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Abstract of Thesis

Numerical Modeling of Leg Geometries in Thermoelectric Devices

Global energy consumption is large and has increased rapidly over recent years.
According to International Energy Agency, global energy demand rose by 2.3% in 2018,
which marks the fastest pace in the last decade. Wasted energy is a big fraction of the
overall energy consumed globally. This large fraction of wasted energy highlights the need
to reduce or recycle waste energy, which otherwise would not fulfill any further energy
needs. Thermoelectric devices have the potential to improve energy efficiency because
they can convert wasted heat into electrical energy.

Thermoelectric devices consist of two ceramic plates, between which are legs of
semiconductor thermoelectric material, commonly bismuth telluride. Hence,
thermoelectric legs are the main constituents of the thermoelectric devices. Thermoelectric
legs are required to have low electrical resistance and high thermal resistance for a best
performance. Both electrical resistance and thermal resistance are dependent on the
materials and on the geometry of the legs, especially the length of the legs and the cross-
sectional area. Additive manufacturing enables production of complex geometries with
different shapes than current commercially available uniform legs.

This work focused on understanding the effect of different thermoelectric leg
designs on thermoelectric device performance. Various leg geometries were studied for
their thermal and electrical performance under different boundary condition scenarios. The
shapes studied include rectangular prisms, trapezoids, hourglass and Y shapes. Two
numerical studies were performed. In the first, the temperature gradients in the

thermoelectric legs are determined by solving for the energy balance equation. This is



done by using a code written in Python. In the second, temperature gradients and the
electrical potentials of the thermoelectric legs are determined using the COMSOL-
Multiphysics Thermoelectric Module. The models include geometries in which the cross
section of the legs vary along their height. Such geometries enable better understanding of
the contribution of cross section area changes on the thermal and electrical performance.
Both fixed temperature and fixed heat flux boundary conditions were examined
numerically. It is found that different boundary conditions, which reflect different working
environments, result in different performance values for the same leg shapes. Among the
geometries investigated, the hourglass-shaped thermoelectric leg, subjected to a fixed
temperature boundary condition, is found to have the best thermal and electrical
performance. The hourglass shape leg enabled a 101% bigger electrical potential and a
254% greater maximum power compared to the original rectangular shape under constant
temperature boundary condition. The inverse hourglass performed 23% better for electrical
potential and 43% better for maximum power compared to the original rectangular shape
under heat flux boundary condition. These findings underscore the importance of geometry
upon electrical and thermal performance of a thermoelectric leg, as well as the importance

of selecting the best shape with respect to the working environment.

Vi
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Chapter 1 — Introduction

The International Energy Agency (IEA) announced that “global energy demand
rose by 2.3% in 2018, which marks the fastest pace in the last decade” [1]. Waste heat
recovery systems can be used for energy saving and greenhouse gas emission reduction
purposes [2]. More specifically, thermoelectric power generators can be used for waste
heat recovery by converting waste heat energy into electrical energy.

A thermoelectric generator (TEG) is a solid-state device that generates electrical
energy when a temperature gradient is formed [3]. At the atomic scale, the temperature
gradient causes charge carriers in the material to diffuse from the hot side to the cold side,
thus creating a thermoelectric current [4]. Thermoelectric legs are the main constituents of
the thermoelectric generators, which are typically made of p-type and n-type
semiconductor materials [5].

Different studies have been conducted for understanding the shape of
thermoelectric leg effects upon performance. Radial and trapezoidal leg configurations are
investigated in several studies [6-11], however a variety of shapes are remaining to be

modeled and studied in depth.

1.1 Thermoelectric Generator
A thermoelectric generator’s main constituent parts are one p-type semiconductor
and one n-type semiconductor. The semiconductors are connected by metal interconnects

which electrically connect the two semiconductors in the series [13]. Figure 1.1 shows a



thermoelectric generator couple with p-type semiconductor, n-type semiconductor and the

metal interconnects.

Metal
. Interconnects
4 4
n-type - p-type
Semiconductor _~ Semiconductor

Figure 1.1 Thermoelectric Generator Couple. Figure reproduced from [13].

Thermoelectric power generators can be used for waste heat recovery by using the
Seebeck effect. The Seebeck effect is the production of an electromotive force (emf) and
consequently an electric current when two junctions are maintained at different
temperatures [12].

The Seebeck effect is created by the flow of charge carriers within the p-type and
n-type semiconductors. In n-type semiconductors, the charge carriers are electrons and in
p-type semiconductors, charge carriers are holes. The diffusion of the charge carriers
happens from the hot side to the cold side. This diffusion results in the accumulation of
charge carriers in one end creating a voltage potential. This generated voltage creates

electrical current and thus produces useful power [13].
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Figure 1.2 Thermoelectric Generator Module. Figure reproduced from [13].

Figure 1.2 represents a thermoelectric generator module. It is a combination of p-
type and n-type thermoelectric generator couples. These couples are connected electrically
in series and / or in parallel to create targeted electrical voltage and current [13]. One side
of the thermoelectric generator is subjected to a heat source, and the opposite side rejects
heat. This combination of heat source on one side and heat rejection on the other, creates
the temperature difference needed for the voltage to be created [13].

Thermoelectric generators are used for applications that require different sizes and
supplying powers. They can provide an output power from uWs to several hundreds of
Watts [38]. They could be used in various places, in power plants, in manufacturing
industries, in automobiles or in space applications [14]. Currently, they are used in

automobile engines, industrial electronic devices, micro self-powered wireless platforms,



health monitoring and tracking systems [38]. This range of applications create the need to
study different working environments, hence different boundary conditions, for different

thermoelectric generator applications.

1.2 Thermoelectric Material

Thermoelectric materials are used in refrigeration and in power generation. The
efficiency of conversion of heat into electricity is defined by the figure of merit ZT, Seebeck
coefficient S, thermal conductivity k, electrical conductivity ¢ [15]. Which material is used
depends on the characteristics of the heat source, cold sink and the design of the
thermoelectric generator [13]. In order to achieve high efficiency, materials with high
thermal resistance and low electrical resistance are required. Thermal resistance is
calculated as in the Equation 1, where Rrnermal IS the thermal resistance, L is the length of
the geometry, k is the thermal conductivity of the material and A is the cross-sectional area
of the geometry. Electrical resistance is calculated as in the Equation 2, where Rejectrical IS
the electrical resistance, p is the electrical resistivity, L is the length of the geometry and A

is the cross-sectional area of the geometry.
L
RThermal = E (1)

pL
Riiectricat = 7 (2)

By using the electrical resistance of the thermoelectric leg and the open circuit
voltage, output power of a single thermoelectric leg can be calculated. In Equation 3 below,

Pout IS output power, I is current, and V is voltage.



Poue = 1V (3)

The current can be calculated according to the Equation 4 and the voltage can be
calculated according to Equation 5. In these equations, Voc is the open circuit voltage,
Eklectrical leg 1S the thermoelectric leg electrical resistance and Ricad is the load resistance.
Using Equations 3,4 and 5 and assuming that load resistance matches the internal resistance

of the thermoelectric leg, maximum power can be calculated.

I = Foc 4)

RElectrical,leg *+Rioad

V= V Rioad (5)

ocC
RElectrical,leg +Rioad

Seebeck coefficient defines the magnitude of electron flow with respect to
temperature difference across the material [16]. Seebeck coefficient is an intrinsic property
of the material, related to their electronic properties and it is independent of the geometry.
This coefficient is positive for p-type semiconductors and negative for n-type

semiconductors [15].
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Figure 1.3 Seebeck Effect and Thermoelectric Module. Figure reproduced from [15].

Dimensionless figure of merit (ZT) expresses the effectiveness of a thermoelectric
material. Equation 6 shows the formula for the figure of merit where S is the Seebeck

coefficient, p is the electrical resistivity and k is the thermal conductivity.

SZ
ZT = =T (6)

Figure of merit, ZT, is proportional to the square of the Seebeck coefficient and
inversely proportional to the electrical resistivity and the thermal conductivity. Commonly

used materials; Bi»Tes and PbTe have ZT value around 1.
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Figure 1.4 The Seebeck Coefficient, Electrical Conductivity, Thermal Conductivity and

ZT as a Function of the Carrier Concentration. Figure reproduced from [16].

As can be seen in Figure 1.4 the Seebeck coefficient, electrical conductivity and
thermal conductivity change in different patterns with varying carrier concentration [16].
The Seebeck coefficient’s value decreases with increasing carrier concentration. However
electrical conductivity and thermal conductivity increase with increasing carrier
concentration. This shows the difficulty of achieving high electrical conductivity and low

thermal conductivity simultaneously.



niype

Temperature (K)
Figure 1.5 The Figure of Merit, ZT, for Various Thermoelectrical Materials as a Function

of Temperature. Figure reproduced from [16].

The materials shown in Figure 1.5, bismuth telluride (Bi>Tes), lead telluride (PbTe),
and silicon germanium (SiGe), are semiconductors. As can be seen from the figure, the
best figure of merit, ZT, is achieved at different temperatures for different materials. There
is an optimal range for each of the materials. This information is important to know for
simulation purposes, it will enable the user to decide which material selection will perform
the best under given working environments, hence given boundary conditions. For near
room temperature values, Bi>Tes shows the best performance. Bi>Tes is chosen for this
study because it is well-characterized, and it is the material used in most commercial

modules.



1.3 Commercially Existing Thermoelectric Modules

There are commercially existing thermoelectric modules. Companies mainly based
in the USA, Japan, China, Russia and Norway [48-66] produce a variety of thermoelectric
modules. Commercially available thermoelectric modules differ in type, dimension, power,
voltage and current attributes. Commercially existing module geometries are rectangular,
circular, and cascaded. The rectangular prism configuration for thermoelectric legs is the

most abundant choice in industrial applications.
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Figures 1.6-1.8 show, histograms for rectangular, commercially available
thermoelectric modules. While the height range of thermoelectric modules is from 1.6 mm
to 8.3 mm, the widths range from 1.50 mm to 81.50 mm and the lengths range from 4 mm
to 79 mm. It is important to note that within a thermoelectric module, there are multiple
thermoelectric legs, thus the width and length values shown are dimensions of the
combination of multiple thermoelectric legs and the void between them.

On Figures 1.7 and Figure 1.8, it can be inferred that there are preferred width and
length dimensions which are 36.50 mm — 41.50 mm for the width and 39 mm — 44 mm for
the length. From the dimensions of the modules, we can extract what the dimensions of the
legs are in commercial devices. In the base scenario, the dimensions of the rectangular-
shaped leg for this chosen study are: 6 mm height, 3 mm width and 3 mm length.

The area range of the studied thermoelectric modules are 0 — 6000 mm?. The
volume range of the studied thermoelectric modules are 0 — 18000 mm?3. The power range
of the thermoelectric modules in this survey is 0 — 400 W. The current range is 0 — 35 A.
The voltage range is 0 — 40 V. Most modules have 15 V output according to the data from

20 companies listed in Appendix A of this report.

1.4 Literature Review About Different Thermoelectric Device Geometries

Most of the literature on this topic is focused on the thermoelectric material
enhancement and device development [6-22]. There are different studies focusing on
various aspects of shape influence upon thermoelectric generator performances. Studies
about leg geometry emphasize different dimensions and assembly compositions of

thermoelectric materials [6-11], while some of them also study different leg geometries.
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A study by Thimont et al. explored novel leg geometries thermal and electrical
performance. In this work, triangular, trapezoidal, circular thermoelectric legs as well as
the hollow and layered version of these shapes are analyzed for two different materials:
bismuth telluride and manganese silicide. It is found that hollow and layered leg geometries
resulted in larger temperature gradients than the traditional cuboid thermoelectric leg
structure [19]. An analysis about trapezoidal thermoelectric leg configuration is explained
by Sahin et al., they assigned a shape factor to categorize different heights to surface area
ratios. Next, they studied the geometric configuration effect upon the device efficiency and
the power generation [6]. In their work, they defined a shape parameter which stands for
the rate of change of the cross-sectional area of the legs along the height direction, and they
found that increasing or decreasing the shape parameter has a favorable effect on the device
efficiency, however has an adverse effect on the thermoelectric power generation.
Similarly, Mijangos et al. studied asymmetrical (pyramidal) legs in order to lower the
thermal conductance and increase the temperature gradient. The performance improvement
of these asymmetric legs is experimentally validated in their work. Their work
demonstrated that having a thermoelectric module with asymmetrical thermoelectric legs
enhance thermal performance of the module. They also concluded that the heat source
should be assigned to the smaller surface area of the asymmetric geometry for a better
performance [43].

While some studies investigated thermoelectric leg effects upon performance, other
studies focused on performance improvement through segmented configurations. Studies
including segmented thermoelectric materials use rectangular prism configurations but

integrate multiple materials on a single leg. The segmented thermoelectric legs include two

12



different materials having different material properties, which enables the legs to be
designed according to the application. Study by Tian et al. investigated the performance of
these segmented legs compared to traditional thermoelectric legs. They found out that
segmented legs are more suitable for high temperature heat source and large temperature
differences. [67]

Various studies focused in different boundary conditions for analysis purposes.
Most of the studies in the literature applied constant temperature boundary condition to
their analysis, however there are some studies which focused on heat flux boundary
condition. A study by Menon et al. numerically modeled and experimentally tested a radial
thermoelectric generator configuration. Their model operated under natural convective
cooling, and the heat source is provided by a hot pipe. [11]. In addition to the traditional
flat plate geometries, a study by Menon et al. focused on printing thermoelectric materials
in circular shapes [37]. In their work hot fluid was taken as the heat source and natural
convection acted upon the cold side. The performance of different thermoelectric leg
shapes is not only studied theoretically, a study by Schmitz et al. showed a process of

production of thermoelectric rings to be used in tubular generator designs [44].
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Chapter 2 — Methods

2.1 Geometries Studied

The geometries studied are shown in Figure 2.1. The rectangular prism is chosen
as the base case for comparing temperature gradients of different shapes. The height of
each leg is 6 mm. The width and length of the rectangular prism are chosen according to
the market survey detailed in Chapter 1.3 on thermoelectric modules, where these

dimensions for width and length are found out to be most abundant.

Figure 2.1 Thermoelectric Leg Geometries Studied

14



The trapezoid thermoelectric leg structure is chosen because it enables different
aspect ratios along the length. The trapezoid geometry and its inverse version seen in Figure
2.1c are both studied. These two geometries are chosen because their volumes are equal,
but different boundary conditions can be applied to the small and large surface area for
comparison. The next two geometric shapes in Figures 2.1d and e are combinations of the
two trapezoid configurations. The first combination has upside-down trapezoid
thermoelectric leg on the top and trapezoid leg on the bottom. The second combination
studied has the trapezoid part on the top and the inverse trapezoid shape on the bottom. The
last shape studied in the scope of this research is a Y shaped thermoelectric leg on Figure
2.1f. During the literature review, it was found that a tree-like configuration allows the best
temperature conduction. The tree-like shape configuration branches through the
conduction direction. As our aim is to understand geometries that have higher thermal
resistance, this Y shape geometry is studied as well. Technical drawings of parts in Figure

2.1 can be found in Appendix B.

N— |

» » »

\
\

Figure 2.2 Stages of Thermoelectric Leg Geometries from Trapezoid to Rectangular

Additionally, stages of the leg geometries evolving from a trapezoid shape to a

rectangular shape are studied. The intermediate shapes are composed of different

15



percentages of trapezoid and rectangular shape combinations. This selection of geometries
enabled the comparison of different aspect ratios on thermoelectric performance. The total
height is kept same for each, 8 mm. The top and bottom surface areas also remain the same

throughout the shapes on Figure 2.2.

2.2 Analytical Modeling

In this study, an energy balance approach is used to solve for temperature
distribution upon the thermoelectric leg. The properties of thermoelectric leg are assumed
to be constant, independent of temperature. Additionally, it is assumed there is no heat loss
due to convection or radiation from the sides of thermoelectric leg. Joule heating, Peltier

effect and heat conduction are the main effects included in the computation.

Gin

I
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Joule Heating

Hot Side

00 00

‘—
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o
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{ TR R Sy T

Gout qﬂi’il‘lﬂr'

Figure 2.3 Thermoelectric Leg Diagram (left) Thermoelectric Leg Circuit (right)
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The Peltier effect is present where an electric current pass across a junction between
two materials, so heat is emitted or absorbed. [17] Therefore, this effect acts upon the top
and bottom surfaces of the leg. Joule heating, also known as resistive heating, is the process
by which electric current passage produces heat. This effect is present throughout the
thermoelectric leg, similar to the heat conduction term. The model has constant heat flux
as the boundary condition. The model assumes steady state operation and one-dimensional
thermal and electrical transport. The diagram for leg thermal circuit can be seen in Figure
2.3.

The thermoelectric leg is discretized along the leg length, and an energy balance is
applied to each element. Each energy balance equation is solved for the temperature in the
middle of the partitioned volume. The configuration of this partition can be found in Figure
2.3(right). Because the top and bottom elements experience Peltier effects, the energy
balance equations are different for the top volume, bottom volume and the intermediate
volumes.

The energy balance equation, as shown in Equation 7, is applied to each element
from top to bottom. Each element, as well as the entire thermoelectric leg, obeys the energy
balance equation.

Ein — Eout + Egeneratea = 0 (7)

Temperature nodes are in the middle of each volume element. The energy balance
equation is then re-arranged to solve for temperature nodes in the middle of the volumes.

For the first volume, at the top of the thermoelectric leg, Ein is the heat coming in
from the top, either a constant temperature heat source or a constant heat flux, Eout is the

heat loss due to conduction towards the consecutive element and heat loss by Peltier effect,

17



and Egenerated 1S the heat generation due to the Joule heating within the volume. Equation 8

is solved to obtainTo. To is the first volume partition of the geometry.

kA(To—T;)

Gin + S R1I? - aTol =0 (8)

For the intermediate volumes, Ein is the heat coming in from the upper boundary
element due to conduction, Eou is the heat loss due to the conduction towards the
consecutive lower element and Egenerated 1S the heat generation due to Joule heating within

the volume. Equation 9 is solved to obtain Th.

kA(Tp—1-Tn)  kA(Tn—Th41)
Ay Ay

+ ZR,I2 =0 ©)

For the last volume, Ein represents the heat coming in from the upper boundary
element due to conduction and the heat gain by the Peltier effect, Eout is the heat going out
of the boundary and Egenerated IS the heat generation due to the Joule heating within the
volume. Equation 10 is solved to obtain Tjast.

kA(Tlast—l_Tlast)
Ay

1
— 4cold + ERlastl2 + + aTlastI =0 (10)
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The iteration chart for the energy balance equations explained above is shown as:

Parameters Assigned
Ty=T, =T, =T, =T, =298.15K
Tiniriar = 298.15K uniform

A = Tinitial

A= Toew | p—p

Energy Balance Equations Applied
to Each Volume of the Thermal Leg

No

TIH.EW {Tnaw.l " TJ‘I.EW.: " TJ‘I.E'W.E e Tﬂ EW, ﬂ]

Solution converged
within the tolerance
value azsigned

Figure 2.4 Iteration Chart for Energy Balance Equation
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2.3 COMSOL Modeling

COMSOL Multiphysics is a software that enables finite element analysis and
multiphysics solutions. It solves coupled systems of partial differential equations. [18] The
use of this software is particularly important for this project because; it will enable the
analysis of complex thermoelectric leg shapes.

3D space dimension is chosen for the study. Thermoelectric effect under heat
transfer module is selected as physics of the study. Added physics interfaces to the analysis
are; heat transfer in solids, electric currents, and multiphysics; thermoelectric effect and
electromagnetic heating. The same geometries in Figure 2.2 are studied. This allowed a
direct comparison between the two methodologies.

Bismuth telluride, Bi>Tes material is assigned to the models. This material is chosen
from the COMSOL library. The following properties are assigned; Seebeck coefficient,
electrical conductivity, thermal conductivity and relative permittivity. The heat capacity at
constant pressure is 154 J/kg K and the density is 7700 kg/m?®.

For the initial computation, boundary conditions chosen are as follows: top
boundary is set to a constant temperature of 343.15K, the bottom boundary experiences
natural convection and all other surfaces are treated as insulated. Under electrical currents
module, the natural convection side of the leg is assigned as ground. Normal mesh is chosen
for the study. It is seen that having fine, finer, extra fine or extremely fine did not change
the results significantly however, a finer mesh increased computational time. The study
allowed us to compare the temperature gradients and resulting voltages of different shapes.

In a second computation, boundary conditions are chosen as follows: top boundary

is set to a constant heat flux value of 0.01W, the bottom boundary is assigned to natural
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convection and all other surfaces are treated as isolated. This computation is studied on all
the geometries defined in Figure 2.1 and 2.2.

The analytical method, which is used to understand the temperature gradient of a
thermoelectric leg given the boundary conditions, is described previously in Section 2.1.
COMSOL study allowed a higher spatial resolution analysis. Same boundary conditions
are implemented in the COMSOL model. For this comparison, the rectangular
thermoelectric leg shape is chosen. The boundary conditions are: 0.01W heat flux on the
hot side and convection boundary condition on the cold side. Natural convection coefficient

for these two simulations are implemented to be 19 W/m?K.
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334 X 334
g o
w = 1
S ©
g | g 333
2333 g
S | s
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332 1
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0
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2 Height (mm) 4

Figure 2.5 Temperature Distribution of ThermoelectricLeg a. COMSOL simulation

b.Analytical solution

It is seen from Figure 2.5 that the analytical model follows closely the COMSOL
results. COMSOL model setup is validated because it matches the analytical model. It must

be noted that the dots represented in analytical solution’s temperature distribution in Figure
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2.5b are the temperature values of the middle of the blocks upon which energy balance is

applied.
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Chapter 3 — Results

3.1 Constant Temperature Boundary Condition

In this section, the influence of leg geometry under constant temperature boundary
condition is determined. Resulting temperature gradients and electrical potentials are
reported and discussed. A constant temperature of 343.15 K (70°C) is assigned to the hot
side of the geometries studied. Convection boundary condition with a fixed convective heat

transfer coefficient is assigned to the cold side of the geometries studied.
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Figure 3.1 Temperature Distribution and Electrical Potential of Thermoelectric Legs in

COMSOL Simulation with Temperature Boundary Condition rectangular prism

Figure 3.1 shows the temperature gradient and electrical potential of a rectangular
prism. This shape is the traditional leg shape used in commercial devices and further results
will be compared with Figure 3.1 to understand the influence of geometry change. The

temperature range obtained from the COMSOL simulations for all the leg shapes studied
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are within 334 K to 344 K and the electrical potential results obtained are within the range

of 0—-2.5mV.
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Figure 3.2 Temperature Distribution and Electrical Potential of Thermoelectric Legs in
COMSOL Simulation with Temperature Boundary Condition

a. trapezoid (hot side top) b. trapezoid (hot side bottom)
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Figure 3.2 shows the temperature gradient and electrical potential of a trapezoidal
shape. Figure 3.2a has the smaller cross-sectional area as the hot side and Figure 3.2b has
the bigger cross-sectional area as the hot side. Figure 3.3 shows the temperature gradient
and electrical potential of the hourglass and inversed hourglass shapes. Figure 3.3c and
Figure 3.3d are combinations of two trapezoids. Figure 3.4 shows the temperature gradient
and electrical potential of the Y shaped thermoelectric legs. Figure 3.4e has the hot side
boundary condition applied from the bottom, and Figure 3.4f has the hot side boundary
condition applied from the top. Table 1 reports the maximum temperature, minimum
temperature, temperature difference and percent difference results between the top and
bottom surfaces of thermoelectric legs. Percent difference shows how much better or worse
the geometry is performing compared to the traditional rectangular leg shape. Table 2
reports the electrical potential results of the thermoelectric legs. Table 3 reports the

maximum power obtained by different leg shapes.

Table 1: Constant Temperature Boundary Condition Temperature Results

Shapes Hot Side Cold Side | Temperature | Percent
Temperature | Temperature | Difference Difference

Rectangular Prism 343.15 K 339 K 415K -
Trapezoid (hot side top) 343.15 K 336 K 7.15K 72 %
Trapezoid (hot side bottom) 343.15K 341K 2.15 K -48%
Hourglass Shape 343.15K 335K 8.15K 96 %
Inverse Hourglass Shape 343.15K 341K 2.15K -48 %
Y shape (hot side bottom) 343.15K 339 K 452 K 9%
Y shape (hot side top) 343.15K 339 K 415K 8.9%
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Table 2: Temperature Boundary Condition Electrical Potential Results

Shapes Electrical Potential Percent Difference
Rectangular Prism 1.21 mV -
Trapezoid (hot side top) 2.33 mV 93%
Trapezoid (hot side bottom) 0.64 mV -47%
Hourglass Shape 2.43 mV 101%
Inverse Hourglass Shape 0.67 mV - 45%

Y shape (hot side bottom) 1.41 mV 17%
Y shape (hot side top) 1.32 mV 9%

Table 3: Temperature Boundary Condition Maximum Power Results

Shapes Electrical | Maximum Percent Difference
Resistance Power

Rectangular Prism 13.2 mQ 0.028 mW -

Trapezoid (hot side top) 14.9 mQ 0.091 mw 225%
Trapezoid (hot side bottom) | 14.9 mQ 0.007 mw - 75%
Hourglass Shape 14.9 mQ 0.099 mw 254%
Inverse Hourglass Shape 14.9 mQ 0.008 mw -71%
Y shape (hot side bottom) 14.0 mQ 0.036 mW 29%
Y shape (hot side top) 14.0 mQ 0.031 mw 11%
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Temperature Boundary Condition

The temperature difference results are in the range of 2.15 Kelvin to 8.15 Kelvin.
Choosing the hourglass shape enables an enhancement of 4 Kelvin temperature gradient
and 1.22 mV of electrical potential compared to the traditional rectangular prism.
According to the shape chosen among the geometries studied, an enhancement of 1.79 mV
can be obtained. Choosing the hourglass geometry over the trapezoid geometry where the
bigger cross-section is at the hot side, will enable 1.79 mV greater electrical potential.
Choosing the hourglass geometry over the rectangular prism will enable 1.22 mV greater
electrical potential.

Results represented in Figure 3.1, Figure 3.2, Figure 3.3 and Figure 3.4 reveal that

the largest temperature gradient is formed with the hourglass shape, followed by the
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trapezoid shape of Figure 3.2a. For the temperature boundary condition assigned, the
smallest temperature gradients are formed with the inverse hourglass shape and the
trapezoid shape of Figure 3.2b. When these results are compared with the electrical
potential simulations, it is seen that bigger temperature gradient cases have higher electrical
potential. This is an expected outcome since the movement of charges within a
thermoelectric leg is stimulated by the temperature difference.

The trapezoidal leg in Figure 3.2a has the same volume and height as that in Figure
3.2b, and the hourglass shaped leg in Figure 3.3c has the same volume and height as that
in Figure 3.3d. However, these geometries result in different temperature gradients and
electrical potentials. They mainly differ in the surface areas where the boundary conditions
are applied. Between these four geometries, the smaller temperature gradient results are
obtained for the geometries where the convection cooling is done by the smallest projected
area. A larger surface for convection enables more heat to be removed from the
thermoelectric leg, creating a larger temperature gradient overall. The results in Figure 3.2
and 3.3 show that the surface area upon which the boundary conditions are applied
noticeably influence the temperature gradient. Larger temperature gradients can be
obtained by changing the geometry of thermoelectric legs having the same volume.

The Y shape geometry on Figure 3.4e and Figure 3.4f does not significantly differ
in temperature gradient according to where the boundary conditions are applied. However,
it is important to note that the Y shape results in a slightly higher temperature gradient and
electrical potential than the rectangular shape. This can be seen on Table 1. Although the
cold side temperatures for these three geometries seem the same on the Table, it is due to

rounding. The cold side temperatures of the rectangular shape, Y shape hot side bottom
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and Y shape hot side top are: 339.38K, 339.03K and 339.045K respectively. The
isothermal surfaces of this geometry are very similar to the rectangular shape, where the
isothermal surfaces are distanced equally between each other. The Y shape geometry has
a very close temperature gradient and thus a similar electrical potential as the rectangular
shape. Both of the geometries; the rectangle and Y, have the same cross-sectional area
throughout their height. The diagonal legs of the Y shape increase the thermal and electrical
resistance of the leg geometry, and thus the small difference seen is due to the change in
resistance.

The hourglass shape results in the highest electrical potential. The potential for the
hourglass geometry is almost twice as high as the original rectangular geometry. These
results correspond to individual thermoelectric legs. The thermoelectric module efficiency
is closely related to the individual thermoelectric leg efficiency. Thus, doubling the
electrical potential improvement of a thermoelectric leg will double the result voltage. This
means that for a thermoelectric module having 15 V output with conventional rectangular
prism legs, an output voltage of 30 V could be achieved with the hourglass thermoelectric
legs.

The electrical potential for the trapezoid geometry where the hot side boundary
condition is assigned to the small surface is 2.64 times higher than for the trapezoid
geometry where hot side boundary condition is assigned to the big surface. Similarly, the
electrical potential of the hourglass shape is 2.63 times higher than for the inverse hourglass
shape. These two geometries have the same volume, but they differ in the surface areas
upon which the hot side boundary condition is applied. Therefore, different temperature

gradient, electrical potential and maximum performances are obtained. In both the
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aforementioned cases, the larger electrical potentials are observed when the convection
boundary condition is applied to a greater surface area. This is an expected finding given a
larger surface area results in a more effective heat sink, thus increasing the temperature
gradient across the leg.

The maximum power obtained from the individual leg geometries can be calculated
with Equations 3, 4 and 5. As can be seen on Figure 3.5, the hourglass leg shape resulted
in a maximum power of 254% better than the rectangular shape and the trapezoid leg shape
resulted in a maximum power of 225% better than the rectangular shape. The improvement
in maximum power obtained depending on leg geometry is significantly higher than the
improvement obtained with temperature gradients and electrical potentials. This is due to
the maximum power calculation correlation which is directly proportional with the square

of the electrical potential.

3.1.1 Comparison to Prior Work

A previous study analyzed the impact of leg geometries on thermal resistance and
power output for various shapes, [19] as can be seen in Figure 3.6. Three shapes from this
study are also analyzed in the scope of this thesis: rectangular, trapezoid, reversed
trapezoid. Therefore, a comparison of findings and thus a validation of model through an
already published paper can be made.

In the study referred to for comparison, the hot sides of the thermoelectric legs are
subjected to a constant temperature of 70°C (343.15K), and the cold sides are subjected to
heat transfer via radiation following the equation:

q = eo(T* — T4) (11)
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where ¢ is the emissivity of the material, o is the Stefan Boltzmann constant, T is the
temperature of the domain and T,, is the ambient temperature. T,, isS chosen to be 20°C

(293.15K) for the study represented in Figure 3.6.
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Figure 3.6 Temperature Gradients and Electrical Potential for bismuth telluride. Figure

reproduced from [19].

Both in the study referenced and in the COMSOL model studied, a fixed
temperature boundary condition of 70°C (343.15K) is assigned to the hot side of the
thermoelectric leg. While the referenced study assigned a radiation boundary condition to
the cold side of the thermoelectric leg [19], this thesis assigns a convection boundary
condition to the cold side. Convection boundary condition is found important to study in
the scope of this thesis because it can demonstrate the effect of natural cooling via natural
convection.

The referenced study found that the trapezoid shape results in a larger temperature
gradient than a rectangular shape with the same projected area. [19] The largest to smallest

temperature gradients found between three shapes of interest are as follows: the trapezoid
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with hot side boundary condition on its greater surface area, the rectangular shape, and the
trapezoid with the constant temperature hot side boundary condition on its smaller surface
area. The biggest electrical potential are observed for the layered shapes, followed by the
trapezoid with hot side boundary condition on its greater surface area, hollow shapes,
triangular shape, rectangular shape and the trapezoid with hot side boundary condition on
its smaller surface area. By using the same dimensions in the referred study and having the
same constant temperature boundary condition for the hot side temperature, we observed a
similar pattern of temperature distribution and electrical potential as can be seen in Figures

3.7 and 3.8.
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Figure 3.8 Electrical Potentials for Comparison Shapes Studied in COMSOL

The geometries for which greater temperature gradients and greater electrical
potential occurred match the referred study. This shows that, when constant temperature
boundary condition is assigned to the hot side of the thermoelectric leg, having radiation
boundary condition or convection boundary condition on the cold side result in a similar

pattern for temperature distribution and hence for the electrical potential achieved.
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3.2 Constant Heat Flux Boundary Condition

In this section, the influence of leg geometry under constant heat flux boundary
condition is determined. Resulting temperature gradients and electrical potentials are
reported and discussed. A constant heat flux of 0.01 W is assigned to the hot side of the
geometries studied. Convection boundary condition with a fixed convective heat transfer

coefficient is assigned to the cold side of the geometries studied.

mm 2
0 1 2 3 Electrical Potential
6 (mV)

| 1.4
334
1.2

4 1

0.8

Temperature (K)
w
w
—
3
3

0.6

L 0.4
332 :

L ] z 0.2
6 1—‘5/

2 Height (mm) 4 0 0

Figure 3.9 Temperature Distribution and Electrical Potential of Thermoelectric Legs in

COMSOL Simulation with Heat Flux Boundary Condition rectangular prism

Figure 3.9 shows the temperature gradient and electrical potential of a rectangular
prism. This shape’s results will be compared with the following results to understand the
influence of geometry change under constant heat flux boundary condition. The
temperature gradients, as well as the electrical potentials obtained from the COMSOL
simulations under heat flux boundary condition are smaller than for the constant
temperature boundary condition. The electrical potential results obtained for the heat flux

boundary condition are within the range of 0 — 1.4 mV for the shapes studied in this section.
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Figure 3.10 shows the temperature gradient and electrical potential of a trapezoidal

shape resulting from heat flux boundary condition. Figure 3.10a has the smaller cross-

sectional area as the hot side and Figure 3.10b has the bigger cross-sectional area as the hot

side. Figure 3.11 shows the temperature gradient and electrical potential results of the

hourglass and inversed hourglass shapes under heat flux boundary condition. Figure 3.11c

and Figure 3.11d are combinations of two trapezoids. Figure 3.12 shows the temperature

gradient and electrical potential of the Y shaped thermoelectric legs under constant heat

flux boundary condition. Figure 3.12e has the hot side boundary condition applied from

the bottom, and Figure 3.12f has the hot side boundary condition applied from the top of

the geometry.

Table 4: Heat Flux Boundary Condition Temperature Results

Shapes Hot Side Cold Side Temperature Percent
Temperature | Temperature Difference Difference

Rectangular Prism 335K 3316 K 34K -
Trapezoid (hot side top) 309.9K 306.1 K 38K 13.5%
Trapezoid (hot side bottom) 408.5 K 404.7 K 38K 16.7%
Hourglass Shape 309.9K 306.1 K 38K 15.3%
Inverse Hourglass Shape 408.7 K 404.6 K 41K 22.8%
Y shape (hot side bottom) 335.3K 331.6 K 36K 9.6%
Y shape (hot side top) 335.3 K 331.7K 36K 9.3%
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Table 5: Heat Flux Boundary Condition Electrical Potential Results

Shapes Electrical Potential | Percent Difference
Rectangular Prism 1.06 mV -
Trapezoid (hot side top) 1.24 mV 17%
Trapezoid (hot side bottom) 1.24 mV 17%
Hourglass Shape 1.28 mV 21%
Inverse Hourglass Shape 1.30 mV 23%

Y shape (hot side bottom) 1.25 mV 18%
Y shape (hot side top) 1.17 mV 10%

Table 6: Heat Flux Boundary Condition Maximum Power Results

Shapes Electrical Maximum Percent
Resistance Power Difference

Rectangular Prism 13.2 mQ 0.021 mW -

Trapezoid (hot side top) 14.9 mQ 0.026 mwW 24%
Trapezoid (hot side bottom) 14.9 mQ 0.026 mwW 24%
Hourglass Shape 14.9 mQ 0.027 mwW 29%
Inverse Hourglass Shape 14.9 mQ 0.030 mW 43%
Y shape (hot side bottom) 14.0 mQ 0.028 mW 33%
Y shape (hot side top) 14.0 mQ 0.024 mW 14%
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Table 7: Thermal Resistance of Geometries Studied

Shapes Thermal Resistance

Rectangular Prism 333.3 KIW
Trapezoid (hot side top) 375 K/W
Trapezoid (hot side bottom) 375 K/W
Hourglass Shape 375 K/IW
Inverse Hourglass Shape 375 K/W
Y shape (hot side bottom) 352.9 K/IW
Y shape (hot side top) 352.9 K/IW
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For the heat flux boundary condition, electrical potential results are the greatest for
the inverse hourglass shape, followed by the hourglass shape, the Y shape (hot side bottom)
and the trapezoid shape (hot side bottom). Results show that compared to the rectangular
shape, an electrical potential enhancement of 23% and a maximum power enhancement of
43% can be obtained by an inverse hourglass shape.

The advantage of one geometry over another for obtaining a greater temperature
difference and a better electrical potential is less significant compared to the constant
temperature boundary condition. When all the geometries studied in this section are
compared, it is seen that the temperature difference between the cold side and the hot side
have similar values. The geometries studied have similar temperature resistance values as
shown on Table 7, and thus in the case of a constant heat flux boundary condition, the
temperature gradients obtained closely follow each other. This relationship is explained by
Q = AT /R correlation, where Q is the heat transfer rate, R is the thermal resistance of the
leg and AT is the temperature gradient across the leg. As the heat flux boundary condition
assigned is the same, and the thermal resistances are similar between the geometries,
similar temperature gradients are obtained. For the heat flux boundary condition, it is also
seen that the surface chosen for the boundary condition does not have a major effect on the
results of the temperature gradient formation.

It is important to note that, as geometries change, the range of temperature results
for the cold and hot side change. The highest temperature results along the leg are obtained
by the inverse hourglass shape on Figure 3.11d and the trapezoid shape on Figure 3.10b.
This is an important finding as it shows that under the heat flux boundary condition, even

though the temperature gradients are found to be similar, the hot side and cold side values
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are not necessarily the same. When the geometries having the same volume are compared,
the ones having higher hot side temperature values result in a greater electrical potential
and maximum power output. Inverse hourglass shape having a hot side temperature of
408.6K has 43% more maximum power output than the rectangular shape, whereas the
hourglass shape having a hot side temperature of 310K has 29% more maximum power
output.

If the heat transfer at the cold side is analyzed with a fundamental approach, it is
seen that the heat flux term resulting from conduction and Peltier effect is equal to the
convection heat transfer as seen in Equation 12. In Equation 12, h is the convective heat
transfer coefficient, A is the surface area of cold side, Tiast is the temperature of the cold
side thermoelectric leg and Tambient IS the ambient temperature. According to Equation 12,
a larger cold side surface area will result in a smaller Ti.st and a smaller surface are will

result in a larger Tiast.

Qconduction T Qpeltier = hA(Tyast — Tampient) (12)
This analogy is observed for the trapezoid (hot side bottom) in Figure 3.10b and
inverse hourglass in Figure 3.11d, where the cold side surface area is smallest and the
temperature of the cold side of the legs are around 405.3 K and 404.5K respectively.
Similarly, for the trapezoid (hot side top) in Figure 3.10a and hourglass in Figure 3.11c,
where the cold side surface area is largest, the temperature of the thermoelectric legs cold
sides are 306.1 K and 306.2 K respectively.
As expected, the electrical potential results follow the temperature gradient results
closely. The smallest electrical potential is obtained by the rectangular shape and the

biggest electrical potential is obtained by the inverse hourglass shape.

45



This sections results show that even though the cross-sectional area perpendicular
to heat flow changes, similar electrical potentials are obtained under a constant heat flux
boundary condition. Thus, under the heat flux boundary condition, the geometry has a
smaller impact for obtaining different temperature gradients compared to the constant

temperature boundary condition.

3.3 Impact of Aspect Ratio On Thermoelectric Leg Geometries

In this section, a heat flux boundary condition of 0.01W is assigned to the hot side,
and the convection boundary condition is assigned to the cold side of the geometries
studied. The geometries studied can be described as stages between trapezoid and rectangle
shapes with varying aspect ratios.

The first geometry in Figure 3.14 is a trapezoid. The following geometries shown
in Figure 3.14 b-d have different percentages of the leg, which are at a certain aspect ratio
for each shape. The last geometry, Figure 3.14e is a rectangular prism, its aspect ratio does
not change with height. The impact of changing the aspect ratio as a function of length is
investigated. The geometries shown in Figure 3.14 all have the same surface areas upon
which the boundary conditions are applied.

The geometries studied in this section have a significant difference between their
thermal resistances. The thermal resistance values change between 444 K/W to 938 K/W.
Compared to previous results section, we will be able to study more clearly the impact of
aspect ratio, thus the thermal resistance upon thermoelectric leg performance. The thermal

resistance values are shown in Table 8.
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Table 8: Thermal and Electrical Resistance of Geometries Studied on Figure 3.14

Shapes Thermal Resistance | Electrical Resistance

(a) Trapezoid 500 K/W 19.8 mQ

(b) Trapezoid and rectangle combined 750 K/W 29.7 mQ
(4mm height for both shapes)

(c) Trapezoid and rectangle combined 875 K/W 34.7 mQ
(2mm trapezoid, 6mm rectangle height)

(d) trapezoid and rectangle combined 938 K/W 37.1 mQ
(Imm trapezoid, 7mm rectangle height)

(e) Rectangle 444 KIW 17.6 mQ

Table 9: Electrical Potential Results of Geometries Studied on Figure 3.14

Shapes Electrical Potential
(@) Trapezoid 1.42 mV
(b) Trapezoid and rectangle combined 2.15 mV
(4mm height for both shapes)
(c) Trapezoid and rectangle combined 2.55 mV
(2mm trapezoid, 6mm rectangle height)
(d) trapezoid and rectangle combined 2.83 mV

(Imm trapezoid, 7mm rectangle height)
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When the geometries from Figure 3.14a-e are studied, it is seen that the hot side
temperature obtained by the same heat flux boundary condition is greater for Figure 3.15d,
and the hot side temperature obtained is smaller for Figure 3.15a. The findings on Figure
3.15 also demonstrate the temperature change trend along the thermoelectric leg height. In
coherence with previous findings, the rectangular sections of the thermoelectric legs have
linear temperature distribution, and the trapezoid side of the thermoelectric legs follow an
exponential decay pattern.

The height of the geometries and the surface upon which boundary condition
applied are the same. The varying geometries introduce different aspect ratios and hence
enable different thermal resistances. As can be seen on Figure 3.14, the more thermal
resistance increases, the more temperature gradients across the thermoelectric legs
increase. Although the electrical resistances of the thermoelectric legs also increase with
increase of thermal resistance, the electrical potential results followed the temperature

gradient pattern closely.
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Chapter 4 - Conclusion

The global energy consumption is high and has increased rapidly over the recent
years. Waste energy is a big fraction of the overall energy produced globally. There is a
need to recover this waste energy which otherwise will not fulfill any further energy needs.
Thermoelectric devices have the potential to improve energy efficiency because they can
convert waste heat into electricity. In previous studies different improvements in material
characteristics and device design have been studied for the thermoelectric generators.

The impact of leg geometry on the thermoelectric leg performance is investigated
for this thesis. The results show that the thermoelectric leg geometry influences the
temperature gradient and the electrical potential across the leg. Various geometries result
in higher temperature gradients and higher output powers when compared to the original
rectangular leg. Different boundary conditions — constant temperature and heat flux —
reveal that optimal shapes tend to be different depending on the boundary conditions. These
different boundary conditions represent different working environments. The most
important impact of the geometry change is seen when a constant temperature boundary
condition is applied to the thermoelectric leg’s hot side. While an hourglass shape is found
to be more favorable for a constant temperature boundary condition, an inverse hourglass
shape performed the best under constant heat flux boundary condition. Having a greater
surface area upon which convection boundary condition is applied resulted in greater
temperature gradients for the legs studied under constant temperature boundary condition.
The hourglass shape enables 2.54 times larger maximum power output compared to the
rectangular shape and the trapezoid shape enables 2.25 times larger maximum power

output compared to the traditional leg shape. Under heat flux boundary condition, the
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inverse hourglass shape results in 43% improvement of maximum power output. Having
the same height and similar projected area, the traditional rectangular shape and the other
leg geometries studied take up the same space in a thermoelectric module. Thus, this study
shows that by keeping the module dimensions the same and only changing the leg
geometries, up to twice as much power can be obtained from a single module.

Furthermore, combining a rectangular geometry and a trapezoid geometry enables
the study of how different aspect ratios affect the thermoelectric leg performance. By
keeping the thermoelectric leg height the same and varying the trapezoid portion of the
geometry, thermoelectric legs with different thermal resistances were obtained. It is found
that even though the electrical resistance also increases as a result, the electrical potentials
are higher for legs having higher thermal resistance. It is also seen that higher thermal
resistance can be achieved with the combination of a longer rectangular prism to a shorter
trapezoid part. Thus, better performing thermoelectric legs can be manufactured by using
less material compared to a pure trapezoid leg.

Clear dependence of thermal resistance and boundary conditions upon temperature
gradient, electrical potential and maximum power generation are shown. As the maximum
power generated is proportional to the square of the electrical potential of the
thermoelectric leg, the improvement in maximum power generation is more clearly seen
from the results. The twofold power output enhancement of the thermoelectric legs
provides the motivation to explore the module improvement in a future study.

Future work can include the fabrication of the thermoelectric leg geometries studied
in this thesis. This will enable the comparison of the theoretical results with

experimentation results. Although currently thermoelectric legs are manufactured in
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rectangular shapes due to the ease of manufacturing, the geometries presented in this study
can be produced by additive manufacturing. Additionally, a topology study for the
thermoelectric leg geometries can be conducted. The topology study can be applied to
investigate the optimal shapes tailored for specific boundary conditions and applications.
These studies will enable the thermoelectric generator to convert waste heat into electricity

and thus recover a greater percentage of waste energy.
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Appendix A — Thermoelectric Module Survey
This survey is done in July-August 2019 from the available data of the following
companies:
- Custom Thermoelectric (USA) [48]
- Laird Thermal Systems (Germany, Czech Republic, Sweden, China, USA) [49]
- Marlow Industries (USA) [50]
- Hi-Z Technology (USA) [51]
- Micro Power Global Corporation (USA) [52]
- Analog Technologies, Inc. (USA) [53]
- TEGPro [54]
- Alphabet Energy
- FerroTech (USA) [55]
- TETech (USA) [56]
- Gentherm Global Power Technologies (Canada) [57]
- KryoTherm (Russia) [58]
- Micropelt GMBH (Germany) [59]
- Phononic Inc (USA) [60]
- Teledyne Energy Systems (USA) [61]
- Thermion Company (Ukraine) [62]
- RMT Ltd (Russia) [63]
- Yamaha Corporation (Japan) [64]
- Hebei I.T. (China) [65]

- TEGma (Norway) [66]
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Appendix B — Technical Drawing of Parts
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