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ABSTRACT

Multiscale Modeling and Simulation for Nano/micro Materials

Continuum description and atomic description usetd two distinct methods in the
community of modeling and simulations. Science &eachnology have become so
advanced that our understanding of many physicahpimena involves the concepts of
both. So our goal now is to build a bridge to mat@ms and continua communicate with
each other.

Micromorphic theory (MMT) envisions a material body a continuous collection of
deformable patrticles; each possesses finite sideraer structure. It is considered as the
most successful top-down formulation of a two-les@htinuum model to bridge the gap
between the micro level and macro level. TherefdMT can be expected to unveil
many new classes of physical phenomena that fabrxk classical field theories. In this
work, the constitutive equations for generalizeccidimorphic thermoviscoelastic solid
and generalized Micromorphic fluid have been foreted.

To enlarge the domain of applicability of MMT, fromano, micro to macro, we take a
bottom-up approach to re-derive the generalizedmistac field theory (AFT)
comprehensively and completely and establish ttatioaship between AFT and MMT.
Finite element (FE) method is then implementeduisipe the numerical solutions of the
governing equations derived in AFT. When the finesish is used, i.e., the size of FE
mesh is equal to the lattice constant of the malteifie computational model becomes
identical to molecular dynamics simulation. Wheoaarse mesh is used, the resulting
model is a coarse-grained model, the majority efdlbgrees of freedom are eliminated
and the computational cost is largely reduced. Wihencoarse mesh and finest mesh
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exist concurrently, i.e., the finest mesh is usethe critical regions and the coarser mesh
is used in the far field, it leads naturally toancurrent atomistic/continuum model.
Atomic scale, coarse-grained scale and concurramistic/continuum simulations
have demonstrated the potential capability of ABTsimulate most grand challenging
problems in nano/micro physics, and shown that AB$ the advantages of both atomic
model and MMT. Therefore, AFT has accomplished mhission to bridge the gap

between continuum mechanics and atomic physics.
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CHAPTER 1 INTRODUCTION

Continuum approaches have dominated material magletisearch over the past few
decades. This approach to predict material defoomaand failure, by implicitly
averaging atomic scale dynamics and defect evaiuicer time and space, is valid only
for large systems. Therefore, lots of experimemtiaservations of material behavior,
especially at micro/nanoscale, cannot be explawddin the continuum mechanics
framework. On the other hand, molecular dynamic®)Mimulations have become a
powerful tool for elucidating complex mechanicalepbmena. But the length and time
scales that can be probed in MD are still fairlgited. Typical atomistic simulations are
still restricted to very small systems consistifighondreds billion atoms [1] or less and
time scales on the order of nanosecond. Thus, veranoscale structures and materials,
atomistic modeling would often be computationallphpbitive. Thepros and cons of
both continuum and atomistic models, along withcpcal needs arising from the
heterogeneous nature of engineering materials, magBvated the development of
various methods of multiscale modeling and simafeti that bridge the gap between

atomistic simulations and continuum modeling.

1.1 HIERARCHIES OF SPATIAL AND TEMPORAL SCALES

The material modeling and simulations can be divideto four characteristic
subregimes, largely defined by different length &nte scales. At each length and time
scale, well-established and efficient computatiamiroaches have been developed over
years to handle the relevant materials phenomgnas$2a recent successful example, we
noted that a multiscale hierarchical model was pesl for designing the large

1



components surrounding the plasma core of a fusmangy system [3], shown in Figure

1-1.

F 3 : 3 "—'
m Continuum
Mechanics
Statistical
—p echanics
8 ol Dislocation
8—4 % Dynamics
/) =
pwm ==
MD
Quantum
nm T Mechanics
(] 1
) 1 ol
s Ps ns s s s ks

Figure 1-1: lllustration of a multiscale hierarcilianodel for the design of radiation-resistant

materials for fusion energy structure

At the atomic scale (~ 10m and smaller), in which the electrons are thgests and
their guantum-mechanical state dictates the inieraamong the atoms. To treat electrons
explicitly and accurately at the atomic scale, mdthknown as quantum Monte Carlo
(QMC) [4] and quantum chemistry [5] can be emplgyetich are computationally too
demanding to handle more than a few hundreds oftreles. Methods based on
density-functional theory (DFT) and local densifgpeoximation (LDA) [6, 7] in its
various implementations, although less accuraten tMC or quantum chemistry
methods, can be readily applied to systems comigiseveral hundred atoms for static
properties. Dynamical simulations with DFT methads usually limited to timescales of a

few picoseconds. For material properties that @ambdeled reasonably well with a small



number of atoms (such as bulk crystal propertiepant defects), DFT approach can
provide sufficiently accurate results. Recent pesgrin linear scaling electronic structure
methods [8] has enabled DFT-based calculationsetd dith a few thousand atoms
(corresponding to size of a couple of nanometersa®ide) with adequate accuracy.
Finally, the semiclassical tight-binding approximat (TBA), although typically not as
accurate as DFT methods, can extend the reacmafations to a few nanometers in linear
size and a few nanoseconds in timescale for thardigs [9].

At the microscopic scale (~ £am), atoms are the players and their interacti@mshe
described by classical interatomic potentials teatapsulate the effects of bonding
between them. For material properties at the moopis scale, molecular dynamics (MD)
and Monte Carlo (MC) simulations are usually parfed employing classical interatomic
potentials (CIP), which can often be derived froRTxalculations [10, 11]. Although not
as accurate as the DFT and TBA methods, the cssimulations are able to provide
insight into atomic processes involving consideydaiger systems, reaching up to 210
atoms [12]. The timescale that MD simulations basedCIP can reach is up to a
microsecond.

At the mesoscopic scale (<16n), lattice defects such as dislocations, graimbaries,
and other microstructural elements are the playérsir interactions are usually derived
from phenomenological theories that encompass ffleete of interactions between the
atoms. At the mesoscopic scale, the atomic degrieigsedom are not explicitly treated,
and only larger-scale entities are modeled. Fomgi@, in what concerns the mechanical
behavior of solids, dislocations are the objectetdrest. In treating dislocations, recent

progress has been concentrated on the so-calléatatisn dynamics (DD) approach



[13-16], which has come to be regarded as one eithst important developments in
computational materials science and engineerintpenlast two decades [17]. Such DD
models deal with the kinetics of dislocations aad study systems a few tens of microns
in size and with a maximum strain ~0.5% for a strate of 10 setin bcc metals [18].

At the macroscopic scalel0” mand beyond), constitutive laws govern the behasfior
the physical system which is viewed as a continumedium. In the macroscale,
continuum fields such as density, velocity, tempereg displacement and stress fields, and
so forth are the players. The constitutive laws wseally formulated so that they can
capture the effects on materials properties fromic& defects and microstructural
elements. The developed continuum equations casolved by finite element (FE) and
finite difference techniques. For the macroscopates FE methods [19] are routinely used
to examine the large-scale properties of matedaissidered an elastic continuum [20].
For example, FE methods have been brought to begsroblems of strain-gradient
plasticity, such as geometrically necessary disiona [21]. Phenomena at each length
scale typically have a corresponding timescale, thatorrespondence to the four length
scales mentioned above, ranges roughly from ferotogks to picoseconds, to
nanoseconds, to milliseconds and beyond.

The mechanical deformation and failure of many eeefing materials are inherently
multiscale phenomena in that the observed macrosoogterial behavior is governed by
processes that occur on many different length scalee challenge is that the process of
various scales depends on each other. In the datbe @rack propagations, scales are
linked fairly intimately. The strength of bonds theeak at the crack tip depends on how

the surrounding material is deformed, and the ae&bion of the material depends in turn



on how the crack propagates and, in particularwbare and when the bonds break. At
larger scales, the propagation of the crack isedirivy relaxations of the long-range strain
fields. The strain energy is dissipated througlalodynamical processes at the crack tip
including heating, plastic deformations and emissaf elastic waves. Hence, any
successful multiscale model must faithfully reproeluhe intertwined nature of the

multiple length scales in the physical phenomenaetstudied.

1.2 OVERVIEW OF MULTISCALE MODELING METHODS

There is a vast of literatures surrounding multscaodeling methods, as summarized
in several recent reviews with varying purpose &kl of details [2, 3, 22-27].
Conceptually, two categories of multiscale simolasi can be envisioned, sequential and
concurrent. The sequential methodology attemptsigre together a hierarchy of
computational approaches in which large-scale nsodete the coarse-grained
representations with information obtained from there detailed, smaller-scale models.
This sequential modeling approach has proven efeat systems in which the different
scales are weakly coupled. The characteristic ef dhistems that are suited for a
sequential approach is that the large-scale vanatidecouple from the small-scale
physics, or the large scale variations appear hemegus and quasi-static from the
small-scale point of view. Sequential approachege haso been referred to as serial,
implicit, or message passing methods. The vast nihyajof multiscale simulations that
are actually in use are sequential. Examples oh spproaches abound in literature,
including almost all MD simulations whose undertyipotentials are derived from
electronic structure theory [28, 29], usually aibiancalculations [30, 31]. One frequently
mentioned example of sequential multiscale simoetiis the work of Clementi and
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Reddaway[32], who used quantum chemistry calculatim evaluate the interaction of
several water molecules; from this database, anremalppotential was parameterized for
use in MD simulations; MD simulations were thendis® evaluate the viscosity of water
from atomic autocorrelation functions; and finatlye computed viscosity was employed
in computational-fluid-dynamics calculations to g¢lice the tidal circulation in Buzzard’s
Bay of Massachusetts. Another example, Chen and [B8F and Zeng et al. [34]
developed a methodology to link atomic to microamnim theories through phonon
dispersion relations. Firstly the phonon dispersielations can be acquired from first
principles calculations, and then the material ftweht for micromorphic crystal solid
are obtained through fitting phonon dispersiontreftes. These material constants have
been applied to study the grain boundaries andefieet in polycrystalline silicon [35].

The second category of multiscale simulations &iesnf the so-called concurrent,
parallel, or explicit approaches. These approaeltesnpt to link methods appropriate at
each scale together in a combined model, whererdiit scales of the system are
considered concurrently and communicate with eatiero The challenge of the
concurrent approach lies in the formulation of anskess computational connection along
the interface between the different material regméstions; a successful multiscale model
seeks a smooth coupling between these differergrmbhtiescriptions.

Broadly speaking, a concurrent multiscale appraaahore general in scope than its
sequential counterpart because the concurrent agipiioes not rely on any assumptions
pertaining to a particular physical problem. Asamsequence, a successful concurrent
approach can be used to study many different pnadlé-or example, dislocation core

properties [36-38], phase transformations [39], aratk propagation [40, 41] could all



be modeled individually or collectively by the sam@ncurrent approach, as long as it
incorporates all the relevant features at each.l®&rebably the most appealing is that a
concurrent approach does not require a priori kedgé of the physical quantities or
processes of interest. Thus, concurrent approaieegarticularly useful when exploring

problems about which little is known at the atomigtvel and about their connection to

larger scales, and when discovering new phenomena.

1.2.1Defining a Concurrent Multiscale Model

oBA s ~  OB{

/ ~ - / ~ e
| Rv - ha / B¢ - e o
/ - S / Vi / =g
/ e \ / 4 \
’ ’ , 4 y ”
// / 4
/
/ anl 4 B, ’
\ v | \ Y A |
| | | S |
\ | \ ‘S I
\ 7 PA / \ 7 / nA /
— D — L

Figure 1-2: &) A general partitioned domain problen“ is modeled as continuum while all
atoms in B*are explicitly treated as discrete degrees of figedb) Some methods
require a finite interfacial regionB', where the atomistic and continuum features
must coexist.

A generic multiscale model is presented in Figur2. lin Figure 1-2a, we
schematically illustrate an idealized partitioninghere the body is unambiguously
divided into two regions. RegiorB* is treated atomistically, while regiom® is

modeled as a continuum. Most methods use a fidikenent method to treat the



continuum, we will therefore regard the continutegion as a discretized approximation

represented by a FE mesh. An interface betweertwiberegions is identified JB',
across which compatibility and equilibrium are enéml. However, the finite range of

interactions of the atoms typically requires a melaborate interfacial region with finite
width, B', as illustrated in Figure 1-2b. Boundary condigipim the form of prescribed
tractions on B, forces on1B* or displacement ofB, =YB* 9B are applied to

induce deformation.
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Figure 1-3: A generic interface in a coupled atdizisontinuum problem. The finite cutoff radius
of the atoms means that an atom like 1 cannot “sg¢e’the continuum, while atom 2
can. The model in (a) includes a handshake regwile the model in (b) does not.
Padding atoms are shown as open squares, handattake as black circeles and

regular atoms as white circles.

The key to any multiscale method lies in the waat ih handles the interface region
shown in Figure 1-2b. Most methods adopt one ofsth&tegies depicted in Figure 1-3.

On the left is perhaps the most generic interfadech in various limiting cases leads to

all the models discussed here. The interface re@on shown by the dashed lines, has



been further subdivided into two parts. We refethiese as the ‘handshake regioB;'

(filled circles) and the ‘padding region'B” (open squares). The size and nature of these
regions depend on the specifics of the multiscaldet) as discussed below.

The handshake region is neither fully atomistic fdly continuum. It is a region
where there is some degree of mixing between tled®scriptions of the material as we
explain later. The padding region is continuum @tune, however it is used to generate
atoms that provide the boundary conditions to ttema in B* and B". This is a
necessity born out of the non-local nature of atobunds, and therefore the thickness of

the padding depends on the range of the atomidgcactions,r_ . The motion of atoms

wut -
in B” is determined from the continuum displacement §ield the position of the
padding atoms, in different ways for different nogth. Several models use less general
versions of the interface in Figure 1-3a. The nomshmon variation is to eliminate the
handshake region, or more precisely, reduce it surdace of zero thickness. This is
illustrated in Figure 1-3b. For many models, th@asition of displacement compatibility
across the interface does not require a clear fmorelence between atoms and nodes at
the interface; as illustrated in Figure 1-3a thea®(vertices of the triangular elements)
need not coincide with atom positions. On the oth&nd, most models that do not
include a handshake region require a direct atodermorrespondence along the edge of
the FE region (the heavy jagged line in Figure L-3this provides a way to impose
displacement boundary conditions on the FEs, asdkes along this edge move in lock
step with the corresponding atoms. The cost ofighasrestriction on the FE mesh, which
must be refined down to the atomic scale on thdimonm side of the interface but

normally the mesh coarsens as it extends deegmethiatcontinuum region.



There are then four primary ways in which varioamaurrent multiscale methods

differ.

a. The governing formulationFor static methods, there are two fundamental
different approaches to find equilibrium. The fif&nergy-based” approach) is to
develop a well-defined energy functional for thelgem and rigorously minimize
this energy. The second (“force-based” approachjoidevelop a physically
motivated set of forces on all degrees of freedama, reach equilibrium by driving
these forces to zero. While the two seem as thdlgy might be equivalent, they
are not. Derivatives of the total energy in thergpdased approach lead to forces
on each degree of freedom which are necessarilgedewhen the energy is
minimized, however these are not the same as titedaised in the force-based
methods. The force-based methods have no well-etktiotal energy. Instead, they
start from a definition of the coupling in terms af physically motivated
prescription of the forces on unequilibrated at@mnsodes. The disadvantage of
the energy-based approach is that it is extremdfficult to eliminate the
non-physical side effects of the coupled energytional, dubbed ‘ghost forces’
in the literature [42]. On the other hand, forcedzh methods can be slow to
equilibrate, can converge to unstable equilibriuates (such as saddle points or
maxima), are non-conservative and can be numeyigaltable.

b. The coupling boundary condition§he coupling between the continuum and
atomistic regions requires compatibility conditianseach direction. This means

providing some prescription for finding the disgatents of atoms in the padding

region B, from the nodal displacement information Bf, as well as a way to
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determine the displacement boundary conditionghferFE nodes along the edge
of the mesh closest to the atomistic region. Coihpi&y can be imposed in a
“strong” or “weak” sense. “Strong compatibility” posed by the continuum on
the atoms implies that the padding atoms are canstl to move as though they
are ‘glued’ to the finite elements in which thegide. The main disadvantage with
strong compatibility is the added complexity in img&neration near the interface.
The mesh must usually be fully refined and conststath the underlying atomic
configuration. To avoid these additional requiretseeome methods employ what
we call “weak compatibility”, where displacement upolary conditions are
enforced only in some average sense, or with sgmpe of penalty method
approach.

. The handshake regioihe idea of the handshake region is to providgaaual
transition from the atomistic to the continuum mlodée handshake region is
treated very differently in different coupled maslel In some, the
atomistic-to-continuum (AtC) transition [43-47] &brupt as in Figure 1-2b, and
there is no handshake region, e.g., the quasicamin(QC) method [26, 27, 36,
42, 48-56], coupling of length scales (CLS) methd@, 41, 57-60], the finite
element atomistic (FEAt) method [61] and couplednastic and discrete
dislocations (CADD) method [37, 62-64]. In otheashandshake region exists as
in a, but the ways in which it blends the continuund @tomistic

descriptions can differ substantially.

. Treatment of the continuums we have mentionedB® is usually modeled with

FEs, but the details of the FE formulation and tbastitutive law adopted to
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describe the material response differ amongst #thoals. In some cases, a simple
small strain FE formulation is used with a linekaséic model of elastic constants
fitted to the properties of the atomistic model Bf'. In others, a finite strain
(non-linear) formulation is used together with @&uchy—Born rule (CBR) [65] to
describe the constitutive response in the non-tinmage.
In the following discussion, atoms in the true aistio region, atoms on the interface,
and pseudoatoms in the pad will be denoted by thescsipts “A”, “1”, and “P”

respectively.

1.2.2 The Finite Element Atomistic (FEAt) Method

The FEAt model is historically the earliest of timelltiscale models, and it is also the
model that attempts to address the problem of al/lman-local mismatch directly
through a non-local continuum formulation near gtemistic/continuum interface. The
transition region for the FEAt model is shown igliie 1-4, where the grey elements are
elements in the pad region. In the FEAt model, ghd atoms are directly tied to the
continuum elements which they overlap with the a&orRurther, the FE region is
resolved down to the atomic-scale in the pad regidrich extends to twice the cutoff

radius, R,,, of the interatomic potentials. In this way, th®ras in the pad directly
coincide with nodes in the FE mesh, and atoms énatomistic region have their full

complement of neighbours. Note that the pad mugRg thick because the underlying

atomistic model is of the embedded atomic modelNEtAype, and thus atomic forces
(derivatives of energy) depend on the electron-tierss an atom and at an atom’s

neighbor R, away, the latter of which depends on a neighboogghbour, up to

12



another R, away. The FEAt model does not make use of a unéieergy function for

the entire coupled problem, but rather effects toepling through the boundary

condition between the atomistic and continuum doshai
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Figure 1-4: The atomistic/continuum transition cegfor the FEAt method. Grey elements are
treated using non-local elasticity, while the whilements use a more conventional

non-linear elastic constitutive law.

The strain energy density in the elements, ancetosr the description of,, in the

FEAt model, is defined in two different ways. Odtsiof the pad region, non-linear

elasticity is used, so that
Wogo(X) =20C X001 () <1 709 € 69]: (X @)

where C" (a sixth-order tensor) is the next higher order uhosl in the Taylor series

expansion of the strain energy. The elastic modulC and C" are chosen to exactly

match the non-linear response of the underlyinghaiic model to second-order, which
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decreases the mismatch in material constitutiveatsaacross the transition region. Using

this definition of the strain energy density, tmegy of an element is then

Em = W anonlin(x) av (1_2)

In an effort to mitigate the effects of the shamnsition from a non-local atomistic
region to a local continuum, the FEAt model alsesua non-local continuum formulation
to describe the energetics of the elements in #terpgion. Thus, for pad elements (the

grey elements in Figure 1-4), the strain energ\siigis
W) = [C (X=X G (X (X)aV (1)

where the integral is over the volumé& of whole body (although practical

implementationsintroduce a finite cutoff distance), an@ is a material-dependent

non-local kernel. In theselements the energy is then

Epnonloc = Wmenloc(X) av (1_4)

The energy of the continuum region in FEAt modethen found by summing the

energy the local and non-local FEs

EC - E;Ohloc(rl T P) + E[r;’onlin (1_5)

FEAt —
mP imp

where the dependence d&f,, on the nodal degree of freedom is implicit. Thergy of

the atomistic region is found by the usual sum @tems, including the pad atoms, as

E?EAt = E(ar,fs) (1-6)

il AP
where the positions of the pad atoms provide thghbeur environment for all the atoms
in the sum.

Although the FEAt model was formulated based on E®&M atomistic law,

14



introducing the Stillinger-Weber (SW) law would natroduce any formal difficulties:

the EAM energetics would be replaced by the SWgatms and all elastic constants for

the continuum would have to be matched to thoseigied by the SW model.
Conceptually, the FEAt model is solved iterativalyfollows. The interface atomk

are used to provide a boundary condition for thenkdglel. Solution of the FE model for

fixed | atoms provides pad atom positions that are used as fixed boundary atoms

for updating the real atoms. It should be recoghitteat an overall minimization of the
forces in the problem can be carried out simultasgowithout a slow iterative approach
to equilibrium.

The FEAt model, in essence, automatically incluithesghost force corrections. The
use of a non-local FE should improve the errore@ated with gradients in deformation
across the interface, but this has not been tegathst the local FE, and the details of
how the non-local FE performs at the interface weoe discussed in the FEAt work.
Calculating the strain gradients near the interfaseg the atom positions treated as

nodes seems feasible but this was simply not mizae. c

1.2.3 Macroscopic Atomistic Ab initio Dynamics (MAAD)

Abraham, Broughton, Bernstein, and Kaxiras [57-383veloped a concurrent
multiscale modeling approach MAAD to simulate crgmopagation in silicon. This
multiscale methodology dynamically couples différéangth scales which ranges from
the atomic scale region at the crack tip, treatéd & quantum-mechanical tight-binding
(TB) approximation method to model bond breakimgptigh the microscale region near
the crack tip, treated via the classical MD methakl finally to the meso/macroscale

region away from the crack tip, treated via the rR&hod in the context of continuum
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elasticity. There are two more handshaking regi@fs/MD, MD/TB) exist in the

interfaces. The total Hamiltoniaitd,_. for the entire system can be written as

tot

Ho =Heeu W) +Hy {0 8) +HEG 1 1)
FHego (U U 1Y) +Hyord{r 1))

1-7)
which represents the energy contribution from défe regions and the interfaces
between them. The degrees of freedom of the Hammltoare atomic positions and

velocities r for the TB and MD regions and displacementsand their time rates of

changeu for the FE region. The Hamiltonian for the FE regaan be written as

m&um=§mwbkmtﬂMwy (1-8)

i=1
where N, is the total number of elements in the FE regibrandM are the stiffness
and mass matrices. The elastic coefficients canobgined from the harmonic
approximation of the interatomic potential. In tdase of finite (but constant) temperature,
these parameters are adjusted accordingly to bsistent with the atomistic system in

the MD region. The Hamiltonian for the MD region is

Namm

Huo((nr)) =2 mr2eUrs 54 6 ) (1-9)

i=1

where N is the total number of atoms in the MD regithis the total interatomic

atom

potential energy in the MD region. The Hamiltonfanthe TB region can be written as

Hrs({r.1}) =Nmen+ S VHEn) (1-10)

n=1 i<j

The sum is over all occupied stateld, ., up to the Fermi levelV "™ stands for repulsive

bece!?

interatomic pair potential. The eigenvalues, §, corresponding to the one electron state
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of a first principle Hartree-Fock or density furmetal calculation, are obtained from a
non-orthogonal one-electron Hamiltonian.

A key ingredient in this method is how to impleméhée handshaking algorithms
between the FE and MD regions and between the MDTd&hregions. To achieve the
FE/MD handshaking, FEs are refined all the wayhe atomistic level so that their
vertices coincide with the reference atomic posgi@t the interface. In this way, the
atomistic simulation is embedded in a large continwsolid. FE cells contribute fully to
the overall Hamiltonian (unit weight) when fullyside the FE region. Interactions
between the atoms on the MD side, which are reptedeby an interatomic potential,
carry full weight when fully inside the MD regiom the FE/MD handshaking region, the
Hamiltonian is computed from the FE and the MD sidth half weight for each. The
continuum region and the atomistic region are terived simultaneously in time. The
assignment of weights equal to unity within eacgioe and equal to one-half at the
interface is arbitrary and can be generalized byintroduction of a smooth step function.
At the MD/TB interface, on one side of the TB/MDQa@rface, the bonds to an atom are
derived from the TB Hamiltonian. On the other swmfethe interface, the bonds are
derived from the interatomic potential of the MDmsiation. The MD atoms of the
interface have a full complement of neighbors, udaig neighbors whose positions are
determined by the dynamics of atoms in the TB negithe TB code updates atomic
positions in lockstep with its FE and MD countetpaAfter the total Hamiltonian of the
system being computed, equations of motion fothalrelevant variables in the system
are obtained by taking appropriate derivativeshaf Hamiltonian. A general problem

associated with domain decomposition, as in the NDAgimulations, is the spurious
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reflection of elastic waves (phonons) at the donteiandaries because MD region will
generate phonons which are not represented inath@naum region and hence might be
reflected at the FE/MD interface [2]. For examglech effects have been observed in the
atomistic modeling of dislocation motion [66], ckagropagation [67-70], and
energetic-particle—solid collisions [71, 72], aflwhich involved some domain coupling
scheme. Broughton et al. [41] reported that subbctf may be mitigated by adding a
random and dissipative heat bath to the FE degkésedom or adding Nosé-Hoover
chain thermostats to the FE mesh and developingaese grained MD formulation for

the handshake region, such coarse graining carade to go beyond linear elasticity.

1.2.4The Quasicontinuum (QC) Method

The QC method, proposed by Tadmor, Ortiz, and iBRill36], is an example of a
bottom-up, concurrent multiscale method aiming ateamless link of atomistic with
continuum length scales. In a series of papers phagn problems for multiscale
modeling and simulation have been analyzed suchaasindentation, stress-induced
phase transformation, the simulation of crack-tgfodmation, nanovoid cavitation, and
grain boundaries.

The QC method is an energy-based method with nddteke regions, so the energy

functional of equation can be written as
Pe=pPA+p° (1-11)
where P* is the potential energy of the atomic region, aAd indicates that the

potential enetgy of the continuu®R © is approximated by a FE formulation.
In the QC literatures, any node or atom that iained in the model as part of the set

of degree of freedom is identified as a ‘repres@rgaatom’ or simply ‘repatom’. The
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terminology ‘non-local repatom’ and ‘local repatomre used to distinguish between
repatoms in the atomistic region where the atorimding is non-local and repatoms in
the continuum region where a local constitutivatieh is applied.

The idea is that QC scholars (QCs) seek to comgpgi@od approximation to the total

energy of the fully atomistic system, which is adtion of the positions of all the atoms

in the body, x*(a =1,2, ,N,). As usual QCs assume, without loss of generdlityt

they know some reference configuration of the atoid$ and then work in terms of

displacements,u® =x° - X? . The energy of the atomistic system is then

Na
Ptot= E(Ul,uz, ,UNA)‘ faxua

ext

a=1
NA NA
= Ef(uhu®, u™)- 2l (1-12)
a=1 a=1
NA NA
° E%(u)- fixu®
a=1 a=1

where E? is the potential energy of tha -th atom, andfZ, is the applied force acting
on the a -th atom. For a more concise notation, letrepresent the entire set of
displacements(u*,u?, ,u™).

To achieve the aim of reducing the number of degefreedom in the problem, they
constrain the motion of most of atoms to follow thetion of a handful representative
atoms. The density of representative atoms is obiedr by a criterion that measures, how
strong the deformation spatially vary. In someicaitregions of interest, where defects
nucleate and evolve, like dislocation cores, ctgzlamong others, all atoms are selected
as repatoms, while very few are selected in regtbat are more or less linear elastic.

They assume the displacement of soig repatoms,N, <<N,, are chosen as the
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DOF. The displacements of all other atoms can bHeedetermined from the displacement
of those node/repatoms throught interpolation.hils tvay, the potential energy of the

atoms becomes a function of only the node/repatspiatements vectotJ :

Na

eU)= E“ (L) (1-13)

a=1
where the dependence of the atom displacementsh@mnrgpatom displacements is
through the FE shape function. This has reduceduhngber of degrees of freedom in the
model, but has not significantly lowered the conapiohal burden associated with the
computing of the energy of the systems or the ®e the repatoms. At this stage, the

division of the body into the atomistic and continuregions become necessary, and the

energy Is rewritten as

eu)=  E'(u)+ E(uL) (1-14)

ai B ag°
QCs describe a systematic way to illustrate tha il treating all of the fully refined
region (see in Figure 1-2) aB" and the coarse region @&°. They then propose to
compute the first sum in the above equation exaatlywe would in a fully atomistic
model; the only difference from the exact resulines from the fact that the padding
atoms in neighboring regions are undergoing a caingtd deformation. For the second
sum, on the other hand, they replace by FEs andhes€auchy—Born rule. Thus for an
atom in B they assume that it is in a region of approxinyateliform deformation,

characterized byF, so that
E* » WW[F(X*)] (1-15)
where W, is the Wigner—Seitz volume of a single atom in téference configuration.

The second sum over atoms in eq. (1-14) can nomedaced by a sum ovelementsas

20



eu)=  E(uU)+ " WWFT (1-16)

al B? B E°
where n® is the number of atoms contained in the elemedt Bh is the deformation
gradient there.

In most works based on QC method, triangular firitements or tetrahedral finite
elements for continuum region is adopted in 2D DBrsémulation, thereby leading to a
locally-uniform deformation gradient in the conttm region. Linear interpolation
functions in triangular or tetrahedral FE requiralyoone single Gauss-point for
numerical quadrature. As a consequence, the apphcaf the CBR implies that in the
energy calculation the summation over the numbelattice sites boils down to the
number of finite elements.

The energy-based QC method leads to some non-physfi@cts in the transition
region known as “ghost force”, a phrase first cdiire[42]. Specially, taking derivatives
of the energy functional to obtain forces on at@nd FE nodes leads to so-called ghost
forces in the transition region. The origin of theghost forces lies precisely in the
assumption of locality in the continuum region dhd local/non-local mismatch in the
transition region.

Later, to correct the spurious interfacial forceghe original QC method, Knap and
Ortiz [49] and Eidel and Stukowski [48], have prepd a QC formulation QC-FNL that
is entirely ‘non-local’ in that the locality impiicin an FE calculation is eliminated. The
overall concept is to use FE ideas to kinematicatiystrain some atomic positions to
node positions but to determine forces from a falby-local atomistic description at all
times and in all regions of space. The Cauchy— Bola is thus abandoned and forces
are calculated from clusters of representative atoentred on atoms corresponding to
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FE nodes.
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Figure 1-5: The QC-FNL method. Atomic forces aré&cwalated only for atoms within a sphere
around a representative atom (green atom). Forlapgng clusters, as in (a), the
sampling atoms in the interaction are attributeth® nearest representative atom. A
seamless transition of a coarse-grained regionrégian of fully atomistic resolution

is illustrated in (b).

Figure 1-5 schematically illustrates the QC-FNL @agh. To define the degrees of
freedom in the problem, a set of nodes is chosem fthe underlying perfect lattice.
Around each of these nodes, a small cluster ofesgmtative atoms is constructed by
interpolating the displacements of the FE nodes dafbrming the perfect lattice
accordingly. Using an appropriate weighting schemaccount for the variable density
of nodal points throughout the model, the atomtelssare used to compute nodal forces,
which in turn are used to find the equilibrium agaofation of the nodal displacements.
Physically, the weighting scheme can be interpreteda way of accounting for the

atomic degrees of freedom that have been coarseom¢dby the FE mesh—the
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contribution of representative atom is multiplied by n , where n is the number of

atoms that are being represented by that particodentribution. In regions where
atomicscale detall is required, every atom is chaede a node, while in regions that are
adequately described by continuum mechanics, tpeesentative clusters are a tiny
fraction of the total number of atoms in the regibmthe fully refined limit, where every
atom is chosen as an FE node, the QC-FNL reducastlgxto the full atomistic
simulation dictated by the underlying interatomiotgntials. In this limit, there is
complete overlap of nearby clusters of atoms, &edcbunting procedure is designed to
account exactly for such overlap.

The QC-FNL method appears promising by virtue of amain advantage: it is truly
seamless. This is not strictly true of any of thieeo methods discussed here, although the
respective groups have worked hard to mitigateettfiects of the atomistic/continuum
transition. In the QC-FNL method, there is simpbytransition, and the only error that is
introduced is due to the reduction of degrees @dom in the regions that are sparsely
populated with representative atoms. Due to thasthe ability of the QC to adaptively
refine the mesh during a simulation, the QC-FNLhodtrepresents the closest thing to a
full coupling of atomistic to continuum. The mairsadvantage of the QC-FNL method
is the high computational cost in regions of slowlrying deformation gradient as
compared to a simple linear elastic constitutivev lar even the Cauchy-Born

approximation in the local QC.

1.2.5 The Concurrent Coupling of Length Scales (CLS) Médtod

The CLS method developed in a series of papers4#057-60] focused initially on

the problem of fracture in silicon. CLS is an enebgsed method like QC. Compared
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with the energy functional in eq. (1-16) for the @&thod, the energy of the CLS
method takes the form

e(u) = e, + Ne'emW(F‘?) W (1-17)

e=1
where e, is the energy contained in regio®”®, and the second sum is over all the

elements in the continuum region. For most elemetis weight W is simply the
volume of the element. The exceptions are elemaitsctly adjacent to the
atomistic/continuum interface, where the weightsraduced to avoid double counting.
There are small differences between QC and CLBdrreatment right at the interface.
In short, there is some ambiguity regarding theg@larg of energy near the interface. The
QC and CLS methods use slightly different methotisveighting the atomistic and

continuum contributions in efforts to avoid douldeunting of energy. The effect is
reflected in differences between the valuesusf for CLS and the analogous®W, in

eg. (1-16) for QC. These differences are relativeigor in that they lead to only slight
changes in the error and the rate of convergentieeahodels.

One unique and important feature of the CLS metlsodhat it incorporates the
coupling of not only a continuum to an atomistigiom described by interatomic
potentials, but also the embedding of a TB atomigtgion within the classical atomistic
region. The details of this ‘electronic to atomastoupling will not be discussed here. It
is sufficient to note, however, that at the inteefdbetween a fully quantum description
and an interatomic potential description, a tramsitregion exists and the issues in
defining such a transition region are nearly idmitito those in the fully classical

atomistic/continuum interface. One difference istthboth quantum mechanics and
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interatomic potentials are non-local but, sincernhg&ure of the non-locality is different,
‘ghost forces’ and other artifacts can again o@uhe interface. An additional subtlety
in the quantum problem is that the energy of thstesy cannot be partitioned on a
per-atom basis: the energy is a single quantity die@aends on all of the atoms included
in the calculation. CLS was also constructed agraahic, finite temperature method
wherein MD methods are used to drive the motiorbath atomic and FE degrees of

freedom.

1.2.6The Bridging Domain (BD) Method

One way to try to mitigate the ghost force effexttdo make the transition from
non-local atomistic to local continuum mechaniaslabrupt. Although somewhat ad hoc,
this can be achieved by the simple blending of ggnér the handshake region between
the two descriptions. The approach is related o gb-called Arlequin method [73],
which is a general approach to coupling differerddels based on a blended energy
functional. The BD method is perhaps the first agapion of the blending region within
an energy-based scheme [74-76], and is certaipesentative of such models. Briefly,
the energy of the BD model is defined as

poOl_pALp Cip H (1-18)
where P" is the energy of a handshake region.

Within BD method, the energy of the handshake meggoa partion-of-unity blending of
the atomistic and continuum energy description.hBtite continuum and atomistic

energies are used, but their contribution are welaccording to a functio@ that

varies linearly from 1 at the edges &" closest to B® to O at the edge closest B”.

Assuming no externally applied forces on this ragim simplify the notation, the energy
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of the handshake region is

P'=  [L-Q(XM)E™+ QX)WF(X)dV (1-19)

al B" B
In the limit where the thickness of the handshagian goes to zero and the size of
the finite elements at the interface approachesatbmic spacing, we recover, more or
less, the QC or CLS formulation. This is not prekisso, since the weights of the
atomistic and continuum energy contributions in @CS and BD would still be slightly
different right at the interface. However, thestetdences will not substantially change
the strength of the ghost forces that will occuthia interfacial region.
An important practical difference between the mdthdiscussed previously and the
BD method is the way in which compatibility is ingeml between the atomistic and

continuum regions. In the BD method, displacememistraints are introduced into the

handshake region to force the displacemaft for every atoma in B" to follow the

displacements dictated by the interpolated disptece field at the atoms reference
position, u(X?). This is done using Lagrange multipliers by introiehg the vector

Nnodes
h? ° u(X?)- u’= N'(X?)W'- u? (1-20)

1=1
which should be constrained to zero. This can Ieaed by redefining the handshake
region energy in eq. (1-19) to be

P "= [1' Q (xa )] E*+ Q (X Eent)V\’[F(x ien)] %

al B" 4

b b oh o
' 2

al B"

(1-21)

where P" indicates that the potential enetgy of the hankisheegion P" is
approximated by a finite element formulation;® ={/]/ 3/ 5} are Lagrange
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multipliers for the degree of freedom of atamand b, and b, are penalty functions

that can be chosen to optimize computational efficy. Note that thariginal BD paper
was presented as a dynamic method. As such, forcesoms and nodesme from the
differentiation of this energy functional and ind& effects due to the constrai@tm.
Since this term constitutes no more than a matheatdtrick’ without clear physical
significance, it is not cledmow to interpret the resulting dynamics near therface. In
the static case, on the otheand, this is a convenient tool for finding a coaisted
minimum energy configuration, atlie magnitude of the ghost forces can be examined.
The use of a finite handshake regi@as the effect of smearing out the ghost forces,
making the ghost force on a given atomrmyde smaller, but introduces ghost forces on

more atoms and nodes.

1.2.7The Bridging Scale (BS) Method

The groundwork for the BS method was laid firs{4i] and later in [78-84]. The BS
method is an energy-based method with no handgstegien (like QC and CLS), but the
BS method is conceptually very different from otheethods. This is because in the BS
method there are (in principle) no separate cootimand atomistic regions. Instead, the
BS method introduces the notion adarse-scalendfine-scaledisplacement fields that
existeverywheren the body.

As such, the picture is one where atoms exist tfitout the body with a displacement

u=ut+u ( (1-22)
where ut is the coarse-scale displacement amtlis the fine-scale. The former is stored

on a finite element mesh everywhere in the bodgifapping all of B* and B®). The

finescale displacements are assumed to exi®inas the manifestation of heat, but they
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are only explicitly tracked and stored insid&".
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Figure 1-6: The BS method interface region. Theneo handshake region and the finite elements

exist throughout the body in order to store thes®acale displacement field.

The coarse-scale displacement field is stored eritlite element grid, and is defined
as a least-squares fit to the underlying atomipldeements. In the atomistic region, this
fit is explicitly determined from the atoms, whiie the continuum region the inverse
thinking is applied: it is imagined that the unkad atoms are vibrating around
equilibrium positions that are known from the FEpdacements. In the zero-temperature
static limit, the fine-scale displacements are aesiito be zero everywhere iB®, so
the static BSM is similar to the QC or CLS approagth two additional features: the
partitioning of atomic displacements using eq. 2)-and a different compatibility
condition. This is a mix of weak and strong comipéity, which we can describe next by

referring to Figure 1-6.
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Compatibility is first imposed on the atomistic i@y by constraining the square
atoms in the padding region to follow the coarsalesaisplacements of the finite
elements using shape functions. Since it is assuthatl there is no fine-scale
displacement inB® at zero temperature, this completely determines fhositions. On
the other hand, compatibility of the continuum oggis imposed at all nodes lying inside
B”. Their displacements are constrained to follow ldwst-squares fit of the atomic
displacements in neighboring elements (iug). This fully constrains elements deep
inside B*, whose energy is not included in the model, antstrains some of the nodes
of elements straddlingd' . In this way, the BS method mixes elements of waa
strong compatibility: strong compatibility for theotion of the padding atoms and weak

compatibility for the enforcement of the FE boundeondition.

1.3 RESEARCH MOTIVATION

Inspired by the query “Is it possible to constraohtinuum theories that can predict
physical phenomena on the atomic, molecular, oors&ales?”, Eringen and Suhubi [85,
86] pioneered a “top down” approach named as marticuum theory almost half a
century ago. The fundamental departure of the rmartnuum theory from the classical
counterparts is that the former is a continuum rhéltEt encompasses microstructures
for the purpose of describing the microscopic motamd deformation. Micromorphic
theory (MMT) envisions a material body as a corgum collection of deformable
particles; each possesses finite size and innactste. It is considered as the most
successful top-down formulation of a two-level ¢oatm model, in which the
deformation is expressed as a sum of macroscopitnc@us deformation and internal

microscopic deformation of the inner structure. bagsumptions of a small deformation
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and slow motion, Micromorphic theory can be redut¢edMindlin’s Microstructure
Theory [87]. When the microstructure of the maleria considered as rigid,
Micromorphic Theory then reduces to the Micropdlaory [88]. Assuming a constant
microinertia, the Micropolar theory is identical e Cosserat theory [89]. Eliminating
the distinction of macromotion of the particle ahd micromotion of its inner structure,
it results in the couple stress theory that comsidbe effect of the gradient of the
rotational part of the deformation [90]. A full ghant of strain was considered in the
second gradient theory by Mindlin and Eshel [91haf the particle reduces to the mass
point, all of the generalized microcontinuum theergo back to the classical continuum
mechanics.

Motivated by the formulations of the well-estabksh Micromorphic theory and
microscopic many-body dynamics, a new atomistiddfitheory (AFT) has been
formulated in a series of paper by Chen and heodksy [92-95]. The newly formulated
theory views a crystalline material as a continucaBection of lattice points, while
embedded with each lattice point is a group of réitecand distinct atoms. This thus
further expands the application region of Micronfogtheory to the atomic scale. While
it retains most of the features of an atomic-lew@ny-body dynamics, AFT is able to

scale up in modeling and simulations of various maeacal systems and phenomena.

1.4 CHALLENGE

Due to the scales of deformation that are importantealistic problems, explicit
modeling of all of the atomic degrees of freedortl mever be feasible. Thus, one must
selectively remove most of these degrees of freetomake the problem tractable. The
vehicle for this reduction of degrees of freedomthe continuum. For crystalline
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materials, in continuum mechanics, the atomic pmsstcan be tracked via displacement
fields interpolated between a sparse set of nodiée characteristics of multiple,
disparate time and length scales in the mecharesplonse of nanostructure and systems
present a clear barrier to their computational modgeA general challenge in the broad
field of computational material science is to depeh modeling or simulation tool that
incorporates the vast temporal and spatial scales.difficulty then lies in the intimate
and accurate coupling of continuum and atomistigores so that the continuum region

behaves as if the entire model is atomistic.

1.50BJECTIVES

The goal of formulations of AFT is to simulate tinécroscopic materials with the only
constitutive law being the interactions between #tems. Through the numerical
implementations of AFT, the objectives of this wodke to be accomplished by
performing the following tasks: (1) Developmentafconcurrent atomistic-continuum
simulation tool for crystalline solids; (2) Demdragion of the seamlessness of the
atomic continuum coupling through wave propagaftimm the atomic region to the
continuum region; (3) Modeling and simulations oitical phenomena in crystalline
materials to gain fundamental understanding of rat®éehaviors involving multiple

length scales.
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CHAPTER 2 GENERALIZED MICROMORPHIC THEORY

Micromorphic theory (MMT) envisions a material body a continuous collection of
deformable particles; each possesses finite siderm®r structure. It is considered as the
most successful top-down formulation of a two-legehtinuum model, in which the
deformation is expressed as a sum of continuousrasempic deformation and
microscopic deformation of the inner structure. Thepose to go beyond the classical
continuum mechanics is to take into account theasteucture of the material body in
guestion while still keeping the advantages of icmmm theory intact. Therefore
Micromorphic theory can be expected to unveil maawy classes of physical phenomena
that fall beyond classical field theories. In théhapter, axiomatic approach is
demonstrated in the formulation of constitutive &tpns for generalized Micromorphic

thermoviscoelastic solid and generalized Micromarluid.
2.1 KINEMATICS

The development of Micromorphic theory was motidaby the query, “Is it possible
to construct continuum theories that can predigtsmal phenomena on the atomic,
molecular, or nano scales?” These would requir@lgupy additional degrees of freedom
to a material point, which has three degrees @&doen in classical field theory. After all,
the molecules that constitute the internal strectof the material points undergo
deformations and rotations arising from the disptaents and rotations of their
constituent atoms. A question arises: How can werreile the concept of the deformable
particle with the continuum hypothesis? Eringertlegtthis question by replacing the

deformable particle with a geometric point and seaetors attached to that point, which
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denote the orientations and intrinsic deformatiafisall the material points in the
deformable patrticle [85, 86, 96-114]. This is cotrida with the classical picture where a
material point in a continuum is endowed with phgkiproperties such as mass density,

displacement vector, electric field, stress tenstar,

X, A

X
1

1

|/

Figure 2-1: Macro- and micromotions of a matergaiticle

Geometrically, a deformable particlB is characterized by its centroiilocated at
X and vector relative to X of a generic point within the particle. As shown i
Figure 2-1, a generic point in the particle is es@nted by the vector sum o and
in the reference state at tinte=0. The material is called a Micromorphic continuum i

the deformation carryingP(X, ,t) to p(x, ,t) inthe deformed state at timean be
expressed as
X = %X, ) or x=x(X,t) (2-1)
X, = Cu (X, )X or = (X, t)X, (2-2)

where ¢, is called microdeformation tensor. It is seen thatmacromotion, eq. (2-1),
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accounts for the motion of the centroid of the ipbertwhile the micromotion, eq. (2-2),

specifies the deformation of the inner structureh® particle. Thus the particle has 9
independent degrees of freedom for both stretchesratations in addition to the 3

classical translational degrees of freedom of #roid. The micromotion stipulated by
eqg. (2-2) can be called affine motion, which defsrasphere into an ellipsoid as shown
in Figure 2-1. To secure the axiom of continuityhieh requires that the matter is
indestructible and impenetrable, the Jacobiansi®@fmacromotion and the micromotion

must be strictly positive, i.e

Jo olet(ﬂﬂ)’((k E detf P C
K

(2-3)

jo det(c, > O

Then there exist unique inverse motions

X, =X (x, 1) or X=X,t) (2-4)

X, = C(X,t)x, or  =C, (X,t)x, (2-5)
with

Ko X Zdor KKy =l 6)

CCu =0y, CulCu =0,

The microgyration tensor is defined as

W, ° CCu (2-7)
then it is straightforward to prove that

Co =Wy Ci (2-8)

X = WX (2-9)

Let r°(r) and DV(Dv) denote the mass density and the volume of themefde
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particle in the Lagrangian (Eulerian) state andplemed quantities refer to those of the

point in the particle. This leads to

r°’bv = r )WV ¢ rbv=r dv ¢
Dv Dv
(r°)exXdv &o, r ®¥dv =0
DV Dv
rel ov e . AKX dV ¢ r jDv° mrxxyldv

(2-10)

where I, and i, are the microinertia of the deformable particletire Lagrangian

state and Eulerian state, respectively.

2.1.1 Obijectivity

It is intuitively clear that the material propegido not depend on the coordinate frame

selected. The measurements made by an observeheritne is in motion or not, should

be the same. If this viewpoint is accepted, thenrteasurements made in one frame of

reference are sufficient to determine the matgniaperties in all other frames, which are

in rigid motion with respect to one another. In thamulation of the response functions,

it is desirable to employ quantities that are reppehdent on the motions of the observer.

Such quantities are called objective or matereinke-indifferent.

Definition 1:

Two motions x§(X, ,t)° x (X, x (X, ,t) and %KX, ,£)° % (X, i+ x (X, i)

are called objectively equivalent if and only if

)A(t@(x’ ’f):Qm(t))N’X: ’t)"'Q(t) t=t- a

(2-11)

where a is a constant time shifth (t) is a time-dependent translation, ay, (t) are

time dependent full orthogonal transformations, i.e

QuQn = Q Qy =% detQ, =1
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Definition 2:
Any tensorial quantity is said to be objective nf any two objectively equivalent

motions it obeys the following tensor transformatiaw for all times

A X D= Que®QDQunf)  Agee X, 4 D (2-13)

Since eq. (2-11) in general holds for arbitraXy and , it can be replaced by

% (X, 1) = Qu ()% (X, H+ 1 (Y
X (X, ,D)=Q,mx (X, 1)

(2-14)

If the micromotion is affine motion, then the sedogguation in eq. (2-14) can be
rewritten as

Cuc (X, 1) =Qu (e (X, 1) (2-15)

It is worthwhile to mention and can be easily viedfthat (1) position vector of the
centroid of a particlex and its material time derivatives of various ordecluding

velocityv and accelerationv , time t, velocity gradientNv and microgyration

tensor  are not objective; (2) relative position vector micromotion ¢,,, and

deformation gradientx , are objective.

2.1.2 Eringen Tensors
The generalized Lagrangian strain tensors of Miagrhic theory are defined as [105,
106]

dy. © Xk,KELk_ dKL
bKL © Cik Cr™ dKL (2'16)

Gam © G Cm

One may verify that the strain rates can be obthase

36



A =V - M )%k Cu® & %kCu
bKL = (Wkl + V"fk) ckK CIL © 2bl<| CkKCIL = bLK (2'17)

Gk = W m G CGXmm ° CumC i€ 1%
and a,,b,,q,, are objective.
There are three kinds of Eringen tensors; the dirder Eringen tensors ara))’ ° a,,

(l) (0] hd , and C(l) (0] C

kim Kim*

Eringen tensors of orden+1 are defined as

(n+1) (n) (1) )
akn+ o In + aﬂn \{k _ %n V’(J
™Y 0 i+ b(”)Wk+ Q(-n)W| (2-18)

(n+l) 0 A(N)
Ck c:klm C(]IkaI}_ C(k]m j| é(l] j,m

After lengthy but straightforward derivations on@yrprove that Eringen tensors of

any order are objective. One may also verify that

(n) d'a N
aKLO dtnL_at(<|))9<K Ll
(n) d"b N
KL © dtnKL =2 (I )CkK CIL (2'19)
"o, dg "
G d:LM = Clgln)w G CiXmm

are objective. It is noticed that Eringen tensdes/ gentral roles in the formulation of

constitutive equations of Micromorphic fluids.

2.2 BALANCE LAWS

Eringen and Suhubi [85, 86] and Eringen [96] datitke laws of conservation of
mass, conservation of microinertia, balance ofdimmomentum, balance of momentum
moments, and conservation of energy for Micromarpkheory by means of a
“microscopic space-averagingprocess. Later Eringen [105, 106] derived the bmdan

laws in a more elegant way by starting with thdofwlng expression for the kinetic
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energy per unit massk, of a particle
1 .
kZE(ViV*hV’ﬁ(“ﬂ) (2-20)

and, after the energy balance law is obtained,elyiring it to be form-invariant under
the generalized Galilean transformation to yield balance laws of linear momentum
and moment of momentum. The balance laws of Micmpimic theory, including the

Clausius-Duhem (CD) inequality, can be expressed as

r+rv., =0 (2-21)
di, . _

praal +i W (2-22)
ta ¥ 7t =ry (2-23)
Mynk * to = St 7 n=75 1 (2-24)
re= Ml imi+ WV wi)+ s Qi 7 (2-25)
- +hg )t M it LV W s 7. /¢ 0 (2-26)

where v is the velocity vector;t is the Cauchy stresss=9 is the microstressgis
the internal energy densityg is the heat flux;h is the heat source per unit mags;is
the entropy densityyg is the absolute temperaturg; ® e- Ag is the Helmholtz's free
energy density, and the spin inertia is defined as

Sim © 1 W+ W) (2-27)
the body force and the body moment are defined as

rfDv®° r¢dv ¢
Dv

) (2-28)
rlDve ENrf(IA dv

the moment stress, a third order tensor, is defased
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myDa ° _ {x da (2-29)
with da, being the differential surface area with outwacdnmal n, . It is noticed that
in Micromorphic theory the Cauchy stress is not syatric, i.e., t, * t, . If the size of
the particle is reduced to zero, i.¢.|® 0, then it leads toi= = =m =I =0. This

means eqgs. (2-21) and (2-23) remain unchanged2e?R) becomes a trivial statement,

i.e.,0=0; eqgs. (2-24), (2-25) and (2-26) are reduced to

ti =5 b= (2-30)
re=tv, - ¢+ h (2-31)
- (y"'hq )+ tkIVI,k_ a4 « /q3 0 (2-32)

Of course, under this limiting situation (size bktparticle is vanishing or, says, a
particle is regarded as a mathematical point), &rarphic theory is identical to
classical continuum theory.

In Lagrangian description, the balance laws cawitigen as [115]

rd=r° (2-33)
iy =l CcCL (2-34)
(M) +r°(f-v)=0 (2-35)
(Miwk CLCon) k T T XanC 0~ 2S0C € Lt ° (IS 1 O (2-36)
ree=MaGum * k@ * b - Qutr ot (2-37)
-y thg ) Mg kit k@ et Sl - Q1 kg 0 (2-38)

where the stresses and heat flux in Eulerian aggaraian descriptions are related as
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T © W X6+ 4= I xkCy (2-39)

1 _ _
SkL ° E J% CxCu + R™ 2 Jl §CkKC|L (2'40)
Mim © IMug KumCuCu + M= J* Mam %0 «€ 1 (2-41)
Q® I X+ 9= ITQ X (2-42)

2.3 CONSTITUTIVE EQUATIONS

The fundamental laws of Micromorphic theory consi$ta system of 20 partial

differential equations, and one inequality. Givee external loadsf,, I,, and h, there
are 67 unknownsr, v, iy, Wy, My, . t,, S, 0. & /# and g. Clearly then, the

system is highly indeterminate. Forty-seven indelean additional equations are needed
for the determination of motions and temperatuifea blicromorphic body. This is also
clear from the fact that the balance equationsvait& for all Micromorphic bodies
irrespective of their physical constitutions. Fardkes of different constitutions, the
response of the body to external stimuli is verffedent. Thus, we must bring the
constitutional nature of bodies into our formulatié-or a constitutive theory to represent
a material adequately, certain physical and mathiealaequirements must be satisfied.
Axiomatic approach to the formulation of constitiequations was evolved in the
course of the development of continuum mechanissorAs of causality, determinism,
equipresence, objectivity, material invarianceghborhood, memory, and admissibility
are accepted as guiding principles not only insstad continuum mechanics but also in
Micromorphic theory.

For the sake of discussion, in the following we goeng to show the formulation of
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constitutive equations for generalized Micromorpsodid and Micromorphic fluid.
2.3.1Generalized Micromorphic Solids

Now we are going to formulate the constitutive tiyedfor Micromorphic
thermo-visco-elastic-plastic (TVEP) solid. Firstadl, it is noticed that the formulation of
constitutive equations for plasticity is uniquetire sense that one needs to add a set of
internal variables to the list of dependent counstie variables and, of course, one needs
to supply a set of governing equations for the geadded internal variables. To begin

with, let the dependent constitutive variables beaded as

Z={T,S,M,Q,y ,h} (2-43)
and define

ue{, ., .qg (2-44)

vor, T e (2-45)

we{ P P PR} (2-46)

. (p)
where N,g°Tg/X; °d° /dt” isthe p-th order (p3 1) material time derivative

() ©)
of , similarly for and ; W is a set of internal variables, in which®, F, F

are the plastic strains corresponding to the gdéimeda Lagrangian strains ,

respectively, andR, named as the hardening parameters, is a gerestahiector of
internal variables.
Following the axiom of equipresence, at the outbet constitutive relations are

written as

Z=27(U,V,W X) (2-47)
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The dependency on the Lagrangian coordinatemplies that the material
inhomogeneity is taken into consideration. It isphiasized that the constitutive equation,
eq. (2-47), automatically satisfies the axiom ofecbvity because it is expressed in
Lagrangian forms. To separate the material behavido two distinct parts:
thermo-visco-elastic (TVE) part and TVEP part, alacvalued yield function is
introduced as

f=f(U,V,W,X) (2-48)

For a set of fixed values oW , a hyper surface, named yield surface, is detexthin
by the equation

f(U, V, W,X)=0 (2-49)

The yield function can be chosen in such a way tthafT VE region is corresponding

to f <0. The states off >0 are non-admissible and ruled out in plasticity5,1116].
We also define the loading rate as the scalar product between the outward normnal t

the yield surface and the tangent vector to thedtary in the {U, V} space, i.e.,

Xx° ﬂ><U +E X/
U

w
;q—f : +‘1"1—f ; +% +‘|1qu (2-50)
PG () g () i+ N
= " . BV A
=g q q [} ﬂqu

Three distinct cases, unloading, neutral loading, laading, are defined by (aj <O,
(b) f=x=0, and (c) f =0 and x>0, respectively. The internal variables of

plasticity, W, will remain unchanged in the cases of unloadimd) eutral loading.

Following the axiom of equipresence, the constiaitequations of the internal

42



variables are initiated as
W=x (U,V,W X) (2-51)
where

. 0O if f<O0 or x<0O
X = _ (2-52)
x if f=0 and x3 C

The Kuhn-Tucker conditions for general plasticifyMicromorphic continuum can
now be expressed as
f£0, x30 xf=¢( (2-53)

The CD inequality, eq. (2-38), now reads

op IV 4 Y o, 0
-r +hg + + =X =
Y7 g g ™M
p (i+1) (i+1) (+1)
+ﬂl; +M + [j/(i) : +,Vﬂ(i) : +yﬂ(i) I} (2-54)
1 1 =g q q

N o*ﬂy
+M  +T: +S: -0Qx lg-rx —x 30
Rg/q W

Since the CD inequality must be satisfied for atlependent thermomechanical

. (p+1)  (p+D) (p+1)
processes and the inequality, eq. (2-54), is limeag, N, g, , ,and , it leads

to

Ww_Yv ¥ A N _
g ‘.ﬂﬂxq‘ﬂ(m _‘ﬂ(p) _‘ﬂ(p) =0 (2-59)

o +h +M- +j/—- +'m— +
B A T T

p-1 (i+1) (i+1) (+1)
LS A5 S TV (2-56)

0N (ON @

A | 1
. N o, * ﬂy
+S: - Qx lq-rx —x 30
Naglq W
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Equation (2-55) implies

(- (P (P D

y{, .. e o gX (2-57)

One may decomposé, S, M, and/ into elastic parts and dissipative parts as

h=-%+hd(U,V,W,X) , T=r°11]%/—+le(J VWX)

q W (2-58)
s:r°ﬂl+sd(u V,W,X), M :r°ﬂ—+Md(J VW X)
Then the CD inequality becomes
74 -r% Yo (2-59)
w
where
zo{T9 s M¢ - r°ﬂl,- r °K,- roXo
! ! (2-60)
[0} ﬂy (0] 1]/ [0} j’ [0} )
e e ! TR Y oQl}

Since the inequality, eq. (2-59), must be satisfeedany value of the loading rate,
it results
ZN 30

LI (2-61)

Also, it is emphasized that a TVEP state should kaanother TVEP state, in other

words, the consistency condition of plasticity regs that f =0 and x>0 lead to

another state withf =0, which implies

W ﬂﬂv w (2-62)

=X +X —x 0
w
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This gives another constitutive constraint to thestcity

o,

=1 2-63
w (2-63)

These constitutive equations are reduced to thasthé simple Micromorphic TVEP

solid of order 1, i.e.,p=1.

Clearly one can see that

(p () (P ~
VO{V1 W}:{ l 1 ’ 1 gty l ’ squxqaw} (2-64)

and

Zdo{zd’_ /’Oﬂy}:{T?S? d _ roﬂy -r oj/ - r Qm .
w | (2-65)

[0} ﬂ [0} [0} (o] (0] )

-7 ﬂ(Jp/-l)’_r ﬂﬂ(lgl)’_r jg/pl)-’ rh® s Ql-,r _ITT;N}

are the thermodynamic forces and the correspondimgrmodynamic fluxes of
Micromorphic TVEP solid, respectively. If plastigits not taken into consideration, then

the constitutive equations are reduced to thosévlioromorphic TVE solid. If p (the

order of viscosity) is zero and@ is eliminated from the list of independent consiite
variables, then we end up with the following comsive equations for heat conducting

Micromorphic elastic solid

Y :y{ ) ,X} (2'66)

h:-ﬂl, T= r°M,S:r°y—, =r oA (2-67)
fig )l 1 1

QxRg £0 (2-68)

where eq. (2-67) are the generalized Gibbs equatmal eq. (2-68) means heat flows

from the high temperature area to the low tempegadtea.
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2.3.2 Generalized Micromorphic Fluids

Definition 3:
A body is called a Micromorphic fluid if every caopfration of the body leaving the
density and microinertia unchanged can be takethaseference configuration

If every configuration is to be taken as a refeesnonfiguration, then one can write

X=x and = with r andi unchanged. With this, we have
Xk =Ck ®dy X\ = C® dy s a7 GX® gy
O day o o~ e O b :
a, © Tr:ﬂz at£|)>§<,KCL|® qgl) ) bKLO dtnKL_ 2il)cch |L® zé|)
™, dg 0 - "
Gim ° ﬁ: Clgln)w Cax CL X m® dklr)n (2-69)
_ _1 _ 1
TKL - ‘]tkl XK,kcIL ® tkl ’ S<|__ E J% CKkCLI® E R
M =IMg XymCi€u® My Q= Jg X ® ¢

where 4|, is the shifter between the Lagrangian coordinatethe Eulerian coordinate.

Therefore for Micromorphic fluid, to begin with, éhindependent and dependent

constitutive variables can be expressed as
Y={r%ia®b®c®a®b?c?, . .a" b® c g gNqg (2-70)
Z={t,s,m,q.y 1} (2-71)
where N g°fg/x and a®, b, andc'® are the p -th order Eringen tensors.
Following the axiom of equipresence, at the outsetconstitutive relations are written as
Z=2Z(Y) (2-72)
It is noticed that, in the case of solid, the dejgty on the Lagrangian coordinak

indicating material inhomogeneity and, in the ca$dluid, X ® x according to the

definition, but the Eulerian coordinate is not objective — that is why is not in the
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list of independent variables. It is also notichdttthe p-th order strain rates become

p -th order Eringen tensors when the Micromorphiddsisl “melted” into Micromorphic
fluid.

The constitutive equation, eq. (2-43), because iéxpressed in Lagrangian forms,
automatically satisfies the axiom of objectivityo the constitutive equation, eq. (2-72),

is expressed in Eulerian forms, axiom of objecjivéquires that
Z(Y)=Z(Y) (2-73)
For example,

~ ~ ~ I
mjk{,- | a(l) b(l) C(l) a(2) b(2) C(2) ’a@) ’b(P) ’C(p) q q NC/ }

=Q,Qu Qu Ml 7 2, i a® b® c® a@ h® c@  a0) he) ) g o g (2-74)

s _ T _ T W
QEIF) QI Qm Qn n ’ N :F :ﬁﬁ _Q Xl\ (2'75)

Substituting eq. (2-71) into the CD inequality €8-26), it leads to

Iy v .¥ A
- r{=——q+hg + + + riv
{ 10 q ‘qu 19, q « i Kk

72 - P A0 3 Y
+ﬂi_kl(|krw/lr +|Ir Wr)+ [ﬂ ) " ﬂb(]) b(]) (2'76)

Rl SN R Bl

Since the CD inequality must be satisfied for altlependent thermomechanical

processes and eq. (2-76) is lineargn N g, a®, b, andc'?, it results

V.V Y A A
9 N9 ®B” HP P 2.77)
y =y {, -1’ i,a(l),b(l),C(l),a(Z),b(z) ,C(Z) ,---a.@_ 1) ’b@ 1) ,C(B 1) g }

n=- gt 10, h=-po 00, 5= pg g F) (2-78)
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-1
- rh g+ " [—ﬂy. e Y gy X :cV]
= ﬂa(J) ﬂb(J) ﬂc(l) (2_79)

+”L|m¢§3k+ tﬁ|e{<1|) + % kﬁ) - qq,k/qa 0

where
o._ M 0 _ 1]/ i j/_ _
p ot P r {ﬂ—l_anfZ 1. iy} (2-80)

If p=1, the simple Micromorphic fluid has the followingrtstitutive equations

yay{ g} (2-81)
_ W df,-1 : <
h=-—+h"(r", 1,a,b,c N
10 ( g9 Ng)

t,=-pd+t'(r i,ab,.c.g g Ng)

s =-pd- g+ §'(rt iab,.c,g gN,g. (2-82)
My = nﬂk(r_la i,a,b,c.qg g qu )

o =q(r* ia,b,c.g g,Ng)

- 1h %7"' My G+ tﬁlakl-'- il R- W,k/qs 0 (2-83)
These constitutive equations for simple Micromoceptid, eqgs. (2-81), (2-82) and

(2-83), have been obtained by Eringen [106].
2.4DISCUSSION

It is seen that Micromorphic theory shares the mgsdefeatures of lattice dynamics
and can describe the effects of both atomic stracand atomic motion. Hence it has
dramatically extended the continuum field theodesn towards microscopic length and
time scales and towards microscopic physics. Thereone concern in applying
Micromorphic theory to practical problem: it invels many material constants. How do
we measure those material constants? Chen and 116¢ proposed an algorithm to

determine the material constants for Micromorph&stc solids, such as single crystals,
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through the phonon dispersion relations obtained digmistic calculations or

experimental measurements. Later Zeng et al [3gnebed the algorithm to determine
material constants in nonlocal Micromorphic theofhe phonon dispersion relations
from atomistic calculations and/or experimental sugaments provide the means to
determine the material constants in Micromorpheawotly, which offers a great promise in
the applications of semiconductor physics, MEMSd arther microsystems. Beyond
what has been mentioned above, Micromorphic themrgluding its special cases
Microstretch theory and Micropolar theory, has bapplied to liquid crystals, theory of

turbulence, blood, anisotropic fluids, suspensiets,
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CHAPTER 3 ATOMISTIC FIELD THEORY

To enlarge the domain of applicability of Micrombrp theory (MMT), starting from
many-body dynamics and following the work of Chewl d.ee [95], we take a bottom-up
approach to re-derive the generalized atomistid tieeory (AFT) comprehensively and
completely and establish the relationship betwedfl 2and MMT. AFT views a
crystalline material as a continuous collectionlaifice points embedded within each
lattice point is a group of discrete and distinnas. In this work, atomistic definitions
and the corresponding field representations of d&amehtal physical quantities are
introduced. The balance laws and the constitutalations are obtained through the
atomistic formulation. AFT is identical to moleculdynamics at atomic scale and can be
reduced to classical continuum field theory at mascopic scale. The application of

Micromorphic theory and atomistic field theory isclssed.
3.1 ATOMISTIC DEFINITIONS OF PHYSICAL QUANTITIES

Following exactly the approach of solid state pbyso describe the structure of all
crystals in terms of a single periodic lattice, luth a group of atoms attached to each
lattice point or situated in each elementary palatliped [118] (cf. Figure 3-1), by
expressing the atomic positions as a sum of th&i@os of the lattice points and of the
atoms relative to the lattice points [119], Chend almer coworkers derived the
atomic-scale balance equations and constitutivatiogls directly from an atomistic
model. The result is a concurrent multiscale figldory spanning from atomic scale to

continuum scale.
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daa ' ®

Figure 3-1: Atomistic view of crystal structure

Microscopic dynamic quantities in classic -body dynamics are functions of

phase-space coordinaté€s,p), i.e., the positions and momenta of atoms. Eanplesi

crystal is treated as a multi-element (a unit ba more than one kind of atoms) system,

there results [92, 95]

r={R“=R“+D" |k =1,23,...N ;a =1,2,3,..N}

(3-1)
p={mV¥ =nf (v +D*)| k=1,2,3,..N ;a2 =1,2,3,...\}

where the superscripka refers to thea -th atom in thek-th unit cell; nf is the
mass of thea -th atom; R** and V*? are the position and velocity vector of the

-th atom, respectivelyR* are the position and velocity of the mass centeéhe k-th

unit cell, respectively:Dr*® and Dv*¢ are the atomic position and velocity of tlaeth

atom relative to the mass center of tketh unit cell, respectively;N, is the total

number of unit cells in the systeml, is the number of atoms in a unit cell.

a-th atom a-th atom

Figure 3-2: Relation between physical space andgbpace descriptions
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This paper now intends to employ a field descriptioat specifies both the positions
of the mass center of the unit cell and of the atelative to the mass center of the unit
cell, shown in Figure 3-2. Distinguishing from tls¢andard treatment in statistical
mechanics, in this papesk is employed to represent the continuous collestminattice
points, y® to represent the atomic position relative to thide point. Thus, the link
between the local density function in the physgmdce with a dynamic function in phase
space is established through a localization funcéind a Kronecker delta function that

define the mapping of the phase space into theigdlyspace

NN
a(x,y*,t) = o Alr (), pMIAR" - x) aDr -y 9) (3-2)
with
Vc/(Rk - x)dx=1 (3-3)

a

1 ifx=a andDr* =y

. (3-4)
0 otherwise

aDr -y®)° . dydDr®-yp

This density functiona(x, y“,t), in eq. (3-2), defines an atomic-scale local dgn#i
is a smooth and continuous function ¥ while discontinuous ina , a =1,2,3, N,.

Similarly we have the local density functido(x,t) on unit cell level

b= B(.p)IR" - X) (3-5)

k=1
3.1.1Mass Density

Mass density in phase space can be expresseda/:ﬁ;va . In the field

representation, it can be defined as
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Fi= (RN IO - y7) (3-6)

k=1 x=1

The mass density on the unit cell level is the hgemous quantity

N, N,
r= r?= nm(R"-x) (3-7)

a=1 k=1

N,
where m®° lemY.

3.1.2Linear Momentum Density

The linear momentum measures the flow of mass.Iddsa linear momentum density

can be expressed as

re(v+Dvt) - m(V + D P R" x)d (D" y?) (3-8)

k=1 x=1
By virtue of ;':lm“kaX =0, it is noticed that the linear momentum densityuoit

cell level is also a homogenous quantity, that is

rv= " re(v+De?) = Nam“vb' (R* -x) = ) wé R"-x) (3-9)

a=1 k=1x=1 k=1
where v =x, Dv* =y*, are the velocity of the mass center of a unit eeld the velocity

of the x-thatom relative to the center of the unit cell, respely.

3.1.3Angular Momentum Density

The local angular momentum density can be expressed
NN

rd A=r?(v+DA) (Xx+y )= | V¥ “R¥dR* x)aDr*- y*) (3-10)

k=1 x=1
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3.1.4Force Density

The interatomic force density acting on tle-th atom in our field theory can be

expressed as
NN
fo= F“d(R* - x)dDr *-y?) (3-11)

k=1 x=1

where F* =-qU™/R* is the force acting on ther-th atom in thek-th unit cell and

U™ is the interatomic potential.
The force density ¢ acting on thea -th atom due to external field is
NI Na
= Fad(R* - x)aDr * - y*) (3-12)

k=1 «x=1

where F¥ s the external force acting on the-th atom in thek-th unit cell.

ext

And the corresponding moment density for taeth atom is

N| Na
L2 = F R*+Dr *)aR “-x)adpr *-y )
1w (3-13)
= 47 x+ I
where
N N kx kx k k¢
1 = Foo DrdR*-x)dDr -y ) (3-14)

k=1 x=1
3.1.5Stress Density

The total momentum flux is decomposed as a homagepart, denoted as, which
is due to lattice motion and deformation and isaterl to continuum stress, and an
inhomogeneous part, denoted aswhich is due to the internal motion and deformati

and is the difference between the total flux of mroamm and the continuum definition of
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stress. They take the following forms:

t? :tim +tapot
N N, ..
- ITf(VkAVkXd(Rk' X)dorkx_ ya) (3'15)
k=1 x=1
1N N .
o= (R*- R'A F*B(k,x,1,/,x,y?)
2k,|=1x/7=1
4= iin + apOt
N N, .
= mDWAVYIR x)aDr - y?) (3-16)
k=1 x=1
1 N N, ..
.= Or-Dr MAF“B(kx, 1,AxYy*)
2k,l=1)(/7=1

where DV =D/* -Dv*; V¥ =V - (v+Dv*); and B(k,x, |,/7,x,y?)is defined as

B(k,x, 1,/,x,y* )= ;a’(R"/ +R'(L-/ } xy pr +Dr" @ yyo)d (317

With the identities ofd-functions, it is seen that the divergences of plgential

momentum fluxes are related to the interatomicdatensity by (cf. Appendix A)

NN

Note, +R, <, = FYaR" x)d( B y*) # (3-18)

x “‘pot pot
k=1 x=1

3.1.6Total Energy Density and Internal Energy Density

The total energy is the sum of kinetic and potérgrgergy. In continuum mechanics

the energy density is defined as the energy pemuass, i.e.,

FET= ART(V)E+ USRS )dr " -y?) (3-19)

k=1 x=1
The local density of internal energy, which is #tate function of thermodynamics, is
usually an average quantity. The instantaneous foeim be expressed as the sum of

thermal energy and potential energy
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rég = n [Lnf (V¥)? + U*(R*-X)d(Dr * -y?) (3-20)

k=1 x=1
Relation between the total energy density and ttiernal energy density can be

written as (cf. Appendix A)
rPE =r°é +¥ T (V+DF )’ (3-21)
Similarly we have total energy density and interaakrgy density on the unit cell

level, respectively

FE= [2n7 (V)% + U (R - X) (3-22)

k=1 a=1
N, N

re=  [Anf(V¥)2+U°K(R*-X) (3-23)

k=1 a=1

Therefore the relation between them can be wrdten

Na
rE=re+ ¥ *(v+Dr)? (3-24)

a=1
3.1.7Heat Flux

Heat flux measures the conductive flow of energy yrat time and area. It can be
derived from the flow of energy that also has kimand potential parts as with the flux

of momentum. Similarly with the decomposition of mentum flux, we have

qa = qiin +qapot
Nt K Ky 2 ke K Y
=- VO Im' (V) + U™ dR*- x)aDr *-y7) (3-25)

k=1 x=1
1 Ny N,

(R*- RV F*B(k,x,1,A,x,y7)
2k,I:lX/7:1
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ra _ia s a
J _J kin +J pot

N| Na

=- DV Im(V*)*+ UY dR"- x)dDr *-y?) (3-26)
k=1 x=1
1 N N

-= Or-Dr "W s “B(k,x,1,Ax,y %)
2k,|=1x/7=1

With the definition of potential parts of momentutaxes, it is straightforward to
prove that the divergences of potential heat fluxage the following characteristics (cf.

Appendix A)

Nx >{qzot +t7)ot év +\B)]+ y& [jgéot é';-aot(vx \ﬁ-p

1N N (3-27)
=3 (V¥ +V) EY IR x)a(D™ y )
k=1 xhp=1

3.1.8Temperature

The temperaturel  for the microscopidN-body system is an average quantity. It can
be simply expressed in terms of thermal energyhbyiristant velocity relative to the local

stream velocity as

T(X,ya,t)=<% | arrf(VkX)zd(Rk-x)dDr"*-ya)>
B k=1 «x=1 (3-28)

NGON,
—(BV (V2R - x)dOr - y*) ™ @ D7)
3k|3 k=1 x=1 3kB

where k; is Boltzmann constant, an®V is the volume that defines the density of

lattice points, i.e., the volume of a primitive tincell. Q°(Q) or generally

A° (A): 3 ODt At+t)d stands for the time-interval average of a genesalathic

function A. It is interesting to see from eq. (3-28) that thmperature is a measure of

the difference of kinetic energy at microscopiclecand that at macroscopic scale. It

57



accounts for the oscillation of atoms, and hendg tre time-averaged quantity makes

sense.
3.2TIME EVOLUTION OF PHYSICAL QUANTITIES

With the identities ofd function, the time evolution of physical quanttiasn AFT

can be expressed as:

Atomic level
a NN,
T VLU =7 7 A p)aR* -x)dor -y )
ﬂt nya k=1 x=1
~ NI Na e
-N % VEAA(F p)dR " -x)dOr *-y ?) (3-29)
k=1 x=1
~ NI Na e
N . x D/ AA(r p)dR " -x)dDr ¥ -y )
k=1 x=1
Unit cell level
N,
o, 1) _ B(r,p)dR" - x)
) |L S P

(3-30)

Rox . VEABE IR -x)
k=1
Among the mechanical variables, the mass densigat momentum density, angular
momentum density, and the energy density are ceedeproperties. Substituting the
microscopic expressions of the conserved mechanaé&bles into the above equations,

the local conservation laws in terms of instantaisemechanical variables can be easily

obtained on both atomic level and unit cell level.
3.3FORMULATION OF BALANCE LAWS

A thermodynamic theory of irreversible procesststavith a set of general balance

equations that govern the time evolution of thetesys As exact consequences of
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Newton’s laws, the time evolution laws of consergeantities have been obtained to be:
3.3.1Conservation of Mass

3.3.1.1 Atomic level

With definition of mass density eq. (3-6), lettireg=r?, A=n1, from eq. (3-29) we

have
a N Ny
e _ M (R - x)dDr* - y?)
k=1 x=1
5 NN,
N, x VKM dR* -x)dDr ¥ -y ?)
k=1 x=1 (3-31)
5 NN,
N . x D/mad(R* -x)a(Dr -y *)
k=1 x=1
=-N x(r?v) -Nya X D)
i.e.,
dr@ e 2 o
+r°N, w4 * N, x0 =0 (3-32)
dt y

: I : - d < ~
where the material derivative on atomic level ifire as a° %+ vxN, +D° xIN.

3.3.1.2 Unit cell level

With definition of mass density on the unit ceNéteq. (3-7), lettingb=r, B=m,

from eq. (3-30) we have

N, .
oRox mveaR® -x)=-R x(rv) (3-33)
Tt -
i.e.,
DIy iR w =0 (3-34)
Dt
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: N . . , D <
where the material derivative on the unit cell lasalefined asa ° %+ VXN,.

3.3.2Balance of Linear Momentum

3.3.2.1 Atomic level
With definition of linear momentum eq. (3-8), ledi a=r?(v+Dv), A=mV*
from eq. (3-29) we have

1‘[ N N, FkX+FkX -
v+ Dv)] = [—2 xNJ(MV) d R Y d D y9)
ﬂt k=1 x=1 r.nx
N N,
N x VK AmMV¥dR*-x)adDr “-y ?) (3-35)
k=1 x=1
- N Ny .
N, x D/ AmV¥a(R* -x)a(Dr * -y ?)

k=1 x=1

After lengthy but straightforward derivations, wavie
a d a N N
rr D) =g, 4 A, B4 (3-36)

3.3.2.2 Unit cell level

Letting b=rv, B=mV¥, from eq. (3-30) we have

N,
I0Y) - vea® - %)
it k=1
N
-Nox  VEAMVKIR“-x) (3-37)
k=1

:f+ +Nx )tkin _N< %/’V AI)
i.e.

Dv ~
r—=N_%_ f + 3-38
Dt x "~ kin ( )
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3.3.3Balance of Angular Momentum
With definition of angular momentum, eq. (3-10})tig a=r°(v+Dv?) " (x+Vy"),

A=mV* R¥ fromeg. (3-29) we have

1,2 a
ﬂt(f )
Np Ny
= MV VIR - x)aDr -y ?)
k=1 «x=1
Np Ny
+ (F*+FX)" R“d(R*- x)aDr*- y?) (3-39)
k=1 x=1
NN,
-N (V¥ +v) Am(V¥ +v +Dr") "R*(R*-x) gDr *-y 9}
k=1 «x=1
. NN
N (D +D) Am(V™ + +D*)" R“d(R*- x)aD r*- y?)}
k=1 «x=1

One finally gets

ddta = Nx )Etiin '(X +ya )] +Nya P(ak‘” (X -Fya)]

/.a

(3-40)
HR 0, +R 6 (x y)

pot

Notice that the time evolution of angular momentuwen also be expressed from its

field definition as

pod L dEDR) L ey GXY)
dt dt dt
= . VD) :;tD’ )« (x+ y2)+ 7« (vE D) (v DV) (3-41)

=N+ ) (x ¥7)

Therefore it is seen that the law of balance of &rgonomentum is automatically

satisfied.
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3.3.4Conservation of Energy
3.3.4.1 Atomic level

With definitions of energy density eq. (3-19), letta=r?E*, A=1ni (V¥ )y +U*,

from eq. (3-29) we have

1 apra —_ (Fkx FXt)
ﬂt (r E ) k=1 x=1 {[
+N| N, UkXd(Rk- X)d(Drkx_ ya)
k=1 )(:1NI . (3_42)
N VILm{(V*) 2 +UTdR*-¥) dDr ¥ -y 9}

k=1 x=1

xNJIFMV) R €RE X € D™ ]

R DATEMI(VE)2 +URTa(R - ) aDr - y )}

k=1 x=1

We have

%(raEa):Nx%qa £ 0 HD) frié ¥i(v +D)7
H,Aj* +7 0 +B) -B[FE (v +D)T (3-43)
+(v+Dv?) x4 +

where h? is heat source from external mechanical loadimyg, i

N, N

a

h? = V¥ xFXdR* x)d(D* -y?) (3-44)
k=1 x=1

Since we have
Tiree =T ea e dvipn) TRy +R ¢ W)
qt qt 2 Y

Hv+D) k N[¥ £V A +D)]

(3-45)
+Nya £ 2 -riDA Alv +DF)] +°}

Eq. (3-43) can be written as
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SR ) R ) 2R 1) R D) K (346)

3.3.4.2 Unit cell level

Na
Letting b=rE, B=  [U* +1 nf(V*)?], from eq. (3-30) we have

x=1

%UEF PR VMR X)
k=1 x=1
1N NN Lk
+> {{V¥xN.JU"T ¢R" 3 (3-47)

2k,|=1x/7=1m=1 g=1
. N, N,
N Ve [4m(VF) 2 +URTd R -x)}

k=1 x=1

Then it finally leads to

R P L L L LR EER W DU

3.4RELATIONS BETWEEN MMT AND AFT

To link the Micromorphic theory with atomistic fieltheory, we need to define two
more physical quantities on the unit cell level:

Microinertia density:
N N, .
ri= mDr AD“dR " x) (3-49)
k=1 a=1
Generalized spin density:
NI Na e
ro= m Dv'® ADr% R -x) (3-50)

k=1 a=1

By virtue of the unit cell level time evolution e3-30) and eq. (3-49), we have
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C D AD ) aR ¢ x)
k=1 a=1N| " (3_51)
N VKA (D AD ©)aR “ x)}

k=1 a=1

T, _
ﬁ(l’l)—

After doing derivations, one finally gets

/‘E:/‘ 4 T -Nxxm (3_52)
Dt
Nl Na . .
where mw VKAmDr“AD “dR “-x).
k=1 x=1

Similarly we also have

q NN, N
ﬁ(r )= (mDv® ADr®)d(R* -x)
k=1a=; ) (3'53)
N, x VK AmDv® ADr®dR * -x)
k=1 a=1
We finally get
D Na . - Na .. N, ~ .
v T+ r DVADY N x A A+ N, T, A) (354
a=1 a=1 a=1

For crystalline materials, the smallest structwralt is the primitive unit cell. In
Micromorphic theory, the inner structure of a mialleparticle is assumed to be a

continuum. This means the micromotion is closelgtesl to the microstructure. One thus

has

Dvi = ¥ xp*“ (3-55)
or

Dv? = %7 (3-56)

Substituting eq. (3-55) and eq. (3-56) into theabaé equations (3-34), (3-38), (3-48),
(3-52) and (3-54), and with the relation betweernssgs =s- t
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One has

Dr

Dry i w =0 (3-57)
Dt

PPV ot (3-58)
Dt
De & o i K4 Gh v e e e R i

ra-Nqu =t: NAv+m NA + :(s-t) +h+ Nya><J (3-59)

a=1

/‘E:/‘ 4 T -Nxxm (3_60)
Dt
D T T Moo o

/-E:- + xix’T +Nm H+ + ylﬁ\l(%ot yA) (3-61)

a=1

It is noticed that the conservation equation of sreasd the balance equation of linear

momentum in AFT that are identical to those in MMTthe unit cell level. It is seen that

there is an additional term - N, %" in eq. (3-59), N,>m in eq. (3-60), and

:il Nya { % AY?) in eq. (3-61), compared with the balance equatidhMIT.
Note that y? is the internal atomic position relative to thetitd; j° is the

inhomogeneous part of the heat flux at atomic scafg, is the inhomogeneous

potential part of momentum flux at atomic scaleu3hthese additional higher order
terms are caused by the atomic scale inhomogengais Neglect these higher order

terms, one can finally arrive at the Micromorptieary.
3.5COMPARISON BETWEEN DIFFERENT THEORIES

A comparison of the viewpoint on crystalline materiditom classical continuum

mechanics (CM), MMT, AFT, and molecular dynamics (M@ summarized in Figure
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3-3. As is shown in Figure 3-1 and Figure 3-2, thmmastic view of a crystal is as a
periodic arrangement of local atomic units. Fortirelement systems, the space lattice is
macroscopically homogeneous, whereas embedded n ladice point is a group of

discrete and distinct atoms, the smallest structur of the crystal.

Atomic structural Lattice Internal Avplication
unit Deformation deformation PP
C|a$5ical 3 Continuous Macroscopic
Continuum Mass point
None homogeneous
Theory
° problems
. . Afinite size Continuous Continuous
Micromorphic continuum .
Micro to
Theory '
macro scales
o Discrete Continuous Discrete .
Atomistic Pl 77 A e Atomic to
Field Theory 0 meso scales
Molecular , Discrete ~ _I?ivsfz_r?tF_ .
Dynamic S Atomic to
R micron scales

Figure 3-3: Comparison of CM, MMT, AFT, and MD

CM views a crystal as a homogeneous and continuadium, in which the basic
structural unit of the crystal has no inner struetand is idealized as a point mass, and
the internal deformation is ignored. Its applicatis thus limited to homogeneous or
macroscopic problem. In the well-established MMTe timaterial is envisioned as a
continuous collection of deformable particles; eaudrticle has finite size and nine
internal degrees of freedom describing the strestcaed rotations of the particle.
Compared with CM, MMT extends the application regioh continuum theory to
microscopic time and length scales. However, themaggan of a continuous structure

and continuous deformation of the material parsichaakes it difficult to describe
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atomic-scale heterogeneity.

AFT views a crystalline material as a continuousemibn of lattice points, whereas
embedded with each lattice point is a group of étsciand distinct atoms. This, thus,
further expands the application region of MMT toraic scale. From the viewpoint that
it stems fromN-interacting particles and explicitly describesnaito motion, AFT follows
the same concepts and principles of molecular dyegrbut it is computationally more
efficient than a model based on the mechanics dicfes. From the viewpoint of field
quantities and concern with local density functioA&T is similar to MMT, but the
structural unit is a group of discrete and distiasttms, instead of a continuous media in
the Micromorphic theory. We expect that AFT has #uvantages both of an atomic
model and of MMT, and will be useful in tackling gch challenging problems in

nano/micro physics.
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CHAPTER 4 NUMERICAL METHODOLOGY OF ATOMISTIC

FIELD THEORY

4.1 GOVERNING EQUATIONS

Recall the governing equations of atomistic fiddddry (AFT)

A% | R, war @ R, %8 =0 (4-1)
dt y

ra%(vﬂma):&f +N® F (4-2)
ta+ a :(ta + a)T (4_3)
L de o an P .
rE+NX>(q)+Nya>€j)=t N +07) £ 0 Ny +D) H (4-4)

It is worthwhile to note that, with the atomistic dwfiions of interatomic force density

and the potential parts of the atomic stressesharsg95]

N, %2 +@a & (4-5)

X pot pot
For a single-element atomic system, Cheung andip] and Haile [121] gave the
following definitions for kinetic stressef, and temperatureT :

I myy/DV, 3Nk T= ’ v, v (4-6)

=1 |
where DV is the volume that theN atoms occupy;Vv' is the difference velocity of the

i -th component between instantaneous velocity ofltite atom and average velocity of
the N atoms. In consistent with Cheung and Yip and Haibe, multi-element atomic

system, we have
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VA (v+Dv?)

t‘Iilin = DV
f, = MR ANEDY) @)
DV

KT =nf(v+DA)%v +1)

It is seen thatt? + ¢ =-nf (v+DV')A (v+DV')/DV is symmetric; but neither

a

ty, nor . is symmetric. At temperature higher than Debye teatpee and within

harmonic approximation, all modes have the samaggn#&22]. This implies

N,
(N, - Dnmvxv = nf D7 x{F (4-8)

a=l

where m= :ilnf" is the total mass of a unit cell. Equation (4-if)plies

4 1%k . _ @7 H)kd

Gwm =" =70y ij in) ~ 7 4-9
1 in) DV (x, 1) j (in) DV (X, 1) (4-9)

where /% = ma/m. Definition of temperature at nanoscale is stilledbating issue. Here,
we follow the classical way to define temperature aseasure of thermal energy over a

finite duration and over a unit cell. Thus, we haVé=T(x,t) and Nya x . =0. Now

the governing equation, eq. (4-2), can be rewrign

1k NT(x, 1) .
a,a 1) =- B +f@ )+ a )t 4-10
reut (x,t) DV(x.D (X, t)Hj “ (x.t) (4-10)
where u® (x,t) =v+Dv*, u? (X,t) :%.

The smallest allowable physical volume in AFT ie trolume of a unit cell. The mass

density of the a -th atom atx is thus

m?

rxn = DV (x,1)

(4-11)
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where m? is the mass of thea -th atom. Using the atomic mass® as a material
constant and considering that the volume of thet weil DV varies during the
deformation, the conservation law of mass will beoenatically satisfied. Eq. (4-11) can
thus replace the traditional conservation law ofssnaFor systems with a given
temperature field, then the relevant governing &qoa are just the balance law for linear

momentum, i.e.,
mu® (x, t) =F (x,t) +F* (X, t) HF* (X,t) (4-12)
where F?(x,t) is the interatomic forceF*(x,t) is the force due to temperature;

IF°(x,t) is the force due to external fields.

4.2 GENERAL COMPUTATIONAL MODEL OF AFT

We consider that the specimen is a multi-grain neteystem made of two regions,
continuum region and atomic region, as shown irufeg-1. In the continuum region,
there are several different kinds of multi-elemesihgle crystal (grain). Each
multi-element single crystal is divided into idexati parallelepipeds — unit cells. Each
unit cell is made of a specified number of discratel distinct atoms. We also see
irregular finite element (FE) meshes (here 2D mesaee used for the purpose of
illustration), in which each node is a unit celd @mphasize it graphically, the atoms in
the nodes are shown in color; different color repras different kind of atoms. In the
atomic region, there are many different and distadoms as indicated by different colors.
The continuum region and the atomic region are usednodel the material in its

crystalline phase and amorphous phase, respectively
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Figure 4-1: Schematic diagram of multi-grain matkesystem including crystal lattices, finite

element meshes and nodes, and randomly distriloligddct atoms

It is noticed that this material system is more eggah than a multi-grain material
system, in which all multi-element single crystate the same in material but different in
size and orientations; also more general than mat®sdevices, which are usually
constructed as a layered structure without discagiens between layers. In Figure 4-2,
we see three circles around one atom and two nofdéi$ferent grains. The shaded area
indicates aCutoffregion within which all the atomistic interactionave to be counted. It
is seen that the atoms in one grain may have atienm$eraction with atoms in another

grains as well as in the atomic region.
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SR RO

Figure 4-2: Schematic diagram of multi-grain mateystem showing three representative

Cutoffregions

For the purpose of demonstration, here we con@deraterial system made of one

kind of multi-element single crystal. There are tregions: continuum regionN, unit
cells) and atomic regionN atoms), as shown in Figure 4-3. Each unit cell MNs

atoms. For systems with a given temperature fithld,governing equation in these two

regions can be expressed as:
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Continuum region Atomic region

a unit cell a node; which is a unit cell

Figure 4-3: Schematic picture of AFT model withdedistributions

Continuum region [a@ =1,2,3, N,]

mu?® (X, t) = FL (X, t) + FL (X, 1) +F% (X, 1) (4-13)
where FZ(x,t)is the interatomic force;Fg(x,t) is the interatomic force due to
temperature;FZ (X,t)is the force due to external fields.

Atomic region [ 6=1,2,3,...N]

m’u® () =F7 (1) +F 2 (t) (4-14)
where F.(t) and F/(t) are the interatomic force and external force actingitomb,

respectively. It is noticed that, in molecular dynies (MD) simulation, temperature is
not an independent variable; hence it doesn't apipehe governing equations; instead it
is calculated as
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3Nk T = m(u' - ux@U' -u) (4-15)
i=1
where u is the mass-weighted velocity of a group bf atoms.
The existence of superscrig in eq. (4-13) implies that the atomic informatiisn
naturally built in AFT, thereby eliminating the mstch of phonon descriptions in
atomic and continuum regions. Therefore AFT is rehdy suitable for multi-element

crystals, which is quite different from the classicontinuum field theory and many

other multiscale theories.

For material systems that involve pair atomic iat¢ions, defineF”[u*,u”] as the

interatomic force acting on an atom whose type @ogition are indicated by and u*,
respectively:

1 UX/? UX/7 1 N N
2 ﬂﬂu* ] ﬂ'ﬂu” = 5F =Y (4-16)

FXh[UX, uh] =

where U is the interatomic potential between theth atom and the7-th atom.
The force F2(x,t) in continuum region andF.(t) in atomic region can be

expressed respectively as [123, 124]

a — 1 Mo abr, a b
Fe (X't)_W(XQt)—DV(XQ:t) b:lF [u? (x,1),u” (x¢t)]JdWx &)
N (4-17)
+  F7[u?(x,1),u’ ()]
by — 1 M a5 a N by b )
FL (1) —W(XYt) DV (x.0) ale [u?(t), u® (x,t)]dW(x, t) +a=1F [u” (1), 7 (D)] (4-18)

where W(x¢t) and W(x,t) is the domain associated with the material poifitand x,

respectively, andDV (x¢t) and DV(x,t)is the volume of the unit cell located af
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and x, respectively. It is noticed that, in egs. (4-1f)d (4-18), full-blown nonlocality
and atom-based constitutive relation are natunabted in the force calculation. Egs.
(4-13) and (4-14) are invoked to solve for the atondisplacement field, and

consequently, atomic-scale properties.

4. 3FINITE ELEMENT IMPLEMENTATION

In order to solve the above-mentioned material esysefficiently and accurately,
following the works of Knap and Ortiz [49] and Eldand Stukowski [48], we adopt two
approximations. The first one is a kinematic caaistraiming at the reduction of degrees
of freedom by virtue of shape functions in FE methdhe second one regards to the
calculation of nodal forces in clusters with a spped summation rules. This cluster
summation rules are taken as a compromise betwaenencal accuracy and
computational efficiency.

The reduction of degrees of freedom is accomplighedirtue of kinematic constrains.
i.e., the utilization of the shape functions in FEethod. Some judiciously selected lattice
cells, called FE nodes, retain their independengreks of freedom. The nodal
displacements together with shape functions arel®mg to determine a displacement
field, in other words, all other lattice cells dogced to follow the motion of the nodes —
this is what we called “kinematic constraint”, whiis the practice in every FE analysis.
The most general requirements to the discretizarerfirst, to reduce the number of FE
node, and second, to ensure high density of FE snageto fully atomic resolution in
critical regions, where defects nucleate and evolike dislocation cores, crack tips.
When coarse mesh is used, the majority of the @sgoé freedom can be eliminated,

hence, the computational cost can be reduced. Wigefinest mesh is used, every lattice
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site is a finite element node, and the model besanentical to the full-blown molecular
dynamics (MD) model. The compromise is a tradebeffween efficiency and accuracy.

The density of FE nodes is controlled by a criteribhat measures how strong the

deformation varies spatially. The continuous disptaent filed u®(x) is approximated

through interpolation with its nodal valugd? as
Ny
u)= F (U (4-19)
=1
where F | (x) is the shape functionN, is the number of nodes in each element.

The finite element shape functions exhibit the prtps

F,(k)=1 (4-20)

I
According to eq. (4-20) shape functions follow thée, called a partition of unity over
the whole specimen, which ensures the exact remiasmn of constant fields.

Following the standard procedure of the Galerkirthod, the weak form of egs. (4-13)
and (4-14) can be written as

1 N, R o . N - _ -
WDV(X_)azl {mfu® - F c F& add av+ b:f A - B 4x df 0 (4-21)

After lengthy but straightforward derivations, filyave have

Continuum region

LmaFJF Ul @V (x)
wDV (x)
1 N, 1 b . . , -
VO e e V) T UE GOV GG (4-22)
_1 — a b i 1 . B
_WDV(X)F ’ FTF U7, u” [V () Wm(ﬁgr F M (X= O
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Atomic region
mbu? =F+ *© (4-23)

Then the matrix form of eq. (4-22) can be obtaiasd

M, UF =FS 45+ 2
where
M = —maF F oV (x 4-25
1 Na 1 b b
2= _ 1 ¢ —FP[F U] F (X)Ug ]V (x§dV(X)
C DV e g VO T (@-26)
N
1 E R Ut ulav(x)
wDV(X) 7
1
F? = |:a|: ;dW(x 4-21
1
a = —— 2F .dW(X 4-28
’ W(x) DV(X) o () ( )

All integrals in eqgs. (4-25), (4-26), (4-27) and-Z8) are normally carried out by
numerical quadrature. In Figure 4-3, it is seen #naund each node (an open circle), say

the k-th node, there is a cluster (a shaded area), ngmedFrom now on, force

calculation is no longer performed at all unit setl the entire system but in all clusters.

A representative unit cell (a black solid squares) the one within one of

v, ={: ‘Xl - X,p‘E R } . Notice that there is no overlapping of clustels. is the

position of the | -th unit cell and R is the radius of the cluster, centered at thel |

-th node. We postulate that the cluster summatitenreads:
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. 1 Na 1

0 e VOO

: ——F
DV (x)

W(x)

PR = " F*[F ,U?,u’1dV(x)

SOV s !

" - (4-29)
» W FJ(Xj)Fab[FI(Xj)UIaFK(Xk)Ui]

[
Ip=1 le,p k1l =1

FP[F ,(x)U? F . (X)Ug 18V (x§ANV(X)

Np N
oW Fy (x)F™IF | (x;)U7,u’]

1,=1 pjTy,p F1
where w;  is the weight of thel  -th cluster; N, is the number of all nodesy; is

the position of the j -th unit cell. When the clusters shrink to the f¢he rep-cells, i.e.
y,, ={Jg, it holds F(x, )= a{Jp, and the cluster summation rule boils down to a

node-based summation rule

NN N
F2 »w, F[U%,F  (x U]+ w, F[U, (] (4-30)

k=1 b=1 b=1

In this case the weighting factor i, , which is the number of unit cells represented by
the J-th node, thusw, = 'j\":lFJ(xj). On the other extremew, =1, implies all pairs

of interatomic forces are calculated. In all cases w,_ =N holds.
3

Figure 4-3 shows the numerical procedures to calleuthe interatomic force between
any two atoms. The force between any two atombenatomic region is treated exactly
the same way as in MD simulatiaim. the continuum region the force between any two
atoms in the same or different unit cells shoulddistributed to all the nodes of the
elements, in which the two unit cells reside. Faaraple, there is a unit cell located

within cluster y,, with weighting factorw, and there is another generic unit célj

{fka-? §!" %11 represents a pair of interatomic forces actinghan ka -th atom and the
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| b-th atom, f**""» =-f'**: through shape functiorF ,=F ,(x,), force w,Ff*“ "

is distributed to thea -th atom of nodel ; similarly, w,F f* ", w,F f“", and
w,F , f“" are distributed to thea -th atom of nodesJ, K,and L; in the same way,
wyF,f'o% ) wF  f77% wyF 77 and w,F, f'“* are distributed to theb -th
atom of nodesJ, K, G,and H . Let {f™" " ™} represent a pair of interatomic forces

acting on thema -th atom in the continuum region and tieth atom in the atomic

region.
4.4 CONCLUSTIONS

In this section we propose a general computationatlel of AFT: a multi-grain
material system comprised of two regions, continuegion and atomic region. In the
continuum region, there are several different kioflswulti-element single crystal (grain).
The unit cell of each multi-element single crystlmade of a specified nhumber of
discrete and distinct atoms. In the atomic regitere are many different and distinct
atoms. The continuum region and the atomic regreruaed to model the material in its
crystalline phase and amorphous phase, respectively

To solve the aforementioned material system efiityeand accurately, we adopt two
approximations. The first is a kinematic constramhing at the reduction of degrees of
freedom by virtue of shape functions in FE methbue second concerns the calculation
of nodal forces in clusters with a specified sumamtules. These cluster summation
rules are taken as a compromise between numermalracy and computational
efficiency. The density of FE nodes is controllgdabcriterion that measures how greatly

the deformation varies spatially.
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CHAPTER 5 ATOMIC SCALE SIMULATIONS

5.1 INTERATOMIC POTENTIALS

To study nanostructures composed of several huntireseveral billion atoms or
molecules, the most computationally efficient apgiois the use of phenomenological
interatomic potential. This is because the existingntum mechanical techniques are
able to deal with at most a few hundred atoms. Blde dynamics (MD) simulation
extends first-principles studies and offers thematelevel information with temperature
effects [125-128], especially showing the advargage theoretical study of defects and
solid solutions. The phenomenological potentiale asbtained by selecting a
mathematical function and fitting its unknown paeders to various experimentally
determined properties of the systems, such asdattonstant, energies, forces, stresses,
phonons, dielectric constants and so on. Both M@ a@omistic field theory (AFT) are
based on interatomic potentials. The materials stigated in our simulations include
metals copper (Cu, cf. Figure 5-1a), ionic materimlagnesium oxide (MgO, cf. Figure

5-1b), and ferroelectric materials barium titan@aTiO;s, cf. Figure 5-1c).

Figure 5-1: Crystal structures: (a) Cu; (b) MgO; BaTiO;

The interatomic potentials involved in this worke grair potentials: Lennard-Jones
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potential and Coulomb-Buckingham potential.

Lennard-Jones potential:

12 6
V() =4e .5 (5-1)
I I
Coulomb-Buckingham potential:
Vi)=Y ep - L2 (5-2)

ij 1 ij
where e is the depth of the potential welk is the distance at which the interatomic

potential is zero,r; is the distance between thieth atom and j -th atom, g, and q;

i
are the charges of the-th and j-th atom, A, r;, andG are all potential parameters
of the pair ofthe i-th and j-th atom.

For the ionic MgO and BaTi{xrystals, the Coulomb-Buckingham potential listed
Table 5-1 and Table 5-2 (Grimes, 1994; Woodley, 9)98re adopted to derive the

interatomic force, respectively, while the Lenndahes potential listed in Table 5-3 is

used for Cu.
Table 5-1 Interaction parameters for different parMgO
Species Species  A(eV) r ('g\) C (eV('&)G)
o* o* 9547.96 0.2192 32.0
Mg* o 1284.38 0.2997 0.00
Mg*" Mg*" 0.00000 0.0000 0.00
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Table 5-2 Interaction parameters for different pairBaTiO3

Species Species  A(eV) r ('&) C (eV('&)G)
o* o* 25.4100 0.6937 32.32
Ba™ o* 4818.42 0.3067 0.000
Ti% o* 4545.82 0.2610 0.000

Ba™/Ti** | Ba™/Ti* 0.00000 0.0000 0.000

Table 5-3 Interaction parameters for Cu

Species Species e(eVv) 5 (A)

Cu Cu 0.415 2.277

5.2WAVE PROPAGATION AT ATOMIC LEVEL

A nanosize MgO specimerRd” 2d 120a, & 7.9368 Bohi is constructed as three

different models illustrated in Figure 5-2. Thesftione has2” 2 12C 8-node elements,
labeled as C-C, in which the size of each elemeegual to that of unit cell; the second
one is modeled by 8712 atoms, labeled as A-A; liivel tone is modeled by2” 2 60
elements and 4356 atoms, labeled as A-C. The systeaasumed to be at rest after a
period of relaxation time. Since elastic distortigiues rise to wave propagation of both
acoustic and optic wave propagations in any migtirent lattices, we define the central
displacementu and the relative displacemerdt of a unit cell as the measures of

acoustic and optic motions, respectively.
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Figure 5-2: Schematic drawing of three differentdels of a MgO nanowire: (a) C-C; (b) A-A; (¢)
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Figure 5-3: Crystal structure of MgO by numbers

Here we give two types of boundary conditions as

(1).Acoustic
us (x, y,120a,t)= 0 (5-5)
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0.5sinpt /40000) if t£ 40000

“(x y,0,1)= | 5.6
U (% %.0.9= if t > 40000, 5-6)
(2). Optic
us (x, y,120a,t)= 0 (5-7)

+0.25sin(4t /40000) if t£ 400
0 (% ,0,1)= ® ) = (5:8)

0 f i t>40000¢,

where “+”is for 2 =3,4,7,& - "isfor a =1,2,5,€;, t,=2.418 10° p.

Before the simulation of the three different mode&ls expect that the results should
be exactly the same. Indeed the three plots inrEigw4 are exactly the same, indicating
that the continuum model is actually a limiting e&sgjuivalent to an atomic model. When
the finest mesh is used, AFT becomes identical @ $¥nulation. In these figures, the

blue line represents the input wave at poin{d,B,0); others represent wave motions

with time at three different points I8, a,30a), L3 (a, a,60a), andL4 (a, a,90a).
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4: Central displacement vs. time for thremlels: (a) C-C; (b) A-A; (c) A-C

Figure 5-

It is observed, from Figure 5-4c, that there isvmave reflection happening at the

interface between the atomic region and the coaotmuegion. Unlike many other

existing concurrent atomic/continuum theories,hat interface we never use any special
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treatment such as hand-shaking, bridging, tramsitegions because we consider full
interaction among atoms in both continuum and atoregions. It is clearly seen that
wave arrives at points L2, [.&nd L4 at different times as expected. It is alsensthat
wave reflected with opposite sign when it hit ttraibdary aa, a,120a).

For the case of optic wave input, eq. (5-7) and(BeB), the relative displacement and
central displacements at point L2 are plotted atfans of time in Figure 5-5a and b,
respectively. It is seen that the magnitude of attouwave is much larger than that of
optic wave. It is emphasized that the ability tepday an optic mode and the propagation

of optic wave are the characteristics of AFT.
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Figure 5-5: Wave propagation in C-C model with ojtiput: (a) relative displacement vs. time of

L2; (b) central displacement vs. time of L2

5.3MOTIONS OF DISLOCATION AT ATOMIC LEVEL

A nanosize MgO specimen shown in Figure 5-6 sub@@ compressive loading is
modeled with the finest mesh to investigate thenatescale phenomena. The specimen
consists of 77 7 7 unit cells with eight atoms per unit cell. By atiog the finest
element meshes, we have a full MD model that mesash finite element node
corresponds to a lattice point, as shown in Fidii6b. Thus, the number of the degrees
of freedom is equivalent to that of the fully MDrsilation. A displacement controlled
loading shown in Figure 5-6d is then applied. Watlconstant velocity, the boundary
displacement is increased in a linear ramp (loadtage) and then the displacements on

the two ends are held as constant (holding stage).
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Figure 5-6: Computation model: (a) Atomic arrangetéb) Finite element mesh; (c) Boundary
conditions; (d) Loading history

Figure 5-7 shows the time evolution of the disl@ratiuring the loading stage and the
holding stage. When the material loses its stgb#it a critical compressive stress,
dislocations initiate and nucleate. It is intenegtio see, at the holding stage, while the
loading remains as constant, the atoms continmeotee. As a result of the motion of the
dislocations, steps have been formed, permanendtiplaleformations have been
generated, and amazingly, the crystal structureres ordered again during the holding

stage.
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Figure 5-7: Dislocations evolutions over time (topw)

5.4 CONCLUSTIONS

In classical continuum mechanics, many differentdki of constitutive relations, such
as stress-strain relation and Fourier’s law, ageiired to describe the connections among
different physical quantities. However, in MD siratibns or in AFT method, only
interatomic potential is needed to reproduce thtecéaparameters [129], elastic constants
[130], dielectric constants, specific heat, thero@iductivity, thermal expansion, etc.

When we reduce the finite element mesh to the ai@wale, i.e., the finite element
size is equal to the lattice constant of crystalemal, AFT is naturally equivalent to MD
simulation. AFT enables us to express an atomitedoaal property of a multi-element
crystalline system in terms of the distortions aftite cells and the rearrangement of
atoms within the lattice cell, thereby making AFtitable to fully reproduce both

acoustic and optical branches in phonon dispersitations. Although AFT is a field
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theory, or say a continuum theory, each node inctireesponding FE analysis or each
point in physical space represents a unit cell itientains several different and distinct
atoms (for example,N,=5 for BaTiG;), and each atom is allowed to move
independently. Therefore, there is no restrictiarttee study of optical phonons.

Through wave propagations and dislocations at atdeviel, AFT has demonstrated

the capability to simulate the atomic-scale phenuarjast like MD simulation does.
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CHAPTER 6 COARSE-GRAINED SIMULATIONS

6.1 STRESS-STRAIN RELATIONS
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(a) Finte Element Mesh (b) Loading history and boundary conditons

Figure 6-1: Computational model of MgO specimenarmdhiaxial tension
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Figure 6-2: Stress-strain curve of MgO specimereutehsion

Under uniaxial tension, a small MgO specimé&Bb(hm 1.6 n/m 5 nr, 2600 atoms)
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is discretized into 24 elements. There are 63 dintlement (FE) nodes in the
computational model. Thus the number of the degoédseedom involved in atomistic
field theory (AFT) model is about 2.4% of that imkecular dynamics (MD). In the
simulation of MgO under tension, displacement calgd boundary conditions with a
constant velocity 10m/s are applied on the two eamad the total loading time is 50
picoseconds (ps) (cf. Figure 6-1b).

The stress-strain curve obtained is plotted in FEdi+2. Here, the stress is calculated
as the average of all lattice cells. Figure 6-2wsh@ rapid stress increase up to the
maximum tensile strength followed by a drop wheiimate strength reaches; notice that
the applied elongation is still increasing. Thisiimilar to the conventional tensile testing:
the stress-strain curve is essentially smooth wilimear slope within elastic range. Both
the linear elastic range and the yield point aggble. Young’s modulus can be estimated
as 260 GPa, which is higher than the bulk expertaderalue or the first principle value
of 250 GPa. Yield strength is about 11.8 GPa aswedythld strain is about 0.08. Those

values are close to what have been reported inquewD simulation [130].
6.2 SHOCK WAVE

Consider that a uniaxial compressive loading isliadpon both two ends of a Cu

specimen 2.9 nm 2.9nm 22nr, 19,764 atoms) along thedirection (cf. Figure 6-3).
The displacementy, specified at the boundary is increased to 0.9nra limear ramp

over 0.4 ps. Thereafter, the displacements onvibeenhds are held as constant at 0.9 nm.
Figure 6-3 shows the computational model, loadistphy and the boundary conditions.
Uniform 3D 8-node brick-type elements are employaa] there are 480 elements and
775 nodes in the FE model. Approximately, the nundfedegrees of freedom involved
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in AFT is about 4% of that of MD.
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Figure 6-4: Distribution obJ, in deformed shape and in atomic arrangement

Figure 6-4 shows the contour plots of displacemint in deformed shape as well as

in atomic arrangement. Wave propagation alongzttigection is clearly observed. It is
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also seen that, undéne compressive loading, the bulgingx-direction develops jit
beneath the boundaries. The bulging originates tmends, propagate to the middle
the specimenand then they meet and separate. In this exartipteygh the simulatior
of a complete circleof wave propagatior(meeting, separation and reflecl), the

robustness and stability of the finite element iempéntatioraredemonstrate:

6.3POLARIZATION

Tensile

Tetragonal

Figure 6-5:Polarization in BaTi(; under tensile loading

The piezoelectric material BaTs has a centrosymetric cubic crystal structure as
reference nonpolar state, and polarization is @efiwith respect to the nonpolar state
Figure 6-9 and is a function of internal atomic displacers. It is noticed inFigure 6-3
that the unit cell becomes tetragostructure under the tensile strailvhen the interior
atoms are allowed to move independently, one mapwarter anon-centrosymmetric
structure which gives a polarizatiocf. Figure 6-2). On the other hand, if we follo
Cauchy-Born rulsstrictly, then the tetragonal structure is stilhtesymmetric and henc
it yields no polarizationcf. Figure 6-5b). From eq. (4-12)hich governs the motion «
every atom in unit cel, it is seen that the internal atomic displacers have been
naturally incorporatedn our formulations. In AFT, it is straightfornd to show the

polarization densityP(x,t) of a lattice point as
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Figure 6-6:Computation rodel: (a) finite element mesh; (bbindary conditions;c) loading
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E (cimm2)

Figure 6-7: PolarizationB, evolution with time

In this numerical simulation, a nanosize Baz specimen 1.6 nm’ 1.6 n'h 3.2 nm
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6885 atoms) subject to a tensile loading is modeleéd 128 finite elements and 225
nodes. Thus the number of the degrees of freedwotvied in AFT is about 3.2% of that
in MD. The displacement controlled boundary comatisi with a constant velocity 30m/s
are applied on both ends of the specimen and tia¢leading time is 10 ps (cf. Figure
6-6).

As shown in Figure 6-6, when the specimen is suldjea tensile loading in the
z-direction, an expected polarization will appeathe z-direction. Figure 6-7 shows the

contour plots of polarizationP, along the z-direction. It is observed that theapahtion

P, become more pronounced as time goes. It is notlwatdthe maximum value of,
is about 1.2 C/f Here we defineP, © /P xP, +P, *P, to characterize the magnitude of

the polarization on the x-y plane. Figure 6-8 shdwescontour plots of polarizatiof®, as
time goes on. It is observed that the polarizatioRs and P., easily appear at the edges

since the symmetry of lattice cell is more vulnégato break under the tensile loading.

Also, polarizations accompany the phenomenon okingcCompared withP, , which is
the primary effect under tension, the secondargcefP, is much smaller as expected.

Figure 6-9 shows the dynamic process of phase ftianation in the unit cell at

(0.8 nm, 0.8 nm, 2.0 n1). From Figure 6-9a, the top view of the specintée, structure
appears to be symmetric — that is wiRy is insignificant; from Figure 6-9b, the side

view of the specimen, one notices that the Ti atnaves upward and deviates from its

central position — that is whyp, is much pronounced.
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Figure 6-9 Dynamic process of phase transformation in Bis: (@) top view; (b) side vie
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6.4 NANOBUCKLING

A MgO nanowire (1.68nm 1.68nm 50.4ni, 24,200 atoms) subjected to a

monotonically increasing loading is modeled witlDZthite elements and 549 nodes in
Figure 6-10. Thus the number of the degrees ofifreeinvolved in AFT is about 2.3%

of that of MD. The system is assumed to be initiall rest after a period of relaxation
time and three types of boundary conditions araset

(a) Guided -guided boundary

U, (X, y,0)= 0.1t (nm) tE 67p (6-2)
U,(X, y,50.4nm}F- 0.1 (nm) tE 67¢

(b) Clamped-clamped boundary

U,.(x, y,0)=U, (X y,50.4nm} O tE 67p

U, (% y,0)=U, (X y,50.4nm) O tE 67p 6-3)
U,(X y,0)=- 0.1t (nm) tE 67p

U,(X y,50.4nm)}= 0.1 (nm) tE 67f

(c) Free-guided boundary

U,(x,y,0)=0 t £ 85ps (6-4)
U,(X y,50.4nm)}=- 0.1 (nm) tE 85p

Figure 6-10: Schematic picture of finite elementdelo
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Figure 6-11: Displacemeht, contour evolution with time in deformed shape

In the case of (a), a guided-guided boundary cardis applied on the specimen, and

a concentric axial dynamical loading is employed inwestigate the characteristic

deformation of nanobuckling. Figure 6-11 shows ¢batour plots of displacemend

in the deformed shape. It is seen that, under tmpeessive loading, the bulging in
y-direction develops just beneath the boundariée Gulging originates from two ends,
propagate to the middle of specimen, and then mnegt and make this nanowire bulged
in the x-y plane. With the loading increasing, the patternbatkling, half sine, is
exhibited when the yield limit of the nanowire rhas. It is noticed that the nanowire still
has the capability to withstand some compressieglifgg although the buckling has
occurred.

In the case of (b), a clamped-clamped boundaryitionds applied, and we keep the
other conditions the same as that of case (a).r&igel2 shows the contour plots of

displacementU , in the deformed shape. Compared the result of Eigut2 with that of

Figure 6-11, it is noticed that the patterns oflkimg are quite different. It is also found
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that the nanowire, in Figure 6-12, is broken i@ fparts, thereby having no capability

to hold compressive loading any more. That is g aacatastrophic failure has occurred

when the ultimate stress limit of the nanowire hessc

L2

rrrttig
S

mmantt

o seEta,

Time =0 Time =31 ps Time =35 ps Time =50 ps Time =58 ps Time = 62 ps Time = 67 ps

Figure 6-12: Displacemeht, contour evolution with time in deformed shape
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Figure 6-13: Displacemett, contour evolution with time in deformed shape

In the case of (c), a free-guided boundary conditi® applied, and the

loading

condition specified in eq. (6-4) is employed. FiggB-13 shows the contour plots of

displacementU in the deformed shape. It is seen that, undectmepressive loading,
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the bulging in y-direction only develops at thedgd end. When the loading increases,
the buckling occurs near the free end of the speeinFrom Figure 6-11, Figure 6-12,
and Figure 6-13, it can be concluded that the bapndondition play a significant role

on the pattern of nanobuckling.
6.5ELECTROMAGNETIC EFFECTS ON POLARIZATION OF MGO

A MgO nanowire (1.6nm’ 1.6nm 16nr, 8200 atoms) subject to a given

electromagnetic (EM) field is modeled with 80 feniélements and 189 nodes. Thus the
number of the degrees of freedom involved in AFRl®ut 2.4% of that of MD. The
initial displacement and velocity of each node aeeo; no loading and no boundary
constraints are applied in the simulation. The astlibody force caused solely by the
external EM field, i.e., the Lorentz forces actioig the charged atoms, are given in the

following equation
Fo.=q(E+V "B/ (6-5)
The polarization response can be schematicallgtithted by Figure 6-14. Driven by
the Lorentz force, according to eq. (6-5), the ghdrions M§" and G~ in the specimen

will move along thex-direction firstly with the velocityv, induced by the applied
electric field E,. This motion gives rise to a polarizatio,. Then due to the motion of
ions in the x-direction and the applied magnetic field along thedirectionB , a

Lorentz force, equal tag”v” B/c arises in thez-direction. Hence, the charged ions

will move in z-direction that generates polarizatid? as well.
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Figure 6-14: Scheme to illustrate the polarizatesponse subject to EM wave

First, let the Maxwell's equations be expressedHeaviside-Lorentz system and let
the external EM field satisfy the Maxwell's equationder the idealized vacuum situation.
Under the Heaviside-Lorentz systers, and B have the same dimensigmim. Also,
because we consider the external fields satisfyMbagwell's equations in vacuum, we
have B=H and E=D. Second, in this section, we only consider one-a@ypling, in
other words, the external EM wave will induce mosipincluding polarizationP, in the

crystal; but the crystal will have no effect on teaternal E and B fields. The

harmonic electric fieldE=[E, E, E] =[ EO0 0] and magnetic fieldB=[B, B, B]
=[0 B, O]with variance in time and space are applied with

Aexpliw(z- ct)/c] if &€ 10ow

0 if t>10w (6-6)

E =B, =

where c is the speed light,A=148 V is the amplitude,wis the frequency of the EM
wave. Here three cases are considered: case | f{f@ghency) w=w, =260THz; case

Il (resonance frequencyy = w, =130THz; case Il (low frequency)w = w =26THz.
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Figure 6-15: PolarizatioR, vs. time with frequency = w, =130 THz

According to eq. (6-1), the polarization densityid#e calculated as a vector-valued

function of space and time. Figure 6-15 shows dtion P, of the x- y cross
section atz=8 nm with w=130THz. From the pattern of the response, it is noticed
that this special frequency will drivé®, to a resonance state as we expected in the

classical vibration system. Resonance is the tarydehasystem to absorb more energy
when the driving frequency matches the systemwralatrequency. It will cause violent
swaying motions and catastrophic failure of thecgépen had we not terminated the

driving EM wave. That is why we identifyw» 130 THz as the resonance frequency.
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Figure 6-16: PolarizatioR vs. time under different frequencies

The polarization component®, and P, of the x-y cross section az=8 nm are

plotted as functions of time for case |, I, and ih Figure 6-16 and Figure 6-17,
respectively. It is noticed that in the simulatidhere are two stages divided at

t=t, =10ow (the orange lines in Figures); in the second stdget, , the external EM

wave is terminated.

When timet£t,, along x-direction, Figure 6-16 shows the distinct respensé
polarization P, to the applied EM wave with different driving fieencies. It is
observed that the applied high-frequency (low-festy) electric field E, drives P, to
a frequency larger (smaller) than the natural feeqy. However, the magnitudes &
are comparable. It is seen that the magnitudePpfis much larger at resonance
frequency. From Figure 6-17, we can see the respofisP, are delayed under the
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applied EM wave. This is due to the fact thgt is caused byE, directly and, on the

other hand, P, is caused by the joint effect, and B,.
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Figure 6-17: PolarizatioR, vs. time under different frequencies

When time t >t_, there is no external field, only the interatorfuirce exists. Then the

effect of the EM wave disappears and the polanmatinainly follows its natural

frequency of the specimen irrespective of whattheen appliedt £1, .

6.6 CONCLUSIONS

This chapter presents the coarse-grained simutapenformed using AFT. Motivated
by improving the computational efficiency, we adtipe kinematic constraint, the shape
function in FE method, to eliminate the majoritydefgrees of freedom. Nevertheless, the
essential dynamic and nonlinear material behavWiax® been successfully simulated.

(1) Mechanical properties such as elastic constadttensile strength are measured in
the coarse-grained simulations of MgO under tensldms shows an advantage of AFT

over classical continuum mechanics in predicting mhaterial properties including the
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constitutive response, while a complicated constigurelation is needed in classical
continuum mechanics-based simulations.

(2) Through the simulations of a complete circle vedive propagation (meeting,
separation and reflection) in the shock wave pmobté Cu, the robustness and stability
of the finite element implementation is demonsttate

(3) Since AFT is inherently suitable for multi-elent crystalline materials as
mentioned in Chapters 3 and 4, we have modeledsimmdlated the dynamic process of
polarization and phase transformation in Balit@rough coarse-grained finite element
simulations, which lends credible support to prtvet AFT can capture the atomic-scale
material behaviors. Due to the piezoelectric eftédgberovskite materials, AFT can offer
a more fundamental understanding of energy hangdtom a mechanical system at
nanoscale.

(4) In the governing equations of AFT, we alloweatternal Lorentz force. Due to the
applied EM field, the inhomogeneous motions of e atoms in the polarisable crystal
give rise to the rearrangement of microstructurd palarization. Single-crystal MgO
nanowires under EM field are modeled and simulafBlte numerical results have
demonstrated that AFT can serve as a tool to aedhe electromagnetic phenomena of

multi-element crystal materials at micro/nano lewéhin a field framework.
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CHAPTER 7 CONCURRENT ATOMISTIC/CONTINUUM

SIMULATIONS

7.1WAVE PROPAGATING THROUGH INTERFACE

In the traditional coupled atomistic/continuum misdenly the acoustic phonons can
be reproduced in the continuum region so that tleaye much smaller cutoff frequencies
than the molecular dynamics model. As a resultjffculty arises in such concurrent
multiscale couplings when the high frequency partswaves are often spuriously
reflected at the atomistic/continuum interface.sThhenomenon was already noted by
Adelman and Doll (1976)[131]. These spurious reftets can be explained by noting
that for a wave with greater than the cutoff fregue of the continuum model, the
interface appears as an almost rigid boundary.nStead of smoothly propagating into
the continuum model, the high frequency wave ideotéd. This results in spurious
growth of energy in the atomic domain. Howevertha proposed concurrent atomistic/
continuum model, the internal deformation withincleanodal point in the continuum
region can be exactly and independently solvechablioth acoustic and optic branches
of phonons can be reproduced. Naturally, spuriefieations can be eliminated without
applying any special numerical treatment. As a eqoence, the coupled atomistic
continuum model is not only useful in studying lbphenomena such as plasticity or
fracture but also promising to be used to simusgtehetic or natural materials behaviors
involving multiple length scale.

Before we discuss the wave propagation, includaftection, at the interfaces using

atomistic field theory (AFT), consider wave propéga through nonuniform finite
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element (FE) mesh using classical continuum meckaA specimen 4™ 2" 120 ,

| =0.8m) is modeled with two different FE meshes. Thetfinse (Model 1) is a uniform
mesh consisting of2” 2 12C elements, illustrated in Figure 7-la; the seconé on
(Model 1) has one interface at=90l as illustrated in Figure 7-1b. The boundary

conditions are specified as

us (x y,1200t)= C (7-1)
0.5sinpt T) tET

u? .0,1)= 7-2
(% ¥,0,1) 0 (ST (7-2)

Cross

sectior
Dy

(a)Modell

- |

N0 TR N NN Y

(b) Model I

Figure 7-1: Schematic drawing of two different fimmesh model of a MgO specimen: (a) Model

I and (b) Model Il
Figure 7-2 shows the responses at poin{l1110), point L2(I,I,60 ), and point L3
(1,1,90 ) in Model I under two different input waves with:) (bw frequency w=250p,

(2) high frequencyw=200Q . It is clearly seen that the wave passes throhgwhole
specimen whenw= 2500 . But for the case of high frequencyy=200Qv, practically

speaking, no wave can pass through.
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Figure 7-2: Wave propagation for Model I:

w=200Q
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Figure 7-3: Wave propagation with input wave fragmyay

100Qp . From

Figure 7-3 shows the responses of Model | and Mdldehder w

Figure 7-3a, it is seen that the magnitude of pbihis almost equal to that of the input

wave; but from Figure 7-3b, the magnitude of paditis much smaller than that of the
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input wave, indicating that the interface betweesshes with different sizes acts like a
screen, which prevents at least part of the wawen fpassing through. Actually this is a
well-known phenomenon that wave reflection happehsn nonuniform mesh is used in
the classical finite element (FE) analysis. In shan assemblage with larger elements
gives a smaller cutoff frequency in FE analysiserEfiore for a wave with a frequency
greater than the cutoff frequency of a FE moded,itiierface will reduce the magnitude

of the passing through wave [74, 132].

LLLLL LE44LH4—

.

UZ (nm)

.
°

----------
----------

T i o

(a) AFT model and MD (c)Loading history

Figure 7-4. Schematic descriptions of computatiomadel of a MgO specimen under an
impulsive loading
Now we investigate wave propagating across thefatte between atomic region and
continuum region [133, 134]. The molecular dynan{id®) model and the AFT model
(2a” 2d 150a,a=0.42nm) for MgO are schematically illustrated in Figurel&@ MD
model consists of 10,872 atoms and AFT model cthsk 2,232 atoms and 48 3-D

8-node finite elements with the interface at 30a. It is noticed that the resolution in
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the z-direction between atomic region and continuum oreghas a dramatic change
since the size of element &®” 14 10a. Figure 7-4a and Figure 7-4c show the boundary

conditions and the loading history, respectively.

g AN »-.)\m.aﬁ\//f)(\
N
=)

OF-—-———#t-————+-———

Time (ps)

Figure 7-5: Displacement response of poin{&,1a, 28a)under the frequenay» 1.6 THz

UZ (nm)

Time (ps)

Figure 7-6: Displacement response of poin{&.2a, 70a)under the frequenay'» 1.6 THz
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UZ (nm)

Time (ps)

Figure 7-7: Displacement response of poin{#,3a,110a)under the frequenay» 1.6 THz

Figure 7-5, Figure 7-6 and Figure 7-7 show the@asps at point L{a, a, 28a), point
L2 (a,a 70a)and point L3a, a,110a)respectively with three different cluster weighting
factors n.,, n, and n_ under the compressive impulsive loading with the
frequency w» 1.6 THz. Figure 7-8, Figure 7-9 and Figure 7-10 show th&ponses at
point L1(a, a 28a), point L2(a, a 70a)and point L3a, a,110a)respectively with three
different cluster weighting factors,,, n,,, and n, under the compressive impulsive
loading with the frequencyw» 6.4THz. Here n_,, =1 represents the simulation with
all pairs of interatomic forces calculatean,, represents the simulation with the

node-based summation rulet , (N, < N4 < N0 represents the simulation with the

min
cluster summation rule. It is clearly seen thatréslts from AFT are in good agreement
with that from MD simulation. Also it is noticed ahthe wave in AFT model passes

through the atomistic/continuum interface with ngiple reflection. As expected, the
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results with smaller cluster weighting factor areosther and closer to those from MD
simulation. Due to the nonlocality and nonlineaofythe interatomic forces and the finite

size of the specimen in th& and y directions, the wave is dispersive. Therefore the

frequency of the passing wave becomes smallerttiearof the loading impulse.

UZ (nm)

UZ (nm)

Time (ps)

Figure 7-9: Displacement response of poin{#,2a, 70a)under the frequenay» 6.4 THz
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UZ (nm)

Time (ps)

Figure 7-10: Displacement response of poin{&,3,110a)under the frequenay» 6.4 THz

7.2CRACK PROPAGATION

O4nnp--=-------->

L Y Y Y Y Y Y Y Y YYYYYYNY 25 ps
(a) (b)

Figure 7-11: Computational model of MgO specimen dgnamic crack: (a) FE and atom
arrangement model; (b) loading history

In this section, we perform a concurrent atomistintinuum modeling and simulation
of 3D dynamic fracture to show the advantage of AEZ4, 135, 136]. We assume that

temperature is at zero degree Kelvin. The time &epfemtosecond. A specimen made
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of MgO (25.2nm 0.9nm 15.1ni, 54,048 atoms) (cf. Figure 7-11 ) consists of two

parts: continuum region (234 elements and 444 rjaaled atomic region (6216 atoms).
Thus the number of the degrees of freedom invoirgte continuum region is about 1%
of the total degree of freedom if MD simulation Haekn adopted. The line crack extends

from x=0 to x=2.1nmat z=0 through yl (0, 0.84nm; and the separation of

crack surfaces is 0.9 nm. This means, in ordeimtalate the crack, two planes of atoms
parallel to the crack surfaces are eliminated ftbenspecimen. The system is assumed to
be initially at rest after a period of relaxatiomé and the boundary conditions are set as

stress free except

U,(X y¥,£7.55nm)=+ 0.018 (nm) t£ 25 (7-3)

10.17 ps 11.14 ps 12.11 ps 13.08 ps

(&) AFT model

Figure 7-12: Comparison between AFT and MD simatatiesults in crack propagation: (a) AFT

model; (b) MD model
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(@) E,=0

(b) E,=102.8 V/inm

(c) E,=154.3 V/Inm

Figure 7-13: Crack propagation in the critical cegunder three different electric fields

In order to demonstrate the reliability of our slation results, we perform a MD
simulation of the crack problem. Figure 7-12 shdtes comparison between AFT and
MD simulation results of the crack propagation.istnoticed that they are in good
agreement with each other.

To investigate the effect of the electric field orack initiation and propagation, we
have applied several different constant electreddé in addition to the mechanical

loading specified. This means, with Heaviside-Ldzesystem, the external force acting

on a atom is g°E where g° is the charge ofa atom. Figure 7-13 shows the crack
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propagation at three different electric fields. The crack approaches a speed of 4.1

km/sec, which is about 75% of the Rayleigh-waveedp¢he limiting speed predicted by
continuum theory [137]. Our result shows that theck propagates along the direction of
the original line crack self-similarly, in other was, it propagates along the same
crystallographic planes. This observation agreek thie experimental studies by Cramer

et al. [138]. Comparing Figure 7-13 a, b and dsihoticed that the higheE, is, the
more delay crack initiation and propagation hawe, the electric fieldE, has played a

shielding role for the crack initiation and propaga in this case, which qualitatively
confirms the conclusion from the viewpoint of contim mechanics [139-143]. This
phenomenon can be explained in the following wagnfthe viewpoint of linear elastic
fracture mechanics (LEFM) [141], the energy releeste of the piezoelectric material

depends on two dimensionless parametprsand ¢, which are, respectively, the ratio

of the minor to the major semi-axis of the elliptiack and the ratio of the dielectric
constant of the cavity to the effective dielectdonstant of the material. Since the
dielectric constant of MgO is several orders of maagle higher than that of the vacuum
which is considered to be in between crack surfates insulated crack model is

considered. Due top/q>>0, the crack in our model can be said to be senci@tally

impermeable. The energy release rate decreases tivithapplied electrical field
perpendicular to the crack surface (egs. 3.1093h#h5 in cf.[141]), indicating that the
applied electric field retards crack growth. Howevéhe energy release rate is

independent of the applied electric field paraitethe crack surface.
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—>—EZ = 154.3 nV/nm

Crack Speed (km/s)

R
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Figure 7-14: Crack speed during the crack initiatind propagation under three different

electrical fieldsE,
Figure 7-14 shows the crack speed during the ciratiiation and propagation under
three different electrical field<E, . It is seen that after the critical fracture loadeached,

the crack speed jumps from zero to a quasi-stadlleey indicating that the crack motion
at lower speed is forbidden. This contradicts ata<ontinuum fracture theories which
predict a continuously increasing crack speed witheasing load [144]. In the case of

E, =0, the crack approaches a speed of 4.1 km/sec, wisichbout 75% of the

Rayleigh-wave speed, the limiting speed predicteddmtinuum theory [137].
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In order to further study the crack propagationmiiatively, we define a quantity
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DU °U,(x,0,z)- U,(x0,z), called crack opening, which indicates the measfre
crack opening along the line crack between the specified points(x,0,z,)and
(x,0,z) above and below the line crack, respectively. Hegespecify five sets of these

two points: L1(2.1nm,0x 0.84nm, L2(3.78nm,0t 0.84nm, L3(5.46nm,0t 0.84nnm,

L4 (7.14nm,0; 0.84nn, L5(8.82nm,0;t 0.84nm.

(a) E,=0

(b) E,=51.4 V/Inm

(c) E, =102.8 V/Inm

Figure 7-17: Crack propagation in the critical segunder three different electric fieldts

Figure 7-15 shows the process of crack openingvatdifferent sets of points under
no electric field. It is clearly seen that theraséxhree distinct stages. In the first stage,

the crack opening is practically zero, which me#ivexe is no crack extension. In the
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second and third stages, the crack opens and #uk ¢ip advances, but at different

speeds. Figure 7-16 shows the crack propagatioaruhdee different electric field€,

on L1(2.1nm,0+ 0.84nmand it is seen that the electric fields, slows down the crack
opening process. Figure 7-17 shows the crack pedmagunder three different electric

fields E,. Notice that the electric fielde, behaves as a catalyst to facilitate the crack
initiation and propagation. Figure 7-18 shows tffeat of electric field E, on the open
size on L1 (2.1nm,0 0.84nm.Notice that the electric fieldE, almost has no

influence on the crack initiation and propagatiavhich is in agreement with the

continuum viewpoint[141].

1.4 ‘ | | |
—E, =00 3 3 3
1.2 E, =SL4mim | i A g
1 —E, =1028 mv/nmp-- b R
08 ,,,,,,,,,,, : ,,,,,, :Staqe ”' ,,,,,, ; M e
§ 0.6 ------------------ A T ]
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0.2 : : : :
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Time

Figure 7-18: Crack opening ari under three different electric fields
In order to show the effect of loading rate on skeady crack speed, we simulate four
different loading rates under the electric fiell, =0. Table 7-1 shows that the steady
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crack propagation speed has some variations utheedifferent loading rate. In other
words, the crack speed has a dependence on thimdoade. With the increase of the

loading rates, the steady crack speed has a comés increase.

Table 7-1 Steady crack speed vs. loading rates

Loading ratesv (nm/ps) 0.008 0.012 0.016 0.020

Steady crack spee¥ (km/s) 3.87 4.01 4.10 4.47

7.3 THERMOMECHANICAL COUPLING PHENOMENA

Recalling the governing equations of concurrentmégtic/continuum AFT, for the
sake of simplicity, we rewrite the governing eqaa$i in the following symbolic
expressions

MIUj = (U@, T) (TP =12 N,;¢ 12, N (7-4)

mfu?= “UAu) (1T P & 12 N;¢¢ 12, N (7-5)

a

where U] is the displacement of the -th atom in theJ-th node; 9 is the total

b

force acting on thea -th atom in the J -th node; is the total force acting orp -th

atom in the atomic regionP is the set of all nodes in the continuum region.
7.3.1Boundary Condition at Interface

In classical heat conduction problem (cf. Figur&9j; by virtue of Fourier’s law, one

has the governing equation:

hLIgs

kN*T 7-6
it (7-6)

wherek is the heat conductivity. To secure the @datkbeat conduction as a well-posed
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problem, the following boundary conditions are ire@d

T=T(x1t) on B (7-7)

g = (xt) on B, (7-8)

Figure 7-19: Schematic picture of heat conducti@blem

When the heat conduction occurs in a system condpaisevo homogeneous solids of
different materials in perfect contact, the integfabetween these two homogeneous
solids plays an important role in heat transfer. diosure the compatibility and
smoothness of the temperature distribution throthghinterface, one should have the
following boundary conditions at the interface (€igure 7-19b)

Tl = T2
(7-9)

qlml -qu HZ @
which means at the interface the temperature igimmovus and the net heat flux is
vanishing.

In this work, a more formidable interface betwedonastic region and continuum
region exists although these two regions are mddineo same material as shown in
Figure 7-20. To pave the way for thermal conductsimulation in this concurrent

atomistic/continuum system, a similar procedureirasclassical heat conduction is

adopted [145]
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NT,+ NT=NT+ NT (7-10)
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Figure 7-20: Schematic picture of concurrent attinicontinuum heat conduction simulation

where T, and T, are the temperature in the atomic region befork after matching,
respectively; T, and T, are the temperature of the-th element in the continuum

region neighboring the atomic region (orange colbgfore and after matching,
respectively; T™ is the temperature after matching is the set of all elements which
are neighboring the atomic regioN, is the total number of atoms in the-th element.

From eq. (7-10), we have

NT,+ N,T.

_ dE 7-11

N (7-11)
dE

This implies that the temperature in the atomidgaegnd the surrounding continuum

region is a calculated quantity, not a predeterdhigeantity, although we consider that

the temperature is given as a function of spacetiamglin the continuum region.
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7.3.2Random Velocity Differences

Instantaneous values of velocity difference$=u' - u, in the atomic region are

generated by sampling from a normal distributiothwi

mu

m=u = i:J,-\‘ (7-12)
. mi

) mu' - mx@ - p=3NkKT (7-13)

i=1
7.3.3Multiple Time-Scale Algorithms

The computational model developed in the previoestien involves a two-way
information exchange: the full-blown interatomiades between two regions depend on
the displacements of both regions; the fine scaenstic simulation contributes to the
temperature of the atomic region; and then the sspbacale continuum simulation
provides information needed to compute the matctengperature. Different length scale
corresponds to different time scale. If a singteetistep is adopted in both continuum and
atomic regions, the stable time step depends onCtngrant condition in the atomic

region, i.e., Dt, £ t,. Therefore, computational effort will be wastedtle continuum
region. If we adopt multiple time steps: larger gistep Dt. for the continuum region

and smaller time steft, for the atomic region, andt. =M 1, as shown in Figure

7-21, the multiple time scale algorithm will offer major advantage to improve the

computational efficiency.
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Figure 7-21: Arrangement of time steps in multipiee-scale algorithm

To solve this concurrent atomistic/continuum systeith thermomechanical coupling,
an explicit algorithm with multi-time-step as arntemhative to the temporal Green’s
function concept proposed by Yang and Tewary [14#s developed based on the

central difference method. Assume that accelerstidisplacements and velocities are

known at then-th time step. For the purpose of explanation, waote U7 as the

displacement of thea -th atom of thel -th node in continuum region, and’ as the

displacement of theb -th atom in atomic region.

Continuum Region

Ul =Yl +% Ul Do (7-14)

Uiy = Uy + U B (7-15)

R LI " RO 716
.

Ul =M7) Y T (U gy Ty oy &) IT P 2 1,2, N (7-17)

Uy = Uiy 5 Ui Dle (7-18)

where P(E) is the set of all nodes associated with the elesneeighboring the atomic
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region.

Atomic region

NTuw*+ N.Tg,
o ] b
T = N +e| : N d (7-19)
a qE e
b oo=df +id® (7-20)
[n+i22] ™ M e 2 (n+p A
42 =d? . +idq® m (7-21)
(n+i) Tt T o T A
d(ﬁwm):ib (Uf a7, ITP; a= 12, Ng;0= 12, N (7-22)
M m M
d° . =d’ . +id’ ot (7-23)
(n+) 7 Ve T o Ml A
NTA(n+1) + . NeTe( n1)
* - dE
Ty = N+ N (7-24)

e
dE

Notice that the temperature of the nodeéE) associated with the elements neighboring

the atomic regionE is equal to the matching temperature.
The flow chart of the multiple time-step algorithoen be described as follows:

1. Initialize displacements, velocities, acceleratiand temperatures;

2. Calculate the matching temperatufe by eq. (7-19);

3. Randomly generate the velocity field in the atoreigion d° by egs. (7-12) and
(7-13);

4. Update the displacements of aton®,(nDt, +i[1,), by egs. (7-20), (7-21),

(7-22) and (7-23) at fine time stept, until t=(n+1)Dt.;
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5. Repeat Step.2;

6. Update the displacements of node§[(n+1)Dt.] in continuum region by egs.
(7-14), (7-15), (7-16), (7-17), and (7-18) at cestisne stepDt,. ;

7. Repeat Steps. 2-6 until the end of the simulation.

7.3.4Numerical Examples

Figure 7-22: Computational model of thermomechdrioapling under tensile loading

Here the thermomechanical mod&bd” 4a 30a,& 7.9368 Bol) made of MgO is

schematically illustrated in Figure 7-22. This miodensists of 2,600 atoms and 32 3-D
8-node finite elements. The boundary condition #reltemperature distribution in the
continuum region for this model are given respetyiv

us (x y,- 15a,tF - 3;—2 Bohr £ t

T (7-25)
R 32
u; (x, y,15a, t):t_ Bohr tE {

T

20" (z+ 15a) K

T(x Y, z =100+ (7-26)
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where t, =2” 10°¢_ is the total time of simulationf =2.418 10° p: is the atomic

unit of time. Dt, =5¢, and Dt. =100, are used in the numerical procedures.

t=0 t=2"1¢¢,
Figure 7-23: Temperature distribution in the spetim

Figure 7-23 shows the temperature distributionhaf éntire specimen. It is noticed
that the temperature around the interface is smaath continuous. As expected, the

temperature in the atomic region is the same asofhidne neighboring elements around

the atomic region. Figure 7-24 shows the displacgrdestribution of u, in the entire

specimen.
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t=0 t=2" 10f¢,
Figure 7-24: Displacementi() distribution in the specimen

7.4CONCLUSIONS

The concurrent methods for coupling atomistic satiohs with continuum
thermodynamics offer a myriad of challenging protde mostly related with energy
transmission, wave reflection, and damage propawgeadi the interfaces between the
continuum description and the discrete descriptianbridge the gap between atomistic
simulations and continuum modeling, this chaptes peesented several examples to
demonstrate the advantages of AFT in multiscaleaiogl and simulations.

Firstly, motivated by eliminating the spurious waedection at the interface between
the atomic and continuum domains of multiscale nindeand simulation, we adopted
the novel numerical approach (see in Chapter 4AfoF without any special numerical
treatment at the interfaces to demonstrate thebdégaf AFT in dealing with the wave
reflection at the interface between different dggioms.

Secondly, dynamic fracture is a paradigm that mreguconcurrent multiscale modeling,

133



since it contains (1) a critical crack front regitiat requires fully atomistic resolution to
capture the crack initiation and propagation phesrmemand (2) a coarse-graining
continuum region for efficient representation ire tfar field. Through AFT, we have
investigated how the electric field affects the eaack initiation and propagation in
single crystal MgO. Numerical results show thatcele fields can serve as a tool to
shield or retard the crack initiation and propamgain ionic crystals, thereby offering new
perspectives on fracture mechanics at the nane.sltals demonstrated that AFT can
provide a more fundamental understanding of dynafracture at micro/nano level
within a single theoretical framework.

Thirdly, in the thermomechanical coupling simulatiove present an analysis to
reconcile the compatibility between atomic region @ontinuum region, and to calculate
the matching temperature field of a heat conductmoblem in a concurrent
atomistic/continuum system. We develop a new ek#plialgorithm with a
multiple-time-scale procedure to treat interfacesMeen atomic and continuum regions.
The work provides a more fundamental understandinfpgermomechanical phenomena

at the interface between atomic and continuum reggio
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CHAPTER 8 COARSE-GRAINED NON-EQUILIBRIUM

SIMULATIONS AT NANO SCALE

Nanomaterials reveal many excellent mechanicalnthk and electronic properties.
In particular, the thermal properties are of gietdrest because of its strong relevance to
the potential application in nanoscale thermoeleeimergy generators or on-chip coolers.
The non-equilibrium thermal-mechanical processnadlsscales, for instance nanoscale
heat transfer, in which the length and/or time esadpan from the molecular to the
continuum, is a subject of increasing importanceenergy conversion, biotechnology,
microelectronics, biochemical detection, and matesynthesis and failure analysis. The
capacity to simulate thermal-mechanical couplingsnon-equilibrium states at small
scales is vital to the understanding of transpatmanisms of energy conversion and to

the advancement of reliability of micro and naneeslonics.

8.1NOSE-HOOVER THERMOSTAT AND NON-EQUILIBRIUM MOLECULA R

DYNAMICS (NEMD) SIMULATION

Classical molecular dynamics simulations are peréa in the microcanonical
ensemble, meaning that we control the volume, theler of atoms and the energy. It is
unable to provide statistical characters to thespay problem that it simulates. To
extrapolate statistical thermodynamics informafr@m molecular dynamics simulations,
the performance of equilibrium ensemble moleculanasnics are required at a fixed
temperature or fixed pressure or specified chenpcaéntials. Several methods have
been introduced to keep the temperature constarle wising the microcanonical

ensemble. Popular techniques to control temperatahede velocity rescaling [147-153],
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the Nosé-Hoover thermostat [154, 155], Nosé-Homhains [156], and the Berendsen
thermostat [157]. The central idea is to simulatsuch a way that we obtain a canonical
distribution. Here we briefly introduce the essenosk Nosé-Hoover equilibrium

molecular dynamics (MD), which is the most popudeiheme within molecular dynamics

community.

Figure 8-1: Molecular dynamics with finite temperat (a) the Nosé-Hoover equilibrium MD
simulation; (b) the direct NEMD simulation
In order to maintain a fixed temperature for a vehgystem shown in Figure 8-1a (for
the purpose of illustration, the figure is plottasl if in 2D), the atomistic or molecular
system is regularized by a Nosé-Hoover thermostdie governing equation of
Nosé-Hoover MD simulation takes the following form:

mx () =f' () - mc()x (9 (8-1)
where x'(t) is the position of thei -th atom; m" is its mass;f'(t) is the interatomic
force acting on thei -th atom; x'(t) = dx'(t)/dt; x'(t)=d'(t)/dt*; and c(t) is a
friction coefficient that may be controlled by tfedlowing equation:

de() _ 1 N /i a2
it -0 j:lm (X' (1) - 3k, NT,, (8-2)
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where N is the total number of atoms in the whole systely, is the equilibrium or

expected temperature =3Nk, T,/ 7 is the effective ‘mass’ of the thermostat, is a

specified time constant (normally in the range [®% picoseconds). Consequently,

temperature can be calculated as a space-averagable

3Nk, T= " m(v' ) (8-3)

i=1
where v' =x' .
The action of the thermostat can be understooterfdllowing terms. Whenever the

(kinetic) temperature of the atoms in the wholetaysT is larger thanT,,, c(t)

increases and eventually becomes positive. Accglylithe friction acts as a dissipation

agent which will reduce the temperature [cf. ed.)B- Since the opposite occurs

whenever the temperature falls beldly,,, the Nose-Hoover thermostat represented by

-m c(t)x (1) acts as a stabilizing feedback around the presttidrmperature.

However, for non-equilibrium systems, the equilioni MD becomes incapable to
simulate problems with spatial temperature gradieMiotivated by how to overcome the
difficulties of dealing with stochastic processicg early 1980s, the NEMD has become
a major simulation tool for non-equilibrium processespecially in computing transport
coefficient and simulating viscous flows. For theedt NEMD simulation depicted in

Figure 8-1b, only the boundary regions, and W are controlled with the temperature

Teqor a@nd T,

. e+ TESPectively. We denoteV, as the two sets ofN, atoms in W, in

contact with the reservoirs. The evolution of thenas in the thermal contact with the

reservoirs is ruled by the equation:
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me, (O[V () +DV,(Y] if iTV,

mx (9 =19 - mec (OV()+DV (D] if i1V

(8-4)

where ¢, are the two friction coefficients modeling the naiscopic action of the

thermostat; D\/L(t) is called the thermostat's auxiliary velocity taake sure that the

linear and angular momenta of the two thermosteésumchanged during the whole

process (cf. Appendix B). The dynamics of is governed by the equation

de,() _ 1 ™ ./, 2
g MO0 kN T, (85

where v, (t) is the average velocity ofV, . It can be noticed that eqgs. (8-4) and (8-5)

will not be reduced to egs. (8-1) and (8-2) evemni choosesl,, =T, =T, The

e eql*
reason is that in the direct NEMD simulation, thierior domain is not controlled.

To improve the computational efficiency and to lokea the applications of NEMD, it
is necessary to develop a coarse-grained non-equiti simulation (CG-NES) technique
with direct simulations of non-equilibrium systemigh spatial temperature gradients.

In the proposed CG-NES, a vital step is the us¢hefpeculiar and the associated
center of mass (COM) coordinates, with which onen cagorously extract
thermodynamics properties of the system from tliférdy frame of reference. For a finite
thermodynamic system which undergoes large defoomat may be insufficient to use
only one set of center of mass coordinates. Toestilis non-equilibrium system more
accurately, a set of local peculiar and center assrcoordinates are defined to obtain the
local peculiar velocities [158-160]. Through theratbased continuum method described
later, the concepts of the peculiar and COM co@tdim are generalize to establish the

finite element nodes corresponding to the genadliZOM coordinate and the unit cells
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within the finite elements corresponding to the egahzed peculiar coordinates. Hence,

the atom-based continuum is the foundation of tBeNES algorithm.

8.2AN ATOM-BASED CONTINUUM (ABC) METHOD

8.2.1Lattice Dynamics

Note that a multi-element crystalline material (ethhas more than one kind of atoms
in the unit cell) is distinguished from other statd matter by a periodic arrangement of
the atoms, which can be represented as a collectitattice cells and a group of discrete
and distinct atoms situated within each latticd asldepicted in Figure 8-2. Consider a

system consisting ofN, lattice cells; each lattice cek is composed ofN, atoms
with massn’ [a =1,2,3,.... N, |, positions in the reference configuratiof , positions
in the current configuratiox(t), displacementsu*®(t) =x* (t)- X*, and velocities
u*(t). Herein, the superscripka refers to thea -th atom in thek -th lattice cell; and

uk@ © du* /dt.

P
daa ' ®

Figure 8-2 Atomistic view of crystal structure

The initial configuration of each lattice cell insangle crystalline material can be

identified by its lattice coordinates=(l,l,,,), where |, are integers. So the spatial

initial position X* of the k-th lattice cell is defined as
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3

XK= |I.B (8-6)

a—a
a=1

where B, are the basis vectors spanning a simplelimensional Bravais lattice.

It is assumed that the total potential eneMypf the system mentioned above can be

additively computed as the sum of energies of @aaim

V = vka (8'7)

k a
where V*¢ is the sum of the energies due to any interatqroiential, such as pair-wise
interaction of the atoms, three-body potential®tbrer many-body potentials, including

the Tersoff and the Stillinger-Weber potentials’® can be expressed in a general form

VRS VX s U X X+ (8-8)

L ] *Im b,g
with the understandingk,a)® (I,6)* (m,g} ....
The particular form of the interatomic potentialeayy depends on the model of
atomic interactions. In this work, the pair potahts employed and the potential energy

of the atomka is

VA V,(x*,x")°

I b

Ve P (xE x") (8-9)

I b

N
N

The governing equation of any atoka in the system can be expressed as
mfu =f"9 + (8-10)

where u =x'; u =x<;f**=" P ¥ s the external force acting on

the ka atom including damping forcef**""” is the atomic force acting on thikea

atom due to thelb atom, which is the negative derivative of the pttd energy

vkalb(xka ) with respect to the atom’s current position veciof
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chao Va1 (xa X
ﬂXka

(8-11)

and here we also assume that the potential enedpesnd only on the relative

ka_

interatomic distanced*®"? © Hx x" H o)

Wka-lb(dka- Ib) ﬂdk& b _ ﬂv‘ﬁ‘ 'b(da lb)Xlﬁ -x? = _ flb-ka
g T v de®

fka-lb —

(8-12)

8.2.2Kinematic Constrains

For the purpose of large-scale simulation of caltabive material behavior, we seek
an approximation solution to eq. (8-10). Thereftine, reduction of degrees of freedom is
accomplished by virtue of kinematic constrains, tierough the shape functions in finite
element (FE) method. Some judiciously selectetttattells, called FE nodes, retain their

independent degrees of freedord. is the set of all lattice cellsZ,, is the set of all FE
nodes; Z, I Z. The nodal displacements together with shape ifumetare employed to

determine a displacement field, in other wordsp#iker lattice cells are forced to follow
the motion of the nodes — this is what we callethéknatic constraint”, which is the
practice in every FE analysis. The density of FlHa®is controlled by a criterion that

measures how strong the deformation varies spatidlhe displacementu*® is

approximated by finite element interpolation framnodal valuesU; as

u? = F (KU? (8-13)

|
where F, (k) is | -th shape function of th&-th lattice cell; U7 is the displacements

of thea atom of the | -th node of the element in which the-th lattice cell resides.

Following the standard procedure of Galerkin methbd weak form of eq. (8-10) is
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written as follows

MU o = Fe gy + " (8-14)

k a k a | b k a

In light of " =-f'>* we rewrite Eq. (8-14) as

T T (Fer fr ) gt + 5 gi* (8-15)

k a k a | b k a

which can also be written as

MU g =2 Feblone - ity < di* (8-16)

k a k a | b k a

By virtue of du*® = F (k)aU? , the governing equations for nodal displacements

U? can be expressed

Mi U3 =R+ 9 (8-17)
J
where
MG = maFJ(k)F |(k): Mi| (8'18)
k
Fe=l f e PF, (k)- E i = () (8-19)
| | |
2 k 1 b 2 k 1 g
P = “F, (k) (8-20)

k
The existence of superscri@@ in eq. (8-17) implies that the atomic informatian i
naturally built in ABC method and the internal sedion is allowed in each node to
represent an atomistic multi-element system. ls® noticed that, in egs. (8-19) and
(8-20), full-blown nonlocality, nonlinearity and cah-based constitutive relation are

automatically rooted in the force calculation. Séully nonlocal ABC formulation has
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been proposed.
In practice, the consistent mass matrix is commoepjaced by a lumped matrix for
computational convenience. Here the ‘row-sum’ lumgpiechnique is utilized, and then

eqg. (8-17) can be rewritten as

MPUT =R+ 7 (8-21)

8.3 COARSE-GRAINED NON-EQUILIBRIUM SIMULATION

Figure 8-3: The coarse-grained FE mesh and thel eodamble

Figure 8-3 is a conceptual illustration of the C&MNalgorithm. In Figure 8-3, the
gray solid circle means a unit cell; the black é¢dlircle means a FE node; the area
surrounded by the red line is named as nodal erisenith nodd , i.e., the Wigner-Seitz
region of nodd. In the proposed model, we assume that each eodaimble is viewed
as a local thermal reservoir representing the thksmpace of a large number of unit cells.
Note that the nodal ensemble is defined by WigretzSegion, which depends on the FE
discretization.

The essence of the proposed CG-NES algorithm is: KR node’s motion is

determined by the external mechanical and theroadihg; whereas the atom’s motion
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in each finite element is controlled by the cormsjing FE nodes through the shape
functions; each FE node’s thermal properties sichemperature are calculated by the
motion of atoms in the each corresponding noda¢maiée. The comparison between the
temperature of nodal ensemble and the desired tamupe, a feedback inputs to the
controllable FE nodes drive the system.

Since at the coarse scale level the temperatunébdison is not uniform and evolved
with time, the FE nodal temperature changes froaerto node and from time to time.
Therefore, if one wants to control the temperatfreome specified nodes, a distributed
Nosé-Hoover thermostat network is necessary torerthat each nodal ensemble reaches
to a desired temperature. This is called as a gbned Nosé-Hoover thermostat. The
conventional Nosé-Hoover thermostat renders the $§Btem a canonical ensemble,
while this proposed model offers a coarse-grainadonical ensemble, a generalized
notion of canonical ensemble in non-equilibrium gliation.

Following the idea of Nosé-Hoover thermostat, a i@ force, with possible
positive and negative damping coefficient, is uas@n external force in FE analysis for
coarse-grained non-equilibrium process. Following. g8-21), the generalized

Nosé-Hoover thermostat is proposed at the coavet fier each FE node as
MPUT =R+ 7 - M (V' +DV ) (8-22)
where V/? =U7 is the velocity of thea -th atom at nodel ; DV is the auxiliary

velocity to make sure that the action of the thestabitself does not change the linear
and angular momenta of the-th nodal ensemble; the dynamical governing equati

of ¢, isgiven as
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de, 1 NN e )2
T_a k=1 a=1 m (V _Vl) - 3k N I\L-L-qb' (8-23)

where Q, is the effective mass of thl -th node; v** =  F (k)V/ is the velocity
of the ka -th atom in the nodzensembleA ; N, is the number of unit cells withil
A, V, isthe massveightec average velocity ofA | ; T, , is thedesirectemperature
of A,.

On theone hand, note that in a specified -equilibrium problem, not all FE nod
temperatures areontrolled, so the (neralized Nosddoover thermostat is only used
the FE nodes aivhich the temperature is controllable. On the ottard, if one wants 1
control the temperature of a group of FE nodes,cameassemble the group of FE rs

as a local thermal reservo

8.4NUMERICAL EXAMPLES

8.4.1Validation

Figure 8-4 Three dimensional heat conduction model: (a) M@et; (2) FE mod
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Figure 8-5: Comparison of temperature profile bemv®D simulation and FE simulation
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Figure 8-6: Temperature evolution with time ateiéint groups

To validate the proposed CG-NES algorithm, the yamslof a three dimensional heat
conduction problem with finest finite element m¢ghmeans the size of finite element is

equal to the lattice constant of the crystal) hasnbperformed as a benchmark example
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and has been compared it with the results from ptlDesimulation. From Figure 8-4, it
is shown that the 3-D molecular dynamical mode68nm 1.68nm 22.26n) and the
CG-NES model (1350 nodes and 848 finite elemenit) finest FE mesh of MgO
crystal are subjected to different thermostatso#i lend of the specimen. It is seen that
the atoms or nodes at both ends of the specimee Visezrd; and heat sink region

T, =280K and heat source regiofl, =320Kare used to simulate a temperature

gradient. Here a certain number of nodes are asstonessemble as a group to calculate
the temperature. In other words, the nodes in déineesgroup have the same temperature
and use the same friction coefficient for tempematontrol if they are located in the heat
sink or source region. The system is first relak@d40 picoseconds (ps) at 300K for
equilibrating. The time stet is fixed at 1 femtosecond (fs) for all simulatiansthis
work. Then the Nosé-Hoover thermostat is appliethatheat sink and source regions.
From Figure 8-5, it is noticed that the temperatprefile from MD simulation and
CG-NES simulation are exactly the same as expesitest CG-NES can be reduced to
MD simulation when the size of finite element isiabto lattice constant of the crystal.
This indicated the reliability and capability of @8BS for non-equilibrium systems.
Here each group’s temperature is assumed to bageeat each picosecond. Figure 8-6
shows the evolution of the time-averaged tempegadfirrach group. It is noticed that it
takes time for the temperature of each group tohrebe equilibrium state and that the
governing equation of temperature acts like a diffn equation as in the classical heat
transfer. However, it is emphasized that this waak never used the Fourier’s law to link
heat flux with temperature gradient ; in fact, th#usion equation for temperature was

not solved because temperature is a dependenblaimaMD and in CG-NES as well.
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8.4.2Effects of Reference¢ Temperature

Figure 8-7:Three dimensional heat conduction FE model witly2p:

Here considering a longer specimel.68nni 1.68nfm 43.26nmwith 2600 node:
and 1648 finite elements deted in Figure 8-7 to study the effeas specimen’s siz
and referencéemperatur (initial temperature right after relaxatiooh the temperatut
distribution In this case the special regionFigure 8-7is a fixed region. Region 1 ai
region 20 are simulateas heat sink and heat source, respectivélyo cases ar
simulated: one witmeferencetemperature T = 260 K; the other with T= 300K. Cang
Figure 8-8a withFigure 8-8b, it is observed that the referentmperature has
significant influence on the temperatudistribution of the specimen. Also frorFigure
8-8b, it is seen that the temperatudistribution does not followthe Fourier’'s law o
thermal conduction. It confirms ththe Fourier’s law of heat conduction is not valid
nanostructures [16116Z]. However, it was found that the temperature distidouis

monotonic, although not linear, between the hed and the heat sour
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Figure 8-8: Temperature profile under differentiaiequilibrium state: (a) initial state with T
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8.4.3Heat Conduction at Coarse Scale

Figure 8-9Coarse scale FE model with heat sink and sourden
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Figure 8-10 Temperature profile at coarse si

In this example, consider a coarse scale finitenefé system shown iFigure 8-9.
The FE mesh of thispecimen 3.36nn1 3.36nm 53.76njnhas 315 nodes and 1
elements. Two groups of nodes at boths of thespecimen are used to control
temperature and are adopted the nodal ensemblal¢alate the temperature of ee
nodal point. FromFigure 8-10, it is shown that the temperatulsstributior is very
similar tothose in the finest finite element mc. It once again verifies that the +NES

algorithm can be utilize to simulate the thermomechanical process to calculate
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temperature of non-equilibrium system. Figure 8sliows that the temperature of

different nodes evolves with time, indicating thia variation of temperature satisfies the

diffusion equation and it takes time to reach theildrium state.
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Figure 8-11: Temperature evolution with time

8.4.4Shock Wave and Electromagnetic Wave
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Figure 8-12: Displacement profiles and the corresptg temperature profiles under the shock
wave: (a) displacement profile at z = 12.18nm;témperature profile at z = 12.18nm;

(c) displacement profile at z = 28.98nm; (d) terapanre profile at z = 28.98nm
In order to show the advantage of CG-NES in therewmanical coupling and to
present the capability of CG-NES to account forriad-electromagnetic effects, a 3-D
mechanical wave propagation along z-direction & #pecimen and a 3-D problem
subject to a given electromagnetic field are siteadlaThe FE model is shown in Figure
8-7.
In the case of mechanical wave propagation, theesyss assumed to be initially at

rest after a period of relaxation time and the lauy conditions are set as
uZ (x y,43.26nmt & ( (8-24)

0.21 sinpt /12) if t£ 2p

U (%002 it ts 2p

(8-25)

Figure 8-12 shows the displacement and the cornelpg temperature of two
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different groups atz=12.18 nrand at z=28.98 nm. It is clearly seen, from Figure
8-12a and Figure 8-12c, that shock wave propagdtes) the z-direction and reflects at
the boundary £=43.26 nmm). One may find that as the time goes on, the mami

amplitude of the displacement decreases. This & tduthe fact that once the energy
associated with the wave is converted into he#teitds more to spread out over the
entire domain rather than convert back again. dise observed that there is a correlation
between the movements of the high temperature aedkhe wave front. The simulation
results predict that the interchange of differeotnfs of energies will generate
non-uniform temperature distribution, indicatinge thapability of CG-NES method to

simulate non-equilibrium processes.
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Figure 8-13: Temperature evolution with time unelectromagnetic wave

In the case of electromagnetic wave, for each nioeénitial displacement is obtained
and initial velocity is reduced to zero after agoiime relaxation. No loading and no

boundary constraints are applied in the simulatibime body forces, i.e., the Lorentz
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forces acting on the charged atoms, are causely $ylehe external EM field. Here, the

harmonic electric field E=[E, E, E] =[ EO 0] and the magnetic flux density

B =[B, B, B] =[0 B,0] with variance in time and space are given as

0 if t<2ow
E.=B,= Aexpliw(z- cj/d if 2om< < 3pw (8-26)
0 if t>3ow

where ¢ is the speed light,A=100 V/nm is the amplitude,w=26THz is the

frequency of the EM wave. It is noticed that thectic field and the magnetic flux

density specified in eq. (8-26) satisfy the Maxvgediquations in vacuum. Here we only
study the effect of EM wave on temperature, nottttemomechanical-electromagnetic
coupling. Figure 8-13 shows the temperature evatutif the whole specimen in time. It
is seen that the temperature has a significanease during the period with the given
EM wave, and holds a steady-state value after Mevave stops. This is due to the fact
that the work done by the EM wave, through the htweforce, converts into both

potential energy and kinetic energy; the lattele$ itself in temperature. This indicates

that our CG-NES has the ability to investigate Eé effect on the temperature.
8.5 CONCLUSIONS

In this section, a coarse-grained non-equilibriunethomd has been formulated,
implemented and tested in numerical computatiotge Modal ensemble surrounding
each FE node is utilized to compute the temperdieie This proposed model has been
proved to be reliable and efficient, thereby ofigrnew perspective view for calculating

thermal properties at nanoscale. Major findings lsaisummarized as follows:
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(1) CG-NES method can be naturally reduced to NE&fBulation when the size of
FE mesh is equal to the lattice constant of thetaty

(2) The reference temperature of the system yobetsimulated has a significant
influence on the temperature distribution of thecsmen.

(3) The shock wave propagation example indicatesathlity of CG-NES to simulate

the thermomechanical coupling process.
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CHAPTER 9 CONCLUSIONS AND RECOMMENDATIONS FOR

FUTURE STUDIES

9.1 CONCLUSIONS

9.1.1Micromorphic Theory: a Gateway to Nano World

The development of Micromorphic theory (MMT) was timated by the query, “Is it
possible to construct continuum theories that ceedipt physical phenomena on the
atomic, molecular, or nano scales?” These wouldirecgupplying additional degrees of
freedom to a material point, which has three degoddreedom in classical field theory.
After all, the molecules that constitute the in&ristructure of the material points
undergo deformations and rotations arising fromdisplacements and rotations of their
constituent atoms. MMT envisions a material body aasontinuous collection of
deformable particles; each possesses finite sideirarer structure. On the other hand,
classical continuum mechanics considers a matbadly as a continuous collection of
material points, each with infinitesimal size amdimner structure.

The purpose to go beyond the classical continuurchargcs is to take into account
the microstructure of the material body in questidnile still keeping the advantages of
continuum theory intact. Following the works of iiggen, we present the formulation of
constitutive equations for generalized Micromorphirermoviscoelastic solid and
generalized Micromorphic fluid. Therefore, they da@ expected to unveil many new
classes of physical phenomena in semiconductor ighysMEMS, and other

microsystems that fall beyond classical field thesr
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9.1.2Applications of Atomistic Field Theory

To enlarge the domain of applicability of the Migrorphic theory, starting from
many-body dynamics and following the work of Cherd d.ee, we take a bottom-up
approach to re-derive the generalized atomistid tieeory (AFT) comprehensively and
completely and establish the relationship betwedfl /and MMT. AFT views a
crystalline material as a continuous collectionatfice points, whereas embedded with
each lattice point is a group of discrete and mlestatoms. This, thus, further expands the
application region of MMT to the atomic scale. Froine viewpoint that it stems from
N-interacting particles and explicitly describesnaim motion, AFT follows the same
concepts and principles of molecular dynamics,ibig computationally more efficient
than a model based on the mechanics of particlesn Ehe viewpoint that it is in terms
of field quantities and is concerned with local signfunctions, AFT is similar to MMT,
but the structural unit is a group of discrete dmtinct atoms, instead of a continuous
media in MMT. To show that AFT has the advantagath lof an atomic models and of

MMT, we have presented several grand challenginglpms in nano/micro physics.

(1) Atomic scale simulations

When we reduce the finite element mesh to the ai@tale, i.e., the finite element
size is equal to the lattice constant of crystatamal, AFT is naturally equal to MD
simulation. Through wave propagations and dislocati at the atomic level, the
robustness and stability of the finite element ienpéntation is demonstrated. And AFT
has demonstrated the capability to simulate then@atscale phenomena just like MD

simulation does.
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(2) Coarse-grained scale simulations

Motivated by the desire to improve the computatioetiiciency, we adopt the
kinematic constraint, the shape function in FE mdihto eliminate the majority of
degrees of freedom. Nevertheless, the essentialndignand nonlinear material behaviors
have been successfully simulated.

Mechanical properties such as elastic constantemsile strength are measured in the
coarse-grained simulations of MgO under tensions $hows an advantage of AFT over
classical continuum mechanics in predicting the emalt properties including the
constitutive response, while a complicated consggurelation is needed in classical
continuum mechanics-based simulations.

Since AFT is inherently suitable for multi-elemenystalline materials as mentioned
in Chapters 3 and 4, we have modeled and simutheedynamic process of polarization
and phase transformation in Bagi@rough coarse-grained finite element simulations,
which lends credible support to prove that AFT capture the atomic-scale material
behaviors. Due to the piezoelectric effect of pskite materials, AFT can offer a more
fundamental understanding of energy harvesting faamechanical system at nanoscale.

In the governing equations of AFT, we allow the ¢z force as one kind of external
forces. Due to the applied EM field, the inhomogrreemotions of discrete atoms in the
polarisable crystal give rise to the rearrangenmnmicrostructure and polarization.
Single-crystal MgO nanowires under EM field is miedeand simulated. The numerical
results have demonstrated that AFT can serve aslad analyze the electromagnetic
phenomena of multi-element crystal materials at roAi@no level within a field

framework.
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(3) Concurrent atomistic and continuum simulations

The concurrent methods for coupling atomistic satiohs with continuum
thermodynamics offer a myriad of challenging proide mostly related with energy
transmission, wave reflection, and damage propageadi the interfaces between the
continuum description and the discrete descripti@nbridge the gap between atomistic
simulations and continuum modeling, several examplas been presented to
demonstrate the advantages of AFT in multiscaleeinogl and simulations.

Firstly, motivated by eliminating the spurious waedection at the interface between
the atomic and continuum domains of multiscale rindeand simulation, we adopts
the novel numerical approach (see in Chapter 4Af6F without any special numerical
treatments at the interfaces to demonstrate thabdép of AFT in dealing with the wave
reflection at the interface between different dggians.

Secondly, we have investigated how the electrild fedfects the nanocrack initiation
and propagation in single crystal MgO. Our model dapable of reproducing
experimental observations including limitation ofack propagation speed, crack
initiation and propagation. Our studies lead toittsght into the atomistic details of the
fracture processes. Numerical results show thatreddields can serve as a tool to shield
or retard the crack initiation and propagation ami¢ crystals, thereby offering new
perspectives on fracture mechanics at nano s¢asedémonstrated that AFT can provide
a more fundamental understanding of dynamic fractar micro/nano level within a
single theoretical framework.

Thirdly, in the thermomechanical coupling simulatiove present an analysis to

reconcile the compatibility between the atomic eagiand continuum region and to
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calculate the matching temperature field of a lwatduction problem in a concurrent
atomistic/continuum system. We develop a new eitpli@lgorithm with

multiple-time-scale procedure to treat interfacesMeen atomic and continuum regions.
The work provides a more fundamental understandfrifpgermomechanical phenomena

at the interface between atomic and continuum regjio

9.1.3Coarse-grained Non-Equilibrium Simulations

A coarse-grained non-equilibrium simulation (CG-NES8odel has been proposed
based on an atom-based continuum method for théi-edeinent crystal. The main
objective of CG-NES model is to establish a nodaseenble that provides a more
efficient way to compute the thermal propertiesrion-equilibrium systems. In Chapter,
a generalized Nosé-Hoover thermostat network ipgsed for each finite element node
to control temperature of the system. Several nigaleexamples have been carried out
and demonstrated that CG-NES has the capability effidiency to study the
non-equilibrium system, including thermal-mechahiczoupling phenomena and

thermal-electromagnetic effects.

9.2RECOMMENDATIONS FOR FUTURE STUDIES

9.2.1Multiscale Modeling of Nanostructured Biomaterials

The family of mineralized collagen-based materjaesents a variety of structures
such as bone that requires an understanding dfigindy hierarchical structure-properties
relationship from molecular to macroscopic. Theficldty in understanding the
mechanism of fracture and the exceptional fractomghness in bone lies in determining

the relative importance of these nano/micro/mesasiral hierarchies to crack initiation,
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subsequent crack propagation and consequent uadtaloture, and in separating their
effects on the critical fracture events. Thus, teitdr understand the exceptional
properties of bone that distinguishes it from conimal composite materials by its

multiscale hierarchical structure requires a medtis simulation.

9.2.2Multiscale Non-equilibrium Simulations of Thermomedanical Coupling

The non-equilibrium thermal-mechanical process atals scales, for instance
nanoscale heat transfer, in which the length andfer scales span from the molecular to
the continuum, is a subject of increasing importatacenergy conversion, biotechnology,
microelectronics, biochemical detection, and matesynthesis and failure analysis. The
capacity to simulate thermal-mechanical couplingsnon-equilibrium states at small
scales is vital to the understanding of transpatmanisms of energy conversion and to
the advancement of reliability of micro and naneeslonics.

The concurrent multiscale simulations are suitedntodel physical phenomena
operating across different scales and have becquopwar research topic in recent years.
However, most of the multiscale models in the Chiafdt focus either on solving
problems at zero temperature or on simulating duium systems with uniform
environmental temperatures. To the best of my kadge, there are few multiscale
simulations or formulations available for non-eduibm systems. AFT is a complete
and elegant field theory including the balance lafvenergy, thereby rendering it

naturally suitable for dealing with the thermomeuahal coupling phenomena.
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APPENDIX A PROOF OF EQUATIONS IN AFT

A.1 Proof of eq. (3-18)
Recalling the definitions of these two stressesntitis straightforward to show

Nxxtzot +N, >

y pot

NN ~
-1 F“(R*- R'XN,B(k,x, 1,2, y")
k,I=1x p=1
NN, ~
1 FOr-Dr "N, B(kx, 1Axy ")
2kI:lX/7:1
NN, - ~
_ . 1 Fkx((Rk_ R')<NX+(DrkX -Dr 'h)xl\)lla)B(k,X,L/?X,ya)
2k,|:1x/7—1
1N N

=2 F"de(Dr"X/+D"’(1-/ ).y )R*“R'¥Ng RF +R'( ) x)d
- Fkxld[Rk/+ R'(1-/ ) x](ro r“Dr"N g Dr'f +D "4 )y a}’)d

2 i=1xp=1 0

N, N, 1
_1 Fo LR 4R/ )- W DY +Dr 1/ )- y T/
2 k,1=1x =1 0 d/

(A-1)
Nx >4:got +|~\)|,a ><T)ot
1 N, N,
== F{adR*- X dDr*-y?- dR- x) & r* y*)}
2k,|:1 xh=1 (A-2)
N, N,
= F*d(R¥ - x)dDr*“- y?)
k=1 «x=1
=f4

A.2 Proof of eq. (3-27)

Recalling the definitions of heat flux and stresss straightforward to show
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A.3 Proof of eq. (3-35)

Eqg. (67) yields
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The quantities A, B, Ccan be further developed as:
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A.4 Proof of eq. (3-37)
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A.6 Proof of eq. (3-42)
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+£ (VkX+VI/7)>FkXd(Rk _X)d(Dkx _ya)
2k,I:1x/7:1
N, N,
= V¥ XF2dR* x)d(D "™ -y ?)
k=1 x=1
+Nx >Eqé;Jot +tap0t éV +\B)] +yN[j%I§in a-';;ot (VX \ﬁ-)])
N, N,
= [V +(v+Dr)] AR x)ao ¥ y9)
k=1 x=1
+Nx ){q‘;ot -i.tapOt éV +\5)] +yISI [jg(kin a-lp-)ot (VX \ﬁ_)])
N| Na
= VXFSARY x)d(D ™ -y )+ +D7) x?
k=1 x=1
+Nx *q‘;ot +tapot (>V +\B)] +y|Sl [jslfin a-'ﬁot(vx \ﬁ'n
= Nx >Eqiot -H:aDOt QV +\5 )] +y|SI [j‘glgin a-I[;ot (VX \ﬁ-)]) (A 21)
+(v+Dv¥) x® +f
~ NI Na ..
A=-R 4 (Vv A
k=1 x=1
[Em (V)2 + U +miV ¥ v +D%) (A-22)
+4m* (v +Dv¥)*]d(R" - x) a(Dr' -y %)}
=R -l X +D) W[ St (v B )]
~ NI Na s
A=N_{ (D"+D) A
k=1 x=1
[£M (V)2 + U +V ¥ v +D%) (A-23)

+4mi (v + DY)AR" -X) oDr' -y )}

=R fiae fa(vDV )+ DV [P 2 (VD7 )

Now the law of conservation of energy becomes

187



TENZRAT € (0 4D) e (v D))

+Nya j? +7 v +B) -B[r'é (v +D7T}
+(v+Dv¥) x? 4

A.7 Proof of eq. (3-46)

Since one has

%(ﬁEa):NX{q"" # v +HD) Mrié (v +D)7}

N, A"+ v +B) -B[rE (v D))
+(v+Dv?) x? 4

and
%[raEa] :%[/‘aé +¥ A(v+DF)? =

=%traea1+§<v+w>2[wav> N e W)
Hv+D) & N[¥ v A+ D))
+R, f 2 - DF Av +D/)] +9)

So
1, a
ﬂt[f €]

=Nofg” 4" (v +wB) vrie” 4r°(v +D) 7Y
+|§|ya {j? +7 v +B) -B[re 47(v +D)7}

D) x4 S DG [ e i)

DV NP v v+ KD £ B B + D) )
=K, {q" - VIr'e®+ 377 (v+ DV )} +R & -Dre® (v +8) f

S@EDVIR ) N, 67 )]
WDV R K 77V AV +D0+ K [x£* B Qv +D)])
+H7 N (v+Dv?) + 2 Nya(v + I )+If
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Using Lemma 2, one has

N, firv(v +D%)7]
1

=- E(V+ Dv*)*N, Xr?v)
+Hv+Dv?) % N[x'v & +B)}
(A-28)
N, 477 B (v +D7)]
1 2K a N
=-§(V+Dva)Nya {ré NA)
+(v+Dv7) % ISL [x* B A +HDO}
From Lemma 3, one has
NoAt? v +0)} (v wO) [ x f]xt+ (W vhD
(A-29)
N, 6 +0) (v #D [ xR % (N WD
Then we have
) N .
—(rée¢)+N P +wr?é) +N, +W0r? e
i GED R C AR AR S ) 50
=t*:N (v+D?) + 7 Nya(v +0F7) Hf
A.8 Proof of eq. (3-47)
%[rE]: L (YRR W (R X)
k=1 x=1
N AT ALY L
2\ sxp=1me1 g=t " (A-31)

R Ve [Am(V)? +UM AR %)

k=1 x=1

AT AT A
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N N

A= (F +F5) ¥ “d(R" x)
k=1 x=1
NN, N N
= F 2/ “d(R* x) + F)"aR“ x)
k=1 x=1 k=1 x=1

1M NN

A= {{V"YxN.]U} ¢ R -3

2 kI=lx =1m=1 g=1

1 N| Na
=-= (V- VXF“dR*- x)

2k,I:1x/7:1

1 N| Na N| Na
A+A= [V VTSR %)+ FLW AR x)

k,I1=1x sn=1 k=1 x=1
N N, N,

=Nt Oy + U & HD)] + (v wD % h+

x=1 x=1 x=1

AR VO [3MVE)? +U AR -X)
SR (VR ) [Em(VE)? U
TV v+ DY) 4ni(v +D)2a(R* X))

=Iqlx ){qkin + a t)Iiin (>V +\D)} \{ re -::la %f )( v +\D 1}

x=1 x=1

Then we have

ﬂ(1r1tE):'<'x Xq -vre) +Na N £t? (v D)}
bR E 2V DA TV DY) %) B

A.9 Proof of eq. (3-51)

Yiry= " (fD* AD*)dR * x)
ﬂt k=1 a=1

N N,
N VKA (D AD €)aR “ x)}

k=1 a=1
=A+B
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N, N

A= (nDV¥ AD)dR* -x)

k=1 a=1
N| Na

+ (m*Dr'® ADv*)dR * -x) (A-38)
k=1 a=1

=r +r
~ Nl . Na e

B=-N{ (V¥-v+wA (nfDr* AD ®)aR “-x)}
k=1 a=1

~ . ~ NI s Na e

=-N x(vAri)-N{ VA (mD"“ AD ")dR “ x)} (A-39)

k=1 a=1

=-N x(vAri+)
CombiningA andB, one has

%(ri):r v T-N x(vA i+) (A-40)

A.10 Proof of eq. (3-53)

ﬂ NNy .
—(r )= (M Dv® ADr®)dR* -x)
ﬂt k=1 a=1
~ NI Na e e
N, x VK AP Dv® ADr®dR * -x)
k=1 a=1
N| Na
= (Mm*V*¥ ADr*¥) dR *-x)
k=1 a=1
~ NI Na e e
N, x VK AmPDv® ADr®dR * -x)
k=1 a=1
N| Na
= mV*¥ ADv¥d(R* - x)
k=1 a=1
NNy
+ (F +FYADr¥“dR ¥ - x)
k=1 a=1
~ NI Na e )
N, x (V¥ +v) AmPDv® ADr“dR * -x)
k=1 a=1

= A+B+C (A-41)
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NN,

A= mVv<e ADv¥ dR* - x)
k=1 a=1
N| Na

m*V< A (Dv¥ + DA )dR* -x)
k=1 a=1
NI Na .
=- T+ (M'V*+Dv*¥)ADv? d(R*- x) (A-42)
k=1 a=1
NI Na .
- T+ DV ADV* d(R*- x)
k=1 a=1
Na .
- wt DV ADV?

a=1

NI Na
— ka ka
B= (F* +F5
k=1 a=1
NI Na

YADr®dR*-x)

F* A(Dr'* -y?)dR*- x)
k=1 a=1
N| Na .. N' Na .
+ F Ay?d(R¥*- xn FEADr®aR* x) (A-43)
k=1 a=1 k=1 a=1
Na ~ ~ '
= o (Nx ! pot + I\yla Xapot) &a {F
~ Na e Na ~ .
= Nx >( tZot Aya) H o+ I\l,a (< apot A(a) - Tpot

a=1 a=1

NI Na
C=-Nx (V¥ +v) AnfDv® AD"®dR ¥ -x)
k=1 a=1
~ . ~ NI Na e e
=-N x(vAr )-N x VE APV A(Dr P -y? +y? )dR “-x) (A-44)
k=1 a=1
~ ' ~ Na e
=-N x(vAr )+N X t& A7)

a=1

CombiningA, B, andC gives

Na
lt(r Y=- "+ r v ADV’
L | o= | (A-45)
+N, x  t7 Ay 4 -N v A ) + K)!a o A7)
a=1 a=1
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or

d Na 2 . o Na - Na ~ a .
—=- T+ r °Dv* ADV +N_ x t° AF H + N, & oot A)

dt a=1 a=1 a=1

A.11 ldentities of d-functions
%d[R"- /(R R'Y ¥ (RY¥ RYN ¢g[RE /(R R) N

d a
Wd[Df"X - /(O “-Dr ")-y 7]

=(Or* -Dr")xR,d B /(D -D")y ]

%OIRk- /(R R"Y Xjdp r* /@ r®¥D r") yI

=D - /O -Dr")-y IR “RXNGR*“/R*“R} x]
+a[R*- /(R*- R'Y xp r“D r'hyNyad[Dr WoJOr ¥-Dr M-y 9

d(R*- x)- dR! xF-N x ld/{(Rk- R')Y[R /(R R) X

0

A.12 Lemma

Lemma 1l

. 0A7 _q(r°A%)
dt it

r

+N o “v AA?] +Qa kK2 B A?]

Lemma 2

N%%ABZ] :—;BZNA B [x KA By

Lemma 3

N A) A (x Nx + Al
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APPENDIX B LINEAR MOMENTA AND ANGULAR MOMENTA

DUE TO NOSE-HOOVER THERMOSTAT

Suppose we have a group of atoris, not a whole specimen. We want to use
Nosé-Hoover thermostat to control the temperatlihe key point is that the linear and
angular momenta associated with the Nosé-Hoovemibtstat should be zero.

Notice that now the linear and angular momentanatezero.

Linear momentum

N . .
P= mv10 (B-1)
i=1
Angular momentum
H= mr'"v'tO0 (B-2)
i=1

Here it is emphasized that the origin is the cedtod this group of atoms, i.e.,

N

mr' =0 (B-3)
i=1
Define
N .
Mo  m (B-4)
i=1
rofel o, He H| (B-5)
1o mr'x' (B-6)

i=1
Now we change the velocity of every atom ¥+ Dv' where
DV or'" H/I- P/M (B-7)

It is straightforward to prove that
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N N
H' = mr' @+Dv')=H+ nt' D
i=1 i=1
=H+ mr' " {r"H)/ FP/ M
i=1
=H+ mr' " ¢"H) P { m'}Y/ M
i=1 i=1
=H+ m{r'H>-H({ % )}/ |
i=1
=0
P= m{V+D/)=P+ mD
i=1 i=1
N . .
=P+ m{(r' " H)/ I- P/ M}
i=1
N PR
= mr'"H/I
i=1
=0
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