothesis; i.e.,

H1n : Pr {Y = F (X,β) + rnD(X) + ε} = 1 (2.8)

where D(X) is not a function of F (X,β) for any β and is a measurable function of

X satisfying with 0 < ED2(X) < ∞, rn is a constant depending on n.

Along the line of the proof of Theorem 2.1, it is easily proved that, under the alterna-

tives (2.8), Tn−→∞ if rnn
1/2 → ∞, and is different from

∫
{M(u)}2FX(du) if rnn

1/2

approaches a positive but finite constant. Consequently, the proposed statistic can

detect a local alternative which approaches the null hypothetical model almost at the

parametric rate, and the statistic Tn diverges to infinity under the global alternative

hypothesis (2.8). Hence, it has asymptotic power 1 and is consistent. Note that the
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results of Theorem 2.1 and the statements for asymptotic power do not depend on

distributional assumptions on the model error and allow the error heteroscedastic-

ity.

Though Theorem 2.1 gives the asymptotic distribution of the statistic Tn under the

null hypothesis, this distribution may be case-dependent, which makes the calculation

of critical value inconvenient and sometimes difficult. To overcome this potential

difficulty, a bootstrap procedure was used to determine the critical value. Specifically,

the wild bootstrap was applied (Härdle and Mammen, 1993) to obtain an empirical

critical value.

Generating an i.i.d. random variable sequence {Vi}ni=1 with mean zero and variance

1, that also satisfies the condition that |Vi| ≤ c for some finite constant c. For

instance, take P{Vi = −(
√
5− 1)/2} = (

√
5 + 1)/(2

√
5) and P{Vi = (

√
5 + 1)/2} =

1 − (
√
5 + 1)/(2

√
5) in the numerical experiments later. Let Y ∗

i = F (Xi, β̂n) +

{Yi − F (Xi, β̂n)}Vi. Then calculating the statistic Tn, denoted by T ∗
n , based on the

bootstrap sample {(Y ∗
i , Xi), i = 1, . . . , n}. Repeating the above process B times and

obtaining T ∗
n1, . . . , T

∗
nB. Then calculating the 1−α empirical quantile of the bootstrap

statistic based on {T ∗
n1, . . . , T

∗
nB}, which is taken as the α-level critical value.

The bootstrap procedure is data-driven, and without the need to estimate any new

quantities such as the influential function. For the bootstrap testing statistic T ∗
n ,

under the null hypothesis (2.4) or alternative hypothesis (2.8), if the Assumption 2.1

are satisfied, the conditional distributions of T ∗
n can be verified to converge to the

limiting null distribution of Tn given the data {(Y1, X1), . . . , (Yn, Xn)} by applying

Theorem 2.9.6 of van der Vaart and Wellner (1996). This assertation indicates that T ∗
n

is not case-dependent, and gains the convenience of calculating the critical value.

Indeed, the bootstrap test statistic has the same asymptotic distribution as that of the

proposed test. By generating i.i.d. random variable series {Vi}ni=1 repeatedly, we can
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get a series of bootstrap test statistics, which can be looked upon as a sample coming

from the population Tn. Then calculating the empirical quantile of the distribution

of Tn. The critical value determined by this method approximates the theoretical

one regardless of whether the data are from the null hypothetical model (2.4) or the

alternative hypothetical model (2.8).

2.3 Simulation Studies

In this section, the results of two simulation studies and the power performance of

the proposed test were presented. Let N be the standard normal variable.

Example 2.1. The data were generated from

Y = 2 +
3

1 + exp{2(log x− 1)}
+ c ∗ g(x) + ε (2.9)

where g(x) =
√

x{4− x} sin{2.1π/(x+0.05)}/2, c ranges from 0 to 1.5 with increment

0.25, and x starts from 0.1 to 4 equally. This is a four-parameter logistic model

(4PLM) with an additional term cg(x), and when c = 0 it reduces to the 4PLM.

Take 0.1N or 0.1|E(Y |x)|N as the error ε. The latter setting means that the model

errors are not homogenous. For each of the error distributions, two sample sizes

were considered: n = 20, 25. At each configuration, 500 independent data sets were

generated. Five thousand bootstrap samples were generated from each of the 500

data sets for calculating the empirical levels. The nominal level of 0.05 was used.

The empirical level of the two tests were calculated, and the rejection proportions

against c were depicted in Figure 2.1, where the left panel is for the sample size

n = 20, the right panel is for the sample size n = 25, the upper panel for the case of

homogenous error, and the lower panel for the case of heterogeneous error.

Figure 2.1 supports that the empirical levels of two tests are lower than the nominal
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Figure 2.1. Simulation results for Example 2.1. Rejection proportions based on the
proposed test Tn (broken line) and TRM (solid line) for n = 20 (left panel) and n = 25
(right panel) when the error is homogenous (upper panel) or heterogeneous (lower
panel).

level in all configurations, while the empirical level of TRM is remarkably smaller than

that of the proposed test. TRM is extremely conservative with empirical levels almost

all 0s when c ≤ 1 for all cases. The empirical power of Tn is consistently higher

than that of TRM. The power performances of the two tests are robust to the error

distributions.
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Figure 2.2. Simulation results for Example 2.2. Left: The curves of 5PLM with
different b = 1, 2, · · · , 5 (downwards); Right: Rejection proportions based on the
proposed test Tn (broken line) and TRM (solid line).

Example 2.2. Generating data from

Y = 1 +
6

[1 + exp{2(log x− 1)}]b
+ ε, (2.10)

where b = 1, 2, ..., 5, x starts from 0.1 to 4 equally, and ε ∼ N(0, 0.1). So this is a

five-parameter logistic model (5PLM) and when b = 1, it reduces the 4PLM.

This example was designed to illustrate the performance of the proposed test to distin-

guish 5PLM from 4PLM. The left plot of Figure 2.2 depicts the 5PLM corresponding

to the different b values with b ranging from 1 to 5 (downwards). Consider the sample

size n = 30 with other settings the same as in Example 2.1. The right plot of Figure

2.2 depicts the empirical power of TRM (solid line) and proposed test (broken) against

different b values, from which, a similar pattern to those in Figure 2.1 were observed.

Again, the proposed test has a better finite numerical performance.
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2.4 Real Data Example

The Cancer Cell Line Encyclopedia (CCLE) is a collaboration project run at the

Broad Institute with the sponsor of the Novartis Research Foundation to conduct a

detailed genetic and pharmacologic characterization of a large panel of human cancer

models for developing computational analyses that link distinct pharmacologic vul-

nerabilities to genomic patterns and for translating cell line integrative genomics into

cancer patient stratification.

To study pharmacological characteristics, both the 50% inhibitory concentration

(IC50) and the area under the curve (AUC) have been calculated based on some

dose-response models (Barretina et al., 2012; Consortium et al., 2015). Sigmoidal hill

models such as the 4PLM or the 5PLM (Ricketts and Head, 1999) have been applied

to fit the datasets for calculating IC50 and AUC. It is, therefore, critical to select and

assess these models for such calculations. But whether these models work properly is

ambiguous. Di Veroli et al. (2015) applied their approach and successfully classified

11650 datasets 72% monophasic standard Hill, and 28% multiphasic phases, which

indicates that fitting some datasets by a 4PLM may not be appropriate.

In this example, 250 dose-response experimental datasets were analyzed by applying

the 4PLM and using the function drm() built in the R package drc() to fit these

datasets. The 4PLM fits these 250 datasets without convergence problems. Applying

the proposed test Tn and TRM (Ritz and Martinussen, 2011) to assess whether the

4PLM works properly. Among the 250 datasets, Tn rejects 13 times, while TRM rejects

3 of these 13 times with the nominal level 0.05. As an illustration, four cases were

selected to display the fitting curves based on the 4PLM (solid lines) in Figure 2.3,

in which the curves were drawn based on the nonparametric regression (broken line).

The results based on the proposed test indicate that the 4PLM fitting should be

rejected for these 4 cases with p-values less than 0.05, while the results based on TRM
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Figure 2.3. Dose-Response trajectories for the CCLE data. Individual estimates
of dose-response trajectories obtained by using a 4PLM model (solid line) and the
nonparametric regression (NP, broken line), the bandwidth h were selected by using
the two-stage plug-in bandwidth selection approach (Sheather and Jones, 1991). The
observed values are indicated by the open circles. The filled circles stand for the IC50.

suggest that we cannot reject the 4PLM fitting for cases (a) and (b), but for cases

(c) and (d) with p-values less than 0.05.

Applying the nonparametric regression to explore the relationship between the re-

sponse and dose level, and possibly justify which parametric model is more appropri-

ate. Suppose that the response Y and dose concentration x are related in the form
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Y = g(x) + ε, where ε is the measurement error with mean zero and finite variance,

g(·) is an unknown function, i.e., no specified g(·) as quadratic, parametric, or in-

creasing in x, etc. The local linear regression (Fan and Gijbels, 2003) was applied

to fit the function g(x). Assuming that g(x) has bounded, continuous second deriva-

tives. By the Taylor expansion, g(x), in a neighborhood of x0, can be approximated

as: g(x) ≈ g(x0) + g′(x0)(x − x0) ≜ β0 + β1(x − x0). The estimator of g(x) at x0 is

the solution of β0 by minimizing
∑n

i=1{Yi − β0 − β1(Xi − x0)}2Kh(Xi − x0) subject

to (β0, β1), where h is a bandwidth controlling the size of the local neighborhood,

Kh(·) = Kh(·/h)/h, with K being a kernel function assigning weights to each data

point.

Due to the fact that the nonparametric regression (NP) is a data-driven approach and

makes no assumption of closed forms on the curve, it can flexibly and appropriately

fit data. On the basis of this feature, it can be used to assess whether a parametric

model reasonably fits a dataset or not. Specifically, if the fitting curves based on the

NP and 4PLM close to each other, then a 4PLM can be thought to work properly. It

is apparent that the estimated curves based on the nonparametric regression are much

closer than the estimated curves based on a 4PLM to the observed values for cases

(a)-(c). This reflects the flexibility of nonparametric regression models. Moreover,

the difference between the two estimated curves for cases (a)-(c) is in magnitudes and

patterns. The observed values and the estimated curves based on the nonparametric

regression for cases (a)-(c) indicate that the dose-response curves in these three cases

are non-monotonic, yet 4PLM is monotonic. Hence, the proposed test is preferable

to TRM, even for very small sample size data.

2.5 Discussion

In this chapter, a novel test for assessing dose-response models was developed. The

test is shown to be consistent and can detect parametric rate local alternative hy-
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potheses. The test is easy to implement, theoretically reliable, practically useful, and

has good finite-sample performance. In implementing the proposed procedure, the

bootstrap part is the most computationally intensive. But the cost is endurable.

The proposed method can also be used for other dose-response modeling scenar-

ios such as Michaelis-Menten models, 5PLM, first-order exponential models, simple

exponential models, complementary log-log models, and the two-parameter Weibull

models. The method can also be used to model hormesis dose-response curves in

toxicology.

There is a quantal type of response data in dose-response studies. For example, the

incidence of inflammation as judged from histopathology may increase as the dose

increases, and be categorized as “no inflammation” or “inflammation”. In ordinal

data, inflammation might be categorized into an ordinal variable using the categories

“none”, “mild”, “moderate”, and “severe”. The proposed method can be adopted

to check models for fitting such quantal responses with certain modifications. The

modifications depend on what estimation procedure is used.

In some circumstances, it is desirable to include variables in addition to just an ex-

posure variable in dose-response models. For example, in epidemiological studies, it

is common to model disease risk in terms of not only exposure but also age, body

mass index (BMI), sex, socioeconomic status, smoking status, and other measure-

ments that may be relevant to the disease state. These other factors may not be

directly affected by the exposure, but they could be correlated with exposure status.

Study of dose-response with covariates can be tracked back to Emmens (1948). Non-

linear models with multivariate covariates may be applied to examine dose-response

relationship.

For instance, consider the logistic dose-response model (Wijesinha and Piantadosi,
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1995):

F (X,α,β;w) = 1 +
1

1 + exp[− exp(α⊤w){X − exp(β⊤w)}]

where w is the p−dimensional covariates, α and β are p × 1 vectors of regression

coefficients. For simplicity, suppose the parameters depend on the sex of the study

subject. Then w = (1, w)⊤, where w is an indicator variable representing sex (female

= 0, male = 1). Also α = (b0, b1)
⊤ and β = (a0, a1)

⊤, where exp(b0) and exp(b0 + b1)

represent the slopes for females and males while exp(a0) and exp(a0+a1) represent the

median effect doses for females and males. Since covariates (X,w⊤)⊤ are not scalar,

the proposed test is not a good choice as our test involves the term I((X,w⊤)⊤ ≤ u),

where u is a vector, which raises the curse of dimensionality problems (Bellman, 2015).

Great efforts and progress have been made in developing goodness-of-tests incorpo-

rating multiple covariates (Tan et al., 2018). Borrowing these developed methods

to assess dose-response relationship needs more careful manipulations, even certain

modifications.

2.6 Appendix: Proof of the Theorem 2.1 in Chapter 2

Proof. A direct simplification yields

Mn(u) =
1√
n

n∑
i=1

ε̂(Xi, β̂n)I(Xi ≤ u)

=
1√
n

n∑
i=1

{εi + F (Xi,β)− F (Xi, β̂n)}I(Xi ≤ u)

=
1√
n

n∑
i=1

εiI(Xi ≤ u)− 1√
n

n∑
i=1

{F (Xi, β̂n)− F (Xi,β)}I(Xi ≤ u)(2.11)
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Note that, under the given assumption, we have the following asymptotic represen-

tation:

β̂n − β =
1

n
Σ−1

β

n∑
i=1

∂F (Xi,β)

∂β
εi + op(n

−1/2)

and know that β̂n is asymptotically normal.

This expression with additional calculations indicates the second term in (2.11) can

further be expressed as

1√
n

n∑
i=1

∂F (Xi,β)

∂β⊤ (β̂n − β)I(Xi ≤ u) + op(n
−1/2)

=
1√
n

n∑
i=1

∂F (Xi,β)

∂β⊤

{
1

n
Σ−1

β

n∑
j=1

∂F (Xj,β)

∂β
εj

}
I(Xi ≤ u) + op(n

−1/2)

=
1√
n

n∑
j=1

E

{
∂F (X,β)

∂β⊤ Σ−1

β
I(X ≤ u)

}
∂F (Xj,β)

∂β
εj + op(n

−1/2) (2.12)

It is worth mentioning that when Ritz and Martinussen (2011) derived their test,

they also used a similar procedure to (2.12) with a replacement of Σβ by the Fisher

information matrix, which equals to Σβ when the error is normally distributed.

A combination of (2.11) and (2.12) yields

Mn(u) =
1√
n

n∑
i=1

[
I(Xi ≤ u)− E

{
∂F (X,β)

∂β⊤ Σ−1

β
I(X ≤ u)

}
∂F (Xi,β)

∂β

]
εi + op(n

−1/2)

=
1√
n

n∑
i=1

Λu(Xi, εi,β) + op(n
−1/2)

Note that I(X ≤ u) is monotone with respect to u, and {I(X ≤ u), u ∈ IR1} is a

VC-class by Lemma 9.10 of Kosorok (2008). We can verify that the function class
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{Λu(x, ε,β) : u ∈ IR1} is a VC-class with an envelop function supu f(x, u), where

f(x, u) = I(x ≤ u) +

∣∣∣∣E {
∂F (X,β)

∂β⊤ Σ−1

β
I(X ≤ u)

}
∂F (x,β)

∂β

∣∣∣∣
By applying Theorems 2.6.7 and 2.5.2 of van der Vaart and Wellner (1996), we can

prove that the empirical process Mn(u) converges weakly to M(u) in the Skorohod

space S[−∞,∞]. Eventually, by applying the continuous mapping theorem, we can

establish the result for Tn.
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Chapter 3

Robust-based Goodness-of-Fit Test

for Linear Models with a Divergent

Number of Covariates

3.1 Introduction

In this chapter, a consistent, powerful, robust, yet simple goodness-of-fit test was

proposed for checking the adequacy of the linear models. The projection-based lack-

of-fit test (Escanciano, 2006a) was modified by using robust regression residuals to

assess the goodness-of-fit of linear models with high-dimensional covariates. The test

is free of user-chosen parameters, robust to potential outliers, avoids the curse of

dimensionality, and behaves as if a single covariate was present. The rationale of

the resultant test under the high-dimensional framework and the numerical superi-

ority to the test based on the ordinary least squares residuals have been justified.

Although the process is natural and intuitive, establishing statistical properties such

as consistency, asymptotic distributions under the null and alternative hypotheses,

and power calculations can be challenging due to the complexity caused by the high

dimensionality.

Linear regression models are the most useful and convenient tool for establishing

the relationship between a continuous response and covariates. The least-squares

regression is frequently applied in estimation and inference due to its simplicity and
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attractive statistical properties. These convenient features are particularly important

in the study of high-dimensional covariates given the complexity of the data. Before

applying a linear model for data analysis, it is necessary to evaluate whether a linear

model is appropriate enough for describing the relationship; i.e., an assessment of

goodness-of-fit. The residual plot and least-square-residual-based tests are generally

applied for such an assessment. However, ordinary least squares regression can be

affected by outliers as well as by skewed or heavy-tailed distributions. Consequently,

the associated tests may be invalid and result in misleading conclusions. An intuitive

and immediate remedy is to adopt a robust regression to deduce robust residuals

for establishing tests because robust regression can reduce or limit the influence of

outlying responses that occur when the sampling is from a symmetric long-tailed

distribution.

Although robust regression with divergent-dimensional covariates (Bai and Wu, 1994;

Portnoy, 1984, 1988, 1985; He and Shao, 2000), as well as the projection-based test

for various parametric and semiparametric models with fixed-dimensional covariates

(Escanciano, 2006a,b), have been well developed. Literature focused on using these

approaches in combination with fixed-dimensional covariates was relatively limited

until recent publications from Dong et al. (2019); Conde-Amboage et al. (2015).

Conde-Amboage et al. (2015) proposed a lack-of-fit for quantile regression models

with high-dimensional covariates. Although conceptually similar to the methodology

proposed in the current article, their high dimension is still limited to fixed instead

of having divergent dimensions. Dong et al. (2019) studied lack-of-fit for the quan-

tile regression models. They transformed the problem to checking equality of two

conditional distributions of covariates for low-dimensional models and extended to

high-dimensional sparse models by integrating l1−penalization variable selection pro-

cedure to identify the fixed-dimensional active covariates. Shah and Bühlmann (2018)

developed residual prediction based tests to check the goodness-of-fit of linear models
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with high-dimensional covariates. Zhang et al. (2021) proposed a projection-based

lack-of-fit test to assess high-dimensional linear models. However, little attention has

been paid to the goodness-of-fit assessment in linear models with a divergent number

of covariates. In this chapter, we integrate robust estimation into a projection-based

test to propose a simple goodness-of-fit method for checking high-dimensional linear

models. Compared with the existing methods, the proposed method inherits robust-

ness and avoids the curse of dimensionality.

3.2 Proposed Method

3.2.1 Proposed Test Statistic

Consider the linear model:

Y = X⊤β + ε, (3.1)

where Y ∈ IR1 is the response variable, X ∈ IRp is a predictor vector, β ∈ IRp is an

unknown parameter vector. p is allowed to be divergent with the sample size n. For

notational convenience, we simply use p without any subscript, though p depends on

n.

Let ε(X,β) = Y −X⊤β, and consider

H0 : Pr
{
E
{
ε(X, β)

∣∣X}
= 0

}
= 1 for some β (3.2)

against the alternative hypothesis:

H1 : Pr
{
E
{
ε(X, β)

∣∣X}
= 0

}
< 1 for any β ∈ IRp.

The idea of Escanciano’s method can be regarded as an elegant application of the

25



integrated conditional moment proposed by Bierens (1982), which transforms the

conditional expectation condition of the null hypothesis that E{ε(X, β) = Y −

X⊤β|X} = 0, into an uncountable number of unconditional moments restrictions

E{ε(X, β)w(X,x)} = 0 by properly selecting the weighting function w(X,x) to guar-

antee that E{ε(X, β)|X} = 0 is equivalent to E{ε(X, β)w(X,x)} = 0 holding for

all x. Replacing β by an estimator and the corresponding unconditional moments

restrictions by the sample version, the resultant test statistic can be derived.

Let {(Yi, Xi), i = 1, . . . , n} be a sample from (Y,X) with the relationship described

by (3.1). The M-estimator β̂n of β is defined as the minimizer of the objective

function

min
β

n∑
i=1

ρ(Yi −X⊤
i β), (3.3)

where ρ(·) is a convex objective function, which is differentiable except at finitely

many points, and ρ(t) → ∞ as |t| → ∞. Denote its derivative by ϕ(t) without loss of

generality. For convenience, studying the case of smooth score (He and Shao, 2000) ϕ,

i.e., ϕ is Lipschitz continuous, and the case of jump discontinuities will be discussed

in Section 3.5; that is, ϕ is Lipschitz on each interval between two jump points.

Under certain regularity conditions, Mammen (1989); Welsh (1989); Portnoy (1985,

1984); Huber (1973) studied M-estimation, and established consistency and asymp-

totic normality for the M-estimators when the dimension is divergent. He and Shao

(2000) established an elegant representation for M-estimation under weaker assump-

tions than those imposed in the previous literature.

Write ε̂(Xi, β̂n) = Yi −X⊤
i β̂n. Define

Mn(u) =
1√
n

n∑
i=1

ε̂(Xi, β̂n)I
(
X⊤

i W ≤ u
)

(3.4)
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for u ∈ IR1, and W is uniformly distributed on Sp = {w ∈ IRp :∥ w ∥= 1}, the unit

sphere in IRp.

The robust projection-based test statistic is defined as

Tn =

∫
Sp

∫ ∞

−∞
{Mn(u)}2 dFnw(u)dw, (3.5)

where Fnw(u) = 1/n
∑n

i=1 I(X
⊤
i W ≤ u) and w has been integrated out. When the

test statistic is sufficiently large, the null hypothesis can be rejected. The estimated

empirical process Mn(u) is actually the cumulative sum of the estimated model error,

and Tn is a CvM statistic.

Remark 3.1. He and Zhu (2003) have proposed a similar idea of the goodness-of-fit

test for quantile regression models. Applying their idea to the linear case, simplify

their test as the largest eigenvalue of

1

n

n∑
i=1

{
n−1/2

n∑
j=1

ϕp(ϵ̂j)XjI(Xj ≤ Xi)

}
·

{
n−1/2

n∑
j=1

ϕp(ϵ̂j)XjI(Xj ≤ Xi)

}⊤

.

The authors established asymptotic properties and illustrated the numerical superiority

when the covariates are low-dimensional. A critical concern is the term I(Xj ≤ Xi),

which can be easily degenerated when the dimension of X is moderate or large for

given sample sizes, and the corresponding statistic equals zero.

Note that the test statistic Tn can be formulated as a summation.

Tn =
1

n2

n∑
i=1

n∑
j=1

n∑
l=1

ε̂(Xi, β̂n)ε̂(Xj, β̂n)Aijl, (3.6)

where Aijl =
∫
Sp I(X

⊤
i w ≤ X⊤

l w)I(X
⊤
j w ≤ X⊤

l w)dw, which can be calculated as
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(Escanciano, 2006a):

Aijl = Cq

∣∣∣∣π − arccos

{
(Xi −Xl)

⊤(Xj −Xl)

|Xi −Xl| |Xj −Xl|

}∣∣∣∣ ,
here Cq = π(p/2)−1/Γ(p/2 + 1), Γ(·) is the gamma function. Therefore, Tn is equal to

a summation multiplying a constant. This equivalence avoids multiple integrations

and makes the computations much easier.

3.2.2 Statistical Properties

In what follows, λmax(A) and λmin(A) denote the maximum and minimum eigenvalues

of matrix A, respectively. A1 ≥ A2 means A1 − A2 is semi-positive definite for

two matrices A1 and A2. C is a generic constant with different values in different

places. Let ∥ · ∥2 be the standard Euclidean norm on IRn. Sn =
∑n

i=1XiX
⊤
i . X =

(X1, . . . , Xn)
⊤.

The following assumptions are imposed to obtain the main results.

Assumption 3.1.

(a) p2 log p = o(n).

(b) With probability 1, maxi,j |Xij| < ∞ and there exist two positive constants cmin

and Cmax such that cminn ≤ λmin(Sn) ≤ λmax(Sn) ≤ Cmaxn.

(c) ϕ′ and ϕ′′ are bounded and c0 = Eϕ′(εi) > 0.

(d) (I) limδ→0E {ϕ(ε+ δ)− ϕ(ε)}2 = 0; (II) Eϕ(ε+δ) = νδ+o(|δ|) for some positive

constant ν.

Assumption 3.1 (a) and (b) ensure that the dimension of X can not diverge too

quickly and the design matrix is invertible. These two assumptions were generally

imposed in linear high-dimensional literature. Assumption 3.1 (c) and (d) are needed
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to derive asymptotic properties for the case of smooth scores ϕ(t) in the literature

(Chen and Zhao, 1996; He and Shao, 2000). The commonly used Huber functions,

Tukey’s bisquare (aka biweight) family of functions, the linear quadratic quadratic

family of functions, and the Welsh family of functions satisfy these two assumptions

(Maronna et al., 2006).

The asymptotic properties of the projection-based test statistic under the null hypoth-

esis were listed as below. The estimated empirical process Mn(u), −∞ < u < ∞,

converges to a centered Gaussian process, and Tn converges to an integrated squared

Gaussian process. Let ΣX = E(XX⊤), Γ(u) = E[X⊤{c0Eϕ2(ε)ΣX}−1I(X⊤W ≤ u)] ,

and Ψu(X, ε) = I(X⊤W ≤ u)ε− Γ(u)Xϕ(ε). We have the following result.

Theorem 3.1. Suppose that Assumption 3.1 hold. Under the null hypothesis (3.2),

the estimated empirical process Mn(u) converges in distribution to M(u), −∞ < u <

∞, in the Skorohod space S[−∞,∞], where M(u) is a centered Gaussian process with

covariance functions

cov{M(u1),M(u2)} = E{Ψu1(X, ε)Ψu2(X, ε)}.

For the test statistic Tn, we have

Tn−→
∫
{M(u)}2dF (u), (3.7)

where F is the distribution of X⊤W .

We investigate the power behavior of the statistic under a local alternative, which

deviates a nonlinear measurable function of X from the null hypothesis; i.e.,

H1n : Pr
{
E(Y |X) = X⊤β + δnD(X)

}
= 1, (3.8)
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where D(X) cannot take the form of X⊤β for any β and is a measurable function of

X satisfying with 0 < E{D2(X)} < ∞, δn is a sequence depending on n. Checking

the derivation for (3.14), we can validate that, under the alternatives (3.8),

Mn(u) =
1√
n

n∑
i=1

{I(X⊤
i W ≤ u)εi − Γ(u)Xiϕ(εi)}+ δnn

1/2ED(X)I(X⊤W ≤ u) + op(1).

Correspondingly, we can establish that Tn−→∞ if δnn
1/2 → ∞, and is different

from
∫
{M(u)}2F (du) if δnn

1/2 approaches a positive but finite constant. Hence, the

proposed test can detect a local alternative that approaches the null hypothetical

model almost at the parametric rate, and the statistic Tn diverges to infinity under

the global alternative hypothesis (3.8). Therefore Tn is consistent and has asymptotic

power 1.

Theorem 3.1 established the asymptotic distribution of the statistic Tn under H0.

But this distribution is case-dependent. This will bring obstacles or difficulties in

the calculation of the critical value. To avoid potential difficulties, we determine the

critical value by using the following resampling method.

We generate an i.i.d. random variable sequence {Vi}ni=1 with mean zero and variance

1, that also satisfies the condition |Vi| ≤ c for some finite constant c. Define Y ∗
i =

X⊤
i β̂n + (Yi − X⊤

i β̂n)Vi. Then we calculate the statistic Tn, denoted by T ∗
n , based

on the bootstrap sample {(Y ∗
i , Xi), i = 1, . . . , n}. Repeat this process B times and

obtain T ∗
n1, . . . , T

∗
nB. The 1 − α empirical quantile of {T ∗

n1, . . . , T
∗
nB} is taken as the

α-level critical value.

In this bootstrap method, we didn’t use the classical bootstrap procedure, since

we didn’t assume homoscedastic errors, and the classical bootstrap estimates of the

least-squares estimator in linear models with heteroscedastic errors are inconsistent

(Mammen, 1993; Wu, 1986). For this reason, the wild bootstrap procedure seems to
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be a standard option in calculating critical values of the goodness-of-fit statistics (Zhu,

2005; Härdle and Mammen, 1993). In implementing the bootstrap procedure, we do

not need to estimate new quantities such as the influential function. In addition, the

testing procedure is data-driven; given only the sample, {(Y1, X1), . . . , (Yn, Xn)}, the

proposed testing procedure using the bootstrap-generated critical value can determine

whether the linear model fits the data adequately free of any other information on

the data generation process.

For the bootstrap testing statistic T ∗
n , we have the following result.

Theorem 3.2. Under either null hypothesis (3.2) or alternative hypothesis (3.8), if

Assumption 3.1 are satisfied, the conditional distribution of T ∗
n converges in distribu-

tion to the limiting null distribution of Tn given the sample {(Y1, X1), . . . , (Yn, Xn)}.

Theorem 3.2 demonstrates that the bootstrap test statistic has the same asymptotic

distribution as that of the proposed test regardless if the null or alternative hypothesis

is true. This result helps us easily calculate the empirical power. By generating

i.i.d. random variable series {Vi}ni=1 repeatedly, we can get a series of bootstrap test

statistics, which can be looked upon as a sample coming from the population Tn. Then

we can calculate the empirical quantile of the distribution of Tn. The critical value

determined by this method approximates the theoretical one regardless of whether

the data are from the null hypothetical model (3.2) or the alternative hypothetical

model (3.8).

Note that Escanciano (2006b) also proposed a similar idea for checking linear and

nonlinear time series models. Nevertheless, his situation is different from ours with a

diverging number of covariates.

3.3 Simulation Studies

In this section, we conducted simulation studies to evaluate the finite-sample perfor-
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mance for the proposed method. Hereafter T LS
n is defined similarly to Tn but is instead

obtained by using the ordinary least squared errors. We applied the Hampel function

(Maronna et al., 2006) in our numerical studies. We compared the least-squares based

test T LS
n and the proposed test Tn.

Example 3.1. In this example, we generated data based on the real data example

we analyzed in the following section. That is, each time, we first fit the real dataset

after deleting those “outlier” observations (the 8th, 21st, and 58th given in Figure 3.1

(a)) by using a linear model. Then we added predicted values and normal errors with

mean zero and variance 0.2 to generate response variables and finally contaminated

the simulated dataset by including each of three outlier observations. We repeated

1000 times for each case and counted the rejection proportion among these 1000

replications. The proportions based on T LS
n and Tn are 19.1% and 4% with the

8th observation included, 22.2% and 5% with the 21st observation included, and

59.3% and 5% with the 58th observation included, respectively. As the datasets

were generated from a linear model and contaminated with an outlier, the rejection

proportion of the least-squares-based test T LS
n is largely higher than the nominal

level 5%. The severity is worse with increasing distance between the outlier and the

majority. Specifically, the rejection proportion can be close to 60%. On the other

hand, the rejection proportion of the proposed test Tn remains close to the nominal

level. The advantage of the proposed test is evident.

Example 3.2. In this example, we consider candidate models with p-dimensional

(p = 5, 10, 20) linear covariates:

Y = X⊤β + CX2
1 + ε, (3.9)

where X = (X1, X2, · · · , Xp)
⊤, and β is a p-dimensional vector generated from the

uniform distribution on [0, 3 ∗ p]. Let X follow a multivariate normal distribution
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Figure 3.1. Residual plots for the Scheetz’s data with (a) and without (b) the three
observations.

Np(0, Ip). C ranges from 0 to 0.6 with an increment of 0.1. We considered ε ∼ 0.2∗t3,

and in each replication, enlarged the largest response value twice. We considered two

different sample sizes: n = 50 and 100. All simulation results were based on 1000

replications. For each replication, the bootstrap process was repeated 1000 times.

The nominal level was set to be 0.05 and 0.1. We examine the performance of T LS
n

and Tn along with different C ′s, sample sizes, and dimensions.

We reported the proportions of times the null hypothesis being rejected among the

1000 replicates. They are the empirical sizes under the null hypothesis (i.e., C = 0)

and the empirical power under the alternative hypothesis (i.e., C ̸= 0). Intuitively,

with increasing the largest response, which may dominate the fitting and result in an

increased chance to reject the null hypothesis, the rejection proportions may be am-

plified. We now report the rejection proportions of the tests in Table 3.1. According

to Table 3.1, we can conclude that Tn controls the type I error (C = 0) well in all

configurations, i.e., of different sample sizes and dimensions, though the magnitude

is slightly higher for p = 20. In contrast, T LS
n can not control the type I error as

we anticipated; i.e., its performance becomes worse with the increasing dimensions.

This default also results in a slightly higher power of T LS
n than that of Tn, whereas
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Table 3.1. Simulation results for Example 3.2. Rejection proportions of the two tests
(T LS

n : the least-square based, and Tn: the proposed test) with the nominal levels 0.05
and 0.1.

α = 0.05 α = 0.1
C p n = 50 n = 100 n = 50 n = 100

T LS
n Tn T LS

n Tn T LS
n Tn T LS

n Tn

5 0.075 0.045 0.073 0.053 0.125 0.090 0.125 0.097
0.0 10 0.100 0.076 0.065 0.050 0.171 0.119 0.129 0.101

20 0.140 0.064 0.077 0.054 0.212 0.117 0.148 0.103
5 0.511 0.486 0.777 0.754 0.614 0.585 0.841 0.832

0.1 10 0.507 0.456 0.768 0.737 0.613 0.561 0.818 0.797
20 0.531 0.397 0.769 0.710 0.611 0.494 0.834 0.787
5 0.839 0.815 0.980 0.980 0.903 0.883 0.986 0.986

0.2 10 0.850 0.789 0.982 0.977 0.904 0.861 0.992 0.990
20 0.824 0.717 0.987 0.984 0.877 0.790 0.994 0.990
5 0.946 0.935 0.999 0.999 0.967 0.963 0.999 0.999

0.3 10 0.950 0.914 0.999 0.999 0.975 0.954 0.999 0.999
20 0.940 0.805 0.999 0.998 0.960 0.878 1.000 0.999
5 0.977 0.964 0.999 1.000 0.985 0.979 1.000 1.000

0.4 10 0.983 0.955 0.999 0.998 0.988 0.976 0.999 0.998
20 0.974 0.857 1.000 1.000 0.982 0.910 1.000 1.000
5 0.996 0.990 1.000 1.000 0.997 0.995 1.000 1.000

0.5 10 0.986 0.966 0.999 0.999 0.994 0.985 0.999 0.999
20 0.984 0.887 1.000 1.000 0.992 0.948 1.000 1.000
5 0.998 0.989 1.000 1.000 0.999 0.997 1.000 1.000

0.6 10 0.994 0.976 0.999 0.999 0.999 0.992 0.999 0.999
20 0.982 0.876 1.000 1.000 0.993 0.940 1.000 1.000

their empirical powers increase with the sample size and distance away from the null

hypothesis.

3.4 Real Data Example

The research data in this section is drawn from Scheetz et al. (2006). The raw

data set contains RNA expression values of 31, 042 probes for 120 twelve-week-old

rats. Scheetz et al. were interested in identifying genes that demonstrated expression

correlation with a gene called TRIM32, which has been verified to cause Bardet-

Biedl syndrome (Chiang et al., 2006), a genetically heterogeneous disease of multiple
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Figure 3.2. Simulation results for Example 3.2. Rejection proportions of the two tests
(T LS

n : the least-square based (black line), and Tn: the proposed test (red line)) with
the nominal levels 0.05 and 0.1.

organ systems, including the retina. Huang et al. (2008) applied the adaptive LASSO

approach for gene identification in a high-dimensional setting.

After preliminarily cleaning the data set, i.e., excluding the probes that were not

expressed or lacked sufficient variation, and excluding probes whose maximum ex-

pression values were less than the 25th percentile of the entire set of RNA expression

values, Huang et al. selected the top 200 probes out of the 18,975 probes, which are
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largest correlated with the probe corresponding to TRIM32, for the analysis. Using

the LASSO, they identified 25 probes with 5 more than the adaptive LASSO.

We applied the two tests, Tn, T
LS
n , to evaluate the linear model with 25 RNA expres-

sion values obtained by Huang et al. (2008) being the covariates.

We used 5000 bootstrap replications and obtained the p-values based on T LS
n and Tn

to be 0.0002 and 0.1106, respectively. Thus, the least-squares-based test suggests that

a linear model may not be sufficient, while the proposed robust-based test suggests

that there is no evidence to reject the linear model.

We displayed the estimated residuals against the fitted values in Figure 3.1 (a), in

which we can observe that three observations (the 8th, 21st, and 58th observations)

seem to be outliers. We removed these three observations and proceeded to repeat

the goodness-of-fit checking. As a result, we obtain the p-values based on T LS
n and

Tn to be 0.1226 and 0.4276, respectively. These p-values suggest that a linear model

can adequately fit the dataset. We draw the residual plot further after omitting these

three observations in Figure 3.1 (b). The arguments may support the utility of a

linear model fitting to this dataset.

3.5 Discussion

The importance and originality of this robust projection-based test lie in that it

robustly maintains the type I errors by protecting the test from the strong impact of

some outliers and gains the dimension-reduction property.

We have theoretically and numerically examined the projection-based test proposed

by Escanciano (2006a) by checking the adequacy of high-dimensional linear models,

and justified the validity of the test under mild conditions, which is of great interest

in dealing with high-dimensional observations. The test still enjoys nice features as in

low or fixed dimensional cases, i.e., dimension reduction, computational convenience,
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outstanding numerical performance, and theoretical reliability, and its performance

is the same as in a simple linear model as long as the number of covariates does not

diverge too quickly.

The proposed idea is not limited to the high-dimensional linear models. It can be

extended to high-dimensional parametric models and semiparametric models, such as

partially linear models (Sun et al., 2021) and single-index models (Ma et al., 2014;

Ichimura, 1993). However, it may not be easy to establish associated theoretical

results, and numerical performance may also depend on the distribution function f

of ε. These technical challenges warrant further work.

Our test statistic was based on the robust regression residuals for their simplicity. An-

other potential approach is to derive a test based on the fact that E{ϕ(ε)|X⊤W} = 0,

which has been applied in the development of tests for quantile regression models

(Conde-Amboage et al., 2015; He and Zhu, 2003). It is challenging to establish sta-

tistical properties and then justify their rationale.

Similar to an idea by Dong et al. (2019), we may deal with ultra-high dimensionality

by first applying some model-free screening methods (Zhu et al., 2011; Liu et al.,

2015) to pre-screen some noisy covariates to reduce the number of covariates. Then

we should be able to apply the proposed method for the goodness of fit checking. On

the other hand, it may take considerable effort to establish the theory to integrate

the uncertainty caused in the pre-screening step into the goodness-of-fit checking

step.

In the establishment and proof of the theory, we mainly focused on the smoothing

objective functions. If the objective function ϕ is nonsmooth, for example, a jump

score, we can establish a similar framework by assuming that ϕ, f , and f ′ are bounded

with c0 =
∫
R1 ϕ(t)f

′(t)dt > 0, and p3 log2 p = o(n). Then the results of Theorems

3.1 and 3.2 still hold. In the proof of these two theorems, a critical step is the use
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of the Bahadur representation (3.10), which is still true for the jump score under the

corresponding assumptions (He and Shao, 2000).

We have not imposed the sparsity assumption in establishing the theoretical results

as in common variable selection literature, but we assume that p2 log p = o(n); i.e.,

p should be much smaller than n in a large sample sense. When p is larger than n,

it is unnecessary to discuss lack-of-fit since the models can fit data exactly. If the

sparsity assumption is adopted, we can do a variable selection procedure first to filter

unimportant factors, and then adopt the proposed method to the selected models.

Nevertheless, how to incorporate uncertainties brought from the selection procedure

needs further exploration. Such an idea has been applied by Dong et al. (2019) to

develop their lack-of-fit tests for quantile regression models.

3.6 Appendix: Proofs of the Theorems in Chapter 3

We will apply the Bahadur representative established by He and Shao (2000) to

give a representation of β̂n − β, which has a pivotal role in the proofs of the main

results.

Lemma 3.1. Under the Assumption 3.1, the M-estimators β̂n have the following

representative:

β̂n − β =
1

n

n∑
i=1

{c0Eϕ2(ε)Sn/n}−1Xiϕ(εi) + rn, (3.10)

with ∥rn∥ = op(n
−1/2).

Proof. Essentially, it suffices to claim that Assumptions (D1)-(D3) of He and Shao

(2000) hold and β̂n is consistent.

Given Assumption 3.1 (b), we know that Sn is invertible, so He and Shao’s Assumption

(D1) holds with a standardization. Assumption 3.1 (c) implies their (D2). Note
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that

max
1≤i≤n

∥Xi∥2 = O(p).

A direct calculation yields

sup
β,γ∈Sp

n∑
i=1

|X⊤
i β|2|X⊤

i γ|2 ≤ sup
β,γ∈Sp

{
n∑

i=1

|X⊤
i β|2

}1/2{ n∑
i=1

|X⊤
i γ|2

}1/2

≤ sup
β,γ∈Sp

(γ⊤γ)1/2(β⊤β)1/2Cmaxn = Cmaxn.

So their Assumption (D3) holds. Thus, the representation (3.10) still holds in our

framework.

We now establish the Consistency of β̂n. It is of independent interest. Write

αn = (p/n)1/2 and let u be a p−dimensional vector. To establish the consistency, it

suffices to prove that there exists a large enough constant C0 such that

lim
n→∞

P

{
inf

∥u∥=C0

n∑
i=1

ρ(Yi −X⊤
i (β + αnu)) >

n∑
i=1

ρ(Yi −X⊤
i β)

}
≥ 1− e

for any e > 0. This statement indicates that there exists a minimizer β̂n such that

∥β̂n − β∥ = ∥αnu∥ = Op(αn) = op(1); β̂n is consistent with the convergence rates

αn.

Let Nn(C) = {β̃ : β̃ = β + αnC}. It follows that, for β̃ ∈ Nn(C),

1

n

n∑
i=1

{
ρ(Yi −X⊤

i β̃)− ρ(Yi −X⊤
i β)

}
=

1

n

n∑
i=1

{
ρ(εi − αnX

⊤
i u)− ρ(εi)

}
=

1

n

n∑
i=1

∫ −αnX⊤
i u

0

{ϕ(εi + t)− ϕ(εi)} dt−
1

n
αn

n∑
i=1

ϕ(εi)X
⊤
i u

∆
= I1n − I2n.
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A direct calculation yields that

I2n ≤ αn

n

∥∥∥∥∥
n∑

i=1

ϕ(εi)Xi

∥∥∥∥∥ ∥u∥
and

E


∥∥∥∥∥

n∑
i=1

ϕ(εi)Xi

∥∥∥∥∥
2
 =

n∑
i=1

Eϕ2(εi)XiX
⊤
i ≤ nCmaxEϕ2(ε).

It follows that

I2n = Op(αn).

Write Ani =
1
n

∫ −αnX⊤
i u

0
{ϕ(εi + t)− ϕ(εi)} dt. We explore I1n in two terms:

I1n =
n∑

i=1

(Ani − EAni) +
n∑

i=1

EAni
∆
= I1n1 + I1n2.

The variance of I1n1 can be bounded as follows.

var(I1n1) ≤ 1

n

n∑
i=1

E

[∫ −αnX⊤
i u

0

{ϕ(εi + t)− ϕ(εi)} dt

]2

≤ 1

n

n∑
i=1

|αnX
⊤
i u|

∫ −αnX⊤
i u

0

E {ϕ(εi + t)− ϕ(εi)}2 dt

≤ 1

n

n∑
i=1

(αnX
⊤
i u)

2 × op(1)

= op(1)α
2
nu

⊤Snu/n = op(α
2
n).

The third inequality is based on Assumption 3.1 (d-I). This bound indicates that

I1n1 = op(αn).
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Applying Assumption 3.1 (d-II) along with a direct simplification yields

I1n2 =
1

2n
υα2

nu
⊤Snu+ op(1)υα

2
nu

⊤Snu ≥
{
1

2
υcmin + op(1)

}
α2
n∥u∥.

A combination of the bounds for I2n and I1n1 indicates that I1n1 − I2n is dominated

by I1n2. Thus, there exists a minimizer β̂n such that

∥β̂n − β∥ = Op(αn),

and β̂n is consistent. 2

Proof of Theorem 3.1. By the definition of Mn(u), we have

Mn(u) =
1√
n

n∑
i=1

(Yi −X⊤
i β̂n)I(X

⊤
i W ≤ u)

=
1√
n

n∑
i=1

(Yi −X⊤
i β)I(X

⊤
i W ≤ u)− 1√

n

n∑
i=1

X⊤
i (β̂n − β)I(X⊤

i W ≤ u)

:= Bn1(u)−Bn2(u). (3.11)

Using the representation given in (3.10), and Assumption 3.1 (c), the second term

can be expressed as

Bn2(u) =
1√
n

n∑
i=1

X⊤
i (β̂n − β)I(X⊤

i W ≤ u).

Substituting β̂n − β given in (3.10) yield

Bn2(u) =
1√
n

n∑
i=1

X⊤
i

1

n

[
{c0Eϕ2(ε)Sn/n}−1

n∑
j=1

Xjϕ(εj)

]
I(X⊤

i W ≤ u) + op(1)

=
1√
n

n∑
j=1

[
1

n

n∑
i=1

X⊤
i {c0Eϕ2(ε)Sn/n}−1I(X⊤

i W ≤ u)

]
Xjϕ(εj) + op(1).
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Note that max1≤i≤n ||S−1/2
n Xi∥2 = o(n−1p) with additional simplifications yields

max
j

∣∣∣ 1
n

n∑
i=1

(
X⊤

i {c0Eϕ2(ε)Sn/n}−1I(X⊤
i W ≤ u)

−E[X⊤{c0Eϕ2(ε)ΣX}−1I(X⊤w ≤ u)]
)
Xj

∣∣∣ → 0. (3.12)

As a result, we have

Bn2(u) =
1√
n
Γ(u)

n∑
i=1

Xiϕ(εi) + op(1). (3.13)

So we have the following expression for Mn(u).

Mn(u) =
1√
n

n∑
i=1

{I(X⊤
i W ≤ u)εi − Γ(u)Xiϕ(εi)}+ op(1). (3.14)

It is easy to see that I(X⊤W ≤ u) is monotone with respect to u. By Lemma 9.10 of

Kosorok (2008), the function class {I(X⊤W ≤ u) : u ∈ IR1} is a VC-class. Similarly

the function class {Γ(u) : u ∈ IR1} is a VC-class as well. By Theorem 2.6.8 of van der

Vaart and Wellner (1996), the function classes {εI(X⊤W ≤ u) : u ∈ IR1} and the

class {Γ(u)ϕ(ε)X : u ∈ IR1} are all VC-class. Then by Lemma 9.17 of Kosorok

(2008), the function class {Ψu(u, y, ε, w) : u ∈ IR1} is a VC-class. We can take the

envelope function as |ε|+E(∥X∥)|ϕ(ε)|Σ−1
X |X|. By Theorem 2.6.7, Theorem 2.5.2 of

van der Vaart and Wellner (1996), we can prove that for given W = w, the estimated

empirical process Mn(u) converges weakly to M(u) in the Skorohod space S[−∞,∞].

It can further be obtained the result that Mn(u) converges weakly to M(u) in the

Skorohod space S[Π]. By the continuous mapping theorem, we can prove the result

for Tn. 2

Proof of Theorem 3.2 Let β̂
∗
n be the M-estimators of β based on the bootstrap

samples (Xi, Y
∗
i ) for i = 1, · · · , n, where Y ∗

i = X⊤
i β̂n + (Yi − X⊤

i β̂n)Vi. Write the
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bootstrap version of Mn(u) as M
∗
n(u) = 1/

√
n
∑n

i=1(Y
∗
i −X⊤

i β̂
∗
n)I(X

⊤
i W ≤ u). Note

that Y ∗
i −X⊤

i β̂
∗
n = X⊤

i β̂n+(Yi−X⊤
i β̂n)Vi−X⊤

i β̂
∗
n = (Yi−X⊤

i β̂n)Vi−X⊤
i (β̂

∗
n− β̂n).

Then, we have

M∗
n(u) =

1√
n

n∑
i=1

{
(Yi −X⊤

i β̂n)Vi −X⊤
i (β̂

∗
n − β̂n)

}
I(X⊤

i W ≤ u)

=
1√
n

n∑
i=1

(Yi −X⊤
i β̂n)ViI(X

⊤
i W ≤ u)− 1√

n

n∑
i=1

X⊤
i (β̂

∗
n − β̂n)I(X

⊤
i W ≤ u)

:= M∗
n1(u)−M∗

n2(u). (3.15)

Recall that β̂
∗
n satisfies the equation:

n∑
i=1

Xiϕ(Y
∗
i −X⊤

i β̂
∗
n) = 0

Along with the same line as the proof of He and Shao (2000), we can establish

that

β̂
∗
n − β̂n =

1

n
{c0Eϕ2(ε)Sn/n}−1

n∑
i=1

Xiϕ(Yi −X⊤
i β̂n)Vi + o(n−1/2). (3.16)

Applying the similar proof to that for (3.11) yields that

M∗
n2(u) =

1√
n

n∑
i=1

X⊤
i (β̂

∗
n − β̂n)I(X

⊤
i W ≤ u)

=
1√
n
E[X⊤{c0Eϕ2(ε)ΣX}−1I(X⊤w ≤ u)]

n∑
i=1

Xiϕ(Yi −X⊤
i β̂n)Vi + op(1).(3.17)

It follows from (3.15) and (3.17) that

M∗
n(u) =

1√
n

n∑
i=1

Vi(Yi −X⊤
i β̂n)I(X

⊤
i W ≤ u)

− 1√
n
Γ(u)

n∑
i=1

Xiϕ(Yi −X⊤
i β̂n)Vi + op(1). (3.18)
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Recall that {Vj}nj=1 is an i.i.d. random variable sequence with mean zero and variance

1, and independent of (Yj, Xj). We may further prove that

M∗
n(u) =

1√
n

n∑
i=1

Vi(Yi −X⊤
i β)I(X

⊤
i W ≤ u)− 1√

n
Γ(u)

n∑
i=1

Xiϕ(Yi −X⊤
i β)Vi + op(1)

=
1√
n

n∑
i=1

ViΨu(Xi, εi) + op(1). (3.19)

Note that the mean-zero variable Vj is independent of (Yj, Xj) for j = 1, . . . , n.

Moreover, it is ready to see that the function class {VΨu(x, ε) : u ∈ IR1} is a VC-

class. By the similar arguments to the proof of Theorem 3.1, we can prove that the

conditional distribution of T ∗
n converges in distribution to the limiting null distribution

of Tn.

Note that the validity of (3.16) and (3.19) is independent of D(x) = 0 or not. We

can similarly prove that the conditional distribution of T ∗
n converges in distribution

to the limiting alternative distribution of Tn. Theorem 3.2 follows. 2
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Chapter 4

Dose-Response Models with

Binary Responses

4.1 Introduction

In this chapter, a test for assessing the dose-response relationship when the response

is binary was proposed. This method is based on certain empirical processes marked

by the residuals. Generalized linear models (GLMs), which include the linear, logistic,

and Poisson regression models, have been used within a vast number of application

domains, and are extremely popular in medical and biological applications. One of

the most common GLMs, the logistic regression model is often used when a binary

response is to be regressed upon one or more explanatory variables. For example,

this may occur when the response represents the survival or death of a patient, and

the explanatory variable might be the characteristics of the individual or various

treatment methods.

The relationship between the response probability and dosage is often modeled using

a logistic distribution function. Estimation and inference based on the maximum

likelihood estimator (MLE) in logistic regression have been extensively studied in

theory and widely used in social science, finance industry, and medical science (Hos-

mer and Lemeshow, 1989; Lindsey, 1997; McCullagh and Nelder, 1989; Nelder and

Wedderburn, 1972). The fundamental question of whether the model is adequate to

fit the data has been widely studied as well. In 1980, Hosmer-Lemeshow proposed
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an approach to determining the goodness of fit of logistic regression based on the

Pearson chi-square test (Hosmer and Lemesbow, 1980). In 1992, Osius and Rojek

(1992) extended the work by McCullagh (1985) and derived an easily computed large

sample normal approximation to the distribution of the Pearson chi-square statistic.

Stukel (1988) proposed a test that is not a goodness of fit test in the sense of ex-

plicitly comparing observed outcomes to predicted outcomes based on the model, but

instead determines whether the basic form of the model is consistent with the shape

and symmetry of the logistic function. The test statistic has 1 or 2 degrees of freedom

and tests whether a generalized logistic model is better than a standard model fit to

the data.

4.1.1 Hosmer-Lemeshow Test

The Hosmer-Lemeshow statistics are computed on data after the observations have

been segmented into groups based on having similar predicted probabilities (Hosmer

and Lemesbow, 1980). It examines whether the observed proportions of events are

similar to the predicted probabilities of occurrence in subgroups of the data set using

a Pearson chi-square test (Hosmer and Lemeshow, 2000). Suppose the data has been

divided into g groups, the Hosmer-Lemeshow goodness of fit statistics, C, is based

on: o0l, the number of observations with Y = 0 in the lth group, o1l, the number

of observations with Y = 1 in the lth group, and e0l and e1l similarly denote the

expected number of zeros and ones. The statistic is:

C =
1∑

k=0

g∑
l=1

(okl − ekl)
2

ekl

This should follow a χ2 distribution with g − 2 degrees of freedom. This method

can be achieved by conducting the function hoslem.test() built in the R package

ResourceSelection().
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4.1.2 Osius and Rojek Test

The Osius and Rojek test can be easily computed in any package that has the option

to save the fitted values from the logistic regression model and conduct a weighted

linear regression. The essential steps in the procedure when there are J covariate

patterns are as follows:

1. Save the fitted values from the model, denoted as π̂j, j = 1, 2, 3, · · · , J .

2. Create the variable vj = mjπ̂j(1 − π̂j), j = 1, 2, 3, · · · , J , where mj denote the

number of subjects contained in the jth group.

3. Create the variable cj =
(1−2π̂j)

vj
, j = 1, 2, 3, · · · , J .

4. Compute the Pearson chi-square statistic X2 =
∑J

j=1
(yj−mj π̂j)

2

vj
.

5. Perform a weighted linear regression of c, defined in step 3, on x the model

covariates, using weights v defined in step 2. Note that the sample size for this

regression is J , the number of covariates patterns. Let RSS denote the residual

sum-of-squares from this regression.

6. Compute the correction factor for the variance, denoted for convenience as A, as

follows: A = 2(J −
∑J

j=1
1
mj

).

7. Compute the standardized statistic ZX2 = X2−(J−p−1)√
A+RSS

, where p = dim(X).

8. Compute a two-tailed p-value using the standard normal distribution.

4.1.3 Stukel Test

Stukel (1988) introduced a generalization of the standard logistic model, a class of

models indexed by two shape parameters (α1, α2), both to extend the scope of the

standard logistic model to asymmetric probability curves and improve the fit in the

noncentral probability regions. Briefly, the additional parameters allow the tails of
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the logistic regression model to be heavier/longer or lighter/shorter than the standard

logistic regression model.

A score test can be used to test whether the parameters of a generalized logistic model

are equal to zero. The generalized logistic model reduces to be the standard logistic

model when α1 = α2 = 0. It tests a basic logistic regression model assumption and

in that sense, in most of the literature, people used it as an adjunct to the Hosmer-

Lemeshow and Osius-Rojek goodness of fit tests. It can be easily obtained from the

following procedure:

1. Save the fitted values from the model, denoted as π̂j, j = 1, 2, 3, · · · , J .

2. Compute the estimated logits, ĝj = ln(
π̂j

1−π̂j
) = x

′
jβ̂, j = 1, 2, 3, · · · , J .

3. Compute two new covariates: z1j = 0.5 × ĝ2j × I(π̂j ≥ 0.5) and z2j = −0.5 ×

ĝ2j × I(π̂j < 0.5), for j = 1, 2, 3, · · · , J , where I(arg) = 1 if arg is true and zero

if arg is false. Note that in a setting where all the fitted values are either less

than or greater than 0.5 only one variable is created.

4. Perform the Score test for the addition variables z1 and/or z2 to the model.

All the approaches mentioned above are designed for the standard logistic model.

Little work has been done to examine the goodness-of-fit of the generalized logistic

model. The model-checking approach presented in this chapter will focus on the

generalized logistic model proposed by Stukel (1988). Usually, we can call it Stukel’s

h family model. The subclass with α1 = 0 is the α2h family, and the subclass with

α2 = 0 is the α1h family. The one-parameter subclasses can be used to examine

symmetric or asymmetric deviations from the standard logistic model. Especially,

when α1 = α2 = 0, the generalization reduces to be the standard logistic model.
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4.2 Proposed Method

4.2.1 Generalized Logistic Model

The form of the generalized logistic model (Stukel, 1988) is:

P (Y = 1|X) = µα(η) = exp (hα(η)) / (1 + exp (hα(η)))

where hα(η) is a strictly increasing nonlinear function of η indexed by two shape

parameters, α1 and α2, and η = X⊤β is the linear predictor.

For η ⩾ 0
(
µ ⩾ 1

2

)
,

hα =


α−1
1 (exp (α1|η|)− 1) , α1 > 0

η, α1 = 0

−α−1
1 log (1− α1|η|) , α1 < 0

and for η ⩽ 0
(
µ ⩽ 1

2

)
,

hα =


−α−1

2 (exp (α2|η|)− 1) , α2 > 0

η, α2 = 0

α−1
2 log (1− α2|η|) , α2 < 0

4.2.2 Test Statistics

Consider the generalized logistic regression model:

η = h−1
α [logit{P (Y = 1|X)}] = X⊤β, (4.1)

where Y ∈ {0, 1} is the binary response variable, X ∈ IRp is a p-dimensional predictor,

and β = (β1, · · · , βp)
⊤ is an unknown parameter vector. In this chapter, X ∈ IR1
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Figure 4.1. Plots of (a) hα(η) and (b) µα(η) against η.

represents the dose level.

Let µα(η) = P (Y = 1|X) = g(hα(η)) = {1 + exp(−hα(η))}−1 be the generalized

logistic distribution function.

Denote ε(X,β) = Y − g(hα(X
⊤β)). Whether the mean function g(hα(X

⊤β)) can

properly describe a generalized logistic regression relationship is equivalent to checking

whether E{ε(X,β)|X} = 0, which holds if and only if E{ε(X,β)|X⊤W} = 0 for all

W ∈ IRp. We are motivated by this fact to define our test statistic as follows.

Consider

H0 : Pr (E{ε(X,β)|X} = 0) = 1 for some β (4.2)

against the alternative hypothesis:

H1 : Pr (E{ε(X,β)|X} = 0) < 1 for any β ∈ IRp.

Let {(Yi, Xi), i = 1, · · · , n} be a sample from (Y,X), then the log-likelihood function
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is

L(α,β) =
n∑

i=1

[
Yi log

{
g(hα(Xi

⊤β))
}
+ (1− Yi) log

{
1− g(hα(Xi

⊤β))
}]

(4.3)

The maximum likelihood estimator (MLE) β̂n and α̂n are the solution to

Ln(β) =
∂L(α,β)

∂β
=

n∑
i=1

X⊤
i {Yi − g(hα(Xi

⊤β))}∂hα(ηi)

∂ηi
= 0 (4.4)

Ln(α) =
∂L(α,β)

∂α
=

n∑
i=1

{Yi − g(hα(Xi
⊤β))}∂hα(ηi)

∂α
= 0 (4.5)

Let ε̂(Xi, β̂n) = Yi − g(hα̂n(Xi, β̂n)). The sample version of E{ε(X, β)I(X⊤W ≤ u)}

is 1/n
∑n

i=1 ε̂(Xi, β̂n)I(X
⊤
i W ≤ u). Define

Mn(u,W ) =
1√
n

n∑
i=1

ε̂(Xi, β̂n)I(X
⊤
i W ≤ u) (4.6)

for u ∈ IR1 where W is uniformly distributed on the unit sphere in IRp : Sp = {w ∈

IRp : ∥w∥ = 1}.

Our test statistic is

Tn =

∫ ∞

−∞

∫
Sp
{Mn(u,W )}2 dwFnw(du), (4.7)

where Fnw(u) = 1/n
∑n

i=1 I(X
⊤
i W ≤ u) and w has been integrated out. When the

test statistic is sufficiently large, the null hypothesis can be rejected. The estimated

empirical process Mn(u,W ) is actually the cumulative sum of the estimated model

error, and Tn is a Crámer-von Mises (CvM) statistic.
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Note that the test statistic Tn can be formulated as a summation.

Tn =
1

n2

n∑
i=1

n∑
j=1

n∑
l=1

ε̂(Xi, β̂n)ε̂(Xj, β̂n)Aijl, (4.8)

where Aijl =
∫
Sp I(X

⊤
i w ≤ X⊤

l w)I(X
⊤
j w ≤ X⊤

l w)dw, which can be calculated as

(Escanciano, 2006a):

Aijl = Cq

∣∣∣∣π − arccos

{
(Xi −Xl)

⊤(Xj −Xl)

|Xi −Xl| |Xj −Xl|

}∣∣∣∣ ,
here Cq = π(q/2)−1/Γ(q/2 + 1), Γ(·) is the gamma function and q = p. Therefore,

Tn is equal to a summation multiplying a constant. This equivalence avoids multiple

integrations and makes the computations much easier.

4.2.3 Statistical Properties

The statistical properties of the test statistic under the null hypothesis and the power

performance under the alternative hypotheses were examined.

Let H(·) be the derivative of g(·). For any function η, denote ηi(β) = η(X⊤
i β)

and ηi = η(X⊤
i β0) with β0 being the true value, for instance, Hi(β) = H(X⊤

i β),

gi = gi(β0). Let Gn(β) =
∑n

i=1Xi
∂hα(ηi)

∂ηi
Hi(β)

∂hα(ηi)
∂ηi

X⊤
i =

∑n
i=1Xih

′
iHi(β)h

′
iX

⊤
i

and Sn =
∑n

i=1XiX
⊤
i . Let H = diag(h

′
(η1)H1h

′
(η1), . . . , h

′
(ηn)Hnh

′
(ηn)) and X =

(X1, . . . , Xn)
⊤.

In what follows, λmax(A) and λmin(A) denote the maximum and minimum eigenvalues

for a symmetric matrixA respectively. A1 ≥ A2 meansA1−A2 is semi-positive definite

for two matrices A1 and A2. C is a generic constant with different values in different

places. Let ∥ · ∥2 be the standard Euclidean norm on Rn.

Denote h
′
(η) = ∂hα(η)

∂η
and h

′′
(η) = ∂2hα(η)

∂η2
.
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For η ⩾ 0
(
µ ⩾ 1

2

)
,

h
′

α =


exp (α1η) , α1 > 0

1 , α1 = 0

1
1−α1η

, α1 < 0

and for η ⩽ 0
(
µ ⩽ 1

2

)
,

h
′

α =


exp (−α2η) , α2 > 0

1 , α2 = 0

1
1+α2η

, α2 < 0

The following assumptions are needed for the main result.

Assumption 4.1.

(a) There exist two positive constants bmin and Bmax such that bmin ≤ h
′
(ηi) ≤ Bmax.

(b) With probability 1, maxi,j |xij| < ∞ and there exist two positive constants cmin

and Cmax such that cminn ≤ λmin(Sn) ≤ λmax(Sn) ≤ Cmaxn.

(c) There is a positive constant c00 such that

min
1≤i≤n

g(hα(X
⊤
i β0)){1− g(hα(X

⊤
i β0))} ≥ c00. (4.9)

(4.9) indicates that, for any p-vector v,

c00b
2
minv

⊤Snv ≤ v⊤
n∑

i=1

Xih
′
(ηi)Hi(β)h

′
(ηi)X

⊤
i v ≤ 1/4B2

maxv
⊤Snv.

Assumption 4.1 (a) ensures the probabilities lie between 0 and 1. The rest of the

assumption bounds the eigenvalues of Sn in probability. This is a stability assumption

to ensure Sn/n is not ill-conditioned.
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Let Σβ = E(X⊤HX), Γ(u) = E{g′(X⊤β0)X
⊤Σ−1

β I(X⊤W ≤ u)} , Ãn(α1, α2) =∫ 1

0
An(α1+s(α2−α1))ds, An(α) = −∂Ln(α)/∂α, Θ(u) = E{Σ−1

α I(X⊤W ≤ u)g′(α0)},

and Ψu(X, ε) = {I(X⊤W ≤ u) − Γ(u)Xh
′ − Θ(u)∂hα

∂α
}ε. We have the following re-

sult.

Theorem 4.1. Suppose that Assumption 4.1 (a)–(c) hold. Under the null hypothesis

(4.2), the estimated empirical process Mn(u,W ) converges in distribution to M(u),

−∞ < u < ∞, in the Skorohod space S[−∞,∞], where M(u) is a centered Gaussian

process with covariance functions

cov{M(u1),M(u2)} = E{Ψu1(X, ε)Ψu2(X, ε)}.

For the test statistic Tn, we have

Tn
L−→

∫
{M(u)}2F (du), (4.10)

where F is the distribution of X⊤W .

It is shown that the estimated empirical process Mn(u,W ), −∞ < u < ∞, converges

to a centered Gaussian process, and Tn converges to an integrated squared Gaussian

process. The convergence theoretically demonstrates that the proposed test Tn has

attractive asymptotic properties.

In the following, the power behavior of the statistic under the local and global alter-

natives were investigated. Consider the local alternative with a deviation in hα(X
⊤β)

from the null hypothesis; i.e.,

H1n : Pr
{
E(Y |X) = g(hα(X

⊤β + rnD(X)))
}
= 1 (4.11)

where D(X) is not a function of X⊤β for any β and is a measurable function of X
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satisfying with 0 < ED2(X) < ∞, rn is a constant depending on n.

It is easily proved that, under the alternatives (4.11), Tn−→∞ if rnn
1/2 → ∞, and is

different from
∫
{M(u)}2FX(du) if rnn

1/2 approaches a positive but finite constant.

Consequently, the proposed statistic can detect a local alternative that approaches

the null hypothetical model at the parametric rate, and the statistic Tn diverges

to infinity under the global alternative hypothesis (4.11). Hence, it has asymptotic

power 1 and is consistent.

Though Theorem 4.1 gives the asymptotic distribution of the statistic Tn under the

null hypothesis, this distribution may be case-dependent, which makes the calculation

of critical value inconvenient and sometimes difficult. To overcome this potential dif-

ficulty, a bootstrap procedure as follow was used to determine the critical value.

Step 1. Calculate the test statistic Tn.

Step 2. Generate a sample {Y ∗
i , i = 1, . . . , n} of independent Bernoulli random vari-

ables, where Y ∗
i has the probability of success given

{
g
(
hα̂n

(
X⊤

i β̂n

))
, i = 1, . . . , n

}
.

Step 3. Calculate the bootstrap test statistic, denoted by T ∗
n , based on the bootstrap

sample {(Y ∗
i , Xi) , i = 1, . . . , n}

Step 4. Repeat Steps 2 and 3 B times and obtain T ∗
n1, . . . , T

∗
nB. Then calculate the

1 − α empirical quantile of the bootstrap test statistics {T ∗
n1, . . . , T

∗
nB} as the

α-level critical value.

This resampling strategy is proposed by Dikta et al. (2006). The numerical experience

shows that the results based on the current resampling strategy are better than those

based on the existing resampling strategy. For space concerns, we did not present

these comparisons. As argued by Dikta et al. (2006) this model-based bootstrap

strategy integrates the model assumption and is therefore expected to be more efficient

than the wild bootstrap resampling method, which is confirmed by our numerical

55



studies. When the outcome is binary, the residuals also have binary distributions, so

the wild bootstrap’s ability to accommodate an arbitrary residual distribution is not

needed and, apparently, entails some cost.

Note that for the bootstrap procedure, it is not necessary to estimate any new quan-

tities such as the influence function. Also, the testing procedure is data-driven; given

only the sample, {(Y1, X1), . . . , (Yn, Xn)}, the proposed testing procedure using the

bootstrap-generated critical value can determine whether the logistic regression model

fits the data adequately without any other information on the data generation pro-

cess.

For the bootstrap testing statistic T ∗
n , we have the following result.

Theorem 4.2. Under the null hypothesis (4.2) or alternative hypothesis (4.11), if As-

sumption 4.1 (a)–(c) are satisfied, the conditional distribution of T ∗
n converges in dis-

tribution to the limiting null distribution of Tn given the sample {(Y1, X1), . . . , (Yn, Xn)}.

This assertation indicates that T ∗
n is not case-dependent, and gains the convenience

of calculating the critical value. By generating i.i.d. random variable series {Yi}ni=1

repeatedly, we can get a series of bootstrap test statistics, which can be looked upon

as a sample coming from the population Tn. Then we can calculate the empirical

quantile of the distribution of Tn. The critical value determined by this method

approximates the theoretical one regardless of whether the data are from the null

hypothetical model (4.2) or the alternative hypothetical model (4.11).

4.3 Simulation Studies

In this section, the results of two simulation studies and the power performance of

the proposed test were presented. Let N be the standard normal variable.
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Figure 4.2. Simulation results for Example 4.1: Rejection proportion of the four tests:
Hosmer-Lemeshow test (THL

n ), Osius and Rojek test (TOR
n ), Stukel test (T Stukel

n ), and
the proposed test (Tn), with the nominal levels 0.05 and 0.10 for different cluster
cases.
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Example 4.1. The data were generated from the simple logistic model

P (Y = 1|X) = {1 + exp(−Xβ + cX2)}−1 (4.12)

where X ∼ N(0, 1), β = 2, c ranges from 0 to 0.8 with increment 0.1. This is a

simple standard logistic model with an additional term cX2 in the linear predictor,

and when c = 0 it reduces to the simple logistic model. Three scenarios with clusters

m = 3, 7, and 10 were taken into account in this example. Within each group, 140 to

170 independent samples were generated. At each configuration, 1000 independent

datasets were generated. One thousand bootstrap samples were generated from each

of the 1000 datasets for calculating the empirical levels. The nominal levels of 0.05

and 0.10 were used. For the comparisons, the Hosmer-Lemeshow test, Osius and

Rojek test, Stukel test, and the proposed test are evaluated.

We calculated the proportions of times the null hypothesis was rejected among the

1000 replicates. They are the empirical sizes under the null hypothesis (i.e., c = 0)

and the empirical powers under the alternative hypothesis (i.e., c ̸= 0).

Intuitively, increasing the deviance cX2 creates a larger distance away from the null

hypothesis, resulting in an increased chance to reject the null hypothesis. We now

report the rejection proportions of the tests in Figure 4.2. According to Figure 4.2, the

performance of the proposed test is very promising in the sense that the empirical sizes

are close to the nominal levels and the empirical powers increase with the distance

away from the null hypothesis. The Osius and Rojek test is the most conservative

one and the prerequisite of the test is the dataset should be large enough to maintain

Type 1 error. The proposed test is comparable to Stukel’s test. When sample sizes

are comparatively low, for example, in the scenario with m = 3, the proposed test is

significantly better than Stukel’s test. Both the proposed test and Stukel’s test work

better than the Hosmer-Lemeshow test. When the deviance is tiny, the proposed
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test works better in distinguishing the difference from the null hypothesis than the

Hosmer-Lemeshow test.

Example 4.2. We extend the application to the generalized logistic model

P (Y = 1|X) = µα(Xβ − cX2)

= exp
(
hα(Xβ − cX2)

)
/
(
1 + exp

(
hα(Xβ − cX2)

)) (4.13)

There are m = 20 different clusters contained in each dataset, where Xs are 20

equally spaced numbers from −1.5 to 1.5, β = 2. This is a generalized logistic model

with an additional term −cX2 in the linear predictor, and when c = 0 it reduces to

Stukel’s generalized logistic model. The nominal levels of 0.05 and 0.10 were used.

Several scenarios were explored in this example. First, similar to the Warsaw dataset

shown in the following real data analysis. Within each group, 140 to 2000 independent

samples were generated. At each configuration, 200 independent datasets (N = 200)

were generated. 200 bootstrap (B = 200) samples were generated from each of the

200 datasets for calculating the empirical levels. c ranges from 0 to 1.4 with increment

0.2. For comparisons, we conducted the simulations among the h family model with

four different sets of parameters (α1, α2) = c(0.2, 0.2), c(0.2, 0.6), c(0.4, 0.4), and

c(0.6, 0.2); α2h family model with four different parameters: α2 = 0, 0.2, 0.4 , and

0.6; and h family model with given, fixed parameters (α1, α2) = c(0.2, 0.2), c(0.2, 0.6),

c(0.4, 0.4), and c(0.6, 0.2).

In Figure 4.3, on the left panel, we estimated the additional parameters (α1, α2) first,

and the rejection proportion gets to increase when c = 0.4. The testing performance

works better with the setting c(0.6, 0.2), especially, when compared to the curve with

c(0.2, 0.6), which can be explained by Figure 4.1. Overall, this pattern confirmed

that the proposed test maintains the Type 1 error at Null and achieves good power

performance within a reasonable deviation. The right panel is similar to what we
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Figure 4.3. Simulation results for Example 4.2: Rejection proportion of the proposed
test, left panel with (α1, α2) unknown, and right panel with (α1, α2) known.

did in Example 4.1. However, instead of taking c(0, 0), i.e. the standard logistic

regression, we treated the parameters (α1, α2) as given information. As a result, the

rejection proportion approaches 100% at c = 0.2. Figure 4.4 depicts the performance

of the proposed test on α2h family. With only one additional shape parameter to be

estimated, the rejection proportion gets to increase when c = 0.2.

The second scenario we explored in this example is to compare the difference in
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performance between balanced data and unbalanced data. In this simulation, we have

two settings: the balanced data with 200 independent samples within each group, and

the unbalance data with 50 to 400 samples within each group. 20 clusters in total,

N = 200, and B = 500. From Figure 4.5, no significant difference between these

two scenarios, which indicates that the loss of balance won’t affect the performance

of the proposed test. However, the rejection proportion curves for the balanced data

are smoother than the crooked curves for unbalanced data. We expect to enlarge the

bootstrap times B and replication cases N to achieve a smoother and more reliable

curve with unbalanced data.
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Figure 4.4. Simulation results for Example 4.2: Rejection proportion of the proposed
test for the α2h family, with the nominal levels 0.05 and 0.10.

4.4 Real Data Example

Milicer and Szczotka (1966) analyzed data determining the age of menarche in a sam-

ple of 3, 918 Warsaw girls. This dataset is available in R package MASS and contains

25 different age groups, details are reported in Table 4.1. By fitting a standard lo-

gistic model, the intercept β̂0 = −21.23 and the slope of age β̂1 = 1.63 with residual

deviance 26.7. An examination of the residuals shows that possible improvements to
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Figure 4.5. Simulation results for Example 4.2: Rejection proportion of the proposed
test for balanced data and unbalanced data, with the nominal levels 0.05 and 0.10.

the fit could be made on the tails. We conducted Stukel’s test to see if there was

any indication that a generalized logistic model with one or two additional shape

parameters could be a better fit. The h family model is the generalized logistic model

mentioned in Example 4.2 with two parameters (α1, α2). The α2h family model is

the one with α1 = 0, and α1h family model is the one with α2 = 0. The results for

the tests of shape of parameters are displayed in Table 4.2.
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Table 4.1. Warsaw Age at Menarche Data.

Age Total Menarche
9.21 376 0
10.21 200 0
10.58 93 0
10.83 120 2
11.08 90 2
11.33 88 5
11.58 105 10
11.83 111 17
12.08 100 16
12.33 93 29
12.58 100 39
12.83 108 51
13.08 99 47
13.33 106 67
13.58 105 81
13.83 117 88
14.08 98 79
14.33 97 90
14.58 120 113
14.83 102 95
15.08 122 117
15.33 111 107
15.58 94 92
15.83 114 112
17.58 1049 1049

Table 4.2. Tests for Shape Parameters on Warsaw Age at Menarche Data: Likelihood
Ratio Test and Score Test.

Model Likelihood-Ratio Test Score Test
Test Statistic p-value Test Statistic p-value

h family 12.117 0.002 7.938 0.019
α1h family 0.824 0.364 0.706 0.401
α2h family 10.338 0.001 7.232 0.007

From the likelihood-ratio test for shape parameters, the test statistic for testing the

fit of the α1h family with respect to the logistic model is 0.824 (p = 0.364), which

indicates α1h may not be a good generalization. The likelihood-ratio statistic for

testing the fit of the α2h with respect to the logistic model is 10.338 (p = 0.001). We
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have the confidence to fit the data with a α2h family model.

Furthermore, we tested the goodness-of-fit of these three different models by using

the proposed test. One thousand bootstrap samples were generated to calculate the

empirical levels. As shown in Table 4.3, the proposed test with B = 1000 shows

that only 3.4% (< 5%) of the test statistics T ∗
n are higher than the observed test

statistic Tn = 0.389 under the α1h model setting, which is aligned with the results

in Table 4.2. We reject the α1h generalization of the logistic model for the Warsaw

girls’ data.

Table 4.3. Goodness-of-Fit on Warsaw Age at Menarche Data.

Model Goodness-of-Fit
Test Statistics p-value

h family 0.015 0.738
α1h family 0.389 0.034
α2h family 0.049 0.431

The goodness-of-fit test statistics for α2h and h family are 0.049 (p = 0.431) and

0.015 (p = 0.738) respectively. We have the confidence to fit the Warsaw data with

the h family model or the α2h family model. The parameter estimates and variance

matrix given by α2h family model are:


β̂0

β̂1

α̂2

 =


−18.824

1.457

0.219

 ,Vβ̂,α̂2
=


0.979 −0.073 0.063

−0.073 0.005 −0.005

0.063 −0.005 0.007

 .

It is equivalent to the two-parameter model in terms of fitted values, except that

the standard errors were much smaller. This result is consistent with the finding

in Milicer and Szczotka (1966) that the age of menarche distribution was slightly

positively skewed.
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4.5 Discussion

Since Stukel (1988) proposed the generalized logistic model without proving the ex-

istence of the MLE, in this paper, we present the proof in the following Appendix.

The estimated MLEs of α and β were estimated by using the optim function in R.

These results were established assuming the estimation of α and β are close to the

true value and the data follows a generalized logistic model. In this paper, we have

theoretically and numerically examined the projection-based test for checking the

adequacy of generalized logistic models. The test’s performance in the generalized

logistic model is stable and reliable.

From the simulation studies, even though the proposed estimation method works

well for simple cases, which means, dim(X) = 1, when introducing more covariates

into the model, the precision of the estimation gets worse. Further studies, which

take more variables into account, will need to be undertaken. On the other hand,

in this paper, we discussed the performance of the proposed test with balanced and

unbalanced datasets. Several questions remain unanswered at present. For example,

if most of the observations were gathered at the tails, the estimation of α will be out

of a reasonable range and impact the reliability of the test in the end.

4.6 Appendix: Proofs of the Theorems in Chapter 4

We first present several lemmas and their proofs if needed. These lemmas establish

bounds for several terms, which will appear in the proofs of the main results, and a

representation for β̂n − β0, which we need later.

Lemma 4.1. (Heuser, 1981) If F is continuously differentiable on IR, then

F (t2)− F (t1) = (t2 − t1)

∫ 1

0

dF

ds
|s=t1+u(t2−t1)du,
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where t1, t2 ∈ IR. 2

Lemma 4.2. (Chen et al., 1999) Let Υ be a smooth injection from IRp to IRp with

Υ(x0) = y0 and inf∥x−x0∥=δ ∥Υ(x) − y0∥ ≥ R. Then for any y with ∥y − y0∥ ≤ R,

there is an x with ∥x− x0∥ ≤ δ such that Υ(x) = y. 2

Let Nn(δ) = {β : ∥G1/2
n (β−β0)∥ ≤ δ}, and v below be a unit p-vector. The following

lemma establishes bounds for several terms, which will be applied in the proof of the

main results, or the similar proof will be used later. The bounds or inequalities hold

in the sense of “in probability” unless specified otherwise.

Lemma 4.3. Under the conditions of Theorem 4.1, we have

max
1≤i≤n

∥G−1/2
n Xi∥2 = O(n−1), (4.14)

max
1≤i≤n

∥X⊤
i (β − β0)∥ = O(n−1/2δ). (4.15)

n∑
i=1

∥v⊤G−1/2
n Xi∥2 ≤ C (4.16)

for β ∈ Nn(δ).

Proof. Note that

max
1≤i≤n

∥G−1/2
n Xi∥2 = max

1≤i≤n
X⊤

i G
−1
n Xi

= max
1≤i≤n

X⊤
i (X⊤HX)−1Xi

≤ max
1≤i≤n

X⊤
i λ

−1
min(H)(X⊤X)−1Xi

≤ c−1
00 b

−2
minc

−1
minn

−1 max
1≤i≤n

X⊤
i Xi

= O(n−1),
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and

max
1≤i≤n

∥X⊤
i (β − β0)∥ ≤ max

1≤i≤n
∥G−1/2

n Xi∥∥G1/2
n (β − β0)∥

= O(n−1/2δ).

In addition,

n∑
i=1

∥v⊤G−1/2
n Xi∥2 =

n∑
i=1

v⊤G−1/2
n XiX

⊤
i G

−1/2
n v

= v⊤G−1/2
n SnG

−1/2
n v

= v⊤(X⊤HX)−1/2Sn(X⊤HX)−1/2v

≤ c−1
00 b

−2
minv

⊤(X⊤X)−1/2Sn(X⊤X)−1/2v = c−1
00 b

−2
min.

2

Lemma 4.4. Under the conditions of Theorem 4.1, we have

sup
β∈Nn(δ)

|v⊤G−1/2
n Qn(β)G

−1/2
n v − 1| → 0, (4.17)

where Qn(β) = −∂Ln(β)/∂β
⊤.

Proof. Recall εi = Yi−gi = Yi−g(hα(X
⊤
i β0)) and σ2

i = var(εi). A direct calculation

yields

v⊤G−1/2
n Qn(β)G

−1/2
n v − 1 = An(β)−Bn − Cn(β)−Dn(β), (4.18)

where

An(β) = v⊤G−1/2
n Gn(β)G

−1/2
n v − 1,

Bn =
n∑

i=1

v⊤G−1/2
n XiX

⊤
i G

−1/2
n vh

′′

i εi,
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Cn(β) =
n∑

i=1

v⊤G−1/2
n XiX

⊤
i G

−1/2
n v{h′′

i (β)− h
′′

i }εi,

Dn(β) =
n∑

i=1

v⊤G−1/2
n XiX

⊤
i G

−1/2
n vh

′′

i (β){gi − gi(β)}.

We will show that each of these four terms approaches to zero on Nn(δ).

Note that

|An(β)| = v⊤G−1/2
n {Gn(β)−Gn(β0)}G−1/2

n v

= v⊤G−1/2
n

n∑
i=1

XiH
(1)
i (β̃)X⊤

i (β − β0)X
⊤
i G

−1/2
n v

≤ v⊤G−1/2
n

n∑
i=1

XiC1∥X⊤
i (β − β0)∥X⊤

i G
−1/2
n v

≤ C1 max
1≤i≤n

∥X⊤
i (β − β0)∥

n∑
i=1

∥v⊤G−1/2
n Xi∥2.

Then (4.15) and (4.16) indicate that supβ∈Nn(δ)
∥An(β)∥ → 0.

A direct calculation yields

var(Bn) =
n∑

i=1

(v⊤G−1/2
n XiX

⊤
i G

−1/2
n v)2(h

′′

i )
2σ2

i

≤
n∑

i=1

∥v⊤G−1/2
n Xi∥2∥X⊤

i G
−1/2
n v∥2C2

≤ max
1≤i≤n

∥v⊤G−1/2
n Xi∥2

n∑
i=1

∥X⊤
i G

−1/2
n v∥2C2 → 0. (4.19)

This along with the fact that E(Bn) = 0 indicates |Bn| → 0.

Noting that supE |εi| < ∞, with the analogous arguments as in An(β), as n →

∞, supβ∈Nn(δ)

∥∥h′′
i (β)− h

′′
i

∥∥ → 0, and

E max
β∈Nn(δ)

∥Cn(β)∥ ⩽ sup
β∈Nn(δ)

∥∥∥h′′

i (β)− h
′′

i

∥∥∥ supE |εi|
n∑

i=1

∥∥∥v⊤G
− 1

2
n Xi

∥∥∥2

→ 0,
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which implies that

max
β∈Nn(δ)

∥Cn(β)∥
p→ 0

Similarly, noting that supβ∈Nn(δ)

∥∥h′′
i (β)

∥∥ < ∞, we obtain

sup
β∈Nn(δ)

∥Dn(β)∥ ≤ C3 max
1≤i≤n

∥X⊤
i (β − β0)∥

n∑
i=1

∥v⊤G−1/2
n Xi∥2 → 0.

2

Lemma 4.5. Suppose Assumptions (a)-(b) hold. Then there exist a sequence of

random variables β̂n such that

P{Ln(β̂n) = 0} → 1 (4.20)

and

β̂n − β0 = {Q̃n(β̂n)}−1Ln(β0). (4.21)

where Q̃n(β) =
∫ 1

0
Qn(β0 + s(β − β0))ds.

(4.20) indicates that with probability tending to 1, there exists a solution of the

equation Ln(β) = 0, while (4.21) gives a representative of β̂n − β0.

Proof. We first show

v⊤G−1/2
n Ln(β0)

D−→ N(0, 1). (4.22)

Let ξi = v⊤G
−1/2
n Xih

′
iεi. It is easy to verify that E(ξi) = 0. It now suffices to prove

that (Lindeberg’s condition), for any ζ > 0, as n → ∞,

gn(ζ) =
n∑

i=1

E{|ξi|2I(|ξi|>ζ)} → 0. (4.23)
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Let ani = v⊤G
−1/2
n Xih

′
i. Similar to (4.16), we can show that

max
1≤i≤n

∥ani∥2 ≤ max
1≤i≤n

B2
maxv

⊤G−1/2
n XiX

⊤
i G

−1/2
n v = max

1≤i≤n
B2

max∥v⊤G−1/2
n Xi∥2 → 0.

Also, (4.16) showed that
∑n

i=1 ∥ani∥2 is bounded. Combining these with the Cauchy-

Schwartz inequality, and (4.9) ensures (4.23). The central limiting theorem then

yields (4.22).

By Lemma 4.1, we have

Ln(β)− Ln(β0) = −Q̃n(β)(β − β0). (4.24)

Furthermore, it follows from Lemma 4.4 that

sup
β∈Nn(δ)

|v⊤G−1/2
n Q̃n(β)G

−1/2
n v − 1| → 0 (4.25)

and

sup
β1,β2∈Nn(δ)

|v⊤G−1/2
n Q̃n(β1,β2)G

−1/2
n v − 1| → 0, (4.26)

where Q̃n(β1,β2) =
∫ 1

0
Qn(β1 + s(β2 − β1))ds. Next, we prove that for any ζ > 0

there is a δ > 0 such that when n is large enough

P{there is β̂n ∈ Nn(δ) such that Ln(β̂n) = 0} > 1− ζ. (4.27)

Write ∂Nn(δ) = {β : ∥G1/2
n (β − β0)∥ = δ}. Note that ∥G1/2

n (β − β0)∥/δ = 1 for
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β ∈ ∂Nn(δ). By the Cauchy-Schwartz inequality, we have that for any δ > 0,

inf
β∈∂Nn(δ)

(β − β0)
⊤Q̃n(β)

⊤G−1
n Q̃n(β)(β − β0)

≥ inf
β∈∂Nn(δ)

δ2{(β − β0)
⊤Q̃n(β)

⊤(β − β0)/δ
2}2. (4.28)

It follows from (4.25) that, for any ϵ > 0 and δ > 0, there is a c0 ∈ (0, 1) independent

of δ, such that

P

{
inf

∥e∥=1,β∈∂Nn(δ)

e⊤G−1/2
n Q̃n(β)

⊤G−1/2
n e ≥ c0

}
> 1− ϵ

4
. (4.29)

(4.24), (4.28), and (4.29) indicate that, for any δ > 0 such that

P

{
inf

β∈∂Nn(δ)

∥v⊤G−1/2
n {Ln(β)− Ln(β0)}∥ ≥ c0δ

}
> 1− ϵ

4
. (4.30)

Taking δ = (4/ϵ)1/2/c0 and using the Markov inequality and (4.22) yield

P{∥v⊤G1/2
n Ln(β0)∥ ≤ c0δ} ≥ 1− E∥v⊤G−1/2

n Ln(β0)∥2/(c0δ)2

≥ 1− 1/(c0δ)
2 = 1− ϵ

4
. (4.31)

Write En =
{
∥v⊤G

−1/2
n Ln(β0)∥ ≤ infβ∈∂Nn(δ)

∥v⊤G
−1/2
n {Ln(β)− Ln(β0)}∥

}
. (4.30)

and (4.31) imply that

P (En) > 1− ϵ

2
. (4.32)

Write Ẽn =
{
det{Q̃n(β1,β2)} ≠ 0 for all β1,β2 ∈ Nn(δ)

}
. Then (4.26) indicates

that

P (Ẽn) > 1− ϵ

2
. (4.33)
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Lemma 4.1 indicates that the map: β → v⊤G
−1/2
n Ln(β) is an injection for β ∈ Nn(δ)

on the set Ẽn. Using Lemma 4.2 we know that, on En ∩ Ẽn, there is a β̂n such

that

β̂n ∈ Nn(δ) and Ln(β̂n) = 0 (4.34)

(4.27) follows from (4.32)-(4.34). Then (4.20) holds.

Proof of Theorem 4.1. By the definition of Mn(u,W ), we have

Mn(u,W ) =
1√
n

n∑
i=1

{Yi − g(hα̂(X
⊤
i β̂n))}I(X⊤

i W ≤ u)

=
1√
n

n∑
i=1

{Yi − g(hα0(X
⊤
i β0))}I(X⊤

i W ≤ u)

− 1√
n

n∑
i=1

{g(hα̂(X
⊤
i β̂n))− g(hα̂(X

⊤
i β0))}I(X⊤

i W ≤ u)

− 1√
n

n∑
i=1

{g(hα̂(X
⊤
i β0))− g(hα0(X

⊤
i β0))}I(X⊤

i W ≤ u)

:= Bn1(u,W )−Bn2(u,W )−Bn3(u,W ). (4.35)

It follows from model (4.2) that

Bn1(u,W ) =
1√
n

n∑
i=1

εiI(X
⊤
i W ≤ u) (4.36)

Using Lemma 4.1, the second term can be expressed as

Bn2(u,W ) =
1√
n

n∑
i=1

X⊤
i (β̂n − β0)I(X

⊤
i W ≤ u)

∫ 1

0

g′(X⊤
i β0 + s(X⊤

i (β̂n − β0)))ds
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Substituting β̂n−β0 given in (4.21) and applying the mean-value theorem yield

Bn2(u,W ) =
1√
n

n∑
i=1

X⊤
i {Q̃n(β̂n)}−1

n∑
j=1

Xjh
′

jεjI(X
⊤
i W ≤ u)g′(X⊤

i β̃n)

=
1√
n

n∑
j=1

[
n∑

i=1

X⊤
i {Q̃n(β̂n)}−1I(X⊤

i W ≤ u)g′(X⊤
i β̃n)

]
Xjh

′

jεj,

where β̃n is a vector such that X⊤
i β̃n lies between X⊤

i β̂n and X⊤
i β0. Applying the

result of Lemma 4.3 with additional routine simplifications yields

max
j

∣∣∣ 1
n

n∑
i=1

[
X⊤

i {Q̃n(β̂n)}−1I(X⊤
i W ≤ u)g′(X⊤

i β̃n)

−E{X⊤Σ−1
β I(X⊤W ≤ u)g′(X⊤β0)}

]
Xjh

′

j

∣∣∣ → 0. (4.37)

As a result, we have

Bn2(u,W ) =
1√
n
Γ(u)

n∑
i=1

εiXih
′

i + op(1). (4.38)

Similarly, the third term can be expressed as

Bn3(u,W ) =
1√
n

n∑
i=1

(α̂n − α0)I(X
⊤
i W ≤ u)

∫ 1

0

g′(α0 + s(α̂n − α0))ds

For simplicity, we consider the case with one additional shape parameter. Substituting

α̂n − α0 using Lemma 4.1 and applying the mean-value theorem yield

Bn3(u,W ) =
1√
n

n∑
i=1

{Ãn(α̂)}−1

n∑
j=1

Xjh
′

jεjI(X
⊤
i W ≤ u)g′(α̃)

=
1√
n

n∑
j=1

[
n∑

i=1

{Ãn(α̂)}−1I(X⊤
i W ≤ u)g′(α̃)

]
Xjh

′

jεj,

where α̃ is a value lies between α̂ and α0, Ãn(α1, α2) =
∫ 1

0
An(α1 + s(α2 − α1))ds,

An(α) = −∂Ln(α)/∂α.
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Denote Σα = E{
∑n

i=1 g(hα(η))(1 − g(hα(η)))
∂h(α)
∂α

∂h(α)
∂α

}. Applying the result of

Lemma 4.3 with additional routine simplifications yields

max
j

∣∣∣ 1
n

n∑
i=1

[
{Ãn(α̂)}−1I(X⊤

i W ≤ u)g′(α̃)

−E{Σ−1
α I(X⊤W ≤ u)g′(α0)}

]∂hα(ηj)

∂α

∣∣∣ → 0. (4.39)

Denote Θ(u) = E{Σ−1
α I(X⊤W ≤ u)g′(α0)}. As a result, we have

Bn3(u,W ) =
1√
n
Θ(u)

n∑
i=1

εi
∂hα

∂α
+ op(1) (4.40)

So we have the following expression for Mn(u,W ).

Mn(u,W ) =
1√
n

n∑
i=1

{I(X⊤
i W ≤ u)− Γ(u)Xih

′

i −Θ(u)
∂hα

∂α
}εi + op(1). (4.41)

It is easy to see that I(X⊤W ≤ u) is monotone with respect to u. By Lemma

9.10 of Kosorok (2008), the function class {I(X⊤W ≤ u) : u ∈ R1} is a VC-class.

Similarly the function classes {Γ(u) : u ∈ R1} and {Θ(u) : u ∈ R1} are VC-class as

well. By Theorem 2.6.8 of van der Vaart and Wellner (1996), the function classes

{εI(X⊤W ≤ u) : u ∈ R1}, the class {Γ(u)εXh
′
: u ∈ R1} and the class {Θ(u)ε∂hα

∂α
:

u ∈ R1} are all VC-class. Then by Lemma 9.17 of Kosorok (2008), the function

class {Ψu(u, y, ε, w) : u ∈ R1} is a VC-class. We can take the envelope function

as |ε| + E(∥ X ∥)|ε|Σ−1
β |X||h′| + |ε|Σ−1

α |∂hα

∂α
|. By Theorem 2.6.7, Theorem 2.5.2 of

van der Vaart and Wellner (1996), we can prove that the estimated empirical process

Mn(u,W ) converges weakly to M(u) in the Skorohod space S[Π]. By the continuous

mapping theorem, we can prove the result for Tn. 2

Proof of Theorem 4.2 Let β̂
∗
n be the MLE of β based on the bootstrap samples

(Xi, Y
∗
i ) for i = 1, · · · , n, where Y ∗

i has the success probability p∗i . Analogously to
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establish (4.21), we can verify that

Q̃n(β̂
∗
n)(β̂

∗
n − β̂n) = L∗

n(β̂n) =
n∑

i=1

Xi{Y ∗
i − g(hα̂(X

⊤
i β̂n))}h

′

i(β̂n). (4.42)

Write the bootstrap version of Mn(u,W ) as

M∗
n(u,W ) = 1/

√
n

n∑
i=1

{Y ∗
i − gα̂∗(X⊤

i β̂
∗
n)}I(X⊤

i W ≤ u)

Note that Y ∗
i − gα̂∗(X⊤

i β̂
∗
n) = {Y ∗

i − gα̂(X
⊤
i β̂n)} − {gα̂∗(X⊤

i β̂
∗
n) − gα̂∗(X⊤

i β̂n)} −

{gα̂∗(X⊤
i β̂n)− gα̂(X

⊤
i β̂n)}. Then, we have

M∗
n(u,W ) =

1√
n

n∑
i=1

{Y ∗
i − gα̂(X

⊤
i β̂n)}I(X⊤

i W ≤ u)

− 1√
n

n∑
i=1

{gα̂∗(X⊤
i β̂

∗
n)− gα̂∗(X⊤

i β̂n)}I(X⊤
i W ≤ u)

− 1√
n

n∑
i=1

{gα̂∗(X⊤
i β̂n)− gα̂(X

⊤
i β̂n)}I(X⊤

i W ≤ u)

:= M∗
n1(u,W )−M∗

n2(u,W )−M∗
n3(u,W ). (4.43)

Applying (4.42) along with the similar proof to that for (4.38) yields that

M∗
n2(u,W ) =

1√
n

n∑
i=1

{gα̂∗(X⊤
i β̂

∗
n)− gα̂∗(X⊤

i β̂n)}I(X⊤
i W ≤ u)

=
1√
n
Γ(u)

n∑
i=1

Xi{Y ∗
i − gα̂(X

⊤
i β̂n)}h

′

i(β̂n) + op(1). (4.44)

Applying (4.42) along with the similar proof to that for (4.40) yields that

M∗
n3(u,W ) =

1√
n

n∑
i=1

{gα̂∗(X⊤
i β̂n)− gα̂(X

⊤
i β̂n)}I(X⊤

i W ≤ u)

=
1√
n
Θ(u)

n∑
i=1

{Y ∗
i − gα̂(X

⊤
i β̂n)}

∂hα̂

∂α̂
+ op(1). (4.45)
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It follows from (4.43)-(4.45) that

M∗
n(u,W ) =

1√
n

n∑
i=1

{Y ∗
i − gα̂(X

⊤
i β̂n)}[I(X⊤

i W ≤ u)

− 1√
n
Γ(u)

n∑
i=1

Xi{Y ∗
i − gα̂(X

⊤
i β̂n)}h

′

i(β̂n)

− 1√
n
Θ(u)

n∑
i=1

{Y ∗
i − gα̂(X

⊤
i β̂n)}

∂hα̂

∂α̂
+ op(1). (4.46)

Recall that P (Y ∗
i = 1|data) = gα̂(X

⊤
i β̂n) = g(hα̂(X

⊤
i β̂n)) and g(v) = {1+ exp(−v)},

the similar arguments to the proof of Theorem 4.1 along the line with the proof of

Theorem 2 in Dikta et al. (2006) can prove that the conditional distribution of T ∗
n

converges in distribution to the limiting null distribution of Tn.

Note that the validity of (4.42) is independent of D(x) = 0 or not. We can similarly

prove that the conditional distribution of T ∗
n converges in distribution to the limiting

alternative distribution of Tn. Theorem 4.2 follows. 2
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