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Abstract of Dissertation

Statistical Inference on Vaccine Efficacy under Covariate-Adaptive Randomization

In clinical trials and causal inference studies, the primary goal of the experiment is to

compare the effectiveness of two treatments. Complete randomization is a commonly

used method that assigns patients independently and randomly into two treatment

groups, and it is relatively easy to implement. However, this method may result in

imbalanced distributions of covariates between the two treatment arms. To address

this issue, covariate-adaptive randomization is a popular method in clinical trials with

sequentially arriving patients. This method aims to balance treatment assignments

across covariates that may have an influence on the response. However, concerns have

been raised regarding the validity of statistical inference under covariate-adaptive

randomization. Existing theory on tests under covariate-adaptive randomization is

limited to estimating the average treatment effect. For example, it is well-known that

the usual two-sample t-test of treatment effect is typically conservative. However,

many trials do not solely focus on estimating the treatment effect, but other estimators

as well. For instance, in a study with binary outcomes, the interested estimator could

be the relative risk; in a study with time-to-event outcomes, the interested estimator

could be the hazard ratio. In a vaccine study, vaccine efficacy can be estimated based

on the relative risk given a fixed time point or based on the hazard ratio if the vaccine

efficacy changes over time.

The purpose of this study is twofold. Firstly, we have observed that although the

covariate-adaptive randomization procedure has been utilized in vaccine trials, the

validity of classical statistical methods for analyzing relative risk or vaccine efficacy

after such randomization remains uncertain. In most cases, practitioners tend to

adopt a conventional test to compare relative risk or vaccine efficacy, which is con-
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troversial since tests derived under complete randomization may not be valid under

covariate-adaptive randomization schemes. Thus, it is critical to investigate the valid-

ity of classical statistical methods for analyzing relative risk or vaccine efficacy under

covariate-adaptive randomization.

Moreover, the issue of conservativeness also arises under survival analysis. Based

on numerous reports, vaccine efficacy tends to decline over time, and the statistical

inference of time-dependent vaccine efficacy also needs to be adjusted under covariate-

adaptive randomization. Therefore, we aim to investigate the inferential properties

of time-dependent vaccine efficacy under covariate-adaptive randomization using ap-

propriate statistical methods.

In addition, we observed that the statistical theories available for covariate-adaptive

randomization primarily apply to linear models or generalized linear models with

equal allocation ratios. While random assignment to treatment arms on a 1:1 basis

(equal allocation ratio) has been standard practice, many 2-armed clinical trials now

employ unequal allocation schemes due to ethical and economic advantages. Thus,

we aim to investigate the inferential properties of unequal ratio tests for treatment

effects in Chapter 2.

In Chapter 3, our focus is on the evaluation of vaccine efficacy at a particular point.

Typically, in such cases, researchers employ the logistic regression model to estimate

the relative risk and vaccine efficacy. We provide a theoretical framework to study

the asymptotic distribution of test statistics under covariate-adaptive randomization

with omitted covariates. Our findings reveal that the hypothesis test on relative

risk is conservative when the working model is misspecified. To address this issue, we

propose an adjusted method for test statistics based on the asymptotic result, ensuring

that the corrected test remains valid under covariate-adaptive randomization. Our

approach offers a practical solution to the issue of conservative hypothesis tests on
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relative risk under covariate-adaptive randomization with omitted covariates.

In Chapter 4, our focus is on the evaluation of vaccine efficacy as a time-dependent

function. The duration of protection offered by a vaccine is uncertain, and vaccine

efficacy typically declines over time. We consider the time-dependent Cox model to

estimate hazard ratio and vaccine efficacy over time. Our findings reveal that when

some important covariates are omitted, the estimator of vaccine efficacy can be bi-

ased, and the test statistics can introduce a very large Type-I error. Furthermore,

when the model is mis-specified, we propose a stratified estimator of vaccine efficacy

and construct a valid test statistics. Our study demonstrates that the stratified esti-

mator is consistent, and the stratified test could attain the correct Type-I error under

complete randomization and covariate-adaptive randomization. Our numerical stud-

ies confirm the theoretical findings and demonstrate the effectiveness of the proposed

adjustment method. Overall, our approach offers a practical solution to the issue

of bias in vaccine efficacy estimation and test statistics under time-dependent Cox

models with omitted covariates.
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Chapter 1

Introduction

1.1 Overview of Covariate-Adaptive Randomization

The randomized controlled trial is widely recognized as the ”gold standard” for as-

sessing treatment efficacy in clinical trials, as it allows for valid comparisons between

treatment groups. Complete randomization is one of the simplest randomization pro-

cedures, where patients are assigned to different groups by a fair coin toss. This

method ensures that each patient has an equal chance of being assigned to either

group, without using any information of the patients.

Consider two treatment arms, 1 and 2, each consisting of n patients. For 1 ≤ i ≤ n,

let ti denote the treatment assignment for the ith patient, where ti = 1 indicates

assignment to treatment 1 and ti = 0 indicates assignment to treatment 2. Complete

randomization assigns patients with Pr(ti = 1) = 0.5, for 1 ≤ i ≤ n. Although

complete randomization has several desirable properties (Lachin, 1988), it may result

in severely imbalanced treatment groups due to chance and it may potentially lead

to imbalance in some marginal or strata of covariates.

Covariate-adaptive randomization(CAR) procedures are proposed to improve the bal-

ance of covariates across different treatment groups, which make the comparison of

treatment effects more accurate and persuasive (Kundt, 2009). Moreover, balancing

covariates is important for the interim analysis and it may improve the power of in-

ference (Kahan et al., 2014). Therefore, CAR procedures are commonly implemented

in clinical trials. In a study by Lin et al. (2015), it was found that out of 224 random-
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ized clinical trials published in leading medical journals in 2014, covariate-adaptive

randomization was used in 183 trials.

Other CAR procedures include Wei’s urn design (Wei, 1978b) and several other meth-

ods such as Frane’s procedure (Frane, 1998), Stigsby’s method (Stigsby and Taves,

2010), and Rubin’s adaptive design (Morgan and Rubin, 2012) which aim to balance

continuous covariates. Unlike discrete covariates, the values of continuous covariates

do not directly indicate the degree of imbalance and hence continuous CAR methods

are less commonly used in practice. Therefore, in this dissertation, we focus on CAR

procedures designed for discrete covariates.

1.2 Statistical Inference for Covariate-adaptive randomization

Since the introduction of CAR procedures in clinical trials, there have been extensive

deliberations regarding the development of a valid statistical inference following the

implementation of these procedures. Through numerical studies, Birkett (1985) and

Forsythe (1987) have shown that the unadjusted test for treatment effect could be

conservative if the covariates used in the randomization are not used in the subsequent

analysis. This means that it has reduced Type I error compared to the nominal

level. Therefore, they suggested that to obtain a valid test, all the covariates used in

randomization should be adjusted in the subsequent analysis.

Despite theoretical recommendations, investigators often hesitate to adjust all covari-

ates used in randomization in practice. There are various practical reasons why the

full model may not always be used. For example, investigation sites are often omitted

from the analysis for multi-center clinical trials due to the difficulty of incorporating

them into the working model. Another reason is the simplicity of testing procedures,

which may require including fewer covariates. Additionally, the adjustment of too

many covariates can lead to a complicated model that lacks robustness to model
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misspecification (Rosenberger and Lachin, 2015).

In the last decade, there has been significant progress in understanding subsequent

statistical inference in CAR trials. Shao et al. (2010) theoretically states that to

obtain a valid test, the test statistic should include all covariates used in the random-

ization process into account. Moreover, they introduced a bootstrap t-test to attain

a valid inferential test when the important covariates are omitted. Ma et al. (2015)

demonstrated that if the linear working model only includes partial covariates used

in the randomization, then in the process of statistical inference, such as statistical

test on the treatment effect, the inference under the working model may be conser-

vative. The hypothesis tests with generalized linear models have also been studied

under CAR procedures. For instance, Li et al. (2021) examine the theoretical prop-

erties of the unadjusted test for treatment effect under generalized linear models for

a large family of covariate-adaptive randomization. As a result, regulatory guidelines

typically recommend adjusting all covariates used in CAR procedures in the working

model (EMA, 2015), (FDA, 2020).

Besides model-based adjustment, researchers have also proposed some model-robust

inference methods. Bugni et al. (2018) studied model-robust inference for the differ-

ence in means estimator and analysis of covariance. Wang et al. (2021) generalized

this result and studied a more general class of inference procedures based on M-

estimators and Kaplan-Meier estimator. Additionally, Ye and Shao (2020) showed

that unadjusted testing is also conservative in survival analysis. Compared to model-

based adjustment, most model-robust inference methods rely on the assumption that

there are a sufficiently large number of patients within each stratum. Therefore, they

may not be valid when the number of strata is relatively large.
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1.3 Three motivated clinical trials that use covariate-adaptive random-

ization

1.3.1 Remdesivir trials with severe COVID-19

During the COVID-19 pandemic, Wang et al. (2020) did a randomized, double-blind,

placebo-controlled, multicenter trial at ten hospitals in Hubei, China. Stratified per-

muted block design is used in the randomization which randomly assigned eligible

patients to either the Remdesivir group or the placebo group under the ratio of 2:1 .

Randomization was stratified according to the level of respiratory support as follows:

(1) no oxygen support or oxygen support with nasal duct or mask; or (2) high-flow

oxygen, non-invasive ventilation, invasive ventilation, or extracorporeal membrane

oxygenation. The permuted block size is 30 patients. In short, the original design

uses stratified permuted block randomization with 2∗1-strata and 30 block size.

In this clinical trial, patients receiving Remdesivir had a numerically faster time to

clinical improvement than those receiving placebo, but this improvement was not

statistically significant. Moreover, the clinical trial was criticized for imbalanced

covariates. The original randomization procedure attempted to balance the severity of

patients’ disease, but failed to balance other covariates such as diabetes, hypertension,

and heart disease.. For example, in the remdesivir group, the hypertension rate was

8% higher than placebo group, the diabetes rate was 4% higher than the placebo

group and the heart disease rate was 6% higher than the placebo group, respiratory

rate > 24 breaths per minute was also 9% higher than placebo group. Since patients

with these diseases may be more difficult to cure and may influence the successful

resolution of COVID-19, failure to consider the influence of these covariates may lead

to inaccurate analysis of the effectiveness of the two treatments.

In this clinical trial example, it is evident that while there is an extensive literature on

the theory and practice of covariate adjustment, covariate-adaptive randomization is
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not commonly utilized in practice. Additionally, the use of unequal allocation (2 : 1)

may present ethical and economic advantages.

1.3.2 Moderna-sponsored COVID-19 vaccine trial(mRNA-1273)

Baden et al. (2021) conducted a phase 3 randomized, observer-blinded, placebo-

controlled vaccine trial across 99 centers in the United States. The aim was to evaluate

the efficacy of mRNA-1273 vaccine in preventing Covid-19 illness. The trial included

30,420 volunteers who were randomly assigned in a 1:1 ratio to receive either vaccine

or placebo, with 15,210 participants in each group. Stratification was based on age

and Covid-19 complications risk criteria, with persons 65 years of age or older, those

younger than 65 years of age who were at risk for severe Covid-19, and those younger

than 65 years of age without heightened risk forming three strata. The outcome of

interest was vaccine efficacy in preventing Covid-19 illness, which was calculated as

the percent reduction in the attack risk of disease among vaccinated and unvaccinated

populations (1 - relative risk). At the end of the trial, Covid-19 illness was confirmed

in 185 participants in the placebo group and in 11 participants in the mRNA-1273

group. The mRNA-1273 vaccine showed 94.1% efficacy in preventing Covid-19 illness.

In this vaccine trial, we observe that the outcome of interest, whether a participant

becomes infected, is a binary variable. The estimand of interest is the relative risk or

vaccine efficacy.

1.3.3 Effectiveness of Covid-19 Vaccines over a 9-Month Period

Between December 2020 and February 2021, three Covid-19 vaccines — BNT162b2

(Pfizer–BioNTech), mRNA-1273 (Moderna), and Ad26.COV2.S (Johnson & Johnson)

received Emergency Use Authorization from the Food and Drug Administration on

the basis of short-term safety and efficacy against Covid-19. However, an increase in

postvaccination Covid-19 infections during the summer and early fall of 2021 aroused
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concerns about the long-term effectiveness of these vaccines. Lin et al. (2022) esti-

mated the effectiveness of the three Covid-19 vaccines up to 9 months after vaccination

in North Carolina. According to the report, the vaccine effectiveness of BNT162b2

and mRNA-1273 against Covid-19 was 94.5% and 95.9%, respectively, at two months

after the first dose. However, this effectiveness decreased to 66.6% and 80.3% at

seven months, indicating that the vaccine’s efficacy or hazard ratio is changing over

time.

1.4 Motivation and Objective

In clinical trials, ensuring balanced covariates is essential for a valid comparison be-

tween treatment groups. Thus, many trials have increasingly adopted CAR pro-

cedures. While CAR procedures offers several benefits, concerns have been raised

regarding the validity of statistical inference under CAR procedures.

Our first project is motivated by the Covid-19 trial of remdesivir in Wang et al.

(2020), where the target allocation ratio was 2 : 1 and the conclusion was criticized

for the issue of imbalanced covariates. Therefore, it is crucial to extend the theoretical

results of statistical inference to include unequal allocation ratios, which will provide

valuable insights for the design and analysis of clinical trials.

Another issue is that the study of the validity of statistical inference has primarily

focused on comparing the effectiveness of two treatments. However, in vaccine trials,

the relative risk or hazard ratio has become one of the standard measures to estimate

vaccine efficacy. The theoretical foundation for inference under covariate-adaptive

randomization in vaccine efficacy has received less attention. Therefore, it is crucial

to develop tests about relative risk and hazard ratio that are valid under covariate-

adaptive randomization, which will have important implications for the design and

analysis of vaccine trials.
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In the first project, we study the theoretical properties of hypothesis testing under

a general covariate-adaptive design based on a linear model framework with flexible

allocation ratios (r : 1). We derive the corresponding asymptotic properties of test

statistics and propose a valid adjusted test.

In the second project, we focus on the theoretical foundations of relative risk or vac-

cine efficacy for inference under covariate-adaptive randomization based on the logistic

regression model. We find that the statistical inference on relative risk under simple

randomization may not be valid. Specifically, the test statistics are conservative under

covariate-adaptive randomization with omitted covariates. We establish the asymp-

totic properties of such tests for general covariate-adaptive randomization, including

both stratified randomization and Pocock and Simon’s minimization method, among

other commonly used methods. We also propose an adjustment method to achieve a

valid test. The results provide guidance for testing the relative risk when using the

logistic regression model under covariate-adaptive randomization.

The purpose of the third project is to study estimation and statistical inference prob-

lems on vaccine efficacy under covariate-adaptive randomization in the Cox model.

The main contributions of this article are as follows: Firstly, we derive the properties

of statistical inference on vaccine efficacy following general covariate-adaptive ran-

domization procedures under the Cox model. We show that the partial likelihood

score test is conservative under covariate-adaptive randomization when partial or

none of the covariates used in the randomization process are included in the working

model. Secondly, the assumption of proportional hazards (PH) in the Cox model may

not be satisfied in practice, since the vaccine efficacy may not be constant over time.

We also consider this scenario and establish some theoretical results when the vaccine

efficacy is a time-dependent coefficient in the Cox model. Thirdly, when the working

model is misspecified, the estimator of vaccine efficacy may not be consistent, and
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the conventional hypothesis test may not be valid. We propose a stratified estimate

of vaccine efficacy and stratified score test and Wald test, which are robust against

model misspecification under both complete randomization and covariate-adaptive

randomization.

The study shows the impact of covariate balance on other estimands besides the

treatment effect, including relative risk, hazard ratio, and vaccine efficacy, and pro-

vides guidance in this field where covariate-adaptive randomization has important

applications.

The rest of the thesis is organized as follows. In Chapter 2, we study the theoretical

foundation about treatment effect under covariate-adaptive design based on a linear

model framework with flexible allocation ratios(r : 1). In Chapter 3, we study the

theoretical inference on vaccine efficacy under covariate-adaptive randomization with

binary outcome. In Chapter 4, we study the theoretical inference on vaccine efficacy

under covariate-adaptive randomization with time-to-event outcome.
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Chapter 2

Testing Hypotheses of

Covariate-Adaptive Randomized

Clinical Trials under Unequal

Allocation

2.1 Introduction

In a clinical trial to compare the treatment effects, it is important to ensure that

covariates are balanced and comparable across treatment and control groups (Taves,

2010). To achieve this goal, covariate-adaptive randomization(CAR) procedures are

frequently used to balance treatment arms because they use the covariate information

to form more balanced treatment groups. In literature, multiple CAR procedures were

proposed and have been studied extensively. For example, stratified permuted block

design (Zelen, 1974) aims to reduce the imbalance of treatment assignment by em-

ploying separate randomization within each strata. Pockck and Simon’s minimization

method (Pocock and Simon, 1975) proposed to reduce the imbalance at a marginal

level of covariates are widely implemented in clinical trials. Hu and Hu (2012) also

proposed a generalized family of covariate-adaptive design and can be used to reduce

covariate imbalance of different strata. For more discussion of covaraite-adaptive

randomization schemes, see Rosenberger and Sverdlov (2008) and Schulz and Grimes
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(2002).

Between 1989 and 2008, CAR procedures were used in over 400 clinical trials (Taves,

2010), and the number of the clinical trials using these procedures continues to in-

crease. Although equal allocation(1:1) random assignment to treatment arms has

been used on a majority of clinical trials, many trials aimed at using unequal treat-

ment allocation(r:1, such as 2:1), in that it has ethical and economic advantages. For

example, if one treatment is potentially more effective or less costly than other treat-

ments, then it is more ethical or more economical to allocate more patients to this

treatment (Chang, 2010). Recent examples using unequal allocation ratio designs

include tests of endovascular therapy for treating stroke (Broderick et al., 2013),

celecoxib for amyotrophic lateral sclerosis (Cudkowicz et al., 2006), dexamethasone

for treating COVID-19 (The RECOVERY Collaborative Group, 2020) and Auxora

for treating respiratory distress syndrome associated with COVID-19 (Miller et al.,

2020).

In 2020, the ongoing pandemic of severe acute respiratory syndrome coronavirus 2

(SARS-CoV-2), a potentially deadly virus that can lead to COVID-19, has led to

millions of cases and deaths globally. To investigate effectiveness of therapies and

medicines, many COVID-19 treatment trials have been done to test the effectiveness

of antiviral drug. The U.S. Food and Drug Administration (FDA) released a guidance

for industry contains the following statement regarding covariate adjustment.

”To improve the precision of treatment effect estimation and inference,

sponsors should consider adjusting for prespecified prognostic baseline co-

variates (e.g., age, baseline severity, comorbidities) in the primary efficacy

analysis and should propose methods of covariate adjustment.” (FDA,

2020)

Even though there is already an extensive literature on the theory and practice of
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covariate adjustment, in practice, covariate-adaptive randomization is underutilized.

One recent example of COVID-19 trial of remdesivir (Wang et al., 2020) randomly

assigned patients to either the treatment group or the placebo group targeting unequal

allocation ratio (2 : 1) using stratified permuted block design according to the level of

respiratory support. However, the trial of remdesivir was criticized for the imbalanced

covariates issue.

”There was a possible baseline imbalance with 71 (45%) remdesivir pa-

tients versus 47 (60%) placebo patients in the 10 days or less subgroup,

and possibly more patients with hypertension, diabetes, and coronary heart

disease allocated to remdesivir than placebo, making interpretation even

more difficult.” (Norrie, 2020)

As stated above, to improve precision in randomized trials, regulatory guidance doc-

ument often encourage researchers to identify and consider how to balance the co-

variates which may have an important influence on treatment effects (EMA, 2015).

As a well-balanced trial could usually lead more efficient statistical comparison and

more convincing results to the general audience (Kundt, 2009).

Furthermore, concerns have been raised regarding how to perform valid statistical

inference at the end of trials that use covariate-adaptive randomization, especially

covariates that are fully or partially omitted in inference procedures (Forsythe, 1987;

EMA, 2015; Shao et al., 2010). In the early literature, the issue over the validity of sta-

tistical inference after balancing covariates was studied on the basis of simulation by

Birkett Birkett (1985) and Forsythe (1987). Recently, the theoretical properties were

widely discussed and studied for some specific CAR procedures. Shao et al. (2010)

proved that the two-sample t-test is conservative under covariate-adaptive biased

coin randomization. Bugni et al. (2018) generalized the results without model-based

assumptions and the target allocation ratio between treatment groups is flexible.
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However, their results require the units within each stratum tends to be normally

distributed. This assumption may not hold when the strata is too many and the

number of units in each strata is not large enough. When the assumption is not sat-

isfied and the fraction of units being assigned to treatment within each stratum dose

not have a well behaved normal distribution, many results on how to conduct the

primary efficacy analysis in trials still rely on model-based methods. Ma et al. (2015)

studied hypotheses testing under a linear model for discrete CAR procedures. Ma

et al. (2020) studied inference properties under a linear model for general continuous

CAR procedures. Their results only require the designs satisfy the assumption that

overall imbalance and marginal imbalance for all covariates are bounded in probabil-

ity, without assuming the fraction of units in each strata to be normally distributed.

Their results are also limited because they only consider trials targeting an equal

allocation ratio, it is meaningful to generalize their results on trials targeting an un-

equal allocation ratio. In this article, we study inference properties under a similar

framework in Ma et al. (2015), and demonstrate the impact of CAR on inference of

trials targeting an unequal allocation ratio.

The main objectives of this paper are (1) to provide a brief review of some CAR

procedures targeting unequal allocation ratios (2) to derive the theoretical properties

of statistical inference based on general CAR under the linear model framework tar-

geting unequal allocation ratio (3) to propose a method to obtain valid and powerful

tests based on our theoretical results. (4) motivated by the trial of remdesivir (Wang

et al., 2020), we aim to help identify and balance the important covariates to lead

more efficient and convincing statistical comparison by using CAR procedures. The

study generalized the results on trials of equal allocation ratio to trials of unequal

allocation ratio. It helps to understand the impact of covariate balance on statistical

inference.
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The remainder of this paper is organized as follows. In section 2, we introduce the

general framework and propose the theoretical property. In section 3, we introduce

the real example of COVID-19 treatment and compare the balance effect under dif-

ferent covariate-adaptive randomization designs. Section 4 describes the numerical

studies about statistical inference under covariate-adaptive methods targeting un-

equally allocation ratio. Section 5 presents the conclusion and its extension to other

possible fields.

2.2 Study designs and hypothesis testing under other Covariate-Adaptive

randomization

We consider the case of two-armed clinical trials conducted with covariate-adaptive

randomization as the example in Section 2. Suppose there are I covariates and mi

levels for the ith covariate, resulting in m = ΠI
i=1mi strata. Let Tj be the assignment

of the jth patient, that is, Tj = 1 for treatment 1 and Tj = 0 for treatment 2,

j = 1, . . . , n. The general covariate-adaptive randomization framework follows Hu

and Hu (2012) and its extension in unequal allocation randomization design in Liu

et al. (2017).

2.2.1 General covariate-adaptive randomization

Suppose the desired allocation ratio of treatment 1 to treatment 2 is ρ1 : ρ2, where

ρ1 + ρ2 = 1 and 0 < ρ1, ρ2 < 1.

The randomization procedure is designed as follows:

1. The first patient is assigned to treatment 1 with probability ρ1 and to treatment

2 with probability ρ2

2. Suppose the first (n−1) patients have been assigned(n > 1) and the nth patient

falls in stratum (k∗
1, . . . , k

∗
I ).
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3. For the first (n − 1) patients, let N
(t)
n−1, N

(t)
n−1(i; k

∗
i ), N

(t)
n−1(k

∗
1, · · · , k∗

I ) denote

the overall number of patients, the number of patients with level ki of the ith

covariate and the number of patients in the stratum (k1, · · · , kI) assigned to

treatment t after n patients, where t = 1, 2.

Denote Dn−1 =
N

(1)
n−1

ρ1
−

N
(2)
n−1

ρ2
be the overall imbalance measure between the

two treatments.

Dn−1(i; k
∗
i ) =

N
(1)
n−1(i; k

∗
i )

ρ1
−

N
(2)
n−1(i; k

∗
i )

ρ2
be the imbalance measure within co-

variate margin (i; k∗
i )

Dn−1(k
∗
1, · · · , k∗

I ) =
N

(1)
n−1(k

∗
1, · · · , k∗

I )

ρ1
−
N

(2)
n−1(k

∗
1, · · · , k∗

I )

ρ2
be the imbalance mea-

sure within the stratum (k∗
1, · · · , k∗

I )

Note that these differences can be positive, negative or zero, and each one is

used to measure the imbalance at the corresponding level (overall, marginal, or

within-stratum).

4. If the nth patient were assigned to treatment 1, then D
(1)
n = Dn−1 +

1
ρ1

would

be the potential overall difference in the two treatment groups. Similarly,

Dn(i; k
∗
i )

(1) = Dn−1(i; k
∗
i ) +

1
ρ1

Dn(k
∗
1, · · · , k∗

I )
(1) = Dn−1(k

∗
1, · · · , k∗

I ) +
1
ρ1

would be the potential difference on the margin (i; k∗
i ) and within stratum

(k∗
1, · · · , k∗

I ), respectively.

In the same manner, we can define D
(2)
n , Dn(i; k

∗
i )

(2), Dn(k
∗
1, · · · , k∗

I )
(2) if the nth

patient were assigned to treatment 2. In this case, the three types of potential

differences are the existing ones minus 1/ρ2 instead of plus 1/ρ1

5. Define an imbalance measure Imb(1) by

Imb
(1)
n = ω0[D

(1)
n ]2 +

∑I
i=1 ωm,i[Dn(i; k

∗
i )

(1)]2 + ωs[Dn(k
∗
1, · · · , k∗

I )
(1)]2
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which is the weighted imbalance that would be caused if the nth patient were

assigned to treatment 1, ω0, ωm,i, ωs are non-negative weights placed overall,

within a covariate margin and within a stratum cell, respectively. Without loss

of generality, we assume

ω0 +
I∑

i=1

ωm,i + ωs = 1

6. In the same manner we can defne Imb
(2)
n ,the weighted imbalance that would be

caused if the nth patient were assigned to treatment 2. In this case, the three

types of potential differences are the existing ones minus 1/ρ2 instead of plus

1/ρ1

7. Conditional on the assignments of the first (n − 1) patients as well as the co-

variates’ profiles of the first n patients, assign the nth patient to treatment 1

with probability

P (Tn = 1|Zn,Tn−1) =



q, if Imb
(1)
n+1 > Imb

(2)
n+1

p, if Imb
(1)
n+1 < Imb

(2)
n+1

0.5, otherwise

where n > 1, 0 < q < p < 1, p + q = 1, Zn = (Z1, . . . , Zn) and Tn−1 =

(T1, ..., Tn−1).

Remark 2.1 The above randomization framework is widely used in discrete covariate

adaptive randomization schemes, for example, when ω0 = ωs = 0, the design is a

special case of Pocock and Simon’s method (Pocock and Simon, 1975). In a more

general case, the design is the same as methods discussed in Hu and Hu (2012)
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targeting unequal allocation ratio.

Remark 2.2 For stratified permuted block design, the block size of the design would

satisfies that the ratio between treatment groups is ρ1 : ρ2. For example, suppose

the allocation ratio of treatment group to placebo group is 2 : 1, the block size could

be 3 and the sequence of patients within each block could be randomly chosen from

AAB,ABA,BAA, where A stands for treatment group and B stands for placebo

group.

Remark 2.3 The theoretical properties for the proposed randomization procedure

has some desired theoretical properties in balancing of covariates. The asymptotic

properties of equal allocation ratio of two treatments are studied in Hu and Hu (2012),

and the extension of unequal allocation ratio case are studied in Liu et al. (2017)

The asymptotic properties are as following:

Assume the weight of proposed design satisfies that

ω0 +
∑I

i=1 ωm,i + ωs = 1

1. For any case Dn = Op(1) and E|Dn| = O(1)

2. If ωm,i > 0, then Dn(i; ki) = Op(1) and E|Dn(i; ki)| = O(1)

3. If Dn(k1, . . . , kI) = Op(1), then ωs ̸= 0

The first property states that the overall balance is bounded in probability, the second

property states that the marginal balance is bounded in probability and the third

property states that the strata balance is bounded in probability. From the asymptotic

properties, we can see that the condition ωs > 0 is critical to ensure that the within-

stratum imbalance is bounded in probability. When ωs = ωo = 0 and ωm,i > 0,

the design is a special case of Pocock and Simon’s minimization method (Pocock

and Simon, 1975), the corresponding marginal proportional imbalance and the overall
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proportional imbalance are bounded in probability, that isDn = Op(1) andDn(i; ki) =

Op(1). The all within-stratum proportional imbalances increase with the rate
√
n as

the sample size increases. When ωs = ωo = ωm,i = 0, the design could be treated as

complete randomization and corresponding marginal proportional imbalance and the

overall proportional imbalance increases with the rate
√
n, that is Dn = Op(

√
n) and

Dn(i; ki) = Op(
√
n).

2.2.2 Theoretical property of hypothesis testing

General Framework of hypothesis testing

Covariate-adaptive randomization should also be associated with a test procedure

that is valid under the randomization scheme, we study hypothesis testing based

on a linear model framework for covariate-adaptive designs on unequal allocation.

The general model framework is the same as Ma et al. (2015) and Ma et al. (2020).

Suppose that n units are to be assigned study group and control group, 1 and 2.

Suppose µ1 and µ2 are parameters. Conditional on the treatment assignment Ii, the

following linear model is assumed for the response of the ith patient Yi,

Yi = µ1Ii + µ2(1− Ii) + β1Xi,1 + · · ·+ βpXi,p + γ1Zi,1 + · · ·+ γqZi,q + ϵi (2.1)

where

• Xi,k and Zi,j are discrete covariates which are independent and identically dis-

tributed as Xk and Zj, k = 1, · · · , p and j = 1, · · · , q.

• both Xi,k and Zi,j are used in the randomization procedure, but only the Xi,k

are used in the final statistical inference

• all covariates are independent of each other, and EXk = 0 and EZj = 0 for all
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k and j, k = 1, · · · , p and j = 1, · · · , q;

• the ϵi are independent and identically distributed random errors with mean zero

and variance σ2 and independent of Xk and Zj .

In practice, after balancing all covariates in randomization, it is common to include

just a subset of covariates or even no covariates in the working model. Without loss

of generality, suppose that the first p covariates are included in the working model.

The working model of inference would be

E[Yi] = µ1Ii + µ2(1− Ii) + β1Xi,1 + · · ·+ βpXi,p (2.2)

Note that when q = 0 all the covariates are included in the working model, and when

p = 0 no covariates are included.

LetY = (Y1, . . . , Yn)
t, β = (µ1, µ2, β1, . . . , βp)

t,X =


I1 1− I1 X1,1 · · · X1,p

...
...

...
. . .

...

IN 1− IN XN,1 · · · XN,p



and Z =


Z1,1 · · · Z1,q

...
. . .

...

ZN,1 · · · ZN,q


Then the working model could be written as E[Y] = Xβ.

Under the covariate-adaptive randomization scheme, the treatment assignments I

depend on both X and Z. However, in working model, the working model only

includes partial covariate X. To detect if a treatment effect exists under a test

procedure, we have following hypothesis testing problem.

H0 : µ1 − µ2 = 0 versus H1 : µ1 − µ2 ̸= 0 (2.3)
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with the test statistic

T =
Lβ̂

(σ̂2L(XTX)−1LT )1/2
(2.4)

where L = (1,−1, 0, · · · , 0) and σ̂2 = (Y −Xβ̂)T (Y −Xβ̂)/(N−p−2). The traditional

testing procedure rejects the null hypothesis at the significance level α if |T | > Z1−α/2,

where Z1−α/2 is (1− α/2)-th quantile of a standard normal distribution.

Under other situations, we consider general forms of hypothesis testing for significance

of covariates. Let C be an m ∗ (p + 2) matrix of rank m with m < (p + 2), where

entries of the first two columns are all zeros, our hypothesis would be

H0 : Cβ = ξ0 versus HA : Cβ = ξ1 ̸= ξ0 (2.5)

The test statistics for hypothesis testing is

T ∗ =
m−1(Cβ̂ − ξ0)

T [C(XTX)−1CT ]−1(Cβ̂ − ξ0)

σ̂2
(2.6)

We will reject the null hypothesis, if T ∗ > χ2
m,(1−α)/m, where χ2

m,(1−α) is the (1−α)th

percentile of a χ2 with degree of freedom m.

Specially, if we consider to test significance of a single covariate, for example, we

consider the hypothesis for β1. The hypothesis would be

H0 : β1 = 0 versus HA : β1 ̸= 0 (2.7)

The test statistics for hypothesis testing2.8 can be simplified as

T1 =
Lβ̂

(σ̂2L(XTX)−1LT )1/2
(2.8)
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where L = (0, 0, 1, · · · , 0). The traditional testing procedure rejects the null hypoth-

esis at the significance level α if |T1| > Z1−α/2, where Z1−α/2 is (1− α/2)-th quantile

of a standard normal distribution; otherwise accept the null hypothesis.

2.3 Theoretical Property under unequal allocation

The theoretical property of test statistics under equal allocation has been studied

in recent literature. Shao et al. (2010) proved that the two-sample t-test is conser-

vative under a special stratified randomization belongs to the framework introduced

above. Ma et al. (2015) studied the statistical properties of hypothesis testing under

covariate-adjusted randomization with equal allocation based on the same framework

introduced above. Ma et al. (2020) also studied hypothesis testing under more types

of covariate-adjusted randomization with equal allocation.

To consider the hypothesis tests of comparing treatment effects with unequal alloca-

tion. We have the following main theorem

Theorem 2.3.1. Suppose that a covariate-adaptive design with unequal allocation

(ρ1 : ρ2) of patients in two treatments satisfies the following two condition:

• the overall imbalance is bounded Dn =
N

(1)
n

ρ1
− N

(2)
n

ρ2
= Op(1)

• the marginal imbalances for all covariates are bounded in probability, Dn(i; ki) =

N
(1)
n (i; ki)

ρ1
− N

(2)
n (i; ki)

ρ2
= Op(1) and Dn(j; kj) = Op(1), where i = 1, · · · , p and

j = 1, · · · , q.

Then:

(1) Under H0 : µ1 − µ2 = 0

The test statistic

T =
Lβ̂

(σ̂2L(XTX)−1LT )1/2
⇝ N(0,

σ2
ϵ

σ2
ϵ +

∑q
j=1 γ

2
jV ar(Zj)

) (2.9)
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where L = (1,−1, 0, · · · , 0) and σ̂2
ϵ = (Y −Xβ̂)T (Y −Xβ̂)/(N − p− 2).

(2) Under Ha : µ1 − µ2 ̸= 0 with a sequence of local alternatives, that is , µ1 − µ2 =

δ/
√
N for a fixed δ ̸= 0, then

T =
Lβ̂

(σ̂2L(XTX)−1LT )1/2
⇝ N(

√
ρ1ρ2δ

(ρ1 + ρ2)σz

,
σ2
ϵ

σ2
z

) (2.10)

where σ2
z = σ2

ϵ +
∑q

j=1 γ
2
jV ar(Zj)

Note that the assumptions in Theorem 1 states that the overall imbalance is bounded

in probability and marginal imbalances are all bounded in probability. These con-

ditions are the same as properties 1 and 2 in Remark 2.3 and satisfied by general

covariate-adaptive designs described in section 2.1.

Theorem 2.3.2. Under the same conditions as in Theorem 2.3.1

(1) Under H0 : Cβ = ξ0,

T ∗ ⇝ χ2
(m)/m

Hence, the hypothesis testing can acheive correct Type I error.

(2) Under HA : Cβ = ξ1, consider a sequence of local alternatives, that is, ξ1 − ξ0 =

η/
√
N for a fixed η ̸= 0, then

T ∗ ⇝ χ2
(m)(λ)/m

where λ = ηT [CM−1CT ]−1η/σ2
z is the non-central parameter, where

M = diag(
ρ1

ρ1 + ρ2
,

ρ2
ρ1 + ρ2

, V ar(X1), · · · , V ar(Xp))

As more covariates are incorporated into model, σ2
z would be smaller and λ become

larger, therefore, the power will also increase.
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Remark 2.4Ma et al. (2015) studies the theoretical result for equal allocation, which

is a special case for ρ1 = ρ2 =
1
2
. Based on Theorem 1 and Theorem 2, under H0, the

asymptotic distribution of test statistics is not dependent on the ratio between two

treatments. Under Ha, the asymptotic distribution distribution of test statistics are

dependent on the ratio between two treatments. When ρ1 = ρ2,

√
ρ1ρ2

(ρ1 + ρ2)
reaches

the maximal value, the power of test is the largest under equal allocation.

Remark 2.5 Under other covariate-adjusted randomization for continuous data like

Rerandomization, Pairwise Sequential Randomization and Atkinson’s DA-Biased Coin

Design. Ma et al. (2020) explores the theoretical results on equal allocation and sum-

marizes the asymptotic distribution of test statistics. An expansion of the results

under unequal ratio allocation case may not be held under these cases. The differ-

ence is that the general covariate adaptive randomization discussed in section 2.1

attains strong marginal balance, i.e., Dn(i; ki) =
N

(1)
n (i; ki)

ρ1
− N

(2)
n (i; ki)

ρ2
= Op(1).

The randomization discussed in Ma et al. (2020) attains relatively weaker marginal

balance, Dn(i; ki) =
N

(1)
n (i; ki)

ρ1
− N

(2)
n (i; ki)

ρ2
= Op(n

1/2). Therefore, the correspond-

ing theoretical results in Ma et al. (2020) may not hold under unequal allocation

cases.

2.4 Re-design the remdesivir trial with severe Covid-19

2.4.1 Background on the example of COVID-19 trial

The background of the remdesivir trial with severe COVID-19 was introduced in

Section 1.3. We present the characteristics of the clinical trial in Table 2.1.

As observed in Table 2.1, the original randomization procedure is only trying to

balance the level of patients’ categorical scale at day 1. It fails to balance other

covariates like diabetes, hypertension and heart disease. For example, in Remdesivir

group, the hypertension rate is 8% higher than placebo group, the diabetes rate is
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Remdesivir group (n=158) Placebo group (n=78)

Gender

Men 89(56%) 51(65%)
Women 69(44%) 27(35%)
Hypertension 72(46%) 30(38%)

Diabetes 40(25%) 16(21%)

Heart Disease 15(9%) 2(3%)

Fever 56(35%) 31(40%)

Respiratory rate > 24 breaths per min 36(23%) 11(14%)

White blood cell count, ∗109 per L

4− 10 108(70%) 58(74%)
< 4 27(17%) 12(15%)
> 10 20(13%) 8(10%)
Lymphocyte count

> 1.0 49(32%) 23(29%)
< 1.0 106(68%) 55(71%)
Platelet count

> 100 148(95%) 75(96%)
< 100 7(5%) 3(4%)
Serum creatinine

< 133 151(98%) 76(97%)
> 133 3(2%) 2(3%)
Aspartate aminotransferase

< 40 109 (70%) 49(63%)
> 40 46(30%) 29(37%)
Alanine aminotransferase

< 50 130(84%) 66(85%)
> 50 25(16%) 12(15%)
Lactate dehydrogenase

< 245 36(24%) 17(23%)
> 245 112(76%) 58(77%)
Six-categorical at day 1

2 - not requiring supplemental oxygen 0 3(4%)
3 - requiring supplemental oxygen 129(82%) 65(83%)
4 - requiring high-flow ventilation 28(18%) 9(12%)
5 - requiring extracorporeal oxygenation 0 1(1%)
6 - death 1(1%) 0

Table 2.1. Key baseline characteristics of patients in the COVID-19 example
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4% higher than placebo group and the heart disease rate is 6% higher than placebo

group, respiratory rate > 24 breaths per minute is 9% higher than placebo group.

Since it is possible that patients with those disease would be more difficult to be

cured and may influence the success resolution of COVID-19. Without considering

the influence of these covariates, the analysis of the effectiveness of two treatments

may not be accurate.

2.4.2 Simulation under other Covariate-Adaptive randomization

We implement a redesign of the clinical trial based on its characteristics with an

allocation ratio of 2:1 under covariate-adaptive randomization to the two arms. The

sample size and the number of covariates need to be balanced are the same as shown

in Table ??. The total sample size is n = 236 and the number of covariates is 14.

Three covariate adaptive designs are Pocock and Simon’s marginal procedure(PS),

stratified permuted block design(STRPB), and procedures in Hu and Hu (HH). In

each case, 1000 trials were simulated. In each simulated trial, the n participant data

vectors are i.i.d draws from a population data generating distribution that is identical

to the empirical marginal distribution on the setting.

The parameters for each covariate adaptive randomization are specified as follows:

• For PS and HH, the Biasing probability p = 0.85.

• For PS, each covariate has equal weight, which means ωm.i =
1
14
,.

• HH: the weight of overall imbalance ωo = 0.1, the weight of within-stratum

imbalance ωs = 0.5, the weight of sum of marginal imbalance is
∑14

i=1 ωm.i = 0.4,

the weight of each marginal level is ωm.i =
0.4
14
, i = 1, · · · , 14.

• For STRPB, the block size 3

Table 2.2 shows the mean absolute marginal imbalance of each covariate under STRPB,
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PS STR-PB HH original

Gender Men 6.247 9.064 6.334 13
Women 6.251 9.098 6.379 15

Hypertension 1 6.505 10.089 6.509 12

0 6.479 10.583 6.522 10
Diabetes 1 5.397 9.362 5.656 8

0 5.543 10.531 5.691 6
Heart Disease 1 3.831 8.115 3.690 11

0 3.995 4.502 3.885 9
Fever 1 6.323 10.444 6.313 6

0 6.381 11.095 6.320 8
Respiratory rate > 24 breaths per min 1 5.216 9.584 5.031 14

0 5.322 10. 445 5.160 12
White blood cell count, ∗109 per L 4− 10 7.045 10.876 6.082 8

< 4 4.972 10.697 5.223 3
> 10 4.457 6.580 4.694 4

Lymphocyte count > 1.0 6.140 6.144 6.295 3

< 1.0 6.236 8.728 6.288 1
Platelet count > 100 3.401 10.627 3.258 2

< 100 3.087 11.071 2.959 1
Serum creatinine < 133 2.759 3.366 2.669 1

> 133 2.287 2.561 2.308 1
Aspartate aminotransferase < 40 6.077 11.048 6.199 11

> 40 5.971 10.669 6.262 12
Alanine aminotransferase < 50 5.141 8.954 5.017 2

> 50 5.109 10.929 4.914 1
Lactate dehydrogenase < 245 5.495 6.492 5.296 2

> 245 5.575 7.902 5.413 4
Six-categorical 2 1.865 1.907 1.795 3

3 5.163 10.807 5.519 6
4 4.945 6.683 5.093 10
5 0.981 0.979 0.973 2
6 0.981 0.987 0.945 1

Table 2.2. Comparison of mean absolute marginal imbalances of each covariate
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PS HH STR-PB Original

Overall Imbalance 3.397 2.995 23.5380 3
Marginal Imbalance 4.609 5.166 14.422 9.469
Strata Imbalance 2.338 2.034 1.8424 -
Strata Imbalance(5 Maximal) 6.913 5.295 3.000 -

Table 2.3. Comparison the mean of absolute overall, marginal and strata imbalances

PS, HH and imbalance measure in original COVID-19 example. In the original

COVID-19 example, the design only considered to balance the categorical scale of

patients and failed to balance other covariates like diabetes, hypertension, heart

attack, fever, respiratory rate > 24 breaths per min. The unbalanced covariates

may have potential influence on outcome. After balancing these covariates, all three

covariate-adaptive randomization achieves higher balance measurements compared to

the original design in COVID-19 example.

As shown in Table 2.3, for the performance on overall imbalance and marginal imbal-

ance, PS and HH is very close, and both of them behave better than STR-PB. For

the within-stratum imbalance, the third row shows the average imbalance within all

stratum and the fourth row shows the average imbalance of stratum whose imbalance

measure is larger than 5. Based on the comparison of strata imbalance, STR-PB

behaves the best and followed by HH. PS is not as good as these two methods.

2.5 Simulation Study of Statistical Inference

2.5.1 Type-I error of Testing Treatment Effects

First we consider simulations on COVID-19 example in section 3.1 to study Type

I error of hypothesis testing for comparing treatment effects under four designs:

complete randomization(CR), Pocock and Simon’s marginal procedure(PS), strati-

fied permuted block design(STRPB), and procedures in Hu and Hu(HH). Based on

the setting in COVID-19 example, only discrete case is considered. The following
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linear model is assumed for responses Yi,

Yi = µ1Ii + µ2(1− Ii) +
7∑

j=1

βjxi,j + ϵi (2.11)

where µ1 = µ2 = 0, ϵ ∼ N(0, 1), βj = 0.4, for j = 1, . . . , 7. No difference in treatment

effects is assumed to study Type-I error.

We simulate the data according to the underlying model with sample size n = 236, the

allocation ratio of study group and control gorup is 2:1, which is the same as COVID-

19 example in section 3.1. The parameters for each covariate adaptive randomization

is the same as the parameters in section 3. The covariate Xi = (x1, . . . , x7) means

gender, diabetes, hypertension, heart disease, fever, respiratory rate, and categorical

score of patients, based on the setting of COVID-19 example. We use the working

model which included full covariates, partial covariates or even no covariates.

The following working models to test the treatment effect, i.e., H0 : µ1 − µ2 =

0 versus H1 : µ1 − µ2 ̸= 0.

1. Zero-Covariate model : W0 : E[Yi] = µ1Ii + µ2(1− Ii)

2. Partial Model : Wk : E[Yi] = µ1Ii + µ2(1− Ii) +
∑k

j=1 βjxi,1, where k = 1, . . . , 6

3. Full model : W7 : E[Yi] = µ1Ii + µ2(1− Ii) +
∑7

j=1 βjxi,j

Note that model W0 is equivalent to the two sample t test and W7 is equivalent to

the underlying full model.

As we can see in Table 2.4, under CR, all working models provide correct Type I error

around 0.05. Under PS, STRPB and HH, the Type I error is close to 5 % only under

the full model W7. However, under PS, STRPB and HH, the two sample t test and

all partial models generate conservative type I errors below 5%. This shows that the

covariate adaptive randomization leads to conservative results for traditional tests for
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Mehod CR PS HH STRPB

t-test 0.050 0.030 0.033 0.032

W1 0.047 0.035 0.037 0.033

W2 0.052 0.037 0.038 0.037

W3 0.047 0.041 0.041 0.042

W4 0.051 0.041 0.040 0.040

W5 0.047 0.045 0.046 0.042

W6 0.051 0.045 0.048 0.043

W7 0.051 0.050 0.051 0.042

Corrected t-test - 0.055 0.052 0.044

Table 2.4. Simulated Type I error on CR , PS, STRPBR and HH

the treatment effect under unequal allocation ratio. Furthermore, under PS, STRPB

and HH designs, the two-sample t-test is the most conservative, and the working

model is less conservative as more variables added in the work model. These results

coincide with theoretical properties in Section 3.

2.5.2 Power Comparison between randomization

Now we compare power for different hypothesis testing methods under CR, PS,

STRPB and HH. The same model is used as in case of Type I error, except the

difference between treatment effects µ1 ̸= µ2. Several hypothesis testing methods for

treatment effects are compared under covariate-adaptive randomization. The range

of difference between µ1 and µ2 is from 0 to 0.8. the results of power are given in

Table 2.5.

As shown in Table 2.5, the power of uncorrected two sample t-test for treatment effect

under CR, PS, STRPB, HH are compared with each other. Without correction, when

the two-sample t test has smaller power under covariate adaptive design, i.e. when

|µ1 − µ0| is small, the covariate adaptive randomization are more conservative than

complete randomization. As |µ1 − µ0| becomes relatively larger, covariate adaptive

randomization methods has larger power than complete randomization.
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µ1 − µ0 CR PS HH STRPB

0.1 0.102 0.081 0.078 0.081

0.2 0.241 0.248 0.261 0.227

0.3 0.514 0.511 0.512 0.494

0.4 0.751 0.772 0.789 0.753

0.5 0.910 0.928 0.930 0.911

0.6 0.980 0.985 0.989 0.986

0.7 0.992 0.998 0.993 0.996

0.8 1.000 1.000 1.000 1.000

Table 2.5. Simulated power of t-test on CR , PS, STRPB and HH

Randomization W0 W1 W2 W3 Corrected t-test

CR 0.271 0.279 0.286 0.299 -

PS 0.248 0.272 0.280 0.288 0.333

STRPBR 0.227 0.238 0.249 0.262 0.307

HH 0.261 0.272 0.285 0.295 0.330

Table 2.6. Power of the traditional tests and corrected t test for treatment effect
using different working models and different randomization procedures when µ1 = 0
and µ2 = 0.2 under H1

Type I error Power

Randomization W2 W7 W2 W7

CR 0.054 0.055 0.125 0.118

PS 0.056 0.057 0.126 0.115

STRPB 0.044 0.046 0.126 0.109

HH 0.048 0.048 0.126 0.119

Table 2.7. Type I error and Power of covariates under partial model and full model
when µ1 = 0 and µ2 = 1, β1 = 0, β2 = · · · = β7 = 0.1, conducting hypothesis test on
β1 and β2
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Figure 2.1. Simulated power for Pocock and Simon’s marginal procedure (PS) and
complete randomization (CR) under COVID simulated examples.

2.5.3 Corrected Hypothesis Testing for Treatment Effect

Based on the estimated asymptotic distribution of test statistics in section 2.2.2, we

could obtain the corrected Type I error of two sample t test or tests of partial models.

In Table 2.4, we showed corrected Type I error of two sample t test.

Note that, in practice, we may not know the variance of covariates and standard

deviation of error term, these parameters are estimated based on the true data. As

shown in Table 2.4, under PS, STRPB and HH designs, the corrected t-test has

correct Type I error that is close to 5%.

Table 2.6 shows the power of two sample t test under different partial models when
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µ1 = 0 and µ2 = 0.2. As seen in Table 2.6, the power of covariate adaptive ran-

domization are smaller than the power under complete randomization. Table 2.6 also

shows the corrected t test based on the estimated asymptotic distribution in equa-

tion A.4. The powers of the corrected t-test are higher than uncorrected two sample

t-test.

Figure 2.1 compares the power between PS and CR. It shows that two sample t-test

without correction under covariate adaptive randomization methods is less powerful

than partial model W4, and both of them are more conservative than full model. It

also shows that the corrected t-test performs as powerful as the full model.

2.6 Conclusion

The motivation of this paper is from the Remdesivir trial in Wang et al. (2020). The

results of the treatment effect and the validity of statistical inference were questioned

because it failed to balance important covariates. We believed that the necessity to

design a well-balanced trial and the method to obtain an appropriate hypothesis test

could also be applied to other clinical trials.

In this paper, we have reviewed CAR procedures targeting unequal allocation ratio.

Note that even though many CAR procedures are well studied in the literature, they

are not implemented in an appropriate way in practice and important covariates

may fail to get balanced. As a well-balanced trial could usually lead more efficient

statistical comparison and more convincing result, we aim to help inform the choice

of appropriate CAR procedure to balance important covariates and implement a valid

test procedure under the randomization scheme.

Under equal or unequal allocation ratio, CAR designs could improve the balance of

covariates to provide more comparable treatment groups, leading to a more credible

trial. With correct model specification for response and covariates, a valid test can
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be obtained if all covariates incorporated into the randomization procedure are also

included in the final analysis; otherwise, if the underlying model is mis-specified or

if the randomization covariates are fully or partially omitted in the inference proce-

dure, the classical tests for comparing treatment effects are usually conservative due

to over-estimation of the test statistic variance. We studied the theoretical proper-

ties of hypothesis testing under general CAR procedures targeting unequal allocation

ratio based on a linear model framework. We also derived the corresponding asymp-

totic distributions of the testing statistics under both null and alternative hypothe-

sis. Based on our results, we then propose a method to obtain valid and powerful

tests.

Throughout the article, our results could be applied to discrete CAR procedures,

including Pocock and Simon’s minimization method, Stratified permuted block design

and Hu and Hu’s randomization design. For continuous CAR procedures discussed

like Rerandomization, Pairwise Sequential Randomization and Atkinson’s DA-Biased

Coin Design. Li et al. (2021) studied inference properties under equal allocation

ratio based on linear framework. However, an extension of the properties targeting

unequal allocation ratio may not hold. This extension remains a topic for further

research.
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Chapter 3

Testing for vaccine efficacy in

covariate-adaptive randomized

trials under logistic regression and

omitted covariates

3.1 Introduction

Vaccination plays an important role in controlling and even eradicating the wide

spread of COVID-19 and other diseases like Influenza A virus, HIV, tetravalent

dengue and Rotavirus diarrhoea throughout the world. Numerous studies have been

conducted in the estimation of vaccine efficacy.

In clinical trials, randomization is widely accepted because it mitigates selection bias

and provides a basis for statistical inference. Among the randomization methods,

covariate-adaptive randomization (CAR) procedures are frequently used because they

achieve better balance across study arms in pre-selected strata of the baseline vari-

ables. Compared to simple randomization, CAR have advantages of minimizing im-

balance between treatment groups across covariates and improving efficiency in infer-

ence (Efron, 1971; Wei, 1978a). Stratified permuted block design in Zelen (1974) is

commonly used to reduce the imbalance of treatment assignments within covariates

strata. When the number of covariates is large, Pocock and Simon’s minimization
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method in Pocock and Simon (1975), and its extensions in Hu and Hu (2012) can be

used to reduce covariate imbalance at different levels. According to Lin et al. (2015),

out of 224 samples of randomized clinical trials published in 2014 in leading medical

journals, 183 trials used some form of covariate-adaptive randomization.

Concerns have been raised regarding how to perform valid statistical analyses at the

end of trials that use covariate-adaptive randomization. EMA (2015) recommend

that all the covariates used in covariate- adaptive randomization be adjusted in the

working model. In practice, conventional methods, such as two sample t-test or

generalized linear models, are commonly used without consideration of the covariate-

adaptive randomization scheme. Furthermore, many results on how to conduct the

valid test in clinical trials focus on the statistical inference on treatment effect. The

discussion on the issue could be found in Shao et al. (2010); Ma et al. (2015); Bugni

et al. (2018); Ma et al. (2020); Li et al. (2021)

In vaccine clinical trials, relative risk has become one of the standard measures in

biomedical research. It usually means the multiple of risk of the outcome in one

group and is expressed as the risk ratio in clinical trials (Zhang and Yu, 1998). In a

flu vaccine trial by Pleguezuelos et al. (2020) and a COVID-19 vaccine trial in Pfizer

by Polack et al. (2020), vaccine efficacy is measured as 1 − relative risk. Covariate-

adaptive randomization is also commonly used in vaccine trials. For example, in

COVID-19 vaccine trial sponsored by Moderna (Baden et al., 2021), the researchers

conducted stratified permuted block design in the phase 3 trials and the participants

are stratified by age and health risk.

In the literature, the results of statistical inference for covariate-adaptive randomiza-

tion are mostly restricted in estimating treatment effect. There is very little, if any,

discussion about inference on relative risk under covariate-adaptive randomization.

In view of the importance of relative risk in clinical trials, we also want to study
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inference properties for relative risk under covariate-adaptive randomization.

The purpose of this study is to examine the theoretical properties of the unadjusted

test for relative risk under logistic regression models for a large family of covariate-

adaptive randomization. We establish the asymptotic properties of such tests for gen-

eral covariate-adaptive randomization, including both stratified randomization and

Pocock and Simon’s minimization method, among other commonly used methods.

We also propose an adjustment method to achieve a valid test. The results pro-

vide guidance for testing the relative risk when using logistic regression model under

covariate-adaptive randomization

The remainder of this paper is organized as follows. In section 2, we describe the

framework of logistic regression model in estimating vaccine efficacy . In section 3,

we derive the theoretical results and asymptotic properties about relative risk under

covariate-adaptive methods. Section 4 provides an adjustment method to achieve

valid testing. Section 5 describes the test procedure underlying the simulation study

and results based on a practical COVID-19 vaccine trial. Section 6 presents the

conclusion and some remarks.

3.2 Estimation of vaccine efficacy

The conventional and simple method for estimating vaccine efficacye is by calculating

the percent reduction in the hazard rate or attack rate of disease among vaccinated

and unvaccinated population.Mathematically, it is given by

V E =
RU −RV

RU
∗ 100% = (1−RR) ∗ 100%

where RU stands for the risk rate of unvaccinated group , RV stands for the the risk

rate of vaccinated group and RR stands for the relative risk.
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For example, without considering the influence of covariates, suppose the risk rate of

unvaccinated people is 60%, the risk rate of vaccinated people is 40%, the relative

risk is 40%
60%

= 66.7% and the vaccine efficacy is 33.3%.

3.2.1 Framework and Notations

Various regression models such as Logistics Regression, Cox regression, binomial re-

gression, Poisson regression model have been applied to find the improvement in the

estimation of vaccine efficacy. Regression models measure the association among the

outcome of interest with several explanatory factors. In general, the aim of regression

analysis is to model the dependent variable Y as an estimate of the outcome using

some or all of the explanatory variables in the regression model. In this section, we

focus on the discussion on logistic regression

Logistic regression is the most often used model in a class of regression. We consider a

clinical trial with two treatment groups, 1 and 2. A covariate-adaptive randomization

procedure is implemented to allocate patients based on their covariate profiles. Let

X be the vector of the covariates and T be the treatment assignment indicator, where

T = 1 if a patient is assigned to treatment 1, and T = 0 otherwise. Suppose that Y is

the response variable and the conditional expectation of Y given X and T is denoted

as E[Y |T,X]. Under The logistic regression model, the expression is

E[Y |T,X] = h(µ+ θT + βX) = h(η) (3.1)

where h(η) = exp(η)[1 + exp(η)]−1, θ is the treatment effect, β is the vector of

unknown parameters for the covariates, and η = µ+ θT + βX is the linear predictor.

The covariates are assumed to be independent and identically distributed for each

patient. Without loss of generality, it is also assumed that E[X] = 0.

36



3.2.2 Relative risk in logistic regression

In logistic regression, the relative risk have been termed conditional method, marginal

method and stratified method. These method, their inter-relationships, applications

and limitations have been discussed in Flanders and Rhodes (1987) and Wilcosky and

Chambless (1985)

1. Conditional Relative Risk

RRC =
P1,c

P0,c

=
1 + e−(µ+βXc)

1 + e−(µ++θT+βXc)

where Xc = (X1,c, X2,c, . . . , Xk,c), β = (β0, θ, β1, . . . , βk) stands for certain fixed co-

variate and the vector of coefficient. P1,c =
1

1 + e−(µ+θ+βX1,c)
stands for the risk rate

of vaccinated group on covariates Xc and P0,c =
1

1 + e−(µ+βXc)
stands fo the risk rate

of unvaccinated group on covariates Xc.

Note that relative risk is correlated with covariates on covariates Xc and observa-

tions with different covariates on covariates Xc may have different conditional relative

risks.

2. Stratified Relative Risk

RRS =
P1,s

P0,s

=

∑
j wj/(1 + e−(µ+θT+βXj))∑

j wj/(1 + e−(µ+βXj))

where Xj = (X1,j, X2,j, . . . , Xk,j) stands for covariate in jth stratum or combination

of covariates, and wj stands for the standard weights for each stratum or combination

of covariates. Possible choices of weights for the stratified method are the relative

size of strata in either the comparison group or the entire study population.

3. Marginal Relative Risk
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RRM =
P1,m

P0,m

=

∑
k wk/(1 + e−(µ+θT+βXk))∑

k wk/(1 + e−(µ+βXk))

which is similar to equation in Stratified Relative Risk, except that tthe subscript k

refers to individuals and the weight wk = 1
N

, where N is the number of individu-

als.

Note that when wj =
Nj

N
for stratified relative risk, the marginal relative risk and

stratified relative risk are the same.

3.3 Theoretical property of the test statistics under logistic regres-

sion

3.3.1 Full model and partial-covariate working model

Covariate-adaptive randomization should also be associated with a test procedure

that is valid under the randomization scheme, we study hypothesis testing based on a

logistic regression model framework for covariate-adaptive designs on equal allocation.

The general model framework is similar as shown in 3.1

E[Y |T,X ,Z] = h(µ+ θT + βX + γZ) (3.2)

where Xi = (Xi,1, . . . , Xi,p) and Zi = (Zi,1, . . . , Zi,q)

• Xi,k and Zi,j are discrete covariates which are independent and identically dis-

tributed as Xk and Zj, k = 1, · · · , p and j = 1, · · · , q.

• both Xi,k and Zi,j are used in the randomization procedure, but only the Xi,k

are used in the final statistical inference

In practice, after balancing all covariates in randomization, it is common to include

just a subset of covariates or even no covariates in the working model.

38



When the working model has no covariates, the working model would be

E[Y |T ] = h(µ+ θT ) (3.3)

Remark 3.1. It is important to note that model 3.3 is a mis-specified working

model without adjustment of any covariates used in randomization. The properties of

the test for treatment effect under such a model mis-specification have been extensively

studied for generalized linear models both numerically and theoretically in the literature

?

Without loss of generality, suppose that the first p covariates are included in the

working model. The working model of inference would be

E[Y |T,X ,Z] = h(µ+ θT + βX ) (3.4)

To test the log of relative risk based on the working model 3.3 or model 3.4, we consider

the Wald test, because it is commonly used in practice and is easily accessible in most

statistical packages. We consider general forms of hypothesis testing for significance

of log of relative risk, the Wald test can be formed as follows:

H0 : log(RR) = log(RR0) vs Ha : log(RR) ̸= log(RR0)

with the test statistics

T =
log(R̂R)− (log(RR0)

ŝe(log(R̂R))

µ̂, θ̂ is the maximum likelihood estimate(MLE) of µ, θ
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Let h(x) =
1

1 + e−x
.

By setting the first derivative of the log-likelihood, with respect to µ and θ, to be

zero, the MLE estimates of µ and θ are

µ̂ = h−1[

∑n
i=1(1− Ti)yi

n0

]

and

θ̂ = h−1[

∑n
i=1 Tiyi
n1

]− h−1[

∑n
i=1(1− Ti)yi

n0

]

where n1 =
∑n

i=1 Ti, n0 =
∑n

i=1(1− Ti)

Define E[Y1] as the expectation of Yi in vaccinated group, E[Y0] as the expectation of

Yi in unvaccinated group. We have E[Y1] = E[h(µ+θ+βX)], E[Y0] = E[h(µ+βX)].

Then log(RR) could be expressed as log(E[Y1]) − log(E[Y0]) and the estimator is

log(R̂R) = log(Ȳ1)− log(Ȳ0)

3.3.2 Main Results

Begore giving the main results, we describe how to measure levels of covariate balance

under a covariate adaptive designs.

Consider p covariates included in X and mk levels for the kth covariate, resulting in

m = Πp
i=1mi strata in total. Denote the covariate profile of the ith patient (x1, . . . , xp)

if the kth covariate is at level xk, 1 ≤ k ≤ p and 1 ≤ xk ≤ mk.

Then let

• Dn be the difference between the numbers of patients in treatment groups 1

and 2 as total, i.e., the number in group 1 minus the number in group 2;

40



• Dn(i;xi) be the differences between the numbers of patients in the two treatment

groups on the margin (i;xi)

• Dn(x1, . . . , xp) be the difference between the numbers of patients in the two

treatment groups within the stratum (x1, . . . , xp)

Remark 3.2 Stratified randomization usually has strong balance properties. For ex-

ample, stratified permuted block design and Hu& Hu’s design (Hu and Hu, 2012)

have within-stratum imbalances that are bounded in probability.The marginal imbal-

ance and overall imbalance are also bounded in probability for these two designs. In

addition,minimization methods (Pocock and Simon, 1975) can achieve marginal and

overall imbalances that are bounded in probability and the within-stratum imbalance

increase with the order of
√
n, which is proved in Hu and Zhang (2020)

When all the covariates are omitted

Theorem 3.3.1. Under the condition that

• condition (A) the overall balance is bounded in probability Dn = Op(1)

• condition (B)

∑n
i=0(2Ti − 1)h(µ+ θTi + βxi)√

n
→ N(0, σ2

h)

For CAR with within-stratum balance that are bounded in probability, the condition

B reduces to σ2
h = 0

Then in logistic working model, under the null hypothesis H0 : log(RR) = log(RR0).

we have the following theorem

The asymptotic distribution of test statistics

T =
log(R̂R)− (log(RR0)

ŝe(log(R̂R))
∼ N(0,

σ2
1

σ2
2

) (3.5)

where σ2
1 =

E[V ar[Y1|X]

E[Y1]2
+
E[V ar[Y0|X]

E[Y0]2
and σ2

2 =
1− E[Y1]

E[Y1]
+

1− E[Y0]

E[Y0]
. Y1 stands
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for the participants in vaccinated group, and Y0 stands for the participants the hazard

risk in unvaccinated group. Since Y1 and Y0 are binary variable, E[Y1], E[Y0] means

the hazard rate in vaccinated group and in unvaccinated group, respectively.

Remark 3. Note that V ar[Y1] = E[V ar(Y1|X)] + V ar(E[Y1|X]) and V ar[Y1] =

E[Y1](1− E[Y1]). Also, V ar[Y1]/E[Y 2
1 ] + V ar[Y0]/E[Y 2

0 ] = (1− E[Y1])/E[Y1] + (1−

E[Y0])/E[Y0]. So the asymptotic variance in equation 3.5 is smaller than 1 in general,

which means the test statistics is more conservative than the full model.

Remark 4. Since the test statistics of log(RR) is more conservative, the (1 −

α) ∗ 100% confidence interval coverage ratio for log(RR) is larger than (1− α). The

confidence interval coverage ratio of relative risk and vaccine efficacy under working

model is also larger than (1− α).

Remark 5. For complete randomization, the condition A is not satisfied. How-

ever, the independence of treatment assignment and covariates shows that under null

hypothesis the asymptotic distribution of test statistics

T =
log(R̂R)− (log(RR0)

ŝe(log(R̂R))
∼ N(0, 1)

Partial covariates omitted

Suppose the full model include all the covariates in covariate adaptive randomization,

which is

E[Y |T,X,Z] = h(µ+ θT + βX + γZ) = h(η) (3.6)

where
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• X and Z are discrete covariates which are independent and identically dis-

tributed

• both X and Z are used in the randomization procedure, but only the X are

used in the final statistical inference

In practice, after balancing all covariates in randomization, it is common to include

just a subset of covariates or even no covariates in the working model. Without loss

of generality, suppose that the covariates X are included in the working model and

covariates Z are omitted. The working model of inference would be

E[Y |T,X] = h(µ+ θT + βX) = h(η) (3.7)

Specifically, the risk corresponds to the marginal probability in treatment 1 is:

Pr(Ỹ1 = 1) = Pr(Ỹ = 1|T = 1)

=
n∑

k=1

wkPr(Yk = 1|T = 1) =
n∑

k=1

wk/(1 + exp(−(µ+ θ + βXk)))

where wk = 1
n
. The risk corresponding to the marginal probability in treatment 2

is:

Pr(Ỹ2 = 1) = Pr(Ỹ = 1|T = 0)

=
n∑

k=1

wkPr(Yk = 1|T = 0) =
n∑

k=1

wk/(1 + exp(−(µ+ βXk)))

Hence, using the marginal probabilities, the estimated relative risk is:

R̂R =
P̂ r(Ỹ = 1|T = 1)

P̂ r(Ỹ = 1|T = 0)
(3.8)
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To test the log relative risk based on the working model, we consider the Wald test.

The Wald test can be formed as follows

H0 : log(RR) = log(RR0) vs Ha : log(RR) ̸= log(RR0)

with the test statistics

T =
log(R̂R)− (log(RR0)

ŝe(log(R̂R))

Theorem 3.3.2. Under the same condition as Theorem 3.3.1,

The asymptotic distribution of test statistics

T =
log(R̂R|X)− (log(RR0|X)

ŝe(log(R̂R|X))
∼ N(0,

σ2
1∗

σ2
2∗
) (3.9)

where σ2
1∗ =

E[V ar[Y1|X,Z]

E[Y1]2
+
E[V ar[Y0|X,Z]

E[Y0]2
and σ2

2∗ =
E[V ar[Y1|X]

E[Y1]2
+
E[V ar[Y0|X]

E[Y0]2
.

Here, Y1 stands for the participants in vaccinated group, and Y0 stands for the partic-

ipants the hazard risk in unvaccinated group. X are some fixed strata of covariates

in working model. Z are some covariates being balanced and not included in the

working model.

3.4 Adjusted Confidence Interval of relative risk

3.4.1 Adjusted when all covariates omitted

As discussed in Sections 3, the Wald test under the working model 3.3 is conservative

under covariate-adaptive randomization. In this section, we show how to make an
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adjustment to achieve a valid test based on the theoretical results obtained. The

purpose of the proposed adjusted test is to provide an alternative method to adjust

for the covariates within the analysis.

Based on the asymptotic distribution obtained in 3.5, we could do the following

adjustment

enote △̂ =

σ2
1

Ȳ 2
n1

+
σ2
0

Ȳ 2
n0

(
(1− Ȳn1)

Ȳn1

+
(1− Ȳn0)

Ȳn0

)

here Ȳn1 is the sample mean on vaccinated group, Ȳn0 is the sample mean on un-

vaccinated group. σ2
1 =

∑
i:T=1

∑m
j=1(yi − Ȳn1)

2I{xj = sj}/(n1 − m) is the sample

estimate of E[V ar[Y1|X]], σ2
0 =

∑
i:T=0

∑m
j=1(yi − Ȳn0)

2I{xj = sj}/(n0 − m) is the

sample estimate of E[V ar[Y0|X]]

Then the adjusted confidence interval of RR is defined as

[log(R̂R) exp(−1.96
√
△̂ŝe(log(R̂R))), log(R̂R) exp(1.96

√
△̂ŝe(log(R̂R)))]

.

3.4.2 Adjusted when partial covariates omitted

Based on the asymptotic distribution obtained in A.4, we could do the following

adjustment.

enote △̂∗ =

σ2
1,X

Ȳ 2
n1,X

+
σ2
0,X

Ȳ 2
n0,X

(
(1− Ȳn1,X)

Ȳn1,X

+
(1− Ȳn0,X)

Ȳn0,X

)

here Ȳn1,X is the sample mean on vaccinated group with covariates X, Ȳn0 is the

sample mean on unvaccinated group with covariates X. σ2
1,X =

∑
i:T=1,X

∑m
j=1(yi −

Ȳn1,X)
2I{xj = sj}/(n1 − m) is the sample estimate of E[V ar[Y1|X,Z]], σ2

0,X =
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∑
i:T=0

∑m
j=1(yi−Ȳn0,X)

2I{xj = sj}/(n0−m) is the sample estimate ofE[V ar[Y0|X,Z]]

Then the adjusted confidence interval of RR is defined as

[log(R̂R) exp(−1.96
√
△̂∗ŝe(log(R̂R))), log(R̂R) exp(1.96

√
△̂∗ŝe(log(R̂R)))]

.

3.5 Numerical simulation

3.5.1 Hypothesis under logistic regression

In this part, We consider the hypothesis test of relative risk under logistic regression.

The asymptotic properties of the Wald test for relative risk under model ?? and model

??.

Assume that the true model is

E[yi|Ti, xi] = h(µ+ θTi + β1x1,i + β2x21,i + β3x22,i) (3.10)

where θ presents the treatment effect and X1 is binary outcome with Pr(X1 = 0) =

Pr(X1 = 1) = 0.5, X2 is discrete with Pr(X2 = 0) = 0.4 and r(X2 = 1) = Pr(X2 =

2) = 0.3. X2k is the indicator of X2 = k. X1 and X2 are independent and used in the

randomization procedure. The parameters are set as µ = −1, β1 = 1, β2 = 0.5, β3 =

0.5

We simulate datasets under four different randomization procedures, which are com-

plete randomization(CR), stratified permuted block randomization(STRPB), Pocock

and Simon’s minimization(PS) and the method proposed by Hu and Hu(HH). In

each scenario, we generate the patients covariates x1, x2 based on the distributions of

X1, X2 as specified above, then we use one of the randomization procedure to obtain
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the treatment assignments Ti.

The parameters for each covariate adaptive randomization are specified as follows:

• For PS and HH, the Biasing probability p = 0.85.

• For PS, each covariate has equal weight, which means ωm.i =
1
2
, i = 1, 2.

• HH: the weight of overall imbalance ωo = 0.25, the weight of within-stratum

imbalance ωs = 0.25, the weight of sum of marginal imbalance is
∑2

i=1 ωm.i =

0.5, the weight of each marginal level is ωm.i = 0.25, i = 1, 2.

• For STRPB, the block size 4

• The sample size is set as n = 1000

Finally, the treatment response yi are simulated according to the true model 3.10 and

the working models are

• Zero covariate model: E[yi|Ti, xi] = h(µ+ θTi)

• Partial covariate model: E[yi|Ti, xi] = h(µ+ θTi + β1x1,i)

The significance level for the one-sided or two-sided tests is α = 0.05. Each scenario

is simulated 1000 times.

Type I error of hypothesis test with/without adjustment

The tables and figures presented in this study provide evidence of the simulation

type I error. Table 3.1 and Table 3.2 illustrate the results for two-sided hypothesis

tests, where H0 : RR = 1 vs Ha : RR ̸= 1 and H0 : RR ≤ 1.2 vs Ha : RR > 1.2,

respectively. In this study, the marginal relative risk (RR = E[Y1]/E[Y0]) is 1.2 when

θ = 0.3. The ”Wald Test” column in the tables displays the test statistics without

adjustment, and these results are consistent with the theoretical findings.

Furthermore, the logistic regression-based test for the log of the relative risk tends
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to be conservative under covariate-adaptive randomization, as observed in both zero-

covariate and partial-covariate working models. Additionally, the type I error is

conservative for both one-sided and two-sided tests. Figure 3.1 depicts the type I

error for various values of θ, indicating that the Wald test of the log of the relative

risk without adjustment is also conservative since relative risk can be estimated based

on θ.

Moreover, the ”Adjusted test” column in Table 3.1 and Table 3.2 demonstrates that

the adjusted test can achieve a valid type I error that is bound by the nominal level

α. In contrast, Figure 3.2 shows that the type I error rate of the adjusted test can

attain the nominal level consistently, across different values of θ.

Table 3.1. Type I error(%) for logistic regression under various randomization meth-
ods(CR,PS,STRPB,HH), two-sided Wald test of log of relative risk(adjusted and non-
adjusted) under H0 : RR = 1 v.s. Ha : RR ̸= 1, sample size N = 1000

Working model Randomization Wald test Adjusted test
Zero-covariate model CR 5.1 5.1

STRPB 3.2 4.5
PS 4.1 5.1
HH 3.5 4.7

Partial-covariate model CR 4.6 4.6
STRPB 2.9 4.3

PS 4.9 5.4
HH 3.5 4.3
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Table 3.2. Type I error(%) for logistic regression under various randomization meth-
ods(CR,PS,STRPB,HH), one-sided Wald test of log of relative riskadjusted and non-
adjusted) under H0 : RR = 1.2 v.s. Ha : RR > 1.2, sample size N = 1000

Working model Randomization Wald test Adjusted test
Zero-covariate model CR 5.3 5.3

STRPB 3.7 5.0
PS 5.5 6.7
HH 3.4 4.8

Partial-covariate model CR 6.2 6.2
STRPB 3.7 4.6

PS 4.0 5.1
HH 3.1 4.6

Figure 3.1. Type I error of test of LnRR for logistic regression model without ad-
justment under various randomization procedures(CR, PS, HH, STRPB) and sample
size (N = 1000)
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Figure 3.2. Type I error of test of LnRR for logistic regression model after adjustment
under various randomization procedures(CR, PS, HH, STRPB) and sample size (N =
1000)

Power of hypothesis test after adjustment

Figure 3.3. Simulated power of adjusted test of LnRR for logistic regression model
under various randomization procedures(CR, PS, HH, STRPB) and sample size (N =
1000), when relative risk > 0 under Ha
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Figure 3.4. Simulated power of adjusted test of LnRR for logistic regression model
under various randomization procedures(CR, PS, HH, STRPB) and sample size (N =
1000), when relative risk < 0 under Ha

Figure 3.5. Simulated power of adjusted test of LnRR for logistic regression model
under various randomization procedures(CR, PS, HH, STRPB) and sample size (N =
1000), the hypothesis test is H0 : θ ≤ 0.3 v.s. Ha : θ > 0.3

We conducted additional simulations to evaluate the power of the adjusted tests

under a logistic regression model and various randomization procedures. The setup

51



was identical to that in Section 3.5.1, except that we assumed the relative risk was

not equal to 1, which is equivalent to assuming θ ̸= 0. Specifically, we considered

cases where the relative risk was greater than 1 and cases where it was less than 1.

The power results are presented in Figure 3.3 and 3.4.

Our results indicate that the adjusted test has higher power under covariate-adaptive

randomization than under complete randomization. Specifically, we observed that the

adjusted test has higher power under covariate-adaptive randomization than under

complete randomization in a broader range of hypothesis tests, as presented in Figure

3.5 for one-sided tests where the null hypothesis is H0 : θ = θ0, and θ0 can take any

real value. These results highlight the efficiency of the adjusted test under covariate

randomization and its improvement in statistical power.

3.5.2 Hypothesis under a general model

Without logistic regression assumption, We consider three different models:

• Case 1: logit(y) = θIi + β1Z1 + β2Z2

• Case 2: logit(y) = θIi + β1Z1 + β2 exp(Z2) + β3 log(Z3 + 1)

• Case 3: logit(y) = θIi + β1Z1Z2 + β2 log(Z1 + 1) + β3Z2 + β4Z1

Suppose that the parameters for each covariate-adaptive randomization are the same

as those set in Section 5.1.

Table 3.3 shows that classical test statistics of log(RR) provide valid Type I error

rates under complete randomization. However, when covariates are omitted from

the working model, these tests are generally conservative under covariate-adaptive

randomization. After adjustment, the test TRS achieves validity for testing relative

risk under both complete randomization and covariate-adaptive randomization. This

observation is consistent with our theoretical results.
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Furthermore, using the adjusted tests, we perform simulations to evaluate the power

of these tests under different models from Case 1-3 and randomization procedures.

We use the same setup as in previous sections, except that θ is assumed to be a

sequence of non-zero numbers to assess power with different values of relative risk.

Specifically, we assume that θ takes on the values 0, 0.05, 0.1, . . . , 0.3, allowing power

to range from 5% to more than 80%. The resulting powers are presented in Figure

3.6. We observe that the adjusted test exhibits higher power under covariate-adaptive

randomization for all three models than under complete randomization.

Case1 Case2 Case3

TLn(RR) TRS TLn(RR) TRS TLn(RR) TRS

CR 0.048 0.048 0.064 0.064 0.052 0.052
STRPB 0.034 0.042 0.034 0.044 0.045 0.050

PS 0.031 0.045 0.029 0.040 0.044 0.049
HH 0.032 0.050 0.024 0.039 0.052 0.057

Table 3.3. Type I error of test of log(RR), with or withour adjustment, under various
randomization procedures(CR, PS, HH, STRPB) and different models (Case1-3)

Figure 3.6. Simulated power of adjusted test of log(RR) for a general model under
models 1-3 and various randomization procedures(CR, PS, HH, STRPB) and sample
size (N = 1000), when relative risk > 0 under Ha
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3.5.3 Re-design a vaccine trial of Covid-19

Baden et al. (2021) conducted a phase 3 randomized, observer-blinded, placebo-

controlled vaccine trial across 99 centers in the United States to evaluate the effi-

cacy of mRNA-1273 vaccine in preventing Covid-19 illness. The trial included 30,420

participants who were randomly assigned in a 1:1 ratio to receive either the vaccine

or placebo, with 15,210 participants in each group. Stratification was based on age

and Covid-19 complications risk criteria. The three strata were formed by persons

65 years of age or older, those younger than 65 years of age who were at risk for se-

vere Covid-19, and those younger than 65 years of age without heightened risk. The

outcome of interest was vaccine efficacy in preventing Covid-19 illness, which was cal-

culated as the percent reduction in the attack risk of disease among vaccinated and

unvaccinated populations (1 - relative risk). At the end of the trial, Covid-19 illness

was confirmed in 185 participants in the placebo group and in 11 participants in the

mRNA-1273 group, indicating a 94.1% efficacy in preventing Covid-19 illness.

In this case, the risk of the event is relatively low for both the placebo and vaccinated

groups. Out of the total 15,210 participants receiving placebo, only 185 cases were

infected with the disease. Among the 15,210 participants receiving the vaccine, only

11 cases were infected. The risk of the event for the placebo group is approximately

0.012, and the risk of the event for the vaccinated group is 0.0007. Both groups

have very small hazard rates, especially for the vaccinated group. Therefore, in

this simulation setting, we will focus on cases where the risk of events is extremely

small.

In our re-designed vaccine trial, we considered four randomization procedures (CR,

STRPB, PS, HH) that balanced covariates such as age, Covid-19 complications risk

criteria (age > 65, age 18 to < 65 and not at risk, age 18 to < 65 and at risk),

Hispanic or Latino ethnicity, and whether there is a risk factor for severe Covid-19.
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The trial now includes three covariates and 12 strata (i.e., 3× 2× 2 = 12).

Next, we fitted a logistic regression model with the three stratification factors as

covariates and treated it as the true model. Based on the covariate information, we

updated the response variable according to the simulated treatment assignments and

covariates. Then, we constructed confidence interval under full model and working

models with none stratification factors and compared the confidence width based on

different randomization procedures.

We consider the logistic regression model below as the full model for estimating

relative risk:

logit(Pi) = µ+ θTi + β1x11,i + β2x12,i + β3x2,i + β4x3,i

We also consider the working model:

logit(Pi) = µ+ θTi

We set the parameters as follows: µ = −6.8, θ = −2.8, β1 = 1, β2 = 1.5, β3 = 0.5,

and β4 = 2. These parameters were selected because the actual risk probability in

our scenario closely aligns with the risk probability observed in the vaccine trial for

both the vaccinated and unvaccinated groups. Furthermore, based on our settings,

the true vaccine efficacy is 93.6%, which is similar to the estimated vaccine efficacy

of 94.1% in the clinical trial.

The simulated confidence interval (CI) under the four different randomization proce-

dures is presented below
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n = 30420 Working Model Full Model
Randomization Coverage ratio CIadj CInoadj 95% CI CInoadj
CR 95.1% 1.208 1.208 95.0% 1.206
STRPB 95.7% 1.192 1.194 95.7% 1.192
HH 95.1% 1.195 1.197 95.1% 1.195
PS 95.0% 1.209 1.211 95.2% 1.209

Table 3.4. confidence interval coverage ratio and width of log of relative risk under var-
ious randomization procedures(CR, PS, HH, STRPB) and sample size (N = 30420),
true vaccine efficacy is set as 93.6%. CIadj means the width of confidence interval
after adjustment, CInoadj means the width of confidence interval without adjustment

The results presented in Tables 3.4 demonstrate that the coverage ratio of the con-

fidence interval can attain the nominal 95% level under four different randomization

procedures. Notably, when the full model is employed, the width of the confidence

interval under the stratified permuted block and Hu and Hu’s procedures is nar-

rower than that under complete randomization and Pocock and Simon’s minimiza-

tion method. Even when the working model is used, the width of the confidence

interval under the stratified permuted block and Hu and Hu’s procedures remains

narrower than that under complete randomization. Furthermore, after adjustment,

the confidence interval becomes further narrowed and reaches the same width as that

of the full model. This finding highlights the effectiveness of covariate adaptive ran-

domization in achieving with-stratum balance that is bounded in probability. As a

result, it leads to more accurate confidence intervals for relative risk than complete

randomization, without compromising the coverage ratio.

3.6 Conclusion

In this study, we examine the test for relative risk based on logistic regression models

under a large family of covariate-adaptive randomization. When the final working

model might be misspecified. We find that the test are generally more conserva-

tive and confidence interval of relative risk is wider than the nominal level under
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covariate-adaptive randomization. Moreover, we derive the asymptotic distribution

of the unadjusted Wald test statistic on relative risk. Based on the theoretical prop-

erty, we further propose an adjustment confidence interval to maintain the coverage

ratio to be consistent with the nominal level. The findings could have great impli-

cations for vaccine efficacy estimation, which is often an important target in vaccine

trials

Currently, it is assumed that discrete covariates are used in the randomization pro-

cedure. For continuous covariates, we consider discretizing methods to generalize the

theoretical results. For inference in the linear model framework, discretization pro-

cedure was discussed in Shao et al. (2010) and Ma et al. (2015), which could also

be applied in our setting. The allocation ratio of the covariate adaptive design in

this paper is assumed to be 1:1, and when unequal allocation ratio is used, we can

appropriately adjust the parameters in the trial design so that the proposed test is

also applicable. In addition to the logistic regression model, it is of interest to study

inference property of relative risk under other models, such as log-binomial regression

model and Cox regression model. The inference on treatment effect under general-

ized linear model was discussed in Li et al. (2021). The property of testing validity

of relative risk in these models could be extended for future research.
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Chapter 4

Tests for vaccine efficacy in Cox

model under covariate adaptive

randomization

4.1 Introduction

In clinical trials, adjusting for baseline covariates has been widely advocated as a

way to improve efficiency for demonstrating target estimands. In vaccine trial, the

conventional estimand is called vaccine efficacy (VE), which measures the relative

reduction in infection/disease for the vaccinated arm versus the unvaccinated arm.

This can be calculated from the risk ratio, incidence rate ratio, or hazard ratio.

The methods in evaluating vaccine efficacy are mainly obtained under complete ran-

domization, which assigns patients at random into treatment groups. In such a case,

complete randomization may yield imbalance sample sizes between treatment arms

in some strata of covariates. To balance the number of patients in each treatment

arm across baseline prognostic factors to avoid confounding issue, and also to im-

prove the efficiency in inference (Efron, 1971; Pocock and Simon, 1975; Wei, 1978a),

covariate-adaptive randomization has become the new norm. From 1989 to 2008,

there were over 500 clinical trials applying covariate-adaptive randomization (Taves,

2010). According to a survey by Lin et al. (2015), out of 224 samples of random-

ized clinical trials published in 2014 in leading medical journals, 183 trials used some
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form of covariate-adaptive randomization. Stratified permuted block randomization

method (Zelen, 1974) was implemented by 70% of trials in this survey. The other

popular covariate-adaptive randomization scheme is Pocock and Simon’s minimiza-

tion method (Taves, 1974), (Pocock and Simon, 1975) which was proposed to reduce

the imbalance at a marginal level of covariates. This approach was extended by Hu

and Hu (2012) to simultaneously reduce various levels of imbalances.

Unlike complete randomization, covariate-adaptive randomization generates a depen-

dent sequence of treatment assignments, which may raise concerns regarding how to

perform valid statistical analyses at the end of trials that use covariate-adaptive ran-

domization (FDA, 2020; EMA, 2015). In practice, conventional methods to estimate

vaccine efficacy, such as Cox regression model or logistic regression model, are com-

monly used without consideration of the covariate-adaptive randomization scheme.

To obtain a valid test, Regulatory guidelines and some literature recommended that

all the covariates used in covariate-adaptive randomization should be adjusted in the

working model(ICH E9, 1998; (Shao et al., 2010; EMA, 2015)). However, models are

subject to misspecification when some relevant covariates are incorrectly excluded in

the working model for certain reason. For example, investigation centers are often

used as stratification factors but are usually omitted from the analysis in statistical

models. The simplicity of a testing procedure is another reason to include fewer covari-

ates. These issues have been well addressed when estimating treatment effects under

linear models or generalized linear models (Shao et al., 2010; Ma et al., 2015; Bugni

et al., 2018; Ma et al., 2020); . For evaluating vaccine efficacy, few literature studied

the statistical inference and theoretical properties in the context of covariate-adaptive

randomization. When the Cox regression model (Cox, 1972) has been applied to find

the improvement in the estimation of vaccine efficacy in reducing the hazard rate with

adjustment for confounding factors. The working model may suffer from the issue of

misspecification when some relevant covariates are incorrectly excluded or the pro-
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portional hazard assumption is wrong. The robustness of of statistical tests when the

Cox model is incorrectly specified has been investigated in several publications (Lin

and Wei, 1989; DiRienzo and Lagakos, 2001), but the available results are limited to

complete randomization. Under covariate-adaptive randomization procedure, Ye and

Shao (2020) proposes a valid score test statistic which is valid and robust against mis-

specification of the Cox model. Their study focuses on statistical inference problems

in parameter estimation and relies on fundamental assumption that the hazards are

proportional (PH) in the Cox model, which means that the relative hazard remains

constant over time with different predictor or covariate levels.

The purpose of our research is to study estimation and statistical inference prob-

lems on vaccine efficacy under covariate-adaptive randomization in the Cox model.

The main contributions of this article are as follows. Firstly, we derive the prop-

erties of statistical inference on vaccine efficacy following general covariate-adaptive

randomization procedures under the Cox model. We show that the partial likeli-

hood score test is conservative under covariate-adaptive randomization when partial

or completely none of the covariates used in the randomization process are included

in the working model. Secondly, the assumption of proportional hazards(PH) in the

Cox model may not be satisfied in practice, since the vaccine efficacy may not be con-

stant over time. We also consider this scenario and establish some theoretical results

when the vaccine efficacy is a time dependent coefficient in the Cox model. Thirdly,

when the working model is misspecified, the estimator of vaccine efficacy may not

be consistent and the conventional hypothesis test may not be valid. We propose a

stratified estimate of vaccine efficacy and stratified score test and Wald test, which

is robust against model misspecification under both complete randomization and co-

variate adaptive randomization. The study shows the impact of covariate balance

on vaccine efficacy and and providing guidance in this field where covariate-adaptive

randomization has important applications.
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The remainder of this paper is organized as follows. In section 2, we describe the

framework of Cox model in estimating vaccine efficacy. In section 3, we derive the

theoretical results and asymptotic properties about vaccine efficacy under covariate-

adaptive methods. Section 4 provides an adjustment method to achieve valid testing.

Section 5 describes the test procedure underlying the simulation study and results

based on a practical vaccine trial. Section 6 presents the conclusion and some re-

marks.

2. Framework, design and models

Consider a vaccine trial with k = 2 treatments and overall sample size n. Let Ii be

the treatment assignment for ith subject with Ii = 1 for vaccinated group, and 0 for

unvaccinated group. T ∗
i is survival time for ith subject and T ∗

ij is the potential failure

time for ith subject assigned to treatment j. Ci is censoring time for ith subject and

Cij is the potential censoring time for ith subject assigned to treatment j. Ti = T ∗
i ∧Ci

is observed failure time for ith subject. Tij is the potential observed failure time for

ith subject assigned to treatment j, Tij = T ∗
ij ∧ Cij. δi indicates the event with

δi = 1 if Ti = T ∗
i and 0 otherwise. Since each sampled patient either receives the

vaccination or not, we can write the observed response in terms of the potential

outcome as (Ti, δi). Mathematically, we could write that Ti = IiTi1+(1−Ii)Ti0, Tij =

min(T ∗
ij, Cij), δi = Iiδi1 + (1− Ii)δi0, δij = 1 if Tij = T ∗

ij and δij = 0 if Tij = Cij. Let

ZF = (X,Z) = (X1, . . . , Xp, Z1, . . . , Zq) contains baseline covariates for ith subject.

All the covariates are categorical with bounded values and are balanced by covariate-

adaptive randomization, but only X = (X1, . . . , Xp) are used in the final statistical

inference and Z = (Z1, . . . , Zq) are omitted.
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4.1.1 Design and assumptions

Firstly, we consider the design of generating treatment assignments Ii for n sequen-

tially arrived patients. Under complete randomization, the patients are assigned to

treatment group or control group by tossing a fair coin independently of all the co-

variates and P (Ii = 1) = 1
2
for all i. Unlike complete randomization, the Iis are

dependent with covariates ZF to mitigate the imbalance between treatment group

and control group under covariate-adaptive randomization. Note that in this paper,

we assume that the covariates ZF are discrete variables. The main treatment assign-

ment mechanism of this article is a generalization of minimization methods which

were originally proposed by Pocock and Simon (1975) and further studied by Hu

and Hu (2012). Stratified permuted block randomization (Zelen, 1974) is frequently

used to ensure the balance of two treatment arms within each stratum z formed by

categories of ZF . For example, suppose the block size of each stratum is 2b, each of

the block randomly assigns exactly b patients to one treatment. This procedure will

perform well if the sample size is relatively large within each strata. Conversely, if

the number of the strata is relatively large, then this procedure will fail as there are

many unfilled blocks.

We define the imbalance within stratum z as the difference between the numbers of

patients in both arms within stratum ZFi = z:

Dn(z) =
∑

i:ZFi=z

(Ii −
1

2
)

The covariate-adaptive randomization methods that are considered in this paper sat-

isfy the following conditions .

Condition 1. n
−1/2
z Dn(z) = op(1) for every z

Condition 2. n
−1/2
z Dn(z)

D7→ N(0, vD) for every z and a known vD, 0 < vD ≤ 1
4
.
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Stratified permuted block randomization and the covariate-adaptive randomization

in Hu and Hu (2012) with proper setting on the weights satisfies the condition 1.

Under complete randomization, vD = 1
4
and satisfies condition 2 . Since covariate-

adaptive randomization designs provide more balanced treatment assignments than

simple randomization, we assume that vD ≤ 1
4
in condition 2, which holds for most

designs of practical use. Pocock and Simon’s minimization method is also widely used

and satisfies condition 2. The property of asymptotic variance vD is discussed more

in Hu and Zhang (2020)

In this paper, we assume the following assumptions:

A1. (Tij, Cij, Xi) and Ii are independent conditioned on covariate ZFi

A2. Tj, Cj are independent conditioned on covariate ZFi

A3. The ratio P (C1 ≥ t|X)/P (C0 ≥ t|X) is a function of t only

A4. For each stratum z,the covariate-adaptive design satisfies Condition 1 or Con-

dition 2

Complete randomization and all the covariate-adaptive randomization designs dis-

cussed in Section 1 satisfy assumption 1. Assumption 2 is the non-informative cen-

soring assumption in survival data analysis to simplify the complexity of the censoring

problem. Assumption 3 is proposed to satisfy the robustness property, which was also

assumed in Ye and Shao (2020). Assumption 4 is to ensure the within-strata balance

for all covariates, which is satisfied for all the covariate-adaptive randomization meth-

ods in this paper.
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4.1.2 Models and estimated vaccine efficacy

Constant vaccine efficacy

The Cox proportional hazard model is frequently used in survival analysis. Under

proportional hazard assumptions, the relative hazard remains constant over time with

different treatment groups and covariate levels.

Assume that we have the underlying Cox proportional hazard model for the actual

survival time

h(ti,Xi,Zi) = h0(ti) exp(αIi +

p∑
i=1

βiXi +

q∑
j=1

γjZj) = h0(ti) exp(αIi + βFZFi)

(4.1)

where α is the hazard effect of vaccine in Cox model, X = (X1, . . . , Xp), Z =

(Z1, . . . , Zq), ZF = (X,Z) are vector of covariates and βF = (β, γ), β = (β1, . . . , βp),

γ = (γ1, . . . , γq) are vector of unknown parameters.

If some covariates Z = (Z1, . . . , Zq) are omitted from the working model which is used

to analyze the data, i.e., the working model is

h(ti,Xi) = h0(ti) exp(αIi +

p∑
i=1

βiXi) = h0(ti) exp(αIi + βXi) (4.2)

Based on working model 4.2, the partial likelihood function is

L(α, β) =
n∏

i=1

{
exp(αIi + βXi)∑n

k=1 Yk(ti) exp(αIk + βXk)

}δi

(4.3)
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where Yk(t) = IkYk1(t) + (1 − Ik)Yk0(t), Yij(t) = I(Tij ≥ t) and I(.) is the indicator

function. It is a predictable process and takes value 0 if kth subject is at risk at time

t− and 1 if it survives after time t. The maximum partial likelihood estimator(MPLE)

is

(α̂F , β̂) = argmax
α, β

L(α, β)

.

In Cox model, vaccine efficacy is determined using a standard formulas: V E = 100 ∗

(1 − HR)%, where HR is the hazard ratio estimated from Cox regression model.

In model4.1, the estimated hazard ratio is ĤR = exp(α̂) and the estimated vaccine

efficacy is ˆV E = 100 ∗ (1− ĤR)% = 1− exp(α̂)

Time-dependent vaccine efficacy

Consider the complexity of biological and physiological responses and associations,

the proportional hazard(PH) assumptions may not be satisfied. One source of varying

and non-PH is the proportionality of hazards may change over time (i.e. the observed

vaccine effect does not remain constant). For example, the effect of a vaccine can be

strong immediately after vaccination but fades with time. To make model 4.2 more

flexible, it is reasonable to allow the treatment coefficients α to change over time t. In

such a case, (Martinussen et al.,2002) and (Cai et al, 2003)studied the following Cox’s

regression model with time-dependent coefficients, the working model4.2 is expanded

as :

h(ti,Xi) = h0(ti) exp(α(ti)Ii +

p∑
i=1

βiXi) = h0(ti) exp(α(ti)Ii + βXi) (4.4)
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In time-variant Cox model 4.4, the vaccine efficacy is determined as V E(t) = 100 ∗

(1−HR(t))%, where the estimated hazard ratio ĤR(t) = exp(α̂(t)) and the estimated

vaccine efficacy is ˆV E(t) = 100 ∗ (1− ĤR(t))% = 1− exp(α̂(t)). Therefore, to make

inferential analysis on vaccine efficacy ˆV E(t), it is equivalent to make analysis on the

relative hazard ratio of treatment groups α̂(t)

Suppose that the parametric function of α(t) = αg(t), where g(t) is a known paramet-

ric function and α is unknown coefficient to be estimated. For example, suppose the

vaccine efficacy is believed to be linear decreasing as t, then we could set α(t) = αt

and the goal is to estimate the coefficient α to estimate the relative hazard rate and

vaccine efficacy at time t.

When the parametric function is known as α(t) = αg(t), under the partial model 4.4,

the logarithm of the partial likelihood function is

logL(α, β) =
n∑

i=1

δi[αg(ti)Ii + βXi − log{
n∑

k=1

Yk(tk) exp(αg(ti)Ik + βXk)}]

The score function U(α, β) = (U1(α, β)), U2(α, β)) = (
∂ logL(α, β)

∂α
,
∂ logL(α, β)

∂β
)

is

U1(α, β) =
n∑

i=1

δi{g(ti)Ii −
S
(1)
1 (α, β, Ti)

S
(0)
1 (α, β, Ti)

}

U2(α, β) =
n∑

i=1

δi{Xi −
S
(1)
2 (α, β, Ti)

S
(0)
2 (α, β, Ti)

}

where

S
(r)
1 (α, β, t) =

1

n

n∑
i=1

Yi(t) exp(αg(ti)Ii + βXi)(g(ti)Ii)
⊗r
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S
(r)
2 (α, β, t) =

1

n

n∑
i=1

Yi(t) exp(αg(ti)Ii + βXi)X
⊗r
i

where a⊗0 = 1, a⊗1 = a and a⊗2 = aa
′
.

The maximum partial likelihood estimator (α̂, β̂) is the solution of U1(α, β) = 0 and

U2(α, β) = 0

When g(t) is known, the vaccine efficacy is determined by the function g(t) and the

coefficient α. At time t, the estimated vaccine efficacy is ˆV E(t) = 100% ∗ (1 −

ĤR(t)) = 1 − exp(α̂g(t)), where ĤR(t) is the hazard ratio and α̂ is the coefficient

estimated from Cox regression model 4.4.

In most cases, the parametric function of α(t) may be unknown and we could use some

additive functions to approximate α(t). The approximated functions are expressed

as α(t) ≈
∑m

l=0 blfl(t), where fl(t) are some known parametric functions and bl are

some unknown parameters. One of simple and widely used approximation methods

is polynomial approximation:

α(t) ≈
m∑
l=0

blt
l

Under the polynomial approximation and , the logarithm of the partial likelihood

function of the partial model 4.4 is

logL(α, β) =
n∑

i=1

δi[
m∑
l=0

blt
l
iIi + βXi − log{

n∑
k=1

Yk(ti) exp(
m∑
l=0

blt
l
kIk + βXk)}]

The score function U(b, β) = (U1(b, β)), U2(b, β)) = (
∂ logL(b, β)

∂b
,
∂ logL(b, β)

∂β
),

where b, β are vectors of parameters on treatment groups and other covariates in the

working model.
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The maximum partial likelihood estimator (b̂, β̂) is the solution of U1(b, β) = 0 and

U2(b, β) = 0

At time t, the hazard ratio is estimated as ĤR(t) = exp(
∑m

l=0 b̂lt
l) and the estimated

vaccine efficacy is ˆV E(t) = 100% ∗ (1− ĤR(t)) = 1− exp(
∑m

l=0 b̂lt
l).

4.2 Theoretical properties

4.2.1 Estimation of vaccine efficacy

In Cox model 4.4, when α(t) is constant , the survival time satisfies proportional

hazard assumption and the vaccine efficacy is constant over time. The estimated

hazard ratio is ĤR = exp(α̂) and the estimated vaccine efficacy is ˆV E = 100 ∗ (1 −

ĤR)% = 1− exp(α̂). When the proportional hazard assumption is not satisfied, the

treatment effect is a time dependent covariate and the estimated vaccine efficacy at

time t is expressed as ˆV E(t) = 100∗ (1− ˆHR(t))% = 1−exp(α̂(t)). Under the case of

α(t) = αg(t) and the parametric function g(t) is known, the estimated vaccine efficacy

is ˆV E(t) = 1−exp(α̂g(t)). When g(t) is unknown and α(t) is estimated by polynomial

approximation, the estimated vaccine efficacy is ˆV E(t) = 1−exp(
∑m

l=0 b̂lt
l). Since the

proportional hazard assumption is a special case when g(t) = 1, we would consider

two cases in later analysis, i.e., g(t) is known or g(t) is unknown.

When g(t) is known, the vaccine estimated is determined by the coefficient α. Denote

that θ0 = (α0, β0) as the true value of coefficients in Cox model 4.4, then we have the

following results when the working model is correctly specified:

Lemma 1: When g(t) is known and the working model 4.4 correctly specify the true

hazard function, i.e., ZF = X, the design satisfying assumption 1-4 could obtain a

consistent estimator of vaccine efficacy and we have:
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n1/2 (
ˆV E(t)− V E0(t))

1− V E0(t)

D→ N(0, g2(t)[I−1(θ0)]1,1) (4.5)

where I(θ0) = −E{∂
2 logL(θ)

∂2θ
|θ = θ0}

Lemma 2: When g(t) is known and the working model 4.4 may not correctly specify

the true hazard function, i.e., ZF = (X,Z) are used in the randomization procedure

and only covariates X are included in the working model 4.4 while covariates Z are

omitted. The estimator of vaccine efficacy is consistent estimator of V E∗(t) = 1 −

exp(α∗g(t)), where α∗ is the unique solution to h(α, β) = 0

h(α, β) =

∫ ∞

0

s(1)(t)dt−
∫ ∞

0

s(1)(α, β, t)

s(0)(α, β, t)
s(0)(t)dt = 0 (4.6)

where s(r)(t) = E{ 1
n
Yi(t)hi(t)(gi(t)Ii)

⊗r}, r = 0, 1

The result of Lemma 2 is directly obtained by the techniques used in (Andersen and

Gill, 1982) and (Lin and Wei, 1989). When α0 = 0, the convergent value α∗ = 0

satisfies the equation 4.6 and the estimator α̂ in working model 4.4 is a consistent

estimator. When α0 ̸= 0, we may not have α0 = α∗ if the equation 4.6 is not satisfied

for α0. Therefore, under the null hypothesis α = 0, α̂ converges in probability to

0, regardless the working model is correct or not. Under the alternative hypothesis

α = α0, when the working model is incorrect, the estimator α̂ may not be a consistent

estimate of true value α0 since we may not have α0 = α∗. It indicates that ignoring

some covariates in the Cox model may lead to biased coefficient estimates on vaccine

efficacy when the real vaccine efficacy is not zero.

The reason of the bias effect is that the parameters α and α∗ are measuring different
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features of the population. When the true model is expressed as 4.1, the interpretation

of exp(α) =
h(t|I = 1, x, z)

h(t|I = 0, x, z)
is the hazard ratio when both x and z are fixed. In the

mis-specified working model 4.4, the interpretation of exp(α∗) =
h(t|I = 1, x)

h(t|I = 0, x)
is the

hazard ratio when only x is fixed while z is marginalized. When the omitted covariates

z is integrated out, exp(α∗) represents the average hazard ratio over time between

I = 1 and I = 0 (Lin and Wei, 1989; Lin et al, 2013). Therefore, it will lead to bias

if we use a marginal hazard ratio exp(α∗) to estimate a hazard ratio exp(α).

Since the bias of exp(α∗) is because of the omitted variable z is marginalized, we

could obtain the unbiased estimator using working model 4.4 in each stratum.

We consider the following stratified hazard ratio, in each strata {S = Si}, where Si

is the strata constructed from the observed, baseline covariates ZF or the unobserved

covariates Z. To define the stratified hazard ratio, let α̂Si
be the estimated coefficient

in working model 4.4 within the strata {S = Si}. In each strata, the estimated

estimator α̂Si
is the unbiased estimator of the real value of α.

The stratified estimator is proposed as

α̂Strata =
∑
s∈S

ns

n
α̂s (4.7)

where ns =
∑n

i=1 I(S = s), and α̂s is the estimated coefficient of α in strata {S = s}.

Since each α̂s is a consistent estimator of α, the stratified estimator α̂Strata is also a

consistent estimator of α. The estimate of vaccine efficacy using αStrata would also

be consistent to V E0(t). The property of α̂Strata will be discussed in next subsec-

tion.

When g(t) is unknown, the estimated vaccine is approximated by polynomial function

with a vector of coefficient b = (b0, b1 . . . , bl), i.e., α(t) ≈
∑m

l=0 blt
l. Denote that

θ0 = (b0, β0) as the true value of coefficients in Cox model 4.4, then we have the

70



following results when the working model is correctly specified:

Lemma 3: When g(t) is unknown and the working model 4.4 correctly specify the

true hazard function, i.e., ZF = X, the design satisfying assumption 1-4 could obtain

a consistent estimator of vaccine efficacy and we have:

n1/2 (
ˆV E(t)− V E0(t))

1− V E0(t)

D→ N(0, tT [I−1
bb (θ0)]t) (4.8)

where I(θ0) = −E{∂
2 logL(θ)

∂2θ
|θ = θ0} , I−1(θ0) =

I−1
bb I−1

bβ

I−1
βb I−1

ββ

, tT = (1, t, . . . , tl)

Similar issue happens when the working model 4.4 does not correctly specify the true

hazard function, the coefficient (b, β) in the Cox model converges to (b∗, β∗), which

is the solution in equation 4.6, In general, the estimate of vaccine efficacy ˆV E(t) may

not be consistent to real vaccine efficacy V E0(t) since we may not have b = b0. To

obtain a consistent estimate of vaccine efficacy, we could use the weighted stratified

estimator as 4.7, which is shown as

b̂Strata =
∑
s∈S

ns

n
b̂s (4.9)

where b̂s is the estimated coefficient of b in strata {S = s}. The stratified estimator

b̂Strata is a consistent estimator of b0. The estimate of vaccine efficacy ˆV EStrata(t)

approximated by b̂Strata would also be consistent to V E0(t) ≈ 1 − exp(
∑m

l=0 b
T
0 t) .

The property of ˆV EStrata(t) will be discussed in next subsection.
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4.2.2 Hypothesis testing on vaccine efficacy

For hypothesis testing of the vaccine efficacy at time t, that is, the null hypothesis

H0 : V E(t) = V E0(t). Under the Cox working model4.4 , the vaccine efficacy is

expressed as V E(t) = 1− exp(α(t))

Under proportional hazard assumption, i.e, g(t) = 1 and the vaccine efficacy is con-

stant over time. For hypothesis testing on H0 : α = 0, a widely used score test based

on the working model is

TS = n−1/2U1(0, β̂)/Î(0, β̂)
1/2

and a wald test based on the working model is

WS = n1/2 α̂

ŝe(α̂)

where ŝe(α̂) is the Cox model-based estimate of the standard error of α̂.

In Lin and Wei(1989), the model-based score test TS is sensitive and not robust

to model mis-specification. They proposed the following robust score test under

complete randomization,

TLW = n−1/2U1(0, β̂)/B̂(0, β̂)1/2 (4.10)

where

B̂(0, β) =
1

n

n∑
i=1

{
δi[Ii −

S
(1)
1 (0, β, Ti)

S
(0)
1 (0, β, Ti)

]−
n∑

j=1

δjYi(Tj) exp(βXi)

nS
(0)
1 (0, β, Ti)

[Ii −
S
(1)
1 (0, β, Ti)

S
(0)
1 (0, β, Ti)

]

}2

The variance estimator B̂(0, β) in score test 4.10 is a robust variance estimator under
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simple randomization, in the sense that it is consistent regardless of whether model

4.4 is correct or not. Here, β̂ is the maximum partial likelihood estimator of β under

constraint α = 0. When the null hypothesis is H0 : α = 0, Ye and Shao(2022) has

shown that the robust score test TLW is conservative under covariate-adaptive ran-

domization procedure. Since the estimate of vaccine efficacy is determined uniquely

by α, we could use the same robust score test 4.10 on the hypothesis test of vac-

cine efficacy H0 : V E = 0, which is also robust under complete randomization, but

conservative under covariate-adaptive randomization.

When the proportional hazard assumption is not satisfied and g(t) is known, the

estimate of vaccine efficacy is determined by the estimate of α̂ and parametric function

g(t) in model 4.4. For hypothesis testing of H0 : α = 0, the time dependent robust

score test 4.10 is

TR = n−1/2U1(0, β̂)/B̂R(0, β̂)
1/2 (4.11)

where

B̂R(0, β) =
1

n

n∑
i=1

{
δi[g(ti)Ii −

S
(1)
1 (0, β, Ti)

S
(0)
1 (0, β, Ti)

]

−
n∑

j=1

δjYi(Tj) exp(βXi)

nS
(0)
1 (0, β, Ti)

[g(ti)Ii −
S
(1)
1 (0, β, Ti)

S
(0)
1 (0, β, Ti)

]

}2

We have the following result:

Theorem 4.2.1. Suppose that assumptions 1–4 hold, if the working model 4.4 may

not correctly specify the true hazard model, then under H0 : α = 0, in terms of the ro-

bust score test 4.11, we have that the numerator n−1/2U1(0, β̂)
d→ N(0, E[var(Oij|ZF)])

and the denominator B̂R(0, β̂)
P→ var(Oij). Therefore, the score test has asymptotic

73



distribution as

TR
d→ N(0, τ 2) (4.12)

where

µ(t) = E[Ii|Yi = 1]

Nij(t) = δiI(Tij < t)

Oij =

∫ ∞

0

{g(t)(Ii − µ(t))}{dNij(t)− p(t)Yij(t) exp(β
∗Zi)dt}

p(t) = E[Yi(t)h(t,X, Z)]/E[Yi(t) exp(β
∗Zi)]

Ei = E(Oij|ZF)

τ 2 =
E[var(Oij|ZF)]

var(Oij)

Specifically, µ(t) = 1
2
when the treatment group and control group have equal alloca-

tion ratio.

Note that in Theorem 1, the null hypothesis test H0 : α = 0 is equivalent to the

test V E(t) = 0 for all time t. The test statistics TR is the same as TLW 4.10, as the

time effect function g(t)Ii = Ii(t) could be treated as the time-dependent coefficient

of treatment.

In a general hypothesis test H0 : α = α0, when the working mode 4.4 may not

correctly specify the true hazard model 4.1. The estimator α̂ is consistent to α∗,

where α∗ is the solution of equation 4.6. When α0 ̸= 0, α∗ could be different from α0

and α̂ is not a consistent estimator of α0. To obtain a consistent estimator of α0 when
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the working model omitted some covariates used in the randomization procedure, we

proposed a stratified estimator α̂Strata in equation 4.7.

To propose a valid hypothesis test ofH0 : α = α0 , we could use the following stratified

score test

TStrata =
∑
s∈S

n−1/2Us(α0, β̂s)/(
∑
s∈S

ns

n
B̂s(α0, β̂s))

1/2 (4.13)

where Us(α0, β) and B̂s(α0, β) is the score test numerator and denominator in equation

4.10 within the strata {S = s}.

Theorem 4.2.2. Suppose that assumptions 1–4 hold, under H0 : α = α0, the proposed

stratified score test

TStrata
D→ N(0, 1) (4.14)

In particular, the numerator n
−1/2
s Us(α0, β̂s) has asymptotic variance E[Bs(α0, β)|S =

s]

the denominator B̂s(α0, β̂s)
P→ var(Oij|S = s) and

∑
s∈S

ns

n
B̂s(α0, β̂s)

P→ E[var(Oij|S)]

where

µ(t) = E[Ii|Yi = 1]

Nij(t) = δiI(Tij < t)

Oij,s =

∫ ∞

0

{g(t)(Ii − µ(t))}{dNij(t)− p(t)Yij(t) exp(β
∗Zi)dt}

p(t) = E[Yi(t)h(t,X, Z)]/E[Yi(t) exp(β
∗Zi)]

Ei = E(Oij|ZF)
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When the proportional hazard assumption is not satisfied and g(t) is unknown, the

estimate of α(t) is approximated by the additive of polynomial function α(t) ≈∑m
l=0 blt

l = btT and the estimate of vaccine efficacy is ˆV E(t) = 1 − exp(
∑m

l=0 b̂lt
l).

Since the estimate of vaccine efficacy determines by a vector of coefficient (b0, b1, . . . , bl),

the score test is not appropriate. For hypothesis testing of H0 : V E(t) = V E0, we

would use the Wald test

TV E =

√
n( ˆV E(t)− V E0)

ŝe( ˆV E(t))
(4.15)

When the working model 4.4 omitted some covariates in the randomization procedure,

the estimated coefficient b̂ converges to b∗, where b∗ is the solution of h(b∗, β∗) = 0

in 4.6. Since b∗ may not be equal to b0, the vaccine efficacy estimator ˆV E(t) may

not be consistent to V E0. To obtain a consistent estimator of vaccine efficacy at time

t, we propose a stratified vaccine estimator

ˆV Estrata = 1− exp(b̂stratat
T )

where b̂strata is stratified estimator in 4.9 . By delta method, the variance of ˆV Estrata

is

V ar( ˆV Estrata) ≈ (1− V E0)
2tTCov(b̂strata)t

and

Cov(b̂strata) = Cov(
∑
s∈S

ns

n
b̂s)

Under complete randomization, b̂s are independent for each stratum s, and

Cov(
∑
s∈S

ns

n
b̂s) =

∑
s∈S

n2
s

n2
Cov(b̂s) =

∑
s∈S

n2
s

n2
Î−1
bb,s
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, where Î−1
bb,s is the submatrices of Î−1(b̂, β̂) =

Î−1
bb Î−1

bβ

Î−1
βb Î−1

ββ

 in strata {S = s}.

Let cα be the 100(1 − α)th percentile of the normal distribution, where 0 < α < 1.

Then 100 ∗ (1− α)% confidence interval is

(
ˆV Estrata − cαŝd( ˆV Estrata), ˆV Estrata + cαŝd( ˆV Estrata)

)

where ŝd( ˆV Estrata) ≈ (1− ˆV Estrata)

√∑
s∈S

n2
s

n2
tT Î−1

bb,st

The wald test

TWS =

√
n( ˆV Estrata(t)− V E0)

ŝe((1− ˆV Estrata)

√∑
s∈S

n2
s

n2
tT Î−1

bb,st

∼ N(0, 1) (4.16)

4.3 Constructing valid hypothesis test and confidence interval

When the proportional hazard assumption is satisfied or it is not satisfied and g(t)

is known, the score test of vaccine efficacy is the same as the score test of α and

the test statistics is TR defined in 4.11. The results in Sections 3 shows that the

score test TR is robust under complete randomization, is not robust but conservative

when the working model 4.4 use partial or even no covariates under covariate-adaptive

randomization. Note that the score test TR is to test the hypothesis H0 : α = 0. For

a general hypothesis test H0 : α = 0, TR is not valid since the estimator α̂ may not

be a consistent estimator of α0 when the working model is misspecified. In equation

4.13, we propose a stratified score test Tstrata , which is consistent to α0 and robust

under complete randomization and covariate adaptive randomization.

Under linear models and under null hypothesis that the treatment effect is 0, Shao et
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al (2010) proposed a consistent variance estimator using bootstrap method which in-

volves regenerating treatment indicators for every bootstrap data set using the same

randomization procedure applied to the original treatment assignment. Bugni et

atl(2018) also proposed a permutation-based method to obtain a consistent variance

estimator of the numerator. One issue of the above bootstrap method and permuta-

tion method is that they are valid under null hypothesis H0 : α = 0. Under a general

null hypothesis H0 : α ̸= 0, the proposed hypothesis test may not be valid, since the

treatment assignment is regenerated and the relationship between treatment assign-

ment and outcome is disturbed. We could construct a stratified bootstrap method to

obtain a valid variance estimator and lead to a valid bootstrap test.

Under the null hypothesis H0 : α = α0, we generate bootstrap samples (Y ∗
si, I

∗ =

i, S∗ = s) within stratum and treatment group {S = s, I = i}, i = 0, 1, in other words,

Y ∗
si is a simple random with replacement from sample (Y1, . . . , Ys) with fixed S = s, I =

i. The reason to implement stratified bootstrap sample is to maintain the overall

imbalance, marginal imbalance and stratified imbalance to be the same as original

data. In the meantime, it keeps the relationship between treatment assignment and

outcome. The limitation of the stratified bootstrap is that the number of patients in

each stratum needs to be relatively large, otherwise, the bootstrap samples would be

very similar to the original data.

Although the stratified score test Tstrata is robust under covariate adaptive random-

ization under a more general null hypothesis H0 : α = α0. Ye and Shao (2020) has

shown that under H0 : α = 0, the robust score test TR in 4.11 with an adjusted

variance estimator may be more efficient than the stratified score test. Therefore,

when g(t) is known in model 4.4, we would propose the robust score test TR with

adjusted variance estimator under H0 : α = 0 and the stratified score test Tstrata

under H0 : α = α0.
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Based on the asymptotic distribution obtained in 4.12, we could do the following

adjustment on the variance of TR

Define B̂R(0, β̂) = 1
2n

∑
ns(V̂s1 + V̂s1), V̂sj is the sample variance for Ôij, j = 0, 1,

within S = s, Ii = j where

Oi = δi

{
[g(ti)Ii −

S
(1)
1 (0, β̂, Ti)

S
(0)
1 (0, β̂, Ti)

]−
n∑

j=1

δjYi(Tj) exp(β̂Xi)

nS
(0)
1 (0, β̂, Ti)

[g(ti)Ii −
S
(1)
1 (0, β̂, Ti)

S
(0)
1 (0, β̂, Ti)

]

}

Under H0 : α = 0, we have

TR = n−1/2U1(0, β̂)/B̂R(0, β̂)
1/2 ⇝ N(0, 1) (4.17)

TR0 is robust under complete randomization and covariate adaptive randomization.

Under H0 : α = α0, we could use the stratified score test Tstrata in 4.13, which is

robust under complete randomization and covariate adaptive randomization.

Note that the variance estimator of Tstrata is
∑

s∈S
ns

n
B̂s(α0, β̂s), where B̂s(α0, β̂) =

1
2
( ˆ̃Vs1 +

ˆ̃Vs1),
ˆ̃Vsj is the sample variance for ˆ̃Oij, j = 0, 1, within S = s, Ii = j

ˆ̃Oi = δi

{
[g(ti)Ii −

S
(1)
1 (α0, β̂, Ti)

S
(0)
1 (α0, β̂, Ti)

]−
n∑

j=1

δjYi(Tj) exp(β̂Xi)

nS
(0)
1 (α0, β̂, Ti)

[g(ti)Ii −
S
(1)
1 (α0, β̂, Ti)

S
(0)
1 (α0, β̂, Ti)

]

}

When g(t) is unknown in Cox model 4.4, the function g(t) is approximated by poly-

nomial function, hence the score test is not appropriate for the test of vaccine efficacy.

Tpoly 4.15 is a valid Wald test of H0 : V E(t) = V E0 under complete randomization
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and covariate adaptive randomization.

Tpoly =
1− exp(b̂stratat

T )− V E0

(1− V E0)

√∑
s∈S

n2
s

n2
tT Î−1

bb,st

where b̂strata is stratified estimator in 4.9 and Î−1
bb,s is the fisher information covariance

matrix responding to b in stratum {S = s}

4.4 Numerical simulation

Simulation result

In this section, results from two simulation studies are presented to examine the type I

error and power of tests under four randomization schemes: complete randomization,

stratified permuted block randomization(STRPB), Pocock and Simon’s minimization

method(PS), and Hu and Hu’s randomization procedure(Hu & Hu). We include

these covariate-designs since they satisfy the procedure in Assumption 4 and their

popularity.

The simulation study investigates the parameter estimation and validity and power

of tests when working model4.4 is correct or mis-specified.

Simulations are conducted under the three following Cox proportional hazard mod-

els:

• Full model 1: h(t,X, Z) = h0(t) exp(αI + β1X1 + γ1Z11 + γ2Z12)

• Full model 2: h(t,X, Z) = h0(t) exp(αtI + β1X1 + γ1Z11 + γ2Z12)

• Full model 3: h(t,X, Z) = h0(t) exp(αt
1/3I + β1X1 + γ1Z11 + γ2Z12)

• Full model 4: h(t,X, Z) = h0(t) exp(αt
1/2I + β1X1 + γ1Z11 + γ2Z12)

• Full model 5: h(t,X, Z) = h0(t) exp(α log(t)I + β1X1 + γ1Z11 + γ2Z12)
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The first model satisfies the proportional hazard assumption, since the treatment

effect is constant over time. In model 2 and model 3, the treatment effect changes

over time. When α > 0, the hazard ratio increases as t increases, which means the

vaccine efficacy wanes over time. But the waning rate of model 2 and model 3 are

different, as the waning rate of treatment effect is t in model 2 and the waning rate

is log(t) in model 3.

The parameter α represents the treatment effect(A = 1 stands for treatment group

and A = 0 stands for control group) and X1i are independent and identically dis-

tributed random variables that follow the Bernoulli distribution. We set X1 =

{1, 0}, P r(X1 = 1) = 0.5, Z = {0, 1, 2}, P r(Z = 1) = Pr(Z = 2) = 0.3, P r(Z =

0) = 0.4 and the true value of β1 = 1.5, γ1 = −1, γ2 = −0.5. The baseline function

h0(t) = − log(2)/12, which means the hazard risk of the virus is constant. Both co-

variate X1 and Z are included in the randomization procedure. When the covariate Z

is omitted in the analysis stage, the working models are incorrect and shown as:

• Working model 1: h(t,X, Z) = h0(t) exp(α
∗I + β∗

1X1)

• Working model 2: h(t,X, Z) = h0(t) exp(α
∗tI + β∗

1X1)

• Working model 3: h(t,X, Z) = h0(t) exp(α
∗t1/3I + β1X1)

• Working model 4: h(t,X, Z) = h0(t) exp(α
∗t1/2I + β1X1)

• Working model 5: h(t,X, Z) = h0(t) exp(α
∗ log(t)I + β1X1)

The parameters for each covariate adaptive randomization are specified as follows:

• For PS and HuHuCAR, the Biasing probability p = 0.85.

• For PS, each covariate has equal weight, which means ωm.1 = 1,.

• HuHuCAR: the weight of overall imbalance ωo = 0.25, the weight of within-

stratum imbalance ωs = 0.25, the weight of sum of marginal imbalance is ωm.1 =
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0.5

• For STRPB, the block size 4

• The sample size for each iteration is set as n = 500 and iteration time is 1000

Design Type I error(%) of full model Type I error(%) of partial model
TS TR Tstrata TS TR Tstrata

Model 1
CR 4.7 4.9 5.8 5.3 5.3 5.6
PS 5.3 5.2 5.1 3.6 5.1 6.2

STRPB 5.4 5. 2 5.4 2.5 5.4 6.1
HH 4.9 5.2 5.1 2.8 5.4 6.1

Model 2
CR 5.9 5.8 5.8 5.5 5.6 5.7
PS 5.2 5.4 6.1 3.3 5.3 6.8

STRPB 5.0 5. 2 6.1 2.8 5.2 6.2
HH 5.0 5.2 5.8 2.6 5.2 6.0

Model 3
CR 4.9 5.3 5.9 5.7 5.9 6.6
PS 5.0 5.1 5.1 3.3 5.6 6.5

STRPB 5.3 5. 5 5.7 2.9 5.6 5.7
HH 5.2 5.5 5.6 2.6 5.6 6.5

Model 4
CR 4.7 5.2 5.7 5.8 5.9 6.6
PS 5.2 4.5 6.4 3.8 5.6 6.5

STRPB 5.2 4. 6 5.7 3.6 5.5 6.3
HH 5.2 5.1 5.2 3.7 4.5 6.1

Model 5
CR 4.6 4.6 5.8 5.4 5.7 5.6
PS 5.0 5.4 6.5 3.9 5.6 5.5

STRPB 6.1 6. 4 6.6 4.1 5.7 6.3
HH 5.9 6.1 6.2 4.3 6.1 6.5

Table 4.1. Type I error under H0 : α = 0

Design
Type I error(%) of full model Type I error(%) of partial model
TS TR Tstrata TS TR Tstrata Tboot

α = 0.02
CR 4.8 4.9 4.9 6.5 6.8 4.8 4.5
PS 5.1 5.2 5.5 6.6 6.1 5.2 4.3

STRPB 5.2 5. 2 5.4 6.5 6.4 5.1 4.1
HH 4.9 5.0 5.1 6.8 6.7 5.5 4.2

α = 0.05
CR 5.3 5.3 5.6 9.5 8.6 4.7 4.3
PS 5.5 5.8 5.9 9.3 8.0 5.7 4.1

STRPB 5.7 5. 4 5.7 9.8 9.2 5.4 4.3
HH 5.8 5.5 6.4 9.6 8.2 5.0 4.4

α = 0.1
CR 5.8 5.5 5.2 12.6 11.9 5.3 4.5
PS 5.5 5.4 5.1 13.1 10.6 5.5 4.3

STRPB 5.7 5. 5 5.4 12.8 13.6 6.2 4.2
HH 5.2 5.0 5.8 14.6 13.6 6.3 4.1

Table 4.2. Type I error under model 2 and H0 : α = α0 , where α0 = 0.02, 0.05, 0.1

Suppose g(t) is known in working model 4.4, we could draw following conclusions

from Table 4.1 and Table 4.2.
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a) When α = 0, the type I error for TS is conservative under covariate-adaptive

randomization and is close to the nominal level 5% under complete randomization.

The type I errors for TR and Tstrata are close to the nominal level 5% under both

complete randomization and covariate-adaptive randomization, which indicates that

TR and Tstrata are robust to model with omitted covariates under H0 : α = 0.

b) When α ̸= 0, the type-I errors for TS and TR are not robust when some covariates

are omitted in the working model. The type-I error for Tstrata is robust under com-

plete randomization and covariate-adaptive randomization when some covariates are

omitted in the working mode under H0 : α ̸= 0.
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Design
Power(%) of full model Power(%) of partial model
TS TR Tstrata TS TR Tstrata

Model 1
α = 0.2 CR 10.4 11.5 11.2 10.7 20.9 11.4

PS 12.4 13.5 13.2 8.7 23.9 12.4
STRPB 13.1 13.3 12.7 7.5 22.3 12.0

HH 14.4 13.5 12.8 8.2 21.8 13.2
α = 0.4 CR 34.8 35.7 38.6 30.7 31.9 33.4

PS 36.1 37.9 38.0 21.2 32.9 34.1
STRPB 33.7 35.2 34.7 20.1 33.8 32.8

HH 34.1 36.8 38.2 22.7 34.7 33.2
α = 0.6 CR 80.3 82.4 87.9 80.7 72.2 81.6

PS 84.4 83.7 85.2 67.4 78.8 83.0
STRPB 84.7 82.5 87.2 67.5 75.3 82.8

HH 84.5 83.1 85.3 68.2 77.8 83.4
Model 2
α = 0.02 CR 16.3 15.7 15.2 12.8 13.9 14.4

PS 16.4 15.7 16.8 12.4 13.3 14.2
STRPB 15.1 14.0 16.4 13.1 13.3 13.9

HH 17.2 16.3 17.5 13.4 13.8 15.3
α = 0.05 CR 40.7 41.5 49.8 41.9 43.4 45.2

PS 42.2 43.8 43.3 40.2 42.6 42.3
STRPB 43.5 43.8 44.1 39.4 42.0 42.8

HH 43.9 42.7 44.0 37.3 46.2 43.9
α = 0.1 CR 90.3 93.2 96.5 92.1 91.5 91.6

PS 92.3 92.4 93.7 82.9 87.2 93.7
STRPB 93.4 94.8 93.2 82.5 88.3 92.0

HH 94.2 93.7 91.0 83.6 89.7 93.1
Model 3
α = 0.1 CR 13.2 14.4 14.1 18.7 19.6 13.2

PS 15.1 14.6 15.3 14.5 17.7 15.6
STRPB 15.2 14.7 14.4 13.2 18.6 15.0

HH 14.2 15.8 15.5 14.3 19.1 15.4
α = 0.2 CR 30.3 31.6 36.3 30.9 31.7 31.6

PS 33.6 32.4 33.8 33.7 44.6 32.0
STRPB 34.3 33.3 32.7 32.4 39.8 32.7

HH 34.4 34.2 32.8 32.2 43.6 33.4
α = 0.3 CR 72.7 71.6 70.8 70.2 71.5 71.4

PS 72.7 73.2 73.9 68.4 70.9 71.3
STRPB 73.6 72.2 71.9 67.3 72.2 72.8

HH 74.2 73.6 72.3 70.2 73.4 73.1

Table 4.3. When α ̸= 0, power comparison of 4 designs without adjustment with
n = 200

Based on Table 4.3, we could see that no matter the proportional hazard assumption

is satisfied(Model 1) or not satisfied(Model 2, Model 3), when some covariates are

omitted in the working models, the power of TS is smaller than the power of TR

under covariate adaptive randomization, which means the test TS is conservative

without any adjustment. The power of Tstrata are also smaller than the power of TR

in general.

• Full model 4: h(t,X, Z) = h0(t) exp((α0 +α1t+α2t
2)I + β1X1 + γ1Z11 + γ2Z12)
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• Working model 4: h(t,X, Z) = h0(t) exp((α0 + α1t+ α2t
2)I + β1X1)

In full model 4, α0 = −1, α1 = 0.1, α2 = 0.02

Randomization 95% CI coverage ratio
No-Covariate Cox(X) Cox(Z) Cox(X, Z)

V E(t) = 30% CR 0.948 0.953 0.941 0.951
STRPB 0.958 0.963 0.948 0.960

HH 0.953 0.946 0.946 0.953
PS 0.954 0.943 0.950 0.954

V E(t) = 80% CR 0.941 0.951 0.964 0.943
STRPB 0.952 0.941 0.954 0.954

HH 0.944 0.950 0.946 0.954
PS 0.942 0.938 0.951 0.950

Table 4.4. Under model 4, Vaccine efficacy coverage ratio constructed from TV E

When g(t) is unknown in working model4.4, we propose a polynomial approximation

of g(t) and proposed test a stratified test TV E when some covariates are omitted in

the working model.

Under model 4, when the time-variant effect is correctly specified as a polynomial

function of time, we construct the confidence interval at some t such that the vaccine

efficacy is around 30% and 80%.

In table 4.4, the confidence interval is constructed using the denominator of TV E as

standard error and ˆV Estrata as the center. We could observe that the above con-

structed confidence interval has converge ratio around 95%, indicating ˆV Estrata is

robust under complete randomization and covariate adaptive randomization.

85



Table 4.5. Simulation results for Avg. of MAD(*100) of Vaccine efficacy

Full model Partial model

N = 200 Randomization ˆV Eα
ˆV Estrata

ˆV Epoly
ˆV Eα

ˆV Estrata
ˆV Epoly

Model 2 CR 15.43 16.43 16.76 24.66 14.22 16.13
STRPB 17.81 14.76 15.47 25.07 15.23 16.12
HH 16.92 14.28 14.54 25.47 14.52 15.11
PS 17.31 14.12 16.01 24.81 15.61 15.34

Model 3 CR 12.15 12.43 18.52 22.77 12.54 18.73
STRPB 13.21 12.71 19.17 19.86 12.51 17.76
HH 12.71 11.82 18.44 18.54 11.32 19.24
PS 14.22 13.15 19.65 17.30 12.87 18.51

N = 400 Randomization ˆV Eα
ˆV Estrata

ˆV Epoly
ˆV Eα

ˆV Estrata
ˆV Epoly

Model 2 CR 8.95 9.54 8.12 15.27 9.84 9.45
STRPB 8.49 8.41 7.21 14.36 9.52 9.48
HH 8.78 8.26 8.57 15.62 8.31 10.39
PS 8.67 8.17 8.12 15.43 8.76 8.82

Model 3 CR 9.11 10.23 12.52 16.10 9.23 14.32
STRPB 9.54 9.92 13.71 15.93 10.52 16.55
HH 9.79 8.42 11.52 17.41 10.24 16.85
PS 10.13 8.65 12.40 15.74 9.15 15.71

We consider three methods to estimate the vaccine efficacy . When g(t) is known,

ˆV Eα is the estimate of vaccine efficacy without stratification, ˆV Estrata is the estimate

of vaccine efficacy stratification using 4.7 as the estimate of α. When g(t) is unknown,

ˆV Epoly is the estimate of vaccine efficacy using polynomial approximation.

Table 4.5 shows the mean average deviation(MAD) of model 2 and model 3 in different

randomization scheme.

Here, we consider the time interval on [0, 100], and estimate the overall performance,

mean absolute deviation(MAD) of the estimation of vaccine efficacy with grid points

5 + 10k, k = 0, 1, . . . , 9. The choice of bandwidth is set as h = 10.

We could observe that when the full model is used and the real time effect is lin-

ear(Model 2),all three methods have similar MAD. When the real time effect is a log

function(Model 3), ˆV Estrata is less accurate since the polynomial function does not
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capture all character of log function. When some covariates are omitted in the partial

model, ˆV Eα is the least accurate among all methods.

In general, when g(t) is known in the working model4.4, ˆV Estrata is the most robust

and accurate estimate of vaccine efficacy among all three methods. When g(t) is

unknown, we could use ˆV Epoly to estimate the vaccine efficacy. Under some non-

polynomial time effect like log function, the estimator ˆV Epoly may be more biased

compared to ˆV Estrata.

4.4.1 Re-design a vaccine clinical trial

Background of vaccine trial

BioNTech and Pfizer Polack et al. (2020) did an multinational, placebo-controlled,

observer-blinded, pivotal efficacy trial, they used complete randomization to assign

persons 16 years of age or older in a 1:1 ratio to receive two doses. The primary

end points were efficacy of the vaccine against laboratory-confirmed Covid-19 and

safety.

The original key baseline patient characteristic are listed as following:

Results: A total of 43338 participants underwent complete randomization received

injections: 21720 with BNT162b2 and 21728 with placebo. Among all participants,

37706 received vaccine or placebo and had median follow-up of 2 months. There were

8 cases of Covid-19 with onset at least 7 days after the second dose among participants

assigned to receive BNT162b2 and 162 cases among those assigned to placebo;

Vaccine efficacy over time

In (Lin et al, 2022), the researcher studied the effectiveness of three vaccines Covid-

19 over a 9-month period in North Carolina. For the Pfizer vaccine(BNT162b2), the

vaccine efficacy over months is shown as follows:
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Characteristic BNT162b2 group Placebo group Total

Sex — no. (%)

Male 9639 (51.1%) 9436 (50.1%) 19075 (50.6%)
Female 9221 (48.9%) 9410 (49.9%) 18631 (49.4%)
Race or ethnic group — no. (%)
White 15636 (82.9%) 15630 (82.9%) 31266 (82.9%)
Black or African American 1729 (9.2%) 1763 (9.4%) 3492 (9.3%)
Asian 801 (4.2%) 807 (4.3%) 1608 (4.3%)
Native American or Alaska Native 102 (0.5%) 99 (0.5%) 201 (0.5%)
Native Hawaiian or other Pacific Islander 50 (0.3%) 26 (0.1%) 76 (0.2%)
Multiracial 449 (2.4%) 406 (2.2%) 855 (2.3%)
Not reported 93 (0.5%) 115 (0.6%) 208 (0.6%)
Hispanic or Latinx 5266 (27.9%) 5277 (28.0%) 10543 (28.0%)
Country — no. (%)
Argentina 2883 (15.3%) 2881 (15.3%) 5764 (15.3%)
Brazil 1145 (6.1%) 1139 (6.0%) 2284 (6.1%)
South Africa 372 (2.0%) 372 (2.0%) 744 (2.0%)
United States 14460 (76.7%) 14454 (76.7%) 28914 (76.7%)
Age group — no. (%)
16–55 yr 10889 (57.7% 10896 (57.8%) 21785 (57.8%)
>55 yr 7971 (42.3%) 7950 (42.2%) 15921 (42.2%)
Body-mass index
≥30.0: obese 6556 (34.8%) 6662 (35.3%) 13218 (35.1%)
≤30.0: not obese 12304 (65.2%) 12184 (64.7%) 24488 (64.9%)

Table 4.6. Demographic characteristics of the participants in Pfizer vaccine trial

Month 1 2 3 4 5 6 7 8

Vaccine efficacy % 85.5 94.5 88.2 84.1 80.4 75.9 66.9 67.8

Table 4.7. Vaccine efficacy over time

We could see that the vaccine efficacy wanes over time after the first month. This

phenomenon is also observed for the two other COVID-19 Vaccines(mRNA-1273,

Ad26.COV2.S).

Re-design the trial

Next, we will re-randomized the Pfizer vaccine trial based on the demographic infor-

mation and vaccine efficacy over time in Table 4.6 and Table 4.7 with four random-

ization procedure(CR, PS, STRPB, Hu&Hu)

Based on the characteristic in Table 4.6, we simulated vaccine trials with allocation

ratio 1:1 under different randomization procedures. The sample size and the number

of covariates need to be balanced are the same as shown in 4.6, i.e. the sample

size is N = 37706 and the number of covariates is five. For simplicity, we assumed
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Figure 4.1. The red solid line is interpolate linear function, the other three lines are
approximated polynomial function with different degree

each covariates are independent and the generating distribution is identical to the

empirical marginal distribution(with proportion equal to total column in Table 4.6)

on the setting.

Then we fit the Cox model with the above factors as covariates, and treat this Cox

model as the true model. The covariateXi = (x1, . . . , x5) means gender, race, country,

age and Body-mass index, based on the demographic of vaccine trial in 4.6. The

different working model with none or part of stratification factors can be constructed

and we compare the power using different test statistics. Then based on the covariate

information, we re-deign the trial using four randomization methods. We update the

response variable according to the simulated treatment assignments and covariates.

Here we consider the exponential assumption for baseline hazard function to generate

the simulated responses. In the demographic table, it is unknown the real censoring

proportion, and we assume the censoring variable C ∼ Exp(0.015) as the possible

case. Based on the vaccine efficacy over time in 4.7, the vaccine efficacy is could be

waned exponentially with a linear function of time. Therefore, we assume the hazard
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rate is exponentially increased with a linear function of time in the Cox model.

Suppose the full model of hazard function is

modelF : h(t) = h0(t) exp(g(t)Ii + β1x1,i + β2x2,i + β3x3,i + β4x4,i + β5x5,i)

Here, we consider two types of working model. The first one is the working model

with no covariates, the second one is the model with parts of covariates.

For the working model has no covariates, the expression is

model0 : h(ti) = h0(ti) exp(g(t)Ii)

For the working model has parts of covariates, the expression is

modelP : h(ti) = h0(ti) exp(g(t)Ii + β1x1,i + β2x2,i + β3x3,i)

where X1, X2, X3 stands for race, age and BMI respectively.

Although the true effect of g(t) is unknown, we could assume that g(t) = α0+α1 log(t),

which is assumed to be a good fit based on the time function in Figure 1. We apply

different working models to analyses the trial data, and get the simulated powers

for the vaccine efficacy under different time points. In table 4.8, ˆV Eno−strata is the

confidence interval of vaccine efficacy using polynomial approximation without strat-

ification and ˆV Estrata is the confidence interval of vaccine efficacy using polynomial

approximation with stratification
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Table 4.8. power comparison in re-designed clinical trial under different time points

Confidence Interval
Model Model0 ModelP ModelF

time point Design ˆV Eno−strata
ˆV Estrata

ˆV Eno−strata
ˆV Estrata

ˆV Eno−strata
ˆV Estrata

t = 2 CR 0.783 0.931 0.852 0.942 0.954 0.942
STRPB 0.668 0.928 0.826 0.933 0.947 0.944

HH 0.762 0.939 0.785 0.945 0.948 0.946
PS 0.866 0.922 0.853 0.941 0.952 0.940

t = 4 CR 0.761 0.933 0.787 0.941 0.944 0.945
STRPB 0.633 0.925 0.748 0.934 0.953 0.942

HH 0.642 0.929 0.725 0.935 0.952 0.951
PS 0.607 0.936 0.710 0.942 0.957 0.940

t = 6 CR 0.776 0.931 0.771 0.922 0.952 0.947
STRPB 0.732 0.924 0.737 0.934 0.940 0.938

HH 0.681 0.935 0.743 0.929 0.952 0.944
PS 0.672 0.941 0.757 0.931 0.933 0.931

Based on the Table 4.8, when the working model includes all covariates in randomiza-

tion procedure, the confidence interval of ˆV Estrata and ˆV Eno−strata is close to nominal

95% level under and ˆV Eno−strata, which means both of the test statistics is valid.

When some covariates are omitted in the working model, only ˆV Estrata could ob-

tain a correct level of confidence interval and ˆV Eno−strata is not valid. It indicates

that the test statistics with stratification is robust when covariates are omitted in

the working model, no matter under complete randomization and covariate adaptive

randomization.

4.5 Conclusion

In this study, we examine the test for vaccine efficacy based on Cox models under a

large family of covariate-adaptive randomization when the final working model might

be misspecified. Through theoretical results and simulation studies, under the null

hypothesis that there is no vaccine efficacy, we confirm that hypothesis testing on

treatment effect, model-based score tests and the robust test proposed by (Lin &

Wei, 1989) are conservative when some covariates or all covariates are omitted in

the working model. We provide corrected test statistic which is verified to be valid

theoretically, and it gets higher power than the existing tests when the model is

misspecified through numerical simulations. Under a more general null hypothesis,
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the estimate of vaccine efficacy is not consistent when the model is misspecified.

Therefore, we propose a stratified estimate of vaccine efficacy and show that it is a

consistent estimator. We also propose a stratified score test for the vaccine efficacy

with survival outcome when covariate-adaptive randomization or complete random-

ization is applied and the working model may be misspecified. The following are our

main conclusions and recommendations.

a) Under the null hypothesis that H0 : V E(t) = 0, the estimator of vaccine efficacy is

consistent and the unstratified partial likelihood score and Wald tests robust against

model misspecification under complete randomization are not robust but conserva-

tive under covariate-adaptive randomization. The adjusted variance is recommended

for the unstratified partial likelihood score and Wald tests to construct more pow-

erful tests. After the variance adjustment, the unstratified test is robust to model

misspecified.

b) Under a more general null hypothesis that H0 : V E(t) = µ0, the unstratified

estimator of vaccine efficacy is not consistent when the model is misspecified, therefore

the hypothesis test is not valid no matter under complete randomization or covariate

adaptive randomization. We recommend a stratified estimator of vaccine efficacy,

which is consistent and robust when model is misspecified. under covariate adaptive

randomization

c) Under a more general null hypothesis that H0 : V E(t) = µ0, when the hazard func-

tion of vaccine in Cox model is known, we propose a stratified score test. When the

hazard function of vaccine in Cox model is unknown, we propose a stratified Wald test

using a polynomial approximation. The stratified score test and Wald test is robust

and valid under complete randomization and covariate adaptive randomization.

Currently, when the proportional hazard assumption is not satisfied, we assumed a

polynomial approximation to estimate the vaccine efficacy. In practice, the polyno-
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mial approximation may not be good enough to capture the trend of vaccine efficacy

over time, and the non-parametric function like b-spline or interpolated linear func-

tion could be applied in a more general case. It is of interest to study inference

property of vaccine efficacy under a more generalized and more flexible form. The

property of testing validity of vaccine efficacy in non-parametric method could be

extended for future research.
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Appendix A

Proof of Propositions and

Theorems

A.1 Proof of Theorem 2.3.1

Proof. Denote N
(t)
n , N

(t)
n (i; ki), N

(t)
n (k1, · · · , kI) be the overall number of patients with

level ki of the ith covariate and the number of patients in the stratum (k1, · · · , kI)

assigned to treatment t after n patients. Suppose the ratio of number of patients

assigned to two treatments is r : 1. Then define Dn = N
(1)
n − rN

(2)
n as the imbalance

between the two treatments. The within-covariate-margin imbalance Dn(i; ki) =

N
(1)
n (i; ki)− rN

(2)
n (i; ki), Dn(k1, · · · , kI) = N

(1)
n (k1, · · · , kI)− rN

(2)
n (k1, · · · , kI).

Assumption

• Xi, Zj are discrete i.i.d and EXi = EZj = 0 for i = 1, · · · , p and j = 1, · · · , q

• DN = N
(1)
n − rN

(2)
n =

∑N
i=1[(r + 1)Ii − 1] = Op(1)

• DN(k, tk) = N
(1)
n (i; ki)− rN

(2)
n (i; ki) = Op(1)

Theorem

Lβ̂

σ̂2L(XTX)−1LT
⇝ N(0,

σ2
ϵ

σ2
ϵ +

∑q
j=1 γ

2
jV ar(Zj)

)

Lemma 1

1.
∑

Ii/N
p→ 1

r+1
,
∑

(1− Ii)/N
p→ r

r+1
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2.
∑

IiXi,k/N
p→ 1

r+1
EXk,

∑
(1− Ii)Xi,k/N

p→ r
r+1

EXk∑
IiZi,j/N

p→ 1
r+1

EZj,
∑

(1− Ii)Zi,j/N
p→ r

r+1
EZj

Proof

1.

∑
Ii/N =

1

r + 1

∑
[(r + 1)Ii − 1]/N +

1

r + 1
=

1

r + 1
+

1

r + 1
DN

p→ 1

r + 1

∑
(1− Ii)/N = 1−

∑
Ii/N

p→ r

r + 1

2.

∑
IiXi,k/N =

1

r + 1

1

N

∑
[(r + 1)Ii − 1]Xi,k +

1

r + 1

1

N

∑
Xi,k

=
1

r + 1

1

N

sk∑
tk=1

D(k; tk)x
tk
k +

1

r + 1

1

N

∑
Xi,k

SinceD(k; tk) = Op(1) and xtk
k are discrete variables, 1

r+1
1
N

∑sk
tk=1 D(k; tk)x

tk
k = O( 1

N
),

by weak law of large numbers, 1
r+1

1
N

∑
Xi,k

p→ 1
r+1

EXk, therefore,
∑

IiXi,k/N
p→

1
r+1

EXk.

Similarly,

∑
(1− Ii)Xi,k/N = − 1

N

∑
[(r + 1)Ii − 1]Xi,k + r

1

N

∑
IiXi.k

= − 1

N

sk∑
tk=1

D(k; tk)x
tk
k + r

1

N

∑
IiXi.k

p→ r

r + 1
EXk
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Lemma 2

1. 1
N
(XTX)

p→ diag( 1
r+1

, r
r+1

, V ar(X1), · · · , V ar(Xp))

2. β̂
p→ β

1

N
(XTX) =



1
N

∑
Ii 0 1

N

∑
IiXi1 · · · 1

N

∑
IiXip

0 1
N

∑
(1− Ii)

1
N

∑
(1− Ii)Xi1 · · · 1

N

∑
(1− Ii)Xip

1
N

∑
IiXi1

1
N

∑
(1− Ii)Xi1

1
N

∑
X2

i1 · · · 1
N

∑
Xi1Xip

...
...

...
. . .

...

1
N

∑
IiXip

1
N

∑
(1− Ii)Xip

1
N

∑
Xi1Xip · · · 1

N

∑
X2

ip



Since EXk = 0, by Lemma 1 and the weak law of large numbers,

1
N
(XTX)

p→ diag( 1
r+1

, r
r+1

, V ar(X1), · · · , V ar(Xp)).

β̂ = β + ( 1
N
(XTX))−1( 1

N
XTZγ + 1

N
XT ϵ)

1

N
XTZ =



1
N

∑
IiZi1 · · · 1

N

∑
IiZiq

1
N

∑
(1− Ii)Zi1 · · · 1

N

∑
(1− Ii)Ziq

1
N

∑
Xi1Zi1 · · · 1

N

∑
Xi1Ziq

...
. . .

...

1
N

∑
XipZi1 · · · 1

N

∑
XipZiq


Since EXk = EZj = 0 and Zj, Xk are independent, By the weak law of large numbers,

1
N
XTZ

p→ 0(p+2)∗q
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By the independence of Ii and ϵi,

1

N
XT ϵ =



1
N

∑
Iiϵi

1
N

∑
(1− Ii)ϵi

1
N

∑
Xi1ϵi
...

1
N

∑
Xipϵi


p→ 0(p+2)∗1

By Slutsky’s Theorem, β̂
p→ β.

Lemma 1

1.
∑

Ii/N
p→ 1

r+1
,
∑

(1− Ii)/N
p→ r

r+1

2.
∑

IiXi,k/N
p→ 1

r+1
EXk,

∑
(1− Ii)Xi,k/N

p→ r
r+1

EXk∑
IiZi,j/N

p→ 1
r+1

EZj,
∑

(1− Ii)Zi,j/N
p→ r

r+1
EZj

Proof

1.

∑
Ii/N =

1

r + 1

∑
[(r + 1)Ii − 1]/N +

1

r + 1
=

1

r + 1
+

1

r + 1
DN

p→ 1

r + 1

∑
(1− Ii)/N = 1−

∑
Ii/N

p→ r

r + 1

2.
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∑
IiXi,k/N =

1

r + 1

1

N

∑
[(r + 1)Ii − 1]Xi,k +

1

r + 1

1

N

∑
Xi,k

=
1

r + 1

1

N

sk∑
tk=1

D(k; tk)x
tk
k +

1

r + 1

1

N

∑
Xi,k

SinceD(k; tk) = Op(1) and xtk
k are discrete variables, 1

r+1
1
N

∑sk
tk=1 D(k; tk)x

tk
k = O( 1

N
),

by weak law of large numbers, 1
r+1

1
N

∑
Xi,k

p→ 1
r+1

EXk, therefore,
∑

IiXi,k/N
p→

1
r+1

EXk.

Similarly,

∑
(1− Ii)Xi,k/N = − 1

N

∑
[(r + 1)Ii − 1]Xi,k + r

1

N

∑
IiXi.k

= − 1

N

sk∑
tk=1

D(k; tk)x
tk
k + r

1

N

∑
IiXi.k

p→ r

r + 1
EXk

Lemma 2

1. 1
N
(XTX)

p→ diag( 1
r+1

, r
r+1

, V ar(X1), · · · , V ar(Xp))

2. β̂
p→ β

1

N
(XTX) =



1
N

∑
Ii 0 1

N

∑
IiXi1 · · · 1

N

∑
IiXip

0 1
N

∑
(1− Ii)

1
N

∑
(1− Ii)Xi1 · · · 1

N

∑
(1− Ii)Xip

1
N

∑
IiXi1

1
N

∑
(1− Ii)Xi1

1
N

∑
X2

i1 · · · 1
N

∑
Xi1Xip

...
...

...
. . .

...

1
N

∑
IiXip

1
N

∑
(1− Ii)Xip

1
N

∑
Xi1Xip · · · 1

N

∑
X2

ip



Since EXk = 0, by Lemma 1 and the weak law of large numbers,

1
N
(XTX)

p→ diag( 1
r+1

, r
r+1

, V ar(X1), · · · , V ar(Xp)).
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β̂ = β + ( 1
N
(XTX))−1( 1

N
XTZγ + 1

N
XT ϵ)

1

N
XTZ =



1
N

∑
IiZi1 · · · 1

N

∑
IiZiq

1
N

∑
(1− Ii)Zi1 · · · 1

N

∑
(1− Ii)Ziq

1
N

∑
Xi1Zi1 · · · 1

N

∑
Xi1Ziq

...
. . .

...

1
N

∑
XipZi1 · · · 1

N

∑
XipZiq


Since EXk = EZj = 0 and Zj, Xk are independent, By the weak law of large numbers,

1
N
XTZ

p→ 0(p+2)∗q

By the independence of Ii and ϵi,

1

N
XT ϵ =



1
N

∑
Iiϵi

1
N

∑
(1− Ii)ϵi

1
N

∑
Xi1ϵi
...

1
N

∑
Xipϵi


p→ 0(p+2)∗1

By Slutsky’s Theorem, β̂
p→ β.

A.2 Proof of Theorem 2.3.2

Proof. Firstly, consider the numerator

Lβ̂ = µ1 − µ2 + L(
1

N
XTX)−1(

1

N
XTZγ +

1

N
XT ϵ)

Denote M = diag( 1
r+1

, r
r+1

, V ar(X1), · · · , V ar(Xp)) and let A = LM−1[( 1
N
XTZγ +
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1
N
XT ϵ]

By matrix calculation,

A =
r + 1

r

1

N

N∑
i=1

q∑
j=1

[(r + 1)Ii − 1]Zi,jrj +
r + 1

r

1

N

N∑
i=1

[(r + 1)Ii − 1]ϵi

Consider the first term of A,∑q
j=1

∑N
i=1[(r + 1)Ii − 1]Zi,jγj =

∑q
j=1

∑sj
rj=1D(j, rj)z

rj
j γj = Op(1)

Consider the second term of A,

V ar[
∑N

i=1[(r + 1)Ii − 1]ϵi] =
∑N

i=1E{[(r + 1)Ii − 1]2}σ2
ϵ∑N

i=1 E{[(r+ 1)Ii − 1]2}/N =
∑N

i=1E[(r+ 1)2I2i − 2(r+ 1)Ii + 1]/N =
∑N

i=1E[(r2 −

1)Ii + 1]/N

Since
∑N

i=1 Ii/N
p→ 1

r+1
, which implies E[

∑N
i=1 Ii/N ] = 1

r+1

Therefore,
∑N

i=1 E[(r2 − 1)Ii + 1]/N = (r2 − 1)
∑N

i=1 EIi/N + 1 = r2−1
r+1

+ 1 = r

V ar[
∑N

i=1[(r + 1)Ii − 1]ϵi] = rNσ2
ϵ

By Central limit theorem,

N∑
i=1

[(r + 1)Ii − 1]ϵi/[rNσ2
ϵ ]

1
2 ⇝ N(0, 1)

N∑
i=1

[(r + 1)Ii − 1]ϵi/
√
N ⇝ N(0, rσ2

ϵ )

√
NA⇝ N(0,

(r + 1)2

r
σ2
ϵ )
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Under H0, using M−1/( 1
N
XTX)−1 p→ 1 and by Slutsky’s theorem,

√
NLβ̂ ⇝ N(0,

(r + 1)2

r
σ2
ϵ )

Consider the denominator,

1

N
L(

1

N
XTX)−1LT p→ 1

N
[r + 1 +

r + 1

r
] =

1

N

(r + 1)2

r

σ̂2 =
1

N − p− 2
(Y −Xβ̂)T (Y −Xβ̂)

=
1

N
(Y −Xβ̂)T (Y −Xβ̂) + op(1)

=
1

N
(Y −Xβ)T (Y −Xβ) +

1

N
(β̂ − β)TXTX(β̂ − β)

− 2

N
(β̂ − β)XT (Y −Xβ) + op(1)

Since β̂
p→ β, 1

N
XTX = Op(1) and

1
N
(XTZγ +XT ϵ) = Op(1).

It implies 1
N
(β̂−β)TXTX(β̂−β)

p→ 0 and 2
N
(β̂−β)XT (Y −Xβ) = 2

N
(β̂−β)(XTZγ+

XT ϵ)
p→ 0

The first item 1
N
(Y −Xβ)T (Y −Xβ) = 1

N
(Zγ+ ϵ)T (Zγ+ ϵ)

p→ σ2
ϵ +
∑q

j=1 γ
2
jV ar(Zj)

By Slutsky’s Theorem

σ̂2 p→ σ2
ϵ +

q∑
j=1

γ2
jV ar(Zj)

The denominator
√

σ̂2L(XTX)−1LT p→
√

1
N

√
σ2
ϵ +

∑q
j=1 γ

2
jV ar(Zj)

√
(r+1)2

r

By Slutsky’s Theorem
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Lβ̂

(σ̂2L(XTX)−1LT )1/2
⇝ N(0,

σ2
ϵ

σ2
ϵ +

∑q
j=1 γ

2
jV ar(Zj)

)

Under Ha : µ1 − µ2 ̸= 0 with a sequence of local alternatives, i.e., µ1 − µ2 = δ/
√
N

for a fixed δ ̸= 0, similarly,

Lβ̂ − δ/
√
N

(σ̂2L(XTX)−1LT )1/2
⇝ N(0,

σ2
ϵ

σ2
ϵ +

∑q
j=1 γ

2
jV ar(Zj)

)

and

Lβ̂

(σ̂2L(XTX)−1LT )1/2
⇝ N(

√
rδ

(r + 1)σz

,
σ2
ϵ

σ2
z

)

where σ2
z = σ2

ϵ +
∑q

j=1 γ
2
jV ar(Zj)

The text statistics can be written as

T ∗ =
m−1(Cβ̂ − ξ0)

T [C(XTX)−1CT ]−1(Cβ̂ − ξ0)

σ̂2

Under H0 : Cβ = ξ0, it holds

√
N(Cβ̂ − ξ0) =

√
NC(β̂ − β)

. Notice that 1
N
(XTX)

p→ diag( 1
r+1

, r
r+1

, V ar(X1), · · · , V ar(Xp)).
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So

√
NC(β̂ − β) =

√
NC[(

1

N
XTX)−1(

1

N
XTZγ +

1

N
XT ϵ)]

=
√
NCM−1[

1

N
XTZγ +

1

N
XT ϵ] + op(1)

= CM−1 1√
N



∑
j

∑
i IiZi,jγj +

∑
i Iiϵi∑

j

∑
i(1− Ii)Zi,jγj +

∑
i(1− Ii)ϵi∑

j

∑
i Xi,1Zi,jγj +

∑
i Xi,1ϵi

...∑
j

∑
i Xi,pZi,jγj +

∑
i Xi,pϵi


+ op(1)

Let C = [0m∗2, C̃], where 0m∗2 is an (m ∗ 2) matrix with all entries zero, and M =

diag( 1
r+1

, r
r+1

, M̃), then

√
NC(β̂ − β) = C̃M̃−1 1√

N


∑

j

∑
i Xi,1Zi,jγj +

∑
i Xi,1ϵi

...∑
j

∑
i Xi,pZi,jγj +

∑
i Xi,pϵi

+ op(1)

By the independence of X, Z and ϵ. For any i, E[
∑

j Xi,kZi,jγj + Xi,kϵi] = 0 and

V ar[
∑

j Xi,kZi,jγj + Xi,kϵi] = V ar(Xk)σ
2
z , where k ∈ {1, . . . , p} and σ2

z = σ2
ϵ +∑q

j=1 γ
2
jV ar(Zj).

Also, Cov[
∑

j Xi,k1Zi,jγj + Xi,k1ϵi,
∑

j Xi,k2Zi,jγj + Xi,k2ϵi] = 0 for any k1 ̸= k2 and

k1, k2 ∈ {1, . . . , p}

By the central limit theorem, together with fact CM−1CT = C̃M̃−1C̃T , we have

√
NC(β̂ − β)⇝ N(0, σ2

zCM−1CT )

Also, since σ̂2 p→ σ2
z ,
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[C(XTX)−1CT ]−1

σ̂2

p→ [σ2
zCM−1CT ]−1

Therefore, under H0 : Cβ = ξ0,

T ∗ ⇝ χ2
m/m

Under HA : Cβ = ξ1 with a sequence of local alternatives, i.e., ξ1 − ξ0 = η/
√
N for a

fixed η ̸= 0,it holds

√
N(Cβ̂ − ξ0) =

√
NC(β̂ − β) +

√
N(ξ1 − ξ0) =

√
NC(β̂ − β) + η

. So

T ∗ =
m−1

√
N(β̂ − β)TCT [C(XTX)−1CT ]−1

√
NC(β̂ − β)

σ̂2
+

m−1ηT [C(XTX)−1CT ]−1η

σ̂2

+
2m−1ηT [C(XTX)−1CT ]−1

√
NC(β̂ − β)

σ̂2

Since β̂
p→ β,

[C(XTX)−1CT ]−1

σ̂2

p→ [σ2
zCM−1CT ]−1, we have

2m−1ηT [C(XTX)−1CT ]−1
√
NC(β̂ − β)

σ̂2

p→ 0

Therefore,

T ∗ ⇝ χ2
m(λ)/m, λ = ηT [C(XTX)−1CT ]−1η/σ2

z
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A.3 Proof of Theorem 3.3.1

The asymptotic distribution

T =
log(R̂R)− (log(E[Y1])− log(E[Y0])

ŝe(log(R̂R))
∼ N(0, (

E[V ar[Y |T = 1, X]

E[Y1]2
+

E[V ar[Y |T = 0, X]

E[Y0]2
)

(
(1− E[Y1])

E[Y1]
+

(1− E[Y0])

E[Y0]
)

)

Proof. To prove the theorem, we need three lemmas.

Lemma 1

log(R̂R) = log(E[Y1])− log(E[Y0]) +
2

nE[Y1]

∑
Tiyi −

2

nE[Y0]

∑
(1− Ti)yi + op(n

−1/2)

Proof

Define Dn =
∑n

i=1(2Ti − 1) as the overall balance of the randomization. For CAR,

Dn = Op(1)

We could show that

∑n
i=1 Tiyi
n1

− E[Y1] =
2

n

∑
Tiyi − E[Y1]−

∑
Tiyi
n1

Dn

n

=
2

n

∑
Tiyi − E[Y1] + op(n

−1/2)

∑n
i=1(1− Ti)yi

n0

− E[Y0] =
2

n

∑
(1− Ti)yi − E[Y0]−

∑
(1− Ti)yi

n0

Dn

n

=
2

n

∑
(1− Ti)yi − E[Y0] + op(n

−1/2)
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By Taylor Expansion

log(
n∑

i=1

Tiyi/n1) = log(E[Y1]) + (
2

n

∑
Tiyi − E[Y1])

1

E[Y1]
+ op(n

−1/2)

log(
n∑

i=1

(1− Ti)yi/n0) = log(E[Y0]) + (
2

n

∑
(1− Ti)yi − E[Y0])

1

E[Y0]
+ op(n

−1/2)

Therefore

log(R̂R) = log(
n∑

i=1

Tiyi/n1)− log(
n∑

i=1

(1− Ti)yi/n0)

= log(E[Y1])− log(E[Y0]) +
2

nE[Y1]

∑
Tiyi −

2

nE[Y0]

∑
(1− Ti)yi + op(n

−1/2)

(A.1)

Lemma 2

The estimated variance of log(R̂R) has properties

√
nŝe(log(R̂R)) = (

2(1− E[Y1])

E[Y1]
+

2(1− E[Y0])

E[Y0]
)1/2

Proof The variance of µ̂ and θ̂ is estimated based on the information matrix I(µ̂, θ̂)

For logistic regression,

I(µ̂, θ̂) =

 ∑
h

′
(µ̂+ θ̂Ti)

∑
Tih

′
(µ̂+ θ̂Ti)∑

Tih
′
(µ̂+ θ̂Ti)

∑
Tih

′
(µ̂+ θ̂Ti)



106



Notice that

1

n

∑
h

′
(µ̂+ θ̂Ti) =

n1

n
h

′
(µ̂+ θ̂) +

n0

n
h

′
(µ̂)

=
n1

n
h

′
h−1(

∑n
i=1 Tiyi
n1

) +
n0

n
h

′
h−1(

∑n
i=1(1− Ti)yi

n1

)

P−→ 1

2
h

′
h−1(E[Y1]) +

1

2
h

′
h−1(E[Y0])

Similarly,

1

n

∑
Tih

′
(µ̂+ θ̂Ti) =

n1

n
h

′
(µ̂+ θ̂)

P−→ 1

2
h

′
h−1(E[Y1])

Therefore, we have

1

n
I(µ̂, θ̂)

P−→

1
2
h

′
h−1(E[Y1]) +

1
2
h

′
h−1(E[Y0])

1
2
h

′
h−1(E[Y1])

1
2
h

′
h−1(E[Y1])

1
2
h

′
h−1(E[Y1])



which follows that

nI−1(µ̂, θ̂)
P−→


2

h′h−1(E[Y0])

−2

h′h−1(E[Y0])
−2

h′h−1(E[Y0])

2

h′h−1(E[Y0])
+

2

h′h−1(E[Y1])



=


2

E[Y0](1− E[Y0])

−2

E[Y0](1− E[Y0])
−2

E[Y0](1− E[Y0])

2

E[Y0](1− E[Y0])
+

2

E[Y1](1− E[Y1])



Note that h
′
(x) = h(x)(1− h(x)), so h

′
h−1(x) = x(1− x)
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The variance of log(RR) could be obtained by Delta method.

f(µ, θ) = log(RR) = log(h(µ+ θ))− log(h(µ))

The gradient of f(µ, θ) is

▽f = (1/h(µ+ θ).h
′
(µ+ θ)− 1/h(µ)h

′
(µ), 1/h(µ+ θ).h

′
(µ+ θ)

= (E[Y0]− E[Y1], 1− E[Y1])

Then The variance of
√
n log(R̂R) is

▽fnI−1(µ̂, θ̂)▽fT =
2(1− E[Y1])

E[Y1]
+

2(1− E[Y0])

E[Y0]

As a result

√
nŝe(log(R̂R)) = (

2(1− E[Y1])

E[Y1]
+

2(1− E[Y0])

E[Y0]
)1/2 (A.2)

Lemma 3

1√
n
(log(R̂R)− (log(E[Y1]/E[Y0])))

∼ N(0,
E[V ar[Y |T = 1, X]

E[Y1]2
+

E[V ar[Y |T = 0, X]

E[Y0]2
)

Proof
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By the result of Lemma1

V ar[log(R̂R)]

= V ar[
2

nE[Y1]

∑
Tiyi −

2

nE[Y0]

∑
(1− Ti)yi]

=
4

n2E2[Y1]
V ar[

∑
Tiyi] +

4

n2E2[Y0]
V ar[

∑
(1− Ti)yi]

− 8

n2E[Y0]E[Y1]
Cov[

∑
Tiyi,

∑
(1− Ti)yi]

For the first term

4

n2E2[Y1]
V ar[

∑
Tiyi] =

4

n2E2[Y1]
V ar[

∑
Ti=1

y1i]

where y1i ∼ Bernoulli(p1i) independently, and logit(p1i) = µ+ θ + βX

For the second term

4

n2E2[Y0]
V ar[

∑
(1− Ti)yi] =

4

n2E2[Y0]
V ar[

∑
Ti=0

y0i]

where y0i ∼ Bernoulli(p0i) independently, and logit(p0i) = µ+ βX

Conditional on covariates, Ti and Y1i are independent, Ti and Y0i are also independent.

Therefore, the first term is
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4

n2E2[Y1]

∑
T=1

V ar[y1i|Xi]

and the second term is

4

n2E2[Y0]

∑
T=0

V ar[y0i|Xi]

By the large number theory,

4

nE2[Y1]

∑
T=1

V ar[yi|Ti = 1, Xi]
P−→ 2V ar[Y |T = 1, X]

E2[Y1]

and

4

nE2[Y0]

∑
T=0

V ar[yi|Ti = 0, Xi]
P−→ 2V ar[Y |T = 0, X]

E2[Y0]

For the third term

8

n2E[Y0]E[Y1]
Cov[

∑
Tiyi,

∑
(1− Ti)yi]

=
8

n2E[Y0]E[Y1]
E[Cov[

∑
Tiyi,

∑
(1− Ti)yi|T,X]] = 0

Above all, the asymptotic distribution

√
n(log(R̂R)− (log(E[Y1])− log(E[Y0])))

∼ N(0,
2E[V ar[Y |T = 1, X]]

E[Y1]2
+

2E[V ar[Y |T = 0, X]]

E[Y0]2
) (A.3)

By the result of three lemmas
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The asymptotic distribution

T =
log(R̂R)− (log(E[Y1])− log(E[Y0])

ŝe(log(R̂R))

∼ N(0, (

E[V ar[Y |T = 1, X]

E[Y1]2
+

E[V ar[Y |T = 0, X]

E[Y0]2
)

(
(1− E[Y1])

E[Y1]
+

(1− E[Y0])

E[Y0]
)

)

A.4 Proof of Theorem 3.3.2

Proof. Lemma 1 : the estimation of group means is consistent, i.e. p̂1
P−→ p1, and

p̂0
P−→ p0.

where p̂1 = 1
n

∑n
i=1 h(µ̂ + θ̂ + β̂Xi), p̂0 = 1

n

∑n
i=1 h(µ̂ + β̂Xi) and p1 = E[h(µ + θ +

βX + γZ)], p0 = E[h(µ+ βX + γZ)]

Proof of Lemma 1

The parameter µ̂, θ̂, β̂ is estimated as MLE paramter in model 3.7, which is the

solution of
∂l(µ, θ, β|T,X)

∂µ
= 0, where l(µ, θ, β|T,X) is the log likelihood function.

Then, we have the following equation:

∂l

∂µ
=
∑

(yi − pi) =
n∑

i=1

(yi − h(µ+ θTi +Xiβ)) = 0

∂l

∂θ
=
∑

Ti(yi − pi) =
n∑

i=1

Ti(yi − h(µ+ θTi +Xiβ)) = 0

∂l

∂βj

=
∑

Xij(yi − pi) =
n∑

i=1

Xij(yi − h(µ+ θTi +Xiβ)) = 0

(A.4)

Suppose the estimator Θ̂n = (θ̂n, µ̂n, β̂n) are consistent to some parameters which are
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different from true values Θ = (θ, µ, β). We assume that

Θ̂n = (θ̂n, µ̂n, β̂n) → Θ0 = (θ0, µ0, β0)

Though there is no closed form of the estimator, we could use Taylor expansion to

express its asymptotic distribution.

To expand l
′
(Θ̂n) about Θ0, which is

▽l(Θ̂n) = ▽l(Θ0) + (Θ̂n −Θ0)▽2 l(Θ0) +
1

2
(Θ̂n −Θ0)

2 ▽3 l(Θ∗
n)

where Θ∗
n lies in a small neighbourhood of Θ0 and Θn. By assumption, the left side

is zero, so that

√
n(Θ̂n −Θ0) =

(
1√
n
▽ l(Θ0)

)
[− 1

n
▽2 l(Θ0)]

−1 + op(1) (A.5)

where

▽l(Θ0) = (
n∑

i=1

Ti(yi − h(µ0 + θ0Ti +Xiβ0),

n∑
i=1

(yi − h(µ0 + θ0Ti +Xiβ0),
n∑

i=1

Xi(yi − h(µ0 + θ0Ti +Xiβ0))

Denote

− 1

n
▽2 l(Θ0) =

1

n
I(µ0, θ0, β0)
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To simplify the matrix, we make notations as following:

σ2
1 =

1

n

n∑
i=1

h(µ0 + θ0 +Xiβ0)(1− h(µ0 + θ0 +Xiβ0))

σ2
0 =

1

n

n∑
i=1

h(µ0 +Xiβ0)(1− h(µ0 +Xiβ0))

σ2
1,x =

1

n

n∑
i=1

Xih(µ0 + θ0 +Xiβ0)(1− h(µ0 + θ0 +Xiβ0))

σ2
0,x =

1

n

n∑
i=1

Xih(µ0 +Xiβ0)(1− h(µ0 +Xiβ0))

σ2
1,xx =

1

n

n∑
i=1

XT
i Xi2h(µ0 + θ0 +Xiβ0)(1− h(µ0 + θ0 +Xiβ0))

σ2
0,x =

1

n

n∑
i=1

XT
i Xih(µ0 +Xiβ0)(1− h(µ0 +Xiβ0))

Then

1

n
I(θ0, µ0, β0)

P−→


1
2
σ2
1

1
2
σ2
1

1
2
σ2
1,x

1
2
σ2
1

1
2
(σ2

1 + σ2
0)

1
2
(σ2

1,x + σ2
0,x)

1
2
σ2
1,x

1
2
(σ2

1,x + σ2
0,x)

1
2
(σ2

1,xx + σ2
0,xx)



We consider I(µ0, θ0, β0) as a block matrix I(µ0, θ0, β0) =

A B

C D


where A =

(
1
2
σ2
1

)
∈ R1×1

B =

(
1
2
σ2
1

1
2
σ2
1,x

)
∈ R1×p+1

C =

 1
2
σ2
1

1
2
σ2
1,x

 ∈ Rp+1×1
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and D =

 1
2
(σ2

1 + σ2
0)

1
2
(σ2

1,x + σ2
0,x)

1
2
(σ2

1,x + σ2
0,x)

1
2
(σ2

1,xx + σ2
0,xx

 ∈ Rp+1×p+1

Then by using block matrix calculation

A B

C D


−1

=

A−1 + A−1B(D − CA−1B)−1CA−1 −A−1B(D − CA−1B)−1

−(D − CA−1B)−1CA−1 (D − CA−1B)−1



We could obtain that

(D − CA−1B)−1 =


2

σ2
0

+
σ2
0,x

σ2
0

I−1
xx

(σ2
0,x)

T

σ2
0

−
σ2
0,x

σ2
0

I−1
xx

−I−1
xx

(σ2
0,x)

T

σ2
0

I−1
xx



where I−1
xx = 1

2

(
σ2
1,xx −

(σ2
1,x)

Tσ2
1,x

σ2
1

+ σ2
0,xx −

(σ2
0,x)

Tσ2
0,x

σ2
0

)

Furthermore, we could calculate that
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nI(θ0, µ0, β0)
−1 =

A B

C D


−1

=



A∗ − 2

σ2
0

− (
σ2
0,x

σ2
0

−
σ2
1,x

σ2
1

)I−1
xx (

σ2
0,x

σ2
0

)T (
σ2
0,x

σ2
0

−
σ2
1,x

σ2
1

)I−1
xx

− 2

σ2
0

− (
σ2
0,x

σ2
0

−
σ2
1,x

σ2
1

)I−1
xx (

σ2
0,x

σ2
0

)T
2

σ2
0

+ (
σ2
0,x

σ2
0

)I−1
xx (

σ2
0,x

σ2
0

)T −(
σ2
0,x

σ2
0

)I−1
xx

I−1
xx (

σ2
0,x

σ2
0

−
σ2
1,x

σ2
1

)T −I−1
xx (

σ2
0,x

σ2
0

)T I−1
xx


(A.6)

where A∗(
2

σ2
0

+
2

σ2
1

) + (
σ2
0,x

σ2
0

−
σ2
1,x

σ2
1

)I−1
xx (

σ2
0,x

σ2
0

−
σ2
1,x

σ2
1

)T

Now we calculate p̂1 − p̃1 by using equation A.5.

Denote p̃1 =
1
n

∑n
i=1 h(µ0 + θ0 + β0Xi) and recall .Θ̂n = (θ̂n, µ̂n, β̂n), Θ0 = (θ0, µ0, β0)

Then
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p̂1 − p̃1 =
1

n

n∑
i=1

h(µ̂+ θ̂ + β̂Xi)−
1

n

n∑
i=1

h(µ0 + θ0 + β0Xi)

=
1

n

n∑
i=1

[(Θ̂n −Θ0)
T ▽ h(µ0 + θ0 + β0Xi)] + op(n

−1/2)

=
1

n

n∑
i=1

[(
1

n
▽ l(Θ0)

)(
− 1

n
▽2 l(Θ0)

)−1

▽ h(µ0 + θ0 + β0Xi)

]
+ op(n

−1/2)

=

(
1

n
▽ l(Θ0)

)(
− 1

n
▽2 l(Θ0)

)−1
1

n

n∑
i=1

▽h(µ0 + θ0 + β0Xi) + op(n
−1/2)

=

(
1

n
▽ l(Θ0)

)
(2, 0, 0)T + op(n

−1/2)

=
2

n

n∑
i=1

Ti(yi − h(µ0 + θ0Ti +Xiβ0) + op(n
−1/2)

(A.7)

Since Θ̂n = (θ̂n, µ̂n, β̂n) → Θ0 = (θ0, µ0, β0), by continuous mapping theorem, p̂1 −

p̃1 → 0

Recall that in equation A.4, .Θ̂n = (θ̂n, µ̂n, β̂n) is the root of the equation

∂l

∂θ
=
∑

Ti(yi − pi) =
n∑

i=1

Ti(yi − h(µ+ θTi +Xiβ)) = 0

Therefore,

2

n

n∑
i=1

Tih(µ̂+ θ̂Ti + β̂Xi) =
2

n

n∑
i=1

Tiyi
P−→ E[Y |T = 1]

2

n

n∑
i=1

Tih(µ0 + θ0Ti +Xiβ0)
P−→ E[Y |T = 1]
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Also, for full model 3.6, we also have

∂l

∂θ
=
∑

Ti(yi − pi) =
n∑

i=1

Ti(yi − h(µ+ θTi +Xiβ + Ziγ)) = 0

Then, 2
n

∑n
i=1 Tih(µ+ θTi +Xiβ + Ziγ))

P−→ E[h(µ+ θ + βX + γZ)] = E[Y |T = 1]

p̂1 − p1 =
1

n

n∑
i=1

h(µ̂+ θ̂ + β̂Xi)−
1

n

n∑
i=1

h(µ+ θ +Xiβ + Ziγ)

→ 1

n

n∑
i=1

h(µ0 + θ0 +Xiβ0)−
1

n

n∑
i=1

h(µ+ θ +Xiβ + Ziγ)

→ E[Y |T = 1]− E[Y |T = 1] = 0

Similarly,

p̂0 − p̃0 =
1

n

n∑
i=1

h(µ̂+ β̂Xi)−
1

n

n∑
i=1

h(µ0 + β0Xi)

=
1

n

n∑
i=1

[((0, µ̂, β̂)− (0, µ, β))T ▽ h(µ0 + θ0 + β0Xi)] + op(n
−1/2)

=
1

n

n∑
i=1

[(
1

n
▽ l(Θ0)

)(
− 1

n
▽2 l(Θ0)

)−1

▽ h(µ0 + θ0 + β0Xi)

]
+ op(n

−1/2)

=

(
1

n
▽ l(Θ0)

)(
− 1

n
▽2 l(Θ0)

)−1
1

n

n∑
i=1

▽h(µ0 + θ0 + β0Xi) + op(n
−1/2)

=

(
1

n
▽ l(Θ0)

)
(−2, 2, 0)T + op(n

−1/2)

=
2

n

n∑
i=1

(1− Ti)(yi − h(µ0 + θ0Ti +Xiβ0) + op(n
−1/2)

(A.8)
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Also,

2

n

n∑
i=1

(1− Ti)h(µ̂+ θ̂Ti + β̂Xi) =
2

n

n∑
i=1

(1− Ti)yi
P−→ E[Y |T = 0]

2

n

n∑
i=1

(1− Ti)h(µ0 + θ0Ti +Xiβ0)
P−→ E[Y |T = 0]

For full model 3.6, we also have

∂l

∂θ
=
∑

Ti(yi − pi) =
n∑

i=1

Ti(yi − h(µ+ θTi +Xiβ + Ziγ)) = 0

and

∂l

∂µ
=
∑

(yi − pi) =
n∑

i=1

(yi − h(µ+ θTi +Xiβ + Ziγ)) = 0

Then, 2
n

∑n
i=1(1− Ti)h(µ+ θTi +Xiβ + Ziγ))

P−→ E[h(µ+ βX + γZ)] = E[Y |T = 0]

p̂0 − p0 =
1

n

n∑
i=1

h(µ̂+ β̂Xi)−
1

n

n∑
i=1

h(µ+Xiβ + Ziγ)

→ 1

n

n∑
i=1

h(µ0 +Xiβ0)−
1

n

n∑
i=1

h(µ+Xiβ + Ziγ)

→ E[Y |T = 0]− E[Y |T = 0] = 0

Lemma 2: The asymptotic distribution of log relative risk is:

√
n

(
log(

p̂1
p̂0
)− log(

E[Y1]

E[Y0]
)

)
⇝ N

(
0,

2E[V ar(Y1|X ,Z)]

E[Y1]2
+

2E[V ar(Y0|X ,Z)]

E[Y0]2

)

Proof of Lemma 2

Denote yi1 as the outcome yi when T = 1, and yi0 as the outcome yi when T = 0,

then yi = Tiyi1 + (1− Ti)yi0.
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In equation A.7, we obtain that

p̂1 − E[Y1] = p̂1 − p̃1 + p̃1 − E[Y1]

=
2

n

n∑
i=1

Ti(yi − h(µ0 + θ0Ti +Xiβ0) + op(n
−1/2) +

1

n

n∑
i=1

h(µ0 + θ0 +Xiβ0)− E[Y1]

=
2

n

n∑
i=1

Ti(yi1 − h(µ0 + θ0 +Xiβ0) +
1

n

n∑
i=1

h(µ0 + θ0 +Xiβ0)−
1

n

n∑
i=1

E[Y1] + op(n
−1/2)

=
1

n

n∑
i=1

(2Ti − 1)(yi1 − h(µ0 + θ0 +Xiβ0)) +
1

n

n∑
i=1

(yi1 − h(µ0 + θ0 +Xiβ0))

+
1

n

n∑
i=1

h(µ0 + θ0 +Xiβ0)−
1

n

n∑
i=1

E[Y1] + op(n
−1/2)

=
1

n

n∑
i=1

(2Ti − 1)(yi1 − h(µ0 + θ0 +Xiβ0)) +
1

n

n∑
i=1

(yi1 − E[Y1]) + op(n
−1/2)

Next, we calculate the variance of p̂1 − p̃1

Conditional on X ,Z, Ti and yi1 − h(µ0 + θ0 +Xiβ0) is independent

V ar[
1

n

n∑
i=1

(2Ti − 1)(yi1 − h(µ0 + θ0 +Xiβ0))|X ,Z]

=
1

n2

n∑
i=1

E[(2Ti − 1)2(yi1 − h(µ0 + θ0 +Xiβ0))
2|X ,Z]

=
1

n2

n∑
i=1

E[(2Ti − 1)2]E[(yi1 − h(µ0 + θ0 +Xiβ0))
2|X ,Z]

=
1

n2

n∑
i=1

V ar[yi1|X ,Z]

Also, conditional on X ,Z

V ar[
1

n

n∑
i=1

(yi1 − E[Y1])|X ,Z]

=
1

n2

n∑
i=1

V ar[yi1|X ,Z]

and
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Cov[
1

n

n∑
i=1

(2Ti − 1)(yi1 − h(µ0 + θ0 +Xiβ0)),
1

n

n∑
i=1

(yi1 − E[Y1])|X ,Z]

=
1

n2

n∑
i,j=1

E[(2Ti − 1)(yi1 − h(µ0 + θ0 +Xiβ0))(yj1 − E[Y1])|X ,Z]

=
1

n2

n∑
i,j=1

E[(2Ti − 1)]E[(yi1 − h(µ0 + θ0 +Xiβ0))(yj1 − E[Y1])|X ,Z]

= 0

Above all,

V ar[
√
n(p̂1 − E[Y1])|X ,Z] =

2

n2

n∑
i=1

V ar[yi1|X ,Z] + op(1)

P−→ 2E[V ar(Y1|X ,Z)]

Similarly,

p̂0 − E[Y0] = p̂1 − p̃0 + p̃0 − E[Y0]

=
2

n

n∑
i=1

(1− Ti)(yi − h(µ0 + θ0Ti +Xiβ0) + op(n
−1/2) +

1

n

n∑
i=1

h(µ0 +Xiβ0)− E[Y0]

=
2

n

n∑
i=1

(1− Ti)(yi0 − h(µ0 +Xiβ0) +
1

n

n∑
i=1

h(µ0 +Xiβ0)−
1

n

n∑
i=1

E[Y0] + op(n
−1/2)

=
1

n

n∑
i=1

(1− 2Ti)(yi0 − h(µ0 +Xiβ0)) +
1

n

n∑
i=1

(yi0 − h(µ0 +Xiβ0))

+
1

n

n∑
i=1

h(µ0 +Xiβ0)−
1

n

n∑
i=1

E[Y0] + op(n
−1/2)

=
1

n

n∑
i=1

(2Ti − 1)(yi0 − h(µ0 +Xiβ0)) +
1

n

n∑
i=1

(yi0 − E[Y0]) + op(n
−1/2)
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Conditional on X ,Z, Ti and yi0 − h(µ0 +Xiβ0) is independent

V ar[
1

n

n∑
i=1

(1− 2Ti)(yi0 − h(µ0 +Xiβ0))|X ,Z]

=
1

n2

n∑
i=1

E[(1− 2Ti)
2(yi0 − h(µ0 +Xiβ0))

2|X ,Z]

=
1

n2

n∑
i=1

E[(1− 2Ti)
2]E[(yi0 − h(µ0 +Xiβ0))

2|X ,Z]

=
1

n2

n∑
i=1

V ar[yi0|X ,Z]

Also, conditional on X ,Z

V ar[
1

n

n∑
i=1

(yi0 − E[Y0])|X ,Z]

=
1

n2

n∑
i=1

V ar[yi0|X ,Z]

and

Cov[
1

n

n∑
i=1

(1− 2Ti)(yi0 − h(µ0 +Xiβ0)),
1

n

n∑
i=1

(yi0 − E[Y0])|X ,Z]

=
1

n2

n∑
i,j=1

E[(1− 2Ti)(yi0 − h(µ0 +Xiβ0))(yj0 − E[Y0])|X ,Z]

=
1

n2

n∑
i,j=1

E[(1− 2Ti)]E[(yi0 − h(µ0 +Xiβ0))(yj0 − E[Y0])|X ,Z]

= 0
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Therefore, we obtain that

V ar[
√
n(p̂0 − E[Y0])|X ,Z] =

2

n2

n∑
i=1

V ar[yi0|X ,Z] + op(1)

P−→ 2E[V ar(Y0|X ,Z)]

The covariance of p̂0 − E[Y0] and p̂1 − E[Y1] conditional on X ,Z is

Cov[p̂1 − E[Y1], p̂0 − E[Y0]|X ,Z]

= Cov[(
1

n

n∑
i=1

(2Ti − 1)(yi1 − h(µ0 + θ0 +Xiβ0))

+
1

n

n∑
i=1

(yi1 − E[Y1])),
1

n

n∑
i=1

(yi1 − E[Y1]))(
1

n

n∑
i=1

(2Ti − 1)(yi0 − h(µ0 +Xiβ0))

+
1

n

n∑
i=1

(yi0 − E[Y0])|X ,Z] + op(n
−1/2)

=
1

n2

n∑
i,j=1

E[((2Ti − 1)(yi1 − h(µ0 + θ0 +Xiβ0)) + (yi1 − E[Y1]))

((2Tj − 1)(yj0 − h(µ0 +Xiβ0)) + (yj0 − E[Y0]))|X ,Z] + op(n
−1/2)

=
1

n2

n∑
i,j=1

{E[(2Ti − 1)(yi1 − h(µ0 + θ0 +Xiβ0)(2Tj − 1)(yj0 − h(µ0 +Xiβ0))|X ,Z]

+ E[(2Ti − 1)(yi1 − h(µ0 + θ0 +Xiβ0)(yj0 − E[Y0])|X ,Z] + op(n
−1/2)

+ E[(2Tj − 1)(yj0 − h(µ0 +Xiβ0))(yi1 − E[Y1])|X ,Z]

+ E[(yi1 − E[Y1])(yj0 − E[Y0]|X ,Z)]}+ op(n
−1/2)

= 0 + op(n
−1/2)

P−→ 0

Since conditional on X ,Z, Ti and yi0 − h(µ0 + Xiβ0) are independent, Ti and yi1 −

h(µ0 + θ0 +Xiβ0) are independent, yi0 and yi1 are independent.
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By central limit theorem and Slutsky’s theorem, conditional on X ,Z,

√
n


p̂1

p̂0

−

E[Y1]

E[Y0]


⇝ N


0

0

 ,

2E[V ar(Y1|X ,Z)] 0

0 2E[V ar(Y0|X ,Z)]




Since 2E[V ar(Y1|X ,Z)] and 2E[V ar(Y0|X ,Z)] is independent on X ,Z, the asymp-

totic distribution is independent on X ,Z, so we conclude

√
n


p̂1

p̂0

−

E[Y1]

E[Y0]


⇝ N


0

0

 ,

2E[V ar(Y1|X ,Z)] 0

0 2E[V ar(Y0|X ,Z)]




Consider function f(x) = log(x1)− log(x2) = log(
x1

x2

), where x = (x1, x2)
T .

By Delta Method, ▽f(E[Y1], E[Y0]) = (
1

E[Y1]
,

1

E[Y0]
)

√
n

(
log(

p̂1
p̂0
)− log(

E[Y1]

E[Y0]
)

)
⇝ N

(
0,

2E[V ar(Y1|X ,Z)]

E[Y1]2
+

2E[V ar(Y0|X ,Z)]

E[Y0]2

)
(A.9)

Lemma 3: The estimated standard deviation of log(
p̂1
p̂0
),

√
nŝe(log(

p̂1
p̂0
)

P−→

√
2E[V ar(Y1|X )]

E[Y1]2
+

2E[V ar(Y0|X )]

E[Y0]2

Proof of Lemma 3

The estimated variance of log(
p̂1
p̂0
) is based on the information matrix I−1(θ̂, µ̂, β̂) and
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the gradient function ▽f(θ̂, µ̂, β̂), where f(x) = log(p1(x))− log(p0(x)) = log(
p1(x)

p0(x)
),

x = (θ, µ, β)T , and p1(x) =
1
n

∑n
i=1 h(θ + µ+ βXi),p0(x) =

1
n

∑n
i=1 h(µ+ βXi).

Since Θ̂n = (θ̂n, µ̂n, β̂n)
P−→ Θ0 = (θ0, µ0, β0), by continuous mapping theorem, we

have I−1(θ̂, µ̂, β̂)
P−→ I−1(θ0, µ0, β0) and ▽f(θ̂, µ̂, β̂)

P−→ ▽f(θ0, µ0, β0).

Note that

▽f(θ0, µ0, β0) =
1

1
n

∑n
i=1 h(θ0 + µ0 + β0Xi)

(σ2
1, σ

2
1, σ

2
1,x)

− 1
1
n

∑n
i=1 h( µ0 + β0Xi)

(0, σ2
0, σ

2
0,x)

where σ2
1, σ

2
1,x, σ

2
0, σ

2
0,x is used as the same notation in A.6.

By matrix calculation, (σ2
1, σ

2
1, σ

2
1,x)nI

−1(θ0, µ0, β0) = (2, 0, 0) and

(0, σ2
0, σ

2
0,x)nI

−1(θ0, µ0, β0) = (−2, 2, 0).

Since 1
n

∑n
i=1 h(θ0 + µ0 + β0Xi)

P−→ 1

E[Y1]
and

1
1
n

∑n
i=1 h(µ0 + β0Xi)

P−→ 1

E[Y0]

Also, σ2
1 = 1

n

∑n
i=1 h(µ0 + θ0 + Xiβ0)(1 − h(µ0 + θ0 + Xiβ0))

P−→ E[h(µ0 + θ0 +

Xiβ0)(1−h(µ0+θ0+Xiβ0))] = E [E[h(µ0 + θ0 +Xiβ0)(1− h(µ0 + θ0 +Xiβ0))|X ]] =

E[V ar[Y1|X ]]

Since E[h(µ0 + θ0 +Xiβ0)|X ] = E[Y1|X ] and V ar[Y1|X ] = E[Y1|X ](1− E[Y1|X ])

Then we obtained the estimated variance of
√
n log(

p̂1
p̂0
) is
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▽ f(θ̂, µ̂, β̂)nI−1(θ̂, µ̂, β̂)▽ f(θ̂, µ̂, β̂)T

P−→ ▽f(θ0, µ0, β0)nI
−1(θ0, µ0, β0)▽ f(θ0, µ0, β0)

T

= (
1

1
n

∑n
i=1 h(θ0 + µ0 + β0Xi)

)22σ2
1 + (

1
1
n

∑n
i=1 h(µ0 + β0Xi)

)22σ2
0

P−→ 2E[V ar(Y1|X )]

E[Y1]2
+

2E[V ar(Y0|X )]

E[Y0]2

By Lemma 2 and Lemma 3, we obtain the asymptotic distribution of test statistics

in Theorem 2,

T =
log(R̂R)− (log(RR)

ŝe(log(R̂R))
∼ N(0,

σ2
1

σ2
2

)

where σ2
1 =

E[V ar[Y1|X ,Z]

E[Y1]2
+
E[V ar[Y0|X ,Z]

E[Y0]2
and σ2

2 =
E[V ar[Y1|X ]

E[Y1]2
+

E[V ar[Y0|X ]

E[Y0]2
.

A.5 Proof of Theorem 4.2.1

Before the proof, we claim several assumptions

• (Tij, Cij, Xi) and Aiare independent conditioned on covariate X,Z

• Tj, Cj are independent conditioned on covariate X. j = 0, 1

• The ratio P (C1 ≥ t|X)/P (C0 ≥ t|X) is a function of t only

• For each stratum s, n
−1/2
s Ds(z) = op(1), which implies each stratum is well

balanced and have enough patients

• Under partial model , the estimator β̂P converges to a vector β∗

Firstly, based on assumption 5, we could obtain that
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n−1/2U1(0, β̂) = n−1/2U1(0, β
∗) + n−1/2∂U(0, β)

∂β
|β=β∗(β̂ − β∗) + op(1)

= n−1/2U1(0, β
∗) + op(1)

= n−1/2

n∑
i=1

∫ τ

0

[g(t)Ii −
E[S

(1)
1 (0, β, Ti)]

E[S
(0)
1 (0, β, Ti)]

]

{dNi(t)− p(t)Yi(t) exp(β
∗Zi)dt}+ op(1)

= n−1/2

n∑
i=1

∫ τ

0

[g(t)Ii − g(t)µ(t)]

{dNi(t)− p(t)Yi(t) exp(β
∗Zi)dt}+ op(1)

= n−1/2

n∑
i=1

[IiOi1 − (1− Ii)Oi0] + op(1)

where

Oi1 =

∫ τ

0

[g(t)(1− µ(t))]{dNi(t)− p(t)Yi(t) exp(β
∗Zi)dt}+ op(1)

Oi0 =

∫ τ

0

[g(t)µ(t)]{dNi(t)− p(t)Yi(t) exp(β
∗Zi)dt}+ op(1)

We could define

U11 = n−1/2

n∑
i=1

[Ii(Oi1 − Ei)− (1− Ii)(Oi0 − Ei)]

U12 = n−1/2

n∑
i=1

(2Ii − 1)Ei = n−1/2
∑
s

Dn(s)Ei

where Ei = E(Oij|X,Z)

Secondly, we find the variance of U11
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Note that conditional on A = (I,X, Z)

var(U11|A) = var(n−1/2

n∑
i=1

[Ii(Oi1 − Ei)− (1− Ii)(Oi0 − Ei)]|A)

= n−1

n∑
i=1

Iivar(Oi1 − Ei1|A) + (1− Ii)var(Oi0 − Ei0|A)

= n−1
∑
s

∑
i:S=s

{Iivar(Oi1|Z,X) + (1− Ii)var(Oi0|Z,X)}

=
∑
s

ns

n
{var(Oi1|S = s)(n−1

s

∑
i:S=s

Ii)

+ var(Oi0|S = s)(n−1
s

∑
i:S=s

(1− Ii))}

=
∑
s

1

2
P (S = s)[var(Oi1|S = s) + var(Oi0|S = s)] + op(1)

= E[var(Oij)|X,Z] + op(1)

Also, U12 = op(1) since Dn(z) is bounded in probability and var(U12) = op(1)

Therefore, by Lindeberg’s central limit theorem,conditional on I,X, Z, we have

(U11|I,X, Z)
d→ N(0, E[var(Oij)|X,Z])

by the dominated convergence theorem and finite covering theorem, we could obtain

the unconditional distribution, which is

n−1/2U1(0, β̂)
d→ N(0, E[var(Oij)|X,Z])

.

For denominator,
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From the definition of B̂(0, β̂) = n−1
∑n

i=1 Ô
2
i ,

Since Ôi could be expressed as

Ôi =

∫ τ

0

g(t){Ii−µ(t)}dNi(t)−
∫ τ

0

Yi(t) exp(β
∗X)

E[S
(0)
1 (0, β∗, t)]

g(t){Ii−µ(t)}
n∑

j=1

dNj(t)

n
+oP (1)

From the theory of counting process in survival analysis, the process Nij(t) has ran-

dom intensity process of form Yij(t)h(t,Xi, Ti)

From the fact that these martingales have expectation zero, we conclude that, under

H0:

n∑
j=1

dNj(t)

n
→ E{Yi(t)h(t,Xi, Ti)}

Therefore, Ôi = IiOi1 − (1− Ii)Oi0 + op(1).

Since E[Oij] = 0, under H0, the estimator of variance B̂(0, β̂) could be expressed as:

B̂(0, β̂) = n−1

n∑
i=1

{IiOi1 − (1− Ii)Oi0}2 + op(1)

7→ E(O2
ij) = var(Oij)

Under H0, the score test:

S ⇝ N(0,
E[var(Oij|Z)]

var(Oij)
)
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Note that the above proof is similar to the proof in Ye and Shao (2020), other than

that the expression in Oij is different as we consider the time-dependent effect.

A.6 Proof of Theorem 4.2.2

Firstly, we consider the numerator term
∑

s∈S n
−1/2Us(α0, β̂s)

Similar as Proof on theorem 1, we could write

Us(α0, β̂s) =
ns∑
i=1

[IiOi1s − (1− Ii)Oi0s] + op(1) = U1s + U2s

where

U1s =
ns∑
i=1

[Ii(Oi1s − Eis)− (1− Ii)(Oi0s − Eis)]

U2s =
ns∑
i=1

(2Ii − 1)Eis =
∑
x

Dn(x)Eis

and Eis = E(Oij|X,Si = s)

Following the similar proof as Theorem 1,

n
−1/2
s Us(α0, β̂s) is asymptotically normal with mean 0 and variance 1

2
(E[var(Oi1s)|X]+

E[var(Oi0s)|X])

The estimator of variance B̂s(α0, β̂) could be expressed as:

B̂s(α0, β̂) = n−1
s

ns∑
i=1

{IiOi1s − (1− Ii)Oi0s}2 + op(1)

7→ 1

2
(E[var(Oi1s)|X] + E[var(Oi0s)|X])

Since E[Oijs|X] = 0 for j = 0, 1
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Also, conditional on X,S = s, Us(α0, β̂s) are independent on different stratum s.

Therefore,
∑

s∈S n
−1/2Us(α0, β̂s) is asymptotically normal with mean 0 and variance

1
2

∑
s∈S(E[var(Oi1s)|X] + E[var(Oi0s)|X]).

The denominator term is expressed
∑

s∈S
ns

n
B̂s(α0, β̂) 7→ 1

2

∑
s∈S(E[var(Oi1s)|X] +

E[var(Oi0s)|X])

In conclusion, the stratified score test

TStrata =
∑
s∈S

n−1/2Us(α0, β̂s)/(
∑
s∈S

ns

n
B̂s(α0, β̂s))

1/2 ∼ N(0, 1)

Proof on Equation 4.16

Suppose the hazard risk ratio of treatment is expressed as HR(t) = exp(btT ) where

b = (b0, b1, . . . , bk) and t = (a0(t), a1(t), . . . , ak(t)) is a vector of known parametric

function.

To obtain a consistent estimator under partial model with omitted variables, we

propose a stratified estimator b̂strata =
∑

s∈S
ns

n
b̂s, where b̂s is estimated coefficient

under stratum s, here s could be the stratum constructed by omitted covariates or

all covariates.

In each stratum S = s, by Taylor expansion,

b̂s − b = [
∂Us(b, β)

∂b
]−1UT

s (b, β) + op(n
−1/2)

and

Cov(b̂s) = [
∂Us(b, β)

∂b
]−1Cov(UT

s (b, β))[
∂Us(b, β)

∂b
]−1
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Under regularity condition,
∂Us(b, β)

∂b
is estimated as Îbb,s(b̂, β̂) and Cov(UT

s (b, β))

is estimated as B̂s(b̂, β̂).

Therefore, a robust variance estimator of b̂s − b would be V̂s = A−1
s BsA

−1
s

where A = Îbb,s(b̂, β̂) and B = B̂s(b̂, β̂).

Note that V̂s is a robust variance estimator when the working model is misspecified.

Within stratum s, we could obtain that A = B + op(1) and by Slustky’s theorem, we

could simply that V̂s ≈ Îbb,s(b̂, β̂)

Conditional on A = (I,X, S), b̂s − b are independent with each stratum s and

b̂s − b√
1

ns

Îbb,s(b̂, β̂)

|A ∼ N(0, 1)

b̂strata − b√∑
s∈S

ns

n2
Îbb,s(b̂, β̂)

|A ∼ N(0, 1)

By the dominated convergence theorem, the previous convergence also holds uncon-

ditionally.

We could further obtain equation 4.16 by using Delta Method
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