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Abstract

Multiple Grid Multiple TimeScale (MGMT)
Simulationsin Linear Structural Dynamics

The work presented in thiglissertationdescribes a general algorithm and Higite
Element(FE) implementation for performing conegent multiple suldomain simulations
in linear structural dynamics. Using this approach one can solve problems in which the
domain under analysis can be selectively discretized spatially and temporally, hence
allowing the user to obtain a desired levebhoturacy in critical regionghilst improving
computational efficiency globally. The mathematical background for this approach is
largely derived from the fundamental principles of Domain Decompositiortihbds
(DDM) and Lagrangéultipliers, used to obtaicoupled equations of motion for distinct
regions of acontinuousdomain. These methods when combined together systematically
yield constraint forces that not only ensure conservation of enbrgyalso enforce
continuity offield quantitiesacross sb-domain interfaces. Multiple &d (MG) coupling
betweenconforming ornonconforming sukdomainsis achieved in the form of linear
multi-point constraintgshat aremodeled using Mrtar Finite Hement Method (MFEM);
whereas coupledMultiple Time-scale (MT) egations are derived fothe classical
Newmark integratioscheme and its constituent algorithiAgigorous proof of stability is
provided using Energy Method and necessary conditions for enforcing energy balance are
discussed imeferencewith field varieblesthat areselected to enforce slmmain interface

continuity. Fully discretized equations of motion for component-daimains, augmented

Vii



with an interfacecontinuity condition are then solved using block elimination method and
Crout factorizationA step-by-step solution approagchitilizing recursiveblack boxsub
routines is modeled in order to allow efficient implementatiamthin existing finite
element frameworks.

Proposed MGMTMethod and corresponding solution algorithm is systematically
implemented by usinghe finite element approach and programming in FORTRAN 90.
Resulting inRhouse codd FEAPI (Finite Element Analysis Programming Interface) is
capable of solvinglinear structural dynamics problemthat are modeled using
independently discreted subdomains Auxiliary subroutinesfor defining pre simulation
parameteraindfor viewing globalcomponent sutlomain resultgare built into FEAPI and
work in conjugationwith GiD; a universal, adaptive and useendly pre and post
processarOveral stability, numericalaccuracy andomputational efficiencyf MGMT
Method is evaluatedand verifiedusing a series obenchmarkexamples.Verification
matrices takénto consideration performance evaluation factors such as energy balance (at
global and omponernssubdomain levels), interface continuity, evolution/distribution of
kinematic quantities and propagation of structural waves across connectidgnsains.
Assessment of computational efficiency is derived by compénmgize of respectiviekE
problems (nodes, elements, number of equations, skyline storage requirements) and the
required computation times (CPU solution tini@scussed examples highlighie greatest
advantage of MGMT Mthod; which issignificantgain insimulation speedups (at thest

of reasonably small errors).
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Chapter 1: Introduction

1.1 Problem Statement and Maivation

Space and time are inherently coupled in the analysis of engineering problems. An
approximate solution to these problems is usually obtained by using a mathematical tool
suitable for the scale at which the physical phenomenon is addressed.Efenient
Method (FEM) is one such numerical technique that is used for solving problems in
structural mechanics. It discretizes the governing equations over finite space and time and
uses variational principles to minimize an error function in order toupma stable
solution. Numerical technigues as such, innately introduce discretization error due to the
choice of finite space and time resolut{@hah 2002; Pointer 2002pverall quality 6the
solution can be improved by spatial and temporal refinements, hquaétke expense of
increasing number of unknowns and consequently longer computation times.

Over the past couple of decadessearchers have devoted significant amount of effort
towards element formulatiosy material modeling nonlinear formulatios, efficient
solution algorithms and several other numerical techniquesder to improve overall
guality of the solution Static mesh transitionAdaptive Mesh Refinement (AMR)
(Bellenger & Coorevits 2005)Mortar Finite Element MethodMaday et al. 1988;
Lamichhane & Wohlmuth 2004tand Finite ElementTearing andnterconnecting (FETI)
(Farhat & Roux 1991are among the few techniques that are widelgd to segregate
problem size (total number of unknowns) between critical and remote regions. These
techniques not only provide complete control over grid resolution, compared to fixed

coarse or fine scale discretization, but also help in capturing ¢wadients and wave
1



dynamics more accurately, hence yielding a better solutiofime qualified region of
interest. DomairDecompositionMethod (DDM) (Smith et al. 296; Toselli & Widlund
2005) is another approach that enables effective implementation of these techniques by
decomposing theroblemunder consideration into component sldmains, which can
then be modeled independenfigrmulated and solved

Within the context of time discretizationcammonapproach in coupling sutiomains

is to use the same integration method (implicit or explicit) with the samestepédDt)

globally over multiple grids. This is not recommended sincesitiots one to analyze an
entire domain using a single tirstep that meets the stability and accuracy criteria for all
elements. This is not desirable in the case of large scale problems since different regions
could very well represengignificantly different stability and accuracy requirements. In
addition, different regions may exhibit high frequency (wave propagation type) and/or low
frequency (vibration type) responses, requiring explicit and/or imgiri¢ integration
methods respectively. Accordjly, it is much more economical to use different tisteps
or different timestepping algorithms in different swWlmmains in order to capture local
behavior as accurately as possible.

In the analysis of large scale systems with complex geometriesatige rof element
sizes in a mesh varies several orders in magnitude. Certain parts of the mesh may contain
very small elemeniperhaps to capture high stress gradiemitgle large parts of the mesh
may still be relatively coarse. Using a&xclusiveimplicit or explicit time integration
scheme with a uniform timstep, for such problems, is computationally very inefficient. If
one were to use explicit scheme, the tstep would be restricted by the size of the

smallest element in the mesh and it would titge number of steps to compute the
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response of the structure for the desired interval of time. On the other hand, using an
implicit scheme with large timsteps one would not be able taccuratelycapture the
response in regions of the mesh with higidgents.

Aforementioned challenges motivate us to construtteahanced computational
methodthat can incorporatenultiple scales, i.eindependently discretized (spatially and
temporally) subdomainsin order to preserve numerical accuracy badstconmputational

efficiency in the analysis @omplex,largescale structural systepfagurel-1.

Critical region

Domain under analysis

Traditional approach: Proposed approach:
Unstructured grid with Independently discretized
uniform time-step (spatially and temporally)

sub-domains

Figure 1-1: Proposed multiscale approach



1.2 Goals and Objectives

The objectiveor this dissertation can be broadly classified into two categories:

A The first objective isto explore, formulate implement and verify a new
computationalalgorithm that allows selective discretation of finite element
problemsin space and time. The goualithin this objective isto establish a
systematic approach for concurrent multiscsilulationsthat allow improved
numerical accuracyin desired critical regions whilsetnhancingcomputational
efficiency globally. Proposed formulation shall be derived specifically for
applications in solid continuum mechanics with a primary focus on problems in
linear structuraldynamics Resulting Multiple Grid Multiple Timescale (MGMT)
approach and constituent asstioms shall be analyzed rigorously to provide a
proof of stability using an established theoretical framework.

A The ®cond objectivef this dissertation ito implement the proposed formulation
usingFEM. The goal within this objective is to develop aficednt and an easy to
implement solution algorithm and create a comprehengeteflexible computer
program that can be used for the numerical sinaratf linear structural dynamic
systems usinghe proposed MGMT Method. Resulting computer programl| s¥el
used for numerical analysis and verification purposes by solving benchmark
examples using traditiondfEM and MGMT Method. Thorough performance
evaluation including stability analysis, assessment of numerical accuracy and

computational efficiency shalso be performed using this computer program.



1.3 Contributions of the Dissertation

This dissertation contributes to the area of multiscale simulaitioaslid continuum
mechanics. Specifically, it introduces an efficient and a systematic approddiltmie
Grid Multiple Timescale(MGMT) simulations in linear structural dynamics.

The dissertation provides a précis of existing literature and theoretical foundation that
supports the construction of a concurrent multisalgjerithm;it discusses theadvantages
and disadvantagesind builds upon their limitations and shortcomings to provide an
advanced approach MGMT simulations. Major contributions of this dissertation can be
listed as follows:

1) Formulationof a consistent approach implementuse definedmultiple grid and

multiple timescalediscretizatios in structural analysis

2) Developnentof anefficient andeasy to implement solution algorithm

3) Implemenation of proposed formulation and solution algorithusing FEM,

creating a seltontaineccomputerprogram for multiscale simulations

4) Verification of proposed formulation and itSE implementation forproblems in

linear structural dynamsc

5) Evaluation ofoverall stability, numerical accuracy and computatiogféiciency, as

assesselly solvingbaselineproblems

6) Comprehensivecomparison between tradition®EM and proposed multiscale

approach by accessingrious performance evaluatiactors



1.4 Dissertation Organization

This dissertationelaborates on every aspect discusgethe previous sedns and
presents a comprehensive discussion of gleposed multiscale algorithnits theory,
formulation, implementation and verification. The content and structure afifisisrtation
is arranged as follows:

A Chapter 2: Review of Literature and Theoretical Foundation

Chapter 2 providesa comprehensive review of existing literature and theoretical
foundation to help evaluate all theories and approaches relevant tacatltisodeling at
continuum scaledVithin the context of spatial/temporal discretizatioaditional methods
that allowimproving accuracy and/or computational efficiency arefly discussedFocus
is laid on mathematical techniques such as Domain Deegsition Methods (DDM),
Lagrange Multipliers and Mortar Finite Element Method-fEM), sincethey innately
assist multiscaleoupling. Existing methods in couplingndependently discretizesuls
domains,GC Method (space and timegnd PH Method(time only) are also discussed in
details, along with themdvantageshortcomings.

A Chapter 3: MGMT Formulation

Chapter 3 begins witthe application of DDM, used to derived caegblequations of
motion, fordecomposedubbdomains augmented with an appropriate interface condition.
M-FEM is then used to couple sdbmains thatnay be selectively discretized in space,
resulting in conforming or neoonforming interfacesEquations neessary for Multiple
Grid (MG) coupling and their FE implementation is also discussetetails Subdomain
specific time discretized equations are then obtained using Newmark integration method.

Interface reactions (Lagrange Multipliers) from disparateescales are then condensed
6



and expressed in terms @actions atargest/global timestep allowing Multiple Time
Scale(MT) coupling Energy Method is then used to prove that resuMuodiiple Grid and
Multiple Time-Scale MGMT) equationsand speciftally the selected interfac®ndition
resulsin unconditional stabilitfor linearstructuralsystemsCrout factorization an@&lock
Elimination Method(BEM) are then used to desigrsystematicstepby-step algorithm for
obtainingthe solution of cougld MGMT equationghat aresynchronized at the global
time-step
A Chapter 4: Programming the MGMT Method

Fdlowing the formulation of MGMT Method, a FORTRAN 90 based étifle was
developed for numerical simulat®and verification purpose&hapter 4 elaborates on the
development and implementation of this computer program, highlighting its Object
Oriented features, data structures and auxikd&ibraries. Resultingomputer progranii
Finite Element Analysis Programming Interface (FEAPI) is capable of solving linear
structural dynamics problems that are modeled using independently discretized sub
domains. General structure of the program, information flow, implemeatedypes and
its interaction with an external pre/post proces&ib, is also described in Chaptér
A Chapter 5: Numerical Analysisand Verification

The focus in Chapr 5 is to evaluate the overall performance of MGMT Method by
analyzing factors such :ak) Numerical stability2) Numerical accuragy8) Computational
efficiency. Two benchmark examplésl) Transverse vibration 2) Longitudinal vibration
of a 2D cantilger beam are first solved using traditional Uniform Grid Uniform Fsoale
(UGUT) approach in order to establibaselienresults. These examples are then solved
using MGMT Methodtakinginto account various scanos such asl) Implicit-Implicit, 4

7



subdomain coupling, 2)mplicit-Explicit 2 subdomaincoupling 3) Uniform/conforming
grid with multiple timestepping and 4) Multiple gredwvith uniform timestepping Results
for global energy balance, interface energy dissipation/accumulation, evolstianition
of kinematic quantities and propagation of structural waves across compondotisaibs
are presented with corresponding relative errorsamparisonwith convergedUGUT
cases. Computational efficiency is evaluated by comparing total nunibaodes,
elements,required number of equations in primary unknown variables and resulting
computation times (CPU solution timé&) comprehensive performance evaluation matrix
is designed and the relative advantages/shortcomings of MGMT Method are héghiigh
detail.
A Chapter 6: MGMT Example Problemsand Results

Chapter 6 presents traditional FE application problems wherein MGMT Method can be
potentially used topreservenumerical accuracyn desired regionswhilst improving
computational efficiencyglobally. Example problemssuch as stress resolution in critical
regions, wave propagation across heterogeneous material syssposise under complex
loading fundionsand largescale structural problems are solved usit@@UT andMGMT
Method and their results are presented in this Chapter.
A Chapter 7: Conclusions and Future Directions

Chapter 7 concludes and summarizes the content of this dissedatioprovides

directives for related future wark



Chapter 2: Review of Literature and Theoretical Foundation

2.1 Governing Equationsin Linear Structural Dynamics

Continuum mechanicsharacterizegshe fundamental physical model that provides
foundation for all physical theoriesoncerning the modeling of material behavior at
macroscopic scales. In solid mechanics, and particularly structural dynamics, the response
of a structure is represented &YBoundaryValue Problem(BVP); which is a set of Partial
Differential EquationgPDE) describing the kinematics of deformation, conservative laws
of continua and the constitutive laws along with appropriate boundary conditions and initial
conditions.

This section presents a brief review of the mathematics and physical laws that
approxmate the macroscopic behavior of material that is subjected to mechanical loading.
A comprehensive description on contindaolid mechanics and structural dynamics can
be found in(Eringen 1980)(Chen et al. 2000)Spencer 2004)Zienkiewicz et al. 2005)
(Reddy 2007)(Bower 2009)and(Hughes 2012)

2.1.1Kinematics

Figure 2-1: Motion and deformation of a point in continuum (Chen et al. 2000)
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In continuum mechanics, and especially solid mechanics, motion is described by
choosingsome convenient configuratigreference/original configuratiomy the solidthat
is in theinitial, undeformedstate. he materiathenchanges its shape under the action of
external loads, and at some tirheccupies a new regipwhich is called the deformed or
current configuration of the solidrigure 2-1. If the position of pointP in the reference
configuration is expressed bX * X, (K 4,2,3) in the Lagrange (material) coordinate
systemand its position in the deformed configurations, represdnyer, is expressed by

x1t % (k 4,2,3)in the Eulerian(spatial) coordinate systertien the motion of the solid

is expressed through a deformation mapgimgtion as follows

X=X(X,t) or X (X1 (2.1)

X=X(xt) or X, =X (X%,1) (2.2

To bea physically admissible deformati¢gBower 2009the mappingfunctionmustbe

1:1 on the full set of real numbesnhd must be invertibjet mustalsobe continuous and

continuously differentiableand must satisfylux, / X,| © or ‘ka‘ >0. Note: From now

on indices after comma will indicate partial differentiatisith respect to associated
coordinate system, Lagrangian (majuscule) or Eulerian (minuscule).

The displacemenfu) of a material point expressedasector that extends fro in

the reference state 10 in the deformed stais thendefined as

u=x-X b (2.3)

10



Whereb represents the vector extending from the origin of the Lagrafgiterence)
coordinate system to the Eulerigdeformed)coordinatesystem. The displacement field in
Eq. (2.3) completely specifies the change in shape of the.Séétbcity vector v is then

expresed as thematerial time rate change of the position vecfpr= x (X,t) and is

defined as:

g £ (24)

And consequently acceleration vectois defined as:

alﬂ or a/(xt) N

o o @5

From Eq.(2.1) and Eq.(2.2) we havedx = x , dX, and dX, = X, , dx, yielding the
definition of deformation gradientF = & £, X, X/ X, and its inverse

F ' Xex * Ak! %.The Jacobian is defined ds=|F| andis a measure of the volume

change produced by a deformatiblote:

1) For any physically admissible deformation, the volume of the deformed element
must be positive. Therefore, all physically admissible displacement fields must
satisfy J >0

2) If a material is incompressible, its volume remains constaditaccordingly, it must
satisfy J =1

3) If the mass density ai material at a point in the undeformstéteis 7, its mas

density in the deformestateis expressed asr = ¢/J

11



Green deformation tensor is defined@s F'F or C,, * X %, With corresponding

Lagrangian strain tensor expressedgas/2(C -1) or E * /2(C,, -d ), whered|,

represents the Kronecker delEquivalentdefinitions for Cauchy deformation tensor and

Eulerianstrain tensors arexpresseas ¢, * X, , X, andg, * 1/2( & ) respectively.

Lagrangian and Eulerian strain components expressed in terms of displacement gradients

can be expressed as:

e law b U U,

== 2.6
“T2gX M M Xn 20
_lap, _y W Y
g =—g— +— -(g——" 2.7)
Co2cix n XX |
Using above expressiomfinitesimal strain tensazan be defined as:
_1lapy, Y,
=ces (2.8)
KL ZQ“XL p(K
€ :Eae% w1 (2.9)
2ch M

The infinitesimal strain tensor is an approximate deformati@asure, which is onl
valid for small shape changes; howeités more convenient than the Lagrange or Eulerian
strain definitions because it is linearComprehensive discussion and derivation of
aforementioned discussion can be found mMe ¢ h & n i Ccosn (Eaingen 29680prd

O0Meshl ess Met hodgChénmetalS2000)i d Mechani cs b
12



2.1.2Balance Laws and Equilibrium
Fundamental balance laws include conservation of mass, momentum and energy.
Equations of motion and equilibrium of deformable solids however are obtained by

generalizing Newtonds Laws of monmentwniio (conser

deformable solids
A. Balance of Linear Momentum

The time rate change of linear moment#nis equal to the resultant forc& acting

on the body.

The linear momentum of a volun{e) can be expressed as:
P =fyvdv (2.10)
Where r represents mass density amdis the velocity vector. Then the balance of

linear momentum is established by:

dP _d _ _

The resultant force acting onyaarbitraryinternalvolume (v) with a boundary surface

(a) within a deformed solid is expressed as
F =y (n)da + rpgdv 2.12)

First term in Eq(2.12) refers tothe resultant force acting on the internal surféae
whereT (n) refers to the traction acting on any surface with a unit outward normmBhe

13



Cauchy (true) stress tensoepresentindgorce per unit area of the deformed sadhen

denoted bys =T (n), seeFigure2-2 (a) and Eq.(2.13). The second terrm Eq.(2.12) is

the resultant body forcevhere b represents the body force vector denotimg external

force acting on the interior of a sol(#), per unit massSeeFigure2-2 (b) and Eq(2.14).

¥

dpP

dv drP

da

e

Figure 2-2: (a) Surface traction and (b) Internal body force

Using notations used ifigure 2-2, Cauchy stresgomponentss; and body force

vectorb areexpressed as:

R

s; =T;(n) :j*!’ﬂmod_ai (2.13)
1. dpP

b= - cIjlv(noa (2.14)

The balance of linear momentum, or Ej11), can then be expressed as:

SHrwiv= Tid + b @19

S+ ,bJ =g (2.16)
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B. Balance of Angular Momentum
The time rate change of angular momentiém about any fixed point is equal to the
resultant momentumy/ about that point.

The angular momentum of a volur{@ can be expressed as:

H = ﬁ( 3rvav (217)

\

Then the balance of angular momentum is established by:

dH d .
T =an< Srvav. M (2.18)

\

The resultant moment (about a fixed poaxgrted by tractions and body forces acting on

a general region within a soligl expressed as:

M =p¥x T(n)da +xp)rBdv (2.19)

\

Balance of angular momentumtienexpressed as:

d . ~
an& rvav = xqF(n)da  x  idlv (2.20)

a v

Conservation of angular momentum for a continuum requires that the Cauchy stress must

be symmetric, i.e.:

15



2.1.3Constitutive Model

The governing equations structural dynamicare completed by constitutive laws that
provide the missing connection. Unlikenematicsand balancelaws, a constitutive law
cannot be calculated or predicted from first principles, exceptvyerysfew special cases
such as small deformations of crystalline materials, where elastic propertielse can
estimated using almitio techniques that approximatgiantum mechanical level atomistic
interactions in some wafBower 2009) In solid (structural) mechaniage are primarily
concerned with the stressrain relationshipAs described i(Chen et al. 2000)for a
constitutive model to adequately represent a matergaiousaxioms such as axiom of
Causality, Determinism, Equipresence, Neighborhood, Memory, Objectivity, Material
Invariance and Admissibilitymust be satisfied.

In this section we will briefly present therstitutive model for an isotropic, linear
elastic naterial behaviorAssuminginfinitesimal strain tensodefinedby Eq.(2.9) and
Cauchy stress tensdhe stresstrain relationship foan isotropic linearelastic solid in

termsoffoung 6s (B@adul P i s @poiedpsessedaas: i o

1+n n
& :? P E kS i (2.22)

ee, ¢ el -n -n O 0 0 o%
é u é u e
éezz 0 & 1 -n 0 0 0 l:l%
@ess glé'n -n 1 0 0 0 u% 293
©2e, HEGO 0 0 2Mn) O 0 0% (223
&e. U €0 0 0 0 2(Hn 0 Uug
éels R (n) u%
&e, g 0 0 O 0 0 2Bn ) 8
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The inverse relationship can be expressed

E é n [
.= 1 + e 2.24
ij 1+/7|l F 1 _2 nkk ij ‘| ( )
el v n n 0 0 0 g
&s.. o en 1v n 0 0 0 ;g
é. u én n 1-v 0 0 0 U
észz U & d %
€55 U E €0 0 0 @- ) 0 0 u §
é B-——————é 2 e (2.25)
S0 g (LHV)A -20) g - ) 32@3
és,, U €0 0 0 0 0 uzgg,
e u é 2
85 U é (1- 27) t?ﬁ
60 0 O 0 0 U
e 2 u

The stresstrainrelationship inEq. (2.25) is often expressed using the elastic modulus

tensor(C,,) as:

Sy =Cu £ (2.26)

For Plane Strain or Plane Stressdeformations, some strain or stress components are always
zero (by definition) so the stresain laws can be simplifiedccodingly, for planestrainand

plane stresdeformatios we have:

Plane Strain- e,= g = .6 (2.27)

Plane Stress s,,= s, =35 & (2.28
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2.2Finite Element Implementation andSpatial Discretization

PDEs, referred to as the strong form, discussed in preceding sections represent the
governing equations for dynamic linear elastickyn analytical solution for governing
equations in strondorm is almost never available, even for simple problems and
accadingly, these equations are expressed in an integral form, referred to as the weak
form, to obtain an approximate solution to the problem. Two distinct procedures are
available for obtaining such approximation: rhethod of weighted residual (Galerkin
Method) and 2)method of variational functional$, comprehensive discussiom these
methods can be found {@ienkiewicz et al. 2005)

In this section we will discuss howe approximatesolutionto aforementioned PDEs
can be obtained by using tl&alerkin Methodand FEM As discussed in preceding
sections, our goal is to calculatisplacements, strains and stresses satisfyiniplibeving

governing equation®r dynamic inear elasticity

auu LU
1) The strairdisplacement equatione -1 , ] ore = 1244 +L
1] 2 q,l -Ml 1] 2
CH

2) Theelastic stresstrain law:s; =G, ¢

3) The equation of motion (as derived under the balance of linear momentum):

_ ks, _
S+t kb —qorW_'+rbj =r—-

i

4) And the necessary boundary conditions on displacement and stresg: on G

ands;n =T'(n) on G

18



Now, in a general thregimensional continuum denoted By with a volumé/ , the

weak form of equation of motion using Galerkin Method is expressed as:

A (s, +h -g)dv © (2.29)

=

Here, Y represents a test weight function that reduces the residual error in an average
sense. To solve the integral form of elasticity equation given i(R22§), we discretize the
displacement field. That is, we calculate the displacement field at asedistrete points

called nodeswithin the continuunthat is discretized using finiteumber ofelements(E) .

/ P s \ L T
V Ll / ~F x /
Ry /

Figure 2-3: Discretization in space using Finite Elements

The displacement field atnaarbitrary point within the solids then specified by

interpolating between nodal valu@e continuous variable, is thenapproximated by

through simple functions of space variabkalled shape fuctionsas follows:
U ° E =Na u a (230)

Where N represats the shape function and represents the nodal displacements.

Subscripti denotes thespatial dimensiongi =1,2,3) and a =1,2,3,..m representan
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index denoting the n@dnumber on a particular elementd m is thetotal number of

nodes per elemerEquation(2.30) is also expressed as:
u° & =N,U, (2.3

Herg N,, is the (i, )" componet of the 33 3m matrix made fromm shape

functions (N,) andU, is the 6™ component of the vector of nodal displacements of the
finite elementAccordingly, 6=1,2,3,.. 3n.
Since the primary unknown variable in E829) is thedisplacement. , an appropate

choice of test functions is the coefficiefitsm Eq. (2.31). Accordingly, Eq. (2.29) can be
expressed in terms of shape functions as an approximate solutiorcémtineiousvariable

u, as follows:

MNio(Sy; + 4 - g)dv & (2.32)
w
Using GreerGauss theorem and integration by parts, above equation becomes:

[AsiNs - AN, +aN ) dvV -faN ,d @ (2.33)

G

The infinitesimal strain tensor, in terms of selected weight functemm$ nodal

displacementscan be expressed as:

6 =3(Ny N,U, B Y 239
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Introducingelastic sressstrain lawand updated straidisplacement relationghifrom

the above equation into E@.33) we get:

ﬁC|jkI BdaUaNj b I’l? N b”'}' Lé' IJ\J) gv - iiﬁan d G (2.35)

\ Ua FFljkI Bd aai de+ U arm Qj gv - rjbmd g\

-fiiN, dG-sfnN ,d @ =
Gr G

(2.36)

The fourth term in Eq(2.36) is the natural boundary conditian stress and the fifth
term is tle essentialirichlet) boundary condion on displacemenivhich vanishes when
the test functions pass through nodes, as in FEM. Resulting space disdmteethe

nodes of finite number of elemen&xjuation of motiois expressed as:

M,U +K U F or MU KU F: (2.37)
Where:

Mass Matrix: M, =y N, N, gV (2.38)

W
Stiffness Matrix: K, ,=ff. B B AV (2.39)

w
Load Vector: F, =fybN, ,dvV + TN ,d (2.40)

w G
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First term in Eq(2.37) represents inertia forcewhereas the second term represents
elastic forces (in linear elastic constitutive modeling); however, solids in motion also
experience a third type ébrce whose action is to dissipate energy. This force, in general,
is dependent on velocity and is usually dendigdC, , (also called:Damping Matrix).
Ideally, this matrix is obtained by incorporating a +éépendent constitutvmode] but is

often assumed to be a linear combination of mass and stiffness matrices as follows:
C,.=mM , %K (2.41)

Where mass coefficier(tm,) and stiffness coefficientk.) are scalars and are referred

to as Rayleigh damping coefficienfBhesecoefficientsare related to the dampingtica

(2) as follows:

S, =mtkw (2.42)

2w

Where w is the natural (usually fundamental) frequency of vibrafidre ejuation of

motion, after incorporating damping forces, is then expressed as:

MU+CU KU E (2.43

This equation is the final space discretized (s@isgretized) equation of motion far
linearstructural dynamic system and represents the equilibrium obandeafy solid under
the action of external forceNote: 1) Initial conditionsmust include nodal velocitiesd?2)
Inertia, damping and elastic stiffness matrices are corfstatmear elastic problems, but

load vector(F) will in general be a function of time.
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Within the context of spatial discretization, grid segregation is commonly implemented
using 1) Static Mesh Refinement, also called Transition Mégiye2-4, or 2) Adaptive
(dynamic) Mesh Refineent (AMR), seeFigure 2-5. These methods allow selective
concentration of nodes vicinity of the critical region as opposed to remote regions, hence

improving accuracy whilst preserving computational efficiency.

Coarse grid

Fine grid

(a) Mesh transition using (b) Mesh transition using
triangular elements quadrilateral elements

Figure 2-4: Static mesh refinement using transition elements

Ay

(a) (b) (©)

Figure 2-5: Adaptive mesh refinement (h-refinement) (a) Initial discretization: Mesh 1 (b) Mesh 2
and (c) Mesh 3 (Zienkiewicz et al. 2005)

Static mesh refinement requirge® user to predict a critical zone and-gedineits grid
densityduring the meshingire-processing phasdt is necessary to ensure neddenode

connectivity within the global computational grid amacordingly, transition zones
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utilizing triangular or quadrilateral elements must be used, as shokigure 2-4. AMR

on the other hand, uses ffefined error norm/criterion during the simulation phase to
resolve steep gradienaand coarsen flat gradien&ollowing two approaches are widely
used for refinement of FE using AMEZienkiewicz et al. 2005)

1) H-refinement uses the same class of elésydrut with different sizes, making them
smaller or larger, in order to attain maximum efficiency in reaching a desired
solution.

2) P-refinement uses the same element size, but changes the order of the polynomial

used to define their shape functions.

Thesemesh refinement techniquesthaughtheyallow improving grid resolution in a
desired critical regias) they do not allovgelective discretization itime-domain. This not
only affects the solution accuracy in transient problemg also affects the dhal
computational efficiency. AMR also requiresa@mputation of global system matrices, for
every refinement further increasingsimulation time and reducing computational

efficiency.
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2.3Temporal Discretization and Direct Integration Methods

In structuraldynamics the FEM solves equilibrium equations discretized both in space
and time.In a timehistory or dynamic response problem, we usually solve the dynamic
equation in the form oEq. (2.43) for U, U andU as functions of time. There are two
distinct methods for timehistory analysis1l) Mode Superposition Method ar&) Direct
Integration Method. For most problems in structural dynamics or wave propagiismh
integrationmethodis moreconvenient Using this method hie time interval of interest is
divided into N time-steps ofsize Dt, and the equilibrium equatias enforced at discrete
instants of timet, whereni {0,1,2,..N - . Direct integration algorithmas suchg¢an be
broadly classified into twoategoriesimplicit and Explicit methds. Since adescriptionof
these algorithmswithin the context of their computational characteristics (accuracy,
stability requirements, efficiency, etc.ran serve as an importaftasis for their
implementation, we will nowbriefly discuss these time tagration algorithmstheir
benefits/limitations anduitable FEmplementation.

2.3.1Explicit Methods

When the solution at timé& + b)) is computed based on quantities from the previous

time-step only, the method is callétplicit Method In general, it may be expressed as:
Upa=1(U,0,0,U,,0,,0,...) (2.44)

Direct integration algotihms derived from such expressions are referred to as-single

step methods if the right hand side (RHS) contains variables at tirmely, or twestep
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methods when the RHS contains variables from timeard t, _,. Central Difference

Method (CDM), for example, is a twgiep explicit methothat assumes the following:

(Un—l- 2Un -Un-ll)

U = = (2.45)
Un — (Un+1_ Un 1) (246)
2Dt

The displacement soluticat time (t+ B)or t ,, is then obtained by considerirfy.

(2.43) at timet, as follows:

MU, +CU, KU,6 E (2.47)

n

Substitutingl, andU  from Eq.(2.45) and Eq{(2.46) we obtain:

Qo
<

.S g 82M 6 M &C
— F, KepTx U, 8 — e—+U 2.48
Dlg Ewo "2 b2t D (248)

"‘iﬁ

Equation(2.48) can now be used to solf@ unknown displacementd ., ).

At the end of every explicit timstep, the stiffness matrix is computed based on
changes in geonry and/or material properties. Stiffness matrix inver§amtorizationis
not required in this cag@athe 1996)Although computationally desired, the accuracy of
explicit methods largely depends on the tisbep size and hence ttatal number oftime
increments. The solution tends to diverge for a large-sitme or if the number of
increments are not sufficient. Explicit methods also do not enforce equilibrium of internal

forces with external loads
26



The length of timestep in expkit integration schemesuch as CDMis limited and

subject to following condition€Cook et al. 2001)

Dt ¢ tDica Z (undamped syster (2.49
Wm

ax

(2.50)

Dt ¢ tD,. 2 («/1 z*- % (damped systen

Wmax

In the above equationsy,,, refers tothe maximum natural frequency in the finite
element mesh and is the critical damping factor. For wave propagation prok|d¢ime-
step Dt is also subject to the CouraRtiedrichg Lewy (CFL) condition a$ollows:

H (2.51)

[1 ¢ tQtical _C=

E (2.52)

c= [+2G / _—_L G =
\f r @+ e -2 n 20 +)

Where, H is the grid spacing and is the speed of dilatationalaves (A" waves) in a

continuum,/ and G are the Lame constants andis the mass density.

Alternately, stability conditionfrom Eq. (2.51) and(2.52) may also be expressed as,

(Plesek et al. 2012)
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Where the dimensionless Courant number is defined as:
Cr=—= (2.59)

Here Cr ¢1 exactly satisfies the stability requirement for linear elements integrated
explicitly using CDM. Since thé c r i expliat sirheStep is a fun@dn of grid spacing
within a mesh, it is clear that stability and accuracy requirements of the smallest element
within a mesh will dictate the global tinstep size.

2.3.2Implicit Methods

Implicit methods compute the solution at tinie+r ) based on itself and previous

states of the problem. Contrary to Eg&.44), implicit methods may be described as:
Un+1 = f (Un i’un IFU n!Lj n'u n'U n 1le n 1'l—J n 1"'—') (255)

This method is similar to explicit methods in addition thaenforces equilibrium

condition i.e. Eg. (2.55) is combined with the equation of motiontiate(t + D . Hence it

includes a convergence chedipfcally enforced by a user specifieédlerance) which is
usually performed using NewtbRaphson iterations. This method is more accurate since it
takes into consideration the previous state of the structure, which accounts for geometric
and/or material changes. It also allows for larger tate@s,however,at the cost of
increased NewtarRaphson iterations. Since these iterations delstiffness matrix
calculation and factorizatipnmplicit methods can be computationallgry expensive.
Thesemethods however are more desirable for némear analysis as they perform the

much required convergence check.
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Explicit methods in general utilize less computational resources perstapebut
require a large number of stepswhereas implicit methods utilize large amount of
computational resoursgbut require fewer steps. The choice between explicit and implicit
methods is hence dictated by the problem under consideration. Explicit methods are great
when it comes to short duration analysis, such as crash, imdalesst analysis problems.
Sincethese problems (categorized under the wave propagation type) result in several high
frequency modes, small tinsteps are required to accurately model the response. Implicit
methods, however allow large tirseeps enabling faster solutions, which is déseran
case of structural dynamic problems where the respongpiclly dominated bylow
frequencymodes.

According to(Bajer 2002) the best time integration scheme should have the following
features:

1) It should be unconditionally stable.

2) It shoud have parameter controlled dissipation or no dissipation.

3) Controlled dissipation, if present, should not eiffthe response of lower modes.

(Numerical dissipation is sometimes desirable in the high frequency jegime
4) It should have better computatioredficiency.
5) It should permit computation of nenertia structures with the motion being

kinematically enforced.

Following features are also important frampractical point of view:
1) Computational cost
2) Accuracy
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3) Stability
4) Damping of high frequency response

5) Efficient information communication (important in wapepagatiorproblems)

Among the most widely used time integration methods in structural dynamics,
Newmark MethodNewmark 1959)HHT-U Me t(Hilbercet al. 1977)WBZ-U Met hod
(Wood et al. 1980and GeneratedU Me {Omungl& Hulbert 1993possess most of the
above mentioned features. In addition, these algorithms may be used for implicit or explicit
time integration by selecting appropriate algorithmic parameters.

2.3.3GeneralizedUMethod

When incorporating finscale discretization in critical regions as opposecetoote
regions, one must be careful about spurious high frequency modes introduced as a result of
spatial FE discretization of critical regions. These high frequencgdes are not
characteristiof the physical structure and may affect the ovepadllity of solution. Hence
it is desirable to be able to introduce controlled numerical dissipation to damp out any high
frequency contributions. Numerical damping may beodhiced within Newmark family,
but it leads toundesirable low frequency damping and reduced order of accuracy.
Af or e me nalgorihmshdve been developgtilber et al. 1977; Wood et al. 1980;
Chung & Hulbert 993) to improve upon this situation. Here the equation of motion is
satisfied in a weighted average sense, allowing improved algorithmic damping that is
mainly concentrated in the high frequency dom@&aneralized) Me tistomedf these
one step threestage numerically dissipative algoritBnthat incorporatesan optimal
combination of high frequency and low frequency damping. That is, for a desired level of
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high frequency dissipation, the low frequency dissipation is minimi¥éel. will now
briefly disciss theGeneralizedd Me i @gschumerical implementation.
When he time interval of interest is divided inté time-steps ofize Dt , equilibrium

Eq. (243), usingGeneralizedd Me tisrenfaiced at discrete instantstiohe t, where

ni {0,1,2,..N - } such that:

MU,,, , +CU WU, ;... B, . (2.56)

n+l a, n kg

Where

Xt ap = @ _am)xn i ﬁnxnﬂ

25
Xa, @A) 0 BX (&0

Equation(2.56) is supplemented by the essential initial conditions:
U,=U@t 9) and U, B(t 0} (2.58)

Using Eq.(2.57) fully discretizedequilibrium equation ithenexpressed as:

(1' am)MUml "(1 'af)CUni (:H' a)KUnB-

] . (2.59)
:(1 _af)Fn+l ﬁFn ﬁ\/lun f@Un fIﬁJn

Displacement and velocity updates in Generalidzed Met hod are identical
Newmark Method(Chung & Hulbert 1993and are expressed in terms of algorithmic
parametersb and g. These are obtained by restricting the sum of the coefficients of their

acceleration terms equal to the coefficients of the acceleration terfayilor series

expansion ofJ,_,, andU_,, aroundt, . Simple numerical experiments have shown that this
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update equation results in a monotone increase per period in the peak displaceimen
velocity errors(Chung & Hulbert 1993)Accordingly, expressions for displacement and

velocity updates are as follows:

U..=U, +tD, (D5 b)U, t* B[ (2.60)

Upa=U, +t@L g)U, t4ip (261

Substituting Eq. (2.60) and (2.61) back into Eq.(2.59), the acceleratioform of

Generalizedd Me maydelobtained as:
KU,,=F,.. (2.62)

Where effective stifiess matrixK and load vectoF ,, areexpressed as:

K={@a a, M @& 3)t@ @ + pt K} (2.63)

I:n+1 = (1 A )Fn+1 L I:n ﬁVIU n f@U n frgJ n
- -af)C{L'Jn +# (D gun} (2.64)
- ak{u, #R @ HU}

Equation (2.62) can be solved for unknown accelerations by factorizfigusing
Cholesky decompositior{only once for linear systems with a uniform tistep.
Displacements and velocities can then be obtained Eqr(2.60) and(2.61) respectively.

Hence, completing the solution at tirg, .
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Generalized) Met hod i s

Eq.(2.66), for the following conditiong,Chung & Hulbert 1993)

1
g:E - @ e (2.69)
a.t a d% and b%f —;+(fa ey (2.66)

For a user defined high frequency dissipatiactor ¢, algorihmic parameters for
unconditional stabilityareobtained using Eq$2.65) and(2.66). Accordinglyfor:

1) WBZ-UMethod: di [0,1]

2
a,=-d ae ¢ +d B (267)
2) HHT-U Me tai 04d/3]
2
a =0, g =4 g;: s d (—152‘/—) (2.69)

3) Generalized] Met hod ( Ogi {0jlmal case):

a. = ) )

) 1-230’ 3 _12-0’ g:; v £1_4+b (269)

In theseequations, the lower bound @ represents no dissipatiowhereas the upper

bound represents complete annihilation of high frequency modes.
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With appropriate algorithmic paramete@eneralized) Met h o d

1)HHT-U Met hapdO f or
2)WBZ-U Met ha ¢0 dna r

3) Newmark Method foe,, = ¢

can

Finally, apseudecode to advance the solution of an inputegn of equations from

time-step ni {0,1,2,..N - Yto (n+1) using theGeneralizedd Me tcdn delexpressed

as follows

System matrices

Load vector

M C K

F, F

n n+l

Previous solution

Algorithmic parameters

Un Un Un

Dt a, &4 b

Generalized-UMethod

1) Compute effective stiffness matrix
2) Factorize effective stiffness matrix
3) Compute effective load vector

4) Solve for acceleration

5) Compute updated displacements
6) Compute updated velocities

Solution

Un+1 Unﬂ. nk

Figure 2-6: Pseudo-code for direct time integration using Generalized-U
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2.4Domain Decomposition Methods (DDM)

Domain Decomposition Ethods (DDM) are among the most efficient and reliable
techniques for the solution of engineering applications using FEM.oDiiee greatest
advantages of this method is that the domain under analysis can be decomposed into
several component sstomains, which can then be formulated numerically, modeled and
solved independentlyGlobal solution is then obtained by assemblingé¢hsubdomains
enforced by an interface condition, for exanipt®ntinuity of a field variable.

The very fundamental idea BIDM can be explained usirthe followingexample for

the sol uti on oFiguled7 aspsesent@dsiiTosed]i & 8idlund 2005)

TR

V
W W

(a) Original domain (b) Decomposed sub-domains

Figure 2-7: Domain decomposition method

Say we want to solvineP 0 i s s 0 n dssibjeet tp boartdaryocanditiorss follows

- Bu # in (2.70)

u=0 on n (2.77)

35



In the above equations, and f represent real or complex valued funci@ndW is

a domain in 2 or 3 dimensions. Let the original domalrbe decomposed into two non

overlapping sufmlomainsW andW?, Figure2-7 (b), subject to following rules:

W= W C?W

W EW 8

HW EPW =G
HW EpW> *pW A

(2.72)

As a coupled syste, a new problem may now be defined as:

Poi ssonds - 8Bu #'in °
Subdomain 1
Boundary Condition: u'=0 on p ‘W
1 2
Interface ut=u* on ( IJ_Ul = ||u2
un i
Poi ssonds - Bu #% in °?
Subdomain 2:
Boundary Condition: u”*=0 on p W

Hence the basic idea is to decompose our problem into sevemdmains, each with

its own discretized equations and boundary conditions, enforcax &ypropriate interface

condition In several cases, Lagranigkiltipliers may be used to enforce a weak statement

of continuity across the interfa(@ernardi et al1994)

Subdomain interfaces created as a result of DDM may beormerapping or

overlapping interfaces. Newoverlapping interfaces form the basis of Schur Compliment

Approach(Roux 1990) Substructuring techniques in structural analysis tig approach

(Dodds & Lopez 1980pnd the interface condition is usually applied to the unknown
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kinematic quantitigssuch aslisplacement, veldty or acceleration. Another application of
non-overlapping DDM is the Balancing Domain Decomposition Method (BDD) where the
interface problems solved iteratively using ar€onditionedConjugateGradient (PCG)
Method (Mandel 2005) On the other hand,verlapping interfacesorm the basis of
Schwarz Alternating MethodLions 1987) Although this approach helps improving the
stability of adjoining interfaces, it generatsveraladditional unknowns as compared to
non-overlapping interfaces.

A comprehensive discussion on various domain decomposition methods, theory, related
algorithms, their i mplementati ®econgpostionanal ysi
Methodsi Algorithms andTh e o (Tgsélli & Widlund 2005) O Domai n Decompos.i
Parallel Multilevel Methods for Ellipti® ar t i al Di f f €Smghretal. 8896) Equat i o

Once the problem domain has been deca@®gpo component sufbmains can be
spatiallydiscretized independent of each other. Within the framework of structural domains
and FEM, nodecut partitioning (noroverlapping DDM) and elemesut partitioning
(overlapping DDM) methods are the two most wydeded discretization techniques.

2.4.1Node-cut Partitioning

Sub-domain nodes i e o
Interface nodes i e
|

R —

i
|
I
[
|
|
%
(a) Conforming interface (b) Non-conforming interface

Figure 2-8: Node-cut grid partitioning
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If the dividing interfaceis formed along the elememdges it is called nodecut
partitioning,Figure2-8. Resulting interface in this case is either a line (2Ddsubains) or
a surface (3D subomains). Elements in this case are assigned uniguelyetsuh
domains on either side of the interface. Interior nodes are private to component sub
domains whereas nodes that fall on the interface are shared by adjacent elements and are
responsible for communicating information across partitionedisufains.

2.4.2Element-cut Partitioning

Sub-domain nodes i e o
Interface nodes i e

T T 71 jsnsssees
(o L7
«— -+ —— —g(— - t—
(a) Conforming interface (b) Non-conforming interface

Figure 2-9: Element-cut grid partitioning

An alternate partitioning technique is the elermaritpartitioning,Figure2-9. Interface
in this case is created lmecomposinghe domain across the element face. Accordingly,
dividing interface is either a surface (2D sidmains) or a volume (3D swlmmains).
Nodes in this case@assigned uniquely to the partitioned elements and the elements which
have been cut are duplicated for each-doimain across the interface, hence creating an
overlap region. Sudomains in this case communicate not only with private nadesiso

with nodescaincidentwith the shared elements, which are part of otherdeubains.

38



Among these techniques, nedeat partitioning is a preferred approach since it
gererates lessr number of unknownsiterface degrees of freedqi@dOF), as compared to
elementcut partitioning and it also results in a simpler interfa€nce the domain has
been partitioned and discretized in space, two different approaches can be employed to
enforce interface conditiondecker et al. 2003)

1) An iterative procedure can be implemented to enforce the solution or it&lnorm
derivative or combinations to be continuous across the interface. This technique
forms the foundation of the Standard SchwalternatingMethod as discussed in
(Lions 1989)

2) Another pproach is to use the Lagrangellliplier technique to achieve continuity
of kinematic quantities across the interface. &dwdifferent methods have been

discussed iffTallec & Sassi 1995; Bernardi et al. 1994)

Since the LagrangeéMultiplier approab does not require iterations to enforce
continuity, this method is more suitable for lasgale problems. It also yields a direct
global solution. However, the unknowns in this case have to be computed at the interface
before enforcing a suitableonditon on kinematic quantities. Accordinglthey must
satisfy theinf-sup or equivalently theLadyzhenskay#abuskaBrezzi (LBB) condition,
which requires special choice of multiplier space, such as mortar eleniBatsardi et al.

1994) or the use of special stabilization techniqué@Baiocchi et al. 1992) When
compuing LagrangeMultipliers, another concern that comes inke picture is thegrid
conformity or the nod#o-node connectivity at the interface. The usual domain
decomposition approach would require that the nodes of a given element in a particular
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subdoman intersect exactly with the nodes on an adjacent element from-dosudin
across the interface. Nodi@node connectivity at the interface can be very well modeled
on structures with relatively simple boundari¢®wever this is inconvenient when
analying large structures with several integral parts. Conformingdsuimain interfaces

are also difficult to model when one wishes to resolve a particulad@ulin (critical
region) with a finegrid resolution as opposed to a coarged in the surroundingremote
subdomain. Since interface conditions are responsible f@on@ecting partitioned sub
domains and hence obteig the global solution, communication of information and
transformation of nodal quantities across interfaces (conforming ecordarming) has to

be efficient. Another concern that needs to be answered is the gain in computational
efficiency with respect to the actual accuracy that could be polluted as a result of non

conformity across the interfa¢ieacour & Maday 1997)
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2.5Coupling Sub-Domains in Space and Time

In previous sections we have seen how traditional FEM can be used to spatially and
temporally discretize the governing equation of motion for a structural dynamic system.
We hare also seen how DDM can be used to partiti@problem into several component
subdomains eachwith its own governing equation, boundary condition apg@ropriate
interfacecontinuity condition. Following sections briefly describe various methodologies
and algorithms used to couple sddimains with distinct discretizatisnhence concluding
the review of literature and theoretical foundatiofinite elemenimultiscale coupling.

2.5.1Mortar Finite Element Method (M -FEM)

Mortar Finite ElementMethod(M-FEM) is an interface discretization technique that is
used to couple sutbomain grids acrosdistinctspatial resolutions. In this method, neide
node connectivity may or may not exist at the interface between adjacetibraans.
Coupling is achieved in thierm of point constraintswhich are enforced by introducing
LagrangeMultipliers, that arechosen to presee the accuracy of the solutigMaday et al.

1988; Lamichhane & Wohlmuth 2004b)

Sub-domain nodes i e e
Interface nodes i e

N? N’ N2

or

NETESRERE!

A A 12 f;gfi ’
G G G

(@) (b)

Figure 2-10: (a) Non-overlapping DD with independent (non-conforming) discretization in
component sub-domains (b) Interface (Mortar) elements and corresponding
Lagrange Multiplier space
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Consider as an exale a 2D domainwhich has been decomposed into two -non
overlapping, norconforming subdomains W and W) as shown irFigure2-10 (a). Let
them be spatially discretized using dde quadrilateral elements with standard bilinear
shape functions. Let Lagrangdultipliers (/) represent the sutbomain reactions in the
form of interface fluxes or tractions. These unknowns, discretized over the interface, may
be approximated using shape functiohf as shown inFigure 2-10 (b). Let the DOF

associated with respective FE domaind their interfacelse as assumed Table2-1.

Table 2-1: Labels for sub-domain and interface degrees of freedom (DOF)

Finite elementegion | Corresponding number &fOF
q' a
q’ b
TR m(<a)
0% n(<b)
Gl,za K

Here, if we choose coarse grid discretizatiomepresent the Lagrandgultipliers, i.e.
k = m, the adjacent interface o is referred to as the nenortar interface, whereas the

interface onW is referred to as the mortar (gli) interface. If multiple sudomains exist

at a node on a mortar element, the usual linear interpolation shape functions associated with
this particular node are replaced by a constant(@emkiewicz et al. 2005)The choice of

mortar element discretization (for unknown Lagrahddtipliers) can be obtained from

either subdomain or independentlydowever,total number ofDOF associated with the
mortar interface shouldot be too rich in space so that they over constrain the coarse grid

or too weak so that the constraints are not well enfoocethe fine grid(Bernardi et al.
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1994) Typically in M-FEM, the Lagrang®ultiplier space is identical to one of the sub

domain interfaces, usually the coarser mesh. Hence for-avestapping DD, as shown in
Figure2-10 (a), the Lagrange Mitiplier space is defined as obtained fidf i.e. k = m.

Recently, Park and Felipp@Park & Felippa 2000)roposed an approach using

Localized Lagange Multipliers method (LLM), as opposed to the typical global Lagrange
Multipliers, Figure2-11.

gl ¥
B2= 2= g2l
M= i =l
23— 23— _32

4 Interface traction field

Figure 2-11: Direct subdomain connection using global Lagrange Multipliers (Park & Felippa
2000)

u global nodes

Collocated (u, 1) local nodes
u local nodes

Localized nmltiplier field

Figure 2-12: Localized-Multiplier FEM discretization (Park & Felippa 2000)
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Although LLM was principally developed for contantpact problems, it focuses on
non-matching interfaces. Using L M, a oOcontact framed with
discretization is introduced between interfacing bodtegjre2-12, thus leading to a three
field formulation.Each field variable in this case is expressed independently in torder
ensureocal equilibrium. They also enforce continuity of displacement acrossisoiain
interfaces and present an approach for positioning nodes on the contact frame.

More recently, Herry and ValentifHerry et al. 2002proposed a slightly nabfied
version ofglobal Lagrange Multiplier to connect sdbmains with normatchinggrids

Henceforth, his approach will be referenced as the HybridFEM technique

W\Qé{ WA

N

e

{
Figure 2-13: Interface definition (Herry et al. 2002)

In contrasto M-FEM, this approach uses interface discretization that is inherited from

both, mortar and nemortar interfaces; hence the name HybridFEM. For the DD
shown inFigure2-13, assumeW and W have m and n DOF on interfacesS and S,
respectively and let ¢ be the totalnumber of DOF commoibetween these interfaces

(commosarme coordinates). Then according to

choiceof interface (Lagrange Multiplier) discretizatidk) is obtained ak=m + €. It

is alsoshown that this approach results in exact continwfykinematic quantitiesand
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equilibrium across the interfacdnowever, only for a selected set of basis functions
selectively defined for # Lagrange Multipliers, and the common interface nodes. They
also note thathe proposed optimal couplingan be used for elements with linear shape
functionsonly. Regardless of the choic# interface discretizatiqrinterface connectivity
constraints(Zienkiewicz et al. 2005between adjacent sulbmains are obtained as

follows: (refer toFigure2-10 andTable2-1 for subscript representations)

Pen= ANi Ny, dG 273
G

Rz = AN N? dG (2.74)
G

Hence, the central ideéa M-FEM is to decompose the domain of our interest intc non
overlapping sb-domains (using nodeut partitioning) and impose a weak continuity
condition across the interface by requiring that the jump of the solution is orthogonal to a
suitable Lagrangéultiplier space(Bernardi et al. 1993; Bernardi et al. 1994) the
analysis of large structures, this approach has two notewadlgintages. First, the
discretization of domain can be selectively improved in localized regions, such as around
corners or other features where error in solution is likely to be greatest. This will allow for
greater accuracy without the computational bardassociated with improving the
discretization over entire global domain. Another practical benefit of this method is that it
can be utilized to connect independently modeled and analyzestraatures in a large
problem. For example, in analysis of artamobile the external framework and the chassis

may be modeled independently by different engineers. It is unlikely thatsugbures like
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these will have exact node-nodeconnectivity at the interface when assembled as a whole
for a complete analysigransition meshesiaybe used in the vicinity of the interface, but
this would require reneshing and it would also make the analysis more complex and
expensive.Non-conforming mortar method completely circumvetitss difficulty and
hence, naturally as¢s in multiscale modeling

A good introduction to Mortar Methods can be foun@Bernardi et al. 1993; Bernardi
et al. 1994; Lacour & Maday 1997; May et al. 1988; Lamichhane & Wohlmuth 2004b;
Lamichhane & Wohlmuth 2004a; Lamichhane & WohIimuth 2005)

2.5.2Finite Element Tearing and Interconnecting (FETI)

Farhat and RoutFarhat & Roux 1991first introduced the Finite Element Tearing and
Interconnecting (FETI) method for the solution of static problems. This method adopted
Schur Compliment Approach, i.e. Diith non-overlapping sulllomains and elemewtut
partitioning and introduced Lagrange Multipliers to enforce displacement compatibility at
the interface nodes. Local singularities introduced as a result of static floatidgreains
areresolved in twophases¥First, the rigid body modes are eliminated from each local
problem and a direct scheme is used concurrently to recover partial local solution from
each sullomain. In the second phase, mode contributions from phase one are correlated to
the Lagrang Multipliers through an orthogonality conditidfinal cupled system of local
rigid modes and Lagrange Multipliers is then solved using a Projected Conjugate Gradient
(PCGQG) algorithm to complete the solution of the problefhis technique wadater
exterded to the solution of transient proble(Rarhat et al. 1994long with a time parallel
iterative method for structural dynami@sarhat & Chandwis 2003; Farhat et al. 2006)
Spectral stability analysi@arhat et al. 1995however proved that FETI algorithm for
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structural dynamics isnly weakly stableand instabilitieggrow linearly for any interface
constraint A characteristic feature of FETI, appnsed to MFEM, is that the interface of
Lagrange Multipliers is discretized usingelements (P! Polynomial) that inherit
Lagrange polynomial shape functiofsgure2-14. Polynomial shape functionseasimilar

to linear basis functions in the sense thayareunity atthe hosihode and zeron others.

N N/ N2
¢

W & W2
¢

— e
G G? G

Polynomial shape function

Figure 2-14: Finite element and interconnecting with Lagrange polynomial function

The upside in using polynomial shape functions is that accuracy can be improved by

increasing the complexity of the polynomial, howevierequires a lot of computing time

to solve a high order shape functioAnother difficulty in using polynmial shape
functions is the complexity in computation of interface connectivity constraints Hging
(2.73) and(2.74). A comparison in implementing these interface connectivity constraints,
and their accuracy using FEATI and-BEM, Figure 2-15 (Lacour & Maday 1997)
suggests that NFEM has the following advantages: 1) It satisfies the compatibility
condition between discrete spaces, 2) It providaafasupcondition that is independent of

the discretization parameter and 3) It resultsalgebraic systems with welbnditioned

matrices.
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Figure 2-15: Comparison between polynomial and mortar Lagrange Multipliers (Lacour & Maday
1997)

2.5.3Mixed Methods and Subcycling

Direct integration methodsimplicit and Explicit, both have their advantages and
disadvantages. Researchers have long ago realized the need to synthesize these solution
algorithms so that the time marching scheme can inherit benefits from each one of them.
Similar to grid partitiming techniques, as discussed in Sectignkl and 2.4.2 the
partitioning of time discretized equations is achieved through element ait tiotk
partitioning.

A. Element Time Partitioning

In elememtime partitioning, Figure2-16, all equations associated with the elements of
a particular stlmlomain are integrated either implicitly or explicitly. Nodes at the interface
are shared nodes and are responsible for communigaforgnation across component

subdomains. This approach can handle shared nodes with more than tdonsaibns
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since the assembly of system matrices is performed elesigant Another advantage is
that an element can be assigned, implicit or explicit, uhycelly; subject topredefined

usercriterions.

%’ Element Groups

_______ Al g0 -0 -0 O
| o—o0—- ) . o
: Il :e e Implicit nodes - éo -0 0 O
:' I 'I ‘Ie . 1 Explicit nodes - o €0 - O 0 O
| >
. Shared nodes - @ €. e
IR €0+ 0 00
:, - ,: X € 0.0 O
liil]e|e ¢ O O
@ ®

Figure 2-16: Element time partitioning

B. Nodal Time Partitioning
In nocal time partitioning, Figure 2-17, DOF associated with certaielementsare
integrated either implicitly or explicitly. Elements that have both implicit and explicit
nodes are called interface elements and usually require special treatment. Since variables
associated with these elements @tegrated both implicitly and explicitly, the coupling
algorithm is often difficult as compared to element partitioning technique.

Nodal Groups

O o) é,
e|le|le| e é .

é I e
7%<7_f17_1:.17_7;f:_” | licit d é
:“ P NI ,II mplicit nodes - o é
Pl il il Explicit nodes - o é

:. i I i ‘i T i ’: Shared elements - T:I g ei ee
[ | S
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Figure 2-17: Nodal time partitioning
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Thereare several techniques that couple different time integration schemes within a
domain, with same timstep. For example, stiffer stlwmains employ implicit integration
in order to circumvent the Courant tirgep limit and flexible sulbomains use explici
integration to reduce overall computation costs. Such methods are referred to Mixed
Methods(MM) (Belytschko et al. 1979)n classicaMM, the time marching scheme uses
same timestep in different sudomains but uses different algorithm (implicit/explicit)
depending on the local swlomain requiremes. Accordingly, three different classes in
MM are:

1) Implicit-Implicit (I-1) partitions

2) Explicit-Implicit (E-1) partitions

3) Explicit-Explicit (E-E) partitions

Implicit methods can adopt a direct solution approach, or an iterative method, to solve a
given system of equation®athe & Wilson 1976)Iterative methods require less storage
space, but for structural meshes the convergencesradey poor(Belytschko et al. 1979)

Direct soution method, on the other hanglelds converged results but requires more
storage space. Accordingly) MM (Park et al. 1977)tilizes direct solution and iterative
methods as suited in different partitions.

E-l1 Mixed Methodswere first introduced byBelytschko & Mullen 1977palong with
their stability analysigBelytschko & Mullen 1978)allowing stiffer subdomains to be
integrated implicitly, whilst using explicit integration flexible subdomains Using this
element time partitioning and-Eapproach,explicit nodes are integrated first and the
results are used as boundary conditions for the implicit nodes. An alternate, and an easy to
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implement,nodal time partitioninde-1 approach for linear problemgas developed for the
Newmark MethodHughes & Liu 1978pand its stability analysis was provided using the
Energy Method. This approach was later extended telinear problemgHughes et al.
1979)with a proof for convergenc@Hughes & Stephenson 1981he E-I method was
later augmented to control numerichssipation of unwanted high frequency oscillation
using a method similar to HHO Me t(Miranda et al. 1989Mixed time E-I method
(Liu & Belytschko 1982)s another approach that uses the predimborector algorithm to
update implicit elements (once for evddy ) and the Newmark Method to update explicit
elements (n times everyt).

Subcycling or EE integration techniques another approach that use different time
steps in different sudomains;however the stability and accuracy analysis of this method
is significantly involved. A multtime-step method for firsbrder equations, where sub
domains may be integrated using Subcycling and the entire domain is integrated at integer
multiples for a gbbal update, is presented (Belytschko et al. 1984)This approach was
later extended to secomdder equations ifSmolinski 1992)with a proof of stability in
(Smolinski et al. 1996)it was shown that Subcycling leads to reduction in total computer
time in the analysis of larggcale problems, such as vehicle crash analysis, ama@lso
cause an increase in accuracy for some applicafignugs 1990) An implicit Subcycling
time integration method, based on the Trapezoidal Rule, was also propd&ddinski
& Wu 1998) Although energy analysis shows that this approach is unconditionally stable
and conserves the same pseadergy as the standard algorithms, numerical tests have
shown that the accuracy of the metluegrades if the total cycle time or the tistep ratio
becomes large.
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2.5.4GC Method

A time-space mortar method for couplitigear modal swa@lomains and nehinear
subdomains in explicit structural dynamics was first proposed by Alain Combescure
(Faucher & Combescure 2003)his approach introduced new opportunities in ODM
wherein each sudomain can be discretized based on its effective loading conditions in
order to reduce theomputation time of the simulation. Using this technique;cumains
that are subjected to small perturbations are assumed to represent linear elastic behavior
and aresuitablyreplaced by modal basis response of a much smallethsinehe original
problem. In order to establish compatibility between rmamforming grids, this approach
adoptsthe hybrid version of MFEM (Herry et al. 2002as discussed earliérhis approach
also extended the static FETI Meth@so referred to as Dual Methott) incorporate
multiple timesteppingusing Newmark time integration scheme.

Another approach to handle swomain specific timecale and spaescale
characteristics in timdependent nofinear problemsvas then proposed by Combescure
and Gravouil(Gravouil & Combescure 2003Under this approach, response from fine
scale discretization and coarse scale discretization is obtained fromsaaleaesolution
technique inspired by the Multigrid Metho@Barsons & Hall 1990a; Parsons & Hall
1990b) Figure2-18. Theypropose an algorithm with a single iteration level to deal with
both: nonlinear equilibrium and twespace scale discretizatioim which relaxation steps
are performed using a ndinear PCG algorithmHowever, this method permitted only two
scale decomposition, i.e. it allowed only two tigdagrids, each with its own timscale,

Figure2-18.
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Figure 2-18: Treatment of incompatible meshes using two-grid approach (Gravouil & Combescure
2003)

Gravouil andCombescurgCombescure & Gravouil 2001; Combescure et al. 2003;
Mahjoubi et al. 2009aterproposed a general tingpace multiscale method@C Method)
for the solution of tranent problems based on nedet grid partitioning. Using this
method, p@rtial differential equationsvere discretizedindependentlyover subdomains,
solved individually and then globallyover the interfaceusing Lagrange Multipliers.
Assuming kinematic cantities such as displacement, velocity and acceleratiom linear
over the interface; Lagrange Multipliers are introduced to enforce continuity across the
interface. Equilibrium equatiorfer the coupled system atbenformulated as a sum of
total enegy, obtained fromeach sullomainandaugmented by the interface ener@®C
Method uses#lybrid M-FEM (Herry et al. 2002and Newmark time integration scheme for
the evolution of kinematic quantitiest is however shown that GC Method requires

computation of interface reactions (Lagrange Multipliers) at the smallestdtiepe which
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is indeed computationally very expensive for lasgale structures with large interfaces.
They first present a procedure to couple different Newrsankmegimplicit/explicit) in
each sullomain with the same tintep. By enforcing continuity of velocities across-sub
domain interfaces and utilizing the Energy Method, they showttilssdipproach is energy
preserving. Thewlso showthat the method is stabiieand onlyif the interface energy is
zero. For Newmark time integration scheme, &@ Method has zero interface energy
underone of theollowing condition:

1) For continuity of Accelerationgy is constant for each stdomain
2) For continuiy of Velocities: g and b are independent parameters

3) For continuity of Displacement§2b - g =0) for each suldomain

Therefore, it is showthat continuity of velocities at the interfackesds to a stable
algorithm. They further present their approach for-lvoear cases with same tirséep in
all subdomains, and linear cases with different tisbeps in different sudomains.GC
Method was also extended explicit-implicit formulation for nonlinear problems with
different timesters in different subdomains (Combescure et al. 2003Yhey derive
coupledequations and stability conditions for both material and geometritimearity. A
monolithic energy conserving approath couple heterogeneous time integrasush as
Newmark,HHT-", Simo, Krenk and Velocity Verlawith incompatible timesteps was
also built on the foundation of GC Meth@dahjoubi & Gravouil 2011anda FE software
enabling implicitexplicit multi-time-stegping co-computatios, based on GC Method, was
also developed byBrun et al. 2012) However, it was shown that GC Method has

unsuitable features of being dissipative on the interface betweeatoswns. It was also
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shown that stolomain computations are stable as long as Newmark stability requitem
are fulfilled within each sublomain, but the accuracy of the timméegration scheme
reduced by one order when mdltne-stepping was introduced. Hence, indicating that for
second order timetegration schemes (such as Newmark Method), the-tmakistep GC
Method only lead to first order accuracy.

2.5.5PH Method

Prakash andHjelmstad or PH Method(Prakash & Hjenstad 2004 ¥urther extended
FETI algorithms and improvised on existing formulation for multiple {stepping
approach laid down by GC Method. They adopt Newmark-integration method to
selectively discretize component stbmains, allowing distincime-steps (with integer
ratios) and implicit and/or explicit algorithms. Theoretical foundatawnthe newly
developed multtime-scale algorithmin this dissertationis largely inspired from the PH
Method. Accordingly, w shall nowtake a brief lok at this approach, agpresentedn
(Prakash & Hjelmstad 2004)

For simplicity, we will assume the decomposition of@tinuous domainV into two
nonoverlapping su@lomains W* and WP as shown irFigure 2-19 (a) and (b) It is also

assumed thatV* is integrated with dargertime-step DT (corresponding to the global

time-step) andNewmark parameteréb’*, é) whereasW? is integrated witha smaller

time-step Dt (6%, §) such that the timetep ratio (DOT/ @ %) is an integer.
Intermediate timesteps in integratin§\? are denoted by such that? =0 corresponds to

timeT?t and/ = »correspondst¢T + D) & x+) Dt,,, seeFigure2-19(c).
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Figure 2-19: (a) Structural domain under consideration (b) Decomposed sub-domains linked
through Lagrange Multipliers at the interface (c) sub-domain time-stepping
parameters and intermediate time-step counter

Consider the structural domaWv in Figure2-19 (a) has prescribed displacements over

G, and transient external force ov€ . Using FE formulation for an wdlamped system

with linear elasticonstitutive law the problem under consideration can be expressed as:

MU (t) + KU (t) =F(t) t" [0, T] (2.75)
IC - U@©=U, , U(@©) 4, (2.76)
BC - U@M®=Uy(t) on G , F{t) &) on . (2.77)

Using Newmark Method, fullgiscretized equilibrium equation for the continuous

domainW alongwith displacement and velocity updategxpressed as:

MU,,,+KU,, F,, (2.78)

56



U,.=U, +tD, (D5 b)U, t* B[ (2.79)

Upa=U, +tl g}U, t4p (2:80

In order to formulate constituent equasdar W* and W? augmented by aimterface

continuity conditionit is assumed that the interface reactions are discretized3)Veand

represented using Lagrange Multipligis). The Lagrangian for coupled stdibmains is

then expressed as:

L :%%UATM’UA-—;UATK‘UA ‘é’+—;g SR —;U Bk B B (2.81)

As proposed by GC Metho®H Methodimposes continuity of vetities across sub
domain interfaces using a linear constraint equation such as:
LAUA+LU® B (2.82)

Where L represents a Boolean matrix that picks interface degrees of freedom from
respective stdomains and projects them or®)°.

Combining the constraint Eq2.82) with Eq. (2.81), the Lagrangian in terms of

interface reactiong/ ), and its variation is expressed as:

~ AB & o T R T i A.B.- o
/ =é§§U' MU' -_;u' KU gw aLu 283)
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~ AB o w T T AB
dL =g §U"' MU' - B'KU +WL g+ gud (2.84)
External virtual work done on the system is expressed by:
'?".B T
av =3 adu' F (2.85)
Applying Hamiltonds principle:

%‘[dL + I/ )dt=0 (2.86)

4

FREU MU+l ) - W (KU F) gt +ReAty § o (287
‘ ei u

4 4

Integrating first term by parts and assumistd' (t,) = 0'(t,) ©:

L AB A B
eA

fRL-aU" MU KU WP g wdAlU o (2.89)
ei u

!

Using fundamental theorem for calculus of variations (E§8) can be expressed as:

MU' +KU 4 LF i:AB (2.89)

AB .
g LU =0 (2.90)
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Introducing timestepping parameters frofgure 2-19 (c), fully discretzed equations

for W* and WP are expressed as:

MAUA+KUA 5 L B (2.97)

MEUE+KUS +°% I, 2, n L2} (292

Contrary to GC Method, PH Meod enforces continuity of velocities only at the global

time-step(T + D) as:
LUA+LUE 0 (2.93)

In order to solve the system of equations represente(2.84), (2.92) and (2.93),

kinematic quantities fronw* are decomposed into two parts as follows:
Ut=v% w4 (2.99)

Note: EqQ. (2.94) represents the decomposition of displacements only; hoynsrelar
decomposition is adopted for velocity and acceleration vectors. Eqyatai) is then
expressed as a O6Freed problem (under the acHt

(under the action of interface reactions) as follows:

MAA+ KA A =FA (2.95)

T

MANA + KAWA = 12 (2.96)
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Using Newmark Method, E2.95) is solved independently to compute the free
response o W* at timg(T + ). Resulting solution \(*, V% andV?*) is then linearly
interpolated using Eq2.97), shown for displacements only, at intermediate tsteps

corresponding to sutlomain W’ i.e. for timeinstants where?i [1,2... .

a h o A
Visg g #géff (2.97)

¢ X =

é.h ~
W, = " 2.
e W (299
Knowing the solution at intermediate tirget e p s , correspo@d) ng
are computed as:

df, =F) -MAN% KANA (2.99)

Similarly, (d)firomEq(296a= obthineul hss
da,= " | MW, KwA? (2.100

Now, in orderto enforce equilibrium ofW* for every intermediate timstep, the

combined residual from E.99) and Eq(2.100) is set to zero, i.e(.a’f,7 + b;7) 0.

\ df, - LY L, MAWA KEWA 0 (2.101)
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Introducing Eq(2.98), Eqg.(2.101) can be expressed as:
daf, - L L, 2;; AV kw?) o (2.102)
(;: -

T

However MAWA + KAWA = £

T éh 6T
V- L Lo (2103
g -
\ L, 4°df, % gL LS (2.104)
g =

Using the result from Eq2.104), intermediate interface reactions from E292) are

condensed out and the equilibrium equationvifris expressed as:

MPUS+KU P g

& LR L, niL2i. ] (2.109
o =

The fnal set of oupled equations, including equilibrium Eq&.91), (2.105 and
interface condition, Eq2.93), are solved using bordered system approach and the global
solution to the original problem under consideration is obdalme summing responses
from component sudomain at global timstep DT .

Using Energy Method, it is shown that this methodinsonditionally stable, energy
preserving and computationally efficigiian the former GC Method. Sintee interface
continuity condition is enforced at global tiraeps only, corresponding interface reactions

(Lagrange Multipliers) are also computed at the global -8tep. This makes the PH
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Method DT/ D x times faster than GC Methpérigure 2-20 (Prakash & Hjelmstad

2004)

T+ DO T+xD T+ O T+xD
nN+1 g — / x € y nN+1 g > / x € S

e /X_1<—> e —> 1

B — /3 «—> e /h —> y

/ , > i > I

[, ~—> +— — x—
n .. por I Dt noo.. pr I Dt

T T

(@) (b)

Figure 2-20: Comparison between (a) GC Method and (b) PH Method

However, he drawback in using PMethod is that Lagrangdultipliers are expressed
i n t ef meesidafs Eq(2.104), which are obtained from the coarse tistep sub
domain Eg. (2.99). This makes the fine timgtep subdomain dependent on othsub
domains making it impossible to solve multiple sdbmains concurrentlyTherefore, PH
Method allowscoupling only two sulllomains at a timeand consequentljor multiple
subdomain coupling, one needs to implement a recursive solution algofiRhelkash
2007) that can solve component sdbmainsi one pair at a time. Thisdependence
between component sulmmains significantlyrestricts the computational efficiency of

multiple timescale coupling.
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Chapter 3: MGMT Formulation

3.1 Approach and Methodology

Since FEM is well established with vast amounts of literature in its theoretical
background, mathematical foundation and applications using computer simulatisns; th
dissertation builds upon the existing FEM in order to implement concurrent multiple grid
and multiple timescalecoupling We propose a hybrid approach which may be considered
as a combination of:

1) Multiple grid formulation that allows efficient coupling f Oi ndependent

discretized FESubdomains

2) Multiple time-scale formulation that allows concurrent mtilthe-stepping with

energy preserving time interfaces

The framework for this approach is largely based on the fundamental principles of
DDM, used tosdectively decompose a structursto component sudomains. Post
decomposition, component sdbmains can be independently discretized in space.
Subsequeht, multiple grids with conforming/neoonforming interfaces can be coupled
together using M-EM and Lagrange Multipliers that are introduced as interface reactions.
Space discretized equations of motion from componentdsaiains can further be
discretized in time, distinct from each other, allowing-domain specific timetepping.
Communication b&een component stdlomains is desired at the largest/global tstep

and is achieved in a manner that preserves global/localsubin energy balance.
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A distinction between riaditional FE approactand theproposedhybrid methodology

can be illustrateds follows:

Domain under analysis:

Traditional Approach
Uniform grid discretization: Uniform time-stepping:
fffffffff 11
= s s
8 g8 g8
» '§- 1l 1] 1"
B 8 B8

Global time-step  Element time-step

Hybrid MGMT Approach
Selective Domain Decomposition: Selective Grid Discretization:
| B
Multiple Grid Coupling using M-FEM: Multiple Time-stepping:
.« . L
) 1 Y
B BB H

Global time-step  Sub-domain time-step

Figure 3-1: Hybrid MGMT approach

Following sections elaborate on every constituent step of this hybrid approach and
rigorously derive necessary formulatithatis required for the successful implementation

of the proposed MGMT Method.
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3.2Domain Decompositionfor Structural Dynamics
In this section, we present the DDM approach for deriving coupled equations for
component suadomains augmented with an appropriate int&rfeondition. We limit our

discussion tdinearstructural dynamic systemas derived in Sectidh 1

(@) (b)

Figure 3-2: Structural domain decomposition (a) Domain under analysis (b) Decomposed sub-
domains with inherited boundary conditions and augmented interface reactions
Consider a continuous domaiV with prescribed displacements ové, and
prescribedractions overG. as shown irFigure3-2 (a). Using finite element discretization

in space, the governing equatisexpressed as:

MU (t) +CU(t) KU(t) E(t) (3.1)
IC - U@©=U, , U@©) 4, (3.2)
BC - UM®=Uy,(t) on G , Ft) §@E) on . (3.3
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Here, M represents the mas§, is damping andK represents the domain stiffness.

Primary unknowns are displacements, velocities and accelerations; as reptag&hted
U(t) and U(t). Initial displacements and velocities are definedlyy and U,whereas
U, (t) and F,(t) represent the prescribed displaceraemtd force boundary conditions

respectively Energybalance equation corresponding to E3jl) can be expressed Ipye-

multiplying U™ (velocities transposgjollowed by integration:

dal 1 T
U'™™MU += U KU F U'cu 34
dtag o*J (3.4)

Using DDM let us now decompose our original domain irffo component sub
domains such thaB;’ represents the interface betwedh and W, as shown irFigure
3-2 (b). If LagrangeMultipliers (/) in the form of fluxes or tractions are used to represent

interface reactions between connecting-datnains the resulting agtion of motiorfor a

component swolomainis obtained as:
MU' @)+CU () |U (@) E@®) L/ (i 1,2=.9) (3.5)
And the corresponding energy balance equation is expressed as:

da1tr .~ ... 1 .t . . 0.7 ST s T .
—xU' MU +-U KU s F U CU UL/ (i ,L,2.S 3.6
dt &2 2 Y ( ) (39)

Cortinuity of an unknown variables@yx) across sulomain interfaceG,’ can be

represented by a linear constraint equation such as:

66



UX@®)=UX() or Lx() -Lx() & (3.7)

In above expressiond, represents a multionstraint operator that is respectively zero
and norzero for interio and interfaceDOF respectivelylt is used to project required
constraints over the selected set of interfaCd- Variable x may represent displacement
(d-continuity), velocity (vcontinuity) or acceleration {eontinuity). Sirce Eq.(3.5) and
(3.7) are coupled, it is necessary to emstimat enforcing continuity of variabbe does not
influence the global energy balance. It is also important to ensure that the time integration
of Eg. (3.5), augmented with the interface condition, yields a stable solution within
component suddomains and globally. These requirements will help us select an
appropriate variable for the interface conditiéwwcordingly, we enforce theollowing
constraints on Eq3.6):

1) Energy is conserved within respective sldmains, that idocal equilibrium is

satisfied

2) Interface energy, produced aseault of interfaceeactions, is identically zero

These constraints are reasonable since the global solution (obtainedgagematef
local solutions) can be stable if and only if the solution is stable within respective sub
domains. Also, if the intéace energy contributions are positive, numerical integration of
Eq. (3.5) will eventually escalatewith an unstable solution and if the interface energy is
negative, artificial damping will be introduced across-daman interfaces. In MGMT,
domain decompositiomepresents anathematical division o& continuous domain and
therefore the dividing interfaces do not represepihysical feature within the systm.
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Accordingly, any energy produced as a result of introducing Lagtdndgliers must be
identically zero. This will ensure stable gluing of adjacent-cluinains and seamless
communicatioracross connecting interfaces.

Global energy balance equatjores obtained from component swomain

contributionscan now be expressed as:

> dal 1
— MU +ZU KU U'F J'¢cu U-'LY/ .
B LIRS TAUT ot ) @9

By enforcing the constraints discussed above, we obtain the following condition:

S T T
3U'"L"/ =0 (39)

i=1

Equation (3.9) represents the necessary condition to ensure global energy balance;
specifically it suggests that the interfameergy should be identically zero. Comparing this
result with Eq.(3.7), we see that zero interface energy naturally yields continuity of
velocities across ub-domain interfaces. The final set of equations for coupled sub

domains now augmented by interface condition, &), can now be represented as:

MU @) +CU (1) |KU (@) E@® L-/@ (i 12.9) (3.10)

3 LU (1)=0 (3.11)

i=1
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3.3Multiple Grid Coupling

One clear advantage of using DDM is the ability to choose independent resolutions in
component suodomainsso as to obtain a discretization that is well suited to the local
characteristics of the solution to be approximated. In this sectiowilveliscuss how
interface constraints can be implemented using -eateoartitioning hence allowing
multiple grid caipling.

Sub-domain nodes i e o
Mortar interface nodes i e

< G ok <
—e ) t —9

| —

— : — ¢

| —

SN , 2

| —

———O——— : —

| —

ye — W o) W y —

Figure 3-3: Domain decomposition and resulting conforming/non-conforming grids

Table 3-1: Labels for FE degrees of freedom

FE region | Corresponding number &fOF
q a
q° b
i's m(<a)
0% n(<b)
l]1,2a K

Consider the decomposition of a continuous regii2D) into two subdomains, W

and W which are joined together by introducing Lagrange Multipliers (interface reactions)

at the dividing interfaceigure3-3. Since we are using nodet partitioning, the interface
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for Lagrange Multipliers is a 1D segment. As discussadier, the choice for mortar
interface discretization is arbitrafyut fixed. In our derivation for multiple grid coupling,
we choose the coarse grid interface as themeortar surface; therefol@OF assigned to
the interface of Lagrange Multipliers équal to the interfad®OF fromW, thatisk = m.
3.3.1Coupling Conforming Grids
An interface between adjacent stiimains is said to be conforming if and only if
m=n and the coordinates rfacorrespondingdOF are coincident. Thereforave have
k=m =n.
¢ —o Gﬁ = Non-mortar interface on W

Wib \/\F o—0 Gf

® —s G}Z - Interface of Lagrange Multipliers

Mortar interface on W

Figure 3-4: Interface of Lagrange Multipliers (conforming grids)

In this particular case, multi-constraintoperator L is simply a Boolean projection

matri x with 106s -domdn irletface andksirgerid@OFeedpectivelylfs u b
B' and B? represent the Booleangjection matrix forW and W respectivelythen the

subdomainDOF, located on interfac&, (i =1,2) can be selectively projected as:

=B X \I B (3.12)

x=BiLx \L* B (3.13)

In theabove expressionsariable x represents the primary kinematic unknoysgch

as:displacemen(U), velocity (U) or accelerationU).
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As an example for implementing and constructing the Boolean projection matrix,

consider the following illustratiorkigure3-5:

123_>3§ 1 2 3 4 5 6 7 8 9
oo e 0 01000000
B=°%0 00001 00 O

14 W) ) ™ €
0 0000000 1

Figure 3-5: Reference sub-domain and corresponding Boolean projection matrix

3.3.2Coupling Non-Conforming Grids
An interface between adjacent sdiimains is said to be namonforming if m, n
and/or the coordinates of correspondiD@F are not coincidentThe ptal number of

LagrangeMultipliers in this case is selected k = m, as shown irFigure3-6.

e—e G = Non-mortar interface on W

I

, Mortar interface on W

—o G%,z - Interface of Lagrange Multipliers

N* N/ N2

—

Figure 3-6: Interface of Lagrange Multipliers (non-conforming grids) and corresponding shape
functions

In order to connect neconforming grids, we need to defimaultiple constraints

between interfac®OF from either side. These constraints can be obtained usir(g@.E8).
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and (2.74). Since the component sulomains are discretized usingndde (bilinear)
guadrilateral elements, we assume equivalent shape functions over the interface of
LagrangeMultipliers. Also, snce these constraints are apgpl@ver interfaceDOF only;

multi-constrainoperator is expressed as:

Ly = P¢. Bra (3.14)

L, =P2B: (3.19)

As an example for implementing and constructing mieltigonstraints, consider the

following illustration, Figure3-7. Assume element edge frod' and W# is 1 and 0.5 unit

length repectively and lsape functions used across either faiggs are bilinear functions

N* N’ N?
1 2 3 1 3
6
4 5 6 2 9
12
7 8 9 3 15

Figure 3-7: Reference sub-domains, interface of Lagrange Multipliers and corresponding shape
functions

3 6 9
- /AN ik /
NS NN NR 2 s03333 01666 O
\ PlzzgﬁNz’N; NN NR 3220.1666 0.6666 0.166¢
° 8 36 0 0.1666 0.3333
GNNG NN NR Y E

(3.16)
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lgﬁ\|1/N§ I\ﬁlesﬁ
P2 = 2gﬁN2/N32 Pﬁl\&ﬂ
3 7 J
gﬁqéNg "ﬁiNsz (3.17)
€0.2083 0.25 0.0416 0O 0
=£0.0416 0.25 0.4167 0.25 0.041
g 0 0 0.0416 0.25 0.208:
Resultingconstraint equations are expressed as:
Y 0.3333%+ 0.1668& =0.2088 +0.35 +0.04%6
Y 0.1666¢+ 0.6668 +0.166§ =0.04%p +0.£5 +0.436 (319

+0.25¢, +0.0416¢
Y 0.1666¢ + 0.3338 =0.04D6 +0.38 +0.20885

Hence, naltiple grid coupling between conforming and raonforming sukdomains
can be achieved using E@.12) i (3.13) and Eq.(3.14) i (3.15) respectivelyNote the
multi-constraint operatdior coupled sullomains, as described by Kg8.7) and(3.11), is
expressed as the sum of componentdinain contributions. Accordingly, the interface
connectivitymatrix (L) should be assigned a positive b{ad.) for nonmortarDOFand a
negative biag- L) for the mortaDOF.

In the case of norconforming sukbdomains, lhe numerical integratiomiEq. (2.73) and
(2.74), or equivalently Eq(3.16) and(3.17), is typically performedover each element edge
using theQuadrature rulg(Zienkiewicz et al. 2005)MGMT Method however, uses
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Trapezoidal rule(Lacour & Maday 1997)for the numecal integration of interface
constraintsdue to its ease of implementatiodnder this approachthe interface of
Lagrange Multipliers (nomortar interface) iglivided into N equally spaced panels, or
N+1 grid points suchthat a=x < .< x5, bk and the grid spacing

Dx <b &/ N.

Figure 3-8: Interface integration grid

The poduct of shape functionandtheir numerical integratigracross théength of the

interface of Lagrange Multipliers is then obtained as follows:

fiNe Ny, dG = l‘ﬁ(% N ¥ dx

&2 N (319
%a} BN, (1) N X N/ N9

AN, NZ dG = I‘ﬁ(» N(¥ dx

e N (3.20)
=%e_1 BN (X N2 ) N0 N D
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3.4 Multip le Time-Scale Coupling

3.4.1Newmark Time Integration

In this section we will briefly discuss the Newmark time integration method (implicit
and explicit)and its implementation algorithm as suited for MGMT coupliwge begin
with fully discretized equation of ation, as derived using Generalizdd Me tirh o d

Section2.3.3 witha,,= g 9.

MU,,,+CU,, KU, ., E , (3.21)

Displacement and velocity updatesingNewmark parameter$ and g are expressed

as:

U,.=U, +tD, (D5 b)U, t* B[ (3.22)

U,u=U, +t@ o, t4p (329

Substituting these equations back into BR1), the acceleratioform of Newmark

Methodis obtained as:

KU, ,,=F, (3.24)
Whereeffective stiffness matri and load ectorF,, areexpressed as
K={M +tpC ¢ o} (3.25)
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F

n+1

=F

n

. €U, #(Dg)Y}-K{u, +D, #(D5 bH)U} (3.26)

Equation(3.24) cannow be solved for unknown accelerations by factorizkgising

Cholesky decompositioas K = LDL" . Displacements and velocities can then be obtained
from Eq. (3.22) and(3.23) respectively.

The Newmark algorithm (for an undped case) is stable g2 1/2 and is

unconditionally stablé 62 ( g4/2y /4. With appropriate expression fdr and g, the
NewmarkMethodcan befurther classifiednto (Cook et al. 2001)
1) Implicit constat aveage acceleration methaalso knowras Trapezoidal rule
1 1
== and b=
g 2 4
2) Il mplicit |Iinear acceleration Metkoddhod (corr
-1 and b=%
2 6

3) Explicit CentralDifferenceMethod(CDM), also known a¥elocity VerletMethod

g:% and b9

In order to facilitate the derivation of MGM&quationsit is helpful to visualize the

Newmark MethodEq.(3.21), (3.22) and(3.23), in a matrix form as follows:

&M C Kal, géF,, ¢ O 0 0 a¢
4 . ué e i€
- | 0. gso i to B 1 -0 gJé (3.27)
e b 0 | ., &0 g§ tP05 A tl- D W
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Equation(3.27) can be further expressed in compact form as follows:
MU,,, =F,, -NU, (3.29)

If the time interval of interest is divided intd time-steps ofsize Dt , with Eq. (3.28)

enforced at discrete instants of timjewhereni {0,1,2,..N - 1, entire time evolution can

be expressed as

(\?M 0 0 GL]1 2 1é,' I\Nloo

6N M o 04U, § 6F

e alY, u e

& R (3.29)
¢ L. . g uoer

g0 0 N M 8, H &

A pseudecode to advance the solution of an input system of equations frorsttyme

n to (n+1) using the Nemark Method can now be expressesi

System matrices L oad vector
M C K Fn+1

> Input

Previous solution Algorithmic parameters

u, U, u Dt b ¢

n n n

Newmark Method

1) Compute effective stiffness matrix
2) Factorize effective stiffness matrix
3) Compute effective load vector

4) Solve for acceleration

5) Compute updated displacements
6) Compute updated velocities

> Black-box

Solution
Output

Figure 3-9: Pseudo-code for direct time integration using Newmark Method acceleration form
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3.4.2Interface Condensation

In this section we will drive the fully discretized equations of motion for decomposed
subdomains, coupled over multiple time scales. We shall use the DDFigume 3-2 (b).
It is assumed that every component-doinain is discretized (spatially andrigorally)
independent of each other and multiple grid coupling between adjacedbsisins is
establishedisingM-FEM.

Let the global timestep for evolving MGMT equations front, to t where

N+l
ni {0,1, 2,..N - }. be DT . For reference purpasewve also assume thatt is integrated
at the global timestepDT . Every other component salomain (W) can be itegrated
with time-stepsDt' suchthat (T+ D) = (T+x' B). In order to obtain global solution at

synchronous time instants it is necessary to ensure that thetémeatiox' is an integer
factor of the global timeatepDT . Let us also introduce an intermediate tigtep counter

A' such thath' | {0,1,2,.. ,\} SeeTable3-2 andFigure3-10to get a clear understanding

of these timestepping parameters.

Table 3-2: Sub-domain time-stepping parameters

Subdomain | Time-step | Algorithmic | Time-step ratio Intermediate

( gt )| parameters (3= oT / step cou

qt pt= o] b, * o =1 d'=0,1
q° opt B%, % 9 3? = o, £,
B ot BS S o IS = o0, 17
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n+1 T+x D A=k

A S /7 i
DT Dt* Dt'
W W W
n T h' =0
Global Sub-domain Intermediate
time-step time-steps step counter

Figure 3-10: MGMT time-stepping

Using NewmarkMethod, fully discretized equations of motion for component sub
domains along with the interface condition enforced'at X, i.e. global timesteps are

expressed as:
T

MU, +CU, KU, k/,, F= (i 1,2.S) (3.30)

S
aLu,=o (3:31)
i=1

In Eq.(3.30) unknown interface reactions (Lagrargaltipliers) are computed at every
intermediate timestep, for every component sdbmain. This is computationally very

expensive, especially in cases whiretime-step ratio betweeadjoiningsulbdomains is

large. Intermediate interface reactions (st /' <X) can however be condensed, so that
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Eqg. (3.30) can be expressed in terms of Lagramyatipliers at global timesteps, that is in
terms of/ _( h=0) and/ , ( h= "X

Interface condensation is performed using an energy preserving approach that is similar
to PHMethod. This approach makes the interface computatiotimes faster thaiGC

Method, making it computationalsuperior.However, he drawback in using PMethod

is that it allows coupling only two stibmains at a time. Hence for multiple sidomain

coupling, one needs to implememtrecursive solution algorithifiPrakash 2007)hat can

solve component sutbomainsi one pair at a time. This again restricts the computational

efficiency of mitiple time-scale coupling. Also, in PiMethod, the Lagrang®lultipliers

are expressed in terms of ounbal ancedd inte
coarse timestep subdomain. This makes the fine tirséep subdomain dependent on other

subdomains making it impossible to solve multiple sdbmains concurrently using

parallel processindGMT Method however uses the energy preserving approach with a

slight modification such that the intermediate interface reactions are expressed only in the

terms of known(/,) and unknown(/,;) LagrangeMultipliers. We will also show that

our implementatiorresults in exclusively independent sdibmains, so they may be solved
concurrenthyindependent of each othéurther improving computational efficiency.

We begin with kinematic decomposition, £8.32), which will enable us to define the
equation of motion indeperdtly under the action of external forces and under the

response of interface reactioAscordingly, let:

U=V W (3.32
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Where the notation (~) wasstablishedearlier in Eq.(3.27) and (3.28). Using Eq.

(3.32), equilibrium of W can be expressed as:
(M]vn1+1+Cl\./nli -I-K]\/nll) (-IMW11+ levll + KW1) + El:l: +E/ n i (3-33)

Note for W, x* =1 which correspods to/" =1 and hence the timiastant (n+1).

Equation(3.33) can now be decomposed into two equations as fallows

MV +CVGy KNV R (334)
M W1+1 + Cl\Mli +K1V\411+ = E'/ ni (339

Equation(3.34) represets the equilibrium ofWand its contribution to the kinematic
quantities under the action of external forces only. EquéBi@s) on other hand represents

the equilibrium under the action of Lagrarigaltipliers or unknown interface reactions. In
order to avoid interface dissipation across intermediatestays, the equilibrium of\tis
also enforced at eveigtermediate timestep#' (i =2,3...S) instant by requiring that the
combined residual oEg. (3.34) and (3.35), represented by/f and al respectively,s

equal to zero. That is:

dij+ B (i E2..9) (3.36)

Fori =1 or h =1, Eq.(3.36) is identical to solving the equilibrium & as defined by

Eq. (3.30). However, forl<i < and#/>1, it is equivalent to enforcing the equilibrium

of W across intermediate tirrsteps.
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The first term in Eq(3.36) represents the free residuals obtained under the action of
external forces and the second term represents the link residuals obtained under the action

of unknown interface reactions:

\ df; =F} MV} GV! KN' (i 2.59 (3.37)

\ d} = LlT/h MWL CW' KW' (i 2.3 (3.39)

Before enforcing Eq(3.36) let us define necessalipear interpolationfunctions for

obtaining intermediate quantities used in B37) and(3.38):

Vi=g g v (339
¢ X = ? £
- Ohl ~
Wi = e W (3.40)
B Y
Fi=a Dogr R (3.4)
C X -

Equation(3.34) can be solvedndependently using the NewmarkeiMod,Figure 3-9,
yielding the solution vector at time instafm+1) or (#*= x ). Equation(3.37) can

now be expressed as:
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o hl ~ /a Gﬂ i% . OI a
df]; :Fa 0 =1 Fl. r. IVI_l ' Ul
A Jf(;‘ P% +n “? n+£§ § —I(;)ﬁ/ n ){1@
£4 A @ A, 0f ' o K, 4
- Cl%a@ o 2k ‘F%Ean@g K E —ag(Ul o—"‘X“ae
C + +

\ af} —ag Us {3:1 MU? CU! KU}

+ ;/77 ( nl+1 -M ani (_:]\'/an K'lvnl]}+
¢X =

UsingEg. (3.30) and(3.34) we have:

=g 7 B

Using Eq.(3.40), link residuals from E(3.38) can be expressed as:

T a/7 /7
dy = L% Migr W, C EW@ K*

T ap .
V=L {é\/' Lo, k)

Further using Eq.3.35):

ai= 1 L |9 i
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(3.43)

(3.44)

(3.45)

(3.46)

(3.47)



Enforcing Eq(3.36) we get:

\ L/ = i oy %Lf ol
g - /é -
a hn o Vo: B

Equation(3.48) represents the inter@lon function to compute intermediate Lagrange
Multipliers (interface reactions) at eveiytermediate timestep #' for W (i =2,3...S).
We can now condense the intermediate Lagravigkipli ersand express the equilibrium

of W as follows:

O

e P, 13 L d (349
: c X =

m&%

MU +CU, U,

S
|- OFOn

Comparing Eq(3.49) with Eq. (2.105 derived inSection2.5.5for PH Method we
clearly see thathis approach does not impose any -sldmnain dependency. Intermediate
interface reactions are now defined only in terms of unknown Lagristhudgpliers at
(n+1) and known LagrangeMultipliers at n, as shown inFigure 3-11. This further
enables us to sohaverycomponent swolomain independent of each other followed by a

direct solution of/ .,
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T T
(@) (b)

Figure 3-11: Comparison between (a) PH Method and (b) MGMT Method

Using compact notations discussed earlieEdgn (3.27) and (3.28), global system of
fully discretized eqations along with displacement and velocity updates can now be

expressed as:

- . &4 B .~ ah 6
M IU/IIi +%_' g/nﬂ :FI/', NU in1 T & L C‘ (I 1’2':S) (350)
(;XI = (; X -
S
aBU,, =0 (351
i=1
Where:B'=g0 L 0 (3.52)

85



3.5 Stability Analysis Using Energy Method

When deriving coupled MGMT equations for component-goimains, we assumed
that the solution is stable if energy is conserved within respectivelaubins (local
equilibrium is satisfied) and interface energy produced as a result of introducing Lagrange
Multipliers is identically zero. This allowed us to defi@® appropriate variable for
enforcing continuity across dividing interfaces.

In this section we will show, using Enerdyethod (Richtmyer & Morton 1967;

Hughes 2012)that the change in energy due to MGMT coupling over-step(t, - t,.,)

or (T- T+ D) is identically zero if the time integratioacheme is stable within

respective suolomains. We will also show that enforcing continuity of velocities
conserves global energy by yielding zero interface energy contributions.

Some useful definitions and identities used in this SectigriHughes 2012)

Undivided forward differenceperaor - [xn] =X X, (3.53
mean value operator (x,)= X“*1—2+X” (3.54)

(%) Alx] =%$>{ AX (355

X, A% B(%) A xg %ﬂ 2 8& "og (3.56)
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Before obtaining stability conditions for coupled sldmains, we shall derive the
necessary equations for a single -sloimain. For the purpose of sildlp, it suffices to
restrict our discussion to homogeneous cases where the external applied forces on a system
are equal to zero. Accordingly, the governing equation, discretized in time using Newmark

Method, along with displacement and velocity updastespressed as:

MU ,+CU_ , KU , =/ ., (3.57)
U =U, +t@ g)U, t4gp (358)
U,.=U, +tD, #(D5 H)U, > 8 [ (359

Let domainenergies be represented by:

Kinetic Energy 'E(x) =% X M x (3.60)
Stiffness Eneng- \E(x) =% X K x (3.61)
Dissipation Enegy - [E(X)= X' C x (3.62

Equationq3.58) and(3.59), in terms of discrete operataran beexpressed as

N,

a, g bU,,, (3.63)
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[U.]= B, > Zb I8, (3.64)
UsingEq. (3.63), Dissipation energy can be expressed as:

LE(gJ h = thT, cu, ,, (3.65)

Furtherusing Eq(3.56), Eq.(3.65) can be expressed as:

: . 1 on o 1% s (3.66)
th(Un} c(u,) +2§g % $.) cel, g +%%- & ceo. |

B, o= cPofu.) 3 PF) 8 & ofuB)l e

The energy balance equation from tistep n- n+1 is expressed by applying the

forward differenceoperator[ to the fully discretized equation of motion arfteh pre

multiplying by [U ]":

&, M Ug+ ¢, BUg +& Wul vg U[/] e (3.68)
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Substititing Eq. (3.63) and(3.64):
- e LT . < T .
DU Mgl grug cgl, gy toU,
(3.69)

2
+UL, K-(26 -, g ug'Uf ) O

afgo) gelv L 360 ) of 88) avBS g
" o ) (3.70)

g v[e) g + @371

Using the notations describedHa. (3.60), (3.61) and(3.62), we can now express the

above equations as:

AL ¢ 9. 372
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Introducing(Hughes 2012)

2 =
2 1 5 (3.73
a=s+ g 1§
¢ 2+
Equation(3.72) can be expressed as:
101,A0,,- 20740, 20T KU,, JUTKO, =
2 2 2 2
3 (3.79)

Q

50— @, @ Ug g0 c(U) -0, "¢ 4

O

Equation (3.74) is similar to the energy balance equation of a continuous domain,
except for the interface energy term. The system of MGMT equations can now be
considered numerically stable if the total energy change (the RHS ¢38.FE4)) under no
external loads is less than or equal to zero. Hence, if we can show that the interface
contributions are less than or equal to zero, the burdenhilfitgtaelies solely upon the
stability of component sulomains, as integrated using Newmistr&thod.

We shall now assume DD of a continuous regidninto S component suolomains,

Figure3-2. (b), with subdomain timestepping parameters as describe#igure3-10 and

Table3-2. Using Eq.(3.74), interface contributions frorilV can be expressed as:

§ _.)i 1 | T T N
G/_aEth' 1 8" /igx (3.79)
A =1
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Augmentedinterface contributions from altomponent sudlomainscan then be

expressed as:

. e [ i T
£.=4 8E§ = a g8, & /&
i=1 pi=1 i:h4
. (3.76)
ST T
=a a—(u, U L (/. -
LBl o) O, )

Using the relationship derived in E@3.48) the forward difference of interface

reactions in termef / and/,,, is expressed as:

n+l

&1 8 h- k
€, h o /A, 00 é &1 0A a
=i~ & +elot 1= J o+ o
ic X + %e Ty i cX + Xg¢ 3.77)
1
==/ -
()

o XDt e
. 5 . (3.79)
T e fi v i
_Ia:1(/n+1 4) 'mhig(uh U h 1) g
Note:
A10,-0) 40 0) (0. 0) o) -
=0, U, 8 U
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And:
XDt =T (3.80)

Therefore we have:

:Mé L (U, ) (3.81)

(/n+1' A)T s i i i
=+m N 381U, LU
OT al n+1

Since we have enforced continuity of velocities acrossdsatain interfacesgq.

(3.11), the above expression yields:

g, =Um 4) ) ?MO gl/k(o ! (382
/ DT '[ c - :

\ E, =0 (3.83

Equation(3.83) proves that introducing Lagran@dultipliers in conjugation with the
continuity of velocity constraint, results in identicallzero energy contributions.
Accordingly, the stability of MGMT coupling only depends on the stability of Newmark
Method in integrating component sdbmains. Hence, as long as the stability requirements
are satisfied within the time integration of respecsusdomains, MGMT coupling is

stable and energy preserving.
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3.6 Solution Algorithm and its Finite Element Implementation

In this section we willderivethe implementatiomalgorithmanda stepby-step solution
procedure for obtaining the solution of coupl&MT equations as described I®g.
(3.50) and(3.51). Let ususe the DD fronFigure3-2 (b) and the timestepping parameters

from Table3-2, Figure3-10. In order to communicate information across component sub

domains at global timstep DT or (#' = X), equilibrium of W where x' >1 needs to be

advancedfrom A' =1,2... k. Theseintermediatesteps combined together in a matrix

format @n be expressed as:

. e. ~ a 1 0O+
e N~ €eU! ggF'-NU -4 — /
Vi' 0 0 0:(1X)l g} pgt " gé X g "
e . N 892 g . ~
eEN' M' 0 0 (2/X])L Y a2 QO
: | JE g te a2 gy, (259
QO .. 0 éUXI Ué ¢ .
§0 0o N M T g/ Ug |
n+1 gg lfli

MU, +0/ , =F (3.85)

Where:

(3.86)
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0, =43 U, - U, % (3.87)
= e 2f .
L= — - L[ ¢ (3.88)
& v
é~| i 7 a 1 @
F-NU, g = B,
é g X =
e o ~
~ ~ a 2 T
'=¢ Fl-4 -S> B/
v =€ 5 gé P g N (3.89)
é :
é i
& ¥
For subdomain W where x* =1 we have:
MU +LY, , F!, NU! (3.90)

Final system of equations for coupled sidmains (discretized independently in space

and time) and synchronized at every global tstepp DT or time-instant (n+1) can now

be expressed as:

n

S .. 0 o[> @ ©eF:

é . e u e

é : e u é

e 72 ~2 € u ¢ -

&0 M? 0| &2 & eéF? (3.91)
e 1l @ u _é oL

&2 0 ML @i o F&-NU;

A5S R2 R : u —¢€

&B B B |0 &g &0



With:

B=¢0 0 .- B (3.92)
Above set of equatits can beanveniently groupetlock wise agollows:

U .
& ld e @

(] ('?I (04

Using Block Eliminaibn using Crout factorization or BE&lgorithm (Govaerts 1991)

the LHS coefficient matrix in E§3.93) can be decomposed as follows:

eA b
80 d

Aeé 0 | gvé

; S E 3.94
c&d o1f (3.94)

[efall]

Global solution to the original problem at tiiE+ ) can now be obtained using the
following steps:

3.6.1Step 1: Solve Av=b

&M S 0 o0 % @ [®
e . &’ u e
e M & [ u :e
é <, &: O = (3.99)
60 M 0 g« (o Lé¢
&0 0o M*&., H &
Where:
~i N LT
VA).:gl1 VARREY vixf (3.96)
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Since the LHS (coefficient) matrix and the RHS vector in(B§5) remain constant in

case of linearstructural systemshe aboveequationis computed only once before entering

the global timestepping loop. Startingith W :

e M'  C' K'ajg o

u..e
- 1 0 gig %) (3.97)
2 41 q,1A )
D°6" 0 I Y.§ &P

1
|
—<\
(DD~ (D~ (D

N

n+l
Comparing EQq(3.97) with Eq.(3.28) we see that LHS coefficient matrix represents the
Newmark set of equations foV with zero initial conditions. The solution vector can
hence be obtained lging the Black box routine for Newmavkethod,Figure3-9.
Notice that the RHS (load) vector consists of interface connectivity matrix (Boolean
projection matrix in case of conforming sdbmains)accordingly the solution atya? in
Eq. (3.96) is also referred to as the unit load response matrix. The first index of interface
connectivity matrix is equal tthe total number oDOF associated with the interface of
Lagrange Multipliers, i.e. DOF(/). Hence the above system needs to be solved

successively by considering one RHS column at a time; that is by loadirsgilmdemain

interfaceDOF at a time. Introducing the notatidn, j] to represent [all rows™jcolumn]
of the corresponding RHS vector, the solution array will be an aggreg®©Ilef/ )

columns as follows:

=L . ®OF()
® ®
Gha e @ (3.99)
vi+l=é\fni Vln + U .
%ﬂ Vln-ll 8
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In general, for any subomainW (i =1, 2,...S)the solution array is structures:

{0l
[y

D~ D/
g

<y
I
@O

j BOF (/)
®

<
e e e el )

(3.99)

Step 1 represented as a %ldmain independent pseudode can be illustrated as

follows:

fori=1toS

for j = 1to DOF(&")

fork=1to 3

System matrices

M C K

Previous solution

My Ri W

Load vector

(k/x )L [ =, 4]

Algorithmic parameters

Dti bi Ig
v
Newmark integration
v
Solution
. goon \7Ik[ by J]

> Input

P

} Black-box

} Output

Figure 3-12: Pseudo-code for computing unit load response matrix for component sub-domains
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362Step 2: Coimcpute 0 = d

d=[0] _gés .. B B &2 Vo Va

- -gés\:/fs + BV, BY, a
= 8%, + BYW, BY.g (3.100
& j;)l j @o®|: ONNY
12 0 s J T
= -IaL@/nﬂ \}n-lL B,l;l
] i=t |
! y

Notice that in order to compute we need the solution froltep 1at (n+1) time
instants. Hence for component sidmainswithx' >1, we only requirethe solution
atx' = F. This observation can be used to our advantagstduyng results onlyfor

x' = Fin Eq (3.96) and(3.99). Matrix ¢ is similar to that obtained in tf@C Method for

the case oDT = t, (Gravouil & Combescure 2001As we can see, it mae calculated
only once before entering the global thstepping loop.

3.6.3Step 3: Solve Aw = f

e S 0 0o @, g€ ngss
: L& e
é : € ut
é < as ué - (3.101)
60 M 0 g% (e sz
7 ~ xN AY eN - -
&0 0 M' 8., dgft - N'G:
Where:
~ N i v T
\7\/)9 =gv\{ W Wix f (3.102
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For W we have:
MW, =F!, -N'O! (3.103

Since the above system of equations is sbluader the action of external forces only,

it is equivalent to solving the free problem fo¢ as expressed by E(B.34). Step 3

represented as a sutomain independent pseudode can be illustrated as follows:

fori=1toS

fork =1to 3

System matrices
M C K
I
Previous solution

Wk-l vvk 1 v“( T
I S Input
L oad vector
Fo- (1 kX)L g,
I
Algorithmic parameters
Dti bi ‘Ig
v
Newmark integration } Black-box
v

Solution
- Output

~

WkV.WV\L'V\ﬁ

Figure 3-13: Pseudo-code for computing sub-domain response under the action of (applied)
external forces and known interface reactions

99



364Step 4: CoMgpaew e y = U

—eRs E T & 3 ~
cw=§ B B ¢w W, W, f
=BSWS +. BW, B,
~ - - 3.10
:BS\TVnS-;i-l t.. A 1 B # ( K
s
:é. Llwn+1
i=1
e S . G
\ y:d [o] -a LIV.\}n+1 U
i =1 y
N
= dla I—I\Nn+1
- (3.105
N - o 1
:‘1a|—%‘/n+1 \}ni Hy aLWnB
1 i=1 L iz
' y

Since wehavealready condensed out the interfacectieas at intermediate tirageps,

we only need to compute the Lagrandeltipliers at time(T + D). Equation(3.105

hence represents thgect solution of unknown Lagrandgultipliers attime (T + D).

3.6.5Step 5: Compute x =w vy

Global solution (combined from all component gldmains) at the end of tinstep

(T+ D) and local solution at intermed@atimesteps(/# =1,2,... X is computed in this

particular step.

Vo Ve (3.106)
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Equation(3.106) is similar to Eq(3.32) in the sense that the final solution is obtained
as a sum of free and link responses, in this case however, one does not need to compute
interface reactions at the intermediate tsteps. Now that the global solution is obtained
for time(T + D), we can repediteps 3, 4and5 in order to compute the desired evolution
of kinematic quantities.

Aforementioned solution algorithm can leenvenientlyintegrated into an existing
structural finite element code. DD of the original problem mapdréormed prior to the
analysis (user defined) or during analysis (based on a user defined criterion). Assuming
user defined DD, we will now describe a general approach for MGMT implementation:

1) For every sullomainW (i =1,2....S)

a) Inputnodesc oor di nat es, el ement connectivityo
conditions, initial conditions, applied loads, time integration patara and
interface information

b) Form subdomain array§M',C',K',F ...etd

c) Form Boolean projection matrice3')

d) Form interface constraint equatio(id)

e) Form interface connectivity matric¢t = P'B)

f)  Form unit load response matrices usigp 1

2) Compute interface condensation maii@ usingStep 2

3) Factorize d (this will be used inStep 4 to compute unknown Lagrange

Multipliers).

4) Compute initial accelerations based on initial conditions.
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5) Initialize /,=0.0
6) Loop for total number ahtegration steps based on global tistep DT
a) Computing suldomain response under the action of (applied) external forces
and known interface reactions usfatgp 3
b) Compute new interface reactions usstgp 4
c) Compute global anatal response usirgtep 5

7) End loop.
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Chapter 4: Programming the MGMT Method

4.1 Finite Element Analysis Programming Interface (FEAPI)

Finite Element Analysis Programmimgerface (FEAPI) is a FORTRARO library for
the numerical solution of partial differential equations using the FEM. It provides basic
building-blocks that allow engineers andftsvare developers to build their own computer
programs in order to solve engineering problems using FEM. As a result the library is very
flexible and enables its users to apply variélistechniques to any new research in the
fields of computational mechi&s; e.g. Multiple Grid Multiple Timé&cale (MGMT)

Simulations.

Fifth Edition
Programming the

Finite Element Method

— n
‘ \ 1. M. Smith, D.V. Griffiths and L. Margetts

Programming thé
Finite Element Method

Figure 4-1: Programming the Finite Element Method (Smith et al. 2013)

General purposéblack box)subroutinesand functions for FE computations such as:
numerical integration, muiglement assembly of symmetric/agmmetric systems,
factorization and solutioalgorithmswere adaptefom6é Pr ogr ammi ng t he Fi ni
Me t h b EF&EM (Smith et al. 2013)Theseprogramroutines are essentially used as

building blocksto construct FEAPI kerngivhile extending their capabilities to efficignt
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allow multiple domain, muléicale simulations. Updated procedures are also compatible
with Basic Linear Algebra SubprograniBLAS), Message Passing Interface (MPI) and
OpenMP.A primary concern when incorporating FORTRAN 90 -sabtines from PFEM

was the flexibility in scaling FEprogramsto allow multiscalesimulations Since PFEM
essentially uses Uniform Grid Uniform Tirseale (UGUT) approach for the forced
vibration analysis of linear elastic solids, the driy@pgram and constituent subutines

from PFEM, were principally designed to handle only single continuous domains, with

uniform structured grid and uniform tinsteps.

Nodes Mass DOF array
El ement s Stiffness El ement steering
Mat eri al Dampi ng El ement assenbly
Coordi nat es Load Gl obal assembly
Connectivity's Di spl acement Load functions
B. Constraints Vel ocity Factorization
B. Loads Accel eration Time integration
Int. parameters Stress Result extraction
Post options Strain Gl obal energy
etc. etc. etc.

| | | +
‘ Input File ‘ Variables ‘ Functions ‘ Output File

BT, METH, o o

a 1

Figure 4-2: PFEM (UGUT) and FEAPI (UGUT/MGMT) program components

As seen inFigure 4-2, a finite element program needs host several integral
components: input/output file handling, program variables and parametershblaskb
routines and function®?FEM, in regards with UGUT, usenly one instance of these

components, however for MGM3imulationsithese componentgere appropriately scaled
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in order to accommodateoncurrent simulation ofA, W2,... \W subdomains. FEAPI

utilizes advanced FORTRAN 90 programming features sudbjast¢deriveddatatypes
(DDT), data encapsulation function overloading ad type inheritanceto incorporate
scalability Accordingly, the programming interface is very flexible in allowing easy

implementation of new numerical methods.

[ ——— TTTT EmEEmeeesamOl

Figure 4-3: GiD i Universal, adaptive and user-friendly pre- and post-processor

FEAPI also hosts auxiliary stioutine libraries and customized programmable

interfaces that allow seamless integration with Gittp://www.gidhome.cor), a

universal, adaptive and uskrendly pre and posfprocessar These program blocks
provide an interactive Graphical Usettdrface (GUI) for the definition, preparation and
visualization of all data related to FEAPI numerical simarfet;, pre and gst analysisPre
analysis data includes the defiaiti of domain geometry, material propertiesundary
conditions, solutiorparameterand other simulatiomptions whereas post analysis data
includes FEAPYFesultsi nodal, elemental, domaimhich canbe visualized using contour
fill / contour lines, vector plots, isosurfaces, deformation, graphs etc.

Complete Application Programming Interface (API) including source codes, list of
program variables/parameters, sgohtine/function inpubutput arguments call/caller

graphs and collaboration diagrams is availablatgt://home.gwu.edu/~truparel/
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4.1.1Program Structure and Componentinterfaces

FEAPI consists of following programmabigerfaces

1) FEAPI (colletion of basic FEA, auxiliary MATH and program stdwutines)
2) MGMT (subroutines used to perform MGMT simulations)

3) FEAPLGID (pre/post processing subutines interfacing with GiD)

4) feaptgid.gid (GiD problem type to define FEAPI characteristicgm@cessing

Interface 4 - feapi-gid.gid TCL)
(Interface 3 - FEAP-GD
Interface 2- MGMT

Unterface 1 - FEAPI  FORTRAN

(a) Interface hierarchy

—>{| Preprocessor (- MGMT

feapi-gid.bas
Output.post.msh 3 7 Modules
Output.post.res . » feapi_input.dat Library

< G v

Qutput.csv I <

feapi-summary.txt =t — N odules
v feapi-gid.cnd | | "

(&) feapi-gid.mat GDPost Library

feapi-gid.prb

A
START

(b) Interface sub-components and process flow

Figure 4-4: Finite Element Analysis Programming Interface
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Figure 4-4 (a) shows the hierarchy between FEAPI interfaces and their interaction
levels whereasFigure 4-4 (b) shows the overall process flow and releviatgrfacesulz
componentsinterfaces 1, 2 and JFORTRAN libraries) comprise of pre/post processing,
computational and solver programs whHitterface 4 provides necessargol Command
Language (TCL)cripts and files to establish GUI communication with GiBbllowing

sections provide brief overview of FEAPI irgrfaces and constituent sabomponents.

Sour ce
Tbb+- FEAPI Db+ Li brary
| | - Modul es
MaMT Tbb+- Library

|

|_

| | - Modul es
|

|-

FEAPI - G D Tbb+- G DPost
| - Post processor
| - Preprocessor

Figure 4-5: FEAPI code structure

A. Interface 17 FEAPI
Interface 1hosts themain programfeapi.f90and primary program variables, sub

routines and functions

FEAPI

Tbb+- Library Dbb+- FEA

| | - MATH

| | - Program

|
Dbb+- Mbdul es Dbb+- data_donmi n. f 90

| - data_feapi.f90

| - data_nmaterial.f90

| - data_structural.f90
| - data_transient.f90
| - precision.f90

Figure 4-6: FEAPI interface sub-components i Library and Modules
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FEAPI > Module represent a collection of program variables, parameters, their

declarationand initial valuesDetailed descriptiorf these variablegheir collaboration /

inheritance,kind and array size can be found ppendix D.1.1 Following is a brief

description about each module:

A

data_domain contains FEAPIdomain variablessuch asDDT for domain

parameters (humber of nodasd elements DOF per node number integration

points nodal coordinatee | e ment connectivityobds etc.

(restrained, loaded, prescribed no@esl correspondingnagnitude vectojsand
domain interface info (mortar, nanortardeclaration anchterface nodes).
data_feapi contains global program variabjesuch as DDT for input files
(name, location ID), number of FE domain blocks used, amagram block
simulationtimes.

data_material contains variables for domain specific material properties
(number of materials, number of material properties, mass matrix formulation).
data_structural contains variables for structural systemsch as mass,
stiffnessJoad vecto, solution vectorand stress / strain arrays.

data_transient contains domain specifitansient analysis variablesuch as
integration method, timstep, algorithmic parameters etc.

data_precision containsthe minimum KIND necessary to store real nursbe
with a precision of 15 decimal digits and an exponent in the range0i¥ to

10x10°%",
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FEAPI
Li brary Tbb+-

FEAP

FEA Tbb+-
| -

MATH Dbb+-

beemat . f 90
deenmat . f 90
domai nf x. f 90
donai ni e. f90
donai nke. f 90
donai nse. f 90
ecmat . f 90

el mat. f90
elresl. f90
esqg2gsk. f 90
esteer.f90

f kdi ag. f 90

f or nkdi ag. f 90
formmf.f90
fornsky. f 90
fpstiff.f90
fresidual.f90
fstfearry.f90
gafam ly. f90

Figure 4-7: FEAPI interface sub-components i Library > FEA

Tob+-

gsteer.f90

i niaccl.f90
I contri.f90
sampl e. f90

shapeder. f 90
shapef un. f 90
sk2chol . f90
sk2gaus. f 90
skvmul . f 90

sl skchol . f 90
sl skgaus. f 90
sl sqgl ub. 190
sl sql uf . f90
sl sql up. f 90
sol vedtrans. f 90
sq2l u. f 90
sq2l up. f90
stressinvar.f90
t pfunction. f90

Tbb+ BLAS

Li brary Dbbt-

| - determ nant

crossproduct. f90
.90

di stance. f90
identity.f90
i nversem f 90

| 2norm f 90

| -
| -

| -

|- invert.f90
| -

| - piksrt.fo0
| -

scal ar product . f 90

Figure 4-8: FEAPI interface sub-components i FEAPI > Library > MATH

FEAPI

Li brary Tbb+-

Pr ogr am Dbb+-

cputine. f90
fi ndbl ock. f 90
get nane. f 90

I nbl nk. f 90
pal I oc. f 90
pfil enane. f 90
pi nput . f 90
postcsv. f 90
ppcsv. f 90
ppnesh. f 90

Tbb+-
| -

ppost . f 90
ppres. f90
ppropn. f 90
presult.f90
psaver. f90
pset up. f 90
psol ve. f 90
psumrary. f 90
pterm nal . f90
ti mestanp. f90

Figure 4-9: FEAPI interface sub-components i FEAPI > Library > Program
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FEAPI library contains fundamental FE, MATH and programmsuhines/functionsA
detailed description of these sabmponents, list of input/output arguments, inherited
modules and hierarchical call/caller diagrams can be foun&bpendix D.1.2 Library
highlights and their brief introduction is as follows:

A Library > FEA contains suboutines and functions used to perform FE operations

such agormation of nodaDOF array,computation of element shape funcsand

their derivatives, computation of stradisplacement and stresgain matrices,
computation and assembly of global system matriggsnmetric/skyline and
unsymmetric) computation of augmented stiffness matrix for prescribed boundary
conditions, canputation of time proportional load functiom®mputation of global
energies, computation of stresses and strains at Gauss integration points, direct
integration of structural dynamic systeiasd LU factorization (with and without
pivoting).

A Library > Mah contains susoutines used to perform scalar/array operations such
as scalar product, cross product, matrix inverse, matrix determinant and L2 Norm
calculations. It also contairefficient and portable librarBLAS (Lawson et al
1979)to perform various vector and matrix operations.

A Library > Program contains auxiliary swobutines/functions that are essentially
used for program operatisysuch as reading input file, allocating/initializing and
updating FEAPI variables, ingiizing domain data blocks, saving requested
simulation results, generati@SV, *.post.msh*.post.resand*.txt output files and

computing CPU solution times.
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B. Interface 21 MGMT
Interface 2 containa ollection of blackbox subroutines used to perfor concurrent

multiple grid multiple timescale simulations for linear structural dynamic equations.

MGEMT

Dbb+- Library Tbb+- fbpmat.f90 Tbb+- ngntdid. f90

| | - frcmat. f90 | - ngnt gdb. f 90

| |- fulmat.f90 | - nmgntvar.f90

| |- immat.f90 | - sol vengmnt . f90
| | - invmap.f90 | - val ued.f90

| |- nmgntall.f90 | - val uem f 90

|

Dbb+- Modul es Tbb+- data ngnt.f90

Figure 4-10: MGMT interface sub-components i Library and Modules

A brief introduction to MGMT sulzomponents is as follows:

A MGMT > Library contains suiboutines designed specifically for operations such as
allocation of MGMT variables, setup of MGMT sdbmain hierarchy (according
to timestep ratio)and initializing of corresponidg domain data block$ormation
of Boolean projection matrix, formation of muttbnstraint interface matrix,
computation of sulolomain unit load respons@dsolution of MGMT equations.

A data_mgmt stores global/subdomain specific MGMT variablesuch assub
domai n |-dep satios, tist ahmterface nodB$)F, subdomain coupling
matrices, interface condensation matrix, -domain unit load response arrays,

interface projection matrix and array of Lagrange Multipliers,

A detailed description othese sulvoutines, DDTSs, their inheritance, variable/array

dimensions and collaborati@an be found iMppendixD.3.
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C. Interface 37 FEAPIT GIiD

Interface Jorms the outer core layer of FEAPI that enables interaction with GiD.

FEAPI -G D

Tbb+- Preprocessor Tbb+- ip_dbcs. f90
|- ip_intf.f90
| - ip_mats.f90
| - ip_nmesh.f90
| - ip_post.f90
|- ip_tran.f90

I
I
I
I
I
I
Dbb+- Post processor Tbb+- gi dgnum f 90
| | - gidgxyz.f90
| | - gidmesh. f90
| | - gidrmat.f90
| | - gidropn.f90
| | - gidrvec.f90
I
Tbb+- G DPost Tbb+- data_post.f90

| - G DPost.f90

|- GD_hdf5.1ib

|- GDpost.lib

|- GDzlib.lib

Figure 4-11: FEAPI-GID interface sub-components i Preprocessor

A Preprocessas used to read input files generated using Interfaicéedpigid.gid
It is also used to allocafgogram variables and initialize corresponding data within

FEAPI.

>

Postprocessaos used to output FEAPI post result files for visualization using GiD.

>

GiDPostis a set ofFORTRAN 90 modules, functions and sututines used to
write FEAPI post result filesx ASCII or binary compressed formdthis library is

copylighted by CIMNE(http://www.gidhome.con)/

ReferAppendixD.2 for a comprehensive description on thesesuhponents.

112


http://www.gidhome.com/

D. Interf ace4 i feaptgid.gid

This interface provides an interactiveGUI for the definition, preparation and
visualization of allinput data related to FEAPI numerical simudas. It works in
conjugation withGiD andis utilized to define g analysis datsuchasdomain geometry,
material propertiedoundaryconditions, solutiorparameterand other simulationptions
The principle advantagen implementing this interfaces thatit lets you perform all
necessary declaratisrand configuratios using GiD GUI, hence avoiding the need to
modify the solver itselfPreprocessing isitiatedvia customized GiD problem tygeapk
gid.gid. This package is required to define, assign and oatptite necessary information
that is requiredo perform aFEAPIsimulaton. In order to achieve this, some files are used
to define global parametersconditions, materiaJsgeneral analysisptions unit systems,
and thestructured input filformat for FEAPI programsolver. These filesFigure 4-12,

combined together constitute the GiD problem tgpxiliary interfacdeaptgid.gid

feapi -gid. gid Dbb+- feapi-gid.bas
| - feapi-gid.cnd
| - feapi-gid. mt
| - feapi-gid. prb
| - feapi-gid.wn.bat

Figure 4-12: feapi-gid.gid interface sub-components

Conditions file (feapigid.cnd contans information aboutonditional variableshat
can be applietb differentgeometrical andrE entities Theseconditionsareaccessible via
GiD > Data > Conditionsand contain following definitions

1) Restrained (constraine@®OF

2) ForcedDOFw/ respective mgnitudesand time functions
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3) Prescribed (displacememOF w/ respective magnitudesd time functions
4) Domain interface nodes

5) Interface info(Mortar/Nonrmortar interface declaration)

Materials file (feaptgid.mad contains a list of base materials andirtimeechanical
properties. In a fashion similar to defining the conditional entity, a material declaration can
be considered as a group of fields containing its name, related mechanical properties and
their corresponding values. Accordingly, any of thessebuaaterials and associated fields
can be used to define new materials during theppreessing phase. Contrary to the
conditions file, a material can be assigned to different levels of geometrical entities (lines,
surfaces or volumes) and can even begaesd directly to grid elements. Included material
definitions, Table4-1, are accessible vi@aiD > Data > Materials

Table 4-1: FEAPI material library

Name Modulus of ElasticityE) | Poi s s 0 n® g Mass Density)()
Steel 207E9N/m? 0.3 7830 Kg/n?
Aluminum 69e9N/m? 0.33 2712 Kg/mi
Concrete 40e9N/m? 0.2 2400 Kg/nt
Copper 117e9N/m? 0.36 8940 Kg/ni
Lead 13790N/m? 0.425 11340Kg/m®
Ph-Bronze 116e9N/m? 0.33 8900Kg/m®
Zinc 82737N/m? 0.25 7135 Kg/nt
Tin 47e9N/m? 0.33 7280Kg/m®

Problem Data File (feaptgid.prb) contains information aboutommon simulation
parametergprogramvariablesandcorrespondingntervaldata.Most simulation parameters

are global in nature,e. theydo notconcen any particular geometrical &iE entity. This
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differs from the previous definitions of catidns and materials properties since they were

all assigned tepecific entities. Eamples of entity independenglobal variables include:

DOF per nodetype of ®lution algorithm,algorithmic parametersgonvergenceriteria,

post result optionand so on. Withithese declarationsne may consider the dafion of

specific problem data for the whole procesitervalsof datato allow differentvariable

values for different solution intervalsTypically, one can define a differeload case for

different time intervak in dynamic problemsand consequently define variable loads

variatiors in timesteps,changes in boundary conditions and so BEAPI relevant

definitions includedn thisfile areas follows

1)

> > > >

>

Global Variables
GiD > Data > Problem Data > Global Variables
Analysis type = Static, Transient
Problem type = Rod, Beam, PlaneStress, PlaneStrain, Axisymmetric, General3D
Element type = Line, Triangle, @drilateral, Tetrahedron, Hexahedron
Degrees of freedom per node
Number of Gauss integration points
Transient AnalysisOptions
GiD > Data > Problem Data > Transient Analysis Options
Direct integration methods = Newmark, WBZ, HHT, Generahlzed
Algorithmic parameters Alpha-m, Alphaf, Beta, Gamra, Delta, Integration time
step, btal number of stepsimulation end time
Inertia = Consistent or lumped mass matrix formulation
Damping = Rayleigh damping
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3) PostResultOptions

GiD > Data > Problem [ata > Post Result Options
Post frequency

Nodal results = Displacement, Velocity, Acceleration

Element results = Stress (Cauchy, Von Mises), Strains

> > > >

Domain results = Kinetic, Stiffness, External, Interface Energy

Once a geometricantity has been createdheshegd assigned boundary conditions,
material properties and other program variablsse File (feapigid.bag is used to
generate a structured FEAPI input fi{&.dat). The file primarily consists of Tool
Command Language (TCL) scripts that synthesif@mation from constituent problem
files (*.cnd, *.mat and *.prb) and sequentially print them in a structufedmat that is
readable via FEAPRIA typical input file generation process can be summarized using
Figure4-13. Thisprocess is initiated vi&iD > Calculate > CalculateAn example FEAPI
input file and the description of basic data blocks can be foursppendix A.1 and

AppendixA.2 respectively

feapi-gid.bas || feapi-gid.bat | Sub-domainl.dat

Qub-domain2.dat

feapi-gid.cnd

feapi-gid.mat Qub-domainN.dat

feapi-gid.prb

Figure 4-13: Input file creation flowchart
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4.1.2Program Installation
Interfaces 1i 4 are included as an integral part of the FEAPI source distribution

(feapi.zip available athttp://home.gwu.edu/~trupareFollowing files are also included

with the source code:
1) feapiconfiguration.txi Configuration file.
2) feapi.exd Binary executable file.

3) feapi.chni Application programming interface (compredsHTML help)

To install the binary version,opy the executable file féapi.exg configuration file
(feapiconfiguration.txf andthe API(feapi.chm to desired locationefkample GFEAPN)
and create input/output directorigS:\FEAPNnNnput and CY\FEAPI\Outpu). Configuration
file containspointersfor FEAPI input/output directory paths aadditional MGMT post
result options. These keywords must be defined before running FEAPI. An example file is

described below:

FEAPL:INPUT
C:\ FEAPI\ INPUT\ ! FEAPI in  put directory

FEAPI::OUTPUT
C:\ FEAPI\ OUTPUY! FEAPI output directory

MGMT::POST

1! Post frequency

1! Displacements: 1 = Yes, 0 = No
1! Velocities: 1 = Yes, 0 = No

1! Accelerations: 1 = Yes, 0 = No
11 ! Stresses (Cauchy/Von Mises): 1 = Yes, 0 = No; (1/2)
1! Strains: 1 = Yes, 0 = No

1! Kinetic energy: 1 = Yes, 0 = No
1! Stiffness energy: 1 = Yes, 0 = No
1! External work: 1 = Yes, 0 = No

1! Interface energy: 1 = Yes, 0 = No
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Before usingeaptgid.gid, download and install the latest official version of Gibm

http://www.gidhome.com/download/officialersions

Instructions for installingeaptgid.gidare as follows:
1) Unzip the contents déaptgid.zip
2) Copyfeaptgid.gidto é \GiD_installation_directoryProblemtypées

3) feaptgid should now be accessible @D > Data > Problem Types

Alternately,feaptgid.gid may also be copied to another prefedigghtion. In this case

feaptgid is accessible vi&iD > Data > Problem Types > LoadCommancexecution file

(feaptgid.win.ba) requires the path to FEAPI input directory that is defined using

FEAPI:INPUT keyword infeapiconfiguration.txt After the input file has been created
and saved inside GiD, it can be generated and expditectly into the FEAPI input
directory viaGiD > Calculate > Calculate To provide this path edit the windows batch

file as follows:

@ECHO OFF

rem FEAPI Input File Base Name = %1

rem FEAPI Input File Location = %2

rem FEAPI - GiD Location = %3

rem Copy FEAPI input file % 1.dat to FEAPI Input Directory

rem FEAPI input directory is defined in feapi - configuration.txt
copy %2 \ %l.dat FEAPI input directory <defined using FEAPI::INPUT>
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4.1.3Driver Programs
A. Uniform Grid Uniform Time -scale Simulations
This program solves linearrgttural dynamic systems using direct timgegration

methods such as NewmaHHT-U WBZ or GeneralizedD .

Y FEAPI i fMaidcode

Y pter mi nh ISeledt@rogram 1, Read project title
Y pf il en anieReaddnputfilename
Y pal | oci. AlBcate necessary derived data types for program 1
Y pi nputi REODFEAPIinput data
Y i pesfio0 i Read global parameters and mesh data
Y i p_mat §.Re&0naterial data
Y i p_dbc s .Re&@omain boundary conditions
Y i p_tr ant Réaétéansient analysis options
Y i p_ po s ti.Re&@ostanalysis options

Y pset upi $eup program varia bles

¢ f st fear r &yAlotat@nd initialize FE structural arrays

f or ms k yi . Forth &E structural arrays as skyline vectors

e s ul ti.Aldcedle and initialize result storage space

ol v ei. Sav@transient dynamic system

ol vedt r ain Solvé uBifg direct time integration (program 1)

i ni ac c li.Solgedor initial accelerations using initial conditions
Loop for total number ofstepsi mul ati on ti me
Read externally applied | oastte at current ti me
gaf ami | vy Sdlve €urrentt ime - step using Generalized -U method
el r e s i fCBrpute element results (stresses and strains)

d o mai n ke Cdrpute kinetic energy for current time - step

d o mai n sk Conpite stiffness energy for current time - step

domai nf k Conplte external work for current time - step

pasveri $adresults for current time - step

End | oop

o st I fPBsOsimulation results

umma r ¥y PdstSsinulation summary

=<

< <
<:
0w pn =

Uﬁqdddddddo< o <

<<
0w o

B. Multiple Grid Multiple Time -scale Simulations

This program solves linear structudginamic systems using MGMT method.

Y FEAPI i fMaiocode

Y petminal.90 i Select program 2, r ead project title and number of sub - domains
O Loop for total nudommms of sub
D pfi |l enanmeRehdXs@b - domain input filename
¢c End |l oop
Y pal | oci. Al9drate necessary derived data types for program 2
Y pi nputi ReEDFEAPIinput data
O Loop for total nudommwms of sub
D i p_mes hH.Re&G@ub -domain global parameters and mesh data
D i p_mat §.Re&@ub - domain material data
D i p_dbc g.Re&0sub-domain boundary conditions
D i p_tr anb Réaddub - domain transient analysis options
D i p_posti.Re®&B®ub - domain post analysis options
D i p_int fi. Re®&B®ub - domain interface data
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¢c End |l oop
Y pset upi $eup program variables
Loop f alrnuntber bf sub - domains
f stf ear r &yAlota @nd initialize FE structural arrays
Y formsky.f90 T Form FE structural arrays as skyline vectors
End | oop

mg mt di d.SetBplub - domain hierarchy

<<=<Q o dO

mg mt v a ri . SetApOMGMT variables

Loop for total nudomems of sub
f b pmati FofnmOsub - domain Boolean projection matrix
End | oop

Loop for total nudommems of sub
Assign interface projection bias
End | oop

L p for total number of sub - domains

f mc mati. FoarOsub - domain multi Constraint matrix
End | oop

Loop for total nudonems of sub
F o r m- deran interface connectivity matrix

End | oop

Loop for total nudomems of sub
f ul mati. FoarD sub-domain unitload matrix

End | oop

<<agoagoagoagoago

s q 21| u i fFactorize global interface condensation matrix
Y mg mt g d ki . Fortn@lobal domain data block
Y pr esul ti.Aldde and initialize result storage space
Y polve.fo0 I Solve transient dynamic system
Y s ol vemg nit Solveu8ing MGMT method (program 2)
or total nudonems of sub
I . Sol@edor initial accelerations using initial conditions

total numbee-stops gl obal ti

ernally applied | o-astdps at

— X O T~ T

dat e
tot a n-dambilsr of sub
ink response

doandin selutidn (free + link response)
tot al n-dambilsr of sub

0
p
n
0
I
o ma i n kieComgut@ sub - domain kinetic energy for current time
o mai n sieCom@u sub - domain stiffness energy for current time
omai n fixCom@ut sub - domain external work for current time
omai niieCompBut sub - domain interface energy for current time
a s v e ri . Sav @esults for current time - step
nd | oop

date gl obal solution -6tegpr current
d | oop

t I fPBsOsub - domain/global simulation results

ma r iy PdstSsitnulation summary

s QOO CTOoOooOooooOooogooooOadO

<<
30

Form global interface condensation

mg mt a | [i.Allc@ale and initialize MGMT speci fic program variables

matr

m

| - damair time u-Isteps between global time - steps

curre

r e si. €®@nPute sub - domain element results (stres ses and strains)

ti me

i X

nt tin

Ty SolvedcQrrent time - step using Generalized -U met hod

d vector of &(@grfacemegconshul t i pl i er|
|

- step

- step
step

- step
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Chapter 5: Numerical Analysisand Verification

In this chapterwe will present some examples that will help us evalilatg stability,
2) accuracy an®) computationaéfficiency of the MGMTMethod. We will analyze a 2D
cantilever beam under forced vibrations; transverse (Example 1) and longitudinal (Example
2). The cman under analysis and transient forces applied at the free end are as shown in
Figure 5-1. In either case, the domain is discretized usirgde quadrilateral elements
with 2 DOF/node plane stress formulation, consistent masgrimiand zero damping.
Isotropic linear elastic material properties with modulus of elasticity (E) = 2.67X10?,

Poi ssoné6s ratio (3) = OKgBnlasnsdd. mass density (

F(t)

> X — F(1)

Im
/.
\ 4 V:

1 10m {

(a) Structural domain under consideration

F(t) Als 1@ N F(t) A

) S— “time sec) O “time(sec)
| 0.2 | LO'001 |

A A A ol

0.3 0.01

(b) Example 17 Transverse load (c) Example 21 Longitudinal load

Figure 5-1: Forced vibrations analysis of a cantilever beam
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Different scenarios analyzed under these examples are as follows:
Case 1)Uniform grid uniform timestep (UGUT) reference cases
Case 2Multiple Grid Multiple TimeStep H Coupling (MGMT1)
Case 3Multiple Grid Multiple TimeStep {E Coupling (MGMT?2)
Case 4Multiple Time-Step H Coupling (MTC)

Case 5Multiple Grid Coupling withimplicit Time Integration (M&)

5.1Benchmark Case Descriptions
5.1.1Case 1i Uniform grid uniform time -step (UGUT)reference cases

UGUT1 uUGuUT2 UGUT3 UGUT4/5

Figure 5-2: Case 1 (UGUT) domain grids

Table 5-1: Case 1 (UGUT) simulation parameters

. . Timestep (¢
Subcase ID Grld(sH;;acmg Newmarkparameters
Example 1| Example 2
UGUT1 0.5 b=0.25, o9=0q 1x10° 1x10%
UGUT2 0.25 b=0.25, o5=0q 0.5x10° 0.5x10%
UGUT3 0.125 b=0.25, 92=0q 025x10° | 0.25x10
UGUT4 0.0625 b=0.25, 9=(0 0.125x1C° | 0.15x10*
UGUT5 0.0625 b=0.0, 92=0 1x10° 1x10°

Referenceuniform grid uniform timestep (UGUT) simulations are performed by
improving refinement both in spatialas well astemporaldomains,in order to establish

numerical convergenagsing onventional FEMFEAPIT Program 1) This will allows us
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to establish a solution that is desirable, in accuracy and/or efficiencgnartiatcan only

be obtained by using tradition&E algorithms Accordingly, pimary conclusionsfor
evaluating overalperformance (stability, accuracy and efficiency) of MGMT Methoel

all derivedby comparing MGMT results with equivalgntonvergedUGUT casesSub
cases UGUTL1 to UGUT4 emplomnplicit constant average acceleratitome integration
algorithms whereas GUT5 uses explicit Central Difference Method (CDM), aksterred

to as the Velocity Verlet Method Corresponding spatial discretizations and simulation
parameters, for Example 1 and Example 2, are as shdwgure5-2 andTable5-1.

When comaring results, we will use RootédnSquareError (RMSE) also called the
root mean square deviatiqiRMSD), and Normalized RMSE (NRMSE}o provide a
guantitative measure afccuracybetween measured variabl®RSME is often expressed
as a percentage, where lower values indicate less variEmesewill enable us to quantify
the error (onan averagesensg between respectivdGUT and MGMT cases. RMSE and

NRMSE are computed as:

RMSE= \/la (var'er -vapeur )’ (5.1)
i=1
RMSE
NRMSE= VaeUT g e 300% (5.2)

In above equations) represents the total number of data points recorded at global time
incrementsBased on NRMSE we will aldaighlight the error ranking betweenespective
MGMT cases, and constituent special cab#BC and MGG so one can identify the best

scenario for a particular performance evaluation factor.
123



5.1.2Case Zi Multiple Grid Multiple Time -Step I-I Coupling (MGMT1)

Y4 Y3 Y2 Y1

Figure 5-3: Case 2 (MGMT1) sub-domain grids

Table 5-2: Case 2 (MGMT1) simulation parameters

Subdomain Grid(sH;;acing Newmark parameters iR O 8
Example 1| Example 2
ql 0.5 b=0.25, o2=(q 1x10° 1x10*
q2 0.25 b=0.25, o2=(0 05x10° 0.5x10*
q3 0.125 b=0.25, o2=0 0.25x10° 0.25x10*
q 4 0.0625 b=0.25, o=( 0.125x10° | 0.125x10"

Case Zepresents a 4 sudomain multiple grid multiple timscale approaglin which
every component sutbomain has a distinct spatial and temporal resoluignshown in
Figure5-3 and Table5-2. Grid decomposition and corresponding tis@ale discretization
begins with a coarse resolution on the RHS (free end) and gradually refines to fine scale
resolution on the LHS (fixed end) of the structural domain under considergiietotal
number of interface (mortar) nodes in this casd7gy). This case employs$-| time
integration coupling with a global tirstep DT 4 20°for Example 1 andDT 4 20*

for Example 2. Correspondingme-step ratiosfor both Example 1 and Example &e
x'=1, x*=2, xX*=3 and x* =4, seeTable5-2. A graphical representatioof relative

subdomain timestepping is shown iRigure5-4.
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Global time-step Sub-domain time-steps

Figure 5-4: Case 2 sub-domain time increments

5.1.3Case 3i Multiple Grid Multiple Time -Step I-E Coupling (MGMT 2)

Y1 Y2

Figure 5-5: Case 3 (MGMT2) sub-domain grids

Table 5-3: Case 3 (MGMT2) simulation parameters

: : Timest ep (¢
Subdomain Grld(er;acmg Newmarkparameters
Example 1| Example 2
ql 0.25 b=0.25, o2=0 05x10° 0.5x10*
q 2 0.0625 b=0.0, 2=0 1x10° 1x10°

Case 3 represents a 2 sddimain multiple grid multiple timscale approach in which
every component sutbomain ha a distinct spatial and temporal resolution, as shown in
Figure 5-5 and Table 5-3. Additionally, WL employs implicit time integration ant\2
employs explit time integration(CDM). Grid decomposition and the corresding time
scale discretizatiobeginwith a coarseresolution on thd.HS (fixed end) andfine scale
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resolution on thdRHS (free end) of the structural domain under consideratidre btal
numker of interface (mortar) nodes in this casé {§). The globaintegrationtime-step is
DT 0.5 30°for Example 1 andDT .5 20“for Example 2.Correspondingsub
domain time-step ratiosare x' =1, x* =500 for Example land x* =1, x*=50 for
Example 2.t should be noted that the explicit tirstep Dt* 4 20° is dictated by the
CFL condition, Eq(2.51), discussed under Sectigr8.1

5.1.4Case 4i Multiple Time -Step I-1 Coupling (MT C)

Y1 Y2

B et ET R R

Figure 5-6: Case 4 (MTC) sub-domain grids

Table 5-4: Case 4 (MTC) simulation parameters

Subdomain | Grid spacing (H)| Newmark parameters

ql 0.25 b=0.25, 02=¢(
q 2 0.25 b=0.25, 02=¢(

Timest ep ( ot

Example 1 Example 2
Case ID | Time-step ratio €) ql q 2 ql q2
MTC1 10 5x10% | 5x10° | 5x10° | 5x10°
MTC2 100 5x10% | 5x10° | 5x10° | 5x10
MTC3 1000 5x10% | 5x107 | 5x10° | 5x10°®
MTC4 10000 5x10% | 5x10° | 5x10° | 5x10°
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Under Case 4, weill evaluate theeffects of coupling 2 sudomains with conforming
grids but with distinct timesteps, as shown iRigure 5-6 and Table 5-4. The goal is to
guantify the cumulative interface dissipatimnaccumulation across salomaininterfaces

causedsolely due tomultiple timestegping. Increasingly higher ordetime-step ratios
(x2,, =10,000; are analyzed under this case in order to ensure that MGMT performance

does not degrade with ireasing timestep ratiosFigure 5-7. Subdomains, WL andW\2,
employ implicit time integration algorithms and the total humber of interface (mortar)

nodesn this casas 5 (V).

Global time-step

MTCL- W —-------- —!
MTC2- VE L2 —
MTC3- VI > 222 —
MTC4- W - Zoonon —

Figure 5-7: Case 4 (MTC) time-step ratios

5.1.5Case 51 Multiple Grid Coupling with Implicit Time Integration (MG C)

Y1 Y2

Figure 5-8: Case 5 (MGC) sub-domain grids
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Table 5-5: Case 5 (MGC) simulation parameters

Timest ep (

Subdomain | Newmark parameters
Example 1| Example 2

qland [b=0.25, o2=(0 1x10° 1x10*

Grid Spacing (H)

Example 1 and Example

CaselD| I nterfac ql q 2
MGC1 6 0.5 0.25
MGC2 6 0.5 0.125
MGC3 6 0.5 0.0625

Under Case 5, we will evaluatbe effects of coupling 2 sudpbmains with non
conforming grids and uniform tirrgteps, as shown irigure5-8 and Table5-5. The goal
is to quantify the cumulative interface dissipation or accumulatnsa sullomain
interfaces caused as a result of introducing Lagrange Multipliers with increasmizer of
projected constraints over mortar interfame W2. Subdomains WL and W2 enploy

implicit time integration algorithms and maintain a tistep ratioof x =1.

5.2UGUT Convergence

When modeling a problem using FEM, convergence is an essential attribute to instill
confidencein FEM results from the standpoint wfathematicsThe word convergence is
used because tHeEM output iSO e X p e c dorever@to d& single correct solution. In
order to check the convergence, at least two solutions to the same problem are required.

The solution froma particular FE approhds then checked with one that employs an
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improved approachlf the solution from an improvedpproachis dramatically different
from the primal approachthen the solution is not converged. However, if the solution
does not change mudten the solutio is considered convergethe primary motivation
for convergence is that the FEM solutishould approachthe analytical solution of the
equivalentmathematical model

Convergencean betesteddifferently depending oithe solutiontechniquan use Two
available methods are-Method andH-Method. P-Method utilizes large elements with
improved complex shape functions. In this approach, polynomial degretheof
implemented shape functions is increased in order to obtain an improved solution. This
method des not mandate grid refinement:=M&thod, on other hand, uses simple shape
functions and many small elements to improve the overall quality of the solution.
Accordingly, HMethod or grid refinements essentially translate to increasing the number
discretizéion points over a domain in order to obtain a better/more accurate solution. These
discretized points are represented by domain degrees of fredoR) (n FEM and
mathematically represent the total number of equations that a FE algorithm BEajoes
without saying, larger the number of equatidndarger is the computational cost.
Therefore, it is important to realize that when a domain is discretized with larger DOF, the
gain in accuracy is inherently accompaniedyater computational costad vce versa

Since FEAPI implements simple shape functiglsear for 4node quadrilateral
elements)we employ HMethod to establish a discretization that yields converged results.

Accordingly, grid spacingparameter(H) and correspnding timesteps aresuccessively

refined to obtain convergence in reference UGUT cases.
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For Example 1 (transverse loading), we measure the vertical displacemerguifa
layernodeon the free end (x = 10Figure5-9, andcompare the maximum displacements
and relative changes with respect to other UGUT casEgure5-10. It is observedhat
the difference sharply falls to 0.04 (UGUT4 v/s UGUT3) and 0.043 (UGUT5 v/s UGUT3)

ensuring convergenaiscretizations for Example 1
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Figure 5-9: Example 17 Vertical displacement at free end (x = 10m)
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Figure 5-10: Example 1 i Convergence of maximum vertical displacement at free end (x = 10m)
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In Example 2 (longitudinal loading), we measure the horizontal displacement of a
neutral layernode on the free end (x = 10)Figure 5-11, and compare the maximum
displacements (and relative clggs) with respect to other UGUT caseBigure5-12. It is
observed that the difference sharply falls to IXf6r both (UGUT4 v/s UGUT3) and

(UGUTS5 v/s UGUTS3) ensuring convergence discretizations for Example 2.
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Figure 5-11: Example 2 i Horizontal displacement at free end (x = 10m)
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Figure 5-12: Example 2 i Convergence of maximum horizontal displacement at free end (x =
10m)

131



Table 5-6: RMSE and NRMSE between respective UGUT cases

UGUT1 | UGUT2 | UGUT3 | UGUT4 | UGUTS
0.5667 | 0.7314 | 0.7715 | 0.7740
UGUT1 -
(8.3%) | (10.36%) | (10.83%) | (10.86%)
01119 | 01146 | 0.1414
UGUT2 - -
o (1.59%) | (1.5%%) | (1.97%)
- 0.0247 | 0.0258
€ | UGUT3 - - -
S (0.34%) | (0.36%)
L 0.0016
UGUT4 - - - -
(0.002%)
0.0016
UGUT5 - - - -
(0.002%)
3.97x10° | 4.28x10° | 4.5%10° | 55%10°
UGUT1 -
(1.19%) | (1.28%) | (1.38%) | (1.59%)
3.57%10° | 7.00x10° | 7.0x10°®
UGUT2 - -
~ (0.106%) | (0.212%) | (0.212%)
(D)
- 3.77x10° | 3.5810°
€ | UGUT3 - - - )
L% (0.106%) | (0.106%)
2.91x10°
UGUT4 - - - -
(0.088%)
2.91x10°
UGUT5 - - - -
(0.088%)

Table 5-6 lists the relative errors between respective UGUT c&&ese pairs thavere
used to establish convergencé-igure5-10 andFigure5-12 are highlighted irisreen. We
can see that there is a simiteendfrop inRMSE and NRMSEs UGUT discretizations
are refined, ensuringonvergence over entire spectrum of tine contrastto the

convergence of maximum vala one particular time instam Figure 5-10 and Figure

5-12.
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Finally, we look at the total number of equatiofumconstrained DOF) used in each

UGUT case andorrespondin@PU solution times required to solve these equations.

Table 5-7: Total number of equations and CPU solution time

el N sEr Solution Time (sec)
of Equations Example 1 Example 2
UGUT1(I) 120 0.23 0.07
UGUT2(l) 400 2.01 0.65
UGUT3(l) 1440 22.23 7.36
UGUTA4(I) 5440 320.92(~5 min) | 107.53 (~ 2 min)
UGUT5 (E) 5440 24822.27(~ 7 hr) | 830.14(~13 min)
, 6000 - 350
S 5000 - 8 300
S 4000 - g 250
I} = 200
5 3000 - c
# S 150
s 2000 U_g) 100
~ 1000 - 50
0 ! 0
UGUT1 UGUT2 UGUT3 UGUT4 UGUT1 UGUT2 UGUT3 UGUT4

Figure 5-13: Total number of equations and CPU solution time for Implicit UGUT cases

For the example problems under consideration, results show that converged solution
can be obtained via grid refinement (from discretizations imteritom UGUT4/5),
however at the cost of larger CPU tim&ance converged cases, UGUT4 (Implicit) and
UGUTS5 (Explicit), provide the best available approximation of measured vayidése

casesare used alsaselinéreference solutions when evaluating MG solutions.
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5.3 Stability Analysis

Under our first performance evaluation criteria, we analyze the numerical stability
MGMT Method by looking at the global energy trends and augmentedace energy
contributions from component salomains

For a nonrhomog@eous linear structural systemithout damping, we know that
Internal Energy(IE) is equalto the external work performed on the systdmUGUT
simulations, IE is obtained assam of Kinetic Energy (KE) andstiffnessor Potential
Energy GE), wherasin MGMT simulationstotal IE is obtained by summingE andSE
contributions from all component sulomains Furthermore, interface energy produeed
a result of introducinggagrange Multipliers is augmentedo IE, yielding globatotal IE.

Since MGMI' Method involves coupling of neconforming grids as well as concurrent
time-integration of suldomains with distinct timsteps, it is critical to ensure that the
global aspect of the simulation, i.e. energy balance, is established in order to evaluate
performance of MGMT formulation and implementatidiie have already established in
Section3.5 that MGMT coupling is numerically stable if and only if the total interface
energyaccumulatego zero. Consequently, IE from UGUTAMGMT simulations must
be in complete conformance with each other.

Accordingly, in following sections we analyze global energy balance, augmented
interface energy contributions and continuity of véjo@across component siimmain
interfacesin order toprovide a comprehensivevaluationof numerical stability of the

proposedMGMT Method.
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5.3.1Global Energy Balance

Figure 5-14 showsthe global energies from Example 1 (transverse vibration)

converged casasUGUT4, UGUTS5 and MGMT cases MGMT1, MGMT2, MTC4 and

MGC3.RMSE and NRMSE for these plots are listedigure5-8.
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: Example 11 Global energies
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Figure 5-15 showsthe global energies from Example 2 (longitudinal vibration) for

converged casasUGUT4, UGUT5 and MGMT casdsMGMT1, MGMT2, MTC4 and

MGC3. RMSE and NRMSE for these plots are listedatle5-9.
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Table 5-8: Example 17 RMSE and NRMSE (%). Variable = Global energies

Kinetic Energy

Stiffness Energy

UGUT4 | UGUT5 | UGUT4 | UGUTS
3.94x16 4.34x16
UGUT4 - -
(0.13%) (0.11%)
3.94x10 4.34x16
UGUT5 - -
(0.13%) (0.11%)
2.37x10 | 2.37x10 | 2.54x10 | 2.53x1d
MGMT1
(7.98%) | (7.97%) | (6.74%) | (6.72%)
1.55x10 | 1.55x10 | 1.69x10 | 1.68x10
MGMT2
(5.24%) | (5.22%) | (4.49%) | (4.46%)
MTCA 2.06x10 | 2.07x10 | 2.15x10 | 2.14x14d
(6.95%) | (6.95%) | (5.71%) | (5.69%)
MGC3 6.37x10 | 6.38x10 | 6.70x10 | 6.70x10
(21.47%) | (21.44%)| (17.79%) | (17.79%)

Table 5-9: Example 217 RMSE and NRMSE (%). Variable = Global energies

Kinetic Energy

Stiffness Energy

UGUT4 | UGUT5 | UGUT4 | UGUT5
102.16 204.43
UGUT4 - -
(0.08%) (0.16%)
102.16 204.43
UGUT5 - -
(0.08%) (0.16%)
3120.46 | 3257.84| 3237.35 | 3308.00
MGMT1
(2.59%) | (2.63%) | (2.66%) | (2.71%)
4844.60 | 4884.33| 5099.79 | 5188.40
MGMT2
(3.91%) | (3.95%) | (4.19%) | (4.26%)
VITeq | 225888 | 2314.85| 2227.30 | 2341.72
(1.82%) | (1.87%) | (1.83%) | (1.92%)
viaea | 465738 | 4727.48| 4604.52 | 4719.54
(3.76%) | (3.82%) | (3.78%) | (3.88%)
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Internal energy (kinetic + stiffness + interface energy) must equal the total amount of
work performed on the systerAccordingly, RMSE and NRMSEerrors between these
curves are listed iTable 5-10. These errors are computed offity the time in which
external work is noszero, since internal engrgemains constanas residual energin the
absence of daping. Althoughthe errors inTable 5-8 and Table 5-9 are comparatively
high, global energy balance (internal energy = external work) is verified by relatively small

errors (less than 1%) Table5-10.

Table 5-10: RMSE and NRMSE (%). Variable = Internal energy v/s External work

Example 1 Example 2
UGUT4 0.0 0.0
UGUTS5 0.0 0.0

MGMT1 | 3.22 x16(0.89%) | 1.07 x1d (0.13%)
MGMT2 | 2.12 x16 (0.56%) | 8.85 x108 (0.12%)
MTC4 | 3.00 x16(0.826) | 8.86 x10 (0.126)
MGC3 | 2.65x16(0.0®6) | 1.11 x1d (0.14%)

Error ranking, in ascending ordefor kinetic energy and stiffness energy in Example 1
and Example are{MGMT 2 < MTC4 < MGMT1 < MGC3} ! {2413} and {MTC4 <
MGMT1 < MGC3 < MGMTZ2} t {4132} respectively whereathosefor internal energy
v/s external worlare{3241} and {2413}.

5.3.2AugmentedInterface Energy

Anothe way to verify numerical stability is to ensure that augmented interface energies
from component subdlomains accumulate to zero, as indicatedegy(3.9) and Eq.(3.83).
Interface energy is representative of total work performed bydsuoiain interface

reactions(/) while communicating int@actions at intermediate tirsteps These forces
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enable coupling of multiptgrids and multiple timecalesand consequentiglisoaffect the
numerical stabilityof component suldomairs. Hence, i augmented interface energies
from all subdomainsaccumulége to zerqg one can derive that energy balancestablished
betweerat component suldomain leveldor a particulatime-step Furthermore, it ensures
efficientand accurate multiscale coupling.

Augmented interface energy, as derived in Se@&i@ns computedas follows:

S
Total Interface Energgg 3 U' L' / (5.3)

i=1

Where, S represents total number of sdbmains / is the total number of DOF
discretized using MFEM overeachnonmortarsubdomain interfaceand L' is the multi
constraint operatdhat isused to projecsulxdomain interface velocities, as represented by
U.

Subsequenplots, Figure 5-16 (Example 1)and Figure 5-17 (Example 2) showthe
evolution of totalinterfae energyrelative to energy contributions from component-sub
domain interfaces.These plotsclearly indicate that subdomain interface energies
annihilate each othgewerifying stability at component suttomain leved and accurate

MGMT coupling
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Figure 5-16: Example 1 i Augmented interface energies from component sub-domains
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Figure 5-17: Example 2 i Augmented interface energies from component sub-domains
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Total interface energy seems infinitesimally small relative to componerdasunhin
energy contributionddowever,subsequentigures show that there is a sinahriance in
interface energyover entire simulationtime. This varianceis partly dueto machine
tolerancé&oundoff errorsand can be reduced by refinitige increments used in numerical
integration ofinterface connectivity constraing&g. (2.73) and(2.74), See alséigure3-8.

Table5-11 lists the RSME intotal interface energy indicating its mean variance about
zerg since correspondinUGUT interface energy identicallyzera These errors represent
average accumulation or dissipation of total interfagergy over entire simulatidmme.
Table 5-11 also lists the total number of global integration loops representing the
frequency of recorded data. It should be noted that for every global integration loop, sub
domainswith x >1 are integratedk times before synchronizing with global tirstep.

Table 5-11: Mean variance in augmented (total) interface energy contributions

Example 1 Exanple 2
MGMT1 9.48x10° (@ 300) | 4.99x10°(@ 100)
MGMT2 2.08x10° (@ 600) | 1.91x10°(@ 200)
MTC1 1.71x10° (@ 600) | 1.99x10°(@ 200)
MTC2 1.33x10° (@ 600) | 2.12x10%(@ 200)
MTC3 1.88x10° (@ 600) | 1.95x10%(@ 200)
MTC4 1.48x10° (@ 600) | 1.85x10°(@ 200)
MGC1 1.15x10° (@ 300) | 1.85x10%(@ 100)
MGC2 1.31x10° (@ 300) | 2.09x10%(@ 100)
MGC3 1.17x10° (@ 300) | 2.42x10°(@ 100)

These errors arerdersof magnitude smaller thahe global energyscales, hence their

contribution is considered negligblError rankings for total interface energy, Example 1

and Example 2, are {24} and {4231}
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Figure 5-18: Example 1 i Augmented (total) interface energy
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Figure 5-19: Example 2 i Augmented (total) interface energy
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5.3.3Interface Continuity

Another consequence tfe global stability requiremens thecontinuity of velocities
at subdomain interfacesas enforced by Eq(3.11). In this section we compare
conformance betweanterface variablef@isplacenent, velocity and acceleratipat x = 5,

i.e. half way across the length of the beasobtainedfrom adjoiningsulbdomains Figure

5-20, comparet),, U, and U, for Example 1, as obtained from MGMT1 sdbmains\2

andW3. Thegrid ratio and timestep ratio between these stiimains is Zand a total of 10

mortar DOF(/) are used to communicate interactions atlikigling interface.
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Figure 5-20: Example 11 (MGMTL1) Continuity of interface variables

Table 5-12: Example 117 (MGMT1) RMSE and NRMSE (%). Variable = Interface displacement,
velocity and accelerations

Example 1
U?visU® 1.31x10%(0.058%)
MGMT1 Ubv/isU® | 4.88x10°(0.039%)
U?vis U3 6871.41 (23.27%)
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Figure5-21 comparet),, U and U for Example 1, as obtained from MGMT2 sub

domainsWL andW2. The grid ratio and timstep ratio between these siddimains is 4 and
500 respectively with a total of 10 mortar DQF) at the suldomain interface. It should

be noted that\M. andW2 in this case are coupled via Implicit and Explicit time integration

algorithms.
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Figure 5-21: Example 11 (MGMT2) Continuity of interface variables

Table 5-13: Example 11 (MGMT2) RMSE and NRMSE (%). Variable = Interface displacement,
velocity and accelerations

Example 1
Ut v/isU? 2.0310°(0.087%)
MGMT2 UbvisUs 0.2521 (0.195%)
Ut vis U2 1.4030 (0.002%)
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Figure 5-22 comparet), , U, and U, for Example 2, as obtained from MTC4 sub

domainsWL andW2. The grid rab in this case is 1 (conforming interfacbpwever the

time-step ratio between these stddimainsis 10,000.A total of 10 mortar DOF/) are

usedat the subdomain interface to enable multiple timscale coupling
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Figure 5-22: Example 21 (MTC4) Continuity of interface variables

Table 5-14: Example 21 (MTC4) RMSE and NRMSE (%). Variable = Interface displacement,

velocity and accelerations

Example 2
Ut v/isU? 1.53«10°(0.004%)

MTC4 Ubvisu? 0.0(0.0%)
Ut vis U2 5988.58 (22.52%)
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Figure 5-23 comparet),, U,and U, for Example 2, as obtained from MGC3 sub

domains WL andW2. The timestep ratio in this case ik however the gricstep ratio

between these stdbmains is 8. A total of 10 mortar DQF) are used at the sudomain

interfaces to enable multiple gridupling.
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Figure 5-23: Example 21 (MGC3) Continuity of interface variables

Table 5-15: Example 217 (MGC3) RMSE and NRMSE (%). Variable = Interface displacement,
velocity and accelerations

MGC3

Example 2
Ut v/isU? 1.7%10°(0.005%)
Ubvisu? 1.43¢107 (0.269%)
Ut vis U2 466.58 (2.418%)
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For the results discussed above, NRMSE for displacement and velaitgll below
1%, whereas errors in acesations (in certain cases) are significantly higher. However, the
key variable under consideration here is velocity, since we enfootghuity of velocities
across suHglomain interfaces using E@.11) in order to ensure global and local stability.

For Example 2 (MTC4) we notice that conforming grids with a t&tep ratio of
10,000 yield continuous velocities with 0% NRMSEable 5-14. We have already seen
that multiconstraint cooperator in this case is a Boolganjectionoperato(L = B). For
non-conforming grids however L=BP where P represents interface moectivity
constraints modeled using -WEM. This indicates that any positive error in velocity
continuity (for cases witmon-conforming interfacéscan be reduced by efficientmerical
integration of interface constraints discussed earlier in SectmB.2

Since aforementioned results exhibit good conformance in continuity of interface
velocity, we establish that E¢3.11) is efficiently implementedfurther verifyingMGMT
stability.

Velocity error rankings for Example 1 and Example 2 are {12} and {43} respectively.
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5.4 Evaluation of Numerical Accuracy

5.4.1Example I Transverse Vibrations

As our first evaluation criterigor numerical accuracy in Example 1, we look at the
time evolution ofthe beantip deflection.Figure5-24 shows the vertical compent of tip
deflection for UGUT4 UGUT5, MGMT1, MGMT2, MTC1, MTC2, MTC3, MTC4,
MGC1, MGC2 and MGC3. Corresponding errorsand total number of equations

(unconstrained DORjre listed inTable5-16.

—UuUGUT4 —UGUTS —MGMT1 —MGMT2 —MTC4 —MGC3

4 -
. 3
£
G 1
5
L0
o
o -1
D
o o
-3
-4 f
0.15
Time (sec)
(a) UGUT4, UGUT5, MGMT1, MGMT2, MTC4, MGC3
4—MTC1 —MTC2 MTC3 —MTC4 4 —MGC1 ——MGC2 MGC3
2 2
0 0
-2 -2
-4 T T T T T T 1 '4 T I. T T = T T 1
0 005 01 015 02 025 03 0 005 01 015 02 025 03
Time (sec) Time (sec)
(b) MTC1, MTC2, MTC3, MTC4 (c) MGC1, MGC2, MGC3

Figure 5-24: Example 11 Comparison of vertical displacement at free end (x = 10m)
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Table 5-16: Example 17 RMSE and NRMSE (%). Variable = displacement at free end (x = 10m)

UGUT4 UGUT5 Number of Equation;
UGUT4 - 3.09x10° (0.043%) 5440
UGUT5 | 3.09x10° (0.043%) - 5440
MGMT1 0.154(2.24%) 0.1572(2.28%) 1884
MGMT2 0.020(0.29%) 0.0246(0.32%) 2954
MTC1 0.2619(3.83%) 0.2647 (3.89%) 410
MTC2 0.2672(3.8%%) 0.2727(3.89%) 410
MTC3 0.2748(3.84%) 0.2796(3.90%) 410
MTC4 0.2816(3.85%) 0.2686(3.90%) 410
MGC1 0.362(5.16%) 0.3668(5.20%) 270
MGC2 0.375(5.26%) 0.3736(5.31%) 798
MGC3 0.3839(5.37%) 0.3832(5.42%) 2814

In Section5.2we discussed howW-Method, or grid refinement, can be used to achieve
numerical convergence when using FEM to obtain the solution to a particular problem. We
also established that UGUT4 and UGUTS discretization, each with 5440 DOF, vyield
converged solutions to Example loplem. Accordingly,Table 5-16 also lists the total
number of equations (unconstrained DOF) used to solve a particular MGMT case.

Errors areelativelysmall for most caseMGMT2 has the smallest error since it hosts
maximum (2%4) DOF in comparison with other cases; whereas M@B24DOF) has
maximum error resulting in a conclusion that higher grid ratios with fewer interface
coupling DOF may result in poor connections and hence higher ekdutionally, if we
look at MGMTL,it also hosts higher grid ratiolsut the error in this case is almost half of
MGC cases, indicating that omeay use higher grid ratioshowever these should be
modeled witha gradual grid refinement and relatively larger interfacaplingDOF. This

interpretationis further verified by noticing the gradual drop in MGC errors. That is,
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encountere@rrorreduces as the grid ratio betwedh and W2 reduces from8 4 - 2
for MGC3 - MGC2 - MGCL1. Similar trend, gradual drop in error, is also noticed for
respective MTC cases suggesting that accumulated error increases as -Steptinagio
between componergubdomains increases. However; the errors in MTC (maximum of

3.9%for x_ =10,000) is relatively smaller than MG(5.42% for a grid ratio of &learly

indicating the necessity, influence and the importance of efficient multiple gridrogupl
We also noticea significant effect on numerical accuracy due toultiple timescale
coupling bycomparing equivalently discretiz&l5UT2 and MTC casess follows:

Table 5-17: Example 1 7 Comparison between UGUT2 and MTC cases

UGUT4 UGUTS5 Number of Equation;
UGUT2 0.1146 (1.59%) 0.1414 (1.97%) 400
MTC1 0.2619(3.83%) 0.2647 (3.8%%) 410
MTC2 0.2672(3.8%%) 0.2727 (3.8%%) 410
MTC3 0.2748(3.84%) 0.2796 (3.90%) 410
MTC4 0.2816(3.85%) 0.2686(3.90%) 410

Augmentedeffect of multiple grids and multiple timscalescan be observed by

comparing UGUT3 and MGMT1 as follows:

Table 5-18: Example 17 Comparison between UGUT3 and MGMT1

UGUT4 UGUT5 Number of Equabns
UGUT3 0.0247(0.34%) 0.0258 (0.36%) 1440
MGMT1 0.154(2.2%%) 0.1572(2.28%) 1884

Errors trends in the measurementdidplacement at free erfdr Example 1,Table

5-16, are {2143}.
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Figure5-25 ard Table5-19 show the comparison of Sigaxa for a crosssectionatx =
1mfrom the fixed enddtt = 0.053. Most cases haverrorsless than 0.5%ndicating good
conformance. Hhesterror occurs iNMGC3 (~1%) since the stress computedover a

coarsegrid (MGC3-WL). A globaloverview of Sigmax and deformed shape is plotted in

Figure5-26.
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Figure 5-25: Example 11 Comparison of Sigma-xx at a cross-section x = 1m and t = 0.05s

Table 5-19: Example 11 RMSE and NRMSE (%). Variable = Sigma-xx at x = 1m and t = 0.05s

uGUT4 UGUTS

UGUT4 - 1.53x10 (0.076%)
UGUT5 | 1.53x10 (0.076%) -

MGMT1 | 9.91x10 (0.495%) | 8.57x10 (0.420%)

MGMT2 | 6.30x10 (0.315%) | 6.97x10 (0.346%)
MTC4 | 9.60x10 (0.480%) | 8.16x10 (0.408%)
MGC3 | 2.01x10 (1.009%) | 1.88x1d (0.945%)

* Error ranking for the measurement of Sigiais {2413}
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Figure 5-26: Example 17 Deformed shape and Sigma-xx (N/mz) att=0.05s
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5.4.2Example 2 Longitudinal Vibrations

In Example 2, we first look at the time evolution of the beardeifection.Figure5-27
shows thehorizontal component of tip deflection fodGUT4, UGUTS5, MGMT1,
MGMT2, MTC1, MTC2, MTC3MTC4, MGC1, MGC2 and MGC3orresponding errors

and total number of equations (unconstrained DOF) are listEabie5-20.
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Figure 5-27: Example 2 i Comparison of horizontal displacement at free end (x = 10m)
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Table 5-20: Example 2 7 RMSE and NRMSE (%). Variable = displacement at free end (x = 10m)

UGUT4 UGUTS5 Number of Equation;
UGUT4 - 2.91x10° (0.088%) 5440
UGUT5 | 2.91x10° (0.088%) - 5440
MGMT1 | 1.1%10°(0.34%) | 1.1510° (0.35%) 1884
MGMT2 | 0.43x10°(0.13%) | 0.4510° (0.13%) 2954
MTC1 | 0.97%10°(0.29%) | 1.00x10° (0.30%) 410
MTC2 | 0.9810°(0.29%) | 1.010° (0.31%) 410
MTC3 | 0.9810°(0.29%) | 1.04x10° (0.31%) 410
MTC4 | 0.9%10°(0.31%) | 1.3%10°(0.35%) 410
MGC1 | 1.26¢10°(0.38%) | 1.2810° (0.3%%) 270
MGC2 | 1.2%10°(0.39%) | 1.31x10° (0.3%%) 798
MGC3 | 1.31x10°(0.39%) | 1.36¢10° (0.41%) 2814

Errors are relatively small for most casasd very small compared to displacement
measurements in Example @nce againMGMT2 has the smallest error since it hosts
maximum DOF in comparison with other cases; whereas M@&tBie maximum error.

As observed in Example 1 results, the error gradually incréasesspective MTC and
MGC cases, validating the conclusion that accumulated error does increase with increasing
grid ratios and timestep ratios. MTC cases vyield relatly small errors than MGC cases
suggesting that regardless of grid discretization refinement, higher grid ratios with fewer
coupling interface DOF can significantly affect the results. The error in MGMTL is also
relatively high, but it should be noted thihe measured variable in this case is recorded at
in a coarse grid subomain (MGMTXWL). Once again, comparing equivalently
discretized cases, UGUT2 and MTC caseJable 5-21, we can observe the effect

multiple timescale couplingAs we can see, the effective accumulated error due to MTC is
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relatively smaller in case of wave propagation type problems, in contrast with the
observations made ifable5-17 for Example 1.

Table 5-21: Example 2 7 Comparison between UGUT2 and MTC cases

UGUT4 UGUTS5 Number of Equation;
UGUT2 | 7.00x10°(0.212%) | 7.00x10°(0.212%) 400
MTC1 | 0.97x10°(0.29%) | 1.00x10° (0.30%) 410
MTC2 | 0.98x10°(0.29% | 1.02x10°(0.31%) 410
MTC3 | 0.98x10°(0.29%) | 1.04x10°(0.31%) 410
MTC4 | 0.99x10°(0.31%) | 1.33x10°(0.35%) 410

Augmented effect of multiple grids and multiple thseales can be observed by

comparing UGUT3 and MGMT1 as follows:

Table 5-22: Example 2 1 Comparison between UGUT3 and MGMT1

UGUT4 UGUTS5 Number of Equations
UGUT3 | 3.77x10° (0.106%)| 3.58x10° (0.106%) 1440
MGMT1 | 1.13x10°(0.34%) | 1.15x10° (0.35%) 1884

Errors trends in the measurementdidplacement at free erfdr Example 2,Table

5-20, are {2413}.
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We will now evaluate theapability of MGMTMethod in simulating wave propagation
across component sulbmains. Since structural waves are coupled in spacénaadwe
need to ensure that MGMJouplingdoes not damage the characteristic features of a wave

(such as amplitude and phase) as it propagates through distinct spatial and temporal

resolutions.
—
51 N> X —> F(t)
T}
I L
1 10m 'I

Figure 5-28: Example 2 i Longitudinal vibrations

First, we will look at the distribution of longitudinal stress (Sigrd and longitudinal
displacemenfU-x) along the length of the beam as a function of spHais will help us
gauge te effects of suldlomain interfaces on possible wave reflection or deterioration.
Analyzedquantitiesare measured at the neutral layer and recordedtiméinstants (t =
1x10%, 5x10* 10x10% 15x10* and 20x1d) that are within the time frame requdrby the
wave to travel once across the be&msults are plotted fayGUT4 v/is MGMT1 UGUTS
v/s MGMT2, UGUT4 v/is MTC4 and UGUT4 vis MGC3tresses are plotted gure
5-29 and displacements Figure5-30, with correspondinggrrors listed inTable5-23 and

Table5-24 respectively.

t = 1x10*

t = 5x10%

t = 1x10°

t = 15x10*

t = 2x10°

Plot

Z

Z
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Figure 5-29: Example 2 i Longitudinal stress (Sigma-xx) as a function of space
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Table 5-23: Example 2 7 RMSE and NRMSE (%). Variable = Sigma-xx as a function of space

t=1x10* | t=510* | t=1x10° | t=15x10" | t =2x10°

MGMTL 1.96x16 | 1.08x16 | 1.82x16 | 2.15x16 | 2.64x10
(6.71%) | (1.07%) | (1.83%) | (2.02%) | (2.43%)

MGMT2 2.64x16 | 4.06x16 | 5.86x10 | 4.20x16 | 4.39x16
(8.86%) | (4.00%) | (5.82%) | (3.97%) | (4.08%)

MTCA 1.79x16 | 2.65x16 | 3.93x16 | 3.50x16 | 4.04x10

(6.13%) | (2.65%) | (3.93%) | (3.26%) | (3.70%)

MGC3 8.87x16 | 1.85x16 | 3.15x16 | 5.02x16 | 4.94x16

(3.03%) | (1.85%) | (3.15%) | (4.67%) | (4.52%)

The average error over all sefed timeinstants is 2.81% (MGMTL1), 5.34%
(MGMT2), 3.93% (MTC4) and 3.44% (MGC3). Frofrigure 5-29 we can see that
MGMT2 and MGC3 show a nominal phase lag in stress measurements. This can be a result
of using relativelyhigh griddensity inW2 in disparity with coarse grid density\id..

A very similar phase lag is observed in MTC4, but not in MGMTL, indicating that
multiple grid and multiple timecale interfaces can slow down thegagation of stress
waves in finely discretized (space and time)damains.

Implicit-Explicit couplingin MGMT2 also affects the stress distribution\iR in the
form of jagged undulations which sharply digagr in the implicisubdomain\d.

MGC3 shows a significant error at the interface/df andW2, once again suggesting
that higher grid ratios should not be coupled with fewer interface DOF.

Errorranking f or O6average over timedl348tress meas
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Figure 5-30: Example 2 i Longitudinal displacement (U-x) as a function of space
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Table 5-24: Example 2 7 RMSE and NRMSE (%). Variable = U-x as a function of space

t=1x10* | t=5x10% | t=1x10°® | t=15x10* | t = 2x10°

MGMTL 5.80x10° | 2.46x10° | 4.47x10° | 8.38x10° | 1.23x10°
(1.57%) | (0.31%) | (0.28%) | (0.52%) | (0.77%)

MGMT2 3.02x10° | 2.90x10° | 4.14x10° | 2.88x10° | 2.70x1C°
(8.12%) | (3.65%) | (2.60%) | (1.81%) | (1.69%)

MTCA 2.50x10° | 2.27x10° | 3.20x10° | 3.13x10° | 3.17x10°
(7.03%) | (2.86%) | (2.01%) | (1.97%) | (1.98%)

MGC3 1.03x10° | 6.04x10° | 1.35x10° | 1.98x10° | 2.25x10°
(2.79%) | (0.75%) | (0.85%) | (1.24%) | (1.40%)

The average error over all selected timgants is 0.73% (MGMTL1), 4.46%
(MGMT?2), 3.96% (MTC4) and 1.75% (MGC3p 6 nomi nal 6 phase | ag
displacement measuremerttewever,jagged undulations due explicit timestepping in
MGMT2-W2 disappear in this case, ensuring better conformance in displacement wave
propagati on. Error rankings for baverage
case is {1342}.

We will now look atthe time evolution ofongitudinal stress (Sigmex), longitudinal

displacemerJ, ), velocity (U,) andacceleration(U,) as it propagates across the beam

as a function of time. Results areaured at 4 different locations, x = 10, 7.5, 5 and 2.5
andare plotted for UGUT4 v/s MGMTIUGUTS5 v/is MGMT2 UGUT4 v/s MTC4 and

UGUT4 v/is MGC3with respective errors listed subsequertables

x =10 X=7.5 X=5 Xx=25

Plot i Zz Z v
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Figure 5-31: Example 2 i Longitudinal stress (Sigma-xx) as a function of time
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Figure 5-32: Example 2 i Longitudinal displacement (U-x) as a function of time
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Figure 5-33: Example 2 i Longitudinal velocity (U=x) as a function of time
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Figure 5-34: Example 2 i Longitudinal acceleration (U-x) as a function of time
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Table 5-25: Example 27 RMSE and NRMSE (%). Variable = Longitudinal stress (Sigma-xx)

x =10

X=7.5

Xx=5

x=25

MGMT1

8.42x16 (8.0%)

7.60x16 (3.6%)

6.05x16 (2.9%)

7.10x16 (3.3%)

MGMT2

5.06x16 (4.8%)

7.15x16 (3.4%)

9.27x16 (4.4%)

5.87x16 (2.7%)

MTCA4

5.22x10° (5.0%)

4.05¢10° (1.9%)

5.77%10° (2.7%)

3.4510° (1.5%)

MGC3

1.44¢10° (1.3%)

1.0310’ (4.9%)

1.54¢10’ (7.3%)

1.25¢10’ (5.7%)

Table 5-26: Example 27 RMSE and NRMSE (%). Variable = Longitudinal displacement (U-x)

x =10

X=75

Xx=5

x=25

MGMT1

3.46x10° (1.1%)

2.86x10° (0.9%)

3.23x10° (0.8%)

2.01x10° (0.6%)

MGMT2

7.25x10° (2.2%)

4.11x10° (1.2%)

6.08x10° (1.9%)

6.60x10° (2.1%)

MTC4

3.9310° (1.1%)

2.910° (0.9%)

2.91x10° (0.9%)

2.8710° (0.9%)

MGC3

7.77x10° (2.3%)

6.13%10° (1.9%)

5.43%10° (1.6%)

4.7%10° (1.5%)

Table 5-27: Example 217 RMSE and NRMSE (%). Variable = Longitudinal velocity (U=x)

x =10

XxX=7.5

Xx=5

x=25

MGMT1

0.1978 (1.91%)

0.1573 (2.85%)

0.1430 (2.66%)

0.1133 (2.20%)

MGMT2

0.2828 (2.71%)

0.1876 (3.41%)

0.1728 (3.21%)

0.1722 (3.34%)

MTC4

0.1735(1.6 %)

0.092(1.66%)

0.100 (1.86%)

0.100 (1.95%)

MGC3

0.4716(4.5%%)

0.3853(6.96%)

0.3156(5.89%)

0.2283(4.42%)

Table 5-28: Example 2 i RMSE and NRMSE (%). Variable = Longitudinal acceleration (U-x)

x =10

XxX=7.5

Xx=5

x=25

MGMT1

2660.03(8.9%)

1747.2(11.2%)

2134.57 (2.1%)

2947.2(15.0%)

MGMT2

32370.4 (106%)

21195.2 (109%)

2825.17 (16.2%)

1519.43 (8.6%)

MTC4

5594.7(18. %)

2469.6(15.9%)

3067.39(17.4%)

1501.08(7.6%)

MGC3

5570.8(18.6%)

3070.2(19.6%)

2658.09(15.0%)

2207.2(11.2%6)

167




Table 5-29: Example 27 Average errors and corresponding rankings

Sigmaxx | U-x U=x U-x

MGMT1 5.23% 0.85% | 2.40% | 11.8%

MGMT2 3.82% 1.85% | 3.16% | 59.96%
MTC4 2.77% 0.95% | 1.78% | 14.87%
MGC3 4.80% 1.82% | 5.45% | 16.10%

Ranking | {4231} | {1432} | {4123} | {1342}

Results for structural wave propagation (Sigkwa U-x and U=x) show fairly good
conformance with converged UGUT cases. For longitudinal stress results, MTC4 has
minimum errors whereas MGMT1 has the highest erfdiGMT1 records the Ighest
error at x=10 since the stresses here are computed over a coarsélyrizl{ the error
sharply falls by almost 50% as the grid density increas&s10 in MGMT2 and MGC3.
Hence finely discretized stdiomains are recommendadregions where stress (or strain)
gradients are critical so that resulting errors can be kept to their minifiisris inference
is further validated by noticing that errors also drop at x=7.5, x=5 and x=2.5 for MGMT1,
i.e. as the mesh is refined. MG aTand MGC3 have the same grid density at x=10 but
MGC3 records the minimum error indicating that explicit integration in MGNVT2
resulted in higher errorResults for longitudinal displacement are very satisfactory with an
averageerror of less than 2% for all analyzed cadmg they are relatively higher for
velocity and acceleration results. Overlooking the effect of grid density on recorded values
values, we conclude that the structural wave (stress and displacement) propagates
seamlessly across component -gsloinains without any significant loss in amplitude or

phase.
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5.5Evaluation of Computational Efficiency

Finally we look at the principal advantage of using MGMIEthod as opposed to
UGUT approachby comparing the improvemenis invested computational resources.
Table5-30 lists the total computation time (in sec) required to obtain the global solution of
the problem, total number of nodes, elements, number of equations representing the
primary unconstainedDOF and the total amount of skyline storabeat is descriptive of

the total CPU memory in use

Table 5-30: Comparison of computational resources for Example 1 and Example 2

- Solution time (sec)
CaselD | Nodes| Elements Neurl:];ti)gfs ;‘; 3;';”2
q 9 Example 1 | Example 2
320.92 107.53
UGUT4 | 2737 2560 5440 221352 _ :
(~5 min) (~2 min)
24822.27 830.14
UGUTS | 2737 2560 5440 221352 ,
(~7 hr) (~13 min)
127.98
MGMT1 | 959 850 1884 74110 _ 41.80
(~2 min)
13678.54 490.27
MGMT2 | 1482 1360 2954 122615 .
(~4 hr) (~8 min)
MTC1 16.17 5.50
MTC2 144.81 48.56
1396.67 474.74
MTC3 210 160 410 5543 , _
(~23 min) (~8 min)
13685.74 4605.30
MTCA4
(~4 hr) (~1 hr)
MGC1 138 100 270 3361 1.02 0.35
MGC2 402 340 798 17949 4.43 1.46
MGC3 | 1410 1300 2814 120433 28.12 9.25
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5.6 Numerical Analysis and Verification Summary

An overview of various scenarios analyzed in this chapter is preserignine5-35. It

also illustrates variougrid ratios and timatep ratios taken into consideration and also

shows the total number of mortar element noggsiged to couple distinct discretization.

UGUT1 UGUT2 UGUT3 UGUT4/5
<
3=4 3=3 3=2 3=1

=
[
=
)
=
- 3=1 3=500 (Ex. 1) 50 (Ex. 2)
N
=
o
=

=1 3= 10, 100, 1000, 10000
o
|_
S

3=1 =1
3 )

Figure 5-35: Summary of solved cases

Table5-31 shows a quick overview of various performance evaluation factors analyzed

using aforementioned cases and corresponding error rankNRRBISE in ascending

order).Note: Notation for error rankings EMGMT 1

MGC3

[

3.
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Table 5-31: Summary of analyzed results
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Table5-32 shows the effective computational gain in MGMT implementation relative
to corresponding UGUT casdder e we wi | | u s e(Wikigediar201dmwt a g e
express a change in a varigldach as nodes, elements solution time etc. It is calculated by
comparing the initial (refence/old) value and the final (updated/new) value, representing

the change between theiMore generally, ifV, represents the old value aigthe new

one:

Percentage changze?/—v =u T00 (5.4)

1 1

For example: the solution time for Example 1, using traditional (reference) FE
approach was 320.92 sec; and the esawlution, using (new) approacMGMT1, was

127.98sec. Then, according to E&.4):

Percentage change127'98 320'823100 =60.12Y (5.5

320.82

The negative sign in Eq5.5) repregnts percentage decrease. Accordingly, it can be
said that the solution time for MGMT1 decreased by 60.12%.
When comparing variables such as nodes, elements, number of equations, skyline

storage and CPU solution time, between UGUT and MGMT casegqrefe a negative

percentage change since these variables represent computational resources that are invested

to obtain the same numerical solution. Therefore, fewer the computational resources, i.e.
larger the negative percentage change, better is the coropaitafficiency. Accordingly,
percentage change measuremémtsuch variablesvill be represented byz() indicating

percentage increase (positive chaiigeequiring more computational resourcesd by
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(2 ) indicating percentage decrease (negative changequiring less computational
resourcep For other variables, such as in the congmam of numerical ecuracy, we wi
respectivelyuseg orz to indicate a negative or a positive percentadgege
ConsequentlyTable 5-32 presents a summary of computational efficiency between
UGUT and MGMT cases, with implicit MGMT cases (MGMTMTC4 and MGC3

compared) against UGUT# andexplicit case (MGMT?2) compared against UGU(B.

Table 5-32: Summary of computational efficiency

. Solution tine (sec)
Noes | Elemens | Namber of| - Sioine
Example 1| Example 2

MGMT1

vis ¢ 64.96%| & 66.8% | & 65.37%| & 66.52%| & 60.12%| & 61.13%
UGUT4
MGMT2

v/s ¢ 45.85%| & 46.88%| ¢& 45.7% | & 44.61%| & 44.89%| & 40.94%
UGUT5
MTC4 2 2

0 0, 0,

U(;/(JST4 ¢ 92.33%| & 93.75%]| & 92.46%| ¢ 97.5% 4164.5% | 4182 8%
MGC3

v/s ¢ 48.48%)| ¢ 49.22%| & 48.27%| & 45.5% | & 91.2%846 | ¢ 91.%%
UGUT4

Results she thatinvested computational resources, both memory and processing time,
show significant reduction than corresponding UGUT cases; with the exceptibhGf

which has a considerably higher CPU solution time since it employs a signifitargéy

time-step ratio (x =10,000) and asmaller timestepin W2: 53 10°®sec compared to

0.12% 10°’secfor Example 1 and? 10°seccompared td.125 10°sec for Example 2
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Chapter 6: MGMT Example Problemsand Results

In this chapterwe will present some FE problems wherein MGMT Method can be
potentially used to preserve numerical accuracy in desired critical regions whilst improving
computational efficiency globaill Discussed examples provide a comprehensive matrix of
result analysis by comparing variables such as: global energies, augmented interface
energies, kinematic conformity, interface continuity, displacement/stress contour plots and
relative errors (RMSE/RMSE) where relevantPrincipal advantage in using MGMT
Method, which is thegain in computationalefficiency, is also discussed by comparing
invested computational resources and CPU solution timeéseen various UGUT and
MGMT cases
Various examples ahyaed in this chapter are as follows:
AExample 1:Stress Resolutiorin Critical Regions
Here we will analyzewo classical FE problems that primarily focus on stress
resolution. In Example 1.1: Plate with a Hole, e@mpare MGMT results with
both: analytical and UGUT results whereas in Example 1.2: 3 Point Bending Test,
we compare results between transition mesh (UGUT) and structured mesh
(MGMT) approach.

AExample 2: Analysis of HeterogeneousStructural Systems
The focus in this example problem is to ensure accurate and efficient modeling of
structural wave propagation acrolssterogeneougmaterial) structural systems,
whilst highlighting the limitations in traditional FE apach and corresponding

advantages in using MGMT Method.
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AExample 3:SteelGirder Subjectedto Impulse Loading
This example analyzes the effects of isolating a small region, which is subjected to
short duration implse loads, with a fine scale discretization so the critical region
can be solved using explicit tinmetegration whilst using implicit integration in the
larger, remote region. Global vibration characteristics are measured and compared
with a fine grid, &plicit UGUT discretization.

AExample 4:Curved Frame under PointLoading
Similar to Example 3, the goal in this example is to isolate the concentrated point
load with fine discretization whilst ensuring that thenayic behavior in remote
regions is retained. However, this example uses 8 node quadrilateral elements with
guadratic shape functions, and since interface reactions (or Lagrange Multipliers)
are discretized using linear shape functions, this example ME3T interface
coupling by comparing kinematic conformity and continuity at the interface.

AExample 5: Bridge Analysis
Here we analyze a large domaith both:heterogeneousaterial components and
application ofcomplex loading functions; to observe overall structural dynamics,
kinematic conformity at material interfaces and gain in computational efficiency.
Reference results are obtained from a UGUT simulation and are compared with

multiple timestep (MTC), mulfple grid (MGC) and MGMT coupling approaches.
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6.1 Example 1:Stress Resolutionn Critical Regions

6.1.1Example 1.1:Plate with a Hole

The "plate with a hole" problem is one of the fundamental learning steps in any study
involving finite element analysis as it illustrates a number of key pasgentialto the
accurateapplication of theFEM to stress analysidn this example, we will examine the
distribution of stress in a flat plate (2D) with a hole under uniaxial loading (simple tension).
We will approach this problem with both, uniform grid uniform tiszale (UGUT) and
multiple grid multple timescale (MGMT )discretizations

The domain under analysiBjgure 6-1, is 100 wide, 200 | ong an
circul ar hole of d i dendomanris discrdiized usihgndédeh e cent
guadrilateral elemen{ DOFnode) with plane stress formulation, consistent mass matrix
and zero damping. Isotropic linear elastic material properties with modulus of elasticity (E)

=3x10'Psi Poi ssonds ratio (37310 lBsefin‘araudedmass der

FOT  101b/in

F(t)

b | time(sec)
1.0

SRR
—

i
T

| =20"

(a) Domain under consideration (b) Linear (ramp) load

Figure 6-1: Plate with a hole under uniaxial loading
Using QassicalStressTheory(CST), longitudinalstress in the plat@égnoring the hole)

can be otained as
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s=— =10 iopg (6.1)
wit 10 0.1

For a plate with a holeinder uniaxial tensiomominalstresss obtained as

F 10 .
_ . 0.526%
“ron~Tw-d)t (10 -0.5 ©.1 S (6.2)

Maximumstress in the plate, in vicinity of the hot@nthenexpressed as:

smax = Kt ‘%om (63)

Wheretheoreticalstress concentration factdf;{ can be obtaineftom the following

chart(Budynas & Nisbett 2008)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
diw

Figure 6-2: Theoretical stress concentration factor K, (Budynas & Nisbett 2008)

For the example problem describedrigure6-1 we have:
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220—5 .05 (6.9)
w 10

Therefore, fronFigure6-2, we haveK; = 28 and accordingly the maxium stress in

the vicinity of the hole is:

s..,=283%s  294736si (6.5)

Now that we have edtbshed the maximum value of stress in the vicinity of the hole
via analytical method, we will approach this problasing FEM. We will compare the
computed stress (Sigrxx) not only in the vicinity of the hole, but also as a function of
space along theidth and length of the plate as showrFigure6-3.

Sigma-xx along

width
\\:
3 N
I G, q
= \ :
| Sigma-xx along
length
k L
1 | = 20" 1

Figure 6-3: Sigma-xx as a function of space

Figure6-5 (UGUT1) shows thelistribution of longitudinal stress as a function of space
along the width of the plate. The computed maximum stress in this case is 20.64 Psi. This
result is far from the theoretical value; in fact it is alns30%. The difference can be
explained by the coarse mesh in the stress concentration region that is in the vicinity of the
hole. In order to achieve desired/converged value of maximum stress, two different

approaches can be used for this problem. Theicdhsapproach is to refine the grid
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discretization, using Hnethod as discussed under Sectd)or to refine the mesh only in
the vicinity of the hole and establish multiple grid connections between critical region and
the iest of the structure. Accordingly, we adopt both: refined UGUT and MGMT method

with the following parameters.

Table 6-1: Case parameters

Case ID Nodes | Elements| Grid Spacing (H)| Timest e p
UGUT1 908 836 H =05 1x10°
UGUT2 3488 3344 H =0.25 0.5x10°
UGUT3 13664 | 13376 H =0.125 0.25x10°
MGMT-q 1 | 836 764 H =05 1x10°
MGMT-q 2 | 4800 4608 H =0.125 0.25x10°
(@) UGUT1 (b) UGUT2
(c) UGUT3 (d) MGMT

Figure 6-4: Analyzed grids
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UGUT1 Sigma-xx (Psi)

20.64,0.25

Distance from
Hole (in)
O = N W b~ O,

0 5 10 15 20 25 30 35

UGUT2 Sigma-xx (Psi)

Distance from
Hole (in)

25.42,0.25

o = N W b~ O,

0 5 10 15 20 25 30 35

UGUT3 Sigma-xx (Psi)

Distance from
Hole (in)

28.99,0.25

o = N W b~ O,

0 5 10 15 20 25 30 35

MGMT Sigma-xx (Psi)

Distance from
Hole (in)
O = N W b~ O,

29.02,0.25

0 5 10 15 20 25 30 35

Figure 6-5: Sigma-xx as a function of distance from the hole (along the width of the plate)
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UGUT1

.25, 5.250

Sigma-xx (Psi)
(&)

0
5 Distance from Hole (in)
0 2 4 6 8 10
15
= UGUT2
g 10
8 5 /7
& 0.25, 2.070
S 0
%) Distance from Hole (in)
-5
0 2 4 6 8 10
15
= UGUT3
g 10
£
0 1 40.25-0459
& ’ Distance from Hole (in)
-5
0 2 4 6 8 10
15
= MGMT
a 10
£ 5
@
£ 0 /025-0457 _ _
%) 5 Distance from Hole (in)
0 2 4 6 8 10

Figure 6-6: Sigma-xx as a function of distance from the hole (along the length of the plate)
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We can see fronfigure 6-5 that themaximum longitudinal stress increas@sd
converges towards theoretical valugy the domain gird isefined. It is 25.42 Psi
(S 13.75% for UGUT?2, 28.99  1.64%) for UGUT3 and9.02(E 1.5%%) for MGMT.
Similartrend is also observed for the minimum longitudinal stiéigsire6-6. In fact, only
UGUT3 (0.459 Psi) and MGMT -0.46 Ps) discretizations are capable of predicting
compressioron the lateral edge of the hoM/e alsocompare theverall distribution of
longitudinal andlateral stressand lateral displacemeiaind notice that the contours get

smoother with grid refinement.

§
N
I
BN
um
H
H
g
g

-

(a) UGUT1 (b) UGUT?2 (c) UGUT3 (d) MGMT

Figure 6-7: Contour plots for Sigma-xx, Sigma-yy and Displacement-y around the hole

182



(a) Sigma-xx UGUT3 (b) Sigma-xx MGMT (c) Sigma-yy UGUT3 (d) Sigma-yy MGMT

Figure 6-8: Contour plots for Sigma-xx and Sigma-yy outside the critical region

Zooming out of he critical region,Figure 6-8, we notice a discontinuity in stress
contoursfor MGMT discretizationhoweverthis discontinuity does not exist igure 6-5
andFigure6-6. Thisis because former plots were obtained by stress@putedat nodal
location, whereadatter contour plots are obtained by stressegnputedat element
integration pointsWe clearly see fronfigure 6-9 that nonconforming interices also
result in noaconforming element integration points, and it should be noted that the multi
constraint operato(L) works on nodal quantities onbAccordingly, in order to establish
continuity of quantities computed at iggation points;one shouldimplement a multi
constraint operator that connects disparate integration points from adjaceonsaibs or

simply project these quantities onto nodes using element &vagiions andL .

>3
>3

(a) Conforming interface (d) Non-conforming interface

Figure 6-9: Distribution of element integration points
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Following figures plot the global energies (kinetic energy and stiffness eneagy) f
UGUT3 and MGMT along with the total augmented interface energy for MGMT. Also,

listed is the RMSE for respective plots.

0.0004 ——UGUT3 ——-MGMT
&
GZ'; __0.0003 Stiffness Energy (RMSE = 3.15E-8)
c
cC T
L <= 0.0002
T
S ™~ 0.0001
O 0 Kinetic Energy (RMSE = 2.12E-12)
0 0.1 02 03 04 05 06 07 0.8 0.9 1
Time
1 5E-14 Mean Variance= 2.41E-15
>
5 1E-14
i S 5E-15
O =
35 o
T -5E-15
I=
- -1E-14
0 0.1 02 03 04 05 06 07 0.8 0.9 1
Time

Figure 6-10: Global energies for UGUT3 v/s MGMT and augmented (total) interface energy

Augmented interface energy does accumulate over time, and once again is the result of
fewer number of interface coupling DOF (or high grid ratio). MGMTI in this case has a
total -nRodr téamrddn nod e s-Wlwhaesr e MGAMTt ar 6 nodes,

24 mortar element nodes and hence only 24 Lagrange Multigigrdao communicate

information across connecting sdbmains.
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Finally welook the invested computational resoes for all analyzed casdsGUT3
has the smallest error (1.64%) amongst UGUT cases however it requires ~12 hours of
computation time. MGMT on other hand takes only 18 min to solve with an even smaller
error (1.54%).

Table 6-2: Example 1.1 7 Comparison of computational resources

Number of Skyline Solution time % changen
Case ID

equations storage (sec) Sigmaxx
UGUT1 1795 108723 81.57 ¢ 29.97%
UGUT2 6935 814215 | 1749.16(~30 min) | & 13.75%
UGUT3 27247 6296845 | 43967.58~12 hr) ¢ 1.64%
MGMT 4147 336151 1103.33(~18 min ¢ 1.54%
MGMT

v/s S 84.7%% | & 94.68% & 97.4%

UGUT3

6.1.2Example 1.2:3 Point Bending Test

In this example we will analyzesangle edge notcboncrete beamander bendingThe
goalis to demonstrate the capability of MGMT Method in resolving critical regions with
structured fine scale discretizations in the vicinity of the notch/crack.

The domain under consideration is showifrigure6-11 (a) with a linearamp load of
1IN as shown irFigure 6-11 (a). The domain is discretized usingndéde quadrilateral
elements (2DOFHnode) with plane stress formulation, consistent mass matrix and zero
damping. Isotropic linear elastic materialopertiesfor concretewith a modulus of
elasticity (E) =40x10°N/m?>, Poi s s 0 n 6%a nrda tmaos s( 3d}400sgin® .y ( } )

areused.
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(a) Domain under consideration

Fi) T N

e
b} time(sec)
0.1

(b) Linear (ramp) load

Figure 6-11: 3 point bending test

Since the edge notch (crack) is significantly smaller in size than rest of the beam,
typical FE approach would require a transitasran unstructurethesh so the crack cée
resolved whilstusing coarser elements in the remote reditmwever, unstructured mesh
caninherently result in elements that are poor in stipaity within the transition zone.

This is not recommended since it can adversely affect the quality eblimgon. MGMT
Method on other hand allows the user to decompose the original problem kttorsains
which can then be discretized independent of each dtleeice permitting structured fine
scale discretization in desired critical regions. Accordinghythis example we will
approach the problem with unstructured transition mesh and structured multiple grids

Table6-3 andFigure6-12, for comparison.
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Table 6-3: Simulation parameters

Case Grid spacing i) Newmark parameters | Times t e p
Transition — _ 4
Mesh H = 0.0055 b = 0.25, 9 1x10

Structured H'=0.025 |b'= 0 .'26.5 (mplicit)| ot=1x10°

Multiple Grids H2=0.001 | b?’= 0 .226.5 (mplicit)| ot=1x10*

Figure 6-12: Domain grids: Transition Mesh and Structured Multiple Grids
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Figure 6-13: Mesh quality
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In Figure 6-13 we compare the overall mesh quality for bothtransition mesh and

structured multiple grids. The criteio 6 Sh ap e Qu dhk likengs$ cArmeleraestu r e s
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to be a referenceelement(an equilateral triangle in the case of triangles, a regular
tetrahedron in the case of tetrahedra, a square in the case of quadrilaterals and a cube in the
case of hexahedrdjs value is 1 for a perfect element (referealgmeny, and it decreases

as the elementlegrades in shape in comparison with the reference elefmearggative

value would represerthat the element has a negative Jacobian at some pokigure

6-13 we clearly see that the mesh quality quickly degrades for elements within transition
zone. Although it allows resolving critical regions in the vicinity of the crack, element
guality can adversely affect the quality of solutiorthis region. Structured multiple grids,

on other hand maintain a consistent element shape quality of 1, allowing the user to resolve

critical regions in the vicinity of crack whilst achieving optimum shape quality.

Stress along
+ beam height

7 Vs

Figure 6-14: Stress as a function of space

Figure 6-15 and Figure 6-16 show the Von Mises Stressd longitudinal stresas a
function of space at theenter of the beam and along its hei@#eFigure6-14. Structured
MGMT clearly shows a smoother stress distribution adotine crack tip with a maximum
Von Misesstress of 343.19 Nffiversus272.24 N/ for transition mesh, ana maximum
longitudinal stress of 353.69 Nfmersus 310.65 N/frfor transition mesh.

Finally, Figure6-17, Figure 6-18 and Figure 6-19 show the overall (across the beam)

distribution of Von Mises stress, longitudinal and lateral displacement at t = 0.1s.
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Figure 6-15: Von Mises Stress (att = 0.1s) as a function of beam height
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Figure 6-16: Longitudinal Stress (at t = 0.1s) as a function of beam height
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Figure 6-17: Von Mises stress distribution t = 0.1s
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Figure 6-18: Contour lines for Displacement-x att = 0.1s

Figure 6-19: Contour lines for Displacement-y att = 0.1s
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http://www.netlib.org/lapack/lug/node145.html
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