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Abstract
Topologically Mixing Tilings of R2 Generated

by a Generalized Substitution

This dissertation presents sufficient conditions for a substitution tiling dynamical ofR2 generated

by a generalized substitution on 3 letters to be topologically mixing. These conditions are shown to

hold on a large class of tiling substitutions originally presented by Kenyon in 1996. This problem

was suggest by Boris Solomyak, and many of the techniques that are used in this dissertation are

based on the work by Kenyon, Sadun, and Solomyak in 2005. They studied one-dimensional tiling

dynamical systems generated by substitutions on 2 letters and provided similar conditions that were

sufficient to ensure that the one-dimensional substitution tiling dynamical system was topologically

mixing.

If a tiling dynamical system ofR2 satisfies our conditions (and thus is topologically mixing), then

we can construct additional topologically mixing tiling dynamical systems of R2. By considering

the stepped surface constructed by a tiling Tσ, we can get a new tiling ofR2 by projecting the surface

orthogonally onto an irrational plane through the origin. If the projection is the Perron-Frobenius

projection, then the substitution tiling dynamical system is topologically conjugate to a self-similar

tiling dynamical system with a fractal boundary.
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Chapter 1

Introduction

Dynamical systems theory is the study of how systems evolve in “time.” A dynamical system

consists of two parts: the state space, or space, which is the set of points for the system, and

“time”, or the action, which describes how the system will change. For example, consider the earth

orbiting the sun. All possible positions of the earth in its orbit around the sun would be the state

space, while the laws of physics that determine the motion would describe how the system evolves

in time. The earth orbiting the sun is an example of a continuous time dynamical system, as the

position of the earth is constantly changing with respect to the sun. However, not all systems evolve

continuously. For example, if we are studying the growth rates of bacterial colonies in a Petri dish,

it would not be useful to track the changes continually, as most of the time the system would not be

changing. Instead, a useful approach would be to track the changes after a predetermined amount

of time. This would be referred to as a discrete-time dynamical system. Beyond the discrete and

continuous time cases, one can see that the old adage that “time is not always linear” truly applies

to dynamical systems theory. In fact, there are dynamical systems in which the “time,” or the action

on the specified space, may be reversible, or even multi-dimensional. We will see examples of such

systems shortly.

The type of dynamical systems studied in this dissertation are two-dimensional tiling dynamical

system. The elements of the space in a two-dimensional tiling dynamical system are infinite tilings

of the plane, which we will refer to asR2. A famous example of an infinite tiling is the Penrose tiling

attributed to Roger Penrose in the 1970s, see Figure 1.1. One important property that the Penrose
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Figure 1.1: Penrose Tiling with Kites and Darts.

tiling has is that it is aperiodic; there is no way to shift the tiling to get a new tiling that is identical

to the original. Aperiodic tilings will be the focus of this dissertation. The “time” element in these

types of dynamical systems, or what we would call the action, is to shift the tiling in a particular

direction in the plane. Thus, “time” in this type of dynamical system is continuous, reversible and

multi-dimensional.

There are many different approaches to constructing two-dimensional tiling dynamical systems.

One approach is to use a tiling substitution to construct a tiling of the plane. Then, we can construct

the space for a tiling dynamical system by considering all possible translations of the constructed

tiling and taking its closure in the tiling topology (to be discussed later). We call this type of

dynamical system a substitution tiling dynamical system. Substitution tiling dynamical systems

have been studied in numerous different contexts by Kenyon [11], Solomyak [23] and many others,

but until now there have been no known examples of two-dimensional substitution tiling dynamical

systems that are topologically mixing. In this dissertation we provide a class of examples of such

systems.

To construct the tiling substitutions that will give us a two-dimensional topologically mixing

substitution tiling dynamical system, we will use “generalized” substitutions on finite alphabets.

Thus, to understand the construction of a substitution tiling dynamical system, we introduce the

2



concepts of substitution dynamical system, a type of symbolic dynamical system. We will leave the

discussion of generalized substitutions to a later chapter.

1.1 Symbolic Dynamical Systems

Before we can introduce substitution dynamical systems, we first introduce symbolic dynamical

systems. For an overview of such systems, see [7]. A symbolic dynamical system is a way of

encoding the information from a typical dynamical system into an infinite string of elements from a

finite set. The finite set is called an alphabet, and denoted by A. The alphabet is usually of the form

A = {1, 2, ..., n}. We refer to the elements of A as characters or letters. By AZ, we denote the set of

all bi-infinite sequences from characters in A. In other words, AZ = {...a−2a−1.a0a1a2... : ai ∈ A}.

The period in the definition denotes the location of index-zero. The set AZ is equipped with the

product topology where each copy of A has the discrete topology. To define a basis for the product

topology on AZ, we start by taking a finite sequence of characters {w j}
k
j=1 where i j ∈ A, and choose

a finite index set {i1, i2, ...ik} ⊆ Z, where |I| = k. The set Ci1...ik
w1...wk = {x ∈ A : xi j = w j,∀ j ∈ {1, ..., k}

is called a cylinder set, and the collection of all cylinder sets forms a basis for the topology on AZ.

Additionally, since A is compact, the Tychonoff’s theorem implies that AZ must be compact.

Also, the function d : AZ ×AZ → R, defined as

d(x, y) =
mini∈N∪{0}{(xi , yi) or (x−i , y−i)}

i + 1
,

is a metric on AZ that induces the product topology on AZ. This metric implies that points in AZ

are close if there are large symmetric regions about the zero index where the entries of x and y are

the same. Since AZ is a compact metric space, it follows that AZ is complete.

Let T : AZ → AZ, where T (...x−1.x0x1...) = ...x−1x0.x1.... We call T the left-shift map, as

it shifts the sequence to the left relative to the original location of index zero. The mapping T

is a homeomorphism, and the pair (AZ,T ) is the symbolic dynamical system called the full-shift.

From the full-shift, we may construct sub-systems by taking a subset S of AZ which is closed and

T -invariant (in other words, T (S) = S). The pair (S,T ) is a symbolic dynamical system called

a subshift of (AZ,T ). Note that in the case of symbolic dynamical systems, the action (called a

3



Z action) consists of successive applications of the left-shift map to our space S. The action for

symbolic dynamical systems is discrete and reversible.

In studying dynamical systems, it is often beneficial to consider the behavior of individual points

under the application of the action. In the case of symbolic dynamical systems, this process involves

successive applications of the mapping T to observe how points in the subshift change. Consider

a subshift (S,T ) and take any point x ∈ S. The orbit of x, denoted OrbT (x), is the set of all points

y such that there is some number n ∈ Z for which T n(x) = T (T (...(T (x))...) = y. If OrbT (x) is

finite, then x is said to be a periodic point of T . We say that x is a periodic point of period n if

|OrbT (x)| = n. This is equivalent to saying x has period n if n is the smallest positive integer such

that T n(x) = x. If n = 1, we say that x is a fixed point of T . If OrbT (x) is infinite, then there are

a number of possible situations. For example, it is possible that OrbT (x) is dense in S. That is, for

every point in y ∈ S there is {n j}
∞
j=1 ⊆ Z, such that lim j→∞ T n j x = y. If there is a point x ∈ S that has

a dense orbit, then (S,T ) is said to be topologically transitive. For example, the full shift (AZ,T ) is

topologically transitive.

Now, suppose OrbT (x) is not dense. In this case, (OrbT (x),T ) is a strict subshift of (AZ,T ).

Therefore, points which do not have dense orbits behave as their own individual dynamical systems

within the full shift. In studying the dynamical properties of a system, it is ideal to have every part

of the system behaving in the same manner, otherwise we would be studying a dynamical system

that behaves as two separate dynamical systems. In other words, we want every x ∈ S to have a

dense orbit. If every x ∈ S has a dense orbit, then (S,T ) is said to be minimal. We say that a subset

of S is invariant (or T -invariant) if T (A) = A. It is easy to show that (S,T ) is minimal if and only

if any closed, invariant subset A is either the empty set or S. The full shift (AZ,T ) is not minimal

since it has periodic points such as x = ...121212.121212.... Thus, it is important to determine when

a subshift is minimal.

An idea similar to minimality exists in the realm of symbolic measure theoretic dynamical sys-

tems. The triple (S,T, µ) is a symbolic measure theoretic dynamical system if (S,T ) is a symbolic

dynamical system and µ is a T - invariant probability measure (for any measurable set U ⊆ S,

µ(U) = µ(T−1(U))). We say that (S,T, µ) is ergodic if for any measurable, T - invariant set K,

µ(K) = 0 or 1. Since T is continuous, the Krylov-Bogoliolov theorem [26] implies the existence

of an ergodic measure. However, there is no reason to expect that this measure is unique. Suppose
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A = {1, 2} and consider x = ...111.111... and y = ...222.222... in AZ. Then, the Dirac delta mea-

sures δx and δy make both systems (AZ,T, δx) and (AZ,T, δy) ergodic dynamical systems. If the

measure µ is the unique measure on a subshift (S,T ), we say that (S,T, µ) is uniquely ergodic. In

a uniquely ergodic system, there is a strong connection between the topology on S and the unique

measure µ. In fact, a uniquely ergodic dynamical system (S,T, µ) is minimal if and only if for any

open set U ⊆ S, we have µ(U) > 0. A minimal, uniquely ergodic dynamical system is called strictly

ergodic. The family of subshifts we are interested in are strictly ergodic, and arise from maps called

substitutions.

1.1.1 Substitution Symbolic Dynamical Systems

A word is a finite sequence of characters from an alphabet A. The set of all words of length ≥ 0 from

an alphabet A is denoted A∗. The unique word of length 0 (the empty word) is denoted ε. We define

a substitution as a map σ : A → A∗ \ {ε}. We can extend σ to a mapping on A∗ by concatenation.

In other words, we define σ(w1w2) = σ(w1)σ(w2). It is not hard to see that A∗ is the free monoid

on A (under concatenation), and that σ is an endomorphism on A∗. We define the language of the

substitution σ, denoted Lσ, as the set of all finite words w such that there is an n ∈ N and i ∈ A for

which w is contained in σn(i). We say that a word w is contained in a bi-infinite sequence x ∈ AZ if

there is an index i ∈ Z such that xixi+1...xi+|w|−1 = w. We say that x ∈ AZ is admitted by σ if every

finite word w in x is in Lσ. Then, the subshift generated by σ is denoted by (Aσ,T ), where Aσ is

the set of all admitted bi-infinite sequences.

A substitution is said to be primitive if there exists an N ∈ N such that for all n ≥ N and for all

i, j ∈ A, i is in σn( j). We can further extend the definition of σ to be a mapping from A∗ → A∗.

The primitivity of σ guarantees the existence of a point x ∈ AZ such that σk(x) = x for some k ∈ N.

One can see that OrbT (x) = Aσ [17]. This will be the approach we use to define the substitution

tiling dynamical systems we will study in the sequel.

An equivalent definition of a primitive substitution is given in terms of the transition matrix. We

define the transition matrix for a substitution σ as the |A| × |A| integer matrix Mσ, where (Mσ)i j =

the number of occurrences of j in σ(i). A non-negative integer matrix Mσ is primitive if there exists

a k ∈ N such that Mk
σ has only strictly positive entries. It is not difficult to show that σ is primitive

if and only if Mσ is primitive.
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1.2 Mixing Properties of Symbolic Dynamical Systems

Mixing properties are a common subject of study in dynamical systems. There are generally two

kinds of mixing properties: ergodic (or measure theoretic), which applies to measurable dynamical

systems; and topological, which applies to topological dynamical systems.

Two commonly studied mixing properties of ergodic dynamical systems are strong mixing and

weak mixing. An ergodic dynamical system (X,T, µ) is said to be strongly mixing if for any two

measurable sets U and V ,

lim
n→∞

µ(T−nU ∩ V) = µ(U)µ(V).

We say that a set M ⊆ Z has zero density in Z (or has density zero) if

lim
i→∞

|{−i, ..., 0, ..., i} ∩ M|
2i + 1

= 0.

An ergodic dynamical system (X,T, µ) is measure theoretically weakly mixing (or just has the weak

mixing property) if for any two measurable sets U and V ,

lim
n→∞

n∈N\Z

µ(T−nU ∩ V) = µ(U)µ(V),

where Z ⊆ N has density zero. Equivalently, (X,T, µ) is measure theoretically weakly mixing if

(X × X,T × T, µ × µ) is ergodic, or if the unitary operator UT : L2(X, µ)→ L2(X, µ),UT ( f ) = f ◦ T,

has no non-constant eigenfunctions [26].

Next, we consider topological mixing properties. A symbolic dynamical system (S,T ) is topo-

logically weak mixing if the product dynamical system (S × S,T × T ) is topologically transitive.

Topological weak mixing is related to weak mixing in that topologically weak mixing is equivalent

to UT having no continuous, non-constant eigenfunctions [15] . Finally, a topological dynamical

system (X,T ) is topologically mixing if for any open sets U,V , there is an N ∈ N such that for all

n ≥ N, T−n(U) ∩ V , ∅. The relationship between mixing properties is as follows: strong mixing

implies weak mixing which implies ergodicity, and topological mixing implies topologically weak

mixing which implies topological transitivity [26].
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1.3 Mixing Results for Substitution Symbolic Dynamical Systems

Consider a substitution σ that is primitive and such that Aσ is infinite. There is a lot known about

mixing properties in this case. First, it has been shown that (Aσ,T, µσ) is strictly ergodic [17],

where µσ is the unique ergodic measure. Next, it was proven by Dekking and Keane [5] that substi-

tution subshifts (Aσ,T, µσ) are never strongly mixing. Host [10] showed that, for a substitution, all

eigenfunctions of UT : L2(Aσ,T, µσ) → L2(Aσ,T, µσ) are continuous. Thus, substitution subshift

are weakly mixing if and only if they are topologically weak mixing. In general, there is no simple

way to determine if a substitution subshift (Aσ,T, µσ) is weak mixing. However, some progress has

been made.

A result for weak mixing was proven in [10] for the case that A = {1, 2}. Let σ be a substitution

on A, and suppose that θ1 and θ2 are the eigenvalues of Mσ. If the substitution σ satisfies the

condition

(1.1) gcd{|σn(i)| : i ∈ A} = 1, for all n ∈ N,

then (Aσ,T, µσ) is weakly mixing if and only if |θ2| ≥ 1. The case of |A| ≥ 3 has been studied by

Host in [10], Frerenzi, Mauduit and Nogueira in [6], and Clark and Sadun [4].

In a paper that was inspired by the work of Livshits in [14], and other unpublished papers by

Livshits, it was proven by Kenyon, Sadun, and Solomyak [12] that if σ meets condition (1.1) and

|θ2| > 1, then (Aσ,T, µσ) is topologically mixing if and only if it is weak mixing. The case |θ2| = 1

is not as clear. In [12], examples for both topologically mixing and not topologically mixing are

provided for the case |θ2| = 1.

As stated earlier, this dissertation is concerned with aperiodic tiling of the plane. Specifically,

we are interested in what conditions are sufficient to ensure that a tiling dynamical system gener-

ated by a certain class of “generalized” substitutions is topologically mixing. The case of strong

mixing and weak mixing was discussed in [23], with results similar to those of substitutions. In

particular, it was shown that a “primitive” substitution tiling is strictly ergodic. It may or may not

be measure theoretically weak mixing, but is never measure theoretically strong mixing [23]. As

in the case of a discrete substitution, all “eigenfunctions” are continuous, so measure theoretically
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weak mixing and topologically weak mixing are equivalent in this case. However, the question of

whether a substitution tiling dynamical system can be topologically mixing has been, until now, an

open question.

1.4 Outline and Main Result

We will now provide a basic outline of this dissertation. In Chapter 2, we give a thorough intro-

duction to topological dynamical system and define a tiling dynamical system. In Chapter 3, we

define what we mean by “generalized” substitution, and provide definitions and lemmas involving

linear algebra and number theory that we will use later. In Chapter 4, we define how to get a tiling

dynamical system from a “generalized” substitution. In Chapter 5, we develop tools necessary for

the analysis of tiling dynamical systems. The analysis is done in R3, and involves a structure that

is constructed by considering translates of the tiling generated by the generalized substitution. We

conclude the chapter by proving a theorem that says that if this structure grows without bound, then

the tiling dynamical system is topologically mixing. In Chapter 6, we give a sufficient condition on

the generalized substitution, similar to one in [12], for the structure to grow without bound.

The results of Chapters 5 and 6 will provide sufficient conditions on a generalized substitution

σ for the substitution tiling dynamical system generated by σ to be topologically mixing. The

statement is as follows:

1.2 Theorem. Let σ : {a, b, c} → F({a, b, c}) \ {ε} be a complex non-Pisot generalized substitution

such that

a 7→ b

b 7→ c

c 7→ a−qb−r

where q, r ∈ N and q − 2 ≥ r. Let Θ be the corresponding tiling substitution, as given in Definition

4.13. Let Tσ be the pseudo-self-similar tiling obtained by iterating the substitution Θ on the patch

Pσ in Lemma 4.24 (see Figure 4.5). Let (XTσ ,R
2) be the corresponding pseudo-self-similar tiling

dynamical system. Then the tiling dynamical system (XTσ ,R
2) is topologically mixing.
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Chapter 2

Tiling Dynamical Systems and Mixing

In this chapter we introduce important concepts that we will use later to prove our main result. We

begin by giving a basic introduction to topological dynamics and tiling dynamical systems. We

give the general definition of a topologically mixing dynamical system, and conclude the chapter

by proving a proposition that we will use to show that the substitution tiling dynamical systems

mentioned in Chapter 1 are topologically mixing.

2.1 Topological Dynamical Systems

We begin this section by introducing the basic structure we will be studying, along with providing

some important definitions that we will use in subsequent sections. For a topological space X with

metric D, we will use the notation Bε(x) to mean the ball of radius ε containing the point x. If

there is possible confusion about the metric in use, we will write BD
ε (x) = {y ∈ X : D(x, y) <

ε}. If we write Bε(
→
x ), where

→
x∈ Rn, the metric will always be the standard Euclidean metric,

Bε(
→
x ) = {

→
y∈ Rn :‖

→
x −

→
y ‖< ε}.

In the first chapter, we said that a dynamical system consists of a space and an action, or “time”

element. We now provide a precise definition for these terms for topological dynamical systems.

2.1 Definition (Topological Dynamical System). A topological dynamical system [9] is a pair

(X,G), where X is a compact metric space and G is a second countable, locally compact topo-

logical group which acts on X. In particular, to say G acts on X means that for each g ∈ G there is
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a mapping g : X → X and these mappings satisfy (gh)(x) = g(h(x)) for all g, h ∈ G and e(x) = x,

where e is the identity in G. The mapping X × G → X, (x, g) 7→ g(x) is required to be jointly

continuous. For each g ∈ G, it follows that x 7→ g(x) is a homeomorphism of X.

The topological group G acts as the “time” element for the topological dynamical system. Typ-

ical examples of G are R,Z,R2. However, it is not necessary that G even be abelian. In Chapter

1 we have seen symbolic dynamical systems as examples of G = Z, what we call a Z-action. As

our interest is primarily substitution tiling dynamical systems of the plane, our group will usually

be G = R2 (shifts of tilings by vectors in R2).

It is often important in dynamical systems to consider how the group G acts on individual points

in X. For this, we have the following definition:

2.2 Definition (Orbit of a point). Given a topological dynamical system (X,G) and x ∈ X, the orbit

of x under G, denoted OrbG(x), is defined as OrbG(x) = {g(x) : g ∈ G}

Just as we have seen in Chapter 1, it is often useful to consider sub-dynamical systems. For any

U ⊆ X, we denote by GU the set GU = {g(x) : g ∈ G, x ∈ U}. With this in mind, we have the

following definitions:

2.3 Definition (Invariant Set). Let (X,G) be a topological dynamical system. The set U ⊆ X is said

to be G-invariant if GU = U.

2.4 Definition (Subsystem). A subsystem of a dynamical system (X,G) is a pair (Y,G), where Y is

a closed, G-invariant subset of X.

Note that a subsystem of a dynamical system is itself a dynamical system. Given a system

(X,G), we can define a particular subsystem (Y,G) by taking any point x ∈ X and defining a set

Y = OrbG(x), the orbit closure of x. Substitution tiling dynamical systems will be of this variety.

2.2 Mixing Properties of Topological Dynamical Systems

In this section, we introduce some mixing properties of topological dynamical systems. These

properties are minimality, topological transitivity, topological weak mixing and topological mixing.

We begin with topological transitivity.
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2.5 Definition (Topological Transitivity). Let (X,G) be a topological dynamical system. We say

that (X,G) is topologically transitive if for any pair of non-empty open set U,V ⊆ X, there exists

g ∈ G such that g(U) ∩ V , ∅.

A topologically transitive dynamical system guarantees that there is some interaction between

all parts of the dynamical system. However, sometimes topological transitivity is not enough to

ensure a level of homogeneity that one requires in a dynamical system. Small collections of points

still might behave quite strangely. To fix this, we want to consider topological dynamical systems

with the following property.

2.6 Definition (Minimal). Let (X,G) be a topological dynamical system. We say that (X,G) is

minimal if the only non-empty, closed G-invariant subset of X is X.

A dynamical system which is minimal can be thought of as having consistent dynamical be-

haviour throughout the space X. It is not difficult to show that minimality is equivalent to every

point x ∈ X having a dense orbit, in other words, OrbG(x) = X, for each x ∈ X. It turns out that

topological transitivity is equivalent to the existence of a point x ∈ X which has a dense orbit [9].

Thus, it follows that minimality implies topological transitivity, but there are many examples (such

as the full shift on a finite alphabet) which show the converse does not hold.

The following definition gives us a way of constructing a new topological dynamical system

from two separate (not necessarily different) topological dynamical systems.

2.7 Definition (Product Topological Dynamical System). Let (X,G) and (Y,G) be topological dy-

namical systems with the same group G. Then, the product dynamical system (X × Y,G) is defined

by the action g(x, y) = (g(x), g(y)).

While the previous definition is not directly related to mixing properties of topological dynamical

systems, it is used in the definition of topological weak mixing, which we now define.

2.8 Definition (Topological Weak Mixing). Let (X,G) be a topological dynamical system. We say

that (X,G) is topologically weak mixing if the product system (X × X,G) is topologically transitive.

It is worth noting that the product system (X × X,G) is never minimal, since the diagonal

∆ = {(x, x) : x ∈ X} ⊆ X × X is always a closed, G-invariant set. Also, topological weak mixing
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implies topological transitivity. To see this, we use that fact that topological transitivity is equiva-

lent to having a point with a dense orbit. Thus, if (x, y) has a dense orbit in X × X, then x (and y)

must have dense orbits in X. The next mixing property will be the one of primary interest in this

dissertation.

2.9 Definition (Topological Mixing). Let (X,G) be a topological dynamical system. We say that

(X,G) is topologically mixing if for any two non-empty open sets U,V ⊆ X, there exists a compact

set K ⊆ G such that

U ∩ g(V) , ∅,∀g ∈ G \ K.

Topological mixing implies topological weak mixing. To see this, take any two open sets U,V

in X × X. Then, there exist non-empty basic open sets U1 × U2 ⊆ U and V1 × V2 ⊆ V . Since

X is topologically transitive, there exists compact sets K1,K2 ⊆ G such that for any g ∈ G \ K1,

g(U1) ∩ V1 , ∅ and for any g ∈ G \ K2, g(U2) ∩ V2 , ∅. Thus, for any g ∈ G \ (K1 ∪ K2), we have

g(U)∩V ⊇ g(U1×U2)∩(V1×V2) = (g(U1)∩V1)×(g(U2)∩V2) , ∅. The careful reader will note this

is actually a proof that if (X,G) is topologically mixing, then (X×X,G) is also topologically mixing

(and thus clearly (X,G) is topologically weak mixing). Therefore, we get the following relationship

between topological mixing properties:

(2.10)

Top. Mixing =⇒ Top. Weak Mixing =⇒ Top. Transitivity

t

Minimal

The implications shown in (2.10) are strict [15].

To prove that a dynamical system is topologically mixing, it is enough to show that it is mixing

on a basis of the topology. Lemma 2.11 provides the proof.

2.11 Lemma. Suppose that (X,G) is a topological dynamical system with basis S for X. Suppose

that for all basic open sets U1,U2 ∈ S there is a compact set K ⊆ G such that

U1 ∩ g(U2),∀g ∈ G \ K,
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then (X,G) is topologically mixing.

Proof. Choose any open sets U and V . Then, there are non-empty basic open sets S ,T ∈ S such

that S ⊆ U and T ⊆ V . There is a compact set K such that S ∩ g(T ) , ∅, for all g ∈ G \ K. Each

g ∈ G is a homeomorphism, so g(T ) ⊆ g(V), so for any g ∈ G \K,we have U ∩g(V) ⊇ g(T )∩S , ∅.

Therefore, (X,G) is topologically mixing. �

2.3 Mixing Properties of Measure Theoretic Dynamical System

Measure theoretic mixing properties of dynamical systems have been studied in many different

situations. One such case is two-dimensional substitution tiling dynamical systems. In this section,

we will give definitions for mixing properties of measure theoretic dynamical systems, and in a later

chapter we will state the known results for 2-dimensional substitution dynamical systems.

2.12 Definition (G-invariant Measure). Let (X,G) be a topological dynamical system. A Borel

measure µ on X is said to be G-invariant if for any measurable set U, µ(U) = µ(g(U)), for all g ∈ G.

2.13 Definition (Measure Theoretic Dynamical System). Let (X,G) be a topological dynamical

system, and let µ be a G-invariant Borel probability measure on X. Then, the triple (X,G, µ) is an

Measure Theoretic Dynamical System.

The analogue of a minimal topological dynamical system for a measure theoretic dynamical

system is called an ergodic dynamical system. The definition follows.

2.14 Definition (Ergodic Dynamical System). Let (X,G, µ) be a measure theoretic dynamical sys-

tem. We say that (X,G, µ) is an ergodic dynamical system if any G-invariant measurable set A has

µ(A) = 0 or 1.

It can be difficult to define mixing properties for an arbitrary ergodic dynamical system. The

difficulty lies in the group action. Since our interest are substitution tiling dynamical systems, we

assume now and in the sequel that G = R2.

2.15 Definition (U→
v
). Let (X,R2, µ) be an ergodic dynamical system. For any

→
v∈ R2, we define

U→
v

: L2(X,R2, µ)→ L2(X,R2, µ) such that (U→
v

f )(x) = f (
→
v (x)) .
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2.16 Definition (Eigenvalue and Eigenfunction of (X,R2, µ)). Let f ∈ L2(X,R2, µ). Then, f is an

eigenfunction of (X,R2, µ) if there exists a
→
w∈ R2 such that for µ-a.e. x ∈ X,

U→
v
( f (x)) = e2iπ〈

→
w,
→
v 〉 f (x), for every

→
v∈ R2.

If (X,R2, µ) is a measure theoretic dynamical system and f is a µ-a.e. constant function, then

U→
v
( f (x)) = f (

→
v (x)) = f (x) µ-a.e. Therefore, a µ-a.e. constant function is an eigenfunction of

(X,R2, µ) corresponding the eigenvalue of
→

0. A measure theoretic dynamical system is ergodic if

and only if for any eigenvalue of (X,R2, µ) has a one-dimensional eigenspace.

2.17 Definition (Weak Mixing). Let (X,R2, µ) be a measure theoretic dynamical system. We say

that (X,R2, µ) is weakly mixing if the only eigenfunctions of (X,R2, µ) are µ-a.e. constant.

Since the span of the constant functions is one-dimensional, it follows that a weakly mixing

measure theoretic dynamical system must be ergodic.

2.18 Definition (Strong Mixing). Let (X,R2, µ) be an measure theoretic dynamical system. We say

that (X,R2, µ) is strongly mixing if for any measurable sets A, B ⊆ X,

lim
‖
→
v ‖→∞

µ(
→
v (A) ∩ B) = µ(A)µ(B).

A set K ⊆ R2 is said to be density zero in R2 if limr→∞
λ(K∩Br(

→

0))

λ(Br(
→

0))
= 0, where λ is the Lebesgue

measure on R2. An equivalent definition of measure theoretic weak mixing is that if for any two

measurable sets A and B, there exists a set of density-zero set K ⊆ R2 such that

lim
‖
→
t ‖→∞

→
t ∈R2\K

µ(
→
t (A) ∩ B) = µ(A)µ(B).

Therefore, it follows that a strongly mixing measure theoretic dynamical system must be weakly

mixing, and thus ergodic. The converse implications are not true [15].

2.4 Tiling Dynamical Systems

We will be primarily concerned with topological dynamical systems in which the space X is a

collections of tilings of R2, and the group is G = R2. To understand a system of this type, we first
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define what we mean by a tiling of the plane. This section is based on [21]. For more information,

see [20], and [25]

2.19 Definition (Tile). A set D ⊆ R2 is called a tile if it is compact and equal to the closure of its

interior.

2.20 Definition (Tiling of R2). A tiling S of R2 is a collection of tiles in which any two tiles have

pairwise disjoint interiors, and their union is R2.

We say that two tiles t and s are equivalent (t � s) if there exists a vector
→
v∈ R2 such that

t = s−
→
v .

2.21 Definition (Prototiles). The set of prototiles of a tiling space, denoted by P, is a collection of

unique representatives from the equivalence classes of the tiles under the relation �. We will always

assume P is finite.

2.22 Definition (Full Tiling Space). Let P be a finite set of inequivalent prototiles in R2. The full

tiling space, XP, is the set of all tilings of R2 by translations of copies of the prototiles in P.

2.23 Definition (Patch). A patch P is a collection of translations of prototiles P in which each tile

has non-intersecting interiors and the union of tiles in P is connected.

We can extend the notion of equivalence to patches, and we denote the set of all equivalence

classes of finite patches as P∗. If we want to specifically indicate the equivalence class of all patches

that contain n tiles, we will use the notation P(n).

2.24 Definition (Support of a patch). Let P be a patch. The support of P, denoted supp(P), is the

subset of R2 which is the union of the tiles contained in P.

2.25 Definition (S ~K�). Take any tiling S ∈ XP and any compact set K ∈ R2. Define

S ~K� = {P ∈ P∗ : P ⊆ S ,K ⊆ supp(P)}.

This is the set of all patches in S whose support covers K.

We can use the metric d defined in the following theorem to give a topology on XP.
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2.26 Theorem. For any S ,T ∈ XP define

d(S ,T ) = inf
({√

2/2
}
∪

{
0 < r <

√
2/2 : ∃P1 ∈ S ~B1/r

→

0)�, P2 ∈ T~B1/r(
→

0)�,

with P1−
→
t = P2 for some

→
t such that ‖

→
t ‖ ≤ r

})
.

Then d defines a metric on XP, called the tiling metric d is complete.

The proofs of theorem 2.26 can be found in [21]. The metric d is similar to product measure on

a subshift, where we say that two sequences are “close” if there is a large symmetric index about

the origin on which the sequences are equivalent. For the tiling metric, d, two tilings S and T are

“close” if there is a small ε > 0 and two equivalent patches P, P′ such that B1/ε(
→

0) is contained in

the support of P and P′, and supp(P) = supp(P′)−
→
t , where ‖

→
t ‖< ε.

The following definition will allow us to define a topological dynamical system on XP.

2.27 Definition (R2 action on XP). For any tiling T ∈ XP, and for any
→
t ∈ R2, the action of

→
t on T ,

denoted T−
→
t , is defined as T−

→
t = {D−

→
t : D ∈ S }, .i.e., the tiling T shifted by the vector −

→
t .

2.28 Theorem (Rudolph). The R2 action on XP is continuous.

2.29 Definition (Local Finiteness). A tiling space is said to be locally finite if P(2) is finite.

All tiling systems that we will consider will have this local finiteness condition. The next theo-

rem, due to Rudolph, states that XP is compact.

2.30 Theorem (Rudolph). A locally finite tiling space XP is compact in the tiling metric d.

For proof, see [22]. Now that we have know that XP is a compact metric space with R2 acting

continuously on XP, we can finally make the following definition.

2.31 Definition (Full Tiling Dynamical System). We define the full tiling dynamical system to be

the pair (XP,R
2), where R2 acts on XP as in definition 2.27.

While we will be using some properties of the full tiling system, specifically compactness and

metrizability, our primary focus in this manuscript will be to study tiling dynamical systems which

are generated by the orbit closure of a single tiling.
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2.32 Definition (XT ). Given a tiling T of R2, let XT = OrbR2(T ), where the closure is taken in the

full tiling system that contains T .

2.33 Definition (Tiling Dynamical System generated by T ). The pair (XT ,R
2) is called the tiling

dynamical system generated by T .

General open sets in a tiling space can be cumbersome to work with. Next, we describe a type

of set that forms a basis of the topology generated by the metric d.

2.34 Definition (Cylinder Sets in XT ). Let P ⊆ T be a patch and let ε > 0. We define the cylinder

set CP,ε as

CP,ε = {S ∈ XT : ∃
→
y∈ Bε(0), with P−

→
y⊆ S }.

The follows results on cylinder sets for tilings are well known [23].

2.35 Lemma. 1. If 0 < δ < ε and P ∈ P∗, then CP,δ ⊆ CP,ε .

2. If P1, P2 ∈ P
∗ with P1 a subpatch of P2, then CP1,ε ⊇ CP2,ε .

3. If P1 ∪ P2 is a patch, then CP1∪P2,ε ⊆ CP1,ε ∩CP2,ε .

2.36 Lemma. The collection of all cylinder sets, CP = {Cp,ε : P ∈ P∗, ε > 0}, is a basis for the

topology on the tiling dynamical system XP [21].

2.37 Definition (Repetitivity). A tiling T ∈ XP is called repetitive if for any patch P in T there is an

r > 0 such that for any
→
v∈ R2 there exists a

→
u∈ R2 such that supp(P−

→
u ) ⊆ Br(

→
v ).

Repetivity tells us for any patch P ∈ P∗, there is a large enough open ball in R2 such that any

translate of that ball will contain a patch equivalent to P.

The following properties will allow us to characterize topological mixing in the setting of tiling

dynamical systems. These properties will generally be applied to the group G = R2.

2.38 Definition (ε-dense). Let G be a locally compact metric space with metric d. Let ε > 0. We

say that Y ⊆ G is ε-dense in G if
⋃

y∈Y Bε(y) ⊇ G.

2.39 Definition (Eventually Dense). Let G be a locally compact metric space with metric d. A

subset Y ⊆ G is said to be eventually dense if for any ε > 0 there is a compact set K such that for
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all x ∈ G \ K we have d(x,Y) < ε. In other words, there is a compact set K such that Y is ε-dense in

G \ K.

2.40 Definition (Locator Set of a Tiling). Given a patch P in T , we define the locator set, denoted

LP(T ), defined to be

LP(T ) = {
→
v∈ R2 : there exists patch P0 in T such that P = P0−

→
v }

2.41 Definition (Φ(P1, P2)). Let P1 and P2 be patches of T . We define the set of displacement

vectors, Φ(P1, P2), between the patches P1, P2 by

Φ(P1, P2) = (LP1(T ) − LP2(T )) ∪ (LP2(T ) − LP1(T )).

2.42 Proposition. A tiling dynamical system (XT ,R
2) is topologically mixing if for any two patches

P1 and P2, Φ(P1, P2) is eventually dense in R2.

Proof. Choose any cylinder sets CP1,ε1 and CP2,ε2 . Take ε = min{ε1, ε2}. We know there is an R > 0

such that Φ(P1, P2) is ε dense inR2\BR(
→

0). Choose any
→
y∈ R2\BR(

→

0). Since Φ(P1, P2) is ε-dense,

there is a vector
→
x∈ Y such that ‖

→
y −

→
x‖< ε. Thus, there is an S ∈ XT such that P1 ∪ (P2−

→
x ) ⊆ S .

Thus, S ∈ CP2,ε2−
→
y (since

→
x is within ε of

→
y ), and so CP1,ε1 ∩ (CP2,ε2−

→
y ) , ∅, which in view of

Lemma 2.11 implies that (XT ,R
2) is topologically mixing. �

While tiling dynamical systems are interesting in their own right, the focus in this dissertation

is on tiling dynamical systems that are generated by “generalized” substitutions on finite alphabets.

We will introduce the concepts of generalized substitutions in the next chapter.
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Chapter 3

Generalized Substitutions, Linear

Algebra and Number Theory

In this chapter, we develop a number of tools that will be used later in our analysis. We begin this

chapter with a short introduction to generalized substitutions.

3.1 Languages and Generalized Substitution

Recall the following: an alphabet A is a finite set, and the elements of A are referred to as letters or

characters. A word of length n, n ≥ 0, is a finite sequence of letters from an alphabet. The word of

length zero is the called the empty word and is denoted by ε. By A∗ we denote the set of all words

of length n ≥ 0, comprised of characters of A. Finally, A∗ is the free monoid generated by A with

ε as the identity and concatenation as the monoidal operation.

3.1 Definition (Free Group generated by A). Let A be a finite alphabet. By F(A) we will denote

the free group generated by A. We identify F(A) by the set of all reduced words, where a word

w is reduced if for all i ∈ A, i and i−1 are not adjacent in w. The product of w1 and w2 is the

concatenation w1w2 in reduced form.

It should be clear that A∗ is a sub-monoid of F(A). Recall from Chapter 1 that a substitution

is a mapping σ : A → A∗ \ {ε}. Using the definition of F(A), we can extend the definition of a

substitution to gives us a new type of mapping, which we will refer to as a generalized substitution.
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3.2 Definition (Generalized Substitution). A map σ : A → F(A) \ {ε} is called a generalized

substitution.

3.2 Basic Linear Algebra

3.3 Definition (Population Vector). For any ai ∈ A, with |A| = d and w ∈ F(A), we may write

w = w1an1
i w2an2

i ...wkank
i wnk+1 , where w1,w2, ...,wk+1 ∈ F(A \ {ai}). Then, the population vector of

the word w, denoted `(w), is defined as

`(w) = [ `a1(w) `a2(w) ... `ad (w) ]T ,

where `ai(w) = n1 + n2 + ... + nk.

Note that we have ` : F(A)→ Zd. In fact, we can think of ` as the canonical abelianization map

of F(A).

3.4 Example. Let A = {a, b, c} and w = abc−1ba−2c. Then,

`(w) = [ −1 2 0 ]T .

3.5 Definition (Transition Matrix). Let A = {a1, a2, ..., ad} be an alphabet and letσ : A→ F(A)\{ε}

be a generalized substitution map. Define the d × d transition matrix of the generalized substitution

as

Mσ = [ `(σ(a1)) `(σ(a2)) ... `(σ(ad)) ],

where the `(σ(ai))s form the columns of Mσ.

3.6 Definition (Irrational Plane). We say that a plane P through the origin in R3 is irrational if

P ∩Z3 = {
→

0 }.

The following lemmas are important geometric observations that are used in Chapter 5.

3.7 Lemma. Let A be an n×n real matrix with distinct non-zero eigenvalues λ and θ ∈ C, where |λ| ,

|θ|. The eigenspaces ET
θ corresponding to θ in AT and Eλ corresponding to λ in A are orthogonal.
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Proof. It is enough to show that any vectors
→
n∈ ET

θ and
→
v∈ Eλ are orthogonal. So,

〈
→
v ,
→
n〉 =

1
λ
〈λ
→
v ,
→
n〉 =

1
λ
〈A
→
v ,
→
n〉 =

1
λ
〈
→
v , A∗

→
n〉 =

1
λ
〈
→
v , AT →n〉 =

1
λ
〈
→
v , θ

→
n〉

=
θ

λ
〈
→
v ,
→
n〉.

Since |θ| , |λ|, then 〈
→
v ,
→
n〉 = 0. �

3.8 Lemma. Suppose
→
n is a normal vector to a plane P in R3. Then, the P plane is irrational in

R3 if and only if
→
n has linearly independent entries over Q.

Proof. Assume
→
n has linearly independent entries overQ. Suppose there is a vector

→
v∈ P such that

→
v∈ Z3. Since

→
v∈ P, we know that

0 =

〈
→
v ,
→
n
〉

=

〈
[ v1 v2 v3 ]T , [ n1 n2 n3 ]T

〉
= v1n1 + v2n2 + v3n3.

However, since vi ∈ Z, this is a linear dependence relation overQ on the entries of
→
n , which contra-

dicts the fact that
→
n has linearly independent entries over Q. Therefore,

→
v=
→

0, and hence P must be

irrational inR3. To prove the converse, we will prove its contrapositive. Now, assume
→
n has linearly

dependent entries over Q. Thus, there exists a dependence relationship p1
q1

n1 +
p2
q2

n2 +
p3
q3

n3 = 0

where pi ∈ Z, q j ∈ Z \ {0} and not all pi = 0. Multiplying through by q1q2q3 gives us

p1q2q3n1 + p2q1q3n2 + p3q1q2n3 = d1n1 + d2n2 + d3n3 = 0

where di ∈ Z. So, 〈
[ n1 n2 n3 ]T , [ d1 d2 d3 ]T

〉
= 0,

which gives us that [ d1 d2 d3 ]T ∈ P, which implies that P is not irrational. �

3.3 Basic Number Theory

In this section, we provide basic definitions from number theory that we use in the sequel. Recall

that a polynomial f ∈ Z[x] is monic if the leading coefficient of f is 1.
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3.9 Definition (Algebraic Integer). A number a ∈ C is said to be an algebraic integer if there is a

monic f ∈ Z[x] such that f (a) = 0.

If a is an algebraic integer, then there is a unique irreducible monic f ∈ Z[x] such that f (a) = 0.

It is called the minimal polynomial of a.

3.10 Definition (Galois Conjugates). Let a ∈ C be an algebraic integer with minimal polynomial

f . The Galois conjugates of a are the numbers θ ∈ C such that f (θ) = 0.

3.11 Definition (Real Pisot Number). A real algebraic integer a is said to be a real Pisot number if

|a| > 1 and all of its Galois conjugates θ satisfy |θ| < 1.

3.12 Definition (Complex Pisot Number). A complex algebraic integer a is said to be Complex

Pisot number if |a| > 1, and all of its Galois conjugates θ with θ , a satisfy |θ| < 1.

3.13 Definition (Real Non-Pisot Number). A real algebraic integer a is said to be real Non-Pisot if

|a| ≤ 1 or one of its Galois conjugates θ satisfies |θ| ≥ 1.

3.14 Definition (Complex Non-Pisot Number). A complex algebraic integer, a, is said to be Com-

plex Non-Pisot if |a| ≤ 1, or if there exists a Galois conjugate, θ, for which θ , a and |θ| ≥ 1.

Note that an algebraic integer is either Pisot or non-Pisot.

3.15 Example. The following are examples of real Pisot, complex Pisot, real non-Pisot, and com-

plex non-Pisot.

• For an example of a real Pisot number, consider λ1 = 1+
√

5
2 ≈ 1.61. The minimal polynomial

for λ1 is fλ1(x) = x2 − x − 1, and λ1 has Galois conjugate 1−
√

5
2 ≈ −.61.

• An example of a real non-Pisot number is λ2 = 1 +
√

5 ≈ 3.24. The minimal polynomial for

λ2 is fλ2(x) = x2 − 2x − 4, and λ2 has Galois conjugate 1 −
√

5 ≈ −1.24.

• An example of a complex Pisot number is

λ3 =
1 + i

√
3

22/3 3
√
√

13 − 3
−

1
2

(
1 − i

√
3
) 3

√
1
2

(√
13 − 3

)
,
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which has |λ3| ≈ 1.92. The minimal polynomial for λ3 is fλ3(x) = x3 + 3x + 3, and λ3 has

Galois conjugate

3

√
1
2

(√
13 − 3

)
−

3

√
2

√
13 − 3

,

which has magnitude approximately 0.82.

• An example of a complex, non-Pisot number is

λ4 =
1 − i

√
3

22/3 3
√

3
(√

741 − 27
) −

(
1 + i

√
3
)

3
√

1
2

(√
741 − 27

)
2 32/3 ,

which has |λ4| ≈ 1.52. The minimal polynomial for λ4 is fλ4(x) = x3 + x + 3, and λ4 has

Galois conjugate
3
√

1
2

(√
741 − 27

)
32/3 − 3

√
2

3
(√

741 − 27
) ,

which has magnitude approximately 1.21.

3.4 Blending Generalized Substitutions, Linear Algebra,

and Number Theory

In this section, we use the previously introduced definitions to prove a number of lemma that involve

both basic linear algebra and number theory. First, we provide some definitions that blends the two

topics together.

3.16 Definition (Complex Pisot (non-Pisot) Matrix). An n × n integer matrix A is a complex Pisot

(non-Pisot) matrix if the characteristic polynomial of A is irreducible over Q, and the root with the

largest magnitude is complex Pisot (non-Pisot).

The following definitions describe the type of generalized substitutions we will focus on in this

dissertation.

3.17 Definition (Complex Non-Pisot Generalized Substitution). A generalized substitution σ is

said to be a complex non-Pisot generalized substitution if the transition matrix Mσ is a complex

non-Pisot matrix.
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The following lemma is well known, and is provided for completeness. It demonstrates the

interplay between a generalized substitution and its corresponding transition matrix.

3.18 Lemma. Let A be an alphabet and σ a generalized substitution on A. Then, for any k ∈ N,

we have `(σk(w)) = Mk
σ(`(w)), where w ∈ F(A).

Proof. First, we will prove that Mk
σ = [ `(σk(a1)) `(σk(a2)) ... `(σk(ad)) ]. This is true by

definition if k = 1. Now, suppose the lemma is true for k = n. Then, Mn+1
σ = MσMn

σ. So,

(Mn+1
σ )i j = 〈RowT

i ,Col j〉 = 〈[ `ai(σ(a1)) `ai(σ(a2)) ... `ai(σ(ad)) ]T , `(σn(a j))〉

= `ai(σ(a1))`a1(σn(a j)) + ... + `ai(σ(ad))`ad (σn(a j)).

Notice that for any m ∈ {1, 2, ..., d}, the number `ai(σ(am))`am(σn(a j)) is the product of the number

of ais in σ(am) and the number ams in σn(a j). This is precisely the number of ais we get from substi-

tuting the am in σn(a j). Therefore, `ai(σ(a1))`a1(σn(a j))+ ...+`ai(σ(ad))`ad (σn(a j)) = `ai(σ
n+1(a j)).

This concludes the first part of the proof. Next, choose any w ∈ F(A) and any k ∈ N. Then,

Mk
σ`(w) =


`a1(σk(a1))`a1(w) + ... + `a1(σk(ad))`ad (w)

...

`ad (σk(a1))`a1(w) + ... + `ad (σk(ad))`ad (w)

 =


`a1(σk(w))

...

`ad (σk(w))

 = `(σk(w)).

�

The following lemma is also well known, but again we include the proof for completeness.

3.19 Lemma. If the characteristic polynomial of an n × n matrix A with integer entries is irre-

ducible over Q, then entries of the eigenvectors corresponding to real eigenvalues of A are linearly

independent over Q.

Proof. We will prove this for n = 3, but the proof is easily adapted to the general case. Assume

A =


a b c

d e f

g h i

 .

24



Suppose there is an eigenvector
→
v= [ v1 v2 v3 ]T of A whose entries are linearly dependent over

Q. Without loss of generality, suppose that

(3.20) v1 = c2v2 + c3v3, ci ∈ Q, not all ci = 0.

Note that either v2 or v3 must not be equal to zero, since
→
v is an eigenvector. So, without loss of

generality, assume v3 , 0. Since A
→
v= λ

→
v , where λ is the eigenvalue corresponding to

→
v , we get

av1 + bv2 + cv3 = λv1

dv1 + ev2 + f v3 = λv2

gv1 + hv2 + iv3 = λv3.

Expanding using Equation (3.20) we get d(c2v2 + c3v3) + ev2 + f v3 = λv2 which gives us

(3.21) v2 =
dc3 + f

λ − dc2 − e
v3,

where λ−dc2− e , 0 since λ either irrational or complex (note that d, c2 and e are real). Now, using

Equation (3.20) and (3.21) we get

g
(
c2

dc3 + f
λ − dc2 − e

v3 + c3v3

)
+ h

(
dc3 + f

λ − dc2 − e
v3

)
+ iv3 = λv3,

and canceling v3 and rearranging terms gives us

(3.22) gc2(dc3 + f ) + c3(λ − dc2 − e) + h(dc3 + f ) + i(λ − dc2 − e) − λ(λ − dc2 − e) = 0.

Equation (3.22) implies that λ is a root of a monic degree 2 polynomial g(t) over Z (and thus

over Q), so g(t) must divide the characteristic polynomial of A (since there is a unique monic

polynomial which has λ as its root). Therefore, the characteristic polynomial is reducible over Q, a

contradiction. Hence, the entries of
→
v must be linearly independent over Q. �

25



3.5 Exterior Algebra

In this section we introduce some more advanced algebraic concepts. Exterior algebras provide

us with a method of relating a generalized substitution to the induced tiling substitution. This

relationship will become clear in Chapter 4. The following definition can be found in [24].

3.23 Definition (Exterior Product). Given vectors
→
v1 and

→
v2 in a module V over a commutative ring

K (usually V = Zk and K = Z), we call the symbolic product
→
v1 ∧

→
v2 the exterior product of

→
v1 and

→
v2 if it has the following properties:

1. For any a, b ∈ K, a
→
v ∧b

→
w= ab(

→
v ∧

→
w),

2. For any
→
v∈ V,

→
v ∧

→
v= 0,

3. For any
→
v ,
→
w∈ V ,

→
v ∧

→
w= −

→
w ∧

→
v ,

4. For any
→
v ,
→
w∈ V and for any a ∈ K, (

→
v +a

→
w)∧

→
w=
→
v ∧

→
w.

The following two definitions are from [13].

3.24 Definition (Exterior Algebra). Given a module V over a commutative ring F, with a fi-

nite basis B = {b1, b2, ..., bn}, define the exterior algebra Λ2(V) to be the algebra spanned by

B′ = {bi ∧ b j : bi, b j ∈ B and i < j} with product ∧.

Notice that |B′| =
(
n
2

)
. It will be useful for us to put an order on the basis elements B′, especially

when we construct linear transformations on Λ2(V) from linear transformations on V . Let nPk = n!
k! .

We will define the index of a basis element in Λ2(V) bi∧b j as (n−1)P j + ( j− i). Note that (n−1)P j = 0,

if j = n. This indexing gives us a type of reverse lexicographical ordering, in other words, the index

of bi ∧ b j is less than the index of bk ∧ bl if j > l, or if j = l and i > k. Therefore, we will now write

B′ =

{
b′1, b

′
2, ..., b

′

(n
2)

}
,

where b′i = b j ∧ bk for i = (n−1)Pk + (k − j).

3.25 Example. In this example, we demonstrate how the indexing works for a basis on an exterior

algebra. Suppose B = {
→
e1,
→
e2,
→
e3,
→
e4} is the standard basis for Z4. We can see that the basis B′ for
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Λ2(Z4) will contain
(
4
2

)
= 6 elements. The first element in the ordered basis of Λ2(Z4) is obtained

by taking the basis element from B with the second largest index, and taking its wedge product with

the basis element with the largest index. In this example,
→
e1
′

=
→
e3 ∧

→
e4. We get successive elements

in the ordered basis by reducing the index on the first basis element in the first part of the wedge

product, until the index reaches 1. Thus,
→
e2
′

=
→
e2 ∧

→
e4, and

→
e3
′

=
→
e1 ∧

→
e4. After reaching index 1, we

then reduce the index on the basis element on right hand side of the wedge product, and taking the

basis element with index 1 less than it on the left hand side of the product. Thus,
→
e4
′

=
→
e2 ∧

→
e3. Now,

continuing as before, we can see that
→
e5
′

=
→
e1 ∧

→
e3 and

→
e6
′

=
→
e1 ∧

→
e2.

The exterior algebra, Λ2(V), is independent of the choice of basis of V . To show this, sup-

pose B = {b1, b2, ..., bn} is the basis of V used to define Λ2(V), and choose any other basis C =

{c1, c2, ..., cn} of V . For any v ∈ Λ2(V), v = a1(b1 ∧ b2) + a2(b1 ∧ b3) + ... + a(n
2)(bn−1 ∧ bn). Choose

any bi ∈ B, then there are scalars k1i, k2i, ..., kni such that k1ic1 + ... + knicn = bi. Then,

v = a1(b1 ∧ b2) + a2(b1 ∧ b3) + ... + a(n
2)(bn−1 ∧ bn) =

= a1((k11c1 + ... + kn1cn) ∧ (k12c1 + ... + kn2cn)) + ...

+ a(n
2)((k1nc1 + ... + knncn) ∧ (k1ic1 + ... + knicn))

= (a1(k11k22 − k12k21) + a2(k11k32 − k12k31) + ... + a(n
2)(k11kn2 − k12kn1))(c1 ∧ c2) + ...

+ (a1(k1(n−1)k2n − k1nk2(n−1)) + ... + a(n
2)(k(n−1)(n−1)knn − k(n−1)nkn(n−1))(cn−1 ∧ cn),

so v ∈ Span{cn−1 ∧ cn, ..., c1 ∧ c2}, which implies

Span{bn−1 ∧ bn, ..., b1 ∧ b2} ⊆ Span{cn−1 ∧ cn, ..., c1 ∧ c2}.

A symmetric argument gives us the converse, and thus Λ2(V) is independent of the basis of V .

3.26 Definition (The 2-Compound of a Linear Transformation). Let A : V → V be a linear trans-

formation of a module V with a finite basis. Define the dual algebra homomorphism

C2(A) : Λ2(V)→ Λ2(V) as the homomorphism induced by the mapping C2(A)(
→
v ∧

→
w) = A

→
v ∧A

→
w

for all
→
v ∧

→
w∈ Λ2(V).

The linear transformation C2(A) is well defined, as the definition of Λ2(V) is independent of

basis.
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3.5.1 Exterior Algebra on Zn

In this section we will be making use of the terminology stated in the previous section and applying

it to the module Zn over the commutative ring Z. We let BZn = {
→
e1,
→
e2, ...,

→
en} denote the standard

unit basis vectors of Zn, and thus

Λ2(Zn) = Span{
→
en−1 ∧

→
en,
→
en−2 ∧

→
en, ...,

→
e1 ∧

→
e2}.

The following lemma tell us specifically how to compute the dual of an integer matrix.

3.27 Lemma (The 2-Compound of the Transition Matrix). Let A be an n × m integer matrix A.

Then C2(A) is the
(
n
2

)
×
(
m
2

)
integer matrix whose entry (C2(A))i j is the determinant of the 2×2 minor

obtained by removing all rows of A except rows a, b and all columns except for columns c, d, where

the index of ea ∧ eb is i and of ec ∧ ed is j.

Proof. We denote the entries in row i, column j of A and of C2(A) by Ai j and C2(A)i j respec-

tively. Since Λ(Zn) is independent of the choice of basis, we will assume that the entries of A are

in terms of the standard basis for Zn. Thus, for any basis element
→
ek
′

=
→
ei ∧

→
e j∈ B′

Zn , we have

C2(A)(
→
ei ∧

→
e j) = Col k(C2(A)). So,

C2(A)(
→
ei ∧

→
e j) = A

→
ei ∧A

→
e j= [ A1i A2i ... Ami ]T ∧ [ A1 j A2 j ... Am j ]T

= (A1i
→
e1 +A2i

→
e2 +... + Ami

→
em) ∧ (A1 j

→
e1 +A2 j

→
e2 +... + A3m

→
em)

= (A1iA2 j − A2iA1 j)
→
e1 ∧

→
e2 +(A1iA3 j − A3iA1 j)

→
e1 ∧

→
e3 +...

+ (A(m−1)iAm j − AmiA(m−1) j)
→
em−1 ∧

→
em .

From this calculation, we can see that the entries of column k are

Col k(C2(A)) =



A(m−1)iAm j − AmiA(m−1) j

A(m−2)iAm j − AmiA(m−2) j

...

A1iA2 j − A2iA1 j


,

and from this we can see that the lth entry of column k is the determinant of the 2 × 2 minor of A

28



obtained by removing all rows except row a and b, where the index of
→
ea ∧

→
eb is l, and all columns

except columns i and j. �

3.28 Corollary. If A is 3 × 3 integer matrix, then the entry C2(A) is a 3 × 3 integer matrix, where

the entry (C2(A))i j is the determinant of the 2 × 2 minor obtained by removing row i and column j.

3.29 Lemma. Let
→
v1,
→
v2∈ Z

n. Then,

→
v1 ∧

→
v2= C2([

→
v1,
→
v2])

is a exterior product on Z(n
2).

Proof. We will prove this for any two basis vectors
→
ei,
→
e j∈ Z

n. The general result follows from the

structure of the exterior algebra Λ2(Zn). Lemma 3.27 implies that C2([
→
ei,
→
e j]) is the

(
n
2

)
× 1 vector in

which the lth entry is the determinant of the minor of [
→
e1,
→
e2] obtained by deleting all rows except

rows a and b, where n−1Pb + (b − a) = l. Thus, if i = j, then C2([
→
ei,
→
e j]) =

→

0∈ Z(n
2), since the

only non-zero entries in [
→
ei,
→
e j] are in row i, so the determinant of any 2 × 2 minor must be zero.

Next, if i , j, then C2([
→
ei,
→
e j]) =

→
e k∈ Z(n

2), where k = (n−1)P j + j − 1. Thus, for any a, b ∈ Z, we

have C2([a
→
ei, b

→
e j]) = ab

→
ek= abC2([

→
ei,
→
e j]). Continuing, we see that C2([

→
e j,
→
ei]) = −

→
ek, since

this corresponds to switching two columns in the 2 × 2 minor, which changes the sign. Finally,

C2([
→
e1 +a

→
e2,
→
e2]) =

→
ek, which gives us that C2([

→
v1,
→
v2]) is a exterior product. �

If we equip Λ2(Zn) with the exterior product in Lemma 3.29, then Λ2(Zn) � Z(n
2) (isomorphic

as Z as exterior algebras). In the sequel, we will assume that
→
v ∧

→
w= C2([

→
v ,
→
w]). Notice that if

n = 3, then Λ2(Z3) � Z3.

The following example demonstrates many of the concepts that we have been discussing in this

chapter.

3.30 Example. Let σ : {a, b, c} → F({a, b, c}) where

a→ b

b→ c

c→ a−3b−1

(3.31)
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Then the transition matrix is

Mσ =


0 0 −3

1 0 −1

0 1 0

 ,

which has eigenvalues λ ≈ 0.606706 + 1.45061i, λ ≈ 0.606706 − 1.45061i and θ ≈ −1.21341.

Next, the dual of the transition matrix is

C2(Mσ) =


1 0 1

3 0 0

0 3 0

 .

We can see that the eigenvalues of M∗σ are γ ≈ 2.47237, δ ≈ −0.736184 + 1.76019i, and δ ≈

−0.736184 − 1.76019i. Furthermore, we can see that γ = λλ, δ = λθ, and δ = λθ. This turns out to

be true for a general n × n matrix.

3.32 Definition (Submatrix Notation). Let M be a m×n matrix. By M[r], 1 ≤ r ≤ m, we denote the

submatrix of M in which the rth row is removed. By M[r, s], 1 ≤ s ≤ n, we denote the submatrix of

M in which the rth row and sth column are removed.

Up until now, we have only considered Λ2(Zn). However, the definition of the wedge product

on Λ2(Zn) easily extends to Λ2(Rn), with scalars F = R. From this point of view, the following

lemma gives us a way of relating an eigenvector of Mσ to an eigenvalue of C2(Mσ).

3.33 Lemma. Let A be a 3×3 complex non-Pisot matrix with complex eigenvalue λ and correspond-

ing eigenvector
→
v∈ R3 and assume that all entries of C2(A) are non-negative. Then,<(

→
v ) ∧ =(

→
v )

is an eigenvector of C2(A) corresponding to the eigenvector λλ.

For a proof, see lemma 7.8 in [8], where our condition that all entries of C2(A) are non-negative

implies that S (A) = I. We use the following definition to simplify our notation in the sequent

lemmas.

3.34 Definition (sgn). Define a function sgn : R→ {−1, 0, 1}, where
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sgn(x) =


−1 if x < 0

0 if x = 0

1 if x > 0

.

We can extend the definition of sgn to a mapping from Rd to {−1, 0, 1}d such that for any
→
x∈ Rd,

sgn(
→
x ) = [ sgn(x1) sgn(x2) ... sgn(xd) ]T .

The following lemma will play an important role in the proof of our main theorem.

3.35 Lemma. If σ : {a, b, c} → F({a, b, c})\{ε} is a complex non-Pisot generalized substitution with

transition matrix Mσ, which satisfies the conditions that all entries of C2(Mσ) are non-negative and

C2(Mσ) is primitive, then the eigenvector
→
n corresponding to the real eigenvalue θ of MT

σ satisfies

sgn(
→
n ) = [ 1 −1 1 ]T .

Proof. By Lemma 3.7 we know that the eigenvector
→
n corresponding to θ in MT

σ is orthogonal to

the expanding real eigenplane corresponding to the eigenvalue λ in Mσ with complex eigenvector
→
v . Thus, we can let

→
n= <(

→
v ) × =(

→
v ). Since C2(Mσ) is a primitive, non-negative integer matrix,

by the Perron-Frobenius theorem there is a strictly positive eigenvector
→
u corresponding to the

largest eigenvalue of C2(Mσ). Since Mσ is complex non-Pisot, Lemma 3.33 implies that the largest

eigenvalue of C2(Mσ) is λλ, and we know that

→
u= <(

→
v ) ∧ =(

→
v ) =


det

(
[<(

→
v ),=(

→
v )][1]

)
det

(
[<(

→
v ),=(

→
v )][2]

)
det

(
[<(

→
v ),=(

→
v )][3]

)

.

However, we know that

→
n= <(

→
v ) × =(

→
v ) =


det

(
[<(

→
v ),=(

→
v )][1]

)
− det

(
[<(

→
v ),=(

→
v )][2]

)
det

(
[<(

→
v ),=(

→
v )][3]

)


by the definition of the cross product in R3. Since
→
u is strictly positive, it follows that

→
n must have
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the asserted sign pattern. �

3.36 Definition (Projection onto R2 and R). For any
→
n,
→

0 in R3, let P→
n

be the plane through the

origin with unit normal vector
→
n and suppose P→

n
= Span{

→
v1,
→
v2}, with

→
v1,
→
v2∈ R

3. Define

πP→
n
(
→
w) =


→
v1

T

→
v2

T

 →w,
called the orthogonal projection from R3 onto P→

n
.

By ∠
→
v
→
w, we denote the angle between the vectors

→
v and

→
w.

3.37 Lemma. Let P→
n

be a plane with normal vector
→
n. If sgn(

→
n ) = [ 1 −1 1 ]T , then,

0 < ∠πP→
n
(
→
e1)πP→

n
(
→
e2) ≤ π

2 , 0 < ∠πP→
n
(
→
e2)πP→

n
(
→
e3) ≤ π

2 and π
2 ≤ ∠πP→

n
(
→
e1)πP→

n
(
→
e3) < π.

Proof. Let θi j = ∠πP→
n
(
→
ei)πP→

n
(
→
e j) and

→
n= [ n1 n2 n3 ]T . Assume ‖

→
n‖= 1, so that πP→

n
(
→
ei) =

→
ei

−〈
→
ei,
→
n〉
→
n=
→
ei −ni

→
n . If i , j, we can see that

〈πP→
n
(
→
ei), πP→

n
(
→
e j)〉 = 〈

→
ei −ni

→
n ,
→
e j −n j

→
n〉

= 〈
→
ei,
→
e j〉 − n j〈ei,

→
n〉 − ni〈

→
n ,
→
e j〉 + nin j〈

→
n ,
→
n〉 = −nin j.

Then θi j = arccos
(
Ci j

)
, where

Ci j =
−nin j

‖ei − nin‖ ‖ e j − n j
→
n ‖

.

By the sign pattern of
→
n it follows that C12 and C23 are positive and C13 is negative. Therefore,

0 < θ12, θ23 ≤
π
2 and π

2 ≤ θ13 < π. �
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Chapter 4

Substitution Tilings Dynamical Systems

of R2 from Generalized Substitutions

While the topological properties of tiling dynamical systems have already been introduced, we have

not yet considered specific tilings of R2. In this chapter we will construct the substitution tiling

dynamical systems to be studied in later chapters and provide proofs of important properties that

will be needed.

4.1 Properties of σ

In this section, we use a class of generalized substitutions first introduced by Kenyon in [11]. These

generalized substitutions will serve as a large class of examples for which our main results will

directly apply. Many of our result will apply to more general types of generalized substitutions, but

for some results we will require that σ is defined follows:

σ : {a, b, c} → F({a, b, c})

a 7→ b

b 7→ c

c 7→ a−qb−r

where q, r ≥ 1.

(4.1)
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In the remainder of this section, we will examine some of the properties of the generalized substi-

tution satisfying (4.1). The transition matrix, Mσ, is

Mσ =


0 0 −q

1 0 −r

0 1 0

 ,
and the matrix C2(Mσ) is

C2(Mσ) =


r 0 1

q 0 0

0 q 0

 .

Notice that Mσ is the companion matrix for the monic algebraic polynomial g(x) = x3 + rx + q.

In this dissertation, we are interested in complex non-Pisot generalized substitutions. Thus, we

would like to know a sufficient condition on the values of q and r associated with σ of the form (4.1)

to satisfy this property. In other words, we want to determine values of q and r which will ensure

the polynomial g will have a dominant complex root, and all the roots of the polynomial lie outside

the closed unit disk in the complex plane. The following lemma answers that question. Thanks to

Boris Solomyak for greatly simplifying my original proof.

4.2 Lemma. Let g(x) = x3 + rx + q, where r, q ∈ N. If q− 2 ≥ r, then the root λ of g with the largest

magnitude is complex non-Pisot, it satisfies |λ|3 ≥ r|λ|, |λ|3 ≥ q and<(λ) > 0.

Proof. First notice that g′(x) = 3x2 + r. So g′(x) > 0 for all x ∈ R, implying that g is a strictly

increasing function. Therefore, g must have two complex roots. Since g is a cubic polynomial and

r and q are positive, the real root −θ satisfies θ > 0. Also g(−1) = −1 − r + q ≥ 1, since g is strictly

increasing, it follows that −θ < −1. Therefore, g(x) = (x + θ)(x2 − θx + q/θ). The complex roots of

g are
θ ±

√
θ2 − 4q/θ
2

.

Define λ =
θ+i
√

4q/θ−θ2

2 , so<(λ) > 0. Next we see that

|λ|2 =
θ2

4
+

4q/θ − θ2

4
=

q
θ
> θ2,
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since q = θ3 + rθ implying q > θ3 and q > rθ. Thus, |λ| > θ. Finally,

|λ|3 = |λ|
q
θ
> q,

and

|λ|3 = |λ|
q
θ
> |λ|

rθ
θ

= r|λ|.

�

We now assume that q − 2 ≥ r. We denote the complex roots of g by λ, λ, and the real root by

θ. Notice that the row vector
→
vσ= [ 1 λ λ2 ] is a left eigenvector of Mσ (in other words, a right

eigenvector of MT
σ) for the complex eigenvalue λ.

The matrix C2(Mσ) is a non-negative integer matrix, and C2(Mσ) is primitive, since

C2(Mσ)4 =


q4 + 2r2q q2r q3 + r2

rq3 + r3 qr2 q2r

q2r2 r3 qr2


is a strictly positive matrix. In the sequel, we shall see that the relationship between the induced

tiling substitution and the matrix C2(Mσ) is analogous to the relationship between the a (non-

generalized) substitution and its transition matrix.

Since we know C2(Mσ) is primitive, Lemma 3.35 implies that the eigenvector
→
nθ of Mσ cor-

responding to θ has sign pattern [+ − +]T . The vector
→
nθ must be normal to the real eigenplane

corresponding to λ of MT
σ by Lemma 3.7, which implies that we can write

→
nθ= <([ 1 λ λ2 ]T ) × =([ 1 λ λ2 ]T ). Therefore, the orthogonal projection onto the real

eigenplane of MT
σ corresponding to λ is the projection defined by

πP→
nθ

→
v=

 1 <(λ) <(λ2)

0 =(λ) =(λ2)

 →v ,
for all

→
v∈ R3. We call this projection the Perron-Frobenius projection and denote it by πEλ . We use

this projection frequently in later chapters.

One important consequence of the construction of the Perron-Frobenius projection is that we get
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the angle relation described in Lemma 3.37. We will make use of this fact frequently in Chapter 5.

The following lemma is a summary of the results of this section.

4.3 Lemma. If σ is a generalized substitution satisfying (4.1), with q − 2 ≥ r, then we have the

following results:

• The generalized substitution σ is a complex non-Pisot substitution,

• the matrix C2(Mσ) is non-negative,

• the matrix C2(Mσ) is primitive,

• the transition matrix Mσ has complex eigenvalues,

• the eigenvalues of Mσ satisfy |λ| = |λ| > |θ| > 1,

• the dominant complex eigenvalue λ satisfies |λ|3 ≥ r|λ|, and |λ|3 ≥ q

• the eigenvector
→
nθ of Mσ corresponding to θ satisfies sgn(

→
nθ) = [ 1 −1 1 ]T

• we can choose λ so that satisfies<(λ) > 0 and =(λ) > 0.

4.2 Prototiles from a Generalized Substitution

In this section, we construct the prototiles of our tiling space from a generalized substitution. This

section is based on [8], [11] and [23].

A curve is a piecewise continuously differentiable mapping f : [a, b] → R2. Two curves are

considered the same if they differ by an orientation preserving piecewise continuously differentiable

change of parametrization. We would like to relate words in F(A) to what we call broken line paths

in the plane. The following definition is a useful tool in defining this construction.

4.4 Definition (Position Function in C). Define η : {a, b, c} → C, where η(a) = 1, η(b) = α, and

η(c) = β and extend it to a function η : F(A)→ C, where η(i−1) = −η(i) and

η(w1w2) = η(w1) + η(w2).

In our definition of the position function, the values 1, ω and β will be the entries of the left

eigenvector corresponding a generalized complex non-Pisot substitution σ with dominant complex
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eigenvalue λ of Mσ. We can always write the left eigenvector in this form if we assume C2(Mσ) is

a non-negative, primitive matrix. We call η the position function since for any word w ∈ F(A), η(w)

corresponds to a position in the complex plane. Now we give our formal definition of a broken line

curve generate by a word in F(A).

4.5 Definition (Broken Line Curve). Let η be the position function for a generalized complex non-

Pisot substitution σ on {a, b, c}, where λ is dominant complex eigenvalue. Choose any word w =

w1w2...wk ∈ F(A), we define the corresponding “broken line” curve ( or piecewise linear curve), as

fw : [0, |w|]→ C, such that

fw(x) = η(w1w2...wbxc)(bxc + 1 − x) + η(w1w2...wbxc+1)(x − bxc).

The function fw draws the straight line between two points represented by consecutive subwords

of w inC, in other words, the between the points represented by subwords of w of the form w1w2...wk

and w1w2...wkwk+1. We say that the path corresponding to w is the set of points fw([0, |w|]). Now

we have a relationship between words in F(A) and paths in C that start at the origin. It should be

clear that the curve corresponding to fw ends at the origin if and only if `(w) =
→

0. The following

lemma shows the relationship between the terminal points of broken line paths fw and fσ(w), for a

fixed word w ∈ F(A). We use this result in later chapters.

4.6 Lemma. Let w ∈ F(A). Then, λ fw(|w|) = fσ(w)(|σ(w)|).

Proof. Notice that if w = w1...w|w| ∈ F(A), then fw(|w|) =
∑|w|

i=1 η(wi) = η(w). Also, notice that

η(w) = [ 1 α β ]`(w). Since `(σ(w)) = Mσ`(w), it follows that

η(σ(w)) = [ 1 ω β ]Mσ`(w) = λ[ 1 ω β ]`(w) = λη(w).

Since λη(w) = η(σ(w)) = fσ(w)(|σ(w)|), the result follows. �

We have defined the Perron-Frobenius projection for a generalized substitution of the form (4.1),

we can now define it for an arbitrary complex non-Pisot generalized substitution σ.

4.7 Definition (Perron-Frobenius Projection). Let σ : {a, b, c} → F({a, b, c})\{ε} be a complex non-

Pisot generalized substitution with C2(Mσ) a non-negative and primitive matrix. We can write the
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eigenvector of MT
σ corresponding to λ as [ 1 ω β ]T . The general Perron-Frobenius is projection

πEλ(
→
v ) = πPnθ

(
→
v ) =

 1 <(ω) <(β)

0 =(ω) =(β)

 (
→
v ).

The following lemma is just an application of Lemma 3.37.

4.8 Lemma. If σ is generalized complex non-Pisot substitution with C2(Mσ) a non-negative prim-

itive matrix, then 0 < ∠πEλ(
→
e1)πEλ(

→
e2) ≤ π

2 , 0 < ∠πEλ(
→
e2)πEλ(

→
e3) ≤ π

2 and π
2 ≤ ∠πEλ(

→
e1)πEλ(

→
e3) < π.

We now use the definition of fw to define the prototiles of our tiling space.

4.9 Definition (Prototiles Generated by Generalized Substitutions). Let j, k ∈ A with j < k, and let

[ j, k] = jk j−1k−1 ∈ F(A) denote the commutator of j and k. The set of prototiles generated by σ,

which we will denote by Pσ, are the tiles ti whose support is the region enclosed by the curve f[ j,k],

where i, j, k are distinct.

4.10 Example. Let σ : {a, b, c} → F({a, b, c}) be a generalized substitution of the form (4.1) with

q = 3 and r = 1. The left eigenvector of σ corresponding to λ is [ 1 λ λ2 ]. The prototiles of the

tiling space generated by σ are seen in Figure 4.1.
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Figure 4.1: The prototiles ta, tb, and tc generated by σ.

Notice that all the prototiles have a vertex at the origin. We call this point the anchor point of

the prototile. This will be the point we use to determine the displacement between tiles. Next, we

use the notation (0, ti) to refer a prototile ti as defined in definition 4.9. The 0 denotes the location
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of the anchor point. If we translate the tile, the anchor point moves. We then identify a general tile

as (x, ti), where the tile ti is translated by the complex number x in the complex plane.

Recall that given a set P of prototiles, we let XP denote the set of all tilings of R2 by prototiles

from P. Notice that the prototiles of Pσ are parallelograms, so XPσ is not empty because we can tile

the plane entire with a single prototile. The next definition is the analogue of the population vector

map discussed in Chapter 2 for generalized substitutions, now applied to patches of tilings.

4.11 Definition (`′). Suppose XP is a tiling space with prototiles P = {t1, t2, ..., td}. For any patch P

in some tiling T ∈ XP, define `′(P) to be the vector in Zd whose ith entry is the number of prototiles

ti in P.

Notice that for any patch P contained in a tiling of XP, `′(P) ∈ Z3. Also, `′((0, ti)) =
→
e i and

→
e i=

→
e j ∧

→
ek, where i, j, k ∈ {a, b, c} are distinct, and j < k in alphabetical order. Thus, `′ gives us

a way to relate patches of tiles to the exterior algebra Λ2(Z3). In fact, one can think of Λ2(Z3)

as containing the abelianization of the collection of all patches contained in tilings of R2. In view

of this relationship, we change our notation for the prototiles of Pσ. In addition to our previous

notation for prototiles, we will use the notation j∧ k, defined by j∧ k := ti, where i, j, k are distinct,

and j < k. So, ta = b ∧ c, tb = a ∧ c and tc = a ∧ b. We switch between the two notations whenever

it is convenient. Thus,
→
ei= `′(ti) = `′( j ∧ k) =

→
e j ∧

→
e k= `( j) ∧ `(k).

This new notation will require us to clarify some possible issues. Suppose i < j, since

`′(i ∧ j) = `(i) ∧ `( j) = −`( j) ∧ `( j) = `( j−1) ∧ `(i) = `′( j−1 ∧ i),

it is clear that i ∧ j must be equivalent to j−1 ∧ i. However, the tile (x, i ∧ j) is not equal to the

tile (x, j ∧ i−1). They are equivalent, and we define (x, j ∧ i−1) = (x + η(i−1), i ∧ j), where η is

the position function. Also, (x, j ∧ i) is called a negative tile (it looks like the tile i ∧ j, but has

a negative orientation). We want to avoid these occurring in our tiling substitution, as they could

cause cancellations which could lead to holes in the tiling. However, our standard examples of

generalized substitutions of the form 4.1 will never contain negative tiles. In general, we will try to

avoid negative tiles entirely. Finally, we write (x, i ∧ j) + (y, k ∧ l), i < j, k < l to mean the tiles i ∧ j

located at x and k ∧ l located at y. Finally, any tile of the form (x, i ∧ i) is called an empty tile, and

has empty support.
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4.3 Induced Tiling Substitution

Constructing a tiling substitution map from an arbitrary generalized substitution is a difficult (per-

haps even impossible) task. However, in the case that σ satisfies (4.1), we can always construct a

tiling. This was originally shown by Kenyon in [11], and specific examples were worked out in [23]

as well.

We provide a definition of a tiling substitution that will work for an arbitrary complex non-Pisot

generalized substitution, but it will not necessarily lead to a tiling of R2 = C. The definition of

the tiling substitution generated by a generalized substitution is a modified version of the defini-

tion found in [1]. For additional information on the tiling substitution generated by a generalized

substitution, see [2].

4.12 Definition (n-Form of a Word). Let σ(i) = w(i)
1 w(i)

2 ...w
(i)
l where σ(i) ∈ F(A) is a word in

reduced form (here the (i) is just an additional index we will use in a subsequent definition). Then

the n-form of σ(i), denoted σ(i)n, is the representation of σ(i) of the form p(i)
n w(i)

n s(i)
n , where |p(i)

n | =

n − 1, |w(i)
n | = 1, |s(i)

n | = l − n.

4.13 Definition (Tiling Substitution from a Generalized Substitution). Let

σ : {a, b, c} → F({a, b, c}) \ {ε}. Then, if (x, i∧ j), i < j is an arbitrary tile, we define the substitution

tiling, Θ, as

Θ(x, i ∧ j) =

|σ(i)|∑
m=1

|σ( j)|∑
n=1

(λx + η(p(i)
m ) + η(p( j)

n ),w(i)
m ∧ w( j)

n ),

where p(i)
m ,w

(i)
m , p( j)

n and w( j)
n are derived from σ(i)m and σ( j)n.

4.14 Example. Let σ be the generalized substitution of the form (4.1) with q = 3 and r = 1.. Then,

the substitution for b ∧ c is

Θ(
→

0 , b ∧ c) =

1∑
m=1

4∑
n=1

(λ
→

0 +η(p(i)
m ) + η(p( j)

n ),w(i)
m ∧ w( j)

n )

= (0, c ∧ a−1) + (−1, c ∧ a−1) + (−2, c ∧ a−1) + (−3, c ∧ b−1)

= (−1, a ∧ c) + (−2, a ∧ c) + (−3, a ∧ c) + (−3 − λ, b ∧ c)

The tiling can be seen in Figure 4.2
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Figure 4.2: The substitution of the tile (0, b ∧ c).

Next we prove the relationship between the transition matrix Mσ for a generalized substitution

and its 2-compound. The following lemma shows that C2(Mσ) acts like the transition matrix for

tiling substitutions in the same way as Mσ does for (non-generalized) substitutions.

4.15 Lemma. Suppose σ : {a, b, c} → F({a, b, c}). Let C2(Mσ) be the 2-compound matrix of the

transition matrix Mσ. Then, C2(Mσ) = [ `′(Θ(
→

0 , b ∧ c)) `′(Θ(
→

0 , a ∧ c)) `′(Θ(
→

0 , a ∧ b)) ].

Proof. First, note that C2(Mσ)(
→
e i ∧

→
e j) = Colk(C2(Mσ)), where i < j and k , i or j. Also,

(4.16) C2(Mσ)(
→
e i ∧

→
e j) = Mσ

→
e i ∧Mσ

→
e j= Coli(Mσ) ∧ Col j(Mσ) = `(σ(i)) ∧ `(σ( j)).
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Next, we see that

`′(Θ(0, i ∧ j)) = `′

|σ(i)|∑
m=1

|σ( j)|∑
n=1

(Mσ

→

0 +`(p(i)
m ) + `(p( j)

n ),w(i)
m ∧ w( j)

n )


= `′

(
w(i)

1 ∧ w( j)
1 + w(i)

1 ∧ w( j)
2 + ... + w(i)

1 ∧ w( j)
|σ( j)| + w(i)

2 ∧ w( j)
1 + ...

+w(i)
|σ(i)| ∧ w( j)

|σ( j)|

)
= `′

(
w(i)

1 ∧ w( j)
1

)
+ ... + `′

(
w(i)
|σ(i)| ∧ w( j)

|σ( j)|

)
= `

(
w(i)

1

)
∧ `

(
w( j)

1

)
+ ... + `

(
w(i)
|σ(i)|

)
∧ `

(
w( j)
|σ( j)|

)
= `

(
w(i)

1

)
∧

|σ( j)|∑
n=1

`
(
w( j)

n

)
+ ... + `

(
w(i)
|σ(i)|

)
∧

|σ( j)|∑
n=1

`
(
w( j)

n

)
=

|σ(i)|∑
m=1

`
(
w(i)

m

)
∧

|σ( j)|∑
n=1

`
(
w( j)

n

)
= `(σ(i)) ∧ `(σ( j)).

(4.17)

Thus, equations (4.16) and (4.17) imply that Colk(C2(Mσ)) = `′(Θ(0, i ∧ j)), and the lemma

follows. �

Lemma 4.15 as well as Lemma 4.3 implies that the tiling substitution generated by generalized

substitutions of the form (4.1) is primitive. That is, there is some k ∈ N such that for each ti ∈ Pσ,

Θk(ti) contains t j, for all j ∈ A.

If σ is a generalized substitution of the form (4.1), we can simplify the definition of Θ to be

Θ(x, i ∧ j) =

|σ( j)|∑
n=1

(λx + η(p( j)
n ),w(i)

1 ∧ w( j)
n ).

This simplified version of Θ allows us to see how our tiling substitution Θ acts on the prototiles for

any q, r ≥ 1. This is shown in Figure 4.3.

The tiling substitution Θ can be extended to patches in a similar manner to extending σ to

act on F(A) or A∗. If P = (x1, t1) + (x2, tk) + ... + (xk, tk) is a connected patch, then we define

Θ(P) = Θ(x1, t1) + Θ(x2, tk) + ... + Θ(xk, tk). Recall that Pσ is the class of prototiles generated by σ.

It is possible that for an arbitrary patch P composed of prototiles of Pσ, Θ(P) is not a patch of the

tiling, so we must restrict the patches.
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b ∧ c

a ∧ c
q

a ∧ b

Figure 4.3: Substitution on the prototiles generated by the generalized substitution of the form 4.1.

4.18 Definition (P∗σ). We define P∗σ as the equivalence class of patches of Pσ such that P ∈ P∗σ if

there exists a k ∈ N and an ti ∈ Pσ such that Θk(ti) contains P.

If we are considering σ of the form (4.1), a proof of the fact that Θk(0, ti) is a connected patch

for each k ∈ N and ti ∈ P∗σ can be found in [23]. We choose a representative of each class of patches

which has a boundary vertex at the origin, such that the vertex is an anchor point of a prototile. This

is so we can have a well defined definition of the boundary map, which we will introduce later. We

make the vertex at the origin the anchor point for the patch. We refer to the patch P ∈ P∗σ as (0, P)

and P translated by x would be (x, P).

4.19 Definition (Vertices of a Patch). Let P ∈ P∗σ. Then, by vert(P) we denote the set of all points

in C that are vertices of the tiles contained in P.

The following lemma relates how the vertices of a patch move under the tiling substitution, with

scaling the tiling by λ. We see that most of the vertices of a patch will line up with the scaling under

the substitution. For those that do not, they will always be a within a bounded distance of the new

patch.

4.20 Lemma. Let σ be a generalized substitution of the form (4.1) and let P ∈ P∗σ, where σ is of

the form (4.1). For any z ∈ λk vert(P) = {λkx ∈ C : x ∈ vert(ti)}, there is a w ∈ vert(Θk(P)) such that

|z − w| ≤ |λ|k+2.
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Proof. First, for each prototile ti ∈ Pσ, we establish a relationship between λ vert(ti) and vert(Θ(ti)).

Consider tb = (0, a ∧ c). We see that

λ vert(0, a ∧ c) = {0, λ, λ − rλ − q,−rλ − q},

and

Θ(0, a ∧ c) = (−1, a ∧ b) + (−2, a ∧ b) + ... + (−q, a ∧ b).

Also, we see that vert(−1, a ∧ b) = {−1, 0, λ,−1 + λ} and

vert(−q, a ∧ b) = {−q,−q + 1,−q + 1 + λ,−q + λ}. Note that {0, λ} ⊆ vert(Θ(tb)). For the remaining

two points of λ vert(tb), we see that |(1−r)λ−q− (−q)| = (r−1)|λ| < r|λ| and |(−rλ−q− (−q)| ≤ r|λ|.

Next, consider ta = (0, b ∧ c). We see that

λ vert(0, b ∧ c) = {0, λ2, λ2 − rλ − q,−rλ − q},

and

Θ(0, b ∧ c) = (−1, a ∧ c) + (−2, a ∧ c) + ... + (−q, a ∧ c) + (−q − λ, b ∧ c) + ... + (−q − rλ, b ∧ c).

Since vert(−1, a ∧ c) = {−1, 0, λ2, λ2 − 1} and

vert(−q − rλ, b ∧ c) = {−q − rλ,−q − (r − 1)λ,−q − (r − 1)λ + λ2,−q − rλ + λ2}, it follows that

λ vert(0, b ∧ c) ⊆ vert(Θ(0, b ∧ c)).

Finally, we consider tc = (0, a ∧ b). We see that

λ vert(0, a ∧ b) = {0, λ, λ + λ2, λ2},

and

Θ(0, a ∧ b) = (0, b ∧ c).

Since vert(0, b∧ c) = {0, λ, λ+ λ2, λ2}, it is clear that λ vert(0, a∧ b) = vert(Θ(0, a∧ b)). Notice that

the only situation in which v ∈ λ vert(x, ti) and v < vert(Θ(x, ti)), is when ti = tb and v = x + λ2 or

v = x + 1 + λ2. Also, notice that λv will always be within r|λ| of the point λx − q, anchor point on
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the tile (λx − q, a ∧ b) ∈ Θ(tb).

Now, we prove that the anchor point of the tile (x, a ∧ b), which is x in this case, satisfies

λkx ∈ vert(Θk(x, a ∧ b)), for all k ∈ N. If λkx < vert(Θk(x, a ∧ b)), then there must be a j ≥ 0 such

that λ jx ∈ vert(Θ j(x, a∧ b)), but λ j+1x < vert(Θ j(x, a∧ b)). Since λ jx ∈ vert(Θ j(x, a∧ b)), then λ jx

must be contained in some tile (y, ti) in Θ j(x, a ∧ b). However, since λ j+1x < vert(Θ j+1(x, a ∧ b)),

then from our previous calculations, ti = tb and λ jx = y + λ2 or λ jx = y + λ2 + 1. Therefore, to

prove that λkx ∈ vert(Θk(x, a ∧ b)), for all k ∈ N, we must prove that λ jx never lies along the top of

a tb tile. The proof of this is shown in Figure 4.4. The black dot corresponds to where the anchor

q

r

q

q

r

q

r

Figure 4.4: Black dot indicates where the anchor point of (x, a ∧ b) lies after the tiling substitution
is applied, and then we focus only on the tile that contains the dot. If we follow the location of the
black dot after each substitution, we see that a cycle develops between the second and sixth figure.

point x of (x, a∧b) lies after each application of the tiling substitution. Eventually a cycle (the cycle

is between figures 2 and 6 in Figure 4.4) is formed and thus λkx never lies on the top of a tb tiles.

Therefore, λkx ∈ vert(Θ(x, a ∧ b)) for all k ∈ N.
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Now we can prove the lemma. Choose any patch (x, P), P ∈ P∗. Similar to our previous set up,

if there exists k ∈ N such that v ∈ vert(P) and λkv < vert(Θk(P)), then there exists a j ≥ 0 such that

λ jv ∈ vert(Θ j(P)) and λ j+1v < vert(Θ j+1(P)). Thus, λ j+1v must be within r|λ| of the anchor point y

of a tb tile. Since y is the anchor point of tb, then λny ∈ vert(Θn(y, tb)), and thus λny ∈ vert(Θ j+n(P)),

for all n ≥ 1. It follows that |λkv − λky| = |λ|k−n−1|λ j+1v − y| ≤ r|λ|k−n ≤ r|λ|k ≤ |λ|k+2, the final

inequality follows from Lemma 4.2. �

The reason that λ vert(P) * vert(Θ(P)) is that Θ has back-end cancellation on the tile (0, a ∧ c).

In other words, there are a number of b−1 ∧ b tiles from the substitution on P. These tiles are empty

tiles. While in general, it is acceptable to have this sort of back-end cancellation, we will need to

require that there is no front-end cancellation. The following definition make this concept rigorous.

4.21 Definition (Front-End Cancellation). Let σ be a generalized complex non-Pisot substitution

that induces a tiling substitution Θ. We say that Θ has no front-end cancellation if for all ti ∈ P,

λkx ∈ vert(Θk(x, ti)), for all k ∈ N.

Figure 4.4 show that Θ corresponding to σ of the form (4.1) never has front-end cancellation on

the tiles (x, a ∧ b) and (y, b ∧ c). The same is also true for (z, a ∧ c), since λ4z is going to be at the

anchor point of an a ∧ b tile. Therefore, our standard examples of generalized complex non-Pisot

substitutions will induce a tiling substitution Θ is never front-end cancelling on Pσ. Also, Θ is

never front-end cancelling on any P ∈ P∗σ by our choice of representations of the patches. These

observations allow us to have the following definition. Recall that P∗σ is the set of tiling patches and

F(A) can be interpreted as paths in R2.

4.22 Definition (Boundary Map). Define the boundary map as the function ∂ : P∗σ → F(A), where

for any P ∈ P∗σ, ∂(P) is the word in F(A) such that the curve f∂(P) traces the boundary of P traversed

with positive orientation (counter-clockwise).

The boundary map is well defined because of the way we choose the representatives of P∗. Also,

the boundary map is well defined for any patch that has a boundary tile (a tile with an edge along

the boundary of a patch) with a vertex at the origin. Thus we assume that the map can be applied

to any tile with a boundary vertex at the origin. Finally, recall that from Lemma 4.20 that Θ has no
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front-end cancellations, so Θk(0, P) will have a boundary vertex at the origin, so ∂(Θk(0, P)) is well

defined. We make us of this fact in the next lemma.

4.23 Lemma. Let σ be a generalized substitution satisfying 4.1. Then σ(∂(0, P)) = ∂(Θ(P)), for all

P ∈ P∗σ.

Proof. First we note that ∂(0, a ∧ b) = [a, b], ∂(0, b ∧ c) = [b, c], and ∂(0, a ∧ c) = [a, c], where

[i, j] = i ji−1 j−1 (the commutator of i and j). Since Θ(0, a ∧ b) = (0, b ∧ c), it follows that

∂(Θ(0, a ∧ b)) = [b, c] = σ([a, b]) = σ(∂(0, a ∧ b)).

So, σ(∂(0, a ∧ b)) = bcb−1c−1, σ(∂(0, b ∧ c)) = ca−qb−rc−1braq, and σ(∂(0, a ∧ c)) = ba−qb−1aq.

We know that Θ(0, a ∧ b) = (0, b ∧ c), so σ(∂(0, a ∧ b)) = ∂(Θ(0, a ∧ b)). Next,

Θ(0, b ∧ c) = (−1, a ∧ c) + ... + (−q, a ∧ c) + (−q − λ, b ∧ c) + ... + (−rλ − q, b ∧ c),

and it follows ∂(Θ(0, b ∧ c)) = ca−qb−rc−1braq = σ(∂(0, b ∧ c)). Also, Θ(0, a ∧ c) = (−1, a ∧ b) +

... + (−q, a ∧ b), which implies ∂(Θ(0, b ∧ c)) = ba−qb−1aq. Lastly,

Θ(0, a ∧ c) = (−1, a ∧ b) + (−2, a ∧ b) + ... + (−q, a ∧ b),

which implies that ∂(Θ(0, a ∧ c)) = ba−qb−1aq.

For an arbitrary patch P ∈ P∗, and let w = ∂(P). Take any character j in w, there is a tile (x, ti)

which contains the edge corresponding to j. Since j in (x, ti) contains a boundary edge of P, then

σ( j) will correspond to a boundary edge of Θ(x, ti) which are boundary edges if Θ(P). The lemma

follows. �

Up to this point in the chapter, we have only considered properties of the tiling substitution on

tiles and patches, but we have yet to actually construct a tiling of the plane. The next lemma lays

the foundation for our construction.

4.24 Lemma. For any σ as defined in (4.1), the tiling substitution Θ generated by σ fixes the patch

Θk(Pσ) in the patch Θk+1(Pσ), where Pσ is shown in Figure 4.5. In other words, the patch Θk(Pσ)

is contained in Θk+1(Pσ) in the same position.
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Figure 4.5: A patch fixed by the tiling substitution Θ as mentioned in Lemma 4.24.

Proof. Let Pσ be the patch shown in Figure 4.5. Then, Θ(Pσ) is shown in Figure 4.6. Notice that

Θ(Pσ) contains Pσ in the same position, in other words, Pσ is still located at the origin. Assume

the lemma is true for k > 1. Consider Θk+1(Pσ) = Θ(Θk(Pσ)). Since Θk(Pσ) contains Θk−1(Pσ), it

follows Θ(Θk(Pσ)) must contain Θk(Pσ). �

q

r

q

r
q

r

q 0

Figure 4.6: This is Θ(Pσ) which is part of the proof of Lemma 4.24.

Now, we can use our patch Pσ to generate a tiling of the plane. All that remains to be shown

is that as n → ∞, Θn(Pσ) has no boundary. Since Pσ covers a neighborhood of the origin, and

the we have containment of powers of Pσ, the argument used by Solomyak in [23] show that

limn→∞Θn(Pσ) has no boundary. Therefore, limn→∞Θn(Pσ) limits to a tiling Tσ. Extending Θ

to be a mapping on tilings, we see that by the construction of Tσ, we have Θ(Tσ) = Tσ. We often

refer to Tσ as the fixed point of the tiling substitution. Figure 4.7 shows Θ6(Pσ), when q = 3 and

r = 1.

4.25 Definition (Substitution Tiling Dynamical System Induced byσ). Let Θ be a tiling substitution

induced by a generalized substitution σ, and let Tσ be the fixed point of Θ. Recall that XTσ =
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Figure 4.7: This figure shows the tiling of R2 generated by a generalized substitution of the form
(4.1) with q = 3 and r = 1.

OrbR2(Tσ) is the tiling space constructed by Tσ. The substitution tiling dynamical system induced

by σ is the tiling dynamical system (XTσ ,R
2).

4.26 Lemma. Let Θ be a tiling substitution generated by generalized substitution σ which has a

fixed point Tσ. Suppose ∂(Θ(P)) = σ(∂(P)) for all P ∈ P∗σ. If the path fw([0, |w|]) lies on Tσ, for

some w ∈ F(A), then fσ(w)([0, |σ(w)|]) also lies on Tσ.

Proof. If fw([0, |w|]) is an edge path in Tσ, then there is some patch P in Tσ with a boundary

vertex lying at the origin in C such that fw([0, |w|]) lies on the boundary of P. By Lemma 4.23,

we know that σ(∂(0, P)) = ∂(Θ(P)). Since fσ(w)([0, |σ(w)|]) is contained in boundary of Θ(P), and

Θ(Tσ) = Tσ, it follows that the path fσ(w)([0, |σ(w)|]) is contained in Tσ. �

The next lemma is important in Chapter 5. This lemma implies the patches contained in Tσ can

always be found within a power of the substitution of any prototile.

4.27 Lemma. Let σ be a generalized complex non-Pisot substitution of the form (4.1). Then for

every patch P in the tiling Tσ, there exists an n ∈ N such that P is contained in Θn(ti), for all ti ∈ Pσ.

Proof. Since the tiling substitution is primitive, all that needs to be shown is that there is some

n ∈ N and some prototile ti ∈ Pσ such that the generating patch Pσ for the tiling Tσ occurs in
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Θn(ti). We choose the prototile (0, b∧ c) and prove that Pσ is contained in Θ7(0, b∧ c). From Figure

4.3 we can see Θ(0, b∧ c). Trying to show the entire patch Θ7(0, b∧ c) with an arbitrary r and q can

q

r

q

Figure 4.8: This figure show P1 and Θ(P1) as in the proof of Lemma 4.27.

be cumbersome, thus we only choose a selection from each patch Θ(0, b ∧ c). Figure 4.8 shows the

patch P1 that we have selected from Θ(0, b ∧ c), along with the tiling substitution Θ applied to that

selection. Next, the process continues by choosing P2 and computing Θ(P2), and we continue this

process until we see Pσ. Figure 4.9 shows the remaining steps in the proof. It is important to note

that we are assuming that q − 2 ≥ r, otherwise the patch P6 would not appear in Θ(P6). �

The previous lemma proves, from a certain point of view, that the language of the tiling Tσ is

the same as the language of the tiling substitution. We say that Tσ is mixing with respect to Θ. The

following definition makes this rigorous for arbitrary tiling generated by a tiling substitution.

4.28 Definition (Θ Mixing). A tiling T constructed from a tiling substitution Θ is mixing with

respect to Θ if for any patch P in T , there exists an N ∈ N such that for any t ∈ P, we have Θn(t)

contains P for all n ≥ N.

The following lemma shows some important properties of Tσ in relation to Θ and λ that we use

later.

4.29 Lemma. Let Θ be a tiling substitution generated by a generalized substitution σ. Suppose

that Tσ is a fixed point of Θ, and suppose Θ has no front-end cancellations. If S ∈ XTσ and suppose

v ∈ vert Tσ such that S = Tσ − v, then Θ(S ) = Tσ − λv.

Proof. Choose any tile (x, t) in Θ(S ). There exists a tile (y, t′) in S such that Θ(y, t′) = (λy, P)

contains (x, t) for some P ∈ P∗σ. Since S = Tσ − z for some v ∈ C, we know that (y + v, t′) is
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Figure 4.9: This figure show all remaining selections and computations from the proof of Lemma
4.27.

contained in Tσ. Thus, Θ(y+v, t′) = (λ(y+v), P) is contained in Θ(Tσ) = Tσ. Since (λ(y+v), P)−λv

is in Tσ − λv, it follows that Θ(S ) ⊆ Tσ − λv.

Now, choose any (x, t) ∈ Tσ − λv. We know that (x + λv, t) is contained in Tσ, and since Tσ is a

fixed point of Θ, we know there is a tile (y, t′) such that Θ(y, t′) = (λy, P) contains (x+λv, t), for some

P ∈ P∗σ. Assume that (i, t) is contained in (0, P), so (λy + i, t) = (x +λv, t). So, (y− v, t′) is contained

in S , and (λ(y − v), P) is contained in Θ(S ). Therefore, (λ(y − v) + i, t) = (x + λv − λ, t) = (x, t) is

contained in Θ(S ). Therefore, Tσ − λv ⊆ Θ(S ), and the result follows. �

4.30 Lemma. Let Tσ be the fixed point of the tiling substitution Θ generated by σ, where Θ has no

front-end cancellations. Then, λk vert(Tσ) ⊆ λk−1 vert(Tσ) ⊆ ... ⊆ vert(Tσ).
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Proof. This is a proof by induction, so we begin with the base case. First note that the proof of

Lemma 4.20 proves that for any tile t, the anchor point of λ(x, t) is contained in Θ(x, t) (this is a result

of there being no front-end cancellation of tiles under substitution). Choose any v ∈ λ vert(Tσ).

Then, there is a tile (x, t) contained in Tσ such that λx = v. However, Θ(x, t) = (λx,Θ(t)), for some

P ∈ P∗. Therefore, λ vert(Tσ) ⊆ vert(Tσ).

Now, suppose true for all j ≤ k. Choose any v ∈ λk+1 vert(Tσ). Clearly, v/λk+1 ∈ vert(Tσ).

Since v/λk ∈ vert(Tσ), there exists a tile (v/λk, t) contained in Tσ, and since Θ(Tσ) = Tσ, it follows

that there is a patch (v/λk,Θ(t)) is contained in Tσ. Thus, v/λk ∈ vert(Tσ), and it follows that

v ∈ λk vert(Tσ). �

4.4 Properties of Self-Similar Tilings

4.31 Definition (Self-Similar). A tiling T of R2 is said to be self-similar if there exists a complex

number λ, called a similarity, with |λ| > 1 such that

1. for each tile t in T , λt is a union of tiles in T ,

2. and S = T−
→
v , for some

→
v∈ R2 if and only if λS = λT−

→
u , for some

→
u∈ R2.

Notice that the tiling Tσ satisfies the second condition of self-similarity, but not the first. A

tiling satisfying the first property is known as sub-dividing . However, Kenyon has shown in [11]

that we can construct a self-similar tiling from Tσ. This new tiling, S σ, has three tiles that all

have fractal boundaries. The tilings Tσ and S σ are mutually locally derivable in the sense of Frank

and Solomyak, and thus the tiling dynamical systems (XTσ ,R
2) and (XSσ ,R

2) are topologically

conjugate [16]. In other words, there exists a homeomorphism between tiling spaces that commutes

with the group action. Therefore, any results for self-similar tiling will apply to our 2-dimensional

substitution tiling dynamical system (XTσ ,R
2). Whenever Tσ is topologically conjugate to a self-

similar tiling, we will say that Tσ is pseudo-self-similar

Let S be a self-similar tiling of R2 with 3 prototiles and similarity λ. Each tile s in S will sub-

divide under λ into a finite number of tiles from S . If s is a tile in S , then define `′(λs) to be a

vector in Z3 which counts the number of each type of tile we see in the sub-division. From this,

we can then construct a transition matrix Mλ = [ `′(λs1) `′(λs2) `′(λs3) ]. In the case of S σ,
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Mλ = C2(Mσ).

The following results are due to Solomyak [23], Robinson [19], and Berend and Radin [3].

4.32 Theorem. A self-similar tiling S that has finite local complexity, and is generated by a tiling

substitution Θ, is repetitive if and only if Θ is mixing.

Thus, S σ is repetitive, and therefore Tσ is repetitive.

4.33 Theorem. Let S be a self-similar tiling. Then the tiling dynamical system (XS ,R
2) is minimal

if and only if S is repetitive.

4.34 Theorem. Let S be a self-similar tiling and let µ be anR2-invariant Borel probability measure

on (XS ,R
2). If S is λ mixing, then the ergodic self-similar tiling dynamical system (XS ,R

2, µ) is

uniquely ergodic.

If The previous two theorems implies that (XS ,R
2, µ) is strictly ergodic.

4.35 Theorem. Let S be a self-similar tiling. Then the ergodic self-similar tiling dynamical system

(XS ,R
2, µ) is never strongly mixing.

4.36 Theorem. Let S be a self-similar tiling. Then all eigenfunctions (XS ,R
2, µ) are continuous.

From the previous theorem, it follows that (XS ,R
2, µ) is weakly mixing if and only if it is topo-

logically weakly mixing, just as in the case of substitution symbolic dynamical systems.

4.37 Theorem. Let S be a self-similar tiling with similarity λ. Then the tiling dynamical system

(XS ,R
2, µ) is weakly mixing if only only if λ is complex non-Pisot.

Topological mixing properties of (Tσ,R2) have not been investigated yet. However, the follow-

ing theorem is a clear consequence of Lemma 5.21.

4.38 Theorem. If (Tσ,R2) is topologically mixing, then the areas of the tiles are linearly indepen-

dent over Q.

The proof of this is straight forward, and uses the fact that if the areas are non-linearly in-

dependent, then the displacement vectors between tiles must be discrete, and therefore cannot be

eventually dense.

The following lemma summarizes the properties of the induced tilings substitution generated by

generalized complex non-Pisot substitutions of the form (4.1)
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4.39 Lemma. Let σ be a generalized complex non-Pisot substitution of the form (4.1). Then the

induced tiling substitution will have the following properties:

• for all k ∈ N, Θk(ti) is connected for all ti ∈ Pσ,

• there exists a tiling Tσ that is fixed under Θ,

• the tiling substitution Θ has no front-end cancellations,

• the tiling Tσ is mixing with respect to Θ,

• the tiling Tσ is repetitive,

• for any patch P ∈ P∗σ, σ(∂(P)) = ∂(Θ(P)),

• if the word w ∈ F(A) corresponds to a path fw([0, |w|]) along the edges of tiles in Tσ, then

fσ(w)([0, |σ(w)|]) is also a patch along the edges of tiles in Tσ.
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Chapter 5

3-Dimensional Analysis of the Tiling

System

To prove theorem 1.2, we will break the proof into two parts. The first part of the proof will be

covered in this chapter, and the second part will be covered in Chapter 6. In this chapter, we will

construct a 3-dimensional surface that is a lifting of our tiling Tσ to R3. From this surface, we

can then use projections of this surface onto R2 to construct new tilings. We will show that if

the areas of the prototiles of these projections are linearly independent over Q, and if a particular

3-dimensional structure derived from the 3-dimensional surface derived from Tσ is unbounded,

then the tiling space is topologically mixing. In the last chapter, we show that if we have a tiling

substitution Θ with a fixed point Tσ generated by a complex non-Pisot generalized substitution, then

the 3-dimensional structure is unbounded. This clearly applies to generalized substitutions of the

form (4.1), with q − 2 ≥ r.
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In this chapter, unless otherwise stated, we will make the following assumptions on σ:

• σ is a complex non-Pisot generalized substitution,

• C2(Mσ) is a non-negative, primitive matrix,

• for all k ∈ N, Θk(ti) is connected for all ti ∈ Pσ,

• there exists a tiling Tσ fixed under Θ,

• the tiling substitution Θ has no front-end cancellations,

• the tiling Tσ is mixing with respect to Θ,

• for any patch P ∈ P∗σ, σ(∂(P)) = ∂(Θ(P)).

(5.1)

We begin by constructing the surface.

5.1 Lifting of the Tiling Space

We begin this section by taking our two-dimensional tiling and lifting it to a surface in R3. We

Figure 5.1: Assigning Points in R3 to vertices of the tiling.

start by labelling the origin of the tiling Tσ with
→

0∈ R3. Recall that
→
e1,
→
e2 and

→
e3 are the standard

basis vectors of R3. Next, starting from 0 ∈ C, we move from vertex to vertex in Tσ, labelling

the vertices with a point in R3. The labelling on a particular vertex will depend on the labelling of

the previous vertex, and which edge we traversed to reach our new vertex. If we traverse an edge
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corresponding to a in the positive direction we add
→
e1, if we traverse an edge corresponding to b we

add
→
e2, and if we traverse c we add

→
e3. If we traverse these edges in the negative direction, then we

add the negative of the vectors. Figure 5.1 demonstrates this method. The vertices of a tile ti in Tσ

lift to the vertices of a 1 × 1 square. We then fill in the space between the vertices with the square

the lifting of ti bounds. This process leaves us with a stepped surface in R3, which we will denote

by Σ̃. An example of this can be seen in Figure 5.2. It is a well known result that this process can be

applied to any tiling T of R2 by parallelogram tiles, where the number of distinct prototiles is equal

to 3, and the origin in R2 lies on a vertex of a prototile. The surface is made up of facet tiles, which

are the 1 × 1 squares the vertices bound. Thus, the facet tiles are translations of unit squares in the

xy, yz and xz-planes. We can think of the facet tiles as the lifting of ta, tb and tc respectively. We will

denote these tiles by t′a = {0} × [0, 1] × [0, 1], t′b = [0, 1] × {0} × [0, 1], and t′c = [0, 1] × [0, 1] × {0}.

x

y

z

Figure 5.2: The stepped surface from a lifting of a tiling of R2.

The labelling scheme for the vertices of Tσ is well defined. To see this, suppose there are two

different paths γ1, γ2 from the origin to a vertex that assigns different labels. Suppose these paths

are not intersecting and therefore form a closed, simple path in R2 (if they were intersecting, we

would just have multiple simple closed paths) starting at the origin and ending at a vertex v. Since

any path has a corresponding word, let w be the word corresponding to one path and w′ be the word

corresponding to the other path. Since `(w) , `(w′), it follows that `(ww′) ,
→

0. However, this

contradicts the fact that the path corresponding to fww′ starts and ends at the origin. Therefore, the

labelling is well defined.
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We now provide some basic notation and definitions involving facet tiles. As with a tiling of the

plane, we shall say that two facet tiles t′i , t
′
j, are equivalent if there exists a vector

→
v∈ R3 such that

t′i = t′j−
→
v . The equivalence class of facet tiles, what we will call facet prototiles, will be denoted

by P′σ. The collection of all facet patches that are contained in Σ̃ will be denoted by (P′σ)∗.

Let us define the lifting of a tiling as a map ι : R2 → R3, where ι(R2) = Σ̃. The map ι is bijective

on Σ̃, and thus invertible on its image. Therefore, ι has an inverse function, ι−1, which is a type of

projection of Σ̃. Recall the definition of the Perron-Frobenius projection πEλ from Chapter 4. Notice

that πEλ ι(1) = πEλ(
→
e 1) = 1, πEλ ι(λ) = πEλ(

→
e 2) = λ, and πEλ ι(λ

2) = πEλ
→
e3= λ2. It follows that

ι−1 = πEλ .

Now, we can use ι and πEλ to define a substitution on facet tiles.

5.2 Definition (Facet Tile Substitution ). The facet tiling substitution induced by Θ is a mapping

Θ′ : P′σ → (P′σ)∗ such that for every t′ ∈ P′σ, Θ′(t′) = ι(Θ(πEλ(t
′))).

The definition of Θ′ can be extended to a mapping Θ′ : Σ̃→ Σ̃. As a result, the following lemma

is a clear consequence of the previous definition.

5.3 Lemma. The surface Σ̃ is fixed by Θ′.

The next definition is just an extension of the broken line curve introduced in chapter 4 to R3.

5.4 Definition (Broken Line Space Curve). For any word w = w1w2...wk ∈ F(A), we define the

corresponding “broken line” space curve ( or piecewise linear curve), as f ′w : [0, |w|] → R3, such

that

f ′w(x) =

 bxc∑
i=1

`(wi)

 (bxc + 1 − x) +

bxc+1∑
i=1

`(wi)

 (x − bxc).

It is clear from the definition of f ′w that πEλ f ′w(x) = fw(x), for all x ∈ [0, |w|]. Therefore, it follows

from Lemma 4.26 that if the path f ′w([0, |w|]) is contained in Σ̃, then the path f ′σ(w)([0, |σ(w)]) is also

contained in Σ̃.

5.2 Three Dimensional Realization of the Tiling Space

In this section, we construct a subset of Z3 that can be thought of as encoding information about

our substitution tiling dynamical system. Let Σ = Σ̃ ∩ Z3. Thus, any element of Σ is a vertex of a
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facet contained in Σ̃. Now, if we take any
→
v∈ Σ and consider Σ−

→
v= {

→
w∈ Z3 :

→
w +

→
v∈ Σ}, then the

projection πEλ(Σ−
→
v ) is the tiling Tσ translated by πEλ(

→
v ), which is a point in R2 corresponding to

a vertex in the tiling Tσ. Thus, Λ = Σ − Σ = {
→
u −

→
v :
→
u ,
→
v∈ Σ} is the lifting of all the shifts of the

tiling Tσ by the vectors corresponding to the vertices in Tσ.

We will now show that there are always minimal paths to vectors in Σ. These paths are minimal

in the sense that they require no backtracking in any of the cardinal directions (for example, we

never have to take a path that requires us to move both in the positive x direction and the negative x

direction). The following definitions make this idea precise.

5.5 Definition (Good Word). A word w is a good word if |`a(w)| + |`b(w)| + |`c(w)| = |w|.

An equivalent definition of a good word is a word w for which all powers of a particular letter

have the same sign.

5.6 Example. The word w = ab−1acb−3c4 is a good word since |w| = 11 and |`a(w)| + |`b(w)| +

|`c(w)| = 2 + 4 + 5. However, w′ = ab−3acb−3c4b2 is not a good word since |w′| = 15, but `(w′) =

`(w).

5.7 Definition (Good Word for a Vector ). Let
→
v∈ Λ. A word w is a good word for

→
v if w is a good

word and `(w) =
→
v

5.8 Lemma. Let σ satisfy (5.1). For any
→
v∈ Λ, there is a good word corresponding to

→
v .

Proof. Choose any vector
→
v∈ Σ with

→
v . For any arbitrary word in Λ, we only need to shift Σ by the

appropriate vectors, the proof otherwise remains unchanged. Let w be a word corresponding to a

walk along edges of Tσ such that `(w) =
→
v . We will now construct a good word for

→
v from w. If w is

a good word, then we are done so suppose w is not a good word. Notice that if we have ab−1, a−1b,

ac a−1c−1, bc−1 or b−1c in the word, the angles between the corresponding edges relating to these

words must be less than π/2. It follows that any of those consecutive pairs of characters defines a

tile in Tσ. Therefore, if w contains the word ab−1, we can replace this by b−1a in w and still have

a path along Tσ. Similar statements are true for all other words that define a tile (we are replacing

going around one pair of edges of a tile with going around the other pair of edges). We denote by

w[α], α ∈ N the αth character in w, and by w[α, β], α, β ∈ N we denote the subword in w starting at

α containing β consecutive characters from w. Since w is not a good word, there must be an indices
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α1 and α2 such that w[α1] = i and w[α2] = i−1. Let β be the smallest number of characters between

an occurrence of letters in w which are inverses of each other (for example, a and a−1). We claim

the following:

(5.9) We can rewrite w[α, β + 2] as w2iw3i−1 (or iw2i−1w3), where |w2| < |w1|.

Without loss of generality, assume that i ∈ A (if i−1 is in A, then we would proceed in the same way,

except we would work from right to left). We will start with the case i = a. Suppose the first index

of a subword aw1a−1 of w, where |w1| = β, occurs at index α. So, w[α, β + 2] = aw1a−1, where w1

is necessarily a good word (or else we could have found a smaller β)and contains only characters b

or b−1 (but not both b and b−1 since w1 is good) and c or c−1 (again, not both).

If w[α, 2] = ab−1 or ac, or if w[α + β − 2, 2] = ba−1 or c−1a−1, then Claim (5.9) is clearly true.

Note that if w1 is composted of bs and c−1s, or b−1s and cs, we can rearrange the characters in w1

using the fact that bc−1 can be replaced by c−1b (and vice-versa) and b−1c can be replaced by cb−1 to

get a new word in which we have ab−1 or ac, or ba−1 or c−1a. Thus, in this case, Claim 5.9 follows.

Otherwise, w1 is composed of the characters b and c, or b−1 and c−1. Suppose w1 is composed of

characters b and c. If w1 contains no cs, then we would have to have ba−1, so again Claim (5.9) is

Figure 5.3: Possible Tilings of edges corresponding to a and b.

true. Otherwise, we can find a first index γ such that w1[γ] = c. Notice that the edges corresponding

to a and b can be tiled in two ways, either with one a ∧ b tile or with an a ∧ c and b ∧ c tile (see

Figure 5.3). If it is tiled in the second way, then the tiling of abb...bc is fixed, since we now have a

consecutive c−1 and b edge. This forces all remaining tiles to be b ∧ c tiles. If we start with a ∧ b,

then we can continue to see a ∧ b tiles until the last tile, which must be a a ∧ c tile. Lastly, it is

possible to see a sequence of a ∧ b tiles followed by a a ∧ c tile. Again, as in the first case, all

remaining tiles are fixed and must be b ∧ c tiles. See Figure 5.4 for a visualization of the 3 cases.

If we have the first case we can substitute cabb...b for abb...bc, if we have the second case we can

substitute bb...bca, and in the third case we can substitute bb...bcabb...b. If w1 were composed of
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Figure 5.4: Possible Tilings of edges corresponding to abb...bc.

b−1s and c−1s, we would consider c−1b−1b−1...b−1a−1. The pictures would have been the same, but

the starting point would have been different. Therefore, we have proven the claim for i = a.

We now consider the case i = b. If w1 is composed of a s and c s, or a−1s and c−1s, then we

can rearrange the terms so that w[α + β − 2, 2] = ab−1 or cb−1, or w[α, 2] = ba−1 or bc−1. If w1 is

composed of a s and c−1s, or a−1 and c s, again we have to consider the possible tilings of the edges

corresponding to those words. Without loss of generality, assume w1 is composed of a s and c−1 (we

can do this because the pictures for baa...ac−1 will be the same as the pictures for ca−1a−1...a−1b−1),

and choose the first index γ of w1 that contains c−1 (if γ = 1, we have the simpler case, and the

claim follows). Thus, we have a word such as baa...ac−1. Figure 5.5 shows the possible tilings.

Therefore, corresponding to the three possible tilings, we can replace baa...c−1 with c−1aa...ab, or

aa...ac−1b, or finally aa...ac−1baa...a. Again, this proves the claim for i = b. For i = c, the proof is

similar to the previous two cases with the difficulty arriving if w1 is composed of a−1s and b−1s, or

a s and b s.

c−1

c−1

c−1

c−1

c−1

c−1
b

a a
a a

a a a a
a a

aaaa

b

b

b

b

b

a a

Figure 5.5: Possible Tilings of edges corresponding to baa...ac−1.

Using Claim (5.9), we can see that if w contains an i and an i−1, then we can reduce the size of

the subword between them while still having w correspond to a path that lies on Tσ. Therefore, this

procedure allows us to remove any i, i−1 pairs from w, and leaves us with a word w′ corresponding

to
→
v which must be a good word for

→
v . �
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Now, we want prove that there are no holes in Λ, in other words, if (x, y, z), (x, y, z′) ∈ Λ, then

for all (x, y, z′′) ∈ Z3 with z < z′′ < z′, we have (x, y, z′′) ∈ Λ. To do this, we introduce the idea of a

unit tiling.

Figure 5.6: The prototiles of a unit tiling Uσ .

5.10 Definition (Unit Prototiles). The set of unit prototiles, denoted PU, is the collection of tiles

ua, ub, and uc inC, such that each ui is bounded by a quadrilateral, and vert(ua) = {0, i,−1+2i,−1+i},

vert(ub) = {0, 1, i,−1 + i} and uc = {0, 1, 1 + i, i}. See Figure 5.6.

Given this collection of unit prototiles, can now define the tiling dynamical system (XPU
,R2)

as defined in Chapter 2. Due to the shape of the unit prototiles, any tiling T ∈ XPU in which there

is a unit tile ui, and which has a vertex at the origin, will satisfy vert(T ) = Z2. This gives us the

following definition.

5.11 Definition (Unit Tiling). A tiling T ∈ XPU is a unit tiling if there exists a vector
→
v∈ R2 such

that vert(T−
→
v ) = Z2.

If YPU
⊆ XPU

is the set of all prototiles which have a vertex at the origin, we can define a Z2 act

on YPU
. Thus, (YPU

,Z2) defines a dynamical system with a Z2 action.

5.12 Definition (Unit Projection). The unit projection, denoted πU, is the projection defined by

πU(
→
v ) =

 1 0 −1

0 1 1

 →v ,
for all

→
v∈ R3.

Notice that
→
nU= [ 1 −1 1 ]T spans the kernel of πU. To clarify why πU is called the unit

projection, start by choosing any ti ∈ Pσ, for any σ of the form 4.1. Then, ι(ti) is the facet tile t′i ,

and πU(t′i ) is ui. Thus, the projections of the facet tiles of Σ̃ under πU are unit tiles. To help us prove

that Λ has no holes, the following lemma proves that πU(Σ̃) is a unit tiling.
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Figure 5.7: Paths in Tσ corresponding to permutations of the word ab−1c.

5.13 Lemma. Let σ satisfy (5.1) and let Σ̃ be the lifting of a tiling Tσ. Then, πU(Σ̃) is a unit tiling.

a

a

a

a

a

b−1

b−1

b−1

b−1c

Figure 5.8: The process of obtaining a path corresponding to the word ab−1c as in Lemma 5.13.

Proof. First, notice that πU(Σ) ⊆ Z2. Since the angle between the plane defined by
→
n θ and

→
nU

is less than π/2, and πEλ maps the stepped surface onto the plane defined by
→
n θ, it follows that

πU(Σ) = Z2. Thus, all that remains to be shown is that πU is one-to-one on Σ. Suppose πU is not

one-to-one, so that there are two points
→
v ,
→
w∈ Σ such that

→
v −

→
w= k

→
nU. If k = 1, then there a good

word corresponding to k
→
nU which is a permutation of the word ab−1c. Call w such a permutation.

However, πEλ( fw([0, |w|])) is not an edge path Tσ. This follows from Lemma 4.8, which implies

that the angles between edges corresponding to a and b−1, a and c, and b−1 and c are all obtuse.

Therefore, the inner angles between connected edges along the path must be acute (see Figure 5.7),

and thus cannot be tiled by tiles in Pσ. If k > 1, then again there is a good word corresponding

to k
→
nU corresponding to permutation of the word akb−kck. Suppose w is such a permutation. It

is a simple fact that w must contain a subword of the form αβ− jγ, where α, β, and γ are distinct

characters from A, and 1 ≤ j ≤ k. Without loss of generality, assume that the corresponding

subword of w is ab− jc. Since a b−1 follows an a, the angle between the edges on the corresponding

path contained in Tσ must be acute. Therefore, the part of the path corresponding to ab−1 must

be the top part of an a ∧ b tile. Therefore, we can find a path ab− j+1c in Tσ. We continue in a

similar manner and see that eventually we have a path along edges in Tσ corresponding to ab−1c.

See Figure 5.8. Again, this cannot be tiled by tiles in Pσ, this is a contradiction. Therefore, πU(Σ̃)

63



must be a unit tiling. �

Lemma 5.13 holds for any projection

πP→
n

=

 a b c

d e f

 ,

where sgn([ a b c ]T × [ d e f ]T ) =
→
nU or −

→
nU .

Given any σ of the form (5.1), we will denote the unit tiling of σ by Uσ, in other words Uσ =

πU(ι(Tσ)). Note that if
→
n has entries which are linearly independent over Q, then πP→

n
always maps

Σ one-to-one onto R2. Therefore, πP→
n
(Σ̃) is always a tiling of R2. It is worth noting, however, that

only the tiling corresponding to the Perron-Frobenius projection will be necessarily pseudo-self-

similar.

-30 -20 -10 10 20 30

-20

-10

10

20

Figure 5.9: The unit tiling of R2 constructed from the tiling generated by a generalized substitution
of the form (4.1) where q = 3 and r = 1.

5.14 Example. Figure 5.9 is a unit tiling generated from a generalized substitution of the form 4.1,

where r = 1 and q = 3.

Instead of thinking of Uσ as a tiling of the plane, we will visualize it as an infinite graph whose

edges are the boundaries of the tiles and whose vertices are all of Z2. This allows us to consider our

construction more as a combinatorial problem than a tiling problem.

Consider a unit tiling Uσ. If we look at any 1 × 1 square in R2 with vertices on Z2, there are

only five possible arrangements of edges and vertices. See Figure 5.10. We refer to these graps as

SWONT graphs, in reference to their appearance (the letters S ,W,O,N and T ).
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Figure 5.10: All possible edge configurations .

5.15 Definition (The Height Function). Assume A = {a, b, c}. Let (x, y) ∈ Z2 and suppose w =

w1cn1w2cn2 ...wkcnk wk+1 ∈ F(A), where wi ∈ F(A \ {c}), such that πU( f ′w([0, |w|])) is a sequence of

tile edges in Uσ starting at (0, 0) and ending at (x, y). Define the height function h : Z2 → Z by

h(x, y) = n1 + n2 + ... + nk.

It is not hard to see that h(x, y) = π⊥
R2((πU)−1(x, y)), x, y ∈ Z, where (πU)−1 : R2 → Σ̃. Thus, the

map h is well defined by Lemma 5.13, and thus the height of a vertex in Uσ is independent of the

path chosen to reach that point. Since (πU)−1 is defined on all of R2, this allows us to extend h to

a function h̃ : R2 → R. Therefore, we can view Σ̃ as a 2 variable parameterized surface over the

plane with normal vector
→
nU . We will make use of h̃ later in the chapter; for now we will focus on

the function h.

Notice that the value of the function h only changes if the path crosses an edge corresponding to

c or c−1. Consider each SWONT on Z2 with the origin at the lower-right hand side of the graph.

Then, using h, we will label the height numbers on the lower-left and upper-right vertices. See

Figure 5.11. We now want to consider what happens when we keep the point (x, y) ∈ Z2 fixed, but

0 0

0

0 00 0

01

0

0

0 1

1

1

Figure 5.11: The SWONT graphs labeled with their height values.

shift the graph Uσ under it by either −
→
e1 or

→
e2.

5.16 Definition (h→
v
). Choose any (x, y) ∈ Z2 and any vector

→
v∈ Z2. Then, h→

v
(x, y) is the height

function as before, except with the graph Uσ replaced by Uσ−
→
v .

5.17 Definition (hmax, hmin). For any (x, y) ∈ Z2, define hmax(x, y) = max→
v∈Z2{h→v (x, y)} and hmin =

min→
v∈Z2{h→v (x, y)}.
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For each (x, y) ∈ R2, the number of edges in the shortest path from (0, 0) is bounded by 3(|x|+|y|).

Thus, there always exists a finite path to (x, y) in Uσ−
→
v , for all

→
v∈ R2, and since the height function

is independent of path, it is clear that hmax(x, y) and hmin(x, y) are always finite.

5.18 Lemma. Let (x, y) ∈ Z2 and
→
v∈ Z2. Then, h→

v
(x, y) varies from h→

v±
→
ei

(x, y) by at most plus or

minus 1.

0

0

0

1

1

1

0

0

0

1

1

1

(0, 0)
(0, 0)

(x, y) (x, y)

Figure 5.12: To help clarify the proof of Lemma 5.18. The difference in height in this case is zero.

Proof. We will only prove this for
→
e1 and −

→
e2. Proof of all other cases follows similarly with

Figure 5.11 changed. Choose any (x, y) ∈ Z2 and any
→
v∈ Z2. Then, there is a sequence of edges

% in Uσ−
→
v from (0, 0) to (x, y). Suppose we want to compute h→

v +
→
w

(x, y), where
→
w∈ {

→
e1,−

→
e2}.

Consider the SWONT graphs in the unit tile Uσ−
→
v which have their lower right vertex at (0, 0)

and (x, y). To see how the height will change at (x, y) we shift U−
→
v by the vector w, we start

by extending the path % to a path %′ by adding a edges along the corresponding SWONT graphs

that moves the beginning and end of % to the vertices in the SWONT graph that lie in the direction

−
→
w. Then, shifting the tiling Uσ−

→
v (along with the path %′) by

→
w will have %′ as a path starting

at the origin and ending at the point (x, y) in the tiling U−
→
v +

→
w. For an example, see Figure

5.12. Now, starting from the origin, we see that as we travel to (x, y), the part added to the tail will

be traversed in reverse, and the part added to the head will traversed forward. So, the difference

between h→
v
(x, y) and h→

v +
→
w

(x, y) comes from the difference in the values of SWONT graphs at the

new vertices. Figure 5.11 shows that this difference can never be more than ±1. �

5.19 Lemma. Let (x, y) ∈ Z2. For any n ∈ Z such that hmin(x, y) ≤ n ≤ hmax(x, y) there is a vector
→
v∈ Z2 such that h→

v
(x, y) = n.
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Proof. Since hmax(x, y) and hmin(x, y) are finite, there exists
→
u ,
→
w∈ Z2 such that h→

u
(x, y) = hmax(x, y)

and h→
w

(x, y) = hmin(x, y). Take a sequence of vectors {
→
zi}

l
i=1 in Z2 such that

→
z1=

→
w and

→
zl=
→
u , where

→
zi −

→
zi−1= ±

→
e j for

→
e j∈ {

→
e1,
→
e2}. Thus, from h→

zi
(x, y) to h→

z i+1
(x, y), Lemma 5.18 implies that the

difference is less than or equal to 1. Therefore, every value between hmin(x, y) and hmax(x, y) along

the sequence of vectors {zl}
k
i=1 is achieved. So, there is a k such that h→

zk
(x, y) = n. �

Suppose (x, y) is a vertex in Uσ−
→
w. Since πU is a bijective mapping if we restrict the domain to

Σ, there is a unique vector
→
w
′

such that πU(
→
w
′

) =
→
w. So, Uσ−

→
w is the unit tiling corresponding to

the projection of Σ−
→

w′. Let (x′, y′, z) be the unique vector in Σ−
→
w
′

such that πU(x′, y′, z) = (x, y),

and thus h→
w

(x, y) = z. It follows that for every point (x, y) ∈ Z2 which has h→
w

(x, y) for some
→
w∈ Z2,

there is a vector (x′, y′, z) in Λ such that πU(x′, y′, z) = (x, y) and z = h→
w

(x, y). Since πU has null

space spanned by the vector
→
nU, it follows for the line L in the direction

→
nU through the point (x, y, z),

that (x′, y′, z′) ∈ Z3 ∩ L is contained in Λ if hmin(πU(x, y, z)) ≤ z′ ≤ hmax(πU(x, y, z)). This gives

us that Λ contains no jumps. As we did with h, we can extend h→
v

to h̃→
v

: R2 → R (we will still

require that
→
v∈ Z2) and thus extend h̃max : R2 → R and h̃min : R2 → R. This allows us to define

Λ̃ = {(x, y, z) ∈ R3 : h̃min(πU(x, y)) ≤ z ≤ h̃max(πU(x, y))}. It is clear that Λ ⊆ Λ̃.

5.3 Properties of Lattices

In this section, through a sequence of lemmas, we prove a proposition that is a crucial to proving

the main result of this chapter. We will be focusing our attention on lattices inR3, so we begin with

the following definition.

5.20 Definition (Lattice of R3). A lattice L is a discrete subset of R3 which is closed under vector

addition and which is co-compact (in other words, R3/L is compact).

The following lemma gives a condition which is sufficient for the Z-linear span of three vectors

in R2 to be dense in R2.

5.21 Lemma. Let
→
v1= [ a1 a2 ]T ,

→
v2= [ b1 b2 ]T ,

→
v3= [ c1 c2 ]T in R2. If the entries in the

vector
→
u= [ a1 b1 c1 ]T×[ a2 b2 c2 ]T are linearly independent overQ, then SpanZ{

→
v1,
→
v2,
→
v3}

is dense in R2.
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Proof. Since
→
u has linearly independent entries over Q, at least 2 entries of

→
u must be rationally

independent. Suppose the first (u1 = b1c2 − c1b2) and second entries (u2 = c1a2 − c2a1) of
→
u

are rationally independent. Since the entries of
→
u are linearly independent over Q we have u3 =

a1b2 − a2b1 , 0, so the change of basis matrix A that takes
→
v1 to

→
e1 and

→
v2 to

→
e2 is invertible (clearly,

A−1 =

 a1 b1

a2 b2

 which must have nonzero determinant). Define the vector
→
w3 as

→
w3= A

→
v3=


b2c1 − b1c2

a1b2 − b1a2

−c1a2 + c2a1

a1b2 − b1a2

 .

Note that the ratio of the entries of
→
w3 is

b2c1 − b1c2

−c1a2 + c2a1
=

u1

u2
which is irrational since u1 and

u2 are rationally independent. We will first argue that if SpanZ{
→
e1,
→
e2,

→
w3} is dense in R2, then

SpanZ{
→
v1,
→
v2,
→
v3} is also dense in R2. Fix any ε > 0, and choose any (x, y) in R2. Let δ =

ε

‖ A−1 ‖

and let
→

z′= [ x′ y′ ]T = A[ x y ]T = A
→
z . By density, there exists j, k, l ∈ Z such that j

→
e1 +k

→
e2

+l
→
w3∈ Bδ(x′, y′). This implies that

‖ ( j
→
e1 +k

→
e2 +l

→
w3) − z′ ‖< δ. It follows that A−1( j

→
e1 +k

→
e2 +l

→
w3 −z′) = j

→
v1 +k

→
v2 +l

→
v3 −

→
z ,

which gives us

‖ j
→
v1 +k

→
v2 +l

→
v3 −

→
z ‖ = ‖A−1( j

→
e1 +k

→
e2 +l

→
w3 −z′)‖ ≤ ‖A−1‖ ‖ j

→
e1 +k

→
e2 +l

→
w3 −z′‖ < ‖A−1‖δ = ε.

Thus, j
→
v1 +k

→
v2 +l

→
v3∈ Bε(x, y), so SpanZ{

→
v1,
→
v2,
→
v3} is dense in R2 if SpanZ{

→
e1,
→
e2,

→
w3} is dense

in R2. Finally, we will show that SpanZ{
→
e1,
→
e2,

→
w3} is dense in R2. We know the entries in

→
w3 have

irrational ratio, so we define T : T2 → T2 by T (
→
x ) =

(
→
x +

→
w3

)
mod 1, and note that T is strictly

ergodic and thus minimal. So,
→

0 has a dense orbit. Now, choose any (x, y) ∈ R2 and fix any ε > 0.

Since OrbT (
→

0) is dense in T2, there is an n ∈ N such that T n(
→

0) = (n
→
w3) mod 1 ∈ Bε((x, y)

mod 1). Take [ k l ]T = [ bxc byc ]T − bn
→
w3c. Then, [ k l ]T + n

→
w3= k

→
e1 +l

→
e2 +n

→
w3∈

Bε(x, y), which gives us that SpanZ{
→
e1,
→
e2,

→
w3} is dense in R2. �

The condition given in Lemma 5.21 may seem strange at first, but it turns out to be strongly

related to tilings; it is equivalent to the condition that the areas of the tilings are linearly independent
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overQ, which is a necessary condition for topological mixing. We define a new projection, denoted

πR2 , where

πR2
→
v=

 1 0 0

0 1 0

 →v
for all v ∈ R3. Clearly, πR2 is just the orthogonal projection of R3 onto R2.

5.22 Definition (Irrational Lattice of R3). A lattice L is said to be irrational if the projection maps

πR2 are injective and πR2(L) is dense in R2.

5.23 Lemma. Suppose
→
n is a normal vector to a plane P with basis {

→
v1,
→
v2} and let A be the matrix

such that A
→
v1=

→
e1, A

→
v2=

→
e2 and A

→
n=
→
e3 . If P is an irrational plane, then the lattice L = AZ3 =

{A
→
v :
→
v∈ Z3} is an irrational lattice.

Proof. Notice that A−1 = [
→
v1,
→
v2,
→
n ]. So, if

→
v1= [ a1 a2 a3 ]T ,

→
v2= [ b1 b2 b3 ]T and

→
n=

[ n1 n2 n3 ]T , then

A =
1

det(A−1)


b2n3 − b3n2 b3n1 − b1n3 b1n2 − b2n1

a3n2 − a2n3 a1n3 − a3n1 a2n1 − a1n2

a2b3 − a3b2 a3b1 − a1b3 a1b2 − a2b1

 .

Let
→
w1= πR2(A

→
e1),

→
w2= πR2(A

→
e2) and

→
w3= πR2(A

→
e2). Notice that

1
det(A−1)


b2n3 − b3n2

b3n1 − b1n3

b1n2 − b2n1

 ×
1

det(A−1)


a3n2 − a2n3

a1n3 − a3n1

a2n1 − a1n2

 =
→
n .

Since the entries of
→
n are linearly independent over Q by Lemma 3.8, it follows that SpanZ{

→
w1,

→
w2

,
→
w3} is dense in R2, which implies that L is an irrational lattice. �

5.24 Lemma. For any lattice L, there is a compact set K such that K + L = R3.

Proof. This is obvious from the definition of co-compactness. �

5.25 Lemma. Let L be any irrational lattice of R3. Then, for any ε > 0 there exists an N > 0 such

that ([−ε, ε]2 × [−N,N]) + L = R3
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Proof. Let K = [−a, a]3 be chosen as in Lemma 5.24 so that K + L = R3. Since π1(L) is dense

in R2, choose
→
v1,
→
v2, ...,

→
vn such that [−a, a]2 ⊆

n⋃
i=1

([−ε, ε]2+
→
vi). Since π1 is injective, for each

→
vi=

[ ti si ]T there is a unique ri such that (ti, si, ri) ∈ L. Next, choose N so that
n⋃

i=1

(ri + [−a, a]) ⊆ [−N,N].

To see that ([−ε, ε]2 × [−N,N]) + L = R3, choose any (x, y, z) ∈ R3. Then, there is an
→

l =

[ l1 l2 l3 ]T ∈ L such that (x, y, z) ∈ K+
→

l . We know there is a
→
vi such that x − l1 ∈ ([−ε, ε] + ti)

and y− l2 ∈ ([−ε, ε]+ si). We claim that (x, y, z) ∈ ([−ε, ε]× [−N,N])+
→

l +[ ti si ri ]T . Note that
→

l and [ ti si ri ]T are in L, so
→

l +[ ti si ri ]T is also in L. To show this, it is enough to show

that z ∈ (l3 +ri +[−N,N]). However, this is clear since z−l3 ∈ [−a, a] and thus z−l3−ri ∈ [−a, a]−ri,

and [−a, a] − ri ⊆ [−N,N] by symmetry. �

5.26 Lemma. Let ([−a, a]×[−b, b]×[−c, c])+L = R3. Then, (
→
v +([−a, a]×[−b, b]×[−c, c]))∩L , ∅,

for all
→
v∈ R3.

Proof. Let K = [−a, a] × [−b, b] × [−c, c] and choose any
→
v∈ R3. Since K + L = R3, we know

there is an
→

l ∈ L such that
→
v∈
→

l +K. Since
→

0∈ K, we know that
→

l ∈
→

l +K. Now, we consider
→
v +K. As before, we see that

→
v∈
→
v +K. Thus (

→

l +K) ∩ (
→
v +K) , ∅ and

→

l −
→
v=
→

k∈ K. So,
→

l =
→
v +

→

k∈
→
v +K. �

5.27 Lemma. For ε > 0, there exists an N > 0 such that for all (x, y) ∈ R2, there exists (s, t) ∈

π1((R2 × [−N,N]) ∩ L) such that ‖(x, y) − (s, t)‖ < ε.

Proof. Fix ε > 0. By Lemma 5.25, we know that for δ, where 0 < δ < ε/
√

2, there is an N > 0

such that K + L = R3, satisfying K = ([−δ, δ]2 × [−N,N]). Choose any x, y ∈ R. By Lemma 5.26,

we know that
(
[ x y 0 ]T + K

)
∩ L , ∅. So let

→
v be in that intersection. Thus (s, t) = π1(

→
v

) ∈ π1((R × [−N,N]) ∩ L) and (s, t) ∈
(
[−δ, δ]2 + [ x y ]T

)
. Since 0 < δ < ε/

√
2, it follows that

[−δ, δ]2 ⊆ Bε(
→

0). This gives us that (s, t) ∈ Bε
(
[ x y ]T

)
. Therefore, we see that ‖(x, y) − (s, t)‖ <

ε. �

In the following theorem, we use the notion of eventually dense originally defined in Definition

2.39. In particular, a set S ⊆ R2 is eventually dense if for any ε > 0 there exists an R > 0 such that

S is ε-dense in R2 \ BR(
→

0). That is, for any x ∈ R2 \ BR(
→

0), d(x, S ) < ε.
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5.28 Theorem. Let f , g : R2 → R be such that f (
→
x ) ≥ 0 and g(

→
x ) ≤ 0. If for any R > 0 there exists

a compact set K ⊆ R2 such that f (
→
x ) > R and g(

→
x ) < −R for all

→
x∈ R2 \ K, then Λ = π1(Γ ∩ L)

is eventually dense in R2 where Γ = {(x, y, z) ∈ R3 : g(x, y) ≤ z ≤ f (x, y)} and L is an irrational

lattice.

Proof. Fix any ε > 0. By Lemma 5.27, we know that there is an R > 0 such that π1((R2× [−R,R])∩

L) is ε-dense. From the properties of f and g, we know there exists an N > 0 such that for all

‖
→
x‖> N, f (

→
x ) > R and g(

→
x ) < −R. Therefore, π1((R2 \ BN(

→

0) × [−R,R]) ∩ L) is ε-dense in

R2 \ BN(
→

0). Therefore, Λ is eventually dense. �

5.4 Topological Mixing from Λ

In this section, we will assume that σ is a generalized substitution on a three letter alphabet, A =

{a, b, c}. We assume that σ induces a tiling substitutions Θ which has a fixed point Tσ and has no

front-end cancellations. We will show that if Λ “grows without bound” in the direction
→
nU as we

move in the xy-plane away from the origin and if the entries of
→
n are linearly independent over

Q, then (XΣ
σ,
→
n
,R2) is topologically mixing, where Σ

σ,
→
n

= πP→
n
ι(Tσ). From an earlier remark, the

condition that
→
n has entries that are linearly independent overQ corresponds to the areas of the tiles

being linearly independent over Q. Before we prove this result, we will introduce some notation.

5.29 Definition (Locator Set). Given a facet patch P in Σ̃, we define the locator set, denoted LP(Σ̃),

to be

LP(Σ̃) = {
→
v∈ R3 : there exists facet patch P′ in Σ̃ such that P = P′−

→
v }

5.30 Lemma. Let σ satisfy (5.1). Then the stepped surface Σ̃ corresponding to Tσ with facet tiles

t′a, t
′
b and t′c satisfies

Λ ⊆
⋃

i, j∈{t′a,t′b,t
′
c}

(Li(Σ̃) − L j(Σ̃))

Proof. Choose any
→
u∈ Σ − Σ = Λ. By definition, there are two vector

→
v ,
→
w∈ Σ such that

→
v −

→
w=
→
u .

Since
→
v and

→
w are in Σ, there are facet tiles t→

v
and t→

w
, satisfying t′→

v
−
→
v , t′→

w
−
→
w∈ {t′a, t

′
b, t
′
c}. Thus,
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→
v∈ Lt′→

v
(Σ̃) and

→
w∈ Lt′→

w
(Σ̃), which implies that

→
u=
→
v −

→
w∈ Lt→

v
(Σ̃) − Lt→

w
(Σ̃) ⊆

⋃
i, j∈{t′a,t′b,t

′
c}

(Li(Σ̃) − L j(Σ̃))

�

5.31 Definition (Ψ(P′1, P
′
2)). Let P′1 and P′2 be facet patches of Σ. By Ψ(P′1, P

′
2) we define the

displacement vectors between the facets, i.e.,

Ψ(P′1, P
′
2) = (LP′1(Σ̃) − LP′2(Σ̃)).

5.32 Lemma. Let σ satisfy (5.1). For any k ∈ N, we have Mk
σΛ = {Mk

σ

→
v :
→
v∈ Λ} ⊆ Λ.

Proof. Choose any Mk →v∈ MkΛ. It must be that
→
v∈ Λ, and thus there is a vector

→
u∈ Σ such that

→
v −

→
u∈ Σ. There is some word w ∈ F(A) such that `(w) =

→
v −

→
u . Therefore, fw is a path along

edges of tiles in Tσ. Since Tσ is fixed by σ, it follows that fσ(w) is also a path in Tσ and thus f ′σ(w)

is a path in Σ. Since Mk(`(w)) = `(σk(w)) = Mk →v −Mk →u , it follows that Mk(
→
v )−Mk(

→
u ) is also in

Σ. The same argument proves that Mk(
→
u ) ∈ Σ, so Mk(

→
v ) ∈ Λ. �

5.33 Definition (Λ unbounded). The set Λ is said to be unbounded if for any R > 0 there exists a

compact set K ⊆ R2 such that for all
→
v∈ R2 \ K, we have h̃max(

→
v ) − h̃min(

→
v ) ≥ R.

5.34 Theorem. Suppose σ satisfies (4.3). If
→
n has linearly independent entries over Q and Λ is

unbounded, then
(
XΣ

σ,
→
n
,R2

)
is topologically mixing, where Σ

σ,
→
n

= πP→
n
(Σ̃).

Proof. Choose any patches P1 and P2 ∈ P
∗
σ. It follows from the primitivity of C2(Mσ) and Lemma

4.27 that there exists a k ∈ N, such that P1, P2 ⊂ Θk(ti), for all ti ∈ {ta, tb, tc}. It suffices to show that

the displacement vectors between Θk(ti) and Θk(t j), for all ti, t j ∈ {ta, tb, tc} are eventually dense,

since the Θk(ti)’s contain the patches Pi, and their relative position in these patches do not change.

Equivalently, since πEλ is one-to-one, it is enough to consider the set

Υ =
⋃

t′i ,t
′
j∈{t
′
a,t′b,t

′
c}

Ψ((Θ′)k(t′i ), (Θ
′)k(t′j))

and show that the projection of Υ onto R2 is eventually dense.
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We will now show that MkΛ ⊆ Υ. Choose any vector
→
z∈ Λ. We can then find

→
u ,
→
v∈ Σ such

that
→
u −

→
v=
→
z . Therefore, there exists facet tiles t′1 and t′2 such that (

→
u , t′1) and (

→
v , t′2) are contained

in Σ̃. Thus, we can find a path which starts at
→
u and ends at

→
v , or in other words, we can find

w ∈ F(A) such that f ′w([0, |w|]) is a path on Σ̃− u that starts at
→

0 and ends at
→
z . Notice that `(w) =

→
z ,

so `(σk(w)) = Mk →z . Since fw is contained in Tσ − πEλ(
→
u ), and Θk(Tσ − πEλ(

→
u )) = Tσ − λkπEλ(

→
u )

by Lemma 4.29, it follows that f ′
σk(w)

([0, |σk(w)|]) is a path from (Θ′)k(t1) to (Θ′)k(t′2). Since

f ′
σk(w)

(|σk(w)|) = λk →z by Lemma 4.6 and the fact that πEσ is one-to-one, it follows that Mk →z∈ Υ,

and thus MkΛ ⊆ Υ. This shows that if suffices to prove πEλ(MkΛ) is eventually dense.

To prove this, first note that MkZ3 is a lattice in R3. Assume {
→
v1,
→
v2} is a basis for P→

n
. Let A be

the matrix which takes
→
v1 to

→
e1,

→
v2 to

→
e2, and

→
n to

→
e3. It follows from Lemma 5.21 that AMkZ3 is an

irrational lattice, with AMkΛ as a subset. Since Λ̃ is unbounded, we know that AMkΛ is unbounded,

it follows from Theorem 5.28 that πR2(AMkΛ) is eventually dense. Since πP→
v
(MkΛ) = πR2(AMkΛ),

it follows that (XΣσ,n ,R
2) is topologically mixing. �
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Chapter 6

Non-Pisot implies Λ is unbounded

Recall that Λ is the difference set of the vertices of the stepped surface constructed in Chapter 5, in

other words, Λ = Σ − Σ. In this chapter we will show that if σ is a generalized complex non-Pisot

substitution, then Λ is unbounded. To prove this we will first show that if σ is a generalized com-

plex non-Pisot substitution, then Λ is unbounded in the direction of the vector
→

n′θ as we move away

from the origin in the xy-direction, where
→

n′θ is the eigenvector corresponding to the real eigenvalue

θ of the matrix MT
σ . We will use the fact that we have a two-dimensional expanding eigenspace cor-

responding to the dominant complex eigenvalue λ, and an expanding one-dimensional eigenspace

corresponding to the real eigenvalue θ. The main idea of the proof is that the stepped surface Σ̃ will

follow the two-dimensional eigenplane, as it is the dominant subspace. However, since the one-

dimensional eigenspace is also expanding it will pull the stepped surface arbitrarily far away from

the two-dimensional eigenspace, but nevertheless it must always eventually return (and actually

intersect the two-dimensional eigenspace). See Figure 6.1 for visualization.

The following two lemmas are used in Lemma 6.7 to simplify the computations.

6.1 Lemma. Suppose
→
v=
→
v1 +

→
v2 i is a vector in Cn where

→
v1 and

→
v2∈ R

n are linearly independent.

If a
→
v +b

→

v∈ Rn, then a = b

Proof. Let a = x + yi and b = c + di. Then,

(x + yi)(
→
v1 +

→
v2 i) + (c + di)(

→
v1 −

→
v2 i) = x

→
v1 −y

→
v2 +c

→
v1 +d

→
v2 +(x

→
v2 +y

→
v1 −c

→
v2 +d

→
v1)i.
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Figure 6.1: In the first figure, the flat surface is the two-dimensional eigenspace, and the line is
the one-dimensional eigenspace. The other surface is the stepped surface introduced in Chapter 5.
The second figure shows how the stepped surface is being pulled away from the two-dimensional
eigenspace but eventually returns.

Since a
→
v +b

→

v∈ Rn, it follows that

x
→
v2 +y

→
v1 −c

→
v2 +d

→
v1=

→

0 .

It follows from the linearly independence of
→
v1 and

→
v2 that this is only true when x = c and y = −d

which implies that a = b. �

6.2 Lemma. Let σ satisfy (5.1). Then the 2-dimensional eigenspace Eλ corresponding to the com-

plex eigenvalue λ is not perpendicular to the xy-plane in R3.

Proof. Since
→
nθ is perpendicular to Eλ by Lemma 3.7, all that needs to be shown is that

→
nθ is

not contained in the xy-plane. However, we know that C2(Mσ) is primitive and non-zero, thus

by Lemma 3.35 it follows that
→
nθ is a vector with only non-zero entries. Therefore, Eλ is not

perpendicular to the xy-plane. �

6.3 Definition (
→
v x,y,

→
v z). Let

→
v∈ R3. Then,

→
v x,y= πR2(

→
v ) and

→
v z= π⊥

R2(
→
v ), where R2 = Span{

→
e1

,
→
e2}.
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6.4 Definition (πE′λ). Fix
→
vλ as an eigenvector of Mσ corresponding to λ, and fix

→

n′θ be the eigen-

vector of MT
σ corresponding to θ. Then, define πE′λ = πP→

n′
θ

and π⊥E′λ
= π⊥P→

n′
θ

.

Notice that for any
→
v∈ Eλ, π⊥E′λ

(v) = 0, by Lemma 3.7, and π⊥E′λ
(
→
nθ) = 〈

→

n′θ,
→
nθ〉 > 0, since

→
nθ and

→

n′θ have the same sign pattern by Lemma 3.35 and the fact that C2(Mσ)T = C2(MT
σ).

6.5 Lemma. Let σ : A→ F(A) satisfy (4.1). For all k ≥ 3, ‖ `(σk(a))x,y ‖> 0.

Proof. First, notice that σ3(a) = a−rb−q, so it is clear that ‖ `(σ3(a))x,y ‖> 0. Now, suppose it is true

for all i such that 3 ≤ i ≤ k. Since ‖ `(σk(a))x,y ‖> 0, then either `a(σk(a)) , 0 or `b(σk(b)) , 0.

First, suppose `a(σk(a)) , 0. If `c(σk(a)) = 0, then clearly `b(σk+1(a)) , 0, since all occurrences

of a (and a−1) in σk(a) become occurrences of b, (and b−1), and there are no addition occurrences

of b contributed by any occurrences of c (they would all cancel each other out). If `c(σk(a)) , 0,

then `a(σk+1(a)) , 0, since all the letters a in σk+1(a) come from the occurrences of c. Therefore, if

`a(σk(a)) , 0, then ‖ `(σk+1(a))x,y ‖, 0.

Now, suppose `a(σk(a)) = 0. Thus, `b(σk(a)) , 0. If `c(σk(c)) , 0, then ‖ `(σk+1(a))x,y ‖, 0

using a similar argument as before. If `c(σk(c)) = 0, then the abelianization of σk(a) contains only

the letters b (or b−1). Therefore, the abelianization of σk−1(a) contains only the letters a (or a−1).

However, the only letter that contributes to the occurrences of a is c (or c−1), and so σk−2(a) must

contain only the letters c or we have k = 2, which is not allowed. Thus, we have a contradiction since

the occurrences of c cannot only contribute to the letters a and not the letters b, and there are no other

letters that can be used to cancel out the additional occurrences of b. Therefore, ‖ `(σk(a))x,y ‖> 0

for all k ≥ 3. �

Notice that b = σ(a) and c = σ2(a), so by Lemma 6.5, it follows that ‖ `(σk(i)) ‖> 0 for all

i ∈ {a, b, c, a−1, b−1, c−1}. This is eventually true, however, for any complex non-Pisot generalized

substitution σwhere C2(Mσ) is non-negative and primitive. Thus, we can always find a N ∈ N large

enough so that ‖ `(σk(i))x,y ‖> 0 for all i ∈ A. To see this, first note that if A is diagonalizable over

C, then
→
v is an eigenvector of a matrix A if and only if it is an eigenvector for the matrix Ak, for any

k ∈ N. Suppose ‖ `(σk(i))x,y ‖= 0 and suppose there exists an l > 0 such that ‖ `(σk+l(i))x,y ‖= 0

for some i ∈ A. This would imply that Mk
σ`(i) = n

→
e3 and Mk+l

σ `(i) = n′
→
e3. Therefore, there exists

some c ∈ R such that Ml
σ(Mk

σ`(i)) = cMk
σ(`(i)) which implies that `(i) is an eigenvector of Ml

σ, and
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thus an eigenvector of Mσ. Since `(i) = ±
→
ei and C2(Mσ) is non-negative and primitive, we arrive

at a contradiction to Lemma 3.35. It follows that ‖ `(σk(i))x,y ‖= 0 for at most one k.

Given a complex non-Pisot generalized substitution σ′, we will construct a new complex non-

Pisot generalized substitution σ to make our analysis easier. We will start by assuming σ′ satisfies

(5.1). Next, we assume that Tσ is the tiling constructed from σ′. We choose the first even N large

enough so that for any i ∈ A, ‖ `(σk(i))x,y ‖> 0 for all k ≥ N. We now have the following set of new

conditions to impose on σ :

• σ = σ′N , where σ′ satisfies (5.1),

• N ∈ N is the smallest even integer such that for all i ∈ A, ‖ `(σk(i))x,y ‖> 0 for all k ≥ N,

• the tiling Tσ will be generated from σ′.

(6.6)

For N = 4, it is clear that any complex non-Pisot generalized substitution σ′ of the form (4.1)

will generate a σ = σ′4 that satisfies these conditions. Having a complex non-Pisot generalized

substitution satisfying (6.6) has a number of nice properties. First, it should be clear that Mσ =

Mσ′N = MN
σ′ . Thus, Mσ and Mσ′ have the same eigenvectors. Also, the eigenvalues of Mσ will be

λ = λ′N , λ = λ′
N
, and θ = θ′N . Thus, θ > 0 since we are assuming that N is even.

6.7 Lemma. Suppose σ is a complex non-Pisot generalized substitution satisfying (6.6) and let

α = log(|θ|)/ log(|λ|). There exists positive constants L1, L′1, L2, L′2 such that for all k ≥ 1,

(6.8) L1|λ|
k ≤ ‖(`(σk( j)))x,y‖ ≤ L′1|λ|

k, j ∈ {a, b, c, a−1, b−1, c−1}

and

(6.9) L2|θ|
k ≤ |π⊥E′λ

(`(σk(i)))| ≤ L′2|θ|
k = L′2|λ|

kα.

Also we have π⊥E′λ
(`(σk(b))) < 0 for all k ≥ 1.

Proof. First we will prove Equation (6.8). Fix any j ∈ {a, b, c, a−1, b−1, c−1} and write `( j) = a( j)
1 λ

→
v

+a( j)
2 λ

→

v +a( j)
3 θ

→
nθ, where a( j)

1 , a( j)
2 ∈ C and a( j)

3 ∈ R and
→
v ,
→

v and
→
nθ are eigenvectors of Mσ. For
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any k ≥ 1, it follows from Lemma 3.18 and Lemma 6.1

`(σk( j)) = (Mσ)k(`( j)) = a( j)
1 λk →v +a( j)

1 λ
k →

v +a( j)
3 θk →nθ .

It follows that

(`(σk( j))x,y = πR2(`(σk( j))) = πR2((Mσ)k(`( j)))

= πR2(a( j)
1 λk →v +a( j)

1 λ
k →

v +a( j)
3 θk →nθ)

= a( j)
1 λk(

→
v )x,y + a( j)

1 λ
k
(
→

v )x,y + a( j)
3 θk(

→
nθ)x,y

Therefore,

‖ (`(σk( j)))x,y ‖

|λ|k
=

1
|λ|k
‖ a( j)

1 λk(
→
v )x,y + a( j)

1 λ
k
(
→

v )x,y + a( j)
3 θk(

→
nθ)x,y ‖

=

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣a( j)

1
λk

|λ|k
(
→
v )x,y + a( j)

1
λ

k

|λ|k
(
→

v )x,y + a( j)
3

(
θ

|λ|

)k

(
→
nθ)x,y

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ .

(6.10)

Let us consider ∣∣∣∣∣∣∣
∣∣∣∣∣∣∣a( j)

1
λk

|λ|k
(
→
v )x,y + a( j)

1
λ

k

|λ|k
(
→

v )x,y

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ .

Assume that (
→
v )x,y =

→

f1 +
→

f2 i, arg(λ) = eiϕ, and a( j)
1 = reiγ. Applying Euler’s formula we get the

following inequality,

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣a( j)

1
λk

|λ|k
(
→
v )x,y + a( j)

1
λ

k

|λ|k
(
→

v )x,y

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

= |r| ‖
→

f1 cos(kϕ + γ)−
→

f2 sin(kϕ + γ)+
→

f1 cos(kϕ + γ)−
→

f2 sin(kϕ + γ) ‖

= 2r ‖
→

f1 cos(kϕ + γ)−
→

f2 sin(kϕ + γ) ‖≤ 2r(‖
→

f1‖ + ‖
→

f2‖).

We now need to show that this ratio is bounded away from zero. Notice that

‖
→

f1 cos(kϕ + γ)−
→

f2 sin(kϕ + γ) ‖=‖
→

f1 cos((kϕ + γ)mod 2π)−
→

f2 sin((kϕ + γ)mod 2π) ‖,

so we may think of the sequence of angles kϕ + γ as living in S 1. Suppose this sequence is not

bounded away from zero. Then, by the compactness of S 1, we may find a subsequence of {ki}
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which satisfies ‖
→

f1 cos((kiϕ + γ)mod 2π)−
→

f2 sin((kiϕ + γ)mod 2π) ‖→ 0 as i → ∞. Since S 1 is

closed, we have (kiϕ + γ) → β on S 1 and 2r ‖
→

f1 cos(β)−
→

f2 sin(β) ‖= 0. This would imply that
→

f1

and
→

f2 are linearly dependent as sin and cos are never simultaneously zero. This is only possible if

the two-dimensional eigenspace corresponding to λ is perpendicular to the xy-plane. However, this

contradicts Lemma 6.2, so there must exist ε > 0 such that 2r ‖
→

f1 cos(kϕ + γ)−
→

f2 sin(kϕ + γ) ‖> ε

for all k.

For each k ∈ N, define

γk =

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣a( j)

1
λk

|λ|k
(
→
v )x,y + a( j)

1
λ

k

|λ|k
(
→

v )x,y

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

and

βk =

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣a( j)

1
λk

|λ|k
(
→
v )x,y + a( j)

1
λ

k

|λ|k
(
→

v )x,y + a( j)
3

(
θ

|λ|

)k

(
→
nθ)x,y

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣ .

Since
(
θ
|λ|

)k
goes to zero as k → ∞, it follows that limk→∞ γk − βk = 0. Thus, there exists N ∈ N

such that for all k ≥ N we have

|γk − βk| < ε/2,

which is to say

0 < ε/2 ≤ γk − ε/2 < βk < γk + ε/2.

Since by assumption βk > 0, for all k ∈ N, and there are at most finitely many k ≤ N, we can choose

an L > 0 such that L ≤ βk for all k.

Also, since γk ≤ 2r(‖
→

f1‖ + ‖
→

f2‖) for all k ∈ N, and there are at most finitely many k ≤ N, we can

choose L′ > 0 such that βk ≤ L′, for all k ∈ N. Since

βk =
‖ (`(σk( j)))x,y ‖

|λ|k
,

the result follows.

To prove Equation (6.9), we note that π⊥E′λ

(
a( j)

1 λk →v +a( j)
1 λ

k →
v
)

= 0. So, |π⊥E′λ
(`(σk(i)))| =

|a( j)
3 ||θ|

k|π⊥E′λ
(nθ)|, which gives us the desired result.

To prove the final statement, note that

→
e2= a(b)

1
→
v +a(b)

1

→

v +a(b)
3
→
nθ,
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and π⊥E′λ
(
→
v ) = π⊥E′λ

(
→

v ) = 0. Thus,

π⊥E′λ
(
→
e2) = (

→

n′θ)y < 0,

since (
→

n′θ)y < 0 by Lemma 3.35. Therefore,

π⊥E′λ
(`(σk(b))) = π⊥E′λ

(Mk(
→
e2)) = a(3)

3 θk〈
→

n′θ,
→
nθ〉 < 0,

since we are assuming θ > 0. �

Since any vector in Λ has a corresponding good word, and the projections πU and πEλ are one-

to-one from Σ, we can refer to a good word for a vertex in any vertex shift of either the tiling Tσ or

Uσ. In the sequel, we will frequently use good words in all three of these settings. Let ιU = (πU)−1.

For any (x, y) ∈ Z2 ⊆ Uσ, ιU(x, y) is the vector in Λ whose projection is under πU is (x, y). For any

vertex
→
v in Uσ, there exists a good word w→

v
such that `(w) = ιU(x, y).

6.11 Lemma. Choose any vertices
→
v= (x, y), and

→

v′= (x′, y′) in Uσ and let w→
v

be the good word

corresponding to
→
v and let w→

v′
be the good word corresponding to

→

v′. If x < x′, then `a(w→
v
) ≤

`a(w→
v′

), and if y < y′, then `a(w→
v
) ≤ `a(w→

v′
).

Proof. Without loss of generality, assume (x, y) = (0, 0). Suppose `a(w→
v′

) < 0. Since w→
v′

is a good

word, this implies that w→
v′

will contain at least one a−1 and have no occurrences of a. Thus, by its

relative position in the tiling, w→
v′

will contain at least one b and at least one c−1, but no occurrences

of b−1 or c. Therefore, in a similar argument to the proof of Lemma 5.13, this would imply there is

a path in the unit tiling which is not tileable (for example, a−1bc−1 is not tileable in the unit tiling).

Therefore, the converse must hold. A similar argument works for y < y′. �

6.12 Lemma. Let σ be a complex non-Pisot generalized substitution satisfying (6.6). If K = [0, i]×

[0, i] contains a uc tile in the unit tiling, where uc does not intersect the boundary of K, and w is

a good word for the vector (i, 0) (similarly, w is a good word for (0, i)), then `a(w) ≥ 1 (similarly,

`b(w) ≥ 1).

Proof. Suppose ( j, k), ( j + 1, k), ( j + 1, k + 1) and ( j, k + 1) are the vertices of the tile uc in K. Choose

a good word w( j,k) for the vertex ( j, k) and the good word w( j+1,k) for the vertex ( j + 1, k). Since

we can cross an edge corresponding to the character a to get from ( j, k) to ( j + 1, k). Thus, by the
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independence of paths in Uσ, we see that `a(w( j,k)) < `a(w( j+1,k)). Since j > 0 and i > j + 1, it

follows that the good word w corresponding to (i, 0) must have `a(w) ≥ 1. �

We are assuming that Tσ is repetitive. It follows that Uσ is repetitive (since there is a piecewise

linear transformation that maps Tσ to Uσ). Thus, we can find a large enough δ ∈ N such that and

shift of the square K = [0, δ] × [0, δ] contains a tile uc. Recall that uc is the unit prototile that

has edges corresponding to the characters a, b, a−1 and b−1 in A. If we tile Z2 by translates of K,

considering this tiling as lying on top of Uσ, then it is clear that at the point (xk, yk) ∈ Z2, any good

word w corresponding to (xk, yk) will have |`a(w)| ≥ |x| and |`b(w)| ≥ |y|. As we move from vertex

to vertex in Uσ, the number of as and bs can change by at most one. Thus, if we want to find a

vertex in Uσ that has a good word w with `a(w) = x and `b(w) = y, we only have to look in a box

K′ = [−|x|δ, |x|δ] × [−|y|δ, |y|δ].

6.13 Lemma. Let σ be a complex non-Pisot generalized substitution satisfying (6.6). If for any k ∈

N there exists a patch P contained in Tσ, and a path with at least k consecutive edges corresponding

to the character c in P, then Λ = Z3.

Proof. For (d, e) ∈ Z2, we want to show that for any k ∈ N, there exists an (d, e, z) ∈ Λ such

that z ≥ k. By the repetitiveness of the unit tiling Uσ, there exists a δ ∈ N such that any translate

of K = [0, δ] × [0, δ] contains a tile uc. If we tile K′ = [−|d|δ, |d|δ] × [−|e|δ, |e|δ] by translates of

K squares, it follows from Lemma 6.12 and the paragraph immediately preceding this lemma that

there must be a vertex
→
v∈ Z2 ∩ K′ with good word w such that `a(w) = d and `b(w) = e. Since K′

is bounded, there must be a maximum possible height for any vertex in K′ (in other words, there

exists a γ ∈ N such that h(x, y) < γ, for all (x, y) ∈ K′ ∩ Z2). Since there is no bound to the

number of possible c edges we can see in a row, find a vertex
→
v1∈ Uσ such that there are at least

z + γ consecutive c edges in a row starting at
→
v1. Now consider Uσ−

→
v1. Notice that our choice of

δ is independent of the shift of Uσ. Thus, in Uσ−
→
v1, we can find a vertex

→
v2∈ K′ ∩ Z2 such that

there is a good word w in which `a(w) = −d and `b(w) = −e. Thus, the vertex −
→
v2 in Uσ−

→
v1 −

→
v2

will have at least γ + z consecutive c edges. Notice that
→
v1 −

→
v2∈ Z

2, and thus the lift of −
→
v2

must be contained in Λ. Therefore, the vertex −
→
v2 +(γ + z)[ −1 1 ]T will have a corresponding

good word w′ in which `(w′) = [ d e z′ ]T , where z′ > γ + z − γ = z. Therefore, along any line
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perpendicular to the xy-plane through a point (d, e, 0), Λ has no upper bound. A similar argument

can be used to show it has no lower bound. Therefore, Λ = Z3. �

Therefore, if there are an unbounded number of possible c edges in a row, it is clear that Λ is

unbounded and thus Theorem 5.34 applies. For the remaining part of this document, we will assume

that there is a maximum number of consecutive c edges.

6.14 Lemma. Let σ be a complex non-Pisot generalized substitution satisfying (6.6). Choose any

(i, j) ∈ Z2 with
√

i2 + j2 > 0. For any
→
v∈ Λ such that (

→
v )x,y = (i, j), there exists a number n ∈ N

(independent of
→
v ) such that |λ|n ‖ (

→
v )x,y ‖ ≥ ‖ πEλ(

→
v ) ‖ .

Proof. Let w be the good word representation of
→
v . Since we are assuming there is an upper bound

to the number of edges in Tσ corresponding to c, we shall assume that the maximum number of

consecutive c edges is k. If follows that we can place at most k occurrences of c (or c−1) between

the letters a or a−1 (since w is a good word, it cannot contain both), and b or b−1 (again, w cannot

contain both). Since there are |i| + | j| + 1 locations to stick the k occurrences of c, it follows that

|(
→
v )z| ≤ |i|k + | j|k + k. Therefore,

‖ πEλ(v) ‖≤ |i| + |λ|| j| + ik|λ|2 + jk|λ|2 + k|λ|2 ≤ |λ2|((|i| + | j|)(1 + k) + k) ≤ 2|λ|2(|i| + | j|)(1 + k).

Since ‖ (
→
v )x,y ‖> 0, the relative growth rate of i + j and

√
i2 + j2 is equal, and k only depends on σ,

the result follows. �

The following lemma can be thought of as follows. Suppose we superimpose a scaling of Tσ or

in other words, we consider the tiling λkTσ on top of λk−1Tσ on top of ... on top of Tσ. We now

want to get from one vertex to another vertex in Tσ. We can travel along the edges of any tiles of

the λ jTσ, 0 ≤ j ≤ k. We think of the edges in the large scalings as highways, and we want to travel

as far as we can on the straightest highways. First, we start with the largest highway, edges of λkTσ,

and choose the longest route along those edges that does not require backtracking. Next, we choose

paths along the lower level highways in the same manner until we have a route that goes from our

starting point to our terminal point. We formalize this idea in the proof of the following lemma.

This idea is due to [25].
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6.15 Lemma (Accordion form for paths in patches). Let σ be a complex non-Pisot generalized

substitution satisfying (6.6). Then there is a finite collection of words F ⊆ F(A) such that for any
→
v∈ Λ, there is a word w ∈ F(A) whose corresponding path is a broken line which is formed by

(6.16) t = s0σ(s1)...σk−1(sk−1)σk(ck)σk−1(pk−1)...σ(p1)p0,

where si, p j and ck are in F, and where the path begins at
→

0 and ends at
→
v , i.e.

`(s0) + ... + `(σk−1(sk−1)) + `(σk(ck)) + `(σk−1(pk−1)) + ... + `(p0) =
→
v ,

and ‖ `(σk(a))x,y ‖≤‖ (
→
v )x,y ‖ .

Proof. We will assume that ‖ (
→
v )x,y ‖> 0. Let πEλ(

→
v ) = w ∈ C. Then, there exists a u ∈ C

such that w ∈ vert(Tσ) − u. Define S k = λk vert(Tσ) − u, for all k ≥ 0. Lemma 4.30 implies that

S 0 ⊇ S 1 ⊇ S 2 ⊇ ... Choose the largest k ∈ N such that ‖ `(σk(i))x,y ‖≤‖ (
→
v )x,y ‖, for all i ∈ A.

Choose the smallest l such that |λ|l ‖ (
→
v )x,y ‖≥ |w|. Note that Lemma 6.14 implies that l ≤ n, where

n depends only on the substitution and not on
→
v . Lemma 6.7 implies that

L′1|λ|
k+l+1| ≥ ‖ `(σk+1+1(i))x,y ‖ ≥ |λ|

l ‖ (
→
v )x,y ‖ ≥ |w|,

for some i ∈ A by the condition on k. Recall that L′1 only depends on σ. Notice that λTσ − u is a

blown up version of the tiling of Tσ−u. Consider the tiling λl+k+1Tσ−u. Suppose (xk, λ
ktk) contains

0 and (yk, λ
kt′k) contains w. Select the vertex ak ∈ (xk, λ

ktk) closest to w and select the vertex bk in

(yk, λ
kt′k) closest to 0. Now, choose the shortest edge path γk on λkTσ − u between ak and bk. Since

there is a one-to-one correspondence between finite paths on a tile and finite words, there is a word

wk ∈ F(A) such that λk fwk ([0, |wk|]) + ak = γk. We will set ck = wk. Notice that our careful choice

of k ensures that there exists an i ∈ A such that ‖ `(σk(i))x,y ‖≤‖
→
v x,y‖ .

To show that the number of choices for ck is finite and depends only on σ, first notice that

w ∈ BL1 |λ|k+l+1(0). Since Tσ is locally finite, we can cover BL1 |λ|k+l+1(0) by at most finitely many

distinct patches composed of tiles of λkTσ, where we require the interior of the tiles to intersect

BL1 |λ|k+l+1(0). Since 0 ≤ l ≤ n, where n is the constant given in Lemma 6.14 which depends only on

σ, we only have to consider finitely many different BL1 |λ|k+l+1(0) for any possible
→
v . Since there are
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always at most finitely many distinct patches for any possible l, then there are at most finitely many

distinct patches to consider for any possible
→
v . Since the number of patches are finite, then are at

most finitely many distinct choices for ck independent of
→
v , assuming we choose a unique path for

each pair of vertices in all the possible patches.

Now consider λk−1Tσ − u. Again, we can find tiles (xk−1, λ
k−1tk−1) and (yk−1, λ

k−1tk−1) that

contain 0 and w which are chosen carefully in a similar fashion as earlier. Choose ak−1 and bk−1

such that ak−1 is the closest vertex to w and bk−1 is the vertex closes to 0. Since ak, bk ∈ S k, and

S k ⊆ S k−1, then there must be an edge path in λk−1Tσ − u connecting ak to ak−1, and bk to bk−1.

Again, we choose the shortest path, and we refer to the word corresponding to the path from ak−1

to ak−2 as sk−2, and the path from bk−1 to bk−2 as pk−2. We continue in this manner until we have

words s0, ..., sk−1, ck, pk−1, ..., p0 ∈ F(A). The same argument (but this time much simpler) as with

ck show that each possible choice of pi and s j must be finite. Let

t = s0σ(s1)...σk−1(sk−1)σk(ck)σk−1(pk−1)...p0 ∈ F(A);

it follows from Lemma 4.6 that ft(|t|) = w, and the lemma follows. �

6.17 Lemma. Suppose σ is a complex non-Pisot generalized substitution satisfying (6.6). Then

there is a constant C depending on σ such that for any
→
w∈ Λ we have

|π⊥E′λ
(
→
w)| ≤ C ‖ (

→
w)x,y ‖

α,

where α = log(θ)/ log(|λ|).

Proof. Choose any
→
w∈ Λ. Then, by Lemma 6.15, there is a word w of the form

w = s0σ(s1)...σk−1(sk−1)σk(ck)σk−1(pk−1)...σ(p1)p0,

for which f ′w(|w|) =
→
w. For any σi(si), where 0 ≤ i ≤ k − 1 (this holds similarly for all σi(pi)s and

σk(ck)), it follows from Lemma 3.18, that

`(σi(si)) = Mi
σ(`(si)) = b1λ

i →v +b2λ
i →

v +b3θ
i →nθ,
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where
→
v ,
→
v and

→
nθ are the eigenvectors of Mσ. Since π⊥E′λ

(
→
v ) = 0, it follows that

|π⊥E′λ
(`(σi(si)))| = |b3||θ|

n|π⊥E′λ
(
→
nθ)|.

Notice that b3 only depends on si and not on the power of σ. Since the possible choices of the words

ck, pi, si are finite, we can choose a number C such that

|π⊥E′λ
(`(σi(si)))| ≤ C|θi| |π⊥E′λ

(
→
nθ)|,

for all words ck−1, pi and si. Define C′ = C|π⊥E′λ
(
→
nθ)|. It follows that

|π⊥E′λ
(`(w))| ≤ |π⊥E′λ(`(s0))| + |π⊥E′λ(`(p0))| + ...

+ |π⊥E′λ
(`(σk−1(sk−1)))| + |π⊥E′λ(`(σ

k−1(pk−1)))| + |π⊥E′λ(`(σ
k(ck)))|

≤ 2C′
k∑

i=0

|θ|i ≤ 2C′
|θ|k

|θ| − 1
.

Notice that C′ depends on the generalized substitution but not on the path. Lemma 6.15 also tells

us that

‖(
→
w)x,y‖ = ‖`(w)x,y‖ ≥ ‖`(σk(a))x,y‖.

By Lemma 6.7, there exits a constant C′′ such that

C′′‖(
→
w)x,y‖ ≥

(
2C′

|θ| − 1

)1/α

|λ|k.

Hence,

|π⊥E′λ
(
→
w)| ≤

2C′

|θ| − 1
|θ|k =

2C′

|θ| − 1
|λ|αk ≤ C′′‖(

→
w)x,y‖

α.

�

In the remaining part of this dissertation, it is important to note that the surface Σ̃ divides R3

into two disconnected regions. We will arbitrarily label one side of Σ̃ as being “above” Σ̃, and thus

labelling the other region “below” Σ̃. Thus, we cannot go from being “below” Σ̃ to being “above” Σ̃

in a continuous way without passing through Σ̃. The following lemma proves that this is also true
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for Σ if we follow a broken line path in R3.

6.18 Lemma. Let
→
v ,
→
w∈ Σ and suppose there is

→
u such that

→
u +

→
v is “above” Σ̃ and

→
u +

→
w is

“below” Σ̃. Then,
→
w∈ Σ − Σ.

Proof. Let γ be a path on Σ that takes
→
v to

→
w. Then, along the path from

→
u +

→
v to

→
u +

→
w the path

γ must intersect Σ at a point
→
z . Let γ′ be the subpath of γ from

→
u +

→
v to

→
u +

→
w that intersects Σ.

Then, following the path γ′ from
→
v gives us

→

v′ which is necessarily still in Σ and also
→

v′ +
→
u is also

in Σ. Thus,
→
u=
→
u +

→

v′ −
→

v′∈ Σ − Σ. �

Figure 6.2: Visualization of the proof of Lemma 6.18

6.19 Proposition. Let σ be a complex non-Pisot generalized substitution satisfying (6.6). There

exists a constant C′ > 0 such that for any
→
v∈ Z3 satisfying 0 < |π⊥E′λ

(
→
v )| < C′‖(

→
v )x,y‖

α where

α = log(|θ|)/ log(|λ|), then
→
v∈ Σ − Σ.

Proof. We will use Lemma 6.18 to prove this. We want to prove that there are vectors
→
w and

→

w′ such

that
→
v +

→
w is above Σ and

→
v +

→

w′ is below Σ. Suppose that π⊥E′λ
(
→
v ) < 0 and there is no

→
w∈ Σ such

that
→
v +

→
w is on or below Σ (if we were assuming π⊥E′λ

(
→
v ) > 0, then we would start by assuming

there is no
→
w∈ Σ such that

→
v +

→
w is on or above Σ). Since

→

0∈ Σ, we know that
→
v is above Σ. Thus,

there exists
→
t1∈ Σ such that (

→
t1)x = (

→
v )x, (

→
t1)y = (

→
v )y and (

→
t1)z < (

→
v )z. Since

→
t1 +

→
v must be above
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Σ, there must a vector
→
t2∈ Σ such that

(
→
t2)x,y = (

→
t1)x,y + (

→
v )x,y = 2(

→
v )x,y and (

→
t2)z < (

→
t1)z + (

→
v )z < 2(

→
v )z.

Iterating this provides us with a sequence of vectors
→
tm∈ Σ such that

(
→
tm)x,y = m(

→
v )x,y and (

→
tm)z < m(

→
v )z.

Since we know that π⊥Eλ(
→
u ) = 〈

→
u ,
→
n〉 for any vector

→
u , and (

→
n )z > 0, it follows that

π⊥E′λ
(
→
tm) = (

→
tm)x(

→
n )x + (

→
tm)y(

→
n )y + (

→
tm)z(

→
n )z < m(

→
v )x(

→
n )x + m(

→
v )y(

→
n )y + m(

→
v )z(

→
n )z

= mπ⊥E′λ(
→
v ) = mπ⊥E′λ(

→
v )
‖(
→
v )x,y‖

‖(
→
v )x,y‖

= ‖(
→
tm)x,y‖

−|π⊥E′λ
(
→
v )|

‖(
→
v )x,y‖

.

Lemma 6.17 implies that there is a constant C such that π⊥E′λ
(tm) ≥ −C‖(

→
tm)x,y‖

α. This gives us

−C‖(
→
tm)x,y‖

α ≤ π⊥E′λ
(tm) ≤ −C′′‖(

→
tm)x,y‖,

or simply, we see that

(6.20) C‖(
→
tm)x,y‖

α ≥ C′′‖(
→
tm)x,y‖,

where C′′ =
|π⊥

E′
λ

(
→
v )|

‖(
→
v )x,y‖

is a constant that depends only on
→
v . However, for any m > N, where N =( C

C′′

)1/(1−α)
‖
→
v x,y ‖

−1, we see that

C‖(
→
tm)x,y‖

α = Cmα‖(
→
v )x,y‖

α = C
m

m1−α ‖(
→
v )x,y‖

α

< Cm
(( C

C′′

)1/(1−α)
‖(
→
v )x,y‖

−1
)α−1

‖(
→
v )x,y‖

α,

since 0 < α < 1. Continuing , we see that

Cm
(( C

C′′

)1/(1−α)
‖(
→
v )x,y‖

−1
)α−1

‖(
→
v )x,y‖

α = mC
C′′

C
‖(
→
v )x,y‖

1−α‖(
→
v )x,y‖

α
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= mC′′‖(
→
v )x,y‖ = C′′‖(

→
tm)x,y‖.

Hence, C‖(
→
tm)x,y‖

α < C′′‖(
→
tm)x,y‖ whenever m > N, which contradicts Equation (6.20). Therefore,

we can find a
→
w such that

→
v +

→
w is below Σ.

We now need to show that there is a
→

w′∈ Σ such that
→
v +

→

w′ is above Σ. Suppose there is no such
→

w′∈ Σ (if started by assuming π⊥E′λ
(
→
v ) > 0 at the beginning of the proof, we would now be assuming

there is no w′ ∈ Σ such that
→
v +

→

w′ is below Σ). Again, since
→

0∈ Σ, we know that
→
v is below Σ.

Thus, there is a vector
→
t1∈ Σ such that

(
→
t1)x,y = (

→
v )x,y and (

→
t1)z > (

→
v )z.

Iterating as previously, we get a sequence of vectors
→
tm∈ Σ such that

(
→
tm)x,y = m(

→
v )x,y and (

→
tm)z > m(

→
v )z.

Let us define a sequence
→

ζn= `(σn(b)), for all n ≥ 1. By Lemma 4.26 each
→

ζn belongs to Σ. By

Lemma 6.7, there are constants L1, L′1, L2 such that

(6.21) L1|λ|
k ≤ ‖(

→

ζk)x,y‖ ≤ L′1|λ|
k

and

(6.22) π⊥E′λ
(ζk) ≤ −L2|θ|

k = −L2|λ|
kα.

Since the projections are linear, we can see that

π⊥E′λ
(
→

ζk) = π⊥E′λ
(
→

ζk −
→
tm) + π⊥E′λ

(
→
tm).

Now, we want to define an inequality for π⊥E′λ
(
→

ζk −
→
tm) and π⊥E′λ

(
→
tm). Lemma 6.17 implies there is

a C > 0 such that

(6.23) |π⊥E′λ
(
→

ζk −
→
tm)| ≤ C‖(

→

ζk −
→
tm)x,y‖

α = C‖(
→

ζk −m
→
v )x,y‖

α.
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Let us define

L3 =

(
L2

2C|λ|α

)1/α

and C′ = CL3/L′1. Next, we will define k as the integer satisfying

(6.24) L3|λ|
k ≤ ‖(

→
v )x,y‖ < L3|λ|

k+1,

now we can choose the largest m satisfying m‖(
→
v )x,y‖ ≤ ‖(ζk)x,y‖, so that

(6.25) ‖(ζk − m
→
v )x,y‖ < ‖(

→
v )x,y‖.

Applying (6.24) and (6.25) to (6.23) gives us

(6.26) C‖(
→

ζk −m
→
v )x,y‖

α < C‖(
→
v )x,y‖

α < C(L3|λ|
k+1)α = CLα3 |λ|

(k+1)α.

Now, we will focus on π⊥E′λ
(tm). Notice that our assumption gives us that

π⊥E′λ
(
→
v ) > −C′‖(

→
v )x,y‖

α, thus

π⊥E′λ
(
→
tm) = (

→
tm)x(

→
n )x + (

→
tm)y(

→
n )y + (

→
tm)z(

→
n )z

> m(
→
v )x(

→
n )x + m(

→
v )y(

→
n )y + m(

→
v )z(

→
n )z = mπ⊥E′λ(

→
v )

> −C′‖(
→
v )x,y‖

α > −C′m(L3|λ|
k+1)α = −C′m

‖(
→
v )x,y‖

‖(
→
v )x,y‖

Lα3 |λ|
(k+1)α

≥ −C′
‖(
→

ζk)x,y‖

‖(
→
v )x,y‖

Lα3 |λ|
(k+1)α,

where the last inequality comes from our assumption on m. Continuing, Equation (6.21) tells us

that −‖(ζk)x,y‖ ≥ −L′1|λ|
k and Equation (6.24) tells us ‖(

→
v )x,y‖ ≥ L3|λ|

k, which gives us that

−C′
‖(
→
tm)x,y‖

‖(
→
v )x,y‖

Lα3 |λ|
(k+1)α ≥ −C′

L′1|λ|
k

L3|λ|k
Lα3 |λ|

(k+1)α = −C′L′1Lα−1
3 |λ|(k+1)α

= −CLα3 |λ|
(k+1)α.

(6.27)
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Now, we can use the inequalities (6.26) and (6.27) to give us

π⊥E′λ
(
→

ζk) = π⊥E′λ
(
→

ζk −
→
tm) + π⊥E′λ

(
→
tm) > −2CLα3 |λ|

(k+1)α

= −2C

( L2

2C|λ|α

)1/αα |λ|(k+1)α = −L2|λ|
kα.

(6.28)

Hence, Equation (6.28) contradicts Equation (6.22), implying there is a vector
→

w′ such that
→
v +

→

w′

is above Σ. So,
→
v∈ Σ − Σ by Lemma 6.18. �

Notice that for every r ∈ R, there are an infinite number of vectors
→
v∈ R3 such that π⊥E′λ

(
→
v ) = r.

Explicitly, these are all the vectors
→
v satisfying 〈

→

n′θ,
→
v 〉 = r, or the plane Pr with normal vector

→

n′θ

through the point (0, 0, r/(
→

n′θ)z). Recall that (
→

n′θ)z > 0. If r ≥ 0, Proposition 6.19 implies that all

the vectors
→
w∈ Pr in which ‖(

→
w)x,y‖ >

α
√

r/C′, are contained in Λ̃. If r < 0, then if
→
w∈ Pr with

α
√
−r/C′ < ‖(w)x,y‖, Proposition 6.19 implies

→
w∈ Λ̃. Fix r > 0 and define F = {[ x y z ]T :

|〈[ x y z ]T ,
→
n θ〉| ≤ r/(

→
n θ)z}, which is the set of all points lying between the planes Pr and P−r,

and D = {(x, y, z) : x2 + y2 < α
√

r/C′ ∩ F (the cylinder x2 + y2 ≤
α
√

r/C′ lying between the

planes Pr and P−r). Therefore, if
→
x∈ F \ D, then

→
x∈ Λ̃. Since D is compact, we can find a larger

cylinder D′ with sides that are parallel to the vector
→

n′θ and that also lies between the planes Pr

and P−r. Clearly F \ D′ ⊆ F \ D ⊆ Λ̃. Thus, for all [ x y z ]T ∈ (F \ D′) ∩ Pr, there is a

corresponding vector [ x′ y′ z′ ]T ∈ (F ∩ D′) ∩ P−r such that [ x y z ]T − [ x′ y′ z′ ]T =

k
→

n′θ, and ‖[ x y z ]T − [ x′ y′ z′ ]T ‖ = 2r. Since this is possible for any r, this shows that Λ̃

is unbounded in the direction of
→

n′θ as we move away from the origin in the xy-plane. What remains

to be shown to prove Theorem 1.2, is that if Λ̃ increases without bound in the direction of
→

n′θ, it also

increases without bound in the direction
→
nU.

Proof of Theorem 1.2. If the number of edges corresponding to c is unbounded, then Λ = Z3 and

Theorem 5.34 immediately implies the desired result. Otherwise, we need to use Lemma 6.19.

Notice that
→
nU is not parallel to the real eigenplane E′λ (since

→
nU and

→

n′θ have the same pattern

and thus cannot be orthogonal). Therefore, any line in the direction of
→
nU must intersect both Pr

and P−r, for any r > 0. Fix r and construct D′ and F as in the previous paragraph. Since D′ is

compact, we can construct a cylinder D′′ lying between Pr and P−r whose sides are parallel to
→
nU,
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and contains D′. Choose any point [ x y z ]T ∈ (F \ D′′) ∩ Pr, by the construction of D′′ there

must be a point [ x′ y′ z′ ]T ∈ (F \ D′′) ∩ P−r such that [ x y z ]T − [ x′ y′ z′ ]T = k
→
nU.

Thus, ‖[ x y z ]T − [ x′ y′ z′ ]T ‖ ≥ 2r, which, by Lemma 6.19, if σ satisfies (4.1) with

q − 2 ≥ r, then Λ is unbounded. Recall that
→
n is a vector with entries that are linearly independent

over Q. Therefore, by Theorem 5.34, the substitution tiling dynamical system (XΣ
σ,
→
n
,R2), where

Σ
σ,
→
n

= πP→
n
(ι(Tσ)) is topologically mixing. �
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Chapter 7

Generalizations and Open Questions

Theorem 1.2 provides an infinite set of pseudo-self-similar tilings of R2 whose orbit closures are

topologically mixing. However, the proof of Theorem 1.21 that we have given here can be used in

more generality. The following definition will be used to simplify the statement of our result.

7.1 Definition (Good Complex Non-Pisot Generalized Substitution). Suppose σ : {a, b, c} →

F({a, b, c} \ {ε} is a complex non-Pisot generalized substitution with λ the complex non-Pisot eigen-

value of Mσ. Let Θ be the corresponding tiling substitution, as given in Definition 4.13. Assume Θ

satisfies 5.1. We call σ satisfying these conditions a good complex non-Pisot generalized substitu-

tion.

All the generalized substitutions of the form 4.1 with q − 2 ≥ r are good complex non-Pisot

generalized substitutions.

Let
→
n be a vector in R3 such that sgn(

→
n ) =

→
nU or −

→
nU (recall that

→
nU= [ 1 −1 1 ]T ). We

make a prototile set by projecting the three facet tiles in R3 to R2 using πP→
n

which we will denote

by P→
n

= {πP→
n
(t′a), πP→

n
(t′b), πP→

n
(t′c)}.

7.2 Definition (Properly Irrational). A vector
→
n is called properly irrational if sgn(

→
n ) =

→
nU or −

→
nU

and the entries of
→
n are linearly independent over Q.

All but a countable set of vectors with the sign pattern equal to ±
→
nU are properly irrational. By

the remark following Lemma 5.21, if
→
n is properly irrational the prototiles P→

n
have areas which

are linearly independent over Q. Finally, we note that the Perron-Frobenius projection πEλ from
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Definition 4.7 corresponding to a generalized complex non-Pisot substitution is a projection by a

properly irrational vector.

Now, suppose we are given a good complex non-Pisot generalized substitution σ. We know, in

particular, that C2(Mσ) is non-negative and primitive. Moreover, the two-dimensional real eigen-

plane for MT
σ , corresponding to the eigenvalue λ, has normal vector

→
nθ with sgn(

→
nθ) =

→
nU. There is a

pseudo-self-similar tiling Tσ, fixed by Θ, that has expansion constant λ. Let Σ̃ = ι(Tσ) be the lifting

of Tσ to R3. Let
→
n be a properly irrational vector and T

σ,
→
n

= πP→
n
(Σ̃) be the projection of Σ̃ to R2

in the direction of
→
n . Note that T

σ,
→
n

is a tiling of R2 by the prototile set P→
n
. In effect T

σ,
→
n

is an R2

version of the type of non-self-similar substitution tiling studied by Radin and Sadun [18], Clark

and Sadun [4], and Kenyon, Solomyak and Sadun [12]

The following is the most general result that we can applied to a substitution tiling dynamical

system.

7.3 Theorem. Suppose σ : {a, b, c} → F({a, b, c}) \ {ε} is a good complex non-Pisot generalized

substitution. Let
→
n be a properly irrational vector, and let T

σ,
→
n

be the corresponding (not necessarily

self-similar) substitution tiling (described above). Then the tiling dynamical system (XT
σ,
→
n
,R2) is

strictly ergodic, weakly mixing, and topologically mixing.

This result generalizes Theorem 1.2 in two major ways. First off, it does not restrict the tiling

generating the tiling dynamical system to be self-similar; as long as the generalized substitution is

good complex non-Pisot. So we obtain many new examples simply by using different projections

with the generalized substitutions satisfying 4.1. But the results gives more than simply this. It

says that topologically mixing holds for the substitution tiling corresponding to any good complex

non-Pisot substitution σ. Kenyon studied the following generalization

a 7→ b

b 7→ c

c 7→ cpa−qb−r

(7.4)

where p ≥ 0, q, r ≥ 1. It is likely that many of these examples also satisfy our hypothesis. Moreover,

many substitutions with matrices Mσ different from the ones that result from (4.1) and (7.4) probably

satisfy Theorem 7.3. In particular, for a large class of tilings of R2, weak mixing is equivalent to
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topological mixing.

New we consider some open questions suggested by this dissertation.

• Let YTσ denote the set of all unit tilings U with vert(U) = Z2 constructed from a tiling Tσ.

The unit projection is not properly irrational, and hence the areas of the unit tiles are rational

(all areas are 1). Thus the tiling dynamical system (YTσ ,R
2) cannot be topologically mixing

or even weak mixing. However, one can consider Uσ to be a tiling of Z2 in the sense that at

each point onZ2 one places one of the five SWONT graphs. In particular, we view Tσ ∈ AZ
2
,

where A is the set of SWONT graphs. We think of a→
n

as a SWONT graph placed at
→
n∈ Z2.

These SWONT graphs together make a picture of the unit tiling Uσ. Then we take the orbit

closure, this time as an action of Z2. Call this XUσ
. We view this as the Z2 analogue of

non-constant length substitution in the Z case (a constant length Z2 substitution is easy to

define, but can never be weakly mixing). the question is whether (XUσ
,Z2) is a topologically

mixingZ2 action (or even weakly mixingZ2 action) whenever σ is a good complex non-Pisot

substitution. I would like to thank Natalie Frank for suggesting this topic.

• Another interesting question is whether the “binary tiling” described in [21] is topologically

mixing. It is shown in [21] to be weakly mixing. As a tiling substitution it does not fit into

our scheme (it is based on two prototiles which can be rotated by multiples of 2π/10). The

transition matrix, modulo rotation, for the tiling substitution is 2 × 2, so this example seems,

on the surface, to be based on real quadratic non-Pisot number (it is not even an algebraic

integer).

• It makes sense to study the case of tilings corresponding to real cubic non-Pisot numbers.

These would generalized Kenyon, Sadun, and Solomyak to the case of substitutions on three

letters, and tilings of R with three tiles. This may be feasible because the analysis, again,

takes place in R3. However, the challenge in this case is what the argument is codimension 2

rather than codimension 1.

• Finally, the Conway-Radin pin wheel tiling is known to be weakly mixing. Is it topologically

mixing? Radin has conjectured that this example has Lebesgue spectrum, which would imply

that it is measure theoretically mixing (that is at least feasible, since it is not locally finite).

Does it, in fact, have Lebesgue spectrum?
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Subsystem, 10

Tile, 15
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