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Abstract of Dissertation

Modeling the Correlation Structure of RNA Sequencing
Data Using A Multivariate Poisson-Lognormal Model

High-throughput sequencing technologies have been widely used in biomedical re-

search, especially in human genomic studies. RNA Sequencing (RNA-seq) applies

high-throughput sequencing technologies to quantify gene expression, study alterna-

tively spliced gene and discover novel isoform.

Poisson distribution based methods have been popularly used to model RNA-seq

data in practice. Differential expression analysis of RNA-seq data has been well

studied. However, the correlation structure of RNA-seq data has not been extensively

studied.

The dissertation proposes a multivariate Poisson-lognormal model for the correlation

structure of RNA-seq data. This approach enables us to estimate both positive and

negative correlations for the count-type RNA-seq data. Three general scenarios have

been discussed. In scenario 1, one exon with one isoform, we propose a bivariate

Poisson-lognormal model. In scenario 2, multiple exons with one isoform, we propose

a multivariate Poisson-lognormal model. Extending to multiple exons level, the num-

ber of pairwise correlations increases accordingly. To reduce the parameter space, the

block compound symmetry correlation structure has been introduced. And in sce-

nario 3, multiple exons with multiple isoforms, we propose a mixture of multivariate

Poisson-lognormal models.

Correlation coefficients are estimated by the method of moments. At multiple exons

level, we apply the average weighting strategy to reduce the number of moment

equations. Simulation studies have been conducted and demonstrate the advantage

of our correlation coefficient moment estimator, comparing to Pearson correlation

coefficient estimator and Spearman’s rank correlation coefficient estimator.
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For application illustrations, we apply our methods to the RNA-seq data from The

Cancer Genome Atlas (TCGA, breast cancer study). We estimate the correlation

coefficient between gene TP53 and gene CDKN1A with normal subjects. The results

show that TP53 and CDKN1A are slightly negative correlated.
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Chapter 1

Introduction

1.1 Biological Background

In this section, we make an introduction to some molecular biology fundamental

concepts, alternative splicing, sequencing technology and its public database.

Molecular Biology Fundamentals

Deoxyribonucleic acid (DNA), Ribonucleic acid (RNA) and Proteins are three most

important biological molecules that perform critical cell functions for all living organ-

isms.

Deoxyribonucleic acid (DNA) is a primary genetic material. It is usually in the form

of double helix structure [1]. It holds information for molecular functions in cells.

There are four types of nucleotides for DNA: adenine (A), thymine (T), guanine (G)

and cytosine (C). According to the complementary base pairing rule, A bases always

pair with T bases, and G bases are always paired with C bases [2]. This rule plays an

essential role in DNA replication which provide an fundamental explanation for how

genetic information can be inherited from one generation to the next.

Ribonucleic acid (RNA) is an another type of nucleic acid. Unlike DNA, it is usually

in a single strand form. RNA is an activity molecule which transfers the short piece
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of information to cell. Like DNA, there are also four types of nucleotides for RNA:

adenine (A), uracil (U), guanine (G) and cytosine (C). RNA plays an important rule

in the flow of genetic information which is described as the central dogma [3]: the

genetic information is transcribed from DNA to RNA, and then it is translated from

RNA to proteins.

Proteins are the major molecules performing various cell functions. One gene is able

to produce more than one protein, due to alternative splicing.

Alternative Splicing

A gene is a specific DNA sequence that plays an active role in cell functions. Exons of

a gene are the pieces of DNA sequences that are included in final, processed messenger

RNA (mRNA) generated by that gene [4]. Introns of a gene are the pieces of DNA

sequences that are excluded from final, processed messenger RNA (mRNA).

The splicing is the process during which introns are removed and exons are joined.

The splicing process for a gene may not be unique. Different splicing variants can

be generated, which is called alternative splicing. Each possible exon selection and

connection is called an isoform. The alternative splicing is the source of the diversity

of proteins.

According to alternative splicing, three possible outcomes of mRNAs can be generated

by one gene: one exon with one isoform, multiple exons with one isoform and multiple

exons with multiple isoforms. In one exon with one isoform case, all mRNAs are

formed by one single exon of a gene. In multiple exons with one isoform case, all

mRNAs are made up by one single isoform which produced by multiple exons of a

gene. And in multiple exons with multiple isoforms case, mRNAs are the mixture of

two or more isoforms from one gene.

2



Sequencing Technology

High-throughput sequencing technologies have been popularly used in biomedical

research, especially in human genomic studies. RNA Sequencing (RNA-seq) [5][6]

applies high-throughput sequencing technologies to quantify gene expression, study

alternatively spliced gene and discover novel isoform. It allows us to further un-

derstand different molecular mechanisms and processes. It also provides us with a

more precise RNA measurement. RNA-seq is a laboratory technology for reading the

nucleotides (A, C, G or T) of a sequence. It is difficult to sequence a whole gene.

Therefore, short reads are usually generated as sequencing outcomes.

Public Database

The Cancer Genome Atlas (TCGA) is a biomedical project, collecting data generated

by high-throughput genome analysis techniques to understand genetic based disease,

cancer. The goal is to improve cancer prevention, early detection and treatment.

1.2 Review of RNA-seq Data

1.2.1 Biological Review

In this section, we introduce the preprocessing procedures for RNA-seq data[7]: reads

alignment, genome reconstruction and normalization methods.

Reads Alignment

It is still difficult to sequence a whole gene. The outcomes of RNA sequencing tech-

nology are short reads. Alignment is the process for identifying the original source of

short reads. The major challenge is how to map back the reads come from exon-exon

junctions.
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There are two types of algorithms for reads alignment: unspliced aligners and spliced

aligners. Unspliced aligners map reads to a reference genome without considering any

junctions. Spliced aligners, like unspliced aligners, map reads to a reference at first

stage. At second stage, spliced aligners split unmapped reads into several segments.

Each segment is aligned to a reference individually and independently.

Transcript Assembly or Genome Annotation

Transcript assembly is the procedure that all transcripts and isoforms are recon-

structed by short reads in a particular sample. There are two types of meth-

ods of transcriptome reconstruction: genome-guided and genome-free. TopHat[8]

and Cufflinks[9] are widely used statistical tools for aligning RNA-seq data to

genome.

Transcript and Gene Quantification

RNA-seq is widely used to estimate gene and transcript expression. It provides a more

precise and accurate measurement for gene quantification. However, raw read counts

are not enough to make gene expression levels comparable among samples. The longer

gene gains more reads. The sample with larger total volume (total number of reads)

gains more reads. Mortazavi[10] suggests that RPKM (reads per kilobase per million

reads) is a better measurement of gene and transcript expression levels, which remove

the effect of total volume and gene length.

1.2.2 Statistical Review

In this section, we review Poisson distribution based methods for modeling RNA-seq

data. These methods are widely used in practice.
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Modeling Single-end RNA-seq Data

Jiang and Wong[11] proposed a statistical method for estimating isoform expression

levels using single-end RNA-seq data. They demonstrated that the Poisson distribu-

tion could be used for modeling short read counts, denoted as

xf ∼ Poi(nlfθf )

where

• xf is the raw read counts mapped to transcript/gene f.

• n is the total volume (total number of reads).

• θf is the expression index of transcript/gene f.

Maximum-likelihood estimation method (MLE) has been used for estimating tran-

script/gene expression level θf . Also a Bayesian approach has been suggested to

construct the confidence interval of Maximum-likelihood estimator.

Modeling Paired-end RNA-seq Data

Salzman et al.[12] extended the Poisson model in Jiang and Wong[11] for modeling

paired-end RNA-Seq data. They revealed that both single-end and paired-end RNA-

Seq data could be modeled by a generalized Poisson model.

Modeling Multi-sample RNA-seq Data

Vardhanabhuti et al.[13] proposed a Poisson-Gamma hierarchical model for inferring

isoform expression levels with multi-sample RNA-Seq data. They claimed that more

reliable estimates of isoform expression levels could be obtained. Since it is taken into

consideration that information among all samples in the model.
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Non-uniform Sampling

Li et al.[14] discovered that short reads are not uniformly sampled from each base

in the transcript as assumed. Position preference is also accounted for variation in

sequencing. They proposed that it is better to model short read counts with Poisson

variables with non-uniform rates.

They recommended that Poisson rates could be explained by the effect of surrounding

bases with a linear model. For nucleotide j of gene i,

log(µij) = log(µi) + α +
K∑
k=1

∑
h∈{A,C,G}

βkhI(bijk = h)

where

• µi is the expression level of gene i.

• µij is the rate of the Poisson distribution.

• βkh is the coefficient of the effect of letter h occurring in the kth position.

Furthermore, they proposed a nonlinear model, called multiple additive regression

trees (MART), for estimating variable Poisson rates. This approach could capture

many other effects, besides linear effect.

1.3 Correlation Analysis

Correlation coefficient is a measure of dependency between two variables. We make

an introduction on three widely used meansuments.

Pearson product-moment correlation coefficient, developed by Karl Pearson[15], is

the most widely used correlation coefficient. Suppose (x,y) = ((x1, y1), (x2, y2), ...,

(xn, yn)) are n paired sample points. The Pearson correlation coefficient estimator,

6



denoted as rp, is calculated as

rp =
Cov(x,y)

σxσy
(1.1)

where

• Cov(x,y) is the covariance between x and y.

• σx is the standard deviation of x and σy is the standard deviation of y.

It is a good measure of linear relationship between two variables. It takes value from

-1 to 1. Positive value of Pearson correlation coefficient implies positive dependency

between two variables. And negative value of Pearson correlation coefficient implies

negative relationship between two variables.

Spearman’s rank correlation coefficient[16], named after Charles Spearman, is another

widely used correlation coefficient. Suppose r(x) and r(y) are the correspondence

ranks of n pairs sample points (x,y). Then the Spearman’s rank correlation coefficient

estimator, denoted as rs, is calculated as

rs =
Cov(r(x), r(y))

σr(x)σr(y)

(1.2)

where

• Cov(r(x), r(y)) is the covariance between r(x) and r(y).

• σr(x) is the standard deviation of r(x) and σr(y) is the standard deviation of

r(y).

It is a good measure of monotone relationship between two variables.

Kendall rank correlation coefficient[17] is also a widely used correlation coefficient.

It uses concordant pairs and discordant pairs to measure the dependency between

7



two variables. For n pairs sample points (x,y), any pairs of observations (xi, yi) and

(xj, yj) is concordant, if both xi > xj and yi > yj or if both xi < xj and yi < yj.

Otherwise it is discordant. Kendall rank correlation coefficient estimator, denoted as

rk, is calculated as

rk =
(number of concordant pairs)− (number of discordant pairs)

n(n− 1)/2
. (1.3)

1.3.1 Bivariate Normal Distribution

Suppose n paired sample points (x,y) = ((x1, y1), (x2, y2), ..., (xn, yn)) are gener-

ated from a bivariate normal distribution with correlation coefficient ρ. Hotelling[18]

showed that Pearson correlation coefficient estimator is a consistent estimator of ρ,

that

E(rp) = ρ[1− 1− ρ2

2n
+O(n−2)] −→ ρ, as n −→∞

Moran[19] demonstrated that Spearman’s rank correlation coefficient estimator is not

a consistent estimator of ρ and obtained the expected value of rs, that

E(rs) =
6

π
{n− 2

n+ 1
sin−1(

1

2
ρ) +

1

n+ 1
sin−1(ρ)} −→ 6

π
sin−1(

1

2
ρ), as n −→∞

Karl Pearson[20] discussed a connection between rp and rs with an approximate for-

mula,

rs =
6

π
sin−1(

1

2
rp)

Then the adjusted Spearman’s rank correlation coefficient is an asymptotic unbiased

estimator of ρ, denoted as rs.adj,

rs.adj = 2sin(
π

6
rs) (1.4)
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And Esscher[21] demonstrated that Kendall rank correlation coefficient estimator is

not a consistent estimator of ρ and obtained the expected value of rk, that

E(rk) =
2

π
sin−1(ρ)

Then the adjusted Kendall rank correlation coefficient is an asymptotic unbiased

estimator of ρ, denoted as rk.adj,

rk.adj = sin(
π

2
rk) (1.5)
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Chapter 2

Multivariate Normal Model Based

Methods

2.1 Introduction

In this chapter, we describe the correlation coefficient estimation methods, when

the data follows multivariate normal models. In section 2.2, the correlation coeffi-

cients from multivariate normal distribution are estimated by the maximum likelihood

method and the method of moments. In section 2.3, the correlation coefficients from

multivariate normal distribution with block compound symmetry correlation struc-

ture are estimated by the maximum likelihood method using orthogonal transforma-

tion and the method of moments using the average weighting strategy. In section

2.4, the correlation coefficients from the mixture of multivariate normal distributions

with block compound symmetry correlation structure are estimated by the method

of moments using the average weighting strategy.

2.2 Multivariate Normal Distribution

In this section, we discuss both maximum likelihood method and the method of

moments for estimating the correlation coefficient of multivariate normal distribu-

tion.
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2.2.1 Basic Model

The multivariate normal distribution has been used to fit correlated real-valued data.

Suppose the p-dimensional random vector x = [x1, x2, ..., xp]
T follows a multivariate

normal distribution with the mean vector µ and the covariance matrix Σ, when Σ is

positive definite, the probability density function is given as,

fx(x1, ..., xp) =
1√

(2π)p|Σ|
exp
(
− 1

2
(x− µ)TΣ−1(x− µ)

)
, (2.1)

with

µ =



µ1

µ2

...

µp


and Σ =



σ2
1 σ12 · · · σ1p

σ21 σ2
2 · · · σ2p

...
...

. . .
...

σp1 σp2 · · · σ2
p


where

• |Σ| is the determinant of Σ.

• σih = σhi, for all i, h = 1, 2, ..., p and i 6= h.

2.2.2 Correlation Estimation

Maximum Likelihood Estimation

Anderson[22] demonstrated the maximum likelihood estimators of the multivariate

normal distribution referred to equation (2.1) from a sample of M observations
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are

µ̂ = x̄,

Σ̂ =
1

M

M∑
m=1

(xm − x̄)(xm − x̄)T (2.2)

where

• xm = [x1m, x2m, ..., xpm]T , for all m = 1, 2, ...,M .

• x̄ = 1
M

∑M
m=1 xm = [ 1

M

∑M
m=1 x1m,

1
M

∑M
m=1 x2m, ...,

1
M

∑M
m=1 xpm]T .

Moments Estimation

It is straightforward to derive moment estimators by setting the theoretical and sam-

ple first two moments equal to each other. The moment estimators are given as

below,

µ̂i = x̄i,

σ̂2
i =

1

M

M∑
m=1

(xim − x̄i)2,

σ̂ih =
1

M

M∑
m=1

(xim − x̄i)(xhm − x̄h) (2.3)

where

• σih = ρihσiσh,, for all i, h = 1, 2, ..., p, i 6= h.

• ρih is the correlation coefficient between xi and xh, for all i, h = 1, 2, ..., p, i 6= h,

σi > 0 and σh > 0.

• x̄i = 1
M

∑M
m=1 xim.

Obviously, equation (2.2)and (2.3) are equivalent. In conclusion, maximum likelihood

12



method and the method of moments provide exactly same estimation results for

the multivariate normal distribution with probability density function as equation

(2.1).

Therefore, the correlation coefficient estimator, denoted as ρ̂ih, is given as

ρ̂ih =
σ̂ih
σ̂iσ̂h

=
1
M

∑M
m=1(xim − x̄i)(xhm − x̄h)√

1
M

∑M
m=1(xim − x̄i)2

√
1
M

∑M
m=1(xhm − x̄h)2

=

∑M
m=1(xim − x̄i)(xhm − x̄h)√∑M

m=1(xim − x̄i)2

√∑M
m=1(xhm − x̄h)2

(2.4)

which is also called Pearson correlation coefficient estimator (1.1).

2.3 Multivariate Normal Distribution with Block Compound Symmetry

Correlation Structure

In this section, we discuss both maximum likelihood method and the method of mo-

ments for estimating the correlation coefficient of the multivariate normal distribution

with block compound symmetry correlation structure.

2.3.1 Mathematical Notations

Identity Matrix

The identity matrix of size p is the p×p square matrix with ones on the main diagonal

13



and zeros elsewhere, denoted as by Ip,

Ip =



1 0 · · · 0

0 1 · · · 0

...
...

. . .
...

0 0 · · · 1


p×p

J Matrix

The Jp×q matrix is the p× q matrix with all elements one.

Jp×q =



1 1 · · · 1

1 1 · · · 1

...
...

. . .
...

1 1 · · · 1


p×q

2.3.2 Basic Model

Suppose the (p+ q)-dimensional random vector z follows a multivariate normal dis-

tribution with the mean vector µz and the covariance matrix Σz , denoted as

z ∼ N(p+q)(µz ,Σz)

with

z =

x
y

 , x =



x1

x2

...

xp


p×1

and y =



y1

y2

...

yq


q×1

,
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µz =

µx
µy

 , µx = µxJp×1 =



µx

µx
...

µx


p×1

and µy = µyJq×1 =



µy

µy
...

µy


q×1

,

Σz =

 Σx Σxy

ΣT
xy Σy

 =

(vx − cx)Ip + cxJp×p cxyJp×q

cxyJq×p (vy − cy)Iq + cyJq×q

 ,

Σx = (vx − cx)Ip + cxJp×p =



vx cx · · · cx

cx vx · · · cx
...

...
. . .

...

cx cx · · · vx


p×p

,

Σy = (vy − cy)Iq + cyJq×q =



vy cy · · · cy

cy vy · · · cy
...

...
. . .

...

cy cy · · · vy


q×q

,

(2.5)
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Σxy = cxyJp×q =



cxy cxy · · · cxy

cxy cxy · · · cxy
...

...
. . .

...

cxy cxy · · · cxy


p×q

and

ΣT
xy = cxyJq×p =



cxy cxy · · · cxy

cxy cxy · · · cxy
...

...
. . .

...

cxy cxy · · · cxy


q×p

,

where

• vx = σ2
x, cx = ρxσ

2
x, vy = σ2

y, cy = ρyσ
2
y and cxy = ρxyσxσy.

• ρx is the correlation coefficient between xi and xh, for all i, h = 1, 2, ..., p and

i 6= h.

• ρy is the correlation coefficient between yj and yk, for all j, k = 1, 2, ..., q and

j 6= k.

• ρxy is the correlation coefficient between xi and yj, for all i = 1, 2, ..., p and

j = 1, 2, ..., q.

2.3.3 Correlation Estimation

We proposal an orthogonal transformation based method to derive maximum likeli-

hood estimators.

Theorem 1 [23] Suppose x has a Nn(µx,Σx) distribution. Let z = Tx+ c where

T is an m×n matrix and c ∈ Rm. Then z has a Nm(Tµx+c,TΣxT
T ) distribution.
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The Orthogonal Transformation

Let

T =

Tx O

OT Ty


with

Tx =


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0 (−1)0

(−1)0(p−1) (−1)1 (−1)1 ··· (−1)1 (−1)1 (−1)1

0 (−1)1(p−2) (−1)2 ··· (−1)2 (−1)2 (−1)2

...
...

...
...

...
...

...
0 0 0 ··· (−1)p−3×2 (−1)p−2 (−1)p−2

0 0 0 ··· 0 (−1)p−2×1 (−1)p−1


p×p

,

Ty =


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0 (−1)0

(−1)0(q−1) (−1)1 (−1)1 ··· (−1)1 (−1)1 (−1)1

0 (−1)1(q−2) (−1)2 ··· (−1)2 (−1)2 (−1)2

...
...

...
...

...
...

...
0 0 0 ··· (−1)q−3×2 (−1)q−2 (−1)q−2

0 0 0 ··· 0 (−1)q−2×1 (−1)p−1


q×q

,

O =



0 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


p×q

and OT =



0 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


q×p

Then we define

w = Tz =

u
v


with

u =



u1

u2

u3

...

up


p×1

=



(−1)0
∑p

i=1 xi

(−1)0 × (p− 1)× x1 + (−1)1
∑p

i=2 xi

(−1)1 × (p− 2)× x2 + (−1)2
∑p

i=3 xi
...

(−1)p−2 × 1× xp−1 + (−1)p−1
∑p

i=p xi


p×1
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and

v =



v1

v2

v3

...

vq


q×1

=



(−1)0
∑q

i=1 yi

(−1)0 × (q − 1)× y1 + (−1)1
∑q

i=2 yi

(−1)1 × (q − 2)× y2 + (−1)2
∑q

i=3 yi
...

(−1)q−2 × 1× yq−1 + (−1)q−1
∑q

i=q yi


q×1

(2.6)

According to Theorem 1, w follows a multivariate normal distribution with the mean

vector µw and the covariance matrix Σw, denoted as

w ∼ N(µw,Σw)

with

µw = Tµz =

µu
µv

 , µu =



µu1

0

...

0


p×1

and µv =



µv1

0

...

0


q×1

, (2.7)

Σw = TΣzT
T =



σ2
u1

0 · · · 0 ρu1v1σu1σv1 0 · · · 0

0 σ2
u2
· · · 0 0 0 · · · 0

...
...

. . .
...

...
...

. . .
...

0 0 · · · σ2
up 0 0 · · · 0

ρu1v1σu1σv1 0 · · · 0 σ2
v1

0 · · · 0

0 0 · · · 0 0 σ2
v2
· · · 0

...
...

. . .
...

...
...

. . .
...

0 0 · · · 0 0 0 · · · σ2
vq


(p+q)×(p+q)
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where

µu1 = p× µx, µv1 = q × µy, ρu1v1σu1σv1 = pqcxy,

σ2
ui

=


p× [vx + (p− 1)cx] i = 1

(p− i+ 2)(p− i+ 1)σ2
u i = 2, 3, · · · , p

,

σ2
vj

=


q × [vy + (q − 1)cy] j = 1

(q − j + 2)(q − j + 1)σ2
v j = 2, 3, · · · , q

and

σ2
u = vx − cx and σ2

v = vy − cy (2.8)

Maximum Likelihood Estimation

At step one, we obtain maximum likelihood estimators in term of w.

According to the covariance matrix structure of random vector w, the probability

density function of w = (u1, u2, ..., up, v1, v2, ..., vq)
T is given as

fNp+q(w | Θw) = fN2(u1, v1 | Θ∗w)[

p∏
i=2

fN(ui | σ2
ui

)][

q∏
j=2

fN(vj | σ2
vj

)].

where

• Θ∗w = {µu1 , µv1 , σ2
u1
, σ2

v1
, ρu1v1}.

• Θw = {Θ∗w, σ2
u, σ

2
v}.

• fN(·) is the probability density function of the normal distribution.

• fN2(·) is the probability density function of the bivariate normal distribution.

Then the likelihood function from a sample of M observations, denoted as w̃ =
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(w1,w2, . . . ,wM), is described as

LM (Θw | w̃) =

M∏
m=1

fNp+q(wm | Θw)

=

M∏
m=1

[
fN2(u1m, v1m | Θ∗w)[

p∏
i=2

fN (uim | σ2
u)][

q∏
j=2

fN (vjm | σ2
v)]
]

=
M∏
m=1

[fN2(u1k, v1k | Θ∗w)]
[ M∏
m=1

[

p∏
i=2

fM (uim | σ2
u)]
][ N∏

k=1

[[

q∏
j=2

fN (vjm | σ2
v)]
]

Moreover, the log-likelihood function is given as

lM = log(LM)

=
M∑
m=1

log
(
fN2(u1m, v1m | Θ∗w)

)
+

M∑
m=1

[ p∑
i=2

log
(
fN(uim | σ2

u)
)]

+
M∑
m=1

[ q∑
j=2

log
(
fN(vjm | σ2

v)
)]

To maximize the log-likelihood function with respect to Θw, the maximum likelihood
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estimators in term of w̃ can be obtained as

µ̂x =
1

p
ū1.

µ̂y =
1

q
v̄1.

v̂x =
1

Mp2

M∑
m=1

(u1m − ū1.)
2 +

1

Mp

[ p∑
i=2

(

∑M
m=1(u2

im)

(p− i+ 2)(p− i+ 1)
)
]

v̂y =
1

Mq2

M∑
m=1

(v1m − v̄1.)
2 +

1

Mq

[ q∑
j=2

(

∑M
m=1(v2

jm)

(q − j + 2)(q − j + 1)
)
]

ĉx =
1

Mp2

M∑
m=1

(u1m − ū1.)
2 − 1

Mp(p− 1)

[ p∑
i=2

(

∑M
m=1(u2

im)

(p− i+ 2)(p− i+ 1)
)
]

ĉy =
1

Mq2

M∑
m=1

(v1m − v̄1.)
2 +

1

Mq(q − 1)

[ q∑
j=2

(

∑M
m=1(v2

jm)

(q − j + 2)(q − j + 1)
)
]

ĉxy =
1

Mpq

M∑
m=1

(u1m − ū1.)(v1m − v̄1.) (2.9)

where

• ū1. = 1
M

∑M
m=1 u1m.

• v̄1. = 1
M

∑M
m=1 v1m.
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At step two, we obtain maximum likelihood estimators in term of z,

µ̂x = x̄..

µ̂y = ȳ..

v̂x =
1

Mp

M∑
m=1

p∑
i=1

(xim − x̄..)2

v̂y =
1

Mq

M∑
m=1

q∑
j=1

(yjm − ȳ..)2

ĉx =
2

Mp(p− 1)

M∑
m=1

[ p∑
i=1

p∑
h>i

(xim − x̄..)(xhm − x̄..)
]

ĉy =
2

Mq(q − 1)

M∑
m=1

[ q∑
j=1

q∑
k>j

(yjm − ȳ..)(ykm − ȳ..)
]

ĉxy =
1

Mpq

M∑
m=1

[ p∑
i=1

q∑
j=1

(xim − x̄..)(yjm − ȳ..)
]

(2.10)

where

• x̄.. = 1
Mp

∑M
m=1

∑p
i=1 xim.

• ȳ.. = 1
Mq

∑M
m=1

∑q
j=1 xjm.

Moments Estimation

For multivariate normal distribution with block compound symmetry correlation
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structure. the first two moment equations are given as,

E(xi) = µx

E(yj) = µy

V ar(xi) = E(xi − µx)2 = vx

V ar(yj) = E(yj − µy)2 = vy

Cov(xi, xh) = E(xi − µx)(xh − µx) = cx

Cov(yj, yk) = E(yj − µy)(yk − µy) = cy

Cov(xi, yj) = E(xi − µx)(yj − µy) = cxy (2.11)

• for all i, h = 1, 2, ..., p and i 6= h.

• for all j, k = 1, 2, ..., q and j 6= k.

To obtain moment estimators, we set the theoretical and sample first two moments

equal to each other. However, the system of equations (2.11) does not have a unique

solution. Therefore we suggest to reduce the number of moment equations using the

average weighting strategy.

Applying the average weighting strategy, the system of moment equations be-
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comes

1

p

p∑
i=1

E(xi) = µx

1

q

q∑
j=1

E(yj) = µy

1

p

p∑
i=1

V ar(xi) =
1

p

p∑
i=1

E(xi − µx)2 = vx

1

q

q∑
j=1

V ar(yj) =
1

q

q∑
j=1

E(yj − µy)2 = vy

1

p(p− 1)

p∑
i=1

p∑
h6=i

Cov(xi, xh) =
1

p(p− 1)

p∑
i=1

p∑
h6=i

E(xi − µx)(xh − µx) = cx

1

q(q − 1)

q∑
j=1

q∑
k 6=j

Cov(yj, yk) =
1

q(q − 1)

q∑
j=1

q∑
k 6=j

E(yj − µy)(yk − µy) = cy

1

pq

p∑
i=1

q∑
j=1

Cov(xi, yj) =
1

pq

p∑
i=1

q∑
j=1

E(xi − µx)(yj − µy) = cxy (2.12)
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Thus, moment estimators are obtained as

µ̂x =
1

p

p∑
i=1

[ 1

M

M∑
i=1

xim

]
µ̂y =

1

q

q∑
j=1

[ 1

M

M∑
i=1

yjm

]
v̂x =

1

p

p∑
i=1

[ 1

M

M∑
m=1

(xim − µ̂x)2
]

v̂y =
1

q

q∑
j=1

[ 1

M

M∑
m=1

(yjm − µ̂y)2
]

ĉx =
1

p(p− 1)

p∑
i=1

p∑
h6=i

[ 1

M

M∑
m=1

(xim − µ̂x)(xhm − µ̂x)
]

ĉy =
1

q(q − 1)

q∑
j=1

q∑
k 6=j

[ 1

M

M∑
m=1

(yjm − µ̂y)(ykm − µ̂y)
]

ĉ =
1

pq

p∑
i=1

q∑
j=1

[ 1

M

M∑
m=1

(xim − µ̂x)(yjm − µ̂y)
]

(2.13)

Obviously, equations (2.10) and (2.13) are equivalent. In conclusion, under block

compound symmetry correlation structure assumption, maximum likelihood method

and the method of moments with the average weighting strategy provide exactly

same estimation results for multivariate normal distribution again. Therefore, the

average weighting strategy is a reasonable approach to reduce the number of moment

equations for the multivariate normal distribution with common means and common

variances.

Therefore, the correlation coefficient estimators, denoted as ρ̂x, ρ̂y and ρ̂xy are given

as
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ρ̂x =
ĉx
v̂x

=

1
Mp(p−1)

∑M
m=1

∑p
i=1

∑p
h6=i(xim − x̄..)(xhm − x̄..)

1
Mp

∑M
m=1

∑p
i=1(xim − x̄..)2

=

1
(p−1)

∑M
m=1

∑p
i=1

∑p
h6=i(xim − x̄..)(xhm − x̄..)∑M

m=1

∑p
i=1(xim − x̄..)2

,

ρ̂y =
ĉy
v̂y

=

1
Mq(q−1)

∑M
m=1

∑q
j=1

∑q
k 6=j(yjm − ȳ..)(ykm − ȳ..)

1
Mq

∑M
m=1

∑q
j=1(yjm − ȳ..)2

=

1
(q−1)

∑M
m=1

∑q
j=1

∑q
k 6=i(yjm − ȳ..)(ykm − ȳ..)∑M

m=1

∑q
j=1(yjm − ȳ..)2

and

ρ̂xy =
ĉxy√
v̂x
√
v̂y

=

1
Mpq

∑M
m=1

∑p
i=1

∑q
j=1(xim − x̄..)(yjm − ȳ..)√

1
Mp

∑M
m=1

∑p
i=1(xim − x̄..)2

√
1
Mq

∑M
m=1

∑q
j=1(yjm − ȳ..)2

=

1
pq

∑M
m=1

∑p
i=1

∑q
j=1(xim − x̄..)(yjm − ȳ..)√

1
p

∑M
m=1

∑p
i=1(xim − x̄..)2

√
1
q

∑M
m=1

∑q
j=1(yjm − ȳ..)2

(2.14)

where

• x̄.. = 1
Mp

∑M
m=1

∑p
i=1 xim.

• ȳ.. = 1
Mq

∑M
m=1

∑q
j=1 xjm.
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2.4 Mixture of Multivariate Normal Distributions with Block Compound

Symmetry Correlation Structure

In this section, we discuss the method of moments for estimating the correlation

coefficients of the mixture of multivariate normal distributions with block compound

symmetry correlation structure.

2.4.1 The General Case

Basic Model

Suppose the random vector I follows a multivariate normal distribution with the

mean vector µI and the covariance matrix ΣI , denoted as

I ∼ N(µI ,ΣI)

with

I =

Ix
Iy

 =



Ix1

Ix2

...

IxR

Iy1

Iy2

...

IyS



, µ =

µIx
µIy

 =



µIx1

µIx2

...

µIxR

µIy1

µIy2

...

µIyS



,
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and

ΣI =

ΣI
xx ΣI

xy

ΣIT
xy ΣI

yy



=



ΣI
xx11

ΣI
xx12

· · · ΣI
xx1R

ΣI
xy11

ΣI
xy12

· · · ΣI
xy1S

ΣI
xx21

ΣI
xx22

· · · ΣI
xx2R

ΣI
xy21

ΣI
xy22

· · · ΣI
xy2S

...
...

. . .
...

...
...

. . .
...

ΣI
xxR1

ΣI
xxR2

· · · ΣI
xxRR

ΣI
xyR1

ΣI
xyR2

· · · ΣI
xyRS

ΣIT
xy11

ΣIT
xy21

· · · ΣIT
xyR1

ΣI
yy11

ΣI
yy12

· · · ΣI
yy1S

ΣIT
xy12

ΣIT
xy22

· · · ΣIT
xyR2

ΣI
yy21

ΣI
yy22

· · · ΣI
yy2S

...
...

. . .
...

...
...

. . .
...

ΣIT
xy1S

ΣIT
xy2S

· · · ΣIT
xyRS

ΣI
yyS1

ΣI
yyS2

· · · ΣI
yySS



where

Ixr =



Ixr1

Ixr2
...

Ixrp


p×1

and Iys =



Iys1

Iys2
...

Iysq


q×1

,

µIxr
=



µIxr

µIxr
...

µIxr


p×1

and µIys =



µIys

µIys
...

µIys


q×1

,

28



ΣI
xxrr

= (vIxxrr − c
I
xxrr)Ip + cIxxrrJp×p =



vIxxrr cIxxrr · · · cIxxrr

cIxxrr vIxxrr · · · cIxxrr
...

...
. . .

...

cIxxrr cIxxrr · · · vIxxrr


p×p

,

ΣI
yyss = (vIyyss − c

I
yyss)Iq + cIyyssJq×q =



vIyyss cIyyss · · · cIyyss

cIyyss vIyyss · · · cIyyss
...

...
. . .

...

cIyyss cIyyss · · · vIyyss


q×q

,

ΣI
xxrf

= cIxxrfJp×q =



cIxxrf cIxxrf · · · cIxxrf

cIxxrf cIxxrf · · · cIxxrf
...

...
. . .

...

cIxxrf cIxxrf · · · cIxxrf


p×q

,

ΣI
yysg = cIyysgJp×q =



cIyysg cIyysg · · · cIyysg

cIyysg cIyysg · · · cIyysg
...

...
. . .

...

cIyysg cIyysg · · · cIyysg


p×q

and

ΣI
xyrs = cIxyrsJp×q =



cIxyrs cIxyrs · · · cIxyrs

cIxyrs cIxyrs · · · cIxyrs
...

...
. . .

...

cIxyrs cIxyrs · · · cIxyrs


p×q

.

with

• for all r, f = 1, 2, ..., R and r 6= f .
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• for all s, g = 1, 2, ..., S and s 6= g.

Then we define

T =

 A O

OT B


with

A =

[
A1 A2 · · · AR

]
B =

[
B1 B2 · · · BS

]

where

Ar =



ar1 0 · · · 0

0 ar2 · · · 0

...
...

. . .
...

0 0 · · · arp


p×p

and Bs =



bs1 0 · · · 0

0 bs2 · · · 0

...
...

. . .
...

0 0 · · · bsq


q×q

,

for all r = 1, 2, ..., R and for all s = 1, 2, ..., S.

Let

z = TI =

x
y


with

x = AIx =



∑R
r=1 ar1Ixr1∑R
r=1 ar2Ixr2

...∑R
r=1 arpIxrp


p×1
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and

y = BIy =



∑S
s=1 bs1Iys1∑S
s=1 bs2Iys2

...∑S
s=1 bsqIysq


q×1

According to Theorem 1, z follow follows a multivariate normal distribution with the

mean vector µz and the covariance matrix Σz , denoted as

z ∼ N(µz ,Σz)

with

µz =

µx
µy

 and Σz =

Σxx Σxy

ΣT
xy Σyy


where

µx =



∑R
r=1 ar1µ

I
xr∑R

r=1 ar2µ
I
xr

...∑R
r=1 arpµ

I
xr


p×1

,µy =



∑S
s=1 bs1µ

I
ys∑S

s=1 bs2µ
I
ys

...∑S
s=1 bsqµ

I
ys


q×1

(2.15)
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and

Σz =

Σxx Σxy

ΣT
xy Σyy



=



vxx11 cxx12 · · · cxx1p cxy11 cxy12 · · · cxy1q

cxx21 vxx22 · · · cxx2p cxy21 cxy22 · · · cxy2q
...

...
. . .

...
...

...
. . .

...

cxxp1 cxxp2 · · · vxxpp cxyp1 cxyp2 · · · cxypq

cxy11 cxy21 · · · cxyp1 vyy11 cyy12 · · · cyy1q

cxy12 cxy22 · · · cxyp2 cyy21 vyy22 · · · cyy2q
...

...
. . .

...
...

...
. . .

...

cxy1q cxy2q · · · cxypq cyyq1 cyyq2 · · · vyyqq


with

• vxxii =
∑R

r=1 a
2
riv

I
xxrr +

∑R
r=1

∑R
f 6=r ariafic

I
xxrf

, for all i = 1, 2, ..., p.

• cxxih =
∑R

r=1

∑R
f=1 ariafhc

I
xxrf

, for all i, h = 1, 2, ..., p and i 6= h.

• vyyjj =
∑S

s=1 b
2
sjv

I
yyss +

∑S
s=1

∑R
g 6=s bsjbgjc

I
yysg , for all j = 1, 2, ..., q.

• cyyjk =
∑S

s=1

∑S
g=1 bsjbgkc

I
yysg , for all j, k = 1, 2, ..., q and j 6= k.

• cxyij =
∑R

r=1

∑S
s=1 aribsjc

I
xyrs , for all i = 1, 2, ..., p and j = 1, 2, ..., q.

2.4.2 The Simplest Case

In this section, we discuss the simplest case of model in section 2.4.1, by letting

• vIx = vIxxrr , for all r = 1, 2, ..., R.

• cIx = cIxxrf , for all r, f = 1, 2, ..., R.

• vIy = vIyyss , for all s = 1, 2, ..., S.
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• cIy = cIyysg , for all s, g = 1, 2, ..., R.

• cIxy = cIxyrs , for all r = 1, 2, ..., R and s = 1, 2, ..., S.

Basic Model

After simplification, z follows a multivariate normal distribution with the mean vector

µz and the covariance matrix Σz , denoted as

z ∼ N(µz ,Σz)

with

µz =

µx
µy

 and Σz =

Σxx Σxy

ΣT
xy Σyy


where

µx =



∑R
r=1 ar1µ

I
xr∑R

r=1 ar2µ
I
xr

...∑R
r=1 arpµ

I
xr


p×1

,µy =



∑S
s=1 bs1µ

I
ys∑S

s=1 bs2µ
I
ys

...∑S
s=1 bsqµ

I
ys


q×1

(2.16)
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and

Σz =

Σxx Σxy

ΣT
xy Σyy



=



vxx11 cxx12 · · · cxx1p cxy11 cxy12 · · · cxy1q

cxx21 vxx22 · · · cxx2p cxy21 cxy22 · · · cxy2q
...

...
. . .

...
...

...
. . .

...

cxxp1 cxxp2 · · · vxxpp cxyp1 cxyp2 · · · cxypq

cxy11 cxy21 · · · cxyp1 vyy11 cyy12 · · · cyy1q

cxy12 cxy22 · · · cxyp2 cyy21 vyy22 · · · cyy2q
...

...
. . .

...
...

...
. . .

...

cxy1q cxy2q · · · cxypq cyyq1 cyyq2 · · · vyyqq


with

• vxxii =
∑R

r=1 a
2
riv

I
x +

∑R
r=1

∑R
f 6=r ariafic

I
x, for all i = 1, 2, ..., p.

• cxxih =
∑R

r=1

∑R
f=1 ariafhc

I
x, for all i, h = 1, 2, ..., p and i 6= h.

• vyyjj =
∑S

s=1 b
2
sjv

I
y +

∑S
s=1

∑R
g 6=s bsjbgjc

I
y, for all j = 1, 2, ..., q.

• cyyjk =
∑S

s=1

∑S
g=1 bsjbgkc

I
y, for all j, k = 1, 2, ..., q and j 6= k.

• cxyij =
∑R

r=1

∑S
s=1 aribsjc

I
xy, for all i = 1, 2, ..., p and j = 1, 2, ..., q.

Correlation Estimation

Moments Estimation
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The first two moment equations are given as,

E(xi) = µxi =
R∑
r=1

ariµ
I
xr

E(yj) = µyj =
S∑
s=1

bsjµ
I
ys

V ar(xi) = E(xi − µxi)2 = vxxii =
R∑
r=1

a2
riv

I
x +

R∑
r=1

R∑
f 6=r

ariafic
I
x

V ar(yj) = E(yj − µyj)2 = vyyjj =
S∑
s=1

b2
sjv

I
y +

S∑
s=1

R∑
g 6=s

bsjbgjc
I
y

Cov(xi, xh) = E(xi − µxi)(xh − µxh) = cxxih =
R∑
r=1

R∑
f=1

ariafhc
I
x

Cov(yj, yk) = E(yj − µyj)(yk − µyk) = cyyjk =
S∑
s=1

S∑
g=1

bsjbgkc
I
y

Cov(xi, yj) = E(xi − µxi)(yj − µyj) = cxyij =
R∑
r=1

S∑
s=1

aribsjc
I
xy (2.17)

• for all i, h = 1, 2, ..., p and i 6= h.

• for all j, k = 1, 2, ..., q and j 6= k.

Applying the average weighting strategy, the system of moment equations has been
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reduced as below,

E(xi) = µxi =
R∑
r=1

ariµ
I
xr

E(yj) = µyj =
S∑
s=1

bsjµ
I
ys

p∑
i=1

E(xi − µxi)2 =

p∑
i=1

R∑
r=1

a2
riv

I
x +

p∑
i=1

R∑
r=1

R∑
f 6=r

ariafic
I
x

q∑
j=1

E(yj − µyj)2 =

q∑
j=1

S∑
s=1

b2
sjv

I
y +

q∑
j=1

S∑
s=1

R∑
g 6=s

bsjbgjc
I
y

p∑
i=1

p∑
h6=i

E(xi − µxi)(xh − µxh) =

p∑
i=1

p∑
h6=i

R∑
r=1

R∑
f=1

ariafhc
I
x

q∑
j=1

q∑
k 6=j

E(yj − µyj)(yk − µyk) =

q∑
j=1

q∑
k 6=j

S∑
s=1

S∑
g=1

bsjbgkc
I
y

p∑
i=1

q∑
j=1

E(xi − µxi)(yj − µyj) =

p∑
i=1

q∑
j=1

R∑
r=1

S∑
s=1

aribsjc
I
xy (2.18)

Equaling the theoretical and sample moments of equations (2.18), the moment esti-
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mators are obtained as

µ̂xi =
1

M

M∑
m=1

xim

µ̂yj =
1

M

M∑
m=1

yjm

ĉIx =

∑p
i=1

∑p
h6=i

[
1
M

∑M
m=1(xim − µ̂xi)(xhm − µ̂xh)

]
∑p

i=1

∑p
h6=i
∑R

r=1

∑R
f=1 ariafh

ĉIy =

∑q
j=1

∑q
k 6=j

[
1
M

∑M
m=1(yjm − µ̂yj)(ykm − µ̂yk)

]
∑q

j=1

∑q
k 6=j
∑S

s=1

∑S
g=1 bsjbgk

ĉIxy =

∑p
i=1

∑q
j=1

[
1
M

∑M
m=1(xim − µ̂xi)(yjm − µ̂yj)

]
∑p

i=1

∑q
j=1

∑R
r=1

∑S
s=1 aribsj

v̂Ix =

∑p
i=1

[
1
M

∑M
m=1(xim − µ̂xi)2

]
−
∑p

i=1

∑R
r=1

∑R
f 6=r ariafiĉ

I
x∑p

i=1

∑R
r=1 a

2
ri

v̂Iy =

∑q
j=1

[
1
M

∑M
m=1(yjm − µ̂yj)2

]
−
∑q

j=1

∑S
s=1

∑S
g 6=s bsjbgj ĉ

I
y∑q

j=1

∑S
s=1 b

2
sj

(2.19)

Therefore, the correlation coefficient estimators, denoted as ρ̂Ix, ρ̂
I
y and ρ̂Ixy are given

as

ρ̂Ix =
ĉIx
v̂Ix

=
ĉIx∑p

i=1
1
M

∑M
m=1(xim−µ̂xi )2−

∑p
i=1

∑R
r=1

∑R
f 6=r ariafiĉ

I
x∑p

i=1

∑R
r=1 a

2
ri

=

∑p
i=1

∑R
r=1 a

2
riĉ

I
x∑p

i=1
1
M

∑M
m=1(xim − µ̂xi)2 −

∑p
i=1

∑R
r=1

∑R
f 6=r ariafiĉ

I
x
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ρ̂Iy =
ĉIy
v̂Iy

=
ĉIy∑q

j=1
1
M

∑M
m=1(yjm−µ̂yj )2−

∑q
j=1

∑S
s=1

∑S
g 6=s bsjbgj ĉ

I
y∑q

j=1

∑S
s=1 b

2
sj

=

∑q
j=1

∑S
s=1 b

2
sj ĉ

I
y∑q

j=1
1
M

∑M
m=1(yjm − µ̂yj)2 −

∑q
j=1

∑S
s=1

∑S
g 6=s bsjbgj ĉ

I
y

and

ρ̂Ixy =
ĉIxy√
v̂Ix

√
v̂Iy

(2.20)

where ĉIxy, v̂
I
x and v̂Iy are given in equation (2.19).

2.5 Mathematical Derivations

formula derivation for equation 2.6

w = Tz

=

Tx O

OT Ty


(p+q)×(p+q)

x
y


(p+q)×1

=

Tx × x
Ty × y


=

u
v


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where

u = Tx × x

=


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(p−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(p−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)p−2×1 (−1)p−1


p×p



x1

x2

x3

...

xp


p×1

=



(−1)0
∑p

i=1 xi

(−1)0 × (p− 1)× x1 + (−1)1
∑p

i=2 xi

(−1)1 × (p− 2)× x2 + (−1)2
∑p

i=3 xi
...

(−1)p−2 × 1× xp−1 + (−1)p−1
∑p

i=p xi


p×1
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Similarly,

v = Ty × y

=


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(q−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(q−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)q−2×1 (−1)q−1


q×q



y1

y2

y3

...

yq


q×1

=



(−1)0
∑q

i=1 yi

(−1)0 × (q − 1)× y1 + (−1)1
∑q

i=2 yi

(−1)1 × (q − 2)× y2 + (−1)2
∑q

i=3 yi
...

(−1)q−2 × 1× yq−1 + (−1)q−1
∑q

i=q yi


q×1

formula derivation for equation 2.7

µw = Tµz

=

Tx O

OT Ty


(p+q)×(p+q)

µx
µy


(p+q)×1

=

Tx × µx
Ty × µy


=

µu
µv


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where

µu = Tx × µx

=


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(p−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(p−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)p−2×1 (−1)p−1


p×p



µx

µx
...

µx


p×1

=



p× µx

0

...

0


p×1

Similarly,

µv = Ty × µy

=


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(q−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(q−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)q−2×1 (−1)q−1


q×q



µy

µy
...

µy


q×1

=



q × µy

0

...

0


q×1
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formula derivation for equation 2.8

Σz = TΣzT
T

=

Tx O

OT Ty


 Σx Σxy

ΣT
xy Σy


Tx O

OT Ty


T

=

 TxΣx TxΣxy

TyΣT
xy TyΣy


Tx O

OT Ty


T

=

 TxΣxT
T
x TxΣxyT

T
y

TyΣT
xyT

T
x TyΣyT

T
y



where

TxΣxT
T
x = Tx

[
(vx − cx)Ip + cxJp×p

]
T T
x

= (vx − cx)TxIpT T
x + cxTxJp×pT

T
x

= (vx − cx)TxT T
x + cxTxJp×pT

T
x

Here

TxT
T
x =


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(p−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(p−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)p−2×1 (−1)p−1


p×p

×


(−1)0 (−1)0(p−1) 0 ··· 0 0

(−1)0 (−1)1 (−1)1(p−2) ··· 0 0

(−1)0 (−1)1 (−1)2 ··· 0 0

...
...

...
...

...
...

(−1)0 (−1)1 (−1)2 ··· (−1)p−2 (−1)p−1


p×p

=


p 0 0 ··· 0 0
0 p(p−1) 0 ··· 0 0
0 0 (p−1)(p−2) ··· 0 0

...
...

...
...

...
...

0 0 0 ··· 3×2 0
0 0 0 ··· 0 2×1


p×p
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And

TxJp×pT
T
x =


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(p−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(p−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)p−2×1 (−1)p−1


p×p



1 1 · · · 1

1 1 · · · 1

...
...

. . .
...

1 1 · · · 1


p×p

×


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(p−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(p−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)p−2×1 (−1)p−1


T

p×p

=



p p · · · p

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


p×p


(−1)0 (−1)0(p−1) 0 ··· 0 0

(−1)0 (−1)1 (−1)1(p−2) ··· 0 0

(−1)0 (−1)1 (−1)2 ··· 0 0

...
...

...
...

...
...

(−1)0 (−1)1 (−1)2 ··· (−1)p−2 (−1)p−1


p×p

=



p2 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


p×p
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Thus

TxΣxT
T
x = (vx − cx)TxT T

x + cxTxJp×pT
T
x

= (vx − cx)


p 0 0 ··· 0 0
0 p(p−1) 0 ··· 0 0
0 0 (p−1)(p−2) ··· 0 0

...
...

...
...

...
...

0 0 0 ··· 3×2 0
0 0 0 ··· 0 2×1


p×p

+ cx



p2 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


p×p

=


p[vx+(p−1)cx] 0 0 ··· 0 0

0 p(p−1)(vx−cx) 0 ··· 0 0
0 0 (p−1)(p−2)(vx−cx) ··· 0 0

...
...

...
...

...
...

0 0 0 ··· 6×(vx−cx) 0
0 0 0 ··· 0 2×(vx−cx)


p×p

Similarly,

TyΣyT
T
y = Ty

[
(vy − cy)Iq + cyJq×q

]
T T
y

= (vy − cy)TyIqT T
y + cyTyJq×qT

T
y

= (vy − cy)TyT T
y + cyTyJq×qT

T
y

Here

TyT
T
y =


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(q−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(q−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)q−2×1 (−1)q−1


q×q

×


(−1)0 (−1)0(q−1) 0 ··· 0 0

(−1)0 (−1)1 (−1)1(q−2) ··· 0 0

(−1)0 (−1)1 (−1)2 ··· 0 0

...
...

...
...

...
...

(−1)0 (−1)1 (−1)2 ··· (−1)q−2 (−1)q−1


q×q

=


q 0 0 ··· 0 0
0 q(q−1) 0 ··· 0 0
0 0 (q−1)(q−2) ··· 0 0

...
...

...
...

...
...

0 0 0 ··· 3×2 0
0 0 0 ··· 0 2×1


q×q
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And

TyJq×qT
T
y =


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(q−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(q−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)q−2×1 (−1)q−1


q×q



1 1 · · · 1

1 1 · · · 1

...
...

. . .
...

1 1 · · · 1


q×q

×


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(q−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(q−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)q−2×1 (−1)q−1


T

q×q

=



q q · · · q

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


q×q


(−1)0 (−1)0(q−1) 0 ··· 0 0

(−1)0 (−1)1 (−1)1(q−2) ··· 0 0

(−1)0 (−1)1 (−1)2 ··· 0 0

...
...

...
...

...
...

(−1)0 (−1)1 (−1)2 ··· (−1)q−2 (−1)q−1


q×q

=



q2 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


q×q
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Thus

TyΣyT
T
y = (vy − cy)TyT T

y + cyTyJq×qT
T
y

= (vy − cy)


q 0 0 ··· 0 0
0 q(q−1) 0 ··· 0 0
0 0 (q−1)(q−2) ··· 0 0

...
...

...
...

...
...

0 0 0 ··· 3×2 0
0 0 0 ··· 0 2×1


q×q

+ cy



q2 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


q×q

=


q[vy+(q−1)cy ] 0 0 ··· 0 0

0 q(q−1)(vy−cy) 0 ··· 0 0
0 0 (q−1)(q−2)(vy−cy) ··· 0 0

...
...

...
...

...
...

0 0 0 ··· 6×(vy−cy) 0
0 0 0 ··· 0 2×(vy−cy)


q×q

And

TxΣxyT
T
y = cxyTxJp×qT

T
y
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where

TxJp×qT
T
y =


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(p−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(p−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)p−2×1 (−1)p−1


p×p



1 1 · · · 1

1 1 · · · 1

...
...

. . .
...

1 1 · · · 1


p×q

×


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(q−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(q−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)q−2×1 (−1)q−1


T

q×q

=



p p · · · p

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


p×q


(−1)0 (−1)0(q−1) 0 ··· 0 0

(−1)0 (−1)1 (−1)1(q−2) ··· 0 0

(−1)0 (−1)1 (−1)2 ··· 0 0

...
...

...
...

...
...

(−1)0 (−1)1 (−1)2 ··· (−1)q−2 (−1)q−1


q×q

=



pq 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


p×q
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Thus

TxΣxyT
T
y = cxyTxJp×qT

T
y

= cxy



pq 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


p×q

=



pqcxy 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


p×q

Similarly,

TyΣT
xyT

T
x = cxyTyJq×pT

T
x
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where

TyJq×pT
T
x =


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(q−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(q−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)q−2×1 (−1)q−1


q×q



1 1 · · · 1

1 1 · · · 1

...
...

. . .
...

1 1 · · · 1


q×p

×


(−1)0 (−1)0 (−1)0 ··· (−1)0 (−1)0

(−1)0(p−1) (−1)1 (−1)1 ··· (−1)1 (−1)1

0 (−1)1(p−2) (−1)2 ··· (−1)2 (−1)2

...
...

...
...

...
...

0 0 0 ··· (−1)p−2×1 (−1)p−1


T

p×p

=



q q · · · q

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


q×p


(−1)0 (−1)0(p−1) 0 ··· 0 0

(−1)0 (−1)1 (−1)1(p−2) ··· 0 0

(−1)0 (−1)1 (−1)2 ··· 0 0

...
...

...
...

...
...

(−1)0 (−1)1 (−1)2 ··· (−1)p−2 (−1)p−1


p×p

=



pq 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


q×p

(2.21)
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Thus

TyΣT
xyT

T
x = cxyTyJq×pT

T
x

= cxy



pq 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


q×p

=



pqcxy 0 · · · 0

0 0 · · · 0

...
...

. . .
...

0 0 · · · 0


q×p

formula derivation for equations 2.9

Let

lM = A1 + A2 + A3

where

A1 =
M∑
m=1

log
(
fN2(u1k, v1k | Θ∗w)

)
A2 =

M∑
m=1

[ p∑
i=2

log
(
fN(uim | σ2

u)
)]

A3 =
M∑
m=1

[ q∑
j=2

log
(
fN(vjm | σ2

v)
)]

where Θ∗w = {µu1 , µv1 , σ2
u1
, σ2

v1
, ρu1v1}.

Maximizing the log-likelihood function lM with respect to Θw is equivalent to max-

imizing A1, A2 and A3 with respect to Θ∗w, σ2
u and σ2

v simultaneously.
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Lemma 1 [24] Let (X1, Y1), (X2, Y2), ..., (Xn, Yn) be i.i.d bivariate normal random

variables (pairs) with Θ = {µX , µY , σ2
X , σ

2
Y , ρXY }, where all five parameters are un-

known. Then MLEs of the unknown parameters are derived as

µ̂X = x̄,

µ̂Y = ȳ,

σ̂2
X =

1

n

n∑
i=1

(xi − x̄)2,

σ̂2
Y =

1

n

n∑
i=1

(yi − ȳ)2,

ρ̂ =
1

n

n∑
i=1

(xi − x̄)(yi − ȳ)/(σ̂X σ̂Y ),

where x̄ =
∑n

k=1 xi
n

and ȳ =
∑n

k=1 yi
n

.

Maximizing A1 with respect to Θ∗w is equivalent to obtaining the MLEs of the bi-

variate normal random variables with all five parameters unknown. Thus, by lemma

1, we have

µ̂u1 = ū1.,

µ̂v1 = v̄1.,

σ̂2
u1

=
1

N

N∑
i=1

(u1i − ū1.)
2,

σ̂2
v1

=
1

N

N∑
i=1

(v1i − v̄1.)
2,

ρ̂u1v1 =
1

N

N∑
i=1

(u1i − ū1.)(v1i − v̄1.)/(σ̂u1σ̂v1),

where ū1. =
∑N

k=1 u1k
N

and v̄1. =
∑N

k=1 v1k
N

.

51



A2 =
M∑
m=1

[ p∑
i=2

log
(
fN(uim | σ2

u)
)]

=
M∑
m=1

[ p∑
i=2

(
− 1

2
log(2π)− 1

2
(p− i+ 2)− 1

2
log(p− i+ 1)

− 1

2
log(σ2

u)−
u2
im

2(p− i+ 2)(p− i+ 1)σ2
u

)]

since uim ∼ N(0, (p−i+2)(p−i+1)σ2
u), where i = 2, 3, ..., p and m = 1, 2, ...,M .

To maximize A2 with respect to σ2
u, the partial derivative of A2 is taken,

∂A2

∂σ2
u

=
M∑
m=1

[ p∑
i=2

(− 1

2σ2
u

+
u2
ik

2(p− i+ 2)(p− i+ 1)σ4
u

)
]

The optimization of σ2
u is a maximum likelihood estimation of the parameter as be-

low,

∂A2

∂σ2
u

= 0

Thus

σ̂2
u =

1

M(p− 1)

[ M∑
m=1

p∑
i=2

( u2
im

(p− i+ 2)(p− i+ 1)

)]
Similarly,

A3 =
M∑
m=1

[ q∑
j=2

log
(
fN(vjm | σ2

v)
)]

=
M∑
m=1

[ q∑
j=2

(
− 1

2
log(2π)− 1

2
(q − j + 2)− 1

2
log(q − j + 1)

− 1

2
log(σ2

v)−
v2
jm

2(q − j + 2)(q − j + 1)σ2
v

)]

since vjm ∼ N(0, (q−j+2)(q−j+1)σ2
v), where j = 2, 3, ..., q and m = 1, 2, ...,M .
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To maximize A3 with respect to σ2
v , the partial derivative of A3 is taken,

∂A3

∂σ2
v

=
M∑
m=1

[ q∑
j=2

(− 1

2σ2
v

+
v2
jm

2(q − j + 2)(q − j + 1)σ4
v

)
]

The optimization of σ2
v is a maximum likelihood estimation of the parameter as be-

low,

∂A3

∂σ2
v

= 0

Thus

σ̂2
v =

1

M(q − 1)

[ M∑
m=1

q∑
j=2

( v2
jm

(q − j + 2)(q − j + 1)

)]

By definitions, we have following equations,

µ̂u1 = p× µ̂x,

µ̂v1 = q × µ̂y,

σ̂2
u1 = p× [v̂x + (p− 1)ĉx],

σ̂2
v1 = q × [v̂y + (q − 1)ĉy],

σ̂2
u = v̂x − ĉx,

σ̂2
v = v̂y − ĉy,

ρ̂u1v1σ̂u1σ̂v1 = pqĉxy
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Solving the system of equations above, we obtain the MLEs of Θw,

µ̂x =
1

p
ū1.

µ̂y =
1

q
v̄1.

v̂x =
1

Mp2

M∑
m=1

(u1m − ū1.)
2 +

1

Mp

[ p∑
i=2

(

∑M
m=1(u2

im)

(p− i+ 2)(p− i+ 1)
)
]

v̂y =
1

Mq2

M∑
m=1

(v1m − v̄1.)
2 +

1

Mq

[ q∑
j=2

(

∑M
m=1(v2

jm)

(q − j + 2)(q − j + 1)
)
]

ĉx =
1

Mp2

M∑
m=1

(u1m − ū1.)
2 − 1

mp(p− 1)

[ p∑
i=2

(

∑M
m=1(u2

im)

(p− i+ 2)(p− i+ 1)
)
]

ĉy =
1

Mq2

M∑
m=1

(v1m − v̄1.)
2 +

1

mq(q − 1)

[ q∑
j=2

(

∑m
k=1(v2

jm)

(q − j + 2)(q − j + 1)
)
]

ˆcxy =
1

Mpq

M∑
m=1

(u1m − ū1.)(v1m − v̄1.)

where ū1. =
∑M

m=1 u1m
M

and v̄1. =
∑M

m=1 v1m
M

.

formula derivation for equations 2.10

Let

A∗ =
M∑
m=1

(u1m − ū1.)
2
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The expansion of A∗ is

M∑
m=1

(u1m − ū1.)
2 =

M∑
m=1

(x1m + x2m + · · ·+ xpm − x̄1. − x̄2. − · · · − x̄p.)2

=
M∑
m=1

(x1m − x̄1. + x2m − x̄2. + · · ·+ xpm − x̄p.)2

=
M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]

+ 2×
M∑
m=1

[ p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]

=
M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]

+ 2×
M∑
m=1

[ p∑
i=1

p∑
h>i

(ximxhm)
]

− 2M

p∑
i=1

p∑
h>i

(x̄i.x̄h.)

Similarly,

M∑
m=1

(v1m−v̄1.)
2 =

M∑
m=1

[ q∑
j=1

(yjm−ȳj.)2
]
+2×

M∑
m=1

[ q∑
j=1

q∑
k>j

(yjmykm)
]
−2M

q∑
j=1

q∑
k>j

(ȳj.ȳk.)

Let

B∗ =

p∑
i=2

(

∑M
m=1(u2

im)

(p− i+ 2)(p− i+ 1)
)

The expansion of B∗ is

p∑
i=2

(

∑M
m=1(u2

im)

(p− i+ 2)(p− i+ 1)
) =

M∑
m=1

[ p∑
i=1

(ciix
2
im)
]

+
M∑
m=1

[ p∑
i=1

p∑
h>i

(cihximxhm)
]
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where cii is obtained,

cii =
(p− (i+ 1)− 1)2

(p− (i+ 1) + 2)(p− (i+ 1) + 1)
+

i∑
h=2

1

(p− h+ 2)(p− h+ 1)

=
(p− i)2

(p− i+ 1)(p− i)
+

i∑
h=2

(
1

p− h+ 1
− 1

p− h+ 2
)

=
p− i

p− i+ 1
+

1

p− i+ 1
− 1

p

= 1− 1

p

=
p− 1

p
(2.22)

and cij is given as

cij = − 2× (p− (i+ 1)− 1)

(p− (i+ 1) + 2)(p− (i+ 1) + 1)
+ 2×

i∑
h=2

1

(p− h+ 2)(p− h+ 1)

= − 2× (p− i)
(p− i+ 1)(p− i)

+ 2×
i∑

h=2

(
1

p− h+ 1
− 1

p− h+ 2
)

= − 2

p− i+ 1
+

2

p− i+ 1
− 2

p

= −2

p
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Thus

p∑
i=2

(

∑M
m=1(u2

im)

(p− i+ 2)(p− i+ 1)
) =

p− 1

p

M∑
m=1

[ p∑
i=1

(x2
im)
]
− 2

p

M∑
m=1

[ p∑
i=1

p∑
h>i

(ximxhm)
]

=
p− 1

p

M∑
m=1

[ p∑
i=1

(x2
im − x̄2

i. + x̄2
i.)
]

− 2

p

M∑
m=1

[ p∑
i=1

p∑
h>i

(ximxhm − x̄i.x̄h. + x̄i.x̄h.)
]

=
p− 1

p

M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]

+
M(p− 1)

p

p∑
i=1

(x̄2
i.)

− 2

p

M∑
m=1

[ p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]

− 2M

p

p∑
i=1

p∑
h>i

(x̄i.x̄h.)

Similarly,

q∑
j=2

(

∑M
m=1(v2

jm)

(q − j + 2)(q − j + 1)
) =

q − 1

q

M∑
m=1

[ q∑
j=1

(y2
jm)
]
− 2

q

M∑
m=1

[ q∑
j=1

q∑
k>j

(yjmykm)
]

=
q − 1

q

M∑
m=1

[ q∑
j=1

(yjm − ȳj.)2
]

+
M(q − 1)

q

q∑
j=1

(ȳ2
j.)

− 2

q

M∑
m=1

[ q∑
j=1

q∑
k>j

(yjm − ȳj.)(ykm − ȳk.)
]

− 2M

q

q∑
j=1

q∑
k>j

(ȳj.ȳk.)
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Therefore,

v̂x =
1

Mp2

M∑
m=1

(u1m − ū1.)
2 +

1

Mp

[ p∑
i=2

(

∑M
m=1(u2

im)

(p− i+ 2)(p− i+ 1)
)
]

=
1

Mp2

{ M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]

+ 2
M∑
m=1

[ p∑
i=1

p∑
h>i

(ximxhm)
]
− 2M

p∑
i=1

p∑
h>i

(x̄i.x̄h.)
}

+
1

Mp

{p− 1

p

M∑
m=1

[ p∑
i=1

(x2
im)
]
− 2

p

M∑
m=1

[ p∑
i=1

p∑
h>i

(ximxhm)
]}

=
1

Mp2

{ M∑
m=1

[ p∑
i=1

(xik − x̄i.)2
]

+ (p− 1)
M∑
m=1

[ p∑
i=1

(x2
im − x̄2

i.)
]

+M(p− 1)

p∑
i=1

x̄2
i. − 2M

p∑
i=1

p∑
h>i

(x̄i.x̄h.)
}

=
1

Mp2

{
p

M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]

+M

p∑
i=1

p∑
h>i

(x̄i. − x̄h.)2
}

=
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]}

+
1

p2

{ p∑
i=1

p∑
h>i

(x̄i. − x̄h.)2
}

Similarly,

v̂y =
1

Mq2

M∑
m=1

(v1m − v̄1.)
2 +

1

Mq

[ q∑
j=2

(

∑N
m=1(v2

jm)

(q − j + 2)(q − j + 1)
)
]

=
1

Mq

{ M∑
m=1

[ q∑
j=1

(yjm − ȳj.)2
]}

+
1

q2

{ q∑
j=1

q∑
k>j

(ȳj. − ȳk.)2
}
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And

ĉx =
1

Mp2

M∑
m=1

(u1m − ū1.)
2 − 1

Mp(p− 1)

[ p∑
i=2

(

∑M
m=1(u2

im)

(p− i+ 2)(p− i+ 1)
)
]

=
1

Mp2

{ M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]

+ 2×
M∑
m=1

[ p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]}

− 1

Mp(p− 1)

{p− 1

p

M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]

+
M(p− 1)

p

p∑
i=1

(x̄2
i.)

− 2

p

M∑
m=1

[ p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]
− 2M

p

p∑
i=1

p∑
h>i

(x̄i.x̄h.)
}

=
1

Mp

{1

p

M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]

+
2

p

M∑
m=1

[ p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]

− 1

p

M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]
− M

p

p∑
i=1

(x̄2
i.)

+
2

p(p− 1)

M∑
m=1

[ p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]

+
2M

p(p− 1)

p∑
i=1

p∑
h>i

(x̄i.x̄h.)
}

=
1

Mp

{ 2

p− 1

M∑
m=1

[ p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]
− M

p

p∑
i=1

(x̄2
i.)

+
2M

p(p− 1)

p∑
i=1

p∑
h>i

(x̄i.x̄h.)
}

=
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]}
− 1

p2

p∑
i=1

(x̄2
i.)

+
2

p2(p− 1)

p∑
i=1

p∑
h>i

(x̄i.x̄h.)

=
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]}

− 1

p2(p− 1)

[
(p− 1)

p∑
i=1

(x̄2
i.)− 2×

p∑
i=1

p∑
h>i

(x̄i.x̄h.)
]

=
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]}

− 1

p2(p− 1)

[ p∑
i=1

p∑
h>i

(x̄i. − x̄h.)2
]
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Similarly,

ĉy =
1

Mq2

M∑
m=1

(v1m − v̄1.)
2 − 1

Mq(q − 1)

[ q∑
j=2

(

∑M
m=1(v2

jm)

(q − j + 2)(q − j + 1)
)
]

=
1

M

{ M∑
m=1

[ 2

q(q − 1)

q∑
j=1

q∑
k>j

(yjm − ȳj.)(ykm − ȳk.)
]}

− 1

q2(q − 1)

[ q∑
i=1

q∑
k>j

(ȳj. − ȳk.)2
]

Also,

ĉxy =
1

Mpq

M∑
m=1

(u1m − ū1.)(v1m − v̄1.)

=
1

Mpq

M∑
m=1

(x1m + · · ·+ xpm − x̄1. − · · · − x̄p.)(y1m + · · ·+ yqm − ȳ1. − · · · − ȳq.)

=
1

Mpq

M∑
m=1

(x1m − x̄1. + · · ·+ xpm − x̄p.)(y1m − ȳ1. + · · ·+ yqm − ȳq.)

=
1

M

M∑
m=1

[ 1

pq

p∑
i=1

q∑
j=1

(xik − x̄i.)(yjk − ȳj.)
]
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Thus, the MLEs of Θw are

µ̂x =
1

Mp

M∑
m=1

p∑
i=1

xim = x̄..

µ̂y =
1

Mq

M∑
m=1

q∑
j=1

yjm = ȳ..

v̂x =
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]}

+
1

p2

[ p∑
i=1

p∑
h>i

(x̄i. − x̄h.)2
]

v̂y =
1

Mq

{ M∑
m=1

[ q∑
j=1

(yjm − ȳj.)2
]}

+
1

q2

[ q∑
j=1

q∑
k>j

(ȳj. − ȳk.)2
]

ĉx =
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]}

− 1

p2(p− 1)

[ p∑
i=1

p∑
h>i

(x̄i. − x̄h.)2
]

ĉy =
1

M

{ M∑
m=1

[ 2

q(q − 1)

q∑
j=1

q∑
k>j

(yjm − ȳj.)(ykm − ȳk.)
]}

− 1

q2(q − 1)

[ q∑
j=1

q∑
k>j

(ȳj. − ȳk.)2
]

ĉ =
1

M

M∑
m=1

[ 1

pq

p∑
i=1

q∑
j=1

(xim − x̄i.)(yjm − ȳj.)
]

Let

A∗∗ =
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]}
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The expansion of A∗∗ is

A∗∗ =
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]}

=
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄.. + x̄.. − x̄i.)2
]}

=
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄..)2 + (x̄.. − x̄i.)2 + 2× (xim − x̄..)(x̄.. − x̄i.)
]}

=
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄..)2 − (x̄.. − x̄i.)2
]}

=
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄..)2
]}
− 1

Mp

{ M∑
m=1

[ p∑
i=1

(x̄.. − x̄i.)2
]}

=
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄..)2
]}
− 1

p

[ p∑
i=1

(x̄.. − x̄i.)2
]

=
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄..)2
]}
− 1

p

[ p∑
i=1

(x̄2
i. − x̄2

..)
]

=
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄..)2
]}
− 1

p

[p− 1

p

p∑
i=1

(x̄i.)
2 − 2

p

p∑
i=1

p∑
h>i

(x̄i.x̄h.)
]

=
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄..)2
]}
− 1

p2

[
(p− 1)

p∑
i=1

(x̄i.)
2 − 2×

p∑
i=1

p∑
h>i

(x̄i.x̄h.)
]

=
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄..)2
]}
− 1

p2

[ p∑
i=1

p∑
h>i

(x̄i. − x̄h.)2
]

Thus,

v̂x =
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄i.)2
]}

+
1

p2

[ p∑
i=1

p∑
h>i

(x̄i. − x̄h.)2
]

=
1

Mp

{ M∑
m=1

[ p∑
i=1

(xim − x̄..)2
]}
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Simalarly,

v̂y =
1

Mq

{ M∑
m=1

[ q∑
j=1

(yjm − ȳj.)2
]}

+
1

q2

[ q∑
j=1

q∑
k>j

(ȳj. − ȳk.)2
]

=
1

Mq

{ M∑
m=1

[ q∑
j=1

(yjm − ȳ..)2
]}

Let

B∗∗ =
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄i.)(xhk − x̄h.)
]}
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The expansion of B∗∗ is

B =
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]}

=
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄.. + x̄.. − x̄i.)(xhm − x̄.. + x̄.. − x̄h.)
]}

=
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄..)(xhm − x̄..)
]}

− 1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(x.. − x̄i.)(x.. − x̄h.)
]}

=
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄..)(xhm − x̄..)
]}

− 2

p(p− 1)

[ p∑
i=1

p∑
h>i

(x.. − x̄i.)(x.. − x̄h.)
]

=
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄..)(xhm − x̄..)
]}

− 2

p(p− 1)

[ p∑
i=1

p∑
h>i

(x̄i.x̄h. − x̄2
..)
]

=
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄..)(xhm − x̄..)
]}

− 2

p(p− 1)

[1

p

p∑
i=1

p∑
h>i

(x̄i.x̄h.)−
p− 1

2p

p∑
i=1

(x̄2
i.)
]

=
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄..)(xhm − x̄..)
]}

+
1

p2(p− 1)

[
(p− 1)

p∑
i=1

(x̄2
i.)− 2×

p∑
i=1

p∑
h>i

(x̄i.x̄h.)
]

=
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄..)(xhm − x̄..)
]}

+
1

p2(p− 1)

[ p∑
i=1

p∑
h>i

(x̄i. − x̄h.)2
]
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Thus,

ĉx =
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄i.)(xhm − x̄h.)
]}

− 1

p2(p− 1)

[ p∑
i=1

p∑
h>i

(x̄i. − x̄h.)2
]

=
1

M

{ M∑
m=1

[ 2

p(p− 1)

p∑
i=1

p∑
h>i

(xim − x̄..)(xhm − x̄..)
]}

Similarly,

ĉy =
1

M

{ M∑
m=1

[ 2

q(q − 1)

q∑
j=1

q∑
k>j

(yjm − ȳj.)(ykm − ȳk.)
]}

− 1

q2(q − 1)

[ q∑
j=1

q∑
k>j

(ȳj. − ȳk.)2
]

=
1

M

{ M∑
m=1

[ 2

q(q − 1)

q∑
j=1

q∑
k>j

(yjm − ȳ..)(ykm − ȳ..)
]}

Also,

ĉxy =
1

M

M∑
m=1

[ 1

pq

p∑
i=1

q∑
j=1

(xim − x̄i.)(yjm − ȳj.)
]

=
1

M

M∑
m=1

[ 1

pq

p∑
i=1

q∑
j=1

(xim − x̄.. + x̄.. − x̄i.)(yjm − ȳ.. + ȳ.. − ȳj.)
]

=
1

M

m∑
m=1

[ 1

pq

p∑
i=1

q∑
j=1

(xim − x̄..)(yjm − ȳ..)
]
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Chapter 3

Multivariate Poisson-Lognormal

Model Based Methods

3.1 Introduction

In this chapter, we provide a statistical framework for multivariate count data. We

propose multivariate Poisson-lognormal models for fitting RNA-seq data in three

scenarios: one exon with one isoform, multiple exons with one isoform and multiple

exons with multiple isoforms. Correlation coefficients are estimated by the method

of moments.

3.2 Multivariate Poisson-Lognormal Distribution

The multivariate Poisson-lognormal modeling (MPLN)[25] provides a statistical

framework for multivariate count data. Unlike McKendrick’s correlated bivariate

Poisson distribution[26], MPLN supports a wide range of correlation structures. Both

positive and negative correlations can be modeled within the MPLN framework.

The p-dimensional MPLN is a hierarchical probabilistic model with p independent

Poisson distributions as the outer layer and a p-dimensional multivariate lognormal

distribution as the inner layer, its density function is described as below,

f(x|µ,Σ) =

∫
Rp

+

p∏
i=1

f(xi|λi)g(Λp|µ,Σ)dΛp (x1, ..., xp = 0, 1, ...), (3.1)
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where

• x = (x1, x2, ..., xp)
T .

• f(xi|λi) is the Poisson probability distribution function (p.d.f) with mean λi,

for all i = 1, 2, ..., p.

• g(Λp|µ,Σ) is the p-dimensional multivariate lognormal probability density func-

tion with mean vector µ and variance matrix Σ.

•

µ =



µ1

µ2

...

µp


and Σ =



σ2
1 σ12 · · · σ1p

σ21 σ2
2 · · · σ2p

...
...

. . .
...

σp1 σp2 · · · σ2
p


with σih = σhi, for all i, h = 1, 2, ..., p and i 6= h.

Aitchison & Ho (1989) studied the properties of MPLN. They demonstrated that the

moments of MPLN can be easily obtained by the conditional expectation rule and

provided first two moment equations,

E(xi) = exp(µi +
1

2
σ2
i ) = αi,

V ar(xi) = αi + α2
i {exp(σ2

i )− 1},

Cov(xi, xh) = αiαh{exp(σih)− 1},

Corr(xi, xh) =
exp(σih)− 1

[{exp(σ2
i )− 1 + α−1

i }{exp(σ2
h)− 1 + α−1

h }]
1
2

(3.2)

where

• αi is the mean of random variable xi,

• σ2
i , σ

2
h and σih are the (i, i), (h, h), (i, h) elements of Σ respectively, for all

i, h = 1, 2, ...p and h 6= i.
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• σih = ρihσiσh, where ρih is the correlation coefficient between log(λi) and

log(λh).

From equation (3.2), MPLN accommodates over-dispersion, as V ar(xi) > E(xi).

Also the range of possible correlation values is smaller than the one of multivariate

lognormal distribution, because |Corr(xi, xh)|< |Corr(λi, λh)|[25].

The likelihood-based parameter estimation method of MPLN is a difficult problem

that is still under investigation, because it is difficult to simplify the multiple integral

of probability density function. A suggestion provided by Aitchison & Ho transforms

the probability density function and then performs numerical computations based on

multivariate Hermitian integration.

3.3 Models for RNA-seq Data

3.3.1 One Exon with One Isoform

Introduction

In one exon with one isoform case, all mRNAs from gene gx and gene gy contain

only one exon. we propose a bivariate Poisson-longnormal model to fit count-type

RNA-seq data, x and y. θx and θy, the expression indexes of gx and gy, are assumed

to be correlated with a bivariate lognormal distribution. Also total volume of exper-

iments, n = (n1, n2, ..., nM), x−gene length, lx and y−gene length, ly are taken into

consideration within the model.

Basic Model

Suppose there are M pairs of observations on gene gx and gene gy. The mth pair

of observations is (xm, ym), for all m = , , ...,M . We consider a bivariate Poisson-
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lognormal model. The probability density function of mth pair of observations is

f(xn, ym|µ,Σ) =

∫ ∞
0

∫ ∞
0

f(xm|θx)f(ym|θy)g(θx, θy|µ,Σ)dθxdθy

(xm, ym = 0, 1, ...), (3.3)

where

• f(xm|θx) and f(ym|θy) are the Poisson probability distribution functions with

mean nmlxθx and nmlyθy respectively, where nm, lx and ly are all known.

• g(θx, θy|µ,Σ) is the bivariate lognormal probability density function with mean

vector µ and variance matrix Σ.

•

µ =

µx
µy

 , Σ =

 vx cxy

cxy vy


where

• vx and vy are the variance of log(θx) and log(θy) respectively.

• cxy is the covariance between log(θx) and log(θy).

• cxy = ρxy
√
vxvy, where ρxy is the correlation coefficient between log(θx) and

log(θy).

Correlation Estimation

We suggest to estimate correlation coefficient ρxy using the method of moments. The
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first two moments equations for all m = 1, 2, , ...,M are described as below,

E(xm) = nmlxexp(µx +
1

2
vx) = nmlxαx,

E(ym) = nmlyexp(µy +
1

2
vy) = nmlyαy,

E(x2
m) = nmlxαx + n2

ml
2
xα

2
xexp(vx),

E(y2
m) = nmlyαy + n2

ml
2
yα

2
yexp(vy),

E(xmym) = n2
mlxlyαxαyexp(cxy), (3.4)

To reduce the number of moment equations, the normalized random variables xm
nmlx

and ym
nmly

are considered. The moment equations are given as,

E(
xm
nmlx

) = exp(µx +
1

2
vx) = αx,

E(
ym
nmly

) = exp(µy +
1

2
vy) = αy,

E(
x2
m

n2
ml

2
x

) =
αx
nmlx

+ α2
xexp(vx),

E(
y2
m

n2
ml

2
y

) =
αy
nmly

+ α2
yexp(vy),

E(
xmym
n2
mlxly

) = αxαxexp(cxy), (3.5)

And we move αx

nmlx
and αy

nmly
from the right-hand side to the left had side. Then the

moment equations become
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E(
xm
nmlx

) = exp(µx +
1

2
vx) = αx,

E(
ym
nmly

) = exp(µy +
1

2
vy) = αy,

E(
x2
m − xm
n2
ml

2
x

) = α2
xexp(vx),

E(
y2
m − ym
n2
ml

2
y

) = α2
yexp(vy),

E(
xmym
n2
mlxly

) = αxαxexp(cxy), (3.6)

Equaling the theoretical moments of equations (3.6) with their sample moments, we

obtain the moment estimators as below,

α̂x =
1

M

M∑
m=1

(
xm
nmlx

)

α̂y =
1

M

M∑
m=1

(
ym
nmly

)

v̂x = log
{ 1
M

∑M
m=1(x

2
m−xm
n2
ml

2
x

)

[ 1
M

∑M
m=1( xm

nmlx
)]2

}

v̂y = log
{ 1
M

∑M
m=1(y

2
m−ym
n2
ml

2
y

)

[ 1
M

∑M
m=1( ym

nmly
)]2

}
ĉxy = log

{ 1
M

∑M
m=1( xmym

n2
mlxly

)

[ 1
M

∑M
m=1( xm

nmlx
)][ 1

M

∑M
m=1( ym

nmly
)]

}
(3.7)
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From equation 3.7, we get the correlation coefficient estimator as

ρ̂xy =
ĉxy√
v̂xv̂y

=

log
{ 1

M

∑M
m=1( xmym

n2
mlxly

)

[ 1
M

∑M
m=1( xm

nmlx
)][ 1

M

∑M
m=1( ym

nmly
)]

}
√
log
{ 1

M

∑M
m=1(

x2m−xm

n2
ml2x

)

[ 1
M

∑M
m=1( xm

nmlx
)]

2

}√
log
{ 1

M

∑M
m=1(

y2m−ym

n2
ml2y

)

[ 1
M

∑M
m=1( ym

nmly
)]

2

}

=

log
{ 1

M

∑M
m=1(xmym

n2
m

)

[ 1
M

∑M
m=1( xm

nm
)][ 1

M

∑M
m=1( ym

nm
)]

}
√
log
{ 1

M

∑M
m=1(

x2m−xm

n2
m

)

[ 1
M

∑M
m=1( xm

nm
)]

2

}√
log
{ 1

M

∑M
m=1(

y2m−ym

n2
m

)

[ 1
M

∑M
m=1( ym

nm
)]

2

}

(3.8)

The correlation coefficient estimator ρ̂xy is free of gene lengths lx and ly.

3.3.2 Multiple Exons with One Isoform

Introduction

In multiple exons with one isoform case, all mRNAs from gene gx and gene gy

are formed by multiple exons. However, there is only one possible combination

of exons for each gene. Assuming gene gx has p exons and gene gy has q exons.

We suggest a multivariate Poisson-lognormal model with block compound symme-

try correlation structure to fit count-type RNA-seq data, x = (x1, x2, ..., xp)
T and

y = (y1, y2, ..., yq)
T .

The expression indexes of exons within gene gx and gene gy, denoted as θx = (θx1 , θx2 ,

..., θxp)T and θy = (θy1 , θy2 , ..., θyq)
T , are assumed to be correlated with a multivariate

lognormal distribution with block compound symmetry correlation structure. Also

total volume of experiments n = (n1, n2, ..., nM)T , x−exon lengths lx = (lx1 , lx2 , ...,

lxp)T and y−exons length ly = (ly1 , ly2 , ..., lyq)
T are modeled.
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Basic Model

Suppose there are M sets of observations on gene gx and gene gy. The mth set of

observations is (xm,ym), where xm and ym are denoted as (xm, xm, ..., xpm)T and

(ym, ym, ..., yqm)T respectively, for all m = , , ...,M . We consider a multivariate

Poisson-lognormal model. The probability density function of mth set of observations

is

f(xm,ym|µ,Σ) =

∫ ∞
0

· · ·
∫ ∞

0

p∏
i=1

f(xim|θxi)
q∏
j=1

f(yjm|θyj)g(θx,θy|µ,Σ)dθ

(xim, yjm = 0, 1, ...), (3.9)

with

• f(xim|θxi) and f(yjm|θyj) are the Poisson probability distribution functions with

mean nmlxiθxi and nmlyjθyj respectively, where nm, lxi and lyj are all known, for

all i = 1, 2, ..., p and j = 1, 2, ..., q.

• g(θx,θy|µ,Σ) is the (p+ q)-dimensional multivariate lognormal probability

density function with mean vector µ and variance matrix Σ.

where

µ =

µxJp×1

µyJq×1

 , Σ =

(vx − cx)Ip + cxJp×p cxyJp×q

cxyJq×p (vy − cy)Iq + cyJq×q

 .

Correlation Estimation

We consider to estimate the correlation coefficient using the method of moments. The

first two moments equations are derived as below, for all i, h = 1, 2, ..., p, h 6= i, all
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j, k = 1, 2, ..., q, k 6= j and all all m = 1, 2, ...,M ,

E(xim) = nmlxiexp(µx +
1

2
vx) = nmlxiαx,

E(yjm) = nmlyjexp(µy +
1

2
vy) = nmlyjαy,

E(x2
im) = nmlxiαx + n2

ml
2
xi
α2
xexp(vx),

E(y2
jm) = nmlyjαy + n2

ml
2
yj
α2
yexp(vy),

E(ximyjm) = n2
mlxilyjαxαyexp(cxy),

E(ximxhm) = n2
mlxilxhα

2
xexp(cx),

E(yjmykm) = n2
mlyj lykα

2
yexp(cy), (3.10)

where

• cx = ρxvx, where ρx is the correlation coefficient of exons within gene gx.

• cy = ρyvy, where ρy is the correlation coefficient of exons within gene gy.

• cxy = ρxy
√
vxvy, where ρxy is the correlation coefficient of exons between gene

gx and gene gy.

To reduce the number of moment equations, the normalized random variables xim
nmlxi
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and
yjm
nmlyj

are considered. The moment equations are given as,

E(
xim
nmlxi

) = exp(µx +
1

2
vx) = αx,

E(
yjm
nmlyj

) = exp(µy +
1

2
vy) = αy,

E(
x2
im

n2
ml

2
xi

) =
αx
nmlxi

+ α2
xexp(vx),

E(
y2
jm

n2
ml

2
yj

) =
αy
nmlyj

+ α2
yexp(vy),

E(
ximyjm
n2
mlxilyj

) = αxαyexp(cxy),

E(
ximxhm
n2
mlxilxh

) = α2
xexp(cx),

E(
yjmykm
n2
mlyj lyk

) = α2
yexp(cy), (3.11)

Assuming nm is large enough and αx and αy are relatively small, the terms αx

nmlxi

and αy

nmlyj
are all come to zero. Then we can apply the average weighting strategy

approximately to further reduce the number of moment equations. Also we don’t want

to drop the terms αx

nmlxi
and αy

nmlyj
. Therefore we remove them from the right-hand
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side to the left had side. Then the moment equations become

1

p

p∑
i=1

E(
xim
nmlxi

) = exp(µx +
1

2
vx) = αx,

1

q

q∑
j=1

E(
yjm
nmlyj

) = exp(µy +
1

2
vy) = αy,

1

p

p∑
i=1

E(
x2
im − xim
n2
ml

2
xi

) = α2
xexp(vx),

1

q

q∑
j=1

E(
y2
jm − yjm
n2
ml

2
yj

) = α2
yexp(vy),

1

pq

p∑
i=1

q∑
j=1

E(
ximyjm
n2
mlxilyj

) = αxαyexp(cxy),

1

p(p− 1)

p∑
i=1

p∑
h6=i

E(
ximxhm
n2
mlxilxh

) = α2
xexp(cx),

1

q(q − 1)

q∑
j=1

q∑
k 6=j

E(
yjmykm
n2
mlyj lyk

) = α2
yexp(cy), (3.12)

Equaling the theoretical moments and their sample moments of equations (3.12), we
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obtain the moment estimators as below,

α̂x =
1

p

p∑
i=1

[ 1

M

M∑
m=1

(
xim
nmlxi

)
]

α̂y =
1

q

q∑
j=1

[ 1

M

M∑
m=1

(
yjm
nmlyj

)
]

v̂x = log
{ 1
p

∑p
i=1

1
M

∑M
m=1(

x2im−xim
n2
ml

2
xi

)

[1
p

∑p
i=1

1
M

∑M
m=1( xim

nmlxi
)]2

}

v̂y = log
{ 1
q

∑q
j=1

1
M

∑M
m=1(

y2jm−yjm
n2
ml

2
yj

)

[1
q

∑q
j=1

1
M

∑M
m=1(

yjm
nmlyj

)]2

}

ĉx = log
{ 1
p(p−1)

∑p
i=1

∑p
h6=i

1
M

∑M
m=1( ximxhm

n2
mlxi lxh

)

[1
p

∑p
i=1

1
M

∑M
m=1( xim

nmlxi
)]2

}

ĉy = log
{ 1
q(q−1)

∑q
j=1

∑q
k 6=j

1
M

∑M
m=1(

yjmykm
n2
mlyj lyk

)

[1
q

∑q
j=1

1
M

∑M
m=1(

yjm
nmlyj

)]2

}

ĉxy = log
{ 1

pq

∑p
i=1

∑q
j=1

1
M

∑M
m=1(

ximyjm
n2
mlxi lyj

)

[1
p

∑p
i=1

1
M

∑M
m=1( xim

nmlxi
)][1

q

∑q
j=1

1
M

∑M
m=1(

yjm
nmlyj

)]

}
(3.13)

From eqaution 3.13, we have the correlation coefficient estimators as below,

ρ̂x =
ĉx
v̂x

=

log
{ 1

p(p−1)

∑p
i=1

∑p
h 6=i

1
M

∑M
m=1(

ximxhm
n2
mlxi lxh

)

[ 1
p

∑p
i=1

1
M

∑M
m=1(

xim
nmlxi

)]2

}
log
{ 1

p

∑p
i=1

1
M

∑M
m=1(

x2
im
−xim

n2
ml2xi

)

[ 1
p

∑p
i=1

1
M

∑M
m=1(

xim
nmlxi

)]2

}
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ρ̂y =
ĉy
v̂y

=

log
{ 1

q(q−1)

∑q
j=1

∑q
k 6=j

1
M

∑M
m=1(

yjmykm

n2
mlyj lyk

)

[ 1
q

∑q
j=1

1
M

∑M
m=1(

yjm
nmlyj

)]2

}
log
{ 1

q

∑q
j=1

1
M

∑M
m=1(

y2
jm
−yjm

n2
ml2yj

)

[ 1
q

∑q
j=1

1
M

∑M
m=1(

yjm
nmlyj

)]2

}
and

ρ̂xy =
ĉxy√
v̂x
√
v̂y

=

log
{ 1

pq

∑p
i=1

∑q
j=1

1
M

∑M
m=1(

ximyjm

n2
mlxi lyj

)

[ 1
p

∑p
i=1

1
M

∑M
m=1(

xim
nmlxi

)][ 1
q

∑q
j=1

1
M

∑M
m=1(

yjm
nmlyj

)]

}
√
log
{ 1

p

∑p
i=1

1
M

∑M
m=1(

x2
im
−xim

n2
ml2xi

)

[ 1
p

∑p
i=1

1
M

∑M
m=1(

xim
nmlxi

)]2

}√√√√
log
{ 1

q

∑q
j=1

1
M

∑M
m=1(

y2
jm
−yjm

n2
ml2yj

)

[ 1
q

∑q
j=1

1
M

∑M
m=1(

yjm
nmlyj

)]2

}
(3.14)

3.3.3 Multiple Exons with Multiple Isoforms

Introduction

In multiple exons with multiple isoforms case, mRNAs come from multiple isoforms.

Exon-based RNA-seq data is the mixture of isoform counts. And isoform counts

are unobservable by RNA sequencing technology. Assuming gene gx has p exons

with R isoforms and gene gy has q exons with S isoforms. Then we recommend a

mixture of multivariate Poisson-lognormal models with block compound symmetry

correlation structure to fit count-type RNA-seq data, x = (x1, x2, ..., xp)
T and y =

(y1, y2, ..., yq)
T .

The expression indexes of isoforms within gene gx and gene gy, denoted as θx = (θx1 ,

θx2 , ..., θxR)T and θy = (θy1 , θy2 , ..., θyS )T , are assumed to be correlated with

a multivariate lognormal distribution with block compound symmetry correlation
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structure. Total volume of experiments n = (n1, n2, ..., nM)T , x−exon lengths lx

= (lx1 , lx2 , ..., lxp)T and y−exons length ly = (ly1 , ly2 , ..., lyq)
T are also taken in

accounted.

Basic Model

Suppose there are M sets of observations on gene gx and gene gy. The mth set of

observations is zm = (xm,ym), where xm and ym are denoted as (xm, xm, ..., xpm)T

and (ym, ym, ..., yqm)T respectively, for all m = , , ...,M ,. We consider a mixture

of multivariate Poisson-lognormal models, denoted as

zm = Tz∗m (3.15)

where

• T is the exon usage matrix.

• z∗m represent unobserved isoform counts, following a multivariate Poisson log-

normal distribution.

Exon Usage Matrix

The exon usage matrix T is defined as

T =

 A O

OT B


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with

A =

[
A1 A2 · · · AR

]
B =

[
B1 B2 · · · BS

]

where, for all r = 1, 2, ..., R and all s = 1, 2, ..., S,

Ar =



ar1 0 · · · 0

0 ar2 · · · 0

...
...

. . .
...

0 0 · · · arp


p×p

and Bs =



bs1 0 · · · 0

0 bs2 · · · 0

...
...

. . .
...

0 0 · · · bsq


q×q

,

with

ari =


1 if rth x-isoform contains ith x-exon

0 otherwise

and

bsj =


1 if sth y-isoform contains jth y-exon

0 otherwise

Modeling Unobserved Isoform Counts

z∗m = (x∗m,y
∗
m) represent mth set of unobserved isoform counts. The probability

density function is

f(x∗m,y
∗
m|µ,Σ) =

∫ ∞
0
· · ·
∫ ∞

0

p∏
i=1

R∏
r=1

f(x∗rim|θxri)
q∏
j=1

S∏
s=1

f(y∗sjm|θysj )g(θx,θy|µ,Σ)dθ

(x∗rim, y
∗
sjm = 0, 1, ...), (3.16)

with
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• f(xrim|θxri) and f(ysjm|θysj) are the Poisson probability distribution functions

with mean nmlxiθxri and nmlyjθysj respectively, where nm, lxi and lyj are all

known, for all i = 1, 2, ..., p and j = 1, 2, ..., q.

• g(θx,θy|µ,Σ) is the (p×R + q × S)-dimensional multivariate lognormal prob-

ability density function with mean vector µ and variance matrix Σ.

with

θ =

θx
θy

 =



θx1

θx2

...

θxR

θy1

θy2

...

θyS



, µ =

µx
µy

 =



µx1

µx2

...

µxR

µy1

µy2

...

µIyS



,

and

Σ =

Σxx Σxy

ΣT
xy Σyy



=



Σxx11 Σxx12 · · · Σxx1R Σxy11 Σxy12 · · · Σxy1S

Σxx21 Σxx22 · · · Σxx2R Σxy21 Σxy22 · · · Σxy2S

...
...

. . .
...

...
...

. . .
...

ΣxxR1 ΣxxR2 · · · ΣxxRR ΣxyR1 ΣxyR2 · · · ΣxyRS

ΣT
xy11

ΣT
xy21

· · · ΣT
xyR1

Σyy11 Σyy12 · · · Σyy1S

ΣT
xy12

ΣT
xy22

· · · ΣT
xyR2

Σyy21 Σyy22 · · · Σyy2S

...
...

. . .
...

...
...

. . .
...

ΣT
xy1S

ΣT
xy2S

· · · ΣT
xyRS

ΣyyS1 ΣyyS2 · · · ΣyySS


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where, for all r, f = 1, 2, ..., R and r 6= f , all s, g = 1, 2, ..., S and s 6= g,

• θxr = (θxr1 , θxr2 , ..., θxrp)T .

• θys = (θys1 , θys2 , ..., θysq)
T .

• µxr = µxrJp×1 and µys = µysJq×1.

• Σxxrr = (vxxrr − cxxrr)Ip + cxxrrJp×p.

• Σyyss = (vyyss − cyyss)Iq + cIyyssJq×q.

• Σxxrf = cxxrfJp×q, Σyysg = cyysgJp×q and Σxyrs = cxyrsJp×q.

Moment Equations of (x∗m,y
∗
m)

The first two moments equations for all i, h = 1, 2, ..., p, h 6= i, all j, k = 1, 2, ..., q,

k 6= j, all r, f = 1, 2, ..., R, f 6= r, all s, g = 1, 2, ..., S, g 6= s, and all m = 1, 2, ...,M
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are described as below,

E(x∗rim) = nmlxiexp(µxr +
1

2
vxxrr) = nmlxiαxr ,

E(y∗sjm) = nmlyjexp(µys +
1

2
vyyss) = nmlyjαys ,

E(x∗2rim) = nmlxiαxr + n2
ml

2
xi
α2
xrexp(vxxrr),

E(y∗2sjm) = nmlyjαys + n2
ml

2
yj
α2
ysexp(vyyss),

E(x∗rimy
∗
sjm) = n2

mlxilyjαxrαysexp(cxyrs),

E(x∗rimx
∗
rhm) = n2

mlxilxhαxrαxrexp(cxxrr),

E(x∗rimx
∗
fhm) = n2

mlxilxhαxrαxf exp(cxxrf ),

E(x∗rimx
∗
fim) = n2

mlxilxiαxrαxf exp(cxxrf ),

E(y∗sjmy
∗
skm) = n2

mlyj lykαysαysexp(cyyss),

E(y∗sjmy
∗
gkm) = n2

mlyj lykαysαyhexp(cyysg),

E(y∗sjmy
∗
gjm) = n2

mlyj lyjαysαygexp(cyysg), (3.17)

Moment Equations of (xm,ym)

According to equation (3.15), for all i = 1, 2, ..., p, all j = 1, 2, ..., q and all m =

1, 2, ...,M ,

xim =
R∑
r=1

arix
∗
rim

yjm =
S∑
s=1

bsjy
∗
sjm

The first two moments equations for all i, h = 1, 2, ..., p, h 6= i, all j, k = 1, 2, ..., q,

k 6= j and all m = 1, 2, ...,M are described as below,
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E(xim) = nmlxi

R∑
r=1

ariαxr

E(yjm) = nmlyj

S∑
s=1

bsjαys

E(ximyjm) = n2
mlxilyj

R∑
r=1

S∑
s=1

aribsjαxrαysexp(cxyrs)

E(x2
im) =

R∑
r=1

a2
ri[nmlxiαxr + n2

ml
2
xi
α2
xrexp(vxxrr)]

+
R∑
r=1

R∑
f 6=r

ariafi[n
2
ml

2
xi
αxrαxf exp(cxxrf )]

E(y2
jm) =

S∑
s=1

b2
sj[nmlyjαys + n2

ml
2
yj
α2
ysexp(vyyss)]

+
S∑
s=1

S∑
g 6=s

bsjbgj[n
2
ml

2
yj
αysαygexp(cyysg)]

E(ximxhm) =
R∑
r=1

ariarh[n
2
mlxilxhαxrαxrexp(cxxrr)]

+
R∑
r=1

R∑
f 6=r

ariafh[n
2
mlxilxhαxrαxf exp(cxxrf )]

E(yjmykm) =
S∑
s=1

bsjbsk[n
2
mlyj lykαysαysexp(cyyss)]

+
S∑
s=1

S∑
g 6=s

bsjbgk[n
2
mlyj lykαysαygexp(cyysg)]

The Simplest Case

We consider a special scenario that x-isoforms share the same correlation coefficient

within gene gx and y-isoforms share the same correlation coefficient within gene gy.

Also x-isoforms and y-isoforms share the same correlation coefficient between gene gx

and gene gy, which implies
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• vx = vxxrr , for all r = 1, 2, ..., R.

• cx = cxxrf , for all r, f = 1, 2, ..., R.

• vy = vyyss , for all s = 1, 2, ..., S.

• cy = cyysg , for all s, g = 1, 2, ..., R.

• cxy = cxyrs , for all r = 1, 2, ..., R and s = 1, 2, ..., S.

Correlation Estimation

Then moment equations of (xm,ym) are simplified as

E(xim) = nmlxi

R∑
r=1

ariαxr

E(yjm) = nmlyj

S∑
s=1

bsjαys

E(ximyjm) = n2
mlxilyj

R∑
r=1

S∑
s=1

aribsjαxrαysexp(cxy)

E(x2
im) =

R∑
r=1

a2
ri[nmlxiαxr + n2

ml
2
xi
α2
xrexp(vx)] +

R∑
r=1

R∑
f 6=r

ariafi[n
2
ml

2
xi
αxrαxf exp(cx)]

E(y2
jm) =

S∑
s=1

b2
sj[nmlyjαys + n2

ml
2
yj
α2
ysexp(vy)] +

S∑
s=1

S∑
g 6=s

bsjbgj[n
2
ml

2
yj
αysαygexp(cy)]

E(ximxhm) =
R∑
r=1

R∑
f=1

ariafh[n
2
mlxilxhαxrαxf exp(cx)]

E(yjmykm) =
S∑
s=1

S∑
g=1

bsjbgk[n
2
mlyj lykαysαygexp(cy)]

To reduce the number of moment equations, the normalized random variables xim
nmlxi
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and
yjm
nmlyj

are considered. The moment equations are given as,

E(
xim
nmlxi

) =
R∑
r=1

ariαxr = αix

E(
yjm
nmlyj

) =
S∑
s=1

bsjαys = αjy

E(
ximyjm
n2
mlxilyj

) =
R∑
r=1

S∑
s=1

aribsjαxrαysexp(cxy)

E(
x2
im

n2
ml

2
xi

) =
R∑
r=1

a2
ri[

αxr
nmlxi

+ α2
xrexp(vx)] +

R∑
r=1

R∑
f 6=r

ariafi[αxrαxf exp(cx)]

E(
y2
jm

n2
ml

2
yj

) =
S∑
s=1

b2
sj[

αys
nmlyj

+ α2
ysexp(vy)] +

S∑
s=1

S∑
g 6=s

bsjbgj[αysαygexp(cy)]

E(
ximxhm
n2
mlxilxh

) =
R∑
r=1

R∑
f=1

ariafh[αxrαxf exp(cx)]

E(
yjmykm
n2
mlyj lyk

) =
S∑
s=1

S∑
g=1

bsjbgk[αysαygexp(cy)]

By the definition of exon usage matrix, we notice that a2
ri = ari and b2

sj = bsj. Then
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the moment equations become,

E(
xim
nmlxi

) =
R∑
r=1

ariαxr = αix

E(
yjm
nmlyj

) =
S∑
s=1

bsjαys = αjy

E(
ximyjm
n2
mlxilyj

) =
R∑
r=1

S∑
s=1

aribsjαxrαysexp(cxy)

E(
x2
im − xim
n2
ml

2
xi

) =
R∑
r=1

a2
riα

2
xrexp(vx) +

R∑
r=1

R∑
f 6=r

ariafi[αxrαxf exp(cx)]

E(
y2
jm − yjm
n2
ml

2
yj

) =
S∑
s=1

b2
sjα

2
ysexp(vy) +

S∑
s=1

S∑
g 6=s

bsjbgj[αysαygexp(cy)]

E(
ximxhm
n2
mlxilxh

) =
R∑
r=1

R∑
f=1

ariafh[αxrαxf exp(cx)]

E(
yjmykm
n2
mlyj lyk

) =
S∑
s=1

S∑
g=1

bsjbgk[αysαygexp(cy)]

Applying the average weighting strategy, the moment equations are summarized as
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below,

E(
xim
nmlxi

) =
R∑
r=1

ariαxr = αix

E(
yjm
nmlyj

) =
S∑
s=1

bsjαys = αjy

p∑
i=1

q∑
j=1

E(
ximyjm
n2
mlxilyj

) =

p∑
i=1

q∑
j=1

R∑
r=1

S∑
s=1

aribsjαxrαysexp(cxy)

p∑
i=1

E(
x2
im − xim
n2
ml

2
xi

) =

p∑
i=1

R∑
r=1

a2
riα

2
xrexp(vx) +

p∑
i=1

R∑
r=1

R∑
f 6=r

ariafi[αxrαxf exp(cx)]

q∑
j=1

E(
y2
jm − yjm
n2
ml

2
yj

) =

q∑
j=1

S∑
s=1

b2
sjα

2
ysexp(vy) +

q∑
j=1

S∑
s=1

S∑
g 6=s

bsjbgj[αysαygexp(cy)]

p∑
i=1

p∑
h6=i

E(
ximxhm
n2
mlxilxh

) =

p∑
i=1

p∑
h6=i

R∑
r=1

R∑
f=1

ariafh[αxrαxf exp(cx)]

q∑
j=1

q∑
k 6=j

E(
yjmykm
n2
mlyj lyk

) =

q∑
j=1

q∑
k 6=j

S∑
s=1

S∑
g=1

bsjbgk[αysαygexp(cy)]
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The moment estimators are given as, assuming p ≥ R and q ≥ S,

α̂ix =
1

M

M∑
m=1

xim
nmlxi

α̂jy =
1

M

M∑
m=1

yjm
nmlyj

α̂xr = argmin
αxr

R∑
r=1

(αix − α̂ix)2

α̂ys = argmin
αys

S∑
s=1

(αjy − α̂jy)2

ĉx = log
{ ∑p

i=1

∑p
h6=i

1
M

∑M
m=1( ximxhm

n2
mlxi lxh

)∑p
i=1

∑p
h6=i
∑R

r=1

∑R
f=1 ariafhα̂xr α̂xf

}

ĉy = log
{ ∑q

j=1

∑q
k 6=j

1
M

∑M
m=1(

yjmykm
n2
mlyj lyk

)∑q
j=1

∑q
k 6=j
∑S

s=1

∑S
g=1 bsjbgkα̂ysα̂yg

}

ĉxy = log
{ ∑p

i=1

∑q
j=1

1
M

∑M
m=1(

ximyjm
n2
mlxi lyj

)∑p
i=1

∑q
j=1

∑R
r=1

∑S
s=1 aribsjα̂xr α̂ys

}

v̂x = log
{∑p

i=1
1
M

∑M
m=1(

x2im−xim
n2
ml

2
xi

)−
∑p

i=1

∑R
r=1

∑R
f 6=r ariafiα̂xr α̂xf exp(ĉx)∑p

i=1

∑R
r=1 a

2
riα̂

2
xr

}

v̂y = log
{∑q

j=1
1
M

∑M
m=1(

y2jm−yjm
n2
ml

2
yj

)−
∑q

j=1

∑S
s=1

∑S
g 6=s bsjbgjα̂ysα̂ygexp(ĉy)∑q

j=1

∑S
s=1 b

2
sjα̂

2
ys

}
(3.18)

Therefore, the correlation coefficient moment estimators are calculated as

ρ̂x =
ĉx
v̂x
, ρ̂y =

ĉy
v̂y

and ρ̂xy =
ĉxy√
v̂x
√
v̂y

(3.19)
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Chapter 4

Simulation Studies

4.1 Introduction

In this chapter, Simulation studies have been conducted and demonstrate the advan-

tage of correlation coefficient moment estimator.

4.2 One Exon with One Isoform

In this section, we describe the simulation studies based on one exon with one iso-

form scenario. There are two big cases are considered, with fixed total volume and

with various total volume. For each big case, we consider five types of parameter

configurations for different correlation coefficients.

For the setting of parameter initialization, we first generate data from bivariate

Poisson-lognormal distribution. Then correlation coefficient moment estimator (r.m),

Pearson correlation coefficient estimator (r.p), Spearman’s rank correlation coeffi-

cient estimator (r.s), Kendall rank correlation coefficient estimator (r.k), adjusted

Spearman’s rank correlation coefficient estimator (r.s.adj) and adjusted Kendall rank

correlation coefficient estimator (r.k.adj) are calculated. The correlation coefficient

moment estimator (r.m) is calculated according to equation (3.8). Pearson correla-

tion coefficient estimator (r.p) is calculated according to equation (1.1). Spearman’s
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rank correlation coefficient estimator (r.s) is calculated according to equation (1.2).

Kendall rank correlation coefficient estimator (r.k) is calculated according to equation

(1.3). Adjusted Spearman’s rank correlation coefficient estimator (r.s.adj) is calcu-

lated according to equation (1.4). And adjusted Kendall rank correlation coefficient

estimator (r.k.adj) is calculated according to equation (1.5). We present the box plots

for each case to understand the performance of the correlation coefficient estimators.

We also report mean squared error (MSE), bias and standard deviation (SD) of those

correlation estimators.

4.2.1 With Fixed Total Volume

In this big case, we assume the total volume nm is fixed for all subjects. We generate

the bivariate Poisson-lognormal data sets according to our model (3.3), with nm =

85, 000, 000, lx = 20, 000, ly = 20, 000, µx = −22, µy = −22 , vx = 0.5 and vy =

0.5. There are five different levels of correlation coefficient are considered, ρxy =

(−0.9,−0.5, 0, 0.5, 0.9). And all six correlation coefficient estimators are calculated

under three different sample sizes M = (30, 100, 300). The simulation is repeated

1000 times.

Case 1: we consider an independent case with ρxy = 0. Boxplots are showed in figure

4.1.

The corresponding MSE values for sample size 30 are 0.047664125, 0.037321721,

0.039216527, 0.041806868, 0.036109598 and 0.017699860. The corresponding MSE

values for sample size 100 are 0.012524468, 0.009719099, 0.010567505, 0.010806922,

0.009663629 and 0.004432123. And the corresponding MSE values for sample

size 300 are 0.004105453, 0.003164012, 0.003463656, 0.003490674, 0.003161156 and

0.001419641.

The corresponding the bias of correlation estimators for sample size 30 are
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-0.010682897, -0.004513953, -0.006133931, -0.005653097, -0.005883735 and -

0.003655175. The corresponding the bias of correlation estimators for sample

size 100 are 0.005784254, 0.006398804, 0.007119649, 0.006719660, 0.006807270 and

0.004299003. The corresponding the bias of correlation estimators for sample

size 300 are 0.000644588, 0.001011301, 0.002021527, 0.002077546, 0.001932627 and

0.001328882.

The corresponding the standard deviation of correlation estimators for sample size 30

are 0.21805963, 0.19313556, 0.19793661, 0.20438911, 0.18993415 and 0.13299060. The

corresponding the bias of correlation estimators for sample size 100 are 0.11176319,

0.09837761, 0.10255153, 0.10373894, 0.09806779 and 0.06643524. The corresponding

the bias of correlation estimators for sample size 300 are 0.06407057, 0.05624046,

0.05881811, 0.05904539, 0.05619094 and 0.03765469.
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Figure 4.1: Boxplots of correlation coefficient estimators in one exon with one isoform
case with fixed total volume when ρxy = 0.
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Case 2: we consider a moderately positive correlated case with ρxy = 0.5. Boxplots

are showed in figure 4.2.

The corresponding MSE values for sample size 30 are 0.028140098, 0.027231900,

0.024481955, 0.025117009, 0.024200577, and 0.039112422 . The corresponding MSE

values for sample size 100 are 0.009562523, 0.010291540, 0.006885487, 0.006821949,

0.007219547 and 0.031934446. And the corresponding MSE values for sample

size 300 are 0.003262208, 0.004257314, 0.002238013, 0.002193364, 0.002682409,

0.029919081.

The corresponding the bias of correlation estimators for sample size 30 are

0.0076681700, -0.0228703508, -0.0084727358, 0.0015328087, -0.0242897629 and -

0.1594811073. The corresponding the bias of correlation estimators for sample size

100 are -0.0013221554, -0.0340957367, -0.0072582867, -0.0041385134, -0.0241326899

and -0.168043736. The corresponding the bias of correlation estimators for sample size

300 are -0.0001436195, -0.0339297409, -0.0061981615, -0.0046560110, -0.0233849442

and -0.1695623604.

The corresponding the standard deviation of correlation estimators for sample size 30

are 0.16757475, 0.16342842, 0.15623754, 0.15847605, 0.15365736 and 0.11695383. The

corresponding the bias of correlation estimators for sample size 100 are 0.09777921,

0.09554591, 0.08266078, 0.08249134, 0.08146877 and 0.06079267. The corresponding

the bias of correlation estimators for sample size 300 are 0.05711556, 0.05573227,

0.04689985, 0.04660135, 0.04621205 and 0.03417144.
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Figure 4.2: Boxplots of correlation coefficient estimators in one exon with one isoform
case with fixed total volume when ρxy = 0.5.

Case 3: we consider a highly positive correlated case with ρxy = 0.9. Boxplots are

showed in figure 4.3.

The corresponding MSE values for sample size 30 are 0.0025493425, 0.0033321353,

0.0033169143, 0.0026240118, 0.0041944400 and 0.0431622086. The corresponding

MSE values for sample size 100 are 0.0007469752, 0.0011491903, 0.0007063691,

0.0005630890, 0.0010820336 and 0.0394214140. And the corresponding MSE val-

ues for sample size 300 are 0.0002774354, 0.0005822006, 0.0002813725, 0.0002267976,

0.0005639070 and 0.0392930879.

The corresponding the bias of correlation estimators for sample size 30 are -

0.0034758666, -0.0210878529, -0.0242243270, -0.0115115867, -0.0339808913 and -

0.1966848721. The corresponding the bias of correlation estimators for sample size 100

are 0.0004592903, -0.0168976906, -0.0116096949, -0.0072668025, -0.0208546223 and -
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0.1960137510. The corresponding the bias of correlation estimators for sample size

300 are 0.0010753008, -0.0162356941, -0.0094201331, -0.0074977298, -0.0185752394

and -0.1973714509.

The corresponding the standard deviation of correlation estimators for sample size 30

are 0.05037123, 0.05373488, 0.05225032, 0.04991488, 0.05513383 and 0.06691240. The

corresponding the bias of correlation estimators for sample size 100 are 0.02732699,

0.02938807, 0.02390782, 0.02258944, 0.02543852 and 0.03162315. The corresponding

the bias of correlation estimators for sample size 300 are 0.01662165, 0.01784945,

0.01387925, 0.01306069, 0.01479417 and 0.01837385.
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Figure 4.3: Boxplots of correlation coefficient estimators in one exon with one isoform
case with fixed total volume when ρxy = 0.9.

Case 4: we consider a moderately negative correlated case with ρxy = −0.5. Boxplots

are showed in figure 4.4.

The corresponding MSE values for sample size 30 are 0.027943829, 0.021784081,

95



0.024015227, 0.024368769, 0.024050358 and 0.041162009. The corresponding MSE

values for sample size 100 are 0.007304907, 0.011470458, 0.007302104, 0.007135241,

0.007800125 and 0.033451735. And the corresponding MSE values for sample

size 300 are 0.002268146, 0.009028387, 0.002178079, 0.002129652, 0.002692608 and

0.030339689.

The corresponding the bias of correlation estimators for sample size 30 are

-0.0197936740, 0.0726454771, 0.0178003969, 0.0086354807, 0.0335197012 and

0.1672280518. The corresponding the bias of correlation estimators for sample size

100 are -0.0040845683, 0.0846348001, 0.0130761130, 0.0099461010, 0.0298532564 and

0.1723013969. The corresponding the bias of correlation estimators for sample size

300 are -0.0008248517, 0.0877664120, 0.0081873873, 0.0064925961, 0.0253507036 and

0.1709280696.

The corresponding the standard deviation of correlation estimators for sample size 30

are 0.16598807, 0.12847846, 0.15394276, 0.15586596, 0.15141594 and 0.11487727. The

corresponding the bias of correlation estimators for sample size 100 are 0.08537109,

0.06563085, 0.08444596, 0.08388275, 0.08311984 and 0.06135115. The corresponding

the bias of correlation estimators for sample size 300 are 0.04761791, 0.03640665,

0.04594611, 0.04568915, 0.04527638 and 0.03351542.
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Figure 4.4: Boxplots of correlation coefficient estimators in one exon with one isoform
case with fixed total volume when ρxy = −0.5.

Case 5: we consider a highly negative correlated case with ρxy = −0.9. Boxplots are

showed in figure 4.5.

The corresponding MSE values for sample size 30 are 0.0081005817, 0.0261891935,

0.0032472369, 0.0025500163, 0.0041124484 and 0.0433491406. The corresponding

MSE values for sample size 100 are 0.0026439199, 0.0342275500, 0.0007262538,

0.0005752417, 0.0011258510 and 0.0399158927. And the corresponding MSE val-

ues for sample size 300 are 0.0010806143, 0.0368322386, 0.0003203606, 0.0002575742,

0.0006292336 and 0.0399301153.

The corresponding the bias of correlation estimators for sample size 30 are -

0.045200126, 0.150616321, 0.024026993, 0.011948334, 0.033780051 and 0.197525244.

The corresponding the bias of correlation estimators for sample size 100 are -

0.017327412, 0.179736650, 0.012797001, 0.008159908, 0.022121401 and 0.197295778.
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The corresponding the bias of correlation estimators for sample size 300

are -0.004904439, 0.189696733, 0.010594482, 0.008623074, 0.019825300 and

0.198928497.

The corresponding the standard deviation of correlation estimators for sample size 30

are 0.07783014, 0.05919390, 0.05167147, 0.04906377, 0.05451015 and 0.06582491. The

corresponding the bias of correlation estimators for sample size 100 are 0.04841158,

0.04384389, 0.02371688, 0.02255344, 0.02522885 and 0.03146853. The corresponding

the bias of correlation estimators for sample size 300 are 0.03250478, 0.02910993,

0.01442628, 0.01353576, 0.01536851 and 0.01890948.
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Figure 4.5: Boxplots of correlation coefficient estimators in one exon with one isoform
case with fixed total volume when ρxy = −0.9.

For case 1-5, we list the performance rank of correlation coefficient estimators with

sample size 300, according to MSE, bias or standard deviation (SD). We only list

correlation coefficient moment estimator and the other estimators better than moment
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estimator.

• MSE, case 1 (ρ = 0): r.k, r.s, r.p, r.s.adj, r.k.adj, r.m.

• MSE, case 2 (ρ = 0.5): r.k.adj, r.s.adj, r.s, r.m.

• MSE, case 3 (ρ = 0.9): r.k.adj, r.m.

• MSE, case 4 (ρ = -0.5): r.k.adj, r.s.adj, r.m.

• MSE, case 5 (ρ = -0.9): r.k.adj, r.s.adj, r.s, r.m.

• bias, case 1 (ρ = 0): r.k, r.p, r.k.adj, r.s, r.s.adj, r.m.

• bias, case 2 (ρ = 0.5): r.m.

• bias, case 3 (ρ = 0.9): r.k.adj, r.m.

• bias, case 4 (ρ = -0.5): r.m.

• bias, case 5 (ρ = -0.9): r.m.

• SD case 1 (ρ = 0): r.k, r.s, r.p, r.s.adj, r.k.adj, r.m.

• SD, case 2 (ρ = 0.5): r.k, r.s, r.k.adj, r.s.adj, r.p, r.m.

• SD, case 3 (ρ = 0.9): r.k.adj, r.s.adj, r.s, r.m.

• SD, case 4 (ρ = -0.5): r.k, r.p, r.s, r.k.adj, r.s.adj, r.m.

• SD, case 5 (ρ = -0.9): r.k.adj, r.s.adj, r.s, r.k, r.p, r.m.

4.2.2 With Various Total Volume

In this big case, we assume the total volumes nm are different for each subject. We

generate the bivariate Poisson-lognormal data sets according to our model (3.3), with

nm ∈ [85, 000, 000, 130, 000, 000], lx = 20, 000, ly = 20, 000, µx = −22, µy = −22 ,
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vx = 0.5 and vy = 0.5. There are five different levels of correlation coefficient are con-

sidered, ρxy = (−0.9,−0.5, 0, 0.5, 0.9). And all six correlation coefficient estimators

are calculated under three different sample sizes M = (30, 100, 300). The simulation

is repeated 1000 times.

Case 6: we consider an independent case with ρxy = 0. Boxplots are showed in figure

4.6.

The corresponding MSE values for sample size 30 are 0.045542245, 0.035799266,

0.037882700, 0.039524803, 0.034850078 and 0.016648381. The corresponding MSE

values for sample size 100 are 0.013246690, 0.010279628, 0.011536701, 0.011701448,

0.010548931 and 0.004795999. And the corresponding MSE values for sample

size 300 are 0.004521550, 0.003477401, 0.003662194, 0.003674165, 0.003342636 and

0.001494688.

The corresponding the bias of correlation estimators for sample size 30 are -

0.0054806537, -0.0002536503, -0.0035505882, -0.0035327743, -0.0033753127 and -

0.0021839345. The corresponding the bias of correlation estimators for sample size

100 are -0.0008425903, 0.0006098835, 0.0026527060, 0.0025807212, 0.0025415480 and

0.0016654515. The corresponding the bias of correlation estimators for sample size

300 are -0.0012562426, -0.0005613701, -0.0004454288, -0.0004547426, -0.0004261783

and -0.0002919073.

The corresponding the standard deviation of correlation estimators for sample size 30

are 0.21333590, 0.18920677, 0.19460240, 0.19877707, 0.18665124 and 0.12901012. The

corresponding the bias of correlation estimators for sample size 100 are 0.11509118,

0.10138666, 0.10737627, 0.10814244, 0.10267654 and 0.06923312. The corresponding

the bias of correlation estimators for sample size 300 are 0.06723073, 0.05896682,

0.06051443, 0.06061319, 0.05781396 and 0.03866009.
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Figure 4.6: Boxplots of correlation coefficient estimators in one exon with one isoform
case with various total volume when ρxy = 0.

Case 7: we consider a moderately positive correlated case with ρxy = 0.5. Boxplots

are showed in figure 4.7.

The corresponding MSE values for sample size 30 are 0.026806810, 0.026604791,

0.022988637, 0.023033274, 0.022967770 and 0.040253498. The corresponding MSE

values for sample size 100 are 0.009332438, 0.009836919, 0.006372777, 0.006338977,

0.006675953 and 0.031562768. And the corresponding MSE values for sample

size 300 are 0.003015583, 0.003997124, 0.002092135, 0.002043807, 0.002500571 and

0.029712489.

The corresponding the bias of correlation estimators for sample size 30 are -4.907953e-

03, -3.484590e-02, -1.537279e-02, -7.652572e-03, -3.118932e-02 and -1.668644e-01.

The corresponding the bias of correlation estimators for sample size 100 are 1.834045e-

03, -3.092493e-02, -6.058798e-03, -3.594546e-03, -2.298533e-02 and -1.677837e-01.
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The corresponding the bias of correlation estimators for sample size 300 are

-3.440511e-05, -3.342916e-02, -4.988650e-03, -4.089332e-03, -2.220105e-02 and -

1.691809e-01.

The corresponding the standard deviation of correlation estimators for sample size 30

are 0.16365428, 0.15934414, 0.15083870, 0.15157411, 0.14830710 and 0.11139920. The

corresponding the bias of correlation estimators for sample size 100 are 0.09658713,

0.09423677, 0.07959942, 0.07953651, 0.07840681 and 0.05840707. The corresponding

the bias of correlation estimators for sample size 300 are 0.05491431, 0.05366205,

0.04546700, 0.04502315, 0.04480720 and 0.03302003.

r.
m

.3
0

r.
p
.3

0

r.
s
.a

d
j.
3
0

r.
k
.a

d
j.
3
0

r.
s
.3

0

r.
k
.3

0

r.
m

.1
0
0

r.
p
.1

0
0

r.
s
.a

d
j.
1
0

0

r.
k
.a

d
j.
1

0
0

r.
s
.1

0
0

r.
k
.1

0
0

r.
m

.3
0
0

r.
p
.3

0
0

r.
s
.a

d
j.
3
0
0

r.
k
.a

d
j.
3
0
0

r.
s
.3

0
0

r.
k
.3

0
0

−0.6

−0.4

−0.2

0.0

0.2

0.4

Figure 4.7: Boxplots of correlation coefficient estimators in one exon with one isoform
case with various total volume when ρxy = 0.5.

Case 8: we consider a highly positive correlated case with ρxy = 0.9. Boxplots are

showed in figure 4.8.

The corresponding MSE values for sample size 30 are 0.0024252069, 0.0031238021,
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0.0027851113, 0.0021755706, 0.0035827505 and 0.0418981125. The corresponding

MSE values for sample size 100 are 0.0007963576, 0.0012241770, 0.0007309685,

0.0006036886, 0.0011046857 and 0.0395426434. And the corresponding MSE val-

ues for sample size 300 are 0.0002623238, 0.0006045050, 0.0002394076, 0.0002055624,

0.0004828564 and 0.0387103227.

The corresponding the bias of correlation estimators for sample size 30 are -

0.0016109241, -0.0189185799, -0.0224631093, -0.0097084390, -0.0321689742 and -

0.1950956571. The corresponding the bias of correlation estimators for sample size 100

are -0.0006924906, -0.0176455806, 0.0113500497, -0.0074403534, -0.0205734827 and -

0.1961661632. The corresponding the bias of correlation estimators for sample size

300 are -0.0011296808, -0.0174506832, -0.0075762600, -0.0064599682, -0.0166097252

and -0.1959175458.

The corresponding the standard deviation of correlation estimators for sample size 30

are 0.04922003, 0.05259172, 0.04775479, 0.04562145, 0.05047680 and 0.06193381. The

corresponding the bias of correlation estimators for sample size 100 are 0.02821131,

0.03021275, 0.02453864, 0.02341644, 0.02610397 and 0.03258036. The corresponding

the bias of correlation estimators for sample size 300 are 0.01615697, 0.01731989,

0.01349103, 0.01279966, 0.01438657 and 0.01807313.

103



r.
m

.3
0

r.
p
.3

0

r.
s
.a

d
j.
3
0

r.
k
.a

d
j.
3
0

r.
s
.3

0

r.
k
.3

0

r.
m

.1
0
0

r.
p
.1

0
0

r.
s
.a

d
j.
1
0
0

r.
k
.a

d
j.
1
0
0

r.
s
.1

0
0

r.
k
.1

0
0

r.
m

.3
0
0

r.
p
.3

0
0

r.
s
.a

d
j.
3

0
0

r.
k
.a

d
j.
3

0
0

r.
s
.3

0
0

r.
k
.3

0
0

−0.5

−0.4

−0.3

−0.2

−0.1

0.0

0.1

Figure 4.8: Boxplots of correlation coefficient estimators in one exon with one isoform
case with various total volume when ρxy = 0.9.

Case 9: we consider a moderately negative correlated case with ρxy = −0.5. Boxplots

are showed in figure 4.9.

The corresponding MSE values for sample size 30 are 0.026351517, 0.021024608,

0.024945858, 0.025106901, 0.024942112 and 0.042253651. The corresponding MSE

values for sample size 100 are 0.007444763, 0.011220653, 0.006999088, 0.006894188,

0.007374833 and 0.032467301. And the corresponding MSE values for sample

size 300 are 0.002468824, 0.008680333, 0.002302093, 0.002247209, 0.002691280 and

0.029659134.

The corresponding the bias of correlation estimators for sample size 30 are -

0.018505605, 0.072077161, 0.019452877, 0.012187753, 0.035126585 and 0.169839080.

The corresponding the bias of correlation estimators for sample size 100 are -

0.006817104, 0.083161922, 0.008932433, 0.006286887, 0.025781673 and 0.169640094.
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The corresponding the bias of correlation estimators for sample size 300

are -0.003785515, 0.084935443, 0.004664612, 0.003501156, 0.021868555 and

0.168702403.

The corresponding the standard deviation of correlation estimators for sample size 30

are 0.16127324, 0.12581530, 0.15674005, 0.15798215, 0.15397479 and 0.11579438. The

corresponding the bias of correlation estimators for sample size 100 are 0.08601332,

0.06561057, 0.08318233, 0.08279289, 0.08191543 and 0.06074158. The corresponding

the bias of correlation estimators for sample size 300 are 0.04954285, 0.03829235,

0.04775284, 0.04727526, 0.04704303 and 0.03462128.
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Figure 4.9: Boxplots of correlation coefficient estimators in one exon with one isoform
case with various total volume when ρxy = −0.5.

Case 10: we consider a highly negative correlated case with ρxy = −0.9. Boxplots are

showed in figure 4.10.

The corresponding MSE values for sample size 30 are 0.0077733531, 0.0266071466,
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0.0032912519, 0.0026504873, 0.0041564233 and 0.0435373057. The corresponding

MSE values for sample size 100 are 0.0026050574, 0.0344374371, 0.0007971265,

0.0006477880, 0.0011884717 and 0.0399116348. And the corresponding MSE val-

ues for sample size 300 are 0.0009726794, 0.0359279494, 0.0002627779, 0.0002171102,

0.0005313987 and 0.0392213948.

The corresponding the bias of correlation estimators for sample size 30 are -

0.044202941, 0.152263918, 0.023948165, 0.012207185, 0.033690679 and 0.197748716.

The corresponding the bias of correlation estimators for sample size 100 are -

0.015405016, 0.180400870, 0.011871036, 0.008053854, 0.021120990 and 0.196926976

The corresponding the bias of correlation estimators for sample size 300

are -0.006274593, 0.187384709, 0.008785704, 0.007378779, 0.017899546 and

0.197223811.

The corresponding the standard deviation of correlation estimators for sample size 30

are 0.07628534, 0.05850509, 0.05213192, 0.05001472, 0.05496691 and 0.06657891. The

corresponding the bias of correlation estimators for sample size 100 are 0.04865946,

0.04350820, 0.02561650, 0.02414381, 0.02724657 and 0.03363630. The corresponding

the bias of correlation estimators for sample size 300 are 0.03055010, 0.02854681,

0.01362312, 0.01275397, 0.01452601 and 0.01800454.
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Figure 4.10: Boxplots of correlation coefficient estimators in one exon with one isoform
case with various total volume when ρxy = −0.9.

For case 6-10, we also list the performance rank of correlation coefficient estimators

with sample size 300, according to MSE, bias or standard deviation (SD).

• MSE, case 6 (ρ = 0): r.k, r.s, r.p, r.s.adj, r.k.adj, r.m.

• MSE, case 7 (ρ = 0.5): r.k.adj, r.s.adj, r.s, r.m.

• MSE, case 8 (ρ = 0.9): r.k.adj, r.s.adj, r.m.

• MSE, case 9 (ρ = -0.5): r.k.adj, r.s.adj, r.m.

• MSE, case 10 (ρ = -0.9): r.k.adj, r.s.adj, r.s, r.m.

• bias, case 6 (ρ = 0): r.k, r.s, r.s.adj, r.k.adj, r.p, r.m.

• bias, case 7 (ρ = 0.5): r.m.

• bias, case 8 (ρ = 0.9): r.m.
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• bias, case 9 (ρ = -0.5): r.k.adj, r.m.

• bias, case 10 (ρ = -0.9): r.m.

• SD case 6 (ρ = 0): r.k, r.s, r.p, r.s.adj, r.k.adj, r.m.

• SD, case 7 (ρ = 0.5): r.k, r.s, r.k.adj, r.s.adj, r.p, r.m.

• SD, case 8 (ρ = 0.9): r.k.adj, r.s.adj, r.s, r.m.

• SD, case 9 (ρ = -0.5): r.k, r.p, r.s, r.k.adj, r.s.adj, r.m.

• SD, case 10 (ρ = -0.9): r.k.adj, r.s.adj, r.s, r.k, r.p, r.m.

In conclusion, there is no significant difference between two big cases, which implies

the variation of total volumes does not have a large influence on the correlation

coefficient estimations.

4.3 Multiple Exons with One Isoform

In this section, we describe the simulation studies based on multiple exons with one

isoform case. We consider the scenario that gene x has three exons with one isoform

and gene y has two exons with one isoform. We consider the estimators based on

the block compound symmetry correlation structure. Therefore, Spearman’s rank

correlation coefficient estimator and Kendall rank correlation coefficient estimator (as

well as their adjustments) are not included. We only consider MPLN-based moment

estimators which exactly based on block compound symmetry correlation structure,

MPLN-based moment estimators on the rank transformed data to check whether it is

a feasible robust alternative, MVN based MLEs to check whether it is an appropriate

alternative and MVN based MLEs on the rank transformed data to check whether it

is an appropriate alternative.

For the setting of parameters initialization, we first generate the data from multi-
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variate Poisson-log normal. Then MPLN-based moment estimators (mpln.x, mpln.y,

mpln.xy) are calculated according to equations (3.14) using raw read counts, MVN

based MLEs (mvn.x, mvn.y, mvn.xy) are calculated according to equations (2.14)

using normalized read counts, MPLN-based moment estimators on the rank trans-

formed data (mplnr.x, mplnr.y, mplnr.xy) are calculated according to equations

(3.14) using the rank transformed raw read counts and MVN based MLEs on the

rank transformed data (mvnr.x, mvnr.y, mvnr.xy) are calculated according to equa-

tions (2.14) using the rank transformed normalized read counts. We present the box

plots for each case to understand the performance of the correlation coefficient esti-

mators. We also report mean squared error (MSE), bias and standard deviation (SD)

of those correlation estimators.

In this scenario, we assume the total volume nm is fixed for all subjects. We generate

the multivariate Poisson-log normal data sets according to our model (3.9), with

nm = 85, 000, 000, lx = (4, 000, 4, 000, 4, 000), ly = (6, 000, 6, 000), µx = −22, µy =

−22 , vx = 0.5 and vy = 0.5. There are six paired inrta-correlation coefficients

are considered, (ρx, ρy) = ((0.9, 0.9), (0.9, 0.5), (0.5, 0.5), (0.5, 0), (0, 0)). Also

there are five different levels of between-correlation coefficients are considered, ρxy =

(−0.9,−0.5, 0, 0.5, 0.9). And all four correlation coefficient estimators are calculated

with sample sizes M = 100. The simulation is repeated 1000 times.

There are 12 cases that Σ is not positive definite.

Case 1: we consider a highly positive correlated case with ρx = 0.9, ρy = 0.9 and

ρxy = 0.9. Boxplots are showed in figure 4.11.

The corresponding MSE values are 0.0006478010, 0.0008642341, 0.0004965592,

0.0026896163, 0.0022166595, 0.0020483765, 0.0008000078, 0.0014222391,

0.0008263322, 0.0034963749, 0.0026686773 and 0.0027640768.

The corresponding the bias of correlation estimators are -0.003373813, -0.004177665,
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-0.001666205, -0.042787352, -0.034277497, -0.036988007, 0.012700937, 0.023584906,

0.018223835, -0.052916583, -0.04147990 and -0.047153762.

The corresponding the standard deviation of correlation estimators are 0.02522733,

0.02909951, 0.02222123, 0.02930629, 0.03227557, 0.02608187, 0.02527240, 0.02942773,

0.02223115, 0.02638579, 0.03079115 and 0.02325080.
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Figure 4.11: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.9, ρy = 0.9 and ρxy = 0.9.

Case 2: we consider a highly positive intra-correlated and moderately positive

between-correlated case with ρx = 0.9, ρy = 0.9 and ρxy = 0.5. Boxplots are showed

in figure 4.12.

The corresponding MSE values are 0.0006809495, 0.0009079413, 0.0076548743,

0.0029515744, 0.0023271687, 0.0089977859, 0.0008163160, 0.0013762035,

0.0066534016 ,0.0038181058, 0.0025631216 and 0.0068046981.
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The corresponding the bias of correlation estimators are -0.005653875, -0.005568509,

-0.001648851, -0.045559645, -0.035820292, -0.044159708, 0.010487563, 0.023992125,

0.024268205, -0.055221648, -0.041061849 and -0.038122716.

The corresponding the standard deviation of correlation estimators are 0.02547515,

0.02961306, 0.08747660, 0.02959549, 0.03231215, 0.08395062, 0.02657681, 0.02829455,

0.07787462, 0.02772500, 0.02961497 and 0.07315297.
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Figure 4.12: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.9, ρy = 0.9 and ρxy = 0.5.

Case 3: we consider a highly positive intra-correlated and between-independent case

with ρx = 0.9, ρy = 0.9 and ρxy = 0. Boxplots are showed in figure 4.13.

The corresponding MSE values are 0.0006662854, 0.0009102167, 0.0117038676,

0.0028063075, 0.0022792633, 0.0085938613, 0.0008880969, 0.0013550680,

0.0127867350, 0.0036373072, 0.0027682804 and 0.0085158771.
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The corresponding the bias of correlation estimators are -0.004142464, -0.004621761,

-0.009465079, -0.043772801, -0.034640437, -0.006849805, 0.012357616, 0.022334434,

-0.009530581, -0.053262121, -0.042792846 and -0.006411813.

The corresponding the standard deviation of correlation estimators are 0.02547794,

0.02981369, 0.10776957, 0.02983705, 0.03285275, 0.09244967, 0.02711800, 0.02926160,

0.11267610, 0.02829229, 0.03061132 and 0.09205849.
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Figure 4.13: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.9, ρy = 0.9 and ρxy = 0.

Case 4: we consider a highly positive intra-correlated and moderately negative

between-correlated case with ρx = 0.9, ρy = 0.9 and ρxy = −0.5. Boxplots are

showed in figure 4.14.

The corresponding MSE values are 0.0006644946, 0.0008280027, 0.0057169293,

0.0028851400, 0.0021940449, 0.0110787533, 0.0007801765, 0.0014053657,

0.0241462366, 0.0036844367, 0.0025353650 and 0.0063731913.
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The corresponding the bias of correlation estimators are -0.005214997, -0.004639971,

-0.009255120, -0.045159754, -0.034878349, 0.089303307, 0.011185046, 0.024429627,

-0.116553426, -0.054499639, -0.040601665 and 0.035329334.

The corresponding the standard deviation of correlation estimators are 0.02524477,

0.02839848, 0.07504180, 0.02908155, 0.03126573, 0.05571061, 0.02559436, 0.02843517,

0.10276933, 0.02672501, 0.02978036 and 0.07158931.
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Figure 4.14: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.9, ρy = 0.9 and ρxy = −0.5.

Case 5: we consider a highly positive intra-correlated and highly negative between-

correlated case with ρx = 0.9, ρy = 0.9 and ρxy = −0.9. Boxplots are showed in figure

4.15.

The corresponding MSE values are 0.0006418631, 0.0009007473, 0.0019312640,

0.0028156946, 0.0023055909, 0.0400124000, 0.0007982522, 0.0014246052,

0.1046136280, 0.0034871376, 0.0025149835 and 0.0027522013.
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The corresponding the bias of correlation estimators are -0.004948104, -0.004926178,

-0.014209752, -0.044578103, -0.035143522, 0.196995061, 0.012761195, 0.024725533,

-0.320962226, -0.052853948, -0.040290402 and 0.046818340.

The corresponding the standard deviation of correlation estimators are 0.02484712,

0.02960541, 0.04158542, 0.02878346, 0.03271886, 0.03471809, 0.02520722, 0.02851759,

0.03996095, 0.02633624, 0.02986079 and 0.02366948.
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Figure 4.15: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.9, ρy = 0.9 and ρxy = −0.9.

Case 7: we consider a highly positive and moderately positive intra-correlated and

moderately positive between-correlated case with ρx = 0.9, ρy = 0.5 and ρxy = 0.5.

Boxplots are showed in figure 4.16.

The corresponding MSE values are 0.0006987429, 0.0091907176, 0.0059975777,

0.0029721500, 0.0104328057, 0.0077061141, 0.0008284211, 0.0079685948,

0.0050285752, 0.0038544667, 0.0077899019 and 0.0059647783.
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The corresponding the bias of correlation estimators are -0.005273592, -0.008292630,

-0.004991132, -0.045370334, -0.044323502, -0.047263048, 0.010318995, 0.025632021,

0.019161093, -0.055395749, -0.036680251 and -0.043110801.

The corresponding the standard deviation of correlation estimators are 0.02590236,

0.09550890, 0.07728303, 0.03022719, 0.09202300, 0.07397512, 0.02686893, 0.08550786,

0.06827465, 0.02803173, 0.08027740 and 0.06407993.
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Figure 4.16: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.9, ρy = 0.5 and ρxy = 0.5.

Case 8: we consider a highly positive and moderately positive intra-correlated and

between-independent case with ρx = 0.9, ρy = 0.5 and ρxy = 0. Boxplots are showed

in figure 4.17.

The corresponding MSE values are 0.0006627828, 0.0097383862, 0.0095292361,

0.0028798437, 0.0115296904, 0.0070553043, 0.0007738115, 0.0079493234,

0.0101665483, 0.0037861971, 0.0081367603 and 0.0068287983.
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The corresponding the bias of correlation estimators are -0.0051104364, -

0.0175716998, -0.0014714397, -0.0449720039, -0.0529792703, -0.0001941536,

0.0103927537, 0.0224522043, 0.0001336917, -0.0553264666, -0.0396610411 and

0.0012230207.

The corresponding the standard deviation of correlation estimators are 0.02523225,

0.09710624, 0.09760672, 0.02928075, 0.09339640, 0.08399563, 0.02580314, 0.08628570,

0.10082921, 0.02692915, 0.08101705 and 0.08262749.
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Figure 4.17: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.9, ρy = 0.5 and ρxy = 0.

Case 9: we consider a highly positive and moderately positive intra-correlated and

moderately negative between-correlated case with ρx = 0.9, ρy = 0.5 and ρxy = −0.5.

Boxplots are showed in figure 4.18.

The corresponding MSE values are 0.0006192249, 0.0091291185, 0.0044577261,

0.0028104428, 0.0103779779, 0.0111871604, 0.0007379150, 0.0083835221,
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0.0205327177, 0.0038867153, 0.0078019804 and 0.0054672018.

The corresponding the bias of correlation estimators are -0.004809363, -0.008377731,

-0.003505136, -0.044881715, -0.044375629, 0.093473191, 0.009385137, 0.028999909,

-0.111236065, -0.056381799, -0.033471863 and 0.038802704.

The corresponding the standard deviation of correlation estimators are 0.02441506,

0.09517842, 0.06667413, 0.02821479, 0.09169941, 0.04949670, 0.02549185, 0.08684773,

0.09032860, 0.02660466, 0.08174115 and 0.06294086.
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Figure 4.18: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.9, ρy = 0.5 and ρxy = −0.5.

Case 12: we consider a highly positive and independent intra-correlated and moder-

ately positive between-correlated case with ρx = 0.9, ρy = 0 and ρxy = 0.5. Boxplots

are showed in figure 4.19.

The corresponding MSE values are 0.0007133481, 0.0135672507, 0.0039701533,
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0.0029092509, 0.0101099881, 0.0055517655, 0.0008627669, 0.0153881076,

0.0038162559, 0.0036775227, 0.0103343944 and 0.0041695365.

The corresponding the bias of correlation estimators are -0.0046947151, -

0.0070213584, -0.0018267191, -0.0445048178, 0.0005204255, -0.0438275185,

0.0118740632, -0.0012065223, 0.0257423367, -0.0537698945, 0.0006967151 and

-0.0370981408.

The corresponding the standard deviation of correlation estimators are 0.02629273,

0.11626672, 0.06298267, 0.03047248, 0.10054709, 0.06025707, 0.02686584, 0.12404294,

0.05615682, 0.02804142, 0.10165584 and 0.05285134.
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Figure 4.19: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.9, ρy = 0 and ρxy = 0.5.

Case 13: we consider a highly positive and independent intra-correlated and between-

independent case with ρx = 0.9, ρy = 0 and ρxy = 0. Boxplots are showed in figure

4.20.
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The corresponding MSE values are 0.0007033189, 0.0140680853, 0.0061177547,

0.0028762965, 0.0104101677, 0.0045371816, 0.0008448587, 0.0161097327,

0.0068830902, 0.0036101446, 0.0107597625 and 0.0046282437.

The corresponding the bias of correlation estimators are -4.341858e-03, -1.017575e-02,

-6.607594e-06, -4.418222e-02, -2.565460e-03, 6.282798e-04, 1.221880e-02, -7.653727e-

03, 7.779182e-04, -5.341297e-02, -4.509577e-03 and 1.391527e-03.

The corresponding the standard deviation of correlation estimators are 0.02616232,

0.11817165, 0.07821608, 0.03040111, 0.10199797, 0.06735567, 0.02637347, 0.12669315,

0.08296074, 0.02751726, 0.10363120 and 0.06801696.
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Figure 4.20: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.9, ρy = 0 and ρxy = 0.

Case 14: we consider a highly positive and independent intra-correlated and mod-

erately negative between-correlated case with ρx = 0.9, ρy = 0 and ρxy = −0.5.

Boxplots are showed in figure 4.21.
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The corresponding MSE values are 0.000669280, 0.013410621, 0.002805095,

0.002965868, 0.009941870, 0.010662812, 0.000830511, 0.014772313, 0.016962891,

0.003776175, 0.009875305 and 0.004229667.

The corresponding the bias of correlation estimators are -0.006067707, -0.011423302,

-0.000477009, -0.045974544, -0.003317612, 0.095430079, 0.010899577, -0.006153983,

-0.108017636, -0.054790173, -0.003426541 and 0.040775854.

The corresponding the standard deviation of correlation estimators are 0.02514882,

0.11523944, 0.05296100, 0.02919262, 0.09965372, 0.03944505, 0.02667790, 0.12138551,

0.07276731, 0.02782467, 0.09931547 and 0.05066553.
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Figure 4.21: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.9, ρy = 0 and ρxy = −0.5.

Case 17: we consider a moderately positive intra-correlated and moderately positive

between-correlated case with ρx = 0.5, ρy = 0.5 and ρxy = 0.5. Boxplots are showed

in figure 4.22.
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The corresponding MSE values are 0.005391823, 0.009651329, 0.003574429,

0.007509857, 0.010961143, 0.005333406, 0.004832206, 0.007356614, 0.003543535,

0.005712936, 0.007441717 and 0.004298628.

The corresponding the bias of correlation estimators are -0.010561992, -0.009988985,

-0.003883650, -0.052413585, -0.045998799, -0.045707665, 0.019938491, 0.024248190,

0.022531671, -0.042406948, -0.038052009 and -0.040139695.

The corresponding the standard deviation of correlation estimators are 0.07266545,

0.09773203, 0.05966026, 0.06901212, 0.09404921, 0.05695801, 0.06659326, 0.08227174,

0.05509863, 0.06256666, 0.07741939 and 0.05184046.
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Figure 4.22: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.5, ρy = 0.5 and ρxy = 0.5

Case 18: we consider a moderately positive intra-correlated and between-independent

case with ρx = 0.5, ρy = 0.5 and ρxy = 0. Boxplots are showed in figure 4.23.
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The corresponding MSE values are 0.005972670, 0.009415615, 0.006408892,

0.008030611, 0.010624760, 0.004734338, 0.004921541, 0.007994806, 0.007449421,

0.006223237, 0.007805534 and 0.004973408.

The corresponding the bias of correlation estimators are -0.010284948, -0.008580479,

-0.003534979, -0.051982844, -0.044288944, -0.002385075, 0.016074157, 0.025907023,

-0.004363461, -0.046015677, -0.036418199 and -0.002760590.

The corresponding the standard deviation of correlation estimators are 0.07659563,

0.09665397, 0.07997747, 0.07299586, 0.09307658, 0.06876518, 0.06828735, 0.08557822,

0.08619966, 0.06407648, 0.08049378 and 0.07046834.
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Figure 4.23: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.5, ρy = 0.5 and ρxy = 0.

Case 19: we consider a moderately positive intra-correlated and moderately negative

between-correlated case with ρx = 0.5, ρy = 0.5 and ρxy = −0.5. Boxplots are showed

in figure 4.24.
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The corresponding MSE values are 0.005374584, 0.009718573, 0.003050158,

0.007367131, 0.010927629, 0.010319858, 0.004543597, 0.008355300, 0.017952088,

0.005446728, 0.007902351 and 0.004071376.

The corresponding the bias of correlation estimators are -0.008744256, -0.010775952,

-0.003037809, -0.050406652, -0.046200062, 0.093359209, 0.020103502, 0.027570549,

-0.112009326, -0.042288449, -0.034816076 and 0.038008770.

The corresponding the standard deviation of correlation estimators are 0.07278820,

0.09799210, 0.05514462, 0.06947158, 0.09377198, 0.04004892, 0.06433853, 0.08715025,

0.07352550, 0.06048483, 0.08179359 and 0.05125143.
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Figure 4.24: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.5, ρy = 0.5 and ρxy = −0.5.

Case 22: we consider a moderately positive and independent intra-correlated and

moderately positive between-correlated case with ρx = 0.5, ρy = 0 and ρxy = 0.5.

Boxplots are showed in figure 4.25.
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The corresponding MSE values are 0.005154962, 0.013150759, 0.002713871,

0.007320684, 0.009610737, 0.004712159, 0.004616850, 0.015448654, 0.002876525,

0.005361892, 0.010276679 and 0.003638777.

The corresponding the bias of correlation estimators are -0.010759349, -0.017291197,

-0.006321042, -0.052347398, -0.008315662, -0.047566928, 0.021459186, -0.009290084,

0.023244258, -0.041009152, -0.005924746 and -0.039555932.

The corresponding the standard deviation of correlation estimators are 0.07098731,

0.11336566, 0.05170992, 0.06767890, 0.09768105, 0.04949289, 0.06446979, 0.12394494,

0.04833456, 0.06066417, 0.10120067 and 0.04554234.
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Figure 4.25: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.5, ρy = 0 and ρxy = 0.5.

Case 23: we consider a moderately positive and independent intra-correlated and

between-independent case with ρx = 0.5, ρy = 0 and ρxy = 0. Boxplots are showed

in figure 4.26.
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The corresponding MSE values are 0.005076220, 0.013108134, 0.004434636,

0.007298858, 0.009891290, 0.003295128, 0.004352710, 0.015606013, 0.004871071,

0.005611189, 0.010543822 and 0.003273949.

The corresponding the bias of correlation estimators are -0.011453743, 0.001028949,

0.001191939, -0.052975550, 0.007477107, 0.001495110, 0.017166577, 0.006718578,

0.003589757, -0.045063540, 0.007216813 and 0.003474692.

The corresponding the standard deviation of correlation estimators are 0.07032092,

0.11448614, 0.06658239, 0.06702573, 0.09917350, 0.05738373, 0.06370258, 0.12474323,

0.06970068, 0.05983700, 0.10242919 and 0.05711283.
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Figure 4.26: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.5, ρy = 0 and ρxy = 0.

Case 24: we consider a moderately positive and independent intra-correlated and

moderately hegative between-correlated case with ρx = 0.5, ρy = 0 and ρxy = −0.5.

Boxplots are showed in figure 4.27.
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The corresponding MSE values are 0.005684544, 0.012636674, 0.002283197,

0.007557869, 0.00S9465851, 0.010155590, 0.004752252, 0.014062730, 0.016231535,

0.005538138, 0.009399513 and 0.003556723.

The corresponding the bias of correlation estimators are -0.0076631436, -

0.0080203186, -0.0009795139, -0.0494253752, -0.0002398585, 0.0944386580,

0.0209049489, -0.0036590637, -0.1099331518, -0.0415115021, -0.0014601402 and

0.0393355521.

The corresponding the standard deviation of correlation estimators are 0.07500547,

0.11212648, 0.04777277, 0.07151924, 0.09729231, 0.03517001, 0.06569045, 0.11852992,

0.06439128, 0.06176515, 0.09694009 and 0.04482674.
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Figure 4.27: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0.5, ρy = 0 and ρxy = −0.5.

Case 28: we consider an independent intra-correlated and between-independent case

with ρx = 0, ρy = 0 and ρxy = 0. Boxplots are showed in figure 4.28.
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The corresponding MSE values are 0.004786030, 0.012258259, 0.002320067,

0.003489656, 0.009040401, 0.001726222, 0.005314838, 0.013522950, 0.002502176,

0.003566602, 0.009011043 and 0.001682977.

The corresponding the bias of correlation estimators are -0.0039941071, -

0.0100847486, 0.0003694592, 0.0004521627, -0.0023438077, 0.0005730006, -

0.0029683342, -0.0069155206, 0.0007736379, -0.0018499305, -0.0041886201 and

0.0009080490.

The corresponding the standard deviation of correlation estimators are 0.06906575,

0.11025678, 0.04816566, 0.05907158, 0.09505213, 0.04154387, 0.07284248, 0.11608241,

0.05001578, 0.05969238, 0.09483406 and 0.04101405.
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Figure 4.28: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when ρx = 0, ρy = 0 and ρxy = 0.

We list the performance rank of correlation coefficient estimators within gene x, ac-

cording to MSE, bias or standard deviation (SD). We only list MPLN-based moment
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estimators (mpln.x) and the other estimators better than mpln.x.

• MSE, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.x.

• MSE, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mpln.x.

• MSE, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mpln.x.

• MSE, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.x.

• MSE, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.x

• MSE, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mpln.x.

• MSE, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mpln.x.

• MSE, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mpln.x.

• MSE, case 12 (ρx = 0.9, ρy = 0 and ρxy = 0.5): mpln.x.

• MSE, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mpln.x.

• MSE, case 14 (ρx = 0.9, ρy = 0 and ρxy = −0.5): mpln.x.

• MSE, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mplnr.x, mpln.x.

• MSE, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mplnr.x, mpln.x.

• MSE, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mplnr.x, mpln.x.

• MSE, case 22 (ρx = 0.5, ρy = 0 and ρxy = 0.5): mplnr.x, mpln.x.

• MSE, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mplnr.x, mpln.x.

• MSE, case 24 (ρx = 0.5, ρy = 0 and ρxy = −0.5): mplnr.x, mvnr.x, mpln.x.

• MSE, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.x, mvnr.x, mpln.x.

• bias, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.x.

• bias, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mpln.x.
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• bias, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mpln.x.

• bias, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.x.

• bias, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.x.

• bias, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mpln.x.

• bias, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mpln.x.

• bias, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mpln.x.

• bias, case 12 (ρx = 0.9, ρy = 0 and ρxy = 0.5): mpln.x.

• bias, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mpln.x.

• bias, case 14 (ρx = 0.9, ρy = 0 and ρxy = −0.5): mpln.x.

• bias, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mpln.x.

• bias, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mpln.x.

• bias, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mpln.x.

• bias, case 22 (ρx = 0.5, ρy = 0 and ρxy = 0.5): mpln.x.

• bias, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mpln.x.

• bias, case 24 (ρx = 0.5, ρy = 0 and ρxy = −0.5): mpln.x.

• bias, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.x, mvnr.x, mplnr.x, mpln.x.

• SD, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.x.

• SD, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mpln.x.

• SD, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mpln.x.

• SD, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.x.

• SD, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.x.
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• SD, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mpln.x.

• SD, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mpln.x.

• SD, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mpln.x.

• SD, case 12 (ρx = 0.9, ρy = 0 and ρxy = 0.5): mpln.x.

• SD, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mpln.x.

• SD, case 14 (ρx = 0.9, ρy = 0 and ρxy = −0.5): mpln.x.

• SD, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mvnr.x, mplnr.x, mvn.x,

mpln.x.

• SD, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvnr.x, mplnr.x, mvn.x, mpln.x.

• SD, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mvnr.x, mplnr.x, mvn.x,

mpln.x.

• SD, case 22 (ρx = 0.5, ρy = 0 and ρxy = 0.5): mvnr.x, mplnr.x, mvn.x, mpln.x.

• SD, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvnr.x, mplnr.x, mvn.x, mpln.x.

• SD, case 24 (ρx = 0.5, ρy = 0 and ρxy = −0.5): mvnr.x, mplnr.x, mvn.x,

mpln.x.

• SD, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.x, mvnr.x, mpln.x.

Then we list the performance rank of correlation coefficient estimators within gene

y, according to MSE, bias or standard deviation (SD). We only list MPLN-based

moment estimators (mpln.y) and the other estimators better than mpln.y.

• MSE, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.y.

• MSE, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mpln.y.

• MSE, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mpln.y.
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• MSE, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.y.

• MSE, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.y.

• MSE, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mvnr.y, mplnr.y, mpln.y.

• MSE, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mplnr.y, mvnr.y, mpln.y.

• MSE, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mvnr.y, mplnr.y, mpln.y.

• MSE, case 12 (ρx = 0.9, ρy = 0 and ρxy = 0.5): mvn.y, mvnr.y, mpln.y.

• MSE, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mpln.y.

• MSE, case 14 (ρx = 0.9, ρy = 0 and ρxy = −0.5): mvnr.y, mvn.y, mpln.y.

• MSE, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mplnr.y, mvnr.y, mpln.y.

• MSE, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvnr.y, mplnr.y, mpln.y.

• MSE, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mvnr.y, mplnr.y, mpln.y.

• MSE, case 22 (ρx = 0.5, ρy = 0 and ρxy = 0.5): mvn.y, mvnr.y, mpln.y.

• MSE, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mpln.y.

• MSE, case 24 (ρx = 0.5, ρy = 0 and ρxy = −0.5): mvnr.y, mvn.y, mpln.y.

• MSE, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvnr.y, mvn.y, mpln.y.

• bias, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.y.

• bias, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mpln.y.

• bias, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mpln.y.

• bias, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.y.

• bias, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.y.

• bias, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mpln.y.
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• bias, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mpln.y.

• bias, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mpln.y.

• bias, case 12 (ρx = 0.9, ρy = 0 and ρxy = 0.5): mvn.y, mvnr.y, mplnr.y, mpln.y.

• bias, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mplnr.y, mvnr.y, mvn.y, mpln.y.

• bias, case 14 (ρx = 0.9, ρy = 0 and ρxy = −0.5): mvn.y, mvnr.y, mplnr.y,

mpln.y.

• bias, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mpln.y.

• bias, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mpln.y.

• bias, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mpln.y.

• bias, case 22 (ρx = 0.5, ρy = 0 and ρxy = 0.5): mvnr.y, mvn.y, mplnr.y, mpln.y.

• bias, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mpln.y.

• bias, case 24 (ρx = 0.5, ρy = 0 and ρxy = −0.5): mvn.y, mvnr.y, mplnr.y,

mpln.y.

• bias, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mplnr.y, mpln.y.

• SD, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.y.

• SD, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mplnr.y, mpln.y.

• SD, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mplnr.y, mpln.y.

• SD, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.y.

• SD, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mplnr.y, mpln.y.

• SD, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mvnr.y, mplnr.y, mvn.y, mpln.y.

• SD, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mvnr.y, mplnr.y, mvn.y, mpln.y.
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• SD, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mvnr.y, mplnr.y, mvn.y,

mpln.y.

• SD, case 12 (ρx = 0.9, ρy = 0 and ρxy = 0.5): mvn.y, mvnr.y, mpln.y.

• SD, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mpln.y.

• SD, case 14 (ρx = 0.9, ρy = 0 and ρxy = −0.5): mvnr.y, mvn.y, mpln.y.

• SD, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mvnr.y, mplnr.y, mvn.y, mpln.y.

• SD, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvnr.y, mplnr.y, mvn.y, mpln.y.

• SD, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mvnr.y, mplnr.y, mvn.y,

mpln.y.

• SD, case 22 (ρx = 0.5, ρy = 0 and ρxy = 0.5): mvn.y, mvnr.y, mpln.y.

• SD, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mpln.y.

• SD, case 24 (ρx = 0.5, ρy = 0 and ρxy = −0.5): mvnr.y, mvn.y, mpln.y.

• SD, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvnr.y, mvn.y, mpln.y.

We also list the performance rank of correlation coefficient estimators between gene

x and gene y, according to MSE, bias or standard deviation (SD). We only list

MPLN-based moment estimators (mpln.xy) and the other estimators better than

mpln.xy.

• MSE, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.xy.

• MSE, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mpln.r.xy, mvnr.xy, mpln.xy.

• MSE, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

• MSE, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.xy.

• MSE, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.xy.
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• MSE, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mplnr.xy, mvnr.xy, mpln.xy.

• MSE, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

• MSE, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mpln.xy.

• MSE, case 12 (ρx = 0.9, ρy = 0 and ρxy = 0.5): mplnr.xy, mpln.xy.

• MSE, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• MSE, case 14 (ρx = 0.9, ρy = 0 and ρxy = −0.5): mpln.xy.

• MSE, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mplnr.xy, mpln.xy.

• MSE, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• MSE, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mpln.xy.

• MSE, case 22 (ρx = 0.5, ρy = 0 and ρxy = 0.5): mpln.xy.

• MSE, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

• MSE, case 24 (ρx = 0.5, ρy = 0 and ρxy = −0.5): mpln.xy.

• MSE, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

• bias, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.xy.

• bias, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mpln.xy.

• bias, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

• bias, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.xy.

• bias, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.xy.

• bias, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mpln.xy.

• bias, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mplnr.xy, mvn.xy, mvnr.xy,

mpln.xy.
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• bias, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mpln.xy.

• bias, case 12 (ρx = 0.9, ρy = 0 and ρxy = 0.5): mpln.xy.

• bias, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mpln.xy.

• bias, case 14 (ρx = 0.9, ρy = 0 and ρxy = −0.5): mpln.xy.

• bias, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mpln.xy.

• bias, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• bias, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mpln.xy.

• bias, case 22 (ρx = 0.5, ρy = 0 and ρxy = 0.5): mpln.xy.

• bias, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mpln.xy.

• bias, case 24 (ρx = 0.5, ρy = 0 and ρxy = −0.5): mpln.xy.

• bias, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mpln.xy.

• SD, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.xy.

• SD, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mplnr.xy, mvnr.xy, mpln.xy.

• SD, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

• SD, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mvn.xy, mvnr.xy, mpln.xy.

• SD, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mvnr.xy, mvn.xy, mplnr.xy,

mpln.xy.

• SD, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mvnr.xy, mvn.xy, mplnr.xy,

mpln.xy.

• SD, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

• SD, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mvn.xy, mvnr.xy, mpln.xy.
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• SD, case 12 (ρx = 0.9, ρy = 0 and ρxy = 0.5): mvnr.xy, mplnr.xy, mvn.xy,

mpln.xy.

• SD, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• SD, case 14 (ρx = 0.9, ρy = 0 and ρxy = −0.5): mvn.xy, mvnr.xy, mpln.xy.

• SD, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mvnr.xy, mplnr.xy, mvn.xy,

mpln.xy.

• SD, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• SD, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mvn.xy, mvnr.xy, mpln.xy.

• SD, case 22 (ρx = 0.5, ρy = 0 and ρxy = 0.5): mvnr.xy, mplnr.xy, mvn.xy,

mpln.xy.

• SD, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

• SD, case 24 (ρx = 0.5, ρy = 0 and ρxy = −0.5): mvn.xy, mvnr.xy, mpln.xy.

• SD, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

4.4 Multiple Exons with Multiple Isoforms

In this section, we describe the simulation studies based on multiple exons with

multiple isoforms case. We consider the scenario that gene x has four exons with two

isoforms and gene y has three exons with two isoforms. The 1st x-isoform contains

1st x-exon, 2nd x-exon and 3rd x-exon. The 2nd x-isoform contains 1st x-exon, 3rd

x-exon and 4th x-exon. The 1st y-isoform contains 1st y-exon and 3rd y-exon. And

the 2nd y-isoform contains 1st y-exon and 2nd y-exon.

For the setting of parameters initialization, we first generate the data from multivari-

ate Poisson-log normal distribution. Then MPLN-based moment estimators (mpln.x,
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mpln.y, mpln.xy) are calculated according to equations (3.18) and (3.19) using raw

read counts, MVN based MLEs (mvn.x, mvn.y, mvn.xy) are calculated according to

equations (2.20) using normalized read counts, MPLN-based moment estimators on

the rank transformed data (mplnr.x, mplnr.y, mplnr.xy) are calculated according to

equations (3.18) and (3.19) using the rank transformed raw read counts and MVN

based MLEs on the rank transformed data (mvnr.x, mvnr.y, mvnr.xy) are calculated

according to equations (2.20) using the rank transformed normalized read counts. We

present the box plots for each case to understand the performance of the correlation

coefficient esti- mators. We also report mean squared error (MSE), bias and standard

deviation (SD) of those correlation estimators.

In this scenario, we assume the total volume nm is fixed for all subjects. We

generate the multivariate Poisson-log normal data sets according to our model

(3.15) and (3.16), with nm = 85, 000, 000, lx = (4, 000, 4, 000, 4, 000, 4000), ly =

(6, 000, 6, 000, 6000), µx = −22, µy = −22 , vx = 0.5 and vy = 0.5. There are six

paired inrta-correlation coefficients are considered, (ρx, ρy) = ((0.9, 0.9), (0.9, 0.5),

(0.5, 0.5), (0.5, 0), (0, 0)). Also there are five different levels of between-correlation

coefficients are considered, ρxy = (−0.9,−0.5, 0, 0.5, 0.9). And all four correlation

coefficient estimators are calculated with sample sizes M = 100. The simulation is

repeated 1000 times.

And there are 16 cases that Σ is not positive definite.

Case 1: we consider a highly positive correlated case with ρx = 0.9, ρy = 0.9 and

ρxy = 0.9. Boxplots are showed in figure 4.29.

The corresponding MSE values are 0.003254717, 0.006317819, 0.001580132,

0.003290453, 0.003367016, 0.044566509, 0.822873545, 1.015130438, 0.606494211,

0.017331241, 0.036525878 and 0.010243139.

The corresponding the bias of correlation estimators are -0.0017795425, 0.0005591112,
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-0.0007958521, -0.0425527022, -0.0322010701, -0.2097580895, 0.9059402589,

1.0065907552, 0.7778569200, 0.1255262796, 0.1863563404 and -0.0973415981.

The corresponding the standard deviation of correlation estimators are 0.05702236,

0.07948274, 0.03974291, 0.03846713, 0.04827118, 0.02383387, 0.04632270, 0.04365191,

0.03785265, 0.03967863, 0.04239331 and 0.02770835.
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Figure 4.29: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.9, ρy = 0.9 and ρxy = 0.9.

Case 2: we consider a highly positive intra-correlated and moderately positive

between-correlated case with ρx = 0.9, ρy = 0.9 and ρxy = 0.5. Boxplots are showed

in figure 4.30.

The corresponding MSE values are 0.003580764, 0.007933683, 0.008374291,

0.003259749, 0.003785987, 0.023371413, 0.825583036, 1.013120688, 0.637771256,

0.017636132, 0.036241505 and 0.009365288.
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The corresponding the bias of correlation estimators are 0.0011250508, -0.0008604903,

-0.0032043809, -0.0426976446, -0.0328382781, -0.1375599144, 0.9074507127,

1.0055428524, 0.7944387644, 0.1268208412, 0.185340617 and -0.0670449255.

The corresponding the standard deviation of correlation estimators are 0.05982891,

0.08906707, 0.09145503, 0.03790330, 0.05203494, 0.06669845, 0.04600261, 0.04476896,

0.08147580, 0.03940312, 0.04347827 and 0.06978729.
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Figure 4.30: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.9, ρy = 0.9 and ρxy = 0.5.

Case 3: we consider a highly positive intra-correlated and between-independent case

with ρx = 0.9, ρy = 0.9 and ρxy = 0. Boxplots are showed in figure 4.31.

The corresponding MSE values are 0.003370522, 0.007034571, 0.011927976,

0.003491826, 0.003615189, 0.005560225, 0.821256370, 1.012855873, 0.632843607,

0.017401408, 0.036124051 and 0.007138088.
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The corresponding the bias of correlation estimators are -0.003323581, -0.002579908,

0.002392746, -0.045174928, -0.033735375, 0.002601147, 0.904812616, 1.005455927,

0.788352036, 0.124561609, 0.185252870 and 0.002790179.

The corresponding the standard deviation of correlation estimators are 0.05796099,

0.08383266, 0.10918906, 0.03809268, 0.04977061, 0.07452154, 0.05070011, 0.04375216,

0.10651138, 0.04342596, 0.04249030 and 0.08444112.
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Figure 4.31: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.9, ρy = 0.9 and ρxy = 0.

Case 4: we consider a highly positive intra-correlated and moderately negative

between-correlated case with ρx = 0.9, ρy = 0.9 and ρxy = −0.5. Boxplots are

showed in figure 4.32.

The corresponding MSE values are 0.003277252, 0.006861909, 0.006121404,

0.003304985, 0.003667626, 0.031710814, 0.828881941, 1.014728292, 0.481028078,

0.018065227, 0.036516321 and 0.008726857.
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The corresponding the bias of correlation estimators are -0.001778948, -0.002235760,

-0.009137819, -0.042852437, -0.034342771, 0.172032435, 0.909237485, 1.006350612,

0.686654260, 0.128350287, 0.186126247 and 0.063804254.

The corresponding the standard deviation of correlation estimators are 0.05721964,

0.08280646, 0.07770395, 0.03832302, 0.04988187, 0.04599625, 0.04657399, 0.04457284,

0.09764223, 0.03989274, 0.04328211 and 0.06823397.
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Figure 4.32: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.9, ρy = 0.9 and ρxy = −0.5.

Case 5: we consider a highly positive intra-correlated and highly negative between-

correlated case with ρx = 0.9, ρy = 0.9 and ρxy = −0.9. Boxplots are showed in figure

4.33.

The corresponding MSE values are 0.003318919, 0.007155791, 0.001835394,

0.003397760, 0.003723162, 0.114368055, 0.824527935, 1.013869336, 0.243311872,

0.017498684, 0.036284738 and 0.010321700.
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The corresponding the bias of correlation estimators are 0.0002385316, -0.0041650228,

-0.0135611176, -0.0430121451, -0.0352995617, 0.3370280882, 0.9068790810,

1.0059725869, 0.4919968351, 0.1263295817, 0.1857537840 and 0.0978090142.

The corresponding the standard deviation of correlation estimators are 0.05760956,

0.08448931, 0.04063853, 0.03934102, 0.04977050, 0.02793068, 0.04580685, 0.04345677,

0.03536928, 0.03923673, 0.04219325 and 0.02747902.
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Figure 4.33: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.9, ρy = 0.9 and ρxy = −0.9.

Case 7: we consider a highly positive and moderately positive intra-correlated and

moderately positive between-correlated case with ρx = 0.9, ρy = 0.5 and ρxy = 0.5.

Boxplots are showed in figure 4.34.

The corresponding MSE values are 0.003451329, 0.019268073, 0.006468340,

0.003577664, 0.007747908, 0.020878423, 0.821544213, 0.664232122, 0.499699101,

0.017210635, 0.006302905 and 0.010664617.
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The corresponding the bias of correlation estimators are -0.0056235520, 0.0030649561,

0.0002461687, -0.0449970688, -0.0421955732, -0.1350265598, 0.9051732165,

0.8107328660, 0.7036249541, 0.1248695242, 0.0221636461 and -0.0885494115.

The corresponding the standard deviation of correlation estimators are 0.05847824,

0.13877564, 0.08042561, 0.03940720, 0.07724922, 0.05144172, 0.04696446, 0.08333272,

0.06790453, 0.04022731, 0.07623436 and 0.05313774.
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Figure 4.34: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.9, ρy = 0.5 and ρxy = 0.5.

Case 8: we consider a highly positive and moderately positive intra-correlated and

between-independent case with ρx = 0.9, ρy = 0.5 and ρxy = 0. Boxplots are showed

in figure 4.35.

The corresponding MSE values are 0.003597131, 0.018166725, 0.007476893,

0.003357461, 0.007548518, 0.003146224, 0.821693301, 0.655299947, 0.518401263,

0.017156878, 0.005952672 and 0.003924105.
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The corresponding the bias of correlation estimators are -0.0002032311, -

0.0019630927, -0.0015573044, -0.0426167214, -0.0464953039, -0.0013738854,

0.9053196558, 0.8053126944, 0.7154899250, 0.1249948671, 0.0171967823 and

-0.0006654703.

The corresponding the standard deviation of correlation estimators are 0.05997574,

0.13476970, 0.08645501, 0.03925910, 0.07339418, 0.05607438, 0.04571238, 0.08228858,

0.08047006, 0.03915560, 0.07521265 and 0.06263914.
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Figure 4.35: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.9, ρy = 0.5 and ρxy = 0.

Case 9: we consider a highly positive and moderately positive intra-correlated and

moderately negative between-correlated case with ρx = 0.9, ρy = 0.5 and ρxy = −0.5.

Boxplots are showed in figure 4.36.

The corresponding MSE values are 0.003243054, 0.019165785, 0.003802195,

0.003399463, 0.007865137, 0.032366791, 0.821310512, 0.655224412, 0.430778343,
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0.017114280, 0.005827358 and 0.011627817.

The corresponding the bias of correlation estimators are -0.0036406196, -

0.0037525480, -0.0009538501, -0.0443932528, -0.0456620814, 0.1764917230,

0.9051057207, 0.8053574876, 0.6526530974, 0.1248110173, 0.0172277896 and

0.0945018491.

The corresponding the standard deviation of correlation estimators are 0.05683133,

0.13838968, 0.06165456, 0.03779818, 0.07602704, 0.03489216, 0.04576184, 0.08138630,

0.06944262, 0.03919808, 0.07436775 and 0.05193474.
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Figure 4.36: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoform case when ρx = 0.9, ρy = 0.5 and ρxy = −0.5.

Case 13: we consider a highly positive and independent intra-correlated and between-

independent case with ρx = 0.9, ρy = 0 and ρxy = 0. Boxplots are showed in figure

4.37.
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The corresponding MSE values are 0.003297872, 0.016462518, 0.004512583,

0.003307763, 0.001970083, 0.001540859, 0.825048046, 0.503959613, 0.422643668,

0.017713073, 0.002085186 and 0.001738928.

The corresponding the bias of correlation estimators are -0.0020657403, 0.0032601180,

0.0018872698, -0.0430216195, 0.0011773856, 0.0008834117, 0.9070294081,

0.7075890088, 0.6477923564, 0.1264601711, 0.0022732094 and -0.0011633845.

The corresponding the standard deviation of correlation estimators are 0.05738994,

0.12826492, 0.06714925, 0.03816940, 0.04437000,, 0.03924383, 0.04843242,

0.05724865, 0.05485190, 0.04148371, 0.04560722 and 0.04168422.
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Figure 4.37: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.9, ρy = 0 and ρxy = 0.

Case 17: we consider a moderately positive intra-correlated and moderately positive

between-correlated case with ρx = 0.5, ρy = 0.5 and ρxy = 0.5. Boxplots are showed

in figure 4.38.
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The corresponding MSE values are 0.008620769, 0.018270083, 0.004802948,

0.006146251, 0.007068055, 0.020382229, 0.466912201, 0.660260385, 0.359508633,

0.003586134, 0.005719735 and 0.014972492.

The corresponding the bias of correlation estimators are -0.007483395, 0.002754307,

-0.002635084, -0.051272290, -0.042539067, -0.137022336, 0.679539091, 0.808648175,

0.596698317, -0.006028722, 0.020216117 and -0.115103556.

The corresponding the standard deviation of correlation estimators are 0.09254603,

0.13513881, 0.06925319, 0.05930770, 0.07251540, 0.04008876, 0.07168560, 0.07967757,

0.05881965, 0.05958010, 0.07287691 and 0.04151703.
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Figure 4.38: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.5, ρy = 0.5 and ρxy = 0.5

Case 18: we consider a moderately positive intra-correlated and between-independent

case with ρx = 0.5, ρy = 0.5 and ρxy = 0. Boxplots are showed in figure 4.39.
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The corresponding MSE values are 0.008730904, 0.017922816, 0.005162167,

0.006428219, 0.007635273, 0.001899353, 0.459313487, 0.660692626, 0.409058474,

0.003973460, 0.006221241 and 0.002157237.

The corresponding the bias of correlation estimators are -0.0063237492, -

0.0008335462, -0.0037868824, -0.0520754630, -0.0435688588, -0.0027771596,

0.6735990692, 0.8085434657, 0.6366952540, -0.0109518576, 0.0201627423 and

-0.0025573943.

The corresponding the standard deviation of correlation estimators are 0.09322507,

0.13387353, 0.07174836, 0.06096199, 0.07574317, 0.04349299, 0.07468454, 0.08336720,

0.06064345, 0.06207670, 0.07625421 and 0.04637560.
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Figure 4.39: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.5, ρy = 0.5 and ρxy = 0.

Case 19: we consider a moderately positive intra-correlated and moderately negative

between-correlated case with ρx = 0.5, ρy = 0.5 and ρxy = −0.5. Boxplots are showed
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in figure 4.40.

The corresponding MSE values are 0.008142654, 0.018310834, 0.002828130,

0.005764509, 0.007717828, 0.031830491, 0.460948645, 0.650642912, 0.364882977,

0.004133630, 0.006058382 and 0.015688681.

The corresponding the bias of correlation estimators are 0.002441176, 0.003545762,

0.001214672, -0.047436755, -0.042973150, 0.176160516, 0.674626163, 0.802269732,

0.602011911, -0.010089604, 0.014431550 and 0.117796055.

The corresponding the standard deviation of correlation estimators are 0.09020363,

0.13527107, 0.05316629, 0.05928122, 0.07662334, 0.02824826, 0.07634255, 0.08370298,

0.04964510, 0.06349669, 0.07648603 and 0.04257664.
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Figure 4.40: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.5, ρy = 0.5 and ρxy = −0.5.

Case 23: we consider a moderately positive and independent intra-correlated and
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between-independent case with ρx = 0.5, ρy = 0 and ρxy = 0. Boxplots are showed

in figure 4.41.

The corresponding MSE values are 0.0097468742, 0.0154090212, 0.0034912297,

0.0064848357, 0.0018359839, 0.0008518279, 0.4648769012, 0.5046874054,

0.3394228714, 0.0042700609, 0.0021336762 and 0.0009204806.

The corresponding the bias of correlation estimators are -0.0042739436, 0.0073817038,

0.0029748133, -0.0520186081, 0.0023565577, 0.0004098743, 0.6773378955,

0.7080489293, 0.5811267859, -0.0078191794, 0.0026499769 and 0.0008730266.

The corresponding the standard deviation of correlation estimators are 0.09863370,

0.12391340, 0.05901170, 0.06147276, 0.04278353, 0.02918321, 0.07804022, 0.05791476,

0.04140689, 0.06487620, 0.04611566 and 0.03032686.
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Figure 4.41: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0.5, ρy = 0 and ρxy = 0.
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Case 28: we consider an independent intra-correlated and between-independent case

with ρx = 0, ρy = 0 and ρxy = 0. Boxplots are showed in figure 4.42.

The corresponding MSE values are 0.0059009372, 0.0155145683, 0.0023702109,

0.0008223589, 0.0019275394, 0.0002540742, 0.3109730727, 0.5023542924,

0.2626841318, 0.0008275569, 0.0021081773 and 0.0002625360.

The corresponding the bias of correlation estimators are 0.0020774665, 0.0009442987,

0.0018633893, 0.0011194814, 0.0003512290, 0.0006426303, 0.5562619405,

0.7064120650, 0.5120419570, 0.0015556333, 0.0013479315 and 0.0006144980.

The corresponding the standard deviation of correlation estimators are 0.07678946,

0.12455391, 0.04864914, 0.02865494, 0.04390235, 0.01592674, 0.03931572, 0.05776060,

0.02229722, 0.02872520, 0.04589510 and 0.01619131.
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Figure 4.42: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when ρx = 0, ρy = 0 and ρxy = 0.
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We list the performance rank of correlation coefficient estimators within gene x, ac-

cording to MSE, bias or standard deviation (SD). We only list MPLN-based moment

estimators (mpln.x) and the other estimators better than mpln.x.

• MSE, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.x.

• MSE, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mvn.x, mpln.x.

• MSE, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mpln.x.

• MSE, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.x.

• MSE, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.x

• MSE, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mpln.x.

• MSE, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mvn.x, mpln.x.

• MSE, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mpln.x.

• MSE, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mpln.x.

• MSE, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mvnr.x, mvn.x, mpln.x.

• MSE, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvnr.x, mvn.x, mpln.x.

• MSE, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mvnr.x, mvn.x, mpln.x.

• MSE, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvnr.x, mvn.x, mpln.x.

• MSE, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.x, mvnr.x, mpln.x.

• bias, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.x.

• bias, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mpln.x.

• bias, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mpln.x.

• bias, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.x.
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• bias, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.x.

• bias, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mpln.x.

• bias, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mpln.x.

• bias, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mpln.x.

• bias, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mpln.x.

• bias, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mvnr.x, mpln.x.

• bias, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mpln.x.

• bias, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mpln.x.

• bias, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mpln.x.

• bias, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.x, mvnr.x, mpln.x.

• SD, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mvn.x, mvnr.x, mplnr.x, mpln.x.

• SD, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mvn.x, mvnr.x, mplnr.x, mpln.x.

• SD, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mvn.x, mvnr.x, mplnr.x, mpln.x.

• SD, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mvn.x, mvnr.x, mplnr.x,

mpln.x.

• SD, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mvnr.x, mvn.x, mplnr.x,

mpln.x.

• SD, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mvn.x, mvnr.x, mplnr.x, mpln.x.

• SD, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mvnr.x, mvn.x, mplnr.x, mpln.x.

• SD, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mvn.x, mvnr.x, mplnr.x,

mpln.x.

• SD, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mvn.x, mvnr.x, mplnr.x, mpln.x.

153



• SD, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mvn.x, mvnr.x, mplnr.x,

mpln.x.

• SD, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvn.x, mvnr.x, mplnr.x, mpln.x.

• SD, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mvn.x, mvnr.x, mplnr.x,

mpln.x.

• SD, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvn.x, mvnr.x, mplnr.x, mpln.x.

• SD, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.x, mvnr.x, mplnr.x, mpln.x.

Then we list the performance rank of correlation coefficient estimators within gene

y, according to MSE, bias or standard deviation (SD). We only list MPLN-based

moment estimators (mpln.y) and the other estimators better than mpln.y.

• MSE, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mvn.y, mpln.y.

• MSE, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mvn.y, mpln.y.

• MSE, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mvn.y, mpln.y.

• MSE, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mvn.y, mpln.y.

• MSE, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mvn.y, mpln.y.

• MSE, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mvnr.y, mvn.y, mpln.y.

• MSE, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mvnr.y, mvn.y, mpln.y.

• MSE, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mvnr.y, mvn.y, mpln.y.

• MSE, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mpln.y.

• MSE, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mvnr.y, mvn.y, mpln.y.

• MSE, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvnr.y, mvn.y, mpln.y.

• MSE, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mvnr.y, mvn.y, mpln.y.
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• MSE, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mpln.y.

• MSE, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mpln.y.

• bias, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.y.

• bias, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mpln.y.

• bias, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mpln.y.

• bias, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.y.

• bias, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.y.

• bias, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mpln.y.

• bias, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mpln.y.

• bias, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mpln.y.

• bias, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mpln.y.

• bias, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mpln.y.

• bias, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mpln.y.

• bias, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mpln.y.

• bias, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mpln.y.

• bias, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.y, mpln.y.

• SD, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mvnr.y, mplnr.y, mvn.y, mpln.y.

• SD, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mvnr.y, mplnr.y, mvn.y, mpln.y.

• SD, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mvnr.y, mplnr.y, mvn.y, mpln.y.

• SD, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mvnr.y, mplnr.y, mvn.y,

mpln.y.
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• SD, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mvnr.y, mplnr.y, mvn.y,

mpln.y.

• SD, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mvnr.y, mvn.y, mplnr.y, mpln.y.

• SD, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mvn.y, mvnr.y, mplnr.y, mpln.y.

• SD, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mvn.y, mvnr.y, mplnr.y,

mpln.y.

• SD, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mplnr.y, mpln.y.

• SD, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mvn.y, mvnr.y, mplnr.y, mpln.y.

• SD, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvn.y, mvnr.y, mplnr.y, mpln.y.

• SD, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mvnr.y, mvn.y, mplnr.y,

mpln.y.

• SD, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mplnr.y, mpln.y.

• SD, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.y, mvnr.y, mplnr.y, mpln.y.

We also list the performance rank of correlation coefficient estimators between gene

x and gene y, according to MSE, bias or standard deviation (SD). We only list

MPLN-based moment estimators (mpln.xy) and the other estimators better than

mpln.xy.

• MSE, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.xy.

• MSE, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mpln.xy.

• MSE, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• MSE, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.xy.

• MSE, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.xy.
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• MSE, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mpln.xy.

• MSE, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• MSE, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mpln.xy.

• MSE, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• MSE, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mpln.xy.

• MSE, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• MSE, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mpln.xy.

• MSE, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• MSE, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• bias, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mpln.xy.

• bias, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mpln.xy.

• bias, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mpln.xy.

• bias, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mpln.xy.

• bias, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mpln.xy.

• bias, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mpln.xy.

• bias, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

• bias, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mpln.xy.

• bias, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• bias, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mpln.xy.

• bias, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

• bias, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mpln.xy.
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• bias, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvn.xy, mvnr.xy, mpln.xy.

• bias, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvnr.xy, mvn.xy, mpln.xy.

• SD, case 1 (ρx = 0.9, ρy = 0.9 and ρxy = 0.9): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

• SD, case 2 (ρx = 0.9, ρy = 0.9 and ρxy = 0.5): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

• SD, case 3 (ρx = 0.9, ρy = 0.9 and ρxy = 0): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

• SD, case 4 (ρx = 0.9, ρy = 0.9 and ρxy = −0.5): mvn.xy, mvnr.xy, mpln.xy.

• SD, case 5 (ρx = 0.9, ρy = 0.9 and ρxy = −0.9): mvnr.xy, mvn.xy, mplnr.xy,

mpln.xy.

• SD, case 7 (ρx = 0.9, ρy = 0.5 and ρxy = 0.5): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

• SD, case 8 (ρx = 0.9, ρy = 0.5 and ρxy = 0): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

• SD, case 9 (ρx = 0.9, ρy = 0.5 and ρxy = −0.5): mvn.xy, mvnr.xy, mpln.xy.

• SD, case 13 (ρx = 0.9, ρy = 0 and ρxy = 0): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

• SD, case 17 (ρx = 0.5, ρy = 0.5 and ρxy = 0.5): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

• SD, case 18 (ρx = 0.5, ρy = 0.5 and ρxy = 0): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

• SD, case 19 (ρx = 0.5, ρy = 0.5 and ρxy = −0.5): mvn.xy, mvnr.xy, mplnr.xy,
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mpln.xy.

• SD, case 23 (ρx = 0.5, ρy = 0 and ρxy = 0): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

• SD, case 28 (ρx = 0, ρy = 0 and ρxy = 0): mvn.xy, mvnr.xy, mplnr.xy, mpln.xy.

In some figures, we find some values of moment based correlation coefficient estimators

are larger than 1 or smaller than -1. This is the due to the limitation of moment

estimation methods that there is no automatic parameter range control. In practice,

we may force the results in an appropriate range, like [-1, 1].
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Chapter 5

Applications

5.1 Introduction

In Chapter 3, Multivariate Poisson-lognormal model based correlation coefficient es-

timation methods have been proposed. In this chapter, we apply those methods to

a RNA-seq data set for breast cancer study. We estimate the correlation coefficient

between gene TP53 and gene CDKN1A.

5.2 Data Explaration

The RNA-seq data set for studying Breast Invasive Carcinoma has been downloaded

from TCGA. It contains 857 subjects with 89 normal subjects and 768 tumor subjects.

We focus on 89 normal subjects in this application study. For each subject, gene-level

raw read counts and exon-level raw read counts are provided.

From Figure 5.1, we see that the total volumes (total number of reads) are various for

different experiments. They cannot be preciously controlled in experiment. Therefore,

a gene gains more raw reads in the experiment with higher total volume. To make

raw read counts comparable among experiments, the effect of total volume should be

taken into account.
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Figure 5.1: Histogram of total volumes of 89 normal subjects

This application focuses on gene TP53 and gene CDKN1A. TP53, also called p53,

is a tumor suppressor gene. its activity stops the formation of tumors. It has 14

exons with lengths (235, 141, 1288, 106, 132, 73, 136, 109, 428, 440, 278, 240, 102,

168). And CDKN1A, also called p21, is a gene related to cancer. It has 4 exons with

lengths (122, 257, 458, 1580). The gene/exon with longer length will gain more reads

in the same experiment. Then the length effect also should be removed.

From Figure 5.2, the exon-level raw read counts of TP53 span in a wide range, even

in log scale. From Figure 5.3, the exon-level raw read counts of CDKN1A also span

in a wide range, even in log scale. Some exons are highly expressed and the others

are lowly expressed.
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Figure 5.2: Boxplots of raw read counts of TP53 on exon level
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Figure 5.3: Boxplots of raw read counts of CDKN1A on exon level
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From Figure 5.4, we can not see the clear pattern between TP53 and CDKN1A with

raw read counts. However, we find the slightly negative relationship between TP53

and CDKN1A with raw read counts in log scale.
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Figure 5.4: Scatterplots of TP53 and CDKN1A on gene level

From Figure 5.5, exons 3, 4, 6, 7, 8, 9, 10, 11, 12 and 14 of TP53 share similar highly

positive intra-correlation coefficient. Also exons 2, 3 and 4 of CDKN1A share simi-

lar highly positive intra-correlation coefficient. And those exons again share similar

between-correlation coefficient.
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Figure 5.5: Scatterplots of TP53 and CDKN1A on exon level

From Figure 5.6, there is slightly negative relationship between 3rd exon of TP53

and 3rd exon CDKN1A with raw read counts in log scale. Both exons are highly

expressed.
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Figure 5.6: Scatterplots of 3rd exon of TP53 and 3rd exon of CDKN1A

From Figure 5.7, there is no clear pattern between 2nd exon of TP53 and 1st exon

CDKN1A. Both exons are lowly expressed.
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Figure 5.7: Scatterplots of 2nd exon of TP53 and 1st exon of CDKN1A

5.3 Correlation Estimation

Estimation Methods

Correlation coefficient between TP53 and CDKN1A at gene level is estimated by

equation 3.8. Correlation coefficient between TP53 and CDKN1A at exon level is

estimated by equation 3.14. Correlation coefficient between TP53 and CDKN1A at

isoform level is estimated by equations 3.18 and 3.19.

Results

Correlation coefficient estimator between TP53 and CDKN1A at gene level is -

0.2832123. Correlation coefficient estimator between TP53 and CDKN1A at exon

level is -0.08773369. Then permutation studies are used to test the null hypothesis

that correlation equals to zero. From Figure 5.8, the permutation p-value at gene
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level is 0.03 and the permutation p-value at exon level is 0.05.

Permutation correlation (gene level)
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Figure 5.8: Histogram of Permutation correlations

From Figure 5.5, exons 1, 5 and 13 of TP53 and exon 1 of CDKN1A are expressed

lowly. Then we estimate correlation coefficient between TP53 and CDKN1A at exon

level, using highly expressed exons. Correlation coefficient estimator between TP53

and CDKN1A at exon level is -0.1163488. From Figure 5.9, the permutation p-value

at exon level is 0.07.
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Figure 5.9: Histogram of Permutation correlations with highly expressed exons

At isoform level, we consider TP53 with two isoforms structure. The first isoform

contains exons 2, 3, 4, 6, 7, 8, 9, 10, 11, 12, 14. And the second isoform contains

exons 3, 4, 6, 7, 8, 11, 12, 14. Then we estimate correlation coefficient between TP53

and CDKN1A at isoform level. Correlation coefficient estimator between TP53 and

CDKN1A at isoform level is -0.09133021. From Figure 5.10, the permutation p-value

at isoform level is 0.07.
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Figure 5.10: Histogram of Permutation correlations at isoform level

5.4 Discussion

Correlation coefficient estimator between TP53 and CDKN1A at gene level is -

0.2832123 with permutation p-value 0.03. Correlation coefficient estimator between

TP53 and CDKN1A at exon level is -0.08773369 with permutation p-value 0.05. And

correlation coefficient estimator between TP53 and CDKN1A at isoform level is -

0.09133021 with permutation p-value 0.07. It seems that less variance explained by

the exon-based model. However, it is improved some by the isoform-based model.

We think it maybe more noise introduced by our covariance-variance simplification.

However, it is improved by introducing isoforms. p-values are also determined by the

degrees of freedom or model complexity.
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Chapter 6

Discussion

6.1 More Correlation Structures

In the dissertation, we introduce the block compound symmetry correlation structure

to reduce the parameter space. In chapter 5, we see there are some common pat-

terns within TP53 and CDKN1A at exon level. We also find some common patterns

between TP53 and CDKN1A. So it is appropriate to study the relationship between

TP53 and CDKN1A, using the block compound symmetry correlation structure as-

sumption.

We don’t think all pairs of genes will follow the same common patters like TP53

and CDKN1A. It is interesting to explore other possible patterns from other pairs

of genes. Then the block compound symmetry correlation structure may not be a

reasonable assumption for those patterns. However, multivariate Poisson-lognormal

model based methods still can be used to study those pairs of genes, if we use some

specific appropriate correlation structures.

So it will be an interesting topic to study the estimation methods of multivariate

Poisson-lognormal model with some other specific correlation structures.
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6.2 Efficiency of Correlation Analysis

In this dissertation, we model the correlation structure of RNA-seq data using a

multivariate Poisson-lognormal model. We also derive correlation coefficient moment

estimators, which is easy and fast to be calculated. Therefore, it is possible to screen

whole genome to estimate all pairs of genes. Then we can identify some paired genes

that have significant different relationship between normal group and tumor group.

Those gene can be further investigated.

Differential expression analysis is a traditional approach for identifing some genes

that have significant expression levels between normal group and tumor group. In

this approach, genes are usually assumed to be independent.

So it will be a very interesting future work to compare correlation analysis with dif-

ferential expression analysis. It is also interesting to study the advantage of modeling

RNA-seq data, including dependency.

6.3 Robustness of MPLN-based Moment Estimators

MPLN-based moment estimators are derived under some simplification assumptions.

We assume there are one correlation coefficient between x-isoforms/y-isoforms in gene

x/gene y and one variation of x-isoforms/y-isoforms in gene x/gene y. However, in

practice, it is not possible there is only one common relationship pattern within genes

or between genes. In chapter 5, we see there are three common patterns between TP53

and CDKN1A at exon level.

So it is a future work to conduct more simulation studies to check the robustness of

MPLN-based moment estimators, when sample do not come from the true model.

We also will consider to generalize MPLN-based moment estimators, allowing more

common relationship patterns.
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6.4 Adjusted Rank Correlation Coefficient in Multivariate Analysis

In chapter 4, it is so amazing to see that adjusted Spearman’s rank correlation coef-

ficient and adjusted Kendall rank correlation coefficient have that good performance,

when sample data come from a bivariate Poisson-lognormal distribution. We will con-

duct more simulation studies to test their performance. We also will conduct more

literature studies and explore the possible transformations of Spearman’s rank corre-

lation coefficient and Kendall rank correlation coefficient in the multivariate normal

distribution with the block compound symmetry correlation structure. Furthermore,

we will consider possible transformations for improving MPLN-based moment esti-

mators.

6.5 Bivariate Poisson Model Based Methods

In this section, we propose another approach for modeling correlation structure of

RNA-seq data using bivariate Poisson model.

6.5.1 Statistical Review

A trivariate reduction method

Let x1, x2 and x3 be three mutually independent random variables, with x1 ∼ Poi(λ1),

x2 ∼ Poi(λ2) and x3 ∼ Poi(λ0). The new random variables are constructed as

x = x1 + x0

y = x2 + x0

172



Thus, x and y are distributed as bivariate Poisson [27] [28], with parameters

λx = λ1 + λ0

λy = λ2 + λ0

The variance is given as

Cov(x, y)
.
= V ar(x0)

= λ0

with
.
= follows the independent assumption.

The probability mass function is

P (x = x, y = y | λ1, λ2, λ0) = e−(λ1+λ2+λ0)

s∑
x0=0

λx00

x0!

λ
(x−x0)
1

(x− x0)!

λ
(y−x0)
2

(y − x0)!

where s = min(x, y).

Then the joint log-likelihood function is

lM(λ1, λ2, λ0 | x1, ..., xM , y1, ..., yM) =
M∑
m=1

l(λ1, λ2, λ0 | xm, ym)

= −M(λ1 + λ2 + λ0) +
M∑
m=1

logOm

with

Om =
sm∑
x0=0

λx00

x0!

λ
(xm−x0)
1

(xm − x0)!

λ
(ym−x0)
2

(ym − x0)!

where sm = min(xm, ym).
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The first partial derivatives of Log-likelihood (ln) [29] are

∂lM
∂λi

= −M +
M∑
m=1

( 1

Om

∂Om

∂λi

)

where i = 0, 1, 2.

with

∂Om

∂λ0

=
sm∑
x0=1

λx0−1
0

(x0 − 1)!

λ
(xm−x0)
1

(xm − x0)!

λ
(ym−x0)
2

(ym − x0)!

∂Om

∂λ1

=
sm∑
x0=1

λx00

x0!

λ
(xm−x0−1)
1

(xm − x0 − 1)!

λ
(ym−x0)
2

(ym − x0)!

∂Om

∂λ2

=
sm∑
x0=1

λx00

x0!

λ
(xm−x0)
1

(xm − x0)!

λ
(ym−x0−1)
2

(ym − x0 − 1)!

The second partial derivatives of Log-likelihood (ln) [29] are

∂2lM
∂λi∂λi

=
M∑
m=1

[( 1

Om

∂2Om

∂λi∂λi

)
−
( 1

Om

∂Om

∂λi

)2]
∂2lM
∂λi∂λj

=
M∑
m=1

[( 1

Om

∂2Om

∂λi∂λj

)
−
( 1

O2
m

∂Om

∂λi

∂Om

∂λj

)]

where i, j = 0, 1, 2 and i 6= j.
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with

∂2Om

∂λ0∂λ0

=
sm∑
x0=0

λx0−2
0

(x0 − 2)!

λxm−x01

(xm − x0)!

λym−x02

(ym − x0)!

∂2Om

∂λ1∂λ1

=
sm∑
x0=0

λx00

x0!

λxm−x0−2
1

(xm − x0 − 2)!

λym−x02

(ym − x0)!

∂2Om

∂λ2∂λ2

=
sm∑
x0=0

λx00

x0!

λxm−x01

(xm − x0)!

λym−x0−2
2

(ym − x0 − 2)!

∂2Om

∂λ0∂λ1

=
sm∑
x0=0

λx0−1
0

(x0 − 1)!

λxm−x0−1
1

(xm − x0 − 1)!

λym−x02

(ym − x0)!

∂2Om

∂λ0∂λ2

=
sm∑
x0=0

λx0−1

(x0 − 1)!

λxm−x01

(xm − x0)!

λym−x0−1
2

(ym − x0 − 1)!

∂2Om

∂λ1∂λ2

=
sm∑
x0=0

λx00

x0!

λxm−x0−1
1

(ym − x0 − 1)!

λym−x0−1
2

(ym − x0 − 1)!

EM Algorithm

Dempster et al.([30]) developed a numerical method, called EM algorithm, for search-

ing the maximum likelihood estimates of statistical models, when data is incomplete

or mixed. It performs the expectation step (E-step) and maximization step (M-step)

iteratively.

Suppose X is an observed data set, Z is a unobserved data set and Θ is the vector of

unknown parameters.

Expectation step (E-step)

Q(Θ | Θ(t)) = EZ|X,Θ(t) [logL(Θ; X,Z)]

In E-setp, we obtain the Q function, which is the conditional mean of log complete

likelihood function logL(Θ; X,Z) with respect to the distribution of Z given observed
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data X and current parameters estimates Θ(t).

Maximization step (M-step)

Θ(t+1) = arg max
Θ

Q(Θ | Θ(t))

In M-step, we obtain new parameters estimates Θ(t+1) by maximizing the Q function

with respect to Θ.

The EM algorithm stops when the parameters estimates converge.

6.5.2 One Exon with One Isoform

In this section, we discuss how to fit RNA-seq data with bivariate Poisson model.

Basic Model

Suppose we have M subjects in the experiment. All subjects are sampled indepen-

dently. Let xm and ym be the raw counts of gene x and gene y from mth subject

respectively, m = 1, 2, 3, ...,M . Each gene has the length lx and ly respectively. l is

the total length of two genes, denoted as l = lx + ly.

We define x1m, x2m and x0m as three mutually independent random variables for mth

subject, with

x1m ∼ Poi(nmlxθ1)

x2m ∼ Poi(nmlyθ2)

x0m ∼ Poi(nmlθ0)
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where nm is the total volume of all transcripts from mth subject, θ1 and θ2 are expres-

sion indexes of gene x and gene y respectively and θ0 is the expression index shared

by two genes.

The raw counts of two genes are modeled as

xm = x1m + x0m

ym = x2m + x0m

Thus, xm and ym are distributed as bivariate Poisson, with parameters

λx = nmlxθ1 + nmlθ0

λy = nmlyθ2 + nmlθ0

The probability mass function is

P (xm = xm, ymym | θ1, θ2, θ0)

= e−(nmlθ0+nmlxθ1+nmlyθ2)

sm∑
x0=0

(nmlθ0)x0

(x0)!

(nmlxθ1)xm−x0

(xm − x0)!

(nmlyθ2)ym−x0

(ym − x0)!

where sm = min(xm, ym).

Then the likelihood function is

L(θ1, θ2, θ0 | xm = xm, ym = ym)

= e−(nmlθ0+nmlxθ1+nmlyθ2)

sm∑
x0=0

(nmlθ0)x0

(x0)!

(nmlxθ1)xm−x0

(xm − x0)!

(nmlyθ2)ym−x0

(ym − x0)!

where sm = min(xm, ym).
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And log-likelihood function is

l(θ1, θ2, θ0 | xm = xm, ym = ym) = log[L(θ1, θ2, θ0 | xm = xm, ym = ym)]

= −(nmlθ0 + nmlxθ1 + nmlyθ2) + log(Om)

where

Om =
sm∑
x0=0

(nmlθ0)x0

(x0)!

(nmlxθ1)xm−x0

(xm − x0)!

(nmlyθ2)ym−x0

(ym − x0)!

Thus, the joint log-likelihood function is

lM(θ1, θ2, θ0 | x1, ..., xM , y1, ..., yM) =
M∑
m=1

l(θ1, θ2, θ0 | xm, ym)

= −(
M∑
m=1

nm)(lθ0 + lxθ1 + lyθ2) +
M∑
m=1

log(Om)

The first partial derivatives of Log-likelihood function (ln) are

∂lM
∂θ0

= −l(
M∑
m=1

nm) +
M∑
m=1

( 1

Om

∂Om

∂θ0

)
∂lM
∂θ1

= −lx(
M∑
m=1

nm) +
M∑
m=1

( 1

Om

∂Om

∂θ1

)
∂lM
∂θ2

= −ly(
M∑
m=1

nm) +
M∑
m=1

( 1

Om

∂Om

∂θ2

)

with

∂Om

∂θ0

=
sm∑
x0=0

nml(nmlθ0)x0−1

(x0 − 1)!

(nmlxθ1)xm−x0

(xm − x0)!

(nmlyθ2)ym−x0

(ym − x0)!

∂Om

∂θ1

=
sm∑
x0=0

(nmlθ0)x0

(x0)!

nmlx(nmlxθ1)xm−x0−1

(xm − u0 − 1)!

(nmlyθ2)ym−x0

(ym − x0)!

∂Om

∂θ2

=
sm∑
x0=0

(nmlθ0)x0

(x0)!

(nmlxθ1)xm−x0

(xm − x0)!

nmly(nmlyθ2)ym−x0−1

(ym − x0 − 1)!
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The second partial derivatives of Log-likelihood (lM) are

∂2lM
∂θi∂θi

=
M∑
m=1

[( 1

Om

∂2Om

∂θi∂θi

)
−
( 1

Om

∂Om

∂θi

)2]
∂2lM
∂θi∂θj

=
M∑
m=1

[( 1

Om

∂2Om

∂θi∂θj

)
−
( 1

O2
m

∂Om

∂θi

∂Om

∂θj

)]

where i, j = 0, 1, 2 and i 6= j.

with

∂2Om

∂θ0∂θ0

=
sm∑
x0=0

(nml)
2(nmlθ0)x0−2

(x0 − 2)!

(nmlxθ1)xm−x0

(xm − x0)!

(nmlyθ2)ym−x0

(ym − x0)!

∂2Om

∂θ1∂θ1

=
sm∑
x0=0

(nmlθ0)x0

(x0)!

(nmlx)
2(nmlxθ1)xm−x0−2

(xm − x0 − 2)!

(mmlyθ2)ym−x0

(ym − x0)!

∂2Om

∂θ2∂θ2

=
sm∑
x0=0

(mmlθ0)x0−2

(x0)!

(nmlxθ1)xm−x0

(xm − x0)!

(nmly)
2(nmlyθ2)ym−x0−2

(ym − x0 − 2)!

∂2Om

∂θ0∂θ1

=
sm∑
x0=0

nml(nmlθ0)x0−1

(x0 − 1)!

nmlx(nmlxθ1)xm−x0−1

(xm − x0 − 1)!

(nmlyθ2)ym−x0

(ym − x0)!

∂2Om

∂θ0∂θ2

=
sm∑
x0=0

nml(nmlθ0)x0−1

(x0 − 1)!

(nmlxθ1)xm−x0

(xm − x0)!

nmly(nmlyθ2)ym−x0−1

(ym − x0 − 1)!

∂2Om

∂θ1∂θ2

=
sm∑
x0=0

(nmlθ0)x0

(x0)!

nmlx(nmlxθ1)xm−x0−1

(xm − x0 − 1)!

nmly(nmlyθ2)ym−x0−1

(ym − x0 − 1)!

EM algorithm

Since the data is mixed, we suggest to use EM algorithm for estimating θ1, θ2 and

θ0.

Suppose we have two observed data sets x = (x1, x2, ..., xM) and y = (y1, y2, ..., yM).

Also we have an unobserved data set x0 = (x01, x02, ..., x0M) The complete-data

likelihood function is
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LM(θ1, θ2, θ0;x,y,x0)

= P (x = x,y = y,x0 = x0 | θ1, θ2, θ0)

=
M∏
m=1

P (xm = xm, ym = ym, x0m = x0m | θ1, θ2, θ0)

=
M∏
m=1

P (x0m = x0m, x1m = xm − x0m, x2m = ym − x0m | θ1, θ2, θ0)

=
M∏
m=1

P (x0m = x0m | θ0)P (x1m = xm − x0m | θ1)P (x2m = ym − x2m | θ2)

=
M∏
m=1

(nmlθ0)x0me−nmlθ0

(x0m)!

(nmlxθ1)xm−x0me−nmlxθ1

(xm − x0m)!

(nmlyθ2)ym−x0me−nmlyθ2

(ym − x0m)!

Then the complete-data log-likelihood function is

logLM(θ1, θ2, θ0;x,y,x0)

=
M∑
m=1

[
x0mlog(nmlθ0)− nmlθ0 − log(x0m! ) + (xm − x0m)log(nmlxθ1)

− nmlxθ1 − log(xm − x0m)! +(ym − x0m)log(nmlyθ2)− nmlyθ2 − log(ym − x0m)!
]

E-step

Let

Q(Θ | Θ(t)) = Ex0|x,y,Θ(t) [logLM(Θ;x0,x,y)]

= Ex0|x,y,Θ(t) [Oθ0 +Oθ1 +Oθ2 + L(x0,x,y)]
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where

Oθ0 = log(θ0)
M∑
m=1

x0m −Nlθ0

Oθ1 = log(θ1)
M∑
m=1

(xm − x0m)−Nlxθ1

Oθ2 = log(θ2)
M∑
m=1

(ym − x0m)−Nlyθ2

with N =
∑M

m=1 nm.

L(x0,x,y) =
M∑
m=1

[
x0mlog(nml)− log(x0m! ) + (xm − x0m)log(nmlx)

− log(xm − x0m)! +(ym − x0m)log(nmly)− log(ym − x0m)!
]

Suppose θ
(t)
1 , θ

(t)
2 , θ

(t)
0 are given. The conditional probability function of mth subject

is

P (x0m = x0m | xm, ym, θ(t)
1 , θ

(t)
2 , θ

(t)
0 )

=
P (x0m = x0m, xm = xm, ym = ym | θ(t)

1 , θ
(t)
2 , θ

(t)
0 )

P (xm = xm, ym = ym | θ(t)
1 , θ

(t)
2 , θ

(t)
0 )

=
P (x0m = x0m, xm = xm, ym = ym | θ(t)

1 , θ
(t)
2 , θ

(t)
0 )∑sm

x0m=0 P (x0m = x0m, xm = xm, ym = ym | θ(t)
1 , θ

(t)
2 , θ

(t)
0 )

=

(nmlθ
(t)
0 )x0m

(x0m)!

(nmlxθ
(t)
1 )xm−x0m

(xm−x0m)!

(nmlyθ
(t)
2 )ym−x0m

(ym−x0m)!∑sm
x0m=0

(nmlθ
(t)
0 )x0m

(x0m)!

(nmlxθ
(t)
1 )xm−x0m

(xm−x0m)!

(nmlyθ
(t)
2 )ym−x0m

(ym−x0m)!
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Then

E(t)
x0m

= E(x0m | xm, ym, θ(t)
1 , θ

(t)
2 , θ

(t)
0 )

=
sm∑

x0m=0

x0mP (x0m = x0m | xm, ym, θ(t)
1 , θ

(t)
2 , θ

(t)
0 )

Thus,

Q(θ0 | θ(t)
0 ) = E

x0m|xm,ym,θ(t)1 ,θ
(t)
2 ,θ

(t)
0

[Rθ0 ]

= log(θ0)
M∑
m=1

E(t)
x0m
−Nlθ0

Q(θ1 | θ(t)
1 ) = E

x0m|xm,ym,θ(t)1 ,θ
(t)
2 ,θ

(t)
0

[Rθ1 ]

= log(θ1)(
M∑
m=1

xm −
M∑
m=1

E(t)
x0m

)−Nlxθ1

Q(θ2 | θ(t)
2 ) = E

x0m|xm,ym,θ(t)1 ,θ
(t)
2 ,θ

(t)
0

[Rθ2 ]

= log(θ2)(
M∑
m=1

ym −
M∑
m=1

E(t)
x0m

)−Nlyθ2

M-step

θ
(t+1)
0 =

∑M
m=1E

(t)
x0m

Nl

θ
(t+1)
1 =

∑M
m=1 xm −

∑M
m=1 E

(t)
x0m

Nlx

θ
(t+1)
2 =

∑M
m=1 ym −

∑M
m=1E

(t)
x0m

Nly

with N =
∑M

m=1 nm.
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6.5.3 Future Work

In this section, we proposal to model correlation structure of RNA-seq data using

bivariate Poisson model. EM algorithm has been derived for estimating gene expres-

sion indexes. However, it is difficult to be implemented. So it will be a future work

to develop a fast and efficient algorithm for estimating gene expression indexes. It

is also a interesting work to apply this approach to multiple exons with one isoform

case and multiple exons with multiple isoforms case.

The limitation of this bivariate Poisson approach is only positive correlation can

be modeled. We will conduct more literature studies and explore other possible

approaches to the modeling of negative bivariate Poisson random variables.
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