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Abstract

Energy Release Rate Based Fracture Mechanics

This dissertation aims at developing theories and methods to simulate dynamic crack
propagation in large deformation. The analytical solution of linear elastic fracture
mechanics is utilized to find the shape of the crack surface after deformation. It is
discovered that the deformed shape of a line crack is an ellipse and the deformed shape of
an elliptical void is also an ellipse under mode | tensile loading. A numerical example
shows that the small strain formulation in linear elastic fracture mechanics overestimates
the crack tip stress compared to large strain formulation. Therefore stress intensity factor,
as a conclusion from linear elastic fracture mechanics, is not accurate in large deformation
or at the close neighborhood of crack tip. Energy release rate fracture criterion is revisited
by taking molecular dynamics point of view. It is proved by theory and numerical example
that the critical energy release rate is not related to surface energy. The energy release rate
is the decrease of potential energy per unit crack advance. The surface energy is the
increase of potential energy per unit crack advance. The two quantities always have an
opposite signs therefore they cannot be equal. It is suggested that the energy release rate is
also the kinetic and/or thermo energy generation rate according to conservation of energy.
It is noticed that the plasticity exists even in perfect brittle fracture due to the lattice
reorientation occurring at the edge of the material. Fracture is a dynamic and irreversible
process in nature. It is emphasized that proper region should be chosen to calculate the

energy release rate. A proper region should include all plastic zone caused by fracture but
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exclude the plastic zone unrelated to fracture. The same principle also applies to J-integral.
Therefore such integral is path dependent. A general method is proposed to calculate
energy release rate in molecular dynamics for dynamic or static, brittle or ductile fracture.
The equivalency between interatomic potential energy and strain energy is established with
new definitions for stress and strain in molecular dynamics. Here, in molecular dynamics,
strain energy is defined as the area under the stress-strain curve. The stress and the strain
are defined on each atom by taking the summation and the average, respectively, of the
influence from all other atoms. Such stress and strain satisfy conjugacy in multi-atom
cases with arbitrary configuration under zero temperature. Due to the equivalency of strain
energy and interatomic potential energy, the potential energy release rate calculated in
molecular dynamics is the same as the strain energy release rate in continuum mechanics.
The node release method in finite element analysis is rigorously formulated and verified.
The formula to calculate energy release rate in node release method is proposed and
validated. The methods to control the crack speed, energy release rate, crack initiation,
crack propagation and crack direction are proposed. With such methods, the following
conclusions are made: (1) Node release method does not influence material behavior prior
to crack extension. (2) Node release method is independent of the steps chosen to release
the force. (3) The force-displacement relationship of the releasing nodes, often referred as
the cohesive law, depends on the crack speed. The linear relationship is only valid with
slow crack speed. (4) Node release method is able to calculate static energy release rate
with great accuracy. The static energy release rate is dynamic energy release rate with a
slow crack speed. (5) Node release method can be applied to specimen with no initial

crack. Therefore the fracture toughness can be obtained from simple tension test. (6)
vii



Node release method can simulate dynamics crack propagation. The linear relationship
between static and dynamics energy release rates, G = G,(1—v/vg) , is in good
agreement with simulation result. In the simulation, the crack speed asymptotically reaches
Rayleigh wave speed in elastic material with fixed grip boundary condition. (7) It is
discovered that plasticity is one of the mechanisms that reduces the crack speed. The crack
in elasto-plastic material will asymmetrically reach 60% of Rayleigh wave speed. (8) The

plasticity influences the crack path in mixed mode fracture.

For convenience, all units are normalized Unless otherwise specified.

viil


https://www.google.com/search?q=For+convenience,+all+units+are+normalized+Unless+otherwise+specified.&spell=1&sa=X&ei=dQUKVcfINsuxsATytoHgCA&ved=0CBsQvwUoAA

Table of Contents

DEICAtION ..oeveetirititrit s v
ACKNOWIEAZMENLS....ouiiiiiiiiiiiiiiii s v
AADSEIACE covtvvvevritivisssisi s sas s ses s as s s s AR AR SRR bR R n s vi
Energy Release Rate Based Fracture Mechanics ... vi
Table Of CONLENLS.....ouuriiiiiriiiis s sas s sas s as s as s ss s sas s ix
LSt Of THQUIES...ucvuiiiriiiiiiciii s sass s ssss s sas s s sas s s as st xii
5o} G 1 o) 1N xvii
Chapter 1 Introduction: Limitation of linear elastic fracture mechanics. ........cccevevevivneiuriueennne. 1
1.1 INEEOAUCHON ..ottt s as s ss s as s s 1

1.2 LEFM Analytical Solution of 1ine Crack .......uiiernirniineiieiiesieieesssssssessesssessnns 2

1.3 LEFM Analytical Solution of Elliptical Crack........ccccivninriniiiicicciiesicieinenns 15

1.4 DSCUSSION. ..o itirticiriiticis s s s s s sas s s s s aa s a s ens 18

1.5 Small Strain and Large Strain Finite Element Formulation .........c.veenerinecivnneeneninns 19

1.0 CONCIUSION. c.ccvttitiiitiiiicirct s as s s s ss b 28
Chapter 2 Energy Release Rate Interpreted by Molecular Dynamics.........c.ocvvevvienciesivneienecennens 29
2 B B oL T LE Tt o3 o OO 29

2.2 Surface Energy Calculation........iiiiiciiiiicisiessssssssssssssssssssssssesssssens 31
2.2.1. Surface energy Calculation from Bond ENergy ... 33

2.2.2. Surface Energy Calculation from Molecular Dynamics..........cccecuveineineicinneienennn. 34

2.2.3 ratio between surface energy of different dir€Cions ........ovvvveivveiereinsiineirniuenens 37

2.3 Revisit Griffith’s Energy Release Rate...... s 40
2.3.1 Magnitude of Energy Release Rate and Surface Energy ... 43

X



2.4 Modified Energy Release Rate Fracture CHterioN ... weeeeeeereeeeeriseeeessseneesssseeensaes 45

2.5 Energy Release Rate Calculation for Brittle and Non-Brittle Matetial. ........ccoocvuviienncen. 47
Chapter 3 Work Conjugacy between Stresses and Strains in Molecular Dynamics.........ccccoccuuee.. 58
3.1 INErOAUCHON w.ovoveevetieiiiisisisas s sas s as s sss s ss s sas s sas s sss s sasen 58
3.2 . Work Conjugacy between Stress and Straif.......riisssissssasssnee: 60
3.3 HENCKY SN ..ciiiiiiiicicii s ssss b ss s ssss s ssss s sssssaes 63
3.4 . Stress and strain in siMple teNSION CASE .....uurvrvmrieeriniiiiisisisesississississsssssssssassssessans 65
3.5 Interatomic potential and AtOMISHC SHAIN COCLZY..uururrremrererercrerereneresenssereesenssessssessaesessessaes 71

3.6 Atomistic Kirchhoff stress/atomistic Hencky strain conjugate pair in general 3D

CASE fOI 2-ALOM SYSLEIM .ucuuiiirieriiuiiiiieiieii it sb s bbb 76

3.7 'The conjugate pair of Atomistic second order Piola-Kirchhoff stress and

atomistic Lagrangian strain in general 3D case fOr 2-AtOM.......c.ccuvvinrincrineinneinnnisinsisennnn: 85
3.8 Generalization of stress and strain to Multi-atOM SYStEML.....uuwemrreeerererrmneeereemsrmereessseeensans 93
3.9 SUMMALY..ououiiiiiiiiiiieieeitese st s bbb bbb saes s 100
3.10 DDISCUSSION wooviivnririiinscisisisrisssissssssssssss s sass s s ssss s ssss s ss s ss s sass s s ass s sanssassens 105
Chapter 4 Fnite Element Study of Energy Release Rate Based Fracture Mechanics................ 107
T B oL T LU Tt o3 o OO 107
4.2. Methodology of crack opening Method ... 109
4.3 Energy Release Rate Calculated by Virtual Crack Opening Method............ccccveiuniiancce 113
4.4 Crack SPEed CONLLOL. ...t ssssesssesssessssesssessssesssesssss s sssssssessssssnens 115
4.5 Energy Release Rate Fracture CriterioN. ... iimiieiiiissisesssssssssesssssssssssssseess 117
4.6 Iterative meshing to determine the crack propagation dif€Ction.........cecuevunrieerineinnes 122
SUMMIAL ...ttt sb s 143

X



Chapter 5 Contribution and Future Work

Bibliography of Reference .........ccccvevuniuuneee



List of Figures

Figure 1-1 Mode I Crack CONfiguration........c.uuieiecieneienieeiieiieisisiesiseissssssssessesssssssssessesssssssssseses 3
Figure 1-2 Elliptical Coordinate DefINItIONS .......ccweureeeieiueeireiieieeiieinessssisesmsssssesssssssesssssssessans 5
Figure 1-3 Mode II CLack... s ssss s sssssassessess 7

Figure 1-4 Parameter definitions in Westgaard functional theory for a mixed mode crack.......10
Figure 1-5 Deformed Crack Surface Shape of Mixed Mode Line Crack .......ccocvevvvveiiniiencienen. 14

Figure 1-6 Elliptical Coordinate DEfINItIONS ......c.uueeeuereeermmeremermenireermereessseessesssesssesssssssesssssssessssees 15

Figure 1-7 Compatison between original shape and deformed shape of ellipsoid void in

MOAE I LENSION. wucvuiiiiiiiiiir s as s ss s e s 17
Figure 1-8 Crack Tip Von Misses Stress Contour with three different meshes .......ocooevuvevunecee. 25
Figure 1-9 LEFM Analytical Solution Overestimates Crack Tip Stress.......vireineivreisneiunens 27

Figure 2-1 (a) original specimen of graphene at stress free stage. (b) cracked specimen
of graphene at Sress fIEe STAZE. ...wiiviieiiiiie it ssessassassens 35

Figure 2-2 (a) Graphene with a pre manufactured crack (b) The stress free graphene

specimen after natural crack propagation through the length. ........cccoviveinviivcincrinnnnne. 37
Figure 2-3 Zigzag and Armchair crack direction of grapheme.........cocvivincincinnrincinnricinn, 38
Figure 2-4 'The logical diagram of surface energy, potential energy and kinetic energy.............. 42
Figure 2-5 Graphene specimen before and after crack eXtension ........cvcrerenerivnceiennninns 44
Figure 2-6 Potential Energy and Total Energy of Graphene Fracture........ococvcivciveiniicineieennn. 49

Figure 2-7 (a) Graphene at initial state. (b) Graphene right before bonds broken. (c)

Graphene right after bond broken. (d) Lattice reorientation after bond broken(........... 53

xii



Figure 2-8  (a) Tensile and Fracture Combined Specimen.  (b) Specimen
undergo plastic deformation in area C and crack extends in area B

(c) specimen after loading 1S FEMOVE. ......cuuivuiuiueiineieieieirieise e seessssssssseses 54

Figure 2-9 Force Displacement Curve of Tension Crack Combined Specimen........ccccovevuene. 55

Figure 2-10 Region Selection in Energy Release Rate Calculation. (a) Inappropriate
selection: Contain plastic zone not associate with crack. (b) Inappropriate
selection: Does not contain the whole plastic zone associates with crack. (c)
Appropriate selection: Contains the whole plastic zone caused by crack and part
of the elastic zone involves the lattice relaxation after bond breaking but
excludes the plastic zone not caused by crack. The shaded area represents the
plastic zone and the elastic zone that involves lattice relaxation after bond
DICAKING . ..ootiteiiviieiriii iR 56

Figure 2-11 Integral Path Selection for J-Integral. Shaded area represents the plastic
zone. (a) Inappropriate selection: Integral path enclose the plastic zone not
caused by crack. (b) Inappropriate selection: Integral path does not enclose
entire plastic zone caused by the crack. (c) Appropriate selection: Integral path

remains in elastic region and contains the whole plastic zone caused by crack but

excludes the plastic zone Not caused B CLack. ... 57
Figure 3-1 Three Dimensional Simple Tension Case.......iiiiisissmsssssnen: 65
Figure 3-2 Atomistic Simple Tension Case........uiiiiiniiiiiseissessesssssssssssssssesens 74
Figure 3-3 Deformation of two atoms: Atomistic Hencky Straif........cocvevvcvncivecneinniineinnens 77
Figure 3-4 Deformation of two atoms: Atomistic Lagrangian straif ... 85

xiil



Figure 3-5 (a): Atomistic point of view and defined original volume. (b): Continuum
point of view with the region seen as solid material with all quantities uniform

WIthin 1tS DOUNAALY. oo sasssaesans 93

Figure 4-1 Nodal Force Releasing Method. (a) Ordinary Finite Element Mesh.  (b)
Rigid Body Connection with Double Nodes. (c) Releasing Connection Force .......... 111

Figure 4-2 Force-displacement curve of a nodal point duting releasing process. ... 112

Figure 4-3 Node releasing procedure ensures the constraint force between the node pair

is always point towards each Other ... 113

Figure 4-4 Conventional Energy Release Rate Calculation (a) Initial Fracture Specimen

(b) Final Fracture Specimen (c) The Shaded Area of Force Displacement Curve

is the Energy Reduced Due to Fracture..... . cveneceiiieccecieciecesieseecassseennnns 114
Figure 4-5 Finite Element Model for nodal releasing method ..........cviniinninniineinnniinennnn. 116
Figure 4-6 Flow Chart of Crack Iniiation JUud@mMEnt.......ccceweeveereereeermeeeeemseneessseessesssensensnns 119
Figure 4-7 Flow Chart of Energy Release Rate CONtrol.......oieiniineincieineiieiinesineieennnns 121

Figure 4-8 Iterative process to adjusts time step such that energy release rate reaches
critical eNErgy relEase Fate...... i ss s 122
Figure 4-9 Left: Line crack specimen modeled with ordinary FEM Right: Line Crack
Specimen modeled with Rigid Spot-weld Connection.........eeeeeecrneieeeesereeecsnnnes 124
Figure 4-10  Displacement vs. Stress Comparisons with and without Spot-weld
CONNECLEA corvverrireranrirereerese s esese s sssesas s s sssse s sasse s sse s ssssessessse st ssssnssesssssssnens 124
Figure 4-11 Force displacement curve of different time step of the same crack speed. .......... 125
Figure 4-12 Force displacement relation of releasing nodes with respect to different
crack speed. The relationship is linear only when crack speed is very low.................. 126

xiv



Figure 4-13 Specimen Configuration for verify the energy release rate defined by the

virtual opening MEthOd.. ... sssesaass 127
Figure 4-14 FEM Simulation with Node Releasing Method. (a) Initial Stress Free Stage
(b) Tensile Loading Applied (c) Grip Fixed (d) Damping is applied until kinetic

energy damped out then damping is removed (e) Crack advance one element

forward with a very low crack SPEEd.......ocuiuiemeieneiumieieiieiiecieieesieisessessssessesseens 130
Figure 4-15 Force Displacement Curve of Connection Force Releasing History .............u...... 130
Figure 4-16  Force-Displacement curve of node releasing process at constant crack

speed of 41.3% Rayleigh Wave Speed......rciic s sissisnnes 131

Figure 4-17 Cast Iron Simple Tension Specimen(Unknown ) ... 132
Figure 4-18 (a) Class 40 Cast Iron Tensile Test Data.  (b) Class 40 Cast Iron Fracture
Toughness Test Data (Davis 1990) ... 133
Figure 4-19 (a) Von-Mises Stress Contour of Crack Extension at Different Time
(b)Energy Release Rate Time History. (c) Crack Speed Time history .........coccvvvueneee 135
Figure 4-20 Connection Force and Relative Displacement between Paired Nodes
During Node Releasing PrOCESS.........iuiueimeriiiiesisississsisssssesssssssesssssssesssssssessans 135

Figure 4-21  Crack tip displacement, velocity and acceleration according to

G=G,(1-v/vg) and G = CONS . oo 137

Figure 4-22 Top: Von-Mises Stress Contour and Crack Speed at Different Stage of

Crack Extension Left: Crack Speed vs. Time Right: Energy Release Rate vs.

05 0O 139
Figure 4-23 Normalized Energy Release Rate vs. Normalized Crack Speed.........ccccveivvruunncne. 140
Figure 4-24 Elasto-Plastic Material MOdel.........cciiiiiniieiiricisieiesssssesssssssessssssessens 141



Figure 4-25 Top: Von-Mises Stress Contour and Crack Speed at Different Stage of
Crack Extension. Left: Crack Speed vs. Time for Mode. Right: Energy Release
Rate vs. Time (E=1, €0=0.05, ovm=0.08, Fixed Grip Boundary Condition,
MOAE T CLACK) w.vuiiinririiiiintieiireiiieetieniesisetsettesssesesese e sse s s s sasesse e st sssesssesasesssssscsss

Figure 4-26  Left: Elasto-Plastic Material Model. Right: Mixed Mode ILoading
CONTIGULATON...evevereercierierciecee e sase s sassesas s s sssss st sass s sasss s sasssssesas st ssssesssessssssssees

Figure 4-27 Left: Von-Mises Contour with Elastic Material Model. Right: Von-Mises

Contour with Elasto-Plastic Material Model

xvi



List of Tables

Table 1-1 Crack tip Stress Estimated by Small Strain and Large Strain FEM........ccocvvvvvrinnne. 26

Table 2-1 Ratio between Energy Release Rate is the Ratio between Surface Energy of different

direction fOr GLAPRENE .....vuiuieceeiiicti st ss s sasesaes 40

Table 2-2 Energy Release Rate of Graphene Calculated by Different Method.........ccovcvuevuenene. 50

xvil



Chapter 1

Introduction: Limitation of linear elastic fracture mechanics.

1.1 Introduction

Fracture is a complex problem in continuum mechanics due to geometry discontinuity at
crack tip. In linear elastic fracture mechanics (LEFM), several assumptions need to be
made in order to achieve a close form solution. Analytical solution derived by Airy stress
function and Westgaard functional theory(H. M. Westergaard 1939) made the following
assumptions (Sun, Jin et al. 2012). The material is considered continuous, homogeneous,
isotropic and linear elastic. The formulation is in small strain, two dimensional, static,
with no thermal, plasticity or viscosity effect. Under such a frame work, the analytical
solution is achieved such that the stress, strain and displacement of any point can be
calculated. If the traction-free boundary condition is imposed on an elliptical void, the
result yield the famous Inglis' solution (C. E. Inglis 1913). Such result is quite complex in
terms of derivation and implication. To simplify the problem, Irwin imposed the traction
free boundary condition on a line crack (Sun, Jin et al. 2012). Not only the initial crack is
assumed to be a line, even after the loading is applied the traction free boundary condition
is still specified on the original line. The result of the line crack problem encounters an
infinite stress at the crack tip, often referred as crack tip singularity. Usually the
assumption of stationary line crack is within the scope of small-strain. The concept of

singularity is widely accepted in the fracture mechanics community(Suo 1990, Mubashar
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2014, Hui, Ruina 1985) and many numerical method are based on the character of the
singular field (Zi 2003, Ma 2009, Duflot 2004, Miao 2010).

Nature forbids naked singularity (Barve 1997). It is unrealistic for the stress to have an
infinite value. Studies with molecular dynamic simulation, considered having a higher
resolution than continuum mechanics, has not reported infinite stress on the crack tip
(Buehler 2006, Ma 2006, R&ner 2009, Zhang 2014). Therefore, singularity is introduced
with assumptions made to simplify the realistic problem to a continuum LEFM problem.
This work suggests that the small-strain assumption is one of the possible causes of

singularity.

1.2 LEFM Analytical Solution of Line Crack

Under LEFM framework, the closed form solution for mode | and mode Il crack is derived
by Airy stress function and Westgaard functional theory utilizing Kolosov and
Muskhelishvili method (Sih 1966, Synge 1955). The processes are summarized as follows
by (Sun, Jin et al. 2012). For mode | crack, the problem is formulated as an infinite plane
with a line crack of length 2a subjected to biaxial stress o, at infinity as shown in figure
1.1. The boundary conditions

o,=0,=0at|x<aand y=0 (1.1)
represents the traction free crack surface.

Ow =0, =0,,0,=0,=0at X2 +y? > (1.2)



resembles the tensile stress at far field. The underline assumption made here is that the

displacement is small so crack surface remains a line crack at original position after

deformation. Notice that x| < a and y =0 represents crack surface only at undeformed

shape. Crack surface will move away from its original position immediately after some
loading is applied. Realistically, boundary conditions need to be satisfied at the deformed
stage at which the equilibrium is reached and governing equation satisfied. If large strain
theory is utilized, the traction free boundary condition needs to be applied on the deformed

crack surface of which shape is accordance with the calculated displacement field.

I

— —_—
y L
«— _
X
O . Oy
— a a e
Figure 1-1 Mode I Crack Configuration
Kolosov-Muskhelishvili function of mode I crack is(Sun, Jin et al. 2012):
o, =Re{Z,}-yIm{Z, }+2A (1.3)
o, =Re{Z }+yIm{Z,} (1.4)

3



o, =-YRe{Z,} (1.5

2,4, =KT_1Re{Z,}—yIm{Z,}+%(K+1)Ax (1.6)
K+1 = 1
2p1, === IM{Z,} -y RefZ 3+ [~ 3)Ay (17)

where Z, is Westgaard function for mode |
2,(2)= 2 (18)

DZ,

— =7 1.9
5, =2 (19)
x =3—4v (plainstrain), x =(3—v)/(Ll+0) (plane stress).

The stress field associated with A is uniform uniaxial stress o, —o,, =2A aty =0(Sun,

Jin et al. 2012). A=0if uniform tension is applied at x and y directions with equal
magnitude.  Notice the crack doesn’t open if tension is applied only on x direction,
therefore the solution of such problem is identical to simple tension problem. In case of
uniform tension with non-equal magnitude, one may apply principle of superposition to
divide the problem into two parts: a mode | uniaxial stress with equal magnitude and a
simple tension problem on the x direction. The result is equal to the summation of the two

independent problems.



rsin®

Figure 1-2 Elliptical Coordinate Definitions

Recall eg. (1.8) and further derivation leads to

o,a
Z,(2)= 20 - (1.10)

Z"—a
z=re" (1.11)
z—a=re" (1.12)
z+a=re"’ (1.13)
X=rcos@,y=rsiné (1.14)

o, o,r . 1 1
Z = 2 =—2_expi|lf-=6,—=6. 1.15
' Jz+aVz-a i, p[( 27 2 Zﬂ 1
ol 1, 1 . 1, 1

Z, =——|cos| O—=6,—=6, |+isin| 0—=0,— =06, 1.16
| \/E|: ( 2 1 2 2) [ 2 1 2 2j:| ( )
Z,'=2, (1.17)

Z, =oNz+adz—a =0, re \re” = o, /rr, expliL/ 20, +1/26,)]  (1.18)

Z, = oy4/Nr, cos(1/ 26, +1120,)+icy./rr, sin(1/ 26, +1/ 26, ) (1.19)
5



Re{Z,}=o,./1r, cos(l/ 26, +1/26,) (1.20)

Im{Z,}= o,/11, sin(1/ 26, +1/ 26,) (1.21)
Re{Z }= \/E cos(e 1/26,-1/26,) (1.22)
Im{Z,}= \/Esm(e 1/26,-1/26,) (1.23)
Re{Z, '}:—%0053(0 +6,) (1.24)
Im{Z, '}=ﬁsm 3(6 +6,) (1.25)

The solution becomes

=Re{Z }-yIm{Z,}+2A

2

1.26
= 9 cos(&——e H]—a—sinesinE(HﬁHZ) 12A (120
1/rr 2 nr, 2
o, =Re{Z }+yIm{Z,}
2 1.2
= %L 003(9—191—1«92)+a—5in6?sin§(01+6?2) (127
rr, 2 2 nr, 2
Oy =-y Re{ZI}
2 1.28
= %! {a—sin Hcos§(61+6’2)} (129
NI A 2
k-1 = 1
2,qu=TRe{Z,}—yIm{Z,}+E(K+1)Ax
(1.29)

_ 2
:K—lao Ir, cos(Mj—sinH%r sin(9—191—101j+1(1<+1)Ax
2 2 nr, 2 2 2



2 =KT+1Im{Z|}—yRe{Z|}+%(K—3)Ay

y

2 (1.30)
:K—Jrlao rr, sin(leﬁlez)—sine%r cos(9—191—192j+1(1<—3)Ay
2 2 2 rr, 2 2 2
For Mode Il crack as shown in figure 1.3
To
— —> —> — —>
)| ——
l ‘<——>L—>| T %o )
| I S |
—— — — —
Ty
Figure 1-3 Mode II Crack
Kolosov-Muskhelishvili function of mode Il crack is:
0y =2Im{Z, }+ yRe{Z} (1.31)
o, =—-yRe{Z,} (1.32)
o, =Re{Z,}-yIm{Z,} (1.33)
240, :KTHIm{Z,,}+ yRe{Z,,}JrKTJrl By (1.34)
1 - Kk+1
24, :—E(K—l)Re{Z”}—yIm{Z,,}—TBx (1.35)

where Z,, is Westgaard function for mode |



Z,(2)=——— (1.36)

Z,=—L=2, (1.37)

x =3—4v (plainstrain), x =(3—0v)/(Ll+0v) (plane stress).

The last term of displacement equations represents a rigid body motion. For convenience,

setB=0
7,2 T, . 1 1
Z, = 0 =—C2 ex |(¢9——6? ——9} 1.38
1 \mﬂ \/E p|: 2 1 2 2 :| ( )
Z,'=2, (1.39)
Z, =tNz+az—a=ryre e =7, /rr, expli(l/ 26, +1/26,)] (1.40)
Z,, =1,+/nr, cos(1/ 20, +1/26,)+iz,/rr, sin(1/ 26, +1/26,) (1.41)
Re{Z, } = 7,/1r, cos(l/ 26, +1/26,) (1.42)
Im{Z,,} = 74+/1i1, Sin(1/ 26, +1/26,) (1.43)
Re{Z,}= 2" cos(6—1/26, +1/26,) (1.44)
Vrer
T .
Im{Z,}=—"=sin(6-1/26, +1/26,) (1.45)
Vrlr2
r.a’ 3
Re{Z,'}=——2"_cos=(6, + 6 1.46
{z,'} G 7 5(6.+6,) (140)
r.a? . 3
ImM{Z,,"}y=—2""——sin=(6, + 6. 1.47
{z,} e 5(6.+6,) (147)
Xx=rcos@, y=rsind (1.48)
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It leads to the following solutions

0w =2IM{Z, }+yRe{Z,"}
7of 7,a’ 3 (1.49)

=2 sin(0-1/26, +1/26,)-r—"——sin 6cos=(6, +6,)
Jnr, (rr,) 2
ny :_yRe{Z;I}
r,a’r . .3 (1.50)
=——>sIindsin—(6, + 0.
AP
O-xy = RE{Z”}— y |m{Z“}
2 1.51
= " cos(0-1/26, +1/28,)~ 1% _singsin > (6, + 6,) (=0
r1r2 (rer) 2
K+1 =
2, :Tlm{zn}"‘ yRe{Z,}
K+1 7, f (1.52)
== 7oty sin(1/26, +1/26,) + rﬁsin Ocos(0—1/26, -1/ 26,)
1 _
Zﬂuy = _E(K_l)Re{Zn}_ y Im{Z,.}
(1.53)

= —l(zc 1)/, cos(1/ 26, +1/26,)— r—2sin gsin(0 -1/ 26, -1/ 26,)

2 Jor,

Combine the solution of mode | and mode Il, mixed mode solution can be achieved as

follows



Figure 1-4 Parameter definitions in Westgaard

functional theory for a mixed mode crack

411, =K, S|(x —1)rr, coser — 2r? sin @sin g
+ K,S(xc + 1), sin a + 2 sin @ cos 3]
—(o—x)x+1)rcosd/2

4uu, = K S[(x +1)nr, sin o — 2rsin 0 cos B]
+K,S|(1-x)rr, cosa — 2r2sin @sin 4]
—(o—x)x—3)rsing/2

O = Kls[r cos B —a’sin@,sin3a/ r2]
+ KZS[erin B —a’sin g, cos3a/ r2]

+y—-0o

o, = Kls[r cos B +a’sin g, sin 3a/r2]

+K,Sa’sin g,sin3a /',

Oy = Kls[azsin 6, cos3a/ rz]

+ KZS[r cos S —a’sin @,sin3a/ r2]
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(1.54)

(1.55)

(1.56)

(1.57)

(1.58)



where
S=1/,[arr,
a=(0,+6,)2, p=0-(6,+6,)2
The stress intensity factor for first and second mode
K, = GO\/E K, = 2'0\/5

x =3—4v(plainstrain) , k= (3—v)/(1+v) (plane stress).

A=vE/(1+v)(1-2v) u=05E/(1+v)

E=u@BA+2u)(A+ 1) , v=051/(1+ )
At right crack surface

6=0, 6,=x, 6,=0
r=xn=a-Xxr=a+xX

gives

S =1/./a(a - x)(a + x)
a=rxl2and f=-rl2

441, =K S|(x —1)rr, cose — 2r2 sin @sin 3]
+ K,S|(xc + 1)1, sin a + 2r°sin O cos 3]
—(o— 7 )x+1)rcosd/2

o (k+)@a-x@+x
=K Ja@-x)(a+x)

(0 — xNx+1)x/2

4uu, =K, S[(x +1)(a-x)(a+x)]
4uu, =r(k+1)\/(@a—x)(@+x) — (o — y N +1)x/2

11

(1.59)

(1.60)

(1.61)
(1.62)

(1.63)

(1.64)

(1.65)

(1.66)

(1.67)

(1.68)

(1.69)

(1.70)

(1.71)

(1.72)



4, =o(x +1)/(a—x)(a+Xx) (1.73)

At crack surface y =0, the deformed crack surface coordinates £ and V

R=X+U, = x+4i[r(z<+1),/(a—x)(a+x) —(a—;()(K+1)X/2] (1.74)
7

y=y+u, =ia(x+l)1/(a—x)(a+x) (1.75)

Notice the deformed shape of mode I crack (r =0)

(0—xNc+1x _[8u—(o— x)x+1))x

X=X+U, =X— = (1.76)
8u 8u
8u .
X = R (1.77)
B~ (o — 2N +1)]
P = ok +1) (@ - X) 78)
164°
64° o2

%) (1.79)

v 2161 ~o?(k+1)°(a° -
1

(8~ (o— 2N +2)f

X S+ y’ = (1.80)
8;1—(0—;()(K+1)_a o(k+1) a
8u 4u

Notice that eqg. (1.80) is an elliptical equation. Therefore it is proved by this work that that

the deformed shape of pure mode I crack is an ellipse.

Pure mode Il crack problemgivese=0, y =0

k:x+ux:x+i[r(zc+1),/(a—x)(a+x)] (1.81)

A

y=y+u,=0 (1.82)

12



Notice ¥ =0 means the deformed shape mode Il is still a line crack.

c

) =4i[r(;<+1),/(a—x)(a+ x)] (1.83)
U

gives
16°02 = 7% (k +1fa% — 7% (x + 1) x° (1.84)
2 2
M X (1.85)
T(K +1)a a
Au

Atcracktipx =a,u, =0 indicates deformed crack is of the same length as original crack.

General deformed shape of mixed mode crack is derived as follows.

R=X+U, = x+4i[r(1c+1)1/(a—x)(a+x) —(a—;()(rc+1)x/2] (1.86)
MU

g=y+u, =io(x+1)\/(a—x)<a+x) w7

y = 16;2 o’ (k+1)*(a* - x*) (1.88)
161°Y°
m —a?-x2 (1.89)

16.4°y?
N U/l A 1.90
0'2(/(+1)2 (190)

>2=x+4i[r(;<+1),/(a2—x2) —(a—;()(lc+1)x/2] (1.91)
7’

. 164°9° 1 4185 , 164792
L= la®——F+—2L 4+ — 1 —\lo— 1 -7 /2 1.92
\/ T CIn K U e sl Gl G e Tl B G
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)2=x+4ir(1c+1)\/a2—x2 —BL(G—Z)(KH)X (1.93)
y7i

Y7,

%2 = x? +4LT(K‘+1N a’—x’ —Si(a—;()(lc+l)x2
u

7
+LT(K+1)\/82 X2+t (e +21) (a®> = x*) - %T(Kﬂ-l)z va® —x? (0' - ;()X (1.94)

4u 16 32u
) G T () oY PCpC] () VR S T | LY.

8u 32u 641
g =xt+ 5T g’;*zl) (@ -x?)+ (xk+1)a® - x°

. . (1.95)
_E(G_Z)(’H_l) X2 164 T(K+l)2 Va?—x* (o - y)x

16/1292

Substituting x* =a* - ~ into the previous equation, it leads to the followings.

o’ (k+1)
Wheno # y, the general term is not an ellipse. Notice the last term is a nonlinear term.
Wheno = y,7 =0 the formula represents an ellipse. Figure 1.5 gives the deformed crack

surface shape of mixed mode with different tensile to shear ratio.

0.8 -

tlc=0 rtlo=1 rtlo=2 t/loc=3

| |

0.4 -

0.2+

> o ,
o2tk \ Deformed crack surface
0.4

06 Original crack surface

Q ®» x -
I
P e e

Il
N

Il

[EN

0.8 | | 1 | 1 | 1 |
-2 -1.5 -1 0.5 ] 0.5 1 15 2

Figure 1-5 Deformed Crack Surface Shape of

Mixed Mode Line Crack
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This dissertation is not the first to identify the deformed shape of line crack. Similar result

with different procedure is also reported by others(Theocaris, Pazis et al. 1986).

1.3 LEFM Analytical Solution of Elliptical Crack

In this section, the deformed shape of an elliptical void is evaluated by analytical solution.

Brown (Brown 1977) summarized the explicit function of deformed shape of an elliptical

hole follows Inglis(Inglis 1913) elliptical hole solution as such

Figure 1-6 Elliptical Coordinate Definitions

SC
8nG

u= [HLDA -sinh £cosn + HLDB - cosh&sing (1.96)
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v:%[HLDAcoshgsinn— HLDB -sinh £cosn (1.97)

where

HLDA = e** cos2 (K sinh 2& — K cosh 2& + K cos2n
+cosh2& — 2sinh £cosh & + cos27)
+ K(cosh2¢& —cos27)

(1.98)
—cosh2¢& —cos2n + 2cosh2&, —2cos25
+ 26 (c0s217c0s2 3 +sin 27sin 2,3)
x (cosh2¢, sinh 2& —sinh 2&, cosh 2¢)
HLDB = e*'[cos2 (K sinh 277 — 2sin 7 cosn) +sin 28
x (K cosh2& — K cos2n + cosh2& + cos2n) (1.99)

—2(cos2nsin 23 —sin 2ncos2f3)
x (cosh2&, cos2& —sinh 2& sinh 2£)]

and u denotes the displacement on x direction, v denotes displacements ony direction

(3—v)/(1+v) planestress
K= _ _ (1.100)
3—4v plainstrain
The solution becomes
441, =K S[(x —1)rr, cosa — 2¢2 sin 6, sin S|
+ K,S[(c +1)rr, sin o + 217 sin 6, cos ]
—(o = x)x+1)r,cosd, /2 (1.100

4, = K S[(x +1)rr, sin o — 21 sin 6, cos 3]
+ KZS[(l— K )rr, cosa — 212 sin 6, sin [3] (1.102)
—(o— z)x—3)rsing, /2

o, = KIS[rl cosB—a’sindsin3a/ r2]
+ KZS[Zr1 sin #—a’sin#cos3a/ r2] (1.103)
+y—-0
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o, = Kls[r1 cos B +a’sin@sin 3a/rz] (1.104)
+K,Sa’sin gsin3a /', |

Oy = Kls[a"—sin dcos3a/ rz] 105
+ KZS[rlcosﬂ—azsin dsin 3a/r2] '

where

S=1/,/arr, (1.106)

a=(0+6,)12  p=6,—(0+6,)!2 (1.107)
Ki=op/a Ky=zva (1.108)

x =3—4v (plainstrain) , k= (3—v)/(1+v) (plane stress) (1.109)
A=vE/(l+v)1-2v) , u=05E/1+0) (1.110)
E=u@BA+2u)(A+ 1) , v=051/(1+ ) (1.111)

If we plot the deformed crack surface shape of a mode | crack against the original shape as

seen in figure 1.7, itis numerically verified that the deformed shape is an ellipse.

08

T T T
---¢--- Deformed Shape
—+&— Origional Shape

06r-

04t

ES &
b - R s = e =N N S
02 4} m-8= I = 2

Brog o __====0
Y e = = e e = A —nn=EE @
g

-1 08 06 04 02 0 02 04 08 08 1
X

Figure 1-7 Comparison between original shape and deformed shape of ellipsoid void in mode

I tension.
17



1.4 Discussion

For 2D mode | crack, we demonstrated with LEFM that the line crack will deform into an
ellipse upon loading. An elliptical crack will deform into another ellipse upon loading.
Notice a minimum external loading will cause the line crack to deform into an ellipsoid
shape, and further loading will be calculated with the traction free boundary condition on a
ellipsoid void of which the stress singularity does not appear. It is suggested that the

singularity comes from the traction free boundary condition over a fixed line crack:
o, =0, =0at|x<aand y=0(crack surface)
A more realistically definition of the crack surface should be

o, =0, =0 atcrack surface. (Crack surface is moving)

Of course, such boundary condition is beyond the scope of small strain formulation and
may not be analytically solved. Noticed that the original and deformed coordinate are not
distinguished in small-strain formulation. It is suggested the difference between these two
type of boundary conditions are significant(Dunn 1994).  Notice that the deformed shape
of line crack being an ellipse is also confirmed with large strain FEM simulation (Krishnan,
Hui et al. 2008) and experiment (Bouchbinder, Goldman et al. 2014).  Therefore Inglis

elliptical solution is better in describing fracture.

18



1.5 Small Strain and Large Strain Finite Element Formulation

In this section, the small-strain and large-strain formulation are elaborated to find their
influence upon crack tip stress. The small-strain definition is summarized as such:

Balance of linear momentum
t;;+pof, =pl, (1.112)
where t; is the stress tensor, p is the mass density f,is the external force. u; is the
displacement.
t; = &€y (1.113)
where €, is infinitesimal strain tensor(small strain); a;,, is a fourth order tensor describe

the strain stress relation.

The small strain approximation gives

&, z%(um +Uy, ) (1.114)
The variation principle yields
[ (t;+pf—pt;)ou; =0 (1.115)
Itijyi5ujdv+j pfjéujdv—j pu;oudv=0 (1.116)
Let us define
I zj t; jou;dv
= {(tijcSuj)vi —tij5uj,i}dv (L.117)

:d}s tij5ujnids—j t;oe; dv
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If u; are interpreted by finite element shape function N_, i.e

u=NU

i a~ ai

(1.118)

where U, is the i-th component of the nodal value of the displacement at the « —thnode

of the element.

| (NaUal) _NaJUal

6, =%[ui‘j +u
§[<Naua.> +(N.,), ]
[N, U+,
=3U,,; [N, ds— [t;6u; dv
=5Uaj}t‘j|\|ads—jtu§uj,idv

=0U,,; [N, ds=3U,; [N, N, U ,dv

a,ijkl

- 5UaiJ-t_jNad5_5UajU,5lJ. Na,in’,Iaijkldv

a) apjl

= aJ{Fl ~KU )

I = [ p°f,5u;dv
=oU,,; [N, p°fdv
=U, F?

aj’ aj

I = [ pti;ou;dv
= [P°N,U N, 8U,, dv
=oU,,{[ p"N,N,dv|U

=8u, M, U

ap= Bj
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(1.120)

(1.121)

(1.122)

(1.123)



If we rewrite term I, 11 and 111, it yields

. . ,
MaﬁUﬂj + Kaﬁ,leﬂl = I:aj + Faj
MU+ KopiUp = F,j

(1.124)

(1.125)

Where F,, =F,, +F/. From this equation the displacement U , can be readily solved

with central difference method

The small strain formulation is summarized by (Sadd 2009). The large-strain formulation

is summarized by Lee(Chen, Lee et al. 2006). The Cauchy stress and the first and second

order Piola-Kirchhoff stress have the following relationship

ty = j_lxk,KTKI = j_lxk,KXI,LTKL

TKI = jXK,ktkI :TKLXI,L
TKL :TKIXL,I = jXK,kXL,ItkI

tii +,0fj = pU;

(jilXiVKXj,LTKL)'j +p( f, —uj): 0
(jilXJ,LXi,KTKL)’j +0°] ( f; —U'J.): 0

(j‘lxj'L)yj Xi'KTKL + j_lxj,L(Xi,KTKL)'j +p0j_l( fJ' _Ui) =0

because
(%), =0
Therefore
(TKLXKVL)‘K +p°(f,—v,)=0

The weak formis
21

(1.126)

(1.127)

(1.128)

(1.129)

(1.130)

(1.131)

(1.132)

(1.133)

(1.134)



J. {(TKLkaL),K +p° ( fi —Vi )} oudv =0

\%

\

Let us define

=] (TaX.), dudv

\Y

I=[ p°foudv
\

= p%,sudv
\

Finite element approximation with shape function

U =N,U, ) Uy = Na,kUia

[ (Taxe), dudv+[ p°fsudv -[ povsudv =0
\ \

(1.135)

(1.136)

(1.137)

(1.138)

(1.139)

(1.140)

Let us first derive a useful relationship between displacement vector and position vector.

U, = X, — O X« + b,
UL = XL _(é‘kKXK),L

U =X - 5kK§KL

U =X 5k|_

Xgo = U+ 5kL

(1.141)

And also the Lagrangian strain and second order Piola-Kirchhoff stress in term of nodal

displacement U, ,

EKL

(U +U +Uy Uy )12
(CKL _5KL)/2
(XX =0 )/ 2
[

[

(uk,K + 5kK)(uk,L + 5kL) _5KL]/2
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(Na,KUka + §kK)(Na,LUka +5kL) _§KL]/2

(1.142)



TKL = AIJKLEKL

(1.143)
= AIJKL[(Na,KUka +§kK)(Na,LUka +5I<K)_§KL]/2
I EJ' {(TKkaYLéuk)’K —TKka'L5ukYK}dV
\%
= <ﬁnKTKLXk,L5ukds _I TKL (uk,L + §kL)§uk,KdV
S \Y
= &JkaJ‘ -rl_xk,LNadS _'[ TKL [(Nauka),L +5kL:|5(NaUka),KdV
S Y
= &JkaJ. -ITLXk,LNadS _J. TKL (5I<L + Na,LUka)é‘Na,KUkadV
s v (1.144)
= &JkaJ. -erk,LNadS _&JkaJ. T (5kL + Na,LUka) Na,KdV
S \%
= ka_[ -rl_xk,LNadS
S
_&Jkaj' AIJKL[(Na,KUka + 5kK)(Na,LUka + §kK) _§KL] / 2(5I<L + Na,LUka) Na,KdV
\%
=0U,, {sza - Fki;t}
=] p°foudv
\%
=3V, [ p°N, fdv (1.145)
\%
= &Jka Fk:tz
= p%sudv
\%
= U, Ny, | PN, N AV (1.146)
\%
= &JkaukﬁMaﬂ
Variation principle gives
I {(TKLXK,L),K +p° (f —v, )} su,dv =0 (1.147)
\%
which leads to
MU, =F. +F2 -Fx (1.148)
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Define
F,=F. +F2-F" (1.149)

MU, =F. (1.150)

Notice the difference between the small-strain and large-strain formulation lays at the
treatment of displacement gradient tensor. The small strain formulation made an

approximation and gets the infinitesimal strain directly
8y = (X + % )/ 2 (1.151)
While the large strain formulation use the exact formula.

= :(UK,L +UL,K +UM,KUM,L)/2
(C =64 )12 (1.152)
:(Xk,KXk,L _5KL)/2

Recall that the subscript k stands for the three degree of freedomand « stands for the node

ID. If we rearrange these two dimensional matrix as

Maﬂ .kﬂ = Fk];x+Fk2a_Fkiz:t (1.153)
UiE[Un U21 U31 U12 Uzz U32 U33 "'UKl UK2 UK3] (1'154)
M, =[M, M; M; M, M, M, M, M, M] (1.155)
fi E[fll f21 f31 f12 f22 f32 f33 le sz st] (1-156)
It yields
MU, =F'+F2-F" (1.157)

The finite element analysis is used to explain the difference between small strain
formulation and large strain formulation. Mode | simple tension tests of four different
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loading levels is modeled with three different mesh size. The von Mises stress of the
crack tip element is recorded with large strain formulations and small strain formulation.
Notice the physical problem is identical between each large strain and small strain cases
being compared. As shown in Table 1-1, “LSTRAIN” is a large strain finite element
code developed by the author and his advisor. “RADIOSS” is a commercial small strain
finite element software developed by Altair Inc. The Von Misses stress of the element
closest to the crack tip is recorded and compared. The stress calculated by the large
strain formulation is considered as the benchmark value. The crack tip stress calculate
with the small strain formulation is compared with the large strain result and the

percentage of difference is shown in the bracket.

i CauchyVON
- 01
0.09
— I 0.08
T 0.07
006
0.05
0.04
] T 0.02
I ooz
oot
0

- [

‘l’VVVV‘l‘VVVV‘l"l"l"l"l’

Figure 1-8 Crack Tip Von Misses Stress Contour with three different meshes
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Mesh Size 5
Von Misses stress measures

at crack tip element

Mesh Size 3.3
Von Misses stress measures

at crack tip element Ax=1.65

Meshsiz 25
Von Misses stress measures

at crack tip element Ax=1.25

AX=2.5 Ay=2.5 Ay=165 Ay=1.25

€ G, omax omax omax omax omax omax
Large Strain | Small Strain Large Strain Small Strain | Large Strain Small Strain
(LSTRAIN) | (RADIOSS) | (LSTRAIN) | (RADIOSS) | (LSTRAIN) (RADIOSS)

0.05 | 0.05 | 0.0962012 0.09955 0.111705 0.1187 0.12471 0.1329
(100%) (103%) (100%) (106%) (100%) (107%)

0.1 0.1 0.190391 0.1991 0.218403 0.2347 0.241 0.2658
(100%) (104%) (100%) (107%) (100%) (110%)

0.2 0.2 0.374892 0.3982 0.407491 0.4695 0.42195 0.5316
(100%) (106%) (100%) (115%) (100%) (125%)

Table 1-1 Crack tip Stress Estimated by Small Strain and

Large Strain FEM

The study shows that the small strain FEM in general overestimate the stress at the crack

tip. This overestimation is more severe with higher applied loading or closer the probing

site to the crack tip.

In the worst scenario of this study, the error can be up to 25% at the

probing site 1.25 to the crack tip when the applied strain is up to 0.2 as shown in Figure 1-8

and Table 1-1. Therefore the method that utilizes the LEFM singular field is not suitable

for treating large strain problem or describing the field in the immediate neighborhood of

the crack tip. Other researchers has states that the 1/ Jr singularity field associate with

LEFM's stress intensity factor K field is not valid within close neighborhood around the

crack tip as well (Bouchbinder, Livne et al. 2009, Krishnan, Hui et al. 2008). In fact at the
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immediate neighborhood of the crack tip, the crack tip stress is a finite value and non of
the singularity field works. The comparison between LEFM analytical solution and large
strain FEM result are presented in Figure 1-9. One may not use LEFM formulation to
describe the near tip field of the crack because the error can be excessive. Noticed that the
stress intensity factor K is based on LEFM analytical solution. Many fracture mechanics
finite element utilizing the "singular field" around the crack tip also based on LEFM

formulation.  These methods are not accurate in large strain or in the close neighborhood

of crack tip.
0.8
" —— LEFM Analytical Strain=0.05
A BRITLALT LEFM Analytical Strain=0.10
0.6 B LEFM Analytical Strain=0.15 | |
B — - LEFM Analytical Strain=0.20
\ [J Large Strain FEM Strain = 0.05
- e <& lLarge Strain FEM Strain=0.10
§ 0.4 >+ A largeStrain FEM Strain=0.15 | |
ﬁ P we \ X Large Strain FEM Strain=0.2
= / N X
\ A AL XX XX X X X
A A A " X . — — . e —
Al A A _N_ A
O ...... <> ...... <> ..... @ ..... o. ..... <> ..... <> ..... <> ..... <
T —F——s—a———F—-H
0 ‘ ‘
0 5 10 15 20 25 30

Distance to crack tip(mm)

Figure 1-9 LEFM Analytical Solution

Overestimates Crack Tip Stress
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1.6 Conclusion

Crack tip singularity is studied by utilizing both analytical and numerical method. In
mode I, Itis proved that the deformed shape of a line crack is an ellipse; deformed shape
of an ellipse is another ellipse. In mixed mode, the deformed shape of a line crack is not
an ellipse. A small loading will cause the line crack to deform to elliptical shape and further
loading needs to be calculated onthe elliptical void, which will eliminate singularity. Itis
suggested that the asymptotic field analyzed by Irwin's method overestimates the stress
level at the crack tip by imposing a traction free boundary condition on a stationary line
crack.  In the more accurate large-strain theory, traction free boundary condition is
imposed on the deformed shape of crack surface(Chen, Lee et al. 2006). To verify this
statement, the small-strain and large-strain finite element formulations are presented. The
numerical results confirmed the small-strain approximation overestimates the stress at the
crack tip. This overestimation is more severe if the strain is large or the probing site is
closer to the crack tip.  Thus it is suggested that Irwin's LEFM analytical solution
overestimates the crack tip stress field. Because the stress intensity factor is built upon
Irwin's LEFM solution of the line crack assumption (cf. eq.(1.1)), it is predicted that the
stress intensity factor overestimate the stress level of the crack tip.  Therefore the stress
intensity factor is not accurate in modeling large strain or close neighborhood to the crack
tip. In next chapter, the energy concept will be introduced to overcome the theoretical

difficulties of the LEFM-based fracture mechanics.
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Chapter 2

Energy Release Rate Interpreted by Molecular Dynamics

2.1 Introduction

Fracture mechanics is widely used in failure prediction for many engineering applications.
The most important part of a fracture theory lays at its failure criteria. Inchapter one, itis
shown that the stress intensity factor (K) based criterion is limited to the linear elastic
fracture mechanics (LEFM). Among various fracture criteria (Sun, Jin et al. 2012,
Mecholsky 1995), the critical energy release rate fracture criterion has the most clear
physical meaning and can be readily extend beyond LEFM. In this chapter, the author
modified Griffith's energy release rate approach by taking atomistic point of view. Energy
release rate is defined as the decrease of potential energy associated with creating unit new
crack surface when crack is assumed to extend at current stage. Critical energy release rate
is defined as the decrease of potential energy associated with creating unit new crack
surface when crack extends naturally. The energy release rate failure criterion is defined
as such: the crack will extend when energy release rate reaches the critical energy release
rate. Examples are presented for calculating the energy release rate of graphene.

Traditionally, critical energy release rate is equivalent to surface energy in brittle
material (Griffith 1921). Surface energy in fracture mechanics is read as the increase of
potential energy per unit new surface generation (Swadener 2002). Surface energy can be

calculated as the bond energy at lattice constant times the bond number density on the
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failure plane(Cima 2012). Surface energy is a material constant since both bond energy at
lattice parameter and bond number density are fixed numbers. It is seen that the crystalline
material has different values of surface energy at different direction of failure planes. The
ratio between surface energy is the ratio between the number density of bond for different
planes. In molecular dynamics simulation, the surface energy can be calculated by the
difference of potential energy of the stress-free stage between the cracked specimen and the
original specimen. The energy release rate can be calculated by the decrease of potential
energy right before and immediately after the crack extension. It is noticed that the surface
energy increases with crack extension but the potential energy decreases with crack
extension. It is noted that the critical energy release rate is not related to surface energy.
By taking atomistic point of view, it is seen that the surface energy is part of total potential
energy, the comparison between total potential energy and part of total potential energy
(surfaces energy) is not meaningful. According to conservation of energy, the decrease of
potential energy during crack extension must be the increase of kinetic and thermo energy
for an isolated system. In other words, the strain energy release rate is also the thermo and
kinetic energy generation rate. Therefore the fracture phenomenon is a kinetic and thermal
problem in nature. It is improper to view fracture process as a quasi-static elastic problem
even if the crack growth is slow. It will be proved in next chapter that the interatomic
potential energy is equivalent to strain energy. By then, the interatomic potential energy
release rate can be equivalent to strain energy release rate. It is observed that the potential
energy will transform to the kinetic energy at the event of bond breaking followed by the
relaxation of lattice. The breaking of the bond happened at the crack tip as well as in the

plastic zone surrounding the crack tip. In the general case of brittle and ductile fracture, the
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critical energy release rate is a material constant as long as the crack grows self-similarly,
defined as the configuration (size and shape) of the plastic zone are identical regardless of
crack position, crack speed, crack length, loading condition etc. Notice that there may be
other events other than fracture that involves plasticity for a single specimen under some
loading condition.  Therefore a proper region needs to be selected to calculate energy
release rate and J-integral. Such region should enclose the crack tip plastic zone and the
part of the elastic zone that involves lattice relaxation, but exclude the plastic zone not

related to crack.

2.2 Surface Energy Calculation

The term “surface energy” is often ambiguous because the term is widely used in chemistry
and physics to describe a variety of phenomena, which may or may not carry the same
meaning. Here we interpret Griffith’s "surface energy" as the2 (Cima 2012, Sun, Jin et al.

2012). Surface energy may be rewritten as

27/ - Ubond Noond (21)

where U, is the chemical bond energy, denotes the energy necessary to break one bond

with bond length being the lattice constant; S, iS the new crack surface generated with

bon

one bond broken; n,,, is the bond number density defined as

N = Total Number of Broken Bonds
P 7 Total Area of New Surface

2.2)
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Notice n,,, =1/S,,,,. Because chemical bond energy U, ., at lattice parameter is a
constant. New crack surface S, , created in a certain direction with breaking single bond

is also a fixed number. Therefore their ratio, named surface energy, is a constant as well.
For a crystalline material, every failure direction with different bond number density has a
different value of energy release rate. Notice that the surface energy can be calculated
easily since atomic density for each failure direction is known and the bond energy can be
calculated from interatomic potential. Since the chemical bond energy can be calculated by

a valid interatomic potential function in MD,

AU U'(a)
o = 3A s

(2.3)
(100)

where y,,, is the surface energy at <100> direction. S, is the new crack surface created

100

due to crack advances one atom forward on <100> direction. Equation (2.3) indicates the

surface energy is a function of interatomic potential U , lattice constant a, and direction &
2y =2y(U,a,6) (2.4)

Because theoretically, bond length a is also a function of interatomic potential U, and

temperature T, i.e.,

a=aU,T) (2.5)

and S also depends on bond length and failure surface direction &,

s=5(6,a) 2.6)
Therefore

2y =2y(U,a,S)=2y(U,a,6,T) 2.7)
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which means the surface energy is a material constant depending on interatomic potential,

lattice constant, direction and temperature.

2.2.1. Surface energy Calculation from Bond Energy

It is possible to calculate surface energy by knowing the chemical bond energy U,,, and
atomistic density S, ,, at fracture direction.

27/ — U bond (28)

Sbond
Take graphene as an example, it is known that graphene has sp2 bond (Stankovich, Dikin
et al. 2006). The C-C single bond has an energy of 347 kiJ/mol. the C=C double bond has
energy of 614 kJ/mol (Zumdahl, Zumdahl 2007). For simplicity, we use the average
between C=C bond and C-C bond, 480.5kJ/mol , for calculation. This averaging method
may be rough, therefore we cross check with the value calculated by Tersoff potential as a
verification. The result gives that the C=C bond in graphene has an average bond energy
of 484 kJ/mol.  Here we utilize the value of 480.5kJ/mol as bond energy because this
value comes from chemical bond energy. The length of a graphene bond is a = 0.142 nm
(RozpLoch 2007). Graphene thickness is t=0.335 nm (Ni, Wang et al. 2007) . The surface

created with broken single bond for zigzag and armchair directions are
S, =1/n,, =23a-t/2=8.24x10""m* / bond 29)
S,..=1/n_ =3a-t/2=7.14x10""m?/ bond (2.10)

The bond energy released is obtained as

33



U, =480.5k] / mol = 480.5/6.02x10% = 7.9817 x10™J /atom (2.11)

2 = Upgns _ 7-9817 x10™J /atom _ 96827 / m? 212
95 824x10®m?/atom '

zig

-19
2y =Yoo _ 19BLDX107J JAtOM _ ) 17695 2 2.13)

S 7.14x10%°m? / atom

arm

2.2.2. Surface Energy Calculation from Molecular Dynamics

Noticed that, under stress free condition, a specimen with the crack has higher potential
energy than the specimen without crack. This is because the potential energy will decrease
when free atoms form a crystal. A material body with more surface area yields a higher
potential energy. Surface energy can be calculated as the potential energy difference
divided by new surface area. Anexample is given in Figure 2-1 to calculate surface energy
with molecular dynamics. Assume graphene cracks in brittle manner and the crack surface
has a clean cut boundary. For case one (cf. Figure 2-2(a)), a single layer graphene sheet
with a slit is simulated with no external loading. Damping is applied to damp out all kinetic
energy and the specimen reaches absolute zero temperature. Damping is then removed and

the initial potential energy of U, is recorded. For case two (cf. Figure 2-2(b)), The graphene

sheet is manually separated into two sheets with a clean cut crack surface. The total
potential energy of the separated configuration is calculated as E,. The clean cut crack
surface represents a brittle fracture, which is defined as the fracture that only involves the

bond breaking between the crack tip atoms. Notice that, the atom at the new crack surface

will inevitably distort due to edge effect; Such distortion can be viewed as plasticity in
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continuum mechanics because there are permanent shape changes after loading is removed.

Thus there are permanent shape changes even for the brittle fracture.

e
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{00 100
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(a) (b)

Figure 2-1 (a) original specimen of graphene at stress free stage. (b) cracked specimen of

graphene at stress free stage.

The total potential energy of the original specimen under stress free condition is
U, =-2575.3831AU (2.14)
The total potential energy of the cracked specimen under stress free condition is
U, =-2566.0573AU (2.15)
where AU is atomic unit. Notice that the cracked specimen has a higher potential energy
U,>U, (2.16)

The difference in potential energy between the initial and the cracked specimens is the

surface energy.
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AU =U, —U, = (-2566.0573AU +2575.3831AU) x 4.3598 x10~**

(2.17)
=4.0674411x107"" J

The created surface area is

AA=a-t=214.833504 AU x5.2917721092x10*m/ AU x0.34x10°m

2.18)
—3.8652898x10 *m’

The surface energy calculated is

AU 4.0674411x107"7 ]

2y == ———10.5229913162J / m? (2.19)
AA "~ 3.8652898x10®m

where a stands for the crack extension length; tis the thickness of the single layer
graphene sheet, which is 0.34nm. The surface energy calculated with simulation is in good
agreement with that calculated by chemical bond(c.f. eq. (2.13)). Notice that the surface
energy calculate by molecular dynamics simulation, 10.52299J / m? ,is slightly smaller
than that calculated from bond energy 11.1789J / m*. This is because the surface energy
calculated by chemical bond counts on the potential energy difference between original and
the cracked specimen of perfect lattice shape (c.f. Figure 2-7 (a) (c)). In molecular
dynamics, the edge effect of lattice distortion is counted, causing a decrease of system total
potential energy. The potential energy difference is calculated between original and the
cracked specimen of the relaxed stage (c.f. Figure 2-7 (a) (d)).

In reality, a naturally formed cracked surface of graphene does not have a clean cut
boundary(c.f. Figure 2-2(b)). A molecular dynamics simulation is carried out to calculate
the surface energy of graphene on a naturally formed crack surface. The initial total

potential energy after relaxation ,U,, is recorded. Afterword, the graphene sheet is

gradually pulled apart until crack extension naturally. Later on, the artificial damping is
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introduced to damp out all kinetic energy. After the specimen reaches zero temperature

again, damping is removed and the final total potential energy, U, is recorded. The

potential energy decrease is calculated between the original and the naturally cracked

specimen of the relaxed stage.
AU =U, -U, = (-2558.7575AU —(—2575.3831AU )) x4.3598 x 10 220

=7.2484291x107"" J
AA=a-t=214.833504AU x5.2917721092 x10*m/ AU x0.34x10°m 221

=3.8652898x10"*m?

17
_AU _ 7.2484291x10° ) _ 1925551487517 / m? (2.22)

2, — _
VT AA T 3.8652898 %10 °m?

Notice that the surface energy is the potential energy increase of the stress-free specimen

before and after crack formation.
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Figure 2-2 (a) Graphene with a pre manufactured crack (b) The stress free

graphene specimen after natural crack propagation through the length.

2.2.3 Ratio between surface energy of different directions
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It is noticed that the atomic bond density n_,, =S_,. is different along each possible

failure plane. Therefore each possible crack propagation direction has its own surface
energy. One may converts surface energy from one direction to another based on the

information of the failure plane. For example, if crack extends on (1 1 0) direction,

ij ij
2}/<110> — Ubond _ U (a)2 U (za) (223)
S (\/ﬁ ) 2a

and the ratio between surface energy of different directions

7 110) _ S<100> Mgy (2.24)

Ny

Yooy  Spo) 100)
To demonstrate egs. (2.3) ,(2.24), we calculate the ratio between surface energy of different
directions for graphene. Let t denotes the thickness of grapheme sheet and a denotes the

bond length of graphene.

““““ 2/3a -~

Armchair Crack

Figure 2-3 Zigzag and Armchair crack direction of grapheme
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Let E,denotes the C=C bond energy in graphene. There are 2 broken bonds when the

crack advances from original crack tip (dash line) to current crack tip (solid line) in both
armchair and zigzag directions as shown in Figure 2-3. However The atomic density of
these two directions are different. The surface energy of zigzag direction is

2E, 2E, E

25, " 23t +3at (22

27/zig =

where S, ,is the new surface area generated with crack extends one atom forward; n,,, is

the bond number density in the zigzag direction. Surface Energy of armchair direction is

2E,
25

:Ebn<arm>: 2E, _ 2E,
2S 3a-t

(arm) (arm)

2 o = (2.26)

where S, is the new surface area generated with crack extends one atom forward; n

arm)
is the bond number density of armchair direction. The ratio between energy release rates of

the two directions are

n .
Koy = 22;/ e 26, V8012 _y 4, (227)

"3t E, 43

zig n(zig>

Zhang (Zhang 2014) calculates the graphene energy release rate with MD simulation

G, =33.18 (2.28)
GZig =29.45 (2.29)
If we calculate the ratio
G.mchair  33:18
oo —amehar — — 7~ —1 127 2.30
Zsmulatlon G 2945 ( )

zigzag
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It is interesting to notice that the ratio of energy release rate between different directions
IS the ratio of surface energy of such directions. Here we summarize the ratio between
surface energy and the ratio between energy release rate calculated by various method in

Table 2-1. LEFM relation G = K7, / E is utilized to convert all results to energy releaser

rate (Xu2012a). The Young's modulus is 1GPa and Poisson's ratio is 0.22 (Zhang 2014).

Method Zigzag (J/m) Armchair (J/m?) [ Ratio
CM/FEM(Xu 2012b) G=16.31 G=13.1681 1.2386
DFT(Jun 2008) G=7.3332 G=5.6829 12333
MD(Zhang 2014) (G=33.18 G=29.45 1.127
Surface Energy Calculated with Chemical Bond 2y=11.1789 2y=9.682 1.154

Table 2-1 Ratio between Energy Release Rate is the Ratio between Surface Energy of

different direction for Graphene

2.3 Revisit Griffith’s Energy Release Rate

Griffith’s strain energy release rate criterion states that the crack will extend if strain energy
release rate G, defined as the strain energy decrease, AE, per newly created crack surface
area, AA, greater than or equals to the surface energy 2y (Griffith 1921).

_AE__E-F
A A -A

(2.31)
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where E, is the strain energy before crack extension. E, is the strain energy after crack
extension. A is the crack surface area before crack extension. A, is the crack surface area

after crack extension. Griffith assumed a completely static fracture, where no kinetic
energy is involved. Under such condition, he proposed the conservation between the
potential energy and surface energy.
E +2I' =E, + 2T, (2.32)
2r,-2r,=E,—E, (2.33)

where I" = yA. Because surface energy is a material constant.

2yA —-2yA, =E,—-E, (2.34)
2y :_ﬁz_ﬁ (2.35)
A-A AA

which yield his original statement that the critical energy release rate equals to the surface
energy. There are several fundamental flaws within Griffith derivation: Surface energy is
part of system total potential energy. The conservation of energy cannot be applied to
potential energy and part of potential energy. In fact, there is no need to know surface
energy when calculating interatomic potential energy difference before and after crack
extension(c.f. Figure 2-4). It is observed that the strain energy decreases with crack
extension but surface energy increases with crack extension (c.f. Figure 2-6). Equation
(2.32) and Equation (2.35) are erroneous. Conservation of energy needs to be applied to all
forms of energy. There are only two forms of energy in molecular dynamics, which are

potential energy and kinetic energy. Consider a fixed-grip boundary condition, in which
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there is no external work done to the system. The decrease of potential energy (strain

energy) is the increase of kinetic energy. If written correctly, equation (2.32) should be
E +K =E,+K, (2.36)
where K, and K, are kinetic energy before and after crack extension respectively. If

energy release rate G is defined as

G=-—— 2.37
A (2.37)

It also implies the energy release rate is also the kinetic energy generation rate.

__E2_E1_K2_Kl

= = (238)
A-A A-A

Gg=_2E_4aK (2.39)
AA AA

\

Kinetic Energy

Surface Energy Potential Energy

\ Total Enerov /

Figure 2-4 The logical diagram of surface energy, potential energy and kinetic energy

From fracture mechanics point of view, only the decrease of potential energy right before
and immediately after the crack growth is related to energy release rate. Surface energy is

not related to energy release rate.
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2.3.1 Magnitude of Energy Release Rate and Surface Energy

It has been demonstrated in previous section that the surface energy is not related to energy
release rate. A fair question to ask is: If surface energy is utilized to study fracture, would
the value calculated be an overestimation or underestimation of energy release rate?
Recall that the energy release rate is the potential energy decrease associated with crack
growth right before and immediately after crack extension. Surface energy can be
calculated as the bond breaking energy times the bond number density. The surface energy
is part of the total potential energy after crack extension.

A molecular dynamics simulation is used to verify the magnitude of energy release rate is
always greater than the magnitude of surface energy even in perfect brittle fracture. A
single layer graphene sheet is pulled apart until crack extends naturally. The fixed grip
boundary condition is imposed after the crack initiation. Referring to Figure 2-5, the stage
right before crack extend (green) and the stage immediately after crack extend (red) are
overlaid on top of each other for the convince of comparison. For crack extend two atoms
forward, bond A and bond B are broken. The bond C and D are pulled almost to the cut-off
distance right before the crack extension. bond C and D are relaxed to the lattice constant

after crack extension,. The decrease of potential energy for bond C and D is the chemical

bond energy U, ., at lattice constant.
Uc =U;p =Upg (2:40)
Recall that the surface energy can be calculated with bond energy times the bond number

density on the crack surface and U, =U
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Figure 2-5 Graphene specimen before and after crack extension

Therefore
U U U. U . U
2 = _A = bond = —C s 2 = —B = bond = —D 2.41
"TATTA A TTATTA A @4
Uu.+U
9, - YetUp 242
YT oA 42

For calculating energy release rate, the decrease of potential energy are contributed by the
decrease of bond length of all bonds.

U.+Up+U+U +U, +...
2A

G=

(2.43)



In fact, all the bonds that change length in Figure 2-5 go through a sudden relaxation
process, causing the potential energy to decrease and the kinetic energy to increase.
Therefore the magnitude of energy release rate is greater than surface energy even in
perfect brittle fracture

G>2y (2.44)
Right before crack extends, the system has no kinetic energy due to the quasi-static process.
However the atomic configuration after bond breaking is not stable because the force is not
balanced due to the absent of bond A. The lattice will mobilized to try to reach the
equilibrium again. Notice that this relaxation procedure is dynamic in nature. No matter
how slow the loading force, one cannot control the speed for the lattice to reorient. The
potential energy is transformed to kinetic energy; therefore the strain energy is "released".
In terms of plastic fracture, the decrease of total potential energy is attributed to broken
bonds at the crack tip as well as dislocations in the plastic zone surrounding the crack tip,

which is again not related to surface energy.

2.4 Modified Energy Release Rate Fracture Criterion

To be more precise and clear from ambiguity, allow us to redefine energy release rate,
critical energy release rate and energy-release-rate fracture criterion with atomistic point of

view.
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Energy Release Rate, G : The decrease of interatomic potential energy associated with

creating unit new crack surface when crack is assumed to extend at current stage.

g._du (2.45)
dA
g-_dU__AUu_ U(a+aa)-U(a) (2.46)
dA Aa AA

where Aais the distance of crack moving one atom forward; U (a) is the interatomic

potential energy at crack length a, referring to the potential energy of the stretched

specimen right before crack extension; U (a+Aa) is the interatomic potential energy at

crack length a+ Aa , referring to the potential energy of the specimen after crack extended
a distance Aa; AA is the new crack surface area. Noticed the energy release rate can be
directly calculated with MD simulation because potential energy is known at any moment.
The bond of the crack tip atom can be artificially broken to trigger the crack extending one
atom forward and the potential energy decrease associated with this procedure can be
measured. This method is similar to the virtual crack closure technique (Yang 2005) except
the crack is assumed to be open, not close.

In chapter 3, interatomic potential energy is shown to be equivalent to strain energy. By
then, interatomic potential energy release rate is strain energy release rate. The value of
energy release rate may also be calculated with node release method in continuum
mechanics as described later in chapter 4.  In small deformation cases, strain energy
release rate calculated by eq. (2.45) is identical to that calculated from stress intensity

factor in LEFM as verified in chapter 4 example 3.
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Critical Energy Release Rate, G, : The decrease of interatomic potential energy

associated with creating unit new crack surface when crack extends naturally.

AU
- 247
cr AS ( )

Gcr:_d_U:_AU :_U(a+Aa)—U(a) 248
dA Aa AA

where AU is the decrease of interatomic potential energy with crack extension; AS is the
new crack surface generated with crack extension; AU refers to the potential energy
difference between the moment of the stretched specimen right before crack extension and

the moment of potential energy at crack length a + Aa.

Energy Release Rate Fracture Criterion: Crack will extend if energy release rate equals to

the critical energy release rate, i.e.

G <G, Crack Stationary
G =G, Crack Extend (2.49)
G>G, Impossible

It is claimed that the energy release rate cannot be greater than the critical energy release

rate.

2.5 Energy Release Rate Calculation for Brittle and Non-Brittle Material.

In principle, the critical energy release rate criterion is valid for both elastic and plastic
fracture. Recall that the critical energy release rate is defined as the difference between

potential energy right before and immediately after crack advance. Notice that the decrease
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of potential energy is caused by lattice relaxation after bond breaking. In brittle fracture,
only the bond at the crack tip breaks. In ductile fracture, bonds breaks at the crack tip as
well as in the plastic zone surrounding the crack tip. It is suggested that, as long as the
crack growth is self-similar, the critical energy release rate is still a constant in ductile
material. Here self-similar means the plastic zone shape, size and the configuration around
crack tip are identical regardless the crack speed, crack length, loading condition, crack
shape, etc. Assume that the experiment confirmed this assumption, then the amount of the
potential energy decrease associated with crack extension is a constant. The energy release
rate is also a material constant. A numerical method is introduced to calculated energy
release rate with molecular dynamics simulation. The MD program "POLY", developed by

James. D. Lee and Zidong Yang, is used to simulate graphene fracture.

Critical energy release rate G, can be calculated by utilizing molecular dynamic

simulation to calculate potential energy difference right before and immediately after crack
propagation. Single layer graphene is studied under mode | fracture. Tersoff potential is
adopted.

A specimen is gradually loaded until crack extend naturally. System total potential energy

right before crack extends, U,, is recorded. The crack is then spontaneously extends all the

way through the specimen. System potential energy right after crack extends, U, , is

recorded.
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Figure 2-6 Potential Energy and Total Energy of Graphene Fracture

It is observed that the fracture of graphene is not completely brittle. As shown in Figure
2-2(b), the natural crack surface involves not only the bond breaking on the edge, but also
the dislocations near the edge. The irregular shape of many pentagon and hexagon
formations represents dislocations generated during crack propagation. When taking
continuum point of view, this means plasticity appears on the crack surface. If we assume
the amount of plasticity generated per unit crack advance is a constant, or in other words,
the crack grows self-similarly, it is possible to calculate the constant value of critical
energy release rate accordingly. Recall the energy differences are calculated for the

moment right before and after crack extension

AU =U, —U, = (-2531.47880AU —(-2510.89320AU )) x 4.3598 x10**

(2.50)
=-8.9749x107"" J
AA=a-t=3.8652898x10"*m? (2.51)
-17
g, —-AY___“8979x10° J 5551860 /m? (2.52)

am T UAA 3.8652898 x10Em?
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which shows the realistic energy release rate is much larger than the energy release rate
calculated with brittle fracture assumption, in other words, graphene is not a brittle
material. The energy release rate calculated by other method are present for comparison as

shown in
Table 2-2. The relation between energy release rate and stress intensity factor G = KZ. / E

is utilized to convert all results to energy releaser rate (Xu 2012a). The Young's modulus

is 1GPa and Poisson's ratio is 0.22 (Zhang 2014).

Method Gam (/M)
MD(Ky 2014) 1024
CM/FEM(Xu 2012b) 13.1681
DFT(Jun 2008) 56829
MD(Zhang 2014) 2945

This Work 23.2186

Table 2-2 Energy Release Rate of Graphene Calculated by Different Method

2.6 Discussion

We redefine energy release rate of fracture mechanics as follows: The instantaneous
energy release rate G is defined as the potential energy would be released associated with
unit crack surface creation if the crack extended at current stage. The critical energy

release rate is defined as the release of potential energy associated with unit crack surface
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creation when crack grow naturally. The critical energy release rate failure criterion is
rewritten as: Crack is stationary if the energy release rate is smaller than the critical energy
release rate. Crack will extend if energy release rate reaches the critical potential energy
release rate; It is impossible for energy release rate to exceed the critical energy release
rate. This definition is valid for both brittle fracture and ductile fracture. In next chapter,
the strain energy will be equivalent to interatomic potential energy. Therefore the critical
energy release rate is the critical strain energy release rate and is also the critical
interatomic potential energy release rate.

The surface energy can be calculated as the chemical bond energy multiplied by the bond
number density of a particular failure plane. Surface energy can also be calculated with
molecular dynamics by counting the potential energy increase before and after crack
extension at the stress free stage. For crystalline material, the surface energy may have
different values determined by the different bond number density on each failure plane.
Energy release rate can be calculated by molecular dynamics by counting the decrease of
potential energy right before and immediately after crack extension.

Critical energy release rate fracture criterion also suggested that the fracture is a dissipative
process, which is associated with temperature raise. Notice that there are only two forms of
energy in MD: potential energy U and kinetic and thermo energy K. (Kinetic and
thermo energy are not distinguished in MD). Due to conservation of energy, The "loss" of
potential energy has to be equivalent to the “gain™ of the thermo energy and kinetic energy
add together for an isolated system. Therefore energy release rate as a material constant

also implies the kinetic and thermo energy generation rate is also a material constant.
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AU +AK = AW (2.53)

AW =0 for a fixed grip boundary condition

AU =—-AK (2.54)
= _ﬂ = & (2.55)
AA  AA

If we consider the kinetic energy will eventually be dissipated to thermo energy, then the
critical energy release rate is also the heat generation rate in fixed grip condition. Thus the
heat generation rate of a material with crack extension is also a constant in fixed grip
condition. This statement can be readily checked with experiment.

Surface energy is interpreted as the potential energy stored at the edge of the crystal. Itis
worthwhile to mention that surface energy is usually calculated with perfect lattice. The
lattice distortion due to edge effect is not included in surface energy calculation. A
molecular dynamics simulation procedure is suggested to determine the surface energy
considering the edge effect. Surface energy is the potential energy increase with new
surface area creation(cf. eq. (2.50)). Energy release rate is the potential energy loss with
new surface creation. Surface energy is part of system total potential energy, therefore the
comparison between surface energy and total potential energy decrease is not meaningful.
Surface energy has no direct relationship with energy release rate. In brittle material, the

energy release rate is still greater than surface energy.
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(2) (b) (©) (d)

Figure 2-7 (a) Graphene at initial state. (b) Graphene right before bonds broken. (c)

Graphene right after bond broken. (d) Lattice reorientation after bond broken

It can be seen that all fractures involve plastic deformation, even in brittle fracture which
only involves broken bond at crack tip, (no dislocation or other plastic deformation
associated with crack extension). Notice that the lattice distortion (cf. Figure 2-7 (d)) will
inevitability change the shape of the newly created crack surface. This change, when
viewed from continuum mechanics, is the plastic deformation because the shape
permanently changes after loading is removed. (The original shape is a perfect hexagon
and the final shape is a distorted hexagon) (cf. Figure 2-7 (d)). Since the material yield
minimum potential energy at the relaxed configuration, lattice distortion at the surface will
cause the decrease of total potential energy at the final stage. Crack extension process is
irreversible even for brittle fracture, which indicates the crack cannot close back if the
external loading is reversed. Due to thermodynamic first law of energy conservation, the
decrease of potential energy is exactly the increase of kinetic and thermo energy for an

isolated system. Due to thermodynamic second law of irreversibility, the kinetic and
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thermo energy cannot transform back to potential energy when the loading process is
reversed. In addition, the distortion of natural crack surface due to boundary effect will
cause a mismatch of lattice when compression load is applied ( Figure 2-7 (d)). In real
world observation, we never see crack close back for brittle material under any loading
condition. For example, glass is usually viewed as a brittle material. It is not possible to
fix a cracked glass by compressing it. The non-existence of self-healing phenomenon
clearly endorsed the statement that even brittle fracture is associated with dissipative
plasticity effect and heat generation(c.f. (2.55).

It is important to specify the proper region to calculate energy release rate. Griffith didn’t
specify the size of the specimen. Since Inglis elliptical hole solution is utilized to derive
energy balance, he implicitly states that the specimen is an infinitely plate under uniform

tension. Consider that a dog-bone specimen contains a crack as shown in Figure 2-8(a)

(@) (b) ©

Figure 2-8 (a) Tensile and Fracture Combined Specimen. (b) Specimen
undergo plastic deformation in area C and crack extends in area B

(c) specimen after loading is removed.
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The specimen is loaded with force F such that the material in neck area C undergoes
plastic deformation at the same time the crack in area B extends. (cf. Figure 2-8). The
total energy loss is the shaded area enclosed by force-displacement curve of the grip (cf.
Figure 2-9). When calculating global energy release rate, the work done by the grip force
(shaded area enclosed by force-displacement curve) is dived by the increase of crack length
to calculate energy release rate. The value of energy release rate calculated with this
method is not correct. Notice that the potential energy decrease due to plastic deformation
in neck area B also contributes to the decrease of total potential energy.  Since the plastic
deformation in necking area B is not related to crack in area B, the potential energy loss in

area B should be excluded when calculating energy release at the crack tip.

4
Force

Displacement

Figure 2-9 Force Displacement Curve of Tension

Crack Combined Specimen

It is suggested that the energy release rate should be calculated in a region close enough to

the crack tip where no plasticity appears other than that caused by the crack (cf. Figure

2-10(a)). Also, such region has to be big enough so that the whole plastic zone and the
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elastic zone involves lattice relaxation after bond breaking are enclosed in the region (cf.

Figure 2-10(b)).

(b)

Figure 2-10 Region Selection in Energy Release Rate Calculation. (a) Inappropriate

selection: Contain plastic zone not associate with crack. (b) Inappropriate selection:
Does not contain the whole plastic zone associates with crack. (c) Appropriate
selection: Contains the whole plastic zone caused by crack and part of the elastic

zone involves the lattice relaxation after bond breaking but excludes the plastic zone

not caused by crack. The shaded area represents the plastic zone and the elastic zone

that involves lattice relaxation after bond breaking.

Recall that J-integral calculates the energy flux on the edge of a close-loop integral path
(Freund 1990). If the integral path encloses the plastic region unrelated to crack (cf.
Figure 2-10 (&), or the integral path does not enclose all plastic region of the crack tip (cf.
Figure 2-10 (b)), The J-integral and the energy release rate calculated does not represents a

property of the crack. It is the strain energy reduced due to a mixture of events in the
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specimen. It can be seen that J-integral is NOT path independent if plasticity is considered.
An integral path that is too close to the crack tip will exclude potential energy decrease in
part of the crack tip plastic zone that are not enclosed by the integral path (cf. Figure 2-10
(b)). A integral path that is too far away from crack tip will include the potential energy
decrease of other phenomenon not related to the crack extension (cf. Figure 2-10 (a)). The
proper integral path should enclose the entire crack tip plastic zone but exclude plastic zone

not related to the crack (cf. Figure 2-10 (C)).

Figure 2-11 Integral Path Selection for J-Integral. Shaded area represents the
plastic zone. (a) Inappropriate selection: Integral path enclose the plastic zone
not caused by crack. (b) Inappropriate selection: Integral path does not enclose
entire plastic zone caused by the crack. (c) Appropriate selection: Integral path
remains in elastic region and contains the whole plastic zone caused by crack but

excludes the plastic zone not caused by crack.
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Chapter 3

Work Conjugacy between Stresses and Strains in Molecular Dynamics

3.1. Introduction

Atomistic stresses and strains are important measurement to bridge the gap between
molecular dynamics (MD) and continuum mechanics (CM). Since Clausius and Maxwell
first derived the virial theory (Clausius 1870, Maxwell 1870), many researchers made
significant progresses in defining stress and strain in molecular dynamic (Shenoy 1999,
Subramaniyan 2008, Zhou 2003, Cheung 1991, Zimmerman, Webblll et al. 2004, Miller,
Tadmor 2002, Zimmerman, Bammann et al. 2009, Cheng 2014). Because virial theory is
derived from macroscopic equilibrium (Murdoch 2007, Cheung 1991), difficulties have
arisen to define the stress at each atom (Sun 2006). To avoid using virial theory, this work
is built upon the strain calculation from a two-atom system and the equivalence between

the strain energy in CM and the interatomic potential energy in MD.

In this work, only the material system at absolute zero temperature is considered. It is
noticed that there are two methods to calculate potential energy of an atomistic system. The
first one is to calculate the interatomic potential directly. The second one is to convert the
atomistic force and displacement to stress and strain and then calculate from their strain
energy. Since MD and CM describe the same physical phenomenon, it is believed that the
potential energy calculated from MD should be identical to the potential energy calculated

from CM in all conditions. In order to calculate the strain energy, certain stress and strain
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have to be defined from atomic force and displacement. Only a specific stress and strain
pair, called conjugate pair, forms a scalar valued strain energy function, which should be
equal to the interatomic potential energy. A two-atom system is first considered. Since
atomistic displacement field is well defined in such system, various forms of strain can be
obtained accordingly, e.g., Eulerian strain, Lagrangian strain, Hencky strain, deformation
gradient, etc. Among them, atomistic Hencky strain and atomistic Kirchhoff stress are
proved to be a thermodynamic conjugate pair and their corresponding strain energy equals
to the interatomic potential energy. Since Hencky strain and Kirchhoff stress are a
conjugate pair in continuum mechanics (Fitzgerald 1980, Xiao 1999, Norris 2008) and
atomistic Hencky strain is considered to be equivalent to Hencky Strain in CM, atomistic
Kirchhoff stress in MD is equivalent to Kirchhoff stress in continuum mechanics.
Following this idea, the atomistic second order Piola-Kirchhoff (PK2) stress is defined and
proved to be conjugate to atomistic Lagrangian strain. Later on, these definitions and proof
of conjugacy are generalized to multi-atom system with the stress taking summation and
the strain taking average of the influence from all other atoms. The result indicates that the
atomistic Kirchhoff stress is nothing but virial stress defined at the undeformed volume
occupied by each atom summing up the influence of all other atoms. It is noticed that the
atomistic Kirchhoff stress is the potential part of the "atomic level stress” named by some

researchers(Cheung 1991).

To begin with, we propose a method to define conjugate stress and strain for a pair of

atoms; later we generalize this method to system with many atoms.
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3.2 . Work Conjugacy between Stress and Strain

Various strain measures can be adopted to describe a displacement field in continuum

mechanics (Tong 2001, Eringen 1989), for example:

Deformation gradient Foc =Xk > Fao=Xyu
Green deformation tensor Cur =Xk XL
Cauchy deformation tensor C = Xk X
: . 1
Lagrangian strain Ey = E(CKL ~54)
. . 1
Eulerian strain € 55(5“ -Cy)

Right Cauchy-Green deformationtensor By = X, X,
Left Cauchy-Green stretch tensor By = X« X

Similar to strain, various stress tensors can be defined, for example:

Cauchy stress tensor t, = dh, n,
da
Kirchhoff stress tensor Ty = Ity
: . . df, .
First-order Piola-Kirchhoff stress (PK1) Ta = A Ny = Jt, Xy
Second-order Piola-Kirchhoff stress (PK2) Ty =

3.1)

(3.2)

(3.3)

(3.4

(3.5)

(3.6)

(3.7

(3.8)

(3.9)

(3.10)

dF .
d_AL Ny = Jta X Xy, B11)

where j =det(x,); f, is force in Eulerian coordinate; Aand a are areas in undeformed

and deformed configurations, respectively; n, and N, are unit vectors normal to the
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deformed and undeformed areas. It is worthwhile to mention that T,,dA, =t,da, = f,,

which implies T,, is the engineering stress, equals to force per undeformed area.

A hyperelastic material refers to a material which has a scalar-valued strain energy function
> and a stress tensor Scan be obtained from the derivative of the strain energy function

with respect to the conjugated strain tensor E (Hashiguchi 2013), i.e.

ox
~E (3.12)

As a consequence, the work done by the stress is independent of the loading path. It is
noticed that, in MD, all materials that can be described by an interatomic potential have the
same characteristics in hyperelastic material. Because, in MD, the existence of an
interatomic potential U enables one to find the interatomic force through a potential and the
work done by the force is independent of the loading path. One may claim that the
interatomic force f“ and displacement r“ are a conjugate pair because of

oU

e
o (3.13)

In continuum mechanics, the stress and strain of a hyperelastic material have to satisfy
work conjugacy as defined by Hill (Hill 1970).

o SN
Z—G—E.E—S.E (3.14)

The work done per unit volume by the stress can be obtained as
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E E az E
[ s:dE=[ =:dE=[ dz=3(E)-%° (3.15)
0 0 aE 0

It is emphasized that not any stress and any strain can form a conjugate pair. In fact, we

may list a few famous stress-strain conjugate pairs as follows.

First order Piola Kirchhoff stress (PK1) T,, and deformation gradient x,

T, = o Oy  OX

= 3.16
OX «  OX G109
Second order Piola Kirchhoff stress (PK2) T,, and Lagrangian Strain E,,
w=p ov = o (3.17)
OE. OE,
Kirchhoff Stress and Hencky Strain
0%
T=—"
oh (3.18)

where p, and p are mass densities in undeformed and deformed states, respectively;
w =X/ p, is the Helmholtz free energy density.

It is seen that, from egs. (3.19)(3.20)(3.21), Cauchy stress is not conjugate to deformation
gradient, left Cauchy-Green stretch tensor or Eulerian strain tensor (Xiao 1999, Xiao,H.,
Bruhns,O.T. and Meyers, M.,M. 1998).

0 ., OZ
by :pax—‘//xk,K = 1yxk,K (3.19)
I,K 1,K

oy . OX
t, =2 ——=2j b, —
=200, ob,. J O b

ml

(3.20)
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0 .
t, =p——¢C, =] ——C 3.21
k=P oe, m = N Im (3.21)

3.3 Hencky Strain

Ludwik defined one dimensional Hencky strain as “small increment of length divided

by the instantaneous length” (Ludwik 1909)
de, =dr/r (3.22)

One dimensional Hencky strain may be derived from one dimensional engineering stress

Emg =(r—1)/r as

eng =

& :J'rﬂz It =InL= In(1+ r—roJ: IN(1+ £.0g)

o r Iy rO ro (3 .23)

wherery and r denote the original and current lengths, respectively. Hencky strain is also

referred as logarithmic strain. It is not straightforward to define a shear logarithmic strain.
As a generalization of Ludwik’s idea, a rigorous definition of 3-D Hencky strain is

summarized by Fitzgerald as follows (Fitzgerald 1980). Recall that deformation gradient

F.« can be polar decomposed to a right stretch tensor U, followed by a rigid rotation R,

or a rigid rotation R, followed by a left stretch tensor V,, (Eringen 1989, Truesdell, Noll
2004, Davies 2003)
Fue = RV =ViRi (3.24)
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Then one may find the eigenvalue matrix A and eigenvector matrixQ by j

A=QVQ" (3.25)
V=Q'AQ (3.26)
A 0 O
whereA=10 4, 0[;Q=||q, d, d; ||;0,,9,,0q,are the three eigenvectors
0 0 4

corresponding to the three eigenvalues 4, 4,, 4, 0f matrix\VV. Now the logarithm can be

performed on the diagonal elements

24 0 0] [lng 0 0O
In(A)=Inf0 4, 0= 0 Ina, O (3.27)
0 0 4 0 0 Inj

Then A is rotated back by QT . Finally, the generalized Hencky strain is defined

as(Fitzgerald 1980, Davies 2003)

h=In(V)=Q"In(A)Q (3.28)

One may prove that Hencky strain h and Kirchhoff stress t is a thermodynamic pair
(Xiao 1999, Norris 2008, Fitzgerald 1980). Fitzgerald, utilizing stress power along with
Clausius-Duhem inequality (Fitzgerald 1980), proved that, when the material is isotropic

elastic (Hoger 1987), Hencky strain and Kirchhoff stress commute, i.e.
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th=ht (3.29)

which leads to

0%
=— 3.30
= (3.30)

3.4 . Stress and strain in simple tension case

A. Strain

Consider a simple tension case specified by (cf. Figure 3-1)

k 0 OfX X k* 0 0
y|=|0 m O Y |orequivalently | Y
z| |0 0 n|Zz VA 0 0 n'|z

I
o
3|
AN
o
<

where k=x/X, m=Yy/Y ,and n=z/Z are constants.

ANANANANANAN

Figure 3-1 Three Dimensional Simple Tension Case

Therefore the Jacobian is obtained as
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.V XYyz
j=—=kmn=—=— (3.31)
Vv, XY Z
The displacements in Lagrangian coordinate U, and Eulerian coordinate u, are
U =0yX — X, U =X =0, X (3.32)
which leads to
kX — X X —k X
Ue=|mY-=Y | u=y-m'y (3.33)
nZ-2 z-n'z
k-1 0 0 1-k* 0 0
U=l 0 m-1 0 |, uy,={ 0 1-m* 0 (3.34)
0 0 n-1 0 0 1-n*t
It is straightforward to calculate the followings:
1. Deformation gradient and inverse deformation gradient
k 0 O k* 0 ©
Fa=X«=[0 m 0|, F, =X, =0 m" 0 (3.35)
0 0 n 0 0 nt

k> 0 O . . k-1 0 0
Cut =XexX=| 0 m* 0], Eq=>(Ce—6) =5 0 m’-1 0 |(336)
0 0 n? 0 0 n*-1
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3. Cauchy deformation tensor and Eulerian strain tensor

k2 0 0 . . 1-k™ 0 0
Ca =X X, =| 0 m? 0|, e, E—(5k|—Ck|)—§ 0 1-m? 0 [(337)
0 0 n? 0 0 1-n2
4. Infinitesimal Lagrangian strain and Eulerian strain
U U k-1 0 0
- +
EKLE K,L2 L,K — m_l 0
0 n-1
1-k™ 0 0
u, +u
Go= =l 0 1-m? 0 (338)
0 0 1-n?t
Recall egs. (24-28), Hencky strain in simple tension case can be calculated as
k 0 0 1 00
Ve=[0 m O, Ry=|0 1 0 (3.39)
0 0 n 0 01
k 0 0 1 0
A=[0 m 0 Q=/0 1 0 (3.40)
0 0 n 0
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h=InV=QIn(A)Q"=| 0 Inm 0 (3.41)

Recall egs. (3.38)(3.41), Hencky strain becomes

In(1+E,,) 0 0
h= 0 In(1+E,,) 0 (3.42)
0 0 In(1+E,,)

Eog =AI T, = o =k-1 (3.43)

Therefore the 1-D Hencky strain becomes

hy =In(k)=In(1+s,,) (3.44)

which yields the classic 1-D formula given by Ludwik (Ludwik 1909). Here we have made
no small-strain approximation although engineering strain (infinitesimal strain) is utilized

to calculate the Hencky strain.

B. Stress Calculation

First order Piola-Kirchhoff stress T,, is defined as the force acting on a surface
divided by the original area of the surface (cf. eq.(3.10)). This is why it is called the
engineering stress. In simple tension case, T, is the only non-zero term in first order Piola-

Kirchhoff stress tensor, i.e.
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(3.45)

_|
I
—
—
e i
I
o O O
o O O

Referring to egs. (3.9)(3.10)(3.11), Kirchhoff stress, Cauchy stress, and PK2 stress can be

readily obtained as

T, 0 0][k 0 0] [kT, 0 0] |(1+Eu)Ty
7=/ 0 0 0[|0 m 0|=| 0 0 0|= 0 0 0 (3.46)
0 0 0[O0 0 n 0 0O 0 0 0
. k 0 0T, O O| |T,/mn 0 O
t,=——/0 m 0|0 O O|=| O 00
kmn
0 0 njf{[O0O O O 0 00
(3.47)
T,A//A 0 O v 7, 00
= 0 00 =V0 0 0O
0 00 0 0O
k* 0 0z O O}]k* 0 O k?z, 0 0
Te=/0 m* 0] 0 000 m' O0|=| 0O 0 0[349
0 0 n'fj0 0 O0||O0 O nt 0O 0O
It is seen that (cf. eq.(3.46))
GKirchhoﬁ = Ueng (1+ geng ) (349>

One may also obtain
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1 1-k™ 0 0
eg==| 0 1-m?* 0
2 -2
0 1-n
2B, 4By 0 0
1+2E, +E} (3.50)
o 2B+ By 0
2 1+2E,,+E,,
0 0 2B+ Eyy E3232
i 1+2E,+E |
In 1-D simple tension case, the results may be summarized as
‘c"true = glog = gHencky = In(1+ eeng) (351)
GKirchhoff = Ueng (1 + eeng ) (352)
2e,,, +€5,
eEuler = 2 (353)
2+4e,,, +26e,,
Utrue = GCauchy = O-eng Ab / A (354)

Although these results are for the special simple tension case, no approximation has been

made.

For linear isotropic elastic material, the strain energy density function can be written as

e %ﬂh h., + uhyghy (3.55)

mm” 'nn
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where A and u are the two Lame constants. Then eq. (3.30) leads to the following Hencky

strain — Kirchhoff stress relation

7, = AN, 0 +2uhy (3.56)

or

1
hy = E [Tm -V (Tmm5k| — Ty ):' (3.57)

where E is the Young’s modulus and v is the Poisson’s ratio. For simple tension case, the

Young’s modulus and the Poisson’s ratio are obtained in terms of engineering stress T, ,

elongation AX / X, and lateral contraction AY /Y as

E=z,/h, =T, (1+E, )/ In(1+E, ) =T, (1+ AX 1 X)/In(1+AX / X )  (3.58)

~hE _ hy,

v = =—In(L+E,,)/In(L+E,;) =—In(L+AY /Y)/In(L+AX / X) (3.59)

Ty 1

3.5 Interatomic potential and atomistic strain energy

One dimensional simple tension case is first presented to illustrate the idea that the strain
energy and interatomic energy should be equivalent. The result of this simple case is then

utilized in the derivation of general case.
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Assume atom A and atom B are pulled from their original location X2 and X¢ to their
deformed position X* and X® respectively. r*® =X -X? and r*® =X*-X® . r"®is
always parallel to r*® at all times representing a limiting case of simple tension (cf. fig.2).

There are two methods to calculate the potential energy of atom A. The first method is to

calculate the interatomic potential directly from the atomistic force as follows

U™ Ut oar™  auftri-r® - oU*

AB _ _ _ .
"= ort or’® or? o Ae ore I (3.60)
UAB :_J'rrfAB _drAB :J'rr dU :U|I‘ —U|rO (361)
UB:UAE%UABzé(U|rU|rD) (3.62)

where £° is the force acting on A due to B; i*® denotes the unit vector of r*®: U] denotes

the interatomic potential between A and B at distance 7 ; U|r0 denotes the interatomic

potential between A and B at initial distance r, . U ® and U” are potential energy of atom

B and atom A respectively. Let us distribute the total potential energy U*® evenly between

atom A and atom B, which gives eq. (3.62).

The second method of energy calculation is to calculate strain energy from conjugate stress

and strain. Although not a necessity, we start from introducing virial stress at zero

temperature. Virial stress s; at zero temperature of region Q is defined as (Subramaniyan

2008, Zimmerman, Webblll et al. 2004)
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s=— i(x“ -x’)®f (3.63)

1
Wg aeQ fra
o 1s an atom in the domain Q
[ is an atom in the whole specimen, not just in the domain Q
V,,is the volume of the whole domain
N is the number of atoms in the whole specimen, not just in the domain Q
m® is the mass of atom «
X“ is the position vector of atom «
£/ is the force acting on atom o due to interaction with atom £
Notice that, reduction of the virial stress to two-atom system faces theoretical difficulties
based on virial theorem (Murdoch 2007, Sun 2006). Here the atomistic stress s* takes the

form as in eq. (3.64) is solely based on the conjugate relation with respect to the atomistic
Hencky strain as defined later by eq. (3.70). In two-atom case as shown in fig. 2, the

atomistic Kirchhoff stress (local virial stress) of atom A

sh = —%[rAB ®F* | (3.64)

where V, is the initial volume of Wigner—Seitz cell for atom A. s”is the "force part" of

Cheung and Yip's "atomistic-level stress™ (Cheung 1991), "local virial stress™ and "BDT"
stress if the volume refers to the undeformed state (Cheung 1991, Vitek 1987, BASINSKI

1971, Cormier 2001, Sun 2006). This stress is considered uniform within the volume V, .

Now we chose a special coordinate to study two-atom simple tension case.
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Figure 3-2 Atomistic Simple Tension Case

If the origin of coordinate is fixed at atom A, atom B is pulled apart along the X axis, (cf.
fig.2). The position and force vectors of the original and deformed states become
r’®=[r, 0 0] ,rf®=[r 0 O] (3.65)
fa2=[f, 0 0], f®=[f 0 O] (3.66)
where r, and r are the only non-zero component of r,*® and r)® respectively. f, and f

are the only non-zero component of f*® and f/® respectively. Notice that rz‘r,AB‘,

f/°| because f can be a

r.=|r,°| since randr, are always positive. f ;t‘f,AB‘, f =

0

negative in compression. The atomistic Kirchhoff stress of atom A in this particular

coordinate system (cf. eq. (3.46)) are

sp® = —% /" ®f® (3.67)
r’* 0 offf*® 00 . r’2f% 0 0 . f 0 0
s;=-—| 0 0 0| 0 0 Ol]=—-—| 0 0 0|=-=—|0 0 0| (3.68
0o 2\/0 2\/0
0 0 0|0 00O 0 00 0 00



From CM point of view, in case of simple tension, the Lagrangian strain and the Hencky

strain are obtained as (cf. egs. (3.36),(3.41))

E* =% 0 m -1 0 (3.69)

In(r/r,) O 0
h* = 0 Inm 0 (3.70)
0 0 Inn

The total strain energy X | integrated from Hencky strain h,, and atomistic Kirchhoff stress

(local virial stress) s,, (cf. egs. (3.62)(3.67)(3.70)), becomes

= [ s,dh, == [ = ridIn| -

R 0o 2\ rO (371)
Lo Ly —up )2 |
B ZVOLO _\TOE( |r |rO)_V_

(o]

Notice that U” calculated from interatomic potential (cf. eq.(3.62)) is identical to the strain

energy XV, (cf. eq.(3.71)). Therefore, atomistic Hencky strain and atomistic Kirchhoff

stress (local virial stress) is a thermodynamic conjugate pair. Recall that Kirchhoff stress
and Hencky strain is a thermodynamic conjugate pair in continuum mechanics (cf. eq.
(3.30)). Therefore, virial stress, in 2-atom simple tension case, at zero temperature is

equivalent to Kirchhoff stress

s =1, (3.72)



This conclusion is a crucial step to find the equivalence of virial stress in general case. For

convenience, we write the PK2 stress and Cauchy stress in two atom simple tension case as

follows (cf. egs. (3.47)(3.48)(3.72))

k?z, 0 0 . (p/r)rf 0 0
T. =l 0 0 0|l=-—— 0 00 3.73
KL N, (3.73)
0 0 0 0 0
z, 00 f 0 0
V 1
t,=—2/0 0 0|=——|0 0 O (3.74)
\ 2V
0O 0O 0 0O

and the conjugacy of T,, and E,, intwo atom simple tension case can also be proved with

similar process

r 1,r1 2 1 2
L= T--dE--=—§ \T(rO/r) rfdg[(r/ro) —1}

fo To

1,1 2 r
=——| =(r,/r) rf —dr 3.75
2 "OVO(O ) r02 ( )

ey vy

0 0o

3.6 Atomistic Kirchhoff stress/atomistic Hencky strain conjugate pair in general 3D

case for 2-atom system

In previous Sections, local virial stress is proved to be Kirchhoff stress in simple

tension case for two-atom system. Now we generalize this statement to three dimensional
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case with arbitrary atomic configuration. Here the rotation refers to the rotation of a vector

in a fixed coordinate.

Figure 3-3 Deformation of two atoms: Atomistic Hencky Strain

A. Hencky Strain in General 3D case
Assume atom A and atom B moving from their original positions X% and X* to their

current positions X* and X®, respectively, (cf. figure 3a). Because atomistic stress and
strain are calculated from the relative positions between atoms, the origin of the coordinate
system can always be fixed at atom B without losing any generality. Define the relative

original and current positions between atom A and atom B as (cf. figure 3b).

a=r% =Xx"%»_ X% (3.76)

77



b=r"®=X"-X" (3.77)

There always exists a special rotation matrix R, that rotates b tob,, which is aligned with
X axis, i.e. (cf. figure 3c).

b, =R,,b (3.78)

Accordingly, a isrotated toa, , i.e.

a, =R.a (3.79)

Now we consider that vector a, is deformed into b,
b, = Fa, (3.80)
where F, is the deformation gradient. Let the polar decomposition of F, be represented as:
R =VR,, (3.81)

which means F, can be decomposed into a pure rotationR,,, which rotates vector a, to

ax?

align with x -axis (cf. figure 3d), followed by a pure deformationV, (cf. figure 3e). It leads

to
b,=Fa, =VR_a, (3.82)
a, =R,3, (3.83)
b,=Va, (3.84)

78



This indicates V, is the deformation gradient between b, and a, ; now both are aligned

with x axis (cf. figure 3e). The calculation of h, =In(V,)is identical to that in simple-
tension case between two atoms.
Recall that H, = QT In(A,)Q and A, =QV,Q", and notice that V, is diagonal by itself,

therefore Q is an identical matrix. Now, we may in general write

r‘y 0 O
V,=A,=F,=| 0 m 0 (3.85)
0 0 n
In(r/r;) O 0
h,=InV,=Q"InA,Q=| 0 Inm 0 (3.86)

0 0 Inn

where I, =,/a,” +a,” +a,” is the length of vector a; I =4/b,>+b*+b,* is the length of

vector b. Notice that h, is independent of the rotation matrix R,,. This is because Hencky
strain is independent of the rotational part of deformation gradient F (cf. egs. (3.81)(3.82)
(3.86)). In other words, the Hencky strain calculated from the simple tension case is
identical to the Hencky strain in a general 3-D case viewed at the coordinate with b
aligned with x-axis. Now another rotation is preformed to transfer h, back to that in its

original configuration (cf. Figure 3b, 3c). Notice that this transformation is due to

coordinate rotation, not deformation, i.e.

79



h = Rijlxthbx = R-ll)-xthbx

In(b/a)
=Rp| O
0
Also one may readily verify that
b, /b b, /b
1 bb,?
be = —by /b W(bzz +_y
—b, /b b,b, (&—
’ by2 +b*\ b

where b=[b, b

y

Inm

0

0

b

}

0
0 |R,,
Inn

bb, (b,
b2+b?\ b

(3.87)

(3.88)

bZ] and b=|b|. Note that we do not assume incompressibility here

and we do not know the value of Poisson ration; hence m and n are undetermined

guantities in the definition of strain between two atoms. For a two-atom system, any m and

n are possible. For multiple-atom system, one is still unable to determine m and n

rigorously. Moreover, in the next Section, it is seen that the end result of conjugacy is

independent of mand n.

B. Atomistic Kirchhoff Stress( Local Virial Stress )
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Atomistic Kirchhoff stress (local Virial Stress) of atom A between atom A and atom B at

zero temperature can be obtained as (cf. eq. (3.67))

5, = _zvib‘ f, (3.89)

0
Notice that, based on two-body interatomic potential, f and b has the same direction, i.e.
f =nb; hence the atomistic Kirchhoff stress (local virial stress) tensor is symmetric. It

leads to

s=—Lbeb' =T (Rin,)o(Rib,)

0 0

/Y - ptf 1
__WORblxb' ®b/R,, =-R;. [Wob' ®f,TJRbX (3.90)
= Ri)leIbe = R-llj—XisbX

where R,, is given in eq. (3.88). It is worthwhile to note that the virial stress S, is

independent of the rotation R,, and can be expressed as

5, = ———1, ®f, (3.91)
2\/0
nh=R,r=[r 0 0] (3.92)
fi=R,f=[f 0 0] (3.93)
f 0 0
s,=——|0 0 0 (3.94)
2\/O
0 00

81



where f, =R, f denotes the force vector between atom A and B when r is rotated to
align with X-axis, and f denotes the only non zero componentof f, =[f 0 0] ; r =|b|

. The expression of local virial stress in eq. (3.89) is equivalent to that in egs. (3.90)(3.91)

C. Work Conjugacy between Hencky strain and atomistic Kirchhoff stress (local

virial stress) in discrete system

Now we are going to prove that hand s commute and hs is symmetric. First, we recall

h = R;(thbx’ S= R;(SIbe

(3.95)
It is straightforward to have
hS = Ri)lxthbe;xisbx = Ri)lxhlisbx (3 96)
Sh = Ri)lxisbe[)lxthbx = Ri)lxslthbx (3 97)

From egs. (3.86)(3.94) one may notice h, and s, are both diagonal. Thereforeh,s, =s,h,,

which implies hs =sh. In other words, it is proved that h and s commute. Notice that if

h and s commute and both are symmetric, their product hs is symmetric.

It is well known that if R is rotational matrix, R"Rand RR™ are anti-symmetric. Now
we prove the conjugacy between h and s following Fitzgerald's procedure (Fitzgerald

1980).
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s:h= tr(sTh) :t{R;}XisbX {R;}Xh,be]]

:trI:R;(isbe;(thbx + R;(SIbeR;(hIbe + R;(SlexR&thbe (3.98)
=tr|:R;)lxslhl be] +tr[R;)lxisbe;)1xthbx:| +tr|:RL)leIthbx]

=1 +11+1l

It is seen that (cf. eq. (91))

Il =tr[ Rps Ry, R R, |

tr| Ry Ry, SRR, RoR,NRR,, |
tr[ SRRy, N |

tr[ijbehs]

(3.99)

Since R,,'R,, is anti-symmetric and hs is symmetric, 11 =0. Similarly, one can see that

I =tr[Rils,hR,, |
= tr[R;(RbXSR[)lxbehR;xbe}

=tr[ ShR;,R,, A
=0
Therefore
s:h:tr[R;}X(s,h,)be}:tr[s,h,]:s, h, (3.101)

It is straightforward to derive (cf. egs. (3.87)(3.94))
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-rf/2v, 0 0 In(r/r,) O 0
s:h=s,:h, =tr(s,h,)=tr 0 00 % 0 Inm o0
0 00 0 0 Inn
/2y, 0 Ol[¢/r 0O O (3.102)
=tr 0 0 0| 0O m/m O __fa
2V, dt

0 0 0 O 0 n/n

or equivalently, s:dh = —%dr . Now strain energy density becomes
0

5= _[s dh:—j—dr_—— fdr_%jduzzvio(uh—uho) (3.103)

0r,

where U

atom

| and Uat0m|r0 denotes the interatomic potential between atom A and B at

distance rand r, respectively. Notice that the strain energy X is considered a constant

throughout the virtual specimen geometry; therefore it can be pull out of integration. The

total Energy of system when taking continuum point of view

® = [2dV, =2 [ dV, =3V, = (U| -ul,) (3.104)

V, A

Thus one may see that the energy calculated from interatomic potential is identical to the
energy calculated from strain energy (cf. egs. (3.62)(3.104)) where the stress and strain are
taken to be atomistic Kirchhoff stress (local virial stress) and atomistic Hencky strain,
respectively. Thus we have proved that atomistic Hencky Strain and atomistic Kirchhoff
stress form a work conjugate pair. Recall that, in continuum mechanics, Hencky strain and

Kirchhoff stress form a work conjugate pair. Therefore, one may conclude that atomistic
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Kirchhoff stress (local virial stress) is Kirchhoff stress in atomistic level. It is worthwhile to
mention that, in this work, we only consider the potential part of the stress, and also the
volume in the expression of atomistic Kirchhoff stress (local virial stress), Q, is taken to be

the volume of undeformed state.

3.7 The conjugate pair of Atomistic second order Piola-Kirchhoff stress and atomistic

Lagrangian strain in general 3D case for 2-Atom

@ (b) ©

Figure 3-4 Deformation of two atoms: Atomistic Lagrangian strain

A. Lagrangian Strain in General 3-D case
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Assume atom A and atom B moving from their original positions X and X® to

their current positions X* and X®, respectively, as shown in figure 4a. Without losing any
generality let the origin of the coordinate system be fixed at atom B. Define the relative

original and current positions between atom A and atom B as (cf. figure 4b).

= rABo = Ao _ yBo
a=r X=X (3.105)

_ ~AB _ A _yB
b=r™=X"-X (3.106)
There always exists a special rotation matrix R, that rotates atoa,, which is aligned with

X —axis (cf. figure 4c), i.e.

a, =R_a (3.107)
Accordingly, b is rotated tob, , i.e.
b, =Ry,b (3.108)
Now we consider that vector a, is deformed into b,
b, = Fa, (3.109)

whereF, is the deformation gradient. Let polar decomposition of F, be represented as:
R =RyU (3.110)
which means F, can be decomposed into to a pure deformationU, (cf. figure 4d) followed

by a pure rotation R, which rotates vector b, that aligned with X —axis to its final

position b, (cf. figure 4e). It leads to
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b,=Fa, =R,U,a, =R,D, (3.111)

This means that R, rotates b, to b, ; Notice that b, and a, are both aligned with X -axis .
The calculation of U, is identical to that in simple-tension case between two atoms. Recall

Green deformation tensor
C = FlTFl = (Rxbul)T RypU; = U1TR>T<bR><bU1 = U1TU1 (3.112)
Notice that C, is independent of R, . Thus Lagrangian strain

1 1

E, = 2(Cl-l):z(uful-l) (3.113)

is independent of R, as well. In other words, Green deformation tensor and Lagrangian
strain calculated from simple tension case are identical to those in general 3D case of which
a is aligned with X -axis. Now rotation R, is preformed to transfer E, (cf. Figure 4.c)

back to E (cf. eq. (3.115)) in its original configuration (cf. Figure 4.b). Notice that this

transformation is due to coordinate rotation, not deformation, which means

= R:XFlTﬁaXﬁalXFlFéaX (3114)
TETE B 5T =
= RaXFl I:1Rax = aXC1RaX
E= |ialelﬁax = ﬁ;—XElﬁaX
(rin) - 0 0
1 - -
=ZRL| O m’-1 0 |Ry (3.115)
2 a a.
0 0 n°-1
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It is straight forward to verify that

a,/a a,/a a,/a

- 1 aa,’ aa, (a
Rx=|-a,/a ———|a +—-=> %(—X—lj (3.116)

a’+a, a a“+a,\ a

a.a a 1 aa’
-a,/a — =1 — ay2+ X2
a/’+a,’\ a a’+a, a

Again m and n are to be determined by Poisson’s ratio and compressibility.
B. Atomistic Second Order Piola-Kirchhoff Stress

Virial Stress of atom B between atom A and atom B at zero temperature can be expressed
as

s:—ib@)f
YA/

; (3.117)
In Section 7, virial stress S is proved to be Kirchhoff Stresst. Since Second Order Piola-

Kirchhoff stress T is related to Kirchhoff stress as

- . - 2 -1 T
T,=K lTlFl T= K 1s1Fl T = (RXbUl) S; (RXbUl)
=U; RS R U;" = Uy (RQbSIRXb)UiT
=U;(s;)U =F's,F =T,

(3.118)

where S, is the virial stress due to deformation from a, to b,;s, is the virial stress due to

deformation from a, to b,; F, =R, U, is the deformation gradient between a, and b, ;
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F, =U, is deformation gradient between a, and b, (cf. figure 4d) ; T, is the 2nd order
Piola-Kirchhoff stress due to deformation between a, and b, (cf. figure 4c); T, is the 2nd
order Piola-Kirchhoff stress due to deformation between a, and b, (cf. figure 4d). Notice

that a, and b, are both aligned with X -axis: the deformation from a, to b, is previously

discussed simple tension case. Thus we have proved that the 2nd order Piola-Kirchhoff
stress of general 3D case (cf. figure 4.c) is identical to that of simple tension case (cf. figure

4.d) in which vector a is aligned with X -axis. Now T, is rotated to T in its original

position by R,

(3.119)
where
k%, 0 0 (n/r)’rf 0 0
T,=| 0 0 0j=—2-| 0 00 (3120)
0 00 °l o0 00

C. Work Conjugacy between Lagrangian Strain and Atomistic 2nd order Piola-

Kirchhoff Stress in discrete system

Now we want to prove that E and T commute and ET is symmetric. Recall
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T=R;T,Rx

(3.121)
It is straightforward to arrive at (cf. egs. (3.115)(3.121))
ET= Fva;ilevazaxﬁa:;(Tzﬁax = Qatl)(El-I_ZﬁaX (3122)
TE= |i;llx-rgIiaxli:dlelﬁax = |iq;1l)<-|_2E1|iaX (3.123)
. —rf IV, +(r, /r)rf/2v, 0 0
ET,=T,E = 0 0 0} (3129
0 0 0

It simply says E, T, =T,E,, which leads to ET=TE, i.e. Eand T commute. Since

E and Tcommute and both are symmetric, their product ET is symmetric. Now we prove

the conjugacy betweenE and T following Fitzgerald's procedure (Fitzgerald 1980).

T:E=tr(T'E) :tr[éalezF”eax (li;}xElﬁaX ]
T

=1 +I11+1l
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T (3.126)
=tr| TR RaxE}

Il
~—
-
1
T
&
-
pull
QO
X
P
QO
X
AN
m
iy
py)
o
X
[

_tr| RAR, TRARRLRLER,, R}

—tr| TER ﬁax}

_ " (3.127)
=tr _Iiax Fiax TE}
=0 )
Therefore, we obtain
T:E=tr| R (T.E )Ry |=tIT,E]=T,:E, (3.128)

which gives (cf. egs. (108, 133))
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T:E=T,:E, =tr(T,E,)

—(p/rYrf/vo0 o] [(rigY-1 0 0
=tr)t 0 00> 0o m-1 0
2 dt )
0 0 0 0 0 n’-1
LU LA LU (3.129)
2r¥V, I, 2V,
=tri—=| O 0 0|l 0 2mm O |;=tr 0 00
0 000 0 2nm 0 00
__t
2\/O

or equivalently T:dE = —ZVLdr . Now the strain energy density can be obtained as
0

r ¢ f 1 1 1
EziT:dE:_lﬁodr:_ﬁlfdr:ﬁoidu:WO(UL_ULO) (3.130)

where U |r and U |r are the interatomic potential between atom A and B at distance r

atom atom

and 1y, respectively. From the view point of continuum mechanics, the total potential

energy, or say the total strain energy, of system can be calculated as

UB:jde:ZIdV:ZVOZ%(UL—ULO) (3.131)
v, v,

o

where the strain energy density X is considered as a constant throughout the entire virtual
specimen and can be pulled out of integral sign. Thus we have proved that the energy

calculated from the interatomic potential is identical to the energy calculated from strain
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energy density when the stress and the strain are taken to be the atomistic 2nd order Piola-

Kirchhoff stress and the atomistic Lagrangian strain, respectively.
3.8 Generalization of stress and strain to multi-atom system

In previous sections we have proved work conjugacy for stress/strain pair in two-atom

case as follows (cf. egs. (3.103),(3.130)):

@z 027 _10U (3.132)
) ohe TV, ohy

. 3.133
VOBV, OE] (G439

where U =2V, is the interatomic potential U which equals to the strain energy density X
times the original volume V,. This section endeavors the generalization to the multi-atom

system. Assume an atom occupies a volume V, in the original configuration (cf. fig 5).

Notice the entire volume can be divided into numerous Wigner-Seitz cells(Kittel 2005),

one for each atom without gap or overlap.

Figure 3-5 (a): Atomistic point of view and defined original volume. (b): Continuum point

of view with the region seen as solid material with all quantities uniform within its boundary.
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Because stress is additive, the stress of atome , s, equals to the summation of all s? from

possible o — £ pairs with « being specified (cf. eq. (3.135)). Notice that the original
definition of virial stress also implicitly implies the stress is additive (cf. eq. (3.63)). Now
let us rewrite atomistic Kirchhoff stress (local virial stress) at zero temperature (cf. eq.

(3.63)) as

a ap — l Q Q
sp=> 57 = _Wzr‘ & (3.134)
Pra 0 f+a

Stress being additive can also be expressed as

N -1 terms

A _ ~AB AC AD
S =S +S; +S +..

- (3.135)
or si=>s*
B=1
Now we write stress/strain conjugacy as (cf. eq. (3.132))
w_ 10U™
A 8hijAB
o 1OU™
N-1lterms{ ' V, ohi® (3.136)
o 1 oU™
Si T A0
V, ohy

Hencky strain h between two arbitrary atoms « and £ is a function of their current

relative positionr* and original distancer)’ (cf. eqs.(3.89)(3.90))

h =h (r;r;”) (3.137)
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Since h monotonically changes with respect to I (cf. eq.(3.89)), one may rewrite

raﬁ — raﬂ (haﬂ; roaﬂ)

(3.138)
raﬂ = raﬂ — ra/i’ (haﬂ; roaﬁ’)
Recall that interatomic potential is a function of the current distance between atoms
Uaﬂ zuaﬂ(raﬂ)
(3.139)
It leads to
U =U“(h?;5”) (3.140)

Since Hencky strains, h*®, h"°, h"°, ... are independent of each other, now the total

potential can be expressed as

U :UAB (hAB;rOAB)+U AC(hAC;rOAC)+U AD (hAD;rOAD)m

(3.141)
=U(h*,h",h* g 1 0, )

Therefore

ou ou”® oU  ouU*°
oh™® ~ oh™® ' on"c  oh’c T (5.142)

Now we define the Hencky strain of atom A as the arithmetic average of Hencky strain of

all possible pairs with atom A
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N-1 terms

[h/® +hC +hf ] (3.143)

1

e
N -1

or A=t Ype
L] N -1 e~ [l

Since

L S L | A 514
oh/® N -1 " aphe T N1 T T ape T N T T '

It is straightforward to show (cf. egs. (3.142)(3.144))

—_ AB AC AD
s/ —[sij +57¢ +5; +]

i_auAB +auAC +auAD .
Vo| 0h® - ohic  on®

U U U } u*

1
— + + +... —_—
V| ohi®  ohf©  ohlP oh

1lau onp LU ahy ou o

V| ohg oh® - ohg ohi© - ohg ohi®

N -1 terms

i a_LJA l §ki(5|j +8_LJA 1 5kié‘|j +8_LJA 1 5klé‘lj
V, | ohd N1 ohA N -1 ohA N -1

N-1

1leu 1 U 1 U 1

—_— A + A + A

Vo|oh' N-1" éhf N-1  ohf N-1

- (3.145)
1Y
V, | ony
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Thus we have proved the conjugacy is valid in multi-atom system if atomistic Kirchhoff
stress (local virial stress) takes summation (cf. eq. (3.134) and Hencky strain takes

arithmetic average (cf. eq. (3.143).

Similar to the pair of Hencky strain and atomistic Kirchhoff stress (local virial stress), we
are going to prove that the atomistic second order Piola-Kirchhoff stress and the atomistic
Lagrangian strain also hold conjugacy in multi-atom case. The second order Piola-

Kirchhoff stress tensor is additive (cf. eq. (126)), we write

N -1 terms

T =T +TC+T0 +... (3.146)

where T*® is the stress tensor due to the pair of atoms Aand B; T* is the sum of stress

tensors due to all pairs associated with atom A, ie. T, T, T° ... Now the

stress/strain conjugacy can be expressed as (cf. eq. (126))

e 10U
Kvar=r:
0 ij
AC _iau AC
N-lterms{ "V, 0E° (3.147)
w_ 10U
TV, 6E®

Lagrangian strain E“’ between two arbitrary atoms « and £ is a function of their original
relative positionr® and current distancer®” (cf. egs. (3.115)(3.116))

E” =E” (r”;r”) (3.148)
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Since E monotonically changes with respect to r* (cf. egs. (3.115)(3.116)), one may

rewrite
r =r? (EY;r”) (3.149)

Recall that the interatomic potential is a function of the current distance between atoms

U =u(r?) (3.150)

It leads to
U =U”(E*;r;”) (3.151)
Since atomistic Lagrangian strains, E*®, E*°, E*°, ...., are independent of each other, now

the total potential can be expressed as

U =UAB(EAB;rAB)+UAC(EAC;rAC)‘l‘UAD(EAD;rAD)...

(3.152)
=U(EAB,EAC,EAD,...;I’OAB,I’OAC,rOAD,...)
Therefore
ou ou”e ouU ou”rc
_ , = — (3.153)

aEAB aEAB aEAC aEAC
Now we define the Lagrangian strain of atom A as the arithmetic average of Lagrangian

strains of all possible pairs associated with atom A

N-1 terms

El= Ni—i[E”AB FEHEP . (3.154)
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Since

OEA OE} oE;
P A i _ 1 S8y o (3.155)

=~ 56, , ——=—"_506, , —=—""05,
PER®  N-1 " gEA O N-1 %N GEARS T N-1 K

It is straightforward to show

A _ AB AC A
T =T+ T+ T+

_i_aUAB +8UAC +6UAD N
V| 0E;®  OEC O
_1fev v au v o
V,| 6E®  OE;C  OE;° o/ =
1] eu el LU By  oU oE,
V, | OEq OE;°  OE, 0SS OE, OE®
N -1 terms
1fou 1 U 1 U 1 |
=l A 7 %0 e 7 %%t oom g Gy
V,| GEA N -1 OEA N -1 OES N -1
N-1
_1feu 1 v 1 v
V,| O N-1 0Ef N-1 o N-1"
- (3.156)
1] U
V| OB

Thus this conjugacy holds true in multi-atom system if the second order Piola-Kirchhoff

stress takes summation and the Lagrangian strain takes arithmetic average.
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3.9 Summary

Here we summarize the definitions of work conjugate stresses and strains in general
case:

Atomistic Kirchhoff Stress (local virial stress evaluated at original volume of each atom):

1 N
a — aff £ aff
¥ = __—_ E e f 3.157
ij 2V0 = i j ( )
Pa

where s” is the atomistic Kirchhoff stress of atoma ; r* =r* —r” denotes the relative
position vector at the current configuration; f% is force acting on atom ¢ due to interaction
with atom £ at current configuration. Atom ¢« occupies volume V, in its original

configuration. There are total N atoms in system.

Atomistic Kirchhoff Stress (Equivalent definition of eq. (3.157)) defined at principle axis:

N N
s*=)'s? =" (Re) s”RE (3.158)
p=1 p=1
P+a L*a
aaf 1 af of
R —— -3 (3.159)
,

0

where R“ is the rotational matrix to rotate relative position vector r = X" -X® at the

deformed state to align with X -axis (cf. eq. (3.88)).
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r./r r,/r r/r
rr,’ rr
R =|—r e — 1|2y M 2(5—1j (3.160)
e+, r ro+rir
rr, 2
_rz/r 2yZ 2(&_]} 21 2 ryz+rxrZ
i I’y +1, r ry +1, r |
r? =R’r? =[r 0 0] (3.161)
f* =R¥f7 =[f 0 0] (3.162)

where r is the only non-zero component of r”, f is the only non-zero component of .

Atomistic Hencky Strain:

a 1 \ off 1 S A=Y
h*=——%"h"=——3%"(RY) h{Ry (3.163)
N _1ﬂ=l N _1ﬂ:1
pra pra
In(r/r,) O 0
ap _
0 0 Inn
of _ RAPyah _ i
r =R =[r, 0 0] (3.165)

where h“® is the atomistic Hencky strain of atom ¢ ; h* is the atomistic Hencky strain

between atoms « and ; m and n are undetermined parameters related to Poisson’s effect
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and compressibility (cf. Section 7). Note that R* in egs. (149,151) rotates the relative

position vector r*’ in the deformed state to align with X-axis (cf. eq. (84)). r, is the

magnitude of r; r, =r"”

0

Atomistic Second Order Piola-Kirchhoff Stress:

N N
T =Y T =) (R%) TR (3.166)
p=1 p=1
Pra Pra
—(R/r)rf/V, 0 0
17 = 0 00 (3.167)
0 00

where T is the atomistic second order Piola-Kirchhoff stress of atom ¢, T is the atomistic
second order Piola-Kirchhoff stress between atoms « and £, T% is the atomistic second
order Piola-Kirchhoff stress calculated along its principle direction. R is the rotational
matrix transforming T* to T and it is also the rotational matrix which rotates r* to

align with X -axis, where R% is defined as
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N/ oy 11, r,/r
2
R? =|—r Ir ! r2+ Foxoy Foy Toz (rox
axX — oy ' Yo 2 2| "oz 2 2
oy + roz ro r-oy + r-oz
r,r r 1
-1, I, S (ﬂ—lj — (royz +
L oy + I’-oz r-o oy + roz

re=R”r”=[r, 0 0]
Atomistic Lagrangian Strain:
N N
-y 1 pr- 1 (RZ) EXRZ
ﬂ:]- N _1 N _1,3_1
Pra L+
2
(ri) -1 0 0
ES = 0 m?-1 0
0 0 n’ -1

(3.168)

(3.169)

(3.170)

(3.171)

where E“ is the atomistic Lagrangian strain of atom o, E* is the atomistic Lagrangian

strain between atoms « and B, E¥ is the atomistic Lagrangian strain calculated along its

principle direction.

position vector r, to align with X -axis (cf. eq. (3.116)).

Atomistic Cauchy Stress (virial stress evaluated at deformed volume):
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Virial stress is Cauchy stress if it is calculated in the deformed configuration. It is seen that

Cauchy stress of an atomic pair (atoms « and £) can be further derived as:

Q, 1 Q 1 (27 V [27 V 1 (27 Q 1 (27 Q
0
where V is the volume of the deformed state.
Cauchy stress of atom« :
N 7] 1< B £ of
foa oo

Note that for each « and g pair, deformed volume V is not determinable because the
strain in transverse direction is not uniquely defined. However in a system of many atoms,
deformed volume V can be calculated from the final configuration through Wigner-Seitz
cells (Kittel 2005). It is worthwhile to mention that, for a general case with non-zero
temperature, the kinetic part of viral stress needs to be added as thermal stress

(Subramaniyan 2008, Li, Lee 2014).

Work Conjugacy between stress and strains

Thermodynamic conjugate stress and strain pair:
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Atomistic Hencky Strain /Atomistic Kirchhoff Stress:

s* = oz 1 (3.174)
OH”  V, oH“
Atomistic Lagrangian Strain / Atomistic Second Order Piola-Kirchhoff Stress:
«_ 02 _ 10U
T = —=— (3.175)
OE” 'V, OE"

where X is the strain energy density. U is the interatomic potential.

3.10 Discussion

We have proved that the zero-temperature atomistic Kirchhoff stress (local virial stress)
calculated at original volume is a work conjugate stress with respect to the atomistic
Hencky strain. Recall that Kirchhoff stress and Hencky strain is a thermodynamic pair in
continuum mechanics. Hence one may conclude that atomistic Kirchhoff stress (local
virial stress) is the equivalence of Kirchhoff stress in MD. Following the relationship
between Kirchhoff stress and Cauchy stress, it is demonstrated that the potential part of
local virial stress calculated at current state is equivalent to Cauchy stress. We define the
stress and the strain of an atom as the summation and the average, respectively, of those
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calculated through all atomistic pairs originated from that atom. With these definitions, we
have proved that atomistic-Hencky-strain/atomistic-Kirchhoff-stress is a thermodynamic
pair in multi-atom system. Similarly, the atomistic-Lagrangian-strain forms a
thermodynamic pair with the atomistic PK2 stress. Notice that our definitions of stress and
strain are pined to a single atom with the consideration of all its neighbors. This point of
view is different from the conventional concept of stress and strain being defined in a
region The stresses and strains defined here have the discrete nature. The strain energy is
considered uniform in the volume occupied by each atom. With these definitions, the strain

energy is always equal to the interatomic potential energy.

Many simulation works already utilized the concept of defining stress (Jin, Yuan 2005b,
Fenley 2014, Jin, Yuan 2005a) and strain (Jin, Yuan 2005a) at atom level and yield high

resolution result.

We also found the formula to process simple tension test data (cf. egs. (3.51)(3.52)), which
leads to Kirchhoff-stress/Hencky-strain relation with no assumption of incompressibility or

small-strain approximation. Eulerian strain and Cauchy stress can be readily obtained (cf.

egs. (3.53)(3.54)). Notice that In(1+e, ) gives Hencky strain, not Eulerian strain (cf. eq.

eng
(50)); Oeng (1+ eeng) yields Kirchhoff stress, not Cauchy stress; in other words, the popular

way of using simple tension test data to calculate Cauchy stress and Eulerian strain from

engineering stress and strain (Caceres-Valencia 2004) is erroneous.
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Chapter 4

Finite Element Study of Energy Release Rate Based Fracture Mechanics

4.1 Introduction

Previous chapters have concluded that the critical energy release rate is an adequate
criterion in fracture mechanics. Following this idea, a simulation method has been
developed in large strain finite element for elastic-plastic fracture. Such method requires
only the critical energy release rate as the material constant, thus offers great flexibility to
deal with dynamic crack propagation.

Some existing methods to simulate fracture are categorized as such:

Singular element method: This category including the extended finite element
(XFEM)(Moé&s, Dolbow et al. 1999), Generalized Finite Element(GFEM)(Strouboulis
2000) and Symmetric Galerkin Boundary element Method(SGBEM-FEM)(Dong, Atluri
2013). The knowledge of asymptotic field around the crack tip is embedded within the
element; this method allows the crack to propagate through the element (Freund 1990),
which brings great flexibility when dealing with complex problems.  However, such
singular field is a direct conclusion from static LEFM with line crack assumption of an
infinite specimen. As discussed in the first charter, LEFM overestimates the stress
singularity. Freund predicted (Freund 1990) and we later on verified that the dynamic
energy release rate is inversely proportional to the crack speed. Therefore the singular
field will vary with respect to different crack speed. If a constant singular field is built
into the specially treated element, the result will not represent a true dynamic crack. The
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asymptotic field around crack tip is also influenced by the shape of the crack surface. An
elliptical or notch void has different asymptotic field than the line crack around the crack
tip, which is not suitable to model with the singular element tailored to treat only line
crack. In general, singular element method suffers a loss of accuracy due to the crude
assumption of constant singular field within the element.

Cohesive zone method (Ortiz 1999, Moé& 2002, Xu 1994): This method allows the
separation of nodes between elements to resemble crack opening. However, this method
requires a clear knowledge of force vs. displacement relation between separated nodes
(cohesive law) which does not have a clear physical meaning and is hard to obtain. To
the least, this method requires several other material constants that need to be determined
by material testing. In this chapter, it will be demonstrated that the cohesive law is a
function of crack speed. Therefore assuming a constant cohesive relationship would
limit the case to static fracture. The cohesive element will have a different stiffness
comparing to the ordinary element. Even if the crack does not extend and all cohesive
elements stay intact, cohesive zone model will predict different result comparing to the
ordinary finite element due to the finite stiffness of the cohesive element. Without
carefully calibrating these parameters, the cohesive zone method is more capable of
reproducing test result than predicting test result.

Crack opening method: Also known as node release method. this method is one of the
oldest method used to simulate crack(Kobayashi, Emery et al. 1976, F., W. 1980). The
basic idea is to model the potential crack surface with double nodes that are rigidly
connected together. As crack goes though, the nodal constraint force will be gradually

released to mimic the crack propagation. This method is identical to cohesive zone
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method if the force and displacement of the releasing process is explicitly specified.
However in our approach, the force is scaled down monotonically with respect to the
original connection force and the displacement is determined by satisfying the governing
equation of FEM. W use a iterative scheme to adjust the crack speed to guarantee that

the work done in the releasing process will always yields a constant energy release rate.

4.2. Methodology of crack opening method

A large strain dynamics finite element program as described in chapter 1 is developed.
Firstly, a specimen is modeled with 3-D solid element. The pre-determined crack path was
modeled with double nodes on each sides of the crack surface.  Prior to the crack
propagation, these paired nodes are constrained with forces that rigidly hold them together.

The constraint force is of the same magnitude but opposite direction pointing toward each
node. Symbolically, let it be nodes k and | . The displacement of whichare U/ and U/ .
Now we require these two nodes have same displacement vector

Ui =U; (4.1)
It is reasonable to assume that the accelerations of these two nodes are identical, i.e.

Us=U| 42

Recall that the final result of large strain FEM formulation gives

MU, =Fy (4.3)

Now we add an additional term of spot-weld connection force f* to the equation

Miﬂukﬂ = Fik + fik (4.4)
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where f* is the i-th component of nodal connection force on node k.
Similarly
MU, =F'+f (4.5)
Now, we add these two equation
MU, +M U, =R+ £ +F' + f (4.6)
Recall that the connection force of node k and | are of the same magnitude but opposite
direction
i =1 (47)

and the nodal acceleration of k and | are identical. It leads to

Uy, =U, (4.8)
(Mi; +M,;)U,, =F*+F (4.9)
. F+F'
Ukﬂ :H (410)
iB + iB
Now the connection force can be
k |
fl= iﬂﬂ_ F! (4.11)
Mw+Mw
and
k |
fro-M, 15 L (412)
Mm+Mm
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Figure 4-1 Nodal Force Releasing Method. (a) Ordinary Finite Element
Mesh. (b) Rigid Body Connection with Double Nodes. (c) Releasing

Connection Force

In example 1, a verification case is presented to verify that the model with rigid-connected
paired nodes yields the same result as classical finite element.

As the crack propagates through the edge of the element, the connection force is gradually
reduced to zero. A simple demonstrative example is given in Figure 4-2. Notice that the
connection force is given by linear scaling but the relative displacement between paired
nodes is solved by FEM. The relation of the displacement vs. force curve is not an input
but an output . The shape of the releasing curve is verified to be independent of the number
of releasing steps while keeping the crack speed constant (cf. example 2). This feature

later allows a free choice of releasing steps N when calculating crack speed.
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Figure 4-2 Force-displacement curve of a nodal

point during releasing process.

In 3D, the connection force can be expressed as

_ k
fl = %\fﬁ\-‘%‘ 13

po(po ot
NAt

Where t is the current time step, t, is the crack opening time (the last moment of a rigid

ft':\ﬂ (4.14)

f
k
t

connection pair right before failure), At is the time step. N stands for the total time steps

for the connection (spot-weld) force to be released to zero. f is the force vector acting on
the k-th node at current time step t, ftt is the force vector acting on the k-th node at failure

time. Notice that the magnitude of connection force at a particular time is scaled down
with respect to the force at the crack opening time. But the direction of the connection
force at a particular time is calculated from the connection force of current time. This
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treatment allows the connection force always points toward the releasing node at any
moment, as shown in Figure 4-3. A prescribed failing sequence determines the order of

failure procedure. After one pair of node is fully released, the next pair starts to release.

1
1
1

1

1

O O !
I 1

D '

Figure 4-3 Node releasing procedure ensures the constraint force between

the node pair is always point towards each other

4.3 Energy Release Rate Calculated by Virtual Crack Opening Method

Classical fracture mechanics define the energy release rate as the total mechanical energy
decrease during unit crack advance [1][2]. This definition is easy to understand when the
crack is actually extending. The total energy before crack extension subtract the total
energy after crack extension is the energy difference, which can be divided by new crack
surface to calculate energy release rate. As shown in Figure 4-4, the shaded area
underneath the force-displacement curve divided by the extension of crack length yields the

energy release rate.
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Figure 4-4 Conventional Energy Release Rate Calculation (a) Initial Fracture
Specimen (b) Final Fracture Specimen (c) The Shaded Area of Force

Displacement Curve is the Energy Reduced Due to Fracture.

When the specimen undergoes a loading that is smaller than the maximum loading the
structure can withstand, the crack remains stationary and the energy release rate cannot be
applied directly because no potential energy is actually decreased. Traditionally, J-integral
is utilized to calculate energy release rate of such case. J-integral measures the flow of
strain energy across a fixed border around the crack tip. It can be proved that the J-integral
Is path independent in LEFM (Rice 1968).

Recall that the traditional method of calculating energy release rate is J-integral
I=] (Wdy T %drj (4.15)
v OX

For linear elastic fracture mechanics
J=G (4.16)
Here we define energy release as such : The total energy would be released if the crack

propagates at current stage. For example, a static crack undergoes a small loading under
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which condition the crack is stationary. Now we use a scissors to artificially cut open that
crack and measure the energy released during the process. The potential energy decrease
over new crack surface area during cut-open process is equal to energy release rate. In
finite element analysis, the energy release rate can be defined as the energy reduced during

the node release process.

28 4.17)
dl AL
1 n=N 1
GzAa-d n_ﬁ[f" (n=1)+f; (n)]-[u; (n-1)-u; (n)] (4.18)
N-n
f(n)=—"F (4.19)

where f, (n)is the connection force of the n—th releasing steps; N is the total steps for

the force released to zero. It has concluded by Sun (Sun 2002) that the choice of virtual
crack advance distance AL does not influence the energy release rate calculation as long as
the steps of releasing process N >50. We presents a verification case in example 3. The
energy release rate calculated with analytically LEFM solution is compared with energy
release rate calculated from node releasing method (cf. egs. (4.18)). The result shows less
than 0.5% error. The example validates that the definition in egs. (4.17) and (4.18) yields
the same result as the energy release rate calculated with LEFM and J-integral in small

strain static case.

4.4 Crack Speed Control

Crack speed is an essential part of energy release based fracture mechanics simulation.
115



Crack speed can be calculated as

(4.20)

where At is the time step interval; Aa stands for crack advance distance for releasing a
paired node; d is the specimen thickness. It simply means the crack takes N time steps to
propagate through a distance of Aa, therefore the connection force is released to zero in

N time steps.

Figure 4-5 Finite Element Model for nodal

releasing method

At the very beginning of fracture, crack speed is very slow. This can be achieved by
setting N to a large number representing a very slow crack speed. During crack
propagation, N is fixed for simplicity, Atis modified to control the crack speed. Notice
that At cannot be bigger than the critical time step required by central different method.
Freund has introduce a simple relation predicting the dynamic energy release rate
G=G,(1-v/vy) (4.21)
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where G is the dynamic energy release rate; G, is the static energy release rate.
A constant crack speed simulation in example 5 also indicates that
Gocl/ v, (4.22)

We verified eq. (4.21) numerically in example 5. It is noted that the relationship between
static and dynamic energy release rates indeed obey the linear relationship suggested by

Freund in the case of fixed grip boundary condition.
4.5 Energy Release Rate Fracture Criterion

Energy release rate fracture criterion is summarized as such: crack will extend if energy
release rate equal to the critical energy release rate; crack will be stationary if energy
release rate smaller than critical energy release rate. Energy release rate will never exceed

critical energy release rate, i.e.

G <G, Crack is Stationary

cr

G=G_ Crack Extend

cr

G>G_ Impossible

cr
Notice this criterion is different from classical definition: Crack will extend when the

energy release rate is equal to or greater than the critical value, which can be expressed as

G <G, Crackis Stationary
G=>G, Crack Extend

The difference lays at whether energy release rate is able to exceed the critical value. In
previous chapter, interatomic and strain energy are proved to be equivalent. It has been

analyzed that the energy release rate is the decrease of interatomic potential divided by the
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atomistic bond density. For crack advances one atom forward, critical energy release rate
stands for the maximum interatomic potential energy stored at the bond, the interatomic
potential energy of the bond during tensile loading cannot surplus the maximum
interatomic potential at lattice constant. It is reasonable to assume that the energy release
rate equals to critical energy release rate during crack extension procedure. Recall that

Aa
N - At

V= (4.23)

One may adjust the time step At and release steps N to adjust crack speed v which

influences the energy release rate
G=G(v) (4.24)

Energy release rate G is monotonically decreasing with respect to crack speed v.  One
may adjust the crack speed such that the corresponding energy release rate of such speed
always equals to the critical energy release rate.  For crack initiation, it is suggested that
the crack start to extend in a very slow speed.  The time step At cannot be set to a very
large number due to the stability of central different method. Therefore Atis kept as a
constant and N is set to be a large number. For example, in the numerical example 3,
N=150 represents a crack speed of 3% of the shear wave speed.

A trial releasing process is utilized to determine whether the crack starts to extend at
current load. The flow chart is shown in Figure 4-6. The program saves a copy of all
variables at every time step. The crack is assumed to be initiating at current stage and the
corresponding energy release rate is calculate. If the energy release rate calculated equals
to critical value, the assumption is correct and the crack indeed opens. The program

proceeds to next time step. If energy release rate is smaller than the critical energy release
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rate, the assumption is wrong and the crack is stationary. All saved variables are retrieved

and the current time step is run again with rigid connection.

Save All Variables at t=t0

'

Assume Crack Prorogates at Current Time

|

Run Simulation and Calculate G

!

Retrieve All Variables at t=t0

J' v

Run with Rigid Connection Crack has Extend

|

Crack is Stationary

&
<

Go To Next Time Steps

Figure 4-6 Flow Chart of Crack Initiation Judgment

During crack propagation, N is set to be a fixed number for simplicity. Therefore the
effort lays at finding the right time step value enables the energy release rate equals to the

critical value, i.e.

cr

G, =G(Al) (4259

119



To facilitate this algorithm, an iterative process is performed to adjust the time step such
that the energy release rate always equal to the critical value. At first guess, the time step
T1 is set to a large enough value to represent a slow crack growth. The calculated energy
release rate G1 is recorded. At second guess, the time step T2 is set to be a very small
number to represents a very fast crack growth. The energy release rate G2 is recorded.
Now if we assume the relationship between energy release rate and time step is linear, the

candidate time step

T3=T1-(T1-T2)(G1-G0)/(G1-G2) (4.26)
where GO stands for the critical energy release rate.
If the energy release rate of T3, G3>GO0,then let T1=T3, otherwise let T2=T3. After less

than 7 iterations, the time step value that enable G=GO will be achieved with little error.

The flow chart are presented in Figure 4-7

Save All Variables

!

Run Simulation with time step = T1 (Upper

|

Record the Calculated G1

'

Retrieve All Variables

v

Run Simulation with time step = T2 (Lower

¢

Record the Cllalculated G2
v

Iteration = 0

Iteration = Iteration+1




|

Retrieve All Variables

|

T3=T1-(T1-T2)(G1-G0)/(G1-G2)

|

Run Simulation with time step =

!

Record the Calculated G3

|

Y )
Iteraion>7

!

Retrieve All Variables

!

<Time Step=T3 (GZGO))

Figure 4-7 Flow Chart of Energy Release Rate Control
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Figure 4-8 Iterative process to adjusts time step such that

energy release rate reaches critical energy release rate.

This process utilized the observation in previous section: energy release rate is

monotonically decreasing with respect to increasing crack speed.

4.6 Iterative meshing to determine the crack propagation direction

Crack propagation direction is critical to simulate mixed mode condition. Here a simple
criterion is utilized. Crack propagates at the direction perpendicular to the connection
force. This criterion is based on maximum force fracture criterion. The iterative meshing
method is described as such. Connection force between the first paired node is calculated

and the node of the second connection is moved to the perpendicular direction of the
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connection force of the first pair. Then the simulation start all over again from t=0 and the
second nodal pair position is adjusted again according to the new mesh. After several
iteration, the second node position is close enough to the perpendicular direction of the
nodal release force. Then the position of second node is considered final and the
simulation move on to find the position of the third node pair. This process will continue
until the positions of all paired nodes are adjusted.  The final mesh will ensure that crack
surface always lays at the perpendicular direction of the connection force of each pair. It
can be seen from the simulation, plasticity effect plays a role in determine crack
propagation direction.  In another word, if plastic effect is neglected in the simulation, the
crack propagation direction predicted will not be correct.  The result is presented in

example 8.

Examples for node releasing method

Example 1: \erification of rigid connection

If the rigid connection is indeed rigid, then the finite element model with the rigid
connection will yields the same result as the model without such connection. Here a mode
| tension case is modeled with finite element method with (Figure 4-9 right) and without
(Figure 4-9 left) rigid connection. The model with rigid connection on the right figure
prescribed double nodes to the left of the crack tip all the way through the specimen where
the potential crack would be.  \on-Misses stress contour is compared and the results

shows no difference in both the contour shape and the sampling point (marked with a "+"
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sign on the contour) value. This is an advantage compare to the cohesive zone element
method, which would require the connection to be elastic and cause the structural to be

weaker before the crack extends.
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Figure 4-9 Left: Line crack specimen modeled with ordinary FEM Right:

Line Crack Specimen modeled with Rigid Spot-weld Connection
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Figure 4-10 Displacement vs. Stress Comparisons

with and without Spot-weld Connected
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Example 2. Node Connection Force-Displacement Relation.

In this method, the connection force-displacement relation is an output rather than the input
parameter. The force of releasing connection is linearly scaled down from rigid connection
force. The displacement is calculated by considering force as a boundary condition and
solve for the governing equation. If such method is valid, the force-displacement history
should be independent of time step interval given the same crack speed. In other word, we
have to verify that the N does not influence the shape of the force displacement curve given
the same crack velocity.

The simulation with identical crack speed is compared in figure 1. The first simulation
utilize a time step interval At and N steps. The second simulation utilize time step At/2
and a 2N steps. The force-displacement curves are identical in these two cases, which
indicates that releasing step N has no influence on the force-displacement curve given the

same crack speed.

0.80 4;
" O N=1
0.60 @ o
+
[)) D =
£ 0.40 + +N=20
[ @
4
0.20 S =
+ N
0.00 ® 4 - S R S S—
0.00 0.50 1.00 1.50 2.00
Displacement

Figure 4-11 Force displacement curve of different

time step of the same crack speed.
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To discuss the influence of crack speed to the force-displacement curve. Identical
numerical models with different crack speed is simulated. It can be seen from Figure 4-12
that the crack speed influence the force-displacement relationship greatly. It can be seen
that the force-displacement holds a linear relationship when crack speed is very slow. As
the crack speed goes higher, the force-displacement is no longer a linear relation. In many
fracture mechanics methods, the connection force and nodal separation displacement
relationship is a single function regardless of crack speed. This approximation will limit to

the case in which crack speed is constant.
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V/Vshear=0.078

Force

2.00E-01
0.00E+00

0.00E+00 1.00E4+00 2.00E+00
Displacement

Figure 4-12 Force displacement relation of releasing nodes with respect to different crack

speed. The relationship is linear only when crack speed is very low

Example 3 Verification of Energy Release Rate Calculation and Crack Initiation Speed.
This method calculates the energy release rate by an unconventional method. First, it

assume that static energy release rate equals to dynamic energy release rate of a very low

126



velocity. Second, the energy release rate is calculated as the energy would be released per
unit of new crack surface if the crack starts to propagates now at a certain speed.

Now the question is: Would this new method of calculating static energy release rate be
identical to the energy release rate calculated by J-integral in LEFM? In principle, the
answer is yes. Because J-integral calculates the amount of energy flow into a fixed
boundary, while our method calculate energy acquired by the released nodes. From
simulation point of view, these two quantities are the same thing.  If the answer is yes, itis
verified that

1. Energy release rate definition by virtual opening method is correct.

2. Node releasing method is correct.

3. Energy release rate calculated from node releasing method is correct.

4. Crack starts to extend in a very slow speed.

A numerical example is shown here to prove these points.

<>
2a

vidvid

Figure 4-13 Specimen Configuration for verify the energy

release rate defined by the virtual opening method.
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A LEFM analytical solution with respect to a special dimension is acquired through

Kl

oNra

handbook (Tada, Paris et al. 2000). With a/b=0.1and h/b=1.5, =1.006. If we

adopt a dimensiona=50,b=500,h=500,E=1,0=4,0=0.01, A=12500. The
analytical energy release rate from the handbook

K?
=--=0.0159 4.27)

GLEFM

The analytical result is a static result, which can be interpreted as the test done under a very
slow crack speed. In this simulation, it is assumed that the crack starts to prorogates at a
very slow speed. N is set to 150 to represents the spot-weld connection is release to zero
force in 150 time steps. This yields the crack speed about 4% of the shear wave speed.

v=—22__ 00413y, (4.28)
N - At

A mode | simple tension test of the exact dimension is simulated with large strain finite
element code by using node releasing method. A uniform tensile stress of 0.01 is applied
on the y direction(Figure 4-14 (a), (b)). After some time, damping is applied to damp out
the remaining kinetic energy (Figure 4-14 (c)(d)). After the equilibrium is achieved, the
damping is removed and the crack is manually triggered with the crack speed equals to 4%
of the shear wave speed. The crack only advance for one element (Figure 4-14 (e)) and the
energy release rate is calculated by the above described method. The force-displacement
history of the first pair of spot-weld is given in Figure 4-15  Notice that the force-

displacement curve is almost a linear relation. However this linear relation is a simulation
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result, not an input.

curve. Thiswill be elaborated in the coming section.

G- 1.2348089 +1.2348089
12.5x12.5

=0.0158

In general, crack speed influences the shape of force-displacement

(4.29)
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Figure 4-14 FEM Simulation with Node Releasing Method. (a) Initial Stress
Free Stage (b) Tensile Loading Applied (c) Grip Fixed (d) Damping is
applied until kinetic energy damped out then damping is removed (e) Crack

advance one element forward with a very low crack speed.
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Figure 4-15 Force Displacement Curve of

Connection Force Releasing History

The difference between the handbook-calculated value and our simulation result is less
than 0.6%. This result verified that: The energy release rate definition in eq. (4.17) is
correct. Crack begins to extend at a very low speed. Static energy release rate equals to
dynamic energy release rate at low speed.

For the sake of discussion, let us assume the crack starts to extend at a high speed say

41.3% of shear wave speed and calculate energy release rate of such condition. The force-
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displacement relation is shown in Figure 4-16. The energy release rate

Go 0.44789037 +0.44789037
12.5x12.5

=0.005733 . The analytical formula of LEFM gives

G=0.0158970243. We can see the error is 64%, which indicates the assumption that the

crack starts to extend at a high speed is erroneous.
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Figure 4-16 Force-Displacement curve of node releasing process at constant

crack speed of 41.3% Rayleigh Wave Speed

Example 4 Calculating fracture toughness G from Simple Tension Test Data
Traditional fracture mechanics parameters, such as stress intensity factor, J-integral, Crack
tip opening displacement, crack tip opening angle etc., have to be acquired by special

fracture mechanics test. The question is: Is it possible, at least for some brittle material,
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that the fracture toughness can be acquired from a stress-strain relation? In principle, the
answer should be yes. Because the end point of stress-strain curve serves as a indicator of
material failure, and the fracture mechanics parameter is also a indicator of material failure.
One material could not have two independent failure parameters that both govern the
failure. Therefore , a conversion between these two parameters must exist. Notice that the
nodal force releasing method requires no initial crack to calculate energy release rate. A
simulation of a simple tension test with this method will serve as a bridge to connect
fracture parameters with failure criterion.

Cast iron is picked as the material for study, Because it is a brittle material with percentage
of elongation <0.8%. The failure surface of the simple tension specimen indicates that

the material indeed fails at brittle fracture (cf. Figure 4-17)(Davis 1996).

[

Figure 4-17 Cast Iron Simple Tension Specimen(Unknown )
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The hand book gives the stress-strain relation for class 40 cast iron as shown in Figure 4-18.

The elastic region is linearized to give a Young's module E =138GPa and Poisson's Ratio

v =0.3and the strain of failure ¢, =0.07 (cf. Figure 4-18 (a))

Kq or Krpayx, MPavm

A

s
|
1
|
|
1
|

10 1 g i 1 1
100 140 180 220 260 300

Ultimate tensile strength, MPa

B K (Grover and Pollard) o K, (Tait and Spencer)
& Kmax (SENB specimens} = K (Tait and Spencer)
4 Kmax (SENT specimens) o K.

Fig. 13 Relationship between tensile strength and frac-
ture toughness parameters K and K,,,,, for gray
cast iron, Source: Ref 5

Figure 4-18 (a) Class 40 Cast Iron Tensile Test Data.  (b) Class 40 Cast

Iron Fracture Toughness Test Data (Davis 1990)

With the similar procedure as mentioned in the previous example. The specimen is loaded
to 0.007 strain and artificial damping is used to damp out the kinetic energy. After all
dynamic motion is damped out, the damping is removed and crack opening is artificially
triggered. The crack is allowed to advance for one element and the energy release rate G is

calculated. By utilizing the LEFM relation K =+/GE (Sun, Jin et al. 2012), stress

intensity factor can be calculated as K. = 20.88MPa+/m. The handbook experimental

value K. = 22MPa~/m as shown in Figure 4-18 (b). The error is within 5%. Therefore it
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is possible to calculate fracture toughness parameter from simple tension test for brittle
material. This result also verified that the node release method is adequate to model static

crack problem by specifying a low crack speed.

Example 5 Constant Crack Speed Simulation

In reality, critical energy release rate is a material constant and crack speed changes over
time. However the simulation of constant crack speed may better explain the relationship
between crack speed and energy release rate. The simulation is conducted with a constant
crack speed of approximately 60% of the Rayleigh wave speed (cf. Figure 4-19 (c)). Notice
that the energy release rate increases with a fixed crack speed (cf. Figure 4-19 (b)). The
connection force and the relative displacement between paired nodes is not a simple linear

relations (cf. Figure 4-20).
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Figure 4-19 (a) Von-Mises Stress Contour of Crack Extension at Different

Time (b)Energy Release Rate Time History. (c) Crack Speed Time history
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Example 6 Crack Speed under Constant Energy Release Rate Criterion

We first provide a simple "back of the envelope™ derivation from Freund's dynamic energy
release rate formulaG =G, (1—-v/v,) and the constant energy release rate assumption. It
is verified that these conditions leads to the conclusion that the crack speed goes

monotonically to the Rayleigh wave speed. Freund (Freund 1990) derived energy release

rate with respect to crack speed as

K(t,1,1)=k()K(t1,0) (4.30)
G- 1_EUZ A K, (t11) 431)
EG . , ,

W:A,(I)k,(t,l,l)zl—I/vR 432)
G(v)=Gl,, (1-T/vg) (4.33)

where K is stress intensity factor, | is the crack length, G is energy release rate, vis the
crack speed, vy is the Rayleigh wave speed.  Now, we derive the crack tip equation of
motion based on his formula. If we adopt that G =G_, = constant at all imes. We derive
the equation of motion as such

o’na

G=(1-alvg )? (4.34)

Because G =G_, = constant which meansG =0

) . 2 . .
0-G=-20m [y a|)[om), 2o0m (435)
Vi E Vq E E

We assume fixed loading, i.e. =0
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do’m (vy—a\ o’ma (436)
V.E Vy E '

5. (Ve —d)a 4.37)
a
Now we define
y,=a, y,=a (4.38)
yl =Y,
Y, = (VR Y )yz
Yi (4.39)

We assume crack extend from a very low speed; lety, =107 as the initial condition.

Numerical result of this equation is shown in Figure 4-21. We notice that the crack speed
gradually picked up as the crack starts to extend. The crack speed asymptotically
approaches the Rayleigh wave speed as crack propagates. The crack tip acceleration has a

peak at around 0.4 times Rayleigh wave speed.

crack length (m)
=== crack velocity (m/s)

crack acceleration (m/sz)
Rayleigh wave speed (m/s)

A
Yy
e
var
.....
....................
................

Figure 4-21 Crack tip displacement, velocity and acceleration
according to G =G, (1-Vv/vy) and G = const.
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This result graphically verified the crack speed will monotonically goes to Rayleigh wave
speed as the crack propagates. To test this conclusion in a finite element simulation, a
simple tension case with fixed grip boundary condition is simulated with node releasing
method. Notice that Freund derived his dynamic fracture mechanics theory mostly based
on steady state assumption, which means no external input of energy during fracture
extension process. Therefore, fixed grip condition in the simulation is picked to satisfy
this assumption. Unlike the analytical prediction, the simulation method only need
constant energy release rate assumption. The relation between crack speed and energy
release rate is an simulation output. The specimen is pulled to strain = 0.04 and then the
boundary condition changed to a fixed grip boundary condition. The artificial damping is
prescribed until all kinetic energy is damped out. After the model reaches steady state, the

crack extension is triggered. Von Mises contour of this simulation is shown in Figure 4-23.

138



0.02Vz 0.59V; 0.88Vp 0.96Vp

3.5E-01 0.5
3.0E-01
0.4
2.56-01 r
° o
9 2.0E-01 % 0.3
w / x
- ()]
8 1.5E-01 / § 0.2
© 10E01 / ——Crack Speed| E
>
5.0E-02 / — :-.," 0.1
c
0.0E+00 ! ' “ o0 - - -
5.4E+04 5.9E+04 6.4E+04 5.2E+04 5.6E+04 6.0E+04 6.4E+04
Time Time

Figure 4-22. Top: Von-Mises Stress Contour and Crack Speed
at Different Stage of Crack Extension Left: Crack Speed vs.

Time Right: Energy Release Rate vs. Time.

It is observed that the crack speed asymptotically reaches Rayleigh wave speed in a
constant grip condition. Let the static energy release rate G, be calculated with LEFM

formula, i.e.

(4.40)

with crack length a and applied loading o . The crack speed can be normalized with

Rayleigh wave speed and the energy release rate can be normalized with static energy
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release rate. The result verified that the linear relationship G =G, (1-Vv/v,) predicted by

Freund has a good agreement with simulation.  Notice the prediction line at low crack
speed deviates from the simulation.  This is due to the pick of fixed grip boundary
condition. To be precise, eq. (4.40) is only valid under fixed loading condition of infinite

specimen.
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1.00E+00 \
*
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o \\ + Simulation
9O 6.00E-01 G/GO
) \
4.00E-01 ——Freund G/GO
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0.00E+00 ‘ ‘ ‘ ‘ J
0 0.2 0.4 0.6 0.8 1 1.2

V/VR

Figure 4-23 Normalized Energy Release Rate vs.

Normalized Crack Speed

Example 7 Plasticity reduces crack speed.

Experimentally observed crack speed is much slower than the predicted speed limit, i.e.,
the Rayleigh wave speed.  Here this phenomenon is reproduced when considering
plasticity. Notice that most engineering materials have some plasticity. The influence of
plasticity is discussed with FEM simulation with nodal force releasing method. The

plasticity is modeled with return mapping algorithm, of which the parameters are shown in
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Figure 4-24. It can be clearly seen that plasticity lowers the crack speed to 60% of the

Rayleigh wave speed.

E, =0.001

Figure 4-24 Elasto-Plastic Material Model
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Figure 4-25 Top: Von-Mises Stress Contour and Crack Speed at Different Stage of Crack
Extension. Left: Crack Speed vs. Time for Mode. Right: Energy Release Rate vs. Time

(E=1, e0=0.05, cvm=0.08, Fixed Grip Boundary Condition, Mode I Crack)

Example 8 Plasticity influenced crack propagation direction.

Mixed mode case is studied by crack opening method and iterative remeshing method.
The final mesh enables the crack surface to be perpendicular to the connection force. A
mixed mode case (Mode I /Mode I1) is simulated with both elasticity and elasto-plasticity.
The elastic material has a Young's modulus E =1. The plastic material has a Young's

modulus E =1and Von Mises Stresso, =0.0075. The fixed grip boundary condition is

applied on one end and the force boundary condition is applied on the other end with

o, =0.01, o, =0.01. The force is of 45 degree to the horizontal direction.

ﬂaoy =0.01
—>> 0, =001

E, =0.001

v

vm A A A A

Figure 4-26 Left: Elasto-Plastic Material Model.

Right: Mixed Mode Loading Configuration
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Notice that the elastic model and the elasto-plastic model predict different crack paths.

Therefore plasticity is a factor must be considered in the simulation of mixed mode

fracture.
Figure 4-27 Left: Von-Mises Contour with Elastic
Material Model. Right: Von-Mises Contour with
Elasto-Plastic Material Model
Summary

In previous chapters, it is assumed that the critical energy release rate is a constant during
the entire crack propagation process. It is noticed that crack initiation is a special case of
crack propagation with infinitesimal crack speed. The direction of crack propagation is

determined by an iterative routine that adjusts the mesh such that the crack path is
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perpendicular to the connection force of the paired nodes. The constitutive theory of the
material is formulated based on large-strain plasticity with return mapping algorithm. The
small-strain elasticity is a special case of large-strain plasticity. Hence the numerical
results can be verified with the result in linear elastic fracture mechanics. It is found that
(1) the magnitude of crack tip stress decreases when large strain, instead of small strain,
is considered; (2) node releasing method is adequate to determine the energy release rate
of a specific geometry and loading configuration with high accuracy; (3) node releasing
method enables one to simulate the fracture phenomenon with no initial crack—therefore
ideally a simple tension test is sufficient to determine the critical energy release rate of a
material; (4) crack speed asymptotically approaches to Rayleigh wave speed in case of
elasticity, mode I, plain stress, and fixed grip; (5) crack speed asymptotically approaches
to approximately half of Rayleigh wave speed if plasticity is considered; (6) plasticity
affects the direction of crack propagation. node release method is introduced to model
fracture mechanics with critical energy release rate as the sole criterion to determine the

failure.

Examples are given to show such method is able to:
= Calculate force-displacement relation of connection force under different
scenarios
= Calculate static energy release rate with great accuracy.
= Calculate critical energy release rate parameter from stress-strain relation
» Prove the crack speed monotonically approaches to Rayleigh wave speed.

= Demonstrate the plasticity effect reduces the ultimate crack speed to half
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of the Rayleigh wave speed.
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Chapter 5
Contribution and Future Work

This work consists the following contributions:

In chapter 1, we have proved that the deformed shape of a mode-I line crack is an ellipse.
the deformed shape of an elliptical void is also an ellipse. The deformed shape of mixed
mode line crack is not an ellipse. The small strain formulation overestimates the stress level
at the crack tip. Stress intensity factor K or similar singular field method derived from
LEFM is not appropriate to study fracture mechanics in large deformation or in close
neighborhood of crack tip. Line crack solution contributes to the overestimation of crack
tip stress.

In chapter 2. We modified the energy release rate failure criterion. It is proved by theory
and simulation in molecular dynamics that the energy release rate does not equal to surface
energy. The energy release rate is the decrease of potential energy of unit crack advance,
the surface energy is the increase of potential energy of unit crack advance. It is also
proved that the potential energy release rate is the kinetic and/or thermo energy generation
rate in fixed grip condition; therefore the fracture problem is a dynamic problem in nature.
Pure elastic fracture doesn't exist in nature, the brittle fracture in nature is still an
irreversible process associated with plasticity in the form of lattice reorientation on the
crack surface. It is first suggested that the energy release rate should be calculated in a
proper region in order to represent a true fracture property. Itis also suggested J-integral is
path dependent. A general MD simulation method is introduced to calculate energy release

rate in molecular dynamics.
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In chapter 3, work conjugate stress and strain in molecular dynamics are derived. Such
stress and strain are defined at each atom with stress taking summation and strain taking
average of the influence from all other atoms. The conjugacy is proved to be valid for
multi-atom, three-dimensional case of arbitrary atomic configuration at zero degree Kelvin.
Therefore the strain energy of such stress-strain pairs are equivalent to the interatomic
potential energy at all time. This work is the first to prove the conjugacy between stresses
and strains in molecular dynamics.
In chapter 4 We systematically developed and verified the node release method in energy-
release-rate based fracture simulation. We developed and verified the node releasing
method, energy release rate calculation, crack speed control, energy release rate control,
crack path prediction, etc. We also verified the updated energy-release-rate failure criterion
as shown in chapter 2. There are new discoveries :
1) Cohesive law is crack speed dependent;
2) Static energy release rate equals to dynamic energy release rate in low crack
speed;
3) Fracture toughness can be obtained by stress-strain curve
4) The linear relationship between static and dynamic energy release rate is
numerically proved;
5) Crack speed monotonically approaches Rayleigh wave speed in elastic
material. Crack speed only reaches to 60% of shear wave speed in elasto-
plastic material;

6) Plasticity influences crack path.
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Future works following this dissertation are listed as:

In chapter 2, the molecule dynamic simulation needs to be used to answer these question:
Is energy release rate really a material constant? What is the mechanism for the strain

energy to decrease with extending crack?

In chapter 3, work conjugate stress and strain with non-zero temperature needs to be

studied.

In chapter 4, Node release method is limited to a single crack. Future research needs to

generalize this method to multiple cracks with consideration of crack branching and

merging.
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