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Abstract 

 

Vehicle Platooning: Multi-vehicle Merging and Control 

Designing scheme for autonomous driving of a group of vehicles is a growing field in 

the area of intelligent transportation systems (ITS). The idea of autonomous vehicle 

platooning in automated highways for optimizing the traffic and fuel, and also enhancing 

the safety and comfort of the passengers has a determining role in the future of 

transportation. To increase the efficiency and safety of traffic in this environment, a 

viable solution is to manage connected vehicles in groups with short inter-vehicle spaces 

or the so-called platoons. However a platoon-capable vehicle has many aspects to study 

and develop. 

Vehicle platooning has several advantages such as increase in road capacity, 

reduction of air pollution due to reduction in air resistance, and consequently less fuel 

consumption. It also facilitates driving with a more comfortable, and safer ride for 

passengers due to communication enabled driving experience and less 

acceleration/deceleration of the vehicle. 

This dissertation considers the operation of vehicles in a platoon, and studies different 

aspects of vehicle platooning such as establishing, maintaining and joining a platoon of 

vehicles. The research attempts to gain insights in the area of connected vehicles, vehicle 

platooning and collaborative driving. The Stability of platoon under different 

communication topologies is studied using the notion of input-to-state stability, and the 

Lyapunov- related theories. However, the main focus of this dissertation is to introduce a 

framework for managing and controlling connected vehicles to collaborate effectively 
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through forming platoons, and executing different tasks such as automatic merging of 

multiple vehicles into a platoon and performing automated collaborative maneuvers. 

Several control techniques from linear and nonlinear control theory, to optimal 

control, and from the domain of model predictive control for both linear and nonlinear 

system dynamics have been implemented, and many simulation scenarios are carried out 

and discussed to provide a comprehensive understanding of platooning procedures and 

operations. 

The problem of vehicle platooning as autonomous vehicles with platooning 

capabilities is studied in the context of controlling multi-variable nonlinear systems, 

subject to physical and operational constraints on inputs and states. To introduce a 

platooning framework with multi-vehicle merging capability, the concept of optimal 

control and one of its practical implementations, the nonlinear model predictive control, 

is adopted which is a natural tool that scales well to large systems and is able to 

systematically handle the constraints of a nonlinear problem. To consider the effects of 

modeling error and measurement noise as well as estimating states using measurement 

data, an online estimation technique is adopted. 

Scenarios tested include but are not limited to one dimensional platooning, several 

different trajectory planning implementations with focus on smooth lateral maneuvers, 

multi-vehicles merging into platoon, and platooning under acceleration/deceleration of 

platoon leader. Several scenarios are also tested under the presence of modeling errors 

and measurement noise.  
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 Introduction 

Motor vehicle transportation is an integral part of today's life which greatly 

contributes to human movement across the world. Among all possible forms of motor 

vehicle transportation, cars are one of the major forms of commuting for both short and 

long distances.  

   Despite the undeniable role of motor vehicle transportation in enhancing the 

comfort, and quality of commuting, and transportation, there are many drawbacks caused 

by the massive use of cars such as congestion, traffic jams, air pollution, and life-

threatening issues due to driver's fatigue, drowsiness, and/or careless driving, etc. 

The problem of congestion for example in large and small urban areas was buffeted in 

several aspects in 2011. A report on traffic congestion by Texas A&M Transportation 

Institute shows that in 2011, congestion caused urban Americans to travel 5.5 billion 

hours more and to consume 2.9 billion gallons of fuel for an extra cost of $121 billion. 

Moreover in order to arrive on time to a known destination which typically takes around 

20 minutes, travelers have to consider 60 minutes to compensate for congestion in light 

traffic [1].  

Several solutions have been proposed to reduce the factors which cause congestion on 

roads and highways, among which are building new roads, new rail lines for public 

transportation, new lanes on existing roads, and designating lanes for trucks. However 

these solutions comes at a great cost. International Energy Agency (IEA) analysis shows 

that globally, the world will need to build an additional of nearly 25 million paved road-

lane kilometers (Km) and 335000 rail track km, or a 60% increase in overall combined 
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road and rail tracks that existed in 2010, by the year 2050. Based on the report presented 

by IEA, the costs and expenditures on transport infrastructures are expected to reach $45 

trillion by 2050 [2]. 

Other solutions include encouraging people to use public transportation or sharing 

cars by imposing high-occupancy vehicle (HOV) restriction on certain lanes, etc. 

Although these traffic management techniques have shown positive effects on slightly 

reducing traffic congestion, they have not been able to largely address the problem in a 

proper, and effective manner. 

A more recent solution to the problem of traffic congestion with additional positive 

effects on safety, and fuel consumption is to use driver assistant systems in the form of 

automatic vehicle following control. This solution is expected to increase the traffic 

throughput and therefore decrease traffic congestion. 

One of the basic forms of driver assistant systems currently available on some of the 

high-end vehicles is Adaptive Cruise Control (ACC). This system automatically regulates 

a desired time-gap to the preceding vehicle [3]. The main goal for ACC systems is 

however to increase the comfort and safety of the driver rather than reducing the traffic 

congestion. As a matter of fact ACC systems are expected to increase the traffic jams, 

because of the fact that they cannot handle the shock-waves that disrupt the traffic flow 

[4]. 

A more advanced form of ACC is Cooperative Adaptive Cruise Control (CACC) 

which combines the traditional ACC system with wireless communication capabilities to 

communicate with other CACC systems. CACC system is capable of increasing the 
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traffic throughput by sharing important information with other vehicles in range. 

However both ACC and CACC systems are driver-assistant systems and are partially 

managed and controlled by human driver. 

Intelligent Transportation systems (ITS) as a complex combination of relevant 

technologies could potentially lead to a solid solution to the problem of traffic congestion 

and also increase safety, time savings and efficient driving experience. It is reported that 

ITS can potentially increase the highways capacity by 20% [5]. 

Designing schemes for autonomous driving of a group of vehicles is a growing field 

in the area of ITS. Vehicle platooning is one major area of research in ITS where 

advanced driving assistant systems (ADAS) such as ACC and CACC, are combined to 

achieve certain goals. Research in vehicle platooning involves designing strategies and 

procedures to manage the self-driving vehicles in groups with short inter-vehicle spaces. 

The idea of autonomous vehicle platooning in automated highways for optimizing the 

traffic flow and fuel, and also enhancing the safety and comfort of the passengers has 

been an active and also challenging field of research for the past two decades and has 

drawn much attention, both from academia and industry. Vehicle platooning has proved 

to significantly increase highway capacity and reduce fuel consumption and air pollution 

both in simulations and experimental tests [6].  

The advantages of vehicle platooning in addressing many of the today's transportation 

problems have motivated us to conduct a comprehensive research in this area and study 

the untouched aspects of this emerging field of ITS in more detail. 

 



4 
 

 Objectives 

This dissertation is focused on the study of connected vehicles in an ITS connected 

setting. When considering vehicles that are connected through wireless communication in 

addition to on-board sensors and move collaboratively in platoons, there are many 

different aspects of automated platoons to be studied. The main theme of this research is 

to perform a comprehensive study on the idea of connected vehicles with applications in 

vehicle platooning and merging. Taking this main theme into consideration, the 

objectives of this research are described as follows: 

 Gaining insight in the area of connected vehicles, vehicle platooning, and 

collaborative driving system (CDS) which includes topics in distributed control, 

dynamic, and strategy management. 

 Defining a comprehensive framework for managing and controlling connected 

vehicles to collaborate effectively through forming platoons, inter-vehicle and 

inter-platoon communications, task management such as automatic merge-into a 

platoon, automatic merge out, and information sharing. 

 Developing a simulation platform to test and verify the proposed strategies and 

algorithms, and to control stability of connected vehicles through intensive 

simulations. 

 Evaluate the performance of the proposed methods through several case studies 

and simulations.  
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 Problem Definition 

Indeed, technological advances in different areas are rapidly influencing and 

changing human life style and have greatly contributed to the comfort, safety, and 

efficiency of many daily tasks. Among all the technological advancements, technologies 

that make vehicles intelligent have a noticeable growth and are of a critically significant 

importance in human life.  

The advancements in area of automated vehicles have also shown evident progress 

both in the research sector and vehicle industry. Some of the most recent and prosperous 

products which can be found in today's cars or research platforms are ACC, CACC, 

vehicle platooning, driver assistant, self-driving or self-parking systems, autonomous 

navigation systems, automatic drowsiness and fatigue detection. 

In order to have a comprehensive framework for management and control of 

connected vehicles as briefly described in section 1.1, a general but clear definition of the 

problem must be delineated.  

The goal of this dissertation is to address all the key components of an ITS setting in 

which connected vehicles could cooperatively travel on roads in the form of platoons. 

The vehicles in platoons are expected to operate fully autonomously under certain rules, 

commitments and policies. Moreover, different platoons must be able to communicate 

and exchange information and collaborate for a common goal. To fulfill such goals and to 

be as comprehensive as possible, the vehicles are expected to have the following 

capabilities: 
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 Each vehicle as an independent agent must have the necessary internal hardware 

and software for control, data measurement, and communication with other 

vehicles. 

 A common language and necessary protocols, and units for decision making, 

control, and communication between platoon members and within different 

platoons. 

 An active risk, error, and warning management unit to update the driver with 

necessary information and involve the driver if required. 

There are different tasks and roles defined in connected vehicles framework 

considered in this dissertation. These tasks are described as follows: 

 Vehicles in this framework must be capable of both longitudinal, and lateral 

control for some level of autonomous driving. Longitudinal control is a form of 

distributed cruise control system which controls the relative distance and velocity 

of the vehicle. Lateral control or steering control is in turn, in charge of 

controlling the lateral motion of the vehicle for different tasks. 

 Vehicles must be capable of reacting appropriately to obstacles, control system 

failures and communication failures. 

 Vehicles must be able to form platoons. A platoon is a string or group of vehicles 

which can communicate with other vehicles in the platoon or even out of the 

platoon if necessary. The platoon has a leader with specific responsibilities. The 

other vehicles in the platoon are called the followers and the main objective for 

the platoon members are to maintain a specific distance in time or space with their 

preceding vehicles. They should be also capable of reacting to some known and 
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unknown stimuli independently, following some standard protocols and some 

imposed restrictions. These tasks are considered to be upper level planning and 

control. 

 Platoons must be capable of assessing demands from potential new or existing 

members and be capable of accepting new vehicles to join the platoon, and 

allowing vehicles to leave the platoon. 

 Platoons must be capable of merging with other platoons or split into a smaller 

platoon from a larger one.  

 Platoons should accommodate other platoon members or free running vehicles in 

terms of providing temporary space for a car to pass through a platoon lane and 

go into a new lane on the other side of platoon lane. There are several applications 

for this capability which we describe in details in the proper section.    

Depending on the scope and scale of the proposed framework, the following 

questions are helpful in assessing platoon capabilities and performance: 

1 Are individual vehicle controllers stable and can they effectively satisfy the control 

objectives? 

2 Could individual vehicles produce the desired longitudinal and lateral trajectories 

for their specific goals? 

3 Could individual vehicles communicate effectively with other vehicles and 

broadcast or receive necessary information?   

4 Are individual vehicles capable of reacting to unexpected events or failures due to 

different components’ malfunction, and smoothly transfer the control to the driver if 

necessary? 
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5 Is the proposed connected vehicle framework inclusive and broad enough for 

different possible scenarios?  

6 Is the platoon string stable?  

7 And more important of all, is the proposed connected vehicle framework and 

vehicle platoon capable of minimizing traffic congestion and fuel consumption, and 

enhancing the safety factors in driving effectively? 

This dissertation aims to answer some of the aforementioned questions in a 

systematic manner by utilizing and combining available tools from different disciplines 

in Control, Mechanics, Mechatronic, and Robotics Engineering.   

 Approaches and Contributions 

This dissertation attempts to include most major components of autonomous vehicle 

platooning in a connected vehicle setting to offer the readers a comprehensive and 

comparative literature. Different contributions and approaches are as follows: 

 Novel multi-layered supervisory control 

A novel supervisory control algorithm is proposed to handle the different tasks that 

are defined for the connected vehicle framework. It is designed in form of finite state 

machine flowcharts which has several states and rules that govern the transient behaviors, 

which lead to moving from one state to another. 

 A novel merging technique for multi-vehicles merging task 

The multi-vehicle merging strategy enables multiple cars to initiate merging action 

into a main platoon simultaneously and cooperatively. A practical and safe merging 

technique is proposed for multiple vehicles to join a platoon or a platoon to join another 
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platoon. A decentralized coordination scheme is used for inter-vehicle communication, 

meaning that the merging vehicles will communicate and access information they need 

from any members of the platoon including the leader vehicle.   

 Novel variable lateral trajectory generation techniques for lateral maneuvers 

Lateral trajectory generator methods for safe and efficient individual and multi-

vehicle merge-into the platoons are considered. Since a platoon may have variable speeds 

throughout its travel, adaptive schemes for lateral trajectory generation are required to 

avoid high lateral accelerations. The so-called variable-gap schemes for lateral trajectory 

generation with different polynomial characteristics are proposed.  

 Performance optimization 

In order to reach an optimized solution for our connected vehicle framework, 

different factors must be optimized such as travel time, trajectory smoothness, 

communication cost, fuel consumption, and safety factors. Multi-objective performance 

functions are defined and optimized using optimization techniques. More specifically, 

constrained multi-objective optimization problem is formulated using Model Predictive 

approach framework to enable an optimal, efficient, and safe platooning realization. 

 String stability, individual vehicle stability, and communication stability  

The string of vehicles or the so-called platoons must be able to continue their travel 

under stable conditions, even if communication failure or other form of disturbances 

occur. In other words, the string of vehicles must be string stable. The problem of string-

stability of platoons, which is the study of amplification of error upstream a string of 

vehicles, is studied in this dissertation. 
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Moreover, the stability of a platoon of vehicles under different communication 

topologies based on the notion of input-to state stability will be studied to evaluate the 

effect of the leader’s input on formation stability. 

 Development of a simulation platform called SimPlatoon  

Our goal in the development of SimPlatoon is to design a platform to test platooning 

algorithms, dynamic models, controllers, and lane change trajectory models, etc. Our 

platform is compatible with almost all other functions and programming tools offered by 

MATLAB and can be upgraded seamlessly for more advanced functionality. 

 Dissertation Outline 

Chapter 2 provides the background information on vehicle platooning research and 

deployments. It provides a survey of previous works on different aspects of vehicle 

platooning, control, communication, and optimization. Chapter 3 covers some of the 

mathematical formulations required for different parts of vehicle platooning. This 

includes vehicle dynamics, lateral trajectory formulations, different communication 

topologies and their stability analysis, and description of the multi-vehicle merging 

strategy, etc. Chapter 4 includes the mathematical developments and results of 

decoupling control approach for vehicles with decoupled dynamics. It includes several 

longitudinal as well as lateral control implementation and simulation results for different 

platooning scenarios, such as longitudinal platooning, multi-vehicle merging tests under 

normal conditions or in emergency situations such as sudden braking of platoon. 

Chapter 5 approaches the problem of vehicle platooning from the viewpoint of 

autonomous vehicles with platooning capabilities, and chapter 5.7 provides the 

conclusion.   
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 Literature Review 

 Background 

This chapter aims at providing the background information necessary to establish the 

requirements of this research, to identify the gaps and to familiarize the reader with 

previous works in this research area.  

First we start with a general overview of ITS, its applications and potential benefits, 

and then we will review its components in more detail. Next, we will study the literature 

on one of the most important and challenging applications of ITS called vehicle 

platooning. Since the topic of vehicle platooning is a vast research area, it has been 

approached from different aspects. We will try to summarize the most relevant literature 

to our objectives which are listed in chapter 1, section 1.1. 

 Intelligent Transportation Systems (ITS) 

ITS technologies impact transportation safety and mobility and enhance society 

productivity by incorporating advanced technologies, such as state of the art sensory 

systems, electronics, and communication devices into vehicles and infrastructures. In 

many areas ITS proved to have the potential for significantly improving mobility, safety, 

comfort and efficiency. A report by U.S. Department of Transportation (DOT) discusses 

17 different areas of ITS applications which could be deployed either on vehicles or 

infrastructures [7]. 
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  In-vehicle ITS 

The existing in-vehicle ITS applications are classified under three main areas as 

follows: 

 Collision Avoidance: Collision warning systems can significantly impact the 

passengers’ safety. U.S. DOT estimates that wide-spread deployment of sensory 

and measurement systems could prevent 48% of rear-end, run-off-road, and lane 

change crashes which are the cause for 1.8 million crashes. Although collision 

warning systems are not yet very popular in vehicles, and have limited 

applications to date, car manufacturers have shown interest by making some 

technologies available in some of the high-end cars. Some examples of collision 

avoidance systems are rollover warning or roll stability control systems, and rear 

impact warning systems. 

 Driver Assistance: Driver assistance systems have gained mainstream acceptance 

in many vehicles nowadays. In-vehicle navigation systems, driver communication 

systems, ACC, and roll stability control are some of the examples of such 

technologies. One of the most dominant technologies that have perfectly found its 

place is navigation systems. The in-vehicle navigation system, when linked to 

sources of current traffic congestion information, can effectively play its role in 

reducing the travel time and enhancing the traffic flow. ACC systems have also 

showed a great potential in increasing the safety of drivers when used jointly with 

collision warning systems. Moreover ACC could also contribute to reduce 

emissions and increase capacity of roads if used in CACC setting. 
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 Collision Notification: Automated collision notification (ACN) systems could 

benefit the drivers with early notification of crashes which help avoiding the 

accident or significantly reduce the damage in case of a crash. 

 Intelligent Infrastructure 

Intelligent infrastructures have established themselves more in ITS. Many roadways 

and traffic management applications of ITS have been applied to arterial roadways and 

freeways, and they include crash prevention, safety warnings, congestion warnings, road 

weather management and warning systems, and roadway operations and maintenance 

warning systems. Here some of the applications of intelligent infrastructures are listed as 

reported by [7]: 

 Arterial Management: Adaptive signal control and coordinated signal timing are 

two main applications of arterial management. They proved to improve the traffic 

smoothness and consequently lead to less rear-end crashes. 

 Freeway Management: Many ITS strategies could be deployed to improve 

freeways operations. One of the platforms to facilitate the freeways' operations is 

dynamic massage signs (DMS). It is reported in [7] that DMS can improve the 

peak period freeways speeds by 8 to 13 percent, and reduce the delay time by 1 to 

22 percent. DMS integrates information from incident management systems with 

traveler information, and can provide optimal directions for drivers. 

 Crash Prevention and Safety: Road geometry warning systems, such as curve 

and ramp speed, rail crossing warning systems, and pedestrian safety systems, can 

improve safety on highway ramps and intersections. Downhill speed warning 
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systems are also getting more popular and have proved to decrease truck crashes 

by up to 13 percent based on a research conducted in Oregon and Colorado. 

 Road Weather Management: Road weather management plays a crucial role in 

driving safety and reducing crashes in extreme weather conditions. Precise road 

weather information can benefit travelers, emergency road contractors and safety 

operation units to a great extent. For example anti-icing programs can reduce 

snow and ice control costs by 10 to 50 percent, and decrease the crash rate by 7 to 

83 percent [8], [9].  

 Roadway Operations and Maintenance: Studies show that ITS can contribute to 

roadway operations by using smart maintenance equipment. As an example smart 

work zones can reduce the travel delays by 41 to 75 percent [10].      

Although there are several more applications to ITS, the short discussion above is 

enough to highlight the importance of planning, deployment, and evaluation of ITS. One 

of the new merging applications of ITS is vehicle platooning which is of major relevance 

to our research. For that, we have designated a separate section to elaborate on this 

important topic in more detail. 

 Connected Vehicles (CV) 

Connected vehicles is an emerging technology aiming at increasing mobility, safety, 

and environmental benefits, by utilizing wireless communication networks and 

performing collaborative tasks between vehicles as well as vehicles and infrastructures or 

traffic centers. There are numerous benefits for connected vehicles some of which are: 

 Communication among vehicles could help to prevent crashes 
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 Communication among vehicles could increase mobility and throughput of traffic 

flow 

 Communication between vehicles and infrastructures/traffic centers can enhance 

the driving experience by providing drivers with necessary information and 

warnings 

Therefore connected vehicles (CV) on the go are cooperative, coordinated, 

foreseeing, proactive and assistive. 

 Definition 

Connected vehicles (CV) refer to vehicles which are wirelessly connected to one 

another, and can communicate with other vehicles, infrastructures or centers. The 

vehicles should have the capability of vehicle to sensors (V2S), vehicle to vehicle (V2V), 

vehicle to infrastructure (V2I), and vehicle to internet (V2I) communication. The 

deployment of fully connected vehicles requires a combination of off-the-shelf 

technologies. 

Many applications could be envisioned for connected vehicles; however due to the 

infancy of many aspects of this broad technological area, not all these applications could 

be detailed and discussed. Nevertheless, we bring here three of the most significant 

applications of connected vehicles [11]: 

 Advance Navigation: Bidirectional navigation system is the idea of dynamically 

recomputing the user's route according to the most recent information available 

through fellow vehicles and possibly some service vehicles. The main advantage 

of this idea is the optimal utilization of multi-source sensory information in a 
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closed loop system that delivers timely and essential information to vehicles 

navigation systems. 

 Autonomous Driving: Autonomous driving is maybe the most ambitious goal in 

the area of connected vehicles. Whether we are interested in individual self-

driving vehicles or a fleet of autonomous collaborative vehicles, tremendous 

efforts must be made both towards providing technology requirements and also 

taking the steps toward legalizing it for roads. Autonomous cars have many 

potential benefits in reducing road crashes, decreasing reaction time, and 

potentially increasing roads' capacity. However these benefits come at the cost of 

some sensory, computing, and communication equipment necessary for 

collecting, processing and sharing huge amount of information. 

 Vehicular Cloud Services: In today's world information is one of the most 

valuable resources available. Many different services provided today solely rely 

on different types of information. Connected vehicles will likely have high-

performance, accurate computing, and measurement resources that can 

dynamically collect, process, and broadcast data for several different purposes. 

They can be viewed as mobile agents which contribute to vehicular clouds 

through collecting and broad casting information.            

The applications for connected vehicles are not of course limited to aforementioned 

topics, but the three areas above are some of the most important ongoing research 

projects in academia and industry sections.      
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  Research on Connected Vehicles 

Due to the significant importance and the booming market on connected vehicles 

(CV), both academia and automotive industry are showing excessive interest in exploring 

and contributing to this topic. Based on a report on connected car market in [12] the 

global market is expected to reach $131.9 billion by 2019. Knowing the fact that the CV 

is a demanding emerging technology, which will soon be an inseparable part of global 

transportation system, made many researchers use their expertise to take the CV field to a 

new level. 

It is shown in [13] that CVs could effectively reduce the traffic congestion through 

intelligent traffic control and management. Another study shows that using vehicular Ad-

hoc Networks (VANETs) for information exchange can affect the drivers’ behavior 

toward improving driving experience and performance by reducing road accidents [14]. 

One of the main causes for traffic accidents is the insufficient distance between the ego 

vehicle and the proceeding vehicles which is also a reason for traffic congestion. In 

addition there are several blind spots in merging areas and ramps which restrict the 

drivers’ reaction capability to properly react to hazardous situations. Therefore, vehicle 

control could help reduce accidents due to the aforementioned causes by effective 

communication [15]. Through the CV framework, cars gain access to other cars' sensory 

information and in turn can provide them with their sensory information as well. This 

will enable them to form a dynamic cooperative system which each of the members of 

this system will contribute in updating information cloud that could be used for many 

different purposes.  
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Indeed, wireless connectivity and its requirements and challenges are the first steps 

toward realization and implementation of CVs. The wireless connectivity enables the 

communication between vehicles, between vehicles and their internal components, and 

between vehicles and road infrastructures/traffic centers. Such a mechanism is the key to 

the evolution of the next generation of ITS and smart collaborative driving. Many studies 

have focused on wireless technologies which are applicable to the field of CVs and 

investigate the existing challenges. Among those, researchers in [16] have studied the 

state-of-the-art wireless solutions for vehicle-to-sensor, vehicle-to-vehicle, vehicle-to-

internet, and vehicle-to-road infrastructure connectivity. 

  Vehicle Platooning 

Vehicle Platooning is the idea of grouping vehicles into platoons to increase the 

capacity of roads, safety of driving, and reducing the fuel consumption and negative 

effects of vehicles on the environment. Platoons reduce the distance between vehicles 

using sensory and communication information, and control technology. This technology 

enables vehicles to travel with smooth velocities (less accelerating and decelerating), and 

react faster to warnings or hazardous situations by eliminating or reducing the 

responsibility of the driver and driver's reaction delay. The automated highway system 

(AHS) is a driving environment in which smart vehicles can group into platoons, or leave 

platoons at appropriate time or at driver's will. In the next sections we will bring a 

summary on early developments of automated vehicles and AHS, and then continue to 

existing research on vehicle platooning.     



19 
 

 Early and Recent Deployments 

One of the earliest research on AHS is the work of Dr. Robert E. Fenton and the team 

under his supervision in 1960s. This research was funded by U.S. Federal Highway 

Administration (FHWA), and continued until 1980s. Their first automated vehicle which 

controlled steering, braking, and speed through on-board computer, was built in 1962. 

The USDOT-sponsored National Automated Highway System Consortium (NAHSC) 

project was tested in a road in California and San Diego County in 1997. Despite the fact 

that the test was reported successful, funding was moved more toward intelligent vehicles 

rather than intelligent infrastructures. Therefore, instead of changing the infrastructures, 

the sensory, and communication electronics were placed inside vehicles and used toward 

some automated, or semi-automated tasks such as ACC. These technologies are being 

developed by many car manufacturers such as Mercedes-Benz, Volkswagen, and Toyota. 

The Federal Highway Administration (FHA) has funded two research projects in heavy 

truck platooning in 2013 [17]. 

California Partners for Advanced Transportation Technology (PATH), is a research 

and development program in ITS, founded in 1986 at university of California, Berkeley. 

The first PATH experiments on intelligent infrastructures were by using permanent 

magnets in roadways for vehicle guidance in 1988-9. In 1989 PATH in collaboration with 

Ford Company started working on close-formation platoon using four vehicles. The first 

vehicle platooning experiments were successfully concluded in 1992. They continued the 

research in this area and their collaborations with NAHSC which resulted in an eight-car 

NAHSC platoon formation in 1997. For more information on PATH contributions to ITS 

the interested readers are referred to [18]. 
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There are some other parallel projects in other parts of the world like Europe and 

Japan. For example Daimler-Benz Research initiated the ambitious project 

PROMETHEUS (Program for European Traffic with Highest Efficiency and 

Unprecedented Safety). The goal of this project was to develop a wide range of systems 

for travelers’ information, vehicle control, and safety [19]. There were also some 

European-Commission-led projects called DRIVE (Dedicated Road Infrastructure for 

Vehicle safety in Europe) which were active in the area of ITS [20]. A more recent 

project in Europe called SARTRE (Safe Road Trains for the Environment), started in 

2009, which is focused on vehicle platooning in which a string of vehicles move 

autonomously with a leader which is controlled by an expert driver. Each vehicle in 

platoon measures the distance, speed, and direction of the preceding vehicle and adjust 

itself accordingly. All vehicles are free to leave the platoon at any time. SARTRE 

performed its first successful demo in January 2011 with vehicles from Volvo [21].             

Grand Cooperative Driving Challenge (GCDC) in 2011 aimed at accelerating the 

development, integration, and implementation of cooperative driving systems. The 

challenge was to show the effectiveness of vehicle platooning in attenuating traffic 

shock-waves by reducing the distance between vehicles [22].  

SCANIA- Platooning in the form of a project named "Distributed Control of a Heavy 

Duty Vehicle Platoon", which is a collaboration between Scania and The Royal Institute 

of Technology (KTH), has focused on study of vehicle platooning. The main goal of this 

project is on robust and distributed control of individual vehicles in a platoon. The project 

is considering longitudinal control of the vehicle while the lateral control of vehicle is 

still manual. 
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 Energy ITS is a national Japanese project started in 2008 [23]. The project has two 

main directions: first to investigate automated truck platooning, and second to study the 

effect of platooning on energy saving. 

A good review of the recent projects on vehicle platooning and a comparison between 

these projects are carried out in a paper in [24], and summarized in Table 2-1.   

 Research on Vehicle Platooning 

Vehicle platooning has many variations depending on the goal of platooning, how it 

is implemented, the level of autonomy, etc.     

Traffic congestion and safety remain a persistent problem for motoring public and road 

users. Transportation and automotive researchers have proposed a variety of innovative 

Table 2-1 Real- world platoon experiments [24] 

Project Vehicle Control Infrastructure Traffic 

Configuration 

Goal 

SARTRE Mixed Lat. & 

Long 

None Highway, Mixed Comfort, Safety, 

Congestion, energy 

PATH Mixed Lat. & 

Long 

Reference 

markers 

Dedicated lanes Increased throughput, 

Energy saving 

GCDC Mixed Long Augmented 

GPS 

Mixed Accelerate platooning 

Energy-

ITS 

Trucks Lat. & 

Long. 

Lane markings Dedicated lanes Mitigate lack of skilled 

drivers 

SCANIA Trucks Long. None Highway, Mixed Commercial fleet, 

Energy saving 
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solutions to overcome the challenges of growing traffic and the associated safety issues 

[25]. Among the proposed solutions are intelligent vehicles to minimize energy and 

optimize traffic flow, autonomous or self-driving vehicles, and connected vehicles with 

sensors and intravehicular and vehicle-to-infrastructure communications to coordinate the 

motion of multiple vehicles to enhance safety and throughput [26].  Among the latter, is 

vehicular platooning in automated mode which allows vehicles to move together with 

closely spaced distances. 

Platooning involves coordinating several partially or fully autonomous vehicles into a 

formation, in most cases string formation, with a leader vehicle in front and several 

closely spaced follower vehicles in a train-like configuration.  Reduction of traffic 

congestion, enhancement of driving safety and comfort, and providing better fuel 

economy are the main objectives of vehicle platooning which have motivated research in 

the past two decades [24] [27] [28] [29].  

The successful formation of a platoon requires several modules to work together with 

various requirements. The engaging modules in platooning system could be categorized 

into three subsystems: high level coordination (HLC) module, perception module, and 

autopilot module.  

HLC module includes a strategy management algorithm which defines the rules and 

strategies governing the interactions between vehicles in the platoon. The hierarchical 

driving agent architecture presented in [27] is an example of such module. This 

architecture is a centralized platoon strategy in which the lead agent coordinates the other 

agents in the platoon in a three-layer architecture, i.e. the guidance, the management and 

the traffic control layers. Dao, et al. [30] proposed a platoon assignment optimization 
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technique to maximize the distance that platoons stay intact. Another work by Yi, et al. 

[31], has introduced a new approach for coordinated control of platoons by using 

integrated network consensus decisions and vehicle control. 

Inter-vehicle communication topology is another important subsystem to HLC module. 

Researchers in [32] have studied the effect of different communication topologies in 

vehicle platooning. The notion of input-to-state stability was utilized to show the effect of 

different communication schemes on the stability of platoon. Another study by [33] 

studies the differences between inter-vehicle communication (IVC) networks and the 

typical MANET models. They showed IVC networks exhibit different characteristics 

from other MANETs, due to constraints on vehicle movements, varying driver behavior 

and high mobility.  

Michaud, et al. [34]  studied different distributed coordination strategies in terms of 

sensing and communicated information. They studied different coordination strategies 

such as no communication, unidirectional and bidirectional communication schemes. 

Kurt, et al. [35] studied the interaction between human-driven and fully-autonomous 

vehicles. They investigated the challenges to achieve a coherent solution in a connected 

setting.  

Platoon control has been studied for several years by researchers. Many control 

methodologies such as PID control, optimal control, state feedback control, and adaptive 

control, among others have been investigated. These methodologies are used for different 

objectives such as longitudinal and lateral control of the vehicles in platoon, safety, 

individual vehicle/string stability, team coordination, etc.  
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Autopilot module is responsible for vehicles’ control in a platoon. The platoon control 

framework, trajectory/path planning, individual vehicle’s longitudinal/lateral control, and 

obstacle avoidance are some of the several tasks handled by autopilot module.  

In the longitudinal control, the vehicle measures its distance to the preceding vehicle or 

obstacles, the acceleration and velocity, and then regulate the longitudinal trajectory 

accordingly. In platooning, these information will be shared among the platoon members 

at 20 𝑚𝑠 time intervals [36].  Varaiya et al. studied the implementation of longitudinal 

platooning to maintain short distance between vehicles [37]. They utilized a nonlinear 

sliding-mode controller and conducted a two-vehicle platooning experiment.  Ghasemi, et 

al. [38] used a PD longitudinal controller with a constant-spacing policy to control the 

inter-vehicle distance.  Another study used a sliding-mode controller to control a 

velocity-dependent space between any two vehicles in platoons [39]. Zhang, et al. [40] 

investigated variable time-headways following control systems and applied an adaptive 

control design methodology to guarantee closed-loop system stability when the platoon is 

travelling with constant speed. 

Researchers in [41] studied heavy-duty truck control to regulate trucks with short-inter 

vehicle distance using a nonlinear vehicle dynamic model.  They adopted a Kalman filter 

to fuse data from radar and laser sensors for a more accurate distance measurement.  

Amplification of errors or disturbances along the string of vehicles is of great 

importance in platooning and has been studied previously in the context of string 

stability. Swaroop, et al. [42], [43] studied the stability of a string of vehicles in terms of 

error propagation which is an important factor in vehicle platooning control. Bounding 

the distance error propagation between a lead and a follower vehicle is essential to string 
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stability of platoon [44]. Stotsky, et al. [45] proposed a variable structure longitudinal 

controller which not only guaranties the individual vehicle’s stability but also assures the 

stability of the whole platoon. Their controller showed robustness towards parameter 

uncertainty and varying disturbances. 

Ploeg, et al. [46] have proposed a controller design method that allows for explicit 

inclusion of a string stability requirement in design parameters. They utilized ℋ∞ optimal 

controller as a natural fit for ℒ2 string stability condition for a decentralized solution to 

platooning.   

 In platoon formation, in addition to longitudinal platooning, vehicles must be able to 

merge into or out of a platoon or perform lane change maneuvers.  This requires a 

trajectory plan and a vehicle lateral-longitudinal control system to execute the desired 

trajectory [47], [48].  

Combined lateral and longitudinal CACC-based platooning approach has been 

presented in [49] to compensate for cutting-corner behavior of follower vehicles. They 

adopted an input-output linearization by static feedback for control design based on a 

unicycle-type platoon. Petrove, et al. [50] designed an adaptive nonlinear controller 

which treated the lateral maneuver as a tracking problem. For automated lane-change 

maneuvers Hatipoglu, et al. [51] have proposed a controller consisting of an optimal 

open-loop controller and a modified closed-loop lane following controller to perform the 

lane-change maneuver. Hatipoglu et al. [52] proposed an analytical approach for a 

systematic controller design using a virtually generated yaw signal and a robust switching 

controller to produce steering commands for lateral trajectory tracking. Hatipoglu, et al. 
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[53]  developed steering control of vehicles using orientation information for applications 

such as lane keeping and lane changing. 

Wonshik, et al. [54] conducted a study on lateral trajectories and lateral acceleration 

profiles. A kinematic-based platoon-lane-change maneuver where the entire platoon 

executes a lateral maneuver has been studied in [55]. A nonlinear motion planner that 

guarantees collision-free lane-change for vehicles in a platoon is proposed by [56]. Single 

vehicle overtaking maneuver was performed via real-leader follower strategy whereas 

platoon overtaking was performed via virtual-leader technique.  

The ultimate goal in vehicle platooning is for each vehicle to be able to participate in 

platooning as an independent autonomous agent. A framework is required to facilitate all 

the objectives of platooning for each individual vehicle, and at the same time, considers 

several constraints and requirements of the platoon. One way to realize such a framework 

is to use the Model Predictive Control (MPC) approach. MPC is the only practical control 

approach which can systematically take into account the future predictions, the multi-

objective performance function, and system constraints in the design process [57], [58]. 

That makes it a suitable choice for autonomous vehicle platooning, where there are 

multiple objectives to be satisfied and also several changing constraints imposed by the 

platoon, and the environment, as well as the vehicle itself to be considered.       

The MPC controller is computationally very demanding. However parallel advances 

in MPC theory, as well as the computing systems have made the simulation and 

implementation of this control approach possible. An MPC controller for controlling an 

active front steering system is implemented in [59] in order for the vehicle to follow a 

trajectory on a slippery road. In another work, an MPC controller is implemented for a 
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non-cooperative eco-platooning to minimize unnecessary braking. The controller exploits 

the future trajectory of the preceding vehicle to generate proper control actions. MPC 

approach has also been effective in improving fuel economy by using the future speed of 

the preceding vehicle in control design through wireless communication link [60]. 

Combined steering and braking for autonomous vehicles is carried out using MPC control 

to realize path-following objective [61]. The MPC problem is formulated such that the 

vehicle follows the desired path by using the front steering angle, and the brakes at the 

four wheels independently. Nonlinear MPC (NLMPC) is implemented on a passenger 

vehicle for path tracking with implementation rate of 20 𝐻𝑧, using efficient nonlinear 

optimization solvers and fast prototyping systems [62]. In NLMPC, a nonlinear vehicle 

model is used to predict the future evolution of the system, and as a result, a nonlinear 

optimization problem must be solved at each step. 

 Wireless Communication 

One of the main topics which has attracted the researchers’ attention in the field of 

vehicle platooning is platoon stability.  Platoon formation stability has been analyzed 

from different perspectives. In vehicle platooning stability could also be studied from a 

different viewpoint of what string and mesh stability considers. In many cases we are 

interested in knowing the effect of commanded inputs and/or external disturbances on the 

shape of the platoon formation, and also to quantify the error along the platoon 

interconnections. The concept of input-to-state stability (ISS) could be used to serve for 

such purpose. A thorough explanation and study of the notion of input-to-state stability 

has been done by Sontag in [63]. Tanner et al. [64] have studied the effect of feedback, 

and feedforward on formation ISS on linear systems which has inspired us to extend their 
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developments to more complex platooning examples which involves different types of 

communication between platoon members. These extra communications will provide 

each agent with more information about the platoon and platoon members.  Moreover in 

another work, they proposed the Leader-to-formation stability (LFS) notion and have 

derived nonlinear gain estimates that captures how leader behavior affects the inter-

connection errors [65]. They have introduced some interesting differences between mesh 

stability and LFS which could properly justify the application of ISS-based methods. As 

such are [65]: 

 Mesh stability is a scalable stability notion meaning that it is independent of 

system size, whereas LFS depends on inputs, initial conditions, disturbances and 

communication and information topology 

 There is no explicit notion of input in Mesh stability 

 Mesh stability is defined based on the convergence or propagation of error 

upstream the cascaded system, whereas LFS is defined based on nonlinear bounds 

on initial error and leaders’ inputs. 

 LFS nonlinear systems are generally not mesh-stable. Chen et al. [66] have also 

studied the stability of formation under ISS methodology and identified some 

issues regarding stability of non-holonomic vehicles, and used some other local 

version of ISS definition to overcome these issues. 
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 Methods 

 Introduction 

The successful formation of a platoon requires several different modules to work 

together with various requirements. There are many specific detailed requirements, 

especially in formation of platoons, which have not been addressed adequately.  To cover 

these gaps, this research offers new prospectives on a more comprehensive vehicle 

platooning strategy, above and beyond prior solutions and experimental demonstrations.  

It focuses on the formation of platoons by merging vehicles and the main technical 

challenges associated with merging. 

This chapter focuses on fundamental mathematics necessary for each of these 

requirements, starting with describing the dynamics of vehicle, formulating novel 

modified trajectory polynomials for lateral maneuvers, and extends to analysis of platoon 

stability based on different communication topologies. A novel multi-vehicle merging 

strategy that enables multiple vehicles to join a platoon simultaneously is proposed and 

explained. The proposed strategy and the integrated control systems enable the new 

vehicles to merge and form a platoon safely, even in the presence of potential 

emergencies. It presents a framework and details which have not been studied in-depth in 

the past demonstrations of prototype systems.  It also provides a number of additions to 

ensure the safe merging of multiple vehicles into a platoon, even in the presence of 

braking emergencies in the leading vehicles.  
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   Dynamic modeling 

There are two main methods to model a vehicle for control purposes. The first 

method is to use kinematic equations to describe how speed, position, and orientation of 

the vehicle evolves over time. However, to represent a vehicle more accurately, a vehicle 

must be modeled using the dynamic equations. Dynamic equations give insights about 

forces acting on vehicle, and different behaviors such as over-steering, side-slipping, 

friction, etc. [67]. The main difference between kinematic and dynamic equations are the 

modeling of tire forces. 

The dynamic of each individual vehicle can be described in form of bicycle model 

 

Figure 3-1. Bicycle model representation of vehicle dynamics 
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similar to what is described in [68]: 

𝑚𝑖𝑣̇𝑥
𝑖 = 𝑚𝑖𝑣𝑦

𝑖 𝜓̇𝑖 + 𝐹𝑥𝑓
𝑖 + 𝐹𝑥𝑟

𝑖  

𝑚𝑖𝑣̇𝑦
𝑖 = −𝑚𝑖𝑣𝑥

𝑖 𝜓̇𝑖 + 𝐹𝑦𝑓
𝑖 + 𝐹𝑦𝑟

𝑖  

𝐼𝑧
𝑖𝜓̈𝑖 = 𝑙𝑓

𝑖𝐹𝑦𝑓
𝑖 − 𝑙𝑟

𝑖𝐹𝑦𝑟
𝑖  

(3-1) 

where 𝑚 is the vehicle mass, 𝑣𝑥, and 𝑣𝑦 are the longitudinal and lateral velocities of 

vehicle in body frame, 𝜓 is the vehicle heading and assumed to be not large, 𝐼𝑧, is the 

vehicle yaw inertia and 𝐹𝑥𝑓, 𝐹𝑥𝑟 , 𝐹𝑦𝑓, and 𝐹𝑦𝑟 are the tire forces in vehicle’s body frame. 

The longitudinal and lateral tire force components in vehicle’s body frame can be 

modeled based on the tire forces in tire frame as: 

𝐹𝑥𝑓
𝑖 = 𝑓𝑥𝑓

𝑖 cos(𝛿𝑓
𝑖) − 𝑓𝑦𝑓

𝑖 𝑠𝑖𝑛(𝛿𝑓
𝑖) 

𝐹𝑦𝑓
𝑖 = 𝑓𝑥𝑓

𝑖 sin(𝛿𝑓
𝑖) + 𝑓𝑦𝑓

𝑖 𝑐𝑜𝑠(𝛿𝑓
𝑖) 

𝐹𝑥𝑟
𝑖 = 𝑓𝑥𝑟

𝑖 , 𝐹𝑦𝑟
𝑖 = 𝑓𝑦𝑟

𝑖   

 

 

(3-2) 

where  𝑓𝑥𝑓
𝑖 , 𝑓𝑥𝑟

𝑖 , 𝑓𝑦𝑓
𝑖 , and 𝑓𝑦𝑟

𝑖  are the longitudinal and lateral tire forces in each tire frame 

for front and rear tires respectively. 𝛿𝑓
𝑖  is the front steering angle. The rear tire is assumed 

not steerable, i.e. 𝛿𝑟
𝑖 = 0. 

Neglecting the rolling resistance of the tires, the longitudinal acceleration of the 

vehicle could be expressed in the form of tire forces as follows: 

𝑎𝑥
𝑖 =

1

𝑚
(𝐹𝑥𝑓

𝑖 + 𝐹𝑥𝑟
𝑖 ) 

 

(3-3) 

The slip angle of a tire 𝛽𝑖, is defined as the angle between the orientation of the tire 

and its orientation of the velocity vector.  
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𝛽𝑓
𝑖 = 𝛿𝑓

𝑖 − 𝜗𝑣𝑓
𝑖 ,   𝛽𝑟

𝑖 = −𝜗𝑣𝑟
𝑖  

where  𝜗𝑣𝑓
𝑖 , and 𝜗𝑣𝑟

𝑖  are the angle that the front and rear velocity vectors of the tires make 

with the longitudinal axis of the vehicle. The lateral tire forces can then be defined as, 

𝐹𝑦𝑓
𝑖 = 2𝐶𝑓

𝑖(𝛿𝑓
𝑖 − 𝜗𝑣𝑓

𝑖 ),      𝐹𝑦𝑟
𝑖 = −2𝐶𝑟

𝑖𝜗𝑣𝑟
𝑖  (3-4) 

where 𝐶𝑓
𝑖, and 𝐶𝑟

𝑖 are values of front and rear tire cornering stiffness respectively, 𝜗𝑣𝑓
𝑖 , 

and 𝜗𝑣𝑟
𝑖  can then be expressed as follows: 

tan (𝜗𝑣𝑓
𝑖 ) = 𝛽𝑖 + 𝑙𝑓

𝑖 𝜓̇
𝑖

𝑣𝑥
𝑖 ,        tan(𝜗𝑣𝑟

𝑖 ) = 𝛽𝑖 − 𝑙𝑟
𝑖 𝜓̇

𝑖

𝑣𝑥
𝑖  

(3-5) 

where 𝛽𝑖 is the vehicle side-slip angle which is assumed to be small and can be obtained 

as 𝛽𝑖 =
𝑣𝑦
𝑖

𝑣𝑥
𝑖  . Using the small angle approximations, and 𝑣𝑦

𝑖 = 𝑦̇𝑖, and 𝑣𝑥
𝑖 = 𝑥̇𝑖 we obtain, 

𝜗𝑣𝑓
𝑖 =

𝑦̇𝑖 + 𝑙𝑓
𝑖 𝜓̇𝑖

𝑥̇𝑖
 

𝜗𝑣𝑟
𝑖 =

𝑦̇𝑖 − 𝑙𝑟
𝑖 𝜓̇𝑖

𝑥̇𝑖
 

 

 

(3-6) 

Using (3-1), (3-3) and (3-5) we obtain the vehicle model in state space form as, 

{
  
 

  
 
𝑥̈𝑖 = 𝑦̇𝑖𝜓̇𝑖 + 𝑎𝑥

𝑖                                                                                                        

𝑦̈𝑖 = −(
2𝐶𝑓

𝑖 + 2𝐶𝑟
𝑖

𝑚𝑖𝑥̇𝑖
) 𝑦̇𝑖 − (𝑥̇𝑖 +

2𝑙𝑓
𝑖𝐶𝑓

𝑖 − 2𝑙𝑟
𝑖𝐶𝑟

𝑖

𝑚𝑖𝑥̇𝑖
) 𝜓̇𝑖 + (

2𝐶𝑓
𝑖

𝑚𝑖
)𝛿𝑓

𝑖     

𝜓̈𝑖 = −(
2𝑙𝑓
𝑖𝐶𝑓

𝑖 − 2𝑙𝑟
𝑖𝐶𝑟

𝑖

𝐼𝑧
𝑖 𝑥̇𝑖

) 𝑦̇𝑖 − (
2𝑙𝑓
𝑖 2𝐶𝑓

𝑖 + 2𝑙𝑡
𝑖2𝐶𝑟

𝑖

𝐼𝑧
𝑖 𝑥̇𝑖

) 𝜓̇𝑖 + (
2𝑙𝑓
𝑖𝐶𝑓

𝑖

𝐼𝑧
𝑖
)𝛿𝑓

𝑖

 

 

 

 

(3-7) 

The vehicle dynamic equations could be transformed to global coordination as 

follows: 

𝑋̇𝑖 = 𝑥̇𝑖𝑐𝑜𝑠𝜓𝑖 − 𝑦̇𝑖𝑠𝑖𝑛𝜓𝑖 

𝑌̇𝑖 = 𝑥̇𝑖𝑠𝑖𝑛𝜓𝑖 + 𝑦̇𝑖𝑐𝑜𝑠𝜓𝑖 

 

(3-8) 
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 Lateral Trajectory Generation 

Merging into platoons requires the merging vehicle(s) to make a lateral motion, and 

hence it requires a lateral trajectory generation method. There are several different 

polynomials that can be used to generate lateral trajectories.  In this research we have 

introduced two categories of lateral trajectories, namely the constant-gap polynomials 

and the variable-gap polynomials.  We first formulate the constant-gap polynomials and 

then introduce the variable-gap version of these polynomials. We also discuss the 

advantages and disadvantages of each of these polynomials. 

 Constant-gap polynomials 

In constant polynomial lateral trajectory, the terminal condition on longitudinal 

position is fixed. In other words, regardless of the velocity of the vehicle, the length of 

lateral trajectory is constant. 

 Constant-gap cycloidal polynomial (CCP) 

Cycloidal polynomial is commonly used in the literature for performing lateral 

maneuvers [54]. A sinusoidal cycloid is shown in the following equation: 

𝑦𝑖(𝑡) = 𝑦𝑖,𝑓 (
𝑥𝑖
𝑥𝑖,𝑓

−
1

2𝜋
𝑠𝑖𝑛 (

2𝜋

𝑥𝑖,𝑓
𝑥𝑖)) (3-9) 

 

in which (xi, yi), (xf,i, yf,i) are the current, and end coordinates of vehicle 𝑖. The end-point 

coordinates (xf,i, yf,i) are assumed constant in CCP.  

 Constant-gap 5th –order polynomial (CFP) 

A 5th–order polynomial could be characterized by its boundary conditions, and it could 

be formulated as follows [69]: 

𝑦𝑖(𝑋) = 𝑦𝑓,𝑖 [10 (
𝑥𝑖
𝑥𝑓,𝑖
)

3

− 15(
𝑥𝑖
𝑥𝑓,𝑖
)

4

+ 6(
𝑥𝑖
𝑥𝑓,𝑖

)

5

] 
 

(3-10) 
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Similar to CCP, the end-point coordinates (𝑥𝑖,𝑓, 𝑦𝑖,𝑓) are assumed to be constant in 

CFP. 

 Variable- gap polynomials 

The main advantage of variable-gap polynomials is its ability to produce safe 

trajectories for different instances of leader velocities. This is a significant advantage 

compared to the constant-gap polynomials where the constant for longitudinal merging 

distance must be configured beforehand, and could be considered either unsafe for higher 

platoon speeds, or inefficient for lower platoon speeds. We will elaborate more on this 

issue in the results section.   

 Variable-gap cycloidal polynomial (VCP) 

Cycloidal trajectory could be used for performing lateral manoeuvres by merging 

vehicles [54], [70]. Different forms of cycloidal trajectories have been proposed before, 

such as cosine approximation [54]. We adapted a sinusoidal cycloid for our lateral 

trajectory generation from [54], and obtained conditions on which the lateral acceleration 

does not exceed a certain threshold when platoon speed changes. Consider the following 

cycloid: 

𝑦𝑖(𝑡) = 𝑦𝑖,𝑓 (
𝑡𝑖
𝑡𝑖,𝑓

−
1

2𝜋
𝑠𝑖𝑛 (

2𝜋

𝑡𝑖,𝑓
𝑡𝑖)) 

 

(3-11) 

where 𝑦𝑖(𝑡) is the lateral displacement of the 𝑖𝑡ℎ vehicle, 𝑦𝑖,𝑓 is the final lateral position 

and 𝑡𝑖,𝑓 is the time when the lane change task ends for the 𝑖𝑡ℎ vehicle. 

The vehicle lateral acceleration can be obtained by differentiating (3-11) twice: 

ÿ𝑖(t) = yi,f (
2π

ti,f
2 sin (

2π

ti,f
t𝑖)) 

 

(3-12) 
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We can modify the above equation for our further developments: 

ÿ𝑖(t) =
yi,fβ𝑖

2

2π
sin(β𝑖t𝑖) 

 

(3-13) 

where β𝑖 =
2π

ti,f
.  The acceleration should always be below the maximum allowable 

acceleration ai,max
l . So the threshold for maximum acceleration is: 

ai,max
l =

yi,fβ𝑖
2

2π
 

β𝑖 = √
2πai,max

l

yi,f
 

 

 

 

(3-14) 

 

Substituting β𝑖 in (3-11) we will have: 

y𝑖(t) = yi,f(
β𝑖
2π
t −

1

2π
sin (β𝑖t𝑖)) 

 

(3-15) 

Now we define the length of the lateral trajectory to be a function of the platoon leader 

velocity as follows: 

x𝑖(t) = 𝑣̅𝑖t𝑖 (3-16) 

Eliminating the time parameter, we can obtain the following adaptive cycloidal lateral 

trajectory as follows: 

𝑦𝑖 = 𝑦𝑖,𝑓 (
𝛽𝑖𝑥𝑖
2𝜋𝑣𝑙

−
1

2𝜋
𝑠𝑖𝑛 (

𝛽𝑖
𝑣𝑙
𝑥𝑖)) 

 

(3-17)  

where β𝑖 is a restriction on maximum allowable lateral acceleration and vl is the platoon 

leader speed which represents the platoon speed and may change during the course of 

travel. 𝑣̅𝑖 =
1

𝑁
∑ 𝑣𝑖
𝑘
𝑖=𝑘−𝑁  is the average speed of vehicle 𝑖 during the last 𝑛 discrete steps 

at current step 𝑘. 𝑣̅𝑖 ensures that small acceleration perturbations do not affect the 

performance of the variable-gap polynomials. 
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Formulation in (3-17) allows the merging vehicle to adjust the lateral trajectory so 

that the lateral acceleration does not exceed a specific threshold. 

 Variable-gap 5th –order polynomial (VFP) 

In variable-gap 5th–order polynomial, the curvature of the 5th –order polynomial is 

used to reformulate the function based on the maximum allowed lateral acceleration 

amax,i
l  [54]. The end-point xf,i in (3-10) is calculated as follows: 

𝑥𝑓,𝑖 = 𝑣̅𝑖√
𝑦𝑖,𝑓

𝑎𝑚𝑎𝑥,𝑖
𝑙 {60

𝑥𝑚,𝑖
𝑥𝑓,𝑖

− 180(
𝑥𝑚,𝑖
𝑥𝑓,𝑖

)

2

+ 120(
𝑥𝑚,𝑖
𝑥𝑓,𝑖

)

3

} 

 

(3-18) 
 

where 
xm,i

xf,i
= 0.2113. xm,i  is where the curvature function has an extremum. 

 Empirical variable-gap 5th–order polynomial (eVFP) 

The idea behind eVFP is to calculate the end point 𝑥𝑓,𝑖 based on a linearly increasing 

function of the platoon speed, so that the higher the platoon speed is the larger the 

longitudinal merging displacement would be. This will greatly reduce the chance of 

excessive lateral accelerations in higher platoon speeds. The proposed function is of the 

form: 

𝑥𝑓,𝑖 = 𝑎𝑣̅𝑖 + 𝑏 (3-19) 

where the constants 𝑎, and 𝑏 are selected empirically.  

 Variable-gap polynomials in emergency braking 

The variable-gap polynomials allow lateral trajectories which are suitable for all range 

of admissible speeds. However, the assumption is the platoon speed remains constant 

during merging, which accounts for most if not all possible cases. The multi-vehicle 

merging strategy proposed in section II assumes a constant longitudinal speed during the 
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merge. However, in case of sudden braking (accelerated/decelerated motion), while the 

merging is in progress, the variable-gap polynomials may fail to produce the safe 

trajectory due to its structural singularity.   

 Singularity in variable-gap polynomials  

If the platoon speed is instantly reduced due to sudden braking of the preceding 

vehicle, then variable-gap polynomials will generate high values due to the velocity terms 

in (3-17), (3-18), and (3-19). The averaging filtered-type velocity considered for these 

trajectories will make the equations robust to small acceleration perturbations; however, 

for more abrupt changes a more robust approach is required.  Such scenarios will result in 

sudden high lateral acceleration/deceleration, which is not desirable in a lateral 

maneuver. To avoid these emergency situations we have proposed a switching function to 

switch from variable-gap polynomials to constant-gap polynomials to avoid triggering the 

singularities at the time of sudden braking. 

 Switching safety mechanism for braking while merging 

As described above, the variable-gap polynomials could produce singularity due to the 

velocity term in their denominators.  This will result in sudden jumps and high lateral 

accelerations in lateral maneuvers when sudden braking occurs during a merge. To avoid 

these singularities, we propose a switching function to switch from variable-gap 

polynomial function to a constant-gap polynomial function whenever a change in platoon 

acceleration is detected.  

The switching function has the following general form: 

𝑓𝑙𝑡(𝑥, 𝑣) = {
𝑓𝑣𝑝(𝑥, 𝑣)  |𝑎𝑙| ≥ 𝑎𝑡ℎ𝑟𝑠ℎ𝑙𝑑
𝑓𝑐𝑝(𝑥)         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒        

 
 

(3-20) 
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where 𝑓𝑙𝑡(𝑥, 𝑣) is the selected lateral trajectory function, 𝑓𝑣𝑝(𝑥, 𝑣) is the variable-gap 

polynomial function, and 𝑓𝑐𝑝(𝑥) is the constant-gap polynomial function. 𝑎𝑙 is the lateral 

acceleration of either the preceding vehicle or the leader of the platoon. 
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 Communication Topologies and Stability 

Stability of platoon of vehicles under different communication topologies based on 

the notion of input-to-state stability is an important topic. Input-to-state stability (ISS) 

relates the effect of leaders’ input on formation stability and provides an effective tool to 

study how the kinematics of interconnections of platoon members could affect the 

platoon stability. Platoon formation is to manage the vehicles autonomously in groups 

with short inter-vehicle spaces.  

 Consider a platoon of 𝑁 vehicles as shown in Figure 3-2, the kinematics of each 

vehicle in platoon can be described by: 

where 𝑥̇𝑖 ∈ ℝ
𝑛 denotes the state of vehicle 𝑖 in inertial frame, and 𝑢𝑖 is its control input. 

A basic platoon formation is constructed by using a feedback control law of the form: 

𝑢𝑖 = 𝐾𝑖(𝑥𝑗 − 𝑥𝑖) (3-22) 

where 𝐾𝑖 is positive definite such that vehicle 𝑗 is the leader of vehicle 𝑖. Platoon 

formation error can be defined as: 

𝑥̇𝑖 = 𝑢𝑖         𝑖 = 1,… ,𝑁 (3-21) 

 

Figure 3-2. A platoon of N vehicles 
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𝑥̃ ≜ 𝑥̃𝑖𝑗 = 𝑥𝑗 − 𝑥𝑖 (3-23) 

To have errors in the general form of,  

𝑥̇̃ = 𝑓(𝑡, 𝑥̃, 𝑢) (3-24) 

the control input (3-22) is substituted into (3-21), and equation (3-21) is differentiated to 

have error equation in the following form: 

𝑥̇̃𝑖𝑗 = −𝐾𝑖𝑥̃𝑖𝑗 + 𝑥̇𝑗 (3-25) 

The concept of input-to-state stability provides a natural framework to define stability 

of a dynamic system with respect to input perturbations. Input-to-state stability and its 

invariant properties for cascade systems make it a suitable framework for studying the 

stability of platoon formation. ISS relates the inter-connection error to the initial 

condition error and the leader input or external disturbances.     

 Input-to-state stability 

To have a framework for our stability study one would need to first define input-to-

state stability in an appropriate way. There are a number of definitions proposed for 

input-to-state stability, several of which are proved to be equivalent [71]. The definition 

used in this paper is similar to the input-to-state stability definition which is detailed in 

[72].  

Definition 1: The system (3-24) is said to be input to state stable if there exist a class 

𝒦ℒ function 𝛽 and a class 𝒦 function 𝛾 such that for any initial state 𝑥̃(𝑡0) and any 

bounded input 𝑢(𝑡), the solution 𝑥̃(𝑡) exist for all 𝑡 ≥ 𝑡0 and satisfies,  

‖𝑥̃(𝑡)‖ ≤ 𝛽(‖x̃(𝑡0)‖, 𝑡 − 𝑡0) + 𝛾( 𝑠𝑢𝑝
𝑡0≤𝜏≤𝑡

‖𝑢(𝜏)‖) (3-26) 
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Inequality (3-26) guarantees that for any bounded input 𝑢(𝑡), the state 𝑥̃(𝑡) is 

bounded. Moreover, as time increases, the state 𝑥̃(𝑡) will be ultimately bounded by the 

function 𝛾(𝑠𝑢𝑝
𝑡≥𝑡0

‖𝑢(𝜏)‖). 

To further discuss the input-to-state stability for system (3-25) consider the more 

general system,  

𝑥̇̃ = 𝑓(𝑡, 𝑥̃) + 𝑔(𝑡, 𝑥̃) (3-27) 

where 𝑓: [0,∞) × 𝐷 → ℛ𝑛, and 𝑔: ∶ [0,∞) × 𝐷 → ℛ𝑛 are piecewise continuous in 𝑡 and 

locally Lipschitz in 𝑥̃ on [0,∞) × 𝐷, and 𝐷 ⊂ ℛ𝑛 is a domain that contains 𝑥̃ = 0. 

System (3-27) could be considered as the perturbed version of the zero-input system 

(3-24). Let 𝑉(𝑡, 𝑥̃) be a Lyapunov function that satisfies: 

𝑐1‖𝑥̃‖
2 ≤  𝑉(𝑡, 𝑥̃) ≤ 𝑐2‖𝑥̃‖

2 (3-28) 

𝜕𝑉

𝜕𝑡
+
𝜕𝑉

𝜕𝑥̃
𝑓(𝑡, 𝑥̃) ≤ −𝑐3‖𝑥̃‖

2 
(3-29) 

‖
𝜕𝑉

𝜕𝑥̃
‖ ≤ 𝑐4‖𝑥̃‖ 

(3-30) 

for every(𝑡, 𝑥̃) ∈ [0,∞) × 𝐷, and 𝑐1, 𝑐2, 𝑐3 and 𝑐4 are all positive constants. 

We now need the following lemma, to be able to further discuss the state-to-input 

stability of the system (3-25). 

Lemma 1: [72] Suppose 𝑥̃ = 0 is an exponentially stable equilibrium point for the 

zero-input nominal system (3-24). Let 𝑉(𝑡, 𝑥̃) be a Lyapunov function for the nominal 

system that satisfies (3-28) to (3-30) in [0,∞) × 𝐷, where 𝐷 = {𝑥̃ ∈ ℛ𝑛| ‖𝑥̃‖ < 𝑟}. 

Suppose the perturbation term 𝑔(𝑡, 𝑥̃) satisfies, 
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‖𝑔(𝑡, 𝑥̃)‖ ≤ 𝛿 ≤
𝑐3
𝑐4
√
𝑐1
𝑐2
𝜃𝑟 

 

(3-31) 

For all 𝑡 ≥ 0, all 𝑥̃ ∈ 𝐷, and 0 < 𝜃 < 1. Then for all ‖𝑥̃(𝑡0)‖ ≤ √𝑐1 𝑐2⁄ 𝑟, the 

solution 𝑥̃(𝑡) of the perturbed system (3-27) satisfies, 

‖𝑥̃(𝑡)‖ ≤ 𝑘‖𝑥̃(𝑡0)‖𝑒
[−𝛾(𝑡−𝑡0)],    ∀𝑡0 ≤ 𝑡 ≤ 𝑡0 + 𝑇 

‖𝑥̃(𝑡)‖ ≤ 𝜇,     ∀𝑡 ≥ 𝑡0 + 𝑇 

(3-32) 

For finite time 𝑇, where 

𝑘 = √
𝑐2
𝑐1⁄ ,    𝛾 =

(1 − 𝜃)𝑐3
2𝑐2

,   𝜇 =
𝑐4
𝑐3⁄ √𝑐2 𝑐1⁄

𝛿

𝜃
 

Proof of this lemma could be found in lemma 9.2 in [72]. 

Similar to the developments in [64], using Lemma 1, and by choosing a Lyapunov 

function 𝑉𝑖𝑗 =
1

2
𝑥̃𝑖𝑗

𝑇𝑥̃𝑖𝑗, we attempt to satisfy (3-28) through (3-30). Using 𝑐1 = 𝑐2 =
1

2
, 

it is readily observable that (3-28) is satisfied. Finding the derivative of the Lyapunov 

function by using (3-29): 

𝑉̇𝑖𝑗 = −𝑥̃𝑖𝑗
𝑇𝐾𝑖𝑥̃𝑖𝑗 + 𝑥̃𝑖𝑗

𝑇𝑥̇𝑗 ≤ −2𝜆𝑖
𝑚‖𝑥̃𝑖𝑗‖

2
+ ‖𝑥̇𝑗‖‖𝑥̃𝑖𝑗(𝑡)‖ 

                                            ≤ −c3‖𝑥̃𝑖𝑗‖
2
+ c4𝛿‖𝑥̃𝑖𝑗(𝑡)‖ 

To use the term −c3‖𝑥̃𝑖𝑗‖
2
 to dominate c4𝛿‖𝑥̃𝑖𝑗(𝑡)‖, so that condition (3-29) is 

satisfied, we rearrange the above Lyapunov inequality as, 

𝑉̇𝑖𝑗 ≤ −(1 − 𝜃)c3‖𝑥̃𝑖𝑗‖
2
− 𝜃c3‖𝑥̃𝑖𝑗‖

2
+ c4𝛿‖𝑥̃𝑖𝑗(𝑡)‖ 
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≤ −(1 − 𝜃)c3‖𝑥̃𝑖𝑗‖
2
,     ∀𝑥̃𝑖𝑗 ≥

c4𝛿

c3𝜃
 

Obtaining c3 = 2𝜆𝑖
𝑚, where 𝜆𝑖

𝑚 is the minimum eigenvalue of 𝐾𝑖, c4 = 1, and 𝛿 =

sup
τ≤t
‖𝑥̇𝑗‖. So we have: 

k = √
c2
c1⁄ = 1,    γ =

(1 − θ)c3
2c2

= 2𝜆𝑖
𝑚(1 − θ), 

 μ =
c4
c3⁄ √c2 c1⁄

δ

θ
=

1

2𝜆𝑖
𝑚θ
 sup
τ≤t
‖𝑥̇𝑗‖    

Using Lemma 1, and the necessary obtained quantities, we conclude that the 

interconnection kinematics for the perturbed system (3-25) is input-to-state stable 

following definition 1, the following result could be obtained, 

 Cascade formation 

In this section, the stability of cascade formation of two input-to-stable systems will 

be presented. The following two lemmas establish useful properties for stability of two 

cascade ISS systems. 

Lemma 2: [73] Suppose that in the system 

𝑥̇̃𝑖 = 𝑓𝑖(𝑡, 𝑥̃𝑖 , 𝑥̃𝑗 , 𝑢) (3-34) 

𝑥̇̃𝑗 = 𝑓𝑗(𝑡, 𝑥̃𝑗 , 𝑢) (3-35) 

‖𝑥̃(t)‖ ≤ ‖x̃(t0)‖𝑒
−2𝜆𝑖

𝑚(1−θ) +
1

2𝜆𝑖
𝑚θ
 sup
τ≤t
‖𝑥̇𝑗‖ 

 

(3-33) 
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     The 𝑥̃𝑖-subsystem is ISS with respect to the inputs 𝑥̃𝑗, and 𝑢 and the 𝑥̃𝑗-subsystem 

is also ISS with respect to 𝑢, that is, 

‖𝑥̃𝑖(t)‖ ≤ β𝑖(‖x̃𝑖(t0)‖, t − t0) + γ𝑖( sup {
t0≤τ≤t

‖x̃j(𝜏)‖ + ‖u(τ)‖}) (3-36) 

‖𝑥̃j(𝑡)‖ ≤ 𝛽j(‖𝑥̃j(𝑡0)‖, 𝑡 − 𝑡0) + 𝛾j( 𝑠𝑢𝑝
𝑡0≤𝜏≤𝑡

‖𝑢(𝜏)‖) (3-37) 

where 𝛽𝑖 and 𝛽𝑗 are class 𝒦ℒ functions, and 𝛾𝑖 and 𝛾𝑗 are class 𝒦 functions. The 

complete 𝑥̃ = (𝑥̃𝑖 , 𝑥̃𝑗)-system is ISS with 

‖𝑥̃(t)‖ ≤ β(‖x̃(t0)‖, t − t0) + γ( sup
t0≤τ≤t

‖u(τ)‖)) (3-38) 

where  

𝛽(𝑟, 𝑡) = 𝛽𝑖(2𝛽𝑖(𝑟,
𝑡
2⁄ ) + 2𝛾i(2𝛽𝑖(𝑟, 0)),

𝑡
2⁄ ) + 𝛾𝑖 (2𝛽𝑗(𝑟,

𝑡
2⁄ )) + 𝛽𝑗(𝑟, 𝑡) 

(3-39) 

γ(r) = 𝛽𝑖(2𝛾i(2𝛾j(𝑟) + 2𝑟), 0) + 𝛾i(2𝛾j(𝑟) + 2𝑟) + 𝛾j(𝑟) (3-40) 

Another interesting application of the concept of input-to-state stability is in the 

stability analysis of the cascade system of the form: 

𝑥̇̃𝑖 = 𝑓𝑖(𝑡, 𝑥̃𝑖 , 𝑥̃𝑗) (3-41) 

𝑥̇̃𝑗 = 𝑓𝑖(𝑡, 𝑥̃𝑗) (3-42) 

where 𝑓i, and 𝑓j are piecewise continuous in t and locally Lipschitz in  𝑥̃ = (𝑥̃i, 𝑥̃j). 

Suppose both  

𝑥̇̃i = 𝑓i(𝑡, 𝑥̃i, 0) (3-43) 

and (3-42) have globally asymptotically stable equilibrium points at the origin 𝑥̃ = 0. The 

next lemma discusses the stability of the overall system in the context of input-to-state 

stability of (3-41). 
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Lemma 3: [72] If the system (3-41) is input-to-state stable with respect to the input 

𝑥̃2, that is, 

‖𝑥̃𝑖(𝑡)‖ ≤ 𝛽𝑖(‖𝑥̃𝑖(𝑡0)‖, 𝑡 − 𝑡0) + 𝛾𝑖( sup 
𝑡0≤𝜏≤𝑡

‖𝑥̃j(𝜏)‖) (3-44) 

and the origin of (3-42) is globally uniformly stable, that is, 

‖𝑥̃j(𝑡)‖ ≤ 𝛽j(‖𝑥̃j(𝑡0)‖, 𝑡 − 𝑡0) (3-45) 

then the origin of the cascade system (3-41) and (3-42) is globally uniformly 

asymptotically stable, 

‖𝑥̃(𝑡)‖ ≤ 𝛽(‖𝑥̃(𝑡0)‖, 𝑡 − 𝑡0) (3-46) 

where 

𝛽(𝑟, 𝑡) = 𝛽
𝑖
(𝛽

𝑖
(𝑟, 𝑡 2⁄ ) + 𝛾

𝑖
(𝛽

𝑗
(𝑟, 0)) , 𝑡 2⁄ ) + 𝛾

𝑖
(𝛽

𝑗
(𝑟, 𝑡 2⁄ )) + 𝛽

𝑗
(𝑟, 𝑡) (3-47) 

 The above two lemma will be used later in the study of different communication 

topologies in platoon. 

 Network topologies  

Platoon control, and stability could largely be affected by the type of information 

provided to each vehicle in platoon. Each vehicle in platoon is equipped with range of 

sensors and communication modules to readily access the data and measurements it needs 

for an efficient control, navigation and collaboration within the platoon. In a typical 

platoon, sensors could provide distance measurements to be used as feedback in control. 

Moreover, other form of information such as leader or followers speed could be feed-

forwarded to each vehicle in platoon through wireless communication. The real question 

that the authors try to address in the preceding section is whether the type of information 
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and the communication topology used in controlling vehicles in platoon could affect the 

stability of the platoon. We start with the simplest network topology of three vehicles 

with front sensor information only, and proceed to more complicated topologies. 

 Sensor-based inter-vehicle network 

The simplest form of platoon is depicted in Figure 3-4, in which the inter-vehicle 

measurement is the only information available to platoon members through the front 

measurement sensor. In this case we have: 

𝑢𝑓 = 𝐾𝑓(𝑥𝑙 − 𝑥𝑓) = 𝐾𝑓𝑥̃𝑓𝑙 

𝑢𝑟 = 𝐾𝑟(𝑥𝑓 − 𝑥𝑟) = 𝐾𝑟𝑥̃𝑟𝑓 

 

Using equations (3-23) through (3-33), similar to [64], we could obtain the ISS for 

each leader-follower pair as follows: 

‖𝑥̃𝑓𝑙(t)‖ ≤ ‖x̃𝑓𝑙(t0)‖𝑒
−2𝜆𝑓

𝑚(1−θ) +
1

2𝜆𝑓
𝑚θ
 sup
τ≤t
‖𝑥̇𝑙‖ 

 

(3-48) 

‖𝑥̃𝑟𝑓(t)‖ ≤ ‖x̃𝑟𝑓(t0)‖𝑒
−2𝜆𝑟

𝑚(1−θ) +
1

2𝜆𝑟
𝑚θ
 sup
τ≤t
‖𝑥̇𝑓‖ 

 

(3-49) 

By substituting 𝑥̇𝑓=𝐾𝑓𝑥̃𝑓𝑙, and ‖𝐾𝑓‖ = 𝜆𝑓
𝑀, we will obtain, 

‖𝑥̃𝑟𝑓(t)‖ ≤ ‖x̃𝑟𝑓(t0)‖𝑒
−2𝜆𝑟

𝑚(1−θ) +
𝜆𝑓
𝑀

2𝜆𝑟
𝑚θ
 sup
τ≤t
‖𝑥̃𝑓𝑙‖ 

 

Figure 3-3. Sensor-based communication 
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and using, (3-48), we can conclude 

‖𝑥̃𝑟𝑓(t)‖ ≤ ‖x̃𝑟𝑓(t0)‖𝑒
−2𝜆𝑟

𝑚(1−θ) +
𝜆𝑓
𝑀

4𝜆𝑟
𝑚𝜆𝑓

𝑚θ2
 sup
τ≤t
‖𝑥̇𝑙‖ 

 

(3-50) 

Having (3-48) and, (3-50), Lemma 2 can be used to prove the ISS property of the 

complete system x̃ = (x̃rf, x̃fl) based on (3-39), and (3-40). The ISS gains for the cascade 

systems are: 

𝛽(𝑟, 𝑡) = 𝛽𝑟𝑓 (2𝛽𝑟𝑓(𝑟,
𝑡
2⁄ ) + 2𝛾rf (2𝛽𝑟𝑓(𝑟, 0)) ,

𝑡
2⁄ ) + 𝛾𝑟𝑓 (2𝛽𝑓𝑙(𝑟,

𝑡
2⁄ )) + 𝛽𝑓𝑙(𝑟, 𝑡) 

γ(r) = 𝛽𝑟𝑓(2𝛾rf(2𝛾fl(𝑟) + 2𝑟), 0) + 𝛾rf(2𝛾fl(𝑟) + 2𝑟) + 𝛾fl(𝑟) 

 Additional preceding vehicle’s feedforward information 

As depicted in Figure 3-4 in addition to the distance information, each follower 

vehicle has access to its preceding vehicle’s feedforward information through wireless 

communication. In this case the control inputs will be, 

𝑢𝑓 = 𝐾𝑓(𝑥𝑙 − 𝑥𝑓) + 𝑥̇𝑙 

𝑢𝑟 = 𝐾𝑟(𝑥𝑓 − 𝑥𝑟) + 𝑥̇𝑓 

 

Following (3-25), the closed-loop error dynamics becomes exponentially stable for 

both pairs, 

 

Figure 3-4. Sensor-based communication with additional preceding vehicle’s information 
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𝑥̇̃𝑓𝑙 = −𝐾𝑓𝑥̃𝑓𝑙 ⇒ ‖𝑥̃𝑓𝑙(t)‖ ≤ ‖x̃𝑓𝑙(t0)‖𝑒
−2𝜆𝑓

𝑚(1−θ) (3-51) 

𝑥̇̃𝑟𝑓 = −𝐾𝑟𝑥̃𝑟𝑓 ⇒ ‖𝑥̃𝑟𝑓(𝑡)‖ ≤ ‖𝑥̃𝑟𝑓(𝑡0)‖𝑒
−2𝜆𝑟

𝑚(1−𝜃) (3-52) 

Using Lemma 3, the overall cascaded system is globally uniformly asymptotically 

stable,  

‖𝑥̃(𝑡)‖ ≤ 𝛽(‖𝑥̃(𝑡0)‖, 𝑡 − 𝑡0) 

with 

𝛽(𝑟, 𝑡) = 𝛽
𝑟𝑓
(𝛽

𝑟𝑓
(𝑟, 𝑡 2⁄ ),

𝑡
2⁄ ) + 𝛽

𝑓𝑙
(𝑟, 𝑡) 

 

 Additional leader vehicle’s feedforward information 

Another network topology is presented in Figure 3-5 in which each vehicle in platoon 

has access to measurement feedback from the preceding vehicle and also the leader’s 

feedforward information. In this case, the control inputs will take the following form, 

𝑢𝑓 = 𝐾𝑓(𝑥𝑙 − 𝑥𝑓) + 𝑥̇𝑙 

𝑢𝑟 = 𝐾𝑟(𝑥𝑓 − 𝑥𝑟) + 𝑥̇𝑙 

 

Using the same procedure as in (3-23) to (3-25), one could obtain the following error 

equations, 

𝑥̇̃𝑓𝑙 = −𝐾𝑓𝑥̃𝑓𝑙 (3-53) 

 

Figure 3-5. Sensor-based communication with Additional leader vehicle’s speed 
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𝑥̇̃𝑟𝑓 = −𝐾𝑟𝑥̃𝑟𝑓 + (𝑥̇𝑓 − 𝑥̇𝑙) 

= −𝐾𝑟𝑥̃𝑟𝑓 − 𝑥̇̃𝑓𝑙 

(3-54) 

For error dynamics (3-53), the exponential stability of the system is readily 

obtainable. However for equation (3-54), using lemma 1, and choosing the Lyapunov 

function 𝑉𝑟𝑓 =
1

2
𝑥̃𝑟𝑓

𝑇𝑥̃𝑟𝑓, and since 𝑥̇̃𝑓𝑙 = −𝐾𝑓𝑥̃𝑓𝑙, 

𝑉̇𝑟𝑓 = −𝑥̃𝑟𝑓
𝑇𝐾𝑟𝑥̃𝑟𝑓 − 𝑥̃𝑟𝑓

𝑇 𝑥̇̃𝑓𝑙 ≤ −2𝜆𝑟
𝑚‖𝑥̃𝑟𝑓‖

2
+ 2𝜆𝑓

𝑀‖𝑥̃𝑓𝑙‖‖𝑥̃𝑟𝑓‖ 

       ≤ −2(1 − 𝜃)𝜆𝑟
𝑚‖𝑥̃𝑟𝑓‖

2
− 2𝜃𝜆𝑟

𝑚‖𝑥̃𝑟𝑓‖
2
+  2𝜆𝑓

𝑀‖𝑥̃𝑓𝑙‖‖𝑥̃𝑟𝑓‖ 

≤ −2(1 − 𝜃)𝜆𝑟
𝑚‖𝑥̃𝑟𝑓‖

2
,     ∀‖𝑥̃𝑟𝑓‖ ≥

𝜆𝑓
𝑀

𝜆𝑟
𝑚𝜃

‖𝑥̃𝑓𝑙‖ 

in which 𝜆𝑟
𝑚, and 𝜆𝑓

𝑀, are the minimum and maximum eigenvalues of Kr, 𝐾𝑓 respectively. 

Based on lemma 1, we can obtain, 

𝑐1 = 𝑐2 =
1
2⁄ ; 𝑐3 = 2𝜆𝑟

𝑚; 𝑐4 = 2𝜆𝑓
𝑀 

𝑘 = 1,    𝛾 = 2𝜆𝑟
𝑚(1 − 𝜃), 𝜇 =

𝜆𝑓
𝑀

𝜆𝑟
𝑚𝜃

 𝑠𝑢𝑝
𝜏≤𝑡

‖𝑥̃𝑓𝑙‖ 

 

‖𝑥̃𝑓𝑙(t)‖ ≤ ‖x̃𝑓𝑙(t0)‖𝑒
−2𝜆𝑓

𝑚(1−θ) (3-55) 

‖𝑥̃𝑟𝑓(𝑡)‖ ≤ ‖𝑥̃𝑟𝑓(𝑡0)‖𝑒
−2𝜆𝑟

𝑚(1−𝜃) +
𝜆𝑓
𝑀

𝜆𝑟
𝑚θ
 sup
τ≤t
‖𝑥̃𝑓𝑙‖ 

(3-56) 

Now using lemma 3, we can conclude that the origin of the cascade system (3-55) and 

(3-56) is globally uniformly asymptotically stable, 

‖𝑥̃(t)‖ ≤ β(‖𝑥̃(𝑡0)‖, t − t0) 

𝛽(𝑟, 𝑡) = 𝛽𝑟𝑓(𝛽rf(𝑟,
𝑡
2⁄ ) + 𝛾𝑟𝑓(𝛽fl(𝑟, 0)),

𝑡
2⁄ ) + 𝛾rf (𝛽fl(𝑟,

𝑡
2⁄ )) + 𝛽fl(𝑟, 𝑡) 
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where 𝛽𝑟𝑓 = ‖𝑥̃𝑟𝑓(𝑡0)‖𝑒
−2𝜆𝑟

𝑚(1−𝜃), 𝛾𝑟𝑓 =
𝜆𝑓
𝑀

𝜆𝑟
𝑚θ
 sup
τ≤t

‖𝑥̃𝑓𝑙‖, and 𝛽fl = ‖x̃𝑓𝑙(t0)‖𝑒
−2𝜆𝑓

𝑚(1−θ).  

 Additional leader’s and preceding vehicle’s feedforward information 

In this case, in addition to the default measurement information, all vehicles have 

access to the leader’s feedforward information, as well as, the preceding vehicle’s 

feedforward (Figure 3-6). Control inputs are, 

𝑢𝑓 = 𝐾𝑓(𝑥𝑙 − 𝑥𝑓) + 𝑥̇𝑙 

𝑢𝑟 = 𝐾𝑟(𝑥𝑓 − 𝑥𝑟) + 𝑥̇𝑙 + 𝑥̇𝑓 

 

Using the same procedure as in (3-23) to (3-25), one could obtain the following error 

equations, 

𝑥̇̃𝑓𝑙 = −𝐾𝑓𝑥̃𝑓𝑙  

𝑥̇̃𝑟𝑓 = −𝐾𝑟𝑥̃𝑟𝑓 − 𝑥̇𝑙  

Similar to developments in the previous section, letting 𝑥̇𝑙 to be leader speed, and 𝑥̃𝑟𝑓 

to be the distance between rear vehicle 𝑟, and vehicle 𝑓, one could safely assume these 

values do not attain negative values (no negative speed, and no collision). In this case, 

 

Figure 3-6. Sensor-based communication with additional preceding, and leader 

vehicles’ feedforward information 
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𝑥̃𝑟𝑓
𝑇𝑥̇𝑙 is a positive definite function and by choosing the same Lyapunov function as in 

section C, we will obtain,  

𝑉̇𝑟𝑓 = −𝑥̃𝑟𝑓
𝑇𝐾𝑟𝑥̃𝑟𝑓 − 𝑥̃𝑟𝑓

𝑇𝑥̇𝑙 

≤ −2𝜆𝑟
𝑚‖𝑥̃𝑟𝑓‖

2
− ‖𝑥̇𝑙‖‖𝑥̃𝑟𝑓‖ 

≤ −2𝜆𝑟
𝑚‖𝑥̃𝑟𝑓‖

2
 

 

That is, 𝑉̇𝑟𝑓 ≤ −2𝜆𝑟
𝑚‖𝑥̃𝑟𝑓‖

2
 for every 𝑥̃𝑟𝑓, implying that there is no restriction on the 

magnitude of 𝑥̃𝑟𝑓 to satisfy (3-29), and subsequently satisfies lemma 1 condition. This 

also implies that the rate of decay for 𝑉̇𝑟𝑓 is faster due to the term ‖𝑥̇𝑙‖‖𝑥̃𝑟𝑓‖ which 

points out the effect of the extra piece of information in the performance of platoon. 
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 Multi-vehicle Merging Strategy for Entering into a Platoon 

This section describes a strategy for a scenario in which multiple vehicles could 

merge into a platoon (Figure 3-7). The vehicles in the far left lane, labeled by Fi for the 

followers and L for the platoon leader, form an existing platoon, and the vehicles labeled 

as Mi are the incoming merging vehicles.  Throughout this section, we assume that data 

communications between each two vehicles and each vehicle with the lead vehicle are 

available. 

This strategy enables multiple vehicles to initiate merging into an existing platoon 

simultaneously. It can also be used for the merging of two platoons into a larger platoon. 

The communication scheme is decentralized. It means each vehicle has access to the 

broadcasted information at will, and also can request for data it requires to complete a 

task from any member of the platoon. Any incoming vehicle which intends to enter the 

platoon should meet the requirements of the platoon, accessible through a request from 

the leader of the platoon. 

Figure 3-8 shows a smaple multi-vehicle merging scenario and Figure 3-9, presents 

the proposed strategy in a flowchart. The communications layer at the top of the 

 

Figure 3-7 Multi-vehicle merging into platoon 
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flowchart is assumed to contain all necessary modules for inter-vehicles and intra-vehicle 

wired and wireless communications.  

The multi-merging task starts with simultaneous requests from multiple vehicles to 

join a platoon. The request will be processed by the platoon leader and if the request 

meets the requirement of the platoon, merging vehicles in Figure 3-8 will act according to 

the flowchart in Figure 3-9: 

 If merging request is accepted, then an ID will be assigned to each incoming vehicle, 

called role assignment. A FindNeighbor routine will assign the preceding and 

following vehicles for the merging vehicles. As shown in Figure 3-8, vehicle p has a 

new assignment as the preceding vehicle of the first merging vehicle m1, and vehicle 

labeled f is in its new role of follower of the second merging vehicle. All other 

subsequent vehicles of f will have new IDs as well. 

 As soon as the merging vehicles receive their IDs based on their longitudinal position 

in the platoon, the vehicles will activate their longitudinal controllers to regulate their 

distance, and speed relative to preceding vehicles to avoid any collision while 

executing lateral maneuvers. 

 

Figure 3-8 Multiple vehicles initiating a merging task into a platoon 
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 The followers of 𝑚2 will also adjust their distance according to 𝑚2. This will create 

the necessary gap for the merging vehicles to enter the platoon. 

 Merging vehicles will now check the merging checklist to verify if they meet the 

merging requirements. If all requirements are satisfied, they initiate the lateral 

maneuver using the proposed variable-gap lateral trajectories.  

 If the merging vehicles detect any acceleration changes such as sudden braking while 

merging, then the vehicle will execute its emergency procedure. 

 In case of any exceptions, an appropriate routine will intervene.  

 

Figure 3-9 Multi-vehicles merging strategy diagram 
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 Vehicle Platooning with Decoupled Control 

 Introduction 

A platoon of vehicles is a group of vehicles that are moving together while keeping a 

specific formation, commonly a train-like formation with short inter-vehicle distances, 

under a platoon leader. There are two main roles defined in a platoon, the platoon leader, 

which is usually human operated, and the follower vehicles which are supposedly driving 

autonomously or semi-autonomously based on some guidelines. Vehicles in platoon are 

usually equipped with a means of communication. Vehicle communication capability 

could potentially improve the safety, efficiency, and comfort of driving for platoon 

members. The three general communication systems are, intervehicle communications, 

roadside-vehicle communication, and a hybrid communication system.  

Motion control of vehicles in platoon is one of the major aspects of any platooning 

problem. Motion control requires multiple collaborating technologies to work together, 

such as sensory systems, computational technologies, and controllers which dictate the 

movement of the vehicles both longitudinally and laterally. To control the longitudinal 

and lateral motions of a vehicle in platoon different techniques, from linear control to 

nonlinear control techniques and optimization-based approaches are available. There are 

two main approaches in controlling a vehicle, namely decoupled control, and coupled 

control. In decoupled control approach, we try to isolate the longitudinal dynamics of the 

vehicle from the lateral dynamics through several assumptions and then design 

independent controllers for each decoupled dynamics. In coupled control approach, the 

lateral and longitudinal controls are combined into one single control design, where the 

longitudinal acceleration and the steering angle of the vehicle are generated 
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simultaneously. In this chapter we discuss several techniques for decoupled control of 

vehicles in platoon, and in the next chapter we study the control of vehicles with coupled 

dynamics. 

 Control for Decoupled Dynamics 

The goal in decoupling control for road vehicles is to be able to control the 

longitudinal and lateral motions independently. For that, one needs to drive two 

decoupled longitudinal and lateral dynamics of vehicle. The conventional theory on 

decoupling control attempts to design isolated controllers for multi-input, multi-output 

(MIMO) systems, such that one input affects one output, and the MIMO system behaves 

like multiple isolated single-input, single-output (SISO) systems. Conventional road 

vehicles naturally have nonlinear coupled dynamics and kinematic models, meaning the 

longitudinal and lateral motions affect each other [74]. Studies show that to control the 

longitudinal and lateral dynamics separately, the dynamical forces and steering angle 

must be kept low at all times [75]. The general structure of a decoupled control for 

conventional road vehicles are shown in Figure 4-1. The longitudinal control is usually in 

charge of regulating the acceleration and the speed of the vehicle, whereas, the lateral 

 

Figure 4-1 Decoupling Control Diagram 
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controller will be in charge of steering control using the constant speeding information 

from the vehicle’s sensors. In this chapter, several control techniques from linear, and 

optimal control theory have been adopted for longitudinal and lateral vehicle control.   

 Longitudinal Control for Vehicle Platooning 

The first step in vehicle platooning is to control the longitudinal space between 

vehicles and vehicles’ longitudinal velocities based on the commands from platoon 

leader. The longitudinal controller deals with the longitudinal dynamic of vehicle which 

is mainly concerned with controlling the speed of the vehicle. An example of longitudinal 

vehicle control, in its simplest form, is the well-known cruise control which keeps the 

vehicle at a desired speed. A more advanced vehicular control is the ability of the vehicle 

to adaptively change its speed according to different road conditions [76].  

The controller for a follower vehicle in platoon receives as input, the estimate of the 

states of the preceding vehicle through sensory systems or communication links, and 

regulates its distance and speed accordingly. In some instances, more pieces of 

information might become available from other members of the platoon as well. There is 

an implicit assumption that the vehicles in platoon operate with similar dynamic 

characteristics such as acceleration and turning radius, or they are all limited to specific 

operational range.  

 Longitudinal Vehicle Modeling for Longitudinal Platooning  

  Figure 4-2. illustrates a coordinate system for formulation of a platoon.  The space 

between vehicle 𝑖, and 𝑖 − 1 is denoted by di. The objective of a one-dimensional platoon 
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is that every vehicle follows the immediate vehicle in front at a fixed distance  dd,i or 

constant time headway.  

This section describes only longitudinal dynamics for longitudinal control.  One of the 

techniques to design longitudinal controllers for vehicles is to consider two main loops. 

The inner loop which would take care of the vehicle dynamics nonlinearities for example 

by using feedback linearization techniques [39],  and an outer loop which will take care 

of the platoon objectives in regulating the inter-vehicle distance or speed. This study used 

a nonlinear longitudinal controller with a feedback linearization technique to obtain a 

linearized third order dynamic model as demonstrated in [77]. Having a linearized 

dynamic model, three different longitudinal controllers were implemented to simulate 

different platooning and merging scenarios.  

Consider the following third order nonlinear model [77]: 

 

𝑑̇𝑖 = 𝑥̇𝑖−1 − 𝑥̇𝑖 

𝑣̇𝑖 = 𝑎𝑖 

𝑎̇𝑖 = 𝑓𝑖(𝑣𝑖 , 𝑎𝑖) + 𝑔𝑖(𝑣𝑖)𝜂𝑖 

 

 

(4-1) 

 

 

where 𝑑𝑖 is the distance between vehicle 𝑖 − 1 and 𝑖, 𝑥𝑖, 𝑣𝑖, and 𝑎𝑖 are the position, 

velocity, and acceleration of vehicle 𝑖 respectively. 𝜂𝑖 is the engine input. The function 

 

Figure 4-2. Specifications of three vehicles in platoon 
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𝑓𝑖(𝑣𝑖 , 𝑎𝑖), and 𝑔𝑖(𝑣𝑖) are defined as follow: 

 

 𝑓𝑖(𝑣𝑖 , 𝑎𝑖) = − 
2𝐾𝑑𝑖
𝑚𝑖

𝑣𝑖𝑎𝑖 − 
1

𝜏𝑖(𝑣𝑖)
[𝑎𝑖 +

𝐾𝑑𝑖
𝑚𝑖

𝑣𝑖
2 +

𝑑𝑚𝑖

𝑚𝑖
] 

  𝑔𝑖(𝑣𝑖) =
1

𝑚𝑖𝜏𝑖(𝑣𝑖)
 

 

 

(4-2) 

where 𝐾𝑑𝑖, is the aerodynamic drag coefficient, the constant 𝑚𝑖 represent the vehicle’s 

mass,  𝜏𝑖 is the engine time-constant, and 𝑑𝑚𝑖
 is mechanical drag. We used a feedback 

linearizing law to simplify this nonlinear dynamic into a linear third-order model. The 

control law proposed in [77] is used: 

 

𝜂𝑖 = 𝑚𝑖𝑢𝑖 + 𝐾𝑑𝑖𝑣𝑖
2 + 𝑑𝑚𝑖

+ 2𝜏𝑖𝐾𝑑𝑖𝑣𝑖𝑎𝑖 (4-3) 

 

The assumption is that the parameters in (4-3) are known a priori. Applying (4-3) will 

result in the following third-order linear dynamic model: 

𝑎̇𝑖 = −
1

𝜏𝑖
𝑎𝑖 +

1

𝜏𝑖
𝑢𝑖 (4-4) 

𝑢𝑖, is the new input to linear vehicle dynamics. In this formulation 𝜏𝑖 is assumed to be 

constant. We could alternatively use another form of feedback linearizing law to 

eliminate the engine time constant; however, leaving it in the formulation offers some 

design advantages. 

 Constant Space Policy 

For comparison purposes, three different controllers are implemented using a constant 

space policy for regulating the inter-vehicle space. 

1. A Proportional-Derivative (PD) control design, based on the vehicle distance sensor 

measurement data and information provided through wireless communications. 
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2. Another PD controller which uses the sensor information from both the front and 

back vehicles, and  

3. An optimal controller using information from both the vehicle’s distance 

measurement sensor, and communications. 

 PD controller with distance and acceleration information 

For the purpose of consistent comparisons, a constant spacing policy is adopted for all 

controllers’ design. Ploeg, et al. [78] proposed a similar PD controller design but used a 

different spacing policy. Using a constant spacing policy, the error is defined as follows: 

𝑑𝑖 = 𝑥𝑖−1 − 𝑥𝑖 

𝑒𝑖 = 𝑑𝑖 − 𝑑𝑑 

 

(4-5) 

where 𝑑𝑑, is the desired distance between every two vehicles in a homogeneous platoon. 

For simplicity, the time notation is omitted from equations throughout this paper. Using 

(4-4) , the error dynamics is: 

(

𝑒1,𝑖
𝑒2,𝑖
𝑒3,𝑖
) = (

𝑒𝑖
𝑒̇𝑖
𝑒̈𝑖

),     2 ≤ 𝑖 ≤ 𝑁 
 

(4-6) 

where N is the number of vehicles in the platoon. The derivatives of the error states could 

be calculated as: 

(

𝑒̇1,𝑖
𝑒̇2,𝑖
𝑒̇3,𝑖

) = (

𝑒2,𝑖
𝑒3,𝑖

−
1

𝜏
𝑒3,𝑖 −

1

𝜏
𝑢𝑖 +

1

𝜏
𝑢𝑖−1

) 

 

(4-7) 
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The control input 𝑢𝑖 should be designed such that it stabilizes the error dynamics, and 

compensates for the term 𝑢𝑖−1. In other words, the control objective is to 

have 𝑙𝑖𝑚𝑡→∞|𝑒𝑖(𝑡)| = 0.  We consider the following PD-like design procedure: 

𝑢𝑖 = 𝑘𝑝𝑒1,𝑖 + 𝑘𝑑𝑒2,𝑖 + 𝑘𝑑𝑑𝑒3,𝑖 + 𝑢𝑖−1 (4-8) 

where 𝑘𝑝, 𝑘𝑑 and 𝑘𝑑𝑑 are the PD gains, and 𝑢𝑖−1 is the feedforward term sent through 

wireless communication by preceding vehicle. Using the control input (4-8) the error 

dynamic model becomes: 

(

𝑒̇1,𝑖
𝑒̇2,𝑖
𝑒̇3,𝑖

) = (

0 1 0
0 0 1
−𝑘𝑝

𝜏

−𝑘𝑑
𝜏

−(1 + 𝑘𝑑𝑑)

𝜏

)(

𝑒1,𝑖
𝑒2,𝑖
𝑒3,𝑖
) 

 

(4-9) 

Using the Routh-Hurwitz stability approach to find the gains to stabilize  

(4-9) will result in the following conditions: 

𝑘𝑝, 𝑘𝑑 > 0 

𝑘𝑑𝑑 > −1 

(1 + 𝑘𝑑𝑑)𝑘𝑑 > 𝑘𝑝𝜏 

 

(4-10) 

Using Routh-Hurwitz method, the stability conditions were obtained for individual 

vehicles to follow the front vehicle at a desired distance. These conditions however does 

not guarantee string stability of the platoon. There are several definitions introduced to 

study the stability of string of vehicles. In this section we obtain the string stability 

complementary sensitivity function 𝒮𝑖(𝑠) as Laplace transfer function between the 

acceleration of 𝑖𝑡ℎ and the 𝑖 − 1𝑡ℎ vehicles. This definition is more relevant than distance 

error in view of traffic flow analysis [78]: 
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𝒮𝑖(𝑠) =
𝐴𝑖(𝑠)

𝐴𝑖−1(𝑠)
    2 ≤ 𝑖 ≤N (4-11) 

In the above definition acceleration is taken as the basis for string stability. The string 

stability condition can then be stated as: 

‖𝒮𝑖(𝑗𝜔)‖ℋ∞ ≤ 1   2 ≤ 𝑖 ≤N (4-12) 

This condition can be interpreted as energy dissipation in upstream platoon. The 

transfer function 𝒮𝑖(𝑠) can then be obtained (Figure 4-3): 

𝑈𝑖(𝑠) = 𝐶𝑖(𝑠)𝐸𝑖(𝑠) + 𝐷𝑖(𝑠)𝑈𝑖−1(𝑠) 

𝐸𝑖(𝑠) = 𝑋𝑖−1(𝑠) − 𝑋𝑖(𝑠) −
𝑑𝑑,𝑖
𝑠

 

(4-13) 

where in homogeneous platoon the 𝑖 subscript drops for 𝐶𝑖 , 𝐷𝑖, 𝐺𝑖, and 𝑑𝑑,𝑖 terms. 𝐷𝑖 is 

the transfer function for time delay due to wireless communication latency. Using (4-13), 

the stability sensitivity function can be derived as follows: 

𝒮𝑖(𝑠) =  
𝐷(𝑠) + 𝐺(𝑠)𝐶(𝑠)

1 + 𝐺(𝑠)𝐶(𝑠)
 (4-14) 

For the case of no-delay  ‖𝒮𝑖(𝑗𝜔)‖ℋ∞ = 1, and the platoon is string stable by 

definition. However, if communication delay is introduced, the string stability could be 

compromised.  

 

Figure 4-3 Coupled feedback loop for platoon 
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 PD controller with distance information from front and rear vehicles 

Authors in [38] proposed another approach to control design for longitudinal platoon.  

In this approach the control input for vehicle 𝑖 is designed based on the distance sensor 

measurements from both the front and rear vehicles: 

𝑢𝑑,𝑖 = 𝑘𝑝,𝑖
𝑓 (𝑥𝑖−1(𝑡) − 𝑥𝑖(𝑡) − 𝑑𝑑) + 𝑘𝑑,𝑖

𝑓
(𝑥̇𝑖−1(𝑡) − 𝑥̇𝑖(𝑡)) +

                   𝑘𝑝,𝑖
𝑟 (𝑥𝑖+1(𝑡) − 𝑥𝑖(𝑡) + 𝑑𝑑) + 𝑘𝑑,𝑖

𝑟 (𝑥̇𝑖+1(𝑡) − 𝑥̇𝑖(𝑡))   i = 1,… , N − 1  

 

(4-15) 

𝑓, and 𝑟 superscripts for controller gains indicate the front and rear vehicles, 

respectively; 𝑝 and 𝑑 subscripts indicate the proportional and derivative gains, 

respectively. Since the last vehicle in platoon has no follower the control input will be as 

follows: 

𝑢𝑑,𝑁 = 𝑘𝑝,𝑖
𝑓
(𝑥𝑁−1(𝑡) − 𝑥𝑁(𝑡) − 𝑑𝑑,𝑁) + 𝑘𝑑,𝑖

𝑓
(𝑥̇𝑖−1(𝑡) − 𝑥̇𝑖(𝑡)) (4-16) 

The stability analysis for the aforementioned control law has been performed using a 

PDE model. It is proved by [38], that the system (4-4) with the control law (4-15), and 

(4-16) is stable if and only if the following condition is met: 

𝑘𝑑,𝑖
𝑏 > 𝜏𝑖𝑘𝑝,𝑖

𝑏  (4-17) 

To guarantee that the range error output is smaller than the range error input to avoid 

error propagation along the string of vehicles, [38] used another form of string stability 

definition. 

‖
𝑉𝑖(𝑠)

𝑉𝑖−1(𝑠)
‖
∞

≤ 1    ∀𝜔 > 0 
(4-18) 

Then using a chain of proofs and theorems, it has been shown that if the following 

conditions are met, the platoon is string stable [38]: 
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𝑘𝑝,𝑖
𝑏 > ∆𝑖

𝑝
/√2 

𝑘𝑑,𝑖
𝑏 < 0.25/𝜏𝑖 − 0.5∆𝑖

𝑑 

(𝑘𝑑,𝑖
𝑏 )2 > 2𝑘𝑝,𝑖

𝑏 + ∆𝑖
𝑝
+ 0.5(∆𝑖

𝑑)2 

 

(4-19) 

in which 𝑘𝑝,𝑖
𝑓
= 𝑘𝑝,𝑖

𝑏 +∆𝑖
𝑝
and 𝑘𝑑,𝑖

𝑓
= 𝑘𝑑,𝑖

𝑏 +∆𝑖
𝑑 to ensure that the preceding vehicle has more 

influence than the follower vehicle. 

 Optimal controller with distance and acceleration information 

To formulate an optimal framework for the platoon longitudinal controller, similar to 

the approach presented in [79] but using a different spacing policy, we rearrange the 

dynamic model (4-4) into the following LTI state-space model: 

𝑋̇𝑖 = 𝐴𝑋𝑖 + 𝐵𝑢𝑖 + 𝐹𝑤𝑖     2 ≤ 𝑖 ≤ 𝑁 (4-20) 

where,  

𝐴 = (

0 1 0
0 0 −1

0 0 −
1

𝜏

) , 𝐵 = (

0
0
1

𝜏

) , 𝐹 = (
0
1
0
) 

 

(4-21) 

and the state vector 𝑋𝑖 = (∆𝑑𝑖 ∆𝑣𝑖 𝑎𝑖) ∈ ℝ
3, and 𝑤𝑖 = 𝑎𝑖−1 ∈ ℝ is the 

feedforward term obtained from wireless communication with the preceding vehicle.  We 

used a constant spacing policy (∆𝑑𝑖 = 𝑑𝑖 − 𝑑𝑑) to obtain (4-22). We used the following 

cost function to describe the desired longitudinal behavior of the platoon: 

𝐽𝑖 = ∫ (𝑋𝑖
𝑇𝑄𝑋𝑖 + 𝑟𝑢𝑖

2)𝑑𝑡
∞

0

 
 

(4-22) 

where 𝑄 ≥ 0, 𝑟 > 0 are the weight matrices. The optimal problem is to minimize the 

above cost function subject to the inter-vehicle dynamics introduced in (4-20). 
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min
𝑢𝑖
𝐽𝑖     2 ≤ 𝑖 ≤ 𝑁 

subject to 𝑋̇𝑖 = 𝐴𝑋𝑖 + 𝐵𝑢𝑖 + 𝐹𝑤𝑖 

 

(4-23) 

This poses a linear-quadratic regulation problem with an additional disturbance term 

𝑤𝑖 , assumed to be constant, which has a closed loop solution of the form: 

𝑢𝑖 = −𝑟
−1𝐵𝑇(𝑃𝑋𝑖 + [(𝐴 − 𝑟

−1𝐵𝐵𝑇𝑃)𝑇]−1𝑃𝐹𝑤𝑖) (4-24) 

or in a simpler form similar to what is described in [79]: 

𝑢𝑖 = 𝐾
𝑇𝑋𝑖 + 𝐾𝐹𝑤𝑖 

𝐾𝑇 = [𝑘1, 𝑘2, 𝑘3] ≜ 𝑟
−1𝐵𝑇𝑃 

𝐾𝐹 = −𝑟
−1𝐵𝑇[(𝐴 − 𝑟−1𝐵𝐵𝑇𝑃)𝑇]−1𝑃𝐹 

 

 

(4-25) 

Substituting (4-25) into (4-20) will result in the following final closed-loop dynamics: 

𝑋̇𝑖 = (𝐴 + 𝐵𝐾
𝑇)𝑋𝑖 + (𝐵𝐾𝐹 + 𝐹)𝑤𝑖 (4-26) 

 Sliding- Mode Control with Constant Time-headway Policy 

A sliding mode controller is proposed by [80] that stabilizes each vehicle in platoon 

using constant time-headway spacing policy. The double integrator has been used as 

vehicle model in this development. By looking at Figure 4-2, the desired spacing between 

vehicles in platoon can be obtained as follows: 

𝑑𝑑,𝑖 = 𝑑𝑚𝑖𝑛,𝑖 + ℎ𝑖𝑣𝑖 

𝑒𝑖 = 𝑑𝑖 − 𝑑𝑑,𝑖 

 

(4-27) 

where 𝑑𝑚𝑖𝑛,𝑖 is the stand-still distance between vehicle 𝑖th and vehicle (𝑖 − 1). Now the 

purpose of the controller is to asymptotically drive the distance error 𝑆𝑖 ≡ 𝑒𝑖 ≔
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𝑑𝑖 −(𝑑𝑚𝑖𝑛,𝑖 + ℎ𝑖𝑣𝑖) to zero. In other words the error should evolve in time in the form 

of 𝑆̇𝑖 = −𝜆𝑖𝑆𝑖, where 𝜆𝑖 is positive gain. So we have 𝑒̇𝑖 = −𝜆𝑖𝑒𝑖, and it follows that: 

𝑑̇𝑖 − ℎ𝑖𝑣̇𝑖=−𝜆𝑖𝑒𝑖 

𝑣̇𝑖 =
1

ℎ𝑖
(𝑑̇𝑖 + 𝜆𝑖𝑒𝑖) 

 

(4-28) 

Choosing the control input 𝑢𝑖 =
1

ℎ𝑖
(𝑑̇𝑖 + 𝜆𝑖𝑒𝑖), will guarantee 𝑆̇𝑖 + 𝜆𝑖𝑆𝑖 = 0 for any 

𝜆𝑖 > 0. 

It is shown in [80] that for a homogeneous platoon with double integrator as the 

dynamic model, both string stability definitions (4-11), and (4-18) are equivalent and so 

for a string stable platoon we have: 

For a more general analysis and by considering the effect of vehicle’s delay 𝜏𝑖, and 

control system lag ∆𝑖 into dynamic model, we will have a similar form of dynamics as of 

(4-4), as follows: 

𝑎̇𝑖(𝑡) = −
1

𝜏𝑖
𝑎𝑖(𝑡) +

1

𝜏𝑖
𝑢𝑖(𝑡 − ∆𝑖) 

(4-30) 

It is proved by [80] that in order to satisfy string stability condition (4-29) for a 

homogeneous platoon, the following conditions must be met: 

ℎ𝑖 > 2(𝜏𝑖 + ∆𝑖)  for   𝜆𝑖 ∈ (0,
ℎ𝑖−2(𝜏𝑖+∆𝑖)

2(ℎ𝑖(𝜏𝑖+∆𝑖)−∆𝑖𝜏𝑖)
] (4-31) 

‖
𝐸𝑖(𝑠)

𝐸𝑖−1(𝑠)
‖
∞

= ‖
𝑉𝑖(𝑠)

𝑉𝑖−1(𝑠)
‖
∞

≤ 1     (4-29) 
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 Simulation and results for Longitudinal Control 

This section first describes the developed simulation platform and then presents the 

results of multiple scenarios to demonstrate the efficacy of the controllers and platoon 

merging methods outlined in this paper. We developed an objected oriented toolbox in 

MATLAB called SimPlatoon to simulate different platooning scenarios including 

longitudinal platooning, merging into and out of a platoon, obstacle avoidance, and 

platooning under different communication schemes, etc. It accepts different vehicle 

dynamics, vehicle controllers, lateral trajectories, and other functions to simulate and 

visualize the behavior of vehicles in platoons. Figure 4-4 shows the main GUI of 

SimPlatoon.  

Four types of tests have been performed: 

1. The first test is simulation of longitudinal platooning to compare different 

longitudinal controllers.  
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Figure 4-4 SimPlatoon platform developed in MATLAB 

 

2. The second series of tests are comparison between different lateral trajectory 

methods, including the proposed variable-gap lateral trajectories with filtering 

characteristics.  

3. The third test is to evaluate the performance of the proposed multi-merging 

strategy. 

4. Finally the last series of tests evaluate the strategy and the proposed switching 

function when an emergency occurs during a merging task. 

Overall, several aspects of vehicle platooning have been studied. These simulations 

evaluate the proposed frame work and address details which have not been studied 

previously. 
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 Comparison of longitudinal controllers 

This section demonstrates a longitudinal platooning scenario in which multiple 

vehicles follow the leader. As described in 4.3, three longitudinal controllers are 

simulated. The three longitudinal controllers are: 

1. PDD controller with distance, and acceleration information from preceding 

vehicle 

2. PD controller with distance information from both preceding and following 

vehicles 

3. Optimal controller with distance and acceleration information from preceding 

vehicle 

The following subsection 4.4.1.1, 4.4.1.2, and 0, provide three different comparison 

scenarios. For all these tests the platoon is considered homogenous, i.e., all vehicles share 

similar dynamics and controllers in each simulation run. 
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 Table 4-1. Longitudinal controllers’ parameters and performance 

Controller Parameters dd 

(m) 
ts 
(s) 

ess 
(m) 

𝑃𝐷𝐷𝑝 Kp= 3 

Kd = 5 

Kdd = 3 

25 15.41 0 

 

      𝑃𝐷𝑝𝑟 

Kp
b=0.3 

kd
b =0. 5 

Kp
f = 3 

Kd
f = 5 

 

25 

 

14.15 

 

 

0 

LQ (𝑞11, 𝑞22, 𝑞33) = (50, 100 ,0.01) 
𝑟 = 0.01 

25 14.31 0 

 

 Controllers’ performance for longitudinal platooning 

The longitudinal vehicle platooning scenario includes a platoon leader and 5 

followers. The simulation time is considered to be 25 s. In order to consider the 

limitations for vehicle dynamic, saturation threshold for maximum longitudinal 

acceleration is considered to be  3m s2⁄ . The platoon speed is  25 m s⁄ , (90 km h⁄ .) All 

controllers use the constant spacing policy. The engine time-constant τi = 0.1. The initial 

distance error for all follower vehicles is considered to be 25 m, and the desired spacing 

is considered to be 25 m. The controllers’ parameters are listed in Table 4-1.  PDDp is the 

PD controller with the preceding vehicle’s information, PDpr is the PD controller with 

the preceding and rear vehicles information, and LQ is the Optimal controller. ts is the 

settling time for the last follower in platoon, and  ess  is the steady state error. As shown 

in Figure 4-5, all controllers performed well for this simple, constant leader’s velocity, 

longitudinal platooning scenario.  

The PDDp controller with preceding vehicle’s information is negligibly slower in its 

response, having very small undershoot. Undershoot is very undesirable in platooning 
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since it increases the chance of rear-end collision.   

 Controllers’ performance under sudden braking 

These cases include simulations of different sudden braking executed by the platoon 

leader to evaluate the controllers’ merging performance under these hazard conditions. 

The platoon is initially moving at constant speed of 90 km h⁄ . Two different braking 

profiles were tested. The braking deceleration values are: ab = [−1,−4]
m
s2⁄  , and the 

corresponding speed reduction are ∆v = [−20,−86.4] km h⁄ . The maximum longitudinal 

acceleration limit is considered to be 3 
𝑚

𝑠2
 and the maximum braking deceleration 

of  −7.5 
𝑚

𝑠2
.  

 
Figure 4-5 Performance of longitudinal controllers for vehicles in platoon 
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The results demonstrate both LQR and PDDp have outperformed the PDpr in all 

tested scenarios. The PDDp had a smaller settling time, and a better tracking performance 

both in distance and acceleration domains (Figure 4-6- Figure 4-9). 

 

 

Figure 4-6 Performance of controllers under sudden braking 

(𝑎𝑏 = −1 
𝑚
𝑠2⁄ , ∆𝑣 = −20 𝑘𝑚 ℎ⁄  ) 
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 Controllers’ performance under merging  

Figure 4-10 shows the controllers’ performances during merging. For this set of tests the 

vehicle’s acceleration is restricted to al ≤ 3 
m

s2
, and the vehicles behind the merging 

vehicle are restricted to minimum speed of 16 
m

s
, to avoid slowing the platoon. 

Considering the imposed conditions, overall the PDDp, and LQR controller outperformed 

the PDpr.  The PDpr has higher overshoot and undershoot, and also larger settling time

 

Figure 4-7 Performance of controllers under sudden braking, 

 (ab = −1 
m
s2⁄ , ∆v = −20 km h⁄ )  
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indicating that rear vehicle information is not contributing to a better response when 

quicker response with less overshoot is desirable. 

 

 

Figure 4-8 Performance of controllers under sudden braking  

(𝑎𝑏 = −4 
𝑚
𝑠2⁄ , ∆𝑣 = −86.4 𝑘𝑚 ℎ⁄  ) 
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 Comparison of lateral polynomials 

As discussed in section 3.3, different polynomial functions can be used to generate 

smooth lateral trajectories for lateral maneuvers. Among all possible choices two more 

common polynomials, the so-called 5th–order and the Cycloidal polynomials were 

discussed in more detail.  

This section presents a comparison between the constant form of these polynomials 

and the respective proposed variable forms. The performance index chosen for these set 

 

Figure 4-9 Performance of controllers under sudden braking  

(𝑎𝑏 = −4 
𝑚
𝑠2⁄ , ∆𝑣 = −86.4 𝑘𝑚 ℎ⁄  ) 
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of comparisons is the lateral acceleration. Lateral acceleration is an important safety and 

comfort index and is directly related to vehicle rollover. For these sets of comparisons the 

 

Figure 4-10 Performance of controllers under merging 

 

Table 4-2 Performance of constant vs. variable-gap polynomials 

𝑣𝑙𝑜𝑛𝑔  𝑎𝑙𝑎𝑡𝑒𝑟𝑎𝑙 CCP (
m

s2
) VCP (

m

s2
) CFP (

m

s2
) VFP (

m

s2
) CFP (

m

s2
) eVFP (

m

s2
) 

90 𝑘𝑚/ℎ 1 1 0.92 1 0.92 0.92 

110 𝑘𝑚/ℎ 1.5 1 1.38 1 1.38 1.2 

130 𝑘𝑚/ℎ 2.1 1 1.92 1 1.92 1.43 
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maximum safe lateral acceleration was assumed to be 1.5m s2⁄ .  

 The objective was for every merging vehicle to smoothly execute the lateral 

maneuver from one lane to another while not exceeding the maximum lateral 

acceleration.  The three adaptive methods against their constant counterparts were 

compared: 

1. Constant-gap (CCP) vs. Variable-gap (VCP) Cycloidal Polynomial 

2. Constant-gap (CFP) vs. Variable-gap (VFP) 5th –order Polynomial  

3. Constant-gap (CFP) vs. empirical Variable-gap Polynomial (eVFP) 

 

Figure 4-11 Comparison between the constant vs. variable gap polynomials 
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To demonstrate the advantage of variable-gap versus constant-gap polynomials, three 

different platoon speeds were tested. The idea is to tune the polynomials for a specific 

platoon speed, e.g., for 25m/s = 90km/h, and check how these polynomials perform in 

higher speeds, in terms of lateral acceleration. 

Figure 4-11 shows the lateral maneuver in three different platoon speeds, i.e. 90, 110, 

and 130 km/h. The constant-gap polynomials were tuned so that the lateral acceleration 

did not exceed 1m s2⁄  when executing lateral maneuver at 90km/h. Table 4-2 lists the 

maximum lateral acceleration generated in each of the maneuvers shown in Figure 4-11. 

It can beobserved that both constant-gap and variable-gap polynomials performed 

satisfactorily at platoon speed 90 km/h. However, when the platoon speed is increased, 

the constant-gap polynomial failed to produce the safe lateral acceleration (considered 

1.5m s2⁄  in this paper), since it was tuned for a lower speed of 90km/h. On the other 

hand, the variable-gap polynomials are successful in not exceeding the safe lateral 

acceleration limit of 1.5m s2⁄ . The VCP, and VFP perform equally well, and outperform 

slightly better than eVFP. 
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 Multi-vehicle merging strategy under VFP 

The multi-vehicle merging strategy proposed in 3.5 is simulated under VFP lateral 

trajectory. In this scenario, 6 vehicles are in a platoon formation where three vehicles in 

the adjacent lane broadcast their intention to join the platoon. When the permission for 

joining to platoon is granted, the merging vehicles follow the steps in Figure 3-9, to 

merge into the platoon. The role assignment module assigns follower 1 as the preceding 

vehicle of the first merging vehicle. Therefore, the first merging vehicle should adjust its 

longitudinal distance with the follower number one while still in its original lane.  The 

follower 5 will be assigned as the follower of the merging vehicle 3 and will act as the 

  

Figure 4-12 Multi-vehicle merging using PDD control and VFP lateral trajectory 
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gap creator. The lateral maneuver will be initiated when the vehicles in platoon under the 

new assignments, which now includes the merging vehicles, have adjusted their 

longitudinal position. Using the proposed VFP, each of the merging vehicles will 

smoothly enter into the platoon to complete the merge. The longitudinal controller used 

for multi-vehicle merging task is PDDp discussed in section 4.3.3. 

In order to consider the restrictions for vehicle dynamics, the maximum longitudinal 

acceleration is limited to −3 ≤ al ≤ 3 
m

s2
. This restriction could mean that the vehicles 

have a limited engine power, and cannot respond to all magnitudes of controller’s 

demand. As shown in Figure 4-12, the three merging vehicles, and the gap creator 

perform very well in terms of the distance error, and the lateral acceleration under the 

proposed strategy. The merging is initiated at t = 8 s, and the first merging vehicle, and 

the gap creator have substantial initial errors which have been compensated after the 

merging task is initiated.  

 Multi-vehicle merging in braking emergencies 

In this section, a special emergency scenario is investigated in which the performances of 

variable-gap polynomials are tested under sudden braking. Although not a common 

scenario, this could be the case where platoon suddenly stops or reduce the speed 

considerably while merging is in progress. In such scenario, variable-gap polynomials -

due to the singularity in their formulation- might not result in the anticipated safe lateral 

acceleration.  Two different braking profiles were executed. The braking deceleration 

values were ab = [−2.224,−4.448]
m
s2⁄ , and the corresponding speed reduction were 

∆𝑣 = [−20,−40] 𝑘𝑚 ℎ⁄ . 
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Figure 4-13and Figure 4-14 illustrate the results.  

The averaging filter for velocity term in variable-gap polynomials can effectively filter 

out the smaller acceleration perturbations as illustrated in Figure 4-13, and partially for 

scenario in Figure 4-14. However, as the braking deceleration increases the velocity 

singularities in variable-gap polynomials become more prominent, and these polynomials 

 

Figure 4-13 Performance of variable-gap polynomials under sudden braking  

(𝑎𝑏 = −2.224 
𝑚
𝑠2⁄ , ∆𝑣 = −20 𝑘𝑚 ℎ⁄ ) 
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generate more aggressive lateral accelerations.  

These singularities when triggered are the reason behind high lateral accelerations 

observed in Figure 4-13, and Figure 4-14, which could eventually result in vehicle 

rollover.  One solution to avoid this singularity is to use the switching function described 

in equation (3-20). The application of this function is to change the variable-gap 

polynomial with a constant-gap polynomial which has been specifically tuned for such 

 

Figure 4-14 Performance of variable-gap polynomials under sudden braking  

(𝑎𝑏 = −4.448 
𝑚
𝑠2⁄ , ∆𝑣 = −40 𝑘𝑚 ℎ⁄ ) 

 

 



83 
 

emergency situations. The result of this approach is illustrated in Figure 4-15.  

As observed from the Figure 4-15, when the switching function detects a noticeable 

change in longitudinal acceleration during a merge, it switches from the variable-gap 

polynomial to constant-gap polynomial to avoid high lateral acceleration.  

 Conclusion on Platooning Under Longitudinal Control 

This section studied the problem of vehicle platooning and merging to investigate 

various aspects of longitudinal control, lateral trajectories, and strategies necessary for 

multi-vehicle merging task under safe and driver comfort conditions. We implemented 

several longitudinal controllers and compared their performances in stabilizing the 

 

Figure 4-15 Application of switching function in merging under emergency braking 



84 
 

vehicles in platoons.  We also investigated different lateral trajectories for lateral 

maneuvers and introduced the concept of variable-gap lateral trajectories with an 

averaging filter for velocity term and compared with previous methods. In addition, the 

proposed strategy for multi-vehicle merging into a platoon was tested along with the 

proposed variable-gap lateral trajectory methods which enables multiple vehicles to join 

an existing platoon simultaneously. Moreover, we tested the performance of the proposed 

strategy and variable-gap polynomials under sudden braking using a switching function. 

This section has addressed some of the new challenges in the area of vehicle merging and 

platooning which helps in understanding and guides implementation of automatic vehicle 

platooning in practice. We showed:  

The PDDp (Proportional, Derivative and second Derivative) and optimal controllers 

outperform the PDpr (Proportional and Derivative) controller in terms of smoother 

response in most scenarios, including the multi-merging scenario. However, the PDDp 

controller shows less error and better results especially when restrictions on acceleration 

have been applied. The proposed merging strategy could effectively be used in single and 

multi-vehicle merging scenarios. Variable-gap polynomials provide a more optimized 

solution for lateral maneuvers in different platoon speeds. In case of emergencies and 

sudden braking during merging, using the proposed switching function could help the 

incoming vehicles to safely merge into the platoons but at the cost of a slower merge. 

These findings provide important guidance for the future work which includes 

implementation of lateral-longitudinal controllers on mobile robots (that emulate 

autonomous vehicles), experimental verification of the proposed methods with the robots 

in a laboratory, and subsequently testing with full-size autopilot or autonomous vehicles.  
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 Lateral Control for Merging Maneuvers 

If a platoon is involved with lateral maneuvers, then the problem of lateral control for 

lateral path tracking or trajectory tracking comes into picture. The lateral control problem 

usually deals with controlling the steering angle of the vehicle while considering lateral 

forces, tire, and road geometry, and conditions. The objective of vehicle lateral control is 

to output a steering angle that can realize a lateral tracking objective. The lateral 

controller may also attempt to reduced or optimize tire slip angle, and excessive lateral 

forces in cornering or aggressive lateral maneuvers [81], [82]. The lateral controller 

should be able to minimize the lateral error, which is the difference between vehicle’s 

lateral path and the desired path. In vehicle control any deviation from the desired path 

could result in dangerous consequences. To account for control errors a closed-loop 

control technique must be adopted. Therefore, the vehicle kinematics, or dynamics are 

crucial in control design to ensure the vehicle stability and accurate control. 

Constrained control which brings a set of constraints and limitations about the vehicle 

and road into considerations, is a suitable technique for vehicle control design. Lateral 

control for merging task requires a set of constraints to be satisfied. For instance, the 

lateral acceleration of the maneuver must not exceed a certain limit, and the steering 

angle, and the steering rate must be confined to specific limits. Limiting the steering rate 

to some small values will result in smooth lateral maneuver and avoids sharp turns [82].  
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 Lateral Dynamic for Lateral Maneuver 

In this section the lateral vehicle model, and the tire models are described. The 

vehicles in platoon are described using bicycle model similar to what presented in [83]. 

Tire model is also an important part of vehicle dynamics, particularly in lateral 

maneuvers. Tire deformation in lateral maneuvers such as merging maneuver will results 

in forces and moments which in turn contributes to vehicle dynamics in terms of slip 

angle. The tire behavior is usually described using a characteristic curve, and its 

mathematical representation is called tire model. 

 Nonlinear Vehicle Model  

As depicted in Figure 4-16, the dynamic of each vehicle in platoon is described using 

the bicycle model, 

 

𝑣̇𝑖 = (𝑓𝑥𝑓
𝑖 cos(𝛽𝑖 − 𝛿𝑖) + 𝑓𝑥𝑟

𝑖 cos(𝛽𝑖))/𝑚𝑖

+ (𝑓𝑦𝑓
𝑖 sin(𝛽𝑖 − 𝛿𝑖) + 𝑓𝑦𝑟

𝑖 sin(𝛽𝑖))/𝑚𝑖 

 

(4-32) 

 

Figure 4-16 Bicycle model representation of vehicle dynamic 
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𝛽̇𝑖 = (−𝑓𝑥𝑓
𝑖 sin(𝛽𝑖 − 𝛿𝑖) − 𝑓𝑥𝑟

𝑖 sin(𝛽𝑖))/𝑚𝑖𝑣𝑖

+ (𝑓𝑦𝑓
𝑖 cos(𝛽𝑖 − 𝛿𝑖) + 𝑓𝑦𝑟

𝑖 cos(𝛽𝑖) − 𝑚𝑖𝑣𝑖𝜓̇𝑖)/𝑚𝑖𝑣𝑖 

𝜓̈𝑖 = (𝑓𝑥𝑓
𝑖 𝑙𝑓

𝑖 sin(𝛿𝑖) + 𝑓𝑦𝑓
𝑖 𝑙𝑓

𝑖 cos(𝛿𝑖) − 𝑓𝑦𝑟
𝑖 𝑙𝑟

𝑖 )/𝐼𝑖 

where  𝑣𝑖 is the velocity of the center of gravity of the 𝑖𝑡ℎ vehicle in platoon (Superscript 

𝑖 indicates the order of vehicle in platoon). 𝛽𝑖 is the slip angle, 𝛿𝑖 = 𝛿𝑓
𝑖  is the front 

steering angle and 𝜓𝑖 is the yaw angle of the vehicle. 𝑚𝑖 is the mass, 𝐼𝑖 is the moment of 

inertia, 𝑙𝑓
𝑖 , and 𝑙𝑟

𝑖  are the front and rear length of the vehicle from its center of gravity 

respectively. 𝑓𝑥𝑓
𝑖 , and 𝑓𝑥𝑟

𝑖  are the longitudinal forces of the front and rear tires 

respectively. 𝑓𝑦𝑓
𝑖 , and 𝑓𝑦𝑟

𝑖  are the front and rear tire lateral forces respectively, which will 

be obtained by nonlinear tire model.  

The relationship for slip angles of the front and rear tires could be also described as 

follow, 

 

𝛽𝑓
𝑖 = tan−1 (

𝑣𝑖𝑠𝑖𝑛𝛽𝑖 + 𝑙𝑓
𝑖 𝜓̇𝑖

𝑣𝑖𝑐𝑜𝑠𝛽𝑖
) − 𝛿𝑖 

𝛽𝑟
𝑖 = tan−1 (

𝑣𝑖𝑠𝑖𝑛𝛽𝑖 − 𝑙𝑟
𝑖 𝜓̇𝑖

𝑣𝑖𝑐𝑜𝑠𝛽𝑖
) 

 

 

 

(4-33) 

 

 

where 𝛽𝑓
𝑖 , and 𝛽𝑟

𝑖  are the slip angles of the front and rear tires respectively. 

 Nonlinear Tire Model 

 If the vehicle maneuver would have lateral components, then it produces lateral 

forces which in turn affect the lateral dynamic of the vehicle. The so- called slip angle (𝛽) 

is the result of such forces (Figure 4-17). The slip angle 𝛽 is the angle between the tires 

actual direction of travel (speed vector), and the direction toward which it is pointing.  
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Figure 4-17 Tire diagram 
 

The tire model used in this study is similar to what was developed in [83], [84] which 

is a nonlinear representation of the tires characteristic curve and is defined as follows: 

𝑓𝑦 = (
𝜇
𝜇𝑛⁄ )𝑓𝑦,𝑛𝛽𝑒𝑞 (4-34) 

where 𝜇, and 𝜇𝑛 are the operational and nominal friction constants, respectively, and 𝛽𝑒𝑞 

is the equivalent slip angle 𝛽𝑒𝑞 = (
𝜇𝑛

𝜇⁄ )𝛽 . 𝑓𝑦,𝑛 is the nominal function described by 

𝑓𝑦,𝑛 = 𝜌 sin(𝜉 tan
−1(𝑘𝛽 − 𝜅(𝑘𝛽 − tan−1 𝑘𝛽))) 

in which 𝜌 is the peak factor, 𝜉 is the shape constant, 𝑘 is the stiffness factor, and 𝜅 is the 

curvature. These factors and constants could be calculated as follows: 

𝑘 =  (1 𝜉𝜌⁄ ) 𝑐1 sin (2 tan
−1 (

𝑓𝑧
𝑐4
)) (1 − 𝑐5|𝛾|) 

𝜉 = 𝑐0 

𝜌 = 𝜇𝑓𝑧 = (𝑐1𝑓𝑧 + 𝑐2)𝑓𝑧 

𝜅 = 𝑐6𝑓𝑧 + 𝑐7 

The parameters 𝑐0to 𝑐7 must be identified experimentally. 
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 MPC Lateral Control 

Model predictive control requires a plant model to predict the future behavior of the 

system along a finite prediction horizon. For that purpose a linear vehicle model and a 

linear tire model will be formulated based on the same model in Figure 4-16.  

 Linear Prediction Model 

Using the same bicycle model illustrated in Figure 4-16, assuming the longitudinal 

forces are equal to zero, and a constant velocity for the vehicle, we can linearize the 

dynamic model in (4-32) around the following operation points, 𝜓𝑜𝑝
𝑖 = 0, 𝑣𝑜𝑝

𝑖 =

𝑣0
𝑖 , 𝛽𝑜𝑝

𝑖 = 0, 𝑎𝑛𝑑 𝜓̇𝑜𝑝
𝑖 = 0, to achieve the following linear system [83], 

 

𝛽̇𝑖 =
𝑓𝑦𝑓
𝑖 + 𝑓𝑦𝑟

𝑖

𝑚𝑖𝑣0
𝑖

− 𝜓̇𝑖 

𝜓̈𝑖 =
𝑓𝑦𝑓
𝑖 𝑙𝑓

𝑖 − 𝑓𝑦𝑟
𝑖 𝑙𝑟

𝑖

𝐼𝑖
 

 

 

(4-35) 

The linear equations above are only valid for a small range of changes around the 

operating points. A linear form of the tires’ slip angle relationships could also be obtained 

as follow, 

𝛽𝑓
𝑖 = 𝛽𝑖 +

𝑙𝑓
𝑖

𝑣𝑖
𝜓̇𝑖 − 𝛿𝑖 

𝛽𝑟
𝑖 = 𝛽𝑖 −

𝑙𝑟
𝑖

𝑣𝑖
𝜓̇𝑖 

 

 

 

(4-36) 

A linear tire model is used here to characterize the tire behavior which is only valid 

for small slip angle [85]. As depicted in Figure 4-17, 

𝑓𝑦 = 𝑘𝛽 (4-37) 
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where 𝑘 is the cornering stiffness. Using the kinematic relationship 𝑦̇𝑖 = 𝑣0
𝑖 (𝜓𝑖 + 𝛽𝑖), 

the state space form of the linear prediction model can be achieved.  

𝑥̇𝑖 = 𝐴𝑖𝑥𝑖 + 𝐵𝑖𝑢𝑖 ,     (4-38) 

where the states vector 𝑥𝑖 and  𝐴𝑖, 𝐵𝑖, and 𝑢𝑖, are as follows: 

𝑥𝑖 = 

[
 
 
 
 
𝑦𝑖

𝜓𝑖

𝛽𝑖

𝜓̇𝑖]
 
 
 
 

, 

𝐴𝑖 =

[
 
 
 
 
 
 
 
 
0 𝑣0

𝑖

0 0
𝑣0
𝑖                        0
0                       1

0 0
0 0

−
𝑘𝑓
𝑖 + 𝑘𝑟

𝑖

𝑚𝑖𝑣0
𝑖

−

𝑚𝑖𝑣0
𝑖 +

𝑘𝑓
𝑖 𝑙𝑓
𝑖 − 𝑘𝑟

𝑖 𝑙𝑟
𝑖

𝑣0
𝑖

𝑚𝑖𝑣0
𝑖

−
𝑘𝑓
𝑖 𝑙𝑓
𝑖 − 𝑘𝑟

𝑖 𝑙𝑟
𝑖

𝐼𝑖
−
𝑘𝑓
𝑖 𝑙𝑓
𝑖 2 + 𝑘𝑟

𝑖 𝑙𝑟
𝑖 2

𝐼𝑖𝑣0
𝑖 ]

 
 
 
 
 
 
 
 

 

𝐵𝑖 =

[
 
 
 
 
 
0
0
𝑘𝑓
𝑖

𝑚𝑖𝑣0
𝑖

𝑘𝑓
𝑖 𝑙𝑓
𝑖

𝐼𝑖 ]
 
 
 
 
 

, 𝑢𝑖 = 𝛿𝑖 

where 𝑘𝑓
𝑖 , and 𝑘𝑟

𝑖  are the cornering stiffness for front and rear tires. 

 MPC Design 

For the purpose of MPC design, the above LTI state space model must be converted 

to a discrete form. By considering a sampling time 𝑇𝑠, the system (4-38) can be 

discretized and approximated as, 
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𝑥𝑘+1
𝑖 = 𝐴𝑘

𝑖 𝑥𝑘
𝑖 + 𝐵𝑘

𝑖 𝑢𝑘
𝑖 , (4-39) 

Using the forward difference approximation 𝑥̇ ≅ 𝑥𝑘+1 − 𝑥𝑘 𝑇𝑠⁄ , the following 

discrete matrix and vector will be obtained, 

𝐴𝑘
𝑖 = (𝐼 + 𝑇𝑠𝐴

𝑖), 𝐵𝑘
𝑖 = 𝑇𝑠𝐵

𝑖 , 

Model predictive control solves a quadratic programming (QP) problem at each 

control interval. For such problem a scalar, nonnegative measure of controller 

performance is required,  

𝐽𝑖(𝑈𝑘
𝑖 ) = 𝐽

𝑦𝑖
𝑖 (𝑈𝑘

𝑖 ) + 𝐽
∆𝑢𝑖
𝑖 (𝑈𝑘

𝑖 ) + 𝐽
𝜀𝑖
𝑖 (𝑈𝑘

𝑖 ) (4-40) 

Here, 𝑈𝑘
𝑖  is the decision variable vector at control interval 𝑘 for the 𝑖𝑡ℎ vehicle in 

platoon. The main cost function 𝐽(𝑈𝑘
𝑖 ) is composed of some competing objectives with 

corresponding weights which need to be tuned for the specific goal of the controller. The 

decision variable 𝑈𝑘
𝑖  for the 𝑖𝑡ℎ vehicle in platoon is, 

𝑈𝑘
𝑖 = [𝑢𝑖(𝑘|𝑘) 𝑢𝑖(𝑘 + 1|𝑘)… 𝑢𝑖(𝑘 + 𝑝 − 1|𝑘) 𝜀𝑘

𝑖 ]
𝑇
 (4-41) 

The decision variable sequence 𝑈𝑘
𝑖  will be numerically obtained along the prediction 

horizon, however only the first element of this vector will be used as the actual control 

input. 

 Output Reference Tracking 

The main objective of the MPC controller is to track the reference lateral trajectory, 

respecting the constraints of the problem. For lateral reference trajectory tracking, the 

following term will be considered, 
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𝐽𝑦
𝑖 (𝑈𝑘

𝑖 ) =∑{𝑤𝑗
𝑦,𝑖
(𝑦𝑟𝑒𝑓

𝑖 (𝑘 + 𝑗|𝑘) − 𝑦𝑖(𝑘 + 𝑗|𝑘))}
2

𝑝

𝑗=1

 
 

(4-42) 

where 𝑘 is the current control interval, 𝑝 is the prediction horizon, 𝑦𝑟𝑒𝑓
𝑖 (𝑘 + 𝑗|𝑘) is the 

reference trajectory at prediction horizon 𝑗 for control interval 𝑘, and 𝑦𝑖(𝑘 + 𝑗|𝑘) is the 

predicted output at prediction horizon 𝑗 for control interval 𝑘. 𝑤𝑗
𝑦,𝑖

 is tuning weight for 

our output variable. In this MPC control approach, look-ahead (previewing) design is 

implemented where the controller can look-ahead, and preview the path in front of the 

vehicle. Having access to the reference trajectory’s future points for a specific horizon, 

the controller could take actions in advance and thus improve tracking performance.  

 Manipulated Variable Move Suppression 

Small MV adjustments is very desirable for vehicle platooning as it ensures a 

comfortable ride for the passengers. To control this measure the following term is 

introduced to the cost function, 

𝐽
∆𝑢𝑖
𝑖 (𝑈𝑘

𝑖 ) = ∑{𝑤𝑗
∆𝑢,𝑖 (𝑢𝑖(𝑘 + 𝑗|𝑘) − 𝑢𝑖(𝑘 + 𝑗 − 1|𝑘))}

2
𝑝−1

𝑗=0

 

 

(4-43) 

where ∆𝑢𝑖(𝑘 + 𝑗) = 𝑢𝑖(𝑘 + 𝑗) − 𝑢𝑖(𝑘 + 𝑗 − 1), and 𝑤𝑖
∆𝑢,𝑖

 is the tuning weight for MV 

increments at 𝑗𝑡ℎ prediction horizon. 

 Constraint Violation 

The constraint violation term includes a slack variable 𝜀𝑘
𝑖 , which quantifies the worst-

case constraint violation. The corresponding performance term in the cost function is, 

𝐽
𝜀𝑖
𝑖 (𝑈𝑘

𝑖 ) =  𝜌𝜀
𝑖𝜀𝑘
𝑖 2 (4-44) 
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where 𝜀𝑘
𝑖  is the slack variable at control interval 𝑘, and 𝜌𝜀

𝑖 , is the constraint violation 

weight.  

 Constraints 

The next step is to define a set of conditions that the solution of QP must satisfy. In 

this MPC design the constraints include the implicit control horizon 𝑚 < 𝑝, forcing some 

of the manipulated variable (MV) increments equal to zero, and some bounds on 

manipulated variables, its rate of change, and the output variable as well. The constraints 

considered are as follows, 

𝑢𝑚𝑖𝑛
𝑖 − 𝜀𝑘

𝑖 𝑣𝑢,𝑚𝑖𝑛
𝑖 ≤ 𝑢𝑖(𝑘 + 𝑖 − 1|𝑘) ≤ 𝑢𝑚𝑎𝑥

𝑖 − 𝜀𝑘
𝑖 𝑣𝑢,𝑚𝑎𝑥

𝑖  

∆𝑢𝑚𝑖𝑛
𝑖 − 𝜀𝑘

𝑖 𝑣∆𝑢,𝑚𝑖𝑛
𝑖 ≤ ∆𝑢𝑖(𝑘 + 𝑖 − 1|𝑘) ≤ ∆𝑢𝑚𝑎𝑥

𝑖 − 𝜀𝑘
𝑖 𝑣∆𝑢,𝑚𝑎𝑥

𝑖  

𝑦𝑚𝑖𝑛
𝑖 − 𝜀𝑘

𝑖 𝑣𝑦,𝑚𝑖𝑛
𝑖 ≤ 𝑦𝑖(𝑘 + 𝑖|𝑘) ≤ 𝑦𝑚𝑎𝑥

𝑖 − 𝜀𝑘
𝑖 𝑣𝑦,𝑚𝑎𝑥

𝑖  

1 ≤ 𝑖 ≤ 𝑁,   1 ≤ 𝑘 ≤ 𝑝      (4-45) 

where the slack variable 𝜀𝑘
𝑖  is used for constraint softening. 𝑢𝑚𝑖𝑛

𝑖 , 𝑢𝑚𝑎𝑥
𝑖 , are the lower and 

upper bounds on the manipulated variable, ∆𝑢𝑚𝑖𝑛
𝑖 , ∆𝑢𝑚𝑎𝑥

𝑖  are the lower and upper bounds 

on the increments of manipulated variable, and 𝑦𝑚𝑖𝑛
𝑖 , 𝑦𝑚𝑎𝑥

𝑖 , are the lower and upper 

bounds on the output variable at 𝑖𝑡ℎ prediction step respectively. The 𝑣 parameter is a 

dimensionless constant similar to weights used for constraint softening. The MV in this 

design is the steering angle for which physical limitations must be considered.  

 Optimization Problem 

The competing objectives of the MPC controller, and the soft and hard constraints of 

the problem were developed earlier in this section. MPC solves a quadratic program 

optimization problem at each control interval. The solution to this quadratic programing 
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problem determines the MV to be used by the vehicle plant until the next control interval. 

The linear MPC optimization problem to solve can be defined in a compact form as, 

min
𝑈𝑖

𝐽𝑖(𝑈𝑖) = ([
𝑦𝑖(1) − 𝑦𝑟𝑒𝑓

𝑖 (1)
…

𝑦𝑖(𝑝) − 𝑦𝑟𝑒𝑓
𝑖 (𝑝)

]

𝑇

𝑊𝑦
𝑖2 [
𝑦𝑖(1) − 𝑦𝑟𝑒𝑓

𝑖 (1)
…

𝑦𝑖(𝑝) − 𝑦𝑟𝑒𝑓
𝑖 (𝑝)

])

+ ([
∆𝑢𝑖(0)
…

∆𝑢𝑖(𝑝 − 1)
]

𝑇

𝑊∆𝑢
𝑖 2
[
∆𝑢𝑖(0)
…

∆𝑢𝑖(𝑝 − 1)
]) + 𝜌𝜀

𝑖𝜀𝑖
2
 

 

 

 

 

(4-46) 

 

where, 

𝑊𝑦
𝑖 = 𝑑𝑖𝑎𝑔(𝑤𝑦,1

𝑖 , … , 𝑤𝑦,𝑝
𝑖 ) 

𝑊∆𝑢
𝑖 = 𝑑𝑖𝑎𝑔(𝑤∆𝑢,0

𝑖 , … , 𝑤∆𝑢,𝑝−1
𝑖 ) 

subject to the linear constraint set, 

[
 
 
 
 
 
 
 
 
 

𝑢𝑚𝑖𝑛
𝑖 (0) − 𝜀𝑖𝑣𝑢,𝑚𝑖𝑛

𝑖 (0)
…

𝑢𝑚𝑖𝑛
𝑖 (𝑝 − 1) − 𝜀𝑖𝑣𝑢,𝑚𝑖𝑛

𝑖 (𝑝 − 1)

∆𝑢𝑚𝑖𝑛
𝑖 (0) − 𝜀𝑖𝑣∆𝑢,𝑚𝑖𝑛

𝑖 (0)
…

∆𝑢𝑚𝑖𝑛
𝑖 (𝑝 − 1) − 𝜀𝑖𝑣∆𝑢,𝑚𝑖𝑛

𝑖 (𝑝 − 1)

𝑦𝑚𝑖𝑛
𝑖 (1) − 𝜀𝑖𝑣𝑦,𝑚𝑖𝑛

𝑖 (1)
…

𝑦𝑚𝑖𝑛
𝑖 (𝑝) − 𝜀𝑖𝑣𝑦,𝑚𝑖𝑛

𝑖 (𝑝) ]
 
 
 
 
 
 
 
 
 

≤

[
 
 
 
 
 
 
 
 
 

𝑢𝑖(0)
…

𝑢𝑖(𝑝 − 1)

∆𝑢𝑖(0)
…

∆𝑢𝑖(𝑝 − 1)

𝑦𝑖(1)
…

𝑦𝑖(𝑝) ]
 
 
 
 
 
 
 
 
 

≤

[
 
 
 
 
 
 
 
 
 

𝑢𝑚𝑎𝑥
𝑖 (0) − 𝜀𝑖𝑣𝑢,𝑚𝑎𝑥

𝑖 (0)
…

𝑢𝑚𝑎𝑥
𝑖 (𝑝 − 1) − 𝜀𝑖𝑣𝑢,𝑚𝑎𝑥

𝑖 (𝑝 − 1)

∆𝑢𝑚𝑎𝑥
𝑖 (0) − 𝜀𝑖𝑣∆𝑢,𝑚𝑎𝑥

𝑖 (0)
…

∆𝑢𝑚𝑎𝑥
𝑖 (𝑝 − 1) − 𝜀𝑖𝑣∆𝑢,𝑚𝑎𝑥

𝑖 (𝑝 − 1)

𝑦𝑚𝑎𝑥
𝑖 (1) − 𝜀𝑖𝑣𝑦,𝑚𝑎𝑥

𝑖 (1)
…

𝑦𝑚𝑎𝑥
𝑖 (𝑝) − 𝜀𝑖𝑣𝑦,𝑚𝑎𝑥

𝑖 (𝑝) ]
 
 
 
 
 
 
 
 
 

 

The linear MPC optimization problem described above can then be converted to a general 

quadratic programing problem and be solved using one of the several available 

algorithms such as Dantzig-Wolfe’s active set method [86], or the KWIK algorithm [87].  
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 Simulation and Results for Lateral MPC Control 

The simulations for multi-vehicle merging task was carried out in SimPlatoon, an 

object oriented toolbox developed in MATLAB by the authors for simulating different 

platooning scenarios. The main objective of the MPC controller is to track the lateral 

reference maneuver specified by the variable-gap 5th order polynomial while respecting 

the soft and hard constraints imposed for the problem.  

The nonlinear vehicle model ((4-32), and the nonlinear tire model (4-33) are used as 

controlled plant in the simulations. The vehicle and tire models parameters are listed in 

Table 5-1 and for dynamic modeling an open source simulation package is used [83]. For 

MPC implementation, Model Predictive Control Toolbox in MATLAB is used [88]. The 

optimization problem is solved based on the KWIK algorithm [87]. 

 

Table 4-3 Vehicle and tire models’ parameters 

PARAMETERS DESCRIPTION VALUES UNIT 

𝑚𝑖 Mass at center of gravity 1300 𝑘𝑔 

𝐼𝑖 Moment of inertia 10 × 103 𝑘𝑔.𝑚2 

𝑙𝑓
𝑖 = 𝑙𝑓

𝑖  Distance to axles 1.75 𝑚 

𝑐0 Shape factor 1 - 

𝑐1 Load dependency of 𝜇 0 1
𝑘𝑁⁄  

𝑐2 Level of 𝜇 800 - 

𝑐3 Maximum 𝑘 3000 𝑁
𝑑𝑒𝑔⁄  

𝑐4 Load at maximum 𝑘 50 𝑘𝑁 

𝑐5 Chamber sensetivity 0 1
𝑑𝑒𝑔⁄  

𝑐6 Load dependency of 𝜅 0 1
𝑘𝑁⁄  

𝑐7 Level of 𝜅 -1 - 
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The MPC controller parameters are listed in Table 4-4. The soft constraints on steering 

angle have been imposed to ensure a safe lateral maneuver. The weights for constraint 

softening allows small violation. Constraints on MV increments allows a very small 

violation and the constraints could be considered as nearly hard. The constraints for OV 

is chosen as hard constraints for safety considerations. The PDD controller’s gains are 

𝑘𝑝 = 3, 𝑘𝑑 = 5, and 𝑘𝑑𝑑 = 5. These parameters are chosen such that the stability 

conditions in (4-10) are satisfied.  

 The first set of simulations are for a platoon of 5 vehicles, including the leader, and 

one merging vehicle in the left lane. The multi-variable merging strategy is simulated for 

a platoon of vehicles moving at the speed of 90 𝑘𝑚 ℎ⁄ . When the vehicle in the left lane 

announces its intention to join the platoon, the multi-vehicle merging strategy will 

activates. 

Table 4-4 MPC parameters 

PARAMETERS DESCRIPTION VALUES UNIT 

𝑇𝑠 Sampling time 0.0083 𝑠𝑒𝑐 

𝑝 Prediction horizon 10 - 

𝑚 Control horion 2 - 

𝑤𝑦 Tuning weight for OV 1 - 

𝑤Δ𝑢 Tuning weight for MV increments 0.1 - 

𝑢𝑚𝑎𝑥
𝑖 = −𝑢𝑚𝑖𝑛

𝑖  Upper and lower bound for MV 0.5 rad 

∆𝑢𝑚𝑎𝑥
𝑖 = −∆𝑢𝑚𝑖𝑛

𝑖   Upper and lower bound MV increments 0.26 𝑟𝑎𝑑
𝑠⁄  

𝑦𝑚𝑖𝑛 Lower bound for OV −0.5 𝑚 

𝑦𝑚𝑎𝑥 Upper bound for OV 6 𝑚 

𝑣𝑢,𝑚𝑎𝑥
𝑖 = 𝑣𝑢,𝑚𝑖𝑛

𝑖  Weights for constraint softening (MV) 0.2 - 

𝑣∆𝑢,𝑚𝑎𝑥
𝑖

= −𝑣∆𝑢,𝑚𝑖𝑛
𝑖  

Weights for constraint softening (Rate of 

MV) 
0.05 - 

 

𝑣𝑦,𝑚𝑎𝑥
𝑖 = −𝑣𝑦,𝑚𝑖𝑛

𝑖  Weights for constraint softening (OV) 0 - 
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 If access is granted by the platoon leader, then the new vehicle will follow the steps 

in Figure 3-9 to join the platoon. Based on the initial conditions of the incoming vehicle 

the merging vehicle will be assigned as second follower in platoon and will have the 

follower 1 as its preceding vehicle and follower 2 (changes to follower 3 after role 

assignment) as its rear vehicle. Therefor Follower 3 serves as the gap opener in the 

platoon.  

The lateral maneuver will be initiated when the vehicles in platoon under the new 

assignments, - which now includes the merging vehicle- have adjusted their longitudinal 

 
Figure 4-18 Performance of the PDD controller 
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position. Using the variable-gap 5th order polynomial, the merging vehicle will smoothly 

enter into the platoon to complete the merge.  

In order to consider the restrictions for vehicle dynamics, the maximum longitudinal 

acceleration is limited to −3 ≤ al ≤ 3 
m

s2
. This restriction could mean that the vehicles 

have a limited engine power, and cannot respond to all magnitudes of controller’s 

demand. Figure 4-18 shows the performance of the longitudinal PDD controller, and the 

lateral acceleration of the merging vehicle.  

As can be observed, the PDD controller could successfully maintain the spacing 

requirement between vehicles, and also regulate the space for the new merging vehicle 

 
Figure 4-19 Performance of MPC controller 
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with acceptable rising time, settling time, and overshoot. In terms of the lateral control, 

two different tests were carried out, one with no previewing design for MPC controller 

and another one with look-ahead activated. In both cases MPC controller could produce 

very good results in terms of tracking performance. However having the look-ahead 

feature activated, the tracking error reduced considerably compared to case one. The pick 

error in first case is approximately 0.1 𝑚, where as in the case with previewing, the error 

is under 0.02 𝑚 (Figure 4-19).  

The time shift observed in Figure 4-19 is due to the fact that in two described cases, 

there is small difference in the time when the merging is initiated. 

   

 
Figure 4-20 Performance of PDD controller 
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The initial error of follower 3 in Figure 4-18 is due to the fact that follower 3 is in 

charge of opening the gap for merging vehicle, and must open-up a big longitudinal 

space.  

Figure 4-20 and Figure 4-21 demonstrate the same scenario, but this time with three 

merging vehicles. In this scenario, the MPC controller uses previewing feature to do a 

better prediction. As can be observed, all vehicles could successfully merging into the 

main platoon, keeping the maximum lateral acceleration at the rate of 1𝑚 𝑠2⁄   imposed 

by the variable-gap 5th order polynomial. The initial distance error in Figure 4-20, is 

again due to the follower 5 being in charge of opening a big gap for three merging 

vehicles to join the platoon.  

The MPC controller with look-ahead design performs very well in tracking the 

reference trajectory, respecting the constraints on manipulated variable, MV increments, 

and output variable. The variable-gap reference trajectory makes sure to generate a lateral 

trajectory with safe maximum lateral acceleration.  

 Conclusions on Lateral MPC Control 

This section studied the problem of multi-vehicle merging into a platoon. Two 

decoupled controllers were designed to independently control the longitudinal and lateral 

motion of the vehicles. An MPC approach with look-ahead design was utilized to design 

the lateral controller for performing the merging maneuver. Controller can look-ahead, 

and preview the path generated with variable-gap 5th order polynomial to take actions in 

advance and thus improve tracking performance. 
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A combination of soft and hard constraints where chosen to guarantee a safe, efficient 

and comfortable ride.  

Two scenarios where simulated. In the first scenario only one vehicle merges into the 

platoon, once without previewing, and next time using the previewing design. In second 

scenario multiple vehicles announced their intention to merge into platoon and following 

the steps in the multi-vehicle merging strategy, they could complete the merging task 

successfully. 

  

 
Figure 4-21 Performance of MPC controller with previewing 
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 Toward Autonomous Agents for Vehicle Platooning with 

Coupled Dynamics 

 Introduction 

In this chapter, an integrated control for operation of automated vehicles in platoon 

with nonlinear coupled dynamics is presented. In the previous chapter, the longitudinal 

and lateral control systems were developed independently, where there was no 

coordination between controllers. The decoupled control approach might be suitable for 

basic longitudinal platooning, or merging maneuvers with constant speeding of platoon 

and limited steering angles, however for more coordinated maneuvers, and in cases where 

a sensor or actuator might malfunction, a coupled integrated control is more suitable [89]. 

Moreover, our objective in this chapter is to also move towards the implementation of 

control strategies for independent autonomous agents capable of performing platooning. 

With the fast trend in technological advancements, sensors, and communication 

capabilities, autonomous vehicles are becoming a reality. The goal is to develop a 

decentralized control framework realizing autonomous vehicles with platooning 

capability in which different platooning constraints would be accounted for, such as 

desired cruise speed range, safety, and fuel economy. Model Predictive Control (MPC) 

approach is known to be the best way to tackle the described problem [61], [90], [57].   
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 Control for Coupled Dynamic  

The fact that vehicle dynamic model is composed of nonlinear, and intrinsically 

coupled equations, encourages the researchers to tackle the vehicle control problem as 

one combined larger problem. In coupling control approach, both longitudinal and lateral 

motions of vehicle are handled by one controller which simultaneously generate the 

vehicle’s inputs, i.e. acceleration and steering angle. In coupling control problem each 

control action has to account for the interacting dynamics of the vehicle, and therefore a 

more complex problem must be solved. The increased complexity of the problem, 

however, pays off by improving the tracking or regulation objectives through explicitly 

compensating for couplings in vehicle dynamics.  

 Nonlinear MPC Design for Vehicle Platooning 

Nonlinear MPC (NLMPC) control approach uses the nonlinear model of the vehicle 

to predict the future behavior of it, and it offers the best control action by solving a 

nonlinear optimization problem. NLMPC can appropriately handle the MIMO systems 

with nonlinear interaction between the inputs. Due to such interactions in the vehicle 

dynamics, it is difficult to design controllers for MIMO systems using traditional 

controllers such as PID. However, NLMPC approach can control all the outputs of the 

system simultaneously while accounting for platoon’s constraints, and requirements. 

NLMPC approach is a controller of choice when any of the dynamic model, the cost 

functions, the constraints or all of those equations are nonlinear. Since the NLMPC 

requires a nonlinear optimization problem to be solved at each time-step, the 
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computational requirements and complexities will pose a big challenge for experimental 

implementations [61].  

As in traditional MPC, NLMPC determines the control actions by solving a 

combination of a model-based prediction problem and constrained optimization. The key 

differences between traditional MPC and NLMPC are: 

1. The prediction model can include time-varying parameters or be nonlinear 

2. The equality/inequality constraints could be nonlinear 

3. The cost function could also be non-quadratic, and nonlinear function of the 

decision variables 

In this section, we design an NLMPC controller to compute the acceleration and the front 

steering angle of vehicles in the platoon, so that the vehicles could track the desired 

trajectory imposed by the preceding vehicles and satisfy the constraints imposed by 

vehicle dynamics, and the platoon leader. To approach the finite dimensional optimal 

control framework, we utilize the nonlinear vehicle model described in section 3.2. 

 

{
  
 

  
 
𝑥̈𝑖 = 𝑦̇𝑖𝜓̇𝑖 + 𝑎𝑥

𝑖                                                                                                        

𝑦̈𝑖 = −(
2𝐶𝑓

𝑖 + 2𝐶𝑟
𝑖

𝑚𝑖𝑥̇𝑖
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𝑖

 

𝑋̇𝑖 = 𝑥̇𝑖𝑐𝑜𝑠𝜓𝑖 − 𝑦̇𝑖𝑠𝑖𝑛𝜓𝑖 

𝑌̇𝑖 = 𝑥̇𝑖𝑠𝑖𝑛𝜓𝑖 + 𝑦̇𝑖𝑐𝑜𝑠𝜓𝑖 

 

 

 

 

 

(5-1) 
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Here, the state vector for control developments is 𝜉𝑖 = [𝑥̇𝑖 , 𝑦̇𝑖 , 𝜓𝑖 , 𝜓̇𝑖 , 𝑋𝑖 , 𝑌𝑖]𝑇, and the 

input vector 𝑢𝑖 = [𝑎𝑥
𝑖 , 𝛿𝑓

𝑖]𝑇. The output vector is considered to be 𝜂𝑖 = [𝑋𝑖 , 𝑌𝑖]𝑇.  The 

vehicle parameters are described in section 3.2. 

 Since NLMPC is a discrete-time controller, we discretize dynamic model (5-1) with a 

fixed sampling time 𝑇𝑠 using Euler method, to obtain: 

𝜉𝑘+1
𝑖 = 𝑓(𝜉𝑘

𝑖 , 𝑢𝑘
𝑖 ) 

𝜂𝑘
𝑖 = ℎ(𝜉𝑘

𝑖 , 𝑢𝑘
𝑖 ) 

 

(5-2) 

 The objective of the NLMPC control problem is to achieve output tracking, minimize the 

control actions and control action rates while respecting the vehicle and platoon 

constraints. The nominal nonlinear optimization problem with constraints can be 

formulated as follows: 

𝑚𝑖𝑛
𝑈𝑖,𝜖𝑖

 ∑‖𝜂𝑡+𝑘,𝑡
𝑖 − 𝜂𝑟𝑒𝑓

𝑖 ‖
𝑄𝑖

2

𝑝

𝑘=1

+∑‖𝑢𝑡+𝑘,𝑡
𝑖 ‖

𝑅𝑖
2

𝑐−1

𝑘=0

+∑‖𝛥𝑢𝑡+𝑘,𝑡
𝑖 ‖

𝑆𝑖
2

𝑐−1

𝑘=0

+ 𝜌𝑖𝜖𝑖
2

 
 

(5-3) 

Subject to, 

𝜉𝑡+𝑘+1,𝑡
𝑖 = 𝑓(𝜉𝑡+𝑘,𝑡

𝑖 , 𝑢𝑡+𝑘,𝑡
𝑖 ),          𝑘 = 1,… , 𝑝 

𝑥̇𝑡+𝑘
𝑖−1 − 𝑣𝑙 ≤ 𝑥̇𝑡+𝑘

𝑖 ≤ 𝑥̇𝑡+𝑘
𝑖−1 + 𝑣𝑢,          𝑘 = 1,… , 𝑝 

𝑏𝑚𝑖𝑛 ≤ 𝑌𝑡+𝑘
𝑖 ≤ 𝑏𝑚𝑎𝑥 

𝑢𝑡+𝑘,𝑡
𝑖 = 𝑢𝑡+𝑘−1,𝑡

𝑖 + ∆𝑢𝑡+𝑘,𝑡
𝑖 ,          𝑘 = 0,… , 𝑐 − 1 

𝑢𝑚𝑖𝑛
𝑖 ≤ 𝑢𝑡+𝑘,𝑡

𝑖 ≤ 𝑢𝑚𝑎𝑥
𝑖 ,          𝑘 = 0,… , 𝑐 − 1 

∆𝑢𝑚𝑖𝑛
𝑖 ≤ ∆𝑢𝑡+𝑘,𝑡

𝑖 ≤ ∆𝑢𝑚𝑎𝑥
𝑖 ,          𝑘 = 0,… , 𝑐 − 1 

∆𝑢𝑡+𝑘,𝑡
𝑖 = 0,          𝑘 = 𝑐, … , 𝑝 



106 
 

𝑢𝑡+𝑘,𝑡
𝑖 ∈ 𝑈𝑖 

∆𝑢𝑡+𝑘,𝑡
𝑖 ∈ ∆𝑈𝑖 

(5-4) 
Here, the standard MPC notation is borrowed from [91], [62]. In this developments, 

𝜂𝑡+𝑘,𝑡
𝑖  is the predicted output vector at time 𝑡 + 𝑘, obtained by applying 𝑢𝑡+𝑘,𝑡

𝑖  to the 

prediction model (5-2) starting from 𝑘 = 1, and  𝜂𝑟𝑒𝑓
𝑖 = [𝑋𝑟𝑒𝑓

𝑖  𝑌𝑟𝑒𝑓
𝑖 ]𝑇 is the corresponding 

reference trajectory for vehicle 𝑖 in the platoon. The desired reference values are, 𝑋𝑟𝑒𝑓
𝑖 =

𝑋𝑖−1 − 𝑑𝑑
𝑖 , where 𝑑𝑑

𝑖 , is the desired distance between the ego vehicle 𝑖, and the preceding 

vehicle 𝑖 − 1 in platoon. 𝑌𝑟𝑒𝑓
𝑖 = 𝑌𝑖−1. 𝑏𝑚𝑖𝑛, and 𝑏𝑚𝑎𝑥 are the safety constraints which 

represents the road boundaries for lateral maneuvers. 

 𝑈𝑖 = [𝑢𝑘,𝑡
𝑖 , … , 𝑢𝑘+𝑐,𝑡

𝑖 ], is the optimization vector at 𝑡, 𝑝, and 𝑐, are the prediction 

horizon and control horizon, respectively. 𝑣𝑙 and 𝑣𝑢, are the lower and upper variation 

bounds allowed for cruise velocity of vehicle 𝑖 with respect to the proceeding vehicle 𝑖 −

1. At time 𝑡, the nonlinear optimization problem uses the following decision variables: 

 Predicted state values 𝜉𝑘
𝑖  (𝑘 = 1,… , 𝑝), where 𝑝 is the prediction horizon 

 Predicted manipulated variables 𝑢𝑘,𝑡
𝑖  (𝑘 = 0,… , 𝑐 − 1), where 𝑐 is the control 

horizon 

 The slack variable 𝜖𝑖 

𝑄, 𝑅, 𝑆, and 𝜌 are weights with appropriate dimensions penalizing the tracking 

performance, the manipulated variable, the rate of change of manipulated variable, and 

the constraint violation slack variable. Throughout this chapter we assume all the 



107 
 

functions involved in NLMPC formulation satisfy the regularity assumptions such as 

continuity and smoothness. 

The cost function in (5-3) to be minimized is sum of four terms, each focusing on a 

particular aspect of the optimization problem: 

1. First term is for lateral and longitudinal position reference tracking 

2. Second term is in charge of penalizing manipulated variable, and improving 

energy economy 

3. Third term is in charge of manipulated variable move suppression to improve a 

more comfortable ride and a smoother drive.  

4. Fourth term is the constraint violation term which quantifies the worst case 

constraint violation, and serves as a notion of safety. 

The NLMPC controller features a look-ahead design where the controller can look-

ahead, and preview the path in front of the vehicle. Having access to the reference 

trajectory’s future points for a specific horizon, the controller could take actions in 

advance and thus improve tracking performance.  

Linear MPC controllers, if configured properly, will converge to a unique solution. 

However, in NLMPC optimization problems, it is often difficult for the solver to 

converge to a unique minimum, and usually multiple local minima will be found. 

Therefore a good initial condition near the global minimum is very important for 

converging to the best solution. So it is always a good practice to warm start the 

nonlinear solver by providing predicted states, and manipulated variables from previous 

time steps as initial conditions. The stability of the presented NLMPC scheme (5-3) with 
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constraints (5-4) is very difficult to prove, even under no model mismatch, and is still 

under research [59]. 

There are several publicly, or commercially available packages to solve a nonlinear 

programming problem. As an example, the authors in [62] used a commercial package 

called NPSOL which is a set of Fortran routines for minimizing a smooth nonlinear 

function subject to possibly nonlinear constraints [92]. Another choice could be the 

publicly available optimization package named IPOPT which uses an interior point 

algorithm to solve a nonlinear minimization problem [93].  

In this research the nonlinear optimization problem was solved using the sequential 

quadratic programing (SQP) algorithm from MATLAB optimization ToolboxTM 

Software. The basic SQP algorithm is described in [94]. SQP is one of the most effective 

methods to solve nonlinear constrained optimization problems by solving quadratic sub-

problems.  

For the purpose of completeness, we briefly described the general framework of SQP 

methods from [94]. The NLMPC problem developed in equations (5-3) and (5-4) will be 

converted to a general form QP problem as follows:  

min 𝑓(𝑥) 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑐𝑖(𝑥) = 0,    𝑖 ∈ 𝜀, 

𝑐𝑖(𝑥) ≥ 0, 𝑖 ∈ ℐ 

 

 

(5-5) 

𝑓:ℝ𝑛 ⟶ℝ and 𝑐:ℝ𝑛 ⟶ℝ𝑚 are smooth functions. To define a subproblem, both 

equality and inequality constraints have to be linearized, 
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𝑚𝑖𝑛
1

2
𝑝𝑇𝑊𝑘 + ∇𝑓𝑘

𝑇𝑝 

Subject to ∇𝑐𝑖(𝑥𝑘)
𝑇𝑝 + 𝑐𝑖(𝑥𝑘) = 0,          𝑖 ∈ 𝜀, 

∇𝑐𝑖(𝑥𝑘)
𝑇𝑝 + 𝑐𝑖(𝑥𝑘) ≥ 0, 𝑖 ∈ ℐ. 

 

 

 

(5-6) 

Where 𝑊 is the Hessian of the Lagrangian and is assumed to be positive definite.  

 The SQP algorithm then solves for the nonlinear QP problem above as follows (The 

algorithm is taken verbatim from [94]): 

 SQP Algorithm [94]: 

𝜂 ∈ (0,0.5), 𝜏 ∈ (0,1);

(𝑥0, 𝜆0)

𝑛 × 𝑛 𝐵0
𝑓0, ∇𝑓0, 𝑐0, 𝐴0;

𝑘 = 0,1,2,…

𝑝𝑘 (5-6

𝜇𝑘 𝑝𝑘 𝜙 𝑥𝑘
𝛼𝑘 = 1;

𝜙 𝑥𝑘 + 𝛼𝑘𝑝𝑘; 𝜇𝑘) > 𝜙(𝑥𝑘, 𝜇𝑘) + 𝜂𝛼𝑘𝐷𝜙(𝑥𝑘; 𝑝𝑘)

𝛼𝑘 ← 𝜏𝑘𝛼𝑘 𝜏𝛼 ∈ (0, 𝜏)

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘𝑝𝑘
𝑓𝑘+1, ∆𝑓𝑘+1, 𝑐𝑘+1, 𝐴𝑘+1
𝜆𝑘+1

𝜆𝑘+1 = −[𝐴𝑘+1𝐴𝑘+1
𝑇 ]−1𝐴𝑘+1∇𝑓𝑘+1

𝑠𝑘 = 𝛼𝑘𝑝𝑘, 𝑦𝑘 = ∇𝑥ℒ(𝑥𝑘+1, 𝜆𝑘+1) − ∇𝑥ℒ(𝑥𝑘 , 𝜆𝑘)

𝐵𝑘+1 𝐵𝑘

For more details on SQP solver the interested readers are referred to chapter 18 of 

[94]. It is worth mentioning that all the aforementioned procedures are conveniently 

handled by the Model Predictive Control ToolboxTM in MATLAB.  
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 Online State Estimation 

When the states of a system are not directly observable, or if there exists 

measurement or process noise in the system, it is necessary to use an estimation 

technique to get a good estimate of the states that we need for control design. Online 

estimation algorithms estimate the states of a system or plant when new measured data is 

available during the operation of the plant.  

Estimation theory is the theory of sequentially estimating the states of plant using the 

measurements obtained over time [95]. One of the successful methods commonly used 

for online state estimation is Kalman filter, and its variants such as Extended Kalman 

Filter (EKF) and Unscented Kalman Filter (UKF). Kalman filter is suitable for linear 

Gaussian estimation problem, whereas the EKF is better fitted for recursive nonlinear 

estimation problems [96]. The EKF is based on the linearization of non-Gaussian 

probability density function (PDF) in prediction step. EKF has been extensively used in 

the area of state estimation, data fusion and navigation in the past [97], [98].  

 Extended Kalman Filter 

The EKF is an efficient method that collects information from the vehicle sensors and 

iteratively estimates the states of the system. EKF is widely used in nonlinear systems 

such as vehicle motion estimation using GPS sensors [99]. The EKF is very effective 

when state estimation should account for sensor and process noise as well. It estimates 

the states of the system such that the mean square root of the error is minimized. The 

EKF process can be divided into two main steps, the prediction, and the update. Consider 

the following state transition and measurement models: 
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𝜉𝑘
𝑖 = 𝑓(𝜉𝑘−1

𝑖 , 𝑢𝑘
𝑖 ) + 𝜔𝑘

𝑖  

𝜂𝑘
𝑖 = ℎ(𝜉𝑘

𝑖 , 𝑢𝑘
𝑖 ) + 𝜈𝑘

𝑖  

(5-7) 

Where 𝜔𝑘
𝑖 , and 𝜈𝑘

𝑖  are the process and observation noises which are both assumed to be 

Gaussian with zero mean. The corresponding covariance matrices are 𝑄𝑘
𝑖  and 𝑅𝑘

𝑖 , 

respectively. The nonlinear plant model 𝑓(. ), and the measurement model ℎ(. ) must be 

differentiable. The function 𝑓(. ) can be used to predict states from the previous estimate, 

and similarly, the function ℎ(. ), can be used to predict the measurement outputs from the 

predicted states. However, these functions cannot be applied to covariance matrices 

directly. Instead a matrix of partial derivatives or the so-called Jacobian will need to be 

computed. The Jacobians will be evaluated at each time-step using the current predicted 

states. The process essentially linearizes the non-linear models around the operating 

states at each time-step.  

 Discrete-time Prediction Equations 

In prediction step the states and the covariance matrix will be predicted from previous 

quantities, 

𝜉𝑘|𝑘−1
𝑖 = 𝑓(𝜉𝑘−1|𝑘−1

𝑖 , 𝑢𝑘
𝑖 ) 

𝑃𝑘|𝑘−1
𝑖 = 𝐹𝑘

𝑖𝑃𝑘−1|𝑘−1
𝑖 𝐹𝑘

𝑖𝑇 + 𝑄𝑘
𝑖  

(5-8) 

Here, 𝐹𝑘
𝑖  is the Jacobians of 𝑓(𝜉𝑘−1|𝑘−1

𝑖 , 𝑢𝑘
𝑖 ) with respect to the states, 𝑄𝑘

𝑖  is the 

process noise covariance matrix which is assumed Gaussian with zero mean, and 𝑃𝑘|𝑘−1
𝑖  

is the predicted error covariance matrix at time 𝑘. 
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 Discrete-time Measurement Update Equations 

The EKF predicts the states at time 𝑘 using the prediction equations presented in 

section 5.5.1, and then obtains feedback in the form of noisy measurements. The 

measurement update equations are responsible for incorporating the new measurements 

into a priori estimate to obtain an improved a posteriori estimate of the states at time 𝑘. 

The measurement update equations are as follows, 

𝑆𝑘
𝑖 = 𝐻𝑘

𝑖𝑃𝑘|𝑘−1
𝑖 𝐻𝑘

𝑖 𝑇 + 𝑅𝑘
𝑖  

𝐾𝑘
𝑖 = 𝑃𝑘|𝑘−1

𝑖 𝐻𝑘
𝑖 𝑇𝑆𝑘

𝑖 −1 

𝜉𝑘|𝑘
𝑖 = 𝜉𝑘|𝑘−1

𝑖 + 𝐾𝑘
𝑖 (𝜂𝑘

𝑖 − ℎ(𝜉𝑘
𝑖 , 𝑢𝑘

𝑖 )) 

𝑃𝑘|𝑘
𝑖 = (𝐼 − 𝐾𝑘

𝑖𝐻𝑘
𝑖 )𝑃𝑘|𝑘−1

𝑖  

 

 

(5-9) 

 

Where 𝐻𝑘
𝑖  is the Jacobians of ℎ(𝜉𝑘−1|𝑘−1

𝑖 , 𝑢𝑘
𝑖 ) with respect to the states, 𝑅𝑘

𝑖  is the 

measurement noise covariance matrix which is assumed Gaussian with zero mean, 𝑆𝑘
𝑖  is 

called the residual covariance at time 𝑘, and 𝐾𝑘
𝑖  is the near-optimal Kalman gain. 𝜉𝑘|𝑘

𝑖  is 

the updated state estimate, and 𝑃𝑘|𝑘
𝑖  is the updated error covariance matrix.  

In summary, the prediction equations in (5-8), project the state and covariance 

estimates from the previous time step 𝑘 − 1 to the current time step 𝑘, and the 

measurement update equations in (5-9) correct the predicted state and covariance 

estimates using the measurement at time 𝑘.  

 Simulation and Results for Platooning Using NLMPC 

The evaluation of NLMPC controller with the nonlinear plant described in (5-3) and  
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(5-4) have been performed in SimPlatoon which is a toolbox for running different 

platooning scenarios, developed by the authors. Different case studies have been 

performed to evaluate NLMPC for different platooning scenarios. The NLMPC with the 

set of constraints for each vehicle in platoon is in charge of tracking the desired 

longitudinal and lateral trajectories while satisfying a set of constraints defining 

platooning rules, optimizing fuel economy, providing safety, and driving comfort. For 

NLMPC implementation, Model Predictive ControlTM toolbox is used [100]. The vehicle 

and tire models’ parameters are listed in Table 5-1. The NLMPC controller parameters 

are listed in Table 5-2.   

 Simulation Results in Absence of Noise 

In this section several different scenarios for simple platooning, platooning under 

initial errors, platooning under leader acceleration/deceleration, and velocity changes, and 

multi-vehicle merging for different number of merging vehicles under different 

conditions are simulated. 

The first set of simulations are for an eight vehicle platooning on a straight path with 

initial longitudinal position errors. There are four vehicles on the main lane (left lane), 

and three vehicles on the right lane, all platooning under the leader of the platoon. The 

leader of the platoon is moving with constant velocity of 20 𝑚 𝑠⁄  and the bounds on 

velocities are 𝑣𝑙 = 𝑣𝑢 = 2
𝑚
𝑠⁄ .  The initial errors for follower vehicles range between 0 

to 20 𝑚. As can be seen in Figure 5-1, all 7 follower vehicles could successfully 

eliminate the initial position errors, 
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respecting all the constraints imposed by NLMPC controller. Since this is a longitudinal 

platooning with no lateral displacement, there are not much activities on the figures on 

the right. However, the longitudinal velocity, and accelerations remains within the 

imposed bounds by the constraints. The error for longitudinal displacement in steady 

state is less than 15 × 10−3. 

In the next scenario the platoon has similar configuration, however there is no initial error 

in position of the followers. 

 

Table 5-1. Vehicle and tire modelsô parameters 

PARAMETERS DESCRIPTION VALUES UNIT 

𝑚𝑖 Mass at center of gravity 1575 𝑘𝑔 

𝐼𝑧
𝑖  Moment of inertia 2875 𝑘𝑔.𝑚2 

𝑙𝑓
𝑖  Distance to front axles 1.2 𝑚 

𝑙𝑟
𝑖  Distance to rear axles 1.6 m 

𝐶𝑓
𝑖 Cornering stiffness of the front tires 19000 𝑁

𝑟𝑎𝑑⁄  

𝐶𝑟
𝑖 Cornering stiffness of the rear tires 33000 𝑁

𝑟𝑎𝑑⁄  

 

Table 5-2 MPC parameters 

PARAMETERS DESCRIPTION VALUES UNIT 

𝑇𝑠 Sampling time 0.1 𝑠𝑒𝑐 

𝑝 Prediction horizon 10 - 

𝑚 Control horion 2 - 

𝑤𝑦 Tuning weight for OVs [20 10] - 

𝑤𝑢 Tuning weight for MVs [1 1] - 

𝑤Δ𝑢 Tuning weight for MVs increments [0.15 0.1] - 

𝜌𝑖 Tuning weight for slack variable 100000 - 

𝑢𝑚𝑎𝑥
𝑎,𝑖 = −𝑢𝑚𝑖𝑛

𝑎,𝑖
 Upper and lower bound for acceleration 3 m/𝑠2 

𝑢𝑚𝑎𝑥
𝛿,𝑖 = −𝑢𝑚𝑖𝑛

𝛿,𝑖
 Upper and lower bound steering 1.13 rad 

∆𝑢𝑚𝑎𝑥
𝑎,𝑖 = −∆𝑢𝑚𝑖𝑛

𝑎,𝑖
  Upper and lower bound MV increments 0.5 m/𝑠2 

𝑏𝑚𝑖𝑛 Lower bound for OV −1 𝑚 

𝑏𝑚𝑎𝑥 Upper bound for OV 6 𝑚 
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In this scenario the platoon leader accelerate and decelerate for a period of time, which 

changes the longitudinal velocity of the platoon respectively. In the first case, the platoon 

leader decelerations for 2.5 seconds with a braking force of −1 𝑚 𝑠2⁄ , zero acceleration 

for 5 seconds, and then acceleration for 1 𝑚 𝑠2⁄  for another 2.5 seconds (Figure 5-2). In 

the second case the acceleration profile is the same but acceleration range is 

[−2  2] 𝑚 𝑠2⁄  (Figure 5-3). 
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Figure 5-1.  Vehicle platooning for 8 vehicles (including the leader) on a straight path 

with initial errors 
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Figure 5-2 Vehicle platooning for 8 vehicles with leader acceleration change and no 

initial errors 
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Figure 5-3 Vehicle platooning for 8 vehicles with leader acceleration change 
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As it can be observed in Figure 5-2, and Figure 5-3 in both cases, the NLMPC 

controller could successfully follow the leader’s velocity and acceleration profiles.  The 

𝑋 error graphs in both cases show very small peak value for position errors which is a 

good index for controller performance. The Peak value for 𝑋 error in the first case is 

0.062 m, and in the second case is 0.2 𝑚. The bounds on velocities are considered 𝑣𝑙 =

𝑣𝑢 = 5
𝑚
𝑠⁄ , to allow velocity changes, so that the follower vehicles could catch up with 

the leader acceleration changes. 

The next scenarios are to verify the NLMPC controller performance under multi-

vehicles merging strategy. In the first case for multi-merging strategy simulation, there 

are 5 vehicles including the leader in the left lane, and 3 vehicle in the right lane willing 

to join into the platoon. The three merging vehicles announce their intention to join the 

platoon at time 1.5 𝑠. Based on the position of the merging vehicles with respect to the 

follower vehicles in main platoon, and following the strategy for multi-vehicle merging 

described in section 3.5, the follower one (F1), will be chosen as the preceding vehicle of 

the first merging vehicle (M1), and follower two (F2) will be assigned as the gap opener 

 

Figure 5-4 Longitudinal error (zoomed in) for three merging vehicles coming into 

platoon 
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Figure 5-5 Multi-merging strategy for three merging vehicles joining a platoon of five 

vehicles 
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Figure 5-6 Multi-merging strategy for four merging vehicles 
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for the merging vehicles to join the platoon. As can be seen in Figure 5-4, the 

longitudinal error for three merging vehicles is less than 0.2 𝑚 which is very promising. 

As can be observed in Figure 5-5, the longitudinal position error for gap opener is much 

higher than the other vehicles since after the merging task is initiated, it opens a gap 

equal to the new position error. The peak absolute lateral position error is 0.0082 m 

which is very satisfactory. 

Figure 5-6 simulated the same scenario as in previous one, however this time with four 

merging vehicles. As it can be observed the longitudinal velocities for all vehicles in 

platoon are within the bounds imposed by the constraints, the longitudinal position errors 

in steady state go to zero, the longitudinal acceleration inputs are all within the restricted 

range, and the lateral trajectories and errors are all well behaved. The steering angles for 

the merging vehicles have varied in a small range, ensuring a smooth and safe lateral 

maneuver.  

The next scenario (Figure 5-7) is the simulation of three merging vehicle into a platoon of 

5 vehicles similar to what presented in Figure 5-5, but this time a 10% dynamic mismatch 

is added to the vehicle plant. In this scenario all vehicle parameters for the plant have 

been increased by 10%, to emulate a dynamic mismatch. By closely comparing the 

performance of the controller in the two cases Figure 5-7, and Figure 5-5, we observed 

very small difference between the results, suggesting the robustness of the controller to 

small modeling mismatch. 

Figure 5-8, is simulating the multi-merging strategy of two in-coming vehicles in to 

platoon, but this time with initial positioning error for all vehicles. The initial errors range 
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Figure 5-7 Multi-merging strategy for three vehicles under dynamic model mismatch 
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Figure 5-8 Multi-merging strategy for two merging vehicles under initial position 

error 
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between 5 to 25 meters. In this scenario the controller for each vehicle must satisfy the 

tracking objectives and also eliminate the initial errors simultaneously. As can be 

observed in the 𝑋 error graph in Figure 5-8, the controllers successfully eliminated the 

initial errors, and fulfilled the tracking objectives of platooning. This is one of the 

challenging scenarios for the controller to fulfill two simultaneous tracking objectives. As 

shows in Figure 5-8, there are more acceleration input change to satisfy the two 

longitudinal motion objectives, however both longitudinal and lateral position errors are 

kept very low.  

In all these scenarios with initial errors, changes in velocities and accelerations, lateral 

motion and merging, the NLMPC controller showed a very promising and robust 

performance respecting all the constraints of the problem. 
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 Simulation Results in Presence of Noise 

In previous section, the effects of external disturbances, modeling errors, and 

measurement noise were not considered in simulations. Except for one scenario in which 

a model mismatch was simulated, no systematic approach for incorporating process and 

measurement noise was tested. In more realistic scenarios, there are always external 

disturbances, modeling errors, and measurement noise present. For instance, slippage, 

and road surface problems may be considered as disturbances. In this section these 

factors will be considered in the simulations through some additive terms in EKF 

formulations.  

The function 𝜂𝑘
𝑖 = ℎ(𝜉𝑘

𝑖 , 𝑢𝑘
𝑖 ) in (5-2) indicates that only position measurements are 

available. A position sensor such as GPS provides position measurements at the sample 

rate of 𝑇𝑠, which depending on the environment could range between  1 − 10 𝐻𝑧 [99].  

The elements of 𝜔𝑘
𝑖  (Process noise) in (5-7) captures how much the vehicle states can 

vary over one sample time 𝑇𝑠. The covariance matrix 𝑄𝑘
𝑖  of the process noise 𝜔𝑘

𝑖 , if 

diagonal, considers a naive assumption that the state changes are uncorrelated. 

𝑄𝑘
𝑖  accounts for model inaccuracies, and the effect of unknown disturbances on the plant. 

Different diagonal values reflect different impact of each state by modeling errors.  

The elements of 𝜈𝑘
𝑖   (Measurement noise) represent noisy sensor measurements. 

There are several sources of noise in sensor measurements such as GPS, and the 

measured signal can be degraded due to different factors such as physical medium and 

electrical noise from electrical circuits. The process noise covariance matrix 𝑄𝑘
𝑖  and the 
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measurement noise covariance matrix, 𝑅𝑘
𝑖  might change with each time-step, however 

here these matrices are considered constant.  

In this section we simulate several scenarios under modeling error and measurement 

noise to evaluate the performance of the NLMPC controller under model and 

measurement errors. Multi-vehicle merging of three vehicles under two different 

magnitudes of measurement noise are tested. A two-lane vehicle platooning of eight 

vehicles is also tested in which the leader vehicle performs double-lane change maneuver 

under large measurement noise. For all these three scenario the EKF estimated signals are 

demonstrated and compared with the measured signals. 

In the first scenario there are 5 vehicles (including the leader) in platoon formation, 

travelling at the speed of 20
𝑚

𝑠
 in the left lane. There are three merging vehicles in the 

right lane that are willing to merge into the platoon. There are different ways of 

incorporating modeling error, and measurement noise into our equations. One way to do 

that is to assume additive disturbance and noise. In this scenario, the process noise 

covariance matrix and the measurement noise covariance matrix are: 𝑄𝑘
𝑖 =

𝑑𝑖𝑎𝑔[1, 1, 0.01, 0.001, 5, 5] and 𝑅𝑘
𝑖 =  𝑑𝑖𝑎𝑔[50, 50].  

Note that the diagonal matrices 𝑄𝑘
𝑖 , and 𝑅𝑘

𝑖  represent a naïve assumption that the 

states, and measurements noises are uncorrelated. If the noise is Gaussian, which is our 

second assumption here, then 68% of the corresponding states and measurement values 

will be within  ±√𝑉𝑎𝑟𝑖𝑛𝑎𝑐𝑒 of the states and the measurements. Variance of the states 

and outputs are the corresponding diagonals of the 𝑄𝑘
𝑖 , and 𝑅𝑘

𝑖 . In simpler terms, if the 

position measurements are provided through a sensor such as GPS, or a combination of 
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sensors having 𝑅𝑘
𝑖 =  𝑑𝑖𝑎𝑔[50, 50] indicates that 68% of the position measurements are 

within ±√50 of the actual positions in the 𝑋, and 𝑌 directions. 
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Figure 5-9 Multi- vehicle merging strategy for three vehicles under measurement 

noise with [−0.02: 0.02] 𝑚 noise bounds 
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Figure 5-9, shows the performance of the NLMPC controller for multi-vehicle 

merging strategy under modelling error, and measurement noise. As can be observed in 

Figure 5-9, the covariance matrices adopted for this scenario have affected the states and 

the manipulated variables. Since the range for yaw motion and steering angle changes are 

smaller values compared to longitudinal and lateral displacements, the signal to noise 

ratio is much smaller and noise signal is more prominent for yaw motion and steering 

angle. However the NLMPC could successfully track the desire outputs and the 

platooning and merging tasks have been completed successfully.  

It is worth mentioning that the elements of measurement noise capture how much the 

corresponding variables could change over one time step. For sample time of 𝑇𝑠 = 0.1, 

the amount of measurement noise must be chosen proportionally to the amount of 

longitudinal and lateral displacement over one step to ensure control stability. For that, 

the noise and disturbance cannot be considered purely Gaussian since bounds on these 

quantities are required. In this scenario the measurement noise is modeled as nearly 

Gaussian distribution with zero mean and covariance 𝑅𝑘
𝑖  and the error bounds is 

considered to be [−0.02: 0.02] 𝑚. In simulations, the measurement noise is generated as 

Gaussian with zero mean, however any noise larger than the bounds will be replaced by 

the maximum bound.  

The measurement noise is applied to the output variables 𝜂𝑖 = [𝑋𝑖 , 𝑌𝑖]𝑇, however due 

to dynamic couplings between the states, all the states have been affected by the 

measurement noise in EKF estimation process. Depending on the range of changes of the 

states, the process noise covariance, and the measurement noise covariance matrices, the 

magnitude of noise influence on states will be different. 
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The EKF assumes that each state and output signal is a random and Gaussian distributed 

variable with a mean value and a variance which is the uncertainty. The External 

uncertainty such as slipping of the wheels or bumps on the road are introduced into the 

 

Figure 5-10 Errors for Measured signals, and the EKF estimated signals for the first 

follower vehicle with [−0.02: 0.02] 𝑚 noise bounds 
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problem in terms of the covariance matrix 𝑄𝑘
𝑖 . Another way of expressing this is that we 

are treating the unknown influences as noise with covariance 𝑄𝑘
𝑖 . The same story is valid 

about measurement signals. 

 

 

Figure 5-11 Errors for measured signals, and the EKF estimated signals for the first 

merging vehicle with [−0.02: 0.02] 𝑚 noise bounds 
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Figure 5-10 to Figure 5-16 show the measured signals errors versus the estimated signals 

errors. The EKF in this scenario is in charge of estimating the full states from the two 

noisy measurement signals. As can be observed, the EKF could successfully reduce the 

measurement noise and properly estimated the states for NLMPC to control the vehicles 

and execute the merging task. The mean absolute noise (MAE) for each signal is 

 

Figure 5-12 Errors for measured signals, and the EKF estimated signals for the second 

merging vehicle with [−0.02: 0.02] 𝑚 noise bounds 
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computed and listed in the figures. The MAE for 𝑋 error has approximately reduced 

between 12% to 33% using EKF, and for 𝑌 error, the MAE is reduced approximately 

around 35% 𝑡𝑜 55%. 

 

Figure 5-13 Errors for measured signals, and the EKF estimated signals for the third 

merging vehicle with [−0.02: 0.02] 𝑚 noise bounds 
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Several statistics of the measured signals and the corresponding estimated signals are 

listed in Table 5-3 and Table 5-4. The influence of EKF on 𝑌 error is better observable. 

 

 

 

Figure 5-14. Errors for measured signals, and the EKF estimated signals for fifth 

follower with [−0.02: 0.02] 𝑚 noise bounds 
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Figure 5-15 Errors for measured signals, and the EKF estimated signals for sixth 

follower with [−0.02: 0.02] 𝑚 noise bounds 
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Figure 5-16 Errors for measured signals, and the EKF estimated signals for seventh 

follower with [−0.02: 0.02] 𝑚 noise bounds 
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Table 5-3 Measured and Estimated Signals Statistics for 𝑋 Errors with 

[−0.02: 0.02] 𝑚 noise bounds 

X ERROR min max mean median mode std range 

F1 
Measurement -1.967  0.139  -0.044  -0.0008  -1.967  0.2617  2.106  

EKF -1.957  0.125 -0.044  -0.0008 -1.957  0.2607  2.082  

M1 
Measurement -0.157  0.072  0.0048  0.007  -0.1569  0.0344 0.2289  

EKF -0.14  0.058  0.0033  0.005  -0.1425  0.0285  0.2006  

M2 
Measurement -0.15  0.125  -0.0058  -0.005  -0.15  0.0349  0.2757  

EKF -0.14  0.112  -0.0062  -0.006  -0.1357  0.0295  0.2471  

M3 
Measurement -0.17  0.088  -0.0039  -0.002  -0.1681  0.0351  0.2557  

EKF -0.15  0.074  -0.004  -0.001  -0.1537  0.0293  0.2273  

F5 
Measurement -74.97  0.107  -28.83  -26.02  -74.97  25.02  75.08  

EKF -74.97  0.102  -28.83  -26.01  -74.97  25.02  75.07  

F6 
Measurement -0.46  0.095 -0.190  -0.17 -0.4623  0.1402  0.5569  

EKF -0.45  0.084  -0.189  -0.16 -0.4483  0.1393  0.5326  

F7 
Measurement -0.26  0.118  -0.083  -0.077  -0.2566  0.0833  0.3749  

EKF -0.24  0.104  -0.083  -0.073  -0.2428  0.0811  0.3851  

 

Table 5-4 Measured and Estimated Signals Statistics for 𝑌 Errors, with 

[−0.02: 0.02] 𝑚 noise bounds 

Y ERROR min max mean median mode std range 

F1 
Measurement -0.0401 0.0401  -0.0008  -0.0014 -0.0401  0.0219 0.080 

EKF -0.0267 0.0267  -0.0005  -0.00079  -0.0267  0.0111  0.053  

M1 
Measurement -0.0471  0.039  -0.004  -0.00986  -0.0471  0.0221  0.086  

EKF -0.0337  0.0256  -0.003  -0.0031  -0.0337  0.0115  0.059  

M2 
Measurement -0.0398  0.041  0 0.00073 -0.0397 0.0219  0.081  

EKF -0.0263  0.0286  0 -0.00077  -0.0263  0.0113  0.055  

M3 
Measurement -0.0417  0.0411  -0.002  -0.0053 -0.0417  0.0220  0.083  

EKF -0.0284  0.0276  -0.002  -0.0021  -0.0284  0.0114  0.056  

F5 Measurement -0.0372  0.0387  -0.0005 -0.0015  -0.0372  0.0216  0.076  

EKF -0.0238  0.0252  -0.0003  -0.00014  -0.0238  0.0107  0.049 

F6 Measurement -0.0352  0.0404  -0.0004  -0.0009  -0.0352  0.0212  0.076  

EKF -0.0217  0.027  -0.0003  -0.0011  -0.0217  0.0103  0.049  

F7 Measurement -0.0367  0.0391  0.00207 0.006  -0.0367  0.0219  0.076  

EKF -0.0232  0.0256  0.00137  0.0005  -0.018 0.0110  0.049  
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Next scenario is similar to the previous scenario, but this time with different level of 

measurement noise. In this scenario with increased the measurement noise bounds by five 

times to [−0.1: 0.1] 𝑚. Figure 5-17 shows the performance of the NLMPC controller for 

multi-vehicle merging strategy under modelling error, and measurement noise. As can be 

observed in Figure 5-17, the measurement noise adopted for this scenario have affected 

the states and the manipulated variables. Despite the large level of measurement noise, 

the NLMPC controller properly manages to track the desired outputs and complete the 

merging and platooning tasks. This is worth mentioning that with constant velocity of 

20 
𝑚

𝑠
, and in time of merging, each vehicle normally move around 2 𝑚 in 𝑋 direction and 

0.15 𝑚 in 𝑌 direction in each time step. The bounds on measurement noise considers the 

maximum noise level on the output to be 0.1 𝑚, which compared to signal changes in one 

time-step is very large specially for 𝑌 direction. The maximum measurement noise level 

is listed in Table 5-5.  

Figure 5-18 to Figure 5-24 show the measured signals errors versus the estimated signals 

errors. The EKF in this scenario is again in charge of estimating the full states from the 

two noisy measurement signals. As can be observed, the EKF could successfully reduce 

the measurement noise and properly estimated the states for NLMPC to control the 

vehicles and execute the merging task. The MAE error for each signal is computed and 

Table 5-5. Maximum Bounds on Measurement Noise 

Measurement noise (𝜈𝑘
𝑖 ) 

𝑅𝑘
𝑖 = [

50 0
0 50

] 

Longitudinal displacement 

𝑋 (𝑚) 

Lateral displacement 

𝑌 (𝑚) 

Maximum error magnitude 0.1 𝑚 0.1 𝑚 

 



140 
 

listed in the respective figures. The MAE for 𝑋 error in EKF estimated signal has 

approximately reduced approximately up to 23%, and for 𝑌 error, the MAE is reduced 

approximately around 50%. 

The last scenario is a two lane platooning in which the leader executes a double-lane-

change maneuver. The measurement noise bounds are similar to previous scenario at 

[−0.1: 0.1] 𝑚. In previous scenarios, the NLMPC controller had the privilege to use the 

look-ahead desired trajectory where the controller could look-ahead, and preview the path 

in front of the vehicle. Having access to the reference trajectory’s future points for a 

specific horizon, the controller could take actions in advance and thus improve tracking 

performance. However, in this scenario the look a-head trajectory is not available for 

double-lane-change, and the controller performance slightly degrades but yet performs 

satisfactory.   

As can be observed in Figure 5-25, there are seven vehicles following the leader of 

the platoon. Five vehicles are in left lane (including the leader), and three vehicles are in 

right lane. The Leader executes a double-lane-change maneuver, and all other follower 

vehicles executes the same maneuver each in its own lane. Even under the large additive 

measurement noise, the vehicles could all perform satisfactory tracking their preceding 

vehicles while respecting the controller constraints. Figure 5-26 to Figure 5-32 shows the 

measured signals errors versus the estimated signals errors similar to previous scenarios. 
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Figure 5-17 Multi- vehicle merging strategy for three vehicles under large 

measurement noise with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-18 Errors for measured signals, and the EKF estimated signals for first 

follower with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-19 Errors for measured signals, and the EKF estimated signals for first 

merging vehicle with [−0.1: 0.1] 𝑚 noise bounds 

 



144 
 

 

 

 

 

 

 

Figure 5-20 Errors for measured signals, and the EKF estimated signals for second 

merging vehicle with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-21 Errors for measured signals, and the EKF estimated signals for third 

merging vehicle with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-22 Errors for measured signals, and the EKF estimated signals for fifth 

follower vehicle with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-23 Errors for measured signals, and the EKF estimated signals for sixth 

follower vehicle with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-24 Errors for measured signals, and the EKF estimated signals for seventh 

follower vehicle with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-25 Two- lane vehicle platooning, with the leader vehicle executing a double- 

lane change maneuver under measurement and process noise with [−0.1: 0.1] 𝑚 noise 

bounds 
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Figure 5-26 Errors for measured signals, and the EKF estimated signals for first 

follower vehicle with [−0.1: 0.1] 𝑚 noise bounds 

 



151 
 

 

 

 

 

 

 

Figure 5-27 Errors for measured signals, and the EKF estimated signals for second 

follower vehicle with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-28 Errors for measured signals, and the EKF estimated signals for third 

follower vehicle with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-29 Errors for measured signals, and the EKF estimated signals for fourth 

follower vehicle with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-30 Errors for measured signals, and the EKF estimated signals for fifth 

follower vehicle with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-31 Errors for measured signals, and the EKF estimated signals for sixth 

follower vehicle with [−0.1: 0.1] 𝑚 noise bounds 
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Figure 5-32 Errors for measured signals, and the EKF estimated signals for seventh 

follower vehicle with [−0.1: 0.1] 𝑚 noise bounds 

 



157 
 

 Conclusions 

In this chapter, an integrated nonlinear MPC control for operation of automated 

vehicles in platoon with nonlinear coupled dynamics was presented. A nonlinear MPC 

control approach was adopted to control vehicles in platoon and the multi-vehicle 

merging strategy was formulated using this framework. An extended Kalman filter 

observer was also designed to estimate the states of the system from noisy measurements. 

Many different scenarios for simple platooning, platooning under initial errors, 

platooning under leader acceleration/deceleration, and velocity changes, multi-vehicle 

merging for different number of merging vehicle, and platooning under leader double-

lane-change maneuver were executed. Several scenarios where repeated under modeling 

error, and different levels of measurement noise. The NLMPC framework for platooning 

and multi-vehicle merging task proved to perform very satisfactory, and robust, satisfying 

several design, and safety constraints. 
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 Conclusions 

This dissertation studied the problem of vehicle platooning, and merging from several 

different aspects. We studied the problem of vehicle platooning and merging to 

investigate various aspects of longitudinal and lateral control, lateral trajectories, and 

strategies necessary for multi-vehicle merging under safe and driver comfort conditions. 

We implemented several longitudinal, and lateral controllers, and also coupling 

controllers and compared their performances in stabilizing the vehicles in platoons.  We 

also investigated different lateral trajectories for lateral maneuvers and introduced the 

concept of variable-gap lateral trajectories with an averaging filter for velocity term and 

compared the results with previous methods. Variable-gap polynomials provide a more 

optimized solution for lateral maneuvers in different platoon speeds. In addition, we 

proposed a strategy for multi-vehicle merging into a platoon and tested it with proposed 

variable-gap lateral trajectory methods which enable multiple vehicles to join an existing 

platoon simultaneously. Moreover, we tested the performance of the proposed strategy 

and variable-gap polynomials under sudden braking using a switching function. In case 

of emergencies and sudden braking during merging, using the proposed switching 

function could help the incoming vehicles to safely merge into the platoons but at the cost 

of a slower merge. The proposed merging strategy could effectively be used in single and 

multi-vehicle merging scenarios. 

A nonlinear MPC control approach with extended Kalman filter observer was 

proposed as a platooning framework which can handle several platooning requirements 

such as longitudinal and lateral tracking of the preceding vehicle and multi-vehicle 

merging into platoon under modelling errors, and measurement noise. 
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This dissertation has addressed some of the new challenges in the area of vehicle 

merging and platooning which helps in understanding and guides the implementation of 

automatic vehicle platooning in practice. 

These findings provide important guidance for future works which includes 

implementation of lateral-longitudinal controllers and the merging framework on full-size 

autonomous vehicles. 

There are several aspects of this research that can be considered and extended for 

future works both from theoretical, as well as experimental points of view. From a 

theoretical point of view, the stability of the presented NLMPC scheme (5-3) with 

constraints (5-4) is very difficult to prove, even under no model mismatch, and is still 

under research [59]. Because of the system nonlinearities and the time-varying 

constraints, it is very challenging if possible, to guarantee the feasibility of solutions for 

NLMPC under all possible conditions. Taking further steps in developing practical 

NLMPC schemes for vehicle platooning which would be robust to modelling errors, and 

measurement noise with guaranteed stability is definitely a worthwhile research topic. 

There are also other environmental factors and driving scenarios that could be 

considered in simulations such as obstacles on the roads, communication delay, 

communication failure, traffic congestion in the adjacent lanes, merging out of the 

platoon, etc.    

Moreover, experimental implementation of the proposed methods, and simulated 

scenarios will open a new research gate to the hidden aspects of this study. Many 

experimental implementation requirements such as disturbance and noise identification, 
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wireless communication delays, vehicle dynamic constraints and limitations will be the 

new challenges, and obstacles on the horizon. A brief small-scale mobile robot 

platooning platform was studied, and the different requirements are listed in the 

appendix. However, the proposed methods are simulated for real-scaled vehicles, and are 

not meant to be implemented on the mobile robot platform described in the appendix. 

The scaled-down mobile robotic test-bed could be used to test and evaluate the 

fundamental finding of merging strategies, CACC, hierarchical controls, but not 

necessarily captures the real vehicle dynamics. 

.   
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Appendix 

I. Mobile Robot Coordinated Platooning 

This appendix presents the problem of mobile robots specialized coordinated motion, 

namely platooning from an experimental point of view. The goal for this appendix is not 

to validate the previously simulated results which were on real world-scale simulated 

vehicles but to go through different requirements, and hardware of platooning in a small 

scaled mobile robots set-up, and run some basic tests. An experimental set-up consisting 

of multiple mobile robots is developed to emulate a scaled version of real-life connected 

vehicles which will move in a platoon formation for enhanced efficiency, safety, and 

energy conservations.  The autonomous motion of multiple robots could be coordinated 

through wireless communications between them and a lead robot. Different aspects and 

requirements of an experimental platform to accomplish this mission are discussed.  A 

platooning scenario using our connected mobile robots is demonstrated in this section.  

The efficiency of the described platform in implementing vehicle platooning strategies 

and the behavior of propagation error when there is no communication between robots is 

observed from this experiment.  

II. Requirements for Small-Scale Platooning Experiments 

To realize an autonomous platoon in connected vehicle setting several state-of-the-art 

technologies need to be put together in vehicles and sometimes in road infrastructures. As 

illustrated in Figure.  I, vehicles in platoons must be drive-by-wire enabled, i.e., the 

brake, throttle, and steering need to be automatically controlled 
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with appropriate sensors, actuators and control systems.  They also need to be equipped 

with onboard computing units to process algorithms for decision making, signal 

processing, and management systems, etc.  In addition, they require measurement and 

sensory systems to navigate, do localization, and detect objects around them.  Another 

necessary component is a communications unit.  Internal and external communications 

are two main requirements 

TABLE.  I Specification of indoor navigation system 
Elements Technical Information 

Range 2.5-3 m of diameter with 1 landmarks 

Accuracy 3.5 cm / 3 degrees 

Measurement time 10 times /sec 

 

 

Figure.  I Khepera III mobile robots in CISR mobile robotics laboratory 
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for autonomous vehicles in a connected vehicle setting. Vehicles must be able to 

communicate wirelessly with other vehicles in platoon or with traffic centers, if 

necessary.   

In this appendix, mobile robots equipped with proximity sensors, video camera, 

wireless communications, and other equipment are utilized to enable connected vehicle 

experiments. The various parts of this experimental set-up for a small-scale connected 

vehicles are discussed next. 

III. Mobile Robot Platform 

The first thing to emulate a real platoon experiment is to have a wheeled mobile robot 

which can be controlled through a series of commands and high-level and low- level 

control loops.  For this purpose Khepera III robots from k-team are used.  These mobile 

robots are well equipped with different sensory systems, onboard computers, and 

communication boards. They could be programmed onboard or controlled wirelessly 

through a ground station. 

IV. Onboard Computers 

Onboard computers are necessary since many control, measurement, and 

communication processes must be handled onboard the mobile robots.  For that purpose 

the mobile robots are equipped with Korebot II boards which inherit an Xscale processor 

with 600 MHz clock rate, and 128 Mbytes of RAM. The embedded Linux Operating 

System provides a versatile development environment. Korebot II has several connectors 

such as, mini-USB, compact flash-type socket for wireless adaptor, and RS232 for serial 

connection.  
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V. Wireless Communications 

Wireless communications is required for all connected vehicles, and in particular, 

platooning requires two-way communications.  The mobile robots should be capable of 

communicating with each other and with the ground station if needed.   

A standard wireless network called IEEE 802.11 B/G is used.  KoreWifi is a compact 

flash type I card, which can be interfaced using Korebot II boards.  This module has all 

necessary drivers to work with Linux distribution on Korebot II board and Khepera III 

robot.  

VI. Measurement Systems 

Sensory system is a key part of any automated system. Mobile robots in connected 

vehicles need to obtain information from their environment and from other members of 

platoon using their sensors. They need sensors to detect obstacles, to measure their 

distance with other objects, and to navigate their path by having their global positions.  

These mobile robots are equipped with an array of IR proximity sensors and 5 Ultrasonic 

sensors for distance measurement range from 25 cm to 2 meters. 

To emulate GPS in an indoor laboratory environment, StarGazers are used.  

Stargazers are indoor navigational systems originally developed by Hogisonic Company, 

which provide global positioning data for each mobile robot similar to what GPS 

provides in real vehicles. Stargazers could be used for navigation, especially for mapping 

and localization. This module has a camera for capturing IR-reflecting landmarks on the 

ceiling. The technical specifications of these sensors are shown in TABLE.  I.  
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VII. Experimental Results 

Using the described mobile robots, platooning experiments have been conducted in 

CISR mobile robotic lab at GWU to demonstrate the feasibility of the system.  

First, a straight line platooning has been conducted to show the preliminary 

capabilities of the described platform.  The platoon is constituted of three robots, the 

leader, the follower number 1, immediately preceding the leader and the follower 2, 

which precedes follower number 1. The leader is controlled by human operator via 

ground station and follower 1 and follower 2 autonomously produce a safe distance to the 

front mobile robot and follow its trajectory through the platoon path.  For that, the IR 

sensors surrounding the robot are used as a means to follow the robot in front at a safe 

distance. The stargazers are used to evaluate the performance of infrared sensors and 

control system.  Note that the role of the leader can also be accomplished by an 

autonomous lane following if desired. Infrared sensors might not be the best tool for 

distance measurement since the amplitude response of IR sensors are based on amplitude 

of the reflected light from surrounding objects which is a nonlinear behavior and depends 

on many factors such as object surface and light condition of the environment. As a 

result, the main application of IR sensors is obstacle avoidance or object following at 

certain proximity. So this type of sensors is not suitable for precise position control of 

mobile robots.  However, in this paper a common object following algorithm is used 

which called Braitenberg controller.  Using this controller, each follower mobile robot is 

called a Braitenberg agent, which can autonomously move around based on its sensor 

inputs (In this paper IR sensors) [101]. 
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Depending on how the sensors and the actuators of the robots are related to each other 

the mobile robot may exhibit different behaviors.  In the case of mobile robot platooning 

using IR sensors, the Braitenberg controller is in charge of perceiving objects in robot 

proximity and commanding the robot actuators to follow the object perceived as a target. 

The relation between the mobile robot wheel speed, IR sensors values and the 

Braitenberg weights for Khepera III robots are as follows: 

𝑣𝑙 =∑(𝑠𝑖

8

𝑖=1

)𝑤𝑙𝑖 

𝑣𝑟 =∑(𝑠𝑖

8

𝑖=1

)𝑤𝑟𝑖  

 

 

 

(1) 

in which vl, vr are the left and right wheel velocities respectively.  si is the ith IR sensor 

value, and wli, wri are the left and right  Braitenberg weight values for each sensor 𝑖. The 

algorithm for mobile robot velocity as well as the Braitenberg weight values depends on 

the particular implementation and should be obtained empirically. Once the desired left 

and right velocities are determined, a low level controller of Khepera III precisely drives 

the wheels to the desired values using wheel odometry. When the robots are set to be 

used in speed mode, the controller gets the speed input in terms of wheels speed, and 

controls the motor to keep that speed. The speed value is a division of a constant value by 

the time between encoder pulses. To get the real speed in 𝑚𝑚/𝑠 the following 

relationship can be used: 
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𝑣𝑟 = 
𝐶𝑟

𝑇𝑖𝑚𝑒 ∗ 4198
 

 

(2) 

where  𝑣𝑟 is the robot speed, 𝐶𝑟 is the wheel circumference equal to 128.8 𝑚𝑚, and 

4198 corresponds to the number of encoder measurements per wheel revolution. 𝑇𝑖𝑚𝑒 is 

the delay between two measurements [102].  

Each robot wheel is equipped with precise incremental encoders (approximately 22 

pulses per millimeter of robot motion). 

 

Figure.  II The plane motion of robots in platoon 
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The operator of the first robot –or the leader- moves the robot in a straight line, and 

the two followers try to follow the front robot as explained.  As shown in Figure.  III, the 

longitudinal displacement of the robots is approximately 3.5 𝑚 and the Stargazer of each 

robot has tracked the robot through its path.  The blue line is for the leader and the red is 

the follower one, which successfully followed the leader with some acceptable errors.  

There are two main sources of error in this graph. The first is the accuracy error of the 

Stargazer sensor, which is listed in TABLE.  I, and the second is errors caused by the 

lighting conditions and reflection issues.  Considering these two sources of error, the 

follower number one could successfully follow the leader trajectory.  

 

Figure.  III 1D Longitudinal motion of platoon 
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The follower number two shows slightly more errors in its trajectory compared to 

follower one. This is a known fact in platooning literature that the error and disturbance 

will grow along the string of vehicles when there is no communications between the 

leader and the platoon members [103]. The mean square error for the first follower in 

longitudinal direction is estimated to be 𝑀𝑆𝐸𝐹1 =  16.52, and for the second follower 

𝑀𝑆𝐸𝐹2 =  31.80 which shows the error amplification up-stream the platoon. Of course 

this error could be reduced if the measured data would have been filtered. The main 

reason for this error amplification is because follower number two will have one 

additional source of error, and that can be observed in Figure.  IV. The longitudinal 

displacement of platoon members is shown in Figure.  III.  This graph shows that the 

followers could successfully track the leader’s longitudinal trajectory.  The shift in the 

graphs is due to the fact that the robots have a distance between them when observed 

from a global frame. The success in achieving the relative safe distance between the 

mobile robots is demonstrated in Figure.  IV. The blue line shows the distance between 

the leader and the first follower in the platoon, and the red line shows the distance 

between first and second follower. It can be observed that longitudinal distance is 

 

Figure.  IV Relative distance between platoon members 
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generated using the Braitenberg algorithm explained previously. 

VIII. Conclusion 

In this appendix we experimentally implemented a platoon of mobile robots and 

described the requirements of a platform which can be used to study the behaviors of 

connected vehicles. Several observances were made from the experiment in terms of 

sources of errors and propagation and amplification of errors in a platoon. This is 

important to reduce the measurement errors anticipated in real platoons by using some 

filtering techniques.  This experimental set-up lays the foundation for additional 

investigation of platoon formations, changing speeds, and handling merge in and out and 

emergency scenarios.  

 

 

 

 

 

 


