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Abstract of Dissertation

From Branched Covers to 4-Manifolds: Alexander Modules, Skein Modules and Mapping
Class Groups

Covering spaces and branched coverings have played a fundamental role in topology
and knot theory since the nineteenth century. In this thesis, we investigate several as-
pects of quantum invariants and four-dimensional topology through constructions based
on covering spaces. The results presented here develop a unified framework applying
covering techniques to algebraic and geometric invariants, including Alexander invari-
ants, Fox colorings, skein modules, and mapping class groups. Our results in this thesis
focus on three main themes: the Alexander module, skein modules and the mapping class
groups of S2 -fiber bundles over surfaces.

In Chapters 1-3, we study the Alexander module from the perspective of the infinite
cyclic cover and its relationship with the Fox module. Using the framework of pseudo-
colorings and Fox modules, we prove the generalization of Kauffman-Harary conjecture
followed by several families of examples[2], as well as for certain non-alternating exam-
ples. We also present new observations on the Alexander modules of the Turk’s head link
family[3], which suggest a potential connection to extensions of Plan’s Theorem over
Laurent polynomial rings.

In Chapter 4, we introduce the Nakanishi-Montesinos 3-move conjecture and con-
struct six explicit counterexamples[4]. We also provide a complete classification of all
links with up to 20 crossings under the 3-move equivalence.

In Chapter 5, we study the cubic skein module and its applications to coloring problems[5].
In particular, we investigate conjectural approaches related to 7-colorings and prove a
conjecture for the family of 2-bridge links. We show that, in the cubic skein module,
the difference between a 2-bridge link and its mirror image can always be expressed as a
multiple of the difference of Hopf link and its mirror diagram.

In Chapter 6, we apply a generalization of the Dax invariants for embedded surfaces
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in nontrivial S2-bundles over surfaces to construct a surjective homomorphism from the
smooth mapping class group onto Z%. Motivated by viewpoint of coverings, we study
lifted diffeomorphisms in mapping class group(MCG) to apply the generalized Dax invari-
ants in the trivial bundle case. We show that the Z* surjectivity property of nontrivial
S2-bundle is inherited from the trivial S?-bundle[6].

In the appendix A, we show the construction of a new Cabling link[A1] that is Kho-

vanov A-adequate but not A-adequate.
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1 Introduction to Branch cover

1.1 Historic and Modern Study

Branch cover is generally considered as a cover space with a branching set. In knot
theory, such branching set usually refered as a knot or a link, embedding of one or multiple
disjoint coplies of S in S? topologically. While the branch cover is therefore usually
considered as cover of link complement in 3, denoted S3 \ N(K) or $3 \ N(L), branched
on knot K or link L. Here N denote the tabular neighborhood of K or L in §3,

Applications of branched covers are compact but pervasive across nearly all main-
stream areas of modern knot theory. Branched coverings first appeared implicitly in Rie-
mann’s study of multivalued complex functions and were later formalized in the founda-
tional work of Henri Poincaré[GW] on covering spaces over surfaces. In 1898, the first
application of branch cover in low dimensional topology appeared in Heegaard’s PhD
thesis "Forstudier til en topologisk Teori for de algebraiske Fladers Sammenhaeng”. This
approach was used to find counterexamples to an initial version "Poincare Duality”’[MM].
One of examples he gave is the 3-fold branch cover of Trefoil knot. In 1930s, Reidemester,
Seifert and Alexander had systematic application of branch cover in knot theory. Follow-
ing Alexander[A] and Ralph H. Fox[Fox1]’s work in 1950s, Fox gave precise definition
of cyclic branched covers as a fundamental tool in the study of Alexander invariants.
Fox[Fox2] in 1950s popularized the idea that knot theory is part of algebraic topology
and the main tools are homotopy group and covering space. The importance of branched
covers in the 3-manifold topology was then subsequently established through the work
of Hugh Hilden[H] and José Montesinos[M], showing that every closed orientable 3-
manifold is an irregular 3-fold branched cover of S3. Later in 1980s, the branching knots
with universal property i.e. every compact orientable 3-manifold is a cover space of 3
along a given knot, are called universal knots, among which the figure-eight knot 4; is

known to be the smallest example. From Thurston[T] and Montesino[M, HLM]’s work,



it follows that every hyperbolic link is a universal link. In contemporary knot theory,
branched covers continue to play a central role in modern knot invariants. Branch covers
plays the role in the study of lens spaces via skein modules[HP, LeT, Pr]. It is also in the
use of universal covers of 4-manifolds to simplify geometric structures and in the analysis
of incompressible surfaces in branched covers X7, etc.

Alexander in his fundamental paper[A] of 1928 gave three approaches to the link in-
variant which is now called Alexander module. While following Alexander[A], Seifert[S]
in 1930s and Ralph Fox[Fox2], the Alexander invariant is explored as the first homology
of the universal abelian cover of a link complement over Z[t, t~1]. At that time, it was
considered one of the most powerful and useful knot invariants, since “it contains more
information than was initially expected”[Rol] in 1960s. After Rolfsen’s statement, there is
a revolution in knot theory, mostly due to the discovery of the Jones Polynomial[Jones2]
and other quantum invariants like the HOMFLYPT polynomial[PrTr] and then Khovanov
homology[Kho].

Nevertheless, the Alexander invariant still plays an important role in knot theory.
It has inspired the development of later theories, including Heegaard Floer homology
being a categorification of Alexander polynomial[OS] and finding connections between
Khovanov Homology and Heegaard Floer Homology. In addition, the Alexander mod-
ule admits various generalizations. Examples include twisted Alexander polynomials by
Xiaosong Lin[Lin] in 1990s and related invariants, which can be combined with more
complicated geometric and algebraic structures, like Kauffman bracket skein module.

In this chapter, we will use cyclic cover to give an introduction of Alexander invari-
ants from the approach of Seifert surface and then Alexander module in the general link
version.

For a given knot, there are two main ways to obtain a representation matrix of
Alexander module. One is from the computation of Seifert matrix derived from Seifert

surface while each entry is defined as intersection number of a pair of generators of Seifert



surface. Another method starts from knot group by wirtinger presentation and then ap-
plies Fox Calculus to obtain another presentation matrix after abelianization. However,
if one considers the order of the Alexander Module by computing the determinant of the
reduced representation matrices, then one would obtain a consistent polynomial up to the
power of ¢, which would be denoted as the classic Alexander polynomial.

In general for a given link with multiple components, the representation matrix will
of course be dependent on the chosen orientations. Therefore, it is more natural to apply
the approach of Fox Calculus. We also give a Barau representation approach to Alexander

Module for Turks Head family in Chapter III.

1.2 Seifert surface and Branch Cover

In this section, we introduce Seifert surfaces for a link L c S3, together with the
Seifert form, the associated Seifert matrix, and the notion of S-equivalence. We conclude
the section with a detailed construction of a branched covering of S3, branched along L,
obtained from a chosen Seifert surface. Throughout, we work in the piecewise linear (PL)
category. Although in dimension three the PL and smooth categories coincide, the PL
setting is more natural for our purposes, as many of the arguments in this section rely on

simplicial techniques.

Definition 1.2.1. A Seifert surface for a link L C S3 is a compact oriented embedded 2-

manifold S in S3 s.t. S = L as an oriented link.

Remark 1.2.2. For each diagram D of a link in S3, one can find a surface whose boundary
is the link. However, a Seifert surface must be orientable. Seifert. H showed that any oriented

link in S3 has a Seifert surface using seifert algorithm.
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We say a genus of a link is the genus of the minimal genus Seifert surface of L.
In the language of Euler characteristic, we can also say that the minimal genus Seifert
surface has maximal Euler characteristic among all Seifert surface of L. For the study
of incompressible properties of Seifert manifold of special families like trous knots and

fibered knots, one can refer to Appendix C[KA].

1.2.1 Seifert matrix and Seifert form

We start the subsection by defining linking numbr and geometrically intersection
number for two embedded spaces in S3. Linking number serves as a shifted dimension
case of intersection form theory.

Fix an orientation of a diagram of a given link. Let L = L; U Ly be a link with 2
components, let D = D; U D9 be the corresponding diagram of L, we define the linking

number of D; and D5 to be
. 1 .
Link(D1, D3) = §ZceDlngslgn(C)

. For a diagram of a link L with m components, denote D;,i € 1,2,...m for diagram of

each components, we define the linking number Link(D) of L:

Link(D) = X;;Link(D;, D;)



A generalization of the above definition can be applied for linking number Link(a, b) €
Z for [a], [b] € Hi(M). we can alternatively consider intersection number Int(F,, b) s.t.
0F, = a. In the sense of PL-topology, one can view F as a decomposition of many 2-simplex
and therefore each 1-simplex appearing in b only intersects each 2-simplex appearing in
F, one or zero.

To define a Seifert form on a link L, we may first fix a positive normal direction of a
given Seifert surface corresponding to a fixed orientation on the surface.

An embedding ¢ : F x [-1,1] — S3 is called bicollar of F in S? if ¢(F X 0) = F and
¢(F x 1) is in the positive normal direction of F. Let F* = ¢(F X 1), F~ = ¢(F X (=1)) s.t.
[F*] = [F7] = [F] € Ha(c(F x [-1,1])). Let [cx] € H1(F) be a 1-cycle that presents x,

denote c, c; be the corresponding elements in Hy (F™).

/

Figure 1.2.1: F X 0

Definition 1.2.3. Fix a connected Seiifert surface of a link L, a Seifert form is a map
gf) : Hl(F) X Hl(F) A

defined by ¢ (x,y) = Link(c, c,).
Lemma 1.2.4. ¢(x,y) — ¢(y,x) = Int(x,y)
Proof. $(x,y) — $(y, x) = Link(c, ) — Link(cy, c;) = Link(cy, ¢y) — Link(cy, cy)

= Link(cy — ¢, cy) = Link(c(cx % [0,1],¢y)) = Int(x,y)

5



]

Suppose H,,(F) is a free abelian group of finite rank n, then a square matrix V of size n

consists of basis x1, xa, . . ., x, of Hy (F) is called a Seifert matrix of L where v;; = ¢(x;, y;).

Apparently V is dependent on the chosen Seifert surface of certain diagram of L. However

V is skew symmetric and it can be constructed to be a link invariant up to S-equivalence,

which is an equivalent relation generated by unimodular congruence, row enlargement,
row reduction, column enlargement and column reduction[KA].

For a Seifert Matrix V of L, we define the Laurent polynomial

AL(t) = det(tVE — V)

. Since V is an invarinat up to S-equivelence, Ay is an invairant up to multiplication by
+t™. This Laurent Polynomial is called the one variable Alexander Polynomial of L.
1.2.2 From Seifert surface to Cyclic cover

We mainly follow Rolfsen[Rol] on the conventions and constructions.

Definition 1.2.5. Let K C S3 be a knot and let M be a Seifert surface of K. Denote by
M° = M \ K the interior of M.

Fix a tubular neighborhood

N :M°x(-1,1) — 83,

and set

N=NM°x(-1,1)), N*=N(M°"x(0,£1)).

Finally, denote
Y =83\ M, X =8%\K.



—

—

Figure 1.2.2: A schematic picture illustrating M, K, and the neighborhoods N* and N~.

Figure 1.2.3: A sequence of manifolds Y; with the corresponding neighborhoods N;* and
N*

i+1°



Cutting S? along the Seifert surface M, we obtain one copy of Y. Consider countable
infinitely many copies of 3 and K € S3, we can obtain infinitely disjoint copies of Y. Now
we assign orders for each copy of Y and corresponding N. Each Y; contains one N* and
one N7, denote them N;” and N;\,. And we call the two boundary components N; and
Ni1 of Y.

Now we glue every Y; by identifying each N;” and N, with other copies. Therefore,
we obtain an infinite cyclic cover space X. For a given integer m, we can use the analogous
idea to consider the gluing of m copies of Y¥; and call the resulting space a m—fold cyclic

cover of $? — K.

1.3 Alexander Module and Alexander Polynomial

Consider y : 71 (E) — Hj(E) be the Hurewicz homomorphism while E is the exterior
of L in $3. Suppose L is an embedding of union of m components, H; (E) therefore has m
generators {t1,. .., t,} and each t; can be considered as the meridian of a corresponding
component. There exists a unique covering space E, of E corresponding to ker, and we
call E, universal abelian covering space. Hi(E) serves as deck transformation on it. We
can view Hi(E,) as a module over integral domain ZH;(E). It is not hard to see that
ZH; (E) is isotopic to laurant polynomial A with m generators. Thus we can also view
Hy(E,) as a A module, When considering p : E, — E as a covering map, pick b € E, we
can also view Hi(E,, p~1(b)) as a A module by ignoring the fiber of b. For Fox calculus

and related properties of Alexander Module, see Chapter 3 for details.

Definition 1.3.1. (1) The link module of L is the A-module Hy (Ey).

(2) The Alexander Module of L, denoted by A(L), is the A-module Hy (Ey, p~H(D)).

.....

A(L) is a finitely generated A module. Therefore there is an epimorphism from A™ to
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A(L) where the kernel is finitely generated with respect to the fact that A is Noetherian.
For a link L, consider a Wirtinger presentation x1(L) = {x1,...,%|r1,...rm}. Consider
the following exact sequence:

A" — A" — A(L)

where P : A™ — A" is a matrix of size m X n, called the representation matrix of A(L).
We define the ideal of the dth degree to be the n — d minor of the m X n matrix s.t. d is
a nonnegative integer and d < n — m. In other words, the dth degree ideal contains all
determinant of (n — d) X (n — d) submatrix of m X n. For d > n — m, we let the dth ideal

to be zero.

Definition 1.3.2. The greatest common divisor of all elements in the dth ideal of A(L) is
called the characteristic Polynomial of A(L). The dth Alexander polynomial of a link L
with r component, denoted Ag = A‘Li(tl, ..., ty), is the (d + 1)-th characteristic polynomial

Ag+1(A(L)) of the Alexander module A(L).

In particular, when d = 0, Ag is called the Alexander Polynomial of L, denoted by A;.
Notice that if L is a knot, the difference of n and m is 1-1 = 0. Therefore, there are only
nonzero Eg ideal and all E; vanishes for d > 0. Ay is exactly the one variable Alexander

Polynomial Ar(t) in the beginning of the section.



2 Generalized Kauffman-Hararry Conjecture

2.1 Fox coloring and Wada Theorem

Definition 2.1.1. A Fox k-coloring of a diagram D is a function f : arcs(D) — Z,
satisfying the property that every arc is colored by an element of Z;, = {0,1,2,3,...,k — 1}
in such a way that at each crossing the sum of the colors of the undercrossings is equal to
twice the color of the overcrossing modulo k. That is, if at a crossing v the overcrossing is
colored by b, and the undercrossings are colored by a and c, then 2b — a — ¢ = 0 modulo k.
See Figure 2.3.1 for an illustration. The group of Fox k-colorings of a diagram D is denoted by
Colg (D) and the number of Fox k-colorings is denoted by coli (D). Analogous to Definition
3.1.5, we divide the group Coli.(D) by the group of trivial colorings and denote the quotient

group by Col,:ed (D).

Definition 2.1.2. The group Col (D) is the abelian group whose generators are indexed by
the arcs of D, denoted by arcs(D), and whose relations are 2b — a — ¢ = 0 given by the
crossings of D. More precisely,

a b

Col(D) = {arcs(D) | X }

b c¢c=2b-a

It is known that Col(D) = Z & H; (M(Q), Z) (see, for example, [Prz1]).

Definition 2.1.3. Let Col'"™(D) = Z be the group of trivial colorings of D. This group
Col(D)

is embedded in Col(D) and th tient il
is embedded in Col(D) and the quotient group Coltrivial (D)

is called the reduced group of

Fox colorings. We denote it by Col™¢(D).

The study of Fox coloring can be chased back to the construction of associated core
group[F-R] of a link introduced by R. Fenn and C. Rourke, serving as an example of rack
functor. It is not difficult to see that the universal coloring group Col can be obtained by

abelianizing Gp. Gp is proved in [F-R] to be preserved under reidemester move, hence

10



now we use Gy, for the next lemma. In the same year, Wada came up with the geometric

interpretation of Gi.

Definition 2.1.4. Gp is the group associated to the diagram D as follows: generators of Gp
correspond to arcs of the diagram. Any crossing vs yields the relation rs = y,~yj_1y,'y];1 where

y; corresponds to the over-crossing and y;,yj correspond to the undercrossings at v;.

Theorem 2.1.5 (Wada, 1992). Gy, is the free product of the fundamental group of the cyclic
branched double cover of S® with branching set L and the infinite cyclic group. That is:

Gr=m(M?) e Z.

Two alternative proofs of Wada Theorem can be found in [Prz3], one is from lifting
of branch cover and another is rather combinarotic. Therefore, we have the following
corollary connecting double branch cover and universal coloring space. Because of Wada
theorem, we can explore properties of double branched cover even cyclic branched cover

from universal Fox coloring group.

Theorem 2.1.6. Col(D) = H;(M\”,Z) & Z, Col"*(D) = H;(M”, Z)

2.2 Pseudo Coloring

An important tool in our proof of Theorem 2.3.5 is the idea of pseudo colorings. In
[MS] and in this thesis, it is shown that no pseudo colorings exist for reduced, prime,
alternating link diagrams. However, the existence of pseudo colorings can be used to
see how far a diagram is from being an alternating link diagram. In this section, we
briefly explore this concept. In [MS], Proposition 3.2 depends on the fact that for reduced
alternating diagrams the rows of the crossing matrix add to zero. This does not hold for

non-alternating diagrams, as we illustrate in the following examples.

Definition 2.2.1. Let D be a link diagram and € € {—1,+1}. Following Mattman and Solis
[MS], we define an e-pseudo coloring of D as colorings of the arcs of D such that, at all but

11



two crossings the Fox coloring convention 2b — a — ¢ = 0 is satisfied. We denote the other two
crossings by cy1 and ce, where the coloring conventions are2b—a—c = +1 and2b—a—c = ¢,

respectively. To obtain the pseudo colorings as defined in [MS], put € = —1.

For an alternating link diagram D, our convention was to order crossings first and
then, the set of arcs inherits the order of the set of crossings. Compare Definition 2.3.1.
The reason for such a choice is that C’(D) is the same as C’(D)”. This does not work for

non-alternating link diagrams.

In general, we can arbitrarily order crossings and arcs. In Figure 2.2.1 we give an
example of ordering crossings and arcs for the knot 819. We first choose a base point
and an orientation (shown by an arrow on the left-hand side of Figure 2.2.1). Starting at
this base point, we move along the knot and order crossings. Next, arcs can be ordered
arbitrarily with the base arc always being the last one. In Figure 2.2.1 the first coordinate

gives the number of the crossing and the second one gives the number of the arc.

Figure 2.2.1: The torus knot T(3,4) (819 in Rolfsen’s table [Rol]) depicted as the pretzel
knot P(3, 3, —2) showing ordering of crossings and arcs (on the left). On the right, there
is pseudo coloring given by the second column; compare Remark 2.2.5.

In the following example, we analyze non-split, non-prime alternating diagrams.

Example 2.2.2. Let D = Dy # D2 be a non-split, non-prime alternating link diagram. D
always has a —1-pseudo coloring using color 1 on D1 and color 0 on Ds. We illustrate this

idea for the square knot 31 # 31 in Figure 2.2.2.
12



C+1

Figure 2.2.2: —1-pseudo coloring of the square knot with the +1-crossing denoted by ¢4y
and the —1-crossing denoted by c_;.

On the other hand, non-alternating link diagrams often have —1-pseudo colorings
and +1-pseudo colorings. See Examples 2.2.3 and 2.2.4. If the determinant of a knot with
diagram D is equal to 1, we have L(D) = C~!(D) and every column of C~*(D) colors the
first n — 1 arcs of the diagram. Then for a complete e-pseudo coloring of D, we color the
last (base) arc a, by color 0.

Example 2.2.3. Consider the braid word 6;’0'1 0'3:10'2_2

0,0, 10'1 oy 1 whose closure is the Con-
way knot. The determinant of this knot is 1 and its crossing matrix C'(D) is given in Figure
2.2.4. The +1-pseudo coloring given by column 4 and the —1-pseudo coloring given by column
1 in the matrix shown in Figure 2.2.5 are illustrated in Figure 2.2.3 on the left and on the right,

respectively.

Example 2.2.4. Consider the torus knot T(3,4) with diagram D and crossings and arcs
ordered as illustrated in Figure 2.2.1 . Its crossing matrix is shown in Figure 2.2.7. Three
columns of C"1(D) (shown in Figure 2.2.8) are integral and they yield e-pseudo colorings.
Column 5 gives a —1-pseudo coloring (shown on the right in Figure 2.2.6) and columns 1 and
2 give —1-pseudo colorings. The +1-pseudo coloring corresponding to column 1 is shown on

the left of Figure 2.2.6.

Non-alternating link diagrams always have e-pseudo colorings, as we describe in the

following remark.
13



Figure 2.2.3: The Conway knot with +1-pseudo coloring (on the left) and with —1-pseudo
coloring (on the right). The last crossing c4; in the left figure changes to c_; in the right
figure.

Remark 2.2.5. Let D be a non-alternating link diagram.

(1) Every integral column of C~Y(D) leads to some e-pseudo coloring.

(2) D has an e-pseudo coloring. This follows from the fact that every non-alternating
diagram has a tunnel of length at least two. Now, we can color D by coloring one of
the arcs of the tunnel by color —1 and all other arcs by color 0 to get the +1-pseudo

coloring. An example of such a coloring is shown on the right-hand side of Figure 2.2.1.

2.2.1 Analyzing Eulerian path in the directed graph

In this section, we analyzing Eulerian path in E = (e, ea,...,epn,,...,€2,) in the
directed graph G(D) of non-split alternating link diagram D. It gives a delicate view of
the application of pseudo-coloring in our proof of GKH.

We start from a reduced non-split alternating link diagram and consider a pseudo
coloring of the diagram; recall definition in [MS]. In particular, we have one +1-crossing
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1 -1 0 0 0 0 0 0 2 0 0
0 -1 -1 0 2 0 0 0 0 0 0
0O 0 2 0 -1-10 0 0 0 0
2 0 -1 -1 0 0 0 0 0 0 O
0O 0 0 2 0 -1 -1 0 0 0 O
cm=0 0 0 -1 -1 0 0 0 0 0 2
-1 0 0 0 0 2 0 0 0 0 -1
O 0 0 0 0 0 -1 -1 0 2 0
O 0 0 0 0 0 0 2 0 -1 -1
O 0 0 0 0 0 0 -1 -1 0 2
2.0 0 0 0 0 0 0 -1 -1 0

Figure 2.2.4: The crossing matrix of the Conway knot. Notice that the rows of the crossing
matrix satisfy the linear equation R —Ro —R3— R4 —R5 — R —R7+Rg +Rg+Rig+Ry1 = 0.

6 -6 -2 2 -4 -10 =3 4 8 12
-33 32 12 -8 22 52 17 -22 -44 -66
-9 9 4 -2 6 14 5 -6 -12 -18
21 -21 -8 5 -14 -34 -11 14 28 42
-21 21 8§ -5 14 33 11 -14 -28 -42
3 3 -1 1 -2 -5 -1 2 4 6
39 -39 -15 9 -27 -63 -21 26 52 78
13 -13 -5 3 -9 -21 -7 9 18 26
-13 13 5 -3 9 21 7 =9 =18 =27
26 -26 -10 6 -18 -42 -14 18 35 52
0 0 0 o 0 0 0 0 0 0

L(D) =

Figure 2.2.5: Coloring matrix for the Conway knot. The last row of zeroes correspond to
the coloring of the base arc.

and one —1-crossing and all the other crossings are 0-crossings.

Following [MS], to every alternating diagram D of a link!, we associate a four-valence
oriented graph G(D) with the Eulerian circuit denoted by E = (e, e2,...,€np, - - -, €21). AsS
proven in [MS], we can assume that E has subpath H = (ey, es, ..., en,) composed of all
edges of color h, where h is the largest color of the pseudo coloring. Furthermore the path

H ends at the +1-crossing (see Figure 2.2.9). We continue with the following lemma.

The construction given in [MS] is for knot diagrams, but it works without any changes for non-split
alternating link diagrams.
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Figure 2.2.6: The torus knot T(3, 4) (819 in the Rolfsen’s table [Rol]) depicted as the pretzel
knot P(3, 3, -2).

SO OO NN
I

SO O OO O
|

SO N EE OO

C'(D) =

S~ NOOO N

NN O O OO o
N R OO O OO

0
0
0
-1
2
-1
0
0

_ o O o o o O

Figure 2.2.7: The crossing matrix C’(P(3, 3, —2)). The rows satisfy the linear relation R; +
Ry —R3—Ry—Rs —Rg — Ry — Rg = 0.

Lemma 2.2.6. The path E is composed of 2 subpaths, H = (ey,...,en,) of color h and
H" = (eny+1- .-, e2n) of colors smaller than h. Then, these two subpaths are vertex disjoint
except at the two vertices: the +1-vertex (see Figure 2.2.9), which ends H and starts H' and
the —1- or the O-vertex which ends H' and starts H. Furthermore, the reduced non-split

alternating diagram D leading to G(D) is a connected sum of diagrams of nontrivial links.
Proof. Following [MS], we first analyze overcrossings colored by h. There are two possi-
bilities:

(a) O-crossing has all four edges colored by h. See Figure 2.2.10.

(b) +1-crossing: one undercrossing is colored by h and another undercrossing is colored

by h — 1. See Figure 2.2.9.

We observe that (b) describes the terminal vertex of H, denoted by V,,,,. The possibil-

ities for the initial vertex of H will be discussed in Cases 1 and 2.
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2 2 10 5

-2 0 -3 52 3 3
4 2 2 1

0 -1 335 0-3 -3
1 1 5 4

-1 0 -3 351 3 3
c'oy=[{-3 0 -1 13 4 2
1 2 4 2

-1 0 3351 3 3
5 2 16 8

-4 0-333 F 3
1 4 8 4

-2 0 -3 32 3 3

Figure 2.2.8: C~1(D) corresponding to T(3,4) with three integral columns.

Figure 2.2.9: +1-vertex with the overarc colored by h.

Notice that V},,, has an adjacent edge e,,+1 of color h — 1. Following the path H’
starting from ey, +1, if the terminal vertex of ey, is not a 0-vertex, then it has to be the
—1-vertex with the edge of color h — 1 pointing towards it (see Figure 2.2.13). This —1-
vertex is also the beginning of H. If there is a 0-vertex after ey, .1, there are only two
cases with the property that the edge colored by h — 1 is pointing towards the vertex.
We define H as the longest subpath composed of all edges colored by h — 1 in H’ start-
ing with e, +1. The difference between the two cases is whether H ends at a O-vertex or
ends at the —1-vertex. Notice that, except at the beginning and the end of H, every ver-

tex would be a 0-vertex as shown in Figure 2.2.11. Now, we discuss the two cases in detail.

Case 1: The end of H is the —1-vertex as in Figure 2.2.13. Therefore, this —1-vertex is

the beginning of H and so H’ also ends at this —1-vertex.
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e

Figure 2.2.10: 0-vertex with all arcs colored by h.

., h -1 h—\
h-1 h—1z :h—l

Figure 2.2.11: 0-vertex with all arcs colored by h — 1.

Case 2: The end of H is the 0-vertex as in Figure 2.2.12. Then, this O-vertex is also

the beginning of H and the end of H'.

We claim that our plane graph G(D) is two-connected but not three-connected. That
is, there are two vertices (the +1-vertex and a special 0-vertex or the —1-vertex) which
separate G(D) into two connected components. In other words, H and H’ only have two
common vertices: the +1-vertex at the beginning of H and the special 0- or the —1-vertex

at the end of H. One can see from the construction of the 0- and the —1-vertices in H’ that,

(a) either the only O-vertex that may have an edge colored by h in H’ is the special

O-vertex (see Figure 2.2.12), which is also the beginning of H, or

(b) the only —1-vertex with an adjacent edge of color h is the beginning of H as we

discussed above.

18



Figure 2.2.13: —1-vertex with overarc colored by h — 1.

Therefore, G(D) is composed of two plane graphs attached at two vertices. Thus, our
diagram D is the connected sum of two diagrams by the same argument as given in [MS]
(Figure 3 in [MS]). We can finish the proof by showing that the components of D = D1 # D>
are non-trivial links. This follows from the fact that each of them have a crossing (for
example, D; obtained from H has the +1-crossing) and from the following observation: if
D = Dy1#D3 and there is an nugatory crossing in D;, then this crossing is nugatory in D.
From this it follows that if D is a reduced nonsplit alternating link diagram and D; has a

crossing then D; is a non-trivial alternating link. O
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2.3 Proof of GKH

In 1998, Louis H. Kauffman and Frank Harary formulated the following conjecture

[HK]:

Conjecture 1. Let D be a reduced, alternating diagram of a knot K having determinant p,
where p is prime. Then every non-trivial p-coloring of D assigns different colors to different

arcs.

This conjecture is now known as the Kauffman-Harary conjecture. It was proved for
rational knots [KLa, PDDGS], Montesinos knots [APS], some Turk’s head knots [DMMS],
and for algebraic knots [DS]. In 2009, Thomas W. Mattman and Pablo Solis proved this
conjecture using the notion of pseudo colorings. A generalization of this conjecture,
known as the generalized Kauffman-Harary (GKH) conjecture, was formulated by Marta
M. Asaeda, Adam S. Sikora, and Jozef H. Przytycki in 2004 [APS]. They proved this conjec-

ture for Montesinos links in the same paper. In this thesis, we prove it in full generality.

In the next section we introduce the GKH conjecture and we prove it next section.
In Section 2.3, we reformulate and prove the conjecture for non-prime alternating links.
We illustrate the results with some examples in Section 2.3. In the last section, we discuss
pseudo colorings followed by some open questions.

In this section, we state the original and alternate versions of the GKH conjecture.
The difference between the original and generalized versions of the conjecture is that the
former is about links with prime determinant, while the generalized version is about links
with determinant not necessarily prime. It is important to note that the only link whose

determinant is prime is the Hopf link.

Conjecture 1. If D is a reduced alternating diagram of a prime link L, then different arcs of
D represent different elements of Hy (ML(Q), Z), where ML(2) denotes the double branched cover

of S branched along L.
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The GKH conjecture was formulated in [APS] using the homology of the double
branched cover of $3 branched along L. In this thesis we use a diagrammatic version of
this conjecture by using the universal? group of Fox colorings Col(D) for a prime link L
with diagram D.

Notice that, for a diagram D of a link L, Col"*?(D) = H; (ML(Z) ,Z) and for non-split

alternating links, this group is finite with non-zero determinant.

The first two statements of the following conjecture are equivalent to the original

GKH conjecture, while part (c) offers an extension.

Conjecture 2 (Alternate forms of the generalized Kauffman-Harary conjecture).
Let D be a reduced alternating diagram of an alternating prime link and let 5(D) denote

the absolute value of its determinant.

(a) Let 7% denote the free abelian group 71! = {arcs(D) | 0}. Consider the map

Zlares| i Col(D). Then B is injective on the arcs of D, that is, f(a;) # p(a;) fori # j.

(b) The diagram D has t Fox 5(D)-colorings y1,y2, . . ., Yz, such that for every pair of dis-

tinct arcs a;, aj, there exists yy such that yi(a;) # yr(a;).

(c) IfColred(D) =Zpn, ®Lp, ® -+ ® Ly, with niy1|n;, then there are s Fox ny-colorings

such that for each pair of arcs, one of these colorings distinguishes them.

Remark 2.3.1. Parts (a) and (b) of Conjecture 2 are equivalent to each other, since for a
finite group G, we have G = Hom(G, Z,,) = Hom(G,”Zsp)), where G = Z,, & Zp, ®
- @ Zp,, with ni1|n; and §(D) = nyng---ns. In particular, Hom(Col™4(D), Zs(p)) =
Hom(Col™¢(D),Z,,) = Col™¢(D). Thus, we can work with a group or its dual. To distin-
guish elements in the group we often analyze its homomorphisms (dual elements) into the

given ring.

2 Analogous to the fundamental group and the fundamental quandle, this group is often called the fun-
damental group of Fox colorings.
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The proof of the GKH conjecture is organized as follows. First, we define the crossing
matrix C’(D) and coloring matrix L(D) of a link diagram D. Following [MS] we prove
that every column of the coloring matrix represents a non-trivial Fox § (D)-coloring. Then
using the fact that the coloring matrix of the mirror image of D is the transpose of L, we
prove part (b), and equivalently, part (a) of Conjecture 2. Additionally, we show that the
columns of the coloring matrix generate the group Col"¢(D) and use this fact to prove
part (c) of Conjecture 2. The matrix describing the space of colorings Col(D) is referred
to, by Mattman and Solis, as the crossing matrix for a fixed arbitrary ordering of crossings
and arcs [MS]. If the diagram D of n crossings has no trivial components then the matrix
is an n X n matrix. For an alternating link diagram we can order arcs in agreement with

the ordering of crossings. Thus we have:

Definition 2.3.2. Fix an ordering of the crossings of a reduced, connected, alternating link
diagram D of a nontrivial link. Then the set of arcs inherits the order of the set of crossings.
In this way, the over-arc has the same index as the crossing. The crossing matrix® of D,
denoted by C'(D), is an n X n matrix such that each row corresponds to a crossing that gives

the relation 2b —a—c = 0 (see Figure 2.3.1). The entries of the matrix are defined as follows*:

2 if a; is the over-arc at c;,
C;j =1\ -1 ifa; is an under-arc at ¢; (i # j), and
0 otherwise.
a b
b c=2b-a
Figure 2.3.1: Fox coloring relation at
crossing v.

3The alternative, more descriptive, name could be unreduced fundamental Fox colorings matrix.
41t is possible that two under-arcs at a crossing are not distinct. Then the relation 2b —a — ¢ = 0 becomes
2b — 2a = 0. For instance, this may occur for the Hopf link.
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(3 —
Ck Y
a;
Ci Crossing change Ci
a;
aj _
Cj aj 1¢j

Figure 2.3.2: Neighborhood of the crossing ¢; in D (on the left) and D.

The following lemma holds only for alternating links and plays an important role in

the proof of the GKH conjecture.

Lemma 2.3.3. Let D be a reduced alternating link diagram with crossing matrix C'(D) and

let D be its mirror image. Then the matrix C'" is a crossing matrix for D.

Proof. Denote the crossings of the diagram D by cy,...,c, and let the over-arc at the
crossing c¢; be denoted by g;. Notice that, in the matrix C’(D) all entries on the diagonal
are 2. We obtain D by crossing-change operations and we keep the ordering and names
of the crossings. Now, let @; denote the over-arc at the crossing c; in the diagram D. In the
row corresponding to the crossing c;, suppose the columns corresponding to the arcs a;
and a; have —1 as entries. Then in the matrix C’(D), the column corresponding to @; must
have entries —1 in the rows corresponding to the crossings c; and c; see Figure 2.3.2.
O
Recall that if §(D) # 0, then Col”*(D) is a finite group whose invariant factor de-
composition is Col™4(D) = Ln, ®2Lp, ®---®Z,,, with nii1|n; for all i. Notice that, s is the
minimum number of generators of this group and n; is the annihilator of the group. Let
C(D) denote the reduced crossing matrix of D, which is the matrix obtained from C’(D)

by removing its last row and last column. We call the arc corresponding to the last column
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of C’(D) the base arc. This matrix describes the group Col”*?(D). The matrix C™'(D) is a
matrix with rational entries. However, n;C~} (D) is an integral matrix, which we denote
by L,, (D). Observe that the columns of L,, (D) modulo n; represent Fox nj-colorings of

the diagram D after coloring the base arc by color 0.

The following result also holds for reduced non-alternating diagrams.

Theorem 2.3.4. Let D be a reduced diagram of a link with non-zero determinant. Then the

columns of L,, (D) modulo ny generate the space of Fox ny-colorings of D.

Proof. Let C(D) be the reduced crossing matrix of D and let Col™¢(D) = Z,, 7, ®---®
Zp,, with niq|n; for all i. After row and column operations, C(D) can be reduced to its

Smith normal form, denoted by Csnr(D), given below.

ni

o 0

Csnr(D) = ng
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Its inverse matrix, Cgﬁ,F (D), with entries in Q has the following form.

1/n1

CEJ%]F (D) =

1/n2 ()

1/ng

Thus, we obtain the following integral matrix L,V f (D).

Lp"(D) = niCsyp(D) =

Now, the i*? column (0,0,...,n
ates the subgroup Z,, of Z,,. Since C
the columns of Lﬁ{v F generate the gr

O

For alternating diagrams we can prove the following stronger result, which proves

ni/ny
ni/no O
nl/ns
ni
n
/ni .., 07 ongllVF(D) modulo n; with i < s gener-

ol,’lid(D) =Hom(Z,, ®2,,® - - ®Z,,, Zy,), therefore,

oup Col;fd (D), as desired.

part (b), and equivalently, part (a) of Conjecture 2.

Theorem 2.3.5. Let D be a reduced

alternating diagram of a prime link. For any two arcs

a; and aj, there exists a column of L,, (D) which distinguishes them.
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Proof. Suppose the arcs (indexing rows) of the coloring matrix n1C~'(D) = L,, (D) are

given by ay, ao, ..., a,—1 as shown below.

ai - C1,1 C1,2 v Cln-1
1 a : €21 €22 T C2n-1
Ly, (D) =mC (D) =
an-1 - Ch-11 Cp-12 - Cn-1n-1
an : 0 0 0

Recall that, the reduced crossing matrix C(D) is obtained from C’'(D) by removing
its last row and last column. Now, each column of L,, (D) colors the the remaining first
n — 1 arcs of the diagram. For a complete Fox n;-coloring of D we color the last (base)
arc a, by color 0. If any ¢;; = 0 mod n; for i < n, then column C; modulo n; cannot
distinguish between the arcs a, and g;. If all the entries of the rows corresponding to a;
and a; are not identical modulo n1, then they can be automatically distinguished by the

column in which they are different.

Step 1: If there is no column C; of L,, (D) such that ¢; ; # 0 mod n1, then every entry
in the i*" row is 0 mod n;. It follows that in the transpose matrix LI L (D), the column Cl.T
is the zero column modulo nj. This would result in the existence of a pseudo coloring
of D (see Definition 2.2.1, [MS]), which is a contradiction®. Thus, the base arc a, can be

distinguished from any other arc by some column in L,, (D) modulo n;.

Step 2: Furthermore, if there are two arcs g; and a; with the same color in every
column of L,, (D), then we choose arc a; as the base arc, which implies that the colors of

a; are equal to zero. So we are back to Step 1.

SWe work with links but [MS] method can be extended to this case as well.
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O
The next theorem proves part (c) of Conjecture 2, which is a more general version of

Theorem 2.3.5.

Theorem 2.3.6. IfColred(D) =1Ln, ® Ly, ® - ® Ly, with niy1|n;, then there are s Fox
ni-colorings (not necessarily corresponding to the columns of the coloring matrix) which

distinguish all arcs. That is, for each pair of arcs, one of these colorings distinguishes them.

Proof. Denote the generators of the group Col”*?(D) by a1, as, ..., as. Every generator a;
is a linear combination of some columns of the coloring matrix L,, (D) modulo n; (see
Theorem 2.3.4). Therefore, they correspond to some coloring of the diagram D. Hence,

for every pair of arcs there is a column of L,, (D) modulo n; that distinguishes them.

Remark 2.3.7. If Col"*4(D) is the cyclic group Z,,,

(a) then there exists a non-trivial Fox ni-coloring that distinguishes all arcs. It follows

directly from Theorem 2.3.6, fors = 1.

(b) Additionally, if ny is a prime number, then the original Kauffman-Harary conjecture
holds. That is, every non-trivial Fox ny-coloring distinguishes all arcs. It follows be-

cause every non-zero element of Z,, is its generator.

Non-prime alternating links

Theorems 2.3.5 and 2.3.6 do not hold as stated for the connected sum of alternating
links® (see part (a) of Lemma 2.3.8). In Theorem 2.3.9, we present a version of the GKH

conjecture which holds for non-prime alternating links.

Lemma 2.3.8. [Przi]

Let D = Dy # Do be the connected sum of two link diagrams. Then,

The connected sum of alternating links, is an alternating link. For example, see [PBIMW].
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(a) the arcs connecting the two components represent the same element in Col(D), and

(b) Col™®¥(Dy # Dy) = Col"*4(Dy) & Col™?(Ds).

Theorem 2.3.9. Let D = Dy # Dy # --- # D,, where D; is a reduced alternating diagram

of a prime link L;, fori = 1,2,...,n. Then,

(a) for any pair of arcs different from arcs joining D; with Dj.1, there exists a Fox nj-

coloring which distinguishes them, and

(b) there aret (t < s) Fox nyi-colorings such that any pair of arcs different from the ones

joining D; with D;y1, is distinguished by one of them.

Proof. This result follows from Theorems 2.3.4 and 2.3.5, and Lemma 2.3.8.

Remark 2.3.10. Theorem 2.3.9 was formulated for connected sums of diagrams. However,
from William W. Menasco’s result (see [Men, Hos]), it follows that if an alternating dia-
gram represents the connected sum of alternating links, then it is already a connected sum of

diagrams.

Example 2.3.11. Let D be an alternating diagram of the square knot, that is D = 31 # 31,
with reduced crossing matrix C(D) (see Figure 2.3.3). Then Col’*®(3; # 3,) = Z3 & Z3.
Observe that columns 3 and 5 of L3(D) modulo 3 (Figure 2.3.4) distinguish all pairs of arcs
except the ones connecting 31 with 31. Also, the third row (corresponding to the third crossing
in the chosen ordering and, therefore, to the third arc) has all zero entries. That is, the third

arc cannot be distinguished from the base arc.
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(0.0)

CD)=|-1 -1 2 0 0 2(0,1)

(0,

Figure 2.3.3: The reduced crossing matrix for the square knot (on the left). The square
knot 31 # 3; with two Fox 3-colorings distinguishing every pair of arcs (on the right).

L3(D) =3C7 (D) = L3(D) mod 3 =

— N W W W
=N W e N
N W N =
NN O OO
N = O OO
=N O OO
_— N O N
— NN O N
_— NN O OO
o = O OO

Figure 2.3.4: Matrices L3(D) and L3(D) modulo 3 for the square knot.

Examples of Fox colorings

In this section we study examples of alternating link diagrams and their Fox color-
ings. For the structure of the group Col"*?(D) = H; (Méz), Z) for knots up to 10 crossings,

see Appendix C in [BZ].

Example 2.3.12. Kauffman and Harary showed that the knot 77 is a counterexample to
their conjecture for a knot with non-prime determinant [HK]. We have, det (77) = 21 and

Col™4(77) = 791. See Figure 2.3.6 for a Fox 21-coloring distinguishing all arcs.

Example 2.3.13. Consider the family of links obtained by closing the braids (o1 0'2'1)”. These

links are sometimes called Turk’s head links and can also be obtained by drawing the Tait

Tt was noticed in [KLa] that the Kauffman-Harary conjecture holds for any rational (2-bridge) knot
without restrictions on the determinant of the knot. However, as they note, the formulation of the conjecture
needs to be changed from “every non-trivial Fox D-coloring” to “there exists a Fox D-coloring.” See Corollary
2.3.7.
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24 20 12 10 16 11 3 20 12 10 16 11

12 24 6 12 15 9 12 3 6 12 15 9
15 16 18 8 17 13 15 16 18 8 17 13
L =16 5 3 13 4 g| Lmod2l=p = 0 0 4 g
18 22 9 11 26 10 18 1 9 11 5 10
12 10 6 5 8 16 1210 6 5 8 16

Figure 2.3.5: Matrices L(77) and L(77) modulo 21. Some non-trivial Fox 21-colorings of
77 do not distinguish all arcs; for example, columns 1 or 3 of L modulo 21. However,
columns 2, 4, 5, and 6 distinguish all arcs.

7 2

(%

12\\/

20

o

Figure 2.3.6: The knot 77 with a Fox 21-coloring which distinguishes all arcs.

diagrams of the wheel graphs W,. The closed formula for the determinant of the D(W,) is
given in [Prz-Goeritz]. Examples forn = 5 and n = 6 are drawn in Figure 2.3.7 and their

reduced groups of Fox colorings are as follows:
(a) Forn =5, D(Ws) is 10123 in Rolfsen’s table [Rol]. Col™®?(D(Ws)) = Z11 ® Z1;.

(b) Forn =6, D(Ws) isthe link 12274 in Thistlethwaite’s tables [Prz-Goeritz, Thi]. Col™*?(D(Wg)) =

Lo ® Zs.
Closed formula for Col™(cy051)" is given in [3]

Example 2.3.14. The group Col™ for pretzel links is given in Proposition 7 in [APS] and
its generalization to Montesinos links is given in Proposition 8 in [APS]. Here we show two

examples together with their coloring matrices modulo n;.

(a) Let P(3,3,3,3,3) be a pretzel knot with 15 crossings. Its group Col™? is equal to
215 ® 73 & I3 & Z3. See its coloring matrix, L(P(3, 3,3, 3,3)) modulo 15 in Figure

2.3.8.
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(2,0
(0.1 (10,2) &4, 10)
(7,9)
N
(3,7)
- (7,1)

©.1) (1,0)
(2,0)

—

(36, 4
( (sz,N))az) @ (0,0)
W%@‘)
CW(36, 1)

Figure 2.3.7: The knot D(W;) with two Fox colorings distinguishing all arcs (on the left),
and the link D(W;) with two Fox colorings distinguishing all arcs (on the right).

et , 9, 3, e a pretzel knot wit crossings. Its group Co is equal to /91 ®
b) Let P(3,3,3,6) be a pretzel k h 15 gs. Its group Col™? is equal to 7

Z3 & Z3. See its coloring matrix, L(P(3, 3, 3,6)) modulo 21 in Figure 2.3.9.

Example 2.3.15. The knot 937 (as on Figure below). Col(937) = Z&715®Z3. The “crossing”

matrix is as follows:

(2,-1,0,0,0,-1,0,0); (-1,2,-1,0,0,0,0,0);
(0,-1,2,0,0,0,-1,0); (0,0,-1,2,-1,0,0,0);
(0,0,0,0,2,-1,0,0);(0,0,0,-1,-1,2,0,0);
(0,0,0,-1,0,0,2,-1); (-1,0,0,0,0,0,0,2)
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L(P(3,3,3,3,3)) mod 15 =
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Figure 2.3.8: L(P(3, 3, 3,3, 3)) modulo 15. The colorings given by the columns 3, 4, and 10

distinguish all arcs.

L(P(3,3,3,6)) mod 21 =
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Figure 2.3.9: L(P(3, 3, 3,6)) modulo 21. The colorings given by columns 1 and 6 distinguish

all arcs.
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2 -1 0 0 0 -1 0 O
-1 2 -1 0 0 0 0 O
o -1 2 0 0 0 -1 0
_ o 0o -1 2 -1 0 0 O
C(937) = (2.1)
o 0o 0 o 2 -1 0 0
o o o0 -1 -1 2 0 0
o o o0 -1 0 0 2 -1
-1 0 0 0 o0 0 0 2

and
16 14 12 10 12 14 6

3
13 22 16 10 11 12 8 4
10 15 20 10 10 10 10 5
L—15.0-0 6 9 12 15 12 9 6 3 2.2)

§ 10 13 16 4 2

3
6

7 8 9 10 9 8 12 6
7

1 14 12 10 12 14 6 3
3 7 1 10 11 12 8 4
10 0 5 10 10 10 10 5

L mod 15 = (2.3)

6 8 10 13 1 4 2
10 9

0]

12 6

o N b~
co
Ne)

Observe that columns 6 and 8 of L(937) modulo 15 are linearly independent and they
33



9

37

Figure 2.3.10: The knot 937 with ordered crossings and Tait graph in the background.

form a generating set of Z3 @ Z15. The first column modulo 15 has different colors for

every arc, even if s = 2 in this case.

34



3 Extension of Plans Theorem on Alexander Module

3.1 Plans Theorem and some generalization

The initial motivation for our work came from curiosity generated by Example 2.15
of [Prz2] (see also Example 5.2 of [2]), where the determinant of the closure of the braid
(o105 1) is computed. After successfully finding the group of Fox colorings of these links,
we shifted our attention to the Alexander module of these links. In doing so the relation to
Burau representation of braids becomes clear; thus we called our modules the Alexander-
Burau-Fox modules. We use elementary methods, using properties of Fibonacci numbers
and Chebyshev polynomials to obtain a simple closed formula for the group of Fox col-
orings and the ABF-module of (c10;,')". The connection to Plans’ theorem on branched
covers of $3 along links added motivation to our results.

In this section we introduce the Tait Diagram of a plane graph. We then recall the
definition of Fox n-colorings and of the Fox Coloring Group of a link (the universal object
for Fox Colorings). Then, we formulate our main result about the structure of Fox Coloring
Groups.

In the second section, we prove our main result about Fox Colorings by working with
the matrix of relations for the Fox Group using the properties of Fibonacci numbers.

In the third section, we recall the definition of the Alexander-Burau-Fox Module over
the ring Z[t*']. This module is a generalization of our Fox Coloring Group. We describe
the structure of the ABF Module for the same family of links considered in section one
and two, and express it as the sum of two cyclic modules.

In the fourth section, we mention the relation with Plan’s Theorem on branch covers

of links. We also relate our results to those of Minkus and Mulazzani-Vesnin.

We now present some basic definitions.

Definition 3.1.1. For a plane graph G, we associate an alternating link diagram as follows:
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1. Every edge is replaced by a crossing as illustrated in Figure 3.1.1.

2. We connect the “loose endpoints” of the crossing along the edges; compare Figure 3.1.3.

Figure 3.1.1: Crossing from an edge
Definition 3.1.2. We define a Fox n-coloring of a diagram D to be a function
f arces(D) — Z,

such that every arc is “colored” by an element of Z,, with the following condition: for every
crossing with arcs a,b, and ¢, 2b —a—c =0 mod n for overarc b. That is, each crossing has

the relation

a b

N
N

b c=2b—a

Figure 3.1.2: Coloring of a crossing

The n-colorings of a diagram D form a group denoted by Col, (D).
If f(a;) = f(aj) foralla;,a; € arcs(D), we call f a trivial coloring. These trivial color-
ings form the subgroup Col'' ¢ (D) = 7, € Col,(D) and the quotient Col, (D) /Col!" 4! (D)

is called the Reduced Group of Fox n-colorings denoted by Col'**(D).

Definition 3.1.3. An arc is the part of a diagram from undercrossing to undercrossing. We

also include in our definition components without a crossing.
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The number of arcs is equal to the number of crossing plus the number of trivial

components of the diagram.

Definition 3.1.4. The group Col(D) is the abelian group whose generators are indexed by
the arcs of D. The set of arcs is denoted by arcs(D) and the set of generators is denoted by
Arcs(D). The relations at each crossing of D are given by 2b —a — ¢ = 0 where a,b,c €

Arcs(D). That is,

a b

Col(D) = {Arces(D) | X , wherea,b,c € Arcs(D)}

b c=2b-a

The Fox Coloring Group can be also defined for tangles in a similar way. In particular
for braids(for n braids treated as n-tangles), the group Col(T) is freely generated by the

top arcs of the braid. We will use this later in the proof of Theorem 3.1.6.

Definition 3.1.5. Let Col'"%!(D) < Col(D) be the infinite cyclic subgroup generated by
the element Y. ;. arcs(p) @i- This subgroup is isomorphic to Z and is called the group of trivial

colorings of D.

Col(D)
Coltrivial(D)
denote it by Col™*(D). That is,

The quotient group is called the reduced group of Fox colorings.! We

a b

cor(D) = {aresD) | X .Y =0}

b e=2b-a g,eArcs(D)
where the sum is taken over all arcs of D.

More information about Fox Colorings can be found in [Prz1, PBIMW].
We are now ready to formulate the main theorem of the second section, expressing

the Reduced Fox Coloring Group using Fibonacci numbers.

UThe group Col™?(D) can be interpreted as the first homology of the double branch covering of $3
branched along D; see [Prz1]. The group Col™?(D) can also be computed by the Goeritz matrix of the
diagram. Using this approach, the determinant of D, is computed in [Prz2].
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Theorem 3.1.6. Let Fy. be the Fibonacci sequence defined by

Fp=0 F=1 and Fryo = Fryq + Fr.

Let D, be the closure of the braid (0'10'2'1)”, that is, D, = D(W,) as in Figure 3.1.3. Then

Col™(D,) = ZF, +Fpy © ZF,_ +F,,, Whenn isodd,
) =

ZsF, ® LF, when n is even
In particular, forn = 2,3,4,5,6,7, we have Z5, 74 ® 24, Z15® 73, Z11 ® 211, L4o® L3,

and Za9 ® Z29, respectively.

3.1.1 Fibonacci numbers and the Reduced Coloring Group of Wheel Graphs,
Col™¢(D)

After a few preliminaries, we turn to a proof of Theorem 3.1.6.

The Tait diagram of a planar graph has a determinant equal to the number of span-
ning trees of the graph. For wheel graphs in particular, the number of spanning trees was
computed in [Sed, Mye]. For our purposes, the determinant is equal to the order of the
Reduced Fox Coloring Group. If the determinant is zero, which may only occur in the
case of links, then it may result in infinite order.

In the second section of the chapter, we obtain concise formulas, using Fibonacci
numbers, for the Fox-Coloring Group of diagrams obtained from wheel graphs, which
can also be expressed as the closure of 3-braids of the form (010, )" (compare [DPS])
where n is the number of spokes in the corresponding wheel graph; compare Figure 3.1.3.

The proof is comprised of several propositions and lemmas.

Proposition 3.1.7. Consider an arbitrary 3-braid B and label the top arcs by a, b and c and

the bottom arcs by @', b’, and ¢’, which are uniquely defined by a, b and c.
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Figure 3.1.3: Wheel graph W7 and its Tait diagram, D7 = D(W7) representing the closure
of the braid (o7 02_1)7.

1. In the Fox Coloring Group of this 3-braid, our arcs satisfy the equation (a’ —a) — (b’ —

b)+ (' —c)=0.

2. Recall that a, b and c form a basis of Col(B) and we can change the basis tob, b — a

andb —c. Thena’ —a, b’ — b, and ¢’ — c are linear combinations of b — a and b — c.

Proof. The proposition is well-known and can be proven by the induction on the number
of crossings, see e.g [DJP]. ]

To simplify notation, let x = b —a and y = b — ¢. Let B be the closure of B, then
Col(B) = {b,x,y | @ — a,¢’ — c}. Notice that by Proposition 2.1, @ — a and ¢’ — ¢ is
a linear combination of x and y* Leta’ —a = Pg = Pg(x,y) = P} - x + Pg -y and
¢’ —c=0Qp=0Qp(xy) =Qf x+Qpy.

The matrix of relations for Col"®¢(B) is a 2 X 2 matrix

Y
Py Py

Q5 O

Now we work with B = (o105, 1) and B = D(W,,). Therefore, we use notation Py = P,

2The fact that x and y generate Col"“ can be easily proved by linear induction. There is a general fact, see
e.g. [DJP] that if we consider a general n-tangle, T with boundary points denoted by x1, x2, ..., X2, (variable
indexed by endpoints) then the relation 21-2:"1 (=1)'x; = 0 holds in Col(T). In particular elements x; — x;1

generate Col™?(T) group.
39



and Qp = Oy

The following lemmas are illustrated by Figure 3.1.4.

+a P,,+Q,,+b Qn+(

7

H+l+a—R1+Qn+b Qn+l+( 72Pn+1 P,,+(l

Figure 3.1.4: Labeling part of (o10,!)"

Lemma 3.1.8. (1) Ppy1 =Py +Qn+b—a=P,+Qp+x; thusQ, = Pyy1 — Py — x.

@
(2) Qn+1 = 2Py 1—Ppta—c = 2Py _Pn+y_x = Pn+1+Qn+y; thus Ppy1 = Qn+1_Qn_

Thus we can deduce recursive formulas for P, and Q,,.

Lemma 3.1.9.(Rec1) Py @ Pu1 +Ope1 +x 2 3Pus1 — P+ y.

(2 D (2
(RCCZ) Qn+2 = Pn+2 + Qn+1 +y = Pn+1 + 2Qn+1 +x+y = 3Qn+1 - Qn + X.

Then using the notation P, = P¥ - x + P - y and Q, = Q¥ - x + Qj - y we recognize P*

and Qj, as Chebyshev polynomials as follows:

Lemma 3.1.10. () P o =3P — Py withP) =0,P] =1,P} =3, ...
Thus P}, = S,(3) where S,(z) denotes the Chebyshev polynomial of the second kind.
That isSo(z) = 1,51(z) = z, and Sp12(z) = 2Sy+1(2)—S,(2). See [3].
307, —On withQ =0,0Y=1,0) =
Therefore, Qn+1 Pr = Sa(3).
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(I P!, =3P —Py+1withPi=0,P/=0,P)=1,...
Similarly, Q7 5 =307, — Oy +1withQy=0,07=0,05 =1, ...

n+1

Therefore we have PY_, = QX = P =P —1=5,3) = 5-1(3) - 1.

n+1

Let Fi be the Fibonacci sequence defined by Fy = 0, F; = 1 and Fiyo = Fiy1 + Fr. It

relates to Chebyshev polynomial as follows:
Lemma 3.1.11. We have Fy,, = S,,—1(3).

Proof. Fon = Fopn_1 + Fop—o = 2F5,_2 + Fop_3 = 3Fap_o — Fo,—4. Thus Fa,, and S, (3) satisty
the same recursive relation. Noting that F, = 1 = S9(3) and F; = 3 = 51(3) we conclude
the lemma. |

The main result of this section can be expressed using Fibonacci number as follows:

Theorem 3.1.12. Let D, be the closure of the braid (o, 02‘1)”

Then:

ZF, \+Fpy © ZF,  +F,,, Whenn isodd,
Col"4(D,) = Bt it

ZsF, ® LF, when n is even

The sums F,_1 + F,41 are called Lucas numbers denoted by L,. Thatis Ly = 2,L; =
1, Ly =3, Ls = 4, Ly = 7, ... and Lyo = Lyt + Ly,

We divide the proof of Theorem 3.1.12 into three lemmas.

Lemma 3.1.13. The matrix of relations for Col’®?(D,) is

Fon Fop1—1
A2n =
Fopt1—1 Fop
Pr Py Py Pr—pr -1

Proof. From Lemma 2.3, we know Col"*¢(D,)= =
Qr On Piy—P—-1 P
Now by Lemma 2.4, P;C —P:_l -1= Sn—l (3) —Sn_2(3) —-1= an —an_g -1= F2n—1 -1
Therefore P, — P — 1 = Fopyo — Fop — 1 = Fopyy — 1.
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J Fop Fop1 -1 ) )
Hence, Col™*(D,) = . We denote this matrix As,,.

FQn+1_1 F2n

Lemma 3.1.14. Col"**(D,) = Zp, ,+r,., ® ZF,_,+F,,, When n is odd.
Lemma 3.1.15. Col"*%(D,) = ZsF, ® Zf, when n is even.

Remark 3.1.16. In [Prz2] the Goeritz matrix of D(W,) was reduced to

Sn-1(3) 1-5,(3)
Sn—2(3) +1 _Sn—l(g)

To show that the group it presents is the same as before, we multiply the last column by

—1 and use the equality S,_1(3) = Fap, to get:

Fop Fopyo — 1 Fo, Fony1 + Fop — 1

Fono+1 Foy Fono+1 Fop1+Fopo

After a column operation we get the matrix

Fon Fopy1 =1 Fon—1+Fopo Fop+Fopq—1

Fopo+1 Fopq1-—1 Fopo+1 Fop1 -1

After a row operation we get the matrix

Fop1—-1 Fp—1

Fopo+1 Fou1-—1

which is the matrix considered in (1) above with a row exchanged. This matrix presents the

same abelian group as Aay,.
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3.1.2 Alexander-Burau-Fox matrix of a link diagram

In this subsection we generalize our main result of the second section from the Fox
group of colorings to the Alexander-Burau-Fox module over the ring Z[t*']. Where the
Fibonacci numbers appeared in the computation of the the Fox Coloring Group, the analo-
gous combinatorial object appearing in the computation of the ABF Module is the Cheby-
shev Polynomial of the second kind. The modules we study are Alexander modules of links
[A1] in a form which can be deduced from the Burau representation of braids [Burau, BZ].
These module directly generalize to the group of Fox colorings where we replace —1 by .

The formal definition of the ABF Module follows (notice that for t = —1, we get

Definition 3.1.4).

Definition 3.1.17. Let D be an oriented link diagram. The Z[t*']-module ABF(D) has a
presentation where generators are indexed by the arcs of D, denoted by Arcs(D), and whose

relations are given by crossings of D (positive and negative) as follows

1—tb—|—ta (1—¢! b+t a

Figure 3.1.5: ABF Module Relations

That is,

a\ b b /a
N\ /

ABF,(D) = {Ares(D) | b~ (=thte G-riistte by here a, b, ¢ € Ares(D)}
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Definition 3.1.18. The Reduced Alexander-Burau-Fox Module is the module

a\/b b\/a
ABFrIfed(D) — {AFCS(D) | b (1=tb+ta  (1—t"o+t"a b , Z a; = O},
a;€arcs(D)
where the sum is taken over all arcs of D. Note that this module eliminates trivial

colorings, which is equivalent to setting one arc, say as equal to zero (removing one generator

and adjusting relations by substituting as = — X, i a;)3

We now formulate the main result of this section, showing the structure of the ABF
module of the diagrams of wheel graphs. We simplify our notation by calling ABF(D(W,)) =
M, (D,). Notice that the module decomposes as the sum of cyclic modules (even though
Z[t*'] is not a PID), and that for odd n the module is double and for even n it is “almost”

double.

Theorem 3.1.19. The reduced Alexander-Burau-Fox module of diagrams of wheel graphs

W, can be expressed as
Z[t*1]/(See1 +Sk) ® Z[t71]/(Sk—1 + Sk),  whenn=2k+1

Mr}fed(D(Wn)) =
Z[t1/(Sk-) @ Z[t*1] /(3 =t —t71)Sk_1) whenn =2k

wherez =1 —t -t~ and Si(2) is the Chebyshev polynomial of the second kind.

As before, we label the inputs of our braids a, b, c and the outputs @', b’, ¢’; see Figure
3.1.6.

As a special case of the general observation for n-tangles, we have that t>(a’ — a) +
t(b’ =b)+ (¢’ —¢c) =0. Thus b’ — b = —t(a’ — a) — t1(¢’ — ¢), meaning that the middle

color can be computed from the first and the third.

3To be precise: the relation Y, cares(p) @ = 0 allows us to replace any other relation so that the coeffi-
cient of a; is equal to zero. In this new presentation a5 can be removed and the presentation has generators
Arcs(D) — ag, and in relations we can put a5 = 0.
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/ / /
a b c
Figure 3.1.6: Coloring of the tangle

Now like in the t = —1 case, let the endpoints of (0'10'2_1)” be a’ = P,+a on the left and
¢’ = Qn+c on the right. Then b’ —b = —tP, —t'Q,. As mentioned before, comoputing the
Reduced ABF module is equivalent to setting b = 0. Thus, we have that b’ = —tP, —t71Q,,.

Writing P, = P3-a+P;. -cand Q, = Q%-a+ Q) - c as before, we see that the matrix of
relations for the Reduced Alexander-Burau-Fox module, denoted A,, is analogous to that

of the Reduced Fox Coloring Group:

pe pe

n

QO On

A, =

We also produce the following recursive relations, analogous to those found in Sec-

tion 2. That is,
Lemma 3.1.20. (1) Py = —tP, —t7'Q, —a,

Proof. Considering we work with the Reduced ABF Module, we set b = 0. Let b;, denote

the central strand after performing (o705, 1) n times. By previous observation, b, = —tP, —
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t~1Q,. Then we have Py1 + a = b,soPp1+a=0b =-tP, - t~1Q,. This proves (1) as is

shown in Figure 3.1.7.

+a _tPn -t lQn Qn +c

7

n+1+a——tPn—t lQn Qn—H +C_ ]-_t n+1 +tPIl+a’

Figure 3.1.7: Labeling part of (010'2_1)" in ABF Module

Next, we see that

Oni1+c=(1+1)(=tPy = t7'Qp) + t(Py + @)
=—tP, -t 10, —t?P, — Qn +tP, +a
wal = H(tPy = t'Qn) + tPy +a
nt1 — tPpy1 +tPy + a

Sl Qn+1 = (1 - t)Pn+1 + tPpyq.

Thus, (2) is true. O

Immediately from the Lemma 3.1.24, we can present the matrix of relations A, in

terms of P¢ and P;, by the following lemma.
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Lemma 3.1.21. For Q% and Q. as defined above,
1L Qp=0-t)P;+tP}  +1
2. Qp=0-t)P;+tP,_, -1
Proof. By Lemma 3.1.20 (2),
Qn=0Qp-a+Qy-c
=(1—-t)Ppy1 +tPy+a—c

=(1-t)P,-a+tP, ;-a+a+(1—-t)P,-c+tP,_;-c—c

=((1-t)Py+tP,  +1)-a+((1-t)P,+tP,_;—1)-c.

Thus, our Alexander-Burau-Fox matrix is

W ||| P;
Qn O (I-t)Py+tP?  +1 (1-t)Py+tP -1

where z=1—-¢—t"L.

The final identity we prove in service of our eventual translation of this matrix into

the language of Chebyshev polynomials is the following:
Lemma 3.1.22. For P and P;, we have the following Chebyshev-type recursive relation:
1. P¢=zP*  —P* ,—(1+17})

2. PC=2zPpq — P, 417!
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Proof. Beginning with Lemma 3.1.24 (1),

P,=P;-a+P,-c
= —tPy1 —t Q1 —a
=—tP, 1 —t (1 =t)Py1+tPro+a—c)—a
=—tP,_1 — t_an_l +P,1—P,o— tta+tlc—a
=(1-t—-tYHP1—Pro—tta+ttc—a

=(zP* | —P* ,—t 1) a—(2P° | - P, +tTh) ¢

We now set about rewriting P¢ and Py in terms of Chebyshev polynomials using
Theorem 3.1.24, below.

We recall first the definition of Chebyshev Polynomials of the Second Kind.

Definition 3.1.23. Let

So(z) =1,
S1(z) = z, and

Sn(2) = 285p-1(2) — Sp-2(2).

Then S, (z) is the n-th polynomial of the Second Kind. The definition of S, can be extended to
negative n by the same recursive relation. For example, S_1 = 0.
Throughout the thesis, we evaluate S,(z) atz = 1 —t — t~1, though we tend to suppress

the notation: S,(z) — Sy.

Theorem 3.1.24. Let the sequence of polynomials P,(z,c;) € Z|z, c;] satisfy the recursive

relation P, = zP,_1 — P,_2+c;. Then P, can be expressed using Chebyshev polynomials S, (z)
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as follows:

n—2
P,=5,_1P1 — Sn_gpo + Z Sjcn_j.
j=0

Thus we can rewrite the recursive relations in Lemma 3.1.22 with the Corollary

3.1.24.1.
Corollary 3.1.24.1. 1 Pa(t) = =Sp-1— (1+t71) Z?;OQ 5i(2).
2. Pi(r) =171 Z;:g Si(z) forz=1-t—t"1

Proof. 1. By Lemma 3.1.22 (1), Py = zP} , — P! , — (1 + t~1), so applying Theorem

3.1.24 with ¢ = —1 — t ! yields the result with initial conditions P =0and P{ = —1.

2. By 3.1.22(2), P, =2P;_, - P, ,+ t~! with initial conditions Pi=0and P = =1,

3.2 Fox Calculus and Alexander Module

In this section, we discuss how to obtain a the representation matrix of the Alexander
Module using the method called Fox Calculus[CF] in 1963. For every link L with m compo-
nents, the link group under wirtinger presentaion can be written as {xi, ..., |71, ...}
Here n is dependent of the link but n < m.

Recall that E is the link complement of L in S, hence it is a connected compact
3-manifold with boundary. To compute H;(E,), we let W be a connected compact 2-
dimensional cell complex s.t. it is a deformation retract of E. Then let p : W, — W be
the universal abelian cover, we obtain natural isomorphism H; (W) ~ H;(E,). Based one
the link group, we can now describe W as follow: W has one 0-cell, m 1-cell and n 2-cells
attached to 1-skeleton following the relations in the group.

Fix a basepoint b in E, we lift the basepoint b in E,. Weletxi,...,xpand ry...7, be
the lifts in W, respectively. We construct our C.(W,) as follow: Co(W,) = A[ry,..., 7]

and C1(W,) = A[X1,...,Xn]. The chain complex is therefore given as follow:
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Co(W,) 2 ¢ (W) 25 Co(W,) — 0

We now define rules of Fox free differential calculus:

Definition 3.2.1. Givenu,v words of x1, ..., x,. Let F,, be a free group with basis x1, . . ., xp,

for each k, there is a unique map 9/9xy. : F, — ZF, determined by the following conditions.
o Oxi/ox; =0 ifi # k, ox;/ox; = 1 ifi = k.
o d(uv)/oxy = ou/oxy + udv/oxy.

Combining the two rules, it is not hard to show that du~!/ox, = —u~'(9u/oxy).

3.3 Direct Double on Alexander Module for some family of links

To place our result in a broader context, we should mention the classical result of
J-Minkus and Mulazzani-Vesnin [Min, MV] relating n-fold branch coverings of 2-bridge
links with double branch coverings of certain links. In relation to our family of braids, they
notice that the n-fold branch covering of S? along the figure eight knot is homeomorphic
to the double branch covering of S? branched along the closure of the braid (o oy hyn,
Thus our theorem on the group of Fox colorings can be reformulated in the language of
homology of M (?) , where ML(n) denotes the n-fold branch coverings of S? branched along
the link L.

Alexander duality shows that H'(S3~L) = Zx. .. Z where the number Z is the num-
ber of link components. Thus one may consider the branch cover of a link complement
in $3, thanks to Fox who has proved that branch cover is uniquely determined by normal
covering. Consider branch cover with even number, then we can consider double cover
as a quotient space of it for any n.

The main purpose of this ongoing project is to explore the possibility of extending
Plan’s theorem from Z to Alexander module. A more precise way to say is, we would like

to explore the existence and restriction of the extension. Recall that the Alexander module
50



is H; (X;) with additional structure of Z[t,t~!] translation. We have an odd example of
the Turk head and an almost example for the even case in the Turk head. Notice that, the
result concides with Plans theorem for odd branch covering being direct double, which
serves as the motivation of the project.

A. Plans proved in [Pla] that an odd branch covering of $? along any knot has a

double form. That is, there exists G such that
H, (Mlgn)) =G @G for any odd k.

V. Turaev produced a related result for k even (compare [Web, DW, Prz4]), partic-
ularly for some specific ring. We observe a similar phenomenon in our computation of
ABF for (010"2_1)”.

We also plan to explore this connection to analyze left orderings of the fundamental
groups of some branched coverings; compare [DaPr]. The left-orderability of fundamental
group of knot complements can be refered as one side of the following famous triangular
conjecture, denoted as L-space conjecture[BGW] as follow. Notice that if Y has infinite

first homology over Z, then 71 (Y) is orderable.

Conjecture 3 (L-space conjecture). Let Y be an irreducible rational homology 3—sphere.

Then the following are equivalent:
1. m1(Y) is left-orderable;
2. Y admits a co-orientable taut foliation;
3. Y is not an L-space.

We recall the results of [BGW], which show that the 2-fold branch covering of $3
along a non-split alternating link produces a fundamental group which is not left-orderable.
Every 2-bridge link, denoted by b(%), has a Schubert normal form. The form gives a spe-

cific projection of it and constructs exactly 2a double points. Clearly, b(%) is a 2-fold
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branch cover of b(«a, f) while the branching set is the trivial knot corresponding to the
involution. By Vesnin and his student Mulazzani[MV], the n-fold branch cover of b(% is
the 2-fold branch cover of b(n, , ), while b(n, a, p) is the preimage of b(«a, ) under the

n-fold cover of 5% with the branch set of the trivial knot mentioned above.

Example 3.3.1. 59 is a known universal link and its Schubert normal form is % We suspect

that b(n,7,2) may be a non-alternating link for some n. Here we offer an example when

n=3.

Figure 3.3.1: The Schubert form diagram associated with the knot 5.

When n = 3, we have the following graph:

After calculating the Jones polynomial, we can tell that

6(L) = —2q9 + 3q8 — 4q7 + 5q6 - 4q5 + 4q4 — 2q3 + q2

. This indicates that the knot is 949, which is non-alternating. Independently, Gordon showed

that whenn = 3, the fundamental group of the triple b(a/ f) complement is not left-orderable.

A further question[DaPr] was asked by M. K. Dabkowski, Jozef H. Przytycki, and
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A. A. Togha: Are the groups m; (Mé;')) non left-orderable for n > 3? In 2013, Ying

Hu[Hu13] showed that For any (p, q)-two-bridge knot with p = 3 (mod 4), there are

only finitely many cyclic branched covers whose fundamental groups are not left-orderable.
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4 Nakanishi 3-move Conjecture and counter-examples

4.1 Introduction

In 1981, Yasutaka Nakanishi, who at the time was a graduate student at Kobe Uni-
versity, formulated the following intriguing conjecture: every link is 3-move equivalent
to a trivial link. A 3-move is a local move on a link diagram illustrated in Figure 4.1.1.
The conjecture is known as the Montesinos-Nakanishi conjecture! and it was proved in
many special cases; for instance, Qi Chen proved it for 5-braids, with one exception of 20
crossings [Che]. In 2002, Mieczystaw Dabkowski and Przytycki, showed that the conjec-
ture does not hold in general [DP1, DP2, DP3]. Moreover, they observed that the Chen
link is a counterexample to the conjecture using the novel concept of the Burnside group
of a link, which they introduced in their paper. In this note, we outline the proof of the
Montesinos-Nakanishi conjecture for links up to 19 crossings and show that it holds for
links of 20 crossings, with the exception of six pairwise non-isotopic links including the
Chen link and its mirror image. These links are, however, 3-move equivalent to the Chen
link. The tools we use are Conway’s basic polyhedra (classified up to 20 crossings), the
Vogel-Traczyk algorithm, which changes link diagrams to their braid form, analysis of
conjugacy classes of 5-braids, Burnside groups of links, and most importantly, a com-
puter generated analysis of diagrams up to 20 crossings. Our main result is stated in the

following theorem.

0 3

Figure 4.1.1: The 3-move operation.

Theorem 4.1.1 (Main Theorem).

IMontesinos used 3 moves for a related but different conjecture related to 3-fold dihedral branch cover-
ings of S branched along links [Mon].
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(1) The Montesinos-Nakanishi 3-move conjecture holds for links up to 19 crossings.

(2) A 20 crossings link is either 3-move equivalent to a trivial link or to the Chen link

(Figure 4.1.2) possibly with additional trivial components.

(3) There are six pairwise non-isotopic 20 crossing links without trivial components (all six
have a 5-braid representative of 20 crossings) which are not 3-move equivalent to any

trivial link; see Equations 4.6-4.11. All of them are 3-move equivalent to the Chen link.

The diagram in Figure 4.1.2(a) is the Chen link and Figure 4.1.2(b) describes the basic

Conway polyhedron which supports it.

)
%

X

(@) Chen’s counterexample to the
Montesinos-Nakanishi ~ 3-move  conjec-  (b) The basic Conway polyhedron supporting
ture. the Chen link.

Figure 4.1.2: Chen’s 20-crossing counterexample to the Montesinos-Nakanishi 3-move
conjecture, which is the closure of the five braid (o207 102030;1)4.

4.2 Method

Instead of checking the hundreds of millions of links up to 19 crossings [Bur], we
first exclude the classes of links for which the conjecture has already been proven. In

particular, we exclude 3-algebraic links [PTs] and 5-braids up to 19 crossings [Cox, Che].

4.2.1 Conway’s basic polyhedra

An important ingredient of the proof of our main result, Theorem 4.1.1, is the pre-
sentation of link diagrams using basic Conway polyhedra. This method was first used by

Kirkman [Kir1, Kir2] and Tait [Tai], and formalized by Conway [Con].
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Definition 4.2.1. A 4-regular 4-edge connected, at least 2-vertex connected plane graph is

called a basic Conway polyhedron or basic polyhedron.

The connectivity conditions above allow us to keep the number of basic polyhedra
small, and they are not restrictive since any link with up to k crossings is supported by
some basic polyhedron on no more than k vertices. The number of basic polyhedra of 20

crossings is equal to 58, 782 and of 19 crossings is 16, 966.

To be able to analyze all links we should allow decorating vertices of polyhedra by
arbitrary 2-algebraic (algebraic in the sense of Conway) 2-tangles. However, since we are
considering links up to the 3-move operation, then it is enough to decorate every 4-vertex
by a one diagram crossing, see [Prz2, Prz5]. Notice that we still have 2¥ possibilities for a

k-vertex polyhedron.

4.2.2 Computational process

We use computational methods to exclude links with properties that imply 3-move

reducibility. This process is done inductively:

Suppose all links up to k crossings can be reduced to a trivial link of n-components
by using a sequence of 3-moves and Reidemeister moves. In order to prove that all k + 1
crossing links can be reduced to a trivial link of n-components by using a sequence of
3-moves and Reidemeister moves, it suffices to prove that the links can be reduced to a

link with fewer crossings.

Since the conjecture was proven for all links up to 11 crossings in [Prz2] and links
with 12 crossings in [Che], then we start by creating all basic Conway polyhedra sup-
porting links of 13 through 20 crossings. We obtain the basic Conway polyhedra with

no bigons from plantri [Bri]. More precisely, we searched for 4-edge-connected simple
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quartic graphs in plantri with the command:

plantri -adq -c2 cells

Here cells is the number of 2-cells in the link diagram when drawn on the sphere; by
Euler characteristic, this is two more than the number of crossings. We implemented into
Regina a search for basic Conway polyhedra containing the 3-triangle configuration as a

subgraph and used the code to exclude these basic Conway polyhedra from our list.

From each of the remaining basic Conway polyhedra, we build a corresponding col-
lection of links in Regina by replacing each vertex with a crossing in two possible ways
(over or under), in a way that avoids obvious non-minimal diagrams. For this we ex-
tend the pre-existing knot enumeration code [Bur] to include links. We then exhaustively
search for and remove all links that are Reidemeister 3 equivalent to a diagram with a
bigon, using a breadth-first search through link diagrams. Next, we do a similar search,
this time allowing all Reidemeister moves and a small number of extra crossings; this
time we only exclude links that are isotopic to a diagram containing a bigon and with
the original number of crossings. To implement these breadth-first searches, we extend
Regina’s knot signatures [Bur] to support links, in order to avoid revisiting diagrams that

are combinatorially isomorphic to diagrams already seen.

We implemented code in Regina to find and exclude all polyhedra supporting links
with fewer than five Seifert circles [Che]. In this step we assign all possible orientations to
the components of each supported link: If any of these orientations gives fewer than five
Seifert circles then we excluded the link. What remains are links supported by 608 poly-
hedra (7x 16-vertex, 15X 17-vertex, b6X 18-vertex, 125x 19-vertex, and 405X 20-vertex

polyhedra).
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The graphs were converted to Mathematica’s built in Graph symbol [Mat]. In Mathe-
matica, we used the FindIsomorphicSubgraph function to search for and remove polyhedra
containing as a subgraph any configuration illustrated in [4]. All Conway polyhedra sup-
porting links of 13 through 17 crossings are eliminated from this search and only 11 graphs
remained; 1X 18-vertex, 1X 19 vertex, and 9x 20-vertex polyhedra. We built the links from
the 11 polyhedra in Regina using the previously explained method. This process produced

12 links with 18 crossings, 31 links with 19 crossings, and 450 links with 20 crossings.

By using Regina we found that all links (with properly chosen orientations) support-
ing the remaining Conway polyhedra have no more than five Seifert circles. We extract
the PD codes from Regina then use Vogel-Traczyk’s algorithm [Vog] coded in the Knot
Theory Mathematica package [Bar] to obtain the braid words for the links. We observe
that the conversion into braid words does not change the number of crossings and the
index of each braid word is 5. From [Che], we may exclude all of the 18 and 19 crossing

links.

We explore the remaining 450 five-braid diagrams of 20 crossings. We test whether
these braid words are conjugate to the Chen link diagram or its mirror image in C5 =

Bs/ (O'i)’) by using the software GAP [Gap].?

We find three 20 crossing links that are conjugate to the Chen link in Cs:

L235 PD[X[3, 33, 4, 40], X[4, 13, 5, 12], X[6, 29, 7, 28], X[7, 36, 8, 37], X[10, 39, 11, 38],
X[13, 22, 14, 21], X[14, 30, 15, 29], X[16, 1, 9, 8], X[17, 10, 18, 9], X[20, 5, 21, 6], X[23,
32, 24, 31], X[24, 2, 17, 1], X[26, 12, 27, 11], X[27, 20, 28, 19], X[30, 34, 31, 35], X[32,

3, 25, 2], X[33, 23, 34, 22], X[35, 16, 36, 15], X[37, 18, 38, 19], X[39, 25, 40, 26]]

L270 PD[X[2, 25, 3, 32], X[4, 13, 5, 12], X[6, 22, 7, 21], X[7, 37, 8, 36], X[10, 18, 11, 19],

2The 450 links were enumerated and denoted by L1 through L450 in [Guo].
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X[13, 26, 14, 27], X[15, 38, 16, 37], X[16, 1, 9, 8], X[17, 32, 18, 31], X[19, 34, 20, 35],
X[22, 14, 23, 15], X[24, 2, 17, 1], X[25, 39, 26, 40], X[27, 6, 28, 5], X[28, 21, 29, 20],

X[30, 9, 31, 10], X[33, 12, 34, 11], X[35, 29, 36, 30], X[38, 23, 39, 24], X[40, 4, 33, 3]]

1298 PD[X[3, 33, 4, 40], X[4, 13, 5, 12], X[6, 22, 7, 21], X[7, 36, 8, 37], X[10, 39, 11, 38],
X[13, 31, 14, 30], X[14, 23, 15, 22], X[16, 1, 9, 8], X[19, 12, 20, 11], X[20, 29, 21, 28],
X[23, 34, 24, 35], X[24, 2, 17, 1], X[25, 18, 26, 17], X[26, 10, 27, 9], X[29, 5, 30, 6],

X[32, 3, 25, 2], X[33, 32, 34, 31], X[35, 16, 36, 15], X[37, 27, 38, 28], X[39, 18, 40, 19]].

We also find three 20 crossing links that are conjugate to Chen’s mirror image in Cs:

L176 PD[X][2, 25, 3, 32], X[4, 20, 5, 19], X[6, 36, 7, 35], X[7, 29, 8, 30], X[11, 5, 12, 6], X[13,
26, 14, 27], X[15, 24, 16, 23], X[16, 1, 9, 8], X[18, 33, 19, 34], X[20, 13, 21, 12], X[22,
38, 23, 37], X[24, 2, 17, 1], X[25, 39, 26, 40], X[27, 22, 28, 21], X[30, 9, 31, 10], X[31,

17, 32, 18], X[34, 11, 35, 10], X[36, 28, 37, 29], X[38, 14, 39, 15], X[40, 4, 33, 3]]

L246 PD[X[2, 25, 3, 32], X[4, 13, 5, 12], X[6, 28, 7, 29], X[7, 37, 8, 36], X[11, 33, 12, 34],
X[13, 22, 14, 21], X[15, 38, 16, 37], X[16, 1, 9, 8], X[17, 10, 18, 9], X[20, 5, 21, 6], X[22,
26, 23, 27], X[24, 2, 17, 1], X[25, 39, 26, 40], X[27, 15, 28, 14], X[30, 18, 31, 19], X[31,

10, 32, 11], X[34, 20, 35, 19], X[35, 29, 36, 30], X[38, 23, 39, 24], X[40, 4, 33, 3]]

L249 PD[X[2, 25, 3, 32], X[4, 13, 5, 12], X[6, 36, 7, 35], X[7, 29, 8, 30], X[11, 33, 12, 34],
X[13, 22, 14, 21], X[15, 38, 16, 37], X[16, 1, 9, 8], X[17, 10, 18, 9], X[20, 5, 21, 6], X[22,
26, 23, 27], X[24, 2, 17, 1], X[25, 39, 26, 40], X[27, 15, 28, 14], X[30, 18, 31, 19], X[31,

10, 32, 11], X[34, 20, 35, 19], X[36, 28, 37, 29], X[38, 23, 39, 24], X[40, 4, 33, 3]].

The process of testing each link against the Chen link and its mirror image and then

converting back to the braid word is provided in GitHub [Guo].

By using Regina we verify that L235 ~ L298, L176 ~ L246 ~ L249, and L270 ~

Chen link by a sequence of Reidemeister moves. We verify that L235, L176, the Chen
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link, and their mirror images are not isotopic to each other by using the Jones polynomial.
Recall that the Jones polynomial of the link distinguishes the link from its mirror image

when the coefficients are not palindromic.

Jiire(t) =232 — 77+ 9170 — 36175 + 85t — 144173 + 202672 — 23271 — 194+ + 140t — 67¢3 + 1841)
+18t° — 2515 + 15¢7 — 518 + Y (4.2)
Jro3s(t) = 10 — 815 4 2741 — 51413 4 66112 — 63t + 46110 — 97 — 185 + 527 — 6615 + 64t° — (88)
+23t% — 5t (4.4)
Jroro(t) = 221 + 1670 — 8¢7° 4+ 32¢7 — 78173 + 136t72 — 186t~ — 218t + 193t — 14013 + 81t — 2658)

+1417 — 8¢% + 219,

Below we provide in braid form the six pairwise non-isotopic 20 crossing links that
are counterexamples to the Montesinos-Nakanishi conjecture, all of which are 3-move

equivalent to the Chen link:
The Chen link: 01_1 0201_1 03620;1 0309 01_1020;1 030201_1 09 0'4110'30'2 0;1 03 (4.6)

Chen’s mirror image: 0102_10105102_10405102_10102_1040§102_10102_10405102_104051

(4.7)
-1 -1 -1 -1_ -1

010205 0201040305 01030, 030201030, 0305 0304 (4.8)

-1 -1_ -1 -1-1-1_ -1 -1_ -1 -1 -1 -1_ -1_ -1 -1
0] 0, 030, 0] 0, O3 020] O3 0403 Oy O, O3 0405 0205 Oy (4.9)

-1 -1 -1_ -1_ -1 -1 -1 -1_ -1

0] 0203020, 03 020] 0203 020405 020, 020403 020, (4.10)
0105 03 05 ouo30y o1y tosoy Loy tosay t or0y Loy Lasoy Loy, (4.11)
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4.3 Burnside group of a link

We use Burnside groups of links to show that the Chen link is not 3-move equivalent
to a trivial link. For every link we associate a group, which we call the nth Burnside group
of the link, 8,(L), and prove that the group is preserved by n-moves. For n = 3, the group
is always finite and can be used to find links that are not 3-move equivalent to a trivial
link [DP1, DP2]. One succinct definition of 8, (L) is m; (ML(Z)) /(w"), where m; (ML(Q)) is
the homology of the double branched cover of S? branched along L, however for practical
applications we need a workable, diagrammatic definition of $B,(L). We will do this in
two steps, first discussing the classical Burnside groups and then the core group of a link

via a link diagram.

4.3.1 The core group of a link

Let us first recall the famous Burnside conjecture concerning groups B(r, n) = F,/(w"),

where F, is the free group on r generators and w is an arbitrary element of F,.

Problem 4.3.1. (Burnside 1902 [Bu]) For what values of r and n is the Burnside group B(r, n)

finite?

In [Bu] Burnside proved that for n = 3 the group B(r, 3) is finite. Furthermore, Levi
and van der Waerden [LW] proved that the group B(r, 3) has 37+(2)+(5) elements. For the
actual status of the Burnside problem see [Kos, Vau].?

The nth Burnside group of a link, 8,(D), is the quotient of the (reduced) core group
of the link. The core group of the link (denoted Cor(D)) is defined on a diagram D as the
group generated by arcs of D with the relation for every crossing ba tbc™! = 1 where b is
the overcrossing arc and a and c are undercrossings (see Figure 4.3.1). Observe that if we

abelianize Cor(D) we obtain the (universal) group of Fox colorings (2b —a — ¢ = 0). If we

31t is finite for r = 2, and for n = 2, 3, 4, 6 with arbitrary r. B(r, n) is infinite for r > 2, and n > 665 with
r odd [NA, Adj]. B(2, 2¥) was found to be infinite for k > 13 [Lys]. We know that B(2, 5) is either infinite
or has 53* elements [Vau].
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arbitrarily assign the identity element, 1, to one arc we obtain the reduced Core group,

\ 1
b c=ba b

Figure 4.3.1: Core group relation at the crossing: ba 1bc™! = 1.

Cor’® (D).

Theorem 4.3.2 ([Prz3, Wad]). Cor®?(D) = m; (Ml()2)) (the fundamental group of the double

branch cover of S* with branching set D).

If we apply an n-move to our diagram then arcs (b, a) go to ((ba=')"b, (ba~')"a) and
we observe that if (ba™1)" = 1 then the group is unchanged (this is illustrated in Figure

4.3.2). This was motivation in [DP1, DP2] to introduce the concept of a Burnside group of

of a link.
b ba'b (bay b (ba)b (ba') b
o /—
a/\Q\//ZL - —
(ba'ya (ba')a (bd') a i) a

Figure 4.3.2: n-move changes (a, b) to (ba=')"a, (ba=!)"b.

4.3.2 The Burnside group of a link from the core group

The nth Burnside group of D, B,(D), is the quotient of Cor™?(D) by the subgroup
generated by all elements of type w” where w is an arbitrary element of Cor™¢(D) (not
only a generator). For us the classical result of Burnside and Levi-van der Waerden, men-
tioned before is important because F, /(w?) is a finite group of 3r+(3)+(5) elements, where
F, is the free group of r generators. In particular, |F;/(w?)| = 3%6+% = 314 = 4,782, 969.
Notice that the classical nth Burnside group is the nth Burnside group of the trivial link

of r + 1 components.
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4.3.3 5-braids, the 3-move operation, and the third Burnside group

For all the remaining 493 links up to 20 crossings discussed in Section 4.2.2, there
exists an orientation such that the oriented link has 5 Seifert circles. By the Yamada
theorem, this implies that they all have 5-braid representatives (in the conversion one
uses Vogel- Traczyk algorithm [Tra, Vog]). By Coxeter’s result in [Cox], the group C5 =
Bs/ (af) is finite and has 102 conjugacy classes. Qi Chen proved that any closed 5-braid is
3-move equivalent to a trivial link or the 5-braid of Figure 4.1.2a, which we call the Chen
link. In particular, if a closed 5-braid is congujate to the Chen link or its mirror image,
then it is 3-move equivalent to the Chen link, otherwise it is 3-move equivalent to a trivial
link. The third Burnside group of a link allows us to conclude that the Chen link is not 3-
move equivalent to any trivial link (its third Burnside group has 310 elements, unlike any
trivial link, [DP1]). In Section 4.2.2, every link up to 20 crossings are 3-move equivalent

to a trivial link or the Chen link therefore confirming Theorem 4.1.1.

4.4 Future directions

Cubic skein modules are defined using a cubic skein relation, which is a deformation
of a 3-move and has the form b3D3+bysDo+b1 D1+bgDy+booDoo = 0. Thus, for by = —bg = 1,
by = b1 = bs = 0 this skein relation describes 3-move equivalence. An in-depth lecture
on skein modules is given in [PBIMW] and the fundamentals of cubic skein modules are
discussed in [5]. We also refer the reader to [DJP, Prz5, Prz6, Prz7, PTs]. It is now a
natural question whether our main result generalizes to cubic skein modules, in particular,
whether any link in $3 of 19 or less crossings is a linear combination of trivial links when

bs and b are invertible.

Conjecture 4. In the cubic skein module of S3, with by and bs invertible, every link up to
19 crossings is a linear combination of trivial links. Every link up to 20 crossings is a linear

combination of trivial links and the Chen link.
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In 1979, before the 3-move conjecture was formally stated, Nakanishi formulated the

4-move conjecture?:
Conjecture 5 (Nakanishi). [Kir] Every knot can be reduced to the trivial knot by 4-moves.

The conjecture was proven for knots up to 11 crossings and the case of 12 crossings
is discussed in [Prz8]. Askitas and Przytycki guessed that the conjecture does not hold
for the 2-cable of the figure-eight knot with a half-twist (a 17 crossing knot). Our method
has the potential to give a positive answer to the conjecture for knots up to 16 crossings,

if not more.

4See [Prz5] for a discussion about n-moves.
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5 Cubic Skein Module

5.1 Introduction

Skein modules are invariants of manifolds that were introduced by Przytycki [Prz2]
in 1987 and independently by Turaev [Tur] in 1988. Przytycki’s motivation originated
from his desire to create an algebraic topology based on knots, the main algebraic object
of which is known as a skein module that is associated to a manifold. A skein module is
usually constructed as a formal linear combination of embedded (or immersed) subman-
ifolds of an n-dimensional manifold, modulo locally defined relations. In this thesis we
restrict ourselves to the case of links embedded in oriented 3-manifolds.! A skein module
of an oriented 3-manifold is a module composed of linear combinations of links in that
manifold, modulo some (usually local) skein relations. By local we imply that the skein

relations occur in some 3-ball in the 3-manifold.

Links in a 3-manifold may be framed, unframed, oriented, unoriented, or considered
up to homotopy, homology, or isotopy. Moreover, we can choose from an arbitrarily
large collection of skein relations to construct a skein module. Thus, there are several
skein modules that may be associated to a 3-manifold. The most extensively studied of
these are linear and quadratic skein modules. The skein relations of linear skein modules
involve two horizontal diagrams, and may involve a third vertical diagram. Some exam-
ples of linear skein modules are the g-homology skein module and Kauffman bracket skein
module. On the other hand, the skein relations of quadratic skein modules involve three
horizontal diagrams, and may involve a fourth vertical diagram. The Alexander, Jones,
HOMFLYPT, Kauffman, and Dubrovnik skein modules are all quadratic, see [PBIMW].

There is extensive literature on all of these skein modules and we refer the reader to

10One may consider relations involving surfaces embedded in 3-manifolds, as in the Bar-Natan skein
module [AF]. One may also consider skein modules for manifolds of higher dimensions, such as the skein
lasagna module for 4-manifolds [MWW].
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[PBIMW] for a survey. See Figures 5.1.1 and 5.1.2 for illustrations of the diagrams used in
linear and quadratic skein relations. The skein relations of these skein modules are special

cases of the skein relation given in Equation 5.1.

~ X[«
D, D, Do

Figure 5.1.1: Skein diagrams Dy, D1, and D, for linear skein modules.

~ X el )«

2

Figure 5.1.2: Skein diagrams Dy, D1, D, and Do, for quadratic skein modules.

The study of linear and quadratic skein modules over the last thirty-eight years has
led to a very rich skein theory that is connected to many disciplines of mathematics and
physics, such as algebraic geometry, hyperbolic geometry, Topological Quantum Field
Theories (TQFTs), and statistical mechanics. There is, however, another class of skein
modules with more parameters than the linear and quadratic cases which, save for a few
exceptions (see [Cox, Fun, BF, Prz2, CM, Ore]), has been largely neglected until now. The
cubic skein module is the first object in this class that awaits exploration, first in $3, and
then in arbitrary 3-manifolds. This skein module is the main object of our study in this
thesis.

As envisioned in [Prz2], skein modules of manifolds are obtained using linear com-
binations of pairs of manifolds (M, N) where N is properly embedded in M. We start
this section by discussing a family of relatively general skein modules known as (n, co)
(or degree n — 1) unoriented skein modules. When the relations are nonlinear, Przytycki

and Traczyk introduced the concept of a Conway algebra (related to the older concept of
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entropic right quasigroup [PrTr] (see also [Prz6]). In this thesis, we only consider skein
modules where the 3-dimensional manifold is fixed? and the free module generated by
links (up to ambient isotopy) is taken modulo linear combinations of properly chosen

tangles. The details are in the following subsection.

5.1.1 (n, oo)-skein Modules

The (n, 00)-skein module of an oriented 3-manifold M is one whose skein relation
involves n horizontal diagrams and one vertical diagram. They are discussed in [Prz2],
[Prz4], [Prz5], [PBIMW], and [PTs]. We denote this skein module by S, (M). The skein

relation of S, o (M) is:

boDo+b1D1+ ...+ by,_1Dp_1 + boDe = 0, (5.1)

where Dg, Dy, ..., Dy_1, and D, are the framed diagrams illustrated in Figure 5.1.3, subject
to the framing relation DY = aD. Here DV denotes the link obtained by twisting the

framing of the link D by one positive full twist.

X S L OGX (

D, D, D D

2 [>e]

n—1

Figure 5.1.3: The (n, 00)-skein diagrams Dy, Dy,..., D,—1, and D, assuming blackboard
framing.

We interpret the skein relation as follows. For any 3-ball B3> = B? x I in an oriented
3-manifold M, we consider B3 to be oriented in agreement with the orientation of M. Then
for any (n + 1) framed 2-tangles, we consider links, Dy, D1, Do, ..., D,_1, and Dy which
are in agreement outside of B3 and differ only in B3, where they look like the tangles
shown in Figure 5.1.3. At this stage we have two main choices: either b, = 0 or by is
invertible. In the case of b, = 0, the D;’s can be diagrams of either oriented or unoriented

links; however, if by, # 0, the diagrams must be unoriented.

2We will consider S3 for most of the section.
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We may treat the trivial framed knot as a variable ¢, that is, DLIO = ¢D. Then the vari-
able t is involved in Equation 5.2 and is obtained by considering the “half-denominator”

of the defining relation (see Figure 5.1.4). Therefore, in the skein module we get:

—theD = (bo+a 'by +a 2by + ... + a* "by_1)D. (5.2)
XD )
D a 'D a2 D b)) tD

Figure 5.1.4: Half-denominator of skein relation diagrams. We assume that diagrams have
blackboard framing locally.

Thus, when b, is invertible we can solve for ¢ to get:

. by + a‘lbl + a_2b2 + ...+ al_nbn_l
_boo ’

(5.3)

Linear, quadratic, and cubic skein modules are special cases of (n, 00)-skein modules.
We note that linear skein modules are (2, 00)-skein modules. If b, is invertible, we get the
Kauffman bracket skein module denoted by 83 (M;R), where R is a commutative ring
with identity and with chosen elements by = A, by = -1, b = A7l and a = —A3 where A
is invertible.

Quadratic skein modules are (3, 00)-skein modules. If b, = 0 and the links are ori-
ented, we get the HOMFLYPT skein module. On the other hand, if b, is invertible, we get
the Kauffman or Dubrovnik skein modules, see[6]. The cubic skein module, which is the
main object of our chapter, is a (4, c0)-skein module, which we denote by S4 . (M). Thus,

its skein relation is:>

boDo +b1D1 + baDy + b3D3 + booDoo = 0, (5.4)

3The use of “linear”, “quadratic”, and “cubic” may seem misleading as all relations are linear in many
variables. Rather, the names are meant to suggest degree n polynomials, which have n + 1 coefficients.
Here, b is an additional term which is needed for unoriented links.
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which involves one vertical and three horizontal unoriented framed link diagrams (see

Figure 5.1.5), subject to the framing relation DM = aD.

X el e X(

2 3 s

Figure 5.1.5: Cubic skein diagrams Dy, D1, D2, D3 and D.

The cubic skein relation may be thought of as a deformation of a 3-move (the move
from Dg to Ds3). It was earlier thought that every link in S? could be changed to a trivial link
by a finite number of 3-moves. This was known as the Montesinos-Nakanishi conjecture;
[Prz3]. This conjecture was shown in [DP1] to not hold in general. However, it does hold
for many families of links, in particular, for 3-algebraic links. Therefore, it is useful to
consider the submodule of Sy, (S%) generated by trivial links. We denote this submodule

0
by S\ (M).

5.2 Jones’s Conjecture and 7-colorable

We start by stating the last conjecture that Jones worked on:

Conjecture 6. If two links are equivalent in the cubic skein module, then they have the same

number of Fox 7-colorings.

Conjecture 6 is a special case of the following interesting question: what is the short-
est skein relation for the number of Fox n-colorings. In fact, Jaeger and Jones apparently
solved the problem (at least for prime n) a long time ago. Francois Jaeger told Przytycki
[Prz5] that he knew how to form a short skein relation (of the type (1%1, ©0)) involving
spaces of p-colorings. If col,(L) = |Col,(L)| denotes the order of the space of Fox p-
colorings of the link L, then among p + 1 links Lo, L1, ..., Ly—1, and L, p of them has the
same order col,(L) and one has its order p times larger [Prz2]. This leads to the relation

of type (p, o). The relation between the Jones polynomial (or the Kauffman bracket) and
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col3(L) has the form: col3(L) = 3|V (e™/?)|? and the formula relating the Kauffman poly-
nomial and cols (L) has the form: cols(L) = 5|F(1, e27/°+¢=271/5)|2, This seems to suggest
that the connection discovered by Jaeger involved Gaussian sums.

Similarly as in the case of 5-moves, not every link can be reduced via 7-moves to
a trivial link. The 7-move is however a combination of (3,2)-moves* which might be
sufficient for a reduction. We say that two links are (3, 2)-move equivalent if there is a
sequence of +(2, 3)-moves and their inverses, (3, 2)- moves, which converts one to the
other

Recall that a (3, 2)-move is made by replacing D3 with D_j /5 as shown below:

7 T,

D_y/9

Two useful moves that is a variation of the (3, 2)-move is given in Figure 5.2.1.
\_ ™ \_ \

s - Qe
r~N 2\ N 7

(@) (2, 3)-move on Dy (b) (=3, —-2)-move on Dy

Figure 5.2.1: Variations of (3, 2)-moves.

Lemma 5.2.1. [Prz5, Prz6]
(1) The 7-move is a combination of (3, 2)-moves involving mirror image and inverses.

(2) col7(D) = col7(D(32)) where D(32) is D with a (3,2)-move applied.

4To be precise, a 7-move is a combination of a (-3, —2) and a (2, 3)-move; compare Figures 5.2.1a.
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We may assume that in cubic skein relation, D3 and D_y /7 are proportional related,
say D_1/2 = kD3 for some K € Q. We study the necessary relation following their cubic

skein expressions:
\(
0= b3ﬁ+ng +b1> <+bOX +b°°ax

- —b3D3 = bzx + b1> <+ box +booa%

Remark that if we rotate D_1/2, we then have:

0= bg/\//\/_ +ng +b1%+box +booa> <
= by X N =02 > 4 b = 4 b > 4 ba) (

Now for D3, we have:

p
0= b5 X X XC +b2/\//\+b1X+b0X+bm>(
e
/\/ /—Zbg//\+blx+b()%+bm><

:>—b3/

We calculate —b3(kD3 — D_1/2)

—
—b3(kD3 —D_1/2) = k(bg/\//\ + blx + bo% + boo> O - (bzx +b1> <+ bOX + bma%ﬁ)
kb2
= (_b_2 + b1k — bo) > + (—kl;”” + bok — abe,) = + (—kl;fbo —bo) > + (—“b";b2k + book — b1)IB5)
3 3 3 3

We have four relations:

(kby — bo)b3 = kb3
(kbo - aboo)bg = kb1b2
bg(kbw - bl) = akbgbw

bz(kbo + bg,) =0
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From the last equation, we have two cases: (a) b2 = 0, and (b) b3 = —kby.

(a) b2 = 0. In the first equation, in basic case k = 1 we have, (b; — bg)b3 = 0. Assuming
bs is invertible, we have by = by. From equation 2, abs, = by while from equation 3,
we have b, = b1 = by. Therefore, the cubic skein relation is byDg + bgD1 — bsD3 +
boDe = 0. In this case, we have t = 1 and b3 = —3bg after calculating Hopf links

and trivial knot. Based on that, we calculate few simple cases up to mirror diagram:

- Hopf link = by
— Trefoil = bo

- Figure eight knot = by

If we narrow our investigation at 2-bridge knots who have Rofsen table [n], then

we have the following relation:

bo(=3X, + X, o+ X, 5+1)=0=0bo(Xy + X1+ (=3)Xp—3+1)

Thus by induction from previous data for knots, we have X, = X, = [n] = by

VYn € IN.

(b) bs = —kbg. Substituting the relation in the other 3 equations, we have:

b3 = bo(bo — kby)

b1b2 = bo(aboo - kbo)

—bo(kbw - bl) = abgbw

In the base case when k = 1: From the second equation, we calculate by, and sub-
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stitute in the other equations to obtain:

b3 = bo(by — b1)

b1ba

bob1 =
obi = |2

+ bo] a~(aby +bg) & ablby = (biby +b3)(abs + by)

Now, calculating by from the first equation, we have:

ab? (b2-b3) = (bi+ba(b3—b3))(aba+by) &= (abj—abs—bobs)(ba—b3) = bj(aba+bg)

o 003 (bg = b3)bs i
The cubic skein relation is: bgDg+ 5 D1+byDy—boD3+ — +by|la De =
0 0
0.
b2 — b2 b b2 — b2)b
Assuming by is invertible, we have Dg+ 0 5 2D1+—2D2—D3+ M +1|a Do =
bg bo by
5 ) b3\ be 1 .
0 < Dyg+|l1-—=|D1+-—Dy—-D3+||l-—=]|-—+1|a "Dy = 0. Now, if
b% bo bg bo
by = xby, we have:
Do+ (1 =x%)Dy +xDy — D3+ ((1 —x%)x + 1)a ' De = 0. (5.7)
It follows that,
bo+a by +a2bs + a3bs l+a'1-x>)+a?x-a3 a?-alx-14+x>-a
= — = —qa =
beo (1-x>)x+1 (1-x?)x+1
b2-b2 b1bo+kb?
In general case, we have :b; = (;Cboz and b = TO
Now we can rewrite our cubic relation:
1. b2 b bib
Do+ =(1 - -2)Dy + =Dy — kD3 + (—=2 + k)a ' Deo = 0
k bg bo b%
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b2 b2
N Ko U2
D0+—(1——)D1+—D2—kD3+( +k)a Dy =0
k bg bo bg
-
1 . b bs 1. b2 by .
Do+ —(1--=5)Dy+-—=Dy—kD —(1=-=5)()+k)a Do =0

Let 2—3 = x, we have:

1 1
Do+ (1~ x?)Dy +xDa — kD3 + (Zx(1- x?) +k)a” Do = 0

5.3 Proof of Hopf relation division for 2-bridge links
Lemma 5.3.1. Forn > —1,—bg[n, m| = by[n, m—1]+ba[n, m—2]+bs|[n, m—3]+am‘3/2va(n)
Proof. We fix m. Considering cubic skein relation, we have three base cases:

1. n =-1: We have [—1, m] = [-m + 1].Therefore:

—bo[-1,m] = =bo[-m + 1] = by[—m + 2] + by[—m + 3] + b3[—m + 4] + a™ /4B, 8)
= by[~m+ 2] + bo[~m + 3] + ba[~m + 4] + a™3/%b, Ty (5.9)

=bi[~1,m—1] +ba[~1,m — 2] + b3[~1,m — 3] + a™3%b,T_y).

2. n = 0: We have [0, m] = [-m]. Therefore:

—bo[0,m] = =bo[-m] = bi[-m + 1] + ba[—m + 2] + bg[—m + 3] + a">/%b(5.10)

= b1 [0,m — 1] + ba[0,m — 2] + b3[0,m — 3] + ™ 3/%b,t

3. n = 1: We have [1,m] = [-m — 1]. Therefore:
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—bo[1,m] = =bo[-m — 1] = =bg[-m — 1] = bi[-m] + ba[-m + 2] + b3[-m + 3] + a™ (5b1)

=by[1,m— 1]+ ba[1,m — 2] + b3[1,m — 3] + a™ /%, Ty

Suppose till k < n, we have —bg[k, m]| = b1[k,m — 1] + ba[k,m — 2] + bs[k,m — 3] +

am_3/2bUT(k), then for n, we have:

—bs[n,m] = bs[n—1,m] +bi[n—2,m] +bg[n—3,m] + a%_”va(_m)

by

:—%(b2[n—1,m—1] +bi[n—2,m—1]+bo[n-3,m—-1])
—Z—i(bz[n—l,m—Z] +bi[n—2,m—2] +bo[n—3,m—2])
—Z—z(bz[n—l,m—i’)] +bi[n—=2,m—-3]+bo[n—3m=-3])+ (terms in T)

- I;—z(bl[n,m— 1]+ by[n,m — 2] + bs[n, m — 3] + b,a™ 3 T,).

= —bo[n,m] = bi[n,m — 1] + bao[n,m — 2] + b3 [n,m — 3] + bya™ /2T,

Theorem 5.3.2. Hopf-relation divides [m,n] — [—n, —m]

Proof. We fix n. Our calculation follows the algorithm of program. For three base cases:
1. m=1: [1,n] -[-n, -1] = [n-1]-[-n-1] =0
2. m=0: [0,n]-[-n,0] = [n] -[n] =0
3. m=-1: [-1n] -[-n,1] = [-n+1] -[-n+1] = 0

Suppose till k € N, k < m, e have [k,n]-[-n,-k] satisfies the property by having Hopf-
relation factor, we now look at m:

—b3[m,n] = by[m—1,n] +bi[m—2,n] + bg[m —3,n] + a3/2_mva(_n).

By Lemma 30.4, we have :
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—bo[n,m] = b1[n,m —1] + bao[n,m — 2] + bg[n,m — 3] + a_3/2+mbUT(n)

By exchanging coefficient to obtain mirror diagram of [n,m], we have:

—b3[-n,—-m] = bao[-n,1 —=m] + b1 [-n,2 — m] + by[-n,3 — m] + a3/2'mva(_n).

[m,n] — [-n,—m] = —bgl(bg[m —Ln]+bi[m—-2n]+by[m-3,n] -by[-n1-
m] —bi[-n,2—-m] —bg[-n,3—m]) = —bgl(bg[m —1,n] =bs[-n,1-m]+b[m—-2,n] -
bi[-n,2 —m] +bo[m = 3,n] - bo[-n,3 —m])

Thus by inductive suppose, [m, n] — [—n, —m] has Hopf relation factor.

O

We claim that for any even length r, [m1,mo,...,m,| — [-m,,—m,_1, ..., —m1]| has Hopf

relation divisor. We may now view the above results as base case when n = 2. Suppose by

inductive steps, for k = 4,6,...r — 2, we have —bg[m1, ma, ..., mi| = by[my,mo,...,my —
1] +bo[my,ma,...,mg—2] +b3[mi,mo,...,mp— 3]+ bya~3/2+mk [my, ..., mg_1] and Hopf
relation divides [mq, mo, ..., mg| — [-m,, —mg_1, ..., —mq].

Lemma 5.3.3. Forr being even, we have

—bo[ml, mo,..., mr] = bl [m1, mo,..., mr—1]+b2 [m1, mo,..., mr—2]+b3[m1, mo,...,my—
3] + bya 3/ [my, ..., me_1]
Theorem 5.3.4. Forr being even, [m1,mo,...,m,| — [-m,,—m,_1,...,—mq] has Hopf re-

lation divisor.

Proof. We use induction following algorithm written in previous section. We fix all m;

Vie{2,...,r}.
Base case:
1. Whenm, =-1, [-1,...,m,] = [-m,,...,—nas+ 1] = [-m,, ..., 1]
2. Whenm, =0,[0,...,m,] =a™[ms,...,m,]and [-m,,...,0] = a"2[-m,,...,—m3].

The length shrinks to r — 2 and the case is taken care under the hypothesis of in-

ductive steps.
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3. Whenm, =1,[1,....m,] =[-m,,...,—ng — 1] = [-m,, ..., —1]

In inductive steps, suppose that for all k < my, their difference all have such hopf

relation divisor.

When k = my, we have:

—b3[m1,...,mr] = bg[ml — 1,...,mr] +b1[m1 —2,...,mr] +b0[m1 —3,...,mr] +
bya’/2—m [-m,,...,—mo]
—bo[m,-,...,ml] = bl[mr,...,ml —1] +b2[mr,...,m1 —2] +b3[mr,...,m1 —3] +

bya 3/ Mi [m,. ... ms]

—b3 [—mr, cee —m1] = b2 [—mr, ce e —m1+1]+b1 [—mr, RN —m1+2]+b0[—mr, Lo, Mt
3] + bya®/ > ™ [—my,, ..., —ms2]

Since difference of each item in [my, ..., m,|and[—m,, ..., —mq] satisfies inductive
hypothesis, we conclude that [mq, mo,...,m,]| — [-m,,—m,_1,...,—m1] has Hopf

relation divisor.
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6 Generalization of Relative Dax invariant on 3 x §2

6.1 Introduction

Given a closed orientable surface ¥ with finite genus and given a closed nonori-
entable surface ¥’ with finite genus. Let M be a S2 fiber bundle over a closed surface,
MCG(M) is defined to be the smooth mapping class group i.e. the group of isotopy classes
of orientation preserving diffeomorphism. Alternatively, we say that MCG(M) are path
components of Dif f*(M), i.e. MCG(M) = my(Dif f*(M)). Let MCGy ¢ MCG(M) con-
sists of diffeomorphisms that are pseudo isotopic to identity. Consider the forgetting map
h : MCG(M) — Aut(M) where Aut(M) denote the homotopy equivalence between M

and itself up to homotopy, denote ker(h) = MCGy(M), where

MCGy(M) = {[f] € MCG(M)|f is pseudo-isotopic to id}

The computation and properties of mapping class group of 4-manifold in smooth cat-
egory is always a popular exploration in 4-manifold. There are indeed few more results
in topological category: closed simple connected 4-manifold were shown by combina-
tion work of Perron[P86], Quinn[Q86] and Freedman[F82] in the approach of intersec-
tion form. The nontrivial boundary 4-manifold case was recently extended by Orson and
Powell[OP]. In the same paper[OP], they discuss the stable smooth mapping class group
of simple connected 4-manifolds under smooth category. However, Smooth mapping
class groups remain largely inaccessible due to the lack of practical techniques. In 2025,
Lin, Wu, Xie and Zhang[LWXZ] extended Dax invariants from embedded disks to embed-
ded surfaces in S?-bundle and applied the generalization of Dax invariants to show the
following surjectivity properties of MCG (M) for M being a trivial S?-bundle over surfaces.

Here Z* denote the direct sum of infinitely many copies of Z.
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Theorem 1. There exists a surjective homomorphism ¢ : MCG(M) — Z% such that its

restriction on MCGy(M) is also of infinite rank.

The generalized Dax invariants of embedded surface provides a practical way of an-
alyzing mapping class group of fiber bundles in 4-manifold. The thesis is the first step
application of the technique on mapping class group of nontrivial S? fiber bundles after
their work. We show that the mapping class group of nontrivial $? fiber bundles inherits
the surjectivity properties of MCG(M). This suggests that the surjectivity phenomenon is
not an artifact of product decomposition, but a property intrinsic to 2-sphere fibrations in
the smooth category. What is more, it also shows that the generalization of Dax invariants
stays a powerful and innovative tool to study families of fiber bundles in 4-manifold.

Consider a nontrivial fiberation

2?5 X—>3

and let X be a nontrivial orientable fiber bundle over a closed surface X. Similarly, let X’
be a nontrivial orientable fiber bundle over a closed surface X’'.

In this thesis, we prove the following theorem as our main theorem:

Theorem 2. There exists a surjective homomorphism ¥’ : MCG(X) — Z*, whose image of

MCGy(X) is also 7. The same property holds for X’ = 3/ = S?

The above theorem also suggests that the Torelli Group! of X containing MCGy(X)

may be of infinite rank.

"The Torelli group, denoted I, is a subgroup of the mapping class group MCG(Z,) of a closed oriented
surface 4(g > 2). It is defined as the kernel of the natural homomorphism

@ : MCG(2y) — Sp(2¢,2),

which sends a mapping class to its induced action on the first homology group Hi (34; Z), preserving the
symplectic intersection pairing. That is,

I, := ker (MCG(Zy) — Aut(H;(Zy;Z2))) = ker (D).
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The chapter is organized as follows: In section 1.1, we construct an orientable fiber
bundle ¥ = S2 and 3’ = S2. In section 1.2, we introduce relative Dax invariants for disk
embedding and generalization of relative Dax invariants for surface embedding in % x S2.
We also give a brief introduction to barbell diffeomorphism. In section 1.3, We discuss
some properties of Mapping class group of ¥ x S? in [LWXZ]. In section 2, we apply the

generalization of relative Dax invariant to prove our main theorem 2.

6.1.1 Nontrivial S? Fiber bundles over surface

In this section, we study the construction of two families of orientable nontrivial
fiber bundles from the view of handle decompositions, >, x S2 and 2; = S2, where %4 is
an orientable closed surface with genus g and X is an unorientbale closed surface with

genus g for g being an arbitrary positive integer.

We may first consider orientable S? fiber bundle with base space %4. By obstruction
theory, we claim that there is only one such non-trivial bundle %, <52, Since %4is aclosed
surface, by relative handle decomposition[GS], we can fix a handle decomposition of %,
s.t it has 1 0-handle Hy, 2g 1-handles and 1 2-handle Hy. We denote H; as the union of all
1-handles Hi, Vi e I.

There is only one S? bundle over Hy U H; and one S? bundle over Hy. Consider
$?5x5 4. We claim that 7Y (HyUH;) = (HyUH;) x S? and 771 (Hy) = Hy x S?
where D! Ugo D! = S'. Notice that the classification of fiber bundles is preserved by
homotopy of base space. Since Hy U H; ~ S' v --- v §!, the type of fiber bundle is totally
depends on how each S! over fiber S? looks like. We now switched to consider fiber 52
over S. By the clutching construction, we can write it as D! x 2 Ug:S0Diff+(s2) D' x S2.
Then ¢ gives an element in 7o (Dif f*(S?)) = m(SO(3)) = 0. Hence ¢ has only one choice

and it induce the trivial S? fiber bundle over Hy U Hj. For a finitely many 1-handles, we
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then add each 1-handle inductively. Consider S fiber bundle over S Vv S! by constructing

S x 82 v S x $2, we can also write it as
St X 8% Ugprspife(sz) St X S

. From above we know that Dif f*(S?) is path connected, thus there is only one such ¢
exists up to homotopy. Therefore, there is only one S? fiber bundle over S! x S!, which is
the trivial bundle (S' v S') x S2. Adding more 1-handles inductively gives homotopically
more S' as wedge sum and we will still obtain a trivial bundle by going through analogous
progress as above. For S? bundle over Hy, the contractible base space Hy = D? gives trivial
monodromy, which also gives trivial fiber bundle only.

We therefore consider the clutching construction of gluing the two parts Hy x S
and (Hy U Hy) X S%2. When we attach a 2-handle to Hy U Hj, the attaching sphere is
d(H?) = 9(D?) = S! and we therefore care about how to glue two copies S x S? together
. (The map of attaching region can be extended from the attaching map of attaching
sphere by the Tabular Neighborhood Theorem[GS]). To clutch the two parts together with
orientation preserved, for each point in S' we glue the two corresponding S? together by

self-diffeomorphsm and send S! to Dif f*(S%). We denote
Zg >4 52 = Hy X 52 U¢:Sl—>Diff+(52) (HO U Hl) X 52

. Notice that for each ¢, it gives an element in 71 (Dif f*(5?)). We have ; (Dif f*(5?)) =
1(SO(3)) = Z/2. Fiber bundle up to isomorphism is totally determined by the clutching
map up to homotopy. Therefore there are at most two distinct orientable bundles and one
is the trivial bundle % x S? with the clutching map corresponding to a representor of the
trivial element in 71 (SO(3)), denote ¢" i.e [¢’] = [id].

We prove the following lemma to show that there are exactly two distinct orientable
S2 fiber bundles over %4, the trivial bundle and a nontrivial one.

82



Lemma 6.1.1. %, = S? is not isomorphic to 24 X S2 for [¢] # [id] € m1(SO(3)).

Proof. Suppose that there exists an isomorphism ¥ : %, =g s? - Y4 X S2, then ¥ gives
a global trivialization of X, < S2. We therefore restrict the trivialization on Hy U H; and

Hs. V trivial chart in X, we have
-1 2 .1
¥, N (U) = UxS?=271(U)

(x,y) = (x, a(x)y); a: U — SO(3)

As we have shown before, there is only one orientable S? fiber bundle over Hy U H;
and Ho respectively. Thus, for any x € Hy U Hy, there exists a local trivialization x € V;

and a map:

gilr1r) 1 m (V1) —> Vi x S?

. For any x € H», we also have a local trivialization x € V5 and a map:
g2|n*1(V2) : JT_l(Vg) — V5 X 52

. Since by clutching construction, X is obtained by clutching two copies of S! x §? via
map ¢ € SO(3), we have

g1 = (id, $) o g2

. For trivial bundle 3. x S2, we also have
g9, = (id,¢") o gy

where ¢* ~ 0 € m1(SO(3)) and ¢}, g, are two local trivializations of Hy U H; and Hp
respectively. While for each chart UNV; C X, the bundle isomorphism gives the following
diagram:

gio¥=(ida)og,i=12
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rNU) —— 7Ny

Lk

Uy xS2 — U; x §2
(id,)

Take (UieIVli) N U be an open cover of S! in Hy U H; and (UieIVzi) N U an open cover

of St in Hy. Restricting to XlUiEIVQi’ we have
gy 0¥ = (id,¢) 0 gh o ¥ = (id, §) o (id, @) 0 g
. By restricting to X|, _ ,vi» we can also write is as

gyo¥ = (id,a) o gy = (id,a) o (id, ¢) o go

Since g;, g; are trivializations, hence isomorphism. We cancel g2 on both side by
composing an inverse function of g and obtain (id, ¢’) o (id, a)|s1 = (id, a)|s1 o (id, ¢),
which gives

¢’ oalsi =alsio¢

. We want to show that |1 is trivially homotopic. Notice that by viewing the map in Ho,
the contractible space induces trivial homotopy map: a* : 71 (Hz) — 71(SO(3)). We can
view a|p, = a|p2 as an extension of a|g1.Hence |1 is trivial homotopic.

Thus, taking homotopy classes in above equation, we have:

[4'] = [¢] € m(SO(3)).
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Now we study the orientbale bundle with fiber S? over base space that is nonori-
entable closed surfaces %’ with some finite number g i.e. 3’ = #g[Rl]ﬂ. We decompose 3’
into handles s.t. it has 1 0-handle, 1 2-handle and some 1-handles. The orientability of a
surface is determined by the framing of the attaching spheres of all 1-handles [GS]. There
is a canonical bijection between the set of framings and 71 (O(n — k)) for k-handle at-
tachment on 9(X"). Attaching 1-handles on 0-handle, we have 75(O(1)) = Zs, there are
only two choices of framings for 1-handle. If all the 1-handles have trivial framing on the
attaching sphere, then the surface is therefore orientbale. Thus for an nonorientable sur-
face, there exists at least one 1-handle having nontrivial framing. We start by recalling the
handle construction of orientbale closed surface with genus g, consisting of 1 0-handle, 2g
1-handle and 1 2-handle. Assigning 1-handles order from 1 to 2g, we change the framing
of some of them. Therefore there are 229 — 1 ways to construct an nonorientable surface
from a the handle decomposition of orientable closed surface. We claim that the above

construction gives 2%9~1 — 1 different nontrivial fiber bundles over some 3'.

Remark 6.1.2. Each Hy can be viewed as a thickened 1-cell, hence Hy U Hy =~ Vic[1,4] Sl.l.
The framing of 1-handle doesn’t change the homotopy type of Hy U Hy. Therefore, for fixed

Hy U Hy, there is still only one trivial S? fiber bundle over Hy U H;.

Suppose there is a bundle isomorphism between any two such fiber bundles X; and
X, then we may simply restrict the base space to Hy U H; inheriting the notation from
above. Since X; and X5 are constructed from distinct manipulations of 1-handles attach-
ment of 3, the corresponding Hy U H; are therefore different. Then there exists H} in X;
and X5 s.t. the attaching maps have distinct framings. Considering the following fiber
bundle

§* = Xjlpourt = HoUHj, j=1,2

. However, the two pullbacks of Hy U H} should be isomorphic under the restriction of
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isomorphism, which is a contradiction.

The Hy U H; is a punctured nonorientable surface with boundary. Observe that while
attaching HyUH1xS? and HyxS?, the attaching sphere S! is corresponding to the boundary
of 9H = dD?. In Hy U Hy, the S' is homotopic to a loop going through all generator twice.
For those mobius band 1-handles, the nonorientation part is vanished. Hence we are back
to orientable HyUH case as above. By the same argument of clutching construction, there
are at most two fiber bundles. Therefore by 6.1.1, there is only one nontrivial orientable

S2 fiber bundle over 3.

6.1.2 Relative Dax invariant in  x S? and barbell diffeomorphism

One of the main techniques used in the proof of the main theorem is the barbell
diffeomorphism[BG21] and generalization of relative Dax invariant[LWXZ].

The generalization of relative Dax invariant[LWXZ] is an extension from the Dax
invariant constructed by Gabai [BG21] in 2021. Gabai defined the original relative Dax
invariant for two disk embeddings in aribtrary 4-manifold. The two embedded disks are
restricted to be properly embedded and homotopic to each other relative to the bound-
ary. Considering the 1-parameter family of arcs for each embedded disk, observing that
all such arcs in the two families sharing the same endpoints, we can obtain a loop in
Emby(I, M) i.e the embedding space of arc in M. Fix a handle decompostion of >, s.t
there is exactly one 0-handle Hy, 2g 1-handles {Hi},-e{l)_“)gg} and one 2-handles Hy where

by € Hy. We denote H; the union of all 1-handles. Let U c S? be a disk containing by,

denote M; = M — Hy X U and My = M — (HyUH;)xU.

After smoothing corner, both M; and Ms are codimension 0 submanifold. When we
consider embedding space of 0-codim submanifold, the base point is set to be the restric-
tion of the basepoint in the embedding space from the original manifold. The relative Dax

invariant is therefore defined based on the Dax isomorphism? by considering the exact

2The isomorphism is the same in [LWXZ]: Dax: JT?(Emba(I, Xs);Ip) — Z[x\{1}]/Im(d3). Notice
that by chasing diagram 1 (X2) = m1(X), we denote it by 7. V[y] € 7'[{) (Emby(I,X2);1Iy), we send it to
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sequence:

o (M) S Z[m (Mp)\{(1}] 5 70 (Emb (I, My; Jo) > m(My) ... (6.1)

In 2025, Lin, Wu, Xie and Zhang[LWXZ] extend the Dax invariant from Disk embed-
ding to closed orientable embedded surface in =, x S? while 2, denotes the closed surface
with genus g. The proof is based on the study of embedding of Handles® of %, in the total
space. The embedding of 2—handle of 3, can be viewed as an embedding of D? after some
manipulations, which fits in the original definition of Gabai’s consturction of disk em-
bedding. The relative Dax invariant is extended from Dax isomorphism in [BG21]. They

analyze the impact of 1-handles movement by exploring the following filtration tower.

EmbP (3, M) 25 Emb® (Hy U Hy, M) 25 Emb (Ho, M) = = (6.2)

Where the map ry, o are given by restrictions. We may consider F; to be the preimage
of the base point under r; Vi = 0, 1,2 and F; serves as a fiber of r;.

We may write two long exact sequences based on the fibration tower:

2 (Emb0) (Ho, M)) — m1(Fy) 25 1 (EmbUol (Hy U Hy, M)) — 1 (EmbU] (Hy, M))

(6.3)

1 (EmbY (HyUH,, M) — m0(Fy) = mo(Emb 1 (3, M)) — o (BEmbMl (HoUH;, M)) =0
(6.4)
Since Fj is simple connected, r;* is surjective. Since Emb(Hy U Hy, X) is also connected

due to the fact of F; being connected, we have:

q0 : mo(Emb (W), X)) — 79 (Fy) /71 (Fy) (6.5)

m2(X) = m (Map,(1, X)). By Smale’s Theorem, w1 (Imm(1, X) = w1 (Map(I, M)). We can therefore extend
theytoamaph : D? — Immy(I, X2). After obtaning elements in 7 from double points resolution, the image
of Dax([y]) is defined to be the sum of these elements in & with signs corresponding to local orientations
of the double points.

3In [LWXZ], they show that the relative Dax invariant is independent of handle decomposition of =
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Then they show that the relative Dax map between two X, embeddings satisfies all
properties of the original Dax invariant. For notation convinience, we use X as a closed
surface with finite genus. Conisder {by} € ¥ be a base point. Here we denote .%, : ¥ —

% x S? be the embedding having 0 double intersection point with {bo} x S? after resolution.

Theorem 3 ([LWXZ]). Let { = (71(M, ) \ {1})/conjugaton. There exists a map
Dax : Eg x Ey — Z[{]

such that the following properties hold.
1. Ifiy is smoothly isotopic to iy relative to by, then Dax(iy,i2) = 0.
2. Dax(iy, i2) + Dax(io, i3) = Dax (i1, i3).

3. If f is a diffeomorphism on M that is homotopic to the identity relative to the base

point b, then Dax (i1, i2) = Dax(f o iy, f o i2).

4. For everyg # 1 € , there exists a diffeomorphism f : M — M that is homotopic to
the identity relative to b, such that Dax( %, f o %) =g+ g_l, and that {bg} X S2 is

a common geometric dual of Yy and f o .%.

We then review the definition of Barbell diffeomorphism by inheriting notations from
[BG21] . The self-referential barbell diffeomorohism[LWXZ] is defined to be a barbell
diffeomorphism on Ms. The self referential barbell diffeomorphism is first constructed
to explore the property of embedded geometrically sphere dual surfaces in M that are
homotopic but not isotopic to each other.

For two disjoint embedded arcs in D*, denoted Ip&I1, let B = D*\ v(IyUI;). Consider

the well-defined arc pushing map

9 i (Embi" (1, D*\ o(11)), Ip) — mo(Dif f5(D*\ o(I1), Ip)
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. The map is obtained by isotopy extension theorem, i.e any embedding of arcs can be
extended to a diffeomorphism in the complement with boundary homotopic. The standard
barbell diffeomorphism is a representative § : B — B in my(Dif f5(D* \ v(I1), Iy) as an
image over the arc pushing map.

Now we fix a basepoint (bg, b1) € M and fix an orientation of {bg} x S? ~ 5% and
3 x {b1} =~ 3. Let p, q be two distinct points in My, consider an arc y in ¥ whose interior

intersect q transversely but disjoint from p.

6.1.3 Mapping class group of X x 52

In fact, one can form a homomorphism by relative Dax map ¢; : MCGy(M) — Z[{]
sending [f]to Dax(fy, f o fo). [LWXZ] shows that for trivial fiber bundle M = X x 52,

there is always a surjective homomorphism ¢ : MCGo(M) — Z*. ¢ is defined to be

$o : MCGo(M) — Z[{]

sending [f] to Dax(fo, f o fo). Here the Dax map refers to the relative Dax invariant.¢g
being a homomorphism is proved by relative Dax properties of (2) and (3) in [LWXZ].

Futhermore, they show the following theorem.

Theorem 4. There exists a surjective homomorphism ¢ : MCG(M) — Z* such that its

restriction on MCGy(M) is also of infinite rank.

Notice that for any embedded arc in M, there is a barbell diffeomorphism that is
homotopic to identity[BG21]. Hence f € MCGy(M) and by [LWXZ][lemma 4.16] there
exists a surjective homomorphism from {f} to Z[{]° =< [g] + [g] ™' > as a subgroup of

Z[{]. Hence we have a surjective homomorophism from MCGy(M) to Z[{]° ~ Z*.
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6.2 On the Mapping Class Group of 3, x 52

In this section, we prove the main theorem 2 by exploring the double cover of X and
relative Dax invariant of ¥ X S? constructed in [LWXZ].

Recall that X = X = S?2. We have constructed X using handle decomposition of %
and the clutching construction in Section 1.1. Let X(? be the double cover of X with
covering map p : X — X, we therefore study the lift of diffeomorphisms of MCGy(X)
in MCGy(X?) using the relative Dax invariant. Canonically, the lift in MCGq(X?) is
the lift of ¢ o p for p being the covering map and ¢ € MCGy(X). Notice that all cyclic
covers of a surface is still a surface and X is still a 4-dimensional Manifold. In the
meanwhile, if we consider S2 fiber over non-orientable surfaces 3, we can still lift 3’ to
orientable double cover and then lift ¥’ < S? to orientable double cover, regardless that the
fiber bundle is orientable or not.

Suppose X has genus g, let p : 32> — 3 be the covering map with the double cover
%2 of 3. Notice that X2 is also a closed surface with genus 2g — 1 by Euler Characristic.
We consider the pullback fiber bundle p*X and claim that p*X is therefore the double
cover of X.

X ={(a,x)|a e, x e X, n(x)=p(a)}

.Va € 2P, 7" Ya) = (a,x) st. 7(x) = p(a) = x € 77 (p(a)) = S%. Following the
definition of fiber bundle S2 — X -5 3, we have 771 o p(a) = p(a) x §? = §2.
Let 7’ denote the natural projection s.t. 7'(a, x) = a, we therefore have the following
pullback fiber bundle:
$2 5 pix 2 3@

Theorem 5. For X = 3 = S2, the double cover of X is X?) = p*X = %(? x 52,
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Proof.

1. We first prove that X(?) = p*X. Let
p:p’X—X, (ax)m x.

be the natural projection map We claim that p is a 2-sheeted covering map.

Since p*X is a S2 fiber bundle, observe that for each point x € X, there exists a

neighborhood U C X of 7(x) with a local trivialization in % x S?
¢ U) - UxS%

Since p : 2 — 3 is a covering map, the preimage p~!(U) is a disjoint union of two
open sets Uy, Us C ¥’ each homeomorphic to U via p. Over each Uj, the pullback

bundle satisfies:
(P X)| -1y = {(ax) € Uy x 771 (U) | p(a) = m(x)} = U x S2.
Hence, over each U, we obtain:
PN U)) = (0*X)|p-r ) = (Un X ) L (Uy X §%),

and the map p on this union simply collapses each (a, f) € U; X F to (p(a), f) €
U x S = 771(U). Therefore, each point x € X has a neighborhood evenly covered
by p, with exactly two disjoint preimages. It follows that p : p*X — X is a 2-sheeted

covering map.

. We now prove that X(?) = ¥’x 2. Fix ¥ a handle decomposition with one 0—handle,

2g 1-handles, and one 2-handle attached along the loop

ﬂ:aH2251—>H0UH1,
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representing the relator ]_[‘?:1 [a;, bi] € m1(HyUH;). Any orientable S>~bundle over
3 is obtained by clutching two trivial bundles over HyUH; and over Hs respectively

along the overlap dHy ~ S! by a map

¢ : St — SO(3).

Isomorphism classes are determined by the homotopy class [¢] € 71 (SO(3)) = Z/2

and the nontrivial bundle corresponds to [¢] = 1.

Now pull back along the connected double cover p : %2> — 3. The overlap circle
oH? ~ S! lifts to the disjoint union of two circles S Ly st in 3, and the clutching

along the cover is given by the disjoint union of the two lifts of ¢:

¢ =¢ug: (STUSH — SO,

one on each lifted boundary component.

Since 71(SO(3)) = Z/2 is abelian, the total clutching class of the pullback bundle

is the sum of the two boundary classes:

=
Il
=
+
=
Il

1+1 =0€eZ/2.

Therefore the pullback bundle is classified by the trivial element and hence is iso-

morphic to the trivial bundle =2 x §2.

Remark 6.2.1. The proof also works for X’ since the double cover of ¥’ is also an orientable

surface with finite genus.
corollary 1. For X’ =3/ x S2, the double cover of X is X'(?) = p*X’ = 3/(?) x §2,

Let MCG(X) be the mapping class group of X, i.e. it is a group of diffeomorphisms
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of X up to smooth isotopy. Let MCGy(X) denote the group of diffeomorphisms of X s.t.

each diffeomorphism is homotopic to identity.

Theorem 6 ([LWXZ]). There is a surjective homomorphism ¢ : MCG, (2 x §?) — Z[{]°,

where the restriction on MCGo (2 X S?) is also a surjective homomorphism.

We will use the above proposition to prove Theorem 2. To show that, we now lift
maps of MCGo(X) to Dif f(X?). Let ¢ € MCGy(X) be a diffeomorphism of X homotopic
to the identity. Since (¢ o p). = @. 0 p, = id, o p,, we have @, o p,(XP) c p.(X?).
Therefore, there exists a lift of ¢ o p : X? — X, we denote such a lift ¢. We therefore

have the following diagram commutes.

X@ _ 75 x@

pl lp

XﬁX

We claim that ¢ : X? — X is a diffeomorphism. Notice that since p and ¢ are
smooth, and ¢ satisfies p o ¢ = ¢ o p, it follows that ¢ is smooth as well. To show that ¢
is a diffeomorphism, we construct its inverse map as follow. Since ¢ is a diffeomorphism,
¢~' : X — X is smooth as its inverse map. Then the composition ¢~! o p : X? - Xis
a smooth map from X to X. Because p is a covering map, the composition ¢! o p lifts

uniquely to a smooth map ¢~ : X? — X2 satisfying

Now we verify that 9! is indeed the inverse of @. For all X € X(¥, we compute:
Po(@ o@D =0 opop(X) =9 0gop(x)=p(x)

Thus, ¢! o ¢ and idg are both lifts of the map p and agree at each point. We conclude
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that

5_1 o (?5 = idy(2).

A symmetric argument shows that g 09~ ! = idy2), hence @ is a diffeomorphism between
two X, Using analogous argument above, it is easy to see that ¢’ € MCGy(X’?) as a

lift of p’ o ¢’ and the following diagram commutes:

x'@ 7y xr2)
ool

x —r s x

Theorem 7. For each ¢ € MCGy(X), there are exactly two lifts of ¢ between X?), denoted

¢1, P2 S.t. @1 = yp2 wherey corresponds to deck transformation of p.

Proof. Suppose ¢ and @9 are two lifts of ¢ o p, i.e., they both satisfy

popr=¢@op=pogpa.

Then for all a € X, we have p(91(a)) = p(¢2(a)), so both ¢1(a) and @3 (a) lie in the
same fiber of p. Since p is a 2-sheeted covering, each fiber contains exactly two points.

Thus, for each a € X@, either

¢2(a) = ¢1(a) or @a(a) =y(g1(a)),

where y is the nontrivial deck transformation of p. By the uniqueness of lifting, we either
have @1 = @2 or p2 =y 0 @1.
Additionally we verify that y o ¢ is also a lift:

po(yop)=pogo=gop,

Therefore, both ¢ and y o ¢ are lifts, and these are the only two. O

94



Recall that { = (71(M,b) \ {1})/conjugaton. Recall that Dax : E; X &5 — Z[{],

denote D(¢) = Dax(fo, ¢ o fp). Consider the following composition map

liftin
MCGo(X) 9, MGy (x@) 2 71¢

Take [¢] € MCGy(X). By definition, there exists a homotopy
H:XxI—X, Hy=¢ H =idy.
Consider the composition
Ho (pxidy) : X xI— X.
By the homotopy lifting property, there exists a unique lift
H:X?x]— x®?
with terminal condition Hl = idy(2) such that
poH=Ho (pxid).

Define ¢ = Hy. Then po@=Hyop=gop,so ¢ isalift of p. Moreover, the homotopy
H shows that ¢ = idy(2). Above shows that ¢ is a diffeomorphism between X (2), Hence
[@] € MCGo(X?).

Suppose ¢ is another lift of ¢. By above theorem, ¢ = y o ¢ for y the degree 2

nontrivial deck transformation. If =~ idy2), then

y=9o0p " ~idye),
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contradicting the fact that the nontrivial deck transformation is not homotopic to the
identity. Thus exactly one lift of ¢ lies in MCGy(X?).

Finally, the class [¢] does not depend on the choice of homotopy H: if H and H are
two homotopies from ¢ to idy, their lifts H, H' both satisfy the same terminal condition

idy(2), so by uniqueness of homotopy lifting we have Hy = ﬁ(’). Thus L is well defined.

Remark 6.2.2. L : MCGy(X) — MCGy(X®) is not a surjective map. Due to the commu-

tativity, Im(L) contains only diffeomorphisms of X?) preserving fibers under p.

Theorem 8. There exists surjective homomorphism ¥y : MCGy(X) — Z* from the compo-

sition map D o L : MCGy(X) — Z[{]°.

Proof. We show that Im(D o L) = Z. Since Dax is a homomorphism, D o L is also a
homomorphism. We use the idea of self-referential disk.

Vf as a self-referential barbell diffeomorphism, f is isotopic to identity[BG21]. Hence
B € MCGy(X). We then lift § to MCGy(M), the lifted Eis a combination of two self-
referential barbell diffeomorphisms with associated loop +([c1]+[c1] ™) + ([ci]+ [c’l]_l)
where [c1] = y[c]]. Since we can isotope two self-referential barbell diffeomorphisms
to have disjoint support, any two such diffeomorphisms are commutative[LWXZ]. Since

m1(X) = 1 (X?), we have

Do L(B) = D(B) = Dax(fi, Bfo) = £([c1] + [e1]™) = ([c;] + [¢}]7Y)

Therefore, Im(D o L) = {£([e1] + [e1]7)  ([¢}] + [¢}17)}eem 00

We then show that Im(D o L) is a subgroup of Z*. V[c] € m1 (M), consider y(£([c] +
[c]™) = £([¢']"t +[’]). Since y has degree 2, it is equivalent to consider a group action
of Z5 on {#([c] + [c]™")} = Z[{]° and each orbit consists of at most two homotopy
classes: +([c] + [¢]™') and +([¢'] + [¢']"!) up to conjugacy. Since Z[{]° is an infinite

group, there are infinite orbits as well. Therefore, each orbit gives different sums, hence
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we have infinite many independent elements +([c] + [c]™!) +([c'] + [¢/]7!), which can
be represented by Z*.
There exists a surjective homomorphism from the set of self-referential barbell dif-

feomorphisms of X to Z*. Therefore such ¥ exists.

By analogous proof, we have:
corollary 2. There exists surjective homomorphism V1 : MCGy(X') — Z*.

Furthermore, we can extend the map

¥ : MCGy(X) — Z%

to the subgroup of MCG(X):

LMCG(X) = { f € MCG(X) | £ (p«(m1(X?))) = ps(m1(X?)) }.

Since p: X? — X is a double covering, the subgroup p. (7 (X?)) < 71 (X) has index 2 and

is therefore normal. For a mapping class f € MCG(X), a lift of f o p exists if and only if

fe(pa(m(X?))) = pu(m (X?)),

so LMCG(X) is precisely the subgroup of mapping classes that admit lifts in double cover.
Since 71 (X?) = m1(2?), the only situation in which every mapping class of X lifts to
X? is when the fiber F has genus 0. In higher genus, there exist mapping classes that do

not preserve p.(m1(X?)), so we restrict to LMCG(X). Remark that

MCGy(X) ¢ LMCG(X),

. if f € MCGy(X), then f is homotopic to the identity. Consequently, f; acts on 71 (X)
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by an inner automorphism. Because index-2 subgroups are normal, every inner automor-
phism preserves p. (1 (X?)).

Since the fiber in the covering map may not be preserved under homotopy, ® can not
be extended to all MCG(X?). To have such lifting map, one needs to consider cover space

of X with higher sheets.

Theorem 9. There exists an even integer 2k and a covering space X?K of X s.t. (fopar)« (1 (X)) =

pok * (11 (X)) for any f € MCG(X), where poy : X** — X is the covering map.

Proof. Take 2m to be an even integer for arbitrary positive m, we define the set S =
{H; | [m1(X) : Hi] = 2m}. Let L = Np,esH;. Hence fi(L) = Ngesf(Hi) = NpyesHj = L
since f € MCG(X) is bijective.

It is easy to see that L is nontrivial since [71(X) : L] = [m1(X) : H;][H; : L] =2mXn
for some n. Since 71 (X) is an infinite group for g # 0, L is in fact a nontrivial subgroup of
even index, denote k = mn. Take X?¥ to be the corresponding cover space of L, the proof
is therefore complete. O Before the application of generalization of Dax invariants in

MCG(X?F), we provide a straightforward proof of the following lemma:
Lemma 6.2.3. The 2k-fold cover of X is diffeomorphic to S? x %, for some g.

Proof. Since the corresponding subgroup of Hy, < Hy, there exists g : X2¢ — X2 It
is equivalent to show that any fiber preserving cover of X? as trivial bundle is also a
trivial bundle. Since p?* = p? o g, the bundle p?* is the pullback of the trivial bundle
p?: 8% x %4 — %4 and hence is itself trivial. O

We define ¥ = q o Dax o Lyi where Lox : MCG(X) — MCG(X?K) is the lifting map.

\P/

MCG(X) —2 s MCG(x2) —P= s 7171 — L% 7][A]

Notice that Im(Lgy) consists of 2k lifted maps Vf € MCG(X). However Dax take each
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lifted map ﬁ to the same image i.e. Dax(Lok(f);) = Z,szl $i(£([c] + [c]™1)) where ¢;
denotes a deck transformation. Thus ¥’ is well defined.
We can now extend the Theorem 5, Theorem 7 and Theorem 8 to the X2 cover and

obtain the following corollary:
corollary 3. There exists surjective homomorphism from MCGy(X) to Z*.

Proof. Since every self-referential barbell diffeomorphism is in MCGy, the image of all bar-
bell diffeomorphisms under DaxoLsy is therefore the subgroup B containing Zle i(x£([c]+
[c]™)) for all [¢] € m1(X). It is equivalent to consider a group action of Zo; on {+([c] +
[c]™1)} = Z[{]° and each orbit consists of 2k homotopy classes: +([c] + [c] ™) and image
of +([c] + [¢]™!) under all deck transformations. up to conjugacy. The rest follows from

Theorem 8. We denote this infinity surjective map ¥). m]
Theorem 10. There exists surjective homomorphism from MCG(X) to Z*.

Proof. ¥ is a homomorphism by Lemma 5.11 in [LWXZ]. Va € A, let y, € { denote a

lifting of a. By Theorem 3, we have

2k
2ka = g(=([ya) + [v;'1) = g0 Dax (Y ¢i(=([ya] + [va] ™)) € Im¥’
i=1

and ¥’ is therefore of infinite rank. We have obtained such homomophism since Im(¥’) ~
Z* as a subgroup of the free abelian group A. m]

By analogous proof, we have the following corollary:

corollary 4. There exists surjective homomorphism from MCG(X") to Z*.
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A Additional Material

A.1 Extreme Khovanov Homology and length of wedge of spheres

Adequate links were introduced by W. B. R. Lickorish and M. B. Thistlethwaite as a
generalization of alternating links in the context of the proof of the First Tait Conjecture
[LT]. Asitis typical in knot theory, the adequacy character of a link is defined in terms of
the existence of a diagram having certain properties. Namely, a link is adequate if it can

be represented by an adequate diagram (see Definition A.1.3).

A key property of adequate diagrams is the fact that they realize both the (potential)
maximal and minimal degrees in their Jones polynomial (i.e., the span of their Jones poly-
nomial is as big as possible). This property was crucial to establish a relation between the
number of crossings of a diagram D and the span of the Jones polynomial of the link rep-
resented by D, which led to the proof of First Tait Conjecture on minimality of crossing

number of reduced alternating diagrams.

Khovanov homology is a powerful link invariant introduced by M. Khovanov as a
categorification of the Jones polynomial [Kho]. This invariant has a richer algebraic struc-
ture and, surprisingly, detects the unknot [KrMr]. Given a link diagram D representing a
link L, Khovanov built a bigraded chain complex associated to D, whose bigraded homol-
ogy groups are link invariants. These groups Kh*/ (L) are known as Khovanov homology
groups of L and the indexes i and j as homological and quantum gradings, respectively. In
[PS2] the idea of adequacy was generalized to the concept of Khovanov-adequacy. More
precisely, a diagram is Khovanov-adequate if its associated Khovanov chain complexes
at both (potential) maximal and minimal quantum gradings give rise to non-trivial Kho-
vanov homology (i.e., the span on the quantum grading of their Khovanov homology is

as big as possible). A link is Khovanov-adequate if it can be represented by a Khovanov
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adequate diagram.

Since the Jones polynomial of a link can be obtained as the Euler characteristic of its
Khovanov homology, it is clear that adequate links are Khovanov-adequate. In fact, this is
a proper inclusion, as can be easily shown by using the fact that the Jones polynomial of
any adequate link is monic (i.e., the extreme coefficients are equal to +1) and its extreme
Khovanov homology (in both, maximal and minimal quantum gradings) is isomorphic to
Z. Although it is an open question which groups can appear in the extreme homology of
Khovanov-adequate links, there are several results suggesting that torsion groups cannot

occur (see [PS1, PS2, OSYY]).

In this part we delve into the understanding of Khovanov adequate links. To do so, we
use a characterization based on the geometric realization of extreme Khovanov homology
of a link diagram in terms of the independence complex of a certain graph constructed
from the diagram [GMS]. This construction has been proven [CS] to be stably homotopy
equivalent to the Khovanov spectrum introduced in [LS] when fixing extreme quantum

grading.

A.1.1 Circle graphs and independence complexes

In this subsection we review the definition of circle graphs and state a conjecture

involving the homotopy type of their independence complexes.

Definition A.1.1. A chord diagram C is a circle together with a finite set of chords with
disjoint boundary points. The circle graph G¢ associated to the chord diagram C is the in-
tersection graph of its chords, that is, the simple graph constructed by associating a vertex
to each chord in C and adding an edge connecting two vertices if the corresponding chords
intersect. Given a graph G, its independence complex I(G) is the simplicial complex whose

simplices are the subsets of pairwise non-adjacent vertices of G.
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Figure A.1.1: A chord diagram C, its associated circle graph G¢ and the geometric real-
ization of the corresponding independence complex I(G¢) are shown in (a), (b) and (c),
respectively.

It is not hard to see that not all graphs are circle graphs, that is, some graphs cannot
be represented as the intersection graphs of any chord diagram (see [Bou] for a theoretical

characterization of circle graphs). In this section we are particularly interested in those

circle graphs which are bipartite, the reason will be clear in the next subsection.

It is natural to ask which complexes, up to homotopy type, can arise as the indepen-
dence complex of a circle graph. In [PS1, Proposition 4.3] it was given an explicit method
to construct a circle graph G whose independence complex I(G) has the homotopy type

of any given wedge of spheres. The following conjecture concerns the other implication.

Conjecture 7. [PS1] The independence complex associated to a circle graph is homotopy

equivalent to a wedge of spheres.

The conjecture has been proved to be true for several families of graphs such as paths,
trees, polygons, cactus graphs, outerplanar graphs, permutation graphs, non-nested graphs,
and those circle graphs arising as the Lando graphs of several families of links (see [Koz,
PS1, PS2, OSYY], for example). We finish this section with some observations and results

that will be used throughtout the chapter:

1. If G is the empty graph, we set I(G) to be S71, that we call sphere of dimension -1

and whose suspension is S (i.e., £S5~ = §9).

2. Given two chord diagrams C; and Cp, write G; and Gg for their associated cir-
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cle graphs, respectively. Then, the circle graph G¢, ¢, = G1 U Ga, and therefore

I(Ge,ue,) = I(Gy) * I(G2), where * denotes the join operation.

Proposition A.1.2. [Koz] Let L, be the path on n+1 vertices and C,, the polygon on n edges.
Then

. ifn = 3k, sk-1 ifn=3k+1,
I(Ln) ~h I(Cn) ~h

Sk ifn=3k+1,3k +2; Sk=1 v gk-1 ifn = 3k.

A.1.2 Khovanov adequate diagrams

Let D be a link diagram with p positive and n negative crossings (see Figure A.1.2 for
sign convention). A Kauffman state s is an assignation of a label, A or B, to each crossing of
D, thatis, s : cr(D) — {A, B}. We write sD for the set of (topological) circles and (colored)
chords obtained by smoothing each crossing of D according to its label following Figure
A.1.2. Denote by s4 (resp. sp) the state assigning an A-label (resp. a B-label) to every

crossing of D.

KX | e

Figure A.1.2: Left: a positive (+) and a negative (-) crossing. Right: the smoothing of a
crossing, according to its A or B label.

Definition A.1.3. A diagram D is said to be A-adequate (resp. B-adequate) if every chord
in spaD (resp. in sgD) has both endpoints in different circles. We say that D is adequate if
it is both A-adequate and B-adequate. A link is said to be (A/B-)adequate if it admits an

(A/B-)adequate diagram.
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An enhancement of an arbitrary state s is a map x which assigns a sign +1 to each of
the circles in sD. Write (s, x) = ), x(c), where c ranges over all circles in sD, and define,

for the enhanced state (s, x), the integers
i(s,x) =i(s) =—n+|sYB)] and  j(s,x) =p—2n+]|s(B)|+1(s,x).

The set of enhanced states associated to D are the generators of the chain groups in

the Khovanov complex of D. More precisely, the complex has the form
. — (D) 2 (D) — ..,

where C*/(D) is the free abelian group generated by the set of enhanced states (s, x) of
D with i(s) = i and j(s,x) = j and 9; is Khovanov’s differential (see [Vir] for a precise
definition). Khovanov proved that the associated homology groups Kh*/(D) are link in-
variants, and they are referred to as Khovanov homology groups of the link represented by

D.

The Khovanov complex is not a link invariant and it is defined for every i, j € Z.
However, for a fixed diagram D there is an extreme value jyin (D) € Z such that all chain

groups C"/(D) become trivial when j < juin(D). Let
Jmin(D) = min{j(s, x) | (s, x) is an enhanced state of D},

and denote the complex {C*/min (D), 3,} the extreme Khovanov complex and its associated

homology groups Kh*/min (D) the extreme Khovanov homology groups of D. We write

J(L) = min{j | Kh*/ (L) # 0}.
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Observe that jyin (D) < j(L) for every diagram D representing L.

Definition A.1.4. A diagram D representing a link L is Khovanov A-adequate if juin (D) =

j(L), that is, if Kh*Jmin(D)(L) is non-trivial.

It is clear from the definition of quantum grading that jyin (D) = j(sa, x-), where x_
the constant map associating a negative sign to every circle in s4D. Therefore, jin(D) =

p — 2n — |saD|, where |s4D| denotes the number of circles in sy D.

In [GMS] authors introduced a geometric realization of extreme Khovanov homology
in terms of certain simplicial complex, which was later shown to be stably homotopy
equivalent to the celebrated Khovanov spectrum introduced by Lipshitz and Sarkar in
[LS], when restricted to extreme quantum grading (see [CS]). We review the construction

now.

Definition A.1.5. Given a link diagram D, its Lando graph Gp is constructed from spD by
associating a vertex to each chord having both endpoints in the same circle, and by adding
an edge connecting two vertices if the endpoints of the corresponding chords alternate along

the same circle.

We can think of the Lando graph Gp as the circle graph associated to the chord dia-
gram obtained from sy, D after removing those chords having their endpoints in different
circles. In fact, the family of Lando graphs coincides with the family of bipartite circle

graphs.

Theorem A.1.6. [GMS] Let D be a link diagram with n negative crossings, and let I(D)
be the independence complex associated to its Lando graph Gp. Then, the simplicial cochain
complex of I(D) is isomorphic to the extreme Khovanov complex {C-/min (D), 8;}, shifted by
n — 1. As a consequence,

Kh¥min(D) ~ H=""(1(D)).
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The above theorem allows us to redefine Khovanov A-adequate diagrams as those D
such that I(D) is not contractible. If Conjecture 7 were true, it would imply that extreme
Khovanov homology of any diagram is torsion-free, leading to an obstruction for a link
to be Khovanov A-adequate. In fact, since we are just interested in circle graphs arising
as Lando graphs associated to any diagram, we can restrict our study to the family of

bipartite graphs, and consider the following conjecture instead.

Conjecture 8. [PS1] The independence complex associated to a bipartite circle graph is ho-

motopy equivalent to a wedge of spheres.

Roughly speaking, a cable link of a knot K is a satellite knot with pattern a torus knot
and companion K. Given an A-adequate knot diagram D, any associated cable diagram
with no twistings (i.e., built as a set of parallel copies of D) is still A-adequate. However,
we observe that the diagram obtained from such a cable link after introducing a local Hopf
tangle is not necessarily A-adequate, and it can, in fact, be Khovanov A-adequate.

We show such an example: consider the diagram D shown in Figure A.1.3a, which
consists of a 3-cable of the trefoil knot together with a Hopf tangle. It follows from Figure
A.1.3b that the Lando graph Gp is the 4-gon, and therefore I(D) ~j, S°. Hence, D is a

Khovanov A-adequate diagram which is not A-adequate.

(a) A 3-cable of the trefoil after adding a Hopf
2-tangle. (b) The associated smoothed state sy D.

Figure A.1.3: An example of a Khovanov A-adequate diagram which is not A-adequate.
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