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Abstract 

 

 

Land Surface Evaporative and Turbulent Heat Fluxes Estimation by 

Assimilating Remotely Sensed Land Surface Temperature and Moisture 

 

 

Land surface heat and evaporative fluxes exchanged between the land surface and the 

atmospheric boundary layer play an important role in the climate system. In situ 

measurements of these fluxes are expensive and available only over a limited number of 

field experiment sites. At present, the only way to achieve the goal of mapping land 

surface fluxes at regional scales is to use remote sensing technology that can provide 

various spatial and temporal imageries covering large areas. Current remote sensing 

technologies can directly detect the land surface states (e.g., soil moisture, surface 

temperature, and vegetation), but not land surface fluxes. Therefore, there is a need for 

developing numerical methods to estimate fluxes using available remotely sensed state 

data. Recently several studies have focused on the estimation of surface turbulent heat 

fluxes by assimilating land surface temperature (LST) via a variational data assimilation 

(VDA) scheme. The goal of these studies is to estimate key parameters of land surface 

fluxes, i.e., neutral bulk heat transfer coefficient (CHN) and evaporative fraction (EF). 

The goal of this study is to enhance the current VDA schemes for the estimation of 

turbulent heat and evaporative fluxes in three major ways: (1) characterizing the effect of 

vegetation dynamics on CHN, (2) coupling water and energy balance equations, 

assimilating soil moisture (SM) data in addition to LST, and constraining the VDA 

estimates by the moisture diffusion equation in addition to the heat diffusion equation; 

and (3) analyzing the second-order information that guides toward a well-posed 

estimation problem and provides uncertainty of parameters.  
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The existing VDA algorithms assume that vegetation dynamics over the period of one 

month are negligible, and thus take CHN as a monthly constant parameter. However, bare 

soil may turn into a fully vegetated surface in only a few weeks during the growing 

season, undermining the assumption of constant monthly CHN. In this research, the VDA 

algorithm is advanced by taking CHN as Leaf Area Index (LAI). This improves the 

performance of the VDA scheme, especially at sites in which temporal variation of 

vegetation phenology is significant.  

The current VDA schemes retrieve surface fluxes by assimilating LST into an energy 

balance model and have not considered the inherent coupling between water (moisture) 

and energy (heat) in the soil-plant-atmosphere continuum. In this research, this issue is 

addressed by coupling the water and dual-source energy balance models through the flux 

of evapotranspiration and jointly assimilating SM and LST to improve the performance 

of VDA in the energy-limited regimes. 

The VDA scheme suffers from the following issues: (1) it does not explicitly compute 

the error covariance matrix of parameter estimates, (2) it tends to be ill-posed, and (3) it 

is a high-dimensional non-linear minimization problem and therefore, the optimization 

may reach a saddle point instead of a local minimum. This research addresses these 

shortcomings and enhances the performance of the VDA scheme through computing the 

Hessian matrix via the Lagrangian method and the analysis of second-order information 

at the critical point. 

The proposed modifications to the VDA scheme for estimation of turbulent heat and 

evaporative fluxes are tested at the point scale (through a set of synthetic and field site 

experiments) and at the large scale (over an area of 21780 km2 in the U.S. Southern Great 
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Plains). The results show that simultaneous assimilation of land surface temperature and 

soil moisture data improves the robustness of land surface flux estimates obtained via 

VDA. Results also demonstrate the effectiveness of analysis of second-order information, 

obtained from the Hessian matrix, at the point of optima in quantifying the uncertainty of 

parameters, hence fluxes, and in guiding toward a well-posed estimation.  
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Chapter 1 ð Introduction  

 

1.1 Background and Motivation  

Land surface fluxes exchanged between the land surface and the atmospheric 

boundary layer, play an important role in the climate system and are required in a variety 

of agricultural, hydrological, and meteorological applications (Andrews et al. 2009; 

Lewellen and Lewellen 2002). The partitioning of net radiation into sensible and latent 

turbulent heat fluxes critically affects the vertical structure of the daytime atmospheric 

boundary layer and largely determines the vegetation state both above ground and below 

ground (Pielke et al. 1998). The proper estimation of evapotranspiration (ET) is 

fundamental when dealing with issues related to water and food security (Verstraeten et 

al. 2008). In addition, ET affects terrestrial carbon uptake and release from and towards 

the atmosphere and hence, knowledge on ET dynamics has a strong impact on the 

interpretation of global change effects. Furthermore, the land surface fluxes are of key 

significance in the prediction of atmospheric and hydrological cycles. 

In situ and direct measurements of these fluxes are available, using methods such as 

the eddy correlation (EC), Bowen ratio energy balance (BREB), and scintillometer 

methods (Odhiambo and Savage 2009). The EC and BREB methods provide accurate 

point measurements. However, such observations only represent local processes and can 

rarely be extended to large areas due to land surface heterogeneity and the dynamic 

nature of the heat transfer processes (French et al. 2005). The scintillometry method 

provides spatially averaged fluxes at scales of the order of several kilometers depending 

on the aperture size and type of beam used (Green et al. 2001) and are therefore more 
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suitable for large-scale applications compared to the more conventional EC and BREB 

methods with spatial coverage of order of meters. Nevertheless, in situ flux 

measurements are expensive, time-consuming, labor-intensive, and available only over a 

limited number of field experiment sites (such as First International Satellite Land 

Surface Climatology Project [ISLSCP] Field Experiment [FIFE]1, and sparse flux tower 

networks [e.g., Fluxnet2, EuroFlux3, and AmeriFlux4]), limiting their applicability for 

regional and global applications. 

At present, the only way to achieve the goal of mapping land surface fluxes at 

regional scales is to use remote sensing technology that can provide various spatial and 

temporal imageries covering large areas. However, land surface fluxes do not have a 

specific signature to be detected by the current remote sensing technology thus, there is a 

need for developing numerical methods to estimate fluxes using available remote sensing 

data from optical and/or thermal satellite sensors. 

Despite early doubts about the accuracy and usefulness of remote sensing data to 

estimate surface fluxes, the quality and resolution of remote sensing data products have 

improved much in recent years and have led to developing a wide range of analytical and 

diagnostic remote sensing methods (Kalma et al. 2008a; Overgaard et al. 2006). These 

methods differ in type and spatial extent of application, type of remotely sensed data, and 

use of ancillary (micro-) meteorological and land cover data. In general, the methods that 

estimate land surface fluxes using remotely sensed data are categorized into four groups.  

                                                 
1 https://daac.ornl.gov/FIFE/FIFE_About.html 
2 https://fluxnet.fluxdata.org/ 
3 http://www.europe-fluxdata.eu/ 
4 https://ameriflux.lbl.gov/ 

https://daac.ornl.gov/FIFE/FIFE_About.html
https://fluxnet.fluxdata.org/
http://www.europe-fluxdata.eu/
https://ameriflux.lbl.gov/
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The first group is statistical methods (also called process-free methods), which range 

from simple linear regression to a complex machine learning algorithm. For example, 

Jackson et al. (1977) proposed a statistical model that expresses the linear relationship 

between observations of latent (LE) and net radiation (Rn) fluxes and the difference 

between remotely sensed surface temperature (Tr) and air temperature (Ta) as

n

n r aLE R B(T T )= - - , where B and n are site-specific regression coefficients and 

depend on surface roughness and atmospheric stability. Clearly, such statistical methods 

require local calibration. Machine learning techniques (e.g. artificial neural networks) 

provide an alternative statistical method to the estimation of land surface fluxes, 

primarily using a combination of remotely-sensed and ground-based data (Getz et al. 

2018). Machine learning techniques demonstrate strong predictive capabilities across 

time and space (Alemohammad et al. 2017) however, at the cost of large data 

requirements. 

The second group of methods is based on the relationship between remotely sensed 

surface temperature (Tr) and vegetation index, VI (e.g., the normalized difference index, 

NDVI). A scatterplot of Tr and VI often results in a triangular/trapezoid shape, therefore 

this group of methods is sometimes referred to as ñtriangleò methods (Gillies et al. 1997; 

Carlson et al. 1995; Petropoulos et al. 2009). Since different land cover types may have 

different Tr/VI slope and intercept for equal atmospheric and surface moisture conditions, 

the choice of scale (local ~ global) may influence the shape of the relationship (Sandholt 

et al. 2002). Although the methods that exploit empirical VI/Tr relationships vary in their 

complexity, assumptions, and ancillary data requirements, they all need a large number of 

pixels over the area of interest with a wide range of soil moisture and fractional 
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vegetation cover. In addition, the linearity assumption with regard to the biophysical 

properties is reported as a poor representation of the true physical processes relating land 

surface fluxes to locational changes in the (Tr/VI) feature space domain (Petropoulos et 

al. 2009).  

The third group of methods is based on a solution of the surface energy balance 

(SEB) model utilizing the growing amount of land surface data available from remote 

sensing. In these methods, closure assumptions often need to be imposed. The most 

common closure is to consider the soil heat flux (G) as a fixed fraction of Rn (Anderson 

et al. 1997; Boegh et al. 2000). However, this assumption ignores diurnal variation and a 

phase difference between the diurnal cycles of Rn and G (Kalma et al. 2008a). In 

addition, the sensible heat flux is modeled using the electric resistance analogue which 

needs surface resistance/roughness parameters that cannot be inferred from remote 

sensing data (Lhomme et al. 2000; Massman 1999).  

The fourth group of methods, data assimilation (DA) methods, incorporates land 

surface observations into a physically based land surface model to provide the model 

with the best estimate of the state of a system or/and model parameters. The evolution of 

LST implicitly contains information about the partitioning of available energy among 

sensible and latent heat fluxes since different components of surface energy balance have 

different relative efficiencies in dissipating available energy at the land surface (Bateni 

and Entekhabi 2012a). Based on this recognition, many researchers have applied DA 

methods to estimate key parameters of land surface fluxes by assimilating LST 

measurements into a form of SEB model (Caparrini et al. 2004a; Sini et al. 2008; Bateni 

et al. 2013b; Abdolghafoorian et al. 2017). The two most critical parameters of land 
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surface fluxes are the dimensionless neutral bulk heat transfer coefficient (CHN) and 

evaporative fraction (EF). CHN captures how the landscape impacts on near-surface 

turbulence under neutral conditions and EF reflects surface control on the relative 

magnitude of latent and sensible heat fluxes and indicates the amount of surface energy 

available for the evaporation of water. 

DA methods for the estimation of unknown parameters (e.g., EF and CHN) are mainly 

categorized into two groups of sequential data assimilation and variational data 

assimilation (VDA). In contrast to the most of sequential DA approaches, which 

assimilate the observations (e.g., surface temperature) in a sequential manner (whenever 

remotely sensed data are available), the VDA scheme operates in a batch-processing 

manner (i.e., using the observations inside the assimilation period all at once). As a result, 

the VDA scheme has gained a great deal of attention in many scientific and engineering 

applications including geophysical and hydrological modeling, notably in terms of 

optimality of estimated parameters, stability, and robustness of the estimation. In 

addition, the VDA scheme has a number of advantages over empirical and diagnostic 

methods. The VDA scheme is not site-specific because it does not use empirical LST-VI-

flux relations nor empirical relations such as those that take G as a fraction of Rn. 

Therefore, VDA is the method of choice in this research. 

Caparrini et al. (2003) and Caparrini et al. (2004) introduced an algorithm based on 

the VDA scheme which is capable of mapping surface energy balance components by 

assimilating sequences of remotely sensed land surface temperature measurements into a 

combined-source SEB (CS) model and estimating the most critical parameters of SEB 

(i.e., EF and CHN). The proposed algorithm was evaluated over a range of vegetative and 
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hydrological conditions in the southern U.S. during the middle part of the growing season 

and promising results were obtained at dry and lightly vegetated sites (Crow and Kustas 

2005). In CS models, the difference between soil and vegetation temperatures and 

turbulent exchange rates is not accounted for, although soil and vegetation play a very 

different role in the land surface system. To address the shortcoming of CS models, 

Caparrini et al. (2004b) applied a simplified form of the dual-source SEB (DS) model 

(developed by Kustas et al. (1996)) within the VDA scheme with the aim of estimating 

CHN and evaporative fractions for soil (EFs) and canopy (EFc), separately. The DS models 

partition the energy exchange between the soil and vegetation and are suitable for 

estimation of turbulent fluxes in heterogeneous landscapes. Bateni and Liang (2012) and 

Bateni et al. (2013b) advanced the VDA algorithms developed by Caparrini et al. (2004) 

and Caparrini et al. (2004b) using the full heat diffusion equation as the physical 

constraint instead of the simple force-restore equation. Constraining the VDA 

optimization algorithm by the full heat diffusion equation decreases the phase error 

between the observed and estimated ground heat flux diurnal cycles and improves the 

estimates of turbulent heat fluxes. 

The existing VDA algorithms (e.g., Caparrini et al. 2004a; Bateni et al. 2013b) 

assume that vegetation dynamics over the period of one month are negligible, and thus 

take CHN as a monthly constant parameter. However, bare soil may turn into a fully 

vegetated surface in only a few weeks during the growing season, undermining the 

assumption of constant monthly CHN. In this research, the VDA scheme for land surface 

flux estimation is advanced by taking CHN as a function of vegetation phenology (i.e., 

Leaf Area Index (LAI)). This allows the characterization of the variations in CHN as LAI 
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changes and hence, improves the performance of the VDA scheme, especially at sites in 

which temporal variation of vegetation phenology is significant. Moreover, through this 

improvement, the period of assimilation of the VDA scheme is no longer constrained by 

the monthly periods in which CHN is assumed to be constant.  

Although several studies (e.g., Caparrini et al. 2004a; Sini et al. 2008; Xu et al. 2014; 

Bateni and Liang 2012) have used the VDA scheme to retrieve surface turbulent heat 

fluxes by assimilating LST into a SEB model, none of them have considered the inherent 

coupling and interaction between the transfer of water (moisture) and energy (heat) in the 

soil-plant-atmosphere continuum. This has been identified as one of the main reasons that 

contribute to the poor performance of VDA in the energy-limited regimes (Crow and 

Kustas 2005; Sini et al. 2008; Xu et al. 2014; Lu et al. 2017). Soil moisture controls not 

only the partitioning of available energy into sensible and latent heat fluxes through its 

influence on evaporative fraction (Dirmeyer et al. 2000; Gentine et al. 2007; Farhadi et 

al. 2014, 2016; Schwingshackl et al. 2017), but also the partitioning of evapotranspiration 

into soil evaporation and canopy transpiration (Entekhabi and Moghaddam 2007; Crow et 

al. 2015; Lu et al. 2017). In addition, while DS SEB models include a description of the 

vegetation, the interactions between groundwater, soil texture, root zone, and surface 

water fluxes (e.g., precipitation) are not taken into account, and consequently they may 

fail to produce accurate results in areas where such interactions are important (Overgaard 

et al. 2006). A number of studies applied a sequential DA approach to assimilate soil 

moisture into a land surface model and showed the modest benefit of assimilating surface 

soil moisture observations for the estimation of surface fluxes (e.g., Li & Islam, 1999; 

Reichle, Crow, & Keppenne, 2008). Pipunic et al. (2008) assimilated synthetic surface 
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soil moisture data into a land surface model using the ensemble Kalman Filter scheme to 

improve predicted model state variables (soil moisture and temperature), and hence LE 

and H. They showed that soil moisture assimilation has the most direct impact on root 

zone soil moisture estimation, while it also improves heat flux predictions. These studies 

also illustrated the low performance of surface flux estimation with soil moisture 

assimilation, in the presence of soil moisture measurement errors. 

In this research, the inherent coupling and interaction between the transfer of heat and 

moisture in the soil-plant-atmosphere continuum is considered by coupling the water and 

dual-source energy balance models through the flux of evapotranspiration, and jointly 

assimilating SM along with LST into the coupled water and dual-source energy balance 

model using the VDA scheme to estimate key unknown parameters of water and heat 

fluxes: CHN, EFs, and EFc. The transfer of water (moisture) and energy (heat) in the soil 

column is modeled by the moisture diffusion equation and full heat diffusion equation, 

respectively. For the first time in depth, the potential value of joint SM and LST 

assimilation for land surface flux estimation via the VDA scheme is investigated through 

comparative studies.  

The effectiveness of the VDA scheme in estimating fluxes is undermined by the fact 

that in a high-dimensional non-linear minimization problem, a saddle point may be 

surrounded by plateaus of small curvature which gives a false impression of reaching a 

local minimum (Pascanu et al. 2014). In addition, the VDA scheme does not compute the 

error covariance matrix explicitly and consequently does not provide estimates of the 

predictive uncertainty of estimated parameters and hence fluxes (Le Dimet et al. 2002; 

Liu and Gupta 2007). Furthermore, the inherent shortcoming of the VDA scheme (i.e., 
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the tendency to be ill-posed) does not guarantee a unique optimal solution. In other 

words, simultaneous optimization of unknown parameters may result in a continuum of 

possibilities for different parameters that produce essentially identical measurement-

model misfit errors (Crow and Kustas 2005). These issues have not been taken into 

consideration in previous studies (e.g., Sini et al. 2008; Bateni et al. 2013b; Xu et al. 

2015), thus degrading the advantage of the VDA scheme in the estimation of land surface 

fluxes. 

In this research, the performance of the proposed VDA scheme is enhanced through 

the calculation of second-order information at the critical point (the point where the 

gradient of cost function is zero) by computing the Hessian matrix via the Lagrangian 

method (hereafter the integrated VDA framework). Analysis of second-order information 

enables distinction between saddle and optimum points. In addition, the inverse of the 

Hessian matrix provides a good approximation of the error covariance matrix of 

parameters (Shutyaev et al. 2008; Gejadze et al. 2011; Farhadi et al. 2016). Performing 

the uncertainty analysis and defining the correlation between estimated parameters guide 

toward the formulation of a well-posed estimation problem.  

1.2 Objectives 

The overall objective of this research is to develop a variational data assimilation 

(VDA) framework to estimate land surface evaporative and heat fluxes by assimilating 

remotely sensed land surface temperature and soil moisture data and quantify the 

uncertainty of the VDA estimates. The specific objectives of this research are as follows: 

¶ to improve the performance of the VDA scheme by taking CHN as a function of 

vegetation phenology (i.e., Leaf Area Index (LAI)) and characterizing the variations 
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in CHN as LAI changes, especially at sites in which temporal variation of vegetation 

phenology is significant; 

¶ to consider the inherent coupling and interaction between the transfer of heat and 

moisture in the soil-plant-atmosphere continuum in the estimation of fluxes, by 

coupling the water and dual-source energy balance models through the flux of 

evapotranspiration; 

¶ to enhance the performance of VDA estimation by jointly assimilating soil moisture 

(SM) along with land surface temperature (LST) into the coupled water and dual-

source energy balance model; 

¶ to model the transfer of water (moisture) and energy (heat) in the soil column by the 

moisture diffusion equation (rather than a simplified soil water transfer equation) and 

full heat diffusion equation (rather than the force-restore equation); 

¶ to enhance the performance of the proposed VDA scheme through the calculation of 

second-order information at the critical point by computing the Hessian matrix via the 

Lagrangian method and distinguish between a saddle and an optimum point in the 

VDA parameters estimation problem (i.e., a high-dimensional non-linear 

minimization problem) by analyzing the second-order information; 

¶ to provide a good approximation of the error covariance matrix of parameters, 

quantify the uncertainty of estimated parameters and hence fluxes, and guide the 

VDA estimation problem toward the formulation of a well-posed estimation problem 

by performing the uncertainty analysis and defining the correlation between estimated 

parameters;  
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¶ to map turbulent heat and evaporative fluxes at large scales by assimilating SMAP 

soil moisture and GOES land surface temperature data;  

¶ to investigate the added value of the soil moisture data to flux estimation; and  

¶ to provide a better understanding of evaporative fluxes and their dependency on 

environmental factors and soil/vegetation conditions. 

 

The outcome of this dissertation has been published as follows: 

ī Abdolghafoorian, A., & Farhadi, L., Mapping Land Surface Heat and Water Fluxes 

by Assimilating the GOES land surface temperature and SMAP soil moisture data, in 

preparation. 

ī Abdolghafoorian, A., & Farhadi, L. (2019). Estimation of Surface Turbulent Fluxes 

from Land Surface Moisture and Temperature via a Variational Data Assimilation 

Framework, Water Resources Research,55. doi: 10.1029/2018WR024580. 

ī Abdolghafoorian, A., Farhadi, L., Bateni, S.M, & Margulis, S. (2017). Characterizing 

the Effect of Vegetation Dynamics on the Bulk Heat Transfer Coefficient to Improve 

Variational Estimation of Surface Turbulent Fluxes, J. of Hydrometeorology, 18 (2), 

321-333. 

ī Abdolghafoorian, A. & Farhadi, L. (2016). Uncertainty Quantification in Land 

Surface Hydrologic Modeling: Toward an Integrated Variational Data Assimilation 

Framework, IEEE Journal of Selected Topics in Applied Earth Observations and 

Remote Sensing, 9 (6), 2628-2637. 

1.3 Outline of the Dissertation  

In Chapter 2 the VDA scheme is advanced by characterizing the effect of vegetation 

dynamics on the bulk heat transfer coefficient to improve the variational estimation of 

https://agupubs.onlinelibrary.wiley.com/doi/abs/10.1029/2018WR024580
https://agupubs.onlinelibrary.wiley.com/doi/abs/10.1029/2018WR024580
https://agupubs.onlinelibrary.wiley.com/doi/abs/10.1029/2018WR024580
https://doi.org/10.1029/2018WR024580
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surface turbulent fluxes. The developed VDA scheme is tested over three sites in the 

United States and one site in China and its results are compared with those of the Bateni 

et al. (2013b) model in which assumed that the variations in vegetation phenology over 

the period of one month are negligible and CHN is considered as a monthly constant 

parameter. 

In Chapter 3 a Hessian-based uncertainty quantification (UQ) framework for the 

VDA scheme is proposed. The proposed framework quantifies the uncertainty of 

estimated parameters and guides the formulation of a well-posed estimation problem. It 

provides a calibration-free tool to assess the performance of the VDA scheme in 

retrieving land surface heat fluxes over a range of land surfaces and climatic conditions. 

The advantages of UQ framework is evaluated through real field site data obtained from 

FIFE field experiment, Audubon, and Arizona in the United States and Daman in China. 

In Chapter 4 the VDA scheme is enhanced by (i) coupling water and energy balance 

equations, assimilating soil moisture (SM) data in addition to LST data, and constraining 

the VDA estimates by the moisture diffusion equation in addition to the heat diffusion 

equation; (ii) analyzing the second-order information which guides toward a well-posed 

estimation problem and provides uncertainty of parameters. The performance of the 

proposed integrated VDA framework at a point scale is examined through a set of 

experiments based on a synthetic data set produced by the simultaneous heat and water 

(SHAW) model. 

In Chapter 5 an algorithm is proposed to estimate land surface heat and evaporative 

fluxes by jointly assimilating Soil Moisture Active Passive (SMAP) data and 

Geostationary Operational Environmental Satellite (GOES) surface temperature data into 
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the coupled terrestrial water and energy balance model using the VDA scheme. The 

algorithm is implemented over an area of 21780 km2 in the U.S. Southern Great Plains. 

The maps of retrieved surface evaporation and transpiration fluxes are used to study a 

number of dynamic feedback mechanisms between the land and atmosphere, such as the 

dependence of evapotranspiration on vegetation and soil moisture. 

Finally, Chapter 6 summarizes the principal findings and original contribution of this 

research, along with some potential future research directions to extend the current work. 
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Chapter 2 ð Characterizing the Effect of Vegetation Dynamics on the Bulk Heat 

Transfer Coefficient5 

 

Estimation of turbulent heat fluxes by assimilating sequences of land surface 

temperature (LST) observations into a variational data assimilation (VDA) framework 

has been the subject of numerous studies. The VDA approaches are focused on the 

estimation of two key parameters that regulate the partitioning of available energy 

between sensible and latent heat fluxes. These parameters are neutral bulk heat transfer 

coefficient (CHN) and evaporative fraction (EF). CHN mainly depends on the roughness of 

the surface and varies on the time scale of changing vegetation phenology. The existing 

VDA methods assumed that the variations in vegetation phenology over the period of one 

month are negligible and took CHN as a monthly constant parameter. However, during the 

growing season, bare soil may turn into a fully vegetated surface within a few weeks. 

Thus, assuming a constant CHN may result in a significant error in the estimation of 

surface fluxes, especially in regions with a high temporal variation in vegetation cover. In 

this study, the VDA approach is advanced by taking CHN as a function of leaf area index 

(LAI). This allows the characterization of the dynamic effect of vegetation phenology on 

CHN. The performance of the new VDA model is tested over three sites in the US and one 

site in China. The results show that the new model outperforms the previous one and 

reduces the root-mean-square-error (and bias) in sensible and latent heat flux estimates 

across the four sites on average by 31% (61%) and 21% (37%), respectively. 

                                                 
5 A similar form of this chapter has been published in the Journal of Hydrometeorology; Abdolghafoorian, A., Farhadi, 

L., Bateni, S. M., Margulis, S., & Xu, T. (2017). Characterizing the effect of vegetation dynamics on the bulk heat 

transfer coefficient to improve variational estimation of surface turbulent fluxes. 18(2), 321-333. © American 

Meteorological Society. Used with permission. 
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2.1 Introduction  

Accurate estimation of turbulent heat fluxes (i.e., sensible and latent heat fluxes) is of 

significant importance in numerous atmospheric, hydrologic, meteorological, 

climatological, and environmental processes (Alfieri et al. 2009; Stephens et al. 2012). 

The sum of sensible (H) and latent (LE) heat fluxes (i.e., H+LE) and their relative 

partitioning (i.e., H/LE) affects the development of the boundary layer and force the 

dynamics of the troposphere. The turbulent fluxes impact weather and climate by 

modifying the spatiotemporal variability of rainfall (Andrews et al. 2009) and influencing 

the development of boundary layer clouds (Lewellen and Lewellen 2002).  

In situ measurements of heat and moisture fluxes are costly (Baldocchi et al. 2001) 

and therefore are available only over a limited number of field experiment sites (e.g., 

Southern Great Plain [SGP], Heihe Water Allied Telemetry Experimental Research 

[HiWATER], First International Satellite Land Surface Climatology Project [ISLSCP] 

Field Experiment [FIFE]) and flux tower stations (e.g., AmeriFlux, Fluxnet, EuroFlux, 

etc).  

Among numerous techniques developed to make quantitative estimates of turbulent 

heat fluxes (e.g., Anderson et al. 1997; Bastiaanssen et al. 1998; Allen et al. 2011; Kalma 

et al. 2008; Polonio and Soler 2000; Yilmaz et al. 2014) , the variational data assimilation 

(VDA) approach (Peters-Lidard et al. 2011; Bateni and Entekhabi 2012a; Sini et al. 2008; 

Reichle et al. 2001b) has recently gained a substantial amount of attention. The VDA 

approaches estimate land surface turbulent heat fluxes by assimilating land surface 

temperature (LST) observations into the physical land surface models. The uncertainty of 

the estimated fluxes can be quantified using a Hessian-based approach (Abdolghafoorian 
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and Farhadi 2016). The main characteristics of the VDA schemes which make them 

suitable for estimation of turbulent heat fluxes are: (1) they do not need any calibration 

and empirical fitting (Caparrini et al. 2003), (2) they estimate heat fluxes even for 

instances in which LST observations are not available or there are data gaps (Lewis et al. 

2012), and (3) they retrieve ground heat flux without applying the empirical formulations 

that parameterize ground heat flux as a fraction of net radiation (Campo et al. 2009). 

The two main unknown parameters of the VDA approaches for estimating turbulent 

fluxes are neutral bulk heat transfer coefficient (CHN) and evaporative fraction (EF). CHN 

scales the sum of turbulent heat fluxes and EF scales their partitioning. The existing VDA 

methods (e.g., Caparrini et al. 2004a, 2003; Bateni et al. 2013b; Sini et al. 2008; Xu et al. 

2014) assume that changes in vegetation dynamics over the period of one month are 

negligible, and thus take CHN as a monthly constant parameter. However, bare soil may 

turn into a fully vegetated surface in only a few weeks during the growing season, 

undermining the assumption of constant monthly CHN. In this study, the VDA approach 

for land surface flux estimation is advanced by taking CHN as a function of vegetation 

phenology (i.e., Leaf Area Index (LAI)). This allows the characterization of the variations 

in CHN as LAI changes and hence improves the performance of the VDA approach, 

especially at sites in which temporal variation of vegetation phenology is significant. 

Moreover, the period of assimilation of the VDA approach is no longer constrained by 

the monthly periods in which CHN is assumed to be constant.  

Using in situ measurements, Sugita and Brutsaert (1990), Kubota and Sugita (1994), 

Betts and Ball (1998), and Mahrt and Vickers (2004 found a strong relationship between 

CHN and LAI. In addition to these experimental studies, a variety of physically-based 
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models have been developed, which describe the influence of LAI on CHN (Massman 

1999; Hasager and Jensen 1999; Su 2002; Timmermans et al. 2013). The results of the 

previous VDA models also indicate a relationship between CHN estimates and seasonal 

land cover phenology (Caparrini et al. 2004b; Bateni et al. 2014). All of these studies 

show that the evolution of LAI has a significant effect on CHN.  

This study augments the Bateni et al. (2013b) VDA model (hereafter called VDAold) 

by taking CHN as a function of LAI rather than assuming it to be a constant monthly 

parameter. The CHN-LAI relationship introduced by Farhadi et al. (2014, 2016) and 

implemented in their proposed methodology of conditional sampling of surface states for 

estimation of turbulent heat fluxes, is used in this study to characterize variations in CHN. 

The applicability and performance of the new VDA approach (hereafter called VDAnew) 

are tested at the point scale using field site information at three sites in the USA 

(Audubon, Brookings, and Bondville) and one site in China (Daman). These sites are 

chosen because they represent various vegetation types (i.e., grassland, cropland, and 

shrubland), and LAI at these sites varies significantly in time (i.e., from 0.4 to 4.3). The 

wide range of LAI values and various vegetation types provide a unique opportunity to 

assess the effectiveness of taking CHN as a function of LAI in the VDA approach for 

estimation of turbulent heat fluxes.  

2.2 Surface Energy Balance (SEB) Model 

The core of the model is based on the combined source surface energy balance (SEB) 

model, that treats soil and vegetation as only one effective medium, and is given by,   
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         (2.1) 

where H, LE, and G are respectively the sensible, latent, and ground heat fluxes, and Rn is 

the net radiation. Sensible heat flux can be represented in terms of the gradient of 

temperature between the land surface temperature (composite of soil and vegetation 

temperature at the ground surface) and the air above it (Ta),  

Ὄ  ” ὧὅ  ὪὙὭὟ Ὕ Ὕ        (2.2) 

where U is the wind speed, cp is the specific heat of air, ɟ is the air density, CHN is the 

bulk heat transfer coefficient under neutral atmospheric condition, and f is the 

atmospheric stability correction function, which itself is a function of Richardson number 

(Ri). The stability correction function proposed by Caparrini et al. (2004b), which has 

performed satisfactorily in previous studies (e.g., Crow and Kustas 2005; Farhadi et al. 

2014; Bateni et al. 2013b; Farhadi et al. 2016) is used in this study. CHN captures the 

surface boundary influence on near-surface turbulence and is essential for accurate 

estimation of sensible heat þux. It can be related to the roughness length scales for heat 

(ZOH) and momentum (ZOM) via (Andreas and Murphy 1986; AnnȤSofi et al. 2007), 

        (2.3) 

 k is the von Karman constant and Zref is the reference height. ZOH and ZOM are related via 

 and B is the Stanton number (Verhoef et al. 1997). Substituting 

 into (2.3) leads to:  
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       (2.4) 

Brutsaert (1979) parameterized ZOH and showed its dependency on LAI. Sugita and 

Brutsaert (1990) obtained an exponential relationship between ZOH and LAI over the 

FIFE site. A similar exponential relationship was found by Kubota and Sugita (1994) in 

the energy and water balance experimental field of the Environmental Research Center 

(ERC) at the University of Tsukuba. Using experimental data, Matsushima (2005) 

parameterized ZOH and showed that it increases as LAI grows. kB-1 also has been the 

subject of several theoretical and observational studies. A number of studies (e.g., 

McNaughton and Hurk 1995; Lhomme et al. 2000; Mahrt and Vickers 2004) showed 

empirically that kB-1 is mainly a function of LAI. In addition to the empirical studies, 

several physically-based models were developed to characterize the influence of canopy 

(LAI) on kB-1 (Hasager and Jensen 1999; Su 2002; Timmermans et al. 2013). All of these 

studies along with equation (2.4) indicated that CHN principally depends on LAI. 

Recently, Farhadi et al. (2014, 2016) parameterized the influence of LAI on CHN via,  

          (2.5) 

The parameterization is limited to the first-order seasonality effects with constant 

parameters a and b but seasonally varying LAI. b is indicative of neutral bulk heat 

transfer coefficient for bare soil (when LAI is zero), and a characterizes the effect of 

vegetation density on CHN. It should be noted that the proposed CHN -LAI relationship is 

consistent with the literature (e.g., Kubota and Sugita 1994; Jensen and Hummelshøj 

1995; Qualls and Brutsaert 1996) and performed well in estimation of heat fluxes at 

several filed sites (Farhadi et al. 2014) and in mapping of heat fluxes at a regional scale 
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using remote sensing data (Farhadi et al. 2016). This relationship is used herein to 

characterize the effect of LAI on CHN. The coefficients a and b are the constant unknown 

parameters of the SEB and will be obtained via the VDAnew approach.  

Evaporative fraction (EF) is the third unknown parameter of SEB scheme, and is 

defined as the ratio of latent heat flux to the sum of turbulent heat fluxes: 

           (2.6) 

EF is almost constant for near-peak radiation hours on days without precipitation 

(Crago and Brutsaert 1996; Gentine et al. 2007). Using (2.6), LE can be estimated as a 

function of EF and H.          

2.3 Heat Diffusion Equation  

The heat diffusion equation in a combined source SEB model represents the time 

evolution of ground temperature at different depths (z) within the column of soil and is 

given by, 

         (2.7) 

 c is the soil volumetric heat capacity and p is the soil thermal conductivity (Campbell 

1985a). These variables are assumed to be constant during the assimilation period, with 

values that are determined based on soil texture and soil moisture at each investigated site 

(Hopmans et al. 2002; Campbell 1985a). The boundary condition at the top of the soil 

column, T(z=0,t), is obtained by solving the surface forcing equation (

( 0, )p T z t z Gµ = µ =-); where G is the ground heat flux). The ground temperature at the 

surface T (z = 0, t), represent the composite of soil and vegetation temperature (i.e., LST). 

The diurnal variation of the heat wave is negligible beyond depths 0.3-0.5m (Hirota et al. 
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2002), thus a Neumann boundary condition is implemented at the bottom of the soil 

column, ÖT(z = h, t)/Öz=0 where h = 0.5 m (Bateni et al. 2013b).  

2.4 Variational Data Assimilation (VDA) System  

The key unknown parameters of the VDAnew system (i.e., EF, a, and b) are obtained 

by assimilating LST observations (Tobs) inside the assimilation window [t1 = 9 AM, t2 = 4 

PM] into the VDA framework. EF varies on a daily basis, while a and b are invariant 

during the assimilation period of N days. The VDA approach is based on the 

minimization of the cost function (J) which represents the aggregated error over the 

entire assimilation period:  
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  (2.8) 

The first term in the cost function accounts for the misfit between the LST estimates from 

the heat diffusion equation ( (0, )T t ) and observations ( (0, )obsT t ) over the assimilation 

period (N days). The second, third and fourth terms are the squared error of the unknown 

parameters EF, a, and b with respect to their last best estimates (represented by primed 

variables), respectively. The last term in the cost function is the physical constraint (i.e., 

the heat diffusion equation), which is adjoined to the model via the Lagrange multiplier, 

ɚ. Ca, Cb, and CEF are constant coefficients which weigh the terms in the cost function 

and control the rate of convergence (Reichle et al. 2001a). The optimal values of the 

unknown parameters (i.e., EF, a, and b) are found by minimizing the cost function, J. The 

minimum value of J is obtained by setting its first variation equal to zero (ŭJ=0). Setting 
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ŭJ to zero leads to the following set of the so-called Euler-Lagrange equations, which 

should be solved simultaneously: 

        (2.9a) 

          (2.9b) 

  (2.9c) 

          (2.9d) 

     (2.10) 

    (2.11) 

    (2.12) 

The optimal values of the unknown parameters are found via an iterative process, 

which is initiated by solving the heat diffusion equation (2.7) forward in time to estimate 

the LST (T(0,t)) during the assimilation window [t1, t2] in which EF is almost constant. It 

continues by solving the adjoint model (2.9a) backward in time using the terminal and 

boundary conditions ((2.9b)-(2.9d)) to obtain ɚ(z,t). Once the state variable (T) and the 

Lagrange multiplier (ɚ) are calculated, the VDAnew scheme updates the unknown 

parameters via (2.10)-(2.12). The iterative process is terminated when the unknown 

parameters converge to their optimal values. CT, Ca, Cb, and CEF are taken equal to 100 

K2, 0.001,0.001, and 0.001 based on several sensitivity analysis tests and previous 

relevant studies (Bateni et al. 2013b; Xu et al. 2014). Setting CT = 100 K2 and Ca = Cb = 
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CEF = 0.001 lead to a stable iterative process that converges to an optimal solution after a 

reasonable iteration number. The initial guess of b (i.e., b = ln(CHN)|LAI=0) can be chosen 

based on the bare soil roughness from the acceptable range (i.e., -7 < b < -5) reported in 

the literature (Farhadi et al. 2016; Bateni et al. 2013a). The initial guess of a is chosen 

from the range 0 < a < 1 depending on vegetation density. The results of sensitivity 

analysis (not shown) revealed that as long as the initial guesses of a and b are chosen 

from the physically reasonable range, the VDA approach will generate reliable results. 

Although the use of the LAI measurements as input data is key to the VDAnew 

scheme, the variation of LAI (not its magnitude) during the assimilation period is crucial 

for characterizing the effect of vegetation dynamics on the CHN. The optimized 

parameters a and b in the VDA scheme compromise for the instrumental errors of the 

measured LAI.  

2.5 Study Locations and Data 

The performance of the VDAnew model is tested at four sites: Audubon, Brookings, 

and Bondville in the U.S. and Daman in China. These sites are chosen because they 

represent a diverse range of vegetation types (i.e., grassland, cropland, and shrubland), 

and LAI in these sites varies significantly within a short period of time. Audubon, 

Brookings, and Bondville are part of the AmeriFlux network (http://ameriflux.ornl.gov/). 

Audubon (Arizona, USA) is open shrubland with sandy clay loam soil type. The region 

has a temperate arid climate. Brookings (South Dakota, USA) has a humid continental 

climate with hot summers and cold winters. The vegetation cover is a mixture of C3 and 

C4 grazed grassland and the soil type is well-drained clay loams. Bondville (Illinois, 

USA) has temperate continental climate and is covered with corn (C4) and soybeans 
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(C3). The soil type of this site is silt loam. AmeriFlux archive contains half-hourly 

micrometeorological data (e.g., incoming solar radiation, air temperature, specific 

humidity, and wind speed), and surface energy fluxes. Sensible and latent heat fluxes 

were measured with the eddy-covariance approach. Surface net radiation and soil heat 

flux were obtained using net radiometer and soil heat flux plate, respectively (Richardson 

et al. 2006). Surface temperature is measured by an infrared thermometer. 

The LAI data with a spatial resolution of 1 km and a temporal revisit of 8 days were 

obtained from the MODerate resolution Imaging Spectroradiometer (MODIS), available 

on the ORNL DAAC (Oak Ridge National Laboratory Distributed Active Archive 

Center) archive (http://daac.ornl.gov/MODIS/modis.html). To reduce the geolocation and 

pixel-shift errors, the spatial aggregation from 7×7 pixels around the tower pixel rather 

than the mere usage of the tower pixel is used to obtain LAI values. The average spatial 

variations of LAI for Audubon, Brookings, and Bondville are 0.04, 0.26, and 0.19, 

respectively. Validation of the VDAnew model is done over the periods in which more 

than 95% of the MODIS pixels have acceptable quality (see Table 2.1). 

Daman is a wet/densely vegetated site covered by seeded corn. It is located in the 

middle reach of the Heihe River Basin, China. In 2012, a multi-scale observation 

experiment was carried out from June to September in the framework of the Heihe 

Watershed Allied Telemetry Experimental Research (HiWATER) (Li et al. 2013). The 

automatic meteorological stations recorded short-wave and long-wave radiation (in both 

upward and downward directions), net radiation, air temperature, precipitation, wind 

speed, atmospheric pressure, soil heat flux, soil moisture, and land surface temperature 

(measured by vertically downward infrared temperature sensors) every 30 minutes (Wu 
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et al. 2015). The sensible and latent heat fluxes are obtained from the Daman superstation 

eddy-covariance system. At the Daman site, LAI was measured by LAI-2000 scanner 

during the field experiment with a spatial resolution of about 1 km (Li et al. 2013). LAI 

varies rapidly from 0.44 to 4.3 during the early growing stages of maize (Julian days 

159ï188). During the next last two months of HiWATER experiment, LAI variation 

becomes negligible. Hence, at the Daman site, the VDAnew system is applied only to the 

early stages of growing season (Julian days 159ï188) when LAI prominently affects CHN.  

Many studies (e.g., Behera et al. 2010; Fang et al. 2012; Fensholt et al. 2004) have 

evaluated the MODIS LAI product and LAI-2000 Plant Canopy Analyzer measurements 

against direct field measurements, where LAI values are derived by destructive sampling. 

These studies conclude that both MODIS and LAI-2000 scanner retrieve LAI with good 

accuracy.  

The energy balance ratio (EBR = (H+LE)/(Rn-G)) for each study site is calculated 

over the assimilation period. The daytime [9:00-16:00 LT] EBR for Audubon, Brookings, 

Bondville, and Daman, are 0.758, 0.783, 0.782, and 0.90, respectively. For Audubon and 

Bondville where the EBR is not within the accepted range, the Bowen ratio-energy 

balance method (Perez et al. 1999) is applied to partition available energy between 

sensible and latent heat. 

The location, vegetation type and range of LAI at the four field sites are listed in 

Table 2.1. At the Daman site, the growing season and at the Audubon, Brookings, and 

Bondville sites, both the growing and senescence seasons are examined. Among the four 

sites, the Daman (Audubon) site experiences the most (least) variation in vegetation.  
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Table 2.1 Characteristics of the study sites. 

Site Longitude 

(deg.) 

Latitude 

(deg.) 
Year Julian day 

Vegetation 

type 

Seasonal LAI 

range 

Daman 100.3745 38.8070 2012 159-188* Cropland 0.44-4.29 

BrookingsÀ -96.8362 44.3453 2009 176-209*, 210-238**  Grassland 1.36-2.40 

BondvilleÀ -88.2904 40.0062 2005 155-201*, 202-230**  Cropland 0.70-3.90 

AudubonÀ -110.5092 31.5907 2006 209-233*, 234-263**  Shrubland 0.50-0.84 

À: For more information see: http://fluxnet.ornl.gov/ and http://ameriflux.ornl.gov/ 
*
: Growing Season 

**
: Senescence Season 

 

The observed ln (CHN), which is obtained by substituting the observed sensible heat 

flux, wind speed, land surface and air temperature in (2.3), versus LAI is shown in Figure 

2.1 for the four investigated sites. Since MODIS LAI products are available every 8 days, 

daily LAI data are computed via linear interpolation. As expected, CHN increases when 

vegetation becomes denser. The correlation coefficient between observed ln(CHN) and 

LAI (herein called robs) is shown in Figure 2.1 for each site. A number of studies showed 

that ZOH, kB-1, and consequently CHN depend on LAI and to a lesser extent on wind 

speed, friction velocity, and solar elevation (e.g., Sugita and Brutsaert 1990; Su 2002; 

Timmermans et al. 2013; Colaizzi et al. 2006). It is hypothesized that these factors 

explain why the correlation coefficient in Figure 2.1 varies among the sites. Overall, the 

positive relationship between ln(CHN) and LAI is consistent with the findings of other 

studies such as (Kubota and Sugita 1994; Farhadi et al. 2014; Massman 1999; Boulet et 

al. 2012; Farhadi et al. 2016). Figure 2.1 also indicates that CHN varies significantly at 

some of the investigated sites only over a short time period. For example, at the Daman 

site, CHN increases by a factor of about 20 from 0.001 to 0.02 during the growing season. 

These large variations in CHN occur over only a 30-day period (Julian days 159-188) in 

http://fluxnet.ornl.gov/
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which LAI varies from 0.4 to 4.3. This reveals that the assumption of monthly constant 

CHN may lead to large errors and adversely affect the performance of the VDA scheme.  

 

Figure 2.1 Time series of LAI (solid line-left column), observed ln (CHN) (dashed line-left column), raw LAI 

measurement (asterisk- left column), and observed ln (CHN) versus LAI at the four study sites (right column). 

 

2.6 Results  

2.6.1 Land Surface Temperature 

Figure 2.2 shows the root-mean-square-error (RMSE) of LST estimates (T 

RMSE) from the VDAnew model versus iteration number at the four study sites. As 



28 

 

indicated in Figure 2.2, the error between observed and estimated LST decreases rapidly 

with the iteration number and T RMSE reaches an asymptotic value at a certain iteration 

number. Theoretically, the misfit between observed and estimated LST should approach 

zero after a certain number of iterations. However, there is a deviation from zero which is 

due to the simplifying assumptions (e.g., constant daily EF, constant soil thermal 

conductivity, and constant heat capacity as well as errors in input data) and/or 

measurement errors. 

 

Figure 2.2 RMSE of land surface temperature estimates (T RMSE) versus iteration number. 

2.6.2 Neutral Bulk Heat Transfer Coefficient and Evaporative Fraction 

As mentioned above, CHN is one of the key unknown parameters of the SEB 

equation. In the VDAnew model, CHN is treated as a function of LAI and thus varies on a 

daily basis (see (2.5)), while the VDAold model assumes CHN is constant over the period 

of one month. The estimated CHN values by the VDAold and VDAnew models for all the 

investigated sites are shown in Tables 2.2 and 2.3. Unlike the VDAold that provides only 

an average CHN value during the assimilation period, this study (VDAnew model) accounts 
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for the evolution of CHN within the assimilation period. As indicated in Tables 2.2 and 

2.3, CHN estimates from VDAold fall within the range of variability of CHN retrievals from 

VDAnew. This implies that VDAnew robustly captures variations in CHN as LAI changes 

via reliable estimation of the unknown parameters of CHN (i.e., a and b). The estimated 

values of a and b are also presented in Table 2.4.  

Table 2.2 Estimated CHN values from the VDAold and VDAnew models for the growing season. 

Approach 
Daman                        Brookings                 Bondville               Audubon  

Julian day 159-188 Julian day 176-209 Julian day155-201 Julian day 209-233 

This study  

(VDAnew) 
0.0015-0.0077 0.0019-0.0050 0.0015-0.0093 0.0012-0.0061 

Bateni et al. 2013  

(VDAold) 
0.0036 0.0028 0.0026 0.0032 

 

Table 2.3 Estimated CHN values from the VDAold and VDAnew models for the senescence season. 

Approach 
Brookings Bondville Audubon 

Julian day 210-238 Julian day 202-230 Julian day 234-263 

This study  

(VDAnew) 
0.0027-0.0078 0.0090-0.0165 0.0095-0.0122 

Bateni et al. 2013  

(VDAold) 
0.0056 0.0099 0.0097 

 

Table 2.4 Estimated a and b values from the VDAnew model 

Estimated value Daman Brookings Bondville Audubon 

b -6.63 -6.80 -6.30 -5.65 

a 0.40 0.84 0.59 0.69 

 

The other unknown parameter of the SEB equation is EF. Figure 2.3 shows the time 

series of EF estimates from the VDAnew model at all the sites. For comparison, retrieved 

EF values from the VDAold model and observations are also shown in the same Figure 

2.3. The retrieved EF values from VDAnew are in good agreement with observations in 

terms of both magnitude and day-to-day dynamics. The VDAnew model also yields more 
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accurate EF estimates compared to VDAold. This is due to the fact that CHN (which is 

simultaneously retrieved with EF) is estimated more accurately by the VDAnew model 

since its variation with vegetation phenology is captured. This, in turn, results in more 

accurate estimation of the second unknown parameter of the energy balance equation 

(i.e., EF). A lower LAI (e.g., at early stages of the growing season) corresponds to a 

lower CHN estimate in the VDAnew model and hence smaller sensible heat flux. This 

yields higher EF estimates that are closer to observations than those of the VDAold model. 

The assumption of constant monthly CHN in VDAold results in overestimation 

(underestimation) of H in sparse (dense) vegetation conditions.  

 

Figure 2.3 Time series of daily EF estimates from the VDAnew and VDAold models at the Daman, Brookings and 

Bondville, and Audubon sites. Corresponding observations are shown by circles. In VDAold, CHN is assumed constant 

during the interval between two vertical dotted lines. 
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The root-mean-square-error (RMSE) and bias of EF estimates from the VDAnew 

model are compared to those of the VDAold model in Table 2.5. At almost all of the sites, 

RMSE and bias of EF estimates from the VDAnew are significantly less than those of the 

VDAold. The four-site average of RMSE (absolute bias) of estimated EF from VDAnew 

and VDAold are respectively 0.10 (0.01) and 0.14 (0.03). Reduction in misfit between the 

measured and estimated daily EF is interpreted as an improvement in the model 

performance. In order to indicate the effectiveness of the VDAnew in improving EF 

estimates, the percent improvement in RMSE of EF estimates (RMSE-EFimp (%)) is 

shown in Table 2.6 as a function of robs (the correlation coefficient between observed ln 

(CHN) and LAI) and LAID
 
(the average daily variation of LAI). The average daily variation 

of LAI ( LAID ) for each site is approximated as follows, 
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The percent improvement in RMSE of estimated variable X for each site is obtained 

as follows: 

( ) ( )
(%) 100

( )

X control X new
imp

X control

RMSE RMSE
RMSE X

RMSE

-
- = ³      (2.14) 

RMSE-EFimp (%) is obtained from (2.14) by replacing X with EF. As expected, sites 

with higher robs and 
LAID  tend to show more improvement in EF estimates when VDAnew 

is used. For example, at the Daman site, which has the highest robs and 
LAID values 

compared to the other field sites, taking CHN as a function of LAI (rather than assuming it 

to be constant) showed the most improvement in EF retrieval. The performance of the 

data assimilation system is significantly improved at this site and a reduction of 50% in 
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RMSE of EF estimates is obtained by using VDAnew instead of VDAold. On the other 

hand, since the vegetation variation at the Audubon site during the assimilation period is 

not considerable, adding LAI information to VDA only slightly improves the RMSE of 

EF estimates. 

By replacing the variable ñRMSEò with ñbiasò in (2.14), the improvement in bias for 

the estimated variable X by the new VDA system is obtained. The four-site average of 

bias-EFimp(%) is 63% and the largest improvement in terms of bias of EF estimates (bias-

EFimp(%)) is found at the Daman site (108%).  

 

2.6.3 Sensible and Latent Heat Fluxes 

Time series of daytime-averaged estimated sensible and latent fluxes from the 

VDAold and VDAnew models as well as corresponding measurements are shown in 

Figures 2.4 and 2.5, respectively. The VDAnew model considers the daily variation of 

surface roughness by taking CHN as a function of LAI, while the VDAold model assumes 

vegetation phenology is constant over the period of one month. Hence, VDAnew is 

expected to outperform VDAold in the estimation of sensible and consequently latent heat 

fluxes, especially for sites in which LAI varies significantly over the assimilation period. 

For example, the vegetation shows rapid growth at the beginning of the assimilation 

period at the Brooking, Daman, and Bondville sites (see Figure 2.1). Correspondingly, 

the VDAnew model yields much better estimates of CHN and EF and consequently sensible 

and latent heat fluxes compared to the VDAold model, in that period at the 

abovementioned sites. 
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Figure 2.4 Time series of daytime-averaged sensible heat fluxes (H) at the Audubon, Daman, Brookings, and Bondville 

sites. In VDAold, CHN is assumed constant during the interval between two vertical dotted lines. 

The RMSE and bias of H and LE estimates from VDAnew are compared with those of 

VDAold for each site in Table 2.5. For sensible heat flux, the four-site average of RMSE 

(absolute bias) from VDAnew and VDAold are respectively 39.7 (7.2) and 55.9 (15.5)Wm-

2. Corresponding RMSE (absolute bias) values for LE estimates are 58.4 (23.7) and 72.4 

(35.2) Wm-2. The reduction in misfit between observed and estimated H and LE clearly 

demonstrates the importance of characterizing the effect of vegetation dynamics on CHN 

for estimation of heat and moisture fluxes. The larger bias of H and LE estimates at the 

Daman site compared to those of the other sites is mainly due to the specific 

environmental conditions of this site. Daman has a denser vegetation cover and wetter 

land surface (compared to the other field sites) that degrades the performance of the VDA 
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approach at this site (as discussed in previous studies (Abdolghafoorian and Farhadi 

2016; Crow and Kustas 2005; Xu et al. 2014)). In fact, during the energy-limited or first 

stage of evaporation (when soil is wet and EF is at or close to potential EF), the drying 

rate is mainly controlled by atmospheric conditions rather than land surface temperature 

(Shokri et al. 2008). Therefore, under these conditions, the coupling between EF and LST 

observations is weak, estimating parameters from the LST measurements becomes more 

uncertain, and consequently, VDA performs less robustly. 

 

Figure 2.5 Time series of daytime-averaged latent heat fluxes (LE) at the Audubon, Daman, Brookings, and Bondville 

sites. In VDAold, CHN is assumed constant during the interval between two vertical dotted lines. 
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Table 2.5 Comparing the performance of VDAold and VDAnew at the four study sites. RMSE and bias from VDAold are 

shown in parenthesis. 

 
Daman Brookings Bondville Audubon 

 RMSE    bias RMSE    bias RMSE    bias RMSE    bias 

EF (-) 0.06(0.13) 0.00(-0.06) 0.10(0.14) 0.00(-0.01) 0.10(0.13) 0.01(0.04) 0.12(0.16) 0.00(-0.00) 

daily H  

(Wm-2) 
21.5(44.4) -5.6(18.1) 39.6(53.7) 11.2 (18.1) 50.0(66.6) -1.0(-13.0) 47.6(59.0) -11.1(-12.8) 

daily LE  

(Wm-2) 
66.8(85.4) -49.7 (-73.6) 69.7(82.7) 24.8(30.1) 49.4(60.7) 1.6(19.8) 47.7(60.7) -18.9(-17.5) 

half-hourly H 

(Wm-2) 
36.5(60.2) 2.6(24.4) 15.5(19.3) 0.8(-0.7) 22.2 (30.6) 2.8 (10.0) 20.6 (25.6) -1.6 (-0.7) 

half-hourly LE  

(Wm-2) 
89.6(103.9) -52.8(-74.1) 31.0(35.1) 4.9(6.4) 23.9(31.6) 1.3(3.1) 21.6(28.4) -2.3 (-3.3) 

 

RMSE-Himp(%) and RMSE-LEimp(%) (obtained from (2.14) where X=H and X=LE, 

respectively) represent the percentage of improvement in the performance of VDAnew 

model in estimating fluxes of heat and moisture. These improvements are presented in 

Table 2.6 as a function of robs and 
LAID . As expected, sites with higher robs and 

LAID  tend 

to demonstrate more improvements in H and LE estimates when VDAnew is applied. In 

fact, in these sites, the assumption of constant CHN during the assimilation period (as 

done in the VDAold model) introduces more error to the estimation methodology. 

Maximum improvements in H and LE estimates occur at the Daman site and are 54% and 

30%, respectively. The four-site average of bias-Himp(%) and bias-LEimp(%) (obtained 

from (2.14) where X=H and X=LE and variable ñRMSEò replaced by ñbiasò), are 61% 

and 37%, respectively.  
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Table 2.6 Relationship between the percent of RMSE reduction, robs, and LAID . Percent of biases reduction are shown 

in parenthesis. 

 

Daman Brookings Bondville Audubon 

robs 0.64 0.62 0.55 0.28 

LAID  0.11 0.03 0.07 0.01 

RMSE-EFimp 57% (108%) 31% (71%) 22% (75%) 20% (0%) 

Daily RMSE-Himp 54% (131%) 26% (38%) 25% (92%) 19% (-15%) 

Daily RMSE-LEimp 30% (33%) 16% (18%) 19% (92%) 18% (7%) 

Half-hourly RMSE-Himp 39% (89%) 20% (*) 27% (72%) 20% (*)  

Half-hourly RMSE-LEimp 14% (29%) 12% (23%) 24% (58%) 24% (30%) 

*: for both VDAold and VDAnew the bias is very small. 

 

2.7 Summary and Conclusion  

Land surface temperature (LST) observations are assimilated into a new variational 

data assimilation (VDA) framework to estimate the key unknown parameters of heat and 

moisture fluxes (i.e., evaporative fraction (EF) and neutral bulk heat transfer coefficient 

(CHN)). Unlike the previous VDA models (e.g., Caparrini et al. 2004b; Sini et al. 2008; 

Bateni et al. 2013a), which consider CHN as a constant parameter during the assimilation 

period, our proposed VDA model takes CHN as a function of vegetation phenology (i.e., 

leaf area index, LAI) to improve turbulent heat flux estimates. For this purpose, the 

functional relationship proposed by Farhadi et al. (2014, 2016) is used to characterize the 

effect of LAI on CHN.  

The relationship between CHN and LAI is examined at four sites namely, Audubon, 

Daman, Brookings, and Bondville, which sample a fairly wide range of hydrological and 

vegetative conditions. The correlation between observed CHN and LAI at these field sites 

are consistent with the CHN-LAI relationship proposed by Farhadi et al. (2014, 2016) and 

findings of other studies (Kubota and Sugita 1994; Timmermans et al. 2013). Variation of 
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CHN over assimilation period, especially at the Daman and Bondville sites, reveals that 

the assumption of constant CHN over the assimilation period can adversely affect the 

performance of the VDA scheme. The performance of our proposed model (VDAnew) is 

compared to that of Bateni et al. (2013b) model (VDAold). EF estimates from the VDAnew 

model are in agreement with the observations in terms of magnitude and day-to-day 

dynamics even though no rainfall or soil moisture data are used in the model. Taking CHN 

as a function of vegetation phenology (i.e., LAI) improves EF estimates (in comparison 

with the VDAold model). CHN in the VDAnew model captures the daily variation of surface 

roughness that influences the exchange of turbulent fluxes between the surface and the 

atmosphere. Thus, sensible heat flux (H) and consequently latent heat flux (LE) estimates 

from the VDAnew model are more accurate than those of VDAold. Results show that the 

new model outperforms the VDAold model and decreases the root-mean-square-error (and 

bias) in sensible and latent heat flux estimates across the four sites on average by 31% 

(61%) and 21% (37%), respectively. As expected, a larger improvement in the estimation 

of EF, H, and LE is observed at sites with the higher correlation between observed ln 

(CHN) and LAI (i.e., robs), and during the periods in which temporal variation of 

vegetation phenology is significant (high
LAID ). In fact, in these sites, the assumption of 

constant CHN during the assimilation period (as done in the VDAold model) introduces 

more error to the estimation methodology.  



38 

 

Chapter 3 ð Uncertainty Quantification: Toward an Integrated Variational Data 

Assimilation Framework6 

 

Variational Data Assimilation (VDA) is an effective technique for the estimation of 

land surface heat fluxes. In this method, sequences of remotely sensed land surface 

temperature (LST) measurements are assimilated into a dynamic surface energy balance 

(SEB) model to estimate the key unknown parameters of the turbulent heat fluxes. 

Despite the advantages of the VDA technique in the retrieval of land surface heat fluxes, 

it suffers from a key limitation, which is its tendency to be ill-posed. Moreover, unlike 

ensemble-based schemes, the VDA method itself does not provide estimates of the 

predictive uncertainty of estimated parameters and thus retrieved fluxes. This research 

addresses these shortcomings by proposing an uncertainty quantification (UQ) 

framework for the VDA technique. The proposed framework utilizes uncertainty analysis 

and analysis of error covariance approximation as a tool to quantify the uncertainty of 

estimated parameters and to guide the formulation of a well-posed estimation problem. It 

provides a calibration-free tool to assess the performance of the VDA technique in 

retrieving land surface heat fluxes over a range of land surfaces and climatic conditions. 

The UQ framework suggests that the VDA approach performs poorly over wet and 

highly vegetated land surface regions and when the difference between the land surface 

and air temperatures is low. Moreover, it reveals that characterizing the effect of 

                                                 
6 A similar form of this chapter has been published in the IEEE Journal of Selected Topics in Applied Earth 

Observations and Remote Sensing: Abdolghafoorian, A., Farhadi, L. (2016). Uncertainty quantification in land surface 

hydrologic modeling: Toward an integrated variational data assimilation framework. 9(6), 2628-2637. © 2016 IEEE. 

Used with permission. 
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vegetation dynamics on the bulk heat transfer reduces the correlation between unknown 

parameters and hence leads to a more robust estimation of parameters.  

3.1 Introduction 

The exchange of heat turbulent fluxes between the land surface and the atmospheric 

boundary layer drives the dynamics of terrestrial systems, weather, and climate. Thus, 

their accurate estimation is of critical importance in a variety of geophysical and 

hydrological applications that involve the land and atmospheric components of the earth 

system (LeMone et al. 2007; Alfieri et al. 2009; Stephens et al. 2012). 

ñIn situò measurements of land surface fluxes are costly (Baldocchi et al. 2001) and 

cannot be readily scaled to large areas relevant to hydrological, weather, and climate 

studies (Daughtry et al. 1990; Li and Lyons 1999; Su 1999). A suitable alternative to ñin 

situò measurement of land surface fluxes is remote sensing observations. Among the 

numerous techniques developed to make quantitative estimates of surface fluxes using 

remotely sensed observations (e.g., Anderson et al. 1997; Bastiaanssen et al. 1998; 

Caparrini et al. 2004a; Sini et al. 2008; Allen et al. 2011), data assimilation (DA) 

techniques, such as ensemble Kalman filter (EnKF) and variational data assimilation 

(VDA) (e.g., Peters-Lidard et al. 2011; Bateni and Entekhabi 2012a; Sini et al. 2008; 

Reichle et al. 2008, 2001b) have gained substantial success in recent years. DA 

techniques for the estimation of land surface heat fluxes are commonly focused on the 

estimation of land surface state variables (e.g., land surface temperature), while keeping 

the model parameters fixed (Reichle et al. 2001b, 2002). Surface fluxes are then 

estimated through their dependency on state variables. However hydrological parameters 

often represent conceptual properties whose values can generally not be independently 
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measured or assessed from lookup tables (Vrugt et al. 2005). The incorrect choice of 

parameters may result in substantial errors in the estimated state variables and, therefore, 

estimated model output predictions (i.e., land surface heat fluxes). To address this 

deficiency, recent progress in DA techniques has enabled simultaneous estimation of 

state and model parameters (e.g., Sini et al. 2008; Bateni et al. 2013; Caparrini et al. 

2004a; Bateni and Entekhabi 2012a).  

The two main unknown parameters of turbulent land surface heat fluxes are neutral 

bulk heat transfer coefficient (CHN) that scales the sum of the turbulent heat fluxes, and 

evaporative fraction (EF) that scales the partitioning between the turbulent heat fluxes. 

The Variational Data Assimilation (VDA) method (e.g., Caparrini et al. 2004b; Bateni et 

al. 2013; Xu et al. 2014; Sini et al. 2008; Margulis et al. 2005; Boni et al. 2001) retrieves 

these two parameters by assimilating sequences of remotely sensed land surface 

temperature (LST) measurements into a model of dynamic surface energy balance. LST 

temporal variations contain significant amounts of information about the partitioning of 

available energy among the components of land surface energy balance (i.e., sensible, 

latent, and ground heat fluxes as well as outgoing longwave radiation) (Bateni and 

Entekhabi 2012b). The VDA algorithm is designed to balance the effects of parameter 

and LST measurement errors by minimizing a weighted least-squares cost function, 

which aggregates errors over the assimilation interval (Reichle et al. 2001a; Caparrini et 

al. 2003; Margulis and Entekhabi 2003). 

The VDA scheme has advantages over ensemble-based approaches (e.g., EnKF) in 

terms of optimality of estimated parameters, stability, and robustness of the estimation. 

Ensemble-based data assimilation methods for parameter estimation may render the 



41 

 

estimation process unstable because of complex interactions between states and 

parameters in nonlinear dynamic systems (Moradkhani 2008). In addition, these methods 

suffer from covariance matrix rank deficiency (which results in an ill-posed estimation 

problem) due to small ensemble size (Hacker et al. 2007; Hamill and Snyder 2000). 

Moreover, in contrast to most ensemble-based DA schemes, which approach the 

assimilation in a sequential manner, the VDA scheme operates in a batch-processing 

manner. Thus, by using the observations inside the assimilation interval all at once, the 

VDA scheme is more optimal than sequential ensemble-based methods (Liu and Gupta 

2007; Bateni and Entekhabi 2012a). 

Despite the advantages of the VDA scheme in the estimation of the parameters of 

land surface fluxes (hereafter the VDA scheme), this method tends to be ill-posed, 

meaning that a continuum of possibilities exists for different parameters that produce 

essentially identical measurement-model misfit errors (Crow and Kustas 2005). 

Moreover, unlike ensemble-based schemes, the VDA scheme itself does not provide 

estimates of the predictive uncertainty of estimated parameters and, hence, fluxes (Liu 

and Gupta 2007; Reichle et al. 2001b). This limits the value of estimated land surface 

fluxes for decision-making processes.  

In order to address the deficiencies of the ensemble-based and VDA schemes, hybrid 

methods (e.g., EnKF-3DVAR) have been developed in recent years, which blend the 

features of both variational and ensemble based DA methods (e.g., Gao et al. 2013; 

Hamill and Snyder 2000). In a hybrid method, the static background error covariance and 

the flow-dependent error covariance derived from an ensemble are used within the 

variational analysis. Although hybrid methods avoid many of the issues associated with 
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the implementation of the extended and ensemble Kalman filters, which include filter 

divergence, dynamic imbalances, and rank deficiency, in comparison to the VDA 

scheme, they are computationally more expensive and impractical for large-scale systems 

where the number of parameters to be estimated is not quite small. 

 In this research, we advance the VDA scheme for large-scale prediction of land 

surface heat fluxes by addressing the key shortcomings of the VDA scheme compared to 

ensemble-based methods (i.e., inability to provide estimates of the predictive uncertainty 

of estimated parameters and hence fluxes). Following the studies of Farhadi et al. (2014, 

2016), an uncertainty quantification (UQ) framework is proposed for the VDA scheme 

that utilizes uncertainty analysis and analysis of the covariance approximation as a novel 

tool to estimate the uncertainty of parameters and retrieved fluxes, and to guide the 

formulation of a well-posed estimation problem.  

 A Hessian-based approach is proposed in this research for the uncertainty 

quantification. Hessian is a measure of uncertainty of the least square problem through its 

relation to the inverse of the error covariance matrix (Burger et al. 1992; Draper and 

Smith 1998; Le Dimet et al. 2002; Shutyaev et al. 2008; Gejadze et al. 2007). The 

Hessian matrix can be explicitly constructed in low-dimensional parameterization via the 

direct differentiation or Lagrangian method. Studies show that the Lagrangian method 

provides a more accurate estimation of this matrix (e.g., Alekseev and Navon 2002; Le 

Dimet et al. 2002; Burger et al. 1992; Papadimitriou and Giannakoglou 2008a) and thus it 

will be the method of choice in constructing the Hessian matrix in this research. The error 

covariance matrices are evaluated by inverting the hessian of cost function at the point of 

optimum (e.g., Shutyaev et al. 2008; Gejadze et al. 2007). The uncertainty of estimated 
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land surface fluxes is quantified by propagating the uncertainty of linear and/ nonlinear 

functions of estimated parameters using the method of First Order Second Moment 

(Dolinski 1982; Husein Malkawi et al. 2000).  

3.2 Surface Energy Balance Model 

The surface energy balance model used in this research is based on the combined 

source surface energy balance equation (SEB) scheme, which treats soil and canopy as 

one medium. The SEB describes the partitioning of incoming net radiation (Rn) into 

sensible (H), latent (LE), and ground heat flux (G) components as:  

GLEHRn ++=          (3.1) 

 

In this model, the sensible heat flux can be represented in terms of the gradient of 

temperature between the land surface (T) and the air above it (Ta). Utilizing the neutral 

bulk transfer coefficient (CHN), it is formulated as: 

)()(f aHNp TTCRiUcH -=r        (3.2) 

where U is the wind speed, cp is the specific heat of air, ɟ is the air density, and f is 

the atmospheric stability correction function, which itself is a function of the Richardson 

number (Ri). Instead of empirical and site-specific stability correction functions, the 

simple stability correction function proposed by Caparrini et al. (2004a) is used in this 

research. 

The ratio of latent heat flux to the sum of turbulent heat fluxes (i.e., H+LE) is 

represented by dimensionless evaporative fraction (EF) as: 

HLE

LE
EF

+
=          (3.3) 

and thus the latent heat flux can be represented as: 
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         (3.4) 

CHN and EF are the key unknown parameters of turbulent heat fluxes in SEB.  

3.3 Variational Data Assimilation Approach 

The variational data assimilation scheme allows the estimation of the unknown 

parameter vector Y given observations of the state vector X through the initial value 

problem (also called system equation):  

1 2

1 0

d
F( , ) (t), t [t t ]

dt

(t )

= + Í

=

X
X Y w

X X

        (3.5) 

The VDA approach is based on the minimization of the cost function, J, which 

represents the aggregated errors on state estimation with respect to observations, Xobs, 

and parameters estimation with respect to óópriorôô values Yô within the assimilation 

window (t0, t1): 

0
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(3.6) 

The physical constraint is adjoined through the vector of Lagrange multipliers ɚ. CX 

and CY correspond to the error covariance of observations and parameters ñpriorò to data 

assimilation (Reichle et al. 2001a; Caparrini et al. 2004b). The optimal values of 

unknown parameters are found by minimizing the cost function, J. The minimum value 

of J is obtained by setting its first variation equal to zero (ŭJ=0). Setting ŭJ to zero leads 

to the following set of so-called Euler-Lagrange equations (including boundary condition 

and initial condition for estimating the Lagrange multiplier (the so-called adjoint model) 

as well as a set of equations for updating the prior value of parameters).  
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The VDA model used here is based on Bateni et al. (2013). Bateni et al. (2013) utilize 

the full heat diffusion equation, instead of the commonly used force restore equation 

(e.g., Boni et al. 2001; Sini et al. 2008; Castelli et al. 1999; Caparrini et al. 2004b, 2003), 

for vertical soil temperature transport. The heat diffusion equation is adjoined to the 

model as the physical constraint. The vector of states is defined as X = [LST]T and the 

vector of parameters is defined as Y = [R EF]T, where R=ln(CHN).  

 CHN and EF are the key unknown parameters of land surface turbulent heat fluxes 

and are obtained by assimilating the land surface temperature (LST) observations within 

the assimilation window [t1 =9am, t2=4pm] into the VDA framework. EF is almost 

constant for near-peak radiation hours on days without precipitation (Shuttleworth 1989; 

Crago and Brutsaert 1996; Gentine et al. 2007) and is taken to be a constant daily 

parameter that varies from day-to-day, whereas CHN is taken as a monthly constant 

parameter with the assumption of constant vegetation phenology over the period of one 

month. 

3.4 Uncertainty Quantification (UQ) 

Statistical properties of the optimal solution error (in terms of the covariance) are 

very important for quantification of the model output uncertainties. Errors in the 

estimates of parameter values may lead to significant uncertainties in the model outputs 

(Liu and Gupta 2007; Liu et al. 2005). The VDA scheme itself does not provide estimates 

of the predictive uncertainty of estimated parameters (Liu and Gupta 2007; Reichle et al. 
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2001b). In this research, a Hessian-based approach is proposed for uncertainty 

quantification. The Hessian of the cost function (J) is a measure of uncertainty in the 

estimation of model parameters associated with the best fit values of the data, at the point 

of optimum. If the model counterparts of the data are linear functions of the model 

parameters, the cost function (J) in the vicinity of the optimum is quadratic and the 

probability density of model parameters is approximately Gaussian. In this case, the 

inverse of the Hessian of the cost function at the point of optimum is a good 

approximation of the error covariance of model parameters (e.g., Thacker 1989; Draper 

and Smith 1998; Le Dimet et al. 2002). If the model counterparts of the data are nonlinear 

functions of the model parameters, the cost function (J) might have several relative 

minima. The shape of the cost function will depend on the number, type, and the quality 

of the data. However, with enough of the right kind of measurements to pin down the 

model parameters fairly precisely, the cost function should have a single deep minimum; 

in the vicinity of the minimum the cost function should be quadratic and the probability 

density for model parameters should be approximately Gaussian (Gejadze et al. 2007; 

Shutyaev et al. 2008). Thus, a good approximation for the error covariance matrix of the 

optimal solution is provided by the inverse of the Hessian of the cost function at the point 

of optimum.  

In the low-dimensional parameterization, one can explicitly construct and invert the 

Hessian matrix to find the posterior covariance (Gouveia and Scales 1998; Gouveia and 

Scales. 1997). The two well-known methods for calculation of the Hessian matrix of the 

cost function are the Lagrangian technique (adjoint-based technique) and the direct 

differentiation method (e.g., Alekseev and Navon 2002; Le Dimet et al. 2002; Burger et 
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al. 1992; Papadimitriou and Giannakoglou 2008b). Studies show that the Lagrangian 

technique requires less computational time and provides higher accuracy in calculating 

the Hessian matrix compared to the direct differentiation method (Symes 1991; Wang et 

al. 1995; Burger et al. 1992).  

To construct the Hessian matrix using the Lagrangian method, NY new cost functions 

(i.e., Ly, y ⱦ Y) are introduced, where NY is the number of unknown parameters. The new 

cost functions consist of the gradient of J (i.e., ÖJ/Öy) and two new adjoint variables qy 

and py, defined as: 

1 1

0 0

( , ) ( )
t t

T T T T -1

y y
t t

J d d F
L F dt dt

y dt dt

µ µè ø è ø
= + - + + - -é ù é ùµ µê ú ê ú
ñ ñy obs X

X
q X Y p X X C

X

l
l       (3.9)

  

Setting the first variation of the new cost functions with respect to X and ɚ equal to 

zero, a new set of Euler-Lagrange equations is derived which enable estimation of qu and 

pu. After estimation of qu and pu, the next step is the construction and inversion of the 

Hessian matrix, H, to obtain the covariance matrix of parameters, ễ.  

1
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      (3.10) 

The components of the Hessian matrix are written as: 

iy

ij

j

L
h

y

µ
=
µ  

          (3.11) 

Once the inverse of the Hessian and covariance matrix of parameter estimates are 

known, it is possible to compute the variance and covariance of any linear and nonlinear 

combination of model parameters (vector Y) through the method of First Order Second 

Moment (FOSM) (Kalmikov and Heimbach 2014; Husein Malkawi et al. 2000). The 

FOSM method considers the first order Taylor series expansion term (and neglects higher 
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than first order terms) of a nonlinear function, f = f(Y), and provides uncertainty of f 

through the propagation of the posterior uncertainty of Y as: 

1/2
T

f T T

f f
s

è øµ µå õ å õ
=é ùæ ö æ ö
µ µç ÷ ç ÷é ùê úY Y

S         (3.12) 

For details of the derivations see Appendix A. 

3.5 Study Location and Data 

The UQ framework is applied at selected field sites to test the performance of the 

VDA approach in retrieving the unknown parameters of heat and evaporative fluxes (i.e., 

CHN and EF). The selected field sites are FIFE (FIFE: First ISLSCP Field Experiment), 

Audubon in Arizona, and Daman in China.  

 FIFE is conducted on a 15 km×15 km grassland site near Manhattan, Kansas. The 

site-averaged time series of the measured surface fluxes, and meteorological variables 

(with a 30-min time step) from the portable automatic meteorological stations prepared 

by Betts and Ball (1998) over 96-and 84-day periods respectively in the summers of 1987 

(Julian Day 148ï243) and 1988 (Julian Day 160ï243) are used. 

The Audubon field site in Arizona is part of the AmeriFlux network 

(http://ameriflux.ornl.gov/). This region is open shrubland with sandy clay loam soil type. 

The region has a temperate arid climate. The AmeriFlux archive contains half-hourly 

micrometeorological and forcing data (e.g., incoming solar radiation, air temperature, 

specific humidity, and wind speed) measurements for this site. Surface energy flux 

measurements for the purpose of evaluation and validation are also collected from the 

AmeriFlux archive. In this research, we present results over the period of Julian Day 209-

263, 2006.  
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Daman is a wet and densely vegetated site covered by seeded corn. It is located in the 

middle reaches of the Heihe River Basin, China (Li et al. 2013). In 2012, a multi-scale 

observation experiment was carried out in the framework of the Heihe Watershed Allied 

Telemetry Experimental Research (HiWATER). The automatic meteorological stations 

recorded data, including short-wave and long-wave radiation (in both upward and 

downward directions), net radiation, air temperature, precipitation, wind speed, 

atmospheric pressure, soil heat flux, soil moisture, and land surface temperature at every 

30 minutes (Wu et al. 2015; Xu et al. 2015). The results are presented over the period of 

Julian Day 159ï188, 2012. The location, vegetation type, and range of LAI at each 

investigated site are listed in Table 3.1.  

Table 3.1 Characteristics of the Study Sites 

Site 
Longitude  

(deg.) 

Latitude  

(deg.) 
Year Assimilation Period 

Vegetation  

type 

Seasonal  

LAI range 

FIFE87*  96.53 39.05 1987 

#1: May 28-June 28 

#2: June 29-July 29 

#3: July 30- Aug 31 

Grassland 0.73-2.34 

FIFE88*  96.53 39.05 1988 

#1: June8-July 7 

#2: July 8-Aug 6 

#3: Aug7-Aug 30 

Grassland 0.82-1.76 

Daman 100.374 38.807 2012 #1: June7-July6 Cropland 0.78-4.20 

AudubonÀ -110.509 31.591 2006 
#1: July 28-Aug27 

#2: Aug28-Sep20 
Shrubland 0.50-0.84 

*: For more information, see: https://daac.ornl.gov/FIFE/fife.shtml 

À: For more information, see: http://fluxnet.ornl.gov/ and http://ameriflux.ornl.gov/ 

 

 

3.6 Results  

3.6.1 Parameter Uncertainty  

The main objective of the VDA scheme is to reduce the uncertainties of the model 

parameters by assimilating observations (Liu and Gupta 2007). The difference between 

the prior uncertainties and the posterior uncertainties of parameters provides a measure of 

http://fluxnet.ornl.gov/
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the degree to which the observations are able to constrain the model and reduce the prior 

uncertainties (Kalmikov and Heimbach 2014).  

The uncertainty of unknown parameters, R and EF, before (i.e., and ) and after 

(i.e., ůR, and ůEF) merging LST observations are shown in Figure 3.1 for all assimilation 

periods (as specified in Table 3.1) in FIFE87, FIFE88, Audubon, and Daman. 

Uncertainty analysis shows that both EF and R uncertainties are reduced once new 

information from available observations (i.e., Tobs) is incorporated into the model.  

 

Figure 3.1 Prior and posterior uncertainty of R (first column) and EF (second column), results for 

FIFE87 (a), results for FIFE88 (b), results for Audubon (c), and results for Daman (d). 

1/2

RC 1/2

EFC
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Figure 3.2 (upper panel) depicts the estimated values of daily EF for an exemplary 

field site, i.e., FIFE87. For comparison, the observed values of EF are shown with red 

circles. The blue shaded error band represents the uncertainty associated with estimated 

EF (corresponding to the upper 85th and lower 15th quantiles). 

 

 

Figure 3.2 Time series of the daytime-averaged (a) EF, (b) H, and (c) LE observation and estimates ± 

one standard error, (results for FIFE87). The correlation coefficient (r) and RMSE between observations 

and simulations are shown for each series. 

3.6.2 Turbulent Fluxes Uncertainty  

Sensible heat flux (H) and Latent heat flux (LE) are nonlinear functions of unknown 

parameters of model R and EF (i.e., H=H(R) and LE=LE(R, EF), respectively). The 

uncertainty of estimated H and LE with respect to parameters (i.e., ůH and ůLE, 

respectively) can be determined using the FOSM method, given the estimated 

parameters, mean (Rand EF ), variance ( 2

Rs  and 2

EFs ), and covariance (cov(R, EF)): 
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The middle and lower panel of Figure 3.2 show daytime-averaged estimates of H and 

LE as well as the corresponding measurements for an exemplary field site, i.e., FIFE 87. 

The blue shaded error band demonstrates the uncertainty associated with estimated fluxes 

(i.e. ůH and ůLE). Overall, observed fluxes fall within the estimated uncertainty band; this 

reflects the efficiency of uncertainty analysis. Since both EF and R uncertainties affect 

the uncertainty of LE estimates, the uncertainty associated with LE is larger than that of 

H (which is only affected by the uncertainty of R).  

3.6.3 Assessment of VDA Performance via UQ Framework  

Crow and Kustas (2005) examined the performance of the VDA approach over a 

range of vegetative and hydrological conditions in the southern U.S. by comparing VDA 

results with flux tower observations. Their results suggest that the VDA scheme is 

promising for land surface flux retrievals over the bare soil site (e.g., ELRENO13) and 

over dry conditions (e.g., Little Washita site). In contrast, the VDA scheme over wet and 

heavily vegetated sites (e.g., FIFE) is faced with retrievability problems. They have also 

shown that small and non-variable daytime-averaged T-Ta (i.e., difference of land surface 

temperature (T) and air temperature (Ta)) prevents the robust retrieval of surface energy 

fluxes (e.g., ELRENO1). Similar observations were reported by other researchers (e.g., 

Sini et al. 2008; Xu et al. 2015). Xu et al. (2014) tested the performance of Bateni et al. 

(2013) the VDA scheme for retrieving fluxes over six AmeriFlux sites by comparing the 
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estimated fluxes with measured fluxes. They also conclude that the performance of the 

VDA scheme at dry, lightly vegetated sites is better than that at wet, densely vegetated 

sites. 

In summary, three common hypotheses that have been raised regarding the 

performance of the VDA scheme in retrieving land surface turbulent fluxes in literature 

(e.g., Crow and Kustas 2005; Sini et al. 2008; Xu et al. 2013, 2014) are (1) the VDA 

approach has less satisfactory performance in retrieving surface fluxes in wet than dry 

land surfaces, (2) the VDA approach has less satisfactory performance in densely than 

lightly vegetated land surfaces, and (3) the simultaneous retrieval of unknown parameters 

of turbulent heat fluxes (i.e., CHN and EF) by the VDA approach is sensitive to even small 

perturbations in T over sites with small and non-variable T-Ta differences, which 

prevents robust retrieval of the land surface fluxes. 

To examine these three common hypotheses within the proposed UQ framework, we 

compute the correlations between ůLE and land surface soil moisture (SM), leaf area 

index (LAI), and daytime-averaged T-Ta. We then test the null hypothesis of no 

correlation to diagnose whether the observed correlations are significant.  

The scatter plots in Figure 3.3 illustrate how ůLE (obtained from the uncertainty 

analysis in FIFE87 over Julian days 148ï243) is affected by the daily value of SM, LAI, 

and daytime-averaged T-Ta. For an additional illustration, the time series of ůLE, SM, 

LAI, and daytime-averaged T-Ta for FIFE87 over Julian days 148ï243 are depicted in 

Figure 3.4. Taken as a whole, ůLE decreases as the soil becomes dry and the vegetation 

becomes sparse (e.g., Julian days 190-210). It is also observed that ůLE in the days with 

small T-Ta is significant in comparison in those days with large T-Ta. This is mainly due 
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to the fact that when T-Ta is small, the LST is no longer a strong constraint on the cost 

function and the estimation becomes ill-posed (Sini et al. 2008). 

 

Figure 3.3 Scatter plot showing the influence of (a) Soil moisture (SM), (b) Leaf area index (LAI), (c) 

Difference of soil and air temperatures (T-Ta) on the latent heat flux uncertainty (ůLE). The correlation is 

represented by r (results for FIFE87). 

 

 

Figure 3.4 Impact of various land surface and climatic conditions on the performance of the VDA 

technique. Time series of (a) Latent heat flux uncertainty (ůLE), (b) Soil moisture (SM), (c) Leaf area index 

(LAI), and (d) Difference of land surface and air temperatures (T-Ta) (result for FIFE87). 

 

Table 3.2 shows the correlation (r) and p-value for each null hypothesis. The p-value 

is the probability of getting a correlation as large as the observed value by random chance 

when the true correlation is zero (Rice 1989). The small p-values for all field sites 



55 

 

indicate that the correlation between the uncertainty and the three land surface and 

atmospheric factors are significant. As such, we can accept the aforementioned 

hypotheses with a high degree of confidence. 

The UQ framework proposed in this manuscript provides a calibration-free tool (i.e., 

not reliant on measurements of surface fluxes) to evaluate the influence of land surface 

and atmospheric conditions on the performance of the VDA scheme in retrieving land 

surface turbulent heat fluxes. The results of the uncertainty analysis are corresponding 

well with the results of previous work on the test of the performance of the VDA scheme 

(Crow and Kustas 2005; Sini et al. 2008; Bateni et al. 2013b; Xu et al. 2014). 

Table 3.2 Result of Null Hypothesis of No Correlation between Latent Heat Flux Uncertainty (ůLE) and 

Soil Moisture (SM), Leaf Area Index (LAI), and Difference of Land Surface and Air Temperatures (T-Ta) 

Site 
 

SM LAI  T-Ta 

FIFE87 
r 0.38 0.64 -0.42 

p-value 0.00 0.00 0.00 

FIFE88 
r 0.21 0.46 -0.43 

p-value 0.06 0.00 0.00 

Audubon 
r 0.34 0.28 -0.23 

p-value 0.01 0.04 0.08 

Daman 
r 0.36 0.57 -0.68 

p-value 0.05 0.00 0.00 

 

3.6.4 Sensitivity Analysis  

The quality of available remotely sensed data (i.e., LST) as well as prior knowledge 

about the error characteristics of the unknown model parameters (i.e., EF and R) vary 

across the different land surface and atmospheric conditions. For example, errors in the 

MODIS MOD11 (Terra) and MYD11 (Aqua) Collection 5 (C5) LST products can be as 

low as 0.5 K and as large as 11 K (due to the contamination of LST products with clouds 

or/and heavy aerosols) (Wan and Li 2008; Coll et al. 2009). Sensitivity analysis provides 
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a tool to examine the extent at which the prior uncertainty of parameters (1/2

EFC and 1/2

RC ) 

and the LST measurement errors (1/2

TC ) affect the uncertainty of model outputs (ůR, ůEF , 

ůH , and ůLE). 

In our sensitivity analysis, 
1/2

RC , 
1/2

EFC , and 
1/2

TC  are considered as the variables which 

vary over physically reasonable ranges (i.e., 
1/2

RC : [0.2-2.0], 
1/2

EFC : [0.05-0.5], and 
1/2

TC : 

[0.5-15] K) with the ñbaseò values of 1, 0.15, 3 K, respectively. The uncertainty analysis 

is performed in three stages to evaluate the effect of each variable on the uncertainty of 

the model outputs. In each stage, one variable is varied over the defined physically 

reasonable range while the other two variables are left at their ñbaseò values.  

As an example, the results of sensitivity analysis for FIFE87 (Julian day 182-211 = 

one assimilation period) are presented in Figure 3.5 (Similar results are observed for 

other field sites). In this figure, the 30-day average of daily EF, H, and LE are considered 

as the representatives of ůEF, ůH, and ůLE. The sensitivity analysis results can be classified 

into three categories (1) horizontal shape, (2) ñnear-to-linearò shape, and (3) concave 

down shape. 

The horizontal shape of a plot indicates the insensitivity of the posterior uncertainty 

of a model output of interest to the corresponding variable. For example, the posterior 

uncertainties of R, EF, H, and LE are insensitive (or low sensitive) to the prior 

uncertainty of parameter R. This means that even though prior knowledge about the land 

surface roughness properties is unreliable (i.e., the initial guess for R is associated with 

high degree of uncertainty- high ), the LST observations are still able to constrain the 
1/2

RC
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model parameter space and produce parameter and flux estimates with a reasonable 

degree of uncertainty. 

 

 
Figure 3.5 Sensitivity analysis, (result for FIFE87, Julian day 182-211). 

  

The ñnear-to-linear shapeò of a plot illustrates the high sensitivity of the posterior 

uncertainty of the model output to the corresponding variable. For example, the 

uncertainties of R and H estimates are strongly affected by the accuracy of LST 

observations, meaning that even small errors in LST observations may significantly 

increase the uncertainty associated with R and H estimates.  

The concave down graph indicates that although the uncertainty of the model output 

of interest is highly sensitive to the corresponding variable, this sensitivity decreases 

significantly once the variable exceeds a certain value. For example, the plot of ůLE 

versus 
1/2

EFC  shows this concave down relationship. Though ůLE increases as
1/2

EFC
 
increases, 
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once 
1/2

EFC  exceeds a certain value (in this case 0.2), the uncertainty of LE estimate (ůLE) 

becomes less sensitive to the prior uncertainty of EF (
1/2

EFC ). This is due to the fact that the 

VDA scheme is able to compensate for the effect of high 
1/2

EFC by using available LST 

observations and estimate latent heat flux with a reasonable degree of uncertainty. 

3.6.5 UQ framework: A guide to the well-posed estimation problem 

The parameter estimation problem is well-posed if the optimal solution exists, is 

unique, and depends continuously on the initial data. If one or more of these criteria is not 

satisfied, then the problem is ill-posed (Poggio et al. 1985). A high correlation between 

two retrieved parameters means that the VDA scheme is not able to separate these 

parameters from each other properly. In other words, the solution is not unique (i.e., ill -

posed) and a continuum of possibilities exists for different parameters that produce 

essentially identical measurement-model misfit errors. The first step towards addressing 

the ill-posedness of an estimation problem is to identify the degree to which the estimated 

parameters are correlated and identify highly dependent parameters. We can extract 

valuable information from the error covariance matrix of parameters not only to define 

the uncertainty associated with each parameter but also to obtain the correlation between 

retrieved parameters (through off-diagonal entries of the covariance matrix). In this 

section, the ability of the UQ framework as a tool to identify and assess an ill-posed 

estimation problem is illustrated by assessing whether taking CHN (i.e., neutral bulk heat 

transfer coefficient parameter) as a function of LAI, in lieu of a constant parameter, may 

lead the estimation problem to a well-posed form.  

As explained in section 3.2, CHN is one of the key unknown parameters of the Surface 

Energy Balance (SEB) model and is considered as a monthly constant parameter in 
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previous works, with the assumption of constant vegetation phenology over the period of 

one month (e.g., Caparrini et al. 2004a, 2003; Bateni et al. 2013; Sini et al. 2008). Since 

during the growing season, bare soil may turn into a fully vegetated surface only within a 

few weeks, assuming the neutral bulk heat transfer coefficient, CHN, as a monthly 

constant parameter may result in a significant amount of error in the estimation of surface 

fluxes. Abdolghafoorian et al. (2017) augmented the VDA scheme by characterizing the 

dynamic effect of vegetation phenology on CHN and formulating CHN as a function of leaf 

area index (LAI) as proposed by Farhadi et al. (2014). The augmented VDA scheme was 

tested over four different sites by comparing the estimated value of heat fluxes with ñin 

situò measurement of heat fluxes. Results demonstrate that by taking CHN as a function of 

LAI, the root-mean-square-error (and bias) of sensible and latent heat flux estimates 

across the four sites are reduced on average by 31% (61%) and 21% (37%), respectively 

(Abdolghafoorian et al. 2017). 

In this research, we take the advantage of the UQ framework as a new tool to assess 

whether the new parametric form of CHN (i.e., taking CHN as a function of LAI in lieu of a 

constant parameter) may also lead the estimation problem to a well-posed form. Figure 

3.6 compares the correlation between ln(CHN) and EF for a  field site, FIFE87, in two 

cases (1) CHN is constant over an assimilation period and (2) CHN varies as the land 

surface vegetation cover changes. Figure 3.6 illustrates that taking CHN as a function of 

LAI, in lieu of a constant parameter, reduces the correlation between ln(CHN) and EF in 

most of the days. The 96-day average of correlations decreases from 0.30 to 0.24 and the 

maximum correlation (observed on Julian Day 182) decreases from 0.96 to 0.87. In 

addition, the number of days with correlations higher than 0.5 decreases from 17 days to 
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12 days, meaning that taking CHN as a function of LAI improved the ill-posedness of the 

estimation problem. However, still high correlation exists between CHN and EF on some 

days (e.g., Julian day 182), which indicates the need for further attempts to improve the 

robustness of the estimated parameters (e.g., increasing the assimilation period, 

assimilating new state information into the model, reducing the parameter space and etc.). 

This example demonstrates the ability of the UQ framework as a tool to guide the 

formulation of a well-posed estimation problem by assessing whether the suggested 

improvements increase the robustness of the parameter estimates. 

 

Figure 3.6 Correlation between two key parameters of the SEB equation, (results for FIFE87). 

3.7 Summary and Conclusion 

The accurate estimation of land surface heat turbulent fluxes is of critical importance 

in a variety of geophysical and hydrological applications that involve the land and 

atmospheric components of the earth system. Variational Data Assimilation (VDA) is an 

effective technique for the estimation of land surface fluxes parameters. Key parameters 

of turbulent heat fluxes are estimated by assimilating sequences of remotely sensed land 

surface temperature (LST) measurements into a dynamic surface energy balance (SEB) 

model. Despite the many advantages of these models in retrieving land surface fluxes, 

they suffer from one key limitation, which is the tendency to be ill-posed (Crow and 
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Kustas 2005). Moreover, unlike other data assimilation methods, the VDA scheme itself 

does not provide uncertainty estimates of parameters and retrieved fluxes (Liu and Gupta 

2007; Reichle et al. 2001b). This limits the value of the estimated land surface fluxes to 

decision-making processes. In this research, we address the shortcomings of the VDA 

scheme for land surface flux estimation by proposing an uncertainty quantification (UQ) 

framework. The proposed framework follows the studies of Farhadi et al. (2014, 2016) 

and utilizes uncertainty analysis and analysis of the error covariance approximation as a 

tool to estimate the uncertainty of retrieved fluxes and guide the formulation of a well-

posed estimation problem. A Hessian-based approach is proposed in this research for 

uncertainty quantification. The error covariance matrix is constructed by inverting the 

Hessian matrix constructed through the Lagrangian method (Burger et al. 1992). The 

error covariance matrix provided valuable information about the uncertainty of each 

parameter as well as the correlation between the estimated parameters. By propagating 

the uncertainty of linear/nonlinear functions of model parameters, the uncertainties of 

estimated fluxes are defined. 

The UQ framework is applied to assess the performance of the VDA approach 

developed by Bateni et al. (2013) in retrieving land surface heat turbulent fluxes at 

selected field sites namely FIFE, Daman, and Audubon. The uncertainty analysis 

suggests that the VDA scheme retrieves the land surface heat fluxes with a higher degree 

of uncertainty (1) over a wet land surface than a dry one, (2) over a densely vegetated 

land surface than a lightly one, and (3) when the difference between the land surface and 

air temperatures is low. These results correspond well with the results of previous works 

conducted on testing the performance of the VDA scheme in retrieving land surface 
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fluxes over different field sites (e.g., Xu et al. 2014; Sini et al. 2008; Crow and Kustas 

2005). Thus, the UQ framework proposed in this manuscript provides a calibration-free 

tool (i.e., not reliant on measurements of surface fluxes) to evaluate the influence of land 

surface and climatic factors on the performance of the VDA scheme.  

 Sensitivity analysis is performed to evaluate the impact of the so-called ñpriorò 

uncertainty (i.e., the error before assimilating data) and the observation error on the so-

called ñposteriorò uncertainty (i.e., the error after assimilating data). Results provide 

insight on the effect of LST measurement errors and prior uncertainty of parameters on a 

posterior uncertainty of the VDA outputs.  

Furthermore, the utility of the proposed UQ framework in guiding the formulation of 

a well-posed estimation is illustrated by assessing whether taking CHN as a function of 

leaf area index (LAI), in lieu of a constant parameter, can improve the robustness of 

parameter estimates. Results show that taking CHN as a function of LAI reduces the 

correlation between the estimated parameters and, thus, leads to more robust parameter 

estimates.  

 The UQ framework proposed in this research is applicable to any variational data 

assimilation approach used for parameter estimation. It can be used as a useful utility for 

defining the optimal solution error and quantifying the uncertainty of VDA outputs. 

Through the analysis of error covariance and correlation matrices, the UQ framework can 

guide the formulation of a well-posed estimation problem. 
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Chapter 4 ð Estimation of Surface Turbulent Fluxes from Land Surface Moisture 

and Temperature via a Variational Data Assimilation Framework7 

 

Accurate estimation of surface turbulent heat fluxes is important in numerous 

hydrological, meteorological, and agricultural applications. Recently, several studies have 

focused on estimating these fluxes via assimilation of land surface temperature (LST) 

observations into a surface energy balance model following the variational data 

assimilation (VDA) scheme. However, current VDAs suffer from the following issues: 

(1) they do not consider the inherent coupling between water and energy in the soil-plant-

atmosphere continuum, (2) they tend to be ill-posed, and (3) they do not explicitly 

compute the uncertainty of estimates. The goal of this study is to enhance the current 

VDAs in two major ways: (i) coupling water and energy balance equations, assimilating 

soil moisture (SM) data in addition to LST, and constraining the VDA estimates by the 

moisture diffusion equation in addition to the heat diffusion equation; and (ii) analyzing 

the second-order information that guides toward a well-posed estimation problem and 

provides uncertainty of parameters. The performance of the proposed VDA is examined 

through a set of experiments based on a synthetic data set. The results show that 

simultaneous assimilation of SM and LST improves the estimation of heat fluxes and 

reduces the sensitivity of VDA to the initial guess of parameters. Furthermore, by adding 

the moisture diffusion equation as an additional constraint, the correlation between the 

estimated parameters is reduced and the VDA scheme is oriented toward well-posedness. 

                                                 
7 A similar form of this chapter has been published in Water Resources Research: Abdolghafoorian, A., & Farhadi, L. 

(2019). Estimation of Surface Turbulent Fluxes from Land Surface Moisture and Temperature via a Variational Data 

Assimilation Framework,55. doi: 10.1029/2018WR024580. 
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The feasibility of extending the proposed VDA in estimating large-scale turbulent fluxes 

using space-borne SM and LST data is examined, and promising results are obtained. 

4.1 Introduction 

Land surface heat fluxes, especially sensible (H) and latent (LE) heat fluxes 

exchanged between the land surface and the atmospheric boundary layer, play an 

important role in the climate system and are required in a variety of agricultural, 

hydrological, and meteorological applications (Andrews et al. 2009; Lewellen and 

Lewellen 2002). In situ and direct measurements of these fluxes are available using 

methods such as the eddy correlation (EC), Bowen ratio energy balance (BREB), and 

scintillometer. The scintillometry method provides spatially averaged fluxes at scales of 

the order of several kilometers depending on the aperture size and type of beam used 

(Green et al. 1997) and are therefore more suitable for large-scale applications compared 

to more conventional EC and BREB methods (spatial coverage of order of meters). 

Nevertheless, in situ flux measurements are expensive and are available only over a 

limited number of field experiment sites, limiting their applicability for large-scale 

applications. 

At present, the only way to achieve the goal of mapping land surface heat fluxes on 

regional scales is to use remote sensing techniques that can provide various spatial and 

temporal imageries covering large areas. However, they cannot be used to sense fluxes 

directly. A number of techniques have been developed to use remotely sensed variables 

such as land surface temperature (LST), vegetation index (VI), and soil moisture (SM) to 

estimate the land surface turbulent heat fluxes. These methods can be broadly categorized 

into three groups. In the first group, empirical relations are assigned between remotely 
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sensed LST, VI and turbulent fluxes (Gillies et al. 1997; Carlson 2007; Zhu et al. 2017). 

Beyond the empirical approaches (which are site specific) in the second group of flux 

retrieval approaches, instantaneous observations of LST and air micrometeorology 

measurements are combined to solve a surface energy balance (SEB) equation (Jiang and 

Islam 2001; Su 2002). These SEB models are diagnostic and require closure relationships 

since both surface temperature (LST) and its time tendency (d(LST)/dt) appear in the 

SEB equation. These closure relations are often empirical and site-specific (Santanello Jr 

and Friedl 2003).  

The evolution of LST implicitly contains information about the history of the 

partitioning of available energy among turbulent heat fluxes since different components 

of surface energy balance have different relative efficiencies in dissipating available 

energy at the land surface (Bateni and Entekhabi 2012b). Based on this recognition, the 

third group of approaches (called data assimilation approaches) for retrieving turbulent 

heat fluxes from remote sensing variables, assimilate sequence of LST measurements into 

a form of heat diffusion equation to estimate two key parameters: evaporative fraction 

(EF), which scales partitioning among the turbulent heat fluxes, and bulk heat transfer 

coefficient (CHN), which scales the sum of turbulent fluxes, (Caparrini et al. 2004a; Sini 

et al. 2008; Bateni et al. 2013b; Bateni and Entekhabi 2012a; Abdolghafoorian et al. 

2017).  

Data assimilation (DA) approaches for the estimation of unknown parameters (e.g., 

EF and CHN) are mainly categorized into two groups of ensemble-based approaches and 

variational data assimilation (VDA) scheme. In contrast to most of the ensemble-based 

DA approaches, which assimilate the observations (e.g., LST) in a sequential manner, the 
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VDA scheme operates in a batch-processing manner (i.e., using the observations inside 

the assimilation period all at once). As a result, the VDA scheme has gained a great deal 

of attention in many scientific and engineering applications, notably in terms of 

optimality of estimated parameters, stability, and robustness of the estimation. Therefore, 

it is the method of choice in this research. 

In the VDA scheme, the optimal values of model parameters are obtained by 

minimization of a cost function which aggregates the squared errors between the state 

predictions with respect to available observations, and parameters estimation with respect 

to prior values. A number of studies applied VDA to assimilate LST within the 

combined-source SEB (CS) models for the estimation of EF and CHN (Caparrini et al. 

2003; Sini et al. 2008; Bateni et al. 2013b; Abdolghafoorian et al. 2017; Boni et al. 2001). 

In the CS models, the difference between soil and vegetation temperatures and turbulent 

exchange rates is not accounted for, although soil and vegetation play a very different 

role in the land surface system. To address the shortcoming of CS models, Caparrini et al. 

(2004b) applied a simplified form of the dual-source SEB (DS) model (Kustas et al. 

1996) within the VDA scheme with the aim of estimating CHN and the evaporative 

fractions for soil (EFs) and canopy (EFc), separately. The DS models partition the energy 

exchange between the soil and vegetation and are suitable for estimation of turbulent 

fluxes in heterogeneous vegetation cover conditions. Bateni and Liang (2012) advanced 

the dual-source VDA algorithm developed by Caparrini et al. (2004b) using the full heat 

diffusion equation as a physical constraint instead of the simple force-restore equation 

(hereafter, called VDAT). 
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Although several studies (Castelli et al. 1999; Boni et al. 2001; Caparrini et al. 2003, 

2004a; Sini et al. 2008; Bateni et al. 2013b; Bateni and Liang 2012) have used the VDA 

scheme to retrieve surface turbulent heat fluxes by assimilating LST into a SEB model, 

none of them have considered the inherent coupling and interaction between the transfer 

of water (moisture) and energy (heat) in the soil-plant-atmosphere continuum. This has 

been identified as one of the main reasons that contribute to the poor performance of 

VDA in the energy-limited regimes (Sini et al. 2008; Xu et al. 2014; Abdolghafoorian & 

Farhadi 2016). Soil moisture controls not only the partitioning of available energy into 

sensible and latent heat fluxes through its influence on evaporative fraction (Dirmeyer et 

al., 2000; Farhadi, Entekhabi, & Salvucci, 2016; Farhadi, Entekhabi, Salvucci, & Sun, 

2014; Gentine, et al., 2007), but also the partitioning of evapotranspiration into soil 

evaporation and canopy transpiration (Entekhabi and Moghaddam 2007; Crow et al. 

2015; Lu et al. 2017). A number of studies applied a sequential DA approach to 

assimilate soil moisture into a land surface model and showed the modest benefit of 

assimilating surface soil moisture observations for the estimation of surface fluxes (e.g., 

Li & Islam, 1999; Reichle, Crow, & Keppenne, 2008). Pipunic et al. (2008) assimilated 

synthetic surface soil moisture data into a land surface model using the ensemble Kalman 

Filter scheme to improve predicted model state variables (soil moisture and temperature), 

and hence LE and H. They showed that soil moisture assimilation has the most direct 

impact on root zone soil moisture estimation, while it also improves heat flux predictions. 

These studies also illustrated the low performance of surface flux estimation with soil 

moisture assimilation, in the presence of soil moisture measurement errors. 
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In this research, the inherent coupling and interaction between the transfer of heat and 

moisture in the soil-plant-atmosphere continuum is considered by coupling the water and 

dual-source energy balance models through the flux of evapotranspiration, and jointly 

assimilating SM along with LST into the coupled water and dual-source energy balance 

model using the VDA scheme to estimate key unknown parameters of turbulent heat 

fluxes: CHN, EFs, and EFc (hereafter, called VDAT,S). The transfer of water (moisture) and 

energy (heat) in the soil column is modeled by the moisture diffusion equation (rather 

than a simplified soil water transfer scheme) and full heat diffusion equation (rather than 

the force-restore equation), respectively. We investigate for the first time in depth the 

potential value of joint SM and LST assimilation for turbulent heat flux estimation via the 

VDA scheme through comparative study.  

The effectiveness of the VDA scheme in estimating turbulent heat fluxes is 

undermined by the fact that in a high-dimensional non-linear minimization problem, a 

saddle point may be surrounded by plateaus of small curvature which gives a false 

impression of reaching a local minimum (Pascanu et al. 2014). In addition, the VDA 

scheme does not compute the error covariance matrix explicitly and consequently does 

not provide estimates of the predictive uncertainty of estimated parameters and hence 

fluxes (Le Dimet et al. 2002; Liu and Gupta 2007). Furthermore, the inherent 

shortcoming of the VDA scheme (i.e., the tendency to be ill-posed) does not guarantee a 

unique optimal solution. In other words, simultaneous optimization of unknown 

parameters may result in a continuum of possibilities for different parameters that 

produce essentially identical measurement-model misfit errors (Crow and Kustas 2005). 

These issues have not been taken into consideration in VDAT (and other relevant studies 
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such as Caparrini et al. (2003, 2004), Sini et al. (2008), Bateni et al. (2013b)), thus 

degrading the advantage of the VDA scheme in the estimation of surface turbulent fluxes. 

In this research, the performance of the proposed VDAT,S scheme through the 

calculation of second-order information at the critical point (the point where the gradient 

of cost function is zero) is enhanced by computing the Hessian matrix via the Lagrangian 

method (Burger, Brizaut, & Pogu, 1992; Le Dimet et al., 2002; hereafter integrated 

VDAT,S). Analysis of second-order information enables distinction between saddle and 

optimum points. In addition, the inverse of the Hessian matrix provides a good 

approximation of the error covariance matrix of parameters (Shutyaev et al. 2008; 

Gejadze et al. 2011; Farhadi et al. 2016). Performing the uncertainty analysis and 

defining the correlation between estimated parameters guide toward the formulation of a 

well-posed estimation problem.  

The performance of the proposed integrated VDAT,S is investigated using set of 

experiments based on a synthetic data set produced by the simultaneous heat and water 

(SHAW) model (Flerchinger 2000) forced with meteorological data (including 

precipitation, air temperature, wind speed, and solar radiation) taken from the FIFE 

experiment (Sellers et al. 1992; Betts and Ball 1998). The results obtained from VDAT,S 

and VDAT are compared to show the importance of assimilating SM data in addition to 

LST data for estimation of land surface fluxes. The main objective of this research is to 

develop a methodology that can then be scaled to use in conjunction with remote sensing 

data that enable mapping of the surface energy and water components. Therefore, the 

feasibility of assimilating space-borne data via VDAT,S to estimate the land surface heat 

fluxes at large scales is examined by the set of experiments using the synthetic data that 
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represents different satellite observing systems, that is, (1) reducing the amount of 

synthetic LST and SM data (corresponding to various satellite overpass intervals or/and 

cloudy sky conditions at the time of satellite overpass), and (2) poor initialization (caused 

by the lack of knowledge of the accurate profile of soil moisture due to shallow 

penetration depth of radiometers).  

4.2 Methodology 

4.2.1 Model Description  

4.2.1.1 Water Submodel 

The water movement (diffusion of moisture) in the unsaturated column of soil obeys 

the Richards equation (Richards 1931):  

(D( ) K( )) S( )
t z z

q q
q q q

µ µ µ
= - -

µ µ µ
         (4.1) 

where ɗ (-) is volumetric water content, K (m/day) is the unsaturated hydraulic 

conductivity and z (m) denotes the vertical dimension and is positive downward. 

D=K/(dɗ/dh) is the unsaturated diffusivity and h (m) is the pressure head. In (4.1), S 

(1/day) is the water sink by the plant-root system and is related to the transpiration from 

the canopy, T (m/day), via: 

RZD

0

T(t) S(z, t)dz=ñ           (4.2) 

where RZD (m) is root zone depth. S depends on many factors such as root-density 

distribution, soil moisture, and atmospheric demand (Lai and Katul 2000). In climate and 

hydrologic models, it is difficult to explicitly describe all of these influencing factors. In 

this work, the root distribution function (froot) in the Community Land Model is used 

(Oleson et al. 2010) to define S as:  
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=

-
=

D
-ä

        (4.3) 

where wq  (-) is wilting point and æz is the depth of the soil layer.  

Inspired by Hills et al. (1989), the water-based finite difference scheme is modified in 

this work to solve the Richards equation in layered soils. In the modified algorithm, 

through the use of a source term, the discontinuity issue of water content profile at the 

interface between two different soils is handled. Special attention is paid to the selection 

of a head-controlled or flux-controlled top boundary condition which is important during 

intensive rain showers and the prolonged dry weather or dry soil conditions. At moderate 

weather/soil conditions, the soil top boundary condition is flux-controlled and the net 

boundary flux, q (m/day), results from precipitation/irrigation, P (m/day), evaporation, E 

(m/day), and surface runoff, Roff (m/day) as:  

z 0 offq P E R= = - -           (4.4) 

At too wet weather/soil conditions, a head-controlled boundary condition applies, so 

that the head of water collected on the soil surface governs the infiltration flux. At the 

prolonged dry weather or dry soil conditions, the soil water head at the surface adapts to 

the air humidity and governs the evaporation flux (Van Dam and Feddes 2000). At the 

bottom of the soil column (z = zb), the gravitational drainage is assumed by setting qz=zb = 

K (Zeng and Decker 2009). 

In this research, surface runoff is neglected, assuming that the precipitation rate is less 

than the saturated hydraulic conductivity (e.g., in this case study), or land retains water in 

its pits and depressions (called land depression storage capacity), thus preventing it from 

flowing (Skaggs and Khaleel 1982; Rossi and Ares 2012). 
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The hydraulic properties of unsaturated soil are parameterized using the Clapp and 

Hornberger model which is widely used in land surface models (Clapp and Hornberger 

1978): 

B

sat

sat

h h ( )-=
q

q
          (4.5) 

2B 3

sat

sat

K K ( ) +=
q

q
          (4.6) 

In (4.5) and (4.6), ɗsat (-), Ksat (m/day), and hsat (m) are the saturated soil moisture, 

hydraulic conductivity, and soil matric potential, respectively, and are functions of soil 

texture. B (-) is a soil parameter which describes the shape of the water release 

characteristic. In this work, we approximate the value of ɗsat, Ksat, hsat, and B based on the 

soil texture and from the look-up table (e.g., De Lannoy et al. 2014). 

4.2.1.2 Energy Submodel 

In the dual-source surface energy balance model, the contributions of soil and canopy 

to the land surface temperature is separated (Caparrini et al. 2004a; Bateni and Liang 

2012). In this model, canopy heat capacity is assumed to be zero and therefore, the 

canopy energy balance is described as (subscript ñcò represents canopy): 

c c cRn LE H= +          (4.7) 

where Hc (W/m2), LEc (W/m2), and Rnc (W/m2) are respectively the canopy sensible, 

latent, and net radiation fluxes. The soil energy balance is described as (subscript ñsò 

represents soil): 

s s sRn H LE G= + +         (4.8) 

where G (W/m2), Hs (W/m2), and LEs (W/m2) are respectively the ground heat, soil 

sensible, soil latent fluxes and Rns (W/m2).  
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Soil/canopy sensible heat flux can be represented in terms of the gradient of 

temperature between soil/canopy and air within the canopy volume (Tw (K)) as: 

s c p w Hs s wH (1 f ) c U C (T T )r= - -          (4.9) 

c c p w Hc c wH f c U C (T T )r= -          (4.10) 

where cp (J kg-1 K-1) is the specific heat of air, ɟ (kg/m3) is the air density, and Uw (m/s) is 

the wind speed within the canopy. Ts (K) and Tc (K) are soil and canopy temperature, 

respectively. fc (-) is the vegetation cover fraction and can be obtained as a function of 

leaf area index (LAI (-)) as (Caparrini et al. 2004a): 

cf 1 exp( 0.5LAI)= - -           (4.11) 

CHs (-) represents the coefficient of heat transfer from soil to air within the canopy. 

The soil conductance (UwCHs) can be estimated as a function of the decay starting 

reference value (CHU) at the height where wind speed measurements are made as follows 

(Bateni and Liang 2012; Caparrini et al. 2004b): 

w Hs H hU C UC exp( a LAI)= -          (4.12) 

where ah is an empirical extinction parameter which is a function of vegetation type and 

U (m/s) is the wind speed above the canopy. The bulk heat transfer coefficient (CH (-)) 

depends on the surface roughness for heat and momentum exchange and atmospheric 

stability condition. Therefore, CH can be split into two parts: the heat transfer coefýcient 

under neutral atmospheric condition (CHN (-)) and the atmospheric stability correction 

function. The stability correction function, f(Ri), is a function of stability indicator (i.e., 

Richardson number, Ri (-)). In this research, in lieu of empirical and site-specific stability 

correction functions, the stability correction function proposed by Caparrini et al. (2004a) 



74 

 

that has produced successful results in various studies (Sini et al. 2008; Bateni et al. 

2013; Farhadi et al. 2014; 2016) is applied. 

Like the soil conductance, the canopy conductance (UwCHc) can be obtained as a 

function of CHU as follows: 

h
w Hc H

a LAI
U C UC exp( )

2
= -        (4.13) 

Soil latent heat flux can be written as a function of Hs and soil evaporative fraction, 

EFs:  

s
s s

s

EF
LE H

1 EF
=
-

         (4.14) 

Soil latent heat flux is related to the amount of water transfer through soil evaporation 

(E) via: 

s

w

E
LE

Lr
=           (4.15) 

where ɟw (kg/m3) and L (J/kg) are the water density and latent heat of vaporization, 

respectively. Therefore, the water submodel (section 4.2.1.1) and energy submodel 

(section 4.2.1.2) are coupled through the flux of evaporation where E is the key 

component of the soil top boundary condition (see (4.4)) and LEs is the key component of 

the soil energy balance equation (see (4.8)). 

Canopy latent heat flux can be formalized as a function of Hc and canopy evaporative 

fraction, EFc: 

c
c c

c

EF
LE H

1 EF
=
-

         (4.16) 
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LEc is related to the amount of water transfer through transpiration (water uptake by 

plant root) via: 

c

w

T
LE

Lr
=           (4.17) 

Therefore, the water submodel (section 4.2.1.1) and energy submodel (section 

4.2.1.2) are also coupled through the flux of transpiration where T is the key component 

of the moisture diffusion equation (see (4.1) and (4.2)) and LEc is the key component of 

the canopy energy balance equation (see (4.7)). 

The distribution of temperature in the column of soil is modeled by the one-

dimensional heat diffusion equation: 

2

s s

2

T T
c p

t z

µ µ
=

µ µ
         (4.18) 

where c (J/m3/K) and p (J/m/K/s) are the soil volumetric heat capacity and thermal 

conductivity, respectively (Campbell 1985b). It is assumed that the diurnal variation of 

the heat wave is negligible beyond depths 0.5m (Hirota et al. 2002) and therefore the 

Neumann boundary condition is considered (sT (z 0.5m, t)
0

z

µ =
=

µ
) for the bottom boundary 

condition. The surface boundary condition, Ts (z = 0, t), is obtained by the surface forcing 

equation, 

sT
p G

z

µ
=-

µ
          (4.19) 

The initial profile of soil temperature is specified by estimating soil temperature at the 

surface (obtained from (4.19)) and at the bottom of soil column (obtained by applying a 

semi-diurnal filter to land surface temperature), and assuming that the temperature varies 

linearly throughout the soil column (Caparrini et al. 2003; Bateni et al. 2013b). 



76 

 

4.2.2 Integrated VDA Framework  

4.2.2.1 Variational Data Assimilation  

In the hydrological application, the VDA scheme can improve the performance of 

physical land surface models (which are generally defined by (4.20)) by assimilating the 

vector of state observations, Xobs. 

0 1

0 0

d
F( , ) (t), t [t t ]

dt
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=

X
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       (4.20) 

In (4.20), X is the vector of land surface states, Y is the vector of parameters, and w is 

the set of model structural errors and treated as random forcing terms in (4.20). In the 

VDA scheme, the optimum value of parameters is obtained by minimization of the cost 

function, J, which aggregates errors on state estimation with respect to observations and 

parameters estimation with respect to ñpriorò values, Yô, within the assimilation window 

[t0  t1]: 
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    (4.21) 

The physical constraint is adjoined through the vector of Lagrange multipliers, ɚ. The 

last term of (4.21) accounts for the model error (also called model uncertainty) including 

errors in the model formulation (such as missing process representation) and/or in the 

micro-meteorological forcing data. For simplicity in this research, w is assumed unbiased 

(zero mean) with error covariance Cw. CX and CY correspond to the error covariance of 

observations and parameters prior to data assimilation (Reichle et al. 2001b). The 

minimum value of J that leads to optimum values of parameters is obtained by setting its 
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first variation equal to zero (ŭJ=0). Setting ŭJ to zero leads to the set of the so-called 

Euler-Lagrange equations including adjoint models (4.22), a set of equations for updating 

the prior value of parameters (4.23), and model error estimation (4.24). 
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The optimal values of the unknown parameters are found via an iterative process, 

which is initiated by solving the forward model (4.20) to estimate X. It continues by 

solving the adjoint model (4.22) to obtain ɚ. Once the state variables and the Lagrange 

multipliers are calculated, Y and w are updated via (4.23) and (4.24). The iterative 

process is terminated when the gradient of cost function vanishes, which indicates 

reaching the optimum values for the unknown parameters.  

In this research, the vector of parameters is defined as Y = [R EFs EFc], where R = 

ln(CHN). R varies on a monthly basis while EFc and EFs vary on a daily basis (Caparrini 

et al. 2004b; Bateni and Liang 2012). The cost function is constrained by heat and 

moisture diffusion equations and the water and dual-source energy balance models are 

coupled through the flux of evapotranspiration (see section 4.2.1.2 for details). The vector 

of states is defined as X = [LST SM] and LST and SM observed data are assimilated in 

hourly and daily intervals respectively to constrain the parameter space. This algorithm is 

called VDAT,S, hereafter. For details of the derivations see Appendix B. 
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4.2.2.2 Second-Order Information  

The VDA scheme retrieves the optimal values of unknown parameters via a first-

order optimality system (i.e., involving the first-order derivatives). The first-order 

information is necessary for optimality but not sufficient. Indeed, uniqueness of the 

solution of a VDA problem and the convergence of the algorithms depend on the 

convexity of the cost function (Le Dimet et al. 2002). Therefore, we need to take one step 

further and obtain second-order information by constructing the Hessian matrix of the 

cost function in the vicinity of the critical point. Furthermore, in high-dimensional non-

linear minimization problems, such as hydrological applications of VDA for parameters 

estimation, one of the profound difficulties is the existence of saddle points. A saddle 

point is a point in which the gradient of cost function vanishes, but it is not a local 

optimum. Such saddle points are surrounded by plateaus of small curvature and give the 

deceptive impression of reaching the minimum (Pascanu et al. 2014). Analysis of the 

eigenvalues of the Hessian matrix enables distinction between a saddle point and an 

optimum point.   

The two well-known methods for calculation of the Hessian matrix are the 

Lagrangian and the direct differentiation methods (Alekseev and Navon 2002; Burger et 

al. 1992; Papadimitriou and Giannakoglou 2008). Studies show that the Lagrangian 

method requires less computational time and provides higher accuracy in calculating the 

Hessian matrix compared to the direct differentiation method (Symes 1991; Wang et al. 

1995; Burger et al. 1992). Therefore, the Lagrangian method is the method of choice for 

this research.  
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To construct the Hessian matrix using the Lagrangian method, NY new cost functions 

(i.e., Ly, y ⱦ Y) are introduced, where NY is the number of unknown parameters. The new 

cost functions consist of the gradient of J (i.e., ÖJ/Öy) constrained by (4.20) and (4.22) 

through two new adjoint variables, qy and py, and are defined as: 

1 1
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Setting the first derivative of the new cost functions with respect to X and ɚ equal to 

zero, a new set of Euler-Lagrange equations is derived which enables estimation of qy 

and py.  

The Hessian matrix, H, is an NY× NY matrix and is defined as: 

iy

i, j i j

j

L
where y , y

y

µ
= Í
µ

H Y        (4.26) 

Analysis of eigenvalues of the Hessian matrix enables distinction between a saddle 

point and an optimum point. If all eigenvalues of the Hessian matrix are non-zero and 

positive, then the critical point is a local minimum. If the eigenvalues are non-zero and 

they are both positive and negative, then the critical point is a saddle point (Caffarelli et 

al. 1985). 

Although the VDA scheme itself does not provide estimates of the predictive 

uncertainty of estimated parameters (Liu and Gupta 2007; Reichle et al. 2001b), the 

inverse of the Hessian matrix provides a good approximation of the error covariance 

matrix of parameters, ễ, even in a nonlinear case (Shutyaev et al. 2008; Gejadze et al. 

2011): 

1-=HS           (4.27) 
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Once the error covariance matrix is calculated, the uncertainty of estimated 

parameters and the correlation between them can be obtained. The uncertainty of heat 

fluxes is then quantified through the Monte Carlo algorithm, which simulates large 

random samples of parameters from the estimated distribution of the parameters 

(Gamerman and Lopes 2006). 

In summary, the integrated VDA framework leverages VDAT,S using the second-

order information. In this framework, second-order information is calculated at the 

critical point (the point where the gradient of the cost function is zero) by computing the 

Hessian matrix via the Lagrangian method. Analysis of the eigenvalues of the Hessian 

matrix allows distinction between a saddle and an optimum point to ensure that VDAT,S 

has reached the optimal value of unknown parameters. The inverse of the Hessian matrix 

(i.e., the error covariance matrix) provides estimates of the predictive uncertainty of 

parameters and correlation between them. The uncertainty analysis on the VDA estimates 

guides toward a well-posed estimation problem.  

For details of the derivations see Appendix B. 

4.3 Dataset  

The performance of the proposed integrated VDAT,S scheme is investigated using an 

experiment based on a synthetic data set (hereafter true data) generated by the 

simultaneous heat and water (SHAW) model (Flerchinger 2000). The advantage of a 

synthetic study is that the true system is exactly known which is ideally suited for 

algorithm performance tests.  

The driving forces and meteorological data for SHAW including precipitation, air 

temperature, wind speed, and solar radiation are taken from the FIFE experiment near 
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Manhattan, Kansas (Sellers et al. 1992; Betts and Ball 1998). In Figure 4.1 the time series 

of daily precipitation (used as forcing data) and its cumulative values are shown. The soil 

type falls within the texture classes of silty clay loam at the upper layer (0-0.15 m) and 

silty clay at the deeper layer (0.15-1 m) (Betts and Ball 1998). The hydraulic parameters 

of soil are obtained using the highly refined look-up table proposed by De Lannoy et al. 

(2014). The vegetation cover predominately is classified as grassland (Betts and Ball 

1998). The LAI data are obtained using the LAI-NDVI relationship proposed by Aparicio 

et al. (2000) and the site average of NDVI data provided by Hall et al. (1992). 

The experiment extends for 90 days based on the data collected from 28 May 1987, to 

25 August 1987, which are covered by three assimilation intervals (i.e., three 30-day 

periods). The flow domain of the soil profiles is one meter with a spatial discretization of 

1 cm and the size of the time step is 1 hr. True (synthetic true) hourly soil temperature 

and daily soil moisture data at the surface are used as the assimilation data. Following 

Reichle et al. (2001), model errors (w in (4.20)) are assumed unbiased (zero mean) and 

are represented as unknown fluxes in the surface water and energy budgets. 

  
Figure 4.1 The daily and cumulative precipitation time series at the FIFE experimental site (May 28 to Aug 25, 1987) 
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4.4 Results and Discussion  

4.4.1 Variational Data Assimilation 

The performance of the proposed algorithm, VDAT,S, in the estimation of land surface 

sensible (H) and latent (LE) heat fluxes are illustrated in Figures 4.2 and 4.3, 

respectively. VDAT,S assimilates surface temperature and surface soil moisture data into 

the coupled water and dual-source energy balance model and iteratively improves the 

initial guess for the values of unknown parameters (in this example: R = -5, EFc = 0.7, 

and EFs = 0.7). For solving the soil moisture diffusion equation forward in time, it is 

assumed that the initial profile of SM is known and equals the true SM profile on the first 

day of the assimilation period. The time series of daytime-averaged values of total, soil, 

and canopy sensible and latent heat fluxes estimates are shown in the first, second, and 

third panels, respectively. For the sake of comparison, the true value of heat fluxes 

(obtained from the synthetic experiment) and so-called open-loop estimates (hereafter 

OL) are shown as well. Note by open-loop, we mean estimation of fluxes using the 

physical models described in section 4.2.1 based on the prior values of parameters (also 

called best initial guess) before assimilation of SM and LST data. Figures 4.2 and 4.3 also 

show the uncertainties associated with heat fluxes which will be explained thoroughly in 

section 4.4.2.2. 

As illustrated in Figures 4.2 and 4.3, assimilating land surface states (LST and SM) 

reduces the error between the OL estimates and the true value of land surface fluxes. The 

good agreement between the true and VDAT,S estimates, in terms of magnitude and daily 

dynamic, reflects the promise of the proposed data assimilation technique for land surface 

flux retrievals. Note that during days 55-65, the prolonged dry weather conditions are 
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satisfied (see Figure 4.1). Therefore, as explained in section 4.2.1.1, the soil water head at 

the surface adapts to the air humidity (not the land surface states) and governs the 

evaporation flux (i.e., soil latent heat flux). In this condition, assimilating SM does not 

provide additional information to the system (see Figure 4.3, LEs panel).  

 
Figure 4.2 Day-time average of prior and posterior VDAT,S estimates of total, soil, and canopy sensible fluxes versus 

true values. The red and blue shade error bands show the prior and posterior uncertainty of fluxes, respectively. 

Root-mean-square-error (RMSE) and bias of the VDAT,S estimates are compared with 

those of VDAT in Table 4.1. Recall that in VDAT, only LST is assimilated and the only 

physical constraint of the cost function is the heat diffusion equation while in VDAT,S, 

SM and LST are simultaneously assimilated and the cost function is constrained with 

both the heat and moisture diffusion equations. Comparison between VDAT,S and VDAT 

indicates that assimilating SM improves the performance of the VDA scheme in the 
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estimation of total sensible and latent heat fluxes by 38% and 30%, respectively. In 

addition, assimilating SM data and constraining the estimation process with the moisture 

diffusion equation enables VDAT,S to more accurately partition the total latent heat fluxes 

into the soil and canopy latent heat fluxes. This results in more accurate partitioning of 

evapotranspiration into the flux of evaporation (from the soil) and transpiration (from 

vegetation). 

 

Figure 4.3 Day-time average of prior and posterior VDAT,S estimates of total, soil, and canopy latent fluxes versus true 

value. The red and blue shade error bands show the prior and posterior uncertainty of fluxes, respectively.  
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Table 4.1 RMSE and bias (presented in parentheses) of estimated land surface heat fluxes from the open-loop (OL), 

VDAT, and VDAT,S schemes. 

 Sensible heat flux (H) (W/m2) Latent heat flux (LE) (W/m2) 

Scheme Total Soil Canopy Total Soil Canopy 

OL 70(-15) 39(-16) 61(1) 94(-13) 65(7) 48(-25) 

VDAT 48(-36) 14(-1) 51(-35) 60(44) 38(21) 46(24) 

VDAT,S 31(-9) 12(5) 36(-15) 43(18) 33(16) 37(2) 

 

Like any optimization problem, the performance of the VDA scheme in obtaining 

optimal value of parameters depends on the initial guess of unknown parameters (also 

called prior estimates). In the hydrological application of VDA, the initial values of 

unknown parameters are defined based on the prior knowledge of the system such as 

vegetation/soil characteristics and weather conditions.  

In Figure 4.4, RMSE of sensible (H) and latent (LE) fluxes estimates via VDAT and 

VDAT,S are shown for various initial values of unknown parameters. In this figure, the 

initial value of parameter R is presented by Rint and ranges from -7 to -3 and the initial 

value of EFc and EFs is presented by EFint and ranges from 0.5 to 0.7; it can be concluded 

that one of the important impacts of assimilating SM data (in addition to LST data) is 

reducing the sensitivity of the VDA flux retrievals to the initial value of parameters (R, 

EFs, and EFc). RMSEs of the VDAT estimates vary considerably (from 21 to 75 W/m2 for 

H and from 37 to 83 W/m2 for LE) as the initial values change, while VDAT,S is less 

sensitive to Rint and EFint and RMSEs of the VDAT,S estimates vary from 23 to 47 W/m2 

for H and from 39 to 63 W/m2 for LE. This reveals that the optimal values of parameters 

retrieved by VDAT,S are less sensitive to the initial guess of parameters which stems from 

knowledge of land surface characteristics and weather conditions. Therefore, the 

performance of VDAT,S is superior to VDAT, especially in large-scale applications where 
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the prior information of land surface/weather conditions is limited. Indeed, assimilating 

SM (in addition to LST) and constraining the cost function by the moisture diffusion 

equation (in addition to heat diffusion equation) improves the performance of VDA in the 

optimization of parameters and consequently estimation of land surface fluxes.  

It is worth noting that although both VDAT and VDAT,S perform very accurately in 

the estimation of fluxes (i.e., low RMSE) for EFint = 0.5 and Rint > -5.5, VDAT slightly 

outperforms VDAT,S. This may be due to the fact that when the initial guess for the value 

of parameters are very close to the optimal values (as this case is), LST data contain 

sufficient information to optimize the solution. Under this scenario, assimilating SM data, 

and constraining the optimization process by an additional simplified model (i.e., 

moisture diffusion model) introduces errors to the system that degrade the performance of 

the algorithm. It should be noted that in large-scale retrieval of fluxes for a heterogamous 

region, the initial value of parameters cannot be guessed this close to the optimal values, 

and therefore assimilating SM data is highly worthy to reduce the sensitivity of VDA to 

initial value of parameters. 
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Figure 4.4 Sensitivity of VDAT,S and VDAT to the initial value of parameters 

 

4.4.2 Second-order Information  

4.4.2.1 Identification of Optimum Point   

As explained in section 4.2.2, the proposed integrated framework leverages the VDA 

scheme through the calculation of second-order information (i.e., the Hessian matrix at 

the critical point). Analysis of the eigenvalues of the Hessian matrix enables distinction 

between a saddle point and an optimum point.  

In section 4.4.1, the sensitivity of VDAT to the initial value of parameters was 

illustrated. It was shown that poor knowledge of land surface characteristics and climate 

may lead to a poor guess of the initial value of parameters, which in turn leads to high 

RMSE of retrieved heat fluxes. In real-world applications, however, the true value of heat 
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fluxes are not known and therefore the issue of poor heat flux retrievals (i.e., high RMSE) 

cannot be determined. The following example demonstrates that determination and 

analysis of second-order information in the proposed integrated VDA provides a tool to 

tackle this issue. 

As explained in section 4.2.2.1, the VDA scheme is basically a 

minimization/optimization method. It starts from initial values of parameters (i.e., the 

best guess of unknown parameters) and iteratively minimizes a cost function until 

convergence is reached and a critical point is determined.  

Figure 4.5 shows the value of cost function, J, and RMSE of LST versus the iteration 

number in the process of finding the critical point for the six combinations of Rint and 

EFint. The cost function decreases as the number of iterations increases, but at a certain 

iteration number, J reduces only slightly, suggesting that the optimal value of parameters 

is obtained (note that in the previous studies (e.g., Caparrini et al. 2004a; Sini et al. 2008; 

Bateni et al. 2013a; Xu et al. 2014), analysis of J and RMSE of LST versus the iteration 

number was the only available tool for identifying the minimum/optimal point).  

 

Figure 4.5 Cost function and RMSE of LST as a function of the iteration number (result for day 31-60) for the six 

combinations of Rint and EFint. 
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Table 4.2 shows the analysis of the eigenvalues of the calculated Hessian matrix at 

the critical point for the six combinations defined in Figure 4.5. Although J and RMSE of 

LST for the six combinations give a false impression of reaching a local minimum, 

analysis of the Hessian matrix reveals that in combination 3, 5, and 6 the VDA scheme 

reaches a saddle point (not a minimum). To demonstrate the efficiency of second-order 

information in the identification of optimum parameters albeit poor knowledge of land 

surface characteristics and climate (i.e., a poor initial guess of parameters), RMSE 

between the retrieved and true heat fluxes are shown in Table 4.2, as well. As it is shown, 

the saddle points correspond to high RMSE of heat fluxes while the minimum points 

correspond to lower RMSEs. Therefore, analysis of second-order information obtained 

via the Hessian matrix at the point of optimum enables the determination of robustness of 

the VDA estimates without the need to calculate RMSE of retrieved heat fluxes (which 

requires measurement of heat fluxes).  

Table 4.2 Illustration of the integrated framework application: the distinction between a saddle point and an optimal 

point. 

Combination  

(see Figure 4.5) 
1 2 3 4 5 6 

Eigenvalues + + + / - + + / - + / - 

Critical point Minimum Minimum Saddle Minimum Saddle saddle 

RMSE H (W/m2) 27 21 52 43 70 66 

RMSE LE (W/m2) 42 37 63 55 79 75 

NoteȢ 4ÈÅ ÓÈÁÄÅÄ ÃÏÌÕÍÎÓ ÓÈÏ× ÓÁÄÄÌÅ ÐÏÉÎÔÓȢ 2-3% Ѐ ÒÏÏÔȤÍÅÁÎȤÓÑÕÁÒÅ ÅÒÒÏÒȢ 

 

4.4.2.2 Uncertainty Analysis 

In this section, the results of uncertainty analysis using the Hessian-based 

methodology (described in section 4.2.2) are presented. Figure 4.6 compares the prior and 

posterior uncertainty of estimated parameters via VDA T,S. Since R is a monthly variable 
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and EFs and EFc are daily variables, the uncertainty associated with R, EFs, and EFc are 

obtained with monthly, daily, and daily. Assimilating LST and SM data, which 

characterize the state of the land surface, reduces the uncertainty of parameters. To 

demonstrate the effect of simultaneous assimilation of SM and LST (rather than only 

LST), the posterior uncertainty of the VDAT estimates is presented in Figure 4.6, as well. 

The comparison reveals that simultaneous assimilation of SM data provides valuable 

information on the estimation process, which in turn results in the reduction of parameter 

uncertainties.  

 

 

Figure 4.6 Prior and posterior uncertainty of parameters 
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Table 4.3 The average (maximum) uncertainty of parameters and correlation between them in 90 days. 

 Uncertainty Correlation 

Scheme R (-) EFs (-) EFc (-) R,EFs R,EFc EFs,EFc 

VDAT 0.15 (0.20) 0.15 (0.20) 0.14 (0.20) -0.16 (-0.33) -0.17 (-0.45) -0.52 (-0.98) 

VDAT,S 0.09 (0.11) 0.10 (0.16) 0.11 (0.16) -0.10 (-0.21) -0.12 (-0.32) -0.32 (-0.83) 

 

One of the important outcomes of the uncertainty analysis and the error-covariance 

matrix computation is the estimation of correlation between parameters. In an ideally 

well-posed optimization problem, the solution is unique. A high correlation between 

retrieved parameters means that the VDA scheme is unable to separate the parameters 

from each other and obtain a unique optimal solution. In Table 4.3, the average 

(maximum) correlations between the parameters, estimated by VDAT,S and VDAT, are 

presented. Comparison between VDAT,S and VDAT indicates that by constraining the 

optimization problem with the additional physical model (i.e., moisture diffusion 

equation) and coupling the water and energy balance equations, the correlation between 

the parameters is reduced and the VDA scheme is oriented toward well-posedness. 

Reducing the correlation between the canopy and soil evaporative fraction (EFs and EFc) 

improves the robustness of the method in terms of partitioning the total sensible and 

latent heat fluxes between the soil and canopy components (as shown in Table 4.1).  

The uncertainty of heat fluxes is quantified through the Monte Carlo algorithm. 

Figure 4.2 (and Figure 4.3) shows the prior (shown by the red error band) and posterior 

(shown by the blue error band) uncertainties associated with the sensible (and latent) heat 

fluxes. The prior uncertainty of fluxes is reduced by assimilating land surface states. 

Comparison between the uncertainties of fluxes obtained by VDAT,S and VDAT reveals 
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that assimilating both LST and SM (rather than only LST) reduces the 90-day average of 

sensible (latent) fluxes uncertainty from 25 (145) to 22 (119) W/m2.  

Previous studies have shown that the performance of the VDA scheme for obtaining 

land surface heat fluxes by assimilating LST is not satisfactory in three conditions: (1) the 

energy-limited regime (i.e., when soil is relatively wet), (2) in days when the average Ts-

Ta is small, and (3) where land surface is densely vegetated (Crow and Kustas 2005; Xu 

et al. 2014, 2015; Abdolghafoorian and Farhadi 2016). In this research, the effect of 

coupling water and energy balance equations and simultaneously assimilating SM in 

addition to LST, on the uncertainty and accuracy of the VDA estimated land surface 

turbulent heat fluxes is investigated. Figure 4.7 illustrates the uncertainty (blue asterisk) 

and absolute error between the true value and the estimation (red circle) of sensible (first 

row) and latent (second row) fluxes obtained by VDAT,S (x-axis) and VDAT (y-axis) on 

days with 1- small Ts-Ta (i.e., Ts-Ta < 3 K), 2- relatively high SM (i.e., SM > 50%), and 

3- high LAI (i.e., LAI>2). The points above the 45-degree line indicate that the 

uncertainty/error of VDAT estimates is greater than those of VDAT,S. The results prove 

that simultaneous assimilation of SM and LST enhances the performance of the VDA 

scheme by reducing the uncertainty and increasing the accuracy (i.e., decreasing the 

absolute error between the true value and the estimation) of sensible and latent heat 

fluxes under the aforementioned atmospheric and land surface conditions.  
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Figure 4.7 Uncertainty (W/m2) and absolute error (W/m2) of sensible, H (first row) and latent, LE (second row) fluxes 

obtained by VDAT,S and VDAT on days with: 1- SM > 50%, 2- Ts-Ta < 3, and 3- LAI > 2. 

 

4.4.3 Feasibility of extending VDAT,S for lar ge-scale applications using space-borne 

data  

The ultimate goal of this research is to employ the proposed integrated VDAT,S 

algorithm for the estimation of land surface turbulent heat fluxes by assimilating space-

borne LST and SM data. As a step toward addressing this goal, the effects of (1) temporal 

availability of LST and SM data and (2) poor initialization on the performance of VDAT,S 

are examined. The results presented in this section are obtained by assimilating the 

average of SM at the top 5cm of soil (corresponds to LȤband radiometers penetration 

depth). 
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4.4.3.1 LST and SM Data Availability  

The effect of assimilating SM and LST data with low temporal resolution 

(corresponding to various satellite overpass intervals and/or cloudy sky conditions at the 

time of satellite overpass) on the accuracy of heat fluxes estimates is shown in the left 

and right panels of Figure 4.8, respectively. The results of the left panel are obtained by 

assimilating SM data with a 3-day interval and the limited number of LST observations 

per day as shown on the x-axis (note that in order to simulate the random occurrence of 

the cloudy sky conditions, the time of LST assimilation is randomly chosen in the 

assimilation window). The results of the right panel are obtained by assimilating hourly 

LST data and SM data with various frequencies (i.e., number of SM data assimilation per 

month) as shown on the x-axis. Assimilating SM data with a 3-day interval corresponds 

to the overpass of Soil Moisture Active Passive (SMAP) and Soil Moisture Ocean 

Salinity (SMOS) remote sensing missions while daily SM data corresponds to future L-

band missions or a combination of different sensors. The temporal scales of remotely 

sensed LST products are twice daily and hourly (or less due to cloud cover) for Moderate 

Imaging Spectroradiometer (MODIS) and the Geostationary Operational Environmental 

Satellite (GOES) satellite, respectively (Pipunic et al. 2008). 

Based on the results in Figure 4.8, it can be concluded that the accuracy of VDAT,S in 

the estimation of heat fluxes increases when the availability of LST data is higher than 3 

to 4 measurements per day. The results indicate that as long as the diurnal cycle of LST is 

captured by the available LST data, VDAT,S provides reasonable estimates of heat fluxes. 

With respect to SM, however, it seems that ~10 SM data per month (which corresponds 

well with the temporal availability of current SM missions) provide sufficient accuracy in 
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terms of H and LE estimates and increasing the number of SM data will not have a 

significant impact on the accuracy of estimation. The results correspond well with the 

high temporal variation of LST and lower temporal variation of SM data in nature. In 

general, although higher temporal availability of LST and SM data improves the 

performance of VDAT,S, acceptable RMSEs of fluxes, obtained by assimilation of data 

with the lower temporal resolution, indicate the feasibility of extending the proposed 

approach to a large-scale application using space-borne land surface SM and LST state 

data. 

 

Figure 4.8 Effect of assimilating low temporal resolution SM and LST data on the performance of VDAT,S (results for 

day 31-60) 

4.4.3.2 Poor Initialization  

In the application of space-borne data, the penetration depth of signals, defined as the 

distance over which a wave amplitude decays to about 37% of its original value, should 

be taken into consideration. The penetration depth of signals for SM measurements 

depends on soil moisture content and soil type (Entekhabi and Moghaddam 2007). 

Currently, soil moisture data from remote sensing are limited to near-surface soil layers. 
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On average, LȤband radiometers (e.g., SMAP and SMOS) measure SM only for the top 

5cm of soil and not the root zone soil moisture profile (Shellito et al. 2016). 

The initial profile of soil moisture plays an important role in land surface models and 

precise initialization affects the robustness of models forecasts (Koster et al. 2004; 

Vivoni et al. 2009). In VDAT,S, the initial SM profile is required to solve the Richards 

equation (i.e., the forward model).  

Previous studies have shown that incorrect initialization of soil moisture can be 

corrected by assimilating near-surface soil moisture measurements (e.g., Walker et al. 

2002; Galantowicz et al. 1999). In this section, the effect of poor initialization of soil 

moisture on the performance of VDAT,S in order to determine the feasibility of extending 

the proposed framework to use space-borne SM measurements in a large-scale land 

surface flux estimations is examined.  

To illustrate the effects of soil moisture initialization errors on the model's prediction 

and the effectiveness of near-surface data assimilation, comparisons are made between a 

degraded simulation and a well-defined simulation. In the degraded simulation, the initial 

SM profile is assumed to be unknown and thereby it is set to a uniform SM profile equal 

to the ñtrueò near-surface soil moisture (hereafter, Unknown Initial Profile: UIP) while in 

the well-defined simulation, the initial SM profile is known (hereafter, Known Initial 

Profile: KIP). Using UIP as the initial condition of the Richardsô equation, VDAT,S is 

applied with the same atmospheric forcing data and ñtrueò LST and SM data that are used 

to estimate unknown parameters using KIP. The heat flux and moisture estimates from 

both of these simulations are compared with the ñtrueò values (generated by the SHAW 

model as explained in section 4.3). Note that the experiment is repeated four times to 
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investigate the robustness of VDAT,S to poor initialization over a wide range of soil 

conditions (dry to wet). The four KIPs and corresponding UIPs are shown in Figure 4.9. 

The RMSE and bias of fluxes and soil moisture estimates for the four experiments 

over a period of 90 days are shown in Table 4.4. The RMSEs (bias) for UIP and KIP are 

comparable, meaning that assimilation of near-surface soil moisture and temperature data 

compensate for the negative poor initialization of the SM profile in the estimation of land 

surface fluxes and SM profiles. In addition, Figure 4.10 depicts the difference between 

the RMSE of turbulent heat flux estimations using UIP and KIP (y-axis) over time (x-

axis). In this figure, (RMSE H)KIP and (RMSE LE)KIP represent RMSE between ótrueò 

value and estimation of sensible and latent heat fluxes when the initial soil moisture 

profile is known (KIP), while (RMSE H)UIP and (RMSE H)UIP represent RMSE between 

ótrueò value and estimation of sensible and latent heat fluxes (respectively) when the 

initial soil moisture profile is assumed unknown and therefore assumed uniform equal to 

the ñtrueò near-surface soil moisture (UIP). Although the estimated fluxes for the first 

few days of the assimilation period are affected by poor initialization, after 1 week, 

assimilation of LST and SM data at the surface cancel the negative impact of incorrect 

initialization on the estimates of fluxes. The results are compatible with the findings of 

other studies (e.g., Walker et al. 2002; Walker and Houser 2001).  
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Figure 4.9 The initial soil moisture profile (Known Initial Profile: KIP) and its corresponding assumed uniform profile 

(Unknown Initial Profile: UIP) in four experiments. 

 

Table 4.4 Effect of poor initialization on the performance of VDAT,S. Figures indicate RMSE (bias) of the VDAT,S 

estimates (results for day 1-90). 

Experiment 
Initial profile 

(see figure 4.9) 
H (W/m2) LE (W/m2) SM @ z=0 SM @ z=0~100cm 

1 
KIP 1 29.3 (5.8) 38.9 (3.4) 0.03 (0.01) 0.03 (0.02) 

UIP 1 29.7 (6.1) 38.9 (3.6) 0.03 (0.01) 0.03 (0.03) 

2 
KIP 2 38.0 (-4.2) 51.4 (12.0) 0.03 (0.01) 0.03 (0.01) 

UIP 2 38.6 (-4.6) 51.6 (12.6) 0.03 (0.01) 0.03 (-0.03) 

3 
KIP 3 38.1 (-0.3) 50.2 (8.6) 0.03 (0.01) 0.03 (0.01) 

UIP 3 38.7 (-0.4) 51.9 (8.7) 0.03 (0.01) 0.03 (-0.01) 

4 
KIP 4 33.5 (18.4) 37.1 (-8.5) 0.03 (0.01) 0.04 (0.01) 

UIP 4 34.7 (19.6) 37.4 (-10.1) 0.04 (-0.01) 0.04 (0.03) 
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Figure 4.10 The difference between RMSE of fluxes in two cases (Known Initial Profile: KIP and Unknown Initial 

Profile: UIP) over time. 

 

4.5 Summary and Conclusion  

In this research, an integrated VDA framework is introduced to estimate the key 

parameters of land surface turbulent heat fluxes: CHN, EFs, and EFc. The proposed 

framework advances the previous studies (e.g., Caparrini et al. 2004a; Sini et al. 2008; 

Bateni and Liang 2012) in two major ways. First, it accounts the inherent coupling and 

interaction between the transfer of heat and moisture in the soil-plant-atmosphere 

continuum through the flux of evapotranspiration and joint assimilation of soil moisture 

(SM) and the land surface temperature (LST) into a coupled water and dual-source 

energy balance model. The transfer of water (moisture) and energy (heat) in the soil 

column is modeled by the moisture diffusion equation and full heat diffusion equation, 

respectively. These diffusion equations act as physical constraints to the developed VDA 

scheme. Second, it calculates second-order information at the critical point by computing 
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the Hessian matrix via the Lagrangian method. Analysis of second-order information 

enables distinction between saddle and optimum points and provides estimates of the 

predictive uncertainty of parameters. The uncertainty analysis on the VDA estimates 

guides toward a well-posed estimation. The performance of the proposed integrated VDA 

framework is examined through a set of experiments based on a synthetic data set. 

The results show that assimilating SM, in addition to LST, improves the performance 

of the VDA scheme in the estimation of sensible and latent heat fluxes by 38% and 30%, 

respectively. However, over the prolonged dry weather or dry soil conditions, the soil 

water head at the surface adapts to the air humidity (not land surface states), thereby 

assimilating SM does not provide additional information to the system.  

Through a sensitivity analysis, it is revealed that the sensitivity of the VDA estimates 

to the initial guess of parameters (which stems from the knowledge of land surface 

characteristics and weather conditions) is reduced when both LST and SM data are 

assimilated and the cost function is constrained by both the moisture and heat diffusion 

equation. This is a promising result and illustrates the robustness of the proposed 

integrated VDA framework for the estimation of land surface fluxes in a large-scale 

application with limited prior information of land surface/weather conditions, especially 

over a heterogeneous region.  

The analyses clearly show that the second-order information, obtained from the 

calculation of Hessian matrix of the cost function at the critical point, is valuable for 

tackling the issue originating from the proliferation of saddle points in a high dimensional 

VDA parameters optimization system. Furthermore, the Hessian-based uncertainty 

analysis of the estimated parameters demonstrates that not only the prior uncertainties of 
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parameters and heat fluxes are reduced as a result of simultaneous assimilation of SM and 

LST data, but also the correlations between the estimated parameters are reduced and 

therefore the VDA scheme is oriented toward well-posedness.  

The feasibility of the proposed integrated VDA framework, in large-scale estimation 

of latent and sensible fluxes using space-borne SM and LST data is examined in this 

research. The results show that the proposed integrated VDA framework can well 

estimate surface heat fluxes with (i) sparse temporal availability of LST and SM data 

(corresponding to various satellite overpass intervals or/and cloudy sky conditions at the 

time of satellite overpass) and (ii) an unknown initial SM profile due to the low 

penetration depth of current LȤband radiometers (e.g., SMAP and SMOS). 

The algorithm will need to be tested with satellite observation of soil moisture and 

temperature rather than in a controlled experiment (synthetic experiment). Nevertheless, 

the experiments described in this research demonstrate the significant potential benefits 

of the VDA scheme for LST and SM data assimilation and are a necessary initial step 

into an area of mapping surface fluxes research. 
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Chapter 5 ð Mapping Land Surface Heat and Evaporative Fluxes by Assimilating 

GOES Land Surface Temperature and SMAP Soil Moisture Data 

 

Land surface heat and evaporative fluxes exchanged between the land surface and the 

atmospheric boundary layer play an important role in the climate system. In situ 

measurements of these fluxes are expensive and available only over a limited number of 

field experiment sites. At present, the only way to achieve the goal of mapping fluxes at 

regional scales is to use remote sensing images covering large areas. In this research, an 

algorithm is proposed to estimate land surface heat and evaporative fluxes by jointly 

assimilating Soil Moisture Active Passive (SMAP) data and Geostationary Operational 

Environmental Satellite (GOES) surface temperature data into a coupled terrestrial water 

and energy balance model using the variational data assimilation (VDA) scheme. The 

algorithm is implemented over an area of 21780 km2 in the U.S. Southern Great Plains. 

Assessment against in-situ observations suggests that remotely sensed soil moisture and 

land surface temperature contain significant information on the partitioning of available 

energy among the sensible and latent heat fluxes. The maps of retrieved surface 

evaporation and transpiration fluxes are used to study a number of dynamic feedback 

mechanisms between the land and atmosphere, such as the dependence of 

evapotranspiration on vegetation and soil moisture.  
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5.1 Introduction 

Water and heat fluxes exchanged between the land surface and the atmospheric 

boundary layer play an important role in the climate system. The accurate estimation of 

these fluxes is essential for improved understanding and quantification of Earthôs climate 

changes and characterization of water, energy, and carbon cycles (Andrews et al. 2009; 

Lewellen and Lewellen 2002). The partitioning of net radiation into sensible and latent 

turbulent heat flux critically affects the vertical structure of the daytime atmospheric 

boundary layer and largely determines the vegetation state both above ground and below 

ground (Pielke et al. 1998). The proper estimation of evapotranspiration (ET) is 

fundamental when dealing with issues related to water and food security (Verstraeten et 

al. 2008). In addition, ET affects terrestrial carbon uptake and release from and toward 

the atmosphere and hence, knowledge on ET dynamics has a strong impact on the 

interpretation of global change effects. Furthermore, the land surface fluxes are of key 

significance in the prediction of atmospheric and hydrological cycles. 

In situ and direct measurements of these fluxes are available using methods such as 

the eddy correlation (EC), Bowen ratio energy balance (BREB) and scintillometer 

methods (Odhiambo and Savage 2009). The EC and BREB methods provide accurate 

point measurements. However, such observations only represent local processes and can 

rarely be extended to large areas due to land surface heterogeneity and the dynamic 

nature of the heat transfer processes (French et al. 2005). The scintillometry method 

provides spatially averaged fluxes at scales of the order of several kilometers depending 

on the aperture size and type of beam used (Green et al. 2001) and are therefore more 

suitable for large-scale applications compared to the more conventional EC and BREB 
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methods with spatial coverage of order of meters. Nevertheless, in situ flux 

measurements are expensive, time-consuming, labor-intensive, and available only over a 

limited number of field experiment sites (such as First International Satellite Land 

Surface Climatology Project [ISLSCP] Field Experiment [FIFE], and sparse flux tower 

networks [e.g., Fluxnet, EuroFlux, and AmeriFlux]), limiting their applicability for 

regional and global applications. 

At present, the only way to achieve the goal of mapping land surface fluxes at 

regional scales is to use remote sensing technology that can provide various spatial and 

temporal imageries covering large areas. However, land surface fluxes do not have a 

specific signature to be detected by the current remote sensing technology thus, there is a 

need for developing numerical methods to estimate fluxes using available remote sensing 

data of land surface states (e.g., soil moisture and land surface temperature). 

Despite early doubts about the accuracy and usefulness of remote sensing data to 

estimate surface fluxes, the quality and resolution of remote sensing data products have 

improved much in recent years and have led to developing a wide range of analytical and 

diagnostic remote sensing methods (Kalma et al. 2008a; Overgaard et al. 2006). These 

methods differ in type and spatial extent of application, type of remotely sensed data, and 

use of ancillary (micro-) meteorological and land cover data. In general, the methods that 

estimate land surface fluxes using remotely sensed data are categorized into four groups.  

The first group is statistical methods (also called process-free methods), which range 

from a simple linear regression (e.g., Seguin and Itier (1983)) to a complex machine 

learning algorithm. For example, Jackson et al. (1977) proposed a statistical model that 

expresses the linear relationship between observations of latent (LE) and net radiation 
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(Rn) and the difference between remotely sensed surface temperature (Tr) and air 

temperature (Ta) as n

n r aLE R B(T T )= - - , where B and n are site-specific regression 

coefficients and depend on surface roughness and atmospheric stability. Clearly, such 

statistical methods require local calibration. Machine learning techniques (e.g., artificial 

neural networks) provide an alternative statistical approach to the estimation of land 

surface fluxes, primarily using a combination of remotely-sensed and ground-based data 

(Getz et al. 2018). Machine learning techniques demonstrate strong predictive capabilities 

across time and space (Alemohammad et al. 2017) however, at the cost of large data 

requirements. 

The second group of methods is based on the relationship between remotely sensed 

surface temperature (Tr) and vegetation index, VI (e.g., the normalized difference index, 

NDVI). A scatterplot of Tr and VI often results in a triangular/trapezoid shape, therefore 

this group of methods is sometimes referred to as ñtriangleò methods (Gillies et al. 1997; 

Carlson et al. 1995; Petropoulos et al. 2009). Since different land cover types may have 

different Tr/VI slope and intercept for equal atmospheric and surface moisture conditions, 

the choice of scale (local ~ global) may influence the shape of the relationship (Sandholt 

et al. 2002). Although the methods that exploit empirical VI/Tr relationships vary in their 

complexity, assumptions, and ancillary data requirements, they all need a large number of 

pixels over the area of interest with a wide range of soil moisture and fractional 

vegetation cover. In addition, the linearity assumption with regard to the biophysical 

properties is reported as a poor representation of the true physical processes relating land 

surface fluxes to locational changes in the (Tr/VI) feature space domain (Petropoulos et 

al. 2009).  
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The third group of methods is based on a solution of the surface energy balance 

(SEB) model utilizing the growing amount of land surface data available from remote 

sensing. In these methods, closure assumptions often need to be imposed. The most 

common closure is to consider the soil heat flux (G) as a fixed fraction of Rn (Anderson 

et al. 1997; Boegh et al. 2000). However, this assumption ignores diurnal variation and a 

phase difference between the diurnal cycles of Rn and G (Kalma et al. 2008a). In 

addition, the sensible heat flux is modeled using the electric resistance analogue which 

needs surface resistance/roughness parameters that cannot be inferred from remote 

sensing data (Lhomme et al. 2000; Massman 1999).  

The fourth group of methods, data assimilation (DA) methods, incorporates land 

surface observations into a physically-based land surface model to provide the model 

with the best estimate of the state of a system or/and model parameters. The evolution of 

LST implicitly contains information about the partitioning of available energy among 

sensible and latent heat fluxes since different components of surface energy balance have 

different relative efficiencies in dissipating available energy at the land surface (Bateni 

and Entekhabi 2012a). Based on this recognition, many researchers have applied DA 

methods to estimate key parameters of land surface fluxes by assimilating LST 

measurements into a form of surface energy balance (SEB) model (Caparrini et al. 2004a; 

Sini et al. 2008; Bateni et al. 2013b; Abdolghafoorian et al. 2017). The two most critical 

parameters of land surface fluxes are the dimensionless neutral bulk heat transfer 

coefficient (CHN) and evaporative fraction (EF). CHN captures how the landscape impacts 

on near-surface turbulence under neutral conditions and EF reflects surface control on the 
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relative magnitude of latent and sensible heat fluxes and indicates the amount of surface 

energy available for the evaporation of water. 

DA methods for the estimation of unknown parameters (e.g., EF and CHN) are mainly 

categorized into two groups of sequential data assimilation and variational data 

assimilation (VDA). In contrast to most of the sequential DA approaches, which 

assimilate the observations in a sequential manner (whenever remotely sensed data are 

available), the VDA scheme operates in a batch-processing manner (i.e., using the 

observations inside the assimilation period all at once). As a result, the VDA scheme is 

superior to sequential DA approaches notably in terms of optimality of estimated 

parameters, stability, and robustness of the estimation and has gained a great deal of 

attention in many scientific and engineering applications including geophysical and 

hydrological modeling. In addition, the VDA scheme has a number of advantages over 

empirical and diagnostic methods. The VDA scheme is not site-specific because it does 

not use empirical LST-VI-flux relations nor closure relations such as those that take G as 

a fraction of Rn. Therefore, VDA is the method of choice in this research. 

Caparrini et al. (2003) and Caparrini et al. (2004) introduced an algorithm based on 

the VDA scheme which is capable of mapping surface energy balance components by 

assimilating sequences of remotely sensed land surface temperature measurements into a 

combined-source SEB (CS) model and estimating the most critical parameters of SEB 

(i.e., EF and CHN). The proposed algorithm was evaluated over a range of vegetative and 

hydrological conditions in the southern U.S.A. during the middle part of the growing 

season and promising results were obtained at dry and lightly vegetated sites (Crow and 

Kustas 2005). 
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In CS models, the difference between soil and vegetation temperatures and turbulent 

exchange rates are not accounted for, although soil and vegetation play a very different 

role in the land surface system. To address the shortcoming of CS models, Caparrini et al. 

(2004b) applied a simplified form of the dual-source SEB (DS) model (developed by 

Kustas et al. (1996)) within the VDA scheme with the aim of estimating CHN and 

evaporative fractions for soil (EFs) and canopy (EFc), separately. The DS models partition 

the energy exchange between the soil and vegetation and are suitable for estimation of 

turbulent fluxes in heterogeneous landscapes. Bateni and Liang (2012) and Bateni et al. 

(2013b) advanced the VDA algorithms developed by Caparrini et al. (2004) and 

Caparrini et al. (2004b) using the full heat diffusion equation as the physical constraint 

instead of the simple force-restore equation. Constraining the VDA optimization 

algorithm by the full heat diffusion equation decreases the phase error between the 

observed and estimated ground heat flux diurnal cycles and improves the estimates of 

turbulent heat fluxes. 

Although several studies (e.g., Sini et al. 2008; Xu et al. 2014; Bateni and Liang 

2012) have used the VDA scheme to retrieve surface turbulent heat fluxes by assimilating 

LST into a SEB model, none of them have considered the inherent coupling and 

interaction between the transfer of water (moisture) and energy (heat) in the soil-plant-

atmosphere continuum. This has been identified as one of the main reasons that 

contribute to the poor performance of VDA in the energy-limited regimes (Sini et al. 

2008; Xu et al. 2014; Abdolghafoorian and Farhadi 2016). Soil moisture controls not 

only the partitioning of available energy into sensible and latent heat fluxes through its 

influence on evaporative fraction (Dirmeyer et al. 2000; Gentine et al. 2007; Farhadi et 
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al. 2014, 2016; Schwingshackl et al. 2017), but also the partitioning of evapotranspiration 

into soil evaporation and canopy transpiration (Entekhabi and Moghaddam 2007; Crow et 

al. 2015; Lu et al. 2017). In addition, while DS SEB models include a description of the 

vegetation, the interactions between groundwater, soil texture, root zone, and surface 

water fluxes (e.g., irrigation) are not taken into account, and consequently they may fail 

to produce accurate results in areas where such interactions are important (Overgaard et 

al. 2006). 

A number of studies applied a sequential DA approach to assimilate soil moisture into 

a land surface model and showed the modest benefit of assimilating surface soil moisture 

observations for the estimation of surface fluxes (e.g., Li & Islam, 1999; Reichle, Crow, 

& Keppenne, 2008). These studies also illustrated the low performance of estimation of 

surface fluxes with soil moisture assimilation, in the presence of soil moisture 

measurement errors. 

Abdolghafoorian and Farhadi (2019) considered the inherent coupling and interaction 

between the transfer of heat and moisture in the soil-plant-atmosphere continuum by 

coupling the water and dual-source energy balance models through the flux of 

evapotranspiration, and developed a VDA algorithm to jointly assimilate SM and LST 

into the coupled water and dual-source energy balance model and estimate key unknown 

parameters of turbulent heat fluxes: CHN, EFs, and EFc. They also enhanced the 

performance of the VDA scheme by analyzing second-order information at critical 

points, computing the error covariance matrix, performing the uncertainty analysis, and 

evaluating the correlation between estimated parameters. The performance of their 

proposed integrated VDA algorithm was investigated using a set of experiments based on 
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a synthetic data set. This study shows that simultaneous assimilation of SM and LST 

improves the estimation of heat fluxes and reduces the sensitivity of VDA to the initial 

guess of parameters. Furthermore, by adding the moisture diffusion equation as an 

additional constraint, the correlation between the estimated parameters is reduced and the 

VDA scheme is oriented toward well-posedness.  

In this Chapter, the integrated VDA algorithm developed in Chapter 4 for point-scale 

applications is extended to work with remotely sensed state variable of surface soil 

moisture and land surface temperature, and remotely sensed and/or reanalysis forcing 

data of precipitation and incoming radiation. The extended integrated VDA algorithm 

estimates the key unknown parameters of the coupled water and energy balance model at 

a regional scale. To demonstrate the mapping capability of the developed algorithm in 

conjunction with remote sensing measurements, it is applied to a mid-sized basin (21780 

km2) in the U.S. Southern Great Plains and values of CHN, EFs, and EFc and then 

turbulent heat and evaporative fluxes are estimated for a 9-month period in 2016. The 

analysis of the estimated evaporative parameters along with independent soil moisture 

measurements and vegetation cover information provides insight on the surface control 

on evaporative flux.  

5.2 Methodology 

In Chapter 4, the integrated VDA framework for estimation of the key unknown 

parameters of land surface fluxes, which partition available energy into fluxes of sensible 

and latent heat, and computation of uncertainty associated with these parameters was 

introduced. The methodology is extended to work with remotely sensed data and retrieve 

the land surface heat and water evaporative fluxes at a regional scale.  
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5.2.1 The Coupled Water and Dual-source Energy Balance Model 

A simple physical land surface model, which was introduced by Abdolghafoorian and 

Farhadi (2019), is used to parameterize the surface water and heat fluxes and model the 

movement of heat and moisture through the column of soil. In this model, the surface 

dual-source energy balance (SEB) is coupled with the surface water balance (SWB) 

through the flux of evapotranspiration.  

In the dual-source SEB model, the contributions of soil and canopy to the land 

surface temperature is separated (Caparrini et al. 2004a; Bateni and Liang 2012). In this 

model, canopy heat capacity is assumed to be zero and therefore, the canopy energy 

balance is described as (subscript ñcò represents canopy): 

c c cRn LE H= +           (5.1) 

where Hc (W/m2), LEc (W/m2), and Rnc (W/m2) are respectively the canopy sensible, 

latent, and net radiation fluxes. The soil energy balance is governed by (subscript ñsò 

represents soil): 

s s sRn H LE G= + +         (5.2) 

where G (W/m2), Hs (W/m2), and LEs (W/m2) are respectively the ground heat, soil 

sensible, soil latent fluxes and Rns (W/m2). The distribution of temperature in the column 

of soil is modeled by the heat diffusion equation.  

The key unknown parameters of this model are the dimensionless neutral bulk heat 

transfer coefficient, CHN (-), and the soil and canopy evaporative fraction, EFs and EFc, 

respectively. CHN accounts the effect of the momentum roughness scale, z0M, and the 

surface scaling length for heat flux, z0H (Caparrini et al. 2003).  
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EFs and EFc are generally related to moisture conditions and available energy. They 

are the key controlling parameters which scale the partitioning of available energy 

between sensible and latent heat fluxes, and are defined as: 

c
c

c c

LE
EF

H LE
=

+
         (5.3) 

s
s

s s

LE
EF

H LE
=

+
         (5.4) 

At moderate weather or soil conditions, the soil surface condition is controlled by 

SWB and the net water flux, q (m/day), results from precipitation/irrigation, P (m/day), 

evaporation, E (m/day), and surface runoff, Roff (m/day) as: 

z 0 offq P E R= = - -          (5.5) 

The water movement in the unsaturated column of soil is modeled by the moisture 

diffusion equation (i.e., the Richards equation).  

Soil latent heat flux is related to the amount of water transfer through soil evaporation 

(E) via: 

s

w

E
LE

Lr
=           (5.6) 

where ɟw (kg/m3) and L (J/kg) are the water density and latent heat of vaporization, 

respectively. Therefore, the SEB and SWB models are coupled through the flux of 

evaporation where E is the key component of the soil top boundary condition and LEs is 

the key component of the soil energy balance equation.  

Canopy latent heat flux is related to the amount of water transfer through 

transpiration, T (water uptake by plant root) via: 
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c

w

T
LE

Lr
=           (5.7) 

Therefore, the SEB and SWB models are also coupled through the flux of 

transpiration, where T is the key component of the moisture diffusion equation and LEc is 

the key component of the canopy energy balance equation. 

A more detailed description of the coupled water and dual-source energy balance 

model can be found in Chapter 4. 

5.2.2 Estimation Method 

The estimation problem is formulated based on the variational data assimilation 

(VDA) scheme. The VDA scheme can improve the performance of physical land surface 

models by assimilating the vector of state observations. The VDA scheme is based on the 

minimization of the cost function, J, which aggregates error between state estimates, X, 

and observations, Xobs, as well as error of the unknown parameters, Y, with respect to 

ñpriorò estimates, Yô, over the assimilation interval, [t0  t1] as: 
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     (5.8) 

 

The physical model, which is generally defined as dX/dt=F(X,Y), is adjoined through 

the vector of Lagrange multipliers, ɚ, to constrain the estimation problem. The last term 

of J accounts for the model error, w, including errors in the model formulation (such as 

missing process representation) and/or in the micro-meteorological forcing data. CX, CY, 

and Cw correspond to the error covariance of observations, parameters, and model error 

prior to data assimilation. The optimum values of parameters is obtained by setting the 
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first variation of cost function equal to zero (ŭJ=0), which leads to the set of the so-called 

Euler-Lagrange equations including adjoint models (5.9) a set of equations for updating 

the prior value of parameters (5.10) as well as model error estimation equation (5.11). 
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In this research, the vector of states is defined as X = [LST SM] and LST and SM 

observations from GEOS and SMAP are assimilated in the available temporal resolution 

of satellites. The vector of parameters is defined as Y = [R EFs EFc], where R = ln(CHN). 

R varies on a monthly basis while EFc and EFs vary on a daily basis (Caparrini et al. 

2004b; Bateni and Liang 2012). The cost function is constrained by heat and moisture 

diffusion equations. The optimal value of Y is obtained for each computational pixel.  

The VDA scheme retrieves the optimal values of unknown parameters via a first-

order optimality system, then, the convexity of the cost function is evaluated by the 

analysis of the Hessian matrix. To construct the Hessian matrix, the Lagrangian method 

which is computationally less expensive than direct differentiation methods is used 

(Burger et al. 1992)(Alekseev and Navon 2002; Burger et al. 1992; Papadimitriou and 

Giannakoglou 2008). The Lagrangian method introduces NY new cost functions, where 

NY is the number of unknown parameters. The new cost function, 
iYL , consists of the 

gradient of J with respect to Yi (i.e., ÖJ/ÖYi) constrained by physical and adjoint models.  
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The Hessian matrix, H, is a NY by NY matrix and is defined as: 

iY

i, j Y

j

L
, i, j 1: N

Y

è øµ
è ø= =é ùê ú µé ùê ú

H = H        (5.12) 

The reader is referred to Chapter 4 for a more detailed description of the Hessian 

matrix computation methodology.  

Analysis of eigenvalues of the Hessian matrix enables distinction between saddle 

point and optimum points and the inverse of the Hessian matrix provides a good 

approximation of the ñposteriorò error covariance matrix of parameters, ễ (Shutyaev et 

al. 2008; Gejadze et al. 2011; Farhadi et al. 2016; Abdolghafoorian and Farhadi 2016): 

1-=HS           (5.13) 

The error covariance matrix is a measure of the uncertainty of estimated parameters 

and the correlation between them. The uncertainty of retrieved land surface fluxes is 

quantified through the Monte Carlo algorithm, which simulates large random samples of 

parameters from the estimated distribution of the parameters (Gamerman and Lopes 

2006; Abdolghafoorian and Farhadi 2016). 

5.3 Study Location and Data 

The developed VDA algorithm is implemented over a region in the U.S. Southern 

Great Plains (SGP), which covers parts of the states of Kansas and Oklahoma, (35.75o N 

to 37.24o N, 96.72o W to 98.21o W). SGP is mostly flat with elevations ranging from 230 

to 450 m above sea level. The main soil texture classes in this region are loam and silt 

loam. Figure 5.1 shows the map of land cover over the study area. The land cover 

classification data is based on the International Geosphere-Biosphere Programme (IGBP) 

system and is obtained from the Moderate Resolution Imaging 

Spectroradiometer (MODIS) land cover type product (MCD12Q1) (Friedl and Sulla-
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Menashe 2015). The major land cover types are grassland (46%), mostly covered the 

eastern part of the study area, and croplands (50%), mostly covered the western part of 

the study area.  

 

Figure 5.1 Land cover in the study area 

Land surface soil moisture (SM): The enhanced Level-3 (L3) soil moisture product 

provides a composite of daily estimates of global land surface conditions retrieved by the 

Soil Moisture Active Passive (SMAP) radiometer. The SMAP Level 3 Soil Moisture 

Passive (L3SMP, L3SMP_E) products are simply a daily composite of the Level 2 half-

orbit files. The data are posted on 9km EASE-2 (Equal-Area-Scalable Earth 2) grids, with 

a typical revisit interval of 2-3 days (Chan 2016). The product provides gridded data of 

6:00 am (descending) and 6:00 pm (ascending) SMAP radiometer-based soil moisture 

retrieval. Observations from the 6 a.m. descending overpasses are used. L3SMP_E 

(Version 2) dataset are available at https://search.earthdata.nasa.gov/search. 
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Comparisons of SMAP soil moisture retrievals with in situ soil moisture observations 

from core validation sites and sparse networks reveals that the current release of L3SMP 

provides the best overall performance with an ubRMSD of 0.037 m
3
/m

3
, a bias of -0.001 

m
3
/m

3, and correlation of 0.821 (Jackson et al. 2018). The investigation through a set of 

synthetic experiments (results presented in Appendix C) also showed that assimilating 

biased SM (as long as the bias is within the reported range for SGP) only slightly 

degrades the accuracy of the VDA performance on the estimation of heat fluxes.  The 

monthly temporal and spatial variation of surface SM across the study area is shown in 

Figure 5.2. 

 

Figure 5.2 Monthly temporal and spatial variation of SM across the study area. SM: soil moisture. 
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Land surface soil temperature (LST): LST data obtained from Geostationary 

Operational Environmental Satellite (GOES) provided by Copernicus Global Land 

Service. The LST GOES product is calculated every hour and made available to the user 

in near-real time with a timeliness of 4 hours covering most of the globe's land surface 

within the -60°/70° latitude range at a spatial resolution of 5 km. LST is estimated from 

Top-of-Atmosphere (TOA) brightness temperatures of atmospheric window channels 

within the infrared range (Freitas et al. 2013). The LST GOES data are available at 

https://land.copernicus.eu/global/products/lst. Note that the LST products are available 

only for cloud clear pixels. 

Precipitation: The Integrated Multi-satellitE Retrievals for Global precipitation 

measurement (IMERG) is designed to compensate for the limited sampling available 

from single low Earth orbit (LEO) satellites by using as many LEO-satellites as possible, 

and then augmenting with geosynchronous-Earth-orbit (geo) infrared (IR) estimates. 

IMERG uses as many satellites of opportunity as possible as well as precipitation gauge 

analyses to provide crucial regionalization and bias correction to the satellite estimates. 

Version 06 of the data set (i.e., the current version) provides half-hourly precipitation 

estimates on a 10-km grid over the domain 60 o N-S (Huffman et al. 2018). GPM IMERG 

data set are available at https://search.earthdata.nasa.gov/search. The monthly temporal 

and special variation of precipitation across the study area is shown in Figure 5.3. April 

and November have the highest and lowest precipitation, respectively.  

https://land.copernicus.eu/global/products/lst
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Figure 5.3 Monthly temporal and spatial variation of P across the study area. P: Precipitation 

 

Forcing Data: The North American Land Data Assimilation System (NLDAS) 

integrates a large quantity of observation-based and model reanalysis data at 0.125o grid 

spacing over central North America (Mitchell et al. 2004). The temporal resolutions for 

NLDAS products are hourly and monthly. The phase 2 of NLDAS (hereafter, NLDAS-2) 

land surface forcing fields are grouped into two sets of GRIB files, ñFile Aò (i.e., the 

primary forcing file) and ñFile Bò (i.e., is the secondary (optional) forcing file). ñFile Aò 

is the primary (default) forcing file and contains eleven fields. ñFile Bò is the secondary 

(optional) forcing file and contains ten fields. Parameters in the NLDAS-2 primary 

forcing data include surface downward shortwave radiation flux, surface downward 

longwave radiation flux, air temperature, wind speed, and air pressure. Parameters in the 

NLDAS-2 secondary forcing data include the surface temperature, humidity, and wind 
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fields (Xia et al. 2012). NLDAS-2 primary forcing data are available at 

https://search.earthdata.nasa.gov/search. 

Leaf area index: Leaf area index (LAI) is defined as the one-sided green leaf area 

per unit ground area in broadleaf canopies and as one-half the total needle surface area 

per unit ground area in coniferous canopies. LAI data are obtained from the Moderate 

Resolution Imaging Spectroradiometer (MODIS) MCD15A2H product (Knyazikhin 

2015). Data are available at 500 m resolution every 8 days. The algorithm chooses the 

ñbestò pixel available from all the acquisitions of both MODIS sensors located on 

NASAôs Terra and Aqua satellites from within the 8-day period. MCD15A2 LAI dataset 

is available at https://search.earthdata.nasa.gov/search. 

The monthly temporal and special variation of LAI  across the study area is shown in 

Figure 5.4. LAI varies from Ḑ 0.2 in bare soil during late fall/early spring, to max 4.2 in 

dense grassland during the summer with most variation over the eastern part of the study 

area.  

https://search.earthdata.nasa.gov/search
https://search.earthdata.nasa.gov/search
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Figure 5.4 Monthly temporal and spatial variation of LAI across the study area. LAI: Leaf Area Index 

 

Soil texture: Soil texture data including sand fraction, clay fraction, and soil 

classification is obtained from SMAP L4 Global 9 km EASE-Grid Surface and Root 

Zone Soil Moisture Land Model Constants V004 (SPL4SMLM) product, which is the 

same data set used for SMAP soil moisture retrieval (Reichle et al. 2016; De Lannoy et 

al. 2014). Coverage spans from 180°W to 180°E, and from approximately 85.044°N to 

85.044°S. Coverage is for the global land surface excluding inland water and 

permanently frozen areas. More information about soil texture data is available at 

https://nsidc.org/data/spl4smlm?qt-data_set_tabs=3#.s. 

The hydraulic parameters of soil are obtained using the highly refined look-up table 

proposed by De Lannoy et al. (2014) based on the classification of SPL4SMLM. 

https://nsidc.org/data/spl4smlm?qt-data_set_tabs=3#.s
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Validation : To validate the algorithm, the estimated heat fluxes are compared with 

the in site measurements. The half-hourly in situ measurements of surface heat fluxes are 

available from the Energy Balance Bowen Ratio (EBBR) flux stations provided by 

the Atmospheric Radiation Measurement (ARM) network. The energy balance Bowen 

ratio (EBBR) system produces 30-minute estimates of the vertical fluxes of sensible and 

latent heat at the local surface. Flux estimates are calculated from observations of net 

radiation, soil surface heat flux, and the vertical gradients of temperature and relative 

humidity (RH). Meteorological data collected by the EBBR are used to calculate bulk 

aerodynamic fluxes, which are used in the Bulk Aerodynamic Technique (BA) EBBR 

value-added product (VAP) to replace sunrise and sunset spikes in the flux data. A 

unique aspect of the system is the automatic exchange mechanism (AEM), which helps to 

reduce errors from instrument offset drift. 

Spikes in the data occur at sunrise and sunset when the Bowen ratio is near -1. The 

spiked data replaced by the BA EBBR VAP with fluxes. All energy flux densities have a 

positive sign when directed toward the surface, and negative when directed away. For 

example, values of sensible and latent heat flux could be 0 to -600 watts per meter 

squared during the daytime in the summer. For detailed information on the process of 

flux measurements and their closure errors, the readers are referred to (Cook 2018). 

A summary of the datasets is presented in Table 5.1. All data are re-

projected to geographic coordinates. 
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Table 5.1 Summary of Data Sets 

Category Data set Source 
Spatial 

Resolution 

Temporal 

Resolution 

Assimilation  
SM 

LST 

SMAP 

GOES 

9 km 

5 km 

2~3 days 

1 h 

Forcing 
s l aR ,R ,U,T® ®

 

P 

NLDAS-2 

GPM 

0.125o 

10 km 

1 h 

30 min 

Ancillary  

LAI  

Soil texture 

Land cover 

MODIS 

SMAP 

MODIS 

500 m 

9 km 

500 m 

8 days 

- 

1 year 

Validation H, LE ARM point scale 30 min 

 

The developed VDA algorithm is run for 275 days, covering March 1 to Nov 30 in 

2016, on hourly time steps. The 275-day period is used for capturing seasonality effects 

and for ensuring satisfactory coverage. The size of the computational grid is 5 km 

(correspond to GEOS spatial resolution), which yields 1,260 computational pixels over 

the region. Spatial characteristics of biospheric processes are assumed to be 

homogeneous within the computational pixel. The algorithm is not implemented for grid 

cells with more than 5% coverage by open water, permanent snow and ice, permanent 

wetlands, or urban and built-up lands, based on 1 km land cover data.  

Since the spatial resolution of the computational grid is finer than the spatial 

resolution of the forcing data, the forcing data are extracted from the forcing data grid 

cell in which the center of the computational grid cell falls. The ancillary data (e.g., LAI) 

are spatially aggregated to 5km resolution. LAI data are temporally interpolated to obtain 

daily LAI data. 
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5.4 Result 

 

The integrated VDA framework is implemented to assimilate the remotely sensed 

LST and SM into the coupled water and dual source energy balance model (explained in 

section 5.2.1) for the period of March 1 to Nov 30, 2016, over the SGP domain. For each 

pixel of the computational grid, the algorithm iteratively improves parameter estimates 

(EFs, EFc, and CHN) through minimizing the misfit between the estimated and satellite-

observed LST and SM. Then, the Hessian matrix of the cost function at the critical point 

is computed. Through the analysis of eigenvalues of the Hessian matrix, the algorithm 

ensures that a minimum point, not a saddle point, is reached. If the analysis of 

eigenvalues indicates that the optimization has reached a saddle point, the algorithm is 

repeated using a new guess for the initial value of the unknown parameters to obtain a 

new critical point. This process continues until the minimum point of the cost function 

(not a saddle point) is obtained. Then, the canopy and soil latent and sensible heat fluxes 

can be estimated on hourly time steps. 

A series of tests are performed to assess the robustness of the developed integrated 

VDA framework for the large-scale application. These tests include (1) consistency tests, 

(2) comparison tests, and (3) uncertainty analysis. In the consistency tests, the expected 

correlation between a certain estimated parameter/flux and a certain observed 

environmental variable is examined as a measure of accuracy. For example, a positive 

correlation is expected between surface soil moisture and the estimated evaporative 

fraction (Scott et al. 2003). In comparison tests, the available in situ measurements of 

surface heat fluxes in the region from the ARM facilities are used to compare with and 

assess the results of the proposed estimation methodology. In uncertainty analysis, first 
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through the analysis of second-order information, we make sure that the VDA has 

reached a minimum point (not a saddle point) and compares the uncertainty of each 

parameters for each pixels to make sure they are within acceptable range.  

5.4.1 Evaporative Fraction 

The integrated VDA framework estimates the daytime value of soil and canopy 

evaporative fractions for each pixel over a period of nine months and quantifies the 

uncertainty associated with each EF estimate. 

Basically, a dependence of evaporative fraction on soil moisture can be explained by 

three soil moisture regimes: (1) dry regime (when SM < SMw, where SMw is wilting 

point), (2) transitional regime (when SMw < SM < SMcrit, where SMcrit is critical point), 

and (3) wet regime (when SMcrit < SM) (Short Gianotti et al. 2019; Schwingshackl et al. 

2017; Seneviratne et al. 2010). If soil moisture is very low, less than a certain threshold 

(SMw), the water is bound in the soil pore space and no evapotranspiration is taking place 

(i.e., dry regime). For higher soil moisture, soil moisture variations have a direct impact 

on evaporative fraction and strongly constrains evapotranspiration variability (i.e., 

transitional regime). If soil moisture exceeds a certain threshold (SMcrit), the relation 

levels off. In the wet regime, EF depends mostly on the available energy and EF becomes 

independent of soil moisture. In summary, EF is only controlled by soil moisture in the 

transitional regime. 

The water availability's relationships with evaporative fraction for different plant 

canopies (i.e., various LAI classes) are investigated by comparison between EFs and 

observed SMAP soil moisture data and comparison between EFc and estimated root zone 

soil moisture.  



126 

 

Figure 5.5 shows the maps of EFs estimate, EFs uncertainty, and SMAP soil moisture 

observation for three sample days. The comparison between EFs and SMAP maps 

indicates a similar spatial pattern. For example, the SMAP map on 10-July-2016 is 

indicating that the eastern part of the region is wetter than the western part. The retrieved 

EFs values in the eastern part of the region are higher than those in the western part, 

which is compatible with water availability on 10-July-2016. The uncertainty analysis 

shows the uncertainty of most of the pixels are within the acceptable range and only 3.7% 

of estimated EFs have a relative uncertainty of more than 50%. The average relative 

uncertainty of EFs over the study area for 9 months is 30%.  

Figure 5.6 shows the relationship between EFs and SM. The lines correspond to mean 

values across all days and pixels, binned by SM, for four LAI classes. The figure 

illustrates that during the transitional regime (i.e., water availability is limited), EFs is 

controlled by SM and they have a direct relationship. However, when the value of surface 

SM is high (i.e., wet regime), surface SM is no longer a strong controller of EFs. In 

addition, it can be observed that EFs is sensitive to the canopy density. The value of EFs 

in the LAI < 1 class (i.e., partially vegetated cover) for a specific SM value, is smaller 

than the corresponding value in the other classes. This can be explained by the fact that 

when the land surface is lightly covered by vegetation, the soil temperature increases as 

soil receives more energy, leading to a higher soil sensible heat flux, Hs, and lower EFs. 

In this study, for the LAI < 1 class, EFs is less than 0.5, meaning that more than 50% of 

available energy is partitioned into Hs. The vegetation cover does not have a significant 

effect on the shape of SM-EFs relationship for the classes with LAI greater than one. 
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Figure 5.5 Map of (upper panel) the retrieved EFs, (middle panel) EFs Uncertainty, and (lower panel) observed surface 

soil moisture data from SMAP, for three sample days. 

 
Figure 5.6 Plot of soil evaporative fraction (EFs) versus observed SMAP soil moisture for four LAI classes with one 

standard deviation variability in each SM bin. 
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Figure 5.7 shows the maps of EFc estimate, EFc uncertainty, and average root zone 

SM estimate for three sample days. The comparison between EFc and average root zone 

SM indicates a similar spatial pattern. For example, the map of the average root zone SM 

on 13-June-2016 is indicating that the northeast is the wettest part of the region. In the 

same day, the retrieved EFc values in the northeast are higher than those in the other parts 

of the region. The uncertainty analysis shows that the uncertainty of most of the pixels 

are within the acceptable range and only 1.7% of estimated EFc have a relative 

uncertainty of more than 40%. The average relative uncertainty of EFc over the study area 

for 9 months is 24.4%. 

Figure 5.8 shows the relationship between the average root zone SM and EFc. The 

lines correspond to mean values across all days and pixels, binned by SM, for four LAI 

classes. The figure illustrates that the increase in water availability at the root zone 

slightly increases the value of EFc. The increase of vegetation cover has a direct effect on 

the value of EFc when the land surface is partially vegetated. However, the impact of 

vegetation cover on the value of EFc decreases when LAI increases and the impact of 

LAI on SM-EFc relationship becomes negligible for LAI>2. 



129 

 

 
Figure 5.7 Map of (upper panel) the retrieved EFc, (middle panel) EFc Uncertainty, and (lower panel) average root zone 

SM estimate, RZ SM, for three sample days 

 

 
Figure 5.8 Plot of soil evaporative fraction (EFs) versus observed surface soil moisture for two LAI classes with one 

standard deviation variability in each SM bin. 
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Total evaporative fraction, EF, is estimated as the ratio of total latent heat fluxes (i.e., 

sum of canopy and soil latent heat fluxes) to the sum of total latent and sensible heat 

fluxes (i.e., total available energy, Rn-G). Figure 5.9 shows SM-EF relationship obtained 

from this study during June-September 2016 (solid blue line) and compares it with that of 

Short Gianotti et al. (2019) for Great Plains. Short Gianotti et al. (2019) applied an 

observation-driven approach at a continental scale using surface and satellite-based 

observations during June-September 2015ï2016. The shape of SM-EF relationship 

obtained from this study follows the SM-EF pattern from Short Gianotti et al. (2019) 

study. EF increases with SM during the transitional regime and stabilizes when the 

availability of water is no longer limiting (i.e., wet regime, also called energy-limited 

regime). The two studies agree well in the respective values for the critical point, SMcrit, 

i.e., the point that separates the transitional and wet soil moisture regimes, and the plateau 

level of curves, which is a function of local climate and vegetation. 

 

Figure 5.9 Plot of total evaporative fraction (EF) versus SMAP SM data and comparison between the SM-EF 

relationship obtained in this study with that reported by Short Gianotti (2019) for the Great Plains during June-

September. 
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Figure 5.10 shows the map of SMcrit. Since SMcrit is mostly influenced by soil 

properties and vegetation (Schwingshackl et al. 2017), it is assumed that SMcrit is 

constant during the year for each pixel. To determine the value of SMcrit for each pixel, 

the available SMAP SM data and their corresponding EF estimates during the 9-month 

period are considered and the segmented linear regression procedure (Muggeo 2003; 

Schwingshackl et al. 2017) is used. The analysis of SM-EF relationship shows, the soil 

moisture regime for the study area is either transitional or wet. This finding is compatible 

with the analysis of Schwingshackl et al. (2017) over SGP. 

 

Figure 5.10 Map of retrieved SMcrit across the study area. Regions with only transitional soil moisture regime are 

shown by blank (white) pixels. 

Figure 5.11 shows the map of SM-EF correlation for two transitional and wet 

regimes. To compute the SM-EF correlation for each pixel in the transitional (wet) 

regime, the available SMAP SM data that are less (greater) than the estimated SMcrit 

(Figure 5.11) and their corresponding estimated EF are considered. The first row shows 

the values of the correlation coefficient and the second row indicates whether 
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the correlation coefficient is statistically significant (p-value<0.05) or not. Based on the 

results, as expected, for the most parts of the region, during the transitional regime (when 

SMw < SM < SMcrit) EF is sensitive to SM variation and significant correlation between 

SM and EF is observed (i.e., the p-value for most of the pixels is less than 5%). Based on 

Figure 5.11, the correlation between SM and EF is generally insignificant over the wet 

regime, as expected. 

 
Figure 5.11 Correlation between evaporative fraction (EF) and soil moisture (SM). First row: correlation coefficient 

value, second row: analysis of correlation coefficient significance. Regions with only transitional soil moisture regime 

are shown by blank (white) pixels. 

5.4.2 Natural Bulk Heat Transfer Coefficient 

The integrated VDA framework estimates the monthly value of natural bulk heat 

transfer coefficient, CHN, for each pixel over the period of nine months and quantifies the 

posterior uncertainty associated with each estimate. Based on the classic view, CHN 

captures the surface boundary influence on near-surface turbulence and controls sensible 
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heat þux. Figure 5.12 shows the map of CHN estimate, CHN uncertainty (shown by 

ů(CHN)), and the monthly average of MODIS leaf area index for three sample months: 

April, June, and August. LAI characterizes plant canopies and is one of the main 

indicators of land surface roughness. The temporal and spatial consistency between the 

retrieved CHN and observed LAI maps in this figure indicates the dependence of CHN on 

vegetation cover. The uncertainty analysis shows only 1.5% of the estimated CHN have a 

relative uncertainty of more than 20%. The average relative uncertainty of CHN over the 

study area for 9 months is 9.4%. 

 
Figure 5.12 Map of (Upper panel) the retrieved CHN + (middle panel) CHN uncertainty, and (lower panel) LAI data from 

MODIS, for sample month April, June, and August 

Figure 5.13 shows the relationship between CHN and LAI and provides an opportunity 

to understand how CHN varies with LAI. The line corresponds to the mean value of CHN 

across all months and pixels binned by LAI, with equal numbers of observations in each 



134 

 

bin. As it is shown in Figure 5.13, CHN increases as vegetation cover increases. The CHN-

LAI relationship in this study is comparable with those reported in the literature for 

various field studies and large-scale modeling studies such as Qualls and Brutsaert (1996) 

and Sugita and Brutsaert (1990) over FIFE grassland, Kubota and Sugita (1994) over 

ERC pasture field, and Farhadi et al. (2016) over Gourma domain (shown in Figure 5.13). 

 
Figure 5.13 Plot of neutral bulk heat transfer coefficient (CHN) versus LAI and comparison between the CHN-LAI 

relationship obtained in this study with those reported in the literature for various studies. 

 

5.4.3 Land Surface Fluxes 

When the optimum values of unknown parameters (CHN, EFs, EFc) are obtained, the 

heat and evaporative fluxes can be estimated on an hourly basis. Figure 5.14 shows the 

map of monthly transpiration, T, for 9 months. Transpiration is the process by which 

water is carried through plants from roots to the atmosphere. The western part of the 

region includes large tracts of winter wheat crop, which are usually planted in October 
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and harvested by late June- early July. LAI in this part varies from 0.2 in bare, harvested 

fields to max 3.5 for dense crop canopies (as shown in Figure 5.4). The eastern part of the 

region is mainly covered by grass and LAI varies from Ḑ 0.2 for bare soil during late 

fall/early spring, to max 4.2 during the summer (as shown in Figure 5.4). The comparison 

between Figures 5.14 and 5.4 indicates that there is a temporal and spatial consistency 

between the estimated transpiration and LAI. Transpiration and LAI are both dominant in 

the eastern part of the study area from May to September (i.e., spatial consistency). 

Transpiration and LAI are both very low during March and November (i.e., temporal 

consistency).

 

Figure 5.14 Map of monthly T over nine months, T: Transpiration. 

Figure 5.15 shows time series of monthly transpiration and monthly average LAI for 

two dominant vegetation types in the region (i.e., grassland and cropland) and illustrates 
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the strong relationship between vegetation density and the amount of water transfer by 

vegetation for both grassland and cropland. With the approach of spring, the transpiration 

rate for both grassland and cropland increases month-by-month until peak rate is 

achieved in July. Temporal increases in demand (net radiation) and supply (LAI) are 

responsible for this trend. Figure 5.15 shows that the transpiration rate for grassland is 

greater than cropland from May to Nov, which is attributed to differences in LAI. 

 

Figure 5.15 Monthly variation of domain-averaged transpiration and LAI for two land cover types: grassland and 

cropland. 

Figure 5.16 shows the time series of monthly evaporation, E, and monthly LAI 

averaged over land cover types: grassland and cropland. The figure shows that for areas 

where the vegetation cover is not dense (e.g., cropland with maximum monthly average 

LAI of 1.5), E reaches the peak value during the summer when the solar radiation is 

maximum. However, for densely vegetated land areas (e.g., grassland with maximum 

monthly average LAI of 2.3), even though the solar radiation is peak during the summer 

(i.e., high demand) and a higher rate of evaporation is expected in comparison with other 
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months of the year, the maximum transfer of water from soil does not occur in summer 

due to the increase of canopy shadow and the decrease of soil available energy.  

 

Figure 5.16 Monthly variation of domain-averaged evaporation, E, and LAI for two land cover types: grassland and 

cropland. 

Figure 5.17 shows the spatial pattern of average evapotranspiration, ET (i.e., the sum 

of plant transpiration and soil evaporation) across the study area. ET shows considerable 

spatial variability across the study area. The highest and lowest ET rates are seen in the 

eastern and western parts of the region, respectively. In Figure 5.17, the spatial pattern of 

the environmental factors (i.e., soil moisture, vegetation density, air temperature, and net 

solar radiation) that control ET are also presented.  

Water availability is an important factor that controls ET. The general spatial pattern 

of average ET is similar to the SM spatial pattern (Figure 5.17A) and the calculated 

correlation coefficient is +0.66. 
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Vegetation is one of the most limiting factors affecting ET; consequently, the general 

spatial pattern of ET is similar to the LAI distribution pattern (Figure 5.17B) and the 

calculated correlation coefficient is +0.83.  

Evapotranspiration and near-surface air temperature, Ta, are negatively coupled: a 

reduction in ET induces an increase in Ta (Schwingshackl et al. 2017). The negative 

coupling between Ta and ET is observed in the spatial pattern of ET and Ta (Figure 

5.17C) and the calculated correlation coefficient is -0.23.  

Several studies have shown the high correlation between ET and net radiation, Rn 

(e.g., Wang et al. 2007). The comparison between the maps of ET and Rn (Figure 5.17D) 

shows similar spatial pattern between ET and Rn and the calculated correlation coefficient 

is +0.78.  

 

Figure 5.17 Spatial pattern of the temporal average evapotranspiration (ET) and environmental factors that control ET 

across study area during Mar-Nov 2016. (A) Soil Moisture, SM; (B) Leaf Area Index, LAI; (C) Air Temperature, Ta; 

(D) net radiation, Rn. 

The analysis of the correlation between ET and precipitation, P, indicates that there is 

no significant correlation between daily ET and daily P (possibly due to the phase 

difference between P and ET). However, as expected, a high positive correlation between 

monthly ET and monthly P is observed for most of the pixels (see Figure 5.18). The low 
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correlation between ET and P over the southeastern part of the region can be due to the 

fact that ET is mostly controlled by other environmental factors such as Rn and LAI.  

 

Figure 5.18 Correlation between monthly ET and P, cor(ET,P). 

In order to test the accuracy of the VDA estimates, the estimated fluxes are compared 

to available in situ measurements of fluxes from the SGP atmospheric observatory, which 

was established by the Atmospheric Radiation Measurement (ARM) network (Cook 

2016). It should be noted that the computational grid cell in this study is 5 km by 5 km 

and the assimilated data and forcing data, and consequently, the estimated fluxes, are the 

average of a 25 km2 pixel where a facility is located in. Therefore, comparisons between 

point-scale measurements at the ARM facilities and the VDA estimates may not be an 

authentic assessment. However, this is the best available validation methodology reported 

in several studies. 

Figure 5.19 shows the average diurnal cycles of estimated and measured sensible and 

latent heat fluxes as well as net radiation of four ARM extended facilities namely E34, 

E35, E39, and E40 (the location of facilities are presented in Table 5.2). For each of the 

four facilities, the magnitude and the phase of estimated heat fluxes correspond well with 

the in situ measurements.  
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Figure 5.19 Diurnal cycles of estimated surface energy balance components at four ARM extended facilities. Thick 

lines and open circles indicate estimated and measured heat fluxes, respectively. Colors show net radiation (red), latent 

heat (green), and sensible heat (blue). 

The seasonality effect on the partitioning of available energy among the turbulent 

heat fluxes for one of the ARM facilities (E39, as an example) is shown in Figure 5.20. In 

this figure, the average diurnal cycles of estimated sensible and latent heat fluxes as well 

as net radiation over 9 successive months are illustrated. During the nine months, the 

relative partitioning of available energy among the turbulent fluxes changes. For 

example, during November, the soil is dry and the leaf area index is low, therefore the 

sensible heat flux dominates over latent heat flux while over summer the latent heat flux 

dominates over sensible heat flux due to high vegetation cover. The VDA scheme 

captures the shifts in partitioning and magnitude of turbulent fluxes during the nine 

months well.  

The root-mean-square-error (RMSE) and bias (shown in parenthesis) of the day-time 

hourly sensible and latent heat flux estimates obtained by assimilating LST and SM data 

are presented in Table 5.2. The values are compared with the estimates obtained by only 

LST data and no data assimilation. It can be concluded that assimilating the land surface 

state data (LST and SM) improves the performance of the physical land surface model in 

estimation of fluxes by reducing the error between the estimates and the in situ 
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measurements of land surface fluxes. As it was mentioned, the estimated fluxes are the 

average of a 5 km by 5 km pixel where the facility located in, while the in situ 

measurements are at point scales. This can be one of the reasons for large bias/RMSE 

between estimations and measurements. 

 

Figure 5.20 Diurnal cycles of estimated surface energy balance components at facility E39 during the successive nine 

months. Thick lines and open circles indicate estimated and measured heat fluxes, respectively. Colors show net 

radiation (red), latent heat (green), and sensible heat (blue). 
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Table 5.2 Added value of assimilating SM and LST data for estimation of turbulent heat fluxes at four ARM facilities. 

Figures show RMSE (bias) of H: sensible heat flux, LE: latent heat flux. 

Assimilated Data Flux 
ARM station 

E9 E35 E36 E39 

LST and SM 
H 96.2(1.1) 80.3(1.1) 72.2(-9.5) 73.4(-19.8) 

LE 79.9(14.9) 73.7(-6.6) 67.1(-4.5) 77.1(-1.1) 

LST 
H 102.3 (9.4) 85.5 (12.7) 73.1 (2.1) 77.0 (-11.8) 

LE 86.8(7.5) 84.5(-18.2) 77.6(-15.4) 85.2(-8.5) 

None 
H 131.7(-25.1) 105.9(-14.4) 113.8 (-32.7) 107.2(-40.8) 

LE 113.6 (-14.6) 99.2 (-31.8) 114.7 (-41.8) 103.1 (-25.2) 

5.4.4 Uncertainty Analysis 

As it was mentioned, the VDA scheme initiates with an initial (prior) value of 

unknown parameters (CHN, EFs, and EFc), which are uniformly set over the domain, and 

improves them iteratively by minimizing the misfit between the estimated and satellite-

observed LST and SM. The iteration stops when the critical point (i.e., the point where 

the gradient of the cost function is zero) is reached. However, since the defined cost 

function is a high-dimensional, non-linear function, it is possible that the iterative 

optimization process reaches a saddle point, which is surrounded by plateaus of small 

curvature and gives a false impression of reaching a local minimum. Through the second-

order analysis (i.e., analysis of the eigenvalues of the Hessian matrix), the proposed 

algorithm is able to distinguish a saddle point from an optimum point. If the saddle point 

is reached (i.e., the eigenvalues are non-zero and they are both positive and negative), the 

algorithm chooses different initial values for parameters and restarts the optimization 

process until  the minimum point is reached (i.e., all eigenvalues are non-zero and 

positive). In this study, if the minimum point cannot be obtained after changing the initial 

values of parameters within the acceptable physical range, it is assumed that the VDA 
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scheme is not able to find the optimum values of parameters and the optimization process 

stops. In this case, the best guess of parameters is chosen to estimate the fluxes. In this 

study, nearly seven percent of the experiments did not reach the optimum solution.  

In addition, the uncertainty of parameters and the correlation between them are 

obtained from the error covariance matrix (i.e., the inverse of the Hessian Matrix). Table 

5.3 compares the prior (i.e., no data assimilation) and posterior (i.e., uncertainty after 

assimilation) uncertainty of estimated parameters. Assimilating satellite-observed LST 

and SM data, which characterize the state of the land surface, reduces the uncertainty of 

parameters. To demonstrate the effects of simultaneous assimilation of SM and LST, the 

posterior uncertainty of parameters when only LST is assimilated are presented in Table 

5.3, as well.  

Table 5.3 The average uncertainty of parameters when only LST data, both LST and SM data, and no data (i.e., prior 

uncertainty of parameters) are assimilated. 

Assimilated data R (-) EFs (-) EFc (-) 

LST and SM 0.09 0.13 0.12 

LST 0.14 0.19 0.17 

None 1.0 0.25 0.25 

 

The results also show the average of the uncertainty of parameters and the correlation 

between parameters on days with available satelliteïobserved SM and LST (i.e., available 

data for assimilation) are nearly 12 percent less than days with no available LST or SM 

data.  

The other important finding of this study is that among the parameters, CHN and EFc 

have the highest correlation and their correlation (cor(CHN, EFc)) is strongly influenced 

by the value of LAI; as LAI increases, cor(CHN, EFc) also increases (as shown in Figure 
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5.21). The high correlation between parameters reduces the robustness of the VDA 

estimates (Crow and Kustas 2005; Bateni et al. 2013b; Abdolghafoorian and Farhadi 

2016). Figure 5.22 shows the RMSE of latent heat fluxes for four ARM facilities during 

nine monthly assimilation periods versus the monthly average LAI. As it is shown in 

Figure 5.22, the RMSE of LE increases when LAI increases. This trend can be explained 

by the relationship observed between cor(CHN, EFc) and LAI in Figure 5.21 (increase of 

cor(CHN, EFc) by increase of LAI). In addition, the results indicate that assimilating both 

LST and SM data rather than only LST data reduces the correlation of parameters in 

general and the correlation between EFc and CHN in particular, as it is shown in Figure 

5.21.  

 

Figure 5.21 Variation of correlation between CHN and EFc (cor(CHN, EFc)) against LAI with one standard deviation 

variability in each LAI bin. Blue: both LST and SM data are assimilated to the model. Red: only LST data are 

assimilated to the model. 
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Figure 5.22 Variation of RMSE of latent heat flux, LE, against LAI for four ARM facilities. 

Figure 5.23 shows that the correlation between EFc and EFs (cor(EFs, EFc)) is 

influenced by vegetation cover. When the land surface is almost homogenous (i.e., almost 

bare soil [low LAI ] or fully vegetated [high LAI ]), VDA is able to separate these 

parameters from each other properly and cor(EFs, EFc) is low. In contrast, when the land 

surface is partially vegetated, cor(EFs, EFc) is high, meaning that VDA is not able to 

separate the canopy and soil evaporative parameters over partially vegetated regions.  

The correlation between CHN and EFs is small (i.e., absolute value less than 0.1) for 

most of the pixels, meaning that the developed integrated VDA framework is able to 

separate the soil evaporative and CHN parameters very well over the various land surface 

conditions.  
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Figure 5.23 Variation of correlation between EFs and EFc (cor(EFs, EFc)) against LAI with one standard deviation 

variability in each LAI bin. Blue: both LST and SM data are assimilated to the model. Red: only LST data are 

assimilated to the model. 

5.5 Summary and Conclusion  

In this chapter, the VDA algorithm developed by Abdolghafoorian and Farhadi 

(2019) for point-scale applications is extended to work with remotely sensed state 

variable of surface soil moisture and land surface temperature and remotely sensed and/or 

reanalysis forcing data of precipitation and incoming radiation. The extended integrated 

VDA framework estimates the key unknown parameters of the coupled water and energy 

balance model at regional scales. The developed algorithm is implemented to assimilate 

the remotely sensed GOES land surface temperature and SMAP soil moisture into the 

coupled system to estimate the unknown parameters (i.e., CHN, EFs, and EFc) and then 

turbulent heat and evaporative fluxes for the period of March 1 to Nov 30, 2016, over an 

area of 21780 km2 in the U.S. Southern Great Plains (SGP). The robustness of the 

algorithm is evaluated through consistency and comparison tests. In the consistency tests, 
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the expected correlation between a certain estimated parameter/flux and a certain 

observed environmental variable is examined as a measure of accuracy. In comparison 

tests, the available in situ measurements of surface heat fluxes in the region from 

the Atmospheric Radiation Measurement (ARM) network are used to compare with and 

assess the results of the proposed estimation methodology. 

The results indicate the dependency of soil, canopy, and total evaporative fraction to 

soil moisture and vegetation cover. In general, the value of evaporative fraction increases 

as SM increases during the transitional regime (also called water-limited regime). In 

contrast, the value of EF is not controlled by soil moisture over the wet regime (also 

called energy limited regime). The SM-EF relationship obtained from this study agrees 

well with the observation-driven SM-EF pattern obtained by Short Gianotti et al. (2019) 

for the U.S. Great Plains.  

The temporal and spatial consistency between the retrieved CHN and observed 

MODIS LAI maps reveals the dependency of CHN on vegetation cover. The CHN-LAI 

relationship in this study is comparable with those reported in the literature for various 

field studies and large-scale modeling studies (e.g., Farhadi, Entekhabi, & Salvucci, 

2016; Qualls & Brutsaert, 1996). 

The comparison between maps of retrieved transpiration, T, and MODIS LAI and the 

comparison between time series of monthly T and monthly average LAI over the study 

area indicate that there is a temporal and spatial consistency between the retrieved T and 

LAI for both grassland and cropland. However, for densely vegetated land areas even 

though the solar radiation is peak during the summer (i.e., high demand) and a higher rate 

of evaporation, E, is expected in comparison with other months of the year, the maximum 
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transfer of water from soil does not occur in summer due to the increase of canopy 

shadow and the decrease of soil available energy. The general spatial pattern of average 

retrieved evapotranspiration, ET, and the environmental factors (i.e., soil moisture, 

vegetation density, air temperature, and net solar radiation) are compared and the similar 

pattern was observed between average ET, soil moisture, vegetation density, and net solar 

radiation.  

The comparison between the average diurnal cycles of estimated and measured 

sensible and latent heat fluxes as well as net radiation of four ARM extended facilities 

indicates that the magnitude and the phase of estimated heat fluxes correspond well with 

the in situ measurements. In addition, the developed integrated VDA framework in this 

research can detect the seasonality effect on the partitioning of available energy among 

the turbulent heat fluxes and captures the shifts in partitioning and magnitude of turbulent 

fluxes during the nine months well. The results show that assimilating SMAP SM and 

GOES LST data improves the performance of the VDA scheme in the estimation of 

sensible and latent heat fluxes by 30% and 31% (i.e., reducing the error between 

measured and estimated fluxes in four ARM facilities), respectively. 

The uncertainty analysis showed assimilating satellite observed LST and SM data, 

which characterize the state of the land surface, reduces the uncertainty of parameters. 

The uncertainty analysis also reveals that among the parameters, CHN and EFc have the 

highest correlation and their correlation (cor(CHN, EFc)) is strongly influenced by the 

value of LAI, as LAI raises, cor(CHN, EFc) increases and the consequently reduces the 

robustness of VDA in estimation of latent heat fluxes. The results are compatible with the 

finding of Crow and Kustas (2005), Bateni et al. (2013b), and Abdolghafoorian and 
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Farhadi (2016). Since the partitioning of available energy into surface heat fluxes is 

controlled by the distribution and dynamics of vegetation, it is likely that coupling the 

current water-energy balance model with the carbon cycle model and constraining the 

estimation of the parameters by a vegetation dynamics model and/or assimilating a 

vegetation index (e.g., LAI, FPAR, etc.) into the coupled system will reduce the 

correlation between EFc and CHN and orient the optimization problem toward well-

posedness, hence improving the estimation of latent heat flux. Future studies should be 

directed toward coupling water, energy, and carbon cycles and assimilating remote 

sensing information (e.g., vegetation indices, infrared temperature, and microwave soil 

moisture).  
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Chapter 6 ð Conclusion and Future Work 

 

The primary focus of this research is to estimate the water and energy fluxes 

exchanged between terrestrial ecosystems and the atmosphere and quantify their 

uncertainties. I developed an integrated algorithm to assimilate remotely sensed land 

surface temperature and soil moisture data into a coupled dual-source energy and water 

balance model using the variational data assimilation (VDA) scheme. The developed 

integrated VDA framework estimates the key unknown parameters of the coupled dual-

source energy and water balance model and quantifies parameters uncertainties using a 

Hessian-based methodology. 

Contributions, principal findings, and proposed future research work are summarized 

below. 

6.1 Contributions and Principal Findings 

In Chapter 2, unlike the previous VDA models (e.g., Caparrini et al. 2004b; Sini et al. 

2008; Bateni et al. 2013a) that consider the neutral bulk heat transfer coefficient (CHN) as 

a constant parameter during the assimilation period, the proposed VDA algorithm in this 

research takes CHN as a function of vegetation phenology (i.e., leaf area index, LAI) to 

improve turbulent heat flux estimates. The performance of the proposed VDA algorithm 

is compared to that of Bateni et al. (2013b) model at four sites (namely, Audubon, 

Brookings, and Bondville in the United State and Daman in China) which sample a fairly 

wide range of hydrological and vegetative conditions. The results show taking CHN as a 

function of LAI improves evaporative fraction (EF) estimates and captures the daily 

variation of surface roughness that influences the exchange of turbulent fluxes between 
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the surface and the atmosphere very well. Thus, sensible heat flux (H) and consequently 

latent heat flux (LE) are estimated more accurately, especially during the periods in 

which temporal variation of vegetation phenology is significant.  

In Chapter 3, the key limitation of the VDA scheme (i.e., VDA does not explicitly 

compute the variance-covariance matrix of estimates) is taken into consideration and its 

tendency to be ill-posed is addressed by proposing an uncertainty quantification (UQ) 

framework which is based on a Hessian-based approach. In this framework, the error 

covariance matrix is obtained by inverting the Hessian matrix constructed through the 

Lagrangian method. The error covariance matrix provided valuable information about the 

uncertainty of each parameter as well as the correlation between the estimated 

parameters. The UQ framework proposed in this research provides a calibration-free tool 

(i.e., not reliant on measurements of surface fluxes) to evaluate the influence of land 

surface and climatic factors on the performance of the VDA method. As an example, the 

UQ framework is implemented to assess the performance of the VDA algorithm 

developed by Bateni et al. (2013b) in retrieving land surface heat turbulent fluxes at 

selected field sites namely FIFE, Daman, and Audubon. The uncertainty analysis 

suggests that the Bateni et al. (2013b) VDA algorithm retrieves the land surface heat 

fluxes with a higher degree of uncertainty: (1) over a wet land surface than a dry one, (2) 

over a densely vegetated land surface than a lightly one, and (3) when the difference 

between land surface and air temperature is low. These results correspond well with the 

results of previous works conducted on testing the performance of the VDA scheme with 

the comparison between estimated and measured fluxes over different field sites (e.g., Xu 

et al. 2014; Sini et al. 2008; Crow and Kustas 2005). Furthermore, the utility of the 
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proposed UQ framework in guiding the formulation of a well-posed estimation is 

illustrated by assessing whether taking CHN as a function of LAI, in lieu of a constant 

parameter, can improve the robustness of parameter estimates. Results show that taking 

CHN as a function of LAI reduces the correlation between the estimated parameters and, 

thus, leads to more robust parameter estimates. 

In Chapter 4, an integrated VDA framework is introduced to estimate the key 

parameters of land surface evaporative and heat fluxes. The proposed framework 

advances the previous studies (e.g., Caparrini et al. 2004b; Sini et al. 2008; Bateni and 

Liang 2012; He et al. 2018) in two major ways. First, it accounts the inherent coupling 

and interaction between the transfer of heat and moisture in the soil-plant-atmosphere 

continuum through the flux of evapotranspiration and joint assimilation of soil moisture 

(SM) and the land surface temperature (LST) into a coupled water and dual-source 

energy balance model. The VDA estimates are constrained by not only the heat diffusion 

equation but also the moisture diffusion equation. Second, it analyzes second-order 

information at critical points by computing the Hessian matrix via the Lagrangian 

method. Analysis of second-order information enables distinction between saddle and 

optimum points and provides estimates of the predictive uncertainty of parameters. The 

uncertainty analysis on the VDA estimates guides toward a well-posed estimation.  

The performance of the proposed integrated VDA framework is examined through a 

set of experiments based on a synthetic data set. The advantage of a synthetic study is 

that the true system is exactly known which is ideally suited for algorithm performance 

tests  
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The results show that assimilating SM, in addition to LST, improves the performance 

of the VDA scheme in the estimation of sensible and latent heat fluxes by 38% and 30%, 

respectively. In addition, the sensitivity of the VDA estimates to the initial guess of 

parameters (which stems from the knowledge of land surface characteristics and weather 

conditions) is reduced when both LST and SM data are assimilated and the cost function 

is constrained by both the moisture and heat diffusion equation. The results reveal that 

the second-order information, obtained from the calculation of Hessian matrix of the cost 

function at the critical point, is valuable for tackling the issue originating from the 

proliferation of saddle points in a high dimensional non-linear VDA parameters 

optimization system.  

The algorithm needs to be tested with satellite observation of soil moisture and 

temperature rather than in a controlled experiment (synthetic experiment).  

In Chapter 5, the developed integrated VDA algorithm explained in Chapter 4 for 

point-scale applications is extended to work with remotely sensed state variable of 

surface soil moisture and land surface temperature, and remotely sensed and/or reanalysis 

forcing data of precipitation and incoming radiation. The extended integrated VDA 

framework estimates the key unknown parameters of the coupled water and energy 

balance model at a regional scale. To demonstrate the mapping capability of the 

developed algorithm in conjunction with remote sensing measurements, it is applied to a 

mid-sized basin (21780 km2) in the U.S. Southern Great Plains and values of CHN, EFs, 

and EFc and then turbulent heat and evaporative fluxes are estimated for a 9-month 

period in 2016.  
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The results show that the remotely sensed SMAP soil moisture data and GOES land 

surface temperature observations can constrain the key unknown parameters of the water 

and energy balance models. The temporal and spatial consistency between the retrieved 

CHN and observed LAI maps indicates the dependence of CHN on vegetation cover. The 

retrieved relationship between CHN and LAI augments the sparse ground sampling-based 

results reported in the literature. The retrieved daily EFs and EFc maps are compared with 

the SMAP soil moisture, the main factor controlling evaporative fractions. The spatial 

patterns of EFs and EFc correspond with those of the SMAP soil moisture.  

The comparison with ground-based measurements of surface energy balance 

components shows that the estimated latent and sensible heat fluxes and net radiation are 

in agreement with the ground-based measurements in terms of both magnitude and phase. 

In addition, the shifts in the partitioning of turbulent fluxes during the nine months are 

captured well by the extended integrated VDA framework. 

The uncertainty analysis shows the average of the uncertainty of parameters and the 

correlation between parameters on days with available satellite-observed SM and LST 

(i.e., available data for assimilation) is 12 percent less than days with no available LST or 

SM data. Among the parameters, CHN and EFc have the highest correlation and their 

correlation is strongly influenced by the value of LAI, as LAI raises the correlation 

increases. 

 
 

6.2 Future Work  

Land surface freeze-thaw state: The proposed integrated VDA framework is well 

designed for a snow-free catchment, however, it does not account for snow melting and 
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refreezing, dynamic changes in snow density, snow insulating properties, and other 

physics relevant to the growth and ablation of the snowpack. For more accurate modeling 

and prediction of land surface hydrological and biospheric processes, a good 

representation of the landscape freeze-thaw state is needed. The benefit of assimilating 

SMAP freeze-thaw retrievals (in addition to SM and LST states) in improving the 

simulation of ecohydrological processes (particularly for high latitude regions) should be 

evaluated in future studies. 

Surface Runoff: Surface runoff is a major component of the water cycle. In this 

research, surface runoff is neglected, assuming that the precipitation rate is less than the 

saturated hydraulic conductivity (e.g., this case study), or land retains water in its pits and 

depressions (called land depression storage capacity), thus preventing it from flowing. 

This assumption can be valid when working on coarse spatial resolution (e.g., in this 

research 5 km by 5 km) and/or higher than sub-daily temporal resolution). However, 

there is a high possibility that excess stormwater flows over the Earth's surface in regions 

with extreme rainfall (e.g., in the tropics), during high intensity storms, in regions with 

steep slopes, or over impervious areas, and hence neglecting the effect of surface runoff 

may produce error in estimation of surface soil moisture and fluxes. Therefore, the 

accurate characterization of surface runoff in the water cycle should be considered for 

more precise estimates. 

Soil hydraulic properties: Temporal dynamics of estimated soil moisture and the 

accurate modeling of soil moisture transportation between the soil layers are affected by 

soil parameters, particularly the soil hydraulic parameters. In this study, for the large-

scale application, the soil hydraulic parameters are assumed constant over the column of 
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the soil (i.e., assuming one layer of soil). The impact of the inexact soil hydraulic 

parameters on the quality of estimates must be investigated in more detail. The 

representation of soil hydraulic parameters in the data assimilation framework with the 

aim of illustrating the sensitivity of soil moisture and surface fluxes to this representation 

should be reviewed.  

Recharge modeling: considering surface-water and groundwater interaction might 

improve the partitioning of precipitation into the water fluxes by accurate modeling of 

recharge, which may move through the soil directly to the groundwater or enter surface-

water bodies such as rivers, streams, lakes, and wetlands. Therefore, a coupled 

groundwater-surface water model may be considered in a future study.  

Continental-scale applications: The developed algorithm has to be slightly modified 

for continental applications. Enhancing the computational efficiency and speed of the 

VDA algorithm is a major factor in promoting the application of the proposed estimation 

methodology. For example, the forward models can be solved with non-uniform grid 

spacing because the amplitudes of soil temperature and moisture dynamic are largest at 

the surface and decrease significantly with depth.  

In addition, at continental scales, precipitation at the land surface is balanced by 

evapotranspiration, surface and subsurface moisture storage, and streamflow. Therefore, 

the accurate quantification of streamflow flux and its dependence on complex continental 

geomorphology and land cover is critical. 

Coupling between the proposed land surface model and an atmospheric general 

circulation model may be considered in future studies to adequately simulate the surface 
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fluxes of energy, water, and carbon in continental-scale applications and enhance the 

capability of modeling the Earth system responses to climate change. 

Coupling carbon, water, and energy cycles: The exchange of energy, water, and 

carbon is continuous between soil, vegetation, and the adjacent atmosphere. Accurate 

estimation of root water uptake requires coupling plant transpiration and photosynthesis 

together. In addition, the uncertainty analysis in this study revealed that there is a high 

correlation between canopy evaporative fraction, EFc, and neutral heat transfer 

coefficient, CHN. Therefore, it is likely that incorporating a carbon uptake model to the 

current coupled water and dual-source energy balance model enhances the estimation of 

surface fluxes. Since the partitioning of available energy into surface heat fluxes is 

controlled by the distribution and dynamics of vegetation, it is likely that coupling the 

current water-energy balance model with the carbon cycle model and constraining the 

estimation of the parameters by a vegetation dynamics model and/or assimilating a 

vegetation index (e.g., LAI, FPAR, etc.), reduces the correlation between EFc and CHN 

and orients the optimization problem toward a well-posed problem and consequently 

improves the estimation of surface fluxes. Future studies should be directed toward 

coupling water, energy, and carbon cycles and assimilating remote sensing information 

(e.g., vegetation indices, infrared temperature, and microwave soil moisture). 

Precipitation inputs: Precipitation is a critical component of the land surface water 

cycle and strongly affects the quality of the soil moisture and evaporative flux estimates. 

Precipitation is known as the primary source of uncertainty in surface hydrological 

models. If the accuracy of precipitation data is not sufficient, the joint use of satellite-

based observational and model-based precipitation estimates is suggested. Future studies 
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may evaluate the efficiency of assimilating in situ and satellite precipitation observations 

into a coupled land surface water-energy and precipitation model. 

Validation : To further assess the capability of the developed integrated VDA 

framework, future studies should apply it over different land cover (e.g., over a forest of 

heterogeneous foliage density where LAI ranged from 4 to 7) with various hydrological 

conditions. 
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Appendix A 

 

In Chapter 3, the general forms of a physical model, VDA cost function, adjoint 

model, and set of equations for updating the parameters are presented in equations (3.5), 

(3.6), (3.7), and (3.8), respectively. The corresponding equations for the problem 

introduced in Chapter 3 are as follows (Bateni et al. 2013b). 

Forward model (corresponds to (3.5)): 

 

Cost function (corresponds to (3.6)): 
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Equations for updating the parameters (corresponds to (3.8)): 
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To construct the Hessian matrix using the Lagrangian method, NY new cost functions 

(i.e., Ly, y ⱦ Y) are introduced, where NY is the number of unknown parameters. The 

general form of new cost functions is presented in equation (3.9). The corresponding 

equations for the problem introduced in Chapter 3 are as follows: 
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Setting the first variation of the new cost functions with respect to X (here X=T) and ɚ 

equal to zero, a new set of Euler-Lagrange equations is derived which enable estimation 

of qR, pR, qEFk, pEFk, as follows. 

The qR model: 
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The qEFk model: 
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The pEFk model: 
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After estimation of qR, pR, qEFk, pEFk, the Hessian matrix, H, can be constructed as: 
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The covariance matrix of parameters, ễ, is obtained from the inversion of the Hessian 

matrix, H (correspond to equation (3.10)): 
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Appendix B 

In Chapter 4, the general forms of a physical model, VDA cost function, adjoint model, 

and set of equations for updating the parameters and model error estimation are presented 

in equations (4.20), (4.21), (4.22), (4.23), and (4.24), respectively. The corresponding 

equations for the problem introduced in Chapter 4 are as follows. 

Forward Model I  (corresponds to (4.20)): 
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Forward Model II (corresponds to (4.20)): 
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Cost function (corresponds to (4.21)): 
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Adjoint Model I (corresponds to (4.22)): 
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Equations for updating the parameters (corresponds to (4.23)): 
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The equation for updating the model errors (corresponds to (4.24)): 
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decorrelation timescale of the model error, respectively.  

To construct the Hessian matrix using the Lagrangian method, NY new cost functions 

(i.e., Ly, y ⱦ Y) are introduced, where NY is the number of unknown parameters. The 

general form of new cost functions is presented in equation (4.25). The corresponding 

equations for the problem introduced in Chapter 4 are as follows: 
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Setting the first variation of the new cost functions with respect to Ts, ẽ, ɚ1, and ɚ2 

equal to zero, a new set of Euler-Lagrange equations is derived which enable estimation 

of q1R, p1R, q1EFsk, p1EFsk, , q1EFck, p1EFck, q2R, p2R, q2EFsk, p2EFsk, q2EFck, p2EFck, as 

follows. 
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After estimation of q1R, p1R, q1EFsk, p1EFsk, q1EFck, p1EFck, q2R, p2R, q2EFsk, p2EFsk, q2EFck, 

p2EFck, the Hessian matrix, H, can be constructed as: 

12 2

22 2 2 2 2 2

1 2 1 2

1 1 1 1 1 1 1

1 1 2 2

1

, , , , , , ,

, , , , , , ,

, , , , , , ,

,

s s c c c

s s s s s s s s c s c s cN N

s s s s s s s s c s c s c

s N N

N N

sN

R R R EF R EF R EF R EF R EF R EF

EF R EF EF EF EF EF EF EF EF EF EF EF EF

EF R EF EF EF EF EF EF EF EF EF EF EF EF

EF R

h h h h h h h

h h h h h h h

h h h h h h h

h=H

1

2

1

1

1

,

, ,

,

, , ,

,

s cN N

c c cN

c

c cN N

c c c c cN N N N N

EF EF

EF R EF EF

EF R

EF EF

EF R EF EF EF EF

h

h h

h

h

h h h

-

-

è ø
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ùê ú

 



177 

 

where (correspond to equation (4.26)): 
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Appendix C 

Evaluating the effect of assimilating biased SM data on the accuracy of VDA 

estimates 

 

The effect of assimilating biased SM data on the robustness of the VDA performance 

is evaluated through a set of experiments. The reported error for the L2SMP_E SMAP 

product obtained from the SMAP calibration and validation report by Jackson et al., 

(2018) is added to the true SM data (i.e., synthetic data as explained in section 4.3). This 

report provides an analysis and assessment of the SMAP Level 2 Soil Moisture Passive 

(L2SMP) Version 5 (i.e., the product that is used in Chapter 5). Assessment 

methodologies include comparisons of SMAP soil moisture retrievals with in situ soil 

moisture observations from core validation sites (CVS) and sparse networks, and 

intercomparison with products from ESAôs Soil Moisture Ocean Salinity (SMOS) 

mission. 

In the first experiment, the reported average error for the SMAP L2SMP_E Version 2 

product for AM orbits (assessed using the CVS and sparse networks) is added to the true 

SM data. In the second experiment, the reported error for the SMAP L2SMP_E Version 2 

product for AM orbits at the Fort Cobb site (located in the Southern Great Plains) is 

added to the true SM data and the effect of biased SM assimilation on the accuracy of the 

VDA turbulent heat flux estimates are evaluated. 
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Experiment 1 Corresponds to average bias and unRMSE of the SMAP L3SMP-E 

product (version 2) for AM orbits 

Reported bias = - 0.001; Reported unbiased RMSE= 0.038 (Jackson et al. 2018) 

 

Table C-1 The comparison between the VDA results when true data are assimilated versus when biased SM data are 

assimilated. The added error corresponds to the reported average error of the SMAP L3SMP-E Version 2 product for 

AM orbits.  

metric True SM data 

True SM data 

+ 

error 

RMSE H (W/m2) 38.21 38.25 

Bias H(W/m2) -16.50 -16.56 

RMSE LE(W/m2) 53.98 54.81 

Bias LE(W/m2) 24.30 24.63 

RMSE SM @ z=0 m 0.03 0.04 

RMSE SM @ z=0~1 m 0.03 0.03 
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Figure C-1 Time series of the true and estimated soil moisture at various depth. The added error corresponds to the 

reported average error of the SMAP L3SMP-E product (version 2) for AM orbits. 
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Experiment 2 Corresponds to bias and unRMSE of the SMAP L3SMP-E Version 2 

product for AM orbits at the Fort Cobb site 

Fort Cobb is located in Oklahoma, USA. The land cover in this site is grassland and 

the climate regime of the site is temperate. 

Reported bias = -0.045; reported unbiased RMSE= 0.028 (Jackson et al. 2018) 

Table C-2 Comparison between the VDA results when true data are assimilated versus when biased SM data are 

assimilated. The added error corresponds to the reported error of the SMAP L3SMP-E Version 2 product for AM orbits 

at the Fort Cobb site. 

metric True SM data 

True SM data  

+ 

error 

RMSE H (W/m2) 38.21 38.75 

RMSE LE (W/m2) 53.98 54.83 

Bias H (W/m2) -16.50 -16.99 

Bias LE (W/m2) 24.30 25.17 

RMSE SM @ Z=0m 0.03 0.05 

RMSE SM @ Z=0~1 m 0.03 0.03 
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Figure C-2 Time series of the true and estimated soil moisture at various depth. The added error corresponds to the 

reported error of the SMAP L3SMP-E Version 2 product for AM orbits at the Fort Cobb site. 
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