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Abstract 

Utility-Directed Budget Allocation: An Application to a Central Planning Agency 

This dissertation addresses the problem of distributing a fixed budget to multiple 

departments of an organization according to the budget requests they submit for their 

different projects. The funds allocated to the projects of a department form a vector and 

the ultimate interest of the decision maker centers on the vectors of funds allocated to the 

departments. 

The decision model in this study uses tradeoffs at three levels: between the criteria of a 

project, between the projects of a department and between the departments. The 

theoretical model uses utility theory to define these tradeoffs. The total utility of a 

department is its aggregate utility of its projects and the total utility of the central 

decision maker is the aggregate of the department utilities. The overall utility function is 

optimized with a linear/nonlinear programming model subject to a fixed budget. 

The model is flexible to incorporate some changes and simplifications. In the application, 

direct rating method is suggested to find the utility function values and the tradeoffs 

between the attributes. This model was successfully tested at a national scientific research 

council; it was adapted to their needs and incorporated into their existing model. 
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CHAPTER 1.  INTRODUCTION 

A person or a group of people dealing with the budget allocation to different departments 

of an organization with funding requests for different items is facing a very complex 

decision. The available budget –by nature– is almost never sufficient to accommodate all 

the requests. This means that the people making the final allocation decision should make 

some tradeoffs. These tradeoffs will be between the departments and also between the 

items listed in the funding requests of the departments. 

Such a decision problem is faced by different types of organizations, varying from major 

scale (such as the budget allocation of a central planning agency at the country level), to 

medium scale (such as the budget allocation of large corporations with multiple R&D 

departments, or the grant allocation at national research institutes such as NSF or NIH, or 

the investment budget allocation of multilateral organizations such as The World Bank) 

and to a minor scale (such as the family budget allocation to family members depending 

on their purchasing requests). 

This study focuses on the problem of a central planning agency although it can also be 

applied to other cases easily. The central planning agency in question receives budget 

requests from different organizations (departments, agencies, institutions, ministries, etc., 

which will be called as ‘departments’ throughout the dissertation), which are funded by 

the budget, for the following budgeting cycle. 

In a budgeting cycle, a department submits two types of budgets to the central planning 

agency. The first one, the general budget, shows the overall requested budget of the 

department and lists all the items, including the fixed costs, such as personnel, material 

 1 



and overhead costs. The second budget is called the investment budget and lists the 

projects planned for the corresponding budgeting cycle and their expected costs. Since 

most items in the general budget are unavoidable, this study concentrates on the 

investment budget. 

The investment budget is mostly composed of the projects related to the development of 

the country, such as, building schools, recruiting a new group of teachers, or training the 

teachers for The Department of Education; conducting a national family medicine 

program or building a hospital information system for The Department of Health; 

building a bridge or conducting a speed-train project for The Department of 

Transportation. 

The departments prepare their projects according to the macroeconomical objectives of 

the government and base their budget requests on detailed technical analyses assessing 

different aspects of the projects. Each project is evaluated on pre-established criteria on a 

continuous cost scale. 

The decision makers are government officials at both the department levels and at the 

central planning agency. In each case, the decision maker can be a person or a group of 

people deciding together for the benefit of the general public. 

The decision makers at the department level make their tradeoffs between their own 

projects. It is safe to assume that the projects of the other departments have no particular 

benefit to a given department. Also, it can be assumed that the decision makers at a given 

department know their projects much better than the decision makers in the other 

departments. 
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The departments submit their funding requests to the central planning agency. In the 

central planning agency, the decision maker(s) (called as ‘the final decision maker’ 

throughout the dissertation) make the tradeoffs between the departments. To identify the 

preferences between the projects, the final decision maker does not make her own 

tradeoffs between the projects, but uses the tradeoffs made by the departments for their 

own projects. The tradeoffs between the departments made by the final decision maker 

are combined with the tradeoffs between the projects made by the departments to decide 

on the budget allocation. 

At this stage, the general procedure in practice is to allocate some amount less than the 

requested budget to each approved project. But it is not known to the decision makers 

how much of the project can be completed at the allocated amount, or how much of the 

overall benefit they can get at this amount.  

The suggested procedure in this study involves using a continuous cost scale of the 

projects which lets the central planning agency to identify and compare the overall 

benefit of different budget allocation schemes. Since the benefit of each project at all 

levels of funding is known, this leads to very high number of alternatives. 

The budgeting process at NSF or NIH is similar to the budget allocation at the central 

planning agency, only at a smaller scale. NSF receives about 40,000 proposals each year 

and funds about 10,000 of them. The ones funded are typically the projects that are 

ranked highest in a merit review process. These reviews are carried out by panels of 

independent scientists, engineers and educators who are experts in the relevant fields of 

study. 
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The proposed methodology can also benefit NSF type of funding. Instead of an 

acceptance or refusal decision for funding a project at the requested amount, a continuous 

scale of funding can help an organization to identify the overall benefit of a project at 

different levels of funding. 

Since there are multiple criteria involved in this budget allocation problem, the 

methodology will be one of multicriteria decision making methods.  The most common 

methodologies used in budget allocation decisions with multiple criteria are mathematical 

programming techniques (linear programming, linear integer programming, nonlinear 

programming and goal programming), outranking family, AHP, multiattribute utility 

theory and some hybrid methods combining them (Hall and Nauda (1990)). 

Outranking family of methods is designed for comparing relatively small number of 

alternatives. AHP is also used for discrete number of alternatives. However, the budget 

allocation problem in question has an almost infinite number of alternatives since it is 

possible to fund the projects at any amount at or less than the requested budget amount. 

Thus, the suggested methodology is utility theory, in which the ‘benefit’ of the projects 

can be specified with numerical values at each level of funding, with the help of a 

continuous utility function. 

In the suggested model, the decision makers at the department level first identify the 

utility functions of the projects on each criterion. Then, the tradeoffs are made between 

the criteria to identify the project utility functions. At the next step, the tradeoffs are 

made between the projects of a department to identify the department utility function.  
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The decision makers at the central planning agency makes the tradeoffs between the 

departments and these tradeoffs combined with the department utility functions are used 

to identify the overall utility function. 

The overall utility function is used to maximize the total overall utility given the fixed 

total budget available to fund the projects. The resulting utility maximization problem 

can be solved as a (non)linear programming problem to find the optimal allocation of 

funds. 

This study aims to contribute to the literature on budget allocation by suggesting a new 

methodology using multiattribute utility theory. The literature on this topic is rather 

limited. Although there are studies using utility theory in budget allocation, they are 

focused on allocating the return of an investment among people. This study adds two 

more levels, allocating a budget to the projects of the departments depending on some 

criteria. It also allows for partial funding, rather than distributing only the requested 

amount. 

In the following chapter, the relevant literature for budget allocation using multicriteria 

decision making (MCDM) and group decision making problem in utility theory is 

identified. In Chapter 3, the methodology is developed, both with the theoretical model 

and the simplified case for application, and an example is presented. In Chapter 4, the 

proposed methodology is applied at a real setting at a national scientific and 

technological research council. Finally in Chapter 5, the discussions on the model and the 

application are summarized. 
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CHAPTER 2.  LITERATURE SURVEY 

2.1. BUDGET ALLOCATION AND MCDM 

The budget allocation problem we are trying to solve involves multiple attributes at three 

levels. First, the benefits of the projects are evaluated on multiple criteria. Second, each 

project can be treated as an attribute in identifying the total benefit of the total funds 

allocated to a department. And, third, each department can be treated as an attribute in 

identifying the total benefit of the central planning agency. 

Since there are multiple attributes involved in this budget allocation problem, the 

methodology to be used will be one of multicriteria decision making (MCDM) methods. 

Almost all the techniques in MCDM have been applied in budget allocation. The most 

common ones are mathematical programming techniques (linear programming, linear 

integer programming, nonlinear programming and goal programming), outranking 

family, analytical hierarchy process (AHP), multiattribute utility theory (MAUT) and 

some hybrid methods combining them (Hall and Nauda (1990)). 

There are several studies providing a taxonomy of the project selection methods. Gee 

(1971), Baker (1974), Baker and Freeland (1975), Winkofsky, Mason and Souder (1980) 

are some of them. In the most recent study, Hall and Nauda (1990) categorize fifty-seven 

papers into four groups including mathematical programming, cognitive emulation 

models, benefit measurement methods and ad hoc models, according to their methods for 

R&D project selection and resource allocation. Consequently, reviews of the R&D 

project selection literature reveals the well-known OR/MS techniques: scoring models; 

linear, nonlinear, integer and goal programming; and multiattribute utility theory. 
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In this section, the most common MCDM methods used in budget allocation and their 

applications are examined, leading to the selection of the most appropriate methodology 

for the problem examined in this study. 

Mathematical programming models are generally used in conjunction with other 

methodologies in budget allocation applications using MCDM. The preferences between 

the multiple criteria are established with some other methods, such as AHP or MAUT 

and mathematical programming models help to achieve an optimal solution. 

One of the mathematical programming models, goal programming, is one of the widely 

used methodologies of MCDM in budget allocation (Khorramshahgol and Steiner, 1988). 

The procedure to formulate a goal programming model starts with specifying a target or 

an aspiration value for each objective, thus transforming all objectives into goals. The 

resultant objective function, termed ‘the achievement function’ in goal programming, is 

the summation of deviations from these goals. Since it is usually impossible to attain all 

goals simultaneously, the problem then becomes that of minimizing the sum of the 

deviations from the goals, i.e., minimizing the achievement function, where each 

deviation has a weighted penalty. Goal programming provides optimal solutions; 

however, the decision maker must specify the goals and priorities a priori. 

A broad analysis of the studies using goal programming in budgeting decisions can be 

found in White (1990). In one of the main articles, Taylor III, Moore and Clayton (1982) 

use an integer nonlinear goal programming model for resource allocation and project 

selection. They study the problem of allocating thirty researchers to seven possible R&D 

projects. Their model consists of integer decision variables for both the number of 

researchers allocated and project selection. Researcher allocation and project selection 
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are subject to several linear and nonlinear goal constraints. They use equal weights for 

penalties. 

Tingley and Liebman (1984) develop a model to aid a state level resource allocation 

program for allocation of food to women, infants and children. The model they present is 

a linear integer goal programming model, in which the priorities for the deviations are 

decided by the decision makers. They test different values for penalties and compare the 

results. 

Methods for determining weights in GP have been discussed in the literature. Lee and 

Kwak (1999) summarize them as: AHP, conjoint analysis, input-output analysis, log 

transformations, regression analysis, and scaling and normalizing parameters. Delphi 

method and multiattribute utility theory have also been suggested among the studies 

employing multiple criteria decision making methods to determine weights. 

For example, Khorramshahgol and Steiner (1988) use Delphi method to obtain a 

consensus from a group of participants prior to the goal programming model. The Delphi 

method is conducted to identify the goals, to determine priorities among the goals and to 

establish a target level for each goal. The authors apply the proposed model to evaluate 

rural road projects of the Division of Transportation, Bureau of Indian Affairs, US 

Department of Interior.  

Lee and Kwak (1999) present a goal programming (GP) model which aids in allocating a 

health-care system's information resources pertinent to strategic planning. The goals are 

decomposed and prioritized with respect to the corresponding criteria using the AHP. 
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AHP has been integrated in multiobjective programming models in several studies. Gass 

(1986) suggests using AHP in selecting weights for objective function weights in large 

scale linear goal programming problems in which the analyst and the user must establish 

thousands of objective function weights that reflect the priorities of the many goals. Then 

they apply the model to a problem involving military personnel and manpower planning.  

Bard (1986) develops a multiobjective framework for selecting projects for automating 

subsystems by incorporating AHP analysis in a mathematical-programming model.  

In most of these studies, AHP is adopted to help the decision makers to determine 

priorities and weights to reflect the relative importance of the options in a multicriteria 

problem. They then incorporate the weights in a decision model to provide the basis for 

allocating scarce resources among competing alternatives. 

AHP is one of the most common methods used in budget allocation, either alone or 

combined with mathematical programming. Using AHP in solving a decision problem 

involves four steps (Zahedi, 1986): 

Step 1: Set up the decision hierarchy by breaking down the decision problem into a 

hierarchy of interrelated decision elements. 

Step 2: Determine the respective weight of each objective by pair-wise comparisons and 

using the eigenvalue method. 

Step 3: For each objective, compare the alternatives and determine their weights by pair- 

wise comparisons and using the eigenvalue method. 

Step 4: Aggregate the relative weights of decision elements to arrive at a set of ratings for 

the decision alternatives (or outcomes). 
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At step 1, the decision analyst should break down the decision problem into a hierarchy 

of interrelated decision elements. The most general objective goes to the top and is 

composed of lower-level objectives. At the lowest level, there are the alternatives. 

Forman and Gass (2001) give an overview of the applications of AHP. Budget allocation 

has been one of the most common uses of AHP, both in profit organizations and 

government institutions. 

Suh, Suh and Baek (1994) document the use of AHP for Korea Telecommunication 

Authority (KTA). They used AHP to prioritize, forecast and allocate resources for the 

KTA, the primary common carrier in Korea. The process was divided into two major 

phases. During the first phase, they constructed a six-level hierarchical model of all 

relevant factors, identifying critical categories at each level and their relationships. 

During the second phase, the authors aided 40 representatives from R&D-related 

divisions in KTA to go through the hierarchical structure and derive a priority matrix for 

each level using pair-wise comparisons. 

Benjamin, Ehie and Omurtag (1992) use an integrated multiobjective decision model to 

guide decision making in allocating space when planning facilities in an academic 

environment. They use AHP to help facilities planners to prioritize the often conflicting 

teaching, research, and extension service goals. They then incorporate this priority 

structure into a linear goal programming model that determines the optimum space 

allocation for a computer integrated manufacturing laboratory. 

Sinuany-Stern (1984) and Arbel (1982) apply AHP in budget allocation in universities. 

Stern uses a network flow model with a hierarchical structure with three levels in a multi-

campus institution over several years. He predicts the network's lower and upper bounds 
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by a cost simulation model where several volume indices, policy variables and some 

environmental factors are used. Thus, the overall planning process combines simulation 

with optimization, where the preferences are evaluated by using a multi-goal approach, 

utilizing AHP. 

Arbel presents a budget allocation model based on prioritizing six departments of the 

university by considering their benefit to the school’s future evolution and their cost of 

operation. He evaluates the goal hierarchy, the priorities of the goals and the alternatives 

on each goal using AHP. 

Although it has generally been found very practical to use by decision makers (e.g., 

Sinuany-Stern (1993) and Schomaker and Waid (1982)), AHP has also been criticized 

heavily in the literature by some decision analysts. Dyer (1990) summarizes the main 

points of these criticisms. The ranking of alternatives determined by the AHP may be 

altered by the addition of another (and irrelevant) alternative for consideration. The 

phenomenon of rank reversal has been discussed in a number of articles by the opponents 

and the proponents of the methodology. However, Dyer finds the problem more 

substantial and claims that the rankings AHP provides are arbitrary. 

Since it is possible to fund the projects partially and the benefit of a project is evaluated 

at a continuous scale of the funds allocated to it, the budget allocation problem this study 

focuses on has an almost infinite number of alternatives. This means that outranking 

methods and AHP would not be appropriate methods for this study since both are used 

for a limited, and rather a small number of alternatives. Thus, multiattribute utility theory 

(MAUT) rises as the most appropriate methodology as it allows a continuous scale. It 

also allows the ‘benefit’ of the projects to be assessed on each criterion directly. MAUT 
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has also the advantage of a strong theoretical background (Smith and von Winterfeldt, 

2004).  

Since the examined budget allocation problem involves multiple departments, the related 

literature of this study consists of utility theory in the setting of group decision making. 

This literature will be analyzed in the next section, starting with the axiomatic approach 

and followed by the applications on allocation. 

 

2.2. GROUP UTILITY THEORY 

The problem of group decision making has received a great deal of attention from 

researchers in many disciplines.  

This study is mostly concerned with the normative model of group decision making, 

rather than the behavioral aspects of group dynamics. Most of the literature on normative 

models has focused on social choice theory and the dominant force in this area has been 

Arrow’s Impossibility Theorem (1951). Arrow also led to the axiomatic approach to the 

social choice and group utility theories. 

 

2.2.1. Axiomatic Approach to the Group Utility Theory: 

Arrow shows that given the rankings of a set of alternatives by each individual in a 

decision making group, no grouping ranking satisfies a set of reasonable assumptions: 

I. Complete domain: There are at least two members in the group, three 

alternatives, and a group ordering is specified for all possible individual 

members’ orderings. 
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II. Positive association of social and individual orderings: If the group ordering 

indicates alternative a is preferred to alternative b for a certain set of individual 

orderings, then the group ordering must imply a is preferred to b if: 

i) the individual’s orderings of alternatives other than a are not changed, and 

ii) each individual’s ordering between a and any other alternative either 

remains unchanged or is modified in favor of a. 

III. Independence of irrelevant alternatives: If an alternative is eliminated from 

consideration, the new group ordering for the remaining alternatives should be 

equivalent to the original group ordering for these same alternatives 

IV. Individual sovereignty: For each pair of alternatives a and b, there is some set of 

individual orderings such that the group prefers a to b. 

V. Nondictatorship: There is no individual with the property that whenever he 

prefers alternative a to b, the group will also prefer a to b regardless of the other 

individual’s orderings. 

These five assumptions prove to be inconsistent, or in other words, the only set of 

solutions that comply with assumptions 1-4 is the case of dictatorship. So, Arrow 

concludes that no procedure can be found to combine individual rankings into a group 

ranking. 

Fleming (1952, 1957) and Fishburn (1969) postulate conditions under which the group 

ordinal welfare function can be written as the sum of individual ordinal utility functions. 

Fleming’s axioms in the case of ordinal utility functions are: 
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I. Ordinal individual rationality: The personal preferences of all individuals are 

connected and transitive. 

II. Ordinal group rationality: The group preferences are connected and transitive. 

III. Ordinal independence: If any subset I' of individuals in the group are indifferent 

between two consequences, then the group preference is determined only by the 

preferences of the individuals in subset I. 

He shows that these three axioms lead to the additive form: 

)()(
1

xvxW i

N

i
i

=

= λ ,        (2.1) 

where each vi (x) is a value function for individual i, W (x) is a value function for 

the group, λi is a scaling constant for individual i. 

Nash (1950) considers the group decisions under uncertainty. But his work is about 

finding an arbitrated solution after each individual’s utility is decided for each possible 

alternative. 

In his most influential work, Harsanyi (1955) works with cardinal utility functions rather 

than ordinal utility functions and presents conditions under which a group utility function 

can be expressed as a linear combination of the individual utility functions. Under 

uncertainty and with expected utilities for individuals and the group, the group utility is a 

weighted sum of the individual utilities, with the weights reflecting the decision maker’s 

(who might be a benevolent dictator) trade-offs between the utilities of the group 

members. 
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Harsanyi presents three postulates which are Bayesian rationality axioms for the 

individual and the group choice, and the social indifference condition: if all individuals 

are personally indifferent between two prospects, then individual j should be socially (or 

morally) indifferent between the two prospects. The three postulates together imply that 

j’s social welfare function will be a linear combination of individual utilities: 

His axioms are briefly: 

I. Individual choice conforms to the maximization of expected utility (i.e., it 

conforms to the Bayesian rationality axioms). 

( )[ ] ( )θθ dFcuv iii = ,          (2.2) 

where ui is the utility function of the ith individual, ci (θ) is his consumption in 

state θ and F(θ) is his probability distribution of the state of nature. 

II. Social choice conforms to the maximization of welfare (i.e., it conforms to the 

Bayesian rationality axioms). 

 w1 = f1 (v1, v2, …, vn).       (2.3) 

This axiom implies that social choice can be expressed as a choice among 

vectors of expected utilities. 

III. If two alternatives are indifferent to each individual, then they are also 

indifferent for the group as a whole. 

 In other words, social objective function can be written as expected welfare –

with welfare a function of individual utilities–. 

( )[ ] ( )[ ] ( )[ ]{= ).(,...,, 221122 θθθθ dFcucucufw nn }     (2.4) 
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Harsanyi concludes that Axiom III is sufficient to show that the cardinal social welfare 

function defined by Axiom II can be obtained as a weighted sum of the cardinal utility 

functions defined by Axiom I: 

( )[ ] ( ) 
=

=
n

i
iii dFcuw

1

.θθλ        (2.5) 

This represents a weighted sum of individual utilities.  

In the case where certain conditions are met, it leads to an unweighted sum of individual 

utilities: 

[ )(
1

1

θii

n

i

cu
n

w 
=

= ]         (2.6) 

Harsanyi’s work has received many criticisms on the basis that it does not consider 

fairness. For example, Diamond (1967) suggests that given two individuals in the group 

and three alternatives: 

 Alternative I: u1 = 1 and u2 = 0 for certain,      (2.7) 

 Alternative II: u1 = 1 and u2 = 0, or  u1 = 0 and u2 = 1 with 50-50 chance,  (2.8) 

 Alternative III: u1 = 1 and u2 = 1, or  u1 = 0 and u2 = 0 with 50-50 chance, (2.9) 

Harsanyi’s welfare function  will provide the same value for all 

alternatives, whereas the group may prefer alternative II to alternative I and also 

alternative III to alternative II, in terms of fairness. 

)()()( 21 cucucw +=

Keeney (1976) uses a similar set of assumptions with Arrow, implicitly substituting 

group and individual utilities for Arrow’s group and individual orderings. The interesting 
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result is that there are many possible forms of group utility function, whereas there is no 

group preference function which satisfies Arrow’s assumptions.  

Keeney shows that if we begin with cardinal utilities rather than ordinal utilities, we can 

find a group utility function that satisfies a reinterpreted version of Arrow’s assumptions, 

which lead to his impossibility theorem. Keeney presents that his five assumptions lead to 

the linear combination of utility functions for certain alternatives: 

Assumption 1: There are at least two individual members in the group and at least 

two alternatives, and group utilities are specified for all possible individual members’ 

utilities. 

Assumption 2: If the group utilities indicate that alternative a is preferred to 

alternative b for a certain set of individual utilities, then the group utilities must imply 

that a is preferred to b if: 

i) the individual utilities of alternatives other than a are not changed, and 

ii) each individual’s utilities for a either remain unchanged or are increased 

Assumption 3: If an alternative is eliminated from consideration, the new group 

utilities for the remaining alternatives should be equivalent to the group utilities for 

these same alternatives. 

Assumption 4: For each pair of alternatives a and b, there is some set of individual 

utilities such that the group prefers a to b. 

Assumption 5: There is no individual with the property that whenever he prefers 

alternative a to b, the group will also prefer a to b regardless of the other individual’s 

utilities. 
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He then shows that the assumptions 1-5 are equivalent to: 

d u / d ui  ≥ 0,   for i = 1, 2, …, N, and not equal to zero for at least two ui’s 

For uncertain alternatives, he shows that the assumptions 1-5 imply that the group utility 

function is additive: 

u (u1, u2,…, un) = ,       (2.10) 
=

n

i
iiuk

1

where u is the group utility function and ui is the utility function of individual i. 

Keeney and Kirkwood (1975) present more general forms of cardinal group welfare 

functions. They use weaker conditions than Harsanyi’s, namely: 

Condition A: For any individual k, k = 1, 2, ..., N, if all the other N - 1 group members 

are indifferent among all possible consequences, then the preferences of the group for 

any lotteries over these consequences will be the preferences of individual k. 

This condition can be interpreted as the utility independence condition for the utility 

functions of different members. 

Condition B: For any two individuals k and h, k = 1, 2, ..., N, k ≠ h if all the other N - 

2 group members are indifferent among all possible consequences, then the 

preferences of the group for any lotteries over these consequences will be the 

preferences of individual k and h. 

These two conditions define what the group mechanism must do in the extreme case of 

only one or two people in a group care about the outcome (it does not mean that all but 

one or two people should be indifferent about the outcome). In that case, those one or two 

people should decide what to do for the group. 
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Keeney and Kirkwood show that given Condition A and Harsanyi’s first two conditions 

(risky individual rationality and risky group rationality) hold, the group welfare function 

can be stated as a multilinear combination of each individual’s utility function: 

 , (2.11) 
>==

+++=
N

kjk
NNjkkj

N

k
kkc cucucucucucuW

,1
21,...,2,1

1

)()...()(...)()()( λλλ

where W and uk’s are scaled from zero to one, the λ’s are constants and 0 < λk < 1 

for all k. 

Condition A can be interpreted as an independence condition for the utility functions of 

different members, thus the proof of the theorem above (given in Keeney (1972)) 

depends on the utility independence condition. 

If both Conditions A and B hold along with Harsanyi’s first two axioms and if the group 

has at least three members, then the group welfare function can be stated as a 

multiplicative combination of each individual’s utility function: 

 , (2.12)
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where W and uk‘s are scaled from zero to one, the λ’s are constants and 0 < λk < 1 

for all k and λ > -1. 

If λ ≠ 0, we can multiply each side of the equation by λ and add 1: 

[∏
=

+=+
N

k
kkc cuW

1

1)(1 λλλ ]       (2.13) 

The proof given in Keeney (1973) also depends on the multiattribute utility interpretation 

of the utility functions of the members. 

 19 



Both Conditions A and B are reasonable assumptions. But as the authors suggest, there 

may be cases where the decision maker (especially if the decision maker is a benevolent 

dictator) prefers an outcome that yields equity to the members, other than an outcome 

that yields higher outcomes to one or more indifferent individuals of the group. 

The multiplicative form produces a higher outcome for Alternative III shown above (2.9), 

whereas it does not favor Alternative II (2.8) over Alternative I (2.7). In other words, it 

provides equity a posteriori, but it does not favor the equitable outcome to the inequitable 

outcome a priori. So, it is supposed to produce a more equitable outcome than the 

additive form, but it does not provide an answer for all its criticisms. 

The authors also demonstrate the link between the multiplicative and additive 

aggregation rules: 

Condition C: If all the members of a group have the same utility function over the 

consequences, then the group social welfare function should always yield the same 

decisions as the common utility function. 

If Conditions A and C hold, the group social welfare function should have the additive 

form: 

          (2.14) 
=

=
N

k
kkc cuW

1

)(λ

This condition may not hold if the decision maker has a different risk interpretation than 

the group members. 

Keeney and Raiffa (1976, pg. 527-8) show that Harsanyi’s critical Axiom III is identical 

to their additive independence and strategic equivalence assumptions (the decision 
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maker’s utility function over the attribute designating an individual’s utility is 

strategically equivalent to that individual’s utility function): 

 ui* [ui (x)] = ui(x) ,  i = 1, 2, …, N,       (2.15) 

where ui is the utility function of individual i and ui* is the decision maker’s 

utility function. 

Dyer and Sarin (1979) have a similar strategy with Keeney and Kirkwood. They use the 

notion of ‘strength of preference’ instead of Keeney and Kirkwood’s decisions on 

uncertainty. They use the term ‘preference aggregation rules’ (PARs) instead of the 

‘social welfare function’. 

Dyer and Sarin use measurable (cardinal) value functions instead of Keeney and 

Kirkwood’s cardinal utility functions and present conditions leading to the additive and 

multiplicative forms of group PARs. For example, the exchange independence condition 

which asserts that “if all individuals are indifferent between two exchanges, then the 

group will be indifferent between them” is used instead of Keeney and Kirkwood’s 

Condition C and lead to a similar additive function: 

 )()( xvxW iiv λ=  ,        (2.16) 

where Wv and vi’s are scaled from zero to one, λi’s are scaling constants, 0 < λi < 1 

for all i and ∑ λi = 1. 

They also have conditions (weak exchange independence, ordinal independence and 

boundedness) that they employ instead of the exchange independence and these 

conditions lead to the multiplicative form. 
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2.2.2. Applications on Allocation Using the Group Utility Theory:  

Keefer and Kirkwood (1978) consider the allocation of a department's annual product 

engineering budget among the areas engineering efforts are concentrated in. They define 

the multiobjective decision problem using multiattribute utility theory. A multiattribute 

utility function is determined for the department director and the final decision model is a 

nonlinear optimization model. 

Keefer and Kirkwood first define the attributes. For some attributes, they construct 

special scales for some attributes since they lack natural evaluation measures. They use a 

subjective 0-4 scale for these attributes where each numerical value has a well-specified 

meaning. 

The authors assess the probability distributions of the attribute levels depending on the 

spending in each area. They also assess the utility functions for each attribute using 

standard lottery technique. As they verify the independence assumptions, the resulting 

scaling constants show that the multiplicative form of aggregation would be more 

appropriate for their case, compared to the additive alternative. 

Keefer and Kirkwood find the optimal allocation by nonlinear programming and present 

it to the decision makers for comparison with the current budget allocation. 

Brooks and Kirkwood (1988) present a multiattribute decision analysis of a public utility 

company's strategies for dealing with local area networking for their microcomputers. 

They define evaluation measures to measure the performance of different strategies and 

use a multiattribute utility function to combine the evaluation measures into a single 

index of the overall preferability of each strategy.  
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The authors use a five-step methodology: They start with identifying the feasible 

networking strategies. At the second step, they specify the evaluation measures. They 

continue with specifying the utility functions. To specify the utility functions, they first 

assess the single attribute value functions, and then assess the scaling constants and the 

risk attitude constants. 

At the fourth step, the authors help the decision maker to estimate the performance of 

each networking strategy by specifying the level of each evaluation measure.  For one of 

the measures, cost, a probability distribution for the impact of the alternative strategies is 

assessed.  

At the last step, they find the expected utility evaluate of each strategy, evaluate the 

ranking of the strategies and conduct a sensitivity analysis. 

2.2.2.1. Applications on Additive Allocation Models:  

In a related study to the budget allocation problem, on which this study focuses, 

Eliashberg and Winkler (1981) consider the case where each individual’s utility function 

depends on what other members of the group receive. 

In their study, there are n members of a group facing a decision problem. The group must 

collectively choose an action a from a set of alternatives A and they receive a payoff, y, 

as a result of their actions. This can be called as the external problem for the group. 

The group members may be uncertain about the payoff that will be obtained, but the 

probability distribution of the payoffs are known. Once a is chosen and y is known, y is 

divided among the group members. And this is the internal problem for the group.  
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The payoff to member i is denoted by xi and x = (x1, x2, …, xn) is the vector of payoffs to 

the n group members. For any given payoff y, any vector satisfying  is 

attainable. 

=
n

i
ixy

The authors assume that y has no intrinsic value to the individuals. But it has an indirect 

value to the individuals since it will be divided into individual payoffs. Thus, the 

preferences of interest are preferences concerning x1, x2, …, xn, not preferences 

concerning y. And, the authors assume that the individuals are interested in not only their 

own payoffs, but also about other members’ payoffs (the whole vector x). 

Each member has a cardinal utility function for x: ui (x). These utility functions can be 

found by using lotteries involving x. Using these n utility functions, the group utility 

function uG (x) can be formed. This requires the consideration of individual utilities 

involving ui (x) and can be found by using lotteries involving ui (x). 

Then the internal problem can be defined as a maximization problem: 

UG (y) = maxx uG (x) = uG (x*(y)).      (2.17) 

s.t.  y =          (2.18) 

n

i
ix

In their process, tradeoffs between payoffs occur at two different stages. First, the group 

members consider the tradeoffs among the dimensions of x for the initial assessment of 

u1, …, un. Second, the group considers the tradeoffs among the dimensions of u = (u1, …, 

un) in the aggregation of u1, …, un. 
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The proposed model does not have any restric

(x) but the authors find linear aggregation rule (following Harsanyi (1955)) appealing: 

u  (x) x) ,        (2.19) 

 define their utilities), rather 

than in the u-space (during the aggregation stage). This answers the criticisms the linear 

aggregation has received for not taking equity into account. 

tions on the aggregation rule leading to uG 

G
=

n

i
ii

1

with λi > 0, guarantees that the result will be Pareto optimal. The authors argue that 

equity is best considered in the x-space (when individuals

= uλ (

Additive Group Utility Functions: 

As the most encountered form of the utility function in decision analysis, Eliashberg and 

Winkler investigate the use of an additive group utility function for their case.  

The utility function of member i for x is additive if it can be expressed as: 

  ,         (2.20) 

d kij is a scaling 

constant. 

The group utility function uG can also be expressed in an additive form: 

   uG (x) ,       (2.21) 

 cardinal group utility function for xj. To have an 

itive.  

ui (x) 
=

=
j

n

jijij xuk
1

)(

where uij is a conditional utility function of member i for xj an

= xuk )(
=

n

j
jGjGj

1

where uGj can be interpreted as a

additive uG, the most reasonable scenario is the one in which all of the individual utility 

functions are themselves add
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Using the individual utility functions (2.19) and the group utility function (2.20) given 

above, they can also derive: 

,     (

    and    

uG (x) == jij x )( 2.22)  
= ==
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and    and  .             (2.25) and (2.26) 

cribed as the importance of member j in the group for member i. 

e impor

the whole group. 

 =k 1
j

ij
j

Gj

kij can be intuitively des

 =k 1

Similarly, kGj can be intuitively described as th tance of member j in the group for 

The sum of coefficients λi also add up to one:  =
i

iλ 1     (2.27) 

To identify the utility functions, the authors define the Pratt-Arrow risk aversion 

functions for individual and group utility functions: 
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Using these risk aversion functions, the authors define two propositions. The first 

proposition is that if uG is additive and uGj  twice differentiable, then:  
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with the group risk aversion with respect to xi held constant. Member j may 

 

toward any individual payoff, xi. 

The second proposition brings stronger statements about the risk aversion functions: 

ction for any individual j by a factor of 1/n. This means that in 

ents two examples for additive group utility, both with n = 2. In the first 

example, both members have exponential conditional utility functions, implying constant 

risk aversion: 
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i

yxryr        (2.32) 

The first equation tells that as the group becomes less risk averse with respect to xj, the 

rate of increase of member j’s share of y (member j’s stake in the group payoff y) 

increases, 


iGiG

have to pay for this increased stake in y by making side payments to other group 

members. 

The latter equation shows that the group is less risk averse toward the total payoff, y, than

 )} ,  and   (2.33) ( ){ } ({ )(max)()(min *1*1 yxrnyryxrn jGj
j

GjGj
j

−− ≤≤

 ( ){ } ( ){ })(max)()(min *

,
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,

1 yxrnyryxrn −− ≤≤  .    (2.34) 

The conclusion from this proposition is that the group risk aversion for y is less than the 

maximum risk aversion fun

jij
ji

Gjij
ji

very large groups, the group is almost risk-neutral, which can be attributed to the 

members sharing the risk. 

The paper pres
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 ui (x) =     (2.35) )1()1( 2211
21

xc
i

xc
i ekek −− −+−   

G

This uG (x) function can be maximized in terms of xi by taking its derivative with respect 

xi and using (y - xi) for xj. The result is a function of risk aversion constants, i’s, Gi

nd y, and can be simplified as qy + s: 

  (2.38) 

Here q is the proportion of y that member 1 receives and s is the side payment member 1 

makes to member 2. 

t that Raiffa works with individual utilities 

instead of the vector utilities (i.e., multiattribute utilities) in this paper, and determines a 

family of sharing rules and leaves the choice to the reader. The sharing rule presented in 

this paper is more structured. 

ple, the group utility function for y is found by sim i

So, the group utility function for y is exponential with constant risk aversion coefficient 

c1c2 / (c1+c2), as calculated from the risk aversion function for the group in the 

proposition (2.31). 

Then the group utility function for x becomes:  

 u  (x) )1()1( 2211 xcxc −− −+−=      (2.36) 21 GG ekek

to c k ’s 

a
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*
1   (2.37) 

 [* ] syqckckccycccyx GG +−=+−+= − )1()/ln()()/()( 2211
1

212112

This result is similar to Raiffa’s (1968), excep

In this exam ply substituting x *(y) in 

uG (x): 

 )/( 212121 )(1)( ccyccscsc +−−− +−=      (2.39) 21 GGG eekekyU
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In the second fferent utility functions for the other members  example, members have di

(they are risk averse for their own payoffs and risk neutral for the other member): 

 u  (x) [ ]i jijiiiiii

where 1 < ai < 2 and 0 ≤ xi ≤ 1. 

When we maximize the uG (x) function in terms of xi by taking its derivative with respect 

to xi and using (y - xi) for xj, we can again define xi* (y) as qy + s. 

xkxaxak +−−= 2)1(  ,  for i ≠ j ,    (2.40) 

But this time, the result 

is not only a function of parameters a1 and a2, but also of the scaling constants k11 and k , 

and of the coefficients λ1 and λ2 of the linear aggregate function:  
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aller portion of payoff for member 2) and also 

as a2 increases relative to a1 (because u2 becomes more risk averse than u1). 

yq
akak

akkakk

akak

yak
yx −−=

−+−
−−+

+
−+−

−
= )1(

)1()1(2)1)1(

)1(
)( 111121222221211111*

2 λλ
λλλλ

λλ
λ

(2.42) 

Here the proportion q increases as λ1 increases relative to λ2, as k11 increases relative to 

k22 (because in both cases, more weight is placed on u22 relative to u11 an

weight on risk aversion for x2 leads to sm

In this case, the group utility function is: 

22 )1()()1()()( xakxakkxakxkakxu −−++−−+= λλλλλλ 2

eights are used for the members, then the 

2222222221211111112121111G

            (2.43) 

When xi*(y) are substituted in this equation, the resulting group utility function is a 

quadratic power of y. It shows that if equal w
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more risk averse member receives less than half of the group payoff y, but he receives a 

Multilinear Group Utility Functions

positive side payment from the other member. 

: 

The gro

where uGi is a conditional utility function and is assumed to be a monotonic and 

increasing function of xi; kG1 and kG2 are positive scaling constants; and kG is a 

scaling constant with an unrestricted sign. 

A utility function for x is multilinear if x1 and x2 are mutually utility independent 

(conditional lotteries for lotteries on x1 given x2 do not depend on the level of x2 and same 

is true f

kG = (1 - kG1 - kG2) / kG1 kG2        (2.45) 

The sign of kG indicates the group’s preferences regarding equity. If kG = 0, the 

multilinear function reduces to an additive function. If kG is positive, the group prefers 

equal payoffs ex post. And if kG is negative, the group prefers unequal payoffs ex post. 

G < 0 is highly unlikely, so the authors develop the following proposition for  

Given that uG is multilinear, uGj is twice differentiable and rGj ≥ 0: 

 

up utility function for x is multilinear if it can be expressed in the form: 

)()()()()(  ,  (2.44) 221121222111 xuxukkkxukxukxu GGGGGGGGGG ++=

or the inverse).  

In the equation above (2.43), using scaling functions, we can get   

k kG > 0.
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In the equation above (2.45), dxj*(y) / dy has two portions. As y increases, a portion of 

the increase is divided equally between the two members (the portion involving t in the 

numerator). The rest of the increase is

yxukkk +

 divided according to rG1 and rG2. Comparing with 

the additive case, the entire increase in y is allocated on the basis of r  when u  is 

ersion function above (2.46) suggests that the group may tend to be less risk 

realize that payoffs will be more equitable, they may take more risk in their joint 

dditive model. The resulting maximized payoffs illustrate that 

than in the additive case. The group payoff also indicates that the group is less risk averse 

ops on Eliashberg and Winkler for the case of a fund management. 

The fund manager in this case collects amounts I1,…, In from individuals 1,…, n to 

Gi G

additive. So, when uG is multilinear with kG > 0, concerns about ex-post equity are 

reflected in the group utility function. 

The risk av

averse in the multilinear case than in the additive model. As the members of the group 

decisions. 

The authors present an example involving exponential conditional utility functions 

similar to the one in the a

the difference between the payoffs of the two members is smaller in the multilinear case 

in the multilinear model. 

Bordley (1988) devel
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invest. After investing the money and receiving the return, he distributes amounts x1,…, 

xn to the individuals. 

The fund manager first chooses the investment prospect that maximizes the expected total 

return, X, and then given the actual return X, he chooses x ,…, x  so as to maximize 

U(x ,…, x ), which is the fund manager’s utility function subject to 

 

investing  dollars. But, unlike the previous paper, he deduces a sharing rule by 

er the fund makes zero profits. 

Bordley uses five axioms, the fir

lead to 

r some weights vj, Uj being the utility function of 

    (2.49) 

ac .  

idual k’s share 

f profit or losses. So, axiom V makes ak an allocation function.  

Bordley proves that group utility function that maximizes group utility is: 

 

1 n

1 n
i

i

Following Eliashberg and Winkler (1981), Bordley only considers the internal problem of 

distributing the amounts xi among the investors, not the external problem of optimally

 = Xx . 

 = II
i

i

requiring that all individuals get their money back whenev

st three being Harsanyi’s (1955) three axioms, which 

the additive utility function for the fund manager: 

= ),,...,()( 1 njj xxUvxU  fo

investor j.      

The fourth and the fifth axioms are: 

IV.  Uj (x1,…, xn) is concave in each argument. 

V.  If the fund makes zero profits, everyone gets his money b k

To justify this assumption, Bordley defines ak (X - I) = (xk - Ik) to be indiv

o  (2.50) 
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 where e is the vector of ones. 

Bordley shows that this utility function is invariant to arbitrary utility transformations. It 

s of utility. 

e in

VI. 2) 

ual i uses the selfish portion of 

very group member agrees on the risk aversion associated with 

 group utility function implies that the fund 

manager chooses x aximize   

   where   

is a valuable property which allows him to avoid interpersonal comparison

To find the weights of th dividuals, Bordley introduces another axiom: 

  Uj (x1,…, xn) = 
i

iiij xuk )(, ,        (2.5

where xi is the amount individual j receives when the fund receives X dollars. 

uj (xj) is the selfish portion of individual j’s utility function. If kj,i = 0, j ≠ i, then 

individual j is only concerned with his income. So, individ

individual j’s utility function as his utility for individual j. 

To compare with axiom VI, Eliashberg and Winkler have =
i

jijij ukU )( . Axiom VI is 

equivalent to Eliashberg and Winkler assumption plus that rj,i (xi) = ri,i (xi) for all j such 

that kj,i is nonzero. So, e

x

changes in i’s earnings. 

Combining axiom VI with the additive

1,…, xn  to m

 xuw )( , = jij vkw
j

i
i

iii .            (2.53) and (2.54) 

Using the axioms, Bordley finds that  

wi = 1 / ui ' (Ii).         (2.55) 

So, the sharing rule derived this way depends only on the initial investment of each 

individual and the selfish portion of each individual’s utility function. The sharing rule 
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allocates money in a way that the marginal utility of each individual’s final return 

decreases over the marginal utility of his initial investment. In other words, in Bordley’s 

weighted average social welfare function, each individual’s weight is the inverse of the 

 of return. The rate of return of 

by a central 

uch more 

projects (needs) of the departments and the project utilities are evaluated on some criteria. 

marginal utility for the wealth he would have if he did not invest in the fund. 

The rate of return to various individuals depends on their relative risk aversion. If 

everyone has the same risk aversion, all get the same rate

the individuals increases as their risk aversion decreases. 

Both Eliashberg and Winkler (1980) and Bordley (1981) deal with distributing a payoff 

to the members of a group as a result of their actions. Hence, their actions play a role in 

the allocation process, especially in Bordley, in which the investment a member of the 

group makes is one of the determinants of the payoff he will be allocated. However, the 

problem studied in this dissertation deals with departments that are funded 

organization and the funds are not distributed according to past investments. 

Apart from this difference, this study considers ‘the needs’ of the parties involved during 

the allocation process. The departments receive their funds due to the projects they 

suggest; whereas in both papers mentioned above, the payoffs are distributed to the 

members of the group, regardless of their needs. And the problem gets m

complicated if the decision makers take the needs of the parties into account.  

When departments evaluate their projects, they evaluate them in terms of some criteria, 

rather than evaluating them directly. Thus, the problem this study focuses on has two 

more levels to the models in literature: The budget allocation is made considering the 
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In the next chapter, a theoretical model for this problem will be developed, followed by 

some suggested simplifications for the application. 
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  CHAPTER 3.  THE METHODOLOGY 

3.1. THE PROBLEM SETTING 

This study considers the case of a public planning agency facing a decision-making 

problem of distributing a fixed budget to different departments according to the budget 

requests they submit for their different projects. The funds allocated to the projects of a 

department form a vector and the ultimate interest of the agency in question centers on 

the vectors of funds allocated to individual departments. 

It is assumed that the departments do not have a particular interest in the amount of total 

budget available (y), apart from the indirect effect that the total budget will have in terms 

of the funds allocated to the projects. 

The decision makers in the departments have preferences about the allocation of the total 

budget to the projects. For the case of the central planning agency in question, it should 

be safe to assume that a decision maker in a department does not have any utility for the 

funds allocated to the projects of the other departments. There can be different 

applications where we could be interested in each member’s (department’s) preferences 

concerning the entire matrix of funds, not only their funds. This would enable each 

member to express her feelings about the funds other departments receive and hence, 

about equality. But in this model, the utilities of the departments for the funds allocated 

to other departments’ projects will be all accepted as zero. 

In this chapter, the theoretical model is analyzed, followed by a methodology for its 

application. 
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3.2. THE THEORETICAL MODEL 

3.2.1. Identifying the Model: 

Let u (x) be the utility of the central decision maker, resulting from the budget allocation 

to n departments and m projects, and x be the matrix variable showing the allocated 

budget amounts to the projects of the departments:  

 x: [  
111211 ,...,, mxxx

222221 ,...,, mxxx  

... 

nnmnn xxx ,...,, 21 ]        (3.1) 

u (x) =    (3.2) ),,...,,;,...,,;,...,,( 212222111211 11 nnmnnmm xxxxxxxxxu

where xij represents the level of funding allocated to project j of department i and 

mi represents the number of projects of department i. 

The purpose of this study is to identify the optimal allocation of the funds where the 

utility function of the central decision maker is maximized: 

 U (y) = maxx u (x) = u (x*(y)).      (3.3) 

 subject to         (3.4) 
= =

=
n

i

m

j
ij

i

yx
1 1

It is critical and challenging to identify the utility function of the central decision maker. 

This overall utility function includes tradeoffs between the departments and also between 

the projects of each department. Since the departments are supposed to have detailed 

technical information about their own projects, the tradeoffs between the projects of a 

department should be done at the department level. The central decision maker focuses 

mainly on the tradeoffs between the departments.  
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Let ui (xi) be the utility of a department i, as a result of receiving the amount xi for all of 

its projects in total: 

 xi: [ ]        (3.5) 
iimii xxx ,...,, 21

ui (xi) = ,        (3.6) ),...,,( 21 iimiii xxxu

where xij is the amount allocated to project j of department i, xi is the vector 

variable indicating the allocated budget amounts to the projects of department i 

and mi is the number of projects of department i. 

The objective at this point is to find some function, f, for the utility function of the central 

decision maker, identified in terms of the utility functions of the departments with a 

simple form such that 

u (x) = f [ ] , (3.7) ),...,,(),...,,...,,(),,...,,( 21222212112111 21 nnmnnnmm xxxuxxxuxxxu

or shortly: 

u (x) = f [u1 (x1), u2 (x2), ..., un (xn)] ,      (3.8) 

which implies certain independence conditions between the department utilities so that 

the overall utility function of the central decision maker can be identified in terms of the 

single department utilities. 

Since the departments will analyze their utility functions in terms of their utilities for 

their projects, the utility function for department i, ui (xi), is also aimed to be shown with 

some function fi ' in a simple form such that 

 ui (xi) = fi ' [ ] ,     (3.9) )(),...,(),( 2211 ii imimiiii xuxuxu

where ui (xij) is the utility of a department i, resulting from level of funding xij 

allocated to its project j, 
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which implies certain independence conditions between the projects of department i. 

Then, the central decision maker’s utility function can be defined in terms of each 

department’s utility function: 

u (x) = f {f1' [ ]  [ ,...,)(),...,(),(,)(),...,(),(
2211 2222222121

'
2112121111 mmmmi xuxuxufxuxuxu ]

] } .     (3.10) [ )(),...,(),( 2211
'

nn nmnmnnnnn xuxuxuf

or shortly: 

 u (x) = f { f1' [u1 (x1)],  f2' [u2 (x21)], ...,  fn' [un (xn)]}.   (3.11) 

So, the first task is to identify the individual utility functions of the departments on the 

projects, then to find out their aggregate utility functions, followed with the identification 

of the overall aggregate function of the central decision maker. 

When departments evaluate the utility of the projects, they use some criteria, rather than 

evaluating them directly. So, this brings in another level to the problem, which considers 

the utility of a project on each predefined criterion. 

Let uijli (xij) be the utility of department i on project j and criterion li resulting from the 

amount xij allocated to its project j. 

Then, we’d like to have a function fij'' to define department i’s utility for project j as  

 uij (xij) = fij'' [uijl1 (xij), uijl2 (xij), ... uijpi (xij)] ,     (3.12) 

 pi being the number of criteria of department i, 

implying certain independence conditions between the criteria of the project j of 

department i. 

This criteria utility function (3.12) can be substituted in (3.9) to define each department’s 

utility function: 
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ui (xi) = fi ' { fi1'' [ui11 (xi1), ui12 (xi1), ... ui1p1 (xi1)],  fi2'' [ui21 (xi2), ui22 (xi2), ... ui2p2  

(xi2)],  , ..., }.  (3.13) [ ]
iiiiiiii impimimimimimim xuxuxuf (),...,(),( 21

''

This department utility function can be substituted in the overall utility function (3.8).  

Thus, there are four types of utility functions: uijli (xij) at the lowest level of project 

criteria, uij (xij) at the project level, ui (xi) at the department level, and u (x) at the highest 

(group) level as the overall utility function. The latter three utility functions result from 

the three aggregating functions fij'',  fi ' and f. 

Of the four utility functions, the lowest level utility function, uijli (xij) depends on what 

can be achieved with the funds received for the project, xij. Thus, any change in the 

amounts of the fund impacts the outcomes of the project on the criteria. For example, as 

the level of funding changes for a project of building new schools in an underdeveloped 

area, the outcomes in terms of the criteria, such as, the number of teachers employed, the 

number of classrooms built, or population served, are affected. Then, the criteria utility 

functions are assessed at these new amounts of the criteria.  

Thus, let zijli be the amount criterion l of project j of department i takes. The funds 

received for this project, xij, will be the deciding factor for zijli, which will, in turn, 

determine the utility of that criterion of the project: 

 zijli = fijli''' (xij),  and        (3.14) 

 uijli (xij) = fijli
IV (zijli)        (3.15) 

The decision analysis sessions conducted at the project level should begin with analyzing 

these two functions (3.15 and 3.16). It can be assumed for the most part that the technical 

analyses already conducted for the projects will provide the necessary data for the 
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identification of the attribute levels at different levels of funding, i.e., functions fijli''' (xij). 

And the utility functions corresponding to these attribute levels, fijli
IV, can be found using 

the utility function derivation methods mentioned in Keeney & Raiffa (1976) and 

reviewed in Chapter 2. 

identification of the attribute levels at different levels of funding, i.e., functions fijli''' (xij). 

And the utility functions corresponding to these attribute levels, fijli
IV, can be found using 

the utility function derivation methods mentioned in Keeney & Raiffa (1976) and 

reviewed in Chapter 2. 

  
3.2.2. Independence Assumptions and the Aggregate Functions: 3.2.2. Independence Assumptions and the Aggregate Functions: 

Certain independence assumptions should be verified on the three aggregate functions to 

find out whether they can be identified in terms of single utility functions and whether 

they have simple forms, such as additive or multiplicative. 

Certain independence assumptions should be verified on the three aggregate functions to 

find out whether they can be identified in terms of single utility functions and whether 

they have simple forms, such as additive or multiplicative. 

 I. uij (xij) = ∫k f [uij1 (xij), uij2 (xij), ... uijpi (xij)].     (3.16)  I. uij (xij) = ∫k f [uij1 (xij), uij2 (xij), ... uijpi (xij)].     (3.16) 

 II. ui (xi) = ∫j f [ui1 (xi1), ui2 (xi2), ... uimi (ximi)].     (3.17)  II. ui (xi) = ∫j f [ui1 (xi1), ui2 (xi2), ... uimi (ximi)].     (3.17) 

III. u (x) = ∫i f [u1 (x1), u2 (x2), ..., un (xn)].     (3.18) III. u (x) = ∫i f [u1 (x1), u2 (x2), ..., un (xn)].     (3.18) 
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The tradeoffs and the utility functions hierarchy is given in the Figure 3.1. 

In the following sections, these aggregate functions will be analyzed. 

3.2.2.1. Tradeoffs between the Criteria 

The first aggregate function indicates the aggregation of the utility functions of the 

criteria for a project. Here, the form of the aggregate function depends on the criteria 

chosen. For a fair comparison of projects of the departments, it should be safe to assume 

that there is a certain set of pre-chosen criteria in each department. The set of criteria 

used in a department should be analyzed first for preferential and utility independence, 

and then for additive independence. 

Preferential independence concerns only ordinal preferences and no probabilistic 

elements are involved. Utility independence on the other hand, concerns the cardinal 

preferences of the decision maker. 

The way to verify the preferential and utility independence assumptions are given in 

Keeney and Raiffa (1976, pg. 264-266 and 299-301). Verifying the preferential 

independence condition requires checking the consistency of indifferences in preferences 

for consequences involving only some of the criteria when the rest of the criteria are set 

fixed at different levels. Verifying the utility independence condition requires checking 

the consistency of indifferences in preferences for lotteries involving only some of the 

criteria when the rest of the criteria are set fixed at different levels. 

At this point, since the independence conditions depend on the set of criteria chosen, we 

can only assert that the independence conditions will be checked. Since one of the desired 

properties of a group of criteria in multicriteria decision making problems is that they do 
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not overlap, a certain level of independence can be expected between the criteria if they 

are properly chosen. 

Not all the independence conditions should be met to identify the utility function of a 

project as a function of individual criteria utilities as in (3.12). 

For example, if each criterion is utility independent of the rest of the criteria, then we can 

represent the project utility function as a multilinear utility function of the individual 

criteria (Keeney and Raiffa, 1976, pg. 293). 


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            (3.19)  

where k’s are scaling constants. 

If every subset of the criteria set is utility independent of its complement (i.e., if the 

criteria are mutually utility independent), then we can represent the project utility 

function as a multiplicative utility function of the individual criteria (Keeney and Raiffa, 

1976, pg. 289). 
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           (3.20) 

where k’s are scaling constants and k is a scaling constant that is a solution to 

 .        (3.21) ∏
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If k = 0, then the utility function becomes an additive one. 

Verifying the multiplicative assumptions could be cumbersome since there are 2n - 2 

subsets of criteria that must be utility independent for the mutual independence to hold. 
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To overcome this difficulty, Keeney and Raiffa (1976, pg. 292) present weaker 

conditions leading to mutual independence. These conditions require verifying n 

assumptions at most. 

After verifying the multiplicative assumptions, one can verify the additivity assumptions. 

Fishburn (1964) presents the additive independence conditions. Criteria are additive 

independent if the lotteries on the criteria depend only on their marginal probability 

distributions and not their joint probability distribution. Or, in other words, the lotteries 

‹(y,z), (y',z')› and ‹(y,z'), (y',z)› should be equivalent for all y and z values and for all the 

criteria for the additive independence to hold. Keeney and Raiffa (1976, pg. 263-264) 

explain how to check for additive independence assumptions. 

If additive assumptions hold, then department i’s utility function for project j can be 

identified as: 


=

=
i

i

ii

p

l
ijijllijij xukxu

1

)()( ,        (3.22) 

where kli is a scaling constant. 

The identification of the scaling constants, which can be found in all the multilinear, 

multiplicative and additive cases, requires scaling each individual utility function 

between 0 and 1, asking the decision maker the tradeoff questions involving the best and 

worst cases of the criteria, as given in Keeney and Raiffa (1976, page 303). 

Keeney and Raiffa (1976, page 253-261) explain some possible methods to follow what 

can be done if no independence conditions hold. These methods include transformation 

of the criteria to some new criteria, direct assessment of the utility functions, employing 
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independence conditions over subsets of the criteria ranges and using more generalized 

assumptions about the decision maker’s preferences. 

Von Winterfeldt and Edwards (1973) comment that additive and multiplicative utility 

functions are practical for number of criteria ≥ 4. According to them, even when the 

requisite assumptions do not hold, it may be a good approximation to assume that they 

do. 

3.2.2.2. Tradeoffs between the Projects 

This section describes the aggregation at the department level. Eliashberg and Winkler 

use an additive form with the reason that it guarantees Pareto-optimality and since it is 

the simplest and most common form. They also suggest that the most common scenario 

leading to an additive form of aggregation at the highest level (i.e., the group utility 

function, which includes the tradeoffs between the departments) is where the departments 

also have additive form of aggregations themselves. So, an additive aggregate function in 

Section 3.2.2.3 will also mean an additive aggregate function at this level. 

All the arguments in Section 3.2.1.1 about the independence assumptions are also valid 

here. Naturally, the verification of these assumptions depends on the projects in question 

and their relations with each other. If some projects are highly interrelated (such as 

recruitment of new school teachers and their training programs), it can be predicted that 

most independence assumptions will not hold (for example, the preferences for the 

training program will depend on the number of recruited school teachers). But in such 

cases, it would be more appropriate either to combine them under one project –especially, 

if they are highly related–, or group them under one subset and verify the independence 
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assumptions between such a subset and the rest of the projects (as in Keeney and Raiffa, 

1976, pg. 298).  

If utility independence between the projects holds (i.e., if each project is utility 

independent of the rest of the projects), then the department i’s utility function can be 

represented as a multilinear utility function of the individual projects: 

ui (xi) = 

           (3.23)  
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where k’s are scaling constants.        

If every subset of the criteria set is utility independent of its complement (i.e., if the 

criteria are mutually utility independent), then we can represent the department i’s utility 

function as a multiplicative utility function of the individual projects: 

ui (xi) =

           (3.24) 
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where k’s are scaling constants and k is a scaling constant that is a solution to 
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If k = 0, then the utility function becomes an additive one. 

Finally, if the additive assumptions hold, then the utility function of department i can be 

identified as: 

ui (xi) ,        (3.26) 
=

=
im

j
ijijj xuk

1
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where kj is a scaling constant. 
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3.2.2.3. Tradeoffs between the Departments 

The last aggregate function is the utility function of the central decision maker at the top 

level, which includes the tradeoffs between the departments. At this level, each 

department’s utility can be considered as an attribute in the multiattribute utility function 

for the group utility. This makes it possible for us to use the previous discussions about 

the independence assumptions to evaluate the group utility function. In addition, the 

central decision maker’s consideration for the group utility function will involve two 

issues: 

“(1) the inherent value of the differently measured utilities to each individual 

(interpersonal comparisons of utility) and (2) the relative weight that the Decision Maker 

wishes to give to the preferences of the different individuals” (Keeney and Raiffa, 1976, 

pg. 539). Since the tradeoffs for the multiattribute utility setting only include the second 

part of this consideration, a new element should be added that assures the interpersonal 

comparisons of utility. 

Keeney and Raiffa’s (1976, pg. 527) strategic equivalence assumption (explained in 

Chapter 2) solves this problem by letting the central decision maker to use the utility 

function of department i as her own utility function of department i. 

 ui* [ui (xi)] = ui (xi),        (3.27) 

where ui* is the central decision maker’s utility function over the attribute Ui.  

As can be seen from the equation above (3.27), the central decision maker can use 

department i’s utility function given in (3.9) as her own utility function over Ui. 
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Apart from this assumption, the independence assumptions should be verified, just like in 

the previous sections. This can be done by verifying Conditions A and B of Keeney and 

Kirkwood (1975), which are identical to preferential and utility independence in group 

utility settings. 

Condition A (reviewed in Chapter 2) requires the group preferences to be determined by 

one individual when all other members are indifferent among all possible consequences. 

Although this seems as a reasonable assumption –such that it maximizes the social 

welfare– there could be settings where the group prefers violating Condition A in terms of 

fairness. For example, if the rest of the group has low utilities for all consequences, the 

decision maker can prefer also the nondifferent group member to have a low utility to 

ensure a fair situation. 

But in our problem setting, the central decision maker is only interested in maximizing 

the group utility. So Condition A seems as a very plausible condition. 

As Keeney and Kirkwood suggest, verifying Condition A guarantees the overall utility 

function to be identified in terms of the utility functions of the department, such as 

u (x) = f [u1 (x1), u2 (x2), ..., un (xn)] ,      (3.28) 

and it also guarantees a multilinear distribution: 

 u (x) = (xi) + (xi) ur (xr) +…+ k1,2,…, n u1(x1) u2(x2)… un(xn) .   
=

n

i
iiuk

1


>=

n

iri
iiruk

,1

(3.29) 

Then, Condition B, which is identical to utility independence in group utility settings, can 

be tested. Condition B (as mentioned in Chapter 2) requires the group preferences for any 
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lotteries over the consequences to be determined by the preferences of two individuals 

when all other members are indifferent among all possible consequences. 

Similar situations to Condition A can arise where Condition B can be violated in terms of 

fairness. But, again in our problem setting, the central decision maker is only interested in 

maximizing the group utility. Thus, also Condition B seems as a plausible condition. 

This leads to a less generalized overall utility function by guaranteeing a multiplicative 

form:  

 u (x) = (xi) + k ui (xi) ur (xr) +…+ kn-1k1k2,…, kn u1(x1) u2(x2)… un(xn).   
=

n
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            (3.30) 

At this step one could test whether Condition C of Keeney and Kirkwood (1975) holds. 

As mentioned in Chapter 2, Condition C requires the group utility function yield the same 

decisions as the common utility function if all the members of a group have the same 

utility function over the consequences. This condition is hard to test in this setting since 

the departments will have zero utilities for the other department projects. Thus, the 

members can not have the same utility function. (It should be noted that Condition C does 

not fail in this case, but we cannot verify it). 

Thus, the additivity assumptions should be verified as in Keeney and Raiffa (1976, pg. 

263-264) and as explained in Section 3.2.1.1. Keeney and Raiffa suggest two procedures 

to check additive independence. The first one is dividing the variables into four equal 

subsections and checking if the decision maker is indifferent between the lotteries ‹(y,z), 

(y',z')› and ‹(y,z'), (y',z)› for each possible y, z pair and for each couple of variables.  
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The second procedure involves checking mutual utility independence first –since mutual 

utility independence is a necessary condition for additive independence– and then 

checking for additive independence for two sets of y and z values and for each variable. 

Since the mutual utility independence was found plausible for this case with the 

Conditions A and B, the second procedure would be more practical to follow. 

If the tradeoffs between the departments indicate additivity as a reasonable assumption, 

then the overall utility function would be 

 u (x) = (xi).        (3.31) 
=

n

i
iiuk

1

In the next section, the multiplicative and additive cases will be analyzed in detail. 

 

3.2.3. Multiplicative and Additive Utility Functions: 

3.2.3.1. Multiplicative Utility Functions 

Although additive utility functions are convenient to work with, the additivity 

assumptions may not be verified, or in some cases, the central decision maker may have 

preferences for equity, so a multiplicative form might be more appropriate. 

To simplify the discussion, the overall utility function can be presented for two 

departments: 

 u (x) = k1 u1 (x1) + k2 u2 (x2) + k k1 k2 u1 (x1) u2 (x2),    (3.32) 

where ui (xi) is a utility function which is assumed to be monotonic and increasing 

function of xi  for i = 1, 2, ki’s are positive scaling constants and k is a scaling constant 

not restricted in sign. 

 50 



Here, a note is required on the assumption that ui (xi)’s are monotonic and increasing 

functions. These department utility functions are aggregations of project utility functions, 

uij (xij). It can be assumed that the project utility functions would be non-decreasing in 

terms of xij since any additional funding would not decrease the project utility. But there 

may be situations where a department’s project utility function may have a form of a step 

function or a binary function since some projects may only be funded at some specific 

levels and additional funding may not increase the value of its utility function. 

But it would be very exceptional for nonmonotonic project utility functions to lead to 

nonmonotonic department utility functions after the project utility functions are 

aggregated. Also, to ensure monotonicity, we can define minimal increases for the flat 

portions of such step or binary utility functions: 

uij (xij') = uij (xij) + δ,      for  xij' > xij      (3.33) 

This will not be very unrealistic since it can be assumed that each dollar amount added to 

project funds will bring additional utilities even the increase is marginal. 

To interpret the multiplicative utility function, some scaling requirements can be imposed 

without loss of generality. We can choose xiº and xi
+ so that u (xº) = ui (xiº) = 0 and u (x+) 

= ui (xi
+) = 1 for i = 1, 2. 

So, ki = u (xi
+, xjº) for  i = 1, 2 and j ≠ i. 

Also, from the multiplicative function, 

u (x+) = k1 u1 (x1
+) + k2 u2 (x2

+) + k k1 k2 u1 (x1
+) u2 (x2

+),   (3.34) 

1 = k1 + k2 + k k1 k2,        (3.35) 

From (3.35), one can find that 
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The sign of k reflects the group’s preferences for equity. If k = 0, then the group utility 

function becomes an additive one and equity considerations become irrelevant. If k < 0, 

then the central decision maker prefers inequity. In this setting, a negative k would lead to 

lower utility values than the case where k = 0, whenever some departments have nonzero 

utility values. Also, the group utility function may become zero for some values of k1 and 

k2 and for some nonzero values of department utility functions. Since nonzero funding 

will lead to nonzero department utility values, a negative k would be unreasonable. 

On the other hand, a positive k would mean that the central decision maker prefers equity. 

A way to check for the sign of k is the consideration of a choice between a lottery that 

yields x+ or xº with equal probabilities and a lottery that yields (x1
+ or x2º) or (x1º or x2

+)  

with equal probabilities (Eliashberg and Winkler, 1981). If the central decision maker is 

indifferent between the two lotteries, it means that k = 0. If the central decision maker 

prefers the first lottery, that means she prefers equity and k > 0. 

Within this multiplicative overall utility function, each department utility function can 

also be identified in multiplicative or additive form of individual project utility functions 

and each project utility function can also be identified in multiplicative or additive form 

of individual criterion utility functions. 

3.2.3.2. Additive Utility Functions 

As mentioned in Chapter 2, the additive form is the most frequently encountered type of 

multiattribute utility function in decision analysis applications, mainly because it is the 
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simplest form of multiattribute utility function. It also guarantees Pareto optimality, as 

shown in Kirkwood (1979). 

If the additivity assumption is verified and hence, if the additive model is adopted, then 

the overall utility function can be denoted as 

u (x) =  (xi) ,        (3.37) 
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If additivity is also verified at the department level (at the tradeoffs between the projects), 

then the department utility function can be identified as: 
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If additivity is also verified at the project level (at the tradeoffs between the criteria), then 

the project utility function can be identified as: 
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This project utility function can be used as one of the individual project utility functions 

in the department utility function: 
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where the adjusted scaling constant kijli
 is equal to: 
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This department utility function can also be used as one of the individual utility functions 

in the overall utility function:  

u (x) = ui (xi) =   (3.46) 
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where the adjusted scaling constants kij' and kijli' can be found as: 
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3.3. THE MODEL IN PRACTICE 

The theoretical model explained above places a great deal of work on the shoulders of the 

decision makers, especially at the department level. The decision makers at the 

departments will have to evaluate each criterion of each project at different funding levels 

and identify the utility functions for each project on each criterion, check the 

independence axioms between the criteria and find the tradeoffs between them, check the 

independence axioms between the projects and find the tradeoffs between them.  
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Even with a few criteria and a few projects, this will be a major task, especially given that 

identification of a utility function is almost always challenging. As Fischer (1979) 

mentions, a large body of psychological research has been focused on the question of 

whether the utility functions can accurately reflect the structure of human preferences. 

This hard task is probably one of the reasons why the number of applications articles on 

‘utility / value assessment’ has been stable during the periods 1970-’89 and ’90-2001, 

whereas the number of articles has been growing in all other application areas (Keefer, 

Kirkwood and Corner, 2004).  

Thus, the suggested procedure involves a simplified version of the theoretical 

methodology given above. It is assumed that the departments have the technical reports 

and the prior information available at the start of the analysis and all this information 

would enable them to identify the lowest level value function, zijli = fijli''' (xij), which 

explains the behavior of the amount of the criterion li at different funding levels. 

It is also assumed that the departments have pre-established the criteria on which they 

would evaluate the projects since any kind of evaluation is based on some criteria. It is 

important that these criteria are comprehensive, so that they cover all the important 

aspects of the problem; they are operational, so that they can be meaningfully used in the 

analysis; they are not overlapping, so that double counting of impacts is avoided; they are 

specific, so that they each points to a certain aspect; and they are minimal, so that the 

problem can be practically solvable (Keeney, 1990). 

Then, given this information, the following process identifies the steps that will be 

followed at the department level: 
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1. Assessing the criteria utility functions 

2. Verifying the independence assumptions between the criteria 

3. Identifying the tradeoffs between the criteria and finding the project utility functions 

4. Verifying the independence assumptions between the projects 

5. Identifying the tradeoffs between the projects and finding the department utility 

functions 

Table 3.1. The decision making process at the department level 

 

3.3.1. Assessing the Criteria Utility Functions 

Since it is assumed that the lowest level value function, zijli, which explains the behavior 

of the amount of the criterion li at different funding levels, is known, the first step the 

decision makers at the departments should accomplish is assessing the utility function of 

the value function, zijli. 

Keeney and Raiffa (1976, pg. 188-200) divide the procedure of assessing utility functions 

into five steps: preparing for assessment, identifying the relevant qualitative 

characteristics, specifying quantitative restrictions, choosing a utility function, checking 

for consistency. 

Of these steps, the first one, preparing for assessment, involves preparing the decision 

maker and making her understand the nature of the variable on which she is assessing the 

utility function, such as its scale and whether it is an increasing function or not. 

The second step is identifying the relevant qualitative characteristics. It goes one step 

further and involves finding out whether the utility function is monotonic or not, finding 
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out whether the decision maker is risk averse, risk neutral or risk prone on that attribute, 

and also finding out whether the risk aversion (or risk proneness) is increasing, constant 

or decreasing. The way to do this is to ask simple lottery-type questions for each 

characteristic. This step would be very valuable since it can help to attribute the utility 

function to one of the most popular utility function families. 

The third step is assessing the utility values at some specific values. For scaling purposes, 

we can set the utility of the least desired criteria value as 0 and the utility of the least 

desired criteria value as 1, and ask the decision maker lottery-type questions to assess the 

variable value where utility is equal to specific levels, such as 0.25, 0.5 and 0.75. 

The fourth step, choosing a utility function, involves first selecting the appropriate 

parametric family of utility functions, and then, the parameters for these utility functions 

using the findings in step three. 

The fifth step is for checking consistency. This involves verifying that the decision 

maker’s preferences do not lead to intransitivities. 

However, the decision makers at the departments will be making the tradeoffs for the 

benefit of the public. One can expect lottery-type questions to be very abstract for them 

with multiple reasons. First of all, such lottery-type questions are difficult to visualize 

and answer for many situations. As Winkler (1990) points out, despite being the most 

appealing theory in the normative stand point of view, utility theory lacks as a descriptive 

theory of how people actually behave.  

Second, our decision makers will not be analyzing their own returns but the benefit of the 

general public. Thus, it will be harder for them to compare outcomes in a lottery setting. 
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And third, even though the funds allocated to the projects are unknown to the decision 

makers in advance, they will not realize this uncertainty and face with a given level of 

funding. 

Thus, a more appropriate and simpler way to assess the utilities could be the direct rating 

method. Direct rating method is one of the suggested methods of estimating utilities listed 

in Fishburn (1967). It is also found to be a reliable methodology by Bottomley, Doyle 

and Green (2000). 

The direct rating method starts with preparing for the assessment and analyzing the 

possible range of the variable (which is the fund allocated to a project in our case). Then, 

the maximum rating, 100, is attributed to the best (the most desired) possible value of the 

variable and the minimum rating, 0, is attributed to the worst (the least desired) possible 

value of the variable. 

In the following steps, the decision maker considers the impact of the variable on the 

utility function. Since any change in the funds received for the project affects the 

criterion utility in two stages (i.e., it first affects the amount the criterion takes, and then 

this amount affects the utility of the criterion), this step involves two types of questions. 

The decision maker is first asked the amount the criterion takes if the project is funded at 

some predetermined levels of the variable. Then he is asked to give a rating out of 100 

according to how much of the maximum benefit can be achieved at the amount provided 

in the first question. The specific questions will be “if the project receives 80% of the 

funds requested, what is the amount this criterion will take” and “how much of the 

maximum benefit on this criteria can be achieved if the criterion takes the amount you 
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provided” This couple of questions will be repeated for 60%, 40% and 20% levels, and 

will help us identify the decision maker’s utility at different funding levels. 

The answers the decision maker provides would be adequate for us to choose a 

parametric family of utility functions and the parameters for these utility functions. In 

other words, step 2 & 3 of the utility assessment methodology and its lottery-type 

questions are replaced by the direct rating method and its relatively easier questions. As a 

result, the values the utility function take can be found for all possible values of funding. 

3.3.1.1. An Alternative Procedure: Choosing Generic Utility Functions 

An alternative to the process presented above could be presenting the decision maker 

alternative utility functions. This offer may be a viable option in some cases when the 

decision maker struggles with the tradeoffs between the attributes at different levels.  

Instead of a bottom up approach of asking her questions of preference and choosing a 

utility function according her answers, a functional form can be offered to the decision 

maker and the parameters can be identified based on her inputs. 

The most popular utility functions in the literature are classes of exponential, logarithmic 

and quadratic functions (Meyer and Pratt, 1968). In this study, one could also expect to 

find linear functions, where the utility function value increases linearly with the level of 

funding; or binary utility functions, where the utility functions take the value of either 

zero or one; or step functions, where the utility function takes the same value over some 

range of funding. 

The process of using alternative utility functions starts preparing for assessment, just as 

the process outlined in Section 3.3.1. At this stage, the decision maker analyzes the nature 
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of the variable she is assessing the utility function on, such as, its scale and whether it is 

an increasing function or not. Then the decision maker is presented the most appropriate 

utility functions according to the analysis in the previous stage. The decision maker is 

also explained the characteristics of each utility function. As the decision maker selects 

the utility function she finds most appropriate to her preferences, the analysis continue 

with the following steps. 

 

3.3.2. Verifying the Independence Assumptions between the Criteria 

This is a crucial step since it allows us to identify the project utility function as a function 

of individual criteria utility functions: 

uij (xij) = fij '' [uij1 (xij), uij2 (xij), ... uijpi (xij)],     (3.51)  

The first independence assumption to be verified is the preference independence.  This 

could be done by checking the preferential independence of each pair of attributes from 

its complement by asking the decision maker whether her preferences between the two 

criteria hold when the rest of the criteria are set fixed at different levels.  

For example, for the pair of criteria Z1 and Z2, if we find that the decision maker is 

indifferent between (z1, z2) and (z1', z2') at some desirable levels of the rest of the criteria 

set and if this property holds at some undesirable levels of the rest of the criteria set, then 

we can conclude that Z1 and Z2 are preferentially independent of the rest of the criteria. 

Then, a similar procedure could be followed to verify utility independence. For each 

criterion, Zi, the decision maker is asked the amount of the criterion at which she is 

indifferent to the lottery of the best amount and the worst amount of that criterion with 50 
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percent chances each, while the rest of the criteria set are held fixed at some desirable 

level. If the rest of the criteria are held fixed at some undesirable level, we can conclude 

that the criterion is utility independent of its complement. If this property holds for the 

whole set, then utility independence holds for our criteria set. 

But, a much weaker set of assumptions could provide us the same conclusions. As given 

in Keeney and Raiffa (1976, pg. 292), only one attribute Zi needs to be utility 

independent of its complement and each pair of attributes involving Zi needs to be 

preferentially independent of its complement to reach at the same conclusion. This way, a 

great deal of utility independence checks involving lottery questions is avoided.  

The lottery-type question used to verify the only required utility independence 

assumption is asking the decision maker the amount of the variable she is indifferent to a 

50-50 lottery of the best and worst amounts the variable can take. 

However, in order to conduct this required utility independence verification without a 

lottery question with the same reasons given above (at Section 3.3.1), we can again use 

direct rating method. In this case, the specific question the decision maker will be asked 

is: “Consider a situation when all criteria except Zi are at some desirable levels. If the best 

value of Zi is assigned the maximum rating of 100 and the worst value of Zi is assigned 

the minimum rating of 0, could you identify the amount of the criterion Zi that is assigned 

a rating of 50? Would your answer be the same if all other criteria were at some 

undesirable levels?” 

If the answers the decision maker provides verify preferential independence but not 

utility independence, then the form of the utility function is decided to be multilinear. If 
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utility independence is also verified after preferential independence, then the form of the 

utility function is multiplicative. 

If no independence condition is verified, utilities of joint terms are involved and this 

makes the process much more complex for an application. But, as mentioned in Section 

3.2.1.1, Keeney & Raiffa (1976) explain some possible methods to follow what can be 

done if no independence conditions hold (such as transformation of the criteria to some 

new criteria, direct assessment of the utility functions, employing independence 

conditions over subsets of the criteria ranges and using more generalized assumptions 

about the decision maker’s preferences). 

If preference and utility independences are all verified, then the next independence 

assumption to be verified is additive independence. Additive independence refers to the 

case where k in the multiplicative form is equal to zero and that is possible only when the 

sum of ki is equal to 1. So, additivity can be checked during the assessment of scaling 

constants in the following step. 

 

3.3.3. Identifying the Tradeoffs between the Criteria and Finding the Project 

Utility Function 

Identifying the tradeoffs between the criteria involves identification of the scaling factors. 

We can write the general form of additive, multiplicative and multilinear utility functions 

as: 
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where POT refers to “possible other terms” (Keeney and Raiffa, 1976, pg. 302). With the 

additive form, POT is equal to zero, whereas it is not zero for the multiplicative and 

multilinear cases. In each case we can scale uij and uijl from 0 to 1: 

  uij (uij1*, uij2*, …, uijpi*) = 1,     uij (uij1º, uij2º, …, uijpiº) = 0,   

 uijli (xij*) = 1,     uijli (xijº) = 0,   for li = 1, 2, …, pi 

So, we can find that  

 uij (uij1º, …, uijli*, …, uijpiº) = kijli      (3.53) 

To find the value of the scaling constant kijli, the basic practice is to ask lottery-type 

questions to the decision maker (Keeney and Raiffa, 1976, pg. 303). This is asking the 

decision maker the probability p where she is indifferent between (i) the lottery giving 

xij* with probability p and xijº with probability 1- p, and (ii) the consequence (uij1º, …, 

uijl*, …, uijpiº). Then the probability p is the scaling constant kijli. 

However, to avoid lottery-type questions with the reasons given above, we can use direct 

method in this step, too. The decision maker will be first told to consider the case where 

each criterion of the project is at its worst level. She will first be asked which criterion 

she would like to raise to its best level. Then the following question will be “if you assign 

100 points to the case where each criterion is at its best level and 0 points to the case 

where each criterion is at its worst level, how many points would you assign to the case 

where only the criterion you mentioned is at its best level and all others are at its worst 

level”. Then she will be asked to identify the second criterion she would like to raise and 

the related points. These points indicate the scaling constant of the criteria. 
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If the sum of the scaling constants (the points decided by the decision maker divided by 

100 for scaling) is equal to 1, then the model is found to be additive. Otherwise, it is 

multiplicative or multilinear depending on the utility independence of the criteria. 

 

3.3.4. Verifying the Independence Assumptions between the Projects 

This step is identical with Section 3.3.2, where the independence assumptions are verified 

between the criteria. Here, the variables to be analyzed are the projects and the preference 

and utility assumptions are checked between the projects. As in Section 3.3.2, the only 

required set of assumptions are checking the utility independence of one project from its 

complement project set and checking the preference independence of each pair of 

projects –involving the project we checked the utility independence of– from its 

complement. 

If this set of assumptions is verified, then the form of the department utility function is 

either multiplicative or additive. The verification of additivity can again be done at the 

following step, during the identification of the scaling constants. 

 

3.3.5. Identifying the Tradeoffs between the Projects and Finding the 

Department Utility Function 

This step is identical with Section 3.3.3, where the tradeoffs are conducted between the 

criteria and the resulting utility function is the project utility function. Here, the tradeoffs 

are between projects and the resulting utility function is the department utility function.  

Following the same procedure, the department decision makers will be asked which 

project they would like to see fully funded, whereas no other project they submitted is 
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funded. This is a relatively easier question than the question of comparing the criteria. 

The point decided for a project gives us its scaling factor and by checking the sum of the 

scaling factors we can find whether the department utility function is additive or 

multiplicative. 

As the required steps at the departments are completed and the department utility 

functions are identified, the next task is to identify the overall decision function with the 

central decision maker at the central planning agency. 

The steps to be completed by the central decision maker are identical to the second and 

third steps at the department level. Since the preference and utility independence 

(Conditions A and B of Keeney and Kirkwood (1975)) were found to be plausible for our 

case at Section 3.2.2.3, it can be assumed that the overall utility function will either be 

multiplicative or additive. As in the earlier steps with the department decision makers, the 

verification of the additivity assumption can be completed during the assessment of the 

scaling factors.  

Thus, the only step the central decision maker should complete is identifying the 

tradeoffs between the departments and finding the overall utility function. 

 

3.3.6. Identifying the Tradeoffs between the Departments and Finding the 

Overall Utility Function 

After the five steps completed by the decision makers at the departments, this step is 

completed by the overall decision maker at the central planning agency. This step is 

identical with Section 3.3.3. The decision maker is asked to consider the case where none 

of the projects is funded. She is then asked which department she would like to be fully 
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funded for all its projects, whereas no other project of the other departments is funded. 

Here, if the sum of funds requested for the projects of a department exceeds the total 

budget available (which is probably not a very likely situation), then the decision maker 

can consider distributing only the available budget to the projects of this department. 

The central decision maker identifies the scaling factors in the same way as the 

department decision makers. She assigns a point (between 0 and 100) to the case where 

each department in turn is fully funded and no other project of the other departments is 

funded, considering the case of fully funding all the projects of all the departments is 

assigned 100 points and the case where no project is funded is assigned 0 points. The 

resulting points (divided by 100) reveal the scaling factors. Similar to the department 

level, if the sum of the scaling factors is equal to one, then the overall utility function is 

additive; otherwise it is multiplicative. 

During the tradeoffs, the central decision maker should not only consider the departments 

she would like to prioritize, but she also needs to consider each department’s needs 

taking its projects into account. However, she should keep this consideration of the 

projects only at this step since she respects the preferences of the departments for their 

own projects and uses their project utility functions as her own project utility functions. 

This would only be reasonable since the departments are supposed to have much more 

information about their own projects with all the technical background work they have 

completed on them. 

 

3.3.7. Linear Programming Model of Optimal Allocation 

 66 



After the overall utility function is identified, then the only remaining task is to find the 

optimal allocation of the budget. This is a linear (or nonlinear) programming problem 

where the objective is to maximize the utility function of the central decision maker, 

subject to the constraint of the equality of the sum of the allocated funds to the total 

budget available: 

 U (y) = maxx u (x)  =  u (x*(y)).      (3.54) 
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Following Eliashberg and Winkler (1981), we can denote the objective function as u 

(x*(y)). u (x) represents the preferences of the final decision maker about the funding 

matrix depending on the total budget available, y; and x at which u (x) is maximized is 

denoted by x*(y). 

 

3.3.8. Checking the Sensitivity of the Optimal Allocation 

As mentioned in Keeney and Raiffa (1976, pg. 201-203), an analyst should include a 

sensitivity analysis in his work. For decision problems using utility functions, this means 

that the sensitivity of the optimal decision to the parameters of the utility function should 

be determined. 

In our problem setting, the parameters used in finding the overall utility function are the 

scaling constants of the attributes at different levels of the hierarchy and the form of the 

criterion utility functions. In this model, the scaling constants are used at three aggregate 

utility functions for the criteria, for the projects and for the departments.  
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To assess the sensitivity analysis of the scaling constants, the model should be rerun with 

different scaling constants for each aggregate utility function and the results should be 

checked with the original optimal solution to see whether there are some major 

differences in the allocation.  

After the sensitivity of the scaling factors are checked, the model should be rerun with 

different forms of utility functions for each criterion and the results should be checked 

with the original solution to see whether there are some major differences in the 

allocation. 

Since the parameters are highly subjective, a high sensitivity is not one of the desired 

properties of a model. Especially in this problem setting, a slight change in a parameter 

could alter the allocation of funds greatly if the model is highly sensitive to the 

parameters. 

 

3.4. A HYPOTHETICAL EXAMPLE 

We can use a hypothetical example to see how the mechanics work on the above-

mentioned methodology and its application. In this example, three departments with three 

projects each and three criteria for each project are assumed. The projects also have some 

hypothetical costs for the projects with a total requested sum higher than the total budget 

available, as given in Figure 3.2: 
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Project2 2
$ 45 M. Criteria22 2

Criteria22 3

Department 2

Project2 3
$ 35 M. 

Criteria23 1

Criteria23 2

Criteria23 3

Project3 2
$ 30 M. Criteria32 2

Criteria32 3

Department 3

Project3 3
$ 25 M. Criteria33 2

Criteria33 3

Criteria33 1

Criteria32 1

Project3 1
$ 30 M. 

Criteria31 1

Criteria31 3

Criteria31 2

Criteria22 1

Project21
$ 20 M. 

Criteria21 1

Criteria21 3

Criteria21 2

Total 
budget: 
$100 M. 

Project1 2
$ 35 M. Criteria12 2

Criteria12 3

Project1 3
$ 20 M. 

Criteria13 3

Criteria13 2

Criteria13 1

Department 1

Criteria12 1

Project1 1
$ 25 M. 

Criteria11 3

Criteria11 2

Criteria11 1

Figure 3.2: An example of budget requests Figure 3.2: An example of budget requests 
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3.4.1. Developing the Utility Functions: 

As explained in Section 3.3.1, our analysis at the department level starts with identifying 

fijli''' (xij), the lowest level value function, which explains the behavior of the amount of 

the criterion li at different funding levels. 

There may be different types of projects according to their behaviors with the funds 

received. Some projects display an incremental behavior in terms of their benefits in 

return to the changes in funds. For example, for a project of recruiting teachers, each 

additional teacher employed increases the expected benefit from the project. The direct 

relationship between the benefit and funds may be linear as in the case of recruiting 

teachers, or the project may exhibit diminishing (or increasing) returns with the funds, 

such as building a hospital. As the funds increase, the quality of equipment to be used in 

the hospital improves. But this improvement may diminish as the level of funding 

increases. 

On the other hand, some projects might have a binary behavior, i.e., either they are 

completed at the requested level of funding or not. A project proposal to renovate a major 

highway might be an example for such as project. 

Lastly, some projects exhibit a step function behavior. There may be several alternatives 

for a project, such as building a highway, which might be built with different qualities of 

asphalt or which might have different number of lanes. Such a function takes constant 

values for some ranges of funding and displays sudden leaps at the end of each range.  

To perfectly capture the possible combinations, an example of each function will be used 

in the lowest level project criterion-cost functions. 
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The criterion-cost functions will be accompanied with the utility functions for each 

criterion. Again, to be able capture the possible combinations, the most common –

exponential and logarithmic– forms of utility functions will be used with simulated 

parameters. 

For simplicity, it is assumed that the three departments use three and common criteria: 

the population the project serves, the life period and sustainability of the project, and the 

social and environmental concerns. 

Some possible combinations for the criterion-cost and the utility-criterion functions for 

the 9 projects are assumed, as shown in Appendix 1. The utility functions are normalized 

to take values between 0 and 1. Some possible forms of aggregate functions, such as 

additive, multiplicative and multilinear, are assumed for the aggregate functions of 

criteria, project and department utilities, as given in the Appendix 2. 

The criterion-cost and the utility-criterion functions provide a utility value for each level 

of funding on each criterion. Combining these criterion utilities according to the criteria 

aggregate functions, the utility functions for each project are found. Combining the 

project utility functions according to the project aggregate functions, the utility functions 

for each department are found. Finally, combining the department utility functions 

according using the department aggregate function, the overall utility function can be 

identified. 

 

3.4.2. The Utility Maximization Model: 

In the example shown in Figure 3.2, the three departments demand 265 million USD in 

total for their 9 projects. But the available budget to be distributed is 100 million USD. 
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To allow for partial funding in the utility maximization model, each million USD is 

defined as an alternative value for each project. For example, project 1 of department 1 

demands 25 million USD. So, the alternative values the project can be funded are 

increments in million USD from zero to 25. 

Since some of the aggregate functions are multiplicative or multilinear, this is a nonlinear 

programming model. In order to solve this model, binary variables are defined, attached 

to each million dollar a project can be funded. Let yijs be this binary variable, where i = 1, 

2, 3 is for the departments, j = 1, 2, 3 is for the projects, and let sij = 0, …, cij be the 

million dollars a project can be funded, where cij is the budget requested for each project. 

Thus, there are 274 decision variables (265 for the total budget requests and 9 for zero 

funding of the projects) and more than 1.24 x 1013 possible combinations (some being 

unfeasible). 

Let xij be the funds allocated to project j of department i, x be the allocation matrix and 

uijl (xij) be the utility function of project j of department i on criterion l. 

The overall utility function identified above is the objective to be maximized in the 

nonlinear programming model. This overall utility function can be defined it in terms of 

the decision variables as: 

  max  + some other terms ,       (3.56) 
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where k is some scaling factor and “some other terms” denote some possible 

multiplicative terms if the aggregate function is not additive (it is zero if the 

aggregate function is zero). 
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The constraints are the total budget available and the sums of the binary decision 

variables for each project (since only one of the decision variables can take a positive 

value for each project): 


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This model is solved by Premium Solver (by Frontline Systems), which is an upgrade to 

the Solver add-in incorporated in Microsoft Excel 2007 for large problems. 

The nonlinear programming model produces a solution that allocates the budget to the 

projects in order to maximize the overall utility. The optimal solution allocates 8 million 

dollars (USD) to the project 1 of department 1. Thus, x11 =8, or in terms of the utility 

maximization model, y118 = 1 and all other y11s’s are zero. The optimal solution set is as 

follows: 

  Project   

Allocated/Requested 1 2 3 
Total dept. 
funds 

1  (8/25) (30/35) (16/20) (54/80) 
Department    2 (20/20)   (7/45)   (2/35) (29/100) 

3  (7/30)   (8/30)   (2/25) (17/85) 
total    100/265 

Table 3.2. The optimal solution set for the example model 

In this table, the first number in the brackets shows the allocated funds and the second 

one shows the requested funds in million USD. In total, 100 million USD are allocated to 

the nine projects which request a total of 265 million USD. Of this 100 million USD, 

 73 



department 1 receives 54 million USD, department 2 receives 29 million USD and 

department 3 receives 17 million USD. 

The optimal utility value for the overall utility function is 0.552. This number does not 

have any practical implications. It is just the objective function value that is maximized 

by nonlinear programming and indicates us the optimal allocation scheme. 

 

3.4.3. Sensitivity Analysis of the Hypothetical Example: 

The sensitivity of the results is tested for each level: for the scaling constants of the 

departments, for the scaling constants of the projects, for the scaling constants of the 

criteria and lastly, for the utility-cost functions of the projects. 

As the nonlinear utility maximization model is rerun changing each parameter 

consecutively, it can be concluded that the model is not sensitive to the changes in the 

scaling constants of the departments. However, for two of the three departments, the 

optimal allocations within the departments demonstrate a high sensitivity to the changes 

in the scaling constants of the projects. The model is also insensitive to the scaling 

constants of the criteria and the form of the utility functions. The sensitivity analysis is 

summarized in Table 3.3: 

The model is sensitive to The model insensitive to 

The scaling constants of the 
projects of two departments 

The form of the utility functions 

 
The scaling constants of the 
criteria 

 
The scaling constants of the 
projects of one department 

 
The scaling constants of the 
departments 

Table 3.3. Summary of the sensitivity analysis for the hypothetical example 
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In this chapter, the problem is presented and a theoretical model is developed to identify 

the problem. To find the optimal allocation of funds, the utility function of the central 

decision maker is developed. This overall utility function is identified in terms of the 

department utility functions which, in turn, are identified in terms of the project utility 

functions. And the utility functions of the project criteria are used to identify the project 

utility functions. The independence conditions for simpler aggregate utility models are 

presented and the additive, multiplicative and multilinear cases are established. 

Since the theoretical model brings a major task even with a few criteria and a few 

projects, the suggested procedure involves a simplified version of the theoretical 

methodology. This simplified version suggests the direct rating method instead of the 

lottery-type questions to assess the utility functions. Lastly, an example is developed to 

demonstrate how the model functions. The sensitivity analysis for the model is also 

described. 

In the next chapter, the model is put in practice at a real life setting and applied at 

national scientific research council to improve their program of research grant allocation. 
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CHAPTER 4.  APPLICATION 

4. 1. INTRODUCTION 

In order to test the applicability of the model presented in the previous chapter, 

interviews have been conducted at a national scientific research council. One of the 

subgroups at The Council, the Academic Research Funding Program (ARFP), receives 

research grant requests from universities in several categories, namely:  

• Basic Sciences 

• Health Sciences 

• Electrical, Electronics and  Informatics 

• Engineering          

• Environment, Atmosphere, Earth and Marine Sciences 

• Agriculture, Forestry and Veterinary 

• Social Sciences and Humanities 

• Defense and Security Technologies 

• Public Research Projects 

• Contract Management 

Each category operates as a separate department. The research grant requests are 

evaluated by a number of independent referees in each department. This evaluation is 

based on three criteria, which are fundamentally similar but have minor interpretational 

variations for different categories. The referees score the project requests over 3 points on 

each criterion and each score has a verbal interpretation. Very good refers to 3 points, 

good refers to 2 points and unsatisfactory refers to 1 point.  

This system has been used since 2000 at ARFP. Starting 2009, there will be a minor 

change in the system. The maximum score will be 4 points instead of 3. Then, very good 
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will refer to 4 points, good will refer to 3 points, average will refer to 2 points and 

unsatisfactory will refer to 1 point. 

The referees deliver their reports of the projects to the departments along with the total 

scores they assign to the projects. The total scores are calculated by adding the points 

they assign on each criterion. 

After the referee reports are received by the departments, first, the outliers are identified 

at both ends of the range. Then, the average total score each project receives is found 

with the outliers excluded. 

Once a year, committees meet in each category to decide on the grants to be approved 

and analyze the project proposals according to the average scores they received from the 

referees. The projects with the highest average total scores are approved until the entire 

available budget is allocated. This requires a cutoff point to be decided at the committee 

meetings. The benchmark level for this cutoff point is usually between 6.5 and 7 over 9 

maximum points. The actual cutoff point may fluctuate depending on the project 

proposals the department receives and the total budget available in that year. 

After the approved grant requests are decided, the committees meet with the owners of 

the projects and negotiate about the grants requested. The committee members try to 

decrease the grants to be allocated to the projects, while the project members try to 

rationalize the cost of each item listed in the project proposal. 

Academic Research Funding Program received a substantial increase in its total annual 

budget several years ago and since then the budget has been gradually increasing. All the 

interviewed department heads stated that they did not have any budgeting problem 
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currently and they did not have to disapprove any promising projects because of any 

budget constraints. But they expect such a budgeting problem in the following years since 

the number of projects applying for the grant and the total amount of requested grants 

have been increasing faster than the rate of the budget increase. Hence, they were quite 

interested in the technique developed in this study and were enthusiastic to learn how 

they could improve their project selection process. 

To improve the existing process, its benefits and drawbacks were identified. The existing 

process has several benefits for the organization:  

–  It allows them to compare the projects quantitatively.  

–  It decreases problems of interpersonal comparison since the outlier referee 

evaluations are excluded. 

–  It leads to determining the right projects with the highest scores until the entire 

budget has been distributed. 

But the last item above is also a drawback. A project is not evaluated by its score and cost 

at the same time, but only by its score. The cost of a project is only used to find the cutoff 

point. As an example, if the cutoff point is decided as 6.8, a project with an average score 

of 6.9 will be selected, whatever its cost is. But it may have a very high cost, which may 

instead be used to fund several projects with average total scores of 6.75 and with much 

lower costs. 

The linear programming method explained in Chapter 3, instead, optimizes the total score 

of the projects selected at a given total budget, by considering the cost of a project along 

with its average score. 
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Another drawback may be due to the process of negotiation with the applicants about the 

costs of the projects only after they are accepted. This means that if they agree on some 

major decrease in cost, this is not included in the decision process. Also, the benefits of 

different projects may vary widely at different levels of cost, as explained in Chapter 3. 

Some may have a diminishing rate of benefit with cost, some may have a linear 

relationship with cost and some may have a marginal decrease as its cost decreases. But 

all this information is not included in the project selection process. 

Another drawback is the limited number of alternatives used to score the projects. The 

methodology developed in this study has a continuous scale to define the utility of a 

project. 

 

4. 2. METHODOLOGY 

4.2.1. Utility-Directed Budget Allocation Applied to a Research Council 

Estimating utility functions of the decision makers have almost always been problematic 

for the analysts (Keeney, 1996). One could expect a substantial problem in the 

application of this study with formal methods of utility function estimation since the 

decision makers both at the department level and at the top level would have a difficulty 

in answering lottery-type of questions. 

The proposed methodology in the previous chapter suggested using ‘direct-rating 

method’ instead of the lottery-type of questions to overcome this difficulty. This method 

would require the decision makers to compare the outcomes and rate them over 100 

points which refers to the points allocated to the best outcome.  
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As explained in the previous chapter, the direct rating method starts with preparing for 

the assessment and analyzing possible range of the variable. Then, the maximum rating, 

100, is attributed to the best (the most desired) possible value of the variable and the 

minimum rating, 0, is attributed to the worst (the least desired) possible value of the 

variable. 

In the following step, the decision maker considers the impact of the variable on the 

utility function. In the original procedure, this step is divided into two: Any change in the 

funds received for the project first affects the amount the criterion takes (such as, the 

population served or the life length of the project) and then, this amount affects the utility 

of the criterion in question. So, two types of questions are used to understand the 

relationship between funds received and utility: “what amount does the criterion take at 

this level of funding” and “what is the utility of this amount of the criterion”. The first 

question helps us understand the effect of funds received on the outcomes of the project 

and the second one helps us understand the effect of the outcomes of the project on the 

utility of the project. 

In the case of ARFP, the two types of questions asked will be similar to the ones given 

above. The first question can be phrased as “what can be achieved (in terms of resources 

or outcomes) at this level of funding” and the second one can be phrased as “how much 

of the aimed overall benefit can be achieved in terms of this criterion with this amount of 

resources and outcomes”. 

The project proposals typically include a list of items needed for the project and their 

costs. The sum of the costs of the items is equal to the requested level of funding and the 

referees currently evaluate the projects on three criteria at this requested level of funding. 
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To identify the utility-cost relationship, ideally, the proposals should also include 

multiple scenarios explaining what can be achieved at different levels of funding. These 

levels of funding in terms of percentage of the requested amount will be different for 

each project. The referees will evaluate the projects at different levels of funding 

considering the amount of resources and outcomes that can be achieved with each level 

of funding as suggested in the project proposal. 

Thus, the referees will first evaluate the projects on each criterion over 100 points at the 

requested level of funding, 100 being the score of a project achieving the best level at that 

criterion. The referees will answer the question “if a project that achieves the best level 

on this criterion is allocated 100 points, what score would you assign to this project on 

this criterion at the requested level of funding”. 

Then, the referees will score the projects over 100 points on each criteria at other levels 

of funding mentioned in the project proposal, considering the maximum points given to 

the project: “If the project was assigned x points (as decided with the question above) on 

this criterion at the requested level of funding, what score would you assign to it at this 

level of funding?” 

This methodology was explained to the Director and executives of ARFP and to the 

department heads. However, the Director and the executives decided that they wanted to 

keep the original scoring method since they recently worked on the scoring consistency 

of their large group of referees, organizing workshops and seminars. Thus, a simplified 

version of methodology was suggested. In this method, the points scoring method 

currently used at ARFP was kept in finding the scores of the projects on the criteria and it 

was incorporated in the original methodology in this study. 
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An alternative to this method would be to present the decision maker with the most 

popular utility functions and ask which one would represent her utilities better for each 

criterion (as explained at Section 3.3.1.1). Both methods were discussed with the 

executives of ARFP and they found the first method (i.e., points scoring method 

incorporated into utility-directed budget allocation) more practical to use. This 

methodology was also accepted by the Director of ARFP and the department heads and it 

was applied at three departments. 

 

4.2.2. Points Scoring Method Incorporated into Utility-Directed Budget 

Allocation 

The points scoring method incorporated within the methodology in Chapter 3 is a similar 

and somewhat simplified version of the original process, adding elements of the existing 

method. The only difference to the procedure explained above is the scoring system of 

the projects on each criterion. Instead of scoring them over 100 points, the projects are 

scored over 4 in this method.  

The process can be summarized as: 

1. Applicants describe different scenarios for different levels of funding and 

explain how different levels of funding affect their projects in addition to the 

regular project proposal requirements. They identify what can be achieved (in 

terms of resources and outcomes) at particular levels of funding. These 

particular levels are decided according to the needs of the projects (such as 

number of researchers to be employed or equipments to be bought). 
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2. Referees evaluate the projects and score them –over 4– on each criterion at the 

requested funding level. At this stage, the referees prepare their evaluation of 

the projects the same way they currently prepare. 

3. The committees in each category evaluate the reports of the referees according 

to the average score of the projects. They eliminate projects with a rating 

lower than a pre-specified level (e.g., lower than 6 over 12). This is for 

eliminating projects not worth considering, not for selecting the projects to be 

funded. 

4. The tradeoffs are identified between the criteria. Currently, equal priorities are 

given to all the criteria at all departments. But the goals of different 

departments may be quite different while the criteria used at different 

departments are very similar. Thus, some departments may prefer assigning 

higher priorities to a criterion they would like to promote and this procedure 

allows them to do it. 

5. For the selected projects, referees analyze how different levels of funding 

would affect the scores of the projects on each criterion and decide on the 

cutoff levels of funding for the scores. If only a few discrete alternative points 

of funding are mentioned in the project proposal (such as employment of 

several researchers), referees score the project only at the specified levels. 

Else, if the levels of funding have more of a continuous scale (such as 

procurement of a few thousand microchips), the referees indicates the cutoff 

levels of funding for the scores. 
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6. The committees identify the tradeoffs between the projects, just as in the 

original procedure. ARFP prefers to have a transparent evaluation system and 

be at equal distance to all the projects within a department. Thus, all projects 

are given equal priority currently. If a particular field of study (such as 

renewable energy) is wished to be promoted, this can be reflected in the scores 

received by projects on the criteria. But since this could create problems of 

accountability and results in inconsistency, the executives at ARFP decided to 

announce in advance that they would promote some fields of study and give 

them higher priority. With this method, it will be possible to give different 

priorities to the projects during the tradeoffs between the projects. 

7. Executives at ARFP identify the tradeoffs between the departments, just as in 

the original procedure. In the existing system, departmental priorities are 

assumed to be considered in the budgets. However, the main determinant of 

the budget of a department is the number of projects applying to that 

department for grants and the total grants requested (by the qualified projects) 

from that department. This means that the priorities between the departments 

are not accurately reflected in the current system and this will be possible 

using this methodology. 

The main drawback of this methodology is the points scoring method. As mentioned in 

Section 4.1, using a limited number of scores to evaluate the projects limits the ability to 

differentiate between the projects. 
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However, using this scoring method may also be considered as a benefit since the 

referees are comfortable with using this method through experience. This will provide a 

high level of consistency among the referees. 

The additional benefits of this process originate from the original methodology described 

in Chapter 3. It allows the decision makers at ARFP to compare and select the projects 

using both their scores and costs. It allows them to analyze the scores of the projects at 

different levels of funding. Also, it gives them the opportunity to prioritize between the 

criteria, between the projects and between the departments. 

Interviews with this methodology were conducted at three different departments. The 

decision makers at each department selected three project proposals that they were 

familiar with from the previous year’s funding process. Since the Research Council is 

very discrete about the privacy of its projects, the departments will be called Department 

B, E and P, and the projects will be called Project 1, 2 and 3 for each department. 

Similar criteria were used by the three departments to evaluate the projects. The three 

criteria used by Department B are ‘authenticity’, ‘sufficiency of the project group’ and 

‘applicability for theoretical or economical advantage and national benefits’. Authenticity 

refers to the originality of the project. Sufficiency of the project group measures the 

adequacy and expertise level of the project group. Applicability for theoretical or 

economical advantage and national benefits refers to the extent the project can be put 

into practice for some concrete results, either theoretical or economical. 

The three criteria used by Department E are ‘authenticity’, ‘project plan and sufficiency 

of the project group’ and ‘applicability for economical advantage and national benefits’. 

The criteria, authenticity has the same interpretation with Department B. Project plan and 
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sufficiency of the project group measures the adequacy of both the project plan and the 

project group. Similar to Department B, applicability for economical advantage and 

national benefits refers to the extent the project can be put into practice for some concrete 

economical results. 

And the three criteria used by Department P are ‘R&D content and innovativeness’, 

‘project plan and job plan’ and ‘applicability for economical advantage and national 

benefits’. R&D content and innovativeness measures the extent the project introduces 

new ideas. Project plan and job plan measures the adequacy of the project group and the 

job plan according to the proposed project. Applicability for economical advantage and 

national benefits has the same interpretation with Department E. 

Independence Assumptions: 

Currently the model used at ARFP is additive. The scores of a project on three criteria are 

added to find its total score. No independence assumptions are checked to verify the 

additive model. 

In this methodology, the independence assumptions are analyzed at three aggregation 

levels, between departments, between projects and between criteria. Starting with the 

independence assumptions between the departments, it is reasonable to assume that the 

central decision maker is only interested in maximizing the overall utility. With this 

assumption, the preference and utility independence conditions (Conditions A and B of 

Keeney and Kirkwood (1975)) were found to be plausible for this case as described at 

Section 3.2.2.3. Thus, it can be assumed that the overall utility function will either be 

multiplicative or additive. This is also in accordance with Von Winterfeldt and Edwards’s 

(1973) comment that additive and multiplicative utility functions are practical for number 
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of criteria ≥ 4. There are ten departments under ARFP, so it is safe to assume that the 

model is either additive or multiplicative for the tradeoffs between the departments. 

The choice between an additive and a multiplicative model is decided by the scaling 

constants, as mentioned in Section 3.3.6. If the sum of the scaling constants is one, then 

the model is additive, else the model is multiplicative. 

As for the independence assumptions between the projects, it is again reasonable to 

assume an additive or multiplicative model at this level since the number of projects 

approved by the departments is quite high (from almost one hundred to several hundred). 

The choice between an additive or multiplicative model is again decided by the scaling 

constants. 

As for the independence assumptions between the criteria, it can be assumed that the 

decision makers do not take the scores the project receives on other criteria into account 

while scoring the projects on a given criterion. This step is in agreement with the 

definition of the utility and preference independence: As mentioned in Section 3.3.2., for 

the pair of criteria Z1 and Z2, if the decision maker is indifferent between the outcomes 

(the lottery between) (z1, z2) and (z1', z2') at some desirable levels of the rest of the criteria 

set and if this property holds at some undesirable levels of the rest of the criteria set, then 

it can be concluded that Z1 and Z2 are preferentially (utility) independent of the rest of the 

criteria. 

The assumption in the paragraph above can also be justified with practical purposes. With 

the same reason, 64 % of the papers analyzed by Corner and Corner (1995) use additive 

and the rest uses multiplicative models. No other form of models has been observed by 

the authors in the 86 applications studied during the 20-year period.  
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Since it is reasonable to assume that preferential and utility independences are verified, 

the appropriate form of the model for the tradeoffs between the criteria is either additive 

or multiplicative, and the choice between the two will again be decided by the scaling 

constants. 

 

4.3. RESULTS 

4.3.1. Department B: 

Department B had a total budget of 7.2 million Turkish Liras (equivalent to roughly 6 

million USD) available to be distributed for grants in 2008. Last year it received several 

hundred research grant requests and more than a hundred of them were approved. For the 

purposes of this study, three of the grant requests were analyzed. The decision maker 

selected the projects that he was quite familiar with. The reviewed projects also had the 

property of having requested similar amounts of funding. This property helped to avoid 

scaling problems due to the funding levels of the projects during the tradeoffs between 

the projects. 

Tradeoffs between the Criteria: 

Since the set of criteria is the same for the projects within a department, the departments 

assessed the tradeoffs between the criteria for the entire set of projects. The analysis at 

Department B started with the tradeoffs between the criteria before considering any 

projects. Department B has more focus on scientific advancements and concerns. So, the 

authenticity criterion seemed to have the priority among the three criteria. 
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The decision maker was asked to consider an imaginary project. He was asked to 

consider the case where all the criteria of the project are at their least preferred levels. 

Then he was asked which criterion he would like to raise to its most preferred level. The 

decision maker replied as authenticity. 

Then the following question was “if you assign 100 points to the case where each 

criterion is at its most preferred level and 0 points to the case where each criterion is at its 

least preferred level, how many points would you assign to the case where only 

authenticity is at its most preferred level and all others are at its least preferred level”. His 

answer was 40. 

Then he was asked to identify the second criterion he would like to raise –to its most 

preferred level– and the related points. He replied that both project group and 

applicability were equally important and he assigned 30 points to the case where only one 

of these criteria is at its most preferred and the remaining criteria are at their least 

preferred levels. 

These points, 40, 30 and 30 were used to find the scaling constants for each criterion. The 

scaling constant for authenticity was found as 0.4 (40 divided by the sum of the points 

assigned) and the scaling constants for project group and applicability were found as 0.3. 

The sum of the scaling constants show us whether the additive or the multiplicative 

model is appropriate, as explained in Section 3.3.3. Since the sum of the scaling constants 

of the criteria at Department B is one, the additive model would be appropriate for the 

tradeoffs between the criteria at Department B. 

Project 1: 
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Project B1 demanded 24,000 USD (all the figures were converted into dollar figures for 

ease of understanding) from Department B. Labor was the major component of the cost 

of the project so the decision maker (who acted like the owner of the project at this stage 

of the process) thought that the expected benefits of the project would change 

significantly with decreases in the level of funding, especially in terms of the criteria 

‘project group’ and ‘applicability’, but not in terms of ‘authenticity’.  

At 24,000 USD, the project group would consist of 4 full time and 5 part time researchers 

and 2 technicians. At this requested grant and the resources that can be achieved with this 

grant, the decision maker scored Project B1 with 3 points on authenticity, 4 points on 

both project group and applicability. Then he analyzed different scenarios, such as the 

minimum number of employees for the project to be completed, the expected outcomes 

of the project with this amount of resources and how he would score the project with 

these outcomes on the three criteria. He decided on the critical levels of funding at which 

the scores the project receives would change. All this information and the other cost 

items listed in the project proposal provided us the cutoff points of funding for the scores 

the project receives on each criteria, as shown in Figure 4.1: 
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Figure 4.1: Score-Cost functions for Project B1. 
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Project 2: 

Project B2 demanded 20,000 USD from Department B. The project required 

technological investment and most of this amount would be spent on purchases and 

development of a technological system so it was highly cost dependent.  

At the original requested amount, the decision maker gave the project 4 on authenticity, 3 

on project group and 4 on applicability. He thought that some part of the project was 

extra and the core part of the project could be accomplished with the investment of 

16,000 USD. However, its applicability and authenticity scores would drop at this 

funding. He gave project 3 on authenticity, 3 on project group and 3 on applicability at 

16,000 USD. 

This information can be shown in Figure 4.2: 
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Figure 4.2: Score-Cost functions for Project B2. 

Project 3: 

Project B3 demanded approximately 30,000 USD from Department B. This grant would 

be spent on the researchers and the procurement of machinery. The decision maker 
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thought that the machinery was definitely required for the project, but the number of 

researchers could be decreased. He estimated that 15,000 USD was definitely required for 

the project and the rest would increase its benefits. This resulted in a stepwise function, 

as shown in Figure 4.3. 

At the original request, the decision maker gave the project 3 on authenticity, 3 on project 

group and 3 on applicability. And at the minimum 15,000 USD, he gave the project 2 on 

authenticity, 1 on project group and 2 on applicability. 
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Figure 4.3: Score-Cost functions for Project B3. 

Tradeoffs between the Projects: 

The decision maker at Department B mentioned that there will not be any preference for 

a particular field of study in their department in the following year. So he preferred the 

projects to have equal prioritization. 

As explained in the section above (4.2.2), the model would be either additive or 

multiplicative for the tradeoffs between the projects. To find which one would be more 

appropriate (i.e., to check additive independence) at Department B, the decision maker 
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was asked to consider two cases of outcomes. In the first situation, there are two possible 

outcomes; either project i receives 8 and project ii receives 12 points, or project i receives 

10 and project ii receives 10 points, both with 50 percent chance. In the second situation, 

again there are two possible outcomes; either project i receives 8 and project ii receives 

10 points, or project i receives 10 and project ii receives 12 points, both with 50 percent 

chance.  

The decision maker was asked whether he preferred one situation to another. He was 

indifferent between the two situations. This may be due to the fact that the additive model 

is being used there for a long time, but it should be safe need to assume that the additive 

model is appropriate between the projects at Department B. 

The grant requests of the three projects at Department B were in the range of 20 to 30 

thousand USD. Thus, the alternatives for the levels of funding used in the linear 

programming model were selected as the increments of one thousand USD. 

 
4.3.2. Department E: 

Department E is involved with large scale technological projects. They also receive a 

large amount of requests like Department B, but generally with much larger budgets, so it 

is one of the largest departments in terms of total grants distributed. In 2008, Department 

E had a total budget of 24 million USD distributed to projects. 

Again, the decision maker analyzed three projects that he was familiar with and that 

requested similar amounts of grants. 

Tradeoffs between the Criteria: 
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Department E focuses on both scientific improvement and applicability. And the project 

plan plays an important role in the process. With this reasoning, the decision maker stated 

that they would not prioritize between the criteria. Thus, the criteria would have equal 

priority. 

To find whether an additive or multiplicative model would be appropriate (i.e., to check 

additive independence), the decision maker was asked to consider two cases of outcomes. 

In the first situation, there are two possible outcomes; an imaginary project either 

receives 3 on criterion i and 3 on criterion ii, or it receives 4 on criterion i and 2 on 

criterion ii, both with 50 percent chance. In the second situation, again there are two 

possible outcomes; the same project either receives 3 on criterion i and 2 on criterion ii, 

or it receives 4 on criterion i and 3 on criterion ii, both with 50 percent chance.  

The decision maker was asked whether he preferred one to another. He was indifferent 

between the two situations. So it should be safe to assume that the additive model is 

appropriate for the tradeoffs between the criteria at Department E. 

Project 1: 

Project E1 demanded 155,000 USD from Department E. It was a highly regarded project, 

receiving very high scores from the referees. The decision maker estimated that most of 

the grant requests were required for the project to be accomplished. 

The decision maker scored the project 4 on all three criteria, authenticity, project plan and 

applicability. He estimated the minimum required amount as 120,000 USD for the project 

to be completed and the scores the project receive increase gradually after that, as shown 

in Figure 4.4: 
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Figure 4.4: Score-Cost functions for Project E1. 

Project 2: 

Project E2 claimed to have environmental impacts and it demanded 110,000 USD from 

Department E. The decision maker thought that it would be hard to decrease the cost of 

the project and achieve the claimed benefits, except that of the criterion of project plan. 

The decision maker scored the project 2 on authenticity, 3 on project plan and 4 on 

applicability at the original grant request, and he decided that it cannot keep its 

applicability at lower levels of funding. 

This information is shown in Figure 4.5: 
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Figure 4.5: Score-Cost functions for Project E2. 

Project 3: 

Project E3 demanded approximately 95,000 USD from Department E. The list of cost 

items includes equipment and labor. The decision maker thought that the project could be 

accomplished even at much lower levels of funding with less equipment, resources and at 

a shorter duration of time, but the outcomes would differ a lot. 

The decision maker scored the project 3 on authenticity, 3 on project plan and 3 on 

applicability at the requested grant level, and he thought that minimum 40,000 USD was 

required to accomplish the project. 

The score-cost functions are shown in Figure 4.6: 

 96 



0

1

2

3

4

0 10 20 30 40 50 60 70 80 90
Cost

S
co

re

authenticity-score

project plan-score

applicability-score

 
Figure 4.6: Score-Cost functions for Project E3. 

Tradeoffs between the Projects: 

Department E plans to set a priority for a couple of fields in the next budgeting cycle, one 

of them being the environmental projects. The executives of Department E wanted test 

the impacts of this prioritization plan in this study. Since the prioritization is set on 

certain fields of study but not on individual projects, the analysis was made using 

imaginary projects on each field of study. 

There are five main fields of study in Department E. The decision maker was told to 

imagine a project in each field. All the projects would be equally promising independent 

of their fields of study. 

As mentioned in Chapter 3 (at Section 3.3.5), the question the decision maker was first 

asked to consider the case where no project receives any funding. He was then asked 

which project he would like to raise to its requested level of funding. He committed on 

one of the projects. 
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Then the following question was “if you assign 100 points to the case where each project 

receives its requested level of funding and 0 points to the case where each project 

receives no funding, how many points would you assign to the case where only the 

project you mentioned receives its requested level of funding and 0 points to the case 

where each project receives no funding”. The reply was 30. 

The second field received 25 and the remaining three fields of study received 15 points. 

These numbers were used to find the scaling factors for each field of study. For example, 

the first field had a scaling factor of 0.3 (30 divided by 100, the total points assigned). 

And the remaining fields had scaling factors of 0.25, 0.15, 0.15 and 0.15. 

These scaling factors were used in the tradeoffs of projects within Department E. Thus, 

Project E2, being in the first field of study, had a scaling factor of 0.3, while Project E1 

and E3, both in the second preferred field of study, had scaling factors of 0.25. 

Since the scaling factors of the five fields add up to one, the additive model will be used 

between the projects at Department E. 

The grant requests of the three projects at Department E were in the range of 95 to 155 

thousand USD. Thus, the alternatives for the levels of funding used in the linear 

programming model were selected as increments of five thousand USD to keep the model 

manageable in terms of the number of variables used. 

 

4.3.3. Department P: 

Department P is also involved with large scale projects but they receive and fund very 

few projects compared to the previous departments. In 2008, Department E had a total 

budget of 11 million USD distributed to the projects. 
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Again, the decision maker analyzed three projects that he was familiar with. The projects 

also had the property of having requested similar amounts of grants. This property helped 

to avoid scaling problems between the funding levels of the projects. 

Tradeoffs between the Criteria: 

The focus at Department P is on the actual outcomes and applicability of the projects. So, 

the applicability criterion seemed to have the priority among the three criteria. 

To assess the tradeoffs between the criteria, the decision maker was first asked to 

consider an imaginary project. He was then asked to consider the case where each 

criterion of the project is at its worst level. Then he was asked which criterion he would 

like to raise to its best level. The decision maker replied as applicability. 

Then the following question was “if you assign 100 points to the case where each 

criterion is at its best level and 0 points to the case where each criterion is at its worst 

level, how many points would you assign to the case where only authenticity is at its best 

level and all others are at its worst level”. He replied as 50.  

Then he was asked to identify the second criterion he would like to raise and the 

concerning points. He replied that project group was the second criterion and he said that 

he would assign 30 points to the concerning case. And the third criterion, R&D, received 

20 points. 

Thus, the scaling constant for applicability was found as 0.5 (50 divided by the sum of 

the points assigned) and the scaling constants for project group and R&D were found as 

0.3 and 0.2 consecutively. 
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Since the scaling factors add up to one, the additive model will be used between the 

criteria at Department P. 

Project 1: 

Project P1 demanded 46,000 USD from Department P. Most of this grant would be spent 

on purchasing computers (mostly servers). The decision maker thought that the benefit of 

the project would increase as the number of computers purchased increased. He identified 

the cutoff points of funding for each score and each criterion accordingly. 

At the requested amount, the project received 3 on all three criteria, R&D, project group 

and applicability. And the scores decreased gradually as the level of funding decreased, 

as shown in Figure 4.7: 
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Figure 4.7: Score-Cost functions for Project P1. 

Project 2: 

Project P2 demanded 52,000 USD from Department P. The decision maker analyzed 

what could be achieved at this level of funding and he could identify a few alternative 

outcomes of the project at lower levels of funding (40,000 USD and 32,000 USD).  
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At the requested level of funding, the decision maker gave the project 3 on R&D, 3 on 

project group and 4 on applicability. He also identified the scores of the projected 

outcomes on alternative levels of funding, as shown in Figure 4.8: 
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Figure 4.8: Score-Cost functions for Project P2. 

Project 3: 

The grant request of Project 3 is approximately 70,000 USD. Most of this amount would 

be spent on researchers to be employed. The decision maker thought that the project 

required the original requested amount to produce the desired outcomes; otherwise it 

would not be possible to complete it. 

The decision maker scored the project 4 on authenticity, 3 on project group and 4 on 

applicability at the requested level of funding, and zero at any level of funding less than 

it. 

The score-cost functions are shown in Figure 4.9: 
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Figure 4.9: Score-Cost functions for Project P3. 

Tradeoffs between the Projects: 

Department P plans to set a priority for a field according to the priorities of the 

government. Both Projects 1 and 2 belonged to this field. The remaining fields would 

have equal priority. 

There are four main fields of study in the category of Department P. The decision maker 

was told to imagine a project in each field. All the projects would be equally promising. 

As mentioned in Section 3.3.5, the decision maker was first asked to consider the case 

where no project receives any funding. He was then asked which project he would like to 

raise to its requested level of funding. He replied as the one of the projects. 

Then the following question was “if you assign 100 points to the case where each project 

receives its requested level of funding and 0 points to the case where each project 

receives no funding, how many points would you assign to the case where only the 

project you mentioned receives its requested level of funding and 0 points to the case 

where each project receives no funding”. The reply was 30. And the remaining fields all 

 102 



received 20. These numbers were used to find the scaling factors for each field of study. 

For example, the first field had a scaling factor of 0.33 (30 divided by 90, the total of the 

points assigned). And the remaining fields all had scaling factors of 0.22. 

These scaling factors were used in the prioritization of projects within Department P. 

Thus, both Project P1 and Project P2, being in the first field of study, had scaling factors 

of 0.33 and Project P3 had a scaling factor of 0.22. 

Since the sum of the scaling factors of the four fields is one, the additive model will be 

used between the projects at Department P. 

The grant requests of the three projects at Department P were in the range of 46 to 70 

thousand USD. Thus, the alternative levels of funding were selected as increments of two 

thousand USD for the linear programming model to keep the model manageable in terms 

of the number of variables. 

Tradeoffs between the Departments: 

As the interviews at the three departments were completed, a final and brief interview 

was conducted with an executive at ARFP to analyze the tradeoffs between the 

departments. 

Currently, no priorities are used between the departments. The preferences between the 

departments are meant to be reflected in the budgets allocated to the departments. 

However, the main determinant of the budget of a department is the total amount of 

grants requested from that department. This was explained to the executive during the 

interview. However, he stated that the process will be transparent and they do not want to 

 103 



be seen as favoring one department by the public. Thus, the departments will have equal 

priority.  

 

4.3.4. Allocation Results: 

In this interview process, only three projects from three departments each were used as a 

test, although the departments evaluate hundreds of projects each year. Each department 

has a budget and the selection process is conducted within the departments, depending on 

their budgets and the projects applying for grants. Thus, allocating an overall budget to 

the projects tested would not provide such meaningful results for comparison with the 

actual allocation. But a linear programming model was run to demonstrate the results to 

the decision makers and show how the model works. 

The model used is very similar to the hypothetical example in Section 3.4.2. The decision 

variables used in the model are the binary decision variables to fund or not to fund a 

project at each level of funding, at the increments of one thousand USD, five thousand 

USD and two thousand USD for departments 1-3 consecutively. The constraints are the 

available budget (the overall budget to be assigned is 500,000 USD, while the total 

requested amount is 1,066,000 USD) and the limitation that each project is funded at only 

one level of funding. And the objective is to maximize the total score obtained by the 

projects funded. 

The optimal solution set the linear programming model produced is as follows: 
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  Project   

Allocated/Requested 1 2 3 
Total dept. 
funds 

B (14/24) (20/20) (0/30) (34/74) 

Department       E (0/155) (110/110) (80/95) (190/360) 

P (10/46) (52/52) (8/70) (70/168) 

total    (294/602) 

Table 4.1. The optimal solution set for the application model 

In this table, the first number in the brackets shows the funds allocated to the projects by 

the optimization model and the second number shows the funds requested for the projects 

in thousand dollars. The ‘total dept. funds’ refers to the actual amounts of total funding to 

the departments and the ‘normalized total dept. funds’ refers to the scaled (normalized) 

amounts of total funding to the departments. 

The nine projects requested 602,000 USD in total and the available budget was selected 

to be almost half of this amount, 294,000 USD. Of this amount, Department B receives 

34,000 USD, Department E receives 190,000 USD and Department P receives 70,000 

USD. 

The optimal value of the objective function is 5.477. Unlike the example model given in 

3.4.2, this number has a practical interpretation. It is the average score for the nine 

projects when they are funded at the amounts shown in Table 4.1. Over the maximum 

average score of 12, this average score (5.477) is the highest that can be achieved among 

all possible allocation alternatives. Thus, it points out the most desired allocation for the 

decision makers. 

 

4.3.5. Sensitivity Analysis: 
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As outlined in Section 3.3.8, the sensitivity of the results was tested for each level: for the 

scaling constants of the departments, for the scaling constants of the projects, for the 

scaling constants of the criteria and lastly, for the score-cost functions of the criteria. 

4.3.5.1. Sensitivity of the Scaling Constants of the Departments: 

The sensitivity of the scaling constants was checked by modifying the scaling constant of 

each department and rerunning the nonlinear utility maximization model.  

Equal scaling constants were used for the departments in the overall utility function. The 

model was rerun by assigning a higher and lower value to each scaling constant. The 

comparison between the optimal solution sets indicated a somewhat different set of 

allocation amounts. A department with an increased scaling constant received a 

substantial amount of funding for one of its projects that was not funded before and a 

department with a decreased scaling constant received zero funding for one of its projects 

that was funded before. 

The reason for such a ‘sudden’ change is the scoring system used. The total score a 

project receives is not a continuous function of its funding, but it has leaps up and down, 

as displayed in Figure 4.8. 

The modified optimal solution set has weak correlations to the original solution set. The 

correlations between the arrays of the original and modified solution sets are all below 

0.9 for up to 20 % increases and decreases in the scaling constants.  

It can be concluded that the model is sensitive to the changes in the scaling constants of 

the departments. 
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4.3.5.2. Sensitivity of the Scaling Constants of the Projects: 

The sensitivity of the scaling constants was checked by modifying the scaling constant of 

the projects of each department and rerunning the nonlinear utility maximization model. 

In Department B, the projects to have equal prioritization, 1/3, and the funds allocated in 

the optimal model are 14, 20 and 0 million USD. As the model was rerun by changing 

these scaling constants by 20%, there was no change in the optimal solution, except when 

the scaling constant of Project B1 was decreased. In that case, the funds originally 

allocated to Project B1 were transferred to Project P1. 

For Department E, the funds allocated to the projects were highly sensitive to the changes 

in the scaling constants. In the original model, the scaling constants for the projects were 

0.313, 0.375 and 0.313, and the optimal solution pointed out 0, 110 and 80 million USD 

to be allocated to the projects of Department E. As the model was rerun by changing 

these scaling constants by 20%, there were dramatic changes in the allocation. When the 

scaling constant of Project E1 was increased, the funds originally allocated to Project E2 

were transferred to E1. Also, when the scaling constant of Project E2 was decreased, the 

funds originally allocated to it were transferred to Project P1. 

The model was sensitive also to the scaling constants of Department P. In the optimal 

solution, Project P1 received 10 million, Project P2 received 52 million and Project P3 

received 8 million USD, and the scaling constants were 0.33, 0.33 and 0.22, respectively, 

in the original model. Except the scaling constant of Project P3, the funds allocated to the 

projects were quite sensitive to the changes in the scaling constants. 
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Thus, for two of the three departments, the funds allocated to the projects of a department 

are sensitive to the changes in the scaling constants of that department. 

4.3.5.3. Sensitivity of the Scaling Constants of the Criteria: 

The model was tested for its sensitivity for the changes in the scaling constants of the 

criteria. For almost all the projects, the changes in the scaling constants produced no 

changes in the optimal solution set. This can be explained by the scoring system. Most of 

the time, the scores the projects received on the three criteria increased parallel or in a 

similar manner to each other as the level of funds allocated to them increased. In a typical 

example, the procurement of some additional resources becomes possible as the funds 

allocated to a project increase. And with additional resources, the project generally 

receives higher scores on the three criteria. Thus, assigning higher or lower scaling 

constants to the criteria did not produce significantly different results. 

Thus, the model can be accepted as insensitive to the changes in the scaling constants of 

the criteria. 

4.3.5.4. Sensitivity of the Referee Scores: 

The hypothetical example model in Chapter 3 was tested also for its sensitivity for the 

changes in the utility functions of the criteria. A combination of the most popular kinds of 

utility functions, exponential and logarithmic forms, as well as linear, step and binary 

functions were used in the example in Chapter 3 and a sensitivity test was conducted to 

check the sensitivity of the model to different kinds of utility functions for each of the 

criterion. 
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However, in this application no utility functions were used since the scores provided by 

the referees represented the utility functions of the criteria. Thus, the sensitivity test 

should be made on the referee scores. A decision maker can be interested to learn how 

the optimal allocation would change if a referee assigns a project somewhat higher or 

lower scores on the three criteria for the same levels of funding. 

As the scores of the projects were modified, the optimal solution sets were the same most 

of the time. The only exceptions occurred when the scores of a project at the optimal 

funding level were changed. Then, the optimal solution assigned the higher or the lower 

level of funding to the project. Thus, the model is not sensitive to the changes in referee 

scores. 

As a conclusion, the model is very insensitive to the changes in the scaling constants of 

the criteria and the changes in the referee scores. However, the optimal allocations within 

departments demonstrate a high sensitivity to the changes in the scaling constants of the 

projects. The model is also sensitive to the scaling constants of the departments. This 

analysis is summarized in Table 4.2: 

The model is sensitive to The model insensitive to 

The scaling constants of the 
projects 

The referee scores 

The scaling constants of the 
departments 

The scaling constants of the 
criteria 

Table 4.2. Summary of the sensitivity analysis for the application model 

In this chapter, the model, which was developed in Chapter 3, was applied at the grant 

request evaluation process of the Academic Research Funding Program (ARFP) of a 

national scientific research council. After their current methodology and the preferences 
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of the decision makers were analyzed, the utility-directed budget allocation method has 

been incorporated into the Council’s existing points scoring process to select the projects 

to be funded and allocate the budget optimally. The result is a simplified version of the 

original methodology suggested in Chapter 3 and an improved allocation methodology 

for the ARFP. 

In the next chapter, the study is summarized and the suggestions for further research are 

presented. 
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CHAPTER 5. CONCLUSION AND SUGGESTIONS FOR 

FURTHER RESEARCH 

The objective of this study is to analyze and model a budget distribution case in which a 

fixed budget is distributed to different departments according to their projects. The 

problem of budget distribution is already a complex problem by itself and a broad 

literature is studying it. The allocation problem becomes much more complicated when 

the decision makers consider different projects of the departments.  

Thus, the decision process involves at least two layers: allocating the total budget among 

the departments and allocating the department budget among its projects. These two 

layers inevitably affect each other. The allocation within a department affects the total 

budget to be allocated to it and the total budget allocated to a department affects the 

amounts to be allocated to its projects.  

The objective of this study is to prescribe a budget allocation model which satisfies the 

decision makers (both the decision makers in the departments and a central decision 

maker which acts like an arbitrator between the departments) the most. The alternatives 

are the combinations of different allocation amounts to the projects of the departments, as 

limited by the total budget. 

Various ad-hoc procedures are used to handle this complex budget allocation process in 

practice. A great majority of these systems lack transparency since they do not involve a 

certain structure and they do not allow participation of the different parties in the decision 

making process.  
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Since the problem involves distribution of a budget to multiple parties, it can be treated as 

a multicriteria decision making (MCDM) problem, where the funds allocated to each 

party is a criterion. Of the widely used MCDM methods, multiattribute utility theory 

(MAUT) has been found appropriate since it allows the decision makers to consider an 

infinite (or very high) number of alternatives and it has a very strong theoretical 

background (Smith and von Winterfeldt, 2004). It also allows the decision makers to 

assess their needs on different criteria directly. 

The model used in the study constructs the overall utility function of the central decision 

maker in a hierarchy of lower level utility functions. First, the utility functions of the 

projects on each criterion are identified. Then the utility functions of the projects, 

departments and the overall utility function of the central decision maker are found as the 

aggregate of their subsequent lower level utility functions. At each step, the aggregate 

utility functions also help us to identify the tradeoffs: between the between the criteria of 

a project, between the projects of a department and between the departments.  

The first three utility functions (of the criteria, of the projects and of the departments) are 

decided by the decision makers in the departments and the overall utility function is 

decided by the central decision maker. The central decision maker respects the 

preferences of the departments for their projects such that she uses their utility functions 

for those projects as her own utility functions. And the overall utility function is 

optimized with a linear (or nonlinear, depending on the form of the aggregate utility 

functions) programming model where the alternatives are all the possible allocation 

schemes to the projects of the departments subject to a fixed budget. 
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This theoretical model adds two more levels to the models in literature: The budget is not 

only allocated to the different parties (departments), but it is allocated considering the 

needs (projects) of the departments; and the project utilities are evaluated on some 

criteria. It also allows partial funding of the projects. The utility function values for the 

projects are decided at a continuous scale of funding. 

Although the model, which is explained in Section 3.2 in detail, is theoretically strong 

and consistent with the axioms of the utility theory, it implies a great deal of tedious work 

for the decision makers, especially at the department level. The decision makers at the 

departments will have to evaluate each criterion of each project at different funding levels 

and identify the utility functions for each project on each criterion. They will also have to 

check the independence axioms for each level of aggregate function they are identifying 

and find the tradeoffs. 

Even with a few criteria and a few projects, this will be a major task, especially given that 

identification of a utility function is almost always challenging. As a strong normative 

model, utility theory has some deficiencies as a prescriptive model. As Fischer (1979) 

mentions, a large body of psychological research has been focused on the question of 

whether the utility functions can accurately reflect the structure of human preferences. 

Bell and Farquhar (1986) explain how the actual behaviors of the decision makers do not 

comply with the axioms of the utility theory and state that “decision analysts need to 

develop more flexible theories to accommodate actual decision”. 

This hard task of accurately assessing utilities is probably one of the reasons why the 

number of applications articles on ‘utility / value assessment’ has been stable during the 

periods 1970-’89 and ’90-2001, whereas the number of articles has been growing in all 
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other application areas (Keefer, Kirkwood and Corner, 2004). Especially in the business 

sector, a theoretically sound model may not mean as much as practicality. This explains 

the increasing number of applications made with Analytical Hierarchy Process (AHP) 

and multiple criteria decision aids, such as PROMETHEE and ELECTRE (Dyer, 

Fishburn, Steuer, Wallenius, Zionts, 1992). The development of visual tools, such as 

EXPERT CHOICE for AHP, made these multi criteria aids popular tools for managerial 

decisions. 

This study attempts to build a bridge between the ‘theoretically sound’ methodology and 

the ‘user friendly’ procedure. It enhances the applicability of MAUT and supply the 

decision makers a robust and consistent method to work with. As French (1998) points 

out, the practitioners of decision science should not lose sight of applicability in their 

work. 

This study suggests some practical modifications in utility elicitations procedures to 

overcome the difficulties of applying utility theory while relying on its solid foundations 

and utilizing its benefits (such as having an infinite number of alternatives, which is a 

critical feature of this study). Direct rating method is suggested instead of the lottery-type 

questions to find the utility functions and the tradeoffs between the attributes. Direct 

rating method is one of the suggested methods of estimating utilities listed in Fishburn 

(1967). It is also found to be a reliable methodology by Bottomley, Doyle and Green 

(2000). 

The suggested procedure was also tested in a real-life application at the grant request 

evaluation process of the Academic Research Funding Program (ARFP) of a national 

scientific research council. As detailed in Section 4.2, the utility-directed budget 
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allocation method developed in this study has been incorporated into the Council’s 

existing points scoring process. Thus, the projects are scored at the discrete points of 1 to 

4 instead of a continuous scoring over 100. The result is a simplified version of the 

original methodology suggested in Chapter 3 and a much improved allocation 

methodology for the ARFP. 

This process enables the decision makers at ARFP identify the scores that the projects 

receive at all possible levels of funding. It also helps them optimize the budget allocation 

such that the total benefit (i.e., scores) through the funded projects will yield are 

maximized subject to a given budget. 

The ARFP case shows that the suggested model also has the benefit of being flexible. It 

can be incorporated into different methodologies, as exemplified in the application. If 

partial funding is not an option, or if the alternative funding levels of the projects is very 

limited, then some practical multicriteria decision making methods such as Analytical 

Hierarchy Process can also be incorporated in this model to identify the preferences of 

the decision makers. 

From the beginning, it was the objective and the ambition of this study to develop a 

sound theoretical framework for budget allocation model but to keep it flexible enough to 

be applicable. As the decision makers in business and public sector seek more applied 

methodologies to use in their daily grind, it is the responsibility of the academic 

communities to provide these tools without sacrificing theoretical rigor. We believe this 

study responds to the challenge of bridging the gap to some extend and paves the way for 

more work to respond to that need. 
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For further research, this methodology can be extended to include multiple budgeting 

cycles. It is obvious that inclusion of multiple budgeting cycles may highly complicate 

the model, but it will make it closer to the reality for most budget allocation problems, 

particularly in public sector.  

Another potential extension of this study could be the inclusion of the preferences of the 

decision makers of a department on the projects of other departments. This extension 

would follow up on Eliashberg & Winkler’s (1981) original work; however it would be a 

significant computational challenge with the additional levels introduced in this study. 

As a result of the structure this study brings to critical budgeting decisions, the budgeting 

process is intended to become more accountable, transparent and open to discussion and 

participation of different parties. 
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APPENDICES 

I. CRITERIA UTILITY FUNCTIONS 

DEPARTMENT 1: 

Project 1:  

Criterion 1 (population):  

Linear relationship between the cost, x11, and the criterion level, z111:  

z111 = 2 x11,   0 ≤ x11 ≤ 25, in million $ 

Exponential utility function for the utility of the criterion level:  

u111 (z111) = 1.082 - e -.05 z111   
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Criterion 2 (sustainability):  

Step function between the cost and the criterion level:  

z112 =  0,   0 ≤ x11 ≤ 8 

  2,  8 ≤ x11 ≤ 16 

  3, 17 ≤ x11 ≤ 22 

4,   23 ≤ x11 ≤ 25 

Logarithmic function for the utility of the criterion level: 

u112 (z112) = 1.661 log z112 
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Criterion 3 (social):  

Exponential relationship between cost and the criterion: 

z113 (x113) = 1 – e -.2 x113 ,   0 ≤ x11 ≤ 25 

Linear relationship between the criterion and the utility:  

u113 (z113) = z113 
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Project 2:  

Criterion 1 (population):  

Linear relationship between the cost, x12, and the criterion level, z121:  

z121 = 2 x12,  0 ≤ x12 ≤ 35, in million $ 

Exponential function for the utility of the criterion level:  

u121 (z121) = 1.535 – 1.528 e -0.15 z121,   
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Criterion 2 (sustainability):  

Binary function between the cost and the criterion level:  

z122 =  0,   0 ≤ x12 ≤ 30 

  1,  31 ≤ x12 ≤ 35 

Liner relationship between the utility and the criterion level: 

u122 (z122) = z122 
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Criterion 3 (social):  

Exponential relationship between cost and the criterion: 

z123 = 5 – 5 e -.1 x12 ,   0 ≤ x12 ≤ 35 

Exponential relationship between the criterion and the utility: 

u123 (z123) = 2.6 – 2.6 e -.1 z123 
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Project 3:  

Criterion 1 (population):  

Linear relationship between the cost, x13, and the criterion level, z131, defined separately 

within different ranges:  

z131 =  2.5 x13,   0 ≤ x13 ≤ 8 

3.5 x13,  9 ≤ x13 ≤ 15 

5 x13, 16 ≤ x13 ≤ 20, in million $ 

Logarithmic function for the utility of the criterion level:  

u131 (z131) = 0.5 (log z131 + 2) 
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Criterion 2 (sustainability):  

Binary function between the cost and the criterion level:  

z132 =  0,   0 ≤ x13 ≤ 15 

  1,  16 ≤ x13 ≤ 20 
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Liner relationship between the utility and the criterion level: 

u132 (z132) = z132 
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Criterion 3 (social):  

Linear relationship between cost and the criterion: 

z133 = 20 + 0.5 x13 ,  0 ≤ x13 ≤ 20 

Logarithmic relationship between the criterion and the utility: 

u133 (z133) = 5.679 (log z133 – 1.3) 
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DEPARTMENT 2: 

Project 1:  

Criterion 1 (population):  
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Linear relationship between the cost, x21, and the criterion level, z211, defined separately 

within different ranges:  

z211 =  2 x21,   0 ≤ x21 ≤ 10 

3 x21,  11 ≤ x21 ≤ 20, in million $ 

Exponential function for the utility of the criterion level:  

u211 (z211) = 1.1 – 1.1 e -0.04 z211 
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Criterion 2 (sustainability):  

Exponential function between the cost and the criterion level:  

z212 =  1 – e -0.1 x21
  + 0.007 x21,   0 ≤ x21 ≤ 20 

Liner relationship between the utility and the criterion level: 

u212 (z212) = z212 
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Criterion 3 (social):  
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Linear relationship between cost and the criterion: 

z213 = 10 + 0.5 x21,   0 ≤ x21 ≤ 20 

Exponential relationship between the criterion and the utility: 

u213 (z213) = 1.578 – 4.3 e - 0.1 z213 
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Project 2:  

Criterion 1 (population):  

Step function between the cost and the criterion level:  

z221 =  0,   0 ≤ x22 ≤ 6 

  10,  7 ≤ x22 ≤ 15 

  20, 16 ≤ x22 ≤ 30 

30,   31 ≤ x22 ≤ 39 

35,   40 ≤ x22 ≤ 45,  in million $ 

Exponential function for the utility of the criterion level:  

u221 (z221) = 2.435 – 2.435 e -0.015 z221 

 129



0

5

10

15

20

25

30

35

0 5 10 15 20 25 30 35 40 45
Cost

P
op

ul
at

io
n

 

0

0.2

0.4

0.6

0.8

1

0 5 10 15 20 25 30 35
Population

U
til

ity

 

Criterion 2 (sustainability):  

Exponential function between the cost and the criterion level:  

z222 =  1.125 – 1.125 e -0.05 x22
 ,   0 ≤ x22 ≤ 45 

Liner relationship between the utility and the criterion level: 

u222 (z222) = z222 
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Criterion 3 (social):  

Logarithmic relationship between cost and the criterion: 

z223 = 5 + 5 log (0.1 x22),   0 ≤ x22 ≤ 45 

Linear relationship between the criterion and the utility: 

u223 (z223) = 0.121 z223 
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Project 3:  

Criterion 1 (population):  

Linear relationship between the cost, x23, and the criterion level, z231: 

z231 = 40 + 2.5 x23,   0 ≤ x23 ≤ 35,  in million $ 

Logarithmic function for the utility of the criterion level:  

u231 (z231) = log (z231 – 30) - 1 

40

60

80

100

120

0 10 20 30Cost

P
op

ul
at

io
n

 

0

0.2

0.4

0.6

0.8

1

40 50 60 70 80 90 100 110 120 130
Population

U
til

ity

 

Criterion 2 (sustainability):  

Linear relationship between the cost and the criterion level defined at some part of the 

range:  

z232 =  0,   0 ≤ x23 ≤ 25 

  0.5 x23,   26 ≤ x23 ≤ 35 

Liner relationship between the utility and the criterion level: 
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u232 (z232) = 6.25 – 6.25 e -0.01 z232 
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Criterion 3 (social):  

Logarithmic relationship between cost and the criterion: 

z233 = 6.48 log (x23),   0 ≤ x23 ≤ 35 

Linear relationship between the criterion and the utility: 

u233 (z233) = 0,   0 ≤ z233 ≤ 5 

0.1 z233,   5 < x23 ≤ 10 
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DEPARTMENT 3: 

Project 1:  

Criterion 1 (population):  
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Linear relationship between the cost, x31, and the criterion level, z311, defined separately 

within different ranges:  

z311 =  2 x31,   0 ≤ x31 ≤ 20 

3 x31,  21 ≤ x31 ≤ 30,   in million $ 

Exponential function for the utility of the criterion level:  

u311 (z311) = 1 – e -0.05 z211 
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Criterion 2 (sustainability):  

Exponential function between the cost and the criterion level:  

z312 =  1 – e -0.2 x31
  + 0.07 x31,   0 ≤ x31 ≤ 30 

Liner relationship between the utility and the criterion level: 

u312 (z312) = 0.323 z312 
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Criterion 3 (social):  
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Linear function between the cost and the criterion: 

z313 = x31,  0 ≤ x31 ≤ 30 

Exponential relationship between the criterion and the utility: 

u313 (z313) = 1.3 – 1.3 e - 0.05 z313 
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Project 2:  

Criterion 1 (population):  

Step function between the cost and the criterion level:  

z321 =  0,   0 ≤ x32 ≤ 4 

  15,  5 ≤ x32 ≤ 8 

  24,  9 ≤ x32 ≤ 12 

32,  13 ≤ x32 ≤ 16 

40,  17 ≤ x32 ≤ 21 

50,  22 ≤ x32 ≤ 27 

60,  28 ≤ x32 ≤ 30,  in million $ 

Quadratic function for the utility of the criterion level:  

u321 (z321) = (z321)
2 / 3600 
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Criterion 2 (sustainability):  

Binary function between the cost and the criterion level:  

z322 =  0,   0 ≤ x32 ≤ 22, 

  1,  22 < x32 ≤ 30 

Linear relationship between the utility and the criterion level: 

u322 (z322) = z322 
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Criterion 3 (social):  

Logarithmic relationship between cost and the criterion: 

  z323 = 5 + 5 log (0.1 x32),   0 ≤ x32 ≤ 30 

Exponential relationship between the criterion and the utility: 

u323 (z323) = 3.9 – 3.9 e -0.04 z323 
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Project 3:  

Criterion 1 (population):  

Exponential relationship between the cost, x33, and the criterion level, z331: 

z331 = e -5- 0.2 x33,    0 ≤ x33 ≤ 25,  in million $ 

Logarithmic function for the utility of the criterion level:  

u331 (z331) = 3.3 (log (10 z331 +10) – 3.3 
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Criterion 2 (sustainability):  

Linear relationship between the cost and the criterion level defined at some part of the 

range:  

z332 =  0,   0 ≤ x33 < 20 

  2 x33,   20 ≤ x33 ≤ 25 

Exponential relationship between the utility and the criterion level: 
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u332 (z332) = (e 0.025 z332) / 3.5 
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Criterion 3 (social):  

Exponential relationship between cost and the criterion: 

z333 = 100 – 100 e -0.05 x33,    0 ≤ x33 ≤ 25 

Linear relationship between the criterion and the utility: 

u333 (z333) = 0.5 log (14 z333 + 10) – 0.5,   0 ≤ z333 ≤ 71.4 
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II. AGGREGATION FUNCTIONS 

Project Utility Functions: 

Department 1: 

Project 1 utility function is additive with scaling constants k1 = 0.4, k2 = 0.4, k3 = 0.2 for 

the criteria: 

u11 (x11) = f11'' [u111(x11), u112 (x11), u113 (x11)]  

=  kl u11l (x11) = 0.4 u111 (x11) + 0.4 u112 (x11) + 0.2 u113 (x11) 
=

3

1l

Project 2 utility function is multiplicative with scaling constants k1 = 0.5, k2 = 0.3, k3 = 

0.4, and k = - 0.452 is a solution to  1 + k = (1 + k kj): ∏
=1j

3

u12 (x12) = f12'' [u121 (x12), u122 (x12), u123 (x12)]  

= +k   )( 1212

3

1

xuk l
l

l
=

)()()()()( 121231212212121321
2

12121212

3

,1

xuxuxukkkkxuxukk rl
lrl

rl +
>=

= 0.5 u121 (x12) + 0.3 u122 (x12) + 0.4 u123 (x12) - 0.452 [0.5 x 0.3 u121 (x12)  u122 (x12) 

+ 0.5 x 0.4 u121 (x12) u123 (x12) + 0.3 x 0.4 u122 (x12) u123 (x13)] + 0.4522 x 0.5 x 0.3  

x 0.4 u121 (x12) u122 (x12) u123 (x12) 

Project 3 utility function is multilinear with scaling constants k1 = 0.4, k2 = 0.5, k3 = 0.2, 

and k12 = 0.4, k13 = - 0.3, k23 = - 0.15, and k123 = 0.5 are chosen to normalize the utility 

function: 

u13 (x13) = f13'' [u131 (x13), u132 (x13), u133 (x13)]  
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= +  
=

3

1
13131 )(

l
l xuk )()()()()( 1313313132131313211231313

3

,1
1313 xuxuxukkkkxuxukkk r

lrl
lrllr +

>=

= 0.4 u131 (x13) + 0.5 u132 (x13) + 0.2 u133 (x13) + 0.4 x 0.4 x 0.5 u131 (x13) u132 (x13) - 

0.3 x 0.4 x 0.2 u131 (x13) u133 (x13) - 0.15 x 0.5 x 0.2 u132 (x13) u133 (x13)] + 0.5 x 0.4 

x 0.5 x 0.2 u131 (x13) u132 (x13) u133 (x13) 

Department 2: 

Project 1 utility function is additive with scaling constants k1 = 0.5, k2 = 0.3, k3 = 0.2 for 

the criteria: 

u21 (x21) = f21'' [u211(x21), u212 (x21), u213 (x21)]  

=  kl u21l (x21) = 0.5 u211 (x21) + 0.3 u212 (x21) + 0.2 u213 (x21) 
=

3

1l

Project 2 utility function is multiplicative with scaling constants k1 = 0.3, k2 = 0.3, k3 = 

0.2, and k = 0.885 is a solution to  1 + k = (1 + k kj): ∏
=1j

3

u22 (x22) = f22'' [u221 (x22), u222 (x22), u223 (x22)]  

= +k   )( 2222

3

1

xuk l
l

l
=

)()()()()( 222232222222221321
2

22222222

3

,1

xuxuxukkkkxuxukk rl
lrl

rl +
>=

= 0.3 u221 (x22) + 0.3 u222 (x22) + 0.2 u223 (x22) + 0.885 [0.3 x 0.3 u221 (x22) u222 (x22) 

+ 0.3 x 0.2 u221 (x22) u223 (x22) + 0.3 x 0.2 u222 (x22) u223 (x22)] + 0.8852 x 0.3 x 0.3 x 

0.2 u221 (x22) u222 (x22) u223 (x22) 

Project 3 utility function is additive with scaling constants k1 = 0.4, k2 = 0.5, k3 = 0.1: 

u23 (x23) = f23'' [u231(x23), u232 (x23), u233 (x23)]  
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=  kl u23l (x23) = 0.4 u231 (x23) + 0.5 u232 (x23) + 0.1 u233 (x23) 
=

3

1l

Department 3: 

Project 1 utility function is additive with scaling constants k1 = 0.5, k2 = 0.25, k3 = 0.25 for 

the criteria: 

u31 (x31) = f31'' [u311(x31), u312 (x31), u313 (x31)]  

=  kl u31l (x31) = 0.5 u311 (x31) + 0.25 u312 (x31) + 0.25 u313 (x31) 
=

3

1l

Project 2 utility function is multiplicative with scaling constants k1 = 0.4, k2 = 0.2, k3 = 

0.2, and k = 0.877 is a solution to  1 + k = (1 + k kj): ∏
=1j

3

3

u32 (x32) = f32'' [u321 (x32), u322 (x32), u323 (x32)]  

= +k   )( 3232

3

1

xuk l
l

l
=

)()()()()( 323233232232321321
2

32323232

3

,1

xuxuxukkkkxuxukk rl
lrl

rl +
>=

= 0.4 u321 (x32) + 0.2 u322 (x32) + 0.2 u323 (x32) + 0.877 [0.4 x 0.2 u321 (x32)       u322 

(x32) + 0.4 x 0.2 u321 (x32) u323 (x32) + 0.2 x 0.2 u322 (x32) u323 (x32)] + 0.8772 x 0.4 x 

0.2 x 0.2 u321 (x32) u322 (x32) u323 (x32) 

Project 3 utility function is multiplicative with scaling constants k1 = 0.6, k2 = 0.4, k3 = 

0.4, and k = - 0.7 is a solution to  1 + k = (1 + k kj): ∏
=1j

u33 (x33) = f33'' [u331(x33), u332 (x33), u333 (x33)]  
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= +k   )( 3333

3

1

xuk l
l

l
=

)()()()()( 333333333233331321
2

33333333

3

,1

xuxuxukkkkxuxukk rl
lrl

rl +
>=

= 0.6 u331 (x33) + 0.4 u332 (x33) + 0.4 u333 (x33) - 0.7 [0.6 x 0.4 u331 (x33)        u332 

(x33) + 0.6 x 0.4 u331 (x33) u333 (x33) + 0.4 x 0.4 u332 (x33) u333 (x33)] - 0.72 x 0.6 x 

0.4 x 0.4 u331 (x33) u332 (x33) u333 (x33) 

 

Department Utility Functions: 

Department 1 utility function is additive with scaling constants k1 = 0.3, k2 = 0.4, k3 = 0.3 

for the projects: 

u1 (x1) = f1' [u11(x11), u12 (x12), u13 (x13)]  

=  kl u1l (x1l) = 0.3 u11 (x11) + 0.4 u12 (x12) + 0.3 u13 (x13) 
=

3

1l

Department 2 utility function is multiplicative with scaling constants k1 = 0.3, k2 = 0.5, k3 

= 0.3, and k = - 0.265 is a solution to  1 + k = ∏ (1 + k kj): 
=1j

3

u2 (x2) = f2' [u21(x21), u22 (x22), u23 (x23)]  

= +k   )( 22

3

1
ll

l
l xuk

=
)()()()()( 232322222121321

2
2222

3

,1

xuxuxukkkkxuxukk lrll
lrl

rl +
>=

= 0.3 u21 (x21) + 0.5 u22 (x22) + 0.3 u23 (x23) - 0.265 [0.3 x 0.5 u21 (x21)              x u22 

(x22) + 0.3 x 0.3 u21 (x21) u23 (x23) + 0.5 x 0.3 u22 (x22) u23 (x23)] - 0.2652    x 0.3 x 

0.5 x 0.3 u31 (x31) u32 (x32) u33 (x33) 
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Department 3 utility function is additive with scaling constants k1 = 0.45, k2 = 0.35, k3 = 

0.2 for the projects: 

u3 (x3) = f3' [u31(x31), u32 (x32), u33 (x33)]  

=  kl u3l (x3l) = 0.45 u31 (x31) + 0.35 u32 (x32) + 0.2 u33 (x33) 
=

3

1l

 

The overall utility function: 

The overall utility function is additive with scaling constants k1 = 0.35, k2 = 0.35, k3 = 0.3 

for the projects: 

u (x) = f [u1(x1), u2 (x2), u3 (x3)]  

=  kl ul (xl) = 0.35 u1 (x1) + 0.35 u2 (x2) + 0.3 u3 (x3) 
=

3

1l
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 Appendix III: Utility Maximization Problem for the Hypothetical Model 

c ($) u11 (c) y11k cost util c ($) u u u12 (c) y12k cost util c ($) 13 (c) y13k cost util c($) 21 (c) y21k cost util c ($) u22 (c) y22k cost util 
0 0 0 0 0 0 0.003 0 0 0 0 0.001 0 0 0 0 -0 0 0 0 0 0 0 0 0 
1 0.107 0 0 0 1 0.074 0 0 0 1 0.143 0 0 0 1 0.088 0 0 0 1 0.016 0 0 0 
2 0.171 0 0 0 2 0.136 0 0 0 2 0.193 0 0 0 2 0.169 0 0 0 2 0.07 0 0 0 
3 0.227 0 0 0 3 0.191 0 0 0 3 0.23 0 0 0 3 0.245 0 0 0 3 0.107 0 0 0 
4 0.275 0 0 0 4 0.241 0 0 0 4 0.261 0 0 0 4 0.314 0 0 0 4 0.138 0 0 0 
5 0.317 0 0 0 5 0.286 0 0 0 5 0.287 0 0 0 5 0.379 0 0 0 5 0.165 0 0 0 
6 0.353 0 0 0 6 0.327 0 0 0 6 0.311 0 0 0 6 0.439 0 0 0 6 0.189 0 0 0 
7 0.385 0 0 0 7 0.364 0 0 0 7 0.332 0 0 0 7 0.494 0 0 0 7 0.332 1 7 0.332 
8 0.613 1 8 0.613 8 0.398 0 0 0 8 0.352 0 0 0 8 0.546 0 0 0 8 0.354 0 0 0 
9 0.637 0 0 0 9 0.429 0 0 0 9 0.397 0 0 0 9 0.593 0 0 0 9 0.375 0 0 0 

10 0.659 0 0 0 10 0.457 0 0 0 10 0.414 0 0 0 10 0.637 0 0 0 10 0.394 0 0 0 
11 0.678 0 0 0 11 0.484 0 0 0 11 0.431 0 0 0 11 0.759 0 0 0 11 0.412 0 0 0 
12 0.694 0 0 0 12 0.508 0 0 0 12 0.446 0 0 0 12 0.797 0 0 0 12 0.429 0 0 0 
13 0.709 0 0 0 13 0.531 0 0 0 13 0.461 0 0 0 13 0.83 0 0 0 13 0.445 0 0 0 
14 0.722 0 0 0 14 0.553 0 0 0 14 0.475 0 0 0 14 0.861 0 0 0 14 0.461 0 0 0 
15 0.734 0 0 0 15 0.573 0 0 0 15 0.489 0 0 0 15 0.89 0 0 0 15 0.475 0 0 0 
16 0.744 0 0 0 16 0.591 0 0 0 16 0.958 1 16 0.958 16 0.916 0 0 0 16 0.604 0 0 0 
17 0.87 0 0 0 17 0.609 0 0 0 17 0.97 0 0 0 17 0.94 0 0 0 17 0.619 0 0 0 
18 0.878 0 0 0 18 0.625 0 0 0 18 0.981 0 0 0 18 0.962 0 0 0 18 0.632 0 0 0 
19 0.886 0 0 0 19 0.641 0 0 0 19 0.992 0 0 0 19 0.982 0 0 0 20 0.657 0 0 0 
20 0.892 0 0 0 20 0.656 0 0 0 20 1.003 0 0 0 20 1.001 1 20 1.001 21 0.669 0 0 0 
21 0.898 0 0 0 21 0.67 0 0 0 22 0.68 0 0 0 
22 0.986 0 0 0 22 0.683 0 0 0 1 16 0.958   1 20 1.001 24 0.7 0 0 0 
23 0.991 0 0 0 23 0.696 0 0 0  25 0.71 0 0 0 
24 0.995 0 0 0 24 0.708 0 0 0  26 0.719 0 0 0 
25 0.999 0 0 0 25 0.719 0 0 0  28 0.737 0 0 0 

26 0.73 0 0 0 29 0.745 0 0 0 
  1 8 0.613 27 0.74 0 0 0  30 0.753 0 0 0 
     28 0.75 0 0 0  32 0.876 0 0 0 
     29 0.76 0 0 0  34 0.89 0 0 0 
     30 0.965 1 30 0.965  36 0.903 0 0 0 
     31 0.972 0 0 0  37 0.909 0 0 0 
     32 0.979 0 0 0  38 0.915 0 0 0 
     33 0.986 0 0 0  39 0.921 0 0 0 
     34 0.993 0 0 0  40 0.976 0 0 0 
     35 1 0 0 0  41 0.981 0 0 0 

42 0.986 0 0 0 
      1 30 0.965  43 0.991 0 0 0 
       44 0.996 0 0 0 
       45 1 0 0 0 

                 1 7 0.332 
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uc ($) 23 (c) y23k cost util c ($) u31 (c) y31k cost util c ($) u32 (c) y32k cost util c ($) u33 (c) y33k cost util 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0.006 0 0 0

1 0.039 0 0 0 1 0.084 0 0 0 1 0 0 0 0 1 0.079 0 0 0
2 0.09 1 2 0.09 2 0.159 0 0 0 2 0.046 0 0 0 2 0.14 1 2 0.14
3 0.128 0 0 0 3 0.228 0 0 0 3 0.071 0 0 0 3 0.19 0 0 0
4 0.159 0 0 0 4 0.291 0 0 0 4 0.088 0 0 0 4 0.231 0 0 0
5 0.186 0 0 0 5 0.348 0 0 0 5 0.129 0 0 0 5 0.266 0 0 0
6 0.21 0 0 0 6 0.4 0 0 0 6 0.14 0 0 0 6 0.295 0 0 0
7 0.23 0 0 0 7 0.448 1 7 0.448 7 0.149 0 0 0 7 0.32 0 0 0
8 0.249 0 0 0 8 0.492 0 0 0 8 0.157 1 8 0.157 8 0.493 0 0 0
9 0.267 0 0 0 9 0.533 0 0 0 9 0.207 0 0 0 9 0.51 0 0 0

10 0.282 0 0 0 10 0.57 0 0 0 10 0.213 0 0 0 10 0.525 0 0 0
11 0.297 0 0 0 11 0.605 0 0 0 11 0.219 0 0 0 11 0.539 0 0 0
12 0.311 0 0 0 12 0.637 0 0 0 12 0.224 0 0 0 12 0.552 0 0 0
13 0.324 0 0 0 13 0.667 0 0 0 13 0.285 0 0 0 13 0.566 0 0 0
14 0.336 0 0 0 14 0.695 0 0 0 14 0.29 0 0 0 14 0.58 0 0 0
15 0.347 0 0 0 15 0.721 0 0 0 15 0.294 0 0 0 15 0.596 0 0 0
16 0.358 0 0 0 16 0.746 0 0 0 16 0.297 0 0 0 16 0.613 0 0 0
17 0.368 0 0 0 17 0.769 0 0 0 17 0.374 0 0 0 17 0.708 0 0 0
18 0.377 0 0 0 18 0.79 0 0 0 18 0.378 0 0 0 18 0.727 0 0 0
19 0.387 0 0 0 19 0.811 0 0 0 19 0.381 0 0 0 19 0.749 0 0 0
20 0.396 0 0 0 20 0.83 0 0 0 20 0.384 0 0 0 20 0.775 0 0 0
21 0.404 0 0 0 21 0.888 0 0 0 21 0.387 0 0 0 21 0.803 0 0 0
22 0.412 0 0 0 22 0.902 0 0 0 22 0.506 0 0 0 22 0.88 0 0 0
23 0.42 0 0 0 23 0.916 0 0 0 23 0.798 0 0 0 23 0.915 0 0 0
24 0.427 0 0 0 24 0.929 0 0 0 24 0.802 0 0 0 24 0.953 0 0 0
25 0.435 0 0 0 25 0.942 0 0 0 25 0.805 0 0 0 25 0.996 0 0 0

26 0.823 0 0 0 26 0.953 0 0 0 26 0.808 0 0 0       
27 0.843 0 0 0 27 0.965 0 0 0 27 0.81 0 0 0    1 2 0.14

28 0.863 0 0 0 28 0.976 0 0 0 28 0.981 0 0 0       
29 0.883 0 0 0 29 0.987 0 0 0 29 0.984 0 0 0       
30 0.903 0 0 0 30 0.997 0 0 0 30 0.987 0 0 0       
31 0.922 0 0 0 
32 0.941 0 0 0  1 7 0.448 1 8 0.157
33 0.96 0 0 0   
34 0.979 0 0 0   
35 0.997 0 0 0   

   1 2 0.09                
 



Appendix IV: Utility Maximization Model for the Application Model  
Xb1 total dec cost score Xb2 total dec cost score Xb3 total dec cost score Xe1 total dec cost score Xe2 total dec cost score 

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 
1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 5 0 0 0 0 5 0 0 0 0 
2 0 0 0 0 2 0 0 0 0 2 0 0 0 0 10 0 0 0 0 10 0 0 0 0 
3 0 0 0 0 3 0 0 0 0 3 0 0 0 0 15 0 0 0 0 15 0 0 0 0 
4 0 0 0 0 4 0 0 0 0 4 0 0 0 0 20 0 0 0 0 20 0 0 0 0 
5 0 0 0 0 5 0 0 0 0 5 0 0 0 0 25 0 0 0 0 25 0 0 0 0 
6 0 0 0 0 6 0 0 0 0 6 0 0 0 0 30 0 0 0 0 30 0 0 0 0 
7 0 0 0 0 7 0 0 0 0 7 0 0 0 0 35 0 0 0 0 35 0 0 0 0 
8 0 0 0 0 8 0 0 0 0 8 0 0 0 0 40 0 0 0 0 40 0 0 0 0 
9 0 0 0 0 9 0 0 0 0 9 0 0 0 0 45 0 0 0 0 45 0 0 0 0 

10 0 0 0 0 10 0 0 0 0 10 0 0 0 0 50 0 0 0 0 50 0 0 0 0 
11 1.8 0 0 0 11 0 0 0 0 11 0 0 0 0 55 0 0 0 0 55 0 0 0 0 
12 1.8 0 0 0 12 0 0 0 0 12 0 0 0 0 60 0 0 0 0 60 0 0 0 0 
13 6.3 0 0 0 13 0 0 0 0 13 0 0 0 0 65 0 0 0 0 65 0 0 0 0 
14 7.2 1 14 7.2 14 0 0 0 0 14 0 0 0 0 70 0 0 0 0 70 0 0 0 0 
15 7.2 0 0 0 15 0 0 0 0 15 5.1 0 0 0 75 0 0 0 0 75 0 0 0 0 
16 7.2 0 0 0 16 9 0 0 0 16 5.1 0 0 0 80 0 0 0 0 80 0 0 0 0 
17 7.2 0 0 0 17 9 0 0 0 17 5.1 0 0 0 85 0 0 0 0 85 0 0 0 0 
18 8.1 0 0 0 18 9 0 0 0 18 5.1 0 0 0 90 0 0 0 0 90 4 0 0 0 
19 9 0 0 0 19 9 0 0 0 19 5.1 0 0 0 95 0 0 0 0 95 4 0 0 0 
20 9 0 0 0 20 11.1 1 20 11.1 20 6 0 0 0 100 0 0 0 0 100 4 0 0 0 

21 9.9 0 0 0      21 6 0 0 0 105 0 0 0 0 105 4 0 0 0 

22 10.8 0 0 0   1 20 11.1 22 6 0 0 0 110 0 0 0 0 110 9 1 110 9 

23 10.8 0 0 0      23 6.9 0 0 0 115 0 0 0 0        

24 10.8 0 0 0      24 6.9 0 0 0 120 9 0 0 0    1 110 9 

          25 7.8 0 0 0 125 9 0 0 0       
  1 14 7.2      26 7.8 0 0 0 130 9 0 0 0       
          27 7.8 0 0 0 135 9 0 0 0       
          28 9 0 0 0 140 11 0 0 0       
          29 9 0 0 0 145 11 0 0 0       
          30 9 0 0 0 150 11 0 0 0       

               155 12 0 0 0       

            1 0 0           
                 1 0 0      
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Xe3 total dec cost score Xp1 total dec cost score Xp2 total dec cost score Xp3 total Dec cost score 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
5 0 0 0 0 2 0 0 0 0 2 0 0 0 0 2 0 0 0 0 

10 0 0 0 0 4 0 0 0 0 4 0 0 0 0 4 0 0 0 0 
15 0 0 0 0 6 0 0 0 0 6 0 0 0 0 6 0 0 0 0 
20 0 0 0 0 8 0 0 0 0 8 0 0 0 0 8 0 1 8 0 
25 0 0 0 0 10 3 1 10 3 10 0 0 0 0 10 0 0 0 0 
30 0 0 0 0 12 3 0 0 0 12 0 0 0 0 12 0 0 0 0 
35 0 0 0 0 14 3 0 0 0 14 0 0 0 0 14 0 0 0 0 
40 4 0 0 0 16 3 0 0 0 16 0 0 0 0 16 0 0 0 0 
45 4 0 0 0 18 3 0 0 0 18 0 0 0 0 18 0 0 0 0 
50 4 0 0 0 20 3 0 0 0 20 0 0 0 0 20 0 0 0 0 
55 4 0 0 0 22 3.6 0 0 0 22 0 0 0 0 22 0 0 0 0 
60 5 0 0 0 24 3.6 0 0 0 24 0 0 0 0 24 0 0 0 0 
65 5 0 0 0 26 3.6 0 0 0 26 0 0 0 0 26 0 0 0 0 
70 6 0 0 0 28 6 0 0 0 28 0 0 0 0 28 0 0 0 0 
75 6 0 0 0 30 6 0 0 0 30 0 0 0 0 30 0 0 0 0 
80 8 1 80 8 32 6 0 0 0 32 5.1 0 0 0 32 0 0 0 0 
85 8 0 0 0 34 6 0 0 0 34 5.1 0 0 0 34 0 0 0 0 
90 8 0 0 0 36 6 0 0 0 36 5.1 0 0 0 36 0 0 0 0 
95 9 0 0 0 38 6 0 0 0 38 5.1 0 0 0 38 0 0 0 0 

     40 7.5 0 0 0 40 7.5 0 0 0 40 0 0 0 0 

  1 80 8 42 7.5 0 0 0 42 7.5 0 0 0 42 0 0 0 0 
     44 7.5 0 0 0 44 7.5 0 0 0 44 0 0 0 0 
     46 9 0 0 0 46 7.5 0 0 0 46 0 0 0 0 

          48 7.5 0 0 0 48 0 0 0 0 

       1 10 3 50 7.5 0 0 0 50 0 0 0 0 
          52 10.5 1 52 10.5 52 0 0 0 0 

                    54 0 0 0 0 
            1 52 10.5 56 0 0 0 0 
               58 0 0 0 0 
               60 0 0 0 0 
               62 0 0 0 0 
               64 0 0 0 0 
               66 0 0 0 0 
               68 0 0 0 0 
               70 11.1 0 0 0 

                 1 8 0 
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