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Abstract

COZINBIEL HOPF ALGEBRAS IN COMBINATORICS

Many combinatorial structures admit a notion of restriction. Linear orders restrict to
suborders, graphs to vertex-induced subgraphs, and so on. Likewise, many combinatorial
structures can be written as a disjoint union of “connected” structures. For example, every
graph is a disjoint union of connected graphs, and every partition is a disjoint union of partitions
with a single block. We use Joyal’s theory of species to describe families of combinatorial
objects with both a notion of restriction and a compatible notion of connected structures.
Schmitt showed that if P is one such family then it gives rise to two connected, cocommutative
Hopf algebras, K(P) and K(P). We study the primitive elements of these Hopf algebras. In
particular, we describe a second basis for I(P), given by summing over a related partial order
and show that this basis contains a basis for the primitive elements.

The Hopf algebra K(P) is coZinbiel, meaning its coproduct can be written as the sum of
two non-coassociative coproducts satisfying certain compatibility conditions. We employ this
fact to define and study endomorphisms «; and ;3, which map into the primitives and are
intimately related to the Dynkin idempotent. In particular, we show that a; maps onto the
primitive elements and the map 13 gives a basis for the free Lie algebra of primitives. Then
we consider one-parameter deformations of the Hopf algebras K(P) and K(P), which are g-
cotridendriform. We generalize the maps «; and ;5 to maps sayr and 58y where S, U, and
T are fixed, disjoint sets, and use this generalization to characterize the coradical filtration of
K(P). We consider in more detail the special case where our family P of combinatorial objects
is the set of all (simple) graphs and prove a number of results particular to this special case.

Finally, just as every graded bialgebra gives rise to an associated descent algebra, every
codendriform bialgebra gives rise to an associated dendriform descent algebra. We define this
new dendriform algebra and show that it contains the map a;. We conclude by proving that
the dendriform descent algebra of the tensor algebra 7 (V) is the free dendriform algebra on a

single generator.
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Chapter 1

Introduction

Combinatorial structures typically come equipped with decomposition laws. For example,
graphs decompose into subgraphs, permutations into cycles, partitions into blocks, and so on.
Many combinatorial structures also come equipped with composition laws. For example, the
union of two graphs is again a graph, and the concatenation of two words is again a word. The
idea behind combinatorial Hopf algebras is to encode these composition and decomposition
laws algebraically as products and coproducts on an R-module, thus translating combinatorial
problems into algebraic ones.

Formally, a coalgebra is defined by starting with the axioms of an algebra and reversing
all the arrows. The product u: A® A — A becomes a coproduct §: C — C' ® C, and the unit
becomes a counit. If a product describes a way of combining two elements into one, then the
coproduct is a way of pulling an element apart into pairs. For example, we might consider a
free R-module with basis indexed by a family of partitions and the coproduct of a partition
7 might be the sum of all ways of splitting 7 into complementary subsets of its blocks. If a
coalgebra is also an algebra and these structures satisfy a certain compatibility condition then
we call it a bialgebra. A Hopf algebra is nothing more than a bialgebra in which there exists
a particular anti-automorphism called the antipode.

The connection between Hopf algebras and combinatorics was first identified by Goldman,
Joni, and Rota in the 70’s [20], [23]. Schmitt expanded on their work, showing that any family
of partially ordered sets (in which the intervals are finite) gives rise to a Hopf algebra [59], [61].

The antipode in such a Hopf algebra is closely related to the Mobius function, which is an



important and well-known invariant of partially ordered sets. In subsequent work, Schmitt
outlined a category-theoretic approach for generating and classifying Hopf algebras [60] and
defined Hopf algebras on families of graphs that were closely related to a later construction of
Connes and Kreimer [62], [14].

Combinatorial Hopf algebras received mainstream mathematical attention in 1998 when
Dirk Kreimer demonstrated that they could be used in quantum field theory to give a rigorous
description of the combinatorial and algebraic aspects of the renormalization procedure [25].
Since then the field has developed very quickly, attracting the interest of researchers in fields
as diverse as computer science, geometry, number theory, representation theory, topology, and
quantum field theory.

Combinatorial Hopf algebras are typically graded by the size of the combinatorial structures
that index their basis. A combinatorial Hopf algebra is then connected when there is only one
such structure of size 0. An algebra (A, p) is commutative if y7 = p where 7 is the twist map,
which maps a ® b to b ® a. Similarly, a coalgebra is cocommutative if 76 = J. An element p in
a Hopf algebra is said to be primitive if §(p) = p® 1+ 1 ® p and the submodule of primitive
elements forms a Lie algebra.

The well-known Cartier-Milnor-Moore Theorem says that any connected, cocommutative
Hopf algebra can be recovered from its primitive elements [13,42]. In particular, Cartier-
Milnor-Moore says that the category of Lie algebras is equivalent to the category of connected,
cocommutative Hopf algebras. There are a number of well-known techniques and tools for
finding such primitive elements. Primary among these are the so called primitive idempotents,
which are projections from a Hopf algebra onto its primitive elements. Some of these pro-
jections, such as the Eulerian idempotent and the Dynkin idempotent, have been studied
extensively (see §9.2 of [54] or [11,46,47,53].)

In many cases, these primitive idempotents do not provide a clear picture of the primitive
elements. There are two things that can go wrong. First, there is no guarantee that the
formula for primitive idempotent will be without cancellations. If a primitive idempotent gives
a formula with 15 terms and all but 2 of them cancel then this does not provide a very clear
description of the primitive elements. Aguiar, Mahajan, and Ardilla have partially solved

this problem by describing injections of the bases of various Hopf algebras into the faces of



a polytope [2,3]. The product, coproduct, antipode, and primitive idempotents can then be
described geometrically and since there is a one-to-one correspondence between the basis and
faces of the polytope, there is no room for cancellations.

However, even when given a cancellation-free formula for the primitives, it can be difficult
to recognize whether or not a particular element is primitive. Thus, a better approach would
be to combinatorially describe a basis for the Hopf algebra that contains as a subset a readily
identifiable basis for the submodule of primitive elements. There are a number of Hopf algebras
in the literature whose primitive elements are realized in precisely this way. In fact, in each
of the known examples, the basis elements of the Hopf algebra have a natural partial ordering
and a second basis is constructed by M&bius inversion over this partial order. The product
in the dual Hopf algebra is then given by summing over an interval in this partial order and
the primitive elements can be realized in every case by a similar argument involving a closure
operator.

In particular, the Malvenuto-Reutenauer Hopf algebra of permutations [38,39] has a basis
for the primitives given by summing over an interval in the weak Bruhat order on S, [5];
the Loday-Ronco Hopf algebra of planar binary trees [35] has a basis for the primitives given
by summing over the Tamari order [6], and Aguiar and Mahajan define a Hopf algebra of
pairs of permutations and a Hopf algebra of “fully nested set compositions,” both of which
have primitive elements realized in this way [2]. Likewise, Aguiar and Orellana define a Hopf
algebra of uniform block permutations whose primitive elements are given by summing over
intervals in a poset [4], and Schmitt and Crapo give two bases for the primitive elements in
the matroid-minor coalgebra [15]. The first of these bases is realized by summing over the
rank-preserving weak order on matroids, and the second basis is realized by summing over a
subposet of this order [16].

We present a Hopf algebra whose basis is indexed by families of (simple) graphs, and we
describe two new, additional bases, each given by summing over a partial order as described
in the previous paragraph. The subset of this basis indexed by connected graphs then gives
a basis for the primitive elements. We prove that the second of these bases is the image of
the well-known Eulerian idempotent and even give an alternative formula for it using a third

partial order.



Since Cartier-Milnor-Moore is such a useful theorem, it would be nice to have a similar
result for Hopf algebras that are not connected and cocommutative. Jean-Louis Loday and a
number of other mathematicians have recently proven several analogues of this theorem and
even described a general setting in which such a theorem exists [32,34,55,56]. To describe this
setting, we need the theory of operads.

An operad is an abstract algebraic structure for describing different types of algebras [41].
Operads are graded S,-modules whose n'® homogeneous component consists of all abstract
n-ary operations. For example, the operad As describes associative algebras, and its third
homogeneous component contains the 3-ary operation (x,y, z) — xyz — xzy + zzy. Similarly,
the operad Com describes commutative, associative algebras, and Lie describes Lie algebras.
When As acts on an R-module, A, then A becomes an associative algebra, and likewise for
Com or Lie. In a similar fashion, each operad also gives rise to a type of coalgebra. For
example, As gives rise to coassociative coalgebras and Com to cocommutative, coassociative
coalgebras.

Loday described what he called a good triple of operads. The first two operads in this triple
describe an algebra and coalgebra, which are related by compatibility conditions in such a
way that we get a generalized bialgebra. The third operad describes the algebraic structure
of the primitive elements. The triple is “good” when certain conditions are satisfied implying
that there exists a Cartier-Milnor-Moore-type theorem which says that we can recover any
connected bialgebra of this type from its primitive elements. The classic Cartier-Milnor-Moore
theorem is then a consequence of the fact that (As, Com, Lie) is a good triple of operads [32].

Loday’s theory has inspired the study of a number of new types of algebras in which the
associative product can be written as the sum of two, three, four, or sometimes as many as
seven non-associative products satisfying certain compatibility conditions [1,12,18,27,31,33].
There are likewise coalgebras in which the coassociative coproduct decomposes into multiple
non-coassociative coproducts. One important example is the idea of a coZinbiel bialgebra.

We consider a lifting of the Hopf algebra of graphs described above to a Hopf algebra of
graphs in which the basis is indexed by (simple) graphs with a linear order on their vertices.
The primitive elements in this Hopf algebra have no clear description in terms of a partial

order, but the coproduct does decompose into two coproducts, making it a coZinbiel Hopf



algebra. We exploit this fact to define a new projection onto the primitives, a;, and show how
it is intimately related to the Dynkin idempotent mentioned above. Similarly, we describe a
map 15 which projects onto the total primitives and gives us a basis for the Lie algebra of
primitive elements.

Our discussion so far has focused on Hopf algebras indexed by graphs, but we would like to
consider a more general setting in which our results will hold. To accomplish this goal we need
Joyal’s theory of (combinatorial) species and recent work by Schmitt, Aguiar, and Mahajan
in deriving Hopf algebras from species. A species is a functor P: FinBij — FinSet from the
category of finite sets with bijections to the category of finite sets with functions, which can be
thought of as an abstract way of describing a family of combinatorial objects [24]. For example,
the functor IT: FinBij — FinSet takes a set S to the set II(.S) of partitions on S. Schmitt and
Stover independently and at about the same time showed how to construct Hopf algebras from
species [60,65]. Their ideas were further advanced by Patras and Reutenauer [48], Patras and
Schocker [49,50], Patras and Livernet [29] and Livernet [28]. However, it was Marcelo Aguiar
and Swapneel Mahajan who contributed the idea of bilax monoidal functors, from which as
many as four different Hopf algebras can be generated from a single species. These ideas were
exhaustively explored over more than 800 pages in a monograph in which they showed that
almost all of the known combinatorial Hopf algebras can be described in this way [3].

We use a slight generalization of the definition of species due to Schmitt [60] to describe
a family of combinatorial objects with a notion of restriction. For example, any graph can
be restricted to a subset of its vertex set by taking the vertex-induced subgraph. Given any
species of this form, we produce two Hopf algebras with properties similar to those of the two
Hopf algebras of graphs described above. For the first Hopf algebra, we describe a basis for the
primitive elements given by summing over an appropriate partial order. For the second Hopf
algebra, we define analogues of the maps «q and 18 described above and study their properties.
We also describe generalizations of «y that characterize the entire coradical filtration of the
Hopf algebra, and we study deformations of these Hopf algebras that have their own interesting
properties.

This document is laid out as follows. In Chapter 2 we review the basic combinatorial and

algebraic concepts that will be necessary throughout the rest of the document. There is a lot



of overlap in this chapter with the material we’ve just reviewed, and for some readers, it may
suffice to skim this chapter. Nonetheless, in 2.1.1 we provide a review of partial orders and
Mobius functions, and in 2.1.2 we define partitions, compositions, and a number of other basic
combinatorial structures that we will use repeatedly in the sequel. 2.2.1 is an overview of graded
Hopf algebras, including the Cartier-Milnor-Moore Theorems for connected, cocommutative
Hopf algebras and Poincaré-Birkhoff-Witt Theorem. Finally, in 2.2.2 we define a number of
algebraic structures, such as coZinbiel bialgebras, in which the coproduct decomposes into a
pair of non-coassociative coproducts. This last section is the newest material and the least
likely to be familiar to the reader.

In Chapter 3 we describe a coalgebra and the two aforementioned Hopf algebras of graphs.
All of the major results in this chapter are new. Section 3.1 deals with the coalgebra C'. We
define it in 3.1.1, describe some basic properties of its primitive elements in 3.1.2, and using
two different partial orders, give two bases for its primitives in 3.1.3. In section Section 3.2 we
describe the commutative Hopf algebra H of (isomorphism classes of) graphs and show how
its primitive elements are related to those of C. In 3.3.1 we define the coZinbiel Hopf algebra
of graphs H and in 3.3.2 we use the fact that H is coZinbiel to define endomorphisms «; and
i on H. We prove that «y projects onto the primitive elements, 18 onto the total primitive
elements, and that these maps are intricately related to the well-known Dynkin idempotent.
In fact, we show that the map 15 gives us a basis for the free Lie algebra P(H). Finally, at
the end of this section we prove that both 1 and «; map to the Eulerian idempotent in H
when we project H onto H.

The goal of Chapter 4 is to abstract what we know about the Hopf algebras of graphs in
Chapter 3 to a much larger family of examples. The basic machinery for this project is the
theory of R-species, which are introduced in Section 4.1. In Section 4.2 we describe how to
derive several Hopf algebras from these species. We start by outlining Schmitt’s approach in
4.2.1, and then go on in 4.2.2 to describe two bases for the primitives similar to those from
3.1.3. In 4.2.3 we describe how Schmitt’s approach fits into Aguiar and Mahajan’s much larger
theory of species, and in 4.2.4 we define deformations of the Hopf algebras from 4.2.1. These
deformations are algebraically much simpler than their counterparts in 4.2.1, but they do not

fit perfectly into Aguiar and Mahajan’s theory. We prove a number of results about them and



outline a future project in which we propose to use Aguiar and Mahajan’s theory of 2-monoidal
categories to better derive them. Sections 4.1, 4.2.1, and 4.2.3 are primarily expository whereas
3.1.3 and 4.2.4 contain new, key results.

Once we’ve defined a generalization of the Hopf algebra H, we turn our attention in
Section 4.3 to generalizing the maps «; and ;8 from 3.3.2. All of the major results in Section 4.3
are new. More specifically, in 4.3.1 we generalize the coZinbiel structure of H. The coproduct
decomposes into sums of non-coassociative coproducts sy indexed by disjoint sets S, U,
and T and these coproducts have properties similar to those of a g-cotridendriform bialgebra.
This leads us to the observation that H is co-ennea, but more importantly, the maps g0y r
demonstrate the underlying set-theoretic structure that is behind the fact that H is coZinbiel.
In 4.3.2 we define maps sayr and g8y from the coproducts g0y similar to the way that
maps «; and ;8 were defined in 3.3.2. The most general results about these maps are very
cumbersome to state so we focus on two special cases. In 4.3.3 we investigate the case where
U = (0 and ¢ = 0. This case provides a concise characterization of the coradical filtration.
Likewise, in 4.3.4 we explore the case where SUU UT = {1}. This gives us formulas for say »
that describe how the parameter ¢ perturbs the primitive elements.

In Chapter 5 we explore a new topic motivated by the map «;. Both the Dynkin idempotent
and the Eulerian idempotent live inside a submodule of the convolution algebra known as the
descent algebra. We define this algebra and review its most important properties in Section 5.1.
Then, in Section 5.2 we describe the free dendriform algebra on a single generator, which is
a combinatorial Hopf algebra with basis indexed by (rooted) planar, binary trees. Section 5.1
and Section 5.2 are expository but in Section 5.3 we define a new analogue of the descent
algebra for codendriform bialgebras: the dendriform descent algebra. We show that a; lives
inside this submodule and prove that the dendriform descent algebra of the tensor algebra is
the free dendriform algebra on a single generator. This provides a combinatorial description
of how the dendriform descent algebra is related to the traditional one.

Finally, in Chapter 6 we recount some unsolved problems and directions for future work.



Chapter 2

Background

In this chapter we review the basic concepts from combinatorics and algebra that we will need
throughout the later chapters. None of the material in this chapter is new. In 2.1.1 we provide
a review of partial orders and Mobius functions, and in 2.1.2 we define partitions, compositions,
and a number of other basic combinatorial structures that we will use repeatedly in the sequel.
2.2.1 is an overview of graded Hopf algebras, including the Cartier-Milnor-Moore Theorems
for connected, cocommutative Hopf algebras and Poincaré-Birkhoff-Witt Theorem. Finally, in
2.2.2 we review a number of algebraic structures, such as coZinbiel bialgebras, in which the

coproduct decomposes into a pair of non-coassociative coproducts.

2.1 Combinatorics

2.1.1 Posets and Mobius Functions

Let P be a partially ordered set, or poset for short, with the order relation denoted by <.

Write [z, 2] ={y € P: © <y < z} for the interval in P from x to z and let Int(P) denote the

collection of all such intervals. A poset P is said to be locally finite if every interval is finite.
Given a locally finite poset, P, the Mdébius function of P is the map pu = pp: Int(P) — Z

defined recursively by p(x,z) =1 for all z € P and

wa,z) == > plzy)=— Y wly2)

r<y<z r<y<z



for all x < z in P.
One of the most ubiquitous results about Mobius functions is the Principle of Mébius

Inversion [57):

Proposition 2.1 (Principle of Mobius Inversion). Let R be a commutative, unital ring and

let f and g be any two functions f,g: P — R. Then
fly) = Zg(a:) foralye P <— g(y) = Zu(w,y)f(x) for all y € P.
z<y z<y
Definition 2.1. A closure operator on a poset P is a map cl: P — P, x — T, which is
1. idempotent: T = Z,
2. order-preserving: If z <y then z < 7, and
3. increasing: * < T

Given a closure operator ¢l on P, write P for the subposet of closed elements, P = im ¢/ =
{zx € P: T = x}. The following result, known as Rota’s [57] closure theorem, says that the

Mébius function of P can be expressed in terms of the M&bius function of P.

Theorem 2.2. If ¢l is a closure operator on a poset P then for all ¢ < b in P,

pp(a,b) ifa,be P

Z /J'P(a‘a .%') =
a<z<b 0 otherwise

z=b

A coclosure operator on P is a closure operator on the dual poset, P*. It’s also denoted by

x +— . This gives a dual version of the closure theorem, referred to as the coclosure theorem.

Theorem 2.3. If ¢l is a coclosure operator on a poset P then for all ¢ < b in P,

pp(a,b) ifa,be P

Z ,UP(x? b) =
a<z<b 0 otherwise

T=a

The following generalization of a closure operator allows us to compare the Mobius functions

of two different locally finite posets.



Definition 2.2. Let P and @ be two locally finite posets. A Galois connection between P

and (@ is a pair of maps

each given by x +— T such that
1. Both f and g are order-reversing. That is, if z < y then Z > ¢, and
2. Forallz € Pand forally € Q, z <z and y < y.

Note that both gf: P — P and fg: @ — Q define closure operators given by x — Z. Again,
we write P and @ for the subposets of closed elements. As it turns out, P is anti-isomorphic

to Q. This leads to the following useful result, also due to Rota [57].

Theorem 2.4. Let P and @ be finite posets related by a Galois connection as above. Let
a € Pandbe Q. Then

pp(a,b) = pg(b,a) ifae PbeQ
Z MP(a7 l’) = Z /J'Q(ba y) =
zeP ye 0 otherwise
z=b y=a
2.1.2 Partitions, Compositions, Etc.
For positive integers m and n, we let [m,n] = {m,m+1,...,m+n}, and [n] = [1,n]. Given

two sets A and B, we denote by A U B their disjoint union. Likewise, given sets Ai,..., Ay,
we write ﬁ A; for their disjoint union.

Givenizlﬁnite set S, we let II(.S) denote the lattice of partitions of S, ordered by refinement:
o < 7 means that each block B € ¢ is contained in some block C' € 7. Let 0 denote the minimal
element {{z}: x € S}, and let 1 denote the maximum element, {S}. Write II(n) for II([n]),
and for any o € II(.9), let |o| denote the number of blocks in o.

Write P(S) for the Boolean algebra of subsets of S ordered by containment and let P (S) =

{A C S: |Al = k}. It’s well-known [64] that the Mobius functions for P(S) and II(S) are

10



given by

s (0,T)

pnes) (0,0) = (=117 (o = 1)!

(=TT and

A set composition is a partition with a linear order on the blocks. For a finite set 5, let
¥(S) denote the collection of all set compositions on S and as with partitions, write X(n) =
Z([n]) We denote by Bji|---|By the set composition with blocks By, ..., B, and linear order
By < By <--- < By.

A word (of length n) on a set A is a sequence a; - - - a,, with each a; € A. We call A the
alphabet and denote by A* the set of all words on A. Let N ={0,1,2,...} denote the natural
numbers and write Ny = N\ {0} for the positive natural numbers. An integer composition is
a word on N;. For any integer composition ¢ = ¢; - - - ¢, we write |c| = k for the length of ¢
and ¢ F n to denote that ¢; +--- + ¢, = n.

A word aj - - a, without repeats is a linear order on the set {ai,...,a,}. We denote a
permutation o € S, by o(1)---0o(n). Hence, every permutation o € S,, gives rise to a linear

order o(1)---o(n) on [n]. Given a word w = a; - - - a, on a linearly ordered alphabet A, we let

Des(w) ={ke€[n—1]: ap > ary1}

denote the descent set of w. Likewise, we let

GDes(w) ={k € [n—1]: a; > a;41 for all i > k}

Inv(w) = {(4,j) € [n—1] x [n] : i < j and a; > a;}

denote the global descent set and inversion set of w. If o(1)---o(n) is the linear order asso-
ciated to the permutation o € S, then we recover the usual definition of the descent, global
descent, and inversion sets of a permutation.

There is a bijection between integer compositions ¢ = ¢; - - - ¢, F n and subsets of [n — 1]
given by D(c) = {c1,c1+co,...,c1+--+ck—1}. In fact, this bijection allows us to identify the

Boolean algebra of [n — 1] with the poset of integer compositions of n ordered by refinement.

11



Let u = uy---u, and v = v1---v, be words on A. We write Sh(u,v) for the set of
(u,v)-shuffles, which is defined to be the set of words obtained by rearranging the letters
UL, ..., Up, V1, ..,V such that each u; appears before u;1 and each v; appears before vji1.

For example,

Sh(cat, me) = {catme, camet, cmeat, mecat, camte, cmaet, mceat, cmate, mcaet, meate}

For permutations ¢ € S, and 7 € S;, we say that m € Sy, is a (o, 7)-shuffle if the word
m(1)---7m(p + q) is a shuffle of the words o(1)---o(p) and (7(1) + p)--- (7(¢) + p). In other
words, a (o, 7)-shuffle is obtained by shifting the word 7(1)---7(q) up by p and then shuffling

it with the word o(1)---o(p). As an example,

Sh(132,12) = {13245, 13425, 13452, 14325, 14352, 14532, 41325, 41352, 41532, 45132}

We say that a word w of length p + ¢ is a (p, q)-shuffle if w is a (u, v)-shuffle for some words
u and v of lengths p and g, respectively. Likewise, a permutation 7 € Sy, is a (p, ¢)-shuffle if

7 is a (o, 7)-shuffle for permutations o € S, and 7 € S,,.

2.2 Algebra

2.2.1 Graded Hopf Algebras

Let R be a commutative, unital ring of characteristic 0, and for any set S, let RS denote the

free R-module on S. Let C = (C,d,¢) be an R-coalgebra with coproduct and counit

6:C—-CxC and e:C—=R

c— Y. c1®c c—e(c)

We say that C is cocommutative if § = 709 where 7: C ® C — C ® C is the twist map,
T(c®d) =d®ec.
The set of group-like elements of C is G(C) = {g € C': §(9) = g ® g}. Note that G(C) is

a subset of C' and not a submodule of C' as the following well-known result indicates.
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Proposition 2.5 (§1.3 of [43]). The set G(C) is linearly independent.

Proof. Suppose we have a distinct g, g1, 92, ..., gn € G(C) with n minimal such that

n
9= Z ;i gi
i=1

where a; € R. Note that by the minimality of n, every a; # 0.

If n =1 then g = a1g9;, which implies that

1 =¢e(g) =e(a191) = me(g1) = a

Thus, g1 = g, a contradiction since we assumed g and g; were distinct group-likes.

Assume now that n > 1. Then, we have

g©g=40(9) =39 (Z%%)
k=1

That is,

n n
Y a0 ©g; =Y argr ® gi
ij—1 k=1

But by the minimality of n, {g1,...,gn} is linearly independent in C' and so {g; ® gj}1<i <. is
linearly independent in C'® C. Hence, a;a; = 0 whenever i # j, which implies that at most

one a; # 0. But we already dealt with the case where exactly one a; # 0. O

For any g, h € G(C), the submodule of g, h-primitives of C'is P, ,(C) = {x € C : §(z) = z®
g+h®z}. In particular, let P(C) = P, ,(C) denote the 1, 1-primitives, which we refer to simply
as primitive elements. Let P!, (C) be defined by P, ,(C') = R(g—h)® P, ,(C) and observe that
P(C) = P'(C). A subcoalgebra of C is simple if it contains no nonzero proper subcoalgebras.
The coradical of C, denoted Corad(C), is the direct sum of all simple subcoalgebras of C.
Note that RG(C) C Corad(C). We say that C is pointed if RG(C) = Corad(C) and we say
that C' is connected if RG(C) = Corad(C) = R1 where 1 is the unique group-like. All of the

coalgebras we deal with will be pointed, and indeed most of them will be connected.
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By the coassociativity of §, there is only one map 6": C' — C®"*1 given recursively by
80 =1, ot =, and "= (f@ I hHnt
Let Cy = Corad(C') and for each n > 1 define
Crn=6(C®Cy1+CoaC)

In other words, C), contains all x € C' such that for each term of

at least one z; € Cp. It’s not difficult to see (Theorem 5.2.2 of [43]) that
L.GycCr -

2.C:UC'nand

n>0

3.0(C)C > CivC
i+j=n

That is, the C,, define a coalgebra filtration of C' known as the coradical filtration. The following

Theorem is well-known.

Theorem 2.6 (Taft, Wilson [66]). Let C' be a pointed coalgebra. Then,

L Ci=RGC)a | P PO
g,heG(C)

2. Forany n > 1 and for any z € C),, = = Z x,, where 0(x,,) = ¢, , Rg+h®@z, ,+w
g,h€G(C)
for some w € C),_1 ® C,_1.

In particular, this means that for a connected coalgebra, C1 = R1 & P(C).

Let Oy = kere and define the map 6: C, — C ® C by

d(x) = Z Ty ®g+h®a,,+0(x)
g,heG(C)
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for all x € Cy. Then, alternatively we can define the coradical filtration recursively by

Co = RG(C)

Co={zeC:=x)cCh1®Cyh 1}
Let B = (B, u,n,0,¢) be an R-bialgebra with product and unit

uw:B®B—B and n:R— 0B

a®b—a-b Ir—1=1p

and coproduct ¢ and counit ¢ defined as above. Recall that the module End(B) of all R-linear

maps f: B — B is an algebra with convolution product given by

fxg=np(f®g)d

The unit in this algebra is ne and not the identity map I: B — B as one might expect. In
fact, I may not have a convolution inverse. In the event that it does, we call this map the
antipode, X, and we say that B is a Hopf algebra.

We say that B is conilpotent if for any € B, there exists some n > 1 such that 6" (z) = 0.
In that case, the antipode must exist and it’s given by the following well-known formula due

to Takeuchi [67]:
X =Y (—1)mtunsn (2.1)

n>0
Note that if B is a pointed bialgebra and G(B) is finite then by Theorem 2.6, B is conilpo-
tent. Hence, every connected bialgebra is a connected Hopf algebra with antipode given by
Takeuchi’s formula (2.1).
An algebra A = P, A is graded if

AZ‘AJ‘ - Ai+j and 1€ Ag
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A coalgebra C = P, Cy, is graded if

5(Cn) € > Ci®C;j and &(Cy)=0foralln>1
i+j=n
A bialgebra B is graded if it’s graded as a coalgebra and as an algebra. An element x € B,, is
said to be homogeneous of degree n and we write deg(z) = n. As several examples in the sequel
will demonstrate, a single bialgebra can give rise to many possible gradings. So as to avoid
confusion, we will work in the category of graded bialgebras. That is, when we say that B is
a graded bialgebra, we mean not only that it admits a bialgebra grading but that a specific

grading has been chosen.

Example 2.1. Let V be an R-module. The tensor algebra on V is the R-module

TV)=Eve"
n>0
with the convention that V0 = R. We write v - - - v, for an element v; ® - - - ® v, € V" and
think of it as a word on the alphabet V. Then 7 (V') is the free algebra on V' with product given
by concatenation of words and unit 1z € V. Moreover, it’s a bialgebra with the coproduct
defined recursively by 6(v) = v® 14+ 1® v for any v € V, and 6(vy ---vg) = d(v1)---I(vn)
for any vy ---v, € VO". For any word v = vy ---v, € V&, the coproduct can be described

explicitly by the formula

d(v1+vp) = Z vy ® Vg

AUB=[n]
whereby v, = v, ---v;, for A = {iy < --- <4} C [n]. This is sometimes called the shuffle
coproduct because it’s given by summing over all ways of separating the word vy - - - v, into two
words such that the letters in each new word appear in their original order. The counit for
this bialgebra is simply the projection onto R.

If V is a graded R-module then 7 (V) is graded as a Hopf algebra whereby deg(vy - - v,) =
deg(v1) + -+ - + deg(vy,) for any sequence of v;, each of homogeneous degree. Alternatively,

T (V) is graded as a Hopf algebra with 7(V),, = V&".
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Example 2.2. A related construction is the shuffle Hopf algebra, TV (V), which has the same
underlying R-module as 7 (V) but a different product and coproduct. In particular, 7 (V)

has the deconcatenation coproduct given by
n
6(1)1...@”) :Zvl...vi®vi+1...vn
i=0

for all vq - --v, € V®" and the shuffle product,

u-v= E w

weSh(u,v)

Again, the unit is 1z € V®9; the counit is the projection onto R, and 7 (V) admits the same
two gradings as in the previous example. This Hopf algebra is the cofree connected coalgebra
on V meaning that for any graded, connected coalgebra C and for any linear map ¢: C — V,

there exists a unique coalgebra map g/g : H — TV(V) such that the following diagram commutes

p1 C

v
where p, is the projection onto V. In particular, g/b\(c) = ¢®F§E1(¢c).
Example 2.3. The symmetric group S, acts on V" on the left by permuting the labels of

the letters in a word. l.e.

O DU Un = VUsa) """ VUs(n)

We write (V®”) for the quotient of V®™ modulo the submodule spanned by {v—0c > v: o €

S
S, and v € V®"} and let the symmetric algebra on V be

SV)=P (V¥ ,

n>0

the free commutative algebra on V. The product, coproduct, unit, and counit are defined the

same as for T (V) except that now the v € V' commute with one another.
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Likewise, we may define the symmetric analogue of the shuffle Hopf algebra, which we de-
note by SY(V). Both (V) and §Y (V) admit the same two gradings as their non-commutative
counterparts. The algebra S(V) is the free commutative algebra and SV (V) is the cofree co-
commutative connected coalgebra, meaning it satisfies a similar universal property to the one

described above for TV (V).

Example 2.4. Let L be a Lie algebra and let 7 (L) be the tensor algebra on L from Example 2.1.
Let J be the Hopf ideal generated by all t @ y —y®@x — [z, y| for all x,y € L. The universal en-

veloping algebra of L is the graded, connected, cocommutative Hopf algebra, U(L) = T(V)/J.

The Poincaré-Birkhoff-Witt Theorem states that for any Lie algebra, L, SV (L) = U(L)
as modules. A stronger version of this result due to Quillen states that SY(L) = U(L)
as coalgebras (Appendix B of [52].) Let Lie denote the category of R-Lie algebras and let
ConnCocommHopf denote the category of connected, cocommutative R-Hopf algebas. Ev-
ery Hopf algebra H is a Lie algebra with bracket operation [z,y] = zy — yx for all z,y € H.

The primitive elements P(H) form a subLie algebra. Thus, we have a functor
U: Lie - ConnCocommHopf, H— P(H)
Likewise, we have a functor
P: ConnCocommHopf — Lie, L—U(L)

The Cartier-Milnor-Moore Theorem states that these two functors define an equivalence of
categories or said otherwise, H = U (P(H)) as Hopf algebras [13,42]. We state this theorem and
the Poincaré-Birkhoff-Witt Theorem in the following combined form due to Loday (Theorem
4.1.3 of [32].)

Theorem 2.7 (CMM+PBW). For any cocommutative Hopf algebra, H, the following are

equivalent:
1. H is connected,
2. There is an isomorphism of bialgebras H = U (P(H)),
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3. There is an isomorphism of connected coalgebras H = SY(P(H)).

Since Theorem 2.7 says that the entire structure of H can be recovered from P(H), it
would be useful to know some projections from H onto its primitive elements. We present here

the two most common of these maps, which are known collectively as primitive idempotents.

Proposition 2.8. Let (H,pu,n,d,¢) be a connected, cocommutative R-Hopf algebra and let
J = I — ne. Then, the Fulerian idempotent

1 J*TL

n

E=logl =) (-1)

n>1
satisfies: 1. im E = P(H) and 2. E(p) = p for all p € P(H). [30]

Likewise, in any graded, connected, cocommutative Hopf algebra the Dynkin idempotent is
defined to be the map L = X x D where D(z) = nx for all z € H,, and X is the antipode from

equation (2.1). Given z1,...,z; € H, let

1D () = 1
1(2)(1:1,:(:2) = [z1,22]
B @y, xy) = [ Dy, xper), @] = ([ [z, 2], 23], . - ], 28]

A proof of the following result is given in [47].
Proposition 2.9. The map L satisfies:

1. im L = P(H)

2. L(p) = D(p) for all p e P(H) and

3. For any p1,...,px € P(H), L(p1, ..., px) = deg(p1) - 1™ (py, ..., pp).

Note that in general, the Dynkin idempotent is a quasi-idempotent and not an idempotent
map. That is, L(p) is a scalar multiple of p for all p € P(H). If T(V) is graded by T(V),, = V&
then L(v) = D(v) = v for all v € V and the Dynkin idempotent is given by taking left Lie-

bracketings of words in V. It was in this setting that the Dynkin idempotent was originally
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defined, and so we refer to this as the classic Dynkin idempotent. There is an analogous right-
handed version of the Dynkin idempotent given by R = D x X. In the classic setting, this

reduces to right Lie-bracketings of words in V.

2.2.2 Dendriform, ¢-Tridendriform, and Quadri Algebras

Recently, a number of algebras have come under study where the associative product decom-
poses into two, three, four, and sometimes as many as seven non-associative products. We

describe these algebras in this section and review a few of their basic properties.

Definition 2.3 (see [31]). A dendriform algebra (A4, <, >) is an R-module A together with

two binary operations

p<:Ap @ Ay — Ay p-: Ap ® Ay — Ay

a®@b—a=<b a®@b—a>=b

such that for all a,b,c € A, the following relations hold

(a<b)<c = a<(b<c+b>c)
(a=b)<c = a=(b=<c)
(a<b+a>=b)>c = a=(b>c)

The product a-b=a < b+ a = b makes (Ay,-) a non-unital, associative algebra. Hence,
dendriform algebras are associative algebras whose products decompose nicely into two non-

associative products.

Definition 2.4. A Zinbiel algebra (A4, <) is an R-module A, together with a binary operation

= Ay ® Ay — Ay, a®b— a < bsuch that for all a,b,c € Ay,

(a<b)<c=a<(b=<c)+a<(c<b)

Alternatively, a Zinbiel algebra is a dendriform algebra in which p. = pu< o7. In that case,

the product a-b=a < b+ a > b makes A, a commutative, non-unital associative algebra.
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Let A4 be a dendriform algebra and let A = AL @ R. For all a € Ay, define

a<1l=a=1>=a and 1<a=0=a>1

Note that 1 < 1 and 1 > 1 are not defined. If we define 1-1 = 1 then (A,-,1) is a unital,

associative algebra. In the sequel, we are concerned primarily with the dual construction.

Definition 2.5 (see [18]). A codendriform coalgebra (Cy,6<,06. ) is an R-module Cy together

with cooperations

5.<ZC+—>C+®C+ S>_20+—>C+®C+

=Yg oG  s)=Ydedg

such that for all ¢ € C, the following relations hold

(O<®D)o<(a) = (I@ix+I®0.)0<(a)
(0 @ No<(a) = (I®0d<)0x(a)
(I®icx+I1®56.)0. = (I®3,)0(a)

The coproduct 6 = 64 + d. makes (C.,8) a non-counital, coassociative coalgebra. Let

C =C, @R and for all ¢ € C define

d<(c)=d<x(c)+c®1 Ov(c) =ds(c)+1®c

Then, § = 65 + - makes C' a connected coalgebra with coproduct 6. Note that d<(1) and

s (1) are not defined.

Definition 2.6. We say that a codendriform coalgebra (C,d<,ds ) is a coZinbiel coalgebra if

5}27'054.

As with Zinbiel algebras, a coZinbiel coalgebra is a non-counital cocommutative coassocia-
tive coalgebra with coproduct § = 6 + 6.

Given (unital) algebras, A and B, the tensor product A ® B contains isomorphic copies of
A= A®1and B =2 1® B. On the other hand, given non-unital algebras A, and By, the

tensor product A ® B, does not contain isomorphic copies of Ay and B,. Thus, we extend
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our tensor product to
Ar®By = (AL ®@By) ® (A+ ®R) @ (R® By)
If A, and B, are dendriform algebras then we can give A, ® By a dendriform algebra structure
in one of two ways. For all a,a’ € Ay, b,b' € By, either
1. (a®b) < (d®@V)=a<d @b-b and (a®b) > (d@b)=a=d @b-V or
2. (a®b) < (d@V)=a-d@b=<V and (a®b) > (d/ @V)=a-ad @b>V

In the first case, we call Ay @B the left tensor product of A, and B and in the second case,

we call it the right tensor product.

Definition 2.7 (see [18]). A (left) dendriform bialgebra (B, <,>,d) is a non-counital coal-

gebra (B4,0) and a dendriform algebra (B, <, =) such that for all a,b € By,

5(a<b):Z(a1<bl®a2b2—|—a1®a2b—|—a1<b®a2+b1®a<b2)+a®b

5(a>b):Z(a1>—b1®a2b2+b1®ab2+a1>—b®a2+a>-b1®b2)+b®a

These are precisely the conditions necessary to make (Bj,u,d) a non-unital bialgebra
if By®B4 is given the left tensor product structure. However, we note that a non-unital
bialgebra satisfies a different compatibility condition from the usual unital one. That is, if we

write (c) =Y. c1 ®ca+¢c®1+1® c then

5(0)3(d) =) (1 ®cr+c®1+1Rc)(d @dy+d® 1+ 1®d)
=Y adi®cdy+c1d®cy+ 1 @cpd+edi @dy+ed®1+c®d

+di®Rcdy+dR®c+1Rcd
And similarly

S(ed) = c1dy @ cady +cd®1+1® cd
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Eliminating all the terms that contain a 1, this expression becomes
chd1®02d2 = chd1®62d2+Cld®62+61®ng—|—cd1®d2+c®d—|—d1 ®cdo+d®c

If we augment By and B;®By with a unit element as above then these compatibility

conditions say that
d(a=<0b)=20d(a) <d(b) and d(a>b)=4d(a) > d(b)

where again B ® B has the left tensor product structure. A (right) dendriform bialgebra is
defined analogously only B;®B. is given the right tensor product structure. In general, B is
a right dendriform bialgebra if and only if B°P is a left dendriform bialgebra. We will also be

interested in the dual construction.

Definition 2.8. A (left) codendriform bialgebra (B, p, d<,0s ) is a non-unital algebra (B, 1)

and a codendriform coalgebra (B, ,d~,d. ) such that for all a,b € B,

6-(a-b) = (afbi ®a5by + b ®aby +afb@d; + a7 ®a;b) +b®a

3<(a-b):Z(afb1®a;b2+ab1®b2+afb®a§+af®a;b)—I—a®b

These are precisely the conditions necessary to make B = B, @& R a connected bialgebra

such that for all a,b € B,

5u(a-b) = d1(a)-5(b)  do(a-b) =6 (a)- 3(b)

A (right) codendriform bialgebra is defined analogously and one can likewise define left and
right coZinbiel bialgebras as well as bidendriform bialgebras, which are both a codendriform

coalgebra and a dendriform bialgebra with the necessary compatibility conditions [18].
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Let C+ be a codendriform coalgebra. We define

P.(C) =kerdos={ceC: éi(c)=c®1} the left primitives
P.(C) =kerd. ={ceC: 6 (c)=1®c} the right primitives
P (C) =Pi(C)NP_(C) the total primitives

Note P,(C') C P(C) and for a coZinbiel coalgebra, P,(C) = P<(C) = P_(C).

We recursively define

P0) ={I}

P(1) = {5<75>}

In other words, P(n) is the collection of all maps p: C; — Cf(nﬂ) given by composing copies
of 5.< and S}.

Now, we define the total coradical filtration of C' by
Crl={xeCy: p(x)=0forall pe P(n)}

As with the regular coradical filtration, C5* C Cf* C -+ -, and U Cr=0C,.

n>0
If C is coZinbiel then we can alternatively define the total coradical filtration as follows.

Let

%=1, 6§Y=b,, and 0" =(bi@I2C D)5t

and define C; recursively by Oy = {0} and C; = 65'(Cy—1 ® C4) where C,,—1 denotes the
n — 1 component of the regular coradical filtration. In this case, the total coradical filtration
is a special case of the socle filtration of the C-comodule, C [45].

A tridendriform algebra is one in which the product decomposes into three products, <,
>—, and A [33]. One can define cotridendriform coalgebras, tridendriform bialgebras, and

cotridendriform bialgebras much as we did for dendriform algebras. We cut right to the chase
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and define a generalization of this construction due to Emily Burgunder and Maria Ronco [12].

Definition 2.9. A ¢-cotridendriform coalgebra is an R-module C together with three co-

operations, d, ., 0. : C — C ® C satisfying

(6 ®1)ds = (I®)d< (2.2)
(0~ ® 1)o< = (I ®6<)0- (2.3)

(6® 16y = (I ®6,)5, (2.4)
(O @1y = (I ® )0 (2.5)
(0 @ I)o = (I ® 6,)0- (2.6)
(02 ®1)d = (I ® 6,0, (2.7)
(6. @ o< = (I®62)8, (2.8)

where § = 0~ + d» + @I

In their paper, Burgunder and Ronco actually work with g-tridendriform algebras, but
their construction is just dual to this one. When g = 0, C is a codendriform coalgebra, and
when ¢ = 1, it’s a cotridendriform coalgebra. Axioms (2.2)-(2.4) are the codendriform axioms

and axiom (2.5) says that d, is coassociative. We say that C' is ¢-cotriZinbiel if 5 = 7 0 0.

Definition 2.10. A left g-cotridendriform bialgebra (B, p,0<,d.,0s.) is a unital associative

algebra (B, u) and a g-cotridendriform coalgebra (B, d<, d,, s ) such that for any a,b € B,

6.(a-b)=3:(a)-0(b),  O.(a-b) =5(a)-0(b), and G, (a-b) =0, (a)- 5(b)

Finally, a quadri-algebra is like a dendriform algebra only the product decomposes into

four non-associative products rather than two [1]. More specifically,

Definition 2.11. A quadri-algebra (Q,\,, /,\,v’) is an R-module @ together with four

binary operations N\, N, : Q ® Q — Q satisfying the axioms 2.9 below. In order to state
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these axioms concisely, we define the following operations:

r=y=z/y+r\yY
r<y=zNy+zx, Yy
rYy=xz N\ y+z., Y

rAy=x fy+rNy

and

rvy=v/Sy+z Syt Ny+r Sy

=x>-ytr<y=xzYyt+zrAiy

The axioms are

TNy Nz=2zN(y-2) (@ /yYyNz=z (y<z) (rry)  z=z/(y>2)
/) Nz=z/(yrz) @\ Nz=2z\W\Nz) @Yy tz=0\(y "2)

=<y z=2,/(yYz) (@ry) 2=\ W2 @y \z=2\(y\?2)
(2.9)

We refer to these operations \,, N\, and /" as southeast, northeast, northwest and southwest,
respectively. The three column sums of the axioms demonstrate that (@, <, >=) is a dendriform
algebra which we refer to as the associated horizontal dendriform algebra. Likewise, the three
row sums of the axioms demonstrate that (Q, Y, A) is a dendriform algebra which we refer to
as the associated vertical dendriform algebra. We say that @ is commutative if x \ y =y \ =
and x Sy =1y, xforall x,y € Q. If Q is commutative then the associated horizontal and
vertical dendriform algebras are Zinbiel. Coquadri-coalgebras and cocommutative coquadri-
coalgebras are defined analogously.

Many of the algebraic structures we’ve discussed so far have a more refined notion of
commutativity. Zinbiel algebras are a commutative version of dendriform algebras, and ¢-
triZinbiel algebras are a commutative version of g-tridendriform algebras. When it comes to
quadri-algebras, we actually use the word commutative to refer to this more refined version

of commutativity. Unfortunately, this can be confusing because it’s possible to have a quadri-
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algebra which is commutative as an algebra but not as a quadri-algebra. For consistency, we will
use the traditional terminology throughout this paper, but we propose the following alternative
for future works. A Zinbiel algebra should be called a 2-commutative dendriform algebra; a
commutative quadri-algebra should be referred to as a 4-commutative quadri-algebra, and
commutative algebras should be called 1-commutative algebras. Commutativity of higher
degree then implies commutativity of lower degree, but not the other way around.

The g-tridendriform algebras generalize dendriform algebras and come equipped with 3
operations satisfying 7 relations. There is actually an analogous generalization of quadri-
algebras called g-ennea algebras. They come equipped with 3?2 = 9 operations and satisfy
72 = 49 relations [27]. We will not explicity give their definition here, but they will come up

briefly in Section 4.3.1.

27



Chapter 3

Graph Hopf Algebras

In this chapter we describe a coalgebra and two Hopf algebras of graphs. All of the major results
in this chapter are new. Section 3.1 deals with the coalgebra C'. We define it in 3.1.1, describe
some basic properties of its primitive elements in 3.1.2, and using two different partial orders,
give two bases for its primitives in 3.1.3. In section Section 3.2 we describe the commutative
Hopf algebra H of (isomorphism classes of) graphs and show how its primitive elements are
related to those of C. In 3.3.1 we define the coZinbiel Hopf algebra of graphs H and in 3.3.2
we use the fact that H is coZinbiel to define endomorphisms «a; and ;8 on H. We prove that
a1 projects onto the primitive elements, 15 onto the total primitive elements, and that these
maps are intricately related to the well-known Dynkin idempotent. In fact, we show that the
map 1/ gives us a basis for the free Lie algebra P(H). Finally, at the end of this section we

prove that both 13 and «; map to the Eulerian idempotent in H when we project H onto H.

3.1 The Coalgebra of Graphs

3.1.1 Definition and Basic Properties

Let G = (V, E) denote a (simple) graph with finite vertex set V = V(G) and edge set £ =
E(G) C Py(V). For graphs G and H with disjoint vertex sets, we define G U H and G * H as
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follows:

VGUH)=V(GxH)=V(G)UV(H)
E(GUH)=E(G)UEH) and

E(GxH)=EG)UEMH)U{{u,v}: ueV(G)and ve V(H)}
For U C V(G) and S C E(G), the subgraphs G|U and G|S are determined by

V(GIU)=U E(G|U) = E(G) N Pa(U)
V(G|S) = V(G) E(G|S) =S

The graph G|U is the vertex-induced subgraph of G on U and is often denoted in the literature
by G[U].
Given o € II(V(G)), the graph G|o = ||, G|B. In other words, Glo is the graph on

V(QG) containing only those edges of E(G) with both endpoints in the same block of o. Let
T ={V(C): C is a connected component of G} € II(V(G))

and note that G = G|mg.

Let U be the set of all finite subsets of some fixed infinite set and let G denote the set of
all graphs G with V(G) € U. Write 1 for the empty graph, which is given by V(1) = (). Let
Gr=G\land Gy ={G € G: V(G) = U}. Likewise, let G. denote the subset of all connected
graphs in G, and let G = G \ G.. The free R-module C' = RG is a coalgebra with coproduct
given by

5(G)= > GlA®G|B
AUB=V(G)

and counit € given by the Kronecker delta dg 1. We call C' the coalgebra of graphs and note
that C is cocommutative, and connected since 1 is the unique group-like element of C. Note,

this construction will work for any family of graphs G closed under restriction.
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The coalgebra C' is U-graded in the sense that we have the direct sum decomposition

c=cy

veu

where Cy = RGy. Moreover,

Cp ifU=10
5(Cy)C Y Ca®Cp and £(Cy)=
AUB=U {0} otherwise
Another way to say this is that
dopy = Z (Pa®pp)od (3.1)

AUB=U

where py is the canonical projection onto the homogeneous component Crr. Each Cyr is finite
dimensional so the U-graded coalgebra is locally finite.

We define a pairing (_, ) on C by setting (G1,G2) equal to the Kronecker delta d¢, .-
Then, C* is an algebra with product defined by the equation (G - G2, G') = (G1 ® G2,5(G"))
for all G1,G2, G’ € G and unit element ¢.

Let Ky be the complete graph on vertex set U, and give Gy the partial order: Gy < Go if
and only if E(G1) C E(Gz). Let Sub(G) = {H € Gy : H < G} and observe that Sub(G) =
P(E(G)), and Gy = Sub(Ky) = P(E(Ky)).

Proposition 3.1. In the algebra C*, the product of graphs G1 and G with V(G1)NV (G2) =0
is given by

Gi -Gy = Z H
G1UGo<H<G1*G2

If V(G,) and V(G2) are not disjoint then G - G2 = 0.

Proof. Let G1,Go, H be graphs in G. Observe that

Gi-Gy= Y (Gi-Gy H)H
Heg

= E (G1® Go,0(H))H
Heg
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If V(G1) and V(G2) are not disjoint then the latter sum is empty and thus G; - G2 = 0.
Otherwise,

(G1®Ga,6(H))y= > (G1,H|A)G,, H|B)
AUB=V (H)

Each term (G1, H|A)(G2, H|B) = 1 whenever G1 UGy < H < G1 * Gy and is 0 otherwise. [

3.1.2 Primitives in the Coalgebra of Graphs

Proposition 3.2. The space of primitive elements, P(C), respects the U-grading. That is,
P(C)y = P(C)NCy

for all U € U.

Proof. For any U € U, we have P(C) N Cy = py(P(C)NCy) € P(C)y. On the other hand,

if € P(C)y then x = py(y) for some y € P(C). Hence, by Equation 3.1,

S(x)= > (pa®ps)d(y)

AuUuB=U

= Z (pa(y) ®@ps(1) +pa(l) @ ps(y))

AUB=U

But p4(1) = 0 unless A = (). Thus,
(x)=ps(y) @1 +10py(y) =z@1+10x

Hence, P(C)y € P(C)N Cy. O

Let C7 be the ideal in C* given by C7 = {z € C*: (z,1) = 0}. Note that C7} has
basis G4, and the ideal (01)2 of C* is spanned by the set of all products G; - G2 such that
G1,G2 € G4. For any subset X C C, define X+ = {y € C: (x,y) = 0forallz € X}. The

following proposition is a standard result about coalgebras.
Proposition 3.3. The subspace of primitive elements of C'is given by P(C') = C:N [(01)2] +

Proof. An element x € C belongs to P(C) if and only if e(z) = 0 and §(x) = 0. That is, if and

only if x € C and (G1 ® Go,d(x)) = 0 for all G1,G2 € G+. But for nonempty G and Go we
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have:

<G1 ® G2,5($)> = <G1 ® G2,5($)> = <G1 . GQ,I’)
Thus, (G1 - Ga,8(x)) = 0 for all Gy, G € Gy if and only if z € [(C)2]". 0

Corollary 3.4. For all U € U,

P(C)y = ([(C)Hy)"

Equivalently, P(C)y is the set of all x € Cy such that (G- Ga,x) = 0 for all nonempty graphs
Gl and G2 with V(Gl) (] V(Gz) =U.

Proposition 3.5. The inequality dim P(C)y < |(G.)u| holds for all U € U.

Proof. Define a map ¢: R{(Ga)u} — (C%)? as follows. If G is a graph with V(G) = U and
connected components Gy, ..., Gy then let «(G) = Gy --- Gy € C*. Clearly, im: C [(C’i)Q]U
By Proposition 3.1, «(G) equals G plus graphs that are greater than G in Sub(Ky). Thus, ¢ is

an injection and so |(Gg)u| < dim [(C%)?] y- Hence, by Corollary 3.4,

dim P(C)y = dim ([(C5)?] )"
=|Gu| - dim [(C})?],
< |Gul = [(Ga)u]
~ (Gl -

In the next subsection, we show that this inequality is in fact an equality.

3.1.3 Three Bases for the Primitives
We now describe a well-known Galois connection between P(E) and II(V'). Define f: P(E) —
(V) by

f(S) = mqs = partition of V' into connected components of G|S

and define g: II(V) — P(E) by g(0) = E(G|o). Then, f and g define a Galois connection,

f

g

P(E) vy
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The map gf is a closure operator on P(F) and fg is a coclosure operator on II(V). The

poset of closed elements is known as the lattice of contractions of G and denoted by II.(G) =

II(V) = P(E). In particular,

S =gf(5) = E(Glmas)

so S is obtained from S by adding any edges that do not decrease the number of components

of G|S. Likewise,

Qll

= fg(o) = TGlo

so 0 is obtained from o by splitting each block B € ¢ into connected components of G|B. For

example, let S = {1,4,5} and consider the graph

Then, S = f(S) = {{a,b},{c,d,e}} and S = {1,4,5,6}.

We've already observed that as posets Gy = Sub(Ky) = P(E(Ky)) and for any G € Gy,
P(E(G)) = Sub(G). By the Galois connection above, I1.(G) = II(V) = P(E). We also have
an order preserving map II(V) — II.(G), m — G|m, but it’s not injective. Hence, we have the

following commutative diagram:

1R

P(E) Sub(G)
o|ls PE) 2TV) ——— 11(G)

When we want to stress that we are dealing with subsets of E(G) rather than graphs, we

will write P(E) and P(F) rather than Sub(G) and II.(G), respectively. Now, we introduce
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three linear transformations P, @, R: C' — C, given respectively by

G Po= Y pw(S E)G|S

SeP(E)
G Qo= Y pnw(m{V}HGlx
Tell(V)
G~ Rg = Z pinn (e (0, 1) Gl
Tell.(G)

Since P(F) = Sub(G) we have an injective map P(E) — Sub(G), S — G|S, and so by

Mébius inversion, {Pg : G € G} is a basis for C. Moreover,
Proposition 3.6. If G is connected then Pg € P(C).

Proof. For each U C V(G), let cly: P(Ky) — P(Ky) be the coclosure map given by G +—
G|{U,U} where U is the complement of U in V(G). Let G1,G2 € G with V] = V(G1) and V5 =
V(G2). By Proposition 3.3, it suffices to show that for any such Gy and Gs, (G1 - Ge, Pg) =0

whenever G is connected. Moreover, by Proposition 3.1,

(Gl - Gig, PG> = Z MP(E)(S7 E)
GluG2§G|S§G1*G2
= Z NP(E)(Sa E)
SCE(G)

chyy (G]S)=G1UG2

If G is connected then G does not equal G|{U,U} for any values of U except U = () and
U = V(G). But G7 and Gs are nonempty graphs so if G|{U,U} = G; U Go then U # () and
U # V(G). Hence, by the Coclosure Theorem,

(G1-Ga,Pa) = Y (S E)=0 O
SCE(G)
C[Vl(G|S):G1LJGQ

Corollary 3.7. The set {Ps : G € G.} forms a basis for P(C).
Proof. By the previous Proposition, {Pg : G € G.} is a linearly independent set of elements

in P(C). By Proposition 3.5, it also spans P(C). O
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Proposition 3.8. The map Py is an algebra map. That is,

Pe = HPH

H connected
component of G

Proof. If AUB = E then P(E) = P(A) x P(B) with the isomorphism given by S <+ (ANS, BN
S). Hence, pipg) (S, E) = ppay(S N A A)pps (SN B,B). Let Gi,...,G be the connected
components of G and let E; = E(G;) for all i = 1,..., k. Then,

P = Z ppe (S, £)G|S
SCE

= (SN ELENG|(SNEL) - (SN Ey, Ex)G|(SN Ey)

As noted before, P(E) = I1.(G), 7 <> G|m, and so by M&bius inversion, {Rg: G € G} is a

basis for C. Likewise,
Proposition 3.9. If G is connected then Rg € P(C).

Proof. Recall that II.(G) can be thought of as a subposet of both P(E) and II(V') under the
Galois connection described at the beginning of this section. Let c[; be the coclosure operator
described in the proof of Proposition 3.6. A graph H € II.(G) if and only if H = G|o for some
o € II(V). Thus, cly(H) = cly(Glo) = G|(o A{U,U}) € TI(G). Hence, cl;(Il.(G)) C I1.(G)
and so ¢l defines a coclosure operator on II.(G) as well. The result then follows by the same

argument as in of the proof of Proposition 3.6. O
Corollary 3.10. The set {Rg : G € G.} forms a basis for P(C).

Unlike Pg and R¢, the map II(V)) — Sub(G), 7 — G|7 is not injective and so {Q¢ : G € G}

is not a basis for C. However,

Proposition 3.11. If G is connected then Qg = Rg € P(C). Otherwise, Q¢ = 0.

35



Proof. Recall from the Galois connection described at the beginning of this section that for

any o € II(V), Glo = G|o and o = {V'} is closed if and only if G is connected. Hence,

Qe = Z Z pnevy (0, {VHGlo

cell(V) TEIl(V)
T=—0
But by Theorem 2.4,

paar(o,{V}) if G is connected

Y (o {V}) = O

Tell(V) 0 otherwise
T=0

Corollary 3.12. The map Q: C — C' is a projection onto P(C).

Proof. By the previous Proposition, it suffices to show that Q: C' — C is idempotent. To
see this, note that if o € II(V) and o # {V} then G|o is disconnected. Hence, by the

previous Proposition, Qg|, = 0. But then

Q*(G)=QQc)= > pmw (0 {V}Qcs =Qc O
oEIl(V)

We have now given two new bases for C, {Pg: G € G} and {Rg : G € G}, both given by
summing over an interval in a relevant poset and both of which contain as a readily identifiable
subset, a basis for P(C). Moreover, the Q¢ show that we can arrive at the basis {Rg} by
summing over an interval in yet another poset. Finally, in all three cases, the primitives arise
from the fact that the multiplication in the dual algebra is given by summing over an interval
in the relevant poset, and if G € G, then it’s not coclosed with respect to an appropriate
coclosure operator.

There is a striking resemblance here to a number of other coalgebras of in the literature
whose primitive elements can be realized in the same manner. In particular, the Malvenuto-
Reutenauer Hopf algebra of permutations [38,39] has a basis for the primitives given by sum-
ming over an interval in the weak Bruhat order on S,, [5]; the Loday-Ronco Hopf algebra
of planar binary trees [35] has a basis for the primitives given by summing over the Tamari

order [6], and Aguiar and Mahajan define a Hopf algebra of pairs of permutations and a Hopf
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algebra of “fully nested set compositions,” both of which have primitive elements realized in
this way [2]. Likewise, Aguiar and Orellana define a Hopf algebra of uniform block permuta-
tions whose primitive elements are given by summing over intervals in a poset [4], and Schmitt
and Crapo give two bases for the primitive elements in the matroid-minor coalgebra [15]. The
first of these bases is realized by summing over the rank-preserving weak order on matroids,

and the second basis is realized by summing over a subposet of this order [16].

3.2 The Commutative Hopf Algebra of Graphs

Given a graph G € G, we let e denote the isomorphism class of G and let G = {e¢ : G € G}.
Likewise, we let G. = {e¢: G € G.}, Ga =G\ G, and G, = {G € G: |[V(G)| = n}. Working
with isomorphism classes of graphs yields a coalgebra, H = RG, with coproduct, counit,
grading, and unique group-like 1 = e; defined as in C'. Furthermore, we define a multiplication
on H by letting e - ey = eguy, the isomorphism class of the disjoint union of G and H.
With this multiplication, H is a connected, commutative, cocommutative Hopf algebra, which
is graded by H, = RG,. Note, this construction will work for any family of graphs G closed
under restriction and disjoint union. Examples include disjoint unions of paths, disjoint unions
of complete graphs, planar graphs, and so on.

There is an obvious surjective coalgebra map ¥: C' — H defined on graphs by G — eg.
If C and D are coalgebras and f : C'— D is a coalgebra map then clearly f(P(C’)) C P(D).
When f is injective then the restriction, f|P(C) is obviously injective. However, when f is
surjective it is not necessarily true that f|P(C) maps surjectively onto P(D). When f has this

property, we say it is surjective on primaitives.
Proposition 3.13. The map ¥: C' — H is surjective on primitives.

Proof. As a commutative algebra, H is free on the set G. and so H = R[G.] = S(G,) as algebras.
By Theorem 2.7 3, H = S(P(H)) as coalgebras. Thus, as R-modules, S(G.) = S(P(H)) and
so there must be a bijection G, <+ P(H). Hence, dim P(H),, = dim P(C)y where |V| = n.

But it’s clear that ¥(P(C)y) C P(H)n, and so ¥(P(C)y) = P(H)y. O

Let pe = V(Pg), ¢¢ = Y(Qq), and ro = ¥(Rg). This Proposition implies that {ps : G €
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G}, {ge: G € G.}, and {re: G € G.} are bases for P(H). The second of these bases has a

familiar description in the Hopf algebra context.
Proposition 3.14. For all e; € G, ¢ = E(ec), the Eulerian idempotent on H.

Proof. Recall from Proposition 2.8 that

I
Bleg) = (-1 o)
n>1 n
=Dyt Y e
n>1 ser(vy
lo|l=n
ol— 6G|cr
- Z (=1)lol=128l
ocex(V) |J|

But H is commutative so eg, gives the same graph isomorphism class for any ordering of the

blocks in o. There are |o|! such orderings and thus we have

= > (Do

o€ell(V) |J|

= > (=D(o] - Dleg,
c€ell(V)

= Y (@ {Vear O
c€ell(V)

An n-coloring on a graph G is a map f: V(G) — [n]. If f(u) # f(v) for all adjacent
vertices u,v € V(G) then we say that f is a proper n-coloring of G. The chromatic polynomial
of G is the map Xg € R[z] given by Xg(n) = (# proper n-colorings of G). We define two

maps 0, X: H — R[z] given by

H(€G> _ .’IJ(# conn. comps. of G) _ x|7rg|

X(eq) = Xg

Note that we use the same notation to denote the antipode as we do the map G — X¢, but
these are definitely not equal. The map @ is the unique algebra map determined by e +— x for

all e € G.. In the proof of the following proposition, we use the fact that R[z] @ R[z] = R[z, 9]
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with the bijection given by x ® 1 <> x and 1 ® x < y.
Proposition 3.15. The map X is a Hopf algebra map.

Proof. Every proper n-coloring of the graph G'LI H is given by picking an n-coloring on G and

an n-coloring on H. Thus, Xgum(z) = Xg(x)Xg(x) and X is an algebra map. Likewise,

(X ®@X)d(eq) = Z X(egia) ® X(egi)

ALB=V
> Xgalr) @ Xgip(z)
ALB=V
= Y XeueeDXgp(loz) < Y Xgal@)Xgs®)
ALB=V ALB=V

On the other hand,

6X(eq) = 6X(x)

= Xa(0(x))

=Xgz®1+1®2x) < Xg(x+y) O

3.3 The CoZinbiel Hopf algebra of Graphs

In order to find bases for P(H) in Section 3.2, we had to work in the coalgebra C' where the
vertices of our graphs have labellings. Ideally, we would like to make C a Hopf algebra, but
there is no clear way to define a multiplication compatible with the coproduct. However, if we
restrict our attention to graphs with a certain type of labelling then we can describe a Hopf

algebra that lives somewhere between C' and H.

3.3.1 Definition and Basic Properties

Let U = {u1 < ug--- < u,} be a finite, linearly ordered set. Then, there exists a unique,
order-preserving bijection sty : U — [n], given by w; +— 4. Applying this map to the vertices
of any graph G with exactly n vertices produces a graph st(G) on vertex set [n] called the

standardization of G. Let shy,: [n] — [m + 1,m + n] be shift map given by sh,, (i) = m + i
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it’s the unique order-preserving bijection [m| — [m + n|. For any graph G with vertex set [n],
sh,,,(G) is the graph on vertex set [m + 1, m + n] given by applying sh,, to the vertices of G.

Let G denote the set of graphs G with V(G) = [n] for some n > 0. We define ,C’;C, Jd and §+
as before and let G, = {G € G : V(G) = [n]}. Then, H = RG is a connected, cocommutative

Hopf algebra with product and coproduct given for all G € G and G' € G, by

G-G' =Gush,(G) 6(G)= > st(G|A)®st(G|B)
AUB=[m)]
It’s graded as a Hopf algebra with H, = Rén. Most of the time, we will write the coproduct

as

3(G)= > GlAeG|B
AUB=[m]

with the understanding that the graphs are standardized.

We say that a graph G € Gn is order connected if it cannot be written as the disjoint union
of two graphs G and G, each defined on an interval of [n]. A graph is said to be order dis-
connected if its not order connected. For example, the first graph below is order disconnected,

but the second is not.

1 1
03 02
2 3
order disconnected order connected

We let G, denote the collection of order connected graphs and observe that H is the free
algebra on G,. Given a set composition By|---|By = m € %(n) and a graph G € G,, we let
G|t = (G|B1)(G|Bz2) - - - (G|Bg). Don’t forget that here G|B; means st(G|Bj) so each restric-

tion is standardized before being multiplied together. For example, the graph




restricted to 24|5[136 is

2

Now, for all 7 > 1 define
5(G) = > GlA2G|B
AUB=[m]
i€B

and let ;0 = 70 8;. Clearly, if m > i and G € G, then 8(G) = ;0(G) + 6;(G). In particular,

d =16+ 61 on Hy. and we have the following result

Proposition 3.16. Let G € G,, and G’ € G, where m,n # 0. Then,

5(G)-6(G)  if1<i<m

5(G-G =
0(G) 6i—m(G) fm+1<i<m+n
Proof.
5(G-G)= Y (G-G)A®(G-G)|B
AUB=[m+n]
i€B
= > (G-G)(An UA,) @ (G- G)|(Bm U By)

AmUBm=[m]
ApUBp=[m+1,m+n]
1€BmUBy,

- > (GlAn) - (G'[(Ay = m)) @ (G|Bw) - (G'|(By —m))
AmUBy=[m)|

ApUBp=[m+1,m+n]
1€ BmUBy

where Ay, = AN[m|, B, =BN[m], A, =AN[m+1,m+n], and B, =BN[m+1,m+n].
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If 1 <i<m then ¢ € B,, and we have

= > (GlAm) - (G'(An = m)) & (G| Bm) - (G'|(Bn — m))
AmUBy=[m|
(An—m)U(Bn—m)=[n]
ZEBm
= Y. (@X)(@1Z2)2(G)Y)- (W)
XUY=[m]
ZUW=|[n]

€Y

= 5(C) - 3(C)
On the other hand, if m+ 1 <i < m + n then i € B,, and we have

= > (GAn) - (G')(An —m)) ® (G|By) - (G'|(Bn —m))
AmUBm=[m]
(An—m)I_J(Bn—m):[n]
i—m&(Bp—m)

= 5(G) - Gi_m(G) O

Corollary 3.17. (H, u,d1) is a left coZinbiel bialgebra.

Proof. We've already observed that on Hy, § = 16 + d1, and it’s not difficult to see that
(6 ®1)6; = (I ® 61)d1. By the previous Proposition, & (G - G') = 6,(G) - 6(GQ') for all G € G,
and G/ € G. O

As before, passing to isomorphism classes of graphs produces a Hopf algebra map ®: H —
H, G — eg. If the sets in U are linearly ordered then there is also a coalgebra map ©: C — H,

G +— st(@) and we have the following commutative diagram.

e P _
C H H

N .

The map @ is surjective on primitives, but the map © is not. There are essentially more

primitive elements in H than in C. Thus, the sets {Pg: G € G.}, {Qa: G € G}, and
{Rg: G € G,} are not complete bases for P(H). To determine a basis for P(H) we take a

different approach.
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3.3.2 A Decomposition of the Dynkin Idempotent

For any ¢ > 1 and for any f,¢g € End(H), define

fixg=u(f®g)d, and  f4g=p(f®g)

It’s clear that when ¢ = 1, this makes End(H) a dendriform algebra. Using this structure we

define the following two maps for any ¢ > 1,
o = Xx; 1, and B=1xX

For any set composition 7 € ¥(S) we let 7 denote the first block of 7 and we let 77 denote the

last block. By Takeuchi’s formula (2.1) the map «; has the following formula for any G € g},,

(@)= > XGIAGB= > (-)"G|x (3.2)
AUB=[n] meX(n)
i€B ient
Similarly,
BG) = Y (-n"Gr (3.3)
meX(n)
et

Note the similarity between the definition of a; and the definition of the Dynkin idempotent

given in Section 2.2. The similarities do not stop here.
Proposition 3.18. For any ¢ > 1, o; maps into the primitives.

Proof. For any G € G,

5(ai(@) = > 5(X(G|X)) - 6(GIY)

Xuy
€Y

= > [(xex)s§@X)] - s5(dY)
=

= ). XGIAG|C®X(G|B)G|D

AUBUCUD=[n]
€CUD
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= > X(GIA)G|C @ X(G|B)G|D
AUBUCUD=[n]
ieC
+ Y. X(G|AG|C @ X(G|B)G|D
AUBUCUD=[n]
€D

= Y (G eneGIT)+ Y ne(GlS) ® ai(GIT)
SUT=[n] SUT=[n]

But ne(G|S) = 0 unless S = () and thus

Moreover, the «;’s refine the Dynkin idempotent.

Proposition 3.19. L = Z «;
i>1

Proof. Equation 3.2 says that for any G € ,C’;n,

dai@ =Y > (-)"Gx
i>1 121 TeX(n)
ient

But then each m € X(n) occurs once for every i € nf. Thus,

SailG) = 3 )G = L(G) O

i>1 rex(n)

For any Hopf algebra, H, the right adjoint action of H on itself is given by

qudy:ZX(y1>'x'92

This is a well-known action of Hopf algebras (see Section 3.4 of [43].) If p € P(H) then for
any ¢ € H, 2 <Qaqap=X(1)-x-p+ X(p) - x -1 = [z,p]. Likewise, the left adjoint action of H
on itself is defined by

yDAdxzzyl'x'X(yZ)

and again, if p € P(H) then for any x € H, p >4 x = [p, z].
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Proposition 3.20. Let G € ém and H € én Then,

ai(G) <aqg H ifi<m
ai(G-H): ( ) A

0 otherwise

Proof. Given o € S, we write s,: H®" — H®" for the map
So(21 @ @ ap) = To-1(1) & @ To-1(n)

and pul" for the unique map H®"t1 — H given by composing p with itself n times. First,

assume that ¢ < m. Then, by Proposition 3.16, é;u = (u ®@ u)(I @ 7 ® I)(; ® §) and so

;o p = p(X @ I)ip
= p(X @ I) (1 ® p)s23)(d; ® 6)
= (X0 p) ® ) s(23)(d; ® 9)
= p(p(X ® X)s(12) ® 1) (23)(0; @ 0)
= 1B(X @ X ® I ® I)s(19)5(23)(6; ® 0)

= 1B(X @ X @ I ®1)s(193)(6; ® J)

But then

a(G-H) =X @X®IeD)sqy | Y. GA®G|B® H|C® H|D

AUB=[m)|
CUD=|[n]
i€B

=¥ xexerel)| > H|IC®GA®G|BeH|D

AUB=[m]
CUD=[n]
i€eB

= ) X(H|C)-X(G|A)-G|B-H|D
AUB=[m]

CUD=|n]
1€B
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= Y X(H|C) ai(G)-H|D
CUD=[n]

— Oéz(G) qu H

On the other hand, if ¢ > m then by Proposition 3.16, d;u = (u®@ p)(I @ 7I7)(d ® d;—p,). Thus,

by a similar argument as before
ajop=pPl(X@X® T &1T)s123(0 @ 5i-m)

and so

ai(G-H) =P X@X®@Ie)sqys | Y. GA9GB® H|IC® H|D
AUB=[m]
CuUD=[n]
i—meD

=pflxexelol) | Y HIC®GA®G|B®H|D

AUB=[m]
CuD=(n]
i—meD

= ) X(H|C)-X(G|A)-G|B-H|D

AUB=[m)]

CUD=[n]

i—m€eD

= > X(H|C)-ne(G)- H|D

CUD=[m]

i—meD

=0 since G # 1. O

Corollary 3.21. For any z € H, p1,...,px € P(H),

ar(zpr - pr) = 15 (@ (2),pr, ..., i)

Now, consider the maps ;5. By a similar argument as before, we can show that
Proposition 3.22.
(a) For each ¢ > 1, ;8 maps into the primitives.
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(b) R= Z ;3 where R is the right-hand version of the Dynkin idempotent.
i>1

(c) Let G € G, G € Gy, and i > 1. Then,
ifi<m

B(G-H) =
G >aq Bi—m(H)  otherwise

Corollary 3.23. 13(G) = 0 if G is not order connected.

Proof. Suppose G is not order connected. That is, G = G1 - G for some nonempty G; € Gm,
Ga € Gy. Clearly 1 < m and so by Proposition 3.22 (c), 18(G) = 18(G1 - Ga) = 0. O

We can say even more about ;0.

Proposition 3.24. The map 15 maps into the total primitives.

Proof. For any G € Gn,

0(B@) = D a(GIX)-5(X(GIY))
e

= Y a@X)[(XeX)sGY)]
e

= Y GlA-X(GIC)® G|B-X(G|D)
AUBLUCUD=[n]
leB
= Y ne(Gl9) ®1B(G|T)
SUT=[n]
1eT

=1®18(G) O

Corollary 3.25. The map 1 is a projection onto the total primitives and {1 5(G) : G is order connected}
forms a basis for P,(H).

Proof. By Proposition 3.24,
18(18(G)) = I @ X)(18(G) ® 1) = 18(G)X(1) = 18(G)
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Hence, 14 is idempotent and thus a projection onto P;(H). It’s clear that
{18(G) : G is order connected}

spans P;(H). To see why it’s a basis of P;(H), let G be order connected and observe that G
is the only order connected graph in the linear expansion of ;3(G) in equation 3.3. Hence,
18(G) is the only element in {;5(H) : H is order connected} in which G appears as a term of

the linear expansion. O

Recall that H is graded as a Hopf algebra with H, = RG, and H is the free algebra on
the set of all order connected graphs. In particular, {G;---Gj : G; is order connected} is a
basis for H. Since G; is the only order connected term in ;5(G;) in equation 3.3, it follows
that {18(G1)---18(Gk) : G is order connected} is a basis for H. This new basis allows us to

define a second Hopf algebra grading for H. Namely, let
H(n) ={1B(G1)---1B(Gy) : G; is order connected}

Note that the Dynkin idempotent depends on the grading. In other words, a Hopf algebra
with multiple Hopf algebra gradings can have multiple Dynkin idempotents. This brings us to

the following rather remarkable characterization of «;.

Theorem 3.26. The map «; is the Dynkin idempotent of H with respect to the grading

Proof. Observe that for any graph G € g ,
a1(18(G)) = p(X @ (1 ®18(G)) = X(1) - 18(G) = 18(G)
Let Gq,...,Gy be ordered connected graphs. Then, by Corollary 3.21,

a1(18(G1) - -18(Gr)) =1 (18(G1), ..., 18(Gy)) = L(18(G1) - --18(Gy)) O

Corollary 3.27. The map «y projects onto the primitives.
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Let v; =18(G;) for i = 1,..., k and observe that

5(U1'--Un): Z Vs @ VUp

AUB=In|

In other words, if V' = R{;8(G) : G is order connected} then H = T (V) as Hopf algebras.
The map «; is the classic Dynkin idempotent.

It’s well known that the universal enveloping algebra U(L) of a free Lie algebra L is a free
associative algebra (Theorem 0.5 of [54].) If we have a basis for L then we can find a basis
for its universal enveloping algebra, but going the other way is not so easy. Given a free Lie
algebra L and a basis for U(L), it’s not always clear how to find a basis for L. In the case of
H, we know by the Poincaré-Birkhoff-Witt Theorem that H = U(P(H)) and we have a basis
for H=T(V) where V.= R{18(G) : G is order connected}. Thus, it’s worth observing that

what Theorem 4.43 really says is the following;:
Corollary 3.28. The Lie algebra P(H ) is the free Lie algebra on {1 5(G) : G is order connected}.

Finally, we consider what happens to a1(G) and 18(G) when we apply the map ®. Let
m,0 € 3(n) and suppose that 7 can be obtained from o by reordering the blocks of . Then,
we write m ~ o and note that this defines an equivalence relation on X(n). We let 7 =
{o € ¥(n): o ~ 7} be the equivalence class containing 7 and write ¥(n)/ ~ for the set of

equivalence classes in X (n). Moreover, for any o € 7, eg. = €g,-
Proposition 3.29. For all G € 5, @(al(G)) = @(1B(G)) = qc.

Proof. Since H is commutative, ;4 = pur. Thus,

() =2(u(X@1)d1) = ©(u(X @ I)T 16)

= ®(u(I ®X)10) = (u(I ® X)18) = (1/3)

If 7 € ¥(n) and 1 € 7! then any rearrangement of the 15 |7| — 1 blocks in 7 will produce a

set composition o € 7 such that 1 € of. Hence, there are precisely (|7| — 1)! set compositions
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o € 7 such that 1 € o and we have

(o (G)) = Z (-1l teg,
=

= Y DA - lean

FED(n)/~

= > ()(jx] = 1)) eg

well(n)

= (e ]

Thus, we have connected the maps a7 and 18 to both of the most well-known primitive

idempotents, L and E.
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Chapter 4

Species with Restriction

The goal of this chapter is to abstract what we know about the Hopf algebras of graphs in
Chapter 3 to a much larger family of examples. The basic machinery for this project is the
theory of R-species, which are introduced in Section 4.1. In Section 4.2 we describe how to
derive several Hopf algebras from these species. We start by outlining Schmitt’s approach in
4.2.1, and then go on in 4.2.2 to describe two bases for the primitives similar to those from
3.1.3. In 4.2.3 we describe how Schmitt’s approach fits into Aguiar and Mahajan’s much larger
theory of species, and in 4.2.4 we define deformations of the Hopf algebras from 4.2.1. These
deformations are algebraically much simpler than their counterparts in 4.2.1, but they do not
fit perfectly into Aguiar and Mahajan’s theory. We prove a number of results about them and
outline a future project in which we propose to use Aguiar and Mahajan’s theory of 2-monoidal
categories to better derive them. Sections 4.1, 4.2.1, and 4.2.3 are primarily expository whereas
3.1.3 and 4.2.4 contain new, key results.

Once we’ve defined a generalization of the Hopf algebra H, we turn our attention in
Section 4.3 to generalizing the maps «; and ;8 from 3.3.2. All of the major results in Section 4.3
are new. More specifically, in 4.3.1 we generalize the coZinbiel structure of H. The coproduct
decomposes into sums of non-coassociative coproducts 50y, indexed by disjoint sets S, U,
and T and these coproducts have properties similar to those of a g-cotridendriform bialgebra.
This leads us to the observation that H is co-ennea, but more importantly, the maps s0y.r
demonstrate the underlying set-theoretic structure that is behind the fact that H is coZinbiel.

In 4.3.2 we define maps oy and 8y from the coproducts g0y similar to the way that
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maps «; and ;8 were defined in 3.3.2. The most general results about these maps are very
cumbersome to state so we focus on two special cases. In 4.3.3 we investigate the case where
U = (0 and ¢ = 0. This case provides a concise characterization of the coradical filtration.
Likewise, in 4.3.4 we explore the case where SUU UT = {1}. This gives us formulas for say

that describe how the parameter ¢ perturbs the primitive elements.

4.1 Combinatorial Species

4.1.1 Set Species

The theory of combinatorial species as introduced by André Joyal in 1981 [24] provides a

rigorous language for describing families of combinatorial structures.

Definition 4.1. A (combinatorial) species is a functor

P: FinBij — FinSet

where FinBij is the category of finite sets with bijections, and FinSet is the category of finite
sets with arbitrary functions. We say that an element G € P[S] is a P-structure on S and we

write P[n] for P[{1,2,...,n}].
Example 4.1.

(a) The species of partitions, II: FinBij — FinSet, is defined by letting II[S] denote the set

of all partitions on the set S. Thus, a II-structure on S is a partition of S.

(b) The species of equivalence relations, EqRel: FinBij — FinSet, is given by letting

EqRel[S] denote the set of all equivalence relations on the set S.

(¢) The species of linear orders, L: FinBij — FinSet, is defined by letting L[S] denote the

set of all linear orders on S.

(d) The species of permutations is given by letting Perm[S] denote the set of all permutations

on S.
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(e) The exponential species, E, is given by E[S] = {S}. We will explain later why E is called

the exponential species.
(f) The subset species, P, is defined by letting P(S) be the power set of S.

(g) The species of graphs, G, is given by letting G[S] denote the set of all (simple) graphs on
vertex set S. Alternatively, we could define a species Gg with Gg[S] the set of all (simple)

graphs with edge set S.

The only arrows in FinBij are bijections between finite sets of the same cardinality. Given a
species P: FinBij — FinSet, each bijection h: S — T maps to a bijection P[h]: P[S] — P[T],
which can be thought of as a relabeling of the elements of P[S]. For example, if h: {1,2,3} —
{a,b,c} is the bijection h(1) = a, h(2) = b, and h(3) = ¢ then L[h| maps the linear order
2 <1< 3 in L[3] to the linear order b < a < ¢ in L[{a, b, c}].

Given functors F,G: C — D, a natural transformation from F to G, written 7: F = G, is

a collection of arrows in D,

To: F(a) = G(a),

one for each object a € C, such that for any h: a — b the following diagram commutes:

F(h)
F(a) ——— F(b)

Ta b

G(a) ——— G(b)
G(h)

Species form a category, Sp, with arrows given by natural transformations 7: P = Q.
Given species P and Q and a bijection h: S — T, the maps P[h] and QJh] are relabellings of the
elements of P[S] and Q[S], and thus the diagram above says that any natural transformation
7: P = Q cannot depend on a choice of labeling of the P or Q-structures. For example, we are
accustomed to thinking of linear orders as being equivalent to permutations since we usually
describe linear orders and permutations on the set [n]. Under this approach, a linear order
l1 <---<l, on [n] is identified with the permutation o € Perm[n| where (i) = ;. However,

this construction does not define a natural transformation L = Perm since it depends on

the already established linear order 1 < 2 < --- < n. For example, given the linear order
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g <4 <7< %< @, how would would you define a permutation on {m, @, 4, g, *} without first
choosing a linear order on the underlying set?
A species P is said to be positive if P[)] = (). Given any species P, we can construct a

positive species P by defining

0 if S =0
P[S] otherwise

P [S] =

We define two functors x,o0: Sp x Sp — Sp,

Px Q)] =P[S]xQ[S] and (PoQ)s]= [] (P[W] < 1] Q[B]>
well[S] Berm
A P o Q-structure is given by partitioning the set S and putting a P-structure on the set of
blocks and a Q-structure on each individual block.

A species P is exponential if P = E o P for some species P¢. In that case, we say that an
element of P[S] is an assembly of Pc-structures. That is, an assembly G € P[S] consists of a
partition, g, on .S together with a Pc-structure on each block of mg. The Pc-structures can
be thought of as connected P-structures. For example, a simple graph is the disjoint union of
connected graphs, and hence G = E o G, where G¢[S] is the set of all connected graphs with
vertex set S. Similarly, a species P is linear if P = Lo P, and we say that an element of P[S]
is an ordered assembly of Pc-structures. That is, an ordered assembly G € P[S] consists of
a set composition, ms on S, together with a P¢-structure on each block of .. Note that the
term linear species conventionally refers to something very different [17].

One of the original motivations for studying species was to describe generating functions
in more natural, set-theoretic terms. Indeed, there is a functor from Sp to the category of

generating functions given by

‘,L.’Vl
P> |Pn] o
n>0 )

Recall that the exponential species is defined by E[S] = {S}. Hence,

E[n]’ =1foralln>0

and

ZL,TL
E— g — ="
n!
n>0
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This explains why E is called the exponential species. The generating function given by PoQ is
the composition of the generating functions given by P and Q. Hence, the fact that Il = EoE
gives rise to the classic generating function for the Bell Numbers, e¢ 1.

We will sometimes loosen our definition of species so that P[S] can be an infinite set. In

general, the generating functions above will not exist for such a species, but the rest of the

theory will follow just the same.

4.1.2 R-Species

In [60], Schmitt expanded upon the definition of species to include a notion of restriction to
subsets. For example, given sets U C V, a graph G on vertex set V restricts to its vertex

induced subgraph, G|U.

Definition 4.2. An R-species is a functor
P: FinInj°® — FinSet

such that {P[@H = 1. Here, FinInj denotes the category of sets with injections and FinInj°?

is its opposite category.

An arrow h: V — U in FinInj° is an injection U < V and its image under the functor P
is a function P[h]: P[V] — P[U], G — G|U, which we refer to as the restriction of G to U. If

W C U CV then by the functoriality of P,
(GIOH|W = G|W

for any G € P[V]. The collection of R-species forms a category RSp with arrows given by
natural transformations.

We will give a long list of examples of R-species at the end of this section, but first we
discuss a few more constructions on R-species. In particular, if P and Q are R-species then
so is P x Q with restriction maps defined component-wise by (G, H)|U = (G|U, H|U) for all
G € P[V] and H € Q[V]. On the other hand, the species P o Q may not have a well-defined

notion of restriction even if P and Q are themselves R-species. Likewise, P o Q may be an
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R-species even if P or Q are not. An excellent example of this is the R-species of graphs. Note
that G = Eo G, where G is the species of connected graphs, but G is not an R-species since
the vertex induced subgraph of a connected graph is not always itself connected.
If Q is an R-species then the exponential species P = E o Q. is an R-species as follows: if
G ={Gp: B € g} is a P-structure on V and U C V then the restriction of G to U is defined
by
GIU ={Gs|BNU: Bengand BNU # 0} (4.1)

In other words, G|U is obtained by assembling the restrictions of the individual components
of G. Similarly, if Q is an R-species then the linear species P = L o Q. is an R-species.

In general, we would like all exponential and linear R-species, P, to behave like this example.
That is, if G = {G : B € mg} is a P-structure on V and U C V then we would like for G|U
to be the same P-structure as if we took the (ordered) assembly of the restrictions Gz|B N U
for each block B € 7y such that BNU # (). We say that an exponential (or linear) R-species,
P, is coherent if

Glu= [ {Gs}IBnU
Berng
BNU#D
Clearly, for any R-species Q, the exponential and linear R-species, E o Q4 and L o Q4, with

restriction defined by Equation 4.1 are coherent. However, there are other coherent R-species

which are not of this form, the R-species of graphs being an excellent example.

Example 4.2. (a) Let X be the singleton species given by

S if|S|=1
xis)— | (51 11s]
0 otherwise
Then the exponential species from Example 4.1 (e) is a coherent exponential R-species

with E = E o X. Since there is only one E-structure on any set V, restrictions can be

defined in only one way.

(b) Given a linear order on V', any subset U C V, naturally inherits a linear order. Moreover,

L = Lo X and thus, the species L from Example 4.1 (c) is a coherent linear R-species.
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()

(f)

(2)

(h)

We've already mentioned that the species G = E o G of graphs from Example 4.1 (g) is a
coherent exponential R-species with the restriction G|U given by vertex-induced subgraphs.
Similarly, the species G of directed graphs and the species Gy, of multigraphs (i.e. graphs

with loops and multiedges) are both coherent exponential R-species.

More generally, let G be any family of graphs which are closed under the formation of
vertex-induced subgraphs and let Fg[V] be the set of all graphs on vertex set V', which are
isomorphic to some element of G. Then, Fg is an R-species. Additionally, if G is closed
under disjoint union of graphs then Fg = E o Fg, is a coherent exponential R-species
where G. denotes the connected graphs in G. For example, if G is the set of all complete
graphs or the set of all vertex-induced subgraphs of some fixed graph H then Fg is an
R-species but not an exponential R-species. Examples of coherent exponential R-species
of this form include forests, k-colorable graphs, and all graphs having some fixed excluded
set of minors. This means G could be the set of all planar graphs or more generally, the
set of all graphs with a 2-cell embedding in a surface of genus less than or equal to n for
some fixed n. Likewise, G could be defined by letting H be a set of graphs closed under
formation of disjoint unions and letting G be the collection of all vertex-induced subgraphs

of a graph in H.

As mentioned in Example 4.1 (g), we can also define the species of graphs Gg by letting
Gg[9] be the set of all (simple) graphs with edge set S. Again, Gg = Eo G§ where G§[S]
is the set of connected graphs with edge set S, and Gg is a coherent exponential R-species.
Given sets S C T and a graph G € Gg[T], we define G|S to be the edge-induced subgraph

of G. Alternatively, we can define G|S by contracting out the edges 7"\ S.

The species of partitions II = E o E; from Example 4.1 (a) is a coherent exponential

R-species. This follows from equation 4.1 and the fact that E is an R-species.

The species X of set compositions is defined by letting 3[S] be the set of all set compositions

on S. Clearly, ¥ = L o E; and thus by equation 4.1, it’s a coherent linear R-species.

The species of cyclic orders, C, is given by letting C[S] be the set of all cyclic orders on

S. If S C T then a cyclic order on T induces a cyclic order on S. Since every permutation
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(1)

is a disjoint union of cycles, the species Perm from Example 4.1 (d) is equal to E o C

and thus by equation 4.1 it’s a coherent exponential R-species.

The species of matroids, M, is defined by letting M[S] be the set of all matroids with
ground set S. Note that M = E o M. where M_[S] is the set of all connected matroids
on ground set S. It’s a coherent exponential R-species with restriction defined by matroid
restriction. Alternatively, we have the R-species M* with restriction from T to S given by

contracting out 7"\ S.

Let T,[V] be the set of all rooted trees on vertex set V' and let F, = E o T, be the set of
all rooted forests. If U C V and G € F,[V] then the vertex induced subgraph G|U is a
rooted forest. For each tree T in G|U, let T be the tree in G having T as a subtree. Then,
we define the root of T' to be the (unique) vertex of T" which is closest (in 7”) to the root
of T'. Thus, F; is a coherent exponential R-species. An ordered, rooted forest is a rooted
forest with a linear order on the trees. The species ﬁ of ordered rooted forests is equal to

L o T, and is thus also a coherent linear R-species.

Let H[V] denote the set of all hypergraphs with vertex set V. We say that two edges e;
and e in a hypergraph are adjacent if e; Neg # (). We say that a hypergraph G € H[V] is
connected if for any two vertices, u,v € V, there exists a sequence of a edges, e1,ea,...,¢e,
such that u € ey, v € e,, and ¢; is adjacent to e;41 foralli =1,...,n—1. Let H¢[V] denote
the set of connected hypergraphs on vertex set V. In the terminology of hypergraphs, the
subhypergraph Gy = (U,{e; NU : ¢, NU # (}) is the hypergraph with edge set given
by the intersections of edges in G with U. On the other hand, a partial hypergraph is
a hypergraph with some edges removed and the section hypergraph induced by U is the
partial hypergraph of G given by removing any edges that are not contained in U. If U C V
and G € H[V] then G|U can be defined to be the subhypergraph induced by U or the
section hypergraph induced by U and in either case, H = E o H¢ is a coherent exponential
R-species. As with graphs, we can also define a coherent exponential R-species Hg such

that Hg[S] is the set of hypergraphs with edge set E.

Let S[V] denote the set of all simplicial complexes on the set V. If G € S[V] and U C V,
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then G|U is the simplicial complex {WNU: W € G} = {W € G: W C U}. Thus, S

defines the R-species of all simplicial complexes.

(m) Let V be an R-module and for any set 7', let Ey[T] denote the set of functions f: T'— V.
Then, Ey is a coherent exponential R-species. For any S C T, restriction is defined by
restricting the domain of f to S. Note that if V' is infinite dimensional then Ey [S] is not

finite.

Clearly from the examples above, the theory of R-species is quite robust.

4.2 Coalgebras and Bialgebras from Species

Just as species give rise to generating functions, they also give rise to richer algebraic structures.
In this section, we describe functors that turn R-species into coalgebras as well as functors that
turn coherent exponential (and linear) R-species into Hopf algebras. Most of our constructions
are due to Schmitt [60] or the more comprehensive work of Marcelo Aguiar and Swapneel

Mahajan [3].

4.2.1 Schmitt’s Constructions

Let U be the set of all finite subsets of some fixed infinite set, and let P be an R-species.
Let C(P) denote the free R-module with basis H P[U]. For any G € P[U], define linear

Uveu
maps

5(G)= > GlAG|B
AUB=U

1 fU=0
e(G) =
0 otherwise
Proposition 4.1 (Schmitt [60]). For any R-species, P, the R-module C(P) is a U-graded
connected, cocommutative coalgebra with coproduct d and counit € defined as above. We call

C(P) the coalgebra of P-structures and observe that C(P) defines a functor C: RSp — Coalg,
P — C(P).
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If G e P[U], H € P[V], and H = P[¢|(G) for some bijection ¢: V' — U then we say that
G and H are isomorphic. We write es for the equivalence class of all P-structures that are
isomorphic to G and we let P denote the collection of all such equivalence classes. We write
f’[n] for those equivalence classes arising from sets with cardinality n. If P is an R-species
then ’P[@H = 1. Thus, there is a unique isomorphism class for G € P[0], which we denote by
1.

Suppose furthermore that P is a coherent exponential R-species and G € P[U], H € P[V].
Then, G and H are assemblies built on partitions n, € II(U) and 7y € (V). We let
G U H € P[U UV] denote the P-structure obtained by taking the disjoint union of these two

partitions, m L wy. That is,
GUH={Gp: Beng}U{Hp: Bemy}

Similarly, if P is a linear R-species and G € P[U], H € P[V] then G U H is defined by taking
the disjoint union of the two set compositions 7 and 75 and arranging them such that every
block of 7 is less than every block of 7.

Let P be a coherent exponential (or linear) R-species and let K(P) denote the free R-
module, K(P) = RP. For any G € P[U], we define linear maps

deq) = Z egla @ eqp

AUB=U
1 ifu=40

eleq) =
0 otherwise

,U(GG & eH) = €guH

n(lg) =1

Proposition 4.2 (Schmitt [60], Aguiar and Mahajan [3]). For any coherent exponential (or
linear) R-species, P, the R-module K(P) is a graded connected, cocommutative Hopf algebra
with coproduct ¢, counit e, product p, and unit n defined as above. It’s n'® homogeneous
component is RP[n]. We call K(P) the Hopf algebra of P-structures, and observe that when

F is exponential (as opposed to linear) then K(P) is commutative. As before, K is a functor
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from the category of coherent exponential (or linear) R-species to the category of graded Hopf

algebras.

If P is a coherent (or exponential) linear R-species and L is the R-species of linear orders
then L x P is a coherent linear R-species with restriction defined component-wise by (L, G)|S =

(L|S,G|S). In other words, the product x defines a functor
(L) x(_): RSpxRSp - RSp, (P,Q)~ P xQ,

which maps coherent exponential (and linear) R-species to coherent linear R-species. If we
compose this map with the functor K from Proposition 4.2 then we get a new functor, K, and
another Hopf algebra, K(P), for each coherent exponential (or linear) R-species. It’s easiest
to describe this functor as follows. Let P = [1,>0 P[n] and recall from Section 3.3.1 that for
any linearly ordered set U = {u; < --- < uy}, there exists a unique, order-preserving bijection
sty : U — [n], given by u; — 4. This induces a bijection P[st]: P[U] — P[n] given by relabeling
the ground set of any G € P[U] according to the map st. We call P[st](G) the standardization
of G and denote it simply st(G). Likewise, recall from Section 3.3.1 that for any m,n > 0, we
have a unique order-preserving map sh,,: [n] = [m+1,m+n], i = m+i called the shift map.
Again, this induces a map P[shy,]: P[n] — P[m + 1, m + n| and we denote P[sh,,|(G) simply
by shy,(G).
Now, we let (P) denote the free R-module on P and define linear maps
5(G)= > st(G|A) @st(G|B)
AUB=[n]
(@) = 1 ifn=0

0 otherwise
uw(G® H) =G Ush(H)

n(le) =1

Proposition 4.3 (Aguiar and Mahajan [3]). For any coherent exponential (or linear) R-

species, P, the R-module IC(P) is a connected, cocommutative Hopf algebra with coproduct
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J, counit e, product u, and unit 1 defined as above. We call K(P) the coZinbiel Hopf algebra
of P-structures, and observe that I is a functor from the category of coherent exponential (or

linear) R-species to the category of graded Hopf algebras.

As the name suggests, C(P) is a coZinbiel Hopf algebra with right coproduct defined by

51(G)= )  G|A®G|B

AUB=[n]
1eB

This was first observed by Aguiar and Mahajan [3]. As we will see in Section 4.3.1, (P) is a
whole lot more than coZinbiel.

We have a coalgebra map ¥: C(P) — K(P), G ~ eg, and a Hopf algebra map ®: K(P) —
K(P), G + eg, both of which are are surjective on primitives. On the other hand, if every
U € U is linearly ordered then there is also a coalgebra map ©: C(P) — K(P), G — st(G),

which is not surjective on primitives. The following diagram commutes.

All of the examples of coherent exponential (and linear) R-species P from Section 4.1.2
give rise to a coalgebra C(P), and Hopf algebras, K(P) and K(P). We highlight just a few

important examples.
Example 4.3.

(a) If G[V] is the set of graphs on vertex set V' as in Example 4.2 (¢), then C(G) = C,
the coalgebra of graphs from Section 3.1.1, K(G) = H, the coZinbiel Hopf algebra of
graphs from Section 3.3.1, and K(G) = H, the commutative Hopf algebra of graphs from

Section 3.2.

(b) Let E = EoX be the exponential species from Example 4.2 (a) and let  denote the unique

isomorphism class in X. Then, K(E) 2 K(E) = R[z] where §(z) =z ® 1+ 1 ® z.

(c) If L is the coherent linear R-species of linear orders from Example 4.2 then IC(L) is the

cosymmetrized bialgebra of Patras and Reutenauer [48], which is dual to the Malvenuto-
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()

Reutenauer Hopf algebra of permutations [5]. If [; =a; < --- < a;, € Lim| and ls = b1 <

-+« < by, € Lin] then the product is given by
Lhlb=a < - <ap<(b+m)<-<(by,+m)

For example, 2134 - 231 = 2134675. The coproduct is given by

shy= > lAelB
AUB=[m]
If I1,1lo € L[U] then there is a unique bijection ¢: U — U, such that L[¢|(l;) = ls. For
example, if [ = 1342 and lp = 4213 then ¢(1) = 4, ¢(3) = 2, ¢(4) = 1, and ¢(2) = 3.
Thus, for each n > 0, there is only one isomorphism class e,, € f;[n], and the Hopf algebra

K(L) = R[z], e, > 2™

Let IT = E o E; be the coherent exponential R-species of partitions from Example 4.2 (f)
and let x, denote the unique isomorphism class e;s; € E for |S| = n. Then, the Hopf

algebra KC(II) is isomorphic to the polynomial algebra Rz, 2, ...], with coproduct

San) = (Z) Tk ® Tk

k>0

The Hopf algebra K(IT) is isomorphic to the Hopf algebra NCSym = R{x1,xa,...), which

is known as the Hopf algebra of symmetric functions in noncommuting variables [26].

If Ey is the coherent R-species from Example 4.2 (m) then K(E)y = 7(V) and K(Ey) =
S(V).

4.2.2 Primitives in the Coalgebra of P-structures

In Section 3.1.3 we described three bases, Pg, Rg, and Qg, for the primitives in C' = C(G),

the first two of which extended naturally to bases for the entire space. In this section, we look

at which of these results extend to C(P) for an arbitrary coherent exponential R-species, P.

Thus, for the remainder of this section we let P = E o P be a coherent exponential R-species

and we let C' = C(P).

63



Proposition 4.4. The space of primitive elements, P(C), respects the U-grading. That is,
P(C)y = P(C)NCy

for all U € U.

Proof. The proof is the same as in Proposition 3.2. O

Let C% be the ideal in C* given by C% = {x € C*: (z,1) = 0}. Note that C} has basis

H P[U], and the ideal (C%)? of C* is spanned by the set of all products G1 - G2 such that
0AUeU
G1,Gs € H P[U]. For any subset X C C, define X+ = {y € C: (v,y) =0 for all x € X}.

PAUeU
As in Section 3.1.2, we have

Proposition 4.5. The subspace of primitive elements of C'is given by P(C') = C1N [(01)2} +

Proof. Again, the proof is the same as in Proposition 3.3. O

Corollary 4.6. For all U € U,

P(C)y = ([(C)Hy)"

Equivalently, P(C)y is the set of all x € Cy such that (z, Gy - G2) = 0 for all G; € P[U;] and
Gy € P[UQ] with U; WUy =U.

We say that a P-structure is connected if it is an assembly of exactly one Pc-structure.
That is, G € P[S] is connected provided that 7 = {S}. This implies that the empty P-
structure is always disconnected and any P-structure on a one-element set is automatically
connected.

The following Proposition, due to Schmitt, justifies our use of the term “connected.”

Proposition 4.7 (Schmitt [60]). Let G € P[V] where P = E o P is a coherent exponential
R-species. If G|U; and G|U; are connected for Uy, Us C V and Uy N Uy # () then G|(Uy U Us)

is connected.

Recall that for a graph G € G, the element Pg is given by summing over the Boolean

algebra of the edge set of G. Edges are a concept specific to graphs. In general, there is no
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concept of edges in P and so there is no Py basis for C(P). In Chapter 3, we used the Boolean
algebra of edge sets to describe the product in C* and in turn to prove Proposition 3.5. In
order to prove a generalization of Proposition 3.5, we will use a different poset.

Namely, let G, H € P[U]. Then, we say that G < H if H|r = G for some 7 € II(U). It’s
not difficult to check that this defines a partial order. For example, if G < H and H < K for

some G, H, K € P[U], then H|r = G and K|o = H for some o, 7 € II(U). Thus,
Klonm=(K|o)ltr=H|r=G

and so G < K. Reflexivity and antisymmetry are proven similarly. We will denote this poset
by Py and we write Sub(G) for the subposet of all H < G.

Note that when P = G is the species of graphs, this poset is not a Boolean algebra of
edges. In particular, a connected P-structure must be maximal in the poset Py and if |[U| > 3
then there are multiple connected graphs G € G[U]. Hence, Py is not a lattice even in the

case of graphs, and it is certainly not a Boolean algebra.

Proposition 4.8. Let U = U; U U; and let Gy € P[U1], G2 € P[Us]. Then,
G- Gy = > H
H|{U1,U2}=G1L|G2

Proof. Let Gy € P|Uy|, G2 € P[Us], and H € P[U]. Observe that
G- -Gy = Z(Gl . GQ,H)H = Z<G1 &® G2,5(H)>H
Heg Heg

Now,

(Gr®Ga,6(H)) = > (Gi1,H|A)(Gs, H|B)
AUB=U

Each term (G1, H|A){(G2, H|B) = 1 whenever H|{U;,Us} = G1 LI G2 and equals 0 otherwise.
O

Proposition 4.9. The inequality dim P(C)y < |P[U]| holds for all U C U.

Proof. Let Pq[U] be the set of disconnected P-structures on U. Define a map ¢: RP4[U] —
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(C*)? as follows. If G € P[U] with connected components Gi,...,Gy then let ((G) =
G1---G € C*. Clearly, im: C [(Ci)z]U By Proposition 4.8, ((G) equals G plus graphs
that are greater than G in Py. Thus, ¢ is an injection and so |Pg[U]| < dim [(C%)?] ;. Hence,

by Corollary 4.6,

dim P(C)y = dim ([(C1)2] )"

= |Py| - dim [(C})?],
<|Py| - [Pa[U]]|

= [P[U]| =

As before, we will show that this inequality is an equality. Let G € P[U]. Then, a partition
m € II(U) is called a contraction of G if G|B is connected for each block B € 7. The set of all
contractions of G, denoted I1.(G), is partially ordered by refinement. If G € G[U] then II.(G)

is the usual lattice of contractions of the graph G.

Proposition 4.10 (Schmitt [60]). The set II.(G) is a sup-sublattice of the partition lattice,

().

Proof. Let p,o € II.(G). Let B € p and C' € o have non-empty intersection. Then, G|(BUC)
is connected by Proposition 4.7 and so p V ¢ is equal to the join of p and o in II(U). Let 7 be

the meet of p and o in II(U). Then, their meet in II.(G), denoted A, is given by

pAC = |_| yyely:]
Ber

Now, define linear transformations, @, R: C(P) — C(P) by

G Qg = Z pon (7, {U}) G|

well(U)

G+— Rg = Z fr e (m, 1) G|
melle(G)
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Let G € P[U] and m,0 € II.(G). If m # o then G|o # G|r. Thus, by M&bius Inversion,
{Rg : G € P[U], U € U} is a basis for C(P).

Proposition 4.11. If G is connected then Rg € P(C).

Proof. Let Uy UUy = U, Gy € P[Uy], Gy € P[Uy], and G € P[U]. Recall that the meet, A, in
I1.(G) is defined by

1% No = |_| Uyell:]
Bepho

It’s quite possible that {Uy,Us} ¢ II.(G), but mg v, v,y € Ile(G) since it’s the partition of
U into the connected components of G|{Uy,Us}. Thus, we can define the coclosure operator,
cly, : II(G) — II.(G) by cly,(0) = 7gyvo A o. Alternatively, we can describe cly;, by
cly, (0) = Tai(qu,,uy3r0- That is, we map o to the connected components of G| ({Ul, U} A a).
Suppose Uy # () # Us. By Proposition 4.5, it suffices to show that for any such G; and Gb,

(G1 - G2, Rg) = 0 whenever G is connected. Moreover, by Proposition 4.8,

(Gi-Go,Ra) = > (o)
c€ll:(G)
(Glo){U1,U2}

But (Glo)|{U1, U2} = G|(0 A {U1,Uz}) = G|(0 A 7gi(vy,0y)- Thus,

(G1- G2, Re) = > pne (03 1)
c€ll:(G)
GloAmg|(uy,uz)

Now, either there exists a unique 7 € II.(G) such that G|T = G; UGz or no such 7 exists. The

partition o A g v, 0,3 € He(G) so if no such 7 exists then G| (0 KT(‘GHULUQ}) # G1 UGy for any
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o € II(U) and the sum is empty. If such a 7 exists then it must be unique and we have

<G1 -G, RG> = Z M (a) (Uv 1)
o€ll(G)
WG'{UlﬂUQ}xg:T

= Z He(e) (0, i)
o€lle(G)
clyy (0)=7

pire (0,1) if 0,1 € TL(G)

0 otherwise

If G is connected then 1 = {U}. But cly, (1) = g, .05 A {U} # {U}. Thus, 1 ¢ II.(G) and
(G1- G2, Rg) = 0. O

Corollary 4.12. The set {Rg : G € G.} forms a basis for P(C).

In general, the map II(U) — P[U], m — G| is not injective. Thus, {Q¢ : G € [[P[U]} is

not a basis for C'. We have the following generalization of Proposition 3.11.
Proposition 4.13. If G € P[U] is connected then Q¢ = Rg € P(C). Otherwise, Qg = 0.

Proof. Let clg: II(U) — II(U) be the coclosure operator given by cls(0) = 7g,. Note that

Glo = G|mg, = Glclg(o). Moreover, II(U) = II.(G) and so {U} is closed if and only if G is

connected. Thus,

Qe = Z Z pine) (0, {U}Glo
o€ll.(G) Tell(U)
cdg(t)=0

But by the coclosure theorem,

pir (0, 1) if G is connected
Y (e U} = O
rell(U) 0 otherwise
dg(r)=0c

And by the same argument as in Corollary 4.14, we have
Corollary 4.14. The map Q: C — C is a projection onto P(C).

Just like in Section 3.2, we let ¢¢ = ¥(Qg) and ro = V(Rg) be the images of Qg

and Rg in K(P). The Rg form a basis for (P) and since ¥ is surjective on primitives,
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{ge : G is connected} = {rs : G is connected} is a basis for the primitives in K(P). More-

over, by the same argument as in Proposition 4.15, we have
Proposition 4.15. For all e, € P, ¢ = E(ec), the Eulerian idempotent on K(P).

In this section, we’ve worked exclusively with coherent exponential R-species. If P = Lo P,
is a coherent linear R-species then a P-structure is connected if it’s an ordered assembly
of exactly one Pc-structure. That is, G € P[U] is connected if 7o = {U} the unique set
composition on U with a single block. A set composition 7 € X(U) is a contraction of G if
G|B is connected for every B € w. We leave it as a future project to determine which of the

results from this section hold in this similar case.

4.2.3 Aguiar and Mahajan’s Theory of Hopf Monoids

Aguiar and Mahajan describe a more natural and vastly more general way to construct Hopf
algebras like the ones in Section 4.2.1 [3]. We’ve avoided talking about it up until now because
it uses heavy machinery from category theory, but it’s worth briefly outlining their approach.

Recall that the product and unit in an algebra, A, are defined to be linear maps u: AQ A —

A and n: R — A, respectively, such that the following diagrams commute.

uRI nel I®n
(A A)® A A® A RRA— AR A—A®R
AR (A® A) p
IQu
AR A p A A

The isomorphism a: (ARA)RA — AR(A® A) is called the associator, and is often omitted
from this diagram. The key ingredients to this definition are the tensor product, the associator,
the “unit R-module,” R, and the natural isomorphisms A\: R® A= A and p: AR = A.

A monoidal category is any category in which we can make the analogous definition. That
is, a monoidal category (C, e) is any category C together with a functor C' x C — C, (¢,d) —
c o d, natural isomorphisms oy q: (bec) ed — be (ced), a unit object e € C, and natural

isomorphisms A.: ee ¢ = c and p: c e e = ¢ such that the natural transformations «, A, and
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0 make certain diagrams commute. We call o the tensor product. If (C,e) is a monoidal
category, then MacLane’s coherence theorem says we can omit the isomorphisms «, A, and
o from any commutative diagram and it will still commute (§7.2 [37].) A monoid in (C,e)
is an object m € C together with linear maps p: m e m — m and n: e — m satisfying the
same commutative diagram as an algebra. Likewise, a comonoid is a monoid in (C°P,e) and
is analogous to a coalgebra.

A braided monoidal category is a monoidal category (C,e) together with natural isomor-
phisms 8. 4: c e d — d e ¢, which satisfy certain braid axioms. We think of these maps 8.4 as
twist maps and indeed, (Mod, ®) is a braided monoidal category with 8 = 7, the usual twist
map. A bimonoid in a braided monoidal category (C, e, 3) is an object b € C such that b is
both a monoid and a comonoid and du = (e p)(I e e I)(§ ed). In other words, bimonoids
generalize bialgebras to other categories. (§11 [37].)

In Aguiar and Mahajan’s work, a species is a functor
P: FinSet — Mod

They observe that Sp is a braided, monoidal category with product P - Q given by
P-Qll= P Pl4eQqlB]
AUB=T

and braiding 3 given by

Beq: € PlA©Q[Bl—» P Q[B]@P[4]

Additionally, Aguiar and Mahajan are responsible for inventing bilax monoidal functors.
These are functors between braided, monoidal categories that preserve bimonoids in a natural
way. In particular, they define bilax monoidal functors K, K: Sp — gMod where gMod is the
category of graded R-modules. The constructions in the previous section then all amount to

observing that any coherent exponential (or linear) R-species P is a bimonoid in Sp (§8.7.8 [3].)
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From this perspective, the coalgebra C(P) is just the comonoid P in Sp, and the Hopf algebras
K(P) and K(P) arise by applying the functors K and K to the bimonoid P.

4.2.4 Deformations of Schmitt’s Constructions

Let P be an R-species and let G € P[U]. The R-module C(P) can also be made a cocommu-
tative coalgebra by letting

5@ = > GlA=GIB (4.2)
AUB=U

That is, we no longer require the sets A and B to be disjoint. The counit is defined the
same as before. Likewise, we can make K(P) and K(P) Hopf algebras with coproducts defined
similarly. In this section, we introduce these Hopf algebras as one-parameter deformations of
those in Section 4.2.1.

Again, let U be the set of all finite subsets of some fixed infinite set, and let P be an
R-species. Let C,(P) denote the free Rlg]-module with basis H P[U]. For any G € P[U],

ved
define linear maps

(G = Y ¢*"PlGlA®G|B
AUB=U
1 ifU#0
e(G) = 7
0 otherwise

Proposition 4.16. The R[g|-module C4(P) is a cocommutative coalgebra with coproduct §

and counit € defined as above.

Note that in general C,(P) is not connected, nor is it ¢-graded. If ¢ = 0 then

q\AﬂB\:OIAﬂBIZ 1 fANB=0

0 otherwise

Thus, Co(P) = C(P). On the other hand, if ¢ = 1 then the coproduct is given by equation 4.2.

Let P be a coherent exponential (or linear) R-species and let K,(P) denote the free R[g]-
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module, I;(P) = R[g|P. For any G € P[U], we define linear maps

d(eq) = Z qlAmBleGlA X eqis
AUB=U

1 ifU#0
eleq) =
0 otherwise

H(ec X GH) = €guH

n(le) =1

Proposition 4.17. For any coherent exponential (or linear) R-species, P, the R[g]-module
K4(P) is a cocommutative bialgebra with coproduct §, counit &, product g, and unit 7 defined
as above. The bialgebra I (P) is graded as an algebra (but not as a coalgebra) and if P is

exponential (rather than linear) then it’s commutative.

Likewise, let P be a coherent (or exponential) linear R-species and let P = 1,50 P[nl. Let

Kq(P) denote the free R[g]-module on P and define linear maps

3Gy = > ¢""Plst(G|A) @st(G|B)
AUB=[n]
(G) = 1 ifn#0

0 otherwise
uw(G® H) =G Ush(H)

n(lg) =1

Proposition 4.18. For any coherent exponential (or linear) R-species, P, the R[¢]-module
Kq(P) is a cocommutative bialgebra with coproduct 6, counit €, product y, and unit 7 defined

as above. It’s graded as an algebra, but not as a coalgebra.

Just like K(P), we usually suppress the st and just write the coproduct as

s@= Y J"PlgazaGB
AUB=([n]
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As in Section 4.2.1, we have a commutative diagram

where O(G) = st(G), and ®(G) = V(G) = eg.
Note that Propositions 4.17 and 4.18, state that K,(P) and K,(P) are bialgebras (rather
than Hopf algebras.) This is because depending on g, Takeuchi’s formula (2.1) may be an

infinite sum. For example, if G € P[U] then Takeuchi’s formula says that for K1 (P)

X@=> > (-)'GlA---GlA, (4.3)

n>1 A1U---UA,=U

For any n > 1,if Ay =U and Ay =--- = A, = () then Ay U---U A, = U. Hence, this is an
infinite sum. To ensure that /Cy( P) has a well-defined antipode, we consider its completion
with respect to the grading, IEq (P) = [[,,50 P[n]. In other words, we take the direct product

of the homogeneous components (rather than the direct sum.) Similarly, the completion of

KC4(P) with respect to its grading is a Hopf algebra and not just a bialgebra.

Example 4.4. We've already seen one example of K,(P) and K4(P) where P is the species
of (simple) graphs. Now let I denote coherent exponential R-species of independent graphs.
That is, I[S] consists of all graphs with vertex set S and no edges. Let H = K1(I) and let H
be the completion of H with respect to the grading. Then, there is only one basis element for
each degree, the unique isomorphism class of an independent graph on n vertices, which we
denote by I,. Moreover, each I, is just the n-fold product of I;. Thus, His isomorphic to
the Hopf algebra R[[z]] of formal power series where we identify the unique graph on a single

vertex, I1 with x. The coproduct is given by
r)=2z@1+1®@r+2r@

It was observed in Section 7 of [62] that this Hopf algebra is the contravariant bialgebra of the
multiplicative formal group law [22]. Hence, the coproduct in the completion of the bialgebra

KC,4(P) for any coherent exponential (or linear) R-species can be thought of as generalizing this
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well-known law.

Just as KCo( P) is a coZinbiel Hopf algebra, ICi( P) is cotridendriform. In fact, the bialgebra

ICq(P) is g-cotriZinbiel with left, middle, and right coproducts given by

<(G)= Y d*"PGlAeG|B
AUB=[n]
1€A\B

5.(G)= > ¢*PGlaeGIB

AUB=[n]
1leANB

0-(G)= > ¢*"PlGlAxG|B

AUB=[n]
1eB\A

Each of the seven axioms in definition 2.9 is a different sum over sets AU B U C = [n]. For
example, both sides of equation (2.2) are given by summing over all AU BUC = [n] such that
1€ A\ (BUC). As it turns out, each of these axioms implies that 1 must lie in a different one

of the seven regions of the following Venn diagram where we’ve labeled the regions accordingly.

A C

B

It was brought to the author’s attention by William Schmitt that the coalgebra C;(P) and
the Hopf algebras K1(P) and K;(P) have bases indexed by group-likes [58]. We extend his

construction to arbitrary values of q.
Proposition 4.19.

(a) For each G € P[U],

G=Y Ma|x
XCU
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is a group-like in C,(P). Moreover, if ¢ # 0 and ¢~! € R[g] then {G: GeP[U], Uecl}

is a basis for Cy(P).

For each G € P[n],
G= Y ¢*lst(GIx)

XCln]

is a group-like in Kj( P). Moreover, if ¢ # 0 and ¢~! € R[g] then {G: GePln], n>0}

is a basis for ICy( P).

For each G € P[n,

— X
€c = E q| |€G|X

Xcu
is a group-like in K, (P). Moreover, if ¢ # 0 and ¢~ € R[q] then {€5 : ec € P} is a basis
for IC,(P).

Proof. We prove (a); the others are proven similarly.

3(G) =" ¢¥ls(G|x)
XCU

_ Y Y MGGl
XCU AuB=X

_ Z Z ¢ 4UBI 4Bl G 4 & G| B
XCU AUB=X

_ Z q|AUB|+|AﬂB|G|A ® G|B
A.BCU

- Z ¢PlGlA® G|B
A,BCU

-G®G

If ¢ # 0 then G = ¢UIG + graphs with strictly fewer vertices. Thus,

G =q "(G — graphs with strictly fewer vertices)

Hence, if ¢~ € R[g] then the G are a basis for Kq(P). O

We may refer to Cy(P) as an R[g, ¢~ !]-module when we want to be certain that ¢! is in
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the ring of scalars. Note that in the case where ¢ = 0, ¢!¥! = 01X = 0 unless X = 0 and thus,
G =1 for all G. Hence, the G provide a basis for the submodule of group-likes even if they do
not provide a basis for the entire R[q, ¢~ !]-module, Cq(P). A similar statement applies for the
G and ¢ in Kq(P) and K, (P), respectively.

Every bialgebra contains at least one group-like, the unit element. Recall from Section 2.2
that the first component of the coradical filtration contains the submodule spanned by the
group-likes, and the second component adds the primitives. Proposition 4.19 says that when
q # 0, the R[g, ¢~ !]-module K, ( P) has a basis of group-likes and thus has no primitive elements.
On the other hand, ICo( P) is connected, which means that the empty graph is its only group-
like. Thus, these two bialgebras represent opposite extremes. One has a basis of group-likes,
and the other contains only a single group-like.

Axiom 2.5 of definition 2.9 says that the coproduct ¢, in Ky(P) is coassociative. Thus,
(Kq(P)4,00) is a coassociative coalgebra with counit

1 if GeP[l
e(G) =

0 otherwise

In this coalgebra, every G € P[1] is group-like. Hence, if there are multiple singleton P-

structures then it’s automatically clear that (ICq(P)4,d)) is not connected. More generally,

Proposition 4.20. For each G € P[n], n > 1,

Gi= Y ¢*st(G)1x)
XClnl
leX

is a group-like in (KCy(P)4, 0y ). Moreover, if ¢ # 0 and ¢~ € R[g] then {G: GePn], n>1}
is a basis for ICj( P)4.

The proof is the same as in Proposition 4.19 so we omit it. Again, note that when ¢ = 0,

Gy = G|[1] = H for some H € P[1]. If there is only one such H then we have the following.

Corollary 4.21. If |P[1]| = 1 then the coalgebra (Ko(P),d,) is connected and its unique

group-like is the unique G € P[1].
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Lemma 4.22. For any n > 1 and any G € Pln], 5>(é\1) = (é — qé\l) ® é\l

Proof.

5-(G) =Y M5 alx

XC[n]
lex

_ Z Z q\AUB\71q|AﬁB\G‘A ® G‘B
XC[n] AUB=X
1ex 1leB\A

— Z Z q‘AUBH-|AI"‘IB|—1G|A ® G|B
XC[n] AUB=X
1€X 1€B\A
= Z PG4 ® G|B
A,BC[n]
1¢A,1€B
= Y JMPrlglaeciB- Y JMdPPlGlAR GIB
A,BC[n] A,BC[n]
1€B 1€A,B
—GoG —¢Gh oG

= (G - ¢G1) ® G, O
Of course, 64 =706, 50 62(G1) = G, ® (G — qG1). Let Ag = {G,G1} and let A% denote

the set of words w = w1 ® --- ® w,, on the alphabet A,. We write w' for the last letter in w

and let |w|; denote the number of occurrences of Gy in w.

Proposition 4.23. For any n > 1,

(G = Y (@i
wEA’é:

‘UJ‘:’I’L, wT:é\l

Proof. By the previous Lemma and induction on n,

0 (G1) = (I ® 67715 (G1)

= (G -G e Y(GY)
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=(@-G) e G
= > (" O
weAg:
lw|=n, wi=G1

There is a surjective coalgebra map, KCg(P)1 — Ky(P) given by G — st(G|[2, n]) for any
G € P[n], n > 1. In other words, we just clip off the 1st vertex of G and all adjacent edges.
Clearly, this map is a surjection, but it is not a bijection. In other words, the coalgebra
(Kq(P)4,0,) is truly a different coalgebra from (ICy(P), ).

The compatibility condition between §, and the product u defined above in Proposition 4.18
is g (x - y) = d(x) - d(y). This is not the compatibility condition between the product and
the coproduct in a bialgebra. However, in certain circumstances it’s possible to define a
different product on ICy( P) that makes it a bialgebra. For example, consider the coalgebra
(Kg(G)+,0.) where G is the R-species of simple graphs. Let G € G[m| and H € G|n] and

define a product
pa: Kg(G) @ Ky(G) = Ko( G), G®H—GAH

as follows: let G A H be the graph given by identifying the 1 vertex in each of the graphs G

and H and incrementing the rest of the vertices in H by m. For example,

A 3 = .

3 4 2 3 4

Then, (ICq( G),d, 1) is a bialgebra. Its unit is the graph on a single vertex labeled 1.
Note that this construction relies heavily on the combinatorics of G. To identify two vertices,
we need to know what to do with edges adjacent to 1 and this is not a construction that
we can describe solely in terms of the functor G. Interestingly enough, for every coherent
exponential (or linear) R-species P such that ‘P[lH = 1, there seems to be a suitable product
p on ICy(P)y such that (ICy(P)y, b, pa) is a bialgebra. However, each case relies on the

combinatorics of that specific species. We leave it for a future project to work out a more
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general description of .
Surprisingly little has been said about the Hopf algebras in this section. Schmitt has studied
KQ(G) where G is the species of graphs, but the results have never been published. Moreover,

the coproducts in Aguiar and Mahajan’s comonoids in Sp are given by maps

PlI]—» P P[4 &P[B]
AUB=I

and thus they only allow the set I to be split into disjoint pieces.

Nonetheless, there is precedence for this construction. In an earlier version of their mono-
graph [3], Aguiar and Mahajan describe another way to make Sp monoidal. Namely, for any
species P and Q, let P#Q be defined by

(P#Q)[I]= P P[4 Q[B]
AUB=I]

Then, they define the concept of a 2-monoidal category, (C,e,®). This is a category C with

two monoidal structures, (C,e) and (C,®), together with an interchange map
(: (CeC)O(CeC)—= (COC)e (COO)
which satisfies axioms similar to those of the map
Tepel:(CeC)e(Ce(C)— (CeC)e(Ce()

in a braided monoidal category. In fact, a 2-monoidal category (C,e, e) is just a braided
monoidal category. A bimonoid in (C,e,®) is an object B, which is a monoid in (C,e), a
comonoid in (C, ®), and satisfies the compatibility condition, dpu = (1 ® p)¢(0 ®J). Aguiar and
Mahajan observe that (Sp, -, #) is a 2-monoidal category, and indeed, the constructions in this
section could then be described as bimonoids in this 2-monoidal category. In future work, we

plan to flesh out the details of this construction in their full, category-theoretic generality.
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4.3 Generalizations of o; and

4.3.1 The maps 6,

We have already mentioned that /Cj( P) is g-cotriZinbiel, but the coproduct § decomposes into

even finer coproducts. For example, for any 7' C [n] and G € Pn], we could define

0:(G)= > ¢*"FlGlAeGIB

AUB=([n]
TCB\A

In this section, we describe these maps. Their relations provide a rich calculus of coproducts,
and indeed, they satisfy axioms similar to those of d~, §,, and d. in a g-cotridendriform
bialgebra.
For any G € P[n| and for any S,T,U C [n], let s0y7: Kq(P) — ICy(P) be the linear map
given by
sOur = Z ql(AmB)\mG‘A ® G|B
AUB=[n]
SCA\B

UCANB
TCB\A

In other words, we fix S,T,U C [n], and sum over all sets AU B = [n] such that we have the

following Venn Diagram:

In particular, < = 18y, 04 = 9019, O = ¢dg1, and & = 4dg9. We write sdr = g0y,
50 = s0p.0, Op = 90y, and Oy = 40y . However, whenever the last term is empty but the
middle is not, we write 0,9 to avoid confusion. If any of S, U, or T" are not disjoint then
s0p.r = 0. Also, note that 7o 36y = r0p.s-

Fix SUUUT C W C [n]. Then, sy, is the sum over all AU B = [n] such that of the
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elements of W, at least S C A\ B, at least U C AN B, and at least T'C B\ A. But then this
is equal to the sum over all S C X C W such that of the elements of W, exactly X C A\ B

and again, at least U C AN B and T C B\ A. In other words,

S5U,T = Z Z q|Y|X5Y,Z

SCXCW\(UUT) \YUZ=W\(ULT)

4.4

S DAL (4.4)
Xuyuz=w
SCX
UCYy
TCZ

Ifwelet S=U =T =0 and W = {1} then we recover the formula
o= (5.< + (5>_ + qd\

and more generally, for any W C [n],

0= Z q|Y|X5Y,Z

Xuyuz=w

By applying Mobius Inversion to formula 4.4 we get

Z qu‘S(SY,Z = Z (_1)|X\S‘X6U,T

YUZ=W\S SCXCW\(UUT)

Similarly,

Z Q‘U‘x%,z _ Z (_1)IY\U\55Y’T and

XUZ=W\U UCY CW\(SUT)
Z Q‘Y‘sty,:r = Z (_1)|Z\T‘S5U,Z
XUY=W\T TCZCW\(SUU)

We now describe formulas that generalize equations (2.2)-(2.8).
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Proposition 4.24. Let m > 0 and X UY C [m]. Then, the following two equations hold:

(I ®8xy )0 = > (Gpsuwy ® Dsbur (4.5)

SUUUT=[m]
XCU
YCT

(x0y,0 @ I)im)6 = Z (I ® jour)d)sdu.r (4.6)
SUULT=[m]

XCS
YCU

Proof. We prove equation 4.5. The proof of equation 4.6 is similar.
Let G € Pln|, and observe that when we apply either side of formula 4.5 to G, we get a
sum over AUBUC = [n]. On the left-hand side, we first split [n] into A and (BUC'), ensuring

that [m] € (BUC) \ A as indicated in the following Venn diagram:

A C

B

Now, X UY C [m] C (BUC), and since the entire initial interval [m] C B U C, each of
the elements in X 'Y will be labeled the same after we standardize G|(B U C). In the second
step, we then split BU C into B and C, ensuring that that X C BNC and Y C C \ B. We

have the following Venn diagram.
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B

On the right-hand side of equation 4.5, we first spit [n] into (AU B) and C, ensuring that
for SUUUT =[m],SC(AUB)\C, X CUC(AUB)NC,andY CT C C\ (AUB). That

is, we have the following Venn diagram:

Finally, we split (AU B) into A and B. Since SUU UT = [m] and T'C C'\ (AU B), the
set S U U is relabeled [|S U U|] when we standardize G|(A U B). But when we split (AU B)
into A and B, we require that [|S U U|] is in B, which gives us the same Venn diagram that

we ended up with on the left-hand side. O

Equations (4.5) and (4.6) imply all seven of equations (2.2)-(2.8). For example, let m = 1,
X =0, and Y = {1}. Then, equation (4.5) becomes equation (2.4). Likewise, if m = 1,
X = {1}, and Y = () then equation (4.5) becomes equation (2.6).

We have now shown that the maps sy generalize the g-cotridendriform coalgebra struc-

ture of Iy( P). They also generalize the bialgebra structure. That is, we prove a generalization
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of Proposition 3.16. We need a little notation for this proposition. For any set A C N, let
A ={a—m: a € AN[m+ 1,m+ n]} denote the left translation of AN [m + 1,m + n] by
m and let A, = AY, = AN [m]. For example, if A = {1,3,4,7,8} then A2 = {3,4} is the left
translation of AN [5,9] = {7,8} by 4 and A4 = {1,3,4}. This notation is cumbersome, but

still better than the alternative of writing (A N [m + 1,m + n]) — m.

Proposition 4.25. Let G € P[m| and H € P[n|. Then,
sOvr(G - H) = 5,007, (G) - SZ{LCSUQHT,T(H)
Proof.

Goa(G-H) = Y UG A (G- H)|B

AUB=[m+n]
SCA\B
UCANB
TCB\A

= Y B AENEDIUR ST (G Ay - (HIAT) © (G1Bu) - (H|BY)

AmUBm=[m]
AMUBT =[n)]
S CAm\Bm, S;' CAT\ B
Umn CApm B, UM CA™AB™
T CBm \Am, TP CBIN\AD

= Z JdENUnlGI X 0 GlY | - Z JdVOON W @ H|Z
XUY=[m] WuZ=[n]
SmCX\Y S CWAZ
UnCXNY UmCcwnz
TmCY\X TCZ\W
= 50U, 1 (G) - sgb%mmﬂ (H) O

Corollary 4.26. Let G € P[m] and H € P[n]. Then,

1. If S,U, T C [m] then §0y+(G - H) = s0pr(G) - §(H). In particular, if ¢ < m then
0i(G-H) = 0;(G)-0(H) and 6,¢(G - H) = 6,4(G) - 6(H). Note that when i = 1 this
implies that 0w (G - H) = 0, (G) - 6(H) and 6, (G - H) = §.(G) - 6(H).

2. If S,U,T C [m+ 1,m + n] then 30y1(G - H) = 6(G) - smdym = (H). In particular, if
i >m then 6;(G - H) = 6(G) - §i—m(H) and 6, 4(G - H) = 0(G) - 6;_po(H).
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Corollary 4.27. For any coherent exponential (or linear) R-species, P, (IC;(P), i, 6<, 9, dx)

is a left g-cotriZinbiel bialgebra.

Let ¢ = ¢, [n] — [n] be the bijection which reverses the order of [n]. That is, for all
i € [n], #(i) =n — i+ 1. This induces a linear map ¢ = P[#]: P[n] — P[n]. Note that ¢ is an

inversion and

5¢ = ((;5 ® ¢)57 QEM = M((Zg ® ¢)Ta Xo = ¢X

Define 0% 4: Kq(P) — Kq(P) @ K¢(P) by s6ur¢ = (¢ ® ¢)5di . Then, by a similar

argument as above:

Proposition 4.28. Let G € P[m| and H € P[n|. Then,

505 57(G - H) = m05m (G) - .0t 57, (H)
We write §_; for §<. It should be clear from Proposition 4.28 that the following corollaries
are true.
Corollary 4.29. Let G € P[m] and H € P[n]. Then,

L If S,U, T C [m] then §d5 (G - H) = 6(G) - 50t 5 (H). In particular, if i < m then
0_i(G-H)=06(G)o_i(H) and 6 (G- H) = (G) - 0 (H).

2. If S,U, T C [m+1,m+ n] then 565 (G - H) = adim 5 (G) - 6(H). In particular, if

U, T

i > m then 5—1<G . H) = (5,(1,m)(G) . 5(H)

Corollary 4.30. For any coherent exponential (or linear) R-species, P, (ICq(P), i1, 0_1, 65 4, —10)

is a right g-cotriZinbiel bialgebra.

The map 6_; can be thought of as summing over all AU B = [n] such that the last element

%
isin B\ A. We can mix and match sets of the form S and 7'. In particular, we note that

Proposition 4.31. For any coherent exponential (or linear) R-species, P,

(’Cq<P>v 1,—157 15—1,(07 15—17 51,—17 51,—17 —161,0)7 —151; 5—1,1; 51,—1,@)
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is a g-coennea coalgebra. In particular, this means that (Co(P), 119, 161, 104, d1 1) is a

coquadri coalgebra.

4.3.2 The maps sa,, and sf;, .+

For any S,T,U C N and any f,g € End (qu(P)), we define
fsxur g=p(f @9g)sdur
We work in I/C\q(P) rather than ICy(P) to ensure that the antipode exists. We let
savr =Xsxor I,  and  sfur =1 skur X

Note that this means gxpp =% and gapg =X+ =ne =1 %X =4y .

As with g0y, we write sar = sy, s = 5Qg4, p = gy, and ayr = goyr. However,
whenever the middle term is nonempty, we always keep the last term and write say y to avoid
confusion. We let a~ = o, oy = a4, and o = ;. We make the analogous definitions for
the maps sfr, 83, etc.

We will use the following well-known result in the proof of the following proposition.

Proposition 4.32 (see Corollary 1.5.12 in [43]). If H is a cocommutative (or commutative)

Hopf algebra then X o X = I. In other words, X is an involution.
Proposition 4.33. X o ray s = sapr and X o 18y.s = sBur-

Proof. Let G € P[n]. We prove the first equation; the second one is proven similarly.

sQur = Z Q‘AQB‘X(G’A)G’B

AUB=[n]
SCA\B
UCANB
TCB\A

= > ¢"PIX(GIA)X(X(G|B))
AUB=[n]
SCA\B

UCANB
TCB\A

86



= > ¢MBIX(X(GIB)G|A)
AUB=(n]
SCA\B
UCANB
TCB\A

:x< > qA“Bx(G|B)GyA>

AUB=[n]
SCA\B
UCANB
TCB\A

:XOTO[U’S D

Corollary 4.34. For any G € P[n| and any U C [n], ayy(G) and By(G) are fixed points of

X. In particular, X o . = o and X o B, = ..

Corollary 4.35. For any i € N, a; = —;a.

The maps say r vastly generalize the maps «; from Section 3.3.2. The maps «a; are the

extremely limited case where S = U =0, T = {i}, and ¢ = 0. We state (without proof) the

following generalization of Proposition 3.18.

Proposition 4.36. Let G € P[n]. Then,

1. 5(SaU,T(G)) - Z q|XﬁY|SxaUx,Ta: <G|X) ® SyavaTy (G‘Y>
XUY=[n]
S,USy=5
UpUU,=U
T,UT,=T

2. §(sBur(G)) = Z ¢, By, 1, (GIX) ® s, Bu,1,(GY)
XUY=[n]
8,US,=8
U, UU,=U
T, UT, =T

Even the statement of this result is cumbersome and the proof is not very enlightening.
Moreover, we don’t need this level generality for any of the subsequent results and so instead

we focus on two special cases: (1) the case where ¢ = 0 and U = (), and (2) the case where

SuUuT ={1}.

4.3.3 The maps so, and (3,

Consider the case where ¢ = 0 and U = () and recall that we write s, for gy and 3, for

sPo.r- For the remainder of this section let H = IC(P).
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Proposition 4.37. Let G € P[n]. Then,

1. 5(SaT(G)) = Z vaw (G|E) @ vay(G|F)
EUF=|n]

Uuv=s
wWuz=T

2. 5(sBr(@) = > uBw(GIE)® vB2(G|F)
EUF=[n]

UuvV=s
wuz=T

3. If 1 € S then
01 (SBT(G)) = Z vBw(GIE) ® v B5(G|F)

EUF=[n]
leF
Uuuv=s
Wwuz=T
1leV

Proof. We prove the first equation and the third; the second is proven similarly.

5(sar(G)) =4 > X(@GIX)GY

XUY=[n]
SCX, TCY
= ) sXGX)GY
XUY=[n]
SCX, TCY
= ) (XeX)§GX)sGY)
XUY=[n]
SCX,TCY

- > X(G|A)G|C @ X(G|B)G|D

AUBUCUD=[n]
SCAUB
TCCUD

= )  XGJAGIC®X(GB)GID

AUBUCUD=[n]
ULvV=9
WUZ=T

UCA, VCB
WCC, ZCD

EUF=]n]|

Uvuv=s
wuz=T
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Now, suppose 1 € S. Then,

01 (S/BT(G)) =01 Z G‘XX(GD/)

XUY=[n]
SCX, TCY

= Y a@X)s(X(EY))
XUY=[n]

SCX,TCY
= Y aGX)X®X)G|Y)
XUY=[n]

SCX,TCY
_ > GIAX(G|C) @ G|BX(G|D)
AUBUCUD=[n]

leB

SCAUB
TCCuD

= > GJAX(G|C) ® G|BX(G|D)
AUBUCUD=[n]

vuv=s

1eV

Wuz=T

UCA,VCB

WCC, ZCD

= E UﬁW(G|E) & VBZ(G|F) O
EUF=[n]
1eF
Uuv=s

wuz=T
1eVv

Let Hy C Hy C Hy C --- denote the coradical filtration of H, and let H C H C Hj C

.-+ denote the total coradical filtration of H as a coZinbiel bialgebra.
Proposition 4.38. Let |S +T| =n > 1. Then,

1. saqr maps into H,.

2. ¢fr maps into H,.

3. If 1 € S then ¢f; maps into H; .

Proof. Again, we prove the first result and the third; the second is proven similarly.
We proceed by induction on n = |S U T|. For the base case, let n = 1. Then, either S = ()

and T = {i} for some ¢ € N or the other way around. In other words, sa; equals one of a; or
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ia. If sar = a; then by Proposition 4.37 (1),

5(061‘(G)) = Z 0w (G|E) @ gaz(G|F)
EUF=]n]|
WuZ={i}

= Y 0il(GIE) © 0 (GIF) + 00 (G| E) @ g (G|F)
EUF=[n]

= Y (G|E) @ ne(G|F) + nz(G|E) ® oi(G|F)
EUF=[n]

=oi(G) ®14+1® 04(G)

But X(p) = —p for any primitive p € P(H), and thus by Corollary 4.35, ;a = X o o; = —q;.
Thus, ;a also maps into the primitives.
For the inductive step, assume that for all £ < n and for all V', Z such that |V U Z| = k,

vay maps into Hy. Now, suppose that |S UT| = n. Then, by Proposition 4.37 (1),

0(sar(@) = > vaw(G|E)®vay(G|F)

But if U,V # ) and U UV = S then |U|,|V] < |S] and likewise, |W|,|Z| < |T|. Hence,
[VUZ| < |SUT|=n and so by the inductive hypothesis, ya,(G|F) € Hy, for some k <n—1.

Thus,

"(sar(@) = Y. vow(GIE)® 6" (vas(GIF))

EUF=|n]

Uuv=s

WuzZ=T
UV,W,Z#0

EUF=|n]

Uuv=s

WuzZ=T
UV,W,Z#0

The third result is proven very similarly. We again proceed by induction on n = |S U T|.
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For the base case, n = 1 and since 1 € S, this means 38, = 15. Again, by Proposition 4.37 (3),

01 (15(G)) = E UB(Z)(G|E) ® vﬁ@(G‘F)
EUF=]n]|
1eF
Uvuv=s
leVv

= > B(GIE) @B (GIF)
EUF=[n]
l1eF

= Y ne(GIE) ®18(G|F)
EUF=[n]
leF

=1®18(G)

For the inductive step, we again assume that for all k£ < n and for all V, Z such that 1 € V
and |V U Z| = k, v, maps into H;". Now, suppose that 1 € S and |SUT| = n. Then, by
Proposition 4.37 (3),

51 (S/BT(G)) = E vBw(G|E) @ vB4(G|F)
EUF=[n|
leF
vuv=s
eV
Wuz=T
UV.W,Z#)

But if U,V # ) and U UV = S then |U|,|V] < |S] and likewise, |W|,|Z| < |T|. Hence,
VU Z| < |SUT|=n and so by the inductive hypothesis, v8,(G|E) € H; for some k < n—1.

Thus,
0 (sB2(G) = > uBw(GIE) @87 (vB(G|F))
EUF=[n]

WuzZ=T
UV,W,Z#0

Corollary 4.39. For any i € N, ;«, «;, ;8, and §; map into the primitives. Moreover, the
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maps 16 and S; map into the total primitives.
Proof. The proof is identical to that of Corollary 3.25. O
We can also prove a generalization to Proposition 3.20.
Proposition 4.40. Let G € P[m| and H € P[n|. Then,
1. If S,T C [m] then sar(G - H) = sar(G) <pq H and s5-(G - H) = 0.
2. It S,T C [m+1,m+n] then sar(G-H) =0 and s8+(G - H) = G >aq (s—m)Bir—m)(H).
Proof. The proof of 1 follows from Proposition 4.28 and the same basic argument as in Proposition 3.20.
Namely, we use Proposition 4.28 to show that

sarop=pP(X@X®I® I)sa3)(s0r @ 9)

and then plugging in a specific G and expanding the formula gives us the desired result.

Similarly, we show that
sBrop=pPlX@X®T @ I)5(125) (8 ® (5—myS(r—m))

and then plugging in a specific G and expanding gives us 0. The proof of 2 is similar. O
Corollary 4.41. Let G € P[m] and H € P[n]. Then,

1. If S,T C [m] then sar (G - aj(H)) = [sar(G), oy (H)].

2. If S,T C [m+1,m +n] then s3(;8(G) - H) = [;8(G), (s-m)Bir—m)(H)].

Just as in Section 3.3.2, the order connected P-structures give a basis for the total primi-

tives.

Proposition 4.42. The map 1 is a projection onto the total primitives and
{18(G) : G is order connected}

forms a basis for P,(H).
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Proof. The proof is the same as in Proposition 4.42. O

As in Section 3.3.2, H is also graded with n*® homogeneous component
H(n)={18(G1)---1B8(Gy) : G; is order connected}

By the same argument as in Theorem 4.43, we can show that

Theorem 4.43. The map «; is the Dynkin idempotent of H with respect to the grading H(n)

and so «aj projects onto P(H).

Example 4.5. We’ve already seen one example of the maps «1 and 18 with the coZinbiel Hopf
algebra of graphs from Section 3.3.2. As mentioned in Example 4.3 (d), the Hopf algebra IC(II)
is the Hopf algebra of symmetric functions in noncommuting variables. Lauve and Mastnak
studied this Hopf algebra in [26] and described a map, p, which gives a basis for the free Lie
algebra of the primitive elements. Their map is a special example of 18 and indeed they show
in Theorem 2 of their paper that it is zero on any order-disconnected partition, which they
call a non-atomic partition. However, their proof relies a number of facts about quasishuffles
and makes no mention of the coZinbiel structure of K(II) or the relation of ;3 to the Dynkin

idempotent and the map a;.

In general, given disjoint sets S and T such that |SUT| = n, it’s not clear when ga, maps
onto the n'® homogeneous component of the coradical filtration. We leave this as a future
project.

One can also prove similar results for the maps gas and ¢35 using the simple fact that
s0urd = (¢ @ ¢)505 5. For example, sas(G- H) =0if S,T C [m)].

One of the original motivations for studying the generalized sa, was to describe formulas

relating a; to a;. We end this section by noting that formula (4.4) implies that

sQrp = g xQy

XUy =W
SCX, TCY
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In particular,

a1 = ;00 + Q5

Qp = 10y + Qg

which implies that a; = a1 + ;a; — ;. One hope is that in future work this can lead to a

more elegant description of the relation between im «; and im o;.

4.3.4 The maps a-, o, and o,

We saw in the previous section that when ¢ = 0 and U = (), the maps sar characterize the
coradical filtration. We know from Section 4.2.4 that when g # 0, the coradical filtration is
not very interesting. This explains why the coproduct formulas in Proposition 4.36 are not
very useful. When ¢ # 0, the map say, has to map into the 0*" component of the coradical
filtration because that is the only component that exists. Nonetheless, it’s useful to consider
a simplified case where ¢ % 0 in order to see precisely what happens to the primitive element
a1(G) when g # 0. In this section, we let ax = jqp9, W = gQ19, @ = g1, B< = 1500,

B. = oB19, and Be = 35y, and prove the following:
Proposition 4.44. Let G € P[n]. Then,

L (0 (@) =ar(@@1+10a- (@) + Y. ¥V (GIX)® o (GY)

XUY=[n]
leXnY

2. 5(Bx(G)) = B(G)®1+1@B(G)+ Y. ¢*VIBL(GIX) @ BL(G]Y)

XUY=[n]
leXny

Proof. We prove the first formula; the second is proven similarly. Below we write [n] as the
union of four sets [n] = AUBUCUD. Welet S=AUB, T=CUD, X =AUC, and
Y = BUD. A key observation is that [SNT |+ |ANB|+|CND| = |XNY|+|ANC|+|BND|.
Both sides of this equation count each piece of AU B U C U D exactly the number of times

indicated in the following Venn diagram:
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Hence, we have

5an (@) = > M5 (X(GIS)GIT)
SUT=|n]

1€eT\S
= > "X @X)GI9(EIT)
SUT=[n]
1€T\S
= > ¢ Y0 MPIOPINGIA)GIC @ X(GIB)GID
SUT=[n] AUB=S
IET\S CUD=T

_ Z q\SﬂT\HAﬂB\HCﬂD\X(G|A)G|C®X(G’B)G‘D

AUBUCUD=[n]
1€(CUD)\(AUB)

If 1 € (CUD)\(AUB) then either 1 € O\ (AUBUD), 1 € D\(AUBUC) or 1 € (CND)\(AUB).

Hence, the above sum splits into three sums:

_ Z q|SﬂT|+\AﬁB\+\CﬂD\X(G’A)G’C ® X(G‘B)G|D

AUBUCUD=[n]
1€eC\(AUBUD)

N Z ¢STHANBIFICNDY (G A)G|C  X(G|B)G|D

AUBUCUD=[n]
1€D\(AUBUC)

N 3 g STIHANBIFICNDIN (G| A)G|C @ X(G|B)G|D

AUBUCUD=([n]
1€(CND)\(AUB)
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_ Z q|SmT|+\AﬁB\+\CﬂD\X(G’A)G|C ® ns(G\Y)
AUCUY =[n]
1eC\(AUY)
+ Y STTHIANBIHICOPle (G X) @ X(GIB)G| D
BUDUX=[n]
1€D\(BUX)
+ 2: dXhY}HAmﬂHBODuxGPMC”CQ§X«HEQC”D

AUBUCUD=][n]
1€(CND)\(AUB)

In the first sum, ne(G|Y) = 0 unless Y = (). Likewise, ne(G|X) = 0 in the second sum

unless X = (). Thus, we have

=a, (G)@1+1®a(G)+ > ¢SOTIHIANBIHICODIY (G| A)G|C @ X(G|B)G|D
AUBUCUD=[n]
1€(CND)\(AUB)
=0, (G)®1+10a,(G)+ Y ¢XVHACIHENDI(GIA)G|C @ X(G|B)G|D
XUY=[n
AuC=X
1€ A\C

BUD=Y
1€B\D

=0 (@) @1+10a (@) + Y, ¥V (GIX)®an (GY) O

XUY=[n]
leXnY

In the statement of the above Proposition, 1 € XNY and in particular, | XNY| > 1. Hence,
01X = 0 and so when ¢ = 0, every term vanishes except for ay (G) @1+ 1® a, (G). In
other words, this formula shows exactly how the parameter g perturbs the primitive elements

in KL(P). We prove the following similar Proposition:

Proposition 4.45. Let G € P[n]. Then,

- (B<(G)) = 1@ B<(G)

In other words, S~ maps into the total primitives no matter what value ¢ takes.

Proof. Again, we use the fact that [n] = AUBUCUD,S=AUB,T=CUD, X =AUC,
and Y = BUD then |[SNT|+|ANB|+|CND|=|XNY|+|ANC|+ |BND|. As before, we

have
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0-(B<(G) = > ¢57TIs(G1SX(G|T))

SUT'=[n]

1€S\T
= > M5 (G19)(Xx @ X)8(GIT)

SUT'=[n]

1€5\T
= > 5T 3" gMBIGIOPIGIAX(GIC) @ GIBX(G|D)
SUT=([n] AUB=8

1 €S\T CuD=T

leB

= Y XTYHMNCIHBOPIGIAX(G|C) ® GIBX(G|D)

AUBUCUD=[n]
1€B\(AUCUD)

= Y XMIgHClne(Glx) @ B(GIY)
XUY=[n]
ley

=1® B<(G)
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Chapter 5

Descent Algebras

In this chapter we explore a new topic motivated by the map «;. Both the Dynkin idempotent
and the Eulerian idempotent live inside a submodule of the convolution algebra known as the
descent algebra. We define this algebra and review its most important properties in Section 5.1.
Then, in Section 5.2 we describe the free dendriform algebra on a single generator, which is
a combinatorial Hopf algebra with basis indexed by (rooted) planar, binary trees. Section 5.1
and Section 5.2 are expository but in Section 5.3 we define a new analogue of the descent
algebra for codendriform bialgebras: the dendriform descent algebra. We show that a; lives
inside this submodule and prove that the dendriform descent algebra of the tensor algebra is
the free dendriform algebra on a single generator. This provides a combinatorial description

of how the dendriform descent algebra is related to the traditional one.

5.1 The Descent Algebra

Let RS, denote the group algebra on the symmetric group S,. Let ¥, be the R-submodule

generated by all elements of the form

Ag = Z o, S Cin—1]

O'GSn
Des(c)=S

Solomon showed that ¥, is multiplicatively closed and thus a subalgebra known as Solomon’s

descent algebra or sometimes just Solomon’s algebra [63]. More generally, Solomon’s descent
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algebra can be defined for any finite Coxeter group [8] and indeed a number of articles have
studied it for the symmetric group [19,53] as well as for the hyperoctahedral group [7,9,10].
Many of its properties are closely related to the geometry of the Coxeter complex and its
representation theory [2].

If we consider the direct sum &Sym = @RS}L then the product in R.S,, is only defined
n>0
for permutations on the same number of elements. For this reason, it’s sometimes referred to

as the internal product. There is also an external product on &Sym given by

g-T = E s

w€Sh(o,T)

where Sh(o,7) is the set of (o, 7)-shuffles as defined in Section 2.1.2. Likewise, there is a

coproduct given by
n

0(o) = Zst(al e 0q) @st(oipron)
=0

In fact, &Sym is a connected, commutative Hopf algebra known as the Malvenuto-Reutenauer
Hopf algebra of permutations [39]. It is graded as a Hopf algebra with n'" homogeneous
component SSym,, = RS,,. The symmetric group S, is partially ordered by the (weak) Bruhat
order: o < 7 if and only if Inv(c) C Inv(7). Aguiar and Sottile introduced the monomial basis

for §Sym given by Mobius inversion over the Bruhat order [5]. That is,

M, = Z s, (o, 7)o

o<T

This second basis allows us to define an alternate coalgebra grading on &Sym given by
SSymy, = R{M, : o has exactly n global descents}

The Hopf algebra &Sym is dual to the coZinbiel Hopf algebra (L) from Example 4.3 (c),

and is thus a Zinbiel Hopf algebra. For o € S, and 7 € Sy, let

Shl(a, 7)={m € Sh(o,7): 7(p+q) =7(q)}

Sh?(o,7) = {r € Sh(o,7) : n(p+q) = o(p)}
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It was shown in [36] that the left and right product in &Sym are given by

o<T= Z T

w€Sh?(o,7)

oT= Z ™

7€Shl(o,7)

As before, we may consider the direct sum ¥ = @ >n, which is sometimes itself referred
n>0
to as the descent algebra. It is a sub-Hopf algebra of &Sym, and was shown by Malvenuto
and Reutenauer to be dual to the Hopf algebra of quasisymmetric functions [38].

In 1993, Patras vastly generalized Solomon’s construction on &Sym to any graded Hopf

algebra [46]. Let H = @Hn be a graded Hopf algebra and let p,: H — H, denote the
n>0
projection of H onto the n*® homogeneous component, H,. Each p,, is an endomorphism on

H and the R-module End(H) is an algebra with convolution product. The descent algebra of
H, again denoted X, is the subalgebra of End(H) generated by the maps p,. For any integer

composition, ¢ = ¢; - - - ¢ we let p. denote the map

Pe =Py * - X Py,

Let V' be an infinite dimensional R-module and recall from Example 2.1 that 7 (V) is a
graded Hopf algebra with n*® homogeneous component, 7(V),, = V", In this case, the maps
pe are linearly independent and thus form a basis for 3. Note that S, acts on V®" (on the
left) with

0>V Up = Vo) " * Ug(n)

Hence, GSym acts on T (V') with the action defined by

Vo1) ** " VUs(n) if o S Sn
o> v U, =
0 otherwise
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Recall that 7 (V) has the shuffle coproduct. Thus, it’s not difficult to see that

Pe(vr - 0n) = ilpey @+ @9 )0(v-v) = D o,
Des(o)=D(c)
In other words, the descent algebra of 7 (V') is Solomon’s descent algebra. In this case (but

not always), ¥ is a Hopf algebra and its coproduct is given by

S(pn) = Y Pi@p;

i+j=n

For descent algebras, the convolution product is sometimes called the external product. If
H is connected, cocommutative (or commutative) then the descent algebra is closed under the
composition of morphisms and so it also has an internal product [46]. In the case of T (V'), this
internal product reduces to the classic one from Solomon’s algebra.

One of the most important facts about descent algebras is that they contain the Dynkin
idempotent, the Eulerian idempotent, and many other well-known primitive idempotents [47].

To see this, note that

I'=po+p1+p2+ps+---

D =p1+2ps+3ps+---

and by Takeuchi’s formula (2.1),

X = Z(_1)|C|pc
n>0
cFn

Thus, L =X*xD € ¥ and
E=S"(-1kP ey
S

n>0
cFn

Since any Hopf algebra can have multiple Hopf algebra gradings, one Hopf algebra may
give rise to many descent algebras. We work in the category of graded Hopf algebras meaning
that each object is a Hopf algebra with a distinguished grading. In this way, there is a unique

descent algebra associated to each object in the category.
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5.2 Loday-Ronco

In this section, we describe the free dendriform algebra on a single generator. It’s described
combinatorially by (rooted) planar binary trees and is closely related to the Malvenuto-
Reutenauer Hopf algebra of permutations encountered in the previous section. This Hopf
algebra was first introduced in [35] and further studied in [36] and [6].

Let ), denote the set of (rooted) planar, binary trees with n internal nodes (and thus n+1
leaves). By a planar binary tree, we mean a rooted tree with a chosen embedding in the plane

such that every internal node has exactly two children. For example,

w={}y={Y}»n={YV}

The Tamari order on Y, is the partial order whose cover relation is given by moving a
child node directly above a given node from the left to the right branch above the given node.

For example,

YN N

For any trees s and t, consider the following three operations

1. s/t is the tree obtained by identifying the root of s with the left-most leaf of ¢. I.e.,

2. s\t is the tree obtained by identifying the root of ¢ with the right-most leaf of s. I.e.,

U

s\t =

3. sVt is the grafting of s and t obtained by joining the roots of s and ¢ at a new root. IL.e.,
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Any planar, binary tree can be written uniquely as t = ¢t/ V t". Let t; denote the unique tree

in V1. We recursively define the right comb trees by

r =1t and Tn = Tn—1/T1

That is, a right comb tree is one in which all of its leaves are right pointing. Likewise, the left

comb trees are defined recursively by

l1 = tl and ln = l1\ln_1

The following result appears in [36].

Lemma 5.1. For any s € Vp,, t € Vp, and w € Y,

1. s/t = (s/th) v "
2. s\t =s"V(s"\t) and
3. s/t < s\t in the Tamari order

4 Ift <wthensvVi<sVwandtVs<wVs.

Proof. We'll prove 1 and 4; the rest are proven similarly. To see 1, note that (s/t!) V" is
obtained by first identifying the root of s with the leftmost leaf of ¢ and then joining this tree
and t" at their roots. But ¢! V¢" = ¢ and the leftmost leaf of ¢ is also the leftmost leaf of t.
Hence, s/t = (s/t') V1",

Result 4 follows from the fact that no node in ¢ has a child node in s. Hence, the tree sV w
can be obtained from the tree s V ¢ by moving around child nodes in the ¢ portion of sV ¢

without changing the s portion. O

There is another way to split a tree ¢ into two pieces. For any ¢ € ),,, we number its n + 1

leaves, 0,1,2,...,n and imagine a lightning bolt strikes the tree at leaf 7 and splits it along
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the unique path running from this leaf to the root of the tree. We write this decomposition as

t — (t4, 7). For example,

177

— — ~lightning strikes here

Yy Y

The R-module Y Sym = @ RY), is a Hopf algebra, known as the Loday-Ronco Hopf algebra
n>0
of planar, binary trees. Its product is given by

s-t= Z U

s/t<u<s\t

and the coproduct is given by

5ty =) tiet;
i=0

The unit 1 is the empty tree and the counit is the projection onto R - 1. This Hopf algebra is
graded with Y Sym,, = RY,.
As with &Sym, there is a monomial basis for Y Sym given by summing over the Tamari

order:

M = Z [y, (L, 5)s

t<s
This basis was first defined by Aguiar and Sottile [36] who also showed that the coproduct is
given by
S(My) = > M, ® M,

t=r\s

Moreover, Y Sym is graded as a coalgebra with
YSymy, = R{M; : t =t1\---\ty for \-irreducible trees ¢,...,t,}
Loday-Ronco is a dendriform bialgebra with left and right products given by
s<t=sV(s 1), and s=t=(s-t)Vvit
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By Lemma 5.1, (1) and (4),

sT/t<u<sT\t

- Z u

stV (sT /t)<u<s\t

and similarly [36],

s>=1t= Z U

s/t<u<(s\th)ver

In fact, it was shown in [35] that })Sym is the free dendriform algebra on the single generator

WY

Given a permutation o € S,,, we construct its decreasing tree, T'(o), recursively as follows.
The root is labelled n and if oy -+ -0, = unv then the left subtree is T'(st(u)) and the right

subtree is T (st(v)). For example, the permutation 213 has the decreasing tree.

The point is that the labellings of the vertices are decreasing as we move up the tree. Given
two labelled trees s and t, we say they have the same shape if the underlying, unlabelled trees
are the same. We write Shape(s) and Shape(t) to denote these trees.

There is a dendriform Hopf algebra map A: Y Sym — &Sym given by

At)= Y. o

Shape (T(O’)) =t

In other words, the tree ¢ is mapped to the sum of all permutations whose decreasing tree is

of shape ¢ [36].
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5.3 The Dendriform Descent Algebra

In Section 5.1, we introduced the descent algebra of a graded Hopf algebra and surveyed a few
of the most important results about it. In this section, we define an analogous construction
for graded codendriform Hopf algebras and prove that in the case of 7 (V'), it is isomorphic to
the Loday-Ronco Hopf algebra from the previous section.

Let (H, u,d<,0s) be a graded, codendriform Hopf algebra and as before, let p,,: H — H,
denote the projection onto the n'" homogeneous component. Note that this means End(H) is

a dendriform algebra with left and right convolution products defined by

f=g=ulf®g)x, and  f>g=p(f®g)d-

for all f,g € End(H).

Definition 5.1. The dendriform descent algebra of H, denoted Ypepnq, is the subdendriform

algebra of End(H) generated by the maps p,,.

Since fxg=f <g+ f > g for any f,g € End(H), ¥ is a submodule of Xpeng.
Recall from Section 4.2.1 that if P is a coherent exponential (or linear) R-species, then
H = K(P) is a coZinbiel Hopf algebra graded by IC(P),, = RP[n]. In particular, End(H) is a

dendriform algebra with left and right convolution products

frrg=p(fognd, and  frrg=p(f®g)o
Since ay = X x1 I, a1 € Xpeng. We write
Pe = (Pey %+ x Pe_y ) ¥1 Pey, = Pey 1 (Pep %1 (- %1 (Peyy %1 Pey) - ++))
and observe that

o =YD

n>0
cFn
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Recall that H has a second Hopf algebra grading given by
H(n) =R{18(G1)---1B(Gy) : G; is order connected}

Hence, H gives rise to a second descent algebra and a second dendriform descent algebra.
We let q,: H — H(n) denote the projection onto the n'" homogeneous component of this
second grading, and we write XP, Z%end? ¥4, and EqDend to distinguish between the different
(dendriform) descent algebras. We showed in Theorem 4.43 that oy is the Dynkin idempotent
for this second grading. Hence, oy € E%end N XA,

Let V' be any infinite dimensional free R-module, and as before, let 7 (V') be graded by
T(V), = VO We write p,,: T(V) — V& for the projection onto the n'" homogeneous

component. We prove the following:

Theorem 5.2. The dendriform descent algebra >penhq is the free dendriform descent algebra

on the single generator p;.

Proof. Let B be a basis for V. Then, T(V) has a basis of words on the alphabet B. Let
t; denote the unique planar binary tree in ); and let ¢ € )),,. Recall that ¢ can be written
uniquely as t = ¢/ V t". We recursively define a map Y: YSym — Ypend, t — f; by letting
ft, =p1 and

fo=(fa = p1) < for = fu = (b1 < frr)

That is, for any word w of length n,

fr(w) = (fu = p1) < fir(w)
= > fu(wA)pi(w|B) fir (w]C)

AUBUC=[n]
1eB

— Z fu(wlA) -wy - fir (w|C)

AuUB=[n]\1

By construction, Y is a dendriform algebra map. Moreover, note that if w = wyws - - - w, then
fi(w) is given recursively as follows. First, label the root of ¢ by w; and consider all unshuffles

(u,v) of wy---w, such that the length of u is equal to the number of internal nodes in ¢
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Then, repeat this process for  on t* and v on t". This gives us a sequence of labelled, planar

binary trees, all of the same shape as t. For example, if w = abed and

Then, we label the root a and we have the unshuffles, (bc,d), (bd, ¢), and (cd,b). Applying this
process recursively for each of these unshuffles, we get the following labelled, planar binary

trees.

Finally, for each of these labelled trees, we read off the word given by recursively reading
the labels in the following order: left subtree first, followed by the root, followed by the
right subtree. With the three trees above, this gives us the words bcad, bdac, and cdab.
The map f; takes the word w to the sum of these words. In our example, this means that
fi(abed) = bead + bdac + cdab.

From this characterization, it is clear that p, = f;, where [,, is the left comb tree with n
internal nodes. Thus, p; generates the entire dendriform descent algebra. Moreover, note that
if w is a word without repetition and ¢ € )/, is a planar binary trees then no word in the linear
expansion of f;(w) can appear in the linear expansion of fs(w) for some other planar binary tree
s. Thus, {f;: t € Y.} is linearly independent and the dimension of of the n*® homogeneous
component of Ypenq is Cp, the n'! Catalan number. Since this is also the dimension of the
n*™ homogeneous component of Y Sym and Loday-Ronco is the free dendriform algebra on a

single generator, this proves that YT is an isomorphism. O
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Chapter 6

Future Work

Poirier and Reutenauer defined a Hopf algebra on standard Young tableaux and showed that
the evacuation of tableaux was a Hopf algebra map [51]. Malvenuto and Reutenauer extended
the evacuation of tableaux to labelled graphs [40]. A quick future project would be to show
that the evacuation of labelled graphs is a Hopf algebra map for the coZinbiel Hopf algebra of
graphs defined in Section 3.3.

As mentioned at the end of Section 4.2.2, it would be interesting to see if a basis for the
primitives in K(P) can be described using partial orders when P is a coherent linear R-species
(rather than a coherent exponential R-species.)

In Section 4.2.4, we outlined a project to describe the coalgebra C,(P) and the bialgebras
K,(P) and K, (P) using Aguiar and Mahajan’s theory of 2-monoidal categories. We also
discussed how to make the coalgebra (Kq(G)4,d.) a bialgebra by defining a new product
i Kg(G)y @ Kg(G)y = K¢(G), G® H — G A H where G A H is the graph given by
identifying the 1 vertex in both of the graphs G and H. A similar construction exists for
almost any coherent exponential R-species, but it’s not clear how to give a general description
of such a product.

Given any species P we can define the pointed species P = P x X. We let Sp, denote

the category of pointed species, and observe that we can make it a braided monoidal category
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with the tensor product defined by

P.-Q.[l]= P P.[S]@Q.[T]

SUT=I
|SAT|=1

whereby the new distinguished element in both P4[S] and Qe[7] is the unique point in SN7T.
Then, we might be able to define a bimonoid in this braided monoidal category and give Fock
functors like Ky for deriving the bialgebra (Ky(P),d, ). The g-cotridendriform relation
between § and J, could then be studied using the theory of species.

Another advantage to considering this alternative monoidal category of pointed species is
that there are many prelie algebra structures in mathematics that arise by gluing one pointed
object onto another. For example, given two rooted trees, we might sum over all ways to glue
the root of the second tree onto one of the vertices of the first one. It has been shown [44] that
this preLie algebra on rooted trees gives rise to the Grossman-Larson Hopf algebra of rooted
trees [21]. There is hope that other preLie algebras on other pointed structures might give rise
to other combinatorial Hopf algebras.

This construction is especially interesting because the Grossman-Larson Hopf algebra of
planar, rooted trees is coZinbiel, but in a manner different from the Hopf algebras we’ve
considered so far. If ¢ is a planar, rooted tree, then a branch of ¢ is any child vertex of the
root. We write By for the set of branches of ¢ and given a subset X C By, we let ¢|X denote
the tree obtained by erasing any trees emerging from branches not in X. Then, the coproduct

in Grossman-Larson is given by
sty= Y UX ety
XUY =B

The right coZinbiel coproduct is given by

o)=Y HXety

XUY =B
1eYy

and indeed we can define maps §; as before. The difference now is that the §; maps are given

by splitting up the branches of the tree and not the vertices. We can still define the maps «;
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and ;8. They will still map into the primitives; cy will still map onto the primitives and 13
onto the total primitives, but the sum a1 + as + - is not a Dynkin idempotent. It’s not clear
what this sum is or if it even projects onto the primitives.

If T, is the species of rooted trees then the coZinbiel structure in Grossman-Larson comes
from the fact that T, = Lo o T, and L is an R-species. There is hope that given a different
pointed R-species Q, that we can define a species P = Q4 o P and get generalized Grossman-
Larson-like Hopf algebras. It would be interesting to study the maps «; and ;3 for this family
of Hopf algebras and see which results generalize to this setting.

Consider the Hopf algebra of graphs H defined in Section 3.3. Another future project
involves characterizing the images of the maps «; and ;5 for ¢ > 1. Empirical evidence suggests
that the dim(im o), is monotonically decreasing and dim(im ;#3), is monotonically increasing
as i — 0o. More specifically, let L;(H) denote the submodule of H spanned by those graphs
whose left-most order connected component has at least i vertices. Let p! = dim ((im ai)n)

and define g, recursively by

) 1
2ot =1l

k>0 E>1
We believe that for all i,n > 1, g} = (dim in(H))n- In particular, L;(H) = U(ima;) as
R-modules. In fact, we even have a very crude proof of this result, but it’s unsatisfyingly ugly.
There is some hope that the maps ¢, may offer a clean formula for ;5 in terms of the |4.
We will work out this formula for 98 as a demonstration of how the general result might go.

First, observe that

18 =1P2 + {1,2}/3 and

28 =261+ 1230
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Thus, o8 = 18 + 182 — 281. Moreover,

B(AG) = Y 16(EX)(X@X)HG]Y)
Tex. 20y

= Y GJAX(G|C) ® GIBX(G|D)

AUBUCUD=[n]
1€A, 2eCuD

_ > GIAX(G|C) @ G|BX(G|D)

AUBUCUD=[n]
1€A, 2eC

+ Y GlAX(G|C) ® G|BX(G|D)
AUBUCUD=[n]

1€A, 2eD
—1B(@el- Y 1BGIX)®.18(A)Y)
XUY=[n]
leX, 2eY

But 182 maps into the submodule spanned by the order-disonnected graphs and 13 is 0 on all

order-disconnected graphs. Thus,

0=18(8(@) =16:(G) = D 1B(GIX1B(G]Y)
X 28y

Thus,
18(G) = > 1B(GIX)1B(GIY)

XUY=[n]
1€X, 2€Y
A similar argument gives a similar formula for 95;(G), and then using the fact that o5 =

13 + 1B2 — 231, one can show that

2B(@) =18(G)— D LBGIX)1B(GIY)]
JeX 1%

Obviously, a future project is to work out a similar formula for ;5 in general.
Finally, there are a number of open questions about dendriform descent algebras that
have yet to be considered. In the traditional descent algebra, there is an internal product in

addition to the external product. Is the same true in the dendriform descent algebra? That
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is, can one define an appropriate associative product on RY,? Framed another way, given two
endomorphisms f, g € Xpend, 1S f © g € Xpena? For (associative) descent algebras, this is true
whenever the graded Hopf algebra is connected, cocommutative. Codendriform Hopf algebras
are by construction always connected, and coZinbielity is sort of like cocommutativity for
codendriform coalgebras. Thus, it seems reasonable to conjecture that YXpenq should be closed
under composition of functions whenever the underlying graded, Hopf algebra is coZinbiel.

Another question is what is the dendriform descent algebra of K(P) when the grading is
given by K(P), = RP[n]? When P = G, it seems to be the case that Ypeyq is the free
dendriform algebra on the set {pi,p2,ps,...} modded out by the relation p; < p1 = p1 > p1.
However, there is no obvious proof.

In general, given an operad P, there should be an associated theory of P-descent algebras.

In a future work, I would like to explore this theory and see which results hold in general.
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