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Abstract

Self-Distributive Magmas and Their Richter’s Degrees

Richter’'s degree of a countable algebraic model is the Turing degree theoretic measure of the com-
plexity of its isomorphism class. It is defined to be the least Turing degree in the set of Turing
degrees of all isomorphic copies of the model. It has been shown that some models, such as abelian
groups or partially ordered sets, have arbitrary Richter's degrees, by showing that their isomor-
phism classes contain infinite anti-chains of models with certain algebraic and computability theo-
retic properties. Some theories have a model with its isomorphism class containing a minimal pair,
which means that the isomorphism class of the model does not have the least element or Richter’'s
degree. For models that do not have Richter's degrees, their Turing jump degrees have been in-
vestigated. | extend these results to models not previously studied in computability theory, such as
self-distributive magmas of interest in low-dimensional topology. These self-distributive magmas
do not have to be associative. In particular, | investigate racks and crossed sets and show that these

classes contain models with arbitrary Richter’s degrees, as well as models with no Richter’s degree.
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Chapter 1
Introduction

1.1 Computability Theory

Computability theory is the mathematical theory of algorithms or decision procedures. The work of
Turing, Gbdel, Kleene, Church, Post and others in the 1930s established the rigorous foundations
for computability theory. The concept of computability has been formally introduced by several
different characterizations, which turned out to be equivalent. One of the characterizations is given
by the set ofpartial computable functiongalso called partial recursivefunctions) on natural
numbersw = N = {0,1, 2,...}, which is the smallest class of partial functions containing the basic
functionsO, s, Ui”, ne wand 1<i < n, and is closed under the operationsoibstitution primitive
recursion andminimalisation Here, we haveQ(m) = 0, s(m) = m+ 1, and for alln € w and for
My, ..., My € w, UMMy, ..., my,..,my) = my for 1< i < n. LetX = X, ..., Xn-1.

() Substitution The n-ary function f, obtained by substitution (composition) from thery

functionshy, ..., hx_1 and thek-ary functiong, is defined by

f(X) = g(ho(X). ..., her(X)).

(ii) Primitive recursion The ( + 1)-ary functionf, obtained by primitive recursion from an



n-ary functionh and an § + 2)-ary functiong, is defined by

f(X,0)
f(X,y+1)

h(X),
a(X.y, f(X,)).

(iif) Minimalization An n-ary functionf, obtained by minimalization from am ¢ 1)-ary func-

tion g, is either undefined oi, or f(X) =y, wherey is the least number such that
g(X,y) = 0, and

(vy <YI(X.y) € dom(g) A g(X.y) # O].

We also write

f(X) = uy(g(X.y) = 0).

There are other characterizations of partial computable functions such as unlimited register ma-
chines partial computable functions, or Turing partial computable functions. The classofrall
putable functiongalso calledecursive functionsconsists of altotal partial computable functions.
Church-Turing’s thesis states that the intuitively and informally defined class of algorithmically
computable (partial) functions mapping' to w for n > 1 coincides with the class of formally

defined (partial) computable functions.

One of the most important facts about the set of all partial computable functions is that we can
effectively (algorithmically) enumerate them, that is algorithmically encode them by the natural
numbers. LetPy, P1,... be an algorithmic 1 enumeration of all unlimited register machines,
or Turing machine programs. Ei,gé”) we denote tha-ary partial computable function computed
by Pe. Hencegog‘),go(ln), ... Is an algorithmic enumeration of attary partial computable functions.
Clearly, for everyn-ary partial computable functiohthere are infinitely mangfor which f = <pg').

Instead ofgoél) we simply writege. Let We =get dom(pe). We also write
pe(X) L if x € We,

and



we(X) Tif X ¢ We.

Using a diagonal argument, we can show that we cannot algorithmically enumerate all com-
putable functions. That is, ify, f1, ... is an algorithmic list of unary computable functions, then a
functiong : w — w defined by

9(x¥) = () +1

is such that¥{e)[g # fg]. However,g is computable by Church-Turing’s thesis.

A setC C w is computablgalso calledrecursivg if its characteristic function is computable.
A setE C w is computably enumerablend abbreviated by c.e. (also calletursively enumer-
able and abbreviated by r.e.)ffiE is empty or there is a computable unary functibisuch that
E = ran(f). Every computable set is computably enumerable, but the converse is not always true.
Computable sets can be viewed as computably enumerable sets with elements that can be algorith-
mically enumerated in an increasing order. Byve denote the complement of a getClearly, if
Ais computableA is also computable.

If both A andA are computably enumerable, thAris computable. It can be shown that a set
E is computably enumerabl&(3e)(E = We). HenceWp, Wi, ... is an dfective enumeration of all
computably enumerable sets.

Lethbe atotal unary function. The class ofladpartial computable function@lso called partial
computable irh or relative toh) is the smallest class of functions containimghe basic functions
and is closed under substitution, primitive recursion and minimalization. AFBrc «, we say
that A is Turing reducibleto B if A is B-computable. Here, as usual, we identify sets with their
characteristic functions. Turing reducibility is a partial order on the power set of the set of natural
numbersP(w). It induces an equivalence relation &fw), which is called Turing equivalence.
That is, setsA and B are Turing equivalenif A is computable relative t8, andB is computable
relative toA. The equivalence classes are calleding degreesThere are uncountably many Turing

degrees and they form a patrtially ordered structure that is an upper semi-lattice.



1.2 Computable Model Theory

Computable model theory is a branch of computability theory which studies algorithmic properties
of mathematical structures, their relations, and isomorphigthg 18], [20], [21]. For example,
computable model theory utilizes the notion dfegtiveness to show that some algorithmic pro-
cesses in algebra or number theory are in principle impossible. This area made some significant
contributions to mathematics in general. For example, van der Waerden proved that an explicit field
(F, +,-) does not necessary have an algorithm for splitting polynomia#§ xhinto their irreducible
factors. Van der Waerden definedexplicitly given field as one “whose elements are uniquely rep-
resented by distinguishable symbols with which addition, subtraction, multiplication and division
can be performed in a finite number of operations. Another significant result in early computable
model theory iS50dels incompleteness theorem, which showed that the Hilbert's proposal to for-
malize mathematics completely based on consistent axiomatic system with an algorithmic set of

axioms is unattainable (this is a topic of philosophical debate).

A famous problem in early computable model theory was the word problem for a finitely pre-
sented group, which was eventually solved independently by Novikov and Boone. A gfimitelg
presentedf it has a finite number of generators and a finite number of relators.

The word problemfor a finitely presented grouf® is the algorithmic problem of deciding
whether two words on the generators represent the same element. Novikov and Boone established
that there exists a finitely presented gra@siguch that the word problem f@ is undecidable

A striking result in this field was the solution to the Hilbert's 10th problem, which asked for an
algorithm to decide whether a given Diophantine equation has a solution or not. A Diophantine
eqguation is a polynomial equation with integer fim@nets and any nhumber of variables. Matiya-
sevich, Davis, Putnam, and J. Robinson established that there i$eictive procedure to decide
whether a given Diophantine equation has a solution in integers.

In the 1970s, Metakides and Nerode initiated a systematic study of computability in mathemat-
ical structures and constructions by using modern computability-theoretic tools, such as the coding

method and the priority method.

Computable model theory explores the algorithmic conteffie¢éveness) of notions, construc-



tions, and theorems in classical mathematics, including computability theoretic complexity of count-
able algebraic structures. It is important to note that an isomorphism does not always preserve
computability theoretic properties of a structure. Here, we first define the computability theoretic
complexity of algebraic models, and their isomorphism classes, then investigate the complexity of
models of certain algebraic theories. In particular, we explore the distribution of Turing degrees of
isomorphism classes of structures in natural algebraic classes using the notions introduced by Linda

Richer.

1.3 Turing Degrees of Structures

In [33], Linda Richter introduced a method of measuring the richness of Turing degrees in the set of
countable models of a given theory. She defined the degree of the isomorphism class of a countable
model of a theory, which we caRichters degreen this dissertation, as the least Turing degree in

the set of all degrees of models that are isomorphic to a given model. The degree of a given model
for a finite language is the least upper bound of the degrees of the domain of the model, the degrees
of all functions in the model, and the degrees of all relations in the model. Every countable structure
is isomorphic to a structure with computable domain. We consider only countable structures and,
without loss of generality, assume that they have computable domains. Hence the Turing degree of
a model is the same as the Turing degree of the quantifier-free diagram of the model. The atomic
diagram of a structure is the set of all quantifier-free sentences with constants added for the elements
in the domain, which are true in the structure.

Richter gave a general method for obtaining structures with arbitrary Richter's degrees. She
applied her method to abelian groups, partially ordered sets, and lattices. She further presented a
suficient condition for a theory to have a model with no Richter’s degree. Another powerful method
she introduced wasia the recursive embeddability conditipwhich is a general sticient condi-
tion for a non-recursively presentable model to have no Richter’s degree. She presented examples
of structures from natural classes which satisfy the recursive embeddability condition including lin-
ear orders, trees, equivalence relations, and Boolean algebras. For the models which do not have
Richter’'s degree, she investigated the Turing jump degree of the models. Turing jump degree of a

modelA is the least element, if it exists, in the set of jumps of models isomorphic to



In this dissertation, we investigate Turing degree spectra of self-distrubutive magmas that are
not necessarily associative such as shelfs, racks, quandles, and crossed sets, which have not been

previously studied in computable model theory.

1.4 Shelfs, Racks, Quandles, and Crossed Sets

A magmais an algebraic structure consisting of a nhonempty set equipped with a single binary
operation. Aquandleis a magma that satisfies the axioms motivated by Reidemeister moves to ma-
nipulate knot diagrams. A Reidemeister move refers to one of three local moves on a link diagram,
depicted in the below picture. Reidemeister moves consist of the following three moves. Each move

operates on a small region of the diagram and is one of three types:
I. Twist and untwist in either direction;
Il. Move one loop completely over another (poke);

lll. Move a string completely over or under a crossing (slide).
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In this dissertation, we treat a quandle and its variants, a shelf, a rack, and a crossed set, as
algebraic models. The axioms for a quandle correspond to the Reidemeister moves. Quandles are
important in knot theory since they can be used to produce invariants of links. First known quandle

wasTakasakKis Kej (Zy, =), with the domain{0, 1, ...,n — 1} and a binary operation defined as

b:xa=2a-b(modn).



Takasaki’'s Kei was first introduced by a Japanese mathematician, Mitsuhisa Takasaki in 1942,
A Kei, in general, is a set that possesses an involutive self-distributive operation. Takasaki's Kei
was the first such example. John H. Conway and Galvin Wraith later considered quandles obtained
from groups that act upon themselves via conjugation. They introduced the term “wrack” (after
wrack and ruin of a group after the multiplication operation had been dismissed). Later spelling of
“wrack” became “rack.” More recently, David Joyc2q and Sergei Matveev3[)] systematically

and independently studied quandles.

For a magmaq@, =), consider the following axioms:
() For anyx,y € Q, there exists uniquee Q such thaz= x =y.
(2) Foranyx,y,ze Q, we have Y * z) = X = (Y * X) * (2 X).
(3) For anyx € Q, we havex X = X.

(4) For anyx,y € Q, we havey = x = yifand only if x = y = X.

The structure @, =) is called ashelfif it satisfies the axiom (2), eack if it satisfies the axioms
(1)—(2), aquandleif it satisfies (1)—(3), and a&rossed seif it satisfies (1)—(4). The axiom (3)
corresponds to the Reidemeister move |, the axiom (2) corresponds to the Reidemeister move llI,
and the axiom (1) corresponds to the Reidemeister move Il. At a crossing of a classical knot diagram,
the under-arc is labeled on one segment by a quandle eleqgremd along the other segment by the
guandle produck = y wherey is the quandle element labeling the over-arc.

For example, | will show that the Takasaki’s Kei is a quandle. Given a positive integed
X € Zy, to show that the model satisfies the first axiom, tfisas to show that a right translation

Ry : Zy — Z, defined as

Re(y) =y * x=2x -y,

is a bijection for allx € Z,. Since both the domain and the range are finite sets,flices to
show that it is an injection. Foyi, Yy, € Z,, supposeRy(Y1) = Rx(y2). Theny; = X = yp = X iff
2x—-y1 = 2x-y7 iff y; = y» (modn). HenceRy is a bijection for eaclx. To see that the model

satisfies the second axiom, bety, z € Z,. We have



(Y*2)«X=(22-Yy)* X=2X—2Z+Y.

On the other hand, we have

(YxX)*(zxX) = (2X-Y) *(2X—2) = (4X—22) — (2X—Yy) = 2X — 2z +Y.

To see that the model satisfies the third axiomxletZ,. We havex x X = 2x — X = X.
In chapter 4, | will present a number of examples of these models and establish their properties.
In this dissertation, we investigate the distribution of Richter's degrees of these self-distributive

magmas in the Turing degrees.

To show that some general theorems for establishing Richter’'s degrees apply to certain self-
distributive magmas, we will use some classical results in number theory, such as the Euclidean
algorithm, Fermat’s little theorem, and a partial solution to Artin’s conjecture. In chapter 3, | will
present these fundamental results in number theory, which we will use in the following chapters.
Establishing certain computability theoretic properties of the structures and determining the com-
plexity of a structure using some of the fundamental results in number theory reminded me of the
famous quote from the great mathematician Carl Friedrich Gauss: “Mathematics is the queen of

sciences and number theory is the gueen of mathematics”.



Chapter 2

Richter’'s Degrees

In this chapter, | will introduce some definitions and basic theorems of computability theory, com-
putable model theory, and theory regarding the degree spectrum of models by Linda Righter [

[34], which are essential for the following chapters.

2.1 Introduction to Richter's Degrees

Being computable is a property of sets or functions. There are several equivalent characterizations of
the concept of computability. Church-Turing’s thesis states that a function is formally computable
if and only if there is an intuitively #ective process for computing its values. While there are
only countably many computable functions, there are uncountably many incomputable functions.
An important example of an incomputable function is the one which determines whether a given
Diophantine equation has a solution or not. Since each partial computable function is represented
by a finite set of instructions, we are able to encode all partial computable functions into the set
of natural numbers. In other words, we can make fd@céve list of all unary partial computable

functions,p1, ¢o, ... Define a set
K={new:enn ).

K is called thehalting setand is an important example of an incomputable seK iffere com-

putable, then the complementi§fwould be also computable amd= W, for someey. Hence, for



suchey, we would have

eeK o epeWy, © ey ¢ Wy,

which is a contradiction. On the other haidis c.e. because it is enumerated by the procedure that
simultaneously runs

Po(0), P1(2),...,Pe(e), ...,

and enumerates thosdor which P¢(€) converges, as soon as the convergence occurs.

Given any set of natural numbetswe define,oiA as a computable function computedBywith
the oracleA. This function represents the algorithm fgrwith an extra computational capability,
giving answers regarding the memberships of elements in th&. seor any index, we call the

functiong an A-computable function. We call the set
A =KA={necw:eh(n) |}

thejumpof A, or the first jump ofA. By iterating the jump operatartimes we obtain theth jump
of A, A,

We define an equivalence relation agh@sing Turing reducibility.

Definition 1. (Turing reducibility) Given sets of natural numbers A and B, we say that A is Turing
reducible to B and write A1 B if there is an algorithm for deciding whetherexA given answers

to any questions of the form “isg B?”. We also say that the set A is computable from an oracle B.

Turing reducibility is a partial order defined on the power set of natural numbers. This order is
used to measure the relative computability theoretic complexity of sets. For example, given a set of
natural numberg, then, clearlyA is Turing reducible to its complimelﬁ For another example, if

a setA is computable, then it is Turing reducible to any sett=2P(N), sincex € A is decidable

without help from oracles.
Definition 2. (Turing equivalence) At B if and only if A<t B and B<t A.

It is easy to show thatt is indeed an equivalence relation of.. Reflexivity and symmetry are
obvious. To see the transitivity, consider three sets of natural numbdeBandC, and suppose

A <t BandB <t C. To decide whether a given numberis in A or not, we ask oracl® a finite

10



number of questionsxi € B'. Each question above can be answered with help from o&cle
Hence by asking oracl€ a finite number of questions, we can decide ibelongs toA or not.
Now we consider a collection of all Turing equivalence classes. We call this collectioruthne

universe It is denoted by
D =get 2”/ =r.

We call each equivalence classraring degree We define a partial order on the Turing degrees

using Turing reducibility.

Definition 3. (partial order onD) For a, b in D, we say thaa < b if there are sets A aand Be b

such that A<t B.

We can show that the Turing degrees form an upper semilattice ordered by the partia,dtder
is, for each pair of Turing degrees in the universe, there is always the join or the least upper bound

of the pair. The least upper bound of Turing degr@esdb is the degree of the set
{2k : ke Afu{2k+1:ke B},

whereA € aandB € b. On the other hand, we can show that the greatest lower bound does not
always exist for a pair of the Turing degrees. The Turing universe has the least element, denoted by
0, which is the Turing equivalence class containing all computable sets. Bp)Xdeg(denote the

Turing degree of\. Hencel = deg). If a = deg@®) andn > 1, thena™ =gt deg@™), whereA

is thenth jump of A. The halting sekK is also denoted b§’ and its Turing degree by . Similarly,

by 0™ we denote de@™). It can be shown that for every computably enumerabl€sete have

dedE) < 0.

For every Turing degrea, its jump @ is greater thara. Hence &M).cn form an ascending
sequence of Turing degrees, whef® =4c; a. It can be shown that no ascending sequence of
Turing degrees has a least upper bound. dle¢ a computable bijection fromd? onto N. Define
the wth jump of Aby A@ = {c(k,n) : k € AW A kn e N}, anda® = deg@A®)). The degree
a is a natural upper bound for the sequena®Y,..,. The jump operator is monotone, that is,
a<b=a<b.

In this dissertation, we are interested in measuring Turing degrees of countable models of theo-

ries. Each model consists of the domain, relations on the domain, and functions on the domain.

11



In computable model theory, a language (possibly infinite) must be computable, that is, must have
a countable, fectively presented set of relation, function, constant, and variable symbols. For
example, the set of relation symbols must be computable and the function giving arity for each of
the relation symbols must be computable. Thus, every finite language is computable.

We consider only countable structures for computable languages with computable domains. We
identify sentences with their@lel codes. LetA be a structure for languadeand with domairA.

The atomic diagranof A is the set of all quantifier-free sentenced jfy L expanded by constants
for the elements iM, which are true inA. A structure iscomputableif its atomic diagram is
computable. In other words, a structureis computable if there is an algorithm that determines
for every quantifier-free formulé(x,, . .., X,) and every sequencey(...,ay) € A", whetherA &
0(ay, ..., an). Similarly, we define the Turing degree of a structure as follows.

Definition 4. (Turing degree of a countable structuf® The Turing degree afd is the Turing
degree of the atomic diagram Af AtDiag(A).

Here, we focus on finite languages. Then the Turing degree of a strudt(ier a finite lan-
guage) is the least upper bound of its relations and functions. Hehisegcomputable or of Turing
degred) if its relations and functions are computable.

It is easy to see that isomorphisms do not necessary preserve computability theoretic properties
of models. For example, consider a linear order<) with the domain being the set of natural
numbersw, and the usual order an.

Consider another ordered seb, k), whereK is the halting set, and the linear ordeg is defined

as follows:
2n<k 2n+1 ifnek,

2n+1<k 2n ifnégK.

Then there is an incomputable isomorphism between these two models of the theory of linear
orders, but the Turing degree is not been preserved under it since their degr@asd@é respec-
tively. So when we consider the Turing degree of a model, we will also consider the entire collection
of Turing degrees of models which are isomorphic to the given model, since we usually consider
isomorphic models identical in the classical model theory. Hence the following notion is important

in computable model theory.

12



Definition 4. (Turing degree spectrum) Turing degree spectrum of A is defined to be the collection

of Turing degrees of all models isomorphic to A:
DgSHA) =get {dedB) : B = Al.

A setX of Turing degrees ispward closedf wheneverb € X andd > b, thend € X.
Knight established the following fundamental property of the Turing degree spectrum of a count-

able structure.
Theorem 5. ([29]) The degree spectrum of any structure is either a singleton or is upward closed.

A structureA is automorphically trivialif there is a finite subseT of its domain such that every
permutation of the domain, which fixé3 pointwise, is an automorphism ofl. If the structure
is automorphically nontrivial, the degree spectrum is upward closed. The degree spectrum of an
automorphically trivial structure always contains exactly one Turing degree, and if the language is
finite, that degree must ke

It is reasonable to think of the least element in the Turing degree spectrum of a model as the
representative of the spectrum. We call this degree Richter’s degree of the model, if the least element

exists.

Definition 6. (Richter’s Degree of a Model) Turing degree of the isomorphism class of a countable
model A, which we call Richtes degree of A, is the least degree in the Turing degree spectrum of

the model, if it exists.

Given degreea andb, both greater thaf, they are said to form minimal pairif there is nox
strictly greater tha® with x < a,b. Note that if the Turing degree spectrum of a model does not

have a computable degree and has a minimal pair, then it does not have a least element.

2.2 Trivial Models

Given a modelA, if there exists a finite sdhy, ..., a,} of elements in the domain off such that
every permutatiorf of A with f(a) = & fori < nis an automorphism of it, then the model is

calledautomorphically trivial These models include all finite structures, of course, and also some

infinite structures, such as the complete graph on countably many vertices. The spectrum of a trivial

13



structure always contains exactly one Turing degree, and if the language is infinite, that degree can

be noncomputable. If the language is finite, then this degree must be computabR2[see [

Theorem 7. In a finite language, letA be a structure with domaiw. ThenA is automorphically

trivial if and only if its spectrum i$0}.

Proof: If the Turing degree spectrum of a modglis {0}, thenA is automorphically trivial by
Knight's upward closure theorem.

Conversely, letA be automorphically trivial, and choose a Set {a,, ..., a,} of elements from
its domain to satisfy the definition of triviality. It #ices to show tha#l is computable, since the
degree spectrum of automorphically trivial model is a singletoR lis a unary relation symbol in
the language, fix anx ¢ S. For eacty ¢ S, let gy be the permutation of the domain @f which

permutesx andy and fixes all other points. Then we have
RT(Y) & R'(gy()) © R'(¥)

sincegy must be an automorphism &t. Thust‘ is computable. Similarly, for a binaffy,, we fix

distinctxy, X2 ¢ S, and note that for every distinct pait, y> ¢ S and every < nwe have

RJ'(Y1.Y2) © RS (1, %),
Ry y1) © R3'(x1, X1),
Ry(y1. &) © RJ'(x1, &),
Ry(a,y2) & RJ(ai, %),

by applying automorphisms which permwgwith y; andx, with y,. (The result still holds when
X1 = Y2 OF X2 = Y1.) SOR;{ is computable, and it is clear how to extend this argument tckeary
relation.

If fis a unary function symbok ¢ S is fixed, andy ¢ S U {x, f//(x)} is arbitrary, letg, be as

above. Then

) = F7(gy(¥) = gy(f7(x)).
If f7A(x) = x, then ' is the identity onS; otherwise it is constant there. Either w&§ is com-

14



putable. The argument fdeary functions is similar; they are always finite unions of projections

and constant functions on computable disjoint subsets‘¢22]. 0.

2.3 Theories Having Models with Arbitrary Richter’'s Degrees

A theory may have models with various Richter's degrees. In this section, we are interested in
finding which theories have rich variety of Richter’'s degrees of their structures.

A recursive (computable) anti-chain of models with respect to embeddability is a computable
sequence of countable models such that any member of the sequence is not embeddable in any
other member in the sequence. A modes embeddable in another modglf there is a structure-
preserving injective map from to B. The existence of recursive anti-chain of models and a certain
method of combining them, such as taking a disjoint union or a certain product, guarantees a rich
variety of Richter’s degrees. Using an anti-chain and the combining method, we are able to encode

given Turing degree complexity into an index set of the combined model.

Theorem 8. Fix a finite languageL and a theory7 in L. If there is a recursive anti-chaif#;}; of
finite models for£ and for each set & w, there is a model Asuch that:

a) As is a countable model of,

b) Asis Turing reducible to S, and

c) A is embeddable in &if an only ifi € S,

then, for any Turing degre®, there is a countable model @f whose Richter’s degree &5

A procedure for constructing the modég satisfying the conditions a), b), and c) is called a

combination method for.

Corollary 9. For every Turing degred, there is a countable abelian group whose isomorphism

class has degree.

Proof: A corresponding sequence of finite models consists of cyclic groups of every prime order,
that isA; = Zy,, wherep; is thei-th prime number. LeX C w. LetAx be the direct sum of groups

Aj such that € X, in symbols,Ax = » Zy. Clearly, Ax <t X. Let a group8 be such that

B~ Ax. Let] € w. ThenZpj is embedtlje;ble i iff B has an element of ordex, that is, ff j € X.
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Hence the conditions of Theorem 8 are satisfié@.[ O.

Partially ordered sets, trees with an edge relation, and lattices have infinite anti-chains of their
models and combining methods satisfying the conditions described above. Hence for each degree

d, they have a model whose isomorphism class is of degjyree

We have the following general result.

Theorem 10. (Hirschfeldt, Khoussainov, Shore and Slipkor every countable nontrivial structure
G, there are a symmetric irreflexive graph, a partial order, a lattice, a ring, an integral domain of

arbitrary characteristic, a commutative semigroup, ang-step nilpotent groupA, such that

DgSHA)= DgSHG).

2.4 Theories Having Models with No Richter's Degree

It is possible for the degree spectrum of a model not to have the least element. In this case, the
model does not have Richter’'s degree. If a theory has models with arbitrary Richter’s degree and a
model with no degree, then it has the richest possible variety of Richter’s degrees. In order to show
that a theory has a model with no Richter’s degree, it is enough to replace “Turing reducibility” in
the second condition on the combining method in Theorem 8 with “enumeration reducibility.”
Intuitively, a set A is enumeration reducible to a set B if there is a procedure whose outputs
enumerate A when an enumeration of B in any order is supplied for the inputs. Using smak G
numbering, we computably enumerate all finite subsets. #forn € w and a finite subsdd; of w,

we code the paig n, D; >. An enumeration operator is
YA = {n:<n,D>e ¥, for some finiteD c A},

whereV¥ is a computably enumerable set aAds some oracle. We say th&8is enumeration
reducible toA if B = YA for some enumeration operat#]9]. Notice that Turing reducibility does

not necessarily imply the enumeration reducibility.

Theorem 11. Fix a finite languagel and a theory7 in L. If there is a recursive anti-chaifA};

of finite models for and for each set & w, there is a model Asuch that:
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a) As is a countable model of,
b) Asis enumeration reducible to S, and

c) A is embeddable in&if and only ifie S,

then, there is a countable modelBfwhose isomorphism class has no degree.

The enumeration operators are used in studying the relations between classes of functions. A class

of functions is called anass problemFor example, the class of functions
[A] = {f : rangef) = A}
is called the problem of enumerability, and the class
[A] = {yg: B= A}

is called the problem of presenting a model. Since a problem is solved if one solution is found,
we define the reducibility of mass problems as follows. A mass probigns feducible to a mass
problem B] if there is an &ective procedure which, given any member BJ, [yields a member of
[A]. A mass problem is said to have a Turing-least element if there is an eldneej#] such that,
for all g € [A], we havef <t g.

We will use a mass problem that has no Turing-least element to construct models with no
Richter’s degree. We can construct a ¥esuch that the mass problem of enumeratidnas
no Turing-least element by constructing total functighand f with range(frrange(gyxX and
{dedg), ded f)} being a minimal pair. We use this mass problZnas an index set of the com-
bining method. If we assume on the contrary that the degree spectrum of this combinedAgnodel,
has the least element or its Richter’'s degree, it follows that the mass prebies the Turing-least

element, which is a contradiction. Hence the combined model does not have Richter’s degree.

Abelian groups, partially ordered sets, trees with an edge relation, and lattices have infinite anti-
chains with respect to embeddability of their models and combining methods satisfying the condi-
tions described in Theorem 11. Hence these classes contain structures which do no have Richter’s

degree.
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2.5 Models with Richter’'s Degree{ 0 } or No Richter's Degree

If a degree spectrufdedB) : B = A} has a minimal pair and a least element of the set exists then
this least element must be the degree of computableGels this section, we see that for a given
model A, if we can recursively construct an infinite chain of models embeddabfesatisfying

a certain condition (recursive embeddability condition), then the degree spectrum of the model
contains a minimal pair and, thus it is either that its Richter's degr@ersthat the model has no

degree 34].

Definition 12. : Given a structure A, a finite structure C and an embedding f from C into A, define

the set:
Acs = {D : Dis afinite structure extending C and embeddable in A by a map which extgnds f

The structure satisfies the Recursive Embeddability Condition if and only if, for all structures C
isomorphic to a finite substructure of A, and for all functions f embedding C into A, the:sasA

recursive (computable).

We say that a structure is recursively (computably) presentable if it has a computable isomorphic

copy.

Theorem 13. If a model satisfies the Recursive Embeddability Condition and is not recursively

presentable, then the degree of its isomorphism class does not exist.

Richter showed that every linear order, and every tree, as a partially ordered set, satisfy the recur-
sively embeddability condition. More recently, A. Khisami@@] proved that every abelign-group
satisfies the recursively embeddability condition. Hence the isomorphism type of a countable linear
order, a tree, or an abeligngroup, which is not isomorphic to a computable one, does not have a

degree of its isomorphism class.

2.6 Jump Degrees

Richter showed that for any Turing degrehere is a torsion abelian group the isomorphism class

of which has the degre@, as well as that there is such a group the isomorphism class of which
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does not have a degree. Results of Richter motivated the study of jump degrees of structures. The
following definition involves computable ordinals and was introduced by Jockusch and RRHter [

An ordinal iscomputabldf it is finite or is the order type of a computable well ordering®n
The computable ordinals form a countable initial segment of the ordinals. The least non-computable

ordinal is denoted by)‘fK, whereCK stands for Church-Kleene. (See Ash and Knight [3].)

Definition 14. ([33]) Let.A be a structure, and a computable ordinal. We say that a Turing degree

d is thee!™ jump degreef A if it is the least degree in
{d@ : d € DgS {A)}.

The degrea is said to bepropera! jump degreef A if for every computable ording < «, the

structureA has nos™ jump degree.

Clearly, Oth jump degree ofi is the degree of the isomorphism typesf

For a given class of structures, it is natural to investigate for which computable orditiese
exist structures this class having (propefth jump degrees.

The following theorem summarizes results for linear orders due to KnghtAsh, Jockusch,

and Knight B], and Downey and Knightl[6].

Theorem 15. ([3], [1€], [29]) If a linear order has first jump degree, it must Be On the other
hand, for each computable ordinal > 2 and every Turing degreé > 0, there exists a linear

order having proper!" jump degree.

Ordinal jump degrees of Boolean algebras are well-understood as well. The refattérdin the

ones for linear orders, as established by Jockusch and Soare in the following theorem.

Theorem 16. ([25])) For n € w, if a Boolean algebra hasthjump degree, then it i6™. On the

other hand, for eacll > 0(“), there exists a Boolean algebra with propgf jump degree.
Oates established the following general result about jump degrees of torsion abelian groups.
Theorem 17. ([32]) For every computable ordinal, there is a torsion abelian group having proper

o™ jump degree.
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The proof is based on algebraic properties of countable abelgoups.
Countable torsion-free abelian groups are more complicated since they do not have a suitable
algebraic classification. However, there are some interesting results about this class of groups.
Calvert, Harizanov, and Schlapentokh obtained the results about Turing degrees of isomorphism
types for several familiar classes of algebraic structures, including torsion-free abelian groups of

finite rank.

Theorem 18. ([5]) There are algebraic fields, and torsion-free abelian groups of any finite rank
greater than 1, the isomorphism types of which have arbitrary Turing degrees. There are structures

in each of these classes the isomorphism types of which do not have Turing degrees.

For rank 1, torsion-free, abelian groups the result silmilar to the one in Theorem 18 was previously
obtained by Knight, Downey, and Jockusch (s&g)] These groups are isomorphic to subgroups
of (Q, +), and there is a classification for these groups due to Baer.

More recently, Melnikov 31] showed that not every infinite-rank torsion-free abelian group has
first jump degree. Results about the existence of proper jump degrees for torsion-free abelian groups
were resolved by Downey and Jockusch for the first jump, and by Melnikov for the second and the

third jump.

Theorem 19. ([13], [31]) For degreed > O, there is a torsion-free group having proper first jump
degreed. For every degred > 0”, there is a torsion-free group having proper second jump degree

d. For every degred > 0", there is a torsion-free group having proper third jump degiee

The case of higher ordinal jump degrees for torsion-free groups remained unresolved until the recent

work of Andersen, Kach, Melnikov, and Solomon.

Theorem 20. ([1]) For every computable ordinat > 3, every Turing degreel > 0@ can be

realized as propen'" jump degree of a torsion-free abelian group.

It is not known whether the Theorem 20 can be strengthened=ta0® for « > 3. The groups
from Theoreml9 are of the forméD,_ Hi, whereH; < (Q,+). Such groups, introduced by Baer
in 1937, are calledompletely decomposald&d have nice algebraic properties. In the case of only

one summand, Coles, Downey, and Slan@jrgtablished the following theorem, as a consequence
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of their pure computability-theoretic result that for everyGet w, there is a Turing degree that is

the least degree of the jumps of all s¥tfor whichC is c.e. inX.
Theorem 21. ([8]) Every torsion-free abelian group of rarikhas first jump degree.

Theorem 21 can be extended to torsion-free abelian groups of any finite rank, as was observed in
([5], [31]). Itis not known which ordinals are realized as proper jump degrees of groups of the form
D, Hi, whereH; < (Q, +).

Frolov, Kalimullin, and R. Miller [L9] investigated degree spectra of algebraic fields.
Theorem 22. ([19]) Every algebraic field has first jump degree.

Any set of natural number that is s computable in every noncomputable set is in fact computable.

Similar result does not hold for structures, as established independently by Slaman and Wehner.

Theorem 23. ([37], [ 40]). There is a countable structure A such that

DgS A) = D — {0}.

For certain classes of countable structures, we can use computable functors to translate results
from one class of countable structures to another. A funetoK — K is computablef, given an
enumeration of an open diagram:@fe %, we can enumerate the open diagramp@fl) € K1, in a
uniform fashion. Computable functors are also call@dative transformations. Hirschfeldt, Khous-
sainov, Shore, and Slinko used injectiieetive transformations to transfer various computability-
theoretic results from graphs to structures in other familiar algebraic classes28be&\f a con-
sequence we obtain that the classes of symmetric irreflexive graphs, partial orders, lattices, rings,
integral domains of arbitrary characteristic, commutative semiroups, and 2-step nilpotent groups

have structures with propef” jump degrees for computable ordinals
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Chapter 3

Basic Number Theory

In this chapter, we review some basic results in number theory that we use in later chapters. First |

note that given integem, ..., an, their greatest common divisor is computal36é][

3.1 Euclidean Algorithm

Letay, ..., ay be integers, not all zero. Thgreatest common divisaf these integers is denoted by
(al, ey an)
Lemma 24. If ay, ay, ..., &, are integers, not all zero, then

(@z, .., @1, @) = (a1, ..., 32, (@n-1, @n))

(Euclidean Algorithm): Letg = aandry = b be integers such that> b > 0. If the division

algorithm is successively applied to obtain
i =Tj+10j+1 +js2

with 0 < rjzo < rjepforj =0,1,2,..,n-2andrny = O, then @ b) = ry,, the last nonzero

remainder.

3.2 Linear Diophantine Equations

Recall that a Diophantine equation is a polynomial equation with any number of variables that

allows the variables to take integer values only. A linear Diophantine equation is a Diophantine
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equation where the powers of variables are either 0 or 1. Given a linear Diophantine equation,
Xy +---+apXn =C

whereg; are all positive integers ards an integer, we have a simple algorithm that decides whether

this equation has an integral solution.

Theorem 25. If a1, ay, ..., @, are positive integers, then the equatioixa+ - - - + anx, = ¢ have an
integral solution if and only if &= (ay, ..., &,) divides c. When there is a solution, there are infinitely

many diferent solutions.

Proof: If there are integers, ..., X, such thata;x; + --- + a,xn = ¢, then sinced dividesa; for
i =1,2,...,n, we have that also dividesc. For the converse, we use an induction on the number
of variablesn. Forn = 2, we haveax + by = c andd = (a, b). Supposal dividesc, then there are
infinitely many integers, t with
d=as+bt (*)
Sinced|c, there is an integeg with de = ¢. Multiplying both sides of (*) bye, we get
c=de=a(se + b(te)
Hence we have an integral solution= seandy = te. We assume that any linear Diophantine
equations witm variables have an integral solution. Let a linear Diophantine equationnwitth
variables be given
a1Xg + -+ Xy + Anr1Xner = € ()

Since we have that the collection of linear combinatitm, + an+1Xn+1} iS equal to the collection
of multiples of @, an+1), for given integetry, there are infinitely many solutions to the equation

anXn + anr1Xnr1 — (@n, @ns1)y. Hence we can reduce (**) to a linear Diophantine equation

aiXy + -+ + an-1%Xn-1 + (@n, ns1)y = C. (***)

We have the assumption that= (ay, ..., ap+1) dividesc, butd = (ay, ..., ar-1, (@n, ans+1)). Hence,
by the inductive hypothesis, (***) has an integral solution. It follows that (**) also has an integral

solution. 0.
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3.3 Artin’s Conjecture

We will now review certain results about congruences, which we use in Chapters 5 and 6 to form

anti-chains of non-associative magmas, with respect to embeddability of structures.

Lemma 26. Let a b, and m be integers with m 0 and(a, m) = d. If d does not divide b, then axb
(mod m) has no solutions. If d divides b, then=ak (mod m) has exactly d incongruent solutions

modulo m. Here we use a partial solution to a well-known conjecture called Artin’s conjecture.

Proof: We just need the existence part in this dissertation. To show the existence of solutions we use
the existence of an integral solution of the linear Diophantine equation proved in Theorem 25. The
linear congruencax = b (modm) is equivalent to the linear Diophantine equation in two variables
ax— my= b. The integerx is a solution ofax = b (modb) if and only if there is an integer with

ax— my= b. By Theorem 25, we know that dfib, ax— my = b has infinitely many solutions. .

Theorem 27. (Fermat’s Little Theorem) If p is prime and a is a positive integer such that p does

not divide a, then &* = 1 (mod p).

Proof: Consider thg@ — 1 integersa, 2a, ..., (p — 1)a. None of these integers are divisible pyNo
two of the integers are congruent modydpbecaused, p) = 1 andia = ka (mod p) implies that
i = k (mod p). Hence the set gb — 1 integers is equal to the s, 2, ..., p — 1} and their products

are equal as well. That s,
a-2a-..-(p-1a=(p-121)
Therefore,
aP1(p-1)! = (p- 1)! (mod p).
ThenaP! = 1 (modp), as desired. 0.

Definition 28. For an integer a and a prime p, we say that a ipr@mitive root modulop, and write

ordp(a) = p-1, if p— 1is the least positive integer x such th&t=a 1 (mod p).

To construct certain anti-chains of magmas with respect to embeddability, we use a partial solu-

tion to the Artin’s Conjecture.
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Conjecture 29. Artin’s Conjecture: Any integer q which is not a perfect square and-ibis a

primitive root modulo infinitely many primes p, that is,

ordp(q) = p-1.

The Artin’s conjecture is still open, but to form an infinite anti-chain of racks and crossed sets with
respect to embeddability, we just need the following partial solution to the conjecture, which is due

to Roger Heath-BrowrZ3].

Theorem 30. Partial solution for Artin’s Conjecture (Roger Heath-Brown, 1986) There are at most
two primes q for which Artin’s conjecture does not hold. That is, for all except two primes q, we

have that org(q) = p — 1 for infinitely many p.
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Chapter 4

Self-Distributive Magmas and Their

Richter’'s Degrees

Although Richter’s degrees of various algebraic models have been investigated since Richter in-
troduced the concept, Richter's degrees of self-distributive magmas have not been studied so far.
The goal of this dissertation is to investigate Richter’s degrees of self-distributive magmas. In this

chapter, | will give the definitions and establish some basic properties of shelfs, racks, quandles, and

crossed sets, which are all important examples of self-distributive magmas (see [1], [16], [29]).

4.1 Self-Distributive Magmas

Consider a structurey, =), wherex is a binary operation, and consider the following axioms:
(1) For anyx,y € Q, there exists a uniques Q such thatz= x =y.

(2) For anyx,y,ze Q, we have Y « 2) « X = (y * X) * (z* X).

(3) For anyx € Q, we havex = X = X.

(4) For anyx,y € Q, we havey = x = yifand only if X« y = X.

Axiom (2) is the self-distributivity property, and the axiom (3) is the idempotence property.

Definition 31. The structurgQ, =) is called a shelf if it satisfies the axiom (2), a rack if it satisfies
the axioms (1)—(2), a quandle if it satisfies the axioms (1)—(3), and a crossed set if it satisfies the

axioms (1)—(4).
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Racks were defined by Fenn and Rourkeli| |

| will now present several examples of these models.

Example 1: This is an example of a structure, which is a shelf but not a rackZ hetthe set of
integers, and le® be a subset af. ThenS is upward flipping shelif for any negative element in

the domain, its additive inverse is also in the domain, and has a binary operation defined as follows:
yx X = abgX).
To see that this model satisfies the second axiom, we verify that
(Y*2) = x=abqz) = x = abgqXx)
while
(Y= X) = (zx X) = abgX) « abqX) = abgabgXx)) = abgX)

To see that it is not a rack, suppase S and that the domain has a negative numbé&rhen for

anyze S,

ZxX=abgx) V.

So the axiom (1) does not hold.

Each countable upward flipping she8,§) is isomorphic to a computable one. Without loss
of generality, assume th& = {ag, a3, ...} U {—ap, —az, ...} U {bg, b1, ...}, where for alli € w, a and
b, are positive integers. Consider a magmad), where® is defined as follows fon,m € w :
3ne@m=3n,(3n+ 1)@m= 3n and (I +2)®m= 3n+ 2. Hence @, ®) is a computable rack
isomorphic to §, ) via an isomorphisnf : Q — w defined byf(a,) = 3n, f(-a,) = 3n+ 1, and
f(bn) = 3n+ 2. Thus, Richter’s degree of any upward flipping shef.is

Example 2: This is an example of a rack which is not a quandle. Given a natural nan&ee

(Zn, *) is a magma with binary operation defined as

yxX=y+1,
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where ¢, +) is a cyclic group of orden. This is a special case of a model found in Andruskiewitsch
and Grana [5]. | will show that this model satisfies the first two axioms but not the third one. Given

XY € (Zn, +), we have
Y-D=x=(y-1)+1=y.
So, there existg satisfying the equation in the first axiom and it is unique. We see that
(Y*2)«Xx=(Y+1)=xx=y+2.
On the other hand,
(YeX)*(zxx)=(y+1)*(z+1)=y+2.
So, the second axiom is satisfied and the model is a rack. For any elenZgniia have
X*X=X+1#X

So, this model does not satisfy the third axiom and thus is not a quandle.

Example 3: The following structure is an example of a quandle which is not a crossed set. Define a

magmaQ = ({x, @, 8}, *) where the quandle operation is defined by the following table:

Bla|B|B

I will show that this model satisfies the first three axioms but not the fourth axiom. Giee,

define a right translatioR, : Q — Q by R/(xX) = x*y. To show thatQ satisfies the first axiom,

it suffices to show thaR, is a bijection for ally € Q. We see immediately from the multiplication

table that for eacly € Q, the mapR, is surjective and hence a bijection. To see that the model
satisfies the second axiom, we need to go through tedious computation using the table, so | omit the

proof. For the third axiom, we see it immediately by looking at the diagonal of the table. To see that
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the model does not satisfy the fourth axiom, observe xhat = x, while a = X = 8. HenceQ is a

guandle but not a crossed set.

Example 4. Here we present an example of a crossed set. Cogidet (Zp, *n), wherep is

prime, p does not dividen — 1, and
Y #n X =nX—(n-1)y (mod p).

For givenx € Qpn, if Rx(y1) = Rx(y2) (mod p), then @1 — 1)(y1 - y2) = 0 (modp). Sincep does not
dividen-1, we havey; = y» (mod p). Hence the right translation is an injection on a finite set, and

thus a bijection. The first axiom is satisfied. We have
(y*2) * x=(nz— (n—1)y) * x=nx—n(n—1)z+ (n - 1)?y.
On the other hand, we have
(y* X) % (z* X) = n°X—n(n—1)z— n(n — 1)x+ (n— 1)%y = nx— n(n — 1)z + (n — 1)%y.

Hence the second axiom is satisfied by the model. We Rave = nx— (n — 1)x = x and so the

third axiom is satisfied. Suppoge: X =y. Then
nx—(n-1y=y= n(x-y) =0 (modp),
Then
X*Yy=ny—nNX+X=-N(X-Y)+ X=X (modp).
Thus the fourth axiom is satisfied.

Example 5: A quandleq, =) is calledtrivial if the quandle operation is defined by:

(va)(Yb)[ax b = a.

We will show that each (countable) trivial quandle is automorphically trivial by showing that every

permutation ofQ is an automorphism. Let : Q — Q be a bijection. Then

o(axb) = o(a),
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and

o(a) * o(b) = o(a).

Thus,o(ax* b) = o(a) * o-(b) ando is an automorphism of, =).

Hence the Turing degree spectrum of a trivial quandle ed0also its Richter's degree &

Example 6: This is another example of a quandle. We call this modgt) (a skew vector space
over a finite fieldZ,. The domairW is the domain of an infinite dimensional vector space &gr

and the binary operation is defined as follows:
usv=2"1v+u),

where 21 is the elemenk in Z, which satisfies the equatiorx2 1 (modp). Given a pairv andu

in W, we have
(Qu-v)xv=2"Yv+2u-Vv) =y,

and there is no other elementss W satisfyingv = w = u. So the model satisfies the first axiom of

the quandle. Giver, u,w € W, we have
(Usw)xv=2"u+w) *v=2"v+2u+w) =21v+ 27127y + 271271,
while

(UsV)x (WxV) =27 (v+u) « 273 (v+w) = 27127 v+ 271271y 4 27127y + 27127 1w =

27 lv+ 27127y 2712w,
Hence the model satisfies the second axiom. FonanyV, we have
X* X =2"1(2%) = x.
Hence this magma is a quandle.

Example 7: LeG be a group. We define thmnjugatequandle Conf) to have as its domai6,

and as its quandle operatierdefined by

axb=b1lah

30



for all a, b € G. The first axiom is satisfied since for evetyy € G, there is a unique = yxy* such

thatz+y = x. The second axiom holds since forally,ze G :

(xxy)xz=2ZYxxy)z=zty Ixyz

and

(Y2 (x*2(y*2)
(¥ ™z xd(z 'y2)

@y 'z x)(z 'y

(x*2) % (y*2)

Zlytxyz

The third axiom holds since for everye G :

X% X = X IXX = X.

Clearly, if a groupG is abelian, then the conjugacy quandle is a trivial quandle sinck =
b~tab = b tba = a. We will now give an example of an important non-abelian group and determine
its conjugacy quandle. Assume thats a ring with a unit, for exampleZ. The Heisenberg group

H3(R) consists of 3« 3 matrices of the form

1 ab
0 1 c
0 0 1

where @, b, c) € R3. We can see that the cent@fHs(2)) of the groupHs(R) coincides with the set

of all matrices of the form
1 0 x

MX)=|0 1 0],
001

wherex € R, and that the groupls(R) is a 2—step nilpotent group.
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We can also identify the matrices with the triplesl{, c) and write for the group operation

(az,by,¢1) - (a2, b2, ©2) = (a1 + @z, by + by + @162, €1 + C).

The inverse element o&(b, c) in H3(R) is:

(a.b,c)t = (-a -b+ac —0).

Hence the quandle operatienn the conjugacy quandle Col§(R)) is given by:

(ag,b1, ¢1) * (a2, 2) (agbz, c2) ™t - (ay.by, 1) - (B2.b2, C2)

(-ap, — bo + axCp, —Cp) - (a1 + @, by + b2 + @162, €1 + Cp)

(a1, —b2 + @y + by + by + @102 — ay(C1 + ¢2), €1)

(a]_, b1 + a1C2 — apCy, C]_).

Hence, if the ringR is computable, Coni{3(R)) is also computable.

Example 8: Consider a quandi®,(x) satisfying the following identity for alk, y:

(Y X) *x=Y.

Such a quandle is calldgdvolutiveor Kei. Then the unique satisfying axiom (1) i/ = X. These
guandles play an important role in knot theory. In particular, for every group we define Kei by
setting

Xy = yxly.

That is, in addition to satisfying axioms (2) and (3), we have:

(y * X) * X x(y = X)"1x
= x(xy 1x)Ix
= xxlyxx

= y



4.2 Substructures of Non-Associative Magmas

Racks, quandles and crossed sets are new models in computable model theory compared to well-
studied models such as groups, rings or fields. In this section, | present some basic properties of
racks and crossed sets, which | will use in this dissertation. One way to construct an anti-chain
of models with respect to embeddability is to form a sequence of models which do not have any
non-trivial submodels. For groups, cyclic groups of prime orders have no subgroups because of
Lagrange’s theorem. For racks, quandles and crossed sets, there is no general theorem which relates
the cardinality of models and the existence of submodels in them. We will preseifficest

condition for crossed set not to have any non-trivial sub-structuégd g[7]).

Definition 32. (i) A rack (shelf, respectively) is callesimpleif it does not have a proper sub-rack
(sub-shelf, respectively).
(i) A quandle (crossed set, respectively) is calkahpleif it does not have proper and non-

singleton sub-quandles (sub-crossed sets, respectively).
Recall that if X, =) is a rack anck € X, then a left translation iXX by x is defined as x(y) = Xxy.

Definition 33. Let(X, ) be arack and let ¥y € X. Then the orbit of y undendis (y, Lx(y), L3(y), ...)
and is denoted by D(y).

Lemma 34. Any finite closed (under the operation) subset Y of a crossed set X is a crossed set.

Proof: We need to show that the sub¥edatisfies all the axioms of crossed sets: 1) for &iyye Y,
there exists a uniquee Y such tha+y = x; 2) for anyx,y,z € Y, we have yx2) X = (y*X) *(Zx X);

) forallyeY,yxy=y; 4)forallx,yeY, we havey« x = yif and only if X« y = x. For the first
axiom, it sdfices to show that for giver € Y, the right translatiorRy is a bijection onY. Since it

is an injection onX, it must also be an injection on. The range of this injection over the domain
Y must be included irY, becauseY is closed under the operatien But since the translation is
an injection, we have rangg() = Y, so it is also onto. The second, third, and the fourth axiom
clearly hold forY since any three elementsy, zchosen fronY are also elements of and thus the

equations must hold. o.

Lemma 35. Given a crossed set X andyxe X such that x v, if X is generated by x and y, then

X is simple.
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Proof: Notice that sinc&X is a crossed set, the third axiom holds and thus every sub3etbiich
is a singleton is a submodel. Given any submo@ief X which is not a singleton, it has at least two
distinct elements. Sincé is closed under the operation akds generated by these two elements,

Y containsX and thus is not a proper submodeDaf 0.
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Chapter 5

Theories Having Models of Any

Richter’'s Degree

In this section, | will show that the theories of racks and crossed sets have models of arbitrary

Richter’s degrees.

Theorem 36. Fix a finite languagel and a theory7 in L. If there is a recursive anti-chaifA};,
with respect to embeddability, of finite models #©&nd for each set S w, there is a model A

such that:
a) Asis a countable model of .
b) Asis Turing reducible to S, and

c) A is embeddable in&if an only ifi€ S,

then, for any Turing degree, there is a countable model @f whose Richter’s degree &5

Proof: LetD C w be such thatleg D) = d. Recall that
DeD={2j:jeDju{2j+1:j¢D).
Clearly,

deg(Aip,5) < degD & D) = d.
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We will show thatA, .5 is a countable model of, whose isomorphism class has degiee
Now, letB be a model foff” such thatB ~ Apeb- Then we have, by the definition 6fe D and

the assumption of the theorem, that for every w,
(j € D & Ayj is embeddable iB) A (j ¢ D © Azj,1 is embeddable i)

Thus, we conclude that deg) > d. Hence degfi5) = d. Moreover, the degree of the isomor-

phism class ofA, 5 isd. O.

We will now apply Theorem 36 to self-distributive magmas, such as racks and crossed sets.

5.1 Racks

We will show, using Theorem 36, that Richter’s spectrum of degrees for models of rack theory
contains all Turing degrees. We will first consider a suitable anti-chain of finite racks and then an

appropriate combining method such that the combined model is also a rack.

Lemma 37. The sequence of rackS,}n»1 forms an anti-chain of racks with respect to embeddabil-
ity, where S, is defined a$Z,, ) where(Z,, +) is a cyclic group of order = 2, and the operatior

is defined by ¢ x =y + 1.

Proof: It sufices to show that each member of the chain is a simple rack. Suppose that there is a

subrackQ of Sy, and lety € Q. Then the orbit ofy under the right translatioR, is

OF M) = RO REY). ) = (LY =Y. (y*Y) #¥,.) = (LY + Ly +2,..) = Zn.

In other words, each element generates the entire domain of the structu€g iantbt a proper
subrack ofS,. Hence each member of the sequef®gn-1 is simple, and thus the sequence forms

an anti-chain.
Now, | will combine the members of this anti-chain. L&t = (A, *j)ic) be racks with pairwise

disjoint domains. Theidisjoint unionis a magmax = | |i; A, where the domain is|i¢; A and the

operationx is defined as follow:
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bxic ifbceA
(51) b*C:
b ifbe A,ceAj, i#]j

Lemma 38. The disjoint union of racks with the operation defined above is a rack.

Proof: Showing that the disjoint union satisfies the first axiom is not hard since forgiyegifithey
are in the same membéy then the right translation is a bijection, and if they are not in the same
member, the right translation is the identity map and thus a bijection. To see that the second axiom

is satisfied, consider the following cases for given elementsindz in the disjoint union.

a) All three elements are in the same memiyeClearly, the axiom holds sinod is a rack.

b) None of three elements belong to the same memkiey)¢z = xxz= X = Xxy = (X*2) * (y*2).
c) xandzare in the same member buts not: Xxy) xz= X*xz= (X*x2) *y = (X* 2) = (Y * 2).

d) y andz are in the same member bxits not: (X*y) xZ= X*z= X = Xx* (Y* 2) = (X * 2) = (Y * 2).
e) x andy are in the same member bwis not: X+y)xz=Xxy=(X*x2) *(y*2). 0.

Theorem 39. For every Turing degred, there is a rack the isomorphism type of which has degree

d.

Proof: We apply Theorem 36 to a recursive anti-chain of rd8ks-». For each subset & c w,

let As = | lics Si- By Lemma 38As is a countable rack and hence the condition a) in the Theorem
36 is satisfied. We have € As = | |ics S; if and only if for anyy € w, there is a positive integer
msuch thaR[Y(x) = 0 and the least positive integlesuch thalRym+k(x) = 0 is in the se6s. Hence

we haveAs <t S and the condition b) is satisfied. The third condition c) follows from the fact that

eachS; is a simple rack. oO.
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5.2 Crossed Sets

Using Theorem 36, we will show that the theory of crossed sets has models of arbitrary Richter’'s
degrees. For an anti-chain with respect to embeddability, | will use the structure called “Kei”,
Qpg = (Zp, *q), Wherep andq are primes such that does not divideg — 1, ord,g = p— 1 and

X#*qY = gXx—(q- 1)y (mod p), where orglq) is the order ofg in multiplicative group of integers
modulo p. This structure is also called the “Alexander quandle.” First | will show that this Kei is

indeed a crossed set.

Lemma 40. The Kei, Q4 = (Zp, *q), Where p and g are primes such that p does not dividelg

ordpq = p—1and yxq X = gx— (q— 1)y (mod p), is a crossed set.

1) For givenx € Qpgq, if R«(y1) = Rx(y2) (mod p), thenq(y: — y2) = 0 (modp). Sincep andq are
relatively prime, we havg, = y, (mod p). Hence the right translation is an injection on a finite set

and thus a bijection. The first axiom is satisfied by the structure.
2) We have
(x+y)*z=(ay- (9= 1)X) *z=qz- (4~ 1)@y~ (4-1)¥) = gz q(@ - 1)y + (q - 1)°x

while

(Xx2)x(y*2) =(9z- (d-1)X) = (9z- (q—1)y) =q(az- (- 1)y) - (- 1)(@z- (q- 1)x) =
z-q(q- 1)y - q(q- 1)z+ (q- 1)*x = gz— (g - 1)y + (q - 1)*x

Hence the second axiom is satisfied by the structure.

3) We have
X% X=(0gxXx—(q—-1)x= X
and so the third axiom is satisfied.

4) Suppose& =y = X. Then
aqy-(g-1)x=x= q(y - x) = 0 (modp),
SO
y*X=0x-(q-1)y=q(x-y) +y=y(modp)
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Thus, the fourth axiom is satisfied.

Lemma 41. Let q be a fixed positive integer. If there are infinitely many primes p such that p does
not divide g- 1 and ordyq = p — 1, then the sequenceQy q}p, of Keis, forms an anti-chain with

respect to embeddability.

Proof: Letq be fixed. Suppose there are infinitely many prirpesich thatp does not divideg — 1
and orgg = p — 1. Pick any member in the sequenCg,q. Take any pair of elementsy € Z,
such thatx # y and consider the orbit of under the left translation by, Lyx. An induction shows
that we havell(y) = gy + (1 - g)x. Using this formula, we can show that(y) # x for all
non-negative integers Suppose that for & i < p - 1 andk > 0, we havelLl(y) = Li¥K(y).
Theng (1 - ¢4)(y — X) = 0 (mod p). It then follows thak > p — 1 because of the assumption that
ordp(g) = p—1. HenceforO<i < j < p-1,we havell(y) = Lf'((y) if and only ifi = 0 and
j=p-1. Thatis,

OF () U Xl = p

andQpgqis simple. 0.

The combined method for crossed sets for 8ny w is as follows. Letd; = (A, #i)ici be crossed
sets. Fixb; € Aj, i € |. Consider the direct sun@i€| A;, where the elements are sequencgs(
with x; € A; such that for all but finitely maniy, x; = b;, and the operation is coordinate-wise. Then

the direct sum is a crossed set.
Lemma 42. The direct sum of the family of crossed sets as defined above is a crossed set.

Proof: To show that the direct sum satisfies the first axiomy Edy be elements inﬂ}i A. For
each component of andy, x; andy;, there is a unique € A such thatz =y, = X sinceA is a
crossed set. Defing= (z, 2, ...). ThenZxy = X. In a similar way, we can show that the remaining

axioms for crossed sets hold.o

39



We show that there are infinitely many primgsuch thap does not dividg-1 and orgiq = p-1

using a partial solution of Artin’s conjecture.

Conjecture 43. Artin’'s Conjecture: Any integer q which is not a perfect square and-ibis a

primitive root modulo infinitely many primes p, that s, gf@) = p—- 1.

Theorem 44. Partial solution for Artin’'s Conjecture (Roger Heath-Brown, 1986): There are at
most two primes g for which Artin’s conjecture does not hold. That is, for all except two primes q,

we have that org(q) = p — 1 for infinitely many p.
Now we have the following theorem for the theory of crossed sets.

Theorem 45. For every Turing degred, there is a crossed sets the isomorphism type of which has

degreed.

Proof. We apply Theorem 36 to a recursive anti-cH&lp q}i, whereq is a fixed prime not excluded
by Theorem 44 ang; is such thaordy, (q) = pi—1. For any se§ C w, we form a structureicsQp, .
The three conditions in Theorem 36 follow from the definition of disjoint union and the fact that

eachQyp, q is a simple crossed set. 0.
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Chapter 6

Structures without Richter’'s Degree

It is known that there are Turing degregsindb with no greatest lower bound. A set of Turing
degrees does not always have a least element, even if it is upward closed. For example, if the Turing
degree spectrum of a model does not have the degree of a computable set and has a minimal pair,
then it has no structure of the least Turing degree and thus the model has no Richter’s degree by
definition. Theorem 11 introduced in section 2.4. says that if we replace the second condition for

the combined method in Theorem 8,
b) Asis recursive irS,
with
b’) Asis enumeration reducible 18,

then there is a model whose isomorphism class has no least element. We use this theorem to prove
that both racks and crossed sets have a model whose isomorphism class does not have a degree.

First, | will review the notion of enumeration reducibility.
Definition 46. An enumeration operatdP is a c.e. set, where for any set®w,
ne PAif and only if @ a finite Dc A) [< n, D >¢ VP].

We say B is enumeration reducible to A and writeBA if B = P for some enumeration operator

Y.
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Intuitively, a subset A otv is enumeration reducible to a subset Boif an enumeration of A can

be found &ectively from any enumeration of B.

Lemma 47. There is a set A such that the mass problem of enumerating A has no Turing-least

element.

Proof: The desired s&& will be constructed in stages. Along with two total functionsg andh,
will be constructed such that the rangegodind the range df are bothA and{dedg), degh)} is a
minimal pair. Thus, the only possible Turing-least element would be a computable one. Since the
mass problemf : rangef) = A} will have no computable element, there will be no Turing-least
element.

At stages =< i, | >, we will have two strings of integers;s 1 andrs_1, and two finite setd\s 1
andAg_1, such that:
1) the range ofrs_1 and the range ofs_; are bothAg_1, and

2) AS—l N Ns_]_ = 0

Constructrg, s, As, andNg such that the ranges of; andrg are bothAs andAsN Ng = 0 in the
following manner. First we make sure thatis not computably enumerable by preventing it from
being equal to the-th c.e. seiVs. Choose any ¢ As 1 U Ng_1. If X € Wg, let Ng = Ng_1 U {X}, let

0_/

w1 =0s1,andletr, ; = 7s1. If X ¢ W, letNs = Ns_1, 0,_; beos 1 concatenated witly, and

letr;_, bers 1 concatenated with.

Next, if there is a numbexando’ 2 o, and7’ 2 7_, such that the range of’ and the range
of 7’ are the same set calléd, A’ N Ng = 0, andgog"(x) # goJT'(x) with both sides defined, then let
os =0’ andrs = 7. Otherwise, lets = o,_; andrs = 7_,. Note that in any case, the ranges of
osandrg are equal and disjoint fromg; call this setAs. Thenos, 75, As, andNs are the strings and

sets needed to start stage 1.

Define the functiorg = U0, the functionh = Ug,7s, and the sefA = Ug,As. Note that
the construction insures thatis not a computably enumerable set and that the rangentih are

both equal toA. The proof will be completed if we can show tHdedg), degh)} forms a minimal
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pair.

Supposef were a total function, Turing reducible to bagfandh. Then there would be a pair
of numbers,i and j such thatf = go? = go?. This equality would have been prevented at stage
s =<1, ] > unless for all numbers, for all pairs of stringsr’ 2 o_,, 7" 2 7,_; whose ranges do

not intersect the finite set &, the stringsr’ andr’ can be extended to a pait, r such that
o7 () = ¢j(x) = f().

Thus f is computable in the finite string”’_, and the finite seNs. So, f is a computable

function, anddedq), degh)} forms a minimal pair, as desired. 0.

Lemma 48. For any total functions f and g, f is computable in g if and only if f is enumeration

reducible to g.

Theorem 49. Fix a finite languagel and a theory7 in L. If there is a recursive anti-chaifA;};
of finite models forZ, and for each set & w, there is a model Asuch that:

a) Asis a countable model of,

b) Asis enumeration reducible to S, and

c) A is embeddable in&if and only ifie S,

then, there is a countable modelBfwhose isomorphism class has no degree.

Proof: LetS be the set constructed in Lemma 47 such that the mass prgblerangef) = S} has
no Turing-least element.
Let B = (N, {Ri}i<n, { fj}j<m) be any model. Defingg to be the characteristic function for the set

NeR @ ---oR" @ % ---@ f™ Consider the mass problem

[As] = {xs : B= Ag}.

If B = As andyg is given by any enumeration, then afteelements ofyg have been enumer-
ated we can list those< n such thatA; is embeddable in the submodel Bfenumerated so far.

Eventually this process yields an enumeration of
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{i : Ay is embeddable iB} = {i : A is embeddable idg} = S,

when given any enumeration g as inputs. Hence the process described above informally defines
a partial recursive operatdf such that the functio®¥(yg) has range.

Thus for allyg € {ys : B~ As}, Y(ys) € {f : ranggf) = S}; and¥ shows tha{f : ranggf) =
S}is reducible as a mass problem{ia : B ~ As}.

Also, we can define a partial computable operdio that for anyf € {f : ranggf) = S}, the
function ®(f) is an element ofyg : B ~ Ag}. This is possible, since by the assumption that
is enumeration reducible 16 for all S c w, an enumeration of any such total functibrgives an
enumeration o6 which yieldsyag.

Since all characteristic functions are total, by Lemma¥@g) <t ygforall yg € {yg : B =
As}. This lemma also implies th&¥(f) <t f for all f € {f : rangef) = S}. Suppose that the
isomorphism class oAs has a Turing-least eleme@t Then the mass problefgg : B = Ag} has
xc as a Turing-least element. Henge <7t ®(f) for all f € {f : rangef) = S}, since for eacH,

®(f) € {yg : B= Ag}. Thus for allf € {f : rangef) = S},

Y(xc) <1 xc <1 ©(f) <7 f.

Hence ¥ (yc) is a Turing-least element ¢f : rangef) = S}, which is a contradiction. Hence the
modelAs has no Richter’s degree. O.

We will now apply Theorem 49 to self-distributive magmas, such as racks and crossed sets.

6.1 Racks

Let A = (A, %)iel be racks with pairwise disjoint domains. Recall that their disjoint un¥n;

| liet A is a rack with the operation defined as follows:

bxic ifb,ceA
(6.1) brc={

b ifbeA,ceAj i+#]
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Lemma 50. The disjoint union_|icp S; where §, = (Zn, ) is such that y x = y+ 1 and(Z,, +) is

a cyclic group of order n is enumeration reducible to the index set A.
Proof: Define a set

¥ = {< n,A>: Ac wfinite, forx £ 0, if L\(n) = 0 then the least positive integer j such that

L (n) = 0ismandm e A}.

The set¥ can be shown to be computably enumerable using the following algorithm: enumerate
first finite setsAy ¢ Ay c ---, then forx # 0 computel!(n) for i = 0,1,2,... until Li(n) = 0.
Supposeé = iy is the first such thait!?(n) = 0. Then again computlei>?+j(n) forj=1,23,.... If the
least positive integej such thaﬂ_i?”(n) = 0ismandm € A, then enumerate n,A > in ¥. We

haven € ¥ if and only if < n, A >e ¥ if and only if
Ne SmC |lica Si-
So| icaSi = 2. Hencel |ica Si <e A. 0.
Theorem 51. There is a rack the isomorphism type of which does not have a degree.
Proof: Now we can apply Theorem 49 to the anti-chain of racks and their disjoint union, which are

previously defined, since Lemma 50 shows that the disjoint union of &¢ckatisfies the condition

b)’ of Theorem 49.

6.2 Crossed Sets

Let A = (A, )il be crossed sets. Fix € A, i € I. Recall that their direct sum i§p;_, Ai, where

i€l
the elements are sequencggi{; with x; € A; such that for all but finitely many i = b;, and the

operation is coordinate-wise.
Lemma 52. The direct sum of KeiéD,_, Qp.q is enumeration reducible to the index set A.

Proof: Define a se¥ as follows. Let{i; <i, <--- <in} be afinite subset of and letv be a vector
< X0, X1, ey Xin» DI, Dis1, ... >. For the firstiy + 1 coordinates of, j = 0,1, 2, ..., in,, cOmpute to see if
ordp(x}) =q- 1. Ifforall j =0,1,2,....in, ordy, (Xj) = - 1, then enumerate v, A >€ '¥. Notice
that this computation can be done in finitely many steps. We fia#” if and only if < V, A >e ¥

if and only if V€ @, _, Qp.q. HenceP, , Qp.q = ¥ and thusP, , Qp.g <e A 0.
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Theorem 53. There is a crossed set the isomorphism type of which does not have a degree.

Proof: Now we can apply Theorem 49 to the anti-chain of racks and their direct sum, since the

Lemma 52 shows that the direct sum of crossed €gts,(*) satisfies the condition b)’ of Theorem
49. 0.

46



Chapter 7

Jump Degrees

Since many countable structures do not have a degree of their isomorphism type, Richter and
Jockusch introduced the following measure of complexity of structures, which is invariant under

isomorphisms.

Definition 54. Leta be a computable ordinal. Theh jump degreef a structureA, if it exists, is

the least Turing degree in
{deg®B)®) : B = A).

Obviously, the notion of the Oth jump degreedfcoincides with the notion of the degree of the
isomorphism type ofA. No nonstandard model &1A has Oth jump degree. On the other hand,

there is a nonstandard modelA with any first jump degred’.

Richter in her dissertatiorBB] presented the earliest examples of models which hawe2)nd
jump degree but natth and ( + 1)st jump degrees. Recall that every non-computably presentable

linear ordering and non-computably presentable tree has no Richter’s degree.

Theorem 55. For any degreal such thad > O, there is a countable tre8 = (B, <g) such that the

degree of the first jump of the isomorphism clas® eists and isl.

Theorem 56. For any degreal > O, there is a a linear ordering such that the second jump degree

of B exists and igl.
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Ash, Jockusch and KnighB] showed the existence of the s&tc w which can be used in

constructions of groups with na ¢ 1)st jump degree but withth jump degree for ah > 0.

Theorem 57. For any n> 0 and any degree > 0", there exists a set & w such that $V has
degreed, and the set G= {C(™1) : S is computably enumerable id'cl} has no element of least

degree.

Sara Oates used this theorem to show that for any debre@’ there is a groug such thatG has
nth jump degre@ andG does not haven(— 1)st jump degree32]. Next we will see that this is also
true for crossed sets when= 1. To establish the result for = 1, we need the following lemma.

Recall that for a structura, by deg A) we denote its Turing degree.

Lemma 58. For any set Sc w, let Qi(S) = @ies Qp.q, be the direct sum of crossed setg
introduced in Chapter 5, where q is fixed prime, and for allidpes not divide ¢ 1, and ord, (q) =
pi — 1. Then for all Sc w and sets D, the following are equivalent:

(1) There exists a crossed setRQ;(S) such that defR) < ded D),

(2) S is computably enumerable in D.

We use this lemma to establish the following theorem. For a struBturgAtDiag(R) we denote

the atomic diagram dR. We will emphasize the atomic diagram to distinguish structures from sets.

Theorem 59. For any degreeal > O, there is a crossed set;@uch that Q has1t jump degreed

and @ does not have the degree of its isomorphism class.

Proof: Take a seb such thatleS’) = d and{D : Sis c.e. inD} has no least element, which exists
by Theorem 57. Defin€; = Q1(S) = @ies Qp.g- First we show tha@; has ' jump degree.
LetR= Q.. We have € Sif and only if there exisk, y € Rwith x # y such thaOg, (y) U {x} = Z;.
The second part of this statemenkisin AtDiag(R) and hencé& <t AtDiag(R)’.

Since(’ <t AtDiag(R)’, clearly, we have
S’ =1 Se 0 <t AtDiag(R)’ ().

On the other hand, we hawtDiag(Q1) <t S, so by the monotonicity of the jump operator,

AtDiag(Q1)’ <t S’. Combine this relation and, we obtainAtDiag(Q.) <t AtDiag(R)’ for

48



all R = Q;. HenceAtDiag(Q)’ is the least element ¢AtDiag(R) : R = Q1}, soQ1(S) has F'jump

degree.

We will see thatQ; does not have Richter’s degree (0th jump degree). Suppose, on the contrary,
that {AtDiag(R) : R = Qq} has the least eleme#itDiag(A) with A = Q;. ThenAtDiag(A) <t
AtDiag(B) for all B = Q;. Supposé® is any set such th&is c.e. inD or S <t D’. By Lemma 58,

there exists a crossed et Q; andAtDiag(C) <t D. This implies that:
AtDiag(A) <t AtDiag(C) <t D

Now we haveA = P, _s Qp q andAtDiag(A) <t AtDiag(A). So again by Lemma 5& is c.e. in
AtDiag(A). SoAtDiag(A) € {D : Sis c.e. inD} such that it is an element of the least degree. This

contradicts the choice of the s&t 0.
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Chapter 8

Future Work

We propose to work on the following open problems related to Turing degree spectra on self-

distributive magmas, as well as the degrees and jump degrees of their isomorphism types.

Problem 1

Richter proved that ifA is a countable structure without a computable isomorphic copy such that
A satisfies the fective extendability condition, then the isomorphism typeAdhas no degree. A
structure# satisfies the recursive embeddability condition if for every finite strucidisomorphic
to a substructure aft, and every embedding of M into A, there is an algorithm that determines
whether a given finite structuy®¥ extendingM can be embedded intd by an embedding extending
o. Richter’s result uses a minimal pair construction.

Richter showed that every linear order, and every tree as a partially ordered set, satisfy the
recursive embeddability condition. Khisamiev proved that every abgdigroup, wherep is a
prime number, satisfies the recursive embeddability condition. Hence the isomorphism type of a
countable linear order, a tree, or an abelgroup, which is not isomorphic to a computable one,
does not have a degree. Interestingly, Slaman and S88rstjowed that the c.e. Turing degrees,

with the usual order relation of Turing degrees, satisfy tiiective extendability condition.

We would like to find a natural and broad class of self-distributive magmas, which do not always
have computable isomorphic copies, and satisfy the recursive embeddability condition. Not much

has been done in this direction for groups that are far from abelian groups, although it has been
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shown in [L2] that there are centerless groups that have arbitrary Turing degrees for their isomor-

phism classes, as well as no degrees. (A g@igpcenterlessf its center is trivial, i.e.Z(G) = {€}.)

Problem 2

In [5], the following generalization of Richter’'s theorem was established.

Theorem 60. Let C be a class of countable structures in a finite language L, closed under iso-
morphisms. Assume that there is a computable sequefi¢e,, of computablgpossibly infinitg
structures inC satisfying the following conditions.

() There exists a finitely generated structufies C such that for all ie w, we have thaiA c A;.

(i) For any X C w, there is a structureAy in C such thatA c Ax and

Ax <1 X,

and for every ke w, there exists an embeddingsuch that

oA > Ax, oz =id,

iffi € X.

(iif) Suppose that anyAy is isomorphic to some structug® under isomorphism : Ax «—
8. Consider a pair of structuresd;, A; such that exactly one of them embedsBivia o with
(r71o o) 4 = id. Then there is a uniformlyfective procedure with oracl® for deciding which of
the two structures embeds$h

Then for every Turing degres there is a structure il whose isomorphism type has degdee

The dual theorem was also established5h [These two theorems were applied to show that
there are countable fields, rings, and torsion-free abelian groups of any finite rank, whose isomor-
phism types have arbitrary Turing degrees, as well as that there are structures in each of these classes
whose isomorphism types do not have Turing degrees. Is it possible to apply these more general

theorems to natural and important classes of self-distributive magmas?
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Problem 3

For those non-associative countable magmas that fail to have a degree of the isomorphism type,
it is natural to investigate Turing jump degrees introduced by Richter and Jockusch. We started this
investigation in Chapter 7 for the first jump degree, but this analysis needs to be continued for all
computable ordinals. For a structureand a computable ordinal, the ath jump degreef A, if
it exists, is the least Turing degree in the set of the Turing degrees atlhEuring jumps of the
atomic diagrams of all isomorphic copiesd@f By considering jump degrees, we can assign Turing
degrees to some isomorphism types that do not have degrees.

For example, Richter showed that a linear order, which is not isomorphic to a computable one,
does not have a degree of its isomorphism type. Downey and Knight, building on the previous work
of Ash, Jockusch and Knight, established that for a Turing degjreith d > 0, wherea > 1is a
computable ordinal, there is a linear ordéwhoseath jump degree isl, and such thal does not
havepth jump degree for ang < . The jump degrees have also been studied for torsion abelian
groups by Oates, and for rank 1 torsion-free abelian groups by Coles, Downey and Staman [
addition, Turing degrees and jump degrees of the isomorphism types have been studied for Boolean

algebras, models of Peano Arithmetic, and prime models.

Problem 4

Slaman and Wehne#{)] independently constructed examples of Turing degree spectra of struc-
tures consisting of all nonzero Turing degrees. In fact, Wehner constructed a faioflgets of
natural numbers such that for each noncomputablXsé&thas an enumeration computableXn
but S has no computable enumeration. This family yields a structure with isomorphic copies in
exactly the non-computable Turing degrees.

This is not always possible for structures from concrete algebraic classes. Downey and Jockusch
have shown that any Boolean algebraa# Turing degree has a computable copy, and Thurber,
and Knight and Stob have further extended this result to Boolean algedmas,andlow, Turing
degrees, respectively. (A s¥t<t 0’ and its Turing degreg are calledow if xX’< 0, andlow,, if
xMW< 0™y A countable structure i&w, if its atomic diagram i$own.

Downey asked if there are familiar mathematical structures Turing degree spectra of which con-

sist exactly of all nonzero Turing degrees. This question remains open even for linear orders. We can
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ask a similar question for self-distributive magmas from natural classes. Are there such structures

with Slaman-Wehner degree spectra?
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54



References

[1] B.M. Anpersen, A.M. Kach, A.G. MeLnikov, anp D.R. Soromon, Jump degrees of torsion-free

abelian groups, to appear in theurnal of Symbolic Logic

[2] N. AnpruskiewitscHA and M. Grana, From racks to pointed Hopf algebra&dvances in

Mathematicsl 78 (2003), pp 177-243.

[3] C.J. AsH, C.G. dckuscH, R., and J.F. Kigar, Jumps of orderinggransactions of the Ameri-
can Mathematical Socie19 (1990), pp. 573-599.

[4] C.J. Asu and J. F. Kigar, Computable Structures and the Hyperarithmetical Hierardbly,

sevier, Amsterdam, 2000.

[5] W. Cawverr, V. Harizanov, AND A. SHLAPENTOKH, Turing degrees of isomorphism types of al-

gebraic objectsJournal of the London Mathematical Soci&ty (2007), pp. 273—-286.

[6] J.S. GrrER, A survey of quandle ideas, Introducing Lectures on Knot Theory, lQewts

Everythingd6, Hackensack, NJ, (2012), pp. 22-53.
[7] C.C. Chang and H.J. Keislevlodel TheoryNorth-Holland, Amsterdam, 1973.

[8] R.J. Ges, R. G. DownEy, anp T. A. SLaman, Every set has a least jump enumeratidoyrnal

of the London Mathematical Sociedg (2000), pp. 641-649.
[9] S.B. Gorer, Computability TheoryChapmann and HACRC, New York, 2004.
[10] B. Csmma, Degree spectra of prime modelsurnal of Symbolic Logié9 (2004), pp. 430-442.

[11] N.J. GutLanp, Computability Cambridge University Press, 1980.

55



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

M. Daskowska, M. DaBkowskl, V. Harizanov, aNp A. Sikora, Turing degrees of nonabelian

groups,Proceedings of the American Mathematical Soci&y (2007), pp. 3383-3391.

R.G. Downey, On presentations of algebraic structures, in: A. Sorbi, e@Gonplexity Logic
and Recursion Theory.ecture Notes in Pure and Applied Mathematics 187 (Marcel Dekker,

New York, 1997), pp. 157—-205.

K. Doets, Basic Model TheoryCSLI Publications and Center for the Study of Language and

Information Leland Stanford Junior University(1996).

R.G. Downey, On presentations of algebraic structu@smplexity, Logic, and Recursion The-
ory (A. Sorbi, editor), Lecture Notes in Pure and Applied Mathematics 187, Marcel Dekker,
New York, 1997, pp. 157-205.

R. Downey and J.F. Kiear, Orderings witheth jump degree @, Proceedings of the American

Mathematical Societ§14 (1992), pp. 545-552.

R. Fenn, C. Rourke, Racks and links in codimension tdeairnal of Knot Theory with Rami-

ficationsl (1992), pp. 343—-406.

E.B. Fokina, V. Harizanov, and A. Melinikov, Computable model theory, accepted for publi-

cation in the centennial volume Turing’s Legacy, Cambridge University JA8&s

A. Frolov, I. Kalimullin, and R. Miller, Spectra of algebraic fields and subfields, in: K. Ambos-
Spies, B. Lowe, and W. Merkle, edMathematical Theory and Computational Practideifth
Conference on Computability in Europe, Lecture Notes in Computer Science 5635 (Springer,

Berlin, 2009), pp. 232-241.

V. S. Harizanov, Computability-theoretic complexity of countable structuisljetin of Sym-

bolic Logic8 (2002), pp. 457-477.

V. S. Harizanov, Pure computable model thegidandbook of Recursive Mathematiesl.
1 (Yu. L. Ershov, S. S. Goncharov, A. Nerode, and J.B. Remmel, editors, V.W. Marek, assoc.

editor), Elsevier, Amsterdam, 1998, pp. 3-114.

56



[22] V. Harizanov and R. MLLer, Spectra of structures and relatiodsurnal of Symbolic Logic

72 (2007), pp. 324-348.

[23] R. Hearta-Brown, Artin’s conjecture for primitive rootsQuarterly Journal of Mathematics,

Oxford Ser. 37, pp 27-38.

[24] D.R. HrscureLpt, B. Knoussamov, R.A. Siorg, and A.M. Sinko, Degree spectra and com-
putable dimension in algebraic structur@sinals of Pure and Applied Logicl5 (2002), pp.
71-113.

[25] C.G. dckuscH, R. and R.l. $are, Boolean algebras, Stone spaces, and the iterated Turing

jump, Journal of Symbolic Logi&9 (1994), pp. 1121-1138.

[26] D. Jovce, A classifying invariant of knots: the knot quandl&gurnal of Pure and Applied
Algebra23, (1982), pp. 37—-65.

[27] S. Kamapa, Knot invariants derived from quandles and rackepmetry and Topology Mono-

graphs 4 (2002), pp. 103-117.

[28] A.N. Kuisamiev, On the upper semilatticeg, Siberian Mathematical Journal5 (2004), pp.
211-228 (in Russian); pp. 173-187 (English translation).

[29] J.F. Knigut, Degrees coded in jumps of orderingsurnal of Symbolic Logi&1 (1986), pp.
1034-1042.

[30] S.V. Marveev, Distributive groupoids in knot theoryflath. USSR-Sbornik7, (1982), pp.
73-83.

[31] A.G. Melnikov, Enumerations and completely decomposable torsion-free abelian grbeps,

ory of Computing Systerd® (2009), pp. 897-916.
[32] S. Qures, Jump Degrees of GroupRhD dissertation, University of Notre Dame, 1989.

[33] L.J. RcutER, Degrees of Unsolvability of Model®h.D. dissertation, University of Illinois at

Urbana-Champaign, 1977.

[34] L.J. Rcurter, Degrees of structuredournal of Symbolic Logid6 (1981), pp. 723-731.

57



[35] H. Rogers, JR., Theory of Recursive Functions angféctive ComputabilityMcGraw-Hill,
New York, 1967.

[36] K.H. Rosen, Elementary Number Theory and its Applicatign&ddison Wesley, New York,
1993.

[37] T. SLaman, Relative to any nonrecursive setoceedings of the American Mathematical Soci-

ety126 (1998), pp. 2117-2122.

[38] T.A. SLaman anp R.1. Soarg, Extension of embeddings in the computably enumerable degrees,

Annals of Mathemati¢s.54 (2001), pp. 1-43.
[39] R.I. Soare, Recursively Enumerable Sets and Degr&singer-Verlag, Berlin, 1987.

[40] S. Wenner, Enumerations, countable structures and Turing degRresgedings of the Amer-

ican Mathematical Societ§26 (1998), pp. 2131-2139.

58



