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Abstract of Dissertation  

Accurate Measurements and Model Function for the  
Dielectric Constant of Seawater at L-band 

 

This dissertation describes the accurate measurements of the dielectric constant of 

seawater at L-band (1.413 GHz). This is the center frequency of the protected band (i.e. 

passive use only) used in the radiometric measurement of sea surface salinity from space. 

The purpose of this study is to provide an accurate model of the seawater dielectric 

constant as a function of salinity and temperature.  This model function can be used by 

Earth observing satellites to retrieve seawater salinities from remotely sensed data.   

To measure the seawater dielectric constant, a cylindrical resonant cavity in transmission 

mode has been employed in the measurements.  A capillary tube with 0.1 mm inner 

diameter is inserted into the cavity for the purpose of introducing seawater into the 

cavity.  After the seawater enters the tube, the real and imaginary parts of the seawater 

dielectric constant are determined by the changes in the cavity resonant frequency and Q-

factor, respectively. The measurements are made using accurately measured seawater 

samples at salinities of 30, 33, 35 and 38 psu over a range of temperatures from 0° to 35° 

C in 5° C intervals.  At each temperature and salinity, at least three measurements are 

made. A careful analysis of the measurement uncertainties has also been performed.  

The algorithm used for determining the seawater dielectric constant has an unknown 

coefficient that is measured through a calibration procedure using methanol as the sample 
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solution.  Based on a perturbation theory, this coefficient is assumed to be a constant due 

to the fact that the volume of sample solution is very small.  The accuracy of the 

algorithm can be affected by this assumption. In this dissertation, the accuracy of the 

algorithm applied in the measurement is examined by a wave analysis.  Calculations 

show that the accuracy is better than 0.016% when the tube inner diameter is 0.1 mm or 

less. Another factor that might affect the measurement accuracy occurs when the tube 

passes through the center exit-hole on the cavity endplates.  This might causes a shift in 

the resonant frequency which results in an error in the real part of the measured dielectric 

constant. The effect has been examined using a multimode waveguide analysis.  Both the 

seawater and the methanol measurements suffer this frequency shift and they partially 

cancel one another out.  The effect of the exit-hole on the seawater measurement results 

is less than 0.086%.  

Based on the measurement data, an accurate model function for the seawater dielectric 

constant as a function of salinity and temperature has been developed for the open ocean. 

The development of the model function is presented along with an analysis of the 

goodness of fit to the measurement data. The new model function is applied in the 

algorithm for retrieving sea surface salinity from NASA Aquarius satellite data. The 

retrieved salinities are compared with in-situ data measured by Argo floats. Compared 

with other existing model functions, the model function presented in this dissertation has 

improved performance at low and high temperatures.  
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Chapter 1  Introduction 

To determine the dielectric constant of seawater, a brass microwave cavity operates at L-

band (1.413 GHz) has been employed in the experiments. The measurements have been 

made in support of the Earth observing satellites with their goal of measuring sea surface 

salinity. Because of the small variation in sea surface salinity over the open ocean, 

accuracy better than 0.1 K is required [Le Vine et al.,2010; Lagerloef et al., 2008] in the 

application to remote sensing of salinity. It puts severe requirements on the knowledge of 

seawater dielectric constant. 

There are two model functions of the seawater dielectric constant that are presently being 

employed in inverting surface brightness temperature into sea surface salinity at 1.413 

GHz.  These model functions are: the Klein-Swift (KS) model [1977] and the Meissner-

Wentz (MW) model [2012]. Both models cover a range of frequencies and have 

coefficients that are functions of temperature and salinity; both model functions have had 

limited validation at 1.413 GHz.  Due to the accuracy requirement of satellite missions, 

the aim of this dissertation is to provide a model function that is based on accurate 

laboratory measurements made at 1.413 GHz. 

This dissertation is structured as follows: Chapter 2 gives a review of past measurements 

of seawater with an emphasis on measurements and the model functions that are 

applicable in L-band.  In Chapter 3, the measurement setup, calibration procedures and 

the data acquisition is discussed.  Chapter 4 provides the measurement data along with an 

uncertainty analysis. Comparisons are made with the KS model function and the MW 

model function.  In Chapter 5, a theoretical validation of the accuracy of perturbation 
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theory applied in the measurements is presented. An analysis of the cavity exit-hole effect 

and the bias in the measured seawater dielectric constant is also provided.  Chapter 6 

discusses the development of the model function based on the measurement data. The 

retrieved salinities using different model functions are compared with the in-situ data 

measured by Argo floats. Finally, the conclusions are presented in Chapter 7. 
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Chapter 2  Backgrounds of Research 

2.1 General Overview of Dielectric Measurements 

The need to know the dielectric constant of solids and liquids at microwave frequencies 

developed with the growth of radar during World War II.  The results of this rapid 

progress have been documented by Montgomery [1947] in his chapter on dielectric 

measurements.  Six generic measurement methods have evolved:  

• Free space reflection and transmission measurements  

• Waveguide transmission and reflection measurements 

• Reflection and transmission resonant cavity measurements 

These measurement methods are still in use today.  Improvements in microwave 

instruments and components however, make today’s measurement results much more 

accurate. 

The dielectric constant of liquids was measured by all six methods, although the need to 

confine liquids puts some constraints on the physical configuration.  The free space 

reflection technique was employed by Saxton and Lane [1952] and Blue [1980].  

Buckmaster [1990] modified the waveguide transmission approach of Nicolson and Ross 

[1970] to make dielectric constant measurements of high loss liquids below 10 GHz.  

Jenkins et al [1990] employed a TEM coaxial transmission line shorted at one end to 

make measurements of the dielectric constant of several alcohols by the reflection 

technique.  This was a modern version of the reflection technique developed by Roberts 

and von Hippel [1946].  Gregory and Clarke [2009] used coaxial transmission and 
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reflection cells to make very accurate measurements of alcohols over the temperature 10°  

- 50° C. 

In all of the methods except the resonant cavity approach, the frequency can be swept to 

cover a range of frequencies.  The resonant cavity method, on the other hand, is usually a 

single frequency measurement.  This method, however, is considered one of the most 

accurate techniques [Baker-Jarvis et al., 1998; Baker-Jarvis et al., 2001].  There are two 

types of cavity resonators: reflection and transmission.  The reflection cavity has only one 

port and S11 is measured; the transmission cavity has two ports and S21 is measured. The 

reflection cavity approach is the method that has been used by Ho and Hall [1973] and 

Ho et al [1974] to measure the dielectric constant of seawater.  Dielectric resonators can 

also be used to measure seawater [Krupka, 1988].  

Another important advantage of the resonant cavity approach is that the seawater can be 

isolated within the cavity via a glass tube.  In waveguide transmission and reflection 

cells, the seawater is in direct contact with the metal walls of the cell.  Because of the 

corrosive character of seawater, its interaction with the metal walls may lead to serious 

problems.  Stogryn [1995] reported difficulties with repeatability due to this problem. 

2.2 History of Seawater Dielectric Measurements 

Over the years, there were few microwave and millimeter wave measurements of the 

seawater dielectric constant.  Saxton and Lane [1952] conducted one of the earliest 

investigations. They measured the dielectric constant of Sodium Chloride (NaCl) 

solutions that had properties close to those of seawater [Ho et al, 1974] for frequencies 

between 9.35 and 48.2 GHz by the surface reflection technique. The first measurements 
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of seawater were made by Ho and Hall [1973] using a reflection cavity technique at 2.65 

GHz.  This was followed by the Ho et al [1974] report of seawater measurements at 1.43 

GHz – again using a reflection cavity technique.  Blue [1980] made measurements at 97, 

103.8, 135.6 and 183.3 GHz using the free space reflection method.  Stogryn [1995] 

made measurements of seawater from 7 GHz to 12 GHz by using a waveguide 

transmission cell.  Ellison [1998] made measurements from 3 to 20 GHz by employing a 

coaxial transmission cell at the lower frequencies and a free space transmission cell at the 

higher frequencies.  Blanch and Aguasca [2004] made measurement of seawater at 1.413 

GHz using a transmission cell but their results have not been reported in the referred 

literature. In 2004, Meissner and Wentz [2004] used Ho’s measurements data and the 

data from Special Sensor Microwave Imager (SSM/I) satellite measurements to 

determine a model for the dielectric constant of sea water that could be used for remote 

sensing at the SSMI frequencies.  In 2012, they reported small adjustments of the Debye 

parameters in their model function [Meissner and Wentz, 2012]. 

For the measurement of ocean salinity, we are concerned mainly with measurements 

made in the window of 1.400 to 1.427 GHz because this is where remote sensing at L-

band is done; the measurement by Ho et al. [1974] at a frequency of 1.430 GHz is very 

close to this band. 

2.2.1 Measurements by Ho et al.  

Ho et al. [1974] employed the resonant reflection cavity approach to measure the 

dielectric constant of seawater at 1.43 GHz.  They used the resonant cavity approach 

because of its known accuracy and because the dielectric constant was needed at only one 

frequency. They built a cylindrical cavity of copper that was then excited in the TM010 
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mode.  The liquid was introduced into the cavity through a glass tube with a very small 

inner diameter.  The resulting microwave signal was coupled into the cavity by a single 

loop.  The reflection coefficient was then measured at the resonant frequency and at some 

off-resonance frequencies.   

Ho et al [1974] claimed an accuracy of 0.2 % for their measurement of 'ε  and 0.4 % for 

their measurement of "ε for seawater at 1.43 GHz.  This is an average accuracy for 

values obtained for temperatures from 5° C to 30° C and for salinities from 5 ‰ to 35 ‰.  

However, we have no way of knowing the accuracy of their calibration measurement of 

distilled water. In addition, their seawater measurements do not reduce to the distilled 

water dielectric values when these are extrapolated to zero salinity.  It should be noted 

that the Ho et al salinities are measured in parts per thousand while the modern 

measurements of salinity are in Practical Salinity Units (psu), which are units based on 

the properties of seawater conductivity.  They are roughly equivalent to parts per 

thousand.  For the range of salinities considered here, the numerical values of the two 

units are almost identical (see a foot note in Lang et al [2010] for more discussion). 

More recently Stogryn et al. [1995] made measurements of seawater from 7 to 14 GHz by 

using a temperature controlled transmission waveguide of variable length.  They 

measured seawater with a salinity range from 0 to 38 psu with temperatures ranging from 

0° C to 30° C. They proposed a Debye model for the dielectric constant with a double 

relaxation time to better fit the data at higher frequencies.  In the process of determining 

the Debye parameters they combined their data (7 to 14 GHz) with the Ho and Hall [1973] 

data at 2.65 GHz and with the Ho et al [1974] data at 1.43 GHz. They found that the 

deviation from the Debye model for this data set was several percent. When they 
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eliminated the Ho data, the error reduced to approximately 0.8%.  Since the reflection 

cavity approach needs more power, they conjectured that the Ho data contained 

systematic errors and speculated that these errors could be due to microwave heating of 

the sample within the quartz tube. They pointed out that this was a possibility because of 

the extremely small inner diameter of the sample tube.  

In summary, although the Ho et al. [1974] measurements were carried out very carefully, 

their accuracy may not meet the accuracy requirements of 0.2 psu for Sea Surface 

Salinity (SSS) remote sensing.  

2.2.2 Measurements of Blanch and Aguasca 

Blanch and Aguasca [2004] made measurements of the dielectric constant of seawater 

using a transmission cell. They constructed a transmission cell with a stripline structure 

through which seawater flows.  Thermometers at the beginning and the end of the cell 

were used to measure the water temperature in the cell.  A large quantity of seawater 

initially at 0° C was gradually heated as it flowed through the transmission cell. During 

this process, S-parameter measurements were continuously taken. The results obtained 

are close to the Klein and Swift model function for the real part of the dielectric constant 

and for the imaginary part they are somewhat greater by 1% to 2%.  The authors did not 

elaborate on details such as the accuracy of the temperature measurements and error 

bounds for their measured values.   

2.3 Model Functions of Seawater Dielectric Constant 

Understanding microwave emission is an important research topic in the study of remote 

sensing of the Earth’s resource [Zhao and Lang, 2012].  For the research of seawater 
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salinity, the expression for the dielectric constant of seawater as a function of temperature 

and salinity is called the seawater dielectric model function. The model function has been 

investigated for years due to its importance in microwave remote sensing of the ocean 

salinity.   Most of the model functions at the lower microwave frequencies are in the form 

of a Debye expression [Debye, 1929] with a conductivity term, as is given below, 

1
0

( , ) ( , ) ,
1 [ ( , )]

s S T S Tj
j S T α

ε ε σε ε
ωτ ωε

∞
∞ −

−
= + −

+                                
    (2.1)

 

In eq. (2.1), the relative complex dielectric constant, ,ε  is a function of the angular 

frequency,ω , salinity, S, and physical temperature, T.  The parameter ε∞  is the dielectric 

constant of seawater in the high frequency limit; 0ε  is the absolute dielectric constant of 

free space and ( , )s S Tε  is the dielectric constant in the static limit. Other parameters 

appearing in eq. (2.1) are the ionic conductivity, ( , )S Tσ , relaxation time, ( , )S Tτ , and 

,α  an empirical parameter. 

Stogryn [1971] was one of the first investigators to use the model function given in eq. 

(1) to describe the dependence of the seawater dielectric constant on frequency. To 

determine the unknown parameters, he used data from Lane and Saxon [1952] to 

determine ( , )s S Tε , the expression developed by Weyl [1974] to determine ( , )S Tσ and 

other experimental data to determine the remaining parameters (see [Stogryn, 1971]). 

Klein and Swift [1977] developed a model function for seawater that is similar to the 

model developed by Stogryn [1971].  They, however, employed the dielectric 

measurement data of Ho and Hall [1973] at 2.65 GHz and Ho et al. [1974] at 1.430 GHz 
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to determine ( , )s S Tε  instead of using the Lane and Saxton measurement data.  As 

mentioned in section 2.2.1, Stogryn et al. [1995] pointed out that Ho’s data could contain 

a systematic error at high temperatures and high dielectric constants.  It should be noted, 

however, that Klein and Swift took the heating problems into account when constructing 

their model function [Swift, 2008]. 

Meissner and Wentz [2004] developed an alternative model function by fitting the 

dielectric constant data to a double Debye relaxation polynomial. The seawater dielectric 

data was obtained by inverting the brightness temperature measured by the Special 

Sensor Microwave Imager (SSM/I) at four frequencies 19.35, 22.24, 37.0 and 85.5 GHz. 

The Ho data was used for the lower frequencies. Recently, they published an updated 

model function which contains small adjustments to the Debye parameters [2012], and 

typo corrections in [2014].  

Besides Klein-Swift (KS) and Meissner-Wentz (MW) model functions, Stogryn et al 

[1995], Ellison [1998] and Blanch and Aguasca [2004] also developed their model 

functions in the form of eq. (2.1) using their own measurement results. All model 

function approaches have been evaluated at 1.413 GHz then plotted in Figure 2.1 as a 

function of temperature for salinity of 35 psu, which is the global averaged Sea Surface 

Salinity.  The error bars show that there is a difference of more than 1% for both the real 

and the imaginary parts between the various model functions.  The second Debye term 

that appears in several of the model functions makes no contribution at 1.413 GHz. The 

differences in the models by Stogryn et al. [1995], Ellison et al. [1998] and Klein and 

Swift [1971] and their impact on the salinity retrieval are reported in [Dinnat et al., 2002; 

Dinnat et al., 2003]. 
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In summary, most of the seawater dielectric studies were designed to apply to a large 

range of frequencies. There were relatively few measurement data at 1.413 GHz.   In 

addition, few of the above publications provided the details of the measurement errors 

and the curve fitting errors. The model functions by Klein and Swift [1971], Meissner 

and Wentz [2004, 2012] are widely employed for retrieving sea surface salinity from 

satellite measurements. 

 

Figure 2.1 Comparison between different model functions where KS is Klein Swift [1977], MW 

is Meissner Wentz[2012], S is Stogryn[1995], E is Ellison[1996] and BA is Blanch and 

Aguasca[2004] 
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Chapter 3  Measurement Setup 

This section describes the construction, calibration and operation of the seawater 

dielectric measurement system used at the laboratory.  The system consists of a 

temperature controlled microwave cavity to measure the dielectric constant of seawater at 

1.413 GHz and associated signal generation and processing units.  The emphasis is 

placed on making the measurements as accurate as possible and on documenting the error 

analysis for the measurements and calibration.  

3.1 Cavity Technique 

The measurement system consists of a transmission type cylindrical microwave cavity 

resonant at 1.413 GHz and operating in the TM010 mode. A capillary tube with 0.1 mm 

inner diameter running its axis is used for the insertion of the sample liquid to be 

measured. The transmission type cavity used has two coupling loops and the S21 

parameter is measured.  The basic advantage of the transmission type cavity is that 

accurate measurements can be made with a much lower level of power coupled into the 

cavity [Lang et al., 2010].  The heating problems [Stogryn et al., 1995] that have been 

observed in Ho’s measurements can therefore be avoided.  In addition, transmission 

measurements are inherently more accurate than those of the reflection type. 

An illustration of the basic operation principle of the measurement setup is shown in 

Figure 3.1.  In the figure, a network analyzer (NA) is connected to a resonant cavity that 

is configured to measure S21 over a band of frequencies centered at the cavity resonant 

frequency, fo.  The subscript, zero, indicates that the cavity (i.e. glass sample tube) is 

empty.  The blue curve generated on the NA screen has a 3dB bandwidth denoted by BW0.  
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The Q-factor, Qo of the empty cavity can be obtained by the formula: 0 0 0/Q f BW= .  

Seawater is then injected into the glass sample tube upon which the red curve is 

generated by the NA. Here the new resonant frequency is f and the Q is given by 

/Q f BW= .  Under the assumption that the amount of seawater introduced into the cavity 

is small, the real and imaginary parts of the sample liquid are determined from the 

frequency shift and change in the cavity Q-factor, respectively, by a perturbation relation 

shown below,   

                                                
( )1 2 ,          1C f f C Qε ε′ ′′− = ∆ = ∆                                        (3.1a) 

where 

 ( )0 0,          1 1 1f f f Q Q Q∆ = − ∆ = −   (3.1b) 

Here  and ε ε′ ′′ are the real and the imaginary parts of the relative complex dielectric 

constant of the sample respectively, i.e., iε ε ε′ ′′= + . The quantity C appearing in (3.1a) 

and (3.1b) is called the calibration coefficient.  It can be evaluated by two methods 

[Ellison, 1996]:  Relative method - Use a liquid of known dielectric constant as a 

reference in the cavity.  Since  and ε ε′ ′′  are known in this approach, and ( ) and 1f Q∆ ∆  

are measured, the constant C can be determined from (3.1a) or (3.1b); Absolute method - 

The quantity C can also be obtained from the analytic expressions for the electromagnetic 

fields in the cavity.  It becomes increasingly more accurate as the cavity is modeled in 

more details. In section 5.1, the absolute method to determine the calibration coefficient 

is introduced. 
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Figure 3.1 Cavity Technique 

 

3.2 Measurement System Construction 

A drawing of the actual microwave cavity (pink) positioned inside a translucent container 

(blue) is shown in Figure 3.2.  In the figure, the resonant cavity is shown immersed in a 

coolant composed of distilled water and ethylene glycol whose temperature is kept 

constant by a circulator. The container made to hold the cavity and coolant is constructed 

out of 1/2 inch Lexan.  The circulator (not shown) controls the variations in the cavity 

temperature to within 0.01° C (over 24 hours); this provides a stable environment for the 

cavity measurements. The microwave input and output to the cavity is through the 

rectangular structures (pink) on top of the cavity. These structures have a worm gear 

inside and are used to raise and lower the probe inside the cavity. This adjusts the amount 

of microwave energy coupled into the cavity.  Gaskets or O-rings are used to prevent the 

coolant mixture from entering the cavity.  The Lexan container is surrounded by a layer 
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of insulation to help maintain a constant temperature in the cavity.  The insulation aids 

the circulator to maintain the temperature within the 0.01° C range and is specially 

needed for the high (35° C) and low (0°- 5° C) temperatures that are further from room 

temperature.  

The cavity, which has been machined out of naval brass, has a Q of approximately 8000.  

Naval brass is more lossy compared to copper, silver or gold. It has been used, however, 

since it can be machined to greater precision more easily.  The cavity can be plated if 

higher conductivity walls are needed, but that has not been the case for these 

measurements. The electrical conductivity between the cavity covers and the cylinder 

must be considered since the TM010 mode has currents flowing vertically along the side 

cavity wall and onto the covers.  To make a proper connection, silver paste is used along 

the rim where the side cavity wall meets the covers.  In addition, each cover is screwed 

down with 16 screws that have been torqued to 13 in-lbs.  Tests have showed that further 

increasing the torque did not change the resonant frequency of the cavity.  

Seawater is introduced into the cavity via a fused quartz tube of outer diameter of 3mm. 

Quartz glass is preferred because of its higher thermal conductivity and lower electrical 

loss compared to Borosilicate glass.  The tube is located coincident with the axis of the 

cavity.  The inner diameter (ID) of the sample tube is only 0.1mm as required if a 

reasonably large Q (about 4,000) is to be maintained when the seawater enters the cavity.  

This diameter also insures that the accuracy of the perturbation formulas given in 

equations (3.1) are within 0.1% as pointed out by Ho et al [1974] and demonstrated in 

Appendix B of Lang et al [2010].  To provide a means for the sample to enter the tube, a 

socket has been attached to the top of the tube. The top of the socket is attached to a 
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reservoir used to hold the sample before it enters the capillary tube. The reservoir has a 

small glass tube within it to hold a thermometer.  This thermometer is used to measure 

the temperature of the sample.  

 

Figure 3.2  Cross-section view of cavity system structure 

Because the sample tube ID is so small, the seawater sample will not usually enter the 

tube unless pressure is applied.  For this purpose the reservoir is connected to a supply of 

dry industrial (N2). Typically 20 psi of N2 is used to push the sample into the tube once it 

reaches the temperature of the surrounding liquid.   
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Temperature is measured by using a thermistor purchased from US Sensor with an 

accuracy of 0.005°C.  A rectangular block of naval brass has been mounted to the bottom 

of the cavity and a thermistor is tightly fitted into a cylindrical hole in the block (green).  

A second thermistor is mounted in the rectangular brass feed structure to measure water 

temperature and is used by the circulator to monitor the temperature of the cavity. Since 

the thermal conductivity of brass is very high, the cavity has a thermal gradient of less 

than 0.01°C between the top and bottom covers of the cavity. 

Measurements were made to determine how long it would take distilled water, at room 

temperature, to reach the temperature of the surrounding fluid after it was introduced into 

the reservoir [see Lang et al, 2010].  The measurements indicated that for temperatures in 

the range of interest ( 0  35  o oC T C≤ ≤ ) 20 minutes was more than enough time for the 

distilled water to come to equilibrium with the surrounding liquid.   

In Figure 3.3 the actual experimental setup is shown. The cylinder of nitrogen is on the 

far left. The nitrogen is fed through a pressure gauge before entering the glass structure 

above the cavity. This gauge enables the continuous monitoring of the pressure by a 

pressure sensor. An air pressure gauge is also shown in Figure 3.3. It measures the air 

pressure within the cavity. Calculations have shown that the seawater measurements are 

not very sensitive to small changes in the internal air pressure and, as a result, the blue 

valves under the air pressure gauge are kept shut once calibration measurements have 

been made. 
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Figure 3.3 Actual experimental setup with Cavity, Lexan container and Circulator 

Figure 3.4 shows photographs of four elements of the cavity. Figure 3.4A shows the 

cavity in the Lexan container in a close up view. It provides a clear view of the cavity and 

glass super structure. The capillary tube and glass reservoir are shown in Figures 3.4B 

and 3.4C respectively. Finally, the underside of the top cover of the cavity is shown in 

Figure 3.4D. The two small slots near the periphery contain the microwave coupling 

loops. These loops are almost completely withdrawn into the cavity cover to provide a 

very weak coupling to the cavity.  The S21 parameter measured by Network-Analyzer at 

resonance varies from -50 dB to -60 dB; the value depends upon the type of solution in 

the tube. 
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Figure 3.4 Closer view of the cavity setup [ A. cavity immersed in coolant  B. central quartz 

capillary tube and connecting socket  C. glass reservoir D. underside of top cover of cavity]  

3.3 Measurement Procedure and Data Acquisition 

The basic microwave measurement device was an Anritsu network analyzer (Model 

MS4624D) operated in the transmission mode (measurement of S21).  A pair of isolators 

(17dB backward isolation and 0.5 dB forward attenuation), one at the input to the cavity 

and another at the output of the cavity, were used to reduce the pulling effect of the 

external circuit on the cavity resonant frequency.   
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As has been mentioned previously, microwave power is coupled in and out of the cavity 

via coupling loops.  These loops can be raised or lowered to decrease or increase the 

coupling into the cavity.  Normally, a cavity in the transmission mode is operated with 

very weak coupling.  Under these conditions, the unloaded Q of the cavity is 

approximately equal to the loaded Q.  It is the loaded Q that is measured but it is the 

unloaded Q that is used in eq. (3.1a) to find the imaginary part of the dielectric constant.  

This topic is discussed in more detail in Appendix D of Lang et al [2010] where it is 

shown that eq. (3.1a) can be used even if the unloaded Q and the loaded Q are not close 

to one another.  In that appendix, the Δ(1/Q) is calculated for the unloaded and loaded 

cases for all measurements made in Lang et al [2010]. It has been found that the two 

values of Δ(1/Q) are virtually the same even though in some cases, the loaded and 

unloaded Q differ substantially. 

The NA is set to a center frequency near 1.413 GHz with a span of 0.5 MHz.  As 

measurements spanned the temperature range from 0° C to 35° C in 5° C steps, the 

resonant frequency varied about 700 KHz. This change in the resonant frequency is due 

to the expansion or contraction of the cavity diameter as the temperature is increased or 

decreased respectively. The analyzer was set for 8 averages, 1599 points, an IF 

bandwidth of 100 Hz and an input power of -5 dBm.  Before each set of measurements, a 

thru-calibration of the analyzer was performed. This thru calibration included the two 

isolators.  The thru-calibration of the NA is repeated whenever the measurement 

temperature is changed. 

Assuming the calibration coefficient is known, the complex dielectric constant can be 

found by using eqs. (3.1a) and (3.1b) if the resonant frequency and Q of the empty cavity 
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with and without seawater are known.  The procedure for determining the complex 

dielectric constant of seawater at a specific salinity and temperature will be called an 

experiment. At each temperature and salinity several experiments (3-5) are performed. 

The mean, standard deviation and percent error are calculated as illustrated Table 3.1. 

Date Temp(°C) f0 (Hz) f (Hz) Δf (Hz) Q0 Q Δ(1/Q) ε' ε'' 
*02/28/2012 25 1,413,045,355 1,412,977,137 68,218 7,883 4,033 1.211e-04 68.16 84.22 

02/28/2012 25 1,413,043,952 1,412,975,661 68,291 7,888 4,035 1.211e-04 68.23 84.21 

02/29/2012 25 1,413,039,260 1,412,971,345 67,914 7,883 4,034 1.210e-04 67.86 84.17 

          
AVERAGE 

 
1,413,042,855 1,412,974,714 68,141 7,885 4,034 1.211e-04 68.09 84.20 

STDEV 
 

3,192 3,010 200 2.603 0.694 3.557e-08 0.197 0.025 

STDEV(%) 
 

2.26e-04 2.13e-04 0.293 0.033 0.017 0.0294 0.289 0.029 

Table 3.1 Results of three experiments at a salinity of 35 psu and a temperature of T=25° C 

An experiment is composed of 50-90 cycles. During one cycle the NA sweeps over the 

resonant curve making 1599 measurements of S21 at each frequency. The sweep has a 

bandwidth of 0.5 MHz. The sweep is repeated 8 times and the results are averaged to 

reduce the noise. The analyzer then computes the resonant frequency and Q from the 

averaged resonant curve. This information is sent to a PC then recorded along with the 

temperature of the cavity, the room temperature and the pressure in the tube above the 

seawater.  A Visual Basic program is used to control the measurement system. A plot of 

the Q for the first experiment (see Table 3.1- row with asterisk) is shown in Figure 3.6.  

In this figure every diamond represents a cycle. The PC controls the NA and starts a new 

cycle once the previous cycle is completed.  Each cycle lasts approximately 3 minutes.   

A typical seawater experiment consists of 50-90 cycles that can last up to 3-5 hours. The 

sequential steps are listed below: 

1. The cavity is brought to the desired temperature and allowed to stabilize for 2-3 hours.    
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2. The control program is started and several empty cavity measurements (cycles) are 

made.  For the empty cavity, the Q value is usually around 8000 as can be seen in Figure 

3.5.

 

Figure 3.5 Plot of the Q during an experiment 

3. The seawater is then put into the glassware by opening the glass cap at the top of the 

glass structure and inserting a small nylon tube down to the bottom of the reservoir. The 

nylon tube is used so that the walls of the glassware won’t be contaminated with seawater.  

The seawater is inserted into the tube by using a syringe with a 50 mµ  filter on it.  

4. The glass cap is replaced, and the seawater is allowed to stand about 20 minutes until it 

reaches the temperature of the surrounding liquid.  Because of the viscous nature of 

seawater, it usually does not enter the tube.  

5. Nitrogen (at a pressure of about 20 psi) is used to push the seawater into the sample 
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tube.  After applying the pressure, the Q value drops to around 4000.  The pressure is 

kept constant until all the seawater leaves the tube and Q returns to value near 8000.  

6. The pressure is released and distilled water is added to clean the cavity. Once the 

distilled water is added, the pressure is turned back on.  Enough distilled water is added 

so as to clean the glass surface of the reservoir that has been in contact with the seawater.  

After the distilled water enters the tube, the Q value drops to about 7500, as is shown in 

Figure 3.5 (near 200 minutes). 

7. After all the distilled water leaves the tube, the Q returns to around 8000 and the 

experiment is complete.  The last step is to verify whether the Q value has returned to 

exactly the same value it had in the first step.  

Since there are many values of the empty and seawater cavity measurements, an average 

of empty and an average of seawater values are used. These averages are obtained by 

selecting three adjacent values of f and Q right before the seawater enters the tube and 

three adjacent values of f and Q right after seawater has entered the tube (see red 

diamonds in Figure 3.5.)   

   

3.4 Calibration 

The calibration coefficient in equation (3.1a) and (3.1b) is determined from a relative 

method by making measurements of a liquid of known dielectric constant.  Based on 

similar steps of seawater measurement mentioned in section 3.3, ( ) and 1f Q∆ ∆  are 

measured for the calibration liquid.  Since  and ε ε′ ′′  are known in this approach, the 

coefficient C can be determined from equations (3.1a) or (3.1b).  Note that the calibration 
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coefficient C is approximated to be a constant that only depends on the quartz tube and 

brass cavity. The accuracy of this approximation will be validated in section 5.1.  In this 

section, the details of the calibration measurements are discussed. 

3.4.1 Calibration Liquids 

The accuracy of the measured seawater dielectric constant depends on the accuracy of the 

measurements and on the accurate knowledge of the calibration coefficient. The accuracy 

of the calibration coefficient on the other hand, depends on both accurate measurements 

and accurate knowledge of the reference liquid dielectric constant.  As will be 

demonstrated, it is also necessary to have a liquid whose dielectric constant is not too 

different from that of seawater.   

Two easily obtainable liquids that meet these criteria are methanol and distilled water.  

Gregory and Clarke [2012] have made accurate measurements of methanol at 20 

individual frequencies from 0.1 to 5.0 GHz for a temperature range from 10° C to 50° C 

in increments of 5° C.  Their measurements have uncertainties of approximately 0.10 for 

the real part and 0.04 for the imaginary part of the dielectric constant of methanol for the 

temperatures of interest here.  The measurements have been made with coaxial 

transmission and reflection cells [Gregory and Clark, 2009].  In all cases, the results have 

been cross-validated using the two measurement devices.  For distilled water, Kaatze 

[1989] has made measurements of distilled water using a microwave double beam 

interferometer over a frequency range from 1.1 GHz to 57 GHz and over a range of 

temperatures including the range of interest in this study.  From his measurements Kaatze 

has constructed a model function.  He claims an accuracy of better than 1% for the real 

part and 3% for the imaginary part in the frequency range from 1.1 GHz to 5.3 GHz.  
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Since the accuracy of the methanol measurements made by Gregory and Clarke is better 

than the distilled water measurements made by Kaatze, methanol is selected as the 

reference liquid for calibration in this study.   

 
Figure 3.6 The 6th polynomial fit used to obtain the dielectric constant of methanol at 1.413 GHz 

from the data of Gregory and Clarke [2012] 

The dielectric constant of methanol is obtained from the Gregory and Clarke [2012] data 

made by 40-mm transmission cell method at 20° C.  Since the tables provided by 

Gregory and Clarke do not contain dielectric constant values at the desired frequency of 

1.413 GHz, an interpolation using a 6th order polynomial fit, shown in Figure 3.6, is used 

to obtain the real and imaginary parts of the dielectric constant.  The dielectric constant of 

methanol thus obtained at 1.413 GHz and 20° C is 27.97 11.20ε = +m j . 
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3.4.2 Calibration Measurements 

The procedure for calibration measurements using methanol is similar to the 

measurement procedure for seawater described in section 3.3. The only difference here is 

that no distilled water is used to clean out the glassware as in the case of seawater. Hence 

steps 1 through 4 are followed as in section 3.3 and steps 5-6 are eliminated. Once the 

methanol drains at the end of step 4, nitrogen is allowed to flow through the glassware for 

a while until all methanol residue is evaporated which is also observed on the NA screen.   

More details are given in Appendix A.   

Two tubes were used to make the measurements of seawater.  Separate calibration data 

was collected for each tube.  Most of the measurements of seawater with salinities of 30, 

35 and 38 psu were made with tube Q28.  The remaining measurements of seawater with 

salinities of 30, 35 and 38 psu plus measurements of seawater with salinity of 33 psu 

were made with tube Q32.  This was necessary because the first tube (which is delicate) 

broke.  

During the first period of measurements (August/2011 to January/2012) made with tube 

Q28, the cavity was never opened, the coupling loops stayed in the same position and the 

tube was never removed.  The same was true during the second period of measurement 

(June/2012) made with tube Q32.  Since the first period extended over a six month time 

span, calibration measurements for tube Q28 were performed at three separate times to 

check the stability of the calibration coefficient.  Calibration coefficient values for tube 

Q28 corresponding to the three measurements are shown in Table 3.2.  Two close yet 

different values for the calibration coefficient, labeled C1 and C2, are obtained from the 

two equations given by (3.1a) and (3.1b).  Coefficient C1 is obtained from the frequency 
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shift while C2 is obtained from the change in 1 Q . In theory, the two should give 

identical results and their closeness is an indication of the consistency of the experimental 

data. The data in Table 3.2 show that the standard deviation of the measurements is quite 

small with coefficient C1 having a smaller standard deviation.  The results for Q32 are 

shown in Table 3.3.  Since tube Q32 was used for the shorter second period only one 

group of the calibration measurement was sufficient. 

Since C1 has a smaller standard deviation than C2, C1 is chosen as the calibration 

coefficient C to be used with (3.1a) and (3.1b).  The final results using all calibration 

coefficients are shown in Table 3.4. The value of C1 is an average of the three values 

given in Table 3.3. 

Comparing the data in Tables 3.2 and 3.3 with Lang et al [2010], shows that the 

improvements in the measurement of the calibration coefficient have reduced the 

standard deviation of the new calibration measurements to 0.23% and 0.17% compared 

with a standard deviation of 0.76% found in Lang et al [2010].   

 

Tube Q28 August /2011 November/2011 January/2012 

 C1 C2 C1 C2 C1 C2 

AVERAGE 695,547 694,871 693,756 695,367 696,879 696,413 

STDEV 1,080 1,941 2,102 3,690 1,647 2,481 

STDEV(%) 0.155 0.279 0.303 0.531 0.236 0.356 

Table 3.2 Calibration coefficients of tube Q28 
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Tube Q32 June /2013 

 C1 C2 

AVERAGE 700,042 700,664 

STDEV 1,170 1,984 

STDEV(%) 0.167 0.283 

Table 3.3 Calibration coefficients of tube Q32 

 

 C (Tube Q28) C (Tube Q32) 

AVERAGE 695,394 700,042 

STDEV 1,599 1,170 

STDEV(%) 0.230 0.167 

Table 3.4 Final Calibration coefficients 
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Chapter 4  Seawater Dielectric Data 

In this section, the measured seawater dielectric data is discussed. The section first 

addresses where the seawater samples are obtained. Following this, the measurement data 

is presented along with an analysis of the measurement uncertainties.  Finally, the 

comparison between GW measurement data with values obtained from other model 

functions is presented. 

4.1 Seawater Samples 

The seawater used in this study is standard IAPSO seawater which is approved by the 

International Association for Physical Sciences of the Ocean (IAPSO) as the only transfer 

standard for the Practical Salinity Scale that is recognized by the major oceanographic 

bodies [Bacon et al., 2007]. Batches of various IAPSO seawater are purchased from 

Ocean Scientific International Limited (OSIL) located in Havant, Hampshire in the 

United Kingdom. 

The IAPSO seawater samples are prepared from surface seawater collected from the 

North Atlantic and then pumped through filters (0.2 mm) into a PVC lined tank and 

thoroughly mixed. Once purified by filtration and UV radiation, distilled water is added 

to adjust the salinity and the water is sealed in pre-washed glass bottles (capacity 200 

cm3).  The ratio of electrical conductivity of each batch of seawater to the conductivity of 

a defined standard potassium chloride (KCl) solution is used to measure the salinity in 

practical salinity units, the psu. This is done by using a high precision salinometer. 

The seawater is sold in several standard packages. The linearity pack, which is preferred 

in this study, consists of 10 bottles (200ml each) of seawater having the following 
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salinities: 4 bottles of 35 psu, 2 bottles of 38 psu, 2 bottles of 30 psu and 2 bottles of 10 

psu.  A special order of seawater having a salinity of 33 psu is also purchased from OSIL. 

4.2 Seawater Measurements  

The seawater measurements reported here are mainly made from August 2011 to June 

2013 at the George Washington University Electromagnetics Laboratory. Additional 

measurements are made after June 2013 for validation purpose.  The setup improvements 

that differ from the seawater measurements documented in the previous report [Lang et al 

2010] are presented in Appendix A.  In total, measurements are made at salinity values of 

30, 33, 35, 38 psu from 0° C to 35° C with a 5° C interval between temperature 

measurements. At each temperature, at least three measurements are made and the 

average is reported. In some cases, measured results showed a larger than average 

standard deviation and additional measurements were made.  These measurement data 

span the observed open ocean values of salinity and temperature. 

4.3 Measurement Data 

4.3.1 Dielectric Constant Results 

A summary of the measurements including the average complex dielectric constant and 

the measurement uncertainty (shown in parentheses) is shown in Table 4.1.  As 

previously mentioned, the average at each temperature and salinity is the result of at least 

three measurements.  In this paper, uncertainties in GW data are shown as standard 

uncertainties (u) which are the estimated standard deviations of the samples [UKAS, 

2012]. It can be seen from the table that as temperature gets higher, the real part of the 

seawater dielectric constant becomes smaller and the imaginary part becomes larger. On 
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the other hand, for the same temperature, as the salinity gets larger, the real part of the 

seawater dielectric constant becomes smaller and the imaginary part of the dielectric 

constant becomes larger.   

GWU Seawater Permittivity Data 

Temp psu ε’(uε’) ε’’(uε’’) psu ε’(uε’) ε’’(uε’’) 

0 29.969 78.39 (0.11) 43.25 (0.23) 34.992 77.18 (0.10) 47.93 (0.18) 

5 29.969 77.02 (0.19) 46.51 (0.17) 34.992 76.01 (0.17) 51.71 (0.14) 

10 29.969 75.75 (0.16) 49.76 (0.33) 34.992 74.78 (0.11) 56.53 (0.17) 

15 29.969 74.44 (0.05) 53.82 (0.20) 34.992 73.41 (0.19) 61.06 (0.28) 

20 29.969 73.19 (0.20) 58.49 (0.21) 34.992 72.09 (0.24) 66.68 (0.15) 

25 29.969 71.79 (0.11) 63.55 (0.30) 34.992 70.57 (0.14) 72.09 (0.15) 

30 29.969 70.35 (0.15) 68.68 (0.14) 34.992 69.17 (0.16) 78.10 (0.25) 

35 29.969 69.06 (0.17) 73.54 (0.19) 34.992 68.09 (0.20) 84.20 (0.02) 

0 33.004 77.35 (0.06) 46.41 (0.12) 38.024 76.55 (0.14) 50.63 (0.02) 

5 33.004 76.29 (0.11) 50.12 (0.13) 38.024 75.41 (0.03) 54.60 (0.30) 

10 33.004 75.03 (0.14) 54.10 (0.40) 38.024 74.21 (0.12) 59.28 (0.05) 

15 33.004 73.71 (0.13) 58.75 (0.12) 38.024 73.05 (0.12) 64.66 (0.42) 

20 33.004 72.47 (0.12) 64.03 (0.15) 38.024 71.60 (0.07) 70.66 (0.31) 

25 33.004 70.81 (0.10) 69.19 (0.34) 38.024 70.05 (0.08) 77.33 (0.17) 

30 33.004 69.65 (0.13) 74.84 (0.14) 38.024 68.57 (0.13) 83.64 (0.32) 

35 33.004 68.32 (0.35) 80.50 (0.16) 38.024 67.24 (0.30) 90.67 (0.42) 

Table 4.1 Seawater permittivity data with standard uncertainty 
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4.3.2 Uncertainty Analysis 

The uncertainty in the seawater measurements comes from three major sources:  

• Uncertainty in the seawater measurements themselves  (repeated measurements do 

not give exactly the same value of the complex dielectric constant );  

• Uncertainty in the measurement of the calibration coefficient (see Section 3.4.2); 

• Uncertainty in the reference complex dielectric constant of methanol.  The 

measurements reported by Gregory and Clarke [2012] have an average uncertainty 

of approximately 0.05 for the range of dielectric constants considered in this report; 

Assuming the above uncertainties are independent, the combined standard uncertainty of 

the real part of seawater dielectric constant can be expressed by the formula [see Lang et 

al 2010]: 

        
2 2 2 2

' ' ' ' ( ) ( ) ( )M refu u SW u C u Cε ε ε ε= + +                                         (4.1) 

where, 

 
' ' M '( ) 2        (C )= 2        (C ) 2  

M reff o C o ref C ou SW C u f u f u f u f u fε ε ε∆= ∆ = ∆    
(4.2) 

For a given salinity, the standard uncertainty of f∆ is computed separately for each 

temperature value and then the average of these standard uncertainties (over salinity) is 

found. This average is denoted by fu∆ .  C  and f∆  represent the averaged calibration 

coefficient and averaged frequency shift, respectively.  The values of f∆  used in this 

calculation can be found in the attached data file.  The quantity 
MCu is the standard 
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uncertainty of the C coefficients and is given in Tables 3.2 and 3.3.  The standard 

uncertainty of the C constant with respect to an uncertainty in the reference 

measurements of methanol made by Gregory and Clarke [2012] is denoted by
refCu . The 

value of 
refCu is computed using, 

                                                      
( 1)

refC m mu Cuε ε′
′= −

                              
                (4.3) 

where mε ′  is the real part of methanol dielectric constant, muε ′  is the standard uncertainty 

of mε ′ . By using a 40-mm transmission cell method, Gregory and Clarke [2012] give a 

value of 0.10 for the uncertainty of mε ′  in the frequency and temperature range considered 

here. In the report of Gregory and Clarke [2012], all the uncertainties are expressed at a 

coverage factor of k=2 [UKAS, 2012]. As a result, the standard uncertainty in the 

reference measurements of methanol can be converted with a divisor of k=2. It gives, 

0.05muε ′ = .  

Similarly, the combined standard uncertainty in the imaginary part of seawater 

permittivity can be represented by the formula: 

           2 2 2 2
" " " "( ) ( ) ( )M refu u SW u C u Cε ε ε ε= + +                                   (4.4) 

where 

                ( ) ( )" (1/ ) " "( )        ( ) 1        ( ) 1
M refQ M C ref Cu SW C u u C Q u u C Q uε ε ε∆= = ∆ = ∆                (4.5) 
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Here (1/ )Qu∆ , 
MCu  and 

refCu are the standard uncertainties with respect to ( )1 Q∆ , MC  and 

refC   respectively.  In fact, this is an upper bound since the uncertainty of the calibration 

measurements and seawater measurements are not necessarily independent.   

Real Dielectric Constant Uncertainty 

Temp uε’(SW) uε’(C) uε’(ref) uε’(comb.) uε’[2008) 

0° C 0.104 0.121 0.141 0.213 - 

5° C 0.128 0.119 0.139 0.224 - 

10° C 0.135 0.117 0.137 0.225 0.62 

15° C 0.122 0.115 0.135 0.215 0.67 

20° C 0.158 0.113 0.132 0.235 0.63 

25° C 0.109 0.110 0.129 0.202 0.70 

30° C 0.142 0.108 0.127 0.219 0.86 

35° C 0.255 0.106 0.125 0.303 1.02 

Average 0.144 0.114 0.133 0.230 0.75 

Table 4.2. Combined standard uncertainty for real part 

Imaginary Dielectric Constant Uncertainty 

Temp uε”(SW) uε”(C) uε”(ref) uε”(total) uε”[2008) 

0° C 0.139 0.074 0.087 0.180 - 

5° C 0.170 0.080 0.094 0.210 - 

10° C 0.239 0.087 0.102 0.274 0.44 

15° C 0.255 0.095 0.110 0.293 0.62 

20° C 0.203 0.103 0.120 0.257 0.53 

25° C 0.241 0.112 0.131 0.304 0.68 

30° C 0.211 0.121 0.142 0.308 1.03 

35° C 0.200 0.130 0.153 0.274 1.06 

Average 0.207 0.100 0.117 0.259 0.73 

Table 4.3. Combined standard uncertainty for imaginary part 
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Based on the above formula, the combined standard uncertainties for real and imaginary 

parts are shown in Table 4.2 and 4.3, respectively.  The last column in these two tables 

gives the combined standard uncertainty obtained in Lang et al [2010] for comparison 

purposes.  

It should be pointed out that the measurements of methanol used in the calibration are all 

made at 20° C.  Test calibration measurements made at low and high temperatures have 

shown that the calibration coefficient depends weakly on the temperature. As a result 

only the calibration coefficient for 20° C is used.   

4.3.3 GW Data Comparisons 

The GW seawater dielectric constant data are plotted as a red line in Figures 4.1(a)–(d). 

The real and imaginary parts of the dielectric constant are plotted versus temperature for 

each of the four seawater salinities measured. At each measured temperature, the plotted 

data value corresponds to the average of three to five consecutive measurements. These 

points are connected by straight lines to form a red curve. The expanded uncertainty is 

indicated by a bar of length 2u  at each measurement point. The measurements are 

compared with the Klein-Swift [1977] (KS) and Meissner-Wentz [2012] (MW) model 

functions evaluated at 1.413 GHz. The black and blue lines represent the KS and MW 

model functions respectively. 

For the real part of seawater dielectric constant, it is seen that the GW curve matches KS 

model very closely from 5° C to 30° C, however at low temperatures, the GW values are 

about 1-1.5% higher than the KS values while at high temperatures GW values are about 

1% lower than KS values. When compared with MW model, GW curve matches MW 

34 
 



 

model at low temperatures and as the temperatures increases the GW values tend to be 

higher than the MW values.  For the imaginary part, it is difficult to see the differences 

between curves in the figures because of the large dynamic range.  The values of the 

measurement data and the model functions have been presented in Table 8 of Lang et al 

[2016].  

Figure 4.1(a). Complex dielectric constant of seawater vs. temperature (30 psu) 

Figure 4.1(b). Complex dielectric constant of seawater vs. temperature (33 psu) 
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Figure 4.1(c). Complex dielectric constant of seawater vs. temperature (35 psu) 

Figure 4.1(d). Complex dielectric constant of seawater vs. temperature (38 psu) 

4.3.4 Discussion of Results 

In this section the standard uncertainty of the data previously presented will be discussed.  

First the standard uncertainty in the measurements themselves will be examined.  

Following this, the uncertainty in the retrieved salinity from remote sensing 

measurements due to uncertainties in seawater dielectric constant will be addressed.   

Tables 4.2 and 4.3 contain the standard uncertainties of the seawater dielectric constant 

measurements for the real and imaginary parts respectively.  As pointed out in section 

4.3.2, the total variance is the sum of three parts: the variance of the measurements 
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themselves, the variance of the methanol measurement used for calibration and the 

variance of the reference methanol measurements. As seen from Table 4.2, the combined 

standard uncertainty of the real part is always less than or equal to 0.303 with an average 

value of 0.230. The imaginary part has a total maximum combined standard uncertainty 

(as seen from Table 4.3) of 0.308 with an average of 0.259.   

The L-band remote sensing of sea surface salinity from space has been the motivating 

force behind the dielectric constant measurements reported here. The observed brightness 

temperature is directly related to the dielectric constant of the sea surface. The dielectric 

constant of the seawater is then related to the salinity, S, and the temperature, T, of the 

seawater by the model function, ( , )S Tε .  The details of the model function development 

will be discussed in section 6.  These relationships are illustrated in eqs. (4.6) and (4.7) 

for the case of a radiometer looking directly down (normal) to a flat sea surface (the 

simplest case). Here the brightness temperature, bT , is given by  

                                                      2(1 )bT R T= −                                                         (4.6) 

where R is the Fresnel reflection coefficient of the sea surface at normal incidence, that is,   

                                                    (1 ) (1 )R ε ε= − +                                                    (4.7) 

The radiometer measures the brightness temperature, BT , and the salinity is retrieved by 

inverting (4.6) using the model for ( ),S Tε .  To achieve an accuracy of 0.2 psu, the 

model function must be known to a high degree of accuracy. An expression relating the 

uncertainty in the dielectric constant,  iδε δε δε′ ′′= + , to the error in retrieved  salinity is 

[Lang et al, 2010]:  
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                           (4.8) 

where it has been assumed that the sea surface temperature is known (i.e. no error).  In eq. 

(4.8), δε ′  and δε ′′are the errors in the real and imaginary part of the dielectric constant 

and Sδ  is the absolute value of the error in retrieved sea surface salinity. 

To gain better insight, it is useful to look separately at the effects of errors in the real and 

imaginary parts. Assuming an error of 0.3  ( 0)δε δε′ ′′= = the error Sδ  is plotted in 

Figure 4.2 A for various temperatures. On the other hand, for 0.3  ( 0)δε δε′′ ′= = the error 

Sδ  is plotted in Figure 4.2 B for various temperatures. 

Figure 4.2 A. Error in retrieved salinity for measurement error of 0.3  ( 0)δε δε′ ′′= =    B. Error in 

retrieved salinity for a dielectric measurement error of 0.3  ( 0)δε δε′′ ′= =  

These curves show that the effect of error in the dielectric constant on the error in 

retrieved salinity increases as the temperature decreases.  It is also noticed that the effect 

of δε ′  on the error in retrieved salinity decreases as the salinity increases while it 

increases forδε ′′ . Furthermore, it is observed that for temperatures above 15° C, the error 
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in retrieved salinity will be less than 0.2 psu for the range of salinities of interest in the 

open ocean; these error curves represent the upper bound.   
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Chapter 5  Validity of Perturbation Theory and Cavity Exit-hole Effect 

The cavity technique used in the measurements is based on the perturbation relations 

given by eqs. (3.1a) and (3.1b). The real and imaginary parts of the dielectric constant of 

sample solution can be determined based on the change in the resonant frequency and the 

change in the Q value. When the measurement process doesn’t follow these equations, it 

is said there is a bias. Examples of biases which will invalidate the perturbation equations 

are: the tube having too large an inner diameter or the dielectric constant of the 

comparison liquid being too different from that of the seawater.  In this section, the biases 

due to the perturbation relations are analyzed. Another bias occurs when the tube passes 

through the center exit-hole on the cavity endplates. This can cause a shift in the 

measured frequency, ,f∆ which makes an error in the real part of the dielectric constant.  

Risman and Wappling-Raaholt [2007] have pointed out that this may be a problem in the 

measurements made by Ho and coauthors.   In this section, the exit-hole effect is 

examined by a multimode waveguide theory.  Additionally, the experiment that used to 

validate the theoretical result of the exit-hole effect is presented.   

5.1 Validity of the Perturbation Theory 

The perturbation relations, eq. (3.1a) and eq. (3.1b) are used to determine the dielectric 

constant of seawater. The calibration coefficient C in the equations is obtained by the 

relative method --- use a reference liquid with known dielectric constant in the 

measurement.  This method is based on the assumption that the calibration coefficient C 

is a constant of the system that doesn’t change for different sample solutions in the tube.  

To validate this assumption, the exact electromagnetic fields inside the cavity need to be 
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known.  In this section, a theoretical model is introduced to determine the 

electromagnetic fields inside the cavity.  The absolute value of the coefficient C is then 

computed from the analytic expressions of the electromagnetic fields in the cavity.  

Finally, the bias in the calibration coefficient caused from the relative method is 

analyzed.   

5.1.1 Theoretical Model of the Electromagnetic Field in Cavity 

In this section, a theoretical analysis of the electromagnetic fields inside the cavity is 

introduced.  The cavity used in the measurements has an inhomogeneous structure thus 

the fields inside the cavity region might contain hybrid modes (e.g. Longitudinal Section 

Electric (LSE) or Longitudinal Section Magnetic (LSM) modes).   

        
Figure 5.1 Transverse cross-section of the cavity 

An illustration of the cavity transverse cross section is shown in Figure 5.1. In the figure, 

0ε , εd  and ε s are the dielectric constants of air, the quartz tube and the sample solution, 
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respectively. The cavity has the radius of a; the quartz tube has the outer radius of b and 

inner radius of ri. Due to the fact that the cavity is made of naval brass, which is more 

lossy compared to copper (see section 3.2), the loss on the cavity wall and endplates will 

be taken into account in the rest of this section. 

It can be seen that the cavity has symmetric structure in the transverse plane. Thus, only 

the TE and TM modes need to be considered in the cavity region. Due to the degeneracy 

of TE modes (TE0n0 degenerate to TM1n0), the cavity is operated at TM modes. The 

dimension of the cavity limits only the dominant mode, TM010, can propagate while the 

higher order modes are cut-off.  The electric and magnetic fields inside the cavity can be 

represented in terms of the mode functions ( )′e ρi , ( )′h ρi as is shown in the following 

relations: 

    
0

( ) ( ) ( ),

( ) ( )( ) ,
ωε

′ ′=

′ ′∇ ⋅
=

E r e ρ

e ρE r

t i

t i
z

V z

I z
j

   and     ( ) ( ) ( ),′ ′=H r h ρt iI z                   (5.1) 

where ( )tE r , ( )zE r are the electric field in the cross section transverse to z direction and 

the electric field in z direction, respectively; ( )tH r  is the magnetic field in the transverse 

plane; ρ  is the radial vector.  Here, the z direction is coincident with the axis of cavity 

(see Figure 5.2). The amplitude ( )V z′  and ( )I z′  are the voltage and current of the 

equivalent transmission line, which will be discussed subsequently. 

In eq. (5.1), the mode function ( )′e ρi  and ( )′h ρi can be represented as gradients and curls 

of scalar potential function ( )i ρΦ  as follows, 
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( ) ( )ˆ( )            and           ( )t i t i

i i
i i

z
p p
ρ ρ∇ Φ ∇ Φ′ ′= − = − ×
′ ′

e ρ h ρ ,                 (5.2) 

where ′ip  is the transverse wavenumber and the scalar potential function Φi  can be 

determined by the relation: 

                                                      2 2 0′∇ Φ + Φ =t i i ip                                                      (5.3) 

In cylindrical coordinates, eq. (5.3) is satisfied by the Bessel functions of the first and 

second kind: Jm(x) and Ym(x). The mode functions are solved separately for different 

regions in the cavity’s transverse cross-section. The mode functions of E field are given 

as,  

1 1

1 1

1

ˆ[ ( ) ( )]          
ˆ( ) [ ( ) ( )]           

ˆ ( ) ,                                0

f f f f

d d d d i

s s i

A J p A Y p b a
A J p A Y p r b
A J p r

ρ ρ ρ ρ
ρ ρ ρ ρ
ρ ρ ρ

′ ′ ′ ′ + ≤ ≤
′ ′ ′ ′ ′= + ≤ ≤
 ′ ′ ≤ ≤

e ρ

                    

(5.4 a-c) 

where fA , fA , dA , dA  and sA are coefficients of the mode functions; fp′  , ′dp  and fp′  

are the transverse wavenumbers of the free space region, the quartz tube region and the 

sample solution region in the cavity. Assume the propagation constant of the dominant 

mode is 1κ , the transverse wavenumbers have the following relations to the propagation 

constant 1κ , 

2 2
0 1κ′ = −fp k ,           2 2

0 1ε κ′ = −d dp k ,           
2 2

0 1ε κ′ = −s sp k            (5.5) 

Here, k0 is the wavenumber of the free space at frequency f0.   

The mode functions of the H field have the same amplitudes as E field but in φ  direction. 
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The transverse wavenumbers of the mode functions can be determined by matching the 

electromagnetic fields on the interfaces of the cavity region, the boundary conditions are 

listed in equations (5.6a) – (5.6e), the details of the derivation of eq. (5.6a) – (5.6e) are 

presented in Appendix B. 

0 0 1 0 0 1

0 0 0 0

1 1 1 1

[ ( ) ( )] [ ( ) ( )] 0     
( ) ( ) ( ) ( )                          

( ) ( ) ( ) ( )    

ωε ωε

ε ε

′ ′ ′ ′ ′ ′− + − =
′ ′ ′ ′ ′ ′ ′ ′+ = +

′ ′ ′ ′+ = +

f f f N f f f f N f

f f f f f f d d d d d d

f f f f d d d d d d

A p J p a Z j J p a A p Y p a Z j Y p a
A p J p b A p Y p b A p J p b A p Y p b
A J p b A Y p b A J p b A Y p b

0 0 0

1 1 1

                                
( ) ( ) ( )                                                    
( ) ( ) ( )                               ε ε ε

′ ′ ′ ′ ′ ′+ =
′ ′ ′+ =

d d d i d d d i s s s i

d d d i d d d i s s s i

A p J p r A p Y p r A p J p r
A J p r A Y p r A J p r                        









(5.6 a-e) 

where NZ  is the surface impedance of naval brass (see Appendix B for details). 

To solve for the propagation constant 1κ , equations (5.6a) – (5.6e) can be written in the 

matrix form, 

     

†[ , , , , ] 0f f d d sA A A A A =X                                          (5.7) 

In matrix X, if the exact values of the surface impedance of naval brass NZ , the dielectric 

constant of quartz dε  and the dielectric constant of the sample solution sε are known, the 

propagation constant 1κ  is the only variable that needs to be determined due to the 

relations shown in eq. (5.5).   Therefore, 1κ  can be solved based on the fact that the only 

nontrivial solution of eq. (5.7) occurs when, 

det( )  0=X                                                     (5.8) 

Eq. (5.8) can be solved by using the Secant method (a numerical method for getting roots) 

in Matlab. Different roots can be obtained by giving different initial guesses in the 
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numerical method. Due to the fact that 1κ  is the propagation constant of the dominant 

mode, the quantity of 1κ  is obtained by finding the root that is closest to 0. Note that 

although the exact values of the coefficients (i.e. , , ,  and f f d d sA A A A A ) of the mode 

functions cannot be determined, the relationships between them are revealed by eq. (5.7).  

Based on eq. (5.1), ( )V z′  and ( )I z′  need to be known for determining the E and H fields 

inside the cavity. To obtain their expressions, the cavity is equivalent to a transmission 

line in z direction as shown by Figure 5.2.  In the figure, the red line # 1 represents the 

port that generates the fields inside the cavity and the red line # 2 represents the receiving 

port.  The cavity endplate has a surface impedance of ZN.  

 
Figure 5.2 Side-view of the Cavity 

The structure of the equivalent transmission line is shown in Figure 5.3. In the figure, the 

probe from the Network Analyzer that provides the power is treated as a voltage point-

source on transmission line.  The endplates on the top and bottom of the cavity are treated 

as two resistive loads of the transmission line. The parameter Z0 is the characteristic 

impedance of the transmission line; the voltage source V is located at z′ ; ( )Z z′


 and 
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( )Z z′


 are the impedances seen looking to the left and right from the voltage source, 

respectively. 

 

Figure 5.3 Equivalent transmission line structure 

The expressions for the voltage ( )V z′ and the current ( )I z′  on the transmission line are 

given in Felson and Marcuvitz [1973] as,  

1 0 1( ) = ( ) cos ( ) sin ( ) 
( ) ( )
V VV z Z z z z jZ z z

Z z Z z
κ κ′ ′ ′ ′− ⋅ − + ⋅ −

′ ′



 

              
(5.9a) 

 
1 0 1( ) = cos ( ) ( )sin ( ) 

( ) ( )
V VI z z z jY Z z z z

Z z Z z
κ κ′ ′ ′ ′− − + ⋅ ⋅ −

′ ′



 

               
(5.9b) 

where, 
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

              (5.9c) 

Here, 1κ  was obtained previously from eqs. (5.5) - (5.8).  The characteristic impedance, 

Z0 and admittance, Y0 shown in eq. (5.9) are related by 0 0 0 11Y Z ωε κ= = ; z’ is the 

location of the source and h is the height of the cavity; Γ  is the reflection coefficient that 
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is related to the surface impedance of naval brass and the characteristic impedance by 

0 0( ) / ( )N NZ Z Z ZΓ = − + ; ( )Z z′


 is obtained by ( ) ( ) ( )Z z Z z Z z′ ′ ′= +
  

.  The amplitude of 

( )Z z′


 provides the resonance condition inside the cavity.  The resonance occurs when 

the amplitude of ( )Z z′


 is minimum.   

Therefore, the electric and magnetic fields can be determined by substituting the 

expressions of the mode functions (eq. (5.4)-(5.8)) and their amplitudes (eqs. (5.9 a-b)) 

into eq. (5.1). Based on eqs. (5.1)-(5.9), a theoretical model of the fields inside the cavity 

has been built in Matlab.  The parameters in the model are assigned by the actual values 

from the measurement setup (i.e. cavity dimensions, the dielectric constant of quartz tube, 

the conductivity of naval brass and the measured dielectric constants of the sample 

solution).  This model produces the resonance condition inside the cavity. An example of 

the outputs is shown in Figure 5.4.  In the figure, the amplitude of electric field in the z 

direction is plotted versus the operating frequencies. The blue curve represents the 

resonance condition when the tube is empty while the red one represents the resonance 

condition when the tube is filled with sample solution. The resonant frequency is 

obtained by locating the peaks of the curves and the quality factor Q is obtained by 

measuring the bandwidth of the curves at half power points. The coefficients C1 and C2 

(see section 3.4.2) can then be determined by the shift of frequency and the change in Q.  

Note that in Figure 5.4, the amplitude is dependent on the strength of the source, it has no 

effect on the resonant frequency and the Q value. 
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Figure 5.4 Resonant curves from the theoretical model 

One of the problems in the development of an accurate theoretical model is: there is no 

way of knowing the exact values of the dielectric constant of quartz tube and the 

conductivity of the naval brass from the measurements.  To obtain accurate values of 

these parameters, the computed resonant frequency and quality factor Q are compared 

with the measured ones for the case of the cavity with empty tube. The performance of 

this model is then examined by doing another comparison for the case of the cavity with 

sample solution in the tube.  The details of this process are listed below: 

1. Choose a measurement temperature and salinity from the data file. Record the 

averaged resonant frequency f0 , fs and the averaged quality factor Q0, Qs for the case of 

the cavity with empty tube and for the case of  the cavity with seawater in the tube, 

respectively.  The measured dielectric constant of seawater should also be recorded.   
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For instance, the dielectric measurement of the seawater having a salinity of 35 psu at 20° 

C has the following information: 

Cavity with empty tube: f0 = 1,413,487,466 Hz;  Q0 = 7929 

Cavity with seawater in the tube: fs = 1,413,415,239 Hz;  Qs = 4505 

The dielectric constant of seawater: 72.09 66.68s jε = +  

2. Assign cavity’s dimension values to the corresponding parameters in the theoretical 

model. Find the standard values of the dielectric constant of quartz tube, dε , and the 

conductivity of naval brass, Nσ , from the literatures and assign these values to the 

corresponding parameters in the theoretical model.  Basically, if the dimensions of the 

cavity are fixed, the resonant frequency is determined by dε and the Q value is 

determined by Nσ . The relative dielectric constant of the tube inner region is assigned by 

1 to obtain the resonance condition of the cavity with the empty tube.  Make small 

adjustments of dε  and Nσ  near their standard values and run the theoretical model in 

Matlab until the produced f0 and Q0 are close to the measured ones. At this point, the 

exact values of dε  and Nσ  are obtained. This process is based on the assumption that the 

theoretical model can simulate the actual measurement very accurately. The goodness of 

this assumption will be checked for the case of the cavity with seawater in it. Note that 

the values of dε  and Nσ  might also be affected by the temperature. The influence of the 

temperature will be discussed in the next section.  

For the example introduced in the first step, the values of the radius of the cavity 

( 2108.11  m−× ), outer and inner radii of the quartz tube ( 31.5 10−× m and 55 10−× m, 
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respectively) are assigned to the corresponding parameters a, b and ri in the theoretical 

model (see eq. (5.5)), respectively.  A careful analysis of the exact value of the inner 

radius of the quartz tube is presented in Appendix C. From the literature, the dielectric 

constant of quartz, dε , is found to be 3.82 [Geyer, 1990] and the conductivity of naval 

brass, Nσ , is found to be 71.508 10× S m  [Reed and Mikesell, 1967] at 20° C. The 

theoretical model is run for the empty tube case and the resonant frequency f0 and the 

quality factor Q0 are computed. By comparing the computed f0 and Q0 to the measured 

ones, the exact dielectric constant of quartz tube is found to be 3.537 and the exact 

conductivity of naval brass is found to be 71.43 10 S m× . With these parameters, the 

computed resonant frequency f0 is 1,413,491,600 and the computed quality factor Q0 is 

7929.  Both of them have good agreements with the measured values.  

3.  Based on the exact values of dε  and Nσ , the resonant frequency fs and the quality 

factor Qs for the cavity with seawater are computed by assigning the dielectric constant of 

seawater to the variable sε  in the theoretical model.  The comparison is made between 

the computed fs, Qs and the measured  fs, Qs to validate the theoretical model.  

For the example previously introduced, replace the dielectric constant of the sample 

region, ,sε with the seawater dielectric constant obtained from the measurement. It is 

obtained as 72.09 66.68s jε = + (see step 1). Run the theoretical model to compute the 

resonant frequency fs and quality factor Qs. The results are given as fs =1,413,419,700,  Qs 

= 4513. Compared with the measurement results ( fs = 1,413,415,239 Hz;  Qs = 4505, see 

step 1),  the percentage difference of fs is 0.0003% and the percentage difference of Qs is 
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0.1772%.  These results indicate that the theoretical model can perform an accurate 

simulation of the resonance condition inside the cavity.   

5.1.2 Validity of the Calibration Coefficients 

In this section, the biases from using a reference liquid for calibration are examined based 

on the theoretical model presented in section 5.1.1.   

In the Appendix B of Lang et al. [2010] it is shown that the calibration coefficient, C, 

appearing in eq. (3.1a) can be represented as a product 

                                                           0 C Cχ=                                                          (5.10) 

where 0C  is a constant of the system and χ  depends on the sample properties and the 

temperature. The constant 0C  is the ratio of the average energy in the empty cavity to the 

average energy in the empty tube.  It is a constant of the system; it only varies slightly as 

the temperature changes due to the slight expansion/contraction of the cavity.  The 

multiplicative factor χ , on the other hand, is an energy storage factor which changes with 

the type of liquid being measured and the temperature.   

In relating the calibration measurements to the seawater measurements, there are two 

independent pairs of equations to consider: the sample equations and the reference 

equations.  The sample equations are: 

                                   1 2                     (1 )s s s s s s sC f f C Qε ε′ ′′− = ∆ = ∆                            (5.11)  

where all quantities are as defined in (3.1a)-(3.1b) when seawater is present in the sample 

tube. Similarly, the reference equations are:  
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                                 1 2                    (1 )m m m m m m mC f f C Qε ε′ ′′− = ∆ = ∆                           (5.12) 

where all quantities are again defined as in (3.1a)-(3.1b) when the reference liquid --- 

methanol is present in the sample tube.  By employing eqs. (5.11) and (5.12), the 

calibration coefficients are each related to C0 as follows: 

                                            0 ,s sC Cχ=                0 m mC Cχ=                                      (5.13) 

Combining these the two equations above gives 

                                                       0 ( )s s mC Cχ χ=                                                 (5.14) 

Since Cm is known, the desired calibration coefficient is determined if the ratio s m
χ χ  is 

known.  In general, this ratio is not known.  It can be made close to unity, however by 

making the inner tube diameter small enough and choosing a reference liquid with 

dielectric constant close to the dielectric constant of the sample. Therefore, it is assumed 

that,  

             1s m
χ χ ≈                                                      (5.15)  

For the seawater dielectric measurement, the approximation shown in eq. (5.15) has been 

used in the perturbation relations eq. (3.1a) – (3.1b) to determine the seawater dielectric 

constant. In the following part of this section, the accuracy of eq. (5.15) will be validated 

by using the theoretical model shown in section 5.1.1. In addition, the effect of 

temperature on the calibration coefficient will be presented.  

As introduced in section 5.1.1, the resonant frequency f0 , fs and the quality factor Q0, Qs 

can be computed by the theoretical model. The coefficients C1 and C2 can then be 
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computed using eqs. (3.1a) and (3.1b), respectively (see section 3.4.2). Note that for this 

case, the coefficients C1 and C2 are determined from the analytic expressions of the 

electromagnetic fields in the cavity instead of the calibration measurements. In the rest 

part of this section, the term “computed coefficient C1 (or C2)” will be used for 

representing the coefficient determined from this method while the term “calibration 

coefficient C1 (or C2)” will be used for representing the coefficient determined from the 

calibration measurement. For the example given in section 5.1.1, the coefficients for 

seawater with a salinity of 35 psu at 20° C can be computed based on the perturbation 

relation given by eq. (3.1a) and eq. (3.1b).  They are, 

   
( )1 2

( 1) 698,845              and   698,646
2 1
s s s

s s
s s

fC C
f Q

ε ε
=

′ ′′−
= = =

∆ ∆              
  (5.16) 

where the subscript s indicates the coefficients are computed for the case of the cavity 

with seawater. The closeness between Cs1 and Cs2 is an indication of the accuracy of the 

perturbation relation shown in eq. (3.1a) and (3.1b). Note that for this case, the inner 

diameter of the tube is 0.1 mm (see section 5.1.1).  It is readily obtained that the 

difference between the computed Cs1 and Cs2 is within 0.03%. 

Similarly, the coefficient C1 and C2 of methanol can be computed by assigning the value 

of the dielectric constant of methanol at 20° C (27.97+11.20j) to the variable sε in the 

theoretical model (see eq. (5.5)) and running the model. Finally, it yields, 

1 2       and 698,954         9 ,134 6 9m mC C= =                            (5.17) 

where the subscript m indicates the coefficients are computed for the case of the cavity 

with the methanol.  Due to the fact that the calibration coefficient C1 is used for 

53 
 



 

determining the seawater dielectric constant in the measurements (see section 3.4.2), the 

comparison is made between the coefficients Cs1 and Cm1. Since both Cs1 and Cm1 are 

computed based on the same system at the same temperature, they have the same 

constant C0 (see eq. (5.10)). Therefore, the ratio of Cs1 to Cm1 is equal to the ratio of the 

multiplicative factor 1sχ  to 1mχ . 

From the eqs. (5.16) and (5.17), the difference between Cs1 and Cm1 is computed in the 

percentage as, 

1 1

1 1

1 100% 1 100% 0.016%s s
C

m m

C
C

χ
δ

χ
= − × = − × =

                       
(5.18) 

It is seen that the difference in coefficient C from using methanol as reference liquid for 

calibration is not significant for the tube having 0.1 mm inner diameter. Following the 

same method, the comparison can also be made between the coefficients C of distilled 

water and seawater. 

To investigate the effect of the tube size on Cδ , the absolute values of the percentage 

differences from using two reference liquids are plotted as functions of the tube inner 

diameters in Figure 5.5. In the figure, the red curve represents the difference in 

coefficient C from using distilled water as reference liquid and the blue one represents the 

difference in C from using methanol as reference liquid. It is seen for both cases, the 

differences become greater as the tube inner diameter becomes larger. Compared with 

methanol, distilled water has slightly smaller Cδ  when used as reference liquid for 

calibration. This is due to the fact that the dielectric constant of distilled water is closer to 

the dielectric constant of seawater. It makes the multiplicative factor χ , which depends 
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on the sample properties and the temperature, is closer to the seawater results.  It is seen 

from Figure 5.5 there is a very small difference between the Cδ  of these two reference 

liquids for the tube used in the measurement that has an inner diameter of 0.1 mm.  

 

Figure 5.5 Comparison of Cδ  between using distilled water and methanol as reference 

Another factor that could affect the measurement results is the temperature. As 

mentioned in eq. (5.10), the calibration coefficient can be expressed as 0 C Cχ= , where 

0C  is a constant that only depends on the cavity system.  As the measurement 

temperature changes, however, the cavity has a slight expansion or contraction of its 

dimension.  In addition, the conductivity of naval brass varies slightly as temperature 

changes.  For the seawater measurements, all the seawater dielectric constants over the 

temperature range from 0° to 35° C are determined based on the same calibration 

coefficient C that is obtained from the methanol measurements made at 20° C. Thus, the 

difference between the temperatures of seawater measurements and methanol 

δc from using different reference solutions 
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measurements may cause a bias on the measured dielectric constant of seawater. To 

investigate this effect, the temperature expansion coefficients have been added to the 

dimensions of the cavity in the theoretical model. The reference temperature is set to be 

20° C and the parameters of the cavity dimension is given by,  

The inner radius of quartz tube: 5E-05 [1 ( 20)]  mα= −⋅⋅ + Qir T  

The outer radius of quartz tube: 1.5E-03 [1 ( 20)]  mQb Tα −⋅= ⋅ +  

The radius of cavity: 8.11E-02 [1 ( 20)]  mNa Tα= ⋅ + −⋅  

The height of cavity: 7.14E-02 [1 ( 20)]  mNh Tα= ⋅ + −⋅  

and the conductivity of naval brass is also adjusted by, 

 1 11.43E+07    S m C
1 ( 20)

σ
α

− −

⋅
= ⋅ ⋅

+ −N
eN T

 

where the thermal expansion coefficient of quartz tube is 6 10.59 10Q Cα − −= × ⋅  [Nave, 

2005];  the thermal expansion coefficient of naval brass is 6 121.20 10N Cα − −= × ⋅ [Reed 

and Mikesell, 1967] and the temperature coefficient of electrical resistance of naval brass 

is 3 11.8 10eN Cα − −= × ⋅ [Reed and Mikesell, 1967].  

Substitute these parameters into the theoretical model and set the temperature T as a 

variable from 0 to 35 in intervals of 5.   The parameter, sε , in the theoretical model is 

assigned by the measured dielectric constants of seawater at the temperatures of 0° C, 5° 

C, …, 35° C, respectively (see Table 4.1).  Thus, sε  is a function of T and can be denoted 

as ( )s Tε . By running the theoretical model, the coefficient Cs of seawater is computed at 
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each temperature and denoted as ( )sC T , where 0 ,5 ,...,35  C= ° ° °T . Similar to the 

previous sections, the computed coefficient of methanol at 20° C is denoted as mC . The 

percentage difference between ( )sC T and Cm is also a function of temperature T, which 

can be denoted as ( )C Tδ . Figure 5.6 shows the results of ( )C Tδ  vs. T.  It can be seen that 

the greatest difference occurs at 0° C; it is due to the difference between the seawater 

measurement temperature and calibration measurement temperature is maximum at 0° C.  

The difference is about 0.1% at 0° C and becomes smaller as the temperature of seawater 

measurements gets higher. At 20° C, the difference between the computed coefficients C 

of seawater and methanol is only due to the difference in their multiplicative factor χ . 

The Cδ  at 20° C is equal to the result given by eq. (5.18) (also given by the blue curve in 

Fig. 5.5 at the point of 0.1 mm inner diameter).  The smallest difference occurs at about 

23° C instead of 20° C.  It is due to the cancellation of the influence of different 

measurement temperature and the influence of using different reference liquid for 

calibration. The difference becomes greater as temperature goes higher above 23° C.  

Due to the relationship between the complex seawater dielectric constant and the 

coefficient C given by eq. (3.1), the bias in the measured dielectric constant of seawater is 

linear to ( )C Tδ  at temperature T.  The effect of ( )C Tδ  on the measured dielectric 

constant of seawater will be discussed in section 5.3 with more details.    
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Figure 5.6 Cδ  as a function of temperature 

In summary, for the 0.1-mm-ID capillary tube used in the measurements, there is no 

significant bias for using methanol to determine the coefficient C of seawater dielectric 

constant near 20° C.  The bias becomes greater as the temperature of seawater dielectric 

measurement deviates more from 20° C. The highest bias (about 0.1%) occurs at 0° C.   

5.2 Validity of Cavity Exit-hole Effects 

As mentioned in the previous section, the resonant cavity operates at the TM010 mode.  

This means that the maximum electric field occurs along the axis of the cavity.  A 

potential problem results when the glass tube exits at the top and the bottom of the cavity. 

It follows that the position of the exit hole is where the maximum electric field occurs. 

For GW measurement setup, the exit-hole structure is shown in Figure 5.7. In the figure, 

the region marked with red color is the exit-hole where the capillary tube passes through 

δc vs. seawater measurement temperature 
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the top and bottom endplates. The effect of these exit-holes has concerned investigators 

for many years. They have indicated that the exit-holes might perturb the resonant field 

inside the cavity and change the resonant frequency.  This frequency shift can make a 

bias in the real part of the measured dielectric constant; the change in the Q is usually 

small. In this section, the experimental setup for examining the exit-hole effect of the 

empty cavity case is introduced. A waveguide analysis for the empty cavity with only a 

small hole on the endplate is then performed.  The frequency shift is computed for the 

empty cavity case. The results are compared with the cases considered by Estin and 

Bussey [1960] and the experiment made at the laboratory.  Finally, the bias that exists for 

the seawater dielectric measurement is examined by applying the waveguide analysis on 

the composite exit-hole problem. 

         

                           (a)                                                                          (b) 

Figure 5.7 (a). Illustration of the cavity technique; (b). Exit-hole structure 
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5.2.1 Background of Exit-hole Investigation 

In 1960, Estin and Bussey [1960] used the Adiabatic Invariance Theorem to calculate the 

frequency pulling of the exit-hole.  Their theory was based upon the experiment of using 

a resonant cavity to determine the dielectric constant of a solid sample material.  The 

exit-hole in their experiment has a simpler structure compared to the exit-hole problem in 

seawater dielectric measurements since it was filled by only one type of the dielectric 

material.  Based on this structure, they determine the frequency change based on the 

energy change in the system.  One of the problems existed in their theory is that only the 

TM010 mode is considered in the tube region where higher order modes could have an 

effect on resonance condition inside the cavity.   

Using the method derived by Estin and Bussey, Ho et al. [1973, 1974] were concerned 

about the exit-hole problem in their articles. They showed that the error introduced in the 

measurement of the seawater dielectric constant is less than 0.1% for a cavity at 1.43 

GHz.  In their experimental setup, however, the exit-hole had multiple layers --- the tube 

and sample.  They used the Estin and Bussey’s formula by only taking the sample region 

into account.  In addition, the tube they used for the calibration measurements had 

different radius compared with the one they used for the seawater measurements. Thus, 

the effects of the exit-hole were different in their calibration and seawater measurements.  

These differences were not addressed in their paper. 

Li and Bosisio [1982] also used the Adiabatic Invariance Theorem to determine the exit-

hole effect. In their paper, a composite exit-hole problem that contains two different 

concentric dielectric materials is analyzed.  The higher order modes that existed in the 

exit-hole region were taken into account in their derivation.  The amplitudes of these 
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modes are determined by using Galerkin method, which is a mathematical method used 

to obtain approximate solutions of partial differential equations.  Li and Bosisio also 

mentioned that the H field in their derivations might be greater than its true value due to 

the approximation they used. In 2003, similar to Li’s derivation, Kawabata et al. [2003] 

performed an analysis for the exit-hole effect on the basis of the Ritz-Galerkin method.  

However, it is not clear how the higher order modes account for the exit-hole effect in 

their derivation.  In addition, both of them didn’t provide the details of the experimental 

setup to validate their derivations.  

More recently, Risman and Wappling-Raaholt [2007] used an FDTD simulation to 

investigate the exit-hole effect. They pointed out that Estin and Bussey neglected the 

effect of a quasi TEM mode that can exist in the exit-hole region.  They indicated that the 

existence of this mode could lead to a slightly higher estimate of ε ′  and a slightly 

different value of ε ′′ . They did not provide the detailed modeling results. 

5.2.2 Experimental Design of the Exit-hole Effect Examination 

Due to the complexity of the experimental setup for examining the exit-hole effect of the 

cavity containing a capillary tube and sample solution, the exit-hole effect experiment is 

designed for an empty cavity case.  An adjustable exit-hole plug is designed and installed 

on the cavity endplate. Illustrations of the exit-hole plug design are shown in Figure 5.8 

(a) and (b). In the figure, the tube is removed from the cavity and a small cylindrical 

brass plug is inserted into the hole. The plug is constructed to fill the hole exactly, which 

can be made flush with the bottom of the cavity top cover. This is the case with no exit 

hole in the large cavity. The brass plug is welded to a 3-mm-diameter bolt. The depth of 

the exit-hole can be adjusted by tuning the center bolt as shown in Figure 5.8 (b).  The 
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changing in the depth of the exit hole results in the resonant frequency shifting 

simultaneously. A stainless steel cap with a central threaded hole is used for sealing the 

ultra-torr fitting and pushing the bolt down.  

 
                                      (a)                                                               (b) 

Figure 5.8. Exit-hole plug design [(a) no exit-hole case (b) with exit-hole case] 

Figure 5.9 shows the actual experimental setup for examining the cavity exit-hole effect.  

In the figure, (a) shows the whole view of the cavity with the adjustable exit-hole plug 

design.  As mentioned before, the whole cavity is immersed in the coolant for controlling 

the temperature.  A piece of tubing is sealed by silicone adhesive on the outside of the 

ultra-torr fitting to prevent the water leakage into the cavity.  Closer views of the exit-

hole plug from the outside and the underside of the top cover are shown in Figure 5.9 (b) 

and (c) respectively.  It has to be mentioned that there is no plug installed in the exit-hole 

located at the bottom endplate.  A stainless steel cap is installed for sealing the bottom 

ultra-torr fitting thus the exit-hole effect remains at the bottom endplate.  
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Figure 5.9 Actual experimental setup [(a) Cavity with exit-hole plug (b) Close up view of the 
exit-hole plug from outside (c) Close up view of the exit-hole plug from the underside of the 

cavity cover] 

The measurement result is shown in Figure 5.10.  The measurement temperature is set to 

be 20° C.  As mentioned in section 3.3, each diamond in the figure represents the 

averaged resonant frequency of a cycle in the Network Analyzer.  During one cycle the 

NA sweeps over the resonant curve eight times and the averaged results are obtained.  In 

the figure, the first period (0-38 mins) represents the resonant frequency of the cavity 

with no exit-hole on the top endplate.  The points of the resonant frequencies in this 

period is averaged and denoted as 1
ME

ef .  The superscript ME means the result is obtained 

from the measurement.  At 38 mins, the bolt is turned 1080° to create an exit-hole with a 
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depth of 1.425 mm in the cavity endplate.  It is seen from the figure that the frequency is 

increased about 3.5 kHz immediately at that moment.  At about 80 mins, the bolt is 

turned another 1080° to increase the depth of the exit-hole and the frequency shift is 

increased slightly to 4 kHz.  At about 100 mins, the exit-hole depth is increased by 

another 1.425 mm but the frequency stays the same as before.  It could be due to the 

amplitude of the slowest mode in the exit-hole region has already decayed to 0 when the 

depth of the exit-hole reached 2.85 mm.  Therefore, no further change has been made on 

the resonance condition of the cavity after 100 mins. The points of the resonant 

frequencies in the third and fourth periods (80 mins – 135 mins) are averaged and 

denoted as 2
ME

ef . The frequency shift is finally calculated as , 

1 2 3946 HzME ME ME
e e ef f f∆ = − =  

 
Figure 5.10 Exit-hole measurement result 
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5.2.3 Calculation of Exit-hole Effect by Estin and Bussey’s Method 

By using the Adiabatic Invariance Theorem, Estin and Bussey [1960] calculated the 

frequency shift based on the change in the cavity total energy. Their formula was 

developed by only considering TM010 mode and the expression is given as,  

          
3 1

2 2
01 1 014 ( )

EB
e sf b
f a hx J x

ε +∆′∆
=                                               (5.19) 

where b is the radius of the exit-hole region; a and h are the radius and the height of the 

cavity; x01 is the first zero of zeroth order bessel function; sε ′  is the real part of the 

sample material’s dielectric constant; ∆  in the exponential is an empirical coefficient 

which equals to 0.16.  In the formula, EB
ef∆ is the frequency shift due to the exit-hole 

effect where the superscript EB means the result is obtained by the method of Estin and 

Bussey. 

In order to compare with the experimental result presented in section 5.2.2, the 

parameters a, b and h in the formula have been assigned by the quantities of the GW 

cavity dimensions and sε ′  has been assigned by 1 to obtain the frequency shift for the 

empty cavity case. Finally, the result is computed as  4654 HzEB
ef∆ = . It is seen that the 

frequency shift predicted by eq. (5.19) is about 18% higher than the one obtained from 

the experiment. 

5.2.4 Calculation of Exit-hole Effect by Waveguide Analysis for an Empty Cavity Case 

In this section, a waveguide analysis for the empty cavity with only a small hole is 

performed.  The object of this analysis is to compare the computed frequency shift with 
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the results of the experiment and the results of Estin and Bussey [1960]. The derivation 

consists of two interrelated parts.  First the reflection coefficients of the electromagnetic 

wave on the cavity endplate are obtained by matching the modes at the interface of the 

exit-hole; the waveguide theory is then applied for determining the resonance condition 

of the equivalent transmission line.  

Figure 5.11 shows the transverse and longitudinal planes of the empty cavity with the 

exit-hole under consideration.  In Figure 5.11 (b), the hole is modeled by a small cavity 

of finite length having radius b; it is connected to the large cavity having radius a.  The  

 

Figure 5.11 Empty cavity with exit-hole geometry [(a) transverse plane; (b) longitudinal plane] 

 

cavity region is denoted as region A and the exit-hole region is denoted as region B. 

Waveguide theory can be applied to this situation since these are two cylindrical guides 

with a common axis.  The fields in each cylindrical guide are expanded in a complete set 

of cylindrical modes and tangential electric and magnetic fields are matched at the 
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interface. Higher cutoff modes are included since they become important at the interface.  

In the analysis of the exit-hole effect, the cavity wall and endplates are assumed to be 

lossless. 

As mentioned in section 5.1.1, only the dominant mode, TM010, can propagate in the 

cavity while the higher order modes are cut-off. All the modes are cut-off in the exit-hole 

region. Near the interface (z=0) however, the cut-off modes are excited and decay rapidly 

away from the interface.  The expression of the transverse electric fields in both regions 

can be written as: 

1 1
1 1

2

1

( ) ( ) ( )         0               (5.20a)

( )                                                          0              (5.20b)

AmA A

Bn

zj z j z
A A Am m

m

z
B Bn n

n

e e e z

T e z

ακ κ
ρ

α
ρ

∞
+− +

=

∞
−

=

= ⋅ + Γ + ⋅Γ ≤

= ≥

∑

∑

E e ρ e ρ

E e ρ
 

where ( )Ame ρ  and ( )Bne ρ  are the mode functions with the orders of m and n in region A 

and region B, respectively. In equation (5.20a), the first two terms 

( 1 1
1 1 1( )  and  ( )A Aj z j z

A Ae eκ κ− +⋅ Γe ρ e ρ ) represents the dominant mode of the incident and 

reflected wave in the empty cavity region; the summation term is the addition of the 

higher order modes that decay away from the interface. Equation (5.20b) represents the 

summation of the cut-off modes in the exit-hole. These modes also decay away from the 

z=0 boundary. It is assumed that the end of the exit-hole region is far enough away from 

the boundary (z=0) so that there are no reflected modes exited from the end of the exit 

hole region.  The mode functions ( )Ame ρ  and ( )Bne ρ  can be obtained by similar 

calculations as shown in eqs. (5.2)-(5.4). They are 

1 1ˆ ˆ( ) ( ) ,                  ( ) ( )Am m Am Bn n BnA J p B J pρ ρ ρ ρ′ ′′ ′ ′ ′= =e ρ e ρ
                      

(5.21)
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where
 

Amp′  and Bnp′  are the transverse wave numbers with orders of m and n in region A 

and B；  mA′ and nB′  are the normalized coefficients that can be obtained by mode 

orthonormal. The mode orthonormal condition for the empty cavity is given, 

m m mm
S

dS δ′ ′⋅ =∫∫e e                                               (5.22) 

where,                                      
1               
0               mm

m m
m m

δ
=

=  ≠
 

The normalized coefficients are obtained as, 

1

2
( )m

Am

A
aJ p a

′ =
′   

,              
1

2
( )n

Bn

B
bJ p b

′ =
′                              

(5.23) 

Similar to eq. (5.20), the expressions of H field can be written as,  

        1 1
1 1 1

2
( ) ( ) ( ) ,               0mzj z j z

A A A Am Am m
m

H Y e e Y e zακ κ
φ

∞
+− +

=

′ ′= −Γ − Γ ≤∑h ρ h ρ             (5.24a)
 

         
1

( ) ,                                                            0α
φ

∞
−

=

′= ⋅ ≥∑ n z
B Bn Bn n

n
H Y T e zh ρ

            
(5.24b) 

where, 

                      1 1
ˆ ˆ( ) ( ) ,      ( ) ( )Am m Am Bn n BnA J p B J pρ φ ρ φ′ ′′ ′ ′ ′= =h ρ h ρ                         (5.25) 

In eq. (5.24a) and (5.24b), AmY  and BnY  are the characteristic admittance of the waveguide 

with the orders of m and n in region A and B, respectively.  They are given by, 
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(5.26) 

The reflection coefficient, mΓ , and the transmission coefficients, nT , can then be obtained 

by matching tangential electric and magnetic fields at the interface (z=0). The boundary 

conditions at the interface are given by, 

0 0
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0 0

,                           0

0,                                     
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b a

b
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= ≤ ≤

= ≤ ≤

= ≤ ≤

E E

E

H H

                       (5.27a-c) 

By multiplying the mode function and integrating over the cross section, the boundary 

conditions of the electric fields can be written as, 

0 0 00 0 0

a b b

A Am A Am B Amz z z
d d dρ ρ ρ ρ ρ ρ

= = =
′ ′ ′⋅ = ⋅ = ⋅∫ ∫ ∫E e E e E e

            
 (5.28) 

Eq. (5.28) can be simplified by using the mode orthogonality (see eq. (5.22)), which 

gives, 

00 0
1

b b

m m B Am n Bn Amz
n

d T dδ ρ ρ ρ ρ
∞

=
=

′ ′ ′+ Γ = ⋅ = ⋅∑∫ ∫E e e e
      

           (5.29) 

where,                              
1               1         
0              2,3, 4...m

m
m

δ
=

=  =
 

Similarly, eq. (5.27c) can be solved by using the mode orthogonality,  

1
1 10 0

1
[ ( ) ( ) ( ) ( ) ]        

b b

n Bn A Bn A Am Bn Am m
m

T Y d Y d Yρ ρ ρ ρ
∞

−

=

′ ′ ′ ′= ⋅ − ⋅ Γ∑∫ ∫h ρ h ρ h ρ h ρ        (5.30)  
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By substituting expressions of the mode functions into eq. (5.29) and (5.30), mΓ  and nT  

are obtained, 

0
2 2

11

1 0 1 01
2 2 2 2

11 1 1 1

2 ( ) ,                                              1, 2,...
( ) ( )

2 ( ) 2 ( )
( ) ( ) ( ) ( )
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
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(5.31a-b) 

Note that each of the higher-order reflection coefficient, mΓ ( 2m ≥ ), is not important for 

determining the resonance condition in the cavity region. Only the dominant mode of the 

reflection coefficient ( 1Γ ) is considered in the equivalent transmission line to obtain the 

frequency shift. The value of 1Γ  , however, depends on all the higher order modes of the 

reflection and transmission coefficients ( mΓ  and nT ) due to eqs. (5.31a-b). 

To solve 1Γ , eqs. (5.31a-b) can be represented in matrix form, 

  
+ =

 = −

a γ Jt
t b Kγ                                           

         (5.32a-b) 

where [ ]†1 2, , ..., m= Γ Γ Γγ  and [ ]†1 2,  ,  ...,  nT T T=t ;  a, J, b and K are the matrix forms 

of the coefficients. Thus, the vectors γ  and t  can be obtained from eqs. (5.33a-b), 

1( ) ( )
                  

− = + −


= −

γ I JK Jb a
t b Kγ

                                       (5.33a-b) 

Eqs. (5.33a-b) can be solved by Gauss-Seidel method, which is an iterative technique for 

solving square matrix system, in Matlab.  The upper bound of m and n are set to be 240 to 

achieve a good approximation of the results.  The reflection coefficient 1Γ  is calculated 
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at each of the frequencies near the resonance of the cavity without exit-hole case (i.e. the 

frequency yields the propagation constant 1 0Aκ = ).  The frequency range is chosen to be 

from 1.41579 GHz to 1.41583 GHz and the selected values of 1Γ  are listed in Table 5.1. 

Freq. 1.41479E+09 1.41580E+09 1.41581E+09 1.41582E+09 1.41583E+09 

1Γ  –0.99494 –0.99219 –0.99992–
0.01251j 

–0.99998–
0.00587j 

–0.99999–
0.00440j 

Table 5.1 Reflection Coefficient vs. Frequency 

It is interesting to see from Table 5.1 that 1Γ is a real number for lower frequency and 

becomes a complex number as frequency gets higher. At lower frequency, the 

wavenumber 0k is smaller than the transverse wavenumber 1Ap′ ; it makes the propagation 

constant, 2
01

2
1AA k pκ ′−= , and the characteristic impedance, 1 1 0A AZ κ ωε= imaginary 

numbers. As frequency gets higher, 0k gets greater than 1Ap′  and the characteristic 

impedance, 1AZ becomes real number.  Assume the equivalent impedance of the exit-hole 

is eZ , the definition of the reflection coefficient, 1Γ , can be written as 

                                     1
1

1

   e A

e A

Z Z
Z Z

−
Γ =

+
                                                 (5.34) 

It can be readily conjectured that if 1AZ is imaginary and 1Γ  is real then eZ  has to be 

imaginary. To validate this guess, eZ is computed at each frequency by substituting the 

corresponding quantity of 1Γ into eq. (5.34). It is found that eZ has almost the same value,    

-0.0047j, at all frequencies. The variation of eZ is only within 0.0045% for the considered 
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frequency range.  Therefore, the exit-hole acts as a capacitor load in the equivalent 

transmission line. 

Based on the value of the reflection coefficient 1Γ , the frequency shift can be determined 

by the same method as introduced in section 5.1.1. The cavity is equivalent to a 

transmission line in the z direction as shown in Figure 5.2.  The effect of the exit-hole is 

expressed by the reflection coefficient 1Γ  on the end of the transmission line. The 

equivalent transmission line of the exit-hole analysis is shown in Figure 5.12.  

In the figure, the exit-hole effect is applied on the two ends of the equivalent transmission 

line of cavity. Thus, the impedances seen looking to the right and left can be determined 

by, 

1

1

2
1

0 2
1

1( )
1

A

A

j L

j L

eZ z Z
e

κ

κ

−

−

+ Γ′ =
−Γ



          
and          

1

1

2 ( )
1

0 2 ( )
1

1( )
1

A

A

j h L

j h L

eZ z Z
e

κ

κ

− −

− −

+ Γ′ =
−Γ



               (5.35) 

where L is the distance from the voltage source to the top endplate (right end of the 

equivalent transmission line), h is the height of the cavity. The resonance occurs at the 

frequency that satisfies the condition: ( ) ( ) ( )Z z Z z Z z′ ′ ′= +
  

is minimum.  
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Figure 5.12 Equivalent transmission line 

The frequency shift caused by the exit-hole effect can be found by solving for the 

resonant frequency of the equivalent circuit with and without the exit-hole effect. For the 

case that no exit-hole presented on the end of the transmission line, 1Γ  is replaced by -1 

due to the assumption that the endplate is lossless. Following this calculation, the 

frequency shift are obtained as,  

1 1.415810030E+09,WG
ef =  2 1.415814050E+09WG

ef =   and  4020 HzWG
ef∆ =  

where 1
WG

ef  is the resonant frequency when the exit-hole effect presented on one end, 

2
WG

ef is the resonant frequency when the exit-hole effect presented on both ends. The 

superscript WG means the result is obtained by the waveguide analysis. Note that the 

above results are calculated based on the modes expansion order of 240. The convergence 

of the frequency shift is examined as a function of the highest order mode that taken into 

account; the results are plotted in Figure 5.13. 
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It is seen from the figure, the convergence speed of the frequency shift is slow. The 

frequency shift approaches 4000 Hz asymptotically. 

 

Figure 5.13 Frequency shift vs. mode expansion order  

The results of this calculation can be applied to the actual exit-hole setup shown in Figure 

5.7 (marked by red) if it is assumed that there is no tube in the exit hole.  To apply the 

results, it must be assumed that the slowest decaying mode does not reach the top of the 

exit-hole. If the actual diameter (3.176 mm) of the hole is used, the amplitude of the 

slowest decaying mode can be calculated.  Figure 5.14 shows the ratio of the wave 

amplitude in the exit-hole region as a function of the exit-hole depth. From Fig. 5.7 it is 

seen that the depth of the exit-hole is 2.030 mm.  At this point, the calculation result 

presented by Figure 5.14 indicates that the wave has decayed to 4.6% of its original 

value. Therefore, the reflected wave excited by the discontinuity is very small and can be 

neglected.  This discussion also validates the experimental result that has been presented 

by Figure 5.10 (i.e. the frequency stays the same after 100 mins). 
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Figure 5.14 Ratio of the wave amplitude in the exit-hole region 

 

Finally, the comparison of the frequency shifts obtained from different approaches is 

shown in Table 5.2. It is seen that the theoretical result for the empty cavity case has a 

good agreement with the experimental result. The result provided by Estin and Bussey 

[1960], however, has a 17.9 % difference compared with the experimental result.  This 

difference is mainly due to the influence of the higher order modes near the exit-hole 

region that Estin and Bussey haven’t taken into account. 

Method Frequency shift DIFF to Meas. (%) 

Classic 4654 (Hz) 17.9% 

Waveguide 4020 (Hz) 1.87% 

Measurement 3946 (Hz) - 

Table 5.2 Comparison of the frequency shifts due to the exit-hole effect 
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5.2.5 Seawater Dielectric Measurement Bias caused by the Exit-hole Effect 

The effect of the composite exit-hole is discussed in this section. In this case, the exit-

hole problem is based on the actual experimental setup as shown in Figure 5.7.  Since the 

cross section of the cavity and the exit-hole region contains several different dielectric 

layers, this problem is called the “composite” exit-hole effect.  The bias caused by the 

composite exit-hole effect in the real part of the measured seawater dielectric constant is 

also calculated in this section. 

The transverse plane of the cavity is the same as the one shown in Figure 5.1.  The exit-

hole has similar transverse structure as the region of the central axis of the cavity, which 

is shown by the rectangular block in Figure 5.1.  The radius of the exit-hole region is 

1.588 mm, which is slightly greater than the radius of the quartz tube (1.500 mm).  This 

difference is trivial compared with the L-band wavelength. To simplify the calculation, 

the exit-hole region is considered only having two layers --- the quartz tube and the 

sample solution.   

Similar to the derivation presented in section 5.2.4, the composite exit-hole problem is 

equivalent to a step-cylindrical waveguide problem. The geometry of the transverse and 

longitudinal planes of the cavity that has the composite exit-holes is shown in Figure 5.15. 

Based on this figure, the analysis of the composite exit-hole problem consists of three 

main steps: 1) match the boundary conditions on the transverse cross-sections of the 

cavity region and the exit-hole region to determine the eigenvalue in each region; 2) 

match the boundary conditions at the interface of the exit-hole to determine the reflection 

coefficients and 3) determine the frequency shift based on the equivalent transmission 

line. 
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Figure 5.15 Cavity with composite exit-hole geometry  
[(a) transverse plane; (b) longitudinal plane] 

The mode functions of the electromagnetic fields in the cavity and exit-hole regions can 

be determined by the similar derivation introduced in section 5.1.1. The mode functions 

of the E fields are given as, 

1 1

1 1

1

1

ˆ[ ( ) ( )] ,     
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     (5.36a-e) 

where Afmp′ , Admp′  and Asmp′ are the mth-order transverse wavenumbers of the free space 

region, the quartz tube region and the sample solution region in the cavity;  Bdnp′ and Bsnp′  

are the nth-order transverse wavenumbers of the quartz tube region and the sample 

77 
 



 

solution region in the exit-hole; a, b and ri are the same as the ones defined previously 

(see Figure 5.1).  The transverse wavenumbers have the following relations to the 

propagation constants, κAm and κBn, of the cavity and exit-hole regions, respectively, 

2 2
0Afm Amp k κ′ = − ,     2 2

0Adm d Amp k ε κ′ = − ,     2 2
0 ε κ′ ′= −Asm s Amp k   and,         (5.37) 

             
2 2

0Bdn d Bnp k ε κ′ = − ,     2 2
0 ε κ′ ′= −Bsn s Bnp k  

where εd  and ε ′s  are the dielectric constant of quartz and the real part of the dielectric 

constant of the sample solution.  The mode functions of the H field have the same 

amplitude as the E field but in φ  direction.  

In section 5.1.1, the boundary conditions of the electric and magnetic fields in the cavity 

region were given by eqs. (5.5a-e) only for the dominant mode.  In the analysis of the 

composite exit-hole case, the cavity walls are assumed to be lossless and eqs. (5.5a-e) are 

modified by taking the higher order modes into account.  They are given by, 
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(5.38a-e)
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Similarly, the boundary conditions of the electric and magnetic fields in the exit-hole 

region are given as, 

0 0

0 0 0

1 1 1
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Similar to eq. (5.7), the matrix forms of eq. (5.38) and (5.39) can be written as, 

 † †[ , , , , ] 0         and          [ , , ] 0Am fm fm dm dm sm Bn dn dn snA A A A A B B B′ ′ ′ ′ ′ ′ ′ ′= =X X           (5.40) 

By substituting eq. (5.37) into eq. (5.40), the only nontrivial solutions of the propagation 

constants κAm and κBn occur when, 

                                     det( ) 0        and       det( ) 0 = =X XAm Bn                            (5.41) 

The upper bounds of m and n are set to be 120. In Matlab, eq. (5.41) is solved by Durand-

Kerner method, which is an iterative method that finds all the function roots 

simultaneously with a set of reasonable initial guesses.  The equations given by eq. (5.41) 

are too complicated, however, to obtain all the 120 roots at one time. To resolve this 

problem, 60 pairs of the initial guesses are given for the Durand-Kerner algorithm to 

obtain 120 roots. The initial guesses for κAm (m=1,2,…,120) are the eigenvalues for the 

empty cavity case and the initial guesses for κBn (n=1,2,…,120) are the eigenvalues for 

the case of the exit-hole that filled with only quartz.  Finally, κAm and κBn are obtained for 

m, n=1,2,…,120 and consequently all the transverse wavenumbers are determined. It has 

been checked that the convergence speed of the frequency shift for the composite exit-

hole case is faster than the exit-hole effect of an empty cavity case. Therefore, the upper 

bound of the mode orders m and n is set to be 120 to achieve an accurate prediction of the 

frequency shift due to the composite exit-hole effect.  

The expressions of E and H fields in the cavity region and exit-hole region are similar to 

the ones shown in eq. (5.20) and (5.24).  For instance, the E fields are written as, 
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where Γm and nT  are the reflection and transmission coefficients due to the exit-hole 

effect at the mode order of m and n, respectively. The expressions for the H fields are 

given in Appendix C.  To determine Γm , the fields are matched on the interface of the 

exit-hole region and the cavity region, 

0 0

0

0 0

,                          0
0,                                                                (5.43a-c)
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Eq. (5.43) can be solved by the orthogonal conditions of mode functions over the cross-

sectional domain S are applied as shown in eq. (5.44). The validation of the orthogonal 

condition in the composite-hole case is presented in Appendix C. 

    ˆ 0′ ′× ⋅ =∫∫E Htm tm
S

zdS      for  m m≠                                   (5.44) 

Due to the angular symmetry, the integral over φ  direction is 2π .  This value will be 

cancelled out in the calculations thus it won’t be taken into account. Due to the fact that 

the fields are matched at the interface (z=0), the exponentials 1κ− Aj ze , α+ Amze and α− Bn ze  are 

equal to 1. Eq. (5.44) can finally be simplified to the radial integration from 0ρ =  to the 

outer bounds.  For instance, in the cavity region, eq. (5.44) can be written as, 
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             (5.45) 

where AfmY  is the ratio of the transverse H field to the transverse E field with the order of 

m in the air layer of the cavity region, it has the same expression as AmY  in eq. (5.26); 

( )Asme ρ′ , Adme ′ , ( )Afme ρ′ , ( )Asmh ρ′ , ( )Admh ρ′  and ( )Afmh ρ′  are the amplitude of their 

corresponding mode functions. To simplify the future calculation, the normalization 

coefficients of the mode functions need to be determined. Therefore, for m m= , eq. 

(5.45) is intended to yield, 

0
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By substituting the expressions of the mode function amplitudes into eq. (5.46), it is 

obtained, 
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   (5.47) 

Based on the relation shown in eq. (5.40), the five coefficients (i.e. smA′ , dmA′ , dmA′ , fmA′  

and fmA′ ) can be expressed by smA′  .  The expression of the normalization coefficient, smA′

, finally, can be obtained by eq. (5.47).  

81 
 



 

Follow the similar calculations as given by eqs. (5.28) - (5.30), the effect of the exit-hole 

is expressed as the reflection coefficients mΓ  and the transmission coefficients nT  in the 

equivalent transmission line. They are, 
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(5.48) 

where YAsm and YBdn are the ratios of the transverse H field to the transverse E field in the 

sample solution layer in region A and in the quartz tube layer in region B, respectively.  

They are given by, 

0ωε ε
κ
′

= s
Asm

Am

Y        and       0d
Bdn

Bn

Y ωε ε
κ

=
                              

(5.49) 

Similar to the empty cavity case, the frequency shift can be calculated by solving for the 

resonance condition of the equivalent transmission line with and without the reflection 

coefficient, 1Γ , obtained from eqs. (5.48).  

Table 5.3 shows the frequency shift due to the effect of one exit-hole on the cavity that 

contains the sample solution with dielectric constants varying from 1 to 72.1.  The 

dimensions of the cavity and the dielectric constant of quartz tube remain the same for all 

the tabulated results. 
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ε ′s  of sample calculated freq. shift 

1.00 [empty] 17120 Hz 

3.47 [quartz] 17180 Hz 

11.2 [methanol] 17500 Hz 

50.0 17810 Hz 

60.0 17940 Hz 

72.1 [seawater] 18090 Hz 

Table 5.3 Frequency shift due to the exit-hole effect for different material 

It can be seen from the table that the frequency shift becomes greater as the real part of 

the sample dielectric constant becomes higher.  One of the results that needs to be 

mentioned is the frequency shift when ε ′s  of the sample is equal to 3.47.  It represents the 

case when the sample has the same dielectric constant as the one of the quartz tube.  It 

provides the frequency shift for a simpler case --- cavity with a solid quartz rod. This 

result can be compared with the result calculated from the formula provided by Estin and 

Bussey [1960] as given by eq. (5.19) since their method considers the exit-hole with only 

one type of material.  By giving the value of the dielectric constant of quartz tube to the 

parameter ε ′s in eq. (5.19), the frequency shift is computed as 19706 ∆ =EB
esf Hz . 

Compared with the frequency shift of the solid quartz tube calculated by the waveguide 

method, the difference is about 14.7%.  This difference is mainly because of the 

difference in frequency shift for the empty cavity case (see Table 5.2).  Based on the 

results calculated from the waveguide method, the empirical coefficient in eq. (5.19), ∆ , 

needs to be increased slightly to 0.1674 for a more accurate estimation of the frequency 

shift due to the exit-hole effect for a single type of the sample material.  
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In Table 5.3, the first row ( 1ε ′ =s ) represents the frequency shift due to the exit-hole effect 

when the quartz tube is empty. The result is denoted as 0∆ WG
ef .  The frequency shifts for 

the tube filled with methanol and seawater are shown in the third and sixth rows of Table 

5.3 and denoted as ∆ WG
emf  and ∆ WG

esf , respectively. Note that the value of 11.2 is the real 

part of the dielectric constant of methanol at 20° C and 72.1 is the real part of the 

dielectric constant of seawater having a salinity of 35 psu at 20° C.  These results will be 

used for determining the bias in the measured dielectric constant.  Note that the fourth 

and fifth rows in the table are only computed for evaluating the growing trend of the 

frequency shift.  

The bias in the real part of the seawater dielectric constant is examined by adding the 

frequency shift caused by the exit-hole effect to the perturbation relation given by eq. 

(3.1a).  In the actual experimental setup, the exit-hole exists on the top and bottom 

endplates of the cavity. Thus, the amount of the frequency shift given by Table 5.3 is 

doubled in the calculation.  Note that the frequency shift due to the exit-hole effect in the 

methanol measurement, ∆ WG
emf , also biases the calibration coefficient C. The change in 

the calibration coefficient C due to the exit-hole effect is denoted as ∆C . Finally, the bias 

in the real part of the seawater dielectric constant is calculated as, 

0 01 2( )[ 2( )] /ε δε′ ′+ − = +∆ ∆ + ∆ −∆WG WG
s es s es eC C f f f f                        (5.50) 

where,                   0 0( 1) 2[ 2( )]WG WG
m m em eC C f f f fε ′+ ∆ = − ∆ + ∆ −∆ . 

Here, δε ′es  is the bias in the real part of the seawater dielectric constant, sε ′ , due to the 

exit-hole effect; ε ′m  is the real part of the dielectric constant of methanol given by 
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Gregory and Clarke [2012]; sf∆  and mf∆  are the changes of the resonant frequency due 

to the presence of seawater and methanol, respectively; all the other parameters are the 

same as defined previously. Note that WG
esf∆ , WG

emf∆ and 0
WG

ef∆  are multiplied by a factor of 2 

due to the exit-hole effect is doubled in the measurement. 

By substituting the expression ∆C  into eq. (5.50), it can be simplified as, 

            0

0

( 2 2 ) 1
( 1) ( 2 2 )
δε
ε

′ ∆ ∆ + ∆ − ∆
= −

′ − ∆ ∆ + ∆ − ∆

WG WG
es m s es e

WG WG
s s m em e

f f f f
f f f f

                              (5.51) 

It can be seen from eq. (5.50) that a large portion of the exit-hole effect is cancelled out 

by the change in the calibration coefficient.   

The values of sf∆ , mf∆ and sε ′  can be found from the measurement data documented in 

Lang et al [2016] and the values of 0
WG

ef∆ , WG
emf∆  and WG

esf∆  are listed in Table 5.3. Finally, 

eq. (5.51) yields, 

( 1) 0.086%δε ε′ ′ − = −es s                                            (5.52) 

If the calibration measurement was removed from the measurement procedure, C∆ is 

equal to 0 for the expression given by eq. (5.50). The exit-hole effect could therefore 

cause a 2.68% bias in the real part of the seawater dielectric constant.  It has to be 

mentioned that in Ho’s measurements [Ho et al., 1974], the tube used in the calibration 

measurement is different than the one used in the seawater measurement.  The frequency 

shift due to the exit-hole effect in their calibration measurements might be completely 

different compared with the one in their seawater measurements. The bias in their 

measurement results needs to be reevaluated due to this concern. 
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In summary, the effect of the cavity exit-hole has been calculated accurately by using a 

multimode waveguide analysis.  The theoretical result for the empty cavity case has a 

good agreement with the experimental result.  It is shown that the bias in the real part of 

the seawater dielectric constant is reduced substantially by the calibration measurements. 

5.3 Discussion of the Results 

As seen from section 5.1.2, the percentage difference, ( )C Tδ , between the computed 

results of ( )  ( =0 ,5 ,...,35  C)° ° °sC T T  and the computed result of Cm at 20° C were 

obtained. Due to the linear relationship between the complex seawater dielectric constant 

and the coefficient C as given by eqs. (3.1a) and (3.1b), the percentage bias existed in the 

real and imaginary parts of the measured dielectric constant of seawater is equivalent to 

( )C Tδ  at temperature T.  

The percentage bias in the real part of the seawater dielectric constant due to the exit-hole 

effect was introduced in section 5.2.5 and denoted as δε ′es . By assuming this bias doesn’t 

change as temperature varies, finally, the combined effects of ( )C Tδ  and δε ′es  on the real 

and imaginary parts of the measured seawater dielectric constant are given as, 

( ) ( )        and        ( ) ( )δε δ δε δε δ′ ′ ′′= + =s C es s CT T T T                          (5.53) 

Note that eq. (5.53) gives the percentage biases.  As a consequence, the measured results 

of ( )ε ′s T  and ( )ε ′′s T  need to be adjusted to reach their actual values.  The adjustment 

amount ( )s Tε ′∆  and ( )s Tε ′′∆  can be readily obtained by, 
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( ) ( ) [ ( ) ]/100       and        ( ) ( ) ( ) /100ε ε δ δε ε ε δ′ ′ ′ ′′ ′′∆ = ⋅ + ∆ =s s C es s s CT T T T T T       (5.54) 

Here, ( )s Tε ′  and ( )s Tε ′′ are the real and imaginary parts of the dielectric constants of 

seawater having 35 psu salinity at the temperature of T.  The values of ( )ε ′∆ s T and 

( )ε ′′∆ s T are shown by Figure 5.16 (a) and (b), respectively. 

It is seen that the results of sε ′  need to be tuned slightly lower for all the temperature 

range. The adjustment amount of sε ′ becomes smaller as temperature gets higher. The 

results of sε ′′  need to be tuned slightly lower at low temperature and slightly higher at 

high temperature. 

 

Figure 5.16 (a) The adjustment of sε ′  as a function of temperature 
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Figure 5.16 (b) The adjustment of sε ′′  as a function of temperature 

The effect of the combined biases on the retrieved salinity is estimated by performing a 

sensitivity analysis.  The algorithm that used for this analysis is similar to eq. (4.8). It is 

given by, 

3/2 3/2

3/2 3/2
( )

Re{ ( ) } ( ) Im{ ( ) } ( )

Re{ ( ) }( ( ) / ) Im{ ( ) }( ( ) / )
s s s s

s s s s

S T
T T T T

T T S T T S
δ

ε ε ε ε

ε ε ε ε

− −

− −
=

′ ′′∆ + ∆
′ ′′∂ ∂ + ∂ ∂

                 (5.55) 

The result of eq. (5.55) is given by Figure 5.17.  It is seen that the retrieved salinity need 

to be increased at low temperatures. As temperature gets higher, the adjustment amount 

becomes smaller.  Note that these adjustments have not been considered in the 

development of the seawater dielectric model function.  
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Figure 5.17 The estimation of the adjustment of retrieved salinity as a function of temperature 
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Chapter 6  Model Function of Seawater Dielectric Constant 

In this section, the development of the GW model function is presented along with an 

analysis of the goodness of fit.  The model function is then compared with the Klein-

Swift (KS) and Meissner-Wentz (MW) models functions. These are the two model 

functions other than the GW model function that are closest to the GW measurement 

data. Finally, the comparison is made between the retrieved salinity from the satellites 

data with the in-situ data measured by Argo floats. 

6.1 Polynomial Model Function at 1.413 GHz 

The GW model function is expressed in terms of a polynomial in salinity, S, and 

temperature, T, as shown in eq. (6.1). The unknown complex coefficients, ,m np , are 

determined using the measurement data given in Table 4.1 by a least squares fitting 

method. The highest order of S and T is denoted by L.  

,
0 0

( , )
L L

m n
GW m n

m n
S T p S Tε

= =

= ∑∑
  
                                     (6.1) 

The polynomial expansion function has been chosen instead of the usual Debye 

expression with the conductivity term for the following reasons: (a) The fitting 

parameters, ,m np , are linearly related to the model function, ,GWε  allowing a direct 

solution by the SVD (Singular Value Decomposition) technique; (b) The fitting 

parameters to be determined in the Debye method appear in a nonlinear way making the 

estimation problem more complex and less accurate. The advantage of the Debye model 

function is that it contains prescribed frequency dependence (see eq. (1)). This is useful if 
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the intended model function is to be valid over a range of frequencies; however, the 

present model function is intended for use only at or near 1.413 GHz. 

The coefficients for the model function are obtained by minimizing the normalized mean 

square error between the measured dielectric data and the model function.  The 

minimization will be done separately for the real part of the coefficients, , ,Re( )′ =m n m np p  

and for the imaginary part of the coefficients,  , ,Im( ).′′ =m n m np p   For ,′m np , the difference 

between the model function value and the measurement data is defined as, 

    , , , ,
0 0

( , )   ε ε ε ε
= =

′ ′ ′ ′ ′∆ = − = −∑∑
L L

m n
i j i j GW i j i j m n i j

m n
S T p S T

                   
     (6.2) 

where iS  is the i-th value of the seawater sample salinities and jT  is the j-th value of the 

measurement temperatures; ,ε ′i j is the averaged real part of the dielectric data from the 

measurements made at Si and Tj (see Table 4.1);  ( , )ε ′GW i jS T  is the real part of the model 

function evaluated at Si and Tj.  Following Press et al [1996], the differences to be 

minimized are normalized to the standard deviation of the measured data at  and i jS T as 

given by,  

                                        ,
,

,

ε
σ
′∆

′ =
′
i j

i j
i j

X                                                 (6.3) 

where ,′i jX  is the normalized difference and ,σ ′i j  are the standard deviation of the 

measured data (given in parentheses of Table 4.1) at  and i jS T . This normalization gives 

more influence to differences that have small standard deviations.  Using the normalized 

difference, the squared error is given as, 
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2 2

,
1 1

i j
i j

X
βα

χ
= =

′ ′= ∑∑
 
,                                                     (6.4)    

    

     

This is called the merit function [Press et al, 1996] and is denoted by a chi-square ( 2χ ) 

since the sum is a chi-square density function if ,′i jX  are Gaussian. In eq. (6.4),α  and β

are the sample sizes of Si and Tj respectively.  

The process of minimizing 2χ′  can be simplified by substituting eq. (6.2) and (6.3) into 

eq. (6.4) and putting this equation in a matrix form. The SVD technique [Press, 1996; 

Wasylkiwskyj, 2015] is then employed to find the minimum solution. The details of this 

process are explained in Appendix D.  

6.2 Goodness of Fit 

The order of the polynomial that specifies the model function GWε  has not yet been 

determined. Values of the order L = 2, 3 and 4 will be considered. The L that gives the 

best fit will be chosen. The criteria for making a choice will be based on two measures of 

the goodness of fit.  The first is the root mean squared error (RMSE) between the data 

and the model function predictions. Quantitatively, they are specified as:  

2
,

1 1

1
i j

i j
RMSE

βα

ε
ν = =

′ ′= ∆∑∑ ,    2
,

1 1

1
i j

i j
RMSE

βα

ε
ν = =

′′ ′′= ∆∑∑
 
                           (6.5) 

where
 
ν

 
is the degree of freedom. Since the number of data points is N  and the number 

of polynomial coefficients is M  then .N Mν = −  This difference is just the number of 

independent random variable left after the constraint imposed by the model function is 

taken into account.  
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Another measure of the goodness of fit is the reduced chi-square statistics 2
νχ′

 
and

 
2.νχ′′  

These are related to the chi-square variables as follows: 

                                        
2 2

2 2  and  ν ν
χ χχ χ
ν ν
′ ′′

′ ′′= =                                        (6.6)  

As Bevington [1992] shows, the reduced chi-square statistic is a ratio of the variance of 

the fit to the variance of the data.  For a good fit, the reduced chi-square should be one or 

less [Press, 1996]. 

The model function coefficients have been computed by the SVD method for the 

seawater dielectric constant data ( 8α =  temperatures and 4β =  salinities, see section 

4.2) for the polynomial types, L = 2, 3, 4. The goodness of fit results are obtained by 

employing eqs. (6.5) and (6.6); these results are given in Table 6.1 below. It is clear from 

the table that L = 3 is the best choice. The RMSE of the curve fitting for L = 3 is smaller 

than the other two polynomials.  In the case of L = 2 the polynomial does not have 

enough structure to represent the data while for L = 4 the degrees of freedom become too 

small and therefore increase the size of the standard deviation. The reduced chi-square 

statistic in column 3 and 4 again show that L = 3 is the best choice. In particular, column 

4 in the table shows that the variance of the fitted curve is greater than the variance of the 

data for L = 2 and for L = 4.   

 RMSE′  RMSE′′  2
νχ′  

2
νχ′′  

2nd order 0.1342 0.3340 0.9731 3.8395 
3rd order 0.0942 0.1704 0.4150 0.8657 
4th order 0.1000 0.2344 0.5491 1.6588 

Table 6.1 The goodness of fit for the model function with different orders 
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6.3 GW Model Function Coefficients 

The polynomial coefficients for L = 3 are given below in Table 6.2a for the real part of 

the coefficients, and in Table 6.2b, for the imaginary part. Note that all the coefficients in 

Table 6.2 are scientific numbers with 5 significant digits, which guarantees that the 

round-off errors of the dielectric results are within 0.01.  

For a better understanding of the curve fitting error, ,  i jε ′∆ and ,i jε ′′∆ are plotted versus 

the salinity and temperature in Figure 6.1(a) and 6.1(b) for the case that L = 3. It can be 

seen both ε ′ and ε ′′  have good fits to the measurement data except at a limited number 

of points.  The reason for the points with relatively greater curve fitting deviations is that 

these points have larger measurement uncertainties.  As mentioned before, these data 

points are weighted less than other points with smaller uncertainties in the curve fitting. 

,′m np  0n =  1n =  2n =  3n =  
0m =  4.7518E+02 -3.7230E+01 1.1993E+00 -8.0786E-03 
1m =  -3.4589E+01 3.2059E+00 -9.9265E-02 5.5753E-04 
2m =  1.0043E+00 -9.2300E-02 2.7145E-03 -1.1709E-05 
3m =  -9.7414E-03 8.8370E-04 -2.4603E-05 6.9695E-08 

Table 6.2(a).  Real part of pm,n  

,′′m np  0n =  1n =  2n =  3n =  
0m =  -4.1339E+02 2.7972E+01 -2.7860E+00 5.1709E-02 
1m =  3.8937E+01 -2.7308E+00 2.6328E-01 -4.8327E-03 
2m =  -1.1162E+00 8.8698E-02 -8.1972E-03 1.4920E-04 
3m =  1.0864E-02 -9.4043E-04 8.4544E-05 -1.5260E-06 

Table 6.2(b). Imaginary part of pm,n  
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                            (a)                                                                  (b) 

Figure 6.1. The curve fitting error at each measurement points [(a): real part (b): imag. part] 

6.4 Comparison with Existing Model Functions 

As introduced in the previous sections, the Klein-Swift (KS) and Meissner-Wentz (MW) 

model functions are used by the Earth observing satellites to retrieve seawater salinities 

from remote sensing data (i.e. SMOS [Kerr et al., 2010], Aquarius [Le Vine et al., 2007] 

and SMAP [Entekhabi et al., 2010]).  In this section, the GW model function is compared 

with the KS and MW model functions.  First, the real and imaginary parts of the 

dielectric constant that are determined from these model functions are compared.  The 

comparison is then made between the calculated brightness temperatures for an idealized 

situation. Finally, the model functions are used to invert satellite data. The retrieved 

salinities from different model functions are compared with in-situ Argo float data and 

the difference is reported as a function of the seawater surface temperature.  

6.4.1 Comparisons of the Dielectric Constant Results 

The comparison of the differences between model functions and GW measurement data 

is shown in Table 6.3.  In the table, the first row is the RMSE determined from eq. (6.2) 
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and (6.5); the values of the second and third rows are also calculated from eq. (6.2) and 

(6.5) by replacing ( , )GW i jS Tε  with the other corresponding model functions (KS or MW).  

Note that in eq. (6.5), the number of the degrees of freedom, ν , is determined from the 

GW curve fitting process. In order to have a fair comparison, the value of ν  remains the 

same when computing the standard deviations between GW data and other model 

functions (KS and MW). 

It can be seen that the GW model function has the best fit to GW measurement data, 

while the KS model has a better fit to GW measurement data than the MW model which 

was tuned to have an improved fit at the higher frequencies [Meissner and Wentz, 2004].  

Model compared to data Real Part Imaginary Part 
GW 0.0942 0.1704 
KS 0.6014 0.5224 

MW 0.9674 0.5921 

Table 6.3 Comparison of the RMSE between model functions and data 

The difference between the KS and the GW model functions is shown in Figure 6.2 for 

the four values of salinity at which measurements have been made. It can be seen that the 

real part of the GW model is higher than the KS model at low temperatures and lower 

than the KS model at high temperatures.  The imaginary part of GW model is close to the 

KS model function for 30 and 35 psu at most temperatures but not as close for 33 and 38 

psu.  The difference between the GW and the MW model functions is shown in Figure 

6.3.  Compared with the MW model function, the GW model is higher at most 

temperatures. As the temperature goes higher, the differences between the GW model and 

the MW model become greater for the real part and become lower for the imaginary part. 

96 
 



 

The differences between the GW and the MW tend to vary more with temperature than 

the differences between the GW and the KS, especially between 10° C and 25° C.  

6.4.2 Comparisons of the Brightness Temperature 

One of the most important motivations for developing the seawater dielectric model 

function is its application in the remote sensing of sea surface salinity.  In this section, the 

model function will be used to obtain the brightness temperature under idealized 

conditions. Results are given for the three model functions considered in the previous 

sections.  

Aquarius was an instrument whose primary purpose was to measure, from space, the 

global sea surface salinity field to an accuracy of 0.2 psu. It was operational from August 

of 2011 to June of 2015 [Le Vine et al., 2007; Le Vine et al., 2015].   Aquarius employed 

radiometers at 1.413 GHz to measure the brightness temperature of the ocean surface and 

a 1.26 GHz radar to correct for surface roughness. Although the Aquarius mission is no 

longer in operation, the archived Aquarius data is still being used to study sea surface 

salinity inversion algorithms.  Presently, the SMOS satellite [Kerr et al., 2010] and the 

SMAP satellite [Entekhabi et al., 2010] are being used to estimate global sea surface 

salinity.    
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Figure 6.2. Differences between the dielectric constants estimated  
by GW and KS model functions 

Figure 6.3. Differences between the dielectric constants estimated  
by GW and MW model functions 

To get insight into the effect of the model functions on remote sensing of salinity, we 

consider the special case of an ideal surface (uniform half-space) in thermal equilibrium.  

Similar to eq. (4.6)-(4.7), the Fresnel reflection coefficients can be used to obtain an 

analytical expression for emissivity and the brightness temperature can be written as:  

 2
( ( , ), ) (1 ( ( , )) )        {h,v}b pT S T T R S T T pε ε= − =                         (6.7) 
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where T is the sea surface physical temperature in Kelvin, Rp is the Fresnel reflection of 

the surface at polarization, p, and ( , )S Tε is the complex dielectric constant of the sea 

surface having salinity S and temperature T. 

For an antenna with an incident angle ,θ  measured with respect to the normal to the 

surface, the Fresnel reflection R can be represented by 

 
2 2( cos sin ) ( cos sin );vR ε θ ε θ ε θ ε θ= − − + −          v – vertical polarization       (6.8) 

and, 

2 2(cos sin ) (cos sin );hR θ ε θ θ ε θ= − − + −            h – horizontal polarization    (6.9) 

Equations (6.7) to (6.9) relate the observed brightness temperature to the complex 

dielectric constant of the sea surface.  With an accurate model function ( ),T Sε  and 

knowledge of the sea surface temperature, the sea surface salinity, S, can be retrieved 

from the observed brightness temperature.  (Note that this is the ideal condition without 

taking the surface roughness or other factors into consideration.) 

To see the combined effect of real and imaginary parts of the dielectric constant of 

seawater on the brightness temperature, the curves of brightness temperature (Tb) versus 

the physical temperature (T) are plotted at different salinities (Figure 6.4 and Figure 6.5).  

For a given dielectric model function, Tb is obtained by using eqs. (6.7) and (6.8).  In this 

section, only Tb with v-polarization is plotted (Tb with h-polarization has similar results). 

To generate the comparison curves, the expression of the model function, ( , )S Tε , in eq. 

(6.8) is replaced by the GW model, the KS model and the MW model, respectively.  The 
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angle θ  is chosen as 28.7° which is approximately the angle of incidence for the inner-

most beam on the Aquarius [Le Vine et al., 2014].   

In Figures 6.4 and 6.5, the black curve represents the brightness temperature obtained 

from the KS model [Tb(KS)]; the blue curve represents Tb obtained from the MW model 

[Tb(MW)] and the red dashed curve represents Tb obtained from the GW model [Tb(GW)].  

For the seawater sample with 30 psu shown in Figure 6.4, Tb(GW) is lower than Tb(MW) for 

most of the temperature range; it  gets closer to Tb(MW) as  T approaches 35° C and 0° C.  

Compared with the KS model at 30 psu, Tb(GW) is quite close to Tb(KS) at a temperature 

range from 5° C and 30° C, however, it is lower than Tb(KS) at T = 0° C and higher than 

Tb(KS) at T = 35° C.  Figure 6.5 shows the Tb comparison curves of the three model 

functions for the seawater sample with 35 psu.  In Figure 6.5, the differences between 

Tb(GW) and Tb(MW) are similar to those shown in Figure 6.4. Compared with the KS model 

at 35 psu,  Tb(GW) is lower than Tb(KS) at temperature T = 0° C; it gradually gets closer to 

Tb(KS) from 5° to 25° C and eventually becomes higher than Tb(KS) as T approaches 30° C. 

The big difference between Tb(GW) and Tb(KS) at extreme temperatures (T = 0° C and T = 

35° C) could be due to the fact that the Klein and Swift data used to develop their model 

function are obtained from the measurements made only from 5° to 30° C [Ho et al, 

1974].  Thus, their model could have biases at low and high temperatures due to the data 

deficiency.  
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Figure 6.4. Comparison of Tb vs. T at S=30 psu (V-pol.) 

 
Figure 6.5. Comparison of Tb vs. T at S=35 psu (V-pol.) 

 

In the figures, the brightness temperatures obtained from the measurement data are also 

plotted with error bars to compare with the Tb obtained from different model functions.  

The errors in Tb are due to the variations in the measurement data.  The details of the 

calculation of the Tb errors, used to produce these error bars, are given in Appendix E. It 

should be pointed out the error bars shown in Figures 6.4 and 6.5 are the result of errors 
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in the real and the imaginary parts of the dielectric constants. Note that the errors in Tb 

due to the round-off errors of the coefficients presented by Table 6.2 are less than 

0.005K. 

It can be seen from Figure 6.4 for the measurement made at S = 30 psu, the errors of bT  

due to measurement uncertainties, are smaller than the differences between model 

functions at low temperatures from 0° to 5° C and at high temperatures from 30° to 35° 

C.  In Figure 6.5, the measurement data are accurate enough for most of the points at S = 

35 psu.  

To have a better understanding of the difference in model functions at extreme 

temperatures, Tb versus salinity curves are plotted at physical temperatures of T = 0° C 

and T = 30° C in Figure 6.6. It can be seen that the GW model predicts lower salinity at 

low temperatures.  For a given Tb at T = 0° C, the GW model predicts slightly lower 

salinity than the MW model and 2 psu lower salinity than the KS model.  These 

differences are important in the study of the oceans near poles.  As the temperature tends 

to 30° C, the GW model is closer to the KS model, and the differences between all model 

functions become smaller.    
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                                     (a)                                                                (b) 

Figure 6.6. Comparisons of Salinity vs. Tb for vertical polarization [(a) T=0° C; (b) T=30° C] 

6.4.3 Comparisons of the Salinity Retrieval 

This section reports the effect of using the different model functions in the actual retrieval 

of salinity.  For this exercise, the Aquarius retrieval algorithm is run using the three 

model functions (KS, MW and GW) and then the retrieved salinity is compared with in 

situ values (Argo floats) in each case.  The same algorithm is used in each case (i.e. the 

same correction for things such as surface roughness, atmospheric attenuation and 

Galactic radiation); the only difference is in the model function for the dielectric constant.  

The algorithm includes a bias adjustment which is affected by the choice of model 

function and is recalibrated for each case.   
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The results are shown in Figure 6.7 which reports the difference between the retrieved 

salinity and the in-situ salinity observed by the Argo floats for the three models as 

functions of Sea Surface Temperature (SST). In this section, SST is used in place of 

temperature, T, since this is common usage in the field.  The comparison in Figure 6.7 is 

for the entire Aquarius mission (i.e. all the Aquarius data from 2011 to 2015).  The 

dashed-dot curve is for the Meissner and Wentz (MW) model function which is the one 

currently used in the Aquarius algorithm.  The Klein and Swift model function (KS) is 

shown with the solid line and the GW model function is the dashed line.  The Aquarius 

algorithm Version 4.5 was used in these calculations. 

 
Figure 6.7. Difference between the salinity retrieved from Aquarius observation and in-situ 

salinity (Argo data), using three model functions for the dielectric constant: Klein-Swift (KS), 
Meissner-Wentz (MW) and GW. Aquarius observations have been recalibrated for each model 

function. [provided by Dr. Emmanuel P. Dinnat from NASA GSFC] 

The difference between the in-situ (Argo) observations and the retrieved salinity in the 

case of the MW model function shows a distinct correlation with SST (dash-dot curve).  
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This SST bias has been recognized by the Aquarius Science Team and remains an 

unresolved artifact of the algorithm.  Figure 6.7 shows that this bias depends on the 

choice of the model function.  For example, it is smaller for the KS than the MW model 

function for temperatures above 5° C and less than 20° C.  However, the KS model 

function clearly has a problem for cold water below 5° C.  The GW model function is 

better at both the warm (25° to 30° C) and cold end (0° to 7° C) and avoids the dramatic 

problem with the KS model for cold water.  (The Aquarius Science Team has decided not 

to change model functions; it corrects for the SST bias with an empirical correction to the 

MW model function [Wentz and Le Vine, 2012].  ) 

Another difference between the model functions is the dependence on salinity.  In 

particular, the same data, as shown in Figure 6.7 but separated by salinity, suggests a 

greater dependence of the GW model function than the KS and MW model functions on 

salinity.  More data are needed to further investigate this feature of the model function 

and also to investigate the divergent behavior of the model functions for cold water (< 5° 

C).  Cold water is of special concern since this is the region where the sensitivity to 

changes in salinity is weakest [Le Vine et al., 2010].  It is also a region of considerable 

importance for understanding issues of ocean circulation and the impact of climate 

change (e.g. impact of freshwater input due to melting ice).  In the future, additional 

measurements are planned to be made to resolve the differences that occur from -2° to 1° 

C. 
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Chapter 7  Conclusions and Future Work 

New L-band measurements of the dielectric constant of seawater at 1.413 GHz have been 

completed at the George Washington University.  These measurements have been made 

at seawater salinities of 30, 33, 35 and 38 psu with a temperature range of 0° C to 35° C 

in intervals of 5° C to cover the range values of interest in remote sensing of the open 

ocean. Comparisons of the data with the KS model function show good agreement at 

intermediate temperatures, however results differ at low (T<5° C) and at higher 

temperatures (T>30° C). The GW results have a slight bias with respect to the MW 

model function values.  The total error budget for the measurements indicate that the real 

and the imaginary parts of the dielectric constant have a combined standard uncertainty 

of about 0.3 or less over the range of salinities and temperatures of interest. It is 

determined that measurements made with temperatures greater than 15° C are sufficiently 

accurate to meet the 0.2 psu accuracy requirement for remote sensing of salinity.   

To check if systematic bias exists in the measurement, the effect of the cavity exit-hole 

has been calculated accurately by using waveguide theory.  The theoretical result for the 

empty cavity case has a good agreement with the experimental result.  It has a difference 

of about 18% compared to the result provided by Estin and Bussey [1960].  This 

difference is mainly due to the influence of the higher order modes near the exit-hole 

region that Estin and Bussey haven’t taken into account.  Based on this method, the 

waveguide analysis of the exit-hole effect in the seawater dielectric measurements is also 

presented in this article.  It is shown that the bias in the real part of the seawater dielectric 

constant is reduced substantially by the calibration measurements.  If the absolute method 
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is applied for determining the liquid dielectric constants, a bias of about 2.7% is expected 

in the real part of the liquids dielectric constant. 

Based on the measurement results, a new model function has been developed and applied 

in the satellite salinity retrieval algorithm. The model function gives more accurate 

seawater salinity results at high temperatures (25° to 30° C) and at low temperatures (0.5° 

to 7° C) compared to other existing model functions.  It has important meanings in the 

study of the ocean salinities near poles and tropical regions. However, the retrieved 

salinity still has some biases compared to the in-situ Argo buoys’ data.  This could be due 

to the fact that most oceans have salinities from 34 psu to 36 psu while the measurement 

data, upon which this model function is based, has only one salinity (35 psu).  In the 

future, additional measurements are planned to be done for the seawater with 34 psu and 

36 psu to improve the accuracy of the model function. In addition, more work will be 

done at low temperature (-2° to 1° C) to provide a more accurate model function for the 

study of cold ocean. 
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Appendix A   Improvements in the Measurements 

The following discussion addresses the details of setup changes and procedural 

modifications that differ from the measurements documented in the NASA technical 

memorandum [2010]. The improvements made in methanol measurements and seawater 

measurements will be discussed.  

A.1. Improvements in methanol measurements 

Improvements were made to the cleaning procedure for methanol measurements 

previously described in Lang et al [2010].  In the measurements from 2008 to 2009, 

distilled water was used to clean methanol out from the tube in the last step.  However, it 

was noticed that cleaning the tube with distilled water may leave residual water drops on 

the walls of the socket above the capillary tube. When new methanol is added for the next 

methanol measurement, the residual distilled water will dilute the methanol and change 

the measurement results.  To eliminate this possibility, the distilled water was not 

employed in the new calibration measurements. Instead, nitrogen gas flowing through the 

tube was used to evaporate any residual methanol remaining in the socket and capillary 

tube.  This procedure was particularly effective in the case of methanol since it has a very 

high vapor pressure. 

Other improvements are also implemented to maintain consistency in the calibration 

measurements.  First, methanol absorbs water vapor present in air, over a period of time, 

and measurements made with methanol purchased in January 2008 are somewhat 

different than those made with methanol purchased in Dec, 2010. As a precaution against 

this problem, in Apr. 2011, new methanol is purchased with a permanent cap and that can 
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only be accessed with a hypodermic needle through the material of the cap. Second, if for 

any reason, the cavity is opened or the coupling loops are adjusted, then the cavity is 

recalibrated. 

These new calibration procedures for methanol have led to a substantial reduction in the 

variance of the calibration coefficients compared to those obtained in Lang [2010].  

A.2. Improvements in seawater measurements 

In seawater measurements, an oscillation in the resonant frequency measurement was 

observed especially at extreme temperatures (0° C, 5° C and 35° C). It is thought to be 

mainly due to the large difference between the cavity temperature and room temperature. 

This large temperature difference results in the circulator frequently turning on/off to 

maintain the cavity temperature.  As a result, the cavity temperature fluctuates 

periodically causing the observed oscillation. To solve this problem, insulation made of 

Styrofoam is wrapped around the coolant container to slow the rate of thermal 

transmission between the coolant and the outside environment. After applying of the 

insulation, the variance in the cavity temperature has been kept in 0.04° C.  

Additionally, the standard deviation of seawater measurement is also decreased by 

allowing the cavity temperature to stabilize for a longer period whenever the cavity 

temperature is changed. For instance, after a change in cavity temperature of 5° C, the 

system is allowed to stabilize for at least three hours.  

The standard deviation of seawater measurements is reduced to 0.14 for real part and 0.20 

for imaginary part compared with a standard deviation of 0.48 for real part and 0.42 for 

imaginary part found in Lang et al [2010]. 
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A.3. Improvements in system cleaning  

Blockage of the sample tube, at the connection to the socket, is a problem that occurs 

frequently while making both methanol and seawater measurements. Sulfuric acid is used 

to dissolve contaminants at the connection point of the tube.  If sulfuric acid does not 

dissolve the contaminant, the tube is removed from the cavity and blown out or replaced.  

In either case, a new calibration of the reassembled cavity must be performed.  Since 

2011, a cleaning solution (a combination of chromic and sulfuric acid) is employed.  

Chromic acid is oxidizing and will dissolve substances that sulfuric acid will not. When 

using the cleaning solution, all cavity parts that come into contact with the acid have to 

be replaced, brass by stainless steel and nylon tubing by Teflon tubing. The glass tube 

can now be cleaned without taking components apart. The new cleaning system has not 

only made the measurements more efficient, but has also ensured the consistency of the 

results. 
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Appendix B   Derivation of the Boundary Conditions in the Cavity 

The transverse plane of the cavity is shown in Figure 5.1.  For TM010 mode in the cavity, 

the mode function of the electric field in the transverse plane, i
′e , can be represented as 

gradient of the scalar functions iΦ as following, 

( )( ) t i
i

ip
∇ Φ′ = −

′
ρe ρ ,                                                  (B.1) 

The mode function of the magnetic field can be obtained by the relation, ˆi iz= ×h e . It is 

given, 

( )ˆ( ) t i
i

i

z
p

∇ Φ′ = − ×
′

ρh ρ                                                (B.2) 

In eq. (B.1) and (B.2), ip ′  is the transverse wavenumber in the region i (i.e. cavity/quartz 

tube/sample). If the propagation constant of the dominant mode in the cavity is denoted 

as 1κ , ip ′  has the following relationship to the 1κ , 

2 2
0 1i ip k ε κ′ = −                                                    (B.3) 

where k0 is the wavenumber in the free space; iε  is the complex dielectric constant in the 

region i. 

The mode function can be defined by the following z-independent equations [Felson and 

Marcuvitz, 1994]: 
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2
t t i i ip′ ′′∇ ∇ ⋅ = −e e  ,         0t t i

′∇ ∇ ⋅ =h                                        (B.4) 

Substituting (B.1) into (B.4), the following equation is obtained, 

                                     

2( ) ( )∇ Φ ∇ Φ′∇ ∇ ⋅ = −
′ ′

ρ ρt i t i
t t i

i i

p
p p                                         

(B.5) 

Eq. (B.5) can be written as 

2 2( ) ( ) 0′∇ Φ + Φ =ρ ρ
t ii ip                                                  (B.6)  

Due to the angular symmetry, ( )Φ ρi  is only considered in the ρ domain.  

In cylindrical coordinates, eq. (B. 6) is satisfied by the Bessel functions Jm(x) and Ym(x). 

For the dominant mode, the expressions Φi are given, 

0 0

0 0

0

( ) ( ) ( )               

( ) ( ) ( )                                               

( ) ( )                                       0

ρ ρ ρ ρ

ρ ρ ρ ρ

ρ ρ ρ

 ′ ′′ ′Φ = + ≤ ≤
 ′ ′′ ′Φ = + ≤ ≤
 ′ ′Φ = ≤ ≤

f f f f f

d d d d d i

s s s i

A J p A Y p b a

A J p A Y p r b

A J p r

           (B.7a-c)  

where ′fp , ′dp and ′sp  are the transverse wavenumbers in the regions of free space, quartz 

tube and sample solution; a, b, ri  are the parameters of the dimensions shown in Figure 

5.1.  

The mode functions of E and H fields can then be obtained,
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1 1

1
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d d d d d
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A J p A Y p
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A J p

ρ ρ ρ

ρ ρ ρ

ρ ρ
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′ ′ ′=

e ρ

e ρ

e ρ

1 1

1 1

1

  

0

ˆ( ) [ ( ) ( )] ,                              
ˆ( ) [ ( ) ( )] ,                                
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b a

r b
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ρ

ρ

ρ

 ≤ ≤
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

≤ ≤

 

 

where,
 

      
2 2

0 1κ′ = −fp k , 2 2
0 1ε κ′ = −d dp k ,  2 2

0 1ε κ′ = −s sp k   

 

In addition, the mode function in z direction is obtained by,  

( )ˆ( ) t i
zi

i i

z
Z jωε

′∇ ⋅′ =
e ρe ρ ,                                                    (B.9) 

where Zi  is the ratio of the transverse E field to H field in region i; it can be obtained by 

1κ
ωε

=i
i

Z                                                           (B.10) 

Finally, the mode functions in z direction are given, 

0 0

1

0 0

1

0

1

( ) ( )
ˆ( )

( ) ( )ˆ( )                               

( )ˆ( )                           0

ρ ρ
ρ

κ

ρ ρ ρ
κ

ρ
ρ

κ

′ ′ ′ ′ ′ ′ +′ = ≤ ≤

 ′ ′ ′ ′ ′ ′+ ′ ≤ ≤=

 ′ ′ ′′ = ≤ ≤


e ρ

e ρ

e ρ

f f f f f f
zf

d d d d d d
izd

s s s
zs i

p A J p p A Y p
z b a

j
p A J p p A Y p r bz

j
p A J pz r

j

      
(B.11a-c)
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Based on the expressions of the mode function, the boundary conditions are given by: 

(1) At aρ = , the ratio of the E field in z direction to the transverse H field in is equal to 

the surface impedance of naval brass, NZ , 

            

( )

( )

′
=

′

e

h

zf

N

f f

a
Z

Y a
,                                              (B.12) 

where 0 1/fY ωε κ=  is the ratio of the amplitude of the transverse E field to the amplitude 

of the transverse H field in the free space region. 

 
The quantity of ZN can be obtained by, 

0

0
0

(1 )
N

N
N

N

Z
j

µ
σε ε

ωε ε

=
−

 

where Nε  and Nσ  are the dielectric constant and conductivity of naval brass, respectively. 

By substituting eqs. (B.8d) and (B.11a) into (B.12), the following equation is given,  

0 0 1 0 0 1[ ( ) ( )] [ ( ) ( )] 0ρ ωε ρ ρ ωε ρ′ ′ ′ ′ ′ ′ ′ ′− + − =f f N f f f f N f fp J p Z j J p A p Y p Z j Y p A          (B.13) 

 

(2) At bρ = , zE is continuous, which gives, 

( ) ( )′ ′=e ezf zdb b                                                  (B.14) 

By substituting eqs. (B.11a) and (B.11b) into (B.14), the following equation is given, 

0 0 0 0( ) ( ) ( ) ( )′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′+ = +f f f f f f d d d d d dp A J p b p A Y p b p A J p b p A Y p b          (B.15) 

 

(3) At bρ = , Hφ  is continuous, which gives, 
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( ) ( )′ ′=h hf f d dY b Y b                                             (B.16) 

where 0

1

ωε ε
κ

= d
dY  is the ratio of the amplitude of the transverse E field to the amplitude 

of the transverse H field in the quartz tube region. 

 

By substituting eqs. (B.8d) and (B.8e) into (B.16), the following equation is given, 

1 1 1 1( ) ( ) [ ( ) ( )]ε′ ′ ′ ′ ′ ′ ′ ′+ = +f f f f d d d d dA J p b A Y p b A J p b A Y p b                    (B.17) 

 

(4) At irρ = , zE is continuous,  which gives, 

( ) ( )′ ′=e ezd i zs ir r                                                      (B.18) 

By substituting eqs. (B.11b) and (B.11c) into (B.18), the following equation is given, 

0 0 0( ) ( ) ( )′ ′ ′ ′ ′ ′ ′ ′ ′+ =d d d i d d d i s s s ip A J p r p A Y p r p A J p r                             (B.19) 

 

(5) At irρ = , Hφ is continuous, which gives, 

( ) ( )′ ′=h hd d i s s iY r Y r                                                      (B.20) 

By substituting eqs. (B.8e) and (B.8f) into (B.20), the following equation is given, 

1 1 1[ ( ) ( )] ( )ε ε′ ′ ′ ′ ′ ′+ =d d d i d d i s s s iA J p r A Y p r A J p r                                 (B.21) 

Finally, eqs. (B.13), (B.15), (B.17), (B.19), (B.21) provide the boundary conditions listed 

in eq. (5.6 a-e). 
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Appendix C   Investigation of the Exact Value of Tube Inner Radius 

The theoretical model becomes increasingly more accurate as the cavity is modeled in 

more detail. Therefore, the knowledge of the exact inner radius of the capillary tube used 

in the measurement becomes crucial for computing the coefficient C.  This appendix 

introduces an approach of measuring the exact tube inner radius (ri).  This work was done 

previously by Yalcin Tarkocin based on the tube no. Q8. 

To measure the exact value of ri, the tube was placed vertically under a microscope with 

1000x magnification at the FDA (Food and Drug Administration) laboratory.  The top 

and bottom ends of the tube were observed and monitored on a computer that was 

connected to the microscope.  The images of the top and bottom ends of the tube were 

shown by Figure C.1 and C.2 respectively.  In the figures, the blue lines were the rulers 

that used for aiding the calculation of ri. The lengths of them were measured by the 

microscope. The calculation followed the steps as given below:   

Step 1 – Determination of the Inputs 

As seen from Figure C.1, the length of line 2 is given as 25 mµ . To find the length of a 

pixel, the picture was zoomed by means of the Photoshop. The number of the pixels 

corresponding to line 2 was counted as 127. Thus, the length and area of a pixel were 

computed as given below, 

Pixel length=25 mµ /127 = 1.9685E-004mm 

Pixel area= Pixel length×Pixel length= 3.8750E-008 mm2 
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Figure C.1 Bottom view of the tube inner region 

 
Figure C.2 Top view of the tube inner region 
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As the area of a pixel is known, the area of the top and bottom of the tube can be 

determined by counting the number of the pixels in each region.  For both top and bottom 

regions, two different borders were specified (to segment the desired part from the 

picture) because of the ambiguity of the picture at boundaries. The specifications were 

called as the normal and large values.  In the large values, all the ambiguities to the 

picture were included to be able to see the maximum shifting of radius and area. The 

normal values were estimated as the average results while the large values were 

calculated to show the upper limits. 

By using Photoshop’s magic wand and histogram tools, the numbers of the pixels for 

each picture were found as: 

- Normal Case: 

Number of the pixel on the top: 196471 

Number of the pixel on the top: 197025 

- Large Case 

Number of the pixel on the top: 197825 

Number of the pixel on the top: 198194 
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Step 2 – Calculation of the Outputs 

By using Matlab and the inputs given by step 1, the following values were determined for 

each case: 

1. Area of the top of the tube in m2. 

Top Area=one pixel area number of the pixels on the top×  

2. Area of the bottom of the tube in m2. 

Bottom Area=one pixel area number of the pixels on the bottom×  

3. Radius of the top in meter(m)(assuming as a circle). 

Top radius= Top area/π  

4. Radius of the bottom in m(assuming as a circle). 

Bottom Radius= Bottom area/π  

5. Area difference between top and bottom parts in m2. 

Area Difference=Top Area - Bottom Area 

6. Radius difference between top and bottom parts in m2. 

Radius Difference=Top radius - Bottom radius 

7. Proportion of the area difference to top area (Area Difference/Top Area)  

8. Proportion of the area difference to bottom area (Area Difference/Bottom Area)  
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9. Proportion of the radius difference to radius of the top. (Radius Difference/Top 

Radius)  

10. Proportion of the radius difference to radius of the bottom. (Radius 

Difference/Bottom Radius)  

 

Finally, the results were given below, 

1. Normal Case: 

Number of the pixel on the top: 196471 

Number of the pixel on the bottom: 197025 

Number of the pixel difference=554 

Top Area= 7.6133E-009 m2 

Bottom Area= 7.6347E-009 m2 

Top radius= 4.9228E-005 m 

Bottom radius= 4.9297E-005 m 

Area Difference= -2.1468E-011 m2 

Radius Difference= -6.9356E-008 m 

Area Difference/Top Area= 0.0028 

Area Difference/Bottom Area= 0.0028 
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Radius Difference/Top Radius= 0.0014 

Radius Difference/Bottom Radius= 0.0014 

 

2. Large Case: 

Number of the pixel on the top: 197825 

Number of the pixel on the bottom: 198194 

Number of the pixel difference=369 

Top Area= 7.6657E-009 m2 

Bottom Area= 7.6800E-009 m2 

Top radius= 4.9397E-005 m 

Bottom radius= 4.9443E-005 m 

Area Difference= -1.4299E-011 m2 

Radius Difference= -4.6048E-008 m 

Area Difference/Top Area= 0.0019 

Area Difference/Bottom Area= 0.0019 

Radius Difference/Top Radius= 9.3221E-004 

Radius Difference/Bottom Radius= 9.3134E-004 
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It is seen that the variation of the tube inner radius is 0.14% and 0.09% for the normal 

and large case.  The approximated value of the tube inner radius used in the theoretical 

model is 0.05 mm, which is about 1.4% ~ 1.5 % greater than the normal case and 1.1% ~ 

1.2% greater than the large case. Note that the tube analyzed in this appendix (no. Q8) is 

different than the tube used in the measurement (no. Q28 for seawater having 35 psu 

salinity).  It provides, however, an indication of the accuracy of the value of ri  we chose 

to develop the theoretical model. 
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Appendix D   Validation of the Orthogonality Condition 

The purpose of this appendix is to provide a validation of the usage of the orthgonality 

condition given by eq. (5.44) in solving for the composite exit-hole problem.  

Based on the mode functions of the electric fields in the cavity (region A) and exit-hole 

(region B) as given by eqs. (5.36), the mode functions of the magnetic fields in region A 

and B can be readily obtained by the relation, 

ˆi iz= ×h e ,                                                           (D.1) 

and they are given, 

 

1 1

1 1

1

1 1

ˆ( ) [ ( ) ( )] ,
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(D.2 a-e)
 

where all the parameters have the same definition as the ones in eq. (5.36). 

Similar to eqs. (5.42 a-e), the expressions of the H fields can be obtained based on the 

fact that only the dominant mode can propagate in region A and all the modes are cut-off 

in region B. They are given by: 
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     (D.3 a-e)

                               0,   0 iz rρ




 ≥ ≤ ≤


  

The boundary conditions of the E and H fields in the cavity region are given by eqs. 

(5.38a-e). They are shown again in eqs. (D.4 a-e) for the convenience of the calculations 

presented in this appendix.   
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(D.4 a-e)
 

As seen from eqs. (5.44)-(5.45), the mode orthogonality condition in the cavity region is 

given as, 

0
0

a

tAm tAm z dρ ρ′ ′× ⋅ =∫ E H a    for m m≠
 
                              (D.5) 

To validate the mode orthogonality, the left-hand-side of eq. (D. 5) is computed for the 

condition that m m≠ . 

For the condition , 1m m > , 
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where, 
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For equation (D.8), 
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Similar expansion can be applied for

 

eq. (D.9),  
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Based on eq. (5.37), the denominator in eq. (D.7) can be written as, 

2 2 2 2 2 2 2 2
0 0Asm Asm s Am s Am Am Amp p k kε κ ε κ κ κ′ ′ ′ ′− = − − + = −                  (D.12a) 

Similarly, for eqs. (D.10a) - (D.10d), we have, 

2 2 2 2 2 2 2 2
0 0Adm Adm d Am d Am Am Amp p k kε κ ε κ κ κ′ ′− = − − + = −                 (D.12b) 

And for eqs. (D.11a) - (D.11d), we have 

2 2 2 2 2 2 2 2
0 0Afm Afm Am Am Am Amp p k kκ κ κ κ′ ′− = − − + = −                     (D.12c) 

As seen from  eqs. (D.12a) - (D.12c), the following equation is readily obtained, 
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Assume the order of the modes in boundary condition (D.4 d) is m and the order of the 

modes in boundary condition (D.4 e) is m . Construct an equation whose left-hand-side is 

the multiplication of the left-hand-sides of eqs. (D.4 d) and (D.4 e) and the right-hand-

side is the multiplication of the right-hand-sides of eqs. (D.4 d) and (D.4 e).  It is given, 
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Multiply both sides of eq. (D.14) by 2 2/ ( )m m Afm i Am AmY r κ κΓ Γ − , the following equation is 

given, 
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Based on eq. (5.49) and eq. (D.13), eq. (D.15) can be written as: 
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Note that the left-hand-side of eq. (D.16) is the summation of the third terms of eqs. 

(D.10 a) - (D.10 d) and the right side of (D.16) is the first term of eq. (D.7). Thus they 

cancelled one another out when they are added in eq. (D.6). 

Similarly, assume the order of the modes in boundary condition (D.4 d) is m and the 

order of the modes in boundary condition (D.4 e) is m . Formulate the similar equation as 

shown in eq. (D.14). As a consequence, the second term of eq. (D.7) cancels out the 

summation of the fourth terms of eqs. (D.10 a) - (D.10 d). 

Therefore, besides the negative sign, eq (D.6) can be represented by the summations of 

the first and the second terms of eqs. (D.10 a) - (D.10 d) plus the summation of eqs. 

(D.11a) - (D.11d). 

Similarly, assume the order of the modes in boundary condition (D.4 b) is m and the 

order of the modes in boundary condition (D.4 c) is m . Formulate the similar equation as 

shown in eq. (D.14), it is given, 
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(D.17) 

Similarly, both sides of eq. (D.17) is multiplied by 2 2/ ( )m m Afm Am AmY b κ κΓ Γ − ,  the 

following equation is obtained, 

136 
 



 

1 0 1 02 2

1 0 1 0

1 02 2

[ ( ) ( ) ( ) ( )

  ( ) ( ) ( ) ( )]

[ ( ) ( )

m m Afm
Afm fm fm Afm Afm fm fm Afm Afm

Am Am

fm fm Afm Afm fm fm Afm Afm

m m Afm d
Adm dm dm Adm Adm

Am Am

Y b
p A A J p b J p b A A Y p b J p b

A A J p b Y p b A A Y p b Y p b
Y b

p A A J p b J p b A

κ κ

ε
κ κ

Γ Γ
′ ′ ′ ′ ′ ′ ′ ′ ′+

−

′ ′ ′ ′ ′ ′ ′ ′+ +

Γ Γ
′ ′ ′ ′ ′ ′= +

− 1 0

1 0 1 0

( ) ( )

  ( ) ( ) ( ) ( )]

dm dm Adm Adm

dm dm Adm Adm dm dm Adm Adm

A Y p b J p b

A A J p b Y p b A A Y p b Y p b

′ ′ ′

′ ′ ′ ′ ′ ′ ′ ′+ +        

(D.18)

 

Based on eq. (5.49) and eq. (D.13), eq. (D.18) can be written as: 
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p p

Γ Γ
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′ ′−

′ ′ ′ ′ ′ ′ ′ ′+ +

Γ Γ ′ ′ ′ ′ ′=
′ ′− 1 0

1 0 1 0

) ( ) ( )
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b A A Y p b J p b

A A J p b Y p b A A Y p b Y p b

′ ′ ′ ′+

′ ′ ′ ′ ′ ′ ′ ′+ +      
 

(D.19) 

Note that the left-hand-side of (D.19) is the summation of the first terms of eqs. (D.10 a) -

(D.10 d); the right-hand-side of (D.19) is the summation of the third terms of eqs (D.11 a) 

- (D.11 d). Thus, they cancelled one another out when they are added in eq. (D.6). 

Following similar calculations, the second terms of eqs. (D.10 a) - (D.10 d) cancel out the 

summation of the fourth terms of eqs. (D.11a) - (D.11 d). 

Finally, eq. (D.6) can be simplified to the summation of the first and second terms of eqs. 

(D.11 a) - (D.11 d) with a negative sign. The simplified result is, 
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By substituting the boundary condition (D.4 a),  

0 0( ) ( ) 0fm Afm fm AfmA J p a A Y p a′ ′ ′ ′+ = , 

into the eq. (D.20), it is readily obtained that,  

0
0,               for   and  , 1

a

tm tm z d m m m mρ ρ′ ′× ⋅ = ≠ >∫ E H a  

Following similar calculations, the orthogonality condition can be proved for the cases of

1, 1  and  1, 1m m m m= > > = .   
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Appendix E   Construction of the Design Matrix 

The purpose of this appendix is giving the matrix form of the least square problem shown 

in eq. (6.4). Here, the details of the matrix constructions are provided.  

By substituting eq. (6.2) and (6.3) into eq. (6.4), the chi-square error is given, 

                                          

2

,2
,

1 1 0 0 , ,

m nL L
i j i j

m n
i j m n i j i j

S T
p

βα ε
χ

σ σ= = = =

 ′
′ ′= −  ′ ′ 

∑∑ ∑∑
                               

(E.1) 

In matrix form, eq. (E.1) can be written as, 

22χ′ ′ ′ ′= ⋅ −A p b                                                  (E.2) 

where matrix ′A  is constructed of elements, , ;m n
i j i jS T σ ′  column vector ′p  is constructed 

of polynomial coefficients, ,m np , and the column vector ′b   is constructed of elements 

, ,ε σ′ ′i j i j .  Thus, the minimization problem can be stated as finding ′p  so that eq. (E.2) is 

minimized. The process of constructing the matrices is complicated by the double sum. 

Partition arrays are used to incorporate the double sum into the matrix formulation. The 

matrix ′A , which is known as the design matrix, is an N M× matrix that has elements 

2
, .′σm n

i j i jS T  The number of rows N is equal to α β⋅  and the number of columns is 

( )21 .L + The matrix ′A can be written in terms of an S matrix of size ( )1Lα × + , a T 

matrix of size ( )1Lβ × + and a diagonal matrix ′W of size N N× . The expression for ′A

is given below in eq. (E.3) as 
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(E.3)  

where ( 1, 2,..., )α=iS i  is the i-th salinity value of the seawater sample used in the 

measurements and ( 1,2,..., )β=jT j is the j-th value of the measurement temperatures; ′W

is the diagonal weighting matrix, in which the sub matrix ( 1,2,..., )i i α′ =w is given as,

2 2 2
,1 ,2 ,(1/ ,1/ ,...1/ )i i i idiag βσ σ σ′ ′ ′ ′=w . As defined in section 6.1, , ( 1, 2... )i j jσ β′ = is the real 

part of the standard deviation of the measured dielectric constant at Si and Tj (see Table 

4.1).  The Kronecker product ⊗  of S and T yields the matrix ′A of size ( )21Lαβ × + . 

In eq. (E.3), ′p  is a column vector of the model function coefficients, ,m np′ . It is 

constructed as a column vector [ ]†0 1 L′ ′ ′ ′=p p p p  of sub column vectors 

 ( 0,1,..., )′ =pm m L given by †
,0 ,1 ,[ ]′ ′ ′ ′=p m m m m Lp p p  and the transpose of a matrix 

C is indicated by †.C  

The data vector ′b  is a vector of the measured dielectric constant values divided by 2
,i jσ ′ .  

It is constructed as [ ]†1 2 αε ε ε′ ′ ′ ′ ′=b W  . In the expression, the weighting matrix 

′W  is the same as defined previously; ( 1, 2... )i i′ =ε α  is given as 

†

,1 ,2 ,βε ε ε ε′ ′ ′ ′ =  i i i i where , ( 1, 2,..., ; 1, 2,..., )i j i jε α β′ = =  is the real part of the 

averaged dielectric constant of the measurement made at Si and Tj.   
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Finally, the minimum solution can be found by employing the SVD technique [Press, 

1996; Wasylkiwskyj, 2015].  The solution is 

                                              ,
,

1 1 ,λ= =

 ′ ′⋅
′ ′=   ′ 
∑∑

U b
p V

L L
m n

m n
m n m n

                                             (E.4) 

where the column vectors ,′Vm n  are the solutions to the eigenvalue problem 

† 2
, , ,m n m n m nλ′ ′ ′ ′ ′=A A V V  and ,′Um n  are solutions to a related eigenvector problem. The ,λ′m n  

are known as the singular values; if one or more become too small, the solution could be 

ill-conditioned. The arguments for obtaining the imaginary coefficients, ,′′m np , follow the 

similar procedures with primes replaced by double primes. 
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Appendix F   The Errors in Tb from the Measurement Uncertainties 

As mentioned in section 4.2, at each salinity and temperature, at least three measurements 

are made and the averaged results are obtained. Thus, the averaged dielectric result at the 

salinity, Si, and temperature, Tj, can be written as, 

,

, , ,
1,

1 i jn

i j i j k
ki jn

ε ε
=

= ∑                                                     (F.1) 

where , ,i j kε  is the kth data point at iS  and jT , and ,i jn is the total number of the 

measurements made at that temperature and salinity. Here the ,i jn  can be found in the 

reference data of Lang et al. [2016]; as a general rule the value of ,i jn  is 3. 

Therefore, the deviation in Tb at salinity Si and at temperature Tj can be expressed as, 

 , , ,( , ) ( , ) ( , )b i j k j b i j j bk i jT T T T T S Tε ε δ= +                                      (F.2) 

where bkTδ  is the deviation in Tb due to the difference between , ,i j kε  and ,ε i j .  Defining 

, ,i j kδε as , , , , ,i j k i j k i jδε ε ε= − , eq. (F. 2) can be written as, 

        

, , , ,( , ) ( , ) ( , )b i j i j k j b i j j bk i jT T T T T S Tε δε ε δ+ = +

                             

(F.3) 

Expand the left hand side of eq. (F.3) in Maclaurin series in , , , , , ,i j k i j k i j kjδε δε δε′ ′′= +  and 

keep only the zeroth and first order terms. Substituting this expression into eq. (F.3) 

gives:   

        , , , ,    ( , )b b
i j k i j k bk i j

T T T S Tδε δε δ
ε ε
∂ ∂′ ′′+ =
′ ′′∂ ∂

                                  (F.4) 
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By using eqs. (6.7) and (6.8) and assuming that , 1ε i j , the expression for the deviation 

of Tb is obtained, 

 3/2 3/2
, , , , , , , ,( , ) 2 sec ( , ) [Re( ) Im( ) ]bk i j j v i j i j k i j k i j k i j kT S T T R S Tδ θ ε δε ε δε− −′ ′′= +

      
         (F.5) 

Note that this is the deviation in Tb caused by only one of all the measurements made at Si 

and Tj . The standard deviation of the mean of ,( , )b i j jT Tε can then be expressed as, 

                  

, 2

1

, ,

( , )
( , )

( 1)

i jn

bk i j
k

b i j
i j i j

T S T
T S T

n n

δ
=

  
∆ =

−

∑
                                            (F.6) 

In Figure 6.4 --- 6.6, the error bars represent the expanded error of , j( , )εb i jT T , which are 

obtained by multiplying a coverage factor of k = 2 to ( , )b i jT S T∆ at each measurement 

point [UKAS,2012].  
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