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Abstract

COZINBIEL HOPF ALGEBRAS IN COMBINATORICS

Many combinatorial structures admit a notion of restriction. Linear orders restrict to

suborders, graphs to vertex-induced subgraphs, and so on. Likewise, many combinatorial

structures can be written as a disjoint union of “connected” structures. For example, every

graph is a disjoint union of connected graphs, and every partition is a disjoint union of partitions

with a single block. We use Joyal’s theory of species to describe families of combinatorial

objects with both a notion of restriction and a compatible notion of connected structures.

Schmitt showed that if P is one such family then it gives rise to two connected, cocommutative

Hopf algebras, K(P) and K(P). We study the primitive elements of these Hopf algebras. In

particular, we describe a second basis for K(P), given by summing over a related partial order

and show that this basis contains a basis for the primitive elements.

The Hopf algebra K(P) is coZinbiel, meaning its coproduct can be written as the sum of

two non-coassociative coproducts satisfying certain compatibility conditions. We employ this

fact to define and study endomorphisms αi and iβ, which map into the primitives and are

intimately related to the Dynkin idempotent. In particular, we show that α1 maps onto the

primitive elements and the map 1β gives a basis for the free Lie algebra of primitives. Then

we consider one-parameter deformations of the Hopf algebras K(P) and K(P), which are q-

cotridendriform. We generalize the maps αi and iβ to maps SαU,T and SβU,T where S, U , and

T are fixed, disjoint sets, and use this generalization to characterize the coradical filtration of

K(P). We consider in more detail the special case where our family P of combinatorial objects

is the set of all (simple) graphs and prove a number of results particular to this special case.

Finally, just as every graded bialgebra gives rise to an associated descent algebra, every

codendriform bialgebra gives rise to an associated dendriform descent algebra. We define this

new dendriform algebra and show that it contains the map α1. We conclude by proving that

the dendriform descent algebra of the tensor algebra T (V ) is the free dendriform algebra on a

single generator.
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Chapter 1

Introduction

Combinatorial structures typically come equipped with decomposition laws. For example,

graphs decompose into subgraphs, permutations into cycles, partitions into blocks, and so on.

Many combinatorial structures also come equipped with composition laws. For example, the

union of two graphs is again a graph, and the concatenation of two words is again a word. The

idea behind combinatorial Hopf algebras is to encode these composition and decomposition

laws algebraically as products and coproducts on an R-module, thus translating combinatorial

problems into algebraic ones.

Formally, a coalgebra is defined by starting with the axioms of an algebra and reversing

all the arrows. The product µ : A⊗A→ A becomes a coproduct δ : C → C ⊗C, and the unit

becomes a counit. If a product describes a way of combining two elements into one, then the

coproduct is a way of pulling an element apart into pairs. For example, we might consider a

free R-module with basis indexed by a family of partitions and the coproduct of a partition

π might be the sum of all ways of splitting π into complementary subsets of its blocks. If a

coalgebra is also an algebra and these structures satisfy a certain compatibility condition then

we call it a bialgebra. A Hopf algebra is nothing more than a bialgebra in which there exists

a particular anti-automorphism called the antipode.

The connection between Hopf algebras and combinatorics was first identified by Goldman,

Joni, and Rota in the 70’s [20], [23]. Schmitt expanded on their work, showing that any family

of partially ordered sets (in which the intervals are finite) gives rise to a Hopf algebra [59], [61].

The antipode in such a Hopf algebra is closely related to the Möbius function, which is an
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important and well-known invariant of partially ordered sets. In subsequent work, Schmitt

outlined a category-theoretic approach for generating and classifying Hopf algebras [60] and

defined Hopf algebras on families of graphs that were closely related to a later construction of

Connes and Kreimer [62], [14].

Combinatorial Hopf algebras received mainstream mathematical attention in 1998 when

Dirk Kreimer demonstrated that they could be used in quantum field theory to give a rigorous

description of the combinatorial and algebraic aspects of the renormalization procedure [25].

Since then the field has developed very quickly, attracting the interest of researchers in fields

as diverse as computer science, geometry, number theory, representation theory, topology, and

quantum field theory.

Combinatorial Hopf algebras are typically graded by the size of the combinatorial structures

that index their basis. A combinatorial Hopf algebra is then connected when there is only one

such structure of size 0. An algebra (A, µ) is commutative if µτ = µ where τ is the twist map,

which maps a⊗ b to b⊗ a. Similarly, a coalgebra is cocommutative if τδ = δ. An element p in

a Hopf algebra is said to be primitive if δ(p) = p ⊗ 1 + 1 ⊗ p and the submodule of primitive

elements forms a Lie algebra.

The well-known Cartier-Milnor-Moore Theorem says that any connected, cocommutative

Hopf algebra can be recovered from its primitive elements [13, 42]. In particular, Cartier-

Milnor-Moore says that the category of Lie algebras is equivalent to the category of connected,

cocommutative Hopf algebras. There are a number of well-known techniques and tools for

finding such primitive elements. Primary among these are the so called primitive idempotents,

which are projections from a Hopf algebra onto its primitive elements. Some of these pro-

jections, such as the Eulerian idempotent and the Dynkin idempotent, have been studied

extensively (see §9.2 of [54] or [11, 46, 47, 53].)

In many cases, these primitive idempotents do not provide a clear picture of the primitive

elements. There are two things that can go wrong. First, there is no guarantee that the

formula for primitive idempotent will be without cancellations. If a primitive idempotent gives

a formula with 15 terms and all but 2 of them cancel then this does not provide a very clear

description of the primitive elements. Aguiar, Mahajan, and Ardilla have partially solved

this problem by describing injections of the bases of various Hopf algebras into the faces of
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a polytope [2, 3]. The product, coproduct, antipode, and primitive idempotents can then be

described geometrically and since there is a one-to-one correspondence between the basis and

faces of the polytope, there is no room for cancellations.

However, even when given a cancellation-free formula for the primitives, it can be difficult

to recognize whether or not a particular element is primitive. Thus, a better approach would

be to combinatorially describe a basis for the Hopf algebra that contains as a subset a readily

identifiable basis for the submodule of primitive elements. There are a number of Hopf algebras

in the literature whose primitive elements are realized in precisely this way. In fact, in each

of the known examples, the basis elements of the Hopf algebra have a natural partial ordering

and a second basis is constructed by Möbius inversion over this partial order. The product

in the dual Hopf algebra is then given by summing over an interval in this partial order and

the primitive elements can be realized in every case by a similar argument involving a closure

operator.

In particular, the Malvenuto-Reutenauer Hopf algebra of permutations [38,39] has a basis

for the primitives given by summing over an interval in the weak Bruhat order on Sn [5];

the Loday-Ronco Hopf algebra of planar binary trees [35] has a basis for the primitives given

by summing over the Tamari order [6], and Aguiar and Mahajan define a Hopf algebra of

pairs of permutations and a Hopf algebra of “fully nested set compositions,” both of which

have primitive elements realized in this way [2]. Likewise, Aguiar and Orellana define a Hopf

algebra of uniform block permutations whose primitive elements are given by summing over

intervals in a poset [4], and Schmitt and Crapo give two bases for the primitive elements in

the matroid-minor coalgebra [15]. The first of these bases is realized by summing over the

rank-preserving weak order on matroids, and the second basis is realized by summing over a

subposet of this order [16].

We present a Hopf algebra whose basis is indexed by families of (simple) graphs, and we

describe two new, additional bases, each given by summing over a partial order as described

in the previous paragraph. The subset of this basis indexed by connected graphs then gives

a basis for the primitive elements. We prove that the second of these bases is the image of

the well-known Eulerian idempotent and even give an alternative formula for it using a third

partial order.
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Since Cartier-Milnor-Moore is such a useful theorem, it would be nice to have a similar

result for Hopf algebras that are not connected and cocommutative. Jean-Louis Loday and a

number of other mathematicians have recently proven several analogues of this theorem and

even described a general setting in which such a theorem exists [32,34,55,56]. To describe this

setting, we need the theory of operads.

An operad is an abstract algebraic structure for describing different types of algebras [41].

Operads are graded Sn-modules whose nth homogeneous component consists of all abstract

n-ary operations. For example, the operad As describes associative algebras, and its third

homogeneous component contains the 3-ary operation (x, y, z) 7→ xyz − xzy + zxy. Similarly,

the operad Com describes commutative, associative algebras, and Lie describes Lie algebras.

When As acts on an R-module, A, then A becomes an associative algebra, and likewise for

Com or Lie. In a similar fashion, each operad also gives rise to a type of coalgebra. For

example, As gives rise to coassociative coalgebras and Com to cocommutative, coassociative

coalgebras.

Loday described what he called a good triple of operads. The first two operads in this triple

describe an algebra and coalgebra, which are related by compatibility conditions in such a

way that we get a generalized bialgebra. The third operad describes the algebraic structure

of the primitive elements. The triple is “good” when certain conditions are satisfied implying

that there exists a Cartier-Milnor-Moore-type theorem which says that we can recover any

connected bialgebra of this type from its primitive elements. The classic Cartier-Milnor-Moore

theorem is then a consequence of the fact that (As,Com,Lie) is a good triple of operads [32].

Loday’s theory has inspired the study of a number of new types of algebras in which the

associative product can be written as the sum of two, three, four, or sometimes as many as

seven non-associative products satisfying certain compatibility conditions [1, 12, 18, 27, 31, 33].

There are likewise coalgebras in which the coassociative coproduct decomposes into multiple

non-coassociative coproducts. One important example is the idea of a coZinbiel bialgebra.

We consider a lifting of the Hopf algebra of graphs described above to a Hopf algebra of

graphs in which the basis is indexed by (simple) graphs with a linear order on their vertices.

The primitive elements in this Hopf algebra have no clear description in terms of a partial

order, but the coproduct does decompose into two coproducts, making it a coZinbiel Hopf
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algebra. We exploit this fact to define a new projection onto the primitives, α1, and show how

it is intimately related to the Dynkin idempotent mentioned above. Similarly, we describe a

map 1β which projects onto the total primitives and gives us a basis for the Lie algebra of

primitive elements.

Our discussion so far has focused on Hopf algebras indexed by graphs, but we would like to

consider a more general setting in which our results will hold. To accomplish this goal we need

Joyal’s theory of (combinatorial) species and recent work by Schmitt, Aguiar, and Mahajan

in deriving Hopf algebras from species. A species is a functor P : FinBij→ FinSet from the

category of finite sets with bijections to the category of finite sets with functions, which can be

thought of as an abstract way of describing a family of combinatorial objects [24]. For example,

the functor Π : FinBij→ FinSet takes a set S to the set Π(S) of partitions on S. Schmitt and

Stover independently and at about the same time showed how to construct Hopf algebras from

species [60,65]. Their ideas were further advanced by Patras and Reutenauer [48], Patras and

Schocker [49, 50], Patras and Livernet [29] and Livernet [28]. However, it was Marcelo Aguiar

and Swapneel Mahajan who contributed the idea of bilax monoidal functors, from which as

many as four different Hopf algebras can be generated from a single species. These ideas were

exhaustively explored over more than 800 pages in a monograph in which they showed that

almost all of the known combinatorial Hopf algebras can be described in this way [3].

We use a slight generalization of the definition of species due to Schmitt [60] to describe

a family of combinatorial objects with a notion of restriction. For example, any graph can

be restricted to a subset of its vertex set by taking the vertex-induced subgraph. Given any

species of this form, we produce two Hopf algebras with properties similar to those of the two

Hopf algebras of graphs described above. For the first Hopf algebra, we describe a basis for the

primitive elements given by summing over an appropriate partial order. For the second Hopf

algebra, we define analogues of the maps α1 and 1β described above and study their properties.

We also describe generalizations of α1 that characterize the entire coradical filtration of the

Hopf algebra, and we study deformations of these Hopf algebras that have their own interesting

properties.

This document is laid out as follows. In Chapter 2 we review the basic combinatorial and

algebraic concepts that will be necessary throughout the rest of the document. There is a lot
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of overlap in this chapter with the material we’ve just reviewed, and for some readers, it may

suffice to skim this chapter. Nonetheless, in 2.1.1 we provide a review of partial orders and

Möbius functions, and in 2.1.2 we define partitions, compositions, and a number of other basic

combinatorial structures that we will use repeatedly in the sequel. 2.2.1 is an overview of graded

Hopf algebras, including the Cartier-Milnor-Moore Theorems for connected, cocommutative

Hopf algebras and Poincaré-Birkhoff-Witt Theorem. Finally, in 2.2.2 we define a number of

algebraic structures, such as coZinbiel bialgebras, in which the coproduct decomposes into a

pair of non-coassociative coproducts. This last section is the newest material and the least

likely to be familiar to the reader.

In Chapter 3 we describe a coalgebra and the two aforementioned Hopf algebras of graphs.

All of the major results in this chapter are new. Section 3.1 deals with the coalgebra C. We

define it in 3.1.1, describe some basic properties of its primitive elements in 3.1.2, and using

two different partial orders, give two bases for its primitives in 3.1.3. In section Section 3.2 we

describe the commutative Hopf algebra H̄ of (isomorphism classes of) graphs and show how

its primitive elements are related to those of C. In 3.3.1 we define the coZinbiel Hopf algebra

of graphs H and in 3.3.2 we use the fact that H is coZinbiel to define endomorphisms αi and

iβ on H. We prove that α1 projects onto the primitive elements, 1β onto the total primitive

elements, and that these maps are intricately related to the well-known Dynkin idempotent.

In fact, we show that the map 1β gives us a basis for the free Lie algebra P (H). Finally, at

the end of this section we prove that both 1β and α1 map to the Eulerian idempotent in H̄

when we project H onto H̄.

The goal of Chapter 4 is to abstract what we know about the Hopf algebras of graphs in

Chapter 3 to a much larger family of examples. The basic machinery for this project is the

theory of R-species, which are introduced in Section 4.1. In Section 4.2 we describe how to

derive several Hopf algebras from these species. We start by outlining Schmitt’s approach in

4.2.1, and then go on in 4.2.2 to describe two bases for the primitives similar to those from

3.1.3. In 4.2.3 we describe how Schmitt’s approach fits into Aguiar and Mahajan’s much larger

theory of species, and in 4.2.4 we define deformations of the Hopf algebras from 4.2.1. These

deformations are algebraically much simpler than their counterparts in 4.2.1, but they do not

fit perfectly into Aguiar and Mahajan’s theory. We prove a number of results about them and
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outline a future project in which we propose to use Aguiar and Mahajan’s theory of 2-monoidal

categories to better derive them. Sections 4.1, 4.2.1, and 4.2.3 are primarily expository whereas

3.1.3 and 4.2.4 contain new, key results.

Once we’ve defined a generalization of the Hopf algebra H, we turn our attention in

Section 4.3 to generalizing the maps αi and iβ from 3.3.2. All of the major results in Section 4.3

are new. More specifically, in 4.3.1 we generalize the coZinbiel structure of H. The coproduct

decomposes into sums of non-coassociative coproducts SδU,T indexed by disjoint sets S, U ,

and T and these coproducts have properties similar to those of a q-cotridendriform bialgebra.

This leads us to the observation that H is co-ennea, but more importantly, the maps SδU,T

demonstrate the underlying set-theoretic structure that is behind the fact that H is coZinbiel.

In 4.3.2 we define maps SαU,T and SβU,T from the coproducts SδU,T similar to the way that

maps αi and iβ were defined in 3.3.2. The most general results about these maps are very

cumbersome to state so we focus on two special cases. In 4.3.3 we investigate the case where

U = ∅ and q = 0. This case provides a concise characterization of the coradical filtration.

Likewise, in 4.3.4 we explore the case where S ⊔U ⊔T = {1}. This gives us formulas for SαU,T

that describe how the parameter q perturbs the primitive elements.

In Chapter 5 we explore a new topic motivated by the map α1. Both the Dynkin idempotent

and the Eulerian idempotent live inside a submodule of the convolution algebra known as the

descent algebra. We define this algebra and review its most important properties in Section 5.1.

Then, in Section 5.2 we describe the free dendriform algebra on a single generator, which is

a combinatorial Hopf algebra with basis indexed by (rooted) planar, binary trees. Section 5.1

and Section 5.2 are expository but in Section 5.3 we define a new analogue of the descent

algebra for codendriform bialgebras: the dendriform descent algebra. We show that α1 lives

inside this submodule and prove that the dendriform descent algebra of the tensor algebra is

the free dendriform algebra on a single generator. This provides a combinatorial description

of how the dendriform descent algebra is related to the traditional one.

Finally, in Chapter 6 we recount some unsolved problems and directions for future work.
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Chapter 2

Background

In this chapter we review the basic concepts from combinatorics and algebra that we will need

throughout the later chapters. None of the material in this chapter is new. In 2.1.1 we provide

a review of partial orders and Möbius functions, and in 2.1.2 we define partitions, compositions,

and a number of other basic combinatorial structures that we will use repeatedly in the sequel.

2.2.1 is an overview of graded Hopf algebras, including the Cartier-Milnor-Moore Theorems

for connected, cocommutative Hopf algebras and Poincaré-Birkhoff-Witt Theorem. Finally, in

2.2.2 we review a number of algebraic structures, such as coZinbiel bialgebras, in which the

coproduct decomposes into a pair of non-coassociative coproducts.

2.1 Combinatorics

2.1.1 Posets and Möbius Functions

Let P be a partially ordered set, or poset for short, with the order relation denoted by ≤.

Write [x, z] = {y ∈ P : x ≤ y ≤ z} for the interval in P from x to z and let Int(P ) denote the

collection of all such intervals. A poset P is said to be locally finite if every interval is finite.

Given a locally finite poset, P , the Möbius function of P is the map µ = µP : Int(P )→ Z

defined recursively by µ(x, x) = 1 for all x ∈ P and

µ(x, z) = −
∑

x≤y<z

µ(x, y) = −
∑

x<y≤z

µ(y, z)

8



for all x < z in P .

One of the most ubiquitous results about Möbius functions is the Principle of Möbius

Inversion [57]:

Proposition 2.1 (Principle of Mobius Inversion). Let R be a commutative, unital ring and

let f and g be any two functions f, g : P → R. Then

f(y) =
∑

x≤y

g(x) for all y ∈ P ⇐⇒ g(y) =
∑

x≤y

µ(x, y)f(x) for all y ∈ P.

Definition 2.1. A closure operator on a poset P is a map cl : P → P , x 7→ x̄, which is

1. idempotent: ¯̄x = x̄,

2. order-preserving: If x ≤ y then x̄ ≤ ȳ, and

3. increasing: x ≤ x̄

Given a closure operator cl on P , write P̄ for the subposet of closed elements, P̄ = im cl =

{x ∈ P : x = x}. The following result, known as Rota’s [57] closure theorem, says that the

Möbius function of P̄ can be expressed in terms of the Möbius function of P .

Theorem 2.2. If cl is a closure operator on a poset P then for all a ≤ b in P ,

∑

a≤x≤b

x̄=b

µP (a, x) =





µP̄ (a, b) if a, b ∈ P̄

0 otherwise

A coclosure operator on P is a closure operator on the dual poset, P ∗. It’s also denoted by

x 7→ x̄. This gives a dual version of the closure theorem, referred to as the coclosure theorem.

Theorem 2.3. If cl is a coclosure operator on a poset P then for all a ≤ b in P ,

∑

a≤x≤b

x̄=a

µP (x, b) =





µP̄ (a, b) if a, b ∈ P̄

0 otherwise

The following generalization of a closure operator allows us to compare the Möbius functions

of two different locally finite posets.

9



Definition 2.2. Let P and Q be two locally finite posets. A Galois connection between P

and Q is a pair of maps

P Q
f

g

each given by x 7→ x̄ such that

1. Both f and g are order-reversing. That is, if x ≤ y then x̄ ≥ ȳ, and

2. For all x ∈ P and for all y ∈ Q, x ≤ ¯̄x and y ≤ ¯̄y.

Note that both gf : P → P and fg : Q→ Q define closure operators given by x 7→ ¯̄x. Again,

we write P̄ and Q̄ for the subposets of closed elements. As it turns out, P̄ is anti-isomorphic

to Q̄. This leads to the following useful result, also due to Rota [57].

Theorem 2.4. Let P and Q be finite posets related by a Galois connection as above. Let

a ∈ P and b ∈ Q. Then

∑

x∈P
x̄=b

µP (a, x) =
∑

y∈Q
ȳ=a

µQ(b, y) =





µP̄ (a, b̄) = µQ̄(b, ā) if a ∈ P̄ , b ∈ Q̄

0 otherwise

2.1.2 Partitions, Compositions, Etc.

For positive integers m and n, we let [m,n] = {m,m+ 1, . . . ,m+ n}, and [n] = [1, n]. Given

two sets A and B, we denote by A ⊔ B their disjoint union. Likewise, given sets A1, . . . , An,

we write
n∐

i=1

Ai for their disjoint union.

Given a finite set S, we let Π(S) denote the lattice of partitions of S, ordered by refinement:

σ ≤ τ means that each block B ∈ σ is contained in some block C ∈ τ . Let 0̂ denote the minimal

element {{x} : x ∈ S}, and let 1̂ denote the maximum element, {S}. Write Π(n) for Π
(
[n]
)
,

and for any σ ∈ Π(S), let |σ| denote the number of blocks in σ.

Write P(S) for the Boolean algebra of subsets of S ordered by containment and let Pk(S) =

{A ⊆ S : |A| = k}. It’s well-known [64] that the Möbius functions for P(S) and Π(S) are
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given by

µP(S)(0̂, T ) = (−1)|T | and

µΠ(S)(0̂, σ) = (−1)|σ|−1(|σ| − 1)!

A set composition is a partition with a linear order on the blocks. For a finite set S, let

Σ(S) denote the collection of all set compositions on S and as with partitions, write Σ(n) =

Σ
(
[n]
)
. We denote by B1| · · · |Bk the set composition with blocks B1, . . . , Bk and linear order

B1 < B2 < · · · < Bk.

A word (of length n) on a set A is a sequence a1 · · · an with each ai ∈ A. We call A the

alphabet and denote by A∗ the set of all words on A. Let N = {0, 1, 2, . . .} denote the natural

numbers and write N+ = N \ {0} for the positive natural numbers. An integer composition is

a word on N+. For any integer composition c = c1 · · · ck, we write |c| = k for the length of c

and c � n to denote that c1 + · · ·+ ck = n.

A word a1 · · · an without repeats is a linear order on the set {a1, . . . , an}. We denote a

permutation σ ∈ Sn by σ(1) · · ·σ(n). Hence, every permutation σ ∈ Sn gives rise to a linear

order σ(1) · · ·σ(n) on [n]. Given a word w = a1 · · · an on a linearly ordered alphabet A, we let

Des(w) = {k ∈ [n− 1] : ak ≥ ak+1}

denote the descent set of w. Likewise, we let

GDes(w) = {k ∈ [n− 1] : ai ≥ ai+1 for all i ≥ k}

Inv(w) = {(i, j) ∈ [n− 1]× [n] : i < j and ai ≥ aj}

denote the global descent set and inversion set of w. If σ(1) · · ·σ(n) is the linear order asso-

ciated to the permutation σ ∈ Sn then we recover the usual definition of the descent, global

descent, and inversion sets of a permutation.

There is a bijection between integer compositions c = c1 · · · ck � n and subsets of [n − 1]

given by D(c) = {c1, c1+c2, . . . , c1+ · · ·+ck−1}. In fact, this bijection allows us to identify the

Boolean algebra of [n− 1] with the poset of integer compositions of n ordered by refinement.
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Let u = u1 · · ·up and v = v1 · · · vq be words on A. We write Sh(u, v) for the set of

(u, v)-shuffles, which is defined to be the set of words obtained by rearranging the letters

u1, . . . , up, v1, . . . , vq such that each ui appears before ui+1 and each vj appears before vj+1.

For example,

Sh(cat,me) = {catme, camet, cmeat,mecat, camte, cmaet,mceat, cmate,mcaet,mcate}

For permutations σ ∈ Sp and τ ∈ Sq, we say that π ∈ Sp+q is a (σ, τ)-shuffle if the word

π(1) · · ·π(p + q) is a shuffle of the words σ(1) · · ·σ(p) and
(
τ(1) + p

)
· · ·
(
τ(q) + p

)
. In other

words, a (σ, τ)-shuffle is obtained by shifting the word τ(1) · · · τ(q) up by p and then shuffling

it with the word σ(1) · · ·σ(p). As an example,

Sh(132, 12) = {13245, 13425, 13452, 14325, 14352, 14532, 41325, 41352, 41532, 45132}

We say that a word w of length p + q is a (p, q)-shuffle if w is a (u, v)-shuffle for some words

u and v of lengths p and q, respectively. Likewise, a permutation π ∈ Sp+q is a (p, q)-shuffle if

π is a (σ, τ)-shuffle for permutations σ ∈ Sp and τ ∈ Sq.

2.2 Algebra

2.2.1 Graded Hopf Algebras

Let R be a commutative, unital ring of characteristic 0, and for any set S, let RS denote the

free R-module on S. Let C = (C, δ, ε) be an R-coalgebra with coproduct and counit

δ : C → C ⊗ C and ε : C → R

c 7→
∑

c1 ⊗ c2 c 7→ ε(c)

We say that C is cocommutative if δ = τ ◦ δ where τ : C ⊗ C → C ⊗ C is the twist map,

τ(c⊗ d) = d⊗ c.

The set of group-like elements of C is G(C) = {g ∈ C : δ(g) = g ⊗ g}. Note that G(C) is

a subset of C and not a submodule of C as the following well-known result indicates.
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Proposition 2.5 (§1.3 of [43]). The set G(C) is linearly independent.

Proof. Suppose we have a distinct g, g1, g2, . . . , gn ∈ G(C) with n minimal such that

g =
n∑

i=1

aigi

where ai ∈ R. Note that by the minimality of n, every ai 6= 0.

If n = 1 then g = a1g1, which implies that

1 = ε(g) = ε(a1g1) = a1ε(g1) = a1

Thus, g1 = g, a contradiction since we assumed g and g1 were distinct group-likes.

Assume now that n > 1. Then, we have

g ⊗ g = δ(g) = δ

(
n∑

k=1

akgk

)

That is,
n∑

i,j=1

aiajgi ⊗ gj =
n∑

k=1

akgk ⊗ gk

But by the minimality of n, {g1, . . . , gn} is linearly independent in C and so {gi ⊗ gj}1≤i,j≤n is

linearly independent in C ⊗ C. Hence, aiaj = 0 whenever i 6= j, which implies that at most

one ai 6= 0. But we already dealt with the case where exactly one ai 6= 0.

For any g, h ∈ G(C), the submodule of g, h-primitives of C is Pg,h(C) = {x ∈ C : δ(x) = x⊗

g+h⊗x}. In particular, let P (C) = P1,1(C) denote the 1, 1-primitives, which we refer to simply

as primitive elements. Let P ′
g,h(C) be defined by Pg,h(C) = R(g−h)⊕P ′

g,h(C) and observe that

P (C) = P ′(C). A subcoalgebra of C is simple if it contains no nonzero proper subcoalgebras.

The coradical of C, denoted Corad(C), is the direct sum of all simple subcoalgebras of C.

Note that RG(C) ⊆ Corad(C). We say that C is pointed if RG(C) = Corad(C) and we say

that C is connected if RG(C) = Corad(C) = R1 where 1 is the unique group-like. All of the

coalgebras we deal with will be pointed, and indeed most of them will be connected.
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By the coassociativity of δ, there is only one map δn : C → C⊗n+1 given recursively by

δ0 = I, δ1 = δ, and δn = (δ ⊗ I⊗n−1)δn−1

Let C0 = Corad(C) and for each n ≥ 1 define

Cn = δ−1(C ⊗ Cn−1 + C0 ⊗ C)

In other words, Cn contains all x ∈ C such that for each term of

δn(x) =
∑

x1 ⊗ · · · ⊗ xn+1

at least one xi ∈ C0. It’s not difficult to see (Theorem 5.2.2 of [43]) that

1. C0 ⊆ C1 ⊆ · · ·

2. C =
⋃

n≥0

Cn and

3. δ(Cn) ⊆
∑

i+j=n

Ci ⊗ Cj

That is, the Cn define a coalgebra filtration of C known as the coradical filtration. The following

Theorem is well-known.

Theorem 2.6 (Taft, Wilson [66]). Let C be a pointed coalgebra. Then,

1. C1 = RG(C)⊕


 ⊕

g,h∈G(C)

P ′
g,h(C)




2. For any n ≥ 1 and for any x ∈ Cn, x =
∑

g,h∈G(C)

xg,h where δ(xg,h) = xg,h⊗g+h⊗xg,h+w

for some w ∈ Cn−1 ⊗ Cn−1.

In particular, this means that for a connected coalgebra, C1 = R1⊕ P (C).

Let C+ = ker ε and define the map δ̄ : C+ → C+ ⊗ C+ by

δ(x) =
∑

g,h∈G(C)

xg,h ⊗ g + h⊗ xg,h + δ̄(x)
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for all x ∈ C+. Then, alternatively we can define the coradical filtration recursively by

C0 = RG(C)

Cn = {x ∈ C : δ̄(x) ∈ Cn−1 ⊗ Cn−1}

Let B = (B,µ, η, δ, ε) be an R-bialgebra with product and unit

µ : B ⊗B → B and η : R→ B

a⊗ b 7→ a · b 1R 7→ 1 = 1B

and coproduct δ and counit ε defined as above. Recall that the module End(B) of all R-linear

maps f : B → B is an algebra with convolution product given by

f ⋆ g = µ(f ⊗ g)δ

The unit in this algebra is ηε and not the identity map I : B → B as one might expect. In

fact, I may not have a convolution inverse. In the event that it does, we call this map the

antipode, χ, and we say that B is a Hopf algebra.

We say that B is conilpotent if for any x ∈ B+ there exists some n ≥ 1 such that δ̄n(x) = 0.

In that case, the antipode must exist and it’s given by the following well-known formula due

to Takeuchi [67]:

χ =
∑

n≥0

(−1)n+1µnδ̄n (2.1)

Note that if B is a pointed bialgebra and G(B) is finite then by Theorem 2.6, B is conilpo-

tent. Hence, every connected bialgebra is a connected Hopf algebra with antipode given by

Takeuchi’s formula (2.1).

An algebra A =
⊕

n≥0An is graded if

AiAj ⊆ Ai+j and 1 ∈ A0
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A coalgebra C =
⊕

n≥0Cn is graded if

δ(Cn) ⊆
∑

i+j=n

Ci ⊗ Cj and ε(Cn) = 0 for all n ≥ 1

A bialgebra B is graded if it’s graded as a coalgebra and as an algebra. An element x ∈ Bn is

said to be homogeneous of degree n and we write deg(x) = n. As several examples in the sequel

will demonstrate, a single bialgebra can give rise to many possible gradings. So as to avoid

confusion, we will work in the category of graded bialgebras. That is, when we say that B is

a graded bialgebra, we mean not only that it admits a bialgebra grading but that a specific

grading has been chosen.

Example 2.1. Let V be an R-module. The tensor algebra on V is the R-module

T (V ) =
⊕

n≥0

V ⊗n

with the convention that V ⊗0 = R. We write v1 · · · vn for an element v1 ⊗ · · · ⊗ vn ∈ V ⊗n and

think of it as a word on the alphabet V . Then T (V ) is the free algebra on V with product given

by concatenation of words and unit 1R ∈ V ⊗0. Moreover, it’s a bialgebra with the coproduct

defined recursively by δ(v) = v ⊗ 1 + 1 ⊗ v for any v ∈ V , and δ(v1 · · · vk) = δ(v1) · · · δ(vn)

for any v1 · · · vn ∈ V ⊗n. For any word v = v1 · · · vn ∈ V ⊗n, the coproduct can be described

explicitly by the formula

δ(v1 · · · vn) =
∑

A⊔B=[n]

vA ⊗ vB

whereby vA = vi1 · · · vik for A = {i1 < · · · < ik} ⊆ [n]. This is sometimes called the shuffle

coproduct because it’s given by summing over all ways of separating the word v1 · · · vn into two

words such that the letters in each new word appear in their original order. The counit for

this bialgebra is simply the projection onto R.

If V is a graded R-module then T (V ) is graded as a Hopf algebra whereby deg(v1 · · · vn) =

deg(v1) + · · · + deg(vn) for any sequence of vi, each of homogeneous degree. Alternatively,

T (V ) is graded as a Hopf algebra with T (V )n = V ⊗n.
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Example 2.2. A related construction is the shuffle Hopf algebra, T ∨(V ), which has the same

underlying R-module as T (V ) but a different product and coproduct. In particular, T ∨(V )

has the deconcatenation coproduct given by

δ(v1 · · · vn) =
n∑

i=0

v1 · · · vi ⊗ vi+1 · · · vn

for all v1 · · · vn ∈ V ⊗n and the shuffle product,

u · v =
∑

w∈Sh(u,v)

w

Again, the unit is 1R ∈ V ⊗0; the counit is the projection onto R, and T ∨(V ) admits the same

two gradings as in the previous example. This Hopf algebra is the cofree connected coalgebra

on V meaning that for any graded, connected coalgebra C and for any linear map φ : C → V ,

there exists a unique coalgebra map φ̂ : H → T ∨(V ) such that the following diagram commutes

T ∨(V )

C

V

p1

φ

φ̂

where p1 is the projection onto V . In particular, φ̂(c) = φ⊗kδ̄k−1(c).

Example 2.3. The symmetric group Sn acts on V ⊗n on the left by permuting the labels of

the letters in a word. I.e.

σ ⊲ v1 · · · vn = vσ(1) · · · vσ(n)

We write
(
V ⊗n

)
Sn

for the quotient of V ⊗n modulo the submodule spanned by {v−σ ⊲ v : σ ∈

Sn and v ∈ V ⊗n} and let the symmetric algebra on V be

S(V ) =
⊕

n≥0

(
V ⊗n

)
Sn
,

the free commutative algebra on V . The product, coproduct, unit, and counit are defined the

same as for T (V ) except that now the v ∈ V commute with one another.
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Likewise, we may define the symmetric analogue of the shuffle Hopf algebra, which we de-

note by S∨(V ). Both S(V ) and S∨(V ) admit the same two gradings as their non-commutative

counterparts. The algebra S(V ) is the free commutative algebra and S∨(V ) is the cofree co-

commutative connected coalgebra, meaning it satisfies a similar universal property to the one

described above for T ∨(V ).

Example 2.4. Let L be a Lie algebra and let T (L) be the tensor algebra on L from Example 2.1.

Let J be the Hopf ideal generated by all x⊗y−y⊗x− [x, y] for all x, y ∈ L. The universal en-

veloping algebra of L is the graded, connected, cocommutative Hopf algebra, U(L) = T (V )/J .

The Poincaré-Birkhoff-Witt Theorem states that for any Lie algebra, L, S∨(L) ∼= U(L)

as modules. A stronger version of this result due to Quillen states that S∨(L) ∼= U(L)

as coalgebras (Appendix B of [52].) Let Lie denote the category of R-Lie algebras and let

ConnCocommHopf denote the category of connected, cocommutative R-Hopf algebas. Ev-

ery Hopf algebra H is a Lie algebra with bracket operation [x, y] = xy − yx for all x, y ∈ H.

The primitive elements P (H) form a subLie algebra. Thus, we have a functor

U : Lie→ ConnCocommHopf , H 7→ P (H)

Likewise, we have a functor

P : ConnCocommHopf → Lie, L 7→ U(L)

The Cartier-Milnor-Moore Theorem states that these two functors define an equivalence of

categories or said otherwise, H ∼= U
(
P (H)

)
as Hopf algebras [13,42]. We state this theorem and

the Poincaré-Birkhoff-Witt Theorem in the following combined form due to Loday (Theorem

4.1.3 of [32].)

Theorem 2.7 (CMM+PBW). For any cocommutative Hopf algebra, H, the following are

equivalent:

1. H is connected,

2. There is an isomorphism of bialgebras H ∼= U
(
P (H)

)
,
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3. There is an isomorphism of connected coalgebras H ∼= S∨
(
P (H)

)
.

Since Theorem 2.7 says that the entire structure of H can be recovered from P (H), it

would be useful to know some projections from H onto its primitive elements. We present here

the two most common of these maps, which are known collectively as primitive idempotents.

Proposition 2.8. Let (H,µ, η, δ, ε) be a connected, cocommutative R-Hopf algebra and let

J = I − ηε. Then, the Eulerian idempotent

E = log I =
∑

n≥1

(−1)n−1J
⋆n

n

satisfies: 1. imE = P (H) and 2. E(p) = p for all p ∈ P (H). [30]

Likewise, in any graded, connected, cocommutative Hopf algebra the Dynkin idempotent is

defined to be the map L = χ ⋆ D where D(x) = nx for all x ∈ Hn and χ is the antipode from

equation (2.1). Given x1, . . . , xk ∈ H, let

l(1)(x1) = x1

l(2)(x1, x2) = [x1, x2]

...

l(k)(x1, . . . , xk) = [l(k−1)(x1, . . . , xk−1), xk] = [[· · · [[x1, x2], x3], . . .], xk]

A proof of the following result is given in [47].

Proposition 2.9. The map L satisfies:

1. imL = P (H)

2. L(p) = D(p) for all p ∈ P (H) and

3. For any p1, . . . , pk ∈ P (H), L(p1, . . . , pk) = deg(p1) · l
(k)(p1, . . . , pk).

Note that in general, the Dynkin idempotent is a quasi-idempotent and not an idempotent

map. That is, L(p) is a scalar multiple of p for all p ∈ P (H). If T (V ) is graded by T (V )n = V ⊗n

then L(v) = D(v) = v for all v ∈ V and the Dynkin idempotent is given by taking left Lie-

bracketings of words in V . It was in this setting that the Dynkin idempotent was originally
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defined, and so we refer to this as the classic Dynkin idempotent. There is an analogous right-

handed version of the Dynkin idempotent given by R = D ⋆ χ. In the classic setting, this

reduces to right Lie-bracketings of words in V .

2.2.2 Dendriform, q-Tridendriform, and Quadri Algebras

Recently, a number of algebras have come under study where the associative product decom-

poses into two, three, four, and sometimes as many as seven non-associative products. We

describe these algebras in this section and review a few of their basic properties.

Definition 2.3 (see [31]). A dendriform algebra (A+,≺,≻) is an R-module A+ together with

two binary operations

µ≺ : A+ ⊗A+ → A+ µ≻ : A+ ⊗A+ → A+

a⊗ b 7→ a ≺ b a⊗ b 7→ a ≻ b

such that for all a, b, c ∈ A+, the following relations hold

(a ≺ b) ≺ c = a ≺ (b ≺ c+ b ≻ c)

(a ≻ b) ≺ c = a ≻ (b ≺ c)

(a ≺ b+ a ≻ b) ≻ c = a ≻ (b ≻ c)

The product a · b = a ≺ b + a ≻ b makes (A+, ·) a non-unital, associative algebra. Hence,

dendriform algebras are associative algebras whose products decompose nicely into two non-

associative products.

Definition 2.4. A Zinbiel algebra (A+,≺) is an R-module A+ together with a binary operation

µ≺ : A+ ⊗A+ → A+, a⊗ b 7→ a ≺ b such that for all a, b, c ∈ A+,

(a ≺ b) ≺ c = a ≺ (b ≺ c) + a ≺ (c ≺ b)

Alternatively, a Zinbiel algebra is a dendriform algebra in which µ≻ = µ≺ ◦ τ . In that case,

the product a · b = a ≺ b+ a ≻ b makes A+ a commutative, non-unital associative algebra.
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Let A+ be a dendriform algebra and let A = A+ ⊕ R. For all a ∈ A+, define

a ≺ 1 = a = 1 ≻ a and 1 ≺ a = 0 = a ≻ 1

Note that 1 ≺ 1 and 1 ≻ 1 are not defined. If we define 1 · 1 = 1 then (A, ·, 1) is a unital,

associative algebra. In the sequel, we are concerned primarily with the dual construction.

Definition 2.5 (see [18]). A codendriform coalgebra (C+, δ̄≺, δ̄≻) is an R-module C+ together

with cooperations

δ̄≺ : C+ → C+ ⊗ C+ δ̄≻ : C+ → C+ ⊗ C+

δ̄≺(c) =
∑

c≺1 ⊗ c≺2 δ̄≻(c) =
∑

c≻1 ⊗ c≻2

such that for all c ∈ C+, the following relations hold

(δ≺ ⊗ I)δ≺(a) = (I ⊗ δ≺ + I ⊗ δ≻)δ≺(a)

(δ≻ ⊗ I)δ≺(a) = (I ⊗ δ≺)δ≻(a)

(I ⊗ δ≺ + I ⊗ δ≻)δ≻ = (I ⊗ δ≻)δ≻(a)

The coproduct δ̄ = δ̄≺ + δ̄≻ makes (C+, δ̄) a non-counital, coassociative coalgebra. Let

C = C+ ⊕ R and for all c ∈ C define

δ≺(c) = δ̄≺(c) + c⊗ 1 δ≻(c) = δ̄≻(c) + 1⊗ c

Then, δ = δ≺ + δ≻ makes C a connected coalgebra with coproduct δ. Note that δ≺(1) and

δ≻(1) are not defined.

Definition 2.6. We say that a codendriform coalgebra (C+, δ̄≺, δ̄≻) is a coZinbiel coalgebra if

δ̄≻ = τ ◦ δ̄≺.

As with Zinbiel algebras, a coZinbiel coalgebra is a non-counital cocommutative coassocia-

tive coalgebra with coproduct δ̄ = δ̄≺ + δ̄≻.

Given (unital) algebras, A and B, the tensor product A⊗B contains isomorphic copies of

A ∼= A ⊗ 1 and B ∼= 1 ⊗ B. On the other hand, given non-unital algebras A+ and B+, the

tensor product A+ ⊗B+ does not contain isomorphic copies of A+ and B+. Thus, we extend
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our tensor product to

A+⊗̄B+ = (A+ ⊗B+)⊕ (A+ ⊗ R)⊕ (R⊗B+)

If A+ and B+ are dendriform algebras then we can give A+⊗̄B+ a dendriform algebra structure

in one of two ways. For all a, a′ ∈ A+, b, b
′ ∈ B+, either

1. (a⊗ b) ≺ (a′ ⊗ b′) = a ≺ a′ ⊗ b · b′ and (a⊗ b) ≻ (a′ ⊗ b′) = a ≻ a′ ⊗ b · b′ or

2. (a⊗ b) ≺ (a′ ⊗ b′) = a · a′ ⊗ b ≺ b′ and (a⊗ b) ≻ (a′ ⊗ b′) = a · a′ ⊗ b ≻ b′

In the first case, we call A+⊗̄B+ the left tensor product of A+ and B+ and in the second case,

we call it the right tensor product.

Definition 2.7 (see [18]). A (left) dendriform bialgebra (B+,≺,≻, δ̄) is a non-counital coal-

gebra (B+, δ̄) and a dendriform algebra (B+,≺,≻) such that for all a, b ∈ B+,

δ̄(a ≺ b) =
∑(

a1 ≺ b1 ⊗ a2b2 + a1 ⊗ a2b+ a1 ≺ b⊗ a2 + b1 ⊗ a ≺ b2
)
+ a⊗ b

δ̄(a ≻ b) =
∑(

a1 ≻ b1 ⊗ a2b2 + b1 ⊗ ab2 + a1 ≻ b⊗ a2 + a ≻ b1 ⊗ b2
)
+ b⊗ a

These are precisely the conditions necessary to make (B+, µ, δ̄) a non-unital bialgebra

if B+⊗̄B+ is given the left tensor product structure. However, we note that a non-unital

bialgebra satisfies a different compatibility condition from the usual unital one. That is, if we

write δ(c) =
∑

c1 ⊗ c2 + c⊗ 1 + 1⊗ c then

δ(c)δ(d) =
∑

(c1 ⊗ c2 + c⊗ 1 + 1⊗ c)(d1 ⊗ d2 + d⊗ 1 + 1⊗ d)

=
∑

c1d1 ⊗ c2d2 + c1d⊗ c2 + c1 ⊗ c2d+ cd1 ⊗ d2 + cd⊗ 1 + c⊗ d

+ d1 ⊗ cd2 + d⊗ c+ 1⊗ cd

And similarly

δ(cd) =
∑

c1d1 ⊗ c2d2 + cd⊗ 1 + 1⊗ cd
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Eliminating all the terms that contain a 1, this expression becomes

∑
c1d1 ⊗ c2d2 =

∑
c1d1 ⊗ c2d2 + c1d⊗ c2 + c1 ⊗ c2d+ cd1 ⊗ d2 + c⊗ d+ d1 ⊗ cd2 + d⊗ c

If we augment B+ and B+⊗̄B+ with a unit element as above then these compatibility

conditions say that

δ(a ≺ b) = δ(a) ≺ δ(b) and δ(a ≻ b) = δ(a) ≻ δ(b)

where again B ⊗ B has the left tensor product structure. A (right) dendriform bialgebra is

defined analogously only B+⊗̄B+ is given the right tensor product structure. In general, B is

a right dendriform bialgebra if and only if Bop is a left dendriform bialgebra. We will also be

interested in the dual construction.

Definition 2.8. A (left) codendriform bialgebra (B+, µ, δ̄≺, δ̄≻) is a non-unital algebra (B+, µ)

and a codendriform coalgebra (B+, δ̄≺, δ̄≻) such that for all a, b ∈ B+,

δ≻(a · b) =
∑(

a≻1 b1 ⊗ a≻2 b2 + b1 ⊗ ab2 + a≻1 b⊗ a≻2 + a≻1 ⊗ a≻2 b
)
+ b⊗ a

δ≺(a · b) =
∑(

a≺1 b1 ⊗ a≺2 b2 + ab1 ⊗ b2 + a≺1 b⊗ a≺2 + a≺1 ⊗ a≺2 b
)
+ a⊗ b

These are precisely the conditions necessary to make B = B+ ⊕ R a connected bialgebra

such that for all a, b ∈ B,

δ≺(a · b) = δ≺(a) · δ(b) δ≻(a · b) = δ≻(a) · δ(b)

A (right) codendriform bialgebra is defined analogously and one can likewise define left and

right coZinbiel bialgebras as well as bidendriform bialgebras, which are both a codendriform

coalgebra and a dendriform bialgebra with the necessary compatibility conditions [18].
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Let C+ be a codendriform coalgebra. We define

P≺(C) = ker δ̄≺ = {c ∈ C : δ≺(c) = c⊗ 1} the left primitives

P≻(C) = ker δ̄≻ = {c ∈ C : δ≻(c) = 1⊗ c} the right primitives

Pt(C) = P≺(C) ∩ P≻(C) the total primitives

Note Pt(C) ⊆ P (C) and for a coZinbiel coalgebra, Pt(C) = P≺(C) = P≻(C).

We recursively define

P (0) = {I}

P (1) = {δ̄≺, δ̄≻}

...

P (n) = {(I⊗(k−1) ⊗∆⊗ I⊗(n−k))Λ : ∆ ∈ P (1),Λ ∈ P (n− 1), 1 ≤ k ≤ n}

In other words, P (n) is the collection of all maps ρ : C+ → C
⊗(n+1)
+ given by composing copies

of δ̄≺ and δ̄≻.

Now, we define the total coradical filtration of C by

C≺
n = {x ∈ C+ : ρ(x) = 0 for all ρ ∈ P (n)}

As with the regular coradical filtration, C≺
0 ⊆ C≺

1 ⊆ · · · , and
⋃

n≥0

C≺
n = C+.

If C is coZinbiel then we can alternatively define the total coradical filtration as follows.

Let

δ̄0≺ = I, δ̄1≺ = δ̄≺, and δ̄n≺ = (δ̄≺ ⊗ I⊗(n−1))δ̄n−1
≺

and define C≺
n recursively by C≺

0 = {0} and C≺
n = δ̄−1

≺ (Cn−1 ⊗ C+) where Cn−1 denotes the

n − 1 component of the regular coradical filtration. In this case, the total coradical filtration

is a special case of the socle filtration of the C-comodule, C+ [45].

A tridendriform algebra is one in which the product decomposes into three products, ≺,

≻, and f [33]. One can define cotridendriform coalgebras, tridendriform bialgebras, and

cotridendriform bialgebras much as we did for dendriform algebras. We cut right to the chase
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and define a generalization of this construction due to Emily Burgunder and Maŕıa Ronco [12].

Definition 2.9. A q-cotridendriform coalgebra is an R-module C together with three co-

operations, δ≺, δf, δ≻ : C → C ⊗ C satisfying

(δ≺ ⊗ I)δ≺ = (I ⊗ δ)δ≺ (2.2)

(δ≻ ⊗ I)δ≺ = (I ⊗ δ≺)δ≻ (2.3)

(δ ⊗ I)δ≻ = (I ⊗ δ≻)δ≻ (2.4)

(δf ⊗ I)δf = (I ⊗ δf)δf (2.5)

(δ≻ ⊗ I)δf = (I ⊗ δf)δ≻ (2.6)

(δ≺ ⊗ I)δf = (I ⊗ δ≻)δf (2.7)

(δf ⊗ I)δ≺ = (I ⊗ δ≺)δf (2.8)

where δ = δ≺ + δ≻ + qδf.

In their paper, Burgunder and Ronco actually work with q-tridendriform algebras, but

their construction is just dual to this one. When q = 0, C is a codendriform coalgebra, and

when q = 1, it’s a cotridendriform coalgebra. Axioms (2.2)-(2.4) are the codendriform axioms

and axiom (2.5) says that δf is coassociative. We say that C is q-cotriZinbiel if δ≺ = τ ◦ δ≻.

Definition 2.10. A left q-cotridendriform bialgebra (B,µ, δ≺, δf, δ≻) is a unital associative

algebra (B,µ) and a q-cotridendriform coalgebra (B, δ≺, δf, δ≻) such that for any a, b ∈ B,

δ≺(a · b) = δ≺(a) · δ(b), δf(a · b) = δf(a) · δ(b), and δ≻(a · b) = δ≻(a) · δ(b)

Finally, a quadri-algebra is like a dendriform algebra only the product decomposes into

four non-associative products rather than two [1]. More specifically,

Definition 2.11. A quadri-algebra (Q,ց,ր,տ,ւ) is an R-module Q together with four

binary operations ց,ր,տ,ւ : Q⊗Q→ Q satisfying the axioms 2.9 below. In order to state
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these axioms concisely, we define the following operations:

x ≻ y = xր y + xց y

x ≺ y = xտ y + xւ y

xg y = xց y + xւ y

xf y = xր y + xտ y

and

x · y = xւ y + xր y + xտ y + xւ y

= x ≻ y + x ≺ y = xg y + xf y

The axioms are

(xտ y)տ z = xտ (y · z) (xր y)տ z = xր (y ≺ z) (xf y)ր z = xր (y ≻ z)

(xւ y)տ z = xւ (y f z) (xց y)տ z = xց (y տ z) (xg y)ր z = xց (y ր z)

(x ≺ y)ւ z = xւ (y g z) (x ≻ y)ւ z = xց (y ւ z) (x · y)ց z = xց (y ց z)

(2.9)

We refer to these operationsց,ր,տ, andւ as southeast, northeast, northwest and southwest,

respectively. The three column sums of the axioms demonstrate that (Q,≺,≻) is a dendriform

algebra which we refer to as the associated horizontal dendriform algebra. Likewise, the three

row sums of the axioms demonstrate that (Q,g,f) is a dendriform algebra which we refer to

as the associated vertical dendriform algebra. We say that Q is commutative if xց y = y տ x

and x ր y = y ւ x for all x, y ∈ Q. If Q is commutative then the associated horizontal and

vertical dendriform algebras are Zinbiel. Coquadri-coalgebras and cocommutative coquadri-

coalgebras are defined analogously.

Many of the algebraic structures we’ve discussed so far have a more refined notion of

commutativity. Zinbiel algebras are a commutative version of dendriform algebras, and q-

triZinbiel algebras are a commutative version of q-tridendriform algebras. When it comes to

quadri-algebras, we actually use the word commutative to refer to this more refined version

of commutativity. Unfortunately, this can be confusing because it’s possible to have a quadri-
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algebra which is commutative as an algebra but not as a quadri-algebra. For consistency, we will

use the traditional terminology throughout this paper, but we propose the following alternative

for future works. A Zinbiel algebra should be called a 2-commutative dendriform algebra; a

commutative quadri-algebra should be referred to as a 4-commutative quadri-algebra, and

commutative algebras should be called 1-commutative algebras. Commutativity of higher

degree then implies commutativity of lower degree, but not the other way around.

The q-tridendriform algebras generalize dendriform algebras and come equipped with 3

operations satisfying 7 relations. There is actually an analogous generalization of quadri-

algebras called q-ennea algebras. They come equipped with 32 = 9 operations and satisfy

72 = 49 relations [27]. We will not explicity give their definition here, but they will come up

briefly in Section 4.3.1.
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Chapter 3

Graph Hopf Algebras

In this chapter we describe a coalgebra and two Hopf algebras of graphs. All of the major results

in this chapter are new. Section 3.1 deals with the coalgebra C. We define it in 3.1.1, describe

some basic properties of its primitive elements in 3.1.2, and using two different partial orders,

give two bases for its primitives in 3.1.3. In section Section 3.2 we describe the commutative

Hopf algebra H̄ of (isomorphism classes of) graphs and show how its primitive elements are

related to those of C. In 3.3.1 we define the coZinbiel Hopf algebra of graphs H and in 3.3.2

we use the fact that H is coZinbiel to define endomorphisms αi and iβ on H. We prove that

α1 projects onto the primitive elements, 1β onto the total primitive elements, and that these

maps are intricately related to the well-known Dynkin idempotent. In fact, we show that the

map 1β gives us a basis for the free Lie algebra P (H). Finally, at the end of this section we

prove that both 1β and α1 map to the Eulerian idempotent in H̄ when we project H onto H̄.

3.1 The Coalgebra of Graphs

3.1.1 Definition and Basic Properties

Let G = (V,E) denote a (simple) graph with finite vertex set V = V (G) and edge set E =

E(G) ⊆ P2(V ). For graphs G and H with disjoint vertex sets, we define G ⊔H and G ∗H as
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follows:

V (G ⊔H) = V (G ∗H) = V (G) ⊔ V (H)

E(G ⊔H) = E(G) ⊔ E(H) and

E(G ∗H) = E(G) ⊔ E(H) ⊔
{
{u, v} : u ∈ V (G) and v ∈ V (H)

}

For U ⊆ V (G) and S ⊆ E(G), the subgraphs G|U and G|S are determined by

V (G|U) = U E(G|U) = E(G) ∩ P2(U)

V (G|S) = V (G) E(G|S) = S

The graph G|U is the vertex-induced subgraph of G on U and is often denoted in the literature

by G[U ].

Given σ ∈ Π
(
V (G)

)
, the graph G|σ =

⊔
B∈σ G|B. In other words, G|σ is the graph on

V (G) containing only those edges of E(G) with both endpoints in the same block of σ. Let

πG = {V (C) : C is a connected component of G} ∈ Π
(
V (G)

)

and note that G = G|πG.

Let U be the set of all finite subsets of some fixed infinite set and let G denote the set of

all graphs G with V (G) ∈ U . Write 1 for the empty graph, which is given by V (1) = ∅. Let

G+ = G \ 1 and GU = {G ∈ G : V (G) = U}. Likewise, let Gc denote the subset of all connected

graphs in G, and let Gd = G \ Gc. The free R-module C = RG is a coalgebra with coproduct

given by

δ(G) =
∑

A⊔B=V (G)

G|A⊗G|B

and counit ε given by the Kronecker delta δG,1. We call C the coalgebra of graphs and note

that C is cocommutative, and connected since 1 is the unique group-like element of C. Note,

this construction will work for any family of graphs G closed under restriction.
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The coalgebra C is U -graded in the sense that we have the direct sum decomposition

C =
⊕

U∈U

CU

where CU = RGU . Moreover,

δ(CU ) ⊆
∑

A⊔B=U

CA ⊗ CB and ε(CU ) =





C∅ if U = ∅

{0} otherwise

Another way to say this is that

δ ◦ pU =
∑

A⊔B=U

(pA ⊗ pB) ◦ δ (3.1)

where pU is the canonical projection onto the homogeneous component CU . Each CU is finite

dimensional so the U -graded coalgebra is locally finite.

We define a pairing 〈 , 〉 on C by setting 〈G1, G2〉 equal to the Kronecker delta δG1,G2
.

Then, C∗ is an algebra with product defined by the equation 〈G1 ·G2, G
′〉 = 〈G1 ⊗G2, δ(G

′)〉

for all G1, G2, G
′ ∈ G and unit element ε.

Let KU be the complete graph on vertex set U , and give GU the partial order: G1 ≤ G2 if

and only if E(G1) ⊆ E(G2). Let Sub(G) = {H ∈ GU : H ≤ G} and observe that Sub(G) ∼=

P(E(G)), and GU = Sub(KU ) ∼= P(E(KU )).

Proposition 3.1. In the algebra C∗, the product of graphs G1 and G2 with V (G1)∩V (G2) = ∅

is given by

G1 ·G2 =
∑

G1⊔G2≤H≤G1∗G2

H

If V (G1) and V (G2) are not disjoint then G1 ·G2 = 0.

Proof. Let G1, G2, H be graphs in G. Observe that

G1 ·G2 =
∑

H∈G

〈G1 ·G2, H〉H

=
∑

H∈G

〈G1 ⊗G2, δ(H)〉H

30



If V (G1) and V (G2) are not disjoint then the latter sum is empty and thus G1 · G2 = 0.

Otherwise,

〈G1 ⊗G2, δ(H)〉 =
∑

A⊔B=V (H)

〈G1, H|A〉〈G2, H|B〉

Each term 〈G1, H|A〉〈G2, H|B〉 = 1 whenever G1 ⊔G2 ≤ H ≤ G1 ∗G2 and is 0 otherwise.

3.1.2 Primitives in the Coalgebra of Graphs

Proposition 3.2. The space of primitive elements, P (C), respects the U -grading. That is,

P (C)U = P (C) ∩ CU

for all U ∈ U .

Proof. For any U ∈ U , we have P (C) ∩ CU = pU

(
P (C) ∩ CU

)
⊆ P (C)U . On the other hand,

if x ∈ P (C)U then x = pU(y) for some y ∈ P (C). Hence, by Equation 3.1,

δ(x) =
∑

A⊔B=U

(pA ⊗ pB)δ(y)

=
∑

A⊔B=U

(
pA(y)⊗ pB(1) + pA(1)⊗ pB(y)

)

But pA(1) = 0 unless A = ∅. Thus,

δ(x) = pU(y)⊗ 1 + 1⊗ pU(y) = x⊗ 1 + 1⊗ x

Hence, P (C)U ⊆ P (C) ∩ CU .

Let C∗
+ be the ideal in C∗ given by C∗

+ = {x ∈ C∗ : 〈x, 1〉 = 0}. Note that C∗
+ has

basis G+, and the ideal (C∗
+)

2 of C∗ is spanned by the set of all products G1 · G2 such that

G1, G2 ∈ G+. For any subset X ⊆ C, define X⊥ = {y ∈ C : 〈x, y〉 = 0 for all x ∈ X}. The

following proposition is a standard result about coalgebras.

Proposition 3.3. The subspace of primitive elements of C is given by P (C) = C+∩
[
(C∗

+)
2
]⊥

.

Proof. An element x ∈ C belongs to P (C) if and only if ε(x) = 0 and δ̄(x) = 0. That is, if and

only if x ∈ C+ and 〈G1 ⊗G2, δ̄(x)〉 = 0 for all G1, G2 ∈ G+. But for nonempty G1 and G2 we
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have:

〈G1 ⊗G2, δ̄(x)〉 = 〈G1 ⊗G2, δ(x)〉 = 〈G1 ·G2, x〉

Thus, 〈G1 ·G2, δ̄(x)〉 = 0 for all G1, G2 ∈ G+ if and only if x ∈
[
(C∗

+)
2
]⊥

.

Corollary 3.4. For all U ∈ U ,

P (C)U =
([
(C∗

+)
2
]
U

)⊥

Equivalently, P (C)U is the set of all x ∈ CU such that 〈G1 ·G2, x〉 = 0 for all nonempty graphs

G1 and G2 with V (G1) ⊔ V (G2) = U .

Proposition 3.5. The inequality dimP (C)U ≤ |(Gc)U | holds for all U ∈ U .

Proof. Define a map ι : R{(Gd)U} → (C∗
+)

2 as follows. If G is a graph with V (G) = U and

connected components G1, . . . , Gk then let ι(G) = G1 · · ·Gk ∈ C∗. Clearly, im ι ⊆
[
(C∗

+)
2
]
U

By Proposition 3.1, ι(G) equals G plus graphs that are greater than G in Sub(KU ). Thus, ι is

an injection and so |(Gd)U | ≤ dim
[
(C∗

+)
2
]
U
. Hence, by Corollary 3.4,

dimP (C)U = dim
([
(C∗

+)
2
]
U

)⊥

= |GU | − dim
[
(C∗

+)
2
]
U

≤ |GU | − |(Gd)U |

= |(Gc)U |

In the next subsection, we show that this inequality is in fact an equality.

3.1.3 Three Bases for the Primitives

We now describe a well-known Galois connection between P(E) and Π(V ). Define f : P(E)→

Π(V ) by

f(S) = πG|S = partition of V into connected components of G|S

and define g : Π(V )→ P(E) by g(σ) = E(G|σ). Then, f and g define a Galois connection,

P(E) Π(V )∗
f

g
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The map gf is a closure operator on P(E) and fg is a coclosure operator on Π(V ). The

poset of closed elements is known as the lattice of contractions of G and denoted by Πc(G) =

Π(V ) ∼= P(E). In particular,

¯̄S = gf(S) = E(G|πG|S)

so ¯̄S is obtained from S by adding any edges that do not decrease the number of components

of G|S. Likewise,

¯̄σ = fg(σ) = πG|σ

so ¯̄σ is obtained from σ by splitting each block B ∈ σ into connected components of G|B. For

example, let S = {1, 4, 5} and consider the graph

1

3

4

2

6

5
b

a

c

d

e

Then, S̄ = f(S) = {{a, b}, {c, d, e}} and ¯̄S = {1, 4, 5, 6}.

We’ve already observed that as posets GV = Sub(KV ) ∼= P(E(KV )) and for any G ∈ GV ,

P(E(G)) ∼= Sub(G). By the Galois connection above, Πc(G) = Π(V ) ∼= P(E). We also have

an order preserving map Π(V )→ Πc(G), π 7→ G|π, but it’s not injective. Hence, we have the

following commutative diagram:

P(E) Sub(G)

P(E) ∼= Π(V ) Πc(G)

Π(V )

∼=

∼=
fg

When we want to stress that we are dealing with subsets of E(G) rather than graphs, we

will write P(E) and P(E) rather than Sub(G) and Πc(G), respectively. Now, we introduce
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three linear transformations P,Q,R : C → C, given respectively by

G 7→ PG =
∑

S∈P(E)

µP(E)(S,E)G|S

G 7→ QG =
∑

π∈Π(V )

µΠ(V )(π, {V })G|π

G 7→ RG =
∑

π∈Πc(G)

µΠc(G)(π, 1̂)G|π

Since P(E) ∼= Sub(G) we have an injective map P(E) → Sub(G), S 7→ G|S, and so by

Möbius inversion, {PG : G ∈ G} is a basis for C. Moreover,

Proposition 3.6. If G is connected then PG ∈ P (C).

Proof. For each U ⊆ V (G), let clU : P(KV ) → P(KV ) be the coclosure map given by G 7→

G|{U, Ū} where Ū is the complement of U in V (G). LetG1, G2 ∈ G+ with V1 = V (G1) and V2 =

V (G2). By Proposition 3.3, it suffices to show that for any such G1 and G2, 〈G1 ·G2, PG〉 = 0

whenever G is connected. Moreover, by Proposition 3.1,

〈G1 ·G2, PG〉 =
∑

G1⊔G2≤G|S≤G1∗G2

µP(E)(S,E)

=
∑

S⊆E(G)
clV1 (G|S)=G1⊔G2

µP(E)(S,E)

If G is connected then G does not equal G|{U, Ū} for any values of U except U = ∅ and

U = V (G). But G1 and G2 are nonempty graphs so if G|{U, Ū} = G1 ⊔ G2 then U 6= ∅ and

U 6= V (G). Hence, by the Coclosure Theorem,

〈G1 ·G2, PG〉 =
∑

S⊆E(G)
clV1 (G|S)=G1⊔G2

µP(E)(S,E) = 0

Corollary 3.7. The set {PG : G ∈ Gc} forms a basis for P (C).

Proof. By the previous Proposition, {PG : G ∈ Gc} is a linearly independent set of elements

in P (C). By Proposition 3.5, it also spans P (C).
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Proposition 3.8. The map PG is an algebra map. That is,

PG =
∏

H connected
component of G

PH

Proof. If A⊔B = E then P(E) ∼= P(A)×P(B) with the isomorphism given by S ↔ (A∩S,B∩

S). Hence, µP(E)(S,E) = µP(A)(S ∩ A,A)µP(B)(S ∩ B,B). Let G1, . . . , Gk be the connected

components of G and let Ei = E(Gi) for all i = 1, . . . , k. Then,

PG =
∑

S⊆E

µP(E)(S,E)G|S

=
∑

S⊆E

µ
(
S ∩ E1, E1

)
G|(S ∩ E1) · · ·µ

(
S ∩ Ek, EK

)
G|(S ∩ Ek)

=
∑

Si⊆Ei
i=1,...,k

µ(S1, E1)G|S1 · · ·µ(Sk, Ek)G|Sk

= PG1 · · ·PGk

As noted before, P(E) ∼= Πc(G), π ↔ G|π, and so by Möbius inversion, {RG : G ∈ G} is a

basis for C. Likewise,

Proposition 3.9. If G is connected then RG ∈ P (C).

Proof. Recall that Πc(G) can be thought of as a subposet of both P(E) and Π(V ) under the

Galois connection described at the beginning of this section. Let clU be the coclosure operator

described in the proof of Proposition 3.6. A graph H ∈ Πc(G) if and only if H = G|σ for some

σ ∈ Π(V ). Thus, clU(H) = clU(G|σ) = G|(σ ∧ {U, Ū}) ∈ Πc(G). Hence, clU(Πc(G)) ⊆ Πc(G)

and so clU defines a coclosure operator on Πc(G) as well. The result then follows by the same

argument as in of the proof of Proposition 3.6.

Corollary 3.10. The set {RG : G ∈ Gc} forms a basis for P (C).

Unlike PG and RG, the map Π(V )→ Sub(G), π 7→ G|π is not injective and so {QG : G ∈ G}

is not a basis for C. However,

Proposition 3.11. If G is connected then QG = RG ∈ P (C). Otherwise, QG = 0.
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Proof. Recall from the Galois connection described at the beginning of this section that for

any σ ∈ Π(V ), G|σ = G|¯̄σ and σ = {V } is closed if and only if G is connected. Hence,

QG =
∑

σ∈Π(V )

∑

τ∈Π(V )
τ̄=σ

µΠ(V )(σ, {V })G|σ

But by Theorem 2.4,

∑

τ∈Π(V )
τ̄=σ

µΠ(V )(σ, {V }) =





µΠ(V )(σ, {V }) if G is connected

0 otherwise

Corollary 3.12. The map Q : C → C is a projection onto P (C).

Proof. By the previous Proposition, it suffices to show that Q : C → C is idempotent. To

see this, note that if σ ∈ Π(V ) and σ 6= {V } then G|σ is disconnected. Hence, by the

previous Proposition, QG|σ = 0. But then

Q2(G) = Q(QG) =
∑

σ∈Π(V )

µΠ(V )(σ, {V })QG|σ = QG

We have now given two new bases for C, {PG : G ∈ G} and {RG : G ∈ G}, both given by

summing over an interval in a relevant poset and both of which contain as a readily identifiable

subset, a basis for P (C). Moreover, the QG show that we can arrive at the basis {RG} by

summing over an interval in yet another poset. Finally, in all three cases, the primitives arise

from the fact that the multiplication in the dual algebra is given by summing over an interval

in the relevant poset, and if G ∈ Gc then it’s not coclosed with respect to an appropriate

coclosure operator.

There is a striking resemblance here to a number of other coalgebras of in the literature

whose primitive elements can be realized in the same manner. In particular, the Malvenuto-

Reutenauer Hopf algebra of permutations [38,39] has a basis for the primitives given by sum-

ming over an interval in the weak Bruhat order on Sn [5]; the Loday-Ronco Hopf algebra

of planar binary trees [35] has a basis for the primitives given by summing over the Tamari

order [6], and Aguiar and Mahajan define a Hopf algebra of pairs of permutations and a Hopf
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algebra of “fully nested set compositions,” both of which have primitive elements realized in

this way [2]. Likewise, Aguiar and Orellana define a Hopf algebra of uniform block permuta-

tions whose primitive elements are given by summing over intervals in a poset [4], and Schmitt

and Crapo give two bases for the primitive elements in the matroid-minor coalgebra [15]. The

first of these bases is realized by summing over the rank-preserving weak order on matroids,

and the second basis is realized by summing over a subposet of this order [16].

3.2 The Commutative Hopf Algebra of Graphs

Given a graph G ∈ G, we let eG denote the isomorphism class of G and let Ḡ = {eG : G ∈ G}.

Likewise, we let Ḡc = {eG : G ∈ Gc}, Ḡd = Ḡ \ Ḡc, and Ḡn = {G ∈ G : |V (G)| = n}. Working

with isomorphism classes of graphs yields a coalgebra, H̄ = RḠ, with coproduct, counit,

grading, and unique group-like 1 = e1 defined as in C. Furthermore, we define a multiplication

on H̄ by letting eG · eH = eG⊔H , the isomorphism class of the disjoint union of G and H.

With this multiplication, H̄ is a connected, commutative, cocommutative Hopf algebra, which

is graded by Hn = RḠn. Note, this construction will work for any family of graphs G closed

under restriction and disjoint union. Examples include disjoint unions of paths, disjoint unions

of complete graphs, planar graphs, and so on.

There is an obvious surjective coalgebra map Ψ: C → H̄ defined on graphs by G 7→ eG.

If C and D are coalgebras and f : C → D is a coalgebra map then clearly f
(
P (C)

)
⊆ P (D).

When f is injective then the restriction, f |P (C) is obviously injective. However, when f is

surjective it is not necessarily true that f |P (C) maps surjectively onto P (D). When f has this

property, we say it is surjective on primitives.

Proposition 3.13. The map Ψ: C → H̄ is surjective on primitives.

Proof. As a commutative algebra, H̄ is free on the set Ḡc and so H̄ = R[Ḡc] ∼= S(Ḡc) as algebras.

By Theorem 2.7 3, H̄ ∼= S
(
P (H̄)

)
as coalgebras. Thus, as R-modules, S

(
Ḡc
)
∼= S

(
P (H̄)

)
and

so there must be a bijection Ḡc ↔ P (H̄). Hence, dimP (H̄)n = dimP (C)V where |V | = n.

But it’s clear that Ψ
(
P (C)V

)
⊆ P (H̄)n, and so Ψ

(
P (C)V

)
= P (H̄)n.

Let pG = Ψ(PG), qG = Ψ(QG), and rG = Ψ(RG). This Proposition implies that {pG : G ∈
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Gc}, {qG : G ∈ Gc}, and {rG : G ∈ Gc} are bases for P (H̄). The second of these bases has a

familiar description in the Hopf algebra context.

Proposition 3.14. For all eG ∈ Ḡ, qG = E
(
eG
)
, the Eulerian idempotent on H̄.

Proof. Recall from Proposition 2.8 that

E(eG) =
∑

n≥1

(−1)n−1 I
∗n
+ (eG)

n

=
∑

n≥1

(−1)n−1
∑

σ∈Γ(V )
|σ|=n

eG|σ
n

=
∑

σ∈Σ(V )

(−1)|σ|−1 eG|σ
|σ|

But H̄ is commutative so eG|σ gives the same graph isomorphism class for any ordering of the

blocks in σ. There are |σ|! such orderings and thus we have

=
∑

σ∈Π(V )

(−1)|σ|−1|σ|!
eG|σ
|σ|

=
∑

σ∈Π(V )

(−1)|σ|−1(|σ| − 1)!eG|σ

=
∑

σ∈Π(V )

µΠ(V )(σ, {V })eG|σ

An n-coloring on a graph G is a map f : V (G) → [n]. If f(u) 6= f(v) for all adjacent

vertices u, v ∈ V (G) then we say that f is a proper n-coloring of G. The chromatic polynomial

of G is the map χ
G ∈ R[x] given by χ

G(n) = (# proper n-colorings of G). We define two

maps θ, χ : H̄ −→ R[x] given by

θ(eG) = x(# conn. comps. of G) = x|πG|

χ(eG) = χ
G

Note that we use the same notation to denote the antipode as we do the map G 7→ χ
G, but

these are definitely not equal. The map θ is the unique algebra map determined by eG 7→ x for

all eG ∈ Ḡc. In the proof of the following proposition, we use the fact that R[x]⊗R[x] ∼= R[x, y]
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with the bijection given by x⊗ 1↔ x and 1⊗ x↔ y.

Proposition 3.15. The map χ is a Hopf algebra map.

Proof. Every proper n-coloring of the graph G⊔H is given by picking an n-coloring on G and

an n-coloring on H. Thus, χG⊔H(x) = χ
G(x)χH(x) and χ is an algebra map. Likewise,

(χ⊗ χ)δ(eG) =
∑

A⊔B=V

χ(eG|A)⊗ χ(eG|B)

=
∑

A⊔B=V

χ
G|A(x)⊗ χ

G|B(x)

=
∑

A⊔B=V

χ
G|A(x⊗ 1)χG|B(1⊗ x)↔

∑

A⊔B=V

χ
G|A(x)χG|B(y)

On the other hand,

δχ(eG) = δχG(x)

= χ
G

(
δ(x)

)

= χ
G(x⊗ 1 + 1⊗ x)↔ χ

G(x+ y)

3.3 The CoZinbiel Hopf algebra of Graphs

In order to find bases for P (H̄) in Section 3.2, we had to work in the coalgebra C where the

vertices of our graphs have labellings. Ideally, we would like to make C a Hopf algebra, but

there is no clear way to define a multiplication compatible with the coproduct. However, if we

restrict our attention to graphs with a certain type of labelling then we can describe a Hopf

algebra that lives somewhere between C and H̄.

3.3.1 Definition and Basic Properties

Let U = {u1 < u2 · · · < un} be a finite, linearly ordered set. Then, there exists a unique,

order-preserving bijection stU : U → [n], given by ui 7→ i. Applying this map to the vertices

of any graph G with exactly n vertices produces a graph st(G) on vertex set [n] called the

standardization of G. Let shm : [n] → [m + 1,m + n] be shift map given by shm(i) = m + i;
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it’s the unique order-preserving bijection [m]→ [m+ n]. For any graph G with vertex set [n],

shm(G) is the graph on vertex set [m+ 1,m+ n] given by applying shm to the vertices of G.

Let ~G denote the set of graphs G with V (G) = [n] for some n ≥ 0. We define ~Gc, ~Gd and ~G+

as before and let ~Gn = {G ∈ ~G : V (G) = [n]}. Then, H = R~G is a connected, cocommutative

Hopf algebra with product and coproduct given for all G ∈ ~Gm and G′ ∈ ~Gn by

G ·G′ = G ⊔ shm(G′) δ(G) =
∑

A⊔B=[m]

st(G|A)⊗ st(G|B)

It’s graded as a Hopf algebra with Hn = R~Gn. Most of the time, we will write the coproduct

as

δ(G) =
∑

A⊔B=[m]

G|A⊗G|B

with the understanding that the graphs are standardized.

We say that a graph G ∈ ~Gn is order connected if it cannot be written as the disjoint union

of two graphs G1 and G2, each defined on an interval of [n]. A graph is said to be order dis-

connected if its not order connected. For example, the first graph below is order disconnected,

but the second is not.

1

2

3

1

3

2

order disconnected order connected

We let ~Go denote the collection of order connected graphs and observe that H is the free

algebra on ~Go. Given a set composition B1| · · · |Bk = π ∈ Σ(n) and a graph G ∈ ~Gn, we let

G|π = (G|B1)(G|B2) · · · (G|Bk). Don’t forget that here G|B1 means st(G|B1) so each restric-

tion is standardized before being multiplied together. For example, the graph

5

3

1

4

2
6
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restricted to 24|5|136 is

(
2

1
)
·
(

1

)
·
( 1

2

3

)
=

2

1
3

4

5

6

Now, for all i ≥ 1 define

δi(G) =
∑

A⊔B=[m]
i∈B

G|A⊗G|B

and let iδ = τ ◦ δi. Clearly, if m ≥ i and G ∈ ~Gm then δ(G) = iδ(G) + δi(G). In particular,

δ = 1δ + δ1 on H+. and we have the following result

Proposition 3.16. Let G ∈ ~Gm and G′ ∈ ~Gn where m,n 6= 0. Then,

δi(G ·G
′) =





δi(G) · δ(G′) if 1 ≤ i ≤ m

δ(G) · δi−m(G′) if m+ 1 ≤ i ≤ m+ n

Proof.

δi(G ·G
′) =

∑

A⊔B=[m+n]
i∈B

(
G ·G′

)
|A⊗

(
G ·G′

)
|B

=
∑

Am⊔Bm=[m]
An⊔Bn=[m+1,m+n]

i∈Bm⊔Bn

(
G ·G′

)
|(Am ⊔An)⊗

(
G ·G′

)
|(Bm ⊔Bn)

=
∑

Am⊔Bm=[m]
An⊔Bn=[m+1,m+n]

i∈Bm⊔Bn

(
G|Am

)
·
(
G′|(An −m)

)
⊗
(
G|Bm

)
·
(
G′|(Bn −m)

)

where Am = A ∩ [m], Bm = B ∩ [m], An = A ∩ [m+ 1,m+ n], and Bn = B ∩ [m+ 1,m+ n].
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If 1 ≤ i ≤ m then i ∈ Bm and we have

=
∑

Am⊔Bm=[m]
(An−m)⊔(Bn−m)=[n]

i∈Bm

(
G|Am

)
·
(
G′|(An −m)

)
⊗
(
G|Bm

)
·
(
G′|(Bn −m)

)

=
∑

X⊔Y=[m]
Z⊔W=[n]

i∈Y

(G|X) · (G′|Z)⊗ (G|Y ) · (G′|W )

= δi(G) · δ(G′)

On the other hand, if m+ 1 ≤ i ≤ m+ n then i ∈ Bn and we have

=
∑

Am⊔Bm=[m]
(An−m)⊔(Bn−m)=[n]

i−m∈(Bn−m)

(
G|Am

)
·
(
G′|(An −m)

)
⊗
(
G|Bm

)
·
(
G′|(Bn −m)

)

= δ(G) · δi−m(G′)

Corollary 3.17. (H,µ, δ1) is a left coZinbiel bialgebra.

Proof. We’ve already observed that on H+, δ = 1δ + δ1, and it’s not difficult to see that

(δ ⊗ I)δ1 = (I ⊗ δ1)δ1. By the previous Proposition, δ1(G ·G
′) = δ1(G) · δ(G′) for all G ∈ ~G+

and G′ ∈ ~G.

As before, passing to isomorphism classes of graphs produces a Hopf algebra map Φ: H →

H̄, G 7→ eG. If the sets in U are linearly ordered then there is also a coalgebra map Θ: C → H,

G 7→ st(G) and we have the following commutative diagram.

C H H̄
Θ Φ

Ψ

The map Φ is surjective on primitives, but the map Θ is not. There are essentially more

primitive elements in H than in C. Thus, the sets {PG : G ∈ ~Gc}, {QG : G ∈ ~G}, and

{RG : G ∈ ~Gc} are not complete bases for P (H). To determine a basis for P (H) we take a

different approach.
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3.3.2 A Decomposition of the Dynkin Idempotent

For any i ≥ 1 and for any f, g ∈ End(H), define

f i⋆ g = µ(f ⊗ g) iδ, and f ⋆i g = µ(f ⊗ g)δi

It’s clear that when i = 1, this makes End(H) a dendriform algebra. Using this structure we

define the following two maps for any i ≥ 1,

αi = χ ⋆i I, and iβ = I i⋆ χ

For any set composition π ∈ Σ(S) we let πι denote the first block of π and we let π† denote the

last block. By Takeuchi’s formula (2.1) the map αi has the following formula for any G ∈ ~Gn,

αi(G) =
∑

A⊔B=[n]
i∈B

χ(G|A)G|B =
∑

π∈Σ(n)

i∈π†

(−1)|π|−1G|π (3.2)

Similarly,

iβ(G) =
∑

π∈Σ(n)
i∈πι

(−1)|π|−1G|π (3.3)

Note the similarity between the definition of αi and the definition of the Dynkin idempotent

given in Section 2.2. The similarities do not stop here.

Proposition 3.18. For any i ≥ 1, αi maps into the primitives.

Proof. For any G ∈ ~Gn,

δ
(
αi(G)

)
=
∑

X⊔Y
i∈Y

δ
(
χ(G|X)

)
· δ(G|Y )

=
∑

X⊔Y
i∈Y

[
(χ⊗ χ)δ(G|X)

]
· δ(G|Y )

=
∑

A⊔B⊔C⊔D=[n]
i∈C⊔D

χ(G|A)G|C ⊗ χ(G|B)G|D
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=
∑

A⊔B⊔C⊔D=[n]
i∈C

χ(G|A)G|C ⊗ χ(G|B)G|D

+
∑

A⊔B⊔C⊔D=[n]
i∈D

χ(G|A)G|C ⊗ χ(G|B)G|D

=
∑

S⊔T=[n]

αi(G|S)⊗ ηε(G|T ) +
∑

S⊔T=[n]

ηε(G|S)⊗ αi(G|T )

But ηε(G|S) = 0 unless S = ∅ and thus

δ
(
αi(G)

)
= αi(G)⊗ 1 + 1⊗ αi(G)

Moreover, the αi’s refine the Dynkin idempotent.

Proposition 3.19. L =
∑

i≥1

αi

Proof. Equation 3.2 says that for any G ∈ ~Gn,

∑

i≥1

αi(G) =
∑

i≥1

∑

π∈Σ(n)

i∈π†

(−1)|π|−1G|π

But then each π ∈ Σ(n) occurs once for every i ∈ π†. Thus,

∑

i≥1

αi(G) =
∑

π∈Σ(n)

|π†|(−1)|π|−1G|π = L(G)

For any Hopf algebra, H, the right adjoint action of H on itself is given by

x ⊳Ad y =
∑

χ(y1) · x · y2

This is a well-known action of Hopf algebras (see Section 3.4 of [43].) If p ∈ P (H) then for

any x ∈ H, x ⊳Ad p = χ(1) · x · p + χ(p) · x · 1 = [x, p]. Likewise, the left adjoint action of H

on itself is defined by

y ⊲Ad x =
∑

y1 · x · χ(y2)

and again, if p ∈ P (H) then for any x ∈ H, p ⊲Ad x = [p, x].
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Proposition 3.20. Let G ∈ ~Gm and H ∈ ~Gn. Then,

αi(G ·H) =





αi(G) ⊳Ad H if i ≤ m

0 otherwise

Proof. Given σ ∈ Sn, we write sσ : H
⊗n → H⊗n for the map

sσ(x1 ⊗ · · · ⊗ xn) = xσ−1(1) ⊗ · · · ⊗ xσ−1(n)

and µ[n] for the unique map H⊗n+1 → H given by composing µ with itself n times. First,

assume that i ≤ m. Then, by Proposition 3.16, δiµ = (µ⊗ µ)(I ⊗ τ ⊗ I)(δi ⊗ δ) and so

αi ◦ µ = µ(χ⊗ I)δiµ

= µ(χ⊗ I)(µ⊗ µ)s(23)(δi ⊗ δ)

= µ
(
(χ ◦ µ)⊗ µ

)
s(23)(δi ⊗ δ)

= µ
(
µ(χ⊗ χ)s(12) ⊗ µ)s(23)(δi ⊗ δ)

= µ[3](χ⊗ χ⊗ I ⊗ I)s(12)s(23)(δi ⊗ δ)

= µ[3](χ⊗ χ⊗ I ⊗ I)s(123)(δi ⊗ δ)

But then

αi(G ·H) = µ[3](χ⊗ χ⊗ I ⊗ I)s(123)




∑

A⊔B=[m]
C⊔D=[n]

i∈B

G|A⊗G|B ⊗H|C ⊗H|D




= µ[3](χ⊗ χ⊗ I ⊗ I)




∑

A⊔B=[m]
C⊔D=[n]

i∈B

H|C ⊗G|A⊗G|B ⊗H|D




=
∑

A⊔B=[m]
C⊔D=[n]

i∈B

χ(H|C) · χ(G|A) ·G|B ·H|D
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=
∑

C⊔D=[n]

χ(H|C) · αi(G) ·H|D

= αi(G) ⊳Ad H

On the other hand, if i > m then by Proposition 3.16, δiµ = (µ⊗µ)(I⊗ τIτ)(δ⊗ δi−m). Thus,

by a similar argument as before

αi ◦ µ = µ[3](χ⊗ χ⊗ I ⊗ I)s(123)(δ ⊗ δi−m)

and so

αi(G ·H) = µ[3](χ⊗ χ⊗ I ⊗ I)s(123)




∑

A⊔B=[m]
C⊔D=[n]
i−m∈D

G|A⊗G|B ⊗H|C ⊗H|D




= µ[3](χ⊗ χ⊗ I ⊗ I)




∑

A⊔B=[m]
C⊔D=[n]
i−m∈D

H|C ⊗G|A⊗G|B ⊗H|D




=
∑

A⊔B=[m]
C⊔D=[n]
i−m∈D

χ(H|C) · χ(G|A) ·G|B ·H|D

=
∑

C⊔D=[m]
i−m∈D

χ(H|C) · ηε(G) ·H|D

= 0 since G 6= 1.

Corollary 3.21. For any x ∈ H, p1, . . . , pk ∈ P (H),

α1(xp1 · · · pk) = l(k+1)(α1(x), p1, . . . , pk)

Now, consider the maps iβ. By a similar argument as before, we can show that

Proposition 3.22.

(a) For each i ≥ 1, iβ maps into the primitives.
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(b) R =
∑

i≥1

iβ where R is the right-hand version of the Dynkin idempotent.

(c) Let G ∈ ~Gm, G ∈ ~Gn, and i ≥ 1. Then,

iβ(G ·H) =





0 if i ≤ m

G ⊲Ad βi−m(H) otherwise

Corollary 3.23. 1β(G) = 0 if G is not order connected.

Proof. Suppose G is not order connected. That is, G = G1 ·G2 for some nonempty G1 ∈ ~Gm,

G2 ∈ ~Gn. Clearly 1 ≤ m and so by Proposition 3.22 (c), 1β(G) = 1β(G1 ·G2) = 0.

We can say even more about 1β.

Proposition 3.24. The map 1β maps into the total primitives.

Proof. For any G ∈ ~Gn,

δ1
(
1β(G)

)
=

∑

X⊔Y=[n]
i∈Y

δ1
(
G|X

)
· δ
(
χ(G|Y )

)

=
∑

X⊔Y=[n]
1∈Y

δ1(G|X)
[
(χ⊗ χ)δ(G|Y )

]

=
∑

A⊔B⊔C⊔D=[n]
1∈B

G|A · χ(G|C)⊗G|B · χ(G|D)

=
∑

S⊔T=[n]
1∈T

ηε(G|S)⊗ 1β(G|T )

= 1⊗ 1β(G)

Corollary 3.25. The map 1β is a projection onto the total primitives and {1β(G) : G is order connected}

forms a basis for Pt(H).

Proof. By Proposition 3.24,

1β
(
1β(G)

)
= µ(I ⊗ χ)

(
1β(G)⊗ 1

)
= 1β(G)χ(1) = 1β(G)
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Hence, 1β is idempotent and thus a projection onto Pt(H). It’s clear that

{1β(G) : G is order connected}

spans Pt(H). To see why it’s a basis of Pt(H), let G be order connected and observe that G

is the only order connected graph in the linear expansion of 1β(G) in equation 3.3. Hence,

1β(G) is the only element in {1β(H) : H is order connected} in which G appears as a term of

the linear expansion.

Recall that H is graded as a Hopf algebra with Hn = R~Gn and H is the free algebra on

the set of all order connected graphs. In particular, {G1 · · ·Gk : Gi is order connected} is a

basis for H. Since Gi is the only order connected term in 1β(Gi) in equation 3.3, it follows

that {1β(G1) · · · 1β(Gk) : Gi is order connected} is a basis for H. This new basis allows us to

define a second Hopf algebra grading for H. Namely, let

H(n) = {1β(G1) · · · 1β(Gn) : Gi is order connected}

Note that the Dynkin idempotent depends on the grading. In other words, a Hopf algebra

with multiple Hopf algebra gradings can have multiple Dynkin idempotents. This brings us to

the following rather remarkable characterization of α1.

Theorem 3.26. The map α1 is the Dynkin idempotent of H with respect to the grading

H(n).

Proof. Observe that for any graph G ∈ ~G,

α1

(
1β(G)

)
= µ(χ⊗ I)

(
1⊗ 1β(G)

)
= χ(1) · 1β(G) = 1β(G)

Let G1, . . . , Gk be ordered connected graphs. Then, by Corollary 3.21,

α1

(
1β(G1) · · · 1β(Gk)

)
= l(k)

(
1β(G1), . . . , 1β(Gk)

)
= L

(
1β(G1) · · · 1β(Gk)

)

Corollary 3.27. The map α1 projects onto the primitives.
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Let vi = 1β(Gi) for i = 1, . . . , k and observe that

δ(v1 · · · vn) =
∑

A⊔B=[n]

vA ⊗ vB

In other words, if V = R{1β(G) : G is order connected} then H = T (V ) as Hopf algebras.

The map α1 is the classic Dynkin idempotent.

It’s well known that the universal enveloping algebra U(L) of a free Lie algebra L is a free

associative algebra (Theorem 0.5 of [54].) If we have a basis for L then we can find a basis

for its universal enveloping algebra, but going the other way is not so easy. Given a free Lie

algebra L and a basis for U(L), it’s not always clear how to find a basis for L. In the case of

H, we know by the Poincaré-Birkhoff-Witt Theorem that H ∼= U(P (H)) and we have a basis

for H = T (V ) where V = R{1β(G) : G is order connected}. Thus, it’s worth observing that

what Theorem 4.43 really says is the following:

Corollary 3.28. The Lie algebra P (H) is the free Lie algebra on {1β(G) : G is order connected}.

Finally, we consider what happens to α1(G) and 1β(G) when we apply the map Φ. Let

π, σ ∈ Σ(n) and suppose that π can be obtained from σ by reordering the blocks of σ. Then,

we write π ∼ σ and note that this defines an equivalence relation on Σ(n). We let π̃ =

{σ ∈ Σ(n) : σ ∼ π} be the equivalence class containing π and write Σ(n)/ ∼ for the set of

equivalence classes in Σ(n). Moreover, for any σ ∈ π̃, eG|π = eG|σ.

Proposition 3.29. For all G ∈ ~G, Φ
(
α1(G)

)
= Φ

(
1β(G)

)
= qG.

Proof. Since H̄ is commutative, µ = µτ . Thus,

Φ
(
α1

)
= Φ

(
µ(χ⊗ I)δ1

)
= Φ

(
µ(χ⊗ I)τ 1δ

)

= Φ
(
µτ(I ⊗ χ)1δ

)
= Φ

(
µ(I ⊗ χ)1δ

)
= Φ

(
1β
)

If π ∈ Σ(n) and 1 ∈ π† then any rearrangement of the 1st |π| − 1 blocks in π will produce a

set composition σ ∈ π̃ such that 1 ∈ σ†. Hence, there are precisely (|π| − 1)! set compositions
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σ ∈ π̃ such that 1 ∈ σ† and we have

Φ
(
α1(G)

)
=

∑

π∈Σ(n)

1∈π†

(−1)|π|−1eG|π

=
∑

π̃∈Σ(n)/∼

(−1)|π|−1(|π| − 1)! eG|π

=
∑

π∈Π(n)

(−1)|π|−1(|π| − 1)! eG|π

= qG

Thus, we have connected the maps α1 and 1β to both of the most well-known primitive

idempotents, L and E.
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Chapter 4

Species with Restriction

The goal of this chapter is to abstract what we know about the Hopf algebras of graphs in

Chapter 3 to a much larger family of examples. The basic machinery for this project is the

theory of R-species, which are introduced in Section 4.1. In Section 4.2 we describe how to

derive several Hopf algebras from these species. We start by outlining Schmitt’s approach in

4.2.1, and then go on in 4.2.2 to describe two bases for the primitives similar to those from

3.1.3. In 4.2.3 we describe how Schmitt’s approach fits into Aguiar and Mahajan’s much larger

theory of species, and in 4.2.4 we define deformations of the Hopf algebras from 4.2.1. These

deformations are algebraically much simpler than their counterparts in 4.2.1, but they do not

fit perfectly into Aguiar and Mahajan’s theory. We prove a number of results about them and

outline a future project in which we propose to use Aguiar and Mahajan’s theory of 2-monoidal

categories to better derive them. Sections 4.1, 4.2.1, and 4.2.3 are primarily expository whereas

3.1.3 and 4.2.4 contain new, key results.

Once we’ve defined a generalization of the Hopf algebra H, we turn our attention in

Section 4.3 to generalizing the maps αi and iβ from 3.3.2. All of the major results in Section 4.3

are new. More specifically, in 4.3.1 we generalize the coZinbiel structure of H. The coproduct

decomposes into sums of non-coassociative coproducts SδU,T indexed by disjoint sets S, U ,

and T and these coproducts have properties similar to those of a q-cotridendriform bialgebra.

This leads us to the observation that H is co-ennea, but more importantly, the maps SδU,T

demonstrate the underlying set-theoretic structure that is behind the fact that H is coZinbiel.

In 4.3.2 we define maps SαU,T and SβU,T from the coproducts SδU,T similar to the way that
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maps αi and iβ were defined in 3.3.2. The most general results about these maps are very

cumbersome to state so we focus on two special cases. In 4.3.3 we investigate the case where

U = ∅ and q = 0. This case provides a concise characterization of the coradical filtration.

Likewise, in 4.3.4 we explore the case where S ⊔U ⊔T = {1}. This gives us formulas for SαU,T

that describe how the parameter q perturbs the primitive elements.

4.1 Combinatorial Species

4.1.1 Set Species

The theory of combinatorial species as introduced by André Joyal in 1981 [24] provides a

rigorous language for describing families of combinatorial structures.

Definition 4.1. A (combinatorial) species is a functor

P : FinBij→ FinSet

where FinBij is the category of finite sets with bijections, and FinSet is the category of finite

sets with arbitrary functions. We say that an element G ∈ P[S] is a P-structure on S and we

write P[n] for P[{1, 2, . . . , n}].

Example 4.1.

(a) The species of partitions, Π: FinBij→ FinSet, is defined by letting Π[S] denote the set

of all partitions on the set S. Thus, a Π-structure on S is a partition of S.

(b) The species of equivalence relations, EqRel : FinBij → FinSet, is given by letting

EqRel[S] denote the set of all equivalence relations on the set S.

(c) The species of linear orders, L : FinBij → FinSet, is defined by letting L[S] denote the

set of all linear orders on S.

(d) The species of permutations is given by letting Perm[S] denote the set of all permutations

on S.
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(e) The exponential species, E, is given by E[S] = {S}. We will explain later why E is called

the exponential species.

(f) The subset species, P, is defined by letting P(S) be the power set of S.

(g) The species of graphs, G, is given by letting G[S] denote the set of all (simple) graphs on

vertex set S. Alternatively, we could define a species GE with GE[S] the set of all (simple)

graphs with edge set S.

The only arrows in FinBij are bijections between finite sets of the same cardinality. Given a

species P : FinBij→ FinSet, each bijection h : S → T maps to a bijection P[h] : P[S]→ P[T ],

which can be thought of as a relabeling of the elements of P[S]. For example, if h : {1, 2, 3} →

{a, b, c} is the bijection h(1) = a, h(2) = b, and h(3) = c then L[h] maps the linear order

2 < 1 < 3 in L[3] to the linear order b < a < c in L[{a, b, c}].

Given functors F,G : C → D, a natural transformation from F to G, written τ : F ⇒ G, is

a collection of arrows in D,

τa : F (a)→ G(a),

one for each object a ∈ C, such that for any h : a→ b the following diagram commutes:

F (a) F (b)

G(a) G(b)

F (h)

τbτa

G(h)

Species form a category, Sp, with arrows given by natural transformations τ : P ⇒ Q.

Given species P andQ and a bijection h : S → T , the maps P[h] andQ[h] are relabellings of the

elements of P[S] and Q[S], and thus the diagram above says that any natural transformation

τ : P⇒ Q cannot depend on a choice of labeling of the P or Q-structures. For example, we are

accustomed to thinking of linear orders as being equivalent to permutations since we usually

describe linear orders and permutations on the set [n]. Under this approach, a linear order

l1 < · · · < ln on [n] is identified with the permutation σ ∈ Perm[n] where σ(i) = li. However,

this construction does not define a natural transformation L ⇒ Perm since it depends on

the already established linear order 1 < 2 < · · · < n. For example, given the linear order
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g < 4 < π < ∗ < @, how would would you define a permutation on {π,@, 4, g, ∗} without first

choosing a linear order on the underlying set?

A species P is said to be positive if P[∅] = ∅. Given any species P, we can construct a

positive species P+ by defining

P+[S] =




∅ if S = ∅

P[S] otherwise

We define two functors ×, ◦ : Sp× Sp→ Sp,

(P×Q)[S] = P[S]×Q[S] and (P ◦Q)[S] =
∐

π∈Π[S]

(
P[π]×

∏

B∈π

Q[B]

)

A P ◦Q-structure is given by partitioning the set S and putting a P-structure on the set of

blocks and a Q-structure on each individual block.

A species P is exponential if P = E ◦Pc for some species Pc. In that case, we say that an

element of P[S] is an assembly of Pc-structures. That is, an assembly G ∈ P[S] consists of a

partition, πG, on S together with a Pc-structure on each block of πG. The Pc-structures can

be thought of as connected P-structures. For example, a simple graph is the disjoint union of

connected graphs, and hence G = E ◦Gc where Gc[S] is the set of all connected graphs with

vertex set S. Similarly, a species P is linear if P = L ◦Pc, and we say that an element of P[S]

is an ordered assembly of Pc-structures. That is, an ordered assembly G ∈ P[S] consists of

a set composition, πG on S, together with a Pc-structure on each block of πG. Note that the

term linear species conventionally refers to something very different [17].

One of the original motivations for studying species was to describe generating functions

in more natural, set-theoretic terms. Indeed, there is a functor from Sp to the category of

generating functions given by

P 7→
∑

n≥0

∣∣P[n]
∣∣x

n

n!

Recall that the exponential species is defined by E[S] = {S}. Hence,
∣∣E[n]

∣∣ = 1 for all n ≥ 0

and

E 7→
∑

n≥0

xn

n!
= ex
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This explains why E is called the exponential species. The generating function given by P◦Q is

the composition of the generating functions given by P and Q. Hence, the fact that Π = E◦E+

gives rise to the classic generating function for the Bell Numbers, ee
x−1.

We will sometimes loosen our definition of species so that P[S] can be an infinite set. In

general, the generating functions above will not exist for such a species, but the rest of the

theory will follow just the same.

4.1.2 R-Species

In [60], Schmitt expanded upon the definition of species to include a notion of restriction to

subsets. For example, given sets U ⊆ V , a graph G on vertex set V restricts to its vertex

induced subgraph, G|U .

Definition 4.2. An R-species is a functor

P : FinInjop → FinSet

such that
∣∣P[∅]

∣∣ = 1. Here, FinInj denotes the category of sets with injections and FinInjop

is its opposite category.

An arrow h : V → U in FinInjop is an injection U →֒ V and its image under the functor P

is a function P[h] : P[V ]→ P[U ], G 7→ G|U , which we refer to as the restriction of G to U . If

W ⊆ U ⊆ V then by the functoriality of P,

(G|U)|W = G|W

for any G ∈ P[V ]. The collection of R-species forms a category RSp with arrows given by

natural transformations.

We will give a long list of examples of R-species at the end of this section, but first we

discuss a few more constructions on R-species. In particular, if P and Q are R-species then

so is P ×Q with restriction maps defined component-wise by (G,H)|U = (G|U,H|U) for all

G ∈ P[V ] and H ∈ Q[V ]. On the other hand, the species P ◦Q may not have a well-defined

notion of restriction even if P and Q are themselves R-species. Likewise, P ◦ Q may be an
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R-species even if P or Q are not. An excellent example of this is the R-species of graphs. Note

that G = E◦Gc where Gc is the species of connected graphs, but Gc is not an R-species since

the vertex induced subgraph of a connected graph is not always itself connected.

If Q is an R-species then the exponential species P = E ◦Q+ is an R-species as follows: if

G = {GB : B ∈ πG} is a P-structure on V and U ⊆ V then the restriction of G to U is defined

by

G|U = {GB|B ∩ U : B ∈ πG and B ∩ U 6= ∅} (4.1)

In other words, G|U is obtained by assembling the restrictions of the individual components

of G. Similarly, if Q is an R-species then the linear species P = L ◦Q+ is an R-species.

In general, we would like all exponential and linear R-species, P, to behave like this example.

That is, if G = {GB : B ∈ πG} is a P-structure on V and U ⊆ V then we would like for G|U

to be the same P-structure as if we took the (ordered) assembly of the restrictions GB|B ∩ U

for each block B ∈ πG such that B ∩U 6= ∅. We say that an exponential (or linear) R-species,

P , is coherent if

G|U =
∐

B∈πG

B∩U 6=∅

{GB}|B ∩ U

Clearly, for any R-species Q, the exponential and linear R-species, E ◦Q+ and L ◦Q+, with

restriction defined by Equation 4.1 are coherent. However, there are other coherent R-species

which are not of this form, the R-species of graphs being an excellent example.

Example 4.2. (a) Let X be the singleton species given by

X[S] =




{S} if |S| = 1

∅ otherwise

Then the exponential species from Example 4.1 (e) is a coherent exponential R-species

with E = E ◦ X. Since there is only one E-structure on any set V , restrictions can be

defined in only one way.

(b) Given a linear order on V , any subset U ⊆ V , naturally inherits a linear order. Moreover,

L = L ◦X and thus, the species L from Example 4.1 (c) is a coherent linear R-species.
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(c) We’ve already mentioned that the species G = E◦Gc of graphs from Example 4.1 (g) is a

coherent exponential R-species with the restrictionG|U given by vertex-induced subgraphs.

Similarly, the species ~G of directed graphs and the species Gm of multigraphs (i.e. graphs

with loops and multiedges) are both coherent exponential R-species.

(d) More generally, let G be any family of graphs which are closed under the formation of

vertex-induced subgraphs and let FG [V ] be the set of all graphs on vertex set V , which are

isomorphic to some element of G. Then, FG is an R-species. Additionally, if G is closed

under disjoint union of graphs then FG = E ◦ FGc is a coherent exponential R-species

where Gc denotes the connected graphs in G. For example, if G is the set of all complete

graphs or the set of all vertex-induced subgraphs of some fixed graph H then FG is an

R-species but not an exponential R-species. Examples of coherent exponential R-species

of this form include forests, k-colorable graphs, and all graphs having some fixed excluded

set of minors. This means G could be the set of all planar graphs or more generally, the

set of all graphs with a 2-cell embedding in a surface of genus less than or equal to n for

some fixed n. Likewise, G could be defined by letting H be a set of graphs closed under

formation of disjoint unions and letting G be the collection of all vertex-induced subgraphs

of a graph in H.

(e) As mentioned in Example 4.1 (g), we can also define the species of graphs GE by letting

GE[S] be the set of all (simple) graphs with edge set S. Again, GE = E◦Gc

E
where Gc

E
[S]

is the set of connected graphs with edge set S, and GE is a coherent exponential R-species.

Given sets S ⊆ T and a graph G ∈ GE[T ], we define G|S to be the edge-induced subgraph

of G. Alternatively, we can define G|S by contracting out the edges T \ S.

(f) The species of partitions Π = E ◦ E+ from Example 4.1 (a) is a coherent exponential

R-species. This follows from equation 4.1 and the fact that E is an R-species.

(g) The speciesΣ of set compositions is defined by lettingΣ[S] be the set of all set compositions

on S. Clearly, Σ = L ◦E+ and thus by equation 4.1, it’s a coherent linear R-species.

(h) The species of cyclic orders, C, is given by letting C[S] be the set of all cyclic orders on

S. If S ⊆ T then a cyclic order on T induces a cyclic order on S. Since every permutation
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is a disjoint union of cycles, the species Perm from Example 4.1 (d) is equal to E ◦ C+

and thus by equation 4.1 it’s a coherent exponential R-species.

(i) The species of matroids, M, is defined by letting M[S] be the set of all matroids with

ground set S. Note that M = E ◦Mc where Mc[S] is the set of all connected matroids

on ground set S. It’s a coherent exponential R-species with restriction defined by matroid

restriction. Alternatively, we have the R-species M∗ with restriction from T to S given by

contracting out T \ S.

(j) Let Tr[V ] be the set of all rooted trees on vertex set V and let Fr = E ◦Tr be the set of

all rooted forests. If U ⊆ V and G ∈ Fr[V ] then the vertex induced subgraph G|U is a

rooted forest. For each tree T in G|U , let T ′ be the tree in G having T as a subtree. Then,

we define the root of T to be the (unique) vertex of T which is closest (in T ′) to the root

of T ′. Thus, Fr is a coherent exponential R-species. An ordered, rooted forest is a rooted

forest with a linear order on the trees. The species
−→
Fr of ordered rooted forests is equal to

L ◦Tr and is thus also a coherent linear R-species.

(k) Let H[V ] denote the set of all hypergraphs with vertex set V . We say that two edges e1

and e2 in a hypergraph are adjacent if e1 ∩ e2 6= ∅. We say that a hypergraph G ∈ H[V ] is

connected if for any two vertices, u, v ∈ V , there exists a sequence of a edges, e1, e2, . . . , en

such that u ∈ e1, v ∈ en, and ei is adjacent to ei+1 for all i = 1, . . . , n−1. Let Hc[V ] denote

the set of connected hypergraphs on vertex set V . In the terminology of hypergraphs, the

subhypergraph GU = (U, {ei ∩ U : ei ∩ U 6= ∅}) is the hypergraph with edge set given

by the intersections of edges in G with U . On the other hand, a partial hypergraph is

a hypergraph with some edges removed and the section hypergraph induced by U is the

partial hypergraph of G given by removing any edges that are not contained in U . If U ⊆ V

and G ∈ H[V ] then G|U can be defined to be the subhypergraph induced by U or the

section hypergraph induced by U and in either case, H = E ◦Hc is a coherent exponential

R-species. As with graphs, we can also define a coherent exponential R-species HE such

that HE[S] is the set of hypergraphs with edge set E.

(l) Let S[V ] denote the set of all simplicial complexes on the set V . If G ∈ S[V ] and U ⊆ V ,
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then G|U is the simplicial complex {W ∩ U : W ∈ G} = {W ∈ G : W ⊆ U}. Thus, S

defines the R-species of all simplicial complexes.

(m) Let V be an R-module and for any set T , let EV [T ] denote the set of functions f : T → V .

Then, EV is a coherent exponential R-species. For any S ⊆ T , restriction is defined by

restricting the domain of f to S. Note that if V is infinite dimensional then EV [S] is not

finite.

Clearly from the examples above, the theory of R-species is quite robust.

4.2 Coalgebras and Bialgebras from Species

Just as species give rise to generating functions, they also give rise to richer algebraic structures.

In this section, we describe functors that turn R-species into coalgebras as well as functors that

turn coherent exponential (and linear) R-species into Hopf algebras. Most of our constructions

are due to Schmitt [60] or the more comprehensive work of Marcelo Aguiar and Swapneel

Mahajan [3].

4.2.1 Schmitt’s Constructions

Let U be the set of all finite subsets of some fixed infinite set, and let P be an R-species.

Let C(P) denote the free R-module with basis
∐

U∈U

P[U ]. For any G ∈ P[U ], define linear

maps

δ(G) =
∑

A⊔B=U

G|A⊗G|B

ε(G) =





1 if U = ∅

0 otherwise

Proposition 4.1 (Schmitt [60]). For any R-species, P, the R-module C(P) is a U -graded

connected, cocommutative coalgebra with coproduct δ and counit ε defined as above. We call

C(P) the coalgebra of P-structures and observe that C(P) defines a functor C : RSp→ Coalg,

P 7→ C(P).
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If G ∈ P[U ], H ∈ P[V ], and H = P[φ](G) for some bijection φ : V → U then we say that

G and H are isomorphic. We write eG for the equivalence class of all P-structures that are

isomorphic to G and we let P̃ denote the collection of all such equivalence classes. We write

P̃[n] for those equivalence classes arising from sets with cardinality n. If P is an R-species

then
∣∣P[∅]

∣∣ = 1. Thus, there is a unique isomorphism class for G ∈ P̃[0], which we denote by

1.

Suppose furthermore that P is a coherent exponential R-species and G ∈ P[U ], H ∈ P[V ].

Then, G and H are assemblies built on partitions πG ∈ Π(U) and πH ∈ Π(V ). We let

G ⊔H ∈ P[U ⊔ V ] denote the P-structure obtained by taking the disjoint union of these two

partitions, πG ⊔ πH . That is,

G ⊔H = {GB : B ∈ πG} ⊔ {HB : B ∈ πH}

Similarly, if P is a linear R-species and G ∈ P[U ], H ∈ P[V ] then G ⊔H is defined by taking

the disjoint union of the two set compositions πG and πH and arranging them such that every

block of πG is less than every block of πH .

Let P be a coherent exponential (or linear) R-species and let K(P) denote the free R-

module, K(P) = RP̃. For any G ∈ P[U ], we define linear maps

δ(eG) =
∑

A⊔B=U

eG|A ⊗ eG|B

ε(eG) =





1 if U = ∅

0 otherwise

µ(eG ⊗ eH) = eG⊔H

η(1R) = 1

Proposition 4.2 (Schmitt [60], Aguiar and Mahajan [3]). For any coherent exponential (or

linear) R-species, P, the R-module K(P) is a graded connected, cocommutative Hopf algebra

with coproduct δ, counit ε, product µ, and unit η defined as above. It’s nth homogeneous

component is RP̃[n]. We call K(P) the Hopf algebra of P-structures, and observe that when

F is exponential (as opposed to linear) then K(P) is commutative. As before, K is a functor
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from the category of coherent exponential (or linear) R-species to the category of graded Hopf

algebras.

If P is a coherent (or exponential) linear R-species and L is the R-species of linear orders

then L×P is a coherent linear R-species with restriction defined component-wise by (L,G)|S =

(L|S,G|S). In other words, the product × defines a functor

( )× ( ) : RSp×RSp→ RSp, (P,Q) 7→ P×Q,

which maps coherent exponential (and linear) R-species to coherent linear R-species. If we

compose this map with the functor K from Proposition 4.2 then we get a new functor, K, and

another Hopf algebra, K(P), for each coherent exponential (or linear) R-species. It’s easiest

to describe this functor as follows. Let ~P =
∐

n≥0P[n] and recall from Section 3.3.1 that for

any linearly ordered set U = {u1 < · · · < un}, there exists a unique, order-preserving bijection

stU : U → [n], given by ui 7→ i. This induces a bijection P[st] : P[U ]→ P[n] given by relabeling

the ground set of any G ∈ P[U ] according to the map st. We call P[st](G) the standardization

of G and denote it simply st(G). Likewise, recall from Section 3.3.1 that for any m,n ≥ 0, we

have a unique order-preserving map shm : [n]→ [m+1,m+n], i 7→ m+ i called the shift map.

Again, this induces a map P[shm] : P[n]→ P[m+ 1,m+ n] and we denote P[shm](G) simply

by shm(G).

Now, we let K(P) denote the free R-module on ~P and define linear maps

δ(G) =
∑

A⊔B=[n]

st(G|A)⊗ st(G|B)

ε(G) =





1 if n = 0

0 otherwise

µ(G⊗H) = G ⊔ sh(H)

η(1R) = 1

Proposition 4.3 (Aguiar and Mahajan [3]). For any coherent exponential (or linear) R-

species, P, the R-module K(P) is a connected, cocommutative Hopf algebra with coproduct
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δ, counit ε, product µ, and unit η defined as above. We call K(P) the coZinbiel Hopf algebra

of P-structures, and observe that K is a functor from the category of coherent exponential (or

linear) R-species to the category of graded Hopf algebras.

As the name suggests, K(P) is a coZinbiel Hopf algebra with right coproduct defined by

δ1(G) =
∑

A⊔B=[n]
1∈B

G|A⊗G|B

This was first observed by Aguiar and Mahajan [3]. As we will see in Section 4.3.1, K(P) is a

whole lot more than coZinbiel.

We have a coalgebra map Ψ: C(P)→ K(P), G 7→ eG, and a Hopf algebra map Φ: K(P)→

K(P), G 7→ eG, both of which are are surjective on primitives. On the other hand, if every

U ∈ U is linearly ordered then there is also a coalgebra map Θ: C(P) → K(P), G 7→ st(G),

which is not surjective on primitives. The following diagram commutes.

C(P) K(P) K(P)
Θ Φ

Ψ

All of the examples of coherent exponential (and linear) R-species P from Section 4.1.2

give rise to a coalgebra C(P), and Hopf algebras, K(P) and K(P). We highlight just a few

important examples.

Example 4.3.

(a) If G[V ] is the set of graphs on vertex set V as in Example 4.2 (c), then C(G) = C,

the coalgebra of graphs from Section 3.1.1, K(G) = H, the coZinbiel Hopf algebra of

graphs from Section 3.3.1, and K(G) = H̄, the commutative Hopf algebra of graphs from

Section 3.2.

(b) Let E = E◦X be the exponential species from Example 4.2 (a) and let x denote the unique

isomorphism class in X̃. Then, K(E) ∼= K(E) = R[x] where δ(x) = x⊗ 1 + 1⊗ x.

(c) If L is the coherent linear R-species of linear orders from Example 4.2 then K(L) is the

cosymmetrized bialgebra of Patras and Reutenauer [48], which is dual to the Malvenuto-
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Reutenauer Hopf algebra of permutations [5]. If l1 = a1 < · · · < am ∈ L[m] and l2 = b1 <

· · · < bn ∈ L[n] then the product is given by

l1 · l2 = a1 < · · · < am < (b1 +m) < · · · < (bn +m)

For example, 2134 · 231 = 2134675. The coproduct is given by

δ(l) =
∑

A⊔B=[m]

l|A⊗ l|B

If l1, l2 ∈ L[U ] then there is a unique bijection φ : U → U , such that L[φ](l1) = l2. For

example, if l1 = 1342 and l2 = 4213 then φ(1) = 4, φ(3) = 2, φ(4) = 1, and φ(2) = 3.

Thus, for each n ≥ 0, there is only one isomorphism class en ∈ L̃[n], and the Hopf algebra

K(L) ∼= R[x], en ↔ xn.

(d) Let Π = E ◦E+ be the coherent exponential R-species of partitions from Example 4.2 (f)

and let xn denote the unique isomorphism class e{S} ∈ Ẽ for |S| = n. Then, the Hopf

algebra K(Π) is isomorphic to the polynomial algebra R[x1, x2, . . .], with coproduct

δ(xn) =
∑

k≥0

(
n

k

)
xk ⊗ xn−k

The Hopf algebra K(Π) is isomorphic to the Hopf algebra NCSym = R〈x1, x2, . . .〉, which

is known as the Hopf algebra of symmetric functions in noncommuting variables [26].

(e) If EV is the coherent R-species from Example 4.2 (m) then K(E)V = T (V ) and K(EV) =

S(V ).

4.2.2 Primitives in the Coalgebra of P-structures

In Section 3.1.3 we described three bases, PG, RG, and QG, for the primitives in C = C(G),

the first two of which extended naturally to bases for the entire space. In this section, we look

at which of these results extend to C(P) for an arbitrary coherent exponential R-species, P.

Thus, for the remainder of this section we let P = E ◦Pc be a coherent exponential R-species

and we let C = C(P).
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Proposition 4.4. The space of primitive elements, P (C), respects the U -grading. That is,

P (C)U = P (C) ∩ CU

for all U ∈ U .

Proof. The proof is the same as in Proposition 3.2.

Let C∗
+ be the ideal in C∗ given by C∗

+ = {x ∈ C∗ : 〈x, 1〉 = 0}. Note that C∗
+ has basis

∐

∅6=U∈U

P[U ], and the ideal (C∗
+)

2 of C∗ is spanned by the set of all products G1 ·G2 such that

G1, G2 ∈
∐

∅6=U∈U

P[U ]. For any subset X ⊆ C, define X⊥ = {y ∈ C : 〈x, y〉 = 0 for all x ∈ X}.

As in Section 3.1.2, we have

Proposition 4.5. The subspace of primitive elements of C is given by P (C) = C+∩
[
(C∗

+)
2
]⊥

.

Proof. Again, the proof is the same as in Proposition 3.3.

Corollary 4.6. For all U ∈ U ,

P (C)U =
([
(C∗

+)
2
]
U

)⊥

Equivalently, P (C)U is the set of all x ∈ CU such that 〈x,G1 ·G2〉 = 0 for all G1 ∈ P[U1] and

G2 ∈ P[U2] with U1 ⊔ U2 = U .

We say that a P-structure is connected if it is an assembly of exactly one Pc-structure.

That is, G ∈ P[S] is connected provided that πG = {S}. This implies that the empty P-

structure is always disconnected and any P-structure on a one-element set is automatically

connected.

The following Proposition, due to Schmitt, justifies our use of the term “connected.”

Proposition 4.7 (Schmitt [60]). Let G ∈ P[V ] where P = E ◦ Pc is a coherent exponential

R-species. If G|U1 and G|U2 are connected for U1, U2 ⊆ V and U1 ∩ U2 6= ∅ then G|(U1 ∪ U2)

is connected.

Recall that for a graph G ∈ G, the element PG is given by summing over the Boolean

algebra of the edge set of G. Edges are a concept specific to graphs. In general, there is no
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concept of edges in P and so there is no PG basis for C(P). In Chapter 3, we used the Boolean

algebra of edge sets to describe the product in C∗ and in turn to prove Proposition 3.5. In

order to prove a generalization of Proposition 3.5, we will use a different poset.

Namely, let G,H ∈ P[U ]. Then, we say that G ≤ H if H|π = G for some π ∈ Π(U). It’s

not difficult to check that this defines a partial order. For example, if G ≤ H and H ≤ K for

some G,H,K ∈ P[U ], then H|π = G and K|σ = H for some σ, π ∈ Π(U). Thus,

K|σ ∧ π = (K|σ)|π = H|π = G

and so G ≤ K. Reflexivity and antisymmetry are proven similarly. We will denote this poset

by PU and we write Sub(G) for the subposet of all H ≤ G.

Note that when P = G is the species of graphs, this poset is not a Boolean algebra of

edges. In particular, a connected P-structure must be maximal in the poset PU and if |U | ≥ 3

then there are multiple connected graphs G ∈ G[U ]. Hence, PU is not a lattice even in the

case of graphs, and it is certainly not a Boolean algebra.

Proposition 4.8. Let U = U1 ⊔ U2 and let G1 ∈ P[U1], G2 ∈ P[U2]. Then,

G1 ·G2 =
∑

H|{U1,U2}=G1⊔G2

H

Proof. Let G1 ∈ P[U1], G2 ∈ P[U2], and H ∈ P[U ]. Observe that

G1 ·G2 =
∑

H∈G

〈G1 ·G2, H〉H =
∑

H∈G

〈G1 ⊗G2, δ(H)〉H

Now,

〈G1 ⊗G2, δ(H)〉 =
∑

A⊔B=U

〈G1, H|A〉〈G2, H|B〉

Each term 〈G1, H|A〉〈G2, H|B〉 = 1 whenever H|{U1, U2} = G1 ⊔ G2 and equals 0 otherwise.

Proposition 4.9. The inequality dimP (C)U ≤ |Pc[U ]| holds for all U ⊆ U .

Proof. Let Pd[U ] be the set of disconnected P-structures on U . Define a map ι : RPd[U ] →
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(C∗
+)

2 as follows. If G ∈ P[U ] with connected components G1, . . . , Gk then let ι(G) =

G1 · · ·Gk ∈ C∗. Clearly, im ι ⊆
[
(C∗

+)
2
]
U

By Proposition 4.8, ι(G) equals G plus graphs

that are greater than G in PU . Thus, ι is an injection and so |Pd[U ]| ≤ dim
[
(C∗

+)
2
]
U
. Hence,

by Corollary 4.6,

dimP (C)U = dim
([
(C∗

+)
2
]
U

)⊥

= |PU | − dim
[
(C∗

+)
2
]
U

≤ |PU | − |Pd[U ]|

= |Pc[U ]|

As before, we will show that this inequality is an equality. Let G ∈ P[U ]. Then, a partition

π ∈ Π(U) is called a contraction of G if G|B is connected for each block B ∈ π. The set of all

contractions of G, denoted Πc(G), is partially ordered by refinement. If G ∈ G[U ] then Πc(G)

is the usual lattice of contractions of the graph G.

Proposition 4.10 (Schmitt [60]). The set Πc(G) is a sup-sublattice of the partition lattice,

Π(U).

Proof. Let ρ, σ ∈ Πc(G). Let B ∈ ρ and C ∈ σ have non-empty intersection. Then, G|(B ∪C)

is connected by Proposition 4.7 and so ρ ∨ σ is equal to the join of ρ and σ in Π(U). Let τ be

the meet of ρ and σ in Π(U). Then, their meet in Πc(G), denoted ⊼, is given by

ρ ⊼ σ =
⊔

B∈τ

πG|B

Now, define linear transformations, Q,R : C(P)→ C(P) by

G 7→ QG =
∑

π∈Π(U)

µΠ(U)(π, {U})G|π

G 7→ RG =
∑

π∈Πc(G)

µΠc(G)(π, 1̂)G|π
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Let G ∈ P[U ] and π, σ ∈ Πc(G). If π 6= σ then G|σ 6= G|π. Thus, by Möbius Inversion,

{RG : G ∈ P[U ], U ∈ U} is a basis for C(P).

Proposition 4.11. If G is connected then RG ∈ P (C).

Proof. Let U1 ⊔ U2 = U , G1 ∈ P[U1], G2 ∈ P[U2], and G ∈ P[U ]. Recall that the meet, ⊼, in

Πc(G) is defined by

ρ ⊼ σ =
⊔

B∈ρ∧σ

πG|B

It’s quite possible that {U1, U2} /∈ Πc(G), but πG|{U1,U2}
∈ Πc(G) since it’s the partition of

U into the connected components of G|{U1, U2}. Thus, we can define the coclosure operator,

clU1
: Πc(G) → Πc(G) by clU1

(σ) = πG|{U1,U2}
⊼ σ. Alternatively, we can describe clU1

by

clU1
(σ) = πG|({U1,U2}∧σ

. That is, we map σ to the connected components of G|
(
{U1, U2} ∧ σ

)
.

Suppose U1 6= ∅ 6= U2. By Proposition 4.5, it suffices to show that for any such G1 and G2,

〈G1 ·G2, RG〉 = 0 whenever G is connected. Moreover, by Proposition 4.8,

〈G1 ·G2, RG〉 =
∑

σ∈Πc(G)
(G|σ)|{U1,U2}

µΠc(G)(σ, 1̂)

But
(
G|σ

)
|{U1, U2} = G|

(
σ ⊼ {U1, U2}

)
= G|

(
σ ⊼ πG|{U1,U2}

)
. Thus,

〈G1 ·G2, RG〉 =
∑

σ∈Πc(G)
G|σ⊼πG|{U1,U2}

µΠc(G)(σ, 1̂)

Now, either there exists a unique τ ∈ Πc(G) such that G|τ = G1 ⊔G2 or no such τ exists. The

partition σ ⊼πG|{U1,U2}
∈ Πc(G) so if no such τ exists then G|

(
σ ⊼πG|{U1,U2}

)
6= G1 ⊔G2 for any
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σ ∈ Π(U) and the sum is empty. If such a τ exists then it must be unique and we have

〈G1 ·G2, RG〉 =
∑

σ∈Πc(G)
πG|{U1,U2}

⊼σ=τ

µΠc(G)(σ, 1̂)

=
∑

σ∈Πc(G)
clU1

(σ)=τ

µΠc(G)(σ, 1̂)

=





µΠc(G)(0̂, 1̂) if 0̂, 1̂ ∈ Πc(G)

0 otherwise

If G is connected then 1̂ = {U}. But clU1
(1̂) = πG|{U1,U2}

⊼ {U} 6= {U}. Thus, 1̂ /∈ Πc(G) and

〈G1 ·G2, RG〉 = 0.

Corollary 4.12. The set {RG : G ∈ Gc} forms a basis for P (C).

In general, the map Π(U)→ P[U ], π 7→ G|π is not injective. Thus, {QG : G ∈
∐

P[U ]} is

not a basis for C. We have the following generalization of Proposition 3.11.

Proposition 4.13. If G ∈ P[U ] is connected then QG = RG ∈ P (C). Otherwise, QG = 0.

Proof. Let clG : Π(U) → Π(U) be the coclosure operator given by clG(σ) = πG|σ. Note that

G|σ = G|πG|σ = G|clG(σ). Moreover, Π(U) = Πc(G) and so {U} is closed if and only if G is

connected. Thus,

QG =
∑

σ∈Πc(G)

∑

τ∈Π(U)
clG(τ)=σ

µΠ(U)(σ, {U})G|σ

But by the coclosure theorem,

∑

τ∈Π(U)
clG(τ)=σ

µΠ(U)(σ, {U}) =





µΠc(G)(σ, 1̂) if G is connected

0 otherwise

And by the same argument as in Corollary 4.14, we have

Corollary 4.14. The map Q : C → C is a projection onto P (C).

Just like in Section 3.2, we let qG = Ψ(QG) and rG = Ψ(RG) be the images of QG

and RG in K(P). The RG form a basis for K(P) and since Ψ is surjective on primitives,
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{qG : G is connected} = {rG : G is connected} is a basis for the primitives in K(P). More-

over, by the same argument as in Proposition 4.15, we have

Proposition 4.15. For all eG ∈ P̃, qG = E
(
eG
)
, the Eulerian idempotent on K(P).

In this section, we’ve worked exclusively with coherent exponential R-species. If P = L◦Pc

is a coherent linear R-species then a P-structure is connected if it’s an ordered assembly

of exactly one Pc-structure. That is, G ∈ P[U ] is connected if πG = {U} the unique set

composition on U with a single block. A set composition π ∈ Σ(U) is a contraction of G if

G|B is connected for every B ∈ π. We leave it as a future project to determine which of the

results from this section hold in this similar case.

4.2.3 Aguiar and Mahajan’s Theory of Hopf Monoids

Aguiar and Mahajan describe a more natural and vastly more general way to construct Hopf

algebras like the ones in Section 4.2.1 [3]. We’ve avoided talking about it up until now because

it uses heavy machinery from category theory, but it’s worth briefly outlining their approach.

Recall that the product and unit in an algebra, A, are defined to be linear maps µ : A⊗A→

A and η : R→ A, respectively, such that the following diagrams commute.

(A⊗A)⊗A A⊗A R⊗A A⊗A A⊗ R

A⊗ (A⊗A)

A⊗A A A

∼=

µ⊗I

µ

I⊗µ

µ

η⊗I I⊗η

µ
∼= ∼=

The isomorphism α : (A⊗A)⊗A→ A⊗(A⊗A) is called the associator, and is often omitted

from this diagram. The key ingredients to this definition are the tensor product, the associator,

the “unit R-module,” R, and the natural isomorphisms λ : R⊗A ∼= A and ̺ : A⊗ R ∼= A.

A monoidal category is any category in which we can make the analogous definition. That

is, a monoidal category (C, •) is any category C together with a functor C ×C → C, (c, d) 7→

c • d, natural isomorphisms αb,c,d : (b • c) • d → b • (c • d), a unit object e ∈ C, and natural

isomorphisms λc : e • c ∼= c and ̺ : c • e ∼= c such that the natural transformations α, λ, and
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̺ make certain diagrams commute. We call • the tensor product. If (C, •) is a monoidal

category, then MacLane’s coherence theorem says we can omit the isomorphisms α, λ, and

̺ from any commutative diagram and it will still commute (§7.2 [37].) A monoid in (C, •)

is an object m ∈ C together with linear maps µ : m • m → m and η : e → m satisfying the

same commutative diagram as an algebra. Likewise, a comonoid is a monoid in (Cop, •) and

is analogous to a coalgebra.

A braided monoidal category is a monoidal category (C, •) together with natural isomor-

phisms βc,d : c • d→ d • c, which satisfy certain braid axioms. We think of these maps βc,d as

twist maps and indeed, (Mod,⊗) is a braided monoidal category with β = τ , the usual twist

map. A bimonoid in a braided monoidal category (C, •, β) is an object b ∈ C such that b is

both a monoid and a comonoid and δµ = (µ • µ)(I • β • I)(δ • δ). In other words, bimonoids

generalize bialgebras to other categories. (§11 [37].)

In Aguiar and Mahajan’s work, a species is a functor

P : FinSet→Mod

They observe that Sp is a braided, monoidal category with product P ·Q given by

(P ·Q)[I] =
⊕

A⊔B=I

P[A]⊗Q[B]

and braiding β given by

βP,Q :
⊕

A⊔B=I

P[A]⊗Q[B]→
⊕

A⊔B=I

Q[B]⊗P[A]

∑
x⊗ y 7→

∑
y ⊗ x

Additionally, Aguiar and Mahajan are responsible for inventing bilax monoidal functors.

These are functors between braided, monoidal categories that preserve bimonoids in a natural

way. In particular, they define bilax monoidal functors K,K : Sp→ gMod where gMod is the

category of graded R-modules. The constructions in the previous section then all amount to

observing that any coherent exponential (or linear) R-species P is a bimonoid in Sp (§8.7.8 [3].)
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From this perspective, the coalgebra C(P) is just the comonoid P in Sp, and the Hopf algebras

K(P) and K(P) arise by applying the functors K and K to the bimonoid P.

4.2.4 Deformations of Schmitt’s Constructions

Let P be an R-species and let G ∈ P[U ]. The R-module C(P) can also be made a cocommu-

tative coalgebra by letting

δ(G) =
∑

A∪B=U

G|A⊗G|B (4.2)

That is, we no longer require the sets A and B to be disjoint. The counit is defined the

same as before. Likewise, we can make K(P) and K(P) Hopf algebras with coproducts defined

similarly. In this section, we introduce these Hopf algebras as one-parameter deformations of

those in Section 4.2.1.

Again, let U be the set of all finite subsets of some fixed infinite set, and let P be an

R-species. Let Cq(P) denote the free R[q]-module with basis
∐

U∈U

P[U ]. For any G ∈ P[U ],

define linear maps

δ(G) =
∑

A∪B=U

q|A∩B|G|A⊗G|B

ε(G) =





1 if U 6= ∅

0 otherwise

Proposition 4.16. The R[q]-module Cq(P) is a cocommutative coalgebra with coproduct δ

and counit ε defined as above.

Note that in general Cq(P) is not connected, nor is it U -graded. If q = 0 then

q|A∩B| = 0|A∩B| =





1 if A ∩B = ∅

0 otherwise

Thus, C0(P) = C(P). On the other hand, if q = 1 then the coproduct is given by equation 4.2.

Let P be a coherent exponential (or linear) R-species and let Kq(P) denote the free R[q]-

71



module, Kq(P) = R[q]P̃. For any G ∈ P[U ], we define linear maps

δ(eG) =
∑

A∪B=U

q|A∩B|eG|A ⊗ eG|B

ε(eG) =





1 if U 6= ∅

0 otherwise

µ(eG ⊗ eH) = eG⊔H

η(1R) = 1

Proposition 4.17. For any coherent exponential (or linear) R-species, P, the R[q]-module

Kq(P) is a cocommutative bialgebra with coproduct δ, counit ε, product µ, and unit η defined

as above. The bialgebra Kq(P) is graded as an algebra (but not as a coalgebra) and if P is

exponential (rather than linear) then it’s commutative.

Likewise, let P be a coherent (or exponential) linear R-species and let ~P =
∐

n≥0P[n]. Let

Kq(P) denote the free R[q]-module on ~P and define linear maps

δ(G) =
∑

A∪B=[n]

q|A∩B| st(G|A)⊗ st(G|B)

ε(G) =





1 if n 6= 0

0 otherwise

µ(G⊗H) = G ⊔ sh(H)

η(1R) = 1

Proposition 4.18. For any coherent exponential (or linear) R-species, P, the R[q]-module

Kq(P) is a cocommutative bialgebra with coproduct δ, counit ε, product µ, and unit η defined

as above. It’s graded as an algebra, but not as a coalgebra.

Just like K(P), we usually suppress the st and just write the coproduct as

δ(G) =
∑

A∪B=[n]

q|A∩B|G|A⊗G|B
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As in Section 4.2.1, we have a commutative diagram

Cq(P) Kq(P) Kq(P)
Θ Φ

Ψ

where Θ(G) = st(G), and Φ(G) = Ψ(G) = eG.

Note that Propositions 4.17 and 4.18, state that Kq(P) and Kq(P) are bialgebras (rather

than Hopf algebras.) This is because depending on q, Takeuchi’s formula (2.1) may be an

infinite sum. For example, if G ∈ P[U ] then Takeuchi’s formula says that for K1(P)

χ(G) =
∑

n≥1

∑

A1∪···∪An=U

(−1)nG|A1 · · ·G|An (4.3)

For any n ≥ 1, if A1 = U and A2 = · · · = An = ∅ then A1 ∪ · · · ∪ An = U . Hence, this is an

infinite sum. To ensure that Kq(P) has a well-defined antipode, we consider its completion

with respect to the grading, K̂q(P) =
∏

n≥0P[n]. In other words, we take the direct product

of the homogeneous components (rather than the direct sum.) Similarly, the completion of

Kq(P) with respect to its grading is a Hopf algebra and not just a bialgebra.

Example 4.4. We’ve already seen one example of Kq(P) and Kq(P) where P is the species

of (simple) graphs. Now let I denote coherent exponential R-species of independent graphs.

That is, I[S] consists of all graphs with vertex set S and no edges. Let H = K1(I) and let Ĥ

be the completion of H with respect to the grading. Then, there is only one basis element for

each degree, the unique isomorphism class of an independent graph on n vertices, which we

denote by In. Moreover, each In is just the n-fold product of I1. Thus, Ĥ is isomorphic to

the Hopf algebra R[[x]] of formal power series where we identify the unique graph on a single

vertex, I1 with x. The coproduct is given by

δ(x) = x⊗ 1 + 1⊗ x+ x⊗ x

It was observed in Section 7 of [62] that this Hopf algebra is the contravariant bialgebra of the

multiplicative formal group law [22]. Hence, the coproduct in the completion of the bialgebra

Kq(P) for any coherent exponential (or linear) R-species can be thought of as generalizing this

73



well-known law.

Just as K0(P) is a coZinbiel Hopf algebra, K1(P) is cotridendriform. In fact, the bialgebra

Kq(P) is q-cotriZinbiel with left, middle, and right coproducts given by

δ≺(G) =
∑

A∪B=[n]
1∈A\B

q|A∩B|G|A⊗G|B

δf(G) =
∑

A∪B=[n]
1∈A∩B

q|A∩B|−1G|A⊗G|B

δ≻(G) =
∑

A∪B=[n]
1∈B\A

q|A∩B|G|A⊗G|B

Each of the seven axioms in definition 2.9 is a different sum over sets A ∪ B ∪ C = [n]. For

example, both sides of equation (2.2) are given by summing over all A∪B ∪C = [n] such that

1 ∈ A \ (B ∪C). As it turns out, each of these axioms implies that 1 must lie in a different one

of the seven regions of the following Venn diagram where we’ve labeled the regions accordingly.

A C

B

2.2

2.3

2.4

2.5

2.6

2.7

2.8

It was brought to the author’s attention by William Schmitt that the coalgebra C1(P) and

the Hopf algebras K1(P) and K1(P) have bases indexed by group-likes [58]. We extend his

construction to arbitrary values of q.

Proposition 4.19.

(a) For each G ∈ P[U ],

Ĝ =
∑

X⊆U

q|X|G|X
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is a group-like in Cq(P). Moreover, if q 6= 0 and q−1 ∈ R[q] then {Ĝ : G ∈ P[U ], U ∈ U}

is a basis for Cq(P).

(b) For each G ∈ P[n],

Ĝ =
∑

X⊆[n]

q|X| st(G|X)

is a group-like in Kq(P). Moreover, if q 6= 0 and q−1 ∈ R[q] then {Ĝ : G ∈ P[n], n ≥ 0}

is a basis for Kq(P).

(c) For each G ∈ P̃[n],

êG =
∑

X⊆U

q|X|eG|X

is a group-like in Kq(P). Moreover, if q 6= 0 and q−1 ∈ R[q] then {êG : eG ∈ P̃} is a basis

for Kq(P).

Proof. We prove (a); the others are proven similarly.

δ(Ĝ) =
∑

X⊆U

q|X|δ(G|X)

=
∑

X⊆U

∑

A∪B=X

q|X|q|A∩B|G|A⊗G|B

=
∑

X⊆U

∑

A∪B=X

q|A∪B|q|A∩B|G|A⊗G|B

=
∑

A,B⊆U

q|A∪B|+|A∩B|G|A⊗G|B

=
∑

A,B⊆U

q|A|q|B|G|A⊗G|B

= Ĝ⊗ Ĝ

If q 6= 0 then Ĝ = q|U |G + graphs with strictly fewer vertices. Thus,

G = q−n(Ĝ − graphs with strictly fewer vertices)

Hence, if q−1 ∈ R[q] then the Ĝ are a basis for Kq(P).

We may refer to Cq(P) as an R[q, q−1]-module when we want to be certain that q−1 is in
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the ring of scalars. Note that in the case where q = 0, q|X| = 0|X| = 0 unless X = ∅ and thus,

Ĝ = 1 for all G. Hence, the Ĝ provide a basis for the submodule of group-likes even if they do

not provide a basis for the entire R[q, q−1]-module, Cq(P). A similar statement applies for the

Ĝ and êG in Kq(P) and Kq(P), respectively.

Every bialgebra contains at least one group-like, the unit element. Recall from Section 2.2

that the first component of the coradical filtration contains the submodule spanned by the

group-likes, and the second component adds the primitives. Proposition 4.19 says that when

q 6= 0, the R[q, q−1]-moduleKq(P) has a basis of group-likes and thus has no primitive elements.

On the other hand, K0(P) is connected, which means that the empty graph is its only group-

like. Thus, these two bialgebras represent opposite extremes. One has a basis of group-likes,

and the other contains only a single group-like.

Axiom 2.5 of definition 2.9 says that the coproduct δf in Kq(P) is coassociative. Thus,

(Kq(P)+, δf) is a coassociative coalgebra with counit

ε(G) =





1 if G ∈ P[1]

0 otherwise

In this coalgebra, every G ∈ P[1] is group-like. Hence, if there are multiple singleton P-

structures then it’s automatically clear that (Kq(P)+, δf) is not connected. More generally,

Proposition 4.20. For each G ∈ P[n], n ≥ 1,

Ĝ1 =
∑

X⊆[n]
1∈X

q|X|−1 st(G|X)

is a group-like in (Kq(P)+, δf). Moreover, if q 6= 0 and q−1 ∈ R[q] then {Ĝ : G ∈ P[n], n ≥ 1}

is a basis for Kq(P)+.

The proof is the same as in Proposition 4.19 so we omit it. Again, note that when q = 0,

Ĝ1 = G|[1] = H for some H ∈ P[1]. If there is only one such H then we have the following.

Corollary 4.21. If
∣∣P[1]

∣∣ = 1 then the coalgebra (K0(P), δf) is connected and its unique

group-like is the unique G ∈ P[1].
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Lemma 4.22. For any n ≥ 1 and any G ∈ P[n], δ≻(Ĝ1) = (Ĝ− qĜ1)⊗ Ĝ1

Proof.

δ≻(Ĝ1) =
∑

X⊆[n]
1∈X

q|X|−1δ≻G|X

=
∑

X⊆[n]
1∈X

∑

A∪B=X
1∈B\A

q|A∪B|−1q|A∩B|G|A⊗G|B

=
∑

X⊆[n]
1∈X

∑

A∪B=X
1∈B\A

q|A∪B|+|A∩B|−1G|A⊗G|B

=
∑

A,B⊆[n]
1/∈A, 1∈B

q|A|+|B|−1G|A⊗G|B

=
∑

A,B⊆[n]
1∈B

q|A|q|B|−1G|A⊗G|B −
∑

A,B⊆[n]
1∈A,B

q|A|q|B|−1G|A⊗G|B

= Ĝ⊗ Ĝ1 − qĜ1 ⊗ Ĝ1

= (Ĝ− qĜ1)⊗ Ĝ1

Of course, δ≺ = τ ◦ δ≻ so δ≺(Ĝ1) = Ĝ1 ⊗ (Ĝ− qĜ1). Let AG = {Ĝ, Ĝ1} and let A∗
G denote

the set of words w = w1 ⊗ · · · ⊗ wn on the alphabet AG. We write w† for the last letter in w

and let |w|1 denote the number of occurrences of Ĝ1 in w.

Proposition 4.23. For any n ≥ 1,

δn≻(Ĝ1) =
∑

w∈A∗G :

|w|=n, w†=Ĝ1

(−q)|w|1−1w

Proof. By the previous Lemma and induction on n,

δn≻(Ĝ1) = (I ⊗ δn−1
≻ )δ≻(Ĝ1)

= (Ĝ− Ĝ1)⊗ δn−1
≻ (Ĝ1)
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= (Ĝ− Ĝ1)
⊗n−1 ⊗ Ĝ1

=
∑

w∈A∗G :

|w|=n, w†=Ĝ1

(−q)|w|1−1w

There is a surjective coalgebra map, Kq(P)+ → Kq(P) given by G 7→ st(G|[2, n]) for any

G ∈ P[n], n ≥ 1. In other words, we just clip off the 1st vertex of G and all adjacent edges.

Clearly, this map is a surjection, but it is not a bijection. In other words, the coalgebra

(Kq(P)+, δf) is truly a different coalgebra from (Kq(P), δ).

The compatibility condition between δf and the product µ defined above in Proposition 4.18

is δf(x · y) = δf(x) · δ(y). This is not the compatibility condition between the product and

the coproduct in a bialgebra. However, in certain circumstances it’s possible to define a

different product on Kq(P)+ that makes it a bialgebra. For example, consider the coalgebra

(Kq(G)+, δf) where G is the R-species of simple graphs. Let G ∈ G[m] and H ∈ G[n] and

define a product

µf : Kq(G)⊗Kq(G)→ Kq(G), G⊗H 7→ GfH

as follows: let G fH be the graph given by identifying the 1 vertex in each of the graphs G

and H and incrementing the rest of the vertices in H by m. For example,

2

3 4

1

f

1

2

3
=

2

3 4

1

6

5

Then, (Kq(G), δf, µf) is a bialgebra. Its unit is the graph on a single vertex labeled 1.

Note that this construction relies heavily on the combinatorics of G. To identify two vertices,

we need to know what to do with edges adjacent to 1 and this is not a construction that

we can describe solely in terms of the functor G. Interestingly enough, for every coherent

exponential (or linear) R-species P such that
∣∣P[1]

∣∣ = 1, there seems to be a suitable product

µf on Kq(P)+ such that (Kq(P)+, δf, µf) is a bialgebra. However, each case relies on the

combinatorics of that specific species. We leave it for a future project to work out a more
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general description of µf.

Surprisingly little has been said about the Hopf algebras in this section. Schmitt has studied

Kq(G) where G is the species of graphs, but the results have never been published. Moreover,

the coproducts in Aguiar and Mahajan’s comonoids in Sp are given by maps

P[I]→
⊕

A⊔B=I

P[A]⊗P[B]

and thus they only allow the set I to be split into disjoint pieces.

Nonetheless, there is precedence for this construction. In an earlier version of their mono-

graph [3], Aguiar and Mahajan describe another way to make Sp monoidal. Namely, for any

species P and Q, let P#Q be defined by

(P#Q)[I] =
⊕

A∪B=I

P[A]⊗Q[B]

Then, they define the concept of a 2-monoidal category, (C, •,⊙). This is a category C with

two monoidal structures, (C, •) and (C,⊙), together with an interchange map

ζ : (C • C)⊙ (C • C)→ (C ⊙ C) • (C ⊙ C)

which satisfies axioms similar to those of the map

I • β • I : (C • C) • (C • C)→ (C • C) • (C • C)

in a braided monoidal category. In fact, a 2-monoidal category (C, •, •) is just a braided

monoidal category. A bimonoid in (C, •,⊙) is an object B, which is a monoid in (C, •), a

comonoid in (C,⊙), and satisfies the compatibility condition, δµ = (µ⊙µ)ζ(δ • δ). Aguiar and

Mahajan observe that (Sp, ·,#) is a 2-monoidal category, and indeed, the constructions in this

section could then be described as bimonoids in this 2-monoidal category. In future work, we

plan to flesh out the details of this construction in their full, category-theoretic generality.
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4.3 Generalizations of α1 and 1β

4.3.1 The maps SδU,T

We have already mentioned that Kq(P) is q-cotriZinbiel, but the coproduct δ decomposes into

even finer coproducts. For example, for any T ⊆ [n] and G ∈ P[n], we could define

δT (G) =
∑

A∪B=[n]
T⊆B\A

q|A∩B|G|A⊗G|B

In this section, we describe these maps. Their relations provide a rich calculus of coproducts,

and indeed, they satisfy axioms similar to those of δ≺, δf, and δ≻ in a q-cotridendriform

bialgebra.

For any G ∈ P[n] and for any S, T, U ⊆ [n], let SδU,T : Kq(P)→ Kq(P) be the linear map

given by

SδU,T =
∑

A∪B=[n]
S⊆A\B
U⊆A∩B
T⊆B\A

q|(A∩B)\U |G|A⊗G|B

In other words, we fix S, T, U ⊆ [n], and sum over all sets A ∪ B = [n] such that we have the

following Venn Diagram:

A B

S U T

In particular, δ≺ = 1δ∅,∅, δf = ∅δ1,∅, δ≻ = ∅δ∅,1, and δ = ∅δ∅,∅. We write SδT = Sδ∅,T ,

Sδ = Sδ∅,∅, δT = ∅δ∅,T , and δU,T = ∅δU,T . However, whenever the last term is empty but the

middle is not, we write SδU,∅ to avoid confusion. If any of S, U , or T are not disjoint then

SδU,T = 0. Also, note that τ ◦ SδU,T = T δU,S.

Fix S ⊔ U ⊔ T ⊆ W ⊆ [n]. Then, SδU,T is the sum over all A ∪ B = [n] such that of the
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elements of W , at least S ⊆ A \B, at least U ⊆ A∩B, and at least T ⊆ B \A. But then this

is equal to the sum over all S ⊆ X ⊆ W such that of the elements of W , exactly X ⊆ A \ B

and again, at least U ⊆ A ∩B and T ⊆ B \A. In other words,

SδU,T =
∑

S⊆X⊆W\(U⊔T )


 ∑

Y ⊔Z=W\(U⊔T )

q|Y |
XδY,Z




=
∑

X⊔Y ⊔Z=W
S⊆X
U⊆Y
T⊆Z

q|Y |
XδY,Z

(4.4)

If we let S = U = T = ∅ and W = {1} then we recover the formula

δ = δ≺ + δ≻ + qδf

and more generally, for any W ⊆ [n],

δ =
∑

X⊔Y ⊔Z=W

q|Y |
XδY,Z

By applying Möbius Inversion to formula 4.4 we get

∑

Y ⊔Z=W\S

q|Y |
SδY,Z =

∑

S⊆X⊆W\(U⊔T )

(−1)|X\S|
XδU,T

Similarly,

∑

X⊔Z=W\U

q|U |
XδU,Z =

∑

U⊆Y⊆W\(S⊔T )

(−1)|Y \U |
SδY,T and

∑

X⊔Y=W\T

q|Y |
XδY,T =

∑

T⊆Z⊆W\(S⊔U)

(−1)|Z\T |
SδU,Z

We now describe formulas that generalize equations (2.2)-(2.8).
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Proposition 4.24. Let m ≥ 0 and X ⊔ Y ⊆ [m]. Then, the following two equations hold:

(I ⊗ δX,Y )δ[m] =
∑

S⊔U⊔T=[m]
X⊆U
Y⊆T

(δ[|S⊔U|] ⊗ I)SδU,T (4.5)

(XδY,∅ ⊗ I)[m]δ =
∑

S⊔U⊔T=[m]
X⊆S
Y⊆U

(I ⊗ [|U⊔T |]δ)SδU,T (4.6)

Proof. We prove equation 4.5. The proof of equation 4.6 is similar.

Let G ∈ P[n], and observe that when we apply either side of formula 4.5 to G, we get a

sum over A∪B∪C = [n]. On the left-hand side, we first split [n] into A and (B∪C), ensuring

that [m] ∈ (B ∪ C) \A as indicated in the following Venn diagram:

A C

B

[m]

Now, X ⊔ Y ⊆ [m] ⊆ (B ∪ C), and since the entire initial interval [m] ⊆ B ∪ C, each of

the elements in X ⊔ Y will be labeled the same after we standardize G|(B ∪C). In the second

step, we then split B ∪ C into B and C, ensuring that that X ⊆ B ∩ C and Y ⊆ C \ B. We

have the following Venn diagram.
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A C

B

[m]

Y
X

On the right-hand side of equation 4.5, we first spit [n] into (A ∪B) and C, ensuring that

for S ⊔U ⊔ T = [m], S ⊆ (A∪B) \C, X ⊆ U ⊆ (A∪B)∩C, and Y ⊆ T ⊆ C \ (A∪B). That

is, we have the following Venn diagram:

A C

B

S
U T

Finally, we split (A ∪ B) into A and B. Since S ⊔ U ⊔ T = [m] and T ⊆ C \ (A ∪ B), the

set S ⊔ U is relabeled [|S ⊔ U |] when we standardize G|(A ∪ B). But when we split (A ∪ B)

into A and B, we require that [|S ⊔ U |] is in B, which gives us the same Venn diagram that

we ended up with on the left-hand side.

Equations (4.5) and (4.6) imply all seven of equations (2.2)-(2.8). For example, let m = 1,

X = ∅, and Y = {1}. Then, equation (4.5) becomes equation (2.4). Likewise, if m = 1,

X = {1}, and Y = ∅ then equation (4.5) becomes equation (2.6).

We have now shown that the maps SδU,T generalize the q-cotridendriform coalgebra struc-

ture of Kq(P). They also generalize the bialgebra structure. That is, we prove a generalization
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of Proposition 3.16. We need a little notation for this proposition. For any set A ⊆ N, let

Am
n = {a −m : a ∈ A ∩ [m + 1,m + n]} denote the left translation of A ∩ [m + 1,m + n] by

m and let Am = A0
m = A ∩ [m]. For example, if A = {1, 3, 4, 7, 8} then A4

5 = {3, 4} is the left

translation of A ∩ [5, 9] = {7, 8} by 4 and A4 = {1, 3, 4}. This notation is cumbersome, but

still better than the alternative of writing
(
A ∩ [m+ 1,m+ n]

)
−m.

Proposition 4.25. Let G ∈ P[m] and H ∈ P[n]. Then,

SδU,T (G ·H) = SmδUm,Tm(G) · Sm
n
δUm

n ,Tm
n
(H)

Proof.

SδU,T (G ·H) =
∑

A∪B=[m+n]
S⊆A\B
U⊆A∩B
T⊆B\A

q|(A∩B)\U |(G ·H)|A⊗ (G ·H)|B

=
∑

Am∪Bm=[m]
Am

n ∪Bm
n =[n]

Sm⊆Am\Bm, Sm
n ⊆Am

n \Bm
n

Um⊆Am∩Bm, Um
n ⊆Am

n ∩Bm
n

Tm⊆Bm\Am, Tm
n ⊆Bm

n \Am
n

q|(Am∩Bm)⊔(Am
n ∩Bm

n )|−|Um⊔Um
n |(G|Am) · (H|Am

n )⊗ (G|Bm) · (H|Bm
n )

=




∑

X⊔Y=[m]
Sm⊆X\Y
Um⊆X∩Y
Tm⊆Y \X

q|(X∩Y )\Um|G|X ⊗G|Y




·




∑

W⊔Z=[n]
Sm
n ⊆W\Z

Um
n ⊆W∩Z

Tm
n ⊆Z\W

q|(W∩Z)\Um
n |H|W ⊗H|Z




= SmδUm,Tm(G) · Sm
n
δUm

n ,Tm
n
(H)

Corollary 4.26. Let G ∈ P[m] and H ∈ P[n]. Then,

1. If S,U, T ⊆ [m] then SδU,T (G · H) = SδU,T (G) · δ(H). In particular, if i ≤ m then

δi(G · H) = δi(G) · δ(H) and δi,∅(G · H) = δi,∅(G) · δ(H). Note that when i = 1 this

implies that δ≻(G ·H) = δ≻(G) · δ(H) and δf(G ·H) = δf(G) · δ(H).

2. If S,U, T ⊆ [m + 1,m + n] then SδU,T (G · H) = δ(G) · Sm
n
δUm

n ,Tm
n
(H). In particular, if

i > m then δi(G ·H) = δ(G) · δi−m(H) and δi,∅(G ·H) = δ(G) · δi−m,∅(H).
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Corollary 4.27. For any coherent exponential (or linear) R-species, P, (Kq(P), µ, δ≺, δf, δ≻)

is a left q-cotriZinbiel bialgebra.

Let φ = φn : [n] → [n] be the bijection which reverses the order of [n]. That is, for all

i ∈ [n], φ(i) = n− i+ 1. This induces a linear map φ̄ = P[φ] : P[n]→ P[n]. Note that φ̄ is an

inversion and

δφ̄ = (φ̄⊗ φ̄)δ, φ̄µ = µ(φ̄⊗ φ̄)τ, χφ̄ = φ̄χ

Define ←−S δ←−U ,
←−
T : Kq(P) → Kq(P) ⊗ Kq(P) by SδU,T φ̄ = (φ̄ ⊗ φ̄)←−S δ←−U ,

←−
T . Then, by a similar

argument as above:

Proposition 4.28. Let G ∈ P[m] and H ∈ P[n]. Then,

←−
S δ←−U ,

←−
T (G ·H) = ←−−

Sm
n
δ←−−
Um
n ,
←−−
Tm
n
(G) · ←−−Sm

δ←−−Um,
←−−
Tm

(H)

We write δ−i for δ←−i . It should be clear from Proposition 4.28 that the following corollaries

are true.

Corollary 4.29. Let G ∈ P[m] and H ∈ P[n]. Then,

1. If S,U, T ⊆ [m] then ←−
S δ←−U ,

←−
T (G · H) = δ(G) · ←−S δ←−U ,

←−
T (H). In particular, if i ≤ m then

δ−i(G ·H) = δ(G)δ−i(H) and δ←−i (G ·H) = δ(G) · δ←−i (H).

2. If S,U, T ⊆ [m + 1,m + n] then ←−S δ←−U ,
←−
T (G · H) = ←−−

Sm
n
δ←−−
Um
n ,
←−−
Tm
n
(G) · δ(H). In particular, if

i > m then δ−i(G ·H) = δ−(i−m)(G) · δ(H).

Corollary 4.30. For any coherent exponential (or linear) R-species, P, (Kq(P), µ, δ−1, δ←−1 ,∅,−1δ)

is a right q-cotriZinbiel bialgebra.

The map δ−1 can be thought of as summing over all A∪B = [n] such that the last element

is in B \A. We can mix and match sets of the form
←−
S and T . In particular, we note that

Proposition 4.31. For any coherent exponential (or linear) R-species, P,

(Kq(P), 1,−1δ, 1δ−1,∅, 1δ−1, δ1,−1, δ1,−1, −1δ1,∅, −1δ1, δ−1,1, δ1,−1,∅)
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is a q-coennea coalgebra. In particular, this means that (K0(P), 1,−1δ, −1δ1, 1δ−1, δ1,−1) is a

coquadri coalgebra.

4.3.2 The maps SαU,T and SβU,T

For any S, T, U ⊆ N and any f, g ∈ End
(
K̂q(P)

)
, we define

f S⋆U,T g = µ(f ⊗ g)SδU,T

We work in K̂q(P) rather than Kq(P) to ensure that the antipode exists. We let

SαU,T = χ
S⋆U,T I, and SβU,T = I S⋆U,T

χ

Note that this means ∅⋆∅,∅ = ⋆ and ∅α∅,∅ = χ ⋆ I = ηε = I ⋆ χ = ∅β∅,∅.

As with SδU,T , we write SαT = Sα∅,T , Sα = Sα∅,∅, αT = ∅α∅,T , and αU,T = ∅αU,T . However,

whenever the middle term is nonempty, we always keep the last term and write SαU,∅ to avoid

confusion. We let α≺ = 1α, αf = α1,∅, and α≻ = α1. We make the analogous definitions for

the maps SβT , Sβ, etc.

We will use the following well-known result in the proof of the following proposition.

Proposition 4.32 (see Corollary 1.5.12 in [43]). If H is a cocommutative (or commutative)

Hopf algebra then χ ◦ χ = I. In other words, χ is an involution.

Proposition 4.33. χ ◦ TαU,S = SαU,T and χ ◦ TβU,S = SβU,T .

Proof. Let G ∈ P[n]. We prove the first equation; the second one is proven similarly.

SαU,T =
∑

A∪B=[n]
S⊆A\B
U⊆A∩B
T⊆B\A

q|A∩B|χ(G|A)G|B

=
∑

A∪B=[n]
S⊆A\B
U⊆A∩B
T⊆B\A

q|A∩B|χ(G|A)χ
(
χ(G|B)

)
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=
∑

A∪B=[n]
S⊆A\B
U⊆A∩B
T⊆B\A

q|A∩B|χ
(
χ(G|B)G|A

)

= χ

( ∑

A∪B=[n]
S⊆A\B
U⊆A∩B
T⊆B\A

q|A∩B|χ(G|B)G|A

)

= χ ◦ TαU,S

Corollary 4.34. For any G ∈ P[n] and any U ⊆ [n], αU,∅(G) and βU,∅(G) are fixed points of

χ. In particular, χ ◦ αf = αf and χ ◦ βf = βf.

Corollary 4.35. For any i ∈ N, αi = −iα.

The maps SαU,T vastly generalize the maps αi from Section 3.3.2. The maps αi are the

extremely limited case where S = U = ∅, T = {i}, and q = 0. We state (without proof) the

following generalization of Proposition 3.18.

Proposition 4.36. Let G ∈ P[n]. Then,

1. δ
(
SαU,T (G)

)
=

∑

X∪Y=[n]
Sx∪Sy=S
Ux∪Uy=U
Tx∪Ty=T

q|X∩Y |
SxαUx,Tx(G|X)⊗ SyαUy,Ty(G|Y )

2. δ
(
SβU,T (G)

)
=

∑

X∪Y=[n]
Sx∪Sy=S
Ux∪Uy=U
Tx∪Ty=T

q|X∩Y |
SxβUx,Tx(G|X)⊗ SyβUy,Ty(G|Y )

Even the statement of this result is cumbersome and the proof is not very enlightening.

Moreover, we don’t need this level generality for any of the subsequent results and so instead

we focus on two special cases: (1) the case where q = 0 and U = ∅, and (2) the case where

S ⊔ U ⊔ T = {1}.

4.3.3 The maps SαT and SβT

Consider the case where q = 0 and U = ∅ and recall that we write SαT for Sα∅,T and SβT for

Sβ∅,T . For the remainder of this section let H = K(P).
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Proposition 4.37. Let G ∈ P[n]. Then,

1. δ
(
SαT (G)

)
=

∑

E⊔F=[n]
U⊔V=S
W⊔Z=T

UαW (G|E)⊗ VαZ(G|F )

2. δ
(
SβT (G)

)
=

∑

E⊔F=[n]
U⊔V=S
W⊔Z=T

UβW (G|E)⊗ V βZ(G|F )

3. If 1 ∈ S then

δ1
(
SβT (G)

)
=

∑

E⊔F=[n]
1∈F

U⊔V=S
W⊔Z=T

1∈V

UβW (G|E)⊗ V βZ(G|F )

Proof. We prove the first equation and the third; the second is proven similarly.

δ
(
SαT (G)

)
= δ




∑

X⊔Y=[n]
S⊆X, T⊆Y

χ(G|X)G|Y




=
∑

X⊔Y=[n]
S⊆X, T⊆Y

δ
(
χ(G|X)

)
G|Y

=
∑

X⊔Y=[n]
S⊆X, T⊆Y

(χ⊗ χ)δ(G|X)δ(G|Y )

=
∑

A⊔B⊔C⊔D=[n]
S⊆A⊔B
T⊆C⊔D

χ(G|A)G|C ⊗ χ(G|B)G|D

=
∑

A⊔B⊔C⊔D=[n]
U⊔V=S
W⊔Z=T

U⊆A, V⊆B
W⊆C, Z⊆D

χ(G|A)G|C ⊗ χ(G|B)G|D

=
∑

E⊔F=[n]
U⊔V=S
W⊔Z=T

UαW (G|E)⊗ VαZ(G|F )

88



Now, suppose 1 ∈ S. Then,

δ1
(
SβT (G)

)
= δ1




∑

X⊔Y=[n]
S⊆X, T⊆Y

G|Xχ(G|Y )




=
∑

X⊔Y=[n]
S⊆X, T⊆Y

δ1(G|X)δ
(
χ(G|Y )

)

=
∑

X⊔Y=[n]
S⊆X, T⊆Y

δ1(G|X)(χ⊗ χ)δ(G|Y )

=
∑

A⊔B⊔C⊔D=[n]
1∈B

S⊆A⊔B
T⊆C⊔D

G|Aχ(G|C)⊗G|Bχ(G|D)

=
∑

A⊔B⊔C⊔D=[n]
U⊔V=S
1∈V

W⊔Z=T
U⊆A, V⊆B
W⊆C, Z⊆D

G|Aχ(G|C)⊗G|Bχ(G|D)

=
∑

E⊔F=[n]
1∈F

U⊔V=S
W⊔Z=T

1∈V

UβW (G|E)⊗ V βZ(G|F )

Let H0 ⊆ H1 ⊆ H2 ⊆ · · · denote the coradical filtration of H, and let H≻
0 ⊆ H≻

1 ⊆ H≻
2 ⊆

· · · denote the total coradical filtration of H as a coZinbiel bialgebra.

Proposition 4.38. Let |S + T | = n ≥ 1. Then,

1. SαT maps into Hn.

2. SβT maps into Hn.

3. If 1 ∈ S then SβT maps into H≻
n .

Proof. Again, we prove the first result and the third; the second is proven similarly.

We proceed by induction on n = |S ⊔ T |. For the base case, let n = 1. Then, either S = ∅

and T = {i} for some i ∈ N or the other way around. In other words, SαT equals one of αi or
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iα. If SαT = αi then by Proposition 4.37 (1),

δ
(
αi(G)

)
=

∑

E⊔F=[n]
W⊔Z={i}

∅αW (G|E)⊗ ∅αZ(G|F )

=
∑

E⊔F=[n]

∅αi(G|E)⊗ ∅α∅(G|F ) + ∅α∅(G|E)⊗ ∅αi(G|F )

=
∑

E⊔F=[n]

αi(G|E)⊗ ηε(G|F ) + ηε(G|E)⊗ αi(G|F )

= αi(G)⊗ 1 + 1⊗ αi(G)

But χ(p) = −p for any primitive p ∈ P (H), and thus by Corollary 4.35, iα = χ ◦ αi = −αi.

Thus, iα also maps into the primitives.

For the inductive step, assume that for all k < n and for all V , Z such that |V ⊔ Z| = k,

VαZ maps into Hk. Now, suppose that |S ⊔ T | = n. Then, by Proposition 4.37 (1),

δ̄
(
SαT (G)

)
=

∑

E⊔F=[n]
U⊔V=S
W⊔Z=T

U,V,W,Z 6=∅

UαW (G|E)⊗ VαZ(G|F )

But if U, V 6= ∅ and U ⊔ V = S then |U |, |V | < |S| and likewise, |W |, |Z| < |T |. Hence,

|V ⊔Z| < |S ⊔T | = n and so by the inductive hypothesis, VαZ(G|F ) ∈ Hk for some k ≤ n− 1.

Thus,

δ̄n
(
SαT (G)

)
=

∑

E⊔F=[n]
U⊔V=S
W⊔Z=T

U,V,W,Z 6=∅

UαW (G|E)⊗ δ̄n−1
(
VαZ(G|F )

)

=
∑

E⊔F=[n]
U⊔V=S
W⊔Z=T

U,V,W,Z 6=∅

UαW (G|E)⊗ 0 = 0

The third result is proven very similarly. We again proceed by induction on n = |S ⊔ T |.
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For the base case, n = 1 and since 1 ∈ S, this means SβT = 1β. Again, by Proposition 4.37 (3),

δ1
(
1β(G)

)
=

∑

E⊔F=[n]
1∈F

U⊔V=S
1∈V

Uβ∅(G|E)⊗ V β∅(G|F )

=
∑

E⊔F=[n]
1∈F

∅β∅(G|E)⊗ 1β∅(G|F )

=
∑

E⊔F=[n]
1∈F

ηε(G|E)⊗ 1β(G|F )

= 1⊗ 1β(G)

For the inductive step, we again assume that for all k < n and for all V, Z such that 1 ∈ V

and |V ⊔ Z| = k, V βZ maps into H≻
k . Now, suppose that 1 ∈ S and |S ⊔ T | = n. Then, by

Proposition 4.37 (3),

δ̄1
(
SβT (G)

)
=

∑

E⊔F=[n]
1∈F

U⊔V=S
1∈V

W⊔Z=T
U,V,W,Z 6=∅

UβW (G|E)⊗ V βZ(G|F )

But if U, V 6= ∅ and U ⊔ V = S then |U |, |V | < |S| and likewise, |W |, |Z| < |T |. Hence,

|V ⊔Z| < |S ⊔T | = n and so by the inductive hypothesis, V βZ(G|E) ∈ H≻
k for some k ≤ n− 1.

Thus,

δ̄n1
(
SβT (G)

)
=

∑

E⊔F=[n]
1∈F

U⊔V=S
1∈V

W⊔Z=T
U,V,W,Z 6=∅

UβW (G|E)⊗ δ̄n−1
1

(
V βZ(G|F )

)

=
∑

E⊔F=[n]
1∈F

U⊔V=S
1∈V

W⊔Z=T
U,V,W,Z 6=∅

UβW (G|E)⊗ 0 = 0

Corollary 4.39. For any i ∈ N, iα, αi, iβ, and βi map into the primitives. Moreover, the
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maps 1β and β1 map into the total primitives.

Proof. The proof is identical to that of Corollary 3.25.

We can also prove a generalization to Proposition 3.20.

Proposition 4.40. Let G ∈ P[m] and H ∈ P[n]. Then,

1. If S, T ⊆ [m] then SαT (G ·H) = SαT (G) ⊳Ad H and SβT (G ·H) = 0.

2. If S, T ⊆ [m+ 1,m+ n] then SαT (G ·H) = 0 and SβT (G ·H) = G ⊲Ad (S−m)β(T−m)(H).

Proof. The proof of 1 follows from Proposition 4.28 and the same basic argument as in Proposition 3.20.

Namely, we use Proposition 4.28 to show that

SαT ◦ µ = µ[3](χ⊗ χ⊗ I ⊗ I)s(123)(SδT ⊗ δ)

and then plugging in a specific G and expanding the formula gives us the desired result.

Similarly, we show that

SβT ◦ µ = µ[3](χ⊗ χ⊗ I ⊗ I)s(123)(δ ⊗ (S−m)δ(T−m))

and then plugging in a specific G and expanding gives us 0. The proof of 2 is similar.

Corollary 4.41. Let G ∈ P[m] and H ∈ P[n]. Then,

1. If S, T ⊆ [m] then SαT

(
G · αj(H)

)
= [SαT (G), αj(H)].

2. If S, T ⊆ [m+ 1,m+ n] then SβT

(
jβ(G) ·H

)
= [jβ(G), (S−m)β(T−m)(H)].

Just as in Section 3.3.2, the order connected P-structures give a basis for the total primi-

tives.

Proposition 4.42. The map 1β is a projection onto the total primitives and

{1β(G) : G is order connected}

forms a basis for Pt(H).
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Proof. The proof is the same as in Proposition 4.42.

As in Section 3.3.2, H is also graded with nth homogeneous component

H(n) = {1β(G1) · · · 1β(Gn) : Gi is order connected}

By the same argument as in Theorem 4.43, we can show that

Theorem 4.43. The map α1 is the Dynkin idempotent of H with respect to the grading H(n)

and so α1 projects onto P (H).

Example 4.5. We’ve already seen one example of the maps α1 and 1β with the coZinbiel Hopf

algebra of graphs from Section 3.3.2. As mentioned in Example 4.3 (d), the Hopf algebra K(Π)

is the Hopf algebra of symmetric functions in noncommuting variables. Lauve and Mastnak

studied this Hopf algebra in [26] and described a map, p, which gives a basis for the free Lie

algebra of the primitive elements. Their map is a special example of 1β and indeed they show

in Theorem 2 of their paper that it is zero on any order-disconnected partition, which they

call a non-atomic partition. However, their proof relies a number of facts about quasishuffles

and makes no mention of the coZinbiel structure of K(Π) or the relation of 1β to the Dynkin

idempotent and the map α1.

In general, given disjoint sets S and T such that |S ⊔T | = n, it’s not clear when SαT maps

onto the nth homogeneous component of the coradical filtration. We leave this as a future

project.

One can also prove similar results for the maps ←−Sα←−T and ←−S β←−T using the simple fact that

SδU,T φ̄ = (φ̄⊗ φ̄)←−S δ←−U ,
←−
T . For example, ←−Sα←−T (G ·H) = 0 if S, T ⊆ [m].

One of the original motivations for studying the generalized SαT was to describe formulas

relating α1 to αi. We end this section by noting that formula (4.4) implies that

SαT =
∑

X⊔Y=W
S⊆X, T⊆Y

XαY
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In particular,

α1 = iα1 + α{1,i}

αi = 1αi + α{1,i}

which implies that αi = α1 + 1αi − iα1. One hope is that in future work this can lead to a

more elegant description of the relation between imα1 and imαi.

4.3.4 The maps α≺, αf, and α≻

We saw in the previous section that when q = 0 and U = ∅, the maps SαT characterize the

coradical filtration. We know from Section 4.2.4 that when q 6= 0, the coradical filtration is

not very interesting. This explains why the coproduct formulas in Proposition 4.36 are not

very useful. When q 6= 0, the map SαU,T has to map into the 0th component of the coradical

filtration because that is the only component that exists. Nonetheless, it’s useful to consider

a simplified case where q 6= 0 in order to see precisely what happens to the primitive element

α1(G) when q 6= 0. In this section, we let α≺ = 1α∅,∅, αf = ∅α1,∅, α≻ = ∅α∅,1, β≺ = 1β∅,∅,

βf = ∅β1,∅, and β≻ = ∅β∅,1 and prove the following:

Proposition 4.44. Let G ∈ P[n]. Then,

1. δ
(
α≻(G)

)
= α≻(G)⊗ 1 + 1⊗ α≻(G) +

∑

X∪Y=[n]
1∈X∩Y

q|X∩Y |α≻(G|X)⊗ α≻(G|Y )

2. δ
(
β≺(G)

)
= β≺(G)⊗ 1 + 1⊗ β≺(G) +

∑

X∪Y=[n]
1∈X∩Y

q|X∩Y |β≺(G|X)⊗ β≺(G|Y )

Proof. We prove the first formula; the second is proven similarly. Below we write [n] as the

union of four sets [n] = A ∪ B ∪ C ∪ D. We let S = A ∪ B, T = C ∪ D, X = A ∪ C, and

Y = B∪D. A key observation is that |S∩T |+ |A∩B|+ |C ∩D| = |X ∩Y |+ |A∩C|+ |B∩D|.

Both sides of this equation count each piece of A ∪ B ∪ C ∪ D exactly the number of times

indicated in the following Venn diagram:
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A C

B D

31 1

1

1

2

2

2

2

Hence, we have

δ
(
α≻(G)

)
=

∑

S∪T=[n]
1∈T\S

q|S∩T |δ
(
χ(G|S)G|T

)

=
∑

S∪T=[n]
1∈T\S

q|S∩T |(χ⊗ χ)δ(G|S)δ(G|T )

=
∑

S∪T=[n]
1 ∈T\S

q|S∩T |
∑

A∪B=S
C∪D=T

q|A∩B|q|C∩D|χ(G|A)G|C ⊗ χ(G|B)G|D

=
∑

A∪B∪C∪D=[n]
1∈(C∪D)\(A∪B)

q|S∩T |+|A∩B|+|C∩D|χ(G|A)G|C ⊗ χ(G|B)G|D

If 1 ∈ (C∪D)\(A∪B) then either 1 ∈ C\(A∪B∪D), 1 ∈ D\(A∪B∪C) or 1 ∈ (C∩D)\(A∪B).

Hence, the above sum splits into three sums:

=
∑

A∪B∪C∪D=[n]
1∈C\(A∪B∪D)

q|S∩T |+|A∩B|+|C∩D|χ(G|A)G|C ⊗ χ(G|B)G|D

+
∑

A∪B∪C∪D=[n]
1∈D\(A∪B∪C)

q|S∩T |+|A∩B|+|C∩D|χ(G|A)G|C ⊗ χ(G|B)G|D

+
∑

A∪B∪C∪D=[n]
1∈(C∩D)\(A∪B)

q|S∩T |+|A∩B|+|C∩D|χ(G|A)G|C ⊗ χ(G|B)G|D
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=
∑

A∪C∪Y=[n]
1∈C\(A∪Y )

q|S∩T |+|A∩B|+|C∩D|χ(G|A)G|C ⊗ ηε(G|Y )

+
∑

B∪D∪X=[n]
1∈D\(B∪X)

q|S∩T |+|A∩B|+|C∩D|ηε(G|X)⊗ χ(G|B)G|D

+
∑

A∪B∪C∪D=[n]
1∈(C∩D)\(A∪B)

q|X∩Y |+|A∩C|+|B∩D|χ(G|A)G|C ⊗ χ(G|B)G|D

In the first sum, ηε(G|Y ) = 0 unless Y = ∅. Likewise, ηε(G|X) = 0 in the second sum

unless X = ∅. Thus, we have

= α≻(G)⊗ 1 + 1⊗ α≻(G) +
∑

A∪B∪C∪D=[n]
1∈(C∩D)\(A∪B)

q|S∩T |+|A∩B|+|C∩D|χ(G|A)G|C ⊗ χ(G|B)G|D

= α≻(G)⊗ 1 + 1⊗ α≻(G) +
∑

X∪Y=[n]
A∪C=X
1∈A\C
B∪D=Y
1∈B\D

q|X∩Y |+|A∩C|+|B∩D|χ(G|A)G|C ⊗ χ(G|B)G|D

= α≻(G)⊗ 1 + 1⊗ α≻(G) +
∑

X∪Y=[n]
1∈X∩Y

q|X∩Y |α≻(G|X)⊗ α≻(G|Y )

In the statement of the above Proposition, 1 ∈ X∩Y and in particular, |X∩Y | ≥ 1. Hence,

0|X∩Y | = 0 and so when q = 0, every term vanishes except for α≻(G) ⊗ 1 + 1 ⊗ α≻(G). In

other words, this formula shows exactly how the parameter q perturbs the primitive elements

in K(P). We prove the following similar Proposition:

Proposition 4.45. Let G ∈ P[n]. Then,

δ≻
(
β≺(G)

)
= 1⊗ β≺(G)

In other words, β≺ maps into the total primitives no matter what value q takes.

Proof. Again, we use the fact that [n] = A ∪B ∪ C ∪D, S = A ∪B, T = C ∪D, X = A ∪ C,

and Y = B ∪D then |S ∩ T |+ |A∩B|+ |C ∩D| = |X ∩ Y |+ |A∩C|+ |B ∩D|. As before, we

have
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δ≻
(
β≺(G)

)
=

∑

S∪T=[n]
1∈S\T

q|S∩T |δ
(
G|Sχ(G|T )

)

=
∑

S∪T=[n]
1∈S\T

q|S∩T |δ≻(G|S)(χ⊗ χ)δ(G|T )

=
∑

S∪T=[n]
1 ∈S\T

q|S∩T |
∑

A∪B=S
C∪D=T
1∈B

q|A∩B|q|C∩D|G|Aχ(G|C)⊗G|Bχ(G|D)

=
∑

A∪B∪C∪D=[n]
1∈B\(A∪C∪D)

q|X∩Y |+|A∩C|+|B∩D|G|Aχ(G|C)⊗G|Bχ(G|D)

=
∑

X∪Y=[n]
1∈Y

q|X∩Y |q|A∩C|ηε(G|X)⊗ β≺(G|Y )

= 1⊗ β≺(G)
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Chapter 5

Descent Algebras

In this chapter we explore a new topic motivated by the map α1. Both the Dynkin idempotent

and the Eulerian idempotent live inside a submodule of the convolution algebra known as the

descent algebra. We define this algebra and review its most important properties in Section 5.1.

Then, in Section 5.2 we describe the free dendriform algebra on a single generator, which is

a combinatorial Hopf algebra with basis indexed by (rooted) planar, binary trees. Section 5.1

and Section 5.2 are expository but in Section 5.3 we define a new analogue of the descent

algebra for codendriform bialgebras: the dendriform descent algebra. We show that α1 lives

inside this submodule and prove that the dendriform descent algebra of the tensor algebra is

the free dendriform algebra on a single generator. This provides a combinatorial description

of how the dendriform descent algebra is related to the traditional one.

5.1 The Descent Algebra

Let RSn denote the group algebra on the symmetric group Sn. Let Σn be the R-submodule

generated by all elements of the form

∆S =
∑

σ∈Sn

Des(σ)=S

σ, S ⊆ [n− 1]

Solomon showed that Σn is multiplicatively closed and thus a subalgebra known as Solomon’s

descent algebra or sometimes just Solomon’s algebra [63]. More generally, Solomon’s descent
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algebra can be defined for any finite Coxeter group [8] and indeed a number of articles have

studied it for the symmetric group [19, 53] as well as for the hyperoctahedral group [7, 9, 10].

Many of its properties are closely related to the geometry of the Coxeter complex and its

representation theory [2].

If we consider the direct sum SSym =
⊕

n≥0

RSn then the product in RSn is only defined

for permutations on the same number of elements. For this reason, it’s sometimes referred to

as the internal product. There is also an external product on SSym given by

σ · τ =
∑

π∈Sh(σ,τ)

π

where Sh(σ, τ) is the set of (σ, τ)-shuffles as defined in Section 2.1.2. Likewise, there is a

coproduct given by

δ(σ) =
n∑

i=0

st(σ1 · · ·σi)⊗ st(σi+1 · · ·σn)

In fact, SSym is a connected, commutative Hopf algebra known as the Malvenuto-Reutenauer

Hopf algebra of permutations [39]. It is graded as a Hopf algebra with nth homogeneous

component SSymn = RSn. The symmetric group Sn is partially ordered by the (weak) Bruhat

order: σ ≤ τ if and only if Inv(σ) ⊆ Inv(τ). Aguiar and Sottile introduced the monomial basis

for SSym given by Möbius inversion over the Bruhat order [5]. That is,

Mσ =
∑

σ≤τ

µSn(σ, τ)σ

This second basis allows us to define an alternate coalgebra grading on SSym given by

SSymn = R{Mσ : σ has exactly n global descents}

The Hopf algebra SSym is dual to the coZinbiel Hopf algebra K(L) from Example 4.3 (c),

and is thus a Zinbiel Hopf algebra. For σ ∈ Sp and τ ∈ Sq, let

Sh1(σ, τ) = {π ∈ Sh(σ, τ) : π(p+ q) = τ(q)}

Sh2(σ, τ) = {π ∈ Sh(σ, τ) : π(p+ q) = σ(p)}
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It was shown in [36] that the left and right product in SSym are given by

σ ≺ τ =
∑

π∈Sh2(σ,τ)

π

σ ≻ τ =
∑

π∈Sh1(σ,τ)

π

As before, we may consider the direct sum Σ =
⊕

n≥0

Σn, which is sometimes itself referred

to as the descent algebra. It is a sub-Hopf algebra of SSym, and was shown by Malvenuto

and Reutenauer to be dual to the Hopf algebra of quasisymmetric functions [38].

In 1993, Patras vastly generalized Solomon’s construction on SSym to any graded Hopf

algebra [46]. Let H =
⊕

n≥0

Hn be a graded Hopf algebra and let pn : H ։ Hn denote the

projection of H onto the nth homogeneous component, Hn. Each pn is an endomorphism on

H and the R-module End(H) is an algebra with convolution product. The descent algebra of

H, again denoted Σ, is the subalgebra of End(H) generated by the maps pn. For any integer

composition, c = c1 · · · ck we let pc denote the map

pc = pc1 ⋆ · · · ⋆ pck

Let V be an infinite dimensional R-module and recall from Example 2.1 that T (V ) is a

graded Hopf algebra with nth homogeneous component, T (V )n = V ⊗n. In this case, the maps

pc are linearly independent and thus form a basis for Σ. Note that Sn acts on V ⊗n (on the

left) with

σ ⊲ v1 · · · vn = vσ(1) · · · vσ(n)

Hence, SSym acts on T (V ) with the action defined by

σ ⊲ v1 · · · vn =





vσ(1) · · · vσ(n) if σ ∈ Sn

0 otherwise
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Recall that T (V ) has the shuffle coproduct. Thus, it’s not difficult to see that

pc(v1 · · · vn) = µ(pc1 ⊗ · · · ⊗ pck)δ(v1 · · · vn) =
∑

Des(σ)=D(c)

σ ⊲ v1 · · · vn

In other words, the descent algebra of T (V ) is Solomon’s descent algebra. In this case (but

not always), Σ is a Hopf algebra and its coproduct is given by

δ(pn) =
∑

i+j=n

pi ⊗ pj

For descent algebras, the convolution product is sometimes called the external product. If

H is connected, cocommutative (or commutative) then the descent algebra is closed under the

composition of morphisms and so it also has an internal product [46]. In the case of T (V ), this

internal product reduces to the classic one from Solomon’s algebra.

One of the most important facts about descent algebras is that they contain the Dynkin

idempotent, the Eulerian idempotent, and many other well-known primitive idempotents [47].

To see this, note that

I = p0 + p1 + p2 + p3 + · · ·

D = p1 + 2p2 + 3p3 + · · ·

and by Takeuchi’s formula (2.1),

χ =
∑

n≥0
c�n

(−1)|c|pc

Thus, L = χ ⋆ D ∈ Σ and

E =
∑

n≥0
c�n

(−1)|c|
pc

n
∈ Σ.

Since any Hopf algebra can have multiple Hopf algebra gradings, one Hopf algebra may

give rise to many descent algebras. We work in the category of graded Hopf algebras meaning

that each object is a Hopf algebra with a distinguished grading. In this way, there is a unique

descent algebra associated to each object in the category.
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5.2 Loday-Ronco

In this section, we describe the free dendriform algebra on a single generator. It’s described

combinatorially by (rooted) planar binary trees and is closely related to the Malvenuto-

Reutenauer Hopf algebra of permutations encountered in the previous section. This Hopf

algebra was first introduced in [35] and further studied in [36] and [6].

Let Yn denote the set of (rooted) planar, binary trees with n internal nodes (and thus n+1

leaves). By a planar binary tree, we mean a rooted tree with a chosen embedding in the plane

such that every internal node has exactly two children. For example,

Y0 = {}, Y1 = { }, Y2 = { , }

The Tamari order on Yn is the partial order whose cover relation is given by moving a

child node directly above a given node from the left to the right branch above the given node.

For example,

≤ ≤ ≤

For any trees s and t, consider the following three operations

1. s/t is the tree obtained by identifying the root of s with the left-most leaf of t. I.e.,

s/t =

s
t

2. s\t is the tree obtained by identifying the root of t with the right-most leaf of s. I.e.,

s\t =

t
s

3. s∨ t is the grafting of s and t obtained by joining the roots of s and t at a new root. I.e.,
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s ∨ t =

s t

Any planar, binary tree can be written uniquely as t = tl ∨ tr. Let t1 denote the unique tree

in Y1. We recursively define the right comb trees by

r1 = t1 and rn = rn−1/r1

That is, a right comb tree is one in which all of its leaves are right pointing. Likewise, the left

comb trees are defined recursively by

l1 = t1 and ln = l1\ln−1

The following result appears in [36].

Lemma 5.1. For any s ∈ Ym, t ∈ Yn, and w ∈ Yp,

1. s/t = (s/tl) ∨ tr

2. s\t = sl ∨ (sr\t) and

3. s/t ≤ s\t in the Tamari order

4. If t ≤ w then s ∨ t ≤ s ∨ w and t ∨ s ≤ w ∨ s.

Proof. We’ll prove 1 and 4; the rest are proven similarly. To see 1, note that (s/tl) ∨ tr is

obtained by first identifying the root of s with the leftmost leaf of tl and then joining this tree

and tr at their roots. But tl ∨ tr = t and the leftmost leaf of tl is also the leftmost leaf of t.

Hence, s/t = (s/tl) ∨ tr.

Result 4 follows from the fact that no node in t has a child node in s. Hence, the tree s∨w

can be obtained from the tree s ∨ t by moving around child nodes in the t portion of s ∨ t

without changing the s portion.

There is another way to split a tree t into two pieces. For any t ∈ Yn, we number its n+ 1

leaves, 0, 1, 2, . . . , n and imagine a lightning bolt strikes the tree at leaf i and splits it along
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the unique path running from this leaf to the root of the tree. We write this decomposition as

t→ (tli, t
r
i ). For example,

lightning strikes here

→

t tl1 tr1

The R-module YSym =
⊕

n≥0

RYn is a Hopf algebra, known as the Loday-Ronco Hopf algebra

of planar, binary trees. Its product is given by

s · t =
∑

s/t≤u≤s\t

u

and the coproduct is given by

δ(t) =
n∑

i=0

tli ⊗ tri

The unit 1 is the empty tree and the counit is the projection onto R · 1. This Hopf algebra is

graded with YSymn = RYn.

As with SSym, there is a monomial basis for YSym given by summing over the Tamari

order:

Mt =
∑

t≤s

µYn(t, s)s

This basis was first defined by Aguiar and Sottile [36] who also showed that the coproduct is

given by

δ(Mt) =
∑

t=r\s

Mr ⊗Ms

Moreover, YSym is graded as a coalgebra with

YSymn = R{Mt : t = t1\ · · · \tn for \-irreducible trees t1, . . . , tn}

Loday-Ronco is a dendriform bialgebra with left and right products given by

s ≺ t = sl ∨ (sr · t), and s ≻ t = (s · tl) ∨ tr
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By Lemma 5.1, (1) and (4),

s ≺ t = sl ∨ (sr · t)

= sl ∨


 ∑

sr/t≤u≤sr\t

u




=
∑

sl∨(sr/t)≤u≤s\t

u

and similarly [36],

s ≻ t =
∑

s/t≤u≤(s\tl)∨tr

u

In fact, it was shown in [35] that YSym is the free dendriform algebra on the single generator

t1 =

Given a permutation σ ∈ Sn, we construct its decreasing tree, T (σ), recursively as follows.

The root is labelled n and if σ1 · · ·σn = unv then the left subtree is T
(
st(u)

)
and the right

subtree is T
(
st(v)

)
. For example, the permutation 213 has the decreasing tree.

T (213) =

3
2
1

The point is that the labellings of the vertices are decreasing as we move up the tree. Given

two labelled trees s and t, we say they have the same shape if the underlying, unlabelled trees

are the same. We write Shape(s) and Shape(t) to denote these trees.

There is a dendriform Hopf algebra map λ : YSym→ SSym given by

λ(t) =
∑

Shape
(
T (σ)

)
=t

σ

In other words, the tree t is mapped to the sum of all permutations whose decreasing tree is

of shape t [36].
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5.3 The Dendriform Descent Algebra

In Section 5.1, we introduced the descent algebra of a graded Hopf algebra and surveyed a few

of the most important results about it. In this section, we define an analogous construction

for graded codendriform Hopf algebras and prove that in the case of T (V ), it is isomorphic to

the Loday-Ronco Hopf algebra from the previous section.

Let (H,µ, δ≺, δ≻) be a graded, codendriform Hopf algebra and as before, let pn : H ։ Hn

denote the projection onto the nth homogeneous component. Note that this means End(H) is

a dendriform algebra with left and right convolution products defined by

f ≺ g = µ(f ⊗ g)δ≺, and f ≻ g = µ(f ⊗ g)δ≻

for all f, g ∈ End(H).

Definition 5.1. The dendriform descent algebra of H, denoted ΣDend, is the subdendriform

algebra of End(H) generated by the maps pn.

Since f ⋆ g = f ≺ g + f ≻ g for any f, g ∈ End(H), Σ is a submodule of ΣDend.

Recall from Section 4.2.1 that if P is a coherent exponential (or linear) R-species, then

H = K(P) is a coZinbiel Hopf algebra graded by K(P)n = RP[n]. In particular, End(H) is a

dendriform algebra with left and right convolution products

f 1⋆ g = µ(f ⊗ g)1δ, and f ⋆1 g = µ(f ⊗ g)δ1

Since α1 = χ ⋆1 I, α1 ∈ ΣDend. We write

p≻c = (pc1 ⋆ · · · ⋆ pck−1
) ⋆1 pck = pc1 ⋆1 (pc2 ⋆1 (· · · ⋆1 (pck−1

⋆1 pck) · · · ))

and observe that

α1 =
∑

n≥0
c�n

(−1)|c|−1p≻c
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Recall that H has a second Hopf algebra grading given by

H(n) = R{1β(G1) · · · 1β(Gn) : Gi is order connected}

Hence, H gives rise to a second descent algebra and a second dendriform descent algebra.

We let qn : H ։ H(n) denote the projection onto the nth homogeneous component of this

second grading, and we write Σp, Σp
Dend, Σ

q, and Σq
Dend to distinguish between the different

(dendriform) descent algebras. We showed in Theorem 4.43 that α1 is the Dynkin idempotent

for this second grading. Hence, α1 ∈ Σp
Dend ∩ Σq.

Let V be any infinite dimensional free R-module, and as before, let T (V ) be graded by

T (V )n = V ⊗n. We write pn : T (V ) ։ V ⊗n for the projection onto the nth homogeneous

component. We prove the following:

Theorem 5.2. The dendriform descent algebra ΣDend is the free dendriform descent algebra

on the single generator p1.

Proof. Let B be a basis for V . Then, T (V ) has a basis of words on the alphabet B. Let

t1 denote the unique planar binary tree in Y1 and let t ∈ Yn. Recall that t can be written

uniquely as t = tl ∨ tr. We recursively define a map Υ: YSym → ΣDend, t 7→ ft by letting

ft1 = p1 and

ft = (ftl ≻ p1) ≺ ftr = ftl ≻ (p1 ≺ ftr)

That is, for any word w of length n,

ft(w) = (ftl ≻ p1) ≺ ftr(w)

=
∑

A⊔B⊔C=[n]
1∈B

ftl(w|A)p1(w|B)ftr(w|C)

=
∑

A⊔B=[n]\1

ftl(w|A) · w1 · ftr(w|C)

By construction, Υ is a dendriform algebra map. Moreover, note that if w = w1w2 · · ·wn then

ft(w) is given recursively as follows. First, label the root of t by w1 and consider all unshuffles

(u, v) of w2 · · ·wn such that the length of u is equal to the number of internal nodes in tl.
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Then, repeat this process for u on tl and v on tr. This gives us a sequence of labelled, planar

binary trees, all of the same shape as t. For example, if w = abcd and

t =

Then, we label the root a and we have the unshuffles, (bc, d), (bd, c), and (cd, b). Applying this

process recursively for each of these unshuffles, we get the following labelled, planar binary

trees.

a

b
c d

a

b
d c

a

c
d b

Finally, for each of these labelled trees, we read off the word given by recursively reading

the labels in the following order: left subtree first, followed by the root, followed by the

right subtree. With the three trees above, this gives us the words bcad, bdac, and cdab.

The map ft takes the word w to the sum of these words. In our example, this means that

ft(abcd) = bcad+ bdac+ cdab.

From this characterization, it is clear that pn = fln where ln is the left comb tree with n

internal nodes. Thus, p1 generates the entire dendriform descent algebra. Moreover, note that

if w is a word without repetition and t ∈ Yn is a planar binary trees then no word in the linear

expansion of ft(w) can appear in the linear expansion of fs(w) for some other planar binary tree

s. Thus, {ft : t ∈ Yn} is linearly independent and the dimension of of the nth homogeneous

component of ΣDend is Cn, the nth Catalan number. Since this is also the dimension of the

nth homogeneous component of YSym and Loday-Ronco is the free dendriform algebra on a

single generator, this proves that Υ is an isomorphism.
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Chapter 6

Future Work

Poirier and Reutenauer defined a Hopf algebra on standard Young tableaux and showed that

the evacuation of tableaux was a Hopf algebra map [51]. Malvenuto and Reutenauer extended

the evacuation of tableaux to labelled graphs [40]. A quick future project would be to show

that the evacuation of labelled graphs is a Hopf algebra map for the coZinbiel Hopf algebra of

graphs defined in Section 3.3.

As mentioned at the end of Section 4.2.2, it would be interesting to see if a basis for the

primitives in K(P) can be described using partial orders when P is a coherent linear R-species

(rather than a coherent exponential R-species.)

In Section 4.2.4, we outlined a project to describe the coalgebra Cq(P) and the bialgebras

Kq(P) and Kq(P) using Aguiar and Mahajan’s theory of 2-monoidal categories. We also

discussed how to make the coalgebra (Kq(G)+, δf) a bialgebra by defining a new product

µf : Kq(G)+ ⊗ Kq(G)+ → Kq(G), G ⊗ H 7→ G f H where G f H is the graph given by

identifying the 1 vertex in both of the graphs G and H. A similar construction exists for

almost any coherent exponential R-species, but it’s not clear how to give a general description

of such a product.

Given any species P we can define the pointed species P• = P ×X. We let Sp• denote

the category of pointed species, and observe that we can make it a braided monoidal category
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with the tensor product defined by

P• ·Q•[I] =
⊕

S∪T=I
|S∩T |=1

P•[S]⊗Q•[T ]

whereby the new distinguished element in both P•[S] and Q•[T ] is the unique point in S ∩ T .

Then, we might be able to define a bimonoid in this braided monoidal category and give Fock

functors like Kq for deriving the bialgebra (Kq(P)+, δf, µf). The q-cotridendriform relation

between δ and δf could then be studied using the theory of species.

Another advantage to considering this alternative monoidal category of pointed species is

that there are many preLie algebra structures in mathematics that arise by gluing one pointed

object onto another. For example, given two rooted trees, we might sum over all ways to glue

the root of the second tree onto one of the vertices of the first one. It has been shown [44] that

this preLie algebra on rooted trees gives rise to the Grossman-Larson Hopf algebra of rooted

trees [21]. There is hope that other preLie algebras on other pointed structures might give rise

to other combinatorial Hopf algebras.

This construction is especially interesting because the Grossman-Larson Hopf algebra of

planar, rooted trees is coZinbiel, but in a manner different from the Hopf algebras we’ve

considered so far. If t is a planar, rooted tree, then a branch of t is any child vertex of the

root. We write Bt for the set of branches of t and given a subset X ⊆ Bt, we let t|X denote

the tree obtained by erasing any trees emerging from branches not in X. Then, the coproduct

in Grossman-Larson is given by

δ(t) =
∑

X⊔Y=Bt

t|X ⊗ t|Y

The right coZinbiel coproduct is given by

δ1(t) =
∑

X⊔Y=Bt
1∈Y

t|X ⊗ t|Y

and indeed we can define maps δi as before. The difference now is that the δi maps are given

by splitting up the branches of the tree and not the vertices. We can still define the maps αi

110



and iβ. They will still map into the primitives; α1 will still map onto the primitives and 1β

onto the total primitives, but the sum α1+α2+ · · · is not a Dynkin idempotent. It’s not clear

what this sum is or if it even projects onto the primitives.

If Tr is the species of rooted trees then the coZinbiel structure in Grossman-Larson comes

from the fact that Tr = L• ◦ Tr and L is an R-species. There is hope that given a different

pointed R-species Q• that we can define a species P = Q• ◦P and get generalized Grossman-

Larson-like Hopf algebras. It would be interesting to study the maps αi and iβ for this family

of Hopf algebras and see which results generalize to this setting.

Consider the Hopf algebra of graphs H defined in Section 3.3. Another future project

involves characterizing the images of the maps αi and iβ for i > 1. Empirical evidence suggests

that the dim(imαi)n is monotonically decreasing and dim(im iβ)n is monotonically increasing

as i → ∞. More specifically, let Li(H) denote the submodule of H spanned by those graphs

whose left-most order connected component has at least i vertices. Let pin = dim
(
(imαi)n

)

and define gin recursively by
∑

k≥0

gint
n =

∏

k≥1

1

1− pikt
k

We believe that for all i, n ≥ 1, gin =
(
dimL≥i(H)

)
n
. In particular, Li(H) ∼= U(imαi) as

R-modules. In fact, we even have a very crude proof of this result, but it’s unsatisfyingly ugly.

There is some hope that the maps SβT may offer a clean formula for iβ in terms of the 1β.

We will work out this formula for 2β as a demonstration of how the general result might go.

First, observe that

1β = 1β2 + {1,2}β and

2β = 2β1 + {1,2}β
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Thus, 2β = 1β + 1β2 − 2β1. Moreover,

1δ
(
1β2(G)

)
=

∑

X⊔Y=[n]
1∈X, 2∈Y

1δ(G|X)(χ⊗ χ)δ(G|Y )

=
∑

A⊔B⊔C⊔D=[n]
1∈A, 2∈C⊔D

G|Aχ(G|C)⊗G|Bχ(G|D)

=
∑

A⊔B⊔C⊔D=[n]
1∈A, 2∈C

G|Aχ(G|C)⊗G|Bχ(G|D)

+
∑

A⊔B⊔C⊔D=[n]
1∈A, 2∈D

G|Aχ(G|C)⊗G|Bχ(G|D)

= 1β2(G)⊗ 1−
∑

X⊔Y=[n]
1∈X, 2∈Y

1β(G|X)⊗ 1β(G|Y )

But 1β2 maps into the submodule spanned by the order-disonnected graphs and 1β is 0 on all

order-disconnected graphs. Thus,

0 = 1β
(
1β2(G)

)
= 1β2(G)−

∑

X⊔Y=[n]
1∈X, 2∈Y

1β(G|X)1β(G|Y )

Thus,

1β2(G) =
∑

X⊔Y=[n]
1∈X, 2∈Y

1β(G|X)1β(G|Y )

A similar argument gives a similar formula for 2β1(G), and then using the fact that 2β =

1β + 1β2 − 2β1, one can show that

2β(G) = 1β(G)−
∑

X⊔Y=[n]
2∈X 1∈Y

[1β(G|X), 1β(G|Y )]

Obviously, a future project is to work out a similar formula for iβ in general.

Finally, there are a number of open questions about dendriform descent algebras that

have yet to be considered. In the traditional descent algebra, there is an internal product in

addition to the external product. Is the same true in the dendriform descent algebra? That
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is, can one define an appropriate associative product on RYn? Framed another way, given two

endomorphisms f, g ∈ ΣDend, is f ◦ g ∈ ΣDend? For (associative) descent algebras, this is true

whenever the graded Hopf algebra is connected, cocommutative. Codendriform Hopf algebras

are by construction always connected, and coZinbielity is sort of like cocommutativity for

codendriform coalgebras. Thus, it seems reasonable to conjecture that ΣDend should be closed

under composition of functions whenever the underlying graded, Hopf algebra is coZinbiel.

Another question is what is the dendriform descent algebra of K(P) when the grading is

given by K(P)n = RP[n]? When P = G, it seems to be the case that ΣDend is the free

dendriform algebra on the set {p1, p2, p3, . . .} modded out by the relation p1 ≺ p1 = p1 ≻ p1.

However, there is no obvious proof.

In general, given an operad P, there should be an associated theory of P-descent algebras.

In a future work, I would like to explore this theory and see which results hold in general.
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[40] Claudia Malvenuto and Christophe Reutenauer, Evacuation of labelled graphs, Discrete

Math. 132 (1994), no. 1-3, 137–143. MR MR1297379 (95i:05003)

[41] Martin Markl, Operads and PROPs, Handbook of algebra. Vol. 5, Handb. Algebr., vol. 5,

Elsevier/North-Holland, Amsterdam, 2008, pp. 87–140. MR MR2523450

117



[42] John W. Milnor and John C. Moore, On the structure of Hopf algebras, Ann. of Math.

(2) 81 (1965), 211–264. MR MR0174052 (30 #4259)

[43] Susan Montgomery, Hopf algebras and their actions on rings, CBMS Regional Conference

Series in Mathematics, vol. 82, Published for the Conference Board of the Mathematical

Sciences, Washington, DC, 1993. MR MR1243637 (94i:16019)

[44] J.-M. Oudom and D. Guin, On the Lie enveloping algebra of a pre-Lie algebra, J. K-Theory

2 (2008), no. 1, 147–167. MR MR2434170 (2009i:17018)

[45] Darren B. Parker, U(g)-Galois extensions, Comm. Algebra 29 (2001), no. 7, 2859–2870.

MR MR1848385 (2002g:16063)
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