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Abstract of Dissertation

Neural Operators for Many-Body Complex Systems

While deductive methods have been remarkably successful in physics, such methods face
major difficulties in describing many-body complex systems such as brain networks and
social systems. These systems exhibit emergent properties that cannot be fully explained
by mechanistic understanding of their individual components, thereby requiring effective
theories at the scale(s) of observation. Data-driven discovery of effective dynamics is an
appealing approach to learning such theories, but without incorporation of strong physical
priors, black-box neural solvers offer little interpretability and may fail to generalize due to
lack of physical realism. Moreover, learning effective dynamics for many-body complex
systems is challenging due to factors such as non-equilibrium behavior, long-range interac-
tions, and large system size. To this end, we present a machine learning framework, ROMA
(Renormalized Operators with Multiscale Attention), that introduces several novel and
complementary innovations aimed specifically at learning effective dynamics of complex
systems. This includes several composable neural modules: (1) coarse-graining operators
inspired by geometric and laplacian renormalization groups; (2) a multiscale attention mech-
anism that learns multiscale interactions; and (3) a conditioning mechanism that incorporates
multiscale interactions for enhanced forecasting and discovery of effective dynamics. The
main advances of this work are: (I) defining a neural renormalization procedure for complex
systems; (II) adapting the attention mechanism to learn multiscale interactions; and (I1T)
extending operator learning methods to solve coupled many-body systems. We apply this
framework in challenging conditions: large systems of more than 1M nodes, long-range
interactions, and noisy input-output data for two contrasting examples: Kuramoto oscillators
and Burgers-like social dynamics. We demonstrate that the ROMA framework improves
scalability and positive transfer between forecasting and effective dynamics tasks compared
to state-of-the-art operator learning techniques, while also giving insight into multiscale
interactions. Additionally, we investigate power law scaling in the number of model pa-
rameters, and demonstrate a departure from typical power law exponents in the presence of
hierarchical and multiscale interactions.
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1 Introduction

The past century has withessed profound scienti ¢ and technological advancement. Fun-
damental theories like quantum mechanics and general relativity have reshaped our un-
derstanding of the natural world, on scales ranging from subatomic particles to the entire
cosmos. Similarly, applications of scienti ¢ principles have been enormously successful,
with handheld computers that can perform trillions of mathematical operations per second,
telescopes and particle detectors with femtometer precision, and full genome sequencing
that costs less than a few hundred dollars. We now possess the ability to communicate
instantaneously across the globe, probe distant galaxies and subatomic scales, and inspect
and manipulate the building blocks of life itself.

Despite these remarkable achievements, our understanding of much of the natural world
remains incomplete. Complex systems, such as the human brain, lack a complete description.
Brain networks consisting of billions of neurons with trillions of connections give rise to
learning, reasoning, and representation abilities that cannot be predicted even with perfect
understanding of how individual neurons behave and interact with one another. In other
words, the human brain displays emergent properties that are not deducible from mechanistic
understanding of the individual components of the brain. Similarly, while the human genome
can be completely sequenced, how individual genes give rise to different phenotypes or
pathologies lacks universal rules. Virtually all social, biological, and economic systems
often exhibit emergent properties, meaning that their behavior cannot be fully explained by
the actions of their individual components, and developing realistic models that have broad
predictive power is generally extremely challenging.

These challenges in understanding complex systems highlight the limitations of both
scienti ¢ and data-driven methods. While deductive approaches have been successful in
describing many physical systems, they are not suf cient for understanding the complexities
of life and society, since many of the assumptions required for deducing natural laws do not

hold for complex systems. At the same time, a number of properties of complex system have
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been well documented, including patterns of organization described by network science,
as well as the distribution of events such as nancial market uctuations, earthquakes, and

failures in power networks.

There are a range of ways to model natural phenomena, ranging from(Karniadakis et al.,
2021):

(1) Hypothesis drivenrules deduced entirely based on principles such as conservation of

momentum and energy;

(2) Data driven fully data driven approaches that learn rules that simply reproduce

input-output data pairs based on examples.

An important point is that in either case, the validity of the resulting model is based

on agreement with experimental data. Hypothesis driven models have the advantage of
explainability and generalization, meaning the laws deduced for one system are valid across
all systems where the same assumptions can be made. Data driven approaches have the
advantage that no assumptions whatsoever about the data generating mechanism need to be
made.

Modern data-driven science largely falls between these two extremes, with some as-
sumptions being supplied to data-driven models to produce sensible outputs and reduce
the number of training examples needed. The assumptions supplied to the model can be
physical, mathematical, or statistical in origin, and it is increasingly common when there is
ambiguity to test a number of assumptions and see which agree best with experimental data.

The data-driven scientists job is largely concerned with four main tasks:
(1) Determining data sets which are relevant to answer a particular scienti ¢ question;

(2) De ning a model that is appropriate for modeling the data set and phenomena under

consideration;



(3) Supplying assumptions that will allow the model to make sensible and accurate

predictions;

(4) Evaluating the predictions of the model including quanti cation of uncertainty and

establishing the utility of different assumptions;

In the next sections, we formalize speci ¢ aspects of the data-driven approach to scienti ¢

inquiry, and propose speci ¢ models and assumptions for modeling complex systems.

1.1 Inverse Problems

Inverse problems in science arise when the underlying model that produces some obser-
vations is not completely known. This is in contrast to the forward problem, where one
knows the complete model of the system in question, and can simply simulate the system
dynamics by solving the model numerically. The goal when solving an inverse problem
is typically to determine a model that reproduces the data while also satisfying problem
dependent physical or mathematical constraints. In the context of dynamical systems, the

inverse problem can be written as
Upr gt = F(Ut; P) (1)

where the moddF approximates the future state of a system variablg; based on the
current statel; and a set of model parametgysFor many physical systems, expressions for
F may be derivable based on rst principles such as conservation laws up to a small number

of parameters. In such cases, the inverse problem typically amounts to numerically solving

minjjue.qe (Ut P )

with techniques such as gradient descent or Newton's method. In some cases, and particularly

when the dimension gb is larger than the number of observations, multiple valugs wiil



approximately satisfy equation (2). This problem is compounded by over tting noise in the
observations, which may obscure true minima or create spurious minima.
In the study of many-body systems withconstituents, the state @h nodeu; may

depend not only on its own state, but the state of each ofttheodes with which it interacts

Uitrat = F(Uix)+ @ Wij 9Uji; Uig) ij= LN 3)
j
where the model is parameterized by the functidng, and weights between bodies
wij. When the bodies in question are homogenous and the system is in thermodynamical
equilibrium, methods of statistical physics can be used to extract macroscopic parameters of
the system such as system entropy or free energy without needing to solve equation (3).

In the last decades, extending standard approaches for inverse problems in equilibrium
statistical mechanics to non-equilibrium systems such as social systems and brain networks
has proven largely intractable, and the phenomenology of such systems remains largely
unpredictable. Many statistical properties of complex systems such as the frequency and
size of rare events like nancial crises, earthquakes, hurricanes, and failures in power
networks have been well documented, but developing models that can predict such events is
extremely challenging, as the nonlinear nature of such problems can produce large changes
in predictions based on minor changes in the initial conditions.

A further dif culty is that making use of all relevant data for a given problem, while
potentially helpful, is largely impossible for traditional scienti c models. For example,
high resolution images of the earth's surface may be useful for predicting the onset of
a natural disaster, but it is unclear how to use image data in traditional statistical and
scienti c models without discarding most of the information in the image. Typically only
some initial conditions are extracted from enormous datasets, and the forward problem
is solved based on these initial conditions and known physics. Various machine learning

models such as Transformers and convolutional neural networks have been designed to



make full use of image and text data, but their predictions may violate basic principles
such as conservation laws and causality. The emerging eld of informed machine learning
attempts to resolve this dif culty by introducing physical constraints into machine learning
models such that performance is actually improved, rather than being degraded by physical
constraints(Karniadakis et al., 2021).

In the next section, we introduce two informed machine learning approaches that are
appropriate for modeling complex systems, with the key aim of solving the inverse problems
in the form of equation (3). For an introductory discussion of machine learning, graph

learning, and complex systems dynamics, see the introduction of Paper C in the appendix.

1.2 Why Neural Operators?

Neural networks are parameterized models consisting of linear transformations and activa-
tion functions, typically aimed at learning nonlinear functions directly from data. Neural
networks are known to be universal approximators, meaning that a suf ciently large neural
network can represent any function(Hornik et al., 1989), for example, a funatiqt)
representing a velocity or electromagnetic eld. A neural netwbitken approximates

sampled input-output datas;; x;;tj) as

ui  f(xit) 4)

In practice however, with nite size neural networks and limited training data, many artifacts
will arise in representing functions of physical variable with neural networks. To name a
few, smoothness and spatial correlations are not encoded into neural networks(Karniadakis
et al., 2021), making their solutions very poor approximations of physical variables. Neural
operators(Lu et al., 2021) remedy these problems by instead learning a mapping from an
input function spac&/ to an output (solution) function spaté whereV already has

properties such as smoothness and spatial correlation encoded. For example, the function



spaceV = fe & ; a unif(0;1)g may be appropriate if the solution is known to be a
smooth decaying function. This mapping of functions to functions is performed by an
operator writter :V ! U, and the operator approximating the eld variable can be

written (wherev2 V is a sampled function)

ui  F (V)(X;t): (5)

Neural operators have been shown to be superior to neural networks when an appropriate
function spacé/ is chosen(Lu et al., 2021), and this function space can serve as an effective

means of inserting mathematical assumptions into machine learning models.

1.3 Why Graph Learning?

Another important consideration for modeling complex systems is the graph structure of
such systems. Graph neural networks have been developed for this purpose, and generalize
convolutional operations from regular graphs structures such as a lattice to irregular graph
structure of complex systems. Learning dynamical models of complex systems with neural
networks/operators similarly requires modi cation to account for graph structure. In general,
graphs are mathematical representations of systems as discrete nodes and edges, as in Figure

1.



Figure 1. A graph with 10 nodes and 19 edges. For example, in equations 6 and 7, lines
connecting nodes could indicatg > 0.

For example, solving the system with functions

Ui+ gt = F(Uit) + EO_IWij g(ujit; Uizt) iij=1;::N: (6)
j

or operators

Uit+dr = F (V)(Uix) + é_Wij G(V)(ujt; Uixt) iij=1;::N: @)
j

involves learning the functions/operators and weighfs Either approach has three main

limitations:

(1) Small mispeci cations in the weights;j can lead to large prediction errors due to

non-linearity of the true input-output function;

(2) Training a neural network based on an entire graptNof 1M! nodes may be

computationally infeasible and unnecessary;

(3) Ifthere are gaps in the data for somg, there is no method for computing sensible

1M = 1 million



results without interpolation, which itself may not be possible;

(4) If some new nodes are introduced in the graph, the model has to be retrained from

scratch and newvjj computed.

In other words, attempting to model complex systems with explicitly coupled models such
as (6) is ill-posed, inef cient, and cannot generalize to unseen nodes.

A solution to these problems is to sample relatively small local subgraphs\yith N
nodes, and learn to approximate coupled terms based only on signal contained within the

subgraph(Ying et al., 2018). Formally we can write this as

Uit gt = F (VM(Ui) + G(V)(Uiy; biy) i;j= 1 Ng:

) 8
bi = @ f (uj; Uix)
J

wheref is a message passing neural netwdtkat aims to encode the sampled graph
structure into the quantitly;.; that condition3 the operatofs. The exact speci cation of

will dictate the success or failure, as measured by prediction accuracy, of this conditioning
mechanism to represent coupled dynamics in a generalizable manner. The eld of graph
learning(Ying et al., 2018; Liu et al., 2019; Ying et al., 2018) is largely concerned with spec-
ifying f that are suitable for different purposes, and we aim to identify speci ¢ conditioning

mechanisms that are suitable to learning coupled dynamics.

1.4 Renormalization

Often times in the physical sciences, we may know of a valid scienti c model governing
a system of interest, but it is far more detailed than necessary, particularly with respect

to the scale of observation. In other words, we would like a macroscopic model that

2Here we mean a neural network that updates its hidden layers based on adjacent nodes in a graph structure.
The Graph structure may be speci ed in advance or it is assumed that all nodes connect to one another.
3Conditioning here means modifying the function/operator in some way based on the precomputed quantity



describes the relevant scale but remains compatible with the detailed microscopic model.
The renormalization group formalism provides a general procedure for obtaining such a

model. In the most basic procedures, renormalization amounts to the following steps:
1. Simulate some phenomena over a xed grid
2. Coarse grain the simulation results in some way

3. Identify the coarse grained system with the old system, but with new system parame-

ters

In the case of the 1-D Ising model with spigs= 1, the Hamiltonian is

N
H= J& sS+1 (9)
i=1
The coarse graining step can be de ned as a new spin vardtiiat is the majority value
of 3 consecutive spins, and the new Hamiltonian is

N=3

H= 18 & (10)
=1

for which we must determine the new coupling constEnThis process can be repeated
with new coupling constant®®J%%ach time. In this way we have a model that is valid
at several scales of observation, and retains the basic structure of the original model. In
this case it is hard to imagine how this procedure could fail to reproduce scale-invariant
dynamics, but for more complicated models and system parameters, it may be impossible to
do so. In such cases we may wish to modify the original model in some way such that it is
renormalizable.

As we describe in the next section, the coarse graining step for complex systems is not
at all trivial due to the variable neighborhood structure of networks (opposed to the regular

topology of a 1-D lattice, with a single neighbor in either direction). If a useful coarse



graining can be obtained, however, it may provide additional utility by directly allowing one
to model multiscale interactiofiswhich are speculated to be a key driver of many emergent

properties of complex systems(Engel et al., 2013).

4By multiscale interactions we mean interactions between different coarse grained scales.
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2 Motivation

Neural operators have recently emerged as the de facto method for learning input-output
maps of physical dynamics from data. Many-body complex systems pose additional chal-
lenges for such applications, largely due to lack of conservation laws and other symmetries
which would typically be the starting point for physical theories. Still though, many phe-
nomenological features of many-body complex systems suggest a fairly detailed picture
from which complex dynamics must arise. Integrating the phenomenology of complex sys-
tems into neural operators is a new direction both for solving inverse problems in complex
systems, as well as a novel approach for designing neural operators. We focus here on
designing a neural operator that can leverage the structure of complex systems to learn effec-
tive, coupled dynamics in a fashion that can scale to large gragids oM nodes. Scaling

of this type is achieved by training on small subsamples of the full graph, as is standard for
machine learning applications on large-scale graphs(Ying et al., 2018). Connecting such
methods to neural operators aimed at learning dynamics is largely unexplored, particularly
for large-scale complex systems. We investigate possible architectures for connecting these

techniques. We will focus on solving coupled systems of the form (i.e. a scalar version of

eg. (6)

dg; o
d—T: f(a)+ a wijo(aj; a): (11)
j

For example, the Kuramoto model, which we will use as a benchmark example

d i o .
d—T = wi+ Ka wijsin(aj ) (12)

j
is a prototype for complex system dynamics, and speci cally for synchronization phenom-
enaincluding neural dynamicé)(jor and Kelling, 20190dor et al., 2021; Anyaeji et al.,
2021) and social dynamics @da et al., 2000; Strogatz et al., 2005). Learning the functions

f andg for large system sizM is in general prohibitively expensive from a computational
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standpoint, as well as being an ill-posed inverse problem for which causal relations such as

couplings may be highly sensitive to both initial conditions and noise.

Neural operators have proven robust for a wide range of inverse problems, and we
develop a neural operator that approximates coupled dynamics and long-range interactions
based on signal contained only within a local subgraph withidize N. This approach
allows us to scale to arbitrarily large graphs by batch processing, or training on a sequence
of independent subgraphs such that we learn regularities among them. In practice, this
approach is realized using state-of-the-art Al techniques utilizing message passing (graph
networks and Transformers) that can learn arbitrary interactions between nodes.

We break this problem into two main parts:

(1) An encoder neural network that represents high dimensional interactions with a low

dimensional latent space, using message passing to approximate the interactions.

(2) A decoder that predicts the future state of the system, using operator learning to

improve the physical plausibility of the predictions.

In this thesis, we investigate how one can learn coupled neural operators in practice, as well
as how we can exploit structural regularities of complex systems, such as self-similarity,
through learnable coarse-graining operators and multiscale message passing.

Deep learning architectures based on message passing, namely graph networks and
transformers, are sensible candidates for designing coupled neural operators due to their
ability to represent interactions and composability with other methods, particularly physics-

informed/dynamical information:

(1) Learnable CouplingMessage passing architectures can learn arbitrary relations be-

tween batched data, such as coupling functions, in a fashion that generalizes for

heterogeneous batches.
(2) Scalability Sampling techniques and training procedures have been developed for

12



message passing architectures that not only can process arbitrarily large graphs, but in

fact have performance that scales with the size of the dataset.

(3) Regularization Training overparameterized neural networks on a large number of
samples is generally an effective approach to regularizatand is compatible with
both statistical regularization such as ridge, lasso, and weight decay penalties introduced

in the optimizer.

(4) Composability In addition to optimizer level regularization, message passing neural
networks can be composed with physics-informed and higher order gradient-based

regularization.

However, properly adapting message passing neural networks for complex systems
requires special consideration to achieve scalability and generalization, as well as incorporate
prior knowledge of complex systems. Speci cally, we will focus on introducing scale
invariant information into message passing neural networks, as well as how to utilize such

information in operator learning methods.

2.1 Outline of this dissertation

Using the formalism introduced in the last sections, we develop an end-to-end operator
learning model, ROMA, in Paper A (see Appendix A) that simultaneously learns renormal-
ization operators and solves the inverse problem for complex systems in a scalable fashion.
We show that renormalization allows us to learning effective dynamics that improves fore-
casting accuracy, while also revealing multiscale structure and interactions. Much of the
Methodology and motivation for the design of ROMA is based on my experience in papers
Paper B (see Appendix B) and Paper C (see Appendix C) which | describe in the Summary

sections for each paper.

5By regularization we mean any method for reducing over tting in machine learning models.
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2.2 Contribution of this dissertation

The goal of this dissertation is to de ne a neural operator suited to solving the following

problems for many-body complex systetds 1M nodes by simultaneously learning:
(1) coarse graining operators;
(2) multiscale interactions;
(3) effective dynamics that approximately solve the inverse problem.

In principle, each of these elements should be able to inform one another, i.e. coarse grained
structure should inform effective dynamics and vice versa. In practice, the architecture
de ned by composing neural machinery for these various elements is quite complicated
and sensitive to how the training is carried out, e.g. the learning rate schedule and weight
decay regularization of the optimizer, relative weights of the loss function, relative sizes of
each component, and numerous other con guration choices. This nature of this problem
therefore required several months of continuous experiments to test various design choices.
Ultimately, we show in Paper A all three of the above elements together produce the best
performance for learning operators of complex systems, which we demonstrate on two
examples: the Kuramoto model near the critical point; Coupled burgers social dynamics.

For both examples we indeed demonstrate scalability to large ghaph$sM.

3 Summary of Publications

3.1 Paper A: Connecting the geometry and dynamics of many-body

complex systems with operator learning
3.1.1 Summary

In this paper we introduce the ROMA framework, which learns coupled dynamics of

complex systems based on local subgraphs. The previous sections of this thesis serve as a

14



introduction and summary of this work.

3.1.2 Contribution

Nicholas Gabriel developed the methodological framework over several years with input
from Neil Johnson. N.G. implemented all models and carried out experiments including

model training and simulation of benchmark systems.

3.2 Paper B: Inductive detection of in uence operations via graph

learning
3.2.1 Summary

This paper focused on the application of GNNSs to detect inauthentic accounts on Twitter
intended to promote propaganda, misinformation, and devisive content. This was a fairly
straightforward application of GNNs, and several advanced GNN techniques such as sub-
graph sampling, message passing rules, and positional encodings could be easily compared
in terms of their added predictive power. This was an important step to go from the basic
GNN architecture in Paper C to Paper A, since the convergence of the proposed model in

Paper A actually depends upon using several advanced graph learning techniques.

3.2.2 Contribution

Nicholas Gabriel, David Broniatowski, and Neil Johnson conceived the study. Nicholas
Gabriel collected data and performed analysis. D.B. and N.J. supervised. N.G. wrote the

manuscript text. All authors reviewed the manuscript.
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3.3 Paper C: Using Neural Architectures to Model Complex Dynamical

Systems
3.3.1 Summary

This paper was an early version of many of the ideas in Paper A. The main insight was that
two speci c architectures that were useful for modeling the interactions and dynamics of
complex systems, respectively: graph neural networks (GNNs) and physics informed neural

networks (PINNS).

3.3.2 Contribution

Nicholas Gabriel and Neil Johnson conceived the study. N.G. implemented all models and

performed analysis. N.G. wrote the manuscript text. N.J. edited.

4 Conclusion and Outlook

The ROMA architecture proposed is appropriate for application to any complex system
with a graph structure and corresponding timeseries data. Ultimately, the speci ¢ approach
connecting renormalization and operator learning through multiscale interactions was most
successful when applied to large scale systfims1M nodes (Paper A: Table 2 and 3). The
benchmarks used to test this architecture intentionally mirror many real world datasets for
complex systems, particularly with respect to system size and signal/noise ratios. Hence,
applying this architecture to real-world datasets similar to these benchmarks is a foremost
priority going forward. At the same time, making the architecture more effective for smaller

systems will be necessary for applications with smaller gré&phs100k nodes.
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5 Full Publication Record

5.1 First Author

This dissertation includes three rst author papers, which include the main topic of this

thesis as well as complementary papers that helped develop the methods used.

1. Gabriel, N., et al., 2025.Connecting the geometry and dynamics of many-body

complex systems with message passing neural operators. (Appendix A)

2. Gabiriel, N., Broniatowski, D., Johnson, N.F. 202Bductive detection of in uence

operations via graph learningSci. Rep., 13, 22571. (Appendix B)

3. Gabriel, N., Johnson, N.F. 2022Using Neural Architectures to Model Complex
Dynamical System#®\AIML, 2, 2 (Appendix C)

5.2 Co-author

Additional work as a co-author are outlined below. The papers are ordered by date of

publication.

1. Velasquez, N., Leahy, R., Restrepo, N, Lupu, Y., Seak3briel, N. et al., 2021.
Online hate network spreads malicious COVID-19 content outside the control of

individual social media platformsSci. Rep, 11, 11549.

2. Sear R., Vasquez, N., Leahy, R., Restrepo, N., El Oud,&apriel, N., et al.,
2020.Quantifying COVID-19 content in the online health opinion war using machine

learning IEEE Access 8, 91886-91893.

3. Johnson, N.F., V@lsquez, N., Restrepo, N., Leahy, Rabriel, N., et al., 2020The

online competition between pro-and anti-vaccination vieMature, 582, 7811.
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