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Abstract of Dissertation

Essays on the Economics of Networks

Since the seminal work of Jackson and Wolinksy (1996), networks have become an

integral part of economic theory as they provide a tractable framework in which the

economic consequences of inter-agent connectivity can be studied. When such inter-

action structures are present, actions of individuals, or shocks to them, can create

systemic externalities. While great progress has been made towards understanding

the mechanisms by which networks affect aggregate economic observables, the role

of higher dimensional connectivity has been widely overlooked. Real world economic

phenomena rely heavily on the existence and structure of multiple layers of intercon-

nection. This dissertation takes a first step towards understanding the theoretical

nature and resulting consequences of multidimensional economic interdependence. It

consists of two essays on the economics of multiplex networks where fundamental

themes related to the economics of networks are revisited in a higher dimensional

setting. It also consists of an independent essay on strategic intervention in financial

networks.

In Chapter 1, I propose a reduced form model of multidimensional economic inter-

dependence, featuring complementary or substitutionary actions of agents active in

multiple networks. The model extends the monolayer network concepts of systemic

importance and micro-induced aggregate fluctuations to their multi-layered counter-

parts, where an idiosyncratic shock can cascade through both intra- and inter-network

margins. I find that the centrality rankings of agents in a single network are no longer

sufficient to identify key agents in a multilayer framework. Agents least central in

one network may be systemically more important in the aggregate system due to

their capacity to produce cascades across networks. I also show that microeconomic

shocks can generate higher aggregate volatility in a multilayer network, especially
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when complementarity among networks with similar interconnection patterns trans-

mit and amplify idiosyncratic disturbances. As a consequence, economies exhibiting

multiplex connectivity are more prone to large downturns.

Chapter 2, co-authored with Sumit Joshi and Ahmed Saber Mahmud, investigates

the endogenous formation of a strategically interacting multiplex founded on rational

decision making. As in chapter 1, network pairs are related due to strategic substi-

tutability or complementarity of actions undertaken on each, implying that socioeco-

nomic outcomes are shaped by agents connections in the full multiplex rather than

in just one constituent network. We examine how an initial seed network prompts

link formation on the multiplex and any initial asymmetry in connections is either

maintained or flipped in its different layers. We characterize duplex and triplex equi-

libria, demonstrating that positive (negative) externalities emanating from strategic

complementarity (substitutability) in actions between network pairs produce parallel

(flipped) architectures in which high-centrality agents in one network occupy high

(low) centrality positions in the other. Extending to the full multiplex, we show that

if the first coupling between networks is one of strategic complementarity, then all

non-empty layers of the multiplex display parallel architectures thus perpetuating

any initial asymmetry in the seed network. If the first coupling is one of strategic

substitutes, then we characterize a class of balanced multiplexes and identify the coex-

istence of both parallel and flipped architectures on non-empty layers in equilibrium.

Finally, we examine the implications of the multiplex architecture for inequality in

payoffs.

Chapter 3, co-authored with Bo Jiang, studies an optimal liquidity allocation prob-

lem in a distressed financial system when agents are embedded in a network of cross

ownership. We construct a model in which a benevolent social planner allocates a

limited amount of funds to rescue agents facing liquidity shortage and whose liqui-

dation can be avoided if the shortage be met. A discrete allocation problem arises
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in this setting and the “Balas” algorithm is employed to solve this problem. Solving

the optimal liquidity allocation problem over a class of core-periphery equity network

topologies, we find that there exist a critical value of exposures levels above which

the social planner would allocate available funds to the periphery and below which

to the core. The algorithm demonstrates how monetary and fiscal authorities may

implement rescue plans when the size of the fund is limited and could thus serve as

a new intervention tool in the arsenal of policy makers.
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1 Cascades in Multiplex Networks: A Multilayered View of Systemic

Importance and Aggregate Fluctuations

1.1 Introduction

In any economic system in which inter-agent connectivity in the form of network

linkages is of concern, the following questions can naturally be raised: What is the

role of an individual’s position in the network in transmitting an idiosyncratic shock?

What is the tendency of the system to amplify individual disturbances and produce

large fluctuations?

The two questions relate to two central themes in the network literature: one is

the identification of key or “systemically important” players, entities that have a

disproportionally high impact on an aggregate statistic of interest; the other is the

evaluation of the system capacity to generate aggregate fluctuations from idiosyncratic

shocks to individual agents in the network.

There is a broad consensus on the two themes within a monolayer network. Ballester,

Calvo and Zenou (2006), find that the higher the centrality ranking of an agent, a

measure of an agent’s direct and indirect influences on others in the network, the

more systemically important the agent is. Acemoglu, Carvalho, Ozdaglar and Se-

lehi (2012), show that the higher the asymmetry in the centrality rankings between

agents, the more volatile the system is, and as a consequence, the higher the capacity

of the system to generate large fluctuations.

However, economic agents usually participate in multiple networks, and their ac-

tions may be strategically interrelated across those networks. An interconnected

system where a collection of agents are embedded in multiple interrelated networks

is called a multiplex network, and many economic systems may be constructed as

such. For example, financial institutions interact with one another on the markets

of a variety of financial instruments and their patterns of interconnections may be
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different for each one. International supply chains maybe represented as countries

interacting in manifold layers of networks of trade in manufacturing, services and raw

materials.

The possible interactions of agents in multiplex networks raise new questions with

regard to the two central themes of the network literature: When economic agents

interact in multiple networks, each with possibly different interconnection patters,

how to identify a systemically important player? Under what circumstances can an

agent not central in one network be systemically important for the entire system?

How will the introduction of multiple interrelated networks affect the amplification of

idiosyncratic shocks to the aggregate? A general mathematical framework to address

these questions has yet to be developed. This chapter aims to fill the gap.

We take a first step towards understanding the nature and consequences of multi-

dimensional economic interdependence and revisit the transmission and amplification

mechanisms in a higher dimensional setting. Our main contribution is to construct a

theoretical framework of multiplex connectivity, and characterize how the identifica-

tion of systemically important agents and the extent of amplification of idiosyncratic

shocks depend upon both the structure of interactions between different players within

the same network, as well as strategic relations of the same players across different

networks. We find that the centrality rankings of agents in a single network are

no longer sufficient to identify key agents in a multi-layer framework. Agents least

central in one network may be systemically more important in the aggregate system

due to their capacity to produce cascades across networks. We also show that micro

shocks may generate higher aggregate volatility in a multi-layer network, especially

when complementarity between networks with similar interconnection patterns trans-

mit and amplify idiosyncratic disturbances. As a consequence, multiplex dependent

economies are more prone to large downturns.

These findings have an important bearing on how economic connectivity should be
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investigated empirically. Any macroeconomic system which naturally exhibits more

than one type of inter-linkage between the agents populating it must be studied within

a multi-layered perspective. If not, significant information is lost and, as a result, a

complete picture of the systemic risks associated with inter-agent network linkages

cannot be drawn.

To explore transmission and amplification of idiosyncratic shocks in a multiplex

environment, we do not explicitly model inter-linkages of a particular type (e.g. finan-

cial or production). Instead, we build on the work of Acemoglu, Ozdaglar and Selehi

(2015) and propose a general framework that allows for reduced-form interactions

both within a single network and across multiple networks.

In the model, agents are embedded in two or more interdependent networks such

that within each network they exert a particular action. An agent’s action in a par-

ticular network depends upon the actions of others in the same network through the

underlying interaction structure, and the same agent’s actions in other networks. The

latter are in turn affected by the actions of others in those networks. The interdepen-

dency between all networks is introduced by assuming that there exists some degree

of complementarity or substitutability in actions applied on each of them. Following

the literature on multiplex games (Joshi, Mahmud and Tzavellas (2020)), we define

complementary pairs of networks as those in which actions are supermodular between

them, and substitutes if they are submodular. We further define an aggregate state

of the system as a mapping from all actions to the real numbers, which serves as a

measure of economic performance. To test the notions of systemic importance and

micro-induced aggregate fluctuations in a multiplex environment, small idiosyncratic

shocks are applied to each individual action. The small shock regime allows us to

approximate the perturbed value of the aggregate state by a first order Taylor expan-

sion which reduces to a function of the shock structure and multiplex characteristics

only.
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Given a shock to some agent in an arbitrary network, we show that the response

of the aggregate state can be decomposed into two margins of adjustment. The

first, which we call the “intra-network margin”, is the result of agents adjusting their

actions as the shock cascades within the distressed layer and is a function of the

Katz-Bonacich (KB) centrality of the distressed agent. The second, which we refer

to as the “aggregate inter-network margin,” is due to cascades across networks as

auxiliary actions adjust and is represented by a weighted sum of the corresponding

KB centralities.

Within the context of our model, an agent is said to be systemically more important

than another if the perturbed value of the aggregate state is more sensitive to shocks

to the former rather than to the latter. Unlike the existing literature, where systemic

importance is typically captured by the centrality rankings of agents in the network

under consideration and which can in turn be mapped to the intra-network margin,

we show that the aggregate inter-network margin can have a major role in determining

systemic importance. In particular, we provide a set of necessary conditions under

which the aggregate inter-network margin can be large enough such that an agent

who is sparsely connected (and who’s centrality is therefore small) in an arbitrary

network can be systemically more important than the most connected agent in the

same network (i.e. the agent who is classified as being systemically most important in

the mono-layer sense). These conditions relate the response of the aggregate state to

the connectivity structures of agents within and across layers, and state that as long

as low centrality is the result of influence exertion which positively covaries with the

aggregate inter-network margins, it is then possible that such low centrality agents

are systemically more important. Distressing such agents would induce large action

adjustments on all other layers which in turn will produce sizable aggregate responses.

Next, we turn our attention to the capacity of the multiplex to produce large

aggregate fluctuations. To capture fluctuations around the aggregate state’s mean,
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we look at the standard deviation of its perturbed value (i.e. aggregate volatility).

Unlike mono-layer systems, multiplex connectivity creates a volatility trade-off. On

the one hand, adding more layers expands the range of possible agent-layer specific

shocks that can be realized, thereby reducing the relative effect that each of them

can have on the aggregate state; thus, this diversification operation acts to reduce the

volatility level. On the other hand, when most layers are complementary and exhibit

positively covarying KB centrality vectors, increasing the dimensionality will increase

aggregate volatility. Intuitively, if there is a shock to some agent in an arbitrary layer

with complementary and similar linking structures to another layer, then the faction

of agents most central in the former layer are also most central in the latter. Thus,

shocks to agents in these layers will cause amplified bilateral cascades and act to

increase the volatility inherent in the system. We show that there is a critical value

of the aggregate network margin such that the latter effect dominates and when this

holds, it follows that any multiplex economy is more volatile than a single network

one.

Our results on systemic importance offer a theoretical foundation to recent em-

pirical findings. Polenta et al (2018), Aldasoro and Alvez (2016), and Bardoscia,

Bianconi. and Ferrara (2019) construct the multiplex structures of different financial

systems and markets and investigate their consequences on systemic risk. All these

works, as well as others in empirical multiplex finance, share a common observation.

Namely, they argue that banks who are systemically important in one network of

exposures are not necessarily the most important in the aggregate financial system.

Aldasoro and Alves (2016) in particular, demonstrate that in a multiplex network

consisting of large European banks, the share of exposures of a given layer is “not

necessarily an indicator of contribution of that layer to systemic importance for key

banks”. That is, the centrality rankings of agents in an individual network may not

be the only indices of systemic importance. We show analytically that this is indeed
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the case and provide a multiplex classification of systemic importance.

With regard to aggregate fluctuations, our results resonate with those of Acemoglu

et al (2012), where it is shown that in the context of a production economy exhibiting

input-output linkages, the capacity of the economy to produce large fluctuations is

dependent upon the interconnection structure of the input share network. They

show that the more asymmetric the connectivity structure, the more volatile the

economy. In contrast, our results give a tighter characterization of aggregate volatility

conditional on the presence of multiplex connectivity and provide conditions under

which any multiplex economy is more volatile than its corresponding mono-layer

structure.

Empirically, the capacity of a multiplex to amplify idiosyncratic distortions has

been implicitly investigated in two contexts. Gould, Kenett, and Panterov (2019)

discuss productivity spillovers due to cross-county connectivity and show that multi-

layered connectivity is associated with enhanced economic growth. Lee and Goh

(2016), construct a two dimensional multiplex consisting of trade flows of primary

and secondary industries. Through the means of a simple cascading model, they

show that a multiplex view generates more catastrophic failures than the aggregated

network due to “emergent collective effect[s] of coupling layers, rather than the simple

sum thereof”. Within their corresponding frameworks, these works suggest that the

presence of multi-layered connectivity is associated with larger than single network

amplification capacities.

The proposed model is most closely related to the work of Acemoglu et al (2015)

that also deals with issues of systemic importance and aggregate fluctuations in a

reduced form setting. Their focus however, is confined to single network systems.

The present endeavor builds upon their framework and extends the original model

to account for multiplex connectivity. Finally, we note that the theoretical literature

on multiplex economic networks is sparse. To the best of our knowledge the sole
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exception is the work of Joshi, Mahmud and Tzavellas (2020) that investigates the

endogenous formation of a strategically interacting multiplex in the confines of a lin-

ear quadratic game. Similar to our work, they show that the incentive structure to

form links can be decomposed into an intra and an inter-network margin that dictate

the manner by which externalities propagate in the system. Outside of economics,

multilayered networks have been studied in a variety of settings including epidemiol-

ogy, information theory, computer science, and others. For a survey of the literature

on multilayered networks in other fields see Arenas et al (2014).

The rest of the chapter is structured as follows: Section 2 contains tools from net-

work theory that will be used throughout the chapter and sets up the model. Section

3 discusses systemic importance while section 4 deals with aggregate fluctuations. In

section 5 we discuss the consequences of our results as they relate to production and

financial systems as well show that the model presented in section 2 nets a general

class of linear quadratic games on mutliplex networks. Section 6 relaxes two major

assumptions made in the course of the chapter and discusses how the results change

when such relaxations are made. Section 7 concludes. All proofs are found in section

8.

1.2 A Reduced Form Framework of Multiplex Interactions

1.2.1 Weighted and Directed Networks

A weighted network (or graph) is a tuple (N ,G), where N = {1, 2, ..., n} denotes the

set of agents, and G records the weighted and directed links that exist between them.

When N is unambiguous, we represent G by letting G = [gij] denote the (weighted)

adjacency matrix of the network such that 0 < gij ≤ 1 if there exist a weighted and

directed interaction between agents i and j, and gij = 0 otherwise. Note that the

matrix need not be symmetric i.e gij 6= gji. High values of gij can be interpreted as

saying that the state of agent i is more sensitive to the state of agent j. We take the
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matrix to be row stochastic:
∑

j gij = 1 so that the aggregate sensitivity of any agent

on all others is fixed. If some agent i has no links so that gii = 1, then his state is

completely dependent on his own.

A weighted multiplex network is a tuple (N , {Gk}Mk=1), where N denotes the set

of players, and Gk records the weighted and directed links that exist in Gk. We will

refer to each network Gk = [gk, ij] in the multiplex as a layer. Note that all agents in

N are embedded in all layers.1

The (out-)degree vector of agents in network Gk is given by dTk = 1TGk so that

dik measures the total weight of directed links from i to all others. Let [g
[s]
k, ij] denote

the elements of Gs
k. Observe that for any s ∈ N, g

[s]
k, ij measures the total number of

weighted walks of length s from i to j. Given the identity matrix I and a sufficiently

small λ > 0, consider the matrix:

MGk ≡ [I − λGk]
−1 =

∞∑
s=0

λsGs
k (1.1)

where G0
k = I. If λµmax(Gk) < 1, where µmax(Gk) > 0 is the spectral radius of

Gk, then [I − λGk]
−1 is well-defined and non-negative.2 Since the spectral radius

of any row stochastic matrix is bounded above by 1, we must have that λ < 1. We

will refer to this matrix as the influence matrix and denote its ij-element by mk, ij.

Each ij element measures the total number of weighted walks originating from i and

ending at j and is therefore a measure of total sensitivity between i and j.

For any N × 1 vector a, the vector of a-weighted Katz-Bonacich (KB) centralities

(Bonacich, 1987) of the players is given by:

bT (Gk, λ, a) = aTMGk = aT
∞∑
s=0

λsGs
k (1.2)

1Throughout the chapter the indices i, j r , w, q will be used to denote agents while k, m, l denote
networks.

2All vectors v are to be thought of as column vectors and their transpose as row vectors.
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When a = 1, we get the unweighted KB centralities b (Gk, λ,1) ≡ bk. The ith-

component bik, is a metric of the total influence that agent i exerts in the entire

network Gk. Observe that for any weighted graph Gk the KB centrality vector

satisfies

bik = 1 + λk
∑
j

gk, jib
j
k

A network is called a star, if its weighted adjacency matrix is given by matrix of

zeros everywhere except the ith column which equals a vector of ones. For a star

network Gstar it can easily be shown that Gn
star = Gstar ∀n ∈ N+ so that biGstar =

1 + nλ
1−λ and bjGstar = 1∀ j 6= i. Similarly, mGstar,ii = 1 + λ

1−λ , mGstar,ji = λ
1−λ ∀ j 6= i,

mGstar,jj = 1 and mGstar,jq = 0 ∀ j, q 6= i. We call i the central player and the rest

peripheral players. A network is call regular if all agents have the same degree.

Figure 1.1. Examples of weighted graphs: A cycle network (left), a star (middle) and
a complete network (right). The cycle and complete network are examples of regular
graphs
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Figure 1.2. A three dimentional multiplex: This type of representation is referred to
as a “Manifold Layer Embedding”

1.2.2 Set up

We propose a multidimensional variant of the reduced form model put forth by Ace-

moglu et. al (2015). Consider a static economy populated by n agents indexed by

N = {1, .., n}. Agents interact with each other through M ≥ 2 different sets of

connections. That is, interactions are captured by M separate weighted adjacency

matrices representing M interdependent layers. The objects of interest, are actions

(or states) undertaken by all agents in all layers and are represented by:

xik = fk(
∑
j

gk, ijxjk + εik, xi,−k) (1.3)

for all agents i ∈ {1, .., n} and all layers k ∈ {1, .., M}. That is, the action exerted by

agent i in layer k is a layer specific function fk(.) : RM → R that maps the interaction

structure in that layer,
∑

j gk, ijxjk+εik, and actions undertaken by the same agent in

all other layers, xi,−k = (xi1, .., xik−1, xik+1, .., xi,M), to the real numbers. The variable

εik is an agent-layer specific shock that captures idiosyncratic stochastic fluctuations

to agent i’s state in layer k. It is assumed that these shocks are independently and

identically distributed with mean zero and layer specific variance σ2
k. Equation (1.3)

can be thought of as a reduced form action derived from layer specific optimization

10



processes. For each layer k, fk(.) is endowed with the following properties:

• (P1): fk(0) = 0

• (P2):fk(.) is strictly increasing in the first argument i.e fk1 (.) > 0 where fki (.)

denotes the partial derivative of the function with respect to the ith variable.

Furthermore, we assume that fk1 (0) = λk ∈ (0, 1).

• (P3): ∂fk(0)
∂xim

= γkm ∈ (− 1
M
, 1
M

) ∀ i = 1, .., n. Furthermore, if γkm > 0 (<0) then

∂fk(x)
∂xim

> 0 (<0) for all x ∈ RM .

• (P4): There exist constants θki ∈ (0, 1
M

) such that fk is Lipschitz with respect

to its ith argument.

The first property is a normalization operation. It implies that in the absence of

shocks (εk = 0), economic activity in that layer is zero. The second property en-

sures that actions are increasing in the underlying network’s action density and that,

within each layer, actions are strategic complements. This is in line with most network

models in the literature and captures the idea that link formation is a supermodular

operation. For example, one can imagine that the imposed multiplex structure is the

result of some network formation process, where the incentive to form links arises

due to strategic complementarity considerations (Ballester et. al (2006)). The pa-

rameter λk represents strength of this complementarity which we call “intra-network

complementarity”. The third property is crucial in that it induces inter-dependencies

between all networks by creating strategic complementarity between actions of agent

i in any two networks when γkm > 0 and strategic substitutability when γkm < 0.

To compactify notation, we construct the M × M matrix Γ with entries [γkl] and

impose γkk = 0 for all k. Observe that this array may be thought of as an adjacency

matrix of a weighted graph which keeps track of the strategic interaction between all

pairs of networks in the multiplex which we refer to as a “layer coupling”. Figure 1.3
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illustrates the strategic representations of a three dimensional multiplex.3

Figure 1.3. A three dimensional strategically interacting multiplex in which we su-
perimpose the underlying networks

The fourth property is imposed to guarantee the existence and uniqueness of an

equilibrium. Since equation (1.3) represents reduced form actions that can arise from

optimization processes, we define an equilibrium of the economy in the ex-post Nash

sense, whose existence and uniqueness follow from the contraction mapping theorem.

Definition 1. Given the realization of shocks (ε1k, .., εnk)∀ k ∈ {1, ..,M}, an equilib-

rium is a vector of actions (x11, .., xnM) such that equation (1.3) holds for all agents

in all layers.

Proposition 1. Suppose that (P4) is satisfied. Then, for any realization of shocks

(ε1k, .., εnk)∀ k ∈ {1, ..,M}, an equilibrium exists and is unique.

Note that this set up may also be used if we were to consider a system in which:

(i) each layer is populated by a different set of agents and (ii) there exist unique

3Note that the strategic interactions property is taken to be network specific. That is for any
two agents populating networks k and l, if the action of agent i in network k is complementary
to that of the same agent’s action in network l then the same strategic interaction will hold for
agent j’s actions. We may relax this assumption and make the strategic interaction profiles agent-
layer specific without altering the mechanism by which shocks cascade within and across layers. In
other works the functional forms of the equations that govern cascading behavior will be similar to
those presented in this chapter. The results would however be altered and the analysis would be
more complex. The chosen topology of a multiplex serves as first step towards understating the
inter-network cascade mechanism
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correspondences between agents across layers. For example, if we considered a two

layer system {G1, G2} such that each layer is populated by the same number of

agents: {i1, .., in} ∈ G1, {j1, .., jn} ∈ G2 with ik 6= jh ∀i, j, k, h and took an action

space of the form xik = f 1(
∑

q g1, ikiqxiq+εik , xjk) and xjk = f 2(
∑

q g2, jkjqxjq+εjk , xik)

such that ∂f 1(0)/∂xjk = γ12 ∈ (−1, 1) then the analysis of the chapter remains valid

The aggregate state of the economy is defined by:

A = g(h1(x11, x12, .., x1M), ..., hn(xn1, xn2, .., xnM)) (1.4)

where g : Rn → R and hi : RM → R ∀ i ∈ {1, .., n}. Intuitively, each function hi

represents the aggregate economic activity of agent i while g aggregates all activities.

As was the case with fk , we impose the following structure:

• (p1): g(0) = hi(0) = 0 ∀ i ∈ {1, .., n}.

• (p2): hi strictly increasing in all arguments with ∂hi(0)
∂xik

=
∂hj(0)

∂xjm
= ch > 0∀ i j ∈

{1, .., n} and ∀ k, m ∈ {1, ..,M}. Furthermore ch = Θ(M−α) where α ≥ 1.4

• (p3): g strictly increasing in all arguments with ∂g(0)
∂hi

= ∂g(0)
∂hj

= cg > 0 ∀ i j ∈

{1, .., n}. Furthermore cg = Θ(n−β) where β ≥ 1.

The first property is once again a normalization operation which states, that when

all agents are inactive, aggregate activity is zero. Next, considering the fact that hi

and g aggregate activities, it is natural to assume that they are increasing in their

arguments. Finally, the properties ch = Θ(M−α) and cg = Θ(n−β) control the effect

that additional layers and agents have on the system. The former states that when

actions increase, the marginal increase in a particular agent’s aggregate activity hi

is inversely proportional to the number of layers in which he is active. Similarly,

4Bachmann–Landau notation: Given two sequences of real number {aM}M∈N and {bM}M∈N
we say aM = O(bM ) if lim sup

M→∞

aM
bM

< ∞, aM = Ω(bM ) if lim inf
M→∞

aM
bM

> 0, and aM = Θ(bM ) if

aM = O(bM ) and aM = Ω(bM ) hold simultaneously.
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the latter states that the marginal increase of the aggregate state due to changes in

aggregate agent activity is decreasing in the number of active players. Intuitively,

we are assuming that the more layers (agents) are present in the system, the less

dependent the system becomes on any particular one. These diminishing returns like

properties will be crucial in controlling the manner by which fluctuations occur.

The main focus of this chapter is on the network topology. That is, we wish to

understand how the underlying structures of all layers idiosyncratically affect the re-

sponse of the aggregate state under shocks. In the section to follow, we will Taylor

expand the aggregate state of the economy in order to expose the functional depen-

dence of the perturbed value of A in terms of the shock structure and multiplex

fundamentals. Asymmetries in the magnitudes of the within-network complemen-

tarity parameters as well as the existence of large, (in absolute value) inter-network

strategic interactions produce expressions that are heavily dependent on the param-

eter space (see proof of proposition 2). In order to isolate the mechanism by which

the multiplex topology affects the ex-ante and ex-post behavior of A, we restrict our

attention to the class of models adopting the following parametrization :

• (A1): Intra-network complementarities are equal: λk = λm = λ for all k 6= m.

• (A2): Strategic interactions across layers are “small” |γklγlm| � 1 for all k 6= l

and all l 6= m.

The first parametrization is imposed so that the KB centrality metric encodes the

same information about agent influence in all layers. In particular, action adjustments

to a shock are functions of the influence matrix in the distressed layer [I − λkGk]
−1

(see equation (1.5), section 2.3). If, for any two layers, λk > λm while Gk = Gm, then

biGk > biGm for all agents i and, therefore, the influence metric would not be system

invariant. That is, we would have an inherent asymmetry in the manner by which we

measure centrality across the system. We may relax this assumption without altering
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the insights to follow; however, we would need to account for this asymmetry when

interpreting the results.

The second assumption can be understood as saying that the multiplex is weakly

interacting. Its imposition serves two purposes. First and foremost, it allows us

to conduct our analysis in closed form.5 Second, it ensures that aggregate state

sensitivity is not skewed towards a particular subset of layers. As we will argue in the

following section, the implication of this assumption is that we are strictly focusing

on first order inter-layer cascades. In section 6.1, we demonstrate how to account for

higher order interactions and briefly discuss their consequence on the results. Note

that, even though (A1) and (A2) restrict our ability to make statements regarding

aggregate state responses in the presence of asymmetries, they provide clean analytical

results in which the significance of a multiplex topology can be studied.6

1.2.3 Linear perturbation

Let us suppose that there is a shock to agent r on layer k. Using (P1)-(P3) and the

assumed parametrization, it can be shown that action responses to a shock εrk around

the normalized state are given by :

∂xk
∂εrk

∣∣∣∣
ε=0

= λMGker +O(γqkγkq)

∂xl
∂εrk

∣∣∣∣
ε=0

= λγlkMGlMGker +O(γlkγqlγkq) ∀ l 6= k

(1.5)

where er is the rth unit vector and O(.) captures terms that are of non-linear order

in the interactions terms which we assumed to be negligible. The first equation

5As was discussed above, the dependency of the aggregate state on multiplex fundamentals is
derived by Taylor expanding equation (4) around the normalized state. The expansion is in turn
dependent on the derivatives (with respect to shocks εrk) of (3) around the normalized state which
define an nM linear system of equations. Its full solution can be writen (see section 6.1) as a power
series in influence matrix compositions weighted by corresponding powers of γ.

6From a complexity perspective, note that the number of possible layers in a multiplex, and the
set of all strategic couplings between them can be very large. If one is interested in imposing such
asymmetries, numerical methods are more appropriate.
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in expression (1.5) represents intra-network action adjustments in the layer where

the shock is realized. It states that the action of each agent i in layer k will be a

response to the total influence agent r exerts on them. This implies that the greater

the influence the distressed agent exercises on others, the larger these responses will

be. Furthermore, since actions on each layer are strategic complements (λ > 0), a

positive (negative) shock to r induces positive (negative) adjustments for all others.

The second equation represents auxiliary responses of actions on all other layers which

can be rewritten as follows:

∂xil
∂εrk

= γlk
∑
q

ml,iq
∂xqk
∂εrk

∀ i ∀ l 6= k

We see that the response of any agent on an auxiliary layer is given by the influence

weighted sum of intra-network adjustments. The intuition here can be understood

through the following sequence of events: (i) A shock hits agents r in layer k which

induces responses
∂xqk
∂εrk

for all agents q in layer k; (ii) The shock transmits from the

distressed layer k to any other layer l due to the strategic interaction between them.

It invokes action responses in the latter according to the sign of γlk. Clearly, if the

layers are non-interacting, so that γlk = 0, then there is no channel through which

the shock can transmit; (iii) For each agent i, the adjustment in layers l depends

upon the interaction structure in that layer. In particular, the more sensitive i is to

the state of another q (so that ml,iq is large), the latter’s intra-network response gets

accentuated according to their pair-wise interaction. Using expression (1.5) we may

now Taylor expand the aggregate state around the normalized state.

Proposition 2. The first order Taylor expansion of A around the normalized state

is given by

A ≈ cgchλ
M∑
k=1

n∑
r=1

{brk +
∑
l 6=k

γlk

n∑
q=1

bqlmk, qr}εrk (1.6)

Equation (1.6) is the main expression that we use to derive most of our results.
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Even though the approximation is taken around the normalized state, we could in

principle expand around any equilibrium point. It is easy to see that the dependence

of A on multiplex fundamentals will be the same under a change of coordinates. The

linear approximation follows from two facts. First, the small shock regime guarantees

that the expansion is well defined and that it is a good approximation of the perturbed

aggregate state. Second, higher order approximations involve terms of order γplk for

p ≥ 2 which we have assumed to be negligible. In essence, we are not allowing

for feedback loops. Looking at expression (1.5) once more, we see that a shock

to an arbitrary layer cascades to others according to the strengths of the strategic

interactions. Once the distress is realized on an auxiliary layer it should in turn create

further distress to the entire multiplex, which causes additional action adjustments.

This process would continue until the shocks die out. The assumed parametrization

therefore, does not allow for second or higher order adjustments. As was stated

previously, the weak interactions assumption (A2) restricts our ability to account

fully for the tendency of shocks to cascade across the economy. Focusing on first

order cascades however, is nonetheless sufficient as second and higher order accounting

make multiplex considerations even more relevant.

It is worth noting at this point that since we are working with a linear approxima-

tion, the dependence of A on multiplex fundamentals would be the same if we took

an aggregate state of the form

A = g(h1(x11, x21, .., xn1), ..., hM(x1M , x2M , .., xnM))

That is, if the functions hi aggregate economic activities in layers rather than agents,

while g aggregates total layer activities, then the first order Taylor expansion of A

around its normalized state maintains the form of (1.6).
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1.2.4 Ex-ante and Ex-post performance metrics

We are primarily interested in two phenomena. The first has do with the extent to

which individual agents idiosyncratically affect the aggregate state of the economy.

That is, we wish to understand the circumstances under which a shock to one agent

disproportionately influences A. For example, a shock to an agent who is the most

central in one layer but isolated in others could produce a larger aggregate impact

than distressing one who is moderately linked in all of them. The small shock regime

implies that equation (1.6) is an appropriate tool to conduct this analysis, which

in turn may be thought of as an ex-post exercise. To isolate the role of multiplex

connectivity in assessing systemic importance, we will be focusing on the response of

the aggregate state to agent-layer specific shocks:

Rr
k ≡

1

cgchλ

∂A

∂εrk
= brk +

∑
l 6=k

γlk

n∑
q=1

bqlmk, qr ∀ (r, k) (1.7)

The second, is concerned with aggregate performance purely from an ex-ante per-

spective. That is, we are interested in the role of the underlying multiplex structure in

shaping A′s performance. A natural metric we could use in this case is the expected

value. For example, we might say that an economy outperforms another if E(A) is

larger in the former than the latter. While the derived aggregate performance metric

(1.6) provides a compact characterization between the aggregate state and multiplex

fundamentals in which the ex-post exercise can be conducted, the economy has a

certainty equivalence property. Since shocks are iid with zero mean, E(A) = 0, which

implies that the expected value of the aggregate state is equal to its unperturbed

value when no shocks are active. It follows that if we were to use E(A) as the under-

lying ex-ante performance metric, multiplex characteristics would not play any role

in shaping outcomes. To circumvent this issue, when dealing with ex-ante related
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issues we focus on the variance instead:

V ar(A) = (cgchλ)2

M∑
k=1

n∑
r=1

{brk +
∑
l 6=k

γlk

n∑
q=1

bqlmk, qr}2σ2
k (1.8)

Equation (1.8) captures the behavior of the aggregate state around its mean. In

section 4, it will be used as a metric for the tendency of the system to produce large

aggregate fluctuations. In other words, it is a measure of how volatile aggregate

performance is. For example, if εik ∼ N(0, σ2) then A ∼ N(0, V ar(A)), which implies

that as the variance increases the higher is the probability that the economy will

experience tail events.7

1.3 Systemic Importance

In this section we explore the idea of individual systemic importance in the multiplex.

The statistic that we use to derive our results is the response of the aggregate state

to agent-layer specific shocks. Observe, that in the limiting case of γmk = 0 for all

k 6= m, shocks to agents who are the most central in each layer have the greatest

impact on the economy. That is, when there is no inter-dependency between any

pair of networks, systemic importance is captured by the KB centrality rankings

7The use of equation (8) can be further justified by considering the following scenario: Suppose
that the reduced form aggregate state assumes the form A = g(

∑
q hq(xq1, xq2, .., xqM )) and that

each hq and xqk have a linear dependence in their arguments for all q ∈ {1, .., n} and k ∈ {1, ..,M}.
When this is the case, a second order Taylor expansion of A around its normalized state is given by

A ≈ g′(0)λch

M∑
k=1

n∑
r=1

{brk +
∑
l 6=k

γlk

n∑
q=1

bqlmk, qr}εrk

+
1

2
g′′(0)λ2c2h

∑
k,k′,r,r′

[brk +
∑
l 6=k

γlk

n∑
q=1

bqlmk, qr][b
r′

k′ +
∑
l 6=k

γlk′
n∑
q=1

bqlmk′, qr′ ]εrkεr′k′

(1.9)

where the summation of the second term runs over all agent-layer pairs. Since shocks are iid with
layer-specific variance σ2

k, taking the expectation of (9) reduces to an expression which has the same
dependence on multiplex fundamentals as in (8), but with different constants of proportionality.
The linearity of hq and xiq may still be interpreted as not allowing for second or higher order
action adjustments under shocks, while the the sign of g′′(0) represents the economy’s risk aversion
parameter. In the case where g is concave in its argument, then the more volatile the aggregate
state is, the worse off the economy becomes.
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in each layer. In particular, the greatest distress in the system is created when

there is a shock to the agent with the highest KB centrality in the entire multiplex.

Within our general setting, this captures many of the motifs related to the concept

of key agents and systemic importance. For example, within the context of network

formation games, agents are incentivized to form links with those that have the highest

KB centrality in the network and who are in turn systemically the most important.

Note that, in specific economic contexts, this phenomenon may not be driven by the

Katz-Bonacich centrality metric (see Bloch et al (2020)). Other centrality measures

(betweeness centrality, eigenvector centrality e.t.c) have also been used. However

they all describe a similar phenomenon; namely, given a measure of connectedness in

a network, systemic importance can be understood by the measure induced rankings

of agents in each layer.

Equation (1.7), however, suggests that when inter-network relationships are present,

the unweighted KB centralities of agents in any network are no longer sufficient

to capture the notion of systemic importance. There is now an additional mar-

gin through which a shock can be amplified or suppressed. A shock to agent r in

layer k produces an intra-network margin brk and an aggregate inter-network margin∑
l 6=k γlk

∑n
q=1 b

q
lmk, qr, the sum of which is the total response. The former is the result

of intra-network action adjustments taking place as the shock cascades through the

distressed layer. The latter is due to cascades across layers. This observation is very

closely related to the findings of Aldasoro and Alves (2016) where it is shown that in

the context of the multiplex network consisting of large European Banks, the share of

exposures of a given layer (which can be mapped to the weighted out-degree of agents

and is in turn a first order approximation of KB centrality) is “not necessarily an in-

dicator of contribution of that layer to systemic importance for key banks”. That is,

the centrality rankings of agents in an individual network may not be the only drivers

of systemic importance. Motivated by these findings we proceed to define systemic
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importance as follows:

Definition 2. We say that agent i is “systemically more important” than j in layer

k if Ri
k ≥ Rj

k. Similarly, we say that the agent-layer pair (i, k) is “systemically most

important” if (i, k) = arg max
j∈{1,..n},m∈{1,..,M}

Rj
m.

Defining the vectors

γ−k = (γ1k, .., γk−1k, γk+1k, .., γMk)

and

bq−k = (bq1, .., b
q
k−1, b

q
k+1, .., b

q
M)

we can rewrite expression (7) as

Rr
k =

∑
q

{1 + γ−k.b
q
−k}mk,qr (1.10)

where “.” represents the inner product. Defining further the vector βk, whose qth

component is given by 1 + γk.b
q
−k, it follows that systemic importance, as defined

above, is captured by the βk-weighted KB centralities b(Gk, λ, βk), which we denote

by b̃k. From equations (1.7) and (1.10), it is clear that distressing an agent who

is central in the underlying layer will cause a large response as measured by the

intra-network margin. The presence of the aggregate inter-network margin, however,

implies that it is now possible that distressing an agent who is less central in the

underlying layer may induce a larger aggregate response due to that agent’s capacity

to invoke large inter-network margins.

1.3.1 A motivating example

To get a better understanding of the forces that are in play, let us consider a simple

multiplex topology. In particular, let us suppose that the system is populated by
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two networks Gk and Gl which are strategically interacting according to the rule

γkl = γlk ∈ (−1
2
, 1

2
). The strategic representation of the multiplex considered here is

depicted in the following figure

Figure 1.4. A two dimensional multiplex example. Links weights are given by gk, 12 =
gk, 31 = 0.99, gk, 13 = gk, 33 = 0.01 and all other links are equal to 1.

We fix the intra-network complementary parameter to λ = 0.1 and proceed to

compute Rj
x for x = k, l and all players j. Before doing so, we report the KB

centrality rankings that also embody systemic importance indicators of agents in the

mono-layer sense:

i bik bil
1 1.555 1.611
2 1.554 1.500
3 1.001 1
≥ 4 1 1

Table 1.1. KB centrality rankings with λ = 0.1

From the preceding table, and as was suggested by figure 1.4, agent 1 is most

central in both networks. This implies that if we think of these networks in isolation

or as a two dimensional multiplex whose layers are not strategically interacting, agent

1 would be classified as being systemically most important. Next, we turn on the

strategic interaction between the two layers and compute aggregate state responses

over two different values of γkl:
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γkl = 0.35 γkl = −0.35
i Ri

k Ri
l

1 2.332 2.412
2 2.296 2.219
3 1.354 1.351
≥ 4 1.350 1.350

i Ri
k Ri

l

1 0.777 0.810
2 0.812 0.781
3 0.651 0.649
≥ 4 0.65 0.65

Table 1.2. Aggregate state responses

As expected, under strategic complementarity, aggregate state responses are am-

plified and agent 1 is once again classified as being systemically most important. Since

this agent happens to be the most central in both layers, it is easy to see that this

ranking will be maintained under any positive value of γkl. From this, we observe

that as long as the distribution of KB centralities in one layer is similar to that of

another, then under a complementarity strategic coupling of the two layers, centrality

and systemic importance are aligned.

Under strategic substitutability, on the other hand, this is no longer the case.

We see that aggregate state responses are suppressed as compared to the mono-

layer sense and that agent 2 is now classified as being systemically most important.

This is due to to the fact that a positive (negative) shock in one layer will produce

negative (positive) action adjustments on the other. Unlike complementarity, it can

be numerically verified that this ranking is not maintained for all negative values of

γkl. Rather, there exists a γ̃ such that the ranking of table 2 is preserved for any

γkl ∈ (−1
2
, γ̃].

1.3.2 Some necessary and sufficient conditions

The previous example shows that in a multiplex setting, high layer centrality is not

enough to characterize systemic importance. Agents who are less central in the dis-

tressed layer may produce larger aggregate responses. We proceed to investigate this

issue further and to provide a set of necessary conditions needed to establish multi-

plectic systemic importance. Note that, given the complexity of this structure, com-
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ing up with closed-form expressions that rank systemic importance for all multiplex

topologies is a non trivial task. This is because of the algebraic complexity involved

in computing the influence matrix of an arbitrary graph in closed form. Nonethe-

less, we can manipulate expression (1.10) to produce a statistical characterization of

responses to shocks which are easy to interpret.

Lemma 1. Let Bq
−k =

∑
l 6=k γlkb

q
l be the aggregate auxiliary centrality of agent q

weighted by layer k interactions and dkΓ =
∑

l 6=k γlk be the weighted out-degree of layer

k. Then, for any agent r

Rr
k = nCov(B−k, mk,r) + (1 +

dkΓ
1− λ

)brk (1.11)

where

Cov(B−k, mk,r) =
1

n

∑
q

(Bq
−k − B̄−k)(mk, qr − m̄k,r) (1.12)

with B̄−k = 1
n

∑
q B

q
−k =

dkΓ
1−λ and m̄k,r = 1

n

∑
qmk, qr = 1

n
brk

The preceding lemma relates the response of the aggregate state (to a shock to

agent r in layer k) to the influence structure of agent r within and across layers. In

particular, the response is increasing in the agent’s KB centrality in the distressed

layer as well as the co variance between his influence vector and the vector of aggre-

gate auxiliary centralities. The co-variance term is crucial in understanding systemic

importance in the multiplex. When agent r exerts high intra-network influence on

agents who produce large and positive aggregate inter-network responses then the co-

variance term is positive and its magnitude large. Similarly, it is negative and large

in absolute value when the agent exerts high influence on agents that produce large

and negative inter-network adjustments. In general, a positive (negative) co-variance

can be thought of as being the result of a linking structure in which the underlying

agent is sufficiently exposed to those who produce positive (negative) inter-network

24



externalities.

Let us now take two agents r and w in layer k such that brk ≥ bwk . From equation

(1.12) we have

Rr
k −Rw

k = n{Cov(B−k, mk,r)− Cov(B−k, mk,w)}+ (1 +
dkΓ

1− λ
)(brk − bwk )

Since brk − bwk ≥ 0 then, a necessary condition for agent w to be systemically more

important than r is

Cov(B−k, mk,r)− Cov(B−k, mk,w) < 0 (1.13)

Proposition 3. Let ρB−k, q denote the correlation coefficient between the vectors

B−k = (B1
−k, .., B

n
−k) and mk,q = (mk,1q, ..,mk,nq). If brk ≥ bwk then the necessary

conditions for w to be systemically more than r are as follows

• ρB−k,r < 0 and ρB−k,w > 0

• (or) If ρB−k,r > 0 and ρB−k,w > 0 then: (i) If
ρB,r
ρB,w

> 1 then
V ar(mk,r)

V ar(mk,w)
< 1, (ii)

If
ρB,r
ρB,w

< 1 then 0 <
V ar(mk,r)

V ar(mk,w)
<

ρB,w
ρB,r

• (or) If ρB−k,r < 0 and ρB−k,w < 0 then: (i) If
ρB,r
ρB,w

> 1 then 1 >
V ar(mk,r)

V ar(mk,w)
>

ρB,w
ρB,r

,

(ii) If
ρB,r
ρB,w

< 1 then
V ar(mk,r)

V ar(mk,w)
> 1

The correlation coefficient −1 ≤ ρB−k,r ≤ 1 is a proxy for each agent’s relative

relationship with auxiliary layers while the variance of the influence vector V ar(mk,r)

captures the concentration of centrality of the agent. That is, low values of V ar(mk,r)

imply that r′s influence is more evenly spread in layer k. Proposition 3 immediately

follows from equation (1.13) and the definition of the correlation coefficient. It relates

the notion of systemic importance to cross layer fundamentals as well as influence

dispersion within layers.
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If the first condition in proposition 3 is met, equation (1.13) always holds. If agent

r′s centrality is due to influence exertion on agents who produce negative aggregate

inter-network margins, while w is linked with agents that produce positive ones,

then it is possible for the latter to be systemically more important. If the centrality

difference between them, brk − bwk , is small and w turns out to be systemically more

important than r in layer k, then this is an instance in which the inter-network margin

dominates the intra-network one. When both agents exhibit influence vectors that

are positively correlated with aggregate inter-network adjustments, two scenarios are

possible. First, if the high centrality agent r also applies higher influence to agents

who produce positive inter-network adjustments than w, the only circumstance in

which the latter can be systemically more important is when his influence within

the distressed layer is more unevenly spread out. While on average, r might exert

more influence to positively adjusting neighbors, w might be linked with a particular

subset of them whose adjustments are larger. On the other hand, when
ρB,r
ρB,w

< 1

the necessary condition implies that the disparity in influence dispersion between

the two agents should be sufficiently small. In essence, the condition for relatively

large dispersion of influence that should hold in the previous case should not be met

for r. Lastly, negatively correlated influence vectors imply that both agents exert

influence on agents who produce negative externalities. It follows that, when the

high centrality agent’s correlation coefficient ρB, r is smaller in absolute value then,

for w to be systemically more important, it must be the case that his influence vector

is more dispersed, which captures the possibility the he exerts influence on positively

adjusting neighbors.

Corollary 1. If brk = bwk , then the necessary conditions of Proposition 3 are also

sufficient.

A key takeaway from the above is that systemic importance accounting in the mul-

tiplex is a non-linear process. When multiplex connectivity is in play, and when layers
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are strategically coupled, summing over mono-layer systemic importance indicators

across all networks does not produce a correct ordering of systemically important

agents. As we will see in section 5, this has important consequences for financial

networks.

Finally, one may also perform a similar exercise for the entire multiplex. Let us

take agent r in layer k and agent w in layer l. Subtracting the corresponding responses

to a shock of equal magnitude, we have

Rr
k −Rw

k = n{Cov(B−k, mk,r)− Cov(B−l, ml,w)}+ (1 +
dkΓ

1− λ
)brk − (1 +

dlΓ
1− λ

)bwk

To make the comparison easier, let us suppose that dkΓ = dlΓ so that layer k and l

interact with auxiliary layers in the same fashion. When this is the case, if brk ≥ bwl

then a necessary condition for w to be systemically more important becomes

Cov(B−k, mk,r)− Cov(B−l, ml,w) < 0

We may decompose the preceding equation further however, the interpretation is sim-

ilar to that of Proposition 3. For example, if both agents exhibit influence structures

that are positively correlated with aggregate inter-network adjustments in their re-

spective layers then, for the least central agents to be systemically more important,

their influence concentration must be unevenly spread within their layer.

1.3.3 Mono-layer reversion through weak inter-network interactions

Recall that the presence of both complementary and substitutable pairs of networks

may invoke both positive and negative aggregate inter-network margins. A positive

(negative) one, which corresponds to shock amplification (suppression), may be the

result of a variety of factors. For example, in an extreme case where the distressed

layer k is complementary to most others, so that γkl > 0 for sufficiently many l,
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action adjustments on these layers mirror those in k. This in turn induces a response

over and above the intra-network margin. A positive inter-network margin could also

be the result of another extreme scenario; it could be the case that the distressed

layer is substitutable to many sparsely linked layers, but is complementary to a few

densely linked ones. High link density in complementary layers invokes larger action

responses as compared to substitutable ones leading to a positive aggregate inter-

network adjustment.

The potential for both positive and negative externalities arising from strategic

interactions may induce inverted responses to underlying shocks. For example, there

might be some layer k which happens to be substitutable to all others. A positive

shock in k would cause negative action adjustments in all layers but k, which would

in turn suppress the positive impact of the shock on the aggregate state. This sup-

pression could be large enough so that a positive shock ends up producing a negative

impact. Our assumption that inter-network strategic interactions are small allows us

to derive bounds for which brk ≥
∑

l 6=k γlk
∑n

q=1 b
q
lmk, qr for all layer couplings and all

layer topologies.

Lemma 2. If |γkl| ≤ 1−λ
n(M−1)

then brk ≥
∑

l 6=k γlk
∑n

q=1 b
q
lmk, qr ∀ r ∈ {1, .., n}, ∀ k, l ∈

{1, ..,M}

As long as the strategic interaction parameters are within the bounds of the pre-

ceding lemma, idiosyncratic shocks produce aggregate state responses according to

their sign. That is, a positive (negative) shocks lead to increased (decreased) aggre-

gate economic activity. The intuition of the inequality can be better understood by

observing that, for any weighted graph Gk, mk qr ≤ 1
1−λ for all pairs of nodes q, r.

Letting m̄ be the largest possible influence element, the inequality can be rewritten

as |γkm| ≤ 1
m̄n(M−1)

. Given that a shock is realized on an arbitrary layer k, the de-

nominator in the resulting expression can be interpreted as the maximal system-wide
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auxiliary action adjustment.8 Since action responses on auxiliary layers are propor-

tional to the strengths of inter-network interactions, the bound does not allow for the

possibility that auxiliary action adjustments cause a greater aggregate response in ab-

solute value. Such a parametrization would therefore lead to the following multiplex

irrelevance result.

Corollary 2. If |γkl| ≤ 1−λ
n(M−1)

∀ k 6= l, then agent i is systemically more important

than j in layer k iff bik ≥ bjk.

1.4 Aggregate Fluctuations

While the results of the preceding section are informative as to the manner by which

agents idiosyncratically affect the aggregate state, we have yet to understand the

consequences of multidimensional connectivity on aggregate outcomes. As was men-

tioned in section 2, the statistic we use to investigate this issue is the variance of the

aggregate state. Recall that b̃k = b(Gk, λk, βk) = bk +
∑

m 6=k γmkM
T
Gk
bm and note

that we can rewrite (1.8) as follows

V ar(A)
1
2 = cgchλ

√√√√ M∑
k=1

∥∥∥b̃k∥∥∥2

2
σ2
k (1.14)

where ‖.‖2 is the Euclidean norm. Following Acemoglu et al (2012), we will refer to

(1.14) as “aggregate volatility”. As was discussed in section 2.4, if the economy’s ag-

gregation function is concave (convex) in the sum of aggregate agent activities, then

the worse (better) off the economy becomes as aggregate volatilty increases. Regard-

less of the impact volatility has on the economy, (1.14) is a measure of fluctuations

around the mean. That is, the more volatile is the system, the more likely it becomes

that a shock can produce a large perturbation. Our goal in this section is to under-

8Since there are M−1 auxiliary layer each of which has n agents whose largest pair-wise influence
is m̄.
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stand which multiplex topologies produce large volatility levels and to compare these

to the single network environment.

We begin with an overview of the elements that are needed to create a volatile

multiplex economy. Using the definition of the multiplex weighted KB centralities b̃k

as well as the fact that ‖bk‖2
2 =

∑
q(b

q
k)

2 = n[ 1
(1−λ)2 + V ar(bk)] we can write:9

∥∥∥b̃k∥∥∥2

2
= n[

1

(1− λ)2
+ V ar(bk)] + 2

∑
m 6=k

γmkb
T
kM

T
Gk
bm +O(γmkγlk) (1.15)

From the resulting expression, it is clear that the norms of the multiplex weighted

KB centrality vectors are increasing in the number of complementary layers, the

asymmetry of the KB centrality vectors, as well as the number of agents. That is,

populating the multiplex with large, asymmetric and complementary (small, symmet-

ric and substitutable) layers acts to increase (decrease) volatility levels. On the other

hand, recall that ch = Θ(M−α) and cg = Θ(n−β), so that the more agents and/or

layers we add to the system, the less dependent it becomes on any particular one,

thereby reducing the volatility level. Hence there is a volatility trade-off between the

diversification effect, arising due to the increased dimensionality, and the additional

network-induced variance created by these extra dimensions. Since the two work in

opposite directions, to make statements regarding which effects dominates, we will

consider the limiting behavior of (14) in the large agent and layer limits.

Observe that, in the absence of inter and intra-network interactions (so that

Gk = I for all k and Γ = 0M×M which implies that
∥∥∥b̃k∥∥∥2

2
= n ), aggregate volatil-

ity is bounded above by M
1
2
−αn

1
2
−βλσmax, where σ2

max is the maximal layer specific

variance. Assuming that all variances are bounded, volatility decays to zero at a

rate n
1
2
−β in the large agent limit and M

1
2
−α in the large layer limit. We call these

the “natural decay” rates. This implies that, in an environment in which there is a

9To see the this: V ar(bk) = 1
n

∑
q(b

q
k− b̄k)2 = 1

n [
∑
q(b

2
k)2−

∑
q 2bqk b̄k+n(b̄k)2]. Since b̄k = 1

(1−λ2)

it follows that nV ar(bk) = ‖bk‖2 − n/(1− λ)2.
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large number of non-interacting agents embedded in non-interacting layers, volatility

is negligible and that idiosyncratic shocks are unlikely to produce large fluctuations.

However, when network interactions are in play, aggregate volatility may decay at

rates much slower than the natural ones and, in fact, might not vanish at all.

The argument regarding the large agent environment is at the core of the findings

of Acemoglu et al (2012), where it shown that in the context of a production economy

exhibiting input-output linkages, the rate of decay of aggregate volatility is dependent

upon the interconnection structure of the input share network and can be slower

than n
1
2
−β.10 As we will see, in the absence of inter-network interactions, our model

produces the same characterization of the rate of decay of aggregate volatility as

the aforementioned paper. In the presence of strategic interactions across networks

however, this rate can be much slower.

Furthermore, we will show that the large layer limit can also produce slower than

natural decay rates. To do this in a way which is informative about multiplex in-

teractions however, we will need to restrict our attention to the case of α = 1. The

following result states that, if the parameter of diminishing layer importance α is

strictly greater than one, the trade-off between diminishing layer importance and

asymmetric connectivity vanishes.

Lemma 3. If α > 1, aggregate volatility in a weakly interacting multiplex is strictly

decreasing in the number of layers. Furthermore V ar(A)
1
2 = Θ(M

1
2
−α) as M →∞

As was previously stated, increasing the number of layers in the economy is a

diversification operation. It widens the range of agent-layer specific shocks that can

be realized, thereby reducing the relative effect any one of them has on the aggregate

state. On the other hand, when we add an additional layer, doing so in a way in which

it exhibits asymmetric connectivity and is complementary to all others, we increases

aggregate volatility. Lemma 3 states that as long as α > 1 the diversification effect

10In particular, it is dependent upon the structure of the Leontief matrix.
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will always dominate and, as a consequence, volatility will vanish at the rate M
1
2
−α

in the large layer limit.

Remark. Given the above, we assume that α = 1 for the rest of the section.

1.4.1 The non-interacting multiplex

We begin by setting a benchmark for aggregate volatility in the absence of strategic

interactions. We consider a multiplex consisting of M non-interacting layers so that

the strategic coupling matrix is given by Γ = 0M×M . Multiplying equation (15) by

λcgch, setting γkm = 0∀ k 6= m, and summing over all layers yields

V ar(A)
1
2 = cgchλ

[
nM

(1− λ)2
+ n

∑
k

V ar(bk)

] 1
2

=


Θ
(
n

1
2
−β[1 +

∑
k V ar(bk)]

1
2

)
Θ
(
M− 1

2

)
(1.16)

where the upper expression in (1.16) holds as n → ∞ and the bottom as M → ∞.

From the resulting expression we see that in a non-interacting multiplex, when the

number of agents is large, the order of magnitude of V ar(A) is governed by the degree

to which layers exhibit asymmetric influence structures. In particular, if aggregate

influence asymmetry grows at a rate which is faster than n, then volatility decays

slower than the natural rate. Equation (1.16) also characterizes the rate of decay in

the large layer limit. When there is no interactions across layers, it is intuitive that

aggregate volatility decays at the rate consistent with diminishing layer importance

(recall that we are assuming that α = 1). This may be thought of as the standard

Lucas diversification argument (1977) where shocks that can be realized in any layer

average out and only have minuscule effects when the number of layers is large.

While (1.16) is a full characterization of the volatility structure, accounting for

the variance of the KB centrality vector in an arbitrary graph is non-trivial. As

is demonstrated in section 6.2, high asymmetry in centrality may result from non-
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uniformity in any (degree-)connectivity order. To get a more intuitive relationship

between aggregate volatility and multiplex fundamentals, we proceed to characterize

the rate of decay as a function of first order interconnectivity. That is, we focus

on the lower bound of (1.14) by approximating the KB centrality vectors with the

degree vectors so that we only consider linear terms in expansion (1.1). By showing

that in the presence of network effects, the lower bound decays at slower rates and is

larger than the upper bound in their absence, it immediately follows that aggregate

fluctuation can be more pronounced in the former case.

Lemma 4. Suppose γmk = 0∀ k, m. Given the vector of degrees in layer k, (d1
k, .., d

n
k),

let

CV 2
k =

1

n

∑
i

(dik − dk)2 (1.17)

be the coefficient of variation where dk = 1 is the average degree in layer k. Then

V ar(A)
1
2 = Ω

(
n

1
2
−β
∑
k

(1 + CVk)

)
as n→∞ (1.18)

The coefficient of variation is simply the standard deviation of the vector of degrees

and captures the extent to which a network exhibits high variability in its degree

distribution. Networks such as stars have high asymmetry in their linking structure,

implying that the coefficient of variation is high. On the other hand, regular networks

in which all degrees are the same exhibit zero variability as measured by (1.17).

Lemma 4 states that in the large agent limit, when there is no strategic interactions

across layers, aggregate volatility decays according to the variability in the degree

sequences of the layers. In particular, when degree variability is high, then there

is also high variability in the effect that idiosyncratic shocks have on the aggregate

state. For any given layer, when a small fraction of agents exerts the most influence,

shocks to these agents propagate to the entire system because of their direct influence

exertion on most others. Equation (1.18) suggests that aggregate volatility decays
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much slower in a multiplex which exhibits high variability in all layers, as compared

to one which does so only in a few of them. Indeed, a multiplex consisting of one star

network and M − 1 regular networks is less volatile than one consisting of two stars

and M − 2 regular networks.

Observe that, in the case of β = 1 andM = 1, V ar(A)
1
2 = Ω

(
1+CVk√

n

)
when n→∞

as established by Acemoglu et al (2012). Observe further that this result may still

hold for any multiplex environment in which the sum of the CVk is bounded below

by the coefficient of variation of some other graph. For example, if all but one layers

are regular graphs so that there is only a single network with nonzero asymmetry in

connectivity, the lower bound of aggregate volatility would behave as in a mono-layer

system. We will investigate this issue further in section 4.3 where we classify the set

of multiplex models (in terms of the parameter space) whose volatility structures may

be replicated by single layer considerations.

1.4.2 The all-complements multiplex

We proceed to characterize the rate of decay in the presence of positive inter-layer

interactions. Expressions (1.18) and (1.19) imply that the disparity in volatility

between a non-interacting and a weakly interacting multiplex is governed by the

magnitude of the sum of aggregate inter-network margins

∑
k

∑
m 6=k

γmkb
T
kM

T
Gk
bm

Considering the fact that each positive (k,m) term in this series is bounded below by

γmkb
T
k bm, which is turn equal to γkmn[ 1

(1−λ)2 + Cov(bk, bm)], it immediately follows

that volatility is increasing in the pairwise influence similarity across all layers. As

was the case in the previous section and as is demonstrated in section 6.2, accounting

for this similarity in two arbitrary networks is a complicated task. Pairwise influ-

ence similarity is a function of similarity between and across all connectivity orders.
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Therefore, we will once again restrict our attention to the lower bound.

Proposition 4. Suppose γkm ≥ 0 ∀ k, m. Given the vector of degrees in layers k,

(d1
k, .., d

n
k), and m, (d1

m, .., d
n
m), the coefficient of co-variation between them is

CoVkm =
1

n

∑
q

(dqk − d̄k)(d
q
m − d̄m) (1.19)

Then

V ar(A)
1
2 =


Ω
(
n

1
2
−β
{∑

k(1 + CVk) +
∑

(k,m) CoVkmH[CoVkm]
})

as n→∞

Ω
(
M− 1

2

∑
k(1 + dkΓ)

)
as M →∞

(1.20)

where H[.] is the step-wise representation of the Heaviside function:

H[x] =


1 x ≥ 0

0 x < 0

From equation (1.20) we see that in the large-agent limit, the addition of positive

inter-network effects dampens the rate of decay of aggregate volatility as long as there

exists a pair of layers in the multiplex with positively co-varying degree sequences.

Intuitively, suppose that some layer k exhibits high variability in its degree sequence

so that a small fraction of agents exerts the most influence. If there exists a com-

plementary layer m such that CoVkm > 0, then the same faction of agents exert the

most influence in it as well. This implies that a shock to these agents would cascade

to m, cause large action adjustments, and lead to a large aggregate perturbation.

Therefore, positively co-varying degree sequences create additional channels through

which a shock can be amplified, resulting in a more volatile system. On the other

hand, if CoVkm < 0, action adjustments in m would be smaller and the corresponding

aggregate response weaker. Hence, a multiplex which exhibits negatively co-varying
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degree sequences is more diversified due to smaller action responses as the shock cas-

cades across layers. With regard to the large layer limit, the result states that the

rate of decay of aggregate volatility will be slower in the presence of inter-network

interactions as long as non-vanishing fraction of layers exhibit strategic interaction

between them. This is captured by each layer’s weighted out-degree dkΓ. Unlike the

non-interacting case, where shocks that can be realized on any layer average out, as

long as this quantity does not vanish for some k, then a shock to this layer will always

cascade to the entire multiplex leading to a more volatile economy.

Before we move on, we briefly describe the impact of substitutable pairs of layers

on aggregate volatility. Complementary and positively co-varying pairs of networks

impose a tighter lower bound on aggregate volatility because they produce large and

positive aggregate inter-network margins. At the same time, substitutable layers act

to suppress them. Intuitively, adding substitutable layers diversifies the system on

all accounts. On the one hand, increasing the number of layers implies that each

agent-layer specific shock has a smaller relative effect on the aggregate state. On the

other, substitutability between them implies that a negative (positive) shock on one

layer cascades and produces positive (negative) inter-network adjustments which in

turn smooth out the impact of the shock on the aggregate state. Both these effects

act to diversify the system and therefore result in smaller volatility levels.

1.4.3 Conditions for mono-layer replication

Up to this point, we have shown that complementarity considerations in a multiplex

may impose a tighter lower bound on aggregate volatility than mono-layer systems.

However, this does not necessarily imply that for the class of models we are consid-

ering, any multiplex economy is inherently more volatile than a single network one.

As was argued in section 4.1, a multiplex consisting only of regular graphs, can be

less volatile than any network which exhibits some asymmetry, as measured by the
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variation in connectivity.11 Furthermore, the fact that aggregate volatility is given

by the sum of norms of multiplex weighted KB centralities b̃k implies that it could,

in principle, be small enough such that aggregate volatility behaves as in a mono-

layer system. In other words, aggregate volatility inherent in the multiplex could

be replicated by a single graph. To investigate this issue further, recall that α = 1

and suppose that ch = 1
M

and cg = 1
nβ

. Under this formulation, the variance of the

aggregate state in a single network system is given by

V ar(As) =
λ2

n2β
‖bs‖2

where bs is the KB centrality vector of an arbitrary network Gs.

Definition 3. Consider a multiplex (M; Γ) = (G1, ..,GM ; Γ) where Γ is the strate-

gic coupling matrix. We say that (M; Γ) is mono-layer replicable by Gs if

V ar(A) ≤ V ar(As) (1.21)

where V ar(A) is given by equation (1.17) with cg = 1
nβ

and ch = 1
M

.

Given some target networkGs, mono-layer replicability would imply that multiplex

volatility could be aggregated to a single graph. Using the definition of the multiplex

weighted KB centralities and flipping the inequality in (1.21), volatility in a weakly

interacting multiplex cannot be replicated by the single graph Gs if

‖bs‖2 <
1

M2

∑
k

∥∥∥b̃k∥∥∥2

=
1

M2

∑
k

[
‖bk‖2 + 2

∑
m 6=k

γmkb
T
kM

T
Gk
bm

]
(1.22)

The fact that the 2-norm of the KB centrality vector is increasing in the asym-

metry of network connectivity implies that the more symmetric Gs is, the harder it

11If all networks are regular then CVk = 0∀ k. Furthermore, if CoVmk = 0 for all pairs of networks,
aggergare volaitlity decays according to the natural rate. Therefore in a single assymetric network
environment the rate of decay is slower.
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becomes to replicate its volatility structure by a multiplex since the LHS of (1.22)

would be small. Similarly, replicability becomes harder when the RHS is large, which

occurs when (i) the number of asymmetric layers in the multiplex is large, (ii) the

number of complementary pairs is large, and (iii) complementary pairs have positively

covarying linking structures. When most layers are substituable the diversification

argument implies that volatility is small and we can in principle always replicate

multiplex volatility by a single graph. Unlike substitutability, when most layers are

complementary, we have argued that there is a trade-off when increasing the number

of layers. On the one hand, volatility decreases due to diminishing layer importance

while on the other, it increases according to the similarity in connectivity between

them. To account for this trade-off, we restrict our attention to the multiplex in

which all strategic interactions are positive.

Lemma 5. Suppose γkm > 0∀ k 6= m and let Imin = min
(k,m)

γkmb
T
kMGkbm . If

Imin > 1
2
, there exists a M̃ < ∞ such that, for any weighted graph Gs, the mul-

tiplex (G1, ..,GM , γ) is irreplicable whenever M ≥ M̃

The preceding lemma imposes a general restriction on the type of all-complement

multiplex structures that can be replicated. In particular, the condition Imin >
1
2

states that when the system is populated by a large number of complementary layers,

as long as the minimal pairwise interaction is sufficiently large, multiplex volatility

will always be greater than a single network environment. Since we are assuming

that the multiplex is weakly interacting, this implies that the layers must exhibit

sufficiently large similarity in connectivity.

1.5 Applications

In this section, we apply the ideas developed in the previous sections to two different

environments. In particular, we investigate the role of multiplex connectivity as it

relates to financial and production systems and also establish that the model presented
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in section 2 nets a general class of linear quadratic games on multiplex networks. For

each application we provide a brief motivation for a multiplex perspective and map

the intuition of our results to the underlying environment.

1.5.1 Large downturns with multiplex Input/Output

Recently, there has been a growing interest in the role of network linkages as gener-

ators of aggregate fluctuations. This idea relates to an old question: to what extent

can idiosyncratic shocks of microeconomic nature produce sizable macroeconomic dis-

turbances? The disparity between the macroeconomic effects generated by aggregate

or idiosyncratic shocks has been widely discussed and dates back to the origins of

formal macroeconomic analysis.

Lucas (1977) argued that macroeconomic effects due to idiosyncratic microeco-

nomic disturbances are minuscule as they wash away according to the law of large

numbers. Among others, Horvath (1998) hypothesized that this argument breaks

down due to input-output spillovers. He argued: “the rate at which the law of large

numbers applies is controlled by the rate of increase in the number of full rows in the

input-use matrix rather than by the rate of increase in the total number of sectors”.

Following Horvath, the work of Acemoglu et al (2012) formally established these ideas.

They show that in the context of a production economy exhibiting input-output link-

ages, sectoral level microeconomic shocks can have pronounced aggregate effects due

to network spillovers. They demonstrate that as the economy becomes more disag-

gregated, shocks to individual sectors may not average out as long as there exists

significant asymmetry in their roles as intermediate good suppliers. Their insight on

the “microeconomic origins” of macroeconomic fluctuations has generated a renewed

interest in the micro-foundation of macroeconomic phenomena as well as the role that

networks play in transitioning from the micro to the macro scale.12

12For example, Baqaee and Farhi (2018) challenge the notion of an aggregate production function
used in standard macro models, and present a network-founded attempt at constructing one from
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While significant progress has been made towards understanding the role of input-

output linkages in generating macroeconomic effects from microeconomic interaction,

the possibility that a macroeconomic system may be subject to more than one type of

input-output interaction has yet to be investigated. On a macroeconomic scale, input-

output relationships may not be confined to the exchange of sectoral-level goods as

intermediates. For example, within a closed economy, a production chain may be dis-

aggregated beyond the sectoral level such that input-output relationship are present

across all sectors and, within each sector, firms are subject to input-output relation-

ships between them. Besides domestic supply chains, international supply chains may

also be constructed as multiplexes. Akin to financial networks, we may disaggregate

the network of aggregate trade flows among countries into layers representing trade

within a particular industry (manufacturing, services and raw materials). The result-

ing multiplex was put under the simulation lens of Lee and Goh (2016), who construct

the duplex consisting of trade flows of the primary and secondary industries. Through

the means of a simple cascading model, they show that a multiplex view generates

more catastrophic failures than the aggregated network due to “emergent collective

effect[s] of coupling layers, rather than the simple sum thereof”. While their work

does not present a micro-founded model of cascades within an input-output multiplex,

it nonetheless points towards the fact that a multiplex view may generate aggregate

fluctuations that are larger than monolayer networks.

The insights of both Acemoglu et al (2012) and Lee and Goh (2016) lead to two

stylized facts. First, network interactions in a macroeconomy can generate sufficiently

large volatility levels such that idiosyncratic shock lead to large aggregate fluctua-

tions. Second, if more than one network interaction is in play, shocks to the individual

units who populate the system may lead to larger downturns under a multiplex view.

Combining the two, we see that, as long as a macroeconomy is subject to more than

the bottom up.
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input-output interaction, and since network linkages are to some extent responsible

for the volatility inherent in the system, it then follows that the capacity of individual

agents to generate aggregate fluctuations can be larger as compared to single network

economies. As we saw in section 4, this is indeed the case. We found that whenever

a multiplex is populated by a collection of complementary layers with similar inter-

connection patterns, aggregate volatility, and therefore the capacity of the system to

generate fluctuations, is larger than monolayer systems.

In this section we provide a micro-foundation for the observations of Lee and Goh

(2016) by using a multiplex production model in the spirit of Acemoglu et al (2012).

In particular, we show that the reduced form model of section 2 can be mapped to a

static general equilibrium model with multiplex production, where the corresponding

actions and the aggregate state reduce to the logarithms of the production choices

and value added respectively. The correspondence between the two models allows

us to use proposition 4 and lemma 5 to demonstrate that, as long as as there exists

sufficient similarity in connectivity between all layers, the likelihood of large economic

downturns in the presence of normally distributed shocks can be greater than single

layer production economies.

Consider a static multi-firm variant of the multi-sector model of Long and Plosser

(1983): A representative household supplies one unit of labor inelastically at wage w.

It has Cobb-Douglas preferences over nM goods:

u(c11, .., cnM) = Q
∏
(i,k)

c
1/nM
ik

where cik denotes consumption of good i from sector k and Q is a constant. It is

constrained by labor income
n∑
i=1

M∑
k=1

pikcik ≤ w

where pik is the price of good i from sector k. We assume that trade occurs both
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within and across sectors and that the production function of good i in sector k is

given by

xik = Bikl
1−2λ
ik zλik

(
n∏
j=1

x
gk,ij
ijk

)λ(∏
m 6=k

xγmkik, im

)λ

where:

• lik the amount of labor hired in the production of good i in sector k

• Bik a normalization constant

• 1− 2λ ∈ (0, 1) the share of labor

• xijk the amount of good j from sector k used in the production of i in the same

sector

• xik, im the amount of good i from sector m used in the production of good i in

sector k

• zik an idiosyncratic productivity shock to firm i in sector k .

• gk, ij capture the share of good produced by firm j in sector k in the total

intermediate input use of firm i in same sector.

• γkm capture input shares across sectors.

It is assumed that
∑

j gk, ij =
∑

k 6=m γmk = 1, so that firms employ constant returns

to scale technology and make zero profits in equilibrium. Furthermore, we assume

that 0 < γmk < 1∀m 6= k and that there is a sufficiently large number of sectors such

that γmkγkl � 1 for all pairs (m, l).

Besides imposing constant return to scale technology, we have also made two im-

plicit assumptions on the structure of production. First, we are assuming that there

is unique correspondence between firms across sectors. That is, inter-sectoral trade

of intermediate goods occurs on a one-to-one basis so that each firm i in an arbitrary
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sector k has a single supplier from sector m. This is captured by the common index

i on xik, im. Second, we are assuming that each sector is populated by the same num-

ber of firms. This is imposed in order to maintain the unique correspondence across

sectors which in turn produces the multiplex architecture.

Clearly, real production chains are not subject to these restrictions. The underlying

interconnection structure is more complicated as firms may have non-unique relation-

ships across sectors and the number of firms in each one may vary. The technology

we impose is merely a simplified version of how inter and intra-sectoral relationships

can arise. Furthermore, our focus is strictly confined to the identification of cascade

channels and their consequences. Our representation of the production chain can be

understood as saying that for each firm-sector pair (i, k) and (i, m), there is a single

channel of direct distress transmission. We may introduce additional channels by

relaxing the unique correspondence assumption but this is beyond the scope of this

chapter.

Definition 4. An equilibrium with n firms and M sectors is a vector of prices

(p11, p12, .., pnM), a wage w, consumption (c11, c12, ..cnM) and input allocations

(lik, xijk, xik, im)∀ i, j ∈ {1, .., n}, k, m ∈ {1, ..,M}

such that (i) households maximize utility, (ii) each firm maximizes firm-sector specific

profits and (iii) markets clear. In particular:

∑
(i,k)

lik = 1

xik = cik +
∑
j

xjik +
∑
m6=k

xim, ik ∀ (i, k)

The fact that firms make zero profits in equilibrium implies that value added in

this economy is equal to labor income. By choosing the ideal price index as the
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numeraire, nM
Q

(p11p12...pnM)
1
nM = 1, and with appropriate choices of normalization

constants Bik and Q, it can be shown (see “proofs” section ) that the logarithms of

production choices and valued added are respectively:

log(xik) = λεik + λ
∑
j

gk, ijlog(xjk) + λ
∑
m6=k

γmklog(xim)∀ (i, k) (1.23)

log(w) =
1

nM

∑
(i,k)

log(xik) (1.24)

where εik = log(zik). Observe that equation (1.23) corresponds to equation (3) where

the action on each layer is the logarithm of the production decision and satisfies

(P1)-(P4).13 Furthermore, the logarithm of value added corresponds to equation

(1.4) when the aggregate state has a linear dependence in all of its arguments and

satisfies (p1)-(p3).14 Therefore, this economy has all the characteristics of the model

proposed in section 2 so that the results of sections 3 and 4 apply.

Within this framework, the results regarding systemic importance can be under-

stood as saying that the direct exchange of final goods as intermediates may not be

the only channel through which shocks can transmit. Clearly, if firm inter-activity

is confined to this process purely (so that γkm = 0∀ k, m), shocks to firms of key

intermediate goods within each sector have the greatest impact as measured by value

added. Proposition 3 however, suggests that shocks to non-integral sector-specific

intermediate good suppliers could produce larger reductions in value added due to

their direct and indirect relationships to other sectors.

With regard to aggregate volatility, when the economy becomes more disaggre-

gated (n or M large), firm or sector specific shocks can have larger effects in the

presence of inter-sectoral relationships. In particular, since the rate of decay of ag-

13Note that the inter-network complementarity parameters need to be adjusted by λ. That is
∂fk(0)
∂xim

= ∂fm(0)
∂xik

= γ̃km = λγkm.

14With α = β = 1.
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gregate volatility is slower than the mono-layer counterpart, the likelihood of large

downturns can be significantly larger. To see this, suppose that all shocks εik are iid

normal random variables with mean zero and variance σ2 and consider the quantity

lim
n→∞

P (log(w) < −y) where y ∈ R+. This quantity is a proxy for the probability that

the economy will experience a large downturn at high levels of disaggregation. Using

the fact that γmkγkl � 1, solving (1.23) and plugging into (1.24) yields

log(w) =
λ

nM

∑
(i, k)

[bik +
∑
l 6=k

γlk

n∑
q=1

bqlmk, qi]εik

It follows that log(w) ∼ N(0, V ar(A)), where V ar(A) = λ2σ2

n2M2

∑M
k=1

∥∥∥b̃k∥∥∥2

2
which

implies that

lim
n→∞

P (log(w) < −y) = lim
n→∞

[1− Φ

(
y

V ar(A)
1
2

)
]

where Φ is the standard normal CDF. If V ar(A)
1
2 does not vanish in the limit then the

event P (log(w) < −y) occurs with positive probability.15 Using the asymptotic be-

havior of the Mills ratio for a normally distributed random variable,16 it immediately

follows that

P (log(w) < −y) = Θ

(
Φ

(
y

V ar(A)
1
2

)
V ar(A)

1
2

y

)

From proposition 4, we know V ar(A)
1
2 decays slower in the presence of positive

inter-network interactions and therefore, as long as it does not vanish, the likelihood

of a large downturn is larger. Finally, from lemma 5 we know that, as long as the

majority of sectors exhibit similarity in their connectivity structures, so that the same

fraction of firms act as key intermediate goods suppliers in most them, volatility will

always be grater than that of a production economy which exhibits a single type of

interconnection. Therefore, such multiplex dependent production structures facing

15For example, as long as one layer is a star network then V ar(A) does not vanish in the limit.
16 lim
x→∞

1−Φ(x)
Φ′(x) = 1

x where Φ is the standard normal CDF.
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normally distributed shocks will always be more prone to large downturns.

1.5.2 Financial systemic importance

Network linkages have long been attributed to being at the heart of 2008 financial

crises. The growing interconnectedness of the global financial system has created

channels through which shocks to the system may propagate and get amplified in the

process. Ever since the crisis, a large number of authors have studied the processes by

which inter-connectivity among financial institutions produces systemic externalities.

Of particular interest has been the notion of financial systemic importance which is

concerned with the identification of “too interconnected to fail” institutions. These

are institutions that, if distressed, create large aggregate losses and who are therefore

responsible for the majority of systemic risk inherent in the system.

For the most part, attention has been given to financial network representations

induced by bilateral debt contracts (Eisenberg and Noe (2001)) and in particular,

networks that are generated by either inter-bank market transactions (overnight and

unsecured debt) or aggregate exposure networks (total inter-bank liabilities).17 In

a debt exposure network, the default of a financial institution produces negative

externalities on the entire system, as the inability of a debtor to meet its obligation

implies the potential inability of the creditor to meet its own. While much insight

has been offered into the nature of systemic importance and in turn to cascading

processes, loss amplification and systemic risk within the network of overnight or

total bank credits, in reality, financial institutions are simultaneously exposed to one

another in more than one way.

Recently, there has been a number of empirical and simulation based studies point-

ing towards the fact that bank interactivity is of the multiplex type. Polenda et al

(2015) show that, within the Mexican banking system, banks are exposed to each

17Another strand of the literature studies financial networks of common equity holdings (Elliot et
al (2014)) and overlapping asset exposures (Caccioli et al (2014)).
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other through a variety of instruments (short term debt, FX, derivatives and security

cross-holdings) and demonstrate that single network considerations can underesti-

mate systemic risk up to 90%. Van Soom et al (2019) use Russian inter-bank lending

data to show that bilateral debt contracts are not confined to overnight credits and

that banks are embedded in debt networks of various maturities. They argue that

aggregating bilateral exposures of all types into a single network yields an incomplete

representation of counter-party risks due to the various functions loans of different

maturities might serve. Aldasoro and Alves (2016) use European banking data to

show that large European banks that are highly connected in one network of obli-

gations tend to be well connected in others. They demonstrate how to decompose

banks’ aggregate balance sheets into all layers of exposure and how each one of them

is to be accounted for when measuring system-wide systemic importance.

All these works, as well as others in multiplex finance, share a common implication.

Namely, they all suggest that the aggregation of financial networks should be a non-

linear operation. That is, properties of a single layer do not necessarily map to

the aggregated network i.e the network induced by summig over exposures of all

types. Taken together with the fact that all possible exposure networks are subject to

heterogeneous fundamentals (for example each contract may be of different maturity),

this implies that a simple aggregation of systemic importance indicators in each layer

of exposure will yield a distorted image of true systemic risk. Therefore, the intuition

behind our multiplex characterization of systemic importance applies naturally to a

financial setting. Previously, we showed that systemic importance in a multiplex, does

not necessarily imply that the underlying agents are the most central in each network.

Within a financial system, the latter implies that banks who are systemically most

important in the aggregate sense, are not necessarily systemically most important in

each layer of exposure. That is, a bank may be moderately linked in all layers of

exposure yet, an aggregate view may classify it as the most important in the system.
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Conditional upon heterogeneity in fundamentals, the above has an important bear-

ing on how financial systemic risk should be investigated empirically. Partial infor-

mation on bilateral exposures from a particular financial instrument or aggregate

bilateral exposures purely, are not sufficient to characterize systemic importance and

as a consequence systemic risk. We will demonstrate this argument through the means

of a sequential version of the Eisenberg and Noe (2001) clearing algorithm. Under the

assumption that each layer of exposure is of different maturity, an exogenous outside

shock which causes the most central (in the aggregate) bank to default may generate

smaller system-wide losses than one which causes the most central bank in particular

maturity to default.

Before we proceed, we note that the financial system representation presented

below does not map isomorphically to the reduced form model of section 2. The reason

is the inherent discontinuities in the default process. While smooth approximations

may be considered so that the framework can be mapped to that of section 2, there

is no additional gain in doing so. The application here is to be thought of as an

exercise in extracting the multiplex rationale behind financial systemic importance

as well as an investigation of why a multiplex view of the financial system is more

appropriate than monolayer network representations. As we will see, the intuition

behind financial systemic importance classification is the same as in our analysis in

section 3.

Consider a financial system populated by n banks and represented by the aggregate

balance sheet identity:

E + l + P1 = c+ P T1 (1.25)

where P ∈ Rn×n is a matrix representing aggregate bilateral exposures between

banks whose ijth element pij ≥ 0 denotes the total payment i must make to j. The

ith entry of the vector P1, therefore, represents bank i′s total inter-bank liabilities.

E, l, c ∈ Rn×1 are vectors whose ith elements represent bank i′s equity, non-interbank
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liabilities (e.g deposits) and non-interbank assets (e.g mortgages) respectively. Fol-

lowing Aldasoro and Alves (2016), let q denote the vector of total assets/liabilities

and q̂ the diagonal matrix such that q̂1 = q. Then, R = P q̂−1 represents the rela-

tive inter-bank liabilities matrix where Rij represents the faction of i′s total liabilities

that are owed to j. We may then express the relationship between total liabilities

and non-interbank assets as follows

q = [I −R]−1c (1.26)

Equation (1.26) is an input-output system and can be used to define a metric of sys-

temic importance.18 In the financial network context, Aldasoro and Angeloni (2015)

present a number of such measures including the Rasmussen-Hirschman backward

linkage. This index is equivilant to the KB centrality vector of the network R. Its

linear approximation is also formally related to the “Debt-Rank” metric proposed by

Battiston et al (2012). Choosing the KB centrality as our index of systemic impor-

tance, we say that bank w is systemically most important iff:

w = arg max
i

biR

However, we are assuming that banks are exposed to each other in more than one

way. If banks are embedded in M networks of exposure, we can disaggregate the

liabilities matrix as P =
∑M

k=1P k and the relative liabilities matrix as R =
∑M

k=1Rk

where Rk = P kq̂
−1. With this in mind, we can rewrite aggregate centrality as follows

bR = 1T [I −
M∑
k=1

Rk]
−1

Lemma 6. Given the aggregate exposures R, let w = arg max
i

biR. Then, there exists

18Note that as long as that b is entry-wise positive then [I − R]−1 exists since R is row sub-
stochastic.
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a disaggregation D = {R1, ..,RM} with R =
∑

kRk and a layer Rs ∈ D such that

arg max
i

biRs 6= w

While the preceding lemma holds trivially, it is of great consequence for financial

systems.19 As was argued previously, lemma 6 suggests that, given a centrality related

measure of systemic importance and an agent for which this measure is maximal, it

is always possible that there exists a less central agent in the aggregate, such that the

given measure classifies the latter as systemically most important in some layer subset

of the multiplex. This observation resonates strongly with our systemic importance

analysis of section 3, where we showed that single layer centrality purely, fails to

chararecterize systemically important agents.

The fact that an institution which is not the most central in the aggregate may be

most central in a particular layer of exposures can have important implications for

systemic risk due to the heterogeneity between types of financial contracts. Motivated

by this observation, we proceed to investigate financial systemic importance further

from an accounting perspective. To do this, it is important to note that the analysis

presented above has implicitly assumed that bank equity cannot be negative. In other

words, we have looked at a no-default regime. If banks are allowed to default however,

we introduce discontinuities in the repayment schemes they will face. Denoting by q̄i

the total amount that bank i has to repay to the system, it is well known (Eisenberg

and Noe (2001)) that in a monolayer financial system, conditional upon the realization

of a shock λ to bank r as well as a pro-rata allocation rule,20 the vector q̄ must satisfy:

q̄ = min
[
q −E, max

[
0, c̃+RT q̄

]]
(1.27)

19To prove this simply set R = R1 +R2 + ...+RM such that for some k: Rk, wj = 0∀ j = 1, .., n.
20Pro-rata means “pay by ratio”. If a bank defaults and can only repay a reduced amount of its

total liabilities, the payment it makes to each lender (and depositors) is proportional to the weight
of that lender’s claim on the banks total liabilities. In other words, if q̄i < qi then the payment made
to j is q̄iRij
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where c̃ = c− λer and where the max and min operators are taken element wise.21

The preceding expression defines the payment scheme faced by each individual bank

after the realization of an exogenous shock to non-interbank assets. The first term

in the minimum operator is the bank’s total liabilities before the shock. This will be

paid as long as default is not experienced. The second is what the bank owns if the

shock directly or indirectly (through a default cascade) causes insolvency. Assuming

that all exposures between banks are debt contracts, this repayment scheme is valid

in either of two contexts; either banks are exposed to each other through a single

type of obligation (M = 1) or all obligations can be called in at any time. To

introduce contract heterogeneity, and without loss of generality, let us suppose that

M = 2 so that P 1, P 2 are matrices representing debt contracts of maturities t1 and t2

respectively such that t1 > t2 . Suppose further that debt must be settled at maturity

and that payment shortfalls in t1 cannot be rolled over at t2. Under this formulation

and conditional upon the realization of a shock λ to bank r in the first period, the

repayment schemes q̄1, q̄2 in t1 and t2 respectively satisfy:

q̄1 = min
[
P 11 + l, max

[
0, c̃+RT

1 q̄1

]]
q̄2 = min

[
P 21, max

[
0, RT

1 q̄1 +RT
2 q̄2

]] (1.28)

where R1and R2 are the relative liabilities networks of maturities t1 and t2. Ex-

pression (28) decomposes the repayment profiles according to maturity. In the first

equation, banks settle P 1 and l conditional on their equity E, the realization of the

shock as well as outside liabilities. Given the date t1 clearing vector q̄1, banks receive

RT
1 q̄1 which is then used to repay P 2 in the second period. Equipped with (1.28), it is

now clear that the default of a bank who is not the most central in the aggregate may

21Eisenberg and Noe (2001) establish the existance and uniqueness of a q̄ such that (30) holds,
which follow from the Knaster–Tarski fixed point theorem. The clearing vector q̄ is given by the

limit of the sequence generated by: q̄n+1 = min
[
q −w, max

[
0, c− λer +RT q̄n

]]
, n = 1, 2, ..

where q̄0 = q.
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cause large system-wide losses as long as it is highly exposed in period t1 maturities.

1.5.3 Linear quadratic games on networks

In this section we demonstrate that the reduced form model of section 2 nests a

general class of linear-quadratic games on multiplex networks and that the results of

this chapter may therefore be used to investigate socioeconomic outcomes that may

be dependent on such interactions. In particular we show that the duplex model

presented in Joshi et al (2020) as well as the model presented in chapter 2 of this

dissertation, are isomorphic to the reduced form model of section 2.

Let a compact set Ai ⊂ RM
+ denote the action set of player i where, for ai =

(xi1, xi2, .., xiM) ∈ Ai, we let xik denote player i’s action in network Gk. Let A =

×nj=1Aj denote the set of action profiles and ui : A×G1 ×G2 × ...×GM −→ R the

utility function of player i. Following Joshi et al. (2020), we specify a linear-quadratic

utility function:

ui(ai, a−i; G1, .., GM) =
M∑
k=1

[
εikxik −

1

2
x2
ik + λkxik

∑
j∈N

g
ij k
xjk

]
+

M−1∑
k=1

M∑
l=k+1

γklxikxil

The first term within the square brackets captures the impact of own actions in net-

work Gk. The negative quadratic within each bracket represents the cost of applying

the action in that network. We assume that the parameters satisfy 0 < λk < 1 for all

layers k = {1, .., M} so that actions within each network are strategic complements

with those of other players. The indicator function gk, ij captures the presence of a

directed interaction between player i and j in layer k. The last term encodes strategic

substitutability (γkl < 0) or complementarity (γkl > 0) in actions across layers. As it
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is shown in Joshi et al (2020 b) the first order conditions are given by

xik = εik + λk

n∑
j=1

gk, ijxjk +
∑
l 6=k

γlkxil ∀ i ∈ {1, .., n}, ∀ k ∈ {1, ..,M}

Observe that preceding equation corresponds to equation (1.3) when fk(.) has a

linear dependence in all arguments and satisfies (P1)-(P4). Furthermore, the defini-

tion of an equilibrium applies naturally and corresponds to the Nash equilibrium. A

natural choice of the aggregate performance metric in this environment is aggregate

welfare. Taking g to be linear

g =
∑
i

hi(xi1, .., hiM)

with

hi =
1

2

M∑
q=1

x2
iq −

M−1∑
k=1

M∑
l=k+1

γlkxikxil

which correspond to reduced form payoffs, then the aggregate state A reduces to

aggregate welfare

A =
∑
i

ui

1.6 Discussion: Higher order accounting

Before we conclude, we offer a brief discussion on two major assumptions we have

made. First, we show how to account for higher order action adjustments to shocks

by relaxing the weak interactions assumption (A2). Second we demonstrate the de-

pendence of aggregate volatility on network statistics other than the variances and

covariances of degree vectors.
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1.6.1 Relaxing the weak interactions assumption

In this section, we discuss how to account for higher order strategic interactions

by relaxing assumption (A2). For the sake of simplicity we focus on a duplex (a two

dimensional multiplex) although the analysis can be extended to arbitrary dimensions

in a similar fashion. We will once again restrict our attention to the first order

approximation of the perturbed value of the aggregate state so that the objects of

interest are the derivatives of actions due to shocks in an arbitrary layer.

Consider the duplex (Gk, Gl; γ) and observe (see proof of proposition 2) that if

there is a shock to agent r in layer k action responses around the normalized state

are given by
∂xk
∂εrk

∣∣∣∣
ε=0

= λGk
∂xl
∂εrk

∣∣∣∣
ε=0

+ λer + γ
∂xl
∂εrk

∣∣∣∣
ε=0

∂xl
∂εrk

∣∣∣∣
ε=0

= λGl
∂xl
∂εrk

∣∣∣∣
ε=0

+ γ
∂xr
∂εrk

∣∣∣∣
ε=0

where we have imposed assumption (A1) λk = λl = λ. Solving the second equation

and plugging into the first yields

∂xr
∂εrk

= λGk
∂xr
∂εrk

+ λer + γ2MGl

∂xr
∂εrk

Observe that if we take γ2 � 1 we revert back to the weak interaction equations. If

assumption (A2) does not hold we then have

∂xr
∂εrk

= λ
[
I − λGk − γ2MGl

]−1
er = λ

∞∑
s=0

(λGk + γ2MGl)
ser

where we have assumed that the spectral radius of λGk + γ2MGl is bounded above

by 1. The fact that only even powers of γ appear in the resulting expression can be

understood as the feedback effect. Since the shock is realized on layer k, it transmits

to layer l due to the interaction between them, i.e according to the sign of γ. Once

the shock has cascaded to l it induces a xl action response, which in turn transmits
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back to k and results in a total effect of γ2. Therefore, powers of γ capture the order

of the inter-layer cascade. This can be further justified by looking at xl responses:

∂xl
∂εrk

= γMGl

∂xr
∂εrk

which consists of odd powers of γ only. Note that in a higher dimensional multiplex,

similar expressions hold but action adjustments need to take into account cascades

due to all interacting layers. Nonetheless, the cascade-order interpretation remains

the same. The power series, captures the total action adjustment on the distressed

layer when we account for all cascade orders. Since the matrices Gk and MGl do

not commute there is no compact way to express (λGk + γ2MGl)
s for an arbitrary

positive integer s. We may nonetheless extract the intuition behind it by rearranging

the sum as follows

∑
s

(λGk + γ2MGl)
s = γ0

∑
s

λsGs
k

+ γ2
[
MGl + λGkMGl + λMGlGk + λ2G2

kMGl

+λ2G2
kMGl + λ2GkMGlGk + λ2MGlG

2
k +O(λ3)

]
+ γ4

[
M 2

Gl
+ λGkM

2
Gl

+ λM 2
Gl
Gk + λMGlGkMGl +O(λ2)

]
...

Each term involving γp for p = 0, 2, 4, .. accounts for the adjustment in the distressed

layer due to the pth order inter-layer cascade while every term involving λq for q =

0, 1, 2, .. accounts for adjustments due to the qth order intra-layer cascade. The total

effect given a shock to r is obtained when we compose the above with er. From the

resulting expression we may interpret each term by looking at the effect due to the qth

order intra-layer cascade occurring on the distressed layer k. In particular, consider

the zeroth and first order intra-layer cascades:
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• Terms involving λ0 : Ier, γ
2MGler,...,γ

pM p−2
Gl
er. The first term identifies the

distressed agent r in layer k. Since r is embedded in both layers and before

the shock transmits to his neighbors in k, it cascades to layer l due to the

strategic interaction γ. Once the shock has reached r in layer l it can now fully

cascade within it. xl action adjustments get amplified according to γMGler

which transmits back to k causing the effect γ2MGler. This expression may

now be thought of as vector of shocks occurring in layer k. Once again, before

these shocks cascade in k they transmit to l, get amplified according to MGl

and produce γ3M 2
Gl
er. This in turn transmits back to k resulting in γ4M 2

Gl
er.

Hence, we may think of the operator γ2MGl as amplifying shocks purely due

to the bilateral interaction between the two layers.

• Terms involving λ1 : λGker, γ
2λGkMGl , γ

2λMGlGk, γ
4λGkM

2
Gl
, γ4λM 2

Gl
Gk

etc: Here, we may think of shocks as only being able to cascade once within

layer k. A shock to agent r in layer k creates two paths of transmission that lead

first order intra-layer effects: (i) Before the original disturbance cascades within

k it transmits to l and gets amplified according to γ2MGl . This disturbance

may now cascade once within k which leads to λGk(γ
2MGl)er (ii) The second

channels allows the intra-network cascade to take place before the shock trans-

mits to l. That is, once the shock is realized it transmits within k according

to λGker = λ(gk, 1r, gk, 2r, .., gk, nr)
T . The resulting vector of shocks cascades

to layer l, is amplified according to MGl and returns back to k producing the

effect γ2MGl(λGk)er.

We may now interpret all other terms in a similar fashion. Each expression appearing

in the preceding sum is to be thought of as a sequence (or composition) of both intra

(of the form λsGs
k) and inter-network (of the formγpM p−2

Gl
) cascades where the order

of events occurs from right to left of the corresponding composition of operators.
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1.6.2 Higher order interactions and aggregate volatility

Accounting for influence asymmetry in a non-interacting layer

As was mentioned in section 4.1, KB centrality asymmetry may be the result of

non-uniformity in connectivity of any order. In this section we expand upon this

statement. Consider an arbitrary graph G on n nodes and recall the KB centrality

definition

bT = 1T
∞∑
m=0

Gm = 1T (I + λG+ λ2G2 + ...)

Denote by di the ith order degree vector with d0 = 1T . That is, let dTi = 1TGi so

that

bT = dT0 + λdT1 + λ2dT2 + ...

Then

‖b‖2 = bTb

= (dT0 + λdT1 + λ2dT2 + ...)(d0 + λd1 + λ2d2 + ...)

=
∞∑
i=0

λ2i ‖di‖2 + 2
∑
i=0

∑
j=i+1

λi+jdTi dj

For every i we have that

dT0 di = 1Tdi

= 1T (Gi
k)
T1

= 1TGT
k di−1

= 1Tdi−1

where the last equality follows from the fact thatG is row stochastic. Since dT0 d0 = n,

it follows that dT0 di = n∀ i = 0, 1, ..,m so that the average value of ith order degree

is 1. This leads to ‖di‖2 = n(1 + V ar(di)) and dTi dj = n(1 + Cov(di,dj)), where

V ar(di) = 1
n

∑
q(d

q
i − d̄i)2 and Cov(di,dj) = 1

n

∑
q(d

q
i − d̄i)(d

q
j − d̄j). From above and
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using the fact that ‖b‖2 = n[ 1
(1−λ)2 + V ar(b)] we have

V ar(b) =
∞∑
i=0

λ2iV ar(di) + 2
∑
i=0

∑
j=i+1

λi+jCov(di,dj)

Replacing V ar(bk) for an arbitrary k in equation (16) by the resulting expression, it

is now clear how influence asymmetry may arise. It could be the result of asymmetry

in any connectivity order as well as asymmetry across connectivity orders.

Accounting for influence asymmetry in an interacting multiplex

In section 4.2, we derived a tighter lower bound of aggregate volatility by consider-

ing first order inter-connectivity in a weakly interacting (γmkγlk � 1) all-complements

multiplex. It was shown that as long as the co-variances between the degree vectors

are sufficiently large, volatility decays much slower than a non-interacting (γmk = 0)

multiplex. However, as was demonstrated above, influence asymmetry is not only

attributed to asymmetric degree vectors. We briefly demonstrate how to account for

higher order asymmetries in a weakly interacting multiplex.

Using equation (15) we can write

∑
k

∥∥∥b̃k∥∥∥2

=
∑
k

[
‖bk‖2 + 2

∑
l 6=k

γlkb
T
kM

T
Gk
bl +O(γlkγmk)

]

=
∑
k

‖bk‖2 + 2
∑
(l,k)

(
γlkb

T
kM

T
Gk
bl + γklb

T
l M

T
Gl
bk
)

+O(γlkγmk)

where the summation in the second term runs over all distinct layer pairs. In the

previous section of this section, we showed that influence asymmetry for a particular

layer Gk is encoded in the behavior of ‖bk‖2 which in turn, is a function of the

variances of and co-variances between degree vectors of all orders. Therefore, to

account for the asymmetry over and above the co-variance between two degree vectors
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of two different layers, we should look at the behavior of

Ik∼l ≡ γlkb
T
kM

T
Gk
bl + γklb

T
l M

T
Gl
bk

To make the exposition simpler, let us assume that γlk = γkl = γ so that

Ik∼l = γbTk (MT
Gk

+MGl)bl

where the elements of MT
Gk

+MGl = [mk, ji +ml, ij] represent the aggregate bilateral

influence exertions between all agents arising from the strategic interaction between

layers k and l. Similar to our previous notation, denote by di, k the ith order degree

vector of layer k so that

Ik∼l = γ(dT0,k + λdT1,k + λ2dT2,k + ...)[
∞∑
m=0

λm((Gm
k )T +Gm

l )](d0,l + λd1,l + λ2d2,l + ...)

=
∑
m

∑
i

∑
j

γλi+j+mdTi,k((G
m
k )T +Gm

l )dj,l

From the resulting expression consider the term involving the ith order layer k degrees,

the jth order layer l degrees and mth power in the sum

γλi+j+mdTi,k((G
m
k )T +Gm

l )dj,l = γλi+j+m
∑
w

∑
q

(g
[m]
k, qw + g

[m]
l,wq)d

w
i,kd

q
j,l

= γλi+j+m

[
n∑
q=1

(g
[m]
k, qq + g

[m]
l,qq)d

q
i,kd

q
j,l+

+
∑
w

∑
q 6=w

(g
[m]
k, qw + g

[m]
l,wq)d

w
i,kd

q
j,l] ]

]

= γλi+j+m

[
O(
∑
q

dqi,kd
q
j,l) +O(s(Gi

k, G
j
l ))

]

so that the first term scales with the co-variance between the ith order layer k degrees
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and the jth order layer l degrees while the second scales with

s(Gi
k, G

j
l ) =

∑
w

∑
q 6=w

dwi,kd
q
j,l

which is an inter-layer s-metric. The original s-metric: s(G1
k, G

1
k) =

∑
w

∑
q 6=w d

w
1,kd

q
1,k

was introduced by Li et al (2005) and is a measure of how interconnected nodes of

high degree are in the underlying network. The inter-layer s-metric captures a similar

pattern. It measures how similar nodes of high ith order layer k degrees are to those

of high jth order layer l degrees. Recalling the cascade order interpretation of section

6.1, since this quantity is multiplied by the pairwise interaction γ (implying the

occurrence of an inter-layer cascade from k to l), the inter-layer s-metric captures the

tendency of the aggregate state to fluctuate due to the ith order layer k intra-network

cascade and the jth order layer l intra-network cascade. Therefore, Ik∼l scales with

the co-variances between degree vectors of all orders as well as all inter-layer s-metrics.

1.7 Conclusion

This chapter presented a generalized model of multilayered economic connectivity

which was used to identify systemically important agents and characterize the capac-

ity of an economic multiplex to produce aggregate fluctuations. We have shown that

under such connectivity structures, idiosyncratic shocks may cascade across networks

and produce amplified distortions according to the aggregate inter-network margin.

Even when transmission channels across networks are weak, we found that the aggre-

gate inter-network margin can be large enough to (i) induce a reordering of systemic

importance as compared to monolayer networks and (ii) produce volatility levels that

are larger than single network economies.

We demonstrated that the model’s results are flexible enough to be understood

within the contexts of a financial as well as a production economy. With regard to
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financial systems, and as was suggested by the theoretical findings, a multiplex view

implies that systemically important financial institutions are not confined to those

who are important either in a aggregate or a pure monolayer sense. A shock to a bank

which is not the most central in the aggregate exposure network may produce larger

losses than one to the most central as long as there exists some type of exposure het-

erogeneity in the form of seniority or maturity of contracts. In production economies,

our results suggest that the presence of multiplex connectivity may lead to a higher

likelihood of large downturns due to the inherent volatility that such structures can

produce. We believe that this framework has the capacity to be applied to other eco-

nomic systems as well. While adjustments need to be made to the proposed model

so that it may properly describe the desired system, the results of this chapter may

nonetheless serve as a guide for how shocks transmit and amplify within a multiplex

setting.

There are a number of issues that remain open for future research. For example,

it could be argued that modeling multidimensional economic connectivity through

the lens of a multiplex may be too restrictive. One may be interested in cascading

phenomena across components of the economy that are not necessarily populated by

the same set of agents. That is, while every component may be subject to network

interactions among the agents populating it, these agents may not be present in oth-

ers. For example, one may be interested in understanding the role of networks in

transmitting idiosyncratic shocks from the financial system to the production econ-

omy. While the proposed model may not be directly mapped to such environments,

we believe that the processes that govern the transmission and amplification of shocks

would be similar to the multiplex setting.
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1.8 Proofs

Proof of Proposition 1

Consider the mapping P : RnM → RnM defined by

Pik(x11, x12, .., xnM) = fk(
∑
j

gk, ijxjk + εik, xi,−k)

= fk(
∑
j

gk, ijxjk + εik, xi1, .., xik−1, xik+1, .., xiM)

That is the ik (vector) entry of the mapping P is the action of agent i in layer k. For

any x = (x11, x12, .., xnM), x′ = (x′11, x
′
12, .., x

′
nM) ∈ RnM we have

|Pik(x)− Pik(x′)| = |fk(
∑
j

gk, ijxjk + εik, xi,−k)− fk(
∑
j

gk, ijx
′
jk + εik, x

′
i,−k|

Adding and subtracting fk(
∑

j gk, ijx
′
jk+εik, xi,−k), the right hand side can be rewrit-

ten as

∣∣∣∣∣
(
fk(
∑
j

gk, ijxjk + εik, xi,−k)− fk(
∑
j

gk, ijx
′
jk + εik, xi,−k)

)
+(

fk(
∑
j

gk, ijx
′
jk + εik, xi,−k)− fk(

∑
j

gk, ijx
′
jk + εik, x

′
i,−k)

)∣∣∣∣∣
Adding and subtracting

fk(
∑

j gk, ijx
′
jk + εik, x

′
i1, xi2, .., xik−1, xik+1, .., xiM),

fk(
∑

j gk, ijx
′
jk + εik, x

′
i1, x

′
i2, .., xik−1, xik+1, .., xiM),

all the way to

fk(
∑

j gk, ijx
′
jk + εik, x

′
i1, .., x

′
ik−1, x

′
ik+1, .., x

′
iM−1, xiM) and using the Lipsitz condi-
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tion we have

|Pik(x)− Pik(x′)| ≤ θk1
∑
j

gk, ij|xjk − x′jk|+ θk2 |xi1 − x′i1|+ ..+ θkM |xiM − x′iM |

≤ θk1max
j
|xjk − x′jk|+ θk2 |xi1 − x′i1|+ ..+ θkM |xiM − x′iM |

≤ θk1max
j
|xjk − x′jk|+ θk2max

i
|xi1 − x′i1|+ ..+ θkMmax

i
|xiM − x′iM |

≤Mθ̃max
ik
|xik − x′ik|

where we have used the fact that
∑

j gk, ij = 1 ∀ k and where θ̃ = max
i,k

θki ∈ (0, 1
M

).

Taking the maximum over ik on both sides we arrive at

‖P (x)− P (x′)‖∞ ≤Mθ̃ ‖x− x′‖∞

so that P is a contraction mapping with modulus Mθ̃ < 1 and therefore, for any

realization of shocks the equilibrium exists and is unique. �

Proof of Proposition 2

The response of agent i in layer k due to a shock εrk is given by

∂xik
∂εrk

= fk1 (.){
∑
j

gk, ij
∂xjk
∂εrk

+ δir}+
∑
l 6=k

∂fk

∂xil

∂xil
∂εrk

where f i1(.) denotes the partial derivative of fk with respect to the first argument and

δir is the Kronecker delta. Similarly, for the same agent in layer l we have

∂xil
∂εrk

= f l1(.)
∑
j

gl, ij
∂xjl
∂εrk

+
∑
m6=l

∂f l

∂xim

∂xim
∂εrk

Recalling that fk(0) = λk and ∂fk(0)
∂xil

= γkl then, evaluated at the normalized state

63



the two expressions reduce to

∂xik
∂εrk

∣∣∣∣
ε=0

= λk{
∑
j

gk, ij
∂xjk
∂εrk

∣∣∣∣
ε=0

+ δir}+
∑
l 6=k

γkl
∂xil
∂εrk

∣∣∣∣
ε=0

∂xil
∂εrk

∣∣∣∣
ε=0

= λl
∑
j

gl, ij
∂xjl
∂εrk

∣∣∣∣
ε=0

+
∑
m6=l

γlm
∂xim
∂εrk

∣∣∣∣
ε=0

Using the fact that γmkγkl � 1 for all pairs of layers (m, l) and λk = λ∀ k ∈ {1, ..,M},

in vector notation the above reduces to

∂xk
∂εrk

∣∣∣∣
ε=0

= λMGker

∂xl
∂εrk

∣∣∣∣
ε=0

= λγlkMGlMGker ∀ l 6= k

where er is the rth unit vector and MGk is the influence matrix of layer k . Next,

recall that mk, ij denotes the ij element of MGk and define mlk
ij =

∑
qml, iqmk, qj to

be the ij element of the composition MGlMGk . Now, let us consider the response of

the aggregate state given a shock εrk:

∂A

∂εrk
=
∑
i

∂g

∂hi

∑
k

∂hi
∂xik

∂xik
∂εrk

evaluated at ε = 0 and using (p2)-(p3) we have

∂A

∂εrk

∣∣∣∣
ε=0

= cgch
∑
i

∑
k

∂xik
∂εrk

∣∣∣∣
ε=0

= cgchλ

[
(mk, 1r + ..+mk, nr) +

∑
l 6=k

γlk(m
lk
1r + ..+mlk

nr)

]
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where we have used the expressions for action responses. Finally note that

∑
j

mlk
jr = mlk

1r + ..+mlk
nr

=
∑
j

∑
q

ml, jqmk, qr

=
∑
q

bqlmk qr

where bql is the KB centrality of agent q in layer l. Therefore

∂A

∂εrk

∣∣∣∣
ε=0

= cgchλ

[
brk +

∑
l 6=k

γlk
∑
q

bqlmk, qr

]

and thus the Taylor expansion around the normalized state is given by equation (6).�

Proof of Lemma 1 and Proposition 3

Let

Bq
−k = γ1kb

q
1 + ..+ γk−1kb

q
k−1 + γk+1kb

q
k+1 + ..+ γMkb

q
M

so that

Rr
k = brk +

∑
q

Bq
−kmk, qr

Recall that for any weighted graph Gl, the KB centralities satisfy

bil = 1 + λ
∑
j

gl, jib
j
l

where λ is the walk scaling factor. Therefore

∑
q

bql =
n

1− λ
⇒ b̄l =

1

1− λ

where we have used the fact that
∑

j gl, ji = 1 and where b̄l is the average KB cen-
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trality. It follows that

∑
q

Bq
−k =

n

1− λ
dkΓ ⇒ B̄−k =

1

1− λ
dkΓ

where dkΓ =
∑

m 6=k γmk. Similarly, since
∑

qmk, qr = brk then the average influence of

agent r is m̄k, r = 1
n
brk. From the co-variance definition we have

Cov(B−k, mk, r) =
1

n

∑
q

(Bq
−k − B̄−k)(mk, qr − m̄k, r)

=
1

n

[∑
q

Bq
−kmk, qr − B̄−k

∑
q

mk, qr − m̄k, r

∑
q

Bq
−k + nm̄k, rB̄−k

]

=
1

n

[∑
q

Bq
−kmk, qr −

dkΓ
1− λ

brk −
dkΓ

1− λ
brk +

dkΓ
1− λ

brk

]

So that ∑
q

Bq
−kmk, qr = nCov(B−k, mk, r) +

dkΓ
1− λ

brk

and thus

Rr
k = nCov(B−k, mk,r) + (1 +

dkΓ
1− λ

)brk

establishing lemma 1. Next, the correlation coefficient between the vectors B−k =

(B1
−k, .., B

n
−k) and mk,q = (mk,1q, ..,mk,nq) is given by

ρB−k, q =
Cov(B−k, mk,r)

V ar(B−k)
1
2V ar(mk,r)

1
2

Recall that for two agents r, w in layer k such that brk ≥ bwk the necessary condition

for the less central agent to be systemically more important is

Cov(B−k, mk,r)− Cov(B−k, mk,w) < 0
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using the correlation coefficient, the above reads

ρB−k, rV ar(mk, r)
1
2 − ρB−k, wV ar(mk,w)

1
2 < 0

so that, given the possible signs of ρB−k, r and ρB−k, w proposition 3 follows.�

Proof of Lemma 2

Recall that we can write

Rr
k =

∑
q

{1 + γ−k.b
q
−k}mk, qr

where γ−k = (γ1k, .., γk−1k, γk+1k, .., γMk) and bq−k = (bq1, .., b
q
k−1, b

q
k+1, .., b

q
M). It follows

that the intra-network margin always dominates as long as

1 + γ−k.b
q
−k ≥ 0 ∀ q ∈ {1, .., n}, k ∈ {1, ..,M}

From the Cauchy-Schwartz inequality we have

|γ−k.b
q
−k| ≤

∥∥γ−k∥∥2

∥∥bq−k∥∥2

≤ (M − 1)
∥∥γ−k∥∥∞ ∥∥bq−k∥∥∞

≤ (M − 1) ‖Γ‖max
n

1− λ

where ‖Γ‖max represents the max matrix norm of the multiplex coupling Γ. Therefore,

taking the smallest lower bound of γ−k.b
q
−k yields the result.

Proof of Lemmas 3 and 5

Recall that that for a weakly interacting multiplex

(chcgλ)2
∑
k

∥∥∥b̃k∥∥∥2

2
σ2
k = (chcgλ)2

∑
k

[
‖bk‖2

2 + 2
∑
m6=k

γmkb
T
kM

T
Gk
bm

]
σ2
k

Let γmax > 0 denote the largest possible interaction, ‖bmax‖2 the maximal KB cen-
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trality, and Imax = max
(k,m)

bTkM
T
Gk
bm we have

(chcgλ)2
∑
k

∥∥∥b̃k∥∥∥2

2
σ2
k ≤ (chcgλ)2

[
M ‖bmax‖2 + 2γmaxM(M − 1)Imax

]
σ2
max

If ch = Θ(M−α) where α > 1 then c2
h = Θ(M−2α). Therefore, holding constant the

number of agents n, the term in brackets grows at most at rate M2 as M →∞ and

therefore the RHS decays at rate M2(α−1) so that volatility is strictly decreasing in the

number of layers regardless of their linking structures. We have therefore established

lemma 3

When α = 1, and γkm > 0 ∀ (k,m), letting γmin denote the smallest possible

interaction, ‖bmin‖2 the maximal KB centrality, and Imin = max
(k,m)

bTkM
T
Gk
bm, we have

(chcgλ)2
∑
k

∥∥∥b̃k∥∥∥2

2
σ2
k ≥ (chcgλ)2

[
M ‖bmin‖2 + 2γminM(M − 1)Imin

]
σ2
min

Therefore, as long as γminImin >
1
2
, the RHS and as a consequence the lower bound

of aggregate volatility, is increasing in the number of layers.�

Proof of Lemma 4 and Proposition 4

Aggregate volatility is given by

V ar(A)
1
2 = cgchλ

√√√√ M∑
k=1

∥∥∥b̃k∥∥∥2

2
σ2
k

We give a lower bound for
∥∥∥b̃k∥∥∥2

2
with γkm ≥ 0∀ k 6= m after which we sum over all

layers. First note that

b̃
T

k = {1T + γ−k.b
T
−k}MGk

≥ {1T + γ−k.b
T
−k}[I + λGk]

≥ {1T + γ−k.(1
T + λ1TG−k)}[I + λGk]
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where the inequalities follow by bounding equation (1) by its first two terms in the

series and where 1T +λ1TG−k denotes the vector (1T +1TλG1, ..,1
T +1TλGk−1,1

T +

1TλGk+1, ...,1
T + 1TλGM). Upon algebraic manipulation it can be shown that

b̃
T

k ≥ (1T + λdTk ) +
∑
m6=k

γmk(1
T + λdTk + λdTm + λ2dTmGk)

where dTk is the outdegree of layer k. Therefore

∥∥∥b̃k∥∥∥2

2
= b̃

T

k b̃k

≥ (1T + λdTk )(1 + λdk) + 2
∑
m 6=k

γmk(1
T + λdTk + λdTm + λ2dTmGk)(1 + λdk)

≥ (1T + λdTk )(1 + λdk) + 2
∑
m 6=k

γmk(1
T + λdTk + λdTm)(1 + λdk)

where we have used the fact that γikγjk � 1. In the last inequality we drop the term

involving λ2dTmGk as it yields expressions containing second order degrees. Here we

are interested in the first order inter-connectivity bound. We analyzed higher order

interactions in section 6.2.

Next it is easy to see that for any weighted graph Gk:
∑

q d
q
k = n so that 1Tdk =

dTk 1 = n. Furthermore we have 1T1 = n, dTk dk =
∑

q(d
q
k)

2 and dTmdk =
∑

q d
q
md

q
k. It

follows that

(1T + λdTk )(1 + λdk) = (1 + 2λ)n+ λ2
∑
q

(dqk)
2

and

(1T + λdTk + λdTm)(1 + λdk) = (1 + 3λ+ λ2)n+ λ2
∑
q

(dqk)
2 + λ2

∑
q

dqkd
q
m
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Finally letting dkΓ =
∑

m6=k γmk we arrive at

c2
gc

2
h

∥∥∥b̃k∥∥∥2

2
≥ c2

gc
2
h

[
[1 + 2λ+ 2(1 + 3λ+ λ2)dkΓ]n+

+ λ2(1 + 2dkΓ)
∑
q

(dqk)
2 + λ2

∑
m6=k

γmk
∑
q

dqkd
q
m

]

=


Θ(n1−2βn) +Θ

(
n1−2β

∑
q(d

q
k)

2
)

+Θ(n1−2β
∑

m 6=k
∑

q d
q
kd

q
m)

Θ(M1−2α(1 + dkΓ))

where the first expression holds as n → ∞, the second as M → ∞ and the equality

follows from (p2) and (p3). Since dTk 1 = n then the average outdegree in each layer

is equal to 1. From the definition of the coefficient of variation we have

1

n

∑
q

(dqk − d̄k)
2 =

1

n

∑
q

(dqk)
2 − 1⇒

∑
q

(dqk)
2 = n(1 + CVk) > n

Similarly, from the definition of the coefficient of co-variation it can be shown that

∑
q

dqkd
q
m = n(1 + CoVkm) > n iff CoVkm > 0

Therefore, in the large n limit the second term always dominates the first whereas

the third dominates the first as long as the co-variance is positive. It follows that

c2
gc

2
h

∥∥∥b̃k∥∥∥2

2
= Ω

(
n(1−2β)

{
(1 + CVk) +

∑
m 6=k

CoVkmH[CoVkm]

})
as n→∞

In the large M limit the rate of decay is smaller than M1−2α as long as dkΓ grows

at least at rate M which implies that layer k exhibits strategic interactions with a

non-vanishing fraction of layers. Therefore

c2
gc

2
h

∥∥∥b̃k∥∥∥2

2
= Ω

(
M (1−2α)

{
1 + dkΓ

})
as M →∞
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Summing over all layers and taking the square root gives proposition 4. Setting dkΓ = 0

for all k gives lemma 4.�

Derivation of equilibrium in section 5.1

The households optimal decision rule is given by

cjm =
pik
pjm

cik ∀ i, j, k,m

and the first order conditions of firm i in sector k read
lik = (1−2λ)pik

w

xijk =
λgk ijpikxik

pjk

xik, im = λγmkpikxik
pim

Letting sik = pikxik, denote equilibrium sales, and using the market clearing condition

of good i form sector k we have

sik =
w

nM
+ λ

∑
j

gk, jisjk + λ
∑
m 6=k

γmksim ∀ (i, k)

where we have used the household’s optimal decision. The above is a nM linear system

of equations. Given γmkγkl � 1 for all pairs (m, l), and letting sk = (s1k, .., snk) the

solution is approximated by

sk ≈
w

nM
[bk + λ

∑
m6=k

γmkM
T
Gk
bm]

so that sik = vikw where vik = 1
nM

(bik+
∑

l 6=k γlk
∑

q b
q
lmk, qi). From the firms optimal-

ity decision it follows that lik = (1− 2λ)vik, xijk =
λgh, ijxjkvik

vjk
and xik, im = λγmkximvik

vim
.
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Plugging these expressions into the firm optimality conditions and choosing

Bik =

[
vik(1− 2λ)1−2λ

∏
j

(
λgk,ij
vjk

)λggij ∏
m

(
λγmk
vim

)λγmk]−1

it follows that

log(xik) = λεik + λ
∑
j

gk, ijlog(xjk) + λ
∑
m6=k

γmklog(xim)

where εik = log(zik). Setting the ideal price index to nM
Q

(p11...pnM)
1
nM to be equal to

1 and using the fact that from equilibrium sales we have pik = sik
xik

= vikw
xik

it follows

that

nM

Q
w(
v11

x11

...
vnM
xnM

)
1
nM = 1

taking logs:

log(w) =
1

nM

∑
(i,k)

log(xik)−
1

nM

∑
(i,k)

log(vik)− log(
nM

Q
)

and choosing Q to satisfy

− 1

nM

∑
(i,k)

log(vik)− log(
nM

Q
) = 0

yields equation (23)
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2 The Tangled Webs we Weave: Mutiplex Formation

2.1 Introduction

An economic agent is typically connected to others in a multiplex comprising of

multiple interrelated networks (or layers) of bilateral relationships. For example, in-

dividuals may be connected through familial-kinship ties, friendship links, political

affiliations, and business connections. Firms may find themselves linked through sup-

ply chains, market competition, R&D collaborations, and market sharing agreements.

Countries could be connected through free trade agreements, economic ties, environ-

mental accords, and military alliances. Figure 2.1 provides a graphical representation

of such multiplex connections.22 There is growing recognition that outcomes from

social interactions are often shaped by the entire multiplex rather than by just one

constituent layer23. Akin to the distinction between partial and general equilibrium

analysis, previous research into mono-layer network formation can be understood as

abstracting from feedback from other types of connections, and multiplex analysis

as explicitly incorporating these feedback effects. The existing literature, however,

lacks a multiplex formation model founded on the optimizing behavior of agents who

strategically weigh the benefits and costs of connections across multiple networks.

22The same set of agents are embedded in each layer of the multiplex. Agents can be linked to
different partners in different layers, but there are no connections between the same agent across
layers. Multiplexes are usually drawn as in figure 2.1(a) but we will use an alternative representation
provided in figure 2.1(b) that can capture the relationship between pairs of layers.

23For example, Atkisson et al (2020) have noted that: “Understanding the structuring processes
that underlie multiplex networks will help understand increasingly rich data sets, giving more accu-
rate and complete pictures of social interactions.”
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Figure 2.1. A Three Layered Multiplex

Insights from the extensive single network literature suggest that the motive force

for multiplex link formation should lie in the externalities generated by connections

within layers (intra-layer externalities) and their propagation and accumulation across

layers (inter -layer externalities). However, the multidimensional nature of a multi-

plex, and the gamut of possibilities it affords to the interplay of externalities, vitiates

against a general model that encompasses all aspects of externalities. In this chap-

ter, as a first step towards understanding link formation in a multiplex, we propose

a simple model that provides tractable closed-form expressions for intra-layer and

inter-layer externalities and transparently captures their propagative and aggregative

role in shaping the multiplex topology. With this model we attempt to address the

following questions:

• How do connections in one layer, along with the externalities they engender,

influence link formation on other layers?

• If an initial layer is characterized by an unequal distribution of links among

agents, then is there a mechanism through which this inequality impacts link

formation on other layers? If indeed it does, then are these unequal connections

accentuated or mitigated on other layers?
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• Empirical research has focused on lower dimension duplexes and triplexes.24

Motivated by this research, given an initial topology on one layer, is it possible

to completely characterize the equilibrium topologies on all layers for the duplex

and the triplex? In particular, given an agent’s location and prominence in one

layer, can we infer the agent’s location and prominence in other layers of the

multiplex?

• To what extent can the equilibrium characterization of lower dimensional mul-

tiplex topologies be extended to general higher dimensional multiplexes?

• Finally, what are the implications of the equilibrium multiplex topology for

inequality in payoffs?

Overview of the Model

To address the above concerns, we endow our model with two primitives that define

the role of externalities and drive link formation. The first is a seed layer (familial,

kinship, ethnic) comprising a set of inherited connections. Externalities propagating

from the seed layer provide the initial impetus for strategic link formation on other

layers. The second element specifies the nature of externalities – positive or nega-

tive – that transmit from one layer to another. This is accomplished by coupling

pairs of layers as either complements or substitutes. A layer pair are complements

(substitutes) if the actions exerted by an agent on the pair are strategic comple-

ments (strategic substitutes), i.e., if an increase in actions on one layer induces an

increase (decrease) in actions on the other. When a link is added on one layer, then

it generates positive (negative) inter -layer externalities on another layer if they are

complements (substitutes). Within each layer we maintain that actions are strategic

complements and, therefore, intra-layer externalities are positive. The architecture

24For example, social connections and crime (Mastrobuoni and Patacchini 2012, Calvo-Armengol
et al 2007); marriage-political-economic networks (Padgett and Ansell 1993); work and crime (Calvo-
Armengol et al 2009, Lee 2019); social connections and education (Calvo-Armengol et al 2009).
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of the seed layer, together with the coupling of layer pairs in the multiplex as com-

plements or substitutes, shapes the propagation and aggregation of the intra- and

inter-layer externalities and defines the topology of the multiplex.

The network topology is said to be regular if all agents have the same number

of connections (degree) and irregular otherwise. We consider a family of irregular

networks called nested split graphs (NSG) which includes stars, certain interlinked

stars, and core-periphery networks. Figure 2.2 provides examples with five agents.

Given a NSG topology on the seed layer, we examine how link formation due to

externalities induces irregular architectures on other layers and shapes a layer to be

either parallel to the seed (the ordinal ranking of agents by centrality is preserved)

or flip of the seed (the centrality ranking is reversed). We are motivated by the fact

that economic and social networks are typically irregular25 and this irregularity often

translates into inequality in market and non-market outcomes.

Figure 2.2. Nested Split Graphs

Even in the mono-layer case, models of link formation are plagued by a multiplicity

of equilibria. The problem is only compounded with multiple layers. To address

multiplicity, we propose a specialized model of link formation on the multiplex that

selects among (pairwise stable) equilibria, draws out the role of intra-layer and inter-

25The pervasiveness of unequal connections in networks is discussed, for instance, in Goyal and
Joshi (2006) and Jackson (2008, Chapter 3). As a point of contrast, in section 6 we also examine
the case where the seed layer is regular.
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layer externalities, and keeps track of agents’ position in the centrality echelon on each

layer.26 The model has two stages. In the first stage, agents form links in all layers

of the multiplex. In the second stage, conditional on the multiplex topology, agents

choose their actions simultaneously on all layers. The first stage multiplex formation

proceeds through an “exhaustive” dynamic game. The seed layer, endowed with a

NSG topology, is assigned index 1. The remaining layers are indexed in increasing

order and are initially empty. Link formation begins on non-seed layer 2. Agents can

delete any existing links and form new bilateral connections in layer 2 – called the

evolving layer – until all profitable linking/de-linking opportunities are exhausted and

we achieve a partial equilibrium. Link formation then proceeds to layer 3 to establish

a partial equilibrium. The process cycles repeatedly through all layers, including the

seed layer, until a general equilibrium multiplex configuration is reached in which no

links are deleted and no profitable bilateral links exist on any layer given the topology

on the other (M − 1) layers. Such a general equilibrium, inspired by the pairwise-

stability notion of Jackson and Wolinsky (1996), is called a pairwise-stable (or pws-)

equilibrium multiplex.

Overview of the Main Results

We begin our analysis with the duplex (M = 2) since it permits us to focus ex-

clusively on the bilateral propagation of inter-layer externalities. The layer on which

links are formed is the evolving layer while the other is the fixed layer. When the

layers are complements (substitutes), then the pws-equilibrium duplex assumes par-

allel (flipped) topologies where high centrality agents in one layer assume high (low)

centrality in the other. In both cases, the pws-equilibrium duplex is a NSG on the

layer pair. Intuitively, propagation of externalities in the duplex can be understood as

26Clearly there are multiple ways in which link formation can be approached on a multiplex, and
multiple ways in which an equilibrium can be defined (Bloch and Jackson 2006). We provide other
alternatives to link formation in section 6. However, all models will have the interplay of intra- and
inter-layer externalities at their core and, therefore, other than perhaps a coarser or finer form of
the layer topology, will generate qualitatively the same results.
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the tendency of the evolving layer to be shaped in a parallel manner to the fixed layer

from which externalities are emanating. This is a consequence of agents trying to

link with partners who simultaneously produce the largest intra-layer and inter-layer

externalities. Within an evolving layer, the highest intra-layer externality is associ-

ated with the highest centrality agent in that layer. When layers are complements,

the highest inter -layer externality exerted on the evolving layer stems from the high-

est centrality agent on the fixed layer. This interplay, therefore, galvanizes agents

to preferentially attach to high centrality partners on both layers producing paral-

lel architectures. When layers are substitutes, then negative inter-layer externalities

prompts agents to connect to those with high centrality on the evolving layer but low

centrality on the fixed layer. Preferential attachment now engenders flipped topolo-

gies, with high-centrality agents in the seed layer occupying low-centrality vertices in

the non-seed layer.

The duplex result can be illustrated with the help of examples drawn from the

literature on networks and crime. Mastrobuoni and Patacchini (2012) have noted

that family connections matter in the criminal world.27 This suggests that for a family

with criminal ties, actions within the familial network and those in the criminal

network are likely to be strategic complements. Therefore, those who have high

centrality in the family network of criminal connections will be more central in the

criminal world, while those less connected in the family network will be less central

in the criminal sphere (presumably seeking opportunities outside of crime). On the

other hand, drawing on Calvo-Armengol et al (2007) and Lee (2019), work effort in

the professional network and actions within the criminal network can be considered

strategic substitutes. Therefore, agents with high centrality in the criminal network

can be expected to be less central in the professional. Figure 2.3 illustrates the

pws-equilibrium duplex. The dotted line connecting two layers denotes the coupling

27For example, “members from Sicily and those with stronger ties to the Mafia culture are likely
to be trusted more, as they are more likely to adhere to omerta.”
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between them, with a (+) indicating they are complements and a (–) that they are

substitutes. The characterization, “parallel” or “flip” on layer 2 is with respect to the

architecture of the seed layer. We follow this convention in all subsequent figures.

Figure 2.3. Duplex Equilibria

In the case of a triplex (M = 3), two considerations come into play. First, there is

more than one source from which externalities can propagate. An evolving layer can

be faced with both positive and negative externalities emanating from the two fixed

layers. Second, since the evolving layer can simultaneously face parallel and flipped

evolutionary tendencies, the aggregative role of inter-layer externalities becomes im-

portant. Aggregation can be construed as summing over both inter-layer externalities

and the propensity of the network to evolve according to which one dominates. If

layers 1 and 2 are complements (substitutes), then drawing on the duplex, the pws-

equilibrium on layer 2 will be a NSG that is parallel (flip) to the seed. The topology

on layer 3 depends on the manner in which it is coupled to the other two layers. If

the coupling causes aggregate inter-layer externalities on layer 3 to be positive (neg-

ative), then the topology of layer 3 is parallel to (flip of) the layer with the dominant

inter-layer externality.

We illustrate the nature of triplex pws-equilibria through two examples. The first

example is where all layers are pairwise complements. It is based on Padgett and

Ansell (1993) who traced the political power of the Medici family in Renaissance

Florence to their centrality in the marriage network. Therefore, marriage and po-
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litical networks were complements. Further, according to Padgett (2012), marriage

and business/banking networks were complements since, “. . . partnership with mar-

riage provided social foundations for fiducia (trust) within the merchant community

to make the credit system function.” Of course, we would expect political and busi-

ness/banking networks to be complements. Therefore, consistent with findings of

Padgett and Ansell (1993), we find that the pws-equilibrium triplex topology is a

NSG on all layers which is parallel to the seed (marriage) network. In particular,

agents who have high (low) centrality in the marriage network also have high (low)

centrality in the political and business networks.

Our second example draws upon Calvo-Armengol et al (2009) that a productive

peer network yields positive educational outcomes. Since these in turn can be ex-

pected to generate successful outcomes in the professional sphere, the peer and pro-

fessional networks are complements. Both networks, following Calvo-Armengol et al

(2007) and Lee (2019), are substitutes of the delinquent/criminal network. Figure

2.4 shows the two triplex pws-equilibria that arise depending on the sequence of link

formation starting from the peer (seed) network. In figure 2.4(a), link formation pro-

ceeds from the peer network to the professional network, and the logic of the duplex

shapes a parallel topology on the latter. When link formation proceeds to the delin-

quent network, then the aggregate inter-layer externalities acting on this network are

sufficiently negative and disincentivize any criminal connections from emerging.
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Figure 2.4. Triplex Equilibria

Figure 2.4(b) changes the order of link formation. The delinquent network contin-

ues to face a negative inter-layer externality from the peer network. However, since

the professional network is initially in an empty position, aggregate negative exter-

nalities acting on the delinquent network are smaller in magnitude than in figure

2.4(a). If link formation is profitable in the delinquent network, then the dominating

negative externality from the peer network will cause it to evolve in a flipped manner.

The professional network is now faced with positive (negative) inter-layer external-

ities from the peer (delinquent) network. If the aggregate inter-layer externality is

positive, then it will evolve parallel to the peer network, while if negative it will evolve

as flip to the delinquent layer. Either way, the professional network will be parallel

to the peer network in the pws-equilibrium.28

The sensitivity of the triplex pws-equilibrium to the sequencing and coupling of

layers could be considered problematic. However, we believe that the path depen-

dence property attests to the richness of social outcomes that can be observed in the

real world within the same multiplex of relationships. It also permits an important

28The professional network may, however, vary in density relative to the peer network. In figure
2.4(a) it could be denser than the peer network while in figure 2.4(b) it could be sparser. We capture
this property in our equilibrium characterization results through the notion of “coarsening at top or
bottom.”
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role to policy in shaping social outcomes by influencing the sequence in which link

formation proceeds through layers. As figure 2.4 indicates, preemptively closing chan-

nels through which delinquent links are formed, and fostering instead early productive

ties, can lower criminal activity and improve labor market outcomes.

Finally, we move to higher dimensional multiplexes. When the first coupling during

link formation between the seed (layer 1) and layer 2 is complementary, then each

non-empty layer of a pws-equilibrium multiplex is a NSG parallel to the seed layer.

Therefore, inequality in connections in the seed network is faithfully reflected in all

non-empty layers irrespective of their coupling with others. In contrast, when layers

1 and 2 are substitutes, then both parallel and flipped NSG topologies emerge in the

pws-equilibrium of a “balanced” class of multiplexes. We also show that pairwise

complementarity (substitutability) among layers accentuates (alleviates) inequality

in gross payoffs.

Literature Survey

The literature on link formation in mono-layer frameworks, following the seminal

contributions by Jackson and Wolinsky (1996) and Bala and Goyal (2000), is exten-

sive. The literature on multiplexes beyond the mono-layer case is mainly empirical.29

Sociologists and anthropologists have also discussed the importance of a multiplex

in describing the complex nature of human relationships (Padgett and Ansell 1993,

Padgett 2012). There is also empirical literature in finance (e.g., Aldasoro et al 2017,

Aldasoro and Alves 2018). Outside of economics, simulation driven multiplex models

have recently emerged in network science (e.g., Arenas et al 2014). The theoretical

literature on multiplex formation in economics, however, is sparse.

Among theoretical models, Chen et al (2018) allow agents to engage in two different

29With respect to a duplex, in addition to the references noted earlier examining peer effects in
crime and labor markets, the linkage between social and business networks have been noted for
the guanaxi in China (Kali, 1999), the chaebols in Korea, and the marwaris and parsis in India
(Damodaran, 2008). The linkage between kinship and economic networks has been noted by Biggs
et al. (2002), Fafchamps (2000), and Munshi (2011). Jackson and Nei (2015) have examined the
relationship between networks of trade and military alliances.
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activities that are either complements or substitutes on a fixed network architecture.

This chaper, while considering a vector of activities that can be either complements or

substitutes on layer pairs, also explicitly considers the endogenous formation of net-

works on each layer of the multiplex. Joshi et al (2020) consider partial equilibrium

on a duplex when layers are complements. This chapter generalizes their analysis

to the full multiplex and considers both complements and substitutes. Billand et al

(2021) consider simultaneous link formation on a duplex and examine equilibrium

networks under different payoff specifications such as convexity/concavity and super-

modularity/submodularity. This chapter considers link formation on one layer at a

time but is able to extend the analysis beyond duplexes. Walsh (2021) considers a

multilayer extension of the symmetric connections model of Jackson and Wolinsky

(1996) where agents simultaneously add and delete links across mutually complemen-

tary layers. This chapter allows both complementarity and substitutability among

layers and extends beyond the symmetric connections model.

The chapter is organized as follows. The multiplex model is presented in Section

2. The duplex and triplex are considered respectively in sections 3 and 4. Section 5

considers the general multiplex. Section 6 discusses payoff inequality and additional

aspects of the model. Section 7 concludes. The proofs are collected in section 8.

2.2 A Model of Multiplex Formation

2.2.1 Unweighted and Undirected Networks

A network (equivalently, layer) is formally defined as a tuple (N ,G), where N =

{1, 2, ..., N} is the set of agents (nodes), and G is the set of undirected links between

the agents. For brevity, we will refer to G as the network and provide two alternative

representations. The first lets G denote the collection of all bilateral links ij that

exist between any pair of agents i and j. Since links are undirected, if ij ∈ G then

ji ∈ G. The second lets G = [gij] denote the (symmetric) adjacency matrix of the
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network such that gij = gji = 1 if i and j are linked and gij = gji = 0 otherwise. Self-

loops are ruled out and so gii = 0 ∀i ∈ N . The neighborhood of agent i is denoted

by Ni(G) = {j ∈ N\{i} : ij ∈ G} and its cardinality, also called agent i’s degree, by

di(G). A regular network is one in which all agents have the same degree; otherwise

the network is irregular. Regular networks include the empty network (degree 0),

the wheel network (degree 2), and the complete network (degree N − 1). Suppose

the distinct positive degrees in G are d(1) < d(2) < · · · < d(m) and let d(0) = 0

even if there are no isolated agents in G. The degree partition of G is denoted by

P(G) = {P0(G), P1(G), ..., Pm(G)}, where all agents in the element Pk(G) of the

partition have the same degree d(k), k ∈ {0, 1, ...,m}.

Nested Split Graphs: We will pay particular attention to nested split graphs (NSG)

with a degree partition P(G) satisfying the property that for each i ∈ Pk(G), k ∈

{1, ...,m}:

Ni(G) =

 ∪kl=1Pm+1−l(G), k = 1, 2, ..., bm/2c

∪kl=1Pm+1−l(G)\{i}, k = bm/2c+ 1, ...,m

where bxc denotes the largest integer smaller than or equal to x. We assume an NSG

architecture on the seed layer for a number of reasons. First, its nested property

permits us to track the identity of agents occupying different echelons of the degree

partition on each layer. Second, the ordering of agents according to degree also

corresponds to their ordering according to (Bonacich) centrality in the network (Konig

et al 2014, Proposition 1). Third, the NSG architecture arises naturally on a layer as

equilibrium under strategic complementarities (Konig et al 2014; Hiller 2017).

A network is connected if each pair of agents have a direct link, or are indirectly

connected through a sequence of links between distinct agents. A maximally con-

nected sub-network G′ in G is called a component of G. We let G− ij (respectively

G + ij) denote the network obtained from G by deleting (respectively, adding) the
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link ij. When G′ ⊆ G, we will say that the network G is denser than G′.

(Bonacich) Centrality: Given G and the identity matrix I, consider the following

matrix for a sufficiently small attenuation parameter λ > 0:

M(G,λ) ≡ [I−λG]−1 =
∞∑
s=0

λsGs (2.1)

where G0 = I. The matrix M(G,λ) is the influence matrix of G and its ij-element,

mij, is i’s influence on j in network G.30 The Bonacich centralities (Bonacich, 1987),

or simply centralities, of the agents in G are defined as:

bG,λ = M(G,λ)1 =
∞∑
s=0

λsGs1 (2.2)

The ith-component, biG,λ, of bG,λ measures the total number of λ-weighted walks

originating from agent i in G and is a measure of i’s prominence in that layer. The

centralities of agents in each layer will be the key driver of link formation in the

multiplex. It is, therefore, vital to capture in closed form the change in centrality of

agents in a layer conditional on any link formed in that layer. The following result

will be crucial in this respect.

Proposition 5. Let G be any network with influence matrix M(G,λ) = [mij]. If

ij /∈ G, then:

M(G + ij,λ)−M(G, λ) = M(G,λ)WG(ij) (2.3)

where the argument in WG(·) denotes the link that is added in the network G and

30If λµmax(G) < 1, where µmax(G) > 0 is the spectral radius of G, then [I−λG]−1 is well-defined
and non-negative. Since the spectral radius of any adjacency matrix is bounded above by the highest
degree, we must have that λ < 1/(N − 1).
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the knth-element of the matrix WG is given by:

wkn(ij) =


λv2min + λ2v1v2miimjn, k = j

λv1mjn + λv1mjjwjn(ij), k = i

0, otherwise

where v1 = 1
1−λmji and v2 =

1−λmji
(1−λmji)(1−λmij)−λ2mjjmii

. Further, the change in agent i’s

centrality from adding a link ij is given by:

∆biG(ij) ≡ biG+ij − biG = αbiG + βbjG (2.4)

where α = v2− 1 and β = λv1v2mii. The entries of WG(ij) are strictly increasing in

the influence elements of i and j.

Multiplex: A multiplex is a set of M networks with the same set N of agents

(with possibly different connections) inhabiting each network. It is denoted byM =

×Mk=1(N ,Gk). When we want to draw attention to a layer Gk, or to two layers Gk

and Gl, we will write the multiplex respectively as (Gk,G−k) or
(
Gk,Gl,G−{k,l}

)
.

Parallel and Flipped NSG Topologies: Suppose we are given a NSG layer Gk

with a ranking of agents by centrality as b1
Gk
≤ b2

Gk
≤ .. ≤ bNGk

. We will say that a

NSG layer Gl exhibits a parallel topology to Gk if it exhibits the same ranking of

agent centralities, i.e., b1
Gl
≤ b2

Gl
≤ .. ≤ bNGl

, and it exhibits a flip NSG topology to

Gk if the centrality rankings are reversed, i.e., b1
Gl
≥ b2

Gl
≥ ... ≥ bNGl

. In figure 2.2, we

have parallel NSG architectures horizontally and flip NSG architectures vertically. A

regular Gl is trivially both parallel and flip to a Gk that is NSG.

Coarsening at the Top and Bottom: In addition to parallel or flip architectures,

we would also like to characterize the density of links on different layers. This moti-

vates the following concept. Let the vector d(G) = {d1(G), d2(G), ..., dN(G)} denote

the degree distribution of agents in a network G. We say that d(G) first order dom-

86



inates d(G′), represented as d(G) �FOD d(G′), if di(G) ≥ di(G
′), ∀i ∈ N , with

strict inequality for at least one agent. The network G is coarser than G′ if for

each Pk′(G
′) ∈ P(G′), there exists a Pk(G) ∈ P(G) such that Pk′(G

′) ⊆ Pk(G).

The network G is a coarsening at the top (respectively coarsening at the bottom)

relative to G′ if: (i) G is coarser than G′, and (ii) d(G) �FOD d(G′) (respectively,

d(G′) �FOD d(G)).

2.2.2 Payoffs, Timing of Moves, and Equilibrium

In our model, agents interact with each other through M ≥ 2 layers of connections.

The number of layers, M , is fixed. We study a two-stage game. In the first stage

agents form links in the multiplex M = ×Mk=1(N ,Gk). In the second stage, they

simultaneously choose actions on each layer of the multiplex.

Payoffs: Let Ai ⊂ RM
+ denote the action set of agent i for the second stage game

on the multiplex where, for ai = (xi1, xi2, .., xiM) ∈ Ai, we let xik denote agent i’s

action on layer Gk. Let A = ×Nq=1Aq denote the set of action profiles and ui :

A×G1 ×G2 × ...×GM −→ R the utility function of agent i. Following Ballester et

al. (2006), we specify a linear-quadratic utility function:

ui(ai, a−i; G1, .., GM) =
M∑
k=1

[
xik −

1

2
x2
ik + λkxik

∑
j∈N

g
ij, k
xjk

]
+

M−1∑
k=1

M∑
l=k+1

γklxikxil

(2.5)

where Gk = [g
ij, k

]. The first term within the square brackets captures the impact

of own actions within the layer Gk. The negative quadratic within each bracket

represents the cost of action in that layer. We assume that λk > 0 so that actions

of agents within each layer are strategic complements. The indicator function, g
ij,k

,

denotes the presence of the link ij in layer k. The last term is crucial in that it creates

interdependencies between all layers by creating strategic complementarity in actions

of agent i in any two layers when γkl > 0 and strategic substitutability when γkl < 0.

We will assume that γkl = γlk for all l, k, and γkk = 0 for all k. We will say that
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layers Gk and Gl are complements if γkl > 0 and substitutes if γkl < 0.

Second Stage Nash Equilibrium: Given a multiplex M = ×Mk=1Gk, an action

profile a∗(G1, .., GM) is a Nash equilibrium of the second stage game if:

ui(a
∗
i (G1, ..,GM), a∗−i(G1, ..,GM); G1, ..,GM) ≥ ui(ai, a

∗
−i(G1, ..,GM); G1, ..,GM)

∀ai ∈ Ai, ∀i ∈ N and where a∗−i(G1, ..,GM) is the Nash action profile of agents other

than i. Existence of a unique interior Nash equilibrium is shown in Proposition 6

below. We denote the (first stage) reduced form utility function of agent i by:

Ui(G1, ..,GM) = ui(a
∗
i (G1, ..,GM), a∗−i(G1, ..,GM); G1, ..,GM)

To ease notation, for any function f : ×Mk=1Gk → R, we will denote the change in f

when a link ij is formed on layer Gk and all other layers remain fixed as:

∆f(Gk + ij,G−k) = f(G1, ..,Gk + ij, ..,GM)− f(G1, ..,Gk, ..,GM)

An Exhaustive Game of Multiplex Formation: In the first stage agent form

connections in the multiplex. There are many ways to specify a link formation game

and we choose a formulation that clearly and parsimoniously draws out the role of

externalities in shaping the multiplex topology.31 This formulation, called an ex-

haustive game, is played on one layer at a time and continues on that layer until all

profitable opportunities for link formation are exhausted. We endow one layer – the

seed layer G1 – with a historically given NSG topology. Link formation begins on

G2 and progresses through layers with successively higher index culminating on the

final layer, GM . We refer to this progression from G1 through GM as a rotation. The

31Alternatives modeling choices for the link formation game are discussed in section 6.

88



link formation process then returns to the layer G1 to begin another rotation. The

rotations are repeated until agents have no incentive to delete links or form new links

in any layer of the multiplex. All agents have the same cost of link formation, c ≥ 0,

and this cost is the same in all layers. Information is perfect and agents observe all

links that are formed or deleted on the evolving layer as well as the topology on the

fixed layers. Agents are myopic and make decisions to delete or form links on the

evolving layer contingent upon its current topology and the topology on the fixed

layers.32 Therefore, it is the current multiplex topology that is of interest to agents

rather than the history of the link formation process that engendered the current

state.

The order of play, the actions available to an agent with the move, and the evolution

of the multiplex is as follows:

• The exhaustive game starts from an initial multiplex,M(0) = ×Mk=1(N ,Gk(0)),

where G1(0) has a NSG topology, and Gk(0) is empty for all k ∈ {2, 3, ..,M}.

• Agents are indexed in ascending order of their centrality (with random assign-

ment if they have the same centrality) in the initial NSG topology on G1(0).

• On an evolving layer, agents move sequentially in increasing order of their

index. In rotation r ∈ {1, 2, ..}, the initial topology on an evolving layer

k ∈ {1, 2, ...,M} is denoted by Gk(0, r), and the topology after t sequential

moves by agents is denoted by Gk(t, r).

• The state of the link formation game is given by the 5-tuple

(k, r,Gk(t, r),G−k, i ∈ N )

32A myopic formulation is fairly standard and, as noted by Jackson and Watts (2002), would hold
if players highly discount the future. An analysis under farsighted network formation (Dutta et al.
2005) is challenging even in mono-layer environments and remains an open question in the multiplex
case.
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and identifies the evolving layer k, the rotation r, the topology Gk(t, r) on the

evolving layer, the topology G−k on the fixed layers, and the identity of the

agent with the move (the active agent).

• An agent’s strategy associates a linking activity to each possible state. Suppose

the current state is (k, r,Gk(t, r),G−k, i) and i′ is some arbitrary agent. There

are three possibilities depending on the identity of agent i′:

1. If i′ = i, then i′ is the active agent in the current state. As the active agent,

i′ can: (i) delete links with any neighbors in Ni′(Gk(t, r)), and (ii) propose

at most one link to an agent j /∈ Ni(Gk(t, r)). If there is more than one

partner available, i′ chooses a partner generating the highest incremental

utility (with ties resolved by choosing the agent with the highest index).33

Agent j, to whom the link is proposed, is called the passive agent.

2. If i′ 6= i, then i′ does not have the move. If i′ = j, then i′ is the passive

agent, and the strategy specifies whether given the current state agent i′

should accept or reject a proposed link from the active agent. In particular,

i′ should accept the link from i if ∆Ui′(Gk(t, r) + ii′,G−k) ≥ c and reject

otherwise.

3. If i′ 6= i, j, then i′ is neither active nor passive. Agent i′ is called inert and

the strategy assigns a null set to the current state indicating that the inert

agent has no role to play in the current stage of the link formation game.

• Suppose i offers a link to j in the state (k, r,Gk(t, r),G−k, i). The link is formed

if only if agent j approves. Both i and j then incur the cost of the link which

is henceforth sunk and cannot be recouped.

33We will see that whether the active agent deletes links first and then proposes a link, or the
other way round, will not matter since no links that are formed will be deleted in the course of play.
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• Any unilateral deletion of own links by the active agent, and the possible forma-

tion of a new link with a passive agent, leads to the network topology Gk(t+1, r).

Then Gk( t+ 1, r) is said to be reachable from Gk(t, r) and the game proceeds

to next state (k, r,Gk(t+ 1, r),G−k, i+ 1) with agent i+ 1 as the active agent.

After all N agents have moved, the sequential game restarts with agent 1.

• The sequence of networks, {Gk(0, r),Gk(1, r), ..,Gk(t, r), ..}, generated in this

manner on the evolving layer is called an improving path. In particular, along

this path: (i) Gk(t+1, r) is reachable from Gk(t, r), t ∈ {0, 1, ..}, (ii) if the active

agent is i when the current network is Gk(t, r), and Gk(t+ 1, r) = Gk(t, r) + ij,

then i benefits strictly, and j weakly from the link, and (iii) if the active agent

is i when the current network is Gk(t, r), and Gk(t + 1, r) ⊆ Gk(t, r), then

Ui(Gk(t+ 1, r),G−k) ≥ Ui(Gk(t, r),G−k).

• Adapting Jackson and Watts (2002, Lemma 1), an improving path leads either

to a closed cycle or a limit network in which no active agent has an incentive

to delete links or form a mutually profitable link on the layer Gk.
34 The limit

network, if it exists, is called the rth exhaustive limit and represented as G∗k(r),

where r refers to the round of rotation.

• After reaching either a closed cycle or G∗k(r), the exhaustive game then proceeds

to layer Gk+1 until a closed cycle or an exhaustive limit G∗k+1(r) is reached.

• After rotation r is complete, the next rotation r + 1 begins starting from layer

G1 and reaching an exhaustive limit G∗k(r + 1) on each layer k ∈ {1, 2, ...,M}.

Pairwise Stable Equilibrium: A multiplex topologyM∗(r) = ×Mk=1(N ,G∗k(r)) is a

pairwise stable equilibrium (or pws-equilibrium) multiplex if, for each k ∈ {1, 2, ...,M},

the topology G∗k(r) is the rth exhaustive limit given G∗−k(r). That is, r rotations of

34A set of networks is called a closed cycle if there is an improving path between any pair of
networks in the set and no improving path leading to a network outside the set.
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the exhaustive game produces a multiplex topology in which, given the fixed layers

G∗−k(r), no agent has any incentive to delete links and no active-passive pair has an

incentive to form a link on an evolving layer G∗k(r), and this holds for each layer of

the multiplex.

2.2.3 Nash (Equilibrium) Actions

The Nash actions on layer Gk, k ∈ {1, 2, ...,M}, are characterized by:

xk = 1 + λkGkxk +
M∑
l=1

γklxl (2.6)

In the limiting case of γkl = 0 for all k, l ∈ {1, 2, ...,M}, all layers evolve inde-

pendently as in the well-studied mono-layer environment (Konig et al 2014). The

preference parameters λk and γkl can produce skewed incentives for link formation.

This will undermine our primary objective of examining how the intrinsic topologies of

layers impact the evolution of the multiplex. Accordingly, we maintain the following

parametric restrictions of symmetry and boundedness throughout the chapter.

Assumption 1:

(a) Intra-layer strategic complementarities are symmetric and bounded: λk = λl =

λ < 1/(N − 1) for all k 6= l.

(b) Strategic interactions across layers are “small”, i.e. |γklγqm| � 1 for all k 6= l and

all q 6= m.

(c) Inter-layer (strategic) complementarity/substitutability between all pairs of layers

is the same in absolute value. That is |γkl| = |γqm| = γ for all k 6= l and all q 6= m.

Proposition 6. If γ < 1−λ(N−1)
M−1

, then the unique interior Nash equilibrium actions

on each layer of the multiplex are given by:

xk (G1,G2, ..,GM) = bGk
+ γM (Gk, λ)

M∑
l=1,l 6=k

IklbGl
, k ∈ {1, 2, ...,M} (2.7)
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where Ikl is an indicator function which is equal to 1 (respectively, −1) if the layers

Gk and Gl are complements (respectively, substitutes).

If layer Gk is strategically independent of other layers (i.e. γkm = 0 for all m 6= k),

then Nash actions on Gk are proportional to agents’ centrality in that layer (Ballester

et al 2006). When strategic interactions are added between {Gk, Gm}, then Nash

actions in Gk will increase (respectively, decrease) depending on whether γkm > 0

(respectively, γkm < 0) relative to the single layer environment. The magnitude of

the change is equal to the degree of strategic complementarity/substitutability times

the weighted sum of centralities on the multiplex, where the weights are the influence

elements of agents in Gk. The next result characterizes the change in Nash actions,

both on the evolving layer as well as the fixed layers, when a new link is added on

the evolving layer.

Lemma 7. (Nash Actions) Suppose a link ij is formed on layer Gk. Then:

∆xk (Gk + ij,G−k) = [bGk+ij − bGk
] + (2.8)

+ γ [M (Gk + ij, λ)−M (Gk, λ)]
M∑

q=1,q 6=k

IqkbGq

∆xl (Gk + ij,G−k) = γIlkM (Gl, λ) [bGk+ij − bGk
] , ∀l 6= k (2.9)

(a) (Monotonicity) A new link on an evolving layer Gk increases Nash actions

on that layer.

(b) (Externality) A new link on an evolving layer Gk induces an increase (de-

crease) in the Nash actions levels on the layer Gl when layers Gl and Gk are com-

plements (substitutes).

(c) (Symmetry) If Gm = (respectively, ⊂)Gl, then |∆xlq(Gk + ij,G−k)| = (re-

spectively, >)|∆xmq(Gk + ij,G−k)| for all q = 1, .., n.

Equation (2.8) represents the Nash response on the evolving layer and shows its
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dependence on two margins of adjustment. The first is the intra-layer margin given

by bGk+ij−bGk
which is always positive and acts to increase Nash action levels. This

is the direct effect of a link on the evolving layer. The second term is the aggregate

inter -layer margin and is the result of agents adjusting their Nash actions levels on all

fixed layers in response to a new link on the evolving layer. This is the indirect effect

of the link on the evolving layer that percolates back through the fixed layers. For

all fixed layers Gq that are complements (substitutes) of Gk, the positive (negative)

adjustment in xq will act to increase (decrease) Nash actions xk above (below) the

intra-layer margin. The presence of both positive and negative feedback emanating

from link addition on an evolving layer could hypothetically induce a net negative

adjustment in Nash actions on that layer. However, under Assumption 1(b) that

inter-layer substitutability is small, all components of the vector ∆xk(Gk + ij,G−k)

are positive. Therefore, an additional link on the evolving layer leads to an increase in

Nash actions on that layer. Equation (2.9) shows that a new link on an evolving layer

Gk generates positive (negative) externalities on fixed layers which are complements

(substitutes). It also shows that the magnitude of a change in Nash actions is the

same on two identical fixed layers when a link is formed on an evolving layer, and is

strictly greater on a fixed layer that is denser than another.

Intra-Layer and Inter-Layer Externalities: We can now express the incremental

utility to an agent i involved in a new link ij on an evolving layer Gk in terms of

the change in Nash actions induced by the link ij on all layers of the multiplex. It

neatly decomposes into the sum of intra-layer and aggregate inter-layer externalities
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as follows:

∆Ui (Gk + ij,G−k) =
1

2
∆xik(Gk + ij,G−k)

2+︸ ︷︷ ︸
Intra-layer externality on evolving layer

+

[
xik(Gk,G−k)− γ

M∑
q=1,q 6=k

IqkbiGq

]
∆xik(Gk + ij,G−k)+︸ ︷︷ ︸

Intra-layer externality on evolving layer

+
∑
q 6=k

biGq
∆xiq(Gk + ij,G−k)︸ ︷︷ ︸

Aggregate inter-layer externalities from fixed layers

(2.10)

The intra-layer externality term measures the portion of incremental utility that can

be attributed to the Nash action response on the evolving layer. From Lemma 7(a),

intra-layer externality is positive and strictly increasing in the centrality of agent

j in the evolving layer. The inter-layer externality from a fixed layer captures the

contribution to incremental utility of a Nash action response on that layer. From

Lemma 7(b), the sign of each inter-layer externality term will depend upon whether

the respective layer is a complement or substitute of the evolving layer.

Lemma 8. (Convexity) Suppose Gk ⊂ G̃k and ij /∈ G̃k. Then, for all G−k :

∆Ui

(
G̃k + ij,G−k

)
> ∆Ui (Gk + ij,G−k) > 0 (2.11)

Lemma 8 identifies two important properties of the evolving layer. First, the incre-

mental utility from a link is strictly positive. This follows since a new link increases

Nash actions on the evolving layer. Second, a higher density of the evolving layer

increases the incremental utility to agents forming a link. These two properties to-

gether, in conjunction with sunk linking costs, imply that there is no deletion of links

along an improving path, and thus no closed cycles can emerge. Therefore, an im-

proving path on an evolving layer leads to an exhaustive limit. This permits us to
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obtain the following existence result.

Proposition 7. The exhaustive game from an initial multiplex,

M(0) = ×Mk=1(N ,Gk(0)), where G1(0) is NSG and Gk(0) are empty for k > 1, always

converges to a pws-equilibrium multiplex. In particular, a pws-equilibrium multiplex

exists.

Lemma 9. (Layer Symmetry) Suppose Gk = Gm, where m 6= k, and ij /∈

Gk,Gm. Then:

∆Ui
(
Gk + ij,Gm,G−{k,m}

)
= ∆Ui

(
Gm + ij,Gk,G−{k,m}

)
(2.12)

In particular, letting Gk = Gm and holding all other layers fixed, if a link ij is

profitable for agent i on the layer Gk, then it is also profitable on the layer Gm.

Lemma 9 states that if two distinct layers Gk and Gm have identical architectures,

and all other layers are unchanged, then the incremental utility to an agent i from a

link ij on an evolving Gk with a fixed Gm is the same as adding link ij on an evolving

Gm with fixed Gk. Coupled with Lemma 8, it yields a cross-convexity property of

incremental payoffs: if Gk = Gm, then ceteris paribus a link ij that is profitable for

agent i on Gk, given Gm, is also profitable on Gm, given Gk.

Lemma 10. (Inter-Network Externality) Suppose Gm ⊂ G̃m and ij /∈ Gk,

where m 6= k. Then:

∆Ui

(
Gk + ij, G̃m,G−{k,m}

)
≥ ∆Ui

(
Gk + ij,Gm,G−{k,m}

)
, γkm > 0(2.13)

∆Ui

(
Gk + ij, G̃m,G−{k,m}

)
≤ ∆Ui

(
Gk + ij,Gm,G−{k,m}

)
, γkm < 0(2.14)

According to Lemma 10, the incremental utility to an agent i from a link on the

evolving layer Gk is increasing (decreasing) in the link density of the fixed layer Gm

when Gk and Gm are complements (substitutes). Recall that Nash actions on a
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fixed layer Gm increase (decrease) when links are created in Gk if the two layers are

complements (substitutes). Since the change in Nash actions on a layer are weighted

by agent i’s centrality in that layer, and centrality is increasing in link density, a

denser fixed layer confers a greater (smaller) incremental utility from a link when the

fixed and evolving layers are complements (substitutes).

Lemma 11. (Preferential Attachment) Let Gk and Gm be two NSG layers,

where Gk is the evolving layer and Gm is the fixed layer. Suppose Gk and Gm are com-

plements (respectively, substitutes) and all other pairings of layers {Gq,Gn}(q, n)6=(k,m)

are strategically independent (i.e. γqn = 0). If (i) bj1Gk
≥ bj2Gk

and (ii) bj1Gm
≥ bj2Gm

(respectively, bj1Gm
≤ bj2Gm

), then for all i ∈ N\{j1, j2} :

∆Ui (Gk + ij1,G−k) ≥ ∆Ui (Gk + ij2,G−k) (2.15)

∆Uj1 (Gk + ij1,G−k) ≥ ∆Uj2 (Gk + ij2,G−k) (2.16)

Lemma 11 identifies the preferred partner for an active agent during the link forma-

tion process. On an evolving layer, the preferred partner is one who will acquiesce to

the link and provide the active agent with the highest incremental utility. For com-

plementary pair of evolving-fixed layers {Gk, Gm}, the preferred partner satisfying

both requirements is one who is most central in both layers. When the evolving-fixed

pair {Gk, Gm} are substitutes, the preferred partner is one who is most central in

the evolving layer but least central in the fixed layer. The assumption that all other

pairings of layers are strategically independent is imposed to capture the pure bilat-

eral dependence between any two evolving-fixed pair of layers. Clearly Lemma 11

may not hold if this condition is violated. Nonetheless, the nested manner in which

the layers will evolve in our multiplex formation game will allow us to exploit this

lemma.

It is worth noting that our characterization of the equilibrium multiplex is derived
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from Lemmas 2 through 5. Thus, our main results will hold for any preference

specification which generates reduced form utilities satisfying these lemmas.

2.3 The Duplex: Externality Propagation

We begin our analysis with the simplest multiplex – the duplex – to highlight the

process through which inter-layer externalities are propagated. Setting M = 2, we

simplify notation by letting G1 = H with x1 = y and G2 = G with x2 = x. Under

this formulation, the Nash actions are given by:

x = bG + γM (G, λ) bH, y = bH + γM (H, λ) bG (2.17)

We will maintain that the seed layer H(0) is a connected NSG with degree partition:

P(H(0)) =
{
P1(H(0)), .., Pbm2 c(H(0)), Pbm2 c+1(H(0)), .., Pm(H(0))

}
(2.18)

and G(0) = Ge. Our objective is to understand the topology of the equilibrium

duplex relative to that of the seed layer. An important role is played by the first

exhaustive limit on each layer, i.e., the partial equilibrium attained on each layer

during the first rotation of the exhaustive game. The first exhaustive limit crucially

determines whether the architecture on the evolving layer will be parallel or flip to

the seed layer. Subsequent iterations through the layers may increase its density

depending on the cost of link formation but will not alter its inherent topology from

parallel to flip or vice versa. Our main characterization result for the duplex is the

following:

Proposition 8. Suppose H(0) is a connected NSG and G(0) = Ge. Let

{G∗(r),H∗(r)} denote the pws-equilibrium duplex derived from the exhaustive game.

(a) If (G,H) are substitutes, then G∗(r) and H∗(r) are NSG with flip architectures.

Further, {G∗(r),H∗(r)} = {G∗(1),H∗(1)}.
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(b) If (G,H) are complements, then G∗(r) and H∗(r) are NSG with parallel archi-

tectures. If G∗(1) displays coarsening at the bottom relative to H(0), then G∗(r) =

G∗(1) ⊆ H(0) and H∗(r) = H(0). If G∗(1) displays coarsening at the top relative to

H(0), then H(0) ⊂ G∗(1) ⊆ H∗(r) = G∗(r).

The proof rests on the fact that link formation on the evolving layer proceeds in a

nested manner. Suppose G and H are complements and agents are indexed such

that b1
H(0) ≤ b2

H(0) ≤ ... ≤ bNH(0). When link formation commences on G from an

empty topology, positive inter-layer externality from H will induce the first link to be

formed in G, if profitable, between agents 1 and N . Agent N now becomes the partner

conferring the largest intra-layer (in G) and inter-layer (from H) externalities. All

subsequent links now involve agent N making it most central in G as well. Subsequent

rounds culminate with all agents in Pm(H(0)) occupying the most central position in

G. The next set of agents generating the largest intra- and inter-layer externalities

are those in Pm−1(H(0)). Whether these agents will also occupy the most central

position in G, i.e., whether there will be coarsening at the top relative to H(0), will

depend on whether agents in P1(H(0)) have a profitable link with them. If not, then

a possible coarsening at the bottom ensues with agents in Pm−1(H(0)) occupying the

second-most central position in G with connections for some k ≥ 2 to agents in sets

Pk(H(0)) and higher in P(H(0)). Proceeding inductively on the echelons of P(H(0))

establishes that the (partial) equilibrium topology on G is a NSG topology parallel to

H(0). The exhaustive game then shifts to the layer H with the seed network G∗(1).

Since agents in Pm(H(0)) are fully connected in the evolving layer, link formation will

begin with active agents proposing links with partners in Pm−1(H(0)) and moving

sequentially down the degree partition of H(0). Thus, the pattern of preferential

attachment proceeds as in layer G. Since link formation costs are sunk, no links are

deleted on the evolving network. However, whether new links will be added on the

evolving layer will depend on whether G∗(1) coarses at the bottom or top relative to
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H(0).

Next, consider the case where G and H are substitutes. All agents attempt to link

with partners who simultaneously produce the largest positive intra-layer externality

and the smallest negative inter-layer externality. This generates a pws-equilibrium

with a flipped structure on layer G after one rotation of the exhaustive game. Suppose

the density of H(0) is such that links are profitable in the layer G (otherwise, if no

links are profitable in G, then it remains empty for all rounds). Once G∗(1) is

reached, link formation takes place on H. There are two possibilities. First, if the

increased density in G is sufficient to disincentivize any link formation on H, then

H∗(1) = H(0). Since H remains in its initial configuration, G will remain at G∗(1)

as no more links were profitable in G∗(1) under H(0). Therefore, (G∗(1),H∗(0)) is a

pws-equilibrium duplex. The second possibility is that some links in H are profitable

when the fixed layer has architecture G∗(1). The evolving layer H will culminate in

H∗(1) according to preferential attachment since network evolution in the strategic

substitutability case preserves the centrality rankings of Lemma 11. Therefore, H∗(1)

remains a NSG that is denser than H(0). Since no more links were profitable in G∗(1)

under H(0), the negative inter-layer externality that is generated from H implies that

no links will be profitable in G under H∗(1) ⊃ H(0). Therefore, (G∗(1),H∗(1)) is a

pws-equilibrium duplex.

We now draw attention to an important duality between pws-equilibria in the strate-

gic complementarity and substitutability models. This duality stems from the two

assumptions that cost of link formation is identical in all layers and strategic interac-

tion between two layers is the same in absolute value. This duality will help extending

the analysis from a duplex to a higher dimension multiplex. Suppose |P1(H(0))| ≥ 2,

G(0) = Ge, and the uniform linking cost is set at some level, c̄. Suppose that

γ = γ̃ > 0 such that under strategic complementarity, the first exhaustive limit

G∗(1) is incomplete. This would imply that c̄ is such that links between agents in
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P1(H(0)) are not profitable, i.e. for i, j ∈ P1(H(0)):

Ui(G
∗(1) + ij, H(0))− Ui(G∗(1), H(0)|γ̃ < c̄

This inequality can be interpreted as saying that agents who are peripheral in H do not

have an incentive to link in G when they are receiving a positive intra-layer externality

from forming a link as well as a positive inter-layer externality. Now suppose that we

keep H(0), G(0), and c̄ as above but flip the sign of γ. In other words, we consider the

strategic substitutability model with γ = −γ̃ < 0. By virtue of Lemma 11, we know

that the most profitable link in G when it is empty is between agents in P1(H(0)).

When γ < 0, however, the inter-layer externality is negative. Furthermore, since

G(0) is empty, there is no intra-layer externalities present. Therefore, it must be the

case that:

Ui(G(0) + ij, H(0))− Ui(G(0),H(0))|−γ̃ < c̄

Now suppose we take the same initial conditions as before but reduce the uniform cost

of linking to some level c < c such that links in G are profitable under γ = −γ̃ < 0.

Since the most profitable link in G is one between i, j ∈ P1(H(0)), this link will also

be profitable under γ̃ > 0 because of the positive inter-layer externality. However, if

the link ij is profitable under strategic complementarity, then by Lemma 8, G∗(1) is

complete. We, therefore, arrive at the following duality result:

Proposition 9. (Duality) Suppose H(0) is a connected asymmetric NSG and G(0) =

Ge.

(a) If the strategic complementarity model under c and γ > 0 exhibits G∗(1) ⊂ Gc,

then the strategic substitutability model under c and −γ exhibits G∗(1) = Ge.

(b) If the strategic substitutability model under c̃ and −γ̃ < 0 exhibits G∗(1) 6= Ge,

then the strategic complementarity model under c̃ and γ̃ exhibits G∗(1) = Gc.

Proposition 9 has the following implications for any multiplex (M ≥ 3), where the
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cost of link formation is uniform across all layers and all strategic interactions are

the same in absolute value. If the cost of link formation is large enough such that

any complementary pair of layers Gl and Gq produce incomplete exhaustive limits,

then any layer Gk in which actions are strategic substitutes to both Gl and Gq will

exhibit an empty first exhaustive limit. Similarly, if the cost of link formation is small

enough such that any substitute pair of layers Gl and Gq produce non-empty first

exhaustive limits, then for any layer Gk in which actions are strategic complements

to either Gl or Gq will tend to produce complete first exhaustive limits.

2.4 The Triplex: Externality Aggregation

We now extend our analysis to the formation of a triplex which, in addition to prop-

agation of externalities, also incorporates the aggregation of inter-layer externalities.

Setting M = 3, we will simplify notation by letting G1 = H with x1 = y, G2 = G

with x2 = x, and G3 = K with x3 = z. Under this formulation, the Nash actions

are:

x = bG + γMG (I12bH + I23bK)

y = bH + γMH (I12bG + I13bK)

z = bK + γMK (I23bG + I13bH)

H(0) is a connected NSG while G(0) and K(0) are empty. The exhaustive game

proceeds from G to K to H and then rotates in the same order till a pws-equilibrium

triplex is reached. The values of I12, I13, and I23, can be either positive or negative.

Given a seed NSG layer H(0), G evolves as in the duplex. In particular, if G and H

are complements (substitutes), then G∗(1) is a NSG that is parallel (flip) to H(0).

Moving to K, the incremental utility to agent i from link ij on K is given by equation
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(2.10):

∆Ui (K + ij,G,H) =
1

2
∆zi(K + ij,G,H)2

+
[
zi − γ

(
I23b

i
G + I13b

i
H

)]
∆zi(K + ij,G,H)

+biG∗(1)∆xi(K + ij,G,H)︸ ︷︷ ︸
Inter-layer externality from G

+biH(0)∆yi(K + ij,G,H)︸ ︷︷ ︸
Inter-layer externality from H

(2.19)

Recall that the intra-layer externality in the evolving layer K is positive and that

the sign of each inter-layer externality depends upon the coupling of the layers as

complements or substitutes. Since network formation takes place on G first, we can

subdivide all possible couplings into two categories depending on whether the pair

(G,H) are complements or substitutes.

Suppose (G,H) are complements so that G∗(1) has a NSG architecture that is parallel

to H(0). Further suppose the cost of link formation is such that G∗(1) is non-empty

and incomplete (otherwise, an empty or complete G∗(1) leads to an empty or com-

plete topology on K). From (2.19), if both inter-layer externalities are positive, then

their sum works in the same direction as the intra-layer externality and preferential

attachment dictates that the topology of K evolves parallel to H(0). On the other

hand, if both inter-layer externalities are negative, then their aggregate points in the

opposite direction to intra-layer externalities. Here duality (Proposition 9(a)) comes

to the rescue to show that an incomplete G∗(1) would imply an empty K∗(1) in a

duplex setting, and thus the additional negative inter-layer externality from H(0)

will reinforce the empty topology on K∗(1). What if the two inter-layer externalities

in (2.19) have opposing signs? For example, what if (H,K) are complements and

(G,K) are substitutes? Now the density of links in G and H comes into play. From
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Lemma 7(c) that:

biG∗(1)∆xi(K + ij,G,H) + biH(0)∆yi(K + ij,G,H)︸ ︷︷ ︸
Aggregate inter-layer externalities


< 0,

≥ 0,

(2.20)

where the first inequality holds if G∗(1) coarses at the top relative to H(0) and the

second if G∗(1) coarses to the bottom relative to H(0). If G∗(1) coarses at the

top relative to H(0), then the aggregate inter-layer externality on K is negative,

and the duality relationship between (G,K) imposes an empty topology on K∗(1).

However, if G∗(1) coarses at the bottom relative to H(0), then the aggregate inter-

layer externality on K is non-negative, and the duplex relationship between (H,K)

forces K∗(1) to be a NSG parallel to H(0). The following proposition captures these

results.

Proposition 10. Suppose H(0) is a connected asymmetric NSG, G(0) and K(0) are

empty, and (G,H) are complementary layers. Let {G∗(r),H∗(r),K∗(r)} denote the

pws-equilibrium triplex derived from the exhaustive game. Then G∗(r) and H∗(r) are

NSG with parallel architectures. If G∗(1) is incomplete, then K∗(r) is either empty

or a NSG that is parallel to H∗(r).

Now suppose that (G,H) are substitutes so that G∗(1) has a NSG architecture that

is flip of H(0). Once again, assume that the cost of link formation is such that G∗(1)

is non-empty and incomplete. In contrast to the case where (G,H) are complements,

the exhaustive limits in each layer are sensitive to the couplings among the layers of

the triplex. This is because at the very outset of the link formation process, layers

H and G assume flip architectures. It now follows from (2.19) that the sign of the

aggregate inter-layer externality will determine the topology on K. In particular, the

topology of K will be parallel to the layer with the dominant inter-layer externality.

Our findings are summarized in the following proposition.
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Proposition 11. Suppose H(0) is a connected asymmetric NSG, G(0) and K(0)

are empty, and (G,H) are substitute layers. Let {G∗(r),H∗(r),K∗(r)} denote the

pws-equilibrium triplex derived from the exhaustive game. Then G∗(r) and H∗(r) are

NSG with flip architectures. Further, suppose G∗(1) is non-empty and incomplete.

Then:

(a) If (H,K) and (G,K) are complements, then K∗(r) is complete.

(b) If (H,K) are complements and (G,K) are substitutes, then K∗(r) is a NSG that

is symmetric to H∗(r) and a flip of G∗(r).

(c) If (H,K) are substitutes and (G,K) are complements, then K∗(r) is a NSG that

is a flip structure of H∗(r).

(d) If all layers are substitutes, then K∗(r) is empty.

We assumed in Propositions 10 and 11 that the cost of link formation generates a

non-empty and incomplete first exhaustive limit G∗(1). This permitted us to exploit

duality. If G∗(1) is empty, then the equilibrium topology of K is determined by its

duplex relationship with H. If G∗(1) is complete, then the sign of the aggregate

inter-layer externality shapes the topology on K.

2.5 The General Multiplex

We will now attempt to extend the analysis to a large class of multiplexes. We

will assume that G1(0) is a connected NSG and Gk(0) is empty for all layers k ∈

{2, 3, ...,M}. The pws-equilibrium multiplex will depend on the specific coupling

between pairs of layers. We partition the set of multiplexes into two classes:

• Class I: Multiplexes in which the first coupling between G1 and G2 is of com-

plements.

• Class II: Multiplexes in which the first coupling between G1 and G2 is of

substitutes.
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We begin with Class I of multiplexes. When the first coupling between the seed and

evolving layer is between complements, then it is possible to characterize the pws-

equilibrium multiplex for any coupling between other layer pairs as long as the first

exhaustive limit on G2 is incomplete. Incompleteness, as in the triplex case, allows

us to exploit duality.

Proposition 12. Suppose G1(0) is a connected NSG, Gj(0) is empty for all j >

1, and layers G1 and G2 are complements. Let ×Mk=1(N ,G∗k(r)) denote the pws-

equilibrium derived from the exhaustive game. If G∗2(1) is incomplete, then all G∗k(r)

are parallel NSG architectures to G1(0) or empty.

This result is a generalization of Proposition 10 and we can garner intuition by viewing

link formation on successive layers of the multiplex through the lens of a triplex. Given

the seed layer G1(0), the first exhaustive limit reached on G2 will be parallel to G1(0),

and on G3 will be either parallel to G1(0) or empty. The layers G2 and G3 can now

be construed as a supernode, say G̃, and the triplex relationship between G1, G̃,

and G4 implies that G4 will be parallel to G1(0) or empty. The argument extends

inductively to successive layers. Further rotations simply make the topologies more

dense on each layer but do not influence the parallel nature of their evolution to the

seed layer.

We now turn attention to Class II of multiplexes. Unfortunately, based on Proposition

11, it is difficult to characterize this entire class given that equilibria can vary with

the configuration of couplings between layers. However, definite inferences can be

made regarding two important sub-classes of multiplexes within Class II which are

defined next.

Balanced Multiplexes: A set of layers constitute a cluster if all layers in the set

are pairwise complements. A multiplex M = ×Mk=1(N ,Gk) is structurally balanced

(respectively, weakly balanced) if it can be partitioned into exactly two clusters, X and

Y , (respectively, three or more clusters, X, Y, Z1, ...Zp) such that G1 ∈ X, G2 ∈ Y ,
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and any two layers from opposing clusters are substitutes. Figure 2.5 provides exam-

ples with solid (dotted) lines denoting that the relevant layer pair are complements

(substitutes).

Figure 2.5. Structurally Balanced Multiplexes

The notion of “balance” is inspired by the work of Cartwright and Harary (1956) and

Davis (1967) on signed networks. We view the multiplex as a “signed super-network”

in which the layers constitute the set of M supernodes and any “links” connecting two

supernodes are positive or negative depending on whether the layers are, respectively,

complements or substitutes. The balanced nature of the multiplex permits us to draw

on the equilibrium triplex characterization. In a structurally balanced multiplex, any

triplex of layers is composed of all positive links or one positive and two negative links.

Weakly balanced networks allow the additional triplex composed of all negative links.

Depending on the path of link formation through the triplex, the appropriate pws-

equilibrium triplex characterization applies. Therefore, in a structurally balanced

equilibrium multiplex, all layers within the same cluster have parallel or empty NSG

architectures while those in opposing clusters have flip NSG architectures. Similarly,

in a pws-equilibrium weakly balanced multiplex, there are two non-empty clusters

with flip NSG architectures while all other clusters are empty. These results are

contained in the following proposition.
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Proposition 13. Assume G1(0) is a connected asymmetric NSG, Gj(0) is empty

for all j > 1, and layers G1 and G2 are substitutes. Let ×Mk=1(N ,G∗k(r)) denote

the pws-equilibrium derived from the exhaustive game where G∗2(1) is non-empty and

incomplete.

(a) Suppose the multiplex is structurally balanced. Then, a non-seed layer G∗k(r) ∈ X

is a NSG which is parallel to G1(0), and a layer G∗k(r) ∈ Y is a NSG which is flip of

G1(0).

(b) Suppose the multiplex is weakly balanced. Then, a non-seed layer G∗k(r) ∈ X is

a NSG which is parallel to G1(0), and a layer G∗k(r) ∈ Y is a NSG which is flip to

G1(0). All remaining clusters are composed of empty layers.

2.6 Discussion

2.6.1 Modeling Assumptions

We now provide some perspective on aspects of the link formation game and our

modeling choices.

Regular Seed Network

We have been assuming that the seed network is an irregular NSG. Suppose instead

that the seed network G1 is non-empty and regular. Note that in the first rotation,

if any link is profitable in G2, then all links will be profitable in G2. This is because

all agents are equally central in G1 and intra-layer externality is positive within each

layer. Now suppose that the first k layers in the first rotation, k ∈ {2, 3, ..,M − 1},

are either empty or complete. It follows once again from the identical centrality of

agents in all previous layers that if any link is profitable in Gk+1, then all links are

profitable in Gk+1. Having established either an empty or a complete first exhaustive

limit on layers k ∈ {2, 3, ..,M}, link formation returns to G1 in the second rotation.

Since agents are now equally central in all non-seed layers, G1 becomes complete. It

follows that in a pws-equilibrium, all layers are either empty or complete.

108



The analysis becomes harder when one wishes to impose non-NSG seed networks.

When the seed network is taken to be of arbitrary linking topology, statements regard-

ing the incentive structure of link formation are difficult to make due to the algebraic

complexity involved in computing the influence matrix of an arbitrary graph in closed

form. Nonetheless, due to the linear quadratic nature of the preference specification,

link formation is driven by agents centrality rankings. This seems to imply that for

any seed network, evolution in all other layers might proceed in the ”nested” manner

presented above.

Sequential versus Simultaneous Choice of Links and Actions

In the exhaustive game, players form links myopically but are forward-looking with

respect to the choice of actions on the layers. We offer three explanations to justify

this modeling choice. First, our preoccupation is with link formation and actions

play a relatively ancillary role in creating dependencies among layers of the multiplex.

The sequential specification allows us to focus exclusively on link formation. Second,

establishing a link may involve time to build the necessary level of trust while actions

can be taken instantaneously. Third, our results will continue to hold even if we

allow links and actions to be determined simultaneously. Following Hiller (2017),

when two agents plan to form a link, then they anticipate choosing actions that are

best responses to each other. This yields an expression for an action change on the

multiplex similar to that provided by Lemma 7 and, therefore, to a similar equilibrium

characterization result.

Offering Single versus Multiple Links

We have assumed that the active agent proposes at most one link. This allowed

us to retain the improving path notion of Jackson and Watts (2002) – along which

at most one link was formed at a time – and draw on their result on existence of

a pws-equilibrium. It is important to note though that the key to the equilibrium

characterization is the nested nature of link formation on the evolving layer. For
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example, with a duplex in which H and G are complements, link formation is driven

by the fact that the most central players in H continue to remain the most central, and

thus the most preferred partners, as link formation proceeds on G. This nestedness

will persist even if we allow the active agent to propose multiple links. Therefore,

if agent 1 finds it profitable to link with agent N ∈ Pm(H(0), then it will find it

profitable to link with all agents in this set. Thus, all agents with the same centrality

in the seed layer will move lockstep as a group from layer to layer, maintaining their

centrality ranking relative to others in parallel architectures and reversing it in flipped.

Alternative “Modular” Formulation of the Link Formation Game

Consider a game where linking occurs on each evolving layer only for a single round of

proposals. In the duplex environment for example, the modular game will maintain

the parallel (flipped) architecture when the coupling is between complements (substi-

tutes). Furthermore, the complementary coupling will produce the same architecture

as the exhaustive game, while under substitutability the equilibrium densities will

vary. In the latter, a modular linking structure will produce a denser seed network

H∗(r) and a sparser G∗(r). Intuitively, when agents are only allowed to propose once

within the evolving layer, the negative aggregate inter-layer externality accumulates

at a slower rate than in the exhaustive game. This allows for the possible formation of

links in H that are not profitable under the exhaustive game. The resulting relative

increase in the density of H suppresses link formation incentives on G which leads to

a sparser network. The main qualitative features of the pws-equilibrium – the parallel

versus flipped NSG architectures – continue to obtain.

Non-Uniform Linking Costs

We can accommodate some non-uniformity in cost of link formation across layers.

Consider the duplex case and suppose that the cost to linking in any layer G is of

the form c(G) = c if G ⊂ H(0) and c(G) = c̄ if G ⊇ H(0), where 0 < c < c̄. This

is a type of congestion cost: cost of linking increases once the density of the evolving
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network exceeds some historically given level, for example H(0). We find that the

parallel versus flipped evolutionary tendencies are preserved but equilibrium densities

may vary. For example, if c̄ is large enough, coarsening at the top relative to H(0) is

now harder to achieve. On the other hand, if there is learning-by-doing, so that cost

of linking decreases when density on G exceeds that of H(0), then coarsening at the

top relative to H(0) is easier to achieve.

Avoidable Costs of Link Formation

We assumed that the cost of link formation is sunk. As a consequence, the first

exhaustive limit was key in pinning down whether the topology on a layer would be

parallel to or flip of the seed layer. Since gross utility is strictly positive (Lemma 8),

subsequent rotations could only lead to a first order dominating shift in the degree

distribution on each layer but not reverse the topology. If agents can recoup the cost

of forming links, then it makes existence of a pws-equilibrium more difficult to prove.

When an equilibrium exists, avoidable linking costs can lead to first order dominated

shifts in degree distributions and complicate the sharp characterization of parallel

versus flipped topologies in equilibrium. Consider the example of a duplex in which H

and G are substitutes, and links in H(0) were formed strategically with linking costs

c > 0. Consider the first round and suppose G∗(1) is the first exhaustive limit. From

Lemma 10, incremental utilities from links will strictly fall in H. Suppose it leads to

some links being deleted from H(0) so that D(H(0)) �FOD D(H∗(1)). This will lead

to an increase in incremental utilities on G leading to D(G∗(2)) �FOD D(G∗(1)).

Such a process could potentially culminate with an empty topology on the seed layer

and an incomplete topology on G. Therefore, the centrality rankings of agents in G

is unrelated to their position in H in the pws-equilibrium.

111



2.6.2 Inequality in Payoffs

Within any layer, it follows from convexity in own links (Lemma 8) that (gross)

utility is increasing in the number of links of an agent in a NSG.35 Therefore, it seems

intuitive that complementarity between layers preserves inequality in payoffs since

agents who are highly connected in one layer continue to remain highly connected in

complementary layers. Substitutability between layers, on the other hand, mitigates

inequality since less connected agents in one layer are highly connected in substitute

layers. A formal demonstration of this result using well-known inequality measures is

vitiated by the complexity of reduced form utilities, the non-linear impact of feedback

loops when pairwise relationships switch from complements to substitutes or vice

versa, and the wide variation in NSG architectures on non-empty layers depending

on whether coarsening at the top or bottom obtains during the link formation process.

As an initial step, we propose an approach that eschews these complications while

providing some support for the hypothesis that complementarity enhances inequality

while substitutability diminishes it.

Each NSG has the property that agents can always be divided into two sets: an

independent set (the lower “half” of the degree partition) and a clique (the upper

“half” of the degree partition). Let

P(Gk) =
{
P1(Gk), .., Pbmk2 c(Gk), Pbmk2 c+1(Gk), .., Pmk(Gk)

}

denote the NSG degree partition on layer Gk. Then P1(Gk)∪..∪Pbmk2 c(Gk) comprises

the independent set while Pbmk2 c+1(Gk) ∪ .. ∪ Pmk(Gk) constitutes the clique. Note

in particular that the least connected agents (with lowest payoffs in the layer) belong

to the independent set while the maximally connected agents (with highest payoffs

35In our model, link formation costs are sunk. However, Joshi et al (2020, Proposition 4), provide
conditions under which net utility is also proportional to centrality in a NSG.
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in the layer) belong to the clique. Other than this ordinal ranking, little can be said

with respect to the cardinal comparison of payoffs across layers when two distinct

multiplexes with differing couplings are compared. To make headway, therefore, we

need some invariant object across layers and multiplexes.36 Accordingly, we choose

arbitrary values, 0 < u < u < ∞, and in each layer of a given multiplex we assign a

“proxy” payoff of u to agents in the clique and u to agents in the independent set.

In an empty (respectively, complete) layer, all agents are assigned u (respectively, u).

We aggregate these proxy payoffs across the M layers and let umax

(
{Gk}Mk=1

)
denote

the highest, and umin

(
{Gk}Mk=1

)
the lowest, aggregate proxy payoff on the multiplex.

The range, R
(
{Gk}Mk=1

)
= umax

(
{Gk}Mk=1

)
− umin

(
{Gk}Mk=1

)
, is a measure of the

inequality in the multiplex {Gk}Mk=1.

Since we could only characterize equilibria for the sub-class of balanced multiplexes

when the first coupling was between substitutes, we will accordingly restrict our

analysis to this class. Given this restriction, we can in fact simply consider the

class Gsb of structurally balanced multiplexes consisting of two clusters, X and Y .

This is because, in equilibrium, all other clusters Z = {Z1, Z2, ...Zp} comprising a

weakly balanced multiplex are composed of empty layers and, thus, do not contribute

towards inequality in payoffs. Let {Gk; +}Mk=1 ∈ Gsb denote a multiplex in which

the first coupling is between complements, i.e. both G1 and G2 belong to the same

cluster X. Let {Gk;−}Mk=1 ∈ Gsb denote the corresponding multiplex in which the first

coupling between G1 and G2 is switched to substitutes and G2 is moved to cluster

Y ; all other pairwise couplings not involving layer G2 are preserved. Our main result

with respect to inequality of payoffs is the following:

Proposition 14. Let {G∗k(r), ·}Mk=1 denote the pws-equilibrium multiplex in the set

36This is akin to invariants such as equal means for second degree dominance or equal aggregate
payoffs for Lorenz dominance.
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Gsb. Then:

R
(
{G∗k(r),+}Mk=1

)
≥ R

(
{G∗k(r),−}Mk=1

)
Therefore, pws-equilibrium multiplexes in the set Gsb are associated with greater

inequality in payoffs, where inequality is measured using the range of proxy payoffs,

when the first coupling is between complements rather than substitutes.

2.6.3 A Note on Sequential Action Exertion

Before we conclude, we briefly demonstrate the how the the main results of our model

change when we alter the sequence action exertion. That is, instead of considering a

two stage game in which actions are exerted simultaneously during the second stage,

we allow agents to undertake actions sequentially according to the network where

links are formed. For the sake of simplicity we restrict our analysis to the case of

a complementary duplex. The higher dimensional case can be analyzed in a similar

fashion.

The exhaustive game of link formation in the first stage remains as previously

described. We assume that H(0) is a connected NSG and G(0) = Ge . Link formation

begins in G(0) until an exhaustive limit is reached and then proceeds to H. In the

second stage, the objective function to optimized sequentially is

ui = [xi −
1

2
x2
i + λxi

∑
j

gijxj] + [yi −
1

2
y2
i + ψyi

∑
j

hijyj] + γxiyi

where we continue to maintain parametric restrictions 1(a)-1(c). We seek to charac-

terize the first exhaustive limit G∗(1) of this sequential exhaustive game. Since H(0)

is historically given, the actions that will be exerted first are y followed by x. We

have the following characterization of optimal actions
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Lemma 12. Consider the sequential duplex game. Optimal action are given by:

x = bG + γMGbG

y = bH + γMHD(MG)bG

where D(MG) is a diagonal matrix with the own influence elements of network G :

m
G, ii

along the diagonal.

Observe that since the own influence elements of any graph are bounded below

by 1, the sequential game under strategic complementarity results in higher actions

exerted on the the historically given network and actions of the magnitude on the

evolving one. Reduced form payoffs are given by

Ui(G, H) ' 1

2
(biG)2 +

1

2
(biH)2

+ γbiGmG, ii
(biH − 1) + γbiHmG, ii

(m
H, ii

biG − 1)

+ γbiG
∑
q 6=i

m
G, iq

bqHα + γbiH
∑
q 6=i

m
H, iq

(m
G, qq

bqG)

Recall that the two results that allowed to characterize the first exhaustive limit were

the convexity and preferential attachment lemmas. We have the following results:

Lemma 13. Convexity in links under sequential action exertion is maintained

Lemma 14. The preferential attachment lemma is also maintained

Lemmas 13 and 14 immediately imply that the first exhaustive limit G∗(1) will be

an NSG which is parallel to H(0). Furthermore we can compare its density to the

exhaustive limit reached under the simultaneous move game.

Proposition 15. Suppose H(0) is a connected NSG and G(0) = Ge. Let G∗seq(1)

denote the first exhaustive derived from the exhaustive simultaneous game and G∗sim(1)

from the exhaustive sequential game. Then
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(a) G∗seq(1) is parallel to H(0)

(b) G∗sim(1) ⊆ G∗seq(1)

2.7 Conclusion

In this chapter we made an attempt to understand link formation in a general multi-

plex. We highlighted the importance of the externality propagation and aggregation

mechanisms for understanding the coevolution of multiple interconnected systems.

While our endeavor is only a first step towards the comprehension of such systems,

it opens up a number of new directions for future research. First, the architecture of

an efficient multiplex – i.e., a multiplex which maximizes aggregate payoffs – requires

a systematic treatment as the one provided by Belhaj et al (2016) for mono-layer

environments. The conflict between equilibrium and efficiency will be compounded

in a multiplex. Atkisson et al (2020) note that in the presence of multiple layers, an

agent may inefficiently form more links on one layer than in another. For example, an

agent may use the social network to gather information that could be more efficiently

obtained by linking with “specialists” in another layer. Proposition 11(d) offers the

possibility of such an event where path dependence with all layers pairwise substitutes

leads to link formation on G but not on K. Second, the size of the multiplex needs

to be endogenized. Instead of assuming that all agents are embedded in all layers,

one could argue that this should be the result of rational decision-making and agents

could choose the manner in which they face intra and inter-layer externalities. It

is worth noting though that the externality propagation and accumulation processes

would still be present and, therefore, the results of this chapter would continue to

be relevant. Third, following Atkisson et al (2020), it is important to ground the

multiplex in specific applications to analyze the full scope of multilayers in shaping

equilibrium outcomes. One such area is intergenerational economic mobility and the

persistence of inequality (Becker and Tomes 1979, 1986; Corak 2013) and its multi-
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causal nature is best captured through the lens of a multiplex. Fourth, while we have

considered undirected links, there are many applications in which links are directed.

A theoretical treatment of multiplexes with directed links on layers that extends Bala

and Goyal (2000) is an important avenue for further analysis.

2.8 Proofs

To ease notation, in the following proofs we will let let M(G, λ) = MG.

Proof of Proposition 5: In proving this result we will use the following result of

Miller (1981). Let A and A + B be non singular matrices where B has rank equal to

r. Let B = E1 + E2 + · · ·+ Er where each Ek is of rank 1. Define Ck+1 = A + E1 +

E2 + · · ·+ Ek with C1 = A. Then, for k = 1, .., r − 1, C−1
k+1 = C−1

k − vkC
−1
k EkC

−1
k ,

where vk = 1
1+trace(C−1

k Ek)
. Furthermore, (A + B)−1 = C−1

r − vrC−1
r ErC

−1
r . We will

now compute how the influence matrix of an arbitrary network G is affected when

an additional link ij is formed on it. That is, given MG = [I− λG]−1, we seek an

expression for:

MG+D(ij) = [I− λ(G + D(ij))]−1

where D(ij) denotes a matrix whose entries are all zeros except in positions ij and

ji which are equal to 1 (which means that we have added the link ij on G). Let

Q = I − λG and H = −λD(ij). Note that both Q and Q + H are non-singular

as they represent inverses of influence matrices of some underlying graphs. We then

have:

MG+D(ij) = [(I− λG)− λD(ij)]−1 = [Q + H]−1

Note further that H is of rank 2 and we can express it as H = Eij + Eji, where

Eij is a matrix of zeros everywhere except −λ in the ijth position, Eji is a matrix

of zeros everywhere except −λ in the jith position and both matrices are of rank 1.

We can now apply Miller’s theorem to this construction. Let mij denote the ijth
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element of MG. It can be shown that C−1
1 = MG and C−1

2 = MG − v1MGEijMG,

where v1 = 1
1+trace(C−1

1 Eij)
= 1

1−zmji . Then, [Q + H]−1 = C−1
2 − v2C

−1
2 EjiC

−1
2 , where

v2 = 1
1+trace(C−1

2 Eji)
=

1−zmji
(1−zmji)(1−zmij)−z2mjjmii

. Therefore:

[Q + H]−1 = MG(I− v1EijMG) [I− v2EjiMG (I− v1EijMG)]

Simplifying, [Q + H]−1 = MG (I + WG(ij)), where wkn(ij) is defined in the state-

ment of the proposition. To show that wkn(ij) is strictly increasing in the influ-

ence elements of i and j, we have to show that v1 and v2 are strictly increasing

in mji. Consider the term λmji. For any network, it is always the case that,

0 ≤ mji ≤ 1−(N−2)λ
1−(N−2)λ−(N−1)λ2 . Furthermore, the restriction on λ such that the in-

fluence matrix is always invertible is, 0 < λ < 1
N−1

. This implies that 0 < λmji < 1.

Therefore, as mji increases, the denominator of v1 decreases, and so v1 increases.

With regard to v2, since mij = mji, as mji increases the numerator goes down slower

than the denominator and thus v2 goes up. This proves that wkn(ij) is strictly in-

creasing in mij. The expression in (2.4) follows by summing over the elements of

WG(·). �

Proof of Proposition 6: The optimality conditions for any layer k ∈ {1, 2, ..,M}

satisfy:

xk = 1 + λGkxk +
k∑
l=1

γIklxk

where Ikl = 1 if γkl > 0, Ikl = −1 if γkl < 0 and Ikl = 0 if k = l. Let xT =

(xT1 , xT2 , .., xTM) ∈ RnM , 1NM denote the NM dimensional column vector of 1’s, and

for all pairs of layers k 6= l construct the diagonal matrices Γkl = Ikldiag(γ). Then

the optimality conditions can be represented compactly as:

x = 1NM + Mx (2.21)
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where the matrix M ∈ RNM×NM is given by

M =



λG1 Γ12 · · · Γ1M

Γ21 λG2 · · · Γ2M

...
...

. . .
...

ΓM1 ΓM2 · · · λGM


Recalling that strategic interactions are symmetric, it follows that Γ12 = Γ21. Fur-

thermore, since the adjacency matrix of any graph is symmetric, it follows that Γ is

a symmetric matrix. Therefore, the system (2.21) exhibits the unique solution

x = [INM −M]−1 1NM

as long as ρ(M) < 1, where ρ(.) denotes the spectral radius. A sufficient condition for

the latter to hold is for M to be row sub-stochastic. That is, for any k = {1, ..,M}

and j = {1, 2, .., N}, we require λ
∑

j gij, k +
∑k

l=1 γIkl < 1. This is satisfied as long

as λ(N − 1) + γ(M − 1) < 1. Taking the Neumann sum of the preceding expression

and imposing assumption 1(b) by keeping terms of linear order in γ yields (2.7). The

second term on the RHS in (2.7) can take on the largest negative value if all other

layers are pairwise complements, all are substitutes to k, and are complete. Under

our paramterization, it will always be strictly smaller than the first term on the RHS

ensuring interiority. �

Proof of Lemma 7: If ij /∈ Gk then equations (2.8) and (2.9) follow from (2.7).

(a) The largest centrality is obtained when the underlying network is complete, i.e.

max
G
bqG = 1

1−(N−1)λ
, where the maximum is taken over all undirected graphs. From
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equation (2.8) we then have:

∆xk(Gk + ij, G−k) = [bGk+ij − bGk ] + γ[MGk+ij −MGk
]
∑
q 6=k

IqkbGq

> [bGk+ij − bGk ]− γ(M − 1)
1

1− (N − 1)λ
[MGk+ij −MGk

]1

=

{
1− γ(M − 1)

1

1− (N − 1)λ

}
[bGk+ij − bGk ] > 0

where the second inequality follows by imposing the largest aggregate inter-layer

negative externality by assuming that all fixed layers are pairwise complements, all

are substitutes to k, and all are complete. The last inequality follows from Proposition

6. (b) Consider expression (2.9) and ij /∈ Gk. Since all the entries of bGk+ij − bGk

are positive, if Ilk = 1 (respectively -1) then ∆xql(Gk, G−k) > 0 (respectively < 0 )

∀ q = 1, 2, ..N . (c) Note that if Gm = Gl, then MGm = MGl
. When this holds, Nash

increments given a new link in Gk are entry-wise equal in absolute value. �

Proof of Lemma 8: To establish the lemma, we need the following claim:

Claim 1. Suppose that G̃k ⊇ Gk and ij /∈ G̃k. Then ∆xik(G̃k+ij,G−k) ≥ ∆xik(Gk+

ij, G−k) and xik(G̃k, G−k) ≥ xik(Gk, G−k) ∀ i = 1, 2, ..N .

Proof of Claim 1: Let bG−k =
∑

q 6=k IqkbGq and αG−k = 1 + γbG−k . Note that

claim 1 guarantees that the entries of αG−k are strictly positive for all layer couplings.

Nash actions can then be written as xk(Gk, G−k) = MG−kαG−k . If G̃k ⊇ Gk, then

MG̃k
is entry-wise larger that MGk

, i.e. MG̃k
�MGk

. This implies xik(G̃k, G−k) ≥

xik(Gk, G−k). Next, Nash increments are given by:

∆xk(Gk + ij, G−k) = [MGk+ij −MGk
]αG−k

From Proposition 5 we then have:

MGk+ij = MGk
(I + WGk

(ij)) , MG̃k+ij = MG̃k

(
I + WG̃k

(ij)
)
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Since all influence elements of G̃k are larger than Gk, Claim 1 implies that WG̃k
(ij) �

WGk
(ij). Therefore, [MG̃k+ij −MG̃k

]αG−k � [MGk+ij = MGk
]αG−k . It follows that

∆xik(G̃k + ij,G−k) ≥ ∆xik(Gk + ij,G−k) establishing the claim.

To prove Lemma 8, recall (2.10). Further, for any pair of layers which are substitutes,

link formation on one of them induces a decrease in Nash actions on the other.

This reduction in Nash actions reduces the potential benefit to linking on the layer

under consideration. This implies that the frame of reference in which the greatest

negative aggregate inter-layer externality is present is one where linking occurs on

a layer whose actions are substitutes to all other layers. Furthermore, the smallest

incremental utility that could be achieved is when linking occurs on an empty layer

(so that there is no positive inter-layer externality present) and all other substitute

layers are complete. Let Gk = Ge
k be empty whose actions are substitutes to all other

layers Gc
−k which are complete. Using (2.10) and Proposition 5 we can write:

∆Ui(G
e
k + ij,Gc

−k) = k +
γλ

1− λ

[
mc
ii +mc

ij +
λ

1− λ

]
(M − 1)biGc

where k = λ
1−λ + 1

2
λ2

(1−λ)2 , mc
ii = 1−(N−2)λ

1−(N−2)λ−(N−1)λ2 and mc
ij = λ

1−(N−2)λ−(N−1)λ2 are

the ii and ij elements of the influence matrix of a complete graph on N nodes with

scaling factor λ, and biGc = 1
1−(N−1)λ

is the centrality of any node of a complete graph.

This expression is positive as long as:

1 +
1

2

λ

1− λ
≥ |γ|

[
mc
ii +mc

ij +
λ

1− λ

]
(M − 1)biGc

As long as γ satisfies this inequality, incremental payoffs are always positive regardless

of the strategic coupling between all layers. Furthermore, from Claim 1, we know that

1
2
∆xik(Gk+ij,G−k)

2 and xik(Gk,G−k)−γ
∑

q 6=k IqkbiGq
]∆xik(Gk+ij,G−k) are strictly

increasing in the density of Gk. Since incremental utility is positive when we impose

the greatest negative aggregate inter-layer externality, i.e the smallest possible value
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of
∑

q 6=k b
i
Gq

∆xiq(Gk + ij,G−k), convexity follows. �

Proof of Proposition 7: Suppressing reference to the set N , and given a multiplex

M0 = ×Mk=1G
0
k, a sequence

{
Mt = ×Mk=1G

t
k; t ∈ {1, 2, ..}

}
is an improving multiplex

path fromM0 if the following is true for each t ∈ {0, 1, 2, ..}: (i) Gt+1
1 is the exhaustive

limit on the first layer givenMt, and (ii) Gt+1
k is the exhaustive limit on the k-index

layer, k ∈ {2, ..,M}, given
(
Mt,×k−1

l=1 Gt+1
l

)
. Pick any multiplex M0 = ×Mk=1G

0
k in

which G0
1 is a non-empty NSG and all remaining layers are empty. If no improving

multiplex path fromM0 exists, thenM0 is a pws-equilibrium multiplex. Otherwise,

let {Mt; t ∈ {1, 2, ..}} denote the improving multiplex path from M0. Recall from

Lemma 8 that incremental utility from a link is always positive. Since linking costs

are sunk, and agents form or delete links myopically, there is no incentive to delete a

link that has been formed. Therefore, Gt
k ⊆ Gt+1

k for each k ∈ {2, ..,M}. Now define

the increasing order � on the set of multiplexes as follows: M′ = ×Mk=1G
′
k � M′′ =

×Mk=1G
′′
k if and only if G′k ⊆ G′′k for each k ∈ {2, ..,M}. Therefore,Mt+1 �Mt along

the improving path from M0. Since the number of multiplex topologies is finite, a

pws-equilibrium multiplex exists. �

Proof of Lemma 9: Follows from Lemma 7(c) and (2.10). �

Proof of Lemma 10: Suppose that Gl ⊂ G̃l and ij /∈ Gk.

∆Ui

(
Gk + ij, G̃l,G−{k,l}

)
−∆Ui

(
Gk + ij,Gl,G−{k,l}

)
=

1

2
∆xik

(
Gk + ij, G̃l,G−{k,l}

)2

− 1

2
∆xik

(
Gk + ij,Gl,G−{k,l}

)2

+Φi

(
G̃l, G̃−l

)
∆xik

(
Gk + ij, G̃l,G−{k,l}

)
− Φi (Gl,G−l) ∆xik

(
Gk + ij,Gl,G−{k,l}

)
+bi

G̃l
∆xil

(
Gk + ij, G̃l,G−{k,l}

)
− biGl

∆xil
(
Gk + ij,Gl,G−{k,l}

)
where Φi is the ith vector entry of:

Φ(G1, ..,GM) = xk(Gk,G−k)− γ
∑
q 6=k

IqkbGq = bGk
+ γ [MGk

− I]
M∑

q=1,q 6=k

IqkbGq
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Therefore, if Gl ⊂ G̃l then:

Φ
(
G̃l, G̃−l

)
−Φ

(
G̃l, G̃−l

)
= γIlk [MGk

− I]
[
bG̃l
− bGl

]

When Ilk = 1 (respectively, −1), Φ is entry-wise positive (respectively, negative).

Further:

∆xk

(
Gk + ij, G̃l,G−{k,l}

)
−∆xk

(
Gk + ij,Gl,G−{k,l}

)
=

γIlk [MGk+ij −MGk
]
[
bG̃l
− bGl

]
∆xl

(
Gk + ij, G̃l,G−{k,l}

)
−∆xl

(
Gk + ij,Gl,G−{k,l}

)
=

γIlk
[
MG̃l

−MGl

]
[bGk+ij − bGk

]

both of which are entry-wise positive (respectively, negative) when Ilk = 1 (respec-

tively, −1). Therefore, ∆Ui

(
Gk + ij, G̃l,G−{k,l}

)
− ∆Ui

(
Gk + ij,Gl,G−{k,l}

)
> 0

when Ilk = 1, and negative when Ilk = −1. �

Proof of Lemma 11: We will need the following claims.

Claim 2. Suppose Q is NSG where mij(Q, λ) denotes the ijth element of the influence

matrix of Q. If biQ ≥ bjQ, then miq(Q, λ) ≥ mjq(Q, λ) ∀ q.

Proof of Claim 2: The proof follows Joshi et al (2020, Lemma 3).

Claim 3. (i) Let Gk be a NSG such that bjGk
≥ blGk

. Then:

xjk(Gk, G−k) ≥ xlk(Gk, G−k)

∆xik(Gk + ij,G−k) ≥ ∆xik(Gk + il,G−k) ∀i

∆xjk(Gk + ij,G−k) ≥ ∆xlk(Gk + il,G−k) ∀i
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(ii) Let Gm be a NSG such that bjGm
≥ blGm

. Then:

If γkm > 0: ∆xik(Gm + ij,G−m) ≥ ∆xik(Gm + il,G−m) > 0 ∀k 6= m

If γkm < 0: ∆xik(Gm + ij,G−m) ≤ ∆xik(Gm + il,G−m) < 0 ∀k 6= m

Proof of Claim 3: (i) The first inequality follows directly from equation (2.7) and

Claim 3. To prove the second and third inequalities consider xk increments in vector

form:

∆xk(Gk + ij,G−k) = [MGk+ij −MGk
]αG−k = MGk

WGk
(ij)αG−k

= MGk

[(∑
q

wiq(ij)α
q
G−k

)
ei +

(∑
q

wjq(ij)α
q
G−k

)
ej

]

where the second equality follows from Proposition 5, ej denotes the jth unit vector,

and wiq(ij) is the iqth element of WGk
(ij). It follows that for any p ∈ N :

∆xpk(Gk + ij,G−k) =
∑
q

{m
pi

(Gk, λ)wiq(ij) +m
pj

(Gk, λ)wjq(ij)}αqG−k

∆xik(Gk + ij,G−k)−∆xik(Gk + il,G−k) =∑
q

{m
ii
(Gk, λ)(wiq(ij)− wiq(il)) +m

ij
(Gk, λ)wjq(ij)−m il

(Gk, λ)wlq(il)}αqG−k

We know that wiq(ij) and wjq(ij) are strictly increasing in mji. From Claim 2,

the NSG structure implies that wiq(ij) ≥ wiq(il) and wjq(ij) ≥ wlq(il) whenever

bjGk
≥ bkGk

. We have thus established the second inequality. The third follows from

similar arguments.
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(ii) In vector form, when the link ij is created on Gm:

∆xk(Gm + ij,G−m) = γkmMGk
[MGm+ij −MGm ] 1 = γkmMGk

MGmWGm(ij)1

= γkmM(Gk, λ)M(Gm, λ)

[(∑
q

wiq(ij)

)
ei

+

(∑
q

wjq(ij)

)
ej

]

= γkmMGk


(∑

q

wiq(ij)

)


m
1i

(Gm, λ)

m
2i

(Gm, λ)

...

m
ni

(Gm, λ)



+

(∑
q

wjq(ij)

)


m
1i

(Gm, λ)

m
2i

(Gm, λ)

...

m
ni

(Gm, λ)




Therefore:

∆xik(Gm + ij,G−m) = γkm
∑
q

m
iq

(Gk, λ)

[
m

qi
(Gm, λ)

(∑
q

wiq(ij)

)

+ m
qj

(Gm, λ)

(∑
q

wjq(ij)

)]

From Claim 2, if bjGm
≥ blGm

, then γkm > 0 implies ∆xik(Gm+ij,G−m) ≥ ∆xik(Gm+

il,G−m). Similarly, if γkm < 0, ∆xik(Gm+ij,G−m) ≤ ∆xi(Gm+il,G−m) establishing

Claim 4.

To prove Lemma 11, suppose that γqn = 0∀ q, n 6= k, m. That is, all networks are

strategically independent except the pair {Gk, Gm}. Suppose that both networks are
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NSGs. For any two links ij, il /∈ Gk we have:

∆Ui(Gk + ij,G−k)−∆Ui(Gk + il,G−k) =
1

2
∆xik(Gk + ij,G−k)

2

−1

2
∆xik(Gk + il,G−k)

2

+[xik(Gk, G−k)− γImkbiGm
][∆xik(Gk + ij,G−k)−∆xik(Gk + il,G−k)]

+biGm
[∆xim(Gk + ij,G−k)−∆xim(Gk + il,G−k)]

From Claim 3 we know that when bjGk
≥ blGk

, we have ∆xik(Gk + ij,G−k) ≥

∆xik(Gk + il,G−k). Furthermore, if Imk = 1 and bjGm ≥ blGm
then ∆xim(Gk +

ij,G−k) ≥ ∆xim(Gk + il,G−k) > 0. On the other hand, if Imk = −1 and bjGm
≤ blGm

,

then ∆xim(Gk+ ij,G−k) ≤ ∆xim(Gk+ il,G−k) < 0. Therefore, ∆Ui(Gk+ ij,G−k)−

∆Ui(Gk + il,G−k) > 0 establishing (2.15). A similar argument establishes (2.16). �

Proof of Proposition 8: (a) Let

P (G∗(1)) =
{
P1 (G∗(1)) , P2 (G∗(1)) , .., Pbn2 c, .., Pn (G∗(1))

}

denote the degree partition of the first exhaustive limit G∗(1). Since we are interested

in the first exhaustive limit, and therefore the limit network reached in the first

rotation, we will suppress reference to rotations in networks that lie on the improving

path in the evolving layer. We will break the proof down into the following steps.

Step 1. Suppose bkH(0) ≤ bjH(0) and bkG ≥ bjG. If agents i and j have an incentive to

form a link in the network G, then agents i and k also have an incentive to form a

link in any network G′, where G ⊆ G′.

Proof of Step 1: By hypothesis, ∆Ui (G + ij,H(0)) > c and ∆Uj (G + ij,H(0)) >
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c. It then follows respectively from Lemmas 8 and 11 that:

∆Ui (G
′ + ik,H(0)) ≥ ∆Ui (G + ik,H(0)) ≥ ∆Ui (G + ij,H(0)) > c

∆Uk (G′ + ik,H(0)) ≥ ∆Uk (G + ik,H(0)) ≥ ∆Uj (G + ij,H(0)) > c

Therefore, agents i and k have a profitable link in G and any network denser than

G.

Step 2. If ∆U1(Ge + 1N,H(0)) > c, then P1(H(0)) ⊆ Pn(G∗(1)), and each agent in

P1(H(0)) is linked to all agents in G∗(1).

Proof of Step 2: It will be convenient for the sake of exposition to reindex agents

in H(0) such that bNH(0) ≤ bN−1
H(0) ≤ ... ≤ b1

H(0). Let |P1(H(0))| = l > 1 and P1(H(0)) =

{N,N − 1, ..., N − l + 2, N − l + 1}. Recall from Lemma 11 that agents wish to link

with partners who are more central in the evolving layer but less central in the fixed

layer. The exhaustive game begins on layer G with agent 1 as the active agent and

G(0) = Ge. Since all agents are equally central in G(0), and agent N is the least

central in H(0), agent 1 realizes the highest incremental utility from linking with

agent N from Lemma 11(2.15). Assume that this link 1N is profitable for agent 1.

But then, by virtue of being equally central in G(0) and less central in H(0), the

link is also profitable for agent N from Lemma 11(2.16). Therefore, agent N will

reciprocate leading to the interim network G(1) = Ge + 1N . Now suppose it is true

for some agent N−k+1 ∈ {N,N−1, ..., N− l+2} ⊂ P1(H(0)), k = 1, 2, ..., l−1. We

will prove it for agent N − k ∈ P1(H(0)). Let G (kN) be the network after all agents

have moved k times and the set of agents, {N,N − 1, ..., N − k + 1} ⊂ P1(H(0)),

are fully connected in layer G. We will show that in round (k + 1), all active agents

have a mutually profitable link with agent N −k, and thus agent N −k ∈ Pn(G∗(1)).

The link formation game starts in this round with agent 1. Since bN−k+1
H(0) ≤ biH(0)

and bN−k+1
G((kN) = biG((kN) for i ∈ {2, 3, ..., N − k − 1}, it follows from Lemma 11 that
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agent 1’s highest incremental utility is from linking with agent N − k. Note from

the induction hypothesis that agents 1 and N − k + 1 have a profitable link at the

start of round k when the network is G ((k − 1)N). Further, bN−k+1
H(0) = bN−kH(0) and

bN−k+1
G((k−1)N) = bN−kG((k−1)N). Since G ((k − 1)N) ⊂ G (kN), it now follows from Step 1

that agents 1 and N − k have a profitable link when the network is G (kN). This

further increases the centrality of agent N − k on layer G, and thus each subsequent

agent i ∈ {2, 3, ..., N − k − 1} will find it most profitable to link with agent N − k

and it will be reciprocated. Therefore, N − k ∈ Pn(G∗(1)).

Step 3. If ∆U1(Ge + 1N,H(0)) > c, then Pm(H(0)) ⊆ P1(G∗(1)) and Ni(G
∗(1)) =

Pn(G∗(1)) ∀i ∈ P1(G∗(1)).

Proof of Step 3: The proof of Step 2 demonstrated that each agent in Pm(H(0))

is connected to maximally linked agents in G∗(1). We will now prove that these are

the only links of these agents in G∗(1). Suppose agent i ∈ Pm(H(0)) is linked to

some agent j /∈ Pn(G∗(1)), and this link was formed when the network was G (t). If

i > 1, then agent i has the same centrality as agent 1 in H(0) and G (t). Therefore, if

agents i and j have a profitable link in G (t), and agent 1’s turn to be the active agent

comes up subsequently in the network G (t′) ⊇ G (t), then from Step 1, agents 1 and

j will also have a profitable link in G (t′). Thus, without loss of generality, we can

assume that i = 1. Note that bkH(0) ≤ b1
H(0) and bkG((t) ≥ b1

G((t) ∀k 6= 1, j. It follows

from Step 1 that, if agent 1 has a mutually profitable link with agent j, then all

agents k ≥ 2 will also have a mutually profitable link with agent j. Therefore, agent

j must be maximally connected in G∗(1) contradicting the starting assumption that

j /∈ Pn(G∗(1)). Therefore, Pm(H(0)) ⊆ P1(G∗(1)). Now suppose that Pm(H(0)) ⊂

P1(G∗(1)). Then P1(G∗(1)) includes agents from at least one more partition set in

P(H(0)), say Pr(H(0)). Now suppose ij ∈ G∗(1) for some i ∈ P1(G∗(1)) ∩ Pr(H(0))

and j /∈ Pn(G∗(1)). Suppose ij was established in network G(t), then from Step 1,

j has a mutually profitable link with each i′ ∈ P1(G∗(1)) ∩ Pr(H(0)) in all networks
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G′ ⊇ G(t). This is because agents in this set are equally central as i in both layers. We

have proved that a link cannot exist between j /∈ Pn(G∗(1)) and agents in Pm(H(0)).

Therefore, di(G
∗(1)) > dk(G

∗(1)) for i ∈ P1(G∗(1)) ∩ Pr(H(0)) and k ∈ Pm(H(0)).

But this contradicts i, k ∈ P1(G∗(1)), i.e. the two agents have the same degree in

G∗(1).

Step 4. (Equal Treatment) If agents i and j are in the same element of P(H(0)),

and i ∈ Pr(G∗(1)) and j ∈ Pq(G∗(1)), then r = q.

Proof of Step 4: Suppose to the contrary that i ∈ Pr(G∗(1)), j ∈ Pq(G∗(1)), and

r 6= q. Without loss of generality, let r < q. Let agent k 6= i, j be the first agent along

the improving path such that kj ∈ G∗(1) and ik /∈ G∗(1). Let i > j and agents j and

k form the link when the network is G(t). Note that biH(0) ≤ bjH(0) and biG(t) = bjG(t).

Thus, from Step 1, when the exhaustive game moves to agent i as the active agent

with network G′ ⊇ G(t), then agents i and k also have a mutually profitable link.

The same argument applies when i < j; agent i moves in the round after the one in

which agents j and k connected and from Step 1 has a profitable link with k. Thus,

each mutually profitable link of agent j is also mutually profitable for agent i, i.e.

r ≥ q. This contradicts r < q.

Step 5. Each element of P(G∗(1)) is the union of successive elements of P (H(0)).

Proof of Step 5: First, we will show that P1 (G∗(1)) is made up of successive

elements of P (H(0)). If Pm(H(0)) = P1 (G∗(1)), then we are done. Suppose

Pm(H(0)) ⊂ P1 (G∗(1)) but Pm−1(H(0)) ∩ P1 (G∗(1)) = ∅. Since Pm(H(0)) is a

proper subset of P1 (G∗(1)), there must exist some Pm−r(H(0)), r > 1, such that

Pm−r(H(0)) ∩ P1 (G∗(1)) 6= ∅. From the equal treatment property (Step 4), it fol-

lows that Pm−r(H(0)) ⊆ P1 (G∗(1)). Further, there exists some l > 1 such that

Pm−1(H(0)) ⊆ Pl (G
∗(1)). Thus, if i ∈ Pm−r(H(0)) and j ∈ Pm−1(H(0)), then

di (G
∗(1)) < dj (G∗(1)). Given the indexation of agents, j moves before i on layer
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G. Let agent k be the first agent on the improving path such that jk ∈ G∗(1)

while ik /∈ G∗(1). Suppose G(t) is the network when j is the active agent and forms

the link with agent k. Note that biH(0) < bjH(0) and biG(t) = bjG(t). Therefore, from

Step 1, when i is the active agent in network G′ ⊇ G(t), then agents i and k also

have a mutually profitable link. Thus, each link of agent j is also profitable for

agent i contradicting di (G
∗(1)) < dj (G∗(1)). Thus, if Pm(H(0)) ⊂ P1 (G∗(1)), then

Pm−1(H(0))∪Pm(H(0)) ⊆ P1 (G∗(1)). If the LHS is a proper subset of the RHS, then

the same argument yields that Pm−2(H(0)) ∪ Pm−1(H(0)) ∪ Pm(H(0)) ⊆ P1 (G∗(1))

and so on. Therefore, P1 (G∗(1)) is the union of successive elements of P (H(0)).

Further, the same argument also yields that Pn (G∗(1)) is the union of successive

elements of P (H(0)). From the above, for some r and r′:

P1 (G∗(1)) = {1, 2, ..., l1} = Pr(H(0)) ∪ Pr+1(H(0)) ∪ ... ∪ Pm(H(0))

Pn (G∗(1)) = {N,N − 1, ..., N − ln} = P1(H(0)) ∪ P2(H(0)) ∪ ... ∪ Pr′(H(0))

Thus, agent N − ln − 1 is the first lowest-indexed agent whom none of the agents in

P1 (G∗(1)) have a profitable link with. Now consider agent l1 + 1 ∈ Pr−1(H(0)). The

most profitable link is with agent N − ln − 1 ∈ Pr′+1(H(0)). Since P2(G∗(1)) 6= ∅,

this link must be profitable (otherwise P(G∗(1)) has only two elements, P1 (G∗(1))

and Pn (G∗(1))). Thus, from Step 4, Pr−1(H(0)) ⊆ P2(G∗(1)) and Pr′+1(H(0)) ⊆

Pn−1(G∗(1)). Once again, following the above line of argument, if Pr−1(H(0)) ⊂

P2(G∗(1)) and/or Pr′+1(H(0)) ⊂ Pn−1(G∗(1)), then Pr−2(H(0)) ∪ Pr−1(H(0)) ⊆

P2(G∗(1)) and/or Pr′+1(H(0)) ∪ Pr′+2(H(0)) ⊂ Pn−1(G∗(1)). This argument con-

tinues inductively to each element of P(G∗(1)).

Step 6. If ∆U1(Ge + 1N,H(0)) > c, then G∗(1) is a NSG with a flip structure to

H(0).
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Proof of Step 6: The NSG property for P1(G∗(1)) and Pn(G∗(1)) follows from Steps

2 and 3. Consider the intermediate elements of P(G∗(1)) and agents l1, l2, .., ln−1

representing the lowest indexed agents in P1(G∗(1)), P2(G∗(1)), ..., Pn−1(G∗(1)) re-

spectively. From Step 4, any profitable link of agent lk is also profitable for all agents

in Pk(G
∗(1)). Consider l2 ∈ P2(G∗(1)). Since Pm(H(0)) ⊆ P1(G∗(1)) from Step 3,

i.e. the agents with the highest centrality in H(0) belong to P1(G∗(1)), it follows

that bl2H(0) ≤ bl1H(0). Since each agent in P1(G∗(1)) is directly linked to all agents in

Pn(G∗(1)), there must exist a agent k /∈ Pn(G∗(1)) such that kl2 ∈ G∗(1).We now

show that kl2 ∈ G∗(1) for all k ∈ Pn−1(G∗(1)) ∪ Pn(G∗(1)). Suppose not and let

kl2 ∈ G∗(1) but k /∈ Pn−1(G∗(1))∪Pn(G∗(1)). From Step 4, k is linked to all agents in

P2(G∗(1)). From Step 5, each l ∈ P3(G∗(1))∪···∪Pn(G∗(1)) will satisfy blH(0) ≤ bl2H(0).

Further, along the improving path, blG ≥ bl2G on network G when the link kl2 is formed.

Since this link is profitable by assumption, from Step 1, agent k will have mutually

profitable links with all agents implying that k ∈ Pn−1(G) ∪ Pn(G), a contradiction.

Continuing inductively in this manner generates a NSG with the neighborhoods of

low degree agents nested in the neighborhoods of high degree agents. Finally note

that the NSG structure of G∗(1) is the flip of H(0).

(b) The proof that G∗(1) has a NSG architecture that is parallel to H(0) follows from

JMS (2020, Theorem 1). Suppose G∗(1) = H(0). Let the link ij /∈ G∗(1) between

agents i and j yield the highest incremental utility. Since G∗(1) is an exhaustive

limit, it follows that ∆Ui (G
∗(1) + ij,H(0)) < c. It follows from Lemma 9 that

∆Ui (H(0) + ij,G∗(1)) = ∆Ui (H(0) + ij,H(0)) = ∆Ui (G
∗(1) + ij,H(0)) < c

. When G∗(1) ⊂ H(0), then from Lemma 10,

∆Ui (H(0) + ij,G∗(1)) ≤ ∆Ui (H(0) + ij,H(0)) < c
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. Thus, H(0) is the exhaustive limit on layer H given G∗(1), when G∗(1) coarses

at the bottom. Now suppose G∗(1) ⊃ H(0). Consider the set of all links Γ =

G∗(1)\H(0). Partition Γ into Γ1 consisting of links that are formed when the current

network G(t) ⊂ H(0), and Γ2 consisting of links that are formed when the current

network G(t) ⊇ H(0). Consider ij ∈ Γ1 which was formed in network G(t) ⊂ H(0).

Therefore, from Lemmas 10 and 8:

∆Ui (H(0) + ij,G∗(1)) ≥ ∆Ui (H(0) + ij,H(0)) ≥ ∆Ui (G(t) + ij,H(0)) > c

Now consider Γ2 and arrange the links in the order they are formed starting from

G(t) = H(0) as {i1j1, i2j2, ..., irjr}. Then:

∆Ui (H(0) + i1j1,G
∗(1)) ≥ ∆Ui (H(0) + i1j1,H(0)) = ∆Ui (G(t) + i1j1,H(0)) > c

The same holds sequentially for each link in Γ2. Therefore, H∗(1) becomes at least

as dense as G∗(1). Repeating the same argument until no more links are profitable

on any layer gives the result. �

Proof of Proposition 9: This proved in the main text. �

Proof of Proposition 10: This proposition is a special case of the more general

result that is proved in Proposition 12 below. �

Proof of Proposition 11:

(a) If i, j ∈ P1 (H(0)) are the least central agents in H(0), then from Lemma 11

they gain the most from connecting in layer G when G(0) = Ge. Since G∗(1) is

non-empty by assumption, ∆Ui (G
e + ij,H(0),Ke) = ∆Uj (Ge + ij,H(0),Ke) > c.
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Then, for any pair of agents l and k who are unlinked in layer K:

∆Ul (K + lk,H(0),G∗(1)) ≥ ∆Ul (K
e + lk,H(0),G∗(1))

≥ ∆Ul (K
e + lk,H(0),Ge)

≥ ∆Ui (K
e + lk,H(0),Ge)

= ∆Ui (G
e + ij,H(0),Ke)

> c

The first inequality follows from Lemma 8, the second inequality from Lemma 10

since G∗(1) is non-empty and (G,K) are complements, the third inequality from

Lemma 11 on preferential attachment, and the last equality from Lemma 9 on layer

symmetry. Identical consideration applies to agent k. Therefore, each unlinked pair

of agents in layer K have an incentive to connect. It follows that K∗(1) is complete.

Given completeness of K∗(1), the inter-layer externality is uniformly positive across all

nodes on the other two layers. Hence, subsequent rotations will lead to flip structures

between G∗(r) and H∗(r).

(b) If G∗(1) is empty, then we can apply Proposition 9 to the layer (H,K) to conclude

that K∗(1) is complete. If G∗(1) is non-empty, then the incremental utility from a link

in layer K is decreasing in the density of G. Therefore, K∗(1) will have a symmetric

NSG structure to H(0) but may be incomplete. Since both H and K are substitutes

to G, in subsequent rotations the inter-layer externality from G is always negative on

the other layers. Hence, H∗(r) and K∗(r) evolve parallel to H(0) while G∗(r) retains

its flip structure in subsequent iterations.

(c) If G∗(1) is empty, then from Proposition 8(a), K∗(1) is a NSG that is a flip

structure of H(0). This implies if i, j ∈ P1 (H(0)), then ∆Ui (K
e + ij,H(0),Ge) =

∆Uj (Ke + ij,H(0),Ge) > c. Since (G,K) are complements, it then follows from

Lemma 10 that when link formation moves to K after reaching the exhaustive limit
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G∗(1):

∆Ui (K
e + ij,H(0),G∗(1)) ≥ ∆Ui (K

e + ij,H(0),Ge) > c

The same holds for agent j. Thus, K∗(1) is a NSG that is a flip structure of H(0)

and parallel to G∗(1). Now suppose ij is the first link formed in G∗(1). From Lemma

7(c):

biG∗(1)∆xl(K
e + ij,G,H) + biH(0)∆yl(K

e + ij,G,H) ≥

blH(0)∆yl(G
e + ij,H,K) + biKe∆zi(G

e + ij,H,K)

Therefore, the positive inter-layer externality on layer K is greater than that on

G. Therefore, each link that is profitable in layer G will also be profitable in

layer K. Therefore, G∗(1) ⊆ K∗(1). It follows that in subsequent rotations, G∗(r)

and K∗(r) will remain parallel to each other while retaining the flip structure of of

H(0). At the same time, H∗(r) will receive negative inter-layer externalities from the

other two networks and will remain parallel to H(0).

(d) All layers are substitutes.

We claim that K∗(1) is empty. Suppose to the contrary that K∗(1) is non-empty.

Since (G,K) are substitutes, K∗(1) is a flip structure of G∗(1). Since K∗(1) is a

NSG, and Pm (K∗(1)) is the highest element in the degree partition of K∗(1), then

the most profitable link in layer K is between agents i and j, where i, j ∈ Pm (K∗(1))

if |Pm (K∗(1))| ≥ 2, and i ∈ Pm (K∗(1)) and j ∈ Pm−1 (K∗(1)) if |Pm (K∗(1))| = 1.

Since G∗(1) is a flip structure of K∗(1), it follows that ij /∈ G∗(1). Therefore, for at

least one of these agents, say i:

∆Ui (G
e + ij,H(0),Ke) ≤ ∆Ui (G

∗(1) + ij,H(0),Ke) < c
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where the inequality follows from Lemma 8. It now follows that:

∆Ui (K
e + ij,H(0),G∗(1)) ≤ ∆Ui (K

e + ij,H(0),Ge)

= ∆Ui (G
e + ij,H(0),Ke)

< c

where the weak inequality follows from Lemma 10 and the equality from Lemma 9.

Therefore, i will not link with j in layer K. However, if ij is the most profitable link

in layer K, then no links are profitable in this layer. This contradicts the starting

hypothesis that K∗(1) is non-empty. In subsequent rounds, any further link forma-

tion reinforces the empty structure of K while the other two networks evolve as flip

structures of each other. �

Proof of Proposition 12: Since (G1,G2) are complements, G∗2(1) is a NSG which

is parallel to G1(0) from Proposition 8(b). We now show that irrespective of the

nature of coupling with G3, the exhaustive limit G∗3(1) cannot be a flip structure of

G1(0). There are four possible cases:

Case 1: I13 > 0 and I23 > 0: Here, actions in G3 are strategic complements to both

G1 and G2. Since links where profitable in G2(0), and because incremental utility

is increasing in complement pairs, links will be profitable in G3. Furthermore, from

Lemma 11, from a bilateral perspective, the most profitable links in G3 are with the

most central agents in G1. However, these agents are also the most central in G2.

Therefore, G∗3(1) must be a NSG which is parallel to G1(0).

Case 2: I13 < 0 and I23 < 0: From Lemma 11, agents have an incentive to propose

links in G3 with the least central of G1 and G2. Since G∗2(1) is incomplete, so that

peripheral agents do not have an incentive to link among themselves, and since these

links are the most profitable in G3, it follows from Proposition 9 that G∗3(1) is empty.

Case 3: I13 > 0 and I23 < 0: First, we show that if G∗2(1) = G1(0), then no links
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will be profitable in G3. To do this, first observe that when this is the case, all links

are equally profitable in the empty configuration. This is because for any agent i and

linking partner j in Ge
3:

∆Ui (G
e
3 + ij,G−3) =

1

2
[∆xi3 (Ge

3 + ij,G−3)]2

+
[
xi3 (Ge

3,G−3)− γ
(
biG1
− biG2

)
−
∑
q 6=1,2,3

Iq3biGq

]
∆xi3 (Ge

3 + ij,G−3)

+biG1
∆xi1 (Ge

3 + ij,G−3) + biG2
∆xi2 (Ge

3 + ij,G−3)

+
∑
q 6=1,2,3

biGq
∆xiq (Ge

3 + ij,G−3)

=
1

2
[∆xi3 (Ge

3 + ij,G−3)]2

+

[
xi3 (Ge

3,G−3)−
∑
q 6=1,2,3

Iq3biGq

]
∆xi3 (Ge

3 + ij,G−3)

+
∑
q 6=1,2,3

biGq
∆xiq (Ge

3 + ij,G−3)

where we have used symmetry of Nash increments, i.e G1 = G2 so that biG1
= biG2

and, therefore, ∆xi1 (Ge
3 + ij,G−3) = −∆xi2 (Ge

3 + ij,G−3). Also,

∆x3 (Ge
3 + ij,G−3) =

[
bGe

3+ij − bGe
3

]
+ γ

[
MGe

3+ij −MGe
3

]∑
q 6=3

Iq3bGq

=
[
bGe

3+ij − bGe
3

]
+ γ

[
MGe

3+ij −MGe
3

] ∑
q 6=1,2,3

Iq3bGq

=
λ

1− λ
(ei + ej) + γWGe

3
(ij)

∑
q 6=1,2,3

Iq31

where the second equality comes from the fact that G1 = G2, and the third from

Proposition 5 as well as the fact that Gq = Ge for q = 4, 5, ..M . Since all non-zero

entries of the ith row of WGe
3
(ij) are the same as WGe

3
(iq) for all q, it follows that

∆xi3 (Ge
3 + ij,G−3) = ∆xi3 (Ge

3 + iq,G−3) for all j, q . Furthermore, for q > 3 we
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have:

∆xq (Ge
3 + ij,G−3) = γIq3MGq

[
bGe

3+ij − bGe
3

]
= γIq3I

[
bGe

3+ij − bGe
3

]
which implies that ∆xiq(G

e
3+ij,G−3) = ∆xiq(G

e
3+iq,G−3) for all j, q. It follows that

the incremental payoff from forming links in Ge
3 is partner invariant. Furthermore,

since all non-zero diagonal and off-diagonal elements of WGe
3
(ij) and WGe

3
(ql) are

respectively equal to each other, the incremental payoff from forming links in Ge
3 is

the same for all active agents so that all links are equally profitable. Since G∗2(1) is

incomplete, then there exits an il /∈ G∗2(1) such that ∆Ui(G
∗
2(1) + il, G−2) < c. If

we show that this link is not profitable in Ge
3, then because of the fact that all links

are equally profitable in the empty configuration Ge
3, we will be done. That is, we

have to show that ∆Ui(G
e
3 + il, G−3) < ∆Ui(G

∗
2(1) + il, G−2). To do this, let us first

rewrite the incremental utility expression as follows:

∆Ui(Gk + ij,G−k) =
1

2
∆xik(Gk + ij,G−k)

2 + xik(Gk,G−k)∆xik(Gk + ij,G−k)

+
∑
q 6=k

biGq
[∆xiq(Gk + ij,G−k)− γIqk∆xik(Gk + ij,G−k]

Further, for any fixed layer q:

∆xq(Gk + il,G−k)− γIqk∆xk(Gk + il,G−k) = γIqk[MGq − I][bGk+il − bGk
]

where we have used the fact that γ2 � 1. Therefore, all the contributions from the

empty layers Gq for q ≥ 3 vanish (MGq = I for q ≥ 3) so that:
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∆Ui(G
∗
2(1) + il,G−2) =

1

2
[∆xi2(G∗2(1) + il,G−2)]2

+ xi2(G∗2(1),G−2)∆xi2(G∗2(1) + il,G−2)

+ biG1
[∆xi1(G∗2(1) + il,G−2)− γ∆xi2(G∗2(1) + il,G−2]

∆Ui(G
e
3 + il,G−3) =

1

2
[∆xi3(Ge

3 + il,G−3)]2 + xi3(Ge
3, G−3)∆xi3(Ge

3 + il,G−3)+

+ biG1
[∆xi1(Ge

3 + il,G−3)− γ∆xi3(Ge
3 + il,G−3)]

+ biG2
[∆xi2(Ge

3 + il,G−3) + γ∆xi3(Ge
3 + il,G−3)]

Since G1 = G2 with I13 > 0 and I23 < 0, it follows that:

biG1
[∆xi1(Ge

3 + il,G−3)− γ∆xi3(Ge
3 + il,G−3)] +

biG2
[∆xi2(Ge

3 + il,G−3) + γ∆xi3(Ge
3 + il,G−3)] = 0

and:

biG1
[∆xi1(G∗2(1) + il,G−2)− γ∆xi2(G∗2(1) + il,G−2)] > 0

Finally, since G∗2(1) ⊃ Ge
3, we have ∆xi2(G∗2(1) + il,G−2) > ∆xi3(Ge

3 + il,G−3),

and xi2(G∗2(1),G−2) > xi3(Ge
3,G−3). Therefore, ∆Ui(G

e
3 + il,G−3) < ∆Ui(G

∗
2(1) +

il,G−2) < c. Since incremental payoffs are decreasing in substitute pairs, it immedi-

ately follows that if G∗2(1) ⊃ G1(0), then no links will be profitable in G3.

Lastly, we need to show that if G∗2(1) ⊆ G1(0), then G∗3(1) is a NSG which is

parallel to G1(0). First, we show that G∗3(1) ⊆ G∗2(1). Suppose otherwise, so that

G∗3(1) ⊃ G∗2(1) and that there exists a link ij ∈ G∗3(1)\G∗2(1). This implies that
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there exists some G3 along the improving path such that G∗2(1) ⊂ G3 ⊂ G∗3(1) and:

c < Ui (G1(0),G∗2(1),G3 + ij, ...)− Ui (G1(0),G∗2(1),G3, ...)

< Ui (G1(0),G∗2(1),G∗2(1) + ij, ...)− Ui (G1(0),G∗2(1),G∗2(1), ...)

= Ui (G1(0),G∗2(1) + ij,G∗2(1), ...)− Ui (G1(0),G∗2(1),G∗2(1), ...)

< Ui (G1(0),G∗2(1) + ij,Ge
3, ...)− Ui (G1(0),G∗2(1),Ge

3, ...)

where respectively the second inequality comes Lemma 8, the equality from Lemma

9, and the third inequality from the fact that incremental payoffs are decreasing in

the density of substitute pairs (Lemma 10). We arrive at a contradiction since the

link ij was not profitable in G∗2(1). Therefore, G∗3(1) ⊆ G∗2(1), and links outside of

G∗2(1) cannot be profitable in G∗3(1). Moreover, from Lemma 11, it must also be the

case that the centrality rankings of G∗2(1) are preserved in G∗3(1).

Case 4: I13 < 0 and I23 > 0: This is the same as Case 3 but the positive externality

is now emanating from G2 rather than G1. We have established that as long as G1

and G2 are complements, G∗3(1) cannot exhibit a flipped structure topology. Finally,

for any other layer Gk, k > 3, the same arguments apply so that flipped structures

are not possible in equilibrium. �

Proof of Proposition 13: (a) Consider a structurally balanced multiplex where

the layers are partitioned according to X = {G1,Gt1+1,Gt1+2, ...,Gt2} and Y =

{G2,G3, ..,Gt1 ,Gt2+1, ..}. Link formation starts on G2 ∈ Y . From Proposition 8,

G∗2(1) is a flip NSG of G1(0). Suppose G∗2(1) is empty. From Lemma 11, the most

profitable link in G2 is between agents i and j who are least central in G1(0). There-

fore, ∆Ui

(
Ge

2 + ij,G1(0),Ge
−{1,2}

)
< c. It follows from Lemma 9 that all successive

layers in Y are empty. Similarly, if G∗2(1) is complete, layer symmetry ensures that

all G3, ..,Gt1 are complete. If G∗2(1) is incomplete, then from Proposition 11(c),

G∗3(1) is a NSG that is parallel to G∗2(1) and a flip of G1(0). The argument ex-
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tends inductively to G∗4(1), ...,G∗t1(1). Link formation now moves to Gt1+1 ∈ X.

Consider the layers
(
G∗2(1), ...,G∗t1(1)

)
as a supernode and the triplex relationship

between this supernode, G1(0), and the evolving layer Gt1+1. By virtue of Propo-

sition 11(b), G∗t1+1(1) is a NSG that is parallel to G1(0) and flip of those in Y .

If G∗t1+1(1) is empty, then by Lemma 9 all succeeding layers in X are empty. If

G∗t1+1(1) is complete, then G∗t1+2(1), ...,G∗t2(1) are complete. Continuing inductively,

G∗t1+2(1), ...,G∗t2(1) are NSG that are parallel to G1(0) and flip of those in Y . Now

considering
(
G∗2(1), ...,G∗t1(1)

)
and

(
G∗t1+2(1), ...,G∗t2(1)

)
as supernodes, we can apply

the triplex characterization Proposition 11(c) to Gt2+1 ∈ Y to conclude that G∗t2+1(1)

is a NSG that is parallel to those in Y and flip of those in X. The argument extends

inductively to G∗t2+2(1), ...,G∗m(1). If the first exhaustive limits do not produce a

pws-equilibrium, then further rotations will either preserve the architecture on the

layers or coarsen it at the top, but the parallel or flip feature of the architecture on

each layer will be maintained. This proves the characterization result.

(b) Consider a weakly balanced multiplex where the layers are partitioned according

to X = {G1, ...}, Y = {G2, ...},Z1, ..., Zp. The characterization of the first exhaustive

limits on layers X and Y follows part (a). Link formation then moves to layer, say

Gt1 , on cluster Z1. Considering X and Y as supernodes, the triplex relationship

between X, Y and Gt1 from Proposition 11(d) implies that G∗t1(1) is empty. From

Lemma 9, all succeeding layers in clusters Z1, ...Zp are empty. �

Proof of Proposition 14: Consider the set Gsb of multiplexes. Suppose the first

coupling is between complements and G∗2(r) ∈ {G∗k(r),+}Mk=1 is non-empty and in-

complete. From Proposition 12, all non-empty layers in the equilibrium multiplex

are parallel to the seed layer. Letting ξ+ denote the number of non-empty incom-

plete NSG layers in equilibrium, it follows that R
(
{G∗k(r),+}Mk=1

)
= ξ+ (u− u). If

layer G2 is moved to cluster Y so that the first coupling is now between substi-

tutes, then from duality, G∗2(r) ∈ {G∗k(r),−}Mk=1 is empty. From layer symmetry
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(Lemma 9), all layers in cluster Y other than G2 are empty as well. All layers

in cluster X that were empty when G2 ∈ X will continue to remain empty, while

those that were non-empty when G2 ∈ X will be either empty or sparser NSGs

parallel to the seed layer (because positive inter-layer externalities from G2 are ob-

viated when it is moved to cluster Y ). It follows that any non-empty layer will be

parallel to the seed layer, and the number of non-empty layers is ξ− < ξ+. There-

fore, R
(
{G∗k(r),+}Mk=1

)
= ξ+ (u− u) > ξ− (u− u) = R

(
{G∗k(r),−}Mk=1

)
, establish-

ing Proposition 14. �

Proof of Lemma 12: Optimality with respect to xi yields:

1− xi + λ
∑
j

gijxj + γyi = 0 (2.22)

or

x = MG(1 + γy) (2.23)

or

xi = biG + γ
∑
q

miqyq (2.24)

with miq the iq element of the influence matrix MG. Next we optimize with respect

to yi such that xi = xi(y1, .., yn). We have:

∂ui
∂yi

=

[
∂xi
∂yi
− xi

∂xi
∂yi

+ λ
∂xi
∂yi

∑
j

gijxj + λxi
∑
j

gij
∂xj
∂yi

]

+ [1− yi + ψ
∑
j

hijyj] + γxi + γyi
∂xi
∂yi

=
∂xi
∂yi

[1− xi + λ
∑
j

gijxj + γyi] + [1− yi + ψ
∑
j

hijyj] + λxi
∑
j

gij
∂xj
∂yi

+ γxi

= [1− yi + ψ
∑
j

hijyj] + λxi
∑
j

gij
∂xj
∂yi

+ γxi

= [1− yi + ψ
∑
j

hijyj] +

[
γ + λ

∑
j

gij
∂xj
∂yi

]
xi
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where the second equality follows from rearranging the first and the third from equa-

tion (2.22) . From equation (2.24) we also know that
∂xj
∂yi

= γmji. Therefore, setting

the above equal to zero we have

1 + γ[1 + λ
∑
j

gijmji]xi = yi − ψ
∑
j

hijyj (2.25)

Lastly we want a “cleaner” expression for the term λ
∑

j gijmji. To do this first note

that by the symmetry of the adjacency matrix G, we have that 37MT
G = MG so that

mji = mij. Furthermore, recall that

MG = I + λG+ λ2G2 + ...

so that

λGMG = λG+ λ2G2 + ... = MG − I

Hence:

λ
∑
j

gijmji = mii − 1 (2.26)

From (2.25) and (2.26) we then have

1 + γmiixi = yi − ψ
∑
j

hijyj

LetD(MG) denote the matrix whose diagonal elements are the own influence elements

and zero off-diagonal elements. Then, in vector form, we have:

1 + γD(MG)x = [I − ψH ]y

37This is because MG = I + λG + λ2G2 + ... and G symmetric implies Gn = (Gn)T for all
n = 1, 2, ... For example, (G2)T = (GG)T = GTGT = GG = G2

142



Finally, using equation (2.23) :

1 + γD(MG)MG(1 + γy) = [I − ψH ]y

so that

y =
[
I − ψH − γ2D(MG)MG

]−1
(1 + γD(MG)bG) (2.27)

Taking weak interaction limit γ2 � 1 yields the result. �

Proof of Lemma 13: Term by term inspection of reduced form payoffs shows that

all the terms that appear in it are positive and strictly increasing in the link density

of G. Therefore convexity follows. �

Proof of Lemma 14: We begin with the following remark:

Remark. Due to the presence of some of terms that appear in the expression of reduced

form payoffs (such as m
G, ii

biG), a brute force calculation will not work here. We may

however prove the preferential attachment lemma implicitly. The idea is as follows:

Step 1: Show that the lemma holds as long as G is a NSG which is parallel to H .

Step 2: Next, show that when:

1. G starts in the empty configuration

2. H is NSG with b1
H ≥ b2

H ≥ .. ≥ bnH

3. Link proposals in G follow accenting centrality in H and

4. Ties are resolved by forming proposing a link to the highest index node

then the first link that will be form in G is the link 1n

Step 3: The previous steps implies that G(1) = Ge + 1n and hence a NSG.

Therefore, from step 1 and convexity the evolution ofG along the improving path will

be “nested like” (at any stage G will have an NSG structure). From this, preferential

attachment will follow.
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We start with step 1. To prove this, we first state as a fact lemma 5 from Joshi

et al (2020) along with two corollaries. We also state as fact proposition 5 from the

main text along with some claims that will be used in proving the desired result.

Fact 1. Suppose Q is a NSG and let M s(Q, λ) = [m[s]
Q, ij

], s ∈ Z+. If k ∈ Pl(Q) and

j ∈ Pl′(Q) where l′ > l then m[s]
Q, kw

< m[s]
Q, jw
∀w ∈ {1, 2, .., n}, ∀ s ∈ Z+

Corollary 3. If Q is NSG and bjQ ≥ bkQ then m
Q, kw
≤ m

Q, jw
∀w ∈ {1, 2, .., n}

Corollary 4. If Q is NSG and bjQ ≥ bkQ then m
Q, kk
≤ m

Q, jj

Fact 2. Let Q be any network and ij /∈ Q. Then:

M (Q+ ij, λ) = M (Q, λ)[I +WQ(ij)]

where the argument in WQ(.) denotes the link addition and the elements of which are

given by:

wln(ij) =


λv2(ij)[min + λv1(ij)miimjn] if l = j

λv1(ij)[mjn +mjjwjn(ij)] if l = i

0 otherwise

with v1(ij) = 1
1−λmji and v2(ij) =

1−λmji
(1−λmji)(1−λmij)−λ2mjjmii

. Furthermore, it can be

shown that the elements of WQ(ij) are strictly increasing in the influence elements

of nodesi and j and that

biQ+ij − biQ = α(ij)biQ + β(ij)bjQ

with α(ij) = v2(ij)− 1 and β(ij) = λv1(ij)v2(ij)mii

Claim 4. If G is NSG with ij, ik /∈ G and bjG ≥ bkG we have v1(ij) ≥ v1(ik) and

v2(ij) ≥ v2(ik) > 1 with v1(.) and v2(.) as in the statement of fact 1
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Proof. This follows directly from facts 1 and 2

Claim 5. If G is NSG with ij, ik /∈ G and bjG ≥ bkG we have biG+ij ≥ biG+ik

Proof. From fact 1 we have:

biG+ij − biG+ik = [α(ij)− α(ik)]biG + β(ij)bjG − β(ik)bkG

From claim 4, it is easy to see that α(ij)− α(ik) > 0 and β(ij)− β(ik) > 0 so that

the result follows

Claim 6. If G is NSG with ij, ik /∈ G and bjG ≥ bkG then ∀ q 6= k we have m
G+ij, iq

≥

m
G+ik, iq

Proof. From fact 1 we have

M (G+ ij, λ)−M(G+ ik, λ) = M(G, λ)[WG(ij)−WG(ik)]

therefore:

m
G+ij, iq

−m
G+ik, iq

=
∑
n

m
G, in

[wnq(ij)− wnq(ik)]

Now, note that the qth column of WG(ij) has non-zero elements only in the ith and

jth entries and similarly the qth column of WG(ik) has non-zero elements only in the

ith and kth entries. It follows that

m
G+ij, iq

−m
G+ik, iq

= m
G, ii

[w
iq

(ij)− w
iq

(ik)] +m
G, ij

w
jq

(ij)−m
G, ik

w
kq

(ik)

Since G is NSG with bjG ≥ bkG so that m
G, ij
≥ m

G, ik
, to establish the result it is

sufficient to show that w
iq

(ij) − w
iq

(ik) ≥ 0 and w
jq

(ij) − w
kq

(ik) ≥ 0 for all q 6= k.
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From fact 1 we have:

w
iq

(ij) = λv1(ij)[m
G, jq

+m
G, jj

w
jq

(ij)]

w
iq

(ik) = λv1(ik)[m
G, kq

+m
G, kk

w
kq

(ik)]

Since m
G, ij
≥ m

G, ik
it follows that v1(ij) ≥ v1(ik). Furthermore m

G, jj
≥ m

G, kk

and m
G, jq
≥ m

G, kq
∀ q 6= k. Hence, to establish the result it suffices to show that

w
jq

(ij)− w
kq

(ik) ≥ 0. We have:

w
jq

(ij) = λv2(ij)[m
G, iq

+ λv1(ij)m
G, ii

m
G, jq

]

w
kq

(ik) = λv2(ik)[m
G, iq

+ λv1(ik)m
G, ii

m
G, kq

]

We have v1(ij) ≥ v1(ik) and m
G, jq
≥ m

G, kq
∀q 6= k. Finally it is easy to see that

v2(ij) ≥ v2(ik) so that the claim follows

Claim 7. If G is NSG with ij, ik /∈ G and bjG ≥ bkG then ∀ q 6= k we have m
G+ij, qq

≥

m
G+ik, qq

Proof. Following the same reasoning as the one in the proof of claim 5, we have

m
G+ij, qq

−m
G+ik, qq

=
∑
n

m
G, qn

[wnq(ij)− wnq(ik)]

= m
G, qi

[w
iq

(ij)− w
iq

(ik)] +m
G, qj

w
jq

(ij)−m
G, qk

w
kq

(ik)

We know m
G, qj
≥ m

G, qk
and we have already proved that w

iq
(ij) − w

iq
(ik) ≥ 0 and

w
jq

(ij)− w
kq

(ik) ≥ 0 for all q 6= k. Thus the claim follows.

Claim 8. IfG is NSG with ij, ik /∈ G and bjG ≥ bkG then ∀ q 6= k we have bqG+ij ≥ bqG+ik

Proof. Note that we have already established the case for q = i. From fact 1 we have
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that

bG+ij − bG = MGW (ij)1

= MG[

(∑
n

w
in

(ij)

)
ei +

(∑
n

w
jn

(ij)

)
ej]

=

(∑
n

w
in

(ij)

)


m
G, 1i

m
G, 2i

...

m
G,ni


+

(∑
n

w
jn

(ij)

)


m
G, 1j

m
G, 2j

...

m
G,nj


so, for any q 6= k we have

bqG+ij − b
q
G = m

G, qi

(∑
n

w
in

(ij)

)
+m

G, qj

(∑
n

w
jn

(ij)

)

Similarly:

bqG+ik − b
q
G = m

G, qi

(∑
n

w
in

(ik)

)
+m

G, qk

(∑
n

w
kn

(ik)

)

We have ∑
n

w
jn

(ij) = λv2(ij)[biG + λv1(ij)m
G, ii

bjG]

∑
n

w
kn

(ik) = λv2(ik)[biG + λv1(ik)m
G, ii

bkG]

so that
∑

nwjn
(ij) >

∑
nwkn

(ik). We also have

∑
n

w
in

(ij) = λv1(ij)[bjG +m
G, jj

∑
n

w
jn

(ij)]

∑
n

w
in

(ik) = λv1(ik)[bkG +m
G, kk

∑
n

w
kn

(ik)]

so that
∑

nwin
(ij) >

∑
nwin

(ik). Therefore, for any q 6= k we have bqG+ij ≥ bqG+ik
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Remark. Keep in mind that claims 6, 7 and 8 do not hold when q = k

Proof of Step 1: Suppose H and G are symmetric NSGs and that bjG ≥ bkG .

Using the expression of reduced form payoffs it follows that

∆Ui(G+ ij, H)−∆Ui(G+ ik, H) =
1

2
(biG+ij)

2 − 1

2
(biG+ik)

2

+ γ(biH − 1)[m
G+ij, ii

biG+ij −mG+ik, ii
biG+ik]

+ γbiH [m
G+ij, ii

(m
H, ii

biG+ij − 1)

−m
G+ik, ii

(m
H, ii

biG+ik − 1)]

+ γ[biG+ij

∑
q 6=i

m
G+ij, iq

bqH − b
i
G+ik

∑
q 6=i

m
G+ik, iq

bqH ]

+ γbiH
∑
q 6=i

m
H, iq

(m
G+ij, qq

bqG+ij −mG+ik, qq
bqG+ik)

From claims 4-6 it immediately follows that the first three terms that appear in the

expression are positive. It is not obvious that the fourth and fifth terms are positive

since claims 5 and 6 hold whenever q 6= k. Lets start by considering the fourth term

which is given by

T4 = γ[biG+ij

∑
q 6=i

m
G+ij, iq

bqHα − b
i
G+ik

∑
q 6=i

m
G+ik, iq

bqH ]

Since biG+ij ≥ biG+ik and m
G+ij, iq

≥ m
G+ik, iq

∀ q 6= k we can write:

T4 ≥ γbjH [biG+ijmG+ij, ij
− biG+ikmG+ik, ij

] + γbkH [biG+ijmG+ij, ik
− biG+ikmG+ik, ik

]

and note that the first term is positive. There are two cases:

Case i: m
G+ij, ik

− m
G+ik, ik

≥ 0. If this holds we are done and we have shown

T4 ≥ 0. Note however that the claims have not established this and that it also fails

numerically. It remains to prove analytically that this does not hold
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Case ii: m
G+ij, ik

−m
G+ik, ik

< 0. If this is the case we have:

T4 ≥ γbjH [biG+ijmG+ij, ij
− biG+ikmG+ik, ij

] + γbkH [biG+ijmG+ij, ik
− biG+ikmG+ik, ik

]

≥ γbjH [biG+ijmG+ij, ij
− biG+ikmG+ik, ij

] + γbkH [biG+ikmG+ij, ik
− biG+ikmG+ik, ik

]

≥ γbjH [biG+ikmG+ij, ij
− biG+ikmG+ik, ij

] + γbjH [biG+ikmG+ij, ik
− biG+ikmG+ik, ik

]

= γbjHb
i
G+ik[mG+ij, ij

−m
G+ik, ij

+m
G+ij, ik

−m
G+ik, ik

]

where the second inequality follows from the fact that biG+ij ≥ biG+ik and m
G+ij, ik

−

m
G+ik, ik

< 0 and the third inequality from biG+ij ≥ biG+ik and bjHα ≥ bkHα . Hence to

establish T4 ≥ 0 it suffices to show that

m
G+ij, ij

−m
G+ik, ij

+m
G+ij, ik

−m
G+ik, ik

≥ 0

or

(m
G+ij, ij

−m
G+ik, ik

) + (m
G+ij, ik

−m
G+ik, ij

) ≥ 0

Claim 9. If G is NSG with ij, ik /∈ G and bjG ≥ bkG we have (m
G+ij, ij

−m
G+ik, ik

) +

(m
G+ij, ik

−m
G+ik, ij

) ≥ 0

Proof. From fact 1 we have

m
G+ij, ij

−m
G+ik, ik

= m
G, ij
−m

G, ik
+
∑
n

m
G, in

(w
nj

(ij)− w
nk

(ik))

m
G+ij, ik

−m
G+ik, ij

= m
G, ik
−m

G, ij
+
∑
n

m
G, in

(w
nk

(ij)− w
nj

(ik))
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so that

(m
G+ij, ij

−m
G+ik, ik

) + (m
G+ij, ik

−m
G+ik, ij

) =∑
nmG, in

[w
nj

(ij)− w
nk

(ik) + w
nk

(ij)− w
nj

(ik)] =

m
G, ii

[w
ij

(ij)− w
ik

(ik) + w
ik

(ij)− w
ij

(ik)] +m
G, ij

[w
jj

(ij) + w
jk

(ij)]

−m
G, ik

[w
kk

(ik) + w
kj

(ik)]

With claim 4 in mind we have the following:

• (i): Direct comparison will show that w
jj

(ij) ≥ w
kk

(ik) hence m
G, ij

w
jj

(ij) −

m
G, ik

w
kk

(ik) > 0

• (ii) We have that

w
jk

(ij) = λv2(ij)[m
G, ik

+ λv1(ij)m
G, ii

m
G, jk

]

w
kj

(ik) = λv2(ik)[m
G, ij

+ λv1(ik)m
G, ii

m
G, kj

]

Multiplying the first equation by m
G, ij

and the second by m
G, ik

it follows that

m
G, ij

w
jk

(ij)−m
G, ik

w
kj

(ik) > 0

• (iii) Finally we have

w
ij

(ij)− w
ik

(ik) + w
ik

(ij)− w
ij

(ik) = [w
ij

(ij) + w
ik

(ij)]− [w
ik

(ik) + w
ij

(ik)]

and

w
ij

(ij) + w
ik

(ij) = λv1(ij)[m
G, jj

+m
G, jk

+m
G, jj

(w
jj

(ij)) + w
jk

(ij))]

w
ik

(ik) + w
ij

(ik) = λv1(ik)[m
G, kk

+m
G, kj

+m
G, kk

(w
kk

(ik)) + w
kj

(ik))]
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with

w
jj

(ij)) + w
jk

(ij) = λv2(ij)[m
G, ij

+m
G, ik

+ λv1(ij)m
G, ii

(m
G, jj

+m
G, jk

)]

w
kk

(ik)) + w
kj

(ik) = λv2(ik)[m
G, ik

+m
G, ij

+ λv1(ik)m
G, ii

(m
G, kk

+m
G, kj

)]

Therefore w
jj

(ij)) +w
jk

(ij) ≥ w
kk

(ik)) +w
kj

(ik) and hence w
ij

(ij) +w
ik

(ij) ≥

w
ik

(ik) + w
ij

(ik)

With claim 8, we have established that the first four terms the appear in the

difference of incremental utilities are positive. To establish step 1, we must finally

show that

T5 = γbiH
∑
q 6=i

m
H, iq

(m
G+ij, qq

bqG+ij −mG+ik, qq
bqG+ik)

is also positive. As was the case with T4, direct applications of claims 7 and 8 will

not establish positivity of T5 since the claims hold for q 6= k. We know however that

m
G+ij, qq

≥ m
G+ik, qq

and bqG+ij ≥ bqG+ik for all q 6= k so we can write:

T5 ≥ γbiHmH, ij
(m

G+ij, jj
bjG+ij −mG+ik, jj

bjG+ik)

+ γbiHαmH, ik
(m

G+ij, kk
bkG+ij −mG+ik, kk

bkG+ik)

≥ γbiHmH, ik
(m

G+ij, jj
bjG+ij −mG+ik, jj

bjG+ik)

+ γbiHαmH, ik
(m

G+ij, kk
bkG+ij −mG+ik, kk

bkG+ik)

= γbiHmH, ik
[(m

G+ij, jj
bjG+ij −mG+ik, jj

bjG+ik) + (m
G+ij, kk

bkG+ij −mG+ik, kk
bkG+ik)]

= γbiHmH, ik
[(m

G+ij, jj
bjG+ij +m

G+ij, kk
bkG+ij)− (m

G+ik, jj
bjG+ik +m

G+ik, kk
bkG+ik)]

where the first inequality comes from the fact that m
H, ij
≥ m

H, ik

Claim 10. (m
G+ij, jj

bjG+ij +m
G+ij, kk

bkG+ij)− (m
G+ik, jj

bjG+ik +m
G+ik, kk

bkG+ik) > 0

Proof. The proof is similar to that of claim 9.
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Up to this point we have established that when bjH ≥ bkH and bjG ≥ bkG

∆Ui(G+ ij, H) ≥ ∆Ui(G+ ik, H)

To establish the second inequality of the preferential attachment lemma, first note

that the symmetric structure implies that bjH ≥ bkH . Note further that this along

with the NSG structure also imply that m
H, jq
≥ m

H, kq
∀ q. Therefore, it follows that

Uj(GH) ≥ Uk(GH) and

∆Uj(G+ ij, H)−∆Uk(G+ ik, H) ≥ Uj(G+ ijH)− Uk(G+ ikH)

We must therefore show that the RHS of the preceding inequality is positive. In-

corporating the fact that bjHα ≥ bkHα and m
H, jq
≥ m

H, kq
∀ q the proof of this will be

similar to that of the proof of step 1.

Proof of step 2: Inserting G = Ge it is easy to show that link proposals are partner

invariant. Therefore, the first link that is formed is 1n. �

Proof of Proposition 15: Part (a) follows from convexity and the preferential at-

tachment lemma. To prove (b), let Ui(G, H|seq) denote the reduced form utility

from the sequential game (y-actions first) and Ui(G, H|sim) the simultaneous move

game. It can be easily shown that with the weak interactions assumption active, and

over the same parameter space (including networks G and H) we have

Ui(G, H|seq)−Ui(G, H|sim) = γbiHb
i
G(m

G, ii
−1)(m

H, ii
−1)+γbiH

∑
q 6=i

m
H, iq

(m
G, qq
−1)

(2.28)

The expression above is always positive, since for any network Q: m
Q, ii
≥ 1 ∀ i. From

the preceding expression, it immediately follows that Ui(G, H|seq)−Ui(G, H|sim)
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is strictly increasing in the link density of G. Therefore, for any G̃ ⊇ G

Ui(G̃, H|seq)− Ui(G̃+ ij, H|sim) ≥ Ui(G, H|seq)− Ui(G, H|sim) (2.29)

Next, consider the difference of incremental utilities:

∆Ui(G+ ij, H|seq)−∆Ui(G+ ij, H|sim) =

[Ui(G+ ij, H|seq)− Ui(G, H|seq)]− [Ui(G+ ij, H|sim)− Ui(G, H|sim)] =

[Ui(G+ ij, H|seq)− Ui(G+ ij, H|sim)]− [Ui(G, H|seq)− Ui(G, H|sim)]] ≥ 0

where the inequality follows from (2.29) . In other words, over the same network

topologies, link formation is more profitable in the sequential game. Combined with

the fact that network formation will occur over a nested manner due to prefential at-

tachment as well as convexity in link additions, it follows that over the same parameter

space (H , ψ, λ, γ) the sequential game is at least as dense as the simultaneous. �
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3 Optimal Liquidity Allocation in an Equity Network

3.1 Introduction

One of the main characteristics of financial crises is the presence of liquidity shortages

that dampen the ability of the system to operate smoothly. Shortages of this nature

have the potential of disrupting the flow of capital in the economy leading to the

further deterioration of economic conditions and loss amplification. In an environment

in which individual economic performance is interlinked-in the sense that success of

one agents is based on the success of another-idiosyncratic liquidity shortages produce

systemic externalities. Due to this interconnection structure, when aggregate liquidity

supply does not meet demand, it is not clear how supply should be distributed among

agents in order to achieve minimal loss.

In this chapter we ask the question of how liquidity should be allocated in a

distressed financial system when agents are embedded in a network of cross ownership.

Specifically we wish to understand in what way financial exposure in the form of

correlated portfolio returns across agents affects aggregate welfare, in an setting in

which agents are faced with liquidity shortages. To this end we propose an extension

to the models put forth by Elliot et al (2014) and Galeotti, Ghiglino and Goyal (2016)

in which liquidity shocks in the spirit of Holmstrom and Tirole (1998) are introduced.

Agents interconnected through financial obligations make a portfolio decision be-

tween investing in risky project and a safe asset. Assuming that they must hold some

liquidity in the form of reserves we apply a liquidity shock to each project under-

taken. For the project to yield a positive return, the liquidity demand generated by

the shock must be met in full. If not, the project collapses and yields a zero return.

Since agents are embedded in a network of cross ownership, the decision of discontin-

uing a project has adverse effects on all agents linked to the investor of the distressed

project. Furthermore, it is not always the case that the investor of a specific project
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has an incentive to refinance his own. For example if agent A holds ownership of

agent B and the latter’s project is in need of refinancing, then A has an incentive to

provide liquidity to B. On the other hand if agent B holds ownership of agent C then

B may prefer that A give his available liquidity to C instead. To reduce the complex-

ity of the problem we study a first best allocation of liquidity. That is we allow for

investors to pool resources and make a coordinated decision on which projects will

be given the additional liquidity need. This in turn may be thought of as strategic

intervention of a social planner who optimally allocates available liquidity. Under

certain assumptions on the topology of the cross-holdings network we characterize

the first best allocation for various exposure levels. We find that there always exists

a unique upper bound on the level of exposure such that maximal welfare is achieved.

This chapter is related to the literature of financial networks and systemic impor-

tance. For a survey of the literature see Allen and Babus (2009). Allen and Gale

(2000) study how the banking system responds to contagion when banks are con-

nected under different network structures. They show that if banks are connected

in a complete structure, then the system is more resilient contagious effects. Babus

(2016) proposes a model where banks form links with each other as an insurance

mechanism to reduce the risk of contagion. At the base of the link formation process

lies the same intuition developed in Allen and Gale (2000): better connected networks

are more resilient to contagion. More closely related to this chapter is Cifuentes et al

(2005) who explore liquidity risk in a system of interconnected financial institutions

when these institutions are subjected to regulatory solvency constraints. Building

on their work Bluhm et al (2014) produce a network model where links between risk

neutral banks are governed by optimizing behavior. Aldasoro et al (2017) do the same

with risk averse banks. Links in these models are produced by liquidity requirements

and by fire sales generated when banks have to sell assets to meet these requirements.

Another closely related work is by Ahn and Kim(2019) that studies optimal interven-
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tion in the Eisenberg–Noe (2001) framework. Unlike their work which considers debt

exposures, our focus in on equity induced financial networks.

This chapter is also related to another strand literature that studies government

bailout plans. Veronesi and Zingales (2010) conduct a cost benefit analysis of bailout

plans. Berger and Roman (2015) find that banks that received TARP funds from

the government, occupy a large market share and gained a competitive edge. Duchin

and Sosyura (2012) show that politically connected banks are more likely to receive

funds from the CCP funds. Black and Hazelwood (2013) find that banks that receive

assistance from the government engage in more risk-taking. Che et al. (2018 analyze

the bailout stigma and show that a bailout offer is most effective when many firms

reject it rather than accept it. All these papers focus on the effect of government

rescue plans on financial institutions and the local economy ex-post the government’s

bailout decisions. This chapter takes a step back, and tries to understand optimal

liquidity allocation in an interconnected system founded on the strategic decision

making of the policy maker. The equity network is used as a first step to illustrate

this effort. We argue that any optimal allocation should take the spillover effects of

the bailout plan into account when agents are be connected through equity networks,

input-output networks, or debt networks.

3.2 Model

Consider a four period lived economy t = 0, 1, 2, 3 populated by n ≥ 2 agents indexed

by the set N = {1, .., n}. In the first period agents solve a portfolio allocation problem

under mean-variance preferences. Each agent allocates available resources between

a personal risky project, a publicly available safe asset and equities in other agents

portfolios which are publicly traded in the form of shares and the prices of which

are determined in equilibrium. It will be assumed that agents are endowed with

capital to fund their investments and that they must hold some of their endowment

156



in the form of reserves. If agents are to be thought of as banks, the endowment they

have is the amount of deposits held. Investments in equity define a network of cross-

ownership which will be referred to as the “equity network”. Even though the analysis

is not restricted to equity networks that solve the period zero problem, we study this

set up as it serves two purposes. First it provides a possible micro-foundation to

endogenize cross-holdings so that systemic risk may arise. Second, as we will see,

optimal investments in risky projects are given by their Sharpe ratio which can be

then used in simulation exercises.

In the second period each project is subjected to an unexpected idiosyncratic

liquidity shock. That is, each project needs additional financing in order for the

return to be realized. If the additional liquidity requirement is not met, the project

collapses and yields a zero payoff with certainty. It is assumed that the liquidity shock

distribution is such that the aggregate supply of available reserves is not sufficient

to meet the liquidity needs of all projects. This shortage then guarantees that some

projects will not be refinanced. One of the roles of the interbank market is to provide

liquidity to banks when short terms shortages are present. Thus, the assumption

that the shock is unexpected is made so that the need for intervention can arise

endogenously. If shocks where anticipated then banks could hoard liquidity and the

need for optimal allocation would diminish.

In order to study the role of balance sheet connectivity in periods of economic

downturns (represented by the liquidity shocks) we will consider a “first best” inter-

vention. That is, instead of having banks enter the interbank market to buy and sell

reserves, we give all available liquidity to a benevolent social planner. The planner will

seek to maximize aggregate welfare, taking into account the equity network formed

in the previous period as well the amount of available liquidity in the economy, by

choosing which projects are going to refinanced. This exercise can be though of as a

coordinated solution on the side of the market to optimally allocate liquidity among
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itself. The process of allocating resources optimally endogenizes the “too big to fail”

characteristic on the side of the agents. The main result of the chapter states that

under certain conditions, the system will choose to save projects that were initiated

by agents that hold the largest exposure in the whole system. In other words, the

more interconnected an agent is, the higher the chance of receiving the additional

liquidity need.

Once liquidity has been allocated, project returns are realized in the third period.

Since returns are risky, they might end up under-performing and defaults-which hap-

pen if the value of the realized portfolio falls short of the initial endowment- can

occur. The timing of events is represented below:

Period Event
t = 0 Investment decisions and equity network formed
t = 1 Shocks realized and liquidity allocated
t = 2 Project returns are realized
t = 3 Repayments made

Table 3.1. Timing of events

3.2.1 The equity network

The formulation of the equity network is based on the work by Elliott et al. (2014)

and Galeotti et al. (2016). In period t = 0 each i ∈ N has endowment wi, a fraction

of which 0 < k < 1 he must hold in the form of reserves. The reserve requirement

is imposed so that the economy exhibits positive liquidity supply after the liquidity

shocks are realized. Even though reserve holdings are taken to be exogenous, the

decision could be endogenized by having agents form some expectation regarding

the idiosyncratic liquidity shock. This however would only alter decision making in

magnitudes so we simplify and take it to be exogenous. The remaining, he chooses

to allocate between a risky project i with random return zi and a risk free asset with

return r. The random return zi is distributed according to the cumulative density
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function Fi(z) with mean µi and variance σ2
i . Risky projects are “personal” in the

sense that only agent i can invest in project i. In addition each agent can buy equity

in other banks as well as sell his own. Let βi denote the amount invested in the risky

project and xi the amount invested in the risk free. The portfolio value generated by

i′s investment decision is given by

V π
i = βizi + xir (3.1)

Agents are embedded in a network of cross ownership. Let gij denote the claim

that agent i holds on agents j’s book value Vj. This can be interpreted as the fraction

of agent j’s shares held by agent i. With gii = 0, gij ≥ 0 and
∑

j∈N gji < 1 we can

construct the matrix G = {gij}ij∈N that represents the network of cross-holdings.

Under this formulation, the book value of agent i is given by

Vi = V π
i +

∑
j

gijVj (3.2)

Letting V = (V1, ..., Vn) and V π = (V π
1 , ..., V

π
n ) we can rewrite (3.2) in matrix

notation

V = V π +GV =⇒ V = {I −G}−1V π (3.3)

where we have used the fact that I − G is sub-stochastic and thus invertible. Let

Ĝ denote the diagonal matrix in which the ith diagonal element is given by ĝii =

1 −
∑

j∈N gji. Ĝ encodes the claims agents hold in their own economic value. Since

agents only hold ĝii of their economic value it follows that the market value of agent

i is given by

vi = ĝiiVi (3.4)

so that

v = ĜV = Ĝ{I −G}−1V π (3.5)
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Γ = Ĝ{I −G}−1 with elements γij defines a weighted and directed network of own-

erships. Since
∑

j gji < 1 we can write

Γ = Ĝ
∞∑
n=0

Gk (3.6)

Γ is column stochastic, so that
∑

j γji = 1, ∀ i ∈ N .

Example. To make clear the distinction between G, Ĝ and Γ consider the following

scenario

G =

 0 0.5

0.5 0

 , Ĝ =

0.5 0

0 0.5

 , Γ =

2
3

1
3

1
3

2
3


Here, each agent holds half of their own shares and half of the other agent shares.

However both have a higher ownership than 50% in their own value. This is because

by holding each others shares they have claims on their own value through the cross-

holdings. The element γij is computed by summing all weighted and directed paths

from nodes i to j.

Denote by p = (p1, .., pn) the vector of prices, where pi specifies the per unit price

of holding i ownership. The budget constraint agent i faces is

wi(1− k) + pi(1− γii) = βi + xi +
∑
j 6=i

γijpj (3.7)

Given the investment structure, the economic value of agent i′s portfolio is given by

vi =
∑
j

γij{βjzj + xjr} (3.8)

It is assumed that agents have mean variance preferences over their portfolio values.

Given the vector of investments in the risky projects β = (β1, .., βn) and the vector
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of investments in the risk free asset x = (x1, .., xn), agent i′s utility is given by

ui(β, x, Γ) = E(vi)−
α

2
V ar(vi) =

∑
j

γij{βjµj + xjr} −
α

2

∑
j

γ2
ijβ

2
jσ

2
i (3.9)

where α measures the degree of agents risk aversion.

Definition 5. An equilibrium is a vector (β∗, x∗, Γ∗, p∗) such that for each i ∈ N ,

(i) (β∗i , x
∗
i , γ
∗
i1, .., γ

∗
in) maximizes (3.9) subject to (3.7) and given β∗−i, x

∗
−i, p

∗and (ii)

the equity market clears
∑

j γ
∗
ji = 1 for all i ∈ N

The following proposition due to Galeotti et al. (2016). establishes the existence

of a symmetric equilibrium in which all agents choose to buy the same amount of

shares across all portfolios

Proposition 16. There exists a ŵ so that if wi > ŵ for all i ∈ N , then there exists

an equilibrium in which γij = 1
n

for all i, j ∈ N , and for all i38

βi =
µi − r
ασ2

i γii
=
β̂i
γii

(3.10)

pi =
n(1− k)

n− 1
{
∑
j

wj − wi} (3.11)

xi = (1− k)

∑
j wj − wi
n− 1

− βi (3.12)

The first order conditions of the individuals maximization problems result in a

highly non linear system which can only be solved numerically. Nonetheless for any

equilibrium equation (3.10) will always hold which states that investments in the risky

project is proportional to the project’s Sharpe ratio and inversely proportional to the

investors ownership of his own portfolio. Clearly, the less ownership one holds in his

own portfolio the smaller the incentive will be to invest in the personal risky project.

38For a proof see Galleoti et al (2016)
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3.3 Optimal allocation of liquidity

Suppose a negative aggregate liquidity shock affects all projects at the same time.

Agent i will use the safe asset first as a liquidity buffer to finance the distressed

projects. If refinance demand is fulfilled, the project survives and the payoff will be

realized. If the safe assets are not sufficient to meet the refinance demand, the project

must be abandoned and agent i gets zero payoff.

We are interested in a scenario that the shock is large so that the system lacks

sufficient liquidity to refinance all projects. The social planner allocates all available

liquidity across distressed projects. He chooses which projects to refinance and which

projects to discontinue so that aggregate welfare W , which is taken to be the sum

over all individual utilities, is maximized.

W =
∑
i

ui (3.13)

Recall that the assumption of an aggregate liquidity shortage has been made and that

for a project to be saved all liquidity demand for that project must be met. Note

that the individual utilities ui in the preceding expression take into account the fact

that some projects have collapsed. To model this phenomenon consider the binary

variable yi satisfying

yi =


1 if project i is refinanced

0 if project i is discontinued

(3.14)

Using (3.14) the value of individual is portfolio becomes

vi =
∑
j

γij{βjzjyj + xjr − sj} (3.15)

That is, yj multiplies zj to indicate that project j yields a zero return if it is not
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refinanced. sj is the refinance demand that is required to support the project. The

mean-variance preference over the portfolio value (3.15) becomes

ui =
∑
j

γij{βjµjyj + xjr − sj} −
α

2

∑
j

γ2
ijβ

2
jσ

2
j y

2
j (3.16)

Let ufi =
∑

j γijxjr denote the total utility gain to agent i from investment in the risk

free asset. Then, using expression (3.10 ) and the fact that y2
j = yj we can rewrite

(3.16) as follows

ui = ufi +
∑
j

yjβ̂j
γij
γjj
{µj −

α

2
β̂jσ

2
j

γij
γjj
}

= ufi +
∑
j

yj
γij
γjj

µj − r
αjσ2

j

{µj −
1

2

γij
γjj

(µj − r)}
(3.17)

Since the aggregate payoff from risk free investments is unaffected by the liquidity

shocks, it is sufficient that the social planner chooses the vector y = (y1, .., yn) to

maximize the sum of total utility gains from investments in the risky projects over

all players. That is the welfare function to be maximized becomes

W =
∑
i

∑
j

yj
γij
γjj

µj − r
αjσ2

j

{µj −
1

2

γij
γjj

(µj − r)}

Finally, denoting the liquidity shock to project i by si and recalling that each agent

is faced with a reserve requirement k, the planner’s maximization problem can be

written as

max y W

subject to
∑
j

yj(sj − xjr) ≤ k
∑
j

wj
(3.18)

The above is a binary integer programming problem which can be solved via the Balas

algorithm.
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3.3.1 Network Structure

Definition 6. A “core periphery network” is network consisting of two components;

namely the “core” (or center) which includes nc agents and the “periphery” which

includes np agents such that n = np + nc. Referring to ci and pj for genetic central

and periphery players respectively, a link between two central players has strength

gcicj = gcjci = g, a link between a central and periphery player has length gcipj =

gpjci = g′ and no links exists between periphery players. Examples are depicted in

figure 3.1.

Figure 3.1. Star (nc = 1, np = N − 1), Core-periphery and Complete networks
(nc = N, np = 0)

Empirical literature has suggested that financial networks have a core-periphery

structure with the core assuming more risk than the periphery. In this chapter we

will focus on networks of cross ownership that have this topology. We first state the

main result which shows that under complete symmetry, priority is given to risky

projects undertaken by the core. Using the symmetric case as a benchmark we will

them simulate problem (3.18) by varying the ownership strength of the periphery

nodes.

Proposition 17. Suppose that wi = w, µi = µ, σi = σ, si = s for all i ∈ N . Suppose

further that the equity network has a core-periphery structure with 1
2
> g > g′ and
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g′ � 1. Then, up to the financing constraint, refinancing priority will be given to

projects in the core.

Proposition 2 formally states what one expects to see in such an environment.

Clearly if all projects are identical it will always be optimal to liquidate the part

of the economy in which exposure in the form of ownership is concentrated. The

proposition only holds when the periphery has small exposure to the entire system

(g′ � 1). This implies that there could exist levels of peripheral cross holdings such

that the result breaks apart. Due to the binary nature of the choice variables in

problem (3.18) nothing else can be said analytically. For this reason we will solve

the problem numerically for different values of g′. Simulations will show that for

all core-periphery networks there exists a cutoff value of g′ such that the result of

proposition 17 is reversed and it becomes optimal to allocate liquidity to projects in

the periphery.

3.4 Simulations

In this section we seek to characterize the solution to (3.18) over different values of the

periphery strength g′ as well as over different sizes of the core39. Specifically under the

assumption of symmetric fundamentals, i.e same risky project return, same variances,

liquidity shocks, endowments e.t.c, we investigate in what way the network of cross

ownerships affects the optimal allocation of liquidity as the periphery increases its

exposure to the system. To isolate these effects we fix parameters as shown in table

3.2 and solve (3.18) for nc = 2, 3, .. 10 and g′ ∈ [0.001, 0.055]. Note that with this

parameter calibration a maximum of 5 projects can be refinanced. Thus, for core

periphery networks in which the core consists of less than 5 agents, some projects in

the periphery will always be given the additional liquidity.

39Codes available upon request
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µ σ2 r α w k s N g
2 0.014 1 0.5 50 0.1 20 20 0.08

Table 3.2. Parameter Values

First, we report the cutoff values ḡ′, as the size of the core increases, for which

proposition 2 reverses and it becomes optimal to refinance projects undertaken by

the periphery. The results are shown in table 3.3. Before we comment on the result

we first need to understand why a cutoff value exists in the first place. Recall that g′

is the claim that a generic central agent holds on a periphery one, but is also what a

periphery agent holds on a central one. For relatively small values of g′ cross ownership

is small and thus portfolio linkages between the center and the periphery are also

small. So, when shocks are introduced, due to the nature of the welfare function which

gives weight to interconnected balance sheets, the center will be refinanced as it is

systemically more important. As g′ increases the periphery becomes more active in the

cross ownership network and aggregate exposure is shifted on the periphery’s balance

sheet. This implies that eventually the periphery becomes systemically important.

Looking at table 3.3 we see that as number of central agents increases, the level of

peripheral exposure at which the system will decide to save the periphery decreases.

This is the result of the direct and indirect increase in peripheral ownership. First,

as the core increases in size there are more agents holding direct claims on the pe-

riphery. This is the direct effect. Second as more central agents are introduced cross

ownerships between them increases. This cross ownership however, includes claims

on the periphery so aggregate exposure to it goes up. These effects act to increase

the systemic importance of peripheral agents and thus the cutoff decreases

nc 2 3 4 5 6 7 8 9 10
ḡ′ 0.0522 0.0487 0.0467 0.0444 0.0418 0.0389 0.0354 0.0313 0.026

Table 3.3. Cutoff values of g′

Next, we plot aggregate welfare as a function of the periphery strength g′ for all
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networks considered. This is shown in figure 3.2. There are a couple of observations

we can make. First we see that for all core magnitudes, aggregate welfare is increasing

and then decreasing as a function of periphery exposure. Given the data in table 3.3

we can also see that maximal welfare is always attained in the range of g′ such that

it is optimal to allocate liquidity in the center. This implies that maximal welfare in

a distressed environment can be achieved as long as the periphery is not too exposed

to the center.

Figure 3.2 also suggests that there exist an optimal core size. Given the symmetric

environment and by perturbing the level of the shock, further simulations show that

the best possible outcome is achieved when the size of the core is equal to the number

of projects that can be refinanced. This implies that in terms of aggregate optimal

outcomes the marginal benefit from saving a project in the periphery is less than the

marginal cost of not being able to refinance a project in the center.

Lastly we see that for small peripheral exposures, marginal aggregate welfare, for

given g′, is increasing in the size of the core. Considering the fact that increasing the

size of the core is the same operation as increasing the exposure of some peripheral

agents, this result, combined with the observations above, suggests that in good times

(when liquidity shocks are not present) there is an incentive for the system to increase

balance sheet connectivity. This however comes with a trade off, namely not being

able to achieve the best outcome in times of economic downturns.

167



Figure 3.2. Aggregate Welfare

3.5 Conclusion and Extensions

In this chapter, we construct an optimal liquidity allocation problem over a class of

core-periphery equity network topologies. A binary program -the “Balas” algorithm

- is employed to solve the discrete allocation problem. We find that there exist

a critical value of exposures levels above which the social planner would allocate

available funds to the periphery and below which to the core. Our work sheds light

on government intervention strategy when economic agents are exposed to each other

in a distressed financial system. We argue that policy makers could improve their

intervention efficiency as well as social welfare by taking into account the underlying

network structure.

There are a number of issues that remain open for future research. First, we

may “decentralize” the liquidity allocation process. That is we must introduce the

market of interbank lending and allow agents to buy and sell liquidity at some interest

rate. Once this is done we can compare the allocations with the first best outcome

considered here. The reason we were unable to do this here is because the optimization

problem agents would face in this scenario is too complex. The problem essentially
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reduces to allocating a divisible good between buyers and sellers with constraints.

To our knowledge this has yet to be solved in the literature. We must find a way

to reduce the complexity of the problem by restricting the agents action sets in way

that does not sacrifice too much generality.

Second we would like to investigate optimal allocation of liquidity when the central

planning problem takes into account other factors. Recall that if agents are to be

thought of as banks, their endowment is the amount of deposits held. Recall further

that projects are risky and defaults can occur which would reduce the ability of

banks to repay depositors. We could thus have a central planner who’s goal is to

allocate liquidity so to minimize depositors expected loss. This could have policy

implications for central banks. As the 08 financial crisis demonstrated, bank bailouts

are unpopular and come with political costs. It might be the case then that central

banks find themselves constrained in the level of intervention. Under this scenario

central banks would need to pick who should survive and who should collapse taking

into account the network of exposures which feeds into depositors risk. This type of

analysis could also be used to study FDIC intervention. Since the FDIC operates

on a limited budget, under severe economic downturns in which the financial system

suffers large losses and bank runs can occur, it might be the case that (at least in the

short run) a decision on which deposits to cover would have to be made.

Finally grater heterogeneity in terms of fundamentals could be introduced. Specif-

ically, by allowing projects to have different returns and volatilities, measures of sys-

temic risk can be developed by looking at the covariance structure between portfolio

returns. Intuitively, different exposure distributions should produce different magni-

tudes of systemic risk which in turn would have an impact on liquidity allocation. If

such measures are to be developed one can study the relationship between systemic

risk, exposure levels and optimal liquidity allocation.
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3.6 Proofs

Proof of proposition 17

First observe that under the assumptions of proposition 17, the planner’s constraint

becomes ∑
j

yi ≤
k

s

∑
j

wi

This implies that the maximum number of projects that can be saved is equal to the

smallest integer less than or equal to k
s

∑
j wi. Let h = µ−r

ασ2 . We must show that

if the planner can only save one project he will always choose to save the project

financed by a central players. This will induce the planner to set yi = 1 if i ∈ Core.

Since the optimization problem is a binary integer programming problem we must

show that the largest weight associated with a project in the center is greater than

that of the periphery. To ease notation assume that the first k − 1 players in the set

N = {1, , , k − 1, k, .., n} belong in the center and the rest in the periphery. We can

rewrite the welfare function as follows

y1h
∑
i

γi1
γ11

{µ− 1

2

γi1
γ11

(µ− r)}+ ....+ ykh
∑
i

γik
γkk
{µ− 1

2

γik
γkk

(µ− r)}+ ...

So, the weight associated with payer m is given by

∑
i

γim
γmm
{µ− 1

2

γim
γmm

(µ− r)}

Without loss of generality, suppose that the largest core weight is on player 1 and the

largest periphery weight is on player k. We must then show:

∑
i

γi1
γ11

{µ− 1

2

γi1
γ11

(µ− r)} >
∑
i

γik
γkk
{µ− 1

2

γik
γkk

(µ− r)}
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or

µ
∑
i

{ γi1
γ11

− γik
γkk
} − 1

2
(µ− r)

∑
i

{( γi1
γ11

)2 − (
γik
γkk

)2} > 0

The last expression will always hold if 0 < γik
γkk
≤ γi1

γ11
≤ 1. Since for all i, j ∈ N

gij < 1, to a first order approximation we have40

γij
γjj
≈ gij +

∑
n

gingnj

It follows that

γi1
γ11

− γik
γkk
≈ (gi1 − gik) +

∑
n

gin(gn1 − gnk)

But since agent 1 belongs in the center, the strength of his links are either g or g′ < g

whereas agent k belongs in the periphery so he is only linked with strength g′. We

thus have have gi1 ≥ gik for all i ∈ N and so γi1
γ11

> γik
γkk

. Finally for all i 6= j:

γij
γjj
≈ gij +

∑
n

gingnj < max{g, g′}+
∑
n

max{g, g′}gnj

= g + g
∑
n

gnj

< 2g

< 1

This concludes the proof. �

40To see this write out equation (6) for γij . Divide by the corresponding expression for γjj and
take the first order approximation of the ratio with g′ � 1.
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[20] Belhaj, M., Bervoets, S., and DeroÃ¯an, F. (2016). “Efficient Networks in Games

with Local Complementarities”. Theoretical Economics, 11, 357380

[21] Berger, A. N. and R. A. Roman (2015). “Did tarp banks get competitive advan-

tages?”. Journal of Financial and Quantitative Analysis, 1199–1236.

[22] Biggs, T., Raturi, M., and Srivastava, P. (2002). “Ethnic Networks and Access

to Credit: Evidence from the Manufacturing Sector in Kenya”. Journal of Economic

Behavior and Organization, 49, 473-486.

[23] Billand, P., Bravard, C., Joshi, S., Mahmud, A.S., and Sarangi, S. (2021). “A

Theory of the Simultaneous Formation of Multilayer Networks”. mimeo.

[24] Black, L. K. and L. N. Hazelwood (2013). “The effect of tarp on bank risk-

173



taking”. Journal of Financial Stability 9(4), 790–803.

[25] Bloch, F., and Jackson, M.O. (2006). “Denitions of Equilibrium in Network

Formation Games”. International Journal of Game Theory, 34, 305-18.

[26] Bloch, F., Jackson, M.O. and Tebaldi, P. (2020). “Centrality Measures in Net-

works”. Working paper

[27]Bluhm, M., E. Faia, and J. P. Krahnen (2014). Endogenous banks’ networks,

cascades and systemic risk.

[28] Boccaletti, S. , Biancoci, G. , Criado, R., del Genio, C.I., Gomez-Gardenes, J.,

Romance, M., Sendina-Nadl, I., Wang, Z. and Zanin, M. (2014). “The Structure and

Dynamics of Multilayer Networks”, arXiv: 1407.0742v2

[29] Bonacich, P. (1987). “Power and centrality: A family of measures”. American

journal of sociology, 92(5), 1170-1182.

[30] Bookstaber, R., & Kenett, D. Y. (2016). “Looking deeper, seeing more: a mul-

tilayer map of the financial system”. OFR Brief, 16(06).

[31] Calvo-Armengol, A., Pattachini, E., and Zenou, Y. (2009). “Peer E¤ects and

Social Networks in Education”. Review of Economic Studies, 76, 1239-1267.

[32] Calvo-Armengol, A., Verdier, T., and Zenou, Y. (2007). “Strong and Weak Ties

in Employment and Crime”. Journal of Public Economics, 203-233.

[33] Cartwright, D., and Harary, F. (1956). “Structural Balance: A Generalization of

Heiders Theory”. Psycho- logical Review, 63(5), 277293.

[34]Che, Y.-K., C. Choe, and K. Rhee (2018). Bailout stigma. Available at SSRN

3208238.

[35] Chen Y..J., Zenou, Y. and Zhou, J. (2016). “Multiple Activities in Networks”,

Working paper.

[36] Cifuentes, R., G. Ferrucci, and H. S. Shin (2005). “Liquidity risk and contagion”.

Journal of the European Economic Association 3(2-3), 556–566.

[37] Corak, M. (2013). “Income inequality, equality of opportunity, and intergenera-

174



tional mobility”. The Journal of Economic Perspectives, 27(3), 79-102.

[38] Damodaran, H. (2008). “Indias New Capitalists: Caste, Business and Industry

in a Modern Nation”. Palgrave McMillan.

[39] Davis, J.A. (1967). “Clustering and structural balance in graphs”. Human

Relations, 20(2), 181187.

[40]Duchin, R. and D. Sosyura (2012). The politics of government investment. Jour-

nal of Financial Economics 106(1), 24–48.

[41] Dupor, B. (1999). “Aggregation and irrelevance in multi-sector models”. Journal

of Monetary Economics, 43(2), 391-409.

[42] Dutta, B., Ghosal, S., and Ray, D. (2005). “Farsighted Network Formation”.

Journal of Economic Theory, 122, 143-164.

[43] Eisenberg, L., Noe, T. (2001). “Systemic risk in financial systems”. Management

Science 47 (2) 236-249

[44] Elliot M., Golub B., Jackson M., (2014). “Financial Networks and Contagion”,

American Economic Review, 104, 10, 3115-3153

[45] Fafchamps, M. (2000). “Ethnicity and Credit in African Manufacturing”. Journal

of Development Economics, 61, 205-235.

[46] Gagnon, J. and Goyal, S. (2017). “Networks, Markets, and Inequality”, American

Economic Review, 107, 1-30.

[47] Galeotti A., Ghiglino C., Goyal S. (2016) “Financial Linkages, Portfolio Choice

and Systemic Risk”, Cambridge-Institute of New Economic Thinking, working paper

in economics 1612

[48] Glasserman, P., Young, P. (2015). “How likely is contagion in financial net-

works?”. Journal of Banking and Finance 50 383-399

[49] Glasserman, P., Young, P (2016). “Contagion in financial networks”. Journal of

Economic Literature 54 779-831

[50] Gomez-Gardenes,J., Reinares, I., Arenas, A. and Floria, L.M. (2012). “Evolution

175



of Cooperation in Multiplex Networks”, Nature Scientific Reports, 2, Article No. 620.

[51] Gould, D., Kenett, D. Y., & Panterov, G. (2018). “Multidimensional connectiv-

ity: Benefits, risks, and policy implications for Europe and Central Asia”. The World

Bank.

[52] Goyal, S. and Joshi, S. (2006). “Unequal Connections”, International Journal of

Game Theory, 34, 319-349.

[53] Goyal, S. (2007). “Connections: An Introduction to the Economics of Networks”.

Princeton University Press.

[54] Hiller, T. (2017). “Peer Effects in Endogenous Networks”. Games and Economic

Behavior, 105, 349-367.

[55] Holmstrom, B. and J. Tirole (1998). “Private and public supply of liquidity”.

Journal of political Economy 106(1), 1–40.

[56] Horvath, M. (1998). “Cyclicality and sectoral linkages: Aggregate fluctuations

from independent sectoral shocks”. Review of Economic Dynamics, 1(4), 781-808.

[57] Jackson, M.O and Wolinsky, A. (1996). “A Strategic Model of Social and Eco-

nomic Networks”, Journal of Economic Theory, 71, 44-74.

[58] Jackson, M.O. and Watts, A. (2002). “The Evolution of Social and Economic

Networks”. Journal of Economic Theory, 106, 265-295.

[59] Jackson, M. (2008). “Social and Economic Networks”, Princeton University

Press.

[60] Jackson, M.O and Nei, S. (2015). “Networks of Military Alliances, Wars, and

International Trade”. Proceedings of the National Academy of Sciences of the United

States of America, 112 (50), 15277-15284.

[61] Joshi, S., Mahmud, A.S. and Sarangi, S. (2020). "Network formation with multi-

graphs and strategic complementarities", Journal of Economic Theory: 105033.

[62] Kali, R. (1999). “Endogeneous Business Networks”. Journal of Law, Economics

and Organization, 15, 615-636.

176



[63] Konig, M.D., Tessone, C.J. and Zenou, Y. (2014). “Nestedness in Networks: A

Theoretical Model and Some Applications”, Theoretical Economics, 9, 695-752.

[64] Lee, A.W. (2019).” A Time-Sensitive Analysis of the Work-Crime Relationship

for Young Men”. Social Science Research, 84, 102327.

[65] Lee, K.M, and Goh, K.I. "Strength of weak layers in cascading failures on mul-

tiplex networks: case of the international trade network." Scientific reports 6 (2016):

26346.

[66] Lee, K.M., Min, B. and Goh, K.I (2015). “Towards Real-World Complexity: An

Introduction to Multiplex Networks”, arXix: 1502.03909v1

[67] Li, L., D. Alderson, J. C. Doyle, and W. Willinger. (2005). “Towards a theory

of scale-free graphs: Definition, properties, and implications”, Internet Mathematics

2 (4): 431–523. Newman, M. E. J

[68] Long J. B. and Plosser C.I (1983) "Real business cycles." Journal of political

Economy 91.1 : 39-69.

[69] Lucas Jr, R. E. (1977). “Understanding business cycles”. In Carnegie-Rochester

conference series on public policy (Vol. 5, pp. 7-29). North-Holland.

[70] Mastrobuoni, G. and Patacchini, E. (2012). “Organized Crime Networks: an

Application of Network Analysis Techniques to the American Mafia”. Review of

Network Economics, 11(3), 1-43.

[71] Miller, K. (1981). “On the Inverse of the Sum of Matrices”. Mathematics Mag-

azine, 54(2), 67-72.

[72] Mondragon R.J., Iacovacci, J. and Bianconi, G. (2017). “Multilink Communities

of Multiplex Networks”, arXiv:1706.09011

[73] Munshi, K. (2011). “Strength in Numbers: Networks as a Solution to Occupa-

tional Traps”. Review of Economic Studies, 78, 1069-1101.

[74] Newman, M. (2010). “Network: An introduction”. Oxford and New York:

Oxford University Press

177



[75] Padgett, J.F. and Ansell, C.K. (1993). “Robust Action and the Rise of the

Medici”. 1400-1434. American Journal of Sociology, 98, 1259-1398.

[76] Padgett, J.F. (2012). “Transportation and Refunctionality: The Birth of Part-

nership Systems in Renaissance Florence, in The Emergence of Organizations and

Markets”. Princeton University Press.

[77] Poledna, S., Molina-Borboa, J. L., MartÃnez-Jaramillo, S., Van Der Leij, M.,
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