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Abstract

Self-Distributive Magmas and Their Richter’s Degrees

Richter’s degree of a countable algebraic model is the Turing degree theoretic measure of the com-

plexity of its isomorphism class. It is defined to be the least Turing degree in the set of Turing

degrees of all isomorphic copies of the model. It has been shown that some models, such as abelian

groups or partially ordered sets, have arbitrary Richter’s degrees, by showing that their isomor-

phism classes contain infinite anti-chains of models with certain algebraic and computability theo-

retic properties. Some theories have a model with its isomorphism class containing a minimal pair,

which means that the isomorphism class of the model does not have the least element or Richter’s

degree. For models that do not have Richter’s degrees, their Turing jump degrees have been in-

vestigated. I extend these results to models not previously studied in computability theory, such as

self-distributive magmas of interest in low-dimensional topology. These self-distributive magmas

do not have to be associative. In particular, I investigate racks and crossed sets and show that these

classes contain models with arbitrary Richter’s degrees, as well as models with no Richter’s degree.
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Chapter 1

Introduction

1.1 Computability Theory

Computability theory is the mathematical theory of algorithms or decision procedures. The work of

Turing, Gődel, Kleene, Church, Post and others in the 1930s established the rigorous foundations

for computability theory. The concept of computability has been formally introduced by several

different characterizations, which turned out to be equivalent. One of the characterizations is given

by the set ofpartial computable functions(also called partial recursivefunctions) on natural

numbersω = N = {0,1,2, ...}, which is the smallest class of partial functions containing the basic

functions0, s , Un
i ,n ∈ ω and 1≤ i ≤ n, and is closed under the operation ofsubstitution, primitive

recursion, andminimalisation. Here, we have,0(m) = 0, s(m) = m+ 1, and for alln ∈ ω and for

m1, ...,mn ∈ ω, Un
i (m1, ...,mi , ..,mn) = mi for 1 ≤ i ≤ n. Let−→x = x0, . . . , xn−1.

(i) Substitution. The n-ary function f , obtained by substitution (composition) from then-ary

functionsh0, . . . , hk−1 and thek-ary functiong, is defined by

f (−→x ) = g(h0(−→x ), . . . ,hk−1(−→x )).

(ii) Primitive recursion. The (n + 1)-ary function f , obtained by primitive recursion from an
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n-ary functionh and an (n+ 2)-ary functiong, is defined by

f (−→x , 0) = h(−→x ),

f (−→x , y+ 1) = g(−→x , y, f (−→x , y)).

(iii) Minimalization. An n-ary function f , obtained by minimalization from an (n+ 1)-ary func-

tion g, is either undefined on−→x , or f (−→x ) = y, wherey is the least number such that

g(−→x , y) = 0, and

(∀y′ < y)[(−→x , y′) ∈ dom(g) ∧ g(−→x , y′) , 0].

We also write

f (−→x ) = µy(g(−→x , y) = 0).

There are other characterizations of partial computable functions such as unlimited register ma-

chines partial computable functions, or Turing partial computable functions. The class of allcom-

putable functions(also calledrecursive functions) consists of alltotal partial computable functions.

Church-Turing’s thesis states that the intuitively and informally defined class of algorithmically

computable (partial) functions mappingωn to ω for n ≥ 1 coincides with the class of formally

defined (partial) computable functions.

One of the most important facts about the set of all partial computable functions is that we can

effectively (algorithmically) enumerate them, that is algorithmically encode them by the natural

numbers. LetP0,P1, . . . be an algorithmic 1− 1 enumeration of all unlimited register machines,

or Turing machine programs. Byφ(n)
e we denote then-ary partial computable function computed

by Pe. Henceφ(n)
0 , φ

(n)
1 , . . . is an algorithmic enumeration of alln-ary partial computable functions.

Clearly, for everyn-ary partial computable functionf there are infinitely manye for which f = φ(n)
e .

Instead ofφ(1)
e we simply writeφe. Let We =de f dom(φe). We also write

φe(x) ↓ if x ∈We,

and
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φe(x) ↑ if x <We.

Using a diagonal argument, we can show that we cannot algorithmically enumerate all com-

putable functions. That is, iff0, f1, ... is an algorithmic list of unary computable functions, then a

functiong : ω→ ω defined by

g(x) = fx(x) + 1

is such that (∀e)[g , fe]. However,g is computable by Church-Turing’s thesis.

A setC ⊆ ω is computable(also calledrecursive) if its characteristic function is computable.

A set E ⊆ ω is computably enumerableand abbreviated by c.e. (also calledrecursively enumer-

able and abbreviated by r.e.) iff E is empty or there is a computable unary functionf such that

E = ran( f ). Every computable set is computably enumerable, but the converse is not always true.

Computable sets can be viewed as computably enumerable sets with elements that can be algorith-

mically enumerated in an increasing order. ByA we denote the complement of a setA. Clearly, if

A is computable,A is also computable.

If both A andA are computably enumerable, thenA is computable. It can be shown that a set

E is computably enumerable iff (∃e)(E = We). HenceW0,W1, ... is an effective enumeration of all

computably enumerable sets.

Let h be a total unary function. The class of allh-partial computable functions(also called partial

computable inh or relative toh) is the smallest class of functions containingh, the basic functions

and is closed under substitution, primitive recursion and minimalization. ForA, B ⊆ ω, we say

that A is Turing reducibleto B if A is B-computable. Here, as usual, we identify sets with their

characteristic functions. Turing reducibility is a partial order on the power set of the set of natural

numbers,P(ω). It induces an equivalence relation onP(ω), which is called Turing equivalence.

That is, setsA andB areTuring equivalentif A is computable relative toB, andB is computable

relative toA. The equivalence classes are calledTuring degrees. There are uncountably many Turing

degrees and they form a partially ordered structure that is an upper semi-lattice.
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1.2 Computable Model Theory

Computable model theory is a branch of computability theory which studies algorithmic properties

of mathematical structures, their relations, and isomorphisms [4], [18], [20], [21]. For example,

computable model theory utilizes the notion of effectiveness to show that some algorithmic pro-

cesses in algebra or number theory are in principle impossible. This area made some significant

contributions to mathematics in general. For example, van der Waerden proved that an explicit field

(F,+, ·) does not necessary have an algorithm for splitting polynomials inF[x] into their irreducible

factors. Van der Waerden defined anexplicitlygiven field as one “whose elements are uniquely rep-

resented by distinguishable symbols with which addition, subtraction, multiplication and division

can be performed in a finite number of operations. Another significant result in early computable

model theory isGödel’s incompleteness theorem, which showed that the Hilbert’s proposal to for-

malize mathematics completely based on consistent axiomatic system with an algorithmic set of

axioms is unattainable (this is a topic of philosophical debate).

A famous problem in early computable model theory was the word problem for a finitely pre-

sented group, which was eventually solved independently by Novikov and Boone. A group isfinitely

presentedif it has a finite number of generators and a finite number of relators.

The word problemfor a finitely presented groupG is the algorithmic problem of deciding

whether two words on the generators represent the same element. Novikov and Boone established

that there exists a finitely presented groupG such that the word problem forG is undecidable.

A striking result in this field was the solution to the Hilbert’s 10th problem, which asked for an

algorithm to decide whether a given Diophantine equation has a solution or not. A Diophantine

equation is a polynomial equation with integer coefficinets and any number of variables. Matiya-

sevich, Davis, Putnam, and J. Robinson established that there is no effective procedure to decide

whether a given Diophantine equation has a solution in integers.

In the 1970s, Metakides and Nerode initiated a systematic study of computability in mathemat-

ical structures and constructions by using modern computability-theoretic tools, such as the coding

method and the priority method.

Computable model theory explores the algorithmic content (effectiveness) of notions, construc-
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tions, and theorems in classical mathematics, including computability theoretic complexity of count-

able algebraic structures. It is important to note that an isomorphism does not always preserve

computability theoretic properties of a structure. Here, we first define the computability theoretic

complexity of algebraic models, and their isomorphism classes, then investigate the complexity of

models of certain algebraic theories. In particular, we explore the distribution of Turing degrees of

isomorphism classes of structures in natural algebraic classes using the notions introduced by Linda

Richer.

1.3 Turing Degrees of Structures

In [33], Linda Richter introduced a method of measuring the richness of Turing degrees in the set of

countable models of a given theory. She defined the degree of the isomorphism class of a countable

model of a theory, which we callRichter′s degreein this dissertation, as the least Turing degree in

the set of all degrees of models that are isomorphic to a given model. The degree of a given model

for a finite language is the least upper bound of the degrees of the domain of the model, the degrees

of all functions in the model, and the degrees of all relations in the model. Every countable structure

is isomorphic to a structure with computable domain. We consider only countable structures and,

without loss of generality, assume that they have computable domains. Hence the Turing degree of

a model is the same as the Turing degree of the quantifier-free diagram of the model. The atomic

diagram of a structure is the set of all quantifier-free sentences with constants added for the elements

in the domain, which are true in the structure.

Richter gave a general method for obtaining structures with arbitrary Richter’s degrees. She

applied her method to abelian groups, partially ordered sets, and lattices. She further presented a

sufficient condition for a theory to have a model with no Richter’s degree. Another powerful method

she introduced wasvia the recursive embeddability condition, which is a general sufficient condi-

tion for a non-recursively presentable model to have no Richter’s degree. She presented examples

of structures from natural classes which satisfy the recursive embeddability condition including lin-

ear orders, trees, equivalence relations, and Boolean algebras. For the models which do not have

Richter’s degree, she investigated the Turing jump degree of the models. Turing jump degree of a

modelA is the least element, if it exists, in the set of jumps of models isomorphic toA.
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In this dissertation, we investigate Turing degree spectra of self-distrubutive magmas that are

not necessarily associative such as shelfs, racks, quandles, and crossed sets, which have not been

previously studied in computable model theory.

1.4 Shelfs, Racks, Quandles, and Crossed Sets

A magmais an algebraic structure consisting of a nonempty set equipped with a single binary

operation. Aquandleis a magma that satisfies the axioms motivated by Reidemeister moves to ma-

nipulate knot diagrams. A Reidemeister move refers to one of three local moves on a link diagram,

depicted in the below picture. Reidemeister moves consist of the following three moves. Each move

operates on a small region of the diagram and is one of three types:

I. Twist and untwist in either direction;

II. Move one loop completely over another (poke);

III. Move a string completely over or under a crossing (slide).

In this dissertation, we treat a quandle and its variants, a shelf, a rack, and a crossed set, as

algebraic models. The axioms for a quandle correspond to the Reidemeister moves. Quandles are

important in knot theory since they can be used to produce invariants of links. First known quandle

wasTakasaki′s Kei, (Zn, ∗), with the domain{0, 1, ..., n− 1} and a binary operation defined as

b ∗ a ≡ 2a− b (modn).
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Takasaki’s Kei was first introduced by a Japanese mathematician, Mitsuhisa Takasaki in 1942.

A Kei, in general, is a set that possesses an involutive self-distributive operation. Takasaki’s Kei

was the first such example. John H. Conway and Galvin Wraith later considered quandles obtained

from groups that act upon themselves via conjugation. They introduced the term “wrack” (after

wrack and ruin of a group after the multiplication operation had been dismissed). Later spelling of

“wrack” became “rack.” More recently, David Joyce [26] and Sergei Matveev [30] systematically

and independently studied quandles.

For a magma (Q, ∗), consider the following axioms:

(1) For anyx, y ∈ Q, there exists uniquez ∈ Q such thatz∗ x = y.

(2) For anyx, y, z ∈ Q, we have (y ∗ z) ∗ x = (y ∗ x) ∗ (z∗ x).

(3) For anyx ∈ Q, we havex ∗ x = x.

(4) For anyx, y ∈ Q, we havey ∗ x = y if and only if x ∗ y = x.

The structure (Q, ∗) is called ashelfif it satisfies the axiom (2), arack if it satisfies the axioms

(1)–(2), aquandleif it satisfies (1)–(3), and acrossed setif it satisfies (1)–(4). The axiom (3)

corresponds to the Reidemeister move I, the axiom (2) corresponds to the Reidemeister move III,

and the axiom (1) corresponds to the Reidemeister move II. At a crossing of a classical knot diagram,

the under-arc is labeled on one segment by a quandle elementx, and along the other segment by the

quandle productx ∗ y wherey is the quandle element labeling the over-arc.

For example, I will show that the Takasaki’s Kei is a quandle. Given a positive integern and

x ∈ Zn, to show that the model satisfies the first axiom, it suffices to show that a right translation

Rx : Zn→ Zn defined as

Rx(y) = y ∗ x = 2x− y,

is a bijection for allx ∈ Zn. Since both the domain and the range are finite sets, it suffices to

show that it is an injection. Fory1, y2 ∈ Zn, supposeRx(y1) = Rx(y2). Theny1 ∗ x = y2 ∗ x iff

2x − y1 = 2x − y2 iff y1 = y2 (modn). HenceRx is a bijection for eachx. To see that the model

satisfies the second axiom, letx, y, z ∈ Zn. We have
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(y ∗ z) ∗ x = (2z− y) ∗ x = 2x− 2z+ y.

On the other hand, we have

(y ∗ x) ∗ (z∗ x) = (2x− y) ∗ (2x− z) = (4x− 2z) − (2x− y) = 2x− 2z+ y.

To see that the model satisfies the third axiom, letx ∈ Zn. We havex ∗ x = 2x− x = x.

In chapter 4, I will present a number of examples of these models and establish their properties.

In this dissertation, we investigate the distribution of Richter’s degrees of these self-distributive

magmas in the Turing degrees.

To show that some general theorems for establishing Richter’s degrees apply to certain self-

distributive magmas, we will use some classical results in number theory, such as the Euclidean

algorithm, Fermat’s little theorem, and a partial solution to Artin’s conjecture. In chapter 3, I will

present these fundamental results in number theory, which we will use in the following chapters.

Establishing certain computability theoretic properties of the structures and determining the com-

plexity of a structure using some of the fundamental results in number theory reminded me of the

famous quote from the great mathematician Carl Friedrich Gauss: “Mathematics is the queen of

sciences and number theory is the queen of mathematics”.
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Chapter 2

Richter’s Degrees

In this chapter, I will introduce some definitions and basic theorems of computability theory, com-

putable model theory, and theory regarding the degree spectrum of models by Linda Richter [33],

[34], which are essential for the following chapters.

2.1 Introduction to Richter’s Degrees

Being computable is a property of sets or functions. There are several equivalent characterizations of

the concept of computability. Church-Turing’s thesis states that a function is formally computable

if and only if there is an intuitively effective process for computing its values. While there are

only countably many computable functions, there are uncountably many incomputable functions.

An important example of an incomputable function is the one which determines whether a given

Diophantine equation has a solution or not. Since each partial computable function is represented

by a finite set of instructions, we are able to encode all partial computable functions into the set

of natural numbers. In other words, we can make an effective list of all unary partial computable

functions,φ1, φ2, ... Define a set

K = {n ∈ ω : φn(n) ↓}.

K is called thehalting setand is an important example of an incomputable set. IfK were com-

putable, then the complement ofK would be also computable andK =We0 for somee0. Hence, for
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suche0, we would have

e0 ∈ K ⇔ e0 ∈We0 ⇔ e0 <We0,

which is a contradiction. On the other hand,K is c.e. because it is enumerated by the procedure that

simultaneously runs

P0(0),P1(1), . . . ,Pe(e), . . . ,

and enumerates thosee for which Pe(e) converges, as soon as the convergence occurs.

Given any set of natural numbersA, we defineφA
i as a computable function computed byPi with

the oracleA. This function represents the algorithm forφi with an extra computational capability,

giving answers regarding the memberships of elements in the setA. For any indexi, we call the

functionφA
i an A-computable function. We call the set

A′ ≡ KA = {n ∈ ω : φA
n (n) ↓}

the jumpof A, or the first jump ofA. By iterating the jump operatorn times we obtain thenth jump

of A, A(n).

We define an equivalence relation on 2ω using Turing reducibility.

Definition 1. (Turing reducibility) Given sets of natural numbers A and B, we say that A is Turing

reducible to B and write A≤T B if there is an algorithm for deciding whether x∈ A given answers

to any questions of the form “is y∈ B?”. We also say that the set A is computable from an oracle B.

Turing reducibility is a partial order defined on the power set of natural numbers. This order is

used to measure the relative computability theoretic complexity of sets. For example, given a set of

natural numbersA, then, clearly,A is Turing reducible to its compliment̄A. For another example, if

a setA is computable, then it is Turing reducible to any set in 2ω = P(N), sincex ∈ A is decidable

without help from oracles.

Definition 2. (Turing equivalence) A≡T B if and only if A≤T B and B≤T A.

It is easy to show that≡T is indeed an equivalence relation on 2ω. Reflexivity and symmetry are

obvious. To see the transitivity, consider three sets of natural numbers,A, B andC, and suppose

A ≤T B andB ≤T C. To decide whether a given numberx is in A or not, we ask oracleB a finite
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number of questions, ‘xk ∈ B’. Each question above can be answered with help from oracleC.

Hence by asking oracleC a finite number of questions, we can decide ifx belongs toA or not.

Now we consider a collection of all Turing equivalence classes. We call this collection theTuring

universe. It is denoted by

D =de f 2ω/ ≡T .

We call each equivalence class aTuring degree. We define a partial order on the Turing degrees

using Turing reducibility.

Definition 3. (partial order onD) For a, b inD, we say thata≤ b if there are sets A∈ a and B∈ b

such that A≤T B.

We can show that the Turing degrees form an upper semilattice ordered by the partial order≤, that

is, for each pair of Turing degrees in the universe, there is always the join or the least upper bound

of the pair. The least upper bound of Turing degreesa andb is the degree of the set

{2k : k ∈ A} ∪ {2k+ 1 : k ∈ B},

whereA ∈ a andB ∈ b. On the other hand, we can show that the greatest lower bound does not

always exist for a pair of the Turing degrees. The Turing universe has the least element, denoted by

0, which is the Turing equivalence class containing all computable sets. By deg(A) we denote the

Turing degree ofA. Hence0 = deg(∅). If a = deg(A) andn ≥ 1, thena(n) =de f deg(A(n)), whereA(n)

is thenth jump ofA. The halting setK is also denoted by∅′ and its Turing degree by0′. Similarly,

by 0(n) we denote deg(∅(n)). It can be shown that for every computably enumerable setE, we have

deg(E) ≤ 0′.

For every Turing degreea, its jump a′ is greater thana. Hence (a(n))n∈N form an ascending

sequence of Turing degrees, wherea(0) =de f a. It can be shown that no ascending sequence of

Turing degrees has a least upper bound. Letc be a computable bijection fromN2 onto N. Define

theωth jump of A by A(ω) = {c(k,n) : k ∈ A(n) ∧ k, n ∈ N}, anda(ω) = deg(A(ω)). The degree

a(ω) is a natural upper bound for the sequence (a(n))n∈ω. The jump operator is monotone, that is,

a ≤ b⇒ a′ ≤ b′.

In this dissertation, we are interested in measuring Turing degrees of countable models of theo-

ries. Each model consists of the domain, relations on the domain, and functions on the domain.
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In computable model theory, a language (possibly infinite) must be computable, that is, must have

a countable, effectively presented set of relation, function, constant, and variable symbols. For

example, the set of relation symbols must be computable and the function giving arity for each of

the relation symbols must be computable. Thus, every finite language is computable.

We consider only countable structures for computable languages with computable domains. We

identify sentences with their G̈odel codes. LetA be a structure for languageL and with domainA.

Theatomic diagramof A is the set of all quantifier-free sentences inLA, L expanded by constants

for the elements inA, which are true inA. A structure iscomputableif its atomic diagram is

computable. In other words, a structureA is computable if there is an algorithm that determines

for every quantifier-free formulaθ(x1, . . . , xn) and every sequence (a1, . . . , an) ∈ An, whetherA ⊨

θ(a1, . . . , an). Similarly, we define the Turing degree of a structure as follows.

Definition 4. (Turing degree of a countable structureA) The Turing degree ofA is the Turing

degree of the atomic diagram ofA, AtDiag(A).

Here, we focus on finite languages. Then the Turing degree of a structureA (for a finite lan-

guage) is the least upper bound of its relations and functions. Hence,A is computable or of Turing

degree0 if its relations and functions are computable.

It is easy to see that isomorphisms do not necessary preserve computability theoretic properties

of models. For example, consider a linear order (ω, <) with the domain being the set of natural

numbersω, and the usual order onω.

Consider another ordered set, (ω, <K), whereK is the halting set, and the linear order<K is defined

as follows: 
2n <K 2n+ 1 if n ∈ K,

2n+ 1 <K 2n if n < K.

Then there is an incomputable isomorphism between these two models of the theory of linear

orders, but the Turing degree is not been preserved under it since their degrees are0 and0′, respec-

tively. So when we consider the Turing degree of a model, we will also consider the entire collection

of Turing degrees of models which are isomorphic to the given model, since we usually consider

isomorphic models identical in the classical model theory. Hence the following notion is important

in computable model theory.
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Definition 4. (Turing degree spectrum) Turing degree spectrum of A is defined to be the collection

of Turing degrees of all models isomorphic to A:

DgSp(A) =de f {deg(B) : B � A}.

A setX of Turing degrees isupward closedif wheneverb ∈ X andd > b, thend ∈ X.

Knight established the following fundamental property of the Turing degree spectrum of a count-

able structure.

Theorem 5. ([29]) The degree spectrum of any structure is either a singleton or is upward closed.

A structureA is automorphically trivialif there is a finite subsetC of its domain such that every

permutation of the domain, which fixesC pointwise, is an automorphism ofA. If the structure

is automorphically nontrivial, the degree spectrum is upward closed. The degree spectrum of an

automorphically trivial structure always contains exactly one Turing degree, and if the language is

finite, that degree must be0.

It is reasonable to think of the least element in the Turing degree spectrum of a model as the

representative of the spectrum. We call this degree Richter’s degree of the model, if the least element

exists.

Definition 6. (Richter’s Degree of a Model) Turing degree of the isomorphism class of a countable

model A, which we call Richter′s degree of A, is the least degree in the Turing degree spectrum of

the model, if it exists.

Given degreesa andb, both greater than0, they are said to form aminimal pair if there is nox

strictly greater than0 with x ≤ a,b. Note that if the Turing degree spectrum of a model does not

have a computable degree and has a minimal pair, then it does not have a least element.

2.2 Trivial Models

Given a modelA, if there exists a finite set{a1, . . . , an} of elements in the domain ofA such that

every permutationf of A with f (ai) = ai for i ≤ n is an automorphism of it, then the model is

calledautomorphically trivial. These models include all finite structures, of course, and also some

infinite structures, such as the complete graph on countably many vertices. The spectrum of a trivial
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structure always contains exactly one Turing degree, and if the language is infinite, that degree can

be noncomputable. If the language is finite, then this degree must be computable (see [22]).

Theorem 7. In a finite language, letA be a structure with domainω. ThenA is automorphically

trivial if and only if its spectrum is{0}.

Proof: If the Turing degree spectrum of a modelA is {0}, thenA is automorphically trivial by

Knight’s upward closure theorem.

Conversely, letA be automorphically trivial, and choose a setS = {a1, . . . ,an} of elements from

its domain to satisfy the definition of triviality. It suffices to show thatA is computable, since the

degree spectrum of automorphically trivial model is a singleton. IfR1 is a unary relation symbol in

the language, fix anyx < S. For eachy < S, let gy be the permutation of the domain ofA which

permutesx andy and fixes all other points. Then we have

RA1 (y)⇔ RA1 (gy(x))⇔ RA1 (x)

sincegy must be an automorphism ofA. ThusRA1 is computable. Similarly, for a binaryR2, we fix

distinctx1, x2 < S, and note that for every distinct pairy1, y2 < S and everyi ≤ n we have

RA2 (y1, y2)⇔ RA2 (x1, x2),

RA2 (y1, y1)⇔ RA2 (x1, x1),

RA2 (y1,ai)⇔ RA2 (x1, ai),

RA2 (ai , y2)⇔ RA2 (ai , x2),

by applying automorphisms which permutex1 with y1 andx2 with y2. (The result still holds when

x1 = y2 or x2 = y1.) SoRA2 is computable, and it is clear how to extend this argument to anyk-ary

relation.

If f is a unary function symbol,x < S is fixed, andy < S ∪ {x, fA(x)} is arbitrary, letgy be as

above. Then

fA(y) = fA(gy(x)) = gy( fA(x)).

If fA(x) = x, then fA is the identity onS; otherwise it is constant there. Either wayfA is com-
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putable. The argument fork-ary functions is similar; they are always finite unions of projections

and constant functions on computable disjoint subsets ofωk [22]. □.

2.3 Theories Having Models with Arbitrary Richter’s Degrees

A theory may have models with various Richter’s degrees. In this section, we are interested in

finding which theories have rich variety of Richter’s degrees of their structures.

A recursive (computable) anti-chain of models with respect to embeddability is a computable

sequence of countable models such that any member of the sequence is not embeddable in any

other member in the sequence. A modelA is embeddable in another modelB if there is a structure-

preserving injective map fromA to B. The existence of recursive anti-chain of models and a certain

method of combining them, such as taking a disjoint union or a certain product, guarantees a rich

variety of Richter’s degrees. Using an anti-chain and the combining method, we are able to encode

given Turing degree complexity into an index set of the combined model.

Theorem 8. Fix a finite languageL and a theoryT in L. If there is a recursive anti-chain{Ai}i of

finite models forL and for each set S⊂ ω, there is a model AS such that:

a) AS is a countable model ofT ,

b) AS is Turing reducible to S , and

c) Ai is embeddable in AS if an only if i ∈ S,

then, for any Turing degreed, there is a countable model ofT whose Richter’s degree isd.

A procedure for constructing the modelAS satisfying the conditions a), b), and c) is called a

combination method forT .

Corollary 9. For every Turing degreed, there is a countable abelian group whose isomorphism

class has degreed.

Proof: A corresponding sequence of finite models consists of cyclic groups of every prime order,

that isAi = Zpi , wherepi is thei-th prime number. LetX ⊆ ω. LetAX be the direct sum of groups

Ai such thati ∈ X, in symbols,AX =
∑
i∈X
Zpi . Clearly,AX ≤T X. Let a groupB be such that

B ≃ AX. Let j ∈ ω. ThenZp j
is embeddable inB iff B has an element of orderp j , that is, iff j ∈ X.
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Hence the conditions of Theorem 8 are satisfied [20]. □.

Partially ordered sets, trees with an edge relation, and lattices have infinite anti-chains of their

models and combining methods satisfying the conditions described above. Hence for each degree

d, they have a model whose isomorphism class is of degreed.

We have the following general result.

Theorem 10. (Hirschfeldt, Khoussainov, Shore and Slinko) For every countable nontrivial structure

G, there are a symmetric irreflexive graph, a partial order, a lattice, a ring, an integral domain of

arbitrary characteristic, a commutative semigroup, and a2-step nilpotent groupA, such that

DgSp(A)= DgSp(G).

2.4 Theories Having Models with No Richter’s Degree

It is possible for the degree spectrum of a model not to have the least element. In this case, the

model does not have Richter’s degree. If a theory has models with arbitrary Richter’s degree and a

model with no degree, then it has the richest possible variety of Richter’s degrees. In order to show

that a theory has a model with no Richter’s degree, it is enough to replace “Turing reducibility” in

the second condition on the combining method in Theorem 8 with “enumeration reducibility.”

Intuitively, a set A is enumeration reducible to a set B if there is a procedure whose outputs

enumerate A when an enumeration of B in any order is supplied for the inputs. Using some Gödel

numbering, we computably enumerate all finite subsets ofω. Forn ∈ ω and a finite subsetDi of ω,

we code the pair< n,Di >. An enumeration operator is

ΨA = {n : < n,D >∈ Ψ, for some finiteD ⊂ A},

whereΨ is a computably enumerable set andA is some oracle. We say thatB is enumeration

reducible toA if B = ΨA for some enumeration operatorΨ [9]. Notice that Turing reducibility does

not necessarily imply the enumeration reducibility.

Theorem 11. Fix a finite languageL and a theoryT in L. If there is a recursive anti-chain{Ai}i

of finite models forL and for each set S⊂ ω, there is a model AS such that:
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a) AS is a countable model ofT ,

b) AS is enumeration reducible to S , and

c) Ai is embeddable in AS if and only if i ∈ S ,

then, there is a countable model ofT whose isomorphism class has no degree.

The enumeration operators are used in studying the relations between classes of functions. A class

of functions is called amass problem. For example, the class of functions

[A] ≡ { f : range(f ) = A}

is called the problem of enumerability, and the class

[A] ≡ {χB : B � A}

is called the problem of presenting a model. Since a problem is solved if one solution is found,

we define the reducibility of mass problems as follows. A mass problem [A] is reducible to a mass

problem [B] if there is an effective procedure which, given any member of [B], yields a member of

[A]. A mass problem is said to have a Turing-least element if there is an elementf ∈ [A] such that,

for all g ∈ [A], we havef ≤T g.

We will use a mass problem that has no Turing-least element to construct models with no

Richter’s degree. We can construct a setX such that the mass problem of enumeratingX has

no Turing-least element by constructing total functionsg and f with range(f)=range(g)=X and

{deg(g),deg( f )} being a minimal pair. We use this mass problemX as an index set of the com-

bining method. If we assume on the contrary that the degree spectrum of this combined model,AX,

has the least element or its Richter’s degree, it follows that the mass problemX has the Turing-least

element, which is a contradiction. Hence the combined model does not have Richter’s degree.

Abelian groups, partially ordered sets, trees with an edge relation, and lattices have infinite anti-

chains with respect to embeddability of their models and combining methods satisfying the condi-

tions described in Theorem 11. Hence these classes contain structures which do no have Richter’s

degree.
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2.5 Models with Richter’s Degree{ 0 } or No Richter’s Degree

If a degree spectrum{deg(B) : B � A} has a minimal pair and a least element of the set exists then

this least element must be the degree of computable sets,0. In this section, we see that for a given

model A, if we can recursively construct an infinite chain of models embeddable inA satisfying

a certain condition (recursive embeddability condition), then the degree spectrum of the model

contains a minimal pair and, thus it is either that its Richter’s degree is0 or that the model has no

degree [34].

Definition 12. : Given a structure A, a finite structure C and an embedding f from C into A, define

the set:

AC, f = {D : D is a finite structure extending C and embeddable in A by a map which extends f}.

The structure satisfies the Recursive Embeddability Condition if and only if, for all structures C

isomorphic to a finite substructure of A, and for all functions f embedding C into A, the set AC, f is

recursive (computable).

We say that a structure is recursively (computably) presentable if it has a computable isomorphic

copy.

Theorem 13. If a model satisfies the Recursive Embeddability Condition and is not recursively

presentable, then the degree of its isomorphism class does not exist.

Richter showed that every linear order, and every tree, as a partially ordered set, satisfy the recur-

sively embeddability condition. More recently, A. Khisamiev [28] proved that every abelianp-group

satisfies the recursively embeddability condition. Hence the isomorphism type of a countable linear

order, a tree, or an abelianp-group, which is not isomorphic to a computable one, does not have a

degree of its isomorphism class.

2.6 Jump Degrees

Richter showed that for any Turing degreed, there is a torsion abelian group the isomorphism class

of which has the degreed, as well as that there is such a group the isomorphism class of which
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does not have a degree. Results of Richter motivated the study of jump degrees of structures. The

following definition involves computable ordinals and was introduced by Jockusch and Richter [22].

An ordinal iscomputableif it is finite or is the order type of a computable well ordering onω.

The computable ordinals form a countable initial segment of the ordinals. The least non-computable

ordinal is denoted byωCK
1 , whereCK stands for Church-Kleene. (See Ash and Knight [3].)

Definition 14. ([33]) LetA be a structure, andα a computable ordinal. We say that a Turing degree

d is theαth jump degreeofA if it is the least degree in

{d(α) : d ∈ DgS p(A)}.

The degreed is said to beproperαth jump degreeofA if for every computable ordinalβ < α, the

structureA has noβth jump degree.

Clearly, 0th jump degree ofA is the degree of the isomorphism type ofA.

For a given class of structures, it is natural to investigate for which computable ordinalsα there

exist structures this class having (proper)α-th jump degrees.

The following theorem summarizes results for linear orders due to Knight [29], Ash, Jockusch,

and Knight [3], and Downey and Knight [16].

Theorem 15. ([3], [16], [29]) If a linear order has first jump degree, it must be0′. On the other

hand, for each computable ordinalα ≥ 2 and every Turing degreed ≥ 0(α), there exists a linear

order having properαth jump degreed.

Ordinal jump degrees of Boolean algebras are well-understood as well. The results differ from the

ones for linear orders, as established by Jockusch and Soare in the following theorem.

Theorem 16. ([25])) For n ∈ ω, if a Boolean algebra has nth jump degree, then it is0(n). On the

other hand, for eachd ≥ 0(ω), there exists a Boolean algebra with properωth jump degreed.

Oates established the following general result about jump degrees of torsion abelian groups.

Theorem 17. ([32]) For every computable ordinalα, there is a torsion abelian group having proper

αth jump degree.
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The proof is based on algebraic properties of countable abelianp-groups.

Countable torsion-free abelian groups are more complicated since they do not have a suitable

algebraic classification. However, there are some interesting results about this class of groups.

Calvert, Harizanov, and Schlapentokh obtained the results about Turing degrees of isomorphism

types for several familiar classes of algebraic structures, including torsion-free abelian groups of

finite rank.

Theorem 18. ([5]) There are algebraic fields, and torsion-free abelian groups of any finite rank

greater than 1, the isomorphism types of which have arbitrary Turing degrees. There are structures

in each of these classes the isomorphism types of which do not have Turing degrees.

For rank 1, torsion-free, abelian groups the result silmilar to the one in Theorem 18 was previously

obtained by Knight, Downey, and Jockusch (see [13]). These groups are isomorphic to subgroups

of (Q,+), and there is a classification for these groups due to Baer.

More recently, Melnikov [31] showed that not every infinite-rank torsion-free abelian group has

first jump degree. Results about the existence of proper jump degrees for torsion-free abelian groups

were resolved by Downey and Jockusch for the first jump, and by Melnikov for the second and the

third jump.

Theorem 19. ([13], [31]) For degreed ≥ 0′, there is a torsion-free group having proper first jump

degreed. For every degreed ≥ 0′′, there is a torsion-free group having proper second jump degree

d. For every degreed ≥ 0′′′, there is a torsion-free group having proper third jump degreed.

The case of higher ordinal jump degrees for torsion-free groups remained unresolved until the recent

work of Andersen, Kach, Melnikov, and Solomon.

Theorem 20. ([1]) For every computable ordinalα > 3, every Turing degreed > 0(α) can be

realized as properαth jump degree of a torsion-free abelian group.

It is not known whether the Theorem 20 can be strengthened tod = 0(α) for α > 3. The groups

from Theorem19 are of the form
⊕

i∈ωHi , whereHi ≦ (Q,+). Such groups, introduced by Baer

in 1937, are calledcompletely decomposableand have nice algebraic properties. In the case of only

one summand, Coles, Downey, and Slaman [8] established the following theorem, as a consequence
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of their pure computability-theoretic result that for every setC ⊆ ω, there is a Turing degree that is

the least degree of the jumps of all setsX for whichC is c.e. inX.

Theorem 21. ([8]) Every torsion-free abelian group of rank1 has first jump degree.

Theorem 21 can be extended to torsion-free abelian groups of any finite rank, as was observed in

([5], [31]). It is not known which ordinals are realized as proper jump degrees of groups of the form⊕
i∈ωHi , whereHi ≦ (Q,+).

Frolov, Kalimullin, and R. Miller [19] investigated degree spectra of algebraic fields.

Theorem 22. ([19]) Every algebraic field has first jump degree.

Any set of natural number that is s computable in every noncomputable set is in fact computable.

Similar result does not hold for structures, as established independently by Slaman and Wehner.

Theorem 23. ([37], [ 40]). There is a countable structure A such that

DgS p(A) = D− {0}.

For certain classes of countable structures, we can use computable functors to translate results

from one class of countable structures to another. A functorφ : K → K1 is computableif, given an

enumeration of an open diagram ofA ∈ K , we can enumerate the open diagram ofφ(A) ∈ K1, in a

uniform fashion. Computable functors are also called effective transformations. Hirschfeldt, Khous-

sainov, Shore, and Slinko used injective effective transformations to transfer various computability-

theoretic results from graphs to structures in other familiar algebraic classes. (See [24].) As a con-

sequence we obtain that the classes of symmetric irreflexive graphs, partial orders, lattices, rings,

integral domains of arbitrary characteristic, commutative semiroups, and 2-step nilpotent groups

have structures with properαth jump degrees for computable ordinalsα.
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Chapter 3

Basic Number Theory

In this chapter, we review some basic results in number theory that we use in later chapters. First I

note that given integersa1, ..., an, their greatest common divisor is computable [36].

3.1 Euclidean Algorithm

Let a1, ..., an be integers, not all zero. Thegreatest common divisorof these integers is denoted by

(a1, ..., an).

Lemma 24. If a1, a2, ..., an are integers, not all zero, then

(a1, ..., an−1, an) = (a1, ..., an−2, (an−1, an))

(Euclidean Algorithm): Letr0 = a andr1 = b be integers such thata ≥ b > 0. If the division

algorithm is successively applied to obtain

r j = r j+1q j+1 + r j+2

with 0 < r j+2 < r j+1 for j = 0,1,2, ..., n − 2 andrn+1 = 0, then (a,b) = rn, the last nonzero

remainder.

3.2 Linear Diophantine Equations

Recall that a Diophantine equation is a polynomial equation with any number of variables that

allows the variables to take integer values only. A linear Diophantine equation is a Diophantine
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equation where the powers of variables are either 0 or 1. Given a linear Diophantine equation,

a1x1 + · · · + anxn = c

whereai are all positive integers andc is an integer, we have a simple algorithm that decides whether

this equation has an integral solution.

Theorem 25. If a1, a2, ..., an are positive integers, then the equation a1x1 + · · · + anxn = c have an

integral solution if and only if d= (a1, ..., an) divides c. When there is a solution, there are infinitely

many different solutions.

Proof: If there are integersx1, ..., xn such thata1x1 + · · · + anxn = c, then sinced dividesai for

i = 1,2, ..., n, we have thatd also dividesc. For the converse, we use an induction on the number

of variablesn. Forn = 2, we haveax+ by = c andd = (a,b). Supposed dividesc, then there are

infinitely many integerss, t with

d = as+ bt (*)

Sinced|c, there is an integerewith de= c. Multiplying both sides of (*) bye, we get

c = de= a(se) + b(te)

Hence we have an integral solutionx = seandy = te. We assume that any linear Diophantine

equations withn variables have an integral solution. Let a linear Diophantine equation withn + 1

variables be given

a1x1 + · · · + anxn + an+1xn+1 = c. (**)

Since we have that the collection of linear combinations{anxn + an+1xn+1} is equal to the collection

of multiples of (an, an+1), for given integery, there are infinitely many solutions to the equation

anxn + an+1xn+1 − (an, an+1)y. Hence we can reduce (**) to a linear Diophantine equation

a1x1 + · · · + an−1xn−1 + (an,an+1)y = c. (***)

We have the assumption thatd = (a1, ..., an+1) dividesc, but d = (a1, ..., an−1, (an,an+1)). Hence,

by the inductive hypothesis, (***) has an integral solution. It follows that (**) also has an integral

solution. □.
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3.3 Artin’s Conjecture

We will now review certain results about congruences, which we use in Chapters 5 and 6 to form

anti-chains of non-associative magmas, with respect to embeddability of structures.

Lemma 26. Let a, b, and m be integers with m> 0 and(a,m) = d. If d does not divide b, then ax≡ b

(mod m) has no solutions. If d divides b, then ax≡ b (mod m) has exactly d incongruent solutions

modulo m. Here we use a partial solution to a well-known conjecture called Artin’s conjecture.

Proof: We just need the existence part in this dissertation. To show the existence of solutions we use

the existence of an integral solution of the linear Diophantine equation proved in Theorem 25. The

linear congruenceax≡ b (modm) is equivalent to the linear Diophantine equation in two variables

ax−my= b. The integerx is a solution ofax ≡ b (modb) if and only if there is an integery with

ax−my= b. By Theorem 25, we know that ifd|b, ax−my= b has infinitely many solutions. □.

Theorem 27. (Fermat’s Little Theorem) If p is prime and a is a positive integer such that p does

not divide a, then ap−1 ≡ 1 (mod p).

Proof: Consider thep− 1 integersa,2a, ..., (p− 1)a. None of these integers are divisible byp. No

two of the integers are congruent modulop, because (a, p) = 1 andia ≡ ka (mod p) implies that

i ≡ k (mod p). Hence the set ofp− 1 integers is equal to the set{1, 2, ..., p− 1} and their products

are equal as well. That is,

a · 2a · ... · (p− 1)a ≡ (p− 1)!

Therefore,

ap−1(p− 1)! ≡ (p− 1)! (mod p).

Thenap−1 ≡ 1 (modp), as desired. □.

Definition 28. For an integer a and a prime p, we say that a is aprimitive root modulop, and write

ordp(a) = p− 1, if p − 1 is the least positive integer x such that ax ≡ 1 (mod p).

To construct certain anti-chains of magmas with respect to embeddability, we use a partial solu-

tion to the Artin’s Conjecture.
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Conjecture 29. Artin’s Conjecture: Any integer q which is not a perfect square and not−1 is a

primitive root modulo infinitely many primes p, that is,

ordp(q) = p− 1.

The Artin’s conjecture is still open, but to form an infinite anti-chain of racks and crossed sets with

respect to embeddability, we just need the following partial solution to the conjecture, which is due

to Roger Heath-Brown [23].

Theorem 30. Partial solution for Artin’s Conjecture (Roger Heath-Brown, 1986) There are at most

two primes q for which Artin’s conjecture does not hold. That is, for all except two primes q, we

have that ordp(q) = p− 1 for infinitely many p.
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Chapter 4

Self-Distributive Magmas and Their

Richter’s Degrees

Although Richter’s degrees of various algebraic models have been investigated since Richter in-

troduced the concept, Richter’s degrees of self-distributive magmas have not been studied so far.

The goal of this dissertation is to investigate Richter’s degrees of self-distributive magmas. In this

chapter, I will give the definitions and establish some basic properties of shelfs, racks, quandles, and

crossed sets, which are all important examples of self-distributive magmas (see [1], [16], [29]).

4.1 Self-Distributive Magmas

Consider a structure (Q, ∗), where∗ is a binary operation, and consider the following axioms:

(1) For anyx, y ∈ Q, there exists a uniquez ∈ Q such thatz∗ x = y.

(2) For anyx, y, z ∈ Q, we have (y ∗ z) ∗ x = (y ∗ x) ∗ (z∗ x).

(3) For anyx ∈ Q, we havex ∗ x = x.

(4) For anyx, y ∈ Q, we havey ∗ x = y if and only if x ∗ y = x.

Axiom (2) is the self-distributivity property, and the axiom (3) is the idempotence property.

Definition 31. The structure(Q, ∗) is called a shelf if it satisfies the axiom (2), a rack if it satisfies

the axioms (1)–(2), a quandle if it satisfies the axioms (1)–(3), and a crossed set if it satisfies the

axioms (1)–(4).
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Racks were defined by Fenn and Rourke in [17].

I will now present several examples of these models.

Example 1: This is an example of a structure, which is a shelf but not a rack. LetZ be the set of

integers, and letS be a subset ofZ. ThenS is upward flipping shelfif for any negative element in

the domain, its additive inverse is also in the domain, and has a binary operation defined as follows:

y ∗ x = abs(x).

To see that this model satisfies the second axiom, we verify that

(y ∗ z) ∗ x = abs(z) ∗ x = abs(x)

while

(y ∗ x) ∗ (z∗ x) = abs(x) ∗ abs(x) = abs(abs(x)) = abs(x)

To see that it is not a rack, supposex ∈ S and that the domain has a negative numbery. Then for

anyz ∈ S,

z∗ x = abs(x) , y.

So the axiom (1) does not hold.

Each countable upward flipping shelf (S, ∗) is isomorphic to a computable one. Without loss

of generality, assume thatS = {a0, a1, ...} ∪ {−a0,−a1, ...} ∪ {b0, b1, ...}, where for alli ∈ ω, ai and

bi are positive integers. Consider a magma (ω,⊛), where⊛ is defined as follows forn,m ∈ ω :

3n ⊛ m = 3n, (3n + 1) ⊛ m = 3n, and (3n + 2) ⊛ m = 3n + 2. Hence (ω,⊛) is a computable rack

isomorphic to (S, ∗) via an isomorphismf : Q −→ ω defined byf (an) = 3n, f (−an) = 3n+ 1, and

f (bn) = 3n+ 2. Thus, Richter’s degree of any upward flipping shelf is0.

Example 2: This is an example of a rack which is not a quandle. Given a natural numbern, Sn =

(Zn, ∗) is a magma with binary operation defined as

y ∗ x = y+ 1,
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where (Zn,+) is a cyclic group of ordern. This is a special case of a model found in Andruskiewitsch

and Grana [5]. I will show that this model satisfies the first two axioms but not the third one. Given

x, y ∈ (Zn,+), we have

(y− 1) ∗ x = (y− 1)+ 1 = y.

So, there existsz satisfying the equation in the first axiom and it is unique. We see that

(y ∗ z) ∗ x = (y+ 1) ∗ x = y+ 2.

On the other hand,

(y ∗ x) ∗ (z∗ x) = (y+ 1) ∗ (z+ 1) = y+ 2.

So, the second axiom is satisfied and the model is a rack. For any element inZn, we have

x ∗ x = x+ 1 , x.

So, this model does not satisfy the third axiom and thus is not a quandle.

Example 3: The following structure is an example of a quandle which is not a crossed set. Define a

magma,Q = ({x, α, β}, ∗) where the quandle operation is defined by the following table:

∗ x α β

x x x x

α β α α

β α β β

I will show that this model satisfies the first three axioms but not the fourth axiom. Giveny ∈ Q,

define a right translationRy : Q → Q by Ry(x) = x ∗ y. To show thatQ satisfies the first axiom,

it suffices to show thatRy is a bijection for ally ∈ Q. We see immediately from the multiplication

table that for eachy ∈ Q, the mapRy is surjective and hence a bijection. To see that the model

satisfies the second axiom, we need to go through tedious computation using the table, so I omit the

proof. For the third axiom, we see it immediately by looking at the diagonal of the table. To see that
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the model does not satisfy the fourth axiom, observe thatx ∗ α = x, while α ∗ x = β. HenceQ is a

quandle but not a crossed set.

Example 4: Here we present an example of a crossed set. ConsiderQp,n = (Zp, ∗n), wherep is

prime,p does not dividen− 1, and

y ∗n x = nx− (n− 1)y (mod p).

For givenx ∈ Qp,n, if Rx(y1) = Rx(y2) (mod p), then (n− 1)(y1 − y2) = 0 (modp). Sincep does not

dividen− 1, we havey1 = y2 (mod p). Hence the right translation is an injection on a finite set, and

thus a bijection. The first axiom is satisfied. We have

(y ∗ z) ∗ x = (nz− (n− 1)y) ∗ x = nx− n(n− 1)z+ (n− 1)2y.

On the other hand, we have

(y ∗ x) ∗ (z∗ x) = n2x− n(n− 1)z− n(n− 1)x+ (n− 1)2y = nx− n(n− 1)z+ (n− 1)2y.

Hence the second axiom is satisfied by the model. We havex ∗ x = nx− (n − 1)x = x and so the

third axiom is satisfied. Supposey ∗ x = y. Then

nx− (n− 1)y = y⇒ n(x− y) = 0 (modp),

Then

x ∗ y = ny− nx+ x = −n(x− y) + x = x (mod p).

Thus the fourth axiom is satisfied.

Example 5: A quandle (Q, ∗) is calledtrivial if the quandle operation is defined by:

(∀a)(∀b)[a ∗ b = a].

We will show that each (countable) trivial quandle is automorphically trivial by showing that every

permutation ofQ is an automorphism. Letσ : Q→ Q be a bijection. Then

σ(a ∗ b) = σ(a),
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and

σ(a) ∗ σ(b) = σ(a).

Thus,σ(a ∗ b) = σ(a) ∗ σ(b) andσ is an automorphism of (Q, ∗).

Hence the Turing degree spectrum of a trivial quandle equals{0}, so its Richter’s degree is0.

Example 6: This is another example of a quandle. We call this model, (W, ∗), a skew vector space

over a finite fieldZp. The domainW is the domain of an infinite dimensional vector space overZp

and the binary operation is defined as follows:

u ∗ v = 2−1(v+ u),

where 2−1 is the elementx in Zp which satisfies the equation 2x = 1 (modp). Given a pairv andu

in W, we have

(2u− v) ∗ v = 2−1(v+ 2u− v) = u,

and there is no other elementsw ∈ W satisfyingv ∗ w = u. So the model satisfies the first axiom of

the quandle. Givenv, u,w ∈W, we have

(u ∗ w) ∗ v = 2−1(u+ w) ∗ v = 2−1(v+ 2−1(u+ w)) = 2−1v+ 2−12−1u+ 2−12−1w,

while

(u ∗ v) ∗ (w ∗ v) = 2−1(v+ u) ∗ 2−1(v+ w) = 2−12−1v+ 2−12−1u+ 2−12−1v+ 2−12−1w =

2−1v+ 2−12−1u+ 2−12−1w.

Hence the model satisfies the second axiom. For anyx ∈W, we have

x ∗ x = 2−1(2x) = x.

Hence this magma is a quandle.

Example 7: LetG be a group. We define theconjugatequandle Conj(G) to have as its domainG,

and as its quandle operation∗ defined by

a ∗ b = b−1ab.
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for all a, b ∈ G. The first axiom is satisfied since for everyx, y ∈ G, there is a uniquez= yxy−1 such

thatz∗ y = x. The second axiom holds since for allx, y, z ∈ G :

(x ∗ y) ∗ z= z−1(x ∗ y)z= z−1y−1xyz

and

(x ∗ z) ∗ (y ∗ z) = (y ∗ z)−1(x ∗ z)(y ∗ z)

= (z−1yz)−1(z−1xz)(z−1yz)

= (z−1y−1z)(z−1xz)(z−1yz)

= z−1y−1xyz.

The third axiom holds since for everyx ∈ G :

x ∗ x = x−1xx= x.

Clearly, if a groupG is abelian, then the conjugacy quandle is a trivial quandle sincea ∗ b =

b−1ab= b−1ba= a.We will now give an example of an important non-abelian group and determine

its conjugacy quandle. Assume thatR is a ring with a unit, for example,Z. The Heisenberg group

H3(R) consists of 3× 3 matrices of the form


1 a b

0 1 c

0 0 1

 .

where (a, b, c) ∈ R3. We can see that the centerC(H3(Z)) of the groupH3(R) coincides with the set

of all matrices of the form

M(x) =


1 0 x

0 1 0

0 0 1

 ,
wherex ∈ R, and that the groupH3(R) is a 2–step nilpotent group.
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We can also identify the matrices with the triples (a,b, c) and write for the group operation

(a1,b1, c1) · (a2, b2, c2) = (a1 + a2, b1 + b2 + a1c2, c1 + c2).

The inverse element of (a, b, c) in H3(R) is:

(a, b, c)−1 = (−a,−b+ ac,−c).

Hence the quandle operation∗ in the conjugacy quandle Conj(H3(R)) is given by:

(a1,b1, c1) ∗ (a2,b2, c2) = (a2,b2, c2)−1 · (a1,b1, c1) · (a2,b2, c2)

= (−a2, − b2 + a2c2,−c2) · (a1 + a2,b1 + b2 + a1c2, c1 + c2)

= (a1,−b2 + a2c2 + b1 + b2 + a1c2 − a2(c1 + c2), c1)

= (a1,b1 + a1c2 − a2c1, c1).

Hence, if the ringR is computable, Conj(H3(R)) is also computable.

Example 8: Consider a quandle (Q, ∗) satisfying the following identity for allx, y:

(y ∗ x) ∗ x = y.

Such a quandle is calledinvolutiveor Kei. Then the uniquez satisfying axiom (1) isy ∗ x. These

quandles play an important role in knot theory. In particular, for every group we define Kei by

setting

x ∗ y = yx−1y.

That is, in addition to satisfying axioms (2) and (3), we have:

(y ∗ x) ∗ x = x(y ∗ x)−1x

= x(xy−1x)−1x

= xx−1yx−1x

= y.
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4.2 Substructures of Non-Associative Magmas

Racks, quandles and crossed sets are new models in computable model theory compared to well-

studied models such as groups, rings or fields. In this section, I present some basic properties of

racks and crossed sets, which I will use in this dissertation. One way to construct an anti-chain

of models with respect to embeddability is to form a sequence of models which do not have any

non-trivial submodels. For groups, cyclic groups of prime orders have no subgroups because of

Lagrange’s theorem. For racks, quandles and crossed sets, there is no general theorem which relates

the cardinality of models and the existence of submodels in them. We will present a sufficient

condition for crossed set not to have any non-trivial sub-structures ([6], [27]).

Definition 32. (i) A rack (shelf, respectively) is calledsimpleif it does not have a proper sub-rack

(sub-shelf, respectively).

(ii) A quandle (crossed set, respectively) is calledsimple if it does not have proper and non-

singleton sub-quandles (sub-crossed sets, respectively).

Recall that if (X, ∗) is a rack andx ∈ X, then a left translation inX by x is defined asLx(y) = x∗y.

Definition 33. Let(X, ∗) be a rack and let x, y ∈ X. Then the orbit of y under Lx is (y, Lx(y), L2
x(y), ...)

and is denoted by O+Lx
(y).

Lemma 34. Any finite closed (under the operation) subset Y of a crossed set X is a crossed set.

Proof: We need to show that the subsetY satisfies all the axioms of crossed sets: 1) for anyx, y ∈ Y,

there exists a uniquez ∈ Y such thatz∗y = x; 2) for anyx, y, z ∈ Y, we have (y∗z)∗x = (y∗x)∗(z∗x);

3) for all y ∈ Y, y ∗ y = y; 4) for all x, y ∈ Y, we havey ∗ x = y if and only if x ∗ y = x. For the first

axiom, it suffices to show that for givenx ∈ Y, the right translationRx is a bijection onY. Since it

is an injection onX, it must also be an injection onY. The range of this injection over the domain

Y must be included inY, becauseY is closed under the operation∗. But since the translation is

an injection, we have range(Rx) = Y, so it is also onto. The second, third, and the fourth axiom

clearly hold forY since any three elementsx, y, zchosen fromY are also elements ofX and thus the

equations must hold. □.

Lemma 35. Given a crossed set X and x, y ∈ X such that x, y, if X is generated by x and y, then

X is simple.
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Proof: Notice that sinceX is a crossed set, the third axiom holds and thus every subset ofX which

is a singleton is a submodel. Given any submodelY of X which is not a singleton, it has at least two

distinct elements. SinceY is closed under the operation andX is generated by these two elements,

Y containsX and thus is not a proper submodel ofX. □.

34



Chapter 5

Theories Having Models of Any

Richter’s Degree

In this section, I will show that the theories of racks and crossed sets have models of arbitrary

Richter’s degrees.

Theorem 36. Fix a finite languageL and a theoryT in L. If there is a recursive anti-chain{Ai}i ,

with respect to embeddability, of finite models forL and for each set S⊂ ω, there is a model AS

such that:

a) AS is a countable model ofT .

b) AS is Turing reducible to S, and

c) Ai is embeddable in AS if an only if i ∈ S,

then, for any Turing degreed, there is a countable model ofT whose Richter’s degree isd.

Proof: LetD ⊆ ω be such thatdeg(D) = d. Recall that

D ⊕ D = {2 j : j ∈ D} ∪ {2 j + 1 : j < D}.

Clearly,

deg(AD⊕D) ≤ deg(D ⊕ D) = d.
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We will show thatAD⊕D is a countable model ofT , whose isomorphism class has degreed.

Now, letB be a model forT such thatB ≃ AD⊕D. Then we have, by the definition ofD⊕D and

the assumption of the theorem, that for everyj ∈ ω,

( j ∈ D⇔ A2 j is embeddable inB) ∧ ( j < D⇔ A2 j+1 is embeddable inB)

Thus, we conclude that deg(B) ≥ d. Hence deg(AD⊕D) = d. Moreover, the degree of the isomor-

phism class ofAD⊕D is d. □.

We will now apply Theorem 36 to self-distributive magmas, such as racks and crossed sets.

5.1 Racks

We will show, using Theorem 36, that Richter’s spectrum of degrees for models of rack theory

contains all Turing degrees. We will first consider a suitable anti-chain of finite racks and then an

appropriate combining method such that the combined model is also a rack.

Lemma 37. The sequence of racks{Sn}n≥1 forms an anti-chain of racks with respect to embeddabil-

ity, where Sn is defined as(Zn, ∗) where(Zn,+) is a cyclic group of order n≥ 2, and the operation∗

is defined by y∗ x = y+ 1.

Proof: It suffices to show that each member of the chain is a simple rack. Suppose that there is a

subrackQ of Sn, and lety ∈ Q. Then the orbit ofy under the right translationRy is

O+Ry
(y) = (y,Ry(y),R2

y(y), ...) = (y, y ∗ y, (y ∗ y) ∗ y, ...) = (y, y+ 1, y+ 2, ...) = Zn.

In other words, each element generates the entire domain of the structure andQ is not a proper

subrack ofSn. Hence each member of the sequence{Sn}n≥1 is simple, and thus the sequence forms

an anti-chain.

Now, I will combine the members of this anti-chain. LetAi = (Ai , ∗i)i∈I be racks with pairwise

disjoint domains. Theirdisjoint unionis a magmaX =
⊔

i∈I Ai , where the domain is
⊔

i∈I Ai and the

operation∗ is defined as follow:
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b ∗ c =


b ∗i c i f b, c ∈ Ai

b i f b ∈ Ai , c ∈ A j , i , j
(5.1)

Lemma 38. The disjoint union of racks with the operation defined above is a rack.

Proof: Showing that the disjoint union satisfies the first axiom is not hard since for givenx, y, if they

are in the same memberAi then the right translation is a bijection, and if they are not in the same

member, the right translation is the identity map and thus a bijection. To see that the second axiom

is satisfied, consider the following cases for given elementsx, y andz in the disjoint union.

a) All three elements are in the same memberAi : Clearly, the axiom holds sinceAi is a rack.

b) None of three elements belong to the same member: (x∗y)∗z= x∗z= x = x∗y = (x∗z)∗ (y∗z).

c) x andz are in the same member buty is not: (x ∗ y) ∗ z= x ∗ z= (x ∗ z) ∗ y = (x ∗ z) ∗ (y ∗ z).

d) y andzare in the same member butx is not: (x ∗ y) ∗ z= x ∗ z= x = x ∗ (y ∗ z) = (x ∗ z) ∗ (y ∗ z).

e) x andy are in the same member butz is not: (x ∗ y) ∗ z= x ∗ y = (x ∗ z) ∗ (y ∗ z). □.

Theorem 39. For every Turing degreed, there is a rack the isomorphism type of which has degree

d.

Proof: We apply Theorem 36 to a recursive anti-chain of racks{Si}i≥2. For each subset ofS ⊂ ω,

let AS =
⊔

i∈S Si . By Lemma 38,AS is a countable rack and hence the condition a) in the Theorem

36 is satisfied. We havex ∈ AS =
⊔

i∈S Si if and only if for anyy ∈ ω, there is a positive integer

m such thatRm
y (x) = 0 and the least positive integerk such thatRm+k

y (x) = 0 is in the setS. Hence

we haveAS ≤T S and the condition b) is satisfied. The third condition c) follows from the fact that

eachSi is a simple rack. □.
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5.2 Crossed Sets

Using Theorem 36, we will show that the theory of crossed sets has models of arbitrary Richter’s

degrees. For an anti-chain with respect to embeddability, I will use the structure called “Kei”,

Qp,q = (Zp, ∗q), wherep andq are primes such thatp does not divideq − 1, ordpq = p − 1 and

x ∗q y = qx− (q − 1)y (mod p), where ordp(q) is the order ofq in multiplicative group of integers

modulo p. This structure is also called the “Alexander quandle.” First I will show that this Kei is

indeed a crossed set.

Lemma 40. The Kei, Qp,q = (Zp, ∗q), where p and q are primes such that p does not divide q− 1,

ordpq = p− 1 and y∗q x = qx− (q− 1)y (mod p), is a crossed set.

1) For givenx ∈ Qp,q, if Rx(y1) = Rx(y2) (mod p), thenq(y1 − y2) = 0 (modp). Sincep andq are

relatively prime, we havey1 = y2 (mod p). Hence the right translation is an injection on a finite set

and thus a bijection. The first axiom is satisfied by the structure.

2) We have

(x ∗ y) ∗ z= (qy− (q− 1)x) ∗ z= qz− (q− 1)(qy− (q− 1)x) = qz− q(q− 1)y+ (q− 1)2x

while

(x ∗ z) ∗ (y ∗ z) = (qz− (q− 1)x) ∗ (qz− (q− 1)y) = q(qz− (q− 1)y) − (q− 1)(qz− (q− 1)x) =

q2z− q(q− 1)y− q(q− 1)z+ (q− 1)2x = qz− q(q− 1)y+ (q− 1)2x

Hence the second axiom is satisfied by the structure.

3) We have

x ∗ x = qx− (q− 1)x = x

and so the third axiom is satisfied.

4) Supposex ∗ y = x. Then

qy− (q− 1)x = x⇒ q(y− x) = 0 (modp),

so

y ∗ x = qx− (q− 1)y = q(x− y) + y = y (mod p)

38



Thus, the fourth axiom is satisfied.

Lemma 41. Let q be a fixed positive integer. If there are infinitely many primes p such that p does

not divide q− 1 and ordpq = p − 1, then the sequence,{Qp,q}p, of Keis, forms an anti-chain with

respect to embeddability.

Proof: Letq be fixed. Suppose there are infinitely many primesp such thatp does not divideq− 1

and ordpq = p − 1. Pick any member in the sequence,Qp,q. Take any pair of elementsx, y ∈ Zp

such thatx , y and consider the orbit ofy under the left translation byx, Lx. An induction shows

that we haveLi
x(y) = qiy + (1 − qi)x. Using this formula, we can show thatLi

x(y) , x for all

non-negative integersi. Suppose that for 0≤ i ≤ p − 1 andk ≥ 0, we haveLi
x(y) = Li+k

x (y).

Thenqi(1− qk)(y− x) = 0 (modp). It then follows thatk ≥ p− 1 because of the assumption that

ordp(q) = p − 1. Hence for 0≤ i ≤ j ≤ p − 1, we haveLi
x(y) = L j

x(y) if and only if i = 0 and

j = p− 1. That is,

|O+Lx
(y) ∪ {x}| = p

andQp,q is simple. □.

The combined method for crossed sets for anyS ⊂ ω is as follows. LetAi = (Ai , ∗i)i∈I be crossed

sets. Fixbi ∈ Ai , i ∈ I . Consider the direct sum,
⊕

i∈I Ai , where the elements are sequences (xi)i∈I

with xi ∈ Ai such that for all but finitely manyi, xi = bi , and the operation is coordinate-wise. Then

the direct sum is a crossed set.

Lemma 42. The direct sum of the family of crossed sets as defined above is a crossed set.

Proof: To show that the direct sum satisfies the first axiom, letx⃗ andy⃗ be elements in
⊕

i Ai . For

each component of⃗x and y⃗, xi andyi , there is a uniquezi ∈ Ai such thatzi ∗ yi = xi sinceAi is a

crossed set. Define⃗z= (z1, z2, ...). Then⃗z∗ y⃗ = x⃗. In a similar way, we can show that the remaining

axioms for crossed sets hold.□
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We show that there are infinitely many primespsuch thatpdoes not divideq−1 and ordpq = p−1

using a partial solution of Artin’s conjecture.

Conjecture 43. Artin’s Conjecture: Any integer q which is not a perfect square and not−1 is a

primitive root modulo infinitely many primes p, that is, ordp(q) = p− 1.

Theorem 44. Partial solution for Artin’s Conjecture (Roger Heath-Brown, 1986): There are at

most two primes q for which Artin’s conjecture does not hold. That is, for all except two primes q,

we have that ordp(q) = p− 1 for infinitely many p.

Now we have the following theorem for the theory of crossed sets.

Theorem 45. For every Turing degreed, there is a crossed sets the isomorphism type of which has

degreed.

Proof: We apply Theorem 36 to a recursive anti-chain{Qpi ,q}i , whereq is a fixed prime not excluded

by Theorem 44 andpi is such thatordpi (q) = pi−1. For any setS ⊆ ω, we form a structure⊕i∈SQpi ,q.

The three conditions in Theorem 36 follow from the definition of disjoint union and the fact that

eachQpi ,q is a simple crossed set.□.
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Chapter 6

Structures without Richter’s Degree

It is known that there are Turing degreesa andb with no greatest lower bound. A set of Turing

degrees does not always have a least element, even if it is upward closed. For example, if the Turing

degree spectrum of a model does not have the degree of a computable set and has a minimal pair,

then it has no structure of the least Turing degree and thus the model has no Richter’s degree by

definition. Theorem 11 introduced in section 2.4. says that if we replace the second condition for

the combined method in Theorem 8,

b) AS is recursive inS,

with

b′) AS is enumeration reducible toS,

then there is a model whose isomorphism class has no least element. We use this theorem to prove

that both racks and crossed sets have a model whose isomorphism class does not have a degree.

First, I will review the notion of enumeration reducibility.

Definition 46. An enumeration operatorΨ is a c.e. set, where for any set A⊂ ω,

n ∈ ΨA if and only if (∃ a finite D⊂ A) [< n,D >∈ Ψ].

We say B is enumeration reducible to A and write B≤e A if B = ΨA for some enumeration operator

Ψ.
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Intuitively, a subset A ofω is enumeration reducible to a subset B ofω if an enumeration of A can

be found effectively from any enumeration of B.

Lemma 47. There is a set A such that the mass problem of enumerating A has no Turing-least

element.

Proof: The desired setA will be constructed in stages. Along withA, two total functions,g andh,

will be constructed such that the range ofg and the range ofh are bothA and{deg(g), deg(h)} is a

minimal pair. Thus, the only possible Turing-least element would be a computable one. Since the

mass problem{ f : range(f ) = A} will have no computable element, there will be no Turing-least

element.

At stages=< i, j >, we will have two strings of integers,σs−1 andτs−1, and two finite sets,Ns−1

andAs−1, such that:

1) the range ofσs−1 and the range ofτs−1 are bothAs−1, and

2) As−1 ∩ Ns−1 = ∅.

Constructσs, τs, As, andNs such that the ranges ofσs andτs are bothAs andAs∩Ns = ∅ in the

following manner. First we make sure thatA is not computably enumerable by preventing it from

being equal to thes-th c.e. setWs. Choose anyx < As−1 ∪ Ns−1. If x ∈ Ws, let Ns = Ns−1 ∪ {x}, let

σ′s−1 = σs−1, and letτ′s−1 = τs−1. If x < Ws, let Ns = Ns−1, σ′s−1 beσs−1 concatenated withx, and

let τ′s−1 beτs−1 concatenated withx.

Next, if there is a numberx andσ′ ⊇ σ′s−1 andτ′ ⊇ τ′s−1 such that the range ofσ′ and the range

of τ′ are the same set calledA′, A′ ∩ Ns = ∅, andφσ
′

i (x) , φτ
′

j (x) with both sides defined, then let

σs = σ
′ andτs = τ

′. Otherwise, letσs = σ
′
s−1 andτs = τ

′
s−1. Note that in any case, the ranges of

σs andτs are equal and disjoint fromNs; call this setAs. Thenσs, τs, As, andNs are the strings and

sets needed to start stages+ 1.

Define the functiong = ∪s∈ωσs, the functionh = ∪s∈ωτs, and the setA = ∪s∈ωAs. Note that

the construction insures thatA is not a computably enumerable set and that the range ofg andh are

both equal toA. The proof will be completed if we can show that{deg(g), deg(h)} forms a minimal
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pair.

Supposef were a total function, Turing reducible to bothg andh. Then there would be a pair

of numbers,i and j such thatf = φg
i = φ

h
j . This equality would have been prevented at stage

s =< i, j > unless for all numbersx, for all pairs of stringsσ′ ⊇ σ′s−1, τ′ ⊇ τ′s−1 whose ranges do

not intersect the finite set ofNs, the stringsσ′ andτ′ can be extended to a pairσ, τ such that

φσi (x) = φτj (x) = f (x).

Thus f is computable in the finite stringσ′s−1 and the finite setNs. So, f is a computable

function, and{deg(g), deg(h)} forms a minimal pair, as desired.□.

Lemma 48. For any total functions f and g, f is computable in g if and only if f is enumeration

reducible to g.

Theorem 49. Fix a finite languageL and a theoryT in L. If there is a recursive anti-chain{Ai}i

of finite models forL, and for each set S⊂ ω, there is a model AS such that:

a) AS is a countable model ofT ,

b) AS is enumeration reducible to S , and

c) Ai is embeddable in AS if and only if i ∈ S ,

then, there is a countable model ofT whose isomorphism class has no degree.

Proof: LetS be the set constructed in Lemma 47 such that the mass problem{ f : range(f ) = S} has

no Turing-least element.

Let B = (N, {Ri}i≤n, { f j} j≤m) be any model. DefineχB to be the characteristic function for the set

N ⊕ R0 ⊕ · · · ⊕ Rn ⊕ f 0 ⊕ · · · ⊕ f m. Consider the mass problem

[AS] = {χB : B � AS}.

If B � AS andχB is given by any enumeration, then aftern elements ofχB have been enumer-

ated we can list thosei < n such thatAi is embeddable in the submodel ofB enumerated so far.

Eventually this process yields an enumeration of
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{i : Ai is embeddable inB} = {i : Ai is embeddable inAS} = S,

when given any enumeration ofχB as inputs. Hence the process described above informally defines

a partial recursive operatorΨ such that the functionΨ(χB) has rangeS.

Thus for allχB ∈ {χB : B ≃ AS}, Ψ(χB) ∈ { f : range( f ) = S}; andΨ shows that{ f : range( f ) =

S} is reducible as a mass problem to{χB : B ≃ AS}.

Also, we can define a partial computable operatorΦ so that for anyf ∈ { f : range( f ) = S}, the

functionΦ( f ) is an element of{χB : B ≃ AS}. This is possible, since by the assumption thatAS

is enumeration reducible toS for all S ⊂ ω, an enumeration of any such total functionf gives an

enumeration ofS which yieldsχAS .

Since all characteristic functions are total, by Lemma 48,Ψ(χB) ≤T χB for all χB ∈ {χB : B �

AS}. This lemma also implies thatΨ( f ) ≤T f for all f ∈ { f : range(f ) = S}. Suppose that the

isomorphism class ofAS has a Turing-least elementC. Then the mass problem{χB : B � AS} has

χC as a Turing-least element. HenceχC ≤T Φ( f ) for all f ∈ { f : range(f ) = S}, since for eachf ,

Φ( f ) ∈ {χB : B � AS}. Thus for all f ∈ { f : range(f ) = S},

Ψ(χC) ≤T χC ≤T Φ( f ) ≤T f .

Hence,Ψ(χC) is a Turing-least element of{ f : range(f ) = S}, which is a contradiction. Hence the

modelAS has no Richter’s degree. □.

We will now apply Theorem 49 to self-distributive magmas, such as racks and crossed sets.

6.1 Racks

Let Ai = (Ai , ∗i)i∈I be racks with pairwise disjoint domains. Recall that their disjoint union,X =⊔
i∈I Ai is a rack with the operation defined as follows:

b ∗ c =


b ∗i c i f b, c ∈ Ai

b i f b ∈ Ai , c ∈ A j , i , j
(6.1)
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Lemma 50. The disjoint union
⊔

i∈A Si where Sn = (Zn, ∗) is such that y∗ x = y+ 1 and(Zn,+) is

a cyclic group of order n is enumeration reducible to the index set A.

Proof: Define a set

Ψ = {< n,A >: A ⊂ ω finite, for x , 0, if Li
x(n) = 0 then the least positive integer j such that

Li+ j
x (n) = 0 is mandm ∈ A}.

The setΨ can be shown to be computably enumerable using the following algorithm: enumerate

first finite setsA1 ⊂ A2 ⊂ · · · , then forx , 0 computeLi
x(n) for i = 0,1,2, ... until Li

x(n) = 0.

Supposei = i0 is the first such thatLi0
x (n) = 0. Then again computeLi0+ j

x (n) for j = 1,2,3, .... If the

least positive integerj such thatLi0+ j
x (n) = 0 is m andm ∈ A, then enumerate< n,A > in Ψ. We

haven ∈ ΨA if and only if < n,A >∈ Ψ if and only if

n ∈ Sm ⊂
⊔

i∈A Si .

So
⊔

i∈A Si = Ψ
A. Hence

⊔
i∈A Si ≤e A. □.

Theorem 51. There is a rack the isomorphism type of which does not have a degree.

Proof: Now we can apply Theorem 49 to the anti-chain of racks and their disjoint union, which are

previously defined, since Lemma 50 shows that the disjoint union of racksSn satisfies the condition

b)’ of Theorem 49.

6.2 Crossed Sets

Let Ai = (Ai , ∗i)i∈I be crossed sets. Fixbi ∈ Ai , i ∈ I . Recall that their direct sum is,
⊕

i∈I Ai , where

the elements are sequences (xi)i∈I with xi ∈ Ai such that for all but finitely many i,xi = bi , and the

operation is coordinate-wise.

Lemma 52. The direct sum of Keis
⊕

i∈A Qpi ,q is enumeration reducible to the index set A.

Proof: Define a setΨ as follows. Let{i1 ≤ i2 ≤ · · · ≤ in} be a finite subset ofA and let⃗v be a vector

< x0, x1, ..., xin, bi , bi+1, ... >. For the firstin + 1 coordinates of⃗v, j = 0, 1, 2, ..., in,, compute to see if

ordp j (x j) = q− 1. If for all j = 0, 1, 2, ..., in, ordp j (x j) = q− 1, then enumerate< v⃗,A >∈ Ψ. Notice

that this computation can be done in finitely many steps. We havev⃗ ∈ ΨA if and only if< v⃗,A >∈ Ψ

if and only if v⃗ ∈
⊕

i∈A Qpi ,q. Hence
⊕

i∈A Qpi ,q = Ψ
A and thus

⊕
i∈A Qpi ,q ≤e A. □.
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Theorem 53. There is a crossed set the isomorphism type of which does not have a degree.

Proof: Now we can apply Theorem 49 to the anti-chain of racks and their direct sum, since the

Lemma 52 shows that the direct sum of crossed sets (Qpi ,q, ∗) satisfies the condition b)’ of Theorem

49. □.
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Chapter 7

Jump Degrees

Since many countable structures do not have a degree of their isomorphism type, Richter and

Jockusch introduced the following measure of complexity of structures, which is invariant under

isomorphisms.

Definition 54. Letα be a computable ordinal. Theαth jump degreeof a structureA, if it exists, is

the least Turing degree in

{deg(B)(α) : B � A}.

Obviously, the notion of the 0th jump degree ofA coincides with the notion of the degree of the

isomorphism type ofA. No nonstandard model ofPA has 0th jump degree. On the other hand,

there is a nonstandard model ofPA with any first jump degreed′.

Richter in her dissertation [33] presented the earliest examples of models which have (n+ 2)nd

jump degree but notnth and (n+ 1)st jump degrees. Recall that every non-computably presentable

linear ordering and non-computably presentable tree has no Richter’s degree.

Theorem 55. For any degreed such thatd ≥ 0′, there is a countable treeB = (B,≤B) such that the

degree of the first jump of the isomorphism class ofB exists and isd.

Theorem 56. For any degreed ≥ 0, there is a a linear orderingB such that the second jump degree

ofB exists and isd.
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Ash, Jockusch and Knight [3] showed the existence of the setS ⊂ ω which can be used in

constructions of groups with no (n− 1)st jump degree but withnth jump degree for alln > 0.

Theorem 57. For any n> 0 and any degreed > 0(n), there exists a set S⊂ ω such that S(n) has

degreed, and the set C= {C(n−1) : S is computably enumerable in C(n−1)} has no element of least

degree.

Sara Oates used this theorem to show that for any degreed > 0′ there is a groupG such thatG has

nth jump degreed andG does not have (n− 1)st jump degree [32]. Next we will see that this is also

true for crossed sets whenn = 1. To establish the result forn = 1, we need the following lemma.

Recall that for a structureA, by deg(A) we denote its Turing degree.

Lemma 58. For any set S⊂ ω, let Q1(S) =
⊕

i∈S Qpi ,q, be the direct sum of crossed sets Qpi ,q

introduced in Chapter 5, where q is fixed prime, and for all i, pi does not divide q−1, and ordpi (q) =

pi − 1. Then for all S⊂ ω and sets D, the following are equivalent:

(1) There exists a crossed set R� Q1(S) such that deg(R) ≤ deg(D),

(2) S is computably enumerable in D.

We use this lemma to establish the following theorem. For a structureR, by AtDiag(R) we denote

the atomic diagram ofR. We will emphasize the atomic diagram to distinguish structures from sets.

Theorem 59. For any degreed > 0′, there is a crossed set Q1 such that Q1 has1st jump degreed

and Q1 does not have the degree of its isomorphism class.

Proof: Take a setS such thatdeg(S′) = d and{D : S is c.e. inD} has no least element, which exists

by Theorem 57. DefineQ1 = Q1(S) =
⊕

i∈S Qpi ,q. First we show thatQ1 has 1st jump degreed.

Let R� Q1. We havei ∈ S if and only if there existx, y ∈ Rwith x , y such thatO+Rx
(y)∪ {x} = Zpi .

The second part of this statement isΣ1 in AtDiag(R) and henceS ≤T AtDiag(R)′.

Since∅′ ≤T AtDiag(R)′, clearly, we have

S′ ≡T S ⊕ ∅′ ≤T AtDiag(R)′ (♠).

On the other hand, we haveAtDiag(Q1) ≤T S, so by the monotonicity of the jump operator,

AtDiag(Q1)′ ≤T S′. Combine this relation and♠, we obtainAtDiag(Q1)′ ≤T AtDiag(R)′ for
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all R� Q1. HenceAtDiag(Q1)′ is the least element of{AtDiag(R) : R� Q1}, soQ1(S) has 1st jump

degree.

We will see thatQ1 does not have Richter’s degree (0th jump degree). Suppose, on the contrary,

that {AtDiag(R) : R � Q1} has the least elementAtDiag(A) with A � Q1. ThenAtDiag(A) ≤T

AtDiag(B) for all B � Q1. SupposeD is any set such thatS is c.e. inD or S ≤T D′. By Lemma 58,

there exists a crossed setC � Q1 andAtDiag(C) ≤T D. This implies that:

AtDiag(A) ≤T AtDiag(C) ≤T D

Now we haveA �
⊕

i∈S Qpi ,q andAtDiag(A) ≤T AtDiag(A). So again by Lemma 58,S is c.e. in

AtDiag(A). SoAtDiag(A) ∈ {D : S is c.e. inD} such that it is an element of the least degree. This

contradicts the choice of the setS. □.
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Chapter 8

Future Work

We propose to work on the following open problems related to Turing degree spectra on self-

distributive magmas, as well as the degrees and jump degrees of their isomorphism types.

Problem 1

Richter proved that ifA is a countable structure without a computable isomorphic copy such that

A satisfies the effective extendability condition, then the isomorphism type ofA has no degree. A

structureA satisfies the recursive embeddability condition if for every finite structureM isomorphic

to a substructure ofA, and every embeddingσ ofM intoA, there is an algorithm that determines

whether a given finite structureN extendingM can be embedded intoA by an embedding extending

σ. Richter’s result uses a minimal pair construction.

Richter showed that every linear order, and every tree as a partially ordered set, satisfy the

recursive embeddability condition. Khisamiev proved that every abelianp-group, wherep is a

prime number, satisfies the recursive embeddability condition. Hence the isomorphism type of a

countable linear order, a tree, or an abelianp-group, which is not isomorphic to a computable one,

does not have a degree. Interestingly, Slaman and Soare [38] showed that the c.e. Turing degrees,

with the usual order relation of Turing degrees, satisfy the effective extendability condition.

We would like to find a natural and broad class of self-distributive magmas, which do not always

have computable isomorphic copies, and satisfy the recursive embeddability condition. Not much

has been done in this direction for groups that are far from abelian groups, although it has been

50



shown in [12] that there are centerless groups that have arbitrary Turing degrees for their isomor-

phism classes, as well as no degrees. (A groupG is centerlessif its center is trivial, i.e.,Z(G) = {e}.)

Problem 2

In [5], the following generalization of Richter’s theorem was established.

Theorem 60. Let C be a class of countable structures in a finite language L, closed under iso-

morphisms. Assume that there is a computable sequence{Ai}i∈ω of computable(possibly infinite)

structures inC satisfying the following conditions.

(i) There exists a finitely generated structureA ∈ C such that for all i∈ ω, we have thatA ⊂ Ai .

(ii) For any X ⊆ ω, there is a structureAX in C such thatA ⊂ AX and

AX ≤T X,

and for every i∈ ω, there exists an embeddingσ such that

σ : Ai ↪→ AX, σ|A = id,

iff i ∈ X.

(iii) Suppose that anyAX is isomorphic to some structureB under isomorphismτ : AX ←→

B. Consider a pair of structuresAi ,A j such that exactly one of them embeds inB via σ with

(τ−1 ◦ σ)|A = id. Then there is a uniformly effective procedure with oracleB for deciding which of

the two structures embeds inB.

Then for every Turing degreed, there is a structure inC whose isomorphism type has degreed.

The dual theorem was also established in [5]. These two theorems were applied to show that

there are countable fields, rings, and torsion-free abelian groups of any finite rank, whose isomor-

phism types have arbitrary Turing degrees, as well as that there are structures in each of these classes

whose isomorphism types do not have Turing degrees. Is it possible to apply these more general

theorems to natural and important classes of self-distributive magmas?

51



Problem 3

For those non-associative countable magmas that fail to have a degree of the isomorphism type,

it is natural to investigate Turing jump degrees introduced by Richter and Jockusch. We started this

investigation in Chapter 7 for the first jump degree, but this analysis needs to be continued for all

computable ordinals. For a structureA and a computable ordinalα, theαth jump degreeof A, if

it exists, is the least Turing degree in the set of the Turing degrees of theαth Turing jumps of the

atomic diagrams of all isomorphic copies ofA. By considering jump degrees, we can assign Turing

degrees to some isomorphism types that do not have degrees.

For example, Richter showed that a linear order, which is not isomorphic to a computable one,

does not have a degree of its isomorphism type. Downey and Knight, building on the previous work

of Ash, Jockusch and Knight, established that for a Turing degreed with d ≥ 0(α), whereα ≥ 1 is a

computable ordinal, there is a linear orderL whoseαth jump degree isd, and such thatL does not

haveβth jump degree for anyβ < α. The jump degrees have also been studied for torsion abelian

groups by Oates, and for rank 1 torsion-free abelian groups by Coles, Downey and Slaman [8]. In

addition, Turing degrees and jump degrees of the isomorphism types have been studied for Boolean

algebras, models of Peano Arithmetic, and prime models.

Problem 4

Slaman and Wehner [40] independently constructed examples of Turing degree spectra of struc-

tures consisting of all nonzero Turing degrees. In fact, Wehner constructed a familyS of sets of

natural numbers such that for each noncomputable setX, S has an enumeration computable inX,

but S has no computable enumeration. This family yields a structure with isomorphic copies in

exactly the non-computable Turing degrees.

This is not always possible for structures from concrete algebraic classes. Downey and Jockusch

have shown that any Boolean algebra oflow Turing degree has a computable copy, and Thurber,

and Knight and Stob have further extended this result to Boolean algebras oflow2 andlow4 Turing

degrees, respectively. (A setX ≤T ∅′ and its Turing degreex are calledlow if x′≤ 0′, andlown if

x(n)≤ 0(n).) A countable structure islown if its atomic diagram islown.

Downey asked if there are familiar mathematical structures Turing degree spectra of which con-

sist exactly of all nonzero Turing degrees. This question remains open even for linear orders. We can
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ask a similar question for self-distributive magmas from natural classes. Are there such structures

with Slaman-Wehner degree spectra?
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