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Abstract of Dissertation 

 

Modeling and Simulation of Tumor Growth by Finite Element and Machine 

Learning Method 

 

 
Tumor has been an object of computational model studies for decades. Most 

mechanobiology phenomena commonly involve biological growth and deformation. 

Statistical and machine learning methods have greatly benefited scientific discovery and 

understanding through the analysis of biological data. It is essential to develop and apply 

machine learning models that can incorporate knowledge of mathematical models 

simulating tumor growth and predicting tumor growth via a data-driven method. There are 

mainly two methods for simulation of tumor growth. The first one is using the continuum 

model. We propose an innovative cancerous growth model that describes the tumor as a 

poroelastic medium consisting of solid and fluid components. In our biologically informed 

mechanical description of tumor growth dynamics, we derive the governing equations of 

the tumor’s growth and incorporate them with large deformation and materially nonlinear 

constitutive equations to improve our simulation's accuracy and efficiency. 

Meanwhile, the dynamic finite element equations (DFE) for coupled displacement and 

pressure fields are formulated and solved. The 3-dimensional porous model is introduced.  

Numerical results are presented and discussed. The FEA-based ML approach for 

modeling the biomechanical behavior of the tumor growth is proposed. We introduced 

five regression models and tuning them to perform the prediction results. Nine breast 

tumor models are built using SolidWorks. The models were imported into COMSOL then 

performed the simulations with a developed nonlinear FEM solver. Dataset generated via 

COMSOL are then put into the ML models training and model validation. Regression 
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model evaluations are discussed. XGBoost model is suitable for predicting biology 

growth.  
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Chapter 1 

Cancer 

Cancer is a complex, multi-scale disease [Anderson et al., 2006]. Its prevalence has 

attracted broad resources and the interest of scientists from varying disciplines. Although 

it has been through decades of research and improvements in experimental techniques, 

people still not fully understand the dynamics of tumor growth and invasion, human has 

the limited ability to predict and treat the disease [Baum et al., 1999; Quaranta et al., 2009; 

Anderson et al., 2005]. 

A general motivation behind the research is to gain a better understanding of the 

cancer prognosis biologically. First of all, it is necessary to figure out the early stages of 

cancer invasion since early detection of neoplastic changes in healthy tissue is essential in 

preventing and successfully treating cancer patients [Piotroskia and Angus, 2009]. First, it 

is necessary to differentiate between different malignant and benign tumors [Schofield et 

al., 2005]. Low cell migration rates and proliferation characterize benign tumors, are self-

limited in growth, and cannot escape well-defined tumor boundaries. On the other hand, 

malignant tumors are composed of abnormal cells with a limitless capacity for proliferation, 

lack contact inhibition, and can survive in hostile environments [Quaranta et al ., 2005]. 

These cells are known to migrate into healthy tissues through penetration actively, 

degrading the matrix or entering the circulatory system. Moreover, they are tending to form 

tumors with non-defined boundaries.  
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The formation of a malignant tumor is driven by the accumulation of genetic and 

epigenetic mutations in single-cell areas [Othmer et al., 1997]. Under the hereditary 

affection, DNA damages during cell division, and the influence of mutagenic compounds 

or external factors set away from the cell cycling [Roose et al ., 2007]. Over continuous 

divisions, cells will form a small cluster and gradually developing into an avascular 

malignant tumor. A benign tumor is a mass of cells that cannot invade neighboring tissue 

or spread throughout the body. When benign tumors are removed, it usually does not grow 

back, whereas malignant tumors always do.  

 

Figure 1.0 Difference between a malignant and benign tumor [Paul, 2020] 

1.1 Breast Cancer 

Breast cancer is a disease in which breast cancer cells grow out of control. There 

are many types of breast cancer. The type of breast cancer depends on which cells in the 

breast cancer become cancer. Breast cancer can start in different parts of the breast. The 
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breast is composed of three main parts: lobules, ducts, and connective tissue. The lobules 

are glands that produce milk. The catheter is the tube that carries milk to the nipple. 

Connective tissue (composed of fibrous tissue and fat tissue) wraps everything together. 

Most breast cancers begin in ducts or lobules. Breast cancer can spread outside the breast 

through blood vessels and lymphatic vessels. When breast cancer spreads to other parts of 

the body, it is said to have metastasized. 

 

Figure 1.1 Diagram of breast [CDC, 2020] 

1.12 Common Types of Breast Cancer 

• Invasive ductal carcinoma. The cancer cells grow outside the ducts into other parts 

of the breast tissue. Invasive cancer cells can also spread, or metastasize, to other 

parts of the body. 
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• Invasive lobular carcinoma. Cancer cells spread from the lobules to the breast 

tissues that are close by. These invasive cancer cells can also spread to other parts 

of the body. 

There are several other less common kinds of breast cancer, such as medullary, 

mucinous, and inflammatory breast cancer. Ductal carcinoma in situ (DCIS) is a breast 

disease that may lead to breast cancer. The cancer cells are only in the ducts' lining and 

have not spread to other tissues in the breast [CDC, 2020]. 

 

1.2 The Biology of Growth 

Growth is a generic term that describes processes in which a body's mass changes 

over time [Alain, 2017]. In biology, growth is fundamental to all aspects of life in the 

diverse and cell division, morphogenesis, development, maintenance, cancer, and aging. A 

significant challenge of modern biology is understanding the genetic code's role in 

transforming cells into fully mature organs and how these organs shape and function 

through growth and remodeling.  

Aspects of growth and remodeling occur during the entire life of an organism. 

Technically, the development is classified by considering changing a body or adjusting its 

volume; some modify the material properties or rearrange material points' relative position. 

There are three main growth processes: It is an irreversible change in cells' size and plant 

organs because of cell division and enlargement. Enlargement relates to the difference in 

the cell walls' elasticity and an increase in the vacuole's size and water content. Growth can 

https://www.cancer.gov/types/breast/ibc-fact-sheet
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be determined, and when an organ or part reaches a specific size, it will stop growth or 

indeterminate. Mathematically, a theory of evolution must allow for changes in mass, 

volume, and density, and material properties.  

 

1.3 Biomechanics of the Tumor Growth 

There is no unified description of a tumor because different tumors have various 

origins and characteristics. Also, they are several causes of tumor development. The tumor 

is formed by cells, like the other cells in the body, live in a watery environment full of 

proteins. These nutrients are for tumor’ survival and duplicate. Moreover, some chemical 

factors like growth-promoting factors, growth inhibitory factors, and chemotactic factors 

trigger sub-cellular chemical pathways determining the tumor's behavior. The extracellular 

space is full of the cross-linked proteins (e.g., elastin, collagen, proteoglycans), known as 

extracellular matrix (ECM), which form the tissue structure.  

Currently, a unified description of cancer prognosis is still in the development stage. 

Because its various features and causes characterize different cancer categories, humans 

are still researching cancer prognosis dominants [Weinberg, et al., 2014]. The significant 

types of cancer are carcinoma, sarcoma, melanoma, lymphoma, and leukemia. Carcinomas, 

the most commonly diagnosed cancers [Picharado, 2020], malignant tumor as the main 

shape of a cluster of cancer cells, is being analyzed and building the exact description.  

In past decades, simulation is playing an influential part in studying cancer 

behaviors across different biological scales in space and time has increasingly attracted 
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researchers' interest [Preziosi, et al., 2003]. Continuum models are used to study large-scale 

systems by treating the tumor tissue as a continuous medium. People use different variables 

and partial differential equations with the principle of mas conversation to describe the 

tumor growth behaviors [Lefor, et al., 2011].  It reflects the tumor growth's global 

properties but may lose the microscopic individual cell dynamics and microenvironment 

[Hubbard, et al., 2013]. CA models can track individual cell dynamics taking an agent-

based model with formula in a lattice or lattice-free space [Martins, et al., 2007]. CA 

models are optimal options in terms of cell phenotypes and microenvironment; 

simultaneously, it limited by the computational demand surging quickly with the cell count 

[Deisboeck, et al., 2011; Rejniank, et al., 2011]. The hybrid model integrates both 

continuum and discrete descriptions; it has potential across multiscale from molecule cells 

to the tissue [Wackaw, et al., 2015; Anderson, et al., 2006; Giese, et al., 2003].   

 

Figure 1.2 The key variables involved in solid tumor growth [Anderson 2007] 

The stress and growth in a solid tumor have been discussed by Ambrosi [Ambrosi, 

et al., 2012]. In terms of balance laws, they combine with advection-diffusion-reaction 
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equations for modeling the nutrients transformation in the velocity field. Moreover, 

mechanical stress on the tissue around the tumor and the constitutive equations that connect 

the stresses and deformations in the tumor have been proposed. [Sciume, et al., 2012]. The 

mathematical approach to build a multiscale model is based on porous media combining 

with Thermodynamically Constrained Averaging Theory (TCAT). [Gray and Miller, 2012]. 

In 2019, Pranav built the mathematical model providing the dynamic interactions between 

the tumor cells, immune system, and drug- response systems. [Pranav, et al.,2019]. 

Solid stress generation is a relatively normal phenomenon in cancer for the tumor. 

These cells' proliferation is uncontrollable, confined tightly with the regulated epithelium 

which generates stress in the surrounding tissue,  focus on contributing a pressure in 

growing tumor. According to an experimental report, tumor spheroid in agarose gels can 

cause strain up to 40% and stress over 10kPa. [Helmlinger, et al., 1997]. In in-vitro 

experiments, its compressive and tensile stress is about 0.5kPa estimating by building a 

poroelastic model of tumor growth [Sarntinoranont, et al., 2003]. The tumor 

microenvironment could expand stresses induced by the tumor cells changing material and 

structural properties. It is worth mentioning that the fluid surrounding the tumor also 

experienced dramatic variations. Suppose the tumor size is approaching the limit, cancer 

faces the hypoxic condition. They will upgrade the vascular endothelial growth factor 

(VEGF) levels and other angiogenic factors to recruit new blood vessels and trigger a 

robust angiogenic response [Boucher, et al., 1996]. The new blood is functioning slowly, 

creating abnormal networks and forming a naturally high permeability compared to 

microvascular networks. Accordingly, fluid and macromolecules access the tumor's 

interior quickly, switching the balance of force and leading to increasing tumor interstitial 
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fluid pressure so that generating biologically magnificent concentration gradients. Porous 

media is appropriate material using for modeling tumor growth. It incorporates the 

interaction of two phases.  

The most popular choice for biomechanical modeling of soft tissue in medical 

application is given by the Finite Element Method [Brock et al., 2006; Adluru, et al., 2006; 

Brock, et al., 2008]; it provides a physically realistic and accurate solution by using 

scientific biology information about the soft tissue or organ. It is a well-known numerical 

method for simulating a continuum body [Zienkiewicz, et al., 1987]. 

FEM is working by splitting the organ geometry into a large number of elementary 

components called finite elements. They are interconnected at the points called nodes that 

decide the component's size [Székely, et al., 2000]. The entire set of those components 

make up the mesh, which is defined by nodes and elements. The whole organ is modeled 

by a series of individual equations that govern the finite element's mechanical behavior 

under specific external loads. The solution of those equations can be found approximately 

by making computation on the nodes [Courtecuisse et al., 2010]. The more significant 

number of the node will lead to a more accurate solution because the number of equations 

is proportional to the nodes' number. However, the higher accuracy of solutions from FEM 

will cost more computation time, which makes it greatly difficult to put into real-time 

systems or offline systems [Niroomandi, et al., 2013]. Some researchers try to reduce the 

computational complexity of FEM for its application in the clinical field, such as parallel 

processing algorithms, the utilization of graphics processing units (GPU), and model 

reduction techniques.  
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Some works use the data-driven method in this field.  Works proposed real-time 

simulation of haptic interactions with organs, such as the liver [Morooka, et al., 2008], the 

stomach [Han, et al., 2020], and the prostate [De, et al., 2011].  Those studies typically 

used artificial neural networks, which explored FEM-generated data to predict organs' 

deformation; FEM was taken utilizing different conditions and boundaries on specific 

organs (different material constants). These studies could perform simulations in real-time 

for a particular body part used for the training process to help develop real-time growth 

simulators capable of modeling a body part's deformation due to natural growth.  

1.4 Machine Learning Method and Their Application in 

Breast Cancer Studies 

Artificial intelligence, especially machine learning models, has a visible history in 

cancer research and actual implementation [Cruz, et al., 2006]. Most of these works use 

ML methods to simulate cancer progression and determine the informative factors that are 

subsequently used in the classification scheme, mainly related to cancer susceptibility, 

recurrence, and survival. 

The use of different ML models in cancer research provides a broad space for 

various applications. Artificial neural networks and decision trees (DTs) used for cancer 

detection and diagnosis for nearly 30 years [Cruz, et al., 2006; Tattersall et al., 2005; Liu 

et al., 2009]. Different models based on support vector machines used for cancer prognosis 

problems for decades [Delen et al., 2005]. Other models are used to predict cancer 

development and outcome used in multiple studies. Today, machine learning-driven models 
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use less than half of data science and bioinformatics methods, and their applications range 

from cancer diagnosis to prediction and prognosis. These studies involve using ML 

methods to identify, classify, detect or distinguish tumors from other malignancies, and 

predict cancer development. 

1.5 Motivation and Contribution 

There are multiple interests to carry out the tumor growth simulation. First of all, it 

provides us a better understanding of the mathematics and mechanics of tumor growth. The 

mathematical model is based on underlying biological phenomena, delivering us the drug-

taken tumor development, a powerful tool that facilitates pre-clinical experiments and 

medicine development. The intricacy of tumor morphology leads traditional cancer drugs 

to become low-efficiency and expensive.  The principal advantage of building a 

mathematical model is to quickly characterize biology properties and improve efficiency 

compared to the convention experiment. Besides, it easily tested by certain biological 

features and the alternative parameters of the descriptive equations. [Lei, et al., 2014]. From 

the Mechanics perspective, cancer brings some physical changes, e.g., solid stress 

generated by tumor growth, tissue stiffness growth, and abnormal interstitial fluid 

changes[Shieh, 2011]. 

In our work, the tumor is modeled as a 3D fluid-saturated porous medium, 

composing both stable regions, i.e., a fibrous extracellular matrix as well as both malignant 

and non-malignant cells, and fluid regions, i.e., the fluid inside blood vessels and lymph 

vessels [Lovitt, et al., 2018; Motlagh, et al., 2016]. Substantial stress is the mechanical 

stress in the solid phase of a tumor. It spans a couple of length scales, i.e. Subcellular level, 
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cellular level, and tissue level. It is affected by expanding cancer and compressing blood 

and lymphatic vessels. Suppose we can analyze the tumor solid stress distribution. In that 

case, we can have a better understanding of tumor growth mechanics, reduce cancer cell 

proliferation rate, and induce apoptosis, impeding growth in high-stress regions moving 

forward to lower-stress areas [Dalarue. et al., 2014]. It is also worth mentioning that an 

important assumption made during the simulation process of tumor growth is that the newly 

grown tissue has the same mass density as the original tumor tissue. 

Machine learning has been a popular topic during the last couple of years, and it 

accumulated the development of the cancer-related industry dramatically. We proposed an 

approach to derive a computationally inexpensive tumor growth and deformation model 

using machine learning on data obtained from different breast-tumor growth FEM 

simulations. The simulations were performed in advance on a polygonal mesh generated 

from CAD and COMSOL. The results fed learning algorithms that perform deformation of 

pathology with time changing. The proposed method, illustrated in Figure 1.3, assumes 

that the tumor growth procedure is not affected by other factors, like environments, surgery, 

treatment, etc.  



12 

 

 

Figure 1.3 Outline of the proposed approach 

To illustrate our scheme, the breast's 3D model with the tumor is discussed in 

Chapter 5. As shown in Figure 1.3, the pipeline of our proposed approach includes: (1) 

Generating preoperative 3D models for the patients, close to the real condition. (2) 

Generating a large deformation dataset using nonlinear FEM simulations and tracking the 

tumor’s displacement, tumor volume, and other important results. (3) Training ML models 

on the pre-generated dataset formed by FEM models. (4) Comparing the model’s 

evaluations, selecting the best ML model to perform the breast tumor growth. We 
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introduced five regression model algorithms to demonstrate the performance of our 

proposed FEA-based ML approaching methodology, completed the hyperparameters 

tunning and model evaluation in python.  

This thesis's goal is three-fold: 1) to present an overview of multi-scale 

mathematical models of avascular tumor growth and invasion. 2) to give a large strain with 

materially nonlinear constitutive equations to simulate the tumor growth. 3) to present a 

finite element-based machine learning method approaching to model the tumor growth. 

 

1.6 Thesis Organization 

 

In Chapter 1, we presented the reasons for cancer prognosis, cancer cell 

proliferation mechanism, especially explained the formation of breast tumor. Then we 

discussed the biology of growth from the mathematical views. Besides, we introduced the 

biomechanics of tumor growth and the popular machine learning method applying in the 

breast cancer studies presented. Chapter 2 mainly discussed the famous tumor growth 

models and introduced the continuum mechanics framework used for Chapter 3. Moreover, 

porous medium theory and study cases are discussed here. Chapter 3, Chapter 4, and 

Chapter 5 are the works we did to study tumor growth stimulation from the continuum 

models via the FEM method and FEM-based machine learning approach to model breast 

tumor growth. Chapter 6 summarizes the results of two methods used to simulate tumor 

growth and concludes by suggesting improvements and future research directions.  
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Chapter 2 

Tumor Growth Model 

Multi-scale mathematical models represent novel approaches to study how genetic 

mutations manifested as functional and morphological changes at the cellular and tissue 

scale [Anderson et al., 2009]. There are two broad categories of computational models with 

regards to cancer: descriptive models and mechanistic models. Descriptive models attempt 

to reproduce the dynamics of the tumor without emphasizing the biological details. 

Mechanical models solve the underlying biology and tend to attend to a specific tumor 

progression aspect. From the perspective of a biologist, I think a good model needs to 

comply with the mechanistic and relate to the system's multiple components, which 

captures the cells' underlying behavior. To accomplish this, mathematical models are 

divided into three methods: building the continuum models through formulating the partial 

differential equations (PDEs) mathematically, forming cellular automaton (CA) models, 

and a hybrid model that combine the first two methods.  
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Figure 2.1 The multiscale nature of cancer [Preziosi 2003] 

The reaction-diffusion equation used to simulate the early spatial spread of tumors 

Growth stage [Chaplain, et al., 2006; Sottoriva, et al., 2010; Anderson, et al., 2003] and 

late invasion stage [Byrne, et al., 2010; Enderling, et al., 2006; Anderson, et al., 2000; 

Quaranta, et al., 2005; Smallbone, et al., 2007]. The specific solutions observed in all these 

models [Byrne, et al., 2010; Enderling, et al., 2006; Anderson, et al., 2000] appear as 

traveling waves of invading cancer cells. Other mathematical models involve a tumor 

cumulative growth model based on boundary integral, finite element methods 

[Perumpanani, et al., 1999; Anderson, et al., 2004]. Although these models can capture 

tumors at the tissue level, they cannot describe the cancer at the cellular and subcellular 

levels. On the other hand, the single-cell-based model allows a more realistic random 

approach at the cellular and subcellular levels. Several different discrete models of tumor 

growth have been developed, including cellular automata models [Anderson, et al., 2006; 

Hanahan, et al., 2000; Anderson, et al., 2003; Lowengrub, et al., 2010; Rejniak, et al., 2010; 

Marchant, et al., 2000; Ermentrout, et al., 1993] a lattice-free model [Anderson, et al., 2007] 
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and a subject-based model [Gerlee, et al., 2008]. The single-cell-based models are applied 

to tumors for growth and other biological issues [Piotrowskia, et al., 2009]. 

2.1 Continuum Model 

There are four key variables involved in tumor invasion: tumor cell density(denoted 

by n  ), MDE concentration (denoted by m  ), MM concentration(denoted by f  ), and 

oxygen concentration (denoted by c ). The complete PDE system describes the interactions 

between the tumor cells, macromolecules(MM), Matrix degradative enzymes(MDEs), and 

oxygen. It models tumor invasion of surrounding tissue mathematically. The system is 

given: 

                                    

2

2

2

( )n

m

c

n
D n x n f

t

f
mf

t

m
D m n m

t

c
D c f n c

t



 

  


=  −  




= −




=  + −




=  + − −



                                                  (2.11) 

While nD  the tumor cell, MDE, and oxygen diffusion coefficients   x  are the hypotaxis 

coefficient and , , , , ,       are positive constants[Anderson.2007]  

2.2 The Discrete Model 

Although a continuum model can successfully capture cell-matrix interactions and 

other tissue scale activities, a cellular automation model is a better method to capture the 
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tumor activity in cellular and subcellular scales. The primary advantage of using a discrete 

model is to compare the results in vivo and silico. Many different types of discrete models, 

such as coupled map lattice models, fractal models, and diffusion-limited aggregation 

models, have already been developed to model general branching processes in a qualitative 

and phenomenological way.  

The discrete models are considered to apply to a wide area of problems in many 

areas of applied mathematics. Anderson and Chaplain [Anderson, 2007]. In this model, the 

tumor cell density n  at the grid point ( , )i j  at a time q  is denoted ,

q

i jn  . The cell density 

( , , 1)i j q+ is calculated by collecting relevant data at the point ( , )i j and at four orthogonal 

neighbors at a time q , which is according to the equation 

                           
1

, , 0 1, 1 1, 2 , 1 3 , 1 4

q q q q q q

i j i j i j i j i j i jn n P n P n P n P n P+

+ − + −= + + + +                     (2.21) 

where 0P  is proportional to the probability of staying stationary and 1 2 3, ,P P P  proportionate 

to the probabilities of moving left, right, down, and up, respectively. Each of these 

probability terms divided into two mechanisms: random motion and a directed response 

toward an external stimulus, like 

                                      nP random motion haptotaxis= +                                 

(2.22) 

when determining the direction of motion, it is essential to calculate 
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 

             (2.23) 

The coefficients are obtained using a 5-point finite difference discretization of the 

partial differential equation.  

According to this model, the tumor's geometry, the concentrations of the nutrients 

and the MDEs, the cell life cycle, and the interactions among neighboring cells are proved 

to impact cell migration[Anderson, Chaplain. 1998]. And from the mathematical standpoint, 

it makes more sense to examine the individual cells' motion and derive a continuous model 

describing the tumor cluster's motion [Deisboeck, 2011].  

2.3 Continuum Mechanics Framework 

Modeling tumors as a growing solid in the continuum mechanics framework is 

popular. The main difficulty of modeling the growing solid resides because the solid mass 

is not conserved during the growth process. It is hard to determine the relationship between 

the exited material points and new-born points. The basic laws are suitable for all material 

bodies irrespective of their constitution. Continuum models are used to study large-scale 

systems by treating the tumor tissue as a continuous medium. Nowadays, people use 

variables and partial differential equations with mass conversation to describe the tumor 
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growth behaviors, which shows the tumor growth's global properties. Assume a material 

point P  can be identified by its coordinates  

                                                           1 2 3, ,X X Y X Z X  
                                                 (2.31) 

in a material reference frame. Or from the original point O  extending to the point P

following the vector P. Deformed state consists of the spatial volume V , the surface s  at 

a given time t . After deformation happened, the material point takes a spatial point P, which 

is extended from the vector P; using the spatial reference frame is can be expressed as  

                                                     1 2 3, ,x x y x z x  
                                               (2.32) 

In the undeformed state, Material or Lagrangian Coordinate 

                                          1 2 3{ , , } { , , } { , 1,2,3}KX Y Z X X X X K= = = =X                 (2.33)                                     

Deformed state, Spatial or Eulerian Coordinate 

                                        1 2 3{ , , } { , , } { , 1,2,3}kx y z x x x x k= = = =x                     (2.34)                               
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Figure 2.2 Lagrangian and Eulerian coordinate systems 

The body's motion, including rigid body motion and deformation, covers various 

material points across different spatial positions. The motion can be expressed as 

 ( , )     or     ( , )k k Kt x x X t= =x x X                                        (2.35) 

The motion takes a material point P  in B  at a time 0t =   identified by X  to a 

spatial position p in b a time t  identified by x . 

Conversely, the inverse motion may be expressed as 

 ( , )     or     ( , )   K K kt X X x t= =X X x                                 (2.36) 

The physical meaning says Eq. (2.36) can trace the material point occupying p

located at x and at a time t  to its original (at 0t = ) position P identified by X . 

Also, through the Jacobian of the motion, we can prove above is the unique 

inverse of each other.  
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                        (2.37)                                       

It means material under consideration is indestructible and impenetrable. 

Physically, it means the motion carries every region, surface, and curve into a region, 

surface, and curve, respectively.  

At the fixed time t , one may have 

                                                       

,

,

k
k K k K K

K

K
k k K k k

k

x
dx dX X dX

X

X
dX dx X dx

x


= 



= 


                              (2.38)                                          

where ,k Kx  and ,K kX  are named as deformation gradient and inverse deformation 

gradient, respectively.  

It is noticed that Cauchy deformation tensor is defined as 

                                                              , ,ij K i K jc X X
                                                            (2.39) 

Green’s deformation tensor is defined as 

                                                                 , ,KL k K k LC x x
                                                        (2.40) 

It is seen that both Cauchy’s and Green’s deformation tensors are symmetric, i.e. 

 , ij ji KL LKc c C C= = .  
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In classical continuum mechanics, some fundamental axioms of motion are valid 

for all material bodies irrespective of their constitution. In our world, the thermomechanical 

phenomena are governed by five critical basic laws: 

• Conservation of mass 

                                                            , 0k kv + =
                                                                   (2.41) 

• Balance of linear momentum in the Lagrangian description can be expressed as 

                                                    , .( ) ( ) 0o

JI i I J i iT x f v+ − =
                                                      (2.42) 

• Balance of angular momentum 

                                { 0ijk j k j mk m j k

v x v

d
x v dv x t n ds x f dv

dt
  − − =                               (2.43) 

which can be further derived to be  , ij ji IJ JIt t T T= =  , i.e., the stress tensor is symmetric.                                      

• Conservation of energy 

                                                    ,

o o

IJ IJ J Je T E Q h = − +
                                                    (2.44) 

• Principle of entropy 

                                              ,( ) / 0o

KL KL K KT E Q    − + + −                                        (2.45) 

where , , , e     are internal energy density, entropy density, absolute temperature, 

Helmholtz free energy density, respectively, KQ is the heat flux, ( ) / 2KL KL KLE C  − is the 

Lagrangian strain tensor. 
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2.4  Porous Medium 

In our work, the tumor is modeled as a 3D fluid-saturated porous medium, 

composing both solid regions, i.e., a fibrous extracellular matrix as well as both malignant 

and non-malignant cells, and fluid regions, i.e., fluid inside blood vessels and lymph vessels 

[Lovitt, et al., 2018; Motlagh, et al., 2016]. Solid stress is the mechanical stress in the solid 

phase of a tumor. It spans a couple of length scales, i.e., Subcellular level, cellular level, 

and tissue level. It is affected by expanding cancer and compressing blood and lymphatic 

vessels. If we can effectively analyze the tumor solid stress distribution, we could better 

understand tumor growth mechanics. It could be utilized to reduce cancer cell proliferation 

rate and induce apoptosis, impeding growth in high-stress regions and moving forwards to 

lower-stress areas [Dalarue, et al., 2014]. It is also worth mentioning that an important 

assumption made during the simulation process of tumor growth is that the newly grown 

tissue has the same mass density as the original tumor tissue. 

The porous material is a material with a network structure composed of the 

interpenetrating or closed pore. According to different pore sizes, porous materials can be 

divided into microporous (pore diameter less than 2 nm) materials, mesoporous (pore 

diameter 2-50 nm) materials, and microporous (pore diameter greater than 50 nm) materials. 

Compared with continuous media materials, porous materials generally have the 

advantages of low relative density, high specific strength, high specific surface area, 

lightweight, sound insulation, heat insulation, and good permeability.  

The application of porous materials can improve mechanical properties such as 

strength and stiffness while reducing density. When the wave propagates to the interface of 
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two media, reflection and refraction occur. Due to pores' existence, the possibility of 

reflection and refraction increases, and the likelihood of diffraction is also increased. 

Therefore, the porous material can play the role of wave blocking. Utilizing this property, 

porous materials can be used as sound insulation materials, vibration damping materials, 

and materials resistant to explosive shocks. Because each gas or liquid molecule's 

diameters are different, the degree of freedom of movement is different, so porous materials 

with varying diameters of pores have various adsorption capacities for different gases or 

liquids. This property can be used to make high-efficiency gas or liquid separation 

membranes for air or water purification, which can even be reused. The chemical properties 

of porous media commonly increase with the density falling. Artificial enzymes produced 

based on porous materials with molecular recognition functions can greatly increase the 

speed of catalytic reactions 

Permeability is a property of the porous medium that measures the capacity and 

ability of the formation to transmit fluids. It is commonly combined with Darcy’s law to 

describe the fluid flow. By the pressure gradient, fluid viscosity, and permeability, we can 

determine the pressure and velocity fields. There are two examples of a porous media 

application in this thesis; one is related to the poroelasticity, which combines Darcy’s law 

with the linear elastic material model of the porous matrix; the other is about the pore-scale 

flow, which is clearly showing the velocity field and pressure changes among the porous 

media [Apostolos, et al., 2019].  

2.4.1  Porous Media Application  

  To make sure Porous media is the perfect bridge connecting Solid and Fluid, we 

made two study cases to investigate the Solid and Fluid relationship under introducing 
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porous media.  In case one: the poroelastic simulation built a porous media model with 

solid deformation, estimating 3D compaction connected to pumping by considering the 

subsurface fluid flow with Darcy’s law, coupling with structural displacements with a 

stress-strain analysis. The elastic displacement will appear when the fluid pressure changes. 

The first case is about oil pumping, which is a simple example of applying porous media.  

The solid model is isotropic and linear.  

The fluid flow:    

                                                             

0p




 
 −  = 

                                                               (2.41) 

Darcy’s velocity combined with the continuity equation, where   the permeability 

is the dynamic viscosity, p equals the pores' oil pressure.  

The solid deformation:   

                                                                 − =σ F                                                                       (2.42) 

where σ is total stress tensor,  F  is the external body forces. The stress tensor is increasing 

with the pore-pressure enhancement. Pump moves fluid from the reservoir into the well. 

Fluid only flows in the wells. The reservoir is constrained,  but the well is free to deform. 

The variables for the simulation are in Appendix Table 1.0.  
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Figure 2.3 Total displacement of the well 

The figure indicates the total displacement. It turns out that near the splitting wells, 

the deformation is most profound.  

 

Figure 2.4 Fluid pressure of the well 

The figure shows the simulation of coupled fluid flow and reservoir deformation 

following a poroelastic approach. However, the results turned out the fluid pressure is just 

the same as the solid media's fluid flow, the more it close to the well, the lower pressure 

the reservoir bears.  
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Concerning the Multiscale modeling, we also used creeping flow to solve the flow 

in a porous medium's interstices. In case two, the model comes from researchers of the 

University of California, Santa Barbara. The model geometry is taken from SEM images. 

Through the experiments, we can find out the flow velocity and pressure drop in the pore 

throats.  

 

Figure 2.5 Poro-scale of porous media 

The model covers a region of 640 m by320 m .  The fluid flows from the right to 

the left across the geometry. The flow will not penetrate the solid grains; there is no flow 

at the top and bottom boundaries.  

The creeping flow interface solves Stokes equations. The fluid is assumed to be 

incompressible. Combined with the Brinkman equations, then we get    

                                 ( )0 T

p

p
 

 
= − +  + −u u u                                    (2.43)                                               

                                                              0 =u                                                                  (2.44) 
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The pressure  is Darcy’s velocity field, the dynamic viscosity of the fluid, the porosity, and 

the permeability of the medium. The results are shown in Figure 2.6.  

 

Figure 2.6 Pore-scale flow in the porous media (a) Velocity magnitude  

 (b) Pressure distribution  

From these two experiments, with the proper porosity and permeability, we figured 

out that porous media is a perfect media that connected the solid part and fluid together 

[Auset, et al., 2004; Sirivithayapakorn, et al., 2003]. It is typical to represent fluid flow in 

the solid as a continuum process using continuous bulk properties in a porous medium. The 

bulk properties into an equation such as Darcy’s Law or Brinkman equations with an 

average flow rate for the total volume.  
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Chapter 3 

Simulation of Tumor Growth through 

FEM 

In this research, we incorporate a multiscale model to study tumor growth behavior 

with the continuum model's constitutive relations. The goal is via utilizing this multi-

physics approach to finalize presenting a numerical simulation of Tumor Growth. The 

process of biological growth is described using the Reference configuration, Grown 

configuration, and Current configuration. By applying various factors such as the 

deformation tensor and growth tensor, we map one configuration to another configuration 

[Rodriguez, et al., 1994]. Then we define porosity   and mass ratio R . We then follow 

Schantz’s formulation to obtain the total Cauchy stress tensor σ . We do a comparison of 

the materially linear stress-strain relation and the materially nonlinear stress-strain relation. 

We adopt simple Darcy’s law, which relates the seepage velocity with the fluid pressure. 

We also determine the continuity equations of the fluid and extend the tumor growth or 

shrinking problem to be a large strain problem with materially nonlinear constitutive 

equations. Finally, we solve the governing equations of tumor growth by finite element 

method and present a few scenarios' numerical results. 
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3.1 Mathematical Model 

In this work, we follow the formulation by Rodriguez, Hoger, and McCulloch  

[1994] on the process of biological growth, which can be briefly described as follows: Let 

,  g
X X and x  be the position vectors of a generic point in the Reference configuration, 

Grown configuration, and Current configuration, respectively (cf. Figure 3.1). The mass 

densities are denoted ,  ,   and o g   in the Reference configuration, Grown configuration, 

and Current configuration, respectively.  Let F   map the reference configuration to the 

current configuration, i.e. 

                                                            
,k k K K kK Kdx x dX F dX=                                                  (3.1) 

From pure geometric consideration, one has 

                                                                det( )Fdv dV JdV=                                                       (3.2) 

where  and v V  are the volumes in the current and the reference configurations. 

Similarly, G   maps the reference configuration to the grown configuration; A   maps the 

grown configuration to the current configuration, i.e. 

                                                                   g

K KL LdX G dX=                                                           (3.3) 

                                                                 det( )G
g

GdV dV J dV=                                               (3.4) 

                                                                     g

k kK Kdx A dX=                                                          (3.5)                                                                     

                                                                det( ) g g

Adv A dV J dV=                                                 (3.6) 

From Eqs. (3.1-3.6), it is straightforward to obtain 
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                                                                  or        F AGkK kL LKF A G= =                                        (3.7) 

                                                                          
A GJ J J=                                                             (3.8) 

Now we make the first assumption: The new tissue generated by growth has the same mass 

density as the original one, i.e. 

                                                                          g o =                                                                   (3.9) 

     It is noticed that the mass ratio and the volume ratio between an adult and an infant 

can be a huge number, but the density ratio can be one or, at least, very close to one. 

     The process from the grown configuration to the current configuration is deformation. 

Therefore, the mass is conserved 

                                                                      g g g

Adv dV J dV  = =                                      (3.10) 

which implies 

                                                                         g o

AJ  = =                                                     (3.11) 

Hence A  is named the deformation tensor. 

     The process from the reference configuration to the grown configuration is growth. 

There is no such thing as conservation of mass in growth. Hence  

                                                                        o g o

G GJ J   =                                               (3.12) 

In other words, it is emphasized that 

                                                                      1     ,     o g

GJ   =                                            (3.13) 
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Hence G  is named the growth tensor. 

     The process from the reference configuration to the current configuration involves 

both the deformation process and growth process. Therefore, mass is not conserved either. 

This means 

                                                                             o J                                                       (3.14) 

Although F   is still named as deformation gradient, it is understood that

 and F AG A GJ J J= = . 

 

 

Figure 3.1 Transformations and configurations. 

3.2 Porous Medium 

     In this work, consider the porous medium consists of a solid part and a fluid part; the 

volume, mass, and density are denoted as { , , } ands s sV m    { , , },f f fV m    respectively 

[Coussy, et al., 2004; Detourney and Cheng, et al., 2014]. We have 
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     ,          

           ,           

s f s f

s f
s f

s f

V V V m m m

m m

V V
 

= + = +

= =
                                 (3.15) 

Define porosity and volume ratio, respectively, as 

                                                                           
fV

V
                                                                (3.16) 

                                                                           
f

s

V
R

V
=                                                               (3.17)                              

Then it is straightforward to obtain 

                                                                      ,     
1 1

R
R

R





= =

+ −
                                           (3.18) 

Now one may readily derive the average mass density for the porous medium as 

  

* / /

1

(1 )
1

s f s s f s

s f

S f
S f

m m m m V m V

V V V R

R

R



 
  

+ +
 = =

+ +

+
= = − +

+

                                (3.19) 

Remark: The mass density of the solid part s   is the mass density in the current 

configuration. That is why the average mass density for the porous medium is denoted by

* . The total Cauchy stress tensor σ  is also decomposed into solid and fluid parts, i.e. 

                                                                     
s f

ij ij ij  = +                                                       (3.20) 

Here we follow Schanz’s formulation [Schanz, 2009], which leads to 

                                                                  
s

ij ij ijp   = −                                                    (3.21) 
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where  s
σ  is the stress tensor resulting from the deformation of the solid as if there is no 

surrounding fluid; p   is the fluid pressure;   is named as Biot’s stress coefficient and 

defined as 

                                                          (1 / )Q R    +                                                      (3.22) 

where  and Q R  have the same dimension as stress. In other words σs  can be calculated 

from the deformation tensor A  [Biot, 1941, 1956, 1962, 1977]. 

         3.2.1 Stress-Strain Relation 

 

The isotropic and homogeneous elastic material is having the general constitutive 

equations 

                                                                 ( , , , )I II III  =                                                 (3.23) 

                                 0{ 2 3 }o

KL KL KL KM ML

KL

T E E E
E I II III

   
  

   
= = + +

   
                         (3.24)  

The deformation gradient 
,k Kx   of a simple tension/compression problem can be 

expressed as 

                                              
1 1

, 2 2

3 2

1 0 0 1 0 0

0 1 0 0 1 0

0 0 1 0 0 1

k K

e e

x e e

e e

+ +

= = + = +

+ +

F              (3.25)                                                            

It is noticed that, in simple tension/compression problem, 
2 3e e= .  And the Jacobian 

J  can be expressed as 
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.

1 2 3

2

1 2

det( )

(1 )(1 )(1 )

(1 )(1 )

k KJ x

e e e

e e

=

= + + +

= + +

                                       (3.26) 

The Lagrangian strain tensor is obtained as 

  

                                                            

2

1 1

2

2 2

2

2 2

1
0 0

2

1
0 0

2

1
0 0

2

e e

E e e

e e

+

= +

+

                               (3.27)  

(I) Linear Stress-Strain Relation 

The 2nd order Piola-Kirchhoff stress (PK2) is related to the Lagrangian strain as 

                                                             2KL MM KL KLT E E  = +                                                 (3.28) 

Since in simple tension/compression case, the lateral stresses are vanishing, therefore 

                                                       

22 33 11 22 22

11 22

( 2 ) 2

2( )

0

T T E E E

E E

 

  

= = + +

= + +

=

                           (3.29) 

which implies 

                                                      22 11 11
2( )

E E E



 

= −  −
+

                                  (3.30) 

Then it leads to 
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11 11 22 11

11 11

( 2 ) 2

(3 2 )

T E E E

E EE

 

  

 

= + +

+
= 

+
                                     (3.31) 

It is noticed that Eqs. (3.30,3.31) are the celebrated conclusions in Elasticity; 

 and E  are the Poisson’s ratio and Young’s modulus, respectively. 

(II) Materially nonlinear stress-strain relation 

The Neo-Hookean constitutive relation, proposed by Batra [1998], is expressed as  

                                                   * * 1 *{( )( 2 ) }J tr  −= − + +T E I E I                                 (3.32) 

One may obtain the stress components 
11 22 33 and T T T=  as 

                                       
* *

2 *11 22
22 33 11 22

22

( 2 )
(1 )(1 ) { }

1 2

E E
T T E E

E

 


+ −
= = + + +

+
                  (3.33) 

                                        
*

2 *11 22
11 11 22

11

( 2 ) *
(1 )(1 ) { }

1 2

E E
T E E

E

 


+ −
= + + +

+
                            (3.34) 

22 33 0T T= =  results 

                                         
*

22 33 11 11* *2( )
E E E E




 
= = − = −

+
                                                   (3.35) 

This equation is the same as Eq. (3.42) and it seems we get the classical result. But if one 

takes a close look, it is noticed that Eq. (3.45) can be written as 

                                                      22

11

E

E
= −                                                                                        (3.36) 

 However, in the classical simple tension/compression problem, one has 
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                                                       2

1

e

e
= −                                                                                         (3.37) 

Figure 3.2 shows the comparison between materially linear and nonlinear stress-

strain relations. We set material parameters to be * * 0.4 = = ,which is corresponding to 

1.0 and 0.25E = = .  For the linear material, stress and strain remain proportional before 

arriving at the yield limit (which is not shown in the figure). For the nonlinear material, 

one may notice a sharp change of stress during the compression process, and in the tension 

process, the stress becomes increasingly moderate.   

 

        

3.2.2 Governing Equations 

 

Figure 3.2  The comparison of materially nonlinear and materially linear 

stress-strain relations 
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   The absolute fluid velocity is denoted by w ; the seepage velocity w is defined as the 

relative velocity between the solid and the fluid, i.e.  

                                                                        −w w u                                                           (3.38) 

Then the equilibrium equation can be derived as [Schanz, 2009] 

                                     

*

,

*

(1 )

(1 ) ( )

{(1 ) }

s f

ji j i i i

s f

i i i

s f f

i i

f

i i

f u w

u u w

u w

u w

    

  

   

 

+ = − +

= − + +

= − + +

 +

                 (3.39)                                 

One may rewrite Eq. (3.39) in the Lagrangian description as 

                                                       * *

, ,( ) f

KL l L K l l lT x f u w  + = +                                         (3.40) 

where *  and f    is the initial *  and f  . 

          The simple Darcy’s law, which relates the seepage velocity with the fluid pressure, 

can also be expressed Lagrangian description as 

                                                                      ,K K Kq w p  = −                                                 (3.41) 

where   is a material constant named as permeability; 
iw  and 

Kw  are linked through the 

shifter, i.e. 

                                                                          
i iK Kw w=                                                       (3.42) 

A more complex Darcy’s law can be found in [Schanz M. 2009].  

For the continuity equation of the fluid, the following equations have been proposed 

[Coussy, 2004; Cheng, 2016; Schanz, 2009; Sun, et al, 2019] 
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                                                                       ,K K

d
q a

dt


+ =                                                     (3.43) 

where a  is the source term and 

                                                              
2

(1 ) ( 1)
Q

J p
R R


 = + − +                                          (3.44) 

Finally, the governing equations of tumor growth are obtained as 

 
* *

, , , ,( ) f

KL l L K l l l lK KT x Jp f u p    − + = −                         (3.45) 

                                                                
2

,K Kp J q a
R


+ = − +

                                            (3.46) 

3.3 Finite Element Formulation 

         Now we are going to solve Eqs. (3.45, 3.46) by finite element method. Let the 

displacement Ku  and pressure p   of a generic point be expressed in terms of the nodal 

values as 

                                                      牋K Ku N U      ,     p N P   = =                                          (3.47) 

where  and KU P    are the K th−  displacement and the pressure of  ,node  respectively; 

N   is the th −  shape function.  Then the deformation gradient and pressure gradient can 

be found as 

                                                       
, , ,

,( )

i K iK i K iK iL L K

iL KL K L

x u u

N U 

  

 

= + = +

= +
                                           (3.48) 
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                                                            , , , ,i i K K ip N P N X P   = =                                               (3.49) 

where iL  is the shifter; ,K iX  is the inverse deformation gradient with , ,i K K j ijx X = . 

The weak form of Eq. (3.45) can be expressed as 

 

* *

, , , ,{( ) [ ]} 0f

KL l L K l l l lK K l

V

T x Jp f u p u dV     − + − − =                (3.50) 

The weak form of Eq. (3.46) is  

                                                    
2

,{ } 0K K

V

p J q a pdV
R


 + + − =                                   (3.51) 

After derivation, Eq. (3.50) becomes 

* 1 2ˆ{ } 0f

K K K K K K KU M U E P JE P F F f            − + − − − =            (3.52) 

Since the weak form has to be valid for arbitrary various displacement KU  , one now has 

a governing finite element equation 

* 1 2ˆ 0f

K K K K K KM U E P JE P F F f          − + − − − =                     (3.53) 

And Eq. (3.52) becomes  

2

ˆ{ } 0K KP M P JE U H P Q a
R

        


  + + − − =                            (3.54) 

Since the weak form has to be valid for arbitrary various temperature P , one now has 

another governing finite element equation 
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2

ˆ
K KM P JE U H P Q a

R
       


 + + = +                               (3.55) 

3.4 Numerical Results of Tumor Growth 

3.4.1 Implementation within the Finite Element Method 

   To solve Eq. (3.54) and Eq. (3.55) for two sets of unknown variables, 

displacement field U  , and pressure field P , by either central difference method or Heun 

method, it is much more efficient to adopt the lumped-mass system, i.e., diagonalize the 

matrices so that Eq. (3.54) and Eq. (3.55) can be re-written as 

                                * 1 2ˆf

K K K K K KM U E P JE P F F f          − + = + +                   (3.56)                    

                                        
2

ˆ
K KM P JE U H P Q a

R
       


 + + = +                          (3.57) 

Index with an underlying bar means the summation convention is suspended. Then, 

one may find the pressure rate as 

                                        
2

ˆ{ }/L L

R
P JE U H P Q a M        


= − − + +                   (3.58) 

and, consequently, the acceleration can be found as 

                                   * 2

1 2

1
{ { }

ˆ }

ˆ

/

{ }/L

f

K K

K K K K

L

R
JE U H P Q a MU E

JE P F F f M

 

     

       







− − + +=

− + + +

       (3.59) 

In a more compact form. Eqs. (3.58, 3.59) can be expressed as 

                                                              , , t=P A(P U )                                                  (3.60) 
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                                                            ( , , , )t=U B U U P                                            (3.61) 

      The basic idea to simulate tumor growth is the grown state can be taken as the 

reference state in which the stresses are vanishing. In other words, it will remain as it is if 

there is no forcing term. However, in this case, there are forcing terms due to
f

KE P −

and ˆ
KJE P  in Eq. (3.59). Since the grown state is taken as the reference state, the 

Jacobian J appearing in Eq. (3.59) should be interpreted as AJ  (cf. Eqs. (3.4, 3.6)).  

      As an example, we consider a tumor whose initial configuration is a sphere 

occupying  

    2 2 2, , 1.0 V X Y Z r X Y Z cm=  + +                            (3.62) 

3.4.2 Case Study Discussion 

   There are two scenarios: 

(I) Assume no drug has been delivered to the tumor and therefore it grows to 

 2 2 2( ) , , ( ) ( ) ( ) 1.5 g g g g g g g gV I X Y Z r X Y Z cm= = + +                (3.63) 

It means the growth tensor is 

                                                     ( ) ( ) 1.5 KL KL KLG I G I  = =                                                  (3.64) 

(II) Assume a working drug has been delivered to the tumor and therefore it shrinks to 

 2 2 2( ) , , ( ) ( ) ( ) 0.5 g g g g g g g gV II X Y Z r X Y Z cm= = + +            (3.65) 
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It means the growth tensor is 

   ( ) ( ) 0.5 KL KL KLG II G II  = =                                  (3.66) 

Also, assume during the process of tumor growth (or shrinking), the volume of a fluid part 

doesn’t change. Therefore, the porosity   is changed to 

                                               
3 3*

f of

s f os of

V V R

V V V G V G R
 = = =

+ + +
                                 (3.67) 

(1) For the materially linear constitutive equations, we adopt the classic stress-strain 

relation as 

2KL MM KL KLT E E  = +                                          (3.68) 

The material constants are : 

4 2

3

3

4 3

2

4*10   / /

0.3

1  /

1  /

0.625*10   /

6.6  / /

0.03

s

f

o

E g cm s

g cm

g cm

cm s g

Q R g cm s











−

=

=

=

=

=

= =

=

                                    (3.69) 

(2) For the materially nonlinear constitutive equations, we adopt the following 

proposed by Batra [1998]: 

                                                 
1{( )( 2 ) }J tr  −= − + +T E I E I                                          (3.70) 

where 
5 20.231 10  / /g cm s =   and 

5 20.154 10  / /g cm s =  .                                                                                                 

It is noticed that the relation between the 2nd order Piola-Kirchhoff stress tensor KLT   and 



44 

 

the Lagrangian strain tensor relation KLE   proposed by Batra can be utilized for biological 

materials [Dimitrios, et al., 2010]. 

The material constants and initial porosity are specified as 

        

3

3

4 3

2

1  /

1  /

0.625*10   /

6.6  / /

0.03

s

f

o

g cm

g cm

cm s g

Q R g cm s









−

=

=

=

= =

=

                                  (3.71) 

The boundary conditions for both cases are specified as 

(a) On 
gr r=   

                                                        
max min

4000
14000 g

g g
p Y

Y Y
= +

−
                                             (3.72) 

                                                               1 2 3 0t t t= = =                                                             (3.73) 

In other words, the pressure goes from 16000 
2/ /g cm s  at the North Pole 

( 1.0 Y cm= ) to 12000 
2/ /g cm s at the South Pole ( 1.0 Y cm= − ) and the surface traction is 

zero. 

(b) On 0gZ =   

                                                                   0w=                                                             (3.74) 

                                                                   0ZU =                                                         (3.75) 
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These two boundary conditions are essentially equivalent to there is a mirror 

concerning X Y−  plane at 0Z = . 

3.4.3 Linear Case Study 

              The numerical results of Case I are shown in the following categories (the results 

of Case II are like those in Case I): 

(a) The von Mises stresses on the curved surface, 
gr r= , and the mirror plane, 

0gZ = , is shown in Figure 3.3., respectively. It is seen that the Von Mises stress on the 

mirror plane is in general much larger than that on the curved surface. This is due to the 

zero-surface traction specified on the curved surface. 

(b)The pressure of the fluid on the curved surface, 
gr r= , and the mirror plane, 

0gZ = , are shown in Figure 3.4, respectively. Notice that Figure 4. is just a graphic 

statement of the boundary condition, eq. (3.71). On the other hand, the distribution of 

pressure on the mirror plane has more variation, which also shows high pressure near the 

North Pole and low pressure near the South Pole. 

Figure 3.3 The Von Misses Stresses 
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(c) The seepage velocity on the curved surface, 
gr r= , and the mirror plane, 0gZ = , 

are shown in Figure 4.5., Figure 4.6 shows the maximum seepage velocity in Z-direction 

as a function of time. Now take a close look at the distribution of the seepage velocity in 

the X-direction, i.e., 
XW . It is seen that there are inward and outward seepage velocities in 

the north and south hemispheres, respectively. This is in line with the specified pressure 

distribution on the curved surface. The distribution of seepage velocity in the Y-direction, 

YW , shows that there is seepage coming in from the north and going out from the south. 

 (a) 

 

Figure 3.4 The pressure of fluid on the cured surface 
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(b) 

(c) 

 

Figure 3.6 Maximum seepage velocity in the Z-direction (WZ) 

as a function of Time 

 

Figure 3.5 (a)-(c) The seepage velocity 
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(d) The displacements , , and X Y ZU U U  relative to the original configuration, not the 

grown configuration, on the curved surface and the mirror plane are shown in Figure 4.7. 

Essentially, , , and X Y ZU U U  indicate that there is isotropic growth in all three directions. 

However, there are minor variations which are the consequences due to the interaction 

between the displacement field and pressure field. 

 

       (a) 

          (b) 

 

 



49 

 

(c) 

        

3.4.4 Nonlinear Case Study 

   The numerical results of the nonlinear case are shown in the following categories: 

(1) Scenario I 

(a) For Scenario I, the von Mises stresses on the curved surface, 
gr r=   and on the 

mirror plane, 0gZ =  are shown in Figure 4.8. It is seen that the Von Mises stress on the 

curved surface is greatly bigger than that in the mirror plane. The stress in the middle part 

of the surface is greater than that in the upper and lower parts. 

Figure 3.7 (a)-(c)The displacements relative to the original 

configuration 
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(b) The pressure of the fluid on the curved surface, 
gr r= , and the mirror plane, 

0gZ = , are shown in Figure 3.9. The distribution of pressure on the mirror plane has more 

variation, which also shows high pressure near the North Pole and low pressure near the 

South Pole.  

 

 

 

Figure 3.8  The Von Misses Stresses 

Figure 3.9 The pressure of fluid on the cured surface 
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(c) The seepage velocity on the curved surface, 
gr r= , and the mirror plane, 0gZ = , 

are shown in Figure 3.10. Now take a close look at the distribution of the seepage velocity 

in the X-direction, i.e., XW . It is seen that there are inward and outward seepage velocities 

in the southern hemispheres, respectively. This is in line with the specified pressure 

distribution on the curved surface.  

 

                                                                        (a) 

 

 

   (b) 
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  (c) 

Figure 3.10 (a)-(c) The seepage velocity 

(d) The displacements , , and X Y ZU U U  relative to the original configuration, not the 

grown configuration, on the curved surface and the mirror plane are shown in Figure 3.11. 

, , and X Y ZU U U  indicate that there is isotropic growth in all three directions. However, 

there are minor variations which are the consequences due to the interaction between the 

displacement field and pressure field. 
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(a) 

 

(b) 

 

(c) 

Figure 3.11 (a)-(c) The displacements relative to the original configuration 
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(2) Scenario II 

(a) For Scenario II, the Von Mises stresses on the curved surface, 
gr r= , and the 

mirror plane, 0gZ = , are shown in Figure 11, respectively. It is seen that the Von Mises 

stress on the surface area is much bigger than the mirror plane area. Compared with 

Scenario I, its inner Von Misses stresses is smaller than the outer.  

 

 

 

Figure 3.12  The Von Misses Stresses 
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(b) The pressure of the fluid on the curved surface, 
gr r= , and the mirror plane, 

0gZ = , are shown in Figure 4.13. Notice that Figure 3.13. is just a graphic statement of the 

boundary condition. The surface area pressure distribution is variable from the north pole 

to the south pole.  

 

(c) The seepage velocity on the curved surface, 
gr r= , and the mirror plane, 0gZ = , 

are shown in Figure 4.14. Now take a close look at the distribution of the seepage velocity 

in the X-direction, i.e. XW . It is seen that seepage velocities are coming from the right side 

to the left side. This is in line with the specified pressure distribution on the curved surface. 

The distribution of seepage velocity in the Y-direction, YW , shows that there is seepage 

coming in from the north and going out from the south.  

Figure 3.13  The pressure of fluid on the cured surface 
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                                                                       (a) 

 

(b) 

 

(c) 

Figure 3.14 (a)-(c)   The seepage velocity 



57 

 

(d) The displacements , , and X Y ZU U U  relative to the original configuration, not the 

grown configuration, on the curved surface and the mirror plane are shown in Figure 3.15., 

Essentially, , , and X Y ZU U U  indicate that there is isotropic growth in all three directions. 

However, there are minor variations which are the consequences due to the interaction 

between the displacement field and pressure field. 

 

 

(a) 

 

(b) 
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(c) 

Figure 3.15 (a)-(c) The displacements relative to the original configuration 

3.5 Discussion  

We combined poroelasticity (Biot’s theory) and the theory of biological growth 

formulated by Rodriguez, Hoger, and McCulloch [1994] to stimulate tumor growth. Also, 

it should be mentioned we employed “large strain theory”, i.e., geometrical nonlinearity 

remain in our finite element formulation. Also, we employed materially linear and 

nonlinear stress-strain relations (2nd order Piola-Kirchhoff stress vs Lagrangian strain). 

The tumor was modeled as a poroelastic medium consisting of two parts: solid and fluid. 

The solid part can grow or shrink depending on whether there is a working drug delivered 

to the tumor. We didn’t solve a fluid-solid interaction problem. Instead, the tumor is 

homogenized by using poroelasticity. Therefore, in the finite element analysis, each node 

has four unknowns: three displacements and one pressure. In this work, we model the tumor 

as a sphere. In the simulation, the boundary condition for pressure is set on the curved 

surface. To enable one to see the stresses, displacements, pressure, and seepage velocities 
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in the interior of the sphere, we specify boundary conditions on the X Z−  at 0Z = . On 

the other hand, in this simulation, the boundary condition for stresses is set at zero surface 

traction because it is not realistic to have stress-specified or displacement-specified 

boundary conditions at the tumor. Because of this boundary condition, the numerical results 

show that the stresses are almost zero everywhere in the specimen. 
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Chapter 4 

Introduction of Machine Learning  

Machine Learning (ML) is a branch of artificial intelligence that associates the 

problems learned from data samples with general inference concepts [Bishop et al., 2006, 

Mitchell, 2006, Wittern and Frank, 2005]. ML has also been shown to have many 

interesting fields in biomedical research. Many research problems in the medical and 

healthcare area are addressed by using different artificial intelligence tools [Nikejad and 

Petrovic, 2013]. 

ML methods have two main types: (i) supervised learning and (ii) unsupervised 

learning. A set of labeled training data is used in supervised learning to estimate the input 

data or map it to the desired output. In contrast, under the unsupervised learning method, 

no labeled examples are provided, and there is no mapping to the desired output during the 

learning process. As a result, it depends on the learning scheme/model to find patterns or 

discover input data groups. In supervised learning, this process can be regarded as a 

classification problem. The classification task refers to the learning process of classifying 

data into a set of finite classes. In the presence of regression problems, the learning function 

maps the data to real-valued variables. Based on this process, the predictor variable's value 

can be estimated for each new sample. The difference between the two tasks is that the 

dependent attribute is numerical for regression and categorical for classification.  
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We used the regression models in our work to estimate the relationships between a 

dependent variable and independent variables (called predictors or features). Regression 

analysis is used for two different purposes. First, regression analysis is widely utilized for 

prediction and forecasting. Second, it can be used to infer correlation between the 

independent and dependent variables.  

 

Figure 4.1 The flow chart of regression model procedure used in this work 
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The prediction accuracy of the model is calculated from the test set, which estimates 

the generalization error. It is essential to evaluate the regression model performance. There 

are some known evaluation metrics, e.g., R-squared, which is the proportion of variation 

in the outcome which is explained by the predictor variables. Root mean squared error can 

measure the model's average error in predicting the outcome for an observation. Mean 

absolute error is the average absolute difference between observed and predicted outcomes. 

Cross-validation is used for model selection and hyperparameter tuning, and it is also called 

rotation estimation. It is a method splitting the dataset into two parts; one is a training 

dataset, which builds the regression model; the other is a testing dataset, which validates 

the model by estimating the error of prediction. The evaluation metrics are assessed from 

the testing dataset.   

4.1 Artificial Neural Networks 

Artificial Neural Network (ANNs) is a group of machine learning algorithms that 

simulate how the human brain analyzes and processes information. The human brain is 

complex, and it is the most powerful machine. The human brain's inner workings usually 

revolve around the concept of neurons and the modeling of neuronal networks called 

biological neural networks. The human brain contains approximately 100 billion neurons 

connected along paths in these networks [Ackerman, 1992].  
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             ANN is a multi-layer, fully connected neural network, as shown in the figure below. 

They consist of an input layer, multiple hidden layers, and an output layer. Every node in 

one layer is connected to other nodes in the next layer. We make the network deeper by 

increasing the number of hidden layers.  

 

If we zoom into one of the hidden or output nodes, we will encounter the figure 

below.  

Figure 4.2 Brain neuron structure [Diana,2018] 

 

Figure 4.3  Artificial neural network architecture [Bryan, 2020]  
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 A given node takes the weighted sum of input and passes it through a non-linear 

activation function. This is the node's output, which becomes the input of another node in 

the next layer. The signal flows from left to right, and the final output is calculated by 

performing this procedure for all nodes. Training the deep neural network means learning 

the weights associated with all the edges. The weighted sum of its inputs is passed through 

a non-linear activation function. It can be represented as a vector dot product, where n  is 

the node's number of inputs. The bias is the input of all nodes and always be equal to 1. It 

allows the result of the activation function to be shifted to the left or right. When all input 

elements are 0, it also helps the model to train. The equation for a node is given below. 

( )
1

1 1 1 1 1 1,   ,   ,  

n

i i

i

n n

z f b x w f b x w

x d w d b d z d

=

   

 
= +  = + 

 

   



                                   (4.1)                       

An artificial neural network is characterized by including adaptive weights along 

the path between neurons, which can be adjusted by a learning algorithm that learns from 

the observed data to improve the model. In addition to the learning algorithm itself, an 

appropriate cost function must also be selected. It involves determining the best values of 

Figure 4.4 Detailed hidden or output nodes [Dertat, 2017] 
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all adjustable model parameters. The neuron path adaptive weight is the primary goal, and 

the algorithm adjusts the parameters (such as learning rate). This is usually achieved 

through optimization techniques (such as gradient descent or stochastic gradient descent). 

These optimization techniques try to gain the ANN solution and the best solution as close 

as possible, which means when it is a success, the ANN can solve real-world problems.   

ANNs have been using in clinical biomechanics for decades. It is mainly applied in 

image processing and signal processing area, and it is becoming a standard method in 

clinical biomechanics. As early as 1992s, Miler started to review the applications in 

obtaining Vivo medical data. Sabatini studied the classification and pattern recognition of 

biological system by using ANNs [Sabbatini, et al., 1993], Nayak put ANNs into 

biomedical engineering [Nayak, et al.,2001], Ohno and Rowland proposed ANNs in 

physical medicine and rehabilitation [Ohno-Machado and Rowland, et al., 1999]. In Li’s 

work, he designed and trained the convolutional neural network to predict the concentration 

distribution directly. He put the simulation parameters, boundary conditions and geometry 

configurations as input features of the proposed machine learning models[Angran., et al, 

2020]  

The biomechanical modeling by ANNs typically is the sequence of input and output 

variables following common biomechanical theory about organ or body part without 

having deterministic relationships of variables like EMG and force relationship. In 2001, 

Chau introduced the “prediction” by taking ANNs. Every application of ANNs in the test 

phase is regarded as a prediction. The test phase is a portion of the evaluation procedure of 

ANNs according to their performance and quality. There are some implementing ANNs 

for cancer prognosis prediction in MRI-based tumor tracking. Yun and Mackenzie 
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proposed ANNs based Lung-tumor motion predictor for intrafraction MR tumor tracking 

[Yun, Mackenzie, et al., 2012]; the deep-ML models can be developed to be a fast and 

accurate surrogate of FEA for stress analysis [Liang, et al., 2018], the elastic properties in 

vivo aortic wall can be performed a quick estimation [Liu, et al., 2019], Shu and Li 

developed ANNs method to model the biomechanics analysis of knee computationally 

[Shu, Li, et al., 2020]. 

4.2 Support Vector Regression 

Support vector machine (SVM) is a supervised learning method that is widely used 

in statistical classification and regression analysis. Support vector machines belong to 

generalized linear classifiers. This classifiers' characteristic is that they can minimize 

empirical errors and maximize geometric edge regions simultaneously. 

Hamaguchi presented a study to create a support vector machine-based classifier to 

analyze and validate finger kinematics by using the leap motion controller [Hamaguchi, et 

al., 2020]. In the same year, Bai and Li build a high-efficiency and high-accuracy dynamic 

reliability framework, which is the so-called SVM-based classification extremum method 

(SVM-CEM), combing SVM classification theory with random probability models based 

on optimization idea [Bai and Li, et al., 2020]. Xu found that preoperative MRI-based 

radionics and machine learning may be accurate predictors of histopathologic grade. He 

proved that support vector machines could access the value of radionics features for 

differentiating soft tissue sarcomas of different histopathologic stages.  

Tian constructed and validated a radionics-based support vector machine for 

preoperative prediction of distant metastasis from soft tissue sarcoma. The model they built 
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showed good predictive performance in predicting distant metastasis [Tian et al., 2021]. 

SVM has been broadly applying in the Prostate cancer diagnosis and lung cancer to predict 

the local tumor control under therapy.  

Support vector machine (SVM) is a supervised learning method widely used in 

statistical classification and regression analysis. Support vector machines belong to 

generalized linear classifiers. This family of classifiers' characteristic is that they can 

minimize empirical errors and maximize geometric edge regions simultaneously. support 

vector regression (SVR) is to find a regression plane so that all the data in a collection are 

the closest to the plane. SVR is a crucial application branch of support vector machine 

(SVM). The traditional regression method considers the prediction correct only if the 

regression ( )f x  is entirely equal to y , such as 
2( ( ) )f x y−  is commonly used to calculate 

the loss in linear regression. The support vector regression believes that the prediction can 

be considered correct without calculating the loss as long as it does not deviate too much. 

Setting the threshold   and calculate the ( )f x y −  .  

 

 

 

 

However, the critical point is to minimize the error, individualizing the hyperplane, 

which maximizes the margin. There are two kinds of SVR; one function is linear, expressed 

as: 

Figure 4.5 Support vector machine regression [Saed,2020] 
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                                                       *
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Here i ,
*

i are Lagrange multipliers, b is a scalar. 

The kernel functions transform the data into a higher dimensional feature space to 

make it possible to perform the linear separation. 

  The other one is non-linear SVR, showing as below:   

                                                          *

1

( ) ( , )
N

i i i

i

y a a K x x b
=

= −  +                                   （4.3） 

which is equal to               

                                        ( ) ( )*
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= −  +          ,                            (4.4) 

where 
1

( , ) ( ) ( )
N

i i

i

K x x x x 
=

= . 

The kernel functions transform the data into a higher dimensional feature space to 

make it possible to perform the linear separation. 
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Figure 4.6 Transformation of data into high dimensional feature space [Saed,2020] 

Kernel functions for SVR have linear, polynomial, radial basis function, sigmoid 

function, and precomputed. For the polynomial one, it is shown as  

                                                               ( ) ( ), ,
d

i j i jk x x x x=                                                     (4.5) 

where ,i ix y are vectors in input space. And the Gaussian Radial Basis function shows 

                                                      ( )
2

2
, exp

2

i j

i j

x x
k x x



 −
 = −
 
 

                                               (4.6) 

Here   is a free parameter and 
2

i jx x− is square Euclidean distance between two 

feature vectors.  

4.3 Decision Tree 

Decision tree (DT) is one of the most popular and essential ML methods to classify 

breast cancer. A lot of research has been conducted to apply data mining and machine 
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learning to different medical datasets. In 2004s, Sumbaly and Vishnusri developed a DT 

mining technique method to diagnose breast cancer [Sunbaly et al., 2014]. This decision 

tree algorithm's main advantage is to identify whether the predicted cancer is either malign 

or benign type, and the accuracy of the model can achieve 99%. 

Decision trees have been used for classification and regression problems widely. It 

is a supervised learning algorithm that predicts target variables' values via learning the 

data's decision rules. Each non-leaf node represents a test on a characteristic attribute. Each 

branch represents this characteristic attribute's output in a specific value range, and each 

leaf node stores a category. The process of using decision trees starts from the root node, 

test the corresponding feature attributes that are being classified, then according to the 

value to select the output branch until reaching the leaf node; the decision results are stored 

in the leaf node as a category. DT is one of the earliest and most famous ML methods 

widely used for classification purposes. Based on the DT architecture, they are easy to 

explain and "quick" to learn. When traversing the tree to classify a new sample, we can 

infer its class. Decisions made by its specific architecture can be fully reasoned, which 

makes it an attractive technology.  

There are two types of decision trees that are based on the type of target variable. 

One is a categorical variable decision tree. The other is a continuous variable decision tree.  
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Figure 4.7 Decision tree structure [Petety,2017]  

Decision trees classify examples by classifying the tree from the root to a particular 

leaf/terminal node, where the leaf/terminal node provides the classification of the example. 

Each node in the tree acts as a test case for a specific attribute, and each edge descending 

from that node corresponds to a possible answer for that test case. This process is recursive 

and is repeated for each subtree rooted at the new node. The decision to make a strategic 

split can severely affect the accuracy of the tree. Classification trees and regression trees 

have different decision criteria. Decision trees use multiple algorithms to decide to split a 

node into two or more child nodes. The creation of child nodes increases the homogeneity 

of the resulting child nodes.  

4.4 Random Forest 
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Random Forest (RF)  regression is a tree-based ensemble machine learning method, 

which builds several DT models independently and then averages their predictions to 

compute a final prediction [Breiman, 2001].  

 

In 2001, Breiman combined the classification trees into a random forest [Breiman, 

et al., 2001], which is to randomize the use of variables (columns) and the use of data 

(rows), generate many classification trees, and then aggregate the results of the 

classification trees. Random forest improves the prediction accuracy without significantly 

increasing the amount of computation. Random forest is not sensitive to multiple common 

linearities. The results are relatively robust to missing data and unbalanced data. They can 

predict the effects of up to thousands of explanatory variables well [Breiman, et al., 2001b] 

and are currently known as one of the best algorithms [Iverson, et al., 2008]. 

RF regression is an extension over bagging. Bagging (Bootstrap Aggregation) is 

used when our goal is to reduce the variance of a decision tree. Create several subsets of 

data from the training sample chosen randomly with replacement. Now, each collection of 

Figure 4.8 Random forest structure [Sharma, 2020]  
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subset data is used to train their decision trees. Average of all the predictions from different 

trees are used, which is more robust than a single decision tree. RF takes one extra step to 

take the random subset of data. It also takes the random selection of features rather than 

using all features to grow trees.  

4.5 XGBoost 

XGBoost is a decision-tree-based ensemble Machine Learning algorithm that uses 

a gradient boosting framework.  It is a supervised learning algorithm that implements a 

process called boosting to yield accurate models. Boosting refers to the ensemble learning 

technique of building many models sequentially, with each new model attempts to correct 

the deficiencies in the previous model. In tree boosting, each new model that is added to 

the ensemble is a decision tree. XGBoost provides a parallel tree boosting (also known as 

GBDT, GBM) that quickly and accurately solves many data science problems. For many 

issues, XGBoost is one of the best gradient boosting machine (GBM) frameworks today. 

 

https://xgboost.ai/
https://en.wikipedia.org/wiki/Gradient_boosting
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Figure 4.9 Evolution of XGBoost algorithm from decision trees [Vishal, 2019] 

Tominaga and Nishiyama predicted the future gastric cancer risk using XGBoost; 

they used XGBoost to classify subjects as high or low risk in developing gastric cancer 

[Taninaga, Nishiyama, et al., 2019]. Ma proposed a novel model based on an extreme 

gradient boosting algorithm for the diagnostic classification of cancers and demonstrated 

that the XGBoost method has a remarkable performance in predicting cancer patients 

stages. Qiu uses the XGBoost method to predict peak demand days of cardiovascular 

admissions [Qiu, et al., 2020]. 
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Chapter 5 

Modeling Breast Tumor Growth via FEM 

based ML Approach  

The traditional FEM-based mechanical simulations cost considerable time, which 

significantly limits their application in the clinical field. For example, the haptics 

simulators need real-time responses to model and predict reaction to the surgery. Machine 

learning (ML) approaches have been proposed to solve the time issue, which effectively 

reduces the simulation time. The paper proposed a framework based on FEM, ML approach 

to model the breast tumor growth, given relevant information about the patient breast 

mechanics model. The models can model the volume of tumor growth and deformation of 

the tissue. The results represent the data-driven method, which results in the same results 

as the FEM simulation, which simultaneously reduces computation time. The approach to 

acquire data from the breast is started with FEM simulation to produce a dataset of tumor 

growth that was then utilized to feed selected ML models. Some particular details for the 

cases are described in the thesis.  

  Our method's primary purpose is to propose a framework for assessing the way of 

using ML approaching to model the tumor growth of the breast. The work makes use of 

data from different breast models to find a more general model. The ML models used in 

this work are tree-based models like decision trees and random forest, which have been 
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proved to perform well. Support vector machines and Neural networks are well-known 

machine learning methods to model biomechanical behaviors [Martin-Guerrero, et al., 

2016].  

5.1 Biomechanical Model of the Breast and Tumor 

The physical behavior of the breast was described by the material model and the 

mathematical model. The material model was the same for each breast model applying this 

paper; the elastic constants were different for each Breast-tumor FEM model.  

To simulate the physical behavior of the breast tumor growth, the hyperplastic 

material model was selected for the breast, Neo-Hookean model was chosen to represent 

the biomechanical behavior, which is compressible whose strain energy potential, W, is 

defined by  

                                                     ( ) ( )
21 1

3 1
2 2

W II J = − + −                                            (5.1) 

where II  stands for the invariants of deformation tensor in the three dimensions of the 

space,  

2 2 2 2 2 2

1 2 2 3 3 1II      = + + , i are stretch ratios for the unit,  is shear modulus, and  is the 

bulk modulus. J stands for the determinant of the deformation gradient.  

The tumor mechanical behavior was modeled be nearly incompressible Neo-

Hookean strain energy density function equation as  

                                                     

2

3
1

( 3) ( 1)
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p
w J I p J

k


−

= − − + −                           （5.2） 
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where 1 2 3I   = + +  i  are stretch ratios for the unit  and   are the shear and bulk 

modulus of the material, respectively, And p here is a penalty variable introduced for 

nearly incompressible materials. The used parameters for each tumor and breast are shown 

in Appendix.
 

                                                  3
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
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=

                                            (5.3)
 

5.2 Mathematical Model  

The mathematical model accounted for the growth of a spherical tumor surrounded 

by normal tissue. We use the multiplicative decomposition of the deformation gradient 

tensor 

                                                                     =
e g

F F F ,                                                      (5.4)       

In work, the total deformation F of an infinitesimal material element is accounted 

for by local, non-stress generating volumetric growth (
g

F ) with respect to the reference 

(stress-free) configuration, followed by an elastic deformation ( eF ) related to the stress 

response of the material that maintains continuity of the body and geometric compatibility 

between growing material elements[Rodriguez et al., 1994; Skalak et al., 1996; Amrbosi 

and Mollica, 2002] The growth component 
g

F was set to homogenous and isotropic (Roose 

et al.2003; Kim et al. 2011; Stylianopoulos et al., 2013) 
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                                                                =
g

F g I                                       (5.5)  

where 
g  is the growth stretch ratio, which accounts for cancer cell proliferation. The 

elastic component eF  of the deformation gradient tensor is determined from Eq. (5.3) 

to 

                                                             
1

e g

−=F FF                                                (5.6) 

Tumor growth was assumed to be isotropic, following Gompertz law and described by the 

growth stretch ratio 
g [Gompertz, 1975] 

                                                   ( )maxlog
g

g g

d

dt


  = −                                 (5.7) 

where 
g  is the growth stretch ratio. a  describes the growth rate of the cells and max is a 

maximum growth stretch ratio. We further assumed that the parameter  depends on the 

solid stress. According to the Rosses theory, 0 is the proliferation rate at zero stress, and 

β is a constant which describes the dependence on stress, The linear relationship between 

the proliferation rate and solid stress is taken [Roose, et al., 2003,],  i.e. 

                                                           ( )1oa a = +   

                                                    ( ) / 3rr     = + +                                         （5.8） 

  is the average bulk stress. When oa a= the bulk stress is tensile, the compressive stresses 

are assumed to stop the tumor growth. 
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Although these parameters may differ from one cancer cell line to another, we used 

the same values for all simulations in our work, except for altering each breast and tumor's 

constants. Calculation of the stress tensor 

                                                            1

e e T

e

W
J − 

=


σ F
F

                                                        （5.9） 

And the linear momentum balance is expressed as 

                                                            0 =                                                            (5.10) 

The equation (5.1)-(5.10) was solved using the commercial finite element software 

COMSOL.               

5.3 COMSOL Implementation of the Model 

The model consisted of the three sub-domains: the tumor's interior, the tumor 

periphery, and breast tissue. Because of symmetry, the prototype is only one eight of the 

domains was considered [Stylianopoulo, et al. 2013]. The "Structural Mechanics" module 

was employed to solve the linear momentum balance in all domains. The "General Form 

PDE" module was employed to solve the growth ratio in the tumor domain. Besides, 

because Eq(5.4) is a differential equation, the ODE module is employed to solve it. It was 

converted to a differential form by taking its derivative with respect to time. In the initial 

condition, the growth ratio was taken to be unity. The boundary condition applied to the 

problem, the chest and side of the breast are fixed, and the breast's surface is free to move. 

At the interface between the tumor and normal breast tissue, the continuity of the stress and 

displacement was applied by the COMSOL automatically. Large deformations were 
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enabled, the solid mechanics problem was solved on the Lagrangian description frame, the 

differential equations for the stretch ratio were solved on the deformed frame.  

 

Figure 5.1 Prototype of tumor growth [Stylianopoulo, et al. 2013] 

Nine tumors in breast models were sketched via software Solidworks, then 

imported into the COMSOL to perform the FEA simulation, one of the models showed 

here. The breasts' dimension is about 10 cm width, 25 cm high, 10 cm thickness—the breast 

models were created with different shapes and material constants, representing other 

patients' characteristics. The tumor radius is 0.005m, and the form of the tumor was defined 

as a regular sphere, located 5cm away from the chest in our work.  
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Figure 5.2 Breast with tumor model 

After computational domain and boundary conditions employed. The boundary 

conditions for the continuity of the stress and displacement fields: the breast surface was 

allowed to move freely, the posterior part, which is close to the chest cavity, was fixed.  
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Figure 5.3 Boundary conditions for the breast tumor model 

 

Figure 5.4 Volume of breast(left) and deformation of breast(right) after growth 180 days 

The nine breast models have experienced 10times computation individually; we can 

get the dataset about features corresponding to the day's range from 0 to 180 after the 

simulation. Figure 5.5 Figure 5.6 show the deformation and Von Mises Stress of Breast 
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Tumor Growing after 180 days. We can conclude that tumor growth brings many breast 

and tumor changes, both breast and tumor deformed. The closer of the breast tissue to the 

tumor, the higher Von Misses Stress it yielded.  

 

Figure 5.5 The deformation of tumor after growing 180 days 

 

                 Figure 5.6  The Von Misses Stress of Tumor after growing 180 days 

5.4 Data Generation 

The models were imported into COMSOL (commercial finite element software 

package), nonlinear FEM solver was created to perform the simulations. Deformations 

produced in the modeling process of tumor growth. Table (6.0), (7.0) show the details of 
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breast and tumor material parameters. Each Breast run simulation with various tumor and 

breast properties, which indicates different cancer stages correspondingly. Because staging 

is a way of describing the size of cancer and whether it has spread into surrounding tissue, 

the higher stage might affect the tissue properties. 

  The procedure of producing the dataset is shown in the flow chart as below. 

 

Figure 5.7 The flow chart of generating data 

After this procedure, a total of 9*10=90 patients' tumor growth behaviors were 

obtained from the breast models. Each group of the dataset corresponded to one breast 

tumor growth behavior; finally, the dataset contained a total of 90*180days=16200 group 

of datasets. In this work, the panel data used to train the models resulted from FE 

simulations of the breast tumor growth. In particular, the dataset consisted of 11 features 

(input variables): 

Input variables:  

• Total Displacement: The tumor displacement because of the Tumor growth. 

• Von Mises Stress: record tumor Von Mises Stress with the tumor growth.  

• Date: The number of days that tumor growth.  
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• λ: Growth rate. The tumor growth rate at different time. 

•  : Bulk stress. Generated to change the volume of the tumor. 

• Stress value S11. Obtained from the tumor. 

• Stress value S12. Obtained from the tumor. 

• Stress value S13. Obtained from the tumor. 

• Stress value S22. Obtained from the tumor. 

• Stress value S23. Obtained from the tumor. 

• Stress value S33. Obtained from the tumor. 

Output variable  

• Tumor volume 

 Five different regression models were used to predict the breast tumor growth 

biomechanical behavior: Decision tree (DT), Random Forest (RF), XGboost, ANNs, and 

support vector regression (SVR). Details about five regression models have been discussed 

in Chapter 4. 

5.4 Experiments 

The dataset was split into training and testing sets. The training set was used to 

learn the relationship between the input and output variables by the ML models. The testing 

set was used to assess the evaluation of models. This method could avoid overfitting(a 

typical problem that happens when an ML model reaches a good score in training samples 
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but fails to predict the new data)to improve the models' accuracy. The dataset was randomly 

split into two parts: 80% of the data was used to train the models, and the remaining 20% 

used on evaluations.  

5.5 Hyperparameters Tuning & Performance 

Assessment 

Hyperparameters are parameters that determine a non-parametric structure or 

architecture. The modeling process, which has a significant impact on modeling 

performance. Hyperparameter adjustment. It is looking for hyperparameters that can 

optimize modeling performance. DT, RF, ANNs, XGBoost and SVM are required to 

optimize the hyperparameters. 

Implementation and hyperparameter optimization for ANNs: 

In this work, we used  Keras, a popular API that runs on top of TensorFlow[Abadi, 

et al., 2015], Scikit-learn [Pedregosa et al., 2011], a popular library to build our neural 

network architecture in Python and develop an ANNs regression model. First, we defined 

a base model to be used to build a regression model using Scikit-learn Application 

Programming Interface (API) KerasRegressor. Mean absolute error is taken for loss 

visualization from the ANNs regression. Data processing in ANNs is mainly about 

standardizing data and splitting data into a training set and test set. After that, 

GridSearchCV [Brownlee., 2020] is used for deep learning hyperparameters tuning. The 

evaluation of different configurations for our ANNs model and the combination of 

parameters are discussed below. In our model, we defined arrays of values for the 

parameter. These options are specified into the dictionary and passed to the configuration 
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of the GridSearchCV Scikit-learn class. The class evaluated built ANNs for each 

combination of parameters. We used 5-fold stratified cross validation to evaluate the ANNs 

regression model with different variety of parameters.  

When constructing a model and using it to make our predictions, it is necessary to 

measure the model performance by defining a “loss function”. The goal of optimization is 

to efficiently calculate the parameters and weight that minimize the loss function. In the 

regression model, mean square error, mean absolute error and Cross-Entropy Loss are 

common loss function has been used. We selected MAE, which is useful if the training data 

is corrupted with outliers. It is known that median is more robust to outliers then mean, 

which consequently makes Mean absolute error is more robust to outliers than Mean 

Square Error.  

We adjusted the learning rate, which controls the weight at each end of the batch. 

It is one of Stochastic Gradient Descent (SGD) that is a standard optimization algorithm. 

The learning rate hyperparameters that goes into the optimizer function are shown below, 

 

5.8 The line of learning rate and epoches for ANNs 
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There are two figures below show the error plot difference plotting, the left one is 

before the tuning, the right one is after the tuning. The learning rate plot is incredibly 

smooth as if it follows a predefined exponentially decaying function. The loss function here 

shows that developing a learning rate scheduler can help improve neural network 

performance.   

   

 

Figure 5.9 The line of loss and epochs for ANNs before(left) and after (right) with 

tunned learning rate 

Then we did the tuning hyperparameters using cross-validation. The parameters 

included: optimizer, initializers, epochs, and batches. Optimizers are “SGD” which is for 

searching different weight values; initializers is “normal” which is for preparing the 

network weights using different schemes; epochs, it can train the model for a different 

number of exposures to the training dataset; batches, which is for varying the number of 

samples before a weight update. 

The batch size defines the number of samples that will be propagated through the 

network. The number of epochs is a hyperparameter that defines the number of times that 

the learning algorithm will work through the entire training dataset. An epoch is 
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comprised of more batches. There are no fast rules for selecting batch sizes or epoch 

numbers. After conducting the experiences, Batch size 32 and epochs 200 are best for our 

model with a higher griding score.  

In our work. ReLu (rectified linear activation function) is taken to be an activation 

function that is issued in multi-layer neural networks. The function represents as: 

                                      ( ) max(0, )f x x=  where x = input value.                                          (5.11)  

 

Figure 5.11  Plot of ReLu function for negative and positive inputs. 

According to Eq 4.2, the output of ReLu is the maximum value between zero and 

the input value. The output will be zero when the input value is negative, and it will be the 

input value if the input value is positive.  Thus, we can rewrite Eq 4.2 as follows: 

0,    0
( )

,    0

if x
f x

x if x


= 


                                           (5.12) 

We built a 4-layer neural network. The model expects a row of data with 11 

variables, and the first hidden layer has 18 nodes using ReLu activation function. The 

second hidden layer has 2000 nodes and still using the ReLu activation function. It is found 
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that with more nodes in our hidden layer, the model performs better. Third layer has 8 

nodes. The output layer has one node and uses the ReLu activation function as well. We 

selected MAE as our loss function. “SGD” as our optimizer. The figure below shows the 

artificial neural network for the proposed method that predicts tumor growth.  

 

 

Figure 5.12 Diagram of proposed artificial neural networks 

The mean absolute error refers to the mean of each prediction error's total volume 

on all instances of the test dataset. The prediction error is the difference between the tumor's 

actual result and the predicted tumor volume for that instance. The actual tumor volume 

for the i th− sample is iY
, and iŶ

is the modeling predicted tumor volume correspondingly.  

                                            1

1 ˆ| |
n

i i

i

MAE Y Y
n =

= −
                                               (5.13)                            
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After tuning hyperparameters, ANNs’s testing error changed from 120 with the 

simple network to 18.06 with the tunned built network. 

Implementation and hyperparameter optimization DT : 

In our work, through using the GridSearchCV with 5-fold cross-validation method 

to do the hyperparameters tuning job, the optimal parameters are as below:  

criterion MAE 

maximum depth 10 

minimum sample of leaf 2 

minimum samples leaf 6 

max_leaf_nodes 20 

 

Table 5.1  Hyperparameters for selected DT 

After tuning hyperparameters, DT’s testing error changed from 52 with the default 

parameters to 14.7 with the tunned parameters. The training error is decreasing with the 

training size expanding.  

 



92 

 

Figure 5.13 The training error of the DT vs. Train size 

Implementation and hyperparameter optimization for RF : 

When growing a decision tree in the RF model, m randomly selected features from 

the database will be used at each split. MaxDepth and _N estimators determine how deep 

each tree can grow and how many tresses are grown in an RF model. If there are n trees 

grown in an RF model, the average of the n predictions will be the predictions of the RF 

model [Diaz-Uriarte, De Andres (2006); Albert et al. (2008)]. To develop the RF model 

which can provide the best performance, RandomizedSearchCV was used for 

hyperparameters tuning. The following table is details of the developed RF model 

max_depth None 

max_features sqrt 

min_samples_leaf 2 

min_samples_split 2 

n_estimators 600 

Table 5.2 Hyperparameters for selected RF 

After tuning hyperparameters, RF’s testing error changed from 14.98 with the 

default parameters to 11.3 with the tunned parameters. The training error is decreasing with 

the training size expanding.  
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Figure 5.14 The training error of RF vs. Train size 

Implementation and hyperparameter optimization XGBoost : 

Some essential parameters control the data overfitting. Learning rate makes the 

model more robust by shrinking the weights on each step; like other tree-based methods, 

the tree's maximum depth is crucial. The minimum sum of weights of all observations, 

which is called “min_child_weight”, is also essential here. In our work, through using the 

RandomizedSearchCV with the 5-fold- cross-validation method. It took 23 min for 

searching the best parameters. We find out the best parameters: bytree is 0.7, Learning rate 

is 0.05, max depth is 12, estimators is 600, subsample is 0.7, “min_child_weight” is 1.  

bytree 0.7 

Learning_rate 0.05 

max_depth 12 

n_estimators 600 

subsample 0.7 

min_child_weight 1 
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Table 5.3 Hyperparameters for selected XGBoost 

After tuning hyperparameters, XGBoost’s testing error changed from  9.89 with 

the default parameters to 1.3 with the tunned parameters. The results of the prediction 

line are shown below. 

 

Figure 5.15 Visualization of ground truth and predicted data 

 

From Figure 5.16, we can tell the training error is decreasing with the training size 

expanding.  
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Figure 5.16 The training error of XGBoost vs. Train size 

Implementation and hyperparameter optimization SVM : 

In our work, we used the RBF as our kernel function. Here Y axis−  is the 

Probability Density of residual value.  , X axis− is the residual value between the predicted 

value and tested value.  Histogram of the residuals is to make sure the data are normally 

distributed. Histogram plots provide a reliable and straight-forward way to visualize the 

probability density of the dataset. 

 

Figure 5.17  Residual Histogram of an SVM model using RBF  

kernel and polynomial kernel 
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The residual distribution is relatively symmetrical around the mean for the RBF 

kernel; when using the other kernels, like the poly kernel, the error distribution is skewed, 

as shown in Figure 5.19.  

 

Figure 5.18 The visualization of the RBF kernel and linear kernel performance for SVM 

 

The more data fit the regression line, the better kernel is chosen for the SVR models. 

The function draws a scatterplot of two variables, the tumor growth volume in the test 

dataset and the prediction tumor volume. Figure 5.19 shows that the RBF kernel is 

relatively suitable for SVR modeling tumor growth.  

In our work, we used the Epsilon-Support Vector Regression. The implementation 

is based on “libsvm”. The fitting time complexity is more than quadratic with the number 

of samples, making it hard to scale datasets with more than a couple of 10000 samples. The 

computation time is expensive. The primary parameters in SVR are kernel, it must be one 

of “linear”, “poly”, “rbf”, “sigmoid”. “gamma” is kernel coefficient for “rbf”, “poly”, 

“sigmoid”. It can be integer or float, the “coef0” is an independent term in kernel function, 

which is only significant in “poly” and “sigmoid”. “C” is a regularization parameter, is 

needs to be positive [skcikit-learn.org].  We used the RBF kernel in SVR model, and 

RandomizedSearchCV with cross-validation is taken for hyperparameters tunning. After 
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tuning hyperparameters, SVM’s testing error changed from 220 with the default parameters 

to 12.3 with the tunned parameters. 

C 4300 

gamma 0.1 

epsilon 0.6 

coef0 1 

degree 6 

Table 5.4Hyperparameters for selected SVM 

From Figure 5.20, we can tell the training error is decreasing with the training size 

expanding.  

 

Figure 5.19 The training error of the SVM vs. Train Size 

 As mentioned in the above section, tree-based methods need to optimize the 

minimum number of samples to split a tree node, the number of trees in the ensemble, and 

the number of features randomly selected at each node. We also investigated the number 
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of hidden layers and hidden neurons affections—higher neurons for the hidden layer, 

offering better performance. Under the chosen neural network architecture, regression 

computation is under minutes on AMD Core i8 Ryzen7 CPU.  

As shown in Figure 5.21, the MAE of the tumor growth volume is provided. 

XGBoost displayed the best performance, with the average mean error around 1.3 mm3, 

SVR, DT and RF performed equally well; their mean average mistake is around 12 mm3. 

For the case of modeling human organ deformation, SVM and tree-based methods are 

popular methods. ANNs performed relatively worse than the tree-based; its average mean 

error is still under a specific reasonable range.  

 

Figure 5.20 Models performance comparisons 
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The accuracy of the tumor growth models was evaluated with prediction error, 

calculated by taking the tumor volume obtained from the FEM simulations and those 

predicted by the ML models.  

The importance of the features (in SVM model performance) can be distinguished 

in the pie chart below. We can tell that the Tumor growth rate, Tumor growth days, and 

total tumor displacement were related to the tumor growth volume closely.  

 

Figure 5.21 The pie chart of features importance (SVM) 

Moreover, the performance of the models is deeply up to the quantity of data fed to 

the training algorithm. Selected five models all proved that the higher amount of data, the 

lower training error of the model is enhanced, and more consistent results from the training 

error plot.  

One of the limitations of the methodology proposed in work is the small number of 

breasts used for training. It is expected that the use of a larger dataset will lead to more 

realistic results. Another limitation is the use of simulated breast models. Even though their 
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shapes are close to the human, the method should be tested on reconstructed breast tumors 

from real breast cancer patients’ MR images. Real breasts and tumors have more irregular 

shapes, and the shape variability between different breasts is higher. Nevertheless, the 

presented work proves that using the FEA-based and machine learning approach to predict 

tumor growth's biomechanical behaviors is feasible.   
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Chapter 6 

Conclusion and Future Work 

We combined poroelasticity (Biot’s theory) and the idea of biological growth 

formulated by Rodriguez, Hoger, and McCulloch [1994] to stimulate tumor growth. Also, 

it should be mentioned we employed “large strain theory,” i.e., geometrical nonlinearity 

and linearity remain in our finite element formulation. We also used materially nonlinear 

and linear stress-strain relations (2nd order Piola-Kirchhoff stress vs Lagrangian strain). 

The tumor was modeled as a poroelastic medium consisting of two parts: solid and fluid. 

The solid part can grow or shrink depending on whether a working drug is delivered to the 

tumor. We didn’t solve a fluid-solid interaction problem. Instead, the tumor is 

homogenized by using poroelasticity. Therefore, in the finite element analysis, each node 

has four unknowns: three displacements and one pressure. In this work, we model the tumor 

as a sphere. In the simulation, the boundary condition for pressure is set on the curved 

surface. To enable one to see the stresses, displacements, pressure, and seepage velocities 

in the sphere's interior, we specify boundary conditions on the X Z−  at 0Z = . On the other 

hand, in this simulation, the boundary condition for stresses is set at zero surface traction 

because it is not realistic to have stress-specified or displacement-specified boundary 

conditions at the tumor. The numerical results show that the stresses are almost zero 

everywhere in the specimen because of this boundary condition. 
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The finite element method-based, machine learning approach, and data-driven 

models proposed in the thesis can successfully predict tumor deformation in the breast, the 

volume change of tumors under simulated breast tumor growth conditions. The models 

were derived using five different machine learning algorithms: support vector 

regression(SVR), artificial neural networks(ANNs), decision tree(DT), random forest(RF), 

XGBoost, trained on data from FEM simulations. It was shown by representing the 

patient’s breast as a polygonal mesh that the behavior of tumor growth can model 

instantaneously with accuracy comparable to FEM simulations, even for different patient 

breasts not included in the training. XGBoost provided the most accurate models out of the 

five methods tested, with the minimum mean absolute error of 1.3 mm. The models trained 

with DT, RF and SVR yielded slightly worse performance, also required longer training 

times. ANNs is not suitable for modeling tumor growth.  

In conclusion, we have shown that machine learning can be used to indicate the 

results of FEM simulation in a form that is computationally efficient, therefore opening 

new possibilities for modeling the tumor growth of the breast.  

In the future, we plan to add gravity into the mathematical model that is used in the 

ML approaching FEA-based method. In the mentioned mathematical model, our approach 

accounts for the proliferation of cancer cells that drives tumor progression due to tumor 

growth and mechanical interactions between the tumor and breast. However, the generation 

of growth could induce the solid stress, which is the residual stress, and the tumor is 

affected by gravity. It is reasonable considering the affects from gravity. Currently, our 

built model is a single phase. We could formulate a biphasic model developed initially by 

Biot and applied to soft tissue by Mow. It was employed to the tumor growth model to 
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account for the tumor’s poroelastic response [Biot,1941; Mow, et al., 1980]. The stress 

tensors of the solid and fluid phase will then be given the total stress, respectively. The 

fluid flux is traveling through the blood vessels and lymphatic system. The implementation 

of the biphasic model can also be employed in COMSOL.  

As shown by the models’ performance analysis, increasing the patient dataset used 

to train the algorithms can improve their performance and generalization capabilities. 

Performing more simulations will be possible to reduce the error further. It is supposed to 

be achieved both by increasing the number of breast tumor 3D models and simulations. If 

we could get the high definition MR image of the patient who has breast cancer, we could 

segment and reconstruct the 3D breast with tumor model from the real patient; the result 

will be relatively closer to real tumor growth. Currently, the segmentation techniques still 

meet some challenges. It is difficult to automatically detect the clear boundary for the 

regions of interest. Also, a efficient, accurate and parallel computation of large multiscale 

geometric modelling is another barrier in lots of biomedical applications[Zhang, 2013]. 

Lorenze and Zhang performed a tissule-scale, personalized computer simulation of prostate 

cancer growth in patient, which is based on prostatic anatomy extracted from medical 

images[Lorenzo., et al, 2016]. 

We will follow Zhang’s method to integrate image processing, geometric modeling 

and mesh generation with FEM to solve the tumor growth problems[Zhang, 2016].Tajdari 

proposed a mechanistic machine learning algorithm to study patient AIS curve progression 

and proved that implementing physical equations governing bone growth into prediction 

framework will greatly improve the prediction results [Tajdari.,at al, 2020]. ML model 
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accuracy and precision would be significantly improved. However, the overfitting may 

occur, and testing error may not be further reduced. 

The ML models can be developed when the target value is changed. It will also be 

implemented in Python, using the cross-validation method to acquire the model accuracy. 

Considering the difficulty of developing specified ML models, real patient clinical data 

should be traced to improving model performance. Considering training time, it is 

worthwhile to develop a customized neural networks, and greater accuracy is likely to be 

achieved. Besides, combining deep learning with computer graphics could provide a proper 

way to create deformed tumor directly. 
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Appendices 

 

Variable Description Value 

f  
Fluid density 0.0361 lb/in3 

  Permeability 10-13 in2 

  Fluid dynamic 

viscosity 

10-7 psi.s 

E  Young’s modulus 0.43*106 

  Poisson’s ratio 0.16 

s
 

Solid density 0.0861 lb/in3 

rP
 

Pressure in reservoir 122.45 psi 

WP
 

Pressure in pip 0 psi 

 

Table 1.0 Parameters for poroelastic simulation 
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Breast model Lame parameter μ（kPa） Lame parameter λ (kPa) 

#1 5 3.3 

#2 6.8 4.488 

#3 7.6 5 

#4 8.9 5.87 

#5 12 7.92 

#6 16 10.56 

#7 18.8 12.4 

#8 20 13.2 

#9 23 15.18 

#10 25 17 

 

Table 2.0 Parameters for breast models 
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Tumor model Lame parameter μ（kPa） Bulk modulus κ (kPa) 

#1 10.4 10.4e7 

#2 9.5 9.5e7 

#3 21 21e7 

#4 23.2 23.2e7 

#5 26 26e7 

#6 29.8 29.8e7 

#7 32 32e7 

#8 35.5 35.5e7 

#9 38 38e7 

#10 40 40 

 

Table 3.0 Parameters for tumor models 
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