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Abstract of Dissertation

Analysis and Scientific Computing on Some Nonlocal PDEs

In this thesis we will perform analysis and computation on nonlocal PDEs. This dis-
sertation consist of two parts. In the first part, we study the existence of solutions for the

porous-media equation system, which is non-linear and nonlocal in both space and time:
D¢u = div (u - Vp),

Dip = —(=A)p+u?,
inT? for0 < s<1,and 0 < o < 1. The term Di*u denotes the Caputo derivative, which
models memory effects in time. The fractional Laplacian (—A)® represents the Lévy dif-
fusion. We prove global existence of nonnegative weak solutions that satisfy a variational
inequality. The proof uses several approximations steps, including an implicit Euler time
discretization. We show that the proposed discrete Caputo derivative satisfies several im-
portant properties, including positivity preserving, convexity and rigorous convergence to-
wards the continuous Caputo derivative. The proof also involves passing to the time step
limit using an equivalent of Aubin-Lions compactness criterion for a discrete version of the

Caputo time derivative.

In the second part of the thesis, we develop a modified version of physics informed
neural networks (PINNs), which is based on deep neural networks, for the Allen-Cahn-

Ohta-Kawasaki (ACOK) equation with a volume constraint:

SO o= ) = 7)) )+ | [ (700 - ) ]

U =

vil



with periodic condition, where € € (0,1), Q C R? is a bounded and smooth domain, and
u = u(x) is a phase field labeling function representing the density of one of the two chem-
ically incompatible segment species, the function W (u) = 18(u* — u)? is a double well
potential, and f(u) = 6u® — 15u* + 10u? is a technical term for numerical stability. While
PINNSs has achieved good results in producing solutions for many partial differential equa-
tions, studies have shown that it does not perform well on phase field models. Furthermore,
the inverse of the Laplace in our model presents many challenges to the basic PINNs. To
take the zero-mean condition of the inverse of the Laplace, as well as the volume constraint
into consideration, we also introduce the separate neural network, which takes the second
set of sampling points in the approximation process. An additional benefit of this research
is that the modified version of PINNSs can also be applied to learn more general nonlocal
other phase field models, even with an unknown nonlocal kernel.

Each part of this dissertation is based on a manuscript; Part I is in [25], and Part II is in

[66].
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Part I

Porous Medium Equation with Caputo

Time Derivative



Chapter 1

Introduction

1.1 Fractional Calculus and Caputo Derivative

Fractional calculus is a branch of mathematics that studies the generalized traditional cal-
culus in the sense that the orders of integration and differentiation is any arbitrary number,
real or complex. It was first brought up in a letter by Gottfried W. Leibniz to Guillaume
de L’Hopital in 1695. In the letter, Leibniz was asked [34] about the meaning of the “n-th
derivative of the linear function” provided that “n is a fraction”. In reply, Leibniz wrote
“this is an apparent paradox from which, one day, useful consequences will be drawn”.
Since then, many mathematicians, including Niels H. Abel, Joseph Liouville, Oliver Heav-
iside, etc, have been exploring the field of fractional calculus and its practical use, including
in engineering and science, such as fluid flow, electrical networks, probability, mathemat-
ical biology, etc. Literature regarding early fractional calculus theory and its recently dis-
covered applications can be found in [48, 51, 55, 57, 33, 36, 52, 56].

Unlike classical derivatives, fractional derivatives can and have many different defini-
tions, which do not necessarily lead to the same result. This is the reason why mathemati-
cians often specify which difinition they are using when dealing with fractional derivatives.
Caputo’s definition of fractional derivatives is one of the most popular definitions of the
fractional derivative. It was first introduced in [20] in 1967 by Michele Caputo to mathe-
matically analyze the “memory effect of energy dissipation for some anelastic materials”
[43], and was systematically used in his book[19] published two years later. After the birth
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of the Caputo derivative, it soon became a popular tool to model nonlocal interaction in
time in the fields of engineering and physical science (see [11, 38, 61]).

There are growing interests in fractional calculus in recent years, for its advantages on
modeling the memory effect of different materials and for simulating dynamic processes.
It is also worth noting that some of the other popular definitions of fractional derivative
include Riemann-Liouville fractional derivative, Caputo-Fabrizio fractional derivative, and

Atangana-Baleanu fractional derivative, etc.

1.2 Porous Medium Equations

Our work is based on the research [13], where the authors proved the existence of weak

solutions to

Owu = div (uVp),
(1.2.1)

Op = —(=A)°p+u”,
for (z,t) € R? x (0,00), % < s < land g > 1. Here u(z,t) > 0 denotes the density

function and p(x,t) > 0 represents the pressure. The model describes the time evolution

of a density function u that evolves under the equation

Ovu = div (uv),

where the velocity is conservative, v = Vp, and p is related to u? by the inverse of the
fractional in space heat operator 0; + (—A)®. The literature on (1.2.1) and its variants is
quite large. See [6, 9, 14, 15, 16, 26, 30, 46, 58, 60] and references therein.

In Part I we study a porous medium equation system which is based on (1.2.1). Our

model, introduced in Chapter 3, includes a fractional Caputo time derivative, which re-



places the traditional derivative in (1.2.1).

1.3 Overview

The main contributions of Part I include two components. We first propose a variant of the
Aubin-Lions theorem [59], Theorem 2.1, for the strong compactness using bounds on the
discrete Caputo derivative, which will be useful in handling our specific problem. We then
study the existence of weak solutions to our porous medium equation system, which has

nonlocal diffusion effect in space and nonlinear memory effect in time:

D¢u = div(uVp), z € T3, t € (0,7),

(1.3.1)
Dip=—(-AYp+u? 0<s<1,
where the operator D{* denotes the following Caputo-type time derivative
L f(s)
Dy f = / ds, 0<a<l, (1.3.2)
t f Fl—a 0 (t — S)a

and T? is the 3-dimensional torus with periodic boundary condition. The Caputo-type time
derivative is used to model the memory effects involved. As previously mentioned, the
similar system with traditional time derivative has been investigated in [13]. For our system
(1.3.1), we semi-discretize the equations in time, and show the existence of a sequence of
approximated solutions to the discrete problem, and then we apply the compactness result

Theorem 2.1 to pass to the limit of the discretized time step.

1.4 Outline

Part I of the thesis is organized as follows. In Chapter 2, we introduce some concepts and
properties of continuous and discrete Caputo Derivative, and then prove Theorem 2.1. For

4



the rest of Part I, we study (1.3.1). In Section 3.2, we add some viscosity terms to the dis-
cretized problem to investigate the existence of solutions, and then we use our compactness
criterion to pass to the limit in time to get to the continuous problem, as well as remove the

viscosity terms in Sections 3.4 and 3.6.



Chapter 2

Caputo Derivative

2.1 Continuous Caputo Derivative

In this section, we introduce Caputo derivative, one of the most popular definition of the
fractional derivative [20, 41]. It is the definition that we will use as the fractional derivative

for Part I. In particular, we will study the Caputo derivative with 0 < o < 1.

Definition 1 (Caputo derivative). Pick some o € RY, let n = [«|. The Caputo fractional
derivative of order o of a function f(t) is given by:

Dy f(t) = I () =

t
_ \n—a—1 g(n)
din /0 (t—s) " (s) ds. (2.1.1)

We first present a specific version of Caputo derivatives in [41], which is what we will

be using in the manuscript.

Definition 2. Let 0 < o < 1. If a function f(t) is absolutely continuous in (0, T, then the

left Caputo derivative of f in variable t € (0,T) is defined as

L[ f(s)
Dy f(t) = / ds, 2.1.2
tf() Fl—a 0 (t—5>a ( )
and the right Caputo derivative is defined as
L [T )
*DYf(t) = / ds. 2.1.3
t f( ) Flfa : (S . t)a ( )

Remark 1. Note that the left Caputo derivative is the same as (2.1.1). Alternative formulas

for (2.1.2) and (2.1.3) via integrating by parts are

Dy f(t) = Fll_a (f (0 ;f O, 4 /0 —iit)_;)ﬁ? ds) : (2.1.4)




and

peppy— L (fO=f0) [T O
Df(t) = ( oy /t (s_t)1+ad>, (2.15)

respectively.

If we take the fractional integral of the continuous Caputo derivative, we can recover
the original function. This is known as the fractional version of fundamental theorem of

calculus [42, 43], which is stated below.

Proposition 1. Let DY and *DY be the left and right Caputo differentiation operators

respectively, which are defined in Definition 2. Then

F(t) = F(0) + — / (t — )7\ Dg f(s) ds, 2.1.6)
and

£ = 1T) = [ 5= D p(s) s @.17)

We now recall three equivalent integration by parts formulas for the Caputo derivative.

The first one [5] reads as

[ oerwsya = [ ([ 2 a)a- L0 [T X g

(2.1.8)

The second one can be found in [3]:

/0 Df F(0)(t) dt = / DO F(E) di + -

/¢ )| )

a [T [ (et) - d)( £(t) = £(s))

- I'_a /0 /0 (t — >1+a dsdt (2.1.9)
L [T o) f(0) + fF()p(0 ) gt

T /0 to



The last one reads as

[ peswac=— [ sorron an g™ [ a0 140

(2.1.10)

The three formulas are equivalent, as shown in the following. We first show (2.1.8) is

equivalent to (2.1.10). From (2.1.8), we deduce:

sl ([ Y= [ (o [ 2w

Q2.1.11)
Put the derivative inside, and integration by parts, with u = ¢(s), and dv = 4 (s — )=
we have:
d [T o(s)  _ olt+e [T d ¢s)
&) o BT T +/+ﬁ< e
o o(t +¢) d, o
- AEI J“d( - ds
—— NI o L s — s
€ t+e
ot o) oo
= = o=+ [ Fs)(s—1) ds
t+e be
_ ot  e(T)  olt+e) [T —a
e T 1) + = + » d(s)(s—t)"*ds
_ (D) To(s)
= — T 1) —|—/t+6 Gt ds. (2.1.12)



Combine (2.1.8), (2.1.11) and (2.1.12) we get (2.1.10).

[ peswon
- n_a/‘f dt(/T__T%' ) Fla/‘¢
o [ e f2 [
=~ ["serproya 310 [F O Fla/”b

which recovered (2.1.10). Now we prove (2.1.8) is equivalent to (2.1.9). We keep doing

1a/¢

the integration by parts on (2.1.12) with u = (s — t)~*, and dv = ¢'(s):

¢(T) T(s)
/+e ( dS

(T —t s —t)*
' T (s)
‘“lﬁw—wwlﬁ

)
¢(T)

— T -0
o(T) S(T) ot +e) T g(s)
STt T-tp e ‘alﬁw—wwl

_ ot [T els) + ot — ot +e)

o » (s )t s
_ o(t+e) T p(t+e) T o(s) — ot +e)
B "“Ll;€<s-—t>a+1‘i T (e ®
T
R P CEt) il (RN A0 B (RSP
€ —Q tie t+e (5 - t)aJr

ds

_oltte  oltte ¢(t+€)+a/T ¢(s) — ot +¢)

€x (T —t)~ € e (s —t)att
_ pt+e) T p(s) — ot + )
EEDER T



Take limit € — 0, the first term on the right of (2.1.8):

e o dt(/t e d)dt
—— /0 (1 ( / ool )
:i/jm) e a/ / S>_ o ) dsdt

=I1+1IL

If we look at II, we can switch the integral, and change the variable as follows:

B(s) — o(t)

I_\1 a/ / S_tH_a dtd
o(t) — o(s)

- f(s) dsdt.

Fla/o / t_51+o¢ s

Then plug it back in (2.1.8), and change the variable on the last term on the right hand side,

we obtain

My / DY F(t) - () dt
_[Tewf®) e =) e g [ 2OS0)
-/ (T — ) /o/ou—sw L R

Then

M ( [ oo+ [ oo s )

/ f / /¢t—31+a ' (S))dsdt_/odet

o (¢t—a+“0%d5>'f<t>dt'

10



Since the last term
[ CERE e [50 0) so
e e [
/ o0 (1) = S,

_ / GO — FS0) , |
to t_ 8 cx—f—l

[ /¢<t>f(<t>—)¢<s>f<t> b
o Jo t—s)ot 7

we recovered (2.1.9) from (2.1.8).

- f(t) ds dt

a+1

In Chapter 3, we will use all three integration by parts formula (2.1.8)—(2.1.10).

2.2 Discrete Caputo Derivative

In this section, we introduce a discretization of the Caputo derivative and its properties.

Definition 3. Consider a function f(t) in [0,T). Subdivide the time interval [0, T into
N subintervals with uniform time step T = T/N. Denote t;, = kT and f, = f(tx)
for k =0,1,..,N. The left and right discrete Caputo derivatives of f(t) of order  with

0 < a < 1 at ty are expressed as a linear combination of values of f at ty,t1,..,tx as

follows:
k-1
(DFflg =Tar™ Z)\k—j(fj—&-l —fi)y k=1 (2.2.1)
=0
N
D)k =Tam™ > Nokl(fj— fim1), k< N-—1, (222)
Jj=k+1

where the sequence {\} is defined by the following infinite linear recurrence:
k

Nevt =D ((k=j+ 10" = (k=j+2)* DA, k=1, A=1 (223

j=1

11



We extend the definition for any t € [0, T| by the backward finite difference operator:

[t/7]T—T7
DYf(t) = FaT_l_a/O At/r)-1s/m ([ (s +7) = f(s)) ds, (2.2.4)

with D f(0) =
When f(t) is a piecewise constant function f(t) == > o) fiX (11,00 (t) With f(t) = fin

fort <0, then (2.2.4) can be rewritten as

Do (1) = Z(D“f X (1 ] ()-

k=1

Remark 2. A direct computation from Equation (2.2.1) yields the following equivalent

formula

k—1
(DY )i =Tar (Ak fe=fo) + > (g = Mejrt) (fi — fj)> L k>1, (225
7=0

which is a discrete counterpart of (2.1.4). For a = 1 the operator (D2 f); reduces to the

classical backward finite difference operator:

f% _'fk 1

T

(D7 f)r = k=1

Y

since \; = 0 for all j > 2. For o < 1, it seems that one cannot obtain a closed expression

for A;.
We now investigate some properties of .

Lemma 1. Let {\; }ren be defined as in (2.2.3). It holds that

di—j+1) N =1, i>1 (2.2.6)

j=1
Proof. From the definition of \;, we have

7 i—1

Nt = (i—F+D*N =) (i—j+1)* " A (2.2.7)

j=1 7=0

12



From (2.2.7) it follows

i+1 T i
D (=i N =) =i+ )T N =) )T, il

Thanks to the above identity, (2.2.6) can be easily proved by induction. [

As previously mentioned, it seems that one cannot obtain a closed expression for \;
when o < 1. We have, however, an upper bound and the asymptotic behaviour, as stated in

the following proposition.

Proposition 2. Let {\; }ren be defined as in (2.2.3). It holds that

k
1
Mt <Moo DN <K k> (2.2.8)
j=1
andas ™ — 0
(o) t_a
7Y M X (8) = AT LP(0,T) with1 < p < 1/a, (2.2.9)
k=1 (6% —Q

where “—” denotes weak convergence. Moreover, for any sequence f7) — f strongly

convergent in L1(0,T) for some q € [1,00), we have

tn M ;
T_la / Z )\k:X(tk,l,tk](S)f(T) (t —s)ds — / sTAf(t — s) ds, (2.2.10)
0 k=1 0

Fozl—‘l—oz
strongly in L" (0, T) for every r <

R
1-(1-a)q”

Proof. We begin by showing that the sequence (A )xen is decreasing. From (2.2.7) one can

obtain

1= = M) =@+ 1), P> (2.2.11)

13



We prove by induction that \;4; < A; fori > 1. Since Ay = 1 — 27! < 1 = )y, the
statement is true for ¢ = 1. Let us now assume that \;;; < \; for1 < ¢ < k — 1. From

(2.2.11) evaluated at 7 = k it follows
k—1 ] a—1
L= ) he) = 3 (1= ) =)
=1

Since \; — Aj11 > 0 for j = 1,...,k — 1 by inductive assumption and (1 — k%rl)a*l <

(1- %)a_l forj=1,...,k— 1, we deduce

k—1 N a—1
L= (k+ 1" — M) < Y (1 — é) (N — Ajr1).

=1

Evaluating (2.2.11) at© = k — 1 yields that the right-hand side of the above identity equals

1, so:
1-— (k‘ + 1)1_a()\k - >\k+1) < 1,

meaning that Ay — \x.1 > 0. Therefore the sequence (\;);cy is decreasing.
We prove now the upper bounds for A\;. Since {)\;} is a decreasing sequence, from

Lemma 1 one can obtain

1= Nn—j+1)*" =) An*' > A2,

J=1 J=1

which implies
Ap <n”%, Z)\j <n'=* for any n > 1.
J=1

Define now
)‘(T)(S> =7 )‘J'X(tj—l,tj](5>-
j=1
Since A(7)(s) < Z;‘:l(jT)_O‘X(tj_hm(s) < 57, the sequence A(7) is uniformly bounded
in LP(0,T) for every p € [1,1/a) and A — Xin L?(0,7) with1 < p < 1/auptoa

subsequence.

14



Next we show (2.2.10). Letn = |t/7],t, <t < t,i,and g <r < #"ﬂ)q. Define

EM(1) ::/tn A () f Dt — s) ds
Ot t
:/ A () fO(t —s) ds — / A () fO(t — ) ds
0 tn

= F7(t) - V().

The term FQ(T) tends to zero in L"(0,7") as 7 — 0. In fact,

t
| / AP (s)f Ot — s) ds
t—1

<
Lr(0,7)

L7(0,T)

= A Xor1) (/7 X o)

L7(0,T)

< XM praory 157 oo

S C H.f(T) - fHLq(O,T) + C ||f||Lq(O,T) )

where 1+n = (14+1/r—1/q)~! € [1,1/a), and the right-hand side of the above inequality
tends to zero as 7 — 0 since f(™ — f strongly in L7(0,T).

On the other hand,

F7 - /Ot)\(s)f(t —5) ds

La(0,T)

IN

/O (AT = \) (s)f(t — ) ds /0 A (s) (F7 = f) (t —s) ds

l

La(0,T) La(0,T)

IN

/0 O ) ()t — s) ds

+ H)\(T)HLl(O,T) ”f(f) o fHLq(O,T)'
L1(0,T)

The second term above converges to 0 as 7 — 0. Now consider the first term. Since

f € L0,T) and ||\ — )\HLI < (C, for C not depending on 7, by Corollary 4.28 in

(0,1)
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[10], the sequence
t
10— / (O X) (s)/(t — s) ds
0
has compact closure in L4(0,T). However, for every ¢ € L7 (0,T) (¢ = q/(q — 1) for

g>1,¢ =ocforqg=1),

/0 IO () (t)dt = /0 o(t) /0 t (AT —X) (s)f(t — s) ds dt

_ /0 (AT =) () / S()f(t — ) dt ds,

and

t)f(t—s) dt‘ <Al o sy | fllzao,r—5) < N9l par oyl fllLao,ry  for s € 0,77,

which means that s € [0,7] — fsT o(t)f(t —s) dt € Risin L*>(0,7). Given that
A — X — 0 weakly in L'(0,T), we deduce that fo (t)p(t)dt — 0 for every ¢ €
L7(0,T), thatis, I(™ — 0 weakly in L?(0, T'). Since we already knew that I(7) is relatively

compact in L4(0, T'), we conclude that 1™ — 0 strongly in L?(0, T) and therefore
F7 - / f(t —s)ds strongly in L9(0,T).

However, the above convergence is also strong in L" (0, ), since F ) is bounded in L7(0,7T)
forevery 1 <7 < ﬁ being the convolution of A(™), which is bounded in L?(0, T) for

every 1 < p < 1/a, and £, which is bounded in L?(0, T'). Summarizing up we have
Tt/7]
/ MO () fD(t - 5) ds — / f(t—s)ds stronglyin L™(0,7) (2.2.12)
0

forevery 1 <r < 5 , for any sequence (") — f strongly convergent in L?(0, T') for

( a)g’

some ¢ € [1,00).
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Our last step is finding the value of A(¢). Since

, 1 (b e IR e
M=+ = = [ =g s = 2 [T+ 1) X0 ds
ti—1

from Lemma 1 one obtains
1=Y X(n—j+1)°"
j=1
1 [
-2 / SN =g+ 17X, (s) ds

= % /0 ' <Zl /\jX(tj_l,tj](S)> (Z(n —-J+ 1)a_1X(tj_1,tj](S)> ds

J=1

in
0

which means, given the definition of \(7),

tn
/ AD(s) (tn +7 —7[s/7])* " ds = 1. (2.2.13)
0

It holds

X[O,tn](s) (tn +7— Tfs/ﬂ)o‘_l > X[o,t—ﬂ(s) (t+7— s)a_l ,

Xioan (8) (tn +7 = 7[s/71)* 7 < Xiota-r1(8) (tn — )7 4 Xt (8) (b — 5)°7

< Xporm(s) (t =7 =) 4+ Xy (8) (tn — 5)° 7,
which means for
G =+ Xen(), £7(2) = (2= 1) X (2)

17



that

17 =) < Xjoaui(s) (b +7 = 7[s/71)* 7 < K70 = 9) + Xipy sl (8) (b = 9)° 7
(2.2.14)
Estimates (2.2.13), (2.2.14), and the fact that \(7) = 772\, = T Ag/7) on (tn, — T, 5],

imply

t t
/ A (s)f{7 (= s)ds <1< / A () f57(t = s)ds + CAyyyry, T<t<T,
0 0
(2.2.15)

with A;/;) — 0 for 7 — 0, by
tn t—7
1> / A (8) (ty 4+ 7 —5)*" ds > / A () (t+71—5)" ds,
0 0

and

tn
1< / AT (s) (t, — 5)* " ds
0

tn—T tn
= / AT (8) (tn — 5)* " ds + / AT (s) (t, — 5)* " ds
0 t

n—T

t—T
< / AO(s) (E =7 — 5)°7 ds+ Chn.
0
We wish to show for = — 0 that

FO et strongly in L9(0,T), Vge[1,1/(1—a)), i=12  (22.16)
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Clearly fi(T)(z) — |z|*~! for 7 — 0 for every z > 0. Furthermore, if ¢ € [1,1/(1 — «)),

T T
() 2)4dz (7) 2)4dz
/0|f1()| §/0|f2<)|

T
:/ (z — 7)1y

(T _ 7_)q(o¢—1)-‘r1
 gla—1)+1
Tq(a71)+1
< —

T gla—1)+1

Being ¢ € [1,1/(1 — «)) arbitrary, we deduce via dominated convergence that (2.2.16)

holds. From (2.2.15) and the fact that A\, — 0 as £ — oo, we conclude that

t
/ As)(t—s)* tds = 1. (2.2.17)
0

Performing the Laplace transform on both sides of (2.2.17) yields

+oo t 400 1
/ / e MN(s)(t — 5)* ! dsdt = / e M dt = —.
0 0 0 k

Then, interchanging the order of the integrals yields

+o0 +o00 1
/ eks)\(s)/ e M= (1 — 5) L dtds = 7
0 s

which indicates
-1

+00 1 +o0
/ e " \(s) ds = — / e ksl ds =k*rt
0 k\Jo

Performing the inverse Laplace transform on the above equation leads to

t—Oé

)\(t) - 1—\ Fli Y

which finishes the proof. [
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Next, we show a discrete version of the fractional fundamental theorem of calculus

(2.1.6) and (2.1.7).

Proposition 3 (Discrete fundamental theorem of calculus). Let f, := f(t,) for n =

1, ..., N. We have the following identities:

o n

_ T a—1 a .
fo = fo+r—a;(n—k‘+1) (D2f), n>1; (2.2.18)
and
Ta N—-1
fo=In = ;;(k —n+ D)D), n< N -1 (2.2.19)

=0 k=j+1
n—1 n—j n—1

= (n—j—k+1)""" Ne(fip1 = fj) = Z(fj—i—l — f)
=0 k=1 =0

which implies (2.2.18). Furthermore,

=
L
=2

(k—n+ 1D =Y (k—n+1)*" > N w(f; — fiz1)

n j=k+1

=z

>
Il

(k=n+1)*"Nk(fs = fia)

j=n+1k=n
N j—n N
= D> D> G=n—k+D)" N = f) = D (fi— i)
j=n+1 k=1 j=n+1
which implies (2.2.19). This concludes the proof. [

In the next proposition we show that the discrete Caputo derivative of an absolute con-
tinuous function converges, in a weak sense, to the continuous Caputo derivative. The proof

is a straightforward consequence of Proposition 3.
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Proposition 4 (Limit 7 — 0). Let X, Y be Banach space, f : [0,T] — R absolutely
continuous. Assume that F, = Z]kvzl(D?f)kX[tk—l,tk) is weakly convergent in L?(0,T') to

some limit E withp > 1/a. Then & = DY f.
Proof. From (2.2.18) it follows

T

a—1 tn n
3ok D DX ) ds
@ JO o p

f(tn) = f(O) +
1 [ .
5O+ 1 [t =t DN () ds
«JO =1

= J(0) + Fia /0 n (Z(tn —tj+ T)“‘lX[tjl,tj)(S)> (Z(D?f)kx[t“m(S)) ds

j=1 k=1

= f(O) + Fia /0 ’ (Zl(tn —t; + T)a_lx[tj—lij)(s)) FT(S) ds,

since the characteristic functions have disjoint support. We now pass to the limit 7 — 0 in

the above identity. From (2.2.14), (2.2.16) we know that

Z(t” -t + T)a_lx[tjfhtj) — (t —s)* ' strongly in LP/®=1(0, 1),

j=1

forp > é Since F, — & weakly in LP(0,T") by assumption, we deduce that

1

f(6)= 50+ - / (t— s 'eds, te0,T),

which means that { = D®f a.e. in [0, T']. This finishes the proof of the Proposition. [
In the next proposition, we propose a discrete integration by parts formula.

Proposition 5. Let ¢(t) be a bounded function in (0, T, and f(7) (t) be a piecewise constant
function defined by f(t) = foX(0y(t) +Z,]§V:1 FiX 4y 421 (). Then we have the following

21



discrete integration by parts formula:

/ "D W() di = / 0y De (D) (1) dr

r N T, <
2o AN—i P A D 2.2.20
—l—Ta szl N—j+1f; TafO; £ Prs ( )

where O(t fo ) ds and @y, := f(]ZT_l)T o(t) dt.

Proof. 1t holds

- Lo \-
/ODTf (t)o ;Z(

I, &
:T_Z

k=1 j=0

Ne—j(fi1 = f7)9(t) dt)

o
—_

k-1 kT
Nl £ [ o0

We have (D1®), = (®(k7) — ®((k — 1)7)) /7 = ®}/7. Now rewrite the double summa-

tion as follows:

e

-1

Ne—i(fi+1 — f7) P

WE M=
M@M

N k-1
= )\k j+1qu)k - Zz)\k ]qu)k
k=1 j=1 k=1 5=0
N+1 k—1 N k-1
= Z)\k ]qu)k l_zz/\k ]f]q)k
k=2 j=1 k=1 7=0
k—1

Mz

M fi(Pr1 — Py) "‘Z)\N ;PN — Z)\kfoq)k

k=2 j=1
N-1

= i Z Aj—i(@j-1 — j)—i-‘I)NZ)\N—ijj—foZ)\kq)k-
k=1 j=k+1 j=1 k=1
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Substituting ®;, = f( s) ds in above identity yields

/Da Takaijl ?))

= Jj=k+1

r I
) Av s L« ¥R )
—l—Ta N; N j+1f] Tafokz; P

__ / T oy e (D1) (1) dt

r il | .
+ 2Py > Avojfi— —fo > Ny
j=1 k=1

We also have the following convergence theorem.

Proposition 6. Provided f(t) = Z;VZI FiXt, 1., (t) is strongly convergent to f(t) in

LY(0,T), we have for any smooth function ¢ € C*(0,T)

Y P TOPREY ( R— Y

as T — 0, where * D¢ is the right Caputo differential operator defined as (2.1.3).

Proof. Let ®(t fo ) ds and @y, := f( ) dt as in Proposition 5. Proving the

above convergence is equivalent to showing that

T—1 F al F =
_/ FO@t)* D2 (DL®) () dt + T—Z‘@N E AN—j+1fj — T—ZfoZAk‘I’k
0 s k=1

converges to

~ /0 £ D(t) dt + ?iTj /0 (Tffti)a dt — F{ba /0 i(f)
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as 7 — 0. To see why, one should compare (2.1.10) and (2.2.20). It holds

N
max | Y 7N (D20);

HL""(O,T)  0<k<N-1
== j=k+1

Dz (DL)

N
< sup |D}®|7'"® max Z Nj—k

te[0,7] 0<k<N-1 i
N—k
= sup |D;®|7'"® max Aj
te[0,7] 0<k<N-14

J=1

< D2CI) l1-a N — l1-a
_tgé’pﬂ! (2l max (N —Fk)

<Nellerom T

where the last two inequalities are deduced from (2.2.8). Hence *D2 (D1®) = ¢ weakly*
in L>°(0,T). In particular * D¢ (D1®) — ¢ weakly in L?(0, T') for every p < oo, s0 we can
employ Proposition 4 to identify the limit: £ = *D®¢. Since f(7) — f strongly in L'(0,T)

we deduce
T—T T
/ FO@t) D2 (DL®) (t) dt — / f@&)" Dio(t) dt, asT — 0.
0 0

With A (s) 1= 77 > i1 A X (1, 11,)(8) we have

L'

prs

N T T
Py Z An—j+1fj =Ta #ls) dS/ AT — 1) fO(¢) dt,
j=1 0

T—7 T

which converges to

o(T) [T ft)
Fl—a /0 (T - t)a a

as 7 — 0 by (2.2.10). Finally, using (2.2.9) we get

N T
Ly
Lo Sy I / o) g, (2.221)
TN 1 Plfa 0 s%
This finishes the proof by (2.1.10). 0
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The following two lemmas will be useful.

Lemma 2. If (D f)r < 0for1 <k <n,then f < fofor1 <k <n.

Proof. It follows directly from (2.2.18). [

Lemma 3 (Convexity). We have

—_

fe(DF )k = (D22, k=1,

(\V]

Proof. We have to show for k£ > 1 that

Z)\kz —j f]-i—l f] fk Z)\k —J ]+1 )

First, we rewrite the left hand side of the above inequality as

k-1 k-1
Z Ne—i(fiz1 = [i) e = = Mo S — Z(/\k—ﬂ—l — M) fife + M fr
=0 =1
) =
=5M(fo = fe)’ + 5 D O = M) = fo)* + M S
j=1
1 1 1=
- §>\kf§ - 5)\kf13 —3 > (M = M)+ 1),
=1
which implies
k—1 1 1 k—1
Z)\k —i(fir1 = ) f = — —)\kfo - éAkflg 3 Z(/\k—j — M) (2 + 1)+ M SR
j=1

1
:§ Z )\k_j(fj2+1 - sz)
=0

Thus, the lemma is proved. O

2.3 Compactness results

In this section we prove the following strong compactness criterion:
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Theorem 2.1. Assume that X, B and Y are Banach spaces such that the embedding X —»
B is compact and the embedding B — Y is continuous. Let 1 < p < o0, 0 < o < 1 and

{ Y} be a sequence of piecewise constant functions, satisfying

1N ooy + IPFF N oy < Co @3.1)

where Cy is a constant independent of T and D? is the discrete Caputo derivative operator

defined in (2.2.1). Then { {7} is relatively compact in L*(0,T; B).
For convenience we first recall the classical version of the Aubin-Lions lemma.

Lemma 4 (Theorem 5 in [59]). Assume that X, B and Y are Banach spaces, with X —
B — Y, where X is compactly embedded in B. For 1 < r < oo, assume that F' is
bounded in L"(0,T; X) and || f(t + h,x) — f(t, @)l o r—pyy = 0 as h — 0, uniformly

forall f € F. Then F is relatively compact in L"(0,T; B) (and in C([0,T]; B) if r = o0).

The proof of Theorem 2.1 uses Lemma 4. To summarize, we first work with the
linear interpolant functions f (7) of the piecewise constant functions f(”) and show that
D2 fO| > ||Df7)||, i.e. we compare the discrete derivative of a piecewise constant
function with the continuous derivative of the corresponding linear interpolant. After,
we prove that the interpolants satisfy the estimate || f™(t + h) — f ()|l oor_ny) <
h|| D¢ fO|| o (o.7.v) and use bound (2.3.1) and Lemma 4 to conclude that { ("} is com-
pact in LP(0,T; B). In the end, we show that convergence of the family of linear inter-
polants implies convergence of the piecewise constant functions, and the limits are the
same.

One could wonder if it is necessary to work with linear interpolants { f (M} instead with

piecewise constant functions { f("}. In fact, Theorem 1 in [29] says that an estimate of the
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form || (¢t + h) — fO ()| r(0.r—n:yy < Ch is sufficient to invoke Aubin-Lions theorem.

Unfortunately, due to the nature of the Caputo derivative, the only estimate one can get for

{f(T)} is:
17O+ B) = FOO ey < CH0 < < 1

which, alone, is not enough to guarantee compactness, see Proposition 2 in [29].

Before we start with the proof of Theorem 2.1, we need to prove the following three

technical lemmas.

Lemma 5. For 0 < o < 1, it holds that

2h
[f(t4R) = fFO)llzror-ny) < T a 1D fllze vy,  h>0, (2.3.2)

foreveryl <p <oocandevery f :[0,T] = Y such that f, D{f € LP(0,T;Y).

Lemma 6. Let Y be a Banach space, and let ) : [0, T] — Y be a piecewise constant-in-

time function, namely fO(t) = foX o (t) + SN fu X 1), witht; = j7, f; €Y

(7=0,...,N),and T = Nt. The linear interpolant f(T) of fo,.
N-1
n=0 (

Then for 0 < o < 1, a constant C, > 0 indepedent of f, ..

., [n is given by

fa) + fn) Xin i) (). (2.3.3)

., [ exists such that

1D O ooy < Cal DEF ooy, T>0, 1<p< oo

Lemma 7. Let Y and f\7) be as in Lemma 6. Then

21+1/p7_oc a p(T
HLP(O,T—T;Y) = F—a HDTf( )HLP(O,T;Y) T > 07 1< p < 00.

£+ 1) = fO()

(2.3.4)
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Proof of Lemma 5. Since the mapping Dy f(t) — f(t + h) — f(¢) is linear, Riesz-Thorin
interpolation Theorem [64, Thr. I1.4.2] implies that it is enough to prove (2.3.2) forp = 1
and p = oo.

We start by recalling the fundamental theorem of calculus

1

f(t) :fo—i—r—a/Ot(t—s)o‘_lfo(s) ds, 0<t<T.

Then
ft+h)—f(t)
| R
_F_a/o (t+h—s)*"'DXf(s) ds Fa/o(t s)* Dy f(s) ds
. t+h
:Fi/ ((t—l—h—s)ail—(t—S)ail)Dtaf@) ds—l—Fi/—i_ (Zf—i-h—s)a*lD?f(S) ds
a JO o Ji

Let us estimate

T—h 1 T—h pt
J A B A e e O A [/ ] L
0 a JO 0

1 T—h T—h

= F_a/O (- 5) = (t+h— )| DF f(s)lly dtds
1 T—h

= Faa/o (T —h —8)* — (T — 8)* + h*) || D2 f(s)|ly ds.

We deduce that

«

T—h h
/ IZ.(O)llvdt < 2 1Dg Flluor.
0

I' o
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On the other hand

T—h 1 T—h
/ 1Ty dt < — / / (t+h— ) D8 (s)ly dsdt
0 Fa 0

t—l—h

ol L

h® T N B .
=fa ) 1027 lvds = = IDF fllesora.

s)*HIDEf(s)|ly dtds

This means that (2.3.2) holds for p = 1. Let us now consider the case p = oo:

1 t
O < 198 ooy [ (=9~ = o h= o)) ds

= ”DtafHLOO(O,T;Y)

h/a
F

t“+h*—(t+h)"
(R = (1))

1D¢ fll Lo (0.1:v)-

On the other hand,

«

h e
I O(HDt f”L"O(O,T;Y)-

1 t+h
IZ0)ly < 105 flimoran [ (¢4 =) ds =
a Ji
Therefore (2.3.2) holds also for p = oco. This finishes the proof of the Lemma.

Proof of Lemma 6. Lett € (0,T) arbitrary, k = [t/7]. Let us begin by computing

. tDFO) (s

1 t N-—1 i —f
o / (t— sy D I, ) ds
l1-a Jo T

n=0

_ 1 = fri1 — fo /tn+1(t—s)°‘ s+ L ferr— Je /t(t—s)a s
I'_o o T . Iy T "

— 1 gfnﬂ_f"((t—t Yo (= )T + 1 fk+1—fk(t_t)1,
[aiz (L=a)7 " o I o (I—a)r" "
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and so

Da~(7') _T_a fn fn (1) — gron(t 0<t<T
PFO) FZ o o)~ g (0) ,
gn(t) =77t — t,) n>0
From (2.2.18) one obtains
an+1
fn+1 - an—l-l k D f nZO,
1 s=0
Wy =

(s+ 1)t —sl s >1.

Plugging the above identity into (2.3.5) yields

1 N—-1 n+1
D¢ () (¢ : ) (Do
00 = f o= 25 @) ~ et ) 2 i k(D7 P
1 N N-1
- 2 (1) = Gt (1) wns1—x (D2 i,
FlaPa(l_a);n:k_1<g() Inr1(t))Wn i1 (DF fk

which can be rewritten as

N
a £(7) _ 1 o
‘Dt f (t) - Fl—ara(l . Oé) ;Mk(t)(DTf)k7

=) wi(gapro1(t) = gosn(t)), 1<k <N

(2.3.5)

(2.3.6)

We aim to show that a constant C' > 0 exists, depending only on o € (0,1) and 7" > 0,

such that || k|| Loy < C for1 < k < N, 7 > 0. From this fact the statement of the

lemma follows easily.
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Let p = t/7 € [0, N]. From the definitions of w; and g, (t) it follows

pe(t) =(p —k + 1)}:“ —(p— k)i_a

=
B

+ D 5+ DT o= s —k+ DI = (p—s— k)1

T
o

S (p—s— b+ DI — (p—s5— k)
1

S

=(N=k+1)"(p=N+D* = (p— N

=

+) s p—s—k+2) = 2p—s—k+ D)+ (p—s—k)7).
1

Vo)
Il

Since0 < p< Nand1 <k < N, itholds

(N=k+1)* (p=N+1DI*=(p= NI

=(N—-k+1)*'p-N+1I*<1,

It follows
N-1

B <1+ Y s (p—s —k+2) —2p—s—k+ DI+ (p—s — )1
s=1

(2.3.7)
We can clearly consider p > s + k — 2, since for p < s + k& — 2 the sum on the right-hand

side of (2.3.7) vanishes. Let us distinguish two cases.

Case 1: s+ k —2 < p < s+ k+ 1. Being s, k integers, this means that [p| — k < s <

|p| — k + 2. It follows

Lp] —k+2

Yoo s — k2T 20— s —k+ DY+ (p— s — k)
s=max{1,|p| —k}
Lo] —k+2
< Y S Mlle—s -k = (p—s—k+ 1
s=max{1,|p|—k}

Hlp—s—k+ 17" = (p—s— k).
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Since z — '™ is subadditive, it holds '~ < (z — y)'™* + y'=*forx > y > 0, so

(p—s—k+2)—(p—s—k+ 1)
<((p—s—k+2)y —(p—s—k+1))* <1,

(p—s—k+1DL" = (p—s— k)1
<((p—s—k+1)i—(p—s—k)s)' ™" <1

It follows

N-1

d s MNp—s—k+2 =200 —s—k+ D)+ (p—s— k)

s=1
Lp] —k+2

<2 Z s*1 < 6.

s=max{1l,|p|—k}

Case 2: p > s+ k + 1. This implies s < |p| — k — 1. Lagrange’s theorem yields

(p=s—k+2)0 = 2(p—s—k+ 1)+ (p— s — k)™

=(p—s—k+2)'"-20p—s—k+1)"*+(p—s—k)l“
__a(l_a)filiaa P_S_kgfgp_s_k‘i‘za

and so

lp]—k—1
Z S MNep—s—k+2)5*=20p—s—k+1D)*+(p—s— k)

s=1
lp]—k—1

a(l — a) Z s Hp—s—k)y

S=
kal

a(l—a) 3 (lp)—s— k)

s=1
o
a(l —a) E poiTe
r=1

From (2.3.7) the statement follows. This finishes the proof of the lemma.

|_
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Proof of Lemma 7. From (2.2.18) we have

o n

fo= ot 5 Y (n—k+ 1D, =1

@ k=1
For convenience, denote a; := jo~1, then

T N T o
Jrv1 = fo = . Z(%H—k — an1-&) (D7 f)e + F—GI(DT Fhns1.
o k=1 «

Hence

p

[ fas1 = fully =

o X (onsas — a1 ) (D2 D)+ Fron (D2
k=1

Y

n

< /L) [(7* X (@nsics = anso-) (D Fully )+ (7 D2 Pasally )],

k=1

thanks to the triangle inequality and Young’s inequality. Then we have the following

bounds:

(7 3 @nre — amsa ) 1Dl )
k=1

= T(a—l)p (
k
T(afl)p (

= () — ) (2 (@1t~ sat) H(Dﬁ‘f)k\l%’/)

k=1

M=

1t — anra ) H(fo)klly>

Il
—

IN

p—1 n
Howk =tz ) (5 aniros = ania ) O

k=1

o
gk

n
S TP Z (an—i-l—k - an+2—k) ||(D$f)k||€/ )
k=1

where in the first inequality we have used a discrete version of Holder’s inequality:

_1 1
okl =||g"7g7h

Lt

1

<[l

1
gph‘

_p_
Lpr—1 Lp

p—1 1

<llgll% llgh?l7: -
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Summarizing we get

[fnt1 = fully = (2/Ta)’7 [Z(%m—k = nsai) (D2 f)illy + af II(D?f)nHII@] ,

k=1
which yields
N-1
T T p
||f( )<t +7) — f( )(t)HLp(o,T,T;y) = Z 7| frs1 — anI;/

n=1

N-1 n

<(2/To)r Y 7 ( (@nt1-k — @nro—i) [[(DF illy + af H(Dgf)n+1”€/>
n=1 k=1

N—-1 n N-1
<(2/T,)Prortt (Z (@ns1-k = @nyai) [(DFFelly + Zl ||(D?f)n+1HZ})/> :

n=1 k=1

Then we interchange summations and get

Hf(T) (t + T) - f(T) (t) HZP(O,T—T;Y)

N—-1N-1 N—1
=(2/To)Pror ! (Z (@n1-k = anya ) [(DSNS + H(Df-‘f)nHHf/)
k=1 n=k n=1
N-1 N-1 N—-1
=(2/Tq)Prrt ( (D2l > (an1k = Gnra i) + Y II(D?U)nHII%’/)
k=1 n==k n=1

=2

=(2/Ta)Pr*! ( (D F)elly- (a1 — ans1-r) + i ‘|(D?f)n+lH§)/) :

k n=1

Il
—

Since a; — ayt1-r =1 — (N +1—Fk)*! € (0, 1], one obtains

Hf t + T f(T) <t) H]Z/Z’(O,T—T;Y)

N-1 N-1
<(2/Ta)Pr (Z T + 7 ”(Dgf)n+1‘|§)/>

k=1
:<2/Fo‘)p7—ap <HD$JC(T) HI[)/P(O,T—T;Y) + ||D7C'¥f(7—) HZP(T,T;Y)>
op+1ap N
Sy .
This finishes the proof of the lemma. O
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We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. We denote with f (") the linear interpolant (2.3.3) and with f(7) the

piecewise constant function f (1 = fNX{T} + ij:_ol fnx[tn,tn .1)- From (2.3.3), we have

[fo@], < 1Ol + 157w+ wl

Hence

<2

Hfm <2| s HLP(O,T;X)

<, (2.3.8)
LP(0,T;X)

by the assumption of the theorem. One can apply Lemma 5 with f = f and use Lemma 6

to deduce

IFOE+h) = FOO ror-ny) < Cah®| D27 oo

As a consequence, if || D% f)|| oo 7.v) < C, then

lim sup || f(t + h) — FO )| oor—nyy = O. (2.3.9)
h—0 >0

By Lemma 4, (2.3.8) and (2.3.9) imply that fis relatively compactin L”(0, T; B). There-

fore there exists a subsequence of f (7) (still denoted with f (7)) such that
f — f* strongly in LP(0,T; B). (2.3.10)

Next we show that convergence of f () implies convergence of the corresponding piece-

wise constant function f(7). Since

T—(t—t,)

| = | =

Y

(fn+1 - fn)

1M1

X[tn 7tn+1) (t)
Y

=

—1
S ||fn+1 - fn||YX[tnatn+1)<t)7

n

Il
=)

35



from Lemma 7 we have

Hfm _

(7) ()
oy < HOCED) = OO vy

< C(a,p)r || D2 )HLP(O,T;Y) ’

which implies

H FONO)

— 0, asT™ — 0, (2.3.11)
Lr(0,T;Y)

by assumption of the theorem. From interpolation we know that there exists € (0, 1) and

C' > 0 such that

1-6

|- < o[£ =7y 17 -

L»(0,T;B) LP(0,T;X) LP(0,T;Y)
Summarizing we have
() _
Hf (0,7;B)
< Hfm — n Hf(r) _
LP(O T;B) Lr(0,75B)
<C Hf(ﬂ _ Hf Ol Hfm
- LP(0,T;X) LP(0,T3Y) LP(0,T;B)
(CoITd (1) _ f(m)
<G H3f HLP(OﬂT?X) Hf -/ LP(0,T;Y) + Hf LP(0,T;B)

Therefore ||f(7) — 0 as 7 — 0 thanks to (2.3.10) and (2.3.11), namely f

- I ||LP(0,T;B)

is relatively compact in LP(0,T'; B). Theorem 2.1 is proved. O

36



Chapter 3

Porous Medium Equation with Caputo Time Derivative

3.1 Introduction to the Porous Medium system

For the rest of Part I we study the existence of weak solutions to the following system:

D¢u = div(uVp),
(3.1.1)

Dép = —(=AYp+u? 0<s<1,

where u = u(z,t) and p = p(z,t) with (z,t) € T x [0,T] (T > 0), and the operator D"

denotes the Caputo-type time derivative

1 t
D f(x,t) := T /0 (J;t(_x’;l ds, 0<a<l

We consider the system in the space T® with periodic boundary condition. The u(z,t) > 0
in our system denotes the density function and p(x,t) > 0 the pressure. The model de-
scribes the time evolution of a density function « that evolves under the nonlocal continuity
equation

Dfu = div (uVp),

where p is related to u? by the inverse of the fractional fully nonlocal heat operator D%p +
(=A)".

System (3.1.1) is a nonlocal-in-time version of another system which is recently studied
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in [13]. In [13] the existence of weak solutions to

Oyu = div (uVp),
(3.1.2)

Op = —(=A)°p +u’
is proved for (z,t) € R? x (0, c0), % < s < land 8 > 1. The literature on (3.1.2) and its
variants is quite large. See [6, 9, 14, 15, 16, 26, 30, 46, 58, 60] and references therein.

The presence of Df* makes our system quite different from (3.1.2). For example, many
of the usual techniques such as a Div-Curl Lemma do not work. The nonlocal structure pre-
vents the equation from having a comparison principle. The maximum principle does not
give useful insights, since at any point of maximum for « we only know that Df'u < uAp.
We overcome these significant shortcomings with the introduction of ad-hoc regularization
terms, together with suitable compact embeddings.

We are interested in understanding the effects and challenges that a nonlocal time
derivative brings to a mathematical model. Time-delay memory effects are, in fact, very
common in real situations. Specifically, differential equations with nonlocal time deriva-
tives are used in modeling many physical and engineering processes, including particles in
heat baths and soft matter with viscoelasticity ([23, 27, 28, 32, 36, 40, 41, 69]). In the past
few years the study of stochastic and deterministic PDEs with nonlocal time derivatives has

seen an increasing interest, see [3, 4, 2, 1, 8, 17, 32, 42, 44, 62] and the references therein.

The main result of this chapter is summarized in the following theorem.

Theorem 3.1. Let u;,, pi, : T2 — RY be functions such that u;, € L*(T?), p;, € H(T?).

For0 < s <land0 < o < 1, there exist functions u,p : T> x [0, +00) — R such that

38



foreveryT >0
u € L®(0,T; L*(T?)), p € L*(0,T; H(T%)),
Dfu € L*(0,T; (WH(T%))'), Dip € L*(0,T; (L™ n H')(T?)),

which satisfy the following variational inequalities:

T T
/ / (D%u, @) dxdt+/ / uVp -V drdt =0, Vo € L*(0,T; WH=(T?)),
o Jr3 o Jr3

/OT /TB (Di'p,4p) dwdt+ /OT /TS(_A)s/?p(_A)s/% dedt

T
—/ / u?y) drdt >0, Vop € L*(0,T; H' N L>(T?)),
o J13

lim u(t) = g, strongly in (Wh(T?))', lim p(t) = ps, strongly in (L N H")'(T?).

t—0t t—0t

The starting point about our analysis is the observation that

1
Hlu,pl] := / (u2 + §]Vp\2) dx
T3

is an energy functional for (3.1.1) that satisfies the bound
DfHlupl + [ |(-2)*VpPdz =0,
T3

To gain uniform estimates for u in Sobolev spaces we first add a viscosity term pAwu in
the equation for u. After that we discretize the resulting system using the implicit Euler
method; the evolution problem is then approximated by a system of elliptic problems.

Once we have established the well-posedness for the discrete system, we show the
existence of a sequence of solutions whose limit is a solution of the original continuous
problem (with the extra viscosity term). In this step we apply the strong compactness
criterion Theorem 2.1.
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In the last step of the proof of Theorem 3.1, we remove the viscosity term pAu. The
major difficulty, in the approximation process, is the identification of the limit of (u(”)2.
The energy inequality provides plenty of informations for the pressure p, but only uniform
integrability in L>°(0, T', L*(T?)) for u. It is unclear, at the moment, how to use the bounds
for Vp to get useful bounds for Vu or u. A similar problem has been overcome in [13] using
the Div-Curl lemma , a tool commonly employed in the study of fluid-dynamic systems.

Even if the lack of strong compactness prevents us from identifying the limit of u”, we are

able to provide a lower bound for:

/OT /TSW)Q b dudt.

The above integral defines a functional

U(u) = /OT/TB(U)%/; dadt

which is convex and continuous in the strong topology of L?(0,T, L*(T?)) for suitable

functions 1. We conclude that

liminf ¥ (u”) > ¥(u),

p—0

where u is the weak limit in the L?(0, T, L*(T?))-topology.

3.2 Energy Inequality
The rest of Part I is devoted to the proof of Theorem 3.1. We consider the system

D¢u = div(uVp), z € T3, t € (0,T),
3.2.1)

Dyp = —(~A)p+u2,
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with initial data w;, and p;,: T® — R* such that [, u?, + |Vpi,|* do < +oo. Moreover

0 <s<1land0 < a < 1. The energy functional
2 1 2
Hlu,p] .= [ v+ S|Vp|” dx
T3 2

satisfies the following inequality:

A)2Vp(s)|?
t—s)l-@

t
Hlu(t), p(t)] + Fi/o N |(_( dxds < H|uin, pin), fort € [0,T]. (3.2.2)

To see this, we first test the second equation in (3.2.1) by Ap, which yields

/ wWAp dr = | DfpAp dx + / (—=A)*Vp- Vpdz,
T3 T3 T3
which from divergence theorem yields

Vu? - Vpdr = [ V(Dp)Vp dx + / (—A)*Vp-Vpdx
T3 T3

'ﬂ‘3

- /3(Dtan) Vpde+ | |(=A)FVpP da.
T

|
T3

Then we test the first equation in (3.2.1) by 2u and get

/ 2uDju dx = / div(uVp)2u dr = —2/ uVpVu dr = —/ Vu? - Vp dz.
T3 T3 T3 T3
The combination of the two yields the following equation:
/ 2uD{u dr + / (DyVp) - Vp dz + / [(=A)2Vp|? dz = 0.
T3 T3 T3

Thanks to the fact that 2gD%g > Dg? (see [42]), we get

a 2 1 2 5,12

D w4+ =|Vpl*de )+ [ |(—A)2Vp|* dz
T3 2 T3
< / 2uDu dx +/ (DYVp)Vp dx < 0.
T3 T3
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By definition of the functional

1
Hiwr] = [ o+ 59 do.

We can rewrite the above inequality as

D Hlu(t), p(t)] + /1r3 [(=A)3Vp|? dz < 0.

Then the fundamental theorem of calculus (2.1.6) yields (3.2.2).

Next we divide interval [0, 7] into N subintervals with length 7 and discretize (3.2.1)
in time. We also add extra viscosity terms as follows. For given constants g, 7, > 0,
functions u; € H'(T%) and p; € H?*(T?) such that u;,p; >0, j = 0,....k — 1, a.e. in T,

consider the weak formulation:

/ (D%u)¢ dx +/ upVpy - Vo dx + g/ Vuy -V dr =0, Vo € H(T?), (3.2.3)
T3 T3 T3

/ (D%p)iab da + / (=A)*p (=A%) da+e / Vi - Vi dz (3.2.4)
T3 T3 T3

—/ uity do =0, Yap € H*(T?).
T3

3.3 Ecxistence of Solutions for the Weak Formulation

In this section we prove the existence of weak solutions of (3.2.3)—(3.2.4). We first linearize
(3.2.3)~(3.2.4) by replacing u;, with given z € H*(T?), which also requires adding an extra
constant o € [0, 1] in front of the drift term [, 2+ Vpy - V¢ dz, then show the existence of
a unique solution for the linearized discrete problem with Lax-Milgram theorem.

Let us recall the Lax-Milgram theorem [10].
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Lemma 8. Let H be a Hilbert space and assume that B : H x H — R is a bilinear

mapping that is bounded and coercive, i.e. there exists constants C, Cy > 0 such that
| Blu, v]| < Cy[lull [0l w,ve H,

and

Blu,u] > Cy |ul®, we H.

Then for any bounded linear functional ' : H — R, there exists a unique element w € H
such that

Blu,v] = (F,v)
forallv € H.

Now we consider the linearized system

/ (Ddu) o dx+a/ 2tVpe-Vo dx—l—g/ Vu,-Vo dr =0, Vo € H(T?), (3.3.1)
T3 ’]1‘3 T3

/ (D%p)pyp dx +/ (=) (= A)* %) da:—i—s/ Vi - Vi dx (3.3.2)
T3 TB T3
—/ 22 de =0, Vap € H(T?),
r]r3
with z € H'(T?) and o € [0, 1]. Define the bilinear forms
By lug, @] := FQTQ/ ur¢ dr + Q/ Vug - Vo dx,
T T
Ba[p, ¥] = FaT_a/ pryp dz + / (—A)*Ppp(—A)** da + 8/ Vi - Vi dz,
T3 T T3
and the linear functionals
k—2
(F1, ¢>H1(T3)’,H1(T3) =™ /3 [Z Ak—j(Ujy1 — uj) — Uk—l] ¢ dx
™ |75
+ 0/ 2tVpy - Vo dx,
TS
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k—2
<F27¢>(H1)’,H1 = FaTa/ Z Ai—j(Pj+1 — pj) — Pr—1 | ¥ dx — / 2y da.
TS _]:0 TS

Note that B, is bounded

| Bapi, ]| < Cullpell g 1901 prn + Co x|

W

sis 19l s < Cllprll g 1911,

and coercive

Bolpr, pi] > C'llprll 3 -

Moreover,
k—2
(Fo, )y < C1 Y demg [Ipisall e + 19l 2] 1l e + Ca |22 o 101 2
§=0
<Ol

since p; € L?,j = 0,...k —1,and z € L57% for § > 0. The constant C' depends on

7T, ||2]| 14, and ||p;]| ;. for any 0 < j < k — 1. By Lax-Milgram theorem there exists a

unique solution p, € H*(T?) to (3.3.2). In addition, the elliptic regularity theory implies

that p, € H*(T?). Now we need to show that there exists a unique solution u;, € H'(T?)

to (3.3.1). Similarly, B, is bounded

| Bi[uk, o] < Cllugell g 0]l o

and coercive

By lug, ug) > C ||uk||§{1 )
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and

k—2

T Ujp1 — Uj
Ja , - DAt 7 B d / + d
(F1, @) i (rsy 1 (1) T, /TB Lz:; (k=) +up—1| ¢de+o L VppVo dx
k—2
<O Mg [lugelle + g ll 2] 002 + Co || Vil 2 0] s
=0
< Cloll sy »

since u; € L? j =0,...,k—1,2z" € L* Vp, € L%, g > 4. The constant C' depends
on 7, ||z 14, ||u;ll 2, and ||Vpg||4 for any 0 < j < k — 1. Once again, Lax-Milgram
theorem yields existence and uniqueness of the solution u, € H'(T?) to the linearized
discrete problem (3.3.1).

Next we use a fixed point argument to show the existence of solutions to (3.2.3) and

(3.2.4). Let us recall the Leray-Schauder fixed point theorem [31].

Lemma 9. Let B be a Banach space and let T : B x [0,1] — B be a compact mapping
satisfying T (w,0) = 0 for each w € B. Further assume that there exists some fixed points
T (w,0) = w for some o € (0, 1), and we have a uniform bound ||w|| 5 < C for all such

fixed points. Then there exists a fixed point w = T (w, 1).

Thanks to the existence and uniqueness of solution to (3.3.1) and (3.3.2), we can define
the mapping

T : (z,0) € L¥7°(T3) x [0,1] — u € LS7%(T?).
Lemma 10. Given any o € [0, 1], any fixed point of T (-, o) is non-negative.
Proof. Choose ¢ = pj_ as test functions and get:

/ (Dp)epe di + / (=AY do + / VP o+ / 2 (—pp) dz = 0.
T3 T3 T3 T3
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All the terms except for the first one are non-negative. Using Equation (2.2.1) we rewrite

the first term as
k-1
/3(D P)ipk— dz =T /3 ()\kpm(—pk) + (N — )‘kj+1)pj(_pk)>dm
T T j=1

—i—FaTO‘/ Py dx.
TS

We can see that every term is non-negative, since p; > 0, j =0,1,....,k — 1, and
Meo1— e >0, k=2,3, ...

Therefore, we must have p,_ = 0, in other words, p > 0.

Now we show the non-negativity of u;. With ¢ = w;_ as test function we get:

/ (DSu) pug— do + 9/3 \Vuy_|* doe = —a/ ul Vpi - Vuy_ de.
T3 T

T3
We have:
k-1
r,——« /3 AU (—ug—) + (Mkmj — Mpmjrr )uj(—ug—) do
T
7j=1
+Fa7'_°“/ up  dx + Q/ IVuy_|* de = 0.
T3 T3
Since every term on the left is non negative, we must have u;,_ = 0, in other words,

We next prove that 7 (-, 1) has a fixed point. First, 7 (-, 0) is constant since eq. (3.3.1)
becomes independent of z when o = 0. Next, we show that 7 is continuous and compact.

Taking ¢ = uy, in (3.3.1), we have

/ (D) guy, dx + a/ 2tV - Vuy, dx + Q/ |Vug|? de = 0,
T3 T T
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which implies

Foﬂ‘_a/ up dx + Q/ |V do
T3 T3

- — a/ 2tVpi - Vuy, do — FaT_O‘/ [Z Mo j(Ujp1 — wj) — wpe 1] wy, dx
TS
7=0

1—‘ —Q
/ |Vug|? do + —/ | Vp|? do + / up dx
2 T3
k—2
+ 160,77 ¢ Z )\i_j / u? dzx.
§=0 T

Reorganizing the terms, we have

| P 1
’ / up da +2 |Vu;.c|2 dx <u/ (z0)* do + —/ |Vpi|* dx (3.3.3)
2 T3 2 o Jr3

k—2

+ 16T ) N /T uj da.

=0

Now we need to estimate Vp. We take ¢) = Apy in (3.3.2), and get
/ (D7p)sApy dx + / (—=A)Ppe(=A)*2Apy, da+ 8/ Vpi, - VApy dx
T T T
—/ (27)*Apy, dz =0,
T3

which implies
FaT_"‘/ Vel d:}c+6/ |Ap|* dx
k—2
= - / 22 Apy, da — FaTa/ > i (Vpjs1 — Vps) = Ve
T3 T 5=
2
g—/ (=)' de+ & / Apyf? do+ =
9 T?’

/|Vpk| dx
+ 1607~ Z)\ / Vp,|* da.

: Vpk dx
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Combining the similar terms, we get

r o
; /|Vpk| do + = /|Apk|2dx
TS

2
<- d 16T, 77 A d
<2 [ &0 o 16mr Z [ ont e

Given z* € L*, we have Vp, € H', which suggests that Vp;, is uniformly bounded in
L*, and therefore, ||ug||;;; < C from (3.3.3). This shows that 7 is bounded as an opera-
tor L57%(T3) — H'(T®). The compactness of 7 directly follows the compact embedding
HY(T?) < L5-9(T3), while the (sequential) continuity of 7 is proved via a standard argu-
ment.

Next, we show that fixed points of 7 (-, o) are uniformly bounded in ¢ for o € [0, 1].
We consider ¢ = u;, and v = Apy, as test functions respectively in (3.2.3) and (3.2.4), and

take summation of the equations:

k—1

ol
[Z Mg (1 — j)] 2 | [Z Ne—j(VDjs1 — ij)] - Vprdz
7=0 7=0

+ Q/ \Vug|? do + z/ [(—=A)*2Vpg|? do + z5/ (Api)? dx = 0.
T3 2 Jps 2 Jrs

From Lemma 3 we have

k—1 k—1
1 —a 2 2 g —a 2 2
gLaT /TS ;20 MUy = uj) dow + Lot /T3 ;:0 Mo (IV Pkl 751 = [Vely) dx

(3.3.4)

+ g/ |Vug* do + z/ [(—A)*2Vpg|? do + gs/ (App)? dz < 0.

T3

Lemma 2 implies that [, ui + |Vpi|* do < [ ul, + §|Vpin|* do for Vk = 0, .., N.
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Moreover, from (3.3.4) we have

D2 (/ uj + g|V101<;|2 d:U)
s T

< —20 | |Vug|* dox — a/ [(—A)*2Vpy|* do — 05/ (Ap)? d,
T3 T3 T3

which implies, using (2.2.18),

/ uz+z|Vpk|2 dx
s F T2
o k

A o <29/ V2 + a/ (=AY Vp,2de + 08/
T, - -

Jj=1 T

(Apj)2d37>
3
2 1 2
g/ ug, + =Vl d.
T3 2

The last estimate shows that uy, is bounded in H''(T?) uniformly with respect to .
Hence Leray-Schauder fixed point theorem yields the existence of a fixed point u; €

H'(T3) for T (-, 1), that is, a solution (ug, p) € H*(T?) x H?(T?) to

/ (D) dx + / urVpy - Vo dr + Q/ Vuy - Vo dr =0, (3.3.5)
T T3 T3

and

[ Do de s [ (88 de e [ VpeeVods - [ tods=o,
T3 T3 T3 T3
(3.3.6)

for all ¢,v € H'(T?), such that ug, pr > 0 a.e. in T> and

k
TN k=i 1) Pz + = [ |(=A)YPVpiPdr+ & %
Hy + = ) (k—i+1) (QAS|VU,| dx+2/TS|( N)*Vp;] dm+2/1rs(Apl) dx)

@ =1

S H(Uz‘mpin)a

using Proposition 3. Taking test functions ¢ = 1 and ¥ = 1 in (3.3.5) and (3.3.6) we
get [rs(D2u)y, do = 0, and [,(D2p)y do — [psuj dx = 0. Since [n,(D%u), do =
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(D2 [ u dx),, Proposition 3 implies
/uk dx:/um dx forany k =0,..., N.

Similarly, (D¢ [1sp dz), = [1s uf dz < H (Ui, pin) and

k—i+4 1) -1

Mw

/ Pk dx S/ Pin dZE+ H uznapm
T3 T3 Fa

2:1

1
< in d H iny Min Taa
- /11‘3 p v ol (u p )

forany k =0,--- , N.

34 Limit7 — 0

Forall T > 0, let N = T'/7. Define the piecewise constant interpolant of {uy} and {ps},

k =0,.., N, respectively as

N

’LL(T) (t) = umX{o} (t) + Z ukX(tk_htk} (t),
k=1
N

p(T) (t) = pi’ﬂX{U}(t) + Zpkx(tkfl,tk}(t)a
k=1

HO(t) = /m ((u(T)(t,:U))Q + %]me(t,x)]? )dx.

By (2.2.4) we have
n k-1

D2 = aT_aZ Mg (g =) Xy ) (1),

k=1 5=0
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So, (3.3.5) and (3.3.6) can be rewritten as

T—1 T—1
/ (D2u™) ¢ dadt + / / WVpD V¢ dudt (3.4.1)
0 T3 0 T3

T—1
+ g/ Vu V¢ dedt =0, Vo e L*(0,T —7; H(T?)),
0

']1*3

T—7 T—1
/ / ep™) ¢ drdt + / / A 2p T (—A)* /2 dadt (3.4.2)
T3

T—1 T—1
+€/ vp . Ve da:dt—/ / )2 dxdt = 0,
0 T3 T3

forany ¢ € L*(0,T — 7; H'(T?)) with the energy estimates

H(T)(

( DU + 3-89+ S8 ) dad
< H(win, pin)- (3.4.3)
Moreover we have the conservation of mass for u(™

/ ™ de = / Wiy do, (3.4.4)
T3 T

and L'-bound for p{”)

1
/pm d:cs/ Din i +
T3 T3 OZFa

We estimate the time derivative of the density function:

H (wipn, pin)T°. (3.4.5)

T
(D2u™ ¢dmdt’ /HVP(T)”H(TB)H“(T)V¢||L2(T2)dt

TS
+ o0 ||u(T) HLQ(O,T;HI(T3)) ‘|¢HL2(O,T;H1(T3))

<|[ve| 7

Lo (0,T;L2(T3)) Hu L2(0,T;LS(T3)) Hv¢HLQ(O,T;L?’(T?’))

+ 0 ||U(T) HL2(07T;H1(T3)) ||¢||L2(O,T;H1(T3))

SC(Tv Q) ||¢||L2(0,T;W1*3(T3)) .
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Therefore

D26 ooz, C(T, o). (3.4.6)

wisy) =

From (3.4.3) we have that u(") is uniformly bounded in L?(0, T'; H'(T?)). Since H'(T?)
is compactly embedded in L57%(T3) for 0 < § < 6, Theorem 2.1 with X = H!(T?),

B = LS=5(T%), Y = (W'3Y(T3) yields

u™ — win L*(0,T; L57(T?)),

and we also have

p™ = pin LX(0,T; L°(T%),
and
u™ = wa.e. in T x [0,T].

Now we start to take limit 7 — 0. We first look at the second and third terms of (3.4.2).

From (3.4.3) we know that
(—=A)2Vpl™) —~ (=A)*/2Vp, in L*(0,T; L*(T?)),

and

Vp™ — Vp, in LU0, T; L2(T?)),V q < oo,

as 7 — 0, and therefore

T—1 T
[ [earreayoda— [ [ oyt
0 T3 0 T3
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T—1 T
£ / V™ Vi dadt — ¢ / Vp - Vi dzdt.
0 T3 0

TS
Now consider the fourth term. We only need to prove that (u())? converges to u2. For

all b € L*(0,T; L*(T?)), consider

//[(u(T))2 — u?tp dodt = //[(u(f))2 — D+ uMu — u?y dedt (3.4.7)

_ / / w (™ — ) dedt + / / up(u™ — ) dadt

=1L+ L.
First, we look at I;:
L < |’u(T)¢||L2(O,T;L4/3(T3)) ”u(T) - u||L2(O,T;L4(T3))
S HU(T)HLN(O,T;LQ(W)) ||¢||L2(0,T;L4(T3)) HU(T) o UHL2(0,T;L4(T3)) :

Therefore, Iy — 0 as 7 — 0. Furthermore, the convergence [, — 0 as 7 — 0 follows from
the weak convergence of u(™) in L2(0, T; L*(T?)), and ut) € L2(0,T; L3 (T?3)).

By density argument and Proposition 6 we obtain

T—1 T
/ / (D2u'™) ¢ dwdt — / / (D%, ¢y dxdt, as T — 0.
0 T o Jm3

Now we look at the second term in (3.4.1). Since Vp(™ is uniformly bounded in

L>(0,T; L*(T?)) from (3.4.3), we have the convergence
Vp™ I Vpin L2(0, T; L*(T?)).
Moreover, (—A)*?p(™) ¢ L2(0,T; H'(T?)) from (3.4.3), and, by Sobolev embedding,

Vp(™ is uniformly bounded in L2(0, T’; L5 (T?)). Thus, there exists a subsequence Vp(™
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that converges weakly in L2(0, T; L2 (T?)). Consider

/ / W MVp™ — uVp| - Vo drdt (3.4.8)
= / /[u(T)Vp(T) —uVp™ 4+ uVp™ — uVp| - Vo dxdt
= / / uVeo - (Vp'™) — Vp) dadt + / / Vp - Vo(u™ —u) dzdt

=0 + I,.

2(6—9)

Using Vp(» = Vpin L®(0,T; L*(T%)), Vo € L2(0,T; L 55 (T?)),

and u € L2(0,T; LS°(T?)), so that uV¢ is bounded in L'(0, T’; L?(T?3)), we have that

I; > 0as 7™ — 0. We bound I, as

L < ||Vp(T)HL°°(o,T;L2<T3>> HVQSHLQ(O,T;LQEF:&&) (T3)) e = ull g2 7oy -

We have previously concluded that u™) — v in L2(0,T; L5=°(T?)), and Vp”) is uniformly
bounded in L>(0,T’; L*>(T?)). Therefore, I, — 0 as 7 — 0. Hence, V¢ € L?(0,T —

7; WhH(T?)) with ¢ > 3 we have
T—1 T
/ / u VP .V dudt — / / uVp - Vo dudt.
0 T 0o J13
Next, we consider the third term in (3.4.1). From the energy estimates (3.4.3) we have
Vu™ = Vu, in L*(0,T; L*(T%)),
and therefore, as 7 — 0

T—1 T
0 / Vul™ - V¢ dedt — o / Vu -V drdt.
0 T3 0

'I[*3
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Now we proceed to the first term of (3.4.2):

T3 %ZJ drdt| < H B S/Zp HL2(0,T;L2(1I3)) H(_ 8/2¢HL2(0,T;L2(T3))
+ HVP(T)||L2(O,T;L4(’JI‘3)) HwHP(O,T;L‘W(Tﬁ‘D
+ H ul? 2HL2(07T;L3/2(T3)) ||¢||L2(0,T;L3(T3)) )

Since (u()? is uniformly bounded in L>(0,T; L*(T%)) N L*(0,T; L*(T%)) by (3.4.3),

interpolation yields

< [J(u)?

(') HL?(O,T;LS/?(TB)) . HLoo(o,T;Ll(TB)) (™) HLl(O,T;L3(’]1‘3)) :

Then Dp(™) is uniformly bounded in the dual space of L?(0,T’; H'(T?)) by some constant

function depending on 7" and on the initial data:
| D2p < C(T, Hyn). (3.4.9)

T (T)HLQ(O,T;H*(’]I‘?')) =

Moreover, taking into account that p(™ € L?(0, T; H?(T?®)), we can use Theorem 2.1 with

X = HY(T?3), B= L*T?),Y = H'(T?) to conclude that
P = pin L*(0,T; L*(T?)),
and
P = pae in T x[0,T].

By Proposition 6, we get
T—1
/ / p @D dxdt —>/ (D'p, 1) dxdt.
T3 T3
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Summarizing, we have (after the density argument)

T T
/ (Dju, @) dxdt + / / uVp - Vo dxdt
0o J13 0o J13

T
—l—g/ Vu-Vo¢ dedt =0, (3.4.10)
o J13
T
/ / (Dip, ) dxdt + / / A (= A)*2 dadt
0 JT3
+6/ Vp -V dxdt—/ / u*t dxdt = 0, (3.4.11)
0o J13 T3

forall ¢ € L2(0,T; W3(T3)) and v € L*(0,T; H'(T?)).
The next step is the limit 7 — 0 in the energy estimate (3.4.3). Taking liminf, .5 on

both sides,

1 1 t
lignjglf /11‘3 ((um)2 + §|Vp(7)|2) dx + 71 lirpjglf (Q/O /’JI‘3 (V'™ (s, z)* dzds
1 /[t t
—I——/ [(=A)*2VpT) (s, 2) | deds + E/ / (AP (s, z))? d:vdt)
2 0 T3 2 0 T3
1
S/ (u?n+—]me\2> dx
T3 2

Then we look at the first integral:

1
lim inf/ ((u(T))2 + —|Vp(7)|2> dx
T—0 3 2

Since we know that u(™ — v in L>=(0,T; L?(T?)), by the lower weak semicontinuity of

LP norm (see Proposition 3.5(iii), [10]), we know that

. . (7—)
||u||L°°(O,T;L2(T3)) < hIggf Hu ||L°°(O,T;L2(']1‘3)) ’

and
||Vp||L°°(D,T;L2(’]T3)) < lignjglf HVP(T)HLoo(mT;L?(W)) :
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Therefore, by Fatou’s Lemma, we have

1 1
/’JT3 (u2 n §|Vp|2) dr < h{_n_)iglf /T3 <<u(r))2 + §|Vp(T)|2> dx.

Similarly, we apply Fatou’s lemma on the rest of the terms in the energy estimate and

obtain

1 ta_l t 1
/ v+ Z|Vpl* ) dx+ / / [Q|VU|2 + —|(—A)5/2Vp|2 + E(Ap)Q] dzds
T3 2 Fa o JT3 2 2

(3.4.12)
2 1 2
g/ (um—l——|me|> dx.
']1‘3 2

Furthermore, take lim inf,_,; on both sides of (3.4.4) and (3.4.5). Then the everywhere

convergence of u(”) and p(™) yields

/ u dx §/ Uiy di, (3.4.13)
TZ& T3

and

1
/3p dr < /3 Pin dx + T H (Wi, pin)T. (3.4.14)
T T a

3.5 Limite — 0

This section is devoted to the limit ¢ — 0. For convenience we recall the statement of a

compactness result proven in [42]:

Theorem 3.1. Let X, B and Y be Banach spaces. X — B compactly and B — Y

continuously. Let 1 <r < 00, 0 < a < 1. Suppose u € L, .(0,T; X) satisfies:

loc

HUHLT(O,T;X) + HD?“ Lr(0,13Y) = Co.

Then u is relatively compact in L"(0,T; B).
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Similar to (3.4.6), we can conclude from (3.4.10) that

HD?U(‘S) HLZ(O,T;(WL?’(T?’))’) S C(T? Q)

Moreover, by (3.4.12) u®) is uniformly bounded in L?(0,T; H*(T®)). Since H'(T?) is
compactly embedded in L5~%(T?), Theorem 3.1 with X = H(T?), B = L57%(T3), Y =
(WL3Y(T?) yields

u'® — win L*(0,T; LS(T%)),
and

u® — wa.e. in T x [0,T].

Therefore, similarly as for (3.4.7), we conclude

T T
/ / (W) 2 dadt — / / u*tp drdt, as e — 0.
o Jt3 o Jt3

The second term in (3.4.10) can be handled in the exact same way as (3.4.8). Moreover,

(3.4.12) implies that
2
€ HVpHLQ(O,T;Hl('JI‘3)) <C,

which indicates that the third term in (3.4.11)

el Vp-Vydr—0

T3

as ¢ — 0, because
T
VNPl VE Wy <2 [ [ T+ 90 duds
0o JT
< e HVPHL2(H1) Ve HwHLQ(Hl)

with both the left most and the right most expressions go to zero.
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Summarizing up, after a density argument,

T T
/ (D%u, ¢) dxdt + / / uVp - Vo drdt
0o J13 0 T3

T
+Q/ V- Vo dudt =0, (35.1)
0 JT3

T
/ / (Di'p, ) dxdt + / / A 2p(=N)*%) dedt
0 T3 T3
/ / u*t dadt = 0, (3.5.2)
TS

forall ¢ € L2(0,T; WL3(T3)) and v € L2(0,T; H'(T3))

The next step is the limit ¢ — 0 in (3.4.12). By the lower weak semicontinuity we have

1 -1 t 1 t
/ (u2 + —|Vp|2) [Q/ / |Vul? dzds + —/ / [(—=A)*2Vp|? dxds
T3 2 a o JT3 2 Jo Jrs
< / (u?n + %yvme) dz. (3.5.3)
T3

Now we try to get the everywhere convergence of p(*). In the same way as (3.4.9), we can

bound the first term of (3.4.11) as

|5

IN

-y

HLQ(O,T;H—l(W)) HL?(U,T;L2(T3)) ”(_ S/2¢HL2(O,T;L2(T3))

+ HVp(T)HL2(O,T;L4(']I‘3)) ||¢||L2(0,T;L4/3(T3))
+ H ul” ) HL2(0,T;L3/2(T3)) ||¢||L2(07T;L3(T3))
< C(T, Hin) 191l 120 7111 (79)) -
Theorem 3.1 with X = H'(T?), B = L*(T?), Y = H}(T?) yields
p = pin L2(0,T; L*(T%)),
and

p® = pae. inT x[0,7].
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Now take liminf. .y on (3.4.13) and (3.4.14), almost everywhere convergence of u®) and

p©) yields

/ u dx S/ Uiy di, (3.5.4)
T T3

and

1
/31? dr < /3 Pin dx + T H (Ui, pin) T (3.5.5)
T T e

3.6 Limito — 0

This section is devoted to the limit o — 0. Define

U(u) = /0 : /T () dad,

with ¢ € L*(0,T; H' N L>(T?)). We have that

T
W) = W) = [ [ Jut = 3ol dact

T
S Hul - UQ”L2(O,T;L2(’]I‘3)) |:/ . wQ(Ul + UQ)2 dzdt s
o Jr
2 2
< lwr = woll p2o 20y 191 20,7100 (o)) 1w + w2l oo o p2(rey) -

Therefore W(-) is continuous for the strong topology ||-| L2(0,7;02(T3)) - Since W is convex,
u(® — yin L2(0,T, L*(T?)) and u(? is uniformly bounded in L>(0, T', L?(T?)), we have
that (Corollary 3.9, [10])

liminf U (u'®) > (u).

0—0

In other words,

T T
/ / w* dadt < liminf / / () dadt.
0 T3 0—0 0 T3
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Next, we take a look at the second term:

T
/ / uOVpld . Ve dudt.
0 T3

With ¢ € L(0,T, W' (T?)), consider

/ / WOVp© — V|- Vo dedt
_ / /[u(@)vp(@) —u@Vp +u@Vp — uVp| - Vo dadt
_ //u(g)v¢. (vp(g) — Vp) dadt + //Vp . ng(u(g) —u) dxdt
=1 + Is.
We can have I, — 0 since u(@ = v in L>°(0, T; L*(T®)) and Vp- V¢ in L*(0, T; L*(T?)).

To handle I;, we need to show strong convergence for Vp(@). For that we first bound

D$pl as follows:

T
‘/o /ﬂ‘3 <Dtap(g)’¢> dxdt| < ||(_A)S/Qp(g)HLQ(O,T;LQ(T?’)) H(_A)S/2¢“L2(0,T;L2(T3))

-+ H (U(Q))2 HLOC (07T;L1 (']1'5)) ||77b||L2 (O,T;LOO(T3))

<C(T) ||¢||L2(0,T;LoomH1(T3)) ]

which implies

HD?p(g)HL2(0,T;(L000H1)’(’]T3))) < C(T).
Then Theorem 3.1 with X = H*'(T?%), B = HY(T?), Y = (L> N H")(T?) yields

p@ — pin L2(0,T; H*(T®)). We conclude that I, — 0, since

L < w9 e o opzroy 1 V@l 2o iz zoyy 1V = VBl o riparsy -
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The last term
T
0 / / Vul® . Vo dedt — 0,
o J13
since \/o0Vu'? is uniformly bounded in L?(0, T'; L*(T?)).
Furthermore, we consider the energy estimates (3.5.3). By taking lim inf, ,; on both

sides we have

to— 1 1
/ (u + = |Vp]2) da:+ / / [(—=A)*2Vp(s, z)|*dzds < / (ufn + —|me\2> dz.
T3 T3 2

Follow the same logic, with Fatou’s lemma, we can pass the limits on (3.5.4) and (3.5.5):

/ udxﬁ/ Uiy dix,
T T

1
/ pde < / Pin dv + ——H (i, pin) T
T3 T3 Oéra

This concludes the proof of Theorem 3.1.

3.7 An L3(0,T; L3(T®)) Estimate

In the following lemma we show the L3(0, T; L*(T*)) estimate for u, provided § < s < 1.
We are not using this estimate at the moment. We add it here for completeness, and because

we believe it can be useful in the future to show compactness for u.

Lemma 11. If 1 < s < 1 the function u, solution to (3.1.1), is bounded in L*(0, T'; L*(T?))
as

HUHL3 0,7,L3(T3)) < C(T H(“'mapzn))

Proof. We test the equations in (3.1.1) with p and u respectively. We get

T T
/ (D%u, p) dxdt+/ / w|Vpl* dedt =0, (3.7.1)
o J13 0o J13
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and

T
/ (Dgp,u) dxdt + / / A 2p(=A)* Py dadt = / / (u)® dzdt. (3.7.2)
T3 T3 o J13

Integration by parts using (2.1.9) yields

/O (DEp(t), u(t)) dt + /0 (Dgu(t), p(t)) dt = Fll_a /0 u(t)p(t) [ (Tit)a ﬂ%} dt
(3.7.3)
(s))(p(t) — p(s))
Fl a/ / ~ 5yt dsdt
1 u(t)pin + p(t)uin
- /O p dt.

Adding (3.7.1) to (3.7.2) and using (3.7.3), we get

T T
/ / (u)® da:dt:/ / u|Vp|* drdt (3.7.4)
o Jm3 T
/ / A 2p(—A)*" 2y dadt
T3
1 1
— | dxdt
F1 a/ /11“3 {T_t)a ta} !
S CCECIETE
Fl a T3 t—3>1+a
_ / / u)pin +POin 0y
Flfa 0 T3 ta

=L+ L+ 13+ 1+ 15

We use Holder’s inequality to bound /:

I :/OT/TSU\Vp]Z dadt < UT/TB(U)?’ d:z:dtr UT/T NHE dxdtr

1
1/ /Ta da:dt+2|\vp||L3(OTL3T3)).

Since s > 3, the ||Vpl| s 1.05(1s), term can be bounded via interpolation of Vp €
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L>(0,T; L*(T?)) with Vp € L*(0,T; Lﬁ(T‘Q’)). We bound I, using (3.2.2) after in-

tegrating by parts. Next we analyze /3:

Fla/ /T { it) tl] et

> F T Jull oo (0,T;L2(T3)) 1Pl oo (0,T3L2(T3))
2—«

3

< C(T, H(tin, pin)),

thanks to (3.2.2). Now take a close look at ;:

li=g a/ / /T t_s(ﬁfi_p(s)) drdsdt
. t_51+ " dedsdt + f‘a/OT/Ot/w%dxdsdt.

Integration by parts formula (2.1.9) gives

I a/ //1r3 — da:dsdt
_2a/ /TS t) D u da:dt+rla/ /TSQU tin g
TTo / /T { Tty ta} ol
= 2 /0 /T u(t)div (u(t)Vp(t)) drdt
+ i / ' /T 3 2“(’2“"" drdt
TTC / /T { Tty H ot
< — Qa/O /11‘3 Vu(t) - (u(t)Vp(t)) dedt
+ Flaa /0 ) /T i zugui" dxdt

= A + A.

64



For A, we have:

Tlfa
Ay <

Hu(t)||LOO(O,T;L2(’]I‘3)) ||uin”L°°(0,T;L2(’]I‘3)) < C(T, H(tin, pin))-

2—a

In A4, integration by parts yields
/ (DVp) - Vp dadt — / (—=A)*2Vp|* dwdt
T3 ™
<-= / D¢ (Vp)? dxdt.
2 0 T3
Next we use formula (2.1.8) with ¢ = 1 and get:

! //T\V|2(t)d /T L s dtde + — /v2/T1dd
2F1 a JT3 p dt t (S—t)a s o 21_‘1,0[ T3 Pin 0 s¢ Sar

IVpl e v
= d dt m 2
o, a/ 1 (T —t)> +2F2, IVl (T%)

A <

Summarizing

/ / / dacdsdt <C(T, H(Win, pin))-
Fl «@ T3 -

Now we look at the second term of I,:

a [T (p(t) = p(s))?
Fla/ //Tg—t—lera dxdsdt
2
_2/ / $)DOp(t) dwdt + / / p(t pmd dt
T3 Fl — T3
dxdt
T / /Ts { Tty t“} *
§—/ /[(—A)Sp]2 dxdt+/ /(u)2
0 ’I[‘3 0 TS F]__
T 1 Tr 2 <
§/ /(U)del'dt—l——/ / dedt
0 ']1‘3 Fl—a 0 TS ta

=D + B,.

2pin 40

'[[‘3
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The bound for B, follows from

Tl—a
B, < T

||p(t)||L°°(O,T;L2('JT3)) ||pin||L°°(O,T;L2('Jl‘3)) < C(T, H(tin, pin))-

2—«

For B; we have:

e 3 ! 3
B, < - (uw)° dedt + 4 (p)® dxdt
2Jo Jrs o Jr3

1 T
< 5/ / (u)® dwdt + 4 HPHLS(O,T;LS(W)) :
o Jr3

The second term is bounded in accordance to the interpolation of p € L>(0,T’; L*(T?)) N

L*(0,T; L°(T?)). Summarizing we have:

1 T
4 0 T3
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Part 11

Allen-Cahn-Ohta-Kawasaki (ACOK)
Model with Physics Informed Neural

Network (PINNSs)
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Chapter 4

Introduction

4.1 Allen-Cahn-Ohta-Kawasaki(ACOK) Model

Introduced in [50], the Ohta-Kawasaki(OK) free energy, usually associated with a volume
constraint, has been used to simulating the phase separation of diblock copolymers, i.e.
polymers consisting of two types of monomers, A and B, which are chemically incompati-

ble, and connected by a covalent chemical bond:

Elu] _/Q [g\vmu%vv(u)] dx+%/g\<—A)—%(f<u)—w) * da
+ % [/(f(u) —w) dxr, 4.1.1)

where the first integral is a local surface energy, the second term represents the long-range
interaction between the molecules with ~ controlling its strength, with w € (0,1) being
the relative volume of A, and the third term is the volume constraint. The Allen-Cahn-
Ohta-Kawasaki(ACOK) model [67], which is the focus of Part II, takes the L? gradient

dynamics:

dE[u)
ou

= W () 3 (=) (7 (w) — ) ()

-t | [ () - ) o) 10, @.12)

where € € (0,1), Q C R is a bounded and smooth domain, and u = u(x) is a phase field
labeling function representing the density of A species, and the function W (u) = 18(u?* —

u)? is the double well potential. The nonlinear function f(u) = 6u®—15u*+10u? keeps the
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0-1 structure of w as f(0) = 0 and f(1) = 1, it also has the property of f'(0) = f'(1) =0,
which localize the force and avoid possible non-zeros and non-ones near the boundary of
the interface [67].

There are a variety of successful and efficient PDE solvers that can be applied to the
model, such as Finite Difference, Finite Element, Spectral method, etc. In recent years,
some novel numerical methods have also been studied for Cahn-Hilliard dynamics, i.e. the
H~! gradient flow dynamics of OK energy, such as the midpoint spectral method [7], and
the Invariant Energy Quadratization (IEQ) method [22]. In [67], a first order energy stable
linear semi-implicit method is introduced and analyzed for the ACOK equation. Our goal
in this dissertation is to study the approximation of the solution of ACOK equation with

Physics Informed Neural Networks, a machine learning method.

4.2 Physics Informed Neural Networks(PINNSs)

4.2.1 Fully-Connected DNN

In recent years, there is an increasing interest on solving PDEs with machine learning
methods. There are two major approaches that have gained popularity: Physics Informed
Neural Networks(PINNs) [54] and Fourier Neural Operator [45].

Introduced in [54], PINNs is based on fully-connected feed-forward deep neural net-
work (DNN), which consists of an input layer, hidden layers and an output layer. The
structure of a fully-connected DNN is shown in Figure 4.1. Every node in one layer is
connected with every node in another by a series of computations. The nodes in the input

layer are the specific data that are studied, and the nodes in the output are the expected out-
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Hidden 1 Hidden 2 Hidden 3

Figure 4.1: Fully-Connected DNN Structure

come of the project. For example, in the case of facial recognition, the input could be the
RBG values (features) of each pixel of the sample pictures, while the output could be the
assigned numerical values representing the individuals (classes). The nodes in the hidden
layers are called neurons, and they are responsible for the performance of the neural net-
work. There can be many hidden layers in a neural network; in the above case, the number
of hidden layers is three.

A column vector is fed to each node of the input layer, and then in the first hidden
layer, we multiply it by another row vector, i.e. weight, to get the product. This is the
case that there is only one neuron in the relevant hidden layer. If there are more neurons,
the row vector will be a weight matrix instead, where the number of rows of the matrix
represents the number of neurons. A bias vector is then added to the product, and an
activation function is applied on the new vector, which contributes to the output of the

current hidden layer, which is also the input of the next layer. In a nutshell, let M be the
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number of hidden layers, p be the input of the neural network, then the output a of the

neural network will be o™, with

0 _
a _p7

a' = fWia ™ ), i =1, M — 1,

! is the input, WW* represents the weights, b’ represents the bias, and f? is the

where a’~
activation function in the :th layer.

To obtain the right weights and bias, we perform an optimization process, for exam-
ple, gradient descent, on the weight and bias to update them. To calculate the derivatives
involving in the optimization process, the network is going through a process called back-

propagation, which is essentially chain rule applying on each layer starting from the final

one. We start with a certain loss function:
Loss(y,a(©)),

where y is the object the network is approximating, and © denotes the weights and bias
of the DNN. The loss function, depending on the specific problem, could be mean square
error (MSE), mean absolute error (MAE), logloss function, etc. We then perform back-
propagation on the loss function, trace all the way back to get the derivatives of weights
and bias for each layer, and then use the optimization tool to update the weights and bias.

A gradient descent update is as follows:
O™ = @" — nVeLoss,

where 7) is the learning rate, and VgLoss is the direction of update. It works essentially
like a directing system, telling you which direction to go, and how far to go in that di-
rection, based on your current location and destination. The optimization process will be
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repeated a number of times, until the prescribed accuracy is achieved. We call this number
of repetitions the number of epochs.

Furthermore, there are a variety of optimizers that can be selected. The previously men-
tioned gradient descent is one of them. While it has many advantages, it does not work well
in our non-convex problem due to its notoriously poor performance on escaping local min-
imums [24]. Therefore, other optimizers, such as momentum [53], ADAM [37], Adadelta
[68], RMSprop [35], etc are developed to better address this issue. The momentum method
adds an accelerator in the relevant direction. For example, think about rolling a ball down a
ramp, as the ball goes down, it gains momentum and travels faster and faster. Other meth-
ods, like Adadelta, uses different forms of adaptive learning rates. It is worth mentioning
that RMSprop works by dividing “the learning rate for a weight by a running average of
the magnitudes of recent gradients for that weight” [35].

In our case, we adopt ADAM as our optimizer for each epoch, and L-BFGS-B with
certain stopping condition as the optimizer afterwards. Introduced in [37], ADAM can be
viewed as a combination of the momentum method and RMSprop. It uses the mean m, and
uncentered variance v; of the gradient with regards to time ¢ to adapt the learning rate for

each weight and bias of the neural network:

my = Pime—1 + (1 — B1) g,

v = Pove—1 + (1 — 52)9,52,

where g, is the gradient of the loss function at time step ¢, and the hyper-parameters 31, 5, €

[0, 1) direct the decay rates of m; and v;. A bias correction is also applied to m; and vy,
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which leads to

my

1—pY

A

my =

U
1— 48

Ut

and to update the weights and bias, we perform

~

my

Vor+e’

O, =01 —7

where 7 is the learning rate, and ¢ is arbitrary.

On the other hand, L-BFGS-B optimizer [12] uses a “limited memory” Broyden—Fletc-

her— Goldfarb—Shanno (BFGS) matrix to represent the Hessian matrix of the objective

function, making it great for optimization problems with a large amount of variables. L-

BFGS-B method is based on the L-BFGS method [47, 49], which can be updated with the

algorithm below:

We start with a given wy, the position at the k-th iteration, and g, = V f(wy), where

function f is the loss function to be minimized (in our case, MSE). Store the previous m

steps of information

Sk = Wg41 — Wk,

Y = Gk+1 — Gk-

Define pj, := ﬁ, and let H} be the initial approximation of the inverse Hessian matrix
k C

at iteration k, the inverse Hessian can be updated by:

Hy1 = (I — prsiyi ) Hie(I — pryesy ) + prsesy -

Define «; = pisfqiﬂ, then for a fixed k£, we use a recursive algorithm to calculate

a sequence Qx_m, -.., ¢ backwards, where ¢, = ¢gx and ¢; = ¢;11 —
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Furthermore, define 5; := piyiT z;, then for a fixed k, we use another recursive algorithm
to calculate a sequence zx_y, ..., 2k, Where zx_,,, = ,qu,m and 2,11 = z; + (a; — Bi)s.
Then we can update wy 1 = wy — 1z with learning rate 7.

Stems from L-BFGS, L-BFGS-B places upper and lower bound constraints on vari-
ables. It identifies fixed and free variables for each step with a basic gradient method, and

then perform the L-BFGS method on the free variables to achieve better accuracy.

4.2.2 PINNs

For PINNS, sampled collocation points are fed to the DNN, and the function value is re-
turned at the output layer. Weight and bias in each layer can be learned or updated by opti-
mizing the error function to reach the prescribed accuracy, in which the back-propagation
technique is needed to compute the first-order derivatives. Different from traditional ma-
chine learning DNN, which requires a very large amount of ground truth data to make
an accurate prediction, PINNs takes advantage of the physics information, and makes up
for the lack of sufficient ground truth data. It divides the error function into two compo-
nents, one corresponding to the known ground truth data, and the other corresponding to
the physics information. Consequently, our goal is to minimize the error between the lim-
ited amount of ground truth and the prediction, as well as how much the prediction "fits”
the physics information. Furthermore, as shown in [21], PINNs can be employed to solve
inverse problems, in particular, inverser scatter problems in photonic metamaterials and
nano-optics technologies by transforming them into parameter retrieving problems. How-

ever, PINNs also has its downsides. As suggested in [39], “existing PINN methodologies
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can learn good models for relatively trivial problems”, and it can fail when predicting so-
lutions for more complex model, which is likely due to the fact that the setup of PINNs
makes it hard to optimize the less-smooth loss landscape. They have, therefore, proposed a
“curriculum regularization”, which is finding a good initialization for weights and training
the model gradually. Notably, this has made the optimization process easier. They also
mentioned a sequence-to-sequence learning method, which is similar to the Time-Adaptive
Method proposed in [65]. This method can make the learning easier by learning in small
intervals.

Fourier Neural Operator, on the other hand, takes a different route by learning the map-
ping operator between finite-dimensional Euclidean spaces instead of learning one instance
of a family of equations at a time. The architecture takes the data for a certain length
of time, learns its behavior, and predicts the solution for future time intervals. While it
achieves high efficiency, it does evidently require much more input data, and has limita-
tions on the kernel selection for the Fourier layers.

It is also worth mentioning that an operator learning problem discretized to a sequence
to sequence problem, can be learned with the state-of-art Tranformer model [63, 18], and
can further be improved by changing the order of matrix multiplication and reordering the
normalization layers.

Our contribution with this work is to tackle the challenges that the complexity of the
ACOK model has imposed on PINNs. The long-range interaction term, the volume con-
straint and the zero-mean condition make it necessary to apply computational as well as
structural modifications to the basic PINNs. Our solution for the long-range interaction

term is to apply the Laplace operator on a second output of the neural network, and ensure
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its accuracy. For the volume constraint and the zero-mean condition, we introduce a sepa-
rate neural network into the model, which takes a separate set of uniform sampling points
as its input.

While there exist many successful and efficient traditional numerical methods, our mo-
tivation to study the ACOK equation using machine learning methods is that they have the
ability to learn the unknown operators in a family of generalized equations from a set of
data samples, i.e. the inverse problem. This would be beneficial for future studies focusing
on nonlocal PDEs with general nonlocal operators, and it can also potentially help tackle
real world challenges in fields such as physics, medicine, fluid dynamics, and aerospace,

etc.

4.3 Overview

Our goal in Part I1 is to take the ground truth «(0, x) and (—A)~! f(u)(0, x) data as input,
and predict the solution u(t, ) of ACOK equation with a modified PINNs. To fix the
position of (—A)~! f(u)(¢, z), we also impose a zero-mean condition. For the basic setup,

we follow the basic PINNSs. Let us recall (4.1.1) and define F'(¢, z) as
F(t,x) :=u — eAu + éW’(u) +y(=A)Hf(w) —w) - f(u)
+ M [/(f(u) —w) dm] - f(u), (4.3.1)

where u(t, ) can be approximated by a deep neural network Net,, and F'(¢,x) can be
calculated by a shared parameter neural network Nety based on the predicted u(t, z). The

network can be learned by minimizing the mean square error:

MSE = MSE, + MSE;.,
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Figure 4.2: Initial Points, Boundary Points, and Internal Points

where
Ny
MSE, = — Z u(tl, =) —u'|”,
=1
and
1 O o,
MSEp = N—F; |F(th, 2lp)| "

i \ Nu
ulti=1

As shown in Figure 4.2, {t’ , x are selected from the collocation points that are along
the boundary, i.e. the blue points, and at the initial time, i.e. the red points. Also,
{tt., J?%}i\;Fl are sampled from the internal collocation points, i.e. the black points. For
the purpose of computational efficiency and prediction accuracy, a random sample is taken

from the initial and boundary collocation points. Moreover, the internal points are selected

near-randomly using Latin Hypercube Sampling(LHS) method demonstrated in Figure 4.3.

As described by Figure 4.4, we take pairs of {t’, %} and {t%,, 2%} % as the input,
and employ the feed forward deep neural network(DNN) to approximate the u value at
these collocation points: (!, x! ) and u(t%, %). To check the accuracy of the prediction,

we take the mean square error between the ground truth v’ and the prediction u (¢, x).
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Figure 4.3: Latin Hypercube Sampling

in,b

x t Net_u u

Net_F

G - -

Figure 4.4: PINNs Structure

Note that we take the mean square error of F(t%, %) obtained through Nety to ensure
that the approximation by the DNN satisfies the physics, which is described by the ACOK
equation.

As previously mentioned, ADAM are selected as our optimizer for each epoch, and
L-BFGS-B is employed in the last step. Both of them have built-in package developed
in Python for implementation. We are also using tanh as the activation function for each

hidden layer. For convenience, we state the tanh function as below:

e — 1

tanhe = ———.
T e
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4.4 Outline

Part II of the thesis is organized as follows. In Chapter 5, we modify the basic PINNs,
including the application of the periodic boundary condition, the approximation of the long-
range interaction term, the volume constraint, and the zero-mean condition. We will then

present and discuss some 1-dimensional results in Chapter 6.

79



Chapter 5

Modified PINNs

5.1 Periodic Boundary Condition

In this chapter, we demonstrate how we develop the modified PINNs model. First, as we
have the periodic boundary condition in the ACOK equation, MSE, is separated further
into two components, one corresponding to the initial collocation points, i.e. MSE,,,, and
the other corresponding to the boundary collocation points, i.e. MSE;. Hence, we can

update the loss function as:

MSE = MSE;,, + MSE, + MSE,

where
i i i|2
MSE;, = N Z_; u(ts,, zh,) —uh|”,
1 Moo o,
MSE, = N, Z |uty, i) — u(tyy, )|
i=1
and

1 o,
MSEp = N—F; |F(th, 2lp)|” .
Since we have the ground truth at the initial time, we take the mean square error between
the u value predicted by the DNN, u(¢,, z! ), and the ground truth u’. However, the
periodic boundary condition means that we will calculate MSE,;, by taking the mean square
error between the u value on the lower bound, i.e. u(t}, z},), and the u value on the upper

bound, i.e. u(t’,, ', ), at the same time ¢, since the ground truth value of u is not known.
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5.2 Approximation of the Inverse of the Laplace

In this section, we demonstrate the approximation of the long-range interaction term in our
model. As stated above, the purpose of the shared parameter neural network Nety is to

approximate F'(t%., z%.) given u(t%, z%). Recall (4.3.1):
Fim e W)+ 2 (-8) (70 =) S+ M | [ (1) =) de] - )

While u;, Au can be obtained by back-propagation, and W’'(u), f(u) and f'(u) can be

directly calculated using the explicit expression, the difficulty lies with the approximation

of (—A)1(f(u) —w) and [(f(u) —w) dz.

To approximate the inverse of the Laplace

(=A) " (f(u) —w),

as presented in Figure 5.1, a second output v is added to Net,,, where

v=(=2)"(f(u) —w).
If a —A operator is applied on both sides, we recover:

—Av = f(u) —w.

x t Net_u u lap

Figure 5.1: Second Output Added

81



lap /o

u_Flap

X, t Net_u

:

Net_F

lap

Figure 5.2: PINNs with the inverse of the Laplace Structure

Since v has already been approximated by the DNN, Av can be calculated by back-
propagation. To ensure the accuracy of v, a mean square error can be taken between Av

and f(u) — w, as the latter is achieved by the explicit expression:

2

)

Np
1 i i
MSE L4y = Ny Z ‘_AV(tF7$F> — (f(u(ty, 2f)) —w)
i=1
and the first four terms of F' can be calculated by:
1 !/ !/
F=u —5um+gW (w) +yv - f'(u).

The structural change due to the approximation of the inverse of the Laplace is described
in Figure 5.2. Furthermore, as the ground truth of (—A)'u;, and the periodic boundary

condition on (—A)~!u are available, the total mean square loss is modified as:
MSE = (MSE,,,, + MSE((_a)-14),,) + (MSE,, + MSE((_a)-14),) + MSEp + MSE_,,,

where




5.3 Integral Approximation

In this section, we propose a structural modification to approximate the integral term. The

integral term
[t - da,

imposes a problem to the modified PINNS, as the near-randomly sampled collocation points
are not evenly distributed along each ¢. It is usually the case that at some ¢ there are one
or no points selected, which is shown in Fugure 5.3. As a result, the integral can not be
calculated accurately for each ¢. To resolve this issue, a separate shallow neural network
Net, is introduced, which only takes ¢ as input, and has a built-in uniform mesh on z.
The purpose of this network is to output the value of the integral term for each randomly
sampled ¢. After the network is trained, the updated optimal weights and bias ensure that
for any input ¢, the network will produce the corresponding [(f(u) — w) dx, even if the
new input ¢ is different than the ¢ used for training. As demonstrated in Figure 5.4, to train

Net,, the mean square error between the output of Net,, and the discrete form of the integral

No .
=1

Figure 5.3: One or No Points Are Selected at Certain Time
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Figure 5.4: Net, Structure
t
P 4 X
X X X X
X X X X
X X X X
) K & X

Figure 5.5: Uniform x and Random ¢ Mesh

is taken:
2

)

v(t{mi) - [i f(“(tim: me» WAV W]

1
MSE;,, — —
: thzl

where {t/, 2! } denotes the new uniform 2 and random ¢ mesh as in Figure 5.5, and u(tfmi,

2 ) can be output by Net, with the same set of input. Furthermore, S~ f(u(t,;, 2

unt’ um))

is obtained by taking the column sum of output of f(u(t ., z% ) along each sampled ¢

uni’ “unt

direction.
After the optimal weight and bias are achieved, the ¢ part of the original LHS sampled

points is fed to Net,, and outputs
o= [ttty - o) do.
and F' can be approximated by

1
F =u — cuy, + EW'(u) +v - f'(u) + Mo - f'(u),
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Figure 5.6: PINNs Structure with Net,

which is calculated in Netp. Taking the mean square error F' will obtain the complete
MSEr. Along with MSE,,;, the structure of the modified PINNSs is as in Figure 5.6.

Therefore, the total mean square loss is modified as:

MSE = (MSEum —+ MSE((_A)—lu) ) =+ (MSEub —+ MSE((—A)*M),,) + MSEr

in

+ MSEq, + MSE; ¢,

where
Npr

1 . .
MSE = N—FZ |F(th, )|
=1

5.4 Zero-Mean

For the zero-mean condition on the inverse of the Laplace, since the calculation of the mean

is involved, the uniform = and random ¢ meshgrid created for the integral approximation

can be used as input of Net,, and the column sum of the output (—A) " u(t%, %), which
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Figure 5.7: PINNs Structure with Net, and Zero-mean Condition

corresponds to each time ¢, is minimized in a loss function

Ny | Ny 2

1 1 gei i
MSEzm - ﬁt . Z(_A) U,( F?xF) -Ar

j=1 | i=1
The complete modified PINNSs structure is, therefore, as in Figure 5.7.

Hence, the modified PINNSs is learned by minimizing the mean square loss:

MSE = (MSEum + MSE((,A)—lu) ) + (MSEub + MSE((*A)_IU)I,) + MSEr

in

+ MSE_,, + MSE, + MSE.,,,.

Moreover, since certain components have more importance over the others, such as the

mean square error on initial condition for its ground truth availability, adjustable weights
are applied to each components:
MSE =W, MSE,, + W((fA)*1u)mMSE((—A)*1u)m
+ WubMSEub + W((fA)—lu)bMSE((fA)—lu)b

+ WFMSEF + WLapMSELap + VVzntMSEznt + WzmMSEzm

Now we have all the pieces regarding how to apply PINNs on ACOK, we can combine
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them together and implement in Python. The code is based on the work of Maziar Raissi

et al. [54]. In the next chapter, we will show some numerical results.
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Chapter 6

Numerical Results

6.1 1-Dimensional Results

We now show the results of the modified PINNs on 1-dimensional ACOK with different
time interval, ranging from 1 x 1073s to 1 x 1072s. Fine tuning on hyper-parameter is
needed to reach the best results. Figures 6.1 to 6.4 are run for 495 epochs, with weights

Wuin =1x 1057W((—A)*1u) =5 X 106,Wub = I,W((_A)flu)b = 30, Wp = 17WLap =

500, Wi = 1, W,,,, = 30. There are 10 hidden layers in Net,, each containing 20 neurons,
while only 3 hidden layers with 10 neurons for each layer were needed for Net,, since it is

a much simpler neural network.

Pred Exact Error
0 n 0 M 0
0.05
0.00

—0.05

(—0)~u(t, x)

Figure 6.1: t = 1 x 107, Ny = 500, N}, = 95, Ny = 2 x 10%, Ny, = 20

unt
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With ¢ being the time interval, N, , being the number of randomly selected ¢ columns
in the uniform mesh, Ny, IV}, and N; being the number of sampling points of initial data,

boundary data, and internal data, respectively, the results are shown in Figures 6.1 to 6.4.

Pred Exact Error
n 0 M 0
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200 200 200
- 0.5 - 0.50 0.0
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Figure 6.3: t = 5 x 107, Ny = 500, N}, = 495, N; = 1 x 10°, N, = 100
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Pred Exact Error 0.2

(—0)~u(t, x)

Figure 6.4: t = 1 x 1072, Ny = 500, N}, = 995, Ny = 2 x 10°, N, = 200

We can see that the modified PINNs performs remarkably well on smaller time periods.
However, as the time interval increases, the prediction of (—A)~!w at the right tail is getting
notably worse.

There are several ways to address this problem. One approach is the Time-Adaptive
Method [65], or similarly, the sequence-to-sequence learning [39], which learns only one
small time period at a time, and then uses the prediction as the initial data for the next
period. Since our model approximates well with small time intervals, we can compile all
the sub-results together to get the entire solution. For example, we could use the data of
the last time column in Figure 6.1 as the initial data for the next 100 columns, and repeat
the process in 100 columns increments, to achieve good results.

Furthermore, the problem can be improved by rescaling the sampling points. As shown

in Figure 6.5 below, changes in phase separation occur most rapidly during the earlier time
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Figure 6.5: Numerical Result of 1D ACOK with Spectrum Method

t

Figure 6.6: Scaled Sample Points

period. Therefore, we propose that we rescale the sampling points to be denser in earlier
time columns. Recall Figure 4.3, we continue to use the LHS sampling, but rescale the
points polynomially to achieve the denser in the beginning effect, as in Figure 6.6. The
results are shown as follows, Figure 6.7 is the result with original LHS sampling, with time
interval being 3 x 10~3s. Notice that the right tail on (—A) ™1« fits quite badly in this case,

due to the long time interval. Figure 6.8 is the result with a 22 rescaling on the points.
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Figure 6.8: t = 3 x 1072, Ny = 500, N}, = 2995, N; = 6 x 10°, N, = 10
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Although it does not fix the problem entirely, we can see that the tail on (—A)~u fits

much better with a z? rescaling. In some cases, z? rescaling does not improve the result
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much, therefore, 2° rescaling could potentially be used to improve the fitting further.

6.2 Discussion

During implementation, we have discovered that out modified PINNs is difficult to train
due to its many hyper-parameters. Some hyper-parameters, such as learning rate, number of
hidden layers and number of neurons of each layer are fixed during our training. However,
the weights, number of epochs, and number of sampling points need fine-tuning to achieve
the best results.

The most challenging part of our fine-tuning is to find a well-balanced set of the weights.
Each weight controls different part of the estimation, for instance, W.,,,, W(—a)-14),, con-
trols the fitting on initial data, which is undoubtedly the most essential part of our loss
function, since the initial data is the only ground truth data we have. But they differ from
each other, as we later find out that the scale of ((—A)~'u);, is 100 times smaller than

that of u;,. Therefore, we also take that into consideration by increasing W _a)-1 to

UWin
counter the scale issue. A similar scaling technique is applied to W, and W _a)-14),,
which controls the periodic boundary conditions.

W dominates the physics information in our model, while W, controls the accuracy
of the approximation of the long-range interaction term. We have learned that the accuracy
of the long-range interaction term is one of the key players for our approximation. W,
directs the volume constraint, and therefore, can be increased if the predicted result has an

incorrect volume. W, applies only to the ((—A)~'u);,, which means the scaling problem

also needs to be taken into consideration. We have also discovered that the interval of
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number of epochs is quite important. The model will not train well with too few epochs,
however, if we boost up the number of epoch to the thousands scale, the model is over-
trained and does not perform well either.

Moreover, we tune the number of the sampling points using the principle that we want to
keep the randomness, while at the same time, preserving as much of the known information
as possible. We also remain attentive to the efficiency of the program. Again, the initial
data, being the only piece of ground truth information available, needs to have the most
sampling points proportionally. We do not take all the initial data because we want to keep
the randomness. We also sample a relatively large percentage of the boundary points for
the same reason. For the internal points, as the total number of the grid points is quite
large, we cannot take as many as the sampling points while keeping the efficiency of the
program. Randomness also plays a key part here, therefore, we only select less than half of

the points. The number of randomly selected ¢ columns in the uniform mesh, N, _ ., follows

the same principle.

To increase the randomness, we also implemented a mini-batch method. The idea is
that instead of taking all the points into consideration at the same time, we consider a small
subset of the points at a time. In theory, it should need less epochs, and converge faster.
However, as the computation in our case is quite complex, we have discovered that the
mini-batch method takes significantly longer time than the regular approach.

We are currently working on the 2-dimensional case of this problem. As the number
of points have drastically increased for the same time period, we have run into technical
issues, in particular, insufficient memory capacity. In order to address this issue, we have

to dramatically decrease the sampling points, even on the initial data. Also, we are keeping
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the time interval quite small for the same reason. Additionally, for the boundary condition,
we now have not only the upper and lower bound, but also the front and back bound. The
training time is further lengthened by a more complicated back-propagation due to the sec-
ond order derivative. These are the difficulties we have encountered in the 2-dimensional

case.
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Chapter 7

Future Work

In this chapter we will discuss some possible future work based on this dissertation.

For future work on Part I, we aim to find ways to further limit the space of test func-
tion ¢ and 1 in Theorem 3.1, which is currently restricted to L*(0,7"; W>°(T?)) and
L2(0,T; H' N L>°(T?)), respectively. While we have L? in time already, only W1>° and
H' N L>(T?) have been achieved for the space variable. This can possibly be improved in
the future. This is also our motivation behind Section 3.7, the L3(0,T; L?(T?)) estimate,
even though it was not used in the final result. However, this may come in handy as we de-
velop this further. Moreover, as we currently have variational inequalities in Theorem 3.1,
one possibility for further work is that we may explore means to get the equality in the
second equation.

For Part I1, possible future work includes investigating the inverse problem for nonlocal
phase field models with unknown nonlocal operators. We could train our model to learn
the dynamics using the existing data, and obtain a set of trained weights and bias which
represents the unknown operator to compare with a number of known possible operators.
Furthermore, we could also explore other methods to improve the efficiency of the training
process. The current one-dimensional results run within an hour, but as the structure of the
DNN becomes more complicated, training time increases drastically, likely caused by the
more complicated computations as well as the increased number of epochs. One possible

solution is to start off the currently randomized initial weights and bias closer to the solu-
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tion, which will significantly lower the number of epochs, and by extension, decrease the
training time overall.

Additionally, there are a variety of other machine learning methods, such as FNO, con-
ventional neutral networks, and transformer-based methods that can be applied on PDEs.

These are also some interesting directions to explore.
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