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Abstract

Incidence Hopf Algebras: Antipodes, Forest Formulas, and Non-

crossing Partitions

This dissertation focuses on incidence Hopf algebras of hereditary families of
posets. In the first half we study antipodes of incidence Hopf algebras of arbitrary
families of posets and lattices, and in the second half we investigate various aspects of
the incidence Hopf algebra of noncrossing partition lattices. We present a new forest
formula for the antipode of incidence Hopf algebras of hereditary families of posets.
The antipode can be expressed as a sum over all chains of a poset, and we prove our
new antipode formula by exhibiting a map from these chains to certain forests. We
characterize those families for which our formula is cancellation-free.

We then consider the incidence Hopf algebra of noncrossing partition lattices. We
find several formulas for the antipode of this Hopf algebra in terms of different sets of
generators. We define a closure operator on noncrossing partition lattices and show
that the incidence Hopf algebra corresponding to the subposets of closed elements
is isomorphic to the linear Faa di Bruno Hopf algebra. Using an edge labeling of

the noncrossing partition lattices, which was first defined by Stanley, we construct

il



a map from the noncrossing partition Hopf algebra to the incidence Hopf algebra of
linear orders. We use these results to find explicit formulas for the coproduct and a
projection onto the subspace of primitive elements of the noncrossing partition Hopf

algebra.
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Chapter 1

Introduction

Combinatorial coalgebras provide a valuable mechanism for giving algebraic structure
to families of combinatorial objects. The coalgebra framework is a useful tool because
such objects often have natural decompositions into pieces, and these decompositions
can be formalized as coproducts. This algebraic structure frequently reveals some of
the underlying properties of the combinatorial objects. Many combinatorial coalge-
bras are also equipped with product operations, thus becoming Hopf algebras, and
many of these so-called combinatorial Hopf algebras can be realized as incidence Hopf
algebras of families of posets. The first half of this dissertation considers incidence
Hopf algebras in general, concluding with a new formula for the antipode and a char-
acterization of when this antipode computation is cancellation-free. The second half
focuses specifically on the incidence Hopf algebra of noncrossing partition lattices. We
find several formulas for the antipode of this Hopf algebra, and we also demonstrate
connections between the noncrossing partition Hopf algebra and several other Hopf

algebras and use these connections to investigate the structure of the noncrossing



partition Hopf algebra.

Combinatorial coalgebras were first described by Goldman and Rota in 1970 in
[17], where they defined the incidence coalgebra of a locally finite partially ordered
set. Posets naturally decompose into intervals, and Goldman and Rota observed that

the decomposition given by

JEXNEN SR CIIERY (1.1)

<2<y
is a coproduct whose dual is the convolution product of the incidence algebra. Many
algebraic properties of the incidence algebra have clear combinatorial meaning when
rewritten in terms of the incidence coalgebra.

In 1979, Joni and Rota [22] described several examples of coalgebras defined by
decomposition laws on combinatorial objects. They showed that many of these coal-
gebras could be equipped with natural product operations, thus making them bialge-
bras. For example, the incidence bialgebra of a poset (or family of posets) uses the
coproduct given in Equation (1.1) and the usual cartesian product. Similarly, the
coalgebra of a family of graphs, with coproduct defined by restriction to complemen-
tary subsets of the vertex set, becomes a bialgebra when the product of two graphs
is defined as their disjoint union.

A Hopf algebra is a bialgebra in which the identity map has a convolution inverse,
known as the antipode. Expressing this inverse as a geometric series leads immediately
to the following formula for the antipode as an alternating sum over chains [18]:

X[z, y]) = ) (=1 > | J [EZEE (1.2)

k>1 r=ro<z1<-<TEp=Yy =1



There are connections between the Hopf algebra antipode and inversion formulas in a
variety of contexts. For example, by comparing the above expression for the antipode
of incidence Hopf algebras to Philip Hall’s formula for the Mébius function, we see
that the antipode is a vast strengthening of the Mobius function that preserves much
more information about the chains in a poset.

The fact that the incidence bialgebra of any hereditary family of posets is, in fact,
a Hopf algebra was noted by Schmitt [34]. Many combinatorial Hopf algebras can
be realized as incidence Hopf algebras of families of posets. For example, Ehrenborg
[12] defined a Hopf algebra homomorphism between the (reduced) incidence Hopf
algebra of posets and the Hopf algebra of quasi-symmetric functions, and he used this
homomorphism to find new ways of expressing the zeta and characteristic polynomials
of posets and to prove several identities about Eulerian posets.

One incidence Hopf algebra of particular interest is the incidence Hopf algebra
generated by the lattices of finite set partitions, which was introduced by Doubilet
in 1974 [10]. In 1989, Haiman and Schmitt [18] presented an explicit formula for the
antipode of this Hopf algebra, which is known as the Faa di Bruno Hopf algebra.
They showed that this antipode formula, which is computed as a sum over trees, is
equivalent to Lagrange inversion. Figueroa [14] used a similar method in 2005 to
derive a forest formula for the antipode of the incidence Hopf algebra of the family
of distributive lattices. The chain formula for the antipode (1.2) often contains many
terms that cancel, and thus it does not provide a concise description of the antipode
in these cases. Haiman and Schmitt’s formula is cancellation-free, but Figueroa’s

formula, in general, is not. These formulas were the motivation for our new forest



formula for the antipode of the incidence Hopf algebra of any hereditary family of
posets. Haiman and Schmitt’s formula and Figueroa’s formula are both special cases
of our formula. The fact that the former is cancellation-free and the latter is not also
follows from our results.

Another significant example is the incidence Hopf algebra generated by the family
of lattices of finite noncrossing partitions. These lattices were first described in detail
by Kreweras in 1972 [23], and their structure was further explored by Simion and
Ullman in 1991 [37]. The number of noncrossing partitions of the set [n] is given by
C,, the nth Catalan number. Since the Catalan numbers also enumerate many other
families of combinatorial objects — for example, there are currently 180 combinato-
rial interpretations listed on Richard Stanley’s website [38] — there are connections
between the incidence Hopf algebra of noncrossing partition lattices and quite a few
other combinatorial Hopf algebras. In this dissertation, we construct a Hopf algebra
isomorphism between the noncrossing partition Hopf algebra and the Hopf algebra
of symmetric functions (which can be realized as the incidence Hopf algebra of linear
orders), and we use this map to derive a formula for the coproduct in the noncrossing
partition Hopf algebra. The “Fourier transform” on multiplicative functions in the
incidence algebra of noncrossing partition lattices defined by Nica and Speicher in
[28] converts the convolution product in the incidence algebra to ordinary multiplica-
tion of formal power series. Several of the combinatorial properties of the noncrossing
partition Hopf algebra described in this dissertation can also be reformulated through
this connection as algebraic results on formal power series. The noncrossing partition
Hopf algebra also has important applications in free probability [27] [2] [26].
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The first several chapters of this dissertation consist of background material on
Hopf algebras, particularly incidence Hopf algebras of families of posets. In Chapter
2, we review the definition of Hopf algebras and present several examples. In Chapter
3, we define hereditary families of intervals and extend several known properties of
posets under isomorphism to the more general case of a hereditary family equivalence
relation. We also recall some useful results concerning edge labelings and chain la-
belings of posets and actions of the symmetric group on chains of posets. In Chapter
4, we define incidence Hopf algebras of hereditary families of posets, and we explore
several important examples. In Chapter 5, we present a new forest formula for the
antipode of incidence Hopf algebras. We also characterize those hereditary families
for which the forest computation of the antipode is cancellation-free. The incidence
Hopf algebras of these families are precisely those in which the primitive elements
form a pre-Lie algebra, as shown by Loday and Ronco in [25].

In the remaining chapters, we apply these incidence Hopf algebra results to an
exploration of the Hopf algebra of noncrossing partition lattices. In Chapter 6, we
review the definitions of noncrossing partitions and noncrossing partition lattices,
and we show that the family of noncrossing partition lattices is a hereditary family.
In Chapter 7, we investigate the relationship between two sets of generators for the
noncrossing partition Hopf algebra. The first set of generators, {yi,vs,...}, is the
natural one in which vy, denotes the equivalence class of the noncrossing partition
lattice of the set {1,2,...,n—1}. The second set, {x1, 22, ... }, is obtained by inverting
the formal power series whose coefficients are the y;’s. In Chapter 8, we present

several new approaches to calculating the antipode in the noncrossing partition Hopf



algebra. One approach yields a sign-free formula for the antipode of each y,, in terms
of the z; generators, and another approach produces a cancellation-free formula for the
antipode of each y,, in terms of the y; generators. In Chapter 9, we use an edge labeling
of noncrossing partition lattices introduced by Stanley [40] to define an isomorphism
from the noncrossing partition Hopf algebra onto the Hopf algebra of symmetric
functions. We use this isomorphism to prove a simple formula for the coproduct of
the x; generators. In Chapter 10, we find explicit formulas for the coproduct of the
noncrossing partition Hopf algebra and a projection onto the subspace of primitives,
both expressed in terms of the y; generators. Our coproduct formula shows that each
homogeneous component of §(y;) is a tensor of rank 1. This fact leads to an apparently
new probabilistic result about the block structure of noncrossing partitions.

The results in this dissertation lead to several questions for further research. The
formula for the antipode of incidence Hopf algebras in Chapter 5 is expressed as a
sum over forests, and the cancellation-free formula for the antipode of the noncrossing
partition Hopf algebra found in Chapter 8 is computed as a sum over certain polygon
dissections. There are many combinatorial maps between forests and polygon dissec-
tions, and it is possible that these two antipode formulas are both special cases of a
more general formula. The coproduct formulas presented in Chapters 9 and 10 show
that both d(x,) and 6(y,) are sums of decomposable tensors. This property does not
hold for all sets of generators of the polynomial Hopf algebra with cocommutative
coproduct — indeed, we describe a simple counterexample in Chapter 10 — but it is
not known what characterizes those coproducts for which it does hold. Additionally,

similar methods to those used to explore the noncrossing partition Hopf algebra in



Chapters 6 through 10 could be applied to the Hopf algebras of type-B and type-D

noncrossing partition lattices.



Chapter 2

Hopf algebras

In this chapter we summarize the basic definitions of coalgebras and bialgebras. A
coalgebra is the dual concept of an algebra, and a bialgebra is both an algebra and
a coalgebra. A Hopf algebra, our main focus, is a bialgebra with certain additional

properties, defined in Section 2.2. We provide several examples of Hopf algebras.

2.1 Coalgebra, bialgebra

Definition 2.1. Let R be a unital ring. A coalgebra over R is a triple (C, 0, €) where
C is an R-module and 6 and € are R-linear maps, § : C — C ® C and e : C — R,

such that the following diagrams commute:

CoCoCZ cwcC
1®5T Té
C®C C

0



e®1 1®e

Re(C~—C(C—C®R
C

The first diagram illustrates coassociativity, and the second the counitary property.

A coalgebra is called cocommutative if 6 = 76, where 7 is the twist operator:
T(r®y) =y®x. A coalgebra map is an R-linear map f : C' — D, where C' and D

are coalgebras, such that the following diagrams commute:

Definition 2.2. A bialgebra over R is a quintuple (B, u,n,0,€) such that
1. (B,p,n) is an algebra,
2. (B,0d,€) is a coalgebra,
3. § and € are algebra maps (or, equivalently, v and n are coalgebra maps.)

A bialgebra is graded if it is graded as both an algebra and as a coalgebra; i.e., if

B = ®n20 Bn, where BZBJ Q Bi+j and

(B,) C P Bi ® B,
=0



for all 4, j,n. The unit and counit of a graded bialgebra satisfy 15 € By and ¢(B,,) = 0
for all n # 0.
If a bialgebra B is graded, with B = 69@0 B,,, then we write d; ; for the projection

of § onto B; ® Bj. We can see that

0(Bn) = Y 615(Bn).

i+j=n

2.2 Hopf algebra, antipode

Definition 2.3. If (B, i1, 1, 9, €) is a bialgebra, the convolution algebra of B is Hompg(B, B)

with convolution product x gien by fx g = pu(f ® g)d, and unit 1gomy(B,5) = 1€

Definition 2.4. A Hopf algebra is a bialgebra for which the identity map I has an
wnverse in the convolution algebra. This inverse is called the antipode and is generally
denoted x. Algebraically, this means that, for every element x of the Hopf algebra,

we have (x * I)(x) = €(x) - 1.

If B is a Hopf algebra and A is any commutative algebra, then the antipode can
be used to find the inverse of any algebra map from B to A, as shown in the following

proposition.

Proposition 2.5. [J1] If f € Alg(B,A), and x is the antipode of B, then f o x is

the convolution inverse of f.

10



2.3 Examples

2.3.1 Polynomial Hopf algebra

A straightforward example of a Hopf algebra is the polynomial algebra R[z], with
d(z) =2r®1+1®x and e(x) = 0. We determine x(x™) recursively. Since §(1) = 1®1,
we know that x(1) = 1.

To determine x(x), we need €(z) -1 = (x * I)(x). Equivalently, 0 = x(z) -1+
x(1) -z = x(x) + z, and so x(z) = —x. Since x is an algebra map, we can see that
x(z") = (=1)"z™ for n > 1. The polynomial Hopf algebra is both commutative and

cocommutative.

2.3.2 Graph Hopf algebra

Let G be a family of graphs which is closed under disjoint union and the taking of
subgraphs. The Hopf algebra Z(G) is generated by the set of all connected graphs in
G, with disjoint union of graphs as product. The coproduct is given by

5(G) = > Glu®GClvenn-

HCV(G)
We can see that this Hopf algebra is both commutative and cocommutative.

If G is the family generated by the set of all complete graphs, where x,, represents

the complete graph on n vertices, we can see that

5(x,) = i (TZL) Ti ® Tni.

11



It is easily verified (see [35]) that

n

X(@n) =) (1) KBy y(ar, 2o, ),

k=0

where the B, (21,2, ...) are the partial Bell polynomials.
As another example, suppose G is the family generated by the set of all finite

paths, and let p, represent the path with n vertices. For any 1, 7, let

J
bij = Z Hpkh.

kit tkj=i h=1
kep>1

Then we can see that

01 (pn) =D pise ® (Djs—1 + 20jk + Pjkr1),
K1

for all 1 + 5 = n.

2.3.3 Hopf algebras of trees

If T is a rooted tree, a simple cut ¢ of T' is a set of edges of T" such that the path from
the root to any vertex of T uses at most one edge in c. If the edges in ¢ are deleted,
we are left with several subtrees of T'. The subtree containing the root is denoted
R.(T), and the set of all other subtrees is denoted P.(T"). We let C(T") denote the set
of nontrivial simple cuts of 7.

Let Hr be the commutative algebra generated by the isomorphism classes of
rooted trees, with juxtaposition as product and the empty tree as unit. The Connes-
Kreimer Hopf algebra, introduced in [8], is the algebra Hg with counit given by

€(1) = 1g and €(7}...T,,) = 0 for trees T4, ...,T,, and coproduct given by

(1) =1®1,

12



ST)=10T+T®1+ Y P(T)® R(T).
ceC(T)

This Hopf algebra is commutative but not cocommutative.

In [1], Aguiar and Sottile summarized the properties of several Hopf algebras
of trees, including the Connes-Kreimer Hopf algebra. Other Hopf algebras of trees
include the Grossman-Larson Hopf algebras, over several different families of trees,
which are non-commutative and cocommutative; and the Loday-Ronco Hopf algebra

of planar binary trees, which is non-commutative and non-cocommutative.

13



Chapter 3

Hereditary families of partially

ordered sets

We begin this chapter by recalling some basic properties of posets and lattices. We
present a modification of the definition of hereditary families of posets given in [18],
and we show that several of Birkhoff’s theorems concerning the centers of posets
extend to posets considered within the hereditary family context. We also present
several results from Stanley and Hersh dealing with edge and chain labelings and

symmetric actions on posets.

3.1 Posets and lattices

Definition 3.1. A partially ordered set, or poset, is a set P with a binary relation
< satisfying
1. Reflexivity: if x € P, then x < x.

14



2. Antisymmetry: if v <y and y < x, then x =y.
3. Transitwity: if x <y andy < z, then z < z.

Unless otherwise indicated, all posets considered in this paper are assumed to be
finite.

If x,y € P, then we say that y covers x, written x < y, if x < y and there is no
z € P such that x < z < y.

An interval is a poset with unique minimal and maximal elements, denoted 0 and

~

1, respectively. A chain C in an interval Pisaset 0 = ¢ < ¢1 < --- < ¢, = 1
of elements of P, and ¢(C) = n is the length of C'. The length of an interval is the
length of its longest chain. A chain C' of an interval P is called a mazimal chain of P

if ¢;41 > ¢; for all 0 < i < ¢(C'). The set of maximal chains of P is denoted M Ch(P).

If every maximal chain of P is of length n, then P is said to be graded of rank n.

Definition 3.2. A lattice is a poset in which every pair of elements x,y has a least

upper bound, denoted x V y, and a greatest lower bound, denoted x N y.

If P is a lattice, then we say x € P is complemented in P if there is some 2’ € P
such that z V2’ =1 and z A 2’ = 0.

Two posets P and @) are isomorphic, written P = (), if there is a bijection
¢ P — @ such that x <y in P if and only if ¢(z) < ¢(y) in Q.

If P and @ are posets, then the cartesian product P x @ is the set {(z,y) : x €
Py € Q}, with partial ordering <pyq such that (z,y)<p«g(2',y’) if and only if

r<pxz’ and ngy’. The dual of a poset P is the poset P* defined on the same set as

15



P, with partial ordering such that z<p.y if and only if y<pz. A poset P is called
self-dual if P = P*.
We will use closure operators in our examination of the noncrossing partition Hopf

algebra in Chapters 7 through 10.

Definition 3.3. A closure operator on a poset P is a map cl : P — P such that, for

all x,y € P:
1. z < cl(x).
2. if v <y, then cl(x) < cl(y).
3. c(cl(x)) = cl(z).

A coclosure operator is the dualized version of a closure operator; it is a map

ccl : P — P such that, for all x,y € P:
1. = > ccl(z).
2. if v <y, then ccl(x) < ccl(y).

3. cel(cel(x)) = cel(x).

3.2 Hereditary families of posets

We slightly modify the definition of hereditary families of posets from [18].

Definition 3.4. A hereditary family (P, ~, ) is a family P of finite intervals that is

closed under the formation of subintervals, and is equipped with a product operation

16



-1 P x P — P, where we write PQ for P -(Q, and an equivalence relation ~ such

that, for all P,Q,R € P,
1. If P~ (@, then PR ~ QR.

2. (PQ)R ~ P(QR), and if I is any single-element interval, then IP ~ PI ~ P.

Also, PQ ~ QP.

3. If P ~ Q, then there is a bijection z +— ' from P to Q such that [0p, ] ~ (00, 2']

and [z, 1p] ~ [/, 1¢] for all x € P.

4. There is a poset isomorphism ¢ from the cartesian product P x Q) to PQ) such

that [I/J(OPaOQ)W(%?J)] ~ [0P7x][OQ’y] and [@Z)(l’,y),iﬁ(ip,i(g)] ~ [l’, iP][yv iQ]

for all (z,y) € P X Q.

Note that Condition (4) guarantees that, if P ~ @, then P = (). The hereditary
family definition in [18] allowed a few special cases in which two posets were equivalent
in a hereditary family but not isomorphic, but our applications require this stronger
definition.

If P is a hereditary family of posets, and S,7 C P, then we say S ~ 7 if there

is a bijection f: S — 7 such that P ~ f(P) for all P € S.

Definition 3.5. Let P be a hereditary family of posets. A poset is decomposable in P
if it is the non-trivial product of non-singleton posets in P, and it is indecomposable
otherwise. If P € P, then write D(P) for the set of all x € P\ {0,1} such that [0, z]
is decomposable in P, and write I(P) for the set of all z € P\ {0,1} such that [0, z]

1s indecomposable in P.

17



3.2.1 Centers of posets

Let P be a hereditary family.

Definition 3.6. Let P € P. The center of P, denoted Z(P), is the set of all a € P
such that there is some o’ € P such that [0,a][0,a’] ~ [0,1]. The prime center of P,

denoted Z'(P), is the set of all minimal non-zero elements of Z(P).

In [4], Birkhoff described several properties of the centers of posets. In his work,
two posets were considered to be equivalent if they were isomorphic, and the product
considered was cartesian product. We show that these properties hold in the more
general case of hereditary families of posets.

For P € P, let I~(P) be the set of all z € P such that [0, z] is indecomposable as a
cartesian product. Let D(P) be the set of all z € P such that [0, z] is decomposable
as a cartesian product. Let Zx(P) be the set of all a € P such that there is some
a’ € P such that [0,a][0,a’] = [0, 1], and let ZL(P) be the set of all minimal non-zero
elements of Z~(P).

It is clear from Condition (4) of the hereditary family definition that D(P) C
D~(P) and I~(P) C I(P) for any P € P. It then follows that Z(P) C Z~(P).
However, it is not necessarily true that Z'(P) C ZL(P), since the minimal elements

of Z(P) may not be minimal in the larger set Z~(P).

Lemma 3.7. If a € Z(P), where P € P, then aV z and a A z exist for any z € P.
Additionally, if a € Z(P), then P ~ [0,d][a, 1] by the map z — (2 Aa,z V a), where

z e P.

18



Proof. Birkhoff proved the first assertion for any a € Z~(P), and so it is true for any
a€ Z(P).

The second assertion is a modification of a lemma from Birkhoff. Since a € Z(P),
we know that P ~ XY where X ~ [O, al and Y is some poset. So, using the ¥ map
described in Condition (4) of Definition 3.4, we have a = 9(1x, Oy). Let z € P. Then

z =1(z,y) for some x € X and y € Y. Then, by the given map,

z = 1#(33'73/) = (w@j?y) /\w<iX7OY)7w(xay) vw(iXaoY)) = (w(x,Oy),w(lx,y)).

The elements of the form v(1x,y) in the factorization P ~ XY = [0,a]Y are
exactly the elements of [a, 1] in P. So then we must have Y ~ [a, 1], and so the given

map sends P to [0, a][a, 1], as needed. O

Lemma 3.8. If P € P and b € Z(P), then b has a unique complement t/ € Z(P),

and [0,0][0,0] ~ P.

Proof. Birkhoff showed the existence of the unique complement in Z~(P), and the
existence of the unique complement in Z(P) follows from the same reasoning. The
previous lemma shows that P ~ [0,0][b, 1] by the map z + (2 A b,z V b). Then

Y — (0,1), and so we must have [0,5] ~ [b, 1], and thus P ~ [0, b][0, ¥']. O

Birkhoff used the analogues of the previous two lemmas to prove the following
three lemmas with isomorphism as the equivalence relation and cartesian product as

the product. The general hereditary family case follows from the same reasoning.
Lemma 3.9. Z(P) is a Boolean lattice and a sublattice of P.

Lemma 3.10. Ifa € Z(P), then a € Z'(P) if and only if a € 1(P).

19



Lemma 3.11. P ~ [[.cp [0, al.

An element a of a lattice P is said to be distributive if the identities
aN(zVy)=(aNz)V(aNy)

zA(aVy)=(xANa)V(xAy)
and their duals hold for all x,y € P. An element a is complemented in P if there

exists an element ¢’ € P such that aVa' =1 and a Ad’ = 0.

Birkhoff proved the following lemma.

Lemma 3.12. Ifa € P, then a € Z~(P) if and only if a is both distributive and

complemented in P.

3.3 Edge and chain labelings

An edge labeling of a poset P is a map A from the set of edges of the Hasse diagram
of P to a linearly ordered set L. If P is a graded poset of rank n, then a chain labeling
of P is a map from the set M Ch(P) of maximal chains of P to L". We write A;(C') to
denote the ith coordinate in the chain labeling A of the chain C. Each edge labeling

A of a graded poset P determines a chain labeling of P by
O=ay<ay < <ap,=1)— (Aag,a1), ..., A(an_1,a,)).

Definition 3.13. [36/ An S-labeling of a graded poset P of rank n is a one-to-one
chain labeling A such that, if C' is a mazximal chain and A;(C) # Aiy1(C) for some
i € [n— 1], then there is a unique maximal chain C' which differs from C only at
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rank i such that A;(C) = Aip1(C") and A1 (C) = Ai(C'), and A;(C) = Aj(C) for
all 5 # 1.
We can see that, if A is an S-labeling of P and C' is a maximal chain of P, then

each unique rearrangement of A(C') is the labeling of a unique maximal chain of P.

Definition 3.14. Let P be a graded poset of rank n. A local S, action on P, as
defined in [39], is an action of the symmetric group S, on the set of mazximal chains
MCHK(P) such that the adjacent transposition (i,i + 1) maps each maximal chain

either to itself or to one which differs from it only at rank 7.

Each orbit of a local S, action on P can be associated to the subposet of P
consisting of all elements of all chains in the orbit. These are referred to as the orbit
subposets of P. If P is graded of rank n, then each non-empty orbit subposet is also
graded of rank n.

If P is a graded poset of rank n, and A is an S-labeling of P, then A defines an .S,
action on P: for each s € S, let sC be the unique chain C” such that A(C”") = sA(C).
The orbits of MCh(P) under such an action are indexed by certain n-multisets of
the label set L.

Hersh stated the following lemma in [19].

Lemma 3.15. If .S, acts locally on a lattice P, then the maximal chains of each orbit

subposet are exactly the maximal chains of P in the corresponding orbit of MCh(P).

This lemma does not hold in the more general case of an .S,, action on a poset.
The following lemma describes the orbit subposets of S, actions defined from
S-labelings of lattices.
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Lemma 3.16. If P is a graded lattice of rank n, and A is an S-labeling of P, then
each orbit subposet of the S, action defined from A is a product of chains. Specifically,

if Q is the orbit subposet of mazimal chains labeled by all unique rearrangements of

1#12k2  nkn then
n
Q = H Ry s
i=1

where zy 1s the chain of length k.

Proof. We know from Lemma 3.15 that the maximal chains of @) are exactly the
maximal chains in the corresponding orbit of MCh(P), and so the maximal chains

kn " Since A is an S-

of @) are labeled by all unique rearrangements of 1%12%2 . n
labeling, each x € () can be uniquely identified by the multiset of labels of the
maximal chains of [OQ, x]. There is a bijection between the elements of () and the set
{(J1,J25 -+ Jn) : 0 < ji < k;}, given by x — (21,9, ...,x,), where z; is the number

of edges labeled i in each maximal chain of [O, x]. We can see that x <y if and only

if x; < y; for all 7. Then
Q= H Zhis
i=1

as needed. O
Hersh proved the following more general theorem in [19].

Theorem 3.17. If S,, acts locally on a lattice, then each orbit subposet is a product

of chains.

It is much more complicated to identify the specific chains in the product in this

more general case than it is in the case where the action arises from an S-labeling.
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Chapter 4

Incidence Hopf algebras

In this chapter, we define incidence Hopf algebras of hereditary families of posets
and recall a formula for the antipode of an incidence Hopf algebra. We also recall a

formula for a projection onto the subspace of primitive elements.

4.1 Incidence Hopf algebras

Let k be a commutative unital ring, and let P = (P, ~,-) be a hereditary family of
posets. Conditions (1) and (2) of Definition 3.4 imply that the quotient P/~ is a
commutative monoid with product induced by the product in P. The incidence Hopf
algebra of P, denoted H(P), is the monoid algebra of P/ ~ over k, with coalgebra

structure given by
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and

1 if|P|=1
€«(P) =

0 otherwise.

This coproduct is clearly coassociative. Condition (3) of Definition 3.4 ensures
that 0 is well-defined on P/ ~. Condition (4) guarantees that §(PQ) ~ §(P)d(Q),
and so H(P) is a bialgebra.

We do not distinguish notationally between elements of P and P/ ~.

Let Py be the set of all indecomposable posets in P. Then Py/ ~ is the free com-
mutative monoid on P/~. So, as an algebra, H(P) is isomorphic to the polynomial
algebra k[Py/ ~].

Let H(P), be the submodule of H(P) spanned by intervals of length less than
or equal to n. These define a bialgebra filtration H(P)y C H(P); € H(P)s C ....
Condition (2) of Definition 3.4 ensures that H(P)y = k-1, and so H(P) is a connected
bialgebra, and thus it is a Hopf algebra.

For P € P, let C(P) be the set of all chains of P. For each P € P, define
Q:C(P)— P by

C) = [[lei-1. .

i=1

The following formula for the antipode was observed by Haiman and Schmitt.

Proposition 4.1. [18] The antipode of H(P) is given by

X(P)= Y ()90

cec(p)
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Compare this formula to Philip Hall’s formula for the Mdbius function:

nP) = 3 (1)

cec(P)

The Hopf algebra antipode can be seen as an extension of the Mobius function that
preserves additional information about the poset. The antipode is the convolution
inverse of the identity map, just as the Mobius function is the inverse of the Zeta

function.
Proposition 4.2. [35] If x is the antipode of an incidence Hopf algebra H(P), then
xox=1.

The convolution algebra is a more general form of the incidence algebra.

Definition 4.3. The convolution algebra of H(P) is Homy,(H(P), H(P)) with op-

eration convolution defined by

(fxg)(P)=>_ f([0,2])g([x,1]).

zeP

Ray and Schmitt proved the following result in [32].

Proposition 4.4. Suppose ¢ is an invertible element of the convolution algebra of a

locally finite poset P, and let x — T be a closure operator on P such that

¢([z,y]) = ¢([z, z))o([7, y])

for all x,y € P such that T <vy. Let P. be the subposet of closed elements of P, and

let ¢, be the restriction of ¢ to Int(P.). Then, for all a < b in P, we have

¢C_1([a7b])7 Zfa/7bepc}
> ¢ (la,a))o ([, b)) =

r:Zx=b .
0, otherwise.
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An element x of a Hopf algebra is called primitive if 6(z) = 1®@x+z®1. If H is
a Hopf algebra, let P(H) be the submodule of H consisting of all primitive elements.

Schmitt proved the following formula for a map onto the primitive elements.

Theorem 4.5. [35] If k is a field of characteristic zero, and P is a hereditary family

such that H(P) = k(P) is cocommutative, then the map X : H(P) — H(P) given by

is a projection onto P(H(P)).

A spanning subposet of an interval P is a subposet () C P such that @) has the

same maximal and minimal elements as P. Ray and Schmitt proved the following in

~

[33], where P, represents the interval [0p, z] and P* represents [z, 1p].

Proposition 4.6. Suppose P and Q are hereditary families of posets. For each

P P, let S(P) be a set of spanning subposets of P such that:
1. S(P) C Q forall P € P;
2. If P~ P', then S(P) ~ S(P');

3. Ifr e PeP, then S(Py) ~{Q,: € Q€ S(P)} and S(P*) ~{Q* :z € Q €
S(P)}.
Then the map ¢ : H(P) — H(Q), given by P +— ZQeS(P) Q, is a coalgebra map. The
proposition also holds if Condition (3) is replaced by:
(3°) If P € P, then the set {MCh(Q) : Q@ € S(P)} is a partition of the set of
mazimal chains MCh(P).
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4.2 Examples

4.2.1 Partition lattices
The finite partition lattice 11,, is the lattice of all partitions of [n], ordered by refine-
ment. Lower intervals in II,, factor as

[0, 0] = H gy,

Beo

and upper intervals are indecomposable: [o, i] = [I),|. Arbitrary intervals factor as

[Ua T] = H H|B|0|>

Bert

where Blo is the set of all B’ € o such that B* C B. The family of all intervals in
all finite partition lattices is therefore a hereditary family, with isomorphism as the
equivalence relation and cartesian product as product. If o € II,,, then o € I(I1,,) if
and only if ¢ has exactly one non-singleton block.

Let P be the hereditary family of all finite products of finite partition lattices.
The coproduct in Z(P) is given by

(1) = > ([ We) @1,

o€ll,, Beo
and the counit by

1 ifn=1,
e(Il,) =

0 otherwise.

In [18], Haiman and Schmitt found a closed formula for the antipode of the inci-

dence Hopf algebra of the family of finite partition lattices, also known as the Faa di
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Bruno Hopf algebra. This formula was proven through a map from chains of partition

lattices to planar trees. The antipode is given by

X)) =Y (=) Bip_14(0, o, T3, . . . ),

where the B,, , are the exponential Bell polynomials. This antipode formula is equiv-

alent to the Lagrange inversion formula.

4.2.2 Distributive lattices

A distributive lattice is a lattice L in which the distributive laws

zV(yANz)=(xVy A(zVz)

cA(yVz)=(xAy)V(xAz)

hold for all z,y,z € L.

If P is any finite poset, let J(P) denote the lattice of order ideals of P.

Theorem 4.7. (Fundamental Theorem of Finite Distributive Lattices) If L is a (fi-

nite) distributive lattice, then there is a unique finite poset P such that L = J(P).

A subposet Q C P is called conver if, whenever x < y in @, we have z € Q
for every x < z <y in P. If P and @ are posets, then J(P + Q) is isomorphic to
J(P) x J(Q). If I and L are order ideals of P such that I C L, then L — [ is a
convex subposet of P, and the interval [/, L] in J(P) is isomorphic to J(L —I). If F
is a family of posets which is closed under disjoint union and convex subposets, then

P ={J(P): P € F}is a hereditary family of distributive lattices, with isomorphism
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as equivalence relation and cartesian product. The coproduct in the incidence Hopf
algebra over P is given by [35]
S(I(P) = > JI)®J(P -1
I€J(P)

for all P € F. This Hopf algebra is commutative but not generally cocommutative.

An element x of a lattice is called join-irreducible if there are no y,z < x such
that y V z = 2. If L is a distributive lattice, with L = J(P), then the subposet of
join-irreducible elements of L is isomorphic to P. If A is an order ideal of P, then
A is join-irreducible in L if and only if A is a principal order ideal of P. The set of
connected order ideals in P is precisely the set I(L). An order ideal A of P is in the
set Z'(L) if and only if A is a maximal principal order ideal of P.

In [14], Figueroa introduced a formula for the antipode of the incidence Hopf
algebra of a family of distributive lattices. Figueroa’s forest antipode formula was
based on Haiman and Schmitt’s formula in [18]. Unlike the Faa di Bruno Hopf algebra

antipode formula, Figueroa’s formula is not generally cancellation-free.

4.2.3 Linear orders

Let £ be the family of all finite products of finite linearly ordered sets. This is a
hereditary family with isomorphism as the equivalence relation. If we let z, denote
the type of a linearly ordered set of length n, then the incidence Hopf algebra Z(L)

is equal to the polynomial Hopf algebra Z|z1, 2o, . . . |, with coproduct given by

0(z) = Y (1) 2 ® 20,

k=0
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and counit given by

1 ifn=0,
€(zn) =

0 otherwise.

We can easily see from Proposition 4.1 that the antipode of Z(L£) is given by

X(zn) = Z Z Zng - - Py

k>1 ni+-+ng=n
n;>1

for all n > 1.

If K is a field of characteristic zero, then

)\(zn)zz% Z Ziy - - 2,

k>1 i14eip=n
ij>1

is a projection onto the subspace of primitive elements of K(L).
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Chapter 5

A forest formula for the antipode

in incidence Hopf algebras

This chapter is based on work first published in [13].

5.1 Forest formula for antipode in incidence Hopf

algebras of hereditary families of lattices

We define forests of lattices, which will be used in our new forest formula for the
antipode of incidence Hopf algebras of hereditary families of lattices. In Section 5.3,

we will extend this definition to hereditary families of posets.

Definition 5.1. A forest of a lattice P € P is a set F C I(P), with \| F # 1 and

0¢ F, such that:
1. if a1, ag € F, then either a1 < ag, as < aq, or a; A\ as = 0. (This condition is
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referred to as “non-overlapping.”)
2. if {b;}; C F is an antichain, then T[,[0,b;] ~ [0,V bi].

Let d(F) denote |F| + 1.

In [14], Figueroa defined forests of distributive lattices. Figueroa’s definition relied
on the fundamental theorem of distributive lattices: If L is a finite distributive lattice,
then L is isomorphic to the poset of order ideals Jp of some finite poset P. He defined
a forest F' of L as a collection of connected order ideals of P where ) ¢ F and |J F # P,
such that if I, I, € F, then either Iy NIy = (), or I C I, or I, C I;. In the map
sending order ideals of P to Jp, connected order ideals are sent to I(Jp), and so this
non-overlapping condition on order ideals is equivalent to Condition (1) of Definition
5.1. The second condition of Definition 5.1 holds for any antichain in a distributive
lattice.

If F' is a forest of a lattice P and b € P, then we say a is a predecessor of b in
Fifa € F,a < b, and there is no a’ € F such that a < o’ < b. If b has no such

predecessor in F'; then we consider 0 to be its predecessor.

Definition 5.2. If P € P, then let F(P) be the set of all forests of P. If F' € F(P),

then let

beFUZ'(P)

where b is the join of all the predecessors of b in F. Note that

be FU{1}

1 an equivalent definition.
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The following proposition is one of the key elements of the proof of our forest

formula.

Proposition 5.3. Let P € P be a finite lattice. There is a surjection ¢ : C(P) —

F(P), with C +— F¢, such that Q(C) ~ O(F¢) for all C € C(P).

Proof. It C 0=cp<e; << cycy = 1 is a chain of P, then let

0C)-1

Fe:= |J 2(0,a]).

=1

We want to show that Fi; satisfies Definition 5.1. We know that [0, a] is indecom-
posable for any a € F, since a is in the prime center of some [6, ¢i]. Also, we know
that \/ Fo = co)—1 < 1 p, and so F¢ satisfies the preliminary conditions of Definition
5.1.

Now, we need to show that F satisfies the first condition of Definition 5.1. Let
a,b € Fo. We want to show that either a < b, b < a, or a Ab = 0. Let i and J be
the smallest indices such that a and b are in the prime centers of [0,¢;] and [0, ¢;],
respectively. Without loss of generality, assume ¢ < j. We know that a < ¢; < ¢;. If
a < b, then we are done. If not, then we must have b < ¢;. Since b € Z'([0, ¢;]), Lemma
3.8 says that there is a unique &' < ¢; such that b A% = 0 and [0, ¢;] ~ [0, ][0, V).
Since [0,@] is indecomposable and @ < c¢;, we know that either ¢ < b or a < b'.
By assumption, the first possibility is false, and so we must have a < ¥, and thus
aAb =0, as needed.

Next, we want to show that, if {b;}; C F¢ is an antichain, then each b; is in the

center of [0,/ b;]. We induct on the size of the antichain.
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First, suppose {b1, b2} C F( is an antichain. As before, let i and j be the smallest
indices such that b; and by are in the prime centers of [0, ¢;] and [0, ¢;], respectively.
Assume i < j. Since b, is in the prime center of [0, ¢j], we know from Lemma 3.8 that
there is some b’ < ¢; such that [0, by][0, 5] ~ [0, ¢;]. We know that b; < ¢; < ¢;, and,
since we showed that Fi- satisfies the first forest condition, we know that by A by = 0,
and so by < ¥'. Then Condition (4) of Definition 3.4 implies [0, b;][0, bo] ~ [0, by V ba).

Now assume that ][0, ;] ~ [0,/ b;] for all antichains in Fg of size less than n.
Let {b1,...,b,} C F¢ be an antichain. For each 1 < i < n, let k; be the smallest
index such that b; € Z'([0, cx,]). Without loss of generality, assume k,, > k; for all i.
Since b, is in the center of [0, ¢z, ], we know from Lemma 3.12 that b, is distributive

in [0, ¢, ], and so the distributive property shows

n—1 n—1
b A\ b)) = \/ (bn A D).
j=1 j=1

We have already shown that, b, Ab; = 0 for any 1 < j < n—1, and so bn/\(\/;:l1 b;) =
0.
Since b, is in the center of [(), Ck,], Lemma 3.8 shows that it must have a unique

A

complement ¥ in [0, ¢z, ] such that [0, 5,][0, '] ~ [0, cx,]. We know that \/;L:_l1 b; <cp,
and we just showed that b, A (V;;l b;) = 0, and so we must have \/"_ b; < . So

J

then, by induction and Condition (4) of the hereditary family definition,

n n—1 n—1 n—1 n
[0,b;] = [0,0,] TT10, 03] ~ [0,5a)(0, \/ B3] ~ (0,5, v \/ ;] = [0, \/ by],
j=1 j=1 J=1 J=1 J=1
as needed.

Next, we want to show that ¢ is surjective. Let F' be a forest of P. Let S; be
the collection of all maximal elements of the forest, Sy the collection of all maximal
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elements of F'\ Sy, and so forth. We need to show that \/ .S; > \/ S;41 for all i.
Clearly, \/ S; > \/ Siz1. Also, Z([0,V S]) = S; and Z'([0,\/ Si1]) = Sis1. Since
S; and S;;1 are disjoint, we know that \/.S; # \/ Si11, and so \/ S; > \/ Si+1. Thus,
¢ maps the chain 0 < --- < \/ Sy < /S, <1toF.
Last, we want to show that Q(C') ~ O(F¢) for any chain C of P. Let ¢(C) = n.
For each 1 < i < n, let F; = Z'([0,¢i]). Then |J, F; = Fc U Z'(P). For each i, we

know from Lemma 3.11 that

aGZ’([O,ci])

Then, from Lemma 3.11 and Condition (4) of the hereditary family definition, we

know that

[O,Cifl] ~ H [(A),a/\ci,l],

acZ'([0,¢:])

and therefore

[Cic1,6]  ~ H [a A ci_q,al.

acZ'([0,¢1])

For any a € Z'([0, ¢;]),

a/\cilza/\( \/ b) = \/ art = \/ v = a

beZ/([o,Ci_lD beZ’([O,Ci_l]) bEZI([ﬁ,Ci_l])
So then [¢; 1, ¢i] ~ [[,ep (@, a], and so Q(C) ~ O(F¢).

]

The first main result of this chapter is a Zimmerman-type formula for the antipode
of H(P) in terms of forests. To derive that formula, we require one more proposition.
Proposition 5.4. If F' is a forest of P, then ZCE¢_1(F)(_1)Z(C) = (—1)45),
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Proof. We follow the similar argument of [18]. Let a filtration G of the forest F' be
achain ) = Iy C I, C --- C I, = F of lower order ideals of F' such that, for all
1 <j <k, theset I; \ I,y is an antichain. The length of the filtration is ¢/(G) = k.
We claim that, for each forest F' of a lattice P, there is a bijection between ¢~ *(F)
and the set G(F) of all filtrations of F, such that, if a chain C' is mapped to the
filtration G, then ((C) = ¢(G) + 1.

First, suppose C' € ¢ 1(F) is the chain 0 = ¢y < ¢; < -+ < ¢, = 1. Define the
filtration G by setting Iy = () and I, = Z'([0,c]) U Iy for 1 < k < n — 1. Bach
I;, must be a lower order ideal of F', and the I; must be strictly increasing. Since
Iy \ Ix_1 is a subset of Z’([O, ¢k]), it must be an antichain. Thus, G is a filtration.

Conversely, let G be the filtration ) = [y C I C --- C I,, = F of F. Define Cg by
letting ¢y = 0 and ¢, = \ I for 1 <k <mn,andlet ¢, = 1. We know that Z’([O, k)
must be the set of maximal elements of I;. Each element of Ij \ Iy_; must be either
greater than some maximal element of I;_; or not comparable to any element of I,_1,
and so we have ¢, > ¢,_1, and so Cg is a chain in ¢~ (F).

These constructions are clearly inverse to one another, and so they form a bijec-
tion.

Lemma 4 of [18] states that, if @) is a finite poset and G(Q) is the set of all

filtrations of (), then

Z (—1)4E = (=)@l

Geg(Q)

This lemma and the above bijection show that



We now come to our first main result.

Theorem 5.5. If P is a hereditary family of lattices, then the antipode of H(P) is
given by
X(P)= Y (-)"™e(r) (5.1)

for all P € P.

Proof. We know from Proposition 4.1 that

Cec(P)

Then Proposition 5.3 means that

X(P)= 3 OF) > (-1
)

FeF(P Cegp1(F)

Then Proposition 5.4 gives us

5.2 Conditions for non-cancellation in computa-

tion of antipode

Formula (5.1) is very similar to the formula of Zimmerman, explored in [14], for the
antipode of the Hopf algebra of Feynman graphs. Zimmerman’s antipode formula has
the useful property of being cancellation-free.
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For the forest computation of x(P) given by (5.1) to be cancellation-free, it must
be the case that (—1)¥F) and (—1)*") have the same sign whenever F' and F’ are
forests of P such that ©(F) ~ ©(F"). In general, Formula (5.1) is not cancellation-
free. A simple example of an indecomposable lattice for which the forest computation
of x is not cancellation-free is shown in Figure 5.1. If P is the lattice shown, then the

forests F' = {a} and F’ = {a, b} will cancel each other in the computation of x(P).

Figure 5.1: Lattice without cancellation-free forest computation

It is also clear that the forest computation of y(P) will have cancellations if
P is decomposable: if a € Z'(P), then ©({a}) = [0,a][a,1] ~ P = ©(B). Note
that, since x is multiplicative, it is determined by its value on indecomposables.
We first characterize those indecomposable lattices in hereditary families for which
the forest computation of the antipode is cancellation-free. We then characterize
those hereditary families for which the forest computation is cancellation-free for all

indecomposable lattices.

Definition 5.6. An indecomposable lattice P € P is called upper-indecomposable if,
for every x < 1 € P, the interval [z, 1] is indecomposable. An indecomposable lattice
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P € P is called super-upper-indecomposable (s.u.i.) if every indecomposable interval

of P is upper-indecomposable.

The following lemma provides an equivalent but slightly weaker definition of s.u.i.

lattices.

Lemma 5.7. A lattice P € P is s.u.i. if and only if every indecomposable lower

interval of P is upper-indecomposable in P.

Proof. Clearly, if P is s.u.i., then every indecomposable lower interval of P is upper-
indecomposable.

To prove the converse, suppose that every indecomposable lower interval of P is
upper-indecomposable, and suppose there are 0 < a < z < y < 1 € P such that [z, y]
is decomposable. We want to show that [a,y] is decomposable.

Since every indecomposable lower interval of P is upper-indecomposable, the in-
terval [0, %] must be decomposable. Let Z/([0,9]) = {y:},.

Let x; = x A y; for all i. Then Condition (4) of the hereditary family definition
implies [0, 2] ~ [[7_,[0, 2] and [2,y] ~ [T/ [#: %i]. Since [0, ;] is indecomposable
for each i, and every indecomposable lower interval of P is upper-indecomposable, we
know that [z;,y;] is indecomposable for each . Since [z, y] is decomposable, we must
have z; < y; for at least two values of .

Let a; = a A y; for all i. Since a < x, we know that a; < z; for all 7. Since z; < y;
for at least two values of i, we must have a; < y; for at least two values of 7, and so,

since [a,y] ~ [, [ai, yi], we conclude that [a,y] is decomposable, as needed.
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We use the previous lemma to prove the following characterization of those lattices

for which the forest computation of the antipode is cancellation-free.

Proposition 5.8. Let P € P be an indecomposable lattice. The forest computation

of X(P) given by Theorem 5.5 is cancellation-free if and only if P is s.u.i.

Proof. Suppose an indecomposable lattice P is s.u.i. Let F' be a forest of P. Then
O(F) = HbeFU{i}[i), b]. Since [0,b] is indecomposable for each b, and P is s.u.i., we
know that each [0,0] is upper-indecomposable, and so each [l;, b] is indecomposable.
We also know that b # b for all b. Therefore, d(F) is the number of indecomposable
intervals in the unique factorization of ©(F) and so the computation of x(P) =
Y rerm (=DM O(F) is cancellation-free.

Conversely, suppose P is indecomposable but not s.u.i. Then there are some
0 <y < 2 € P such that [0, ] is indecomposable, but [y, z] is decomposable. Let
[y, z] ~ [y, 1] - - - [y, x,] be the factorization of [y, z] into indecomposable intervals.

Assume z < 1. (The case where 2 = 1 is analogous.)

Case 1: Suppose [0, z;] is indecomposable for some i. Let F = Z'([0,]) U {z},

and let F' = Z'([0,y]) U {x;, 2}. Then

and

~ ~

O(F") = [0, ylly, @1)[wr, a][e, 1] ~ [0, y][y. «][x, 1].

So O(F) ~ O(F"), but d(F’) = d(F) + 1, so these two forests cancel each other in

the forest computation of x(P).
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Case 2: Suppose [0, z;] is decomposable for all i. Let

~

[07 331] ~ [07 $1,1][0, 5171,2] ce [0, iUl,k;]

be the unique factorization of [0, ;] into indecomposables. We know that [y, z;] is
indecomposable, and so, without loss of generality, let y = (y1.1, %12, ..., 21%) in this

factorization of [0,2,]. We can see that [y11,711] ~ [y,21]. We can also see that

~

2'(10,9)) = Z'([0,y11)) U {1, 214}
Let F = Z'([0,y]) U {z} and let F' = Z'([0,y]) U {x11,2}. These both satisfy

Definition 5.1, and

and

N ~ ~ ~ ~ ~

@(F/) = [07 y] [yle 1‘1,1][%1, 93] [:E, 1] ~ [07 y] [yv ‘Tl][xb ‘T} [$’ 1] ~ [O’ y] [y’ 93] [ZE, 1]'

So again, O(F) ~ O(F"), but d(F') = d(F') + 1, and hence these forests cancel
each other.

[]

Definition 5.9. A hereditary family P is called upper-indecomposable if every in-

decomposable P € P is upper-indecomposable.

Note that, since a hereditary family must be closed under the taking of intervals,
a hereditary family P is upper-indecomposable if and only if every indecomposable
P € P is super-upper-indecomposable.

These propositions bring us to our next main result.
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Theorem 5.10. Let P be a hereditary family. Then the forest computation of x(P)
giwen by Theorem 5.5 is cancellation-free for all indecomposable P € P if and only if

P is upper-indecomposable.

In [25], Loday and Ronco defined a cofree-coassociative combinatorial Hopf algebra
as a cofree bialgebra H together with an isomorphism between H and the tensor coal-
gebra over the primitive elements of H. Furthermore, such H satisfies the right-sided
condition if §(Q(H)) C H® Q(H), where Q(H) denotes the subspace of irreducibles
in H. The upper-indecomposable hereditary families P are exactly those hereditary
families for which H (P) satisfies the right-sided condition. Theorem 5.3 of [25] states
that the right-sided cofree-coassociative combinatorial Hopf algebras are exactly those
cofree-coassociative combinatorial Hopf algebras in which the primitive elements form

a pre-Lie algebra, rather than merely a Lie algebra.

5.2.1 Example: Partition lattices

Recall the Faa di Bruno Hopf algebra from Section 4.2.1. In [18], Haiman and Schmitt
define a surjection from the set of chains of II,, to the set of leaf-labelled trees with n
leaves and no vertices of degree 1. According to their definition, if C' is a chain of the
partition lattice I1,,, then the tree T'(C') associated with C' is the poset of all subsets
of {1,...,n} that appear as blocks of partitions in C, ordered by inclusion.

If = is a partition in II,, with non-singleton blocks By, ..., By, then Z’([O, x]) is
the set {aj,...,ax} of all partitions of II,, such that a; is the partition with block

B; and all other elements as singleton blocks. For a chain C, the forest ¢(C') given
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by Proposition 5.3 is the set of all partitions in II,, whose unique non-singleton block
occurs as a block of a partition in C'. For each chain C' of II,, then, there is a
clear map between the forest ¢(C) and the tree T'(C'), since the non-singleton blocks
represented by the internal vertices of T'(C') are exactly the non-singleton blocks of
the elements of the forest ¢(C). The refinement order on II,, inherited by ¢(C') is the
same as the ordering of the blocks in 7'(C') by inclusion.

The indecomposable P € P are the members of the equivalence classes of the
partition lattices II,, for all n. Each upper interval [p, i] of a partition lattice is
equivalent to II,, and so P is an upper-indecomposable family, and thus the forest
computation of x(P) is cancellation-free for all II,,. Haiman and Schmitt proved that

the Lagrange inversion formula is equivalent to this antipode formula.

5.3 Forest formula for the antipode for hereditary

families of posets

The antipode formula in Theorem 5.5 for hereditary families of lattices can be ex-
tended to a formula for the antipode of the Hopf algebra of any hereditary family of
posets. Clearly, the second condition of Definition 5.1 cannot be applied to general
posets, since general posets lack a join operation. A poset P with non-overlapping
indecomposable lower intervals [0, a] and [0,b] might have several elements ¢ > a,b
such that [0,a][0,0] ~ [0,c]. Note that the converse, however, is not true. Any

decomposable lower interval of a poset has a unique factorization as a product of
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indecomposable lower intervals.

We introduce a new definition of forest.

Definition 5.11. A forest of a poset P € P is an ordered pair (F, Jr), where F C

I(P) and Jp : 28 — P\ {1}, such that:
1. If a1,a9 € F, then either ay < as; as < ay; or [O,al] N [O,aQ] = {0}

2. If G C F and {a;} is the set of mazimal elements of G, then [0, .Jp(G)] ~

[T[0, ai].
3. If G CGCF, then Jp(G') < Jp(Q).

Note that a single set F' can be paired with several different Jr functions that
each satisfy this definition. Each of these (F, Jr) pairs is regarded as a unique forest.
If P is a lattice, however, then Conditions (2) and (3) of Definition 5.11 guarantee
that Jr must be the join operation, and so Definition 5.1 can be seen as a special
case of Definition 5.11.

Note that Conditions (1) and (2) of Definition 5.11 are essentially the same as the
conditions of Definition 5.1. The join operation of a lattice always satisfies Condition
(3) of Definition 5.11. It is possible, however, for a non-lattice finite interval P to
have a subset I’ and a function J : 2f — P such that F' and J satisfy the first two
conditions of Definition 5.11, but not the third, and so the third condition is not

superfluous.
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5.3.1 Forest formula

Using arguments similar to the proofs in Section 5.1, we find a forest formula for the

antipode of incidence Hopf algebras of hereditary families of posets.

Definition 5.12. Let P € P, let (F, Jg) be a forest of P, and let a € F. Then let
a= Jr({p(a)}), where {p(a)} is the set of all predecessors of a in F'. As in Definition

5.2, we let O(F, Jr) = [loepuz(pla, al

The next theorem describes another main result: the extension of the forest an-

tipode formula to hereditary families of posets.

Theorem 5.13. Let P be a hereditary family of posets. The antipode in H(P) is
given by

xPy= >, ()" e(F, Jp)

(F,Jr)EF(P)
for all P € P.
Proof. As in Proposition 5.3, we find a surjection ¢ : C(P) — F(P). First, as in

Proposition 5.3, if C' is a chain of P, let
Fo=¢(C) := Z'([0,¢]).

Next, we define Jg. by induction. Let Jg.(0) = 0, and, if @ € Fg, then let
Jro({a}) = a.

Now, let {b;}"_; C F be an antichain. For each 1 <i < n, let ¢, be the minimal
chain element such that b; € Z'([0, cx,]). Without loss of generality, assume k,, > k; for

all i. Suppose that we have defined Jg, ({b;}/=), and that Jp, ({b;}7=}) < cp,_, < cx

n
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Since b, € Z'([0,cx,]), we know from Lemma 3.7 that b, V Jg, ({b;}"=!) is defined in
[0, ¢k, ], and so let Jr. ({b:;}7-,) = bV Jr. ({b;}7=}) in [0, g, ]. Since the join operation
is commutative and associative, we can see that Jg.({b;}-,) is well-defined.

We can regard the elements of Fi, together with the image of Jg,, as a subposet
of P. In fact, if G is a subset of F¢, then Jp.(G) is a minimal upper bound of G. We
can thus regard Fi together with the image of Jr, as a “sublattice” of P, in which
joins in the sublattice correspond to Jg. in P. The proofs of Propositions 5.3 and
5.4 and Theorem 5.5 can then be easily modified from the lattice case to the general

poset case, completing the proof. O

The conditions for non-cancellation in a hereditary family of lattices similarly

generalize to families of posets.

Theorem 5.14. The antipode calculation in Theorem 5.13 is cancellation-free for
all indecomposable P in a hereditary family of posets P if and only if P is upper-

idecomposable.

5.3.2 Motivating example: the N-colored Faa di Bruno Hopf
algebra

We generalize the Faa di Bruno Hopf algebra described in Example 4. Following the
example of [18], let N € N. An N-colored set is a finite set X together with a map
0=0x:X —{1,...,N}, with 6(z) called the color of z. Let X, ={z € X : 0(z) =
r}, and if X is an N-colored set, let | X| be the vector (| X1],...,|Xy|). An N-colored

partition of an N-colored set X is a partition m of X with each block B of 7 assigned
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a color 0, (B) such that, if {x} is a singleton block of 7, then 6,({z}) = 0x(x).

Definition 5.15. The poset I1,, of all N-colored partitions of an N-colored set X,

with | X| =mn= (ny,...,ny), is formed by letting 7 < p if
1. m < p in the refinement order of the partition lattice and,

2. if B is a block of both m and p, then 0.(B) = 0,(B).

This poset has a 0 but it does not have a 1, since the partition with a single block
can occur with any of the IV colors. Let II} be the poset of N-colored partitions with
all maximal elements except the one colored r deleted.

Let FV be the family of all II" of N-colored partition posets of N-colored sets.
If 7 < p in some N-colored partition poset, then let p|m be the N-colored partition
of the set m induced by the colors of the unions of the blocks of m in p. Define
the relation ~ as color-isomorphism: [m, p] ~ [7’, o] if |7, p] = [7, p/] and there is a
bijection B — B’ from the non-singleton blocks of p|7 to the non-singleton blocks of

p'|m’ such that

1. If B is the union of i blocks of 7, then B’ is the union of 7 blocks of n’;
2. Qp‘,r(B) = Qp/h-/(Bl);

3. For each non-singleton block B of p|m, there is a bijection ¢ from the blocks

of m in B to the blocks of 7’ in B’ such that, if 3 is a block of 7 in B, then

For example, if we let subscripts denote the color of an element or block, then

[11/21/32/42/51, (13)2/(45)1/24]

47



~ [11/21/32/(45)2, (145)2/(23)4]

~ [11/22/31/42, (12)2/(34)1].

Let the product on the equivalence classes be defined so that

[, p] ~ H H|]§;| :

Bep|m

For example,

[11/22/31, (12)1/31][12/(23)1, (123)2]
~ [11/22/31/42/(56)1, (12)1/31/(456)2]
~ [11/22/32/41, (12)1/(34)2].

It is straightforward to verify that the family of all finite products of the elements
of FV is a hereditary family. As in the partition lattice example, if P = II7 € §V,
then I(P) is the set of all 7 € P such that 7 has exactly one non-singleton block.
The incidence algebra of V is known as the N-colored Fad di Bruno Hopf algebra.

Although the posets in §V are not lattices, there is a unique choice of Jp for
each possible forest set F'. If P = II7, then, as in the Faa di Bruno Hopf algebra, a
forest (F, Jp) must be a set of partitions in P such that each partition has exactly
one non-singleton block and, if m, p € F' such that B, B, are their respective non-
singleton blocks, then either B, C B,, or B, C By, or BN B, = (). The only possible
map Jp which satisfies Condition (2) of Definition 5.11 is that in which Jp(G) is the

N-colored partition whose non-singleton blocks are exactly the non-singleton blocks

of the maximal elements of GG, with the same colors.
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If 7 € II7,, then [r, 1] ~ II7

|7l

This means that the hereditary family g is upper-
indecomposable, and therefore the forest antipode computation is cancellation-free

for all II7.

5.3.3 Hereditary family of posets from a set-operad

In [6], Chapoton and Livernet define a hereditary family of posets from a set-operad
P. If P is a set-operad, then IIp is the species CommoP, where Comm is the species
that maps a finite set I to the singleton {/}. For each finite set I, they introduce
a partial order on IIp(/). Proposition 3.4 of [6] proves that, for each set-operad P,
the family of all IIp(]) is a hereditary family. Proposition 3.3 shows that this family
satisfies our upper-indecomposable condition. Therefore, the computation of x given

by Theorem 5.13 is cancellation-free for the incidence Hopf algebra of this family.
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Chapter 6

Noncrossing partitions and NCP

lattices

Definition 6.1. A noncrossing partition of [n] = {1,...,n} is a partition of [n] in
which there is no quadruple 1 < a < b < c < d <n such that a and c are in one block

and b and d are in a different block.

A noncrossing partition 7w of [n| can be represented by a circular diagram as
follows: place n vertices, labeled clockwise from 1 through n, evenly spaced around
the circumference of a circle, and for each block B = {by,...,b;} of 7, inscribe the
convex polygon with vertices by, ...,b;. A partition is noncrossing if and only if the
edges of the inscribed polygons do not intersect.

It is well-known (see, for example, [23]) that the total number of noncrossing

1 2n

partitions of [n] is the Catalan number C,, = P ( ; ) A noncrossing partition is said

to be of type P = (P, Ps, ..., P,) if it has P, blocks of size i for each i. If we let
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1234

P a4

1/2/3/4
Figure 6.1: The lattice of noncrossing partitions NC'(4)

|P| = P, + P, +---+ P,, then the number of noncrossing partitions of [n| of type P

is
n! 1
(n—|Pl+ 1! PR ... P,

v(P) =

Kreweras proved this result in [23], and Liaw et al gave a direct bijective proof in
[24].

For any n, the set of all noncrossing partitions of [n| can be partially ordered by
refinement: if o and 7 are noncrossing partitions of [n], then o < 7 if and only if every
block of ¢ is contained in a block of 7. The set NC(n) of all noncrossing partitions
of [n], with this partial ordering, is a lattice. The lattice NC'(n) is graded of rank
n — 1. The lattice NC(4) is illustrated in Figure 6.1.

Kreweras [23] described a lattice anti-isomorphism K : NC(n) — NC(n), known

as the Kreweras complementation map. For any o € NC(n), we can construct K (o)
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via the circular diagram of o. On the circular diagram of o, label the midpoint of
each (i,i + 1) arc by ¢, and label the midpoint of the (n,1) arc by n’. Consider the
set of all noncrossing partitions of {1’,2',... n'} whose inscribed convex polygons do
not intersect the convex polygons of o. The largest such partition in the refinement
order is K (o).

Simion and Ullman defined a related map in [37]. In their map, the midpoint of
the (n — 1,n) arc is labeled with 1, and then the remaining midpoints are labeled
2" through n’ in counter-clockwise order. They showed that this map is an order-
reversing involution on NC(n), and thus each NC(n) lattice is self-dual.

If B C [n], then we write NC(B) for the lattice of noncrossing partitions of the
set B, with the linear order on B inherited from the linear order on [n]. We can easily
see that NC(B) = NC(|B|) for any B C [n].

As in the partition lattice case, lower intervals of NC(n) factor as

o= [[ Ne(B

Beo

Upper intervals satisfy [0, 1] 2 [0, K(0)], and so

%HNC

CeK (o)

Arbitrary intervals factor as

[0, 7] = H[U‘B71NC(B)] = H[ONC(B (0| B)] H H NC(D

Ber Ber Betr DeK(o|B)

where 0| B is the restriction of o to the elements of the block B, and K (o|B) is defined
on NC(B). The family of all intervals of all finite noncrossing partition lattices is
therefore a hereditary family, with isomorphism as the equivalence relation.
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As in the partition lattice example, if 0 € NC'(n), then 0 € I(NC(n)) if and only

if o has exactly one non-singleton block.

Definition 6.2. A parking function of length n is a sequence of positive integers
(a1,...,a,) whose nondecreasing rearrangement by < by < --- < b, satisfies b; < i for

all 1.

In [40], Stanley defined an edge labeling A of the lattice NC(n) as follows. Let
(0, 7) be an edge of NC(n). Then there are two blocks B, B’ € ¢ such that the union

of B and B’ is a block of 7. Assume min B < min B’. Let
A(o,7) = max{i € B :i < min B'}. (6.1)

This edge labeling extends naturally to a labeling of the maximal chains of NC(n).
Stanley proved that the labels of the maximal chains of NC'(n + 1) are exactly the
parking functions of length n. This labeling is, in fact, an S-labeling.

There are many known bijections between the set of noncrossing partitions and
certain classes of trees. In [31], Prodinger described a bijection 8 between NC(n)
and the set 7 (n) of all ordered trees with n edges. The map 3 : 7 (n) — NC(n)
sends each ordered tree with k leaves to a noncrossing partition with k& blocks. For
T € T(n), we define 3(T') by first labeling the edges of 7" in preorder: starting at
the root, recursively visit each subtree from left to right, and label each edge the
first time it is traversed. The first block of 5(7) is the set of labels of the longest
root-to-leaf path containing the largest label. The next block is the set of labels of
the longest such path in the forest obtained when the path corresponding to the first
block is removed, and so on.
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Dershowitz and Zaks [9] described another bijection between NC'(n) and the set
7 (n). This bijection, p : 7(n) — NC(n), maps each ordered tree with & non-leaf
vertices to a noncrossing partition with & blocks. To define u(T'), we first label the
non-root vertices of 7" in preorder. The blocks of x(7") are the sets of labels of the
children of each non-leaf vertex of 7.

We can observe that, if 0 € NC(n), then p~ (o) = 371 (K (0)).

In [5], Callan and Smiley exhibited a bijection between NC(n) and the set of all
bicolored plane trees on n edges with a distinguished edge. Bernardi [3] described
a bijection between NC'(n) and the set of all ordered trees with n edges. In this
bijection, a partition o such that |o| =i and |K(0)| = j corresponds to a tree with i

vertices of odd distance from the root and j vertices of even distance from the root.
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Chapter 7

The noncrossing partition Hopf

algebra

Let N be the hereditary family of all intervals of noncrossing partition lattices, with
isomorphism as equivalence relation and cartesian product as product. If we let y,
denote the type of the lattice NC'(n + 1), then the incidence Hopf algebra Z(N) is

equal to the polynomial Hopf algebra Z[y, ys, . ..]. The coproduct is given by

)= Y Bolelil= Y T v ©voer.

ceNC(n+1) 0ENC(n+1) Beo
DeK(o)

For example,
) =1n+y ol
(y2) =1@ Y +31 Q1+ 12 ® 1
S(ys) =1@ys + 11 @ (dyo +202) + Ay + 20 @y +ys @ 1

0(ys) =1 @ ya+5y1 @ (Y3 + y1y2) + 5(y2 + y1) @ (Y2 + y7) + 5(ys + 11y2) @ y1 + ya ® 1.
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Since we know that [0, 0] ~ [K(0),1] for each ¢ € NC(n), we can see that Z(N')
is cocommutative. Further, we will show in Chapter 10 that, for each n, there exist

polynomials p; of degree i in Z(N') such that

1 n
5(yn) = n4+1 Zpi ®pn—i-
=0

7.1 Closure and coclosure operators

We define a closure operator ¢l on NC(n). Let ¢ € NC(n). For each B € o, let B be
the interval [min B, max B]. The maximal elements of {B : B € ¢} partition [n] into
subintervals, and we call this partition cl(c). We can easily see that ¢l is a closure
operator on NC(n), and that the closed elements are the compositions of [n].

We define the dual coclosure operator ccl : NC(n) — NC(n) by ccl(o) =
K=Ycl(K(c))). We can see that ccl(o) is constructed from o by splitting into sin-
gletons every block of o except the block containing 1. Additionally, we can see that
cl(o) = o exactly when ccl(K'(0)) = K~ (o).

For any 7 < 0 in NC(n), let f : [1,0] — [[pep NC(D) be the isomorphism given
by

m.0] ~ [[I7IB. ivc) ~ [[Onew). KB~ [ ] ~NCD)

Beo Beo Beo DeK(7|B)

where T' = |, K(7|B). We define a closure operator cl|., on the interval [r,o].

For each 7 € [1,0], with f(7) = [[per 7| D, let

cliro(m) = [ H cclye() (| D)).

DeT
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The dual coclosure operator is then defined by

ccliy o) (m) = K (Cl[K(o),K(T)] (K(W)))

Let cl, denote cl[()’a] and ccl, denote ccl[aﬂ. We can see that

co(1) = U clnes)(7|B)

Beo

and

ccla(ﬂ):K_l( U clNc<D>(K(7r)|D))

DeK(o)

forall 7 <o <.

We use the notation of [2]: Let A and B be two non-empty subsets of [n]. If
min(A) < min(B) and max(A) > max(B), then we say A embraces B, written
AEB.

If a,b € [n], and 0 € NC(n), then a block B € K (o) separates a from b if every
path from a to b through the interior of the circular diagram of o and K (o) intersects
an edge of B. It is clear that a and b are in the same block of ¢ if and only if there
is no B € K(o) that separates a from b.

The next lemma is used to prove Proposition 7.2, which in turn is used to prove

one of our main results, Theorem 8.2.
Lemma 7.1. Suppose 7 < o and cl(t) = 1. Then cl,(1) = ccl, (o).

Proof. We know that 7 < cl,(7) < o and 7 < cel.(0) < 0. If a and b are in the same
block of ¢ and in the same block of 7, then they are in the same block of both ¢l,(7)

and ccl, (o). Similarly, if @ and b are in different blocks of o, then they are in different
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blocks of both cl,(7) and ccl, (o). It is straightforward to show that the block of o
which contains both 1 and n is also a block of both cl,(7) and ccl, (o).

Now suppose a and b are in the same block of o but different blocks of 7, and
they are not in the block of ¢ containing 1. Let A be the block of 7 containing a and
B be the block of 7 containing b, and let C' be the block of o containing both a and
b. (So Ac Cand BCC\)

Case 1: Suppose A € B. Without loss of generality, assume there is no block
F € 7 such that A € F € B. Since a and b are in the same block of o, and A € B,
we know that a and b are in the same block of ¢l,(7). We want to show that a and
b are also in the same block of ccl (o). Since a and b are in the same block of o, we
know that there is no block of K (o) that separates a from b, and so there is no block
of clg(r)K (o) that separates a from b. Therefore, @ and b must be in the same block
of ccl. (o).

Case 2: Suppose min(A4) < max(A) < min(B) < max(B). Without loss of
generality, assume that there is no block D in 7 with D C C and D € Aor D € B,
since these cases are covered in Case 1. We can see that a and b are in different blocks
of cl, (7). We need to show that a and b are also in different blocks of ccl, (o).

The vertices (min(C) — 1)’ and (max(C'))" must be in the same block of K(o).
These vertices are also in the same block of K(7), along with at least one vertex ¢’
such that max(A) < i < min(B). We know that min(C) — 1 < ¢ < max(C'), and so
we can see that (min(C') —1)’, (max(C'))’, and 7’ are in the same block of clx - K (o).
This block separates a from b, and so a and b are in different blocks of ccl, (o), as

needed. O
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We will use the following proposition in the proof of Theorem 8.2, one of our main

results.
Proposition 7.2. Suppose 7 < o and o < cl(1). Then cl,(1) = ccl (o).

Proof. If 0 < cl(7), and B € cl(7), then (cl,(7))|B = clo)p(7|B) and (ccl,(0))|B =
ccl;p(0|B). For each B € cl(7), we clearly have cl(7|B) = B. So then, by the
previous lemma, we know that clyp(7|B) = ccl;p(0|B) for each B € cl(7), and so

(cly(7))|B = (ccl(0))|B, and therefore cl, (1) = ccl, (o). O
The following lemma is used in the next section.

Lemma 7.3. For all 7 < o in NC(n) with cl(1) < o, we have
[1,0] ~ [, cl(T)][cl(T), o]
Dually, if T < ccl(o) in NC(n), then
[7,0] ~ [T, ccl(o)][ccl (o), o).

Proof. We prove the second isomorphism. Suppose 7 < ccl(o) in NC(n). Let o =
{B,...,B}, where 1 € By. If ccl(o) = 0, then 7 = 0, and the second isomorphism
clearly holds. If ccl(o) > 0, then B; must be the only non-singleton block of ccl(o).

Since 7 < ccl(o), all non-singleton blocks of 7 must be contained in By. So then
k k
(7,0 ~ H[T|Bz‘; Lyesy) ~ [71B1, Incsy) H NC(B;).
i=1 i=2
We know that

[7, ccl(0)] ~ [7| By, Inceay)),
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and
k

[ccl(0),0] ~ [[ NC(By),

1=2

and so the needed isomorphism follows. O

7.2 Linear Faa di Bruno Hopf algebra

We define a new coproduct on Z(N') by

Oc(Yn) = Z 0,0] ® [0, 1].

c€ENC(n+1)
cl(o)=c

Dually, we can say

c€NC(n+1)
ccl(o)=0

Since the closed elements of NC(n + 1) are exactly the compositions of [n + 1],

we get

Oc(yn) = Z Z Yir—1 -+ Yir,—1 O Y—1-

kzo i1+ +ig=n+1
1;2>1

The Hopf algebra Z(N). = (Z(N), d.) is known as the linear Fad di Bruno Hopf

algebra. The antipode of this Hopf algebra is denoted y.. We can recursively define

Xe by

A~ ~

Xewa)= = D> xll0oDlod]= — > [0.0]xe(lo, 1)) (7.1)

ceNC(n+1) ceNC(n+1)
c(o)=c c(o)=c
o<1 >0

Dually,

X)) = = > xelloiD0ol= = > [0, 1]xe([0. 0] (7.2)

c€NC(n+1) c€NC(n+1)
ccl(o)=c ccl(o)=c
>0 o<i
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Let Algz(Z(N),Z) be the set of all algebra maps from Z(N') to Z. Let *. be the
convolution product dual to the coproduct d.. For f € Algz(Z(N),Z), let f+— f(t)
be given by

£ =3 gt

k>0

Then, for f,g € Algz(Z(N),Z), we have

(freg)(t) = g(f(1)).

Thus the map f +— f(¢) is an antiisomorphism from Algz(Z(N),Z) to the group of

formal power series of the form t 4 a1t + aot® + ..., under composition. If we let

Tp ::Xk(yn))then
Z o g — (Zynt"+1)<_l>-
n>0 n>0

By the definition of composition, the x;’s and 1;’s determine each other recursively

by zog = yo = 1, and

n+1

Z Z Yii—-1-- Yip,—1Tk—1 = 0,

k=1 i1+ +ip=n+1
i;>1

or
n+1

Z Z Tip—1-. - Ti—1Yp—1 =0,

k=1 i1++ip=n-+1
;>

for n > 1. For example,
1 =W
_ 2
Ty = —Y2 + 2y;
T3 = —ys + Sy1y2 — 5y}

Ty = —ys+ 6y1ys + 3y5 — 21yiys + 14y},
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We note that, since each z,, is equal to —y,, plus a sum of decomposables, Z(N) =
Z(N). = Z[xy,24,...] as algebras.
The x;’s are defined in terms of the antipode of Z(N).. The following proposition

shows us how to compute the x;’s using the antipode of Z(N).

Proposition 7.4. For alln >0,

T = Xe(Yn) = Z X([Ov 0])[07 1]' (7.3)

c€ENC(n+1)
cl(o)=1

Proof. By Lemma 7.3, the result follows from Proposition 4.4, with the identity map

as ¢ and a = 0 and b = 1 in the statement of Lemma 7.3. [

7.2.1 Computation of z, via forest formula

We can also compute x,, = x.(y,) with the forest antipode formula of Proposition

5.4. Since

0c(Yn) = Z Z Yir—1 - Yir,—1 Q Yg—1,

k>0 t1+Fig=n+1
ij>1
we know from Theorem 5.10 that the forest antipode computation of x,, is cancellation-
free.

The forests in the computation of x.(y,) are the sets of compositions of [n+1] such
that each composition has exactly one non-singleton block and the set of all such non-
singleton blocks in a forest is non-overlapping. A planar tree is called reduced if it has
no unary vertices, i.e. no vertices with exactly one child. There is a bijection between

the set of all forests in the computation of y.(y,) and the set of all reduced ordered

plane trees with n+1 leaves, in which the leaves of each reduced ordered plane tree are
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labeled 1,2,...,n -+ 1 from left to right and the non-leaf vertices are labeled with the
set of labels of their leaf descendants. The labels of the internal vertices correspond
to the non-singleton blocks of the compositions in the corresponding forest.

If we let RT,, 11 be the set of all reduced ordered plane trees with n + 1 leaves
and k non-leaf vertices, and let NL(T') be the set of all non-leaf vertices of the tree

T, and let ¢(v) be the number of children of the vertex v, then

Xc(yn) = Z(_l)k Z H Ye(v)—1-

k=1 TERT, 411 vENL(T)

This formula, along with an enumeration of the number of reduced ordered plane

trees of a given type, yields the following formulation of Lagrange inversion.

Proposition 7.5. For alln > 1,

where
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Chapter 8

The antipode in the NCP Hopf

algebra

In this chapter, we give several formulas for the antipode of Z(N'). We first express
the antipode recursively. We then show that the forest antipode computation of
X(yn) in terms of the y; generators is not cancellation-free. Our first explicit antipode
formula is a sign-free (and thus obviously cancellation-free) expression for x(y,) in
terms of the z; generators. Finally, we derive a cancellation-free formula for x(y,) in
terms of the y; generators. We prove this formula via a map from the set of chains

in the noncrossing partition lattice to certain polygon dissections.
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8.1 Recursive antipode formula

The antipode y is determined recursively by x(1) = 1 and

X)= = > x(0.0)fe]= = > [0,0]x([o.1])

ceNC(n+1) ceNC(n+1)
o<1 >0
= — > 11 xwsdver= - >, I vs-x@e-).
0ENC(n+1) Beo 0ENC(n+1) Beo
o<i ~ C€K(o) >0  CEK(0)

The antipode of the first few y,, generators is given by:

xX(y1) = =
X(y2) = —yo + 3y}
X(y3) = —ys + 8yiys — 12y}

X(ya) = —ya + 10y1ys + 5y2 — 55y2ys + 5517

8.2 Forest antipode formula

We examine the computation of the antipode x(y,) by the forest formula of Theorem
5.5. As in the partition lattice example, the set I(y,) is the set of all ¢ € y, \ 1
such that ¢ has exactly one non-singleton block. The forests of y,, then, are those
subsets of I(y,) in which these non-singleton blocks are non-overlapping. The map
¢ : C(yn) — F(yn) defined in Proposition 5.3 sends each chain in NC'(n + 1) to the
forest whose non-singleton blocks are exactly the non-singleton blocks of the elements
of the chain.

We now show why the forest computation of y for the noncrossing partition

~

[

Hopf algebra is not cancellation-free. Each upper interval of y, factors as [0, 1] =
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[Ice K(o) YICI-1; and so N is not an upper-indecomposable family, and therefore, by
Theorem 5.10, the forest antipode computation is not cancellation-free.

For example, in the forest computation of x(y3), the term —y? is given by each
of the 14 two-element forests — there are two forests of two incomparable elements,
{12/3/4,1/2/34} and {1/23/4,14/2/3}, and twelve forests of two-clement chains,
such as {12/3/4,123/4} — but the one-element forests {13/2/4} and {1/24/3} each

contribute positive y?, and so the coefficient of 3 in x(y3) is —12.

8.3 Antipode with non-negative coefficients

We present a formula for x(y,,) in terms of the z; generators with non-negative coefhi-
cients. We begin with a lemma that uses the closure operator to describe a connection

between NC'(n) and NC(n + 1).

Lemma 8.1. For alln > 0,

S o= Y [0,0]0].

ceNC(n) ceENC(n+1)
c(o)=1

Proof. We will define a bijection
f:{oe NC(n+1):c(o)=1} — NC(n)

such that

H YB| = H Y|c|-1 H Y|D|-1
Bef(m) Cen DeK ()
forall me NC(n+1).
We begin with a bijective map Y from NC(n+1) to the set of ordered plane trees

with n + 2 vertices. This map is based on the similar maps exhibited by Bernardi
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Figure 8.1: Cell Decomposition

Figure 8.2: 1(146/23/5)

[3] and Callan and Smiley [5]. To define Y (o) for 0 € NC(n + 1), begin with the
diagram of ¢ as a cell decomposition of the half-plane. For example, Figure 8.1 shows
the cell decomposition of 146/23/5. The dual graph of the cell representation, with
the root placed in the infinite cell, is the ordered plane tree Y (o), as shown in Figure
8.2.

It is clear that, if o € NC'(n + 1), then the vertices of T(o) of odd distance from
the root correspond to the blocks of o, and the vertices of T (o) of even distance from
the root correspond to the blocks of K(o), and the total degree of the vertex is the
size of the corresponding block. The image of the set {0 € NC(n + 1) : cl(0) = 1}
under T is the set of all ordered plane trees with n 4+ 2 vertices such that the root has
degree 1.

If T is an ordered plane tree with root of degree 1, let 7(T) be the tree created by
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deleting the root of T" and designating its child as the new root. Dershowitz and Zaks
9] defined a bijection u from the set of all ordered plane trees with n + 1 vertices to

NC(n) such that

H Ye(v) H y|B|

veV(T) Bep(T

where ¢(v) is the number of children of the vertex v. If T is an ordered plane tree
with n+ 1 vertices, then p(7) is defined by first traversing 7" in preorder and labeling
each non-root vertex the first time it is visited. The set of labels of the children of
each vertex are the blocks of u(T).

The composition f(m) = p(r(Y(m))) is the needed bijection. O

Dually,

Z yaf Z [(),a][a,i].

ceNC(n ceNC(n+1)
cel(a)=0
Note that f is not a poset isomorphism, even though NC(n) = {o¢ € NC(n +
1) : cl(oc) = 1}. In fact, no bijection with the desired properties can be a poset
isomorphism. If 7 € NC(n+ 1) is the partition with the two-element block {1,n+1}
as the only non-singleton block, then any poset isomorphism from {c € NC(n+ 1) :
cl(0) = 1} to NC(n) must send 7 to Onc(n). But we can see that

T ws=u

BEONc(n)

and

H?/|C| 1 H YDl-1 = Y1Yn—-1,

Cem DeK ()

and so no bijection satisfying the properties required in the proof of Lemma 8.1 can
be a poset isomorphism.
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We now prove a formula for a sign-free expression for x(y,).

Theorem 8.2. The antipode of Z(N) is given by

X)) = >, (8.1)
for allm > 0.

Proof. We want to show that the formula for x given by (8.1) satisfies the recursive
definition of x given by (7.3). Lemma 8.1 and the definition x,, = x.(y,) show that

(8.1) is equivalent to

Xa) = Y xell0,0])xe([o, 1]):

ceNC(n+1)
c(o)=1

Thus, to show that (8.1) satisfies (7.3), we need to show that

Tp = Z Z Xc([()’ T])Xc([Tﬂ O_])[U? i]a

0c€ENC(n+1) 7<0
c(o)=1 clo(1)=0

for all n > 0. We know that

A A~

Yo D xdomxellmollo il = Y xell0.7) Y xellrol)lon 1)

ceNC(n+1) 7<co TENC(n+1) o>T
c(o)=1 clo(T)=0 c(r)=1 clo(T)=0

We know from Proposition 7.2 that, if ¢I(7) = 1, then

~ ~

Y. xlmoDledl= > xellr.ol)o 1.

o>T o>T

clo(T)=0 cclr(o)=0

But we know from Equation (7.2) that

) 0 ifr<i
Z XC([Tv J])[U7 1] =
cclf(%;:o' 1 ifr= i
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So,

~ ~

Z XC([Ov 7)) Z Xe([T,0])]o, 1] = Xc([ONC(n+1)a 1NC(n+1)]) = Tn,

TENC(n+1) o>T
1

c(r)= cly (;) =0

as needed. O]
The following corollary follows by Mobius inversion over NC'(n + 1).

Corollary 8.3. The antipode of Z(N') is given by

X@n)= Y wllo 1) [ vs-

ceNC(n) Beo

8.4 Cancellation-free antipode formula

We preset one of our main results: a cancellation-free formula for x(y,) in terms
of the y; generators. We prove this result by use of a map between chains of the
noncrossing partition lattices and certain polygon dissections. This proof is similar
in spirit to the proof of Theorem 5.5, since both rely on maps between chains and
combinatorial objects, but this antipode formula is an improvement on the formula
given by Theorem 5.5, as the computation of the antipode using this formula is

cancellation-free.

Definition 8.4. For each n, let Dis(2n + 2) be the set of all dissections of a convex
(2n + 2)-gon by noncrossing diagonals into regions that each have an even number of
edges, such that each region has at least four edges. Let Dis(2n + 2, k) be the set of

all such dissections with k regions.
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The following propositions are essential to the proof of our cancellation-free an-

tipode formula.

Proposition 8.5. For each n, there is a surjection ¢ : C(y,) — Dis(2n + 2) such

that Q(C) = [1res(c) Yirij2-1, where the product is over all regions of the dissection.

Proof. Let C' be the chain 0 <oy < -+ <o < 1in Yn. For each oy, let o]
be the noncrossing partition of [2n + 2] defined by mapping the blocks of o; from
{1,2,...,n+1} to {2,4,...,2n+2}. Let ¢;(C) be the dissection of the (2n + 2)-gon
obtained from the circular diagram of K(o}) by regarding the vertices of the circular
diagram as the vertices of the (2n + 2)-gon and deleting all edges of K(o}) which
connect adjacent vertices. Let ¢(C') be the dissection consisting of the union of all
diagonals of all ¢;(C).

Using the definitions of [29], each o/ is a parity-preserving partition, because each
block consists of either entirely even elements or entirely odd elements. This means
that K(o]) is parity-alternating; i.e., every block has an even number of elements,
and any two elements that are consecutive in a block have different parities. Since
every block of K(o]) has an even number of elements, there are no singleton blocks
in K(o}). Additionally, since all odd elements of [2n + 2] are singleton blocks in o7,
each pair of elements (27),(2j + 1)’ must be in the same block of K(o}), and so
there are no two-element blocks of K (o)) which consist of a pair of non-consecutive
elements. Thus, each region of ¢;(C') is either the interior of the convex hull of a block
in the circular diagram of K (o}), or it is the space in between these convex hulls. Let

F(#:(C)) be the set of all regions corresponding to the spaces in between the blocks.
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We can see that

[0, 03] = H Y|R|/2-1-
ReF(4:(C))
For each region R of ¢(C), there is some i such that R C F(¢;(C)) but R ¢
F(pi—1(C)), where we say R C F(¢;(C)) if the interior of R is contained in the

interior of some region in the set F(¢;(C)). For each i, let R(7) be the set of all such

R. We can see that

[0i—1,04] = H Y|R|/2—1-
RER(i

Therefore, taking the product over all intervals of C', we get

H y\R|/2 15

Reo(C

as needed.

The dissection ¢(C) can also be constructed as follows: label the vertices of the
(2n+2)-gon clockwise as 15, 14, 25,2y, ..., (n+1)s, (n+1);. If 0; is a partition in C' and
B € 0, let p = |B| and let by,...,b, be the elements of B, in order. If b; + 1 # b; 1
for some 1 < ¢ < p, then insert an edge connecting b;, to b;;1, if there is not already

a (b, biy1,) edge. If b, # n+ 1 or by # 1, then insert an edge connecting b, to by, if
there is not already a (b,,, b1,) edge. Repeat this process for all blocks of all partitions
in the chain. This process will never create a region with only two sides, since we
never connect two adjacent elements and do not allow double edges. The edges are
clearly noncrossing. Each edge has one endpoint at an s vertex and one endpoint at
a t vertex, so the regions created will all have an even number of sides. This map is
clearly surjective: for any such dissection of a (2n + 2)-gon, we can find at least one
associated chain.
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Proposition 8.6. For each D € Dis(2n + 2),
> ()@ = (),
Cep~'(D)

where |D| is the number of regions of D.

Proof. If |D| = 1, then the only chain in ¢~*(D) is 0 < 1, and so (—1)4) = (=1)IPI.
Now suppose that D € Dis(2n + 2) such that |D| > 1, and that the claim is true for
all smaller dissections.

Relabel the vertices 1,2,...,2n + 2 of the (2n + 2)-gon as 1,14, 24,2, ... (n +
1)s, (n 4 1),

Case 1: Suppose D has a diagonal ¢ with endpoints a; with b; such that there are
no other diagonals of D incident to any of the vertices on the clockwise path from a
to b; around the edges of the (2n + 2)-gon. Let B, be the interval [a,b] as a block of
[n+1].

Let {C1,...,C.} be the set of all chains in ¢~(D —¢). If C; is the chain 0 = ¢}, <
ol <0 < a}'w = 1, then let U}i be the element of C; such that B, is contained in a
block of ‘7;% but By is not contained in any block of U}i—r Then, for each 0 < j < f;,
cach of the elements of By is a singleton block of of. Define ¢} as o} with those

singleton blocks replaced by the block By. Then for each Cj, the following chains are

in ¢~ 1(D):

O

<l0<oj<oh<--<o,_<oh <o, < <l
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0<ol<ol<oy<-<0h_ <o} <o <--<1

O<ol<oy<ohy< <oy _ <oh <ol <<l

O<0’i<a;<...<a}i_1<c’r§%_1<g}i<g§%+1<..,<1‘

There are f; of these chains, each with length ¢(C;) + 1.
The following chains are also in ¢~1(D) for each C;:
0<Gi<oh<-<Gpa1<0p <0< <1

~

0<ol<oh<--<Gp1<0; <01 <--<1

~

O<ol<--<oh y<oh_<op<--<l

There are f; — 1 of these chains, each with length ¢(C}).

The chains in ¢~!(D) are exactly the chains generated in this way from all the

Ci € ¢~ (D — ). So then

SN @= 3 RO (- 1) (1))

Cep—1(D) Cicp~H(D—)

D I e e R L

Ci€p=1(D—0)

as needed.

Case 2: Suppose D does not have a diagonal ¢ as in case 1. Then D must have a

diagonal ¢ such that ¢ has endpoints a; with b, and there are no other diagonals of D
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incident to any of the vertices on the clockwise path from a; to b, around the edges
of the (2n 4 2)-gon. Let By be the interval [a + 1,b — 1] in [n + 1].

Let {C1,...,C,} be the set of all chains in ¢! (D —¢). If C; is the chain 0 = o <
ol <0 < a,i% = 1, then let a;i be the first element of C; such that B, is contained
in a block of a; but By is not contained in any block of agﬁl. Then, for each j such
that ¢g; < 7 < k;, the chain element 0';- has a block containing By. For each such j,
let B be the block of 0% which contains By, and construct &} from ¢} by replacing B
with B\ B, as a block, and the elements of B, as singleton blocks. Then, for each
C;, the following chains are in ¢! (D):

7

~i i i i _ 1
g1 < Og < 0g < 0g g <o <o =1

O<ol<oi<---<o

)

~1 ~1q ) i _ 7
91_1<0—gz<0-gz+1<0—92+1<.<O—k_1

0<ol<ol<---<o l
0<ol<oy< <ol | <Gl <6l < <6} <o} =1
There are k; — f; + 1 of these, each with length ¢(C;) + 1.

The following chains are also in ¢~!(D) for each C;:

0<ol<oy<- <o <6 <ol 4<--<o} =1

A i i i i _ i i i3
0<oy<0y<- <0y 1 <0, <0441 <0p19<-<o0 =1

0<ol<oy< <ol | <6l <Blq<- <8, <oy =1

There are k; — f; of these, each with length ¢(C;).
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The chains in ¢~ (D) are exactly the chains generated in this way from all the

Ci € o7 (D\ {). So we get

S D= 3T (k= fit (=D O (B — i) (1)1

ce—1(D) Cie6-1(D\0)
— Z (—1)UCH+ = Z —(—1D)HC) = —(—1)IP\I = (—1)IP]
Ciep~1(D\L) Ciep~1(D\L)
as needed. O

These propositions allow us to prove the following cancellation-free formula for

the antipode.

Theorem 8.7. The antipode x of Z(N') is given by

Xwa) = Y. P ] waes

DeDis(2n+2) ReD

foralln > 1.

Proof. We know from Proposition 8.5 that

Xwa) = Y (D] wimya,
CeC(yn) Reg(0)
and we know from Proposition 8.6 that
S (1 = (-l
Cep=1(D)
We can then see that

X(Yn) = Z (_1)‘D| H Y|R|/2—-1-

DeDis(2n+2) ReD
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For example, if we let m(D) = [[zcp Yirj/2—1, then
K = =m(()) + 3 (D)
= —y2 + 3y}

and

) = =m(() + 8m() - 1m(E) - ()

= —y3 + 8y — 123/?

We use the following enumeration of the polygon dissections to find an explicit

cancellation-free formula for the antipode.

Lemma 8.8. The number of dissections of a convex (2n+2)-gon into k even regions,

with kj; regions of size 25 + 2 for each j > 1, is

1 2n + k k!
2n + 1 k k.. Kk,

Proof. We know from [15] that the number of dissections of a convex (n + 1)-gon into

k regions, with b; regions of size ¢ + 1 for each 7, is

n+k—-—1Mn+k—2)...(n+1)
bolbs! ... by,!

The lemma follows directly from this formula. O]

Compare this to the known formula

1/2n+Ek\ /n B 1 n+k\ /n—1
n\k—1/)\k) 2n+1 k k—1
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for the number of dissections of a convex (2n + 2)-gon by k£ — 1 noncrossing diagonals
into k regions with an even number of edges, where each region has at least four

edges. These formulas suggest that there is some natural way to define a partition of

the elements of Dis(2n+2, k) into sets of size 2n1+1 (*n* k) indexed by the compositions

of [n] into k blocks.

This leads us to an explicit cancellation-free formula that can be computed without

reference to polygon dissections.

Theorem 8.9.

n

e

k=1 11+ Fig=n

Proof. The result follows from Theorem 8.7 and Lemma 8.8. O
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Chapter 9

The structure of Z(N)

In this chapter, we describe the structure of Z(N) using a map that takes each
noncrossing partition lattice to a sum of some of its subposets. The key to defining
this map is an edge labeling of noncrossing partition lattices given by Stanley in [40].
We show that this map is a Hopf algebra map from Z(N') onto the Hopf algebra of
symmetric functions, realized as Z(L), the incidence Hopf algebra of linear orders.
This isomorphism yields a particularly simple formula for the coproduct §(z,). This
formula can also be derived algebraically as the dual of the central theorem of [28].
We begin with some preliminary results concerning relations among compositions,

parking functions, and noncrossing partitions.

9.1 Parking functions

Recall from Chapter 6 that a parking function of length n is a sequence a = (ay, ..., a,)

of positive integers such that, if a’ = (a},...,al,) is the nondecreasing rearrangement

r '
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of a, then a; < i for all 1 < i < n. For each n > 0, let PF), be the set of all park-
ing functions of length n, and let PES denote the set of all non-decreasing parking
functions of length n.

A weak k-composition of n is a sequence of nonnegative integers a = (aq, ..., ay)
such that @y +--- + ax = n. Let W, be the set of all weak k-compositions of
n. We denote by W, the set of all weak k-compositions (ay,...,a;) of n such
that Zgzl a; > j for all j € [k —1]. The cyclic group Zj, acts on the set Wy, by

1-(ay,...,ax) = (ag,...,ax, a1).

Lemma 9.1. For any n > 1 and each a € W, 41, there exists a unique k € Zy,+,

such that k-ae€ W, ...

Proof. 1t is clear that if such a k exists, then it is unique.
Given a = (a1,...,an11) € Wypnyo such that a ¢ W) ., let m = max{j —
Z 1a; 01 <j<n}and k=min{j: j — f 1@ =m}. Let k-a=(by,...,bh11).
We want to show that >>7_ b; > j for all j € [n].

Case 1: If j+ k <n-+1, then

J J Jj+k k
SIS SN 91t
=1 =1 =1 =1
j+k j+k jt+k
:Zaz—k+m>2ai—k+ (j—l—k—Z&l) =17,
=1 =1 =1
as needed.
Case 2: If 7+ k >n-+1, then
J n+1 j—(n—Fk) n+1 k j—(n—k)
Zbi = a; + a; = a; — Zamt a;
i=1 i=k+1 i=1 i=1 i=1 i=1
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=n—(k—m)+ a;
=1
j—(n—k) j—(n—k)
Zn—k’—i—(]—(n—k)— al>+ a; = J,
i=1 i=1

as needed.

O
The following lemma is a well-known property of the set of noncrossing partitions.

Lemma 9.2. The map NC(n) — 21X given by 0 — {(min B,|B|) : B € o} is

mjective.

The next two propositions provide alternate methods of describing the block struc-
tures of the elements of NC(n). These formulas are useful in proving later results
because it is frequently simpler to list and manipulate compositions or parking func-

tions than noncrossing partitions.

Proposition 9.3. [30] For alln > 1,
1
D S
ceNC(n) aeEWn nt1
Proof. Define w: NC(n) — W, 41 by w(o) = (a1, .., ant1), where

|B| if ¢ = min B for some B € o,
a; =

0 otherwise.

We first show that the image of w is W .. It is clear that w(o) € W, for

n,n+1
any 0 € NC(n). We know that |[NC(n)| = C,, the nth Catalan number. We can
interpret W, 41 as a collection of lattice paths from (0, 0) to (n+1,n) by letting each
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a; signify a step of a; units north and one unit east. The lattice paths corresponding
to the compositions in W} ., are those which consist of a path from (0,0) to (n,n)
which does not pass below the diagonal, followed by a single step east to (n + 1,n).
The number of such paths is one of the traditional combinatorial definitions of C,,
and so [NC(n)| = [W}, 4| By Lemma 9.2, w is injective, and hence

S = Y

ceNC(n) acWy .y

The result thus follows from Lemma 9.1. O

Corollary 9.4.

1

acEWn nt1

Proof. This follows directly from the previous proposition and Theorem 8.2. O]

Note that applying x to both sides of this equation yields

1
Yn = n+1 Z X(l‘a),

acWp nt1

which is equivalent to Lagrange inversion.

Proposition 9.5. For alln > 1,

S =Y

c€ENC(n) aGPF?L

Proof. This result follows from a parallel argument to that used in the proof of the

previous proposition. ]
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9.2 Orbit subposets

It is easily shown that the chain-labeling of NC'(n) induced by Stanley’s edge-labeling
A described in Equation (6.1) is an S-labeling as defined in Definition 3.13. The orbit
subposets of y,, are indexed by the elements of PF=. Since the labels of the maximal
chains of y,, are the parking functions of length n, each appearing exactly once, we can
see that the labels of the maximal chains of the orbit subposet indexed by a € PF=

are exactly the unique rearrangements of a.

Lemma 9.6. Let a = (1%1,2k2 . .nFr) € PFS| and let P(a) be the orbit subposet of

Yn tndezed by a in Stanley’s labeling. Then

n

P(a) ~ ] 2.,
i=1
where zy, is the chain of length k;.

Proof. This follows directly from Lemma 3.16. O

The map defined in the following lemma will be used in the proof of Theorem 9.8

to construct a Hopf algebra isomorphism from Z(N') onto Z(L).

Lemma 9.7. Let ¢ : Z(N') — Z(L) be the map given by

Yn > > Zan (9.1)

where L is the family of products of linear orders described in Section 4.2.3 and z,

represents the linear order of length n. Then ¢ is a coalgebra map.
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Proof. For each n, let S(y,,) be the set of orbit subposets of y,, given by the local S,

action induced by Stanley’s S-labeling. Lemma 9.6 shows that

Y= )

QES(yn) acPFs

and Proposition 9.5 gives

S o= Y

acPFs oc€NC(n)
We know from Proposition 3.15 that the set {MCh(Q) : @ € S(y,)} is a partition of

the set of maximal chains of y,. Proposition 4.6 then implies that ¢ is a coalgebra

map. 0

1234

Figure 9.1: Edge labeling of y;3

123/4 12/34

1/2/34

3

1/2/3/4

Figures 9.1 and 9.2 illustrate ¢(y3).

The map f used in the proof of the following theorem describes a Hopf algebra
isomorphism from Z(N) onto Z(L). This map allows us to use the rather simple
expression for d(z,) to find a parallel expression for §(z,,).
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P(1,1,3) P(1,2,2)

Figure 9.2: ¢(ys3)

Theorem 9.8. Let x,, = x.(yn). Then
0(n) =Dk @ Tn s,
k=0
for allm > 0.

Proof. Recall Equation (8.1):

X(yn): Z Lo-
)

ceNC(n
Define an algebra map f : Z[z1,za,...] = Z(N) — Z(L) by z, — z,. We can see

that

F(x(yn)) = d(yn),
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where ¢ is the coalgebra map defined in Lemma 9.7. We know from Proposition 4.2

that x(x(¥n)) = Yn, and so

Fx(yn)) = o(x(x(yn)))-

Since {x(y,) : n > 1} is a set of generators for A/, this means that f = ¢ o x over
Z(N). Since ¢ and x are both coalgebra maps, f is also a coalgebra map. We know

from Section 4.2.3 that

n

6(271) - Z 2 ® Zn—k;

k=0

and so, since f : x, — z, is a coalgebra map, we can see that

§(z,) = Z Ti @ Tk
k=0
]

This result can be used to show that the incidence Hopf algebra Z(N) is homo-
morphic to the Hopf algebra of symmetric functions. The coproduct in the Hopf
algebra of symmetric functions [16] is given by 6(h,) = Y p_o bk ® hy_y, for all n,
where the h,, are the complete homogeneous symmetric functions. We can therefore

define a Hopf algebra homomorphism by x,, +— h,,.

Corollary 9.9. The antipode of Z(N') is given by

x(x,) = Z Z Ty - Ty

k=1 ni1+--+nr=n
n;>1

for alln > 1.
Proof. This follows immediately from the expression for §(z,) and the recursive def-
inition of the antipode. O
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In [40], Stanley defined PF,, as the Frobenius characteristic of the character of
the action of the symmetric group on the set of parking functions of length n. He

showed that

1
PF, = " H (£)" !
—[TH "

where

is the generating function for the complete homogeneous symmetric functions. We
can see that the Hopf algebra homomorphism maps x(y,) to PF,, and it is easily
shown that it maps —y, to wPF,,, where w is the standard involution on symmetric
functions. Stanley showed that WPF,, = Fxc(n+1), where Fp is the F-quasi-symmetric
symmetric function of the poset P defined by Ehrenborg [12].

In [28], Nica and Speicher proved the following theorem.

Theorem 9.10. For f € Algy(Z(N),Z), let

F&) =" flu)tet,

£>0
and let

IO

f="

Then E = f-g forall f,g € Alg,(Z(N),Z).

We can see that

f = Z f(xk)tk’

k>0

for all f € Algz(Z(N),Z). Theorem 9.8 then follows algebraically from the dual of

Nica and Speicher’s theorem.
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Chapter 10

Coproduct and primitives

From this point on, we consider the incidence Hopf algebra Q(N), rather than Z(N).
In this chapter, we find an explicit formula for the coproduct §(y,) in terms of the
y; generators. We then use that formula to find a formula for A(y,), where X is the
projection onto the subspace of primitive elements of Q(N).
We extend the definition of the closure operator ¢l. Recall that cl(c) is the parti-
tion consisting of all maximal elements of {[min B, max B] : B € o}. We define cl;(0)
similarly for each 1 < ¢ < n, except that the linear order used to determine each

min B and max B is 4,7+ 1,...,n,1,...71— 1.

10.1 Coproduct

We begin by proving that each homogeneous component of §(y,,) is a tensor of rank 1.
This implies the apparently new result that, for any type P of NC(n), the probability

that K(o) is of type P is equal for all 0 € NC(n) such that |o| + |P| =n + 1.
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Note that, for all 0 < ¢ < n, we have already proven that d;,;(x,) is a decompos-
able tensor in terms of the x; generators, and the following result shows that d; ,,—i(yy)
is a decomposable tensor in terms of the y; generators. This is not the case for all sets
of generators for the polynomial Hopf algebra with cocommutative coproduct. For
example, if G is the family of graphs generated by all finite paths, where p; represents
the path with ¢ vertices, then Q(G) = Q[p1,p2, .. .|, but, as shown in Section 2.3.2,

the coproduct is given by

013 (Pn) =D Dik ® (Djh-1 + 20j + Pjkr1),
k=1

for all i + 5 = n.

Lemma 10.1. The coproduct 6 of Q(N) can be expressed as

1 n
) n) — ——— ) n—i»
(W) = =7 ZO pi®p
for some polynomials p; of degree i in Q(N).

Proof. We know that d(x(y,)) = (x ® x)(6(yn)), and that x maps a polynomial of
degree i to another polynomial of degree i. Therefore, d(y,) can be expressed in the
given form if and only if §(x(y,)) can be so expressed.

We know that

and

5(xn7k) = E E :leij T T @ Tiy—jy Tig—jy * ** Tig—jgs

11+ +ip=n
i>1

where the second sum is over all 0 < 77 < 41,0 < jo <'ig, ..., 0 < jp < ig.
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Foranya = (a1,a9,...,a,), let 4 = 2125 - -2, and let a = a1 +as+- - -+a,.
b ) ) mnj)» a n n

The coefficient of x5 ® xp, in 0(x(yy,)) is

1 e n+1 al k a b!
B rE— —_ 10.1
n+1 Z ( k )all...an!(a)(k;—b)bll...bn!’ (10.1)

k=max(a,b)

because the range of k is the range of the possible number of x; factors in a term of

X(yn) that has z, ® x as a term of its coproduct; al,“—'an, is the number of ways to

order the non-trivial factors of x,; (2) is the number of ways to choose which a of

the k factors of x, will be non-trivial; (kfb) is the number of ways to choose which of

the non-trivial factors of x, will be paired with trivial factors of x}, (and thus which
b

of the k factors of zy, will be trivial); and bl,—'b, is the number of ways to order the

non-trivial factors of xy,. Reorganizing the terms, (10.1) is equal to

alb! e n+1\ [k a
. 10.2
(n+1)ar!...a,lbi! ... by, Z ( k )(a) (k—b) (102)

" k=max(a,b)

Each term of the sum is the number of ways to first choose k elements from a set
of n 4+ 1, then choose a elements from those k£, and then choose k — b elements from
those a. Alternatively, we can choose the same set by choosing a set A of a elements
and a set B of b elements from the set of n+ 1 elements. The set AU B corresponds to
the set of k elements chosen in the first factor in the sum; the set A is the a elements
chosen from those k; and the set A\ B is the k — b elements chosen from those a. So

(10.2) can be written as
alb! n+1\/n+1
(n+ Day!...a,lb!. .. b,! a b )
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So we can then say

o B (E () (E ()

as needed. O

We use this result to prove an explicit formula for the coproduct.

Theorem 10.2. The coproduct in Q(N') can be expressed as

1
(yn)——nJrl;pi@pn_z,
where
(n+1) ~1(n-i (10.3)
p k:lk E—1 Yik

for0<i<n, andpy=1.

Proof. Recall that

Ynk = Z Yiy - - Yiy -

114 Fig=n
i;>1
We will use similar notation for z,, .
The given expression for §(y,) is in fact in Z(N) ® Z(N), but we work in Q(N)
to allow the needed calculations.
We know from the previous lemma that 6(y,) = %HZ?:O Pi @ pn_; for some
polynomials p; of degree i. We know that n+r1po ® pn =1 ® y,, and so we can easily

verify that Equation (10.3) holds for py and p,.

Let i >0. If

ceNC(n+1):
lo|=n+1—1i
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and d; is the number of 0 € NC(n + 1) of size i + 1 (and thus also the number of o

of size n 4+ 1 — i), then

1 1
Oim—i(Yn) = n—_Hpi Q Pn—i = qu‘ Q qn—i-

We know that

(n+ 1)y 2yo® ..yt
i = - , 10.4
“=) G+ ales. . ot (10.4)

where the sum is over all sets of nonnegative ¢y, co, ... c,1 such that ¢; +c¢co + -+ +
Chip=n+1—d,and e +200+---+(n+ ey =n+1. fea+es+--+¢, =k,
then ¢; =n+ 1 — 14— k. So then Equation (10.4) can be rewritten as

7

B (n+1)! _(n+1 L1 fn—i
qﬁz(i+1)!k!(n+1—¢—k)!y“’“* R D Py L

k=1 k=1
We also know that d; = %H(”jl) (7:11), and so
‘1 fn—i 1 n—(n—1)
Oin—i(Yn) = 1 - i - : n—ij |
neiliin) = (n 4 )(Zk(k—l)y’k>®(21( j—1 )y ’])
k=1 j=1
and so
‘“1/n—i
_ 1 - .
p= 0 (12
k=1
for all 7 > 1. O

10.2 Primitives

The projection A : QN) — P(Q(N)) onto the subspace of primitive elements is

given by

/\(yn) = Z

CeC(NC(n+1))
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for n > 1. For example,

Ay1) =

Aye) =y — gy%

Mys) = ys — dyay1 + ?y?

AMya) = ya — gyg + 15452 — Sy1ys — 34—5?/11

In this section, we find an explicit formula for A(y,) in terms of the y; generators.

We begin with a formula for A(z,,).

Lemma 10.3.

nA(x,) = nx, + Z (1)l =1y,
o<1
[0,1] indec

where [0, 1] indec means that the interval [0, 1] is indecomposable in N'. Equivalently,

the coefficient of xp in \(x,) is (—1)|P‘_1p1(!1]z;23!n!'

Proof. Since

we know that

k=1 ceNC(n)
cl(o)=o
Then we can say
: (1)
nA(z,) = o] Ty
=1 e NC(n)
cli(a):



If 0 < 1, we know that cl;(¢) = o for some i if and only if [0, 1] is indecomposable. If
[0, 1] is indecomposable, then the number of such i is |o|. We also know that ¢l;(1) = 1

for all 7. So we get

nA(z,) = nx, + Z (=1)l g,

o<i
[0,1] indec

as needed. O

Recall that the type of a noncrossing partition is P = (Py, P, ..., P,), where P,

is the number of blocks of size i and |P| = P, + P+ -+ + P,.

Definition 10.4. Let P be a type of NC(n). For each 1 < k < n, let
P*(k)=|{B € K(0) :0 € NC(n) is of type P and |B| = k}|.
We will use the following result in our proof of an expression for A(x(y»)).

Lemma 10.5. If P is a type of NC(n) and 1 < k < n, then

e n(Pl=1)!m—k—1
P(k)_Pll...Pn! |P| -k )’

if |P| <n. If |P| =n, then P*(n) =1, and P*(k) =0 for k # n.

Proof. If |P| = n, then it is clear that P*(n) = 1, and P*(k) = 0 for k # n.
Case 1: Suppose |P| < n and k > 1.

We know from Theorem 10.2 that, in §(y,_1) = + Z;:ol Pi @ Pn_1_i, We have

n—|P|
j 1 YPpl-1,5 |-

(10.5)

n—|P|

(1 e

m=1

|P|—1

x5

1

—Pn—|P| @ D|pP|-1 = n(

n :
7=1
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Let ¢ be the number of non-singleton blocks of P;i.e., P, = |P|—q. We know that,

for each j, the total number of y;_; factors in yjp_1; is ](l k- 1) Then Equation
(10.5) gives
[P|-1

L/|P[—1 q! n—|Pl\ . (|P| -
P (k) =n-
(k) ”q(q_1) P'Z (y—l j—z
\P\— Z n— [P\ ( |P|—k—-1
. P, j—1 Pl —k—j+1
_n(\P|—1). n—k—1
PP\ |P|-k )’
as needed.

Case 2: If |[P| < n and k =1, then

|P— 1

) Pl—1 q! IP! , 1P| -2
P(1)_nq<q_1 P,Z (n=1Pl=j+ {4
|P|-1
IPI— 'Z — |P| |P| -2 :n(IPI—l)! n—2
. P, j |P|—j7—1 Pl...PI\|P|—1)’
as needed. O

The next lemma is a key component of the proof of Theorem 10.7, which provides

an explicit formula for A(y,).

Lemma 10.6.

_y v & '”'1(”;;”_'11%. (10.6)

0eNC(n) w20
cl(Tr) ™

Proof. Since M\(Q) = 0 if @ is decomposable, we can see that A(x(yn)) = A(z,) =
—A(yn) for all n. From Lemma 10.3, the coefficient of zp in A(z,,) is

(1Pl - 1)

_ppl=r A=t )
(=1) PR .. . P,
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We want to show that this is also the coefficient of zp in the formula for A(x(yn))
given by Equation (10.6).

The summation conditions in the second sum of (10.6) are equivalent to = >
cl(o),cl(r) = m, and we know that the elements 7 that satisfy these conditions form
the Boolean algebra on |cl(0)| elements. If we let |cl(0)| = k, then the coefficient of

Z, in (10.6) is

’“i k—1 1)’€“ n4k—1—i _(—1)k—1§(_1)i K\ (n+k—1—i
pr —i k—1—i )k 4 i k—1—i )
It can be shown (see, for example, [7], page 161), that

()3 -6

2

Ead

I
<)

Thus (10.6) is equivalent to

_ @i =1
M) = D, (1) |d<a>|(rd<a>|—1> -

ceNC(n)

Equivalently,

ERTUSIED SINCE ] (N P (10.7)

ceNC(n)
Evaluating each summand of (10.7) over all closures, for any 0 € NC(n) we have

n

S (o) = 2 180 ()

i=1 BeK (o)

since |cl;(0)] is the size of the block of K (o) containing the edge i.

Evaluating (10.7) over all closures, we then get

A = 35 B (g e

0ceNC(n) BEK(o)
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So then (10.7) is equivalent to

RN 0 ()
= Z(—l)k_lp*(/f)(Z:Dxp. (10.8)

P type of NC(n) k=1

From the formula for P*(k) given by Lemma 10.5, the coefficient of xp in (10.8)

18
|P]

w0760 (e )

We can show by induction on |P| that

|P|

B () () -

k=1

and so the coefficient of zp in (10.8) is

(_1>|P|—1n(|P| — 1)!’
Pl . P,

as needed. O

We now arrive at our final main result, an explicit formula for the projection onto

the primitive elements of the noncrossing partition Hopf algebra.

Theorem 10.7. For alln > 1,

Ayn) = D (n Tk 1)yn7k. (10.9)

k—1
Proof. Since A(y,) is primitive, we know that x(A(y,)) = —A(y,). Also, since the

only indecomposable term of x(y,) is —yn, we can see that A(x(yn)) = —A(yn). So
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then x(A(yn)) = AMx(yn)), and so (10.9) is equivalent to

" (1)L B
A(x(yn))zz( 1]3 ( Zfl 1)X(yn,k).

k=1
We want to show that this formula for A(x(y,)) is equal to the expression given in

(10.6).

Since Theorem 8.2 says that X (yn) = >_,cnc(n) Tor We can see that

Zn: <_1k)k_1 (n Zf R 1) XWni) = D % (n N |7T_‘ R 1) X ()

k=1 TeENC(n) |7T’
cl(m)=m
B (—D) = o |m] =1 D= o |w -1
o Z || 7| — 1 Z Z Z 7| — 1 Lo,
TENC(n) o<m ceNC(n) m=>o
cd(m)=n cl(m)y=m
as needed.
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