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Abstract of Thesis 
 

Two Statistical Issues in the Study of Income Inequality  
 

 

In this paper, several indices designed to measure income inequality used to analyze the 

data from several countries to evaluate and compare the trend towards increased 

inequality that has occurred in the last forty years.  

In addition to the Gini and Theil index, their median-modified versions proposed by 

Gastwirth (2014) and two ratios of the share of income going to the upper and lower 

portions of the income distribution (the 8020 or ratio of the top 20% to bottom 20% and 

the Palma measure) are applied to the data. 

Because government agencies report income data in grouped form, the second chapter 

compared the estimates of the indexes of inequality using the split histogram and a simple 

linear interpolation method. It turned out that estimates of the Lorenz curve and several 

indices of income inequality derived from it obtained from both methods were very 

similar. Thus, researchers can rely on either one. 

The third chapter begins an exploration into some recent indices proposed by Gastwirth 

(2016) and Zenga (2016). Our preliminary results indicate that the Zenga index of 

inequality applied to the U.S. data grew more slowly during the study period than the 

other indices. 
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Chapter 1: A Statistical Comparison of the Rate of Increase in 

Income Inequality within US, Canada, UK and Sweden from 1976-

2014 
 

 

Background Information 

a. Definition of the measures of inequality used in this study 

 

Gini index: The Gini index is the ratio of the mean difference divided by twice the 

mean to lower the average. It is related to Lorenz curve because it is equal to the area 

between the line: y=x of perfect equality and the curve.  

 

Theil index: The Theil index is a statistic primarily used to measure economic 

inequality and other economic phenomena. The basic Theil index TT is the same as 

redundancy in information theory which is the maximum possible entropy of the data 

minus the observed entropy. The formula for calculating Theil index is: 

 

 

 

Theil2 index: The median modified Theil index replaces 𝜇 by the median 𝑣. Gastwirth 

(2016 unpublished paper) showed that 
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𝑇𝜈 = (
𝜇

𝜈
)T + (

𝜇

𝜈
)log(

𝜇

𝜈
). 

 

G2 index: The modified Gini index proposed by Gastwirth (2014) is  

 𝑔2 = 𝑔𝑖𝑛𝑖 ∗
𝑚𝑒𝑎𝑛

𝑚𝑒𝑑𝑖𝑎𝑛
 

 

The 80/20(measure used by 8020) index: This index is the ratio of the share of income 

of the top 20% to the share of the lowest 20%. This index is easily calculated from the 

data published. 

 

top20avg:  This measure is the average income of top 20%  

 

lowest20avg: This measure is the average income of lowest 20%  

 

Palma ratio index: The Palma ratio is defined as the ratio of income recipients to the 

share of the richest 20% of income recipients to the share of lowest 40% of income 

recipients.  

 

Zenga index: 
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Top20/mid20 index: The ratio of the top 20% to the middle 20% is a new index 

designed which is like the recently proposed measure(Gastwirth,2016) which focused 

on the status of the middle group.  

 

Comparison of the Trends in Income Inequality Related to the 

Upper Group in US, Canada, UK and Sweden Income Data 

from 1976-2014 

The analysis follows the proposal Levine and Gastwirth [14] who fitted a linear 

regression to analyze relationship between the value and the measure in 1976-2014. 

Because the US change the income questionnaire in 1992, an indicator variable which we 

need to use to indicate the date after 1992 is created. In the following table, we use T for 

time variable, and P for post indicator. 
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Comparison between US and Canada 

Table 3 reports the adjusted time series regression of the inequality measures. All the 

inequality showed in the regressions are statistically significant in both countries during 

this period. This modified version of Gini and Theil index grow more than twice as fast 

as their standard version. This shows that the middle class in both countries fell further 

behind the top upper income group. This trend seems stronger in the US as the coefficient 

of the time trend in US is larger than all the other indexes. The more relevant comparison 

is between top20/mid20 index and 8020 ratio. 

Below is the extract data: 

 

Table 1 

US household income data 1976-1981 

year gini Theil g2 Theil2 8020 zenga_sh zenga_lj Top20/mid20 

1976 0.398 0.271 0.468 0.402 10.163 0.758 0.758 2.571 

1977 0.402 0.276 0.477 0.416 10.476 0.762 0.762 2.604 

1978 0.402 0.275 0.473 0.407 10.5 0.762 0.761 2.625 

1979 0.404 0.279 0.481 0.421 10.78 0.764 0.763 2.631 

1980 0.403 0.274 0.479 0.416 10.5 0.763 0.762 2.625 

1981 0.406 0.277 0.485 0.423 10.805 0.766 0.765 2.653 

Source: U.S.Bureau of the Census (https://www.census.gov/topics/income-

poverty/income-inequality.html) 
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Table 2 

Canada household total income data 1976-1986 

year gini g2 Theil Theil2 8020 palma  zenga_li zenga_sh Top20/mid20 

1976 0.33 0.451 0.245 0.351 10.252 1.792 0.752 0.752 2.471 

1977 0.315 0.422 0.231 0.307 10.471 1.658 0.744 0.744 2.293 

1978 0.32 0.431 0.236 0.32 10.207 1.725 0.746 0.746 2.371 

1979 0.315 0.428 0.229 0.316 9.674 1.647 0.739 0.74 2.362 

1980 0.313 0.424 0.23 0.311 9.683 1.664 0.74 0.74 2.33 

1981 0.313 0.424 0.221 0.313 9.016 1.603 0.732 0.733 2.35 

1982 0.32 0.438 0.228 0.333 9.224 1.669 0.738 0.739 2.431 

1983 0.329 0.457 0.241 0.36 9.855 1.789 0.749 0.749 2.52 

1984 0.326 0.449 0.238 0.353 9.481 1.747 0.743 0.744 2.494 

1985 0.322 0.453 0.236 0.356 9.234 1.717 0.742 0.743 2.503 

1986 0.322 0.455 0.236 0.357 9.234 1.724 0.743 0.744 2.524 

Source: Statistics 

Canada(http://www5.statcan.gc.ca/cansim/a26?lang=eng&retrLang=eng&id=2060011&

&pattern=&stByVal=1&p1=1&p2=31&tabMode=dataTable&csid=) 

 

Table 3 

A time series regression of inequality in US and Canada from 1976-2014 

  US   Canada   

  Regression R^2 Regression R^2 

Gini Gini= 0.3881 +0.0015 

* T 

                        

(0.00008) +0.019* P 

( 0.0023 ) 

0.9832 Gini=0.2997 +0.0013 * T 

                        (0.0001)  

0.7921 

G2 G2= 0.436 +0.004 * T 

+  

                  (0.0001)                         

 0.0480 * P 

 (0.0052) 

0.9871 G2= 0.3772 +0.0043 * T  

                        (0.0002)                         

0.9164 

Theil Theil =0.262 +0.002 * 

T   

       (0.0001)  

+0.067 * P 

0.9766 Theil =0.1996 +0.0021 * T  

                            (0.0001) 

0.8679 
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(0.0053) 

Theil2 Theil2= 0.351 + 0.006* 

T  

          (0.0003) 

 +0.134 * P 

(0.0112) 

0.9852 Theil2= 0.2313 + 0.0071* 

T 

                            (0.0003) 

0.9205 

Palma Palma= 1.055 + 0.012 

* T  

           

(0.0008) 

+0.271 * P 

 (0.0235)  

0.9824 Palma=1.425+0.019*T 

                       (0.0011) 

0.8782 

8020 8020= 9.839 + 0.013 * 

T  

            

(0.0080) 

+ 0.920 * P 

(0.2288) 

0.9583 8020 = 8.383+0.073*T 

                                

(0.0081) 

0.6832 

Zenga Z = 0.752 + 0.001 * T  

    (0.00006) 

 +0.013 * P 

(0.0019) 

0.9785 Z= 0.7216 + 0.001 * T 

                   (0.00009) 

0.8441 

Top20/mid20 Top20/mid20= 2.428 + 

0.019 * T 

                              

(0.0009) 

 + 0.243 * P 

 (0.0257) 

0.9869 Top20/mid20= 2.101 + 

0.022 * T  

                                     

(0.0010) 

0.9244 

 

After different simple linear regressions have been fitted, the time coefficient(T) is 

significant for all regressions, which means that those coefficients do change over time 

and inequality increases in both US and Canada. For comparison between US and 

Canada, g2 increases almost two times faster than original Gini index in both US and 

Canada, while Theil2 index increases almost three times faster than original Theil index.  

For the Palma and 8020 ratio, the increase are almost as same as that of Theil2, while the 



 7 

Top20/mid20 index increases the fastest. The middle group fall further behind the top 

income group in both countries. 

  

 

 

Figure 1   US Indexes (Household Income) 

 

Figure 2   Canada Indexes (Total Income) 
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Comparison between US and UK 

For UK income data, BHC (Before housing cost are deducted) data is used. Gini and 

Theil indexes as well as mean and median income are provided in this source. An extract 

data is given in table 4 below. 

Table 4 

UK household BHC income data 1976-1987 

year Gini Theil g2 Theil2 

1976 0.243 0.096 0.265 0.146 

1977 0.24 0.093 0.263 0.147 

1978 0.24 0.093 0.259 0.137 

1979 0.253 0.105 0.28 0.165 

1980 0.257 0.109 0.282 0.162 

1981 0.263 0.115 0.295 0.185 

1982 0.261 0.113 0.293 0.183 

1983 0.268 0.121 0.302 0.195 

1984 0.27 0.124 0.307 0.204 

1985 0.282 0.135 0.324 0.224 

1986 0.291 0.145 0.333 0.234 

1987 0.305 0.159 0.356 0.265 

Source: institute for Fiscal Studies: Income in the 

UK(https://www.ifs.org.uk/tools_and_resources/incomes_in_uk) 

 

Table 5 

A time series regression of inequality in US and UK from 1967-2014 

  US   UK   

  Regression R^2 Regression R^2 

Gini Gini= 0.3881 +0.0015 * 

T 

                        

(0.00008) +0.019* P 

( 0.0023 ) 

0.9832 Gini= 0.250+ 0.002* T 

                      (0.0001)  

0.8361 
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G2 G2= 0.436 +0.004 * T +  

                  (0.0001)                         

 0.0480 * P 

 (0.0052) 

0.9871 G2= 0.272+ 0.003*T 

                    (0.0002) 

0.8111 

Theil Theil =0.262 +0.002 * 

T   

       (0.0001)  

+0.067 * P 

(0.0053) 

0.9766 Theil =0.099 +0.003 * T   

       (0.0001)  

 0.8356 

Theil2 Theil2= 0.351 + 0.006* 

T  

          (0.0003) 

 +0.134 * P 

(0.0112) 

0.9852 Theil2= 0.147 + 0.006* T  

          (0.0003) 

 

 0.8564 

The coefficients of the time trends of each of the indexes in table 5, the values are similar 

for both countries however the linear regression for the US data fits the data at a higher R 

square. 

 

 

Figure 3   US Indexes (Household Income) 
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Figure 4   US Indexes (Household Income) 
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1982 125.7 119 0.203 1.056 0.214 

1983 126 119.3 0.201 1.056 0.212 

1984 126.9 120.3 0.21 1.055 0.222 

1985 131.7 123.9 0.211 1.063 0.224 

1986 134.4 125.5 0.22 1.071 0.236 

1987 137.7 130.2 0.209 1.058 0.221 

1988 141.2 133.1 0.209 1.061 0.222 

1989 158.1 145.3 0.234 1.088 0.255 

1990 159.5 147.3 0.237 1.083 0.257 

1991 163 147 0.249 1.109 0.276 

1992 161.8 148.5 0.241 1.09 0.263 

1993 154.4 141.1 0.243 1.094 0.266 

1994 161.2 140.9 0.271 1.144 0.31 

1995 148.4 136 0.244 1.091 0.266 

1996 151.4 137.5 0.253 1.101 0.279 

1997 158.9 139.5 0.277 1.139 0.316 

1998 160.4 143.5 0.263 1.118 0.294 

1999 170.8 149.6 0.281 1.142 0.321 

Source: Statistics Sweden (http://www.scb.se/en/finding-statistics/statistics-by-subject-

area/household-finances/income-and-income-distribution/households-finances/) 

 

Table 7 

A time series regression of inequality in US and Sweden from 1975-2013 

  US   Sweden   

  Regression R^2 Regression R^2 

Gini Gini= 0.3881 +0.0015 * 

T 

                        

(0.00008) +0.019* P 

(0.0023) 

0.9832 Gini= 0.145+0.003* T 

                     (0.0003) 

+0.007*P 

(0.0080) 

0.9165 

G2 G2= 0.436 +0.004 * T 

+  

                  (0.0001)                         

 0.0480 * P 

 (0.0052) 

0.9871 G2= 0.136+    0.005* T 

                        (0.0005) 

+0.0113*P 

(0.012) 

0.8987 

Comparing regressions of the Gini and G2 in the countries, the rate of increase of 

inequality in Sweden is slightly greater than that in US.  
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Figure 5   US Indexes (Household Income) 

 

 

Figure 6   Sweden Indexes (Equalized Disposable Income) 
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Table 8 

Canada household after-tax income data 1976-1986 

year gini g2 Theil Theil2 8020 palma zenga_lh zenga_sh Top20/mid20 

1976 0.3 0.406 0.211 0.288 8.423 1.509 0.723 0.724 2.291 

1977 0.286 0.383 0.2 0.253 8.659 1.412 0.717 0.717 2.134 

1978 0.291 0.393 0.204 0.268 8.494 1.47 0.721 0.721 2.202 

1979 0.286 0.388 0.197 0.262 7.986 1.411 0.711 0.712 2.192 

1980 0.286 0.385 0.198 0.257 8.05 1.423 0.713 0.713 2.186 

1981 0.285 0.387 0.191 0.262 7.507 1.378 0.704 0.705 2.211 

1982 0.288 0.392 0.196 0.27 7.601 1.401 0.708 0.709 2.251 

1983 0.296 0.408 0.205 0.29 8.045 1.485 0.718 0.719 2.298 

1984 0.293 0.401 0.201 0.28 7.766 1.461 0.714 0.714 2.281 

1985 0.29 0.404 0.201 0.288 7.546 1.45 0.711 0.712 2.313 

1986 0.29 0.409 0.2 0.296 7.463 1.456 0.711 0.712 2.318 

Source: Statistics 

Canada(http://www5.statcan.gc.ca/cansim/a26?lang=eng&retrLang=eng&id=2060011&

&pattern=&stByVal=1&p1=1&p2=31&tabMode=dataTable&csid=) 

Table 9 

A time series regression of inequality in Canada from 1976-2014 

  Total income   After-tax income   

  Regression R^2 Regression R^2 

Gini Gini=0.2997 +0.0013 * 

T 

                        (0.0001)  

0.7921 Gini=0.331 +0.0014 * T 

                        (0.00009)  

0.8586 

G2 G2= 0.3772 +0.0043 * T  

                        (0.0002)                         

0.9164 G2= 0.3425 +0.0033 * T  

                        (0.0001)                         

0.9188 

Theil Theil =0.1996 +0.0021 * 

T  

                            

(0.0001) 

0.8679 Theil =0.1697 +0.0017 * 

T  

                            

(0.0001) 

0.8319 

Theil2 Theil2= 0.2313 + 

0.0071* T 

                            

(0.0003) 

0.9205 Theil2= 0.1913 + 

0.0052* T 

                            

(0.0002) 

0.9205 
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Palma Palma=1.425+0.019*T 

                       (0.0011) 

0.8782 Palma=1.213+0.013*T 

                       (0.0009) 

0.8516 

8020 8020 = 8.383+0.073*T 

                                

(0.0081) 

0.6832 8020 = 6.806+0.057*T 

                                

(0.007) 

0.5889 

Zenga Z= 0.7216 + 0.001 * T 

                   (0.00009) 

0.8441 Z= 0.688 + 0.001 * T 

                   (0.0001) 

0.7562 

Top20/mid20 Top20/mid20= 2.101 + 

0.022 * T  

                                   

(0.0010) 

0.9244 Top20/mid20= 1.982 + 

0.017 * T  

                                     

(0.0007) 

0.929 

For comparison between total income and after-tax income, the increasing speed for time 

is significantly lower in after-tax income than those in total income, which make sense as 

tax kind of adjusts the different between high income and low income. The R squares are 

almost the same.  

Figure 7   Canada Indexes (Total Income) 
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Figure 8   Canada Indexes (After-tax Income) 
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Canada (Total Income) 

 

UK 

 

Sweden 

 

From the correlation matrix, we can see that g2, Theil, Theil2 are more correlated as the 

correlation is 0.99. For 8020 ratio, the correlation is around 0.9. But overall, all the 

indexes discussed above are highly correlated with each other, and it agrees with the 

regression result above. From the correlation matrix, all indexes are increasing during 

time, which agree with the conclusion that middle income group is falling behind the top 

income group in all the countries, US, Canada, UK and Sweden. 
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Chapter 2: Comparison of Calculation of the Measures of 

Inequality offered by Proposed Calculating Measures from 

Grouped Data 
 

 

This chapter compares the two methods of interpolating the density function 

and the Lorenz Curve using split histogram and linear interpolation. By 

applying the two method, Gini and Theil indexes can be calculated. It turns 

out that split histogram and linear interpolation give similar results. Hence, 

researchers can use either one on the related materials. 

 

Required Data 

Consider a sample of n observations 𝑥1, … , 𝑥𝑛 ,from a large finite population, whose 

values are grouped into J intervals defined by [𝑎𝑗−1 ,𝑎𝑗 ], j = 1, . . ., J. The first group for 

income data j = 1 is bounded below by a0 > −∞, and the final group j = J is unbounded 

with 𝑎𝑗 =∞. Let 𝑓𝑗  ̂ be the estimated proportion contained in group j. 

Then  is the estimated proportion less than 𝑎𝑗 , where  𝐹0  ̂=0 and  𝐹𝐽  ̂=1.  

 

Split Histogram 

A method that ensures a nonnegative density is the “split histogram density “method 

given by Cowell and Mehta (1982) and Cowell (2011). Given    and  , the split 

histogram density over [𝑎𝑗−1 ,𝑎𝑗 ] is 



 18 

 

Indeed, the density is flat in each of the two subintervals [𝑎𝑗−1 ,𝑥𝑗̅ ] and [𝑥𝑗̅, 𝑎𝑗 ]. 

 

Linear interpolation 

 For group j < J, a linear density is assumed: 

 

 

Then 𝛼 and 𝛽 can be calculated from 

 

The approval requests that 𝑥𝑗̅ is in the middle third of the interval, else split histogram 

needs to be used. 

For the unbounded interval, it is calculated by using the exponential function: 

Cowell and Mehta (1982) chose an upper bound B for their split histogram density 

method and explored the sensitivity of their results by replacing B by 3B/ 4 and 2B. 

Hence, an exponential density is fit to the data following. 

 

Then by using the above two formulas: 
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we can come to the following result 

   

 

Comparison of the Estimation of the Gini, Theil and Zenga Obtained 

from Two Interpolation Method 

US 

Gini Index 

Table 10: Gini Comparison 

year Pub Gini gini_li gini_sh 

1967 0.397 0.389 0.389 

1968 0.386 0.39 0.39 

1969 0.391 0.391 0.392 

1970 0.394 0.395 0.395 

1971 0.396 0.397 0.397 

1972 0.401 0.402 0.402 

1973 0.4 0.4 0.401 

1974 0.395 0.396 0.396 

1975 0.397 0.398 0.398 

1976 0.398 0.399 0.399 

1977 0.402 0.403 0.403 

1978 0.402 0.403 0.403 

1979 0.404 0.405 0.405 

1980 0.403 0.404 0.404 

1981 0.406 0.407 0.407 

1982 0.412 0.413 0.413 

1983 0.414 0.414 0.415 

1984 0.415 0.415 0.415 
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1985 0.419 0.42 0.42 

1986 0.425 0.425 0.425 

1987 0.426 0.426 0.426 

1988 0.426 0.427 0.427 

1989 0.431 0.431 0.431 

1990 0.428 0.428 0.428 

1991 0.428 0.428 0.428 

1992 0.433 0.433 0.434 

1993 0.454 0.453 0.454 

1994 0.456 0.455 0.456 

1995 0.45 0.45 0.45 

1996 0.455 0.454 0.454 

1997 0.459 0.458 0.458 

1998 0.456 0.456 0.456 

1999 0.458 0.457 0.457 

2000 0.462 0.461 0.461 

2001 0.466 0.465 0.466 

2002 0.462 0.462 0.462 

2003 0.464 0.464 0.464 

2004 0.466 0.466 0.466 

2005 0.469 0.468 0.469 

2006 0.47 0.469 0.469 

2007 0.463 0.462 0.462 

2008 0.466 0.465 0.465 

2009 0.468 0.467 0.467 

2010 0.47 0.469 0.469 

2011 0.477 0.477 0.477 

2012 0.477 0.476 0.477 

2013 0.476 0.475 0.476 

2014 0.48 0.479 0.479 

2015 0.479 0.478 0.478 

The average difference between the interpolation method and published index for linear 

interpolation is 0.0008, while for split histogram is also 0.0008. The two results for linear 

interpolation and split histogram are quite similar. 

 

Theil Index 
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Table 11: Theil Comparison 

year Pub Theil theil_lh theil_sh2 

1967 0.287 0.275 0.263 

1968 0.273 0.257 0.254 

1969 0.268 0.264 0.259 

1970 0.271 0.268 0.263 

1971 0.273 0.269 0.269 

1972 0.279 0.276 0.281 

1973 0.27 0.273 0.281 

1974 0.267 0.266 0.273 

1975 0.27 0.268 0.283 

1976 0.271 0.269 0.277 

1977 0.276 0.275 0.283 

1978 0.275 0.274 0.289 

1979 0.279 0.277 0.284 

1980 0.274 0.273 0.283 

1981 0.277 0.277 0.29 

1982 0.287 0.287 0.297 

1983 0.288 0.289 0.297 

1984 0.29 0.289 0.299 

1985 0.3 0.299 0.309 

1986 0.31 0.308 0.312 

1987 0.311 0.31 0.317 

1988 0.314 0.31 0.319 

1989 0.324 0.32 0.335 

1990 0.317 0.314 0.322 

1991 0.313 0.31 0.325 

1992 0.323 0.32 0.334 

1993 0.385 0.363 0.382 

1994 0.387 0.367 0.379 

1995 0.378 0.354 0.342 

1996 0.389 0.366 0.382 

1997 0.396 0.374 0.391 

1998 0.389 0.369 0.379 

1999 0.386 0.37 0.383 

2000 0.404 0.382 0.396 

2001 0.413 0.389 0.401 

2002 0.398 0.379 0.389 

2003 0.397 0.379 0.392 

2004 0.406 0.385 0.401 
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2005 0.411 0.392 0.404 

2006 0.417 0.394 0.405 

2007 0.391 0.375 0.387 

2008 0.398 0.382 0.398 

2009 0.403 0.385 0.398 

2010 0.4 0.385 0.401 

2011 0.422 0.403 0.419 

2012 0.423 0.403 0.423 

2013 0.415 0.397 0.391 

2014 0.419 0.404 0.417 

2015 0.42 0.403 0.417 

The average difference between the interpolation method and publish index for linear 

interpolation is 0.011, while for split histogram is also 0.008. 

 

Zenga Index 

Table 12: Zenga Comparison 

year Zenga_sh zenga_lj 

1967 0.761 0.76 

1968 0.75 0.75 

1969 0.758 0.758 

1970 0.758 0.758 

1971 0.759 0.758 

1972 0.762 0.762 

1973 0.76 0.76 

1974 0.756 0.755 

1975 0.758 0.757 

1976 0.758 0.758 

1977 0.762 0.762 

1978 0.762 0.761 

1979 0.764 0.763 

1980 0.763 0.762 

1981 0.766 0.765 

1982 0.771 0.77 

1983 0.772 0.772 

1984 0.773 0.772 

1985 0.777 0.777 

1986 0.782 0.781 
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1987 0.782 0.782 

1988 0.782 0.782 

1989 0.785 0.784 

1990 0.783 0.782 

1991 0.783 0.782 

1992 0.787 0.787 

1993 0.802 0.802 

1994 0.803 0.803 

1995 0.799 0.798 

1996 0.802 0.801 

1997 0.805 0.804 

1998 0.803 0.803 

1999 0.804 0.803 

2000 0.807 0.806 

2001 0.81 0.81 

2002 0.809 0.808 

2003 0.81 0.81 

2004 0.811 0.811 

2005 0.813 0.813 

2006 0.813 0.813 

2007 0.809 0.808 

2008 0.811 0.81 

2009 0.812 0.812 

2010 0.815 0.814 

2011 0.819 0.819 

2012 0.819 0.819 

2013 0.819 0.818 

2014 0.821 0.821 

2015 0.823 0.822 
 

The values of the Zenga Index obtained by both interpolation methods are close to each 

other. The difference over 1967-2015 years is within 0.001. 

 

Canada (Total Income) 

Gini Index 
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Table 13: Gini Comparison 

year Pub Gini gini_lh gini_sh 

1976 0.33 0.332 0.332 

1977 0.315 0.32 0.32 

1978 0.32 0.324 0.324 

1979 0.315 0.32 0.319 

1980 0.313 0.319 0.319 

1981 0.313 0.314 0.314 

1982 0.32 0.32 0.321 

1983 0.329 0.332 0.332 

1984 0.326 0.326 0.329 

1985 0.322 0.327 0.327 

1986 0.322 0.328 0.328 

1987 0.321 0.327 0.327 

1988 0.318 0.328 0.328 

1989 0.318 0.325 0.325 

1990 0.326 0.336 0.336 

1991 0.334 0.343 0.343 

1992 0.334 0.344 0.344 

1993 0.329 0.338 0.338 

1994 0.333 0.338 0.342 

1995 0.336 0.342 0.342 

1996 0.346 0.353 0.353 

1997 0.348 0.358 0.357 

1998 0.356 0.367 0.367 

1999 0.356 0.365 0.365 

2000 0.362 0.37 0.37 

2001 0.36 0.368 0.368 

2002 0.36 0.367 0.367 

2003 0.358 0.365 0.365 

2004 0.365 0.369 0.369 

2005 0.358 0.368 0.369 

2006 0.356 0.367 0.367 

2007 0.357 0.369 0.369 

2008 0.355 0.367 0.367 

2009 0.357 0.368 0.368 

2010 0.356 0.369 0.368 

2011 0.352 0.371 0.371 

2012 0.357 0.372 0.372 

2013 0.359 0.373 0.373 
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2014 0.352 0.37 0.37 

 

The average difference between the interpolation method and published index for linear 

interpolation is 0.008, while for split histogram is also 0.008. 

 

Theil Index 

Table 14: Theil Comparison 

year Pub Theil theil_lh theil_sh 

1976 0.245 0.259 0.26 

1977 0.231 0.241 0.231 

1978 0.236 0.248 0.24 

1979 0.229 0.239 0.241 

1980 0.23 0.24 0.239 

1981 0.221 0.231 0.238 

1982 0.228 0.24 0.241 

1983 0.241 0.254 0.259 

1984 0.238 0.254 0.274 

1985 0.236 0.247 0.254 

1986 0.236 0.249 0.256 

1987 0.236 0.247 0.253 

1988 0.235 0.248 0.257 

1989 0.232 0.245 0.249 

1990 0.247 0.259 0.266 

1991 0.254 0.269 0.267 

1992 0.257 0.271 0.266 

1993 0.249 0.261 0.265 

1994 0.254 0.267 0.264 

1995 0.254 0.269 0.272 

1996 0.268 0.284 0.283 

1997 0.276 0.291 0.289 

1998 0.29 0.309 0.309 

1999 0.287 0.306 0.304 

2000 0.295 0.316 0.312 

2001 0.293 0.314 0.31 

2002 0.291 0.311 0.316 

2003 0.287 0.307 0.309 

2004 0.294 0.315 0.314 
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2005 0.293 0.312 0.308 

2006 0.29 0.308 0.301 

2007 0.292 0.312 0.315 

2008 0.29 0.309 0.311 

2009 0.292 0.31 0.304 

2010 0.293 0.312 0.309 

2011 0.296 0.313 0.314 

2012 0.297 0.315 0.314 

2013 0.299 0.318 0.312 

2014 0.295 0.313 0.314 

The average difference between the interpolation method and published index for linear 

interpolation is 0.015, while for split histogram is also 0.016. 

 

Zenga Index 

Table 15: Zenga Comparison 

year zenga_li Zenga_sh 

1976 0.752 0.752 

1977 0.744 0.744 

1978 0.746 0.746 

1979 0.739 0.74 

1980 0.74 0.74 

1981 0.732 0.733 

1982 0.738 0.739 

1983 0.749 0.749 

1984 0.743 0.744 

1985 0.742 0.743 

1986 0.743 0.744 

1987 0.742 0.742 

1988 0.742 0.743 

1989 0.738 0.739 

1990 0.75 0.751 

1991 0.756 0.756 

1992 0.758 0.759 

1993 0.752 0.753 

1994 0.756 0.756 

1995 0.756 0.756 

1996 0.766 0.766 
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1997 0.77 0.77 

1998 0.779 0.779 

1999 0.778 0.778 

2000 0.781 0.781 

2001 0.779 0.78 

2002 0.777 0.777 

2003 0.776 0.776 

2004 0.78 0.78 

2005 0.78 0.78 

2006 0.779 0.779 

2007 0.779 0.78 

2008 0.777 0.777 

2009 0.779 0.779 

2010 0.779 0.78 

2011 0.782 0.782 

2012 0.783 0.783 

2013 0.785 0.785 

2014 0.781 0.782 
 

For all the indexes except the Theil measure in Canada, both interpolation methods are 

almost accurate to estimated indexes compared with the published indexes. That agrees 

with the conclusion above, which that researchers can apply each method to any 

calculation part when there is no big difference between the calculation results. 
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Chapter 3: P/M measures and Theil index code 

 

 

P/M measures 

An alternative way of measuring how much more income the upper 100q %receive 

relative to low or middle income group is to determine what fraction p∗ (m∗) of the 

lowest or middle groups is needed in order that their share of the total income equals 

1−L (1−q), the share of the top 100q %. For the low-income group, p∗, is determined 

from 

L (p∗) = 1−L (1−q), or 

 

Similarly, the value of m∗ for which the middle 100m∗ percent have the same share of 

income as the top 100q % is determined from 

 

One can consider the corresponding curves p∗ (q) and m∗ (q) as their steepness reflects a 

greater concentration of income at the upper end compared to the lower or middle groups. 

This steepness is also reflected in the area between p∗ (q) or m∗ (q) and the line of 

equality, S (q) = q. 

For example, consider the US income data for 1976: 

Pstar 
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Figure 9 pstar using linear interpolation 

 

 

Figure 10 pstar using split histogram 

Mstar 



 30 

 

Figure 11 mstar using linear interpolation 

 

 

Figure 12 mstar using split histogram 

When combining the four plot, two conclusions can be raised: 
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First, even pstar and mstar calculated from linear interpolation and split histogram are 

similar. Second, when the curve comes close to the y axis and y=1, that means the middle 

group is falling much more behind the top income group. It agrees with the conclusion 

from the regression results. 

(The below code use the 1976 Canada data provides by Statistics Canada, in which the 

whole data into 10 groups based on quantile group.) 

#p measure 

#1976 

library(reshape) 

library(caTools) 

########################################################## 

#### Note: Input data GR_DATA must have the format below 

########################################################## 

#### Create Summary Dataset 

GR_DATA <- rbind(c(0, 0, 13900, 8300, 0.10), 

                 c(1, 13900, 23700, 18900, 0.10), 

                 c(2, 23700, 32300, 27800, 0.10), 

                 c(3, 32300, 41300, 36700, 0.10),  

                 c(4, 41300, 50100, 45800, 0.10),  

                 c(5, 50100, 58600, 54400, 0.10), 

                 c(6, 58600, 68900, 63600, 0.10), 

                 c(7, 68900, 81200, 74700, 0.10), 

                 c(8, 81200, 100500, 89800, 0.10), 

                 c(9, 100500, NA, 139300, 0.10)) 

colnames(GR_DATA) <- c("GROUP","GLB","GUB","GAVG","FREQ") 
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GR_DATA <- data.frame(GR_DATA) 

GR_DATA 

attach(GR_DATA) 

#> GR_DATA 

# GROUP GLB GUB GAVG FREQ 

#1 0 0 20900 11651.0 0.20 

#2 1 20900 40187 30509.0 0.20 

#3 2 40187 65501 52322.0 0.20 

#4 3 65501 105910 83519.0 0.20 

#5 4 105910 196000 139493.7 0.15 

#6 5 196000 NA 322343.0 0.05 

#### Check for 1/3 + 2/3 bounds 

LCHECK = (2/3)*GLB + (1/3)*GUB 

UCHECK = (1/3)*GLB + (2/3)*GUB 

GOOD= (LCHECK<=GAVG & GAVG<=UCHECK) 

if (sum(!GOOD,na.rm=TRUE)>0) 

{ 

  cat("CAUTION: there exists a mean outside of the [1/3,2/3] bound: \n 

      USE SPLIT HISTOGRAM! \n") 

} 

 

###### Average Income ###### 

AVE_INCOME_MEAN=sum(GAVG*FREQ) 

 

###### Gini Lower and Upper bounds ###### 

#calculate Gini index lower bound 



 33 

FCROSS=outer(FREQ,FREQ,'*')#6x6 matrix 

DCROSS=abs(outer(GAVG,GAVG,"-"))#6x6 matrix (difference) 

G_LB=sum(FCROSS*DCROSS)/(2*AVE_INCOME_MEAN) 

# Calculate Gini Index Upper Bound - Gastwirth (1972) page 310 (18 + 19) 

GLEN <- GUB-GLB 

n_bndgrps = nrow(GR_DATA)-1 

G_UB_LAST = FREQ[nrow(GR_DATA)]^2*(GAVG[nrow(GR_DATA)]-

GLB[nrow(GR_DATA)])#last group 

G_UB = G_LB + (sum(FREQ[1:n_bndgrps]^2*(GUB[1:n_bndgrps]-GAVG[1:n_bndgrps])* 

                     (GAVG[1:n_bndgrps]-

GLB[1:n_bndgrps])/GLEN[1:n_bndgrps])+G_UB_LAST)/AVE_INCOME_MEAN 

 

################################################## 

###### LINEAR DENSITY coefficients 

################################################## 

D1=GUB-GLB 

D2=GUB^2-GLB^2 

D3=GUB^3-GLB^3 

AB=matrix(rep(0,2*nrow(GR_DATA)),nrow=nrow(GR_DATA)) 

##### A/B coefficients f(x)=a+bx 

for (i in 1:nrow(GR_DATA)){ 

  M=matrix(c(2*D1[i],D2[i],3*D2[i],2*D3[i]),nrow=2,byrow=TRUE) 

  y=matrix(c(2*FREQ[i],6*GAVG[i]*FREQ[i]),nrow=2) 

  AB[i,]=solve(M,y) 

}  
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#### If using Exp Tail 

AB[nrow(GR_DATA),]=c(FREQ[nrow(GR_DATA)],GAVG[nrow(GR_DATA)]-

GLB[nrow(GR_DATA)])#last 

###### Add names 

rownames(AB)=GROUP 

colnames(AB)=c("a","b") 

 

################################################### 

####### Split Histogram with Exp. Tail 

################################################### 

#### Split Histogram Breaks 

GR_DATA$SP = cumsum(c(0,GR_DATA$FREQ[-nrow(GR_DATA)]))+GR_DATA$FREQ* 

  (GR_DATA$GUB-GR_DATA$GAVG)/(GR_DATA$GUB-GR_DATA$GLB) 

SH=matrix(rep(0,2*nrow(GR_DATA)),nrow=nrow(GR_DATA))#matrix of 6x2 

for (i in 1:( nrow(GR_DATA) - 1)){ 

  SH[i,1]= ( FREQ[i] / GLEN[i] ) * (GUB[i] - GAVG[i]) / (GAVG[i] - GLB[i]) 

  SH[i,2]= ( FREQ[i] / GLEN[i] ) * (GAVG[i] - GLB[i]) / (GUB[i] - GAVG[i]) 

} 

E=nrow(GR_DATA) 

SH[E,]=AB[E,] 

rownames(SH)=GROUP 

 

########################################### 

##### Quantile Functions 

########################################### 

F=c(0,cumsum(FREQ)); 
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SPLIT = GR_DATA$SP 

alpha=seq(.000001,.9999999,length=30000) 

alpha_lin=rep(0,length(alpha))#length=30000 

alpha_SH=rep(0,length(alpha))#length=30000 

for (i in 1:length(alpha)) 

{ 

  findex=match(TRUE,F>alpha[i]) 

  if ( (findex-1)<nrow(GR_DATA) ) 

  { 

    #### Lin Den 

    C = alpha[i]- F[findex-1]+AB[findex-1,1]*GLB[findex-1]+(AB[findex-1,2]/2)* 

      GLB[findex-1]^2 

    Root=polyroot(c(-C,AB[findex-1,1],AB[findex-1,2]/2)) 

    alpha_lin[i]=Re( Root[Re(Root)<=GUB[findex-1] & Re(Root)>=GLB[findex-1]] ) 

  } 

  else #### Final Piece 

  { 

    alpha_lin[i]= GLB[findex-1]-AB[findex-1,2]*log(1-(alpha[i]-F[findex-1])/ 

                                                     AB[findex-1,1]) 

  } 

  ##### S&H 

  if ( (findex-1)< (nrow(GR_DATA)) ) 

  { 

    if (alpha[i] < SPLIT[findex-1]) 

    { 

      sprop = (SPLIT[findex - 1] - F[findex - 1]) 
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      alpha_SH[i]=GLB[findex-1]+(GAVG[findex-1]-GLB[findex-1])* 

        (alpha[i]-F[findex-1])/sprop 

    } 

    else 

    { 

      sprop = (F[findex ] - SPLIT[findex - 1] ) 

      alpha_SH[i]=GAVG[findex-1] + (GUB[findex-1]-GAVG[findex-1])* 

        (alpha[i] - SPLIT[findex - 1])/sprop 

    } 

  } 

  else #### Final Piece 

  { 

    alpha_SH[i]= GLB[findex-1] - SH[findex-1,2]*log(1-(alpha[i]-F[findex-1])/ 

                                                      SH[findex-1,1]) 

  } 

} 

 

########################################### 

#### Lorenz CURVES 

########################################### 

L_Lin=rep(0,length(alpha)); 

L_SH=L_Lin; 

for (i in 1:length(alpha)) 

{ 

  L_Lin[i]=trapz(alpha[1:i],alpha_lin[1:i])/AVE_INCOME_MEAN; 

  L_SH[i]=trapz(alpha[1:i],alpha_SH[1:i])/AVE_INCOME_MEAN; 
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} 

 

########################################### 

#### Calculate Ginis 

########################################### 

Int_L = trapz(alpha[-1],L_Lin[-1]) 

G_Lin=1-2*Int_L ### Linear Interpolation estimate of the Gini Index 

Int_SH = trapz(alpha[-1],L_SH[-1]) 

G_SH=1-2*Int_SH ### Split histogram estimate of the Gini Index 

G_BND_EST = G_LB/3+2*G_UB/3 ### Gini lower bound + 2/3 Gini upper bound 

cat("Linear Interpolation: ",G_Lin,"\n") 

cat("Split Histogram: ",G_SH,"\n") 

cat("1/3 GL + 2/3 GU :",G_BND_EST,"\n") 

cat("Gini Lower Bound (GL) :",G_LB,"\n") 

cat("Gini Upper Bound (GU) :",G_UB,"\n") 

 

########################################### 

#### p measure 

########################################### 

p_star=function(Lp) 

{ 

  num=c() 

  for (j in 1:30001) 

  { 

    num=c(num,which.min(abs(Lp-(1-rev(Lp)[j])))) 

  } 
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  p=c(0:30000)/30000 

  p_star=p[num] 

  return(p_star) 

} 

p_starSH=p_star(L_SH) 

p_starLI=p_star(L_Lin) 

length(p_starSH) 

p=c(0:29998)/30000 

plot(p,p_starSH) 

plot(p,p_starLI) 

########################################### 

#### m measure 

########################################### 

m_star=function(Lp) 

{ 

  num=c() 

  Lnew=Lp[15001:30001]-rev(Lp)[15001:30001] 

  for (j in 1:15001) 

  { 

    num=c(num,which.min(abs(Lnew-(1-rev(Lp)[2*j-1])))) 

  } 

  p=c(0:15000)/15000 

  m_star=p[num] 

  return(m_star) 

} 

m_starSH=m_star(L_SH) 
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m_starLI=m_star(L_Lin) 

p=c(0:14999)/15000 

plot(p,m_starSH) 

plot(p,m_starLI) 

 

Theil code for Canada 

#split histogram 

h<-c() 

t<-c() 

for(i in 1:9) 

{ 

  

  { 

  if(SPLIT[i]<(F[i]+F[i+1])/2) 

    {h[i]<-0.1/(GR_DATA$GUB[i]-GR_DATA$GLB[i])*(GR_DATA$GUB[i]-

GR_DATA$GAVG[i])/(GR_DATA$GAVG[i]-GR_DATA$GLB[i])} 

  else 

    {h[i]<-0.1/(GR_DATA$GUB[i]-GR_DATA$GLB[i])*(GR_DATA$GAVG[i]-

GR_DATA$GLB[i])/(GR_DATA$GUB[i]-GR_DATA$GAVG[i])} 

  } 

#  else 

#{ 

#  h[i]= 0.1/(AVE_INCOME_MEAN-GR_DATA$GLB[i])*exp(-( )/(AVE_INCOME_MEAN-

GR_DATA$GLB[i])) 

#} 

} 
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Theil19<-c() 

for(i in 1:9) 

{ 

  g<- function(x) {h[i]*x/AVE_INCOME_MEAN*log(x/AVE_INCOME_MEAN)} 

  Theil19[i]<-integrate(g,GR_DATA$GLB[i],GR_DATA$GUB[i])$value 

} 

 

 

f<-function(x) {0.1/(GR_DATA$GAVG[10]-GR_DATA$GLB[10])*exp(-(x-

GR_DATA$GLB[10])/(GR_DATA$GAVG[10]-

GR_DATA$GLB[10]))*x/AVE_INCOME_MEAN*log(x/AVE_INCOME_MEAN)} 

Theil10<-integrate(f,GR_DATA$GLB[10],10^8)$value 

Theil_sh<-sum(Theil19)+Theil10 

 

 

 

 

#linear interpolation 

GOOD= (LCHECK<=GAVG & GAVG<=UCHECK) 

if (sum(!GOOD,na.rm=TRUE)>0) 

{ 

  cat("CAUTION: there exists a mean outside of the [1/3,2/3] bound: \n 

      USE SPLIT HISTOGRAM! \n") 

} 

 

a<-c() 
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b<-c() 

for(i in 1:9) 

{ 

    a[i]<-0.1*12*(GR_DATA$GAVG[i]-

(GR_DATA$GUB[i]+GR_DATA$GLB[i])/2)/(GR_DATA$GUB[i]-GR_DATA$GLB[i])^3 

    b[i]<-0.1/(GR_DATA$GUB[i]-GR_DATA$GLB[i])*(1-12*(GR_DATA$GAVG[i]-

(GR_DATA$GUB[i]+GR_DATA$GLB[i])/2)*((GR_DATA$GUB[i]+GR_DATA$GLB[i])/2)/(

GR_DATA$GUB[i]-GR_DATA$GLB[i])^2) 

#    h[i]<- function(x) a[i]+b[i]*x 

} 

 

Theil19<-c() 

for(i in 1:9) 

{ 

  g<- function(x) {(b[i]+a[i]*x)*x/AVE_INCOME_MEAN*log(x/AVE_INCOME_MEAN)} 

  Theil19[i]<-integrate(g,GR_DATA$GLB[i],GR_DATA$GUB[i])$value 

} 

 

f<-function(x) {0.1/(GR_DATA$GAVG[10]-GR_DATA$GLB[10])*exp(-(x-

GR_DATA$GLB[10])/(GR_DATA$GAVG[10]-

GR_DATA$GLB[10]))*x/AVE_INCOME_MEAN*log(x/AVE_INCOME_MEAN)} 

Theil10<-integrate(f,GR_DATA$GLB[10],10^8)$value 

Theil_lh<-sum(Theil19)+Theil10 

 

Theil code for US 

#Theil 
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#split histogram 

h<-c() 

t<-c() 

for(i in 1:4) 

{ 

  if(SPLIT[i]<(F[i]+F[i+1])/2) { 

    h[i]<-0.2/(GR_DATA$GUB[i]-GR_DATA$GLB[i])*(GR_DATA$GUB[i]-

GR_DATA$GAVG[i])/(GR_DATA$GAVG[i]-GR_DATA$GLB[i]) 

  }else { 

    h[i]<-0.2/(GR_DATA$GUB[i]-GR_DATA$GLB[i])*(GR_DATA$GAVG[i]-

GR_DATA$GLB[i])/(GR_DATA$GUB[i]-GR_DATA$GAVG[i]) 

  } 

} 

 

if (SPLIT[5] < (F[5]+F[6])/2) 

{ 

  h[5]<-0.2/(GR_DATA$GUB[5]-GR_DATA$GLB[5])*(GR_DATA$GUB[5]-

GR_DATA$GAVG[5])/(GR_DATA$GAVG[5]-GR_DATA$GLB[5]) 

} else { 

  h[5]<-0.2/(GR_DATA$GUB[5]-GR_DATA$GLB[5])*(GR_DATA$GAVG[5]-

GR_DATA$GLB[5])/(GR_DATA$GUB[5]-GR_DATA$GAVG[5]) 

} 

 

Theil19<-c() 

for(i in 1:5) 

{ 
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  g<- function(x) {h[i]*x/AVE_INCOME_MEAN*log(x/AVE_INCOME_MEAN)} 

  Theil19[i]<-integrate(g,GR_DATA$GLB[i],GR_DATA$GUB[i])$value 

} 

 

 

f<-function(x) {0.05/(GR_DATA$GAVG[6]-GR_DATA$GLB[6])*exp(-(x-

GR_DATA$GLB[6])/(GR_DATA$GAVG[6]-

GR_DATA$GLB[6]))*x/AVE_INCOME_MEAN*log(x/AVE_INCOME_MEAN)} 

Theil10<-integrate(f,GR_DATA$GLB[6],10^8)$value 

Theil_sh<-sum(Theil19)+Theil10 

 

 

 

 

#linear interpolation 

GOOD= (LCHECK<=GAVG & GAVG<=UCHECK) 

if (sum(!GOOD,na.rm=TRUE)>0) 

{ 

  cat("CAUTION: there exists a mean outside of the [1/3,2/3] bound: \n 

      USE SPLIT HISTOGRAM! \n") 

} 

 

a<-c() 

b<-c() 

for(i in 1:4) 

{ 
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  a[i]<-0.2*12*(GR_DATA$GAVG[i]-

(GR_DATA$GUB[i]+GR_DATA$GLB[i])/2)/(GR_DATA$GUB[i]-GR_DATA$GLB[i])^3 

  b[i]<-0.2/(GR_DATA$GUB[i]-GR_DATA$GLB[i])*(1-12*(GR_DATA$GAVG[i]-

(GR_DATA$GUB[i]+GR_DATA$GLB[i])/2)*((GR_DATA$GUB[i]+GR_DATA$GLB[i])/2)/(

GR_DATA$GUB[i]-GR_DATA$GLB[i])^2) 

  #    h[i]<- function(x) a[i]+b[i]*x 

} 

a[5]<-0.15*12*(GR_DATA$GAVG[5]-

(GR_DATA$GUB[5]+GR_DATA$GLB[5])/2)/(GR_DATA$GUB[5]-GR_DATA$GLB[5])^3 

b[5]<-0.15/(GR_DATA$GUB[5]-GR_DATA$GLB[5])*(1-12*(GR_DATA$GAVG[5]-

(GR_DATA$GUB[5]+GR_DATA$GLB[5])/2)*((GR_DATA$GUB[5]+GR_DATA$GLB[5])/2)

/(GR_DATA$GUB[5]-GR_DATA$GLB[5])^2) 

 

theil19<-c() 

for(i in 1:5) 

{ 

  g<- function(x) {(b[i]+a[i]*x)*x/AVE_INCOME_MEAN*log(x/AVE_INCOME_MEAN)} 

  theil19[i]<-integrate(g,GR_DATA$GLB[i],GR_DATA$GUB[i])$value 

} 

 

f<-function(x) {0.05/(GR_DATA$GAVG[6]-GR_DATA$GLB[6])*exp(-(x-

GR_DATA$GLB[6])/(GR_DATA$GAVG[6]-

GR_DATA$GLB[6]))*x/AVE_INCOME_MEAN*log(x/AVE_INCOME_MEAN)} 

theil10<-integrate(f,GR_DATA$GLB[6],10^8)$value 

theil_lh<-sum(theil19)+theil10 

theil_lh 
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theil_sh  
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Chapter 4: Conclusion 
 

 

From the above analysis, in the first chapter, for all the countries including US, Canada, 

UK and Sweden, the middle-class income group is falling behind the top-class income 

group, in which the time coefficients are significant in all the regressions.   

When calculating Gini and Theil indexes using linear interpolation and split histogram, 

the results are quite like each other and besides Theil index, the results are almost the 

same as the published indexes.  

Pstar and mstar are two new indexes provided, which agrees with the conclusion from the 

first part, meaning that middle-class income group is falling behind top-class income 

group in US, Canada, UK and Sweden.  
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Appendices 
 

 

Z Test  
To compare the different trend in inequality between household income in US and 

Canada, while comparing the estimated coefficient 𝛽1̂ and 𝛽2̂ of the two time trends, Z 

test is applied. 

 

 

The null hypothesis: H0: =0 

The alternative hypothesis HA: !=0 

When comparing Gini coefficient time trend in US and Canada, the following regressions 

can be observed by the below table: 

  US   Canada   

  Regression R^2 Regression R^2 

Gini Gini= 0.3881 +0.0015 * 

T 

                        (0.00008) 

+0.019* P 

( 0.0023 ) 

0.9832 Gini=0.2997 +0.0013 * T 

                        (0.0001)  

0.7921 

 Hence, Z value can be calculated. 

𝑍 =
0.0015 − 0.0013

√0.000082 + 0.00012
= 1.5811 

Then we could calculate the Z value, which is 1.5811, and it is smaller than 1.96, then we 

cannot reject the null hypothesis. That means there are no difference in time trend 

between these two regressions.  

Canada Index Regression 
canada_index <- read.csv("~/Desktop/canadaincome/canada_indice_total.csv")  

time <- canada_index$year - 1966 

fitzenga<-lm(canada_index$gini~time) 

summary(fitzenga) 

fitzenga<-lm(canada_index$g2~time) 

summary(fitzenga) 

fitzenga<-lm(canada_index$theil~time) 

summary(fitzenga) 

fitzenga<-lm(canada_index$theil2~time) 

summary(fitzenga) 

fitzenga<-lm(canada_index$palma~time) 
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summary(fitzenga) 

 

fitzenga<-lm(canada_index$8020~time) 

summary(fitzenga) 

 

fitzenga<-lm(canada_index$zenga_sh~time) 

summary(fitzenga) 

 

fitnew<-lm(canada_index$top20.mid20~time) 

summary(fitnew) 

head(canada_indice_total) 

round(cor(canada_indice_total[c(2,5,6,7,8,9,11,12,18)]),3) 

US Index Regression 
different.index <- read.csv("~/Desktop/usincome/different_index.csv") 

attach(different.index) 

length(gini) 

post<-matrix() 

for (i in 1:49) 

{ 

  if(different.index$year[i]>1992) 

    post[i]=1 

  else 

    post[i]=0 

} 

post 

time <- different.index$year - 1966 

fitgini<-lm(gini~time+post) 

summary(fitgini) 

fit2<-lm(different.index$g2~time+post) 

summary(fit2) 

fit4<-lm(different.index$theil~time+post) 

summary(fit4) 

fit4<-lm(different.index$theil2~time+post) 

summary(fit4) 

fit4<-lm(different.index$palma~time+post) 

summary(fit4) 

fit4<-lm(different.index$8020~time+post) 

summary(fit4) 

#zenga 

fitzenga_sh<-lm(different.index$zenga_sh~time+post) 

summary(fitzenga_sh) 

#mtop20/mid20 

fitmid<-lm(different.index$top20.mid20~time+post) 

summary(fitmid) 

 

Canada Gini Index Calculation  
#1978 

library(reshape) 

library(caTools) 

########################################################## 

#### Note: Input data GR_DATA must have the format below 

########################################################## 

#### Create Summary Dataset 

GR_DATA <- rbind(c(0, 0, 13800, 7900, 0.10), 
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                 c(1, 13800, 24400, 19100, 0.10), 

                 c(2, 24400, 35400, 29700, 0.10), 

                 c(3, 35400, 47300, 41200, 0.10),  

                 c(4, 47300, 58200, 52700, 0.10),  

                 c(5, 58200, 68900, 63300, 0.10), 

                 c(6, 68900, 81300, 74900, 0.10), 

                 c(7, 81300, 97000, 88600, 0.10), 

                 c(8, 97000, 121700, 107900, 0.10), 

                 c(9, 121700, NA, 167700, 0.10)) 

colnames(GR_DATA) <- c("GROUP","GLB","GUB","GAVG","FREQ") 

GR_DATA <- data.frame(GR_DATA) 

GR_DATA 

attach(GR_DATA) 

#> GR_DATA 

# GROUP GLB GUB GAVG FREQ 

#1 0 0 20900 11651.0 0.20 

#2 1 20900 40187 30509.0 0.20 

#3 2 40187 65501 52322.0 0.20 

#4 3 65501 105910 83519.0 0.20 

#5 4 105910 196000 139493.7 0.15 

#6 5 196000 NA 322343.0 0.05 

#### Check for 1/3 + 2/3 bounds 

LCHECK = (2/3)*GLB + (1/3)*GUB 

UCHECK = (1/3)*GLB + (2/3)*GUB 

GOOD= (LCHECK<=GAVG & GAVG<=UCHECK) 

if (sum(!GOOD,na.rm=TRUE)>0) 

{ 

  cat("CAUTION: there exists a mean outside of the [1/3,2/3] bound: \n 

      USE SPLIT HISTOGRAM! \n") 

} 

 

###### Average Income ###### 

AVE_INCOME_MEAN=sum(GAVG*FREQ) 

 

###### Gini Lower and Upper bounds ###### 

#calculate Gini index lower bound 

FCROSS=outer(FREQ,FREQ,'*')#6x6 matrix 

DCROSS=abs(outer(GAVG,GAVG,"-"))#6x6 matrix (difference) 

G_LB=sum(FCROSS*DCROSS)/(2*AVE_INCOME_MEAN) 

# Calculate Gini Index Upper Bound - Gastwirth (1972) page 310 (18 + 19) 

GLEN <- GUB-GLB 

n_bndgrps = nrow(GR_DATA)-1 

G_UB_LAST = FREQ[nrow(GR_DATA)]^2*(GAVG[nrow(GR_DATA)]-GLB[nrow(GR_DATA)])#last 

group 

G_UB = G_LB + (sum(FREQ[1:n_bndgrps]^2*(GUB[1:n_bndgrps]-GAVG[1:n_bndgrps])* 

                     (GAVG[1:n_bndgrps]-

GLB[1:n_bndgrps])/GLEN[1:n_bndgrps])+G_UB_LAST)/AVE_INCOME_MEAN 

 

################################################## 

###### LINEAR DENSITY coefficients 

################################################## 

D1=GUB-GLB 

D2=GUB^2-GLB^2 

D3=GUB^3-GLB^3 

AB=matrix(rep(0,2*nrow(GR_DATA)),nrow=nrow(GR_DATA)) 

##### A/B coefficients f(x)=a+bx 
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for (i in 1:nrow(GR_DATA)){ 

  M=matrix(c(2*D1[i],D2[i],3*D2[i],2*D3[i]),nrow=2,byrow=TRUE) 

  y=matrix(c(2*FREQ[i],6*GAVG[i]*FREQ[i]),nrow=2) 

  AB[i,]=solve(M,y) 

} 

 

#### If using Exp Tail 

AB[nrow(GR_DATA),]=c(FREQ[nrow(GR_DATA)],GAVG[nrow(GR_DATA)]-

GLB[nrow(GR_DATA)])#last 

###### Add names 

rownames(AB)=GROUP 

colnames(AB)=c("a","b") 

 

################################################### 

####### Split Histogram with Exp. Tail 

################################################### 

#### Split Histogram Breaks 

GR_DATA$SP = cumsum(c(0,GR_DATA$FREQ[-nrow(GR_DATA)]))+GR_DATA$FREQ* 

  (GR_DATA$GUB-GR_DATA$GAVG)/(GR_DATA$GUB-GR_DATA$GLB) 

SH=matrix(rep(0,2*nrow(GR_DATA)),nrow=nrow(GR_DATA))#matrix of 6x2 

for (i in 1:( nrow(GR_DATA) - 1)){ 

  SH[i,1]= ( FREQ[i] / GLEN[i] ) * (GUB[i] - GAVG[i]) / (GAVG[i] - GLB[i]) 

  SH[i,2]= ( FREQ[i] / GLEN[i] ) * (GAVG[i] - GLB[i]) / (GUB[i] - GAVG[i]) 

} 

E=nrow(GR_DATA) 

SH[E,]=AB[E,] 

rownames(SH)=GROUP 

 

########################################### 

##### Quantile Functions 

########################################### 

F=c(0,cumsum(FREQ)); 

SPLIT = GR_DATA$SP 

alpha=seq(.000001,.9999999,length=30000) 

alpha_lin=rep(0,length(alpha))#length=30000 

alpha_SH=rep(0,length(alpha))#length=30000 

for (i in 1:length(alpha)) 

{ 

  findex=match(TRUE,F>alpha[i]) 

  if ( (findex-1)<nrow(GR_DATA) ) 

  { 

    #### Lin Den 

    C = alpha[i]- F[findex-1]+AB[findex-1,1]*GLB[findex-1]+(AB[findex-1,2]/2)* 

      GLB[findex-1]^2 

    Root=polyroot(c(-C,AB[findex-1,1],AB[findex-1,2]/2)) 

    alpha_lin[i]=Re( Root[Re(Root)<=GUB[findex-1] & Re(Root)>=GLB[findex-1]] ) 

  } 

  else #### Final Piece 

  { 

    alpha_lin[i]= GLB[findex-1]-AB[findex-1,2]*log(1-(alpha[i]-F[findex-1])/ 

                                                     AB[findex-1,1]) 

  } 

  ##### S&H 

  if ( (findex-1)< (nrow(GR_DATA)) ) 

  { 

    if (alpha[i] < SPLIT[findex-1]) 
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    { 

      sprop = (SPLIT[findex - 1] - F[findex - 1]) 

      alpha_SH[i]=GLB[findex-1]+(GAVG[findex-1]-GLB[findex-1])* 

        (alpha[i]-F[findex-1])/sprop 

    } 

    else 

    { 

      sprop = (F[findex ] - SPLIT[findex - 1] ) 

      alpha_SH[i]=GAVG[findex-1] + (GUB[findex-1]-GAVG[findex-1])* 

        (alpha[i] - SPLIT[findex - 1])/sprop 

    } 

  } 

  else #### Final Piece 

  { 

    alpha_SH[i]= GLB[findex-1] - SH[findex-1,2]*log(1-(alpha[i]-F[findex-1])/ 

                                                      SH[findex-1,1]) 

  } 

} 

 

########################################### 

#### Lorenz CURVES 

########################################### 

L_Lin=rep(0,length(alpha)); 

L_SH=L_Lin; 

for (i in 1:length(alpha)) 

{ 

  L_Lin[i]=trapz(alpha[1:i],alpha_lin[1:i])/AVE_INCOME_MEAN; 

  L_SH[i]=trapz(alpha[1:i],alpha_SH[1:i])/AVE_INCOME_MEAN; 

} 

 

########################################### 

#### Calculate Ginis 

########################################### 

Int_L = trapz(alpha[-1],L_Lin[-1]) 

G_Lin=1-2*Int_L ### Linear Interpolation estimate of the Gini Index 

Int_SH = trapz(alpha[-1],L_SH[-1]) 

G_SH=1-2*Int_SH ### Split histogram estimate of the Gini Index 

G_BND_EST = G_LB/3+2*G_UB/3 ### Gini lower bound + 2/3 Gini upper bound 

cat("Linear Interpolation: ",G_Lin,"\n") 

cat("Split Histogram: ",G_SH,"\n") 

cat("1/3 GL + 2/3 GU :",G_BND_EST,"\n") 

cat("Gini Lower Bound (GL) :",G_LB,"\n") 

cat("Gini Upper Bound (GU) :",G_UB,"\n") 

UK Index Regression  
uk_indice <- read.csv("~/Desktop/UKincome/uk_indice2.csv") 

uk_indice$time<-uk_indice$year-1966 

fitg2<-lm(uk_indice$g2~uk_indice$time) 

summary(fitg2) 

fitgini<-lm(uk_indice$Gini~uk_indice$time) 

summary(fitgini) 

fittheil<-lm(uk_indice$Theil~uk_indice$time) 

summary(fittheil) 

fittheil2<-lm(uk_indice$theil2~uk_indice$time) 

summary(fittheil2) 

head(uk_indice) 
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round(cor(uk_indice[c(2,3,7,8)]),3) 

Sweden Index Regression  
sweden_indice <- read.csv("~/Desktop/swedenincome/sweden_equalised_income_indice.csv") 

sweden_indice$time<-sweden_indice$X-1966 

sweden_indice$post<-ifelse(sweden_indice$X>1988,1,0) 

 

fitgini<-lm(sweden_indice$gini~sweden_indice$time+sweden_indice$post) 

summary(fitgini) 

fitg2<-lm(sweden_indice$g2~sweden_indice$time+sweden_indice$post) 

summary(fitg2) 

 

head(sweden_indice) 

sweden_indice<-as.numeric(sweden_indice) 

round(cor(sweden_indice[c(4,6)]),3) 
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