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Abstract of Dissertation

Uncertainty, Economic Dynamics, and Monetary Policy

The sources of business cycle fluctuations has been one of the central questions

studied by the Neoclassical and New Keynesian schools’ theories which try to explore

the features of US business cycles. This question is also of great interest to mone-

tary authority as stabilization policies may be different for different driving forces of

business cycles. What is the role that uncertainty plays in the characterization of

economic dynamics and the transmission of monetary policies to real economy? This

dissertation develops a general equilibrium business cycle model with uncertainty

about current economic fundamentals to theoretically analyze how economic dynam-

ics can be affected by the uncertainty, in chapter 1; incorporates the uncertainty

about current economic fundamentals to a standard New Keynesian model to quanti-

tatively investigate the implications of uncertainty for monetary policy stabilization

effects and welfare effects, in chapter 2; and empirically shows how various shocks

related and unrelated to economic fundamentals may contribute to the short run and

long run US economic fluctuations, in chapter 3. These three chapters combine to

demonstrate the importance of uncertainty in business cycle and policy evaluation

analyses.

vi



Table of Contents

Dedication iv

Acknowledgments v

Abstract of Dissertation vi

List of Figures xi

List of Tables xii

Introduction 1

1 Uncertain Technology 4

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Economic Environment . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.2.1 Preferences and Technology . . . . . . . . . . . . . . . . . . . 11

1.2.2 Imperfect Information . . . . . . . . . . . . . . . . . . . . . . 13

1.2.3 Beliefs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.2.4 Implications of uncertainty . . . . . . . . . . . . . . . . . . . . 20

1.3 Solution method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.3.1 Transformation of beliefs . . . . . . . . . . . . . . . . . . . . . 24

1.3.2 Evolution of linearized beliefs . . . . . . . . . . . . . . . . . . 26

1.3.3 Properties of beliefs . . . . . . . . . . . . . . . . . . . . . . . . 29

1.4 Quantitative Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

1.4.1 Calibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

1.4.2 Business cycle facts: . . . . . . . . . . . . . . . . . . . . . . . 40

1.4.3 Impulse Response Functions . . . . . . . . . . . . . . . . . . . 42

1.4.4 Noise shocks and fluctuations . . . . . . . . . . . . . . . . . . 45

vii



1.4.5 Biased beliefs and fluctuations . . . . . . . . . . . . . . . . . . 46

1.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

1.6 Tables and Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2 Attenuated or Augmented? Monetary Policy under Uncertain Eco-

nomic States and Learning 55

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.2 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

2.2.1 Environment . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

2.2.2 Final goods sector . . . . . . . . . . . . . . . . . . . . . . . . 64

2.2.3 Investment goods sector . . . . . . . . . . . . . . . . . . . . . 72

2.2.4 Households . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

2.2.5 Labor union . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

2.2.6 Monetary authority . . . . . . . . . . . . . . . . . . . . . . . . 77

2.2.7 Bayesian learning process . . . . . . . . . . . . . . . . . . . . 79

2.2.8 Aggregation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

2.3 Numerical analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

2.3.1 Solution strategy . . . . . . . . . . . . . . . . . . . . . . . . . 83

2.3.2 Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

2.3.3 Model’s fit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

2.3.4 Business cycle properties . . . . . . . . . . . . . . . . . . . . . 91

2.4 Monetary policy implications . . . . . . . . . . . . . . . . . . . . . . 94

2.4.1 Taylor rule effects . . . . . . . . . . . . . . . . . . . . . . . . . 95

2.4.2 Welfare-maximizing monetary policy . . . . . . . . . . . . . . 102

2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

2.6 Tables and Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

3 Investment Specific Technology, News, Sentiment, and Fluctuations:

viii



A Maximum Forecast Error Variance Approach 129

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

3.2 Econometric strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

3.2.1 Benchmark VAR . . . . . . . . . . . . . . . . . . . . . . . . . 133

3.2.2 Identification . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

3.3 Empirical evidence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

3.3.1 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

3.3.2 Impulse responses . . . . . . . . . . . . . . . . . . . . . . . . . 141

3.3.3 Forecast error variance decomposition . . . . . . . . . . . . . . 144

3.4 Sensitivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

3.4.1 Alternative relative price measure . . . . . . . . . . . . . . . . 145

3.4.2 Alternative IST measure . . . . . . . . . . . . . . . . . . . . . 145

3.4.3 Alternative VAR specifications . . . . . . . . . . . . . . . . . . 146

3.4.4 Financial shocks . . . . . . . . . . . . . . . . . . . . . . . . . 147

3.4.5 TFP shocks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

3.5 Conclusion remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

3.6 Tables and Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

References 159

Appendices 167

1 Chapter 1 Appendix 169

1.1 Calculation of the update of beliefs . . . . . . . . . . . . . . . . . . . 169

1.2 Calculation of evolution of linearized beliefs . . . . . . . . . . . . . . 171

1.3 Convergence of beliefs . . . . . . . . . . . . . . . . . . . . . . . . . . 176

1.4 Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

1.5 Linearized equations characterizing the equilibrium . . . . . . . . . . 182

1.6 A simple decentralized economy . . . . . . . . . . . . . . . . . . . . . 183

ix



1.6.1 Firms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

1.6.2 Households . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

1.6.3 Equilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

2 Chapter 2 Appendix 187

2.1 Stylized facts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

2.2 Evolution of beliefs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

2.3 Evolution of linearized beliefs . . . . . . . . . . . . . . . . . . . . . . 189

3 Mathematical Appendix 197

3.1 Final goods sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

3.1.1 Final goods firms . . . . . . . . . . . . . . . . . . . . . . . . . 197

3.1.2 Intermediate goods firms . . . . . . . . . . . . . . . . . . . . . 198

3.2 Investment goods sector . . . . . . . . . . . . . . . . . . . . . . . . . 202

3.3 Households . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203

3.4 Labor union . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205

3.5 Monetary authority . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

3.6 Aggregation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

3.7 Stationary equilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . 211

3.8 Steady state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214

3.9 Log linearization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

x



List of Figures

1.1 Effects of TFP Shock. . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

1.2 Effects of ISTC Shock. . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

1.3 Effects of Noise Shock under ”Uncertain” Economy . . . . . . . . . . . 52

1.4 Impact of Positively Biased Beliefs. . . . . . . . . . . . . . . . . . . . . 53

1.5 Impact of Negatively Biased Beliefs. . . . . . . . . . . . . . . . . . . . . 54

2.1 Historical Variance Decomposition for Inflation . . . . . . . . . . . . . 120

2.2 Historical Variance Decomposition for Output Gap . . . . . . . . . . . 121

2.3 Effects of Government Spending shock . . . . . . . . . . . . . . . . . . 122

2.4 Effects of Monetary Policy Shock . . . . . . . . . . . . . . . . . . . . . 123

2.5 Effects of TFP Shock . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

2.6 Effects of IST Shock . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

2.7 Effects of Noise Shock . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

2.8 Effects of Incorrect Beliefs . . . . . . . . . . . . . . . . . . . . . . . . . 127

2.9 Welfare Effects of Information Precision . . . . . . . . . . . . . . . . . 128

3.1 Impulse Responses to IST Surprise Shock . . . . . . . . . . . . . . . . . 151

3.2 Impulse Responses to IST News Shock . . . . . . . . . . . . . . . . . . 152

3.3 Impulse Responses to IST Sentiment Shock . . . . . . . . . . . . . . . . 153

3.4 Impulse Responses under New Relative Price . . . . . . . . . . . . . . . 154

3.5 Impulse Responses under New IST . . . . . . . . . . . . . . . . . . . . 155

3.6 Impulse Responses under VAR with Stock Prices . . . . . . . . . . . . 156

3.7 Impulse Responses under VAR with Credit Spread . . . . . . . . . . . . 157

3.8 Impulse Responses under VAR with Measured TFP . . . . . . . . . . . 158

xi



List of Tables

1.1 Calibrated Parameters in the Model Economy . . . . . . . . . . . . . . 49

1.2 Business Cycle Statistics in Different Model Economies . . . . . . . . . 49

2.1 Prior Densities and Posterior Estimates of Structural Parameters . . . 113

2.2 Prior Densities and Posterior Estimates of Structural Parameters . . . 114

2.3 Identification Strength of Parameters . . . . . . . . . . . . . . . . . . . 115

2.4 Standard Deviations and Correlations for Observable Variables . . . . . 116

2.5 Marginal Likelihood of Various VAR Models and DSGE Models . . . . 116

2.6 Predicted Mean Squared Errors for Variables by VAR(1) and DSGE Models117

2.7 Variance Decomposition at Business Cycle Frequencies (in percentage) 118

2.8 Evaluation of Different Policy Actions . . . . . . . . . . . . . . . . . . . 119

3.1 The Share of Forecast Error Variance (FEV) to Various Shocks in the

Baseline Specification . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

xii



Introduction

In macroeconomics, it is common to assume that economic agents can observe current

economic states when making decisions. However, as claimed by Bernanke (2007),

among others, economic agents and policy makers may face substantial challenges in

determining the sources of variation in macroeconomic variables. It may be misleading

to analyze economic fluctuations and monetary policy without the consideration of

those challenges. This dissertation will demonstrate theoretically, quantitatively, and

empirically how the inclusion of uncertainty may influence business cycle and policy

analyses.

The uncertainty introduced in my dissertation is the uncertainty about current

economic fundamentals, stemming from the imperfect information about total factor

productivity (TFP) shocks and investment specific technology (IST) shocks. These

two shocks are important driving forces of the US business cycle fluctuations, as doc-

umented in the Real Business Cycle literature. In addition, in the New Keynesian

literature, which focuses on the monetary policy actions and effects under market

frictions, the TFP shocks is one of the most important supply-side shocks, whereas

the IST is one of the most important demand-side shocks through its influence on

investment demand. Moreover, the existence of uncertainty allows for a mixture of

demand-side fundamentals and non-fundamentals to simultaneously affect economic

agents’ behavior, such as the changes in the news and sentiment about some tech-

nologies. My dissertation makes an effort to illustrate the implications for business

cycle and policy analyses by explicitly modeling uncertainty about TFP and IST

under Real Business Cycle framework and New Keynesian framework, and empiri-

cally identifying news and sentiment about IST under Vector-Autoregression (VAR)

framework.

Chapter 1 develops a general equilibrium business cycle model with imperfectly
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observed neutral and investment-specific technology shocks. The model response to

neutral technology shocks is similar to the response in an environment with perfect

information. However the response to an investment-specific shock is more persistent

and depends on the distance between agent expectations and actual values at the

time of impact. An erroneous signal about technology ? a ”noise shock” ? also alters

agent behavior persistently, even when the underlying fundamentals governing the

economy are unchanged, and even when the noise is not persistent.

Chapter 2 explores what policy authority can do if there is uncertainty about cer-

tain shocks by developing a novel New Keynesian model featuring uncertain economic

states characterized by the unobservability and indifferentiability between supply-side

TFP shocks and demand-side IST shocks. Private agents and policy-makers have ac-

cess to noisy signals about these two productivities, learn from those signals, and make

decisions based on subjective expectations. Given the estimated model, I show that

economic agents behave similarly to the environment without uncertainty if shocks

can be observed or quickly recognized, but differently if shocks take time to be re-

vealed. Furthermore, a pol- icy following the Taylor rule, which responds to inflation

and output gap, still has the power to accommodate the TFP shock and offset the IST

shock, even though these shocks are not observed or differentiable. Finally, the uncer-

tainty generates different welfare implications for monetary policies: i) the monetary

policy that minimizes the aggregate volatility and thus welfare losses, can achieve

only a constrained efficient state associated with an inefficiently low output level, and

ii) compared to the Taylor rule, the inflation targeting rule generates higher welfare

under uncertainty, but lower welfare under certainty. This implies that optimal policy

actions depend on the nature of uncertainty in the economic environment.

Chapter 3 proposes a novel identification scheme to empirically assess the role

of investment specific technology surprise shocks, news shocks and sentiment shocks.

2



The surprise shock represents unanticipated innovations to the technology; the news

shock captures the (correct) expectation of future changes in the technology; and the

sentiment shock is orthogonal to the identified surprise and news shocks, and maxi-

mizes the short run forecast error variance of investment. I find that the sentiment

shock accounts for a substantial portion of fluctuations in output and investment in

the short run. In the medium run, the news shock is more important. The sur-

prise innovation plays a very small role in accounting for macroeconomic dynamics.

These findings underline the empirical contribution of investment specific news and

sentiment shocks to business cycle fluctuations.

3



1 Uncertain Technology

1.1 Introduction

Can uncertainty about current fundamentals affect the response to shocks? A common

feature of business cycle modeling is that agents know the current values of economic

fundamentals such as productivity, even if they may not know their future values

with certainty. However, in reality the current values of fundamentals may not be

known: rather, they are estimated by economic actors under conditions of imperfect

information. For instance, it is de rigueur to mention in introductory macroeco-

nomics textbooks that one problem with stabilization policy is the fiscal or monetary

authority’s inability to know the exact position of ”potential GDP” as opposed to

current GDP.1 It is not known to what extent business cycle dynamics are sensitive

to the presence of uncertain current fundamentals – nor whether shocks to the noise

inherent to these signals itself could itself generate economic fluctuations.

The purpose of this paper is to explore business cycles in an environment in

which economic agents never perfectly observe the values of the fundamentals of

the economy. Instead, they act based on their beliefs about the values of these

fundamentals, using Bayes’ Rule to update these beliefs based on signals they receive

over time, such as the realization of GDP.

The economic fundamentals we choose are neutral productivity shocks and in-

vestment specific productivity shocks. We use this specification for the following

reasons. First, these shocks are known to be important fundamentals related to the

business cycle. While the early literature on the determinants of the business cycle

underlined the importance of neutral productivity shocks (e.g. Kydland and Prescott

1For example, Baumol and Blinder (2011) liken stabilization policy to ”a poor rifleman shooting
through dense fog at an erratically moving target with an inaccurate gun and slow-moving bullets.”
This paper is about ”fog”.
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(1982)), several recent contributions have found that investment specific shocks are

important, such as Fisher (2006) and Justiniano et al. (2010) among others. Thus, a

business cycle model with both types of shock has become standard. Second, there

must be at least 2 uncertain fundamentals for agents to be unable to infer their values

based on observables such as the realization of GDP. If there were only neutral tech-

nology shocks, for example, GDP would become a sufficient statistic for the unseen

level of productivity. On the other hand, when there is uncertainty regarding current

and past values of investment specific productivity, it turns out that the capital stock

measured in efficiency units is also unknown, which implies that GDP is no longer

a sufficient statistic for either of the fundamentals. To our knowledge, this is the

first paper to make the observation that uncertainty about fundamentals can lead to

uncertainty about the capital stock, and the first paper to explore the implications

of such uncertainty for economic dynamics.

Third, a salient feature of the literature on investment specific technical progress

is the difficulty of measuring it, see the debate among Hulten (1992), Greenwood

et al (1997) and Whelan (2003) regarding whether there are unmeasured quality

improvements in capital goods. This indicates that there is indeed uncertainty about

the extent of ISTC. For example, when the author editing this paragraph bought

the Lenovo T530 on which these words are being typed, he had a rough idea of the

quality of the machine and its software, based on product descriptions and reviews,

but could only begin to have a more precise idea by using it. As a result, the

quality of capital goods is revealed only gradually through use. Thus, learning in

this environment is a form of ”learning-by-doing”. Gradually, through experience,

we learn more about the quality of a given machine, i.e. the pre-existing capital

stock. At the same time, the fact that capital depreciates and is replaced with new

capital of uncertain quality implies that we are never fully sure of the quality of the

capital stock. Moreover, since greater investment implies greater uncertainty, there is

5



a tradeoff between learning more about the current capital stock and investing in new

capital – a dynamic consideration that is absent from a model without fundamental

uncertainty of this kind. Thus, the model is consistent with the uncertainty about

the empirical values of ISTC, and explores the implications of this uncertainty.

Since agents do not observe the values of economic fundamentals at any given

point in time, their behavior is guided instead by their beliefs regarding fundamentals,

and these beliefs change over time based on noisy signals the agents receive. One

such signal is the observed value of GDP. The other is a noisy signal of the value

of investment specific technological change (ISTC), which is revealed when agents

operate the aggregate production technology to produce GDP. This signal is a function

of the actual value of ISTC and a stochastic noise term which itself may lead to

fluctuations in investment and output even if fundamentals remain unchanged.

Without uncertainty, this economy would behave the same as any business cycle

model with ISTC shocks such as Greenwood et al (2000) or Justiniano et al. (2010)

mutatis mutandis. However, with uncertainty, the response to shocks may be quite

different. For example, it is well known that a positive neutral shock optimally

increases both investment and consumption, whereas Campbell (1998) shows that

the optimal response to a positive ISTC shock may be to increase investment and

decrease consumption. If agents cannot tell immediately the nature of the shocks

they face their behavior will have to take this uncertainty into account.

In order to focus on the dynamics of learning, we abstract from price rigidi-

ties, wage rigidities, capital adjustment costs and other features that business cycle

models often consider in order to address questions of stabilization policy.2 Even

so, the model is difficult to solve. Agents’ beliefs about fundamentals are continu-

2Ma (2015) studies a model with such features for purposes of analyzing monetary policy effects
in an environment like ours.
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ous functions, and these beliefs are state variables of the economy.3 Moreover, these

beliefs will not all have analytically tractable expressions. Nonetheless, we develop

a tractable solution strategy similar to the log-linearization methodology described

in Uhlig (1999), which is able to overcome these challenges. We show that agent

beliefs approximately follow a multivariate Gauss-Markov process after linearization.

In addition, the discrepancy between agents’ expectations of the unobservables and

their actual values follows a reduced vector autoregressive process (VAR). Based on

this VAR system, we demonstrate that in the absence of noise beliefs converge to

the correct values of the uncertain economic fundamentals eventually, and that the

extent of uncertainty (the variance of agent beliefs about fundamentals) settles down

to a constant.

In the approximate environment, we are able to deliver several analytical results.

First, a shock to any of the fundamentals or a noise shock generates uncertainty about

all fundamentals in subsequent periods. This is because the impact of any change

in information or any change in output cannot be attributed with certainty to any

particular source. Second, if there is uncertainty about the value of any particular

fundamental at a given point in time, in subsequent periods uncertainty will spread

to all fundamentals, for the same reason: agents cannot attribute macroeconomic

outcomes to any particular source. Third, a ”noise shock” has a persistent impact

on beliefs, and hence on behavior, even if the shock itself is not persistent. Thus, the

presence of ”noise” in the economic environment is a potential source of additional

persistence in macroeconomic variables.

Finally, we explore quantitatively the role beliefs play in the transmission mech-

anism of technology and noise shocks. We find that the behavior of the economy with

3The learning rule in our paper is similar to that in Sargent and Williams (2005) where Bayesian
updating through the Kalman filter is studied. The process of signal extraction is similar to that
introduced in Edge, Laubach, and Williams (2007) where agents are confused between shocks to the
level or to the growth rate of the technology.
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uncertain fundamentals responds to changes in neutral productivity (TFP) in much

the same way as a model without fundamental uncertainty. The response to an ISTC

shock is also similar although somewhat more persistent. In this sense, we show that

the response to fundamentals in the ”standard” model is robust to the introduction

uncertainty about the values of fundamentals, an important generalization result. At

the same time, a ”noise” shock changes agents’ behavior persistently, even though

the underlying fundamentals governing the economy remain unchanged. This is be-

cause it can take a long time for beliefs to converge to the true values even if there is

no further noise, and because noise changes the beliefs about all fundamentals (not

just ISTC), since imperfect information implies that agents do not know whether it

is noise or an actual change in one or other fundamental. We are able to estimate

the critical parameters that affect the learning process and which are important for

understanding the quantitative impact of learning, such as the persistence of signals

and the signal-to-noise ratio. Overall, we find that noise is a significant source of

variation but that it fades rapidly. Based on the estimated persistence of signals, the

half-life of noise is about one quarter. At the same time, because of its persistent im-

pact on beliefs, the half-life of the change in GDP induced by a noise shock is over 10

quarters. Noise in agents’ information sets is slow to decay, and is thus an additional

source of persistence in macroeconomic variables.

The idea that changes in expectations about the state of the economy could

be an important driver of economic fluctuations has received increasing attention in

the past decade. Pigou’s (1927) theory that “errors of undue optimism or undue

pessimism” are a source of “industrial fluctuations”, often termed ”sentiment”, has

regained popularity partly as a result of the stock market boom of 1997-2000, which

Jermann and Quadrini (2007) relate to beliefs about the coming advent of a ”new

economy” of higher productivity growth. It is natural to imagine that optimism

regarding the future might encourage investment, whereas if these beliefs turn out
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to be incorrect the opposite could happen. Beaudry and Portier (2004), Schmitt-

Grohe and Uribe (2012) and others study the impact of information about future

productivity on current outcomes. However, this literature relies on environments

where expectations are developed under perfect information about the present : at a

given point in time, the state of the world is known, even if the future is not perfectly

known.

Our paper contains a notion of market sentiment related to unwarranted opti-

mism or pessimism regarding the current, imperfectly observed, state of the economy

(our ”noise shock”). In this we are closer to Angeletos and La’O (2013) who propose

a theoretical model about the importance of sentiment shocks, modeled as shocks

that impact the availability of information to different individuals in the economy

and thus aggregate expectations regarding economic fundamentals. However, our

model is much simpler as all agents have the same information and beliefs. The

presence of the ”noise shock” bears superficial similarity to models that emphasize

non-fundamental business cycles, e.g. due to animal spirits or self-fulfilling equilib-

rium as in Farmer and Guo (1994): however, in our environment there is a unique

equilibrium and business cycles that are not driven by fundamentals instead occur

because of information frictions and the possibility of error.

Another related paper is Lorenzoni (2009), which studies a model in which con-

sumers have imperfect information about the level of aggregate productivity, featuring

a ”noise shock” which has a similar impact to aggregate demand shocks. However, in

this case productivity has a public and a private component, where only the latter is

temporary, and agents cannot distinguish between the two. In our paper the uncer-

tainty is qualitatively different as it originates from the unobservability of multiple

types of productivity shocks. Also, a feature of the Lorenzoni (2009) model is that an

infinite train of beliefs is the state variable of the macroeconomy, so that solving the
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model requires truncation of histories at some point. Our model is more complex in

that multiple fundamentals are not observed, yet simpler in that the model possesses

the Markov property: a history of only one period is required.

Finally, this paper is also related to the extensive literature on the importance

of neutral total factor productivity (TFP) and ISTC for business cycle dynamics.

Recent papers such as Jaimovich and Rebelo (2007), Pancrazi (2012) and Görtz and

Tsoukalas (2013) consider a two state Markov switching process for the investment

technology. In these papers, the current value of ISTC is known even though there

is parameter uncertainty. Our paper, instead, assumes a continuum of states of

investment technology, and the uncertainty is about the current value of ISTC itself.

Beliefs are continuous and the calibration/estimation process tells us how rapid and

quantitatively important the impact of learning is in the economic environment.

Section 2 describes the model and environment. Section 3 develops the solu-

tion strategy and properties of beliefs. Section 4 presents the data and estimation

methodology. Section 5 shows the simulation results. Section 6 concludes and sug-

gests direction for future research.

1.2 Economic Environment

In the description of the economic environment we will focus on the social planner’s

problem. This way there are no inefficiencies nor informational problems arising from

the choice of decentralization strategy, only from the information structure of the

economy. However, in the Appendix we describe a decentralization that yields the

same allocations in equilibrium as the planner’s problem.

10



1.2.1 Preferences and Technology

The social planner maximizes the discounted expected utility of a representative

agent. Output Ỹt is produced using an aggregate technology

Ỹt = Ate
ztK̃α

t n
1−α
t

where K̃t is capital, nt ∈ [0, 1] is labor and Ate
zt is neutral productivity. As discussed

below, At captures the trend in neutral productivity whereas zt captures temporary

innovations.

Output may be consumed (Ct) or invested (It), so that Ỹt ≥ Ct+It. Agents earn

utility U(Ct, 1− nt) from consumption and work.

The planner’s problem is

maxE0

∞∑
t=0

βtU(Ct, nt)

s.t.

Ct + It ≤ Ate
ztK̃α

t n
1−α
t

K̃t+1 = Bte
qtIt + (1− δ)K̃t

At = eγt Bt = eγqt

zt+1 = ψzt + εt+1 qt+1 = ρqt + wt+1

εt+1˜N (0, σε) , εt+1˜N (0, σw) , |ψ| < 1, |ρ| < 1.

Notice there are two stochastic terms, zt and qt. The evolution of the capital

stock is affected by investment specific technological change (ISTC), qt. Variables

At and Bt are respectively the deterministic trend of TFP and of ISTC. Variables zt

and qt are respectively the TFP shock and ISTC shock, both of which follow AR(1)
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processes. Variables εt and wt are independent disturbances to the TFP and ISTC

terms respectively. The capital depreciation rate is δ.

In what follows, we assume that:

U(Ct, nt) = log (Ct) + ξ (1− nt)

where ξ is increasing, concave and differentiable.

We reformulate the variables of the economy in terms of deviations from a bal-

anced growth path. Specifically, we divide K̃t by its growth factor egk to obtain the

detrended capital stock kt = K̃t
egkt

. We also divide Ct It and Ỹt by their common

growth factor eg to get detrended series ct = Ct
egt
, it = It

egt
, yt = Ỹt

egt
, where g = e

γ+αγq
1−α

and gk = e
γ+γq
1−α – see Greenwood et al (1997) and Fisher (2006).

Assumption 0 γ > 0, γq > 0.

Assumption 0 is a condition that is necessary and sufficient for there to be

both economic growth and investment specific technical progress in this model ∀α ∈

(0, 1).

After detrending and rewriting the utility function in terms of detrended vari-

ables, the agent’s problem becomes:

maxE0

∞∑
t=0

βtU(ct, nt)

subject to the feasibility constraint

ct + it = eztkαt n
1−α
t
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the capital accumulation equation

kt+1e
gk = eqtit + (1− δ)kt (1.1)

and the processes

zt+1 = ψzt + εt+1 qt+1 = ρqt + wt+1.

Remark Notice that an implication of this change of variables is that the cyclical

behavior of the model will not depend on the values of the productivity trends

γ and γq, regardless of whether or not there is uncertainty regarding the current

value of the cyclical terms qt or zt.

1.2.2 Imperfect Information

In our paper, there is imperfect information about the values of zt and qt. We cap-

ture this as follows. The true data generating processes for zt and qt are exogenous

and known to the agents. However, neither agents nor the social planner observe the

realized values of qt or zt. As we shall see, this implies that they do not know the

capital stock either since in equation (1.1) the evolution of the capital stock depends

on the value of qt, which is unknown. Notice that this is not an assumption: it is a

consequence of not observing past values of qt. Instead, agents observe noisy signals

regarding these shocks, which contain information about the unobserved fundamen-

tals. The planner’s decisions thus depend on expectations of future productivity and

on beliefs about their current values. Agents develop posterior beliefs about the val-

ues of these fundamentals based on their prior beliefs, and on signals they receive,

according to Bayes’ rule.

We consider the case of fully Bayesian learning in the sense that the agents

update their beliefs about the distributions of TFP, ISTC and the capital stock as
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new information arrives, and make current decisions knowing that their beliefs may

be further updated in the future. In other words, the agents and the social planner

take into account how future realizations of signals may alter their beliefs. This is

implemented by allowing the beliefs to be a state variable of the economy, and by

allowing the evolution of the state to be common knowledge, so agents understand

how future signals will affect their beliefs.

The timing of events is as follows. At the beginning of each period t, TFP and

ISTC shocks are realized, but are not observed by the social planner. Once labor

input is chosen, labor and capital are introduced into the production technology, and

output is realized and observed. Thus, one signal is the realized output yt itself, which

is a function of the realized but unobserved TFP level zt, the unobserved capital stock

measured in efficiency units kt, and labor input nt:

yt = eztkαt n
1−α
t (1.2)

Since neither zt nor kt are perfectly observed, yt is not a sufficient statistic for ei-

ther.

The other signal is a noisy signal φt regarding the value of the current ISTC term

qt. It is a combination of the past signal φt−1, the unobserved realization of ISTC qt

and an iid disturbance vt :

φt = πφt−1 + (1− π)qt + vt, vt˜N (0, σv) , π ∈ [0, 1). (1.3)

Under this formulation the signal φt is a combination of information and noise.

As long as π ∈ [0, 1), the signal contains some information regarding the current value

of qt. However, as long as σv > 0, the signal also contains noise. We refer henceforth

to the disturbance vt as a noise shock. In so doing, we use the term ”noise” as
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”random or irregular fluctuations or disturbances which are not part of a signal ... or

which interfere with or obscure a signal. (Oxford English Dictionary). The noise vt

is uncorrelated with the technological errors εt and εt.

The potential persistence in the signal is very important. On the one hand, the

case in which π = 0 (no persistence) is interesting for its theoretical implications,

because any propagation of noise shocks vt in an environment with π = 0 will occur

purely through the dynamics of the learning process. On the other hand, if we im-

pose that π = 0, then in any quantitative implementation of the model the role of

uncertainty will be closely tied to the length of a period. In addition, the extent to

which the signal is informative (1− π) is ultimately an empirical matter of indepen-

dent interest that the calibration or estimation of the model can speak to. Thus we

allow for the general case π ∈ [0, 1), so information may be revealed gradually.

One interpretation of the disturbance vt is that it is related to market sentiment.

For example, if agents are overoptimistic about ISTC because vt > 0, they would

believe to some extent that it is the increase of qt that leads to the increase of φt, even

when this is not the case. As a result, agents might react by increasing investment,

which could affect dynamics as agents gradually learn that qt had not in fact changed.

Such a fluctuation in economic activity would not involve any change in fundamentals.

However, we refrain from using the term ”sentiment shock” (as in Angeletos and La’O

(2013), for example) because the nature of uncertainty in this model is different.

In particular, this is the first model where the value of the current ISTC shock is

imperfectly observed.

1.2.3 Beliefs

At the beginning of each period t, prior beliefs regarding the distribution of TFP, ISTC

and the capital stock, denoted respectively as hZt , hQt and hKt , are taken as given. For
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the rest of the paper, m(·) denotes posterior beliefs, whereas h(·) denotes prior beliefs.

Upper case variables such as Q,Z,K and Y denote random variables, whereas lower

case variables such as q, z, k, y denote the realized values of the corresponding random

variables. Values of zt and qt are drawn, but are not observed by the planner nor the

agents. The capital stock in period t is a given quantity kt, determined by investment

and past realizations of ISTC, however agents do not know this quantity either.

We assume that the choice of labor is made in period t before observing any

signals. This ”time to build” assumption on labor is necessary due to the nature of

the uncertainty in this economy: output itself is a signal of the value of fundamentals,

and output cannot be observed until the labor input is used in production.

After observing the two signals, the agents and the planner update their beliefs

about zt, qt and kt, following Bayes’ rule, given their prior beliefs:

mZ,Q,K
t (z, q, k|yt, φt) ∝ h(yt, φt|z, q, k)hZ,Q,Kt (z, q, k)

where mZ,Q,K
t is the joint posterior belief about zt, qt and kt, and hZ,Q,Kt is the

joint prior belief about zt, qt and kt. Function h(yt, φt|z, q, k) is the likelihood of yt

and φt conditional on zt, qt and kt.

In addition, using the known stochastic process for TFP and ISTC, the planner

can derive a prior belief hZt+1 about TFP for period t + 1, and a prior belief hQt+1

about ISTC for period t+ 1. Knowing the true evolution process of the capital stock,

the planner can also derive a prior belief for capital in period t + 1, hKt+1, given the

choice of it, which is (ex-ante) optimally chosen based on expectations of how these

choices affect output in period t + 1. The expectation of output yt+1,(the likelihood

of a given value of output conditional on prior beliefs about the unobserved variables

and on the choice variables for period t+ 1 h(yt+1|z, q, k)) are generated according to
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the known production function (1.2). Similarly, prior beliefs about φt+1 are derived

from posterior beliefs about φt and the known stochastic processes for φ, q and v.

The calculation of the updating of beliefs is shown in Appendix 1.

Social planner’s problem

To summarize, in each period t the planner’s problem is to:

1. Choose nt before observing signals yt and φt. We find it convenient to

characterize this behavior with the use of two value functions, V
(
hZt , h

Q
t , h

K
t

)
and

W
(
mZ
t ,m

Q
t ,m

K
t |φt, yt;nt

)
. V is the agent’s expected discounted utility in period t

before observing signals, whereas W is the value function after observing signals and

updating beliefs accordingly. Then,

V
(
hZt , h

Q
t , h

K
t

)
= max

nt

∫ ∫
W
(
mZ
t ,m

Q
t ,m

K
t |φt, yt;nt

)
hY,Qt (y, φ|hZt , h

Q
t , h

K
t , nt)dydφ

(1.4)

2. Choose investment to maximize utility after observing yt and φt. This decision

can be specified as a dynamic programming problem.

W
(
mZ
t ,m

Q
t ,m

K
t |φt, yt;nt

)
= max

ct,it

{
U (ct, nt) + βEtV

(
hZt+1, h

Q
t+1, h

K
t+1

)}
(1.5)

s.t.

ct + it = yt

hKt+1(k′) =
egk

(1− δ)

∫ ∞
q=0

mK
t

(
egkk′ − iteq

(1− δ)

)
mQ
t dq

and where hZt+1(z′) and hQt+1(q′) follow the conjugate calculation detailed in Appendix
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1.

In equation (1.5), functional Et(·) is the rational expectation based on prior be-

liefs pre-determined at time t. The first constraint is the budget constraint. The

second captures the evolutions of beliefs. Note that agents understand how informa-

tion revealed in this period will be taken into account in the future and, given the

structure of the value function, they also take into account how information revealed

next period will be taken into account subsequently.

Optimization conditions for V

The first order condition for nt is:

∫
Wy

(
mZ
t ,m

Q
t ,m

K
t |φt, yt;nt

) δhYt (y, φ|hZt , hKt , nt)
δnt

dy+

∫ δW
(
mZ
t ,m

Q
t ,m

K
t |φt, yt;nt

)
δnt

hYt (y, φ|hZt , hKt , nt)dy

=

∫
Uc (ct, nt)

δhYt
δnt

dy +
δW

(
mZ
t ,m

Q
t ,m

K
t |φt, yt;nt

)
δnt

= 0

The Envelope condition for nt is

δW
(
mZ
t ,m

Q
t ,m

K
t |φt, yt;nt

)
δnt

= Un (ct, nt)

Combining them, we obtain the optimization condition for nt

∫
[Un (ct, nt) + βUc (ct, nt)

δhYt
δnt

]dy = 0

Here the planner chooses labor input given her beliefs, knowing that the marginal
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utility of labor will depend on the choice of consumption, which will depend on how

much output is realized as well as on any other signals.

Next, the first order condition for it is

−Uc (ct, nt) +
δβEtV

(
hZt+1, h

Q
t+1, h

K
t+1

)
δit

= 0

which balances the marginal utility of consumption now against the expected value

of investing in new capital, given beliefs. The Envelope condition for investment it is

then

δV
(
hZt , h

Q
t , h

K
t , nt−1

)
δit−1

=

∫
Wy

(
mZ
t ,m

Q
t ,m

K
t |φt, yt;nt

) δhYt (yt|hZt , h
Q
t , h

K
t , nt−1)

δhKt

δhKt
δit−1

+

∫ δW
(
mZ
t ,m

Q
t ,m

K
t |φt, yt;nt

)
δmK

t

hYt (yt|hZt , h
Q
t , h

K
t , nt−1)

δmK
t

δit−1

=

∫
[Uc (ct, nt)

δhYt
δhKt

δhKt
δit−1

+ Uc (ct, nt)
δct
δmK

t

δmK
t

∂it−1

hYt ]dy

Combining them, we get the Euler equation for it

−Uc (ct, nt) + β

∫
Uc (ct+1, nt+1) [

δhYt+1

δhKt+1

δhKt+1

δit
+

δct+1

δmK
t+1

δmK
t+1

δit
hYt ]dy = 0

where δ() denotes a functional derivative and ∂() denotes a univariate derivative.

The marginal cost of investment in period t in terms of consumption goods equals to

the expected marginal benefit of capital in period t+1, due to an increase in expected

future output and in the expected future capital stock.
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1.2.4 Implications of uncertainty

To shed light on the impact of uncertainty on economic behavior, we now compare

the optimal conditions derived above for our model with those of a standard real

business cycle (RBC) model without uncertainty – i.e. a model where vt = 0, π = 0

and the values of zt and qt are known before the choice of nt. In later quantitative

work we refer to our model as Model U, and refer to the ”standard” RBC model as

Model B.

The optimality conditions in a standard RBC framework are

Un(ct, nt) + Uc(ct, nt)
∂Yt
∂nt

= 0

and

−Uc(ct, nt) + β

∫
Uc(ct+1, nt+1)[

∂Yt+1

∂kt+1

∂kt+1

∂it
+
∂ct+1

∂kt+1

∂kt+1

∂it
]dy = 0

In contrast, under the setup with uncertainty, we have

Un (ct, nt) + β

∫
Uc (ct, nt)

δhYt
δnt

dy = 0

and

−Uc (ct, nt) + β

∫
Uc (ct+1, nt+1) [

δhYt+1

δhKt+1

δhKt+1

δit
+

δct+1

δmK
t+1

δmK
t+1

δit
hYt ]dy = 0 = 0

When there is no uncertainty, an increase in investment (a decrease in consump-
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tion) in the current period increases the capital stock unambiguously, which in turn

increases future output and decreases the future real interest rate. However, when

there is uncertainty regarding the values of the technology shocks and of the capital

stock, the effect of an increase in current investment in the current period is uncertain,

as there are non-degenerate beliefs about fundamentals. Jensen’s inequality implies

that a risk averse agent would in this environment be less likely to act on a given

piece of information about zt or qt.

This would seem to suggest that macroeconomic variables are likely to be less

volatile in an environment with uncertainty of our kind. There are counterveiling

effects however. First, we have an additional source of variation, the noise shock.

Second, when a shock to a fundamental occurs, agents’ beliefs are unlikely to have the

correct value of fundamentals in expectation due to past shocks. Thus, for example,

if agents believe productivity is high whereas it is actually low, a transition back

to the steady state could involve beliefs first converging to the correct value before

returning to the steady state, possibly leading to a boom-bust cycle as a response to

a single shock. Thus it is not a priori clear whether volatility will be enhanced or

ameliorated by the introduction of uncertainty. Indeed, Collard et al (2009) argue

that uncertainty has an ambiguous effect on macroeconomic volatility in environments

such as ours where agents solve a signal extraction problem. In fact, below we show

that the impulse responses of the model suggest the presence of excess volatility,

especially when agent beliefs are very different from the correct value at the time of

shock impact. At the same time, agents’ caution in the face of uncertainty leads the

model to display less volatility on average.
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1.3 Solution method

In our model, agents’ prior beliefs about the values of zt, qt and kt are state variables

of the economy. In general these beliefs are continuous functions and, as is well known

in the literature, it is generally difficult to solve problems where state variables include

continuous functions.

In our case, calculating the evolution of beliefs following Bayesian learning re-

quires a nonlinear filter. If the prior and the likelihood function are of the exponential

class, then the prior and posterior might be conjugates with the appropriate choice

of distributions, and there will be an analytical solution to the posterior resulting

from Bayesian learning. However, for the updating of the distribution of capital to

be explicitly solvable, the prior and posterior distributions would both have to be of

the exponential class. For example, if we assume the prior distribution is exponential,

since the posterior investment technology has to be log-normal given the shock process

is normal, the belief about the sum of depreciated past capital and new investment

using the uncertain investment technology does not belong to the exponential class

anymore. The same argument applies to other conjugate pairs: to our knowledge

there is no known analytical class of probability distributions that spans the positive

reals and is robust to summation of a non-negative random variable from the same

or another distribution, certainly not among the distributions thought to relevant in

this context. In particular, if we assume log kt and qt are normally distributed, then

future capital is a random variable kt+1 = 1
egk
ite

qt + (1−δ)
egk

kt which, as a sum of two

log-normal distributed random variables, has no closed-form distribution solution, as

pointed out by Fenton (1960) and Marlow (1967) among others. Therefore, it is not

possible to analytically solve for the evolution of beliefs about kt.

In addition, since the impact of the agents’ or the planner’s decision regarding
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investment is multiplied by an unknown q and added to an unknown k, and since

agents (or the planner) must take this into account in their decision making, it implies

that the solution of the model requires the computation of the derivative of one

function, such as the utility function, with respect to the distribution of capital,

another continuous function. Functional derivatives would be required to solve the

model, leading to an intractable solution given that beliefs about the capital stock

themselves do not have an analytical solution.

We adopt a methodology to overcome these complications while keeping the main

structure of the model. The method is based on a log-linear approximation using a

Taylor expansion, which allows us to consider the evolution of beliefs about linearized

variables rather than that of the original variables. Through the log-linearization, we

are able to transform the Bayesian learning problem into a linear Gauss-Markov pro-

cess under certain initial conditions, and implement the computation of the learning

process using the Kalman filter. In this way, the evolution of beliefs can be parame-

terized such that only means and variances matter for the decision, rather than the

entire distribution.

First, some notation.

1. If Xt is the true value of X at period t, then Xt|t−1 and Xt|t denote respectively

the prior and posterior means of X at period t

2. ΣK
t ,Σ

Z
t ,Σ

Q
t are respectively the prior covariances of capital, TFP and ISTC

at period t, while σKt , σ
Z
t , σ

Q
t are respectively their posterior variances.

We later show that the conditional variances of the unobservables (prediction er-

rors) in the approximation converge to positive constants, and thereafter the evolution

of the variables in the model depend only on these constants and on the mean beliefs

about the capital stock, TFP and ISTC. We will focus on the economic implications

of the model when beliefs about these conditional variances are stable.
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1.3.1 Transformation of beliefs

The equations for computing the evolution of the beliefs are the capital accumulation

equation (1.1), the production function (1.2) and the signal process (1.3).

For any variable Xt, define Xt ≡ X̄eX̃t , so X̃t = logXt − log X̄, and X̄ is the

steady state value of variable X. For small deviations, X̄eX̃t ≈ X̄(1 + X̃t), which

enables the linearization of the system.

Then we can rewrite these functions as a linear system:

ỹt = zt + αk̃t + (1− α)ñt

φ̃t = πφ̃t−1 + (1− π)qt + vt

k̃t =
(1− δ)
egk

k̃t−1 +
ı̄

k̄egk
ı̃t−1 +

ı̄

k̄egk
qt−1

Together with the stochastic processes for TFP and ISTC (whereby zt+1 = ψzt+

εt, εt ∼ N(µε, σ
2
ε) and qt+1 = ρqt + wt, wt ∼ N(µw, σ

2
w)) we now have a discrete

time, linear and time varying state space system, where the measurement equations

are:

 ỹt − (1− α)ñt

φ̃t

 =

 1 0 α

0 1− π 0

 ·


zt

qt

k̃t

+

 π 0

0 0

 ·
 φ̃t−1

ı̃t−1

+

 0

vt



or in matrix notation
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st = Hxt + Byt + ηt

where st =
{
ỹt − (1− α)ñt, φ̃t

}
is termed the observation vector, xt = {zt, kt, qt} is

the state vector and yt =
{
φ̃t−1, ı̃t−1

}
includes the observed variables. The state

equations are:


zt

qt

k̃t

 =


ψ 0 0

0 ρ 0

0 ı̄
k̄egk

(1−δ)
egk

 ·


zt−1

qt−1

k̃t−1

+


0 0

0 0

0 ı̄
k̄egk

 ·
 φ̃t−1

ı̃t−1

+


εt

wt

0


or

xt+1 = Fxt + Gyt + ωt

where ωt is the shock vector on the state variables, which follows N(0,Q);and ηt is

the shock vector on the signals, which follows N(0,R). R and Q are by assumption

constant over time, as are matrices H, B, F and G.

In order to obtain a Gauss-Markov process, we make assumptions on the initial

values of the random variables:

Condition 1 The initial TFP shock z−1 is a random Gaussian variable, independent

of the noise processes, with z−1 ∼ N(z0|−1,Σ
Z
0 )

Condition 2 The initial ISTC shock q−1 is a random Gaussian variable, independent

of the noise processes, with q−1 ∼ N(q0|−1,Σ
Q
0 )

Condition 3 The initial capital k̃−1 is a random Gaussian variable, independent of

the noise processes, with k̃−1 ∼ N(k̃0|−1,Σ
K̃
0 )

The first two conditions are not restrictive from the perspective of the literature.
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The shock processes for neutral and investment specific productivity are generally

modeled as being log normal. The third is the key assumption for enabling the

approximation procedure implemented in what follows of the paper.

Since the noise sequences {εt}, {wt} and {vt} are Gaussian, and given that the

initial conditions are Gaussian as assumed above, it is straightforward to show that

the process of beliefs {zt, qt, k̃t} and the process of signals {ỹt − (1 − α)ñt, φ̃t} are

(jointly) Gaussian as well. The proof is in the Appendix. In addition, given the

assumption that {vt} is white noise and independent of initial values of z−1, q−1 and

k̃−1, the vector {zt, qt, k̃t} becomes a Markov process, which can be characterized using

the Kalman filter. Thus, means and covariances are sufficient for the characterization

of the linearized model.

1.3.2 Evolution of linearized beliefs

Consider period t, after the signals yt and φ̃t regarding zt, qt, and k̃t are observed.

Combined with the prior beliefs regarding these fundamentals, the social planner can

derive posterior beliefs about zt, qt and k̃t using Bayes’ rule. Then, given posterior

beliefs about zt, qt and k̃t, the social planner can derive prior beliefs for zt+1, qt+1 and

k̃t+1, using the state updating process. This Bayesian learning process is implemented

using a discrete time Kalman filter. For Gauss-Markov models, the Kalman filter is

the optimal minimum mean square error (MMSE) state estimator of the uncertain

state variables, under Conditions 1-3 and given the log-linear approximation. See, for

example, Chen (2003).

The detailed derivations and calculations of prior and posterior beliefs are shown

in Appendix 2. The key equations are listed below:

The evolution of posterior beliefs about the values of TFP, ISTC and the capital
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stock are described by:

xt|t = xt|t−1 + ΣtH
T (HΣtH

T + R)−1(st −Byt −Hxt|t−1) (1.6)

The posterior variances are then:

σt = Σt−ΣtH
T (HΣtH

T )−1HΣt

where xt|t =


zt|t

k̃t|t

qt|t

 , the posterior mean for period t; xt|t−1 =


zt|t−1

k̃t|t−1

qt|t−1

, the

prior mean for period t; Σt =


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t

 , the prior covariance matrix

for period t; and σt =


σZt σK̃,Zt σZ,Qt

σK̃,Zt σK̃t σK̃,Qt

σZ,Qt, σK̃,Qt σQt

, the posterior covariance matrix for

period t.

In addition, the updating process for prior beliefs and covariances are:

xt+1|t = Fxt|t + Gyt

Σt+1 = FσtF
T + Q

Notice that posterior beliefs regarding TFP, ISTC and the capital stock, which

influence the optimal choice of investment and labor, are affected by the prior beliefs
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regarding these uncertain variables and by the realized signals which are determined

by the realized but unobserved shocks εt, wt and vt, as well as the learning process.

Using the Kalman filter, economic agents derive their best estimate of the uncertain

state variables.

Posterior beliefs

The covariance matrices of the shocks (Q and R) and of the prediction errors (Σt and

σt) not only represent the volatility of the stochastic shocks and unobserved variables,

but also affect the Bayesian updating process and therefore the decisions of economic

agents. Thus, both means and variances of the unobservables matter directly for the

first-order dynamics of the model.

In our model, the prior and posterior covariances of the unobservables Σt and

σt are stationary processes, provided that the coefficients of the learning matrices (F

and H) and the covariances of the shocks (Q and R) are not time-varying. In order

words, Σt and σt do not depend on the signals observed in each period. They can

therefore be computed in advance using the algebraic Riccati Equation, given the

system matrices and the shock covariances.

Proposition 1 ∀Σ0, ∃!Σ : limt→∞Σt = Σ where −∞ < ‖Σ‖ <∞.

Proof. Theorem 13.2 in Hamilton (1994) implies the result provided the eigenvalues

of F are inside the unit circle. This reduces to the condition that |ψ| < 1, |ρ| <

1,
∣∣∣ (1−δ)egk

∣∣∣ < 1. The first two are satisfied by assumption and the third is because

δ ∈ (0, 1) and gk > 0 as a consequence of Assumption 0.

However, the evolution of beliefs about means, represented by the unobserved

state variables xt, is dependent on realized signals as well as on the term Pt ≡

ΣtH
T (HΣtH

T + R)−1 which is known as the optimal Kalman gain. The optimal

28



Kalman gain assigns a measure of uncertainty to the estimation of the current state.

If the gain is high, the learning process places more weight on the observations, and

thus follows them more closely. With a low gain, the learning process follows the

model predictions (the prior beliefs) more closely, smoothing out noise but decreasing

the responsiveness to signals. For example, if the volatility of noise captured by R

is large, the information embodied in the signal φ̃t would receive less weight in the

learning process and be followed less closely by agents. In our model, the stationary

value of the Kalman gain matrix P ≡ ΣHT (HΣHT +R)−1 depends on the structural

parameters of the economy, such as α, π and δ, the covariances of the shocks Q and

R, and the constant prior covariances Σ. Hence, the steady state Kalman gain is also

a constant and can be computed based on the values of the model parameters and

the shock covariances: the realizations of the state variables do not matter.

1.3.3 Properties of beliefs

We now study the role of expectations in economic fluctuations in the context of the

model. We can write out the simplified evolution of posterior beliefs in equation (1.6)

as:

zt|t = zt|t−1 + P1,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1) + P1,2(φ̃t − πφ̃t−1 − qt|t−1)

qt|t = qt|t−1 + P3,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1) + P3,2(φ̃t − πφ̃t−1 − qt|t−1)
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k̃t|t = k̃t|t−1 + P2,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1) + P2,2(φ̃t − πφ̃t−1 − qt|t−1)

Here Pi,j is the row i and column j of the Kalman gain once Σt → Σ. Then,

in order to demonstrate the discrepancy between the beliefs and the actual values of

the uncertain fundamentals, we compute the difference between the posterior beliefs

and the actual values for TFP, ISTC and capital respectively.

Starting at a steady state, the discrepancy between the beliefs and the actual

values can be summarized by a reduced VAR(1) system. Defining Xt =


zt|t − zt

qt|t − qt

k̃t|t − k̃t

,

Appendix 3 shows that:

Xt = µ+ ΞXt−1 + Ωut.ut ∼ N(µ,Θ). (1.7)

where µ =


−πP1,2

−πP3,2

−πP2,2

 φ̃t−1 is the mean vector of the reduced shocks, and Θ is their

variance-covariance matrix. Ξ is a linear function of the Kalman gain matrix P and

the parameters of the model, including the persistence parameters and other standard

30



parameters. Here, ut = {εt, wt, vt}, whereas

Ξ=


(1− P1,1)ψ −(P1,2ρ+ P1,1α

ı̄
k̄egk

) −P1,1α
(1−δ)
egk

−P3,1ψ (1− P3,2)ρ− P3,1α
ı̄

k̄egk
−P3,1α

(1−δ)
egk

−P2,1ψ (1− P2,1α) ı̄
k̄egk
− P2,2ρ (1− P2,1α) (1−δ)

egk



Ω =


(P1,1 − 1) P1,2 P1,2

P3,1 (P3,2 − 1) P3,2

P2,1 P2,2 −P2,2



Since the evolution of beliefs is affected by the accuracy of agents’ initial ex-

pectations, as well as by the Kalman gain which captures agents’ confidence in their

estimation, the factors that aid agents in learning about different fundamentals de-

pend on parameters. For example, given the parameter values used later in the

quantitative analysis, when σv rises, P1,1, P2,1 and P3,1 all rise, whereas P1,2, P2,2 and

P3,2 all fall. This implies that as the noise about φ̃t becomes more volatile, the learn-

ing updates less with information about φ̃t, but more with information ỹt. When π

drops, P2,1 and P3,1 fall whereas P2,2 and P3,2 rise. Since a higher π indicates that the

correct ISTC value qt carries more weight in the current signal φ̃t, the information

in φ̃t becomes a better indicator of qt and therefore the learning process places more

weight on φ̃t. P1,1 and P2,1 are barely influenced, however, as learning about zt is

mainly dependent on realized output ỹt.

We explore the properties of the learning process and its implications for the

aggregate dynamics of the model. For these Propositions we assume:

Assumption 1 Σt= Σ : the variance-covariance matrix has converged to its long

run value (steady state value).

Assumption 1 is not required for the following results: however we adopt As-

sumption 1 because it simplifies notation, and because we assume Σt= Σ in the
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quantitative work that follows.

Lemma 1 All the elements of Pt are generically non-zero unless there is no uncer-

tainty (i.e. unless zt and qt are perfectly observed and there are no unanticipated

shocks to either variable.)

Proof. As shown before, P ≡ ΣHT (HΣHT + R)−1, where Σ = FσFT + Q. Since

both FσFT and Q are positive definite, Σ = 0 if and only if FσFT = 0 and Q = 0.

If P = 0, i.e., P1,1 = P1,2 = P2,1 = P2,2 = P3,1 = P3,2 = 0, then it must be that

σ = 0 and Q = 0. On the other hand, since σ = E(Xt−Xt|t)(Xt−Xt|t)
′, it equals to

zero only the expected value equals to the actual value, implying the TFP and ISTC

are observed, and since Q is the variance covariance matrix of the unobserved shocks

then Q = 0 also means no disturbances occur. This is contradicts the assumption of

the framework. Therefore in general all the elements of P are not zero unless there

is no uncertainty.

Lemma 2 Lemma 1 is true even when the signal is not persistent, i.e., π = 0.

Proof. Given P ≡ ΣHT (HΣHT+R)−1, in the Appendix we show that H =


1 0

α 0

0 1


when π = 0. Again, so long as there is uncertainty, i.e.,Q 6= 0 and σ 6= 0, ΣHT and

HΣHT + R will not equal 0. As a result Pt 6= 0.

Proposition 2 A shock to either of εt, wt or vt generates a discrepancy between the

actual and expected values of zt, qt and kt, even if agents’ expectations were

previously correct (µ = 0) .

Proof. Without initial uncertainty, in equation (1.7) we have ΞXt−1 = 0. Since we as-

sume the economy starts at a steady state without previous shocks, µ = 0 as well. The
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change in the expectation is reduced to


(P1,1 − 1) P1,2 P1,2

P3,1 (P3,2 − 1) P3,2

P2,1 P2,2 −P2,2




εt

wt

vt

.

Lemma ?? proves that the matrix in front of ut = {εt, wt, vt} is not diagonal in

that none of the Kalman gain factors is zero generically. Therefore if any element of

ut 6= 0 there will be a discrepancy between the expected and true states for all the

unobservable variables next period.

This deviation between expectations and actual values can serve as a transmis-

sion mechanism for technology shocks. For example, when there is a shock to TFP,

not only will it influence TFP and the economy in a way similar as in the stan-

dard RBC model, it also influences the beliefs about all the three unobservables. Of

course, whether this learning process propagates or weakens fluctuations depends on

how agents understand and filter the information contained in various signals. For

example, if agents observe an increase in the signal φ̃t, they may tend to behave

conservatively due to the fact that the signal may be wrong and they are risk-averse.

As a result, movements in investment and output could be less volatile than under

certainty.

Proposition 3 Under Assumption 1, a discrepancy between actual and expected val-

ues for any of z, q, and k generates uncertainty for all of z, q and k in the

subsequent periods, even when there are no shocks (εt = wt = vt = 0).

Proof. Starting with the stationary Kalman gain, and with εt = wt = vt = 0, beliefs

evolve according to
(1− P1,1)ψ −(P1,2ρ+ P1,1α

ı̄
k̄egk

) −P1,1α
(1−δ)
egk

−P3,1ψ (1− P3,2)ρ− P3,1α
ı̄

k̄egk
−P3,1α

(1−δ)
egk

−P2,1ψ (1− P2,1α) ı̄
k̄egk
− P2,2ρ (1− P2,1α) (1−δ)

egk




zt−1|t−1 − zt−1

qt−1|t−1 − qt−1

k̃t−1|t−1 − k̃t−1

. The

matrix in front of the expectation is not diagonal: thus any of the uncertainty in
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the initial state would generate deviations in other variables and thus fluctuations in

expectations.

Take the TFP shock z as an example. Suppose initially, the expectation of q

and k̃ coincide with their actual values, so that qt−1|t−1 − qt−1 and k̃t−1|t−1 − k̃t−1 are

zero, whereas zt−1|t−1 − zt−1 6= 0. This initial difference not only leads to a deviation

of expectation over z for period t, but also influences the expectation of qt and k̃t,

making all the expectations deviate from their actual values thereafter, which in turn

would influence the decisions of economic agents. As a result, initial uncertainty could

still influence economic dynamics even with no subsequent noise.

Proposition 4 Assuming there is no further noise, after a period with shocks, the

discrepancy between the expectations and the actual values of z̃, q̃ and k̃ con-

verges to zero provided |
∑∞

i=0 Ξi| <∞.4

Proof. The unconditional mean of the discrepancy of Xt using backward substitution

yields

lim
t→∞

EXt = E[
∞∑
i=0

Ξiut−i] =
∞∑
i=0

ΞiE[ut−i] = 0.

Starting from arbitrary initial values of the discrepancy, economic agents are

able to learn from the observed signals and update their beliefs gradually. Their

expectations will eventually be consistent with the actual values of these unobserved

fundamentals. Thus, only the repeated introduction of noise allows uncertainty to

affect macroeconomic dynamics indefinitely.

Using the above, we now prove an important result. Since any shock affects

beliefs regarding all state variables, and since these beliefs wear away only gradually,

4Although we cannot prove this property in general, we find that this assumption holds for
empirically relevant parameters.
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a non-fundamental or noise shock can have a persistent effect on all variables. This

is true even when noise itself is not persistent.

Proposition 5 Suppose that π = 0, so that noise shocks are not persistent. A noise

shock vt 6= 0 leads the expected values of z, q and k to deviate from their actual

values in all subsequent periods.

Proof. Starting with no expectational errors, when there is a noise shock in period t,

we have 
zt|t − zt

qt|t − qt

k̃t|t − k̃t

 =


(P1,1 − 1) P1,2 P1,2

P3,1 (P3,2 − 1) P3,2

P2,1 P2,2 −P2,2




0

0

vt


By Lemma 2, the expected values of z, q and k are all influenced by the shock v and

therefore deviate from the actual values at t. For the next period t+ 1, we have


zt+1|t+1 − zt+1

qt+1|t+1 − qt+1

k̃t+1|t+1 − k̃t+1

 =


−πP1,2

−πP3,2

−πP2,2

 φ̃t+


(1− P1,1)ψ −(P1,2ρ+ P1,1α

ı̄
k̄egk

) −P1,1α
(1−δ)
egk

−P3,1ψ (1− P3,2)ρ− P3,1α
ı̄

k̄egk
−P3,1α

(1−δ)
egk

−P2,1ψ (1− P2,1α) ı̄
k̄egk
− P2,2ρ (1− P2,1α) (1−δ)

egk

 ∗


zt|t − zt

qt|t − qt

k̃t|t − k̃t


No matter whether the signal is persistent, i.e., no matter whether π = 0 or not,

since the expected values of z, q and k are all influenced by the shock v at period t,
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
zt|t − zt

qt|t − qt

k̃t|t − k̃t

 6= 0, so


zt+1|t+1

qt+1|t+1

k̃t+1|t+1

 will also be different from their actual values at

t+ 1.

1.4 Quantitative Analysis

We now analyze numerically the behavior of the model economy. It is worth noting

that, unlike a standard model where it is assumed that the current values of fun-

damentals are observed, the basis for approximation is not the deterministic steady

state. Instead, in the baseline agents are uncertain about the values of fundamentals.

The extent of uncertainty (variance) has converged to a positive constant, following

Assumption 1.

1.4.1 Calibration

To proceed with the numerical analysis, we must select a functional form for the utility

function U . We follow Hansen (1985) and Rogerson (1988) in assuming that

U (ct, nt) = log (ct)− ξnt

which is equivalent to assuming an environment with a more general utility function

and indivisible labor.

Then, following Kydland and Prescott (1982), we assign values to as many model

parameters as possible from exogenous sources. Most of these values are standard.

As in the related study of Fisher (2006) the discount factor is β = 0.99. The capital

share is set to α = 0.33, which is a standard value in the literature. The depreciation
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rate is δ = 0.025 as in Hansen (1985), which is in the middle of the quarterly depre-

ciation rates for equipment and structures estimated in Greenwood et al (1997). The

detrending parameter for the capital stock at a quarterly frequency is gk = 1.0077

which is consistent with the rate of secular decline in the relative price of capital and

the rate of investment growth in Greenwood et al (1997). We set the disutility of

labor ξ = 0.84 so that employment is 0.91 in the steady state, which is the ratio of

employment to working age population in post-war US data.

The rest of the parameters characterize the evolution of beliefs and productivity

shocks. They are the parameters representing the conditional covariances of the

prediction errors and the stochastic shock processes ψ, ρ, π, σv, σw, σε. In order to

jointly estimate these parameters, we use an unobserved components model with the

Kalman filter technique. In this model, φ and y are treated as observed measurement

variables, whereas zt, qt, and k̃t are unobserved state variables. See Appendix 4 for

details.

We perform the estimation by matching the measurement variables of the Markov-

Gauss process from our model with the observed quarterly data: y, φ, n and i. Data

are extracted from National Income and Product Accounts (NIPA) dataset, between

1964Q1 and 2013Q3. Variable y corresponds to real GDP, obtained by dividing nom-

inal GDP by the chain-weighted deflator for consumption of nondurable and services.

Variable i corresponds to real investment. We define investment as consumer expen-

ditures on durables and gross private domestic investment. We construct the real

series for investment in the same manner as real GDP. Variable n corresponds to

labor input. We measure the labor input by the hours of all persons in the non-farm

business sector, divided by the population. Finally, we use the relative price of capi-

tal goods to consumption goods as the signal φ of ISTC q. Normally this is used to

measure ISTC, e.g. in Greenwood et al (1997) or Greenwood et al (2000): instead,
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we view it as an indicator of the information agents have about q, which may contain

errors. The relative price corresponds to the ratio of the chain weighted deflators for

investment and consumption as defined above. For investment we rely on deflators for

consumption of durable goods and private investment. In the state space equations,

all variables are defined as the log deviation from the steady state. Therefore, before

estimating, we need to transform the observed data into the percentage deviation

from the trend (using the HP filter, as is standard, to focus on business cycle fre-

quencies), so that the resulting data have the same conceptual meaning as the model

variables ỹ, φ̃, n and ı̃.

The parameters that result from this procedure are shown in Table 1. The pa-

rameters of the TFP and ISTC processes are quite standard: TFP is highly persistent

and ISTC is much less so. On the other hand, the signal process has never been es-

timated before. We find that the persistence parameter of signal is 0.47, which so

that the half life of a noise shock is about one quarter. The standard deviation of the

ISTC is the largest, so the ISTC shock is most volatile. The standard deviation of the

noise shock is smaller than that of ISTC but bigger than that of TFP, indicating that

the noise shock is a significant source of volatility at business cycle frequencies

The parameters of the stationary Kalman gain matrix are also of interest as

they measure how the learning process places weight on the two signals and on prior

beliefs. P1,1 is the Kalman gain factor regarding information from output when up-

dating z. The value of 0.998 indicates that the most important information source for

updating beliefs about z is the observation of output. P1,2 is the information from the

observation of φ for the learning, and a value of −0.004 means that an observation of

a higher ISTC signal φ leads to a downward revision of expectations of z. Intuitively,

a higher value of φ implies that q may be higher than was initially expected, and

therefore z might not be as high as initially expected to account for a given observa-
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tion of GDP. P2,1 and P2,2 are the Kalman gain factors regarding information from

observed output and from the signal φ respectively when updating beliefs about k.

The values indicates that a larger portion of the update on k comes from the signal φ

than output, and the rest is from the prior belief on k. P3,1 and P3,2 are Kalman gain

factors regarding information when updating q. The values are positive, indicating

that a higher output and φ will increase the expected value of q, and the information

from φ is more important than information from output when updating beliefs about

q, but most of the updated belief about q comes from the prior beliefs about q rather

than the information from the signals. This suggests that in the environment with

uncertainty the dynamics of beliefs about q might lead to increase persistence in the

response to innovations to q.

Based on the estimation, it is also interesting to investigate how the precision of

signal φ is dependent on the noise, measured by σv. A related notion is the ”signal-to-

noise” ratio (SNR) used in science and engineering that compares the level of a desired

signal to the level of background noise. We can define the precision of the signal φ as

the ratio of meaningful information to noise (an ”unwanted signal”). Since the signal

has a zero mean, the ratio can be expressed as a conditional relative volatility of the

signal to the noise:

SNR =
σ2
φ

σ2
v

=
(1− π)2σ2

w + σ2
v

σ2
v

= 1 + (1− π)2σ
2
w

σ2
v

For the baseline estimation, given π = 0.47, σw = 0.013 and σv = 0.01, we obtain

an SNR of 1.475. One thing to note is that, this ratio is bigger than unity regardless

of the values of parameters, which means the signal has more information than noise.

This is the reason why beliefs converge to the underlying fundamentals eventually.

Another observation is that, when σv increases, indicating more noise, the signal-to-

noise ratio will decrease and therefore the signal will become less precise.

39



1.4.2 Business cycle facts:

In order to understand the implications of uncertainty for the business cycle, we

compare the business cycle facts implied by several related models. First, we look

at the benchmark model with uncertainty and Bayesian learning, denoted Model U.

We also look at the the model with uncertainty but no persistent learning, denoted

as Model A. This is is the model where all technology shocks are seen without any

uncertainty about current values, but the choice of labor must be made before these

values are revealed. Third, we look at the model without uncertainty and learning (a

standard RBC model), denoted as model B, in which there is no uncertainty about

current values and labor is chosen after observing these values. This way we can

distinguish between the impact of uncertainty and the impact on macroeconomic

dynamics of choosing labor before observing shocks. The following table is derived

from a simulation with 1100 periods, dropping the first 100 observations.

By comparing the simulated statistics of these three models, we learn what gen-

erates differences in behavior between our model with uncertainty U and the standard

Model B. See Table 2. We begin comparing Models A and B to net-out first of all

the impact of ”time to build” in labor. The main difference is that the volatility of

investment and labor relative to that of GDP are larger in the standard Model B

than when labor is pre-chosen (Model A), whereas that of consumption is a bit lower.

When productivity rises today in model B agents can respond by increasing labor,

boosting GDP even further, whereas the fact that the agents will not be able to re-

spond optimally next period until after the shocks are revealed in model A introduces

caution into optimal decisions. The correlation of labor with GDP is much smaller in

Model A because it is chosen before observing shocks as is to be expected. However,

the correlation of consumption with output is positive in Model A, an improvement

compared to the standard Model B where this correlation is negative, consistent with
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business cycle models such as Campbell (1998) where ISTC is the main driver of the

business cycle and there are no adjustment costs nor other features (including uncer-

tainty itself) that overcome agents’ or the planner’s optimal reaction to an observed

positive ISTC shock, which is to invest heavily. Thus, differences in the timing of

input decisions have some impact on model behavior.

Next consider the comparison of Model U with uncertainty with Model A, so the

difference is whether agents observe the actual shocks or just signals of the shocks

when production takes place. We find that the inclusion of uncertainty and learning

further reduces the relative volatility of investment and hours worked, with that of

consumption rising slightly. This is because ISTC shocks tend to lead investment

to be procyclical and consumption to be countercyclical, as mentioned, whereas the

inability to clearly identify ISTC shocks leads agents to respond to perceived changes

in ISTC more conservatively. As a result, uncertainty also weakens the correlation

of investment with output, but increases the correlation of output with hours worked

and consumption.

Furthermore, comparing the simulated statistics from model U with the data in

Table 2, we find that the model with uncertainty and Bayesian learning improves

the most over the other models in terms of the correlation of consumption with

output – even though none of the models provide an exact match to this correlation,

possibly due to the missing dynamics influencing consumption, such as price rigidities

or features of the utility function such as habit formation that are known to dampen

the countercyclical response of consumption to ISTC shocks as in Campbell (1998) –

see Ma (2015) for a model with such features. Even so, the model generates a fairly

good correlation of investment with output, even if the relative volatility is slightly

better approximated by the model with different timing only (Model A).
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1.4.3 Impulse Response Functions

In order to illustrate the influence of different shocks in the ”uncertain” economy, we

perform quantitative experiments by calculating the impulse responses of variables to

each individual shock. To do this, we employ Assumption 1, and also:

Assumption 2 z0|0 − z0 = q0|0 − q0 = k̃0|0 − k̃0 = 0.

In the initial period, the economy is assumed to be initially in a ”correct” steady

state where all variables are in the steady state value of zero and the believed output,

capital stock and productivity values are accurate and identical to the actual output,

capital stock and productivity values. When doing this analysis, we as modelers

know that agents’ beliefs of economic variables coincide with their true values. The

economic agents, however, do not know this. They continue to expect shocks and also

noise, so that the variance of their beliefs does not trend to zero, rather it converges

to the stationary values discussed in the previous Section, as per Assumption 1. The

responses following the shocks are measured using the percentage deviation from the

steady state values. Variables, except for beliefs, respond at current period when

there is a current shock. The responses of beliefs about productivities, however,

reflect changes in the posterior beliefs about the current shocks i.e. the prior beliefs

for the following period.

Total factor productivity shock

In Figure 1, we plot the influence of a one standard deviation shock to TFP. The

solid line depicts the effects under benchmark framework with imperfect information

(Model U), the dashdotted line depicts the model where there is no uncertainty but

the choice of labor is made before observing z and q (Model A) and the dashed line

depicts the standard Model B.

42



All three models generate similar persistent responses of output, investment, con-

sumption, and hours worked when there are TFP shocks. The reason why uncertainty

does not influence the response of the economy to TFP shocks is that:

1. In Figure 1 we have assumed the economy starts with the steady state values of

z, q and k. At the beginning before any shock happens, agents’ beliefs coincide

with the true productivity values and capital stock – even if they do not know

this.

2. Even though agents cannot observe the actual realized values of the TFP shock,

their beliefs regarding its value when a shock hits converge quickly to its actual

value. Since agents choose consumption and investment conditional on their

beliefs, the initially accurate beliefs and the rapid convergence mean that agent

behavior is close to what would be optimal if they were to properly observe

fundamentals.

The speed of the convergence between agents’ expected values and the actual

value) is rapid after a TFP shock. Based on the simulation, the initial difference be-

tween zt|t and zt is 0.4%, and drops to barely 0.005% at the second quarter. Similarly,

the difference between qt|t and qt is also very small, only 0.001% in the first period,

declining to essentially zero by the 5th quarter.

It is worth pointing out that for one period the IRFs for output and investment

in models U and A are very different from B. This is because of the fact that labor

input is chosen before shocks or signals are observed in Models U and A.

Investment specific technology shock

The dynamics of an ISTC shock are richer. In Figure 2, the solid line depicts the

effect on economic variables of a one standard deviation shock to ISTC. The evolu-
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tion of economic variables is more persistent in Model U than in A and B. This is

because even if ISTC returns to its steady state value after around 8 quarters, the

expected value according to agent beliefs does not do so until after the 10th quarter.

Expected TFP also rises gradually and persistently, because subsequent increases in

output are attributed at least partly to a possible increase in TFP even though there

is no change in the actual value. Similarly, beliefs about ISTC are different from the

actual values due to the fact that agents can only observe a noisy signal for ISTC.

As shown, expected ISTC is smaller than actual ISTC, and the convergence of the

two variables takes much longer than that of TFP. Investment under uncertainty is

thus smaller initially than without uncertainty, since agents’ decisions are influenced

by expected productivity values rather than the realized values. When agents ob-

serve the increased signal φ (which reflects increased ISTC rather than any noise),

they interpret it as a combination of the change in the disturbance and in the ISTC

shock. Consequently, they tend to behave conservatively which leads to slightly less

investment in subsequent periods. As a result, output is also lower. However, since

expected TFP is higher than the actual one, output becomes higher in the medium

run than without uncertainty, and as a result of this belief so does investment and

labor.

The convergence of agents beliefs to the actual values of variables is much slower

when there is an ISTC shock. Based on the simulation, the initial difference between

qt|t and qt is 1.29%, dropping to 0.20% by the fourth quarter and to 0.02% by the

eighth quarter. However, the difference between zt|t and zt is persistent: it increases

to the peak of 0.29% in the sixth quarter and only declines to 0.19% by the 20th

quarter. This explains why the response of output is also quite persistent when ISTC

shocks occur.
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1.4.4 Noise shocks and fluctuations

We now study how the impact of noise shocks on aggregate dynamics. Figure 3 shows

the effects on economic variables of a one standard deviation (positive) noise shock,

interpreted as a wave of excessive optimism regarding ISTC. Investment increases

immediately and, since nothing has occurred to raise GDP, consumption falls. Agents

know that the observed signal could be due either to noise or to an actual increase in

ISTC, but put some weight on both possibilities. Their subjective expected value of

ISTC rises, and agents invest more. In the following period, an increase in the believed

capital stock and the belief that ISTC remains high (since it is persistent) leads to

an increase in output and investment, while consumption returns to trend slowly.

Interestingly, after the initial shock since agents are not fully sure that the increase in

output is due to an increased effective capital stock they also put some weight on the

possibility that an increase in zt is at least partly responsible in future periods – even

though zt has not changed. Thus, agents’ misconceptions regarding ISTC and TFP

persist over time, and investment and output return only gradually to their steady

state values – more gradually than in models where there is no uncertainty. Indeed,

their beliefs about qt change quite little. Agent beliefs about ISTC adjust very slowly,

whereas the signal is not something the agents put much weight on.

Notice that π = 0.54, so the half-life of a noise shock is about one quarter. In

contrast, Figure 3 shows that the half life of the impact of the noise shock on output

is over 10 quarters. This is because of the persistent impact of noise on beliefs: it is

only gradually that agents learn that the noise shock was indeed just noise.
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1.4.5 Biased beliefs and fluctuations

In the previous simulation we compute impulse response functions under the as-

sumption that agents have no expectational errors at the moment of shock impact

– Assumption 2. However, in our analytical study, we show that any deviation of

the expectation from the actual value of the uncertain economic fundamentals could

affect economic dynamics until the discrepancy converges to zero.

We illustrate the impact of biased beliefs by assuming the economy starts with

an expectation of q that differs from the actual value. Initially, rather than at 0, qt|t

is assumed to be at a value equivalent to the magnitude that would be on the impact

of a one standard deviation shock to q, whereas the initial expectations of z and k

are still accurate. At the same time, the economy experiences a shock that is the

same as the ISTC shock studied in Figure 2. Under this assumption, we calculate

the dynamics of macroeconomic variables in response to the shock, and compare it

to the situation when the initial expectation about q is accurate, as shown in Figure

2.

In Figure 4, when the initial belief about q exceeds the actual value, the dynamics

of beliefs back to the steady state and the impact on beliefs of the shock become

convolved. The expected TFP is not as big initially compared to when the beliefs are

accurate as shown in Figure 2, due to the fact that a higher belief about q slightly

decreases belief about z initially, as shown in the calibration. However, the expected

TFP is bigger thereafter. As a result, output and consumption are also bigger than

that in Figure 2. Gradually, agents adjust their beliefs such that the expected TFP

and ISTC fall and therefore investment and output fall.

What if when the initial belief of q is smaller than actual q and at the same time

there is a positive shock to q? Figure 5 shows this scenario. The expected q is smaller
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compared to that in Figure 2, where the simulated economy also experiences a shock

on q but the initial belief is correct. Surprisingly, we find similar paths compared to

those in Figure 4, even though the expected q is different. This is probably due to the

fact that expected TFP follow similar paths and it dominates agents’ choices.

1.5 Conclusion

We propose a general dynamic stochastic model with uncertain productivity values

and Bayesian learning to study the effects of technology shocks and a noise shock

on macroeconomic fluctuations in an environment with uncertainty about current

fundamentals. We show that TFP shocks generate similar behavior under uncertainty

and certainty, whereas ISTC shocks generate smaller responses initially but bigger

and more persistent responses in the medium run. Furthermore, a non-persistent

noise shock regarding the investment specific technology changes agents’ behavior

persistently, even though the underlying fundamentals governing the economy remain

unchanged. This is because the noise shock not only affects beliefs about investment

specific technology, but also about neutral productivity.

At a broad level, the paper delivers an important generalization result: the impact

of TFP shocks is robust to the introduction of uncertainty about current fundamen-

tals. At the same time, this is not true of ISTC shocks, which the literature has

increasingly emphasized as a source of variation in aggregate time series. Instead,

the response to ISTC shocks and the response to noise regarding ISTC are both

persistent. Thus, uncertainty about fundamentals introduces increased persistence

in macroeconomic time series. This persistence is something that a policy authority

can do little to ameliorate unless they have access to information to which agents do

not. Ma (2015) studies monetary policy in an environment with uncertainty such as
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ours, but with additional features of preferences and technology that are typically

incorporated into models for policy analysis. In addition, an extension of the model

might be suitable for addressing is the fact that GDP itself may be observed with

error. Collard et al (2009) study an environment with error, but ISTC is not a feature

of that model and, as suggested by the current paper, the implications when ISTC is

observed with error are likely to be significantly different. In addition, it could be that

the extent of noise in the signaling process is time-varying, long the lines of Bloom

(2009), which would introduce possibly interesting interactions between volatility and

learning dynamics. These extensions are left for future work.
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1.6 Tables and Figures

Table 1.1: Calibrated Parameters in the Model Economy

From literature β = 0.99, α = 0.33, δ = 0.025, gk = 1.0077, ξ = 0.84

Estimated ψ = 0.96, ρ = 0.54, π = 0.47, σε = 0.004, σw = 0.013, σv = 0.01

Kalman Gain

P1,1 = 0.998 P1,2 = −0.004

P2,1 = 0.035 P2,2 = 0.676

P3,1 = 0.005 P3,2 = 0.012

Table 1.2: Business Cycle Statistics in Different Model Economies

x = I L C MPL

Data

σx/σY 3.341 0.924 0.810 1.285

corr(x, Y ) 0.845 0.781 0.770 0.431

Model U

σx/σY 3.102 1.268 0.638 0.480

corr(x, Y ) 0.840 0.592 0.317 0.401

Model A

σx/σY 3.410 1.350 0.635 0.540

corr(x, Y ) 0.860 0.346 0.138 0.491

Model B

σx/σY 4.099 1.393 0.583 0.583

corr(x, Y ) 0.931 0.934 -0.392 0.513

Model U is the model in the paper. Model A displays no uncertainty about fundamentals

but fundamentals are not observed when labor is chosen. Model B displays no uncertainty

and labor is chosen after fundamentals are observed.
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Figure 1.1: Effects of TFP Shock.
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Figure 1.2: Effects of ISTC Shock.
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Figure 1.3: Effects of Noise Shock under ”Uncertain” Economy
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Figure 1.4: Impact of Positively Biased Beliefs.
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Figure 1.5: Impact of Negatively Biased Beliefs.
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2 Attenuated or Augmented? Monetary
Policy under Uncertain Economic States
and Learning

2.1 Introduction

Monetary stabilization policy conducted in terms of the interest rate or other im-

plements has been extensively studied in the literature and at central banks. The

most commonly used New Keynesian framework to evaluate policy actions is based

on the assumption that economic agents can observe the true state of the economy,

except for some unforecastable future random shocks. If the central bank could dif-

ferentiate among various shocks hitting the economy and set policies accordingly,

the policy action would be simple: accommodate supply shocks and offset demand

shocks. However, as emphasized by Bernanke (2007), policy-makers face substantial

challenges in determining the sources of variation in macroeconomic variables. What

can policy-makers do when supply and demand disturbances are unobserved and in-

distinguishable? In particular, are standard policy rules still appropriate to stabilize

the economy? What constraints does it create for policy making, if any? What are

the welfare effects of different policy actions in this case?

I address these questions by developing a novel New Keynesian Dynamic Stochas-

tic General Equilibrium (DSGE) model featuring uncertain economic state, and in-

vestigating its implications for economic dynamics and monetary policy. This model

allows for a micro-founded treatment of uncertainty about aggregate supply and de-

mand disturbances, specified as the unobservability and indistinguishability between

supply-side total factor productivity (TFP) shocks and demand-side investment spe-

cific technology (IST) shocks.1 In the modeled economy, private agents and policy-

1TFP measures how effectively inputs are utilized in production. IST is associated with improve-
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makers can never separately observe or distinguish the TFP and IST shocks.2 Instead,

agents know the processes disciplining the evolution of these unobserved productivi-

ties and have access to two informative signals about these productivities. One signal

is the realized output, which provides combined information about TFP and the ef-

ficiency units of capital whose evolution is dependent on IST. The other signal is a

noisy indicator of IST. The error term in this signal is interpreted as “noise” shock,

which is unwarranted by the underlying fundamentals but could alter public expecta-

tions about IST. This uncertainty partially decouples agents’ choices from the actual

fundamentals but connects them with signals and subjective beliefs. In particular,

labor and capital markets have to clear based on pre-agreed factor payment contracts

rather than ex post marginal contributions to production. Firms’ pricing decisions

a la Calvo (1983) depend on expected marginal costs, which yields an information-

constrained Phillips curve. Households choose investment in accordance with the

expected, not actual, investment technology. Economic agents update their subjec-

tive beliefs through Bayesian learning when new informative signals arrive. Before

subjective beliefs align with the underlying fundamentals, there are temporary ex-

pectation errors that can cause agents’ choices to differ from those under certainty,

which will generate different economic dynamics. Policy-makers share the same in-

formation set and learning mechanism with private agents. Policy-makers make and

conduct policies in accordance with their (and public) expectations about the sources

of variation in macroeconomic variables.

In principle, it is difficult to compute this general equilibrium problem where the

ment in the quality of investment goods that becomes embodied in the efficiency units of capital.
The TFP and IST shocks have become standard elements in Real Business Cycle and New Keyne-
sian literature to account for economic fluctuations. As discussed in Smets and Wouters (2007) and
Justiniano et al. (2010), among others, the TFP and IST shocks are representatives of aggregate
supply and aggregate demand shocks respectively, in the sense that an increase of TFP will decrease
inflation, whereas that of IST will increase inflation.

2The US tech boom-bust cycle around the new millennium illustrates the possibility of the
indistinguishability between IST and TFP as a source of economic fluctuations. See details in
Appendix 1.
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state variables, which include beliefs about the unobserved fundamentals, are contin-

uous functions. I adopt a tractable solution strategy similar to that developed by Ma

and Samaniego (2015), which is able to overcome these computational challenges. I

estimate the model to match important moments of the US economy and the forecasts

from the Survey of Professional Forecasters using Bayesian estimation methodology.

I obtain direct measures of the characteristics of the unobserved fundamentals and

estimates of the structural parameters. Based on the estimation, I examine the dy-

namics of the modeled economy and the implications of uncertainty for monetary

policy.

I obtain three sets of results. First, I show that, under uncertain economic state

and learning, macroeconomic variables follow similar paths to those generated by

standard New Keynesian models, if the shocks that hit the economy, such as gov-

ernment spending shocks and monetary policy shocks, can be observed. In addition,

agents also behave similarly when the occurrence of unobserved shocks, such as TFP

shocks, can be quickly recognized. However, if the unobserved shocks, such as IST

shocks and noise shocks, take time to be revealed, the responses will be different since

subjective beliefs influenced by ”noise” can be persistently different from the actual

fundamentals. For example, when noise shocks happen, the economy could follow a

boom-and-bust path, which cannot be generated under certainty. Second, I demon-

strate that the monetary authority, using a Taylor rule which responds to current

inflation and the output gap, has the power to accommodate the supply-side TFP

shocks and offset the demand-side IST and noise shocks, even though these shocks

are not observed or distinguishable. The fact that monetary policy is still effective

to stabilize the economy is due to the crucial ingredient that, on average, public

expectations about the unobserved shocks are positively correlated with the actual

movement of the corresponding shocks based on the estimated model. As a result,

macroeconomic variables respond to these shocks in the expected direction as if the
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shocks were observed. Therefore, the policy rule reacting to inflation and the output

gap could yield the desired effects. Finally, I characterize the monetary policy that

minimizes the aggregate volatility of inflation and output gap, and investigate the

welfare implications of different policy actions under uncertainty. I show that, com-

pared to the certainty environment, the design of policy differs in that i) the uncertain

economic state restricts the policy to achieve only a constrained efficient allocation

as would be obtained under a flexible price and wage economy subject to uncertainty,

and ii) the subsidy to offset the distortion from monopolistic competition depends

on subjective beliefs. For the welfare implications, I demonstrate that, the flexible

price inflation targeting rule generates higher welfare than the Taylor rule under un-

certainty, but lower welfare under certainty. Therefore, the central bank must take

into account a range of possible scenarios about the state of the economy, and policy

actions should be adjusted relative to the certainty benchmark when necessary.

One main contribution of my paper is the exploration of a new driving force

of economic fluctuations, which has been neglected in real business cycle and New

Keynesian literature. That is, the unobservability and indifferentiability between the

TFP and IST shocks, or more broadly between the supply and demand disturbances,

could shape business cycles. While these are the two broad factors that contribute to

economic dynamics, they are often treated as differentiable driving forces. My paper

is the first to structurally investigate how the unobservability and indistinguishability

of these two factors could impact economic agents’ behavior. The findings show quan-

titative evidence on this important source of economic fluctuations, which provides

new insights on the studies of business cycles. More importantly, my paper proposes

a novel framework with a micro-founded treatment of uncertain economic states.

This framework enables a comprehensive analysis of the quantitative implications of

the uncertainty about economic fundamentals on policy actions. The simulation re-

sults shed light on some chronic concerns of policy-makers that have not been fully
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addressed before: To what extent the indifferentiability between aggregate supply

and demand disturbances has impacts on standard policies, and more crucially, what

would be an appropriate policy to stabilize the economy and maximize welfare under

uncertainty about the state of the economy.

My research relates to various strands in the literature. First, my paper is related

to the discussion of TFP and IST and their role in business cycles. Greenwood et al.

(1997) is one of the first papers that emphasizes the importance of IST and differen-

tiates it from TFP. Since then, various papers (Fisher, 2006, Justiniano et al., 2011)

have fueled the debate on the contribution of TFP and IST to economic fluctuations.

Recently, the expectation driven business cycle literature (Beaudry and Portier, 2006,

Jaimovich and Rebelo, 2009, and Lorenzoni, 2009) further explores these productivi-

ties by investigating how expectations about TFP and IST could generate aggregate

supply and demand movement. None of the previous studies, however, has quantita-

tively studied how the indifferentiability and confounding nature of the IST and TFP

shocks could characterize business cycles and affect monetary policy. My paper fills

in this gap and contributes to the literature by explicitly suggesting that the uncer-

tainty on the demand- and supply-side productivities may distort economic agents’

decisions and that the unwarranted changes in the ”noise” about IST could create

boom-bust cycles by itself. More broadly, my paper provides a general framework

that can be applied to investigating other specifications of economic uncertainty and

their implications on business cycles and policy actions.

Second, my paper relates to the literature on monetary policy under uncertainty.

There are two strands of research in this literature. One strand focuses on data uncer-

tainty, which highlights the fact that the information (data) used by central banks to

make policy decisions could be incorrect and studies its implications on policy effects.

For example, Rudebusch (2001) studies how the noise from the dataset could influence

59



the optimal responses to output and inflation in a standard Taylor rule. Orphanides

and Williams (2002) studies the optimal rules under uncertain natural rate of output

and proposes that the central bank’s policy may not be effective if the information

received from the data implies an incorrect natural rate. However, these studies have

not considered potentially positive reaction of economic agents facing data uncer-

tainty and thus may generate misleading results. My paper attempts to structurally

explore this important characteristic by allowing economic agents to acknowledge the

fact that available data could only partially reflect the state of the economy. Both

private agents and policy-makers act as applied economists and econometricians, in

the sense that they learn and update beliefs about the uncertain fundamentals instead

of simply viewing them as combinations of available data and ad-hoc measurement

errors.

The other strand of this literature examines various specifications of imperfect

information on economic states. Some studies explore the implications for monetary

policy design and actions assuming that there is imperfect information only in the

private sector, such as Evans and Honkapohja (2003) and Orphanides and Williams

(2007). Other studies claim that uncertainty only restricts the central bank’s behav-

ior whereas the private sector has access to complete common information (Svensson

and Woodford, 2003, 2004), or dispersed information where heterogeneous agents

experience idiosyncratic productivity not observable by other agents (Angeletos and

La’O, 2008, Lorenzoni, 2010). A distinctive feature of my framework is that imper-

fect information prevents private agents and policy-makers from separately observing

and distinguishing supply and demand disturbances. Absent asymmetric informa-

tion, the paper allows for a dedicated investigation on the channel through which an

overwhelming aggregate uncertainty could affect agents’ behavior and policy actions.

A complete analysis of the quantitative implication of this aggregate uncertainty is

particularly important for the accuracy and effectiveness of policy making as differ-
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ent types of aggregate disturbances could generate substantially different economic

dynamics and therefore require different stabilization policies.

The paper is organized as follows. Section 2 describes the model and environ-

ment. Section 3 presents the numerical analysis including solution methodology, data,

estimation, and business cycle properties. Section 4 studies the monetary policy im-

plications. The last section concludes and suggests direction for future research.

2.2 The model

2.2.1 Environment

The core of the model is a medium scale DSGE framework, based on Smets and

Wouters (2007), and Justiniano et al. (2011). There are four types of agents in the

decentralized economy: households, labor union, firms and the monetary authority.

It features habit formation, capital utilization, and investment adjustment cost in

households, sticky wages in the labor market, sticky prices and fixed cost in firms,

and the Taylor rule and a balanced budget for the monetary authority. The dy-

namics of the economy are driven by eight stochastic shocks, including TFP shock,

IST shock, government spending shock, wage and price mark up shocks, financial

asset premium shock, and monetary policy shock. The imperfect information in the

economy is captured by that economic agents are not able to observe TFP and IST

shocks in all periods. As shown later, this implies that the efficiency unit of cap-

ital stock is not observed either, for its evolution is dependent on the IST shock.

Agents can observe other shocks and noisy signals regarding TFP and IST shocks,

from which they obtain information about the aggregate productivities. There are

two signals. One is the realized output, a combination of the realized TFP shock
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and actual capital stock. The other signal is a noisy indicator for the IST shock,

composed of its true value and an unobserved disturbance, capturing the change in

market sentiment, agents’ attitude, information rigidity, and other noises that could

potentially affect the perception of economic agents about the IST, which itself may

lead to fluctuations in investment and output. This disturbance is the eighth shock in

the model, named noise shock. The true data generating processes for all the shocks

are exogenous and known to agents. The posterior beliefs are generated according to

Bayes’ rule, a combination of the subjective perceptions embodied in the prior be-

liefs, and the available data reflecting the stochastic processes driving the dynamics

of the economy3. Household, labor union, all the firms and the monetary authority

share the same Bayesian learning process, in the sense that they observe the same

signals, have the same information set and update their beliefs regarding economic

fundamentals based on the same learning mechanism. For example, it is common

information that the realized output depends on the realized but unobserved TFP

shock, the unobserved actual capital (adjusted by utilization) and labor chosen at

the beginning of the period,based on which private agents and policy-makers update

their common prior beliefs following a common Bayes’ rule.

In particular, there is a continuum of households whose objective is to maximize

lifetime utility. Consumption goods and labor are two factors in the utility function.

There is an exogenous habit formation in consumption. Households own a certain

quantity of capital, which is observable. The observed capital stock is measured in

physical units, and the number of the efficiency units is known to be embodied in

them even though that quantification is not known. The relationship between the

efficiency units of capital and physical units of capital can be expressed by a non

time-varying function with the feature that a higher quantity of capital is associated

3In this paper, I consider the case of fully Bayesian learning in the sense that economic agents
take into account possible future updating of past beliefs when making current decisions.
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with a higher efficiency unit of capital. The evolution of the physical unit is not

a necessary information set for households’ choices. Households choose the capital

utilization rate, ut, which influences the efficiency units of capital (and quantity of

capital), and labor that they provide to the labor union. They also choose the amount

of investment given a known investment adjustment cost, but an unobserved IST

shock, which influences the accumulation of the actual capital in the economy. Labor

union combines differentiated labor from households and supply to firms. In each

period, only a fraction 1 − θw of wages can be optimally chosen by the labor union,

following Calvo (1983) style. There are two types of goods that are produced in three

different sectors. A continuum of intermediate goods firms produces intermediate

goods, using capital and labor as inputs, which are then combined by competitive

final goods producers to produce final goods. The final goods can either be consumed

by households or used as inputs by investment goods producers, which produce capital

and sell it to households. There are four types of prices in the economy. The price of

input factors include the rental rate on capital and the wage for labor. The contracts

on the capital rent between firms and households, and on the wage between households

and labor union are set prior to production, but paid after production based on the

realized output. The price of final goods is a combination of intermediate goods

prices. As in Calvo (1983), in each period, a fraction θp of intermediate goods firms

cannot optimally choose their prices. The remaining fraction 1 − θp of firms choose

their prices optimally to maximize the current market value of the profits while that

price remains effective. There are also prices for investment goods, which reflect

expectations on the investment specific technology.

The timeline of economic agents’ decisions under uncertainty is: At the beginning

of each period t, stochastic shocks are realized but the IST and TFP shocks are

unobserved. Before observing current signals which contain information about the

current unobserved technologies, households rent capital to intermediate goods firms
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and provide labor to the labor union. In this way, they choose the capital utilization

rate and labor based on the expectations about the relevant economic fundamentals.

Labor union combines labor from households and provides it to intermediate goods

firms according to the (expected) wage rate determined by a wage contract. The

wage contract is designed based on Calvo style. Intermediate goods firms use capital

and labor to produce intermediate goods and maximize their expected profit under

the unobserved but already realized productivities. They also choose optimal prices

(if they can) following Calvo style based on their beliefs about the demand and

marginal costs. At the middle of the day, intermediate goods firms produce and

during that time, signals are uncovered. On observing the signals, economic agents

update their prior beliefs about the unobserved fundamentals to form posterior beliefs

through Bayesian learning. In the afternoon of period t, final goods firms combine

intermediate goods to produce final goods. A portion of the final goods is consumed

by households, and the other is used to produce investment goods and eventually

the efficiency units of capital. Households choose investment and consumption. The

monetary authority changes monetary policy if necessary. Finally, prior beliefs about

the unobserved fundamentals for the next period are formed based on information

obtained at this period and agents’ behavior.

The details of the market participants’ activities are described in the follow-

ing.

2.2.2 Final goods sector

Final goods firms

Final goods firms are perfectly competitive and produce final goods by combining

a continuum of intermediate goods. At each period after observing signals, they
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produce according to the technology:

Yt =

 1∫
0

Yt(i)
1− 1

ν
p
t di


ν
p
t

ν
p
t −1

where Yt is final goods (real GDP), vt is the elasticity of substitution between

intermediate goods Yt(i). vt is the price markup shock, a shock to the changes in

the elasticity of demand and therefore in the price markup. Define
νpt
νpt −1

= 1 + ϑpeϑ
p
t

where ϑpt follows

ϑpt = ρpϑ
p
t−1 −$pε

p
t−1 + εpt , ε

p
t ∼ N(0, σ2

p)

Households purchase final goods at price Pt. Profit maximization and the zero

profit condition for final goods firms imply that price is a CES aggregate of the prices

of intermediate goods, Pt(i)

Pt =

 1∫
0

Pt(i)
1−νpt di


1

1−νpt

where Pt is the aggregate price index. Furthermore, the demand for intermediate

good i is represented as:

Yt(i) =

[
Pt(i)

Pt

]−νpt
Yt

Intermediate goods firms

There is a continuum of intermediate goods firms indexed by i ∈ [0, 1]. Each firm

hires labor from the labor union and rents capital from households, and produces a
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differentiated good. The production is affected by the identical but unobserved total

factor productivity as:

Yt(i) = ezt(utkt(i))
αnt(i)

1−α

where ut is the capital utilization rate, chosen by households, kt(i) is the efficiency

units of capital stock, used by firm i in production, which is embodied in the rented

physical units of capital k̂t(i), kt(i) = f(k̂t(i)). f(.) is a non time-varying function

identical to all firms, showing the relation between the efficiency units of capital and

physical units of capital. nt(i) is the labor input hired from labor union. ezt is the

level of total factor productivity. Again, the time series of zt is never observed by

economic agents, but the process that disciplines zt is known to follow:

zt = ρzzt−1 + εzt , ε
z
t ∼ N(0, σ2

z)

All firms face the same isoelastic demand function given above, and take the

aggregate price level Pt and final good Yt as given. A representative firm’s problem

is:

max
nt(i),k̂t(i)

Et[Pt(i)Yt(i)−Rt(utk̂t(i))−Wtnt(i)− Φ]

= Et[Pt(i)e
zt(utkt(i))

αn(i)1−α −Rt(utk̂t(i))−Wtnt(i)− Φ]

The expectation captures the idea that, since the actual capital stock and TFP

are unobserved when firms make decisions, the amount of realized output is only

ex-post observed but not ex-ante known. After producing and obtaining the output,

the intermediate goods firms, who are price takers in the input factor market, pay
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at the prevailing and pre-agreed contract prices for capital, Rt and for labor Wt.

Rt and Wt are based on the expectation about the underlying fundamentals. The

contract is designed such that labor will receive its ex ante expected marginal product,

and the rest of the output will be paid to capital owners. Therefore, there may be

a discrepancy between the pre-agreed factor payments and the ex post marginal

products of these factors. Φ is a constant fixed cost, so that the profit of each firm is

zero in equilibrium.

This profit maximization can also be written in terms of cost minimization prob-

lem, conditional on the output Yt(i) produced. In real terms this problem can be

written as:

min
nt(i),k̂t(i)

Et[
Wt

Pt(i)
nt(i) +

Rt

Pt(i)
(utk̂t(i)) + Zt(i)(Yt(i)− ezt(utkt(i))αnt(i)1−α)]

where Zt is the multiplier associated with the constraint. The demand for labor

and capital is based on the wage and rental contracts as described above:

Wt

Pt(i)
= (1− α)Et[Zt(i)e

zt(utkt(i))
αn(i)−α] =

E[Zt(i)Yt(i)]

Yt(i)

(1− α)Yt(i)

nt(i)

Rt

Pt(i)
=
E[Zt(i)Yt(i)]

Yt(i)

αYt(i)

utk̂t(i)

The expected real cost function (excluding fixed cost) can be written as:
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EtCOSTt(i) =
Wt

Pt(i)
nt(i) +

Rt

Pt(i)
(utk̂t(i)) =

Et[Zt(i)Yt(i)]

Zt(i)Yt(i)
Zt(i)Yt(i)

For this reason, Zt(i) can be thought as the standard real marginal cost, depen-

dent on the market power of the monopoly. In equilibrium, since all firms have the

same expectations and face the same maximization problems, the capital-labor ratio

is the same across firms. This implies that Zt(i) will also be the same across firms,

denoted as Zt for the rest of the paper. Under imperfect information, however, the

ex ante and ex post monopoly markup may not be the same. Since productivity and

capital effectiveness are not known, the pre-determined cost depends on the expected

value of the unobserved fundamentals. The expected marginal cost may be different

from the realized one as there may be discrepancy between the expected output and

realized output. This means the firm might charge a different price ex post compared

to ex ante. This is an important feature of the economy with imperfect information,

as it can influence the dynamics of inflation and the monetary authority’s policy

choice, which will be explained in details later.

Before producing, given the expected marginal cost, intermediate goods firms

also choose prices for their products. Note that in a certainty environment with

flexible price, the relative price Pt(i)/Pt will be a markup νp/(νp − 1) over the real

marginal cost. In a certainty environment with rigid nominal price, the relative price

Pt(i)/Pt is no longer a constant markup over the real marginal cost, but varying over

time. In an uncertainty environment with rigid nominal price, the variation of the

markup also reflects variation of expectation.

Following the structure proposed in Calvo (1983), each firm resets its price with

probability 1− θp in any given period, independent of the time elapsed since the last

adjustment. Thus, each period a fraction 1 − θp of intermediate goods firms reset
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their prices, while the other θp keep their prices unchanged. As a result, the average

duration of a price is given by (1− θp)−1. θp can therefore be interpreted as an index

of price stickiness. The firms who have probability 1 − θp to reset prices at time t

choose the price P ∗t (i) that maximizes the expected discounted value of present and

future profits. Formally, it solves the problem:

max
P ∗t (i)

Et

∞∑
s=0

θsp
βsλt+s
λt

{
P ∗t (i)(Πs

τ=1π
ιp
t+τ−1π

1−ιp
∗ )Yt+s(i)− Pt+sZt+sYt+s(i)

}

subject to demand constraint:

Yt+s(i) =

[
P ∗t (i)Πs

τ=1π
ιp
t+τ−1π

1−ιp
∗

Pt+s

]−νpt+s
Yt+s

where λt+s is the marginal utility of income of the representative household that

owns the firm, and Yt+s(i) denotes the output in period t + s for a firm that last

resets its price in period t. πt is the gross inflation defined as πt = Pt/Pt−1 and

π∗ is its steady state level. ιp is the parameter controlling indexation of price on

inflation.

Differentiate the above equation with respect to the relative price, Pt(i)
∗/Pt to

obtain the first order condition for the optimal price:

Et

[
Yt(i)

(
P ∗t (i)

Pt
− νpt Zt
νpt − 1

)]
+ Et

[
∞∑
s=1

(θpβ)s
λt+s
λt

Yt+s(i)

(
P ∗t (i)(Πs

τ=1π
ιp
t+τ−1π

1−ιp
∗ )

Pt+s
−
νpt+sZt+s
νpt+s − 1

)]
= 0

Compared with the certainty benchmark with flexible prices, the following is
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worth noting:

1. Under purely flexible prices, θp = 0; under perfect information, we have the

first item as Yt(i)
(
P ∗t (i)

Pt
− νpt

νpt −1
Zt

)
. Then the markup is P ∗t =

νpt
νpt −1

PtZt, which means

optimal prices are a multiple
νpt
νpt −1

of the marginal cost.

2. When θp > 0, but still under perfect information, the optimal price depends

on expected future values of aggregate variables and nominal marginal costs. All the

fluctuations in the markup are due to that firms are unable to reoptimize by choosing

prices at each period.

3. When θp > 0,and under imperfect information, the fluctuations in the markup

not only result from firms being unable to adjust prices, but also unable to observe

current economic fundamentals when making decisions. Therefore fluctuations are

directly affected by expectation about both current and future economic states.

The average price level will be a CES aggregate of all prices in the economy:

P
1−νpt
t = θp(Pt−1π

ιp
t−1π

1−ιp
∗ )1−vpt + (1− θp)(P ∗t (i))1−νpt

where Pt−1 is previous price level, and P ∗t (i) is the price level chosen by firms

which can adjust prices at period t.

Phillips curve

Given the firms’ pricing optimization, we can solve the optimal price in equilibrium,

where all the firms that reset price choose the same price (having the same expectation

and facing the same demand), hence

P ∗t (i) = P ∗t
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Together with the expression regarding the marginal cost Z, we have

Et

[
∞∑
s=0

(θβ)s
λt+s
λt

Yt+s|t

(
P ∗t (Πs

τ=1π
ιp
t+τ−1π

1−ιp
∗ )

Pt+s
−
νpt+sZt+s
νpt+s − 1

)]
= 0

Log linearizing the above equation around steady state level of prices where

inflation is zero, we can obtain an expression for inflation as:

π̃t =
β

1 + βιp
Etπ̃t+1 +

(1− θp)(1− θpβ)

(1 + βιp)θp
EtZ̃t +

ιp
1 + βιp

π̃t−1 +
1

1 + βιp
ϑpt

where Z̃t and π̃t are the percentage deviation of marginal cost and inflation from

their steady state values, and νp−1
νp

is the inverse of the steady state markup.

This is an expectation augmented and information restricted Phillips curve un-

der uncertainty. It states that, given the expected and past inflation, as well as the

markup shock, current inflation rises when the real marginal cost are expected to rise

above its steady state, as firms who have the chance to reset prices will optimally

choose a price above the economy’s average price level so that their markups are

driven closer to the desired level. This Phillips curve is different from that of the

standard New Keynesian framework, in that the marginal cost which influences the

inflation is not the realized cost, but the expected cost. As a result, whatever can

affect expected marginal costs, such as incorrect beliefs or unobserved shocks, might

generate different marginal costs compared to those implied by standard model with-

out imperfect information.
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2.2.3 Investment goods sector

There is a continuum of perfectively competitive firms which purchase final good Y I
t

to produce investment good It , and then sell it to households at price PIt. The

production technology is given by

It = eqtY I
t

where eqt is IST and qt follows:

qt = ρqqt−1 + εqt , ε
q
t ∼ N(0, σ2

q )

A representative firm chooses Y I
t to maximize its profit:

max
Y It

Et[PItIt − PtY I
t ] = Et[PIte

qtY I
t − PtY I

t ]

yielding

PIt
Pt

= E(eqt)

The expectation captures that the IST shock is unobserved. Therefore, when the

price of investment goods PIt is determined in equilibrium, it reflects the subjective

beliefs about the investment technology, which is influenced by signals reflecting both

the actual technology and the attitude towards it in the economy. For example, if

agents are optimistic about the advancement of the technology that will increase the

efficiency units of capital, i.e., the expected IST is bigger than the actual value, the

price of investment will be influenced by this optimism and becomes higher. This
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provides a potential explanation for the driving forces of the 2000s dot-com bubble.

With the approach of the new millennium, the US economy became over optimistic

about the new information technology which could bring economic expansion. Later,

when it was gradually recognized that the actual level of the investment technology

was not as high as expected, investors started to revise their investment and utilization

plan, and the boom ended and was followed by a bust. This scenario is generally

impossible to be captured by a standard DSGE model but can be illustrated by this

model with imperfect information.

2.2.4 Households

There is a continuum of households. Before observing signals, a representative house-

hold chooses labor nt and capital utilization rate ut to maximize the expected lifetime

utility. After observing the signals, it updates the learning about economic fundamen-

tals, and chooses the expenditure on consumption and investment based on posterior

beliefs. The household’s maximization problem can be summarized in the following

Bellman equation, with the learning process outlined in the learning section:

V (gZt , g
Q
t , g

K
t , ct−1(j))

= Et

 maxnt(j),ut(j),Y It (j)
1

1−σc [ct(j)− hct−1(j)]1−σc − ψ nt(j)1+γ

1+γ

+βEtV (gZt+1, g
Q
t+1, g

K
t+1, ct(j))



s.t.
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Ptct(j) + PItY
I
t (j) +Bt+1(j)

= Rtut(j)k̂t(j) +Wt(j)nt(j) + ebtRb
tBt(j) + Πt − Pta(ut(j))k̂t(j) + Tt

where gZt , g
Q
t , g

K
t denote respectively the prior beliefs about the TFP shock, IST

shock, and actual capital stock. Since all the households share the same information

set, the prior and posterior beliefs are identical across households. ct is consumption.

h captures habit formation. nt is labor supplied to labor union. ψ captures the

negative utility from the labor. γ is labor supply elasticity parameter. Tt is lump-

sum tax. Bt is government bonds and Rb
t is the nominal return to the bonds. In

equilibrium, the holdings of bonds is zero. ebt represents a discrepancy between the

interest payment received by the household on financial asset and that determined

by the central bank. It plays a similar role as the equity shock which influences

financial asset premium described in Christiano, Motto and Rostagno (2014). A

positive change of this shock increases the return to capital and thus investment.

The shock follows:

bt = ρbbt−1 + εbt , ε
b
t ∼ N(0, σ2

b )

There is a cost associated with capital utilization for each unit of capital rented,

denoted as Pta(ut) in units of final goods. It is assumed that a(1) = 0, a′ and a′′ > 0.

The higher the utilization rate, the more the output and thus the consumption; on

the other hand, the higher the cost of the use of capital. Πt is any profit earned by

intermediate goods firms and labor union that is transferred to households.

The evolution of the actual capital is
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kt+1(j) = (1− δ)kt(j) + eqt
[
1− S

(
Y I
t (j)

Y I
t−1(j)

)]
Y I
t (j)

δ is capital depreciation rate. S(·) is investment adjustment cost, with functional

form of S
(

Y It (j)

Y It−1(j)

)
= κ

2

(
Y It (j)

Y It−1(j)
− Λ

)2

. In steady state, S(Λ) = S ′(Λ) = 0, S ′′ > 0.

As mentioned above, qt is the IST shock. Since qt is unobservable, the actual capital

kt is also unobserved in this economy.

In equilibrium, the choices of labor, capital utilization, consumption, investment

and bond holding will be the same across all households.

2.2.5 Labor union

Households supply labor to a competitive labor packer before production occurs. The

labor packer aggregates the differentiated labor from households according to

nt =

 1∫
0

nt(j)
1− 1

νwt dj


νwt
νwt −1

where nt is the aggregate labor demand by intermediate goods firms. νwt is the

elasticity of substitution between differentiated labor, capturing the wage markup

shock, which affects the demand of differentiated labor. Define
νwt
νwt −1

= 1 + ϑweϑ
w
t

where ϑwt follows:

ϑwt = ρwϑ
w
t−1 −$wε

w
t−1 + εwt , ε

w
t ∼ N(0, σ2

w)

The labor packer maximizes profits subject to the above demand function. From

its first order condition, the labor demand function for each household is:
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nt(j) =

(
Wt(j)

Wt

)−νwt
nt

where nt is the aggregate labor demand. The aggregate wage is obtained by

combining the labor demand with zero profit condition as

Wt =

 1∫
0

Wt(j)
1−νwt dj


νwt

1−νwt

Labor union is the channel through which labor packer combines labor from

households. Labor union has monopoly power and sets the optimal wage following

Calvo (1983) rule. In particular, at each period, a fraction 1−θw of households’ wages

are changed. All the other households can only partially index wages by inflation.

Therefore, the labor union chooses W ∗
t (j) to maximize:

max
W ∗t (j)

Et

∞∑
s=0

(θwβ)s
λt+s
λt

{
W ∗
t (j)(Πs

τ=1π
ιw
t+τ−1π

1−ιw
∗ )nt+s(j)− ψWtnt+s(j)

}

subject to

nt+s(j) =

[
Πs
τ=1π

ιw
t+τ−1π

1−ιw
∗

W ∗
t (j)

Wt+s

]−νwt+s
nt+s

where ιw is the parameter controlling indexation of wage on inflation.

Differentiate the equation with respect to the wage, W ∗
t (j), and the optimal wage

is obtained as:
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Et

∞∑
s=0

(θwβ)s
λt+s
λt

nt+s

[
W ∗
t (j)(Πs

τ=1π
ιw
t+τ−1π

1−ιw
∗ )−

νwt+s
νwt+s − 1

ψWt+s

]
= 0

Similar with the aggregate price, the aggregate wage evolves as:

W
1−νwt
t = θw(Wt−1π

ιw
t−1π

1−ιw
∗ )1−vwt + (1− θw)(W ∗

t (j))1−νwt

Note again that the aggregate wage and optimal wage are determined at the

pre-agreed level based on the contract between labor union and intermediate goods

firms. They may not coincide with the realized marginal products of labor or those

under sticky wages and perfect information.

2.2.6 Monetary authority

To investigate the effects of stabilization policy under imperfect information, I assume

that the central bank follows a certain Taylor rule such that the dynamics of money

supply is to achieve the target level of nominal interest rate, taking the form of:

Rt

R∗
=
RϕR
t−1

R∗

[( πt
π∗

)ϕπ ( Yt
Y ∗t

)ϕy]1−ϕR [ Yt/Yt−1

Y ∗t /Y
∗
t−1

]ϕdy
emt

where R∗ and π∗ are the steady state values of the interest rate and inflation

rate respectively. Y ∗t is the level of real output at period t, defined as the output

level under the economy with flexible prices and wages and uncertainty, and without

markup shocks. ϕπ and ϕy are elasticities of the interest rate with respect to inflation

and output gap respectively. ϕdy is the elasticity of interest rate with respect to the

change of output gap as in Woodford (2003). ϕR introduces interest rate smoothing
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to match the path observed from US data. emt represents monetary policy shock.

which follows

mt = ρmmt−1 + εmt , ε
m
t ∼ N(0, σ2

m)

One interesting question is whether the monetary policy has different impacts

on the economy under imperfect information compared to perfect information, and

whether this comparison is sensitive to different expectations about the underlying

fundamentals. Intuitively, the existence of uncertainty could deviate agents’ expec-

tations from the true values of the unobserved fundamentals, which would alter the

dynamics of output and inflation, for agents’ behavior is no longer directly dependent

on the true values of the fundamentals as assumed in standard DSGE framework,

but on the expectations about the current state of the economy. Therefore, a policy

may have different impacts on the economy if it follows the same rule chosen under

certainty. It is important for the monetary authority to consider different possibilities

when it faces uncertainty. Moreover, the design of monetary policy to maximize social

welfare may also be influenced, since the efficient economic state to achieve and the

distortions to offset may differ due to uncertain economic states. Monetary authority

will have to adjust policies accordingly so that it can achieve a desired welfare and

aggregate volatility. I will address these questions in more details in section 4.

Under this Taylor rule, the interest rate responds to deviation of inflation from

its steady state, as well as to the that of output gap, and a monetary policy shock.

The implementation of the target interest rate is through open market operations

which are financed by the lump-sum tax T . The tax also finances the government

spending G. The balanced budget constraint requires:
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PtGt +Bt−1 = Tt +
Bt

Rt

Define egt as the ratio of government spending to the steady state output, where

gt follows:

gt = ρggt−1 + εgt , ε
g
t ∼ N(0, σ2

g)

2.2.7 Bayesian learning process

Economic agents, including households, labor union, firms and the monetary author-

ity, have the information set and learning behavior as described in the followings:

Before observing signals

At the beginning of each period t, the prior beliefs about the distribution of the

actual capital, TFP and IST, denoted respectively as gKt , gZt , gQt , are given4. They

are formed by the end of last period. The investment decision from period t−1 affects

the actual capital stock and output in period t. It also affects the expected capital in

period t in a way disciplined by the evolution of beliefs. The labor decision, due to

imperfect information, is naturally different from that under standard New Keynesian

models. In the latter, the TFP shock is realized and observed at the beginning of

each period; households choose labor based on the certain substitution rate between

marginal benefit of consumption and leisure. Under uncertainty, since households

cannot observe the actual TFP shock and capital, it is impossible to make decision

based on the exact substitution. Instead, households choose labor based on the wage

contract with labor union as described before. The choice of labor before observing

4For learning process, m() denotes posterior beliefs, and g() denotes prior beliefs. Capital
notations such as Q,Z,K Y means random variables, whereas small notations such as q, z, k, y
means the realized values of the corresponding random variables.
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signals is assumed to affect both the utility and the output. The capital utilization

rate is also chosen before any signals happen based on the rental contract between

firms and households.

Regarding the underlying processes of the fundamentals, at the beginning of

each period t, all shocks, including the TFP and IST shocks are realized, but some

are unobserved. There are two signals uncovered after production. One signal is

the realized output Yt, a function of the realized but unobserved TFP shock zt, the

unobserved predetermined actual capital kt, the capital utilization rate ut and the

labor input nt, following

Y s
t =

 1∫
0

Yt(i)
1− 1

ν
p
t di


ν
p
t

ν
p
t −1

=

 1∫
0

(ezt(utkt(i))
αnt(i)

1−α)
1− 1

ν
p
t di


ν
p
t

ν
p
t −1

The other signal φt gives information on the realized IST shock, as a function of

its own lagged value φt−1, the IST shock qt and an error term vt.

φt = ρφφt−1 + (1− ρφ)eqt + evt , vt˜N(0, σ2
v)

The lagged value φt−1 is introduced to capture the idea that the signal could be

persistent, measured by ρφ that is between 0 and 1. When ρφ is close to 0, the signal

does not persist and previous signals have less weight in the current information set.

When ρφ is close to 1, the signal contains little information regarding the current IST

shock qt. vt is a disturbance in the signal process, following an i.i.d normal distribu-

tion. As mentioned in the introduction, this disturbance captures the ”noise”, and

can be understood to play a similar role as the ”sentiment” shock in the literature,

reflecting agents’ attitudes towards the underlying fundamentals, including the in-
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vestment technology. When there is a positive shock vt, the signal will increase and

the expected IST may also increase because agents may believe that the observed in-

crease in φt is at least attributed to the increase of qt to some extent, although what

actually happens is solely an increase in vt. As a result, over optimistic agents in-

crease investment and capital utilization, generating a higher output. However, when

the true economic state is gradually learned, output will decrease and may even fall

below the steady state level, resulting in recession. This fluctuation does not involve

any initial changes of fundamentals.

After observing signals

After observing the two signals, economic agents are able to update their common

knowledge of the actual capital stock, TFP and IST following Bayes’ rule, given prior

beliefs. In addition, knowing the evolution of the aggregate productivities following

AR(1) processes, agents can derive prior beliefs about their values for period t + 1.

Knowing the evolution of the actual capital stock, agents can derive prior beliefs about

the actual capital for period t+1, given the choice of Y I
t . The expectation of Yt+1,(the

likelihood of Y which is conditional on prior distributions of the unobserved variables

for period t + 1) is formed according to the known production function. Similar

rules apply to φt+1. The detailed calculation of beliefs’ evolution are demonstrated

in Appendix 2.

2.2.8 Aggregation

First, the aggregate demand in the economy is obtained by combining the households’

and government budget constraints. The aggregate demand in the economy is

Y d
t = ct + Y I

t +Gt + a(ut)k̂t
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The aggregate supply is

Y s
t =

 1∫
0

Yt(i)
1− 1

ν
p
t di


ν
p
t

ν
p
t −1

=

 1∫
0

(
ezt(utkt(i))

αnt(i)
1−α)1− 1

ν
p
t di


ν
p
t

ν
p
t −1

It is not possible to simplify this expression since input usages across firms dif-

fer. However, the linear aggregation

1∫
0

Yt(i)di is approximately equal to Yt within a

local domain of the steady state. Hence for local analysis applied to the estimation

(including learning process) and simulation, we can simply use5

Yt =

1∫
0

Yt(i)di =

1∫
0

(
Pt(i)

Pt

)−νpt
Ytdi =

ezt(utkt)
αn1−α

t − Φ
1∫

0

(
Pt(i)
Pt

)−νpt
di

In equilibrium, Y d
t = Y s

t

Similarly, for the labor market, labor demand equals to labor supply in equilib-

rium.

ndt =
nt

1∫
0

(
Wt(j)
Wt

)−νwt
dj

5We will also use this approximation for the learning process.
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2.3 Numerical analysis

2.3.1 Solution strategy

The dynamics of the economy depend on the evolution of the underlying fundamen-

tals, some of which are unobserved. Therefore, their distributions matter. In this

framework, the subjective beliefs regarding IST, TFP and actual capital serve as

state variables. As pointed out by Lorenzoni (2009), when state variables involve a

high order dimension, such as distribution, certainty equivalence does not hold and

the paths of optimal choices depend not only on the first moments, but also on the

higher moments of the density. In order to overcome the curse of dimensionality

and the complication of functional derivatives that give no explicitly tractable solu-

tions, I use a methodology similar to that developed in Ma and Samaniego (2015),

which is based on the first order approximation around the certainty steady state.

This method enables to characterize the dynamics of the economy by using only the

evolution of the linearized variables instead of the original variables. Through the

log-linearization, it is possible to transform the Bayesian learning process to be linear

and Gaussian under some loose initial conditions, and to implement the calculation

of the linear Gaussian Markov process through the Kalman filter. In this way, only

mean and variance matter for the dynamics. The detailed calculation is shown in

Appendix 3. Here are the key equations characterizing the evolution of the linearized

unobserved variables:

Etzt = Et−1zt + P1,1

(
Ỹt
Φp

− (1− α)ñt − αũt − Et−1zt − αEt−1k̃t

)

+ P1,2(φ̃t − ρφφ̃t−1 − Et−1qt)
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Etk̃t = Et−1k̃t + P2,1

(
Ỹt
Φp

− (1− α)ñt − αũt − Et−1zt − αEt−1k̃t

)

+ P2,2(φ̃t − ρφφ̃t−1 − Et−1qt)

Etqt = Et−1qt + P3,1

(
Ỹt
Φp

− (1− α)ñt − αũt − Et−1qt − αEt−1k̃t

)

+ P3,2(φ̃t − ρφφ̃t−1 − Et−1qt)

where Etzt, Etqt, and Etk̃t
6 are the posterior beliefs about the realized TFP, IST

and (log linearized) capital respectively at period t. Et − 1zt, Et − 1qt, and Et − 1k̃t

are their corresponding prior beliefs formed by the end of period t− 1. Ỹt is the log

linearized aggregate output. Φp is the gross share of fixed cost in the steady state

production, defined as Φp = Y ∗+Φ
Y ∗ . ñt is the log linearized labor input. The matrix

P is calculated as a stable solution to the Algebraic Riccati equation, also referred

to as the stable optimal Kalman gain. It is a function of the (stable) covariance

matrix for z, q and k̃ and the parameters capturing the persistence of z, q and φ, as

well as the production parameter α. P measures the dependence of posterior beliefs

about different sources of information. A larger P indicates the updating of beliefs

relies more on the corresponding information. Without uncertainty, P will be a zero

matrix and the prior and posterior beliefs will be the same. Agents are affected by the

accuracy of their initial expectations and the learning process (filtering information

captured by P ) on the current state of the economy. Note that the disturbances to z,

q and φ can influence the expectation of all three unobservables. Moreover, incorrect

beliefs about one unobserved variable can be transmitted to others under uncertainty,

even if there are no shocks hitting the economy. These changes in beliefs could create

fluctuations that would not happen under certainty.

6Variables with tilt are defined as X̃t = logXt − log X̄ where X̄ is the steady state of X
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2.3.2 Estimation

I use Bayesian estimation techniques to estimate the model outlined in the previous

section. The Bayesian methodology has become a popular method to characterize

the posterior properties of structural parameters in medium scale DSGE models. In

the following, I will discuss the data used to estimate the model, the specification of

the priors, estimation results, and model’s fit.

Data

The model is fitted to quarterly postwar U.S. data on output, consumption, invest-

ment, hours worked, inflation and nominal interest rate from 1947QIII to 2006QIV.

I also use an alternative dataset which includes expected output in addition to the

above mentioned variables, which starts from 1969QIII, the first quarter in which the

Survey of Professional Forecasters has data of expected real GDP. 2006QIV is the last

quarter before the start of the financial crisis, after which the policy rate hits the zero

lower bound soon. All the original data of the economic variables are extracted from

the National Income and Product Accounts (NIPA) dataset. The expected output

data is extracted from the Survey of Professional Forecasters published by the Federal

Reserve Bank of Philadelphia. Output corresponds to the real GDP per capita, which

is obtained by dividing the nominal GDP per capita by the chain-weighted deflator

for GDP. Consumption is obtained as the consumption expenditures on nondurable

goods and services. Investment is obtained by the sum of gross domestic private in-

vestment and consumption expenditure of durable goods. Hours worked is obtained

as the log of hours worked in the non-farm business sectors. I obtain inflation by

taking the annualized percentage change in the GDP deflator. Nominal interest rate

corresponds to the Federal Funds Rate in percent. Finally, the expected output cor-

responds to the median forecasters’ one quarter ahead expected real GDP reported
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in the Survey of Professional Forecasters divided by population.

In order to solve and estimate the model, the system of equations characterizing

the equilibrium are transformed to the log deviation from their certainty steady states.

Therefore, it is necessary to transform the observed data (except for inflation rate and

nominal interest rate) to the percentage deviation from the stochastic trend, obtained

by the HP filter with parameter 1600 for quarterly frequency. The generated data

have the same conceptual meaning with the variables in the model. For inflation rate,

the trend is obtained by the mean of inflation over the data periods. For nominal

interest rate, since it is reported as the net rate in percentage points and annualized

form but the model is written in quarterly frequency and has gross rates, it has

to be transformed into a quarterly gross interest rate first by dividing the data by

four hundred and adding 1, yielding the observed time series of nominal interest rate

in the model. The correspondence between the data on the left hand side and the

measurement equation from the model on the right hand side is:



logGDPt − logGDP

logCONt − logCON

log INVt − log INV

logHOURt − logHOUR

(INFt − INF )/INF

FFRt

Et(logGDPt+1 − logGDP )



=



Ỹt

c̃t

Ỹ I
t

ñt

π̃t

100(logR∗ + R̃t)

EtỸt+1


where GDPt, CONt, INVt, HOURt, EtGDPt+1 are respectively the data for real

GDP per capita, consumption, investment, hours worked and expected real GDP as

described above, and GDP , CON , INV , HOUR,EtGDP are their corresponding

trends generated by HP filter. (INFt − INF )/INF is the percentage deviation
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of inflation rate from its trend defined as mean(INF data
t ). FFRt are transformed

nominal interest rates defined as FFRt = log(1 +
FFRdatat

400
). R∗ is the steady state

nominal interest rate.

Priors

I choose a set of priors that are relatively wide and broadly in line with those used

in the literature (e.g. Smets and Wouters (2007) and Justiniano et al (2011)). As

shown in Table 1 and 2, the priors for the persistence of stochastic shocks and markup

process are rather non informative, assumed to follow beta distribution with mean 0.5

and standard deviation 0.1. The priors for the standard deviation of disturbances to

the shocks follow inverse-gamma distribution with mean 0.1 and standard deviation

1. The Kalman gain parameters are deep parameters in the sense that they depend

on the choices of other parameters, so there are no priors set for them. The priors

for the other parameters are the same as in Smets and Wouters (2007) benchmark

model.

I fix a small number of parameters which are known in the literature to be

difficult to identify in DSGE models. The depreciation rate δ is fixed at 0.025 and

the exogenous steady state government spending g at 22% which corresponds to the

government spending-GDP ratio for the sample period. The labor elasticity (inverse

Frisch elasticity) is set at 3. Microeconometric studies tend to estimate a lower value

(0 to 0.5) than that by macroeconomists (2-4) in a general equilibrium framework.

The choice in this paper is based on Peterman (2012) which tries to reconcile the

Micro and Macro estimates of this elasticity.

87



Estimation results

Given prior distribution and the observation variables, I estimate the posterior dis-

tribution and the mode of the structural and shock parameters in the model by max-

imizing the log posterior likelihood and then using the Metropolis-Hastings Monte

Carlo technique to obtain a complete posterior distribution of the parameters. I es-

timate both models with and without imperfect information using the same dataset.

And I use the dataset with and without forecasted variables for the estimation but

find it does not generate much difference. Therefore, I only show the results from

the estimation based on the data including the expectation variable which uses a

shorter sample period between 1969 and 2006. The estimates of the posterior mode

and standard deviation of the structural parameters and shocks are shown in Table

1 and 2. The log likelihood of the certainty benchmark estimation is -1689.92, the

absolute value of which is higher than that under uncertainty using the same dataset.

This implies to some extent that the model with uncertainty is able to fit data better

than the standard DSGE framework7.

Some of the parameters are worth discussing. The capital share parameter, α

is only 0.198 and smaller than the common assumption of 0.33. The degree of wage

and price stickiness are higher than 0.5, at 0.766 and 0.518 respectively. This implies

the average duration of wage contract is 4 quarters and that of price is 2 quarters.

The latter is a bit lower than other estimations in the literature where the price

duration is 3 quarters on average. The Taylor rule smoothing parameter ϕR of 0.88

is high, indicating that during the sample periods, the monetary policy rule followed

the lagged interest rate closely, and on average did not change substantially. The

Taylor rule parameters on output gap and its change, ϕy and ϕdy are around 0.2,

smaller than that on inflation of 1.87. This indicates that the long run reaction to

7Most of the parameters estimated are well identified as shown in Table 3.
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inflation in the Taylor rule is much stronger than that to the output. In the Taylor

rule, inflation is an important factor that shapes the central bank’s policy.

Regarding the stochastic shocks that characterize the dynamics of the economy,

the persistence of TFP, government spending, wage markup and price markup are all

very high. This implies that most of the forecast error of variances in the long run

will be explained by these four shocks. On the other hand, both the financial asset

premium shock and monetary policy shock have low persistence. The IST shock has

a larger than 0.5 persistence, which is in line with the business cycle literature. The

unique parameter ρv, which captures the persistence of the signal regarding the IST

and noise, is 0.342. This means that the persistence of the signal driven by the IST

shock is weaker than by the noise shock. The variances of government spending shock

and IST shock are among the highest in the estimates. This is consistent with the

observance that government spending and investment are more volatile than other

macroeconomic variables in the sample periods. Overall, the data is informative in

the stochastic processes of the exogenous shocks and the dynamics of the framework,

as the posterior densities of the structural and shock parameters are considerably

different from their priors.

2.3.3 Model’s fit

In last section, it is briefly mentioned that this framework with uncertainty performs

better than the certainty counterpart by comparing the marginal likelihood obtained

from the estimation of the two models. In this section I compare the model’s generated

statistics with those from the actual data and certainty framework, as well as the

pseudo out-of-sample forecast performance with that based on vector autoregression

(VAR) estimation.
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Within-sample performance

I calculate the standard deviation and correlation with output (in absolute value) of

the targets used for estimation based on the data and the estimation results from

uncertainty and certainty framework. The comparison are shown in Table 4. For

the statistics estimated from the models, I show the median values. In particular,

compared with data, the model with uncertainty overpredicts the standard devia-

tion of consumption and output, whereas underpredicts those of investment, labor,

interest rate and inflation. Compared with the predictions from the certainty model,

the model under uncertainty in general matches better with data, even though the

correlation between consumption and output, and investment and output are better

predicted by the certainty model, but not overperforming the uncertainty model to a

substantial extent. This result is overall consistent with the marginal likelihood com-

parison that the certainty model characterizes the economy better than the standard

DSGE model.

One thing to note is neither model could perfectly match with data even though

various stochastic shocks have been included in the models. An important reason for

this is that the Bayesian estimation technique tries to match the model prediction

with the covariance of the data and the first order and higher order moments. It

has to balance the fit across these statistics. Even with various stochastic shocks

and uncertainty in the model specification, it is still unlikely to match well all the

statistics for selected variables. Nonetheless, the comparison provides an insight on

the overall accepted within-sample performance of the model.
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Forecast performance

The previous section compares the within-sample performance of the model. In this

section, I further calculate the out of sample prediction performance of the model

and compare it to that from the VAR and certainty framework respectively. The

forecast performance is measured with marginal likelihood. In addition, the pseudo

out-of-sample predicted mean squared errors for the observation variables are also

calculated for robustness check.

Table 5 demonstrates the marginal likelihood values of the uncertainty, certainty,

and unconstrained VAR models with different numbers of lags. These models are all

estimated over the entire sample period. From the comparison, it is not surprising that

both DSGE models generate better predictions than the unconstrained VAR with the

same observation variables but different lags8. More importantly, as mentioned before,

the DSGE model with uncertainty overperforms the certainty benchmark.

Table 6 shows the predicted mean squared errors for selected variables in different

horizons over the period 1990QI:2006QIV. The VAR(1) and DSGE models shown in

the table are estimated using data 1969QIII:1989QIV. The percentage gain (+) or

losses (-) are calculated as the difference between the log of the forecasted error

covariance from the VAR(1) model and the DSGE models. The results reassure that

the DSGE models tend to perform better than VAR model.

2.3.4 Business cycle properties

Standard RBC or New Keynesian models are successful to some extent in exploring

the factors that contribute to US business cycles in the post World War II US economy.

8It is known that the unconstrained VAR as a representative of overparameterized models is
typically not able to generate sound predictions. See, for example, Smets and Wouters (2007).
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However, as recent literature shows, the feature of uncertain economic state also

plays an important role in characterizing the economy and should be included in

the specification of the general equilibrium models. In this paper, I introduce the

imperfect information regarding the current state of the economy to an otherwise

standard New Keynesian model, which enables discussion of the role of uncertainty

and its implications on business cycles. For example, what are the main driving

forces of macroeconomic fluctuations? Is IST an important factor accounting for the

dynamics of investment and output? What is the role of ”noise”? What determines

inflation and output gap historically? With the model proposed in this paper that

has been shown to perform better than the standard DSGE model in characterizing

the economy, I am able to contribute to the debate of these central questions in the

literature.

In order to investigate the roles different shocks play in characterizing the US

business cycles, I use the traditional forecast variance decomposition for the model-

generated fluctuations at business cycle frequencies. The decomposition shows the

contribution of different stochastic shocks to the variances of macroeconomic vari-

ables. The result is shown in Table 7.The first thing to note is that the TFP shock is

an important factor in explaining the fluctuations of output, consumption, investment

and labor, although it may not be the most important factor explaining the variances

of those variables. The second thing to note is the role of the IST shock. It explains a

fair amount of fluctuations in investment and output. Quantitatively, this result lies

between the findings from Justiniano et al. (2011) in which the IST shock accounts

for almost zero percent of output, consumption, investment and hours worked, and

the findings of Greenwood et al. (2000) and Fisher (2006) that the IST shock is an

important contributor to business cycles. One of the reasons mentioned in Justiniano

et al. (2011) to explain the different conclusions on the importance of the IST shock

between their paper and Fisher (2006) is whether to use the data on the relative price
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of investment directly to match IST in the model. This paper tries both methods

and does not find much difference on the estimation. Therefore, this evidence pro-

poses another story about why IST might be important (or not): it depends on the

accessibility of information about the technology. If economic agents are unable to

observe IST, as assumed in this paper, and only gradually recognize its values, they

behave conservatively when a positive IST shock hits. As a result, the fluctuations

of investment due to the change of IST are not as big as under perfect information.

As for the equity premium shock, it explains a fair portion of volatility in output,

consumption, investment and hours worked. This evidence shows that the financial

shock is an important demand side factor, consistent with findings from other papers

focusing on its role in recent financial crisis9. The last is the noise shock, which could

capture the undue optimism or pessimism about the investment technology. On aver-

age, it is a non negligible factor that contributes to business cycle fluctuations. This

result is between the findings from Barsky and Sims (2011) which claims that solely

having noise shock is difficult to generate quantitatively large economic fluctuations,

and Angeletos and La’O (2013) which demonstrates that the ”noise” is an important

driving force of economic activities. The last two variables in the table are the beliefs

about IST and TFP respectively. Both noise shock and IST shock contribute to the

volatility of the expected IST. It means when an IST shock or noise shock hits, it

takes time for economic agents to differentiate between the two shocks and therefore,

even though the noise shock itself is non persistent, the influence on the macroeco-

nomic variables could be persistent. This is why investment is also influenced by the

noise shock, for the decision of investment is based on the beliefs about IST, which

in turn is affected by the noise shock. By contrast, the volatility of the expected

TFP is largely dependent on the TFP shock, indicating that agents could learn rel-

atively quickly when a TFP shock hits, even though both TFP and IST shocks are

9For example, see Christiano, Motto and Rostagno (2014).
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unobserved.

As for historical evidence, Figure 1 shows the historical variance decomposition

for inflation between the initial period of the sample to 2006QIV. Throughout this

period, wage markup shocks are the most important driver of the fluctuations of

inflation. Monetary policy shocks, on average, play a small role. However, in the

late 1970s and early 1980s, they did contribute to the disinflation during the Volcker

period. The two unobserved shocks, IST and TFP shocks, also play a non negligible

role, especially in the 1970s and 2000s. Figure 2 shows the decomposition for output

gap during the same period. Wage markup, equity premium, IST and monetary policy

shocks all contribute to the dynamics of output gap significantly. Notably, TFP shocks

do not seem to play a role. Finally, it is clear that in the late 1970s, monetary policy

shocks account for the recovery of the economy to a large extent.

These findings suggest that the existence of uncertainty could alter the expla-

nation of business cycles compared to that under certainty. More importantly, un-

certainty could serve as a channel through which an otherwise ignorable disturbance,

such as the change in the ”noise”, affects the economy. It is therefore important

for the monetary authority to acknowledge different scenarios of economic environ-

ment and their implications for monetary policies, which will be elaborated in next

section.

2.4 Monetary policy implications

The uncertainty that temporarily decouples agents’ decisions from economic funda-

mentals but connects them to their expectations creates a different environment for

policy-makers. In this section, I will address three key questions to understand mon-

etary policy under uncertain economic state: i) Does a commonly used stabilization
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policy rule affect the dynamics of macroeconomic variables differently? ii) How could

the central bank make welfare-maximizing policy under imperfect information? and

finally, iii) What are the welfare effects of different policy actions?

2.4.1 Taylor rule effects

In order to illustrate the monetary policy’s stabilization effects under uncertainty, i.e.,

how policy accommodates or offsets various shocks when some supply and demand

shocks are not observed, I explore the impulse responses of macroeconomic variables

to stochastic shocks under the Taylor rule introduced before. The responses are

expressed as percentage deviation from the steady state. The parameters used in

the exercise are estimated based on the model with uncertainty. In the simulation,

one period starts with the observation of shocks and/or signals, and ends by the

observation of next shocks and/or signals. Initially, the economy is assumed to be in

a ”correct” steady state where all variables are in the steady state values of zero and

all the expectations are accurate and equal to the true fundamentals. Then, shocks

are realized and signals are observed. The figures show the behavior of macroeconomic

variables after observing the shocks and/or signals. The responses of beliefs about

productivities are the prior beliefs for the next period.

Observed government spending shock

Figure 3 depicts the effects of one standard deviation shock on government spend-

ing. Both models, under imperfect and perfect information, generate similar paths

of persistent responses of macroeconomic variables. When there is a positive shock

on government spending, there are immediate increases in output, labor supply, and

inflation, but consumption and investment decrease due to the crowding out effect.

The reason uncertainty does not influence the pattern of the behavior is: i). It is
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assumed that the economy starts at a correctly perceived steady state. In the initial

period, agents’ beliefs coincide with the true values of economic fundamentals, and

ii). Economic agents can observe the occurrence of government spending shock and

their beliefs about the unobserved fundamentals are not affected by this shock. Con-

sequently, the responses are similar even though they cannot observe some underlying

fundamentals. Similar results apply to other scenarios when the shocks hitting the

economy are observable.

As shown in Figure 3, the responses of monetary policy are similar under both

environments. The higher output and inflation oblige the central bank to increase

nominal interest rate to offset the positive demand shock of an increase in govern-

ment spending. The implication for monetary policy is, if the disturbances that can

cause fluctuations in the economy is easy to be identified and differentiated by agents,

an otherwise effective monetary policy will play a similar role to stabilize the econ-

omy. There is no need for the monetary authority to resort to more complicated or

sophisticated decision process.

Observed monetary policy shock

Figure 4 shows the responses of economy to a one standard deviation shock on mone-

tary policy at the level of 0.23. The policy shock generates a very persistent response

in output. The peak effect occurs roughly one year after the shock and the negative

effects on output last for over three years. There are also persistent decreases in con-

sumption, investment, and inflation. The model also illustrate the dynamic responses

of interest rate to a monetary policy shock. The contractionary policy shock induces

a sharp increase in interest rate which then returns to its pre-shock level within a

year. The model does account for the overshooting pattern of the interest rate em-

pirically found in the data. Note that the initial increase of the nominal rate is less
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than 0.23, due to the downward adjustment induced by the decline in inflation and

output gap10. The response of real rate is larger than that of nominal rate as a result

of the decrease in expected inflation. It is obvious from the comparison that the

dynamics of the economy is almost the same under uncertainty and certainty. This is

not surprising because the monetary policy shock can be observed by private sectors,

just as the government spending shock, and an observed shock doesn’t deviate agents’

(correct) expectations about the unobserved fundamentals. Therefore, the existence

of imperfect information does not magnify or mitigate monetary policy shocks. In

general, the monetary authority is safe to expect policy effects in the direction of its

desired influence on the economy.

Unobserved TFP shock

Figure 5 depicts the effects on economic variables after a positive shock on TFP.

Different from the responses to the observed shocks, when an unobserved shock hits

the economy, the responses of economic agents may differ. Since agents do not ob-

serve the occurrence of the TFP shock but only observe an increase of output, they

attribute some changes of the higher output to higher actual capital, which could

be influenced by previous IST. As a result, their beliefs about IST increase slightly

initially. Output responds more to a positive TFP shock, as the choice of labor de-

creases less. Consumption and investment also respond slightly stronger than under

certainty. Inflation is slightly higher at the beginning periods. The information re-

stricted Phillips curve suggests that inflation is dependent on the expected current

and future marginal costs. Under a positive TFP shock, since the expected output

is less than the realized output, the expected marginal costs are thus smaller than

the realized marginal costs. Therefore firms that have the opportunity to reset prices

10The response of output corresponds to that of the output gap, because the output level under
flexible prices and wages is not affected by the monetary policy shock.
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choose a price level relatively higher in order to realign their markup closer to the

desired level.

Over all, however, the responses of macroeconomic variables are not significantly

different. This is because of the quick learning about the TFP shock. The expected

TFP is 18% lower than the actual one at the initial period, but the error reduces

to 0.4% at the 4th quarter after the TFP shock hits. Agents learn most of the

initial variation in TFP within a year. On the other hand, the error between the

expected and actual IST (which is 0) is never bigger than 0.4%, with the highest of

0.3% at the initial period. This evidence implies that agents are able to learn quite

quickly and accurately about the changes in the TFP shock. This is because the

signal from which agents extract most information about the TFP shock, the output,

increases immediately when the TFP shock hits, whereas the signal φ that provides

more information for IST does not change. Therefore, even though the TFP shock is

unobserved, its effects are similar compared to the certainty environment.

In both cases, the increase of TFP is accommodated by the central bank, which

lowers nominal and real interest rates. This shows that, even if not being able to

observe the occurrence of the supply side TFP shock, the central bank can still use

an otherwise effective Taylor rule to achieve its desired impact on the economy, as a

result of agents’ quick learning of the unobserved fundamentals. Moreover, the Taylor

rule is slightly more effective in accommodating a positive supply shock because the

decline in inflation is persistently smaller in the short run under uncertainty.

Unobserved IST shock

Figure 6 depicts the effects on economic variables after one standard deviation shock

on IST. Economic agents behave more conservatively compared to the certainty frame-

work, and the difference in the responses are more significant than the previous sce-
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nario. Even though output and inflation increase in response to a positive IST shock,

the magnitude is much smaller, because the expected increase in IST is smaller than

the actual change of 0.6. Moreover, the expected TFP declines even though there is

no TFP shock. As a result, the initial increase in output is only half of that under

certainty. Moreover, the significantly weaker responses are also persistent due to that

agents learn slowly when the IST shock hits. On impact, the expected IST is 77%

lower than the actual one, and the error only declines to 12% at the 4th quarter and

2% at the 8th quarter. It takes 3 years for the expectation error to reach 0.4%, which

is accomplished much sooner when the TFP shock hits. The misperception on TFP

is also bigger compared to that on IST when the TFP shock hits. It is still 1.5% at

the 12th quarter. The lower and slowly adjusted expectation on both IST and TFP

contribute to the weaker dynamics when the IST shock hits.

As for the Taylor rule effects, the increase of nominal interest rate shows that

the central bank correctly offsets the demand side IST shock, which contributes to

the decrease of inflation. This reassures what we find when the TFP shock hits,

that is, even though the central bank cannot distinguish supply and demand shocks,

the Taylor rule is still appropriate and effective to stabilize the economy. Under

uncertainty, however, the policy is relatively less sufficient in that the increase in

nominal interest rate is slow and only attains the peak at the 6th quarter. This

is because the imperfect information generates a misperception on TFP too, which

weakens the effects of offsetting. This evidence shows that the existence of uncertainty

could generate different implications for policy effects, when economic agents don’t

learn quickly enough about the uncertain economic state.
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Unobserved noise shock

Figure 7 shows the impulse responses of the economy facing a one standard deviation

noise shock. Following an optimism shock, investment and output increase. Agents

know that the observed signal is a combination of the IST shock and disturbance,

but contribute the increase of φ to at least some increase in IST, even though the

actual series remain unchanged. Due to the increase in the expected value of IST,

agents consequently invest more. Since the process of φ is persistent, agents observe

subsequent values of φ above its steady state even though the noise shock lasts for

only one period. As a result, they persistently have wrong expectations on IST

and TFP, which generate persistent responses. As agents obtain more information,

they realize the initial shock is less likely to be the IST progress. This influences their

investment and utilization of capital. The latter decreases below the steady state after

around one year. This is one mechanism that could explain what happens during a

tech boom and bust cycle. An increase in the noise, for example, an optimistic

expectation about the influence of a new technology may increase investment and

capital utilization. Later, when agents gradually learn that it was only a tech bubble

and no fundamental productivity has advanced, they adjust their beliefs about the

investment technology and effectiveness of capital, which might cause the bust. If the

noise varies dramatically during some particular periods, it could potentially generate

considerable fluctuations in the short run11.

The responses of nominal interest rate show that the Taylor rule plays a successful

11One thing to note is that, the historical decomposition, which is the best guess on what shocks
contribute to the movement of macroeconomic variables in the history, shows that the sentiment
shock doesn’t contribute substantially to the dynamics of inflation and output gap. One potential
reason is that the responses of economic variables are similar under the sentiment shock and IST
shock, and it might be difficult to disentangle the contribution between the two in that exercise. With
more restricted identification strategy, as shown in my other paper about the effects of unanticipated,
news, and sentiment shocks on investment and output dynamics, I empirically identify the three
shocks separately based on maximum forecast variance error method, and find that sentiment shock
could influence output and investment to a substantial level in the short run.
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role to stabilize the economy. It increases to the peak within a year. As a result,

inflation decreases and output gap closes quickly. The feature of the noise shock,

however, poses a difficult question to the central bank. If the occurrence of the noise

shock could be identified, policy actions should be offsetting in the short run since

the unwarranted noise will return to steady state more quickly compared to the IST

change. One tricky task is how to differentiate the IST shock from the noise shock, as

the short run responses of the economy are similar. If contractionary monetary policy

acts persistently, it risks to overshoot and contribute to the subsequent recession.

Therefore, in practice, it is of particular importance for the central bank to obtain as

much information before conducting policies when it suspects there is unwarranted

change of market attitude towards the economic fundamentals.

Incorrect beliefs

The effects of the Taylor rule shown above are conditional on accurate beliefs about

the economic state. It is natural to wonder what will happen during periods when

economic environment changes dramatically and agents’ beliefs are more likely to

deviate from their true values. Will the same policy rule still be able to stabilize the

economy? Figure 8 depicts the dynamics of the economy when the initial belief about

IST deviates from its steady state at a level equivalent to the initial impact of a two

standard deviation IST shock. An incorrect belief about IST leads to an incorrect

belief about TFP. On thing to note is, even if no shocks happen to the economy,

there are still responses in macroeconomic variables because the beliefs about IST

and TFP deviate from steady state. This explains the increase of output gap and

inflation. Regarding monetary policy, the nominal interest rate increases to offset the

changes, resulting in an increase in the real interest rate. Inflation quickly decreases

and becomes negative at the 6th quarter. The results suggest that the policy rule has

persistent effects on both real and nominal variables. No matter whether the beliefs
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about the demand and/or supply shocks are correct, the Taylor rule is still effective

to stabilize the economy.

The previous simulations have illustrated several important points. First, ob-

served shocks have no significantly different effects on economic dynamics under un-

certainty compared to certainty. Second, when unobserved shocks hit the economy,

the responses of agents vary dependent on the differences in the convergence of beliefs

to the underlying fundamentals. The responses to an unobserved TFP shock don’t

vary significantly compared to certainty, whereas the unobserved shocks that are

slowly learned by economic agents, such as the IST shock, will generate significantly

different dynamics in the direction of less volatility. Third, incorrect beliefs alone

can cause persistent responses with no shocks happening subsequently. Fourth and

most importantly, the given Taylor rule is still effective in stabilizing the economy,

even though the central bank cannot distinguish between the IST and TFP shocks,

or more broadly between the supply and demand shocks. The last feature leads to

interesting questions for the central bank to explore about the welfare-maximizing

policy under aggregate uncertainty, which will be the focus of the next section.

2.4.2 Welfare-maximizing monetary policy

So far, I have focused on the implications of uncertainty on monetary policy effects

illustrated by the Taylor rule. If the objective of the central bank is to stabilize

the economy and maximize social welfare, how should the policy be designed when

supply and demand shocks cannot be observed separately? What are the welfare

implications for different policy actions? What if the central bank can influence the

precision of information? I will discuss the questions in this section.
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Policy design

Compared to the efficient allocation determined by a benevolent social planner who

seeks to maximize the representative household’s welfare given its preference and

realized stochastic shocks, in the proposed New Keynesian economy under imperfect

information, the suboptimality of the allocation based on decentralized markets stems

from three distortions. The first distortion is attributed to imperfect information,

under which an inefficiently low level of output is generated. The second is the

presence of market power due to the behavior of monopolistically competitive firms

and labor unions, which enables the charge of higher prices and wages compared

to perfectly competitive markets. The third distortion comes from the infrequent

adjustment of prices by firms and wages by labor unions. As in literature, I assume

that the central bank designs the policy following what is proposed by the seminal

work of Rotemberg and Woodford (1999), that is, minimizing the welfare loss function

derived from a second-order approximation to the utility losses experienced by a

representative household, by choosing federal funds rate and the coefficients capturing

how this rate influences real variables.

First of all, under imperfect information, the central bank’s welfare maximiza-

tion problem is subject to the informational constraint that decisions are based on

subjective beliefs rather than the actual fundamentals. This means that when making

the policy, the central bank can only use the information available but no superior

knowledge on the unobserved underlying fundamentals. This distortion makes this

policy unable to generate the first best allocation, which could be obtained under

perfect information, but only able to achieve the allocation that is “constrained effi-

cient.”12 The constrained efficient allocation is the one that would be obtained in an

economy where the monopoly market power and the price and wage rigidities do not

12This notion is developed and analyzed in a broad class of quadratic games in Angeletos and
Pavan (2007, 2009).

103



exist.

Second, since I am mainly interested in comparing the performances of different

monetary policy actions, I assume that the central bank can eliminate the inefficiency

from the market power by choosing an appropriate subsidy intervention to offset

the first order distortion caused by the presence of monopolistic competition in the

markets. This intervention can be easily relaxed and incorporated in the problem.

I impose it in order to better understand the stabilization properties and welfare

implications.

As shown in section 2, the firm’s optimization problem in equilibrium is charac-

terized by

Wt

Pt
=
Et[ZtYt]

Yt

(1− α)Yt
nt

Rearranging, we have

Wt

Pt
=

1

Et[Mp]

Et[Yt]

Yt
MPNt

where Mp is the price markup, and MPNt is the marginal product of labor. In

addition, the substitution between labor and consumption derived from the utility

maximization is:

−Un,t
Uc,t

Et[Mw]Uc,t
Et[Uc,t]

=
Wt

Pt

where Mw is the wage markup.

Without uncertainty, the optimal subsidy chosen by the central bank is to have

st = 1 − 1
Mp
tM

w
t

such that the optimal allocation of consumption and labor gener-
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ates:

−Un,t
Uc,t

=
Wt

MwPt
=

1

(1− st)MwMp

MPNt = MPNt

Under uncertainty, since the first best allocation cannot be achieved due to im-

perfect information, the choice of s should satisfy the condition to guarantee a con-

strained efficient state:

st = 1− 1

Et[Mp]Et[Mw]

Compared with certainty, it is obvious that the subsidy is dependent on the

expectation of wage and price markups (marginal costs). In general, unless the ex-

pectations of the unobserved fundamentals coincide with their actual values, the

optimal subsidy would be different from that under environment with perfect infor-

mation.

Given that the optimal subsidy completely offsets the market power distortion,

the minimal welfare losses can be obtained by a policy that stabilizes the average

price and wage rigidities. In particular, the central bank maximizes the utility of all

households as a social planner:

maxE0

∫ 1

0

∞∑
t=0

βt
{

1

1− σc
[ct − hct−1]1−σc − ψ n

1+γ
t

1 + γ

}
dj

That is, the central bank minimizes the average welfare losses experienced by

households in the economy with sticky prices and wages in terms of consumption,

yielding:

105



minW = E0

∞∑
t=0

βt[ΓyỸ
2
t + Γπp(π

p
t )

2 + Γπw(πwt )2] + Γ

And the average period welfare losses can be expressed as a linear combination

of the variances of the output gap, price inflation and wage inflation, given by

L = Γyvar(Ỹt) + Γπpvar(π
p
t ) + Γπwvar(π

w
t )

where Γy, Γπp , Γπw are respectively the weights on output gap, price inflation

and wage inflation, which are determined by the parameter values, and Γ are other

terms that are independent of policy actions. Intuitively, under uncertainty, since

the average (expected) volatility of output gap and inflation are lower than that

under certainty when the TFP and IST shocks happen, and higher when the noise

shock happens, the federal funds rate will be chosen such that it captures the different

effects. Based on the problem outlined above, the optimal monetary policy rules, both

under commitment and discretion, can be derived. This topic will be investigated in

more details in another paper. Alternatively, in the following, by comparing the

generated volatility and welfare losses from the welfare-maximizing monetary policy

and other commonly used policy rules, we can obtain the best policy in terms of the

minimized welfare losses.

Evaluation of policy actions

This section considers the welfare-maximizing policy derived above and a number

of simple policy rules, and provides a quantitative evaluation of their impact on

macroeconomic volatility and welfare. Given the parameters estimated in last section,

the evaluation is based on the unconditional period losses. I will consider two policy

rules. The first one is the Taylor rule used in this paper for the estimation. This
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rule disciplines the nominal interest rate to respond to the deviation of inflation

and output gap from their counterparts obtained under the flexible wage and price

economy subject to imperfect information. The second rule is the flexible inflation

targeting rule. This rule is obtained when the coefficients for both output gap and the

change of output gap become zero, whereas the coefficient for the inflation remains

as estimated. Under this rule, the policy will change whenever inflation deviates, but

will not when there is only variation in output gap.

Table 8 reports the volatility of macroeconomic variables and welfare losses under

the welfare-maximizing monetary policy, the Taylor rule, and the inflation targeting

rule. For comparison, the welfare costs and volatility derived from both uncertainty

and certainty are displayed. The welfare costs are the average periods welfare losses

in terms of consumption units, as defined in last section, relative to the welfare losses

implied by the welfare-maximizing policy under uncertainty, which is set to zero. The

volatility is characterized by the standard deviation of the output gap, price inflation

and wage inflation.

Starting with the comparison between different policies under uncertainty at

the left panel. The standard deviation of price inflation is 0.28 under the welfare-

maximizing policy, 114% lower than under the Taylor rule and 86% lower than under

the inflation targeting rule. The volatility of wage inflation is the same under both

the Taylor rule and inflation targeting rule, but 23% higher than that under the

welfare-maximizing policy. The volatility of output gap is highest under the inflation

targeting rule, and lowest under the welfare-maximizing policy. Not surprisingly, the

welfare losses of both Taylor rule and inflation targeting rule are bigger than those

under the welfare-maximizing policy. The inflation targeting rule, however, generates

a 17% welfare gain compared to the Taylor rule, possibly due to the decrease of

the price inflation volatility. This result is consistent with the findings of Bernanke

107



and Gertler (2001) who emphasizes the implications of uncertainty on the central

bank’s decisions and advocate the effectiveness of the inflation targeting rule. It

implies that, when the central bank has difficulty to observe and differentiate the

sources of inflation and output volatility, that is, whether due to aggregate supply or

demand disturbances, the policy following inflation targeting rule could generate lower

welfare losses compared to the widely conducted Taylor rule. When policy responds

aggressively to an appropriate weight of price inflation, the inflation targeting rule

will overperform the Taylor rule to a substantial extent with lower volatilities of

price inflation, wage inflation and output gap, and therefore lower welfare losses. For

example, when the coefficient for inflation doubles in the inflation targeting rule, the

welfare losses will further decrease by more than 50%.

When considering the implications of different policies under certainty, the welfare-

maximizing policy yields the lowest welfare losses, due to the lowest standard devi-

ation of price inflation, wage inflation and output gap. Interestingly, given the pa-

rameters from the baseline estimation, the inflation targeting rule is worse than the

Taylor rule, possibly due to the larger fluctuations in the output gap that result from

following the rule. The result suggests that, when economic environment enables the

public and central bank to observe the sources of variation, policy actions based on

the Taylor rule gives higher welfare effects.

Finally, comparing across different environments, we have two interesting find-

ings. First, the welfare gain of the welfare-maximizing monetary policy relative to

other simple rules is more under uncertainty than under certainty. This is likely

due to the fact that information frictions may serve as a propagation mechanism for

markup shocks. As a result, the benefit brought by the welfare-maximizing policy to

stabilize marginal costs at a level consistent with firm’s desired markup relative to

other simple rules is bigger under uncertainty than under certainty. Second, in terms
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of economic volatility, the welfare losses of the welfare-maximizing policy are slightly

lower under uncertainty than under certainty, due to the lower aggregate volatility.

However, the actual welfare could be bigger under certainty, when the welfare losses

due to imperfect information are considered. As stated earlier, imperfect information

generates an inefficiently low level of output, which is not captured in the current

measure of welfare. When these losses are accounted for, no matter following which

policy actions, the welfare under certainty will be enhanced compared to the same

action under uncertainty. Therefore it is important for the central bank and pri-

vate agents to have access to more information so that the distortion resulting from

imperfect information would be reduced to minimum.

Welfare effects of information

In the previous analysis, the central bank can affect economic dynamics through

different policy actions. The policies, however, do not affect the learning structure of

private agents, that is, how the updating of beliefs rely on different signals. Suppose

now that the central bank can affect agents’ learning and thus behavior by affecting

the precision of information received by private agents. For example, it can decide

whether to make some aggregate statistics available to private agents, which could

affect market ”noise” and thus the precision of the signal φ13. What are the welfare

implications under this decision? Given the parameters estimated in the benchmark

framework, I examine the effects of variation in the precision of φ on social welfare

under the Taylor rule. The precision is characterized by log(1/σv) where σv is the

standard deviation of the ”noise” shock. Intuitively, when σv increases, φ becomes

less precise and informative.

13The notion that more precise information about aggregate variables has important welfare
implications has been discussed in Hellwig (2005) and Lorenzoni (2010). In those two papers,
more precise signals render prices’ differentials more in line with productivity differentials across
individuals and thus improves social welfare.
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Figure 9 shows the effect of the changes of log(1/σv) on welfare measured by

W as derived in last section, plus a quadratic difference between the level of output

under uncertainty and certainty, which captures the gain from approaching the first

best allocation. The welfare is monotonically increasing in log(1/σv). The higher the

precision of φ, the more closely agents’ decisions rely on the underlying fundamentals.

The underlying argument is similar with Lorenzoni (2010): under imperfect informa-

tion, the best achievable welfare corresponds to constrained efficient allocation, and

more precise information will unambiguously increase output and therefore improve

welfare. One thing to note is that agents’ learning structure is influenced by σv. When

the signal is less precise, the Kalman gain parameters representing the learning based

on φ decline and agents rely more on the signal of output to update beliefs.

When the same experiment is conducted under the welfare-maximizing policy,

better informational environment again leads to higher social welfare. It implies

that, if the central bank aims to increase social welfare, it is best to disclose available

information to the public frequently and precisely so that the public can better learn

about the underlying fundamentals and make decisions more close to the first best

allocation, as Poole (1998) claimed:” My bottom line is that market participants should

concentrate on the fundamentals. If the bond traders can get it right, they’ll do most

of the stabilization work for us, and we at the Fed can sit back and enjoy life.”

2.5 Conclusion

Monetary policy is conducted in an environment of substantial uncertainty. In this

paper, I develop a general equilibrium DSGE framework augmented with imperfect

information in terms of the indistinguishability between the supply-side TFP shock

and demand-side IST shock and study its implications for business cycles and mone-
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tary policy. I find that the policy following the Taylor rule responding to inflation and

output gap can still stabilize the economy under uncertain economic states. However,

the existence of uncertainty could create constraints for the design of monetary poli-

cies relative to the certainty benchmark. Moreover, under uncertainty, the inflation

targeting rule generates a higher welfare than the Taylor rule, whereas it generates a

lower welfare under certainty.

This paper studies one type of uncertainty faced by the central bank that has

not been fully investigated before. As Bernanke (2007) mentions, there are two other

types of uncertainty which matter for the decisions of the monetary authority, namely

the uncertainty about the structure of the economy and about the reaction of private

agents to policies. The framework I develop in this paper can naturally be extended to

study these two types of uncertainty and their implications for economic dynamics and

monetary policy. On the other hand, the feedback feature of the optimal monetary

policy is also intriguing. When the central bank tries to minimize welfare losses, it

takes the economic environment as an input factor for the loss function. Different

decisions reflect different understandings of the central bank about current economic

states, which in turn, could be learned by the public on observing the policy. Thus

the public may behave not only based on its own expectations on current economic

states, but also on the information extracted from the optimal policy. It would be

interesting to analyze the effects of monetary policy on the economy when these

additional learnings by monetary authority and/or private agents are considered,

which would allow a richer informational and learning dynamics.

Another extension is to explicitly incorporate financial sector into the current

framework, that is, to introduce an agency problem associated with financial inter-

mediation. In this research, besides the aggregate uncertainty about current economic

states, there would exist asymmetric information and costly monitoring within finan-
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cial intermediaries. This would enable a fully structural investigation of the role of

financial sector in the transmission of negative shocks and monetary policy effects

to the economy under an environment with aggregate uncertainty. The results can

provide new insights for the recent financial crisis and the necessary policy actions

that can be used to prevent similar recessions from happening in the future.
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2.6 Tables and Figures

Table 2.1: Prior Densities and Posterior Estimates of Structural
Parameters

Para Description Prior Posterior

Density Mean Std Mode Med Std. [5th,95th]

κ I adjustment cost Gamma 4 1.5 6.550 6.587 0.955 [5.84,7.30]

h habit formation Beta 0.7 0.1 0.805 0.784 0.039 [0.72,0.82]

θw wage stickiness Beta 0.5 0.1 0.766 0.778 0.039 [0.75,0.81]

θp price stickiness Beta 0.5 0.1 0.518 0.545 0.046 [0.50,0.58]

ιw wage indexation Beta 0.5 0.1 0.539 0.563 0.106 [0.46,0.66]

ιp price indexation Beta 0.5 0.1 0.174 0.160 0.076 [0.09,0.22]

Φ share of fixed cost Gamma 1.25 0.1 1.225 1.221 0.025 [1.15,1.27]

ϕR T.R. smoothing Beta 0.75 0.1 0.876 0.885 0.017 [0.87,0.90]

ϕπ T.R. inflation Normal 1.5 0.3 1.869 1.845 0.164 [1.73,1.98]

ϕy T.R. output Normal 0.2 0.05 0.121 0.125 0.025 [0.11,0.14]

ϕdy T.R. output gap Normal 0.2 0.05 0.126 0.130 0.019 [0.11,0.16]

α capital share Beta 0.3 0.1 0.198 0.195 0.019 [0.18,0.21]

β discount factor Gamma 0.9 0.05 0.998 0.999 0.095 [0.99,1.01]

P1,1 Gain of z from y N/A 0.818

P1,2 Gain of z from φ N/A -0.017

P2,1 Gain of k from y N/A 0.016

P2,2 Gain of k from φ N/A 0.626

P3,1 Gain of q from y N/A 0.009

P3,2 Gain of q from φ N/A 0.415

This table shows the prior densities and posterior estimates of the structural parame-

ters from the estimation of the benchmark model under imperfect information. I use the

Bayesian methodology that maximizes the log posterior likelihood and the Metropolis-

Hastings Monte Carlo technique to obtain a complete posterior distribution of the param-

eters. The data used for the estimation spans the periods between 1969QIII and 2006QIV,

including real GDP per capita, consumption, investment, hours worked, federal funds rate,

inflation, and the forecasts of real GDP from the Surveys of Professional Forecasters.
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Table 2.2: Prior Densities and Posterior Estimates of Structural
Parameters

Para Description Prior Posterior

Density Mean Std Mode Median Std. [5th,95th]

ρz TFP Beta 0.5 0.1 0.983 0.986 0.004 [0.98,0.99]

ρb asset premium Beta 0.5 0.1 0.133 0.172 0.078 [0.11,0.24]

ρg Gov spending Beta 0.5 0.1 0.972 0.974 0.010 [0.96,0.99]

ρq IST Beta 0.5 0.1 0.617 0.629 0.054 [0.57,0.68]

ρm monetary policy Beta 0.5 0.1 0.201 0.208 0.064 [0.15,0.27]

ρp price markup Beta 0.5 0.1 0.986 0.983 0.009 [0.98,0.99]

ρw wage markup Beta 0.5 0.1 0.981 0.972 0.010 [0.95,0.98]

ρv signal error Beta 0.5 0.1 0.342 0.339 0.058 [0.30,0.40]

σz TFP InvG 0.1 1 0.491 0.484 0.025 [0.44,0.52]

σb asset premium InvG 0.1 1 0.359 0.369 0.030 [0.34,0.41]

σg gov spending InvG 0.1 1 0.738 0.753 0.035 [0.73,0.79]

σq IST InvG 0.1 1 0.567 0.561 0.055 [0.51,0.60]

σm monetary policy InvG 0.1 1 0.228 0.224 0.012 [0.21,0.24]

σp price markup InvG 0.1 1 0.217 0.219 0.023 [0.19,0.24]

σw wage markup InvG 0.1 1 0.269 0.278 0.018 [0.26,0.30]

σv signal error InvG 0.1 1 0.498 0.501 0.092 [0.48,0.52]

$p MA in price Beta 0.5 0.1 0.839 0.850 0.055 [0.79,0.89]

$w MA in wage Beta 0.5 0.1 0.933 0.926 0.021 [0.91,0.94]

likelihood - uncertainty -1533.66

likelihood - certainty -1689.92

This table shows the prior densities and posterior estimates of the shock parame-

ters from the estimation of the benchmark model under imperfect information. I use the

Bayesian methodology that maximizes the log posterior likelihood and the Metropolis-

Hastings Monte Carlo technique to obtain a complete posterior distribution of the param-

eters. The data used for the estimation spans the periods between 1969QIII and 2006QIV,

including real GDP per capita, consumption, investment, hours worked, federal funds rate,

inflation, and the forecasts of real GDP from the Surveys of Professional Forecasters.
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Table 2.3: Identification Strength of Parameters

−2

0

2

4

6

la
b_

ba
r

be
ta

_c
on

io
ta

_w
rh

o_
m

pi
_b

ar r_
y

ps
ii

et
a_

q
r_

pi
io

ta
_p al
fa

et
a_

v
r_

dy
et

a_
b

ka
pp

a
ga

m
m

a_
ba

r
ha

b
et

a_
w

rh
o_

v
et

a_
p

et
a_

m
xi

_p
et

a_
g

et
a_

a
m

u_
p

rh
o_

b
m

u_
w

rh
o

ph
i_

p
xi

_w
rh

o_
p

rh
o_

w
rh

o_
q

rh
o_

g
rh

o_
a

Identification strength with asymptotic Information matrix (log−scale)

 

 
relative to param value
relative to prior std

−2

0

2

4

6

8

la
b_

ba
r

et
a_

co
n

io
ta

_w
rh

o_
m

pi
_b

ar r_
y

ps
ii

et
a_

q
r_

pi
io

ta
_p al
fa

et
a_

v
r_

dy
et

a_
b

ka
pp

a
m

a_
ba

r
ha

b
et

a_
w

rh
o_

v
et

a_
p

et
a_

m
xi

_p
et

a_
g

et
a_

a
m

u_
p

rh
o_

b
m

u_
w

rh
o

ph
i_

p
xi

_w
rh

o_
p

rh
o_

w
rh

o_
q

rh
o_

g
rh

o_
a

Sensitivity component with asymptotic Information matrix (log−scale)

 

 
relative to param value
relative to prior std

This table shows the identification strength of the estimated parameters in the model.

The model parameters on the x-axis are ranked in increasing order of strength of identi-

fication. I first perform the point estimation at the prior means and then loop over 250

replicas. See Ratto (2008) for the details of the algorithms for the identification.
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Table 2.4: Standard Deviations and Correlations for Observable Variables

Variables S.d. relative to GDP Corr with GDP

Uncertainty Certainty Data Uncertainty Certainty Data

Y 1.82 1.99 1.74 1 1 1

C 0.89 0.78 0.84 0.51 0.65 0.86

I 3.09 4.09 3.37 0.82 0.92 0.90

L 0.86 0.87 0.93 0.86 0.94 0.88

R 0.38 0.36 0.49 0.93 0.95 0.96

π 0.34 0.35 0.39 0.72 0.69 0.75

In Table 2.4, the left panel reports the standard deviation of the six observable vari-

ables relative to that of real GDP per capita, for both the baseline model and the model

under perfect information. The right panel reports the correlation of the six observable

variables with real GDP per capita, for both the baseline model and the model with perfect

information. Given parameters from the estimation of the baseline model as in Table 1

and 2, the model statistics are computed based on the HP-filtered data from the simula-

tion of the modeled economy of 2100 periods. The data statistics are calculated from the

data sample that is used for the estimation. The data statistics are based on logged and

HP-filtered data with smoothing parameter of 1600.

Table 2.5: Marginal Likelihood of Various VAR Models and DSGE
Models

Various models Likelihood values

VAR(1) -1719.83

VAR(2) -1764.98

VAR(3) -1842.12

VAR(4) -1988.37

DSGE under certainty -1689.92

DSGE under uncertainty -1533.66

Table 2.5 compares the marginal likelihood of the baseline DSGE model, the DSGE

model under certainty and the unconstrained VAR models with different lags. All have the

same vector of observable variables as is used for the baseline estimation, and are estimated

over the sample period between 1969QIII and 2006QIV.

116



Table 2.6: Predicted Mean Squared Errors for Variables by VAR(1) and
DSGE Models

GDP Cons Inve Hours Interest R Inflation

VAR(1) Mean squared errors

1Q 0.70 0.81 1.98 0.65 0.11 0.29

4Q 1.85 1.76 6.03 1.94 0.42 0.31

8Q 2.67 2.54 9.11 2.32 0.69 0.51

DSGE certainty Percentage gains (+) or losses (-)

1Q 6.02 18.64 15.65 1.53 -6.95 0.68

4Q 18.17 23.65 23.98 11.85 0.38 28.65

8Q 21.47 21.71 27.39 19.75 16.96 34.87

DSGE uncertainty Percentage gains (+) or losses (-)

1Q 7.12 20.78 10.01 2.31 -7.85 2.98

4Q 19.13 22.95 21.65 10.85 -3.64 36.98

8Q 22.78 20.64 27.74 21.23 5.78 58.74

This table reports the pseudo out-of-sample forecast performance in terms of mean

squared errors for different horizons based on, the VAR and DSGE model models. These

models are estimated over the sample from 1969QIII to 1989QIV. Based on the estimation,

the models are used to forecast the seven observable data series from 1990QI to 2006QIV.

The mean squared errors are then computed as the square root of the mean of the squared

difference between the forecasted and corresponding observed values over the sample.
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Figure 2.3: Effects of Government Spending shock
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The results show the responses of macroeconomic variables to a one standard deviation

of government spending shock. The economy is assumed to start at a correct steady state

initially, such that all the variables are at their steady state level, and the expectations

about the unobserved fundamentals coincide with their actual values. The responses for

any period in the figure show the economic activities after the observation of the current

shock, represented as the percentage deviations from the steady state.
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Figure 2.4: Effects of Monetary Policy Shock
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The results show the responses of macroeconomic variables to a one standard deviation

of monetary policy shock. The economy is assumed to start at a correct steady state

initially, such that all the variables are at their steady state level, and the expectations

about the unobserved fundamentals coincide with their actual values. The responses for

any period in the figure show the economic activities after the observation of the current

shock, represented as the percentage deviations from the steady state.
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Figure 2.5: Effects of TFP Shock

0 5 10 15
0

0.5

1
output

0 5 10 15
0

0.5

1
consumption

0 5 10 15
0

1

2
investment

0 5 10 15
−0.5

0

0.5
labor

0 5 10 15
−0.2

0

0.2
π

0 5 10 15
−0.2

0

0.2
R

 

 

uncertainty certainty
0 5 10 15

0

0.5
E(z)

0 5 10 15
0

0.05
E(q)

0 5 10 15
0

0.5
z

%
 D

ev
ia

tio
n 

fro
m

 S
te

ad
y 

St
at

e

periods

The results show the responses of macroeconomic variables to a one standard deviation

of the TFP shock. The economy is assumed to start at a correct steady state initially,

such that all the variables are at their steady state level, and the expectations about the

unobserved fundamentals coincide with their actual values. The responses for any period in

the figure show the economic activities since the observation of the current period signals

and till the observation of the next period signals, represented as the percentage deviations

from the steady state.
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Figure 2.6: Effects of IST Shock
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The results show the responses of macroeconomic variables to a one standard deviation

of the IST shock. The economy is assumed to start at a correct steady state initially,

such that all the variables are at their steady state level, and the expectations about the

unobserved fundamentals coincide with their actual values. The responses for any period in

the figure show the economic activities since the observation of the current period signals

and till the observation of the next period signals, represented as the percentage deviations

from the steady state.
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Figure 2.7: Effects of Noise Shock
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The results show the responses of macroeconomic variables to a one standard deviation

of the noise shock. The economy is assumed to start at a correct steady state initially,

such that all the variables are at their steady state level, and the expectations about the

unobserved fundamentals coincide with their actual values. The responses for any period in

the figure show the economic activities since the observation of the current period signals

and till the observation of the next period signals, represented as the percentage deviations

from the steady state.
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Figure 2.8: Effects of Incorrect Beliefs
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The results show the responses of macroeconomic variables to an initial incorrect belief

about IST, the level of which is equal to the immediate response of IST to a two standard

deviation IST shock. Initially, the beliefs about the other unobserved fundamentals (TFP

and actual capital) are consistent with their actual values. There are no other shocks

happening subsequently.
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Figure 2.9: Welfare Effects of Information Precision

−5 0 5
−0.04

−0.02

0

0.02

0.04

0.06

0.08

information precision

The horizontal axis is log (1/σv), where σv is the standard deviation of the noise

shock. The higher the standard deviation, the less precise the informative signals agents

can observe. The vertical axis is the measure of welfare expressed in terms of differences

from their value at σv = 1.
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3 Investment Specific Technology, News,
Sentiment, and Fluctuations: A Maxi-
mum Forecast Error Variance Approach

3.1 Introduction

The source of economic fluctuations has been one of the central questions studied

by the neoclassical and new Keynesian schools’ theories which try to explore the

features of US business cycles. One the one hand, besides the role of total factor

productivity (TFP) shock which is claimed to be an important supply-side driver,

the literature has proposed a series of demand-side shocks which could also create

fluctuations at business cycle frequencies. Among them, the contribution of invest-

ment specific technology (IST) shock has been extensively studied since the seminal

paper of Greenwood et al. (1997), and as documented by Greenwood et al. (2000),

Fisher (2006), Justiniano et al. (2011), etc. This literature claims the investment

productivity, which influences how effectively investment goods are converted to cap-

ital, experienced continuing changes in the post War periods. Moreover, relative to

the neutral productivity, the investment specific technology is responsible to a large

extent for the fluctuations in investment and output, emphasizing its role as a driver

of several observed business cycles in the US economy. Therefore, the study of the

source of this productivity and its impact on the economy has an essential part to

play in understanding the dynamics of US economy and the corresponding policy

implications.

On the other hand, besides the role of unexpected surprise innovations to produc-

tivity which could create fluctuations, the idea that changes in expectations about the

current and future state of the economy can be an important driver of business cycle

fluctuations has also received increasing attention in the past decade. Dated back
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to Pigou (1927) who discusses the “errors of undue optimism or undue pessimism”

as sources of “industrial fluctuations.”, this idea regained its popularity thanks to

Beaudry and Portier (2006), who provides empirical evidence about the expectations

driving business cycles. Within this literature, however, there is extensive debate on

the sources of such changes in expectation. At one extreme, there is the perspective

that such waves of optimism causes an increase of economic activity which validates

the original optimistic expectation, a self-fulling mechanism. Specifically, the role of

news shock which captures the changes in (correct) expectations on the future produc-

tivity is closely related to this view, in that optimistic expectation arises when agents

observe evidence preceding future positive changes in the underlying fundamentals.

At the other extreme, there is another perspective suggesting that expectation is

driven by phycological or social factors and therefore is unwarranted by current and

future fundamentals, labeled ”sentiment” in this paper.

Even though the role of both news and sentiment shocks seem important in

understanding the sources of economic fluctuations, there has been little literature

attempting to study them simultaneously, either theoretically or empirically. More-

over, within the little existing literature studying this topic, researchers exclusively

explore the role of surprise, news and sentiment shocks on the total factor produc-

tivity alone, whereas ignoring the investment specific technology. There is no paper

trying to fully study the sources of the investment specific technology, i.e., how much

of the fluctuations is contributed by surprise, news and sentiment shocks, and how

each element shapes investment and output dynamics. However, the understanding

of this is especially important for policy makers as different sources are likely to result

in different dynamics which require different policies accordingly.

In this paper, I empirically study the role of surprise, news and sentiment shocks

on the investment specific technological progress and the dynamics of the economy.
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I use time series econometrics to identify the three types of shocks in a structural

vector autoregression (VAR) setting using US data. The first extracted shock is the

innovation to contemporaneous IST, identified as the reduced form surprise shock,

conditional on that the time series of IST is ordered first in the benchmark VAR.

The second extracted shock is the news shock about the future development of IST,

identified following Barsky and Sims (2011) as a shock that accounts for the maximum

of the forecast error variance of the IST series within given time frame, but has no

contemporaneous IST impact. Finally, I propose an identification scheme for a non-

technology shock, the sentiment shock, which is identified by an expectation variable

in the benchmark VAR. The expectation variable is the nowcast of investment from

the Survey of Professional Forecasters collected by the Fed of Philadelphia. Since

the nowcast of investment is completed at the end of the first month of each quarter,

it is most likely that all the other main shocks, including the surprise and news

shocks which can influence the expectation and behavior of economic agents, and

the policy shocks, have already been observed and accounted for. Therefore, the

changes in sentiment stemming from unwarranted information takes most effect on

the variations of investment and output. The sentiment shock is identified as the

innovation orthogonal to both surprise and news shocks, which explains the maximum

of the residual forecast error variance of the nowcast of investment series. This shock

can be driven by any events that vary economic agents’ expectation, after controlling

for the effects of resolved information about current and future IST.

Given the identification strategy, I estimate the impacts of the three shocks on

US output and investment. The results are summarized as follows. The sentiment

shock generates hump shape responses of output and investment and its nowcast, even

though this shock has almost no impact on the productivity. The dynamics of the

variables provide evidence that the role of sentiment shock is similar to a temporary

demand-side shock. As a source of economic fluctuations, the sentiment shock ac-
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counts for an important share of forecast error variance in real GDP and investment,

especially in the short run. Within a year, 37% of changes in output and 51% in

investment are attributed to the impacts from sentiment shocks. In the medium and

long run (over five years), however, the identified news shock plays a more important

role in the dynamics. It increases IST, real GDP and investment to a new steady state

level which is higher than the original one. It explains 50%-60% of changes in output

and investment, and more than one third of variations in the measured IST. Finally,

the surprise shock explains some changes in IST on impact, but a declining effect in

the long run. Moreover, it explains the least portion of the variations in output and

investment. These results provide evidence that both sentiment and news shocks are

important sources of business cycle fluctuations, whereas the role of surprise shocks

could be neglected. Most of the evidence is consistent with the related literature, if

any.

Although expectations driving business cycles and IST become increasingly in-

teresting in the literature, there are few papers studying them together, especially the

IST sentiment shock and its role in characterizing macroeconomic variables. On the

one hand, there are studies trying to theoretically model the sentiment shock, such as

Lorenzoni (2009), and Angeletos and La’O (2012), or empirically identify sentiment

shock such as Beaudry et al. (2011) and Enders et al. (2012). However, none of

them focused on the effects of the IST sentiment shock. On the other hand, there are

papers studying how the expectations about IST shape economic dynamics, such as

Jaimovich and Rebelo (2009) and Schmitt-Grohé and Uribe (2012) that argued for

the importance of the news shock, but none of them discussed the contribution of the

sentiment shock.

This paper draws heavily on the recent theoretical and empirical literature on

expectations driving fluctuations. Several recent papers in particular identify shocks
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that are interpreted as news shocks to IST or sentiment shocks to TFP. Kahn and

Zeev (2012) empirically identifies the news shock on investment and finds that it is

significantly responsible for variations in macroeconomic variables. Angeletos et al.

(2014) identifies an innovation that accounts for a maximum of the forecast error

variance of key macroeconomic variables, and shows that its features are consistent

with a confidence shock; in addition, the paper structurally estimates a DSGE model

that incorporates sentiment shocks, showing that the theoretically modeled sentiment

shock can explain a large fraction of the US business cycle fluctuations. The most

close paper is Levchenko and Pandalai-Nayar (2015) which empirically identifies un-

expected, news and sentiment shocks to utilization adjusted TFP and their impacts

on US and Canada economic fluctuations. Different from the previous literature, my

paper proposes a strategy to separately identify the IST surprise, news and sentiment

shocks based on the maximum forecast error variance. To my knowledge, this paper

is the first one trying to empirically extract these IST shocks from US data. It pro-

vides direct evidence on the debate of the sources of business cycles, and complements

theoretical DSGE models by conducting a data driven experiment.

3.2 Econometric strategy

3.2.1 Benchmark VAR

The estimation of surprise, news and sentiment shocks on IST is built on a structural

VAR model. First, let Yt denote n×1 vector of observed data used in the benchmark

VAR. The VAR(p) model is given as

yt = C0 + C1yt−1 + C2yt−2 + ...+ Cpyt−p + ut, E[utu
′
t] = Ω
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with the moving average representation of this n variable VAR as yt = C(1)−1C0+

C(L)−1ut ≡ B(L)ut, where C(L) = I −C1L−C2L
2 − ...−CpLp, B(L) ≡ I +B1L+

B2L
2 + ..., ut is the vector of reduced-form disturbances, L, denotes the lag opera-

tor.

For the benchmark VAR estimation, the variables used are measured IST, real

GDP, investment and nowcasts of investment1. By construction, the measured IST

is the first variable, and assumed to follow a process satisfying:

ISTt = γ1e
news
t−s + γ2e

curr
t

where enews and ecurr are the anticipated news shock and current unanticipated

shock to IST respectively. The news shock is revealed s > 0 periods in advance.

Under this assumption, only news and current surprise shocks influence IST in all

periods.

The nowcast of investment is the last variable, and is assumed to be influenced

by the sentiment shock, as well as by the surprise and news shocks. As mentioned

in the motivation, by using the data of nowcasts of investment, policy influence is

minimized and what leads to variations in the investment nowcast, after accounting

for the impacts of surprise and news shocks, would be due to that the professional

forecasters (and economic agents) rationally expect that changes in sentiment could

create fluctuations in investment. An example of this process is2:

NIt = λ1e
curr
t + λ2e

news
t + λ3e

sent
t + εt

1Later, the identification of the shocks is robust to the reordering of the remaining n−1 variables
in the VAR other than IST.

2Forecasters also respond to other changes in the economy that could stimulate investment, but
it is assumed in this paper that most of the variation in the nowcast of investment is due to these
three shocks.
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where esent is the sentiment shock and εt is the residual capturing other fac-

tors that could vary the nowcast of investment. We can assume the first structural

shock is the surprise shock, the second the news shock, and the third the sentiment

shock.

Given the reduced form of yt = B(L)ut, we can back out the structural expression

of VAR by assuming ut = A0et,where A is the impact matrix and et are structural

shocks. Alternatively, we can write the VAR system as

yt = A(L)et

where A(L) = B(L)A0. Assuming each of the elements in et has unit variance,

I have A0A
′
0 = Ω, where Ω is the covariance matrix of u. Based on Uhlig’s (2003)

approach, I need to find the first k columns of A0 with k < n that can identify

the k orthogonal shocks explaining the maximum of the forecast error variance of

a variable in Y over some forecast horizon. However, given a matrix A∗0 such that

A∗0(A∗0)′ = Ω and an orthonormal matrix Q such that QQ′ = I, the matrix A0 which

equals to A∗0Q also satisfies the unit variance condition, i.e., A0A
′
0 = Ω. Therefore,

the goal to solve for A0 is equivalent to search for an appropriate matrix Q satisfying

A∗0(A∗0)′ = Ω, given the initial matrix A∗0. As standard in practice, I will use the

Cholesky decomposition factor of Ω as the initial matrix.

3.2.2 Identification

In order to identify IST surprise, news and sentiment shocks, I will use a maximum

forecast error variance decomposition (MFEV) method as introduced in Uhlig (2003)

and revisited in Barsky and Sims (2011). This method identifies different structural

shocks based on their different explanatory stories on selected variables in the VAR
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model. To start, the h-step-ahead forecast error for the i-th variable in Yt can be

defined as

yi,t+h − Etyi,t+h = ι′i

[
h−1∑
τ=0

BτA
∗
0Qet+n−τ

]

where ιi is a selection vector with 1 in the i-th position and 0 otherwise, Bτ is

the lagged coefficients of the reduced form system.

The IST surprise shock ecurrt is identified as the reduced form contemporaneous

innovation on IST which orders first. Recall that A∗0 is obtained from the Cholesky

decomposition as a lower triangular matrix. Hence, the only shock in et that is

associated with A∗0 and can have a contemporaneous effect on IST is the first element

in et. In this way, the surprise shock can be identified. Moreover, the contribution of

this shock to the forecast error variance of IST is also fixed for the entire estimation

periods.

The IST news shock enewst−s is the true news about future changes in IST s periods

ahead that necessarily covers all movements in IST that are not related to ecurrt .

Therefore it maximizes the residual forecast error variance of IST over a finite horizon,

given the identified surprise shock and the Cholesky decomposition factor. This

restriction, however, cannot be imposed to hold at all horizons. Alternatively, in

practice, Barsky and Sims (2011) proposes to identify enewst as the innovation that

explains no current IST movement but the maximum of the residual forecast error in

the future IST over a certain horizon. This is a restricted version of Uhlig’s (2003)

approach. Specifically, given news shock is assumed to order in the second among

structural shocks, I choose the second column of Q, q2 as the solution to the following

problem where the second structural shock maximizes the forecast error variance of

the IST process over horizon Hnews:
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q∗2 = arg max
q2

ι′1

[
Hnews∑
h=0

h∑
τ=0

BτA
∗
0q2q

′
2A
∗′
0 B
′
τ

]
ι1

subject to

q2(1) = 0

q2q
′
2 = 1

The objective to be maximized can be expressed as

ι′1

[
Hnews∑
h=0

h∑
τ=0

BτA
∗
0q2q

′
2A
∗
0Bτ

]
ι1 =

Hnews∑
h=0

h∑
τ=0

trace [(ι1ι
′
1)(BτA

∗
0q2)(q′2A

∗′
0 B
′
τ )]

=
Hnews∑
h=0

h∑
τ=0

trace [(q′2A
∗′
0 B
′
τ )(ι1ι

′
1)(BτA

∗
0q2)]

= q′2

[
Hnews∑
h=0

h∑
τ=0

A∗′0 B
′
τ (ι1ι

′
1)BτA

∗
0

]
q2

= q′2Sq2

where S ≡
∑Hnews

h=0

∑h
τ=0A

∗′
0 B
′
τ (ι1ι

′
1)BτA

∗
0

As shown in Barsky and Sims (2011), this problem can be solved by solving the

Lagrangian:

L = q′2Sq2 − λ(q′2q2 − 1)

which yields the first order condition:
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Sq2 = λq2

q2 can thus be seen as the eigenvector of S corresponding to eigenvalue λ based

on the definition of eigenvalue decomposition. In addition, given q2q
′
2 = 1, the first

order condition can be solved as λ = q′2Sq2. In this way, q2 equals to the vector that

maximizes eigenvalue λ, i.e., associated with the largest λ.

The IST sentiment shock can be identified similarly. However, since by assump-

tion the IST series is not affected by this shock in all horizons3, it is not possible to

infer it through the variations in IST. Instead, the identification strategy is based on

its impact on the forecasting variables. The candidate in the benchmark model is the

nowcast of investment obtained from the Survey of Professional Forecasters, which

is assumed to be ordered last in the VAR model. Given the identified surprise and

news shocks, the sentiment shock maximizes the residual forecast error variance of

nowcasted investment, as the contribution of surprise and news shocks to the varia-

tion in the nowcast of investment has been fixed at all horizons4. Specifically, given

surprise shock and news shock, and that the sentiment shock is ordered third in the

structural shocks, I choose the third column of Q, q3, to maximize the residual over

horizon Hsent:

q∗3 = arg max
q3

ι′5

[
Hsent∑
h=0

h∑
τ=0

BτA
∗
0q3q

′
3A
∗′
0 B
′
τ

]
ι5

subject to

3The procedure outlined above implicitely implies this assumption: by allowing only the surprise
and news shocks to affect IST, the impact of the remaining structural shocks, which includes the
sentiment shock, is minimized.

4In fact the identified sentiment shock should be seen as a linear combination of the remaining
n− 2 reduced form shocks other than the surprise and news shocks. However, as mentioned before
about the properties of nowcast data, the other shocks which are not identified in this paper have
minimal effects on the nowcast of investment.
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q3(1) = 0

q2 = q∗2

q3q
′
3 = 1

The restriction that q2(1) = 0 and q3(1) = 0 common to both problems implies

that none of the n − 1 structural shocks have contemporaneous effects on IST. The

restriction q2 = q∗2 ensures that identification of the sentiment shock is condition on

the identified news shock.

3.3 Empirical evidence

3.3.1 Data

In the benchmark VAR, yt is a 4× 1 vector of variables given as

yt = [log(ISTt) log(GDPt) log(It) log(Et(It))]

The data used to estimate the model is in levels as recommended in Hamilton

(1994). The data series covers the period from 1981 Q3 to 2013 Q3. I use the inverse

of the real relative price of investment as the measure of IST. The real relative price

of investment is the ratio of the investment deflator P I over the consumption deflator

PC . Formally, the measure of IST is

ISTt =

[
P I
t

PC
t

]−1
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For the price of investment, I use NIPA price deflator which corresponds to

equipment and software investment and durable consumption for the benchmark es-

timation. For the consumption price, I use the price of nondurable and service con-

sumption. Both series are obtained from the National Income and Product Account

(NIPA).

The nominal series for output and investment data are taken from the Bureau of

Economic Analysis. Output is measured as nominal GDP in the non-farm business

sector, and investment as the residential fixed investment and household consumption

of durable goods. The nominal series are converted to per capita terms by dividing

by the civilian non-institutionalized population aged sixteen and over. I use the cor-

responding chain-weighted consumption deflator to obtain the real series and denote

them as GDPt and It respectively.

Since I am interested in quantifying the extent to which changes in agents’ ex-

pectation and sentiment about the current and future IST affect economic variables,

I use the data from the Survey of Professional Forecasters (SPF) on the expected

non residential business fixed investment as a measure of nowcasted investment. This

survey collects the predictions from professional forecasters (typically about 40 to

50 respondents per survey) and conducted by the Federal Reserve Bank of Philadel-

phia. The SPF is a quarterly survey that dates back to 1968, at which time it was

conducted by the American Statistical Association and the National Bureau of Eco-

nomic Research. The Federal Reserve Bank of Philadelphia took responsibility over

the survey in 1990. Survey participants receive the questionnaires at the end of the

first month of the quarter and have to submit their answers by the middle of the

following month. The results of the SPF is released immediately afterwards. At this

stage, no information regarding current output or investment is available from the

Bureau of Economic Analysis. Yet, in order to nowcast output and investment for the

140



current quarter, forecasters may draw on the NIPA advance report regarding output

in the previous quarter. In this paper, I will use the nowcast of investment for the

benchmark analysis, denoted as Et(It). Besides the surprise shock and news shock

about the IST, when there is a wave of optimism on the IST, captured by the sen-

timent shock, there would be an increase in the expected investment. I also use the

forecasted investment over 1-quarter horizon and 2-quarter horizon in the robustness

check. For the horizons that are used in the benchmark estimation to identify the

news shock, I use Hnews = 20, implying a long run impact of news shock on IST,

whereas for the sentiment shock, I use Hsent = 8, implying that the sentiment shock

only has a short run effect on the expected investment5.

3.3.2 Impulse responses

The benchmark specification identifies the news shock at a horizon of 20 quarters,

the sentiment shock at a horizon of 8 quarters, and uses the nowcasted investment as

the last variable in the VAR.

Figure 1 shows the estimated impulse responses of the variables to a positive one

standard deviation IST surprise shock, with the solid line representing the median

responses from estimation, and the shadow showing 5th and 95th percentile confi-

dence intervals. These intervals are constructed from bootstrap repeated 1000 times.

Following an IST surprise shock, there is a increase of IST from the long run trend at

0.6%. The effect of this shock is persistent. The IST is significantly impacted for al-

most 3 years. The real GDP increases initially due to the positive shock, but by only

0.25%. This is smaller than the impact of news and sentiment shock as shown later.

5This identification strategy relies on ‘medium-run’ identification. It might appear that the
natural identification of the sentiment shock would make use of a ‘long-run’ restriction, namely that
it has no long-run impact on output or forecasts. However, as several papers have emphasized,
long-run restrictions could be problematic in VARs of finite order where the coefficient estimates
are biased (Faust and Leeper, 1997). Medium-run identification has shown better behavior in finite
samples (Francis et al., 2014). In the robustness check, I also change the horizons for both shocks.
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The effect is at its peak in about 5 quarters, and then dies out slowly. On impact, both

investment and nowcasted investment increase, by around 1.3% and 1% respectively.

The dynamics of them is similar: the responses decrease and stay above the trend

until the beginning of the third year after the impact. Compared with Fisher (2006)

which investigates the effect of unanticipated IST shock on macroeconomic dynamics,

the result in this paper is much smaller: a one percent increase in IST surprise shock

only increases output by 0.25% and investment by 1.3%, whereas the same size shock

increases output by 0.5% and investment by 3.6% in Fisher (2006). The difference

is that, Fisher (2006) identifies the IST shock with long run restrictions by assuming

that unanticipated IST shock can increase IST on impact and is the only shock that

influences IST in the long run, whereas in this paper, I assume that the source of IST

progress is a combination of both IST surprise and news shocks and identify them

separately. Therefore, the effects of the identified IST shock in Fisher (2006) capture

the effects of both surprise and news shocks in this paper.

Figure 2 shows the estimated impulse responses to a positive one standard de-

viation IST news shock. By construction, IST doesn’t change on impact of the news

shock. However, different from dying out responses to a surprise shock, the effect of

news shock on IST is persistent and slightly increasing at least till the fifth year, when

it attains 0.9% above the trend. The real GDP increases on impact and continues for

7 quarters, after which it slowly declines. The peak of the increase is later than that

due to the surprise shock, which is one year after the shock. The largest impact of the

news shock on output is more than 1.5% above the trend, which is much bigger than

that due to the surprise shock. The effect on investment is substantial compared to

that due to the surprise shock. On impact, though, investment decreases by 0.21%,

even though it is not statistically significant. This result is consistent with the finding

of Barsky and Sims (2011). One possible explanation could be from the neoclassical

real business cycle models, which propose that there is no large investment “boom”
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in anticipation of increases in the technology. The investment only increases after the

investment technology increases. Also note that, all the variables at least converge

to a new long-run level slowly. This is consistent with the literature that the news

shocks to embodied technology has permanent effects. After the decrease, investment

starts to increase for 6 quarters before declining. The peak impact is at 3.95%, which

is almost three times bigger than that due to the surprise shock. The nowcasted in-

vestment follows similar patterns with actual investment, with the impulse responses

attaining the peak about 1 quarter after its counterpart.

The impulse responses to the sentiment shock are shown in Figure 3. For the

IST, there is a very small and statistically insignificant increase. In the long run, this

impact is also insignificant for the entire simulation periods. This is consistent with

the construction that the surprise and news shocks explain most of the variation in

IST. As for the macroeconomic variables, there is an immediate increase in real GDP.

It continues to increase and attains the peak in approximately 4 quarters, with the

peak value of 0.85%. This impact is slightly smaller than that due to news shock

but bigger than surprise shock. The output returns to the steady state in about 14

quarters. Investment increases on impact by 0.44%, which is both statistically and

economically significant. This increase is bigger than that due to the surprise and

news shocks. Investment increases to the peak in less than 1 year, achieving 2.94%

above the trend. Even though smaller than the peak impact of news shock on the

investment, the sentiment shock creates the biggest fluctuations in the short run.

Reassuringly, the impulse responses of nowcasted investment follows similar patterns.

These results are consistent with the empirical factor extracted by Levchenko and

Pandalai-Nayar (2015), and Angeletos et al. (2014), although the identified senti-

ment shock in their papers is on TFP. More importantly, this finding is the first

in the literature to provide direct evidence from US data that IST sentiment shock

could influence economic expectation which in turn could affect economic agents’ be-
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havior, as fluctuations in investment nowcast are orthogonal to current and future.

investment specific technology.

3.3.3 Forecast error variance decomposition

The importance of the three shocks in terms of contribution to US business cycles is

illustrated by the forecast error variance decomposition. Table 1a and 1b show the

share of the forecast error variances of the US macro aggregate variables in the VAR

accounted for by IST surprise, news, and sentiment shocks over a range of 1 year and

5 years respectively. In the short run, the sentiment shock appears to be the most

important for the dynamics of investment and its forecast. It accounts for 51% of

investment and 46% of nowcasted investment. By contrast, at this frequency, sur-

prise shock only explains 14% change in real GDP and 15% in investment. The news

and sentiment shock together contribute to over 80% of macroeconomic variables’

fluctuations, even though the surprise shock is most important for the variation in

IST. At the five year horizon, however, the importance of news shock increases. It

explains the largest portion of the change in investment and output. These results

are qualitatively similar with Barsky and Sims (2011) which investigates the news

and surprise innovations on TFP and shows that unaccounted shocks are responsible

for larger variation in the short run. This paper provides a candidate for such shocks

that play a role in the short run – the sentiment shock affecting output and invest-

ment in the short run, conditional on the effects of other main shocks accounted for.

Furthermore, the variance decomposition shows that the identified sentiment shock

is an important source of the short run fluctuations in US economy.
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3.4 Sensitivity

3.4.1 Alternative relative price measure

There is more than one way to measure the relative price of investment, which serves

as key information for the IST shocks. The baseline model uses the NIPA investment

deflator due to the most updated property. However, one concern with NIPA deflator

is that incomplete quality adjustments in the NIPA investment price may misrepresent

IST. In the literature, for example, Fisher (2006) uses the Gordon (1990) quality-

adjusted price series, extended by Cummins and Violante (2002), to estimate IST

shock. More recently, Liu et al. (2011) extends the series to cover from 1959Q1

to 2012Q1. To check the robustness of the choice of relative price of investment as

indicator for IST, I use this updated series as an alternative measure in the VAR

model. Figure 4a and 4b correspond to Figures 2 and 3, with the difference that

the latter are obtained from the baseline model where relative price of investment is

measured by the NIPA investment deflator. Compared to the benchmark results, no

notable changes occur when the measure changes.

3.4.2 Alternative IST measure

The identification of the IST used in the baseline model is constructed as the inverse

of the relative price of investment. However, recent literature has proposed that

there may be other factors influencing the relative price and therefore could be a

wedge between the two. In particular, Basu et al. (2010) and Justiniano et al. (2011)

discuss how the setup of monopolistic competition could influence the relative price

of investment. To test this idea, following Zeev (2014), the IST is specified as:
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under the assumption that there are two monopolistically competitive sectors

in the economy, including consumption and investment, and the IST shock only in-

fluences investment sector. aj denotes the capital share in sector j = c, I, mcj is

real marginal cost in the two sectors, Kj/Lj represents the capital labor ratio in the

two sectors. Under this assumption, IST is no long equal to the relative price of

investment, but dependent on market structure as well..

Figure 5a and 5b show the impulse responses of the variables to the same shocks

as Figure 2 and 3, whereas the only change with respect to the benchmark model

is the replacement of the relative price of investment with the new series specified

above. The figures show that the main result doesn’t change.

3.4.3 Alternative VAR specifications

Another concern is the extent to which the results from the benchmark model are

sensitive to alternative models. I have estimated various VAR specifications and

found the results are very robust.

First, the model is extended to include stock prices into the VAR model. The

shock prices are represented by the real S&P 500 composite index, which is largely

influenced by the market expectation. The inclusion of stock prices allows to compare

the results with recent literature on news shocks. Figure 6a and 6b report the impulse

responses to the IST surprise, news and sentiment shock. As in the benchmark VAR,

output and investment increase due to sentiment shock, as well as stock prices. The

increase of stock prices fall quickly and attains original level in around one year.

Second, the benchmark model assumes a horizon of 5 years for the news shock
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and 2 years for the sentiment shock. I also check the responses of the variables to

various horizons of identification of the sentiment shock at horizon Hsent = 4 or

16. The qualitative shape of the dynamic responses remain the same. And finally,

regarding the choice of expectation variables, I reestimate the model by replacing

the nowcast of investment to forecast of investment one quarter ahead, and found no

significant qualitative difference, possibly because that these forecasts are based on

the same information as the nowcast.

3.4.4 Financial shocks

Financial shocks have been extensively studied in recent literature as an important

candidate to account for economic fluctuations, especially the financial crisis. For

example, Justiniano et al. (2011), and Gilchrist and Zakrajsek (2012) demonstrate

that the IST progress estimated from the structural model may reflect the influence of

financial shocks, as financial market can potentially affect the production of capital

goods and therefore this effect can be reflected by the measured IST. In order to

separate IST shocks from financial shocks, I include a new variable to the benchmark

VAR which is the spread between expected return on Baa and Aaa corporate bonds.

By assumption, the identified IST news and sentiment shocks are orthogonal to the

innovation on the spread.

Figure 7a and 7b display the results. Compared to Figure 2 and 3, the only

difference is that the former are obtained from a VAR in which the credit spread

is included. When there are news shock and sentiment shock, the credit spread

decreases, consistent with the literature. It indicates an economic boom when the

return between corporate bonds with different risk tends to be more close. The

responses of other variables are similar compared to the benchmark case.
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3.4.5 TFP shocks

Beside the news and sentiment shocks on IST as studied in this paper, similar shocks

on TFP have also been proposed to be an important source of business cycles in

recent literature. In order to investigate whether the identified IST news and senti-

ment shocks are correlated with them, I apply the identification procedure on a VAR

which includes a measured TFP series, which is based on the quarterly series of TFP

in US economy adjusted for labor and capital utilization, constructed by Fernald

(2012).

Figure 8a and 8b differs from Figure 2 and 3 only in that the former are obtained

from a VAR where there is a new variable as the measured TFP. The results show

that the identified news and sentiment shock have insignificant effects on TFP, both

statistically and economically. This result implies that the IST news and sentiment

shocks identified in this paper are not related to any type of TFP shocks that could

cause TFP to change over time.6

3.5 Conclusion remarks

In this paper I have developed an empirical strategy and identification scheme to

estimate the qualitative and quantitative impacts of IST surprise, news and senti-

ment shocks on US business cycle fluctuations. I found that in the short run, the

sentiment shock is an important source accounting for the dynamics of output and

investment, whereas in the medium and long run, the news shock contributes up to

50% of fluctuations. The surprise shock, which is the most important supply-side

6Strictly speaking, this result cannot show whether the sentiment shock on TFP is related to
that on IST, if we assume that the TFP sentiment shock has no effect on TFP. It remains unclear
how to separately identify these two shocks in a system with both TFP and IST series. Ideally, it
is important to find time series such that they are only influenced by one of the two shocks, either
theoretically or empirically.
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driver of investment in the Real Business Cycle literature, is found to be less impor-

tant for business cycle synchronization.

The main findings that the IST sentiment shock contributes most to short run

fluctuations of output, whereas the IST news shock is more important in the long

run provides evidence for the debate on the sources of US business cycles. There is

an increasing literature of DSGE models that include the news shock in the model.

The conclusions, however, differ in the importance of its impact. Jaimovich and Re-

belo (2009) shows the importance of news shocks by estimating a DSGE model with

nominal rigidities. Yet the responses of variables generated by the model are not

consistent with the results in this paper, which are solely data driven estimation.

Moreover, regarding the contribution of the IST news shock to variance decompo-

sition of macroeconomic variables, Schmitt-Grohe and Uribe (2012) found it to be

very small, which is also inconsistent with my estimation. On the other hand, there

is little literature quantitatively studying the effects of the IST sentiment shock and

its impacts on business cycle fluctuations, which is shown by the empirical evidence

to be important in accounting for the short run fluctuations in investment and out-

put. Therefore, the results from this paper suggests that an important and promising

extension for the future research of DSGE framework is to explore structural mecha-

nisms that can incorporate the role of IST news and sentiment shocks. This task is

also crucial for policy makers as it would provide more accurate characterization of

the true economy.
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3.6 Tables and Figures

Table 3.1: The Share of Forecast Error Variance (FEV) to Various
Shocks in the Baseline Specification

k=4 k=20

surprise news sentiment surprise news sentiment

IST 0.88 0.11 0.01 0.31 0.66 0.03

Real GDP 0.14 0.53 0.37 0.13 0.59 0.28

Investment 0.15 0.34 0.51 0.11 0.52 0.37

Nowcast 0.15 0.41 0.46 0.10 0.48 0.42

The coefficients are obtained from computing the FEVs in the four-variable system with

the forecast horizon k = 20. The letter k denotes the forecast horizon. The number denotes

the fraction of the total forecast error variance of each variable attributable to the identified

shocks to IST, real GDP, investment, and nowcast of investment.
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Figure 3.1: Impulse Responses to IST Surprise Shock
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The solid line represents the impulse responses to IST surprise shock in the four-

variable baseline system with the forecast horizon k = 20. The shaded gray area represents

the 5-percent and 95-percent quantiles of the empirical distribution of the responses. These

intervals are constructed from the bootstrap of the residual-based resampling with 1000

replications.
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Figure 3.2: Impulse Responses to IST News Shock
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The solid line represents the impulse responses to IST news shock in the four-variable

baseline system with the forecast horizon k = 20. The shaded gray area represents the

5-percent and 95-percent quantiles of the empirical distribution of the responses. These

intervals are constructed from the bootstrap of the residual-based resampling with 1000

replications.
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Figure 3.3: Impulse Responses to IST Sentiment Shock
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The solid line represents the impulse responses to IST sentiment shock in the four-

variable baseline system with the forecast horizon k = 20. The shaded gray area represents

the 5-percent and 95-percent quantiles of the empirical distribution of the responses. These

intervals are constructed from the bootstrap of the residual-based resampling with 1000

replications.
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Figure 3.4: Impulse Responses under New Relative Price

(a) Impulse Responses to IST News Shock

0 5 10 15 20
−5

0

5
        IST progress       

pe
rc

en
t

quarters
0 5 10 15 20

−5

0

5
         Real GDP          

pe
rc

en
t

quarters

0 5 10 15 20
−5

0

5
     Real Investment       

pe
rc

en
t

quarters
0 5 10 15 20

−5

0

5
     Nowcast Investment    

pe
rc

en
t

quarters

(b) Impulse Responses to IST Sentiment Shock
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In Figure 4a (4b), the solid line represents the impulse responses to IST news

(sentiment) shock in the four-variable system under new relative price with the

forecast horizon k = 20. The shaded gray area represents the 5-percent and 95-

percent quantiles of the empirical distribution of the responses. These intervals are

constructed from the bootstrap of the residual-based resampling with 1000 replica-

tions.
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Figure 3.5: Impulse Responses under New IST

(a) Impulse Responses to IST News shock
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(b) Impulse responses to IST Sentiment Shock
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In Figure 5a (5b), the solid line represents the impulse responses to IST news

(sentiment) shock in the four-variable system under new IST series with the forecast

horizon k = 20. The shaded gray area represents the 5-percent and 95-percent quan-

tiles of the empirical distribution of the responses. These intervals are constructed

from the bootstrap of the residual-based resampling with 1000 replications.
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Figure 3.6: Impulse Responses under VAR with Stock Prices

(a) Impulse Responses to IST News Shock
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(b) Impulse Responses to IST Sentiment Shock
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In Figure 6a (6b), the solid line represents the impulse responses to IST news

(sentiment) shock in the five-variable system with stock prices and the forecast horizon

k = 20. The shaded gray area represents the 5-percent and 95-percent quantiles of

the empirical distribution of the responses. These intervals are constructed from the

bootstrap of the residual-based resampling with 1000 replications.
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Figure 3.7: Impulse Responses under VAR with Credit Spread

(a) Impulse Responses to IST News Shock
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(b) Impulse Responses to IST Sentiment Shock
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In Figure 7a (7b), the solid line represents the impulse responses to IST news

(sentiment) shock in the five-variable system with credit spread and the forecast hori-

zon k = 20. The shaded gray area represents the 5-percent and 95-percent quantiles

of the empirical distribution of the responses. These intervals are constructed from

the bootstrap of the residual-based resampling with 1000 replications.

157



Figure 3.8: Impulse Responses under VAR with Measured TFP

(a) Impulse Responses to IST News Shock
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(b) Impulse Responses to IST Sentiment Shock
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In Figure 8a (8b), the solid line represents the impulse responses to IST news

(sentiment) shock in the five-variable system with measured TFP and the forecast

horizon k = 20. The shaded gray area represents the 5-percent and 95-percent quan-

tiles of the empirical distribution of the responses. These intervals are constructed

from the bootstrap of the residual-based resampling with 1000 replications.
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Appendices

This is the supplementary material that shows mathematical details in Chapters 1

and 2.
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1 Chapter 1 Appendix

1.1 Calculation of the update of beliefs

For the ISTC and TFP, given their posterior beliefs, and their known true processes

of evolution that follow AR(1) processes:

zt+1 = ψzt + εt+1

qt+1 = ρqt + wt+1

We can derive the prior belief of TFP for period t+ 1, hZt+1, and the prior belief

of ISTC for period t+ 1, hQt+1by conjugate distribution calculation as:

zt+1˜N(ψzt|t, ψ
2σ2

z + σ2
ε)

qt+1˜N(ρqt|t, ρ
2σ2

q + σ2
w)

For the capital, given the posterior belief, and the known true process of evolu-

tion:

kt+1e
gk = eqtit + (1− δ)kt

We can calculate the cumulative density function for a random variable Kt+1 =

(1−δ)Kt+eQt it
egk

≤ k′as
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FK
t+1(k′|mK

t ,m
q
t ) = Prob

(
(1− δ)Kt + eQtit

egk
≤ k′

)
=

∫ ∫
k(1−δ)+iteq

egk
≤k′

mK
t m

q
tdkdq

where k is the realized value of Kt, q is the realized value of Qt

=

∫ ∞
q=0

∫ egkk′−ite
q

(1−δ)

k=0

mK
t m

Q
t dkdq

=

∫ ∞
k=0

∫ log
(
egkk′−k(1−δ)

it

)
q=0

mK
t m

Q
t dkdq

and therefore the prior belief of capital for period t + 1, hKt+1, the probability

density function is

hKt+1(k′) =

∫ ∞
k=0

egk

egkk′ − k(1− δ)
mK
t m

Q
t

(
log

(
egkk′ − k(1− δ)

it

))
dk

=
egk

(1− δ)

∫ ∞
q=0

mK
t

(
egkk′ − iteq

(1− δ)

)
mQ
t dq

Meantime, we can also derive an expectation for the next period signals (the

likelihood of the signals conditional on prior distributions of unobserved variables,

h(yt+1, φt+1|z, q, k)). That is, for next period output, the cumulative density function

is
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F Y
t+1

(
y′|hZt+1, h

K
t+1, n

′) = Prob (eZt+1Kα
t+1n

1−α
t+1 ≤ y′)

=

∫ ∫
ez
′
k′αn′1−α≤y′

hKt+1h
Z
t+1dk

′dz′

=

∫ ∞
z′=0

∫ (
y′

ez
′
n′1−α

)1/α

k′=0

hKt+1h
Z
t+1dk

′dz′

=

∫ ∞
k′=0

∫ log
(

y′

k
′αn′1−α

)
z′=0

hKt+1h
Z
t+1dk

′dz′

and therefore the prior belief of output for period t + 1, hYt+1, the probability

density function is

hYt+1(y′) =
1

α
y
′ 1
α
−1n′

α−1
α

∫ ∞
z′=0

(
1

ez′

)1/α

hKt+1

([
y′

ez′n′1−α

]1/α
)
hZt+1dz

′

=

∫ ∞
k′=0

k
′αn

′1−α

y′
hKt+1h

Z
t+1

(
log

(
y′

k′αn′1−α

))
dk′

1.2 Calculation of evolution of linearized beliefs

The calculation can be done through the Kalman filter as follows.

Measurement update: Since ỹt = zt+αk̃t+(1−α)ñt, φ̃t = πφ̃t−1 +(1−π)qt+vt,

the conditional vector

(
zt

k̃t

qt

ỹt − (1− α)ñt

φ̃t − πφ̃t−1

)
|Yt−1,Φt−1, ñt
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is Gaussian, with mean and variance:

[


zt|t−1

k̃t|t−1

qt|t−1


 zt|t−1 + αk̃t|t−1

qt|t−1


]
,

[


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t

 ,


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− π


 1 α 0

0 0 1− π




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t

 ,

 1 α 0

0 0 1− π




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− π

+

 0 0

0 σv



]

To compute (

zt

k̃t

qt

|Yt,Φt, ñt) = (

zt

k̃t

qt

|yt, Yt−1, φt,Φt−1, ñt), which are the posterior

beliefs on zt, k̃t and qt, we apply the formula for conditional expectation of Gaus-

sian random variables, with everything preconditioned on Yt and Φt. It follows that

(

zt

k̃t

qt

|Yt,Φt, ñt) is Gaussian, with mean
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
zt|t

k̃t|t

qt|t

 = E



zt

k̃t

qt

 |Yt,Φt, ñt



=


zt|t−1

k̃t|t−1

qt|t−1

+


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t




1− π 0

α 0

0 1



 1 α 0

0 0 1− π




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− π

+

 0 0

0 σv



−1

 ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1

φ̃t − qt|t−1 − πφ̃t



=


zt|t−1

k̃t|t−1

qt|t−1

+ Pt

 ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1

φ̃t − qt|t−1 − πφ̃t−1


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and covariance 
σZt σK̃,Zt σZ,Qt

σK̃,Zt σK̃t σK̃,Qt

σZ,Qt σK̃,Qt σQt

 = cov



zt

k̃t

qt

 |Yt,Φt, ñt



=


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t

−


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1



 1 α 0

0 0 1




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1

+

 0 0

0 σv



−1

 1 α 0

0 0 1




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t



where

Pt =


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− π

×

 1 α 0

0 0 1− π




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− π

+

 0 0

0 σv



−1

Pt converges very quickly to a stationary matrix P . Therefore we will use the

converged values (steady state) of P for the calculation and simulation.

Time update: Recall that zt+1 = ψzt + εt+1. qt+1 = ρqt + wt+1, k̃t+1 = (1−δ)
egk

k̃t +
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ı̄
k̄egk

ı̃t + ı̄
k̄egk

qt. Furthermore, zt+1 and εt+1 are independent, and qt+1 and wt+1 are

independent given Yt,Φt. Therefore, posterior beliefs of the means are


zt+1|t

k̃t+1|t

qt+1|t

 = E



zt+1

k̃t+1

qt+1

 |Yt,Φt, ñt

 =


ψ 0 0

0 (1−δ)
egk

ı̄
k̄egk

0 0 ρ



zt|t

k̃t|t

qt|t

+


0

ı̄
k̄egk

0

 ı̃t

posterior beliefs of the covariances are


ΣZ
t+1 ΣK̃,Z

t+1 ΣZ,Q
t+1

ΣK̃,Z
t+1 ΣK̃

t+1 ΣK̃,Q
t+1

ΣZ,Q
t+1 ΣK̃,Q

t+1 ΣQ
t+1

 = cov



zt+1

k̃t+1

qt+1

 |Yt,Φt, ñt



=


ψ 0 0

0 (1−δ)
egk

ı̄
k̄egk

0 0 ρ




σZt σK̃,Zt σZ,Qt

σK̃,Zt σK̃t σK̃,Qt

σZ,Qt σK̃,Qt σQt



ψ 0 0

0 (1−δ)
egk

0

0 ı̄
k̄egk

ρ



+


σε 0 0

0 0 0

0 0 σw



The conditional covariance matrices do not depend on the measurement ỹt and

φ̃t. They can therefore be computed in advance, given the noise variances and model

parameters.

We can simplify this process, by plugging in the posterior beliefs to the next

period prior beliefs, and we get
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zt+1|t = ψzt|t

= ψ[zt|t−1 + P1,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1) + P1,2(φ̃t − πφ̃t−1 − qt|t−1)]

qt+1|t = ρqt|t

= ρ[qt|t−1 + P3,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1) + P3,2(φ̃t − πφ̃t−1 − qt|t−1)]

k̃t+1|t =
(1− δ)
egk

k̃t|t +
ı̄

k̄egk
qt|t +

ı̄

k̄egk
ı̃t

=
(1− δ)
egk

[k̃t|t−1 + P2,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1) + P2,2(φ̃t − πφ̃t−1

− qt|t−1)] +
ı̄

k̄egk
[qt|t−1 + P3,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1)

+ P3,2(φ̃t − πφ̃t−1 − qt|t−1)] +
ı̄

k̄egk
ı̃t

1.3 Convergence of beliefs

We have the posterior beliefs as:

zt|t = zt|t−1 + P1,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1) + P1,2(φ̃t − πφ̃t−1 − qt|t−1)
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qt|t = qt|t−1 + P3,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1) + P3,2(φ̃t − πφ̃t−1 − qt|t−1)

k̃t|t = k̃t|t−1 + P2,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1) + P2,2(φ̃t − πφ̃t−1 − qt|t−1)

The difference between the actual value zt and the posterior belief zt|t is then

given by:

zt|t − zt

= −P1,2πφ̃t−1 + zt|t−1 + P1,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1) + P1,2(φ̃t − qt|t−1)− zt

= −P1,2πφ̃t−1 + zt|t−1 − zt + P1,1[zt + αk̃t + (1− α)ñt − (1− α)ñt − zt|t−1 − αk̃t|t−1]

...+ P1,2(qt + vt − qt|t−1)

= −P1,2πφ̃t−1 + zt|t−1 − zt + P1,1(zt − zt|t−1) + P1,1(αk̃t − αk̃t|t−1) + P1,2(qt − qt|t−1

+ vt)

= −P1,2πφ̃t−1 + (1− P1,1){[Et−1(ψzt−1 + εt)]− (ψzt−1 + εt)}+ P1,2{ρqt−1 + εt

...− [Et−1(ρqt−1 + εt)] + vt}+ α[
(1− δ)
egk

k̃t−1 +
ı̄

k̄egk
ı̃t−1 +

ı̄

k̄egk
qt−1 −

(1− δ)
egk

k̃t−1|t−1

...− ı̄

k̄egk
qt−1|t−1 −

ı̄

k̄egk
ı̃t]

= −P1,2πφ̃t−1 + (1− P1,1)[ψ(zt−1|t−1 − zt−1)− εt] + P1,2[ρ(qt−1 − qt−1|t−1) + εt + vt]+

...+ P1,1α[
(1− δ)
egk

(k̃t−1 − k̃t−1|t−1) +
ı̄

k̄egk
(qt−1 − qt−1|t−1)]

= −P1,2πφ̃t−1 + (1− P1,1)ψ(zt−1|t−1 − zt−1) + (P1,2ρ+ P1,1α
ı̄

k̄egk
)(qt−1 − qt−1|t−1)

...+ P1,1α
(1− δ)
egk

(k̃t−1 − k̃t−1|t−1)− (1− P1,1)εt + P1,2(εt + vt)
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Therefore, we have

zt|t − zt = −P1,2πφ̃t−1 + (1− P1,1)ψ(zt−1|t−1 − zt−1)− (P1,2ρ+ P1,1α
ı̄

k̄egk
)

(qt−1 − qt−1|t−1)− P1,1α
(1− δ)
egk

(k̃t−1 − k̃t−1|t−1)− (1− P1,1)εt + P1,2(εt + vt)

Similarly, the difference between the actual value qt and the posterior belief qt|t

is

qt|t − qt

= −P3,2πφ̃t−1 + qt|t−1 + P3,1(ỹt − (1− α)ñt − qt|t−1 − αk̃t|t−1) + P3,2(φ̃t − qt|t−1)− qt

= −P3,2πφ̃t−1 + qt|t−1 − qt + P3,1[zt + αk̃t + (1− α)ñt − (1− α)ñt − zt|t−1 − αk̃t|t−1]

+ P3,2(qt + vt − qt|t−1)

= −P3,2πφ̃t−1 + qt|t−1 − qt + P3,2(qt − qt|t−1) + P3,1(αk̃t − αk̃t|t−1) + P3,1(zt − zt|t−1)

+ P3,2vt

= −P3,2πφ̃t−1 + (1− P3,2)(ρqt−1|t−1 − ρqt−1 − εt) + P3,1α[
(1− δ)
egk

(k̃t−1 − k̃t−1|t−1)

+
ı̄

k̄egk
(qt−1 − qt−1|t−1 )] + P3,1(ψzt−1 + εt − ψzt−1|t−1) + P3,2vt

= −P3,2πφ̃t−1 + [(1− P3,2)ρ− P3,1α
ı̄

k̄egk
](qt−1|t−1 − qt−1) + P3,1ψ(zt−1 − zt−1|t−1)

...+ P3,1α
(1− δ)
egk

(k̃t−1 − k̃t−1|t−1) + P3,1εt − (1− P3,2)εt + P3,2vt

Therefore we have
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qt|t − qt = −P3,2πφ̃t−1 + [(1− P3,2)ρ− P3,1α
ı̄

k̄egk
](qt−1|t−1 − qt−1)

− P3,1ψ(zt−1|t−1 − zt−1)− P3,1α
(1− δ)
egk

(k̃t−1|t−1 − k̃t−1) + P3,1εt

− (1− P3,2)εt + P3,2vt

Similarly, the difference between the actual value k̃t and the posterior belief k̃t|t

is

k̃t|t − k̃t

= −P2,2πφ̃t−1 + k̃t|t−1 − k̃t + P2,1(ỹt − (1− α)ñt − zt|t−1 − αk̃t|t−1) + P2,2(φ̃t − qt|t−1)

− k̃t

= −P2,2πφ̃t−1 + k̃t|t−1 − k̃t + P2,1α(k̃t − k̃t|t−1) + P2,1(zt − zt|t−1) + P2,2(qt − qt|t−1 + vt)

= −P2,2πφ̃t−1 + (1− P2,1α)(k̃t|t−1 − k̃t) + P2,1(zt − zt|t−1) + P2,2(qt − qt|t−1 + vt)

= −P2,2πφ̃t−1 + (1− P2,1α)[
(1− δ)
egk

k̃t−1|t−1 +
ı̄

k̄egk
qt−1|t−1 +

ı̄

k̄egk
ı̃t−1 −

(1− δ)
egk

k̃t−1

− ı̄

k̄egk
(̃ıt−1 + qt−1)] + P2,1ψ(zt−1 − zt−1|t−1) + P2,2ρ(qt−1 − qt−1|t−1) + P2,1εt

+ P2,2(εt − vt)

= −P2,2πφ̃t−1 + (1− P2,1α)
(1− δ)
egk

(k̃t−1|t−1 − k̃t−1) + P2,1ψ(zt−1 − zt−1|t−1)

...+ [(1− P2,1α)
ı̄

k̄egk
− P2,2ρ](qt−1|t−1 − qt−1) + P2,1εt + P2,2(εt − vt)

Therefore, we have
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k̃t|t − k̃t = (1− P2,1α)
(1− δ)
egk

(k̃t−1|t−1 − k̃t−1)− P2,1ψ(zt−1|t−1 − zt−1)

...+ [(1− P2,1α)
ı̄

k̄egk
− P2,2ρ](qt−1|t−1 − qt−1) + P2,1εt + P2,2(εt − vt)

1.4 Estimation

We will use unobserved components model and maximum likelihood methodology for

the estimation of the parameters regarding unobserved components. In this model,

φ̃ and ỹ are treated as observed measurement variables, whereas zt, qt, and k̃t are

unobserved state variables. Conceptually, this specification captures the same idea of

imperfect information and uncertainty as in the theoretical framework.

Variable y corresponds to real GDP, obtained by dividing nominal GDP by the

chain-weighted deflator for consumption of nondurable and services. The relative

price of capital goods to consumption goods is used as the signal φ of ISTC q. Nor-

mally this is used to measure ISTC, e.g. in Greenwood et al (1997) or Greenwood et

al (2000): instead, we view it as an indicator of the information agents have about

q, which may contain errors. The relative price corresponds to the ratio of the chain

weighted deflators for investment and consumption as defined above. In the state

space equations, all variables are defined as the log deviation from the steady state.

Therefore, before estimating, we transform the observed data into the percentage de-

viation from the trend, so that the resulting data have the same conceptual meaning

as the model variables ỹ and φ̃.

The state space representation of the unobserved components model includes the

following equations.

Measurement equations:
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 ỹt − (1− α)ñt

φ̃t

 =

 1 0 α

0 1− π 0

 ·


zt

qt

k̃t

+

 π 0

0 0

 ·
 φ̃t−1

ı̃t−1

+

 0

vt



State equations:


zt

qt

k̃t

 =


ψ 0 0

0 ρ 0

0 ı̄
k̄egk

(1−δ)
egk

 ·


zt−1

qt−1

k̃t−1

+


0 0

0 0

0 ı̄
k̄egk

 ·
 φ̃t−1

ı̃t−1

+


εt

wt

0



And in compact form, we have

st = Hxt + Byt + ηt

and

xt+1 = Fxt + Gyt + ωt

where st =

 ỹt − (1− α)ñt

φ̃t

, yt =

 φ̃t−1

ı̃t−1

, and xt =


zt

qt

k̃t


Then given the Gaussian assumption of the initial distribution of x, η and ω,

the distribution of st condition on st−1 and yt will follow a normal distribution. That

is

st|yt, st−1˜N(Hxt|t−1 + Byt,H
′ΣH + R)
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Then we can write the sample log likelihood as

T∑
t=1

log fSt|Yt,St−1(st|yt, st−1)

and numerically maximize it with respect to the parameters of interest using the

observable data ỹ and φ̃.

1.5 Linearized equations characterizing the equi-

librium

Since the evolution of beliefs are in log-linearized form, it will be convenient if the

FOCs and budget constraints are also in log-linearized form. Thus we transform

the equations before doing the simulation into the following linearized system of

equations, after assuming the utility function follows U = log ct − Ant:

zt+1|t = ψ[zt|t−1 +P1,1(zt +αk̃t− zt|t−1−αk̃t|t−1) +P1,2(φ̃t− πφ̃t−1− qt|t−1)]

qt+1|t = ρ[qt|t−1 +P3,1(zt +αk̃t− zt|t−1−αk̃t|t−1) +P3,2(φ̃t− πφ̃t−1− qt|t−1)]

k̃t+1|t = (1−δ)
egk

[k̃t|t−1+P2,1(zt+αk̃t−zt|t−1−αk̃t|t−1)+P2,2(φ̃t−πφ̃t−1−qt|t−1)]+

+ ı̄
k̄egk

[qt|t−1 + P3,1(zt + αk̃t − zt|t−1 − αk̃t|t−1) + P3,2(φ̃t − πφ̃t−1 − qt|t−1)] +

ı̄
k̄egk

ı̃t

φ̃t = qt + vt

zt = ψzt−1 + εt

qt = ρqt−1 + wt

ỹt = zt + αk̃t + (1− α)ñt
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k̃t = (1−δ)
egk

k̃t−1 + ı̄
k̄egk

ı̃t−1 + ı̄
k̄egk

qt−1

ỹt|t−1 = zt|t−1 + αk̃t|t−1 + (1− α)ñt

ỹt = c̄
ȳ
c̃t + ī

ȳ
ĩt

ỹt|t−1 = c̄
ȳ
c̃t|t−1 + ı̄

ȳ
ı̃t|t−1

0 = c̃t − Etc̃t+1 + r̃t+1|t +
qt+1|t
ρ
− qt+1|t

0 = c̃t + w̃t|t−1

r̃t+1|t = (1− β(1− δ))(zt+1|t + qt+1|t + (α− 1)k̃t+1|t + (1− α)ñt+1)

w̃t|t−1 = zt|t−1 + αk̃t|t−1 − αñt

1.6 A simple decentralized economy

In this framework of a decentralized economy, households and perfectly competitive

firms are assumed not be able to observe TFP, ISTC and the effective capital. House-

holds own certain amount of capital which is observable, but the evolution of it is not

known nor a necessary information set for households’ choices of investment. On the

other hand, the effective capital that matters for how much output can be generated

is not observed due to the unobservability of ISTC, even though the evolution of it

is known and influences households’ choices of investment. Moreover, it is common

knowledge that both the quantity of the observed capital and the unobserved effective

capital are positively related to investment

At the beginning of each period t, before observing signals, households rent

capital and provide labor to firms. Households and firms acknowledge that the realized

output yt will depend on the realized but unobserved TFP zt, unobserved effective

capital kt,and labor nt,but not necessarily on the observed quantity of capital qu kt.
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qu kt is a measure of the capital stock, for example, in physical units, and the number

of efficient units is known to be embodied in them even if that number is not known.

The relationship between kt and qu kt can be expressed using a function qu kt =

ft(kt). The functional form is changing over time and not known to the public, but it

is known that a higher k is associated with a higher qu k, i.e., ft() is a monotonically

increasing function with unknown specific form.

The capital rent rt and wage wt are paid after households and firms’ observing

yt. wt and rt are paid based on the contribution of labor and effective capital to pro-

duction. They are exogenous to each firm and household when they make decisions,

but are determined in the equilibrium.

Household and firms share the same Bayesian learning process, in the sense that

they observe the same signals, have the same information set and update their beliefs

regarding economic fundamentals based on the same learning mechanism. There is

no private information. The problem of households and firms are as follows:

1.6.1 Firms

At each period t, a continuum of perfectly competitive firms hire labor and rent

capital from households to produce. A representative firm’s problem is:

max
nt,qu kt

Et(yt − rtqu kt − wtnt) = Et(e
ztkt

αn1−α
t − rtqu kt − wtnt)

In equilibrium, after producing and receiving the output, firms pay households

at the pre-agreed price for the observed capital and labor :

rt = αyt/(qu kt)
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wt = (1− α)yt/nt

The functional form of these rates are known to households; the realized values

are not known before production.

1.6.2 Households

Household makes the following decisions:

1. Before observing signals, optimally chooses labor.

2. After observing signals, optimally updates beliefs using Bayes’ rule.

3. After updating beliefs, optimally chooses investment.

V (gZt , g
Q
t , g

K
t ) = Et{max

nt,it
U(ct, nt) + βEtV (gZt+1, g

Q
t+1, g

K
t+1)}

s.t.

ct + it = rtqu kt + wtnt = yt

and evolution of beliefs

The first constraint is the budget constraint. The lefthand side is the expenditure

of the household, which includes consumption and investment. The righthand side is

the realized income of the household, composed of the income from renting capital

and supplying labor.
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1.6.3 Equilibrium

Firms’ optimization conditions:

rt = αyt/(qu kt)

wt = (1− α)yt/nt

Households’ optimization conditions are as before:

Optimal condition for it

−Uc(yt − it, nt) + βEt[Uc(yt+1 − it+1, nt+1)(αezt+1kα−1
t+1 n

1−α
t+1 +

1− δ
eqt+1

)
e
qt+1
ρ

egk
] = 0

Optimal condition for nt

Et[Un(yt − it, nt) + Uc(yt − it, nt)(1− α)eztkαt n
−α
t ] = 0

The equilibrium is the same as that of the social planner’s problem in the main

text. However, with the setup of a decentralized economy, our model can be extended

to a more rich framework.
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2 Chapter 2 Appendix

2.1 Stylized facts

The US tech boom-bust cycle around 2000s has been widely attributed to the over

optimism about the progress of investment technology, which is strongly related to

information and communication technology. The boom started with optimistic ex-

pectation about the unobserved progress of IST compared to TFP and ended with

downward revision of the expectations and of investment and output.During the 2000s

recession, the volatility of the NASDAQ index is higher than the Willshire index.

Comparing across time, the decline of the NASDAQ preceded the 2000s recession

and was more dramatic than during the Great Recession.

2.2 Evolution of beliefs

For the TFP and IST shocks, given their posterior beliefs, and their known evolution

as AR(1) processes:

zt+1 = ρzzt + εzt+1

qt+1 = ρqqt + εqt+1

It can be derived the prior belief about TFP for period t+ 1, gZt+1, and the prior

belief about IST for period t+ 1, gQt+1 by conjugate distribution calculation as:
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zt+1˜N(ρzµz, ρ
2
zσ

2
z + σ2

εz)

qt+1˜N(ρqµq, ρ
2
qσ

2
q + σ2

εq)

For the actual capital, given the posterior belief, and the known evolution:

kt+1 = (1− δ)kt + eqt
(

1− S
(
Y I
t

Y I
t−1

))
Y I
t

The cumulative density function for a random variable Kt+1 =

(1− δ)Kt + eqt
(

1− S
(

Y It
Y It−1

))
Y I
t ≤ k′ can be written as

FK
t+1(k′|mK

t ,m
q
t ) = Prob ((1− δ)Kt + eQt

(
1− S

(
Y I
t

Y I
t−1

))
Y I
t ≤ k′)

=

∫ ∫
k(1−δ)+eqt

(
1−S

(
Y It
Y It−1

))
Y It ≤k′

mK
t m

q
tdkdq

where k is the realized value of K, andqof Q

=

∫ ∞
q=0

∫ k′−eqt

1−S

 Y It
Y It−1

Y It
(1−δ)

k=0

mK
t m

Q
t dkdq

=

∫ ∞
k=0

∫ log(
k′−k(1−δ)1−S

 Y It
Y It−1

Y It
)

q=0

mK
t m

Q
t dkdq

and therefore the prior belief about the actual capital for period t+1, gKt+1 is
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gKt+1(k′) =

∫ ∞
k=0

1

k′ − k(1− δ)
mK
t m

Q
t

log(
k′ − k(1− δ)(

1− S
(

Y It
Y It−1

))
Y I
t

)

 dk

=
1

(1− δ)

∫ ∞
q=0

mK
t

k′ − eq
(

1− S
(

Y It
Y It−1

))
Y I
t

(1− δ)

mQ
t dq

Given this, the expected output for the next period can be derived as

F Y
t+1

(
y′|gZt+1, g

K
t+1, n

′, u′
)

= Prob (eZt+1(utKt+1)αnt+1
1−α ≤ y′)

=

∫ ∫
ez′ (u′k′)αn′1−α≤y′

gKt+1g
Z
t+1dk

′dz′

=

∫ ∞
z′=0

∫ (
y′

ez
′
u′αn′1−α

)1/α

k′=0

gKt+1g
Z
t+1dk

′dz′

=

∫ ∞
k′=0

∫ log( y′

u′αk′αn′1−α
)

z′=0

gKt+1g
Z
t+1dk

′dz′

and thus the prior belief about output in period t+ 1 is

gYt+1(y′) =
1

α
y
′ 1
α
−1n′

α−1
α

∫ ∞
z′=0

(
1

ez′

)1/α

gKt+1

([
y′

ez′u′αn′1−α

]1/α
)
gZt+1dz

′

=

∫ ∞
k′=0

u′αk
′αn

′1−α

y′
gKt+1g

Z
t+1

(
log

(
y′

u′αk′αn′1−α

))
dk′

2.3 Evolution of linearized beliefs

The notation for this appendix is:

1. MK
t ,M

Z
t ,M

Q
t are respectively the prior means of capital, TFP and IST re-
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spectively for period t, given at the beginning of period t; ΣK
t ,Σ

Z
t ,Σ

Q
t are respectively

the prior covariances of capital, TFP and IST respectively for period t.

2. µKt , µ
Z
t , µ

Q
t are respectively the posterior means of capital, TFP and IST

at period t; σKt , σ
Z
t , σ

Q
t are respectively the posterior variances of capital, TFP and

IST.

3. If Xt is the true value of the variable X, Et−1Xt denotes prior belief about

the variable X, and EtXt the posterior belief. So for example MZ
t = Et−1zt and

µZt = Etzt. Similar expression holds for q and k̃.

4. For any variable Xt, define Xt ≡ X̄eX̃t , so X̃t = logXt − log X̄, and X̄ is the

steady state of variable X. For small deviations, X̄eX̃t ≈ X̄(1 + X̃t), which enables

the linearization of the system.

Then we can rewrite the relevant functions as linear equations:

Ỹt
Φp

= zt + αk̃t + αut + (1− α)ñt

φ̃t = ρφφ̃t−1 + (1− ρφ)qt + vt

k̃t = (1− δ)k̃t−1 + δỸ I
t−1 + δκqt

Together with the stochastic processes of TFP and IST shocks

zt+1 = ρzzt + εzt+1, ε
z
t+1 ∼ N(µz, σ

2
εz)

qt+1 = ρqqt + εqt+1, ε
q
t+1 ∼ N(µq, σ

2
εq)
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We now have a discrete time, linear and time varying state space system, where

the measurement equations are:

 Ỹt
Φp
− (1− α)ñt

φ̃t

 =

 1 0 α

0 1− ρφ 0




zt

qt

k̃t

+

 0 0

ρφ 0


 φ̃t−1

Ỹ I
t−1

+

 0

vt



and the state equations are:


zt

qt

k̃t

 =


ρz 0 0

0 ρq 0

0 δκ 1− δ

 ·


zt−1

qt−1

k̃t−1

+


0 0

0 0

0 δ

 ·
 φ̃t−1

Ỹ I
t−1

+


εzt+1

εqt+1

0



In order to obtain a Gauss-Markov process, it is assumed that the initial values

of the random variables satisfy:

i) The initial TFP shock z−1 is a random Gaussian variable, independent of the

noise processes, with z−1 ∼ N(MZ
0 ,Σ

Z
0 )

ii) The initial IST shock q−1 is a random Gaussian variable, independent of the

noise processes, with q−1 ∼ N(MQ
0 ,Σ

Q
0 )

iii) The initial capital k̃−1 is a random Gaussian variable, independent of the

noise processes, with k̃−1 ∼ N(M K̃
0 ,Σ

K̃
0 )

Then, the calculation follows:

Measurement update: Since ỹt/Φp = zt + αk̃t + αũt + (1 − α)ñt, φ̃t = ρφφ̃t−1 +

(1− ρφ)qt + vt, the conditional vector
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(
zt

k̃t

qt

Ỹt
Φp
− (1− α)ñt − αũt

φ̃t − ρφφ̃t−1

)
|Yt−1,Φt−1, ñt, ũt

is Gaussian, with mean and variance:

[


MZ
t

M K̃
t

MQ
t


 MZ

t + αM K̃
t

MQ
t


]
,

[


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t

 ,


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− ρφ


 1 α 0

0 0 1− ρφ




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t

 ,

 1 α 0

0 0 1− ρφ




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− ρφ

+

 0 0

0 σv



]

To compute (

zt

k̃t

qt

|Yt,Φt, ñt, ũt) = (

zt

k̃t

qt

|yt, Yt−1, φt,Φt−1, ñt, ũt), which is the pos-
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terior belief about zt, k̃t and qt, we apply the formula for conditional expectation of

Gaussian random variables, with everything preconditioned on Yt and Φt. It follows

that (

zt

k̃t

qt

|Yt,Φt, ñt, ũt) is Gaussian, with mean


µZt

µK̃t

µQt



= E



zt

k̃t

qt

 |Yt,Φt, ñt, ũt



=


MZ

t

M K̃
t

MQ
t

+


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t




1− ρφ 0

α 0

0 1



 1 α 0

0 0 1− ρφ




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− ρφ

+

 0 0

0 σv



−1

 Ỹt
Φp
− (1− α)ñt − αũt −MZ

t − αM K̃
t

φ̃t −MQ
t − ρφφ̃t−1



=


MZ

t

M K̃
t

MQ
t

+ Pt

 ỹt/Φp − (1− α)ñt −−αũt −MZ
t − αM K̃

t

φ̃t −MQ
t − ρφφ̃t−1



and covariance
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
σZt σK̃,Zt σZ,Qt

σK̃,Zt σK̃t σK̃,Qt

σZ,Qt, σK̃,Qt σQt



= cov



zt

k̃t

qt

 |Yt,Φt, ñt, ũt



=


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t

−


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− ρφ



 1 α 0

0 0 1− ρφ




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− ρφ

+

 0 0

0 σv



−1

 1 α 0

0 0 1− ρφ




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t



and denote the Kalman gain P as

Pt =


ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− ρφ

×

 1 α 0

0 0 1− ρφ




ΣZ
t ΣK̃,Z

t ΣZ,Q
t

ΣK̃,Z
t ΣK̃

t ΣK̃,Q
t

ΣZ,Q
t,t ΣK̃,Q

t ΣQ
t




1 0

α 0

0 1− ρφ

+

 0 0

0 σv



−1
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Time update: Given the evolution processes for z,q and k, and that zt+1 and

εzt+1 are independent, and qt+1 and εqt+1 are independent given signals. the posterior

beliefs of the means are


MZ

t+1

M K̃
t+1

MQ
t+1

 = E



zt+1

k̃t+1

qt+1

 |Yt,Φt, ñt, ũt

 =


ρz 0 0

0 1− δ δκ

0 0 ρq



µZt

µK̃t

µQt

+


0

δ

0

 Ỹ I
t−1

and the posterior beliefs of the covariances are


ΣZ
t+1 ΣK̃,Z

t+1 ΣZ,Q
t+1

ΣK̃,Z
t+1 ΣK̃

t+1 ΣK̃,Q
t+1

ΣZ,Q
t+1 ΣK̃,Q

t+1 ΣQ
t+1



= cov



zt+1

k̃t+1

qt+1

 |Yt,Φt, ñt, ũt



=


ρz 0 0

0 1− δ δκ

0 0 ρq




σZt σK̃,Zt σZ,Qt

σK̃,Zt σK̃t σK̃,Qt

σZ,Qt, σK̃,Qt σQt



ρz 0 0

0 1− δ 0

0 δκ ρq

+


σzε 0 0

0 0 0

0 0 σqε



Note that the conditional covariances do not depend on the measurement Ỹt
Φp

and

φ̃t. The steady state of them can therefore be computed in advance, given the noise

variances and model parameters. Thus the Kalman gain P will also be constant in

the steady state.

We can simplify this process, by plugging in the posterior beliefs to the next
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period prior beliefs, and get the key equations shown in the paper. These beliefs play

an important rule in agents’ decision.
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3 Mathematical Appendix

3.1 Final goods sector

3.1.1 Final goods firms

Final goods firms are perfectly competitive and produce final goods by combining a

continuum of intermediate goods. At each period after observing intermediate goods

production, they produce according to the technology:

Yt =

 1∫
0

Yt(i)
1− 1

ν
p
t di


ν
p
t

ν
p
t −1

where Yt is final goods (real GDP), vt is the elasticity of substitution between

intermediate goods Yt(i). vt is the price markup shock, a shock to the changes in

the elasticity of demand and therefore in the price markup. Define
νpt
νpt −1

= 1 + ϑpeϑ
p
t

where ϑpt follows

ϑpt = ρpϑ
p
t−1 −$pε

p
t−1 + εpt , ε

p
t ∼ N(0, σ2

p)

Households purchase final goods at price Pt. Profit maximization and the zero

profit condition for final goods firms imply the price is a CES aggregate of the prices

of intermediate goods, Pt(i)

Pt =

 1∫
0

Pt(i)
1−νpt di


1

1−νpt
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where Pt is the aggregate price index. Furthermore, the demand for intermediate

good i is

Yt(i) =

[
Pt(i)

Pt

]−νpt
Yt

3.1.2 Intermediate goods firms

There is a continuum of intermediate goods firms indexed by i ∈ [0, 1]. Each firm

hires labor from labor union and rents capital from households, and produces a dif-

ferentiated good. The production is affected by the identical but unobserved total

factor productivity as:

Yt(i) = ezt(utkt(i))
αnt(i)

1−α

where ut is the capital utilization rate, chosen by households, kt(i) is the actual

capital stock, used by firm i in production, which is embodied in the rented physical

units of capital k̂t(i), kt(i) = f(k̂t(i)). f(.) is a non time-varying function identical

to all firms, showing the relation between the efficiency units of capital and physical

units of capital. nt(i) is the labor input hired from labor union. ezt is the level of

total factor productivity. Again, the time series of zt is never observed by economic

agents, but the process that disciplines zt is known to follow:

zt = ρzzt−1 + εzt , ε
z
t ∼ N(0, σ2

z)

All firms face the same isoelastic demand function given above, and take the

aggregate price level Pt and final good Yt as given. A representative firm’s problem

is:
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max
nt(i),k̂t(i)

Et[Pt(i)Yt(i)−Rt(utk̂t(i))−Wtnt(i)− Φ]

= Et[Pt(i)e
zt(utkt(i))

αn(i)1−α −Rt(utk̂t(i))−Wtnt(i)− Φ]

The expectation captures the idea that, since the actual capital stock and TFP

are unobserved when firms make decisions, the amount of realized output is only

ex-post observed but not ex-ante known. After producing and obtaining the output,

the intermediate goods firms, who price taker in the input factor market, pay at the

prevailing and pre-agreed contract prices for capital, Rt and for labor Wt. Rt and

Wt are based on the expectation about the underlying fundamentals. The contract

is designed such that labor will receive its ex ante expected marginal product, and

the rest of the output will be paid to capital owners. Therefore, there may be dis-

crepancy between the pre-agreed factor payments and the ex post marginal products

of these factors. Φ is a constant fixed cost, so that the profit of each firm is zero in

equilibrium.

This profit maximization can also be written in terms of cost minimization prob-

lem, conditional on the output Yt(i) produced. In real terms this problem can be

written as:

min
nt(i),k̂t(i)

Et[
Wt

Pt(i)
nt(i) +

Rt

Pt(i)
(utk̂t(i)) + Zt(i)(Yt(i)− ezt(utkt(i))αnt(i)1−α)]

where Zt is the multiplier associated with the constraint. The demand for labor

and capital is based on the wage and rental contracts as described above:
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Wt

Pt(i)
= (1− α)Et[Zt(i)e

zt(utkt(i))
αn(i)−α] =

E[Zt(i)Yt(i)]

Yt(i)

(1− α)Yt(i)

nt(i)

Rt

Pt(i)
=
E[Zt(i)Yt(i)]

Yt(i)

αYt(i)

utk̂t(i)

We can write the expected real cost function (excluding fixed cost) as:

Et(COSTt(i)) =
Wt

Pt(i)
nt(i) +

Rt

Pt(i)
(utk̂t(i)) =

Et[Zt(i)Yt(i)]

Zt(i)Yt(i)
Zt(i)Yt(i)

For this reason, Zt(i) can be thought as the standard real marginal cost, de-

pendent on the market power of the monopoly. In equilibrium, since all firms have

the same expectations and face the same maximization problems, the capital-labor

ratio is the same across firms. This implies that Zt(i) will also be the same across

firms, denoted as Zt for the rest of the paper. Combining the wage and given that

the capital-labor ratio is the same across firms, the expected real marginal cost can

be derived as:

PtEt(Zt) =

(
1

1− α

)1−α(
1

α

)α
W 1−α
t Rα

t

Et(ezt)

This is the ex ante expected real marginal cost and may not be the same as the

ex post cost, reflecting the effects of information friction.

At the same time, intermediate goods firms make pricing decision. Following the

structure proposed in Calvo (1983), each firm resets its price with probability 1− θp

in any given period, independent of the time elapsed since the last adjustment. Thus,
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each period a fraction 1− θp of intermediate goods firms reset their prices, while the

other θp keep their prices unchanged. As a result, the average duration of a price is

given by (1 − θp)−1. θp can therefore be interpreted as an index of price stickiness.

The firms who have probability 1− θp to reset prices at time t choose the price P ∗t (i)

that maximizes the expected discounted value of present and future profits. Formally,

it solves the problem:

max
P ∗t (i)

Et

∞∑
s=0

θsp
βsλt+s
λt

{
P ∗t (i)(Πs

τ=1π
ιp
t+τ−1π

1−ιp
∗ )Yt+s(i)− Pt+sZt+sYt+s(i)

}

subject to demand constraint:

Yt+s(i) =

[
P ∗t (i)Πs

τ=1π
ιp
t+τ−1π

1−ιp
∗

Pt+s

]−νpt+s
Yt+s

where λt+s is the marginal utility of income of the representative household that

owns the firm, and Yt+s(i) denotes the output in period t + s for a firm that last

resets its price in period t. πt is the gross inflation defined as πt = Pt/Pt−1 and

π∗ is its steady state level. ιp is the parameter controlling indexation of price on

inflation.

Differentiate the above equation with respect to the relative price, Pt(i)
∗/Pt to

obtain the first order condition for the optimal price:

Et

[
Yt(i)

(
P ∗t (i)

Pt
− νpt Zt
νpt − 1

)]
+ Et

[
∞∑
s=1

(θpβ)s
λt+s
λt

Yt+s(i)

(
P ∗t (i)(Πs

τ=1π
ιp
t+τ−1π

1−ιp
∗ )

Pt+s
−
νpt+sZt+s
νpt+s − 1

)]
= 0
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The average price level will be a CES aggregate of all prices in the economy:

P
1−νpt
t = θp(Pt−1π

ιp
t−1π

1−ιp
∗ )1−vpt + (1− θp)(P ∗t (i))1−νpt

where Pt−1 is previous price level, and P ∗t (i) is the price level chosen by firms

which can adjust prices at period t.

3.2 Investment goods sector

There is a continuum of perfectively competitive firms which purchase final good Y I
t

to produce investment good It , and then sell it to households at price PIt. The

production technology is given by

It = eqtY I
t

where eqt is IST and qt follows:

qt = ρqqt−1 + εqt , ε
q
t ∼ N(0, σ2

q )

A representative firm chooses Y I
t to maximize its profit:

max
Y It

Et[PItIt − PtY I
t ] = Et[PIte

qtY I
t − PtY I

t ]

yielding

PIt
Pt

= E(eqt)
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3.3 Households

There is a continuum of households. Before observing signals, a representative house-

hold chooses labor nt and capital utilization rate ut to maximize the expected lifetime

utility. After observing the signals, it updates the learning about economic funda-

mentals, and chooses the expenditure on consumption ct and investment Y I
t based

on posterior beliefs. The household’s maximization problem can be summarized in

the following Bellman equation, with the learning process outlined in the learning

section:

V (gZt , g
Q
t , g

K
t , ct−1(j)) = Et

 maxnt(j),ut(j),Y It (j)
1

1−σc [ct(j)− hct−1(j)]1−σc − ψ nt(j)1+γ

1+γ

+βEtV (gZt+1, g
Q
t+1, g

K
t+1, ct(j))


s.t.

Ptct(j) + PItY
I
t (j) +Bt+1(j)− Tt = Rtut(j)k̂t(j) +Wt(j)nt(j) + ebtRb

tBt(j) + Πt

− Pta(ut(j))k̂t(j)

where gZt , g
Q
t , g

K
t denote respectively the prior beliefs about the TFP shock, IST

shock, and actual capital stock. Since all the households share the same information

set, the prior and posterior beliefs are identical across households. ct is consumption.

h captures habit formation. nt is labor supplied to labor union. ψ captures the

negative utility from the labor. γ is labor supply elasticity parameter. Tt is lump-

sum tax. Bt is government bonds and Rb
t is the nominal return to the bonds. In

equilibrium, the holdings of bonds is zero. ebt represents a discrepancy between the

interest payment received by the household on financial asset and that determined

by the central bank. It plays a similar role as the equity shock which influences

203



financial asset premium described in Christiano, Motto and Rostagno (2013). A

positive change of this shock increases the return to capital and thus investment.

The shock follows:

bt = ρbbt−1 + εbt , ε
b
t ∼ N(0, σ2

b )

There is a cost associated with capital utilization for each unit of capital rented,

denoted as Pta(ut(j)) in units of final goods. It is assumed that a(1) = 0, a′ and a′′ >

0. The higher the utilization rate, the more the output and thus the consumption;

on the other hand, the higher the cost of the use of capital. Πt is any profit earned

by intermediate goods firms and labor union that is transferred to households.

The evolution of the actual capital is

kt+1(j) = (1− δ)kt(j) + eqt
[
1− S

(
Y I
t (j)

Y I
t−1(j)

)]
Y I
t (j)

δ is capital depreciation rate. S(·) is investment adjustment cost, with the func-

tional form S
(

Y It (j)

Y It−1(j)

)
= κ

2

(
Y It (j)

Y It−1(j)
− Λ

)2

. In steady state, S(Λ) = S ′(Λ) = 0, S ′′ > 0.

As mentioned above, qt is the IST shock. Since qt is unobservable, the actual capital

kt is also unobserved in this economy.

In equilibrium, the choices of labor, capital utilization, consumption, investment

and bond holding will be the same across all households. The first order conditions

with respect to ut(j), nt(j), ct(j), Bt(j), Y
I
t (j) and Etkt+1(j) are:

Rt

Pt
= a′(ut(j))
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ψnt(j)
γ = Et(λt(j))

Wt

Pt

[ct(j)− hct−1(j)]−σc − hβEt[ct+1(j)− hct(j)]−σc = λt(j)

λt(j) = βebtEt

(
λt+1(j)

Rt

πt+1

)

0 = −λt(j) + λkt (j)Et(e
qt)

[
1− S

(
Y I
t (j)

Y I
t−1(j)

)
− S ′

(
Y I
t (j)

Y I
t−1(j)

)
Y I
t (j)

Y I
t−1(j)

]
+ βEtλ

k
t+1(j)eqt+1S ′

(
Y I
t+1(j)

Y I
t (j)

)[
Y I
t+1(j)

Y I
t (j)

]2

λkt (j) = βEt

[
(1− δ)λkt+1(j) + λt+1(j)

(
Rt+1

Pt+1

ut+1(j)− a′(ut+1(j))

)]

where λt(j) and λkt (j) are the Lagrangian multipliers associated with the budget

constraint and expected capital accumulation respectively.

3.4 Labor union

Households supply labor to a competitive labor packer before production occurs. The

labor packer aggregates the differentiated labor from households according to
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nt =

 1∫
0

nt(j)
1− 1

νwt dj


νwt
νwt −1

where nt is the aggregate labor demand by intermediate goods firms. νwt is the

elasticity of substitution between differentiated labor, capturing the wage markup

shock, which affects the demand of differentiated labor. Define
νwt
νwt −1

= 1 + ϑweϑ
w
t

where ϑwt follows:

ϑwt = ρwϑ
w
t−1 −$wε

w
t−1 + εwt , ε

w
t ∼ N(0, σ2

w)

The labor packer maximizes profits subject to the above demand function. From

its first order condition, the labor demand function for each household is:

nt(j) =

(
Wt(j)

Wt

)−νwt
nt

where nt is the aggregate labor demand. The aggregate wage is obtained by

combining the labor demand with zero profit condition as

Wt =

 1∫
0

Wt(j)
1−νwt dj


νwt

1−νwt

Labor union is the channel through which labor packer combines labor from

households. Labor union has monopoly power and sets the optimal wage following

Calvo (1983) rule. In particular, at each period, a fraction 1−θw of households’ wages

are changed. All the other households can only partially index wages by inflation.

Therefore, the labor union chooses W ∗
t (j) to maximize:
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max
W ∗t (j)

Et

∞∑
s=0

(θwβ)s
λt+s
λt

{
W ∗
t (j)(Πs

τ=1π
ιw
t+τ−1π

1−ιw
∗ )nt+s(j)− ψWt+snt+s(j)

}

subject to

nt+s(j) =

[
Πs
τ=1π

ιw
t+τ−1π

1−ιw
∗

W ∗
t (j)

Wt+s

]−νwt+s
nt+s

where ιw is the parameter controlling indexation of wage on inflation.

Differentiate the equation with respect to the wage, W ∗
t (j), and the optimal wage

is obtained as:

Et

∞∑
s=0

(θwβ)s
λt+s
λt

nt+s

[
W ∗
t (j)(Πs

τ=1π
ιw
t+τ−1π

1−ιw
∗ )−

νwt+s
νwt+s − 1

ψWt+s

]
= 0

Similar with the aggregate price, the aggregate wage evolves as:

W
1−νwt
t = θw(Wt−1π

ιw
t−1π

1−ιw
∗ )1−vwt + (1− θw)(W ∗

t (j))1−νwt

Note again that the aggregate wage and optimal wage are determined at the

pre-agreed level based on the contract between labor union and intermediate goods

firms. They may not coincide with the realized marginal products of labor or those

under sticky wages and perfect information.
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3.5 Monetary authority

To investigate the effects of stabilization policy under information friction, I assume

that the central bank follows a certain Taylor rule such that the dynamics of money

supply is to achieve the target level of nominal interest rate, taking the form of:

Rt

R∗
=
RϕR
t−1

R∗

[( πt
π∗

)ϕπ ( Yt
Y ∗t

)ϕy]1−ϕR [ Yt/Yt−1

Y ∗t /Y
∗
t−1

]ϕdy
emt

where R∗ and π∗ are the steady state values of the interest rate and inflation

rate respectively. Y ∗t is the level of real output at period t, defined as the output

level under the economy with flexible prices and wages and uncertainty, and without

markup shocks. ϕπ and ϕy are elasticities of the interest rate with respect to inflation

and output gap respectively. ϕdy is the elasticity of interest rate. ϕR introduces

interest rate. emt represents monetary policy shock. which follows

mt = ρmmt−1 + εmt , ε
m
t ∼ N(0, σ2

m)

The implementation of the target interest rate is through open market operations

which are financed by the lump-sum tax T . The tax also finances the government

spending G. The balanced budget constraint requires:

PtGt +Bt−1 = Tt +
Bt

Rt

Define egt as the ratio of government spending to the steady state output, where

gt follows:
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gt = ρggt−1 + εgt , ε
g
t ∼ N(0, σ2

g)

3.6 Aggregation

First, the aggregate demand in the economy is obtained by combining the households’

and government budget constraints:

Ptct +PItY
I
t +PtGt =

∫
Rtut(j)k̂t(j)dj +

∫
Wt(j)nt(j)dj + Πt−

∫
Pta(ut(j))k̂t(j)dj

Next, plug in the expression for Πt

Πt =

∫
Πt(i)dj =

∫ [
Pt(i)Yt(i)−Rt(utk̂t(i))−Wtnt(i)

]
di

Note that

k̂t =

∫
k̂t(i)di =

∫
k̂t(j)dj

nt =

∫
nt(i)di

and given the zero profits in final goods firms and labor packer

Wtnt =

∫
Wt(j)nt(j)dj
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PtYt =

∫
Pt(i)Yt(i)di

We obtain

Ptct + PItY
I
t + PtGt + Pta(ut)k̂t = PtYt

The aggregate demand in the economy is thus

Y d
t = ct + Y I

t +Gt + a(ut)k̂t

The aggregate supply is

Y s
t =

 1∫
0

Yt(i)
1− 1

ν
p
t di


ν
p
t

ν
p
t −1

=

 1∫
0

(
ezt(utkt(i))

αnt(i)
1−α)1− 1

ν
p
t di


ν
p
t

ν
p
t −1

It is not possible to simplify this expression since input usages across firms dif-

fer. However, the linear aggregation

1∫
0

Yt(i)di is approximately equal to Yt within a

local domain of the steady state. Hence for local analysis applied to the estimation

(including learning process) and simulation, we can simply use

Yt =

1∫
0

Yt(i)di =

1∫
0

(
Pt(i)

Pt

)−νpt
Ytdi =

ezt(utkt)
αn1−α

t − Φ

dpt

where dpt =

1∫
0

(
Pt(i)
Pt

)−νpt
di = θp

(
π
ιp−1
t−1 π

1−ιp
∗

)1−vpt
dpt−1 + (1− θp)(π∗t )1−νpt

In equilibrium, Y d
t = Y s

t
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Similarly, for the labor market, labor demand equals to labor supply in equilib-

rium.

ndt =
nt
dwt

where dwt =

1∫
0

(
Wt(j)
Wt

)−νwt
dj = θw

(
Wt−1

Wt
πιw−1
t−1 π

1−ιp
∗

)1−vwt
dwt−1+(1−θw)(πw∗t )1−νpt

3.7 Stationary equilibrium

The stationary equilibrium in this model is characterized by the following condi-

tions:

The first order conditions for intermediate goods firms:

Et

[
Yt

(
P ∗t
Pt
− νpt Zt
νpt − 1

)
+
∞∑
s=1

(θpβ)s
λt+s
λt

Yt+s

(
P ∗t (Πs

τ=1π
ιp
t+τ−1π

1−ιp
∗ )

Pt+s
−
νpt+sZt+s
νpt+s − 1

)]
= 0

The wage and rental rates contract:

Wt

Pt
=
E[ZtYt]

Yt

(1− α)Yt
nt

Rt

Pt
=
E[ZtYt]

Yt

αYt
utf(kt)

The real marginal cost:
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EtZt =

(
1

1− α

)1−α(
1

α

)α
w1−α
t rαt
Et(ezt)

The first order conditions for households:

Rt

Pt
= a′(ut)

ψn
γ

t = Et(λt)
Wt

Pt

[ct − hct−1]−σc − hβEt[ct+1 − hct]−σc = λt

λt = βebtEt

(
λt+1

Rt

πt+1

)

− λt + λktEt(e
qt)

[
1− S

(
Y I
t

Y I
t−1

)
− S ′

(
Y I
t

Y I
t−1

)
Y I
t

Y I
t−1

]
+ βEtλ

k
t+1e

qt+1S ′
(
Y I
t+1

Y I
t

)[
Y I
t+1

Y I
t

]2

= 0

λkt = βEt

[
(1− δ)λkt+1 + λt+1

(
Rt+1

Pt+1

ut+1 − a′(ut+1)

)]

The first order conditions for labor unions:
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Et

∞∑
s=0

(θwβ)s
λt+s
λt

nt+s

[
W ∗
t (j)(Πs

τ=1π
ιw
t+τ−1π

1−ιw
∗ )−

νwt+s
νwt+s − 1

ψWt+s

]
= 0

The evolution of aggregate price:

P
1−νpt
t = θp(Pt−1π

ιp
t−1π

1−ιp
∗ )1−vpt + (1− θp)(P ∗t )1−νpt

The evolution of aggregate wage:

W
1−νwt
t = θw(Wt−1π

ιw
t−1π

1−ιw
∗ )1−vwt + (1− θw)(W ∗

t )1−νwt

The Taylor rule:

Rt

R∗
=
RϕR
t−1

R∗

[( πt
π∗

)ϕπ ( Yt
Y ∗t

)ϕy]1−ϕR [ Yt/Yt−1

Y ∗t /Y
∗
t−1

]ϕdy
emt

The goods market clearing conditions:

Y d
t = ct + Y I

t +Gt + a(ut)f(kt)

Y s
t =

ezt(utkt)
αn1−α

t − Φ

dpt

Y d
t = Y s

t
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dpt = θp

(
π
ιp−1
t−1 π

1−ιp
∗

)1−vpt
dpt−1 + (1− θp)(π∗t )1−νpt

The labor market clearing conditions:

ndt =
nt
dwt

dwt = θw

(
Wt−1

Wt

πιw−1
t−1 π1−ιp

∗

)1−vwt
dwt−1 + (1− θw)(πw∗t )1−νpt

Capital evolution

kt+1 = (1− δ)kt + eqt
[
1− S

(
Y I
t

Y I
t−1

)]
Y I
t

And the evolution of beliefs as in Appendix 2.

3.8 Steady state

The steady state when there is uncertainty is obtained by assuming that the expec-

tation of unobserved fundamentals coincide with the true underlying values. So it is

called as a certainty steady state. Moreover, there is a deterministic steady state in

the sense that no stochastic shocks occur in the economy. In this steady state, we

have

The first order conditions for intermediate goods firms:

P ∗

P
− νpZ

νp − 1
= 0
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The wage and rental rates contract:

W

P
=

(1− α)Y

n

R

P
=
αY

uk

The real marginal cost:

Z =

(
1

1− α

)1−α(
1

α

)α
w1−αrα

The first order conditions for households:

R

P
= a′(u)

ψnγ = λ
W

P

[c− hc]−σc − hβ[ct − hc]−σc = λ

1 = β
R

π

−λ+ λk [1− S (1)− S ′ (1)] + βλktS
′ (1) = 0
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λk = β

[
(1− δ)λkt + λ

(
R

P
u− a′(u)

)]

The first order conditions for labor unions:

W ∗ − νw

νw − 1
ψWt = 0

The evolution of aggregate price:

P 1−νp = θp(Pπ
ιpπ1−ιp
∗ )1−vp + (1− θp)(P ∗)1−νp

The evolution of aggregate wage:

W 1−νw = θw(Wπιwπ1−ιw
∗ )1−vw + (1− θw)(W ∗)1−νw

The Taylor rule:

R

R∗
=
RϕR

R∗

[( π
π∗

)ϕπ ( Y

Y ∗

)ϕy]1−ϕR

The goods market clearing conditions:

Y d = c+ Y I

Y s =
(uk)αn1−α − Φ

dp
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Y d = Y s

dp = θp
(
πιp−1π1−ιp

∗
)1−vp

dp + (1− θp)(π∗)1−νp

The labor market clearing conditions:

nd =
n

dw

dw = θw
(
πιw−1π1−ιp

∗
)1−vw

dw + (1− θw)(πw∗)1−νp

Capital evolution:

k = (1− δ)k + [1− S (1)]Y I

The prior and posterior beliefs are consistent with the actual fundamentals:

E(z) = z

E(q) = q

E(k) = k
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3.9 Log linearization

Before doing estimation and simulation, we need to log linearize the system around

the certainty steady state. Since there is uncertainty in this framework, the certainty

equivalence does not hold and the dynamics of the economy depend on both first

order and higher orders of unobserved shocks directly. We will use the methodology

developed in Ma and Samaniego (2015) which takes into account of the influence of

higher order moments on economic variables. For any variable Xt, define Xt ≡ X̄eX̃t ,

so X̃t = logXt− log X̄, and X̄ is the (certainty) steady state of variable X. For small

deviations, X̄eX̃t ≈ X̄(1 + X̃t), which enables the linearization of the system. Given

the linearization of evolution of expectations as in Appendix 3 in the main text:

Etzt = Et−1zt + P1,1(
Ỹt
Φp

− (1− α)ñt − αut − Et−1zt − αEt−1k̃t
Φp

)

+ P1,2(φ̃t − ρφφ̃t−1 − Et−1qt)

Etk̃t = Et−1k̃t + P2,1(
Ỹt
Φp

− (1− α)ñt − αut − Et−1zt − αEt−1k̃t
Φp

)

+ P2,2(φ̃t − ρφφ̃t−1 − Et−1qt)

Etqt = Et−1qt + P3,1(
Ỹt
Φp

− (1− α)ñt − αut − Et−1zt − αEt−1k̃t
Φp

)

+ P3,2(φ̃t − ρφφ̃t−1 − Et−1qt)

We have the linearized system for other equations:

The first order conditions for intermediate goods firms:

(1 + βιp)π̃t = βEtπ̃t+1 +
(1− θp)(1− θpβ)

θp
Z̃t + ιpπ̃t−1 + ϑpt
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The wage and rental rates contract:

k̃t = w̃t − r̃t + ñt

The real marginal cost:

EtZ̃t = (1− α)w̃t + αr̃t − Et−1zt

The first order conditions for households:

r∗r̃t = a′′(ũt)ũt

(1− θw)(1− θwβ)

θw
(γñt − w̃t)

= (1 + β)w̃t − w̃t−1 − βEt(w̃t+1) + (1 + βιw)π̃t − ιwπ̃t−1 − βEtπ̃t+1 − ϑwt

1

1 + h
Et(c̃t+1) +

h

1 + h
c̃t−1 −

1− h
1 + h

(R̃t − Et(π̃t+1)) = c̃t

Ỹ I
t =

1

1 + β
(Ỹ I

t−1 + βEt(Ỹ
I
t 1) +

1

κ2S ′′
λ̃kt +

1

κ2S ′′
Et(qt))

λ̃kt = −b̃2 − (R̃t − Et(π̃t+1)) +
r∗

r∗ + 1− δ
Et(r̃t+1) +

1− δ
r∗ + 1− δ

Et(λ̃
k
t+1)
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The Taylor rule:

R̃t = ϕRR̃t−1 + (1− ϕR)
[
ϕππ̃t + ϕy(Ỹt − Ỹ ∗t )

]
+ ϕdy(Ỹt − Ỹt−1 − Ỹ ∗t + Ỹ ∗t−1) +mt

The goods market clearing conditions:

Ỹt
Φp

= zt + αk̃ + (1− α)ñt

Ỹt =
c∗t
Y ∗t

c̃t +
Ỹ I∗
t

Y ∗t
ĩt +

r∗t k
∗
t

Y ∗t
ũt + gt

Capital evolution

k∗k̃t+1 = (1− δ)k∗k̃t + Ỹ I∗
t (κqt + Ỹ I

t )
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