
 

MULTISCALE MODELING AND SIMULATION 

FOR NANO/MICRO MATERIALS 
 

by Xianqiao Wang 

B.S. in Engineering Mechanics, June 2004, Hunan University 

M.S. in Solid Mechanics, June 2007, Hunan University 

 

 

A Dissertation Submitted to 

 

 
the Faculty of  

The School of Engineering and Applied Science 
of The George Washington University in partial satisfaction  
of the requirements for the degree of Doctor of Philosophy 

 

 
January 31, 2011 

Dissertation directed by 

James D. Lee 

Professor of Engineering and Applied Science



 

ii  

 

The School of Engineering and Applied Science of the George Washington University 

Certifies that Xianqiao Wang has passed the Final Examination for the degree of Doctor of 

Philosophy as of Dec. 15, 2010. This is the final and approved form the dissertation. 

 

MULTISCALE MODELING AND SIMULATION  

FOR NANO/MICRO MATERIALS 

Xianqiao Wang 

 

Dissertation Research Committee: 
 
James D. Lee   
Professor of Engineering and Applied Science 
Dissertation Director 
 
Jeffrey Fong  
Physicist, Applied & Computational Mathematics Division (NIST) 
Committee member 
 
Charles Garris  
Professor of Engineering and Applied Science 
Committee member 
 
Bruce Kramer  
Director of the Division of Engineering Education and Center (NSF) 
Committee member 
 
Yongsheng Leng  
Assistant Professor of Engineering and Applied Science 
Committee member 
 
Michael W. Plesniak  

Professor of Engineering and Applied Science 

Committee member  



 

iii  

 

 

 

 

 

 

 

 

 

©Copyright 2011 by Xianqiao Wang 

All rights reserved   



 

iv 

 

DEDICATION 

 

 

 

 

To my dear mother, Dena 

for her great kindness, and her everlasting love 

  



 

v 

 

ACKNOWLEGEMENTS 

First, I would like to express my deep gratitude to my advisor, Professor James D. Lee, 

who has brought me into the world of multiscale material modeling, helped me to capture 

the flavor and the essences of the continuum theory, micromorphic theory and atomistic 

field theory, and impressed me with his extreme diligence and his desire to understand 

every aspects in the field of nano/micro physics. I have been benefited so much from his 

teaching and extensive discussions with him. Dear Professor Lee, thanks for everything I 

have learned from you! 

Next, I would like to express my thanks to Professor Youping Chen in the University 

of Florida, once a member of our research group at the George Washington University 

(GWU), for her very kindness, encouragement, advice and trust. Her greatest contribution 

to the research group gave me the opportunity to work on the wonderful research projects 

for my dissertation. 

I would like to take this opportunity to thank Professor Myers for his kindness, his 

willingness to help, and his helpful information. 

Many thanks to committee members Dr. Jeffrey Fong, Prof. Charles Garris, Dr. Bruce 

Kramer, Prof. Yongsheng Leng and Prof. Michael W. Plesniak. 

I would also like to thank the Department of Mechanical and Aerospace Engineering 

of GWU to give me the direct financial aid through fellowships. 

I will miss the time I spent with Christine, Cindy, Joyce and Zephra. I thank them for 

the kind help I received from them.  

Too many people to mention individually have assisted me in so many ways during 

my studies at GWU. They all have my sincere gratitude. In particular, I would like to 



 

vi 

 

thank Xiaowei Zeng, Yajie Lei, Keke Tang, Leyu Wang, James Chen, Zidong Yang, 

Jiaoyan Li, Zhen Zhang, Liming Xiong, Qian Deng, Huachuan Wang, Mina Hong, 

Taisheng Zhuang, Jian Li all currently, or previously, of GWU. 

I would like to thank my parents, without whom I would never have been able to 

achieve so much. I cordially thank my parents for supporting me remotely, even though 

they have so seldom opportunity to see me. Thanks for your great understanding. 

My final, and most heartfelt, thanks must go to my wife, Xianyan. Her support, 

encouragement, and companionship have turned my journey through graduate school into 

a pleasure, especially when we are lonely far away from our family in China. For all that, 

she has my everlasting love. 

  



 

vii  

 

ABSTRACT 

Multiscale Modeling and Simulation for Nano/micro Materials 
 

Continuum description and atomic description used to be two distinct methods in the 

community of modeling and simulations. Science and technology have become so 

advanced that our understanding of many physical phenomena involves the concepts of 

both. So our goal now is to build a bridge to make atoms and continua communicate with 

each other. 

Micromorphic theory (MMT) envisions a material body as a continuous collection of 

deformable particles; each possesses finite size and inner structure. It is considered as the 

most successful top-down formulation of a two-level continuum model to bridge the gap 

between the micro level and macro level. Therefore MMT can be expected to unveil 

many new classes of physical phenomena that fall beyond classical field theories. In this 

work, the constitutive equations for generalized Micromorphic thermoviscoelastic solid 

and generalized Micromorphic fluid have been formulated. 

To enlarge the domain of applicability of MMT, from nano, micro to macro, we take a 

bottom-up approach to re-derive the generalized atomistic field theory (AFT) 

comprehensively and completely and establish the relationship between AFT and MMT. 

Finite element (FE) method is then implemented to pursue the numerical solutions of the 

governing equations derived in AFT. When the finest mesh is used, i.e., the size of FE 

mesh is equal to the lattice constant of the material, the computational model becomes 

identical to molecular dynamics simulation. When a coarse mesh is used, the resulting 

model is a coarse-grained model, the majority of the degrees of freedom are eliminated 

and the computational cost is largely reduced. When the coarse mesh and finest mesh 



 

viii  

 

exist concurrently, i.e., the finest mesh is used in the critical regions and the coarser mesh 

is used in the far field, it leads naturally to a concurrent atomistic/continuum model. 

Atomic scale, coarse-grained scale and concurrent atomistic/continuum simulations 

have demonstrated the potential capability of AFT to simulate most grand challenging 

problems in nano/micro physics, and shown that AFT has the advantages of both atomic 

model and MMT. Therefore, AFT has accomplished the mission to bridge the gap 

between continuum mechanics and atomic physics. 
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CHAPTER 1  INTRODUCTION  

Continuum approaches have dominated material modeling research over the past few 

decades. This approach to predict material deformation and failure, by implicitly 

averaging atomic scale dynamics and defect evolution over time and space, is valid only 

for large systems. Therefore, lots of experimental observations of material behavior, 

especially at micro/nanoscale, cannot be explained within the continuum mechanics 

framework. On the other hand, molecular dynamics (MD) simulations have become a 

powerful tool for elucidating complex mechanical phenomena. But the length and time 

scales that can be probed in MD are still fairly limited. Typical atomistic simulations are 

still restricted to very small systems consisting of hundreds billion atoms [1] or less and 

time scales on the order of nanosecond. Thus, even for nanoscale structures and materials, 

atomistic modeling would often be computationally prohibitive. The pros and cons of 

both continuum and atomistic models, along with practical needs arising from the 

heterogeneous nature of engineering materials, have motivated the development of 

various methods of multiscale modeling and simulations that bridge the gap between 

atomistic simulations and continuum modeling. 

1.1  HIERARCHIES OF SPATIAL AND TEMPORAL SCALES 

The material modeling and simulations can be divided into four characteristic 

subregimes, largely defined by different length and time scales. At each length and time 

scale, well-established and efficient computational approaches have been developed over 

years to handle the relevant materials phenomena [2]. As a recent successful example, we 

noted that a multiscale hierarchical model was developed for designing the large 
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components surrounding the plasma core of a fusion energy system [3], shown in Figure 

1-1. 

 

Figure 1-1: Illustration of a multiscale hierarchical model for the design of radiation-resistant 

materials for fusion energy structure 

At the atomic scale (~ 10-9 m and smaller), in which the electrons are the players, and 

their quantum-mechanical state dictates the interaction among the atoms. To treat electrons 

explicitly and accurately at the atomic scale, methods known as quantum Monte Carlo 

(QMC) [4] and quantum chemistry [5] can be employed, which are computationally too 

demanding to handle more than a few hundreds of electrons. Methods based on 

density-functional theory (DFT) and local density approximation (LDA) [6, 7] in its 

various implementations, although less accurate than QMC or quantum chemistry 

methods, can be readily applied to systems containing several hundred atoms for static 

properties. Dynamical simulations with DFT methods are usually limited to timescales of a 

few picoseconds. For material properties that can be modeled reasonably well with a small 
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number of atoms (such as bulk crystal properties or point defects), DFT approach can 

provide sufficiently accurate results. Recent progress in linear scaling electronic structure 

methods [8] has enabled DFT-based calculations to deal with a few thousand atoms 

(corresponding to size of a couple of nanometers on a side) with adequate accuracy. 

Finally, the semiclassical tight-binding approximation (TBA), although typically not as 

accurate as DFT methods, can extend the reach of simulations to a few nanometers in linear 

size and a few nanoseconds in timescale for the dynamics [9]. 

At the microscopic scale (~ 10-6 m), atoms are the players and their interactions can be 

described by classical interatomic potentials that encapsulate the effects of bonding 

between them. For material properties at the microscopic scale, molecular dynamics (MD) 

and Monte Carlo (MC) simulations are usually performed employing classical interatomic 

potentials (CIP), which can often be derived from DFT calculations [10, 11]. Although not 

as accurate as the DFT and TBA methods, the classical simulations are able to provide 

insight into atomic processes involving considerably larger systems, reaching up to ~109 

atoms [12]. The timescale that MD simulations based on CIP can reach is up to a 

microsecond. 

At the mesoscopic scale (~10-4 m), lattice defects such as dislocations, grain boundaries, 

and other microstructural elements are the players. Their interactions are usually derived 

from phenomenological theories that encompass the effects of interactions between the 

atoms. At the mesoscopic scale, the atomic degrees of freedom are not explicitly treated, 

and only larger-scale entities are modeled. For example, in what concerns the mechanical 

behavior of solids, dislocations are the objects of interest. In treating dislocations, recent 

progress has been concentrated on the so-called dislocation dynamics (DD) approach 
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[13-16], which has come to be regarded as one of the most important developments in 

computational materials science and engineering in the last two decades [17]. Such DD 

models deal with the kinetics of dislocations and can study systems a few tens of microns 

in size and with a maximum strain ~0.5% for a strain rate of 10 sec-1 in bcc metals [18]. 

At the macroscopic scale (~10-2 m and beyond), constitutive laws govern the behavior of 

the physical system which is viewed as a continuous medium. In the macroscale, 

continuum fields such as density, velocity, temperature, displacement and stress fields, and 

so forth are the players. The constitutive laws are usually formulated so that they can 

capture the effects on materials properties from lattice defects and microstructural 

elements. The developed continuum equations can be solved by finite element (FE) and 

finite difference techniques. For the macroscopic scale, FE methods [19] are routinely used 

to examine the large-scale properties of materials considered an elastic continuum [20]. 

For example, FE methods have been brought to bear on problems of strain-gradient 

plasticity, such as geometrically necessary dislocations [21]. Phenomena at each length 

scale typically have a corresponding timescale that, in correspondence to the four length 

scales mentioned above, ranges roughly from femtoseconds to picoseconds, to 

nanoseconds, to milliseconds and beyond. 

The mechanical deformation and failure of many engineering materials are inherently 

multiscale phenomena in that the observed macroscopic material behavior is governed by 

processes that occur on many different length scales. The challenge is that the process of 

various scales depends on each other. In the case of the crack propagations, scales are 

linked fairly intimately. The strength of bonds that break at the crack tip depends on how 

the surrounding material is deformed, and the deformation of the material depends in turn 
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on how the crack propagates and, in particular, on where and when the bonds break. At 

larger scales, the propagation of the crack is driven by relaxations of the long-range strain 

fields. The strain energy is dissipated through local, dynamical processes at the crack tip 

including heating, plastic deformations and emission of elastic waves. Hence, any 

successful multiscale model must faithfully reproduce the intertwined nature of the 

multiple length scales in the physical phenomena to be studied.  

1.2  OVERVIEW OF MULTISCALE MODELING METHODS 

There is a vast of literatures surrounding multiscale modeling methods, as summarized 

in several recent reviews with varying purpose and level of details [2, 3, 22-27]. 

Conceptually, two categories of multiscale simulations can be envisioned, sequential and 

concurrent. The sequential methodology attempts to piece together a hierarchy of 

computational approaches in which large-scale models use the coarse-grained 

representations with information obtained from the more detailed, smaller-scale models. 

This sequential modeling approach has proven effective in systems in which the different 

scales are weakly coupled. The characteristic of the systems that are suited for a 

sequential approach is that the large-scale variations decouple from the small-scale 

physics, or the large scale variations appear homogeneous and quasi-static from the 

small-scale point of view. Sequential approaches have also been referred to as serial, 

implicit, or message passing methods. The vast majority of multiscale simulations that 

are actually in use are sequential. Examples of such approaches abound in literature, 

including almost all MD simulations whose underlying potentials are derived from 

electronic structure theory [28, 29], usually ab initio calculations [30, 31]. One frequently 

mentioned example of sequential multiscale simulations is the work of Clementi and 
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Reddaway[32], who used quantum chemistry calculations to evaluate the interaction of 

several water molecules; from this database, an empirical potential was parameterized for 

use in MD simulations; MD simulations were then used to evaluate the viscosity of water 

from atomic autocorrelation functions; and finally, the computed viscosity was employed 

in computational-fluid-dynamics calculations to predict the tidal circulation in Buzzard’s 

Bay of Massachusetts. Another example, Chen and Lee [33] and Zeng et al. [34] 

developed a methodology to link atomic to microcontinuum theories through phonon 

dispersion relations. Firstly the phonon dispersion relations can be acquired from first 

principles calculations, and then the material coefficient for micromorphic crystal solid 

are obtained through fitting phonon dispersion relations. These material constants have 

been applied to study the grain boundaries and size effect in polycrystalline silicon [35].  

The second category of multiscale simulations consists of the so-called concurrent, 

parallel, or explicit approaches. These approaches attempt to link methods appropriate at 

each scale together in a combined model, where different scales of the system are 

considered concurrently and communicate with each other. The challenge of the 

concurrent approach lies in the formulation of a seamless computational connection along 

the interface between the different material representations; a successful multiscale model 

seeks a smooth coupling between these different material descriptions. 

Broadly speaking, a concurrent multiscale approach is more general in scope than its 

sequential counterpart because the concurrent approach does not rely on any assumptions 

pertaining to a particular physical problem. As a consequence, a successful concurrent 

approach can be used to study many different problems. For example, dislocation core 

properties [36-38], phase transformations [39], and crack propagation [40, 41] could all 
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be modeled individually or collectively by the same concurrent approach, as long as it 

incorporates all the relevant features at each level. Probably the most appealing is that a 

concurrent approach does not require a priori knowledge of the physical quantities or 

processes of interest. Thus, concurrent approaches are particularly useful when exploring 

problems about which little is known at the atomistic level and about their connection to 

larger scales, and when discovering new phenomena.  

1.2.1 Defining a Concurrent Multiscale Model 

 

Figure 1-2: (a) A general partitioned domain problem. CB � is modeled as continuum while all 

atoms in AB are explicitly treated as discrete degrees of freedom. (b) Some methods 

require a finite interfacial region, IB , where the atomistic and continuum features 

must coexist. 

A generic multiscale model is presented in Figure 1-2. In Figure 1-2a, we 

schematically illustrate an idealized partitioning, where the body is unambiguously 

divided into two regions. Region AB  is treated atomistically, while region CB  is 

modeled as a continuum. Most methods use a finite element method to treat the 
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continuum, we will therefore regard the continuum region as a discretized approximation 

represented by a FE mesh. An interface between the two regions is identified, IB¶ , 

across which compatibility and equilibrium are enforced. However, the finite range of 

interactions of the atoms typically requires a more elaborate interfacial region with finite 

width, IB , as illustrated in Figure 1-2b. Boundary conditions, in the form of prescribed 

tractions on C
tB¶ , forces on A

tB¶  or displacement on A C
u u uB B B¶ = ¶ ¶�  are applied to 

induce deformation.  

 

Figure 1-3: A generic interface in a coupled atomistic/continuum problem. The finite cutoff radius 

of the atoms means that an atom like 1 cannot “see” into the continuum, while atom 2 

can. The model in (a) includes a handshake region, while the model in (b) does not. 

Padding atoms are shown as open squares, handshake atoms as black circeles and 

regular atoms as white circles. 

The key to any multiscale method lies in the way that it handles the interface region 

shown in Figure 1-2b. Most methods adopt one of the strategies depicted in Figure 1-3. 

On the left is perhaps the most generic interface, which in various limiting cases leads to 

all the models discussed here. The interface region IB , shown by the dashed lines, has 
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been further subdivided into two parts. We refer to these as the ‘handshake region’, HB  

(filled circles) and the ‘padding region’, PB (open squares). The size and nature of these 

regions depend on the specifics of the multiscale model, as discussed below.  

The handshake region is neither fully atomistic nor fully continuum. It is a region 

where there is some degree of mixing between the two descriptions of the material as we 

explain later. The padding region is continuum in nature, however it is used to generate 

atoms that provide the boundary conditions to the atoms in AB  and HB . This is a 

necessity born out of the non-local nature of atomic bonds, and therefore the thickness of 

the padding depends on the range of the atomistic interactions, cutr . The motion of atoms 

in PB  is determined from the continuum displacement fields at the position of the 

padding atoms, in different ways for different methods. Several models use less general 

versions of the interface in Figure 1-3a. The most common variation is to eliminate the 

handshake region, or more precisely, reduce it to a surface of zero thickness. This is 

illustrated in Figure 1-3b. For many models, the imposition of displacement compatibility 

across the interface does not require a clear correspondence between atoms and nodes at 

the interface; as illustrated in Figure 1-3a the nodes (vertices of the triangular elements) 

need not coincide with atom positions. On the other hand, most models that do not 

include a handshake region require a direct atom-node correspondence along the edge of 

the FE region (the heavy jagged line in Figure 1-3b). This provides a way to impose 

displacement boundary conditions on the FEs, as the nodes along this edge move in lock 

step with the corresponding atoms. The cost of this is a restriction on the FE mesh, which 

must be refined down to the atomic scale on the continuum side of the interface but 

normally the mesh coarsens as it extends deeper into the continuum region. 
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There are then four primary ways in which various concurrent multiscale methods 

differ.  

a. The governing formulation. For static methods, there are two fundamental 

different approaches to find equilibrium. The first (“energy-based” approach) is to 

develop a well-defined energy functional for the problem and rigorously minimize 

this energy. The second (“force-based” approach) is to develop a physically 

motivated set of forces on all degrees of freedom, and reach equilibrium by driving 

these forces to zero. While the two seem as though they might be equivalent, they 

are not. Derivatives of the total energy in the energy-based approach lead to forces 

on each degree of freedom which are necessarily zeroed when the energy is 

minimized, however these are not the same as the forces used in the force-based 

methods. The force-based methods have no well-defined total energy. Instead, they 

start from a definition of the coupling in terms of a physically motivated 

prescription of the forces on unequilibrated atoms or nodes. The disadvantage of 

the energy-based approach is that it is extremely difficult to eliminate the 

non-physical side effects of the coupled energy functional, dubbed ‘ghost forces’ 

in the literature [42]. On the other hand, force-based methods can be slow to 

equilibrate, can converge to unstable equilibrium states (such as saddle points or 

maxima), are non-conservative and can be numerically unstable. 

b. The coupling boundary conditions. The coupling between the continuum and 

atomistic regions requires compatibility conditions in each direction. This means 

providing some prescription for finding the displacements of atoms in the padding 

region PB , from the nodal displacement information in CB , as well as a way to 
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determine the displacement boundary conditions for the FE nodes along the edge 

of the mesh closest to the atomistic region. Compatibility can be imposed in a 

“strong” or “weak” sense. “Strong compatibility” imposed by the continuum on 

the atoms implies that the padding atoms are constrained to move as though they 

are ‘glued’ to the finite elements in which they reside. The main disadvantage with 

strong compatibility is the added complexity in mesh generation near the interface. 

The mesh must usually be fully refined and consistent with the underlying atomic 

configuration. To avoid these additional requirements, some methods employ what 

we call “weak compatibility”, where displacement boundary conditions are 

enforced only in some average sense, or with some type of penalty method 

approach. 

c. The handshake region. The idea of the handshake region is to provide a gradual 

transition from the atomistic to the continuum model. The handshake region is 

treated very differently in different coupled models. In some, the 

atomistic-to-continuum (AtC) transition [43-47] is abrupt as in Figure 1-2b, and 

there is no handshake region, e.g., the quasicontinuum (QC) method [26, 27, 36, 

42, 48-56], coupling of length scales (CLS) method [40, 41, 57-60], the finite 

element atomistic (FEAt) method [61] and coupled atomistic and discrete 

dislocations (CADD) method [37, 62-64]. In others, a handshake region exists as 

in ������� �	
 a, but the ways in which it blends the continuum and atomistic 

descriptions can differ substantially. 

d. Treatment of the continuum. As we have mentioned, CB  is usually modeled with 

FEs, but the details of the FE formulation and the constitutive law adopted to 
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describe the material response differ amongst the methods. In some cases, a simple 

small strain FE formulation is used with a linear elastic model of elastic constants 

fitted to the properties of the atomistic model in AB . In others, a finite strain 

(non-linear) formulation is used together with the Cauchy–Born rule (CBR) [65] to 

describe the constitutive response in the non-linear range. 

In the following discussion, atoms in the true atomistic region, atoms on the interface, 

and pseudoatoms in the pad will be denoted by the subscripts “A ”, “ I ”, and “P ” 

respectively. 

1.2.2  The Finite Element Atomistic (FEAt) Method 

The FEAt model is historically the earliest of the multiscale models, and it is also the 

model that attempts to address the problem of a local/non-local mismatch directly 

through a non-local continuum formulation near the atomistic/continuum interface. The 

transition region for the FEAt model is shown in Figure 1-4, where the grey elements are 

elements in the pad region. In the FEAt model, the pad atoms are directly tied to the 

continuum elements which they overlap with the atoms. Further, the FE region is 

resolved down to the atomic-scale in the pad region, which extends to twice the cutoff 

radius, cutR , of the interatomic potentials. In this way, the atoms in the pad directly 

coincide with nodes in the FE mesh, and atoms in the atomistic region have their full 

complement of neighbours. Note that the pad must be 2 cutR  thick because the underlying 

atomistic model is of the embedded atomic model (EAM) type, and thus atomic forces 

(derivatives of energy) depend on the electron-density at an atom and at an atom’s 

neighbor cutR  away, the latter of which depends on a neighbour’s neighbour, up to 
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another cutR  away. The FEAt model does not make use of a unified energy function for 

the entire coupled problem, but rather effects the coupling through the boundary 

condition between the atomistic and continuum domains. 

 

Figure 1-4: The atomistic/continuum transition region for the FEAt method. Grey elements are 

treated using non-local elasticity, while the white elements use a more conventional 

non-linear elastic constitutive law. 

The strain energy density in the elements, and therefore the description of Em 
in the 

FEAt model, is defined in two different ways. Outside of the pad region, non-linear 

elasticity is used, so that 

1 1
( ) [ ( )] : ( ) [ ( ) ( )] : ( )

2 6
T h

nonlinW = × + × ×X C � X � X � X C � X � X  (1.1) 

where hC  (a sixth-order tensor) is the next higher order modulus in the Taylor series 

expansion of the strain energy. The elastic moduli in C  and hC  are chosen to exactly 

match the non-linear response of the underlying atomistic model to second-order, which 
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decreases the mismatch in material constitutive models across the transition region. Using 

this definition of the strain energy density, the energy of an element is then 

( ) dnonlinE W
m

m W
= � X V  (1-2) 

In an effort to mitigate the effects of the sharp transition from a non-local atomistic 

region to a local continuum, the FEAt model also uses a non-local continuum formulation 

to describe the energetics of the elements in the pad region. Thus, for pad elements (the 

grey elements in Figure 1-4), the strain energy density is 

*1
( ) [ ( ) ( )] : ( )d

2nonlocW
¢W

¢ ¢ ¢= - ×�X C X X � X � X V  (1-3) 

where the integral is over the volume ¢W � � of whole body (although practical 

implementations� introduce a finite cutoff distance), and *C � is a material-dependent 

non-local kernel. In these� elements the energy is then 

( ) dnonloc
nonlocE W

m
m W

= � X V  (1-4) 

The energy of the continuum region in FEAt model is then found by summing the 

energy the local and non-local FEs 

( , )C nonloc nonlin
FEAt I P

P P

E E Em m
m mÎ Ï

= +� �r r  (1-5) 

where the dependence of Em on the nodal degree of freedom is implicit. The energy of 

the atomistic region is found by the usual sum over atoms, including the pad atoms, as 

, ,

( , , )A
FEAt i A I P

i A I P

E E
Î

= � r r r  (1-6) 

where the positions of the pad atoms provide the neighbour environment for all the atoms 

in the sum. 

Although the FEAt model was formulated based on the EAM atomistic law, 
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introducing the Stillinger-Weber (SW) law would not introduce any formal difficulties: 

the EAM energetics would be replaced by the SW energetics and all elastic constants for 

the continuum would have to be matched to those predicted by the SW model. 

Conceptually, the FEAt model is solved iteratively as follows. The interface atoms I

are used to provide a boundary condition for the FE model. Solution of the FE model for 

fixed I  atoms provides pad atom positions Pr  that are used as fixed boundary atoms 

for updating the real atoms. It should be recognized that an overall minimization of the 

forces in the problem can be carried out simultaneously without a slow iterative approach 

to equilibrium. 

The FEAt model, in essence, automatically includes the ghost force corrections. The 

use of a non-local FE should improve the errors associated with gradients in deformation 

across the interface, but this has not been tested against the local FE, and the details of 

how the non-local FE performs at the interface were not discussed in the FEAt work. 

Calculating the strain gradients near the interface using the atom positions treated as 

nodes seems feasible but this was simply not made clear. 

1.2.3  Macroscopic Atomistic Ab initio Dynamics (MAAD) 

Abraham, Broughton, Bernstein, and Kaxiras [57-59] developed a concurrent 

multiscale modeling approach MAAD to simulate crack propagation in silicon. This 

multiscale methodology dynamically couples different length scales which ranges from 

the atomic scale region at the crack tip, treated with a quantum-mechanical tight-binding 

(TB) approximation method to model bond breaking; through the microscale region near 

the crack tip, treated via the classical MD method; and finally to the meso/macroscale 

region away from the crack tip, treated via the FE method in the context of continuum 
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elasticity. There are two more handshaking regions (FE/MD, MD/TB) exist in the 

interfaces. The total Hamiltonian totH  for the entire system can be written as 

/ /

({ , }) ({ , }) ({ , })

({ , , , }) ({ , })
tot FE MD TB

FE MD MD TB

H H H H

H H

= + +

+ +

u u r r r r

u u r r r r

� ��

� ��
 (1-7) 

which represents the energy contribution from different regions and the interfaces 

between them. The degrees of freedom of the Hamiltonian are atomic positions r  and 

velocities r�  for the TB and MD regions and displacements u  and their time rates of 

change u�  for the FE region. The Hamiltonian for the FE region can be written as 

1

1
({ , }) ( )

2

eN
T T

FE i i i i
i

H
=

= × × + × ×�u u u K u u M u� � �  (1-8) 

where eN  is the total number of elements in the FE region, K and M are the stiffness 

and mass matrices. The elastic coefficients can be obtained from the harmonic 

approximation of the interatomic potential. In the case of finite (but constant) temperature, 

these parameters are adjusted accordingly to be consistent with the atomistic system in 

the MD region. The Hamiltonian for the MD region is: 

2
1 2 3

1

1
({ , }) ( , , , , )

2

atomN

MD i i N
i

H m U
=

= +�r r r r r r r� � �  (1-9) 

where atomN  is the total number of atoms in the MD region, U is the total interatomic 

potential energy in the MD region. The Hamiltonian for the TB region can be written as 

1

({ , }) ( )
occN

rep
TB n ij

n i j

H V re
= <

= +� �r r�  (1-10) 

The sum is over all occupied states, occN , up to the Fermi level. repV stands for repulsive 

interatomic pair potential. The eigenvalues, {ne }, corresponding to the one electron state 
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of a first principle Hartree-Fock or density functional calculation, are obtained from a 

non-orthogonal one-electron Hamiltonian. 

A key ingredient in this method is how to implement the handshaking algorithms 

between the FE and MD regions and between the MD and TB regions. To achieve the 

FE/MD handshaking, FEs are refined all the way to the atomistic level so that their 

vertices coincide with the reference atomic positions at the interface. In this way, the 

atomistic simulation is embedded in a large continuum solid. FE cells contribute fully to 

the overall Hamiltonian (unit weight) when fully inside the FE region. Interactions 

between the atoms on the MD side, which are represented by an interatomic potential, 

carry full weight when fully inside the MD region. In the FE/MD handshaking region, the 

Hamiltonian is computed from the FE and the MD side with half weight for each. The 

continuum region and the atomistic region are then evolved simultaneously in time. The 

assignment of weights equal to unity within each region and equal to one-half at the 

interface is arbitrary and can be generalized by the introduction of a smooth step function. 

At the MD/TB interface, on one side of the TB/MD interface, the bonds to an atom are 

derived from the TB Hamiltonian. On the other side of the interface, the bonds are 

derived from the interatomic potential of the MD simulation. The MD atoms of the 

interface have a full complement of neighbors, including neighbors whose positions are 

determined by the dynamics of atoms in the TB region. The TB code updates atomic 

positions in lockstep with its FE and MD counterparts. After the total Hamiltonian of the 

system being computed, equations of motion for all the relevant variables in the system 

are obtained by taking appropriate derivatives of the Hamiltonian. A general problem 

associated with domain decomposition, as in the MAAD simulations, is the spurious 
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reflection of elastic waves (phonons) at the domain boundaries because MD region will 

generate phonons which are not represented in the continuum region and hence might be 

reflected at the FE/MD interface [2]. For example, such effects have been observed in the 

atomistic modeling of dislocation motion [66], crack propagation [67-70], and 

energetic-particle–solid collisions [71, 72], all of which involved some domain coupling 

scheme. Broughton et al. [41] reported that such effects may be mitigated by adding a 

random and dissipative heat bath to the FE degrees of freedom or adding Nosé-Hoover 

chain thermostats to the FE mesh and developing a coarse grained MD formulation for 

the handshake region, such coarse graining can be made to go beyond linear elasticity. 

1.2.4 The Quasicontinuum (QC) Method 

The QC method, proposed by Tadmor, Ortiz, and Phillips [36], is an example of a 

bottom-up, concurrent multiscale method aiming at a seamless link of atomistic with 

continuum length scales. In a series of papers exemplary problems for multiscale 

modeling and simulation have been analyzed such as nanoindentation, stress-induced 

phase transformation, the simulation of crack-tip deformation, nanovoid cavitation, and 

grain boundaries.  

The QC method is an energy-based method with no handshake regions, so the energy 

functional of equation can be written as 

ˆtot A CP = P + P  (1-11) 

where AP  is the potential energy of the atomic region, and ˆ CP  indicates that the 

potential enetgy of the continuum CP  is approximated by a FE formulation. 

In the QC literatures, any node or atom that is retained in the model as part of the set 

of degree of freedom is identified as a ‘representative atom’ or simply ‘repatom’. The 
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terminology ‘non-local repatom’ and ‘local repatom’ are used to distinguish between 

repatoms in the atomistic region where the atomic bonding is non-local and repatoms in 

the continuum region where a local constitutive relation is applied. 

The idea is that QC scholars (QCs) seek to compute a good approximation to the total 

energy of the fully atomistic system, which is a function of the positions of all the atoms 

in the body, ( 1,2, , )ANa a =x � . As usual QCs assume, without loss of generality, that 

they know some reference configuration of the atoms, aX  and then work in terms of 

displacements,� a a a= -u x X . The energy of the atomistic system is then 
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�  (1-12) 

where Ea  is the potential energy of the a -th atom, and ext
af  is the applied force acting  

on the a -th atom. For a more concise notation, let u  represent the entire set of 

displacements 1 2( , , , )ANu u u� .  

To achieve the aim of reducing the number of degrees of freedom in the problem, they 

constrain the motion of most of atoms to follow the motion of a handful representative 

atoms. The density of representative atoms is controlled by a criterion that measures, how 

strong the deformation spatially vary. In some critical regions of interest, where defects 

nucleate and evolve, like dislocation cores, crack tip among others, all atoms are selected 

as repatoms, while very few are selected in regions that are more or less linear elastic. 

They assume the displacement of some RN  repatoms, R AN N<< , are chosen as the 
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DOF. The displacements of all other atoms can then be determined from the displacement 

of those node/repatoms throught interpolation. In this way, the potential energy of the 

atoms becomes a function of only the node/repatom displacements vector U : 

1

( ) ( )
AN

Ea

a

e
=

= �U U  (1-13) 

where the dependence of the atom displacements on the repatom displacements is 

through the FE shape function. This has reduced the number of degrees of freedom in the 

model, but has not significantly lowered the computational burden associated with the 

computing of the energy of the systems or the forces on the repatoms. At this stage, the 

division of the body into the atomistic and continuum regions become necessary, and the 

energy is rewritten as 

( ) ( ( )) ( ( ))
A CB B

E Ea a

a a

e
Î Î

= +� �u u U u U  (1-14) 

QCs describe a systematic way to illustrate the idea by treating all of the fully refined 

region (see in Figure 1-2) as AB  and the coarse region as CB . They then propose to 

compute the first sum in the above equation exactly as we would in a fully atomistic 

model; the only difference from the exact result comes from the fact that the padding 

atoms in neighboring regions are undergoing a constrained deformation. For the second 

sum, on the other hand, they replace by FEs and use the Cauchy–Born rule. Thus for an 

atom in CB  they assume that it is in a region of approximately uniform deformation, 

characterized by F , so that 

0 [ ( )]E Wa a» W F X  (1-15) 

where 0W  is the Wigner–Seitz volume of a single atom in the reference configuration. 

The second sum over atoms in eq. (1-14) can now be replaced by a sum over elements as 
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0( ) ( ( )) [ ]
A C

e e

B e B

E n Wa

a

e
Î Î

= + W� �u u U F  (1-16) 

where en  is the number of atoms contained in the element and eF  is the deformation 

gradient there. 

In most works based on QC method, triangular finite elements or tetrahedral finite 

elements for continuum region is adopted in 2D or 3D simulation, thereby leading to a 

locally-uniform deformation gradient in the continuum region. Linear interpolation 

functions in triangular or tetrahedral FE require only one single Gauss-point for 

numerical quadrature. As a consequence, the application of the CBR implies that in the 

energy calculation the summation over the number of lattice sites boils down to the 

number of finite elements. 

The energy-based QC method leads to some non-physical effects in the transition 

region known as “ghost force”, a phrase first coined in [42]. Specially, taking derivatives 

of the energy functional to obtain forces on atoms and FE nodes leads to so-called ghost 

forces in the transition region. The origin of these ghost forces lies precisely in the 

assumption of locality in the continuum region and the local/non-local mismatch in the 

transition region.  

Later, to correct the spurious interfacial forces in the original QC method, Knap and 

Ortiz [49] and Eidel and Stukowski [48], have proposed a QC formulation QC-FNL that 

is entirely ‘non-local’ in that the locality implicit in an FE calculation is eliminated. The 

overall concept is to use FE ideas to kinematically constrain some atomic positions to 

node positions but to determine forces from a fully non-local atomistic description at all 

times and in all regions of space. The Cauchy– Born rule is thus abandoned and forces 

are calculated from clusters of representative atoms centred on atoms corresponding to 
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FE nodes. 

 

Figure 1-5: The QC-FNL method. Atomic forces are calculated only for atoms within a sphere 

around a representative atom (green atom). For overlapping clusters, as in (a), the 

sampling atoms in the interaction are attributed to the nearest representative atom. A 

seamless transition of a coarse-grained region to a region of fully atomistic resolution 

is illustrated in (b). 

Figure 1-5 schematically illustrates the QC-FNL approach. To define the degrees of 

freedom in the problem, a set of nodes is chosen from the underlying perfect lattice. 

Around each of these nodes, a small cluster of representative atoms is constructed by 

interpolating the displacements of the FE nodes and deforming the perfect lattice 

accordingly. Using an appropriate weighting scheme to account for the variable density 

of nodal points throughout the model, the atom clusters are used to compute nodal forces, 

which in turn are used to find the equilibrium configuration of the nodal displacements. 

Physically, the weighting scheme can be interpreted as a way of accounting for the 

atomic degrees of freedom that have been coarsened out by the FE mesh—the 
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contribution of representative atom i � is multiplied by in � , where in � is the number of 

atoms that are being represented by that particular contribution. In regions where 

atomicscale detail is required, every atom is chosen to be a node, while in regions that are 

adequately described by continuum mechanics, the representative clusters are a tiny 

fraction of the total number of atoms in the region. In the fully refined limit, where every 

atom is chosen as an FE node, the QC-FNL reduces exactly to the full atomistic 

simulation dictated by the underlying interatomic potentials. In this limit, there is 

complete overlap of nearby clusters of atoms, and the counting procedure is designed to 

account exactly for such overlap. 

The QC-FNL method appears promising by virtue of one main advantage: it is truly 

seamless. This is not strictly true of any of the other methods discussed here, although the 

respective groups have worked hard to mitigate the effects of the atomistic/continuum 

transition. In the QC-FNL method, there is simply no transition, and the only error that is 

introduced is due to the reduction of degrees of freedom in the regions that are sparsely 

populated with representative atoms. Due to this and the ability of the QC to adaptively 

refine the mesh during a simulation, the QC-FNL method represents the closest thing to a 

full coupling of atomistic to continuum. The main disadvantage of the QC-FNL method 

is the high computational cost in regions of slowly varying deformation gradient as 

compared to a simple linear elastic constitutive law or even the Cauchy–Born 

approximation in the local QC. 

1.2.5  The Concurrent Coupling of Length Scales (CLS) Method 

The CLS method developed in a series of papers [40, 41, 57-60] focused initially on 

the problem of fracture in silicon. CLS is an energy-based method like QC. Compared 
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with the energy functional in eq. (1-16) for the QC method, the energy of the CLS 

method takes the form 

1

( ) ( )
elemN

e e
A

e

u We e w
=

= + � F  (1-17) 

where Ae  is the energy contained in region AB , and the second sum is over all the 

elements in the continuum region. For most elements, the weight ew  is simply the 

volume of the element. The exceptions are elements directly adjacent to the 

atomistic/continuum interface, where the weights are reduced to avoid double counting. 

There are small differences between QC and CLS in the treatment right at the interface. 

In short, there is some ambiguity regarding the parceling of energy near the interface. The 

QC and CLS methods use slightly different methods of weighting the atomistic and 

continuum contributions in efforts to avoid double counting of energy. The effect is 

reflected in differences between the values of ew  for CLS and the analogous 0
en W  in 

eq. (1-16) for QC. These differences are relatively minor in that they lead to only slight 

changes in the error and the rate of convergence of the models. 

One unique and important feature of the CLS method is that it incorporates the 

coupling of not only a continuum to an atomistic region described by interatomic 

potentials, but also the embedding of a TB atomistic region within the classical atomistic 

region. The details of this ‘electronic to atomistic’ coupling will not be discussed here. It 

is sufficient to note, however, that at the interface between a fully quantum description 

and an interatomic potential description, a transition region exists and the issues in 

defining such a transition region are nearly identical to those in the fully classical 

atomistic/continuum interface. One difference is that both quantum mechanics and 
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interatomic potentials are non-local but, since the nature of the non-locality is different, 

‘ghost forces’ and other artifacts can again occur at the interface. An additional subtlety 

in the quantum problem is that the energy of the system cannot be partitioned on a 

per-atom basis: the energy is a single quantity that depends on all of the atoms included 

in the calculation. CLS was also constructed as a dynamic, finite temperature method 

wherein MD methods are used to drive the motion of both atomic and FE degrees of 

freedom. 

1.2.6 The Bridging Domain (BD) Method 

One way to try to mitigate the ghost force effect is to make the transition from 

non-local atomistic to local continuum mechanics less abrupt. Although somewhat ad hoc, 

this can be achieved by the simple blending of energy in the handshake region between 

the two descriptions. The approach is related to the so-called Arlequin method [73], 

which is a general approach to coupling different models based on a blended energy 

functional. The BD method is perhaps the first application of the blending region within 

an energy-based scheme [74-76], and is certainly representative of such models. Briefly, 

the energy of the BD model is defined as 

tot A C HP = P + P + P  (1-18) 

where HP  is the energy of a handshake region. 

Within BD method, the energy of the handshake region is a partion-of-unity blending of 

the atomistic and continuum energy description. Both the continuum and atomistic 

energies are used, but their contribution are weighted according to a function Q  that 

varies linearly from 1 at the edges of HB  closest to CB  to 0 at the edge closest to AB . 

Assuming no externally applied forces on this region to simplify the notation, the energy 
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of the handshake region is 

[1 ( )] ( ) [ ( )] d
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P = - Q + Q� �X X F X  (1-19) 

In the limit where the thickness of the handshake region goes to zero and the size of 

the finite elements at the interface approaches the atomic spacing, we recover, more or 

less, the QC or CLS formulation. This is not precisely so, since the weights of the 

atomistic and continuum energy contributions in QC, CLS and BD would still be slightly 

different right at the interface. However, these differences will not substantially change 

the strength of the ghost forces that will occur in the interfacial region. 

An important practical difference between the methods discussed previously and the 

BD method is the way in which compatibility is imposed between the atomistic and 

continuum regions. In the BD method, displacement constraints are introduced into the 

handshake region to force the displacement au � for every atom a  in HB � to follow the 

displacements dictated by the interpolated displacement field at the atoms reference 

position, ( )au X . This is done using Lagrange multipliers by introducing the vector 

1
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which should be constrained to zero. This can be achieved by redefining the handshake 

region energy in eq. (1-19) to be 
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 (1-21) 

where HP
�

 indicates that the potential enetgy of the handshake region HP  is 

approximated by a finite element formulation; 1 2 3{ , , }a a a al l l=� are Lagrange 
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multipliers for the degree of freedom of atoma , and 1b  and 2b  are penalty functions 

that can be chosen to optimize computational efficiency. Note that the original BD paper 

was presented as a dynamic method. As such, forces on atoms and nodes come from the 

differentiation of this energy functional and include effects due to the constraint term. 

Since this term constitutes no more than a mathematical ‘trick’ without clear physical 

significance, it is not clear how to interpret the resulting dynamics near the interface. In 

the static case, on the other hand, this is a convenient tool for finding a constrained 

minimum energy configuration, and the magnitude of the ghost forces can be examined. 

The use of a finite handshake region has the effect of smearing out the ghost forces, 

making the ghost force on a given atom or  node smaller, but introduces ghost forces on 

more atoms and nodes.  

1.2.7 The Bridging Scale (BS) Method 

The groundwork for the BS method was laid first in [77] and later in [78-84]. The BS 

method is an energy-based method with no handshake region (like QC and CLS), but the 

BS method is conceptually very different from other methods. This is because in the BS 

method there are (in principle) no separate continuum and atomistic regions. Instead, the 

BS method introduces the notion of coarse-scale and fine-scale displacement fields that 

exist everywhere in the body. 

As such, the picture is one where atoms exist throughout the body with a displacement 

¢ ¢¢= +u u u  (1-22) 

where ¢u � is the coarse-scale displacement and ¢¢u � is the fine-scale. The former is stored 

on a finite element mesh everywhere in the body (overlapping all of AB  and CB ). The 

finescale displacements are assumed to exist in CB  as the manifestation of heat, but they 
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are only explicitly tracked and stored inside AB .  

 

Figure 1-6: The BS method interface region. There is no handshake region and the finite elements 

exist throughout the body in order to store the coarse-scale displacement field. 

The coarse-scale displacement field is stored on the finite element grid, and is defined 

as a least-squares fit to the underlying atomic displacements. In the atomistic region, this 

fit is explicitly determined from the atoms, while in the continuum region the inverse 

thinking is applied: it is imagined that the untracked atoms are vibrating around 

equilibrium positions that are known from the FE displacements. In the zero-temperature 

static limit, the fine-scale displacements are assumed to be zero everywhere in CB , so 

the static BSM is similar to the QC or CLS approach with two additional features: the 

partitioning of atomic displacements using eq. (1-22) and a different compatibility 

condition. This is a mix of weak and strong compatibility, which we can describe next by 

referring to Figure 1-6. 
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Compatibility is first imposed on the atomistic region by constraining the square 

atoms in the padding region to follow the coarse-scale displacements of the finite 

elements using shape functions. Since it is assumed that there is no fine-scale 

displacement in CB  at zero temperature, this completely determines their positions. On 

the other hand, compatibility of the continuum region is imposed at all nodes lying inside 

AB . Their displacements are constrained to follow the least-squares fit of the atomic 

displacements in neighboring elements (i.e. ¢u ). This fully constrains elements deep 

inside AB , whose energy is not included in the model, and constrains some of the nodes 

of elements straddling IB . In this way, the BS method mixes elements of weak and 

strong compatibility: strong compatibility for the motion of the padding atoms and weak 

compatibility for the enforcement of the FE boundary condition. 

1.3  RESEARCH MOTIVATION 

Inspired by the query “Is it possible to construct continuum theories that can predict 

physical phenomena on the atomic, molecular, or nano scales?”, Eringen and Suhubi [85, 

86] pioneered a “top down” approach named as microcontinuum theory almost half a 

century ago. The fundamental departure of the microcontinuum theory from the classical 

counterparts is that the former is a continuum model that encompasses microstructures 

for the purpose of describing the microscopic motion and deformation. Micromorphic 

theory (MMT) envisions a material body as a continuous collection of deformable 

particles; each possesses finite size and inner structure. It is considered as the most 

successful top-down formulation of a two-level continuum model, in which the 

deformation is expressed as a sum of macroscopic continuous deformation and internal 

microscopic deformation of the inner structure. Upon assumptions of a small deformation 
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and slow motion, Micromorphic theory can be reduced to Mindlin’s Microstructure 

Theory [87]. When the microstructure of the material is considered as rigid, 

Micromorphic Theory then reduces to the Micropolar theory [88]. Assuming a constant 

microinertia, the Micropolar theory is identical to the Cosserat theory [89]. Eliminating 

the distinction of macromotion of the particle and the micromotion of its inner structure, 

it results in the couple stress theory that considers the effect of the gradient of the 

rotational part of the deformation [90]. A full gradient of strain was considered in the 

second gradient theory by Mindlin and Eshel [91]. When the particle reduces to the mass 

point, all of the generalized microcontinuum theories go back to the classical continuum 

mechanics.   

Motivated by the formulations of the well-established Micromorphic theory and 

microscopic many-body dynamics, a new atomistic field theory (AFT) has been 

formulated in a series of paper by Chen and her coworker [92-95]. The newly formulated 

theory views a crystalline material as a continuous collection of lattice points, while 

embedded with each lattice point is a group of discrete and distinct atoms. This thus 

further expands the application region of Micromorphic theory to the atomic scale. While 

it retains most of the features of an atomic-level many-body dynamics, AFT is able to 

scale up in modeling and simulations of various mechanical systems and phenomena. 

1.4  CHALLENGE 

Due to the scales of deformation that are important in realistic problems, explicit 

modeling of all of the atomic degrees of freedom will never be feasible. Thus, one must 

selectively remove most of these degrees of freedom to make the problem tractable. The 

vehicle for this reduction of degrees of freedom is the continuum. For crystalline 
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materials, in continuum mechanics, the atomic positions can be tracked via displacement 

fields interpolated between a sparse set of nodes. The characteristics of multiple, 

disparate time and length scales in the mechanical response of nanostructure and systems 

present a clear barrier to their computational modeling. A general challenge in the broad 

field of computational material science is to develop a modeling or simulation tool that 

incorporates the vast temporal and spatial scales. The difficulty then lies in the intimate 

and accurate coupling of continuum and atomistic regions so that the continuum region 

behaves as if the entire model is atomistic. 

1.5 OBJECTIVES 

The goal of formulations of AFT is to simulate the microscopic materials with the only 

constitutive law being the interactions between the atoms. Through the numerical 

implementations of AFT, the objectives of this work are to be accomplished by 

performing the following tasks: (1) Development of a concurrent atomistic-continuum 

simulation tool for crystalline solids;  (2) Demonstration of the seamlessness of the 

atomic continuum coupling through wave propagation from the atomic region to the 

continuum region; (3) Modeling and simulations of critical phenomena in crystalline 

materials to gain fundamental understanding of material behaviors involving multiple 

length scales. 
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CHAPTER 2  GENERALIZED MICROMORPHIC THEORY  

Micromorphic theory (MMT) envisions a material body as a continuous collection of 

deformable particles; each possesses finite size and inner structure. It is considered as the 

most successful top-down formulation of a two-level continuum model, in which the 

deformation is expressed as a sum of continuous macroscopic deformation and 

microscopic deformation of the inner structure. The purpose to go beyond the classical 

continuum mechanics is to take into account the microstructure of the material body in 

question while still keeping the advantages of continuum theory intact. Therefore 

Micromorphic theory can be expected to unveil many new classes of physical phenomena 

that fall beyond classical field theories. In this chapter, axiomatic approach is 

demonstrated in the formulation of constitutive equations for generalized Micromorphic 

thermoviscoelastic solid and generalized Micromorphic fluid. 

2.1  KINEMATICS 

The development of Micromorphic theory was motivated by the query, “Is it possible 

to construct continuum theories that can predict physical phenomena on the atomic, 

molecular, or nano scales?” These would require supplying additional degrees of freedom 

to a material point, which has three degrees of freedom in classical field theory. After all, 

the molecules that constitute the internal structure of the material points undergo 

deformations and rotations arising from the displacements and rotations of their 

constituent atoms. A question arises: How can we reconcile the concept of the deformable 

particle with the continuum hypothesis? Eringen settled this question by replacing the 

deformable particle with a geometric point and some vectors attached to that point, which 
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denote the orientations and intrinsic deformations of all the material points in the 

deformable particle [85, 86, 96-114]. This is compatible with the classical picture where a 

material point in a continuum is endowed with physical properties such as mass density, 

displacement vector, electric field, stress tensor, etc. 

 

Figure 2-1: Macro- and micromotions of a material particle 

Geometrically, a deformable particle P  is characterized by its centroid C located at 

X  and vector �  relative to X  of a generic point within the particle. As shown in 

Figure 2-1, a generic point in the particle is represented by the vector sum of X  and �  

in the reference state at time 0t = . The material is called a Micromorphic continuum if 

the deformation carrying ( , , )P tX �  to ( , , )p tx �  in the deformed state at time t can be 

expressed as 

( , ) or ( , )k kx x t t= =X x x X  (2-1) 

( , ) or ( , )k kK K K Kt tx c X X= =X � � X  (2-2) 

where kKc  is called microdeformation tensor. It is seen that the macromotion, eq. (2-1), 
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accounts for the motion of the centroid of the particle while the micromotion, eq. (2-2), 

specifies the deformation of the inner structure of the particle. Thus the particle has 9 

independent degrees of freedom for both stretches and rotations in addition to the 3 

classical translational degrees of freedom of the centroid. The micromotion stipulated by 

eq. (2-2) can be called affine motion, which deforms a sphere into an ellipsoid as shown 

in Figure 2-1. To secure the axiom of continuity, which requires that the matter is 

indestructible and impenetrable, the Jacobians of the macromotion and the micromotion 

must be strictly positive, i.e 

,det( ) det( ) 0

det( ) 0

k
k K

K

kK

x
J x

X

j c

¶
º = >

¶

º >

 (2-3) 

Then there exist unique inverse motions 

( , ) or ( , ) K KX X t t= =x X X x  (2-4) 

( , ) or ( , )k Kk k k kt tX c x x= =x � xcccc  (2-5) 

with 

, , , ,,     

,     
k K K l kl K k k L KL

kK Kl kl Kk kL KL

x X X xd d

c c d c c d

= =

= =
 (2-6) 

The microgyration tensor is defined as 

kl kK Klw c cº �  (2-7) 

then it is straightforward to prove that 

kK kl lKc w c=�  (2-8) 

k kl lx w x=�  (2-9) 

Let ( )or r  and ( )V vD D  denote the mass density and the volume of the deformable 
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particle in the Lagrangian (Eulerian) state and let primed quantities refer to those of the 

point in the particle. This leads to 

( )  ,      

( ) 0 ,      0

( )  ,      

o o

V v

o

V v

o o
KL K L kl k lV v

V dV v dv

dV dv
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D D
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¢ ¢ ¢ ¢D = D =

¢ ¢ ¢ ¢= =

¢ ¢ ¢ ¢D º X X D º

� �
� �

� �

X xX xX xX x  (2-10) 

where KLI  and kli  are the microinertia of the deformable particle in the Lagrangian 

state and Eulerian state, respectively.  

2.1.1  Objectivity 

It is intuitively clear that the material properties do not depend on the coordinate frame 

selected. The measurements made by an observer, whether he is in motion or not, should 

be the same. If this viewpoint is accepted, then the measurements made in one frame of 

reference are sufficient to determine the material properties in all other frames, which are 

in rigid motion with respect to one another. In the formulation of the response functions, 

it is desirable to employ quantities that are not dependent on the motions of the observer. 

Such quantities are called objective or material frame-indifferent.  

Definition 1: 

Two motions ( , , ) ( , ) ( , , )k k kx t x t tx¢ º +X � X X �  and ˆˆ ˆ ˆˆ ˆ( , , ) ( , ) ( , , )k k kx t x t tx¢ º +X � X X �  

are called objectively equivalent if and only if  

ˆ ˆˆ ( , , ) ( ) ( , , ) ( )k kl l kx t Q t x t b t t t a¢ ¢= + = -X � X �  (2-11) 

where a  is a constant time shift, ( )kb t  is a time-dependent translation, and ( )klQ t  are 

time dependent full orthogonal transformations, i.e., 

, det 1kl ml lk lm km klQ Q Q Q Qd= = =  (2-12) 
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Definition 2: 

Any tensorial quantity is said to be objective if in any two objectively equivalent 

motions it obeys the following tensor transformation law for all times 

ˆ ˆ( , , ) ( ) ( ) ( ) ( , )klm kk ll mm k l mA t Q t Q t Q t A t¢ ¢ ¢ ¢ ¢ ¢=X � X �� �� ,,,,  (2-13) 

Since eq. (2-11) in general holds for arbitrary X  and � , it can be replaced by 

ˆˆ ( , ) ( ) ( , ) ( )

ˆ ˆ( , , ) ( ) ( , , )

k kl k k

k kl k

x t Q t x t b t

t Q t tx x

= +

=

X X

X � X �
 (2-14) 

If the micromotion is affine motion, then the second equation in eq. (2-14) can be 

rewritten as 

ˆˆ ( , ) ( ) ( , )kK kl lKt Q t tc c=X X  (2-15) 

It is worthwhile to mention and can be easily verified that (1) position vector of the 

centroid of a particle x  and its material time derivatives of various order including 

velocity v and acceleration v�  , time t , velocity gradient Ñv  and  microgyration 

tensor �  are not objective; (2) relative position vector � , micromotion kKc ,  and 

deformation gradient ,k Kx  are objective. 

2.1.2  Eringen Tensors 

The generalized Lagrangian strain tensors of Micromorphic theory are defined as [105, 

106] 
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One may verify that the strain rates can be obtained as 
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and , ,kl kl klma b c  are objective. 

There are three kinds of Eringen tensors; the first order Eringen tensors are (1)
kl kla aº ,

(1)
kl klb bº , and (1)

klm klmc cº . Eringen tensors of order 1n +  are defined as  
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After lengthy but straightforward derivations one may prove that Eringen tensors of 

any order are objective. One may also verify that  
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 (2-19) 

are objective. It is noticed that Eringen tensors play central roles in the formulation of 

constitutive equations of Micromorphic fluids. 

2.2  BALANCE LAWS 

Eringen and Suhubi [85, 86] and Eringen [96] derived the laws of conservation of 

mass, conservation of microinertia, balance of linear momentum, balance of momentum 

moments, and conservation of energy for Micromorphic theory by means of a 

“microscopic space-averaging” process. Later Eringen [105, 106] derived the balance 

laws in a more elegant way by starting with the following expression for the kinetic 
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energy per unit mass, k , of a particle 

1
( )

2 i i kl ik ilk v v i w w= +  (2-20)                    

and, after the energy balance law is obtained, by requiring it to be form-invariant under 

the generalized Galilean transformation to yield the balance laws of linear momentum 

and moment of momentum. The balance laws of Micromorphic theory, including the 

Clausius-Duhem (CD) inequality, can be expressed as 

, 0  k kvr r+ =�  (2-21) 

ij
ik jk jk ik

di
i i

dt
w w= +   (2-22) 

,kl k l lt f vr r+ = �  (2-23) 

,klm k ml lm lm lmm t s lr rs+ - + =     (2-24) 

, , ,( )klm lm k kl l k lk kl kl k ke m t v s q hr w w w r= + - + - +�       (2-25) 

, , ,( ) ( ) / 0klm lm k kl l k lk kl kl k km t v s qy hq w w w q q- + + + - + - ³��       (2-26) 

where v  is the velocity vector; t  is the Cauchy stress; T=s s  is the microstress; e is 

the internal energy density; q  is the heat flux; h  is the heat source per unit mass; h  is 

the entropy density; q  is the absolute temperature; ey hqº -  is the Helmholtz’s free 

energy density, and the spin inertia is defined as 

( )lm jm lj ln njis w w wº +�  (2-27) 

the body force and the body moment are defined as 
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the moment stress, a third order tensor, is defined as 
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' '
kij k ki j ka

m a t dax
D

D º �  (2-29) 

with '
kda  being the differential surface area with outward normal kn . It is noticed that 

in Micromorphic theory the Cauchy stress is not symmetric, i.e., kl lkt t¹ . If the size of 

the particle is reduced to zero, i.e., 0®� , then it leads to 0= = = = =i � � m l . This 

means eqs. (2-21) and (2-23) remain unchanged; eq. (2-22) becomes a trivial statement, 

i.e.,0 0= ; eqs. (2-24), (2-25) and (2-26) are reduced to  

           ji ij ij jit s t t= � =  (2-30) 

, ,ij j i i ie t v q hr = - +�  (2-31) 

, ,( ) / 0kl l k k kt v qy hq q q- + + - ³��  (2-32) 

Of course, under this limiting situation (size of the particle is vanishing or, says, a 

particle is regarded as a mathematical point), Micromorphic theory is identical to 

classical continuum theory. 

In Lagrangian description, the balance laws can be written as [115] 

oJr r=  (2-33) 

kl KL kK lLi I c c=  (2-34) 

,( ) ( ) 0o
KL Ll K l lT f vc r+ - =�  (2-35) 

, ,( ) 2 ( ) 0o
LMK Ll mM K ML m M Ll ML mM lL lm lmM T x S lc c c c c r s+ - + - =  (2-36) 

,
o o

KLM KLM KL KL KL KL K Ke M T S Q hr g a b r= + + - +�� ��  (2-37) 

,( ) / 0o
KLM KLM KL KL KL KL K KM T S Qr y hq g a b q q- + + + + - ³� �� � �  (2-38) 

where the stresses and heat flux in Eulerian and Lagrangian descriptions are related as 
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1
, ,   ,   KL kl K k lL kl KL k K LlT Jt X t J T xc c-º =  (2-39) 

11
   ,   2

2KL kl Kk Ll kl KL kK lLS Js s J Sc c c c-º =  (2-40) 

1
, ,   ,   KLM mkl M m kK Ll mkl KLM m M Kk lLM Jm X m J M xc c c c-º =  (2-41) 

1
, ,     ,     K k K k k K k KQ Jq X q J Q x-º =   (2-42) 

2.3  CONSTITUTIVE EQUATIONS 

The fundamental laws of Micromorphic theory consist of a system of 20 partial 

differential equations, and one inequality. Given the external loads ,k klf l  and h , there 

are 67 unknowns ,  , ,  ,  ,  , ,k kl kl klm kl klv i m t sr w  ,  ,  kq e h  and q . Clearly then, the 

system is highly indeterminate. Forty-seven independent additional equations are needed 

for the determination of motions and temperatures of a Micromorphic body. This is also 

clear from the fact that the balance equations are valid for all Micromorphic bodies 

irrespective of their physical constitutions. For bodies of different constitutions, the 

response of the body to external stimuli is very different. Thus, we must bring the 

constitutional nature of bodies into our formulation. For a constitutive theory to represent 

a material adequately, certain physical and mathematical requirements must be satisfied. 

Axiomatic approach to the formulation of constitutive equations was evolved in the 

course of the development of continuum mechanics. Axioms of causality, determinism, 

equipresence, objectivity, material invariance, neighborhood, memory, and admissibility 

are accepted as guiding principles not only in classical continuum mechanics but also in 

Micromorphic theory. 

For the sake of discussion, in the following we are going to show the formulation of 
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constitutive equations for generalized Micromorphic solid and Micromorphic fluid. 

2.3.1 Generalized Micromorphic Solids 

Now we are going to formulate the constitutive theory for Micromorphic 

thermo-visco-elastic-plastic (TVEP) solid. First of all, it is noticed that the formulation of 

constitutive equations for plasticity is unique in the sense that one needs to add a set of 

internal variables to the list of dependent constitutive variables and, of course, one needs 

to supply a set of governing equations for the newly added internal variables. To begin 

with, let the dependent constitutive variables be denoted as                         

,  , ,  ,  ,  y hZ = {T S M Q }  (2-43) 

and define 

{ , , , }qºU � � �  (2-44) 

( ) ( ) ( )

{ , , , , , , ... , , , , , }
p p p

q qº Ñ XV � � � � � � � � �� �� �� � �� ��  (2-45) 

{ , , , }P P PºW � � � R  (2-46) 

where q qÑ º ¶ ¶X X ; 
( )p

p pd dtº� �  is the p -th order ( 1p ³ ) material time derivative 

of � , similarly for 
( ) ( )

 and 
p p

� � ; W  is a set of internal variables, in which ,  ,  P P P� � �

are the plastic strains corresponding to the generalized Lagrangian strains ,  ,  � � � , 

respectively, and R , named as the hardening parameters, is a generalized vector of 

internal variables. 

Following the axiom of equipresence, at the outset the constitutive relations are 

written as 

, , , Z = Z(U V W X)  (2-47) 
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The dependency on the Lagrangian coordinateX implies that the material 

inhomogeneity is taken into consideration. It is emphasized that the constitutive equation, 

eq. (2-47), automatically satisfies the axiom of objectivity because it is expressed in 

Lagrangian forms. To separate the material behavior into two distinct parts: 

thermo-visco-elastic (TVE) part and TVEP part, a scalar-valued yield function is 

introduced as 

( , , , )f f= U V W X  (2-48) 

For a set of fixed values of W , a hyper surface, named yield surface, is determined 

by the equation 

(   , ) 0f =U, V, W X  (2-49) 

The yield function can be chosen in such a way that the TVE region is corresponding 

to 0f < . The states of 0f >  are non-admissible and ruled out in plasticity [115, 116]. 

We also define the loading rate x  as the scalar product between the outward normal to 

the yield surface and the tangent vector to the trajectory in the { , }U V  space, i.e., 

( 1) ( 1) ( 1)

( ) ( ) ( )
1

: :

{ : : }
p i i i

i i i
i

f f

f f f f

f f f f

x

q
q

y
q q

q q

+ + +

=

¶ ¶
º × + ×

¶ ¶
¶ ¶ ¶ ¶

= + + +
¶ ¶ ¶ ¶

¶ ¶ ¶ ¶ ¶
+ + + + + ×Ñ

¶ ¶Ñ¶ ¶ ¶
� X

X

U V
U V

� � �
� � �

� � �
� � �

� �

� �� ��

�� �� �

 (2-50) 

Three distinct cases, unloading, neutral loading, and loading, are defined by (a) 0f < , 

(b) 0f x= = , and (c) 0f =  and 0x > , respectively. The internal variables of 

plasticity, W , will remain unchanged in the cases of unloading and neutral loading. 

Following the axiom of equipresence, the constitutive equations of the internal 
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variables are initiated as  

* ( , , , )x=W � U V W X�  (2-51) 

where 

* 0 0 or 0

0 and 0

if f

if f

x
x

x x
< <�

= �
= ³�

 (2-52) 

The Kuhn-Tucker conditions for general plasticity of Micromorphic continuum can 

now be expressed as 

* *0,    0,    0f fx x£ ³ =  (2-53) 

The CD inequality, eq. (2-38), now reads 

( 1) ( 1) ( 1)

( ) ( ) ( )
1

*

{ :

: [ : : ]}

: : / 0

o

p i i i

i i i
i

o

y y y y
r q hq q q

q q q

y y y y y

y
q q r x

+ + +

=

¶ ¶ ¶ ¶
- + + + ×Ñ +

¶ ¶ ¶Ñ ¶

¶ ¶ ¶ ¶ ¶
+ + + + +

¶ ¶ ¶ ¶ ¶

¶
+ + + - ×Ñ - × ³

¶

�

X
X

X

�
�

� � � � �
� � � � �

M � T � S � Q �
W

� � �� � ��

� �� �

�� ��

 (2-54) 

Since the CD inequality must be satisfied for all independent thermomechanical 

processes and the inequality, eq. (2-54), is linear in 
( 1) ( 1) ( 1)

, , , , and
p p p

q q
+ + +

ÑX � � ��� � , it leads 

to 

( ) ( ) ( ) 0  p p p

y y y y y
q q

¶ ¶ ¶ ¶ ¶
= = = = =

¶ ¶Ñ ¶ ¶ ¶X � � �
�  (2-55) 

1 ( 1) ( 1) ( 1)

( ) ( ) ( )
1

*

{ : :

[ : : ]} :

: / 0

o

p i i i

i i i
i

o

y y y y
r q hq

q

y y y

y
q q r x

- + + +

=

¶ ¶ ¶ ¶
- + + + + +

¶ ¶ ¶ ¶

¶ ¶ ¶
+ + + +

¶ ¶ ¶

¶
+ - ×Ñ - × ³

¶

�

X

� � �
� � �

� � � M � T �
� � �

S � Q �
W

� � �� ��

� �� �

�

 (2-56) 
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Equation (2-55) implies 

( 1) ( 1) ( 1)

{ , , , , , , , , ,..., , , , , }
p p p

y y q
- - -

= � � � � � � � � � � � � X� ��� � �� ��  (2-57) 

One may decompose    and hT, S, M,  into elastic parts and dissipative parts as 

( , , , ) , ( , , , )

( , , , ) ,  ( , , , )

d o d

o d o d

y y
h h r

q
y y

r r

¶ ¶
= - + = +

¶ ¶
¶ ¶

= + = +
¶ ¶

U V W X T T U V W X
�

S S U V W X M M U V W X
� �

 (2-58) 

Then the CD inequality becomes 

* 0d o y
r x

¶
× - × ³

¶
Z V �

W
 (2-59) 

where 

( 1) ( 1) ( 1)

{ , , , , , , ....,

, , , , / }

d d d d o o o

o o o o d
p p p

y y y
r r r

y y y
r r r r h q- - -

¶ ¶ ¶
º - - -

¶ ¶ ¶

¶ ¶ ¶
- - - - -

¶ ¶ ¶

Z T S M
� � �

Q
� � �

�� �
 (2-60) 

Since the inequality, eq. (2-59), must be satisfied for any value of the loading rate x , 

it results 

0

0

d

y
× ³

¶
× £

¶

Z V

�
W

 (2-61) 

Also, it is emphasized that a TVEP state should lead to another TVEP state, in other 

words, the consistency condition of plasticity requires that 0f =  and 0x >  lead to 

another state with 0f = , which implies  

* * 0

f f f
f

f
x x

¶ ¶ ¶
= × + × + ×

¶ ¶ ¶
¶

= + × =
¶

U V W
U V W

�
W

� � � �

 (2-62) 
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This gives another constitutive constraint to the plasticity 

1
f¶

× = -
¶

�
W

 (2-63) 

These constitutive equations are reduced to those for the simple Micromorphic TVEP 

solid of order 1, i.e., 1p = . 

Clearly one can see that 

( ) ( ) ( )

{ , } { , , , , , ,..., , , , , , }
p p p

q qº = Ñ XV V W � � � � � � � � � W� �� �� � �� � �� ��  (2-64) 

and  

( 1) ( 1) ( 1)

{ , } { , , , , , , ....,

, , , , / , }

d d o d d d o o o

o o o o d o
p p p

y y y y
r r r r

y y y y
r r r r h q r- - -

¶ ¶ ¶ ¶
º - = - - -

¶ ¶ ¶ ¶

¶ ¶ ¶ ¶
- - - - - -

¶¶ ¶ ¶

Z Z T S �
W � � �

Q
W� � �

�
�� �

 (2-65) 

are the thermodynamic forces and the corresponding thermodynamic fluxes of 

Micromorphic TVEP solid, respectively. If plasticity is not taken into consideration, then 

the constitutive equations are reduced to those for Micromorphic TVE solid. If p  (the 

order of viscosity) is zero and q�  is eliminated from the list of independent constitutive 

variables, then we end up with the following constitutive equations for heat conducting 

Micromorphic elastic solid  

{ , , , , }y y q= � � � X  (2-66) 

, , ,o o oy y y y
h r r r

q
¶ ¶ ¶ ¶

= - = = =
¶ ¶ ¶ ¶

T S �
� � �

 (2-67) 

0q×Ñ £XQ  (2-68) 

where eq. (2-67) are the generalized Gibbs equations and eq. (2-68) means heat flows 

from the high temperature area to the low temperature area. 
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2.3.2  Generalized Micromorphic Fluids 

Definition 3: 

A body is called a Micromorphic fluid if every configuration of the body leaving the 

density and microinertia unchanged can be taken as the reference configuration. 

If every configuration is to be taken as a reference configuration, then one can write 

=X x  and =� �  with  and  r i unchanged. With this, we have 

, , , , , ,

( ) ( )
( ) ( ) ( ) ( )

,

( )
( ) ( )

,

,

     ,          ,     

     ,     2 2

k K kK kK K k Kk Kk K k k K k

n nn n
n n n nKL KL

KL kl k K Ll kl KL kl kK lL kln n

nn
n nKLM

KLM klm Kk lL m M klmn

KL kl K k

x X x

d d
a x a b b

dt dt
d

c x c
dt

T Jt X

c d c d q q q

a b
a c b c c

g
g c c

= ® = ® = ®

º = ® º = ®

º = ®

=

, ,

1 1
      ,     

2 2
     ,     

lL kl KL kl Kk Ll kl

KLM mkl M m kK Ll mkl K k K k k

t S Js s

M Jm X m Q Jq X q

c c c

c c

® = ®

= ® = ®

 (2-69) 

where kKd  is the shifter between the Lagrangian coordinate and the Eulerian coordinate. 

Therefore for Micromorphic fluid, to begin with, the independent and dependent 

constitutive variables can be expressed as 

1 (1) (1) (1) (2) (2) (2) ( ) ( ) ( ){ , , , , , , , ,..., , , ,  , , }p p pr q q q-= ÑxY i a b c a b c a b c �  (2-70) 

, , , , ,y hZ = {t s m q }  (2-71) 

where q qÑ º ¶ ¶x x  and ( ) ( ) ( ), ,  and p p pa b c  are the p -th order Eringen tensors. 

Following the axiom of equipresence, at the outset the constitutive relations are written as 

Z = Z(Y)  (2-72) 

It is noticed that, in the case of solid, the dependency on the Lagrangian coordinate X  

indicating material inhomogeneity and, in the case of fluid, ®X x  according to the 

definition, but the Eulerian coordinate x  is not objective – that is why x  is not in the 
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list of independent variables. It is also noticed that the p -th order strain rates become 

p -th order Eringen tensors when the Micromorphic solid is “melted” into Micromorphic 

fluid.  

The constitutive equation, eq. (2-43), because it is expressed in Lagrangian forms, 

automatically satisfies the axiom of objectivity. Now the constitutive equation, eq. (2-72), 

is expressed in Eulerian forms, axiom of objectivity requires that 

ˆ ˆ( ) ( )=Z Y Z Y  (2-73) 

For example, 

1 (1) (1) (1) (2) (2) (2) ( ) ( ) ( )

1 (1) (1) (1) (2) (2) (2) ( ) ( ) ( )

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ{ , , , , , , , ,..., , , ,  , , }

[ , , , , , , , ,..., , , ,  , , }

p p p
ijk

p p p
il jm kn lmn

m

Q Q Q m

r q q q

r q q q

-

-

Ñ

= Ñ

i a b c a b c a b c

i a b c a b c a b c

�

�
 (2-74)  

( ) ( ) ˆˆ ,
ˆ ˆ

p p
ijk il jm kn lmnc Q Q Q c

¶ ¶ ¶
= Ñ = = = ×Ñ

¶ ¶ ¶
x

Q
x x x

 (2-75) 

Substituting eq. (2-71) into the CD inequality eq. (2-26), it leads to 

1
, ,1

,

( ) ( )
( ) ( )

1

( ) (1) (1) (1)
,( )

{

( ) [ : :

]} / 0

k k k
k

p
j j

kr lr lr kr j j
jkl

j
klm lmk kl kl kl kl k kj

v

i i
i

m c t a s b q

y y y y
r q hq q q r

q q q r

y y y
w w

y
q q

-
-

=

¶ ¶ ¶ ¶
- + + + +

¶ ¶ ¶ ¶

¶ ¶ ¶
+ + + +

¶ ¶ ¶

¶
+ + + + - ³

¶

� a b
a b

c
c

� � �� �
�

��

��

 (2-76) 

Since the CD inequality must be satisfied for all independent thermomechanical 

processes and eq. (2-76) is linear in ( ) ( ) ( ), , , , and p p pq qÑx a b c�� � �� � , it results 

( ) ( ) ( )

1 (1) (1) (1) (2) (2) (2) ( 1) ( 1) ( 1)

0

     { , , , , , , , ,..., , , ,  }  

p p p

p p p

y y y y y
q q

y y r q- - - -

¶ ¶ ¶ ¶ ¶
= = = = =

¶ ¶Ñ ¶ ¶ ¶

� =
x a b c

i a b c a b c a b c

� �� �  (2-77) 

( ), ( ), ( )d d d
ij ij ij ij ij ij ijt t s s

y
h h pd pd p

q
¶

= - + = - + = - - +
¶

Y Y Y  (2-78) 
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1
( ) ( ) ( )

( ) ( ) ( )
1

(1) (1) (1)
,

[ : : : ]

/ 0

p
d j j j

j j j
j

d d
klm lmk kl kl kl kl k km c t a s b q

y y y
rh q r

q q

-

=

¶ ¶ ¶
- + + +

¶ ¶ ¶

+ + + - ³

� a b c
a b c

� �� �
 (2-79) 

where 

1      ,     { }kl rk rl
rl rk

i i
i i

y y y
p p r

r -

¶ ¶ ¶
º - º - +

¶ ¶ ¶
 (2-80) 

If 1p = , the simple Micromorphic fluid has the following constitutive equations 

1{ , , }y y r q-= i  (2-81) 

1
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q
pd r q q q

pd p r q q q
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 (2-82) 

, / 0d d d
klm lmk kl kl kl kl k km c t a s b qrh q q q- + + + - ³�  (2-83) 

These constitutive equations for simple Micromorphic fluid, eqs. (2-81), (2-82) and 

(2-83), have been obtained by Eringen [106]. 

2.4 DISCUSSION 

It is seen that Micromorphic theory shares the essential features of lattice dynamics 

and can describe the effects of both atomic structure and atomic motion. Hence it has 

dramatically extended the continuum field theories down towards microscopic length and 

time scales and towards microscopic physics. There is one concern in applying 

Micromorphic theory to practical problem: it involves many material constants. How do 

we measure those material constants? Chen and Lee [117] proposed an algorithm to 

determine the material constants for Micromorphic elastic solids, such as single crystals, 
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through the phonon dispersion relations obtained by atomistic calculations or 

experimental measurements. Later Zeng et al [34] extended the algorithm to determine 

material constants in nonlocal Micromorphic theory. The phonon dispersion relations 

from atomistic calculations and/or experimental measurements provide the means to 

determine the material constants in Micromorphic theory, which offers a great promise in 

the applications of semiconductor physics, MEMS, and other microsystems. Beyond 

what has been mentioned above, Micromorphic theory, including its special cases 

Microstretch theory and Micropolar theory, has been applied to liquid crystals, theory of 

turbulence, blood, anisotropic fluids, suspensions, etc. 
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CHAPTER 3  ATOMISTIC FIELD THEORY  

To enlarge the domain of applicability of Micromorphic theory (MMT), starting from 

many-body dynamics and following the work of Chen and Lee [95], we take a bottom-up 

approach to re-derive the generalized atomistic field theory (AFT) comprehensively and 

completely and establish the relationship between AFT and MMT. AFT views a 

crystalline material as a continuous collection of lattice points embedded within each 

lattice point is a group of discrete and distinct atoms. In this work, atomistic definitions 

and the corresponding field representations of fundamental physical quantities are 

introduced. The balance laws and the constitutive relations are obtained through the 

atomistic formulation. AFT is identical to molecular dynamics at atomic scale and can be 

reduced to classical continuum field theory at macroscopic scale. The application of 

Micromorphic theory and atomistic field theory is discussed. 

3.1 ATOMISTIC DEFINITIONS OF PHYSICAL QUANTITIES 

Following exactly the approach of solid state physics to describe the structure of all 

crystals in terms of a single periodic lattice, but with a group of atoms attached to each 

lattice point or situated in each elementary parallelepiped [118] (cf. Figure 3-1), by 

expressing the atomic positions as a sum of the positions of the lattice points and of the 

atoms relative to the lattice points [119], Chen and her coworkers derived the 

atomic-scale balance equations and constitutive relations directly from an atomistic 

model. The result is a concurrent multiscale field theory spanning from atomic scale to 

continuum scale. 
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Figure 3-1: Atomistic view of crystal structure 

Microscopic dynamic quantities in classical N -body dynamics are functions of 

phase-space coordinates ( , )r p , i.e., the positions and momenta of atoms. Each single 

crystal is treated as a multi-element (a unit cell has more than one kind of atoms) system, 

there results [92, 95] 
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 (3-1) 

where the superscript ka  refers to the a -th atom in the k -th unit cell; ma  is the 

mass of the a -th atom; kaR  and kaV are the position and velocity vector of the ka

-th atom, respectively; kR  are the position and velocity of the mass center of the k -th 

unit cell, respectively; kaDr  and kaDv  are the atomic position and velocity of the -tha

atom relative to the mass center of the k -th unit cell, respectively; lN  is the total 

number of unit cells in the system; aN  is the number of atoms in a unit cell. 

 

Figure 3-2: Relation between physical space and phase space descriptions 
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This paper now intends to employ a field description that specifies both the positions 

of the mass center of the unit cell and of the atom relative to the mass center of the unit 

cell, shown in Figure 3-2. Distinguishing from the standard treatment in statistical 

mechanics, in this paper, x  is employed to represent the continuous collections of lattice 

points, ay  to represent the atomic position relative to the lattice point. Thus, the link 

between the local density function in the physical space with a dynamic function in phase 

space is established through a localization function and a Kronecker delta function that 

define the mapping of the phase space into the physical space 

1 1

( , , ) [ ( ) ( )] ( ) ( )
l aN N

k k

k

t t ta x a

x

d d
= =

= - D -� �a x y A r ,p R x r y�  (3-2) 

with 

( ) 1k

V
dd - =� R x x  (3-3) 

( )

1     if    and  
( ) ( )    

0     otherwise

k
k k

V
dy

a

a a
x a x x a

d d
= D =�

D - º D - º �
�

� y

r y
r y r y�  (3-4) 

This density function ( , , )taa x y , in eq. (3-2), defines an atomic-scale local density. It 

is a smooth and continuous function in x , while discontinuous in a , 1, 2,3, aNa = � . 

Similarly we have the local density function ( , )tb x  on unit cell level 

1

( , ) ( ) ( )
lN

k

k

t d
=

= -�b x B r,p R x  (3-5) 

3.1.1 Mass Density 

Mass density in phase space can be expressed asm Va aD .  In the field 

representation, it can be defined as  
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1 1

( ) ( )
l aN N

k k

k

ma x x a

x

r d d
= =

= - D -� � R x r y�  (3-6) 

The mass density on the unit cell level is the homogenous quantity 

1 1

( )
a lN N

k

k

ma

a

r r d
= =

= = -� � R x  (3-7) 

where 
1

aN
m mx

x =
º � . 

3.1.2 Linear Momentum Density 

The linear momentum measures the flow of mass. The local linear momentum density 

can be expressed as  

1 1

( ) ( ) ( ) ( )
l aN N

k k k k

k

ma a x x x a

x

r d d
= =

+ D = + D - D -��v v V v R x r y�  (3-8) 

By virtue of 
1

0aN kmx x
x =

D =� v , it is noticed that the linear momentum density on unit 

cell level is also a homogenous quantity, that is 

1 1 1 1

( ) ( ) ( )
a l a lN N N N

k k k k

k k

m ma a x

a x

r r d d
= = = =

= + D = - = -� � � �v v v V R x V R x  (3-9) 

where , x x= D =v x v y� � , are the velocity of the mass center of a unit cell, and the velocity 

of the -thx atom relative to the center of the unit cell, respectively. 

3.1.3 Angular Momentum Density 

The local angular momentum density can be expressed as  

( ) ( ) ( ) ( )
l aN N

k k k k

k=1 =1

ma a a a a x x x x a

x

r r d d= + D ´ + = ´ - D -� �� v v x y V R R x r y�  (3-10) 
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3.1.4 Force Density 

The interatomic force density acting on the a -th atom in our field theory can be 

expressed as 

1 1

( ) ( )
l aN N

k k k

k

a x x a

x

d d
= =

= - D -� �f F R x r y�  (3-11) 

where intk kUx x= - ¶ ¶F R  is the force acting on the x -th atom in the k -th unit cell and 

intU  is the interatomic potential. 

The force density a�  acting on the a -th atom due to external field is 

1 1

( ) ( )
l aN N

k k k
ext

k

a x x a

x

d d
= =

= - D -� �� F R x r y�  (3-12) 

where k
ext

xF  is the external force acting on the x -th atom in the k -th unit cell. 

And the corresponding moment density for the a -th atom is  
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where 
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= =

= ´D - D -� �l F r R x r y�  (3-14) 

3.1.5 Stress Density 

The total momentum flux is decomposed as a homogenous part, denoted as t , which 

is due to lattice motion and deformation and is related to continuum stress, and an 

inhomogeneous part, denoted as � , which is due to the internal motion and deformation, 

and is the difference between the total flux of momentum and the continuum definition of 
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stress. They take the following forms: 
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where k kx x xD = D - Dv v v� ; ( )k kx x x= - + DV V v v� ; and ( , , , , )B k l ax h x,y is defined as 

( ) ( )1

0
( , , , , ) (1 ) (1 )k l k lB k l da x h ax h d l l d l l l= + - - D + D - -�x, y R R x r r y�  (3-17) 

With the identities of d -functions, it is seen that the divergences of the potential 

momentum fluxes are related to the interatomic force density by (cf. Appendix A) 

pot pot
1 1

( ) ( )
l aN N

k k k

k
a

a a x x a a

x

d d
= =

Ñ × + Ñ × = - D - =� �x y
t � F R x r y f�  (3-18) 

3.1.6 Total Energy Density and Internal Energy Density 

The total energy is the sum of kinetic and potential energy. In continuum mechanics 

the energy density is defined as the energy per unit mass, i.e., 

21
2
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[ ( ) ] ( ) ( )
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k k k k
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E m Ua a x x x x a

x

r d d
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= + - D -�� V R x r y�  (3-19) 

The local density of internal energy, which is the state function of thermodynamics, is 

usually an average quantity. The instantaneous form can be expressed as the sum of 

thermal energy and potential energy 
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21
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Relation between the total energy density and the internal energy density can be 

written as (cf. Appendix A) 

21
2 ( )E ea a a a a ar r r= + + Dv v  (3-21) 

Similarly we have total energy density and internal energy density on the unit cell 

level, respectively 
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Therefore the relation between them can be written as 
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3.1.7 Heat Flux 

Heat flux measures the conductive flow of energy per unit time and area. It can be 

derived from the flow of energy that also has kinetic and potential parts as with the flux 

of momentum. Similarly with the decomposition of momentum flux, we have 
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With the definition of potential parts of momentum fluxes, it is straightforward to 

prove that the divergences of potential heat fluxes have the following characteristics (cf.  

Appendix A) 
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 (3-27) 

3.1.8 Temperature 

The temperature T  for the microscopic N-body system is an average quantity. It can 

be simply expressed in terms of thermal energy by the instant velocity relative to the local 

stream velocity as 
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  (3-28) 

where Bk  is Boltzmann constant, and VD is the volume that defines the density of 

lattice points, i.e., the volume of a primitive unit cell. ºQ Q or generally 

1

0
( )

t

tA A A t dt t
D

Dº = +� stands for the time-interval average of a general dynamic 

function A . It is interesting to see from eq. (3-28) that the temperature is a measure of 

the difference of kinetic energy at microscopic scale and that at macroscopic scale. It 
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accounts for the oscillation of atoms, and hence only the time-averaged quantity makes 

sense. 

3.2 TIME EVOLUTION OF PHYSICAL QUANTITIES 

With the identities of d  function, the time evolution of physical quantities in AFT 

can be expressed as: 

Atomic level 

1 1,

1 1

1 1

( , , )
( , ) ( ) ( )

( , ) ( ) ( )

( , ) ( ) ( )

l a

l a

l a

N N
k k

k

N N
k k k

k

N N
k k k

k

t
t a

a

a
x a

x

x a

x

x x a

x

d d

d d

d d

= =

= =

= =

¶
= - D -

¶

-Ñ × Ä - D -

-Ñ × D Ä - D -

� �

� �

� �

x y

x

y

a x y
A r p R x r y

V A r p R x r y

v A r p R x r y

� �

�

�

  (3-29) 

Unit cell level 
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 (3-30)  

Among the mechanical variables, the mass density, linear momentum density, angular 

momentum density, and the energy density are conserved properties. Substituting the 

microscopic expressions of the conserved mechanical variables into the above equations, 

the local conservation laws in terms of instantaneous mechanical variables can be easily 

obtained on both atomic level and unit cell level.  

3.3 FORMULATION OF BALANCE LAWS 

A thermodynamic theory of irreversible process starts with a set of general balance 

equations that govern the time evolution of the system. As exact consequences of 
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Newton’s laws, the time evolution laws of conserved quantities have been obtained to be: 

3.3.1 Conservation of Mass 

  3.3.1.1 Atomic level 

With definition of mass density eq. (3-6), letting ,  a A ma xr= = , from eq. (3-29) we 

have 
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 (3-31) 

i.e., 

+ =0
d
dt

a

a
a a ar

r r+ Ñ × Ñ ×Dx y
v v  (3-32) 

where the material derivative on atomic level is defined as 
d
dt t

a
a¶

º + ×Ñ + D ×Ñ
¶ x y

v v . 

  3.3.1.2 Unit cell level 

With definition of mass density on the unit cell level eq. (3-7), letting ,b B mr= = , 

from eq. (3-30) we have 
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m
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i.e., 
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where the material derivative on the unit cell level is defined as 
D
Dt t

¶
º + ×Ñ

¶ xv . 

3.3.2 Balance of Linear Momentum 

  3.3.2.1 Atomic level 

With definition of linear momentum eq. (3-8), letting ( )a ar= + Da v v , kmx x=A V  

from eq. (3-29) we have 
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 (3-35) 

After lengthy but straightforward derivations, we have  

( ) kin kin

d
dt
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a a a a a ar + D = Ñ × + Ñ × + +x y

v v t � f �  (3-36) 

  3.3.2.2 Unit cell level 

Letting ,  kmr= =b v B V , from eq. (3-30) we have 
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 (3-37) 

i.e. 

kin
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v
t f �  (3-38) 
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3.3.3 Balance of Angular Momentum 

With definition of angular momentum, eq. (3-10), letting ( ) ( )a a ar= + D ´ +a v v x y , 

k kmx x x= ´A V R , from eq. (3-29) we have 
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 (3-39) 

One finally gets 
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Notice that the time evolution of angular momentum can also be expressed from its 

field definition as 
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 (3-41) 

Therefore it is seen that the law of balance of angular momentum is automatically 

satisfied. 
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3.3.4 Conservation of Energy 

  3.3.4.1 Atomic level 

With definitions of energy density eq. (3-19), letting 21
2,   ( )k ka E A m Ua a x x xr= = +V , 

from eq. (3-29) we have 
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We have 
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where ha  is heat source from external mechanical loading, i.e. 
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Since we have 
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Eq. (3-43) can be written as 
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  3.3.4.2 Unit cell level 

Letting 21
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Then it finally leads to 
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where 
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3.4 RELATIONS BETWEEN MMT AND AFT 

To link the Micromorphic theory with atomistic field theory, we need to define two 

more physical quantities on the unit cell level: 

Microinertia density: 
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Generalized spin density: 
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By virtue of the unit cell level time evolution eq. (3-30) and eq. (3-49), we have 
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After doing derivations, one finally gets 
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Similarly we also have 
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We finally get 
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For crystalline materials, the smallest structural unit is the primitive unit cell. In 

Micromorphic theory, the inner structure of a material particle is assumed to be a 

continuum. This means the micromotion is closely related to the microstructure. One thus 

has 

k k ka aD = ×Dv � r  (3-55) 

or 

a aD = ×v � y  (3-56) 

Substituting eq. (3-55) and eq. (3-56) into the balance equations (3-34), (3-38), (3-48), 

(3-52) and (3-54), and with the relation between stresses = -� s t  
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One has 
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It is noticed that the conservation equation of mass and the balance equation of linear 

momentum in AFT that are identical to those in MMT on the unit cell level. It is seen that 

there is an additional term 
1

 aN
a

a
a =

Ñ ×� y
j in eq. (3-59), Ñ ×x mmmm in eq. (3-60), and 

1
( )aN

pota
a a

a =
Ñ × Ä� y

� y
 
in eq. (3-61), compared with the balance equations of MMT. 

Note that ay is the internal atomic position relative to the lattice; aj  is the 

inhomogeneous part of the heat flux at atomic scale; pot
a�

 
is the inhomogeneous 

potential part of momentum flux at atomic scale. Thus, these additional higher order 

terms are caused by the atomic scale inhomogeneous part. Neglect these higher order 

terms, one can finally arrive at the Micromorphic theory. 

3.5 COMPARISON BETWEEN DIFFERENT THEORIES 

A comparison of the viewpoint on crystalline materials from classical continuum 

mechanics (CM), MMT, AFT, and molecular dynamics (MD) are summarized in Figure 
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3-3. As is shown in Figure 3-1 and Figure 3-2, the atomistic view of a crystal is as a 

periodic arrangement of local atomic units. For multi-element systems, the space lattice is 

macroscopically homogeneous, whereas embedded in each lattice point is a group of 

discrete and distinct atoms, the smallest structural unit of the crystal.  
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Figure 3-3: Comparison of CM, MMT, AFT, and MD 

CM views a crystal as a homogeneous and continuous medium, in which the basic 

structural unit of the crystal has no inner structure and is idealized as a point mass, and 

the internal deformation is ignored. Its application is thus limited to homogeneous or 

macroscopic problem. In the well-established MMT, the material is envisioned as a 

continuous collection of deformable particles; each particle has finite size and nine 

internal degrees of freedom describing the stretches and rotations of the particle. 

Compared with CM, MMT extends the application region of continuum theory to 

microscopic time and length scales. However, the assumption of a continuous structure 

and continuous deformation of the material particles makes it difficult to describe 
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atomic-scale heterogeneity. 

AFT views a crystalline material as a continuous collection of lattice points, whereas 

embedded with each lattice point is a group of discrete and distinct atoms. This, thus, 

further expands the application region of MMT to atomic scale. From the viewpoint that 

it stems from N-interacting particles and explicitly describes atomic motion, AFT follows 

the same concepts and principles of molecular dynamics, but it is computationally more 

efficient than a model based on the mechanics of particles. From the viewpoint of field 

quantities and concern with local density functions, AFT is similar to MMT, but the 

structural unit is a group of discrete and distinct atoms, instead of a continuous media in 

the Micromorphic theory. We expect that AFT has the advantages both of an atomic 

model and of MMT, and will be useful in tackling grand challenging problems in 

nano/micro physics. 
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CHAPTER 4  NUMERICAL METHODOLOGY OF ATOMISTIC 

FIELD THEORY 

4.1 GOVERNING EQUATIONS 

Recall the governing equations of atomistic field theory (AFT) 

+ =0
d
dt

a

a
a a ar

r r+ Ñ × Ñ ×Dx y
v v  (4-1) 

( )
d
dt

a
a a a a ar + D = Ñ × + Ñ × +x y

v v t �tttt  (4-2) 

( )Ta a a a+ = +t � t �  (4-3) 

( ) ( ) : ( ) : ( )
de

h
dt

a a

a
a a a a a a a ar + Ñ × - + Ñ × - = Ñ + D + Ñ + D +x xy y

q j t v v v vtttt  (4-4)  

It is worthwhile to note that, with the atomistic definitions of interatomic force density 

and the potential parts of the atomic stresses, one has [95] 

pot pota
a a aÑ × + Ñ × =x y

t ftttt  (4-5) 

For a single-element atomic system, Cheung and Yip [120] and Haile [121] gave the 

following definitions for kinetic stresses ijt  and temperature T : 

1 1

/ ,    3
N N

l l l l
ij i j B i i

l l

t mv v V Nk T mv v
= =

= - D =� �� � � �  (4-6) 

where VD  is the volume that the N atoms occupy; l
iv�  is the difference velocity of the 

i -th component between instantaneous velocity of the l -th atom and average velocity of 

the N atoms. In consistent with Cheung and Yip and Haile, for multi-element atomic 

system, we have  
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( )

( )

3 ( ) ( )

kin

kin

B

m
V

m
V

k T m

a a
a

a a a
a

a a a a

Ä + D
= -

D
D Ä + D

= -
D

= + D × + D

v v v
t

v v v
�

v v v v

� � �

� � �

� � � �

 (4-7) 

It is seen that ( ) ( ) /  kin kin m Va a a a a+ = - + D Ä + D Dt � v v v v� � � � is symmetric; but neither

kin
at  nor kin

a�  is symmetric. At temperature higher than Debye temperature and within 

harmonic approximation, all modes have the same energy [122]. This implies 

1

( 1)
aN

aN m ma a a

a =

- × = D ×D�v v v v� � � �  (4-8) 

where 
1

aN
m ma

a =
= �  is the total mass of a unit cell. Equation (4-7) implies 

( ) ( )

(1 )
 ,

( , ) ( , )
B ij B ij

ij kin ij kin

k T k T
t

V t V t

a a
a al d l d

t
-

= - = -
D Dx x

 (4-9) 

where m ma al = . Definition of temperature at nanoscale is still a debating issue. Here, 

we follow the classical way to define temperature as a measure of thermal energy over a 

finite duration and over a unit cell. Thus, we have ( , )T T ta = x  and 0kina
aÑ × =

y
� . Now 

the governing equation, eq. (4-2), can be rewritten as 

( , )
( , ) ( , ) ( , )

( , )
Bk T t

t t t
V t

a
a a a al

r
Ñ

= - + +
D

x
u x f x x

x
�� jjj j  (4-10) 

where 
( )

( , ) , ( , )
d

t t
dt

a
a a a + D

= + D =
v v

u x v v u x� �� . 

The smallest allowable physical volume in AFT is the volume of a unit cell. The mass 

density of the a -th atom at x  is thus 

( , )
( , )

m
t

V t

a
ar =

D
x

x
 (4-11) 
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where ma  is the mass of the a -th atom. Using the atomic mass ma  as a material 

constant and considering that the volume of the unit cell VD  varies during the 

deformation, the conservation law of mass will be automatically satisfied. Eq. (4-11) can 

thus replace the traditional conservation law of mass. For systems with a given 

temperature field, then the relevant governing equations are just the balance law for linear 

momentum, i.e.,  

( , ) ( , ) ( , ) ( , )tm t t t ta a a a a= + +u x F x F x x�� FFFF  (4-12) 

where ( , )taF x  is the interatomic force; ( , )t taF x  is the force due to temperature; 

( , )ta xFFFF  is the force due to external fields. 

4.2 GENERAL COMPUTATIONAL MODEL OF AFT 

We consider that the specimen is a multi-grain material system made of two regions, 

continuum region and atomic region, as shown in Figure 4-1. In the continuum region, 

there are several different kinds of multi-element single crystal (grain). Each 

multi-element single crystal is divided into identical parallelepipeds – unit cells. Each 

unit cell is made of a specified number of discrete and distinct atoms. We also see 

irregular finite element (FE) meshes (here 2D meshes are used for the purpose of 

illustration), in which each node is a unit cell. To emphasize it graphically, the atoms in 

the nodes are shown in color; different color represents different kind of atoms. In the 

atomic region, there are many different and distinct atoms as indicated by different colors. 

The continuum region and the atomic region are used to model the material in its 

crystalline phase and amorphous phase, respectively.  
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Figure 4-1: Schematic diagram of multi-grain material system including crystal lattices, finite 

element meshes and nodes, and randomly distributed distinct atoms 

It is noticed that this material system is more general than a multi-grain material 

system, in which all multi-element single crystals are the same in material but different in 

size and orientations; also more general than nanoscale devices, which are usually 

constructed as a layered structure without discrete atoms between layers. In Figure 4-2, 

we see three circles around one atom and two nodes of different grains. The shaded area 

indicates a Cutoff region within which all the atomistic interactions have to be counted. It 

is seen that the atoms in one grain may have atomistic interaction with atoms in another 

grains as well as in the atomic region. 
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Figure 4-2: Schematic diagram of multi-grain material system showing three representative 

Cutoff regions 

For the purpose of demonstration, here we consider a material system made of one 

kind of multi-element single crystal. There are two regions: continuum region (lN  unit 

cells) and atomic region (N atoms), as shown in Figure 4-3. Each unit cell has aN  

atoms. For systems with a given temperature field, the governing equation in these two 

regions can be expressed as: 



 

73 

 

 

Figure 4-3: Schematic picture of AFT model with force distributions 

Continuum region [ 1,2,3, , aNa = � ] 

( , ) ( , ) ( , ) ( , )tC C Cm t t t ta a a a a= + +u x F x F x x�� FFFF  (4-13) 

where ( , )C taF x is the interatomic force; ( , )tC taF x is the interatomic force due to 

temperature; ( , )C ta xFFFF is the force due to external fields. 

Atomic region [ 1,2,3,...,Nb = ] 

( ) ( ) ( )A Am t t tb b b b= +u F�� FFFF  (4-14) 

where ( )A tbF  and ( )A tbFFFF  are the interatomic force and external force acting on atomb , 

respectively. It is noticed that, in molecular dynamics (MD) simulation, temperature is 

not an independent variable; hence it doesn’t appear in the governing equations; instead it 

is calculated as 

Continuum region Atomic region 
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1

3 ( ) ( )
N

i i i
B

i

Nk T m
=

= - × -� u u u u� � � �  (4-15) 

where u�  is the mass-weighted velocity of a group of N  atoms. 

The existence of superscript a  in eq. (4-13) implies that the atomic information is 

naturally built in AFT, thereby eliminating the mismatch of phonon descriptions in 

atomic and continuum regions. Therefore AFT is inherently suitable for multi-element 

crystals, which is quite different from the classical continuum field theory and many 

other multiscale theories.  

For material systems that involve pair atomic interactions, define [ , ]xh x hF u u  as the 

interatomic force acting on an atom whose type and position are indicated by x  and xu , 

respectively: 

1 1
[ , ] ( ) ( )

2 2
U Uxh xh

xh x h xh hx
x h

¶ ¶
= - - = -

¶ ¶
F u u F F

u u
 (4-16) 

where U xh  is the interatomic potential between the x -th atom and the h -th atom. 

The force ( , )C taF x  in continuum region and ( )A tbF  in atomic region can be 

expressed respectively as [123, 124] 

1( , )

1

1
( , ) [ ( , ), ( , )] ( , )

( , )

[ ( , ), ( )]

aN

C
t

N

t t t d t
V t

t t

a ab a b

b

ab a b

b

=¢W

=

¢ ¢= W
¢D

+

��

�

x

F x F u x u x x
x

F u x u

 (4-17) 

1 1( , )

1
( ) [ ( ), ( , )] ( , ) [ ( ), ( )]

( , )

aN N

A
t

t t t d t t t
V t

b ba b a ba b a

a a= =W

= W +
D � ��

x

F F u u x x F u u
x

 (4-18) 

where ( , )t¢W x  and ( , )tW x  is the domain associated with the material point ¢x  and x , 

respectively, and ( , )V t¢D x  and ( , )V tD x is the volume of the unit cell located at ¢x  
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and x , respectively. It is noticed that, in eqs. (4-17) and (4-18), full-blown nonlocality 

and atom-based constitutive relation are naturally rooted in the force calculation. Eqs. 

(4-13) and (4-14) are invoked to solve for the atomic displacement field, and 

consequently, atomic-scale properties. 

4.3 FINITE ELEMENT IMPLEMENTATION 

In order to solve the above-mentioned material system efficiently and accurately, 

following the works of Knap and Ortiz [49] and Eidel and Stukowski [48], we adopt two 

approximations. The first one is a kinematic constraint aiming at the reduction of degrees 

of freedom by virtue of shape functions in FE method. The second one regards to the 

calculation of nodal forces in clusters with a specified summation rules. This cluster 

summation rules are taken as a compromise between numerical accuracy and 

computational efficiency. 

The reduction of degrees of freedom is accomplished by virtue of kinematic constrains. 

i.e., the utilization of the shape functions in FE method. Some judiciously selected lattice 

cells, called FE nodes, retain their independent degrees of freedom. The nodal 

displacements together with shape functions are employed to determine a displacement 

field, in other words, all other lattice cells are forced to follow the motion of the nodes – 

this is what we called “kinematic constraint”, which is the practice in every FE analysis. 

The most general requirements to the discretization are first, to reduce the number of FE 

node, and second, to ensure high density of FE nodes up to fully atomic resolution in 

critical regions, where defects nucleate and evolve, like dislocation cores, crack tips. 

When coarse mesh is used, the majority of the degrees of freedom can be eliminated, 

hence, the computational cost can be reduced. When the finest mesh is used, every lattice 



 

76 

 

site is a finite element node, and the model becomes identical to the full-blown molecular 

dynamics (MD) model. The compromise is a trade-off between efficiency and accuracy. 

The density of FE nodes is controlled by a criterion that measures how strong the 

deformation varies spatially. The continuous displacement filed ( )au x  is approximated 

through interpolation with its nodal values I
aU  as  

1

( ) ( )
dN

I I
I

a a

=

= F�u x x U  (4-19)  

where ( )IF x  is the shape function; dN  is the number of nodes in each element.  

The finite element shape functions exhibit the properties 

( ) 1I
I

kF =�   (4-20) 

According to eq. (4-20) shape functions follow the rule, called a partition of unity over 

the whole specimen, which ensures the exact representation of constant fields.  

Following the standard procedure of the Galerkin method, the weak form of eqs. (4-13) 

and (4-14) can be written as 

1 1

1
{ } { } 0

( )

aN N

C C tC A Am d m
V

a a a a a a b b b b b

a b

d d
= =W

- - - × W + - - × =
D � �� u F � F u u F � u

x
�� ��  (4-21) 

After lengthy but straightforward derivations, finally we have 
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Atomic region 

A Amb b b b= +u F ���  (4-23) 

Then the matrix form of eq. (4-22) can be obtained as 

IJ I J tJ J
a a a a= + +M U F F �� �� � � �  (4-24) 

where 

( )

1
( )

( )IJ J Im d
V

a

W

= F F W
D�
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M x
x

�  (4-25) 
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 (4-26) 

( )

1
( )

( )tJ t JdV
a a

W

= F W
D�

x

F F x
x

�  (4-27) 

( )

1
( )

( )J C JdV
a a

W

= F W
D�

x

� � x
x

�  (4-28) 

All integrals in eqs. (4-25), (4-26), (4-27) and (4-28) are normally carried out by 

numerical quadrature. In Figure 4-3, it is seen that around each node (an open circle), say 

the k -th node, there is a cluster (a shaded area), named ky . From now on, force 

calculation is no longer performed at all unit cells in the entire system but in all clusters. 

A representative unit cell (a black solid square) is the one within one of 

{ : }
p p pI l I Il Ry = - £X X . Notice that there is no overlapping of clusters. lX  is the 

position of the l -th unit cell and 
pIR  is the radius of the cluster 

pIy centered at the pI

-th node. We postulate that the cluster summation rule reads: 
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where 
pIw  is the weight of the pI -th cluster; pN  is the number of all nodes; jx  is 

the position of the j -th unit cell. When the clusters shrink to the size of the rep-cells, i.e. 

{ }
pJ pJy = , it holds ( )

P pI J IJdF =x , and the cluster summation rule boils down to a 

node-based summation rule 

1 1 1

[ , ( ) ] [ , ]
l aN N N

J J J K k K J J
k

w wa ab a b ab a b

b b= = =

» F +� � �F F U x U F U u�  (4-30) 

In this case the weighting factor is Jw , which is the number of unit cells represented by 

the J -th node, thus 
1

( )lN

J J jj
w

=
= F� x . On the other extreme, 1Jw = , implies all pairs 

of interatomic forces are calculated. In all cases 
pp I p

I lI j
w N

yÎ
=� �  holds.  

Figure 4-3 shows the numerical procedures to calculate the interatomic force between 

any two atoms. The force between any two atoms in the atomic region is treated exactly 

the same way as in MD simulation.�In the continuum region the force between any two 

atoms in the same or different unit cells should be distributed to all the nodes of the 

elements, in which the two unit cells reside. For example, there is a unit cell l  located 

within cluster Hy  with weighting factor Hw  and there is another generic unit cell k ;

{ , }k l l ka b b a- -f f represents a pair of interatomic forces acting on the ka -th atom and the 
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lb -th atom, k l l ka b b a- -= -f f ; through shape function ( )kI I kF = F x , force k l
H kIw a b-F f  

is distributed to the a -th atom of node I ; similarly, k l
H kJw a b-F f , k l

H kKw a b-F f , and 

k l
H kLw a b-F f  are distributed to the a -th atom of nodes , ,J K and L ; in the same way, 

l k
H lJw b a-F f , l k

H lKw b a-F f , l k
H lGw b a-F f  and l k

H lHw b a-F f  are distributed to the b -th 

atom of nodes , ,  ,J K G and H . Let { , }m ma h h a- -f f represent a pair of interatomic forces 

acting on the ma -th atom in the continuum region and the h -th atom in the atomic 

region. 

4.4 CONCLUSTIONS 

In this section we propose a general computational model of AFT: a multi-grain 

material system comprised of two regions, continuum region and atomic region. In the 

continuum region, there are several different kinds of multi-element single crystal (grain). 

The unit cell of each multi-element single crystal is made of a specified number of 

discrete and distinct atoms. In the atomic region, there are many different and distinct 

atoms. The continuum region and the atomic region are used to model the material in its 

crystalline phase and amorphous phase, respectively. 

To solve the aforementioned material system efficiently and accurately, we adopt two 

approximations. The first is a kinematic constraint aiming at the reduction of degrees of 

freedom by virtue of shape functions in FE method. The second concerns the calculation 

of nodal forces in clusters with a specified summation rules. These cluster summation 

rules are taken as a compromise between numerical accuracy and computational 

efficiency. The density of FE nodes is controlled by a criterion that measures how greatly 

the deformation varies spatially. 
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CHAPTER 5  ATOMIC SCALE SIMULATIONS 

5.1  INTERATOMIC POTENTIALS 

To study nanostructures composed of several hundred to several billion atoms or 

molecules, the most computationally efficient approach is the use of phenomenological 

interatomic potential. This is because the existing quantum mechanical techniques are 

able to deal with at most a few hundred atoms. Molecular dynamics (MD) simulation 

extends first-principles studies and offers the atomic-level information with temperature 

effects [125-128], especially showing the advantages for theoretical study of defects and 

solid solutions. The phenomenological potentials are obtained by selecting a 

mathematical function and fitting its unknown parameters to various experimentally 

determined properties of the systems, such as lattice constant, energies, forces, stresses, 

phonons, dielectric constants and so on. Both MD and atomistic field theory (AFT) are 

based on interatomic potentials. The materials investigated in our simulations include 

metals copper (Cu, cf. Figure 5-1a), ionic materials magnesium oxide (MgO, cf. Figure 

5-1b), and ferroelectric materials barium titanate (BaTiO3, cf. Figure 5-1c). 

 

Figure 5-1: Crystal structures: (a) Cu; (b) MgO; (c) BaTiO3 

The interatomic potentials involved in this work are pair potentials: Lennard-Jones 

(a) (b) (c) 
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potential and Coulomb-Buckingham potential.  

Lennard-Jones potential: 

12 6

( ) 4ij
ij ij

V r
r r
s s

e
� �� � � �
� �= -� � � �� � � �� �	 
 	 
� �

 (5-1) 

Coulomb-Buckingham potential: 

6( ) expi j ij ij
ij ij

ij ij ij

q q r C
V r A

r rr

� �
= + - -� �� �

� �
 (5-2) 

where e  is the depth of the potential well, s  is the distance at which the interatomic 

potential is zero, ijr  is the distance between the i -th atom and j -th atom, iq  and jq  

are the charges of the i -th and j -th atom, , , andij ij ijA Cr  are all potential parameters 

of the pair of the i -th and j -th atom.  

For the ionic MgO and BaTiO3 crystals, the Coulomb-Buckingham potential listed in 

Table 5-1 and Table 5-2 (Grimes, 1994; Woodley, 1999) are adopted to derive the 

interatomic force, respectively, while the Lennard-Jones potential listed in Table 5-3 is 

used for Cu. 

Table 5-1 Interaction parameters for different pairs in MgO 

Species Species (eV)A  
o

(A)r  
o

6(eV( A ) )C  

2O -  2O -  9547.96 0.2192 32.0 

2Mg +  2O -  1284.38 0.2997 0.00 

2Mg +  2Mg +  0.00000 0.0000 0.00 
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Table 5-2 Interaction parameters for different pairs in BaTiO3 

Species Species (eV)A  
o

(A)r  
o

6(eV( A ) )C  

2O -  2O -  25.4100 0.6937 32.32 

2Ba +  2O -  4818.42 0.3067 0.000 

2Ti +  2O -  4545.82 0.2610 0.000 

2Ba + / 2Ti +  2Ba + / 2Ti +  0.00000 0.0000 0.000 

 

Table 5-3 Interaction parameters for Cu 

Species Species (eV)e  
o

(A)s  

Cu Cu 0.415 2.277 

 

5.2 WAVE PROPAGATION AT ATOMIC LEVEL 

A nanosize MgO specimen (2 2 120 , 7.9368 Bohr)a a a a´ ´ =  is constructed as three 

different models illustrated in Figure 5-2. The first one has 2 2 120´ ´  8-node elements, 

labeled as C-C, in which the size of each element is equal to that of unit cell; the second 

one is modeled by 8712 atoms, labeled as A-A; the third one is modeled by 2 2 60´ ´  

elements and 4356 atoms, labeled as A-C. The system is assumed to be at rest after a 

period of relaxation time. Since elastic distortion gives rise to wave propagation of both 

acoustic and optic wave propagations in any multi-element lattices, we define the central 

displacement u�  and the relative displacement û  of a unit cell as the measures of 

acoustic and optic motions, respectively. 
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Figure 5-2: Schematic drawing of three different models of a MgO nanowire: (a) C-C; (b) A-A; (c) 
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3 4 7 8 1 2 5 6ˆ ºu {u + u + u + u - u - u - u - u } / 8  (5-4) 

 

Figure 5-3: Crystal structure of MgO by numbers 

Here we give two types of boundary conditions as 

(1).Acoustic 
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0.5sin( / 40000)     if     40000
( , ,0, )

 0                                if     40000  
o

z
o

t t
u x y t

t
a p t

t
£�

= � >�
 (5-6) 

(2). Optic 

( , ,120 , ) 0    zu x y a ta =  (5-7) 

0.25sin(4 / 40000)    if     40000 
( , ,0, )

  0                                    if     40000  
o

z
o

t t
u x y t

t
a p t

t
± £�

= � >�
 (5-8) 

where “+” is for 3,4,7,8a = ; “ - ”is for 1,2,5,6a = ; 52.418 10 psot -= ´ . 

Before the simulation of the three different models, we expect that the results should 

be exactly the same. Indeed the three plots in Figure 5-4 are exactly the same, indicating 

that the continuum model is actually a limiting case equivalent to an atomic model. When 

the finest mesh is used, AFT becomes identical to MD simulation. In these figures, the 

blue line represents the input wave at point L1( , ,0)a a ; others represent wave motions 

with time at three different points L2( , ,30 )a a a , L3 ( , ,60 )a a a , and L4 ( , ,90 )a a a .  
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Figure 5-4: Central displacement vs. time for three models: (a) C-C; (b) A-A; (c) A-C 

It is observed, from Figure 5-4c, that there is no wave reflection happening at the 

interface between the atomic region and the continuum region. Unlike many other 

existing concurrent atomic/continuum theories, at the interface we never use any special 
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treatment such as hand-shaking, bridging, transition regions because we consider full 

interaction among atoms in both continuum and atomic regions. It is clearly seen that 

wave arrives at points L2, L3, and L4 at different times as expected. It is also seen that 

wave reflected with opposite sign when it hit the boundary at( , ,120 )a a a . 

For the case of optic wave input, eq. (5-7) and eq. (5-8), the relative displacement and 

central displacements at point L2 are plotted as functions of time in Figure 5-5a and b, 

respectively. It is seen that the magnitude of acoustic wave is much larger than that of 

optic wave. It is emphasized that the ability to display an optic mode and the propagation 

of optic wave are the characteristics of AFT. 
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Figure 5-5: Wave propagation in C-C model with optic input: (a) relative displacement vs. time of 

L2; (b) central displacement vs. time of L2 

5.3 MOTIONS OF DISLOCATION AT ATOMIC LEVEL 

A nanosize MgO specimen shown in Figure 5-6 subject to a compressive loading is 

modeled with the finest mesh to investigate the atomic-scale phenomena. The specimen 

consists of 7 7 7´ ´  unit cells with eight atoms per unit cell. By adopting the finest 

element meshes, we have a full MD model that means each finite element node 

corresponds to a lattice point, as shown in Figure 5-6b. Thus, the number of the degrees 

of freedom is equivalent to that of the fully MD simulation. A displacement controlled 

loading shown in Figure 5-6d is then applied. With a constant velocity, the boundary 

displacement is increased in a linear ramp (loading stage) and then the displacements on 

the two ends are held as constant (holding stage).  
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Figure 5-6: Computation model: (a) Atomic arrangement; (b) Finite element mesh; (c) Boundary 

conditions; (d) Loading history 

Figure 5-7 shows the time evolution of the dislocation during the loading stage and the 

holding stage. When the material loses its stability at a critical compressive stress, 

dislocations initiate and nucleate. It is interesting to see, at the holding stage, while the 

loading remains as constant, the atoms continue to move. As a result of the motion of the 

dislocations, steps have been formed, permanent plastic deformations have been 

generated, and amazingly, the crystal structure becomes ordered again during the holding 

stage. 
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Figure 5-7: Dislocations evolutions over time (top view) 

5.4 CONCLUSTIONS 

In classical continuum mechanics, many different kinds of constitutive relations, such 

as stress-strain relation and Fourier’s law, are required to describe the connections among 

different physical quantities. However, in MD simulations or in AFT method, only 

interatomic potential is needed to reproduce the lattice parameters [129], elastic constants 

[130], dielectric constants, specific heat, thermal conductivity, thermal expansion, etc. 

When we reduce the finite element mesh to the atomic scale, i.e., the finite element 

size is equal to the lattice constant of crystal material, AFT is naturally equivalent to MD 

simulation. AFT enables us to express an atomic scale local property of a multi-element 

crystalline system in terms of the distortions of lattice cells and the rearrangement of 

atoms within the lattice cell, thereby making AFT suitable to fully reproduce both 

acoustic and optical branches in phonon dispersion relations. Although AFT is a field 

t =0 .96ps t = 2.4ps t = 3.4ps t = 4.8ps 

t = 7.2ps t = 8.2ps t = 9.2ps t =10.2ps 
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theory, or say a continuum theory, each node in the corresponding FE analysis or each 

point in physical space represents a unit cell which contains several different and distinct 

atoms (for example, 5aN =  for BaTiO3), and each atom is allowed to move 

independently. Therefore, there is no restriction on the study of optical phonons.  

Through wave propagations and dislocations at atomic level, AFT has demonstrated 

the capability to simulate the atomic-scale phenomena just like MD simulation does. 
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CHAPTER 6  COARSE-GRAINED SIMULATIONS  

6.1  STRESS-STRAIN RELATIONS 

 

Figure 6-1: Computational model of MgO specimen under uniaxial tension 

 

Figure 6-2: Stress-strain curve of MgO specimen under tension 

Under uniaxial tension, a small MgO specimen (1.6 nm 1.6 nm 5 nm´ ´ , 2600 atoms) 
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is discretized into 24 elements. There are 63 finite element (FE) nodes in the 

computational model. Thus the number of the degrees of freedom involved in atomistic 

field theory (AFT) model is about 2.4% of that in molecular dynamics (MD). In the 

simulation of MgO under tension, displacement controlled boundary conditions with a 

constant velocity 10m/s are applied on the two ends and the total loading time is 50 

picoseconds (ps) (cf. Figure 6-1b).  

The stress-strain curve obtained is plotted in Figure 6-2. Here, the stress is calculated 

as the average of all lattice cells. Figure 6-2 shows a rapid stress increase up to the 

maximum tensile strength followed by a drop when ultimate strength reaches; notice that 

the applied elongation is still increasing. This is similar to the conventional tensile testing: 

the stress-strain curve is essentially smooth with a linear slope within elastic range. Both 

the linear elastic range and the yield point are visible. Young’s modulus can be estimated 

as 260 GPa, which is higher than the bulk experimental value or the first principle value 

of 250 GPa. Yield strength is about 11.8 GPa and the yield strain is about 0.08. Those 

values are close to what have been reported in previous MD simulation [130]. 

6.2 SHOCK WAVE  

Consider that a uniaxial compressive loading is applied on both two ends of a Cu 

specimen (2.9 nm 2.9 nm 22 nm´ ´ , 19,764 atoms) along the z-direction (cf. Figure 6-3). 

The displacement zU  specified at the boundary is increased to 0.9nm in a linear ramp 

over 0.4 ps. Thereafter, the displacements on the two ends are held as constant at 0.9 nm. 

Figure 6-3 shows the computational model, loading history and the boundary conditions. 

Uniform 3D 8-node brick-type elements are employed, and there are 480 elements and 

775 nodes in the FE model. Approximately, the number of degrees of freedom involved 
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in AFT is about 4% of that of MD.  

 

Figure 6-3: Computational model of Cu specimen under a compressive loading 

 

Figure 6-4: Distribution of Ux in deformed shape and in atomic arrangement 

Figure 6-4 shows the contour plots of displacement xU  in deformed shape as well as 

in atomic arrangement. Wave propagation along the z-direction is clearly observed. It is 
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also seen that, under the compressive loading, the bulging in 

beneath the boundaries. The bulging originates from two ends, propagate to the middle of 

the specimen, and then they meet and separate. In this example, through the simulations 

of a complete circle of wave propagation 

robustness and stability of the finite element implementation 

6.3 POLARIZATION 

Figure 6-5: Polarization in BaTiO

The piezoelectric material BaTiO
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Polarization in BaTiO3 under tensile loading 

The piezoelectric material BaTiO3 has a centrosymmetric cubic crystal structure as a 

reference nonpolar state, and polarization is defined with respect to the nonpolar state (cf. 

) and is a function of internal atomic displacements. It is noticed in 

that the unit cell becomes tetragonal structure under the tensile strain. W

atoms are allowed to move independently, one may encounter a non-

structure which gives a polarization (cf. Figure 6-5a). On the other hand, if we follow 

strictly, then the tetragonal structure is still centrosymmetric and hence 

it yields no polarization (cf. Figure 6-5b). From eq. (4-12), which governs the motion of 

every atom in unit cells, it is seen that the internal atomic displacement
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6885 atoms) subject to a tensile loading is modeled with 128 finite elements and 225 

nodes. Thus the number of the degrees of freedom involved in AFT is about 3.2% of that 

in MD. The displacement controlled boundary conditions with a constant velocity 30m/s 

are applied on both ends of the specimen and the total loading time is 10 ps (cf. Figure 

6-6). 

As shown in Figure 6-6, when the specimen is subject to a tensile loading in the 

z-direction, an expected polarization will appear in the z-direction. Figure 6-7 shows the 

contour plots of polarization IIP  along the z-direction. It is observed that the polarization 

IIP  become more pronounced as time goes. It is noticed that the maximum value of IIP  

is about 1.2 C/m2. Here we define x x y yP̂ º × + ×P P P P to characterize the magnitude of 

the polarization on the x-y plane. Figure 6-8 shows the contour plots of polarization P̂ as 

time goes on. It is observed that the polarizations, IIP  and P̂ , easily appear at the edges 

since the symmetry of lattice cell is more vulnerable to break under the tensile loading. 

Also, polarizations accompany the phenomenon of necking. Compared with IIP , which is 

the primary effect under tension, the secondary effect P̂  is much smaller as expected. 

Figure 6-9 shows the dynamic process of phase transformation in the unit cell at 

( 0.8 nm, 0.8 nm, 2.0 nm). From Figure 6-9a, the top view of the specimen, the structure 

appears to be symmetric – that is why P̂  is insignificant; from Figure 6-9b, the side 

view of the specimen, one notices that the Ti atom moves upward and deviates from its 

central position – that is why IIP  is much pronounced. 



 

 

Figure 6-8: PolarizationP̂ evolution with time

Figure 6-9: Dynamic process of phase transformation in BaTiO
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evolution with time 

: Dynamic process of phase transformation in BaTiO3: (a) top view; (b) side view

 

 

: (a) top view; (b) side view 
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6.4 NANOBUCKLING 

A MgO nanowire (1.68 nm 1.68 nm 50.4 nm´ ´ , 24,200 atoms) subjected to a 

monotonically increasing loading is modeled with 240 finite elements and 549 nodes in 

Figure 6-10. Thus the number of the degrees of freedom involved in AFT is about 2.3% 

of that of MD. The system is assumed to be initially at rest after a period of relaxation 

time and three types of boundary conditions are set as 

(a) Guided -guided boundary  

( , ,0) 0.1 (nm) 67ps

( , ,50.4nm) 0.1 (nm) 67ps
z

z

U x y t t

U x y t t

= £

= - £
 (6-2) 

(b) Clamped-clamped boundary 

( , ,0) ( , ,50.4nm) 0 67ps

( , ,0) ( , ,50.4nm) 0 67ps

( , ,0) 0.1 (nm) 67ps

( , ,50.4nm) 0.1 (nm) 67ps

x x

y y

z

z

U x y U x y t

U x y U x y t

U x y t t

U x y t t

= = £

= = £

= - £

= £

 (6-3) 

(c) Free-guided boundary 

( , ,0) 0 85ps

( , ,50.4nm) 0.16 (nm) 85ps
z

z

U x y t

U x y t t

= £

= - £
 (6-4) 

 

Figure 6-10: Schematic picture of finite element model 
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Figure 6-11: Displacement Uy contour evolution with time in deformed shape 

In the case of (a), a guided-guided boundary condition is applied on the specimen, and 

a concentric axial dynamical loading is employed to investigate the characteristic 

deformation of nanobuckling. Figure 6-11 shows the contour plots of displacement yU  

in the deformed shape. It is seen that, under the compressive loading, the bulging in 

y-direction develops just beneath the boundaries. The bulging originates from two ends, 

propagate to the middle of specimen, and then they meet and make this nanowire bulged 

in the x-y plane. With the loading increasing, the pattern of buckling, half sine, is 

exhibited when the yield limit of the nanowire reaches. It is noticed that the nanowire still 

has the capability to withstand some compressive loading although the buckling has 

occurred.  

In the case of (b), a clamped-clamped boundary condition is applied, and we keep the 

other conditions the same as that of case (a). Figure 6-12 shows the contour plots of 

displacement xU in the deformed shape. Compared the result of Figure 6-12 with that of 

Figure 6-11, it is noticed that the patterns of buckling are quite different. It is also found 
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that the nanowire, in Figure 6-12, is broken into two parts, thereby having no capability 

to hold compressive loading any more. That is to say, a catastrophic failure has occurred 

when the ultimate stress limit of the nanowire reaches.  

 

Figure 6-12: Displacement Ux contour evolution with time in deformed shape 

 

Figure 6-13: Displacement Uy contour evolution with time in deformed shape 

In the case of (c), a free-guided boundary condition is applied, and the loading 

condition specified in eq. (6-4) is employed. Figure 6-13 shows the contour plots of 

displacement yU  in the deformed shape. It is seen that, under the compressive loading, 
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the bulging in y-direction only develops at the guided end. When the loading increases, 

the buckling occurs near the free end of the specimen. From Figure 6-11, Figure 6-12, 

and Figure 6-13, it can be concluded that the boundary condition play a significant role 

on the pattern of nanobuckling. 

6.5 ELECTROMAGNETIC EFFECTS ON POLARIZATION OF MGO 

A MgO nanowire (1.6 nm 1.6 nm 16 nm´ ´ , 8200 atoms) subject to a given 

electromagnetic (EM) field is modeled with 80 finite elements and 189 nodes. Thus the 

number of the degrees of freedom involved in AFT is about 2.4% of that of MD. The 

initial displacement and velocity of each node are zero; no loading and no boundary 

constraints are applied in the simulation. The induced body force caused solely by the 

external EM field, i.e., the Lorentz forces acting on the charged atoms, are given in the 

following equation 

( / )ext q ca a a= + ´F E v B  (6-5) 

The polarization response can be schematically illustrated by Figure 6-14. Driven by 

the Lorentz force, according to eq. (6-5), the charged ions Mg2+ and O2- in the specimen 

will move along the x-direction firstly with the velocity xv  induced by the applied 

electric field xE . This motion gives rise to a polarization xP . Then due to the motion of 

ions in the x -direction and the applied magnetic field along the y -direction, yB , a 

Lorentz force, equal to /q ca ´v B  arises in the z -direction. Hence, the charged ions 

will move in z -direction that generates polarization zP  as well. 
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Figure 6-14: Scheme to illustrate the polarization response subject to EM wave 

First, let the Maxwell’s equations be expressed in Heaviside-Lorentz system and let 

the external EM field satisfy the Maxwell’s equation under the idealized vacuum situation. 

Under the Heaviside-Lorentz system, E  and B  have the same dimensionV/m . Also, 

because we consider the external fields satisfy the Maxwell’s equations in vacuum, we 

have =B H  and =E D . Second, in this section, we only consider one-way coupling, in 

other words, the external EM wave will induce motions, including polarization P, in the 

crystal; but the crystal will have no effect on the external E  and B  fields. The 

harmonic electric field [ ] [ 0 0]x y z xE E E E= =E  and magnetic field [ ]x y zB B B=B  

[0 0]yB= with variance in time and space are applied with 

exp[ ( ) / ] 10

0 10x y

A i z ct c if t
E B

if t

w pw
pw

- £�
= = �

>�
 (6-6) 

where c  is the speed light, 148� VA =  is the amplitude, w is the frequency of the EM 

wave. Here three cases are considered: case I (high frequency) 260THzhw w= = ; case 

II (resonance frequency) 130THzrw w= = ; case III (low frequency) 26THzlw w= = .  

z  

y  

x

applE  

ind = ´E v B  
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Figure 6-15: Polarization Px vs. time with frequency 130 THzrw w= =  

According to eq. (6-1), the polarization density can be calculated as a vector-valued 

function of space and time. Figure 6-15 shows polarization xP  of the x y-  cross 

section at 8 nmz =  with 130 THzw = . From the pattern of the response, it is noticed 

that this special frequency will drive xP  to a resonance state as we expected in the 

classical vibration system. Resonance is the tendency of a system to absorb more energy 

when the driving frequency matches the system's natural frequency. It will cause violent 

swaying motions and catastrophic failure of the specimen had we not terminated the 

driving EM wave. That is why we identify 130 THzw »  as the resonance frequency. 
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Figure 6-16: Polarization Px vs. time under different frequencies 

The polarization components xP  and zP  of the x-y cross section at 8 nmz =  are 

plotted as functions of time for case I, II, and III in Figure 6-16 and Figure 6-17, 

respectively. It is noticed that in the simulation there are two stages divided at 

10at t pw= =  (the orange lines in Figures); in the second stage, at t> , the external EM 

wave is terminated.  

When time at t£ , along x-direction, Figure 6-16 shows the distinct responses of 

polarization xP  to the applied EM wave with different driving frequencies. It is 

observed that the applied high-frequency (low-frequency) electric field xE  drives xP  to 

a frequency larger (smaller) than the natural frequency. However, the magnitudes of xP  

are comparable. It is seen that the magnitude of xP  is much larger at resonance 

frequency. From Figure 6-17, we can see the response of zP  are delayed under the 
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applied EM wave. This is due to the fact that xP  is caused by xE  directly and, on the 

other hand, zP  is caused by the joint effect xv  and yB . 
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Figure 6-17: Polarization Pz vs. time under different frequencies 

When time at t> , there is no external field, only the interatomic force exists. Then the 

effect of the EM wave disappears and the polarization mainly follows its natural 

frequency of the specimen irrespective of what has been applied at t£ . 

6.6 CONCLUSIONS 

This chapter presents the coarse-grained simulations performed using AFT. Motivated 

by improving the computational efficiency, we adopt the kinematic constraint, the shape 

function in FE method, to eliminate the majority of degrees of freedom. Nevertheless, the 

essential dynamic and nonlinear material behaviors have been successfully simulated.  

(1) Mechanical properties such as elastic constant and tensile strength are measured in 

the coarse-grained simulations of MgO under tension. This shows an advantage of AFT 

over classical continuum mechanics in predicting the material properties including the 
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constitutive response, while a complicated constitutive relation is needed in classical 

continuum mechanics-based simulations.  

(2) Through the simulations of a complete circle of wave propagation (meeting, 

separation and reflection) in the shock wave problem of Cu, the robustness and stability 

of the finite element implementation is demonstrated. 

(3) Since AFT is inherently suitable for multi-element crystalline materials as 

mentioned in Chapters 3 and 4, we have modeled and simulated the dynamic process of 

polarization and phase transformation in BaTiO3 through coarse-grained finite element 

simulations, which lends credible support to prove that AFT can capture the atomic-scale 

material behaviors. Due to the piezoelectric effect of perovskite materials, AFT can offer 

a more fundamental understanding of energy harvesting from a mechanical system at 

nanoscale. 

(4) In the governing equations of AFT, we allow an external Lorentz force. Due to the 

applied EM field, the inhomogeneous motions of discrete atoms in the polarisable crystal 

give rise to the rearrangement of microstructure and polarization. Single-crystal MgO 

nanowires under EM field are modeled and simulated. The numerical results have 

demonstrated that AFT can serve as a tool to analyze the electromagnetic phenomena of 

multi-element crystal materials at micro/nano level within a field framework. 
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CHAPTER 7  CONCURRENT ATOMISTIC/CONTINUUM 

SIMULATIONS  

7.1 WAVE PROPAGATING THROUGH INTERFACE 

In the traditional coupled atomistic/continuum models, only the acoustic phonons can 

be reproduced in the continuum region so that they have much smaller cutoff frequencies 

than the molecular dynamics model. As a result, a difficulty arises in such concurrent 

multiscale couplings when the high frequency parts of waves are often spuriously 

reflected at the atomistic/continuum interface. This phenomenon was already noted by 

Adelman and Doll (1976)[131]. These spurious reflections can be explained by noting 

that for a wave with greater than the cutoff frequency of the continuum model, the 

interface appears as an almost rigid boundary. So instead of smoothly propagating into 

the continuum model, the high frequency wave is reflected. This results in spurious 

growth of energy in the atomic domain. However, in the proposed concurrent atomistic/ 

continuum model, the internal deformation within each nodal point in the continuum 

region can be exactly and independently solved so that both acoustic and optic branches 

of phonons can be reproduced. Naturally, spurious reflections can be eliminated without 

applying any special numerical treatment. As a consequence, the coupled atomistic 

continuum model is not only useful in studying local phenomena such as plasticity or 

fracture but also promising to be used to simulate synthetic or natural materials behaviors 

involving multiple length scale. 

Before we discuss the wave propagation, including reflection, at the interfaces using 

atomistic field theory (AFT), consider wave propagation through nonuniform finite 
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element (FE) mesh using classical continuum mechanics. A specimen (2 2 120 ,l l l´ ´

0.8l m= ) is modeled with two different FE meshes. The first one (Model I) is a uniform 

mesh consisting of 2 2 120´ ´  elements, illustrated in Figure 7-1a; the second one 

(Model II) has one interface at 90z l=  as illustrated in Figure 7-1b. The boundary 

conditions are specified as 

( , ,120 , ) 0zu x y l ta =  (7-1) 

0.5sin( / )     
( , ,0, )

 0                         z

t T t T
u x y t

t T
a p £�

= �
>�

 (7-2) 

 

Figure 7-1: Schematic drawing of two different finite mesh model of a MgO specimen: (a) Model 

I and (b) Model II 

Figure 7-2 shows the responses at point L1( , ,0)l l , point L2( , ,60 )l l l , and point L3

( , ,90 )l l l  in Model I under two different input waves with: (1) low frequency 250w p= , 

(2) high frequency 2000w p= . It is clearly seen that the wave passes through the whole 

specimen when 250w p= . But for the case of high frequency, 2000w p= , practically 

speaking, no wave can pass through.  

Cross 
section 

(a) Model I 

(b) Model II  
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Figure 7-2: Wave propagation for Model I: (a) low frequency 250w p= and (b) high frequency

2000w p=  
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Figure 7-3: Wave propagation with input wave frequency 1000w p= : (a) Model I; (b) Model II 

Figure 7-3 shows the responses of Model I and Model II under 1000w p= . From 

Figure 7-3a, it is seen that the magnitude of point L3 is almost equal to that of the input 

wave; but from Figure 7-3b, the magnitude of point L3 is much smaller than that of the 
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input wave, indicating that the interface between meshes with different sizes acts like a 

screen, which prevents at least part of the wave from passing through. Actually this is a 

well-known phenomenon that wave reflection happens when nonuniform mesh is used in 

the classical finite element (FE) analysis. In short, an assemblage with larger elements 

gives a smaller cutoff frequency in FE analysis. Therefore for a wave with a frequency 

greater than the cutoff frequency of a FE model, the interface will reduce the magnitude 

of the passing through wave [74, 132]. 

 

Figure 7-4: Schematic descriptions of computational model of a MgO specimen under an 

impulsive loading 

Now we investigate wave propagating across the interface between atomic region and 

continuum region [133, 134]. The molecular dynamics (MD) model and the AFT model 

( 2 2 150 ,a a a´ ´ 0.42nma = ) for MgO are schematically illustrated in Figure 7-4a; MD 

model consists of 10,872 atoms and AFT model consists of 2,232 atoms and 48 3-D 

8-node finite elements with the interface at 30z a= . It is noticed that the resolution in 
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the z -direction between atomic region and continuum region has a dramatic change 

since the size of element is 1 1 10a a a´ ´ . Figure 7-4a and Figure 7-4c show the boundary 

conditions and the loading history, respectively. 

 

Figure 7-5: Displacement response of point L1( , ,28 )a a a under the frequency 1.6 THzw »  

 

Figure 7-6: Displacement response of point L2( , ,70 )a a a under the frequency 1.6 THzw »  
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Figure 7-7: Displacement response of point L3( , ,110 )a a a under the frequency 1.6 THzw »  

Figure 7-5, Figure 7-6 and Figure 7-7 show the responses at point L1( , ,28 )a a a , point 

L2 ( , ,70 )a a a and point L3( , ,110 )a a a respectively with three different cluster weighting 

factors min mid max, ,  and n n n  under the compressive impulsive loading with the 

frequency 1.6 THzw » . Figure 7-8, Figure 7-9 and Figure 7-10 show the responses at 

point L1( , ,28 )a a a , point L2( , ,70 )a a a and point L3( , ,110 )a a a respectively with three 

different cluster weighting factors min mid max, ,  and n n n  under the compressive impulsive 

loading with the frequency 6.4THzw » . Here min 1n =  represents the simulation with 

all pairs of interatomic forces calculated; maxn  represents the simulation with the 

node-based summation rule; midn min mid max( )n n n< < represents the simulation with the 

cluster summation rule. It is clearly seen that the results from AFT are in good agreement 

with that from MD simulation. Also it is noticed that the wave in AFT model passes 

through the atomistic/continuum interface with negligible reflection. As expected, the 
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results with smaller cluster weighting factor are smoother and closer to those from MD 

simulation. Due to the nonlocality and nonlinearity of the interatomic forces and the finite 

size of the specimen in the  and x y  directions, the wave is dispersive. Therefore the 

frequency of the passing wave becomes smaller than that of the loading impulse. 

 

Figure 7-8: Displacement response of point L1( , ,28 )a a a under the frequency 6.4 THzw »  

 

Figure 7-9: Displacement response of point L2( , ,70 )a a a under the frequency 6.4 THzw »  
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Figure 7-10: Displacement response of point L3( , ,110 )a a a under the frequency 6.4 THzw »  

7.2 CRACK PROPAGATION 

 

Figure 7-11: Computational model of MgO specimen for dynamic crack: (a) FE and atom 

arrangement model; (b) loading history 
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of MgO (25.2 nm 0.9 nm 15.1nm´ ´ , 54,048 atoms) (cf. Figure 7-11 ) consists of two 

parts: continuum region (234 elements and 444 nodes) and atomic region (6216 atoms).  

Thus the number of the degrees of freedom involved in the continuum region is about 1% 

of the total degree of freedom if MD simulation had been adopted. The line crack extends 

from 0x =  to 2.1nmx = at 0z =  through (0, 0.84 nm)yÎ ; and the separation of 

crack surfaces is 0.9 nm. This means, in order to simulate the crack, two planes of atoms 

parallel to the crack surfaces are eliminated from the specimen. The system is assumed to 

be initially at rest after a period of relaxation time and the boundary conditions are set as 

stress free except 

( , , 7.55nm) 0.016 (nm) 25pszU x y t t± = ± £  (7-3) 

 

Figure 7-12: Comparison between AFT and MD simulation results in crack propagation: (a) AFT 

model; (b) MD model 

 

(a) AFT model 
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Figure 7-13: Crack propagation in the critical region under three different electric fields Ez 

In order to demonstrate the reliability of our simulation results, we perform a MD 

simulation of the crack problem. Figure 7-12 shows the comparison between AFT and 

MD simulation results of the crack propagation. It is noticed that they are in good 

agreement with each other. 

To investigate the effect of the electric field on crack initiation and propagation, we 

have applied several different constant electric fields in addition to the mechanical 

loading specified. This means, with Heaviside-Lorentz system, the external force acting 

on a atom is qa E  where qa
 is the charge of a  atom. Figure 7-13 shows the crack 

(c) 154.3� V/nmzE =

(b) 102.8� V/nmzE =

(a) 0zE =
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propagation at three different electric fields zE . The crack approaches a speed of 4.1 

km/sec, which is about 75% of the Rayleigh-wave speed, the limiting speed predicted by 

continuum theory [137]. Our result shows that the crack propagates along the direction of 

the original line crack self-similarly, in other words, it propagates along the same 

crystallographic planes. This observation agrees with the experimental studies by Cramer 

et al. [138]. Comparing Figure 7-13 a, b and c, it is noticed that the higher zE  is, the 

more delay crack initiation and propagation have, i.e., the electric field zE  has played a 

shielding role for the crack initiation and propagation in this case, which qualitatively 

confirms the conclusion from the viewpoint of continuum mechanics [139-143]. This 

phenomenon can be explained in the following way. From the viewpoint of linear elastic 

fracture mechanics (LEFM) [141], the energy release rate of the piezoelectric material 

depends on two dimensionless parameters p  and q, which are, respectively, the ratio 

of the minor to the major semi-axis of the elliptic crack and the ratio of the dielectric 

constant of the cavity to the effective dielectric constant of the material. Since the 

dielectric constant of MgO is several orders of magnitude higher than that of the vacuum 

which is considered to be in between crack surfaces, the insulated crack model is 

considered. Due to 0p q >> , the crack in our model can be said to be semi-electrically 

impermeable. The energy release rate decreases with the applied electrical field 

perpendicular to the crack surface (eqs. 3.109 and 3.115 in cf.[141]), indicating that the 

applied electric field retards crack growth. However, the energy release rate is 

independent of the applied electric field parallel to the crack surface.   
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Figure 7-14: Crack speed during the crack initiation and propagation under three different 

electrical fields Ez 

Figure 7-14 shows the crack speed during the crack initiation and propagation under 

three different electrical fields zE . It is seen that after the critical fracture load is reached, 

the crack speed jumps from zero to a quasi-stable value, indicating that the crack motion 

at lower speed is forbidden. This contradicts classical continuum fracture theories which 

predict a continuously increasing crack speed with increasing load [144]. In the case of 

0zE = , the crack approaches a speed of 4.1 km/sec, which is about 75% of the 

Rayleigh-wave speed, the limiting speed predicted by continuum theory [137]. 

0 2 4 6 8 10 12 14
0

1

2

3

4

5

Time (ps)

C
ra

ck
 S

pe
ed

 (
km

/s
)

 

 

E
z
 = 0.0

E
z
 = 102.8 mV/nm

E
z
 = 154.3 mV/nm



 

122 

 

 

Figure 7-15: Crack opening on L1, L2, L3, L4, L5 under zero electric field 

 

Figure 7-16: Crack opening on L1 under three different electric fields Ez 
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2 1( ,0, ) ( ,0, )z zU U x z U x zD º - , called crack opening, which indicates the measure of 

crack opening along the line crack between the two specified points 2( ,0, )x z and 

1( ,0, )x z  above and below the line crack, respectively. Here we specify five sets of these 

two points: L1(2.1nm,0, 0.84nm)± , L2(3.78nm,0, 0.84nm)± , L3(5.46nm,0, 0.84nm)± , 

L4 (7.14nm,0, 0.84nm)± , L5(8.82nm,0, 0.84nm)± .  

 

 

 

Figure 7-17: Crack propagation in the critical region under three different electric fields Ey 

Figure 7-15 shows the process of crack opening at five different sets of points under 

no electric field. It is clearly seen that there exist three distinct stages. In the first stage, 

the crack opening is practically zero, which means there is no crack extension. In the 

(c) 102.8� V/nmyE =

(b) 51.4� V/nmyE =

(a) 0yE =
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second and third stages, the crack opens and the crack tip advances, but at different 

speeds. Figure 7-16 shows the crack propagation under three different electric fields zE

on L1(2.1nm,0, 0.84nm)± and it is seen that the electric fields zE  slows down the crack 

opening process. Figure 7-17 shows the crack propagation under three different electric 

fields yE . Notice that the electric field yE
 
behaves as a catalyst to facilitate the crack 

initiation and propagation. Figure 7-18 shows the effect of electric field yE
 
on the open 

size on L1 (2.1nm,0, 0.84nm)± .Notice that the electric field yE
 
almost has no 

influence on the crack initiation and propagation, which is in agreement with the 

continuum viewpoint[141].  

 

Figure 7-18: Crack opening on L1 under three different electric fields Ey 

In order to show the effect of loading rate on the steady crack speed, we simulate four 

different loading rates under the electric field 0zE = . Table 7-1 shows that the steady 
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crack propagation speed has some variations under the different loading rate. In other 

words, the crack speed has a dependence on the loading rate. With the increase of the 

loading rates, the steady crack speed has a corresponding increase. 

Table 7-1 Steady crack speed vs. loading rates 

Loading rates v (nm/ps) 0.008 0.012 0.016 0.020 

Steady crack speed V (km/s) 3.87 4.01 4.10 4.47 

 

7.3 THERMOMECHANICAL COUPLING PHENOMENA 

Recalling the governing equations of concurrent atomistic/continuum AFT, for the 

sake of simplicity, we rewrite the governing equations in the following symbolic 

expressions 

( , , )    ( ; 1,2, , ; 1,2, , )J J J I I aM T I P N Na a a b g b g= Î = =U � U u�� � �  (7-4) 

( , ) ( ; 1,2, , ; 1,2, , )I am I P N Nb b b a g a g= Î = =u � U u�� � �  (7-5) 

where J
aU  is the displacement of the a -th atom in the J -th node; J

a�  is the total 

force acting on the a -th atom in the J -th node; b�  is the total force acting on b -th 

atom in the atomic region; P  is the set of all nodes in the continuum region. 

7.3.1 Boundary Condition at Interface 

In classical heat conduction problem (cf. Figure 7-19), by virtue of Fourier’s law, one 

has the governing equation: 

2T
k T

t
¶

= Ñ
¶

 (7-6) 

where  is the heat conductivity. To secure the classical heat conduction as a well-posed  k
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problem, the following boundary conditions are imposed 

* ( , )T T t= x  on tB¶  (7-7) 

* ( , )q x t× =q n  on qB¶  (7-8) 

 

Figure 7-19: Schematic picture of heat conduction problem 

When the heat conduction occurs in a system composed of two homogeneous solids of 

different materials in perfect contact, the interface between these two homogeneous 

solids plays an important role in heat transfer. To ensure the compatibility and 

smoothness of the temperature distribution through the interface, one should have the 

following boundary conditions at the interface (cf. Figure 7-19b) 

1 2

1 1 2 2 0

T T=

× + × =q n q n
 (7-9) 

which means at the interface the temperature is continuous and the net heat flux is 

vanishing. 

In this work, a more formidable interface between atomistic region and continuum 

region exists although these two regions are made of the same material as shown in 

Figure 7-20. To pave the way for thermal conduction simulation in this concurrent 

atomistic/continuum system, a similar procedure as in classical heat conduction is 

adopted [145] 

  

¶T
¶t

= kÑ2T B 

¶B 

B2 

B1 I=B1ÇB2 

¶B 
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* * *

* *

A e

A e e e
e E e E

T T T

NT N T NT N T
Î Î

= º

+ = +� �  (7-10) 

 

Figure 7-20: Schematic picture of concurrent atomistic/continuum heat conduction simulation 

where AT  and *
AT  are the temperature in the atomic region before and after matching, 

respectively; eT  and *
eT  are the temperature of the e-th element in the continuum 

region neighboring the atomic region (orange color) before and after matching, 

respectively; *T  is the temperature after matching; E  is the set of all elements which 

are neighboring the atomic region; eN  is the total number of atoms in the e-th element. 

From eq. (7-10), we have 

*
A e e

e E

e
e E

NT N T
T

N N
Î

Î

+
=

+

�
�

  (7-11) 

This implies that the temperature in the atomic region and the surrounding continuum 

region is a calculated quantity, not a predetermined quantity, although we consider that 

the temperature is given as a function of space and time in the continuum region. 
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7.3.2 Random Velocity Differences 

Instantaneous values of velocity differences, i i= -u u u�� � � , in the atomic region are 

generated by sampling from a normal distribution with 

1

1

N
i i

i
N

i

i

m

m
m =

=

= =
�

�

u
u

�
�  (7-12) 

*

1

( ) ( ) 3
N

i i i
B

i

m Nk Tm m
=

- × - =� u u� �  (7-13) 

7.3.3 Multiple Time-Scale Algorithms 

The computational model developed in the previous section involves a two-way 

information exchange: the full-blown interatomic forces between two regions depend on 

the displacements of both regions; the fine scale atomistic simulation contributes to the 

temperature of the atomic region; and then the coarse scale continuum simulation 

provides information needed to compute the matching temperature. Different length scale 

corresponds to different time scale. If a single time step is adopted in both continuum and 

atomic regions, the stable time step depends on the Courant condition in the atomic 

region, i.e., cr At tD £ D . Therefore, computational effort will be wasted in the continuum 

region. If we adopt multiple time steps: larger time step CtD  for the continuum region 

and smaller time step AtD  for the atomic region, and C At M tD = D  as shown in Figure 

7-21, the multiple time scale algorithm will offer a major advantage to improve the 

computational efficiency.  
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Figure 7-21: Arrangement of time steps in multiple-time-scale algorithm 

To solve this concurrent atomistic/continuum system with thermomechanical coupling, 

an explicit algorithm with multi-time-step as an alternative to the temporal Green’s 

function concept proposed by Yang and Tewary [146], was developed based on the 

central difference method. Assume that accelerations, displacements and velocities are 

known at the n-th time step. For the purpose of explanation, we denote I
aU  as the 

displacement of the a -th atom of the I -th node in continuum region, and bd  as the 

displacement of the b -th atom in atomic region.  

Continuum Region 

1
2

( ) ( )( )

1
2I n I n CI n ta a a

+ = + DU U U� � ��  (7-14) 

1
2

( 1) ( ) ( )I n I n CI n ta a a
+ += + DU U U�  (7-15) 
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( 1)

[( 1) ] ( ( ))
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T n t I P P E
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T I P E+
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+ D Î -�
= � Î�

 (7-16) 

1
( 1) ( 1) ( 1) ( 1)( ) ( , , ) ; 1,2, ,I n I I J n J n nM T J P Na a a a b b-

+ + + += Î =U � U d�� �  (7-17) 

1
2

( 1) ( 1)( )

1
2I n I n CI n ta a a

+ ++= + DU U U� � ��   (7-18) 

where ( )P E  is the set of all nodes associated with the elements neighboring the atomic 

Cn tD
Continuum region 

Atomic region 

CtD  ( 1) Cn t+ D  

Cn tD ( 1) Cn t+ D  ( 1)C An t j tD + + D  

C An t j tD + D  
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region. 

Atomic region 

( ) ( )
*

( ) ( )    
A n e e n

e E
n n

a e
e E

NT N T
T

N N
bÎ

Î

+
= �

+

�
�

d�   (7-19) 

1/2[ ] ( ) ( )

1
2

i i i
M M M

An n n tb b b
++ + += + Dd d d� � ��    (7-20) 
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1
2

i i i
M M M

An n n tb b b
+ ++ + += + Dd d d�   (7-21) 

1 1( )( ) ( )

1
( , ) ; 1,2, , ; 1,2, ,i i

M M
I n an n I P N N

m
b b a g

b a g+ ++ += Î = =d � U d�� � �   (7-22) 

1 1/2 1( ) [ ] ( )

1
2

i i i
M M M

An n n tb b b
+ + ++ + += + Dd d d� � ��  (7-23) 

( 1) ( 1)
*

( 1)

A n e e n
e E

n
e

e E

NT N T
T

N N

+ +
Î

+

Î

+
=

+

�
�

 (7-24) 

Notice that the temperature of the nodes ( )P E  associated with the elements neighboring 

the atomic region E  is equal to the matching temperature *T . 

The flow chart of the multiple time-step algorithms can be described as follows: 

1. Initialize displacements, velocities, accelerations and temperatures; 

2. Calculate the matching temperature *T  by eq. (7-19);  

3. Randomly generate the velocity field in the atomic region bd�  by eqs. (7-12) and 

(7-13); 

4. Update the displacements of atoms, ( )C An t i tb D + Dd , by eqs. (7-20), (7-21), 

(7-22) and (7-23) at fine time step AtD  until ( 1) Ct n t= + D ; 
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5. Repeat Step.2; 

6. Update the displacements of nodes [( 1) ]I Cn ta + DU  in continuum region by eqs. 

(7-14), (7-15), (7-16), (7-17), and (7-18) at coarse time step CtD ; 

7. Repeat Steps. 2-6 until the end of the simulation. 

7.3.4 Numerical Examples 

 

Figure 7-22: Computational model of thermomechanical coupling under tensile loading 

Here the thermomechanical model (16 4 30 , 7.9368 Bohra a a a´ ´ = ) made of MgO is 

schematically illustrated in Figure 7-22. This model consists of 2,600 atoms and 32 3-D 

8-node finite elements. The boundary condition and the temperature distribution in the 

continuum region for this model are given respectively 
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where 62 10T ot t= ´  is the total time of simulation; 52.418 10 psot -= ´  is the atomic 

unit of time. 5A ot tD =  and 100C ot tD =  are used in the numerical procedures. 

 

Figure 7-23: Temperature distribution in the specimen 

Figure 7-23 shows the temperature distribution of the entire specimen. It is noticed 

that the temperature around the interface is smooth and continuous. As expected, the 

temperature in the atomic region is the same as that of the neighboring elements around 

the atomic region. Figure 7-24 shows the displacement distribution of zu  in the entire 

specimen. 

0t = 62 10 ot t= ´
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Figure 7-24: Displacement (zu ) distribution in the specimen 

7.4 CONCLUSIONS 

The concurrent methods for coupling atomistic simulations with continuum 

thermodynamics offer a myriad of challenging problems, mostly related with energy 

transmission, wave reflection, and damage propagation at the interfaces between the 

continuum description and the discrete description. To bridge the gap between atomistic 

simulations and continuum modeling, this chapter has presented several examples to 

demonstrate the advantages of AFT in multiscale modeling and simulations.  

Firstly, motivated by eliminating the spurious wave reflection at the interface between 

the atomic and continuum domains of multiscale modeling and simulation, we adopted 

the novel numerical approach (see in Chapter 4) for AFT without any special numerical 

treatment at the interfaces to demonstrate the capability of AFT in dealing with the wave 

reflection at the interface between different descriptions.  

Secondly, dynamic fracture is a paradigm that requires concurrent multiscale modeling, 

0t = 62 10 ot t= ´
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since it contains (1) a critical crack front region that requires fully atomistic resolution to 

capture the crack initiation and propagation phenomena and (2) a coarse-graining 

continuum region for efficient representation in the far field. Through AFT, we have 

investigated how the electric field affects the nanocrack initiation and propagation in 

single crystal MgO. Numerical results show that electric fields can serve as a tool to 

shield or retard the crack initiation and propagation in ionic crystals, thereby offering new 

perspectives on fracture mechanics at the nano scale. It is demonstrated that AFT can 

provide a more fundamental understanding of dynamic fracture at micro/nano level 

within a single theoretical framework. 

Thirdly, in the thermomechanical coupling simulation, we present an analysis to 

reconcile the compatibility between atomic region and continuum region, and to calculate 

the matching temperature field of a heat conduction problem in a concurrent 

atomistic/continuum system. We develop a new explicit algorithm with a 

multiple-time-scale procedure to treat interfaces between atomic and continuum regions. 

The work provides a more fundamental understanding of thermomechanical phenomena 

at the interface between atomic and continuum regions. 
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CHAPTER 8 COARSE-GRAINED NON-EQUILIBRIUM 

SIMULATIONS AT NANO SCALE  

Nanomaterials reveal many excellent mechanical, thermal, and electronic properties. 

In particular, the thermal properties are of great interest because of its strong relevance to 

the potential application in nanoscale thermoelectric energy generators or on-chip coolers. 

The non-equilibrium thermal-mechanical process at small scales, for instance nanoscale 

heat transfer, in which the length and/or time scales span from the molecular to the 

continuum, is a subject of increasing importance to energy conversion, biotechnology, 

microelectronics, biochemical detection, and material synthesis and failure analysis. The 

capacity to simulate thermal-mechanical couplings in non-equilibrium states at small 

scales is vital to the understanding of transport mechanisms of energy conversion and to 

the advancement of reliability of micro and nano-electronics. 

8.1 NOSÉ-HOOVER THERMOSTAT AND NON-EQUILIBRIUM MOLECULA R 

DYNAMICS (NEMD) SIMULATION 

Classical molecular dynamics simulations are performed in the microcanonical 

ensemble, meaning that we control the volume, the number of atoms and the energy. It is 

unable to provide statistical characters to the physical problem that it simulates. To 

extrapolate statistical thermodynamics information from molecular dynamics simulations, 

the performance of equilibrium ensemble molecular dynamics are required at a fixed 

temperature or fixed pressure or specified chemical potentials. Several methods have 

been introduced to keep the temperature constant while using the microcanonical 

ensemble. Popular techniques to control temperature include velocity rescaling [147-153], 
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the Nosé-Hoover thermostat [154, 155], Nosé-Hoover chains [156], and the Berendsen 

thermostat [157]. The central idea is to simulate in such a way that we obtain a canonical 

distribution. Here we briefly introduce the essence of Nosé-Hoover equilibrium 

molecular dynamics (MD), which is the most popular scheme within molecular dynamics 

community. 

 

 

Figure 8-1: Molecular dynamics with finite temperature (a) the Nosé-Hoover equilibrium MD 

simulation; (b) the direct NEMD simulation 

In order to maintain a fixed temperature for a whole system shown in Figure 8-1a (for 

the purpose of illustration, the figure is plotted as if in 2D), the atomistic or molecular 

system is regularized by a Nosé-Hoover thermostat. The governing equation of 

Nosé-Hoover MD simulation takes the following form: 

( ) ( ) ( ) ( )i i i i im t t m t tc= -x f x�� �   (8-1) 

where ( )i tx  is the position of the i -th atom; im  is its mass; ( )i tf  is the interatomic 

force acting on the i -th atom; ( ) ( )i it d t dt=x x� ; 2 2( ) ( )i it d t dt=x x�� ; and ( )tc  is a 

friction coefficient that may be controlled by the following equation: 

( )2

1

( ) 1
( ) 3

N
j j

B eqb
j

d t
m t k NT

dt Q
c

=

� �
= -� �

� �
� x�  (8-2) 
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where N  is the total number of atoms in the whole system; eqbT  is the equilibrium or 

expected temperature; 23 B eqb TQ Nk T t=  is the effective ‘mass’ of the thermostat, Tt  is a 

specified time constant (normally in the range [0.5, 2] picoseconds). Consequently, 

temperature can be calculated as a space-averaged variable 

2

1

3 ( )
N

i i
B

i

Nk T m
=

= � v  (8-3) 

where i i=v x� . 

The action of the thermostat can be understood in the following terms. Whenever the 

(kinetic) temperature of the atoms in the whole system T  is larger than eqbT , ( )tc  

increases and eventually becomes positive. Accordingly, the friction acts as a dissipation 

agent which will reduce the temperature [cf. eq.(8-1)]. Since the opposite occurs 

whenever the temperature falls below eqbT , the Nosé-Hoover thermostat represented by

( ) ( )i im t tc- x�  acts as a stabilizing feedback around the prescribed temperature.  

However, for non-equilibrium systems, the equilibrium MD becomes incapable to 

simulate problems with spatial temperature gradients. Motivated by how to overcome the 

difficulties of dealing with stochastic process, since early 1980s, the NEMD has become 

a major simulation tool for non-equilibrium processes, especially in computing transport 

coefficient and simulating viscous flows. For the direct NEMD simulation depicted in 

Figure 8-1b, only the boundary regions +W  and -W  are controlled with the temperature 

eqbT +  
and eqbT - , respectively. We denote  V±  as the two sets of N±  atoms in ±W  in 

contact with the reservoirs. The evolution of the atoms in the thermal contact with the 

reservoirs is ruled by the equation: 
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( )[ ( ) ( )] if
( ) ( )

( )[ ( ) ( )] if

i i i
i i i

i i i

m t t t i V
m t t

m t t t i V

c
c

+ + +

- - -

� + D Î
= - �

+ D Î�

v v
x f

v v
��  (8-4) 

where c±  are the two friction coefficients modeling the microscopic action of the 

thermostat; ( )i t±Dv  is called the thermostat’s auxiliary velocity to make sure that the 

linear and angular momenta of the two thermostats are unchanged during the whole 

process (cf. Appendix B). The dynamics of c±  is governed by the equation 

( )2

1

( ) 1
( ) ( ) 3

N
j j

B eqb
j

d t
m t t k N T

dt Q
c ±

±
± ± ±

=±

� �
= - -� �

� �
� x v�  (8-5) 

where ( )t±v  is the average velocity of ±W . It can be noticed that eqs. (8-4) and (8-5) 

will not be reduced to eqs. (8-1) and (8-2) even if one chooses eqb eqb eqbT T T+ -= = . The 

reason is that in the direct NEMD simulation, the interior domain is not controlled. 

To improve the computational efficiency and to broaden the applications of NEMD, it 

is necessary to develop a coarse-grained non-equilibrium simulation (CG-NES) technique 

with direct simulations of non-equilibrium systems with spatial temperature gradients.  

In the proposed CG-NES, a vital step is the use of the peculiar and the associated 

center of mass (COM) coordinates, with which one can rigorously extract 

thermodynamics properties of the system from the drifting frame of reference. For a finite 

thermodynamic system which undergoes large deformation, it may be insufficient to use 

only one set of center of mass coordinates. To solve this non-equilibrium system more 

accurately, a set of local peculiar and center of mass coordinates are defined to obtain the 

local peculiar velocities [158-160]. Through the atom-based continuum method described 

later, the concepts of the peculiar and COM coordinates are generalize to establish the 

finite element nodes corresponding to the generalized COM coordinate and the unit cells 
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within the finite elements corresponding to the generalized peculiar coordinates. Hence, 

the atom-based continuum is the foundation of the CG-NES algorithm. 

8.2 AN ATOM-BASED CONTINUUM (ABC) METHOD 

8.2.1 Lattice Dynamics 

Note that a multi-element crystalline material (which has more than one kind of atoms 

in the unit cell) is distinguished from other states of matter by a periodic arrangement of 

the atoms, which can be represented as a collection of lattice cells and a group of discrete 

and distinct atoms situated within each lattice cell as depicted in Figure 8-2. Consider a 

system consisting of lN  lattice cells; each lattice cell k  is composed of aN  atoms 

with mass   [ 1,2,3,...., ]am Na a = , positions in the reference configuration kaX , positions 

in the current configuration ( )k tax , displacements ( ) ( )k k kt ta a a= -u x X , and velocities 

( )k tau� . Herein, the superscript ka refers to the a -th atom in the k -th lattice cell; and 

k kd dta aºu u� . 

 

Figure 8-2  Atomistic view of crystal structure 

The initial configuration of each lattice cell in a single crystalline material can be 

identified by its lattice coordinates 1 2 3( , , )l l l=l , where il  are integers. So the spatial 

initial position kX  of the k -th lattice cell is defined as 

��������
��	�	�

= + 
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3

1

k
a a

a

l
=

= �X B  (8-6) 

where aB  are the basis vectors spanning a simple 3-dimensional Bravais lattice.  

It is assumed that the total potential energy V of the system mentioned above can be 

additively computed as the sum of energies of each atom  

k

k

V V a

a

= � �  (8-7) 

where kV a  is the sum of the energies due to any interatomic potential, such as pair-wise 

interaction of the atoms, three-body potentials or other many-body potentials, including 

the Tersoff and the Stillinger-Weber potentials. kV a  can be expressed in a general form 

2 3
, ,

1 1
( , ) ( , , )

2! 3!
k k l k l m

l l m

V V Va a b a b g

b b g

= + +�� ��x x x x x �  (8-8) 

with the understanding ( , ) ( , ) ( , ) ....k l ma b g¹ ¹ ¹ . 

The particular form of the interatomic potential energy depends on the model of 

atomic interactions. In this work, the pair potential is employed and the potential energy 

of the atom ka  is   

2

1 1
( , ) ( , )

2 2
k k l k l k l

l l

V V Va a b a b a b

b b

-= º�� ��x x x x  (8-9) 

The governing equation of any atom ka  in the system can be expressed as  

k k kma a a a= +u f ���  (8-10) 

where k ka a=u x� � ; k ka a=u x�� �� ; k k l

l

a a b
b

-= � �f f ; ka�  is the external force acting on 

the ka  atom including damping force; k la b-f  is the atomic force acting on the ka

atom due to the lb  atom, which is the negative derivative of the potential energy  

( , )k l k lV a b a b- x x  with respect to the atom’s current position vector kax  
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( , )k l k l
k l

k

V a b a b
a b

a

-
- ¶

= -
¶

x x
f

x
  (8-11) 

and here we also assume that the potential energies depend only on the relative 

interatomic distance k l k ld a b a b- º -x x ,  so 

( ) ( )k l k l k l k l k l k l
k l l k

k l k k l k l

V d d V d
d d d

a b a b a b a b a b a b
a b b a

a b a a b a b

- - - - -
- -

- - -

¶ ¶ ¶ -
= - = - = -

¶ ¶ ¶
x x

f f
x

 (8-12) 

8.2.2 Kinematic Constrains 

For the purpose of large-scale simulation of collaborative material behavior, we seek 

an approximation solution to eq. (8-10). Therefore, the reduction of degrees of freedom is 

accomplished by virtue of kinematic constrains. i.e., through the shape functions in finite 

element (FE) method. Some judiciously selected lattice cells, called FE nodes, retain their 

independent degrees of freedom. Z  is the set of all lattice cells; NZ  is the set of all FE 

nodes; NZ ZÍ . The nodal displacements together with shape functions are employed to 

determine a displacement field, in other words, all other lattice cells are forced to follow 

the motion of the nodes – this is what we called “kinematic constraint”, which is the 

practice in every FE analysis. The density of FE nodes is controlled by a criterion that 

measures how strong the deformation varies spatially. The displacement kau  is 

approximated by finite element interpolation from its nodal values I
aU  as  

  ( )k
I I

I

ka a= F�u U  (8-13) 

where ( )I kF  is I -th shape function of the k -th lattice cell; I
aU  is the displacements 

of thea atom of the I -th node of the element in which the k -th lattice cell resides.  

Following the standard procedure of Galerkin method, the weak form of eq. (8-10) is 
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written as follows 

k k k l k k k

k k l k

ma a a a b a a a

a a b a

d d d-= +� � � � � � � �u u f u � u��   (8-14) 

In light of k l l ka b b a- -= -f f , we rewrite Eq. (8-14) as  

1
{ }

2
k k k l l k k k k

k k l k

ma a a a b b a a a a

a a b a

d d d- -= - +� � �� �� ��u u f f u � u��  (8-15) 

which can also be written as 

1
{ }

2
k k k l k l k k

k k l k

ma a a a b a b a a

a a b a

d d d d-= - +�� � � � � � �u u f u u � u��  (8-16) 

By virtue of ( )k
I II

ka ad d= F�u U ,  the governing equations for nodal displacements 

I
aU  can be expressed 

IJ J I I
J

M a a a a� �
= +� �

� �
� U F ���  (8-17) 

where 

( ) ( )IJ J I JI
k

M m k k Ma a a= F F =�  (8-18) 

1 1
( ) ( )

2 2
k l k l

I I I
k l k l

k la a b g a

b g

- -= F - F�� � � ��F f f  (8-19) 

( )k
I I

k

ka a= F�� �  (8-20) 

The existence of superscript a  in eq. (8-17) implies that the atomic information is 

naturally built in ABC method and the internal relaxation is allowed in each node to 

represent an atomistic multi-element system. It is also noticed that, in eqs. (8-19) and 

(8-20), full-blown nonlocality, nonlinearity and atom-based constitutive relation are 

automatically rooted in the force calculation. So a fully nonlocal ABC formulation has 
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been proposed. 

In practice, the consistent mass matrix is commonly replaced by a lumped matrix for 

computational convenience. Here the ‘row-sum’ lumping technique is utilized, and then 

eq. (8-17) can be rewritten as 

I I I IM a a a a= +U F �� ��  (8-21) 

8.3 COARSE-GRAINED NON-EQUILIBRIUM SIMULATION 

 

Figure 8-3: The coarse-grained FE mesh and the nodal ensemble  

Figure 8-3 is a conceptual illustration of the CG-NES algorithm. In Figure 8-3, the 

gray solid circle means a unit cell; the black solid circle means a FE node; the area 

surrounded by the red line is named as nodal ensemble with nodeI , i.e., the Wigner-Seitz 

region of node I. In the proposed model, we assume that each nodal ensemble is viewed 

as a local thermal reservoir representing the thermal space of a large number of unit cells. 

Note that the nodal ensemble is defined by Wigner-Seitz region, which depends on the FE 

discretization.  

The essence of the proposed CG-NES algorithm is: the FE node’s motion is 

determined by the external mechanical and thermal loading; whereas the atom’s motion 



 

144 

 

in each finite element is controlled by the corresponding FE nodes through the shape 

functions; each FE node’s thermal properties such as temperature are calculated by the 

motion of atoms in the each corresponding nodal ensemble. The comparison between the 

temperature of nodal ensemble and the desired temperature, a feedback inputs to the 

controllable FE nodes drive the system.  

Since at the coarse scale level the temperature distribution is not uniform and evolved 

with time, the FE nodal temperature changes from node to node and from time to time. 

Therefore, if one wants to control the temperature of some specified nodes, a distributed 

Nosé-Hoover thermostat network is necessary to ensure that each nodal ensemble reaches 

to a desired temperature. This is called as a generalized Nosé-Hoover thermostat. The 

conventional Nosé-Hoover thermostat renders the MD system a canonical ensemble, 

while this proposed model offers a coarse-grained canonical ensemble, a generalized 

notion of canonical ensemble in non-equilibrium simulation.  

Following the idea of Nosé-Hoover thermostat, a damping force, with possible 

positive and negative damping coefficient, is used as an external force in FE analysis for 

coarse-grained non-equilibrium process. Following eq. (8-21), the generalized 

Nosé-Hoover thermostat is proposed at the coarse level for each FE node as 

( )I I I I I I I IM Ma a a a a a ac= + - + DU F � V V� �� �  (8-22) 

where I I
a a=V U�  is the velocity of the a -th atom at node I ; I

aDV  is the auxiliary 

velocity to make sure that the action of the thermostat itself does not change the linear 

and angular momenta of the I -th nodal ensemble;  the dynamical governing equation 

of Ic  is given as 



 

 

1 1

1 aI NN
I

kI

d
dt Q a

c

= =

� �
= - -� �

� �
� �

where IQ  is the effective mass of the 

of the ka -th atom in the nodal 

IÂ ; Iv  is the mass-weighted

of IÂ . 

On the one hand, note that in a specified non

temperatures are controlled, so the ge

the FE nodes of which the temperature is controllable. On the other hand, if one wants to 

control the temperature of a group of FE nodes, one can assemble the group of FE node

as a local thermal reservoir. 

8.4 NUMERICAL EXAMPLES

8.4.1 Validation 

Figure 8-4: Three dimensional heat conduction model: (a) MD model; (2) FE model
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1 1

3k k
I B I a eqb Im k N N Ta a

-

� �
= - -� �

� �
� � v v  

is the effective mass of the I -th node; ( )k
I II

ka a= F�v V

th atom in the nodal ensemble IÂ ; IN  is the number of unit cells within 

weighted average velocity of IÂ ; eqb IT -  is the desired

one hand, note that in a specified non-equilibrium problem, not all FE nodal 

controlled, so the generalized Nosé-Hoover thermostat is only used at 

which the temperature is controllable. On the other hand, if one wants to 

control the temperature of a group of FE nodes, one can assemble the group of FE node

as a local thermal reservoir.  

NUMERICAL EXAMPLES  

: Three dimensional heat conduction model: (a) MD model; (2) FE model

(8-23) 

I I
a av V  is the velocity 

is the number of unit cells within 

desired temperature 

equilibrium problem, not all FE nodal 

Hoover thermostat is only used at 

which the temperature is controllable. On the other hand, if one wants to 

control the temperature of a group of FE nodes, one can assemble the group of FE nodes 

 

: Three dimensional heat conduction model: (a) MD model; (2) FE model 
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Figure 8-5: Comparison of temperature profile between MD simulation and FE simulation 

 

Figure 8-6: Temperature evolution with time at different groups 

To validate the proposed CG-NES algorithm, the analysis of a three dimensional heat 

conduction problem with finest finite element mesh (it means the size of finite element is 

equal to the lattice constant of the crystal) has been performed as a benchmark example 
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and has been compared it with the results from pure MD simulation. From Figure 8-4, it 

is shown that the 3-D molecular dynamical model (1.68nm 1.68nm 22.26nm´ ´ ) and the 

CG-NES model (1350 nodes and 848 finite elements) with finest FE mesh of MgO 

crystal are subjected to different thermostats at both end of the specimen.  It is seen that 

the atoms or nodes at both ends of the specimen were fixed; and heat sink region 

280KLT =  and heat source region 320KHT = are used to simulate a temperature 

gradient. Here a certain number of nodes are assumed to assemble as a group to calculate 

the temperature. In other words, the nodes in the same group have the same temperature 

and use the same friction coefficient for temperature control if they are located in the heat 

sink or source region. The system is first relaxed for 40 picoseconds (ps) at 300K for 

equilibrating. The time step tD  is fixed at 1 femtosecond (fs) for all simulations in this 

work. Then the Nosé-Hoover thermostat is applied at the heat sink and source regions. 

From Figure 8-5, it is noticed that the temperature profile from MD simulation and 

CG-NES simulation are exactly the same as expected since CG-NES can be reduced to 

MD simulation when the size of finite element is equal to lattice constant of the crystal. 

This indicated the reliability and capability of CG-NES for non-equilibrium systems. 

Here each group’s temperature is assumed to be averaged at each picosecond. Figure 8-6 

shows the evolution of the time-averaged temperature of each group. It is noticed that it 

takes time for the temperature of each group to reach the equilibrium state and that the 

governing equation of temperature acts like a diffusion equation as in the classical heat 

transfer. However, it is emphasized that this work has never used the Fourier’s law to link 

heat flux with temperature gradient ; in fact, the diffusion equation for temperature was 

not solved because temperature is a dependent variable in MD and in CG-NES as well. 



 

 

8.4.2 Effects of Reference

Figure 8-7: Three dimensional heat conduction FE model with 20 groups

Here considering a longer specimen (

and 1648 finite elements depic

and reference temperature

distribution. In this case the special region in 

region 20 are simulated 

simulated: one with reference 

Figure 8-8a with Figure 

significant influence on the temperature 

8-8b, it is seen that the temperature 

thermal conduction. It confirms that 

nanostructures [161, 162

monotonic, although not linear, between the heat sink and the heat source.
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eference Temperature 

Three dimensional heat conduction FE model with 20 groups 

Here considering a longer specimen (1.68nm 1.68nm 43.26nm´ ´ ) with 2600 nodes 

and 1648 finite elements depicted in Figure 8-7 to study the effects of specimen’s size 

temperature (initial temperature right after relaxation) on the temperature 

. In this case the special region in Figure 8-7 is a fixed region. Region 1 and 

region 20 are simulated as heat sink and heat source, respectively. Two cases are 

reference temperature T = 260 K; the other with T= 300K. Compare 

Figure 8-8b, it is observed that the reference temperature has a 

significant influence on the temperature distribution of the specimen. Also from 

b, it is seen that the temperature distribution does not follow the Fourier’s law of 

thermal conduction. It confirms that the Fourier’s law of heat conduction is not valid in 

162]. However, it was found that the temperature distribution is 

monotonic, although not linear, between the heat sink and the heat source.

 

) with 2600 nodes 

of specimen’s size 
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(a) 

 

(b) 

Figure 8-8: Temperature profile under different initial equilibrium state: (a) initial state with T = 

260K; (b) initial state with T = 300K 
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8.4.3 Heat Conduction

Figure 8-9 Coarse scale FE model with heat sink and source region

Figure 8-10: Temperature profile at coarse scale
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onduction at Coarse Scale 

Coarse scale FE model with heat sink and source region 

: Temperature profile at coarse scale 

In this example, consider a coarse scale finite element system shown in 

specimen (3.36nm 3.36nm 53.76nm´ ´ ) has 315 nodes and 136 

elements. Two groups of nodes at both ends of the specimen are used to control the 

temperature and are adopted the nodal ensemble to calculate the temperature of each 

Figure 8-10, it is shown that the temperature distribution

those in the finest finite element model. It once again verifies that the CG

algorithm can be utilized to simulate the thermomechanical process and 
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temperature of non-equilibrium system. Figure 8-11 shows that the temperature of 

different nodes evolves with time, indicating that the variation of temperature satisfies the 

diffusion equation and it takes time to reach the equilibrium state. 

 

Figure 8-11: Temperature evolution with time 

8.4.4 Shock Wave and Electromagnetic Wave 
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(d) 

Figure 8-12: Displacement profiles and the corresponding temperature profiles under the shock 

wave: (a) displacement profile at z = 12.18nm; (b) temperature profile at z = 12.18nm; 

(c) displacement profile at z = 28.98nm; (d) temperature profile at z = 28.98nm 

In order to show the advantage of CG-NES in thermomechanical coupling and to 

present the capability of CG-NES to account for thermal-electromagnetic effects, a 3-D 

mechanical wave propagation along z-direction of the specimen and a 3-D problem 

subject to a given electromagnetic field are simulated. The FE model is shown in Figure 

8-7. 

In the case of mechanical wave propagation, the system is assumed to be initially at 

rest after a period of relaxation time and the boundary conditions are set as 
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Figure 8-12 shows the displacement and the corresponding temperature of two 
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different groups at 12.18 nmz = and at 28.98 nmz = . It is clearly seen, from Figure 

8-12a and Figure 8-12c, that shock wave propagates along the z-direction and reflects at 

the boundary ( 43.26 nmz = ).  One may find that as the time goes on, the maximum 

amplitude of the displacement decreases. This is due to the fact that once the energy 

associated with the wave is converted into heat it trends more to spread out over the 

entire domain rather than convert back again. It is also observed that there is a correlation 

between the movements of the high temperature peak and the wave front. The simulation 

results predict that the interchange of different forms of energies will generate 

non-uniform temperature distribution, indicating the capability of CG-NES method to 

simulate non-equilibrium processes.  

 

Figure 8-13: Temperature evolution with time under electromagnetic wave 
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forces acting on the charged atoms, are caused solely by the external EM field. Here, the 

harmonic electric field [ ] [ 0 0]x y z xE E E E= =E and the magnetic flux density 

[ ] [0 0]x y z yB B B B= =B  with variance in time and space are given as 

0 2

exp[ ( ) / ] 2 3

0 3
x y

if t

E B A i z ct c if t

if t

pw
w pw pw

pw

<�
�= = - < <�
� >�

   (8-26) 

where c  is the speed light, 100� V/nmA=  is the amplitude, 26THzw =  is the 

frequency of the EM wave. It is noticed that the electric field and the magnetic flux 

density specified in eq. (8-26) satisfy the Maxwell’s equations in vacuum. Here we only 

study the effect of EM wave on temperature, not the thermomechanical-electromagnetic 

coupling. Figure 8-13 shows the temperature evolution of the whole specimen in time. It 

is seen that the temperature has a significant increase during the period with the given 

EM wave, and holds a steady-state value after the EM wave stops. This is due to the fact 

that the work done by the EM wave, through the Lorentz force, converts into both 

potential energy and kinetic energy; the latter reflects itself in temperature. This indicates 

that our CG-NES has the ability to investigate the EM effect on the temperature. 

8.5 CONCLUSIONS 

In this section, a coarse-grained non-equilibrium method has been formulated, 

implemented and tested in numerical computations. The nodal ensemble surrounding 

each FE node is utilized to compute the temperature field. This proposed model has been 

proved to be reliable and efficient, thereby offering new perspective view for calculating 

thermal properties at nanoscale. Major findings can be summarized as follows: 
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(1) CG-NES method can be naturally reduced to NEMD simulation when the size of 

FE mesh is equal to the lattice constant of the crystal. 

(2) The reference temperature of the system you to be simulated has a significant 

influence on the temperature distribution of the specimen. 

(3) The shock wave propagation example indicates the ability of CG-NES to simulate 

the thermomechanical coupling process. 
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CHAPTER 9 CONCLUSIONS AND RECOMMENDATIONS FOR 

FUTURE STUDIES  

9.1 CONCLUSIONS 

9.1.1 Micromorphic Theory: a Gateway to Nano World 

The development of Micromorphic theory (MMT) was motivated by the query, “Is it 

possible to construct continuum theories that can predict physical phenomena on the 

atomic, molecular, or nano scales?” These would require supplying additional degrees of 

freedom to a material point, which has three degrees of freedom in classical field theory. 

After all, the molecules that constitute the internal structure of the material points 

undergo deformations and rotations arising from the displacements and rotations of their 

constituent atoms. MMT envisions a material body as a continuous collection of 

deformable particles; each possesses finite size and inner structure. On the other hand, 

classical continuum mechanics considers a material body as a continuous collection of 

material points, each with infinitesimal size and no inner structure.  

The purpose to go beyond the classical continuum mechanics is to take into account 

the microstructure of the material body in question while still keeping the advantages of 

continuum theory intact. Following the works of Eringen, we present the formulation of 

constitutive equations for generalized Micromorphic thermoviscoelastic solid and 

generalized Micromorphic fluid. Therefore, they can be expected to unveil many new 

classes of physical phenomena in semiconductor physics, MEMS, and other 

microsystems that fall beyond classical field theories. 
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9.1.2 Applications of Atomistic Field Theory 

To enlarge the domain of applicability of the Micromorphic theory, starting from 

many-body dynamics and following the work of Chen and Lee, we take a bottom-up 

approach to re-derive the generalized atomistic field theory (AFT) comprehensively and 

completely and establish the relationship between AFT and MMT. AFT views a 

crystalline material as a continuous collection of lattice points, whereas embedded with 

each lattice point is a group of discrete and distinct atoms. This, thus, further expands the 

application region of MMT to the atomic scale. From the viewpoint that it stems from 

N-interacting particles and explicitly describes atomic motion, AFT follows the same 

concepts and principles of molecular dynamics, but it is computationally more efficient 

than a model based on the mechanics of particles. From the viewpoint that it is in terms 

of field quantities and is concerned with local density functions, AFT is similar to MMT, 

but the structural unit is a group of discrete and distinct atoms, instead of a continuous 

media in MMT. To show that AFT has the advantages both of an atomic models and of 

MMT, we have presented several grand challenging problems in nano/micro physics. 

(1) Atomic scale simulations 

When we reduce the finite element mesh to the atomic scale, i.e., the finite element 

size is equal to the lattice constant of crystal material, AFT is naturally equal to MD 

simulation. Through wave propagations and dislocations at the atomic level, the 

robustness and stability of the finite element implementation is demonstrated. And AFT 

has demonstrated the capability to simulate the atomic-scale phenomena just like MD 

simulation does.  
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(2) Coarse-grained scale simulations 

Motivated by the desire to improve the computational efficiency, we adopt the 

kinematic constraint, the shape function in FE method, to eliminate the majority of 

degrees of freedom. Nevertheless, the essential dynamic and nonlinear material behaviors 

have been successfully simulated.  

Mechanical properties such as elastic constant and tensile strength are measured in the 

coarse-grained simulations of MgO under tension. This shows an advantage of AFT over 

classical continuum mechanics in predicting the material properties including the 

constitutive response, while a complicated constitutive relation is needed in classical 

continuum mechanics-based simulations.  

 Since AFT is inherently suitable for multi-element crystalline materials as mentioned 

in Chapters 3 and 4, we have modeled and simulated the dynamic process of polarization 

and phase transformation in BaTiO3 through coarse-grained finite element simulations, 

which lends credible support to prove that AFT can capture the atomic-scale material 

behaviors. Due to the piezoelectric effect of perovskite materials, AFT can offer a more 

fundamental understanding of energy harvesting from a mechanical system at nanoscale. 

In the governing equations of AFT, we allow the Lorentz force as one kind of external 

forces. Due to the applied EM field, the inhomogeneous motions of discrete atoms in the 

polarisable crystal give rise to the rearrangement of microstructure and polarization. 

Single-crystal MgO nanowires under EM field is modeled and simulated. The numerical 

results have demonstrated that AFT can serve as a tool to analyze the electromagnetic 

phenomena of multi-element crystal materials at micro/nano level within a field 

framework. 
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(3) Concurrent atomistic and continuum simulations 

The concurrent methods for coupling atomistic simulations with continuum 

thermodynamics offer a myriad of challenging problems, mostly related with energy 

transmission, wave reflection, and damage propagation at the interfaces between the 

continuum description and the discrete description. To bridge the gap between atomistic 

simulations and continuum modeling, several examples has been presented to 

demonstrate the advantages of AFT in multiscale modeling and simulations.  

Firstly, motivated by eliminating the spurious wave reflection at the interface between 

the atomic and continuum domains of multiscale modeling and simulation, we adopts  

the novel numerical approach (see in Chapter 4) for AFT without any special numerical 

treatments at the interfaces to demonstrate the capability of AFT in dealing with the wave 

reflection at the interface between different descriptions.  

Secondly, we have investigated how the electric field affects the nanocrack initiation 

and propagation in single crystal MgO. Our model is capable of reproducing 

experimental observations including limitation of crack propagation speed, crack 

initiation and propagation. Our studies lead to the insight into the atomistic details of the 

fracture processes. Numerical results show that electric fields can serve as a tool to shield 

or retard the crack initiation and propagation in ionic crystals, thereby offering new 

perspectives on fracture mechanics at nano scale. It is demonstrated that AFT can provide 

a more fundamental understanding of dynamic fracture at micro/nano level within a 

single theoretical framework. 

Thirdly, in the thermomechanical coupling simulation, we present an analysis to 

reconcile the compatibility between the atomic region and continuum region and to 
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calculate the matching temperature field of a heat conduction problem in a concurrent 

atomistic/continuum system. We develop a new explicit algorithm with 

multiple-time-scale procedure to treat interfaces between atomic and continuum regions. 

The work provides a more fundamental understanding of thermomechanical phenomena 

at the interface between atomic and continuum regions. 

9.1.3 Coarse-grained Non-Equilibrium Simulations 

A coarse-grained non-equilibrium simulation (CG-NES) model has been proposed 

based on an atom-based continuum method for the multi-element crystal. The main 

objective of CG-NES model is to establish a nodal ensemble that provides a more 

efficient way to compute the thermal properties for non-equilibrium systems. In Chapter, 

a generalized Nosé-Hoover thermostat network is proposed for each finite element node 

to control temperature of the system. Several numerical examples have been carried out 

and demonstrated that CG-NES has the capability and efficiency to study the 

non-equilibrium system, including thermal-mechanical coupling phenomena and 

thermal-electromagnetic effects. 

9.2 RECOMMENDATIONS FOR FUTURE STUDIES 

9.2.1 Multiscale Modeling of Nanostructured Biomaterials 

The family of mineralized collagen-based materials presents a variety of structures 

such as bone that requires an understanding of the highly hierarchical structure-properties 

relationship from molecular to macroscopic. The difficulty in understanding the 

mechanism of fracture and the exceptional fracture toughness in bone lies in determining 

the relative importance of these nano/micro/meso structural hierarchies to crack initiation, 
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subsequent crack propagation and consequent unstable fracture, and in separating their 

effects on the critical fracture events. Thus, to better understand the exceptional 

properties of bone that distinguishes it from conventional composite materials by its 

multiscale hierarchical structure requires a multiscale simulation. 

9.2.2 Multiscale Non-equilibrium Simulations of Thermomechanical Coupling 

The non-equilibrium thermal-mechanical process at small scales, for instance 

nanoscale heat transfer, in which the length and/or time scales span from the molecular to 

the continuum, is a subject of increasing importance to energy conversion, biotechnology, 

microelectronics, biochemical detection, and material synthesis and failure analysis. The 

capacity to simulate thermal-mechanical couplings in non-equilibrium states at small 

scales is vital to the understanding of transport mechanisms of energy conversion and to 

the advancement of reliability of micro and nano-electronics. 

The concurrent multiscale simulations are suited to model physical phenomena 

operating across different scales and have become a popular research topic in recent years. 

However, most of the multiscale models in the Chapter 1 focus either on solving 

problems at zero temperature or on simulating equilibrium systems with uniform 

environmental temperatures. To the best of my knowledge, there are few multiscale 

simulations or formulations available for non-equilibrium systems. AFT is a complete 

and elegant field theory including the balance law of energy, thereby rendering it 

naturally suitable for dealing with the thermomechanical coupling phenomena. 
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APPENDIX A PROOF OF EQUATIONS IN AFT  

A.1 Proof of eq. (3-18) 

Recalling the definitions of these two stresses, then it is straightforward to show 
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A.2 Proof of eq. (3-27) 

Recalling the definitions of heat flux and stress, it is straightforward to show 
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A.3 Proof of eq. (3-35) 

Eq. (67) yields 
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The quantities ,  ,  A B Ccan be further developed as: 
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The balance law for linear momentum is then obtained as 
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A.4 Proof of eq. (3-37) 
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A.5 Proof of eq. (3-39) 
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Combining A, B, C, and D gives 
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A.6 Proof of eq. (3-42) 
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Now the law of conservation of energy becomes 
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A.7 Proof of eq. (3-46) 

Since one has 
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Using Lemma 2, one has 
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From Lemma 3, one has 
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Then we have 
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A.8 Proof of eq. (3-47) 
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Then we have 
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A.9 Proof of eq. (3-51) 
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Combining A and B, one has 
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A.10 Proof of eq. (3-53) 
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Combining A, B, and C gives 
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A.11 Identities of d -functions 
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A.12 Lemma 
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Lemma 2 
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Lemma 3 
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APPENDIX B LINEAR MOMENTA AND ANGULAR MOMENTA 

DUE TO NOSÉ-HOOVER THERMOSTAT  

Suppose we have a group of atoms N , not a whole specimen. We want to use 

Nosé-Hoover thermostat to control the temperature. The key point is that the linear and 

angular momenta associated with the Nosé-Hoover thermostat should be zero.  

Notice that now the linear and angular momenta are not zero. 

Linear momentum 
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m
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= ¹�P v  (B-1) 

Angular momentum 
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Here it is emphasized that the origin is the centroid of this group of atoms, i.e., 
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Now we change the velocity of every atom to i i+ Dv v where 

/ /i i I MD º ´ -v r H P   (B-7) 

It is straightforward to prove that 



 

195 

 

*

1 1

1

1 1

2

1

( )

{( ) / / }

( ) / { } /

{ ( )} /

0

N N
i i i i i i i

i i

N
i i i

i

N N
i i i i i

i i

N
i i i i

i

m m

m I M

m I m M

m H I

= =

=

= =

=

= ´ + D = + ´ D

= + ´ ´ -

= + ´ ´ + ´

= + - ×

=

� �

�

� �

�

H r v v H r v

H r r H P

H r r H P r

H r H r r

  (B-8) 

*

1 1

1

1

( )

{( ) / / }

/

0

N N
i i i i i

i i

N
i i

i

N
i i

i

m m

m I M

m I

= =

=

=

= + D = + D

= + ´ -

= ´

=

� �

�

�

P v v P v

P r H P

r H

 (B-9) 

 


