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Abstract of Dissertation

On Combination of Elliptically Distributed Biomarkers to Improve Diagnostic Accuracy

Diagnostic biomarkers play a critical role in biomedical research such as diagno-

sis and prediction of diseases, selection of treatments for patients, etc. It has been widely

accepted by medical researchers that diagnosis based on one single biomarker may not

provide sufficient accuracy. To improve the diagnostic performance, researchers proposed

methods to combine multiple biomarkers and the corresponding measurements to help clin-

icians make better diagnostic judgment. Considerable research results have been derived

based on the multivariate normal distribution, especially for the combination based on AUC

values. In chapter 2, the properties of the ROC curve function under the multivariate nor-

mal distribution are discussed. We find that if the case and control group have different

covariance matrices for the binormal model, there would always exist a segment of ROC

curve which is lower than the chance line.

In addition, the normality is indeed a hard assumption in diagnostic medicine. It is

common in practice that many biomarkers follow distributions that are far from normality,

even after popular transformations. To make the combination method more useful in prac-

tice, we extend the combination of multiple biomarkers to a broader distribution family –

elliptical distributions. It is well known that the likelihood ratio combination is the optimal

combination but it’s sensitive to the distribution assumption and complicated to calculate.

Based on the assumption of elliptical distribution, we study the ROC curve function of

likelihood ratio combination in chapter 4. The empirical estimation of elliptical likelihood

ratio combination is proposed. Except for the optimal combination, we also extend the

best linear combination AUC to the elliptical distribution and derive the linear combina-

tion ROC curve function of elliptically distributed biomarkers. We find that the best linear

combination only depends on the Mahalanobis distance of elliptical distributions.
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Many researchers focused on combinations to improve the resulting AUC value

while the AUC still has drawbacks. Therefore, we research the combination of more in-

dices besides AUC in order to improve the diagnosis performance. We develop the linear

combination based on projected length (PLC) of ROC curves in the chapter 6. It is con-

cluded that the best linear coefficient of PLC is the same as the combination coefficient of

AUC under elliptical distribution assumption.

The proposed methods are applied to two case-control studies. The first example

is predicting autism in children. Compared with the empirical best linear combination, the

AUC value of elliptical likelihood ratio combination is increased by 7.69% in predicting

autism, and the PLC value is improved by 16.78%. The AUC and PLC value of elliptical

likelihood ratio combination is increased by 1.85% and 5.15% from normal likelihood ratio

combination. Another application is the diagnosis of neural tube defects. We find that our

method improve by 11.43% and 23.29% from normal likelihood ratio combined AUC value

and empirical best linear combination, respectively.
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Chapter 1

Introduction

Diagnostic biomarkers are used for diagnosis, prediction of diseases and play a crit-

ical role in biomedical research such as clinical trails. In 2001, National Institutes of

Health (NIH) Biomarkers Definitions Working Group defined that ”biomarkers are char-

acteristics that are objectively measured and evaluated as indicators of normal biologi-

cal processes, pathogenic processes, or pharmacologic responses to therapeutic interven-

tion” (Biomarkers Definitions Working Group, 2001). Some well-known biomarkers in-

clude glycated haemoglobin (HbA1c) for diagnosis of diabetes (World Health Organiza-

tion, 2011), prostate-specific-antigen testing for cancer (Barry, 2001), to name a few. Since

the breakout of the COVID-19 pandemic, scientists are rigorously discovering and develop-

ing biomarkers that can be used to screen for infection of the virus. More than forty articles

have reported potential biomarkers in diagnosis of COVID-19 such as procalcitonin (PCT),

C-reactive protein (CRP) and many others; see, e.g., Kermali et al. (2020); Zhang and Guo

(2020). The importance of biomarkers in biomedical is plain to see.

However, most biomarkers’ effectiveness in diagnosing diseases is not perfect. New

biomarkers for the early detection and prevention of diseases are constantly being devel-

oped, and are compared with other biomarkers in terms of their accuracy in diagnosis of
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diseases. But it has been widely accepted by medical researchers that diagnosis based on

one single biomarker may not provide sufficient accuracy. To improve the diagnostic per-

formance, researchers proposed lots of method to combine multiple biomarkers and the

corresponding measurements to help clinicians make better diagnostic judgment.

In order to measure the ability of a biomarker to discriminate or predict disease, di-

agnostic accuracy indices are usually used. Most accuracy indices are calculated through

receiver operating characteristic (ROC) curves, including AUC value, projected length and

Youden’s index.

1.1 Diagnostic Accuracy of a Biomarker

Consider using a biomarker M which is measured on a continuous scale to diagnose

or predict a particular disease. The disease status of a subject is represented by a binary

variable:

D =

 1 if the subject is diseased;

0 if the subject is not diseased.

Assuming that subjects with higher biomarker levels are more likely to be diseased. If

not, we could do some transformation. Corresponding to a cut point c ∈ R, the sensitivity

(also called the true positive rate) of this biomarker is the proportion that a diseased person

is correctly identified, and the specificity (also called the true positive rate) is the proportion

of a non-diseased person that is correctly identified, that is,

 s(c) = P(M > c|D = 1)

p(c) = P(M < c|D = 0)
(1.1.1)

where s(c) is the sensitivity (TPR) and p(c) is the specificity (TPR).

The ROC curve is plotted with the true positive rate (sensitivity) against the false
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Figure 1.1: ROC Curve

positive rate (1-specificity) over all possible values of c ∈ R. Higher ROC curves usually

represent better diagnostic performance. Most measurement indices could be obtained from

ROC curves. For example, the area under the ROC curve, denoted by AUC, is a summary

measure of the diagnostic accuracy of a biomarker. A better biomarker should have a larger

AUC value.

Krzanowski and Hand (2009) proposed the ROC curve function and corresponding

estimation methods, both parametrically and non-parametrically. Suppose the level of one

biomarker is denoted by X and Y with cumulative function FX and FY for case and control

group, respectively. The ROC curve is the function s(t(c)) plotted over all values of c ∈ R

and it can be written as:

s(t) = 1−Fx
[
F−1

y (1− t)
]

(0≤ t ≤ 1) (1.1.2)

where t(c) is the false positive rate i.e. t(c) = 1− p(c) and the AUC could be obtained by

integration:

AUC =
∫ 1

0
s(t)dt (1.1.3)

Krzanowski and Hand (2009) also performed the non-parametrical estimation of ROC
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curves. Suppose there are n observations in case group denoted as (X1, X2, . . . , Xn) and m

observations in control group denoted as (Y1, Y2, . . . , Ym). Let nc be the number of subjects

in the case group and biomarker levels are greater than the cut point c, mc be the number of

subjects in the control group and biomarker levels are greater than the cut point c.

n(c) =
n

∑
i=1

I(Xi > c), m(c) =
m

∑
j=1

I(Y j > c)

where I is the indicator function. Then the empirical estimators of s(c) and p(c) in equation

1.1.1 is given by:  ŝ(c) =
n(c)

n

p̂(c) =
m(c)

m

(1.1.4)

The empirical ROC curve is obtained by plotting ŝ(c) against 1− p̂(c) over all values

of c ∈ R.

1.2 Combination of Multiple Biomarkers

Suppose there are K biomarkers available for the diagnosis of a specific disease. We

denote the levels of K biomarkers by M = (M1,M2, . . . ,MK). Each biomarker is measured

on a continuous scale. In order to improve the diagnostic performance, researchers are

interested in combining these biomarkers.

Define a function g : RK → R which maps the K-dimensional space onto one dimen-

sion. We call g(M) is a combination of the K biomarkers. The sensitivity and specificity

of the combination could be defined as: sg(c) = P(g(M)> c|D = 1);

pg(c) = P(g(M)< c|D = 0).
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The ROC curve of the combination g(M) is plotted with the sg(c) against the 1−

pg(c) over all possible values of c ∈ R. Many researchers are studying on deriving better

combining functions not only in order to improve the diagnostic accuracy, but also make

the methods more useful in real data analysis.

1.3 Literature Review of Combination of Biomarkers

Many researchers have studied the problem of combining biomarkers to improve di-

agnostic accuracy. Su and Liu (1993) proposed the optimal linear combinations that yield

the largest AUC values, if the levels of the biomarkers in the control and case groups both

follow multivariate normal distributions. They also proved that if case and control pop-

ulations follow multivariate normal distributions with a same covariance matrix, then the

linear combination is equivalent to the optimal combination. In 2000, Pepe and Thomp-

son discussed an empirical estimation for the solutions of the optimal linear combinations.

The empirical estimation is non-parametric and thus is robust against misspecified distri-

butions. But, the empirical estimation is limited with the sample size. Liu et al. (2005)

derived alternative linear combinations that have higher sensitivity over a range of high

(or low) specificity. Furthermore, Pepe et al. (2006) pointed out that the likelihood ratio

provides the globally optimal combination based on the popular Neyman-Pearson Lemma.

But, working with the likelihood ratio to obtain the ROC curve and its area is very compli-

cated. In addition, the likelihood ratio combination is extremely sensitive to the assumption

on the joint distribution of the biomarkers’ levels. Liu et al. (2011) proposed another non-

parametric method, the min-max combination of biomarkers, to improve the diagnostic

accuracy.
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1.3.1 Optimal Combination

Pepe et al. (2006) proved that the likelihood ratio combination is the optimal combi-

nation that yields the largest sensitivity for every given specificity, that is, the higest ROC

curve. Let the level of the biomarker be denoted by X and Y with density function fX and

fY for case and control group, respectively. The likelihood ratio combination is defined

by

R(M) =
fX (M1, . . . ,MK)

fY (M1, . . . ,MK)
. (1.3.1)

A subject will be diagnosed as diseased if R(M) is larger than a cut point. R(M) is the

optimal combination. The proof is based on the Neyman-Pearson Lemma (Neyman and

Pearson, 1993). A heuristic argument is given below.

Consider testing the null hypothesis H0 : M ∼ fX against the alternative hypothesis

H1 : M ∼ fY at a given level of significance. According to the Neyman-Pearson Lemma,

R(M) is the uniformly most powerful test (Neyman and Pearson, 1993). Now suppose a

subject will be diagnosed as diseased if R(M) > c where c is a constant. Then the false

positive rate is given by P(R(M) > c | D = 0), which is the type I error of the Neyman-

Pearson test, and its true positive rate (sensitivity) is given by P(R(M)> c | D = 1), which

is the power of the Neyman-Pearson test. It is concluded that, at any given false positive

rate, the likelihood ratio has higher sensitivity than any other functions of M (Pepe et al.,

2006).

In fact, given specificity, as long as the accuracy index is an increasing function of

sensitivity, then the likelihood ratio would be the best combination of biomarkers. The

likelihood ratio, though optimal, is sensitive to distributional assumptions which are often

difficult to justify. In addition, The likelihood ratio combination is an exactly parametric

method, it’s optimal only if the (conditional) joint distribution function of the biomarkers

given the disease status is correctly specified.
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1.3.2 Linear Combination

An alternative method is the linear combination, which is more robust and easier to

interpret and calculate. Let l(M) = λ TM, where the λ = (λ1,λ2, . . . ,λK)
T is the combina-

tion coefficient. A subject will be diagnosed as diseased if l(M)> c where c is a cut point

value. If a linear combination ROC curve is higher than ROC curves of any other linear

combinations, we call this linear combination is uniformly linear optimal.

McIntosh and Pepe (2002) pointed out that if the likelihood ratio R(M) is a monotone

function of l(M), then the uniformly optimal linear combinations exist and it is l(M).

In this case, l(M) is indeed the optimal combination among all combinations including

nonlinear ones. However, uniform optimality is the a strict criteria since it requires the ROC

curve be higher than any other curves at any specificity value. To solve this we could relax

the comparison criteria and consider combinations that have special forms. In this respect,

linear combinations that maximize the AUC becomes a most popular method.

According to Bamber (1975), the AUC of the ith biomarker can be represented by

the probability that ranks a randomly chosen case instance higher than a randomly chosen

control one, i.e.,

AUC = P(Yi < Xi). (1.3.2)

It could be calculated by the Wilcoxon rank-sum test statistic when we have observed data

(Hanley and McNeil, 1982).

Given a linear combination coefficient λ ∈ RK , the AUC of the linear combination is

given by

AUC(λ ) = P
(
λ

TY < λ
TX
)
. (1.3.3)

The best linear combination is the one that maximizes the AUC among all possible
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values of λ . That is, the best λ̂ should be:

λ̂ = argmax
λ

(
P
(
λ

TY < λ
TX
))

. (1.3.4)

In particular, if X = (X1, . . . ,Xk) follows a multivariate normal distribution with mean

vector µX and covariance matrix Σx, Y = (Y1, . . . ,Yk) follows a multivariate normal distri-

bution with mean vector µY and covariance matrix Σy, then the optimal linear combination

coefficient is given by

λ̂ = (Σx +Σy)
−1 (µx−µy) , (1.3.5)

and the corresponding AUC of optimal linear combination is:

AUC = Φ

([
(µx−µy)

T (Σx +Σy)
−1 (µx−µy)

] 1
2
)

(1.3.6)

where Φ is the cumulative function of standard normal distribution (Su and Liu, 1993).

Usually we assume that µx≥ µy since subjects with higher biomarker levels are more likely

to be diseased. Su and Liu (1993) also proved that under the normality assumption, the best

linear combination is equivalent to the likelihood ratio combination.

1.4 Motivation and Objectives

Considerable amount of research results have been derived based on normal distribu-

tion, especially for the combination of the AUC values. We will discuss some properties of

the ROC curve function under the multivariate normal distribution. However, the normal-

ity is indeed a hard assumption in diagnostic medicine. To make the combination method

more useful in practice, the main aim of my project is promoting the combination of mul-

tiple biomarkers to a broader distribution family – elliptical distribution. We will develop

the combination of biomarkers based on the elliptical distribution.
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It is well known that the likelihood ratio combination is the optimal combination but

it’s sensitive to the distribution assumption and complicated to calculate. Based on the

assumption of elliptical distribution, we will study the ROC curve function of likelihood

ratio combination. The empirical estimation of elliptical likelihood ratio combination is

one of the most important parts of our researches. Except for the optimal combination, we

also expect to extend the best linear combined AUC to elliptical distribution and derive the

linear combined ROC curve of elliptically distributed biomarkers.

Many researchers focused on improving the combined AUC value while the AUC

still has drawbacks. Therefore, another objective of our project is researching the combi-

nation of more indices besides AUC in order to improve the diagnosis performance. We

will consider the combination of projected length of ROC curves as another measurement

index.
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Chapter 2

Properties of Normal ROC Curves

Consider a binormal model: a biomarker which follows normal distribution with mean

µx and variance σ2
x in case group, denoted by X , and normal distribution with mean µy and

variance σ2
y in control group, denoted by Y . Assume µx ≥ µy. The sensitivity s could be

expressed as a function of the false positive rate t:

s(t) = Φ(a+bΦ
−1(1− t)) (2.0.1)

where a = (µx−µy)/σx and b = −σy/σx (Krzanowski and Hand, 2009). The equation

2.0.1 is the ROC curve function. Higher ROC curve means better diagnostic performance.

In this chapter we will discuss some features of the ROC curve under normal distribu-

tion.

When there are multiple biomarkers that follow multivariate normal distribution, we

just need to replace the µx, µy, σ2
x and σ2

y with the corresponding mean vector and covari-

ance matrix under linear combination in the equation 2.0.1.
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2.1 Slope of An ROC Curve

In this section, we study the trend of a normal ROC curve. We first examine whether

the ROC curve would always be higher than the diagonal line, especially in the neighbor-

hood of a boundary, so that the biomarker performs better than the chance line (flipping a

coin). Let s(t) = Φ

(
µx−µy

σx
− σy

σx
Φ−1(1− t)

)
, which is the ROC Curve function.

Since Φ(Φ−1(x)) = x, take derivative with respect to x on both sides, we will have

φ(Φ−1(x))(Φ−1(x))′ = 1, which implies (Φ−1(x))′ = 1
φ(Φ−1(x)) . It follows that

s′(t) = φ

(
µx−µy

σx
−

σy

σx
Φ
−1(1− t)

)
σy

σx
(Φ−1(1− t))′

=
1√
2π

exp

{
−1

2

(
µx−µy

σx
−

σy

σx
Φ
−1(1− t)

)2
}

σy

σx

√
2π exp

{
1
2
(
Φ
−1(1− t)

)2
}

=
σy

σx
exp

{
1
2

[(
Φ
−1(1− t)

)2−
(

µx−µy

σx
−

σy

σx
Φ
−1(1− t)

)2
]}

=
σy

σx
exp

{
1
2

[(
1−

σ2
y

σ2
x

)(
Φ
−1(1− t)

)2
+2

(µx−µy)σy

σ2
x

Φ
−1(1− t)−

(
µx−µy

σx

)2
]}

=
σy

σx
exp

{
1
2

(
1−

σ2
y

σ2
x

)[
Φ
−1(1− t)+C1

]2
+C2

}
, σ

2
x 6= σ

2
y

where C1 =
(µx−µy)σy

σ2
x−σ2

y
and C2 =−

(µx−µy)
2

2(σ2
x−σ2

y )
.

If
(

1− σ2
y

σ2
x

)
> 0 (meaning σ2

x > σ2
y ), then s′(t)→+∞ as t→ 0+ or t→ 1−. The ROC

curve increases sharply in the neighborhood of boundaries.

If
(

1− σ2
y

σ2
x

)
< 0 (meaning σ2

x < σ2
y ), then s′(t)→ 0 as t → 0+ or t → 1−. The ROC

curve increases slowly in the neighborhood of boundaries.

If
(

1− σ2
y

σ2
x

)
= 0 (meaning σ2

x =σ2
y ), then s′(t)= exp

{
(µx−µy)

σx

(
Φ−1(1− t)− (µx−µy)

2σx

)}
,

S′(t)→ +∞ as t → 0+ and S′(t)→ 0 as t → 1−. The ROC curve increases sharply in the

beginning then it increases at a slow rate.
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Figure 2.1: ROC Curve of Normal Biomarkers with Different Variance Ratios

Figure 2.1 shows curves under these three conditions. From the figure 2.1 we can see

that when the biomarker in case and control group have unequal variances, the ROC curve

would intersect with the diagonal line. Therefore, we present next the conditions under

which the intersection points exist.

2.2 ROC Curve Intersection Point

Theorem 2.2.1. Suppose a biomarker follows a normal distribution with mean µx and

variance σ2
x in case group, denoted by X, and a normal distribution with mean µy and

variance σ2
y in control group, denoted by Y . µx ≥ µy. If σx 6= σy, then the ROC curve

of this biomarker would always intersect with the diagonal line at the false positive rate

t = Φ

(
µx−µy
σx−σy

)
.

Proof. To find the intersection of a normal ROC curve and the diagonal line, when σx 6= σy,

12



let Φ

(
µx−µy

σx
− σy

σx
Φ−1(1− t)

)
= t, then we have:

µx−µy

σx
−

σy

σx
Φ
−1(1− t) = Φ

−1(t)

⇒ µx−µy = σyΦ
−1(1− t)+σxΦ

−1(t).

Since Φ−1(t) =−Φ−1(1− t), then:

µx−µy = (σx−σy)Φ
−1(t)

⇒ t = Φ

(
µx−µy

σx−σy

)
, σx 6= σy.

Therefore, if σx 6= σy, then the ROC curve of a normally distributed biomarker intersects

with the diagonal line.

In conclusion, the ROC curve of a normally distributed biomarker would be higher

than the diagonal line at any specificity point if and only if σx = σy. In other words, if the

case and control group have different variances for the binormal model, there would always

exist a segment of ROC curve which is lower than the chance line.

13



Chapter 3

Introduction of Elliptical Distribution

Although considerable amount of research results have been derived based on normal

distribution, the normality is indeed a strict assumption. In clinical trails, sometimes the

data is distributed with heavy tails, such as the multivariate t distribution, or light tails. In

this chapter, we derive the combination of biomarkers based on elliptical distribution which

is a broader distribution family. In this chapter, we will introduce the definition of elliptical

distribution and some properties of elliptical distribution which we used in the chapter 4, 5

and 6.

3.1 Definition and Density of Elliptical Distribution

Definition 3.1.1. (Frahm, 2004) Let X be a d-dimensional random vector. X is said to be

’elliptically distributed’, if and only if there exist a vector µ ∈ Rd, a positive semidefinite

matrix Σ ∈ Rd×d, and a function φ : R+ → R such that the characteristic function t 7→

ϕX−µ(t) of X−µ corresponds to t 7→ φ
(
tTΣt

)
, t ∈ Rd .

An elliptically distributed random variable is denoted by X ∼ Ed(µ,Σ,φ). Some ex-

amples of elliptical distributions include multivariate normal distribution, multivariate t-

14



distribution, symmetric multivariate stable distribution and so on. Following theorem in-

troduces the density function of elliptical distribution.

Theorem 3.1.1. (Fang et al., 1990) Let X ∼ Ed(µ,Σ,φ) where µ ∈ Rd and Σ ∈ Rd×d ,

is positive definite. Then X can be represented stochastically by X d
= µ +RΛU (d) with

ΛΛT =Σ, where U (d) is uniformly distributed on the unit hypersphere with d−1 topological

dimensions,R is a non-negative random variable stochastically independent of U (d). Then

the p.d.f of X is given by

fX(x) =
√

det(Σ−1) ·gR
(
(x−µ)T

Σ
−1(x−µ)

)
, x 6= µ (3.1.1)

where

gR(t) :=
Γ
(d

2

)
2πd/2 ·

√
t
−(d−1) · fR(

√
t), t > 0

and fR is the p.d.f. ofR.

Or we can write:

fX(x) =
(

1
|Σ|

) 1
2 Γ
(d

2

)
2πd/2 ·

(
(x−µx)

T
Σ
−1 (x−µx)

)− d−1
2

fR

(√
(x−µx)TΣ−1(x−µx)

)
(3.1.2)

R is called the generating variate, gR is the density generator and Σ is the covariance

generating matrix or scalar matrix. Elliptical distribution family is broadly used in statistics

studies such as robust statistics, generalized multivariate analysis and so on. Many studies

of the normal distribution also have a good performance through elliptical distribution.

Therefore, it is feasible to extend the linear combination from the normal distribution to the

elliptical family. In this paper, we focus on the combination of biomarkers that follow an

elliptical distribution.

From theorem 3.1.1 we can see that an elliptical distributed random variable is mainly

determined by three items: the location vector µ , the scalar matrix Σ and density generator
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gR. The family of density generators is divided into two classes: monotone and non-

monotone.

Definition 3.1.2. (Chia and Nakano, 2008) We say that X is elliptical unimodal distributed

if there exist a vector µ ∈ Rd , a positive semidefinite symmetric matrix Σ ∈ Rd×d and a

nonnegative random variableR with non-increasing density such that X can be represented

stochastically by X d
= µ +RΛU (d) with ΛΛT = Σ. U (d) is uniformly distributed on the unit

hypersphere with d−1 topological dimensions and independent ofR.

In other words, the elliptical vector X is unimodal if and only if it’s density gen-

erator gR is monotonically non-increasing. Most elliptical random vectors are unimodal,

including multivariate normal distribution, multivariate T-distribution, multivariate Laplace

distribution and many others (Bhattacharyya and Bickel, 2013). We will discuss the com-

bination of biomarkers which are elliptical unimodal in chapter 4.1 and chapter 6.

3.2 Properties of Elliptical Distribution

The main reason that we choose elliptical distribution is because it has a variety of

properties. It includes all multivariate symmetric distribution, and it’s summation stable

(which means the sum of independent elliptically distributed random vectors with the same

covariance generating matrix is elliptical). It also has the property of ‘infinite divisibility’

( it can be expressed as the probability distribution of the sum of an arbitrary number of in-

dependent and identically distributed random variables) and self-decomposability. We will

introduce some properties and estimation algorithms which are useful in the combination

process.
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3.2.1 Moments

From theorem 3.1.1, it’s obvious that the covariance matrix of a d-dimensional ellip-

tical random vector X is related to it’s generating variate. But the scalar matrix generally

does not equal to the covariance matrix.

Theorem 3.2.1. (Frahm, 2004) Suppose X is a d-dimensional elliptical random vector

which is stochastically represented by X d
= µ +RΛU (d), then E(X) = µ and Var(X) =

E(R2)
d Σ where Σ = ΛΛT.

The normal distribution is a special case whose covariance matrix is equivalent to

the scalar matrix. However, we can always find an expression such that Var(X) = Σ by

multiplyingR with
√

d
E(R2)

(Hult and Lindskog, 2002).

3.2.2 Linear Transformation

Hult and Lindskog (2002) pointed out that any linear transformation of an elliptical

distributed vector is still elliptical.

Theorem 3.2.2. Suppose X ∼ Ed(µ,Σ,φ) is a d-dimensional elliptical random vector

which is stochastically represented by X d
= µ +RΛU (d). Let Y = a+AX where a ∈ Rk

and A ∈Rk×d , then Y is a k-dimensional elliptical random vector with mean vector a+Aµ

and scalar matrix AΣA′

Note that the generating variate of a linear transformed random vector doesn’t change

which means Y has the ’same type’ distribution of X .

3.2.3 Summation Stability

Theorem 3.2.3. (Hult and Lindskog, 2002) Let X1 and X2 be two d-dimensional ellipti-

cally distributed random vectors with the same scalar matrix. Assume X1 and X2 could be

stochastic represented by X1
d
= µ1 +R1ΛU (k)

1 and X2
d
= µ2 +R2ΛU (k)

2 respectively. Here
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(R1,R2) ,U
(k)
1 and U (k)

2 are mutually independent but R1 and R2 may depend on each

other. Then X1 +X2 is also elliptically distributed with location vector µ1 +µ2 and disper-

sion matrix Σ = ΛΛ′.

Theorem 3.2.3 states that the sum of a series of correlated elliptical vectors are still

elliptical distribution if they have a same scalar matrix. Combining with the theorem 3.2.2,

we can say that any linear combination of elliptical distributed vectors whose scalar matri-

ces are equivalent are still elliptical.

3.3 Estimation of Elliptical Distribution

An elliptical distributed random variable is mainly determined by three parameters:

the location vector µ , the scalar matrix Σ and density generator gR. In this section we

will introduce the algorithms which could be used to estimate the distribution of elliptical

vectors.

3.3.1 Mean and Scalar Matrix Estimation

Let X ∼Ed(µ,Σ,φ), in order to identify the location and dispersion of X , it’s sufficient

to find the consistent estimator of µ and Σ.

At first, assume that the location vector µ is known. Tyler (1983) proposed a fixed

point solution of the maximum likelihood estimator of scalar matrix Σ. To get an unique

solution of the maximum likelihood estimation, we could assume a constraint Σ̂11 = 1.

Alternative constraints are given by fixing the trace or the determinant of Σ̂. Suppose

there are n independent observations X1, X2, . . . , Xn
i.i.d∼ Ed(µ,Σ,φ) where µ is known.

Following iterative algorithm is effective for finding the maximum likelihood estimator of

scalar matrix Σ.

1. Choose a initial value Σ̂(0) = Id or by taking the sample covariance matrix;
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2. For i = 0, 1, 2, . . . , N, Σ̂(i+1) = d
n ∑

n
j=1

(X j−µ)(X j−µ)
′

(X j−µ)
′
Σ̂(i)(X j−µ)

3. Do the normalization Σ̂ = Σ̂(N)/Σ̂
(N)
11

After a finite number of numerical iterations, the obtained estimator is always positive

definite. Tyler (1987) proved that if n is large enough (n > d(d− 1)), a positive definite

fixed point almost surely exists and is unique. In practice, n is sufficient large in most

cases.

When µ is unknown, we could use sample median µ̂ to estimate it and it’s a consistent

estimator (Tyler, 1987). Plug the sample median µ̂ into previous algorithm we can have

Σ̂(i+1) = d
n ∑

n
j=1

(X j−µ̂)(X j−µ̂)
′

(X j−µ̂)
′
Σ̂(i)(X j−µ̂)

.

3.3.2 Density Generator Estimation

In addition to the location and scalar matrix, another item we are concerned with is

the density generator. A lot of research on estimation of the density generator has been

conducted. One of the most popular method is the non-parametric maximum likelihood

estimate (NPMLE) of density generator gp for the elliptical unimodal distribution (Bhat-

tacharyya and Bickel, 2013).

Suppose there are n independent observations X1, X2, . . . , Xn
i.i.d∼ Ed(µ,Σ,φ) with

density function fX(x) =
√

det(Σ−1) ·gR
(
(x−µ)TΣ−1(x−µ)

)
, where gR is the monoton-

ically non-increasing density generator. For i ∈ (1, 2, . . . , n), let Zi = (Xi−µ)TΣ−1(Xi−

µ) which is the normalized observations. Then Zi has the density function of fZ(z) =

cdzd/2−1gR(z), where cd = πd/2

Γ(d/2) and z ∈ R+.

Let
(
Z(1), . . . ,Z(n)

)
be the order statistics of (Z1, Z2, . . . , Zn). Define

ĝi =
d

2cd
min

s≤i−1
max
t≥i

Fn
(
Z(t)
)
−Fn

(
Z(s)
)

Zd/2
(t) −Zd/2

(s)

(3.3.1)
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where Fn is the empirical cumulative distribution function (CDF) of the data (Z1, . . . ,Zn).

Then the NPMLE ĝn is given by

ĝn(z) = ĝn(z) =

 ĝi, if Z(i−1) < z≤ Z(i)

0, otherwise
(3.3.2)

Bhattacharyya and Bickel (2013) provides more asymptotic properties of NPMLE ĝn.

When the location vector and scalar matrix are unknown, we can use the estimation algo-

rithm in section 3.3.1 to estimate µ and Σ. And Zi is replaced by Ẑi = (Xi− µ̂)TΣ̂−1(Xi− µ̂)

in the density generator estimation process.
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Chapter 4

The Combination of Biomarkers based

on Elliptical Distribution

In this chapter, we propose the combination of elliptically distributed biomarkers.

Considerable amount of research results have been derived based on the multivariate nor-

mal distribution. But the normality is indeed a strict assumption in diagnostic medicine.

It is common in practice that many biomarkers follow distributions that are far from nor-

mality, even after popular transformations. Based on the properties of elliptical distribution

in Chapter 3, we will derive the combination of biomarkers and the combined ROC curve

function. Furthermore, we will show that our methods could significantly improve the

diagnostic performance by simulations.

4.1 Optimal Combination of Biomarkers with Elliptical

Distribution

If there are d biomarkers are denoted by M = (M1, . . . ,Md)
T . Let the level of the

biomarkers be denoted by X ∼ Ed (µx,Σx;φx) and Y ∼ Ed (µy,Σy;φy), with density function
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fX and fY , for case and control group respectively. Pepe et al. (2006) showed that the

likelihood ratio combination is the optimal combination. According to the theorem 3.1.1,

X , Y could be stochastically represented by X d
= µx +RxΛxU

(d)
x and Y d

= µy +RyΛyU
(d)
y

respectively, where ΛxΛT
x = Σx and ΛyΛT

y = Σy. Then the likelihood ratio combination

could be defined as:

R(M) =
fX (M1, . . . ,Md)

fY (M1, . . . ,Md)

=

√
det
(
Σ
−1
x
)
·gRx

(
(M−µx)

TΣ−1
x (M−µx)

)√
det
(
Σ
−1
y
)
·gRy

(
(M−µy)TΣ

−1
y (M−µy)

)
=

√
det
(
Σ
−1
x
)(

(M−µx)
T

Σ−1
x (M−µx)

)− d−1
2

fRx

(√
(M−µx)TΣ

−1
x (M−µx)

)
√

det
(
Σ
−1
y
)(

(M−µy)
T

Σ
−1
y (M−µy)

)− d−1
2

fRy

(√
(M−µy)TΣ

−1
y (M−µy)

)
(4.1.1)

A subject will be diagnosed as diseased if the likelihood ratio R(M) is larger than a cut

point c ∈ R. Generally, obtaining likelihood ratio combination is complicated. But under

elliptical distribution assumption, the likelihood ratio combination could be simplified to

the ratio of density generators since
√

det(Σ
−1
x )

det(Σ
−1
y )

is a positive constant. Therefore, we get the

following theorem:

Theorem 4.1.1. Suppose there are d-dimensional biomarkers which are elliptically dis-

tributed denoted as X ∼ Ed (µx,Σx;φx) and Y ∼ Ed (µy,Σy;φy) in case and control group,

respectively. X , Y could be stochastically represented by X d
= µx +RxΛxU

(d)
x and Y d

=

µy +RyΛyU
(d)
y where ΛxΛT

x = Σx and ΛyΛT
y = Σy. Then the likelihood ratio combination

could be expressed as

R(M) =
gRx

(
(M−µx)

TΣ−1
x (M−µx)

)
gRy

(
(M−µy)TΣ

−1
y (M−µy)

) (4.1.2)

where gRx and gRy are density generators of X and Y .
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In other words, the likelihood ratio combination could be simplified to the ratio of

density generators of the elliptical distributions. After we have data, the density generators

could be estimated by equation 3.3.1 and equation 3.3.2 if the biomarkers are elliptical

unimodal. Next we will show examples about the likelihood ratio combination for some

popular distributions.

Example 4.1.1. (Multivariate Normal Distribution) Suppose there are d biomarkers fol-

lowing multivariate normal distributions in case and control group: X ∼ MNd(µx,Σx),

Y ∼MNd(µy,Σy).

The density generator of d dimensional multivariate normal distribution is g(t) =

1
(2π)d/2 · exp

(
− t

2

)
(Frahm, 2004). Then the likelihood ratio combination is:

R(M) =
gRx((M−µx)

TΣ−1
x (M−µx))

gRy((M−µy)TΣ
−1
y (M−µy))

= exp
{
−1

2

(
(M−µx)

TΣ−1
x (M−µx)− (M−µy)

TΣ−1
y (M−µy)

)}
∝−

(
(M−µx)

TΣ−1
x (M−µx)− (M−µy)

TΣ−1
y (M−µy)

)
A subject M will be diagnosed as diseased if R(M) > c, which is equivalent to that value

of
(
(M−µx)

TΣ−1
x (M−µx)− (M−µy)

TΣ−1
y (M−µy)

)
less than a cut point value. In par-

ticular, when Σx = Σy = Σ, the likelihood ratio becomes:

R(M) = exp
{
(µx−µy)

TΣ−1M− 1
2

(
µT

x Σ−1µx−µT
y Σ−1µy

)}
∝ (µx−µy)

TΣ−1M

A subject M will be diagnosed as diseased if R(M) > c, which is equivalent to that (µx−

µy)
TΣ−1M is larger than a cut point value. Under this condition, the likelihood ratio com-

bination is a linear combination with linear coefficient λ = Σ−1(µx− µy) (Su and Liu,

1993).

Example 4.1.2. (Multivariate T Distribution) Suppose there are d biomarkers following
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multivariate T distributions in case and control group: X ∼ td(µx,Σ,vx) and Y ∼ td(µy,Σ,vy).

From Frahm (2004), the density generator of multivariate t distribution td(µ,Σ,v) is

gR(t) =
Γ( d+v

2 )
Γ( v

2)
· 1
(vπ)d/2 ·

(
1+ t

v

)− d+v
2 . Then the likelihood ratio combination is:

R(M) =
gRx((M−µx)

TΣ−1
x (M−µx))

gRy((M−µy)TΣ
−1
y (M−µy))

∝

(
1+ (M−µx)

TΣ−1
x (M−µx)

vx

)− d+vx
2

/

(
1+

(M−µy)
TΣ−1

y (M−µy)

vy

)− d+vy
2

∝
(vx+(M−µx)

TΣ−1
x (M−µx))

− d+vx
2

(vy+(M−µy)TΣ
−1
y (M−µy))

− d+vy
2

In particular, if vx = vy = v i.e. the degree freedoms of case and control group are

equal, the likelihood ratio combination is given by:

R(M) =

(
v+(M−µx)

TΣ−1
x (M−µx)

v+(M−µy)TΣ
−1
y (M−µy)

)− d+v
2

Under this condition, A subject M will be diagnosed as diseased if the value of
v+(M−µx)

TΣ−1
x (M−µx)

v+(M−µy)TΣ
−1
y (M−µy)

is larger than a cut point c.

Example 4.1.3. (Mixed Distribution) Suppose X ∼ MNd(µx,Σx) and Y ∼ td(µy,Σy,v).

Here the distributions in case and control group have different distribution ”types”.

Then the likelihood ratio combination is:

R(M) =
gRx((M−µx)

TΣ−1
x (M−µx))

gRy((M−µy)TΣ
−1
y (M−µy))

∝ exp
(
−1

2(M−µx)
TΣ−1

x (M−µx)
)(

1+
(M−µy)

TΣ−1
y (M−µy)

v

) d+v
2

∝ (d + v) log
(
v+(M−µy)

TΣ−1
y (M−µy)

)
− (M−µx)

TΣ−1
x (M−µx)
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4.2 Simulation

Now we will show that the empirical ratio of density generators could be used to es-

timate the likelihood ratio combination by simulations. Consider the likelihood ratio com-

bination of d biomarkers. Suppose there are n independent observations (X1, X2, . . . ,Xn)∼

Ed (µx,Σx;φx) in case group, and m independent observations (Y1, Y2, . . . ,Ym)∼Ed (µy,Σy;φy)

in control group. The density generators in both groups are monotonically non-increasing

which means these biomarkers are elliptical unimodal distributed. Following are main steps

to get the estimation of likelihood ratio combination ROC curve.

1. Let ĝx and ĝy be the NPMLE estimators obtained by equation 3.3.1 and equation

3.3.2 of density generators gRx and gRy .

2. For i ∈ (1, 2, . . . , n), let R̂i(X) =
ĝx((Xi−µx)

TΣ−1
x (Xi−µx))

ĝy((Xi−µy)TΣ
−1
y (Xi−µy))

. Similarly, let R̂ j(Y ) =

ĝx((Y j−µx)
TΣ−1

x (Y j−µx))
ĝy((Y j−µy)TΣ

−1
y (Y j−µy))

for j ∈ (1, 2, . . . , m).

3. For a cut point value c ∈ R, let nc = ∑
n
i=1 I(R̂i(X) > c), mc = ∑

m
j=1 I(R̂ j(Y ) > c),

where I is the indicator function.

4. Let ŝ(c) =
n(t)
n , p̂(c) =

m(t)
m . The estimated ROC curve of likelihood ration combina-

tion is obtained by plotting ŝ(c) and 1− p̂(c) over all values of c ∈ R.

4.2.1 Multivariate Normal Distribution

Firstly we begin with the easiest condition: multivariate normal distribution. Mul-

tivariate normal distribution is a special case in elliptical distribution family. The scalar

matrix of a multivariate normal distribution random variable is equivalent to it’s covariance

matrix. In addition, when the biomarkers in case and control group have a same covariance

matrix, the likelihood ratio combination is the optimal linear combination.

Suppose case group and control group follow the multivariate normal distribution

with the expectation µx and µy, separately. Assume they share the same covariance ma-
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trix Σ:

X ∼MNd (µx,Σ) , Y ∼MNd (µy,Σ)

Let µx =


2

1.6

1.3

 , µy =


1.4

1

1

 and Σ =


1 0.15 0.1

0.15 0.26 0.02

0.1 0.02 1

.

Figure 4.1: Multivariate Normal Distribution

Then the best linear combination coefficient is given by λ̂maxΣ−1(µx − µy) which

equals to
(

0.2555 2.1425 0.2316

)T

(Su and Liu, 1993). Let µ∗x = λ̂ T
maxµx = 4.24,

µ∗y = λ̂ T
maxµy = 2.7317 and σ2 = λ̂ T

maxΣλ̂max = 1.5082.

According to the equation 2.0.1, the likelihood ratio combined ROC curve is: s(t) =

Φ(
(
µ∗x −µ∗y

)
/σ +Φ−1(1− t)) which is shown as the black line in the Figure 4.1. The

estimated likelihood ratio combined ROC curve which is obtained by the density generator

estimation is shown as the red line in the Figure 4.1. We can see that the estimated curve is

approximately around the true curve but with some noise.
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4.2.2 Multivariate T Distribution

Multivariate t-distribution is a generalization to random vectors of the Student’s t-

distribution (Kotz and Nadarajah, 2004). Suppose the case and control group follow the

multivariate-t distribution with the expectation µx and µy, separately. Assume they share

the same covariance generating matrix Σ:

X ∼ Tvx (µx,Σ) , Y ∼ Tvy (µy,Σ)

Notice the covariance matrices V of case and control group are different when they have

different degrees of freedom. To make sure that the covariance martix exists, the degree

freedom is required to be larger than 2.

Vx =
vx

vx−2
Σ, Vy =

vy

vy−2
Σ

Figure 4.2: Multivariate T Distribution
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Let vx = 4, vy = 6, µx =


2

1.6

1.3

 , µy =


1.4

1

1

 and Σ=


1 0.15 0.1

0.15 0.26 0.02

0.1 0.02 1

.

Generate 500 observations in each group and estimate the likelihood ratio combina-

tion ROC curve. Figure 4.2 shows the simulation result. The black line is the true ROC

curve which is smooth, and the red line is the estimated ROC curve obtained by previ-

ous discussed approach. We can see that the red line is approximately around the black

line.

4.2.3 Multivariate Laplace Distribution

Multivariate Laplace distribution is an extension of the Laplace distribution to vectors

(Kotz et al., 2001). Suppose case and control group follow the multivariate Laplace dis-

tribution with the expectation µx and µy, separately. Assume they share the same scalar

matrix Σ:

X ∼ML(µx,Σ) , Y ∼ML(µy,Σ)

where µx =


3

1.5

1

 , µy =


2

1

1

 and Σ =


1 0.3 0.1

0.3 2 0.02

0.1 0.02 1

.

Generate 500 observations in each group and estimate the likelihood ratio combination

ROC curve. Figure 4.3 shows the simulation result. The black line is the true ROC curve

and red line is the estimated ROC curve obtained by previous discussed approach. We can

see that the red line is approximately around the black line.
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Figure 4.3: Multivariate Laplace Distribution

4.3 Linear Combination of Biomarkers with Elliptical Dis-

tribution

Consider the linear combination of d biomarkers. Let l(M) = λ TM where λ =

(λ1,λ2, . . . ,λd)
T is the combination coefficients. A subject will be diagnosed as diseased

if l(M) is larger than a cut point. In 1993, Su and Liu derived the linear combined ROC

curve under multivariate normal distribution. If X ∼ Nd (µx,Σx) and Y ∼ Nd (µy,Σy) are

distribution of case and control group respectively, given any specificity p, the correspond-

ing sensitivity s could be represented by S(p,λ ) = Φ

(
λ T(µx−µy)−Φ−1(p)

√
λ TΣxλ√

λ TΣyλ

)
, where

λ is the linear combination coefficient (Su and Liu, 1993). Here we obtained the linear

combined ROC curve based on elliptical distribution.

Theorem 4.3.1. Suppose X ∼Ed (µx,Σx;φx) and Y ∼Ed (µy,Σy;φy) are distribution of case
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and control group respectively, then the linear combined ROC Curve could be expressed as

s(t,λ ) = F0

(
λ T (µx−µy)√

λ TΣxλ
−
√

λ TΣyλ√
λ TΣxλ

G−1
0 (1− t)

)
(4.3.1)

where s is the sensitivity (TPR) and t is the 1-specificity (FPR). F0 is the c.d.f of λ TX−λ Tµx
λ TΣxλ

and G0 is the c.d.f of λ TY−λ Tµy
λ TΣyλ

Proof. Let X0 =
X−λ Tµx
λ TΣxλ

∼E1 (0,1;φx) with p.d.f f0 and c.d.f F0, Y0 =
Y−λ Tµy
λ TΣyλ

∼E1 (0,1;φy)

with p.d.f g0 and c.d.f G0. Since f0, g0 are both symmetric functions, we have f0(x) =

f0(−x), g0(y) = g0(−y), 1−F0(x) = F0(−x) and 1−G0(y) = G0(−y).

For each cut point −∞ < c < ∞, the false positive rate (1-specificity) t could be repre-

sented by:

t = P(Y > c) = P

(
Y −λ Tµy√

λ TΣyλ
>

c−λ Tµy√
λ TΣyλ

)
= G0

(
λ Tµy− c√

λ TΣyλ

)

So c = λ Tµy−
√

λ TΣyλG−1
0 (t). Then the sensitivity s is given by:

s(t,λ ) = P(X > c)

= F0

(
λ Tµx− c√

λ TΣxλ

)

= F0

(
λ Tµx−λ Tµy +

√
λ TΣyλG−1

0 (t)√
λ TΣxλ

)

= F0

(
λ T (µx−µy)√

λ TΣxλ
−
√

λ TΣyλ√
λ TΣxλ

G−1
0 (1− t)

)

In particular, when Σx = Σy = Σ, the ROC curve function could be simplified to

s(t,λ ) = F0

(
λ T(µx−µy)√

λ TΣλ
−G−1

0 (1− t)
)

. After getting the ROC function, the AUC value
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is the integration of t from 0 to 1. What we need to do is finding the best linear combina-

tion which maximizes the AUC among all possible values of λ .
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Chapter 5

Maximum Linear AUC Estimation

under Elliptical Distribution

A lot of measurement indices are obtained from ROC curves. One of the most popular

index is the AUC value which is the area under the ROC curve. The AUC value is belongs to

0 to 1 but usually larger than 0.5. A better biomarker should have a larger AUC value. When

there are multiple biomarkers, we prefer a combination which has the largest AUC value.

For example, considering the linear combination, we would choose a linear coefficient λ

which could maximize AUC value.

5.1 Empirical Estimation

According to Bamber (1975), the AUC of the one biomarker can be represented by the

probability that rank of a randomly selected positive instance higher than a negative one,

which is equivalent to:

AUC = P(Y < X) (5.1.1)

where Y and X are samples from control and case group, respectively.
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Suppose there are d biomarkers, Let l(M) = λ TM where λ = (λ1,λ2, . . . ,λd)
T is

the combination coefficients. The optimal linear combined AUC could be calculated by

AUC = P(l(Y )< l(X)) = P
(
λ TY < λ TX

)
. Suppose there are n independent observations

in case group and m independent observations in control group. Given a λ ∈ Rd , the

empirical AUC would be:

AUC(λ ) =
1

mn

n

∑
i=1

m

∑
j=1

I
(
l(Yj)< l(Xi)

)
(5.1.2)

where I is the indicator function.

The best linear combination coefficient is the one that could maximize the AUC in

equation 5.1.2 among all possible values of λ ∈Rd . That is, the best empirical estimator λ̂

should be:

λ̂ = argmax
λ

1
mn

n

∑
i=1

m

∑
j=1

I
(
l(Yj)< l(Xi)

)
(5.1.3)

5.2 Optimal Linear AUC of Elliptical Distribution

If X ∼ Nd (µx,Σx) and Y ∼ Nd (µy,Σy), Su and Liu (1993) proved that the best linear

combination coefficient is λ̂max = (Σx +Σy)
−1(µx−µy). They also proved that if case and

control populations follow multivariate normal distributions with a same covariance matrix,

the linear combination is equivalent to the optimal combination. Now we will extend the

best linear combination to the elliptical distribution.

Theorem 5.2.1. Suppose X ∼ Ed(µx,Σ,φx), Y ∼ Ed(µy,Σ,φy) are distribution of case and

control group, respectively. Here two group have a same covariance generating matrix.

The best λ which could maximize the linear combined AUC value is λ̂max = Σ−1(µx−µy).

The largest linear combined AUC is:

∫ 1

0
F0

(√
(µx−µy)TΣ−1(µx−µy)−G−1

0 (1− t)
)

dt (5.2.1)
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where F0 is the c.d.f of (µx−µy)
TΣ−1(X−µx)√

(µx−µy)TΣ−1(µx−µy)
and G0 is the c.d.f of (µx−µy)

TΣ−1(Y−µy)√
(µx−µy)TΣ−1(µx−µy)

.

Proof. From equation 4.3.1, when Σx = Σy:

s(t,λ ) = F0

(
λ T (µx−µy)√

λ TΣλ
−G−1

0 (1− t)
)

So the AUC is:

AUC(λ ) =
∫ 1

0
R(t,λ )dt =

∫ 1

0
F0

(
λ T (µx−µy)√

λ TΣλ
−G−1

0 (1− t)
)

dt

Since F0 is a non-decreasing function and G0 part is independent of λ , maximizing

AUC is equivalent to maximizing
λ T(µx−µy)√

λ TΣλ
for ∀t ∈ (0,1). Seber (1977) derived the solu-

tion for the quadratic form by Cauchy-Schwarz inequality. Therefore, λ̂max =Σ−1(µx−µy).

Then the maximum AUC is
∫ 1

0 F0

(√
(µx−µy)TΣ−1(µx−µy)−G−1

0 (1− t)
)

dt.

Here our result λ̂max is consistent with the result of multivariate normal distribution

from Su and Liu (1993), but we just require the same covariance generating matrix in-

stead of the same covariance matrix. In fact,
√

(µx−µy)TΣ−1(µx−µy) is the Mahalanobis

distance of elliptical distributions (Mitchell and Krzanowski, 1985). So the best linear

combined AUC only depends on the Mahalanobis distance of elliptical distributions and

the populations of case and control group.

Following is the another condition we got the optimal AUC estimation.

Theorem 5.2.2. If case group and control group are jointly elliptical distributed, i.e.

 Xd

Yd

∼ ε2d


 µx

µy

 ,

 Σx 0

0 Σy

 ,φ


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Then the best λ which could maximize the linear combined AUC value is λ̂max =

(Σx +Σy)
−1(µx−µy). The largest linear combined AUC is:

1
2

(
FR

(√
(µx−µy)T(Σx +Σy)−1(µx−µy)

)
+1
)

where R is the generating variates of jointly elliptical distribution.

Proof. For any λ ∈ Rd

AUC(λ ) = P
(
λ TX ≥ λ TX

)
= P

(
λ T(X−Y )≥ 0

)
Let Z , λ TX − λ TY , then according to the theorem 3.2.2, Z follows a one dimensional

elliptical distribution with mean λ Tµx−λ Tµy and scalar parameter λ TΣxλ +λ TΣyλ .

Therefore, fZ(z) = 1
2
√

λ T(Σx+Σy)λ

fR

(
|z−λ(µx−µy)|√

λ T(Σx+Σy)λ

)
. Then the AUC could be ex-

pressed as:

AUC(λ ) = P(Z ≥ 0)

=
∫

∞

0 fZ(z)dz

=
∫

∞

0
1

2
√

λ T(Σx+Σy)λ

fR

(
|z−λ(µx−µy)|√

λ T(Σx+Σy)λ

)
dz

= 1
2

(
FR

(
λ T(µx−µy)√
λ TΣxλ+λ TΣyλ

)
+1
)

Since FR is a cumulative function which is non-decreasing, maximizing AUC is equivalent

to maximizing
(

λ T(µx−µy)√
λ TΣxλ+λ TΣyλ

)
. Seber (1977) derived the solution for the quadratic form

by Cauchy-Schwarz inequality.

Thus, λ̂max =(Σx+Σy)
−1(µx−µy) and corresponding optimal AUC value is AUC(λ̂max)=

1
2

(
FR

(√
(µx−µy)T(Σx +Σy)−1(µx−µy)

)
+1
)

.
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The joint covariance generating matrix is a block diagonal matrix because the distri-

butions of case and control group are usually independent.

Lemma 5.2.1. Assume the conditions in Theorem 5.2.1 or Theorem 5.2.2 holds, the co-

variance matrix is expressed by V(x) =
E(R2

x)
2 Σx and V(y) =

E(R2
y)

2 Σy (Σx = Σy under the

conditions in Theorem 3.1), then the best linear combination coefficient could also be cal-

culated by λ̂max = (Vx +Vy)
−1(µx−µy).

Proof. λ̂max = (Vx +Vy)
−1(µx−µy) = c(Σx +Σy)

−1(µx−µy), which is proportional of the

estimation of λ in theorem 3.1 and theorem 3.2. Here c =
(

E(R2
x)+E(R2

y)
d

)
is a constant.

5.3 Numerical Results for Combination of Elliptical Dis-

tribution

The main reason that we consider the distribution of biomarkers is that the combined

AUC values are different for different distributions, even if they have the same location

vectors and scalar matrices. Firstly, we will show the difference of optimal combinations

and best linear combinations among different elliptical distributions.

5.3.1 AUC for Different Distributions

Three Dimensional Biomarkers with Equal Scalar Matrix

Suppose there are 3 biomarkers in case group and control group which follow the

elliptical distribution with the expectation µx and µy, separately. Assume that they share

the same scalar matrix Σ. The likelihood ratio combination is estimated by the theorem

4.1.1 and the best linear combination is calculated by the theorem 5.2.1.
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Assume µx =


2

1.6

1.3

 , µy =


1.4

1

1

 and Σ =


1 0.15 0.1

0.15 0.26 0.02

0.1 0.02 1

.

Combined AUC for Different Distributions

Case Group Control Group
LR Combi-
nation

Linear
Combina-
tion

Ratio

Multivariate Normal Multivariate Normal 0.8074 0.8074 1
Multivariate T3 Multivariate T11 0.8014 0.7715 0.9627
Multivariate T4 Multivariate T6 0.7841 0.7725 0.9852
Multivariate Laplace Multivariate Laplace 0.8602 0.8355 0.9713
Multivariate T4 Multivariate Laplace 0.8076 0.7963 0.9860
Multivariate T11 Multivariate Laplace 0.8156 0.8114 0.9948
Multivariate Laplace Multivariate T5 0.8075 0.8009 0.9919

Table 5.1: Combined AUC for Different Distributions with the Same Location Vector and
Scalar Matrix

The best linear combined AUC values for different distribution types are shown in

table 5.1. The first two columns are the distribution populations of case and control group.

The third column expresses the AUC values given by the likelihood ratio combination in

the theorem 4.1.1. The best linear combined AUC values are shown in the third column.

The last column shows the ratio of best linear combination and likelihood ratio combina-

tion.

The ratio of multivariate normal distribution is 1 which is consistent with the conclu-

sion that the best linear combination is equivalent to the likelihood ratio combination when

the scalar metrics are same in case and control group.
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Four Dimensional Biomarkers with Equal Scalar Matrix

Table 5.2 shows another simulation results for 4 dimensional biomarkers with param-

eters:

µx =



4

3.6

8

5


, µy =



3

3.5

7.5

4


and Σ =



1 0.2 0.3 0.1

0.2 2 0.2 0.02

0.3 0.2 0.6 0.1

0.1 0.02 0.1 1



Combined AUC for Different Distributions

Case Group Control Group
LR Combi-
nation

Linear
Combina-
tion

Ratio

Multivariate Normal Multivariate Normal 0.8329 0.8329 1
Multivariate T3 Multivariate T11 0.8309 0.7947 0.9564
Multivariate T4 Multivariate T6 0.8107 0.7958 0.9817
Multivariate Laplace Multivariate Laplace 0.8870 0.8575 0.9668
Multivariate T4 Multivariate Laplace 0.8399 0.8194 0.9756
Multivariate T11 Multivariate Laplace 0.8451 0.8355 0.9887
Multivariate Laplace Multivariate T5 0.8396 0.8245 0.9820

Table 5.2: Combined AUC for Different Distributions with the Same Location Vector and
Scalar Matrix

From table 5.1 and 5.2 we can see that the ratios of linear combination and likelihood

ratio combination are all larger than 0.9. This means when the biomarkers follow elliptical

distributions with a same scalar matrix in case and control populations, the loss between

best linear combination and likelihood ratio combination is relatively small.

Three Dimensional Biomarkers with Unequal Scalar Matrices

When case and control group have different scalar matrices, we can still use λ̂elliptical =

(Σx +Σy)
−1(µx− µy) to calculate the linear combined AUC although there may be some

loss. The combined AUC values for different distributions are shown in table 5.3 with
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parameters:

µx =


2

3

1.5

 , µy =


1.4

1

1

 , Σx =


1 0.15 0.1

0.15 0.26 0.02

0.1 0.02 1

 , Σy =


1 0.2 0.15

0.2 3 0.1

0.15 0.1 1.5



Combined AUC for Different Distributions

Case Group Control Group
LR Combi-
nation

Linear
Combina-
tion

Ratio

Multivariate Normal Multivariate Normal 0.8783 0.8783 1
Multivariate T3 Multivariate T11 0.9131 0.8514 0.9324
Multivariate T4 Multivariate T6 0.9155 0.8472 0.9254
Multivariate Laplace Multivariate Laplace 0.9562 0.9005 0.9418
Multivariate T4 Multivariate Laplace 0.9307 0.8882 0.9543
Multivariate T11 Multivariate Laplace 0.9424 0.8972 0.9521
Multivariate Laplace Multivariate T5 0.9393 0.8537 0.9088

Table 5.3: Combined AUC for Different Distributions with the Same Location Vector and
Scalar Matrix

Four Dimensional Biomarkers with Unequal Scalar Matrices

Table 5.2 shows another simulation results for 4 dimensional biomarkers with pareme-

ters:

µx =



4

3.6

8

5


, µy =



3

3.5

7.5

4



Σx =



1 0.2 0.3 0.1

0.2 2 0.2 0.02

0.3 0.2 0.6 0.1

0.1 0.02 0.1 1


and Σy =



1 0.15 0.1 0.6

0.15 1.5 0.2 0.15

0.1 0.2 2 0.6

0.6 0.15 0.6 1


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Combined AUC for Different Distributions

Case Group Control Group
LR Combi-
nation

Linear
Combina-
tion

Ratio

Multivariate Normal Multivariate Normal 0.8063 0.8063 1
Multivariate T3 Multivariate T11 0.8800 0.7722 0.8775
Multivariate T4 Multivariate T6 0.8705 0.7724 0.8873
Multivariate Laplace Multivariate Laplace 0.9147 0.8352 0.9131
Multivariate T4 Multivariate Laplace 0.8848 0.8014 0.9058
Multivariate T11 Multivariate Laplace 0.8919 0.8160 0.9148
Multivariate Laplace Multivariate T5 0.8839 0.7952 0.8996

Table 5.4: Combined AUC for Different Distributions with the Same Location Vector and
Scalar Matrix

From table 5.3 and 5.4 we can see that the loss between best linear combination and

likelihood ratio combination is relatively small.

In the next section, we will show the details about simulation results.

5.3.2 Simulation for the Same Scalar Matrix

Multivariate T-Distribution with the Same Scalar Matrix

Multivariate t-distribution is a generalization to random vectors of the Student’s t-

distribution. It would converge to multivariate normal distribution as the degree of freedom

v→ ∞. The real dataset which follows multivariate t-distribution could easily be mistaken

for multivariate normal distribution, especially when the degree of freedom is relatively

high. This kind of misjudgment may reduce diagnostic accuracy obviously although mul-

tivariate t-distribution has similar features as multivariate normal distribution. In order to

obtain the loss of combined AUC caused by misjudgment, we did the simulation under the

multivariate t-distribution.

Suppose case and control group follow the multivariate-t distribution with the expec-

tation µx and µy, separately. Assume that they share the same covariance generating matrix
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Σ:

X ∼ Tvx (µx,Σ) , Y ∼ Tvy (µy,Σ)

Notice the covariance matrices V of case and control group are different when they

have different degrees of freedom.

Vx =
vx

vx−2
Σ, Vy =

vy

vy−2
Σ

Let vx = 3, vy = 11, µx =


2

1.6

1.3

 , µy =


1.4

1

1

 and Σ=


1 0.15 0.1

0.15 0.26 0.02

0.1 0.02 1

.

Figure 5.1: Multivariate T Distribution with Same Scalar Matrix

We generated 50000 observations in each group and the simulation result is shown in

Figure 5.1. The empirical maximum linear combined ROC is shown as the green dotted

line and the corresponding AUC is 0.7715. From Theorem 5.2.1 we could calculate the
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optimal linear coefficient λ̂max = Σ−1(µx− µy) =

(
0.2555 2.1425 0.2316

)T

and the

corresponding optimal linear combined AUC value is 0.7715. The ROC curve obtained by

Theorem 5.2.1 is shown as the red line which almost coincides with the empirical estima-

tion in Figure 5.1

However, if the data is misjudged as the multivariate normal distribution with differ-

ent covariance matrix, then the linear combined ROC curve could be expressed as R(t) =

Φ

(
λ T(µx−µy)√

λ TVxλ
− Vy

Vx
Φ−1(1− t)

)
, where Φ is the cumulative distribution function of the

standard normal distribution (Su and Liu, 1993). And the corresponding AUC value un-

der normal assumption would be 0.725, which is less than optimal linear combined AUC

value.

We also show the likelihood ratio combination ROC proposed in chapter 4.1. It is

obvious that the AUC of likelihood ratio combination is larger than any other combina-

tions.

Multivariate Laplace Distribution with the Same Scalar Matrix

Another popular elliptical distribution is multivariate Laplace distribution (Kotz et al.,

2001). Assume that the case and control populations follow the multivariate Laplace distri-

bution. The location vectors µx and µy and the scalar matrix Σ are same with the previous

settings. We still generate 50000 observations in each group.

Figure 5.2 shows the simulation results. Similar with the multivariate T distribution,

the AUC of likelihood ratio combination is largest which equals to 0.8602. If we misjudge

the data as multivariate normal distribution, the linear combined AUC will reduce from

0.8355 to 0.8072.
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Figure 5.2: Multivariate Laplace Distribution with Same Scalar Matrix

Other Elliptical Distributions with the Same Scalar Matrix

Instead of popular elliptical distributions like multivariate-t distribution, we can gen-

erate the random variables according to the definition of elliptical distribution. Let U (3)
x ,

U (3)
y are uniformly distributed on the unit hypersphere with 2 topological dimension:

S2 :=
{

x ∈ IR3 : ‖x‖2 = 1
}

LetRx ∼U(1,3),Ry ∼ Exponential(1),

µx =


2

1.8

1.8

, µy =


1.5

1

1.6

, Λ =


1 0.1 0.3

0.1 0.5 0.02

0.3 0.02 0.7

.

Then we have:

X d
= µx +RxΛU (2)

x ∼ E3(µx,Σ,φx)
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Y d
= µy +RyΛU (2)

y ∼ E3(µy,Σ,φy)

where Σ = ΛΛT. So X and Y both follow elliptical distribution with the same covariance

generating matrix. We still generated 50000 observations in each group. The simulation

results are shown in Figure 5.3.

The likelihood ratio combined AUC is 0.9437 which is largest among all combina-

tions. The best linear combination estimated by Theorem 5.2.1 is λ̂max = Σ−1(µx− µy) =(
−0.0133 3.0654 0.0711

)T

and the corresponding optimal linear combined AUC

value is 0.8624. Using the method proposed by Su and Liu (1993), we can get the lin-

ear combined AUC under normality assumption which is 0.8598. Another thing we can

discover is that the normal curve is not always lower that the best linear combination.

Figure 5.3: Elliptical Distribution with Same Scalar Matrix

From above simulation results, we can conclude that the combination obtained from

Theorem 5.2.1 is the best linear combination.
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5.3.3 Simulation for Different Scalar Matrices

When case and control group neither share a same covariance generating matrix nor

jointly elliptical distributed, we can still use λ̂elliptical = (Σx +Σy)
−1(µx− µy) to calculate

the linear combined AUC although there may be some loss. One main question here is that

we need to find out the difference of AUC values between different linear combinations.

We will calculate four combination coefficients and corresponding AUC values:

λ̂elliptical = (Σx +Σy)
−1(µx−µy), ˆAUCelliptical = P

(
λ̂

T
ellipticalY < λ̂

T
ellipticalX

)
λ̂var = (Vx +Vy)

−1(µx−µy), ˆAUCnormal = Φ

 λ̂ T
var(µx−µy)(

λ̂ T
var(Vx +Vy)−1λ̂var

)1/2


λ̂var = (Vx +Vy)

−1(µx−µy), ˆAUCell.var = P
(

λ̂
T
varY < λ̂

T
varX

)
λ̂best = argmax

λ

(
P
(
λ

TY < λ
TX
)) ˆAUCbest = P

(
λ̂

T
bestY < λ̂

T
bestX

)

The main purpose of this part is to find out how much loss there would be, compared with

the best linear combination.

Multivariate T-Distribution with Different Scalar Matrices

Assume biomarkers in case and control group follow multivariate-t distribution:

X ∼ Tvx (µx,Σx) , Y ∼ Tvy (µy,Σy)

Let vx = 3, vy = 11, µx =


2

3

1.5

 , µy =


1.4

1

1

, Σx =


1 0.15 0.1

0.15 0.26 0.02

0.1 0.02 1

 and

Σy =


1 0.2 0.15

0.2 3 0.1

0.15 0.1 1.5

.
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Figure 5.4: Multivariate T Distribution with Different Scalar Matrices

Generating 50000 observations in each group and the simulation results are shown in

Figure 3. ˆAUCnormal = 0.8353, which is the smallest AUC values. ˆAUCell.var = 0.8519,

ˆAUCelliptical = 0.8514 and ˆAUCbest = 0.8522. From Figure 5.4 we can see that except the

linear combination with normal assumption, the other three linear combined ROC curves

are close to each other. Although the AUC value is smallest under normality assumption, it

has largest accuracy over a range of high specificity. This is one of the drawbacks of AUC

index. Small value of AUC doesn’t always mean a bad performance. If we consider partial

area, the normality line would have a better performance than others.

Multivariate Laplace Distribution with Different Scalar Matrices

Assume biomarkers in case and control group follow multivariate Laplace distribu-

tion:

X ∼MLx (µx,Σx) , Y ∼MLy (µy,Σy)
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µx =


2

3

1.5

 , µy =


1.4

1

1

, Σx =


1 0.15 0.1

0.15 5 0.02

0.1 0.02 1

, Σy =


1 0.2 0.15

0.2 3 0.1

0.15 0.1 1.5



Figure 5.5: Multivariate Laplace Distribution with Different Scalar Matrices

Generating 50000 observations in each group and the simulation results are shown in

Figure 3. ˆAUCnormal = 0.7988, which is the smallest AUC values. ˆAUCell.var = 0.8244,

ˆAUCelliptical = 0.8279 and ˆAUCbest = 0.8279. From Figure 5.5 we can see that except the

linear combination with normal assumption, the other three linear combined ROC curves

are close to each other. Especially, the ROC curve estimated by the elliptical distribution

almost coincides with the empirical linear ROC curve.

Other Elliptical Distributions with Different Scalar Matrices

The simulation in this chapter is similar with previous settings in chapter 5.3.2 except

that the covariance generating matrices in case and control group are different. Let U (3)
x ,
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U (3)
y are uniformly distributed on the unit hypersphere with 2 topological dimension:

S2 :=
{

x ∈ IR3 : ‖x‖2 = 1
}

LetRx ∼U(1,3),Ry ∼ Exponential(1).

µx =


2

1.8

1.8

 , µy =


1.5

1

1.6

 , Λx =


1 0.1 0.3

0.1 0.5 0.02

0.3 0.02 0.7

 , Λy =


1 0.05 0.2

0.05 1.5 0.6

0.2 0.6 1


.

Figure 5.6: Elliptical Distribution with Different Scalar Matrices

Then we have:

X d
= µx +RxΛxU

(2)
x ∼ E3(µx,Σx)

Y d
= µy +RyΛyU

(2)
y ∼ E3(µy,Σy)
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where Σx = ΛxΛT
x and Σy = ΛyΛT

y .

We still generated 50000 observations in each group. The simulation results are pre-

sented in Figure 5.6. ˆAUCnormal = 0.7574, which is the smallest AUC values. ˆAUCell.var =

0.7738, ˆAUCelliptical = 0.7627 and ˆAUCbest = 0.7852. From Figure 5.6 we can see that the

ROC curves are close to each other when using covariance matrix and covariance generat-

ing matrix to estimate the linear combination coefficient. Although the AUC value of the

best linear combination is the largest, it has lower accuracy over a range of high specificity.

This expresses the drawback of AUC index again. Small value of AUC doesn’t always

mean a bad performance. If we consider partial area, the normality line would have a better

performance than others.
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Chapter 6

Combination of Projected Length

From previous simulation, we can find some drawbacks of AUC. Besides our previous

results, here are some other conditions that AUC may not be a great index. Another exam-

ple could show the drawbacks of auc value is here. If we have two curves, both auc values

are 0.5. But we can’t say they have same performance because the orange line indeed has

some diagnosis ability especially for a range of high specificity. To offset the disadvantages

of auc value, Lee and Hsiao (1996) proposed another index - projected length.

Figure 6.1: An Example of Drawbacks of AUC
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6.1 Definition of Projected Length

The definition of ”projected length of the ROC curve” (PLC) is proposed by Lee and

Hsiao (1996). It is the summation of all of the projected lengths of the ROC curve onto the

”negative” diagonal line. For example, here is a ROC curve which is composed of three

segments of straight lines a,b, and c. Then The PLC index is the summation of all of the

projected lengths of these three segments, i.e. (a′+b′+ c′).

Figure 6.2: Example: Projected Length of the ROC Curve

Example 6.1.1. Suppose a ROC is composed of five points with coordinates (0, 0), (0.1,

0.5), (0.6, 0.7), (0.8, 0.9) and (1,1). Then is PLC is:

PLC =

∣∣∣∣(0.1, 0.5) ·
(

1√
2
,
−1√

2

)∣∣∣∣+ ∣∣∣∣(0.6−0.1, 0.7−0.5) ·
(

1√
2
,
−1√

2

)∣∣∣∣
+

∣∣∣∣(0.8−0.6, 0.9−0.7) ·
(

1√
2
,
−1√

2

)∣∣∣∣+ ∣∣∣∣(1−0.8, 1−0.9) ·
(

1√
2
,
−1√

2

)∣∣∣∣
=0.5657

Definition 6.1.1. Lee and Hsiao (1996) defined that the PLC of a continuous biomarker

could be represented as: 1
2 +

√
2

4 PLC =
∫

D∪N max
{

fX (t)
2 , fY (t)

2

}
dt, where the fX(t) and
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fY (t) represent the density functions of the biomarker in the diseased and the non-diseased

populations, respectively, and

D =
{

t : fY (t)
fY (t)+ fX (t)

≤ fX (t)
fY (t)+ fX (t)

}
N =

{
t : fY (t)

fY (t)+ fX (t)
> fX (t)

fY (t)+ fX (t)

}

In other words, the PLC is a function of the sum of probability of correctly diag-

nosing a diseased subject and probability of correctly diagnosing a non-diseased subject.

The maximum value of PLC is
√

2. Similarly with AUC value, higher PLC means better

diagnosis performance. But the PLC is more sensitive than the AUC value for detecting

differences between the distributions of the diseased and the non-diseased groups(Lee and

Hsiao, 1996). Zhang et al. (2009) discussed basic properties of PLC and derived approxi-

mate variance for the PLC estimator.

6.2 Optimal Linear Combination of PLC Under Normal

Distribution

Similar with the combined AUC value, we could derive the best linear combination

which could maximize the combined PLC of d biomarkers. Firstly we begin with the

normal assumption:

Theorem 6.2.1. Suppose here are d biormarkers following multivariate normal distribu-

tion with the same covariance matrix in case and control group, denoted by X ∼MNd(µx,Σ),

Y ∼MNd(µy,Σ), respectively. The best linear combination coefficient λ which could max-

imize the linear combined PLC is λ̂max = Σ−1(µx−µy), and the corresponding linear com-

bined PLC is:

PLCmax = 2
√

2Φ

(
1
2

√
(µx−µy)T Σ−1(µx−µy)

)
−
√

2 (6.2.1)
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where Φ is the c.d.f of standard normal distribution.

Proof. Suppose X ∼MNd(µx,Σ), Y ∼MNd(µy,Σ), then for any λ ∈ Rd we have:

X∗ , λ
TX ∼ N(λ T

µx,λ
T
Σλ ), Y ∗ , λ

TY ∼ N(λ T
µy,λ

T
Σλ )

The linear combined PLC is given by: 1
2 +

√
2

4 PLC(λ ) =
∫

D∪N max
{

f ∗X (t)
2 ,

f ∗Y (t)
2

}
dt, where

the f ∗X(t) and f ∗Y (t) are density functions of X∗ and Y ∗.

f ∗Y (t)≤ f ∗X(t) ⇐⇒ −
1
2

(
t−λ Tµy

λ TΣλ

)2

≤−1
2

(
t−λ Tµx

λ TΣλ

)2

⇐⇒
(
t−λ

T
µx
)2−

(
t−λ

T
µy
)2 ≤ 0

⇐⇒ t ≥
λ T (µx +µy)

2

Therefore D =

{
t :

λ T(µx+µy)
2 ≤ t < ∞

}
and N =

{
t :−∞ < t <

λ T(µx+µy)
2

}
. Then

we have:

1
2
+

√
2

4
PLC(λ ) =

1
2

(∫
∞

λ T(µx+µy)/2
f ∗X(t)dt +

∫
λ T(µx+µy)/2

−∞

f ∗Y (t)dt

)

=
1
2

(
P(X∗ ≥

λ T (µx +µy)

2
)+P(Y ∗ ≤

λ T (µx +µy)

2
)

)
= Φ

(
λ T (µx−µy)

2
√

λ TΣλ

)

Maximizing PLC is equivalent to maximizing
λ T(µx−µy)

2
√

λ TΣλ
. From Seber (1977), the

solution of this optimal question is λ̂max = Σ−1(µx− µy). The corresponding maximized

PLC is given by:
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1
2
+

√
2

4
PLCmax = Φ

(
1
2

√
(µx−µy)T Σ−1(µx−µy)

)
=⇒ PLCmax = 2

√
2Φ

(
1
2

√
(µx−µy)T Σ−1(µx−µy)

)
−
√

2

We can see that for the multivariate normal distribution, the best linear combination

coefficients of AUC and PLC are equal when the covariance matrices in case and groups are

equal. This result verifies the conclusion again that the best linear combination is equiv-

alent to the optimal combination for the multivariate normal distributions with the same

covariance matrices in case and control populations.

6.3 Optimal Linear Combination of PLC Under Elliptical

Distribution

In this section, we will extend the linear combination of PLC from multivariate normal

distribution to the elliptical distribution family. We would like to derive the best linear

combination coefficient which could maximize the linear combined PLC for the elliptical

unimodal.

Theorem 6.3.1. Suppose d biomarkers follow elliptical unimodal distribution with a same

scalar matrix and a same generating variate in case and control populations, denoted as

X ∼ Ed(µx,Σ,φx), Y ∼ Ed(µy,Σ,φy) respectively. Then the best λ which could maximize

the linear combined PLC value is λ̂max = Σ−1(µx−µy) and the corresponding maximized

PLC is:

PLCmax =
√

2(F0 (a)+G0 (a))−
√

2 (6.3.1)

where a =

√
(µx−µy)T Σ−1(µx−µy)

2 .
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Proof. Suppose X ∼ Ed(µx,Σ,φx), Y ∼ Ed(µy,Σ,φy). Then for any λ ∈ Rd we have:

X∗ , λ
TX ∼ E1(λ

T
µx,λ

T
Σλ ,φx), Y ∗ , λ

TY ∼ E1(λ
T

µy,λ
T
Σλ ,φy)

The linear combined PLC is given by: 1
2 +

√
2

4 PLC(λ ) =
∫

D∪N max
{

f ∗X (t)
2 ,

f ∗Y (t)
2

}
dt, where

the f ∗X(t) and f ∗Y (t) are density functions of X∗ and Y ∗.

According to theorem 3.1.1:

fX∗(x) =
1√

λ TΣλ
gR

(√
(x−λ Tµx)2

λ TΣλ

)

and

fY ∗(y) =
1√

λ TΣλ
gR

(√
(y−λ Tµy)2

λ TΣλ

)
where gR is monotonically non-increasing since vectors X and Y are elliptical unimodal.

f ∗Y (t)≤ f ∗X(t) ⇐⇒ gR

(√
(t−λ Tµy)2

λ TΣλ

)
≤ gR

(√
(t−λ Tµx)2

λ TΣλ

)

⇐⇒
(
t−λ

T
µx
)2−

(
t−λ

T
µy
)2 ≤ 0

⇐⇒ t ≥
λ T (µx +µy)

2

Therefore D =

{
t :

λ T(µx+µy)
2 ≤ t < ∞

}
and N =

{
t :−∞ < t <

λ T(µx+µy)
2

}
. Then

we have:

1
2
+

√
2

4
PLC(λ ) =

1
2

(∫
∞

λ T(µx+µy)/2
f ∗X(t)dt +

∫
λ T(µx+µy)/2

−∞

f ∗Y (t)dt

)

=
1
2

(
P(X∗ ≥

λ T (µx +µy)

2
)+P(Y ∗ ≤

λ T (µx +µy)

2
)

)
=

1
2

((
1−F0

(
λ T (µy−µx)

2
√

λ TΣλ

))
+G0

(
λ T (µx−µy)

2
√

λ TΣλ

))
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where F0 is the c.d.f of λ T(X−µx)√
λ TΣλ

and G0 is the c.d.f of λ T(Y−µy)√
λ TΣλ

. Since F0 is a symmetric

function and 1−F0(t) = F0(−t), above equation could be simplified to:

1
2
+

√
2

4
PLC(λ ) =

1
2

(
F0

(
λ T (µx−µy)

2
√

λ TΣλ

)
+G0

(
λ T (µx−µy)

2
√

λ TΣλ

))

Maximizing PLC is equivalent to maximizing
λ T(µx−µy)

2
√

λ TΣλ
since both F0 and G0 are non-

decreasing. From Seber (1977), the solution of this optimal question is λ̂max = Σ−1(µx−

µy). The corresponding maximized PLC is given by:

1
2
+

√
2

4
PLCmax =

1
2
(F0 (a)+G0 (a))

=⇒ PLCmax =
√

2(F0 (a)+G0 (a))−
√

2

where a =

√
(µx−µy)T Σ−1(µx−µy)

2

It is obvious that when biomarkers are elliptical umimodal in case and control popu-

lations with the same scalar matrices and generating variates, the best linear combination

coefficient λ which maximizes the combined AUC could also maximize the combined

PLC. In the following section, we will show some simulation results to verify this.

In addition, from equation 6.3.1 we can see that best linear combined PLC only de-

pends on the Mahalanobis distance of elliptical distributions (
√
(µx−µy)T Σ−1(µx−µy))

and the populations of case and control group (Mitchell and Krzanowski, 1985). Table

6.1 indicates the different best linear combined PLC values under different Mahalanobis

distances and distribution populations. The * in table 6.1 means any elliptical distribu-

tion types. We can see that no matter which distribution types that the biomarkers follow,

the PLC will converge to
√

2 as the Mahalanobis distance of case and control elliptical

populations goes to infinity.
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Combined PLC for Elliptical Distributions with Equal Covariance Matrix
Mahalanobis

Distance
Case Group Control Group PLC

0 * * 0

1

Multivariate Normal Multivariate Normal 0.5415
Multivariate T3 Multivariate T11 0.5103
Multivariate T4 Multivariate T6 0.5104

Multivariate Laplace Multivariate Laplace 0.7169
Multivariate T4 Multivariate Laplace 0.6107
Multivariate T11 Multivariate Laplace 0.6223

Multivariate Laplace Multivariate T5 0.6142

2

Multivariate Normal Multivariate Normal 0.9655
Multivariate T3 Multivariate T11 0.8982
Multivariate T4 Multivariate T6 0.8982

Multivariate Laplace Multivariate Laplace 1.0704
Multivariate T4 Multivariate Laplace 0.9779
Multivariate T11 Multivariate Laplace 1.0027

Multivariate Laplace Multivariate T5 0.9855

3

Multivariate Normal Multivariate Normal 1.2253
Multivariate T3 Multivariate T11 1.1368
Multivariate T4 Multivariate T6 1.1368

Multivariate Laplace Multivariate Laplace 1.2447
Multivariate T4 Multivariate Laplace 1.1824
Multivariate T11 Multivariate Laplace 1.2151

Multivariate Laplace Multivariate T5 1.1923

5

Multivariate Normal Multivariate Normal 1.3966
Multivariate T3 Multivariate T11 1.3313
Multivariate T4 Multivariate T6 1.3341

Multivariate Laplace Multivariate Laplace 1.3730
Multivariate T4 Multivariate Laplace 1.3464
Multivariate T11 Multivariate Laplace 1.3727

Multivariate Laplace Multivariate T5 1.3551

10

Multivariate Normal Multivariate Normal 1.4142
Multivariate T3 Multivariate T11 1.4030
Multivariate T4 Multivariate T6 1.4072

Multivariate Laplace Multivariate Laplace 1.4130
Multivariate T4 Multivariate Laplace 1.4083
Multivariate T11 Multivariate Laplace 1.4133

Multivariate Laplace Multivariate T5 1.4107
Infinity * * 1.4142

Table 6.1: Combined PLC for Different Distributions and Mahalanobis Distances
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6.4 Simulation

In this section, we will demonstrate that the equation 6.3.1 could obtain the optimal

linear combined PLC through simulation.

Consider the linear combination of d biomarkers. Suppose there are n independent

observations (X1, X2, . . . ,Xn) ∼ Ed (µx,Σ;φx) in the case group, and m independent ob-

servations (Y1, Y2, . . . ,Ym)∼ Ed (µy,Σ;φy) in the control group. The density generators in

both groups are monotonically non-increasing which means these biomarkers are ellipti-

cal unimodal distributed. Following are main steps to get the empirical estimation of best

linear combined PLC.

1. For any λ ∈ Rd and cut point value c ∈ R, let nc = ∑
n
i=1 I(λ TXi > c) and mc =

∑
m
j=1 I(λ TYj > c), where I is the indicator function.

2. Estimate the ROC curve by the equation 1.1.4.

3. In general the empirical ROC curve is composed of m+ n+ 1 points including the

coordinates (0,0) and (1,1). Smooth the ROC curve (Dümbgen and Rufibach, 2011).

Suppose the coordinates of smoothed ROC curve is denoted as (ui, vi) where i ∈

(1, 2, . . . , m+n+1).

4. For i ∈ (2, 3, . . . , m+n+1), let (u∗i−1, v∗i−1) = (ui, vi)− (ui−1, vi−1).

5. PLC(λ ) = ∑
m+n
i=1

∣∣∣(u∗i , v∗i ) ·
(

1√
2
, −1√

2

)∣∣∣.
6. The best linear coefficient is the one which could maximize all possible combined

PLC, i.e. λ̂max = argmax
λ

PLC(λ )

The reason of smoothing in step 3 is that the PLC of a stepwise ROC curve is always
√

2. Here we use the Log-Concave smooth method proposed by Dümbgen and Rufibach

(2011).
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6.4.1 Multivariate Normal Distribution

Firstly, we begin with the simplest condition - multivariate normal distribution. Simi-

lar with the setting of simulation in chapter 5, assume three biomarkers follow multivariate

normal distribution in the case and control group:

X ∼MNy (µx,Σ) , Y ∼MNy (µy,Σ)

Let µx =


2

1.6

1.3

 , µy =


1.4

1

1

 and Σ =


1 0.15 0.1

0.15 0.26 0.02

0.1 0.02 1

 .

Figure 6.3: Projected Length of the Normal Distribution ROC Curve

Generate 5000 observations in each group and estimate the empirical linear combined

ROC curve which could maximize the PLC. Figure 6.3 shows the simulation results. The

empirical ROC curve (red line) which almost coincides with the ROC curve obtained by

equation 6.2.1 (black line). The empirical PLC estimation is 0.6442 which is close to

0.6517 but slightly underestimated.
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6.4.2 Multivariate T Distribution

Now assume that the biomarkers in case and control group both follow multivariate t

distributions. The parameters are same with the simulation of multivariate t distribution in

section 5.3.2.

Figure 6.4: Projected Length of the Multivariate T Distribution ROC Curve

The simulation results are shown in Figure 6.4. The empirical PLC estimation is

0.6279 which is close to 0.6122 but slightly overestimated.

6.4.3 Multivariate Laplace Distribution

Now assume that the biomarkers in the case and control group both follow multivariate

Laplace distributions. The parameters are same with the simulation of multivariate Laplace

distribution in section 5.3.2. The simulation results are illustrated in Figure 6.5. The em-

pirical PLC estimation is 0.8312 which is shown as the red line and the PLC obtained by

equation 6.3.1 is 0.8208 which is shown as the black line.

From previous simulations we can see that sometimes the smoothing will underesti-
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mate the ROC curve while sometimes overestimate. But the errors are relatively small.

Figure 6.5: Projected Length of the Multivariate Laplace Distribution ROC Curve
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Chapter 7

Application

We will apply the proposed methods to some case-control studies and compare with

the results from other methods. The expected result is that our combinations could have

larger AUC and PLC value than other combinations. At first we elucidate the application

of the combination of biomarkers to the diagnosis of autism.

7.1 Biomarkers for Autism/Autistic Disorder

Autism/autism spectrum disorder (ASD) is a collection of developmental disorders

that affects communication and stereotyped behavior, and increases irritability (Pinto-Martin

et al., 2008). The diagnosing of autism/autism spectrum disorders (ASD) has gained higher

attentions because of its diagnostic challenge. Failing to correctly diagnosing children with

autism/ASD may lead to missed opportunities for appropriate treatments, while misdiagno-

sis of autism/ASD also has potentially harmful consequences for children (Falkmer et al.,

2013).

In 2002-2005, the Eunice Kennedy Shriver National Institute of Child Health and Hu-

man Development conducted a case-control study to investigate whether growth-related
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hormones may play part, if any, in the diagnosis of autism for children 4-8 years old (Mills

et al., 2007). The data consists of 59 subjects in the control group and 71 subjects in the

case group. Each participant was assayed for multiple groups of diagnostics biomarkers,

including insulin-like growth factors (IGF1, IGF2, IGFBP3 ), as well as dehydroepiandros-

terone (DHEA) and DHEA sulfate (DHEAS) and so on. Mills et al. (2007) described the

details of the subject enrollment and data collection. We will combine five biomarkers in-

cluding IGF1, IGF2, IGFBP3, DHEA and DHEAS in the data to diagnose the autism/ASD

and calculate combined AUC values and PLC values.

The insulin-like growth factors (IGFs), as a group of biomarkers of autism/ASD, are

parts of a complex system. They consist of two ligands: the Insulin-like growth factor

1 (IGF-1) and the Insulin-like growth factor 2 (IGF-2), some binding proteins including

IGFBP3 and others. Evidence shows that IGF-1 is a growth factor required for achieving

maximal growth while IGF-2 expression is required for early development (Gunnell et al.,

2005). Since the binding of IGFBP-3 to cells will reduce its own affinity, IGF-1 com-

bined with cell-related IGFBP-3 is in a more dominant beneficial balance with the receptor

(Jameson and Groot, 2015). Dehydroepiandrosterone sulfate (DHEAS) is a metabolite of

dehydroepiandrosterone (DHEA) that circulates in far greater relative concentrations. Both

DHEAS and DHEA are produced in the zona reticularis of the adrenal cortex under the

control of adrenocorticotropic hormone (ACTH) (Prough et al., 2016).

We compare diagnosis performances of different combinations of these five biomark-

ers, including likelihood ratio combination and linear combination. Suppose the observa-

tions are elliptically distributed in case and control group, denoted as (X1, X2, . . . ,X71) ∼

E5 (µx,Σx;φx) and (Y1, Y2, . . . ,Y59)∼ E5 (µy,Σy;φy) respectively.

Firstly, we assume the observations follow multivariate normal distribution in the case

and control group. We use the sample mean and sample variance to estimate the mean and

covariance matrix. The best normal linear combination coefficient obtained by the equation
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Figure 7.1: Combinations of Autism Data and Corresponding AUC Values

1.3.5 is λ̂normal = (−0.0059, 0.0158, 7.4308, −0.0193, 0.1214)T and corresponding AUC

value is 0.7598. The empirical linear combination coefficient obtained by equation 1.3.4 is

λ̂normal = (0.0101, 0.0186, 0.0117, −0.0041, 0.0100)T and corresponding AUC value is

0.7591. It is obvious that the normal linear combined AUC value is close to the empirical

linear combination. However, if we assume elliptical distributions and use the equations

3.3.1 and 3.3.2 to estimate the empirical density generators of case and control group, the

empirical likelihood ratio combination AUC obtained by theorem 4.1.1 is 0.8157 which is

significantly improved.

Figure 7.1 shows the ROC curves of different combinations. The ROC curve of el-

liptical likelihood ratio combination (black line) has the largest AUC value. In addition,

the black line is obviously higher than all other ROC curves when the specificity is small.

We then smooth ROC curves and compare the PLC values. Figure 7.2 shows the smoothed

ROC curves of different combinations. The smoothing process almost doesn’t change the
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Figure 7.2: Smoothed Combinations of Autism Data and Corresponding AUC and PLC
Values

AUC values. The PLC value of normal linear combination is 0.5901 which is slightly larger

than the empirical linear combination 0.5721. The PLC of elliptical likelihood ratio com-

bination is 0.6681 which is obviously larger than the normal likelihood ratio combination

which is 0.6354. Therefore, according to the combined AUC and PLC values, we can safely

conclude that the elliptical combination significantly improved the diagnosis performance

of biomarkers related to the autism.

7.2 Biomarkers for Neural Tube Defects (NTDs)

Another example is diagnosing neural tube defects (NTDs) of the infants. Neural tube

defects (NTDs) are a group of birth defects including spina bifida, anencephaly and others

(National Institute of Child Health and Human Development, 2017). NTDs are one of the

most common birth defects. Maternal biomarkers play a crucial role in early diagnosing
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and prevention of NTDs.

A study of the Irish National Rubella Screening Program collected data from blood

samples from pregnant women and recorded their neural tube defects. We choose four

biomarkers related to the diagnosis of NTDs: vitamin B12, reduced red cell folate, plasma

total folate and free choline. After deleting missing values, there are 71 observations in

the case group and 230 observations in the control group. At first, we test the multivariate

normality of data. Both p-values of Shapiro-Wilk test of case and control observations are

less than 0.05 and close to 0, so we can conclude that the date are not multivariate normal

distributed (Shapiro and Wilk, 1965).

Figure 7.3: Combinations of NTDs Data and Corresponding AUC Values

Figure 7.3 shows the combination results. The best normal linear combination coeffi-

cient obtained by the equation 1.3.5 is λ̂normal = (−0.0395, 0.0020, 0.0214, 0.8176)T and

corresponding AUC value is 0.6289. The empirical linear combination coefficient obtained

by equation 1.3.4 is λ̂normal = (−0.2593, 0.9770, −0.3823, −0.7983)T and correspond-

66



ing AUC value is 0.6257. Although the normal linear combined AUC value is close to the

empirical linear combination, we can see that the empirical ROC curve (blue line) is higher

than the normal linear combination ROC curve (green line) when the specificity is large.

The AUC value of normal likelihood ratio combination is 0.6923 which is larger than the

linear combinations, but the improvement is small. If we assume elliptical distributions and

use the equations 3.3.1 and 3.3.2 to estimate the empirical density generators of case and

control group, the empirical likelihood ratio combination AUC obtained by theorem 4.1.1

is 0.7714 which is significantly improved. In addition, the elliptical likelihood ratio com-

bination ROC curve (black line) is higher than all other combinations for any specificity

value.

Figure 7.4: Smoothed Combinations of NTDs Data and Corresponding AUC and PLC
Values

Figure 7.4 shows the smoothed ROC curves of different combinations. The smoothing

process almost doesn’t change the AUC values. The PLC value of normal linear combina-

tion is 0.2891 which is almost equivalent to the empirical linear combination 0.2892. The
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PLC of elliptical likelihood ratio combination is 0.5916 which is obviously larger than the

normal likelihood ratio combination which is 0.4077. Therefore, according to the combined

AUC and PLC values, we can safely conclude that the elliptical combination significantly

improved the diagnosis performance of biomarkers related to the NTDs.
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Chapter 8

Discussion and Future Research

8.1 Summary of Results

In chapter 2, we discuss some properties and features of the multivariate normal com-

bination. We find that if the case and control group have different covariance matrices for

the binormal model, there would always exist a segment of ROC curve which is lower than

the chance line. Through the properties and estimation methods introduced in the chapter

3, the elliptical likelihood ratio combination and linear combination of multiple biomark-

ers are proposed. The likelihood ratio combination is optimal but generally complicated to

calculate. To solve this, we describe the empirical estimation of elliptical likelihood ratio

combination without specifying exact distribution types. Simulation results show that the

empirical ROC curves of likelihood ratio combination are close to the true combination

ROC curves.

We also derive the ROC curve function of linear combination of biomarkers under the

elliptical distribution. In chapter 5 and chapter 6, we develop the method to estimate the

linear combination coefficient according to maximizing the AUC value and PLC value. The

best linear coefficient of PLC is as same as the combination coefficient of AUC under ellip-
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tical unimodal assumption. In addition, we find that the best linear combination coefficient

only depends on the Mahalanobis distance of elliptical distributions. We then apply pro-

posed methods to two case-control studies. One example is the diagnosing of autism/ASD

and another one is the diagnosing of NTDs. The application results show that our methods

could significantly improve the diagnostic performance of multiple biomarkers.

8.2 Future Research

8.2.1 Alternative Index - Youden’s index

The simulation results in chapter 5 show the drawbacks of AUC value. To offset the

disadvantages of auc value, we develop the combination of PLC values. However, the

PLC index still has shortcomings. Future research is needed to strengthen and improve the

combination performance.

Figure 8.1: An Example of Drawbacks of PLC
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Figure 8.1 represents an extreme example of the drawbacks of PLC index. There is

a ROC curve which is composed of three segments of straight lines a,b, and c. Then The

PLC index is the summation of all of the projected lengths of these three segments, i.e.

(a′+b′+ c′). It’s easy to show that a′+b′+ c′ =
√

2 which is the maximum value of PLC

index. In fact, for any stepwise ROC curve, the PCL would always be
√

2. And the PLC is

more sensitive than the AUC value for detecting diseases.

Except for the AUC and PLC, another measurement index which could be obtained

from the ROC curve is the Youden’s index defined as J = sensitivity+ speci f icity− 1.

Its value ranges from 0 through 1 (inclusive). Yin and Tian (2014) proposed empirical

methods for the optimal linear combination of Youden’s index. They also developed the

best linear combination under multivariate normal distribution. It is feasible to extend the

linear combination to the elliptical distribution. Following theorem we derived expresses

the best linear combination of Youden’s index when case and control population have the

same scalar matrix.

Theorem 8.2.1. Suppose X ∼ Ed(µx,Σ,φx), Y ∼ Ed(µy,Σ,φy) are distribution of case and

control group, respectively. Here two groups have a same scalar matrix. In addition, X

and Y have the same generating variate R, then the best λ which could maximize the linear

combined Youden’s Index value is λ̂max = Σ−1(µx−µy).

Up to now, the main limitation is the requirement of equivalent scalar matrix and

generating variate. Further research on the linear combination of multiple biomarkers,

which follow elliptical distribution with different scalar matrices and generating variates in

case and control group, is needed.

8.2.2 Comparing Two Groups of Biomarkers

Considerable amount of research has been devoted to the comparison of two or more

biomarkers in terms of their ROC curves or AUC values. Methods have been developed to
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test the equality of two or more AUC values, both parametrically or nonparametrically. Es-

pecially under normal distributed assumptions, we could derive a Likelihood Ratio Test for

two biomarkers in our study. However, the issue of comparing the diagnostic performance

between two groups of biomarkers, where biomarkers in the same group share common or

similar biological functions, has not been addressed in literature.

Suppose two groups of biomarkers are available, {M1, . . . ,Mk} and
{

Mk+1, . . . ,Mp
}
.

We are interested in whether, as a whole, the first group of biomarkers has higher diag-

nostic accuracy than the second group. We propose addressing this issue by testing the

hypotheses:

H0 : AUC1 = AUC2,H1 : AUC1 > AUC2

where AUC1 is the linear combination AUC of the first group of biomarkers, and AUC2 is

the linear combination AUC of the second group of biomarkers.

Let Xi = (X1i,X2i, . . . ,Xki,Xk+1, . . . ,Xpi)(i = 1,2, . . . ,n) be the observed values from

the biomarkers from a random sample of size n in the diseased population, and Yi =(
Y1 j,Y2 j, . . . ,Yk j,Yk+1 j, . . . ,Yp j

)
( j = 1,2, . . . ,m) be the observed values from the biomark-

ers from a random sample of size m in the non-diseased population. According to empirical

estimation of AUC, we have:

AÛC1 =
1

mn ∑
i, j

I (λ1Y1 +λ2Y2 + . . .+λkYk < λ1X1 +λ2X2 + . . .+λkXk)

AÛC2 =
1

mn ∑
i, j

I (λk+1Yk+1 + . . .+λpYp < λk+1Xk+1 + . . .+λpXp)

(8.2.1)

Particularly, we can use the proposed method to estimate the linear combination AUC

under multivariate elliptical distribution. After estimating the linear combination AUC of

the two groups of biomarkers, we can calculate:

T =
AÛC1−AÛC2

se
{

AÛC1−AÛC2
} (8.2.2)
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If |T |> 1.96, we will reject the null hypothesis at the significant level of 0.05.

In order to evaluate the performance of a test, we need to measure two aspects: the

probability of type I error and the power of the test.

Simulation under Multivariate Normal Condition

If the joint distribution of two group biomarkers follows the multivariate normal dis-

tribution, the test statistics which using the estimator from equation 1.3.6 should be better

than the empirical estimator since the linear combination is the global optimal combination

under the normality assumption.

Type I Error Control

Firstly, we simulate the test to see whether it can control the type I error. Consider

three biomarkers, which follow two multivariate normal distributions with different mean

vectors and the same covariance matrix:

µx =


0.5

0.7

0.343848403

 , µy =


0.15

0.25

0

 , Σx = Σy =


1 0.22 0.0001

0.22 1 0.0001

0.0001 0.001 0.44


representing the non-diseased and diseased population, respectively. From equation 1.3.6,

we can get AUC1 = AUC2 = 0.64301947, so the null hypothesis is true in this setting. Now

we wonder whether the first two biomarkers are better than the third one (k = 2, p = 3).

Creating a test:

H0 : AUC1 = AUC2, H1 : AUC1 > AUC2

We can calculate the test statistics from 8.2.2:

T =
AÛC1−AÛC2

se
{

AÛC1−AÛC2
}
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If |T | > 1.96, we will reject the null hypothesis at the significant level of 0.05 otherwise,

we can’t reject the null hypothesis.

Generating 200 random samples from the non-diseased population, that is, m = n =

200. Using Jackknife method, we can estimate the standard error of
{

AÛC1−AÛC2
}

Repeating this process 500 times and getting the normal linear combination estimation

of AUC by function 1.3.6, the results show that in 500 repeats, 94.4% absolute values of

test statistics are less than 1.96. So the probability of type I error is 5.6%.

If using function 1.3.4 to estimate the empirical linear combination test statistics, the

results show that 94% absolute values of test statistics are less than 1.96 in 500 repeats. So

the probability of type I error is 6%, which is a little bit higher than that from multivariate

normal estimation.

Therefore, we can conclude that this test based on the linear combination can control

type I error effectively.

Power of the Test under Linear Combination

Now we consider the power of the test. Suppose the two multivariate normal distribu-

tions have mean vectors and a covariance matrix as:

µx =


0.5

0.7

0.343846403

 , µy =


0.3

0.4

0

 , Σx = Σy =


1 0.22 0.0001

0.22 1 0.0001

0.0001 0.001 0.44



From function 1.3.6, we can get AUC1 = 0.59224055, AUC2 = 0.7211637, so the

alternative hypothesis is true in this setting.
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Creating a test:

H0 : AUC1 = AUC2, H1 : AUC1 > AUC2

We still use the Jackknife method to calculate the test statistics. Generating 200 ran-

dom samples from the non-diseased population, and 200 random samples from the diseased

population.

Repeating this process 500 times, the results show that in 500 repeats of multivariate

normal estimation, 93.4% absolute values of test statistics are greater than 1.96 . So the

power of this test is 0.934. If using empirical linear combination function 1.3.4 to estimate

the test statistics, we can find that the power of this test is 0.91.

Therefore, the test using multivariate normal estimation has a slightly higher power

than the empiric function when the biomarkers follow multivariate normal distribution.

In conclusion, the numerical test statistics obtained from Jackknife method could con-

trol type I error and have great power. However, more studies about the theoretical test

statistics are needed, especially under the elliptical distribution.
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