Modeling the Correlation Structure of RNA Sequencing
Data Using A Multivariate Poisson-Lognormal Model

By Liyi Jia
B.S. in Business Administration, July 2007, Zhejiang University
M.S. in Financial Engineering, May 2010,

Polytechnic Institute of New York University
M.S. in Statistics, May 2012, The George Washington University

A Dissertation submitted to

The Faculty of
The Columbian College of Arts and Sciences
of The George Washington University
in partial fulfillment of the requirements
for the degree of Doctor of Philosophy

August 31, 2016

Dissertation directed by

Yinglei Lai
Associate Professor of Statistics



The Columbian College of Arts and Sciences of The George Washington University
certifies that Liyi Jia has passed the Final Examination for the degree of Doctor
of Philosophy as of August 8, 2016. This is the final and approved form of the

dissertation.

Modeling the Correlation Structure of RNA Sequencing
Data Using A Multivariate Poisson-Lognormal Model

Liyi Jia

Dissertation Research Committee:

Yinglei Lai, Associate Professor of Statistics, Dissertation Director

Joseph L. Gastwirth, Professor of Statistics and of Economics, Committee
Member

Qing Pan, Associate Professor of Statistics, Committee Member

i



(© Copyright 2016 by Liyi Jia
All rights reserved

il



Acknowledgments

I would like to express my sincere appreciation and gratitude to my advisor Dr.
Yinglei Lai for his continuous support and encouragement throughout my graduate
studies. I am eternally grateful to Dr. Yinglei Lai for the enjoyable and countless
hours that we spent discussing the correlation structure modeling during the writing
of this dissertation. Without his guidance and persistent help, this dissertation would
not have been possible. He has been an excellent advisor for instructing me how to
do a research step by step, and an excellent mentor who making me to be a better
person. ”Keeping it simple, working it hard”, the words of wisdom passed down from

him will guide me in my future life.

I would like to extend my sincere appreciation and gratitude to my dissertation com-
mittee members, Dr. Joseph Gastwirth and Dr. Qing Pan, for their invaluable advice
and constructive suggestions on my work. I am thankful to my dissertation exam-
iners, Dr. Aiyi Liu and Dr. Emre Barut for their invaluable comments. I am also
grateful to Dr. Zhaohai Li for presiding my defense and his great help during my

graduate studies.

I am thankful to Dr. Hosam Mahmoud, Dr. Tapan Nayak, Dr. Subrata Kundu, Dr.
Reza Modarres and Dr. Joshua Landon for their kind help throughout my graduate

studies.

[ would like to express my appreciation to the Department of Statistics and Columbian
College of Arts and Sciences for providing financial support for my graduate stud-

ies.

I am thankful to Mr. David Harrington for all his kindness. I am also thankful to

v



my fellow graduate student in our department. Thanks specially to Xing Chen and

Xiruo Song for their friendships.

I would like to express my deepest gratitude to my father, Wenhua Jia and my mother,
Defang Fu who have loved and supported me unconditionally in my whole life. They
raised me and taught me to study hard and to give priority in my life to the quest

for knowledge.

Last but certainly not least, I am thankful to my big family for their kind help and

support.



Abstract of Dissertation

Modeling the Correlation Structure of RNA Sequencing
Data Using A Multivariate Poisson-Lognormal Model

High-throughput sequencing technologies have been widely used in biomedical re-
search, especially in human genomic studies. RNA Sequencing (RNA-seq) applies
high-throughput sequencing technologies to quantify gene expression, study alterna-

tively spliced gene and discover novel isoform.

Poisson distribution based methods have been popularly used to model RNA-seq
data in practice. Differential expression analysis of RNA-seq data has been well
studied. However, the correlation structure of RNA-seq data has not been extensively

studied.

The dissertation proposes a multivariate Poisson-lognormal model for the correlation
structure of RNA-seq data. This approach enables us to estimate both positive and
negative correlations for the count-type RNA-seq data. Three general scenarios have
been discussed. In scenario 1, one exon with one isoform, we propose a bivariate
Poisson-lognormal model. In scenario 2, multiple exons with one isoform, we propose
a multivariate Poisson-lognormal model. Extending to multiple exons level, the num-
ber of pairwise correlations increases accordingly. To reduce the parameter space, the
block compound symmetry correlation structure has been introduced. And in sce-
nario 3, multiple exons with multiple isoforms, we propose a mixture of multivariate

Poisson-lognormal models.

Correlation coefficients are estimated by the method of moments. At multiple exons
level, we apply the average weighting strategy to reduce the number of moment
equations. Simulation studies have been conducted and demonstrate the advantage
of our correlation coefficient moment estimator, comparing to Pearson correlation

coefficient estimator and Spearman’s rank correlation coefficient estimator.

vi



For application illustrations, we apply our methods to the RNA-seq data from The
Cancer Genome Atlas (TCGA, breast cancer study). We estimate the correlation
coefficient between gene TP53 and gene CDKN1A with normal subjects. The results
show that TP53 and CDKNT1A are slightly negative correlated.
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Chapter 1

Introduction

1.1 Biological Background

In this section, we make an introduction to some molecular biology fundamental

concepts, alternative splicing, sequencing technology and its public database.

Molecular Biology Fundamentals

Deoxyribonucleic acid (DNA), Ribonucleic acid (RNA) and Proteins are three most
important biological molecules that perform critical cell functions for all living organ-

1sms.

Deoxyribonucleic acid (DNA) is a primary genetic material. It is usually in the form
of double helix structure [1]. It holds information for molecular functions in cells.
There are four types of nucleotides for DNA: adenine (A), thymine (T), guanine (G)
and cytosine (C). According to the complementary base pairing rule, A bases always
pair with T bases, and G bases are always paired with C bases [2]. This rule plays an
essential role in DNA replication which provide an fundamental explanation for how

genetic information can be inherited from one generation to the next.

Ribonucleic acid (RNA) is an another type of nucleic acid. Unlike DNA| it is usually

in a single strand form. RNA is an activity molecule which transfers the short piece



of information to cell. Like DNA, there are also four types of nucleotides for RNA:
adenine (A), uracil (U), guanine (G) and cytosine (C). RNA plays an important rule
in the flow of genetic information which is described as the central dogma [3]: the
genetic information is transcribed from DNA to RNA, and then it is translated from

RNA to proteins.

Proteins are the major molecules performing various cell functions. One gene is able

to produce more than one protein, due to alternative splicing.

Alternative Splicing

A gene is a specific DNA sequence that plays an active role in cell functions. Exons of
a gene are the pieces of DNA sequences that are included in final, processed messenger
RNA (mRNA) generated by that gene [4]. Introns of a gene are the pieces of DNA

sequences that are excluded from final, processed messenger RNA (mRNA).

The splicing is the process during which introns are removed and exons are joined.
The splicing process for a gene may not be unique. Different splicing variants can
be generated, which is called alternative splicing. Each possible exon selection and
connection is called an isoform. The alternative splicing is the source of the diversity

of proteins.

According to alternative splicing, three possible outcomes of mRNAs can be generated
by one gene: one exon with one isoform, multiple exons with one isoform and multiple
exons with multiple isoforms. In one exon with one isoform case, all mRNAs are
formed by one single exon of a gene. In multiple exons with one isoform case, all
mRNAs are made up by one single isoform which produced by multiple exons of a
gene. And in multiple exons with multiple isoforms case, mRNAs are the mixture of

two or more isoforms from one gene.



Sequencing Technology

High-throughput sequencing technologies have been popularly used in biomedical
research, especially in human genomic studies. RNA Sequencing (RNA-seq) [5][6]
applies high-throughput sequencing technologies to quantify gene expression, study
alternatively spliced gene and discover novel isoform. It allows us to further un-
derstand different molecular mechanisms and processes. It also provides us with a
more precise RNA measurement. RNA-seq is a laboratory technology for reading the
nucleotides (A, C, G or T) of a sequence. It is difficult to sequence a whole gene.

Therefore, short reads are usually generated as sequencing outcomes.

Public Database

The Cancer Genome Atlas (TCGA) is a biomedical project, collecting data generated
by high-throughput genome analysis techniques to understand genetic based disease,

cancer. The goal is to improve cancer prevention, early detection and treatment.

1.2 Review of RNA-seq Data

1.2.1 Biological Review

In this section, we introduce the preprocessing procedures for RNA-seq data[7]: reads

alignment, genome reconstruction and normalization methods.

Reads Alignment

It is still difficult to sequence a whole gene. The outcomes of RNA sequencing tech-
nology are short reads. Alignment is the process for identifying the original source of
short reads. The major challenge is how to map back the reads come from exon-exon

junctions.



There are two types of algorithms for reads alignment: unspliced aligners and spliced
aligners. Unspliced aligners map reads to a reference genome without considering any
junctions. Spliced aligners, like unspliced aligners, map reads to a reference at first
stage. At second stage, spliced aligners split unmapped reads into several segments.

Each segment is aligned to a reference individually and independently.

Transcript Assembly or Genome Annotation

Transcript assembly is the procedure that all transcripts and isoforms are recon-
structed by short reads in a particular sample. There are two types of meth-
ods of transcriptome reconstruction: genome-guided and genome-free. TopHat[§]
and Cufflinks[9] are widely used statistical tools for aligning RNA-seq data to

genome.

Transcript and Gene Quantification

RNA-seq is widely used to estimate gene and transcript expression. It provides a more
precise and accurate measurement for gene quantification. However, raw read counts
are not enough to make gene expression levels comparable among samples. The longer
gene gains more reads. The sample with larger total volume (total number of reads)
gains more reads. Mortazavi[10] suggests that RPKM (reads per kilobase per million
reads) is a better measurement of gene and transcript expression levels, which remove

the effect of total volume and gene length.

1.2.2 Statistical Review

In this section, we review Poisson distribution based methods for modeling RNA-seq

data. These methods are widely used in practice.



Modeling Single-end RNA-seq Data

Jiang and Wong[11] proposed a statistical method for estimating isoform expression
levels using single-end RNA-seq data. They demonstrated that the Poisson distribu-

tion could be used for modeling short read counts, denoted as

{L‘f ~ Poz(nlfﬁf)

where
e 1 is the raw read counts mapped to transcript/gene f.
e n is the total volume (total number of reads).
e §; is the expression index of transcript/gene f.

Maximum-likelihood estimation method (MLE) has been used for estimating tran-
script/gene expression level 6;. Also a Bayesian approach has been suggested to

construct the confidence interval of Maximum-likelihood estimator.

Modeling Paired-end RNA-seq Data

Salzman et al.[12] extended the Poisson model in Jiang and Wong[11] for modeling
paired-end RNA-Seq data. They revealed that both single-end and paired-end RNA-

Seq data could be modeled by a generalized Poisson model.

Modeling Multi-sample RNA-seq Data

Vardhanabhuti et al.[13] proposed a Poisson-Gamma hierarchical model for inferring
isoform expression levels with multi-sample RNA-Seq data. They claimed that more
reliable estimates of isoform expression levels could be obtained. Since it is taken into

consideration that information among all samples in the model.



Non-uniform Sampling

Li et al.[14] discovered that short reads are not uniformly sampled from each base
in the transcript as assumed. Position preference is also accounted for variation in
sequencing. They proposed that it is better to model short read counts with Poisson

variables with non-uniform rates.

They recommended that Poisson rates could be explained by the effect of surrounding

bases with a linear model. For nucleotide j of gene 1,
K
log(pi) = log(ps) +a+ Y > Bl (bije = h)
k=1 he{A,C,G}
where
e 4i; is the expression level of gene 7.
e /i;; is the rate of the Poisson distribution.
e [, is the coefficient of the effect of letter h occurring in the k¥ position.

Furthermore, they proposed a nonlinear model, called multiple additive regression
trees (MART), for estimating variable Poisson rates. This approach could capture

many other effects, besides linear effect.

1.3 Correlation Analysis

Correlation coefficient is a measure of dependency between two variables. We make

an introduction on three widely used meansuments.

Pearson product-moment correlation coefficient, developed by Karl Pearson[15], is
the most widely used correlation coefficient. Suppose (z,y) = ((z1,v1), (T2,%2), ..

(n,yn)) are n paired sample points. The Pearson correlation coefficient estimator,



denoted as 7y, is calculated as

~ Cov(z,y)

Ox0y

where
e Cov(x,y) is the covariance between x and y.
® 0, is the standard deviation of @ and o is the standard deviation of y.

It is a good measure of linear relationship between two variables. It takes value from
-1 to 1. Positive value of Pearson correlation coefficient implies positive dependency
between two variables. And negative value of Pearson correlation coefficient implies

negative relationship between two variables.

Spearman’s rank correlation coefficient[16], named after Charles Spearman, is another
widely used correlation coefficient. Suppose r(x) and r(y) are the correspondence
ranks of n pairs sample points (x,y). Then the Spearman’s rank correlation coefficient

estimator, denoted as ry, is calculated as
rs — OO'U(T(:B), r(y)> (12)

Or(x)9r(y)

where
e Cov(r(x),r(y)) is the covariance between r(x) and r(y).

® 0,(y) is the standard deviation of r(x) and o, is the standard deviation of
r(y).

It is a good measure of monotone relationship between two variables.

Kendall rank correlation coefficient[17] is also a widely used correlation coefficient.

It uses concordant pairs and discordant pairs to measure the dependency between



two variables. For n pairs sample points (x,y), any pairs of observations (z;,y;) and
(x;,y;) is concordant, if both x; > x; and y; > y; or if both z; < x; and y; < y;.
Otherwise it is discordant. Kendall rank correlation coefficient estimator, denoted as

1L, is calculated as

(number of concordant pairs) — (number of discordant pairs) (13)
- : .
g n(n—1)/2

1.3.1 Bivariate Normal Distribution

Suppose n paired sample points (x,y) = ((z1,v1), (2,y2), .., (Tn,yn)) are gener-
ated from a bivariate normal distribution with correlation coefficient p. Hotelling[18]
showed that Pearson correlation coefficient estimator is a consistent estimator of p,

that
1—p?

o +0(n )] —=p, as n— oo

E(ry) = pl1 -

Moran[19] demonstrated that Spearman’s rank correlation coefficient estimator is not

a consistent estimator of p and obtained the expected value of rg, that

6 n—2 1 1 6 1
E(ry) = — n sz’n_l(ép) + . 1sin_l(,0)} — ;sin_1(§p), as n— oo

Karl Pearson[20] discussed a connection between r, and ry with an approximate for-
mula,
6 1

re = ;sz’n’l(?ﬂp)

Then the adjusted Spearman’s rank correlation coefficient is an asymptotic unbiased

estimator of p, denoted as 7 445,

Ts.adj = 25in<%TS> (14)



And Esscher[21] demonstrated that Kendall rank correlation coefficient estimator is

not a consistent estimator of p and obtained the expected value of ry, that

B(re) = Zsin”(p)

Then the adjusted Kendall rank correlation coefficient is an asymptotic unbiased

estimator of p, denoted as 7y qq;,

Tk.adj = sin(—?‘k) (1-5)



Chapter 2

Multivariate Normal Model Based

Methods

2.1 Introduction

In this chapter, we describe the correlation coefficient estimation methods, when
the data follows multivariate normal models. In section 2.2, the correlation coeffi-
cients from multivariate normal distribution are estimated by the maximum likelihood
method and the method of moments. In section 2.3, the correlation coefficients from
multivariate normal distribution with block compound symmetry correlation struc-
ture are estimated by the maximum likelihood method using orthogonal transforma-
tion and the method of moments using the average weighting strategy. In section
2.4, the correlation coefficients from the mixture of multivariate normal distributions
with block compound symmetry correlation structure are estimated by the method

of moments using the average weighting strategy.

2.2 Multivariate Normal Distribution

In this section, we discuss both maximum likelihood method and the method of
moments for estimating the correlation coefficient of multivariate normal distribu-

tion.

10



2.2.1 Basic Model

The multivariate normal distribution has been used to fit correlated real-valued data.
Suppose the p-dimensional random vector & = [x1, T, ..., z,]" follows a multivariate
normal distribution with the mean vector p and the covariance matrix 3, when X is

positive definite, the probability density function is given as,

1 1
felT1, ... x :—ea;p<——w— 'ys—He — ), 2.1
(1) = —meap( 5@ = 05w = 2.1)
with - ) )
M1 0% 012 *+° O1p
2
M O' 0‘ « e . O'
n= 2 and X = S 2
iy op1 O 0y ]
where

e |X| is the determinant of X.

e 0, =0y, foralli,h=1,2,....,pand ¢ # h.

2.2.2 Correlation Estimation

Maximum Likelihood Estimation

Anderson[22] demonstrated the maximum likelihood estimators of the multivariate

normal distribution referred to equation (2.1) from a sample of M observations

11



are

fi =17,

M
.1 B o
Y= i mE:l(:zjm —Z) (e, — &) (2.2)
where

® T, = [Tim, Tom, oy Tym) T, for all m = 1,2, ..., M.

— M M M M
e r—= ﬁ Zm:l L = [ﬁ ZmZI Tim, % Zm:l Tomy -y % Zm:l .Tpm T'

Moments Estimation

It is straightforward to derive moment estimators by setting the theoretical and sam-

ple first two moments equal to each other. The moment estimators are given as

below,
/li = a_:la
1 M
62 = T > (@im — T)%,
m=1
1 M
a'zh - M mzz:l(xzm xz)<th jh) (2 3)
where

® 0, = Pin0ion,, for allt,h =1,2,....p, © # h.

e p;p, is the correlation coefficient between x; and xy,, for alli,h = 1,2, ..., p, i # h,

o; > 0 and o, > 0.

| M
® I, = Mzm:1 Lim-

Obviously, equation (2.2)and (2.3) are equivalent. In conclusion, maximum likelihood

12



method and the method of moments provide exactly same estimation results for
the multivariate normal distribution with probability density function as equation

(2.1).

Therefore, the correlation coefficient estimator, denoted as p;p, is given as

3 Lot (Tim = &) (Thm — Tn)
\/M 2m=1(Tim — Ti) \/M > met (@hm — Tn)? (2.4)
Zrﬂr/{:l(xim - xz)(th - l’h)

i \/2%21(%71 - ji)Z\/Z%:1<th — 7p)?

which is also called Pearson correlation coefficient estimator (1.1).

2.3 Multivariate Normal Distribution with Block Compound Symmetry

Correlation Structure

In this section, we discuss both maximum likelihood method and the method of mo-
ments for estimating the correlation coefficient of the multivariate normal distribution

with block compound symmetry correlation structure.

2.3.1 Mathematical Notations

Identity Matrix

The identity matrix of size p is the p X p square matrix with ones on the main diagonal

13



and zeros elsewhere, denoted as by I,

10 0

01 0
I, =

00 --- 1

- < pxp

J Matrix

The J,«, matrix is the p X ¢ matrix with all elements one.

1 1 1

1 1 1
Jpxq =

1 1 1

- - pxq

2.3.2 Basic Model

Suppose the (p + ¢)-dimensional random vector z follows a multivariate normal dis-

tribution with the mean vector gz and the covariance matrix Xz, denoted as

2~ Npyog(pz, Xz)

with - o
T hn
r ) Y2
z = , T = and y = ,
Yy
x
P px1 —yq— gx1

14



[ha
Kz Hea:
Mz = v b = padpxa =
Hy
—MI— px1
E E Um -
EZ _ xr ry _ (
E%y Ey Czy']qxp

Y = (e — )L + cadpxpy =

Ey = ('Uy — Cy)Iq + CquXq —

15

and  py = pyJox1 =

C:c)Ip + Codpxp

Vg

Cx

CayIpxq

Hy

Hy

Hy

gx1

Y

(vy — ey) Ly + cydyxq

pXp

axq

(2.5)



Cay Cay Cay
ny ny [P ny

Ygy = CoyJpxg = | o ' and
C$y ny . e ny
- = pXq
Cay Cay Cay

T Cay Cay Cay

Yay = Cvdop = | , : ’
C"Ey C:Ey ... ny
- = gxp

where

2
Yy

2

— — 52 _ — 52 _
® U, =0y, Cp =05 Uy=0,, C;=py0, and Cy = puy0,0y.

e p, is the correlation coefficient between z; and x, for all i,h = 1,2,...,p and
1 # h.

e p, is the correlation coefficient between y; and vy, for all 5,k = 1,2, ...,q and
J# k.

® pgy is the correlation coefficient between x; and y;, for all + = 1,2,...,p and

i=1,2,....q.

2.3.3 Correlation Estimation

We proposal an orthogonal transformation based method to derive maximum likeli-

hood estimators.

Theorem 1 /23] Suppose x has a N,(px, Xx) distribution. Let z = Tx + ¢ where

T is an mxn matriz and ¢ € R™. Then z has a N,,(Tpg+c, TSgTT) distribution.

16



The Orthogonal Transformation

Let

with

Then we define

with

Uy

U2

Uus

- px1

Ty O

O" Ty
) (=1n° (-1)°
o=t (-1t
p—2) (—1)? (-1)?
0 0 (—1)1‘:*3><2
0 0o - 0
)0 (=1)° (-1)°
(=Dt (-n!
'(g=2) (-1)? (—1)2
0 0 (71)‘1:—3><2
0 0o - 0
0
0

and O7 =
0
- pxq

u
w=Tz=
v

(-1)°
(1!
(-2

e
(—1P=2x1 (~1)pt

e e
(~1)72x1 (~1)p-?

(_1)0 Zf:l L

(D" x (p=1) x 21+ (=1)' 37,

(D' x (p=2) x w2 + (=1)* 35 2

(—1)P 2 x1xzp 4+ (=1)P1YP

17

= pXp

- qxq
0 0 - 0
00 - 0
- - qXp
=p xi‘ px1




and

U1 (=1)° > v
Vs (1) x(g=1) xy + (=)' X,y
v=luy| = | (D' x(g-2) xye+ (1) X v (2.6)
| Vg | (=172 X I ygor + (=1 300 i)
gx1 gx1

According to Theorem 1, w follows a multivariate normal distribution with the mean

vector pqp and the covariance matrix Yqp, denoted as

with
Houy oy
Hu 0 0
pw =Tpz = o Pu = | and py = | ) (2.7)
Hv : :
0 0
- - px1 - - gx1
012“ 0 -+ 0 puywouoyw 0 -+ 0
0 oz, -+ 0 0 0O --- 0
0 0 o2 0 0 0
Puro;Ou 0o, 0 =+ 0 o 0 --- 0
0 0 0 0 o2, 0
| 0 0 0 0 0 ggq_

(p+a)x(p+q)

18



where

Huy =P X fzy Hoy = G X Wy Pujv; Owy Ovy = PYCry,

px [+ (p—1)c] i=1
2 _
o, =
L Joxramne e

and

2 _ 2 _
0,=V;—¢, and o0, =v,—¢y (2.8)

Maximum Likelihood Estimation
At step one, we obtain maximum likelihood estimators in term of w.

According to the covariance matrix structure of random vector w, the probability

density function of w = (uy, ug, ..., up, v1, Vs, ..., v,)" is given as

p

(W | ©w) = fy (s vn | ©)[] [ (s | o I ] Sy | 7).

i=2 j=2

=)

where

e Oy = {NU17NH17021705179u1v1}-
o Oy = {0}, 02, 02}
e fn(-) is the probability density function of the normal distribution.

e fn,(+) is the probability density function of the bivariate normal distribution.

Then the likelihood function from a sample of M observations, denoted as w =

19



(wy, wy, ..., wy), is described as

M
Ly(Ow | w) = H Iy (W | Ow)

" , ;

= 11 [ (s v | @) [ vt | DI L S0 | 2]
m=1 1=2 J=2
M M N q

= [T e (e v | @3] TLALT furCom oI | TTUTT /x (wim | 2]
m=1 m=1 i=2 k=1 j=2

Moreover, the log-likelihood function is given as

Iy = log(Lay)
= Z]\i: log(fN2(u1m,vlm | @L,)> + z]‘i: [Zp:l(?g(fN(uim | ‘73))}

Ly {img(ﬁv(wm 7))

1

To maximize the log-likelihood function with respect to ®qp, the maximum likelihood

20



estimators in term of w can be obtained as

. 1_
Mz = —U
p
. 1_
uy:§1}1
M P M o9
~ 1 2 1 Zm:l(uim> ]
= g 2 =0 4 [ G

o M o, 1 1 Zi\f:l(v?m)
= 3 o = | G )

R 1 M _ \2 1 - Z%:l(u?m)
Z(um — )" — Mp(p—1) [;((p —i+2)(p—i+ 1))]

Cp = MpQ 2.
M q M 2
o — Vi — 01.)2 + ————— : .
! MquZ::l( m = 1) MQ(q—l)[;((Q—JJFQ)(Q—JJJ))}
1 M
Axy M Z(Uflm al.)(vlm - 'Dl )
pqm*l

21



At step two, we obtain maximum likelihood estimators in term of z,

fo =T
ﬂy:g
1 L&
D IPNIIEEN,
pm:li:l
1 L
N 2
Vy = = Yim — Y
y quZ__UZI(J )
9 M p D
Mp(p o 1) m=1 =1 h>t
9 M qa q
é = |: Yim g Yem — Y ]
= e 3 [0 Y~ )~ )

: ¢ ] ]
Coy = Mpq Z [Z Z(iﬂim —Z.)(Yjm — 3/..)} (2.10)

where

°
Kl

M
.= MLp > et 2 et Tim-

_ M
® Yy = MLq Zm:l Z?:l aij'

Moments Estimation

For multivariate normal distribution with block compound symmetry correlation

22



structure. the first two moment equations are given as,

E(J}Z) = Uz

Cov(zi, xp) = E(x; — pg)(Th — fhe) = Co
Cov(y; yr) = E(y; — 1y) (s — py) = ¢y

Cov(wi,y;) = E(xi — pia) (Y — ty) = Cay (2.11)

o foralli,h=1,2,...,p and i # h.
o forall jk=1,2,....,q and j # k.

To obtain moment estimators, we set the theoretical and sample first two moments
equal to each other. However, the system of equations (2.11) does not have a unique
solution. Therefore we suggest to reduce the number of moment equations using the

average weighting strategy.

Applying the average weighting strategy, the system of moment equations be-

23



comes

pz:l
1
=3 Ely;) =y
q =
1 P
- Z Var(z;) = Z E(z; — ptg)* = v,
pi—l
_ZVCLT yj ZE Vy
1 p P
ZZOOU T, Th) ( Y Z E(x; — pia) (w0 — pie) = Ca
i=1 h;ﬁz pp i=1 hi
q qa q
) _1)2215 )=,
=1 kAj da-1) =5
— Cov(x;,y;) = E(x Yj — [hy) = Cay
pq i=1 j=1 pq i=1 j=1

24



Thus, moment estimators are obtained as

111 &
Ax:_ o Lim
o= 2 [y 2]
R A
IS
qj:l i=1
R A ) 2}
Vy = — o Tim T
2 Ly e =)
1 [1 M o
S IED
Yy qul M’mZI(J y)
S S [ S i ) — )]
Cy = ~ Tim — Uz )\ Thm — Uz
p(p_l) i=1 h#i Mm:l
1 1 [1 M
Gy = = D (i — i) W — )]
P ) 2 2 (7 2 m ) e =
R N iy . .
b= D00 |37 2 i = ) — )] (2.13)
=1 j=1 m=1

Obviously, equations (2.10) and (2.13) are equivalent. In conclusion, under block
compound symmetry correlation structure assumption, maximum likelihood method
and the method of moments with the average weighting strategy provide exactly
same estimation results for multivariate normal distribution again. Therefore, the
average weighting strategy is a reasonable approach to reduce the number of moment
equations for the multivariate normal distribution with common means and common

variances.

Therefore, the correlation coefficient estimators, denoted as p,, p, and p,, are given

as
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T Z% 1 2t 2o (@i — ) (T — T..)
Zm IZz 1(mzm_ ..)2
( — Zm 12 hyﬁz(‘rlm T.)(Thm —T..)
Zm 121 1($Zm_ ..)2

Y

o>

>

aa—1) Z =1 Z quéj(yjm —U.)Wrm — 7..)
MLq Zm 1 Z?ﬂ(yjm —7.)?
(q i) >t > i1 2tiYim = U.) (Ykm — )

Zm:l Z?:l (Yjm — ..)?

and
ﬁry = #
YN
Mpq Zm 1 Z j= 1(xzm —Z)(Yjm —¥..)
\/Mp m= 121 1 (Tim — \/Mq m= 123 1<yjm —7.)? (2.14)
plq Zm 1 Z 1 (Tim = Z.) (Yjm — U.)
\/ Zm 1 2 i (Tim — T \/ Zm 123 1 (Yjm —¥.)?
where
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2.4 Mixture of Multivariate Normal Distributions with Block Compound

Symmetry Correlation Structure

In this section, we discuss the method of moments for estimating the correlation
coefficients of the mixture of multivariate normal distributions with block compound

symmetry correlation structure.

2.4.1 The General Case

Basic Model

Suppose the random vector I follows a multivariate normal distribution with the

mean vector p! and the covariance matrix X!, denoted as

I~ N(pu' %)
with ) ) ) )
le l’l’égl
I.’Bg l‘l’l.’L’z
T T ,LLI “I
I = x = a:R R ll, = z e wR s
Iy| |1y py| | By
Iyz 'ung
_Iys_ _“’.’Iys_

27



and

> =

where

Yz Ty
IT I
Xy Zyy
Elwwll 2533312
Zlg351521 213321322
Egﬂwm EngRz
IT IT
Ewyn 251321121
IT IT
z]33?J12 Ewyzz
IT IT
_Ewyls 2CE?st
Iggr =
B, =

Zrl

Tr2

28

I I I
walR 2£13y11 Ewylz
I I I
Eﬂisz 2513’5121 Eazy22
I I I
E:B:BRR Zwym Eaﬁ'sz
IT I I
E~’JUZ'JRl Zyyu Eyym
IT I I
XXYrs  ZYysr  ZYyao
IT I I
XZyYrs SyYysi YYs:
[ysl
I
and Iy, = v ,
- px1 _[ysq_ gx1
Ky,
I
and l,l,éls _ Mys ’
T
4 px1 _,Uys_ gx1

I
Ewyls

I
Em’yzs

I
El’ YRs

I
2yyls

I
2Yyas

I
Yyyss |



1
TLrr
CI
1 _ 1 I I _ Ty
Ewwrr - (Umn- o Cxa:m-)Ip + meT.,-Jpo -
I
_Cl’xrr
I
vyyss
CI
I . I _ I I _ YYss
Zyyss - (Uyyss nyss)Iq + nyss Jqu -
I
_nyss
I 1
Cwmrf Crzrf
I I
2] I J o Cmc,.f C:m:,.f
I I
_C:vacrf cmxrf
I I
nysg nysg
I I
EI _ CI J o nysg nysg
yysg - yysg qu -
I I
L YYsg cyysg
I I
Cwyrs cl‘yrs
1 I
C C
I — _ TYrs TYrs
23"Byrs - leyrsJPXq -
I I
_czyrs Cmyrs

with

o forallr, f=1,2,..., Rand r # f.
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TLyrr

Ty

TLyrr

YYss

Uyyss

nyss

TYrs |

pXxq

pxq

pXxq

Uyyss i

pPXp

axq

and



o forall s,g=1,2,....5 and s # g.

Then we define

A O
T f—
O" B
with
A= {A1 Ag AR]
B = [31 By BS}
where
aq 0 0 by O
0 Aro ¢ 0 0 b52
Apr = and Bg =
0 0 - ap 0 0
L i L

forallr=1,2,...,Rand for all s =1,2,..., 5.

Let

with ) )
Zle Ar1 Ixrl

R
Z’I‘Zl a7‘2 I$r2

R
Zrzl anIvTrp_

= px1

30

axq



and ) )
ZSSZI bSl ‘[ysl

S
= bS[sQ
y:BIy: 25_1 24y

S
_Zs:l bSqusq_

gx1

According to Theorem 1, z follow follows a multivariate normal distribution with the

mean vector pz and the covariance matrix ¥z, denoted as

z~N(pz,Xz)
with
Hx Yrx Xz
nz = and Xz = y
T
Ky Yry 2yy
where ) ) ) )
s
Zfil arluir 25:1 bSl’LLZ[/s
R I S b I
Zr:l Arafhy, 25:1 52y,
Hx = Ry = )
R s
Dore1 arp/ialcr Dot bsq“és
L 4 px1 L _

31

gx1

(2.15)



and

,U$Cl311

c(El’Ql

Cx:vpl
Cﬂﬁyll

Cﬂﬁylz

_Cmqu

with

Crz1o

U$$22

Cx;tpg

Cibyzl

Cl’y22

Cl”qu

Cxwlp

megp

vl‘l‘pp

Ca Yp1

nypQ

nypq

Cayny

C$y21

nypl

Uyy1a

Cyyan

nyq 1

Cayio

C$y22

Cmyp2

Cyyrz

Uyyas

nyq2

Cxqu

CIqu

Civypq
Cyyrq

nyQq

Vyygq |

B 20 R R I i
® Upgy = D iy QyiUsp, D piy Do sy QrilfiCyy , for alli=1,2, . p.

L Zle Zle am»afhcémﬁ, for all i;h =1,2,...,p and i # h.

o S 2 I S R I S
® Uy =D L b, D Eg# bsjbgicy,,,» for all j =1,2,....q.

® Cyyy = Zsszl Z§=1 bsjbgkcéysg, forall j,k=1,2,...,q and j # k.

R S
hd nyij = Zr:1 Zs:l Qri

T
bs; Cayre

2.4.2 The Simplest Case

In this section, we discuss the simplest case of model in section 2.4.1, by letting

1 1

yforalli=1,2,...,pand j =1,2,...,q.

o v, =v,, ,forallr =12, R

T Trr

ecl=¢c foralr f=1,2..R.

T TLyp

I I

o v, =v,  foralls=1,2..75.

Yy YYss
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° c{/ = ciysg, for all s,g =1,2,...,R.

ecl =cl forallr=1,2,..,Rand s=1,2,....8.

Ty TYrs?

Basic Model

After simplification, z follows a multivariate normal distribution with the mean vector

pz and the covariance matrix ¥z, denoted as

z~ N(:U’Z7 2Z>
with
nw by by
Yy — T and Sy — T Ty
By Yy Zyy
where ) ) ) }
s
Zf:l arlﬂafcr PO bsl“zl/s
R I S I
e Gr2fly, o1 Ds2fy,

Hx = ) Ry =

R I S I
_Z’r‘:l a?"p/lacr_ le _Zs:l bsq:uys_ le
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and

Ypxr Yxy
Yoy =
T
Ear:y Z’yy
Vzz1r  Caxxiz " Camp  Cayin Cayiz ©7 7 Cayyg
Crwor Uzwas " Camop Caysr Cayss "7 Cayoq
o Cxxpl Cﬂ“‘zﬂ Y Uxxpp Cﬂﬂypl Cl’yzﬂ Y Civypq
Cryin  Cayar """ Caypr Yyyir Cyyiz "0 Cyyyg
Cryia  Caxyas """ Caxype  Cyyor Uyyas " Cyyog
_Cmqu Cl”qu T nypq nyql nyq2 T vyyqq_

with
R 2 I R R I ;
® Upyy = D g GoUy + D 00 Z#r apiapicy, for all i =1,2,....p.
® Cpp = R: R: apiappcl, for all i,h =1,2,...,p and i # h.
ih r=1 f=1 fhty
. =5 2ol 4505 S F pobgicl forall j=1,2
Uyy;; = 2us=1YsjVy s=1 Lugs UsjUgjCy, 0T AL ) =1, 2,..., 4.
® Cyyy = Zsszl Z§=1 bsjbgrch, for all jk =1,2,...,q and j # k.

® Cuy, = Zil Zle ambsjciy, foralli=1,2,...,pand j =1,2,...,q.
Correlation Estimation

Moments Estimation
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The first two moment equations are given as,

= Uz, = Z am:uxr
= Hy; = Z bsitty,
Var(z;) = E(T; — fig,)? = Vae,, = Z a? vl + Z Z i piCL

rlf;ér

V@T(yj) = E(Z/ Nyj = Uyy;; = Z bS] y + Z Z bsjbg; y

s=1 g#s

R R

CO’U(LIIi, xh) = E(xz - Mxi)(xh - :uxh) = Caayy, = Z Z ariafhci
r=1 f=1
S S

Cov(y;, yr) = E(yj — ty;) Yk — Hyy) = Cyyyy = Z Z sj 9kc

s=1 g:

R S
COU(xi, yj) = E(:EZ - :uﬂfi>(yj - ﬂ?ﬁ) - Cﬂcyz‘j = Z Mbsjcocy (2'17)

HM

o foralli,h=1,2,...,pand 7 # h.
o forall j,k=1,2,...,qand j # k.

Applying the average weighting strategy, the system of moment equations has been
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reduced as below,

S B

=1

E(y

MQ

1

)

p
i=1 h
1

q

Jj=
p

D

i=1 j=

#i

q
2
=

q
2

E(x
'E(?Jj -
E(

ILLxZ

ILLy]

P R

Z riflh,
Z bS] Myg

P

IS D) LIRS 9 9 LTI

i=1 r=1
q S

:LLyJ = Z Z b5j

7j=1 s=1
,le Hxh
Myg — Hy,)
[ha;) ,uy]

i=1 r= 1f7é7’
qg S

§+ZZZ% 03Cy

31319755
p p

=D 3) 35 9 LI

i=1 h#i r=1 f=1
q q

=> ) i gi: by;bgich

J=1 k#j s=1 1
1

P 9 R
§ E a’T"L Sj xy

i=1 j=1 r=1 s=

(2.18)

Equaling the theoretical and sample moments of equations (2.18), the moment esti-

36



mators are obtained as
| XM
ﬂ:ci = M Z Lim
m=1
| M
ﬂyj = M Z Yim
m=1

. h#PZ%mw—%w%—wd
’ h;éz Zr 1Zf 1 riQfn
;ﬂzWﬁ—zﬁﬂwm—%m%m—%ﬂ
’ DY/ YD DUED DAy N

. )
v q._ [% St (Tim = fa) (Yjm — uyjﬂ

ol e
v Zi)=1 ?:1 27{11 Zf:l Gm'bsj
O [ T @i — )] = X S S v
o =1 Zle a;
= o [ S0 — ] = Sy 0 S5 b -

q S 12
j=1 Zs 1 bsg

Therefore, the correlation coefficient estimators, denoted as pZ, /32[/ and ﬁfgy are given

as

~I
ﬁf _ &%
T ST
va:

~I

p— CI

Py ﬁ Z%:ﬂxzm fia; )2 =300 1 25:1 Z?yﬁr ariaficy
Zf 1Zr 1 7‘1

p ZR_ a.¢!

=1 r=1"ri"x

N R R N
=121 Zm CE P LD DN nyér ArifiC
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S
Py = DI
y

AT

_ Cy

M ~ S S ~
Eg:1 ﬁ Zm:1(yjm_.“yj)2_ ;1':1 Dot Zg;ﬁs bsjbngi
S
DI D
S ~
q Z b2 CI

7j=1 s=1"sj"y
M ~ S S ~
?:1 ﬁ ZmZI(y]m - lj’yj)Q - ?:1 25:1 Zg;és bsjbng£

and
AT
é
N zy
N (2.20)
oLy /0]
where ¢ | 9l and 9! are given in equation (2.19)
xy7 x y g q * *

2.5 Mathematical Derivations

formula derivation for equation 2.6

w=Tz
Tw (0 xr
or T Y
(p+q)x (p+q) (p+q)x1
Tw X &
Ty X Yy
U
v
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where

= Tw X &
—1)° (=10 (1P
(=1D)%p-1) (-1 (=1!

39

px1

pPXp

€

X2

xs3

- px1



Similarly,

vV = Ty Xy
(=1)° (1% (=1)° (1% (-1)°
(-1D%4¢-1) (="' (1) -nt (!
- 0 (—=1D'(g—2) (-1)? (=12 (-1
0 6 0 (—1)‘1:*2x1 (—134*1 axq
(=1)° > vi
(=D’ x(@=1)xy+ (=)'l ,u
= 1D x(g=2) xye + (1) X, i
(=172 X 1 x ygor + (=17 200 v
- g7 gx1
formula derivation for equation 2.7
pw =Tz
| Tz O %3
L (p+a)x(p+a) (p+q)x1
Tz X pa
_Ty X /_,l,y
_ |Pu
Hv

40
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Y2

Ys

| Yq

- gx1



where

[l
CD-1) (1) (1) - (-1t Ly

[

L dpx1

= - px1

Similarly,

py =Ty X py

Hy

(-1)° (-1)° (=1 -« (=1)°  (=1)°
(-1)%g-1) (=D'  (=D! - (=P (=) [
- 0 (-D)'(g=2) (-1)2 (=12 (-1)? Y

0 0 0 o (—1)4-2x1 (—1)a-1

Hy

- " gx1

= - gx1
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formula derivation for equation 2.8

Y, =T, T7
_ T
- T

Ty TrXgy| |[Tx O

TxY2Th ToSayTy

TyShyTi TySyTy

where
Ta:Eng; =Ty [(ch — o)+ codpp T%
= (vy — )T L, Ty + c:Tedp,Ta
= (v, — cx)TmT£ + CmeJpoT,%
Here
(-1)° (-D°  (-1)° (-1)° (-1)°
-Dp-1 (=Dt (=D - (=D! (=1)
TwT£ — 0 (-D'(p-2) (-1 - (-1)? (-1)2
('] 0 0 (71)1’:—2><1 (71;1’—1 pXPp
(=% (=1)°(p—1) 0 0 0
(=1) =Dt (=Dp-2) 0 0
w | D% (=D! (-1)2 0 0
(-1D° (D' (=12 (172 (0P |
P 0 0 . 0 0
0 p(p—1) 0 0 0
1o 0 (p-1)(p-2) 0 0
0 0 0 “3x2 0
0 0 0 2x1 dpxp
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And

11 1
(-1)°  (-1)° ()P (-1)° (=P
(-10°(p-1) (=)' (-1 D! (-1t 11 ... 1
TaJypxyTy = 0 (VM) (D2 - (D2 ()2
0 (:) 0 (71)1’:—2><1 (71;17—1 pXp
11 1
- = pXp
(-1)° (-1)°  (=1)° - e 7
-D°p-1) (- (-1)? —)t (-t
5 0 (~)'(p-2) (-1)2 (-2 (-2
0 (:) 0 (—1)17:*2><1(—1;P*1 pXp
p D p
(1) (=1)%(p—1) 0 0 0
0 -1° (D' (-D'(p-2) -~ 0 0
— (-1)°  (-D' (=12 0 0
L L D ol CE VLo o
00 -~ 0
- - pXp
p?> 0 0
0 0 0
0 0 0
- = pXp
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Thus

TwEwTT = (Vg — CI)TCCT% + CxTIEJpoT%

- -
p 0 0 w00 p~ 0 0
0 p(p—1) 0 0 0
N L e R e 0 0 0
0 0 0 C3x2 0
0 0 0 0 2x1 dpxp
0 0 0
- 4 pxp
plve+(p—1)cz] 0 0 0 0
0 p(pfl)(vzfca:) 0 0 0
. 0 0 (p—1)(p—2)(va—cz) - 0 0
0 0 0 6% (vg—Ca) 0
0 0 0 0 2X (vg—cg) PXPp

Similarly,
TyzyT;j =Ty |(vy — cy) I, + cyJyxq T§
= (vy — )Ty, Ty + ¢, Ty, Ty
= (v — ¢)TyTy + ¢, TyJyx, Ty
Here
(-1)° (-n°  (=n° (-1)° (-1)°
B B o L S A o N
— —1 -2 —1 -1 -1
TyTy— ? ( ).(q )(‘) . (.) (.)
0 0 0 (_1)4—2><1 (—1)9-1 axq
[ (—1)° (=1)%(¢—1) 0 0 0
(-1D° (=)' (=D'(g-2) 0 0
% | D% (=D! (-1)2 0 0
L-1° Dt (=12 (D72 (~1)t |,
qg O 0 -0 0
0 q(g—1) 0 0 0
|0 0 (¢-1)(¢—2) 0 o0
o 0 o “3%2 0
Lo 0 0 0 2x1 Jgxg
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And

11 1
(-1° (=1 (=1° (-1 (-1)°
(-1°(q-1) (-D' (-1 D' (-1 11 1
TququyT = 0 (=D*(g-2) (-1) (—1)? (-1)?
0 0 0 (*1)‘1:_2“(*1)'1_1 axq
11 .- 1
- - gaxq
(=1° (=1° (=0 e (=1 (e T
(~1°@-1) (=)' (D! - (DD (-1
x 0 (D@ (D - (1P (1)
(:) O 0 (—1)":72><1(—1;‘171 axq
q q q
(=1)° (=1)°%(¢—1) 0 0 0
o =Dt (-D'(e-2) 0 0
_|v e 0 1 (-t ()2 0 0
(10 (=D ()2 e (1) (et ]
0 0 0
- - gaxq
¢?¢ 0 --- 0
0 0 - 0
0 0 --- 0
- - axq
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Thus

TySyTy, = (v, — cy)TyTyT + cyTquXqT§

And

qg 0 0 0 0
0 q(g—1) 0 0 O
0 0 (¢-1)(¢-2) 0 0
(vy —cy) | . . i .
0 0 0 3x2 0
0 0 0 0 2x1 Jgxg
alvy+(g—1)ey] 0 0
0 q(q—1)(vy—cy) 0
0 0 (a—=1)(g—2)(vy—cy) -
0 0 0
0 0 0

TmeyTT = C:):yTCUJquT§

Yy
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¢ 0 --- 0
0 0 - 0
+ ¢y
0 O 0
- - gXxq
0 0
0 0
0 0
6><(vg;—cy) 0
0 2x (vy—cy) axq



where

11 1
(-1)° (-1)° (=1 - (=1)°  (=1)°
(-1)°(p-1) (-D' (D' —  (-)' (-1} 11 ... 1
T d e T = 0 (DY p-2) (-1)? -~ (=12 (~1)?
(:) (:) (:) (71)1’:—2><1 (71;17—1 pXPp
11 -+ 1
- = pXq
(-1)° (-1)°  (-1° (-0 (-p° 7
(-1)°(-1) (D' (=D! —  (=n'  (-1)!
% 0 (-D)Mg-2) (-2 - (-1 (-1)?
; 6 S (—1)‘1:*2><1 (—1)a-1 xa
pp p
(-1)° (=1)%(¢-1) 0 0 0
(-1)° (=)' (-D'(¢-2) ~ 0 0
_ 00 0 (-1)° (-1t -2 - 0 0
. . O L O R Gt N G Lol PO
- - pXq
pg 0O 0
0 0 - 0
0 0 - 0
- = pXq
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Thus

= ny

Similarly,

48

)

= pXq

- pXq



where

10 (10 (-1
(-1D)%4q¢-1) (-1t (1!
TquXpng — 0 (-1)Y(q—2) (-1)2
0 (:) 0
(-1)° (1% (=1)°
(-D)°p-1) (-  (=!
% 0 (=Dl (p—2) (-1)?
0 (:) 0
q g q
00 0 (-1)°
_ (—1)°
1y
00 - 0
L daxp
pqg 0 0
0o 0 - 0
0 0 0
L 4 gxp

(=1)° (=1)°(p-1)

(G
(=1!

iy
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0

(D' (p-2) -

(=1)?

-2

R

11 1

11 1
dgxq

11 1

- - gxp

T

dpxp
0 0

0 0

0 0

pXp

(2.21)



Thus

TyXeyTr = cxyTquxpTT

pg 0 - 0
0 0 --- 0
= ny
0 0 --- 0
L - gxp
DGCzy O 0
0 0 - 0
0 0 --- 0
- - gxp

formula derivation for equations 2.9

Let
lM:A1+A2+A3

where
1og (fr (. vre | O)
[Zzog( (tim 1 73))
{Zzog( w(gm | 0)]

-~
I
M:

ME ||F||1§i

1

3
[

* 2 2
where Oy = {fuys o1, 04,5 05, Puron -

Maximizing the log-likelihood function [y, with respect to ®qp is equivalent to max-

imizing A;, Ay and Az with respect to ©%,, 02 and o2 simultaneously.
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Lemma 1 [24] Let (X1,Y1),(X2,Y2),..., (X, Y,) be i.i.d bivariate normal random

variables (pairs) with © = {ux, py, 0%, 0%, pxy }, where all five parameters are un-

known. Then MLEs of the unknown parameters are derived as

hx =7,
fy =1,
1 n
~2 T N2
7x = n 4 (i = 2)%
i=1
1 n
A2 _ + 2
UY - n 4 (yl y) ’
=1
P - o
p=—p (= )y — )/ (6x6v),
=1
where T = # and j = EZ? Yi

Maximizing A; with respect to @z, is equivalent to obtaining the MLEs of the bi-

variate normal random variables with all five parameters unknown. Thus, by lemma

1, we have
Huy = Uy )
Koy = U1 5
N
~2 — \2
Ouy = N g (Ulz' —UL) )
i=1
N
A2 _
Oy - N 5 (v — 1.)7,
i=1
1 N
pulvl N E (ulz - ﬂl.)(vli - 61.)/((71“0_1)1)7
=1
N N
where @, = %=1 and 5, — Z’“j\} Tk

51



p

=3 [t )
= i [i:(— %log(Zw) —%(p—i+2) - %log(p—i+1)

im

- %log(au) T 2p—i+ 21)L(p — it 1)ag>]

since U, ~ N(0, (p—i+2)(p—i+1)o?), wherei =2,3,....pand m = 1,2, ..., M.

To maximize Ay with respect to o2, the partial derivative of A, is taken,

o2 —~ L= 202 20p—i+2)(p—i+1)o,

The optimization of o2 is a maximum likelihood estimation of the parameter as be-

low,
0Ay
=0
do?
Thus
) 1 M u?
T Mp-1) [le (<p—z+2><p—z+1>)]
Similarly,

m=1 j=2
1 v?
ey 2y _ gm
31999 = 3o T 10))

since v, ~ N(0, (q—j+2)(q—j+1)c2), where j = 2,3,...,gand m = 1,2, ..., M.
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To maximize Az with respect to o2, the partial derivative of Az is taken,

2

0A l 1 Vi
87‘5'22[2(—203—1- j

: : )
m=1 "= 20q—j+2)(g—j+1)o

The optimization of ¢2 is a maximum likelihood estimation of the parameter as be-

low,
0As
Y = 0
do?
Thus
1 Mol v?
- s 5% (e
O-’U . .
M(q—1) mzljz:; (¢—j+2)(¢—j+1)
By definitions, we have following equations,
,&ul =pX /:L:m
/l’l)l =4qgX ﬂy)

~

62, =p X [0, + (p— 1)),

612;1 =gqXx [@y + (¢ — 1)éy]>

~2

G = Uy — Cq,
2 ~
Oy = Uy — Gy,

Pulv1Oul0yl = PGCgy
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Solving the system of equations above, we obtain the MLEs of ®qp,

N 1_
Mz = —U1
p
A 1_
Hy = —U1
q
g M - ) i P Z%ﬂ(u?m)
i = 3 2 (o = )+ 5 | S )
o M . 1 Zi\f:l(v?m)
T DL +Mq[;<<q—j+2><q—j+1>)}

o M . m 2 1 4 Z%:l(u?m)
Cx = 22( Im 1) mp(p—l)[i: ((p—i+2)(p—i+1))]

1 M oy 1 ! > et (V7)
Cy = > (0 = 7)" + )[Z((q—j+2)(q—j+1)>}

2 —_—
Mgq — mq(q —1 s
| M
: Uty — UT. ) (V1 — U
TY Mpq Tnzl( Im 1)( 1im 1)
M M
where @i, = W and ¥, = W

formula derivation for equations 2.10

Let
M

o4



The expansion of A* is

M M
Z(ulm - al-)Q = Z(xlm + Tom + - +xpm — Xy —To, — - — jp.)z
m=1

M
:Zl[zl(xzm ]+2XZ|:E;]LZ zzmzhm]
m= 1= m=1 (2 >1
p P
—2M Y 0> (7;.7)
i=1 h>i
Similarly,
M M q M q g a g
> @002 = D0 [ D Wi —5)%| #2330 [ 30D Wit | -2M D D" (w5
m=1 m=1 j=1 m=1 j=1 k>j j=1 k>j
Let
b _; (p—i+2)1(p—i+1))
The expansion of B* is
S D S (5 BEENER SN A SIS
;((p—HQ)l(p—H ik _mzzl [Zl citly)] +m221 [Zlg Cuntinim)|

%)



where ¢;; is obtained,

N (p—(i+1)—1) RN 1
T+ Y-+ )+ Zp-h+2)(p-h+1)
(p—i)? +i( 1 )
(p—i+1)(p—1) ~'p—h+1 p—h+2
p—1 1 1
_p—Z+1+p—Z+1 P
1
:1——
p
p—1
= 2.22
P (2.22)

and ¢;; is given as

2x (p—(i+1)—1) d 1
IS VR [ (e Ry IchaP DY ooy ) e ey

_ 2 x (p—1) : 1 1
_(p_i+1>(p_i)+2><;(p_h+1_p_h+2)

cij:_

B 2 n 2 2
p—t+1 p—i4+1 p
2
p
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Thus

é(@ s R 2 [g(x?’”)} K 2 Z ()
— %i [é(ﬁm -z +x2)}
]29 S [Zp: zp: TimThm — Ty Th, + :@-.a‘:h.)]
m=1 i=1 h>i
_—1Mp _ N2 M(—l)pﬁ
_ mez::l [;(%m — ;) } + pp ;(%.)
— %ii(mi.xh)
Similarly,
d Z%:1(U32‘m) _q-1 SIS 2] _ 2 - y
e e Ea P PO R M PR B
- gmgé [qu kz:(yjm U3.) (Wkm — U )]
—%i q‘(yj.yk)
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Therefore,

o1 M 9 L Z%:l(ugm)
Uy = Mp? Z(ulm_ul') +Mp[z;((p—i+2)(p—i+1))}

= ]\41p2{ % [Z(x”" — T 2] +2 i [ii(wimth } — ZMii(fi,fh,)}

=

et 2 [St] - 23 [ S ]}
+M(p—1 ix“wig@ 7)1}

Sl (B oS
il X [ - {3 -a7)

=~ S o — ) L[S et
o= 3 2 (m =) +Mq[;((q—j+2)(q—j+1)>}
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R T T N IR
Cx = Mp? Z( Im 1) Mp(p—l)[Z((p—i+2)(p—i+1))}

- Mpo{i[ il(g;m—:g 7] +2xn§;[gg(xm £ ) e — )] }
BT mi (3 tem 7]+ HE2 9t
L %nﬁ[gm- >2}+§i[ég<xm—x o — 1)
- }Jmi [Z(:cm - &) - %Zm
e B S e -]+ 258 S )
_ Mip{%i [ég@m_z ) (@hm — 20| - %é(ﬁ)
pé]f[léi“ )}
L fé[mf— 533 o )]} - 3
* 75D Z Z(”“" )
- ks D) AEREESEREER)):
i) i(x?,) 2% ZZ@: )]
‘%{i[p<p2—1>é§” 7i) (o — 7.)| }
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Similarly,

5 1 [zq:( Z%ﬂ(“yzm)

Mq(q—l) (q—7+2)(g—j+1)

)

— U5.) (Yrm — . )} }

]1k>
[ZZ =
i=1 k>j
Also,
1 M
Co — Uiy — U,)(Vim — U1
1 M
—%Z($1m+-“+l‘pm—f1.—-"—i’p‘)(y1m+"'+qu—§1.—'“—?Jq.)
m=1
1 M
Mpqmzz< om = ) m = )
M p
M [pq;;x““ y]’“_yf)]

60



Thus, the MLEs of ®qp are

: A;p{z_l[;@m—xi-ﬂ}%[ﬁ;g@—m}
b= il 2 [3 0 gj.f]}%@;yj 5]
= 11 X o 2o o — 7o — )]

q2(q1_ 1) []Zq;kzi;(yj — Yk )2]
=372 [ D= )= )
Let ;
A = i 2 [ -2}
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The expansion of A** is

62
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1y
_
S
s .
| _mw NN
g . !
) G = N
~ — = I S
X pz_: IS I8 &
N G RS .
— | |
— ﬂn/ nV/ M Z g ~ - ~ _ —
= % 7 T s
— 7 S, = S &
® _ A R L
& | | N o - i £
| 5 5 _ | _ _
. ~— ~—
— 1= + _ — — — —
Ry 19 19 19 19 19 19 19
_ _ _ _ _ | _ _
S g S S £ £ S g
& = = = = =2 =2 2

Z
S~— S~— S~— N~— N—

— — — — — — — —
ST LT ST 2T LT LT AT <A

Thus,



Simalarly,

S [qu;yjm 0}
Let "
2= 3 X [ & o )]}
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The expansion of B** is

B:%{li szm )~ )]
:%{i F )~ 7 47— 5)] )
Tpalre szm  Jomn 2]}
Sl n s e w)
—ﬁ{i[m 1Zh2xm 7)o — 7)) }

P — [igfc—w ). — )
:%{mi[ o))

> [W 1>sz T
<zo2 1>Eozi;$“h)—;12 )|
-t DD ISR
el 1; 222]
:%{mﬁ[ D) BCSRERERS)
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Thus,

’ —L{i[mpilég@m )
o7 [ZZ(‘T ]
Stmmilarly
o=t mf . qu;kz;(yjm ~ 3 e — )]}
- qQ(ql_ 3 [gg(% )7
- L mf [ﬁzyym )~ 7.)] }
Also,
g Y > e =205
_ %i‘? piq é g(a:m — T 42— T ) (Y — T+ T — )
- mi:l piq i ]i(a:m ) (ym — 5.)]
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Chapter 3

Multivariate Poisson-Lognormal

Model Based Methods

3.1 Introduction

In this chapter, we provide a statistical framework for multivariate count data. We
propose multivariate Poisson-lognormal models for fitting RNA-seq data in three
scenarios: one exon with one isoform, multiple exons with one isoform and multiple
exons with multiple isoforms. Correlation coefficients are estimated by the method

of moments.

3.2 Multivariate Poisson-Lognormal Distribution

The multivariate Poisson-lognormal modeling (MPLN)[25] provides a statistical
framework for multivariate count data. Unlike McKendrick’s correlated bivariate
Poisson distribution[26], MPLN supports a wide range of correlation structures. Both

positive and negative correlations can be modeled within the MPLN framework.

The p-dimensional MPLN is a hierarchical probabilistic model with p independent
Poisson distributions as the outer layer and a p-dimensional multivariate lognormal

distribution as the inner layer, its density function is described as below,

flx|p, X / Hf x| Ni)g(AP |, 2)dAP (1, ..y, =0,1,..), (3.1)

+11
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where

o == (11,T9,...,7,)".

e f(x;|\;) is the Poisson probability distribution function (p.d.f) with mean \;,

foralli=1,2,....p.

e g(AP|u, X)) is the p-dimensional multivariate lognormal probability density func-

tion with mean vector g and variance matrix 3.

[ ]
0'2 O’ e O‘
H1 1 12 1p
2
H2 021 05 =+ O
n= and X =
2
_/’Lp_ -Upl O’p2 .. O‘p i

with oy, = oy, for all i, h =1,2,....,p and i # h.

Aitchison & Ho (1989) studied the properties of MPLN. They demonstrated that the

moments of MPLN can be easily obtained by the conditional expectation rule and

provided first two moment equations,
1,
E(x;) = exp(p; + 502-) = o,
Var(z;) = a; + ai{exp(cl) — 1},
Cov(z;, xp) = aap{exp(o) — 1},

exp(og) — 1

Corr(x;,xp) = >
( h) [{exp(o?) — 14 a; Y{eap(o?) — 14 a; 1))z

where

e «; is the mean of random variable z;,

2

° o7,

i,h=1,2,..pand h # 1.
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(3.2)

o? and oy, are the (i,1), (h,h), (i,h) elements of X respectively, for all



® 0, = pinoion, where p;, is the correlation coefficient between log()\;) and

log(An).

From equation (3.2), MPLN accommodates over-dispersion, as Var(z;) > FE(z;).
Also the range of possible correlation values is smaller than the one of multivariate

lognormal distribution, because |Corr(x;, xp)|< |Corr(A;, An)|[25].

The likelihood-based parameter estimation method of MPLN is a difficult problem
that is still under investigation, because it is difficult to simplify the multiple integral
of probability density function. A suggestion provided by Aitchison & Ho transforms
the probability density function and then performs numerical computations based on

multivariate Hermitian integration.

3.3 Models for RNA-seq Data

3.3.1 One Exon with One Isoform

Introduction

In one exon with one isoform case, all mRNAs from gene g, and gene g, contain
only one exon. we propose a bivariate Poisson-longnormal model to fit count-type
RNA-seq data, x and y. 6, and 6, the expression indexes of g, and g,, are assumed
to be correlated with a bivariate lognormal distribution. Also total volume of exper-
iments, n = (n1,ng, ..., Ny ), x—gene length, [, and y—gene length, [, are taken into

consideration within the model.

Basic Model

Suppose there are M pairs of observations on gene g, and gene g,. The m' pair

of observations is (Z,,, ym), for all m = 1,2,..., M. We consider a bivariate Poisson-
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lognormal model. The probability density function of m'* pair of observations is

£ (s Yo, 2) = / / Fnl02) (4] 0,)9(0s, 0, 12, )0, 6,

(T, Ym = 0,1,...), (3.3)

where

o f(x,]0;) and f(ym|f,) are the Poisson probability distribution functions with

mean ny,l,0, and n,,l,0, respectively, where n,,,l, and [, are all known.

e g(0,,0,|p, ) is the bivariate lognormal probability density function with mean

vector p and variance matrix 3.

where
e v, and v, are the variance of log(f,) and log(6,) respectively.
e c,, is the covariance between log(f,) and log(,).

® Cuy = Pauy\/UsUy, Where p,, is the correlation coefficient between log(6,) and

log(6,).

Correlation Estimation

We suggest to estimate correlation coefficient p,, using the method of moments. The
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first two moments equations for all m = 1,2, ,..., M are described as below,

1
E(zy) = npl.exp(p, + 51}3;) = Nyl 0ry,

1
E(ym) = nmlyexp(py, + §vy) = Ny lyary,

E(x?n) = npl.on + nfnlzaiexp(vm),

E(yfn) = nplyoy, + nfnlzaiexp(vy),

E(xmym> = ngnlxlya:cayexp(cxy)a (34)

To reduce the number of moment equations, the normalized random variables -2
mvx

and 2= are considered. The moment equations are given as,
mby

m 1
E<nilx) = emp(:uw + §Ux) Ay,
Ym, 1
E(nmly) = exp(py + §Uy) Qy,
x? Uy
E(n%li) nmlx + Oéxeflfp(l)m),
92 2
m Y
(n?nlz) - mly + O‘yexp@y)a
TmYm
(n?nlxly> = agazerp(cyy), (3.5)

And we move %2~ and -“2- from the right-hand side to the left had side. Then the

Nl Nanly

moment equations become
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B(=25) = eaplyis + Soa) = o,
E(ng:}y) = exp(py + %Uy) = ay,
E(ﬁnnzn;l;m) = o2exp(vy),
B — el
(%TZZ) = 0 Qpeap(Cay), (3.6)

Equaling the theoretical moments of equations (3.6) with their sample moments, we

obtain the moment estimators as below,

m—1 mlx
1 M Y
G = Mmzl(nmly)
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From equation 3.7, we get the correlation coefficient estimator as

Coy

Pzy = —
\/ U0y

n2 mlzly

log

1 M Yy
”lmlz )] [M Zm—l(nrﬂy

(i
T (e ) ﬁZ (Y ;“‘2'”
log{ - ninld } { i 2} 3.8
\/ I:J\/LZ (nmlz ] I:ﬁ m=1 nmly)] ( )
lo { 2 Lme1 (7 ) }

N o )| [ o ()]

z {fwzm 1“’%‘“”)} z {z%w”w}
o m 0 2
I [ﬁzx:l(fﬁ)] g [ﬁz%f:l(%)f

The correlation coefficient estimator p,, is free of gene lengths [, and [,,.

A M () }
)

3.3.2 Multiple Exons with One Isoform

Introduction

In multiple exons with one isoform case, all mRNAs from gene g, and gene g,
are formed by multiple exons. However, there is only one possible combination
of exons for each gene. Assuming gene g, has p exons and gene g, has ¢ exons.
We suggest a multivariate Poisson-lognormal model with block compound symme-

try correlation structure to fit count-type RNA-seq data, x = (z1, 29, ...,7,)7 and

Y= (yh Y2, .-y yq>T'

The expression indexes of exons within gene g, and gene g,, denoted as O = (6, , 0,,,
oy 02,)" and Oy = (0,,, 0,,, ..., 0,,)", are assumed to be correlated with a multivariate
lognormal distribution with block compound symmetry correlation structure. Also
total volume of experiments n = (ny,na, ...,ny)7, z—exon lengths lg = (4, luy, -

l;,)" and y—exons length ly = (I, ly,, ..., l,)" are modeled.
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Basic Model

Suppose there are M sets of observations on gene g, and gene g,. The m' set of
observations is (@, Ym), where x,, and y,, are denoted as (T, Tam, -, Tpm)? and

T yespectively, for all m = 1,2,..., M. We consider a multivariate

(Yam> Yams -5 Yqm)
Poisson-lognormal model. The probability density function of m!* set of observations
is

q

F@ntnlin D) = [ [ TL0 00 TL 0501, )10 0y s, )0

j=1
(J:im7 Yjim = 07 17 )a (39)
with

o f(2iml|bs,) and f(y;m|0y,) are the Poisson probability distribution functions with
mean n,l,,0,, and Nimly; Qyj respectively, where n,,, [, and [, are all known, for

alli=1,2,...,pand j=1,2,...,q.

o g(0x,0y|pn,X) is the (p + ¢)-dimensional multivariate lognormal probability

density function with mean vector p and variance matrix 3.

where

papx1 (Ve — C2) Ly + codpxp CayIpxq
n= , Y=

PyJgx1 CayJgxp (vy — cy) Iy + cydgxq

Correlation Estimation

We consider to estimate the correlation coefficient using the method of moments. The

first two moments equations are derived as below, for all i,h = 1,2,...;p, h # i, all
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5 k=1,2,....q,k#jand all all m =1,2,.... M,

1
E(xzm) - nmlxlexp(/laz + §Ux) = nmla:iaaca

1
E(Z/jm) = nmlyjexp<:uy =+ évy) = nmlijéya

E(I’?m) = nml%al’ + n?nlziaiexp(vx)7

E(y?m) = Nyply; 0 + nfnlzjazexp(vy),
E(TimYjm) = nfnlxilyj Qpy€xp(Cay ),

E(ximTnm) = nfnlxz. Ly, aie:vp(cx) ,

E(YjmYkm) = nfnlyj lykazexp(cy), (3.10)

where
® ¢, = p,U;, where p, is the correlation coefficient of exons within gene g,.
® ¢, = pyvy, Where p, is the correlation coefficient of exons within gene g,.

® Cyy = Pay/UsUy, Where p,, is the correlation coefficient of exons between gene

g, and gene g,.

To reduce the number of moment equations, the normalized random variables —£i=—

i
nmlzl.
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and -2 are considered. The moment equations are given as,

nmlyj

E( ) = exp(pz + =vz) = ay,

N Lz, 2
Yjim 1
E = — =
<nmlyj ) exp(:uy + 2Uy) C(y,
szm Oy 2
E( Yim ) = % + aZexp(v,)
— )5
nply. Ny, Y
ximyjm
E(——) = azayexp(cyy),
n2lzly,; Y Y
TimThm 2
(ngnllexh) - axexp<cx)7
YimYkm
(;l—l) = ozzexp(cy), (3.11)
by by

Assuming n,, is large enough and o, and «, are relatively small, the terms —%—

nmlxi

and n:?y]. are all come to zero. Then we can apply the average weighting strategy

approximately to further reduce the number of moment equations. Also we don’t want

to drop the terms —%— and —*

nmlmi nmly].

. Therefore we remove them from the right-hand

5



side to the left had side. Then the moment equations become

LS™ p(2m ) — cap(u, + Luy)
- = €T T Uz ) = Oy,
P Nl P35
1< Yim 1
- ( 2 )_@Ip(ﬂy+ Uy) Qy,
q “— N ly,
J=1 J
1< T2 — Tim )
- azexp(vy),
2 B = alenp(un)

2 72

44 mly;

1 o TimYy
— B(=E2)Y = apagexp(cg,),
pq;; (n%,blxllyj) Yy p( y)

1 N g YimYk
— B(Z2) = alexp(c,), (3.12)
a1 2 2 P, e

Equaling the theoretical moments and their sample moments of equations (3.12), we
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obtain the moment estimators as below,

=—Z[ Z )|

I

__Z[ Z Yjm ﬂ

y

- P LS (s rin)
”“log{[ IS (e )P}

" zm:1<yazs m)
=1 g{[ S el

nmy
1

R —1) hoti 31 T D 1(527:7::1)

Cr = log{ FRND: }
[ =1 Zm G )]

) m Z =1 Zk;ﬁj M Em—l(r%?fﬁii)

Cy = log{ ETERY }
[ —1 M Zm (GAE))]

nmly
plq =1M Zm 1(521731?])
log{ = T\ } (3.13)
[ =1 M Zm 1("mlzz~ )Hg j:l M Zm:l( )]

nmlyj

From eqaution 3.13, we have the correlation coefficient estimators as below,

nmlz lzh

[3 201 3 T (o))

nml:c

z 320 A Lo 1(73””)
09{ DR AN }

nml:c

FET) ot ot Ly (EimThm )
lOg{ }
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I
mly;lyy

(3 =1 3 T (P

n'mly
SIS
7 _
tog{ 1 )
NEY, & ()

n'mly]

q(q 1) Z] 1 Zk#] M Zm 1( —grtkm )
oo J

(y?m*yjm)
212
mty

and

Py =
vy = T —
VUz/ Ty

pa o1 S A T ()
log { J }

nmlxllyj

(3520 o (][22, 5 1 (G

nmlx

(3.14)

nmly

L (A ((Finim) z IS YIS v <Jm—l§j’”>
Og{[ IS TS (i >12} 09{[ SIS S yf’”j)]Q}

"mlac nmly

3.3.3 Multiple Exons with Multiple Isoforms

Introduction

In multiple exons with multiple isoforms case, mRNAs come from multiple isoforms.
Exon-based RNA-seq data is the mixture of isoform counts. And isoform counts
are unobservable by RNA sequencing technology. Assuming gene ¢, has p exons
with R isoforms and gene g, has ¢ exons with S isoforms. Then we recommend a
mixture of multivariate Poisson-lognormal models with block compound symmetry

correlation structure to fit count-type RNA-seq data, € = (z1,23,...,7,)" and y =

(y17 Y2,y --ey yq)T'

The expression indexes of isoforms within gene g, and gene g,, denoted as O = (0z,,
Ox,, ... Ozp)" and Oy = (Oy,, Oy,. ..., Oyg)", are assumed to be correlated with

a multivariate lognormal distribution with block compound symmetry correlation
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structure. Total volume of experiments m = (ni,ns,...,ny)7, r—exon lengths lg
= (loys lag, - 1z,)" and y—exons length ly = (I, ly,, ..., I,,)" are also taken in

accounted.

Basic Model

Suppose there are M sets of observations on gene g, and gene g,. The m™ set of

observations is 2, = (@, Ym), where x,, and y,, are denoted as (T,,m, Tom, -, Tpm) "

and (Yum, Yom, - Ygm ) Tespectively, for all m = 1,2,..., M,. We consider a mixture

of multivariate Poisson-lognormal models, denoted as

zm =Tz, (3.15)

where
e T is the exon usage matrix.

e z' represent unobserved isoform counts, following a multivariate Poisson log-

normal distribution.

Exon Usage Matrix

The exon usage matrix T is defined as

A O
o’ B
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with

A:{Al Ay .- AR}

B:{B1 By - BS}

where, for all r =1,2,..., Rand all s =1,2,..., S,

(0751 O O bsl O 0
0 apo -+ 0 0 by --- 0
Ap = and Bg = )
0 0 - ap 0 0 bsq
L 4 pxp L 4 gxq

with )
1 if r** x-isoform contains i'® x-exon
Arj =
0 otherwise
\
and
.
1 if s' y-isoform contains j y-exon
bsj =
0 otherwise

Modeling Unobserved Isoform Counts

z: = (x,y’) represent m'" set of unobserved isoform counts. The probability

density function is

q

c~ P R S
f( m?ym|“7 _/ / HHf mm JEm HHf ysgm ySJ 9w79y|ﬂ> ) de

i=1r=1 j=1s=1

(ZFims Yojm = 0,1,...),  (3.16)
with
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o f(Trim|0s,.) and f(ysjml0y,,) are the Poisson probability distribution functions

with mean n,,l.,0,,, and nyl, 0, . respectively, where n,,,l,, and [, are all

ysj

known, for allt=1,2,...,pand j =1,2,....q.

o g(0x,0y|pn,X)is the (p x R+ g x S)-dimensional multivariate lognormal prob-

ability density function with mean vector g and variance matrix 3.

with ) i i i
0581 Ky
Oz, g
0;(3 ewR Hx Hxp
9: = s l’l’: = s
Oy Oy, Ky Py,
Byz Hyo
I
_e’ys_ | Fys |
and
by by
> _ xTx Ty
T
ZJ533311 E3351312 ZCCwlR 233?/11 E513’!/12 E513’!/15
2:3:1:21 2233322 2il?isz 25132/21 29'3?J22 233'y25
o Yxrp XxxRe 1 XxxRR Ewle Ewsz E"JB?JRS
2%yn Egyzl E%ym Eyyu Eyy12 2yyls
T T T
E33y12 Ewyzz Ewsz ZJyy21 Eyyzz Eyyzs
T T T
_Ewyls z3392'/25 EwyRS Yyys1 Zyys: - 2yyss_
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where, for all v, f =1,2,...., Rand r # f,all s,g=1,2,...,.5 and s # g,
® Oz, = (0:,,00,...0,,,)".
o Oy, = (0., 0y.,, ""eysq)T'
* px, = o, Jpx1  and  py, = fy Joxa.
e Xzx,, = (Voz,, — Cozp ) Ip + Canpr Jpxp-

* Yyyss = (Vyyas — Cyyes) Ly + Cz]/ysquXq-

Emmrf = CmgrprXq, Eyysg = nyngqu and Emyrs = C:cyrstXq'

Moment Equations of (z7,,y’)

The first two moments equations for all ¢,h = 1,2,....p, h # ¢, all j,k = 1,2,...,q,

kE#£g,allr, f=12 . R f#r alsg=12..,5 g#s,and all m =1,2, ...
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are described as below,

1
E(x:zm) = nmlwiexp(,uxr + §Uma:rr) = Nnle; Az,

. 1
E(Yyjm) = nunly;exp(piy, + §Uyyss) = Nimly,; 0y,

E(2)3,) = Nnle, 0w, + 15,05 05 exp(Vaa,, ),
E(ys,) = nmly,ay, + 00,00 o) exp(uyy,,),
E (& imYsjm) = Mol ly; 0w, 0ty €xp(Cay, ),
B (@} i@ m) = il Ly, €2 Co,, ),
E(.:z::mx;ihm) = nfnlxilxhaxraxfexp(cmﬁ),
E(x:mx}m) = n%llmlziamraxf exp(cmrf),
E(:y:]my:km) = n?nlyj Ly, 0y, 0ty exp(Cyy,, ),

E(y; jmy;km) = ”izlyj Ly, vy vy, €xp (nySg ),

E(y:jmy;jm) = n’IQTLlyj lyj Qry, Oy ewp(cyysg)7 (3.17)

Moment Equations of (x,,,y.,)

According to equation (3.15), for all ¢ = 1,2,...,p, all j = 1,2,...,q and all m =
1,2,.... M,

R
_ *
r=1

S
Yim = Z bsjy:jm
s=1

The first two moments equations for all i,h = 1,2,...;p, h # 4, all j,k = 1,2,...,q,

k # j and all m = 1,2, ..., M are described as below,

83



R
E(:Ezm> = nmla:l Qi Oy,
r=1

S
E(Yjm) = nmly, Z bsjauy,
s=1
R S
E(ZimYjm) = npla, Ly, Z Z ribs; O, Oty TP (Cayrs)
r=1 s=1
R
E($?m> - Z a72"i [nmlf’:iaxr + n?nliiairexp(vx:prr)]
r=1

R R
+ Z Z Wi [N 12 O €TP(Caary )]
r=1 fe#r

S
E(y]Qm> = Z bgj [nmlyj Qy, + nfnlzj 043243 exp(Vyyss)]
s=1

S S
+ Z Z bs;jbg; [nznlij Qy, Qty, €TP(Cyysg )|
s=1 g#s
R
E<xzmth> = Z ariarh[nznlwi lachaxT Ay, exp(cw:vrr)]
r=1

R R

+ Z Z QriQfp [ngnlxz l:rh axr&zf €pr(cmrf)]
r=1 f#r
S
E(YjmYrm) = Z ijbsk[n?nlyj Ly, 0y, 0ty €xp(Cyyss)]
S s
+ Z Z bs;bgk [nznlyj Ly, vy, Cy, €2P(Cyysg )]

s=1 g#s

The Simplest Case

We consider a special scenario that z-isoforms share the same correlation coefficient

within gene g, and y-isoforms share the same correlation coefficient within gene g,.

Also z-isoforms and y-isoforms share the same correlation coefficient between gene g,

and gene g,, which implies

84



® VU, =1y, ,forallr=12 .. R.
® Cp = Cyp,, forallr f=1,2. R
o Uy =1y, foralls =12 .5
® c, =cyy,,, forals,g=12 R

® Cpy = Cpy,,forallr=1,2,..., Rand s =1,2,..., 5.

Correlation Estimation
Then moment equations of (&,,,y,,) are simplified as
R

E(-rzm) = nmlacZ Z Qi Qg

r=1

E(Yjm) = nmly st]ayg

E(TimYjm) = Niylaly, Z Z Aribs 0y, 0ty €xP(Cay)

r=1 s=1

= Z aZi[nmls, 0, + 22 o2 exp(v,)] + Z Z ariapi[ng, 12 o, o exp(cy)]

r=1 f;ér
y]m Z b%i [nmly, cy, + 0, l2 a cexp(vy)] + Z Z byjbein2, aysaygemp(cy)]
s=1 g#s
R R
xzmth Z Z a'rzafh n l@ l:cha:v,«axf exp(Qc)]

r=1 f=1

S
E(YjmYrm) = stybgkn by, Ly, Oty ey, exp(cy )]

s=1 g=1

Mca

To reduce the number of moment equations, the normalized random variables ~—*
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and -2 are considered. The moment equations are given as,

nmly;
xzm Z arzaxT - .Z
y
n jm Z bsjay, = ay,
m yJ
TimY; S
B(TE) = 303 anbsae,oq.eap(en)
i Y4 r=1 s=1
1'2 & Y
( 2“[7; ) = Z azz[ l + Z Zarzafz O‘xrafcfexp(cx)]
n2,i2, p— N, r=1 f#r
v; : »)
E( Qj}nz )= Zbgj[ yl + o exp(vy)] + ZZbSﬂbW (@0, 02p(cy)]
L= Yj s=1 Tmty heEs
TimT =
h
(i) _ S5l v

3

§N

g

>

:

Il

i

pl\g
(] I

bsjbgk [O‘ys Qry, ETP (cy )l

By the definition of exon usage matrix, we notice that a7; = a,; and bZ; = by;. Then
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the moment equations become,

nmlyj
Timl; R S
B3 ) = D0 D anibujore 0. eap(cay)
meEY r=1 s=1

T3, — o
E(- m;ﬂ 12_“%) = Z ay;ay exp(vy) + Z Z Arithfil O, Q  €2P(Ca )]
r=1

m x; r= 1f7$7“

2
y m y m
E( Jn2 2 : ZbSJ a, exp(vy) + Z stabgj [y, oy, exp(cy)]

myY; s=1 g+#s

x . R R
Zm hm et Z Zarlafh Oé:craxfe'rp(c$)]

n lxwlf”h r=1 f=1
?J Yy >
m km
n] 21 l ; ; bsj bgk Qry, Qy, €Ip(6y)]

Applying the average weighting strategy, the moment equations are summarized as
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below,

xlm
E UriQly, = O
y s
Yjm_ _ j
g bsjor,, =

nm v
P q xlmy]m J P q
Z Z E( n2 Luly, Z Z Z ribsj O,y €TP(Cay )
=1 j=1 i=1 j=1 r=1 s=1
P p
Z E n2 lfzm Z Z a”ax exp(vg) + Z Z Z Qi pi[ Oy, axfexp(cx)]
i=1 i=1 r=1 i=1 r=1 f#r
q g S S
Z E( ym:ﬂ lzyjm Z Z bgﬂz exp(vy) + Z Z Z bsjbgjlcvy, Ay, exp(cy)]
j=1 mey;j j=1 s=1 j=1 s=1 g#s
xzm-rhm - ? " E g
Z Z nQ l l = Z Z Z Z QriAfp [axramfexp(cx)]
i=1 h#i “fh i=1 h#i r=1 f=1
q qg S S
Z Z E( yjmykm - Z Z Z Z bsjbgr[ovy, oy, exp(cy)]
J=1 k#j J=1 k#j s=1 g=1
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The moment estimators are given as, assuming p > R and ¢ > S

&y, = argmin Z(ai —a)?

Qar r=1

S
A~ . . j o /\j 2
Gy, = argmin » (o) —aj)

a
s s=1

xzmth )

;éz M Zm 1(n2 le;
hoti Zr 1 Zf | Qi fh O, O s
q 75J M Zm 1(337;;;;;)
k;e] Zs 125 bsjbgk ey, Oty
)

TimYjm

lMZm 1(n lwly

ZT 1 Zs 1a”b3]axrays

Cay = log{
=1
ZT L Zf# Qi iQty, Q€T (Cy )

$zm) _

= log

¢, = log

=1 M Zm 1( n2 2
R -
i1 D pey Qri Q3
Zs 1 Zg;&s bsjbgjdysdygexp(éy)
b @as)

= log{
2
q 1 M yjmfyjm o
j=1 M Zm:1( nZl2 )
q Sp2 42
j=1 Zs 1 bSJays

= log{

Cay

C &
Y A~
— and Py = ———=
Y —
U VUzr/ Uy

Therefore, the correlation coefficient moment estimators are calculated as
(3.19)
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Chapter 4

Simulation Studies

4.1 Introduction

In this chapter, Simulation studies have been conducted and demonstrate the advan-

tage of correlation coefficient moment estimator.

4.2 One Exon with One Isoform

In this section, we describe the simulation studies based on one exon with one iso-
form scenario. There are two big cases are considered, with fixed total volume and
with various total volume. For each big case, we consider five types of parameter

configurations for different correlation coefficients.

For the setting of parameter initialization, we first generate data from bivariate
Poisson-lognormal distribution. Then correlation coefficient moment estimator (r.m),
Pearson correlation coefficient estimator (r.p), Spearman’s rank correlation coeffi-
cient estimator (r.s), Kendall rank correlation coefficient estimator (r.k), adjusted
Spearman’s rank correlation coefficient estimator (r.s.adj) and adjusted Kendall rank
correlation coefficient estimator (r.k.adj) are calculated. The correlation coefficient
moment estimator (r.m) is calculated according to equation (3.8). Pearson correla-

tion coefficient estimator (r.p) is calculated according to equation (1.1). Spearman’s
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rank correlation coefficient estimator (r.s) is calculated according to equation (1.2).
Kendall rank correlation coefficient estimator (r.k) is calculated according to equation
(1.3). Adjusted Spearman’s rank correlation coefficient estimator (r.s.adj) is calcu-
lated according to equation (1.4). And adjusted Kendall rank correlation coefficient
estimator (r.k.adj) is calculated according to equation (1.5). We present the box plots
for each case to understand the performance of the correlation coefficient estimators.
We also report mean squared error (MSE), bias and standard deviation (SD) of those

correlation estimators.

4.2.1 With Fixed Total Volume

In this big case, we assume the total volume n,, is fixed for all subjects. We generate
the bivariate Poisson-lognormal data sets according to our model (3.3), with n,, =
85,000, 000, I, = 20,000, l, = 20,000, p, = —22, p, = =22, v, = 0.5 and v, =
0.5. There are five different levels of correlation coefficient are considered, p,, =
(—=0.9,—0.5,0,0.5,0.9). And all six correlation coefficient estimators are calculated
under three different sample sizes M = (30,100,300). The simulation is repeated

1000 times.

Case 1: we consider an independent case with p,, = 0. Boxplots are showed in figure

4.1.

The corresponding MSE values for sample size 30 are 0.047664125, 0.037321721,
0.039216527, 0.041806868, 0.036109598 and 0.017699860. The corresponding MSE
values for sample size 100 are 0.012524468, 0.009719099, 0.010567505, 0.010806922,
0.009663629 and 0.004432123. And the corresponding MSE values for sample
size 300 are 0.004105453, 0.003164012, 0.003463656, 0.003490674, 0.003161156 and
0.001419641.

The corresponding the bias of correlation estimators for sample size 30 are
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-0.010682897, -0.004513953, -0.006133931, -0.005653097, -0.005883735 and -
0.003655175.  The corresponding the bias of correlation estimators for sample
size 100 are 0.005784254, 0.006398804, 0.007119649, 0.006719660, 0.006807270 and
0.004299003. The corresponding the bias of correlation estimators for sample
size 300 are 0.000644588, 0.001011301, 0.002021527, 0.002077546, 0.001932627 and
0.001328882.

The corresponding the standard deviation of correlation estimators for sample size 30
are 0.21805963, 0.19313556, 0.19793661, 0.20438911, 0.18993415 and 0.13299060. The
corresponding the bias of correlation estimators for sample size 100 are 0.11176319,
0.09837761, 0.10255153, 0.10373894, 0.09806779 and 0.06643524. The corresponding
the bias of correlation estimators for sample size 300 are 0.06407057, 0.05624046,
0.05881811, 0.05904539, 0.05619094 and 0.03765469.

0.4 —
0.2
0.0
-0.2
-0.4 —
-0.6

(e}
064 8

~—---{@D ©

-----joo

e

rm30 | ®@k------
r.p.30 —
r.s.adj.30 0 ¢------
rk.adji30 | @ t-----
rs.30 /0 &¢-----
rk.30 —

rm.100 —

r.p.100 —
r.s.adj.100 —
rk.adj.100 —

r.s.100 —

r.k.100 —

r.m.300 —

r.p.300 —
r.s.adj.300 —
r.k.adj.300 —

r.s.300 —

r.k.300 —

Figure 4.1: Boxplots of correlation coefficient estimators in one exon with one isoform
case with fixed total volume when p,, = 0.
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Case 2: we consider a moderately positive correlated case with p,, = 0.5. Boxplots

are showed in figure 4.2.

The corresponding MSE values for sample size 30 are 0.028140098, 0.027231900,
0.024481955, 0.025117009, 0.024200577, and 0.039112422 . The corresponding MSE
values for sample size 100 are 0.009562523, 0.010291540, 0.006885487, 0.006821949,
0.007219547 and 0.031934446. And the corresponding MSE values for sample
size 300 are 0.003262208, 0.004257314, 0.002238013, 0.002193364, 0.002682409,
0.029919081.

The corresponding the bias of correlation estimators for sample size 30 are
0.0076681700, -0.0228703508, -0.0084727358, 0.0015328087, -0.0242897629 and -
0.1594811073. The corresponding the bias of correlation estimators for sample size
100 are -0.0013221554, -0.0340957367, -0.0072582867, -0.0041385134, -0.0241326899
and -0.168043736. The corresponding the bias of correlation estimators for sample size
300 are -0.0001436195, -0.0339297409, -0.0061981615, -0.0046560110, -0.0233849442
and -0.1695623604.

The corresponding the standard deviation of correlation estimators for sample size 30
are 0.16757475, 0.16342842, 0.15623754, 0.15847605, 0.15365736 and 0.11695383. The
corresponding the bias of correlation estimators for sample size 100 are 0.09777921,
0.09554591, 0.08266078, 0.08249134, 0.08146877 and 0.06079267. The corresponding
the bias of correlation estimators for sample size 300 are 0.05711556, 0.05573227,

0.04689985, 0.04660135, 0.04621205 and 0.03417144.
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Figure 4.2: Boxplots of correlation coefficient estimators in one exon with one isoform
case with fixed total volume when p,, = 0.5.

Case 3: we consider a highly positive correlated case with p,, = 0.9. Boxplots are

showed in figure 4.3.

The corresponding MSE values for sample size 30 are 0.0025493425, 0.0033321353,
0.0033169143, 0.0026240118, 0.0041944400 and 0.0431622086. The corresponding
MSE values for sample size 100 are 0.0007469752, 0.0011491903, 0.0007063691,
0.0005630890, 0.0010820336 and 0.0394214140. And the corresponding MSE val-
ues for sample size 300 are 0.0002774354, 0.0005822006, 0.0002813725, 0.0002267976,
0.0005639070 and 0.0392930879.

The corresponding the bias of correlation estimators for sample size 30 are -
0.0034758666, -0.0210878529, -0.0242243270, -0.0115115867, -0.0339808913 and -
0.1966848721. The corresponding the bias of correlation estimators for sample size 100
are 0.0004592903, -0.0168976906, -0.0116096949, -0.0072668025, -0.0208546223 and -
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0.1960137510. The corresponding the bias of correlation estimators for sample size
300 are 0.0010753008, -0.0162356941, -0.0094201331, -0.0074977298, -0.0185752394
and -0.19737145009.

The corresponding the standard deviation of correlation estimators for sample size 30
are 0.05037123, 0.05373488, 0.05225032, 0.04991488, 0.05513383 and 0.06691240. The
corresponding the bias of correlation estimators for sample size 100 are 0.02732699,
0.02938807, 0.02390782, 0.02258944, 0.02543852 and 0.03162315. The corresponding
the bias of correlation estimators for sample size 300 are 0.01662165, 0.01784945,
0.01387925, 0.01306069, 0.01479417 and 0.01837385.
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Figure 4.3: Boxplots of correlation coefficient estimators in one exon with one isoform
case with fixed total volume when p,, = 0.9.

Case 4: we consider a moderately negative correlated case with p,, = —0.5. Boxplots

are showed in figure 4.4.

The corresponding MSE values for sample size 30 are 0.027943829, 0.021784081,
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0.024015227, 0.024368769, 0.024050358 and 0.041162009. The corresponding MSE
values for sample size 100 are 0.007304907, 0.011470458, 0.007302104, 0.007135241,
0.007800125 and 0.033451735. And the corresponding MSE values for sample
size 300 are 0.002268146, 0.009028387, 0.002178079, 0.002129652, 0.002692608 and
0.030339689.

The corresponding the bias of correlation estimators for sample size 30 are
-0.0197936740, 0.0726454771, 0.0178003969, 0.0086354807, 0.0335197012 and
0.1672280518. The corresponding the bias of correlation estimators for sample size
100 are -0.0040845683, 0.0846348001, 0.0130761130, 0.0099461010, 0.0298532564 and
0.1723013969. The corresponding the bias of correlation estimators for sample size
300 are -0.0008248517, 0.0877664120, 0.0081873873, 0.0064925961, 0.0253507036 and
0.1709280696.

The corresponding the standard deviation of correlation estimators for sample size 30
are 0.16598807, 0.12847846, 0.15394276, 0.15586596, 0.15141594 and 0.11487727. The
corresponding the bias of correlation estimators for sample size 100 are 0.08537109,
0.06563085, 0.08444596, 0.08388275, 0.08311984 and 0.06135115. The corresponding
the bias of correlation estimators for sample size 300 are 0.04761791, 0.03640665,

0.04594611, 0.04568915, 0.04527638 and 0.03351542.
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Figure 4.4: Boxplots of correlation coefficient estimators in one exon with one isoform
case with fixed total volume when p,, = —0.5.

Case 5: we consider a highly negative correlated case with p,, = —0.9. Boxplots are

showed in figure 4.5.

The corresponding MSE values for sample size 30 are 0.0081005817, 0.0261891935,
0.0032472369, 0.0025500163, 0.0041124484 and 0.0433491406. The corresponding
MSE values for sample size 100 are 0.0026439199, 0.0342275500, 0.0007262538,
0.0005752417, 0.0011258510 and 0.0399158927. And the corresponding MSE val-

ues for sample size 300 are 0.0010806143, 0.0368322386, 0.0003203606, 0.0002575742,
0.0006292336 and 0.0399301153.

The corresponding the bias of correlation estimators for sample size 30 are -
0.045200126, 0.150616321, 0.024026993, 0.011948334, 0.033780051 and 0.197525244.
The corresponding the bias of correlation estimators for sample size 100 are -

0.017327412, 0.179736650, 0.012797001, 0.008159908, 0.022121401 and 0.197295778.
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The corresponding the bias of correlation estimators for sample size 300
are -0.004904439, 0.189696733, 0.010594482, 0.008623074, 0.019825300 and
0.198928497.

The corresponding the standard deviation of correlation estimators for sample size 30
are 0.07783014, 0.05919390, 0.05167147, 0.04906377, 0.05451015 and 0.06582491. The
corresponding the bias of correlation estimators for sample size 100 are 0.04841158,
0.04384389, 0.02371688, 0.02255344, 0.02522885 and 0.03146853. The corresponding
the bias of correlation estimators for sample size 300 are 0.03250478, 0.02910993,
0.01442628, 0.01353576, 0.01536851 and 0.01890948.
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Figure 4.5: Boxplots of correlation coefficient estimators in one exon with one isoform
case with fixed total volume when p,, = —0.9.

For case 1-5, we list the performance rank of correlation coefficient estimators with
sample size 300, according to MSE, bias or standard deviation (SD). We only list

correlation coefficient moment estimator and the other estimators better than moment
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estimator.
e MSE, case 1 (p = 0): r.k, r.s, r.p, r.s.adj, r.k.adj, r.m.
e MSE, case 2 (p = 0.5): r.k.adj, r.s.adj, r.s, r.m.
e MSE, case 3 (p = 0.9): r.k.adj, r.m.
e MSE, case 4 (p = -0.5): r.k.adj, r.s.adj, r.m.
e MSE, case 5 (p = -0.9): r.k.adj, r.s.adj, r.s, r.m.
e bias, case 1 (p = 0): r.k, r.p, r.k.adj, r.s, r.s.adj, r.m.
e bias, case 2 (p = 0.5): r.m.
e bias, case 3 (p = 0.9): r.k.adj, r.m.
e bias, case 4 (p = -0.5): r.m.
e bias, case 5 (p =-0.9): r.m.
e SD case 1 (p = 0): rk, r.s, r.p, r.s.adj, r.k.adj, r.m.
e SD, case 2 (p = 0.5): r.k, r.s, rk.adj, r.s.adj, r.p, r.m.
e SD, case 3 (p = 0.9): r.k.adj, r.s.adj, r.s, r.m.
e SD, case 4 (p =-0.5): rk, r.p, r.s, r.kadj, r.s.adj, r.m.

e SD, case 5 (p =-0.9): rk.adj, r.s.adj, r.s, r.k, r.p, r.m.

4.2.2 With Various Total Volume

In this big case, we assume the total volumes n,, are different for each subject. We
generate the bivariate Poisson-lognormal data sets according to our model (3.3), with

n, € [85,000,000, 130,000, 000], I, = 20,000, [, = 20,000, p, = —22, p, = —22 ,
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vy = 0.5 and v, = 0.5. There are five different levels of correlation coefficient are con-
sidered, p,y = (—0.9,—0.5,0,0.5,0.9). And all six correlation coefficient estimators
are calculated under three different sample sizes M = (30, 100, 300). The simulation

is repeated 1000 times.

Case 6: we consider an independent case with p,, = 0. Boxplots are showed in figure

4.6.

The corresponding MSE values for sample size 30 are 0.045542245, 0.035799266,
0.037882700, 0.039524803, 0.034850078 and 0.016648381. The corresponding MSE
values for sample size 100 are 0.013246690, 0.010279628, 0.011536701, 0.011701448,
0.010548931 and 0.004795999. And the corresponding MSE values for sample
size 300 are 0.004521550, 0.003477401, 0.003662194, 0.003674165, 0.003342636 and
0.001494688.

The corresponding the bias of correlation estimators for sample size 30 are -
0.0054806537, -0.0002536503, -0.0035505882, -0.0035327743, -0.0033753127 and -
0.0021839345. The corresponding the bias of correlation estimators for sample size
100 are -0.0008425903, 0.0006098835, 0.0026527060, 0.0025807212, 0.0025415480 and
0.0016654515. The corresponding the bias of correlation estimators for sample size
300 are -0.0012562426, -0.0005613701, -0.0004454288, -0.0004547426, -0.0004261783
and -0.0002919073.

The corresponding the standard deviation of correlation estimators for sample size 30
are 0.21333590, 0.18920677, 0.19460240, 0.19877707, 0.18665124 and 0.12901012. The
corresponding the bias of correlation estimators for sample size 100 are 0.11509118,
0.10138666, 0.10737627, 0.10814244, 0.10267654 and 0.06923312. The corresponding
the bias of correlation estimators for sample size 300 are 0.06723073, 0.05896682,
0.06051443, 0.06061319, 0.05781396 and 0.03866009.
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Figure 4.6: Boxplots of correlation coefficient estimators in one exon with one isoform
case with various total volume when p,, = 0.

Case 7: we consider a moderately positive correlated case with p,, = 0.5. Boxplots

are showed in figure 4.7.

The corresponding MSE values for sample size 30 are 0.026806810, 0.026604791,
0.022988637, 0.023033274, 0.022967770 and 0.040253498. The corresponding MSE
values for sample size 100 are 0.009332438, 0.009836919, 0.006372777, 0.006338977,
0.006675953 and 0.031562768. And the corresponding MSE values for sample

size 300 are 0.003015583, 0.003997124, 0.002092135, 0.002043807, 0.002500571 and
0.029712489.

The corresponding the bias of correlation estimators for sample size 30 are -4.907953e-
03, -3.484590e-02, -1.537279e-02, -7.652572e-03, -3.118932e-02 and -1.668644e-01.
The corresponding the bias of correlation estimators for sample size 100 are 1.834045e-

03, -3.092493e-02, -6.058798e-03, -3.594546e-03, -2.298533e-02 and -1.677837e-01.
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The corresponding the bias of correlation estimators for sample size 300 are
-3.440511e-05, -3.342916e-02, -4.988650e-03, -4.089332e-03, -2.220105e-02 and -
1.691809e-01.

The corresponding the standard deviation of correlation estimators for sample size 30
are 0.16365428, 0.15934414, 0.15083870, 0.15157411, 0.14830710 and 0.11139920. The
corresponding the bias of correlation estimators for sample size 100 are 0.09658713,
0.09423677, 0.07959942, 0.07953651, 0.07840681 and 0.05840707. The corresponding
the bias of correlation estimators for sample size 300 are 0.05491431, 0.05366205,
0.04546700, 0.04502315, 0.04480720 and 0.03302003.
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Figure 4.7: Boxplots of correlation coefficient estimators in one exon with one isoform
case with various total volume when p,, = 0.5.

Case 8: we consider a highly positive correlated case with p,, = 0.9. Boxplots are

showed in figure 4.8.

The corresponding MSE values for sample size 30 are 0.0024252069, 0.0031238021,
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0.0027851113, 0.0021755706, 0.0035827505 and 0.0418981125. The corresponding
MSE values for sample size 100 are 0.0007963576, 0.0012241770, 0.0007309685,
0.0006036886, 0.0011046857 and 0.0395426434. And the corresponding MSE val-
ues for sample size 300 are 0.0002623238, 0.0006045050, 0.0002394076, 0.0002055624,
0.0004828564 and 0.0387103227.

The corresponding the bias of correlation estimators for sample size 30 are -
0.0016109241, -0.0189185799, -0.0224631093, -0.0097084390, -0.0321689742 and -
0.1950956571. The corresponding the bias of correlation estimators for sample size 100
are -0.0006924906, -0.0176455806, 0.0113500497, -0.0074403534, -0.0205734827 and -
0.1961661632. The corresponding the bias of correlation estimators for sample size
300 are -0.0011296808, -0.0174506832, -0.0075762600, -0.0064599682, -0.0166097252
and -0.1959175458.

The corresponding the standard deviation of correlation estimators for sample size 30
are 0.04922003, 0.05259172, 0.04775479, 0.04562145, 0.05047680 and 0.06193381. The
corresponding the bias of correlation estimators for sample size 100 are 0.02821131,
0.03021275, 0.02453864, 0.02341644, 0.02610397 and 0.03258036. The corresponding
the bias of correlation estimators for sample size 300 are 0.01615697, 0.01731989,
0.01349103, 0.01279966, 0.01438657 and 0.01807313.
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Figure 4.8: Boxplots of correlation coefficient estimators in one exon with one isoform

case with various total volume when p,, = 0.9.

Case 9: we consider a moderately negative correlated case with p,, = —0.5. Boxplots

are showed in figure 4.9.

The corresponding MSE values for sample size 30 are 0.026351517, 0.021024608,

0.024945858, 0.025106901, 0.024942112 and 0.042253651. The corresponding MSE

values for sample size 100 are 0.007444763, 0.011220653, 0.006999088, 0.006894188,

0.007374833 and 0.032467301.

And the corresponding MSE values for sample

size 300 are 0.002468824, 0.008680333, 0.002302093, 0.002247209, 0.002691280 and

0.029659134.

The corresponding the bias of correlation estimators for sample size 30 are -

0.018505605, 0.072077161, 0.019452877, 0.012187753, 0.035126585 and 0.169839080.

The corresponding the bias of correlation estimators for sample size 100 are -

0.006817104, 0.083161922, 0.008932433, 0.006286887, 0.025781673 and 0.169640094.
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The corresponding the bias of correlation estimators for sample size 300
are -0.003785515, 0.084935443, 0.004664612, 0.003501156, 0.021868555 and
0.168702403.

The corresponding the standard deviation of correlation estimators for sample size 30
are 0.16127324, 0.12581530, 0.15674005, 0.15798215, 0.15397479 and 0.11579438. The
corresponding the bias of correlation estimators for sample size 100 are 0.08601332,
0.06561057, 0.08318233, 0.08279289, 0.08191543 and 0.06074158. The corresponding
the bias of correlation estimators for sample size 300 are 0.04954285, 0.03829235,
0.04775284, 0.04727526, 0.04704303 and 0.03462128.
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Figure 4.9: Boxplots of correlation coefficient estimators in one exon with one isoform
case with various total volume when p,, = —0.5.

Case 10: we consider a highly negative correlated case with p,, = —0.9. Boxplots are

showed in figure 4.10.

The corresponding MSE values for sample size 30 are 0.0077733531, 0.0266071466,
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0.0032912519, 0.0026504873, 0.0041564233 and 0.0435373057. The corresponding
MSE values for sample size 100 are 0.0026050574, 0.0344374371, 0.0007971265,
0.0006477880, 0.0011884717 and 0.0399116348. And the corresponding MSE val-
ues for sample size 300 are 0.0009726794, 0.0359279494, 0.0002627779, 0.0002171102,
0.0005313987 and 0.0392213948.

The corresponding the bias of correlation estimators for sample size 30 are -
0.044202941, 0.152263918, 0.023948165, 0.012207185, 0.033690679 and 0.197748716.
The corresponding the bias of correlation estimators for sample size 100 are -
0.015405016, 0.180400870, 0.011871036, 0.008053854, 0.021120990 and 0.196926976
The corresponding the bias of correlation estimators for sample size 300
are -0.006274593, 0.187384709, 0.008785704, 0.007378779, 0.017899546 and
0.197223811.

The corresponding the standard deviation of correlation estimators for sample size 30
are 0.07628534, 0.05850509, 0.05213192, 0.05001472, 0.05496691 and 0.06657891. The
corresponding the bias of correlation estimators for sample size 100 are 0.04865946,
0.04350820, 0.02561650, 0.02414381, 0.02724657 and 0.03363630. The corresponding
the bias of correlation estimators for sample size 300 are 0.03055010, 0.02854681,
0.01362312, 0.01275397, 0.01452601 and 0.01800454.
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Figure 4.10: Boxplots of correlation coefficient estimators in one exon with one isoform
case with various total volume when p,, = —0.9.

For case 6-10, we also list the performance rank of correlation coefficient estimators

with sample size 300, according to MSE, bias or standard deviation (SD).

e MSE, case 6 (p = 0): r.k, r.s, r.p, r.s.adj, r.k.adj, r.m.

MSE, case 7 (p = 0.5): r.k.adj, r.s.adj, r.s, r.m.

MSE, case 8 (p = 0.9): r.k.adj, r.s.adj, r.m.
e MSE, case 9 (p = -0.5): r.k.adj, r.s.adj, r.m.

e MSE, case 10 (p = -0.9): r.k.adj, r.s.adj, r.s, r.m.

bias, case 6 (p = 0): r.k, r.s, r.s.adj, r.k.adj, r.p, r.m.

bias, case 7 (p = 0.5): r.m.

bias, case 8 (p = 0.9): r.m.
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bias, case 9 (p = -0.5): r.k.adj, r.m.

bias, case 10 (p = -0.9): r.m.

SD case 6 (p = 0): r.k, r.s, r.p, r.s.adj, r.k.adj, r.m.

SD, case 7 (p = 0.5): rk, r.s, r.k.adj, r.s.adj, r.p, r.m.

SD, case 8 (p = 0.9): r.k.adj, r.s.adj, r.s, r.m.

SD, case 9 (p = -0.5): r.k, r.p, r.s, r.k.adj, r.s.adj, r.m.
e SD, case 10 (p = -0.9): r.k.adj, r.s.adj, r.s, r.k, r.p, r.m.

In conclusion, there is no significant difference between two big cases, which implies
the variation of total volumes does not have a large influence on the correlation

coefficient estimations.

4.3 Multiple Exons with One Isoform

In this section, we describe the simulation studies based on multiple exons with one
isoform case. We consider the scenario that gene x has three exons with one isoform
and gene y has two exons with one isoform. We consider the estimators based on
the block compound symmetry correlation structure. Therefore, Spearman’s rank
correlation coefficient estimator and Kendall rank correlation coefficient estimator (as
well as their adjustments) are not included. We only consider MPLN-based moment
estimators which exactly based on block compound symmetry correlation structure,
MPLN-based moment estimators on the rank transformed data to check whether it is
a feasible robust alternative, MVN based MLEs to check whether it is an appropriate
alternative and MVN based MLEs on the rank transformed data to check whether it

is an appropriate alternative.

For the setting of parameters initialization, we first generate the data from multi-
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variate Poisson-log normal. Then MPLN-based moment estimators (mpln.z, mpln.y,
mpln.xy) are calculated according to equations (3.14) using raw read counts, MVN
based MLEs (mwvn.z, mvn.y, mvn.zy) are calculated according to equations (2.14)
using normalized read counts, MPLN-based moment estimators on the rank trans-
formed data (mplnr.z, mplnr.y, mplnr.xy) are calculated according to equations
(3.14) using the rank transformed raw read counts and MVN based MLEs on the
rank transformed data (movnr.z, munr.y, mvnr.xzy) are calculated according to equa-
tions (2.14) using the rank transformed normalized read counts. We present the box
plots for each case to understand the performance of the correlation coefficient esti-
mators. We also report mean squared error (MSE), bias and standard deviation (SD)

of those correlation estimators.

In this scenario, we assume the total volume n,, is fixed for all subjects. We generate
the multivariate Poisson-log normal data sets according to our model (3.9), with
n, = 85,000,000, I, = (4,000,4,000,4,000), {, = (6,000,6,000), p, = —22, p, =
—22 , v, = 0.5 and v, = 0.5. There are six paired inrta-correlation coefficients
are considered, (pz, py) = ((0.9, 0.9), (0.9, 0.5), (0.5, 0.5), (0.5, 0), (0, 0)). Also
there are five different levels of between-correlation coefficients are considered, p,, =
(—0.9,—-0.5,0,0.5,0.9). And all four correlation coefficient estimators are calculated

with sample sizes M = 100. The simulation is repeated 1000 times.
There are 12 cases that X is not positive definite.

Case 1: we consider a highly positive correlated case with p, = 0.9, p, = 0.9 and

Pzy = 0.9. Boxplots are showed in figure 4.11.

The corresponding MSE values are 0.0006478010, 0.0008642341, 0.0004965592,
0.0026896163,  0.0022166595,  0.0020483765,  0.0008000078,  0.0014222391,
0.0008263322, 0.0034963749, 0.0026686773 and 0.0027640768.

The corresponding the bias of correlation estimators are -0.003373813, -0.004177665,

109



-0.001666205, -0.042787352, -0.034277497, -0.036988007, 0.012700937, 0.023584906,
0.018223835, -0.052916583, -0.04147990 and -0.047153762.

The corresponding the standard deviation of correlation estimators are 0.02522733,
0.02909951, 0.02222123, 0.02930629, 0.03227557, 0.02608187, 0.02527240, 0.02942773,
0.02223115, 0.02638579, 0.03079115 and 0.02325080.
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Figure 4.11: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.9, p, = 0.9 and p,, = 0.9.

Case 2: we consider a highly positive intra-correlated and moderately positive
between-correlated case with p, = 0.9, p, = 0.9 and p,, = 0.5. Boxplots are showed

in figure 4.12.

The corresponding MSE values are 0.0006809495, 0.0009079413, 0.0076548743,
0.0029515744,  0.0023271687,  0.0089977859,  0.0008163160,  0.0013762035,
0.0066534016 ,0.0038181058, 0.0025631216 and 0.0068046981.
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The corresponding the bias of correlation estimators are -0.005653875, -0.005568509,
-0.001648851, -0.045559645, -0.035820292, -0.044159708, 0.010487563, 0.023992125,
0.024268205, -0.055221648, -0.041061849 and -0.038122716.

The corresponding the standard deviation of correlation estimators are 0.02547515,
0.02961306, 0.08747660, 0.02959549, 0.03231215, 0.08395062, 0.02657681, 0.02829455,

0.07787462, 0.02772500, 0.02961497 and 0.07315297.
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Figure 4.12: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.9, p, = 0.9 and p,, = 0.5.

Case 3: we consider a highly positive intra-correlated and between-independent case

with p, = 0.9, p, = 0.9 and p,, = 0. Boxplots are showed in figure 4.13.

The corresponding MSE values are 0.0006662854, 0.0009102167, 0.0117038676,
0.0028063075,  0.0022792633,  0.0085938613,  0.0008880969,  0.0013550680,
0.0127867350, 0.0036373072, 0.0027682804 and 0.0085158771.
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The corresponding the bias of correlation estimators are -0.004142464, -0.004621761,
-0.009465079, -0.043772801, -0.034640437, -0.006849805, 0.012357616, 0.022334434,

-0.009530581, -0.053262121, -0.042792846 and -0.006411813.

The corresponding the standard deviation of correlation estimators are 0.02547794,
0.02981369, 0.10776957, 0.02983705, 0.03285275, 0.09244967, 0.02711800, 0.02926160,

0.11267610, 0.02829229, 0.03061132 and 0.09205849.
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Figure 4.13: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.9, p, = 0.9 and p,, = 0.

Case 4: we consider a highly positive intra-correlated and moderately negative
between-correlated case with p, = 0.9, p, = 0.9 and p,, = —0.5. Boxplots are

showed in figure 4.14.

The corresponding MSE values are 0.0006644946, 0.0008280027, 0.0057169293,
0.0028851400,  0.0021940449,  0.0110787533,  0.0007801765,  0.0014053657,

0.0241462366, 0.0036844367, 0.0025353650 and 0.0063731913.
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The corresponding the bias of correlation estimators are -0.005214997, -0.004639971,
-0.009255120, -0.045159754, -0.034878349, 0.089303307, 0.011185046, 0.024429627,
-0.116553426, -0.054499639, -0.040601665 and 0.035329334.

The corresponding the standard deviation of correlation estimators are 0.02524477,
0.02839848, 0.07504180, 0.02908155, 0.03126573, 0.05571061, 0.02559436, 0.02843517,

0.10276933, 0.02672501, 0.02978036 and 0.07158931.
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Figure 4.14: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.9, p, = 0.9 and p,, = —0.5.

Case 5: we consider a highly positive intra-correlated and highly negative between-
correlated case with p, = 0.9, p, = 0.9 and p,, = —0.9. Boxplots are showed in figure

4.15.

The corresponding MSE values are 0.0006418631, 0.0009007473, 0.0019312640,
0.0028156946,  0.0023055909,  0.0400124000,  0.0007982522,  0.0014246052,

0.1046136280, 0.0034871376, 0.0025149835 and 0.0027522013.
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The corresponding the bias of correlation estimators are -0.004948104, -0.004926178,
-0.014209752, -0.044578103, -0.035143522, 0.196995061, 0.012761195, 0.024725533,

-0.320962226, -0.052853948, -0.040290402 and 0.046818340.

The corresponding the standard deviation of correlation estimators are 0.02484712,

0.02960541, 0.04158542, 0.02878346, 0.03271886, 0.03471809, 0.02520722, 0.02851759,

0.03996095, 0.02633624, 0.02986079 and 0.02366948.
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Figure 4.15: Boxplots of correlation coefficient estimators in multiple exons with one

isoform case when p, = 0.9, p, = 0.9 and p,y, = —0.9.

Case 7: we consider a highly positive and moderately positive intra-correlated and
moderately positive between-correlated case with p, = 0.9, p, = 0.5 and p,, = 0.5.
Boxplots are showed in figure 4.16.

The corresponding MSE values are 0.0006987429, 0.0091907176, 0.0059975777,
0.0029721500,  0.0104328057,  0.0077061141,  0.0008284211,  0.0079685948,

0.0050285752, 0.0038544667, 0.0077899019 and 0.0059647783.

114



The corresponding the bias of correlation estimators are -0.005273592, -0.008292630,
-0.004991132, -0.045370334, -0.044323502, -0.047263048, 0.010318995, 0.025632021,
0.019161093, -0.055395749, -0.036680251 and -0.043110801.

The corresponding the standard deviation of correlation estimators are 0.02590236,
0.09550890, 0.07728303, 0.03022719, 0.09202300, 0.07397512, 0.02686893, 0.08550786,
0.06827465, 0.02803173, 0.08027740 and 0.06407993.
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Figure 4.16: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.9, p, = 0.5 and p,, = 0.5.

Case 8: we consider a highly positive and moderately positive intra-correlated and
between-independent case with p, = 0.9, p, = 0.5 and p,, = 0. Boxplots are showed

in figure 4.17.

The corresponding MSE values are 0.0006627828, 0.0097383862, 0.0095292361,
0.0028798437,  0.0115296904,  0.0070553043,  0.0007738115,  0.0079493234,
0.0101665483, 0.0037861971, 0.0081367603 and 0.0068287983.

115



The corresponding the bias of correlation estimators are -0.0051104364, -
0.0175716998, -0.0014714397, -0.0449720039, -0.0529792703, -0.0001941536,
0.0103927537, 0.0224522043, 0.0001336917, -0.0553264666, -0.0396610411 and

0.0012230207.

The corresponding the standard deviation of correlation estimators are 0.02523225,
0.09710624, 0.09760672, 0.02928075, 0.09339640, 0.08399563, 0.02580314, 0.08628570,
0.10082921, 0.02692915, 0.08101705 and 0.08262749.
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Figure 4.17: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.9, p, = 0.5 and p,, = 0.

Case 9: we consider a highly positive and moderately positive intra-correlated and
moderately negative between-correlated case with p, = 0.9, p, = 0.5 and p,,, = —0.5.

Boxplots are showed in figure 4.18.

The corresponding MSE values are 0.0006192249, 0.0091291185, 0.0044577261,
0.0028104428,  0.0103779779,  0.0111871604,  0.0007379150,  0.0083835221,
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0.0205327177, 0.0038867153, 0.0078019804 and 0.0054672018.

The corresponding the bias of correlation estimators are -0.004809363, -0.008377731,
-0.003505136, -0.044881715, -0.044375629, 0.093473191, 0.009385137, 0.028999909,
-0.111236065, -0.056381799, -0.033471863 and 0.038802704.

The corresponding the standard deviation of correlation estimators are 0.02441506,
0.09517842, 0.06667413, 0.02821479, 0.09169941, 0.04949670, 0.02549185, 0.08684773,

0.09032860, 0.02660466, 0.08174115 and 0.06294086.

0.3
0 o o)
0.2 - £ ﬁ e o &
S ! -1 L
0.1 o e -
0.0 +== = L e
] i — _(')_ ! \ 1 [ | 1
o014 ¥ 7 oL g .
LY | g 0
-0.2 B ! ! _é_
-0.3 ] _,_ o)
—0.4 — 8
[ [ [ [ [ [ [ [ [ [ [ [
X > > X > > X > = X >
5 85 g Sesct s st
E E ¢ E £ £ & B E g

Figure 4.18: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.9, p, = 0.5 and p,, = —0.5.

Case 12: we consider a highly positive and independent intra-correlated and moder-
ately positive between-correlated case with p, = 0.9, p, = 0 and p,, = 0.5. Boxplots

are showed in figure 4.19.

The corresponding MSE values are 0.0007133481, 0.0135672507, 0.0039701533,
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0.0029092509,  0.0101099881,  0.0055517655,  0.0008627669,  0.0153881076,
0.0038162559, 0.0036775227, 0.0103343944 and 0.0041695365.

The corresponding the bias of correlation estimators are -0.0046947151, -
0.0070213584,  -0.0018267191, -0.0445048178, 0.0005204255, -0.0438275185,
0.0118740632, -0.0012065223, 0.0257423367, -0.0537698945, 0.0006967151 and

-0.0370981408.

The corresponding the standard deviation of correlation estimators are 0.02629273,
0.11626672, 0.06298267, 0.03047248, 0.10054709, 0.06025707, 0.02686584, 0.12404294,

0.05615682, 0.02804142, 0.10165584 and 0.05285134.
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Figure 4.19: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.9, p, = 0 and p,, = 0.5.

Case 13: we consider a highly positive and independent intra-correlated and between-
independent case with p, = 0.9, p, = 0 and p,, = 0. Boxplots are showed in figure

4.20.
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The corresponding MSE values are 0.0007033189, 0.0140680853, 0.0061177547,
0.0028762965,  0.0104101677,  0.0045371816,  0.0008448587,  0.0161097327,
0.0068830902, 0.0036101446, 0.0107597625 and 0.0046282437.

The corresponding the bias of correlation estimators are -4.341858e-03, -1.017575e-02,
-6.607594e-06, -4.418222e-02, -2.565460e-03, 6.282798e-04, 1.221880e-02, -7.653727e-
03, 7.779182¢-04, -5.341297e-02, -4.509577e-03 and 1.391527e-03.

The corresponding the standard deviation of correlation estimators are 0.02616232,
0.11817165, 0.07821608, 0.03040111, 0.10199797, 0.06735567, 0.02637347, 0.12669315,

0.08296074, 0.02751726, 0.10363120 and 0.06801696.
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Figure 4.20: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.9, p, = 0 and pg, = 0.

Case 14: we consider a highly positive and independent intra-correlated and mod-
erately negative between-correlated case with p, = 0.9, p, = 0 and p,, = —0.5.

Boxplots are showed in figure 4.21.
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The corresponding MSE values are 0.000669280, 0.013410621, 0.002805095,
0.002965868, 0.009941870, 0.010662812, 0.000830511, 0.014772313, 0.016962891,
0.003776175, 0.009875305 and 0.004229667.

The corresponding the bias of correlation estimators are -0.006067707, -0.011423302,
-0.000477009, -0.045974544, -0.003317612, 0.095430079, 0.010899577, -0.006153983,
-0.108017636, -0.054790173, -0.003426541 and 0.040775854.

The corresponding the standard deviation of correlation estimators are 0.02514882,
0.11523944, 0.05296100, 0.02919262, 0.09965372, 0.03944505, 0.02667790, 0.12138551,

0.07276731, 0.02782467, 0.09931547 and 0.05066553.
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Figure 4.21: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.9, p, = 0 and p,, = —0.5.

Case 17: we consider a moderately positive intra-correlated and moderately positive
between-correlated case with p, = 0.5, p, = 0.5 and p,, = 0.5. Boxplots are showed

in figure 4.22.
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The corresponding MSE values are 0.005391823, 0.009651329, 0.003574429,
0.007509857, 0.010961143, 0.005333406, 0.004832206, 0.007356614, 0.003543535,
0.005712936, 0.007441717 and 0.004298628.

The corresponding the bias of correlation estimators are -0.010561992, -0.009988985,
-0.003883650, -0.052413585, -0.045998799, -0.045707665, 0.019938491, 0.024248190,
0.022531671, -0.042406948, -0.038052009 and -0.040139695.

The corresponding the standard deviation of correlation estimators are 0.07266545,
0.09773203, 0.05966026, 0.06901212, 0.09404921, 0.05695801, 0.06659326, 0.08227174,
0.05509863, 0.06256666, 0.07741939 and 0.05184046.
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Figure 4.22: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.5, p, = 0.5 and p,, = 0.5

Case 18: we consider a moderately positive intra-correlated and between-independent

case with p, = 0.5, p, = 0.5 and p,, = 0. Boxplots are showed in figure 4.23.
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The corresponding MSE values are 0.005972670, 0.009415615, 0.006408892,
0.008030611, 0.010624760, 0.004734338, 0.004921541, 0.007994806, 0.007449421,
0.006223237, 0.007805534 and 0.004973408.

The corresponding the bias of correlation estimators are -0.010284948, -0.008580479,
-0.003534979, -0.051982844, -0.044288944, -0.002385075, 0.016074157, 0.025907023,
-0.004363461, -0.046015677, -0.036418199 and -0.002760590.

The corresponding the standard deviation of correlation estimators are 0.07659563,
0.09665397, 0.07997747, 0.07299586, 0.09307658, 0.06876518, 0.06828735, 0.08557822,
0.08619966, 0.06407648, 0.08049378 and 0.07046834.
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Figure 4.23: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.5, p, = 0.5 and p,, = 0.

Case 19: we consider a moderately positive intra-correlated and moderately negative
between-correlated case with p, = 0.5, p, = 0.5 and p,, = —0.5. Boxplots are showed

in figure 4.24.
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The corresponding MSE values are 0.005374584, 0.009718573, 0.003050158,
0.007367131, 0.010927629, 0.010319858, 0.004543597, 0.008355300, 0.017952088,
0.005446728, 0.007902351 and 0.004071376.

The corresponding the bias of correlation estimators are -0.008744256, -0.010775952,
-0.003037809, -0.050406652, -0.046200062, 0.093359209, 0.020103502, 0.027570549,
-0.112009326, -0.042288449, -0.034816076 and 0.038008770.

The corresponding the standard deviation of correlation estimators are 0.07278820,
0.09799210, 0.05514462, 0.06947158, 0.09377198, 0.04004892, 0.06433853, 0.08715025,

0.07352550, 0.06048483, 0.08179359 and 0.05125143.
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Figure 4.24: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.5, p, = 0.5 and p,y, = —0.5.

Case 22: we consider a moderately positive and independent intra-correlated and
moderately positive between-correlated case with p, = 0.5, p, = 0 and p,, = 0.5.

Boxplots are showed in figure 4.25.
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The corresponding MSE values are 0.005154962, 0.013150759, 0.002713871,
0.007320684, 0.009610737, 0.004712159, 0.004616850, 0.015448654, 0.002876525,
0.005361892, 0.010276679 and 0.003638777.

The corresponding the bias of correlation estimators are -0.010759349, -0.017291197,
-0.006321042, -0.052347398, -0.008315662, -0.047566928, 0.021459186, -0.009290084,

0.023244258, -0.041009152, -0.005924746 and -0.039555932.

The corresponding the standard deviation of correlation estimators are 0.07098731,
0.11336566, 0.05170992, 0.06767890, 0.09768105, 0.04949289, 0.06446979, 0.12394494,

0.04833456, 0.06066417, 0.10120067 and 0.04554234.

04_ (o)
g 8 i 8
024 & ' | |
::@3:@_%:912:
II::I I—I—|Illl-e_
OO'_._||_|' :==I!|I| !
. I |I| : : III
AR S A - o
024 — -~ 1 ©° &5 ¥
O_é_ o B L]
~0.4 o
©)
1t 11 17 1T 17 17T 1T 1T ‘7T ‘1]
X > > X > = x x> > X »
[ e N N G T —
S 8 £ £ g S 6§ £ £ 5 E
E E 8 E E E 2 E E g

Figure 4.25: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.5, p, = 0 and p,, = 0.5.

Case 23: we consider a moderately positive and independent intra-correlated and
between-independent case with p, = 0.5, p, = 0 and p,, = 0. Boxplots are showed

in figure 4.26.
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The corresponding MSE values are 0.005076220, 0.013108134, 0.004434636,
0.007298858, 0.009891290, 0.003295128, 0.004352710, 0.015606013, 0.004871071,

0.005611189, 0.010543822 and 0.003273949.

The corresponding the bias of correlation estimators are -0.011453743, 0.001028949,
0.001191939, -0.052975550, 0.007477107, 0.001495110, 0.017166577, 0.006718578,

0.003589757, -0.045063540, 0.007216813 and 0.003474692.

The corresponding the standard deviation of correlation estimators are 0.07032092,
0.11448614, 0.06658239, 0.06702573, 0.09917350, 0.05738373, 0.06370258, 0.12474323,

0.06970068, 0.05983700, 0.10242919 and 0.05711283.
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Figure 4.26: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.5, p, = 0 and pg, = 0.

Case 24: we consider a moderately positive and independent intra-correlated and
moderately hegative between-correlated case with p, = 0.5, p, = 0 and p,, = —0.5.

Boxplots are showed in figure 4.27.
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The corresponding MSE values are 0.005684544, 0.012636674, 0.002283197,
0.007557869, 0.00S9465851, 0.010155590, 0.004752252, 0.014062730, 0.016231535,
0.005538138, 0.009399513 and 0.003556723.

The corresponding the bias of correlation estimators are -0.0076631436, -
0.0080203186, -0.0009795139,  -0.0494253752, -0.0002398585,  0.0944386580,
0.0209049489, -0.0036590637, -0.1099331518, -0.0415115021, -0.0014601402 and

0.0393355521.

The corresponding the standard deviation of correlation estimators are 0.07500547,
0.11212648, 0.04777277,0.07151924, 0.09729231, 0.03517001, 0.06569045, 0.11852992,

0.06439128, 0.06176515, 0.09694009 and 0.04482674.
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Figure 4.27: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, = 0.5, p, = 0 and p,, = —0.5.

Case 28: we consider an independent intra-correlated and between-independent case

with p, =0, p, = 0 and p,, = 0. Boxplots are showed in figure 4.28.
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The corresponding MSE values are 0.004786030, 0.012258259, 0.002320067,
0.003489656, 0.009040401, 0.001726222, 0.005314838, 0.013522950, 0.002502176,

0.003566602, 0.009011043 and 0.001682977.

The corresponding the bias of correlation estimators are -0.0039941071, -
0.0100847486, 0.0003694592, 0.0004521627, -0.0023438077, 0.0005730006, -
0.0029683342, -0.0069155206, 0.0007736379, -0.0018499305, -0.0041886201 and
0.0009080490.

The corresponding the standard deviation of correlation estimators are 0.06906575,
0.11025678, 0.04816566, 0.05907158, 0.09505213, 0.04154387, 0.07284248, 0.11608241,
0.05001578, 0.05969238, 0.09483406 and 0.04101405.
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Figure 4.28: Boxplots of correlation coefficient estimators in multiple exons with one
isoform case when p, =0, p, = 0 and p,, = 0.

We list the performance rank of correlation coefficient estimators within gene x, ac-

cording to MSE, bias or standard deviation (SD). We only list MPLN-based moment
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estimators (mpln.x) and the other estimators better than mpln.x.
e MSE, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.x.
e MSE, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mpln.x.
e MSE, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mpln.x.
e MSE, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.x.
e MSE, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln.x
e MSE, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mpln.x.
e MSE, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mpln.x.
e MSE, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mpln.x.
e MSE, case 12 (p, = 0.9, p, = 0 and p,, = 0.5): mpln.x.
e MSE, case 13 (p, = 0.9, p, = 0 and p,, = 0): mpln.x.
e MSE, case 14 (p, = 0.9, p, = 0 and p,, = —0.5): mpln.x.
e MSE, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mplnr.x, mpln.x.
e MSE, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mplnr.x, mpln.x.
e MSE, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mplnr.x, mpln.x.
e MSE, case 22 (p, = 0.5, p, = 0 and p,, = 0.5): mplnr.x, mpln.x.
e MSE, case 23 (p, = 0.5, p, = 0 and p,, = 0): mplnr.x, mpln.x.
e MSE, case 24 (p, = 0.5, p, = 0 and p,, = —0.5): mplnr.x, mvnr.x, mpln.x.
e MSE, case 28 (p, =0, p, = 0 and p,, = 0): mvn.x, mvnr.x, mpln.x.
e bias, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.x.

e bias, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mpln.x.
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bias, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mpln.x.
bias, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.x.
bias, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln.x.
bias, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mpln.x.
bias, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mpln.x.
bias, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mpln.x.
bias, case 12 (p, = 0.9, p, = 0 and p,, = 0.5): mpln.x.
bias, case 13 (p, = 0.9, p, = 0 and p,, = 0): mpln.x.
bias, case 14 (p, = 0.9, p, = 0 and p,, = —0.5): mpln.x.
bias, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mpln.x.
bias, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mpln.x.
bias, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mpln.x.
bias, case 22 (p, = 0.5, p, = 0 and p,, = 0.5): mpln.x.
bias, case 23 (p, = 0.5, p, = 0 and p,, = 0): mpln.x.
bias, case 24 (p, = 0.5, p, = 0 and p,, = —0.5): mpln.x.
bias, case 28 (p, =0, p, = 0 and p,, = 0): mvn.x, mvnr.x, mplnr.x, mpln.x.
SD, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.x.
SD, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mpln.x.
SD, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mpln.x.

SD, case 4 (p, = 0.9, p, = 0.9 and p,,, = —0.5): mpln.x.

SD, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln.x.
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e SD, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mpln.x.
e SD, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mpln.x.

e SD, case 9 (p, = 0.9, p, = 0.5 and p,,, = —0.5): mpln.x.
e SD, case 12 (p, = 0.9, p, = 0 and p,, = 0.5): mpln.x.

e SD, case 13 (p, = 0.9, p, = 0 and p,, = 0): mpln.x.

e SD, case 14 (p, = 0.9, p, =0 and p,, = —0.5): mpln.x.

e SD, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mvnr.x, mplnr.x, mvn.x,

mpln.x.
e SD, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvnr.x, mplnr.x, mvn.x, mpln.x.

e SD, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mvnr.x, mplnor.x, mvn.x,

mpln.x.
e SD, case 22 (p, = 0.5, p, = 0 and p,, = 0.5): mvnr.x, mplnr.x, mvn.x, mpln x.
e SD, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvnr.x, mplnr.x, mvn.x, mpln.x.

e SD, case 24 (p, = 0.5, p, = 0 and p,, = —0.5): mvnr.x, mplnr.x, mvnx,

mpln.x.
e SD, case 28 (p, =0, p, = 0 and p,, = 0): mvn.x, mvnr.x, mpln.x.

Then we list the performance rank of correlation coefficient estimators within gene
y, according to MSE, bias or standard deviation (SD). We only list MPLN-based

moment estimators (mpln.y) and the other estimators better than mpln.y.
e MSE, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.y.
e MSE, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mpln.y.

e MSE, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mpln.y.
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MSE, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.y.

MSE, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln.y.

MSE, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mvnr.y, mplnr.y, mpln.y.
MSE, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mplnr.y, mvnr.y, mpln.y.
MSE, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mvnr.y, mplnr.y, mpln.y.
MSE, case 12 (p, = 0.9, p, = 0 and p,, = 0.5): mvn.y, mvar.y, mpln.y.
MSE, case 13 (p, = 0.9, p, = 0 and p,, = 0): mvn.y, mvnr.y, mpln.y.
MSE, case 14 (p, = 0.9, p, = 0 and p,, = —0.5): mvnr.y, mvn.y, mpln.y.
MSE, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mplnr.y, mvnr.y, mpln.y.
MSE, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvnr.y, mplnr.y, mpln.y.
MSE, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mvnr.y, mplnr.y, mpln.y.
MSE, case 22 (p, = 0.5, p, = 0 and p,, = 0.5): mvn.y, mvar.y, mpln.y.
MSE, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvn.y, mvnr.y, mpln.y.
MSE, case 24 (p, = 0.5, p, = 0 and p,, = —0.5): mvnr.y, mvn.y, mpln.y.
MSE, case 28 (p, =0, p, = 0 and p,, = 0): mvnr.y, mvn.y, mpln.y.

bias, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.y.

bias, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mpln.y.

bias, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mpln.y.

bias, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.y.

bias, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln.y.

bias, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mpln.y.
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bias, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mpln.y.

bias, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mpln.y.

bias, case 12 (p, = 0.9, p, = 0 and p,,, = 0.5): mvn.y, mvnr.y, mplnr.y, mpln.y.
bias, case 13 (p, = 0.9, p, = 0 and p,, = 0): mplnr.y, mvnr.y, mvn.y, mpln.y.

bias, case 14 (p, = 0.9, p, = 0 and p,, = —0.5): mvn.y, mvnr.y, mplnr.y,

mpln.y.

bias, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mpln.y.

bias, case 18 (p, = 0.5, p, = 0.5 and p,,, = 0): mpln.y.

bias, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mpln.y.

bias, case 22 (p, = 0.5, p, = 0 and p,,, = 0.5): mvnr.y, mvn.y, mplnr.y, mpln.y.
bias, case 23 (p, = 0.5, p, = 0 and p,, = 0): mpln.y.

bias, case 24 (p, = 0.5, p, = 0 and p,, = —0.5): mvn.y, mvnr.y, mplnr.y,

mpln.y.

bias, case 28 (p, =0, p, = 0 and p,, = 0): mvn.y, mvnr.y, mplnr.y, mpln.y.
SD, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.y.

SD, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mplnr.y, mpln.y.

SD, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mplnr.y, mpln.y.

SD, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.y.

SD, case 5 (p, = 0.9, p, = 0.9 and p,y, = —0.9): mplur.y, mpln.y.

SD, case 7 (p, = 0.9, p, = 0.5 and p,,, = 0.5): mvnr.y, mplnr.y, mvn.y, mpln.y.

SD, case 8 (p, = 0.9, p, = 0.5 and p,,, = 0): mvnr.y, mplnr.y, mvn.y, mpln.y.
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e SD, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mvnr.y, mplnr.y, mvn.y,

mpln.y.
e SD, case 12 (p, = 0.9, p, = 0 and p,, = 0.5): mvn.y, mvnr.y, mpln.y.
e SD, case 13 (p, = 0.9, p, = 0 and p,, = 0): mvn.y, mvnr.y, mpln.y.
e SD, case 14 (p, = 0.9, p, = 0 and p,, = —0.5): mvnr.y, mvn.y, mpln.y.
e SD, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mvnr.y, mplnr.y, mvn.y, mpln.y.
e SD, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvnr.y, mplnr.y, mvn.y, mpln.y.

e SD, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mvnr.y, mplnr.y, mvn.y,

mpln.y.
e SD, case 22 (p, = 0.5, p, = 0 and p,, = 0.5): mvn.y, mvnr.y, mpln.y.
e SD, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvn.y, mvnr.y, mpln.y.
e SD, case 24 (p, = 0.5, p, = 0 and p,, = —0.5): mvnr.y, mvn.y, mpln.y.
e SD, case 28 (p, =0, p, = 0 and p,, = 0): mvnr.y, mvn.y, mpln.y.

We also list the performance rank of correlation coefficient estimators between gene
x and gene y, according to MSE, bias or standard deviation (SD). We only list
MPLN-based moment estimators (mpln.xy) and the other estimators better than

mpln.xy.

e MSE, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.xy.

MSE, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mpln.r.xy, mvnr.xy, mpln.xy.
e MSE, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.
e MSE, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.xy.

e MSE, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln.xy.
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MSE, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mplnr.xy, mvnr.xy, mpln.xy.
MSE, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.
MSE, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mpln.xy.

MSE, case 12 (p, = 0.9, p, = 0 and p,, = 0.5): mplnr.xy, mpln.xy.

MSE, case 13 (p, = 0.9, p, = 0 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.
MSE, case 14 (p, = 0.9, p, = 0 and p,, = —0.5): mpln.xy.

MSE, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mplnr.xy, mpln.xy.
MSE, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.
MSE, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mpln.xy.

MSE, case 22 (p, = 0.5, p, = 0 and p,, = 0.5): mpln.xy.

MSE, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.
MSE, case 24 (p, = 0.5, p, = 0 and p,, = —0.5): mpln.xy.

MSE, case 28 (p, =0, p, = 0 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.
bias, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.xy.

bias, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mpln.xy.

bias, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.
bias, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.xy.

bias, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln.xy.

bias, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mpln.xy.

bias, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mplor.xy, mvn.xy, mvnr.xy,

mpln.xy.
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bias, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mpln.xy.

bias, case 12 (p, = 0.9, p, = 0 and p,, = 0.5): mpln.xy.

bias, case 13 (p, = 0.9, p, = 0 and p,, = 0): mpln.xy.

bias, case 14 (p, = 0.9, p, = 0 and p,, = —0.5): mpln.xy.

bias, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mpln.xy.

bias, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.
bias, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mpln.xy.

bias, case 22 (p, = 0.5, p, = 0 and p,, = 0.5): mpln.xy.

bias, case 23 (p, = 0.5, p, = 0 and p,, = 0): mpln.xy.

bias, case 24 (p, = 0.5, p, = 0 and p,, = —0.5): mpln.xy.

bias, case 28 (p, =0, p, = 0 and p,, = 0): mpln.xy.

SD, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.xy.

SD, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mplnr.xy, mvnr.xy, mpln.xy.
SD, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.
SD, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mvn.xy, mvnr.xy, mpln.xy.

SD, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mvnr.xy, mvn.xy, mplnr.xy,

mpln.xy.

SD, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mvnr.xy, mvn.xy, mplnr.xy,

mpln.xy.
SD, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.

SD, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mvn.xy, mvnr.xy, mpln.xy.
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SD, case 12 (p, = 0.9, p, = 0 and p,, = 0.5): mvnr.xy, mplnr.xy, mvn.xy,

mpln.xy.
SD, case 13 (p, = 0.9, p, = 0 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.
SD, case 14 (p, = 0.9, p, = 0 and p,, = —0.5): mvn.xy, mvnr.xy, mpln.xy.

SD, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mvnr.xy, mplnr.xy, mvn.xy,

mpln.xy.
SD, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.
SD, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mvn.xy, mvnr.xy, mpln.xy.

SD, case 22 (p, = 0.5, p, = 0 and p,, = 0.5): mvnr.xy, mplnor.xy, mvn.xy,

mpln.xy.
SD, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.
SD, case 24 (p, = 0.5, p, = 0 and p,, = —0.5): mvn.xy, mvnr.xy, mpln.xy.

SD, case 28 (p, =0, p, = 0 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.

4.4 Multiple Exons with Multiple Isoforms

In this section, we describe the simulation studies based on multiple exons with

multiple isoforms case. We consider the scenario that gene x has four exons with two

isoforms and gene y has three exons with two isoforms. The 1st x-isoform contains

1st x-exon, 2nd x-exon and 3rd x-exon. The 2nd x-isoform contains 1st x-exon, 3rd

x-exon and 4th x-exon. The 1st y-isoform contains 1st y-exon and 3rd y-exon. And

the 2nd y-isoform contains 1st y-exon and 2nd y-exon.

For the setting of parameters initialization, we first generate the data from multivari-

ate Poisson-log normal distribution. Then MPLN-based moment estimators (mpin.z,

136



mpln.y, mpln.xy) are calculated according to equations (3.18) and (3.19) using raw
read counts, MVN based MLEs (mvn.xz, mvn.y, mon.zy) are calculated according to
equations (2.20) using normalized read counts, MPLN-based moment estimators on
the rank transformed data (mplnr.x, mplnr.y, mplnr.xy) are calculated according to
equations (3.18) and (3.19) using the rank transformed raw read counts and MVN
based MLEs on the rank transformed data (mwvnr.z, mvnr.y, mvnr.zy) are calculated
according to equations (2.20) using the rank transformed normalized read counts. We
present the box plots for each case to understand the performance of the correlation
coefficient esti- mators. We also report mean squared error (MSE), bias and standard

deviation (SD) of those correlation estimators.

In this scenario, we assume the total volume n,, is fixed for all subjects. We
generate the multivariate Poisson-log normal data sets according to our model
(3.15) and (3.16), with n,, = 85,000,000, [, = (4,000,4,000,4,000,4000), I, =
(6,000, 6,000,6000), p, = —22, p, = —22 , v, = 0.5 and v, = 0.5. There are six
paired inrta-correlation coefficients are considered, (p,, p,) = ((0.9, 0.9), (0.9, 0.5),
(0.5, 0.5), (0.5, 0), (0, 0)). Also there are five different levels of between-correlation
coefficients are considered, p,, = (—0.9,—0.5,0,0.5,0.9). And all four correlation
coefficient estimators are calculated with sample sizes M = 100. The simulation is

repeated 1000 times.
And there are 16 cases that X is not positive definite.

Case 1: we consider a highly positive correlated case with p, = 0.9, p, = 0.9 and

Pzy = 0.9. Boxplots are showed in figure 4.29.

The corresponding MSE values are 0.003254717, 0.006317819, 0.001580132,
0.003290453, 0.003367016, 0.044566509, 0.822873545, 1.015130438, 0.606494211,
0.017331241, 0.036525878 and 0.010243139.

The corresponding the bias of correlation estimators are -0.0017795425, 0.0005591112,
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-0.0007958521, -0.0425527022, -0.0322010701, -0.2097580895,  0.9059402589,
1.0065907552, 0.7778569200, 0.1255262796, 0.1863563404 and -0.0973415981.

The corresponding the standard deviation of correlation estimators are 0.05702236,
0.07948274, 0.03974291, 0.03846713, 0.04827118, 0.02383387, 0.04632270, 0.04365191,

0.03785265, 0.03967863, 0.04239331 and 0.02770835.
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Figure 4.29: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.9, p, = 0.9 and p,, = 0.9.

Case 2: we consider a highly positive intra-correlated and moderately positive
between-correlated case with p, = 0.9, p, = 0.9 and p,, = 0.5. Boxplots are showed
in figure 4.30.

The corresponding MSE values are 0.003580764, 0.007933683, 0.008374291,
0.003259749, 0.003785987, 0.023371413, 0.825583036, 1.013120688, 0.637771256,

0.017636132, 0.036241505 and 0.009365288.
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The corresponding the bias of correlation estimators are 0.0011250508, -0.0008604903,
-0.0032043809, -0.0426976446, -0.0328382781, -0.1375599144, 0.9074507127,
1.0055428524, 0.7944387644, 0.1268208412, 0.185340617 and -0.0670449255.

The corresponding the standard deviation of correlation estimators are 0.05982891,

0.08906707, 0.09145503, 0.03790330, 0.05203494, 0.06669845, 0.04600261, 0.04476896,

0.08147580, 0.03940312, 0.04347827 and 0.06978729.

Q
1.0 — BE= -
= ¢
g =
0.5 — L]
el
Q & — =
e [ I [ I R -a-'
OO L T[] s — -s_
1 ] | IE ﬁ
'@" |-°_'©'I 1
g - L=l
[ I I I I I I I I I I [
X > x> X > x> X > > X > o=
& 5 £ = = £ £ £ £ 5 5 £
E E 2 E E g 2 £ e E E g

Figure 4.30: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.9, p, = 0.9 and p,, = 0.5.

Case 3: we consider a highly positive intra-correlated and between-independent case

with p, = 0.9, p, = 0.9 and p,, = 0. Boxplots are showed in figure 4.31.
The corresponding MSE values are 0.003370522, 0.007034571, 0.011927976,
0.003491826, 0.003615189, 0.005560225, 0.821256370, 1.012855873, 0.632843607,

0.017401408, 0.036124051 and 0.007138088.
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The corresponding the bias of correlation estimators are -0.003323581, -0.002579908,
0.002392746, -0.045174928, -0.033735375, 0.002601147, 0.904812616, 1.005455927,
0.788352036, 0.124561609, 0.185252870 and 0.002790179.

The corresponding the standard deviation of correlation estimators are 0.05796099,
0.08383266, 0.10918906, 0.03809268, 0.04977061, 0.07452154, 0.05070011, 0.04375216,

0.10651138, 0.04342596, 0.04249030 and 0.08444112.
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Figure 4.31: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.9, p, = 0.9 and p,, = 0.

Case 4: we consider a highly positive intra-correlated and moderately negative
between-correlated case with p, = 0.9, p, = 0.9 and p,, = —0.5. Boxplots are
showed in figure 4.32.

The corresponding MSE values are 0.003277252, 0.006861909, 0.006121404,
0.003304985, 0.003667626, 0.031710814, 0.828881941, 1.014728292, 0.481028078,

0.018065227, 0.036516321 and 0.008726857.
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The corresponding the bias of correlation estimators are -0.001778948, -0.002235760,
-0.009137819, -0.042852437, -0.034342771, 0.172032435, 0.909237485, 1.006350612,

0.686654260, 0.128350287, 0.186126247 and 0.063804254.

The corresponding the standard deviation of correlation estimators are 0.05721964,

0.08280646, 0.07770395, 0.03832302, 0.04988187, 0.04599625, 0.04657399, 0.04457284,

0.09764223, 0.03989274, 0.04328211 and 0.06823397.
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Figure 4.32: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.9, p, = 0.9 and p,, = —0.5.

Case 5: we consider a highly positive intra-correlated and highly negative between-
correlated case with p, = 0.9, p, = 0.9 and p,, = —0.9. Boxplots are showed in figure
4.33.

The corresponding MSE values are 0.003318919, 0.007155791, 0.001835394,
0.003397760, 0.003723162, 0.114368055, 0.824527935, 1.013869336, 0.243311872,

0.017498684, 0.036284738 and 0.010321700.
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The corresponding the bias of correlation estimators are 0.0002385316, -0.0041650228,
-0.0135611176,  -0.0430121451, -0.0352995617, 0.3370280882,  0.9068790810,
1.0059725869, 0.4919968351, 0.1263295817, 0.1857537840 and 0.0978090142.

The corresponding the standard deviation of correlation estimators are 0.05760956,

0.08448931, 0.04063853, 0.03934102, 0.04977050, 0.02793068, 0.04580685, 0.04345677,

0.03536928, 0.03923673, 0.04219325 and 0.02747902.
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Figure 4.33: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.9, p, = 0.9 and p,, = —0.9.

Case 7: we consider a highly positive and moderately positive intra-correlated and
moderately positive between-correlated case with p, = 0.9, p, = 0.5 and p,, = 0.5.
Boxplots are showed in figure 4.34.

The corresponding MSE values are 0.003451329, 0.019268073, 0.006468340,
0.003577664, 0.007747908, 0.020878423, 0.821544213, 0.664232122, 0.499699101,

0.017210635, 0.006302905 and 0.010664617.
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The corresponding the bias of correlation estimators are -0.0056235520, 0.0030649561,
0.0002461687,  -0.0449970688, -0.0421955732, -0.1350265598, 0.9051732165,
0.8107328660, 0.7036249541, 0.1248695242, 0.0221636461 and -0.0885494115.

The corresponding the standard deviation of correlation estimators are 0.05847824,

0.13877564, 0.08042561, 0.03940720, 0.07724922, 0.05144172, 0.04696446, 0.08333272,

0.06790453, 0.04022731, 0.07623436 and 0.05313774.
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Figure 4.34: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.9, p, = 0.5 and p,, = 0.5.

Case 8: we consider a highly positive and moderately positive intra-correlated and
between-independent case with p, = 0.9, p, = 0.5 and p,, = 0. Boxplots are showed
in figure 4.35.

The corresponding MSE values are 0.003597131, 0.018166725, 0.007476893,
0.003357461, 0.007548518, 0.003146224, 0.821693301, 0.655299947, 0.518401263,

0.017156878, 0.005952672 and 0.003924105.
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The corresponding the bias of correlation estimators are -0.0002032311, -
0.0019630927, -0.0015573044, -0.0426167214, -0.0464953039, -0.0013738854,
0.9053196558, 0.8053126944, 0.7154899250, 0.1249948671, 0.0171967823 and

-0.0006654703.
The corresponding the standard deviation of correlation estimators are 0.05997574,

0.13476970, 0.08645501, 0.03925910, 0.07339418, 0.05607438, 0.04571238, 0.08228858,
0.08047006, 0.03915560, 0.07521265 and 0.06263914.
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Figure 4.35: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.9, p, = 0.5 and p,, = 0.

Case 9: we consider a highly positive and moderately positive intra-correlated and
moderately negative between-correlated case with p, = 0.9, p, = 0.5 and p,,, = —0.5.

Boxplots are showed in figure 4.36.

The corresponding MSE values are 0.003243054, 0.019165785, 0.003802195,
0.003399463, 0.007865137, 0.032366791, 0.821310512, 0.655224412, 0.430778343,
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0.017114280, 0.005827358 and 0.011627817.

The corresponding the bias of correlation estimators are -0.0036406196,
0.0037525480,  -0.0009538501,  -0.0443932528, -0.0456620814, 0.1764917230,
0.9051057207, 0.8053574876, 0.6526530974, 0.1248110173, 0.0172277896 and

0.0945018491.

The corresponding the standard deviation of correlation estimators are 0.05683133,

0.13838968, 0.06165456, 0.03779818, 0.07602704, 0.03489216, 0.04576184, 0.08138630,

0.06944262, 0.03919808, 0.07436775 and 0.05193474.
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Figure 4.36: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoform case when p, = 0.9, p, = 0.5 and p,, = —0.5.

Case 13: we consider a highly positive and independent intra-correlated and between-

independent case with p, = 0.9, p, = 0 and p,, = 0. Boxplots are showed in figure

4.37.
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The corresponding MSE values are 0.003297872, 0.016462518, 0.004512583,
0.003307763, 0.001970083, 0.001540859, 0.825048046, 0.503959613, 0.422643668,

0.017713073, 0.002085186 and 0.001738928.

The corresponding the bias of correlation estimators are -0.0020657403, 0.0032601180,
0.0018872698,  -0.0430216195,  0.0011773856,  0.0008834117,  0.9070294081,

0.7075890088, 0.6477923564, 0.1264601711, 0.0022732094 and -0.0011633845.

The corresponding the standard deviation of correlation estimators are 0.05738994,
0.12826492, 0.06714925, 0.03816940, 0.04437000,, 0.03924383, 0.04843242,

0.05724865, 0.05485190, 0.04148371, 0.04560722 and 0.04168422.
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Figure 4.37: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.9, p, = 0 and p,, = 0.

Case 17: we consider a moderately positive intra-correlated and moderately positive
between-correlated case with p, = 0.5, p, = 0.5 and p,, = 0.5. Boxplots are showed

in figure 4.38.
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The corresponding MSE values are 0.008620769, 0.018270083, 0.004802948,
0.006146251, 0.007068055, 0.020382229, 0.466912201, 0.660260385, 0.359508633,

0.003586134, 0.005719735 and 0.014972492.

The corresponding the bias of correlation estimators are -0.007483395, 0.002754307,
-0.002635084, -0.051272290, -0.042539067, -0.137022336, 0.679539091, 0.808648175,
0.596698317, -0.006028722, 0.020216117 and -0.115103556.

The corresponding the standard deviation of correlation estimators are 0.09254603,
0.13513881, 0.06925319, 0.05930770, 0.07251540, 0.04008876, 0.07168560, 0.07967757,

0.05881965, 0.05958010, 0.07287691 and 0.04151703.
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Figure 4.38: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.5, p, = 0.5 and p,,, = 0.5

Case 18: we consider a moderately positive intra-correlated and between-independent

case with p, = 0.5, p, = 0.5 and p,, = 0. Boxplots are showed in figure 4.39.
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The corresponding MSE values are 0.008730904, 0.017922816, 0.005162167,
0.006428219, 0.007635273, 0.001899353, 0.459313487, 0.660692626, 0.409058474,

0.003973460, 0.006221241 and 0.002157237.

The corresponding the bias of correlation estimators are -0.0063237492,
0.0008335462, -0.0037868824, -0.0520754630, -0.0435688588, -0.0027771596,
0.6735990692, 0.8085434657, 0.6366952540, -0.0109518576, 0.0201627423 and

-0.0025573943.

The corresponding the standard deviation of correlation estimators are 0.09322507,

0.13387353, 0.07174836, 0.06096199, 0.07574317, 0.04349299, 0.07468454, 0.08336720,

0.06064345, 0.06207670, 0.07625421 and 0.04637560.
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Figure 4.39: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.5, p, = 0.5 and p,, = 0.

Case 19: we consider a moderately positive intra-correlated and moderately negative

between-correlated case with p, = 0.5, p, = 0.5 and p,, = —0.5. Boxplots are showed
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in figure 4.40.
The corresponding MSE values are 0.008142654, 0.018310834, 0.002828130,
0.005764509, 0.007717828, 0.031830491, 0.460948645, 0.650642912, 0.364882977,

0.004133630, 0.006058382 and 0.015688681.

The corresponding the bias of correlation estimators are 0.002441176, 0.003545762,
0.001214672, -0.047436755, -0.042973150, 0.176160516, 0.674626163, 0.802269732,
0.602011911, -0.010089604, 0.014431550 and 0.117796055.

The corresponding the standard deviation of correlation estimators are 0.09020363,
0.13527107, 0.05316629, 0.05928122, 0.07662334, 0.02824826, 0.07634255, 0.08370298,

0.04964510, 0.06349669, 0.07648603 and 0.04257664.
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Figure 4.40: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.5, p, = 0.5 and p,, = —0.5.

Case 23: we consider a moderately positive and independent intra-correlated and
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between-independent case with p, = 0.5, p, = 0 and p,, = 0. Boxplots are showed

in figure 4.41.

The corresponding MSE values are 0.0097468742, 0.0154090212, 0.0034912297,
0.0064848357,  0.0018359839,  0.0008518279,  0.4648769012,  0.5046874054,
0.3394228714, 0.0042700609, 0.0021336762 and 0.0009204806.

The corresponding the bias of correlation estimators are -0.0042739436, 0.0073817038,
0.0029748133,  -0.0520186081,  0.0023565577,  0.0004098743,  0.6773378955,
0.7080489293, 0.5811267859, -0.0078191794, 0.0026499769 and 0.0008730266.

The corresponding the standard deviation of correlation estimators are 0.09863370,
0.12391340, 0.05901170, 0.06147276, 0.04278353, 0.02918321, 0.07804022, 0.05791476,

0.04140689, 0.06487620, 0.04611566 and 0.03032686.
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Figure 4.41: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, = 0.5, p, = 0 and p,, = 0.
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Case 28: we consider an independent intra-correlated and between-independent case

with p, =0, py, = 0 and p,, = 0. Boxplots are showed in figure 4.42.

The corresponding MSE values are 0.0059009372, 0.0155145683, 0.0023702109,
0.0008223589,  0.0019275394,  0.0002540742,  0.3109730727,  0.5023542924,
0.2626841318, 0.0008275569, 0.0021081773 and 0.0002625360.

The corresponding the bias of correlation estimators are 0.0020774665, 0.0009442987,
0.0018633893,  0.0011194814,  0.0003512290,  0.0006426303,  0.5562619405,
0.7064120650, 0.5120419570, 0.0015556333, 0.0013479315 and 0.0006144980.

The corresponding the standard deviation of correlation estimators are 0.07678946,
0.12455391, 0.04864914, 0.02865494, 0.04390235, 0.01592674, 0.03931572, 0.05776060,

0.02229722, 0.02872520, 0.04589510 and 0.01619131.
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Figure 4.42: Boxplots of correlation coefficient estimators in multiple exons with
multiple isoforms case when p, =0, p, = 0 and p,, = 0.
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We list the performance rank of correlation coefficient estimators within gene x, ac-
cording to MSE, bias or standard deviation (SD). We only list MPLN-based moment

estimators (mpln.x) and the other estimators better than mpln.x.
e MSE, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln x.
e MSE, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mvn.x, mpln.x.
e MSE, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mpln.x.
e MSE, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.x.
e MSE, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln.x
e MSE, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mpln.x.
e MSE, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mvn.x, mpln.x.
e MSE, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mpln.x.
e MSE, case 13 (p, = 0.9, p, = 0 and p,, = 0): mpln.x.
e MSE, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mvnr.x, mvn.x, mpln.x.
e MSE, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvnr.x, mvn.x, mpln.x.
e MSE, case 19 (p, = 0.5, p, = 0.5 and p,,, = —0.5): mvnr.x, mvn.x, mpln.x.
e MSE, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvnr.x, mvn.x, mpln.x.
e MSE, case 28 (p, =0, p, = 0 and p,, = 0): mvn.x, mvnr.x, mpln.x.
e bias, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.x.
e bias, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mpln.x.
e bias, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mpln.x.

e bias, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.x.
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bias, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln x.

bias, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mpln.x.

bias, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mpln.x.

bias, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mpln.x.

bias, case 13 (p, = 0.9, p, = 0 and p,, = 0): mpln.x.

bias, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mvnr.x, mpln.x.

bias, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mpln.x.

bias, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mpln.x.

bias, case 23 (p, = 0.5, p, = 0 and p,, = 0): mpln.x.

bias, case 28 (p, =0, p, = 0 and p,, = 0): mvn.x, mvor.x, mpln.x.

SD, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mvn.x, mvnr.x, mplnr.x, mpln.x.
SD, case 2 (p, = 0.9, p, = 0.9 and p,,, = 0.5): mvn.x, mvnr.x, mplnr.x, mpln.x.
SD, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mvn.x, mvnr.x, mplnr.x, mpln.x.

SD, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mvn.x, mvnr.x, mplnr.x,

mpln.x.

SD, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mvnr.x, mvn.x, mplnr.x,

mpln.x.
SD, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mvn.x, mvnr.x, mplnr.x, mpln.x.
SD, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mvnr.x, mvn.x, mplnr.x, mpln.x.

SD, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mvn.x, mvnr.x, mplnr.x,

mpln.x.

SD, case 13 (p, = 0.9, p, = 0 and p,, = 0): mvn.x, mvor.x, mplnr.x, mpln x.

153



e SD, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mvn.x, mvnr.x, mplnr.x,

mpln.x.
e SD, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvn.x, mvnr.x, mplnr.x, mpln.x.

e SD, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mvn.x, mvnr.x, mplnr.x,

mpln.x.
e SD, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvn.x, mvnr.x, mplnr.x, mpln.x.
e SD, case 28 (p, =0, p, = 0 and p,, = 0): mvn.x, mvnr.x, mplnr.x, mpln.x.

Then we list the performance rank of correlation coefficient estimators within gene
y, according to MSE, bias or standard deviation (SD). We only list MPLN-based

moment estimators (mpln.y) and the other estimators better than mpln.y.
e MSE, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mvn.y, mpln.y.
e MSE, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mvn.y, mpln.y.
e MSE, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mvn.y, mpln.y.
e MSE, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mvn.y, mpln.y.
e MSE, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mvn.y, mpln.y.
e MSE, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mvnr.y, mvn.y, mpln.y.
e MSE, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mvnr.y, mvn.y, mpln.y.
e MSE, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mvnr.y, mvn.y, mpln.y.
e MSE, case 13 (p, = 0.9, p, = 0 and p,, = 0): mvn.y, mvnr.y, mpln.y.
e MSE, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mvnr.y, mvn.y, mpln.y.
e MSE, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvnr.y, mvn.y, mpln.y.

e MSE, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mvnr.y, mvn.y, mpln.y.
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MSE, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvn.y, mvnr.y, mpln.y.

MSE, case 28 (p, =0, p, = 0 and p,, = 0): mvn.y, mvnr.y, mpln.y.

bias, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.y.

bias, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mpln.y.

bias, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mpln.y.

bias, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.y.

bias, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln.y.

bias, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mpln.y.

bias, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mpln.y.

bias, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mpln.y.

bias, case 13 (p, = 0.9, p, = 0 and p,, = 0): mvn.y, mvnr.y, mpln.y.

bias, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mpln.y.

bias, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mpln.y.

bias, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mpln.y.

bias, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvn.y, mvar.y, mpln.y.

bias, case 28 (p, =0, p, = 0 and p,, = 0): mvn.y, mpln.y.

SD, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mvnr.y, mplnr.y, mvn.y, mpln.y.
SD, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mvnr.y, mplnr.y, mvn.y, mpln.y.
SD, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mvnr.y, mplnr.y, mvn.y, mpln.y.

SD, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mvnr.y, mplnr.y, mvn.y,

mpln.y.
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SD, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mvnr.y, mplnr.y, mvn.y,

mpln.y.
SD, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mvnr.y, mvn.y, mplnr.y, mpln.y.
SD, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mvn.y, mvnr.y, mplnr.y, mpln.y.

SD, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mvn.y, mvnr.y, mplnr.y,

mpln.y.

SD, case 13 (p, = 0.9, p, = 0 and p,, = 0): mvn.y, mvnr.y, mplnr.y, mpln.y.
SD, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mvn.y, mvnr.y, mplnr.y, mpln.y.
SD, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvn.y, mvnr.y, mplnr.y, mpln.y.

SD, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mvnr.y, mvn.y, mplnr.y,

mpln.y.
SD, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvn.y, mvnr.y, mplnr.y, mpln.y.

SD, case 28 (p, =0, p, = 0 and p,, = 0): mvn.y, mvar.y, mplnr.y, mpln.y.

We also list the performance rank of correlation coefficient estimators between gene

x and gene y, according to MSE, bias or standard deviation (SD). We only list

MPLN-based moment estimators (mpln.xy) and the other estimators better than

mpln.xy.

MSE, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.xy.

MSE, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mpln.xy.

MSE, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.
MSE, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.xy.

MSE, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln.xy.
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MSE, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mpln.xy.

MSE, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.

MSE, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mpln.xy.

MSE, case 13 (p, = 0.9, p, = 0 and p,, = 0): mvn.xy, mvor.xy, mpln.xy.

MSE, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mpln.xy.

MSE, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.

MSE, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mpln.xy.

MSE, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.

MSE, case 28 (p, =0, p, = 0 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.

bias,
bias,
bias,
bias,
bias,
bias,
bias,
bias,
bias,
bias,
bias,

bias,

case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mpln.xy.

case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mpln.xy.

case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mpln.xy.

case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mpln.xy.

case b (p, = 0.9, p, = 0.9 and p,, = —0.9): mpln.xy.

case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mpln.xy.

case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.
case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mpln.xy.

case 13 (p, = 0.9, p, = 0 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.
case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mpln.xy.

case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.

case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mpln.xy.
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bias, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvn.xy, mvnr.xy, mpln.xy.
bias, case 28 (p, =0, p, = 0 and p,, = 0): mvnr.xy, mvn.xy, mpln.xy.

SD, case 1 (p, = 0.9, p, = 0.9 and p,, = 0.9): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

SD, case 2 (p, = 0.9, p, = 0.9 and p,, = 0.5): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

SD, case 3 (p, = 0.9, p, = 0.9 and p,, = 0): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.
SD, case 4 (p, = 0.9, p, = 0.9 and p,, = —0.5): mvn.xy, mvnr.xy, mpln.xy.

SD, case 5 (p, = 0.9, p, = 0.9 and p,, = —0.9): mvnr.xy, mvn.xy, mplnr.xy,

mpln.xy.

SD, case 7 (p, = 0.9, p, = 0.5 and p,, = 0.5): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

SD, case 8 (p, = 0.9, p, = 0.5 and p,, = 0): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.
SD, case 9 (p, = 0.9, p, = 0.5 and p,, = —0.5): mvn.xy, mvnr.xy, mpln.xy.

SD, case 13 (p, = 0.9, p, = 0 and p,, = 0): mvn.xy, mvor.xy, mplnr.xy,

mpln.xy.

SD, case 17 (p, = 0.5, p, = 0.5 and p,, = 0.5): mvn.xy, mvor.xy, mplnr.xy,

mpln.xy.

SD, case 18 (p, = 0.5, p, = 0.5 and p,, = 0): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.

SD, case 19 (p, = 0.5, p, = 0.5 and p,, = —0.5): mvn.xy, mvnr.xy, mplnr.xy,
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mpln.xy.

e SD, case 23 (p, = 0.5, p, = 0 and p,, = 0): mvn.xy, mvnr.xy, mplnr.xy,

mpln.xy.
e SD, case 28 (p, =0, p, = 0 and p,, = 0): mvn.xy, mvnr.xy, mplnr.xy, mpln.xy.

In some figures, we find some values of moment based correlation coefficient estimators
are larger than 1 or smaller than -1. This is the due to the limitation of moment
estimation methods that there is no automatic parameter range control. In practice,

we may force the results in an appropriate range, like [-1, 1].
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Chapter 5

Applications

5.1 Introduction

In Chapter 3, Multivariate Poisson-lognormal model based correlation coefficient es-
timation methods have been proposed. In this chapter, we apply those methods to
a RNA-seq data set for breast cancer study. We estimate the correlation coefficient

between gene TP53 and gene CDKNI1A.

5.2 Data Explaration

The RNA-seq data set for studying Breast Invasive Carcinoma has been downloaded
from TCGA. It contains 857 subjects with 89 normal subjects and 768 tumor subjects.
We focus on 89 normal subjects in this application study. For each subject, gene-level

raw read counts and exon-level raw read counts are provided.

From Figure 5.1, we see that the total volumes (total number of reads) are various for
different experiments. They cannot be preciously controlled in experiment. Therefore,
a gene gains more raw reads in the experiment with higher total volume. To make
raw read counts comparable among experiments, the effect of total volume should be

taken into account.
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Figure 5.1: Histogram of total volumes of 89 normal subjects

This application focuses on gene TP53 and gene CDKN1A. TP53, also called p53,
is a tumor suppressor gene. its activity stops the formation of tumors. It has 14
exons with lengths (235, 141, 1288, 106, 132, 73, 136, 109, 428, 440, 278, 240, 102,
168). And CDKNI1A, also called p21, is a gene related to cancer. It has 4 exons with
lengths (122, 257, 458, 1580). The gene/exon with longer length will gain more reads

in the same experiment. Then the length effect also should be removed.

From Figure 5.2, the exon-level raw read counts of TP53 span in a wide range, even
in log scale. From Figure 5.3, the exon-level raw read counts of CDKN1A also span
in a wide range, even in log scale. Some exons are highly expressed and the others

are lowly expressed.
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Figure 5.2: Boxplots of raw read counts of TP53 on exon level
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Figure 5.3: Boxplots of raw read counts of CDKN1A on exon level
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From Figure 5.4, we can not see the clear pattern between TP53 and CDKN1A with

raw read counts. However, we find the slightly negative relationship between TP53

and CDKNI1A with raw read counts in log scale.

CDKN1A gene-level count

1500000
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CDKN1A gene-level count in log scale
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Figure 5.4: Scatterplots of TP53 and CDKN1A on gene level

From Figure 5.5, exons 3, 4, 6, 7, 8, 9, 10, 11, 12 and 14 of TP53 share similar highly

positive intra-correlation coefficient. Also exons 2, 3 and 4 of CDKN1A share simi-

lar highly positive intra-correlation coefficient. And those exons again share similar

between-correlation coefficient.
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Figure 5.5: Scatterplots of TP53 and CDKN1A on exon level

From Figure 5.6, there is slightly negative relationship between 3rd exon of TP53
and 3rd exon CDKNI1A with raw read counts in log scale. Both exons are highly

expressed.
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Figure 5.6: Scatterplots of 3rd exon of TP53 and 3rd exon of CDKN1A

From Figure 5.7, there is no clear pattern between 2nd exon of TP53 and 1st exon

CDKNI1A. Both exons are lowly expressed.
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Figure 5.7: Scatterplots of 2nd exon of TP53 and 1st exon of CDKN1TA

5.3 Correlation Estimation

Estimation Methods

Correlation coefficient between TP53 and CDKN1A at gene level is estimated by
equation 3.8. Correlation coefficient between TP53 and CDKN1A at exon level is
estimated by equation 3.14. Correlation coefficient between TP53 and CDKNIA at

isoform level is estimated by equations 3.18 and 3.19.

Results

Correlation coefficient estimator between TP53 and CDKNI1A at gene level is -
0.2832123. Correlation coefficient estimator between TP53 and CDKNIA at exon
level is -0.08773369. Then permutation studies are used to test the null hypothesis

that correlation equals to zero. From Figure 5.8, the permutation p-value at gene
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level is 0.03 and the permutation p-value at exon level is 0.05.
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Figure 5.8: Histogram of Permutation correlations

From Figure 5.5, exons 1, 5 and 13 of TP53 and exon 1 of CDKN1A are expressed
lowly. Then we estimate correlation coefficient between TP53 and CDKN1A at exon
level, using highly expressed exons. Correlation coefficient estimator between TP53
and CDKN1A at exon level is -0.1163488. From Figure 5.9, the permutation p-value

at exon level is 0.07.
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Figure 5.9: Histogram of Permutation correlations with highly expressed exons

At isoform level, we consider TP53 with two isoforms structure. The first isoform
contains exons 2, 3, 4, 6, 7, 8, 9, 10, 11, 12, 14. And the second isoform contains
exons 3, 4, 6,7, 8, 11, 12, 14. Then we estimate correlation coefficient between TP53
and CDKNI1A at isoform level. Correlation coefficient estimator between TP53 and
CDKNI1A at isoform level is -0.09133021. From Figure 5.10, the permutation p-value

at isoform level is 0.07.
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Figure 5.10: Histogram of Permutation correlations at isoform level

5.4 Discussion

Correlation coefficient estimator between TP53 and CDKNI1A at gene level is -
0.2832123 with permutation p-value 0.03. Correlation coefficient estimator between
TP53 and CDKN1A at exon level is -0.08773369 with permutation p-value 0.05. And
correlation coefficient estimator between TP53 and CDKN1A at isoform level is -
0.09133021 with permutation p-value 0.07. It seems that less variance explained by
the exon-based model. However, it is improved some by the isoform-based model.
We think it maybe more noise introduced by our covariance-variance simplification.
However, it is improved by introducing isoforms. p-values are also determined by the

degrees of freedom or model complexity.
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Chapter 6

Discussion

6.1 More Correlation Structures

In the dissertation, we introduce the block compound symmetry correlation structure
to reduce the parameter space. In chapter 5, we see there are some common pat-
terns within TP53 and CDKN1A at exon level. We also find some common patterns
between TP53 and CDKN1A. So it is appropriate to study the relationship between
TP53 and CDKN1A, using the block compound symmetry correlation structure as-

sumption.

We don’t think all pairs of genes will follow the same common patters like TP53
and CDKN1A. It is interesting to explore other possible patterns from other pairs
of genes. Then the block compound symmetry correlation structure may not be a
reasonable assumption for those patterns. However, multivariate Poisson-lognormal
model based methods still can be used to study those pairs of genes, if we use some

specific appropriate correlation structures.

So it will be an interesting topic to study the estimation methods of multivariate

Poisson-lognormal model with some other specific correlation structures.
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6.2 Efficiency of Correlation Analysis

In this dissertation, we model the correlation structure of RNA-seq data using a
multivariate Poisson-lognormal model. We also derive correlation coefficient moment
estimators, which is easy and fast to be calculated. Therefore, it is possible to screen
whole genome to estimate all pairs of genes. Then we can identify some paired genes
that have significant different relationship between normal group and tumor group.

Those gene can be further investigated.

Differential expression analysis is a traditional approach for identifing some genes
that have significant expression levels between normal group and tumor group. In

this approach, genes are usually assumed to be independent.

So it will be a very interesting future work to compare correlation analysis with dif-
ferential expression analysis. It is also interesting to study the advantage of modeling

RNA-seq data, including dependency.

6.3 Robustness of MPLN-based Moment Estimators

MPLN-based moment estimators are derived under some simplification assumptions.
We assume there are one correlation coefficient between x-isoforms/y-isoforms in gene
x/gene y and one variation of x-isoforms/y-isoforms in gene x/gene y. However, in
practice, it is not possible there is only one common relationship pattern within genes
or between genes. In chapter 5, we see there are three common patterns between TP53

and CDKNI1A at exon level.

So it is a future work to conduct more simulation studies to check the robustness of
MPLN-based moment estimators, when sample do not come from the true model.
We also will consider to generalize MPLN-based moment estimators, allowing more

common relationship patterns.
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6.4 Adjusted Rank Correlation Coefficient in Multivariate Analysis

In chapter 4, it is so amazing to see that adjusted Spearman’s rank correlation coef-
ficient and adjusted Kendall rank correlation coefficient have that good performance,
when sample data come from a bivariate Poisson-lognormal distribution. We will con-
duct more simulation studies to test their performance. We also will conduct more
literature studies and explore the possible transformations of Spearman’s rank corre-
lation coefficient and Kendall rank correlation coefficient in the multivariate normal
distribution with the block compound symmetry correlation structure. Furthermore,
we will consider possible transformations for improving MPLN-based moment esti-

mators.

6.5 Bivariate Poisson Model Based Methods

In this section, we propose another approach for modeling correlation structure of

RNA-seq data using bivariate Poisson model.

6.5.1 Statistical Review

A trivariate reduction method

Let x1, xo and x3 be three mutually independent random variables, with 27 ~ Poi()\),

x9 ~ Poi(A\y) and x3 ~ Poi()p). The new random variables are constructed as

T =21+ g

Y = T2+ X
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Thus, = and y are distributed as bivariate Poisson [27] [28], with parameters

Ae =AM+ Ao

Ay = Ao+ Ao

The variance is given as

Cov(x,y) = Var(xo)
=X
with = follows the independent assumption.
The probability mass function is

(A1+XA2+N0) - A’ Agx_m) )\gy_m)
P(‘T:x7y:y‘)\la)\27)\0):e_ 1HA2HA0 -
;} zo! (x — x0)! (y — xp)!

where s = min(z,y).

Then the joint log-likelihood function is

M
DA, A2, Ao | T, e @ags Y1y oy Yur) = Z L(A1: A2, Ao | T, Yim)

m=1

M
= M\ + A2+ Xo) + Y logOn,

m=1

with
Sm )\_g() )\gwm*l“o) )\éymfxo)

Omzzxo

xo=0

' (@m — 20)! (Ym — x0)!

where s, = min(x.,, Ym)-
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The first partial derivatives of Log-likelihood (I,,) [29] are

where 1 =0, 1, 2.

with
aOm B Sz'm )\1’0 1 )\(l'm_CCO) )\gym_xo)
0o (xg — 1)! — 20)! (Ym — Z0)!
80 _ Z )\xo )\gzm xzo—1) )\éym*xo)
O\ — 29 — 1) (Ym — 20)!
xro= 1

)\(ym—xo—l)

o X”O )\ o)
8)\2 Z m — Lo '(ym—l’o—l)!

o=

The second partial derivatives of Log-likelihood (l,,) [29] are

M
o = 2 (o)~ (o o)
2 M 2
aifaﬂij - mZ: [(01 aaAgA > - (o% 880; %OAT

where 7,5 = 0,1,2 and i # j.
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with

s 2 _ —
a20m m )\xo )\mm o )\gm xo

8)\08/\0 (xg — 2)! — 20)! (Ym — 0)!
020, Z )\_zo )\a{:m—xo—Q Ao
ON 10N — 20! (T, — 2o — 2)! (Ym — X0)!
0?0 3 .

OX20No — zo! (T — o) (Y — 20 — 2)!
020, i Az AP —a0=1 A0
OO — (xo — D (xp, — kg — D! (Y — 0)!

0?0, N AL ppmore o \geoeord
OO — (o — D! (2 — 20)! (Y — 2o — 1)!
220, Sm o Am—0-1 A0

zro=0

EM Algorithm

Dempster et al.([30]) developed a numerical method, called EM algorithm, for search-
ing the maximum likelihood estimates of statistical models, when data is incomplete
or mixed. It performs the expectation step (E-step) and maximization step (M-step)

iteratively.

Suppose X is an observed data set, Z is a unobserved data set and O is the vector of

unknown parameters.
Expectation step (E-step)

Q(G) | Q(t)) = EZ\X,Q(t) [109L<®§X, Z)]

In E-setp, we obtain the Q function, which is the conditional mean of log complete

likelihood function logL(®; X, Z) with respect to the distribution of Z given observed
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data X and current parameters estimates ©®.

Maximization step (M-step)

Ot — argmax Q(O | @)
©

In M-step, we obtain new parameters estimates @ *+1) by maximizing the Q function

with respect to ©.

The EM algorithm stops when the parameters estimates converge.

6.5.2 One Exon with One Isoform

In this section, we discuss how to fit RNA-seq data with bivariate Poisson model.

Basic Model

Suppose we have M subjects in the experiment. All subjects are sampled indepen-
dently. Let z,, and y,, be the raw counts of gene z and gene y from m' subject
respectively, m = 1,2,3,..., M. Each gene has the length [, and [, respectively. [ is

the total length of two genes, denoted as [ = [, +[,,.

We define z1,,, Tom and xg,, as three mutually independent random variables for m!"

subject, with

T1m ~ Poi(ng,l.6,)
Tom "~ Poz(nmlyQQ)

Zom ~ Poi(n,,10)
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where n,, is the total volume of all transcripts from m'* subject, 8; and 0, are expres-
sion indexes of gene x and gene y respectively and 6, is the expression index shared

by two genes.

The raw counts of two genes are modeled as

Tm = T1m + Tom

Ym = Tom + Tom

Thus, x,, and y,, are distributed as bivariate Poisson, with parameters

)\x = nml:,ﬁl + nmleo

Ay = TnlyB + 116y

The probability mass function is

P(2m = T, YmYm | 01,02, 6)

_ 6_(nml90+nmlx91+nmly62) in: (nmle(])l"o (nmlxel)mm—z(] (nmly92)ym—$0

= @)l @2l (Y — 20!

where s, = min(Tm, Ym)-

Then the likelihood function is

L(91,02,00 | Tm = Tmy Ym = ym)

_ 6_(n'mlao+nmlzel+nmly02) in: (nmle(])fo (’]’I,mlxel)zm—zo (nmly92)ym_$0

20=0 (330)' (.Tm — -TO)' (ym _ 370)'

where s, = Min(Tm, Ym)-

177



And log-likelihood function is

l(01792700 | Tm = Tmy Ym = ym) = log[L(01702700 | Tm = Tmy Ym = ym)]

= _(nmle() + nmlazgl + nmlyQQ) + log(Om)

where

- (nmleO)xo (nmlxel)xmixo (nmlyQQ)ymimO
O, =
2 (@o)!  (@m —z0)!  (Ym — To)!

Thus, the joint log-likelihood function is

M
ZM(91a92790 ’ L1y -y T, YL, 7yM) = Z l(91792790 ‘ -Im?ym)

m=1
M M
= =) nu) (100 + 161 + 1,02) + > 1og(On)
m=1 m=1

The first partial derivatives of Log-likelihood function (I,,) are

ol M M1 00,
8_(9]\(/;[ = —Z(an)—i—mzz <O_m 90, )

m=1 1
o M Moo 00,,
= _M;l n) +mzl (o_m 00, )
Olar (L 20
@_92 = _ly(w; Nm) + ; (O_m 00, )

with

00,, i": Nl (M l00)™0 ™ (M lp01)m "0 (riyy Ly B ) Ym0

0 Lz (DL (em—x)l (g — )

% . in: (Tlmleo)xo nmlz(nmlxel)xm—mo—l (nmlyQQ)ym—aco

801 20—0 ($0)| (l’m — Uy — 1)' (ym — xo)l

% . szm (nmleo)xo (nmlzel)xm—aco nmly(nmly62>ym—mo—1

80,  —  (x0)! (T — T0)! (Y — T — 1)!
xo=0
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The second partial derivatives of Log-likelihood (I,;) are

M
s~ 2 (o)~ (o 50

m=1
0 l 020, 90, 90,
aez-laﬂgj - mzzl [(oimaege) B (o_lgn aOez- a(;j )]

where 7,5 = 0,1,2 and i # j.

with

82Om . szm (nml)2<nml90)xo—2 (nmlzgl)xm—xo (nmlyQQ)ym—xo

00,00 fowrt (2o — 2)! (T —20)! (Ym — T0)!
PO0m N ()™ (i ly) 2 (Ml 01)7m %072 (Ml 02) Y~
00,00, IOZZO (x0)! (T — o — 2)! (Ym — T0)!
PO0m N (Mil)™2 (N lp01)7m %0 (Rl )2 (Ml B) ¥ =702
00,005 g;:o (x0)! (Tm — ) (Ym — 20 — 2)!
PO0m = il (ninl00) ™0™ il (R l01) " =707 (Rl B2) Y~
00,00, IOZ::O (xg — 1)! (T — 2o — 1)! (Ym — 0)!
9%0,, B N Nl (M 100) 071 (01 ) =0 Nnly (1,0 )¥m—*0~1
000005 IOZ::O (xg — 1)! (T — T9)! (Ym — 2o — 1)!
0%0,, B N (M) ™0 Nl (Ml 0y )T =701 Nnly (M 1y B)¥m "0~
00,005 3;20 (x0)! (T — xo — 1)! (Ym — 2o — 1)!

EM algorithm

Since the data is mixed, we suggest to use EM algorithm for estimating 6, 6, and

0.

Suppose we have two observed data sets © = (1, %9, ...,xp) and y = (y1, Y2, ..., Yar)-
Also we have an unobserved data set ®g = (zo1, o2, .., Topr) The complete-data

likelihood function is
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Lp(64, 62,6052, y, x0)

I
e,

(w:way:yawﬂzw[)’ebe%eO)

[
=

P(xm =T Ym = Ym, Lom = Lom ’ 91702780)

3
I

I
=

P(xOm = Zomy Lim = Tm — Lom>L2m = Ym — Tom | 917 02; 90)

3
5

P(330m = Tom | QO)P(Jhm =Tm — Tom ‘ 91)P($2m = UYm — Tom ‘ 92)

I
=

3
[

(nmlgo)m()me—nmwo (nmlxel)xm_l’Ome_lexal (nmly92>ym—mome—nmly92

(Zom)! (@ — Tom)! (Ym — Tom)!

Il
=

3
I

Then the complete-data log-likelihood function is

log L (01, 02, 00; T, y, xo)
M
= [xOmlog(nmle()) - nmleo - lOg(l’gm! ) + (xm - xOm)log(nmlw‘91>

m=1

— Nplubh — 10g(Tm — Tom)! +(Ym — Tom)l0g(nmlyb2) — nplybs — 1og(Ym — Tom,)!

Q<® | G(t)> = Ew0|a:,y,®(t) [logLM(®7 Lo, L, y)]

= Em0|w7y7®<t) [090 + 001 + 092 + L(CBO, :13, y)]
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where

090 = lOg(go) Tom — Nl@()

NE

3
Il

O, = log(bh) (T — Tom) — N0y

WE

3
I

NE

Og, = log(6>) (Ym — Tom) — Niybo

3
I

with N =M n,,..

Pﬁ

L(xo, x,y) [xOmlog nl) — log(zom! ) + (T — Tom)l0g(nmly)

m=1

- log($m - mOm)' +(ym - x0m>log(nmly) - log(ym - xDm)'

Suppose 99, 9§t>, Qét) are given. The conditional probability function of m*™ subject
is
P(l'Om = Zom ’ Tms Ym egt)a eét)’ 9(()t)>

P(x()m = Zomy Tm = Tms; Ym = YUm | egt)7 eét)’ 9(()75))

- P(:L’m = Ty Y = Ynm | e(t) Q(t) 9(15))
P($0m =Zom)Tm = TmrYm = Ym | 91 ) 2 79(t))
t t
6))

S
nglm:o P(Zom = Zom, Tm = T Ym = Ym | ‘91 702

(anOét) )Tom (nml19§t> yTm—Tom (nmlyggt) yym==0m

. (zom)! (Zm—om)! (Yym—zom)!
o (nml05)70m (1l 05 )2m=20m (ny,1, 080 )ym—2om
Zom=0 (zom)! (zm—zom)! (Ym—xom)!
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Then

EY = E(zom | Tms Ym, RNICRICN
= Z xOmP($0m = Tom ’ Ty Ym Hgt), Hét), 9(()t)>
xOm:O

Thus,
Q((go ’ Qét)) — Exomlxmym’eit)7951&)76(()15) [Rgo]
M
=log(fo) > EI — Nib,
m=1
Q(@l | Hgt)) - Eoc[)m\xm,ymﬂgt)ﬂ;t),9(()t> [Rgl]
M M
=1log(61)(>_wm — Y _ EY )= NI,6;
m=1 m=1
Q(82 | Qgt)) — Exom|mm7ym79§t)7aét)70(()t) [R92]
M M
=10g(02)( > ym — Y_ EY) ) = N1,6,
m=1 m=1
M-step

M
401 _ Zmes Evon
0 NI
M M
9(t+1) = Zm:l Lm — Zm:l Eq(:?m
! NI,
M M
9(t+1) _ Zm:1 Ym — Zm:l E:J(c?m
? N,

with N = Zn]‘le N -
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6.5.3 Future Work

In this section, we proposal to model correlation structure of RNA-seq data using
bivariate Poisson model. EM algorithm has been derived for estimating gene expres-
sion indexes. However, it is difficult to be implemented. So it will be a future work
to develop a fast and efficient algorithm for estimating gene expression indexes. It
is also a interesting work to apply this approach to multiple exons with one isoform

case and multiple exons with multiple isoforms case.

The limitation of this bivariate Poisson approach is only positive correlation can
be modeled. We will conduct more literature studies and explore other possible

approaches to the modeling of negative bivariate Poisson random variables.
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