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Abstract of Dissertation

Evaluation and Prediction of the Association Consistency between Two
High-throughput Two-sample Gene Expression Datasets

Similarity coefficients such as the Jaccard index and Dice similarity coefficient have

been widely used in biomedical studies. They are useful in evaluating the level of

overlap between two lists of observations (or analysis summaries). To our knowledge,

their statistical properties have not been well investigated. Furthermore, we would

also like to perform a comparison between two consistency results based on the given

formula of similarity coefficient. Based on a general form of similarity coefficient, we

have studied the related bias and variance, which can be useful for our selection of a

similarity coefficient in practice. Particularly, when the ratio of intersection over the

union between two lists of observations (or analysis summaries) is relatively small, the

Jaccard index is preferred. Based on our study results for the bias and variance of a

similarity coefficient, we have also studied the statistical properties for a comparison

test on two similarity evaluations, particularly for the power of the test. For the

two-sample test comparing independent consistency results, the similarity coefficient

with a smaller value and a larger variance or the similarity coefficient with a larger

value and a smaller variance is preferred based on the performance of power. While

for the two-sample test comparing dependent consistency results, we can decide the

preference of similarity coefficient based on the calculated power according to different

datasets.

We have discussed the difference between bootstrapping original samples and boot-

strapping paired z-scores when conducting the confidence intervals for estimator. We

have also demonstrated that a bias-correction procedure is necessary for the confi-

dence interval we conducted when bootstrapping the original samples for a similarity
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coefficient.

Furthermore, when there is only one list of observations (or analysis summaries), it is

not feasible to explicitly calculate the similarity coefficient. With only one data set,

splitting data randomly can be considered so that two lists of observations (or analysis

summaries) can be obtained for the calculation of a similarity coefficient. However,

we often prefer to perform such a consistency evaluation without randomly splitting

data. Therefore, we have constructed a normal-mixture model with the consideration

of kernel density functions to achieve this purpose.

We have conducted simulation studies that confirm the asymptotic assumption is

consistent and the derivation of formulas is accurate. The simulation results also

clearly illustrated the theoretical study results. For applications, we have performed

analyses based on the microarray data and RNA sequencing (RNA-seq) data for the

Breast invasive carcinoma (BRCA) collected in The Cancer Genome Atlas (TCGA).

Based on our application results, RNA-seq is clearly preferred over microarray for its

improved similarity evaluation performance. We have also performed analyses based

on the RNA-seq data for Colon adenocarcinoma (COAD), Stomach adenocarcinoma

(STAD), and Kidney renal clear cell carcinoma (KIRC) studies collected in TCGA.

In the two-sample test comparison between these three datasets, Dice is preferred for

a larger power.
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Chapter 1

Introduction

1.1 Gene expression data

Large-scale high-throughput technologies like microarray and RNA-seq have been

widely used in biomedical studies and magnetic resonance imaging during the past

decade (Loewe RP, 2011; Yip SH, 2019). They allow us to collect the expression

data for tens of thousands of genes simultaneously (Larsson O, 2006).

Microarray is typically a solid microscope surface with a collection of fixed location

DNA spots. Each DNA spot contains picomoles of short oligonucleotide sequences of

interest, which represent a single gene or a small sequence of gene splice-variants and

are synthesized to hybridize radiolabeled cDNA pools (Matsuzaki, 2011; G., 2019).

Exciting achievements have been made based on microarray research and this has

enabled the biological questions with far greater details (Page et al., 2007).

RNA-Seq is a sequencing technique that stands for the existence and amount of RNA

at a given moment in a biological sample using next-generation sequencing (NGS).

It involves the detection of gene expression variations since it allows profiling the

transcription of different populations of RNA, into a cDNA library, which is then se-

quenced and mapped against a reference genome (U, 2019; Yip SH, 2019). RNA-seq is

very useful in measuring global gene expression through RNA fragmentation, capture,

sequencing, and subsequent computational analysis (Owens NDL, 2019).

Before the application of statistical analysis and visualization methods, we need
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to control and normalize the raw intensity values as pre-process actions. This is

to make samples comparable to extract or enhance meaningful data characteristics

(Loewe RP, 2011; Yip SH, 2019).

The data format that will be used is two-sample data, which is the most widely col-

lected data setting and have a control group and a treatment group with the same

features collected independently from different populations. With the same features

that we want to measure in two-sample data, a comparison of this popular sum-

mary data setting is often encountered in determining whether there is a statistically

significant difference between these two populations (Kulkarni HV, 2018).

Moreover, the analysis that will be conducted for each gene if differential expression

analysis, which has been widely conducted for two-sample gene expression datasets.

Differential expression analysis takes the normalized read count data and performs

statistical analysis to detect novel disease-related genes. The expression for novel

disease-related genes differs from the normal group for clinical diagnoses and medical

treatments, while the non disease related genes do not have significant difference

among control group and treatment group (Lai et al., 2017).

Two typical tests for differential expression analysis are T -test and Wilcoxon rank-

sum test. T -test is a parametric test that mostly applied for comparison of means

between two groups. Under the null hypothesis, we assume the test statistic for T -test

follows a standard normal distribution or follows a Student T distribution with the

unknown but data-driven estimated variance (TK, 2015). While Wilcoxon rank-sum

test is a nonparametric test that only needs the order of two sample observations and

no longer needs to consider the distribution of data. It is a popular alternative to

T -test when the population cannot be assumed to be normally distributed and the

null hypothesis is two populations do not have a statistically significant difference.

When the observations are independent with underlying distributions suspected to

2



be non-normal, Wilcoxon test is more robust than T -test (Dutta S, 2016).

1.2 TCGA data

The Cancer Genome Atlas (TCGA), which characterized the molecular basis of over

20,000 primary cancer and matched normal samples spanning 33 cancer types, is a

public-funded landmark cancer genomics program that aims to systematically cate-

gorize and discover the genomic and epigenomic changes involved in human cancer to

create a comprehensive ”atlas” (Tomczak K, 2015). TCGA is a large-scale, collabo-

rative effort between the National Cancer Institute (NCI) and the National Human

Genome Research Institute (NHGRI) began as a three-year pilot study in 2006. Its

goal is to support discoveries and accelerate the pace of research aimed at improving

our ability to diagnose, treat, and prevent cancer. These purpose can be achieved

through the application of genome analysis technologies, including large-scale genome

sequencing (Wang Z, 2016).

We accessed TCGA data through the Genomic Data Commons (GDC) Data Portal

along with web-based analysis and visualization tools. GDC is a platform that con-

tains different genomic studies and stores data that is easily accessible and adequately

harmonized (Mounir et al., 2019).

The Breast invasive carcinoma (BRCA) is the most dangerous and common cancer

diagnosed among women worldwide (DeSantis et al., 2017). The BRCA datasets with

normal group and cancer group from TCGA database (Sun et al., 2019) were used

in this study. To provide a comprehensive analysis, high-throughput technologies

are performed based on microarrays (to test nucleic acids and proteins) and next-

generation sequencing methods (for global analysis of nucleic acids) (Tomczak K,

2015). Microarray and RNA-seq analyses for that dataset was then downloaded.

The microarray dataset is an early platform with 17,814 genes in general across 526
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primary solid tumor type of samples (we use short letter TP to represent later) and 61

solid tissue normal type of samples (we use short letter NT to represent later). While

the RNA-seq dataset is a late platform with 20,531 genes in general across 1093 TP

(primary solid tumor) cases and 112 NT (solid tissue normal) cases. When we compare

these two datasets, there are 16,146 genes in common to test among these two different

technologies. Moreover, due to a continuous increase of data deposited in genomic

repositories, there are 19,116 known nuclear protein-coding genes, 46,932 transcripts,

and 562,164 exons with a relevant increase of the RNA isoforms recorded (Piovesan

et al., 2019).

To avoid the redundant information which can not reveal real biological signals and

may mislead downstream analyses, we first check that there is no redundancy among

microarray dataset and RNA-seq dataset (Li et al., 2014). Redundancy here means

there are two patients with different annotations but not differ in the resulting se-

quences. We then calculate the Pearson correlation coefficients between each of two

patients both in microarray dataset and RNA-seq dataset and give the quantiles of

these coefficients. Pearson correlation coefficient is a statistic used for bivariate nor-

mal distribution that measures the linear correlation between two variables and has

a value between +1 and −1. A value of +1 indicates the positive relationship with a

straight line, 0 is no linear or monotonic correlation, and −1 is total negative linear

correlation (Schober P, 2018). Since there is no Pearson correlation coefficient equals

to 1 between any of two patients, we can conclude that there is no redundancy in

these two datasets.

1.3 Similarity coefficient

With a list of detected results of differentially expressed genes for each dataset, we

can evaluate the consistency for these multiple two-sample datasets (Vorontsov IE,

2013; Kulkarni HV, 2018). We then use similarity coefficients in some way to reflect
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the level of overlap between two lists of observations (or analysis summaries) that

come from multiple two-sample datasets. It is also biologically interesting to assess

the consistency result for differential expression analysis and to compare different

consistency results evaluated from different datasets.

It is important to evaluate the association consistency between two lists of observa-

tions (or analysis summaries) since this can reflect the reproducibility of the study. If

two different datasets collected from different platform but for same disease have high

consistency, then we can integrate these two datasets and obtain a new dataset with

larger sample size. Studies have showed that improvement on the identification of

disease-related genes can be achieved through the integration of different microarray

datasets (Choi et al., 2003; Xu et al., 2005). While if two different datasets collected

from different platform but for same disease do not have consistent result, then we

can not integrate datasets since we may obtain misleading results.

Furthermore, it is also interesting to compare two different similarity coefficients corre-

sponding to different experimental technologies or different relevance among different

disease. When we have two different techniques like microarray and RNA-seq, we can

compare the similarity coefficient for microarray dataset and the similarity coefficient

for RNA-seq dataset to find out which technique is better in terms of reaching a

more consistent analysis results. When we have three different disease, we can also

compare the similarity coefficient between disease 1 and disease 2 and the similarity

coefficient between disease 1 and disease 3 to find out which two disease are more

relevant. Therefore, two-sample test that comparing two different independent (or

dependent) similarity coefficients can be derived for these interests.

Two mostly used similarity coefficients are Jaccard similarity index and Dice similarity

coefficient (DSC).

Jaccard similarity index, also known as the ratio of the intersection to union and the
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Jaccard similarity coefficient (originally given the French name by Paul Jaccard), is

a statistic used for gauging the similarity and diversity between sample sets (Chung

et al., 2019). Jaccard coefficient compares members for two sets to see which members

are shared and which are distinct. It’s a measure of similarity for the two sets of data,

with a range from 0% to 100%. The higher the percentage, the more similar the two

populations. Although it’s easy to interpret, it is strongly altered by sample sizes

and lacks probabilistic interpretations or statistical error controls, especially with the

existence of missing observations of small datasets (Salvatore et al., 2020).

Dice similarity coefficient , which was also called the proportion of specific agreement

by Fleiss (Fleiss et al., 1981), equals twice the number of elements common to both

sets divided by the sum of the number of elements in each set. It was independently

developed by the botanists Thorvald Sorensen and Lee Raymond Dice, who published

in 1948 and 1945 respectively. DSC has become arguably the most broadly used sta-

tistical validation metric to evaluate the performance of spatial overlap accuracy and

reproducibility of manual segmentation algorithms created with Artificial intelligence.

It has values of a range from 0 (no spatial overlap between two sets of binary seg-

mentation results) to 1 (complete overlap) (Zou et al., 2004), and can also be applied

as a general concept to sets of data for a variety of other applications.

1.4 z-Scores

We consider two studies based on large-scale high-throughput two-sample gene ex-

pression datasets, there are n genes (variables / features) being measured for normal

group and disease group in the study. The purpose of these two studies is to iden-

tify genes that can significantly distinguish the disease group from the normal group.

Statistically, for the i-th gene in the j-th dataset, i = 1, 2, . . . , n and j = 1, 2, we

test the hypothesis H0: the gene is non-deferentially expressed (has same population

means in normal group and disease group) versus H1: the gene is up-regulated (the

6



population means in disease group is larger than that in normal group). We use the

one-sided non-parametric Wilcoxon rank sum test and the purpose is to distinguish

up-regulation from down-regulation. Then we obtain n paired one-sided and upper-

tailed p-values p
(j)
i , i = 1, 2, . . . , n and j = 1, 2, which lead to the consistent signs of

the test statistic and their corresponding z-scores.

With the given p-value p
(j)
i , its associated z-score z

(j)
i can be calculated by the fol-

lowing normal-distribution-quantile-based transformation: z
(j)
i = Φ−1

(
1− p

(j)
i

)
,

where Φ−1 (·) is the inverse function of standard normal cumulative distribution

function (c.d.f.) (Lai et al., 2009). Then, each of n genes has a pair of z-scores:

{
[
z
(1)
i , z

(2)
i

]
: i = 1, 2, . . . , n.}, which is used to distinguish the differentiability of a fea-

ture in a two-sample data that and are simulated from normal distributions (McLach-

lan et al., 2006).

Positive z-scores stand for up-regulated (positive population mean difference) feature

components, negative z-scores stand for down-regulated (negative population mean

difference) feature components, while z-scores around 0 means this feature is non-

differentially expressed (no population mean difference) (Lai et al., 2007). And these

z-scores have been shown to be suitable for mixture model analyses with large-scale

data (McLachlan et al., 2006).

1.5 Mixture models

When we tried to find a model for all the gene expression data, standard single model

selection procedures is not feasible. This is because all observations are explained by

one specific theory is the hypothesis for single model selection procedures (Clarke,

2001). While the mixture modeling approach gives the potential that multiple com-

peting theories can coexist to explain one dataset. Under mixture modeling approach,

each competing theory is consistent with some of the observations under null or al-
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ternative hypothesis (Gordon and Smith, 2004).

Given the fact that theoretical refinement is often achieved by considering the condi-

tions under which existing theories apply, the mixture model provides a significantly

more flexible framework. The flexible framework enables one to simultaneously esti-

mate all the competing theories of change patterns, which gives more information to

the potentially ipsative analyses (Wright and Hallquist, 2014). Moreover, the mixture

modeling approach enables one to test all the competing theories as a whole when the

differences in the underlying assumptions can directly derive the suitable conditions

for each competing theory (Imai and Tingley, 2012).

In statistics, a mixture model is a mixture probabilistic model of observations in

the overall population. The assumption is each observation in this dataset can be

generated either from a one theory generated statistical model or from a weighted

combination of multiple competing theory generated statistical models more generally.

We can give an estimate of the probability that each observation is consistent with

either one of the multiple competing theories and we can also give an estimate of

parameters for multiple competing models. These estimates give us the chance to

figure out the most suitable condition for a particular theory (Imai and Tingley,

2012).

For gene differential expression analysis among large-scale data sets, a mixture model

method (McLachlan et al., 2006) is an efficient approach that is straightforward and

easily implemented. With the advantage that the probability for a given gene belongs

to which particular combination of competing theories can be estimated, we obtained

the acknowledgment of whether this given gene is up-regulated, down-regulated, or

non-differentially expressed (Lai et al., 2014).

8



1.6 EM algorithm

For the mixture modeling approach, with the presence of unobserved (hidden) la-

tent variables or missing data values in addition to unknown parameters, we may

have trouble to derive the straightforward formula for maximum likelihood estimates

(MLE). Although sometimes it is slow, it is a convenient and easy way to give formula

and computer programming with EM algorithm.

The expectation-maximization (EM) algorithm (Dempster et al., 1977) is a broadly

applicable iterative approach to give the MLE for all the unknown parameters under

the condition when missing data values exist or when formulating the model is more

simple by assuming the existence of latent variables. For example, formulating a

mixture model is more simply by assuming that there is a latent variable indicating

the belonging of each observed data point of the mixture components.

After reasonable initialization of values for all unknown parameters and the latent

variables or missing data points according to observed data, the EM iteration works by

alternating between performing an expectation (E) step and a maximization (M) step.

The expectation (E) step updates the conditional expectation of the latent variables

or missing data points using the current estimates of all unknown parameters. And

the maximization (M) step maximize the log-likelihood concerning all the unknown

parameters and give the MLE using the expected value of latent variables or missing

data points (McLachlan and Krishnan, 2007).

This process keeps updating the model until the EM algorithm converges to the

desired solution (under some regularity conditions). That is, the difference between

resulting values of unknown parameters and latent variables or missing data points for

two iterations is smaller than a prespecified threshold. At this time, the final iterate

has the highest likelihood value since the EM algorithm always makes sure each iterate

is more likely than any of its predecessors when improving the estimates (Meng,
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1997).

The EM algorithm is an effective and general approach to give a numerical solution of

MLE for the subject-specific factors and gives an influence on additional explanatory

variables (Barbieri et al., 2018). We can give each time point a parameter estima-

tion and we can also give the latent variables a reasonable estimation, which gives

the potential for latent variables to be used in the same way as other observable

variables.
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Chapter 2

Similarity coefficients for the

evaluation of association

consistency

2.1 Jaccard, Dice and more

The evaluation of consistency for two datasets given the result of two list of z-

scores for differentially expressed genes has received attention in biomedical study

(Vorontsov IE, 2013). For differentially expressed genes, we distinguish between

positive mean difference from negative mean difference because they stand for up-

regulation and down-regulation respectively.

For multiple two-sample datasets, to represent the level of overlap between two lists

of observations (or analysis summaries), we have the following notations used in our

special version of similarity coefficients considering because of the consideration for

differential expression analysis:

• n: the total number of genes in a two-sample dataset (study).

• W : the number of genes claimed non differentially expressed in both studies.

• U : the number of genes claimed both up-regulated or both down-regulated.

• V : the number of remaining genes (excluding W and U).
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Here the joint distribution of U, V and W is known as multinomial distribution with

the following probability function:

Pr (U = a, V = b,W = c) =
n!

a!b!c!
rU

arV
brW

c,

where a, b and c are non-negative integers such that a + b + c = n; rU , rV and rW

are corresponding positive proportions and rU + rV + rW = 1.

We also have the following additional notations referring to the detailed partition of

the results for two different studies. In the formula for the special version of similarity

coefficients, they are used to explain more about the difference between up-regulated

and down-regulated differentially expressed genes.

• D1: the set of genes claimed up-regulated in the first study.

• D2: the set of genes claimed up-regulated in the second study.

• D3: the set of genes claimed down-regulated in the first study.

• D4: the set of genes claimed down-regulated in the second study.

2.1.1 Jaccard similarity coefficient

The Jaccard similarity coefficient, known as intersection over union, is a statistic used

for gauging the similarity and diversity of sample sets (Real and Vargas, 1996). It

measures similarity between finite sample sets, and is defined as the size of intersection

divided by the size of union for sample sets (Tanimoto, 1958). Given two sets, A and

B, the original formula of their Jaccard is defined as:

|A ∩B|
|A|+ |B|

=
true positive

true positive + false positive + false negative

Here we have this special version of Jaccard because of the consideration for differ-
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ential expression analysis. The up-regulated and down-regulated genes need to be

considered separately:

Jaccard =
|D1 ∩D2|+ |D3 ∩D4|
|D1 ∪D2 ∪D3 ∪D4|

=
U

U + V
.

We calculated the mean and variance of Jaccard similarity coefficient according to the

joint distribution of U , V and Taylor expansion. Then we have E (Jaccard) = rU
rU+rV

and Var (Jaccard) ≈ rUrV
n(rU+rV )3

(see Appendix Lemma 1 (Duris et al., 2018), Lemma

2 and Lemma 3 for details).

2.1.2 Dice similarity coefficient

Dice similarity coefficient, known as DSC (Alroy, 2015), also represent the similarity

of two sample sets. Given two sets, A and B, the original formula of their DSC is

defined as:

2|A ∩B|
|A|+ |B|

=
2 true positive

2 true positive + false positive + false negative

Here in this study, since the up-regulated and down-regulated genes need to be con-

sidered separately, we also have this slightly different special version of Dice because

of the consideration for differential expression analysis:

DSC =
2 |D1 ∩D2|+ 2 |D3 ∩D4|

|D1 ∪D2 ∪D3 ∪D4|+ |D1 ∩D2|+ |D3 ∩D4|
=

2X

2X + Z

We also calculated the mean and variance of Dice similarity coefficient according to the

joint distribution of U , V and Taylor expansion. Then we have E (DSC) ≈ 2rU
2rU+rV

−
2rUrV

n(2rU+rV )3
and Var (DSC) ≈ 4rV rU (rU+rV )

n(2rU+rV )4
(see Appendix Lemma 4 and Lemma 5 for

details).
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2.1.3 Extensions

We find the similarity coefficients we mentioned are of the extension form kU
kU+V

,

when k = 1 it is Jaccard similarity coefficient and when k = 2 it is Dice similarity

coefficient.

To select a most suitable similarity coefficient in practice with a specific value of k,

we then consider the mean and variance of this general form. We have

E

(
kU

kU + V

)
≈ krU

krU + rV
− k(k − 1)rUrV

n (krU + rV )
3

and

Var

(
kU

kU + V

)
≈ k2rV rU(rV + rU)

n (krU + rV )
4

(see Appendix Lemma 6 and Lemma 7 for details) which were derived according to

the joint distribution of U , V and Taylor expansion as well.

2.1.4 Theoretical Comparisons

Both Jaccard similarity coefficient and Dice similarity coefficient are widely used.

It is hard to compare these two statistics directly, but we can compared using the

formulas about their expectation and variance that we obtain above.

We want to compare the extension form of similarity coefficients based on different

values of k as well. The unknown values for formulas of expectation and variance also

contain rU andrV , which means there may exist different choice of k under different

relationship between rU and rV . While the range of rU
rV

is (0,∞), the range of rU
rU+rV

is

(0, 1). Then we explore the choice of k based on the absolute value of bias, variance,

and confidence interval under different value of rU
rU+rV

rather than rU
rV
.
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Comparisons based on bias

Notice that we want to use calculated similarity coefficients to estimate krU
krU+rV

, which

we then seem as target value of similarity coefficients. Then we define bias of similarity

coefficients as the difference between expectation and target:

Bias

(
kU

kU + V

)
= E

(
kU

kU + V

)
− krU

krU + rV

then we use the absolute value of bias to compare.

For Jaccard and Dice, given the fact that we want to use Jaccard to estimate rU
rU+rV

,

and E (Jaccard) = rU
rU+rV

, we know that Jaccard is an unbiased estimator. While we

want to use Dice to estimate 2rU
2rU+rV

, and E (Dice) = 2rU
2rU+rV

− 2rUrV
n(2rU+rV )3

, we know

that Dice is a biased estimator:

|Bias (Jaccard)| = 0 but |Bias (Dice)| =
∣∣∣∣ 2rUrV

n (2rU + rV )
3

∣∣∣∣ ̸= 0.

That means Jaccard similarity coefficient is better than Dice in terms of reaching a

smaller absolute value of bias.

Locally, when comparing parameters k + 1 and k, it is convenient for us to compare

the ratio of their absolute value of the bias to 1. That is, when the parameter is k+1

(k > 1 since when k = 1, the absolute value of bias is 0 and we can not use 0 as the

denominator), the absolute value of bias for k + 1 is larger than that of k if

(k+1)krUrV
n((k+1)rU+rV )3

k(k−1)rUrV
n(krU+rV )3

=
(k + 1) (krU + rV )

3

(k − 1) ((k + 1)rU + rV )
3 =

(k + 1)
(
k rU
rV

+ 1
)3

(k − 1)
(
(k + 1) rU

rV
+ 1
)3 > 1

This is equivalent to the following condition:
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⇔

(
k rU
rV

+ 1
)

(
(k + 1) rU

rV
+ 1
) >

(
k − 1

k + 1

)( 1
3
)

⇔ k
rU
rV

+ 1 >

(
k − 1

k + 1

)( 1
3
)(

(k + 1)
rU
rV

+ 1

)
⇔ 1−

(
k − 1

k + 1

)( 1
3
)

>

((
k − 1

k + 1

)( 1
3
)

(k + 1)− k

)
rU
rV

⇔ rU
rV

<
(k + 1)(

1
3
) − (k − 1)(

1
3
)

(k − 1)(
1
3
)(k + 1)− (k + 1)(

1
3
)k

⇔ rU
rU + rV

<
(k + 1)(

1
3
) − (k − 1)(

1
3
)

(k + 1)(
1
3
) − (k − 1)(

1
3
) + (k − 1)(

1
3
)(k + 1)− (k + 1)(

1
3
)k
.

That means we prefer k than k + 1 locally for the similarity coefficient in terms of

reaching a smaller absolute value of bias if the ratio rU
rU+rV

is smaller than the critical

value (k+1)(
1
3 )−(k−1)(

1
3 )

(k+1)(
1
3 )−(k−1)(

1
3 )+(k−1)(

1
3 )(k+1)−(k+1)(

1
3 )k

.

We also plot this critical value changing with different values of k as Figure 2.1.

Figure 2.1. The critical value for rU
rU+rV

when comparing the absolute value
of bias between parameters k + 1 and k. When we compare the absolute value
of the bias between the expected value of similarity coefficient and the target value of
similarity coefficient based on the parameters k + 1 and k, the absolute value of bias
for k + 1 is larger than that of k when rU

rU+rV
is smaller than a critical value. Y-axis

is the critical value of rU
rU+rV

changing with different values of k.

16



From the plot, we find that the critical value gradually decrease to 0 as k increase,

which means the absolute value of bias for k + 1 tends to be smaller than that for k

when k is large enough.

Then we want to compare the extension form of similarity coefficients for all different

values of k, so we explore the ratio of two absolute value of bias under different

conditions.

First, we draw the plot for the ratio of two absolute values of the bias when the

parameters are k + 1 and k with different values of k starting from 2 when rU
rU+rV

varies from 0.05 to 0.95 as Figure 2.2.

Figure 2.2. The ratio between absolute value of bias for parameter k+1 and
absolute value of bias for parameter k (k > 1) when rU

rU+rV
varies from 0.05

to 0.95. When rU
rU+rV

takes different value, the curve that ratio between absolute
value of bias for parameter k + 1 and absolute value of bias for parameter k (k > 1)
changing with k varies. Y-axis is that ratio changing with different values of k (k > 1)
under different values of rU

rU+rV
( rU

rU+rV
= 0.05 in (a), while rU

rU+rV
= 0.95 in (j)). The

red lines are y = 1.

When we compare the absolute value of the bias between the expected value of simi-

larity coefficient and the target value of similarity coefficient based on the parameters

k + 1 and k, the absolute value of bias for k + 1 is larger than that of k when rU
rU+rV
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is smaller than a critical value. Y-axis is the critical value of rU
rU+rV

changing with

different values of k.

As we can see from the plot, when rU
rU+rV

= 0.75, the ratio of the absolute value of

bias is almost 1.02 when k = 2, and later starts from around 0.9 and then grows

larger with k grows larger, but all the ratios are always smaller than 1 when k > 2.

Therefore, we prefer k = 1 within the range k = 1, 2 or 3 and we prefer k = 3 within

the range k ≥ 3 in terms of the absolute value of bias. When rU
rU+rV

= 0.15, the ratio

of the absolute value of bias starts from around 2.1 when k = 2, and then grows

smaller with k grows larger, finally it will be smaller than 1 a little bit but very close

to 1 (around 0.99) when k tends to infinity. Therefore, we prefer k = 1 in terms of

the absolute value of bias.

We also draw the plot for the ratio of two absolute values of the bias when the

parameters are k and 2 with different values of k starting from 2 with rU
rU+rV

changing

from 0.05 to 0.95 as Figure 2.3.

Figure 2.3. The ratio between absolute value of bias for parameter k (k > 1)
and absolute value of bias for parameter 2 when rU

rU+rV
varies from 0.05 to

0.95. When rU
rU+rV

takes different value, the curve that ratio between absolute value
of bias for parameter k (k > 1) and absolute value of bias for parameter 2 changing
with k varies. Y-axis is that ratio changing with different values of k (k > 1) under
different values of rU

rU+rV
( rU

rU+rV
= 0.05 in (a), while rU

rU+rV
= 0.95 in (j)). The red

lines are y = 1.
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From this plot, we find that when rU
rU+rV

is within (0, 0.65), with k grows larger, the

ratio of the absolute value of bias starts from a result which is larger than 1 and then

grows smaller, later it will be smaller than 1 a little bit but very close to 1 (around

0.999). This means smaller k gives smaller bias. Then when k = 1, the similarity

coefficient fits best cause it is unbiased.

When rU
rU+rV

is within (0.65,1), with k grows larger, the ratio of the absolute value

of bias only have one or non value that is larger than 1, and all the other ratios are

smaller than 1. Therefore larger k gives smaller bias (k¿1). However, when k is very

large, the value of the similarity coefficient krU
krU+rV

will be too close to 1 and hard to

compare. Then, we may need to find some measure to estimate at which k we should

stop to obtain a better similarity coefficient and comparable result.

Comparisons based on variance

We can also use variance to compare.

For Jaccard and Dice, we have

Var (Jaccard) =
rUrV

n (rU + rV )
3 and Var (Dice) =

4rV rU (rU + rV )

n (2rU + rV )
4 .

The variance of Dice is larger than Jaccard if rU
rV

<
√
2
2

(see Appendix Lemma 13 for

details). This equals the condition 2rU
rV +2rU

< 2rU
(
√
2+2)rU

= 2(2−
√
2)

(
√
2+2)(2−

√
2)

= 2 −
√
2 ≈

0.586. And equals the condition rU
rV +rU

< rU
(
√
2+1)rU

= 1√
2+1

=
√
2 − 1 ≈ 0.414 as

well. That is, Jaccard similarity coefficient is better than Dice in terms of reaching a

smaller variance when rU
rU+rV

<
√
2− 1.

Locally, when comparing parameters k + 1 and k, it is also convenient for us to

compare the ratio of their variance to 1. That is, when the parameter is k + 1, the

variance for k + 1 is larger than that of k if
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(k+1)2rV rU (rV +rU )

n((k+1)rU+rV )4

k2rV rU (rV +rU )

n(krU+rV )4

=
(k + 1)2 (krU + rV )

4

k2 ((k + 1)rU + rV )
4 =

(k + 1)2
(
k rU
rV

+ 1
)4

k2
(
(k + 1) rU

rV
+ 1
)4 > 1

⇔
k rU
rV

+ 1

(k + 1) rU
rV

+ 1
>

(
k

k + 1

) 1
2

⇔ k
rU
rV

+ 1 >

(
k

k + 1

) 1
2
(
(k + 1)

rU
rV

+ 1

)
⇔ 1−

(
k

k + 1

) 1
2

>

((
k

k + 1

) 1
2

(k + 1)− k

)
rU
rV

⇔ rU
rV

<
(k + 1)(

1
2
) − (k − 1)(

1
2
)

k( 1
2
)(k + 1)− (k + 1)(

1
2
)k

⇔ rU
rV

<
1

k( 1
2
)(k + 1)(

1
2
)

⇔ rU
rU + rV

<
1

1 + k( 1
2
)(k + 1)(

1
2
)
.

That means we prefer k than k + 1 locally for the similarity coefficient in terms

of reaching a smaller variance if the ratio rU
rU+rV

is smaller than the critical value

1

1+k(
1
2 )(k+1)(

1
2 )
.

We also plot this critical value changing with different values of k as Figure 2.4.

From the plot, we find that the critical value gradually decrease to 0 as k increase,

which means the variance for k+1 tends to be smaller than that for k when k is large

enough.

Then we want to compare the extension form of similarity coefficients for all different

values of k, so we explore the ratio of two absolute value of bias under different

conditions.
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Figure 2.4. The critical value for rU
rU+rV

when comparing the variance between
parameters k+1 and k. When we compare variances based on the parameters k+1
and k, the variance for k + 1 is larger than that of k when rU

rU+rV
is smaller than a

critical value. Y-axis is the critical value of rU
rU+rV

changing with different values of k.

First, we draw the plot for the ratio of two variance when the parameters are k + 1

and k with different values of k starting from 1 when rU
rU+rV

varies from 0.05 to 0.95

as Figure 2.5.

Figure 2.5. The ratio between variance for parameter k+1 and variance for
parameter k (k > 0) when rU

rU+rV
varies from 0.05 to 0.95. When rU

rU+rV
takes

different value, the curve that ratio between variance for parameter k+1 and variance
for parameter k (k > 0) changing with k varies. Y-axis is that ratio changing with
different values of k (k > 0) under different values of rU

rU+rV
( rU

rU+rV
= 0.05 in (a),

while rU
rU+rV

= 0.95 in (j)). The red lines are y = 1.
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As we can see from the plot, when rU
rU+rV

= 0.75, the ratio of the variance starts from

around 0.5 when k = 1, and later grows larger with k grows larger, but all the ratios

are always smaller than 1. Therefore, we prefer k as large as possible in terms of the

variance. When rU
rU+rV

= 0.15, the ratio of the variance starts from around 2.2 when

k = 1, and later grows smaller to around 0.97 follows by the increase to almost 1 with

k grows larger. Therefore, we prefer k = 1 in terms of the variance.

We also draw the plot for the ratio of two variance when the parameters are k and

1 with different values of k starting from 1 with rU
rU+rV

changing from 0.05 to 0.95 as

Figure 2.6.

Figure 2.6. The ratio between variance for parameter k (k > 0) and variance
for parameter 1 when rU

rU+rV
varies from 0.05 to 0.95. When rU

rU+rV
takes

different value, the curve that ratio between variance for parameter k (k > 0) and
variance for parameter 1 changing with k varies. Y-axis is that ratio changing with
different values of k (k > 0) under different values of rU

rU+rV
( rU

rU+rV
= 0.05 in (a),

while rU
rU+rV

= 0.95 in (j)). The red lines are y = 1.

From this plot, we find that when rU
rU+rV

is within (0, 0.4), with k grows larger, the

ratio of variance starts from a number that is obviously larger than 1 and then grows

smaller to a little bit smaller than 1 follows by the increase to almost 1 later. Then,
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smaller k gives smaller variance. This means when k = 1, the similarity coefficient

fits best cause it has almost the smallest variance. When rU
rU+rV

is within (0.4,1), with

k grows larger, the ratio of variance almost always smaller than 1. Therefore larger

k gives smaller variance. However, when k is very large, the value of the similarity

coefficient krU
krU+rV

will be too close to 1 and hard to compare. Therefore, we may

need to find some measure to estimate at which k we should stop to obtain a better

similarity coefficient and comparable result.

To summarize, when rU
rU+rV

is vary large, if we only consider bias and variance of the

similarity coefficient, we want k (k > 1) as large as possible. However, when k is

very large, the value of the similarity coefficient krU
krU+rV

will be too close to 1 and

hard to compare. Therefore, we may need to find some measure to estimate at which

k we should stop to obtain a better similarity coefficient and comparable result.

Specifically, when rU
rU+rV

is vary large, we compare Jaccard index and Dice index,

we found that although the Dice index is biased, the bias 2rUrV
n(2rU+rV )3

is acceptable

because n is large enough. While the ratio of the variance of Dice to Jaccard is

4(rU+rV )4

(2rU+rV )4
= 0.4265 when rU

rU+rV
= 0.75, which means the variance of the Dice index is

about 43% of the variance of the Jaccard index, we consider Dice index better than

Jaccard index at this time.

When rU
rU+rV

is vary small, if we only consider bias and variance of the similarity, we

want k as small as possible. This means when k = 1, the similarity coefficient fits

best cause it is unbiased and have the almost smallest variance. Specifically, when

rU
rU+rV

is vary small, we compare Jaccard index and Dice index, we found that Jaccard

index is unbiased and has a smaller variance, then we consider Jaccard index better

than Dice index at this time.
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Comparisons based on mean square error

Then we use the combination of absolute value of bias and variance, which is the

mean square error (MSE), to compare. We draw the plot for the MSE under different

values of k starting from 1 with rU
rU+rV

changing from 0.1 to 0.9 as Figure 2.7.

Figure 2.7. The MSE of similarity coefficient when rU
rU+rV

varies from 0.1 to
0.9. When rU

rU+rV
takes different value, the curve that MSE of similarity coefficient

changing with k varies. Y-axis is the MSE changing with different values of k (k > 0)
under different values of rU

rU+rV
( rU

rU+rV
= 0.1 in (a), while rU

rU+rV
= 0.9 in (i)).

As we can see from the plot, when rU
rU+rV

is within (0, 0.3), with k grows larger, the

MSE starts to grow larger before decrease to almost 0 later. Then k = 1 gives the

best similarity coefficient in terms of MSE if we only consider some values of k within

a relative small range.

When rU
rU+rV

is within (0.3,1), with k grows larger, the MSE always decrease. There-

fore larger k gives smaller MSE. However, when k is very large, the value of the

similarity coefficient krU
krU+rV

will be too close to 1 and hard to compare. Under this

condition, we may need to find some measure to estimate at which k we should stop

to obtain a better similarity coefficient and comparable result.
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Comparisons based on confidence interval

When considering the minimum significant level of confidence interval (CI) for esti-

mator of similarity coefficient kU
kU+V

± z1−α
2
sd
(

kU
kU+V

)
, to cover the underlying true

value, we compare the ratio of bias square and variance:

bias2

Var
=

k2(k − 1)2r2Ur
2
V

n2 (krU + rV )
6

n (krU + rV )
4

k2rV rU (rU + rV )
=

(k − 1)2rUrV

n (krU + rV )
2 (rU + rV )

We derived the first derivative of this ratio

∂

∂k

bias2

Var

=
2(k − 1)rUrV n (krU + rV )

2 (rU + rV )− (k − 1)2rUrV n (rU + rV ) 2 (krU + rV ) rU

n2 (krU + rV )
4 (rU + rV )

2

=
2(k − 1)rUrV n (rU + rV ) (krU + rV ) (krU + rV − (k − 1)rU)

n2 (krU + rV )
4 (rU + rV )

2

=
2(k − 1)rUrV n (rU + rV ) (krU + rV ) (rU + rV )

2

n2 (krU + rV )
4 (rU + rV )

2

=
2(k − 1)rUrV (rU + rV )

n (krU + rV )
3

which is larger than 0 if k > 1.

We also derived the second derivative of this ratio

∂2

∂k2

bias2

Var

=
2rUrV (rU + rV )n (krU + rV )

3 − 2(k − 1)rUrV (rU + rV )n3 (krU + rV )
2 rU

n2 (krU + rV )
6

=
2rUrV (rU + rV )n (krU + rV )

2 [(krU + rV )− (k − 1)3rU ]

n2 (krU + rV )
6

=
2rUrV (rU + rV )n (krU + rV )

2 [(3− 2k)rU + rV ]

n2 (krU + rV )
6

Then ∂2

∂k2
bias2

Var
> 0 ⇔ (3 − 2k)rU + rV > 0 ⇔ rV > (2k − 3)rU ⇐⇒ rU

rV
<

1
2k−3

(when k > 1, 2k− 3 > 0). Meanwhile, ∂2

∂k2
bias2

Var
> 0 ⇔ rU + rV > (2k− 2)rU ⇔
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rU
rU+rV

< 1
2(k−1)

(when k > 1, k − 1 > 0)

This means the second derivative is larger than 0 if rU
rU+rV

< 1
2(k−1)

.

Since the ratio increase as k grows larger when k > 1 and the bias equals 0 when

k = 1, we want k = 1 considering reaching the smallest width of CI to cover the

underlying true value.

2.1.5 Simulation studies

To check the consistency of asymptotic assumption and calculation on bias and vari-

ance for similarity coefficients, 20,000 paired z-scores are simulated from bivariate

normal distributions. We use N(0, 1), N(−3, 1) and N(3, 1) with probability 0.6, 0.2

and 0.2 to represent non-differentially, down-regulated and up-regulated expressed

genes.

We simulated the list of 20,000 paired z-scores 10,000 times from given bivariate nor-

mal distribution, each time we obtained a calculated value of the similarity coefficient

kr̂bU
kr̂bU+r̂bV

, b = 1, 2, . . . , 10, 000. Then the empirical MSE is calculated as below:

∑10,000
b=1

(
kr̂bU

kr̂bU+r̂bV
− krU

krU+rV

)2
10000

.

If we use the critical values 1.96 and -1.96 to decide the differentially expressed genes,

we obtained the plot for the MSE of the similarity coefficient, which we used to esti-

mate the consistency, under different values of k starting from 1 as Figure 2.8.
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Figure 2.8. The empirical MSE and the theoretical MSE when critical values
are ±1.96. When we use the critical values 1.96 and -1.96 to decide the differentially
expressed genes, we plot the empirical MSE (red) and theoretical MSE (black) for
the similarity coefficient krU

krU+rV
with different values of k (k > 0).

And the plot for the log(MSE) of the similarity coefficient, which we used to estimate

the consistency, under different values of k starting from 1 when we use the critical

values 1.96 and -1.96 to decide the differentially expressed genes as Figure 2.9.

Figure 2.9. The empirical log(MSE) and the theoretical log(MSE) when
critical values are ±1.96. When we use the critical values 1.96 and -1.96 to decide
the differentially expressed genes, we plot the empirical log(MSE) (red) and theoret-
ical log(MSE) (black) for the similarity coefficient krU

krU+rV
with different values of k

(k > 0).

Since the empirical MSE and the theoretical MSE are very close to each other, the

two plots confirm the consistency of asymptotic assumption and calculation on the
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bias and variance for the similarity coefficients. Meanwhile, we can tell from the plots

that we prefer k as large as possible in terms of reaching a smaller MSE when we use

the critical values 1.96 and -1.96 to decide the differentially expressed genes.

If we use the critical values 3.891 and -3.891 to decide the differentially expressed

genes, we obtained the following plot for the MSE of the similarity coefficient, which

we used to estimate the consistency, under different values of k starting from 1 as

Figure 2.10.

Figure 2.10. The empirical MSE and the theoretical MSE when critical
values are ±3.891. When we use the critical values 3.891 and -3.891 to decide the
differentially expressed genes, we plot the empirical MSE (red) and theoretical MSE
(black) for the similarity coefficient krU

krU+rV
with different values of k (k > 0).

And the following plot for the log(MSE) of the similarity coefficient, which we used to

estimate the consistency, under different values of k starting from 1 when we use the

critical values 3.891 and -3.891 to decide the differentially expressed genes as Figure

2.11.
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Figure 2.11. The empirical log(MSE) and the theoretical log(MSE) when
critical values are ±3.891. When we use the critical values 3.891 and -3.891 to
decide the differentially expressed genes, we plot the empirical log(MSE) (red) and
theoretical log(MSE) (black) for the similarity coefficient krU

krU+rV
with different values

of k (k > 0).

Since the empirical MSE and the theoretical MSE are very close to each other, the

two plots confirm the consistency of asymptotic assumption and calculation on the

bias and variance for the similarity coefficients. Meanwhile, we can tell from the plots

that we prefer k = 1 in terms of reaching a smaller MSE when we use the critical

values 3.891 and -3.891 to decide the differentially expressed genes.

2.1.6 Application studies

The microarray dataset is an early platform with 17,814 genes in general across 526

TP (primary solid tumor) cases and 61 NT (solid tissue normal) cases. While the

RNA-seq dataset is a late platform with 20,531 genes in general across 1,093 TP

(primary solid tumor) cases and 112 NT (solid tissue normal) cases. When we compare

these two datasets, there are 16,146 genes in common to compare between these two

different technologies.
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Compare two microarray datasets

First, we want to use the similarity coefficient to evaluate the consistency between

analysis results obtained from two different microarray datasets. Therefore, we divide

the microarray dataset into two groups so that each group can be seemed as a new

dataset with 17,814 genes.

For microarray dataset, we divided both tumor cases and normal cases into two parts

which have almost equal sample size according to the index of patients. After the

division, we have two groups of samples based on microarray. One group has 263 TP

cases and 31 NT cases while another group has 263 TP cases and 30 NT cases.

Then we calculated the one-sided p-values using upper-tailed Wilcoxon test and

obtained the corresponding z-scores for each group of samples based on microar-

ray. With 17,814 paired z-scores, we obtained the estimated ratios for microarray

r̂Umicroarray
, r̂Vmicroarray

corresponding to different critical values and calculated the value

of Jaccard index and Dice Similarity coefficient using r̂Umicroarray
and r̂Vmicroarray

.

To estimate the variance of the similarity coefficient, we bootstrapped the paired

z-scores 1,000 times and obtained 1,000 different values of r̂Umicroarray
, r̂Vmicroarray

, and

corresponding 1,000 different values of calculated Jaccard index and calculated Dice

Similarity coefficient for microarray. With 1,000 values of similarity coefficients, we

can get the percentile CIs for Jaccard and Dice separately.

Different quantiles for calculated Jaccard index and calculated Dice Similarity coeffi-

cient using genes in microarray are listed in Table 2.1.
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Quantile 1% 5% 25% 50% 75% 95% 99%

c = ±1.96
Jaccard 0.731 0.737 0.741 0.743 0.745 0.749 0.756
Dice 0.845 0.849 0.851 0.853 0.854 0.857 0.861

c = ±3.89
Jaccard 0.688 0.697 0.701 0.705 0.708 0.713 0.721
Dice 0.815 0.821 0.824 0.827 0.829 0.833 0.838

c = ±5.73
Jaccard 0.641 0.652 0.659 0.664 0.669 0.675 0.683
Dice 0.781 0.789 0.795 0.798 0.801 0.806 0.812

Table 2.1. Calculated Jaccard and Dice based on genes in microarray. We
divided microarray dataset into two parts and obtain paired z-scores. After bootstrap
the paired z-scores 1,000 times, we have 1,000 different Jaccard and 1,000 different
Dice, and here are different quantile values for Jaccard and Dice when we use different
critical values to decide differentially expressed genes.

From Table 2.1, we can find that when critical values are±1.96, the difference between

50% quantile and 99% quantile is 0.013 for Jaccard and 0.008 for Dice, and the 1%

quantile for r̂U
r̂U+r̂V

is 0.731; when critical value is 3.89, the difference between 50%

quantile and 99% quantile is 0.016 for Jaccard and 0.011 for Dice, and the 1% quantile

for r̂U
r̂U+r̂V

is 0.688; and when critical value is 5.73, the difference between 50% quantile

and 99% quantile is 0.019 for Jaccard and 0.014 for Dice, and the 1% quantile for

r̂U
r̂U+r̂V

is 0.641. Therefore, for comparing the consistency of analysis results between

two microarray datasets, we prefer Dice similarity coefficient since it has a smaller

variance for all different values of critical values. This also verify the conclusion before

since r̂U
r̂U+r̂V

>
√
2− 1 for microarray datasets.

Compare two RNA-seq datasets

Then, we want to use the similarity coefficient to evaluate the consistency between

analysis results obtained from two different RNA-seq datasets. Therefore, we divide

the RNA-seq dataset into two groups so that each group can be seemed as a new

dataset with 20,531 genes.

For RNA-seq dataset, we also divided both tumor cases and normal cases into two
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parts which have almost equal sample size according to the index of patients. After

the division, we have two groups of samples based on RNA-seq. One group has 546 TP

cases and 56 NT cases while another group has 547 TP cases and 56 NT cases.

Then we calculated the one-sided p-values using upper-tailed Wilcoxon test and ob-

tained the corresponding z-scores for each group of samples based on RNA-seq. With

20,531 paired z-scores, we obtained the estimated ratios for RNA-seq r̂URNA-seq
, r̂VRNA-seq

corresponding to different critical values and calculated the value of Jaccard index

and Dice Similarity coefficient using r̂URNA-seq
and r̂VRNA-seq

.

To estimate the variance of the similarity coefficient, we bootstrapped the paired

z-scores 1,000 times and obtained 1,000 different values of r̂URNA-seq
, r̂VRNA-seq

, and

corresponding 1,000 different values of calculated Jaccard index and calculated Dice

Similarity coefficient for RNA-seq. With 1,000 values of similarity coefficients, we can

get the percentile CIs for Jaccard and Dice separately.

Different quantiles for calculated Jaccard index and calculated Dice Similarity coeffi-

cient using genes in RNA-seq are listed in Table 2.2.

Quantile 1% 5% 25% 50% 75% 95% 99%

c = ±1.96
Jaccard 0.753 0.758 0.761 0.763 0.766 0.769 0.773
Dice 0.859 0.862 0.864 0.866 0.867 0.869 0.872

c = ±3.89
Jaccard 0.720 0.727 0.731 0.733 0.736 0.740 0.748
Dice 0.837 0.842 0.844 0.846 0.848 0.851 0.856

c = ±5.73
Jaccard 0.669 0.679 0.684 0.687 0.691 0.696 0.704
Dice 0.802 0.809 0.813 0.815 0.817 0.821 0.826

Table 2.2. Calculated Jaccard and Dice based on genes in RNA-seq. We
divided RNA-seq dataset into two parts and obtain paired z-scores. After bootstrap
the paired z-scores 1,000 times, we have 1,000 different Jaccard and 1,000 different
Dice, and here are different quantile values for Jaccard and Dice when we use different
critical values to decide differentially expressed genes.

From Table 2.2, we can find that when critical value is 1.96, the difference between
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50% quantile and 99% quantile is 0.010 for Jaccard and 0.006 for Dice, and the 1%

quantile for r̂U
r̂U+r̂V

is 0.753; when critical value is 3.89, the difference between 50%

quantile and 99% quantile is 0.015 for Jaccard and 0.010 for Dice, and the 1% quantile

for r̂U
r̂U+r̂V

is 0.720; and when critical value is 5.73, the difference between 50% quantile

and 99% quantile is 0.017 for Jaccard and 0.011 for Dice, and the 1% quantile for

r̂U
r̂U+r̂V

is 0.669. Therefore, for comparing the consistency of analysis results between

two RNA-seq datasets, we still prefer Dice similarity coefficient since it has a smaller

variance for all different values of critical values. This also verify the conclusion before

since r̂U
r̂U+r̂V

>
√
2− 1 for RNA-seq datasets.

We also found that RNA-seq is more consistent than microarray since it has a larger

value of similarity coefficients based on corresponding genes in microarray dataset

and RNA-seq dataset separately.

Compare microarray dataset and RNA-seq dataset

Finally, we consider using the similarity coefficient to evaluate the consistency be-

tween analysis results obtained from microarray and RNA-seq. Therefore, we pick

the common genes that both appear in the microarray dataset and RNA-seq dataset

so that each dataset has 16,146 genes.

For microarray dataset, we calculated the one-sided p-values using upper-tailedWilcoxon

test and obtained the corresponding z-scores. For RNA-seq dataset, we also calcu-

lated the one-sided p-values using upper-tailed Wilcoxon test and obtained the cor-

responding z-scores. With 16,146 paired z-scores, we obtained the estimated ratios

for RNA-seq r̂Umicroarray vs RNA-seq
, r̂Vmicroarray vs RNA-seq

corresponding to different critical

values and calculated the value of Jaccard index and Dice Similarity coefficient using

r̂Umicroarray vs RNA-seq
and r̂Vmicroarray vs RNA-seq

.

To estimate the variance of the similarity coefficient, we bootstrapped the paired z-
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scores 1,000 times and obtained 1,000 different values of r̂Umicroarray vs RNA-seq
, r̂Vmicroarray vs RNA-seq

,

and corresponding 1,000 different values of calculated Jaccard index and calculated

Dice Similarity coefficient for comparison between microarray and RNA-seq. With

1,000 values of similarity coefficients, we can get the percentile CIs for Jaccard and

Dice separately.

Different quantiles for calculated Jaccard index and calculated Dice Similarity coeffi-

cient using common genes in microarray and RNA-seq are listed in Table 2.3.

Quantile 1% 5% 25% 50% 75% 95% 99%

c = ±1.96
Jaccard 0.658 0.666 0.670 0.672 0.675 0.678 0.685
Dice 0.794 0.799 0.802 0.804 0.806 0.808 0.813

c = ±3.89
Jaccard 0.591 0.596 0.601 0.604 0.607 0.611 0.620
Dice 0.743 0.747 0.751 0.753 0.755 0.758 0.765

c = ±5.73
Jaccard 0.524 0.533 0.537 0.541 0.545 0.550 0.557
Dice 0.688 0.695 0.699 0.702 0.705 0.709 0.716

Table 2.3. Calculated Jaccard and Dice based on common genes in microar-
ray and RNA-seq. For microarray dataset with common genes, we obtained one
list of z-scores. For RNA-seq dataset with common genes, we obtained another list of
z-scores. These two lists of z-scores are paired based on their common genes. After
bootstrap the paired z-scores 1,000 times, we have 1,000 different Jaccard and 1,000
different Dice, and here are different quantile values for Jaccard and Dice when we
use different critical values to decide differentially expressed genes.

From Table 2.3, we can find that when critical value is 1.96, the difference between

50% quantile and 99% quantile is 0.013 for Jaccard and 0.009 for Dice, and the 1%

quantile for r̂U
r̂U+r̂V

is 0.658; when critical value is 3.89, the difference between 50%

quantile and 99% quantile is 0.016 for Jaccard and 0.012 for Dice, and the 1% quantile

for r̂U
r̂U+r̂V

is 0.591; and when critical value is 5.73, the difference between 50% quantile

and 99% quantile is 0.016 for Jaccard and 0.014 for Dice, and the 1% quantile for

r̂U
r̂U+r̂V

is 0.524. Therefore, for comparing the consistency of analysis results between

microarray dataset and RNA-seq datasets, we still prefer Dice similarity coefficient

since it has a smaller variance for all different values of critical values. This also
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verify the conclusion before since r̂U
r̂U+r̂V

>
√
2− 1 between microarray dataset RNA-

seq dataset.

2.2 Comparison between two independent similarity evaluations

It is also biologically interesting to compare two different consistency results evaluated

from different studies. We first consider the condition that two consistency results

are independent with each other.

Suppose we have two different technologies to measure gene expression data, like

RNA-seq and microarray. Now for same disease, we have two different consistency re-

sults based on the given two different technologies separately and we want to compare

these two technologies. Then we consider a two sample test comparing underlying

values of similarity coefficients for the two different technologies.

We have two analyses and they test the same sequence of n1 genes using the first

technology. Then we obtained n1 paired z-scores. Meanwhile, there are another two

analyses and they test the same sequence of n2 genes using the second technology.

Then we obtained n2 paired z-scores. Since the technology changes, the underlying

values rU1 , rU2 and rV1 , rV2 may differs and we want to compare these two technolo-

gies.

2.2.1 Test statistic

The hypothesis for this two-sample test is :

H0 :
krU1

krU1 + rV1

=
krU2

krU2 + rV2

v.s. H1 :
krU1

krU1 + rV1

̸= krU2

krU2 + rV2

.

Then under H0, we also have
rU1

rV1
=

rU2

rV2
= r.
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let D = kU1

kU1+V1
− kU2

kU2+V2
, we have

E(D) ≈ krU1

krU1 + rV1

− krU2

krU2 + rV2

+
k(k − 1)rU2rV2

n2 (krU2 + rV2)
3 − k(k − 1)rU1rV1

n1 (krU1 + rV1)
3

Var(D) = Var1+Var2 ≈
k2rV1rU1 (rV1 + rU1)

n1 (krV1 + rU1)
4 +

k2rV2rU2 (rV2 + rU2)

n2 (krV2 + rU2)
4 .

Then we propose the following test statistic:

T =

kr̂U1

kr̂U1
+r̂V1

− kr̂U2

kr̂U2
+r̂V2√

k2r̂V1 r̂U1(r̂V1+r̂U1)
n1(kr̂U1

+r̂V1)
4 +

k2r̂V2 r̂U2(r̂V2+r̂U2)
n2(kr̂U2

+r̂V2)
4

,

where T
D−→ N(0, 1) as n1, n2 −→ ∞ (see Appendix Lemma 8 for details).

Here in the numerator, we do not need the term
k(k−1)rU2

rV2

n2(krU2
+rV2)

3 −
k(k−1)rU1

rV1

n1(krU1
+rV1)

3 anymore,

which is different from the formula of E(T ), cause it goes to 0 as n1, n2 −→ ∞ under

H0.

Also under H0, we use the following pooled estimation to obtain the maximum like-

lihood function (see Appendix Lemma 9 for details).



r̂V1 =
(V1+V2)(U1+V1)

n1(U1+V1+U2+V2)

r̂V2 =
(V1+V2)(U2+V2)

n2(U1+V1+U2+V2)

r̂U1 =
(U1+U2)(U1+V1)

n1(U1+V1+U2+V2)

r̂U2 =
(U1+U2)(U2+V2)

n2(U1+V1+U2+V2)

2.2.2 Power of the test

Then we give the formula for the power of this two-sample test as a function of k.

We can use this formula to compare similarity coefficient with different values of k

and conclude which k will lead to the largest power of this two-sample test.

36



Based on the probability of correctly rejecting the null hypothesis, the formula of

power is:

1− Φ(z1−α
2
− f̂(k)) + Φ(−z1−α

2
− f̂(k)),

where f(k) =

krU1
krU1

+rV1
−

krU2
krU2

+rV2√√√√ k2rV1
rU1(rV1+rU1)

n1(krU1
+rV1)

4 +
k2rV2

rU2(rV2+rU2)
n2(krU2

+rV2)
4

(see Appendix Lemma 10 for de-

tails).

Since the tendency of f(k) can reveals the tendency of power and it is hard to have

a close form for the derivative of power with respect to k, we explore the following

first derivative of f(k) with respect to k:

∂f

∂k
=

k3(rU1
rV2−rU2

rV1)
2

(krU1
+rV1)

2
(krU2

+rV2)
2(

k2rV1rU1(rV1+rU1)
n1(krU1

+rV1)
4 +

k2rV2rU2(rV2+rU2)
n2(krU2

+rV2)
4

) 3
2

(
rU1rV1(rU1 + rV1)

n1 (krU1 + rV1)
4 − rU2rV2(rU2 + rV2)

n2 (krU2 + rV2)
4

)

(see Appendix Lemma 11 for details)

and the following second derivative of f(k) with respect to k:

∂2f

∂k2

=

√
n1n2 (rU1rV2 − rU2rV1)

2(
n2rU1rV1(rU1 + rV1) (krU2 + rV2)

4 + n1rU2rV2(rU2 + rV2) (krU1 + rV1)
4) 5

2{
−2n2

2r2U1
r2V1

(rU1 + rV1)
2 (krU2 + rV2)

7 rU2

+ 10n1n2rU1rV1(rU1 + rV1) (krU2 + rV2)
3 r2U2

rV2(rU2 + rV2) (krU1 + rV1)
4

− 10n1n2rU2rV2(rU2 + rV2) (krU1 + rV1)
3 r2U1

rV1(rU1 + rV1) (krU2 + rV2)
4

+2n1
2r2U2

r2V2
(rU2 + rV2)

2 (krU1 + rV1)
7 rU1

}
(see Appendix Lemma 12 for details).
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2.2.3 Theoretical Comparisons

We want to use the power of the two-sample test to determine which k is preferred,

so we compare the power changing with different values of k and try to find a best k

which can give us the maximum power of the two-sample test.

To compare the trend of power mathematically, we first compare f(k) changing with

different values of k. According to Equation , when f(k) < 0, the power grows smaller

locally as f(k) grows larger, and when f(k) > 0, the power grows larger locally as

f(k) grows larger.

To compare the trend of power mathematically, we evaluate the positive or negative

sign for first derivative of f(k) to detect the increasing or decreasing trend. According

to Equation , we have

∂f

∂k
> 0 ⇔ rU1rV1(rU1 + rV1)

(krU1 + rV1)
4 − rU2rV2(rU2 + rV2)

(krU2 + rV2)
4 > 0

⇔ k2rU1rV1(rU1 + rV1)

(krU1 + rV1)
4 − k2rU2rV2(rU2 + rV2)

(krU2 + rV2)
4 > 0

⇔ Var

(
krU1

krU1 + rV1

)
> Var

(
krU2

krU2 + rV2

)
.

Let θ =
krU1

krU1
+rV1

− krU2

krU2
+rV2

.

when θ < 0, if Var
(

krU1

krU1
+rV1

)
> Var

(
krU2

krU2
+rV2

)
, then ∂f

∂k
> 0, f(k) grows larger

locally when k grows larger, since f(k) < 0 when θ < 0, the power grows smaller

locally as f(k) grows larger. Therefore, the power grows smaller as k grows larger, we

do not encourage large k in terms of reaching the maximum power for this two-sample

test.

When θ > 0, if Var
(

krU1

krU1
+rV1

)
< Var

(
krU2

krU2
+rV2

)
, then ∂f

∂k
< 0, f(k) grows smaller

locally when k grows larger, since f(k) > 0 when θ > 0, the power grows smaller

locally as f(k) grows smaller. Therefore, the power grows smaller as k grows larger,
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we also do not encourage large k in terms of reaching the maximum power for this

two-sample test.

In conclusion, if the similarity coefficient with a smaller value has a larger variance,

smaller k gives the maximum power; if the similarity coefficient with a smaller value

has a smaller variance, larger k gives the maximum power.

Then we compare the power changing with k under 4 different specific conditions to

verify our conclusions.

Scenario 1

When n1 = n2 = 20, 000, π=(0.6, 0.2, 0.2), critical values are 1.96 and -1.96, we set

the parameters for the first analysis result as µ=(0, -µ1, µ1), µ1 = 3 and σ=(σ1, σ1,

σ1), σ1 = 1.

We first change µ for the second analysis result as µ=(0, -µ2, µ2), µ2 = 3, 3.05 or 3.1.

At this condition, θ =
krU1

krU1
+rV1

− krU2

krU2
+rV2

< 0. The plot for the power for two-sample

test changing with k varies from 1 to 200 under different values of µ2 is as Figure

2.12.

As we can see from the plot, under different values of µ2 changing from 3 to 3.1, the

power for two-sample test always obtain its maximum when k = 1. Therefore, we do

not encourage large k and prefer k = 1 as the parameter of the similarity coefficient

to obtain a maximum power of the two-sample test.
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Figure 2.12. Theoretical power for two-sample test changing with k. When
we use critical values ±1.96 to decide the differentially expressed genes, we plot the-
oretical power for two-sample test changing with different values of k (k > 0) under
the condition that µ1 = 3 while µ2 = 3 in (a), µ2 = 3.05 in (b) and µ2 = 3.1 in (c).

The plot for the first derivative ∂f
∂k

changing with k varies from 1 to 100 under different

values of µ2 changing from 3.1 to 4.2 is as Figure 2.13.

Figure 2.13. ∂f
∂k

(f is the only part in formula of power containing k) changing
with k. When we use the critical values 1.96 and -1.96 to decide the differentially
expressed genes, we plot the value of ∂f

∂k
with different values of k (k > 0) under the

condition that µ1 = 3 while µ2 = 3.1 in (a), µ2 = 3.2 in (b) and µ2 = 4.2 in (l).
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The plot for the second derivative ∂2f
∂k2

changing with k varies from 1 to 100 under

different values of µ2 changing from 3.1 to 4.2 is as Figure 2.14.

Figure 2.14. ∂2f
∂k2

(f is the only part in formula of power containing k) chang-
ing with k. When we use the critical values 1.96 and -1.96 to decide the differentially
expressed genes, we plot the value of ∂2f

∂k2
with different values of k (k > 0) under the

condition that µ1 = 3 while µ2 = 3.1 in (a), µ2 = 3.2 in (b) and µ2 = 4.2 in (l).

we find that the first derivative ∂f
∂k

is always larger than 0. While the second derivative

∂2f
∂k2

is larger than 0 at first and then become a little bit smaller than 0 when µ2

changing from 3.1 to 3.7, and the second derivative ∂2f
∂k2

is smaller than 0 at first and

then grows to a little bit smaller than 0 when µ2 changing from 3.8 to 4.2.

Since when θ =
krU1

krU1
+rV1

− krU2

krU2
+rV2

< 0, as k grows larger,

f(k) =

krU1
krU1

+rV1
−

krU2
krU2

+rV2√√√√ k2rV1
rU1(rV1+rU1)

n1(krU1
+rV1)

4 +
k2rV2

rU2(rV2+rU2)
n2(krU2

+rV2)
4

grows larger, the power of this test grows

smaller. Then the power obtain its maximum when k = 1. Therefore, we do not

encourage large k and prefer k = 1 as the parameter of the similarity coefficient to

obtain a maximum power of the two-sample test.
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Scenario 2

We then change σ for the second analysis result as σ=(σ2, σ2, σ2), σ2 = 0.94, 0.96

or 0.98. At this condition, θ =
krU1

krU1
+rV1

− krU2

krU2
+rV2

< 0. The plot for the power for

two-sample test changing with k varies from 1 to 200 under different values of σ2 is

as Figure 2.15.

Figure 2.15. Theoretical power for two-sample test changing with k. When
we use the critical values 1.96 and -1.96 to decide the differentially expressed genes,
we plot the theoretical power for two-sample test with different values of k (k > 0)
under the condition that σ1 = 1 while σ2 = 0.94 in (a), σ2 = 0.96 in (b) and σ2 = 0.98
in (c).

As we can see from the plot, under different values of σ2 changing from 0.94 to 0.98,

the power for two-sample test always obtain its maximum when k = 1. Therefore,

we do not encourage large k and prefer k = 1 as the parameter of the similarity

coefficient to obtain a maximum power of the two-sample test.

The plot for the first derivative ∂f
∂k

changing with k varies from 1 to 100 under different

values of σ2 changing from 0.76 to 0.98 is as Figure 2.16.
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Figure 2.16. ∂f
∂k

(f is the only part in formula of power containing k) changing
with k. When we use the critical values 1.96 and -1.96 to decide the differentially
expressed genes, we plot the value of ∂f

∂k
with different values of k (k > 0) under the

condition that σ1 = 1 while σ2 = 0.76 in (a), σ2 = 0.78 in (b) and σ2 = 0.98 in (l).

The plot for the second derivative ∂2f
∂k2

changing with k varies from 1 to 100 under

different values of σ2 changing from 0.76 to 0.98 is as Figure 2.17.

Figure 2.17. ∂2f
∂k2

(f is the only part in formula of power containing k) chang-
ing with k. When we use the critical values 1.96 and -1.96 to decide the differentially
expressed genes, we plot the value of ∂2f

∂k2
with different values of k (k > 0) under the

condition that σ1 = 1 while σ2 = 0.76 in (a), σ2 = 0.78 in (b) and σ2 = 0.98 in (l).
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we find that the first derivative ∂f
∂k

is always larger than 0. While the second derivative

∂2f
∂k2

is larger than 0 at first and then become a little bit smaller than 0 when σ2

changing from 0.76 to 0.98.

Since when θ =
krU1

krU1
+rV1

− krU2

krU2
+rV2

< 0, as k grows larger,

f(k) =

krU1
krU1

+rV1
−

krU2
krU2

+rV2√√√√ k2rV1
rU1(rV1+rU1)

n(krU1
+rV1)

4 +
k2rV2

rU2(rV2+rU2)
n(krU2

+rV2)
4

grows larger, the power of this test grows

smaller. Then the power obtain its maximum when k = 1. Therefore, we do not

encourage large k and prefer k = 1 as the parameter of the similarity coefficient to

obtain a maximum power of the two-sample test.

Scenario 3

When n1 = n2 = 20, 000, π=(0.6, 0.2, 0.2), critical values are 3.891 and -3.891, we

set the parameters for the first analysis result as µ=(0, -µ1, µ1), µ1 = 3 and σ=(σ1,

σ1, σ1), σ1 = 1.

We first change µ for the second analysis result as µ=(0, -µ2, µ2), µ2 = 3.1, 3.2 or 3.3.

At this condition, θ =
krU1

krU1
+rV1

− krU2

krU2
+rV2

< 0. The plot for the power for two-sample

test changing with k varies from 1 to 200 under different values of µ2 changing from

3.1 to 3.3 is as Figure 2.18.

As we can see from the plot, under different values of µ2 changing from 3.1 to 3.3, the

power for two-sample test always obtain its maximum when k = 1. Therefore, we do

not encourage large k and prefer k = 1 as the parameter of the similarity coefficient

to obtain a maximum power of the two-sample test.
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Figure 2.18. Theoretical power for two-sample test changing with k. When
we use the critical values 3.891 and -3.891 to decide the differentially expressed genes,
we plot the theoretical power for two-sample test with different values of k (k > 0)
under the condition that µ1 = 3 while µ2 = 3.1 in (a), µ2 = 3.2 in (b) and µ2 = 3.3
in (c).

The plot for the first derivative ∂f
∂k

changing with k varies from 1 to 100 under different

values of µ2 changing from 3.1 to 4.2 is as Figure 2.19.

Figure 2.19. ∂f
∂k

(f is the only part in formula of power containing k) changing
with k. When we use the critical values 3.891 and -3.891 to decide the differentially
expressed genes, we plot the value of ∂f

∂k
with different values of k (k > 0) under the

condition that µ1 = 3 while µ2 = 3.1 in (a), µ2 = 3.2 in (b) and µ2 = 4.2 in (l).
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The plot for the second derivative ∂2f
∂k2

changing with k varies from 1 to 100 under

different values of µ2 changing from 3.1 to 4.2 is as Figure 2.20.

Figure 2.20. ∂2f
∂k2

(f is the only part in formula of power containing k) chang-
ing with k. When we use the critical values 3.891 and -3.891 to decide the differ-
entially expressed genes, we plot the value of ∂2f

∂k2
with different values of k (k > 0)

under the condition that µ1 = 3 while µ2 = 3.1 in (a), µ2 = 3.2 in (b) and µ2 = 4.2
in (l).

we find that the first derivative ∂f
∂k

is a little bit smaller than 0 at k = 1 but then

always larger than 0. While the second derivative ∂2f
∂k2

is larger than 0 at first and

then become a little bit smaller than 0 when µ2 changing from 3.1 to 4.2.

Since when θ =
krU1

krU1
+rV1

− krU2

krU2
+rV2

< 0, as k grows larger,

f(k) =

krU1
krU1

+rV1
−

krU2
krU2

+rV2√√√√ k2rV1
rU1(rV1+rU1)

n(krU1
+rV1)

4 +
k2rV2

rU2(rV2+rU2)
n(krU2

+rV2)
4

grows larger, the power of this test grows

smaller. Then the power obtain its maximum when k = 1. Therefore, we do not

encourage large k and prefer k = 1 as the parameter of the similarity coefficient to

obtain a maximum power of the two-sample test.
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Scenario 4

We then change σ for the second analysis result as σ=(σ2, σ2, σ2), σ2 = 0.78, 0.88

or 0.98. At this condition, θ =
krU1

krU1
+rV1

− krU2

krU2
+rV2

> 0. The plot for the power for

two-sample test changing with k varies from 1 to 200 under different values of σ2 is

as Figure 2.21.

Figure 2.21. Theoretical power for two-sample test changing with k. When
we use the critical values 3.891 and -3.891 to decide the differentially expressed genes,
we plot the theoretical power for two-sample test with different values of k (k > 0)
under the condition that σ1 = 1 while σ2 = 0.78 in (a), σ2 = 0.88 in (b) and σ2 = 0.98
in (c).

As we can see from the plot, under different values of σ2 changing from 0.78 to 0.98,

the power for two-sample test always obtain its maximum when k = 1. Therefore,

we do not encourage large k and prefer k = 1 as the parameter of the similarity

coefficient to obtain a maximum power of the two-sample test.

The plot for the first derivative ∂f
∂k

changing with k varies from 1 to 100 under different

values of σ2 changing from 0.76 to 0.98 is as Figure 2.22.
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Figure 2.22. ∂f
∂k

(f is the only part in formula of power containing k) changing
with k. When we use the critical values 3.891 and -3.891 to decide the differentially
expressed genes, we plot the value of ∂f

∂k
with different values of k (k > 0) under the

condition that σ1 = 1 while σ2 = 0.76 in (a), σ2 = 0.78 in (b) and σ2 = 0.98 in (l).

The plot for the second derivative ∂2f
∂k2

changing with k varies from 1 to 100 under

different values of σ2 changing from 0.76 to 0.98 is as Figure 2.23.

Figure 2.23. ∂2f
∂k2

(f is the only part in formula of power containing k) chang-
ing with k. When we use the critical values 3.891 and -3.891 to decide the differ-
entially expressed genes, we plot the value of ∂2f

∂k2
with different values of k (k > 0)

under the condition that σ1 = 1 while σ2 = 0.76 in (a), σ2 = 0.78 in (b) and σ2 = 0.98
in (l).
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we find that the first derivative ∂f
∂k

a little bit larger than 0 at k = 1 but then always

smaller than 0. While the second derivative ∂2f
∂k2

is smaller than 0 at first and then

become a little bit larger than 0 when σ2 changing from 0.76 to 0.98.

Since when θ =
krU1

krU1
+rV1

− krU2

krU2
+rV2

> 0, as k grows larger,

f(k) =

krU1
krU1

+rV1
−

krU2
krU2

+rV2√√√√ k2rV1
rU1(rV1+rU1)

n(krU1
+rV1)

4 +
k2rV2

rU2(rV2+rU2)
n(krU2

+rV2)
4

grows smaller, the power of this test grows

smaller. Then the power obtain its maximum when k = 1. Therefore, we do not

encourage large k and prefer k = 1 as the parameter of the similarity coefficient to

obtain a maximum power of the two-sample test.

We find it always correct that the power obtain its maximum when k = 1 under

different conditions. That means k = 1 gives a best similarity coefficient in terms of

power of two sample test.

2.2.4 Simulation studies

Test statistic under H0

First, we verify the distribution of test statistics under the null hypothesis. Two

groups of 20,000 paired z-scores are simulated 100,000 times from same given bivariate

normal distributions. We use normal distributions N(0, 1), N(−5, 1) and N(5, 1) with

probability 0.6, 0.2 and 0.2 to represent non-differentially, down-regulated and up-

regulated expressed genes.

With the 1,000 calculated values of test statistics based on simulated data, we plot

its histograms under different critical values.

From the histograms, we can see that the test statistics are asymptotically standard

normally distributed.
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Figure 2.24. Histograms for simulated test statistics under H0. We simulated
two groups of paired z-scores from same bivariate normal distribution, which is the
condition ofH0. For each simulation, we have one calculated test statistic. After 1,000
simulation, we draw the histograms for 1,000 test statistics when we use different
critical values to decide differentially expressed genes.

With the 1,000 calculated values of test statistics based on simulated data, we also

plot its QQ plot under different critical values.

Figure 2.25. QQ plots for simulated test statistics under H0. We simulated
two groups of paired z-scores from same bivariate normal distribution, which is the
condition of H0. For each simulation, we have one calculated test statistic. After
1,000 simulation, we draw the QQ plots for 1,000 test statistics when we use different
critical values to decide differentially expressed genes.

The QQ plots confirm the asymptotically standard normal distribution as well.
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Power for the test statistic

Then we compare the power changing with k under 4 different specific conditions to

verify the formula of power.

Two groups of 20,000 paired z-scores are simulated from two different bivariate normal

distributions. For the first group of paired z-scores, we always use normal distributions

N(0, 1), N(−3, 1) and N(3, 1) with probability 0.6, 0.2 and 0.2 to represent non-

differentially, down-regulated and up-regulated expressed genes. While the second

group of paired z-scores is simulated with different changing mean and variance for

the normal distributions.

We simulated the two groups of paired z-scores 100,000 times from the given two

different bivariate normal distribution, each time we obtained a calculated value of

the test statistic T . The empirical power for the two-sample test is calculated as

below:

number of the absolute value of test statistics which are both greater than c

100, 000
.

We then compare the empirical power with the theoretical power we obtained through

the formula with k changing from 1 to 10.

When n1 = n2 = 20, 000, π=(0.6, 0.2, 0.2), and we use the critical values 1.96 and

-1.96 to decide the differentially expressed genes, we set the parameters of first group

of paired z-scores as µ=(0, -µ1, µ1), µ1 = 3 and σ=(σ1, σ1, σ1), σ1 = 1.

We first change µ for the second group of paired z-scores as µ=(0, -µ2, µ2), µ2 =

3, 3.05 or 3.1. we obtained Table 2.4 for the empirical power and theoretical power

for the two-sample test, under different values of k (k = 1, 2, 3, 6, 9).
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k 1 2 3 6 9

|µ2| = 3
empirical 0.0499 0.0510 0.0500 0.0505 0.0493
theoretical 0.05 0.05 0.05 0.05 0.05

|µ2| = 3.05
empirical 0.5830 0.5804 0.5802 0.5789 0.5808
theoretical 0.5790 0.5788 0.5787 0.5785 0.5784

|µ2| = 3.1
empirical 0.9898 0.9899 0.9901 0.9894 0.9895
theoretical 0.9895 0.9894 0.9893 0.9892 0.9892

Table 2.4. The empirical power and the theoretical power for the two sample
test. When we use the critical values 1.96 and -1.96 to decide the differentially
expressed genes, we list the value of the empirical power and theoretical power for

the two sample test comparing two independent similarity coefficients
krU1

krU1
+rV1

and
krU2

krU2
+rV2

with different values of k (k = 1, 2, 3, 6, 9). We sample the first group of paired

z-scores from bivariate normal 0.2 ∗ N(−3, 1) + 0.6 ∗ N(0, 1) + 0.2 ∗ N(3, 1). While
we sample the second group of paired z-scores from bivariate normal 0.2∗N(−3, 1)+
0.6 ∗ N(0, 1) + 0.2 ∗ N(3, 1), 0.2 ∗ N(−3.05, 1) + 0.6 ∗ N(0, 1) + 0.2 ∗ N(3.05, 1) or
0.2 ∗N(−3.1, 1) + 0.6 ∗N(0, 1) + 0.2 ∗N(3.1, 1).

The close distance between empirical power and theoretical power confirm the asymp-

totic assumption and calculation for the theoretical power of the two sample test.

Meanwhile, we can see from the theoretical power that we prefer k = 1 as the pa-

rameter of the similarity coefficient to obtain a maximum power of the two-sample

test.

We then change σ for the second group of paired z-scores as σ=(σ2, σ2, σ2), σ2 =

0.94, 0.96 or 0.98 and obtained Table 2.5 for the empirical power and theoretical

power for the two-sample test, under different values of k (k = 1, 2, 3, 6, 9).
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k 1 2 3 6 9

σ2 = 0.94
empirical 0.99995 0.99998 0.99998 0.99996 0.99999
theoretical 0.999975 0.999974 0.999974 0.999973 0.999972

σ2 = 0.96
empirical 0.97517 0.97485 0.97463 0.97488 0.97535
theoretical 0.97766 0.97757 0.97749 0.97737 0.97732

σ2 = 0.98
empirical 0.4885 0.4915 0.4920 0.4919 0.4936
theoretical 0.5011 0.5010 0.5009 0.5008 0.5008

Table 2.5. The empirical power and the theoretical power for the two sample
test. When we use the critical values 1.96 and -1.96 to decide the differentially
expressed genes, we list the value of the empirical power and theoretical power for

the two sample test comparing two independent similarity coefficients
krU1

krU1
+rV1

and
krU2

krU2
+rV2

with different values of k (k = 1, 2, 3, 6, 9). We sample the first group of paired

z-scores from bivariate normal 0.2 ∗N(−3, 1)+0.6 ∗N(0, 1)+0.2 ∗N(3, 1). While we
sample the second group of paired z-scores from bivariate normal 0.2 ∗N(−3, 0.94)+
0.6∗N(0, 0.94)+0.2∗N(3, 0.94), 0.2∗N(−3, 0.96)+0.6∗N(0, 0.96)+0.2∗N(3, 0.96)
or 0.2 ∗N(−3, 0.98) + 0.6 ∗N(0, 0.98) + 0.2 ∗N(3, 0.98).

The close distance between empirical power and theoretical power confirm the asymp-

totic assumption and calculation for the theoretical power of the two sample test.

Meanwhile, we can see from the theoretical power that we prefer k = 1 as the pa-

rameter of the similarity coefficient to obtain a maximum power of the two-sample

test.

When n1 = n2 = 20, 000, π=(0.6, 0.2, 0.2), and we use the critical values 3.891 and

-3.891 to decide the differentially expressed genes, we set the parameters of first group

of paired z-scores as µ=(0, -µ1, µ1), µ1 = 3 and σ=(σ1, σ1, σ1), σ1 = 1.

We first change µ for the second group of paired z-scores as µ=(0, -µ2, µ2), µ2 =

3.1, 3.2 or 3.3. we obtained Table 2.6 for the empirical power and theoretical power

for the two-sample test, under different values of k (k = 1, 2, 3, 6, 9).
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k 1 2 3 6 9

|µ2| = 3
empirical 0.5547 0.5531 0.5509 0.5512 0.5468
theoretical 0.5517 0.5516 0.5512 0.5494 0.5477

|µ2| = 3.1
empirical 0.9924 0.9920 0.9924 0.9927 0.9922
theoretical 0.9929 0.9929 0.9927 0.9919 0.9910

|µ2| = 3.2
empirical 1.0000 1.0000 1.0000 1.0000 1.0000
theoretical 0.9999997 0.9999997 0.9999997 0.9999993 0.9999987

Table 2.6. The empirical power and the theoretical power for the two sample
test. When we use the critical values 3.891 and -3.891 to decide the differentially
expressed genes, we list the value of the empirical power and theoretical power for

the two sample test comparing two independent similarity coefficients
krU1

krU1
+rV1

and
krU2

krU2
+rV2

with different values of k (k = 1, 2, 3, 6, 9). We sample the first group of paired

z-scores from bivariate normal 0.2 ∗N(−3, 1)+0.6 ∗N(0, 1)+0.2 ∗N(3, 1). While we
sample the second group of paired z-scores from bivariate normal 0.2 ∗N(−3.1, 1) +
0.6 ∗ N(0, 1) + 0.2 ∗ N(3.1, 1), 0.2 ∗ N(−3.2, 1) + 0.6 ∗ N(0, 1) + 0.2 ∗ N(3.2, 1) or
0.2 ∗N(−3.3, 1) + 0.6 ∗N(0, 1) + 0.2 ∗N(3.3, 1).

The close distance between empirical power and theoretical power confirm the asymp-

totic assumption and calculation for the theoretical power of the two sample test.

Meanwhile, we can see from the theoretical power that we prefer k = 1 as the pa-

rameter of the similarity coefficient to obtain a maximum power of the two-sample

test.

We then change σ for the second group of paired z-scores as σ=(σ2, σ2, σ2), σ2 =

0.78, 0.88 or 0.98 and obtained Table 2.7 for the empirical power and theoretical

power for the two-sample test, under different values of k (k = 1, 2, 3, 6, 9).
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k 1 2 3 6 9

σ2 = 0.78
empirical 0.9886 0.9891 0.9886 0.9886 0.9883
theoretical 0.9899 0.9898 0.9895 0.9882 0.9866

σ2 = 0.88
empirical 0.6059 0.6083 0.6067 0.6029 0.6026
theoretical 0.6063 0.6062 0.6057 0.6033 0.6007

σ2 = 0.98
empirical 0.06392 0.06466 0.06585 0.06489 0.06299
theoretical 0.064361 0.064361 0.064360 0.064359 0.064357

Table 2.7. The empirical power and the theoretical power for the two sample
test. When we use the critical values 3.891 and -3.891 to decide the differentially
expressed genes, we list the value of the empirical power and theoretical power for

the two sample test comparing two independent similarity coefficients
krU1

krU1
+rV1

and
krU2

krU2
+rV2

with different values of k (k = 1, 2, 3, 6, 9). We sample the first group of paired

z-scores from bivariate normal 0.2 ∗N(−3, 1)+0.6 ∗N(0, 1)+0.2 ∗N(3, 1). While we
sample the second group of paired z-scores from bivariate normal 0.2 ∗N(−3, 0.78)+
0.6∗N(0, 0.78)+0.2∗N(3, 0.78), 0.2∗N(−3, 0.88)+0.6∗N(0, 0.88)+0.2∗N(3, 0.88)
or 0.2 ∗N(−3, 0.98) + 0.6 ∗N(0, 0.98) + 0.2 ∗N(3, 0.98).

The close distance between empirical power and theoretical power confirm the asymp-

totic assumption and calculation for the theoretical power of the two sample test.

Meanwhile, we can see from the theoretical power that we prefer k = 1 as the pa-

rameter of the similarity coefficient to obtain a maximum power of the two-sample

test.

2.2.5 Application studies

Different genes

The microarray dataset is an early platform with 17,814 genes in general across 526 TP

(primary solid tumor) cases and 61 NT (solid tissue normal) cases. While the RNA-

seq dataset is a late platform with 20,531 genes in general across 1,093 TP (primary

solid tumor) cases and 112 NT (solid tissue normal) cases. When we compare these

two datasets, there are 16,146 genes in common to test the different technologies.

One application is the comparison between underlying values of similarity coefficients
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for two different technologies, microarray, and RNA-seq.

For each dataset, we divided both tumor cases and normal cases into two parts with

almost equal sample sizes based on the patient’s index. For microarray dataset, we

have two groups of samples based on microarray. One group has 263 TP cases and 31

NT cases while another group has 263 TP cases and 30 NT cases after the division.

While for RNA-seq dataset, we have two groups of samples based on microarray. One

group has 546 TP cases and 56 NT cases while another group has 547 TP cases and

56 NT cases after the division.

Then we calculated the one-sided p-values using upper-tailed Wilcoxon test and ob-

tained the corresponding z-scores for two different groups of microarray and RNA-seq

separately. For microarray, with two lists of z-scores, we obtained the estimated ratios

r̂U1 and r̂V1 corresponding to different critical values. For RNA-seq, with two lists of

z-scores, we also obtained the estimated ratios r̂U2 and r̂V2 corresponding to different

critical values.

With these estimated ratios r̂U1 , r̂V1 , r̂U2 and r̂V2 and with parameters n1 = 17, 184, n2 =

20, 531, we get the calculated value of the first similarity coefficient, second similarity

coefficient, and the test statistics value T using Equation . We list different values of

test statistics corresponding to different critical values for Jaccard and Dice in Table

2.8.

Test Statistic c = ±1.96 c = ±3.89 c = ±5.73
Jaccard 4.037 4.489 2.708
Dice 4.030 4.470 2.693

Table 2.8. Test statistics T for the two-sample test comparing similarity
coefficients between microarray dataset and RNA-seq dataset based on all
genes.. When we use different critical values to decide the differentially expressed
genes, we obtain different estimated ratios r̂U1 , r̂U2 , r̂V1 and r̂V2 . For each critical value,
when comparing the Jaccard index (k = 1) or Dice Similarity coefficient (k = 2)
between microarray dataset and RNA-seq dataset using two-sample test, we have
different values of test statistic T .
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From this table, we find that the test statistics for Jaccard have a larger absolute

value, which means the power for the two-sample test comparing the Jaccard index

is larger than that for the two-sample test comparing the Dice Similarity coefficient.

Therefore, we prefer Jaccard index considering the larger power of the two-sample

test.

Common genes

Then we consider using the common genes that appear both in the microarray dataset

and RNA-seq dataset so that each dataset has 16,146 genes.

For each dataset, we also divided both tumor cases and normal cases into two parts

with almost equal sample sizes based on the patient’s index. Then we calculated the

one-sided p-values using upper-tailed Wilcoxon test and obtained the corresponding

z-scores for two different groups of microarray and RNA-seq separately.

With the estimated ratios r̂U1 , r̂V1 , r̂U2 and r̂V2 and with parameters n1 = n2 =

16, 146, we get the calculated value of the first similarity coefficient, second similarity

coefficient, and the test statistics value T using Equation . We list different values of

test statistics corresponding to different critical values for Jaccard and Dice in Table

2.9.

Test Statistic c = ±1.96 c = ±3.89 c = ±5.73
Jaccard 5.629 5.112 2.339
Dice 5.619 5.090 2.329

Table 2.9. Test statistics T for the two-sample test comparing similarity co-
efficients between microarray dataset and RNA-seq dataset based common
genes.. When we use different critical values to decide the differentially expressed
genes, we obtain different estimated ratios r̂U1 , r̂U2 , r̂V1 and r̂V2 . For each criti-
cal value, when comparing the Jaccard index (k = 1) or Dice Similarity coefficient
(k = 2) between microarray dataset and RNA-seq dataset using two-sample test, we
have different values of test statistic T .

From this table, we find that the test statistics for Jaccard have a larger absolute
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value, which means the power for the two-sample test comparing the Jaccard index

is larger than that for the two-sample test comparing the Dice Similarity coefficient.

Therefore, we prefer Jaccard index considering the larger power of the two-sample

test.

2.3 Comparison between two dependent similarity evaluations

Then we consider the condition that we want to compare two dependent consistency

results evaluated from different studies. We also derived a two-sample test for this

comparison.

Suppose we have three different diseases measured with same technology like RNA-seq

and we want to compare if two diseases are more relevant than the other two diseases.

Comparing disease 1 and disease 2, we have the first consistency result; comparing

disease 1 and disease 3, we have the second consistency result, and we want to compare

these two different consistency results. Then we consider a two sample test comparing

underlying values of two dependent similarity coefficients.

Now we have three different datasets with n genes in common. Then we obtained

three lists of z-scores for each dataset separately.

After comparing the first list of z-scores and the second list of z-scores, we have rU2

and rV2 .

rU2 = P (z1 > c, z2 > c) + P (z1 < −c, z2 < −c)

rV2 = P (z1 > c, z2 < c) + P (z1 < −c, z2 > −c) + P (−c < z1 < c, z2 > c) + P (−c <

z1 < c, z2 < −c)

rW2 = P (−c < z1 < c,−c < z2 < c)

After comparing the first list of z-scores and the third list of z-scores, we have rU3

and rV3 .
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rU3 = P (z1 > c, z3 > c) + P (z1 < −c, z3 < −c)

rV3 = P (z1 > c, z3 < c) + P (z1 < −c, z3 > −c) + P (−c < z1 < c, z3 > c) + P (−c <

z1 < c, z3 < −c)

rW3 = P (−c < z1 < c,−c < z3 < c)

After comparing the relationship between three lists of z-scores, we have

rU2∩U3 = P (z1 > c, z2 > c, z3 > c) + P (z1 < −c, z2 < −c, z3 < −c)

rV2∩V3 = P (z1 > c,−c < z2 < c,−c < z3 < c) + P (z1 > c,−c < z2 < c, z3 < −c)

+ P (z1 > c, z2 < −c,−c < z3 < c) + P (z1 > c, z2 < −c, z3 < c)

+ P (z1 < −c, z2 > c,−c < z3 < c) + P (z1 < −c, z2 > c, z3 > c)

+ P (z1 < −c,−c < z2 < c,−c < z3 < c) + P (z1 < −c,−c < z2 < c, z3 > c)

+ P (−c < z1 < c, z2 > c, z3 > c) + P (−c < z1 < c, z2 > c, z3 < −c)

+ P (−c < z1 < c, z2 < −c, z3 > c) + P (−c < z1 < c, z2 < −c, z3 < −c)

rU2∩V3 = P (z1 > c, z2 > c,−c < z3 < c) + P (z1 > c, z2 > c, z3 < −c)

+ P (z1 < −c, z2 < −c,−c < z3 < c) + P (z1 < −c, z2 < −c, z3 > c)

rU3∩V2 = P (z1 > c, z2 < −c, z3 > c) + P (z1 > c,−c < z2 < c, z3 > c)

+ P (z1 < −c, z2 > c, z3 < −c) + P (z1 < −c,−c < z2 < c, z3 < −c)

rW2∩V3 = P (−c < z1 < c,−c < z2 < c, z3 > c)+P (−c < z1 < c,−c < z2 < c, z3 < −c)

rW3∩V2 = P (−c < z1 < c, z2 > c,−c < z3 < c)+P (−c < z1 < c, z2 < −c,−c < z3 < c)

rW2∩W3 = P (−c < z1 < c,−c < z2 < c,−c < z3 < c)
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Let rU2∩U3 = r1, rV2∩V3 = r2, rW2∩W3 = r3, rU2∩V3 = r4, rU3∩V2 = r5, rW2∩V3 = r6,

rW3∩V2 = r7

Then we have

rU2 = rU2∩U3 + rU2∩V3 = r1 + r4

rV2 = rV2∩U3 + rV2∩W3 + rV2∩V3 = r5 + r7 + r2

rU3 = rU3∩U2 + rU3∩V2 = r1 + r5

rV3 = rV3∩U2 + rV3∩W2 + rV3∩V2 = r4 + r6 + r2

Then we conduct a two sample test to see if the similarity coefficient between first

list of z-score and the second list of z-score and the similarity coefficient between first

list of z-score and the third list of z-score are different.

2.3.1 Test statistic

The hypothesis for this two-sample test is :

H0 :
krU2

krU2 + rV2

=
krU3

krU3 + rV3

v.s. H1 :
krU2

krU2 + rV2

̸= krU3

krU3 + rV3

.

Then under H0, we also have
rU2

rV2
=

rU3

rV3
= r.

Let D = kU2

kU2+V2
− kU3

kU3+V3
, then we have

E(D) ≈ krU2

krU2 + rV2

− krU3

krU3 + rV3

=
kr1 + kr4

kr1 + kr4 + r5 + r7 + r2
− kr1 + kr5

kr1 + kr5 + r4 + r6 + r2
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Var(D) ≈ k2 (r1 + r4) (r5 + r7 + r2) (r1 + r4 + r5 + r7 + r2)

n (kr1 + kr4 + r5 + r7 + r2)
4

+
k2 (r1 + r5) (r4 + r6 + r2) (r1 + r5 + r4 + r6 + r2)

n (kr1 + kr5 + r4 + r6 + r2)
4

− 2
k2 [(r1r2 − r4r5) (r1 + r2 + r4 + r5 + r6 + r7) + r1r6r7]

n (kr1 + kr4 + r5 + r7 + r2)
2 (kr1 + kr5 + r4 + r6 + r2)

2

(see Appendix Lemma 14 for details)

Then we propose the following test statistic:

T =
kr̂1+kr̂4

kr̂1+kr̂4+r̂5+r̂7+r̂2
− kr̂1+kr̂5

kr̂1+kr̂5+r̂4+r̂6+r̂2√
V̂ar(D)

,

where T
D−→ N(0, 1) as n −→ ∞ (see Appendix Lemma 15 for details).

Here in the numerator, we do not need the term
k(k−1)rU3

rV3

n(krU3
+rV3)

3 −
k(k−1)rU2

rV2

n(krU2
+rV2)

3 anymore,

which is different from the formula of E(D), cause it goes to 0 as n −→ ∞ under

H0.

2.3.2 Power of the test

Then we give the formula for the power of this two-sample test as a function of k.

We can use this formula to compare similarity coefficient with different values of k

and conclude which k will lead to the largest power of this two-sample test.

Based on the probability of correctly rejecting the null hypothesis, the formula of

power is:

power ≈ 1− Φ(z1−α
2
− f(k)) + Φ(−z1−α

2
− f(k))

where f(k) =

krU2
krU2

+rV2
−

krU3
krU3

+rV3√
V̂ar(D)

(see Appendix Lemma 16 for details).
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2.3.3 Simulation studies

Test statistic under H0

First, we verify the distribution of test statistics under the null hypothesis. Three

lists of 20,000 z-scores are simulated 100,000 times from given trivariate normal distri-

butions. We use normal distributions N(0, 1), N(−5, 1) and N(5, 1) with probability

0.6, 0.2 and 0.2 to represent non-differentially, down-regulated and up-regulated ex-

pressed genes.

With the 1,000 calculated values of test statistics based on simulated data, we plot

its histograms under different critical values.

Figure 2.26. Histogram for simulated test statistics under H0. We simulated
three z-scores from same mixed normal distribution, which is the condition of H0.
For each simulation, we have one calculated test statistic. After 1,000 simulation, we
draw the histograms for 1,000 test statistics when we use different critical values to
decide differentially expressed genes.

From the histograms, we can see that the test statistics are asymptotically standard

normally distributed.

With the 1,000 calculated values of test statistics based on simulated data, we also
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plot its QQ plot under different critical values.

Figure 2.27. QQ plots for simulated test statistics under H0. We simulated
three z-scores from same mixed normal distribution, which is the condition of H0.
For each simulation, we have one calculated test statistic. After 1,000 simulation, we
draw the QQ plots for 1,000 test statistics when we use different critical values to
decide differentially expressed genes.

The QQ plots confirm the asymptotically standard normal distribution as well.

Power for the test statistic

Then we compare the power changing with k under 4 different specific conditions to

verify the formula of power.

Three lists of 20,000 z-scores are simulated 100,000 times from given trivariate normal

distributions. We simulated the three lists of z-scores 100,000 times from the given

trivariate normal distribution, each time we obtained a calculated value of the test

statistic T . The empirical power for the two-sample test is calculated as below:

number of the absolute value of test statistics which are both greater than c

100, 000
.
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We then compare the empirical power with the theoretical power we obtained through

the formula with k changing from 1 to 10.

When we use the critical values 1.96 and -1.96 to decide the differentially expressed

genes, the first list of z-scores is simulated from normal distributionsN(0, 1), N(−3, 1)

and N(3, 1) with probability 0.6, 0.2 and 0.2 to represent non-differentially, down-

regulated and up-regulated expressed genes. And the second list of z-scores is also

simulated from normal distributions N(0, 1), N(−3, 1) and N(3, 1) with probability

0.6, 0.2 and 0.2.

We first change µ for the third list of z-scores, which is simulated from normal dis-

tributions N(0, 1), N(−µ2, 1) and N(µ2, 1), (µ2 = 3, 3.05 and 3.1) with probability

0.6, 0.2 and 0.2.

We obtained Table 2.10 for the empirical power and theoretical power for the two-

sample test, under different values of k (k = 1, 2, 3, 6, 9).

k 1 2 3 6 9

|µ2| = 3
empirical 0.04906 0.05072 0.04993 0.05121 0.0504
theoretical 0.05000 0.05000 0.05000 0.05000 0.05000

|µ2| = 3.05
empirical 0.29909 0.30015 0.30067 0.29785 0.29747
theoretical 0.30898 0.30893 0.30890 0.30885 0.30882

|µ2| = 3.1
empirical 0.80182 0.80257 0.80227 0.80262 0.80125
theoretical 0.81849 0.81824 0.81805 0.81776 0.81763

Table 2.10. The empirical power and the theoretical power for the two sam-
ple test. When we use the critical values 1.96 and -1.96 to decide the differentially
expressed genes, we list the value of the empirical power and theoretical power for the

two sample test comparing two dependent similarity coefficients
krU2

krU2
+rV2

and
krU3

krU3
+rV3

with different values of k (k = 1, 2, 3, 6, 9). We sample the first group of paired z-
scores from bivariate normal 0.2 ∗N(−3, 1) + 0.6 ∗N(0, 1) + 0.2 ∗N(3, 1). While we
sample the second group of paired z-scores from bivariate normal 0.2 ∗ N(−3, 1) +
0.6 ∗ N(0, 1) + 0.2 ∗ N(3, 1), 0.2 ∗ N(−3.05, 1) + 0.6 ∗ N(0, 1) + 0.2 ∗ N(3.05, 1) or
0.2 ∗N(−3.1, 1) + 0.6 ∗N(0, 1) + 0.2 ∗N(3.1, 1).

The close distance between empirical power and theoretical power confirm the asymp-
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totic assumption and calculation for the theoretical power of the two sample test.

Meanwhile, we can see from the theoretical power that we prefer k = 1 as the pa-

rameter of the similarity coefficient to obtain a maximum power of the two-sample

test.

We then change σ for the third list of z-scores, which is simulated from normal distri-

butions N(0, σ2), N(−3, σ2) and N(3, σ2), (σ2 = 0.94, 0.96 and 0.98) with probability

0.6, 0.2 and 0.2.

We obtained Table 2.11 for the empirical power and theoretical power for the two-

sample test, under different values of k (k = 1, 2, 3, 6, 9).

k 1 2 3 6 9

σ2 = 0.94
empirical 0.97304 0.97057 0.97292 0.97204 0.97265
theoretical 0.96912 0.96902 0.96893 0.96878 0.96871

σ2 = 0.96
empirical 0.72981 0.72896 0.72878 0.73101 0.73031
theoretical 0.71816 0.71802 0.71789 0.71768 0.71758

σ2 = 0.98
empirical 0.24901 0.24781 0.25036 0.25089 0.24769
theoretical 0.24292 0.24291 0.24289 0.24287 0.24286

Table 2.11. The empirical power and the theoretical power for the two sam-
ple test. When we use the critical values 1.96 and -1.96 to decide the differentially
expressed genes, we list the value of the empirical power and theoretical power for the

two sample test comparing two dependent similarity coefficients
krU2

krU2
+rV2

and
krU3

krU3
+rV3

with different values of k (k = 1, 2, 3, 6, 9). We sample the first group of paired z-
scores from bivariate normal 0.2 ∗N(−3, 1) + 0.6 ∗N(0, 1) + 0.2 ∗N(3, 1). While we
sample the second group of paired z-scores from bivariate normal 0.2 ∗N(−3, 0.94)+
0.6∗N(0, 0.94)+0.2∗N(3, 0.94), 0.2∗N(−3, 0.96)+0.6∗N(0, 0.96)+0.2∗N(3, 0.96)
or 0.2 ∗N(−3, 0.98) + 0.6 ∗N(0, 0.98) + 0.2 ∗N(3, 0.98).

The close distance between empirical power and theoretical power confirm the asymp-

totic assumption and calculation for the theoretical power of the two sample test.

Meanwhile, we can see from the theoretical power that we prefer k = 1 as the pa-

rameter of the similarity coefficient to obtain a maximum power of the two-sample

test.
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When we use the critical values 3.89 and -3.89 to decide the differentially expressed

genes, the first list of z-scores is simulated from normal distributionsN(0, 1), N(−3, 1)

and N(3, 1) with probability 0.6, 0.2 and 0.2 to represent non-differentially, down-

regulated and up-regulated expressed genes. And the second list of z-scores is also

simulated from normal distributions N(0, 1), N(−3, 1) and N(3, 1) with probability

0.6, 0.2 and 0.2.

We first change µ for the third list of z-scores, which is simulated from normal dis-

tributions N(0, 1), N(−µ2, 1) and N(µ2, 1), (µ2 = 3.1, 3.2 and 3.3) with probability

0.6, 0.2 and 0.2.

We obtained Table 2.12 for the empirical power and theoretical power for the two-

sample test, under different values of k (k = 1, 2, 3, 6, 9).

k 1 2 3 6 9

|µ2| = 3
empirical 0.05032 0.04995 0.05157 0.05016 0.05051
theoretical 0.05000 0.05000 0.05000 0.05000 0.05000

|µ2| = 3.1
empirical 0.17089 0.17034 0.17161 0.16934 0.16854
theoretical 0.18807 0.18806 0.18804 0.18789 0.18772

|µ2| = 3.2
empirical 0.55115 0.54845 0.54787 0.55037 0.54612
theoretical 0.56176 0.56166 0.56129 0.55954 0.55768

Table 2.12. The empirical power and the theoretical power for the two sam-
ple test. When we use the critical values 3.891 and -3.891 to decide the differentially
expressed genes, we list the value of the empirical power and theoretical power for the

two sample test comparing two dependent similarity coefficients
krU2

krU2
+rV2

and
krU3

krU3
+rV3

with different values of k (k = 1, 2, 3, 6, 9). We sample the first group of paired z-
scores from bivariate normal 0.2 ∗N(−3, 1) + 0.6 ∗N(0, 1) + 0.2 ∗N(3, 1). While we
sample the second group of paired z-scores from bivariate normal 0.2 ∗N(−3.1, 1) +
0.6 ∗ N(0, 1) + 0.2 ∗ N(3.1, 1), 0.2 ∗ N(−3.2, 1) + 0.6 ∗ N(0, 1) + 0.2 ∗ N(3.2, 1) or
0.2 ∗N(−3.3, 1) + 0.6 ∗N(0, 1) + 0.2 ∗N(3.3, 1).

The close distance between empirical power and theoretical power confirm the asymp-

totic assumption and calculation for the theoretical power of the two sample test.

Meanwhile, we can see from the theoretical power that we prefer k = 1 as the pa-
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rameter of the similarity coefficient to obtain a maximum power of the two-sample

test.

We then change σ for the third list of z-scores, which is simulated from normal distri-

butions N(0, σ2), N(−3, σ2) and N(3, σ2), (σ2 = 0.78, 0.88 and 0.98) with probability

0.6, 0.2 and 0.2.

We obtained Table 2.13 for the empirical power and theoretical power for the two-

sample test, under different values of k (k = 1, 2, 3, 6, 9).

k 1 2 3 6 9

σ2 = 0.78
empirical 0.77159 0.77496 0.77035 0.77148 0.77095
theoretical 0.79210 0.79240 0.79215 0.78982 0.78676

σ2 = 0.88
empirical 0.24205 0.24158 0.24056 0.24058 0.24
theoretical 0.26292 0.26294 0.26289 0.26257 0.26219

σ2 = 0.98
empirical 0.0531 0.05365 0.05367 0.05599 0.05441
theoretical 0.05439 0.05439 0.05439 0.05439 0.05439

Table 2.13. The empirical power and the theoretical power for the two sam-
ple test. When we use the critical values 3.891 and -3.891 to decide the differentially
expressed genes, we list the value of the empirical power and theoretical power for the

two sample test comparing two dependent similarity coefficients
krU2

krU2
+rV2

and
krU3

krU3
+rV3

with different values of k (k = 1, 2, 3, 6, 9). We sample the first group of paired z-
scores from bivariate normal 0.2 ∗N(−3, 1) + 0.6 ∗N(0, 1) + 0.2 ∗N(3, 1). While we
sample the second group of paired z-scores from bivariate normal 0.2 ∗N(−3, 0.78)+
0.6∗N(0, 0.78)+0.2∗N(3, 0.78), 0.2∗N(−3, 0.88)+0.6∗N(0, 0.88)+0.2∗N(3, 0.88)
or 0.2 ∗N(−3, 0.98) + 0.6 ∗N(0, 0.98) + 0.2 ∗N(3, 0.98).

The close distance between empirical power and theoretical power confirm the asymp-

totic assumption and calculation for the theoretical power of the two sample test.

Meanwhile, we can see from the theoretical power that we prefer k = 1 as the pa-

rameter of the similarity coefficient to obtain a maximum power of the two-sample

test.
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2.3.4 Application studies

Colon adenocarcinoma (COAD) dataset has 285 TP as primary solid tumor (tumor)

cases and 41 NT as solid tissue normal (normal) cases; Stomach adenocarcinoma

(STAD) dataset has 415 TP as primary solid tumor (tumor) cases and 35 NT as

solid tissue normal (normal) cases; Kidney renal clear cell carcinoma (KIRC) dataset

has 533 TP as primary solid tumor (tumor) cases and 72 NT as solid tissue normal

(normal) cases. These three disease are all tested using RNA-seq and there are 20,531

common genes among these three RNA-seq datasets.

One application is the comparison of relevance between COAD and STAD and the

relevance between COAD and KIRC.

For COAD, STAD and KIRC datasets, we calculated the one-sided p-values using

upper-tailed Wilcoxon test and obtained the corresponding z-scores separately. Then

we have three lists of z-scores. After comparing z-scores for COAD and STAD, we

obtained the estimated ratios r̂U2 and r̂V2 corresponding to different critical values.

After comparing z-scores for COAD and KIRC, we obtained the estimated ratios r̂U3

and r̂V3 corresponding to different critical values.

With these estimated ratios r̂U2 , r̂V2 , r̂U3 and r̂V3 and with parameters n = 20, 531, we

get the calculated value of the first similarity coefficient, second similarity coefficient,

and the test statistics value T using Equation . We list different values of test statistics

corresponding to different critical values for Jaccard and Dice in Table 2.14.
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Test Statistic c = ±1.96 c = ±3.89 c = ±5.73
Jaccard 19.356 9.865 0.2542
Dice 19.357 9.927 0.2543

Table 2.14. Test statistics T for the two-sample test comparing the simi-
larity coefficient between COAD and STAD and the similarity coefficient
between COAD and KIRC based common genes in these three datasets..
When we use different critical values to decide the differentially expressed genes, we
obtain different estimated ratios r̂U2 , r̂U3 , r̂V2 and r̂V3 . For each critical value, when
comparing the Jaccard index (k = 1) or Dice Similarity coefficient (k = 2) between
COAD and STAD and Jaccard or Dice between COAD and KIRC using two-sample
test, we have different values of test statistic T .

From this table, we find that the test statistics for Dice have a larger absolute value,

which means the power for the two-sample test comparing the Dice Similarity co-

efficient is larger than that for the two-sample test comparing the Jaccard index.

Therefore, we prefer Dice Similarity coefficient considering the larger power of the

two-sample test.

2.4 Bootstrapped confidence intervals

Here we are going to use bootstrap to construct confidence interval (CI) for the

calculated similarity coefficients. At the beginning, we provide a brief review about

the percentile bootstrap method and its correction. Then based on the BRCA data,

we calculate three different CIs for similarity coefficients based on the bootstrapped

original samples and bootstrapped paired z-scores.

Percentile bootstrap

Bootstrap, which can be used to estimate the given statistic in statistical inference, is

a data based simulation method (Efron and Tibshirani, 1994). Suppose that xn = (U1

. . . , Xn ) is a sample from a distribution having probability density function fθ which

depends upon the scalar parameter of interest θ (Efron, 1982). Let θ̂ be an estimator
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of θ based on xn with distribution function Gθ(s) = Prθ(θ̂ ⩽ s). The bootstrap

distribution for θ̂ is Gθ̂.

The exact upper 1 − 2α confidence limit for θ is taken to be that value θ[1 − α]

satisfying Gθ[1−α](θ̂) = α, and the lower 1 − 2α confidence limit for θ is taken to be

that value θ[α] satisfying Gθ[α](θ̂) = 1− α (Severiano et al., 2011). We also have the

α quantile θ̂(α) of bootstrap values θ̂ satisfying Gθ̂(θ̂
(α)) = α and G−1

θ̂
(α) = θ̂(α).

Suppose (Diciccio and Romano, 1988) there exists a monotonically increasing trans-

formation g and a constant τ such that for all values of θ

τ{g(θ̂)− g(θ)} ∼ Z,

where Z is a random variable that is symmetrically distributed about zero with dis-

tribution function H.

Then we have

Gθ(s) = H[τ{g(s)− g(θ)}].

Hence we obtained

Gθ[1−α](θ̂) = α = H[τ{g(θ̂)− g(θ[1− α])}]

⇒ τ{g(θ̂)− g(θ[1− α])} = H−1(α) = z(α) = −z(1−α)

⇒ g(θ[1− α]) = g(θ̂) +
z(1−α)

τ

⇒ θ[1− α] = g−1

(
g(θ̂) +

z(1−α)

τ

)
,

where the α quantile of Z z(α) = H−1(α).
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Then we have

Gθ̂(θ[1− α]) = H[τ{g(θ[1− α])− g(θ̂)}]

= H[τ{g(θ̂) + z(1−α)

τ
− g(θ̂)}]

= H[z(1−α)]

= (1− α).

That is, θ[1− α] = G−1

θ̂
(1− α).

Meanwhile, we have

Gθ̂(θ̂
(α)) = α = H[τ{g(θ̂(α))− g(θ̂)}]

⇒ τ{g(θ̂(α))− g(θ̂)} = H−1(α) = z(α)

⇒ g(θ̂(α)) = g(θ̂) +
z(α)

τ

⇒ θ̂(α) = g−1

(
g(θ̂) +

z(α)

τ

)
⇒ G−1

θ̂
(α) = θ̂(α) = g−1

(
g(θ̂) +

z(α)

τ

)
.

Since θ[1 − α] = G−1

θ̂
(1 − α), the confidence limits for θ are obtained directly from

the bootstrap distribution for θ̂ without any knowledge of the function g. That is the

percentile bootstrap CI.

Bias-corrected percentile bootstrap

However, sometimes the estimator θ̂ is biased and we can not assume τ{g(θ̂)− g(θ)}

is symmetrically distributed about zero anymore (Canty et al., 2006). Therefore, we

added a bias term for the improvement of estimate accuracy.

Suppose (Efron, 1987) there exists a monotonically increasing transformation g and
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a constant τ and z0 such that for all values of θ

τ{g(θ̂)− g(θ)}+ z0 ∼ Z,

where Z is a random variable that is symmetrically distributed about zero with dis-

tribution function H.

Then we have

Gθ(s) = H[τ{g(s)− g(θ)}+ z0].

Hence we obtained

Gθ[1−α](θ̂) = α = H[τ{g(θ̂)− g(θ[1− α])}+ z0]

⇒ τ{g(θ̂)− g(θ[1− α])}+ z0 = H−1(α) = z(α) = −z(1−α)

⇒ g(θ[1− α]) = g(θ̂) +
z(1−α) + z0

τ

⇒ θ[1− α] = g−1

(
g(θ̂) +

z(1−α) + z0
τ

)
,

where the α quantile z(α) = H−1(α).

Then we have

Gθ̂(θ[1− α]) = H[τ{g(θ[1− α])− g(θ̂)}+ z0]

= H[τ{g(θ̂) + z(1−α) + z0
τ

− g(θ̂)}+ z0]

= H[z(1−α) + 2z0].

That is, θ[1− α] = G−1

θ̂
(H[z(1−α) + 2z0]).
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Meanwhile, we have

Gθ̂(θ̂
(α)) = α = H[τ{g(θ̂(α))− g(θ̂)}+ z0]

⇒ τ{g(θ̂(α))− g(θ̂)}+ z0 = H−1(α) = z(α)

⇒ g(θ̂(α)) = g(θ̂) +
z(α) − z0

τ

⇒ θ̂(α) = g−1

(
g(θ̂) +

z(α) − z0
τ

)
⇒ G−1

θ (α) = θ̂(α) = g−1

(
g(θ̂) +

z(α) − z0
τ

)
.

The bias correction z0 is determined by z0 = H−1{Gθ(θ̂)}. And we always use the

standard normal distribution function Φ for H.

Bootstrap the original samples

We have two real data sets about the BRCA (Breast invasive carcinoma) data, one is

tested about microarray and another one is tested about RNA-seq. For the dataset

about microarray, we have 17,814 genes, 526 TP (Primary Solid Tumor) cases and 61

NT (solid tissue normal) cases. For the dataset about RNA-seq, we have 20,531 genes,

1,093 TP (Primary Solid Tumor) cases and 112 NT (solid tissue normal) cases.

We consider resampling the original samples at first. For microarray dataset, we used

the bootstrap method resampling 526 cases from the original TP cases with replace-

ment and resampling 61 NT cases from the original NT cases with replacement. Then

we obtained a sequence of z-scores z
(1)(b)
k , k = 1, 2, . . . ,m; b = 1, 2, . . . , 1000 using

one-sided upper-tailed Wilcoxon Test. For RNA-seq dataset, we also used the boot-

strap method, resampling 1,093 TP cases from the original TP cases with replacement

and resampling 112 NT cases from the original NT cases with replacement. Then we

obtained another sequence of z-scores z
(2)(b)
k , k = 1, 2, . . . ,m; b = 1, 2, . . . , 1000 also

using one-sided upper-tailed Wilcoxon Test.
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Then, we obtained the estimated ratios r̂
(b)
x and r̂

(b)
z corresponding to different critical

values c and -c determining the differentially expressed genes. With the value of

r̂
(b)
x and r̂

(b)
z , we obtained the value of calculated Jaccard index and calculated Dice

Similarity coefficient.

Therefore, after 1,000 times, we obtained the percentile CI for the calculated Jac-

card index and calculated Dice Similarity coefficient based on the 1,000 bootstrapped

values of Jaccard index and Dice Similarity coefficient.

Let θ̂j (j = 1, 2, . . . , 1, 000) be the bootstrap estimate value of θ computed from the

jth bootstrap sample and θ̂ be the estimate value of θ computed from the original

sample. For any real u ∈ (0, 1), let Ĝ(u) (Mulekar and Mishra, 2000) be the c.d.f. of

1,000 bootstrap estimate value θ̂j, then

Ĝ(u) = #
{
θ̂j < u

}
/1000.

When we use the percentile bootstrap method, the upper and lower 1−2α confidence

limit for θ: θ[1−α] and θ[α] are estimated asG−1

θ̂
(1−α) andG−1

θ̂
(α) respectively.

Then we considered the bias correction:

z0 = Φ−1
(
#
{
θ̂j < θ̂

}
/1000

)
,

which calculated the median bias of θ̂.

When we use the bias corrected percentile bootstrap method, the upper and lower

1− 2α confidence limit for θ: θ[1−α] and θ[α] are estimated as G−1

θ̂
(H[z(1−α) +2z0])

and G−1

θ̂
(H[z(α) + 2z0]) respectively.
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Bootstrap paired z-scores

We then consider resampling the paired z-scores. For microarray dataset, we have

a sequence of z-scores {z(1)k , k = 1, 2, . . . ,m} using one-sided upper-tailed Wilcoxon

Test. For RNA-seq dataset, we also have a sequence of z-scores {z(2)k , k = 1, 2, . . . ,m}

using one-sided upper-tailed Wilcoxon Test. These z-scores are paired because they

are two z-scores calculated for the same gene: {[z(1)k , z
(2)
k ] : k = 1, 2, . . . ,m}. Then we

used bootstrap method on these paired z-scores to resample with replacement and

obtained the 1,000 bootstrapped paired z-scores:{[z(1)(b)k , z
(2)(b)
k ] : k = 1, 2, . . . ,m; b =

1, 2, . . . , 1000}.

Then, we obtained the estimated ratios r̂
(b)
x and r̂

(b)
z corresponding to different critical

values c and -c determining the differentially expressed genes. With the value of

r̂
(b)
x and r̂

(b)
z , we obtained the value of calculated Jaccard index and calculated Dice

Similarity coefficient.

Therefore, after 1,000 times of bootstrapping paired z-scores, we obtained the per-

centile CI for the calculated Jaccard index and calculated Dice Similarity coefficient

based on the 1,000 bootstrapped values of Jaccard index and Dice Similarity coeffi-

cient.

Applications

The CI for a given statistic is an estimate based on the sampling distribution for

observed data. The confidence level represents the frequency (i.e. the proportion) of

possible confidence intervals that contain the true value of the unknown population

parameter. In other words, if confidence intervals are constructed using a given con-

fidence level from an infinite number of independent sample statistics, the proportion

of those intervals that contain the true value of the parameter will be equal to the

confidence level. For example, through repeated samples, 95 out of 100 confidence
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intervals would be expected to contain true θ if the confidence level α = 0.05.

If we bootstrap the sample, then it is based on the sample variation, which is more

meaningful. This procedure is like the data collection process, we repeat the sample

collection procedure each time we obtained the bootstrap sample. We are estimat-

ing the Jaccard index and the Dice similarity coefficient for the patients population

through this bootstrap method.

If we bootstrap the paired z-scores according to the fact that traditionally we cal-

culated Jaccard and Dice based on paired z-scores, therefore, the paired z-scores are

data we should bootstrapped on.

We then list the values of three different CIs for Jaccard similarity coefficients based on

the bootstrapped original samples (percentile and bias corrected) and bootstrapped

paired z-scores (percentile) from common genes in microarray and RNA-seq here for

us to obtain a better understanding of the difference between these three methods as

Table 2.15.

Critical
Value

Jaccard Percentile Bias corrected Bootstrap paired z

lower upper lower upper lower upper
c = ±1.96 0.672 0.643 0.680 0.665 0.689 0.664 0.680
c = ±3.89 0.604 0.568 0.612 0.597 0.621 0.594 0.612
c = ±5.73 0.539 0.505 0.565 0.512 0.571 0.529 0.548

Table 2.15. 95% Bootstrap CI for Jaccard index based on common genes
in microarray and RNA-seq. When we use different critical values to decide the
differentially expressed genes, we obtain different estimated ratios and therefore dif-
ferent corresponding calculated Jaccard index using the original two list of z-scores we
obtained based on common genes in microarray and RNA-seq. For each critical value,
with 1,000 times bootstrap results, we have 1,000 different calculated Jaccard index.
Percentile CI and bias corrected percentile CI are conducted using bootstrapped origi-
nal samples while bootstrapping paired z-scores together with percentile method gives
another CI. Lower and upper here represent the lower bound and upper bound for
the Bootstrap CIs.
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We also list the values of three different CIs for Dice similarity coefficients based on

the bootstrapped original samples (percentile and bias corrected) and bootstrapped

paired z-scores (percentile) from common genes in microarray and RNA-seq here for

us to obtain a better understanding of the difference between these three methods as

Table 2.16.

Critical
Value

Dice Percentile Bias corrected Bootstrap paired z

lower upper lower upper lower upper
c = ±1.96 0.804 0.783 0.809 0.799 0.816 0.798 0.809
c = ±3.89 0.753 0.724 0.760 0.747 0.766 0.746 0.759
c = ±5.73 0.701 0.671 0.722 0.677 0.727 0.692 0.708

Table 2.16. 95% Bootstrap CI for Dice similarity coefficient based on com-
mon genes in microarray and RNA-seq. When we use different critical val-
ues to decide the differentially expressed genes, we obtain different estimated ratios
and therefore different corresponding calculated Dice similarity coefficient using the
original two list of z-scores we obtained based on common genes in microarray and
RNA-seq. For each critical value, with 1,000 times bootstrap results, we have 1,000
different calculated Dice similarity coefficient. Percentile CI and bias corrected per-
centile CI are conducted using bootstrapped original samples while bootstrapping
paired z-scores together with percentile method gives another CI. Lower and upper
here represent the lower bound and upper bound for the Bootstrap CIs.

According to the above two tables, we find that we obtained a tighter CI for both

Jaccard and Dice when we bootstrap the paired z-scores, which will let us be more sure

about where is the value of the parameter. However, comparing to the method that we

bootstrap the original samples, based on the fact that bootstrap the paired z-scores is

less meaningful and people may also concern the variation from different fundamental

subjects as patient, we then need to bootstrap the patients. This procedure is just

like the testing process under specific sample, we repeat the testing procedure for

different genes on the same patients each time we obtained the bootstrap paired z-

scores. We are estimating the Jaccard index and the Dice similarity coefficient for the

specific fixed patients population when we bootstrap paired z-scores. Also a narrower
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CI is not necessarily a better CI. Since length and shape are only important if the

coverage probabilities are accurate. Therefore, bootstrapping the paired z-scores is

not necessarily a better choice comparing to bias corrected bootstrap method on the

original samples.

If we only have z-scores as our data, then bootstrap z-scores is the only choice we

have. But if we have the original sample datasets, we should bootstrap the samples

instead. Moreover, we have to consider the bias corrected bootstrap method since

the original 90% percentile bootstrap CI may not cover the calculated Jaccard or

Dice.
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Chapter 3

Prediction of association

consistency

3.1 Model and estimation

When there is only one list of observations (or analysis summaries), it is not feasible

to explicitly calculate a similarity coefficient. When there is only one data set, split-

ting data randomly is usually being considered so that two lists of observations (or

analysis summaries) are obtained for the calculation of a similarity coefficient. How-

ever, random splitting will reduce the sample size and cause some bias so we prefer to

perform a similarity evaluation without randomly splitting data. Therefore, we have

constructed a normal-mixture-model with the consideration of kernel density func-

tions to predict the value of similarity coefficients without randomly splitting.

In this model, we use one-sided and upper-tailed p-values so that wilcoxon rank

sum test scores and their corresponding z-scores have consistent signs. Z-scores are

calculated then by normal distribution quantile-based transformation of p-values:

z = Φ−1 (1− p). The sign of z-score is related to the direction of differential expression

and z-scores have been shown to be suitable for mixture model analyses with large-

scale data (McLachlan et al., 2006).

Suppose we only have one list of z-scores values: z
(i)
1 , i = 1, 2, . . . , n, and we want to

predict the value of similarity coefficient based only on this one list of observations, we

consider the distribution properties for paired z-scores that we obtained from random
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splitting. When we randomly split the dataset, the two sets of result data and their

corresponding z-scores hold the following assumptions:

1. Within the same component (gene), two corresponding z-scores z
(i)
1 , z

(i)
2 have

same marginal distribution.

2. Among different components (genes), different corresponding paired z-scores

z
(i)
1 , z

(i)
2 and z

(j)
1 , z

(j)
2 are independent.

Based on the above assumptions and the consideration of normal-mixture model

together with kernel density functions, we use the standard normal distribution for

genes follow the null hypothesis (non-differentially expressed) and the kernel density

functions for genes follow the alternative hypothesis (up-regulated or down-regulated).

Then the n+ 1 components marginal joint density function for z
(i)
1 , z

(i)
2 is:

f
(
z
(i)
1 , z

(i)
2

)
= π0ϕµ0,σ2

0
(z

(i)
1 )ϕµ0,σ2

0
(z

(i)
2 ) +

n∑
k=1

πkϕµk,σ
2
k
(z

(i)
1 )ϕµk,σ

2
k
(z

(i)
2 ),

where πi > 0, i = 0, 1, 2, . . . , n,
∑n

i=0 πi = 1, and ϕµ,σ2 is the normal probability

distribution function (p.d.f.) with mean µ and variance σ2.

With the knowledge of distributions for z-scores under H0, we have µ0 = 0, σ0 = 1

(P-values are uniformly distributed under the null hypothesis. Therefore, z-scores

follow the standard normal distribution under the null hypothesis). Meanwhile,

with the consideration of kernel density functions, we let µk = z
(k)
1 , σk = 1, k =

1, 2, . . . , n.

Then the likelihood function for the whole list of paired z-scores is:
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L(z
(i)
1 , z

(i)
2 , w

(i)
k |π0)

=
n∏

i=1

{[
π0ϕµ0,σ2

0

(
z
(i)
1

)
ϕµ0,σ2

0

(
z
(i)
2

)]w(i)
0

n∏
k=1

[
πkϕµk,σ

2
k

(
z
(i)
1

)
ϕµk,σ

2
k

(
z
(i)
2

)]w(i)
k

}

=
n∏

i=1

{[
π0ϕ0,1

(
z
(i)
1

)
ϕ0,1

(
z
(i)
2

)]w(i)
0

n∏
k=1

[
πkϕz

(k)
1 ,1

(
z
(i)
1

)
ϕ
z
(k)
1 ,1

(
z
(i)
2

)]w(i)
k

}
,

where w
(i)
k is the additional unobserved variable for each gene in the data set to

represent its component group. If the i-th gene follows H0, w
(i)
0 = 1 and if the i-th

gene follows H1, w
(i)
0 = 0. And w

(i)
k = 1 if the i-th gene follows the k-th component

under H1 or w
(i)
k = 0 otherwise. Then we have

∑n
k=0w

(i)
k = 1, i = 1, 2, . . . , n.

Given the likelihood function, we use EM algorithm to obtain the estimators for

unknown parameters in this model.

E step
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E
(
w

(i)
k | µ1, σ1, π0, z

(i)
1

)
=Pr

(
w

(i)
k = 1 | µ1, σ1, π0, z

(i)
1

)
=

Pr
(
µ1, σ1, π0, z

(i)
1 , w

(i)
k = 1

)
Pr
(
µ1, σ1π0, z

(i)
1

)
=

∫∞
−∞ Pr

(
µ1, σ1, π0, z

(i)
1 , w

(i)
k = 1, z

(i)
2

)
dz

(i)
2∫∞

−∞Pr
(
µ1, σ1, π0, z

(i)
1 , z

(i)
2

)
dz

(i)
2

(integrate over z
(i)
2 )

=

∫∞
−∞Pr

(
µ1, σ1, π0, z

(i)
1 , z

(i)
2 |w(i)

k = 1
)
Pr
(
w

(i)
k = 1

)
dz

(i)
2∫∞

−∞
∑n

k=0Pr
(
µ1, σ1, π0, z

(i)
1 , z

(i)
2 |w(i)

k = 1
)
Pr
(
w

(i)
k = 1

)
dz

(i)
2

=

∫∞
−∞ ϕµk,σ

2
k

(
z
(i)
1

)
ϕµk,σ

2
k

(
z
(i)
2

)
πkdz

(i)
2∫∞

−∞
∑n

k=0 ϕµk,σ
2
k

(
z
(i)
1

)
ϕµk,σ

2
k

(
z
(i)
2

)
πkdz

(i)
2

=
ϕµk,σ

2
k

(
z
(i)
1

)
πk∑n

k=0 ϕµk,σ
2
k

(
z
(i)
1

)
πk

=



π0ϕ0,1

(
z
(i)
1

)
π0ϕ0,1

(
z
(i)
1

)
+
∑n

k=1 πkϕ
z
(k)
1 ,1

(
z
(i)
1

) , k = 0

πkϕ
z
(k)
1 ,1

(
z
(i)
1

)
π0ϕ0,1

(
z
(i)
1

)
+
∑n

k=1 πkϕ
z
(k)
1 ,1

(
z
(i)
1

) , k = 1, 2, . . . n
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E
(
z
(i)
2 | µ1, σ1, π0, z

(i)
1

)
=

∫ ∞

−∞
z
(i)
2 f

(
z
(i)
2 | µ1, σ1, π0, z

(i)
1

)
dz

(i)
2

=

∫ ∞

−∞
z
(i)
2

f
(
z
(i)
2 , µ1, σ1, π0, z

(i)
1

)
f
(
µ1, σ1, π0, z

(i)
1

) dz
(i)
2

=

∫ ∞

−∞
z
(i)
2

π0ϕ0,1

(
z
(i)
1

)
ϕ0,1

(
z
(i)
2

)
+
∑n

k=1 πkϕz
(k)
1 ,1

(
z
(i)
1

)
ϕ
z
(k)
1 ,1

(
z
(i)
2

)
π0ϕ0,1

(
z
(i)
1

)
+
∑n

k=1 πkϕz
(k)
1 ,1

(
z
(i)
1

) dz
(i)
2

=
π0ϕ0,1

(
z
(i)
1

) ∫∞
−∞ z

(i)
2 ϕ0,1

(
z
(i)
2

)
dz

(i)
2 +

∑n
k=1 πkϕz

(k)
1 ,1

(
z
(i)
1

) ∫∞
−∞ z

(i)
2 ϕ

z
(k)
1 ,1

(
z
(i)
2

)
dz

(i)
2

π0ϕ0,1

(
z
(i)
1

)
+
∑n

k=1 πkϕz
(k)
1 ,1

(
z
(i)
1

)
=

0 +
∑n

k=1 πkϕz
(k)
1 ,1

(
z
(i)
1

)
z
(k)
1

π0ϕ0,1

(
z
(i)
1

)
+
∑n

k=1 πkϕz
(k)
1 ,1

(
z
(i)
1

)
=

1−π0

n

∑n
k=1 ϕz

(k)
1 ,1

(
z
(i)
1

)
z
(k)
1

π0ϕ0,1

(
z
(i)
1

)
+ 1−π0

n

∑n
k=1 ϕz

(k)
1 ,1

(
z
(i)
1

) .

The result in E step for this n dimension model also consistent with the 1 dimension

model, which is the expectation of z
(i)
2 and w

(i)
k are only being influenced by the

expression data for the ith gene. This is because of the independence among different

components (genes) and their corresponding paired z-scores z
(i)
1 , z

(i)
2 and z

(j)
1 , z

(j)
2 .

M step

∂ logL

∂π0

=
n∑

i=1

w
(i)
0

π0

−
n∑

i=1

[
n∑

k=1

wi
k

1

1− π0

]
=

∑n
i=1w

(i)
0

π0

−
∑n

i=1

∑n
k=1 w

i
k

1− π0

.

By setting this first derivative equal to 0, we have

(
n∑

i=1

w
(i)
0

)
(1− π0) = π0

(
n∑

i=1

n∑
k=1

w
(i)
k

)
.
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Then we have

π̂0 =

∑n
i=1w

1i)
0∑n

i=1

∑n
k=0 w

(i)
k

=

∑n
i=1w

(i)
0

n
.

With the estimators for unknown parameters in the likelihood function for whole list

of paired z-scores, we can then derived the equation to predict value of similarity

coefficient when there is only one list of observations (or analysis summaries).

3.2 Prediction

We first introduce the following notations we will use during the prediction of simi-

larity coefficients:

• n: the total number of genes in the dataset.

• A: the number of genes claimed both up-regulated in two analysis results.

• A∗: the number of genes claimed both down-regulated in two analysis results.

• B: the number of genes that claimed up-regulated in the first analysis re-

sults and claimed not up-regulated in the second analysis results or claimed

non-differentially expressed in the first analysis results and claimed not down-

regulated in the second analysis results.

• B∗: the number of genes that claimed down-regulated in the first analysis results

and claimed not down-regulated in the second analysis results or claimed non-

differentially expressed in the first analysis results and claimed not up-regulated

in the second analysis results.

• C: the number of genes claimed both non differentially expressed in two analysis

results.

• rA: the proportion of genes claimed both up-regulated in two analysis results.

• rA∗ : the proportion of genes claimed both down-regulated in two analysis re-
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sults.

• rB: the proportion of genes that claimed up-regulated in the first analysis re-

sults and claimed not up-regulated in the second analysis results or claimed

non-differentially expressed in the first analysis results and claimed not down-

regulated in the second analysis results.

• rB∗ : the proportion of genes that claimed down-regulated in the first analysis

results and claimed not down-regulated in the second analysis results or claimed

non-differentially expressed in the first analysis results and claimed not up-

regulated in the second analysis results.

• rC : the proportion of genes claimed both non differentially expressed in two

analysis results.

With the estimators of π̂0 and w
(i)
k , k = 0, 1, . . . , n; i = 1, 2, . . . , n we obtained from

EM algorithm and the list of values of z
(i)
1 , we gave the prediction of similarity coef-

ficient based on their expectation formulas.

Given the real meaning of A,A∗ and C, we have their mathematical representations

as follow:

A = number of genes that z
(i)
1 > c and z

(i)
2 > c =

n∑
i=1

I(
z
(i)
1 >c,z

(i)
2 >c

).

A∗ = number of genes that z
(i)
1 < −c and z

(i)
2 < −c =

n∑
i=1

I(
z
(i)
1 <−c, z

(i)
2 <−c

)

C = number of genes that −c < z
(i)
1 < c and −c < z

(i)
2 < c =

n∑
i=1

I(−c<z
(i)
1 <c, −c<z

(i)
2 <c

)

Then we have the expectation formula for A based the mathematical representa-
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tion:

E(A) =
n∑

i=1

Pr
(
z
(i)
1 > c, z

(i)
2 > c

)
=

n∑
i=1

[
n∑

k=0

Pr
(
z
(i)
1 > c, z

(i)
2 > c,w

(i)
k = 1

)]

=
n∑

i=1

[
n∑

k=0

Pr
(
w

(i)
k = 1

)
Pr
(
z
(i)
1 > c, z

(i)
2 > c | w(i)

k = 1
)]

=
n∑

i=1

[
n∑

k=0

Pr
(
w

(i)
k = 1

)∫ ∞

c

∫ ∞

c

f
(
z
(i)
1 , z

(i)
2 | w(i)

k = 1
)
dz

(i)
1 dz

(i)
2

]

=
n∑

i=1

[
Pr
(
w

(i)
0 = 1

)
(1− Φ(c))(1− Φ(c))

+
n∑

k=1

Pr
(
w

(i)
k = 1

)(
1− Φ

(
c− z

(k)
1

))(
1− Φ

(
c− z

(k)
1

))]

Therefore, we have the two corresponding estimators for the expectation of A when

we use π̂0 and 1−π̂0

n
or ŵ

(i)
0 and ŵ

(i)
k as the estimators for unknown parameters

Pr
(
w

(i)
0 = 1

)
and Pr

(
w

(i)
k = 1

)
in the expectation formula:

Ê(A) =
n∑

i=1

[
π̂0(1− Φ(c))2 +

n∑
k=1

1− π̂0

n

(
1− Φ

(
c− z

(k)
1

))2]
.

Ê(A) =
n∑

i=1

[
ŵ

(i)
0 (1− Φ(c))2 +

n∑
k=1

ŵ
(i)
k

(
1− Φ

(
c− z

(k)
1

))2]
.

Similarly, we have two estimators for the expectation of A∗ and C when we use π̂0

and 1−π̂0

n
or ŵ

(i)
0 and ŵ

(i)
k as the estimators:

Ê(A∗) =
n∑

i=1

[
π̂0(Φ(−c))2 +

n∑
k=1

1− π̂0

n

(
Φ
(
−c− z

(k)
1

))2]
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Ê(A∗) =
n∑

i=1

[
ŵ

(i)
0 (Φ(−c))2 +

n∑
k=1

ŵ
(i)
k

(
Φ
(
−c− z

(k)
1

))2]

Ê(C) =
n∑

i=1

[
π̂0(Φ(c)− Φ(−c))2 +

n∑
k=1

1− π̂0

n

(
Φ
(
c− z

(k)
1

)
− Φ

(
−c− z

(k)
1

))2]

Ê(C) =
n∑

i=1

[
ŵ

(i)
0 (Φ(c)− Φ(−c))2 +

n∑
k=1

ŵ
(i)
k

(
Φ
(
c− z

(k)
1

)
− Φ

(
−c− z

(k)
1

))2]

Meanwhile, according to our specific assumptions, we have E(B) = E(B∗) and E(A)+

E(A∗)+E(B)+E(B∗)+E(C) = n (since A+A∗ +B+B∗ +C = n), Then have the

expectation formula for B and B∗:

E(B) = E(B∗) =
n− E(C)− E(A)− E(A∗)

2
.

Therefore, we have the estimators for the expectation of B and B∗ when we use π̂0

and 1−π̂0

n
or ŵ

(i)
0 and ŵ

(i)
k as the estimators:

Ê(B) = Ê(B∗)

=
n− Ê(C)− Ê(A)− Ê(A∗)

2

=
1

2

{
n−

n∑
i=1

[
π̂0(Φ(c)− Φ(−c))2 +

n∑
k=1

1− π̂0

n

(
Φ
(
c− z

(k)
1

)
− Φ

(
−c− z

(k)
1

))2]

−
n∑

i=1

[
π̂0(1− Φ(c))2 +

n∑
k=1

1− π̂0

n

(
1− Φ

(
c− z

(k)
1

))2]

−
n∑

i=1

[
π̂0(Φ(−c))2 +

n∑
k=1

1− π̂0

n

(
Φ
(
−c− z

(k)
1

))2]}
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Ê(B) = Ê(B∗)

=
1

2

{
n−

n∑
i=1

[
ŵ

(i)
0 (Φ(c)− Φ(−c))2 +

n∑
k=1

ŵ
(i)
k

(
Φ
(
c− z

(k)
1

)
− Φ

(
−c− z

(k)
1

))2]

−
n∑

i=1

[
ŵ

(i)
0 (1− Φ(c))2 +

n∑
k=1

ŵ
(i)
k

(
1− Φ

(
c− z

(k)
1

))2]

−
n∑

i=1

[
ŵ

(i)
0 (Φ(−c))2 +

n∑
k=1

ŵ
(i)
k

(
Φ
(
−c− z

(k)
1

))2]}

Then we give the expectation formula for Jaccard similarity coefficient using the

notations above under this specific condition.

E (Jaccard) =
rA + rA∗

rA + rA∗ + rB + rB∗
=

E(A) + E(A∗)

E(A) + E(A∗) + E(B) + E(B∗)

Proof : GivenPr (A+ A∗ = a,B +B∗ = b, C = c) = n!
a!b!c!

raA+A∗rbB+B∗rcC , we have

Pr (Jaccard = d)

=Pr

(
A+ A∗

A+ A∗ +B +B∗ = d

)
=Pr

(
a

a+ b
= d

)
= Pr

(
a

n− c
= d

)
=

∑
a, b, c ∈ 0, 1, . . . , n

a+ b+ c = n

a
n−c

= d

n!

a!b!c!
raA+A∗rbB+B∗rcC

=
n∑

c=0

n−c∑
a = 0

a
n−c

= d

(
n

c

)(
n− c

a

)
raA+A∗rn−a−c

B+B∗ (1− rA+A∗ − rB+B∗)c
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Then

E (Jaccard)

=
∑
d

Pr (Jaccard = d) d

=
n∑

c=0

n−c∑
a=0

(
n

c

)(
n− c

a

)
raA+A∗rB+B∗

n−a−c (1− rA+A∗ − rB+B∗)c
a

n − c

=
n∑

c=0

(
n

c

)
rn−c
B+B∗ (1− rA+A∗ − rB+B∗)c

1

n − c

n−c∑
a=0

(
n− c

a

)(
rA+A∗

rB+B∗

)a

a

(according to lemma 2)

=
n∑

c=0

(
n

c

)
rn−c
B+B∗ (1− rA+A∗ − rB+B∗)c

1

n − c
(n− c)

rA+A∗

rB+B∗

(
1 +

rA+A∗

rB+B∗

)n−c−1

=
n∑

c=0

(
n

c

)
(1− rA+A∗ − rB+B∗)crA+A∗ (rA+A∗ + rB+B∗)n−c−1

=
rA+A∗

rA+A∗ + rB+B∗

[
n∑

c=0

(
n

c

)(
1− rA+A∗ − rB+B∗

rA+A∗ + rB+B∗

)c
]
(rA+A∗ + rB+B∗)n

=
rA+A∗

rA+A∗ + rB+B∗

(
1 +

1− rA+A∗ − rB+B∗

rA+A∗ + rB+B∗

)n

(rA+A∗ + rB+B∗)n

=
rA+A∗

rA+A∗ + rB+B∗

(
1

rA+A∗ + rB+B∗

)n

(rA+A∗ + rB+B∗)n

=
rA+A∗

rA+A∗ + rB+B∗

=
nrA+A∗

nrA+A∗ + nrB+B∗

=
E(A) + E(A∗)

E(A) + E(A∗) + E(B) + E(B∗)

Therefore, we have the prediction for Jaccard similarity coefficient according to esti-

mators for the expectation of A, A∗, B, B∗ and C when we use π̂0 and 1−π̂0

n
or ŵ

(i)
0

and ŵ
(i)
k as the estimators:
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Ê (Jaccard)

=
Ê(A) + Ê(A∗)

Ê(A) + Ê(A∗) + Ê(B) + Ê(B∗)

=
Ê(A) + Ê(A∗)

n− Ê(C)

=

∑n
i=1

[
π̂0(1− Φ(c))2 +

∑n
k=1

1−π̂0

n

(
1− Φ

(
c− z

(k)
1

))2]
n−

∑n
i=1

[
π̂0(Φ(c)− Φ(−c))2 +

∑n
k=1

1−π̂0

n

(
Φ
(
c− z

(k)
1

)
− Φ

(
−c− z

(k)
1

))2]

+

∑n
i=1

[
π̂0(Φ(−c))2 +

∑n
k=1

1−π̂0

n

(
Φ
(
−c− z

(k)
1

))2]
n−

∑n
i=1

[
π̂0(Φ(c)− Φ(−c))2 +

∑n
k=1

1−π̂0

n

(
Φ
(
c− z

(k)
1

)
− Φ

(
−c− z

(k)
1

))2]

Ê (Jaccard)

=

∑n
i=1

[
ŵ

(i)
0 (1− Φ(c))2 +

∑n
k=1 ŵ

(i)
k

(
1− Φ

(
c− z

(k)
1

))2]
n−

∑n
i=1

[
ŵ

(i)
0 (Φ(c)− Φ(−c))2 +

∑n
k=1 ŵ

(i)
k

(
Φ
(
c− z

(k)
1

)
− Φ

(
−c− z

(k)
1

))2]

+

∑n
i=1

[
ŵ

(i)
0 (Φ(−c))2 +

∑n
k=1 ŵ

(i)
k

(
Φ
(
−c− z

(k)
1

))2]
n−

∑n
i=1

[
ŵ

(i)
0 (Φ(c)− Φ(−c))2 +

∑n
k=1 ŵ

(i)
k

(
Φ
(
c− z

(k)
1

)
− Φ

(
−c− z

(k)
1

))2]

We also give the expectation formula for Dice similarity coefficient according to our

specific assumptions using the notations above.

E (Dice) =
2(rA + rA∗)

2(rA + rA∗) + rB + rB∗
=

rA + rA∗

rA + rA∗ + rB
=

E(A) + E(A∗)

E(A) + E(A∗) + E(B)

Proof : Given Pr (A+ A∗ = a,B = b, C = c) = n!
a!b!c!

raA+A∗rbBr
c
C , we have
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Pr (Dice = d) =Pr

(
A+ A∗

A+ A∗ +B
= d

)
= Pr

(
a

a+ b
= d

)
= Pr

(
a

n− c
= d

)
=

∑
a, b, c ∈ 0, 1, . . . , n

a+ b+ c = n

a
n−c

= d

n!

a!b!c!
raA+A∗rbBr

c
C

=
n∑

c=0

n−c∑
a = 0

a
n−c

= d

(
n

c

)(
n− c

a

)
raA+A∗rB

n−a−c (1− rA+A∗ − rB)
c.

Then

E (Dice) =
∑
d

Pr (Dice = d) d

=
n∑

c=0

n−c∑
a=0

(
n

c

)(
n− c

a

)
raA+A∗rB

n−a−c (1− rA+A∗ − rB)
c a

n − c

=
n∑

c=0

(
n

c

)
rn−c
B (1− rA+A∗ − rB)

c 1

n − c

n−c∑
a=0

(
n− c

a

)(
rA+A∗

rB

)a

a

(according to lemma 2)

=
n∑

c=0

(
n

c

)
rn−c
B (1− rA+A∗ − rB)

c 1

n − c
(n− c)

rA+A∗

rB

(
1 +

rA+A∗

rB

)n−c−1

=
n∑

c=0

(
n

c

)
(1− rA+A∗ − rB)

crA+A∗ (rA+A∗ + rB)
n−c−1
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E (Dice) =
rA+A∗

rA+A∗ + rB

[
n∑

c=0

(
n

c

)(
1− rA+A∗ − rB
rA+A∗ + rB

)c
]
(rA+A∗ + rB)

n

=
rA+A∗

rA+A∗ + rB

(
1 +

1− rA+A∗ − rB
rA+A∗ + rB

)n

(rA+A∗ + rB)
n

=
rA+A∗

rA+A∗ + rB

(
1

rA+A∗ + rB

)n

(rA+A∗ + rB)
n

=
rA+A∗

rA+A∗ + rB

=
nrA+A∗

nrA+A∗ + nrB

=
E(A) + E(A∗)

E(A) + E(A∗) + E(B)
.

Therefore, we also have the prediction for Dice similarity coefficient according to

estimators for the expectation of A, A∗, B, B∗ and C:

Ê (Dice) =
Ê(A) + Ê(A∗)

Ê(A) + Ê(A∗) + Ê(B)

=
Ê(A) + Ê(A∗)

n− Ê(C)− Ê(B∗)

3.3 Simulation studies

We simulated paired z-scores from multivariate normal distribution to verify the

model we use and the formula we derived to predict the similarity coefficient.

3.3.1 Based on microarray dataset

The microarray dataset is an early platform with 17,814 genes in general across 526

TP (primary solid tumor) cases and 61 NT (solid tissue normal) cases. Comparing

the difference between NT and TP using upper-tailed Wilcoxon test, we obtained

17,814 one-sided p-values and the corresponding z-scores zi, i = 1, 2, . . . , 17, 814 for
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each gene in microarray dataset.

Then we simulate 17,814 paired z-scores from the given mixed normal distribution

N(z1, 1), N(z2, 1), . . . , N(z17814, 1), with probability 1
17814

, 1
17814

, . . . , 1
17814

. We have

the theoretical value of similarity coefficient based on the known parameters. Each

time we simulate data from the mixed normal distribution, we get 17,814 paired z-

scores (z
(1)
i , z

(2)
i ), i = 1, 2, . . . , 17, 814. Then we have two predicted value of similarity

coefficient based on z
(1)
i and z

(2)
i separately.

After 1,000 simulations, we get a CI for the predicted similarity coefficient based on

z
(1)
i and a CI for the predicted similarity coefficient based on z

(2)
i . Based on different

critical values to decide deferential expressed genes, we list the CIs for predicted

similarity coefficient and the theoretical similarity coefficient in Table 3.1.

c = ±1.64 c = ±1.96 c = ±2.58 c = ±3.89 c = ±4.89 c = ±5.73
lower upper lower upper lower upper lower upper lower upper lower upper

π
(1)
0 0.8351 0.8424 0.8323 0.8394 0.8254 0.8329 0.8059 0.8153 0.7862 0.7967 0.7652 0.7763

w
(1)
i 0.8408 0.8478 0.8367 0.8436 0.8276 0.8352 0.8062 0.8156 0.7863 0.7967 0.7653 0.7763

π
(2)
0 0.8351 0.8424 0.8322 0.8395 0.8254 0.8334 0.8060 0.8152 0.7865 0.7965 0.7651 0.7763

w
(2)
i 0.8408 0.8478 0.8366 0.8438 0.8277 0.8355 0.8063 0.8154 0.7865 0.7965 0.7651 0.7763

theoretical 0.8399 0.8358 0.8285 0.8102 0.7902 0.7681

Table 3.1. 95% CIs for predicted Jaccard index with simulated data based
on microarray dataset. We simulate two lists (paired) of z-scores each time based
on the calculated z-scores using microarray dataset. For each list of z-scores, we
have a predicted value of Jaccard index under different critical values c to decide
the differentially expressed genes. For each critical value, with 1,000 times simulated
paired z-scores from bivariate normal distribution, percentile CIs for the predicted
Jaccard with the first list of z-scores and predicted Jaccard with the second list of
z-scores are conducted. Lower and upper here represent the lower bound and upper
bound for the CIs.

From this table, we can find that the theoretical value always fall within the CIs

for predicted similarity coefficients. This verified our model assumptions and derived

formulas.
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3.3.2 Based on RNA-seq dataset

The RNA-seq dataset is a late platform with 20,531 genes in general across 1,093 TP

(primary solid tumor) cases and 112 NT (solid tissue normal) cases. Comparing the

difference between NT and TP using upper-tailed Wilcoxon test, we obtained 20,531

one-sided p-values and the corresponding z-scores zi, i = 1, 2, . . . , 20, 531 for each gene

in microarray dataset.

Then we simulate 20,531 paired z-scores from the given mixed normal distribution

N(z1, 1), N(z2, 1), . . . , N(z20531, 1), with probability 1
20531

, 1
20531

, . . . , 1
20531

. We have

the theoretical value of similarity coefficient based on the known parameters. Each

time we simulate data from the mixed normal distribution, we get 20,531 paired z-

scores (z
(1)
i , z

(2)
i ), i = 1, 2, . . . , 20, 531. Then we have two predicted value of similarity

coefficient based on z
(1)
i and z

(2)
i separately.

After 1,000 simulations, we get a CI for the predicted similarity coefficient based on

z
(1)
i and a CI for the predicted similarity coefficient based on z

(2)
i . Based on different

critical values to decide deferential expressed genes, we list the CIs for predicted

similarity coefficient and the theoretical similarity coefficient in Table 3.2.

c = ±1.64 c = ±1.96 c = ±2.58 c = ±3.89 c = ±4.89 c = ±5.73
lower upper lower upper lower upper lower upper lower upper lower upper

π
(1)
0 0.8848 0.8908 0.8844 0.8903 0.8829 0.8890 0.8736 0.8807 0.8586 0.8663 0.8357 0.8445

w
(1)
i 0.8894 0.8951 0.8879 0.8937 0.8846 0.8907 0.8738 0.8809 0.8586 0.8663 0.8357 0.8445

π
(2)
0 0.8847 0.8910 0.8843 0.8905 0.8827 0.8891 0.8736 0.8808 0.8588 0.8664 0.8358 0.8447

w
(2)
i 0.8893 0.8953 0.8877 0.8939 0.884 0.891 0.8738 0.8810 0.8588 0.8664 0.8358 0.8447

theory 0.8895 0.8885 0.8868 0.8792 0.8682 0.8456

Table 3.2. 95% CIs for predicted Jaccard index with simulated data based
on RNA-seq dataset. We simulate two lists (paired) of z-scores each time based
on the calculated z-scores using RNA-seq dataset. For each list of z-scores, we have
a predicted value of Jaccard index under different critical values c to decide the
differentially expressed genes. For each critical value, with 1,000 times simulated
paired z-scores from bivariate normal distribution, percentile CIs for the predicted
Jaccard with the first list of z-scores and predicted Jaccard with the second list of
z-scores are conducted. Lower and upper here represent the lower bound and upper
bound for the CIs.
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From this table, we can find that the theoretical value always fall within the CIs

for predicted similarity coefficients. This verified our model assumptions and derived

formulas.

3.4 Application studies

We use the microarray dataset with 16,146 common genes across 526 TP (primary

solid tumor) cases and 61 NT (solid tissue normal) cases and the RNA-seq dataset

with 16,146 common genes across 1,093 TP (primary solid tumor) cases and 112

NT (solid tissue normal) cases. Jaccard similarity coefficient is used to measure the

consistency of microarray dataset and RNA-seq dataset in the BRCA study.

3.4.1 Based on microarray dataset

For microarray dataset, we can randomly divide both tumor cases and normal cases

into two parts which have equal sample size 1,000 times. Each part has 263 TP cases

and 30 NT cases. For each random split,we calculated the one-sided p-values using

upper-tailed Wilcoxon test and obtained the corresponding two lists of z-scores for

each part of microarray z
(1)
i and z

(2)
i , i = 1, 2, . . . , 16, 146 separately for each part.

Then for each different critical value, we have one calculated value of Jaccard index

Jaccardcalculated based on two lists of z-scores and two predicted value of Jaccard index

Jaccard
(1)
predicted and Jaccard

(2)
predicted based on each list of z-scores using normal-mixture-

model with the consideration of kernel density functions and EM algorithm separately.

We also have two difference between the calculated value and predicted value of

Jaccard index difference(1) = Jaccard
(1)
predicted − Jaccardcalculated and difference(2) =

Jaccard
(2)
predicted − Jaccardcalculated.

After 1,000 random split, we have 1,000 paired predicted value of Jaccard index

Jaccard
(1)(b)
predicted and Jaccard

(2)(b)
predicted, b = 1, 2, . . . , 1, 000 and 1,000 paired difference

between the calculated value and predicted value of Jaccard index difference(1)(b) and
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difference(2)(b), b = 1, 2, . . . , 1, 000. Then for each different critical value, we list

the quantile intervals for Jaccard
(1)
predicted and Jaccard

(2)
predicted as well as the mean and

standard deviation for difference(1) and difference(2) based on 1,000 different values

in Table 3.3.

c = ±1.64 c = ±1.96 c = ±2.58 c = ±3.89 c = ±4.89 c = ±5.73
lower upper lower upper lower upper lower upper lower upper lower upper

Jaccard
(1)
predicted(π

(1)
0 ) 0.7567 0.7813 0.7495 0.7751 0.7324 0.7610 0.6793 0.7167 0.6187 0.6650 0.5461 0.6026

Jaccard
(1)
predicted(w

(1)
i ) 0.7651 0.7887 0.7562 0.7809 0.7360 0.7642 0.6798 0.7172 0.6188 0.6650 0.5461 0.6026

mean sd mean sd mean sd mean sd mean sd mean sd

difference(1)(π
(1)
0 ) 0.0182 0.0257 0.0198 0.0271 0.0254 0.0289 0.0449 0.0320 0.0750 0.0347 0.1103 0.0374

difference(1)(w
(1)
i ) 0.0103 0.0256 0.0136 0.0270 0.0220 0.0288 0.0444 0.0320 0.0750 0.0347 0.1103 0.0374

lower upper lower upper lower upper lower upper lower upper lower upper

Jaccard
(2)
predicted(π

(2)
0 ) 0.7600 0.7842 0.7532 0.7782 0.7363 0.7648 0.6856 0.7219 0.6278 0.6722 0.5588 0.6123

Jaccard
(2)
predicted(w

(2)
i ) 0.7686 0.7914 0.7597 0.7838 0.7398 0.7678 0.6861 0.7223 0.6279 0.6722 0.5588 0.6123

mean sd mean sd mean sd mean sd mean sd mean sd

difference(2)(π
(2)
0 ) 0.0155 0.0265 0.0169 0.0279 0.0220 0.0300 0.0398 0.0338 0.0679 0.0378 0.1001 0.0425

difference(2)(w
(2)
i ) 0.0077 0.0264 0.0108 0.0279 0.0187 0.0299 0.0394 0.0338 0.0678 0.0378 0.1001 0.0425

Table 3.3. 95% CIs for predicted Jaccard, and mean and variance for differ-
ence between predicted and calculated Jaccard based on common genes in
microarray dataset. We randomly divide the microarray dataset into two parts,
with the data in each part, we obtain a list of z-scores. Based on two lists of z-scores
we obtained from random division, we have one calculated value of Jaccard index
and two predicted value of Jaccard index under different critical values c to decide
the differentially expressed genes. For each critical value, with 1,000 times random
division, percentile CIs for the predicted Jaccard with the first list of z-scores and
predicted Jaccard with the second list of z-scores are conducted. Besides, we have
1,000 values of difference between predicted Jaccard and calculated Jaccard based on
random division, and we report the mean and difference for these 1,000 differences.
Lower and upper here represent the lower bound and upper bound for the CIs.

From Table 3.3, it is shown that the method to predict Jaccard index using microarray

is proper enough since the predicted value and calculated value of Jaccard index using

random division are close enough. We can also see that 0 is within the distance of 2

standard deviations from mean for difference between predicted value and calculated

value of Jaccard index, which means the predicted CI for Jaccard similarity coefficient

will cover its latent true value. According to the consistency of statistics, we can see

that it is accurate using one list of z-scores to predict Jaccard index.

We can also bootstrap the original sample in microarray dataset or bootstrap the
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sequence of z-scores z(i) i = 1, 2, . . . , 16, 146 we calculated using original microarray

dataset with replacement 1,000 times.

When bootstrap the original sample, each time we obtain 526 TP cases and 61 NT

cases. Then we calculated the one-sided p-values using upper-tailed Wilcoxon test and

obtained the corresponding z-scores z(i) i = 1, 2, . . . , 16, 146. Using normal-mixture-

model with the consideration of kernel density functions and EM algorithm, we can

then obtain predicted value of Jaccard index corresponding to different critical values

Jaccardsample
predicted.

When bootstrap the sequence of z-scores, we also have one list of z-scores z(i) i =

1, 2, . . . , 16, 146 and the predicted value of Jaccard index corresponding to different

critical values Jaccardz
predicted.

After 1,000 bootstrap, for each bootstrap method, we have 1,000 different predicted

values of Jaccard index and list the quantile intervals for this predicted value in Table

3.4.

c = ±1.64 c = ±1.96 c = ±2.58 c = ±3.89 c = ±4.89 c = ±5.73
lower upper lower upper lower upper lower upper lower upper lower upper

Jaccardsample
predicted(π0) 0.8312 0.8486 0.8276 0.8460 0.8199 0.8394 0.7989 0.8221 0.7777 0.8048 0.7548 0.7855

Jaccardsample
predicted(wi) 0.8371 0.8538 0.8322 0.8500 0.8222 0.8416 0.7992 0.8223 0.7778 0.8048 0.7548 0.7855

Jaccardz
predicted(π0) 0.8323 0.8399 0.8298 0.8373 0.8242 0.8320 0.8055 0.8146 0.7850 0.7952 0.7624 0.7738

Jaccardz
predicted(wi) 0.8383 0.8454 0.8345 0.8418 0.8265 0.8343 0.8058 0.8149 0.7851 0.7952 0.7624 0.7738

Table 3.4. 95% CIs for predicted Jaccard index based on common genes
in microarray dataset when bootstrapping the original samples and calcu-
lated z-scores. Each time we bootstrap the original samples and calculated z-scores
for microarray dataset, we can obtain a new list of z-scores. Then we can have the
predicted value of Jaccard index under different critical values c to decide the dif-
ferentially expressed genes. For each critical value, with 1,000 times bootstrapping,
percentile CIs for the predicted Jaccard for bootstrapping original samples and boot-
strapping calculated z-scores are conducted. Lower and upper here represent the
lower bound and upper bound for the CIs.

Comparing Table 3.4 and Table 3.3, we can find that random split will underestimate

the association consistency between two-sample gene expression data sets, and the

estimation of similarity coefficient using our method without random split can give a
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result with more obvious consistency for the dataset. Therefore, it is no need to ran-

domly split in the real application since we can use this method and the whole dataset

to obtain an predicted value and 95% quantile intervals of similarity coefficient.

3.4.2 Based on RNA-seq dataset

For RNA-seq dataset, we can also randomly divide both tumor cases and normal

cases into two parts which have equal sample size 1,000 times. Each part has 546

TP cases and 56 NT cases. For each random split,we calculated the one-sided p-

values using upper-tailed Wilcoxon test and obtained the corresponding two lists of

z-scores for each part of RNA-seq z
(1)
i and z

(2)
i , i = 1, 2, . . . , 16, 146 separately for

each part. Then for each different critical value, we have one calculated value of

Jaccard index Jaccardcalculated based on two lists of z-scores and two predicted value

of Jaccard index Jaccard
(1)
predicted and Jaccard

(2)
predicted based on each list of z-scores

using normal-mixture-model with the consideration of kernel density functions and

EM algorithm separately. We also have two difference between the calculated value

and predicted value of Jaccard index difference(1) = Jaccard
(1)
predicted − Jaccardcalculated

and difference(2) = Jaccard
(2)
predicted − Jaccardcalculated.

After 1,000 random split, we have 1,000 paired predicted value of Jaccard index

Jaccard
(1)(b)
predicted and Jaccard

(2)(b)
predicted, b = 1, 2, . . . , 1, 000 and 1,000 paired difference

between the calculated value and predicted value of Jaccard index difference(1)(b) and

difference(2)(b), b = 1, 2, . . . , 1, 000. Then for each different critical value, we list

the quantile intervals for Jaccard
(1)
predicted and Jaccard

(2)
predicted as well as the mean and

standard deviation for difference(1) and difference(2) based on 1,000 different values

in Table 3.4.
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c = ±1.64 c = ±1.96 c = ±2.58 c = ±3.89 c = ±4.89 c = ±5.73
lower upper lower upper lower upper lower upper lower upper lower upper

Jaccard
(1)
predicted(π

(1)
0 ) 0.8331 0.8494 0.8313 0.8483 0.8261 0.8445 0.8040 0.8281 0.7764 0.8045 0.7392 0.7696

Jaccard
(1)
predicted(w

(1)
i ) 0.8395 0.8553 0.8363 0.8528 0.8286 0.8469 0.8043 0.8284 0.7764 0.8045 0.7392 0.7696

mean sd mean sd mean sd mean sd mean sd mean sd

difference(1)(π
(1)
0 ) 0.0275 0.0208 0.0273 0.0218 0.0283 0.0228 0.0373 0.0264 0.0455 0.0293 0.0642 0.0327

difference(1)(w
(1)
i ) 0.0215 0.0208 0.0227 0.0218 0.0259 0.0228 0.0370 0.0264 0.0455 0.0293 0.0642 0.0327

lower upper lower upper lower upper lower upper lower upper lower upper

Jaccard
(2)
predicted(π

(2)
0 ) 0.8326 0.8496 0.8310 0.8478 0.8256 0.8437 0.8031 0.8280 0.7747 0.8044 0.7374 0.7689

Jaccard
(2)
predicted(w

(2)
i ) 0.8391 0.8553 0.8357 0.8524 0.8282 0.8460 0.8035 0.8282 0.7747 0.8045 0.7374 0.7689

mean sd mean sd mean sd mean sd mean sd mean sd

difference(2)(π
(2)
0 ) 0.0274 0.0209 0.0271 0.0219 0.0281 0.0229 0.0370 0.0266 0.0453 0.0295 0.0642 0.0327

difference(2)(w
(2)
i ) 0.0214 0.0208 0.0225 0.0219 0.0257 0.0229 0.0367 0.0266 0.0453 0.0295 0.0641 0.0327

Table 3.5. 95% CIs for predicted Jaccard, and mean and variance for dif-
ference between predicted and calculated Jaccard based on common genes
in RNA-seq dataset. We randomly divide the RNA-seq dataset into two parts,
with the data in each part, we obtain a list of z-scores. Based on two lists of z-scores
we obtained from random division, we have one calculated value of Jaccard index
and two predicted value of Jaccard index under different critical values c to decide
the differentially expressed genes. For each critical value, with 1,000 times random
division, percentile CIs for the predicted Jaccard with the first list of z-scores and
predicted Jaccard with the second list of z-scores are conducted. Besides, we have
1,000 values of difference between predicted Jaccard and calculated Jaccard based on
random division, and we report the mean and difference for these 1,000 differences.
Lower and upper here represent the lower bound and upper bound for the CIs.

From Table 3.5, it is shown that the method to predict Jaccard index using RNA-seq

is proper enough since the predicted value and calculated value of Jaccard index using

random division are close enough. We can also see that 0 is within the distance of 2

standard deviations from mean for difference between predicted value and calculated

value of Jaccard index, which means the predicted CI for Jaccard similarity coefficient

will cover its latent true value. According to the consistency of statistics, we can see

that it is accurate using one list of z-scores to predict Jaccard index.

We can also bootstrap the original sample in RNA-seq dataset or bootstrap the

sequence of z-scores z(i) i = 1, 2, . . . , 16, 146 we calculated using original RNA-seq

dataset with replacement 1,000 times.

When bootstrap the original sample, each time we obtain 1,093 TP cases and 112

NT cases. Then we calculated the one-sided p-values using upper-tailed Wilcoxon
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test and obtained the corresponding z-scores z(i) i = 1, 2, . . . , 16, 146. Using normal-

mixture-model with the consideration of kernel density functions and EM algorithm,

we can then obtain predicted value of Jaccard index corresponding to different critical

values Jaccardsample
predicted.

When bootstrap the sequence of z-scores, we also have one list of z-scores z(i) i =

1, 2, . . . , 16, 146 and the predicted value of Jaccard index corresponding to different

critical values Jaccardz
predicted.

After 1,000 bootstrap, for each bootstrap method, we have 1,000 different predicted

values of Jaccard index and list the quantile intervals for this predicted value in Table

3.6.

c = ±1.64 c = ±1.96 c = ±2.58 c = ±3.89 c = ±4.89 c = ±5.73
lower upper lower upper lower upper lower upper lower upper lower upper

Jaccardsample
predicted(π0) 0.8816 0.8925 0.8815 0.8924 0.8801 0.8915 0.8727 0.8853 0.8598 0.8752 0.8328 0.8538

Jaccardsample
predicted(wi) 0.8863 0.8969 0.8850 0.8958 0.8818 0.8932 0.8728 0.8855 0.8598 0.8752 0.8328 0.8538

Jaccardz
predicted(π0) 0.8832 0.8896 0.8839 0.8900 0.8834 0.8895 0.8757 0.8828 0.8645 0.8721 0.8413 0.8497

Jaccardz
predicted(wi) 0.8883 0.8943 0.8878 0.8936 0.8851 0.8915 0.8759 0.8830 0.8645 0.8721 0.8413 0.8497

Table 3.6. 95% CIs for predicted Jaccard index based on common genes in
RNA-seq dataset when bootstrapping the original samples and calculated
z-scores. Each time we bootstrap the original samples and calculated z-scores for
RNA-seq dataset, we can obtain a new list of z-scores. Then we can have the predicted
value of Jaccard index under different critical values c to decide the differentially
expressed genes. For each critical value, with 1,000 times bootstrapping, percentile
CIs for the predicted Jaccard for bootstrapping original samples and bootstrapping
calculated z-scores are conducted. Lower and upper here represent the lower bound
and upper bound for the CIs.

Comparing Table 3.6 and Table 3.5, we can find that random split will underestimate

the association consistency between two-sample gene expression data sets, and the

estimation of similarity coefficient using our method without random split can give a

result with more obvious consistency for the dataset. Therefore, it is no need to ran-

domly split in the real application since we can use this method and the whole dataset

to obtain an predicted value and 95% quantile intervals of similarity coefficient.
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Chapter 4

Conclusion, discussion and future

work

In the dissertation, we present the study results of two project. We have 4 chapters for

this dissertation paper in total. In Chapter 1, we summarized the related background

and some existing models and algorithms. In Chapter 2, we introduced the first

project about statistical properties for similarity coefficient and the two sample test

comparing two different similarity coefficients. In Chapter 3, we introduced the second

project about predict the value of similarity coefficient when there is only one analysis

result. Chapter 4 is the last chapter, which is the conclusions, discussions and future

work.

In this dissertation, we conducted some research about similarity coefficient, which is a

value between 0 and 1 that can be used to evaluate the association consistency between

two analysis results. First of all, we explored the statistical properties for similarity

coefficient it self and the two-sample test that compare two similarity coefficient

in Chapter 2. We derived the formula of expectation and variance for similarity

coefficient with unknown parameter k and compared based on these formula to find

a optimum k that can make the similarity coefficient has a smaller bias or a smaller

variance. We also derived the formula of power for two sample test that comparing two

independent similarity coefficients and the formula of power for two sample test that

comparing two dependent similarity coefficients. And then we compared based on
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theoretical power to find a optimum k that can make the two-sample test comparing

two different similarity coefficients has a larger power. Later in Chapter 3, we explore

the model to predict the value of similarity coefficient so that we can avoid random

splitting. We used the normal mixture model considering kernel density functions

and EM algorithm to give the estimators for similarity coefficient.

In Chapter 2, based on two widely used similarity coefficients Jaccard and Dice, we

derived the general form of similarity coefficient and its corresponding expectation

and variance. When comparing the absolute value of the bias between expectation

of similarity coefficient estimator and the target value we want to estimate, Jaccard

is better than Dice since it is unbiased; the parameter k (k > 1) is better than the

parameters k + 1 if pX
pX+pZ

< (k+1)(
1
3 )−(k−1)(

1
3 )

(k+1)(
1
3 )−(k−1)(

1
3 )+(k−1)(

1
3 )(k+1)−(k+1)(

1
3 )k

; if pX
pX+pZ

is within

(0, 0.65), we want k as small as possible (when k = 1, the statistic fits best cause it

is unbiased); if pX
pX+pZ

is within (0.65,1), we want k as large as possible (notice that

when k is very large, the value of the statistic kpX
kpX+pZ

will be too close to 1 and hard to

compare). When comparing the variance, Jaccard is better than Dice if pX
pZ

<
√
2
2
; the

parameter k (k > 0) is better than the parameters k + 1 if pX
pX+pZ

< 1

1+k(
1
2 )(k+1)(

1
2 )
; if

pX
pX+pZ

is within (0, 0.4), we want k as small as possible (when k = 1, the statistic fits

best cause it has the almost smallest variance); if pX
pX+pZ

is within (0.4,1), we want k

as large as possible (notice that when k is very large, the value of the statistic kpX
kpX+pZ

will be too close to 1 and hard to compare). When comparing the mean square error

(MSE), if pX
pX+pZ

is within (0, 0.3), we want k as small as possible (k = 1 gives a

better similarity coefficient if we only compare some k within a relative small range);

if pX
pX+pZ

is within (0.3,1), we want k as large as possible (notice that when k is very

large, the value of the statistic kpX
kpX+pZ

will be too close to 1 and hard to compare).

When considering the confidence interval (CI) for estimator of similarity coefficient,

we want k = 1 considering reaching the minimum significant level for the CI to cover

the underlying true value.
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In Chapter 2, we also derived the two sample test comparing two independent simi-

larity coefficients and the two sample test comparing two dependent similarity coeffi-

cients. For each two-sample test, we give the test statistic and the formula of power.

All the equations have been verified through the simulated data. When comparing

the power for two sample test comparing two independent similarity coefficients, if

the similarity coefficient with a smaller value has a larger variance, smaller k gives a

larger power; if the similarity coefficient with a smaller value has a smaller variance,

larger k gives the larger power.

One additional discussion mentioned in Chapter 2 is the bootstrap CIs for similarity

coefficients. If we only have z-scores as our data, then bootstrap z-scores is the only

choice we have. Also, according to the fact that traditionally we calculated Jaccard

and Dice based on paired z-scores, the data we should bootstrapped on are paired

z-scores. However, considering that bootstrap the paired z-scores is less meaning-

ful when we have original samples and people may also concern the variation from

different fundamental subjects as patient, we then need to bootstrap the patients.

Moreover, we have to consider the bias corrected bootstrap method when we use the

original samples since the original 90% percentile bootstrap CI may not cover the

calculated Jaccard or Dice.

In Chapter 3, we have constructed a model to predict similarity coefficients when there

is only one analysis result. When there is only one list of observations (or analysis

summaries), it is not feasible to explicitly calculate a similarity coefficient and we

usually split data randomly to obtain two lists of observations (or analysis summaries).

However, random splitting will reduce the sample size and cause some bias. To

avoid random splitting, we derived a normal-mixture-model with the consideration

of kernel density functions to predict the value of similarity coefficients. We also

simulated paired z-scores from multivariate normal distribution to verify the model
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we use and the formula we derived. The close distance between the theoretical value

and predicted value verified these well. From the application, we also confirm that

random split will underestimate the association consistency, and the prediction of

similarity coefficient using our method without random splitting can give a correct

result (also more obvious consistency) for the dataset.

There are still some aspect of our study that can be improved and discussed further.

First of all, when we give the probability density function for U, V and W , we assume

z-scores for different genes are independent. However, in real practice, we may need

to consider the dependency among different genes since there may exist correlations

between different genes for same person. Then we need to adjust the probability den-

sity function for U, V,W and analyze the sensitivity when evaluating the association

consistency among different dataset under different correlation scenarios. Moreover,

when comparing different values of the unknown parameter k in the general form

of similarity coefficient, sometimes we want k as large as possible only considering

reaching the smallest variance or smallest bias, but we still need to find a reasonable

critical value for k in case k get too large to make the value of similarity coefficient too

close to 1 and hard to compare. We can also conduct more measurements other than

bias, variance, MSE and CI to compare similarity coefficients among different values

of the unknown parameter k considering the real application meaning. Furthermore,

for the two-sample test comparing two dependent similarity coefficients, we do not

have the theoretical comparisons based on formula of power but based on real data

only now. We can simulate more data under different conditions to compare between

different values of k or we can find other measurement except power to compare,

which will give us a more generally conclusion for the choice of k. Finally, when we

use only one list of analysis result to predict the value of similarity coefficient, we can

notice from the result that although it is a proper model that can give a reasonable

predicted value, there do exist some bias between the predicted value and the real
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value. We can explore further where the bias comes from and how can we reduce the

bias.

Based on the current research progress for our dissertation, there are still many future

directions correlated to the work we have done. Now the formula of similarity coeffi-

cient is comparing the consistency between two differential expression analysis results,

but there are more extensions on reproducibility analysis. The first extension is about

meta analysis, which means we can explore the formula of similarity coefficient when

evaluating the association consistency between three or more analysis results. We can

also extend the similarity coefficient to the comparisons of clustering results, that is,

other than differential expression analysis results, we can explore the formula of sim-

ilarity coefficient to evaluate the consistency between clustering results. Clustering

results will have more than three clusters instead of up-regulated, down-regulated and

non differentially expressed clusters in differential expression analysis. For comparing

different similarity coefficient, it is also interesting to learn what will the association

consistency be between the first analysis and the third analysis if we only know the

similarity coefficient that comparing the first analysis and the second analysis and the

similarity coefficient that comparing the second analysis and the third analysis. For

the prediction of similarity coefficient when there is only one analysis result, now we

use kernel density function with lots of parts, we can also try to the clustered kernel

density function or other new distributions to improve our predicted result.
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Appendix A

Mathematical proofs

Lemma 1. Let n ∈ N and R ∈ R, then it holds
∑n

k=0

(
n
k

)
Rkk = nR(1 +R)n−1.

Proof : From
(
n
k

)
= n

k

(
n−1
k−1

)
, it directly follows that

n∑
k=0

(
n

k

)
Rkk =

n−1∑
k=0

(
n− 1

k

)
RknR = nR(1 +R)n−1.

Lemma 2. E (Jaccard) = rU
rU+rV

.

Proof : Given that Pr (U = a, V = b,W = c) = n!
a!b!c!

rU
arV

brW
c, we have

Pr (Jaccard = d) = Pr

(
U

U + V
= d

)
= Pr

(
a

a+ b
= d

)
= Pr

(
a

n− c
= d

)
=

∑
a, b, c ∈ 0, 1, . . . , n

a+ b+ c = n

a
n−c

= d

n!

a!b!c!
rU

arV
brW

c

=
n∑

c=0

n−c∑
a = 0

a
n−c

= d

(
n

c

)(
n− c

a

)
rU

arV
n−a−c (1− rU − rV )

c.
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Then

E (Jaccard) =
∑
d

Pr (Jaccard = d) d

=
n∑

c=0

n−c∑
a=0

(
n

c

)(
n− c

a

)
rU

arV
n−a−c (1− rU − rV )

c a

n − c

=
n∑

c=0

(
n

c

)
rV

n−c (1− rU − rV )
c 1

n − c

n−c∑
a=0

(
n− c

a

)(
rU
rV

)a

a

(according to lemma 1)

=
n∑

c=0

(
n

c

)
rV

n−c (1− rU − rV )
c 1

n − c
(n− c)

rU
rV

(
1 +

rU
rV

)n−c−1

=
n∑

c=0

(
n

c

)
(1− rU − rV )

crU (rU + rV )
n−c−1

=
rU

rU + rV

[
n∑

c=0

(
n

c

)(
1− rU − rV
rU + rV

)c
]
(rU + rV )

n

=
rU

rU + rV

(
1 +

1− rU − rV
rU + rV

)n

(rU + rV )
n

=
rU

rU + rV

(
1

rU + rV

)n

(rU + rV )
n

=
rU

rU + rV
.

Lemma 3. Var (Jaccard) ≈ rUrV
n(rU+rV )3

.

Proof : To calculate the variance of Jaccard, we use Taylor expansion.

For f (x, y) and µ = (µx, µy), by Taylor expansion, we have

f (x, y) ≈ f (µ) + (x− µx)
∂f

∂x
(µ) + (y − µy)

∂f

∂y
(µ) +

1

2
(x− µx)

2 ∂
2f

∂x2
(µ)

+
1

2
(y − µy)

2 ∂
2f

∂y2
(µ) + (x− µx) (y − µy)

∂2f

∂x∂y
(µ) ,

from which we have E [f (x, y)] ≈ f (µ)+ 1
2
σx

2 ∂2f
∂x2 (µ)+

1
2
σy

2 ∂2f
∂y2

(µ)+σx,y
∂2f
∂x∂y

(µ) and

Var [f (x, y)] = E
[
(f (x, y))2

]
− {E [f (x, y)]}2.
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Given thatE [Jaccard] = rU
rU+rV

from lemma 2. we only need to calculateE [Jaccard]2 =

E
(

U
U+V

)2
.

Let x = U , y = U + V and f (x, y) = x2

y2
, we have

σU,V = −nrUrV

µy = n (rU + rV )

σy
2 = σU

2 + σV
2 + 2σU,V = n (rU + rV ) (1− rU − rV )

µx = nrU

σx
2 = nrU (1− rU)

σx,y = cov (U,U + V ) = σU
2+σU,V = nrU (1− rU)−nrUrV = nrU (1− rU − rV )

∂2f
∂x2 = ∂

∂U

(
2x
y2

)
= 2

y2

∂2f
∂y2

= ∂
∂y

(
−2x2

y3

)
= 6x2

y4

∂2f
∂x∂y

= ∂
∂y

(
2x
y2

)
= −4x

y3
.

Then

E [Jaccard]2 = E [f (x, y)]

≈ f (µ) +
1

2
σx

2∂
2f

∂x2
(µ) +

1

2
σy

2∂
2f

∂y2
(µ) + σx,y

∂2f

∂x∂y
(µ)

=
(nrU)

2

[n (rU + rV )]
2 +

1

2
nrU (1− rU)

2

[n (rU + rV )]
2

+
1

2
n (rU + rV ) (1− rU − rV )

6 (nrU)
2

[n (rU + rV )]
4 − nrU (1− rU − rV )

4nrU

[n (rU + rV )]
3

=
rU

2

(rU + rV )
2 +

rU (1− rU)

n (rU + rV )
2 + 3

rU
2 (1− rU − rV )

n (rU + rV )
3 − 4

rU
2 (1− rU − rV )

n (rU + rV )
3

=
rU

2

(rU + rV )
2 +

rU (1− rU)

n (rU + rV )
2 − rU

2 (1− rU − rV )

n (rU + rV )
3

=
rU

2

(rU + rV )
2 +

rU (1− rU) (rU + rV )− rU
2 (1− rU − rV )

n (rU + rV )
3
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That is,

E [Jaccard]2 =
rU

2

(rU + rV )
2 +

rUrV

n (rU + rV )
3

Therefore,

Var [Jaccard] = E [Jaccard]2 − {E [Jaccard]}2

≈ rU
2

(rU + rV )
2 +

rUrV

n (rU + rV )
3 − rU

2

(rU + rV )
2

=
rUrV

n (rU + rV )
3 .

Lemma 4. E (DSC) ≈ 2rU
2rU+rV

− 2rUrV
n(2rU+rV )3

.

Proof : DSC = 2U
2U+V

, let x = U , y = U + V , and f (x, y) = 2x
x+y

.

E (DSC) = E [f (x, y)] ≈ f (µ) + 1
2
σx

2 ∂2f
∂x2 (µ) +

1
2
σy

2 ∂2f
∂y2

(µ) + σx,y
∂2f
∂x∂y

(µ).

We have

∂2f
∂x2 = ∂

∂x

(
2y

(x+y)2

)
= − 4y

(x+y)3

∂2f
∂y2

= ∂
∂y

(
− 2x

(x+y)2

)
= 4x

(x+y)3

∂2f
∂x∂y

= ∂
∂y

(
2y

(x+y)2

)
= 2(x+y)2−2y(2x+2y)

(x+y)4
= 2x2−2y2

(x+y)4
= 2(x−y)

(x+y)3
.

Then

E (DSC) ≈ 2nrU
nrU + n (rU + rV )

+
1

2
nrU (1− rU)

[
− 4n (rU + rV )

(nrU + n (rU + rV ))
3

]
+

1

2
n (rU + rV ) (1− rU − rV )

4nrU

(nrU + n (rU + rV ))
3

+ nrU (1− rU − rV )
2 (nrU − n (rU + rV ))

(nrU + n (rU + rV ))
3

=
2rU

2rU + rV
− 2

1

n

rU (1− rU) (rU + rV )

(2rU + rV )
3

+

[
2
1

n

rU (rU + rV ) (1− rU − rV )

(2rU + rV )
3 − 2

1

n

rUrV (1− rU − rV )

(2rU + rV )
3

]
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That is

E (DSC) ≈ 2rU
2rU + rV

− 2

n

rU (1− rU) (rU + rV )

(2rU + rV )
3 +

2

n

rUrU (1− rU − rV )

(2rU + rV )
3

=
2rU

2rU + rV
+

2

n

rU [rU − rU
2 − rUrV − rU + rU

2 − rV + rUrV ]

(2rU + rV )
3

=
2rU

2rU + rV
− 2rUrV

n (2rU + rV )
3 .

Lemma 5. Var (DSC) ≈ 4 rV rU (rU+rV )

n(2rU+rV )4
.

Proof : Var [f (x, y)] = E [f (x, y)− E [f (x, y)]]2.

Here we useE [f (x, y)] ≈ f (µ) , and f (x, y) ≈ f (µ)+(x− µx)
∂f
∂x

(µ)+(y − µy)
∂f
∂y

(µ).

Then f (x, y)− E [f (x, y)] ≈ (x− µx)
∂f
∂x

(µ) + (y − µy)
∂f
∂y

(µ)

Var [f (x, y)]

≈ E

[
(x− µx)

∂f

∂x
(µ) + (y − µy)

∂f

∂y
(µ)

]2
= E

[
(x−µx)

2

(
∂f

∂x
(µ)

)2

+(y−µy)
2

(
∂f

∂y
(µ)

)2

+2 (x−µx)
∂f

∂x
(µ) (y − µy)

∂f

∂y
(µ)

]

= σx
2

(
∂f

∂x
(µ)

)2

+ σy
2

(
∂f

∂y
(µ)

)2

+ 2σx,y
∂f

∂x
(µ)

∂f

∂y
(µ) .

We have ∂f
∂x

= 2y

(x+y)2
and ∂f

∂y
= − 2x

(x+y)2
, then

Var [DSC] ≈ nrU (1− rU)

(
2n (rU + rV )

(nrU + n (rU + rV ))
2

)2

+ n (rU + rV ) (1− rU − rV )

(
2nrU

(nrU + n (rU + rV ))
2

)2

− 2nrU (1− rU − rV )
2n (rU + rV )

(nrU + n (rU + rV ))
2

2nrU

(nrU + n (rU + rV ))
2
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That is

Var [DSC] = nrU (1− rU)
4n2 (rU + rV )

2

n4 (2rU + rV )
4 + n (rU + rV ) (1− rU − rV )

4n2rU
2

n4 (2rU + rV )
4

− 2nrU (1− rU − rV )
4n2rU (rU + rV )

n4 (2rU + rV )
4

= nrU (1− rU)
4n2 (rU + rV )

2

n4 (2rU + rV )
4 − nrU (1− rU − rV )

4n2rU (rU + rV )

n4 (2rU + rV )
4

= 4
rU (rU + rV ) [(rU + rV − rU

2 − rUrV )− (rU − rU
2 − rUrV )]

n (2rU + rV )
4

= 4
rV rU (rU + rV )

n (2rU + rV )
4 .

Lemma 6. E
(

kU
kU+V

)
≈ krU

krU+rV
− k(k−1)rUrV

n(krU+rV )3
.

Proof : f (U, V, k) = kU
kU+V

E [f (U, V )] ≈ f (µ) + 1
2
σU

2 ∂2f
∂U2 (µ) +

1
2
σV

2 ∂2f
∂V 2 (µ) + σU,V

∂2f
∂U∂V

(µ)

µV = nrV

σV
2 = nrV (1− rV )

µU = nrU

σU
2 = nrU (1− rU)

σU,V = −nrUrV

∂2f
∂U2 = ∂

∂U

(
kV

(kU+V )2

)
= − 2k2V

(kU+V )3

∂2f
∂V 2 = ∂

∂V

(
− kU

(kU+V )2

)
= 2kU

(kU+V )3

∂2f
∂U∂V

= ∂
∂V

(
kV

(kU+V )2

)
= k(kU+V )2−kV (2kU+2V )

(kU+V )4
= k(kU+V )(kU−V )

(kU+V )4
= k(kU−V )

(kU+V )3
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Then,

E (f (U, V, k))

≈ knrU
knrU + nrV

+
1

2
nrU (1− rU)

(
− 2k2nrV

(knrU + nrV )
3

)
+

1

2
nrV (1− rV )

2knrU

(knrU + nrV )
3 − nrUrV

k (knrU − nrV )

(knrU + nrV )
3

=
krU

krU + rV
− k2rU (1− rU) rV

n (krU + rV )
3 +

krV (1− rV ) rU

n (krU + rV )
3 − krU (krU − rV ) rV

n (krU + rV )
3

=
krU

krU + rV
+

krUrV − krUrV
2 − k2rUrV + k2rU

2rV − k2rU
2rV + krUrV

2

n (krU + rV )
3

=
krU

krU + rV
+

k(1− k)rUrV

n (krU + rV )
3

=
krU

krU + rV
− k(k − 1)rUrV

n (krU + rV )
3 .

Lemma 7. Var
(

kU
kU+V

)
≈ k2rV rU (rV +rU )

n(krU+rV )4
.

Proof : Var [f (U, V, k)] ≈ σU
2
(
∂f
∂U

(µ)
)2

+ σV
2
(
∂f
∂V

(µ)
)2

+ 2σU,V
∂f
∂V

(µ) ∂f
∂V

(µ)

∂f
∂U

= kV
(kU+V )2

∂f
∂V

= − kU
(kU+V )2

.

Then

Var [f (U, V, k)] ≈ nrU (1− rU)

(
knrV

(knrU + nrV )
2

)2

+ nrV (1− rV )

(
knrU

(knrU + nrV )
2

)2

+ 2nrV
knrV

(knrU + nrV )
2

knrU

(nknrU + nrV )
2

=
k2n3rV rU(rV − rV rU + rU − rV rU + 2rV rU)

(knrU + nrV )
4

=
k2n3rV rU(rV + rU)

(knrU + nrV )
4

=
k2rV rU(rV + rU)

n (krU + rV )
4 .
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Lemma 8. T
D−→ N(0, 1) under H0.

Proof :

Central Limit Theorem: x1, . . . xn
iid∼ Exi = µ,Varxi = σ2 < ∞. As n → ∞,

√
n(x̄− µ)

D−→ N (0, σ2).

Suppose 1U1
1, . . . 1U1

n1
iid∼ E = rU1 , Var = rU1(1 − rU1), Ū1 = U1

n1
, then

√
n1(

U1

n1
−

rU1)
D−→ N (0, rU1(1− rU1)).

Similarly, we have
√
n1(

V1

n1
− rV1)

D−→ N (0, rV1(1− rV1)).

According to the relationship between Ū1 and V̄1, we have

√
n1


 Ū1

V̄1

−

 rU1

rV1


 D−→ N


 0

0

 ,

 rU1 (1− rU1) −rU1rV1

−rU1rV1 rV1 (1− rV1)


 .

According to Delta method, we have

√
n1

(
kŪ1

kŪ1 + V̄1

− krU1

krU1 + rV1

)
D−→ N

(
0,

k2rV1rU1 (rU1 + rV1)

(krU1 + rV1)
4

)
.

Given Ū1 =
U1

n1
and V̄1 =

V1

n1
, we have kŪ1

kŪ1+V̄1
= kU1

kU1+V1
.

Then,
√
n1

(
kU1

kU1+V1
− krU1

krU1
+rV1

)
D−→ N

(
0,

k2rV1rU1(rU1
+rV1)

(krU1
+rV1)

4

)
.

Similarly, we have
√
n2

(
kU2

kU2+V2
− krU2

krU2
+rV2

)
D−→ N

(
0,

k2rV2rU2(rU2
+rV2)

(krU2
+rV2)

4

)
.

Assume n1 = n ∗ r1, n2 = n ∗ r2, where r1, r2 are constants since n1, n2 are

known.

According to the relationship between U1, V1, U2 and V2, we have

√
n

 kU1

kU1+V1

kU2

kU2+V2

−
 krU1

krU1
+rV1

krU2

krU2
+rV2

 D−→N


 0

0

,

 1
r1

k2rV1
rU1(rU1

+rV1)
(krU1

+rV1)
4 0

0 1
r2

k2rV2
rU2(rU2

+rV2)
(krU2

+rV2)
4


 .
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According to Delta method, we have

√
n
((

kU1

kU1+V1
− kU2

kU2+V2

)
−
(

krU1

krU1
+rV1

− krU2

krU2
+rV2

))
D−→ N

(
0, 1

r1

k2rV1rU1(rU1
+rV1)

(krU1
+rV1)

4 + 1
r2

k2rV2rU2(rU2
+rV2)

(krU2
+rV2)

4

)
.

Given kU1

kU1+V1
=

kr̂U1

kr̂U1
+r̂V1

, kU2

kU2+V2
=

kr̂U2

kr̂U2
+r̂V2

and
krU1

krU1
+rV1

=
krU2

krU2
+rV2

under H0, we

have

√
n

(
kr̂U1

kr̂U1 + r̂V1

− kr̂U2

kr̂U2 + r̂V2

)
D−→ N

(
0,

k2rV1rU1 (rU1 + rV1)

r1 (krU1 + rV1)
4 +

k2rV2rU2 (rU2 + rV2)

r2 (krU2 + rV2)
4

)

Also we have

√
n

√
k2r̂V1

r̂U1(r̂V1
+r̂U1)

n1(kr̂U1
+r̂V1)

4 +
k2r̂V2

r̂U2(r̂V2
+r̂U2)

n2(kr̂U2
+r̂V2)

4

p−→
√

k2rV1
rU1(rU1

+rV1)
r1(krU1

+rV1)
4 +

k2rV2
rU2(rU2

+rV2)
r2(krU2

+rV2)
4

Then according to Slutsky’s theorem, Since T =

kr̂U1
kr̂U1

+r̂V1
−

kr̂U2
kr̂U2

+r̂V2√√√√ k2r̂V1
r̂U1(r̂V1+r̂U1)

n1(kr̂U1
+r̂V1)

4 +
k2r̂V2

r̂U2(r̂V2+r̂U2)
n2(kr̂U2

+r̂V2)
4

,

we have T
D−→ N(0, 1) under H0.

Lemma 9. under H0, we use the following pooled estimation



r̂V1 =
(V1+V2)(U1+V1)

n1(U1+V1+U2+V2)

r̂V2 =
(V1+V2)(U2+V2)

n2(U1+V1+U2+V2)

r̂U1 =
(U1+U2)(U1+V1)

n1(U1+V1+U2+V2)

r̂U2 =
(U1+U2)(U2+V2)

n2(U1+V1+U2+V2)

.

Proof :

f (U1, V1, U2, V2) =

 n1

U1, V1, (n1 − U1 − V1)

 rU1
U1
rV1
V1
(1− rU1 − rV1)

n1−U1−V1

 n2

U2, V2, (n2 − U2 − V2)

 rU2
U2
rV2
V2
(1− rU2 − rV2)

n2−U2−V2
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Under H0, we assume
rU1

rV1
=

rU2

rV2
= r

logL = U1 log rU1 + V1 log rV1 + (n1 − U1 − V1) log (1− rU1 − rV1)

+ U2 log rU2 + V2 log rV2 + (n2 − U2 − V2) log (1− rU2 − rV2) + C

(underH0) = U1 log rrV1 + V1 log rV1 + (n1 − U1 − V1) log (1− rrV1 − rV1)

+ U2 log rrV2 + V2 log rV2 + (n2 − U2 − V2) log (1− rrV2 − rV2) .

Let the first derivative equals 0, we have


∂ logL
∂rV1

= U1

rV1
+ V1

rV1
− n1−U1−V1

1−rrV1−rV1
(r + 1) = 0

∂ logL
∂rV2

= U2

rV2
+ V2

rV2
− n2−U2−V2

1−rrV2−rV2
(r + 1) = 0

∂ logL
∂r

= U1

r
+ U2

r
− n1−U1−V1

1−rrV1−rV1
rV1 − n2−U2−V2

1−rrV2−rV2
rV2 = 0

From the first equation, we have U1+V1

rV1
= n1−U1−V1

1−rrV1−rV1
(r + 1).

Then we have (U1 + V1) [1− (r + 1)rV1 ] = [n1 − (U1 + V1)] (r + 1)rV1 . That is, U1 +

V1 = n1(r + 1)rV1 .

Similarly, we obtain U2 + V2 = n2(r+ 1)rV2 from the second equation. Then U1+V1

n1rV1
=

U2+V2

n2rV2
= (r + 1) ⇒ n2rV2 =

U2+V2

U1+V1
n1rV1 .

From the third equation, we have U1+U2

r
= n1rV1 + n2rV2 ⇒ V1 + V2 = n1rV1 + n2rV2 ,

since n1−U1−V1

1−rrV1−rV1
rV1 =

n1−n1(r+1)rV1
1−rrV1−rV1

rV1 = n1rV1 .

Therefore, n2rV2 =
U2+V2

U1+V1
n1rV1

V1 + V2 = n1rV1 + n2rV2

⇒ V1 + V2 = n1rV1 +
U2+V2

U1+V1
n1rV1 .

Then

r̂V1 =
V1+V2

n1

(
1+

U2+V2
U1+V1

) = (V1+V2)(U1+V1)
n1(U1+V1+U2+V2)
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r̂V2 =
(V1+V2)(U2+V2)

n2(U1+V1+U2+V2)

since r + 1 = U1+V1

n1rV1
= (U1+V1)n1(U1+V1+U2+V2)

n1(V1+V2)(U1+V1)
= U1+V1+U2+V2

V1+V2
⇒ r̂ = U1+U2

V1+V2
.

Then r̂U1 =
(U1+U2)(U1+V1)

n1(U1+V1+U2+V2)
, r̂U2 =

(U1+U2)(U2+V2)
n2(U1+V1+U2+V2)

.

That is, under H0, we use the pooled variance to obtain a better estimation.

Lemma 10. power ≈ 1− Φ(z1−α
2
− f̂(k)) + Φ(−z1−α

2
− f̂(k))

where f(k) =

krU1
krU1

+rV1
−

krU2
krU2

+rV2√√√√ k2rV1
rU1(rV1+rU1)

n1(krU1
+rV1)

4 +
k2rV2

rU2(rV2+rU2)
n2(krU2

+rV2)
4

.

Proof :

power

= Pr(reject H0|H1is correct)

= Pr(reject H0|
krU1

krU1 + rV1

̸= krU2

krU2 + rV2

)

= Pr(|z| > z1−α
2
| krU1

krU1 + rV1

̸= krU2

krU2 + rV2

)

= Pr(|z| > z1−α
2
| krU1

krU1 + rV1

− krU2

krU2 + rV2

= θ)

= Pr(

kr̂U1
kr̂U1

+r̂V1
− kr̂U2

kr̂U2
+r̂V2√

k2r̂V1 r̂U1(r̂V1+r̂U1)
n1(kr̂U1

+r̂V1)
4 +

k2r̂V2 r̂U2(r̂V2+r̂U2)
n2(kr̂U2

+r̂V2)
4

> z1−α
2
| krU1

krU1 + rV1

− krU2

krU2 + rV2

= θ)

+Pr(

kr̂U1
kr̂U1

+r̂V1
− kr̂U2

kr̂U2
+r̂V2√

k2r̂V1 r̂U1(r̂V1+r̂U1)
n1(kr̂U1

+r̂V1)
4 +

k2r̂V2 r̂U2(r̂V2+r̂U2)
n2(kr̂U2

+r̂V2)
4

< −z1−α
2
| krU1

krU1 + rV1

− krU2

krU2 + rV2

= θ)

= Pr(

kr̂U1
kr̂U1

+r̂V1
− kr̂U2

kr̂U2
+r̂V2

− θ + θ√
k2r̂V1 r̂U1(r̂V1+r̂U1)

n1(kr̂U1
+r̂V1)

4 +
k2r̂V2 r̂U2(r̂V2+r̂U2)

n2(kr̂U2
+r̂V2)

4

> z1−α
2
| krU1

krU1 + rV1

− krU2

krU2 + rV2

= θ)

+Pr(

kr̂U1
kr̂U1

+r̂V1
− kr̂U2

kr̂U2
+r̂V2

− θ + θ√
k2r̂V1 r̂U1(r̂V1+r̂U1)

n1(kr̂U1
+r̂V1)

4 +
k2r̂V2 r̂U2(r̂V2+r̂U2)

n2(kr̂U2
+r̂V2)

4

< −z1−α
2
| krU1

krU1 + rV1

− krU2

krU2 + rV2

= θ)
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= Pr(

kr̂U1
kr̂U1

+r̂V1
− kr̂U2

kr̂U2
+r̂V2

− θ√
k2r̂V1 r̂U1(r̂V1+r̂U1)

n1(kr̂U1
+r̂V1)

4 +
k2r̂V2 r̂U2(r̂V2+r̂U2)

n2(kr̂U2
+r̂V2)

4

> z1−α
2
− θ√

k2r̂V1 r̂U1(r̂V1+r̂U1)
n1(kr̂U1

+r̂V1)
4 +

k2r̂V2 r̂U2(r̂V2+r̂U2)
n2(kr̂U2

+r̂V2)
4

| krU1

krU1 + rV1

− krU2

krU2 + rV2

= θ)

+Pr(

kr̂U1
kr̂U1

+r̂V1
− kr̂U2

kr̂U2
+r̂V2

− θ√
k2r̂V1 r̂U1(r̂V1+r̂U1)

n1(kr̂U1
+r̂V1)

4 +
k2r̂V2 r̂U2(r̂V2+r̂U2)

n2(kr̂U2
+r̂V2)

4

< −z1−α
2
− θ√

k2r̂V1 r̂U1(r̂V1+r̂U1)
n1(kr̂U1

+r̂V1)
4 +

k2r̂V2 r̂U2(r̂V2+r̂U2)
n2(kr̂U2

+r̂V2)
4

| krU1

krU1 + rV1

− krU2

krU2 + rV2

= θ)

≈ 1− Φ(z1−α
2
− θ√

k2r̂V1 r̂U1(r̂V1+r̂U1)
n1(kr̂U1

+r̂V1)
4 +

k2r̂V2 r̂U2(r̂V2+r̂U2)
n2(kr̂U2

+r̂V2)
4

)

+ Φ(−z1−α
2
− θ√

k2r̂V1 r̂U1(r̂V1+r̂U1)
n1(kr̂U1

+r̂V1)
4 +

k2r̂V2 r̂U2(r̂V2+r̂U2)
n2(kr̂U2

+r̂V2)
4

).

Lemma 11.

∂f
∂k

=

k3(rU1
rV2

−rU2
rV1)

2

(krU1
+rV1)

2
(krU2

+rV2)
2

 k2rV1
rU1(rV1+rU1)

n1(krU1
+rV1)

4 +
k2rV2

rU2(rV2+rU2)
n2(krU2

+rV2)
4

 3
2

(
rU1

rV1 (rU1
+rV1 )

n1(krU1
+rV1)

4 − rU2
rV2 (rU2

+rV2 )

n2(krU2
+rV2)

4

)
.

Proof : We know that

∂

∂k

kU

kU + V
=

U(kU + V )− kUU

(kU + V )2
=

UV

(kU + V )2

∂

∂k

k2UV (U + V )

(kU + V )4
=

2UV (U + V )k(k + V )4 − UV (U + V )k24(kU + V )3U

(kU + V )8

=
2UV (U + V ) (kU + V )3 k [kU + V − 2kU ]

(kU + V )8

=
2UV (U + V )k(V − kU)

(kU + V )5
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Then

∂f

∂k

=

(
rV1rU1

(krU1
+rV1)

2 −
rV2rU2

(krU2
+rV2)

2

)√
k2rV1rU1(rV1+rU1)

n1(krU1
+rV1)

4 +
k2rV2 r̂U2(rV2+rU2)

n2(krU2
+rV2)

4

k2rV1rU1(rV1+rU1)
n1(krU1

+rV1)
4 +

k2rV2rU2(rV2+rU2)
n2(krU2

+rV2)
4

−

(
krU1

krU1
+rV1

− krU2

krU2
+rV2

) 2rV1
rU1(rV1+rU1)k(rV1−krU1)

n1(krU1
+rV1)

5 +
2rV2

rU2(rV2+rU2)k(rV2−krU2)
n2(krU2

+rV2)
5

2

√√√√ k2rV1
rU1(rV1+rU1)

n1(krU1
+rV1)

4 +
k2rV2

r̂U2(rV2+rU2)
n2(krU2

+rV2)
4

k2rV1rU1(rV1+rU1)
n1(krU1

+rV1)
4 +

k2rV2rU2(rV2+rU2)
n2(krU2

+rV2)
4

=

(
rV1rU1

(krU1
+rV1)

2 −
rV2rU2

(krU2
+rV2)

2

)(
k2rV1rU1(rV1+rU1)

n1(krU1
+rV1)

4 +
k2rV2 r̂U2(rV2+rU2)

n2(krU2
+rV2)

4

)
(

k2rV1rU1(rV1+rU1)
n1(krU1

+rV1)
4 +

k2rV2rU2(rV2+rU2)
n2(krU2

+rV2)
4

) 3
2

−

(
krU1

krU1
+rV1

− krU2

krU2
+rV2

)(
rV1rU1(rV1+rU1)k(rV1−krU1)

n1(krU1
+rV1)

5 +
rV2rU2(rV2+rU2)k(rV2−krU2)

n2(krU2
+rV2)

5

)
(

k2rV1rU1(rV1+rU1)
n1(krU1

+rV1)
4 +

k2rV2rU2(rV2+rU2)
n2(krU2

+rV2)
4

) 3
2

=
1(

k2rV1rU1(rV1+rU1)
n1(krU1

+rV1)
4 +

k2rV2rU2(rV2+rU2)
n2(krU2

+rV2)
4

) 3
2

(
k2r2V1

r2U1
(rU1 + rV1)

n1 (krU1 + rV1)
6 −

k2r2V2
r2U2

(rU2 + rV2)

n2 (krU2 + rV2)
6 +

k2rU1rV1rU2rV2(rU2 + rV2)

n2 (krU1 + rV1)
2 (krU2 + rV2)

4

− k2rU1rV1rU2rV2(rU1 + rV1)

n1 (krU1 + rV1)
4 (krU2 + rV2)

2 −
k2rV1r

2
U1
(rU1 + rV1)(rV1 − krU1)

n1 (krU1 + rV1)
6

+
k2rV2r

2
U2
(rU2 + rV2)(rV2 − krU2)

n2 (krU2 + rV2)
6

−k2rU1rU2rV2(rU2 + rV2)(rV2 − krU2)

n2 (krU1 + rV1) (krU2 + rV2)
5 +

k2rU1rV1rU2(rU1 + rV1)(rV1 − krU1)

n1 (krU1 + rV1)
5 (krU2 + rV2)

)
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=
1(

k2rV1rU1(rV1+rU1)
n1(krU1

+rV1)
4 +

k2rV2rU2(rV2+rU2)
n2(krU2

+rV2)
4

) 3
2

(
k3rV1r

3
U1
(rU1 + rV1)

n1 (krU1 + rV1)
6 +

k2rU1rU2rV2(rU2 + rV2)(2krV1rU2 − krU1rV2 + k2rU1rU2)

n2 (krU1 + rV1)
2 (krU2 + rV2)

5

−
k3rV2r

3
U2
(rU2 + rV2)

n2 (krU2 + rV2)
6 − k2rU2rU1rV1(rU1 + rV1)(2krV2rU1 − krU2rV1 + k2rU1rU2)

n1 (krU1 + rV1)
5 (krU2 + rV2)

2

)

=

k3rU1
rV1 (rU1

+rV1 )(rU1
rV2−rU2

rV1)
2

n1(krU1
+rV1)

6
(krU2

+rV2)
2 − k3rU2

rV2 (rU2
+rV2 )(rU1

rV2−rU2
rV1)

2

n2(krU1
+rV1)

2
(krU2

+rV2)
6(

k2rV1rU1(rV1+rU1)
n1(krU1

+rV1)
4 +

k2rV2rU2(rV2+rU2)
n2(krU2

+rV2)
4

) 3
2

=

k3(rU1
rV2−rU2

rV1)
2

(krU1
+rV1)

2
(krU2

+rV2)
2(

k2rV1rU1(rV1+rU1)
n1(krU1

+rV1)
4 +

k2rV2rU2(rV2+rU2)
n2(krU2

+rV2)
4

) 3
2

(
rU1rV1(rU1 + rV1)

n1 (krU1 + rV1)
4 − rU2rV2(rU2 + rV2)

n2 (krU2 + rV2)
4

)
.

Lemma 12.

∂2f

∂k2
=

√
n1n2 (rU1rV2 − rU2rV1)

2(
n2rU1rV1(rU1 + rV1) (krU2 + rV2)

4 + n1rU2rV2(rU2 + rV2) (krU1 + rV1)
4) 5

2{
−2n2

2r2U1
r2V1

(rU1 + rV1)
2 (krU2 + rV2)

7 rU2

+ 10n1n2rU1rV1(rU1 + rV1) (krU2 + rV2)
3 r2U2

rV2(rU2 + rV2) (krU1 + rV1)
4

− 10n1n2rU2rV2(rU2 + rV2) (krU1 + rV1)
3 r2U1

rV1(rU1 + rV1) (krU2 + rV2)
4

+2n1
2r2U2

r2V2
(rU2 + rV2)

2 (krU1 + rV1)
7 rU1

}
.

Proof : from above, we have

∂f

∂k
=

k3(rU1
rV2−rU2

rV1)
2

(krU1
+rV1)

2
(krU2

+rV2)
2(

k2rV1rU1(rV1+rU1)
n1(krU1

+rV1)
4 +

k2rV2rU2(rV2+rU2)
n2(krU2

+rV2)
4

) 3
2

(
rU1rV1(rU1 + rV1)

n1 (krU1 + rV1)
4 − rU2rV2(rU2 + rV2)

n2 (krU2 + rV2)
4

)

=
√
n1n2 (rU1rV2 − rU2rV1)

2

n2rU1rV1(rU1 + rV1) (krU2 + rV2)
4 − n1rU2rV2(rU2 + rV2) (krU1 + rV1)

4(
n2rU1rV1(rU1 + rV1) (krU2 + rV2)

4 + n1rU2rV2(rU2 + rV2) (krU1 + rV1)
4
) 3

2

.
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Then

∂2f

∂k2

=

√
n1n2 (rU1rV2 − rU2rV1)

2(
n2rU1rV1(rU1 + rV1) (krU2 + rV2)

4 + n1rU2rV2(rU2 + rV2) (krU1 + rV1)
4
)3

{ [
n2rU1rV1(rU1 + rV1)4 (krU2 + rV2)

3 rU2 − n1rU2rV2(rU2 + rV2)4 (krU1 + rV1)
3 rU1

]
[
n2rU1rV1(rU1 + rV1) (krU2 + rV2)

4 + n1rU2rV2(rU2 + rV2) (krU1 + rV1)
4
] 3

2

−
[
n2rU1rV1(rU1 + rV1) (krU2 + rV2)

4 − n1rU2rV2(rU2 + rV2) (krU1 + rV1)
4
]

3

2

[
n2rU1rV1(rU1 + rV1) (krU2 + rV2)

4 + n1rU2rV2(rU2 + rV2) (krU1 + rV1)
4
] 1

2

[
n2rU1rV1(rU1 + rV1)4 (krU2 + rV2)

3 rU2 − n1rU2rV2(rU2 + rV2)4 (krU1 + rV1)
3 rU1

] }
=

√
n1n2 (rU1rV2 − rU2rV1)

2(
n2rU1rV1(rU1 + rV1) (krU2 + rV2)

4 + n1rU2rV2(rU2 + rV2) (krU1 + rV1)
4
) 5

2

{ [
n2rU1rV1(rU1 + rV1)4 (krU2 + rV2)

3 rU2 − n1rU2rV2(rU2 + rV2)4 (krU1 + rV1)
3 rU1

]
[
n2k

2rU1rV1(rU1 + rV1) (krU2 + rV2)
4 + n1k

2rU2rV2(rU2 + rV2) (krU1 + rV1)
4
]

−
[
n2k

3rU1rV1(rU1 + rV1) (krU2 + rV2)
4 − n1k

3rU2rV2(rU2 + rV2) (krU1 + rV1)
4
]

6
[
n2rU1rV1(rU1 + rV1) (krU2 + rV2)

3 rU2 − n1rU2rV2(rU2 + rV2) (krU1 + rV1)
3 rU1

] }
=

√
n1n2 (rU1rV2 − rU2rV1)

2(
n2rU1rV1(rU1 + rV1) (krU2 + rV2)

4 + n1rU2rV2(rU2 + rV2) (krU1 + rV1)
4
) 5

2

{
4n2

2r2U1
r2V1

(rU1 + rV1)
2 (krU2 + rV2)

7 rU2

+ 4n1n2rU1rV1(rU1 + rV1) (krU2 + rV2)
3 r2U2

rV2(rU2 + rV2) (krU1 + rV1)
4

− 4n1n2rU2rV2(rU2 + rV2) (krU1 + rV1)
3 r2U1

rV1(rU1 + rV1) (krU2 + rV2)
4

− 4n1
2r2U2

r2V2
(rU2 + rV2)

2 (krU1 + rV1)
7 rU1

− 6n2
2r2U1

r2V1
(rU1 + rV1)

2 (krU2 + rV2)
7 rU2

− 6n1n2r
2
U1
rV1(rU1 + rV1) (krU2 + rV2)

4 rU2rV2(rU2 + rV2) (krU1 + rV1)
3

+ 6n1n2r
2
U2
rV2(rU2 + rV2) (krU1 + rV1)

4 rU1rV1(rU1 + rV1) (krU2 + rV2)
3

+6n1
2r2U2

r2V2
(rU2 + rV2)

2 (krU1 + rV1)
7 rU1

}
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That is

∂2f

∂k2
=

√
n1n2 (rU1rV2 − rU2rV1)

2(
n2rU1rV1(rU1 + rV1) (krU2 + rV2)

4 + n1rU2rV2(rU2 + rV2) (krU1 + rV1)
4) 5

2{
−2n2

2r2U1
r2V1

(rU1 + rV1)
2 (krU2 + rV2)

7 rU2

+ 10n1n2rU1rV1(rU1 + rV1) (krU2 + rV2)
3 r2U2

rV2(rU2 + rV2) (krU1 + rV1)
4

− 10n1n2rU2rV2(rU2 + rV2) (krU1 + rV1)
3 r2U1

rV1(rU1 + rV1) (krU2 + rV2)
4

+2n1
2r2U2

r2V2
(rU2 + rV2)

2 (krU1 + rV1)
7 rU1

}
.

Lemma 13. The variance of DSC is bigger if rU
rV

<
√
2
2
.

Proof : The variance of DSC is bigger if Var[DSC]
Var[Jaccard]

> 1:

Var [DSC]

Var [Jaccard]
> 1 ⇔

4 rV rU (rU+rV )

n(2rU+rV )4

rUrV
n(rU+rV )3

= 4
(rU + rV )

4

(2rU + rV )
4 = 4

(
1− rU

2rU + rV

)4

> 1

⇔ 1− rU
2rU + rV

>
1√
2

⇔ 1− 1√
2
>

rU
2rU + rV

⇔ 2(
√
2− 1)rU + (

√
2− 1)rV >

√
2rU

⇔ (
√
2− 2)rU > (−

√
2 + 1)rV

⇔ rU
rV

<

√
2− 1

2−
√
2
=

(
√
2− 1)(2 +

√
2)

2
=

√
2

2

⇔ rU <

√
2

2
rV
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Lemma 14.

Var(D) ≈ k2 (r1 + r4) (r5 + r7 + r2) (r1 + r4 + r5 + r7 + r2)

n (kr1 + kr4 + r5 + r7 + r2)
4

+
k2 (r1 + r5) (r4 + r6 + r2) (r1 + r5 + r4 + r6 + r2)

n (kr1 + kr5 + r4 + r6 + r2)
4

− 2
k2 [(r1r2 − r4r5) (r1 + r2 + r4 + r5 + r6 + r7) + r1r6r7]

n (kr1 + kr4 + r5 + r7 + r2)
2 (kr1 + kr5 + r4 + r6 + r2)

2

Proof :

We have

µU2 = µU2∩U3 + µU2∩V3 = µ1 + µ4

µV2 = µV2∩U3 + µV2∩W3 + µV2∩V3 = µ5 + µ7 + µ2

µU3 = µU3∩U2 + µU3∩V2 = µ1 + µ5

µV3 = µV3∩U2 + µV3∩W2 + µV3∩V2 = µ4 + µ6 + µ2

And

σU2,V3

= σU2∩U3,U2∩V3 + σU2∩U3,V3∩W2 + σU2∩U3,V3∩V2 + σ2
U2∩V3

+ σU2∩V3,V3∩W2 + σU2∩V3,V2∩V3

= σ14 + σ16 + σ12 + σ2
4 + σ46 + σ42

σV2,U3

= σU2∩U3,U3∩V2 + σU2∩U3,V2∩W3 + σU2∩U3,V3∩V2 + σ2
U3∩V2

+ σU3∩V2,V2∩W3 + σU3∩V2,V2∩V3

= σ15 + σ17 + σ12 + σ2
5 + σ57 + σ52

σU2,U3 = σ2
U2∩U3

+ σU2∩U3,U3∩V2 + σU2∩U3,U2∩V3 + σU2∩V3,U3∩V2

= σ2
1 + σ15 + σ41 + σ45
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σV2,V3

=σV2∩U3,V3∩U2 + σV2∩U3,V3∩W2 + σV2∩U3,V3∩V2 + σV2∩W3,V3∩U2 + σV2∩W3,V3∩W2

+ σV2∩W3,V3∩V2 + σV2∩V3,V3∩U2 + σV2∩V3,V3∩W2 + σ2
V3∩V2

=σ54 + σ56 + σ52 + σ74 + σ76 + σ72 + σ24 + σ26 + σ2
2

Then

Var(D) = Var

(
kU2

kU2 + V2

)
+Var

(
kU3

kU3 + V3

)
− 2COV

(
kU2

kU2 + V2

,
kU3

kU3 + V3

)

Var
(

kU2

kU2+V2

)
≈ k2rV2rU2(rV2+rU2)

n(krV2+rU2)
4

Var
(

kU3

kU3+V3

)
≈ k2rV3rU3(rV3+rU3)

n(krV3+rU3)
4

COV
(

kU2

kU2+V2
, kU3

kU3+V3

)
= E

(
kU2

kU2+V2
∗ kU3

kU3+V3

)
− E

(
kU2

kU2+V2

)
∗ E

(
kU3

kU3+V3

)
We have

E

(
kU2

kU2 + V2
∗ kU3

kU3 + V3

)
= E [f (U2, V2, U3, V3)]

= E

[
f(µ) + (U2 − µU2)

∂f

∂U2
(µ) + (V2 − µV2)

∂f

∂V2
(µ) + (U3 − µU3)

∂f

∂U3
(µ) + (V3 − µV3)

∂f

∂V3
(µ)

+
1

2

{
(U2 − µU2)

2 ∂2f

∂U2
2

(µ) + 2 (U2 − µU2) (V2 − µV2)
∂2f

∂U2∂V2
(µ)

+ 2 (U2 − µU2) (U3 − µU3)
∂2f

∂U2∂U3
(µ) + (V2 − µV2)

2 ∂2f

∂V 2
2

(µ)

+ 2 (U2 − µU2) (V3 − µV3)
∂2f

∂U2∂V3
+ 2 (V2 − µV2) (U3 − µU3)

∂2f

∂V2∂U3
(µ)

+ (U3 − µU3
)
2 ∂2f

∂U2
3

(µ) + 2 (V2 − µV2
) (V3 − µV3

)
∂2f

∂V2∂V3

+2 (U3 − µU3
) (V3 − µV3

)
∂2f

∂U3∂V3
(µ) + (V3 − µV3

)
2 ∂2f

∂V3
2
(µ)

}]
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That is

E

(
kU2

kU2 + V2

∗ kU3

kU3 + V3

)
= f(µ) +

1

2
σ2
U2

∂2f

∂U2
2

(µ) +
1

2
σ2
V2

∂2f

∂V 2
2

(µ) +
1

2
σ2
U3

∂2f

∂U2
3

(µ) +
1

2
σ2
V3

∂2f

∂V 2
3

(µ)

+ σU2,V2

∂2f

∂U2∂V2

(µ) + σU3,V3

∂2f

∂U3∂V3

(µ)

+ σU2,V3

∂2f

∂U2∂V3

(µ) + σV2,U3

∂2f

∂V2∂U3

(µ) + σU2,U3

∂2f

∂U2∂U3

(µ) + σV2,V3

∂2f

∂V2∂V3

(µ)

We also have

E

(
kU2

kU2 + V2

)
∗E

(
kU3

kU3 + V3

)
= E (g (U2, V2))E (g (U3, V3))

=

[
g (µ2) +

1

2
σ2
U2

∂2g

∂U2
2

(µ2) +
1

2
σ2
V2

∂2g

∂V 2
2

(µ2) + σU2V2

∂2g

∂U2∂V2
(µ2)

]
∗
[
g (µ3) +

1

2
σ2
U3

∂2g

∂U2
3

(µ3) +
1

2
σ2
V3

∂2g2

∂V 2
3

(µ3) + σU3V3

∂2g

∂U3∂V3
(µ3)

]
= g (µ2) g (µ3) +

1

2
σ2
U3

∂2g

∂U2
3

(µ3) g (µ2) +
1

2
σ2
V3

∂2g

∂V 2
3

(µ3) g (µ2) + σU3V3

∂2g3
∂U3∂V3

(µ3) g (µ2)

+
1

2
σ2
U2

∂2g

∂U2
2

(µ2) g (µ3) +
1

2
σ2
V2

∂2g

∂V 2
2

(µ2) g (µ3) + σU2V2

∂2g

∂U2∂V2
(µ2) g (µ3)

= f(µ) +
1

2
σ2
U2

∂2f

∂U2
2

(µ) +
1

2
σ2
V2

∂2f

∂V 2
2

(µ) +
1

2
σ2
U3

∂2f

∂U2
3

(µ) +
1

2
σ2
V3

∂2f

∂V 2
3

(µ)

+ σU2,V2

∂2f

∂U2∂V2
(µ) + σU3,V3

∂2f

∂U3∂V3
(µ)

Therefore

COV

(
kU2

kU2 + V2

,
kU3

kU3 + V3

)
= σU2,V3

∂2f

∂U2∂V3

(µ) + σV2,U3

∂2f

∂V2∂U3

(µ) + σU2,U3

∂2f

∂U2∂U3

(µ) + σV2,V3

∂2f

∂V2∂V3

(µ)
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That is

COV

(
kU2

kU2 + V2
,

kU3

kU3 + V3

)
=
[
σ14 + σ16 + σ12 + σ2

4 + σ46 + σ42

] kµV2

(kµU2
+ µV2

)
2

(
− kµU3

(kµU3
+ µV3

)
2

)

+
[
σ15 + σ17 + σ12 + σ2

5 + σ57 + σ52

](
− kµU2

(kµU2
+ µV2

)
2

)
kµV3

(kµU3
+ µV3

)
2

+
[
σ2
1 + σ15 + σ41 + σ45

] kµV2

(kµU2 + µV2)
2

kµV3

(kµU3 + µV3)
2

+
[
σ54 + σ56 + σ52 + σ74 + σ76 + σ72 + σ24 + σ26 + σ2

2

](
− kµU2

(kµU2
+ µV2

)
2

)(
− kµU3

(kµU3
+ µV3

)
2

)

=
{
−
[
σ14 + σ16 + σ12 + σ2

4 + σ46 + σ42

]
(µ5 + µ7 + µ2) (µ1 + µ5)

−
[
σ15 + σ17 + σ12 + σ2

5 + σ57 + σ52

]
(µ1 + µ4) (µ4 + µ6 + µ2)

+
[
σ2
1 + σ15 + σ41 + σ65

]
(µ5 + µ7 + µ2) (µ4 + µ6 + µ2)

+
[
σ54 + σ56 + σ52 + σ74 + σ76 + σ72 + σ24 + σ26 + σ2

2

]
(µ1 + µ4) (µ1 + µ5)

}
k2

(kµ1 + kµ4 + µ5 + µ7 + µ2)
2
(kµ1 + kµ5 + µ4 + µ6 + µ2)

2

Given µi = nri, σ
2
i = nri (1− ri) , σij = −nrirj

We have

COV

(
kU2

kU2 + V2
,

kU3

kU3 + V3

)
=

k2

n4 (kr1 + kr4 + r5 + r7 + r2)
2 (kr1 + kr5 + r4 + r6 + r2)

2n
3

{(
r1r4 + r1r6 + r1r2 − r4 + r24 + r4r6 + r4r2

)
(r5 + r7 + r2) (r1 + r5)

+
(
r1r5 + r1r7 + r1r2 − r5 + r25 + r5r7 + r5r2

)
(r1 + r4) (r4 + r6 + r2)

−
(
−r1 + r21 + r1r5 + r4r1 + r4r5

)
(r5 + r7 + r2) (r4 + r6 + r2)

−
(
r5r4 + r5r6 + r5r2 + r7r4 + r7r6 + r7r2 + r2r4 + r2r6 − r2 + r22

)
(r1 + r4) (r1 + r5)

}
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That is

COV

(
kU2

kU2 + V2

,
kU3

kU3 + V3

)
=

k2

(kr1 + kr4 + r5 + r7 + r2)
2 (kr1 + kr5 + r4 + r6 + r2)

2

1

n

{(r1 + r4) (r4 + r6 + r2) (r5 + r7 + r2) (r1 + r5)− r4 (r5 + r7 + r2) (r1 + r5)

+ (r5 + r7 + r2) (r1 + r5) (r1 + r4) (r4 + r6 + r2)− r5 (r1 + r4) (r4 + r6 + r2)

− (r1 + r4) (r1 + r5) (r5 + r7 + r2) (r4 + r6 + r2) + r1 (r5 + r7 + r2) (r4 + r6 + r2)

− (r5 + r7 + r2) (r4 + r6 + r2) (r1 + r4) (r1 + r5) + r2 (r1 + r4) (r1 + r5)}

=
[(r1 + r4) (r1r2 − r4r5 − r5r6) + (r5 + r7 + r2) (r1r6 + r1r2 − r4r5)] k

2

(kr1 + kr4 + r5 + r7 + r2)
2 (kr1 + kr5 + r4 + r6 + r2)

2 n

=
[(r1r2 − r4r5) (r1 + r2 + r4 + r5 + r6 + r7) + r1r6r7] k

2

(kr1 + kr4 + r5 + r7 + r2)
2 (kr1 + kr5 + r4 + r6 + r2)

2 n

Therefore,

Var(D) ≈ k2 (r1 + r4) (r5 + r7 + r2) (r1 + r4 + r5 + r7 + r2)

n (kr1 + kr4 + r5 + r7 + r2)
4

+
k2 (r1 + r5) (r4 + r6 + r2) (r1 + r5 + r4 + r6 + r2)

n (kr1 + kr5 + r4 + r6 + r2)
4

− 2
k2 [(r1r2 − r4r5) (r1 + r2 + r4 + r5 + r6 + r7) + r1r6r7]

n (kr1 + kr4 + r5 + r7 + r2)
2 (kr1 + kr5 + r4 + r6 + r2)

2

Lemma 15. T
D−→ N(0, 1) under H0.

Proof :

Central Limit Theorem: x1, . . . xn
iid∼ Exi = µ,Varxi = σ2 < ∞. As n → ∞,

√
n(x̄− µ)

D−→ N (0, σ2).

Suppose 1U2
1, . . . 1U2

n iid∼ E = rU2 , Var = rU2(1−rU2), Ū2 =
U2

n
, then

√
n(U2

n
−rU2)

D−→

N (0, rU2(1− rU2)).

Similarly, we have
√
n(V2

n
− rV2)

D−→ N (0, rV2(1− rV2)).

132



According to the relationship between Ū2 and V̄2, we have

√
n


 Ū2

V̄2

−

 rU2

rV2


 D−→ N


 0

0

 ,

 rU2 (1− rU2) −rU2rV2

−rU2rV2 rV2 (1− rV2)


 .

According to Delta method, we have

√
n

(
kŪ2

kŪ2 + V̄2

− krU2

krU2 + rV2

)
D−→ N

(
0,

k2rV2rU2 (rU2 + rV2)

(krU2 + rV2)
4

)
.

Given Ū2 =
U2

n
and V̄2 =

V2

n
, we have kŪ2

kŪ2+V̄2
= kU2

kU2+V2
.

Then,
√
n
(

kU2

kU2+V2
− krU2

krU2
+rV2

)
D−→ N

(
0,

k2rV2rU2(rU2
+rV2)

(krU2
+rV2)

4

)
.

Similarly, we have
√
n
(

kU3

kU3+V3
− krU3

krU3
+rV3

)
D−→ N

(
0,

k2rV3rU3(rU3
+rV3)

(krU3
+rV3)

4

)
.

According to the relationship between U2, V2, U3 and V3, we have

√
n


 kU2

kU2+V2

kU3
kU3+V3

−

 krU2
krU2

+rV2
krU3

krU3
+rV3


 D−→N


 0

0

,


k2rV2

rU2 (rU2
+rV2 )

(krU2
+rV2 )

4 COV
(

kU2
kU2+V2

, kU3
kU3+V3

)
COV

(
kU2

kU2+V2
, kU3
kU3+V3

)
k2rV3

rU3 (rU3
+rV3 )

(krU3
+rV3 )

4




where COV
(

kU2

kU2+V2
, kU3

kU3+V3

)
= [(r1r2−r4r5)(r1+r2+r4+r5+r6+r7)+r1r6r7]k2

(kr1+kr4+r5+r7+r2)
2(kr1+kr5+r4+r6+r2)

2n

According to Dealt method, we have

√
n
((

kU2

kU2+V2
− kU3

kU3+V3

)
−
(

krU2

krU2
+rV2

− krU3

krU3
+rV3

))
D−→ N

(
0,

k2rV2rU2(rU2
+rV2)

(krU2
+rV2)

4 +
k2rV3rU3(rU3

+rV3)
(krU3

+rV3)
4 − 2COV

(
kU2

kU2+V2
, kU3

kU3+V3

))
.

Given kU2

kU2+V2
=

kr̂U2

kr̂U2
+r̂V2

, kU3

kU3+V3
=

kr̂U3

kr̂U3
+r̂V3

and
krU2

krU2
+rV2

=
krU3

krU3
+rV3

under H0, we

have
√
n
(

kr̂U2

kr̂U2
+r̂V2

− kr̂U3

kr̂U3
+r̂V3

)
D−→

N

(
0,

k2rV2rU2(rU2
+rV2)

(krU2
+rV2)

4 +
k2rV3rU3(rU3

+rV3)
(krU3

+rV3)
4 − 2 [(r1r2−r4r5)(r1+r2+r4+r5+r6+r7)+r1r6r7]k2

(kr1+kr4+r5+r7+r2)
2(kr1+kr5+r4+r6+r2)

2n

)
Also we have

√
n

√
k2r̂V1 r̂U2(r̂V1+r̂U2)

n(kr̂U1
+r̂V1)

4 +
k2r̂V2 r̂U3(r̂V2+r̂U3)

n(kr̂U2
+r̂V3)

4 − 2 [(r̂1r̂2−r̂4r̂5)(r̂1+r̂2+r̂4+r̂5+r̂6+r̂7)+r̂1r̂6r̂7]k2

(kr̂1+kr̂4+r̂5+r̂7+r̂2)
2(kr̂1+kr̂5+r̂4+r̂6+r̂2)

2n

p−→
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√
k2rV2rU2(rU2

+rV2)
(krU2

+rV2)
4 +

k2rV3rU3(rU3
+rV3)

(krU3
+rV3)

4 − 2 [(r1r2−r4r5)(r1+r2+r4+r5+r6+r7)+r1r6r7]k2

(kr1+kr4+r5+r7+r2)
2(kr1+kr5+r4+r6+r2)

2n

Then according to Slutsky’s theorem, Since T =

kr̂U2
kr̂U2

+r̂V2
−

kr̂U3
kr̂U3

+r̂V3√√√√ k2r̂V2
r̂U2(r̂V2+r̂U2)

n(kr̂U2
+r̂V2)

4 +
k2r̂V3

r̂U3(r̂V3+r̂U3)
n(kr̂U3

+r̂V3)
4

,

we have T
D−→ N(0, 1) under H0.

Lemma 16.

power ≈ 1− Φ(z1−α
2
− θ√

V̂ar(T )
) + Φ(−z1−α

2
− θ√

V̂ar(T )
).

Proof :

power

=Pr(reject H0|H1is correct)

=Pr(reject H0|
krU2

krU2
+ rV2

̸= krU3

krU3
+ rV3

)

=Pr(|z| > z1−α
2
| krU2

krU2
+ rV2

̸= krU3

krU3
+ rV3

)

=Pr(|z| > z1−α
2
| krU2

krU2 + rV2

− krU3

krU3 + rV3

= θ)

=Pr(
kr̂1+kr̂4

kr̂1+kr̂4+r̂5+r̂7+r̂2
− kr̂1+kr̂5

kr̂1+kr̂5+r̂4+r̂6+r̂2√
V̂ar(D)

> z1−α
2
| krU2

krU2
+ rV2

− krU3

krU3
+ rV3

= θ)

+Pr(
kr̂1+kr̂4

kr̂1+kr̂4+r̂5+r̂7+r̂2
− kr̂1+kr̂5

kr̂1+kr̂5+r̂4+r̂6+r̂2√
V̂ar(D)

< −z1−α
2
| krU2

krU2
+ rV2

− krU3

krU3
+ rV3

= θ)

=Pr(
kr̂1+kr̂4

kr̂1+kr̂4+r̂5+r̂7+r̂2
− kr̂1+kr̂5

kr̂1+kr̂5+r̂4+r̂6+r̂2
− θ + θ√

V̂ar(D)
> z1−α

2
| krU2

krU2
+ rV2

− krU3

krU3
+ rV3

= θ)

+Pr(
kr̂1+kr̂4

kr̂1+kr̂4+r̂5+r̂7+r̂2
− kr̂1+kr̂5

kr̂1+kr̂5+r̂4+r̂6+r̂2
− θ + θ√

V̂ar(D)
< −z1−α

2
| krU2

krU2 + rV2

− krU3

krU3 + rV3

= θ)
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That is

power

=Pr(

kr̂1+kr̂4
kr̂1+kr̂4+r̂5+r̂7+r̂2

− kr̂1+kr̂5
kr̂1+kr̂5+r̂4+r̂6+r̂2

− θ√
V̂ar(D)

> z1−α
2
−

θ√
V̂ar(D)

|
krU2

krU2
+ rV2

−
krU3

krU3
+ rV3

= θ)

+Pr(

kr̂1+kr̂4
kr̂1+kr̂4+r̂5+r̂7+r̂2

− kr̂1+kr̂5
kr̂1+kr̂5+r̂4+r̂6+r̂2

− θ√
V̂ar(D)

< −z1−α
2
−

θ√
V̂ar(D)

|
krU2

krU2
+ rV2

−
krU3

krU3
+ rV3

= θ)

≈1− Φ(z1−α
2
−

θ√
V̂ar(D)

) + Φ(−z1−α
2
−

θ√
V̂ar(D)

)
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Appendix B

Computer code

### R functions ###

#simulate bivariave normal data

sim.z <- function(n, pi, mu, sigma){

g=3

#n=6000

#pi=c(0.6,0.2,0.2), mu=c(0,-2,2), sigma=c(1,1,1),

data <- sample(1:g, n, replace=TRUE, prob=pi)

#sample n=3000 numbers, each number can be 1 2 or 3, with

probability pi

#length(data.x)=6000;

data.x <- data

data.y <- data

for(i in 1:g){

l <- length(data[data==i])

# number of samples equal i, i= 1 2 or 3

if(l>0){

data.x[data==i] <- rnorm(l, mean=mu[i], sd=sigma[i])

#l number of random samples from given normal distribution

data.y[data==i] <- rnorm(l, mean=mu[i], sd=sigma[i])

}

}
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return(data.frame(cbind(data.x, data.y)))

}

#give the empirical power of two-sample test for a sequence of k

powerest<-function(K,B,n,pi,mu_1,mu_2,sigma_1,sigma_2,c,sim.z){

z_hat<-FBM(K, B)

tmp<-foreach (s = 1:B, .combine = ’c’) %:%

foreach (k = 1:K, .combine = ’c’) %dopar% {

zdata <- sim.z(n,pi, mu_1,sigma_1)

z1<-zdata$data.x

z2<-zdata$data.y

z_and_l<-zdata[which(zdata$data.x>c[1] & zdata$data.y >c[1]),]

z_and_s<-zdata[which(zdata$data.x<c[2] & zdata$data.y<c[2]),]

z_or_l<-zdata[which(zdata$data.x>c[1] | zdata$data.y >c[1]),]

z_or_s<-zdata[which(zdata$data.x<c[2] | zdata$data.y<c[2]),]

z_cross1<-zdata[which(zdata$data.x<c[2] & zdata$data.y>c[1]),]

z_cross2<-zdata[which(zdata$data.x>c[1] & zdata$data.y<c[2]),]

p_x_hat1<-(dim(z_and_l)[1]+dim(z_and_s)[1])/n

p_z_hat1<-(dim(z_or_l)[1]+dim(z_or_s)[1]-dim(z_cross1)[1]

-dim(z_cross2)[1]-dim(z_and_l)[1]-dim(z_and_s)[1])/n

zdata <- sim.z(n,pi, mu_2,sigma_2)

z1<-zdata$data.x

z2<-zdata$data.y

z_and_l<-zdata[which(zdata$data.x>c[1] & zdata$data.y >c[1]),]

z_and_s<-zdata[which(zdata$data.x<c[2] & zdata$data.y<c[2]),]
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z_or_l<-zdata[which(zdata$data.x>c[1] | zdata$data.y >c[1]),]

z_or_s<-zdata[which(zdata$data.x<c[2] | zdata$data.y<c[2]),]

z_cross1<-zdata[which(zdata$data.x<c[2] & zdata$data.y>c[1]),]

z_cross2<-zdata[which(zdata$data.x>c[1] & zdata$data.y<c[2]),]

p_x_hat2<-(dim(z_and_l)[1]+dim(z_and_s)[1])/n

p_z_hat2<-(dim(z_or_l)[1]+dim(z_or_s)[1]-dim(z_cross1)[1]

-dim(z_cross2)[1]-dim(z_and_l)[1]-dim(z_and_s)[1])/n

theta_hat<-k*p_x_hat1/(k*p_x_hat1+p_z_hat1)

-k*p_x_hat2/(k*p_x_hat2+p_z_hat2)

variance_hat<-(k^2*p_z_hat1*p_x_hat1*(p_z_hat1+p_x_hat1))

/(n*(k*p_x_hat1+p_z_hat1)^4)

+(k^2*p_z_hat2*p_x_hat2*(p_z_hat2+p_x_hat2))

/(n*(k*p_x_hat2+p_z_hat2)^4)

sd_hat<-sqrt(variance_hat)

z_hat[k,s]<-theta_hat/sd_hat

NULL

}

power<-rep(0,K)

for (i in 1:K){

power[i]<- length(which(abs(z_hat[i,])>qnorm(1-0.05/2)))/B

}

return(power)

}

#give the theoritical power of two-sample test for a sequence of k
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powertheory <- function(K,mu_1,mu_all,sigma_1,sigma_all,z_alpha,c,pi){

mu=mu_1

sigma=sigma_1

p_x_theory1=0

p_z_theory1=0

for (i in 1:3){

p_x<-(pnorm(c[2],mu[i],sigma[i]))^2

+(1-pnorm(c[1],mu[i],sigma[i]))^2

p_xi<-pnorm(c[2],mu[i],sigma[i])*(1-pnorm(c[1],mu[i],sigma[i]))*2

p_z<-2*pnorm(c[2],mu[i],sigma[i])

+2*(1-pnorm(c[1],mu[i],sigma[i]))-2*p_xi

p_x_theory1<-p_x_theory1+pi[i]*p_x

p_z_theory1<-p_z_theory1+pi[i]*p_z

}

power_theory<-matrix(0,K,length(mu_all))

for (j in 1:length(mu_all)){

mu=c(0,-mu_all[j],mu_all[j])

sigma=rep(sigma_all[j],3)

p_x_theory2=0

p_z_theory2=0

for (i in 1:3){

p_x<-(pnorm(c[2],mu[i],sigma[i]))^2

+(1-pnorm(c[1],mu[i],sigma[i]))^2

p_xi<-pnorm(c[2],mu[i],sigma[i])

*(1-pnorm(c[1],mu[i],sigma[i]))*2

p_z<-2*pnorm(c[2],mu[i],sigma[i])
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+2*(1-pnorm(c[1],mu[i],sigma[i]))-2*p_xi

p_x_theory2<-p_x_theory2+pi[i]*p_x

p_z_theory2<-p_z_theory2+pi[i]*p_z

}

for (k in 1:K){

theta<-k*p_x_theory1/(k*p_x_theory1+p_z_theory1)

-k*p_x_theory2/(k*p_x_theory2+p_z_theory2)

variance_hat

<-(k^2*p_z_theory1*p_x_theory1*(p_z_theory1+p_x_theory1))

/(n*(k*p_x_theory1+p_z_theory1)^4)

+(k^2*p_z_theory2*p_x_theory2*(p_z_theory2+p_x_theory2))

/(n*(k*p_x_theory2+p_z_theory2)^4)

sd_hat<-sqrt(variance_hat)

phi_1<-pnorm(z_alpha-theta/sd_hat)

phi_2<-pnorm(-z_alpha-theta/sd_hat)

power_theory[k,j]<-1-phi_1+phi_2

}

}

return(power_theory)

}

#give the theoritical mse of similarity coefficient for a

sequence of k

msetheory <- function(n,pi,mu,sigma,c){

p_x_theory=0

p_z_theory=0
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for (i in 1:3){

p_x<-(pnorm(c[2],mu[i],sigma[i]))^2

+(1-pnorm(c[1],mu[i],sigma[i]))^2

p_u<-(pnorm(c[1],mu[i],sigma[i])-pnorm(c[2],mu[i],sigma[i]))^2

p_z<-1-p_u-p_x

p_x_theory<-p_x_theory+pi[i]*p_x

p_z_theory<-p_z_theory+pi[i]*p_z

}

coefficient_theory<-rep(0,100)

for (k in 1:100){

coefficient_theory[k]<-k*p_x_theory/(k*p_x_theory+p_z_theory)

}

mse_theory<-rep(0,100)

for (k in 1:100){

bias<-(k*(k-1)*p_z_theory*p_x_theory)/

(n*(k*p_x_theory+p_z_theory)^3)

var<-(k^2*p_z_theory*p_x_theory*(p_z_theory+p_x_theory))

/(n*(k*p_x_theory+p_z_theory)^4)

mse_theory[k]<-bias^2+var

}

return(mse_theory)

}
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#give the empirical mse of similarity coefficient for a sequence of k

msehat <- function(n,pi,mu,sigma,c){

coefficient_hat<-matrix(0,100,10000)

for (b in 1:10000){

zdata <- sim.z(n,pi, mu,sigma)

z1<-zdata$data.x

z2<-zdata$data.y

z_and_l<-zdata[which(zdata$data.x>c[1] & zdata$data.y >c[1]),]

z_and_s<-zdata[which(zdata$data.x<c[2] & zdata$data.y<c[2]),]

z_or_l<-zdata[which(zdata$data.x>c[1] | zdata$data.y >c[1]),]

z_or_s<-zdata[which(zdata$data.x<c[2] | zdata$data.y<c[2]),]

z_cross1<-zdata[which(zdata$data.x<c[2] & zdata$data.y>c[1]),]

z_cross2<-zdata[which(zdata$data.x>c[1] & zdata$data.y<c[2]),]

p_x_hat<-(dim(z_and_l)[1]+dim(z_and_s)[1])/n

p_z_hat<-(dim(z_or_l)[1]+dim(z_or_s)[1]-dim(z_cross1)[1]

-dim(z_cross2)[1]-dim(z_and_l)[1]-dim(z_and_s)[1])/n

for (k in 1:100){

coefficient_hat[k,b]<-k*p_x_hat/(k*p_x_hat+p_z_hat)

}

}

p_x_theory=0

p_z_theory=0
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for (i in 1:3){

p_x<-(pnorm(c[2],mu[i],sigma[i]))^2

+(1-pnorm(c[1],mu[i],sigma[i]))^2

p_u<-(pnorm(c[1],mu[i],sigma[i])-pnorm(c[2],mu[i],sigma[i]))^2

p_z<-1-p_u-p_x

p_x_theory<-p_x_theory+pi[i]*p_x

p_z_theory<-p_z_theory+pi[i]*p_z

}

coefficient_theory<-rep(0,100)

for (k in 1:100){

coefficient_theory[k]<-k*p_x_theory/(k*p_x_theory+p_z_theory)

}

mse_hat<-rep(0,100)

for (k in 1:100){

mse_hat[k]<-sum((coefficient_hat[k,]

-coefficient_theory[k])^2)/10000

}

return(mse_hat)

}

#calculate sequence of z-scores for microarray and RNA-seq

based on random division

all_zvalues_sim<-function(mRNA1_NT,mRNA1_TP,mRNAseq_NT,mRNAseq_TP){

index_mRNA1_NT<-sample(c(1:dim(mRNA1_NT)[2]),(dim(mRNA1_NT)[2]/2))
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index_mRNA1_TP<-sample(c(1:dim(mRNA1_TP)[2]),(dim(mRNA1_TP)[2]/2))

pvalue_mRNA1_1<-foreach(i=1:dim(mRNA1_TP)[1],.combine=’c’)%dopar%{

wilcox.test(as.numeric(as.matrix(mRNA1_TP[i,index_mRNA1_TP])),

as.numeric(as.matrix(mRNA1_NT[i,index_mRNA1_NT])),

alternative = "greater")$p.value

}

pvalue_mRNA1_2<-foreach(i=1:dim(mRNA1_TP)[1],.combine =’c’)%dopar%{

wilcox.test(as.numeric(as.matrix(mRNA1_TP[i,-index_mRNA1_TP])),

as.numeric(as.matrix(mRNA1_NT[i,-index_mRNA1_NT])),

alternative = "greater")$p.value

}

zvalue_mRNA1_1<-qnorm(1-pvalue_mRNA1_1)

zvalue_mRNA1_2<-qnorm(1-pvalue_mRNA1_2)

index_mRNAseq_NT<-

sample(c(1:dim(mRNAseq_NT)[2]),(dim(mRNAseq_NT)[2]/2))

index_mRNAseq_TP<-

sample(c(1:dim(mRNAseq_TP)[2]),(dim(mRNAseq_TP)[2]/2))

pvalue_mRNAseq_1<-

foreach(i=1:dim(mRNAseq_TP)[1],.combine =’c’)%dopar%{

wilcox.test(

as.numeric(as.matrix(mRNAseq_TP[i,index_mRNAseq_TP])),

as.numeric(as.matrix(mRNAseq_NT[i,index_mRNAseq_NT])),

alternative = "greater")$p.value

}

pvalue_mRNAseq_2<-
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foreach(i=1:dim(mRNAseq_TP)[1],.combine = ’c’)%dopar%{

wilcox.test(

as.numeric(as.matrix(mRNAseq_TP[i,-index_mRNAseq_TP])),

as.numeric(as.matrix(mRNAseq_NT[i,-index_mRNAseq_NT])),

alternative = "greater")$p.value

}

zvalue_mRNAseq_1<-qnorm(1-pvalue_mRNAseq_1)

zvalue_mRNAseq_2<-qnorm(1-pvalue_mRNAseq_2)

return(cbind(zvalue_mRNA1_1,zvalue_mRNA1_2,

zvalue_mRNAseq_1,zvalue_mRNAseq_2))

}

#calculate estimated probabilities after we have sequence of z-scores

pvalues_hat<-function(z1,z2,c){

zdata<-data.frame(cbind(z1, z2))

z_and_l<-zdata[which(z1>c[1] & z2 >c[1]),]

z_and_s<-zdata[which(z1<c[2] & z2<c[2]),]

z_or_l<-zdata[which(z1>c[1] | z2 >c[1]),]

z_or_s<-zdata[which(z1<c[2] | z2<c[2]),]

z_cross1<-zdata[which(z1<c[2] & z2>c[1]),]

z_cross2<-zdata[which(z1>c[1] & z2<c[2]),]

p_x_hat1<-(dim(z_and_l)[1]+dim(z_and_s)[1])/length(z1)

p_z_hat1<-(dim(z_or_l)[1]+dim(z_or_s)[1]-dim(z_cross1)[1]

-dim(z_cross2)[1]-dim(z_and_l)[1]-dim(z_and_s)[1])
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/length(z1)

return(cbind(p_x_hat1,p_z_hat1))

}

### Running samples ###

K=10

pi=c(0.6,0.2,0.2)

mu=c(0,-3,3)

mu_1<-mu

mu_all<-c(3,3,3)

sigma_1=c(1,1,1)

sigma_all<-seq(0.94,0.98,by=0.02)

c<-c(1.96,-1.96)

powertheory(K,mu_1,mu_all,sigma_1,sigma_all,z_alpha,c,pi)

K=10

n=20000

B=100000

pi=c(0.6,0.2,0.2)

c<-c(1.96,-1.96)

mu_1=c(0,-3,3)

mu_2=c(0,-3,3)

sigma_1 <- c(1,1,1)

sigma_2 <- c(0.94,0.94,0.94)
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library(bigstatsr)

library(foreach)

library(doParallel)

cl <- parallel::makeCluster(8)

doParallel::registerDoParallel(cl)

powerest(K,B,n,pi,mu_1,mu_2,sigma_1,sigma_2,c,sim.z)

parallel::stopCluster(cl)

n=20000

pi=c(0.6,0.2,0.2)

mu=c(0,-3,3)

sigma=c(1,1,1)

c<-c(1.96,-1.96)

msetheory(n,pi,mu,sigma,c)

msehat(n,pi,mu,sigma,c)

mRNA1<-read.delim("BRCA.medianexp.txt",header = FALSE)

#526 TP: Primary Solid Tumor (tumor); 3 TM: Metastatic;

#61 NT: Solid Tissue Normal (normal)

mRNAseq<-read.delim("BRCA.rnaseqv2__illuminahiseq_rnaseqv2

__unc_edu__Level_3__RSEM_genes_normalized
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__data.data.txt",header = FALSE)

#1093 TP: Primary Solid Tumor (tumor); 7 TM: Metastatic;

#112 NT: Solid Tissue Normal (normal)

#case type name

mRNAseqNT<-read.delim("mRNAseq NT.txt",header = FALSE)

mRNAseqNT<-mRNAseqNT[mRNAseqNT$V5%in%c("RSEM_genes"),]

mRNAseqNT<-as.matrix(mRNAseqNT)

mRNAseqTM<-read.delim("mRNAseq TM.txt",header = FALSE)

mRNAseqTM<-as.matrix(mRNAseqTM)

mRNANT<-read.delim("mRNA NT.txt",header = FALSE)

mRNANT<-as.matrix(mRNANT)

mRNATM<-read.delim("mRNA TM.txt",header = FALSE)

mRNATM<-as.matrix(mRNATM)

#seperate case

‘%notin%‘ <- Negate(‘%in%‘)

mRNA11<-as.matrix(mRNA1)

colnames(mRNA1)<-mRNA11[1,]

mRNA1_NT<-mRNA1[names(mRNA1) %in% c(mRNANT[,1])]

mRNA1_NT<-mRNA1_NT[c(-1,-2),]

mRNA1_TM<-mRNA1[names(mRNA1) %in% c(mRNATM[,1])]

mRNA1_TM<-mRNA1_TM[c(-1,-2),]

mRNA1_TP<-mRNA1[names(mRNA1) %notin% c(mRNATM[,1],mRNANT[,1])]
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mRNA1_TP<-mRNA1_TP[,-1]

mRNA1_TP<-mRNA1_TP[c(-1,-2),]

mRNAseq1<-as.matrix(mRNAseq)

colnames(mRNAseq)<-mRNAseq1[1,]

mRNAseq_NT<-mRNAseq[names(mRNAseq) %in% c(mRNAseqNT[,1])]

mRNAseq_NT<-mRNAseq_NT[c(-1,-2),]

mRNAseq_TM<-mRNAseq[names(mRNAseq) %in% c(mRNAseqTM[,1])]

mRNAseq_TM<-mRNAseq_TM[c(-1,-2),]

mRNAseq_TP<-mRNAseq[names(mRNAseq)%notin%

c(mRNAseqTM[,1],mRNAseqNT[,1])]

mRNAseq_TP<-mRNAseq_TP[,-1]

mRNAseq_TP<-mRNAseq_TP[c(-1,-2),]

cl <- parallel::makeCluster(8)

doParallel::registerDoParallel(cl)

all_zvalues<-NULL

for (b in 1:1000) {

set.seed(seeds[b,1])

all_zvalues<-cbind(all_zvalues,

all_zvalues_sim(mRNA1_NT,mRNA1_TP,

mRNAseq_NT,mRNAseq_TP))

}

parallel::stopCluster(cl)
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p_hat1<-NULL

p_hat2<-NULL

critical<-c(qnorm(1-0.05/2),qnorm(1-10^(-4)/2),qnorm(1-10^(-8)/2))

for (b in 1:1000){

p_hat1_temp<-NULL

p_hat2_temp<-NULL

for (a in 1:3){

c<-c(critical[a],-critical[a])

p_hat1_temp<-cbind(p_hat1_temp,

pvalues_hat(zvalue_mRNA1_1[,b],

zvalue_mRNA1_2[,b],c))

p_hat2_temp<-cbind(p_hat2_temp,

pvalues_hat(zvalue_mRNAseq_1[,b],

zvalue_mRNAseq_2[,b],c))

}

p_hat1<-rbind(p_hat1,p_hat1_temp)

p_hat2<-rbind(p_hat2,p_hat2_temp)

}
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