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Abstract of Dissertation

Analysis and Scientific Computing on Some Nonlocal PDEs

In this thesis we will perform analysis and computation on nonlocal PDEs. This dis-

sertation consist of two parts. In the first part, we study the existence of solutions for the

porous-media equation system, which is non-linear and nonlocal in both space and time:
Dα

t u = div (u · ∇p),

Dα
t p = −(−∆)sp+ u2,

in T3 for 0 < s ≤ 1, and 0 < α ≤ 1. The term Dα
t u denotes the Caputo derivative, which

models memory effects in time. The fractional Laplacian (−∆)s represents the Lévy dif-

fusion. We prove global existence of nonnegative weak solutions that satisfy a variational

inequality. The proof uses several approximations steps, including an implicit Euler time

discretization. We show that the proposed discrete Caputo derivative satisfies several im-

portant properties, including positivity preserving, convexity and rigorous convergence to-

wards the continuous Caputo derivative. The proof also involves passing to the time step

limit using an equivalent of Aubin-Lions compactness criterion for a discrete version of the

Caputo time derivative.

In the second part of the thesis, we develop a modified version of physics informed

neural networks (PINNs), which is based on deep neural networks, for the Allen-Cahn-

Ohta-Kawasaki (ACOK) equation with a volume constraint:

ut = −δE[u]
δu

= ϵ∆u− 1

ϵ
W ′(u)− γ(−∆)−1(f(u)− ω) +M

[∫
(f(u)− ω) dx

]
,
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with periodic condition, where ϵ ∈ (0, 1), Ω ⊂ Rd is a bounded and smooth domain, and

u = u(x) is a phase field labeling function representing the density of one of the two chem-

ically incompatible segment species, the function W (u) = 18(u2 − u)2 is a double well

potential, and f(u) = 6u5 − 15u4 + 10u3 is a technical term for numerical stability. While

PINNs has achieved good results in producing solutions for many partial differential equa-

tions, studies have shown that it does not perform well on phase field models. Furthermore,

the inverse of the Laplace in our model presents many challenges to the basic PINNs. To

take the zero-mean condition of the inverse of the Laplace, as well as the volume constraint

into consideration, we also introduce the separate neural network, which takes the second

set of sampling points in the approximation process. An additional benefit of this research

is that the modified version of PINNs can also be applied to learn more general nonlocal

other phase field models, even with an unknown nonlocal kernel.

Each part of this dissertation is based on a manuscript; Part I is in [25], and Part II is in

[66].
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Chapter 1

Introduction

1.1 Fractional Calculus and Caputo Derivative

Fractional calculus is a branch of mathematics that studies the generalized traditional cal-

culus in the sense that the orders of integration and differentiation is any arbitrary number,

real or complex. It was first brought up in a letter by Gottfried W. Leibniz to Guillaume

de L’Hôpital in 1695. In the letter, Leibniz was asked [34] about the meaning of the “n-th

derivative of the linear function” provided that “n is a fraction”. In reply, Leibniz wrote

“this is an apparent paradox from which, one day, useful consequences will be drawn”.

Since then, many mathematicians, including Niels H. Abel, Joseph Liouville, Oliver Heav-

iside, etc, have been exploring the field of fractional calculus and its practical use, including

in engineering and science, such as fluid flow, electrical networks, probability, mathemat-

ical biology, etc. Literature regarding early fractional calculus theory and its recently dis-

covered applications can be found in [48, 51, 55, 57, 33, 36, 52, 56].

Unlike classical derivatives, fractional derivatives can and have many different defini-

tions, which do not necessarily lead to the same result. This is the reason why mathemati-

cians often specify which difinition they are using when dealing with fractional derivatives.

Caputo’s definition of fractional derivatives is one of the most popular definitions of the

fractional derivative. It was first introduced in [20] in 1967 by Michele Caputo to mathe-

matically analyze the “memory effect of energy dissipation for some anelastic materials”

[43], and was systematically used in his book[19] published two years later. After the birth
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of the Caputo derivative, it soon became a popular tool to model nonlocal interaction in

time in the fields of engineering and physical science (see [11, 38, 61]).

There are growing interests in fractional calculus in recent years, for its advantages on

modeling the memory effect of different materials and for simulating dynamic processes.

It is also worth noting that some of the other popular definitions of fractional derivative

include Riemann–Liouville fractional derivative, Caputo-Fabrizio fractional derivative, and

Atangana-Baleanu fractional derivative, etc.

1.2 Porous Medium Equations

Our work is based on the research [13], where the authors proved the existence of weak

solutions to 
∂tu = div (u∇p),

∂tp = −(−∆)sp+ uβ,

(1.2.1)

for (x, t) ∈ R2 × (0,∞), 1
β
< s < 1 and β > 1. Here u(x, t) ≥ 0 denotes the density

function and p(x, t) ≥ 0 represents the pressure. The model describes the time evolution

of a density function u that evolves under the equation

∂tu = div (uv),

where the velocity is conservative, v = ∇p, and p is related to u2 by the inverse of the

fractional in space heat operator ∂t + (−∆)s. The literature on (1.2.1) and its variants is

quite large. See [6, 9, 14, 15, 16, 26, 30, 46, 58, 60] and references therein.

In Part I we study a porous medium equation system which is based on (1.2.1). Our

model, introduced in Chapter 3, includes a fractional Caputo time derivative, which re-

3



places the traditional derivative in (1.2.1).

1.3 Overview

The main contributions of Part I include two components. We first propose a variant of the

Aubin-Lions theorem [59], Theorem 2.1, for the strong compactness using bounds on the

discrete Caputo derivative, which will be useful in handling our specific problem. We then

study the existence of weak solutions to our porous medium equation system, which has

nonlocal diffusion effect in space and nonlinear memory effect in time:
Dα

t u = div(u∇p), x ∈ T3, t ∈ (0, T ),

Dα
t p = −(−∆)sp+ u2, 0 < s ≤ 1,

(1.3.1)

where the operator Dα
t denotes the following Caputo-type time derivative

Dα
t f :=

1

Γ1−α

∫ t

0

f ′(s)

(t− s)α
ds, 0 < α < 1, (1.3.2)

and T3 is the 3-dimensional torus with periodic boundary condition. The Caputo-type time

derivative is used to model the memory effects involved. As previously mentioned, the

similar system with traditional time derivative has been investigated in [13]. For our system

(1.3.1), we semi-discretize the equations in time, and show the existence of a sequence of

approximated solutions to the discrete problem, and then we apply the compactness result

Theorem 2.1 to pass to the limit of the discretized time step.

1.4 Outline

Part I of the thesis is organized as follows. In Chapter 2, we introduce some concepts and

properties of continuous and discrete Caputo Derivative, and then prove Theorem 2.1. For

4



the rest of Part I, we study (1.3.1). In Section 3.2, we add some viscosity terms to the dis-

cretized problem to investigate the existence of solutions, and then we use our compactness

criterion to pass to the limit in time to get to the continuous problem, as well as remove the

viscosity terms in Sections 3.4 and 3.6.
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Chapter 2

Caputo Derivative

2.1 Continuous Caputo Derivative

In this section, we introduce Caputo derivative, one of the most popular definition of the

fractional derivative [20, 41]. It is the definition that we will use as the fractional derivative

for Part I. In particular, we will study the Caputo derivative with 0 < α < 1.

Definition 1 (Caputo derivative). Pick some α ∈ R+, let n = ⌈α⌉. The Caputo fractional

derivative of order α of a function f(t) is given by:

Dα
t f(t) = Jn−α d

n

dtn
f(t) =

1

Γn−α

∫ t

0

(t− s)n−α−1f (n)(s) ds. (2.1.1)

We first present a specific version of Caputo derivatives in [41], which is what we will

be using in the manuscript.

Definition 2. Let 0 < α < 1. If a function f(t) is absolutely continuous in (0, T ], then the

left Caputo derivative of f in variable t ∈ (0, T ) is defined as

Dα
t f(t) =

1

Γ1−α

∫ t

0

f ′(s)

(t− s)α
ds, (2.1.2)

and the right Caputo derivative is defined as

∗Dα
t f(t) =

1

Γ1−α

∫ T

t

f ′(s)

(s− t)α
ds. (2.1.3)

Remark 1. Note that the left Caputo derivative is the same as (2.1.1). Alternative formulas

for (2.1.2) and (2.1.3) via integrating by parts are

Dα
t f(t) =

1

Γ1−α

(
f(t)− f(0)

tα
+ α

∫ t

0

f(t)− f(s)

(t− s)1+α
ds

)
, (2.1.4)
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and

∗Dα
t f(t) =

1

Γ1−α

(
f(T )− f(t)

(T − t)α
+ α

∫ T

t

f(s)− f(t)

(s− t)1+α
ds

)
, (2.1.5)

respectively.

If we take the fractional integral of the continuous Caputo derivative, we can recover

the original function. This is known as the fractional version of fundamental theorem of

calculus [42, 43], which is stated below.

Proposition 1. Let Dα
t and ∗Dα

t be the left and right Caputo differentiation operators

respectively, which are defined in Definition 2. Then

f(t) = f(0) +
1

Γα

∫ t

0

(t− s)α−1Dα
t f(s) ds, (2.1.6)

and

f(t) = f(T )− 1

Γα

∫ T

t

(s− t)α−1 ∗Dα
t f(s) ds. (2.1.7)

We now recall three equivalent integration by parts formulas for the Caputo derivative.

The first one [5] reads as

∫ T

0

Dα
t f(t)ϕ(t) dt = − 1

Γ1−α

∫ T

0

f(t)
d

dt

(∫ T

t

ϕ(s)

(s− t)α
ds

)
dt− f(0)

Γ1−α

∫ T

0

ϕ(s)

sα
ds.

(2.1.8)

The second one can be found in [3]:

∫ T

0

Dα
t f(t)ϕ(t) dt =−

∫ T

0

Dα
t ϕ(t)f(t) dt+

1

Γ1−α

∫ T

0

ϕ(t)f(t)

[
1

(T − t)α
+

1

tα

]
dt

+
α

Γ1−α

∫ T

0

∫ t

0

(ϕ(t)− ϕ(s))(f(t)− f(s))

(t− s)1+α
dsdt (2.1.9)

− 1

Γ1−α

∫ T

0

ϕ(t)f(0) + f(t)ϕ(0)

tα
dt.

7



The last one reads as

∫ T

0

Dα
t f(t)ϕ(t) dt = −

∫ T

0

f(t)∗Dα
t ϕ(t) dt+

ϕ(T )

Γ1−α

∫ T

0

f(t)

(T − t)α
dt− f(0)

Γ1−α

∫ T

0

ϕ(s)

sα
ds.

(2.1.10)

The three formulas are equivalent, as shown in the following. We first show (2.1.8) is

equivalent to (2.1.10). From (2.1.8), we deduce:

−1

Γ1−α

∫ T

0

f(t)
d

dt

(∫ T

t

ϕ(s)

(s− t)α
ds

)
dt =

−1

Γ1−α

∫ T

0

f(t)
d

dt

(
lim
ϵ→0

∫ T

t+ϵ

ϕ(s)

(s− t)α
ds

)
dt.

(2.1.11)

Put the derivative inside, and integration by parts, with u = ϕ(s), and dv = d
dt
(s − t)−α,

we have:

d

dt

∫ T

t+ϵ

ϕ(s)

(s− t)α
ds =− ϕ(t+ ϵ)

ϵα
+

∫ T

t+ϵ

d

dt

ϕ(s)

(s− t)α
ds

=− ϕ(t+ ϵ)

ϵα
+

∫ T

t+ϵ

ϕ(s)
d

dt
(s− t)−α ds

=− ϕ(t+ ϵ)

ϵα
+

∫ T

t+ϵ

ϕ(s)
d

ds
[−(s− t)−α] ds

=− ϕ(t+ ϵ)

ϵα
− ϕ(s)(s− t)−α

∣∣∣∣∣
T

t+ϵ

+

∫ T

t+ϵ

ϕ′(s)(s− t)−α ds

=− ϕ(t+ ϵ)

ϵα
− ϕ(T )

(T − t)α
+
ϕ(t+ ϵ)

ϵα
+

∫ T

t+ϵ

ϕ′(s)(s− t)−α ds

=− ϕ(T )

(T − t)α
+

∫ T

t+ϵ

ϕ′(s)

(s− t)α
ds. (2.1.12)

8



Combine (2.1.8), (2.1.11) and (2.1.12) we get (2.1.10).

∫ T

0

Dα
t f(t)ϕ(t) dt

=− 1

Γ1−α

∫ T

0

f(t)
d

dt

(∫ T

t

ϕ(s)

(s− t)α
ds

)
dt− f(0)

Γ1−α

∫ T

0

ϕ(s)

sα
ds

=− 1

Γ1−α

∫ T

0

f(t)

∫ T

t

ϕ′(s)

(s− t)α
dsdt+

ϕ(T )

Γ1−α

∫ T

0

f(t)

(T − t)α
dt− f(0)

Γ1−α

∫ T

0

ϕ(s)

sα
ds

=−
∫ T

0

f(t)∗Dα
t ϕ(t) dt+

ϕ(T )

Γ1−α

∫ T

0

f(t)

(T − t)α
dt− f(0)

Γ1−α

∫ T

0

ϕ(s)

sα
ds,

which recovered (2.1.10). Now we prove (2.1.8) is equivalent to (2.1.9). We keep doing

the integration by parts on (2.1.12) with u = (s− t)−α, and dv = ϕ′(s):

ϕ(T )

(T − t)α
−
∫ T

t+ϵ

ϕ′(s)

(s− t)α
ds

=
ϕ(T )

(T − t)α
− ϕ(s)(s− t)−α

∣∣∣∣∣
T

t+ϵ

− α

∫ T

t+ϵ

ϕ(s)

(s− t)α+1
ds

=
ϕ(T )

(T − t)α
− ϕ(T )

(T − t)α
+
ϕ(t+ ϵ)

ϵα
− α

∫ T

t+ϵ

ϕ(s)

(s− t)α+1
ds

=
ϕ(t+ ϵ)

ϵα
− α

∫ T

t+ϵ

ϕ(s) + ϕ(t+ ϵ)− ϕ(t+ ϵ)

(s− t)α+1
ds

=
ϕ(t+ ϵ)

ϵα
− α

∫ T

t+ϵ

ϕ(t+ ϵ)

(s− t)α+1
ds− α

∫ T

t+ϵ

ϕ(s)− ϕ(t+ ϵ)

(s− t)α+1
ds

=
ϕ(t+ ϵ)

ϵα
− αϕ(t+ ϵ)

(s− t)−α

−α

∣∣∣∣∣
T

t+ϵ

+ α

∫ T

t+ϵ

ϕ(s)− ϕ(t+ ϵ)

(s− t)α+1
ds

=
ϕ(t+ ϵ)

ϵα
+
ϕ(t+ ϵ)

(T − t)α
− ϕ(t+ ϵ)

ϵα
+ α

∫ T

t+ϵ

ϕ(s)− ϕ(t+ ϵ)

(s− t)α+1
ds

=
ϕ(t+ ϵ)

(T − t)α
+ α

∫ T

t+ϵ

ϕ(s)− ϕ(t+ ϵ)

(s− t)α+1
ds.
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Take limit ϵ→ 0, the first term on the right of (2.1.8):

− 1

Γ1−α

∫ T

0

f(t) · d
dt

(∫ T

t

ϕ(s)

(s− t)α
ds

)
dt

=
1

Γ1−α

∫ T

0

f(t) ·
(

ϕ(t)

(T − t)α
+ α

∫ T

t

ϕ(s)− ϕ(t)

(s− t)α+1
ds

)
=

1

Γ1−α

∫ T

0

f(t) · ϕ(t)

(T − t)α
+

α

Γ1−α

∫ T

0

∫ T

t

f(t) · ϕ(s)− ϕ(t)

(s− t)α+1
dsdt

= I + II.

If we look at II, we can switch the integral, and change the variable as follows:

II =
α

Γ1−α

∫ T

0

∫ s

0

ϕ(s)− ϕ(t)

(s− t)1+α
· f(t) dtds

=
α

Γ1−α

∫ T

0

∫ t

0

ϕ(t)− ϕ(s)

(t− s)1+α
· f(s) dsdt.

Then plug it back in (2.1.8), and change the variable on the last term on the right hand side,

we obtain

Γ1−α

∫ T

0

Dα
t f(t) · ϕ(t) dt

=

∫ T

0

ϕ(t)f(t)

(T − t)α
− α

∫ T

0

∫ t

0

ϕ(t)− ϕ(s)

(t− s)1+α
· (−f(s)) dsdt−

∫ T

0

ϕ(t)f(0)

tα
dt.

Then

Γ1−α

(∫ T

0

Dα
t f(t) · ϕ(t) dt+

∫ T

0

Dα
t ϕ(t) · f(t) dt

)
=

∫ T

0

ϕ(t)f(t)

(T − t)α
− α

∫ T

0

∫ t

0

ϕ(t)− ϕ(s)

(t− s)1+α
· (−f(s)) dsdt−

∫ T

0

ϕ(t)f(0)

tα
dt

+

∫ T

0

(
ϕ(t)− ϕ(0)

tα
+ α

∫ t

0

ϕ(t)− ϕ(s)

(t− s)α+1
ds

)
· f(t) dt.
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Since the last term

∫ T

0

(
ϕ(t)− ϕ(0)

tα
+ α

∫ t

0

ϕ(t)− ϕ(s)

(t− s)α+1
ds

)
· f(t) dt

=

∫ T

0

(
ϕ(t)− ϕ(0)

tα

)
· f(t) dt+ α

∫ T

0

∫ t

0

ϕ(t)− ϕ(s)

(t− s)α+1
· f(t) ds dt

=

∫ T

0

ϕ(t)f(t)− f(t)ϕ(0)

tα
dt+ α

∫ T

0

∫ t

0

ϕ(t)f(t)− ϕ(s)f(t)

(t− s)α+1
ds dt

=

∫ T

0

ϕ(t)f(t)

tα
dt−

∫ T

0

f(t)ϕ(0)

tα
dt+ α

∫ T

0

∫ t

0

ϕ(t)f(t)− ϕ(s)f(t)

(t− s)α+1
ds dt,

we recovered (2.1.9) from (2.1.8).

In Chapter 3, we will use all three integration by parts formula (2.1.8)–(2.1.10).

2.2 Discrete Caputo Derivative

In this section, we introduce a discretization of the Caputo derivative and its properties.

Definition 3. Consider a function f(t) in [0, T ]. Subdivide the time interval [0, T ] into

N subintervals with uniform time step τ = T/N . Denote tk := kτ and fk := f(tk)

for k = 0, 1, .., N . The left and right discrete Caputo derivatives of f(t) of order α with

0 < α ≤ 1 at tk are expressed as a linear combination of values of f at t0, t1, .., tk as

follows:

(Dα
τ f)k = Γατ

−α

k−1∑
j=0

λk−j(fj+1 − fj), k ≥ 1; (2.2.1)

(∗Dα
τ f)k = Γατ

−α

N∑
j=k+1

λj−k(fj − fj−1), k ≤ N − 1, (2.2.2)

where the sequence {λk} is defined by the following infinite linear recurrence:

λk+1 =
k∑

j=1

((k − j + 1)α−1 − (k − j + 2)α−1)λj, k ≥ 1, λ1 = 1. (2.2.3)
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We extend the definition for any t ∈ [0, T ] by the backward finite difference operator:

Dα
τ f(t) := Γατ

−1−α

∫ ⌊t/τ⌋τ−τ

0

λ(⌊t/τ⌋−⌊s/τ⌋)(f(s+ τ)− f(s)) ds, (2.2.4)

with Dα
τ f(0) = 0.

When f(t) is a piecewise constant function f(t) :=
∑∞

k=1 fk
χ

(tk−1,tk](t) with f(t) = fin

for t ≤ 0, then (2.2.4) can be rewritten as

Dα
τ f

(τ)(t) =
n∑

k=1

(Dα
τ f

(τ))kχ(tk−1,tk](t).

Remark 2. A direct computation from Equation (2.2.1) yields the following equivalent

formula

(Dα
τ f)k = Γατ

−α

(
λk(fk − f0) +

k−1∑
j=0

(λk−j − λk−j+1)(fk − fj)

)
, k ≥ 1, (2.2.5)

which is a discrete counterpart of (2.1.4). For α = 1 the operator (Dα
τ f)k reduces to the

classical backward finite difference operator:

(D1
τf)k =

fk − fk−1

τ
, k ≥ 1,

since λj = 0 for all j ≥ 2. For α < 1, it seems that one cannot obtain a closed expression

for λj .

We now investigate some properties of λk.

Lemma 1. Let {λk}k∈N be defined as in (2.2.3). It holds that

i∑
j=1

(i− j + 1)α−1λj = 1, i ≥ 1. (2.2.6)

Proof. From the definition of λi, we have

λi+1 =
i∑

j=1

(i− j + 1)α−1λj −
i−1∑
j=0

(i− j + 1)α−1λj+1. (2.2.7)
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From (2.2.7) it follows

i+1∑
j=1

(i− j + 2)α−1λj =
i∑

j=0

(i− j + 1)α−1λj+1 =
i∑

j=1

(i− j + 1)α−1λj, i ≥ 1.

Thanks to the above identity, (2.2.6) can be easily proved by induction.

As previously mentioned, it seems that one cannot obtain a closed expression for λj

when α < 1. We have, however, an upper bound and the asymptotic behaviour, as stated in

the following proposition.

Proposition 2. Let {λk}k∈N be defined as in (2.2.3). It holds that

λk+1 < λk ≤
1

kα
,

k∑
j=1

λj ≤ k1−α, k ≥ 1, (2.2.8)

and as τ → 0

τ−α

∞∑
k=1

λkχ(tk−1,tk](t)⇀
t−α

ΓαΓ1−α

in Lp(0, T ) with 1 ≤ p < 1/α, (2.2.9)

where “⇀” denotes weak convergence. Moreover, for any sequence f (τ) → f strongly

convergent in Lq(0, T ) for some q ∈ [1,∞), we have

1

τα

∫ tn

0

n∑
k=1

λkχ(tk−1,tk](s)f
(τ)(t− s) ds→ 1

ΓαΓ1−α

∫ t

0

s−αf(t− s) ds, (2.2.10)

strongly in Lr(0, T ) for every r < q
1−(1−α)q

.

Proof. We begin by showing that the sequence (λk)k∈N is decreasing. From (2.2.7) one can

obtain

i∑
j=1

(i+ 1− j)α−1(λj − λj+1) = (i+ 1)α−1, i ≥ 1. (2.2.11)
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We prove by induction that λi+1 < λi for i ≥ 1. Since λ2 = 1 − 2α−1 < 1 = λ1, the

statement is true for i = 1. Let us now assume that λi+1 < λi for 1 ≤ i ≤ k − 1. From

(2.2.11) evaluated at i = k it follows

1− (k + 1)1−α(λk − λk+1) =
k−1∑
j=1

(
1− j

k + 1

)α−1

(λj − λj+1).

Since λj − λj+1 > 0 for j = 1, . . . , k − 1 by inductive assumption and
(
1− j

k+1

)α−1
<(

1− j
k

)α−1
for j = 1, . . . , k − 1, we deduce

1− (k + 1)1−α(λk − λk+1) <
k−1∑
j=1

(
1− j

k

)α−1

(λj − λj+1).

Evaluating (2.2.11) at i = k− 1 yields that the right-hand side of the above identity equals

1, so:

1− (k + 1)1−α(λk − λk+1) < 1,

meaning that λk − λk+1 > 0. Therefore the sequence (λi)i∈N is decreasing.

We prove now the upper bounds for λk. Since {λk} is a decreasing sequence, from

Lemma 1 one can obtain

1 =
n∑

j=1

λj(n− j + 1)α−1 ≥
n∑

j=1

λjn
α−1 ≥ λnn

α,

which implies

λn ≤ n−α,

n∑
j=1

λj ≤ n1−α for any n ≥ 1.

Define now

λ(τ)(s) := τ−α

n∑
j=1

λjχ(tj−1,tj ](s).

Since λ(τ)(s) ≤
∑n

j=1(jτ)
−αχ

(tj−1,tj ](s) ≤ s−α, the sequence λ(τ) is uniformly bounded

in Lp(0, T ) for every p ∈ [1, 1/α) and λ(τ) ⇀ λ in Lp(0, T ) with 1 ≤ p < 1/α up to a

subsequence.
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Next we show (2.2.10). Let n = ⌊t/τ⌋, tn ≤ t < tn+1, and q ≤ r < q
1−(1−α)q

. Define

F (τ)
n (t) :=

∫ tn

0

λ(τ)(s)f (τ)(t− s) ds

=

∫ t

0

λ(τ)(s)f (τ)(t− s) ds−
∫ t

tn

λ(τ)(s)f (τ)(t− s) ds

=: F
(τ)
1 (t)− F

(τ)
2 (t).

The term F
(τ)
2 tends to zero in Lr(0, T ) as τ → 0. In fact,

∥∥∥F (τ)
2

∥∥∥
Lr(0,T )

≤
∥∥∥∥∫ t

t−τ

λ(τ)(s)f (τ)(t− s) ds

∥∥∥∥
Lr(0,T )

=
∥∥(λ(τ)χ[0,T ]) ∗ (f (τ)χ

[0,τ ])
∥∥
Lr(0,T )

≤
∥∥λ(τ)∥∥

L1+η(0,T )

∥∥f (τ)
∥∥
Lq(0,τ)

≤ C
∥∥f (τ) − f

∥∥
Lq(0,T )

+ C ∥f∥Lq(0,τ) ,

where 1+η = (1+1/r−1/q)−1 ∈ [1, 1/α), and the right-hand side of the above inequality

tends to zero as τ → 0 since f (τ) → f strongly in Lq(0, T ).

On the other hand,

∥∥∥∥F (τ)
1 −

∫ t

0

λ(s)f(t− s) ds

∥∥∥∥
Lq(0,T )

≤
∥∥∥∥∫ t

0

(
λ(τ) − λ

)
(s)f(t− s) ds

∥∥∥∥
Lq(0,T )

+

∥∥∥∥∫ t

0

λ(τ)(s)
(
f (τ) − f

)
(t− s) ds

∥∥∥∥
Lq(0,T )

≤
∥∥∥∥∫ t

0

(
λ(τ) − λ

)
(s)f(t− s) ds

∥∥∥∥
Lq(0,T )

+
∥∥λ(τ)∥∥

L1(0,T )

∥∥f (τ) − f
∥∥
Lq(0,T )

.

The second term above converges to 0 as τ → 0. Now consider the first term. Since

f ∈ Lq(0, T ) and
∥∥λ(τ) − λ

∥∥
L1(0,T )

≤ C, for C not depending on τ , by Corollary 4.28 in
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[10], the sequence

I(τ) :=

∫ t

0

(
λ(τ) − λ

)
(s)f(t− s) ds

has compact closure in Lq(0, T ). However, for every ϕ ∈ Lq′(0, T ) (q′ = q/(q − 1) for

q > 1, q′ = ∞ for q = 1),

∫ T

0

I(τ)(t)ϕ(t)dt =

∫ T

0

ϕ(t)

∫ t

0

(
λ(τ) − λ

)
(s)f(t− s) ds dt

=

∫ T

0

(
λ(τ) − λ

)
(s)

∫ T

s

ϕ(t)f(t− s) dt ds,

and

∣∣∣∣∫ T

s

ϕ(t)f(t− s) dt

∣∣∣∣ ≤ ∥ϕ∥Lq′ (s,T )∥f∥Lq(0,T−s) ≤ ∥ϕ∥Lq′ (0,T )∥f∥Lq(0,T ) for s ∈ [0, T ],

which means that s ∈ [0, T ] 7→
∫ T

s
ϕ(t)f(t − s) dt ∈ R is in L∞(0, T ). Given that

λ(τ) − λ ⇀ 0 weakly in L1(0, T ), we deduce that
∫ T

0
I(τ)(t)ϕ(t)dt → 0 for every ϕ ∈

Lq′(0, T ), that is, I(τ) ⇀ 0 weakly in Lq(0, T ). Since we already knew that I(τ) is relatively

compact in Lq(0, T ), we conclude that I(τ) → 0 strongly in Lq(0, T ) and therefore

F
(τ)
1 →

∫ t

0

λ(s)f(t− s) ds strongly in Lq(0, T ).

However, the above convergence is also strong inLr(0, T ), sinceF (τ)
1 is bounded inLr̃(0, T )

for every 1 ≤ r̃ < q
1−(1−α)q

being the convolution of λ(τ), which is bounded in Lp(0, T ) for

every 1 ≤ p < 1/α, and f (τ), which is bounded in Lq(0, T ). Summarizing up we have

∫ τ⌊t/τ⌋

0

λ(τ)(s)f (τ)(t− s) ds→
∫ t

0

λ(s)f(t− s) ds strongly in Lr(0, T ) (2.2.12)

for every 1 ≤ r < q
1−(1−α)q

, for any sequence f (τ) → f strongly convergent in Lq(0, T ) for

some q ∈ [1,∞).
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Our last step is finding the value of λ(t). Since

λj(n− j+1)α−1 =
1

τ

∫ tj

tj−1

λj(n− j+1)α−1 ds =
1

τ

∫ tn

0

λj(n− j+1)α−1χ
(tj−1,tj ](s) ds,

from Lemma 1 one obtains

1 =
n∑

j=1

λj(n− j + 1)α−1

=
1

τ

∫ tn

0

n∑
j=1

λj(n− j + 1)α−1χ
(tj−1,tj ](s) ds

=
1

τ

∫ tn

0

(
n∑

j=1

λjχ(tj−1,tj ](s)

)(
n∑

j=1

(n− j + 1)α−1χ
(tj−1,tj ](s)

)
ds

=
1

τ

∫ tn

0

(
n∑

j=1

λjχ(tj−1,tj ](s)

)
(n+ 1− ⌈s/τ⌉)α−1 ds,

which means, given the definition of λ(τ),

∫ tn

0

λ(τ)(s) (tn + τ − τ⌈s/τ⌉)α−1 ds = 1. (2.2.13)

It holds

χ
[0,tn](s) (tn + τ − τ⌈s/τ⌉)α−1 ≥ χ[0,t−τ ](s) (t+ τ − s)α−1 ,

χ
[0,tn](s) (tn + τ − τ⌈s/τ⌉)α−1 ≤ χ[0,tn−τ ](s) (tn − s)α−1 +χ[tn−τ,tn](s) (tn − s)α−1

≤ χ[0,t−τ ](s) (t− τ − s)α−1 +χ[tn−τ,tn](s) (tn − s)α−1 ,

which means for

f
(τ)
1 (z) ≡ (z + τ)α−1χ

[τ,T ](z), f
(τ)
2 (z) ≡ (z − τ)α−1χ

[τ,T ](z)
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that

f
(τ)
1 (t− s) ≤ χ[0,tn](s) (tn + τ − τ⌈s/τ⌉)α−1 ≤ f

(τ)
2 (t− s) +χ[tn−τ,tn](s) (tn − s)α−1 .

(2.2.14)

Estimates (2.2.13), (2.2.14), and the fact that λ(τ) ≡ τ−αλn = τ−αλ⌊t/τ⌋ on (tn − τ, tn],

imply

∫ t

0

λ(τ)(s)f
(τ)
1 (t− s)ds ≤ 1 ≤

∫ t

0

λ(τ)(s)f
(τ)
2 (t− s)ds+ Cλ⌊t/τ⌋, τ ≤ t ≤ T,

(2.2.15)

with λ⌊t/τ⌋ → 0 for τ → 0, by

1 ≥
∫ tn

0

λ(τ)(s) (tn + τ − s)α−1 ds ≥
∫ t−τ

0

λ(τ)(s) (t+ τ − s)α−1 ds,

and

1 ≤
∫ tn

0

λ(τ)(s) (tn − s)α−1 ds

=

∫ tn−τ

0

λ(τ)(s) (tn − s)α−1 ds+

∫ tn

tn−τ

λ(τ)(s) (tn − s)α−1 ds

≤
∫ t−τ

0

λ(τ)(s) (t− τ − s)α−1 ds+ Cλn.

We wish to show for τ → 0 that

f
(τ)
i → | · |α−1 strongly in Lq(0, T ), ∀q ∈ [1, 1/(1− α)), i = 1, 2. (2.2.16)
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Clearly f (τ)
i (z) → |z|α−1 for τ → 0 for every z > 0. Furthermore, if q ∈ [1, 1/(1− α)),

∫ T

0

|f (τ)
1 (z)|qdz ≤

∫ T

0

|f (τ)
2 (z)|qdz

=

∫ T

τ

(z − τ)q(α−1)dz

=
(T − τ)q(α−1)+1

q(α− 1) + 1

≤ T q(α−1)+1

q(α− 1) + 1
.

Being q ∈ [1, 1/(1 − α)) arbitrary, we deduce via dominated convergence that (2.2.16)

holds. From (2.2.15) and the fact that λk → 0 as k → ∞, we conclude that

∫ t

0

λ(s)(t− s)α−1 ds = 1. (2.2.17)

Performing the Laplace transform on both sides of (2.2.17) yields

∫ +∞

0

∫ t

0

e−ktλ(s)(t− s)α−1 dsdt =

∫ +∞

0

e−kt dt =
1

k
.

Then, interchanging the order of the integrals yields

∫ +∞

0

e−ksλ(s)

∫ +∞

s

e−k(t−s)(t− s)α−1 dtds =
1

k
,

which indicates

∫ +∞

0

e−ksλ(s) ds =
1

k

(∫ +∞

0

e−kssα−1 ds

)−1

= kα−1Γ−1
α .

Performing the inverse Laplace transform on the above equation leads to

λ(t) =
t−α

ΓαΓ1−α

,

which finishes the proof.
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Next, we show a discrete version of the fractional fundamental theorem of calculus

(2.1.6) and (2.1.7).

Proposition 3 (Discrete fundamental theorem of calculus). Let fn := f(tn) for n =

1, ..., N . We have the following identities:

fn = f0 +
τα

Γα

n∑
k=1

(n− k + 1)α−1(Dα
τ f)k, n ≥ 1; (2.2.18)

and

fn = fN − τα

Γα

N−1∑
k=n

(k − n+ 1)α−1(∗Dα
τ f)k, n ≤ N − 1. (2.2.19)

Proof. From Lemma 1 one obtains

τα

Γα

n∑
k=1

(n− k + 1)α−1(Dα
τ f)k =

n∑
k=1

(n− k + 1)α−1

k−1∑
j=0

λk−j(fj+1 − fj)

=
n−1∑
j=0

n∑
k=j+1

(n− k + 1)α−1λk−j(fj+1 − fj)

=
n−1∑
j=0

n−j∑
k=1

(n− j − k + 1)α−1λk(fj+1 − fj) =
n−1∑
j=0

(fj+1 − fj)

which implies (2.2.18). Furthermore,

τα

Γα

N−1∑
k=n

(k − n+ 1)α−1(∗Dα
τ f)k =

N−1∑
k=n

(k − n+ 1)α−1

N∑
j=k+1

λj−k(fj − fj−1)

=
N∑

j=n+1

j−1∑
k=n

(k − n+ 1)α−1λj−k(fj − fj−1)

=
N∑

j=n+1

j−n∑
k=1

(j − n− k + 1)α−1λk(fj − fj−1) =
N∑

j=n+1

(fj − fj−1)

which implies (2.2.19). This concludes the proof.

In the next proposition we show that the discrete Caputo derivative of an absolute con-

tinuous function converges, in a weak sense, to the continuous Caputo derivative. The proof

is a straightforward consequence of Proposition 3.
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Proposition 4 (Limit τ → 0). Let X , Y be Banach space, f : [0, T ] → R absolutely

continuous. Assume that Fτ ≡
∑N

k=1(D
α
τ f)kχ[tk−1,tk) is weakly convergent in Lp(0, T ) to

some limit ξ with p > 1/α. Then ξ = Dα
t f .

Proof. From (2.2.18) it follows

f(tn) = f(0) +
τα−1

Γα

∫ tn

0

n∑
k=1

(n− k + 1)α−1(Dα
τ f)kχ[tk−1,tk)(s) ds

= f(0) +
1

Γα

∫ tn

0

n∑
k=1

(tn − tk + τ)α−1(Dα
τ f)kχ[tk−1,tk)(s) ds

= f(0) +
1

Γα

∫ tn

0

(
n∑

j=1

(tn − tj + τ)α−1χ
[tj−1,tj)(s)

)(
n∑

k=1

(Dα
τ f)kχ[tk−1,tk)(s)

)
ds

= f(0) +
1

Γα

∫ tn

0

(
n∑

j=1

(tn − tj + τ)α−1χ
[tj−1,tj)(s)

)
Fτ (s) ds,

since the characteristic functions have disjoint support. We now pass to the limit τ → 0 in

the above identity. From (2.2.14), (2.2.16) we know that

n∑
j=1

(tn − tj + τ)α−1χ
[tj−1,tj) → (t− s)α−1 strongly in Lp/(p−1)(0, t),

for p > 1
α

. Since Fτ ⇀ ξ weakly in Lp(0, T ) by assumption, we deduce that

f(t) = f(0) +
1

Γα

∫ t

0

(t− s)α−1ξ ds, t ∈ [0, T ],

which means that ξ = Dαf a.e. in [0, T ]. This finishes the proof of the Proposition.

In the next proposition, we propose a discrete integration by parts formula.

Proposition 5. Let ϕ(t) be a bounded function in (0, T ], and f (τ)(t) be a piecewise constant

function defined by f (τ)(t) = f0χ{0}(t)+
∑N

k=1 fk
χ

(tk−1,tk](t). Then we have the following
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discrete integration by parts formula:

∫ T

0

Dα
τ f

(τ)(t)ϕ(t) dt =−
∫ T−τ

0

f (τ)(t)∗Dα
τ

(
D1

τΦ
)
(t) dt

+
Γα

τα
ΦN

N∑
j=1

λN−j+1fj −
Γα

τα
f0

N∑
k=1

λkΦk, (2.2.20)

where Φ(t) :=
∫ t

0
ϕ(s) ds and Φk :=

∫ kτ

(k−1)τ
ϕ(t) dt.

Proof. It holds

∫ T

0

Dα
τ f

(τ)(t)ϕ(t) dt =
Γα

τα

N∑
k=1

(∫ kτ

(k−1)τ

k−1∑
j=0

λk−j(fj+1 − fj)ϕ(t) dt

)

=
Γα

τα

N∑
k=1

k−1∑
j=0

λk−j(fj+1 − fj)

∫ kτ

(k−1)τ

ϕ(t) dt.

We have (D1
τΦ)k = (Φ(kτ)− Φ((k − 1)τ)) /τ = Φk/τ. Now rewrite the double summa-

tion as follows:

N∑
k=1

k−1∑
j=0

λk−j(fj+1 − fj)Φk

=
N∑
k=1

k∑
j=1

λk−j+1fjΦk −
N∑
k=1

k−1∑
j=0

λk−jfjΦk

=
N+1∑
k=2

k−1∑
j=1

λk−jfjΦk−1 −
N∑
k=1

k−1∑
j=0

λk−jfjΦk

=
N∑
k=2

k−1∑
j=1

λk−jfj(Φk−1 − Φk) +
N∑
j=1

λN−j+1fjΦN −
N∑
k=1

λkf0Φk

=
N−1∑
k=1

fk

N∑
j=k+1

λj−k(Φj−1 − Φj) + ΦN

N∑
j=1

λN−j+1fj − f0

N∑
k=1

λkΦk.
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Substituting Φk =
∫ kτ

(k−1)τ
ϕ(s) ds in above identity yields

∫ T

0

Dα
τ f

(τ)(t)ϕ(t) dt =
Γα

τα

N−1∑
k=1

fk

N∑
j=k+1

λj−k(Φj−1 − Φj)

+
Γα

τα
ΦN

N∑
j=1

λN−j+1fj −
Γα

τα
f0

N∑
k=1

λkΦk

=−
∫ T−τ

0

f (τ)(t)∗Dα
τ

(
D1

τΦ
)
(t) dt

+
Γα

τα
ΦN

N∑
j=1

λN−j+1fj −
Γα

τα
f0

N∑
k=1

λkΦk.

We also have the following convergence theorem.

Proposition 6. Provided f (τ)(t) :=
∑N

j=1 fj
χ

(tj−1,tj ](t) is strongly convergent to f(t) in

L1(0, T ), we have for any smooth function ϕ ∈ C1(0, T )

∫ T

0

Dα
τ f

(τ)(t)ϕ(t) dt

−→−
∫ T

0

f(t)∗Dα
t ϕ(t) dt +

ϕ(T )

Γ1−α

∫ T

0

f(t)

(T − t)α
dt − f0

Γ1−α

∫ T

0

ϕ(s)

sα
ds

=

∫ T

0

Dα
t f(t)ϕ(t) dt,

as τ → 0, where ∗Dα
t is the right Caputo differential operator defined as (2.1.3).

Proof. Let Φ(t) :=
∫ t

0
ϕ(s) ds and Φk :=

∫ kτ

(k−1)τ
ϕ(t) dt as in Proposition 5. Proving the

above convergence is equivalent to showing that

−
∫ T−τ

0

f (τ)(t)∗Dα
τ

(
D1

τΦ
)
(t) dt +

Γα

τα
ΦN

N∑
j=1

λN−j+1fj − Γα

τα
f0

N∑
k=1

λkΦk

converges to

−
∫ T

0

f(t)∗Dα
t ϕ(t) dt +

ϕ(T )

Γ1−α

∫ T

0

f(t)

(T − t)α
dt − f0

Γ1−α

∫ T

0

ϕ(s)

sα
ds,

23



as τ → 0. To see why, one should compare (2.1.10) and (2.2.20). It holds

∥∥∗Dα
τ

(
D1

τΦ
)∥∥

L∞(0,T )
= max

0≤k≤N−1

∣∣∣∣∣
N∑

j=k+1

τ 1−αλj−k(D
2
τΦ)j

∣∣∣∣∣
≤ sup

t∈[0,T ]

|D2
tΦ|τ 1−α max

0≤k≤N−1

N∑
j=k+1

λj−k

= sup
t∈[0,T ]

|D2
tΦ|τ 1−α max

0≤k≤N−1

N−k∑
j=1

λj

≤ sup
t∈[0,T ]

|D2
tΦ|τ 1−α max

0≤k≤N−1
(N − k)1−α

≤∥ϕ∥C1(0,T ) T
1−α,

where the last two inequalities are deduced from (2.2.8). Hence ∗Dα
τ (D

1
τΦ)

∗−⇀ ξ weakly*

in L∞(0, T ). In particular ∗Dα
τ (D

1
τΦ)⇀ ξ weakly in Lp(0, T ) for every p <∞, so we can

employ Proposition 4 to identify the limit: ξ = ∗Dα
t ϕ. Since f (τ) → f strongly in L1(0, T )

we deduce

∫ T−τ

0

f (τ)(t)∗Dα
τ

(
D1

τΦ
)
(t) dt→

∫ T

0

f(t)∗Dα
t ϕ(t) dt, as τ → 0.

With λ(τ)(s) := τ−α
∑n

j=1 λj
χ

(tj−1,tj ](s) we have

Γα

τα
ΦN

N∑
j=1

λN−j+1fj = Γα

∫ T

T−τ

ϕ(s)

τ
ds

∫ T

0

λ(τ)(T − t)f (τ)(t) dt,

which converges to

ϕ(T )

Γ1−α

∫ T

0

f(t)

(T − t)α
dt

as τ → 0 by (2.2.10). Finally, using (2.2.9) we get

Γα

τα
f0

N∑
k=1

λkΦk →
f0

Γ1−α

∫ T

0

ϕ(s)

sα
ds. (2.2.21)

This finishes the proof by (2.1.10).
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The following two lemmas will be useful.

Lemma 2. If (Dα
τ f)k ≤ 0 for 1 ≤ k ≤ n, then fk ≤ f0 for 1 ≤ k ≤ n.

Proof. It follows directly from (2.2.18).

Lemma 3 (Convexity). We have

fk(D
α
τ f)k ≥

1

2
(Dα

τ f
2)k, k ≥ 1.

Proof. We have to show for k ≥ 1 that

k−1∑
j=0

λk−j(fj+1 − fj)fk ≥
1

2

k−1∑
j=0

λk−j(f
2
j+1 − f 2

j ).

First, we rewrite the left hand side of the above inequality as

k−1∑
j=0

λk−j(fj+1 − fj)fk =− λkf0fk −
k−1∑
j=1

(λk−j+1 − λk−j)fjfk + λ1f
2
k

=
1

2
λk(f0 − fk)

2 +
1

2

k−1∑
j=1

(λk−j+1 − λk−j)(fj − fk)
2 + λ1f

2
k

− 1

2
λkf

2
0 − 1

2
λkf

2
k − 1

2

k−1∑
j=1

(λk−j − λk−j+1)(f
2
j + f 2

k ),

which implies

k−1∑
j=0

λk−j(fj+1 − fj)fk ≥− 1

2
λkf

2
0 − 1

2
λkf

2
k − 1

2

k−1∑
j=1

(λk−j − λk−j+1)(f
2
j + f 2

k ) + λ1f
2
k

=
1

2

k−1∑
j=0

λk−j(f
2
j+1 − f 2

j ).

Thus, the lemma is proved.

2.3 Compactness results

In this section we prove the following strong compactness criterion:
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Theorem 2.1. Assume that X , B and Y are Banach spaces such that the embedding X ↪→

B is compact and the embedding B ↪→ Y is continuous. Let 1 ≤ p ≤ ∞, 0 < α < 1 and

{f (τ)} be a sequence of piecewise constant functions, satisfying

∥∥f (τ)
∥∥
Lp(0,T ;X)

+
∥∥Dα

τ f
(τ)
∥∥
Lp(0,T ;Y )

≤ C0, (2.3.1)

where C0 is a constant independent of τ and Dα
τ is the discrete Caputo derivative operator

defined in (2.2.1). Then {f (τ)} is relatively compact in Lp(0, T ;B).

For convenience we first recall the classical version of the Aubin-Lions lemma.

Lemma 4 (Theorem 5 in [59]). Assume that X , B and Y are Banach spaces, with X ↪→

B ↪→ Y , where X is compactly embedded in B. For 1 ≤ r ≤ ∞, assume that F is

bounded in Lr(0, T ;X) and ∥f(t+ h, x)− f(t, x)∥Lr(0,T−h;Y ) → 0 as h → 0, uniformly

for all f ∈ F . Then F is relatively compact in Lr(0, T ;B) (and in C([0, T ];B) if r = ∞).

The proof of Theorem 2.1 uses Lemma 4. To summarize, we first work with the

linear interpolant functions f̃ (τ) of the piecewise constant functions f (τ) and show that

∥Dα
τ f

(τ)∥ ≥ ∥Dα
t f̃

(τ)∥, i.e. we compare the discrete derivative of a piecewise constant

function with the continuous derivative of the corresponding linear interpolant. After,

we prove that the interpolants satisfy the estimate ∥f̃ (τ)(t + h) − f̃ (τ)(t)∥Lp(0,T−h;Y ) ≤

hα∥Dα
t f̃

(τ)∥Lp(0,T ;Y ) and use bound (2.3.1) and Lemma 4 to conclude that {f̃ (τ)} is com-

pact in Lp(0, T ;B). In the end, we show that convergence of the family of linear inter-

polants implies convergence of the piecewise constant functions, and the limits are the

same.

One could wonder if it is necessary to work with linear interpolants {f̃ (τ)} instead with

piecewise constant functions {f (τ)}. In fact, Theorem 1 in [29] says that an estimate of the
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form ∥f (τ)(t+ h)− f (τ)(t)∥Lp(0,T−h;Y ) ≤ Ch is sufficient to invoke Aubin-Lions theorem.

Unfortunately, due to the nature of the Caputo derivative, the only estimate one can get for

{f (τ)} is:

∥f (τ)(t+ h)− f (τ)(t)∥Lp(0,T−h;Y ) ≤ Chα, 0 < α < 1,

which, alone, is not enough to guarantee compactness, see Proposition 2 in [29].

Before we start with the proof of Theorem 2.1, we need to prove the following three

technical lemmas.

Lemma 5. For 0 < α < 1, it holds that

∥f(t+ h)− f(t)∥Lp(0,T−h;Y ) ≤
2hα

Γαα
∥Dα

t f∥Lp(0,T ;Y ), h > 0, (2.3.2)

for every 1 ≤ p ≤ ∞ and every f : [0, T ] → Y such that f , Dα
t f ∈ Lp(0, T ;Y ).

Lemma 6. Let Y be a Banach space, and let f (τ) : [0, T ] → Y be a piecewise constant-in-

time function, namely f (τ)(t) = f0χ{0}(t) +
∑N

n=1 fn
χ

(tn−1,tn](t), with tj = jτ , fj ∈ Y

(j = 0, . . . , N ), and T = Nτ . The linear interpolant f̃ (τ) of f0, . . . , fN is given by

f̃ (τ)(t) =
N−1∑
n=0

(
t− tn
τ

(fn+1 − fn) + fn

)
χ

[tn,tn+1)(t). (2.3.3)

Then for 0 < α < 1, a constant Cα > 0 indepedent of f0, . . . , fN exists such that

∥Dα
t f̃

(τ)∥Lp(0,T ;Y ) ≤ Cα∥Dα
τ f

(τ)∥Lp(0,T ;Y ), τ > 0, 1 ≤ p ≤ ∞.

Lemma 7. Let Y and f (τ) be as in Lemma 6. Then

∥∥f (τ)(t+ τ)− f (τ)(t)
∥∥
Lp(0,T−τ ;Y )

≤ 21+1/pτα

Γα

∥∥Dα
τ f

(τ)
∥∥
Lp(0,T ;Y )

, τ > 0, 1 ≤ p ≤ ∞.

(2.3.4)
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Proof of Lemma 5. Since the mapping Dα
t f(t) 7→ f(t + h) − f(t) is linear, Riesz-Thorin

interpolation Theorem [64, Thr. II.4.2] implies that it is enough to prove (2.3.2) for p = 1

and p = ∞.

We start by recalling the fundamental theorem of calculus

f(t) = f0 +
1

Γα

∫ t

0

(t− s)α−1Dα
t f(s) ds, 0 ≤ t ≤ T.

Then

f(t+ h)− f(t)

=
1

Γα

∫ t+h

0

(t+ h− s)α−1Dα
t f(s) ds−

1

Γα

∫ t

0

(t− s)α−1Dα
t f(s) ds

=
1

Γα

∫ t

0

((t+ h− s)α−1 − (t− s)α−1)Dα
t f(s) ds+

1

Γα

∫ t+h

t

(t+ h− s)α−1Dα
t f(s) ds

= : I1(t) + I2(t).

Let us estimate

∫ T−h

0

∥I1(t)∥Y dt ≤ 1

Γα

∫ T−h

0

∫ t

0

|(t+ h− s)α−1 − (t− s)α−1|∥Dα
t f(s)∥Y dsdt

=
1

Γα

∫ T−h

0

∫ T−h

s

((t− s)α−1 − (t+ h− s)α−1)∥Dα
t f(s)∥Y dtds

=
1

Γαα

∫ T−h

0

((T − h− s)α − (T − s)α + hα)∥Dα
t f(s)∥Y ds.

We deduce that

∫ T−h

0

∥I1(t)∥Y dt ≤
hα

Γαα
∥Dα

t f∥L1(0,T ;Y ).
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On the other hand

∫ T−h

0

∥I2(t)∥Y dt ≤ 1

Γα

∫ T−h

0

∫ t+h

t

(t+ h− s)α−1∥Dα
t f(s)∥Y dsdt

=
1

Γα

∫ T

0

∫ s

s−h

(t+ h− s)α−1∥Dα
t f(s)∥Y dtds

=
hα

Γαα

∫ T

0

∥Dα
t f(s)∥Y ds =

hα

Γαα
∥Dα

t f∥L1(0,T ;Y ).

This means that (2.3.2) holds for p = 1. Let us now consider the case p = ∞:

∥I1(t)∥Y ≤ ∥Dα
t f∥L∞(0,T ;Y )

1

Γα

∫ t

0

((t− s)α−1 − (t+ h− s)α−1) ds

= ∥Dα
t f∥L∞(0,T ;Y )

1

Γαα
(tα + hα − (t+ h)α)

≤ hα

Γαα
∥Dα

t f∥L∞(0,T ;Y ).

On the other hand,

∥I2(t)∥Y ≤ ∥Dα
t f∥L∞(0,T ;Y )

1

Γα

∫ t+h

t

(t+ h− s)α−1 ds =
hα

Γαα
∥Dα

t f∥L∞(0,T ;Y ).

Therefore (2.3.2) holds also for p = ∞. This finishes the proof of the Lemma.

Proof of Lemma 6. Let t ∈ (0, T ) arbitrary, k = ⌊t/τ⌋. Let us begin by computing

Dα
t f̃

(τ)(t) =
1

Γ1−α

∫ t

0

Df̃ (τ)(s)

(t− s)α
ds

=
1

Γ1−α

∫ t

0

(t− s)−α

N−1∑
n=0

fn+1 − fn
τ

χ
[tn,tn+1)(s) ds

=
1

Γ1−α

k−1∑
n=0

fn+1 − fn
τ

∫ tn+1

tn

(t− s)−α ds+
1

Γ1−α

fk+1 − fk
τ

∫ t

tk

(t− s)−α ds

=
1

Γ1−α

k−1∑
n=0

fn+1 − fn
(1− α)τ

((t− tn)
1−α − (t− tn+1)

1−α) +
1

Γ1−α

fk+1 − fk
(1− α)τ

(t− tk)
1−α,
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and so

Dα
t f̃

(τ)(t) =
τ−α

Γ1−α

N−1∑
n=0

fn+1 − fn
(1− α)

(gn(t)− gn+1(t)), 0 ≤ t ≤ T, (2.3.5)

gn(t) := τα−1(t− tn)
1−α
+ , n ≥ 0.

From (2.2.18) one obtains

fn+1 − fn =
τα

Γα

n+1∑
k=1

wn+1−k(D
α
τ f)k, n ≥ 0,

ws :=


1 s = 0

(s+ 1)α−1 − sα−1 s ≥ 1.

Plugging the above identity into (2.3.5) yields

Dα
t f̃

(τ)(t) =
1

Γ1−αΓα(1− α)

N−1∑
n=0

(gn(t)− gn+1(t))
n+1∑
k=1

wn+1−k(D
α
τ f)k

=
1

Γ1−αΓα(1− α)

N∑
k=1

N−1∑
n=k−1

(gn(t)− gn+1(t))wn+1−k(D
α
τ f)k,

which can be rewritten as

Dα
t f̃

(τ)(t) =
1

Γ1−αΓα(1− α)

N∑
k=1

µk(t)(D
α
τ f)k, (2.3.6)

µk(t) :=
N−k∑
s=0

ws(gs+k−1(t)− gs+k(t)), 1 ≤ k ≤ N.

We aim to show that a constant C > 0 exists, depending only on α ∈ (0, 1) and T > 0,

such that ∥µk∥L∞(0,T ) ≤ C for 1 ≤ k ≤ N , τ > 0. From this fact the statement of the

lemma follows easily.
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Let ρ ≡ t/τ ∈ [0, N ]. From the definitions of ws and gn(t) it follows

µk(t) =(ρ− k + 1)1−α
+ − (ρ− k)1−α

+

+
N−k∑
s=1

(s+ 1)α−1((ρ− s− k + 1)1−α
+ − (ρ− s− k)1−α

+ )

−
N−k∑
s=1

sα−1((ρ− s− k + 1)1−α
+ − (ρ− s− k)1−α

+ )

=(N − k + 1)α−1((ρ−N + 1)1−α
+ − (ρ−N)1−α

+ )

+
N−1∑
s=1

sα−1((ρ− s− k + 2)1−α
+ − 2(ρ− s− k + 1)1−α

+ + (ρ− s− k)1−α
+ ).

Since 0 ≤ ρ ≤ N and 1 ≤ k ≤ N , it holds

(N − k + 1)α−1((ρ−N + 1)1−α
+ − (ρ−N)1−α

+ )

= (N − k + 1)α−1(ρ−N + 1)1−α
+ ≤ 1.

It follows

|µk(t)| ≤ 1 +
N−1∑
s=1

sα−1
∣∣(ρ− s− k + 2)1−α

+ − 2(ρ− s− k + 1)1−α
+ + (ρ− s− k)1−α

+

∣∣ .
(2.3.7)

We can clearly consider ρ > s+ k − 2, since for ρ ≤ s+ k − 2 the sum on the right-hand

side of (2.3.7) vanishes. Let us distinguish two cases.

Case 1: s + k − 2 < ρ ≤ s + k + 1. Being s, k integers, this means that ⌊ρ⌋ − k ≤ s ≤

⌊ρ⌋ − k + 2. It follows

⌊ρ⌋−k+2∑
s=max{1,⌊ρ⌋−k}

sα−1|(ρ− s− k + 2)1−α
+ − 2(ρ− s− k + 1)1−α

+ + (ρ− s− k)1−α
+ |

≤
⌊ρ⌋−k+2∑

s=max{1,⌊ρ⌋−k}

sα−1
(
|(ρ− s− k + 2)1−α

+ − (ρ− s− k + 1)1−α
+ |

+ |(ρ− s− k + 1)1−α
+ − (ρ− s− k)1−α

+ |
)
.
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Since x 7→ x1−α is subadditive, it holds x1−α ≤ (x− y)1−α + y1−α for x ≥ y ≥ 0, so

|(ρ− s− k + 2)1−α
+ − (ρ− s− k + 1)1−α

+ |

≤((ρ− s− k + 2)+ − (ρ− s− k + 1)+)
1−α ≤ 1,

|(ρ− s− k + 1)1−α
+ − (ρ− s− k)1−α

+ |

≤((ρ− s− k + 1)+ − (ρ− s− k)+)
1−α ≤ 1.

It follows

N−1∑
s=1

sα−1|(ρ− s− k + 2)1−α
+ − 2(ρ− s− k + 1)1−α

+ + (ρ− s− k)1−α
+ |

≤ 2

⌊ρ⌋−k+2∑
s=max{1,⌊ρ⌋−k}

sα−1 ≤ 6.

Case 2: ρ > s+ k + 1. This implies s ≤ ⌊ρ⌋ − k − 1. Lagrange’s theorem yields

(ρ− s− k + 2)1−α
+ − 2(ρ− s− k + 1)1−α

+ + (ρ− s− k)1−α
+

= (ρ− s− k + 2)1−α − 2(ρ− s− k + 1)1−α + (ρ− s− k)1−α

= −α(1− α)ξ−1−α, ρ− s− k ≤ ξ ≤ ρ− s− k + 2,

and so

⌊ρ⌋−k−1∑
s=1

sα−1|(ρ− s− k + 2)1−α
+ − 2(ρ− s− k + 1)1−α

+ + (ρ− s− k)1−α
+ |

≤ α(1− α)

⌊ρ⌋−k−1∑
s=1

sα−1(ρ− s− k)−1−α

≤ α(1− α)

⌊ρ⌋−k−1∑
s=1

(⌊ρ⌋ − s− k)−1−α

≤ α(1− α)
∞∑
r=1

r−1−α <∞.

From (2.3.7) the statement follows. This finishes the proof of the lemma.
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Proof of Lemma 7. From (2.2.18) we have

fn = f0 +
τα

Γα

n∑
k=1

(n− k + 1)α−1(Dα
τ f)k, n ≥ 1.

For convenience, denote aj := jα−1, then

fn+1 − fn =
τα

Γα

n∑
k=1

(an+2−k − an+1−k)(D
α
τ f)k +

τα

Γα

a1(D
α
τ f)n+1.

Hence

∥fn+1 − fn∥pY =

∥∥∥∥ τα

Γα

n∑
k=1

(an+2−k − an+1−k)(D
α
τ f)k +

τα

Γα
a1(D

α
τ f)n+1

∥∥∥∥p
Y

≤ (2/Γα)
p
[(
τα

n∑
k=1

(an+1−k − an+2−k) ∥(Dα
τ f)k∥Y

)p
+
(
ταa1 ∥(Dα

τ f)n+1∥Y
)p]

,

thanks to the triangle inequality and Young’s inequality. Then we have the following

bounds:

(
τα

n∑
k=1

(an+1−k − an+2−k) ∥(Dα
τ f)k∥Y

)p
= τ (α−1)p

(
n∑

k=1

τ(an+1−k − an+2−k) ∥(Dα
τ f)k∥Y

)p

≤ τ (α−1)p

(
n∑

k=1

τ(an+1−k − an+2−k)

)p−1( n∑
k=1

τ(an+1−k − an+2−k) ∥(Dα
τ f)k∥

p
Y

)
= τ (α−1)p (τ(a1 − an+1))

p−1

(
n∑

k=1

τ(an+1−k − an+2−k) ∥(Dα
τ f)k∥

p
Y

)
≤ ταp

n∑
k=1

(an+1−k − an+2−k) ∥(Dα
τ f)k∥

p
Y ,

where in the first inequality we have used a discrete version of Hölder’s inequality:

∥gh∥L1 =
∥∥∥g1− 1

p g
1
ph
∥∥∥
L1

≤
∥∥∥g1− 1

p

∥∥∥
L

p
p−1

∥∥∥g 1
ph
∥∥∥
Lp

≤ ∥g∥
p−1
p

L1 ∥ghp∥
1
p

L1 .
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Summarizing we get

∥fn+1 − fn∥pY = (2/Γα)
pταp

[
n∑

k=1

(an+1−k − an+2−k) ∥(Dα
τ f)k∥

p
Y + ap1 ∥(Dα

τ f)n+1∥pY

]
,

which yields

∥∥f (τ)(t+ τ)− f (τ)(t)
∥∥p
Lp(0,T−τ ;Y )

=
N−1∑
n=1

τ ∥fn+1 − fn∥pY

≤(2/Γα)
pταp

N−1∑
n=1

τ

(
n∑

k=1

(an+1−k − an+2−k) ∥(Dα
τ f)k∥

p
Y + ap1 ∥(Dα

τ f)n+1∥pY

)

≤(2/Γα)
pταr+1

(
N−1∑
n=1

n∑
k=1

(an+1−k − an+2−k) ∥(Dα
τ f)k∥

p
Y +

N−1∑
n=1

∥(Dα
τ f)n+1∥pY

)
.

Then we interchange summations and get

∥∥f (τ)(t+ τ)− f (τ)(t)
∥∥p
Lp(0,T−τ ;Y )

=(2/Γα)
pταr+1

(
N−1∑
k=1

N−1∑
n=k

(an+1−k − an+2−k) ∥(Dα
τ f)k∥

p
Y +

N−1∑
n=1

∥(Dα
τ f)n+1∥pY

)

=(2/Γα)
pταr+1

(
N−1∑
k=1

∥(Dα
τ u)k∥

p
Y

N−1∑
n=k

(an+1−k − an+2−k) +
N−1∑
n=1

∥(Dα
τ u)n+1∥pY

)

=(2/Γα)
pταr+1

(
N−1∑
k=1

∥(Dα
τ f)k∥

p
Y (a1 − aN+1−k) +

N−1∑
n=1

∥(Dα
τ f)n+1∥pY

)
.

Since a1 − aN+1−k = 1− (N + 1− k)α−1 ∈ (0, 1], one obtains

∥∥f (τ)(t+ τ)− f (τ)(t)
∥∥p
Lp(0,T−τ ;Y )

≤(2/Γα)
pταp

(
N−1∑
k=1

τ ∥(Dα
τ f)k∥

p
Y +

N−1∑
n=1

τ ∥(Dα
τ f)n+1∥pY

)

=(2/Γα)
pταp

(∥∥Dα
τ f

(τ)
∥∥p
Lp(0,T−τ ;Y )

+
∥∥Dα

τ f
(τ)
∥∥p
Lp(τ,T ;Y )

)
≤2p+1ταp

Γp
α

∥∥Dα
τ f

(τ)
∥∥p
Lp(0,T ;Y )

.

This finishes the proof of the lemma.
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We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. We denote with f̃ (τ) the linear interpolant (2.3.3) and with f (τ) the

piecewise constant function f (τ) = fNχ{T} +
∑N−1

n=0 fn
χ

[tn,tn+1). From (2.3.3), we have

∥∥∥f̃ (τ)(t)
∥∥∥
X
≤
∥∥f (τ)(t)

∥∥
X
+
∥∥f (τ)(t+ h)

∥∥
X
.

Hence ∥∥∥f̃ (τ)
∥∥∥
Lp(0,T ;X)

≤ 2
∥∥f (τ)

∥∥
Lp(0,T ;X)

≤ C, (2.3.8)

by the assumption of the theorem. One can apply Lemma 5 with f = f̃ (τ) and use Lemma 6

to deduce

∥f̃ (τ)(t+ h)− f̃ (τ)(t)∥Lp(0,T−h;Y ) ≤ Cαh
α∥Dα

τ f
(τ)∥Lp(0,T ;Y ).

As a consequence, if ∥Dα
τ f

(τ)∥Lp(0,T ;Y ) ≤ C, then

lim
h→0

sup
τ>0

∥f̃ (τ)(t+ h)− f̃ (τ)(t)∥Lp(0,T−h;Y ) = 0. (2.3.9)

By Lemma 4, (2.3.8) and (2.3.9) imply that f̃ (τ) is relatively compact inLp(0, T ;B). There-

fore there exists a subsequence of f̃ (τ) (still denoted with f̃ (τ)) such that

f̃ (τ) → f ∗ strongly in Lp(0, T ;B). (2.3.10)

Next we show that convergence of f̃ (τ) implies convergence of the corresponding piece-

wise constant function f (τ). Since

∥∥∥(f (τ) − f̃ (τ))(t)
∥∥∥
Y
=

N−1∑
n=0

∥∥∥∥τ − (t− tn)

τ
(fn+1 − fn)

∥∥∥∥
Y

χ
[tn,tn+1)(t)

≤
N−1∑
n=0

∥fn+1 − fn∥Y χ[tn,tn+1)(t),
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from Lemma 7 we have

∥∥∥f (τ) − f̃ (τ)
∥∥∥
Lp(0,T ;Y )

≤
∥∥f (τ)(t+ τ)− f (τ)(t)

∥∥
Lp(0,T−τ ;Y )

≤ C(α, p)τα
∥∥Dα

τ f
(τ)
∥∥
Lp(0,T ;Y )

,

which implies ∥∥∥f (τ) − f̃ (τ)
∥∥∥
Lp(0,T ;Y )

→ 0, as τ → 0, (2.3.11)

by assumption of the theorem. From interpolation we know that there exists θ ∈ (0, 1) and

Cθ > 0 such that

∥∥∥f (τ) − f̃ (τ)
∥∥∥
Lp(0,T ;B)

≤ Cθ

∥∥∥f (τ) − f̃ (τ)
∥∥∥θ
Lp(0,T ;X)

∥∥∥f (τ) − f̃ (τ)
∥∥∥1−θ

Lp(0,T ;Y )
.

Summarizing we have

∥∥f (τ) − f ∗∥∥
Lp(0,T ;B)

≤
∥∥∥f (τ) − f̃ (τ)

∥∥∥
Lp(0,T ;B)

+
∥∥∥f̃ (τ) − f ∗

∥∥∥
Lp(0,T ;B)

≤ Cθ

∥∥∥f (τ) − f̃ (τ)
∥∥∥θ
Lp(0,T ;X)

∥∥∥f (τ) − f̃ (τ)
∥∥∥1−θ

Lp(0,T ;Y )
+
∥∥∥f̃ (τ) − f ∗

∥∥∥
Lp(0,T ;B)

≤ Cθ

∥∥3f (τ)
∥∥θ
Lp(0,T ;X)

∥∥∥f (τ) − f̃ (τ)
∥∥∥1−θ

Lp(0,T ;Y )
+
∥∥∥f̃ (τ) − f ∗

∥∥∥
Lp(0,T ;B)

.

Therefore
∥∥f (τ) − f ∗

∥∥
Lp(0,T ;B)

→ 0 as τ → 0 thanks to (2.3.10) and (2.3.11), namely f (τ)

is relatively compact in Lp(0, T ;B). Theorem 2.1 is proved.
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Chapter 3

Porous Medium Equation with Caputo Time Derivative

3.1 Introduction to the Porous Medium system

For the rest of Part I we study the existence of weak solutions to the following system:
Dα

t u = div(u∇p),

Dα
t p = −(−∆)sp+ u2, 0 < s ≤ 1,

(3.1.1)

where u = u(x, t) and p = p(x, t) with (x, t) ∈ T3 × [0, T ] (T > 0), and the operator Dα
t

denotes the Caputo-type time derivative

Dα
t f(x, t) :=

1

Γ1−α

∫ t

0

ft(x, s)

(t− s)α
ds, 0 < α < 1.

We consider the system in the space T3 with periodic boundary condition. The u(x, t) ≥ 0

in our system denotes the density function and p(x, t) ≥ 0 the pressure. The model de-

scribes the time evolution of a density function u that evolves under the nonlocal continuity

equation

Dα
t u = div (u∇p),

where p is related to u2 by the inverse of the fractional fully nonlocal heat operator Dα
t p+

(−∆)s.

System (3.1.1) is a nonlocal-in-time version of another system which is recently studied
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in [13]. In [13] the existence of weak solutions to
∂tu = div (u∇p),

∂tp = −(−∆)sp+ uβ

(3.1.2)

is proved for (x, t) ∈ R2 × (0,∞), 1
β
< s < 1 and β > 1. The literature on (3.1.2) and its

variants is quite large. See [6, 9, 14, 15, 16, 26, 30, 46, 58, 60] and references therein.

The presence of Dα
t makes our system quite different from (3.1.2). For example, many

of the usual techniques such as a Div-Curl Lemma do not work. The nonlocal structure pre-

vents the equation from having a comparison principle. The maximum principle does not

give useful insights, since at any point of maximum for u we only know that Dα
t u ≤ u∆p.

We overcome these significant shortcomings with the introduction of ad-hoc regularization

terms, together with suitable compact embeddings.

We are interested in understanding the effects and challenges that a nonlocal time

derivative brings to a mathematical model. Time-delay memory effects are, in fact, very

common in real situations. Specifically, differential equations with nonlocal time deriva-

tives are used in modeling many physical and engineering processes, including particles in

heat baths and soft matter with viscoelasticity ([23, 27, 28, 32, 36, 40, 41, 69]). In the past

few years the study of stochastic and deterministic PDEs with nonlocal time derivatives has

seen an increasing interest, see [3, 4, 2, 1, 8, 17, 32, 42, 44, 62] and the references therein.

The main result of this chapter is summarized in the following theorem.

Theorem 3.1. Let uin, pin : T3 → R+ be functions such that uin ∈ L2(T3), pin ∈ H1(T3).

For 0 < s ≤ 1 and 0 < α ≤ 1, there exist functions u, p : T3 × [0,+∞) → R+ such that
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for every T > 0

u ∈ L∞(0, T ;L2(T3)), p ∈ L2(0, T ;H1+s(T3)),

Dα
t u ∈ L2(0, T ; (W 1,∞(T3))′), Dα

t p ∈ L2(0, T ; (L∞ ∩H1)′(T3)),

which satisfy the following variational inequalities:∫ T

0

∫
T3

⟨Dα
t u, ϕ⟩ dxdt+

∫ T

0

∫
T3

u∇p · ∇ϕ dxdt = 0, ∀ϕ ∈ L2(0, T ; W 1,∞(T3)),

∫ T

0

∫
T3

⟨Dα
t p, ψ⟩ dxdt+

∫ T

0

∫
T3

(−∆)s/2p(−∆)s/2ψ dxdt

−
∫ T

0

∫
T3

u2ψ dxdt ≥ 0, ∀ψ ∈ L2(0, T ; H1 ∩ L∞(T3)),

lim
t→0+

u(t) = uin strongly in (W 1,∞(T3))′, lim
t→0+

p(t) = pin strongly in (L∞ ∩H1)′(T3).

The starting point about our analysis is the observation that

H[u, p] :=

∫
T3

(
u2 +

1

2
|∇p|2

)
dx

is an energy functional for (3.1.1) that satisfies the bound

Dα
t H[u, p] +

∫
T3

|(−∆)s/2∇p|2dx = 0.

To gain uniform estimates for u in Sobolev spaces we first add a viscosity term ρ∆u in

the equation for u. After that we discretize the resulting system using the implicit Euler

method; the evolution problem is then approximated by a system of elliptic problems.

Once we have established the well-posedness for the discrete system, we show the

existence of a sequence of solutions whose limit is a solution of the original continuous

problem (with the extra viscosity term). In this step we apply the strong compactness

criterion Theorem 2.1.
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In the last step of the proof of Theorem 3.1, we remove the viscosity term ρ∆u. The

major difficulty, in the approximation process, is the identification of the limit of (u(ρ))2.

The energy inequality provides plenty of informations for the pressure p, but only uniform

integrability in L∞(0, T, L2(T3)) for u. It is unclear, at the moment, how to use the bounds

for ∇p to get useful bounds for ∇u or u. A similar problem has been overcome in [13] using

the Div-Curl lemma , a tool commonly employed in the study of fluid-dynamic systems.

Even if the lack of strong compactness prevents us from identifying the limit of uρ, we are

able to provide a lower bound for:

∫ T

0

∫
T3

(uρ)2 ψ dxdt.

The above integral defines a functional

Ψ(u) :=

∫ T

0

∫
T3

(u)2ψ dxdt

which is convex and continuous in the strong topology of L2(0, T, L2(T3)) for suitable

functions ψ. We conclude that

lim inf
ρ→0

Ψ(uρ) ≥ Ψ(u),

where u is the weak limit in the L2(0, T, L2(T3))-topology.

3.2 Energy Inequality

The rest of Part I is devoted to the proof of Theorem 3.1. We consider the system
Dα

t u = div(u∇p), x ∈ T3, t ∈ (0, T ),

Dα
t p = −(−∆)sp+ u2,

(3.2.1)
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with initial data uin and pin: T3 → R+ such that
∫
T3 u

2
in + |∇pin|2 dx < +∞. Moreover

0 < s ≤ 1 and 0 < α ≤ 1. The energy functional

H[u, p] :=

∫
T3

u2 +
1

2
|∇p|2 dx

satisfies the following inequality:

H[u(t), p(t)] +
1

Γα

∫ t

0

∫
T3

|(−∆)
s
2∇p(s)|2

(t− s)1−α
dxds ≤ H[uin, pin], for t ∈ [0, T ]. (3.2.2)

To see this, we first test the second equation in (3.2.1) by ∆p, which yields

∫
T3

u2∆p dx =

∫
T3

Dα
t p∆p dx+

∫
T3

(−∆)s∇p · ∇p dx,

which from divergence theorem yields

∫
T3

∇u2 · ∇p dx =

∫
T3

∇(Dα
t p)∇p dx+

∫
T3

(−∆)s∇p · ∇p dx

=

∫
T3

(Dα
t ∇p) · ∇p dx+

∫
T3

|(−∆)
s
2∇p|2 dx.

Then we test the first equation in (3.2.1) by 2u and get

∫
T3

2uDα
t u dx =

∫
T3

div(u∇p)2u dx = −2

∫
T3

u∇p∇u dx = −
∫
T3

∇u2 · ∇p dx.

The combination of the two yields the following equation:

∫
T3

2uDα
t u dx+

∫
T3

(Dα
t ∇p) · ∇p dx+

∫
T3

|(−∆)
s
2∇p|2 dx = 0.

Thanks to the fact that 2gDα
t g ≥ Dα

t g
2 (see [42]), we get

Dα
t

(∫
T3

u2 +
1

2
|∇p|2 dx

)
+

∫
T3

|(−∆)
s
2∇p|2 dx

≤
∫
T3

2uDα
t u dx+

∫
T3

(Dα
t ∇p)∇p dx ≤ 0.
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By definition of the functional

H[u, p] :=

∫
T3

u2 +
1

2
|∇p|2 dx,

We can rewrite the above inequality as

Dα
t H[u(t), p(t)] +

∫
T3

|(−∆)
s
2∇p|2 dx ≤ 0.

Then the fundamental theorem of calculus (2.1.6) yields (3.2.2).

Next we divide interval [0, T ] into N subintervals with length τ and discretize (3.2.1)

in time. We also add extra viscosity terms as follows. For given constants ϱ, τ, ε > 0,

functions uj ∈ H1(T3) and pj ∈ H2s(T3) such that uj, pj ≥ 0, j = 0, ..., k− 1, a.e. in T3,

consider the weak formulation:

∫
T3

(Dα
τ u)kϕ dx+

∫
T3

uk∇pk · ∇ϕ dx+ ϱ

∫
T3

∇uk · ∇ϕ dx = 0, ∀ϕ ∈ H1(T3), (3.2.3)

∫
T3

(Dα
τ p)kψ dx+

∫
T3

(−∆)s/2pk(−∆)s/2ψ dx+ε

∫
T3

∇pk · ∇ψ dx (3.2.4)

−
∫
T3

u2kψ dx = 0, ∀ψ ∈ H1(T3).

3.3 Existence of Solutions for the Weak Formulation

In this section we prove the existence of weak solutions of (3.2.3)–(3.2.4). We first linearize

(3.2.3)–(3.2.4) by replacing uk with given z ∈ H1(T3), which also requires adding an extra

constant σ ∈ [0, 1] in front of the drift term
∫
T3 z

+∇pk · ∇ϕ dx, then show the existence of

a unique solution for the linearized discrete problem with Lax-Milgram theorem.

Let us recall the Lax-Milgram theorem [10].
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Lemma 8. Let H be a Hilbert space and assume that B : H × H → R is a bilinear

mapping that is bounded and coercive, i.e. there exists constants C1, C2 > 0 such that

|B[u, v]| ≤ C1 ∥u∥ ∥v∥ , u, v ∈ H,

and

B[u, u] ≥ C2 ∥u∥2 , u ∈ H.

Then for any bounded linear functional F : H → R, there exists a unique element u ∈ H

such that

B[u, v] = ⟨F, v⟩

for all v ∈ H .

Now we consider the linearized system∫
T3

(Dα
τ u)kϕ dx+σ

∫
T3

z+∇pk ·∇ϕ dx+ϱ
∫
T3

∇uk ·∇ϕ dx = 0, ∀ϕ ∈ H1(T3), (3.3.1)

∫
T3

(Dα
τ p)kψ dx+

∫
T3

(−∆)s/2pk(−∆)s/2ψ dx+ε

∫
T3

∇pk · ∇ψ dx (3.3.2)

−
∫
T3

z2ψ dx = 0, ∀ψ ∈ H1(T3),

with z ∈ H1(T3) and σ ∈ [0, 1]. Define the bilinear forms

B1[uk, ϕ] := Γατ
−α

∫
T3

ukϕ dx+ ϱ

∫
T3

∇uk · ∇ϕ dx,

B2[pk, ψ] := Γατ
−α

∫
T3

pkψ dx+

∫
T3

(−∆)s/2pk(−∆)s/2ψ dx+ ε

∫
T3

∇pk · ∇ψ dx,

and the linear functionals

⟨F1, ϕ⟩H1(T3)′ ,H1(T3) := Γατ
−α

∫
T3

[
k−2∑
j=0

λk−j(uj+1 − uj)− uk−1

]
ϕ dx

+ σ

∫
T3

z+∇pk · ∇ϕ dx,
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⟨F2, ψ⟩(H1)′ ,H1 := Γατ
−α

∫
T3

[
k−2∑
j=0

λk−j(pj+1 − pj)− pk−1

]
ψ dx−

∫
T3

z2ψ dx.

Note that B2 is bounded

|B2[pk, ψ]| ≤ C1 ∥pk∥H1 ∥ψ∥H1 + C2 ∥pk∥Ḣs ∥ψ∥Ḣs ≤ C ∥pk∥H1 ∥ψ∥H1,

and coercive

B2[pk, pk] ≥ C ∥pk∥2H1 .

Moreover,

⟨F2, ψ⟩(H1)′ ,H1 ≤ C1

k−2∑
j=0

λk−j

[
∥pj+1∥L2 + ∥pj∥L2

]
∥ψ∥L2 + C2

∥∥z2∥∥
L2 ∥ψ∥L2

≤ C ∥ψ∥H1 ,

since pj ∈ L2, j = 0, ..., k − 1, and z ∈ L6−δ, for δ > 0. The constant C depends on

τ , ∥z∥L4 , and ∥pj∥L2 for any 0 ≤ j ≤ k − 1. By Lax-Milgram theorem there exists a

unique solution pk ∈ H1(T3) to (3.3.2). In addition, the elliptic regularity theory implies

that pk ∈ H2(T3). Now we need to show that there exists a unique solution uk ∈ H1(T3)

to (3.3.1). Similarly, B1 is bounded

|B1[uk, ϕ]| ≤ C ∥uk∥H1 ∥ϕ∥H1 ,

and coercive

B1[uk, uk] ≥ C ∥uk∥2H1 ,
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and

⟨F1, ϕ⟩H1(T3)′ ,H1(T3) =
τ−α

Γ1−α

∫
T3

[
k−2∑
j=0

uj+1 − uj
(k − j)α

+ uk−1

]
ϕ dx+ σ

∫
T3

z+∇pk∇ϕ dx

≤ C1

k−2∑
j=0

λk−j

[
∥uj+1∥L2 + ∥uj+1∥L2

]
∥ϕ∥L2 + C2

∥∥z+∇pk∥∥L2 ∥ϕ∥H1

≤ C ∥ϕ∥H1(T3) ,

since uj ∈ L2, j = 0, ..., k − 1, z+ ∈ L4, ∇pk ∈ Lq, q ≥ 4. The constant C depends

on τ , ∥z∥L4 , ∥uj∥L2 , and ∥∇pk∥L4 for any 0 ≤ j ≤ k − 1. Once again, Lax-Milgram

theorem yields existence and uniqueness of the solution uk ∈ H1(T3) to the linearized

discrete problem (3.3.1).

Next we use a fixed point argument to show the existence of solutions to (3.2.3) and

(3.2.4). Let us recall the Leray-Schauder fixed point theorem [31].

Lemma 9. Let B be a Banach space and let T : B × [0, 1] → B be a compact mapping

satisfying T (w, 0) = 0 for each w ∈ B. Further assume that there exists some fixed points

T (w, σ) = w for some σ ∈ (0, 1), and we have a uniform bound ∥w∥B ≤ C for all such

fixed points. Then there exists a fixed point w = T (w, 1).

Thanks to the existence and uniqueness of solution to (3.3.1) and (3.3.2), we can define

the mapping

T : (z, σ) ∈ L6−δ(T3)× [0, 1] → u ∈ L6−δ(T3).

Lemma 10. Given any σ ∈ [0, 1], any fixed point of T (·, σ) is non-negative.

Proof. Choose ψ = pk− as test functions and get:∫
T3

(Dα
τ p)kpk− dx+

∫
T3

|(−∆)s/2pk−|2 dx+ ε

∫
T3

|∇pk−|2 dx+
∫
T3

u2k(−pk−) dx = 0.
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All the terms except for the first one are non-negative. Using Equation (2.2.1) we rewrite

the first term as

∫
T3

(Dα
τ p)kpk− dx =Γατ

−α

∫
T3

(
λkpin(−pk−) +

k−1∑
j=1

(λk−j − λk−j+1)pj(−pk−)
)
dx

+ Γατ
−α

∫
T3

p2k− dx.

We can see that every term is non-negative, since pj ≥ 0, j = 0, 1, ..., k − 1, and

λk−1 − λk ≥ 0, k = 2, 3, ...

Therefore, we must have pk− = 0, in other words, pk ≥ 0.

Now we show the non-negativity of uk. With ϕ = uk− as test function we get:

∫
T3

(Dα
τ u)kuk− dx+ ϱ

∫
T3

|∇uk−|2 dx = −σ
∫
T3

u+k ∇pk · ∇uk− dx.

We have:

Γατ
−α

∫
T3

λkuin(−uk−) +
k−1∑
j=1

(λk−j − λk−j+1)uj(−uk−) dx

+Γατ
−α

∫
T3

u2k− dx+ ϱ

∫
T3

|∇uk−|2 dx = 0.

Since every term on the left is non negative, we must have uk− = 0, in other words,

uk ≥ 0.

We next prove that T (·, 1) has a fixed point. First, T (·, 0) is constant since eq. (3.3.1)

becomes independent of z when σ = 0. Next, we show that T is continuous and compact.

Taking ϕ = uk in (3.3.1), we have

∫
T3

(Dα
τ u)kuk dx+ σ

∫
T3

z+∇pk · ∇uk dx+ ϱ

∫
T3

|∇uk|2 dx = 0,
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which implies

Γατ
−α

∫
T3

u2k dx+ ϱ

∫
T3

|∇uk|2 dx

=− σ

∫
T3

z+∇pk · ∇uk dx− Γατ
−α

∫
T3

[
k−2∑
j=0

λk−j(uj+1 − uj)− uk−1

]
uk dx

≤ ϱ

2

∫
T3

|∇uk|2 dx+
2σ2

ϱ

∫
T3

(z+)2|∇pk|2 dx+
Γατ

−α

2

∫
T3

u2k dx

+ 16Γατ
−α

k−2∑
j=0

λ2k−j

∫
T3

u2j dx.

Reorganizing the terms, we have

Γατ
−α

2

∫
T3

u2k dx+
ϱ

2

∫
T3

|∇uk|2 dx ≤µ
∫
T3

(z+)4 dx+
1

µ

∫
T3

|∇pk|4 dx (3.3.3)

+ 16Γατ
−α

k−2∑
j=0

λ2k−j

∫
T3

u2j dx.

Now we need to estimate ∇pk. We take ψ = ∆pk in (3.3.2), and get

∫
T3

(Dα
τ p)k∆pk dx+

∫
T3

(−∆)s/2pk(−∆)s/2∆pk dx+ ε

∫
T3

∇pk · ∇∆pk dx

−
∫
T3

(z+)2∆pk dx = 0,

which implies

Γατ
−α

∫
T3

|∇pk|2 dx+ ε

∫
T3

|∆pk|2 dx

=−
∫
T3

z2∆pk dx− Γατ
−α

∫
T3

[
k−2∑
j=0

λk−j(∇pj+1 −∇pj)−∇pk−1

]
· ∇pk dx

≤ 2

ε

∫
T3

(z+)4 dx+
ε

2

∫
T3

|∆pk|2 dx+
Γατ

−α

2

∫
T3

|∇pk|2 dx

+ 16Γατ
−α

k−2∑
j=0

λ2k−j

∫
T3

|∇pj|2 dx.
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Combining the similar terms, we get

Γατ
−α

2

∫
T3

|∇pk|2 dx+
ε

2

∫
T3

|∆pk|2 dx

≤2

ε

∫
T3

(z+)4 dx+ 16Γατ
−α

k−2∑
j=0

λ2k−j

∫
T3

|∇pj|2 dx.

Given z+ ∈ L4, we have ∇pk ∈ H1, which suggests that ∇pk is uniformly bounded in

L4, and therefore, ∥uk∥H1 ≤ C from (3.3.3). This shows that T is bounded as an opera-

tor L6−δ(T3) → H1(T3). The compactness of T directly follows the compact embedding

H1(T3) ↪→ L6−δ(T3), while the (sequential) continuity of T is proved via a standard argu-

ment.

Next, we show that fixed points of T (·, σ) are uniformly bounded in σ for σ ∈ [0, 1].

We consider ϕ = uk and ψ = ∆pk as test functions respectively in (3.2.3) and (3.2.4), and

take summation of the equations:

Γα

τα

∫
T3

[
k−1∑
j=0

λk−j(uj+1 − uj)

]
ukdx+

σΓα

2τα

∫
T3

[
k−1∑
j=0

λk−j(∇pj+1 −∇pj)

]
· ∇pkdx

+ ϱ

∫
T3

|∇uk|2 dx+
σ

2

∫
T3

|(−∆)s/2∇pk|2 dx+
σ

2
ε

∫
T3

(∆pk)
2 dx = 0.

From Lemma 3 we have

1

2
Γατ

−α

∫
T3

k−1∑
j=0

λk−j(u
2
j+1 − u2j) dx+

σ

4
Γατ

−α

∫
T3

k−1∑
j=0

λk−j(|∇pk|2j+1 − |∇pk|2j) dx

(3.3.4)

+ ϱ

∫
T3

|∇uk|2 dx+
σ

2

∫
T3

|(−∆)s/2∇pk|2 dx+
σ

2
ε

∫
T3

(∆pk)
2 dx ≤ 0.

Lemma 2 implies that
∫
T3 u

2
k +

σ
2
|∇pk|2 dx ≤

∫
T3 u

2
in + σ

2
|∇pin|2 dx for ∀k = 0, .., N .
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Moreover, from (3.3.4) we have

Dα
τ

(∫
T3

u2k +
σ

2
|∇pk|2 dx

)
≤ − 2ϱ

∫
T3

|∇uk|2 dx− σ

∫
T3

|(−∆)s/2∇pk|2 dx− σε

∫
T3

(∆pk)
2 dx,

which implies, using (2.2.18),∫
T3

u2k +
σ

2
|∇pk|2 dx

+
τα

Γα

k∑
j=1

(k − j + 1)α−1

(
2ϱ

∫
T3

|∇uj|2dx+ σ

∫
T3

|(−∆)s/2∇pj|2dx+ σε

∫
T3

(∆pj)
2dx

)

≤
∫
T3

u2in +
1

2
|∇pin|2 dx.

The last estimate shows that uk is bounded in H1(T3) uniformly with respect to σ.

Hence Leray-Schauder fixed point theorem yields the existence of a fixed point uk ∈

H1(T3) for T (·, 1), that is, a solution (uk, pk) ∈ H1(T3)×H2(T3) to∫
T3

(Dα
τ u)kϕ dx+

∫
T3

uk∇pk · ∇ϕ dx+ ϱ

∫
T3

∇uk · ∇ϕ dx = 0, (3.3.5)

and∫
T3

(Dα
τ p)kψ dx+

∫
T3

(−∆)s/2pk(−∆)s/2ψ dx+ ε

∫
T3

∇pk · ∇ψ dx−
∫
T3

u2kψ dx = 0,

(3.3.6)

for all ϕ, ψ ∈ H1(T3), such that uk, pk ≥ 0 a.e. in T3 and

Hk +
τα

Γα

k∑
i=1

(k − i+ 1)α−1

(
ϱ

∫
T3

|∇ui|2dx+
1

2

∫
T3

|(−∆)s/2∇pi|2dx+
ε

2

∫
T3

(∆pi)
2dx

)

≤ H(uin, pin),

using Proposition 3. Taking test functions ϕ = 1 and ψ = 1 in (3.3.5) and (3.3.6) we

get
∫
T3(D

α
τ u)k dx = 0, and

∫
T3(D

α
τ p)k dx −

∫
T3 u2k dx = 0. Since

∫
T3(D

α
τ u)k dx =
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(
Dα

τ

∫
T3 u dx

)
k
, Proposition 3 implies

∫
uk dx =

∫
uin dx for any k = 0, . . . , N.

Similarly,
(
Dα

τ

∫
T3 p dx

)
k
=
∫
T3 u

2
k dx ≤ H(uin, pin) and

∫
T3

pk dx ≤
∫
T3

pin dx+
τα

Γα

H(uin, pin)
k∑

i=1

(k − i+ 1)α−1

≤
∫
T3

pin dx+
1

αΓα

H(uin, pin)T
α,

for any k = 0, · · · , N .

3.4 Limit τ → 0

For all T > 0, let N = T/τ . Define the piecewise constant interpolant of {uk} and {pk},

k = 0, .., N , respectively as

u(τ)(t) = uinχ{0}(t) +
N∑
k=1

ukχ(tk−1,tk](t),

p(τ)(t) = pinχ{0}(t) +
N∑
k=1

pkχ(tk−1,tk](t),

H(τ)(t) =

∫
T3

(
(u(τ)(t, x))2 +

1

2
|∇p(τ)(t, x)|2

)
dx.

By (2.2.4) we have

Dα
τ u

(τ)(t) = Γατ
−α

n∑
k=1

k−1∑
j=0

λk−j(uj+1 − uj)χ(tk−1,tk](t).
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So, (3.3.5) and (3.3.6) can be rewritten as∫ T−τ

0

∫
T3

(
Dα

τ u
(τ)
)
ϕ dxdt+

∫ T−τ

0

∫
T3

u(τ)∇p(τ) · ∇ϕ dxdt (3.4.1)

+ ϱ

∫ T−τ

0

∫
T3

∇u(τ) · ∇ϕ dxdt = 0, ∀ϕ ∈ L2(0, T − τ ; H1(T3)),

∫ T−τ

0

∫
T3

(
Dα

τ p
(τ)
)
ψ dxdt+

∫ T−τ

0

∫
T3

(−∆)s/2p(τ)(−∆)s/2ψ dxdt (3.4.2)

+ ε

∫ T−τ

0

∫
T3

∇p(τ) · ∇ψ dxdt−
∫ T−τ

0

∫
T3

(u(τ))2ψ dxdt = 0,

for any ψ ∈ L2(0, T − τ ; H1(T3)) with the energy estimates

H(τ)(T ) +
1

ΓαT 1−α

∫ T

0

∫
T3

(
ϱ|∇u(τ)|2 + 1

2
|(−∆)s/2∇p(τ)|2 + ε

2
(∆p(τ))2

)
dxdt

≤ H(uin, pin). (3.4.3)

Moreover we have the conservation of mass for u(τ)∫
T3

u(τ) dx =

∫
T3

uin dx, (3.4.4)

and L1-bound for p(τ)∫
T3

p(τ) dx ≤
∫
T3

pin dx+
1

αΓα

H(uin, pin)T
α. (3.4.5)

We estimate the time derivative of the density function:∣∣∣∣∫ T

0

∫
T3

(
Dα

τ u
(τ)
)
ϕdxdt

∣∣∣∣ ≤∫ T

0

∥∥∇p(τ)∥∥
L2(T3)

∥∥u(τ)∇ϕ∥∥
L2(T2)

dt

+ ϱ
∥∥u(τ)∥∥

L2(0,T ;H1(T3))
∥ϕ∥L2(0,T ;H1(T3))

≤
∥∥∇p(τ)∥∥

L∞(0,T ;L2(T3))

∥∥u(τ)∥∥
L2(0,T ;L6(T3))

∥∇ϕ∥L2(0,T ;L3(T3))

+ ϱ
∥∥u(τ)∥∥

L2(0,T ;H1(T3))
∥ϕ∥L2(0,T ;H1(T3))

≤C(T, ϱ) ∥ϕ∥L2(0,T ;W 1,3(T3)) .
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Therefore

∥∥Dα
τ u

(τ)
∥∥
L2(0,T ;(W 1,3(T3))′)

≤ C(T, ϱ). (3.4.6)

From (3.4.3) we have that u(τ) is uniformly bounded inL2(0, T ;H1(T3)). SinceH1(T3)

is compactly embedded in L6−δ(T3) for 0 < δ < 6, Theorem 2.1 with X = H1(T3),

B = L6−δ(T3), Y = (W 1,3)′(T3) yields

u(τ) → u in L2(0, T ;L6−δ(T3)),

and we also have

p(τ)
∗−⇀ p in L∞(0, T ;L6(T3)),

and

u(τ) → u a.e. in T3 × [0, T ].

Now we start to take limit τ → 0. We first look at the second and third terms of (3.4.2).

From (3.4.3) we know that

(−∆)s/2∇p(τ) ⇀ (−∆)s/2∇p, in L2(0, T ;L2(T3)),

and

∇p(τ) ⇀ ∇p, in Lq(0, T ;L2(T3)),∀ q <∞,

as τ → 0, and therefore

∫ T−τ

0

∫
T3

(−∆)s/2p(τ)(−∆)s/2ψ dxdt→
∫ T

0

∫
T3

(−∆)s/2p(−∆)s/2ψ dxdt,
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ε

∫ T−τ

0

∫
T3

∇p(τ) · ∇ψ dxdt→ ε

∫ T

0

∫
T3

∇p · ∇ψ dxdt.

Now consider the fourth term. We only need to prove that (u(τ))2 converges to u2. For

all ψ ∈ L2(0, T ;L4(T3)), consider

∫ ∫
[(u(τ))2 − u2]ψ dxdt =

∫ ∫
[(u(τ))2 − u(τ)u+ u(τ)u− u2]ψ dxdt (3.4.7)

=

∫ ∫
u(τ)ψ(u(τ) − u) dxdt+

∫ ∫
uψ(u(τ) − u) dxdt

= I1 + I2.

First, we look at I1:

I1 ≤
∥∥u(τ)ψ∥∥

L2(0,T ;L4/3(T3))

∥∥u(τ) − u
∥∥
L2(0,T ;L4(T3))

≤
∥∥u(τ)∥∥

L∞(0,T ;L2(T3))
∥ψ∥L2(0,T ;L4(T3))

∥∥u(τ) − u
∥∥
L2(0,T ;L4(T3))

.

Therefore, I1 → 0 as τ → 0. Furthermore, the convergence I2 → 0 as τ → 0 follows from

the weak convergence of u(τ) in L2(0, T ;L4(T3)), and uψ ∈ L2(0, T ;L
4
3 (T3)).

By density argument and Proposition 6 we obtain

∫ T−τ

0

∫
T3

(
Dα

τ u
(τ)
)
ϕ dxdt→

∫ T

0

∫
T3

⟨Dα
t u, ϕ⟩ dxdt, as τ → 0.

Now we look at the second term in (3.4.1). Since ∇p(τ) is uniformly bounded in

L∞(0, T ;L2(T3)) from (3.4.3), we have the convergence

∇p(τ) ∗−⇀ ∇p in L∞(0, T ;L2(T3)).

Moreover, (−∆)s/2p(τ) ∈ L2(0, T ;H1(T3)) from (3.4.3), and, by Sobolev embedding,

∇p(τ) is uniformly bounded in L2(0, T ;L
6

3−2s (T3)). Thus, there exists a subsequence ∇p(τ)
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that converges weakly in L2(0, T ;L
6

3−2s (T3)). Consider

∫ ∫
[u(τ)∇p(τ) − u∇p] · ∇ϕ dxdt (3.4.8)

=

∫ ∫
[u(τ)∇p(τ) − u∇p(τ) + u∇p(τ) − u∇p] · ∇ϕ dxdt

=

∫ ∫
u∇ϕ · (∇p(τ) −∇p) dxdt+

∫ ∫
∇p(τ) · ∇ϕ(u(τ) − u) dxdt

=I1 + I2.

Using ∇p(τ) ∗−⇀ ∇p in L∞(0, T ;L2(T3)), ∇ϕ ∈ L2(0, T ;L
2(6−δ)
4−δ (T3)),

and u ∈ L2(0, T ;L6−δ(T3)), so that u∇ϕ is bounded in L1(0, T ;L2(T3)), we have that

I1 → 0 as τ → 0. We bound I2 as

I2 ≤
∥∥∇p(τ)∥∥

L∞(0,T ;L2(T3))
∥∇ϕ∥

L2(0,T ;L
2(6−δ)
4−δ (T3))

∥∥u(τ) − u
∥∥
L2(0,T ;L6−δ(T3))

.

We have previously concluded that u(τ) → u in L2(0, T ;L6−δ(T3)), and ∇p(τ) is uniformly

bounded in L∞(0, T ;L2(T3)). Therefore, I2 → 0 as τ → 0. Hence, ∀ϕ ∈ L2(0, T −

τ ; W 1,q(T3)) with q > 3 we have

∫ T−τ

0

∫
T3

u(τ)∇p(τ) · ∇ϕ dxdt→
∫ T

0

∫
T3

u∇p · ∇ϕ dxdt.

Next, we consider the third term in (3.4.1). From the energy estimates (3.4.3) we have

∇u(τ) ⇀ ∇u, in L2(0, T ;L2(T3)),

and therefore, as τ → 0

ϱ

∫ T−τ

0

∫
T3

∇u(τ) · ∇ϕ dxdt→ ϱ

∫ T

0

∫
T3

∇u · ∇ϕ dxdt.
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Now we proceed to the first term of (3.4.2):

∣∣∣∣∫ T

0

∫
T3

(
Dα

τ p
(τ)
)
ψ dxdt

∣∣∣∣ ≤ ∥∥(−∆)s/2p(τ)
∥∥
L2(0,T ;L2(T3))

∥∥(−∆)s/2ψ
∥∥
L2(0,T ;L2(T3))

+
∥∥∇p(τ)∥∥

L2(0,T ;L4(T3))
∥ψ∥L2(0,T ;L4/3(T3))

+
∥∥(u(τ))2∥∥

L2(0,T ;L3/2(T3))
∥ψ∥L2(0,T ;L3(T3)) .

Since (u(τ))2 is uniformly bounded in L∞(0, T ;L1(T3)) ∩ L1(0, T ;L3(T3)) by (3.4.3),

interpolation yields

∥∥(u(τ))2∥∥
L2(0,T ;L3/2(T3))

≤
∥∥(u(τ))2∥∥

L∞(0,T ;L1(T3))

∥∥(u(τ))2∥∥
L1(0,T ;L3(T3))

.

Then Dα
τ p

(τ) is uniformly bounded in the dual space of L2(0, T ;H1(T3)) by some constant

function depending on T and on the initial data:

∥∥Dα
τ p

(τ)
∥∥
L2(0,T ;H−1(T3))

≤ C(T,Hin). (3.4.9)

Moreover, taking into account that p(τ) ∈ L2(0, T ;H2(T3)), we can use Theorem 2.1 with

X = H1(T3), B = L2(T3), Y = H−1(T3) to conclude that

p(τ) → p in L2(0, T ;L2(T3)),

and

p(τ) → p a.e. in T3 × [0, T ].

By Proposition 6, we get

∫ T−τ

0

∫
T3

(
Dα

τ p
(τ)
)
ψ dxdt→

∫ T

0

∫
T3

⟨Dα
t p, ψ⟩ dxdt.
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Summarizing, we have (after the density argument)

∫ T

0

∫
T3

⟨Dα
t u, ϕ⟩ dxdt+

∫ T

0

∫
T3

u∇p · ∇ϕ dxdt

+ϱ

∫ T

0

∫
T3

∇u · ∇ϕ dxdt = 0, (3.4.10)

∫ T

0

∫
T3

⟨Dα
t p, ψ⟩ dxdt+

∫ T

0

∫
T3

(−∆)s/2p(−∆)s/2ψ dxdt

+ε

∫ T

0

∫
T3

∇p · ∇ψ dxdt−
∫ T

0

∫
T3

u2ψ dxdt = 0, (3.4.11)

for all ϕ ∈ L2(0, T ; W 1,3(T3)) and ψ ∈ L2(0, T ; H1(T3)).

The next step is the limit τ → 0 in the energy estimate (3.4.3). Taking lim infτ→0 on

both sides,

lim inf
τ→0

∫
T3

(
(u(τ))2 +

1

2
|∇p(τ)|2

)
dx+

1

ΓαT 1−α
lim inf
τ→0

(
ϱ

∫ t

0

∫
T3

|∇u(τ)(s, x)|2 dxds

+
1

2

∫ t

0

∫
T3

|(−∆)s/2∇p(τ)(s, x)|2 dxds+ ε

2

∫ t

0

∫
T3

(∆p(τ)(s, x))2 dxdt

)
≤
∫
T3

(
u2in +

1

2
|∇pin|2

)
dx.

Then we look at the first integral:

lim inf
τ→0

∫
T3

(
(u(τ))2 +

1

2
|∇p(τ)|2

)
dx.

Since we know that u(τ) ⇀ u in L∞(0, T ;L2(T3)), by the lower weak semicontinuity of

Lp norm (see Proposition 3.5(iii), [10]), we know that

∥u∥L∞(0,T ;L2(T3)) ≤ lim inf
τ→0

∥∥u(τ)∥∥
L∞(0,T ;L2(T3))

,

and

∥∇p∥L∞(0,T ;L2(T3)) ≤ lim inf
τ→0

∥∥∇p(τ)∥∥
L∞(0,T ;L2(T3))

.
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Therefore, by Fatou’s Lemma, we have∫
T3

(
u2 +

1

2
|∇p|2

)
dx ≤ lim inf

τ→0

∫
T3

(
(u(τ))2 +

1

2
|∇p(τ)|2

)
dx.

Similarly, we apply Fatou’s lemma on the rest of the terms in the energy estimate and

obtain∫
T3

(
u2 +

1

2
|∇p|2

)
dx+

tα−1

Γα

∫ t

0

∫
T3

[
ϱ|∇u|2 + 1

2
|(−∆)s/2∇p|2 + ε

2
(∆p)2

]
dxds

(3.4.12)

≤
∫
T3

(
u2in +

1

2
|∇pin|2

)
dx.

Furthermore, take lim infτ→0 on both sides of (3.4.4) and (3.4.5). Then the everywhere

convergence of u(τ) and p(τ) yields∫
T3

u dx ≤
∫
T3

uin dx, (3.4.13)

and ∫
T3

p dx ≤
∫
T3

pin dx+
1

αΓα

H(uin, pin)T
α. (3.4.14)

3.5 Limit ε→ 0

This section is devoted to the limit ε → 0. For convenience we recall the statement of a

compactness result proven in [42]:

Theorem 3.1. Let X , B and Y be Banach spaces. X ↪→ B compactly and B ↪→ Y

continuously. Let 1 ≤ r ≤ ∞, 0 < α < 1. Suppose u ∈ L1
loc(0, T ;X) satisfies:

∥u∥Lr(0,T ;X) + ∥Dα
t u∥Lr(0,T ;Y ) ≤ C0.

Then u is relatively compact in Lr(0, T ;B).
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Similar to (3.4.6), we can conclude from (3.4.10) that

∥∥Dα
t u

(ε)
∥∥
L2(0,T ;(W 1,3(T3))′)

≤ C(T, ϱ).

Moreover, by (3.4.12) u(ε) is uniformly bounded in L2(0, T ;H1(T3)). Since H1(T3) is

compactly embedded in L6−δ(T3), Theorem 3.1 with X = H1(T3), B = L6−δ(T3), Y =

(W 1,3)′(T3) yields

u(ε) → u in L2(0, T ;L6−δ(T3)),

and

u(ε) → u a.e. in T3 × [0, T ].

Therefore, similarly as for (3.4.7), we conclude

∫ T

0

∫
T3

(u(ε))2ψ dxdt→
∫ T

0

∫
T3

u2ψ dxdt, as ε→ 0.

The second term in (3.4.10) can be handled in the exact same way as (3.4.8). Moreover,

(3.4.12) implies that

ε ∥∇p∥2L2(0,T ;H1(T3)) ≤ C,

which indicates that the third term in (3.4.11)

ε

∫
T3

∇p · ∇ψ dx→ 0

as ε→ 0, because

−
√
ε ∥∇p∥L2(H1)

√
ε ∥ψ∥L2(H1) ≤ ε

∫ T

0

∫
T3

∇p · ∇ψ dxds

≤
√
ε ∥∇p∥L2(H1)

√
ε ∥ψ∥L2(H1)

with both the left most and the right most expressions go to zero.
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Summarizing up, after a density argument,∫ T

0

∫
T3

⟨Dα
t u, ϕ⟩ dxdt+

∫ T

0

∫
T3

u∇p · ∇ϕ dxdt

+ϱ

∫ T

0

∫
T3

∇u · ∇ϕ dxdt = 0, (3.5.1)

∫ T

0

∫
T3

⟨Dα
t p, ψ⟩ dxdt+

∫ T

0

∫
T3

(−∆)s/2p(−∆)s/2ψ dxdt

−
∫ T

0

∫
T3

u2ψ dxdt = 0, (3.5.2)

for all ϕ ∈ L2(0, T ; W 1,3(T3)) and ψ ∈ L2(0, T ; H1(T3)).

The next step is the limit ε→ 0 in (3.4.12). By the lower weak semicontinuity we have∫
T3

(
u2 +

1

2
|∇p|2

)
dx+

tα−1

Γα

[
ϱ

∫ t

0

∫
T3

|∇u|2 dxds+ 1

2

∫ t

0

∫
T3

|(−∆)s/2∇p|2 dxds
]

≤
∫
T3

(
u2in +

1

2
|∇pin|2

)
dx. (3.5.3)

Now we try to get the everywhere convergence of p(ε). In the same way as (3.4.9), we can

bound the first term of (3.4.11) as

∥∥Dα
t p

(ε)
∥∥
L2(0,T ;H−1(T3))

≤
∥∥(−∆)s/2p(τ)

∥∥
L2(0,T ;L2(T3))

∥∥(−∆)s/2ψ
∥∥
L2(0,T ;L2(T3))

+
∥∥∇p(τ)∥∥

L2(0,T ;L4(T3))
∥ψ∥L2(0,T ;L4/3(T3))

+
∥∥(u(τ))2∥∥

L2(0,T ;L3/2(T3))
∥ψ∥L2(0,T ;L3(T3))

≤ C(T,Hin) ∥ψ∥L2(0,T ;H1(T3)) .

Theorem 3.1 with X = H1(T3), B = L2(T3), Y = H−1(T3) yields

p(ε) → p in L2(0, T ;L2(T3)),

and

p(ε) → p a.e. in T3 × [0, T ].
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Now take lim infε→0 on (3.4.13) and (3.4.14), almost everywhere convergence of u(ε) and

p(ε) yields ∫
T3

u dx ≤
∫
T3

uin dx, (3.5.4)

and ∫
T3

p dx ≤
∫
T3

pin dx+
1

αΓα

H(uin, pin)T
α. (3.5.5)

3.6 Limit ϱ→ 0

This section is devoted to the limit ϱ→ 0. Define

Ψ(u) :=

∫ T

0

∫
T3

(u)2ψ dxdt,

with ψ ∈ L2(0, T ;H1 ∩ L∞(T3)). We have that

|Ψ(u1)−Ψ(u2)| =
∫ T

0

∫
T3

∣∣u21 − u22
∣∣ |ψ| dxdt

≤∥u1 − u2∥L2(0,T ;L2(T3))

[∫ T

0

∫
T3

ψ2(u1 + u2)
2 dxdt

] 1
2

,

≤∥u1 − u2∥L2(0,T ;L2(T3)) ∥ψ∥
2
L2(0,T ;L∞(T3)) ∥u1 + u2∥2L∞(0,T ;L2(T3)) .

Therefore Ψ(·) is continuous for the strong topology ∥·∥L2(0,T ;L2(T3)). Since Ψ is convex,

u(ϱ) ⇀ u in L2(0, T, L2(T3)) and u(ϱ) is uniformly bounded in L∞(0, T, L2(T3)), we have

that (Corollary 3.9, [10])

lim inf
ϱ→0

Ψ(u(ϱ)) ≥ Ψ(u).

In other words,

∫ T

0

∫
T3

u2ψ dxdt ≤ lim inf
ϱ→0

∫ T

0

∫
T3

(u(ϱ))
2
ψ dxdt.
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Next, we take a look at the second term:

∫ T

0

∫
T3

u(ϱ)∇p(ϱ) · ∇ϕ dxdt.

With ϕ ∈ L2(0, T,W 1,∞(T3)), consider

∫ ∫
[u(ϱ)∇p(ϱ) − u∇p] · ∇ϕ dxdt

=

∫ ∫
[u(ϱ)∇p(ϱ) − u(ϱ)∇p+ u(ϱ)∇p− u∇p] · ∇ϕ dxdt

=

∫ ∫
u(ϱ)∇ϕ · (∇p(ϱ) −∇p) dxdt+

∫ ∫
∇p · ∇ϕ(u(ϱ) − u) dxdt

=I1 + I2.

We can have I2 → 0 since u(ϱ) ∗−⇀ u in L∞(0, T ;L2(T3)) and ∇p ·∇ϕ in L1(0, T ;L2(T3)).

To handle I1, we need to show strong convergence for ∇p(ϱ). For that we first bound

Dα
t p

(ϱ) as follows:

∣∣∣∣∫ T

0

∫
T3

〈
Dα

t p
(ϱ), ψ

〉
dxdt

∣∣∣∣ ≤∥∥(−∆)s/2p(ϱ)
∥∥
L2(0,T ;L2(T3))

∥∥(−∆)s/2ψ
∥∥
L2(0,T ;L2(T3))

+
∥∥(u(ϱ))2∥∥

L∞(0,T ;L1(T3))
∥ψ∥L2(0,T ;L∞(T3))

≤C(T ) ∥ψ∥L2(0,T ;L∞∩H1(T3)) ,

which implies ∥∥Dα
t p

(ϱ)
∥∥
L2(0,T ;(L∞∩H1)′(T3)))

≤ C(T ).

Then Theorem 3.1 with X = Hs+1(T3), B = H1(T3), Y = (L∞ ∩ H1)′(T3) yields

p(ϱ) → p in L2(0, T ;H1(T3)). We conclude that I1 → 0, since

I1 ≤
∥∥u(ϱ)∥∥

L∞(0,T ;L2(T3))
∥∇ϕ∥L2(0,T ;L∞(T3))

∥∥∇p(ϱ) −∇p
∥∥
L2(0,T ;L2(T3))

.

61



The last term

ϱ

∫ T

0

∫
T3

∇u(ϱ) · ∇ϕ dxdt→ 0,

since
√
ϱ∇u(ϱ) is uniformly bounded in L2(0, T ;L2(T3)).

Furthermore, we consider the energy estimates (3.5.3). By taking lim infϱ→0 on both

sides we have∫
T3

(
u2 +

1

2
|∇p|2

)
dx+

tα−1

Γα

∫ t

0

∫
T3

|(−∆)s/2∇p(s, x)|2dxds ≤
∫
T3

(
u2in +

1

2
|∇pin|2

)
dx.

Follow the same logic, with Fatou’s lemma, we can pass the limits on (3.5.4) and (3.5.5):∫
T3

u dx ≤
∫
T3

uin dx,∫
T3

p dx ≤
∫
T3

pin dx+
1

αΓα

H(uin, pin)T
α.

This concludes the proof of Theorem 3.1.

3.7 An L3(0, T ;L3(T3)) Estimate

In the following lemma we show the L3(0, T ;L3(T3)) estimate for u, provided 1
2
< s ≤ 1.

We are not using this estimate at the moment. We add it here for completeness, and because

we believe it can be useful in the future to show compactness for u.

Lemma 11. If 1
2
< s ≤ 1 the function u, solution to (3.1.1), is bounded in L3(0, T ;L3(T3))

as

∥u∥L3(0,T,L3(T3)) ≤ C(T,H(uin, pin)).

Proof. We test the equations in (3.1.1) with p and u respectively. We get∫ T

0

∫
T3

⟨Dα
t u, p⟩ dxdt+

∫ T

0

∫
T3

u |∇p|2 dxdt = 0, (3.7.1)
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and

∫ T

0

∫
T3

⟨Dα
t p, u⟩ dxdt+

∫ T

0

∫
T3

(−∆)s/2p(−∆)s/2u dxdt =

∫ T

0

∫
T3

(u)3 dxdt. (3.7.2)

Integration by parts using (2.1.9) yields

∫ T

0

⟨Dα
t p(t), u(t)⟩ dt+

∫ T

0

⟨Dα
t u(t), p(t)⟩ dt =

1

Γ1−α

∫ T

0

u(t)p(t)

[
1

(T − t)α
+

1

tα

]
dt

(3.7.3)

+
α

Γ1−α

∫ T

0

∫ t

0

(u(t)− u(s))(p(t)− p(s))

(t− s)1+α
dsdt

− 1

Γ1−α

∫ T

0

u(t)pin + p(t)uin
tα

dt.

Adding (3.7.1) to (3.7.2) and using (3.7.3), we get

∫ T

0

∫
T3

(u)3 dxdt =

∫ T

0

∫
T3

u |∇p|2 dxdt (3.7.4)

+

∫ T

0

∫
T3

(−∆)s/2p(−∆)s/2u dxdt

+
1

Γ1−α

∫ T

0

∫
T3

u(t)p(t)

[
1

(T − t)α
+

1

tα

]
dxdt

+
α

Γ1−α

∫ T

0

∫ t

0

∫
T3

(u(t)− u(s))(p(t)− p(s))

(t− s)1+α
dxdsdt

− 1

Γ1−α

∫ T

0

∫
T3

u(t)pin + p(t)uin
tα

dxdt

= I1 + I2 + I3 + I4 + I5.

We use Hölder’s inequality to bound I1:

I1 =

∫ T

0

∫
T3

u |∇p|2 dxdt ≤
[∫ T

0

∫
T3

(u)3 dxdt

] 1
3
[∫ T

0

∫
T3

[
|∇p|2

] 3
2 dxdt

] 2
3

≤1

4

∫ T

0

∫
T3

(u)3 dxdt+ 2 ∥∇p∥L3(0,T ;L3(T3)) .

Since s > 1
2
, the ∥∇p∥L3(0,T ;L3(T3)) term can be bounded via interpolation of ∇p ∈
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L∞(0, T ;L2(T3)) with ∇p ∈ L2(0, T ;L
6

3−2s (T3)). We bound I2 using (3.2.2) after in-

tegrating by parts. Next we analyze I3:

I3 =
1

Γ1−α

∫ T

0

∫
T3

u(t)p(t)

[
1

(T − t)α
+

1

tα

]
dxdt

≤ 2

Γ2−α

T 1−α ∥u∥L∞(0,T ;L2(T3)) ∥p∥L∞(0,T ;L2(T3))

≤ C(T,H(uin, pin)),

thanks to (3.2.2). Now take a close look at I4:

I4 =
α

Γ1−α

∫ T

0

∫ t

0

∫
T3

(u(t)− u(s))(p(t)− p(s))

(t− s)1+α
dxdsdt

≤ α

Γ1−α

∫ T

0

∫ t

0

∫
T3

(u(t)− u(s))2

(t− s)1+α
dxdsdt+

α

Γ1−α

∫ T

0

∫ t

0

∫
T3

(p(t)− p(s))2

(t− s)1+α
dxdsdt.

Integration by parts formula (2.1.9) gives

α

Γ1−α

∫ T

0

∫ t

0

∫
T3

(u(t)− u(s))2

(t− s)1+α
dxdsdt

= 2α

∫ T

0

∫
T3

u(t)Dα
t u(t) dxdt+

α

Γ1−α

∫ T

0

∫
T3

2u(t)uin
tα

dxdt

− α

Γ1−α

∫ T

0

∫
T3

(u(t))2
[

1

(T − t)α
+

1

tα

]
dxdt

= 2α

∫ T

0

∫
T3

u(t)div (u(t)∇p(t)) dxdt

+
α

Γ1−α

∫ T

0

∫
T3

2u(t)uin
tα

dxdt

− α

Γ1−α

∫ T

0

∫
T3

(u(t))2
[

1

(T − t)α
+

1

tα

]
dxdt

≤− 2α

∫ T

0

∫
T3

∇u(t) · (u(t)∇p(t)) dxdt

+
α

Γ1−α

∫ T

0

∫
T3

2u(t)uin
tα

dxdt

= A1 + A2.
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For A2 we have:

A2 ≤
T 1−α

Γ2−α

∥u(t)∥L∞(0,T ;L2(T3)) ∥uin∥L∞(0,T ;L2(T3)) ≤ C(T,H(uin, pin)).

In A1, integration by parts yields

A1 =−
∫ T

0

∫
T3

(Dα
t ∇p) · ∇p dxdt−

∫ T

0

∫
T3

∣∣(−∆)s/2∇p
∣∣2 dxdt

≤− 1

2

∫ T

0

∫
T3

Dα
t (∇p)2 dxdt.

Next we use formula (2.1.8) with ϕ = 1 and get:

A1 ≤
1

2Γ1−α

∫
T3

∫ T

0

|∇p|2 (t) d
dt

(∫ T

t

1

(s− t)α
ds

)
dtdx+

1

2Γ1−α

∫
T3

∇p2in
∫ T

0

1

sα
dsdx

=− 1

2Γ1−α

∫ T

0

∫
T3

|∇p|2 (t)
(T − t)α

dxdt+
T 1−α

2Γ2−α

∥∇pin∥2L2(T3)

≤ C(T,H(uin, pin)).

Summarizing

α

Γ1−α

∫ T

0

∫ t

0

∫
T3

(u(t)− u(s))2

(t− s)1+α
dxdsdt ≤C(T,H(uin, pin)).

Now we look at the second term of I4:

α

Γ1−α

∫ T

0

∫ t

0

∫
T3

(p(t)− p(s))2

(t− s)1+α
dxdsdt

= 2

∫ T

0

∫
T3

p(t)Dα
t p(t) dxdt+

1

Γ1−α

∫ T

0

∫
T3

2p(t)pin
tα

dxdt

− 1

Γ1−α

∫ T

0

∫
T3

(p(t))2
[

1

(T − t)α
+

1

tα

]
dxdt

≤−
∫ T

0

∫
T3

[(−∆)
s
2p]2 dxdt+

∫ T

0

∫
T3

(u)2p dxdt+
1

Γ1−α

∫ T

0

∫
T3

2p(t)pin
tα

dxdt

≤
∫ T

0

∫
T3

(u)2p dxdt+
1

Γ1−α

∫ T

0

∫
T3

2p(t)pin
tα

dxdt

=B1 +B2.

65



The bound for B2 follows from

B2 ≤
T 1−α

Γ2−α

∥p(t)∥L∞(0,T ;L2(T3)) ∥pin∥L∞(0,T ;L2(T3)) ≤ C(T,H(uin, pin)).

For B1 we have:

B1 ≤
1

2

∫ T

0

∫
T3

(u)3 dxdt+ 4

∫ T

0

∫
T3

(p)3 dxdt

≤ 1

2

∫ T

0

∫
T3

(u)3 dxdt+ 4 ∥p∥L3(0,T ;L3(T3)) .

The second term is bounded in accordance to the interpolation of p ∈ L∞(0, T ;L2(T3)) ∩

L2(0, T ;L6(T3)). Summarizing we have:

1

4

∫ T

0

∫
T3

(u)3 dxdt ≤ C(T,H(uin, pin)).
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Part II

Allen-Cahn-Ohta-Kawasaki (ACOK)

Model with Physics Informed Neural

Network (PINNs)
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Chapter 4

Introduction

4.1 Allen-Cahn-Ohta-Kawasaki(ACOK) Model

Introduced in [50], the Ohta-Kawasaki(OK) free energy, usually associated with a volume

constraint, has been used to simulating the phase separation of diblock copolymers, i.e.

polymers consisting of two types of monomers, A and B, which are chemically incompati-

ble, and connected by a covalent chemical bond:

E[u] =

∫
Ω

[
ε

2
|∇u|2 + 1

ε
W (u)

]
dx+

γ

2

∫
Ω

∣∣∣(−∆)−
1
2

(
f(u)− ω

)∣∣∣2 dx
+
M

2

[∫
(f(u)− ω) dx

]2
, (4.1.1)

where the first integral is a local surface energy, the second term represents the long-range

interaction between the molecules with γ controlling its strength, with ω ∈ (0, 1) being

the relative volume of A, and the third term is the volume constraint. The Allen-Cahn-

Ohta-Kawasaki(ACOK) model [67], which is the focus of Part II, takes the L2 gradient

dynamics:

ut = −δE[u]
δu

=ε∆u− 1

ε
W ′(u)− γ(−∆)−1(f(u)− ω)f ′(u)

−M

[∫
(f(u)− ω) dx

]
f ′(u), (4.1.2)

where ϵ ∈ (0, 1), Ω ⊂ Rd is a bounded and smooth domain, and u = u(x) is a phase field

labeling function representing the density of A species, and the function W (u) = 18(u2 −

u)2 is the double well potential. The nonlinear function f(u) = 6u5−15u4+10u3 keeps the
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0-1 structure of u as f(0) = 0 and f(1) = 1, it also has the property of f ′(0) = f ′(1) = 0,

which localize the force and avoid possible non-zeros and non-ones near the boundary of

the interface [67].

There are a variety of successful and efficient PDE solvers that can be applied to the

model, such as Finite Difference, Finite Element, Spectral method, etc. In recent years,

some novel numerical methods have also been studied for Cahn-Hilliard dynamics, i.e. the

H−1 gradient flow dynamics of OK energy, such as the midpoint spectral method [7], and

the Invariant Energy Quadratization (IEQ) method [22]. In [67], a first order energy stable

linear semi-implicit method is introduced and analyzed for the ACOK equation. Our goal

in this dissertation is to study the approximation of the solution of ACOK equation with

Physics Informed Neural Networks, a machine learning method.

4.2 Physics Informed Neural Networks(PINNs)

4.2.1 Fully-Connected DNN

In recent years, there is an increasing interest on solving PDEs with machine learning

methods. There are two major approaches that have gained popularity: Physics Informed

Neural Networks(PINNs) [54] and Fourier Neural Operator [45].

Introduced in [54], PINNs is based on fully-connected feed-forward deep neural net-

work (DNN), which consists of an input layer, hidden layers and an output layer. The

structure of a fully-connected DNN is shown in Figure 4.1. Every node in one layer is

connected with every node in another by a series of computations. The nodes in the input

layer are the specific data that are studied, and the nodes in the output are the expected out-
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Figure 4.1: Fully-Connected DNN Structure

come of the project. For example, in the case of facial recognition, the input could be the

RBG values (features) of each pixel of the sample pictures, while the output could be the

assigned numerical values representing the individuals (classes). The nodes in the hidden

layers are called neurons, and they are responsible for the performance of the neural net-

work. There can be many hidden layers in a neural network; in the above case, the number

of hidden layers is three.

A column vector is fed to each node of the input layer, and then in the first hidden

layer, we multiply it by another row vector, i.e. weight, to get the product. This is the

case that there is only one neuron in the relevant hidden layer. If there are more neurons,

the row vector will be a weight matrix instead, where the number of rows of the matrix

represents the number of neurons. A bias vector is then added to the product, and an

activation function is applied on the new vector, which contributes to the output of the

current hidden layer, which is also the input of the next layer. In a nutshell, let M be the
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number of hidden layers, p be the input of the neural network, then the output a of the

neural network will be aM , with

a0 = p,

ai = f i(W iai−1 + bi), i = 1, ...,M − 1,

where ai−1 is the input, W i represents the weights, bi represents the bias, and f i is the

activation function in the ith layer.

To obtain the right weights and bias, we perform an optimization process, for exam-

ple, gradient descent, on the weight and bias to update them. To calculate the derivatives

involving in the optimization process, the network is going through a process called back-

propagation, which is essentially chain rule applying on each layer starting from the final

one. We start with a certain loss function:

Loss(y, a(Θ)),

where y is the object the network is approximating, and Θ denotes the weights and bias

of the DNN. The loss function, depending on the specific problem, could be mean square

error (MSE), mean absolute error (MAE), logloss function, etc. We then perform back-

propagation on the loss function, trace all the way back to get the derivatives of weights

and bias for each layer, and then use the optimization tool to update the weights and bias.

A gradient descent update is as follows:

Θn+1 = Θn − η∇ΘLoss,

where η is the learning rate, and ∇ΘLoss is the direction of update. It works essentially

like a directing system, telling you which direction to go, and how far to go in that di-

rection, based on your current location and destination. The optimization process will be
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repeated a number of times, until the prescribed accuracy is achieved. We call this number

of repetitions the number of epochs.

Furthermore, there are a variety of optimizers that can be selected. The previously men-

tioned gradient descent is one of them. While it has many advantages, it does not work well

in our non-convex problem due to its notoriously poor performance on escaping local min-

imums [24]. Therefore, other optimizers, such as momentum [53], ADAM [37], Adadelta

[68], RMSprop [35], etc are developed to better address this issue. The momentum method

adds an accelerator in the relevant direction. For example, think about rolling a ball down a

ramp, as the ball goes down, it gains momentum and travels faster and faster. Other meth-

ods, like Adadelta, uses different forms of adaptive learning rates. It is worth mentioning

that RMSprop works by dividing “the learning rate for a weight by a running average of

the magnitudes of recent gradients for that weight” [35].

In our case, we adopt ADAM as our optimizer for each epoch, and L-BFGS-B with

certain stopping condition as the optimizer afterwards. Introduced in [37], ADAM can be

viewed as a combination of the momentum method and RMSprop. It uses the mean mt and

uncentered variance vt of the gradient with regards to time t to adapt the learning rate for

each weight and bias of the neural network:

mt = β1mt−1 + (1− β1)gt,

vt = β2vt−1 + (1− β2)g
2
t ,

where gt is the gradient of the loss function at time step t, and the hyper-parameters β1, β2 ∈

[0, 1) direct the decay rates of mt and vt. A bias correction is also applied to mt and vt,
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which leads to

m̂t =
mt

1− βt
1

,

v̂t =
vt

1− βt
2

,

and to update the weights and bias, we perform

Θt = Θt−1 − η
m̂t√
v̂t + ε

,

where η is the learning rate, and ε is arbitrary.

On the other hand, L-BFGS-B optimizer [12] uses a “limited memory” Broyden–Fletc-

her– Goldfarb–Shanno (BFGS) matrix to represent the Hessian matrix of the objective

function, making it great for optimization problems with a large amount of variables. L-

BFGS-B method is based on the L-BFGS method [47, 49], which can be updated with the

algorithm below:

We start with a given wk, the position at the k-th iteration, and gk = ∇f(wk), where

function f is the loss function to be minimized (in our case, MSE). Store the previous m

steps of information

sk = wk+1 − wk,

yk = gk+1 − gk.

Define ρk := 1
yTk sk

, and letH0
k be the initial approximation of the inverse Hessian matrix

at iteration k, the inverse Hessian can be updated by:

Hk+1 = (I − ρksky
T
k )Hk(I − ρkyks

T
k ) + ρksks

T
k .

Define αi := ρis
T
i qi+1, then for a fixed k, we use a recursive algorithm to calculate

a sequence qk−m, ..., qk backwards, where qk = gk and qi = qi+1 − αiyi, to find qk−m.
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Furthermore, define βi := ρiy
T
i zi, then for a fixed k, we use another recursive algorithm

to calculate a sequence zk−m, ..., zk, where zk−m = H0
kqk−m and zi+1 = zi + (αi − βi)si.

Then we can update wk+1 = wk − ηzk with learning rate η.

Stems from L-BFGS, L-BFGS-B places upper and lower bound constraints on vari-

ables. It identifies fixed and free variables for each step with a basic gradient method, and

then perform the L-BFGS method on the free variables to achieve better accuracy.

4.2.2 PINNs

For PINNS, sampled collocation points are fed to the DNN, and the function value is re-

turned at the output layer. Weight and bias in each layer can be learned or updated by opti-

mizing the error function to reach the prescribed accuracy, in which the back-propagation

technique is needed to compute the first-order derivatives. Different from traditional ma-

chine learning DNN, which requires a very large amount of ground truth data to make

an accurate prediction, PINNs takes advantage of the physics information, and makes up

for the lack of sufficient ground truth data. It divides the error function into two compo-

nents, one corresponding to the known ground truth data, and the other corresponding to

the physics information. Consequently, our goal is to minimize the error between the lim-

ited amount of ground truth and the prediction, as well as how much the prediction ”fits”

the physics information. Furthermore, as shown in [21], PINNs can be employed to solve

inverse problems, in particular, inverser scatter problems in photonic metamaterials and

nano-optics technologies by transforming them into parameter retrieving problems. How-

ever, PINNs also has its downsides. As suggested in [39], “existing PINN methodologies
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can learn good models for relatively trivial problems”, and it can fail when predicting so-

lutions for more complex model, which is likely due to the fact that the setup of PINNs

makes it hard to optimize the less-smooth loss landscape. They have, therefore, proposed a

“curriculum regularization”, which is finding a good initialization for weights and training

the model gradually. Notably, this has made the optimization process easier. They also

mentioned a sequence-to-sequence learning method, which is similar to the Time-Adaptive

Method proposed in [65]. This method can make the learning easier by learning in small

intervals.

Fourier Neural Operator, on the other hand, takes a different route by learning the map-

ping operator between finite-dimensional Euclidean spaces instead of learning one instance

of a family of equations at a time. The architecture takes the data for a certain length

of time, learns its behavior, and predicts the solution for future time intervals. While it

achieves high efficiency, it does evidently require much more input data, and has limita-

tions on the kernel selection for the Fourier layers.

It is also worth mentioning that an operator learning problem discretized to a sequence

to sequence problem, can be learned with the state-of-art Tranformer model [63, 18], and

can further be improved by changing the order of matrix multiplication and reordering the

normalization layers.

Our contribution with this work is to tackle the challenges that the complexity of the

ACOK model has imposed on PINNs. The long-range interaction term, the volume con-

straint and the zero-mean condition make it necessary to apply computational as well as

structural modifications to the basic PINNs. Our solution for the long-range interaction

term is to apply the Laplace operator on a second output of the neural network, and ensure
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its accuracy. For the volume constraint and the zero-mean condition, we introduce a sepa-

rate neural network into the model, which takes a separate set of uniform sampling points

as its input.

While there exist many successful and efficient traditional numerical methods, our mo-

tivation to study the ACOK equation using machine learning methods is that they have the

ability to learn the unknown operators in a family of generalized equations from a set of

data samples, i.e. the inverse problem. This would be beneficial for future studies focusing

on nonlocal PDEs with general nonlocal operators, and it can also potentially help tackle

real world challenges in fields such as physics, medicine, fluid dynamics, and aerospace,

etc.

4.3 Overview

Our goal in Part II is to take the ground truth u(0, x) and (−∆)−1f(u)(0, x) data as input,

and predict the solution u(t, x) of ACOK equation with a modified PINNs. To fix the

position of (−∆)−1f(u)(t, x), we also impose a zero-mean condition. For the basic setup,

we follow the basic PINNs. Let us recall (4.1.1) and define F (t, x) as

F (t, x) := ut − ε∆u+
1

ε
W ′(u) + γ(−∆)−1(f(u)− ω) · f ′(u)

+M

[∫
(f(u)− ω) dx

]
· f ′(u), (4.3.1)

where u(t, x) can be approximated by a deep neural network Netu, and F (t, x) can be

calculated by a shared parameter neural network NetF based on the predicted u(t, x). The

network can be learned by minimizing the mean square error:

MSE = MSEu + MSEF ,
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Figure 4.2: Initial Points, Boundary Points, and Internal Points

where

MSEu =
1

Nu

Nu∑
i=1

∣∣u(tiu, xiu)− ui
∣∣2 ,

and

MSEF =
1

NF

NF∑
i=1

∣∣F (tiF , xiF )∣∣2 .
As shown in Figure 4.2, {tiu, xiu}Nu

i=1 are selected from the collocation points that are along

the boundary, i.e. the blue points, and at the initial time, i.e. the red points. Also,

{tiF , xiF}
NF
i=1 are sampled from the internal collocation points, i.e. the black points. For

the purpose of computational efficiency and prediction accuracy, a random sample is taken

from the initial and boundary collocation points. Moreover, the internal points are selected

near-randomly using Latin Hypercube Sampling(LHS) method demonstrated in Figure 4.3.

As described by Figure 4.4, we take pairs of {tiu, xiu}Nu
i=1 and {tiF , xiF}

NF
i=1 as the input,

and employ the feed forward deep neural network(DNN) to approximate the u value at

these collocation points: u(tiu, x
i
u) and u(tiF , x

i
F ). To check the accuracy of the prediction,

we take the mean square error between the ground truth ui and the prediction u(tiu, x
i
u).
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Figure 4.3: Latin Hypercube Sampling

Figure 4.4: PINNs Structure

Note that we take the mean square error of F (tiF , x
i
F ) obtained through NetF to ensure

that the approximation by the DNN satisfies the physics, which is described by the ACOK

equation.

As previously mentioned, ADAM are selected as our optimizer for each epoch, and

L-BFGS-B is employed in the last step. Both of them have built-in package developed

in Python for implementation. We are also using tanh as the activation function for each

hidden layer. For convenience, we state the tanh function as below:

tanhx =
e2x − 1

e2x + 1
.
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4.4 Outline

Part II of the thesis is organized as follows. In Chapter 5, we modify the basic PINNs,

including the application of the periodic boundary condition, the approximation of the long-

range interaction term, the volume constraint, and the zero-mean condition. We will then

present and discuss some 1-dimensional results in Chapter 6.
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Chapter 5

Modified PINNs

5.1 Periodic Boundary Condition

In this chapter, we demonstrate how we develop the modified PINNs model. First, as we

have the periodic boundary condition in the ACOK equation, MSEu is separated further

into two components, one corresponding to the initial collocation points, i.e. MSEin, and

the other corresponding to the boundary collocation points, i.e. MSEb. Hence, we can

update the loss function as:

MSE = MSEin + MSEb + MSEF ,

where

MSEin =
1

Nin

Nin∑
i=1

∣∣u(tiin, xiin)− ui0
∣∣2 ,

MSEb =
1

Nb

Nlb∑
i=1

∣∣u(tilb, xilb)− u(tiub, x
i
ub)
∣∣2 ,

and

MSEF =
1

NF

NF∑
i=1

∣∣F (tiF , xiF )∣∣2 .
Since we have the ground truth at the initial time, we take the mean square error between

the u value predicted by the DNN, u(tiin, x
i
in), and the ground truth ui. However, the

periodic boundary condition means that we will calculate MSEb by taking the mean square

error between the u value on the lower bound, i.e. u(tilb, x
i
lb), and the u value on the upper

bound, i.e. u(tiub, x
i
ub), at the same time t, since the ground truth value of u is not known.
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5.2 Approximation of the Inverse of the Laplace

In this section, we demonstrate the approximation of the long-range interaction term in our

model. As stated above, the purpose of the shared parameter neural network NetF is to

approximate F (tiF , x
i
F ) given u(tiF , x

i
F ). Recall (4.3.1):

F := ut − ε∆u+
1

ε
W ′(u) + γ(−∆)−1(f(u)−ω) · f ′(u) +M

[∫
(f(u)− ω) dx

]
· f ′(u).

While ut, ∆u can be obtained by back-propagation, and W ′(u), f(u) and f ′(u) can be

directly calculated using the explicit expression, the difficulty lies with the approximation

of (−∆)−1(f(u)− ω) and
∫
(f(u)− ω) dx.

To approximate the inverse of the Laplace

(−∆)−1(f(u)− ω),

as presented in Figure 5.1, a second output ν is added to Netu, where

ν = (−∆)−1(f(u)− ω).

If a −∆ operator is applied on both sides, we recover:

−∆ν = f(u)− ω.

Figure 5.1: Second Output Added
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Figure 5.2: PINNs with the inverse of the Laplace Structure

Since ν has already been approximated by the DNN, ∆ν can be calculated by back-

propagation. To ensure the accuracy of ν, a mean square error can be taken between ∆ν

and f(u)− ω, as the latter is achieved by the explicit expression:

MSELap =
1

NF

NF∑
i=1

∣∣−∆ν(tiF , x
i
F )− (f(u(tiF , x

i
F ))− ω)

∣∣2 ,
and the first four terms of F can be calculated by:

F = ut − εuxx +
1

ε
W ′(u) + γν · f ′(u).

The structural change due to the approximation of the inverse of the Laplace is described

in Figure 5.2. Furthermore, as the ground truth of (−∆)−1uin and the periodic boundary

condition on (−∆)−1u are available, the total mean square loss is modified as:

MSE = (MSEuin
+ MSE((−∆)−1u)in) + (MSEub

+ MSE((−∆)−1u)b) + MSEF + MSELap,

where

MSE((−∆)−1u)in =
1

Nin

Nin∑
i=1

∣∣(−∆)−1u(tiin, x
i
in)− ((−∆)−1u)i0

∣∣2 ,
MSE((−∆)−1u)b =

1

Nb

Nlb∑
i=1

∣∣(−∆)−1u(tilb, x
i
lb)− (−∆)−1u(tiub, x

i
ub)
∣∣2 .
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5.3 Integral Approximation

In this section, we propose a structural modification to approximate the integral term. The

integral term ∫
(f(u)− ω) dx,

imposes a problem to the modified PINNs, as the near-randomly sampled collocation points

are not evenly distributed along each t. It is usually the case that at some t there are one

or no points selected, which is shown in Fugure 5.3. As a result, the integral can not be

calculated accurately for each t. To resolve this issue, a separate shallow neural network

Netv is introduced, which only takes t as input, and has a built-in uniform mesh on x.

The purpose of this network is to output the value of the integral term for each randomly

sampled t. After the network is trained, the updated optimal weights and bias ensure that

for any input t, the network will produce the corresponding
∫
(f(u) − ω) dx, even if the

new input t is different than the t used for training. As demonstrated in Figure 5.4, to train

Netv, the mean square error between the output of Netv and the discrete form of the integral

Nx∑
i=1

f(u(tjuni, x
i
uni)) ·∆x− ω,

Figure 5.3: One or No Points Are Selected at Certain Time
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Figure 5.4: Netv Structure

Figure 5.5: Uniform x and Random t Mesh

is taken:

MSEint =
1

Nt

Nt∑
j=1

∣∣∣∣∣v(tjuni)−
[

Nx∑
i=1

f(u(tjuni, x
i
uni)) ·∆x− ω

]∣∣∣∣∣
2

,

where {tjv, xiv} denotes the new uniform x and random t mesh as in Figure 5.5, and u(tjuni,

xiuni) can be output by Netu with the same set of input. Furthermore,
∑Nx

i=1 f(u(t
j
uni, x

i
uni))

is obtained by taking the column sum of output of f(u(tjuni, x
i
uni)) along each sampled t

direction.

After the optimal weight and bias are achieved, the t part of the original LHS sampled

points is fed to Netv, and outputs

v =

∫
(f(u(tiF , x

i
F ))− ω) dx,

and F can be approximated by

F = ut − εuxx +
1

ε
W ′(u) + γν · f ′(u) +Mv · f ′(u),
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Figure 5.6: PINNs Structure with Netv

which is calculated in NetF . Taking the mean square error F will obtain the complete

MSEF . Along with MSEint, the structure of the modified PINNs is as in Figure 5.6.

Therefore, the total mean square loss is modified as:

MSE = (MSEuin
+ MSE((−∆)−1u)in) + (MSEub

+ MSE((−∆)−1u)b) + MSEF

+ MSELap + MSEint,

where

MSEF =
1

NF

NF∑
i=1

∣∣F (tiF , xiF )∣∣2 .

5.4 Zero-Mean

For the zero-mean condition on the inverse of the Laplace, since the calculation of the mean

is involved, the uniform x and random t meshgrid created for the integral approximation

can be used as input of Netu, and the column sum of the output (−∆)−1u(tiF , x
i
F ), which
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Figure 5.7: PINNs Structure with Netv and Zero-mean Condition

corresponds to each time t, is minimized in a loss function

MSEzm =
1

Nt

Nt∑
j=1

∣∣∣∣∣
Nx∑
i=1

(−∆)−1u(tiF , x
i
F ) ·∆x

∣∣∣∣∣
2

.

The complete modified PINNs structure is, therefore, as in Figure 5.7.

Hence, the modified PINNs is learned by minimizing the mean square loss:

MSE = (MSEuin
+ MSE((−∆)−1u)in) + (MSEub

+ MSE((−∆)−1u)b) + MSEF

+ MSELap + MSEv + MSEzm.

Moreover, since certain components have more importance over the others, such as the

mean square error on initial condition for its ground truth availability, adjustable weights

are applied to each components:

MSE =Wuin
MSEuin

+W((−∆)−1u)inMSE((−∆)−1u)in

+Wub
MSEub

+W((−∆)−1u)bMSE((−∆)−1u)b

+WFMSEF +WLapMSELap +WintMSEint +WzmMSEzm

Now we have all the pieces regarding how to apply PINNs on ACOK, we can combine
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them together and implement in Python. The code is based on the work of Maziar Raissi

et al. [54]. In the next chapter, we will show some numerical results.
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Chapter 6

Numerical Results

6.1 1-Dimensional Results

We now show the results of the modified PINNs on 1-dimensional ACOK with different

time interval, ranging from 1 × 10−3s to 1 × 10−2s. Fine tuning on hyper-parameter is

needed to reach the best results. Figures 6.1 to 6.4 are run for 495 epochs, with weights

Wuin
= 1 × 105,W((−∆)−1u)in = 5 × 106,Wub

= 1,W((−∆)−1u)b = 30,WF = 1,WLap =

500,Wint = 1,Wzm = 30. There are 10 hidden layers in Netu, each containing 20 neurons,

while only 3 hidden layers with 10 neurons for each layer were needed for Netv, since it is

a much simpler neural network.

Figure 6.1: t = 1× 10−3, N0 = 500, Nb = 95, Nf = 2× 104, Ntuni
= 20
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With t being the time interval, Ntuni
being the number of randomly selected t columns

in the uniform mesh, N0, Nb, and Nf being the number of sampling points of initial data,

boundary data, and internal data, respectively, the results are shown in Figures 6.1 to 6.4.

Figure 6.2: t = 2× 10−3, N0 = 500, Nb = 195, Nf = 4× 104, Ntuni
= 40

Figure 6.3: t = 5× 10−3, N0 = 500, Nb = 495, Nf = 1× 105, Ntuni
= 100
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Figure 6.4: t = 1× 10−2, N0 = 500, Nb = 995, Nf = 2× 105, Ntuni
= 200

We can see that the modified PINNs performs remarkably well on smaller time periods.

However, as the time interval increases, the prediction of (−∆)−1u at the right tail is getting

notably worse.

There are several ways to address this problem. One approach is the Time-Adaptive

Method [65], or similarly, the sequence-to-sequence learning [39], which learns only one

small time period at a time, and then uses the prediction as the initial data for the next

period. Since our model approximates well with small time intervals, we can compile all

the sub-results together to get the entire solution. For example, we could use the data of

the last time column in Figure 6.1 as the initial data for the next 100 columns, and repeat

the process in 100 columns increments, to achieve good results.

Furthermore, the problem can be improved by rescaling the sampling points. As shown

in Figure 6.5 below, changes in phase separation occur most rapidly during the earlier time
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Figure 6.5: Numerical Result of 1D ACOK with Spectrum Method

Figure 6.6: Scaled Sample Points

period. Therefore, we propose that we rescale the sampling points to be denser in earlier

time columns. Recall Figure 4.3, we continue to use the LHS sampling, but rescale the

points polynomially to achieve the denser in the beginning effect, as in Figure 6.6. The

results are shown as follows, Figure 6.7 is the result with original LHS sampling, with time

interval being 3× 10−3s. Notice that the right tail on (−∆)−1u fits quite badly in this case,

due to the long time interval. Figure 6.8 is the result with a x2 rescaling on the points.
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Figure 6.7: t = 3× 10−2, N0 = 500, Nb = 2995, Nf = 6× 105, Ntuni
= 10

Figure 6.8: t = 3× 10−2, N0 = 500, Nb = 2995, Nf = 6× 105, Ntuni
= 10

Although it does not fix the problem entirely, we can see that the tail on (−∆)−1u fits

much better with a x2 rescaling. In some cases, x2 rescaling does not improve the result
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much, therefore, x3 rescaling could potentially be used to improve the fitting further.

6.2 Discussion

During implementation, we have discovered that out modified PINNs is difficult to train

due to its many hyper-parameters. Some hyper-parameters, such as learning rate, number of

hidden layers and number of neurons of each layer are fixed during our training. However,

the weights, number of epochs, and number of sampling points need fine-tuning to achieve

the best results.

The most challenging part of our fine-tuning is to find a well-balanced set of the weights.

Each weight controls different part of the estimation, for instance, Wuin
, W((−∆)−1u)in con-

trols the fitting on initial data, which is undoubtedly the most essential part of our loss

function, since the initial data is the only ground truth data we have. But they differ from

each other, as we later find out that the scale of ((−∆)−1u)in is 100 times smaller than

that of uin. Therefore, we also take that into consideration by increasing W((−∆)−1u)in to

counter the scale issue. A similar scaling technique is applied to Wub
and W((−∆)−1u)b ,

which controls the periodic boundary conditions.

WF dominates the physics information in our model, while WLap controls the accuracy

of the approximation of the long-range interaction term. We have learned that the accuracy

of the long-range interaction term is one of the key players for our approximation. Wint

directs the volume constraint, and therefore, can be increased if the predicted result has an

incorrect volume. Wzm applies only to the ((−∆)−1u)in, which means the scaling problem

also needs to be taken into consideration. We have also discovered that the interval of
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number of epochs is quite important. The model will not train well with too few epochs,

however, if we boost up the number of epoch to the thousands scale, the model is over-

trained and does not perform well either.

Moreover, we tune the number of the sampling points using the principle that we want to

keep the randomness, while at the same time, preserving as much of the known information

as possible. We also remain attentive to the efficiency of the program. Again, the initial

data, being the only piece of ground truth information available, needs to have the most

sampling points proportionally. We do not take all the initial data because we want to keep

the randomness. We also sample a relatively large percentage of the boundary points for

the same reason. For the internal points, as the total number of the grid points is quite

large, we cannot take as many as the sampling points while keeping the efficiency of the

program. Randomness also plays a key part here, therefore, we only select less than half of

the points. The number of randomly selected t columns in the uniform mesh,Ntuni
, follows

the same principle.

To increase the randomness, we also implemented a mini-batch method. The idea is

that instead of taking all the points into consideration at the same time, we consider a small

subset of the points at a time. In theory, it should need less epochs, and converge faster.

However, as the computation in our case is quite complex, we have discovered that the

mini-batch method takes significantly longer time than the regular approach.

We are currently working on the 2-dimensional case of this problem. As the number

of points have drastically increased for the same time period, we have run into technical

issues, in particular, insufficient memory capacity. In order to address this issue, we have

to dramatically decrease the sampling points, even on the initial data. Also, we are keeping
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the time interval quite small for the same reason. Additionally, for the boundary condition,

we now have not only the upper and lower bound, but also the front and back bound. The

training time is further lengthened by a more complicated back-propagation due to the sec-

ond order derivative. These are the difficulties we have encountered in the 2-dimensional

case.
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Chapter 7

Future Work

In this chapter we will discuss some possible future work based on this dissertation.

For future work on Part I, we aim to find ways to further limit the space of test func-

tion ϕ and ψ in Theorem 3.1, which is currently restricted to L2(0, T ; W 1,∞(T3)) and

L2(0, T ; H1 ∩ L∞(T3)), respectively. While we have L2 in time already, only W 1,∞ and

H1 ∩L∞(T3) have been achieved for the space variable. This can possibly be improved in

the future. This is also our motivation behind Section 3.7, the L3(0, T ;L3(T3)) estimate,

even though it was not used in the final result. However, this may come in handy as we de-

velop this further. Moreover, as we currently have variational inequalities in Theorem 3.1,

one possibility for further work is that we may explore means to get the equality in the

second equation.

For Part II, possible future work includes investigating the inverse problem for nonlocal

phase field models with unknown nonlocal operators. We could train our model to learn

the dynamics using the existing data, and obtain a set of trained weights and bias which

represents the unknown operator to compare with a number of known possible operators.

Furthermore, we could also explore other methods to improve the efficiency of the training

process. The current one-dimensional results run within an hour, but as the structure of the

DNN becomes more complicated, training time increases drastically, likely caused by the

more complicated computations as well as the increased number of epochs. One possible

solution is to start off the currently randomized initial weights and bias closer to the solu-
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tion, which will significantly lower the number of epochs, and by extension, decrease the

training time overall.

Additionally, there are a variety of other machine learning methods, such as FNO, con-

ventional neutral networks, and transformer-based methods that can be applied on PDEs.

These are also some interesting directions to explore.
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