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Abstract of Thesis

Bivariate Issues in Fair Leader Election

All prior work in leader election algorithms deals with univariate facets. We

consider multivariate issues in a broad class of fair leader election algorithms. We

investigate the joint distribution of the duration of two competing candidates. Under

rather mild conditions on the splitting protocol, we prove the convergence of the

joint distribution of the duration of any two contestants to a limit via convergence

of distance (to 0) in a metric space on distributions. We then show that the limiting

distribution is a Marshall-Olkin bivariate geometric distribution. Under the classic

binomial splitting we are able to say a few more precise words about the exact joint

distribution and exact covariance, and to explore (via Rice’s integral method) the

oscillatory behavior of the diminishing covariance.
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Chapter 1

Introduction

Lately, leader election algorithms have become a subject of intensive study, mainly

because of their potential use in various applications. Many interesting parameters

have been studied in fair leader election, ranging from the duration of the algorithm

till termination (see [2, 4]), the total cost till termination [6, 15], to the number of

rounds a contestant survives [6, 9], and the number of survivors after a prespecified

number of rounds [8]. All these investigations are concerned with univariate statistics

in leader election. In this study we address multivariate issues that can give us a

more refined view of the overall random structure.

1.1 Overview

The thesis is structured in sections as follows. Chapter 1 gives a description of leader

election algorithm, and briefly views the previous work in this field. Chapter 1 ends

with an introduction of notation used in this thesis. Chapter 2 provides the necessary

methods, such as the contraction method and Rice’s integral, that are applied in the

proofs of the main results. Chapter 3 studies leader election under binomial splitting,

considering both the exact distribution of joint duration and a look at the micro

behavior of the covariance of the joint duration in the limit. Chapter 4 gives a detailed

analysis on the asymptotic properties, which includes the proof of the convergence.

It ends with some concluding remarks.
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1.2 The leader election algorithm

A leader election algorithm is a randomized algorithm that produces a leader out of a

set of contestants. Such an algorithm is mainly characterized by its splitting protocol,

which is a random procedure that determines the contestants who advance. A fair

leader election is one such that a priori all contestants have equal chance to advance

to the next round. A fair leader election algorithm behaves as follows. A number of

contestants compete fairly to elect a winner. The contestants go through elimination

rounds, in which events are generated (by contestants, agents or moderators) to decide

whether or not they advance to the next round. Those who advance compete again

recursively till a winner is selected or the election is considered winnerless. The

splitting protocol of each round needs only to be fair. It is not necessary to apply the

same splitting method in every round. Such an algorithm goes recursively until only

one contestant is left. In some variations the procedure may result in no winners at

all, and all contestants are considered losers. In this thesis, only fair leader election

algorithms are considered.

A very natural splitting protocol of such a fair leader election is to let each con-

testant flip the same coin, or throw the same die. One can think of these operations

as a binonmial splitting protocol. Specifically, a random experiment is conducted

over the contestants so that each contestant has the same probability of “success.”

Such algorithms have been thoroughly studied by [2, 4, 5, 9, 10, 11, 12]. Only very

recently did research branch out of the specific case of binomial splitting to more

general splitting protocols. For instance, Kalpathy and Ward [7] considers truncated

geometric distributions as splitting protocols, while Janson et al. [5], Kalpathy et

al. [9] and Kalpathy and Mahmoud [6] consider broader theories that cover large

classes of probability distributions. Some of the work shall be reviewed in the next

chapter.
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1.3 Previous work

Under the binomial splitting protocol with probability of success being one half,

Prodinger [15] gives the average duration of a contestant, while Fill et al. [2] finds

the exact distribution as well as the first two moments of the duration of a contestant.

Fill et al. [2] also gives the asymptotic results of the distribution by Poissonization.

Jason and Szpankowski [4] expands the analysis to more general binomial splitting

protocol. Under a broader class of splitting protocols, Kalpathy and Mahmoud [6]

studies the asymptotic distribution, and shows that under some mild conditions, the

limiting distribution of the duration of a contestant is a Geometric. Kalpathy et

al [8] discusses the number of contestants who advances to a certain round and gives

the asymptotic properties of this statistic. Kalpathy et al [9] reveals the oscillating

behavior in the expectation of the distribution as the number of contestants goes to

infinity, as well as the asymptotic distribution of the total number of coin flips (cost).

As we mention in the preceding paragraphs, Kalpathy and Mahmoud [6] looks at

the distribution of the duration of a particular individual contestant, a statistic that

is important from the vantage point of that individual contestant. In this thesis, we

look at the various layers at which contestants can fall and examine the covariance

structure between the various durations. The joint distribution of two durations can

tell one contestant how well others will do compared to him/herself. That is, this

joint distribution specifies the prospect of competing against other constants, which

impacts settling bilateral scores and side bets between two contestants, and may

influence budget planning, if there are entry fees or other costs at each stage.

As the quest continues for broad theories, we examine joint distributions and the

covariance structure under a large class of splitting protocols that satisfy a set of mild

regularity conditions.
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1.4 Notation

We end the first chapter by introducing notation and describing the leader election

in a probabilistic manner. A priori, we have a predetermined sequence of random

variables, K0, K1, K2, . . . , with Kj having a distribution on the set {0, 1, . . . , j}. We

call this sequence of distributions the splitting protocol—whenever we need to generate

winning candidates, say, when the contest size becomes j, we use the distribution of

Kj to generate a random number which is the number of contestants to advance.

Initially, there are n contestants. A certain number Kn ∈ {0, 1, . . . , n}, having

the nth distribution from the given list is generated. Then, Kn candidates are fairly

selected to advance to the second round and the rest of the contestants are eliminated.

Fair selection means that, given Kn = k, all
(
n
k

)
subsets of the initially present

contestants are equally likely choices to be competitors in the second round. The

algorithm is then applied recursively on the remaining set of contestants. If the

process is not yet declared stopped—given Kn = k > 0, a certain number is generated,

say J , following the kth distribution from the given splitting protocol. A fairly chosen

subset of size J is chosen from among the the k contestants of the second round, the

rest are eliminated. The process continues in this fashion till one leader is elected,

or till all contestants are eliminated (resulting in no winner), and that is when the

election is stopped.

There is a one-sided tree structure underlying the process—all the n contestants

initially reside in a root node. Losers of the first round are placed in a leaf node that

appears as a right child of the root; which is not developed any further. Those who

advance to compete in the second round (if any) are placed in a node that appears

as the left child of the root, which is then developed recursively till all contestants

are eliminated, or one winner appears by itself as a left child of its parent, and is

not developed further. Thus, the duration of a contestant is the length of the path

(counted in terms of edges) from the root to the node it is in at the termination
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Figure 1.1: Leader election choosing a winner from six contestants.

time. That is, a contestant’s duration is its depth in the underlying tree. We shall

interchangeably use the terms “duration” and “depth” to mean the same thing. As

the tree leaves containing losers are not developed, many authors call this kind of tree

an “incomplete tree.” Figure 1.1 shows an incomplete tree underlying the election

of a leader among six participants, with leaves represented by rectangles, and nodes

under development are represented by ovals.

Let Dn,j be the number of rounds (the duration) the jth contestant participated

in the tournament by the termination time of the algorithm. The incomplete tree

in Figure 1.1 has D6,1 = 1 and D6,5 = 3. This is also the depth of the contestant

in the incomplete tree underlying the algorithm. Specifying the number of rounds

till termination of the election is a description of the maximal duration of the entire

algorithm (height of the tree). A description of the different depths (levels of duration)

can be of interest from a particular individual contestant’s point of view.

Under a fair splitting policy, we have a symmetry principle—all contestants are

equally likely to be selected to advance, and for 1 ≤ i < j ≤ n, we have
(
Dn,i

Dn,j

)
d
=(

Dn,1

Dn,2

)
(here

d
= denotes equality in distribution). So, it is sufficient to develop results

for
(
Dn,1

Dn,2

)
. To simplify notation and economize in typography, let Xn = Dn,1, and

Yn = Dn,2, to deal with fewer subscripts. Thus,
(
Xn
Yn

)
also has the joint distribution of

5



the duration of any two specific contestant. Note also that it has the joint distribution

of the duration of a randomly selected pair of contestants.
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Chapter 2

Methodology

In this chapter, we introduce the necessary methods and tools that are used to

derive the main results.

2.1 Wasserstein distance

We introduce the concept of Wasserstein distance and show that convergence in

Wasserstein distance is equivalent to weak convergence plus convergence in moments.

Let Γp be the class of probability measures on the Borel σ-field B, such that the

pth moment exists. The idea is to metrize the convergence of random variables in Γp

by introducing a distance.

Definition 2.1. Suppose α, β ∈ Γp. The pth order Wasserstein distance of two

distributions α and β is defined as

Wp(α, β) = inf{||X − Y ||p, X ∼ α, Y ∼ β},

where ||X||p is the Lp norm of a random variable, i.e. ||X||p = (E[Xp])1/p.

Wasserstein distance metrizes two distributions. Note that by the weak compact-

ness the infimum is attainable. That is Wp always exsits.

Lemma 2.1. Wp is a metric on Γp.

A proof is given in Bickel and Freedman [1].
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We next cite the following important theorem, which is also proved by Bickel and

Freedman [1].

Theorem 2.1. Let αn, α ∈ Γp. Then Wp(αn, α) → 0 as n → ∞ is equivalent to

αn → α weakly and ||Xn||p → ||X||p, where Xn ∼ αn, X ∼ α.

This theorem establishes that convergence in pth Wasserstein distance is equivalent

to weak convergence and convergence in pth moment. We shall use this important

result to prove the convergence of the joint duration in distribution and in Lp by

showing the distribution of joint duration converges in Wp.

2.2 Contraction method

The idea of contraction is very useful, especially when it comes to determining the

fixed point of an equation or the limit of a recursive relation. We begin with definitions

of complete metric space and the definition of a contraction mapping. We describe

the concepts under a general setting, that is we consider any set X along with a

metric d measuring the distance between any two points in it. Elements of X can be

real-valued, vectors or any other form.

Definition 2.2. Let (X, d) be a metric space, and {xn} be a sequence in it. If ∀ε > 0,

there exists n0 ∈ N such that

∀n, p ∈ N, n > n0, d(xn+p, xn) < ε,

we say {(xn)} is a Cauchy sequence.

It is easy to see that all convergent sequences are Cauchy sequences.

Definition 2.3. A metric space (X, d) is called complete if each Cauchy sequence

converges.
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Definition 2.4. Let (X, d) be a metric space. We call a mapping φ a contraction, if

φ : X → X and there exists α ∈ [0, 1), such that

d(φ(x), φ(y)) ≤ αd(x, y), ∀x, y ∈ X.

Definition 2.5. Let φ : X → X be a mapping. A point ξ ∈ X such that

φ(ξ) = ξ,

is called a fixed point of φ.

We review Banach’s fixed-point theorem and give its proof.

Theorem 2.2. Let (X, d) be a complete metric space. Then any contraction φ on it

has a unique fixed point.

Proof. We first prove the existence of a fixed point. Define a sequence by the recursive

relation: xn ∈ X, xn+1 = φ(xn), n = 0, 1, 2, . . . . Because φ is a contraction,

d(xn+1, xn) = d(φ(xn), φ(xn−1)) ≤ αd(xn, xn−1), ∀n ∈ N.

So, we have

d(xn+1, xn) ≤ αd(xn, xn−1) ≤ α2d(xn−1, xn−2) ≤ · · · ≤ αnd(x1, x0).

We next show {xn} is a Cauchy sequence.

d(xn+p, xn) ≤ d(xn+p, xn+p−1) + · · ·+ d(xn+1, xn)

≤ (αn+p−1 + · · ·+ αn) d(x1, x0)

≤ αn

1− α
d(x1, x0).
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Because α ∈ [0, 1), lim αn

1−αd(x1, x0) = 0. So ,∀ε > 0, there exists n0 ∈ N such that

αn

1− α
d(x1, x0) < ε, ∀n > n0.

This proves {xn} is a Cauchy sequence. From the completeness of (X, d), we know

that the sequence {xn} converges. We denote limxn = ξ. By the definition of a

contraction mapping, any such mapping is continuous. Taking limits on both sides

of the recursive relation

xn+1 = φ(xn),

we get

ξ = limφ(xn) = φ(limxn) = φ(ξ).

This proves the existence of a fixed point.

We proceed to prove the uniqueness of the fixed point. Let ξ∗ ∈ X be such that

ξ∗ = φ(ξ∗),

then

0 ≤ d(ξ, ξ∗) = d(φ(ξ), φ(ξ∗)) ≤ αd(ξ, ξ∗).

Since α ∈ [0, 1), this implies

d(ξ, ξ∗) = 0,

that is ξ = ξ∗, and thus the fixed point is unique.
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2.3 Rice’s integral

Given a sequence of {fk}, the technique of Rice’s integrals is a method for estimating

asymptotically the sequence {ak} when its elements are in the form

an =
n∑
k=0

(
n

k

)
(−1)kfk.

The technique is to treat the above sequence as a contour integral of a function in

the complex plane:

an = − 1

2iπ

∮
C

φ(s)β(n+ 1,−s)ds ,

where φ(s) is an analytic function such that φ(k) = f(k) ∀k ∈ N, and C is a contour

that encircles the interval [0, n] in the complex plane.

Before we give a formal treatment of the Rice’s integral, a review of Cauchy’s

residue theorem may be helpful to understand the method. Cauchy’s residue theorem

is a powerful tool for evaluating line integrals of analytic functions over closed curves.

Theorem 2.3. Suppoise U is a simply connected open subset of the complex plane.

Suppose f(x) is a function defined and holomorphic on U except for a finite set of

points, {a1, . . . , an}. If γ is a positively oriented simple closed curve in U that encircles

{a1, . . . , an}, then ∮
γ

f(z)dz = 2πi
n∑
k=1

Res
z=ak

f(z).

The formal statement of Rice’s integrals is given in the following theorem, due to

Flajolet and Sedgewick [3].

Theorem 2.4. Let φ(s) be analytic in a domain that contains the interval [n0,∞).

Then we have

n∑
k=n0

(
n

k

)
(−1)kφ(k) = − 1

2iπ

∮
C

φ(s)β(n+ 1,−s)ds,
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where C is a positively oriented closed curve within the domain of analyticity of φ(s),

which encircles interval [n0, n] and excludes 0, 1, . . . , n0 − 1; β(x, y) is the Beta func-

tion,

β(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
,

where Γ(x) is the Gamma function.

Proof. The result is a direct application of residue calculus at the simple poles

n0, . . . , n. The integral over 2iπ equals to the sum of the residues of the integrand,

− 1

2iπ

∮
C

φ(s)β(n+ 1,−s)ds =
n∑

k=n0

Res
s=k
−φ(s)β(n+ 1,−s)

=
n∑

k=n0

(−1)n−kφ(k)

(
n

k

)

12



Chapter 3

Leader election algorithm under
binomial splitting protocol

In binomial splitting, the protocol is as follows. The contestants flip coins indepen-

dently, producing Heads (success) with probability p, and producing Tails (failure)

with probability q = 1 − p. Those who succeed advance to the next round; those

who fail are eliminated. The competition continues, so long as there are at least two

competing candidates. Note this splitting protocol may result in no winners. The

splitting protocol can be modeled as a sequence of binomial distributions of varying

number of experiments, but fixed rate of success. That is, Kn
d
= Bin(n, p). The

transparent structure of this particular protocol is amenable to exact calculation and

refined asymptotics including oscillations. Recall the definitions of the depths Xn

and Yn from section 1.4. We derive the exact joint distribution of
(
Xn
Yn

)
and exact

covariance, for each n, and see the oscillatory behavior of the diminishing covari-

ance, an interesting phenomenon in its own right, but one that is not captured in

the asymptotics. We deal with these delicate oscillations at finite n the Rice integral

technique.

With the binomial splitting protocol, the parameters of the leader election algo-

rithm can be studied in more detail than in the classic splitting protocol. We will

show the exact distributions of the joint duration, as well as a more refined structure

in the asymptotic distribution.
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3.1 Exact and limiting distributions

We start with the exact distribution of the joint duration of two contestants.

Theorem 3.1. For n ≥ 2, and i, j ≥ 1, we have

P(Xn = i, Yn = j) =


qpi+j−2

(
q + p(1− pj)n−2 − (1− pj−1)n−2

)
, for i < j;

q2p2(i−1) + 2qp2i−1(1− pi)n−2, for i = j;

qpi+j−2
(
q + p(1− pi)n−2 − (1− pi−1)n−2

)
for i > j.

Proof. First, consider the case of equal depths: {
(
Xn
Yn

)
= ( ii )}. In this case, either

both contestants 1 and 2 lose the election in the ith round, or one of these two contes-

tants wins in the ith rounds and the other loses in the ith round (which necessitates

that all other contestants have already lost by the ith round). In the case that they

both loose in the ith round, they must both flip Heads i − 1 times in the first i − 1

rounds, then they both flip Tails in the ith round. If one wins at the ith round, then

one flip Heads i times, the other flip Heads i − 1 times and Tail one time, and no

other contestant made it to the ith round. By symmetry, the probability for this case

needs to be doubled.

Hence, we have

P(Xn = i, Yn = i) = (p2)i−1(q2) + 2(pi)(pi−1q)(1− pi)n−2.

Consider next the case of unequal depths: {
(
Xn
Yn

)
=
(
i
j

)
}, with i < j. In this

case, Contestant 1 is eliminated in the ith round, after flipping Heads in the first i−1

rounds, and Tails in the ith round. However, Contestant 2 and at least one other

contestant stay in the competition till depth j − 1. Subsequently, reaching depth j

for Contestant 2 can occur in one of two ways that partition the event {
(
Xn
Yn

)
=
(
i
j

)
}

into two disjoint events: either Constestant 2 wins at the jth round or gets eliminated

at the jth round.

14



Let Li,j be the event that Contestant 1 gets eliminated at the ith round and

Contestant 2 looses by getting eliminated in the jth round. This means at least one

contestant other than Contestant 1 or 2 has to survive to the (j + 1)th round. We

then have

P(Li,j) = (pi−1q)(pj−1q)
(
1− (1− pj−1)n−2

)
.

Let Wi,j be the event that Contestant 1 gets eliminated at the ith round and

Contestant 2 wins the contest in the jth round, in which case at least one contestant

other than Contestant 1 or 2 has to survive to the (j−1)th round and gets eliminated

at the jth round.

Thus,

P(Wi,j) = (pi−1q)(pj)
(
(1− pj)n−2 − (1− pj−1)n−2

)
.

By the definition of Li,j and Wi,j, we can write

{Xn = i, Yn = j, i < j} = Li,j ∪Wi,j,

and

Li,j ∩Wi,j = ∅.

It now follows that

P(Xn = i, Yn = j) = P(Li,j) + P(Wi,j)

= qpi+j−2
(
q + p(1− pj)n−2 − (1− pj−1)n−2

)
.

The argument for the case i > j is, of course, symmetrical.

A natural asymptotic result can be obtained right away from the exact distribution

and the asymptotic distribution of the duration of one contestant.
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Corollary 3.1. As n → ∞, the vector
(
Xn
Yn

)
converges in distribution to a vector

(XY ) of independent geometric random variables, with parameter p each.

Proof. It is shown in [9] that Xn
d−→ X, and X is geometrically distributed with

parameter p. Note that

lim
n→∞

P(Xn = i, Yn = j) = q2pi+j−2 = P(X = i)P(Y = j).

The exact covariance can be found from the exact distribution. Its limiting value

is, of course, 0, since the two components of
(
Xn
Yn

)
are ultimately independent. How-

ever, a precise analysis reveals minute oscillations that eventually disappear. We start

the exploration by giving the exact presentation of the covariance of (Xn, Yn).

Lemma 3.1.

Cov[Xn, Yn] =

(
2

q

n−2∑
r=0

(−1)r
(
n− 2

r

)(
(p4r+7 − 3p3r+5 + 4p2r+3 + p2r+4

− 4pr+2 − p3r+6 + 2pr+3 − q2p2r+3 + q2pr+1)
/

(pr+2 − 1)3

− pr+1((pr+1 − 2)

pr+1 − 1

))
+

2

q

n−1∑
j=1

(−1)j
(
n− 1

j

)
1

1− pj+1

−
( n−1∑
j=1

(−1)j
(
n− 1

j

)
1

1− pj+1

)2
.

Proof. The exact joint distribution in Theorem 3.1 yields the exact first mixed mo-

ment, for n ≥ 2:

E[XnYn] =
∑

1≤i,j<∞

ij P(Xn = i, Yn = j)

=
∑

1≤i<∞

i2 P(Xn = i, Yn = i) + 2
∑

1≤i<j<∞

ij P(Xn = i, Yn = i).
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This is a daunting computation. We only outline the main steps. We collect all the

terms that are dependent on i and j only (and not on n). The series so obtained is

easily summed, giving 1/q2. We then expand each of the terms raised to the power

n− 2 in the joint probability by the binomial theorem, and interchange the order of

summation to deal with the sums on r last. Combined, these parts give

2

q

n−2∑
r=0

(−1)r
(
n− 2

r

)(
(p4r+7 − 3p3r+5 + 4p2r+3 + p2r+4 − 4pr+2 − p3r+6

+ 2pr+3 − q2p2r+3 + q2pr+1)/(pr+2 − 1)3

− pr+1((pr+1 − 2)

pr+1 − 1

)
=: An.

The lemma follows by writing

Cov[Xn, Yn] =
1

q2
+ An − E[Xn]E[Yn] =

1

q2
+ An −

(
E[Xn]

)2
.

The proof is completed by plugging in the average of Xn (given in [9]), which is

E[Xn] =
1

q
−

n−1∑
j=0

(
n− 1

j

)
(−1)j

1− pj+1
.

3.2 Oscillations

To detect oscillations, we analyze the asymptotics in a more refined way, reaching

lower order asymototics via an analytic method.
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Let

g(r) =
(p4r+7 − 3p3r+5 + 4p2r+3 + p2r+4 − 4pr+2 − p3r+6 + 2pr+3 − q2p2r+3 + q2pr+1)

(pr+2 − 1)3

− pr+1((pr+1 − 2)

pr+1 − 1
.

Then by the proof of Lemma 3.1,

E(XnYn) =
2

q

n−2∑
r=0

(−1)r
(
n− 2

r

)
g(r).

The alternating signs and binomial coefficients in the sum E[XnYn] are a hallmark

of Rice’s integral method [3]. The basic idea of this method is to recognize that such

an alternating sum is the same as

− 1

2πi

∮
C1

β(n− 1,−z) g(z) dz,

where β(., .) is the Beta function, and the line integral is taken over a “thin” closed

contour C1 surrounding the integers 0, 1, . . . , n− 2 and no other. The contour C1 can

be taken as the rectangle connecting the four corners at −1
2
± i and n − 1 ± i. The

connection between the sum and the line integral is that the integrand has simple

poles at the integer points 0, 1, . . . , n− 2, with residues coinciding with the negative

of the summands. The integral is then evaluated via the residues of the poles outside

C1 and a small error.

More formally, we apply Theorem 2.4 in the following manner. Replace r by

z ∈ C in g to get a continuation of g to a complex function in the complex plane.

The continuation g(z) coincides with the value g(r) at each value in the domain of

definition of r, and is analytic at all z ∈ C except at the poles of g(z).

Moreover, we deform C1 into a larger contour C2(a,M), say a rectangle connecting

the four corners at −a±π(2M +1)i and n±π(2M +1)i, for a > 2, and large positive
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Figure 3.1: Residues of g(z).

integer M . The two integrals over C1 and C2(a,M) differ by the residues of the poles

enclaved between the two contours.

We locate the poles by setting

1

β(n− 1,−z)g(z)
= 0

The poles outside C1 are located at zk = −1 + 2πki/ ln p, and at z′k = −2 +

2πki/ ln p, for k = 0,±1,±2, . . . . Let M → ∞; the rectangle C2(a,M) grows to

encompass all the poles outside C1, hence by Residue theorem,

− 1

2πi

∮
C1

= − 1

2πi
lim
M→∞

∮
C2(a,M)

+
∞∑

k=−∞

Res
z=zk

β(n− 1,−z) g(z)

+
∞∑

k=−∞

Res
z=z′k

β(n− 1,−z) g(z).

Figure 3.1 depicts the residues of g(z) and the contour needed in residue theorem.

Next, by Stirling’s approximation to the Gamma function, we have the residue
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calculation

Res
z=zk

g(z) = − 2 Γ(n− 1) Γ(−zk)
q Γ(n− 1− zk) ln p

= −2n−1+2πki/ ln p

q ln p
Γ
(

1− 2πki

ln p

)(
1 +O

( 1

n

))
,

and

Res
z=z′k

g(z) = O
(
n−

3
2

)
.

It can be shown that, as M → ∞, the combined contribution of the two integrals

over the vertical sides of the limiting contour limM→∞C2(a,M) is O(n−a).

Putting all the elements together, we get

E[XnYn] =
1

q2
−
( 2

q ln p

∞∑
k=−∞

Γ
(

1− 2πik

ln p

)
e2πik log1/p n

) 1

n
+O

( 1

n
3
2

)
.

For (E[Xn])2, we use an asymptotic estimate from [9], and obtain

Cov[XnYn] =
1

q2
−
( 2

q ln p

∞∑
k=−∞

Γ
(

1− 2πik

ln p

)
e2πik log1/p n

) 1

n
+O

( 1

n
3
2

)
−
(1

q
+
( 1

ln p

∞∑
k=−∞

Γ
(

1− 2πik

ln p

)
e2πik log1/p n

) 1

n
+O

( 1

n2

))2
= − 4

q ln p

(
1 +

∞∑
k=−∞
k 6=0

Γ
(

1− 2πik

ln p

)
e2πik log1/p n

) 1

n
+O

( 1

n2

)

→ 0.

From the foregoing discussion, the asymptotic equivalent of the covariance is dimin-

ishing and we are now able to observe the oscillating functions e2πik log1/p n. Figure

3.2 illustrates the oscillating behavior of the covariance. The horizontal axis de-

notes the number of contestants and the vertical axis denotes 4
q ln p

(
1 +

∞∑
k=−∞
k 6=0

Γ
(

1 −

2πik

ln p

)
e2πik log1/p n

)
This interesting phenomenon does not affect the calculation of the

sum in the sense that the sum of all the oscillations is very small and vanishes as n
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Figure 3.2: Tiny Oscillations in the covariance in the unbiased case.

goes to infinity. For instance, in the unbiased case p = q = 1
2
, the sum is bounded

absolutely by 5.7× 10−5. With this phenomenon, we are able to describle the micro

behavior of the distribution as n goes to infinity, which gives us a clearer picture.
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Chapter 4

Asymptotic properties for a broad
class of splitting protocol

We next proceed with the study of the asymptotic properties under a broad class

of splitting protocols.

We first guess that the joint duration converges under mild conditions on splitting

protocol, and assume it to be a ”bivariate” Geometric distribution, which is a natural

inference from the fact that the distribution of the duration of a single contestant

converges to Geometric distribution [9].

We prove the conjecture in the following steps :

• First, establish a stochastic recurrence for the sequence of {(Xn, Yn)}.

• Second, prove the existence of the limiting distribution as well as the unique-

ness of the limiting distribution. We prove this by measuring distances in the

Wasserstein metric space on distributions. Note that in this space, a point is a

distribution function.

• Finally, identify the limiting distribution by solving its moment generating func-

tion.
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4.1 A stochastic recurrence

We study the distribution of
(
Xn
Yn

)
by establishing a stochastic recurrence, which

arises from a trichotomy of cases:

(i) Contestants 1 and 2 both advance to the second round with probability (con-

ditioned on Kn) equal to
( n−2
Kn−2)
( n
Kn

)
= Kn(Kn−1)

n(n−1) .

(ii) Contestant 1 advances to the second round while contestant 2 is immediately

eliminated, with conditional probability
( n−2
Kn−1)
( n
Kn

)
= Kn(n−Kn)

n(n−1) . There is a symmet-

rical case where Contestant 2 advances to the second round while contestant 1

is immediately eliminated; this event has the same probability by symmetry.

(iii) The two contestants 1 and 2 are both eliminated together and they do not

advance to the second round, which occurs with conditional probability
(n−2
Kn

)
( n
Kn

)
=

(n−Kn)(n−Kn−1)
n(n−1) .

Therefore, for n ≥ 2, and for a given Kn, we have a stochastic recurrence equation:

Xn

Yn

 d
=



(
XKn+1
YKn+1

)
, with probability

Kn(Kn − 1)
n(n− 1)

;(
XKn+1

1

)
, with probability

Kn(n−Kn)
n(n− 1)

;(
1

YKn+1

)
, with probability

Kn(n−Kn)
n(n− 1)

;

( 1
1 ) , with probability

(n−Kn)(n−Kn − 1)
n(n− 1)

.

The initial conditions are
(
X0
Y0

)
=
(
X1
Y1

)
= ( 0

0 ).

To write these conditional recurrences in one distributional equation, we need an

auxiliary random variable uniformly distributed on (0, 1) defined on the same space as

Kn. We call this continuous random variable U . In what follows we use the indicator

notation 1E , which assumes the value 1, if the event E occurs, and assumes the value
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0, otherwise. For n ≥ 2, we can concisely write the recurrence in the form

Xn

Yn

 d
= 1{

U<
Kn(Kn−1)

n(n−1)

}
X̃Kn

ỸKn

+ 1{Kn(Kn−1)
n(n−1)

<U<Kn
n

}
X̃Kn

0


+ 1{Kn

n
<U<

Kn(2n−Kn−1)
n(n−1)

}
 0

ỸKn

+

1

1


= An

X̃Kn

ỸKn

+

1

1

 , (4.1)

where

An =

(
1{

U<
Kn(Kn−1)

n(n−1)

} + 1{Kn(Kn−1)
n(n−1)

<U<Kn
n

} 0

0 1{
U<

Kn(Kn−1)
n(n−1)

} + 1{Kn
n

<U<
Kn(2n−Kn−1)

n(n−1)

}
)
,

and Kn, U,
(
Xi
Yi

)
,
(
X̃i

Ỹi

)
d
=
(
Xi
Yi

)
are independent, for all i < n.

4.2 Contraction

We shall consider classes of splitting protocols satisfying Kn

n

L2−→ K, thus Kn grows

indefinitely in probability. Under this condition, if
(
Xn
Yn

)
converges in distribution,

so would
(
XKn
YKn

)
. The recurrence then suggests that

(
Xn
Yn

)
converges to a limiting

random vector (XY ) that satisfies the distributional equation

X
Y

 d
=

1{U<K2} + 1{K2<U<K} 0

0 1{U<K2} + 1{K<U<K(2−K)}


X
Y

+

1

1

 ,

with (XY ), U and K being independent.

We prove this guessed limit by applying a multivariate contraction method [14].

The idea of the method is to first show convergence to 0 of the distance between the

distribution of the bivariate vector and a limit under a suitable metric. The limit sat-

24



isfies a distributional equation, with the right-hand side being a contraction. Finally,

Banach’s fixed-point theorem asserts the existence of a unique limiting distribution.

For the reader’s convenience, we state the multivariate limit in [14]. The theorem

uses the notation ||A||op := sup||x||=1 ||Ax|| for the spectral radius of a square ma-

trix A (maximal eigenvalue), where || · || is the usual norm of a matrix. A suitable

metric for the task is Wasserstein’s second-order distance. As shown in Theorem 2.1,

convergence in this metric is known to imply convergence in distribution, and of the

first two moment. We shall us the symbol W2 to denotes the Wasserstein distance of

order 2. The transpose of a matrix B will be denoted by BT .

Theorem 4.1. (Neininger [14]) Let (Xn) be a sequence of d-dimensional square in-

tegrable mean 0 random vectors satisfying the distributional recursion

Xn
d
=

m∑
r=1

A(n)
r X

(n)

I
(n)
r

+ b(n), n ≥ n0,

where (A
(n)
1 , . . . ,A

(n)
m ,b(n), I(n)), (X

(1)
n ), . . . , (X

(m)
n ) are independent, A

(n)
1 , . . . ,A

(n)
m

are square integrable random d×d matrices, b(n) is a square integrable random vector

with mean 0, X
(r)
n

d
= Xn, and I(n) is a vector of random integers with I

(n)
r ∈

{0, . . . , n}, r = 1, . . . ,m;n ≥ 0. Assume the following conditions hold:

(i)

(A
(n)
1 , . . . ,A(n)

m ,b(n))
L2−→ (A∗1, . . . ,A

∗
m,b

∗), n→∞,

(ii)
m∑
r=1

E
[
||(A∗r)TA∗r||op

]
< 1,

(iii)

E
[
1{I(n)

r ≤`}∪{I(n)
r =n}||(A

(n)
r )TA(n)

r ||op
]
→ 0, n→∞,

for all ` ∈ N, r = 1, . . . ,m.
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Then we have

W2(Xn,X)→ 0, as n→∞,

where X is the unique fixed point of the distributional equation

X
d
=

m∑
r=1

A∗rX
(r) + b∗,

with (A∗1, . . . ,A
(∗)
m ,b∗), X(1), . . . ,X(m) independent and X(r) d

= X, ∀r = 1, . . . ,m.

We appeal to Theorem 4.1 to prove the convergence of
(
Xn
Yn

)
satisfying the re-

currence (4.1). Note that the model in Theorem 4.1 is centered. We shall apply the

theorem without centering, since we can transform our model into a centered one and

the centering will not affect the conditions, and only shifts the limit.

Theorem 4.2. Suppose we run a fair leader election algorithm with Kn being the

splitting protocol. Suppose Kn

n

L2−→ K, where K is supported on [0, 1] with mean

E[K] < 1. Then  Xn

Yn

 d−→

 X

Y

 ,

where (XY ) is the unique fixed point of the distributional equation

X
Y

 d
= A∗

X̃
Ỹ

+

1

1

 ,

with (XY )
d
=
(
X̃
Ỹ

)
, (XY ),

(
X̃
Ỹ

)
; U and K being independent,

A∗ =

1{U<K2} + 1{K2<U<K} 0

0 1{U<K2} + 1{K<U<K(2−K)}

 .

Proof. The recurrence (4.1) is a special case of a class of multivariate stochastic
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recurrences in Theorem 4.1. Specializing the parameters in Theorem 4.1 to our case,

we see that

m = 1; b(n) = b∗ =

1

1

 ; I
(n)
1 = Kn; Kn ∈ {0, 1, . . . , n},

and

A(n) =

(
1{

U<
Kn(Kn−1)

n(n−1)

} + 1{Kn(Kn−1)
n(n−1)

<U<
Kn
n

} 0

0 1{
U<

Kn(Kn−1)
n(n−1)

} + 1{Kn
n

<U<
Kn(2n−Kn−1)

n(n−1)

}
)
.

We next check the conditions of Theorem 4.1:

(i) The matrix E[(A(n)−A∗)2] is a diagonal matrix with the top left element being

E
[(

1{U<Kn(Kn−1)
n(n−1)

} + 1{Kn(Kn−1)
n(n−1)

<U<Kn
n
} − 1{U<K2} − 1{K2<U<K}

)2]
,

and the bottom right element being

E
[(

1{
U<

Kn(Kn−1)
n(n−1)

} + 1{Kn
n
<U<

Kn(2n−Kn−1)
n(n−1)

} − 1{U<K2} − 1{K<U<K(2−K)}

)2]
.

A calculation ensues—the top left element reduces to

E
[(

1{U<Kn
n
} − 1{U<K}

)2]
= E

[
1{U<Kn

n
} + 1{U<K} − 21{U<Kn

n
}∩{U<K}

]
= E

[Kn

n

]
+ E[K]− 2E

[
min

{Kn

n
,K
}]

=
(
E[K] + o(1)

)
+ E[K]

− 2E
[
min

{
K + oL1(1), K

}]
=
(
2E[K] + o(1)

)
−
(
2E[K] + o(1)

)
→ 0.
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Similarly, we have the convergence

E
[(

1{
U<

Kn(Kn−1)
n(n−1)

}+1{Kn
n
<U<

Kn(2n−Kn−1)
n(n−1)

}−1{U<K2}−1{K<U<K(2−K)}

)2]
→ 0.

It follows that

E
[
(A(n) −A∗)2

]
→

0 0

0 0

 .

(ii) We have

E
[
||(A∗)TA∗||op

]
< E[1{U<K2}] + E[1{K2<U<K} + 1{K<U<K(2−K)}]

= E
[
K(2−K)

]
< 1;

The last inequality follows from the fact that the function x(2− x) reaches its

maximum 1 at x = 1.

(iii) For any ` ∈ N, and large n, we have

E
[
1{Kn≤`}∪{Kn=n} ||(A(n))TA(n)||op

]
≤ E

[
1{Kn≤`}∪{Kn=n} max{1{U<Kn(Kn−1)

n(n−1)
} + 1{Kn(Kn−1)

n(n−1)
<U<Kn

n
},

1{U<Kn(Kn−1)
n(n−1)

} + 1{Kn
n
<U<

Kn(2n−Kn−1)
n(n−1)

}}
]
.

We compute the expectation by conditioning on U , and get

E
[
1{Kn≤`}∪{Kn=n} ||(A(n))TA(n)||op

]
≤ E

[
1{Kn≤`}

Kn(2n−Kn − 1)

n(n− 1)

]
.

Note that the function x(2n− x− 1) is increasing on [0, n]—in the presence of
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the indicator, the bound is maximized at `. We proceed with

E
[
1{Kn≤`}∪{Kn=n} ||(A(n))TA(n)||op

]
≤ `

n

(2n− `− 1

n− 1

)
→ 0, as n→∞.

The conditions of Theorem 4.1 have been checked. As n → ∞, we have the conver-

gence

W2


X
Y

 ,

Xn

Yn


→ 0.

By Theorem 2.1,
(
Xn
Yn

)
converges to (XY ) in distribution and in the first two moments.

4.3 Marshall-Olkin bivariate geometric limit

We shall recognize that the limiting bivariate moment generating function is that of

a Marshall-Olkin bivariate geometric distribution. For the reader’s convenience, we

say a few words on how such a bivariate geometric distribution arises, and provide

some references.

A Marshall-Olkin bivariate geometric distribution is generated from independent

identically distributed bivariate Bernoulli vectors {
(
Ai
Bi

)
}∞i=1, that assume one of the

four values ( 0
0 ), ( 0

1 ), ( 1
0 ) and ( 1

1 ), with respective probabilities p00, p01, p10, and

p11. The vector (XY ), with X counting the number of attempts till success in the

A components (number of 0’s before the first 1 in the sequence A1, A2, . . .), and

with Y counting the number of attempts till success in the B components (number

of 0’s before the first 1 in the sequence B1, B2, . . .) is said to have a Marshall-Olkin

bivariate geometric distribution with parameters ( p00 p01p10 p11 ). The original derivation

of this and many other discrete bivariate distributions appear in [13]. Saralees [16]

provides and excellent survey.
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The distribution has a known bivariate moment generating function:

eu+v

1− p00eu+v
(
p11 +

p01(p10 + p11)

1− (p00 + p01)eu
+

p10(p01 + p11)

1− (p00 + p10)ev

)
.

Theorem 4.3. Suppose {Kn}∞n=0 is a given splitting protocol and we run a leader

election among n contestants, in which a fair selection of a subset of contestants of a

random size Kn advance to the next round, and the algorithm is applied recursively

on that subset, till one leader is elected or none. Suppose

Kn

n

L2−→ K,

and K has a distribution supported on [0, 1], with mean E[K] < 1. Let
(
Xn
Yn

)
be a

vector with two components representing the depths of the first two contestants. We

then have Xn

Yn

 d−→

X
Y

 ,

where (XY ) has a Marshall-Olkin bivariate geometric distribution with parameters

 E[K2] E
[
K(1−K)

]
E
[
K(1−K)

]
E
[
(1−K)2

]
 .

Proof. We start from the standard definition of a bivariate moment generating func-

tion. By Theorem 4.2,

X
Y

 d
= A∗

X̃
Ỹ

+

1

1

 ,
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where

A∗ =

1{U<K2} + 1{K2<U<K} 0

0 1{U<K2} + 1{K<U<K(2−K)}

 (4.2)

Plug in the relation, we write

φ(u, v) = E[euX+vY ]

= eu+v
(
E[euX+vY ]P(1{U<K2}) + E[euX ]P(1{K2<U<K})

+ E[evY ]P(1{K<U<K(2−K)}) + E
[
(1−K)2

])
= eu+v

(
φ(u, v)E[K2] + E

[
(1−K)2

]
+
(
ψ(u) + ψ(v)

)
E
[
K(1−K)

])
,

where ψ(w) = E[ewX ] is the moment generating function of the limiting duration of a

single contestant. Rearranging the terms in the latter equation, we obtain an explicit

form:

φ(u, v) = e(u+v)
E
[
(1−K)2

]
+ (E[K(1−K)](ψ(u) + ψ(v)))

1− E[K2] e(u+v)
.

It is shown in [6] that X has a geometric distribution with parameter 1− E[K], i.e.,

ψ(w) = (1−E[K]) ew/(1−E[K]ew). After we write the limiting bivariate generating

function in the form

φ(u, v) =
eu+v

1− E[K2] eu+v

(
E
[
(1−K)2

]
+

E[K(1−K)]E[1−K]eu

1− E[K]eu

+
E[K(1−K)]E[1−K]ev

1− E[K]ev

)
,

we see that
(
Xn
Yn

)
has a limiting Marshall-Olkin bivariate geometric distribution with

parameters

 E[K2] E[K(1−K)]

E[K(1−K)] E
[
(1−K)2

]
.
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Corollary 4.1.

Cov[Xn, Yn]→ Var[K]

(1− E[K2])(1− E[K])2
.

Proof. Convergence in the Wasserstein metric implies convergence in the first two

moments. Thus, we have Cov[Xn, Yn] → Cov[X, Y ]. The limiting covariance can be

computed from the explicit bivariate generating function established in the proof of

Theorem 4.3 by taking partial derivatives. Namely, we compute

Cov[X, Y ] = E[XY ]− E[X]E[Y ]

=
∂2φ(u, v)

∂u ∂v

∣∣∣
u=v=0

−
(∂φ(u, v)

∂u

)
u=0

(∂φ(u, v)

∂v

)
v=0

.

A mechanical procedure of calculating derivatives yield the result.

4.4 Concluding remarks

The only facet of the splitting protocol that enters the picture in the limit is the first

two moments of the limiting variable K. All splitting protocols with a limiting K

(satisfying the conditions) with the same mean and variance have the same asymptotic

covariance structure. For instance, all splitting protocols where Kn converges to a

constant (0 variance) will have 0 covariance (and 0 correlation). We illustrate this by

an example.

Let Bin(n, p) denote a binomial random variable corresponding to n independent

trials with rate of success p. If Kn
d
= Bin(n, p), we have Kn/n

L2−→ p.

Many real-life tournaments, such as Wimbledon Championship, are organized in

ladders. Of course, in these tournaments, advancing to later rounds is based on

skill. However, many other tournaments and games are organized in ladders, where

advancing to later rounds is based on random chance. In these tournaments d1
2
ne

advance to the second round. If n is even, half the players are fairly chosen to

advance; if n is odd a “wild card” is randomly chosen to advance, and half of the
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remaining players are fairly chosen to advance. So, we have Kn/n = 1
2

+O(1/n)→ 1
2
.

In both the binomial splitting protocol and the ladder tournament, Kn/n con-

verges to 1
2
, thus both protocols, albeit major differences in their mechanisms, have

the same asymptotic covariance structure, basically zero limiting covariance (no co-

variance in the limit).

Other limiting values are possible, too. In fact 0 correlation is a special case

associated with K that is almost surely constant. Other typical cases will have

nonzero limiting correlation, though the covariance is always nonnegative. As an

instance, take a uniform splitting protocol that generatesKn from the discrete uniform

distribution on the set {1, 2, . . . , n}. In this example, on a suitable space Kn/n

converges to U in L2, a continuous random variable distributed uniformly on the

interval (0, 1). Here, K = U , E[K] = 1
2
, E[K2] = 1

3
, and Var[K] = 1

12
. According to

Corollary 4.1, Cov[Xn, Yn]→ 1
2
.
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