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Abstract of Dissertation

Group Sequential Designs of Intraclass Correlation Coefficients in Reliability Studies

The intraclass correlation coefficient (ICC) has a lengthy history of application in
several different fields of research. It is a widely recognized index of reliability among
measurements. In studies involving human samples, the measuring cost can be often
high and the resource is limited. Two-stage group sequential designs are proposed
to lead to savings in sample size, time and cost when compared with standard fixed
sample procedures. We present two-stage test that is optimal in the sense that the av-
erage sample number (ASN) is minimized when the measurements have low reliability
subject to constraints upon the size of the type I and type II errors. The performance
of the proposed technique is examined using simulation studies for a range of design

parameters.

Reliability refers to the reproducibility of the measurement when repeated at random
in the same subject or specimen under the same condition using the same instrument
or different ones, either simultaneously or at several time points. A common approach
to assess the reliability of measurements is the so-called intraclass correlation coeffi-
cient (ICC), with larger values indicating higher level of consistency. When ICC=1
it means that the measured value is the true value and the system would yield the
same value on duplicate collections. Motivated by the idea of sequential testing that is
widely used in clinical trials, it is natural to adopt and extend these sequential testing

methods in the design and analysis of reliability studies to reduce study cost.

In addition, the proposed method is extended to the design for two-stage tests of

the ICC derived from a two-way ANOVA model. Inter-rater reliability studies are



conducted to investigate the reproducibility and level of agreement on assessments
among different raters. The analysis of reliability is a common feature in research
and practice since most measurements involve measurement errors, particularly those
made by humans. Measurement error can seriously affect statistical analysis and
interpretation; it therefore becomes important to assess the amount of such error by

calculating a reliability index.

Inter-rater reliability refers to the consistency of the ratings on the same subject
under the same condition by the same rater or different ones, either simultaneously
or at several time points. A common measure of the reliability of measurements is the
so-called intraclass correlation coefficient, with larger values indicating higher level of

consistency.

Inter-rater reliability is usually assessed by means of the intraclass correlation coef-
ficient. Using two-way analysis of variance to model raters and subjects as random
effects, we derive group sequential testing procedures for the design and analysis of
reliability studies in which multiple raters evaluate multiple subjects. Compared with
the conventional fixed sample procedures, the group sequential test has smaller aver-
age sample number. The performance of the proposed technique is examined using
simulation studies and critical values are tabulated for a range of two-stage design
parameters. The methods are exemplified using data from the Physician Reliability

Study for diagnosis of endometriosis.
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Chapter 1

Introduction

The intraclass correlation coefficient (ICC) has a lengthy history of application in
several different fields of research. It is a widely recognized index of reliability among
measurements. In studies involving human samples, the measuring cost can be often
high and the resource is limited. Two-stage group sequential designs are proposed
to lead to savings in sample size, time and cost when compared with standard fixed
sample procedures. We present two-stage test that is optimal in the sense that the av-
erage sample number (ASN) is minimized when the measurements have low reliability
subject to constraints upon the size of the type I and type II errors. The performance
of the proposed technique is examined using simulation studies for a range of design

parameters.

In addition, the proposed method is extended to the design for two-stage tests of the
ICC derived from a two-way ANOVA model. Inter-rater reliability is usually assessed
by means of the intraclass correlation coefficient. Using two-way analysis of variance
to model raters and subjects as random effects, we derive group sequential testing

procedures for the design and analysis of reliability studies in which multiple raters



evaluate multiple subjects. Compared with the conventional fixed sample procedures,
the group sequential test has smaller average sample number. The performance of
the proposed technique is examined using simulation studies and critical values are
tabulated for a range of two-stage design parameters. The methods are exemplified

using data from the Physician Reliability Study for diagnosis of endometriosis.

1.1 Measure Errors and Reliability Study

In epidemiological studies evaluating the association between outcomes and ex-
posures, measurements of exposures are often subject to error, which is the difference
between the actual value and the value obtained by a measurement. The systematic
errors (caused by incorrect calibration of the measuring instrument, for example) may
be accounted for to provide an unbiased analysis, while random errors (caused by the
accuracy limit of the measuring instrument) reduce reliability and have many direct
statistical consequences. Thus accurately assessing the degree to which the measure-
ment is influenced by measurement errors and adequately correcting such error is
important because otherwise substantial bias can be introduced to the estimates in
regression models or relative risks, the sensitivity and specificity when used for clas-
sifications or predictions, as well as the sample size and power of a statistical test

employing the measurement.

Many texts on the design and analysis of experiments provide a description of the
assessment of reliability, which is one of the principal characteristics of an outcome
measure in a clinical trial, and any measurement in general. Reliability refers to the
reproducibility of the measurement when repeated at random in the same subject

or specimen under the same condition using the same instrument or different ones,



either simultaneously or at several time points. A common approach to assess the
reliability of measurements is the so-called intraclass correlation coefficient (ICC)
with larger values indicating higher level of consistency. When ICC=1 it means that
the measured value is the true value and the system would yield the same value on

duplicate collections.

In studies involving human subjects, specialized statistical methods are needed to
balance the ethical and financial advantages of stopping a study early against the
risk of an incorrect conclusion. Motivated by the idea of sequential testing that is
widely used in clinical trials, it is natural to adopt and extend these sequential testing
methods in the design and analysis of reliability studies to reduce study cost. Further-
more, when there are several exposures of interest, early termination of evaluating of
an exposure, which is shown evidently to have small (or large) measurement error,

can reallocate the resources to study other potentially promising ones.

1.2 Inter-rater Reliability Study

Inter-rater reliability studies are conducted to investigate the reproducibility and level
of agreement on assessments among different raters. The analysis of reliability is a
common feature in research and practice since most measurements involve measure-
ment errors, particularly those made by humans. Measurement error can seriously
affect statistical analysis and interpretation; it therefore becomes important to as-
sess the amount of such error by calculating a reliability index (Shrout and Fleiss,

1979).

Inter-rater reliability refers to the reproducibility of the raters when repeated at

random on the same subject or specimen under the same condition by the same rater



or different ones, either simultaneously or at several time points. A common measure
of the reliability of measurements is the so-called intraclass correlation coefficient,

with larger values indicating higher level of consistency.

1.3 Motivation of Group Sequential Designs

The intraclass correlation coefficient p could be applied in several different fields
of research. In epidemiology research, it is commonly used to measure the degree
of familial resemblance with respect to biological or environmental characteristics.
In genetics, it plays a central role in estimating the heritability of selected traits in
animal and plant populations. In psychology, it plays a fundamental role in reliability
theory, where observations may be collected on one or more sets of judges or assessors.
In sensitivity analysis, p could be used to measure the effectiveness of an experimental

treatment.

In any experiment or survey in which data accumulate steadily over a period of time,
it is natural to monitor results as they occur with a view to taking action such as
early termination or some modification of the study design. In clinical trials, the
many reasons for conducting interim analysis of accumulating data can be loosely

categorized in three classes: ethical, administrative and economic.

In trials involving human subjects, there is an ethical need to monitor results to ensure
that individuals are not exposed to unsafe, inferior or ineffective treatment regimens.
Even in negative trials where there appears to be no difference in the performance of
two therapies, there is an ethical imperative to terminate a trial as soon as possible so
that resources can be allocated to study the next most promising treatment waiting

to be tested.



One of the administrative reasons for interim analyses is the need to ensure that the
experiment is being executed as planned, that the subjects or experimental units are
from the correct population and satisfy eligibility criteria and that the test procedures
or treatments are as prescribed in the protocol. An early examination of interim
results will sometimes reveal the presence of problems which can be remedied before

too much expense is incurred.

Sequential statistical methods were originally developed in order to obtain economic
benefits. For a trial with positive result, early stopping means that a new product
can be exploited sooner. If a negative result is indicated, early stopping ensures that
resources are not wasted. Sequential methods typically lead to savings in sample size,

time and cost when compared with standard fixed sample procedures.

1.4 Review of Group Sequential Designs

A statement by Armitage (1993, P.392):

The classical theory of experimental design deals predominantly with ex-
periments of predetermined size, presumably because the pioneers of the
subjects, particular R. A. Fisher, worked in agricultural research, where
the outcome of a field trial is not available until long after the experiment
has been designed and started. It is interesting to speculate how differ-
ently statistical theory might have evolved if Fisher had been employed

in medical or industrial research.

The sequential approach has been a natural way to proceed throughout the history of
experimentation. In the late 1920s, the area of statistical quality control in manufac-

turing production was where the formal application of sequential procedures started.



Dodge and Romig (1929) defined a two-stage acceptance sampling plan for compo-
nents which could be tested and classified as effective or defective. Bartky (1943)
generalized this two-stage idea to a multi-stage or multiple sampling plan in which
up to K stages are permitted. The work of Abraham Wald (1947) in the U.S., and of
George Barnard (1946) in Great Britain were considered as the ground of the modern
theory of sequential analysis. The major influence on the subject has been the work
of Wald (1947) related to his sequential probability ratio test (SPRT). This procedure
typically leads to lower sample sizes than fixed sample tests. Wald & Wolfowitz (1948)
proved the SPRT has the theoretical optimal property. Of all tests with the same
power the sequential probability ratio test requires on the average fewest observations,

i.e., “average sample number” (ASN), where either H, or H; is true.

Triangular continuation regions are another class of sequential tests, which approxi-
mately minimize the maximum average sample number. Good discussion of general-
izations of the SPRT and the corresponding theoretical optimality properties can be

found in Siegmund (1985), Wetherill & Glazebrook (1986) and Lai (1991).

Another important area is that of the sequential design of experiments in which the
experimenter is allowed to choose the type of observations to take at each stage. The
best type of observations to choose usually depends on the unknown true hypothesis.
Accruing observations can help guide the selection of observations in an optimal man-
ner; see Blot & Meeter (1973). Zelen (1969) introduced the “play-the-winner” rule for
allocating treatments to subjects entering a medical study on the basis of previously

observed responses, and various modifications to this rule have been proposed.

Early multi-stage designs were proposed for industrial acceptance sampling with a

binary response, effective or defective. Two-stage and three-stage procedures for nor-



mal responses were developed by Schneiderman (1961). In this early work, repeated
numerical integration is used to calculate operating characteristic and ASN curves of

multi-stage procedures for normal data.

Armitage (1958) and Bross (1952) pioneered the use of sequential methods in the
medical field. Because continuous assessment of study results are often impractical,
fully sequential designs did not receive widespread acceptance. The shift to formal
group sequential methods for clinical trials did not occur until the 1970s. Elfring &
Schultz (1973) specifically used the term “group sequential design” to describe their
procedure for comparing two treatments with binary responses; McPherson (1974)
suggested that the repeated significance tests might be used to analyze clinical trial
data at a small number of interim analyses; Canner (1977) used Monte Carlo simula-
tion to find critical values of a test statistic in a survival study with periodic analy-
ses. It was Pocock (1977) who gave the major impetus for group sequential methods.
O’Brien & Fleming (1979) proposed a different class of group sequential tests based
on an adaptation of a truncated SPRT. Later paper by Slud & Wei (1982) and Lan &
DeMets (1983) showed that group sequential methods can be employed when group
sizes are unequal and even unpredictable, a common situation in clinical trials but
not a problem usually encountered in industrial sampling applications. The papers
by Pocock (1977), O'Brien & Fleming (1979) and Lan & DeMets (1983) have been
particulary influential and together form the starting point for recent methodological

research and the basis of current practice in clinical trial designs.

In the following sections, typical group sequential approaches: boundaries and error

spending approach, are reviewed.



1.4.1 The Boundaries Approach

Pocock’s Test

Pocock (1977) adapted the idea of a “repeated significance test” at a constant nominal
significance level to analyze accumulated data at a relatively small number of times
over the course of a study. Patient entry is divided into K equally sized groups
containing m subjects on each treatment, and the data are analyzed after each new
group of observations have been observed. Suppose observations Xa; ~ N(ju4,0?)
and Xp; ~ N(up,0?), i = 1,2,... are available from treatment groups A and B,
respectively. Pocock’s test uses the standardized statistic following each group of
observations,
1 mk mk

N (;XAZ-—;XBZ-), k=1,... K. (1.1)
Pocock’s test retains the general form of a repeatedly applied significance test, reject-
ing Hy at stage k if |Z| > Cp(K,«a),k = 1,..., K. The critical value Cp(K, ) is

chosen to give overall Type I error «,
P, ,—up=0{Reject Hy at analysis k =1,k=2,...,or k=K} = «.

At each analysis, the test rejects Hy if the two-sided significance level of a non-
sequential test of Hy using the data available at the time is below o' = 2[1 —
®{Cp(K,a)}]. Hence, this is a repeated significance test with constant “nominal

/

significance level” o'. It is essential that a nominal significance level be below the

overall Type I error probability in order to avoid the “multiple-look” problem.
The appropriate group size is determined by the power requirement.

P, .p20[Reject Hy] = 1—7.

8



The maximum sample size that the group sequential test may need depends on K,
« and (3 and is proportional to 02/6%, where § = 4 — pup. It is sufficient to specify
the ratio Rp(K,a,3) of the group sequential test’s maximum sample size to the
fixed sample size, and this ratio will apply for all § and o?. Once the sample size
per treatment arm, ns(«, 3,8, 0?), required by a fixed sample test is determined by
Type I error and power at +4, a Pocock group sequential test with K groups needs
a maximum of nx = Rp(K, «, B)ns(a, 3,8,0%) observations per treatment arm and

groups of m = ng /K observations on each treatment.

O’Brien & Fleming’s Test

O’Brien & Fleming (1979) proposed a test in which the nominal significance levels
needed to reject H, at each analysis increase as the study progresses. So, in their test
it is more difficult to reject Hy at the earlier analyses but easier later on. This test
is also defined in terms of the standardized statistics Zj of (1.1). Formally, the test
1s

After group k=1,..., K — 1

if |Zi| > Cp(K,a)\/K/k, stop, reject Hy;
otherwise, continue to group k + 1;

after group K
if |Zx| > Cp(K, ), stop, reject Hy;
otherwise, stop, accept Hy.

Values of Cp(K, ) ensure an overall Type I error probability a.

As the same role as the Rp(K,a,3) does for the Pocock test, Rp(K,«, ) is used
in sample size calculations. The maximum sample size on each treatment arm is
nkg = Rp(K,«a,B)ns(a, B,8,0%), where ng(a, 3,0,0?) is the number of observations
per treatment needed by a fixed sample size test with the same Type I error and

power. Because O’Brien & Fleming boundaries are wide early on but narrow at the



last few analyses, they are able to gain more power than Pocock boundaries with the
same group sizes. Thus, in general, O’Brien & Fleming’s test requires a smaller group

size than Pocock’s test to satisfy the same power requirement.

1.4.2 The Error Spending Approach

Slud & Wei (1982) proposed a repeated significance testing procedure for testing
the equality of two survival distributions based on the asymptotic theory. They
performed a repeated significance test using the asymptotic joint normality of se-
quentially computed modified-Wilcoxon scores in the following manner: at each time
ty <ty--- < tg, atest is carried out to give null hypothetical probability «; of stop-
ping and rejecting at t;, where o, ..., ax are chosen in advance so that the overall
significance level o = Zfil «;. As information levels 71, ..., Zk are observed, critical
values ¢ for the standardized statistics Z,,k = 1,..., K, are calculated such that

conditioning on 7y, ..., Z;
PH0{|Z1‘ <Cpy.. ., ’Zk,1| < Ck-1, ‘Zk’ > Ck} = Q. (12)

Thus, a4 represents the probability of stopping at analysis k& to reject Hy when the

null hypothesis is true, also termed the “error spent at stage k”.

Slud & Wei’s (1982) method fixed the maximum number of analyses K, then it is
difficult to adapt to unexpectedly high or low rates of accrual of information to meet
a desired power requirement. Lan & DeMets (1983) proposed a procedure to compute
a flexible discrete boundary (by, ..., bx) for a discrete stochastic process (51, ..., Sk).
Their method partitioned the Type I error according to an error spending function,
a*(t), which is non-decreasing and satisfies a*(0) = 0 and a*(t) = « for t > 1.

The value a*(t) characterizes the cumulative Type I error that is to be spent when

10



a fraction ¢ of the maximum anticipated information has been obtained. Thus, it
is necessary to specify a target for the maximum information Z,,,, and the error
spending function a*(t) before the study commences. The Type I error allocated to

each analysis is

Q. = 05*<Il/z—max)a

= & (To/Imes) — @ Tir/Tmas)s  k=2.3,.... (1.3)

It is noticed that the critical values do not depend on the as yet unobserved informa-
tion. Only the maximum possible number of analyses, K, depends on the observed
values Zy,Z,, . ... Since by definition o*(Zx /Znaz) = @, we have aq + ... + axg = «

and the overall Type I error rate is exactly a.

Lan & DeMets (1983) discussed the choices of the error spending function a*(¢) in

their original article.

case 1: aj(t) = min{2 — 2®(2,/2/Vt), a}. The critical values yielded by this error
spending function are close to those of the O’Brien & Fleming test when group

sizes are equal.

case 2: «oj(t) = min{alog[l + (e — 1)t], a}. The function ak(t) gives a discrete

boundary as a close analogue of the Pocock boundary.

case 3: «j(t) = at. This function represents a way of spending the error probability
uniformly over time, and which is intermediate between the previous two func-
tions aj(t) and a3(t). aj(t) is extended to a family of error spending functions,

indexed by the parameter p > 0, given by a(t) = min{at?, a}.

11



1.5 A Road Map of the Dissertation

Chapter 2 focuses on the model structure, point estimate, and confidence interval
of the ICC derived from the one-way ANOVA models used to assess the reliability.
Chapter 3 briefly introduces the fixed sample design for testing the one-way ANOVA
ICC and two-stage sequential designs, and proposes the simulation technique opti-
mizing the two-stage designs in the sense of minimizing the average sample number.
In Chapter 4, the two group sequential designs is extended to test ICC derived from
two-way ANOVA models to assess the inter-rater reliability. Finally, a larger area of

further research topics is discussed in Chapter 5.

12



Chapter 2

Point Estimate and Confidence
Interval for ICC in Reliability
Studies

In epidemiological studies evaluating the association between outcomes and expo-
sures, measurements of exposures are often subject to error, which is the difference
between the actual value and the value obtained by an instrument. The systematic
errors (caused by incorrect calibration of the measuring instrument, for example) may
be accounted for to provide an unbiased analysis, while random errors (caused by the
accuracy limit of the measuring instrument) reduce reliability and have many direct
statistical consequences. Thus accurately assessing the degree to which the measure-
ment is influenced by measurement errors and adequately correcting such error is
important because otherwise substantial bias can be introduced to the estimates in
regression models or relative risks, the sensitivity and specificity when used for clas-
sifications or predictions, as well as the sample size and power of a statistical test

employing the measurement.

13



Many texts on the design and analysis of experiments provide a description of the
assessment of reliability, which is one of the principal characteristics of an outcome
measure in a clinical trial, and any measurement in general. Reliability refers to the
reproducibility of the measurement when repeated at random in the same subject
or specimen under the same condition using the same instrument or different ones,
either simultaneously or at several time points. A common approach to assess the
reliability of measurements is the so-called intraclass correlation coefficient (ICC)
with larger values indicating higher level of consistency. When ICC=1 it means that
the measured value is the true value and the system would yield the same value on

duplicate collections.

The intraclass correlation coefficient p could be applied in several different fields of
research. In epidemiology research, it is commonly used to measure the degree of
familial resemblance with respect to biological or environmental characteristics. In
genetics, it plays a central role in estimating the heritability of selected traits in animal
and plant populations. In psychology, it plays a fundamental role in reliability theory,
where observations may be collected on one or more sets of judges or assessors. In
sensitivity analysis, p could be used to measure the effectiveness of an experimental

treatment.

2.1 ICC Derived from One-Way ANOVA Mod-
els

The intraclass correlation coeflicient for measurement errors rises from the statistical
model using an one-way analysis of variance (ANOVA) approach. Let X;; be the jth

( = 1,...,m) measurement from the ith (i = 1,...,n) subject, where the n subjects
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are from the independent experimental units of the study. In a single-stage design,

the one-way ANOVA model is
Xig= p + pi + €,

where the fixed effect p is the grand mean of all measurements, u; are the random
effect which reflect the variation among the subjects, and the measurement error ¢;;

reflect the variation among the measurements within a subject. We assume that
i ~ N(0,0'E), and €ij ™~ N(0,0’?)

Further we assume that u;s are independent of ¢;;. Thus these assumptions lead to
Cov(Xyj, Xyy) =0if i # i, Cov(Xyy, X, ) = 02 if j # j and Var(Xy) = 02 + o2,
The variation among the actual observed measurements is the sum of the variation
among the subjects plus the variation among the errors of measurement. If the
measurement system has no error then X;;= p + p; for all measurements within the
ith subject and ¢; = 0. But if X;; # p + p; for some measurements, then ¢;; # 0

and o > 0, such that Var(X;;) > o7,

The intraclass correlation coefficient is defined as the correlation coefficient between
any two measurements from the same subject and is given by
2

S

p = o'a-i-dg :
Larger values of p indicate higher consistency among measurements from the same

subject because then the within-subject error is relatively small when compared with

between-subject error.
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2.2 Point Estimate of Single ICC from One Way
ANOVA Models

Define S, = Y1) 7™ (Xi;—Xii.)?, the within sum of squares, and S3 = Y77 m(X; —
X )2, the between sum of squares, where X; = Z;n:l Xi;j/m, the within-subject av-
erage, and X = >, > ity Xij/(nm), the overall average. Then Sf, and Sj are

independent and

SI%V ~ O-eQXEL(m—l)a 5123’ ~ (0-52 + mo_i)X'rzz—lv (21)

where x2 denotes the central chi-square distribution with n degrees of freedom. Thus
E(S§,) = n(m —1)o?, and E(S}) = (n — 1)(0? + mo}), yielding 02 = S2, /n(m — 1),
and (TA/% = [n(m —1)S% — (n — 1)S%]/n(n — 1)m(m — 1). So the estimate of p (the

sample intraclass correlation coefficient) is:

p= i (2.2)

2.3 Confidence Interval for ICC

We consider five methods for obtaining two-sided confidence intervals for the

intraclass correlation coefficient(ICC) p in the one-way random-effects model.
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2.3.1 Method Based on the Standard Error of p (Simple
Asymptotic)

The simplest approach for single p is to apply the Central Limit Theorem in
conjunction with Slutzky’s theorem. Swiger et al. (1964) derived an approximation

to the large-sample variance of p as

V(ﬁ) _ 2(nm—1)(1-p)*(1+(m—1)p)

m2(m—1)n(n—1) )

where n is the number of subjects in the study, p is the number of measurements
on each subject (usually referred to as class size). This variance expression may
be regarded as generalizations of Fisher’s classical formula for the variance of an
intraclass correlation, reducing to this formula at n; = m,7 = 1,2, ...,n, if a factor
(n — 1)/n is removed. Donner and Koval (1983) have shown that Fisher’s formula
is in fact a highly accurate approximation to the true variance of p in samples of

moderately large size (n > 30).

Thus, approximate (1 — a)100% confidence limits for p may be computed as

~ ~

([) - Za/2 V(ﬁ)a ﬁ + Za/2 V(ﬁ))

We refer to this method as the simple asymptotic method, which assumes symmetry
of the sampling distribution for p and thus cannot be expected to perform well in
most practical situations. However, this method is shown to be highly accurate if

p <0.1.

2.3.2 Method Based on Fisher’s Transformation

Fisher showed that



is distributed asymptotically as normal distribution

17, 1+(m—1) m
N(5ln 1p p’2(m—1)(n—2))'

It has been suggested that the approach may be used to account for the left-skewed
sample distribution of the ICC. Weinberg and Patel (1981), using simulatioin tech-
niques, verified that this approximation is in fact highly accurate for moderately large

values of n. Let

I(z) = 5

€22 —1+m

denote the inverse of the Fisher’s transformation, then approximate (1 — «)100%

confidence limits for p are given by

N

(1(z = Zaya\/ V(D). L(2 + Zapa\/ V(D)))-

One advantage of this method is that it can be easily extended to construct con-
fidence intervals for an intraclass correlation in the case of more complex sampling

designs.

2.3.3 Arctanh Transformation

It has been suggested that the inverse hyperbolic tangent transformation (some-
times also referred to as arctanh transformation) may perform better than Fisher’s
z-transformation. The resulting limits are based on the large sample distribution

of

which may be taken as

17 14+p 2(nm—1)(14+(m—1)p)?
N(Elnfgv m2(m—1)n(n—1)(1—if)p)2 )-
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The inversion of arctanh transformation is given by

I(z) = =2

622-‘1‘1 )

then approximate (1 — a)100% confidence limits for p are given by

(I(z = Zapp/V(P), L (2 + Zay2/ V(D))

2.3.4 Konish Modified Fisher z Transformation

Konishi proposed the modification /(m —1)/(2m)in((1 + (m — 1)p)/(1 — p))

based on the Fisher’s z-transformation. The resulting confidence interval is based on

the large sample distribution of

1+(m—1)p

_ m—1
z=4/%—=In -

which is taken as

m— 1 m—1 —5m
N(y/ el +(17p o n\/178r:(m—1)7 w)

Let

I(Z) _ exp(z‘/m—i’fl)—l

m—1+exp(z WQLTl )

denote the inverse of the Konishi’s modified Fisher’s z-transformation, then approxi-

mate (1 — «)100% confidence limits for p are given by

N

(1(z = Zapa\ [ V(0)). L (2 + Zapa\/ V(p)))-

2.3.5 Method Based on the Approximations to the F Distri-
bution

We can also construct an exact confidence interval for p based on the F-distribution.

This confidence interval is given by
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[ — [mp+(1—F1_q/2)(1-p)] U — [mp+(1—Foy2)(1—p)]
— m=(m=D)(A=F1_a2)(1=-p)1” 7 [m—(m=1)(1=Fq/2)(1-p)]’

where [} is the ¢th quantile of the F-distribution with degrees of freedom of n — 1

and n(m —1).

2.3.6 Simulation Results for Performance Comparison of Five
Methods

In order to study the properties of the methods described above, a simulation
study was performed, since it was not possible to obtain exact coverage for the meth-
ods using analytic techniques. The parameters for the simulation study include the
total number of subjects n, the number of measurements m, and the value for p.
We considered n = 15,50,100, m = 2,4,6, and p = 0.1,0.2,0.3,...,0.9. Confidence
intervals (95% and 99%) were calculated for the five methods at each combination of

parameter values.

For each of the 162 parameter combinations [3n*3mx9px2al, we generated 5000 runs
from a multivariate normal distribution with mean vector 7 = (p, i, ..., pt) = pll
and correlation structure defined as ¥ = (1—p)I,, + pJp,, where I,,, is a m x m identity

matrix, while J,,, is a m X m matrix with all elements equal to 1.

The actual coverage percentage was estimated by the relative frequency out of 5000
intervals that contained the true parameter value. Interval width was considered as

the second criterion.

We also recorded the number of intervals that missed from the left (ML), occurring
when the interval is completely to the left of the parameter value, and from the right

(MR). The relative bias was then estimated as

IMR—ML|
MR+ML °
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Figure 2.1: boxplot of the coverage of different confidence interval methods

Each boxplot in Figure 1 was drawn from coverage percentages of 27(= 3(m =
2,4,6) *9(p = 0.1,0.2,...,0.9)) parameter combinations. The horizontal line in each
plot at a = 0.05 is 95%. Respectively, the horizontal line in each plot at o = 0.01 is
99%. Figure 1 shows that the method based on the standard error provides erratic
overall coverage, especially when n = 15 and 50. The method based on Fisher’s trans-
formation is relatively conservative, yielding coverage percentages that are greater
than the nominal level for 95% confidence intervals while those tend to show under-
coverage for 99% confidence intervals. The Arctanh transformation method and the
Konish modified Fisher’s transformation method both have a tendency to provide
undercoverage. Overall, the procedure based on approximations to the F-distribution

performs very well even at n = 15.

Each boxplot in Figure 2 was drawn from means of interval width of 27(= 3(m =

2,4,6) *9(p = 0.1,0.2,...,0.9)) parameter combinations. It shows no significant dif-
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Figure 2.2: boxplot of the interval width of different confidence interval methods

ference of expected interval width among these five methods.

Each boxplot in Figure 3 was drawn from relative bias of 27(= 3(m = 2,4,6) *9(p =
0.1,0.2,...,0.9)) parameter combinations. Figure 3 shows that Methodl, Method2,
Method3 and Method4 result in lopsided intervals. Results from Method5 are more

balanced.
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Figure 2.3: boxplot of the bias index of different confidence interval methods
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Chapter 3

Group Sequential Designs for ICC
in Reliability Studies

The intraclass correlation coefficient p could be applied in several different fields of
research. In many studies, measuring exposure values can be very costly and the cost
is driven high if repeated measurements are taken. Furthermore, in studies involving
human subjects, specialized statistical methods are needed to balance the ethical
and financial advantages of stopping a study early against the risk of an incorrect
conclusion. Motivated by the idea of sequential testing that is widely used in clinical
trials, it is natural to adopt and extend these sequential testing methods in the
design and analysis of reliability studies to reduce study cost. When there are several
exposures of interest, early termination of evaluating of an exposure, which is shown
evidently to have small (or large) measurement error, can reallocate the resources to

study other potentially promising ones.

In any experiment or survey in which data accumulate steadily over a period of time,
it is natural to monitor results as they occur with a view to taking action, such as
early termination or some modification of the study design. In clinical trials, the

many reasons for conducting interim analysis of accumulating data can be loosely
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categorized in three classes: ethical, administrative and economic.

In trials involving human subjects, there is an ethical need to monitor results to ensure
that individuals are not exposed to unsafe, inferior or ineffective treatment regimens.
Even in negative trials where there appears to be no difference in the performance of
two therapies, there is an ethical imperative to terminate a trial as soon as possible so
that resources can be allocated to study the next most promising treatment waiting

to be tested.

One of the administrative reasons for interim analyses is the need to ensure that the
experiment is being executed as planned, that the subjects or experimental units are
from the correct population and satisfy eligibility criteria and that the test procedures
or treatments are as prescribed in the protocol. An early examination of interim
results will sometimes reveal the presence of problems which can be remedied before

too much expense is incurred.

Sequential statistical methods were originally developed in order to obtain economic
benefits. For a trial with positive result, early stopping means that a new product
can be exploited sooner. If a negative result is indicated, early stopping ensures that
resources are not wasted. Sequential methods typically lead to savings in sample size,

time and cost when compared with standard fixed sample procedures.

In this chapter, we first review briefly the sample size and power calculation for one-
stage reliability studies, the group sequential designs for reliability studies proposed by
Liu, Schisterman, and Wu (2006). The adjusted designs with optimal average sample
size are proposed together with the discussion of several other possible optimization

rules.
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3.1 Hypotheses and Single-Stage Design

The intraclass correlation coefficient p is commonly used to assess the reliability
of measurements. The designs developed in this paper are based on testing a null
hypothesis Hy : p < po that the true intraclass correlation coefficient is less than
some uninteresting level py. If the null hypothesis is true, then we require that the
probability should be less than « of concluding that the measurement is sufficiently
promising that it should be accepted for further study. We also require that if a
specified alternative hypothesis H; : p > p; that the true intraclass correlation coeffi-
cient is at least some desirable target level p; is true, then the probability of rejecting
the measurement for further study should be less than §. If the null hypothesis is
rejected, we then conclude that the measurement meets the minimal criteria, and a
further larger scale study could be recommended; otherwise, the measurement would

be excluded from any further evaluations.

Before introducing multistage designs, we first describe a testing procedure for single-
stage designs. The intraclass correlation coefficient is defined as the correlation coef-
ficient between any two measurements from the same subject and is given by

2

Tu

P = o402’

The estimate of p (the sample intraclass correlation coefficient) is:

o2 _ nm—1F—(n—-1)
‘71%““7;2 n(m—1)F+ (n—1)(m—1)

p= (3.1)

where F' = S%/S%,. Since p could be written as the form of 1 — a;/(asF + a3) with
ag=n(m—1)>0,a3=(m—1)(m—1) >0and a; = (n — 1)m > 0, p is strictly

increasing in F.
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02+m02 27
Further, we have F' = 5%/S%, ~ % So
€An(m—1)

(n — 1)[1 -+ (m — 1)p]
n(m —1)(1 - p) n—1,n(m—1);

F~ (3.2)

with F, ,, being a central F-distribution with degrees of freedom n and m.

For pre-specified significance level of o, the one-stage design rejects the null hypothesis
Hy : p < pp if the sample intraclass correlation coefficient p > ¢ for such 0 < ¢ < 1
that P,—,,(p > ¢) = a. To determine the value of ¢, note that p > c if and only if
F>(n-1[1+(m-1)]/n(m—1)(1 —c). Setting P,—,,(F > (n — 1)[1 + (m —

ec]/n(m —1)(1 — ¢)) = « and utilizing (3.2), we could compute the critical value ¢

by

. [+ (m = 1)pol F, 2y oy (1= @) = (1= po) (3.3)
(m =11 = po) + [L+ (m—V)p] B (1 —a) .

The power function of such test is

(L= p)L+ (m =Dl s
(T = po)lL+ (m = 1) »tmn

Pp(ﬁ > C) =1- anl,n(mfl)[ (1 — Oé)] (34)

Setting (3.4) to the desired power 1— [ at p = p; for a specified alternative hypothesis
H, : p > p; and numerically solving the equation then gives the required sample size

for the single-stage study.
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3.2 Two-Stage Design Using Error Spending Func-
tion

Suppose the subjects are taken into groups. Denote by n; the number of subjects
in the kth group, and Ny = ny + ny + ... + n the cumulative sample size (number
of subjects) of the first k& groups. Denote by g the estimate of the intraclass corre-
lation coefficient p computed from data observed up to the kth group. Let K be the
prespecified maximum number of the tests planned for the study. A K-stage testing
procedure for Hy is carried out as follows. At each stage k =1, ..., K — 1, with critical

value ¢y, if

pAi S Ci7i é k — 17pA/€ > Ck, (35)

then the test stops and Hj is rejected. Otherwise, m repeated measurements are
taken from each of the ng,; subjects in the (k + 1)th group, and py,1 is computed
based on all available data up to the (k + 1)th stage. If the test did not stop at
any early stage, then it will stop at the Kth stage and reject Hy if px > cx. Here

e,k =1,..., K, are the critical values that satisfy the error requirements.

The power function of the group sequential test is

K
B(p) :pr(ﬁz’ <ci,i <k—1,pr > cp). (3.6)

The design approach considered here is to specify the parameters pg, p1, @ and 5 and
then determine the critical values that satisfies the error probability constraints. To
determine sample size and critical values for testing the null hypothesis Hy, the Lan

and DeMets (1983) error spending approach can be employed. We will focus on
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two-stage designs that are practically more appealing due to their less complexity of

computation and potential applications to a reliability study.

In a two-stage study, the null hypothesis Hy is rejected if (i) at the first stage p1 > ¢;
or (ii) p; < ¢; at the first stage and py > co at the second stage. Using Lan and
DeMets (1983) error spending approach, suppose that the type I error to spend at

the first stage is a;, then

Pp(p1 > 1) = ay, (3.7)

and

Ppo(pAl SCl,pAQ >02> =0 — Q1. (38)

(The errors spent at each stage then add up to the total error of a.) The requirement

that the power at p; be 1 — [ yields

Ppl(ﬁl >01)+Pp1(ﬁ1 Scl,ﬁQ >C2):1—ﬁ- (3-9)

These three equations together determine the critical values and the sample size
assuming the allocation ratio, nj/Ns, of subjects to the first group is specified. In
many studies the sample size N, is given, and analysis of power at various alternatives
is desirable. These designs are particularly employed when the number of subjects
that can be studied is limited. With nq, a, and «y also given, recalling (3.3), the first

critical value ¢y is given by
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[1+ (m— ]‘>p0]Fn_11—1,n1(m—1)(1 —a1) = (1= po)
(m—1)(1 = po) + [1+ (m —1)po] F,, ! (1—a)

n1—1,n1(m—1)

Ccl =

(3.10)

To determine the value of ¢y, we need to solve (3.8), which requires knowledge of
the joint distribution of p; and p, for which no closed form is available. Liu, Schis-
terman, and Wu (2006) proposed a simple formula for the distribution, which sub-
stantially simplifies computation and simulation concerning the error probabilities.
Let Uy, Us,, Us, and U, be independent random variables having y? distribution with

degrees of freedom n; — 1, n1(m — 1), ny, and ny(m — 1), respectively, and define

L) _(A=p)(n=1)[1+c(m—1)]
b(n,m, € P) = S )=o)+ Gn el
Then
Pp(pAl < Cl,pAQ > Cg) = P(U1 < blUg, U1 + U3 > b2(U2 + U4)), (311)

where by = b(ny, m, c1; p), by = b(Na,m, a5 p).

Using (3.11), ¢, can be determined via simulation based on the four independent y?
variables U = (Uy,Us,, U3, Uy). For a range of values of ¢y, the values of P(U; <
b1Us, Uy +U;s > by(Uy +Uy)) can be obtained and the required ¢, value is the one that
gives empirical probability equal or close to o — ay according to (3.8). Once ¢; and
co are determined, the power of the test at an alternative value p; could be obtained

by (3.9) via simulation using the U-observations.
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3.3 Two-Stage Design with Optimal Average Sam-
ple Number (ASN)

We have introduced and adopted the methods of two-stage designs and the use of
the Lan and DeMets (1983) error spending function approach to determine the critical
values. One of the concerns in epidemiological studies is that the sample size of the
studies are desired to be minimized due to the cost and resource limitation. To this
end, the error spending function approach is not an optimal method in terms of the
sample size minimization under the hypotheses. Simon (1989) proposed an optimal
two-stage design to evaluate the efficacy of a single therapeutic drug. His optimal
criteria is to minimize the expected sample size under the null hypothesis. Along
these lines, we propose here two-stage designs that minimize the expected sample
size under Hy when the measurement is shown to have low level of consistency. Early
termination of the poorly performed measurements is an efficient strategy to save

resources.

The optimal two-stage design we propose here stops the evaluation if early evidence
shows that the measurement does not meet the minimal criteria for further study. In
stage 1, when the test statistic p; exceeds the critical value cj, i.e. p; > ¢}, then the
evaluation process continues to stage 2; otherwise, the sampling is stopped and the
measurement is rejected for further consideration. We will reject Hy at the end of the

second stage if py > ¢} and accept the measurement for further study.

Compared to the procedure using error spending function, the key difference with
the optimal two-stage design is the decision to make at the first stage. When the
evidence in stage 1 shows favorable performance, i.e. p; > ¢, instead of rejecting Hy,

as in Section 3.2, we will recruit more subjects in the study to achieve the desired
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power; otherwise, the study ought to be terminated. Hence, early acceptance of the
measurement is not permitted here, i.e. the null hypothesis Hy is rejected only at the

end of the second stage when ps > c;. The power function of such designs is

ﬂ*(p) = Pp(ﬁl > CT,pAQ > C;) = PP<U1 > bTUQ, Ui+ Us > b;(UQ + U4)), (312)

where U, U,, Us, and U, are independent random variables having y? distribution
with degrees of freedom ny; — 1,n1(m — 1),ny, and ny(m — 1), respectively; b =
b(ny,m,ci; p), b5 = b(Na,m,c; p) and b(n,m,c;p) is defined as in Section 3.2; the

critical values ¢} and ¢} are chosen so that

B (p) < «a

ﬁ*<101> > 1_57

where a and (3 are prespecified rates of type I and type II error, respectively.

If the number of subjects studied in the first and second stage are denoted by N;
(= n1) and Ny (= ny + ng) respectively, then the expected total sample size of a

design at point p = pg is

where PET; represents the probability of early termination after the first stage, i.e.
PET, =1 — P(the study stops at stage 2 under Hy)=1— P, (p1 > c}).

The design approach considered here is to specify the parameters pg, p1, @ and 3 and

then determine the two-stage design that satisfies the error probability constraints and
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minimizes the expected total sample size when the intraclass correlation coefficient is
Po-

Given fixed value of the total sample size Ny, for each possible value of n; in the
range (1, Ny — 1), a total number of R = 100,000 random observations from the ran-
dom vector U = (Uy, Uy, Uz, Uy) of the four independent x? variables are drawn with
degrees of freedom ny — 1,n1(m — 1), ny, and ng(m — 1), respectively. To determine
the value of cj, we search over the neighborhood of p,. For each value of ¢j, after
proposing a cj, the empirical probabilities could be obtained from simulated obser-
vations. We then could determine the maximum value of c; that satisfies the type II

error constraint 3*(p;) > 1 — f3.

For each eligible set of parameters (ny, No, ¢}, ¢5), we examine whether the specified
type I error constraint 5*(pg) < « is satisfied. If it is, then we compare the expected
total sample size to the minimum achieved by previous feasible designs and continued

the search over cj.

Keeping N, fixed we search over the range of n; to find the optimal two-stage design
for that maximum sample size Ny. To narrow the search range for Ny, we start with
the required sample size for single stage design. For each N,, we choose the feasible
design parameter with a minimal expected sample size under Hy, then increase Ny by
one unit and restart the search. With the sample sizes increasing, a global minimum

can be found.

3.4 Optimize Procedure with Simulation Results

In this section, we introduce the detailed simulation procedures to search the eligible

combinations for the design parameters under which both the type I and type II errors
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requirements are met for the above two-stage group sequential designs for testing
ICC from the one-way ANOVA models. For both cases, the following parameters
need to be pre-specified: («, 3, po, p1). The optimization rule used here is to select
the combination which leads to the smallest average sample number (ASN). The
performance of the proposed technique is examined using simulation studies for a

range of design parameters.

3.4.1 Select Eligible Combinations: Two-Stage Design Using
Error Spending Function

Pre-specify parameters: (a, 3, po, p1)-

1. Search a potential range of («y, ¢1, o, 11,12, m) to find combinations that meet

the error requirements:

(a) optimal number of replicates m to minimize total sample size is proved to

be 2, 3 or 4 for single stage design;

(b) calculate the critical value ¢ and the size N needed for fixed sample design

as reference;
(c) to help narrow the search range, limit the value of N; close to N.
i. fix the sample size n; for the first stage, ny =1,2,..., Ny — 1,
ii. fix @y within the range (0, ), e.g. (0.1e,0.2a, ..., 0.9),
iii. calculate ¢; based on fixed (aq,n;) using single stage method,

iv. generate R = 10,000 random observations from the random vector

U= (U17 U2) U37 U4) with (nlu na, m)7
v. propose a value for ¢y from the neighborhood of ¢, e.g. (¢—0.2,¢+40.2),
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and then calculate the empirical probabilities to get the theoretical

values of o* and (*.

2. Select eligible combinations with a* < o and 1 —* > 1 — .

3.4.2 Select Eligible Combinations: Two-Stage Design with
Optimal Average Sample Number (ASN)

1. Search a potential range of (¢q, ¢o, n1,n2, m) to find combinations that meet the

error requirements:

(a) optimal number of replicates m to minimize total sample size is proven to

be 2, 3 or 4 for single stage design;
(b) calculate critical value ¢ and size N needed for fixed sample design;
(c) limit the value of Ny close to N.
i. fix the sample size n; for the first stage, ny =1,2,..., Ny — 1,

ii. generate R = 10,000 random observations from the random vector

U = (Ul,UQ,Ug, U4) Wlth (nl,ng,m),

iii. propose a value for ¢; from the neighborhood of pg, e.g. (po — 0.2, po +

0.2),
iv. propose a value for ¢, from the neighborhood of ¢, e.g. (¢—0.2,¢+0.2),

v. calculate the empirical probabilities to get the theoretical values

of = PpO(Ul > bTUQ,Ul + Ug > b;(UQ + U4))

ﬁ* = Ppl(Ul > bTUQ,Ul + U3 > b;(UQ + U4))

2. Select eligible combinations with a* < o and 1 —g* > 1 — [.
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3.4.3 Selection Rules for Optimizing Purpose

The expected total sample size of a design at point p is
ASN, = N\PET, + Ny(1 — PET,),

where PET, represents the probability of early termination after the first stage, i.e.

PET, =1 — P(the study stops at stage 2 at point p).

Designl : PET, = P,(p1 > ¢1),
Designll : PET, = P,(p <c}).
e Rule I: Minimize Average Sample Number (ASN) Under H,
— ASN,, = N\PET,, + Ny(1 — PET},).
e Rule II: Minimize Average Sample Number (ASN) Under H,
— ASN,, = N\PET,, + Ny(1 — PET,,).

The future research could be addressed to apply some other possible optimization
rules, such as to minimize the study cost. The study cost includes the sampling costs

and overhead costs.

e The sampling costs depend primarily on the size of the sample, and include costs
of selecting or locating subjects, as well as the subsequent costs of collecting

data.

e On the other hand, overhead costs remain fixed regardless of sample size, e.g.

start-up and administrative costs.
e An overall linear cost model for a single stage study is
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cost = a1 + agm + asN + aunm

where a; is the overhead cost for the study, as reflects costs proportional to
the number of measurements per subject, az reflects costs proportional to the
number of subjects, and a4 reflects costs proportional to both the number of

subjects and the number of measurements per subject.
e Rule III: Minimize Average Study Cost (ASC)

— ASC, = Costy PET, + Costy(1 — PET)).
3.4.4 Simulation and Results

Table 1,2, and 3 present the simulation results of critical values and sample size
required, for a selected number of designs. For each design, the final critical value ¢,
is smaller than the interim critical value ¢, partly reflecting the increasing of sample
size. The Average Sample Number (ASN) under the alternative is smaller than the

fixed sample size.

3.5 Application in Genetics: Heritability and One
Way ANOVA ICC

For any trait of interest, observed differences among individuals may be due to dif-
ferences in the genes coding for this trait or may be the result of variation in envi-

ronmental condition. In many cases it is a combination of the two.

Understanding the amount that genes, passed from parent to offspring, influence a
trait may be useful in a variety of situations. In the field of medicine, it can be useful in

determining an individual’s risk of developing a specific disease. This information has
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w2 | alpha | beta S‘“gi:i:;“‘e Two Stages Design Using Error Spending Methods Two Stages Design without Early Rejection
N c Poverdalpha_inl n2| el | c2 alphekpover# ASN 0ASN_1 nl n2| cl | c2 slphe*powers ASN.O | ASN_L
rho 0=0.5;rho 1=0.7
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Figure 3.1: critical value and sample size for one-way ANOVA ICC (m=2)

w3 alpha beta s‘“gl:i:l“” Two Stages Design Using Brror Spending Methods Two Stages Design without Early Rejection
N Powert alphalnl n2 ¢l  c2 alphat powert ASNO ASN1 ol n2 cl c2 alpha* powert ASNO ASN.L

rho 0=0.5;rho

b1 0.05 0.903 0. 005 47 0.8555 0.6162 0.0494 0.9024 54.7556 5 28 27 0.47 0.616 0.0478 0.9004 43.9131 54. 6078
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rho 0=0.6;rho 1=0

b13 0.05 0.1 11 0.795 0.9035 0.015 8 3 0.8644 0.795 0.0499 0.9033 10.9514 9.0314 8 30.59 0.795 0.0497 0.9007 9. 46029 10.9503|
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Figure 3.2: critical value and sample size for one-way ANOVA ICC (m=3)
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Single Stage
Design

w=4 alpha beta Two Stages Design Using Error Spending Methods Two Stages Design without Barly Rejection

alpha 1nl n2 cl c2 alpha# power* ASN O ASN_1 nl n2 el c2  alpha* power® ASN 0 ASN 1

0.0. 0. 0.015 32 13/0.6683 0.6129 0.05 0.9056 44.81 36.594 30 15 0.53 0.6129 0.0475 0.90016|35. 308:
2 0. 0.0025 10| 44/0.8201 0.6223 0.024| 0.9003 53,88 49.714 30 0.5 23] 0.0228 0.90016, 40
3 0.05 0.2 320.63150.80577 0.045 29 3 0.64110.6415 0.049 0.8041 31.87 29.716 22 10 0.52/0.6315 0.0482 0.80172| 26.03!
c4 0025 0. 0.64] 0.0242] 0.80216 29. 915 39. 2993

1
1
2
2/ 40 0.63970.80683 0.0075 27 13| 0.699 0.64]0.024) 0.8124 39.91/33.709 22 18
8
1
1

5 0.05 0.
6 0.025 0

17| 0.673/0.91006 0.035 11| 6/0.7245 0.693 0.048 0.9002 16.8 12,546 7 10 0.31] 0.673] 0.0488] 0.90024] 7.4884 16.0024
20/0.6879 090783 | 0.015 16 4|0.7238 0.6979 0.024| 0.9025 19.94 16.798 10 10 0.48/0.6879 0.025 0.90002|15.0735| 19.764

7 0.05 0.2 12 0.70.80968  0.01 8 4/0.8047 0.7 0.049 0.8111 11.96/10.248 8 4 0.47| 0.7| 0.0473 0.80038] 10.0634| 11.8428]
8 0.025 0.2 150.71140.81791 0.0125 8 7  0.797 0.723 0.024  0.8019 14.92 11.79 9 6 0.51 0.713] 0.0244) 0.80118] 11.6194|14.7485|
rho_0=0. 6;rho_1=

9 0.05 30/0.7174/0.90069  0.015 20 10/0.7748 0. 7174 0.049 0. 9065

10 0.025 36/0. 7266 0.90001 | 0.005 18] 18| 0.807 0.7266  0.025 0.905:

2

8

1

1 3 35.
2/ 22/0.73380.81037  0.02 18 4[0.7 0. 0.05] 0.8077 21.93
2/ 27,0.74270.80721  0.005 10, 17|0.8527| 0.743]0.024, 0.8093 26.
9

1

1

2.

2

.05 10/0.7835 091504 0.035 6 4/0.8372] 0.804] 0.05 0.904 9.866 6 4 0.784] 0.047 0.9006/ 8. 00822 9. 88114
cld  0.025 120.7962._0.9217 0.0175 6 6/0.8619] 0.816/0.023 0.9031 11.9 75 96/ 0.0225] 0.90196 8. 71388| 11.815|
c15  0.05 700.8096 0.8108) 0.005 4 3/0.92530.8096 0.05 0.8094 6.988 5 2 96 0.048] 0.80024] 6. 13219 6. 92564
16 0.025 9/0.81780.83655 _0.0075 2 7/0.9644 0.8278 0.024 0.818 8.947.8.0221| 5 4 0.65/0.8178] 0.0237] 0.80082 6. 39882 8. 67417

Figure 3.3: critical value and sample size for one-way ANOVA ICC (m=4)

also been critical in crop breeding programs where growers seek to maximize desirable
traits such as quantity, sweetness, and shelf-life. In the field of ecology, one may be
interested in the extent to which phenotypic differences among populations of a given
species, such as size or color, are influenced by differences in environmental conditions.
Estimating the genetic components of phenotypic variation and heritability may help

the researcher to address such questions.

3.5.1 Definitions

Heritability is the proportion of phenotypic variation in a population that is inher-
ited among individuals. Heritability analyses estimate the relative contributions of
differences in genetic and non-genetic factors to the total phenotypic variance in a
population. For example, if a trait has a heritability of 0.5, it means that the phe-

notypic variation is 50% due to genetic variation. It does not imply that the trait is
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50% caused by genetics.

Heritability is specific to a particular population in a particular environment. Changes
in the environment or in the gene frequencies will change the relative contributions
of genetic and environmental components. Because heritability is concerned with
variance, it is necessarily a description of a certain population, not an individual.
When examining variation in phenotypic traits, the following assumptions need to be

met:

e Look at a specific trait or several traits where the phenotype can be quantified

in a population.

e Look at how phenotype is affected by environment and genetics in that specific

environment. That is,
— dependence on the frequencies of a given gene in a population;
— dependence on environmental conditions.
Therefor generalizations should not be made concerning the heritability of a trait

without considering the environment or genetic makeup of the population.

Quantitative Inheritance

Quantitative inheritance is the inheritance of a character (known as a quantitative
character or trait) that depends upon the cumulative action of many genes, each of
which produces only a small effect. Examples of such quantitative characters include
clutch size in birds, milk production in cattle, and weight and skin pigmentation in
humans. Usually the character shows continuous variation (i.e. a gradation from one

extreme to the other).
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Components of Phenotypic Variation

When working with a quantifiable phenotypic trait, the measurement taken for a
specific individual is its phenotypic value (P). This value can be broken down into

two main components G and F, i.e.
P=G+E,

where G is the genotypic value while F is due to environmental conditions. Consid-

ering variances, this becomes:
Var(P)=Var(G)+Var(E)+2Cov(G, E).

In planned experiments, we can often take Cov(G, E)= 0. The variation in genotype
can be eliminated by studying inbred lines, such as homozygous for most genes or
uniformly heterozygous. However, complete elimination of environmental variation is

impossible.

Components of Genotypic Value

There are three main components that contribute to the genotypic value:
G=A+D+1,

A is the additive effect, D represents the dominance deviation and [ is the interaction

effect.

The additive effect, (A), is a calculation determined by the gene frequencies in a
population for a given locus, and a measure called the average effect. When con-
sidering an allele, we would like to know how much that single allele, if found in an

offspring, will change the trait measure of that individual away from the population
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mean. This is called the average effect. When looking at a single locus trait with two
possible alleles for a population in Hardy-Weinberg Equilibrium, the average effect is
determined by looking at the range of the value for a specific trait between the two
homozygotes for the different alleles and where the heterozygote trait characteristic
falls between these two. It is also based on the frequencies of the two alleles in the

population.

When looking at a single locus, interaction between alleles that results in phenotypic
expression that is not purely additive is referred to as the Dominance deviation, (D).
Interactions between genes at different loci that act on the same characteristic are

referred to as Interaction (7).

Environmental Value

Environmental effects include a variety of different factors including climatic factors
such as temperature and rainfall patterns, nutritional factors such as soil nutrients
or availability of food resources, and various other factors that cannot always be
identified by the researcher. Also included in the environmental value is maternal

effects or how the health of the maternal organism affects that of the offspring.

Broad Sense Heritability H?

Heritability is the ratio of the genetic variance over the phenotypic variance. Broad

sense heritability includes all components of genetic variance.

2 — Yo — VatVptVy
Vp Ve
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Narrow Sense Heritability A2

Narrow sense heritability includes only the additive genetic variance and it is this

form of heritability that is usually of interest.

2_Va
=Y.

3.5.2 Estimating Heritability

Estimating heritability is not a simple process, since only P can be observed or
measured directly. Measuring the genetic and environmental variance requires various
sophisticated statistical methods. These methods give better estimates when using
data from closely related individuals - such as brothers, sisters, parents and offspring,
rather than from more distantly related ones. The standard error for heritability

estimates is generally very poor unless the data set is large.

In non-human populations it is often possible to collect information in a controlled
way. For example, among farm animals it is easy to arrange for a bull to produce
offspring from a large number of cows. Due to ethical concerns, such a degree of

experimental control is impossible when gathering human data.

Heritability estimates are often misinterpreted. Heritability refers to the proportion
of variation between individuals in a population that is influenced by genetic factors.
Heritability describes the population, not individuals within that population. For
example, It is incorrect to say that since the heritability of a personality trait is
about .6, that means that 60% of your personality is inherited from your parents and

40% comes from the environment.

There are essentially two schools of thought regarding estimation of heritability:
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e One school of thought was developed by Sewall Wright at The University of
Chicago, and further popularized by C. C. Li (University of Chicago) and J. L.
Lush (Iowa State University). It is based on the analysis of correlations and, by
extension, regression. Path Analysis was developed by Sewall Wright as a way

of estimating heritability;

e The second was originally developed by R. A. Fisher and expanded at The
University of Edinburgh, Iowa State University, and North Carolina State Uni-
versity, as well as other schools. It is based on the analysis of variance of
breeding studies, using the intraclass correlation of relatives. Various methods
of estimating components of variance (and, hence, heritability) from ANOVA

are used in these analyses.

3.5.3 One-Way ANOVA Methods of Estimation
Basic Model
Considering only the most basic genetic models, we can look at the quantitative
contribution of a single locus with genotype G; as
Yi=p+gite,

where

® /i cOMMON mean;

e g;: effect of genotype G, gi ~ N(0,07);

e ¢: environmental effect, e ~ N(0,?);

2

e 0, genotypic variance, the variation in phenotype caused by differences in

genotype;
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e 02: environmental variance, the variation in phenotype caused by environment.

The total phenotypic variance is defined as the combined effects of genotypic and

environmental variance

2 _ 2 2
ap—ag+ae,

2 2
and the heritability is H? = % = 9
p

2 2.
Gg—l-ae

Simple (balanced) Half-Sib Design

Consider an experiment with a group of n sires and their progeny from random dams
(m progeny for each sire). Since the progeny get half of their genes from the father

and half from their (random) mother, the progeny equation is
Yij = 1+ %gi + €ij,
where
e /i common mean;
e g;: effect of genotype G; from sire 7, g; ~ N(0, 07);

e ¢;;: environmental effect for progeny j of sire i, e;; ~ N(0,02);

° 02: genotypic variance, the variation in phenotype caused by differences in

genotype;

e o2: environmental variance, the variation in phenotype caused by environment.

The total phenotypic variance is defined as 05 = 012, = Jg + o2

Based on the above design, we could calculate the following two kinds of varia-

tion:
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e Within sire group variation (Error term) o3,: Comparing the various progeny
for an individual sire. The variance will include terms for genetic variance 02

(since they did not all get the same genotype) and envrionmental variance;

e Between sire group variation 0%: Comparing the group means of half sibs with
each other. In addition to the error term as in the within sire groups, we have

an addition term due to the differences among different means of half sibs.

The variance between sire groups is the same as the covariance between half sibs of

the same sire group, i.e.,

2 _ 1.2
op = C’ov(yij,yij/) = 10,

The variance within sire group then becomes

Define S§, = 77 327" (i, —4i.)%, the within sum of squares, and S3 = 37 m(yi —
7..)?, the between sum of squares, where y; = E;n:l yi;/m, the within subject average,
and . = > 33" wij/(nm), the overall average. Then S§, and S% are independent

and

Sty ~ UI%VXi(m—l)v

Sg ~ (0l + mop)xi1,

where x2 denotes the central chi-square distribution with n degrees of freedom. Thus

E(S3%,) =n(m —1)o%,, and E(S%) = (n — 1)(c3, + mo%), yielding

E(Sfy) =n(m — 1)(§07 + 02),

E(S3) = (n—1)(302 4+ 02 + Zo2).

Then we could easily calculate the estimate of H? by
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o _ o3 4(MSp—MSw)

- )
0'34‘0'3 MSB+(m—1)MSW

Sty

2
where MSB = % and MSW = m
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Chapter 4

Group Sequential Designs for
Intraclass Correlation Coefficient
in Inter-Rater Reliability Studies

Inter-rater reliability is usually assessed by means of the intraclass correlation coef-
ficient. Using two-way analysis of variance to model raters and subjects as random
effects, we derive group sequential testing procedures for the design and analysis of
reliability studies in which multiple raters evaluate multiple subjects. Compared with
the conventional fixed sample procedures, the group sequential test has smaller aver-
age sample number. The performance of the proposed technique is examined using
simulation studies and critical values are tabulated for a range of two-stage design
parameters. The methods are exemplified using data from the Physician Reliability

Study for diagnosis of endometriosis.
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4.1 Introduction

Inter-rater reliability studies are conducted to investigate the reproducibility and level
of agreement on assessments among different raters. The analysis of reliability is a
common feature in research and practice since most measurements involve measure-
ment errors, particularly those made by humans. Measurement error can seriously
affect statistical analysis and interpretation; it therefore becomes important to as-
sess the amount of such error by calculating a reliability index (Shrout and Fleiss,

1979).

Inter-rater reliability refers to the reproducibility of the raters when repeated at
random on the same subject or specimen under the same condition by the same rater
or different ones, either simultaneously or at several time points. A common measure
of the reliability of measurements is the so-called intraclass correlation coefficient,

with larger values indicating higher level of consistency.

There are various versions of intraclass correlation coefficient derived from different
statistical models. Shrout and Fleiss (1979) proposed a set of guidelines of choosing
the appropriate model in reliability studies. In actual inter-rater reliability studies,
multiple raters usually evaluate multiple subjects and the two-way analysis of vari-
ance (ANOVA) model is considered to be the appropriate analytical model. More-
over, when raters can be considered as random sample from the target population of
raters, the two-way random effects model should be applied (Fleiss, 1999; Zou and

McDermott, 1999; Cappelleri and Ting, 2003; Tian and Cappelleri, 2003).

For fixed sample design, there are two main approaches available to determine the
sample size in reliability studies. One approach is to find the size such that the power

of statistical test is met (Donner and Eliasziw, 1987; Walter, Eliasziw and Donner,
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1998), while the other one is to assure the precision of estimation (Shoukri, Asyali

and Walter, 2003; Bonett, 2002; Saito, Sozu, Hamada and Yoshimura, 2006).

Sequential methods were introduced in response to demands for more efficient testing
of anti-aircraft gunnery during World War II, culminating in Wald’s development
of the sequential probability ratio test which had an immediate impact on weapons
testing (Wald, 1947; Siegmund, 1985; Lai, 2004). Gradually, in studies involving
human subjects, specialized statistical methods are needed to balance the ethical
and financial advantages of stopping a study early against the risk of an incorrect
conclusion (Jennison and Turnbull, 2000). Armitage (1954, 1958) and Bross (1952,
1958) introduced the use of sequential methods in the medical field. However, the
early development for group sequential methods came from Pocock (1977), O’Brien

and Fleming (1979), and Lan and DeMets (1983).

Motivated by the idea of sequential testing that is widely used in clinical trials, it
is natural to adopt and extend these sequential testing methods in the design and
analysis of reliability studies to reduce the sample size and study cost. In reliability
studies evaluating the measurement error by applying the one-way ANOVA model,
the multistage group sequential designs were proposed. Under one-way ANOVA,
the sums of squares in the estimation of the intraclass correlation coefficient possess
independent increments, thus simplifying the calculation of stopping boundaries (Liu,

Schisterman and Wu, 2006).

In this chapter, we develop multistage testing procedures using two-way ANOVA for
hypothesis concerning the intraclass correlation coefficient in a inter-rater reliability
study. In Section 4.3, we state the hypotheses of interest, introduce the structure

and assumption of the two-way ANOVA models, and propose the simulation designs
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for the one-stage problem for sample size and power calculation. In Section 4.4, we
develop methods to determine critical values, sample size, and power using Lan and
DeMets’s (1983) error spending approach. Realizing that the between-rater sum of
squares violates the independent increments assumption, we develop simulation tech-
niques to effectively calculate the critical values. The performance of the proposed
methods is examined in Section 4.5 using simulation studies and critical values are
tabulated for a range of two-stage design parameters. In Section 4.6, we exemplify the
methods using data from the Physician Reliability Study for diagnosis of endometrio-

sis.

4.2 Notations and Preliminary Knowledge

4.2.1 Kronecker Product and Its Properties

The Kronecker product, denoted by ®, is an operation on two matrices of arbitrary
size resulting in a block matrix. It gives the matrix of the tensor product with respect
to a standard choice of basis. The Kronecker product should not be confused with
the usual matrix multiplication, which is an entirely different operation. It is named

after German mathematician Leopold Kronecker.

If A is an m x n matrix and B is a p x ¢ matrix, then the Kronecker product A @ B

is the mp x ng block matrix

allB s alnB
A®B= : :
amB 0 a,,B

The Kronecker product has the following properties:
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1. ORA=A®0=0;

2. (A1+A)@B=A;9B+ A, ®B;

3. A® (B; +By) = A®B; + A ®By;

4. aA ® bB = ab(A ® B);

5. (A@B) e C=A® (B®C);

6. (A1 ® As)(B;1 ®By) = (A1B)) ® (A3B»);

where A, B and C are matrices and a and b are scalars.

4.2.2 Identity Matrix

The identity matrix or unit matrix of size n is the n x n square matrix with ones on

the main diagonal and zeros elsewhere. It is denoted by I,,, where

1 0 - 0
o1 - 0
0 0 1

4.2.3 J: Matrix With All Elements 1

The J,,«,,m» matrix is the n X m matrix with all elements 1.

Jn><m -
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4.2.4 Distribution of Quadratic Forms

Recall that (Rao, 1973) if y has a multivariate normal distribution with a mean
vector u and a positive definite variance-covariance matrix A, then an necessary and
sufficient condition that (y —u)? A(y —u) has x? distribution is AAA = A in which
case the degrees of freedom is the rank of AA. Furthermore, (y — u)?A(y — u) and

(y —u)"B(y — u) are independent if and only if AAB =0.

4.3 Hypotheses and Fixed Sample Design

The intraclass correlation coefficient p is commonly used to assess the inter-rater re-
liability. The designs developed in this chapter are based on testing a null hypothesis
Hy : p < pp that the true intraclass correlation coefficient is less than some uninterest-
ing level py. We require that under the null hypothesis the probability of concluding
that the rating is sufficiently promising be less than «, the level of significance of the
test. We also require that under Hy : p > p1, the probability of rejecting the rating
should be less than (. If the null hypothesis is not rejected, then we may conclude
that the raters are not well trained or that the variable to be measured possesses

unacceptable measurement errors.

4.3.1 Two-way Random Effects ANOVA Model

Consider a random sample of n subjects for which a continuous variable y is measured
independently by d raters randomly selected from a population of raters. Denote by

y;; the measurement made on the ith subject by the jth rater (for i =1,2,...,n and
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j=1,2,...;d). Then the two-way ANOVA model is
Yij = b+ 8 + 15 + €4, (4.1)

where g is the grand mean of all measurements. The subject effect s;, the rater effect

r; and the random error €;; are assumed to be independent and normally distributed

2

with mean 0 and variances 02, o2 and o? respectively. Note that these assumptions
lead to Var(y;;) = 02+ 02+02, Cov(yij, yir;) = o2 if i # 4, Cov(yij, yiyr) = o2 if j # §,
and Cov(y,j,yi;) = 0if ¢ # 4" and j # j'. The vector including measurements from
all subjects y1.. = (Y11, ,Y1ds* " »Ynls" " >Yna) is then distributed as N,4(u, 3),
where

u=plyy L=01, 1L+, J;+ 0], @1, (4.2)

where, throughout, the superscription T stands for the transpose of a matrix or
vector, 1,, is the vector of order m with all elements 1, I, is the identity matrix or
unit matrix of size n, J, «m is the n X m matrix with all elements 1, and ® is the

Kronecker product of two matrices (Rao, 1973).

4.3.2 Point Estimation of Intraclass Correlation Coefficient

The intraclass correlation coefficient in a two-way ANOVA model is given by

0.2

P= 53 (4.3)

o2+ 02402
This is the correlation coefficient between two measurements y;;, and y;;, on the same
subject ¢ by two different raters j; and js. Larger values of p indicate higher coherence
among measurements on the same subject by different raters. Perfect consistency
occurs when p = 1. A low reliability may indicate that the raters are not well trained

or that the variable to be measured possesses unacceptable measurement errors.
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Let p;. and 1 ; denote the true means of the population associated with the ¢th subject

and jth rater respectively. Then
Si = Wi, = by Tj = foj — [y €ij = Yij — [, — fj + [b.

So the Y;; can be written as Y;; = p+ (5. — p) + (pej — po) + (Yij — pi. — poj + ). And

the best estimates of the parameters give the sample model as

Yy =Y. =Y -Y)+(Y;-Y)+ (Y, =Y, - Y; +Y),

_ n d - _ d - _ n .
where Y — Lj‘:ly’”7 }/; — # and Y] — i1 Yij )
n n
By squaring both sides and summing over ¢ = 1,2,..,n, and 7 = 1,2,...,d, we
have

Z?:l Z?:1(Y;j - Y)Z =
Z?:I Z?:l (Yz - Y)2 + Z?:l Z?:l(fj - Y)Q + Z?:l Z?:1(Yij - Yl - Y.j + Y..)Q‘i‘

three cross products,

where the three cross products reduce to zero and the remaining equation becomes
SStotal = SSsubject + SSrateT + SSerror-

Define SSgupject as the between-subject sum of squares, SS,qter as the between-rater

sum of squares, and SS,,,. as the within sum of squares, that is,

SSsubject - Z?zl Z;‘lzl (}7; - Y.)27
SSrater - 2?21 2?21 (Y_] - Y.)27
SSerror = Z?:l Z;‘i:1<}/;j - };; - Yj + ?)2 ’

_ n d - _ d L. — n L.
where Y = i1 y=1 Vi %:dj:ly”, Y, = —Zj:dl Y9 and Y, = —Zi:nl Y9 Then SSsupjects SSrater and
SSerror are independent (Rao, 1973) and can be written as
SSsubject;(dU?, + 0-52)‘/17 SS’I‘(ZteT‘;<nO-§ + 0-52)‘/27 SSerror;O-?‘/& (44)

95



where Vi, V5, and V3 are independent chi-square variables with degrees of freedom
n—1,d—1, and (n — 1)(d — 1), respectively, and = means that its two sides have

the same distribution.

Define M Sgupject as S Ssubject divided by the degrees of freedom of its corresponding

y2-distribution, and similarly define M S,qe, and M Se,yor. Then

E(Mssubject> = dU? + 0527 E(Msrater) = TLO'Z + 0627 E(Mserror) - 02

€

yielding unbiased estimators of 02, 02 and o? as

OTQ — (Mssubject - MSerror)

A2 _ (Msrater - MSerror)

72 = MS,mor. 4.5
S d n 706 ( )

Hence an estimator of the intraclass correlation coefficient p can be obtained by

substituting the variance estimators. We have

) o2 n(d—1)8 —n
P i otier nld—1)Stdn— DR+ (d—n—d) (4.6)
where
ne e R ey 64
§ = S s S e, 48

where w = 02 /0? and F, is the central F-distribution with degrees of freedom a and

b. We will refer to p as the sample intraclass correlation coefficient.

4.3.3 Calculation of Operating Characteristics

The two-way random effect model reduces to the popular one-way random effect
model if o2 = 0, that is, if there is no variations among raters. In this special

case, observations from the same subject are treated as interchangeable repeated
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measurements, and observations from different subjects are independent. For the
one-way ANOVA model, the sample intraclass correlation coefficient is a function
of an F-statistic, and methods are directly available for computing the powers and
sample sizes of the test based on the F-statistic; see, among others, Donner and
Eliasziw (1987), Walter, Eliasziw and Donner (1998), and Liu, Schisterman and Wu

(2006).

For the two-way ANOVA model observations from different subjects but the same
rater are not independent. Therefore, methods for power and sample size calculations
based on one-way ANOVA are not applicable to the two-way ANOVA model because
the sample intraclass correlation coefficient involves two correlated F-statistics, S and
R in (4.6), arising from the rater effects. Kraemer (1976) considered reliability in a
two-way ANOVA model. However, the definition of the intraclass correlation coeffi-
cient is somewhat different from the traditional definition in that the rater variability

is excluded.

For a pre-specified significance level «, the fixed sample size design rejects the null
hypothesis Hy : p < po if the sample intraclass correlation coefficient exceeds some

critical value 0 < ¢ < 1. The power function of the test
U(piw) = Py (p> o) (4.9)
depends, in addition to p, on n, d, and the variance ratio w.

It follows from (6)-(8) that p has the same distribution as W (p,w) = Dy /D, where

— 1)pF. —1 1—p)F
D, — nd(d—pky = n(d—1){dp+1-p)F1 _
1—p 1—p

and

nd(d — 1)pFy
I—p

n(d—1)(dp+1—p)F

D, —
2= -

+nd(n—1)Fyw+

+d(n—1)F+(nd—n—d)
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where F7 =V, /V3 and Fy = V,/ V5.

Checking the derivative of W with respect to p, we can show that W is an increasing

function of p. Hence, for p; < po, W(p1,w) > cimplies W (p2,w) > ¢. Therefore

Po(p > &) = P(W(p1,w) > &) < P(W(po,w) > ¢) = Poy(p > )

It can be shown (see above) that, for given n,d,w, ¥ is an increasing function in p,
implying that we can control the type I error rate at the nominal level o by setting

¥ = « for p = py, and set the power to be 1 — 3 at p; for p > p;.

To deal with the nuisance parameter w, we can take the conventional approach to
find the critical value 0 < ¢ < 1 such that sup,, ¥(po;w) = «. Similarly, given the
power 1 — 3 at an alternative value p = p;, the sample size n can be determined from

inf, ¥(p1;w) =1— 0.

Allowing the nuisance parameter w to change freely in the entire range [0, oo] often
results in a very conservative test, i.e. a test with large critical value, for values of
w encountered in practice. Very often, data from other similar studies may provide
empirical estimate of w, and thus making it possible to have an upper bound w; for
w. Taking these arguments into account, we propose to determine the critical value

and sample size via the following equations:

U(po;wr1) =, Y(pj;w1)=1—7. (4.10)

For example, setting n = 104, d = 4, o = 0.05, pg = 0.5 and w; = 0.5, we found
¢ = 0.6173, using the simulation approach described below. For w < wy, Figure 4.1
plots the type I error ¥(pg;w) and Figure 4.2 plots the power ¥(p;;w) at p; = 0.7

and 0.8, both versus w. Although no analytic proof is available, it appears from the
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Figure 4.1: simulated type I error rate as a function of variance ratio w
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Figure 4.2: simulated power as a function of variance ratio w
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figures that, as w increases, the type I error increases and the power decreases (for
alternative values of p sufficiently away from the null value py). Thus for w < wy,
(4.10) implies

U(pp;w) <a, Y(p1;w)>1-0.

4.3.4 A Simulation Procedure

Exact calculation of the operating characteristics (e.g., type I error, power and sample
size) of the test statistic p appears to be complicated because it involves the joint
distribution of two correlated F-statistics S and R in (4.6). Taking the advantage
that p is a function of three independent x? random variable, we propose to calculate
the operating characteristics based on simulations by independently generating large

number of replicates of the y? variables.

Specifically, for a given set of (n,d,w,p,c), the power ¥(p;w) is computed as the
proportion of simulated values of p that are larger than c¢. To generate a random
value p from a simulation, we generate a random observation of (Vi, Vs, V3), which
then yields random values of R and S according to (4.7) and (4.8). Substituting these

values in (4.6) then yields the simulated value of 4.

Using the simulation approach described above, we can then find the critical value
and sample size that satisfy the error requirements (4.10). Note that the sample size

is defined as the smallest n that meets the error requirements.
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4.4 Group Sequential Testing and Simulation Tech-
nique

Sequential statistical methods were originally developed in order to obtain economic
benefits. In any experiment or survey in which data accumulate steadily over a period
of time, it is natural to monitor results as they occur with a view to taking action such
as early termination or some modification of the study design. The many reasons for
conducting interim analysis of accumulating data can be loosely categorized in three

classes: ethical, administrative and economic (Jennison and Turnbull, 2000).

For example (Rothstein, 1990), in job performance rating, many critically impor-
tant decisions about employees, such as pay, promotions and firing, are made on the
basis that the ratings are reliable enough to produce useful and valid performance
appraisals. The interim analysis is needed to ensure that the rating process is being
executed as planned, and that the raters are well trained and satisfy eligibility criteria.
An early examination of interim results will sometimes reveal the presence of problems
which can be remedied before too much expense is incurred. Early stopping ensures
that resources are not wasted. Sequential methods typically lead to savings in sample

size, time and cost when compared with standard fixed sample procedures.

4.4.1 Group Sequential Test

Suppose the subjects are taken into groups. Denote by n; the number of subjects in
the kth group, and Ny = ny + ny + ... + ng the cumulative sample size (number of
subjects) of the first k& groups. Denote by ;. the estimate of the intraclass correla-
tion coefficient p computed from data observed up to the kth group. Let K be the

prespecified maximum number of interim analysis planned for the study. A K-stage
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testing procedure for Hy is carried out as follows. At each stage k =1,..., K —1, with
critical value ¢y, if

ﬁi < ¢t < k — l,ﬁk > Cg, (411)

then the test stops and Hj is rejected. Otherwise, d measurements are taken from
the raters for each of the ng,; subjects in the (k + 1)th group, and px; is computed
based on all available data up to the (k + 1)th stage. If the test did not stop at
any early stage, then it will stop at the Kth stage and reject Hy if px > cx. Here

e,k =1,..., K, are the critical values that satisfy the error requirements.

The power function of the group sequential test is
K
> Pypi <cii<k—1,pr > cp), (4.12)
k=1

which depends on the variance ratio w.

The design approach considered here is to specify the parameters pg, p1, @ and 3,
along with the nuisance parameter w, and then determine the critical values and
sample sizes that satisfy the error probability constraints, that is, the power is « at
po and 1 — 3 at p;. To determine sample sizes and critical values for testing the null
hypothesis Hy, we employ the Lan and DeMets error spending approach (Lan and

DeMets, 1983).

We will focus on the two-stage designs that are practically more appealing due to their
less complexity of computation and potential applications to a reliability study. How-
ever, the simulation approaches descried for a two-stage test can be straightforwardly

extended to any multistage tests.
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4.4.2 Two-stage Design

In a two-stage study, the null hypothesis Hy is rejected if (i) at the first stage p; > ¢
or (ii) p1 < ¢ at the first stage and py > ¢ at the second stage. Suppose that the

type I error to spend at the first stage is a;. We have
Ppo (,51 > Cl) = q, (413)

and

Ppo(lal SCl,ﬁQ >Cg):0z—041. (414)

(The errors spent at each stage then add up to the total error of a.) The requirement

that the power at p; be 1 — 3 yields

P,(p1>c1)+ Py (pr <cr,p2>c0)=1—-0. (4.15)

These three equations together determine the critical values and the sample size
assuming the allocation ratio, ny/Ns, of subjects to the first group is specified. The
critical value ¢; for the first stage and the first summand of (4.15) could be determined

by the approach proposed in Section 4.3 for a fixed sample size test.

4.4.3 Independent Increments of Two-stage SSupjcct and SSeror

Computation of (4.14) and the second summand in (4.15) involves the joint distribu-
tion of p; and ps, or equivalently, the joint distribution of two correlated y2-statistics

(apart from proper constants),

(Sssubject(z)a SSsubject(]-))7 (SSerror(2)7 SS@TTOT(l))7 (Ssrater(Q)a SSrater(]-))-
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For the one-way ANOVA model, Liu, Schisterman and Wu (2006) showed that the
independence between subjects warrants that the sums of squares involved in esti-
mation of the intraclass correlation coefficient can be decomposed into independent
increments. This independent-increment property then subsequently substantially

simplify the simulation for calculation of critical values and power of the test.

To check the independent-increment property for the two-way ANOVA case, put all
the measurements from the group of d raters on N, subjects together in a vector
y = (y1,yy)", where y; = (y11, %12, -+, Yn,a)? represents the measurements from
the first stage and y, = (Y(ny4+1)1, Ya+1)2, -+ »Yn,a)” the measurements taken after
the first stage. Then y has a multivariate normal distribution with mean vector

u = ply, and variance-covariance matrix

Y X
Y —
( Yo1 X )

where

211 = 0'62]:”1 ®Id+0—31n1 ®Jd+0—3']n1 ®Id7

E12 = Usz xng & Ida E21 = O.zJﬂ2><n1 ® Id’
Write

SSsub 'ect(l) T
U — —J — S
! do? + o2 Y e
and
S unject(2) — SSsupject(1)
U, — subjec subjec _ TS_S

2 dO’g T 0_62 y [ 2 1] Yy,

where

&:(S?>g),&=swg
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with

1

S T [

1
- _Jnxn) & Jd><d .
n

It follows from straightforward matrix manipulations that u? S;= 0, u’ S,= 0, and

S13[S9-S1]=0. Therefore

U =y"Siy=(y—-uwSi(y—u

and
Uy =y"[S2 = Si]ly = (y —w)"[S2 — S1](y — u)

are independent.

Write

1 T T y

U3 = O__EQSSerror(:l) = ( yi ¥ )El ( y; ) ?
and
U, = 2 [SSerror(2) = SSerror(1)] = ( YT y; ) [E; — E4] ( zl > ’
2 2
where
E 0
Bi- (%Y §) EmE()

with

1 1 1

E(n) = o |:(In = Jnxn) ® (Lo — aded)} :

Hence SSerror(2) = SSerror(1) and SSe,0r(1) are independent since u? E;= 0, u’ Ey=

0 and Elz [EQ—El] =0.

Thus, for the two-way ANOVA model, we can show that the between-subject sum of
squares SSsupject and the within sum of squares 5SS, have independent increments,

that is, the four quantities, SSsupject(1), SSsubject(2) — SSsubject(1), SSerror(1), and
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SSerror(2) — SSerror(1), are mutually independent. The four increments have the
same distributions as (do? + 02)Uy, (do? 4+ 62)Us, 02Us, and 02Uy, respectively: Uy,
U,, Us and U, are independent chi-square random variables with degrees of freedom
ny—1, No—nq, (ny —1)(d — 1), and (Ny — ny)(d — 1), respectively. Therefore, these
sums of squares at the second stage can be expressed as functions of independent
chi-square variables, similar to the one-way ANOVA model in Liu, Schisterman and

Wu (2006).

4.4.4 Dependent Increments of Two-stage 55, e

A major complication, however, arises from calculation of the between-rater sum of
squares SSyqer(2). Because observations from different subjects made by the same
rater are not independent, the between-rater sums of squares do not have the in-

dependent increments property; see the following proof concerning the independent

increments.
Write

SSrater(l) = ( yf y; )Rl < Y1 ) 5

Yo
and
[SST’ater<2) - SSmter(l)] = ( Yf y; ) [RQ - Rl] ( i; ) )
where
R 0

R1 = ( (811) 0 ) y R2 - R(NQ)

with
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We can show that u’ R;= 0 and u” R,= 0, yielding

SSrater(l) - yTRly = (y - u)TRl(y - u)?

[SSrater(Q) - SSrater(l)} = yT[RQ - Rl]y = (y - u)T[RQ - Rl](y - 11),
However, the increments are not independent since R;Y[Ry-R;]7#0.

Remark. One may wonder if a linear combination

SSrater<2) - )\SSrater(1> = [ yf y; } [RQ - )\Rl] |i V1 :|

Yo

of SSyater(1) and SS,q4zer(2) could be independent of SS,q.(1). For this to occur, A

needs to satisfy
Rlz(Rg - )\Rl):()
However, such a A does not exist as elements of R; and Ry are not proportional.

Therefore, unlike the other two sums of squares, SS,4er(1) and SS,qe-(2) can not be
generated using independent chi-square variables. We propose below a more efficient

method for simulation based on two independent multivariate distributions .

4.4.5 Simulation Technique for Two-stage Design

With specified parameters the probabilities in (13)-(15) can be estimated by simulat-
ing a large number of realizations of the sums of squares. The probability P(p; > ¢;)
can be derived using simulation techniques described in Section 2.4. To compute
the probability P(p; < ¢1, p2 > ¢2), we first simulate a large number of observations
of

U= (Ula U27 U37 U4)7

68



defined previously. For each simulation, the between-subject and within sum of

squares are then computed as.
SSsubject(l) - (dgg + J?)Ulv SSsubject<2) = (dgg + Uz)Ul + (dO’g + 052>U2a

and

SSEMOT(l) = O'?Ug, SSerror(Z) = O'?Ug + 0'62U4.

Due to the absence of independent increments for SS,qi., We propose the follow-
ing method with two independent multivariate normal variables. Define Z =y, —
Y21271y,. Then Z is distributed as multivariate normal distribution with mean vec-

tor (1n2 — Eglzﬁllm) and variance-covariance matrix Yo — 221Zf11212.

Random observations of S:S,(1) could be generated from y,;. To simulate S'S;4zer(2),

we can generate Z independently of y; and then calculated
Yo =Z+ 30Xy,

This then gives

1

I, @ (Lg — =Jaxa)ly,

SSrater(z) d

_ T[
Ny
where y* = (y1,y3).

Thus empirical values of SS, (1) and SS;aer-(2) can be generated from two inde-

pendent multivariate normal variables Z and yj;.

With each simulated value of

(Sssubject(1>7 SSsugject(z)a SSBTT‘OT'<1)7 SSerror(2>7 SSrater<1)7 SSrater(Q))a

we compute p; and py. The probability is then estimated as the proportion of

{(p1,p2) : p1 < c1,p2 > 2}
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Remark. Although the probabilities can be estimated by simulating Ns-variate
multivariate normal distributions under model (1), our experiences show that the
proposed simulation approach based on independent chi-square and multivariate nor-

mal variables is much more time-efficient.

4.5 Simulation Results

To set up the simulation, the sample size for the first stage is set as ny = Ny/2. The
error spending functions of Kim and DeMets (1987) oy = § is applied to allocate
the error. The values of design parameters to be considered are a = (0.025,0.05),
for testing null value py = (0.5,0.6), power of the test 1 — § = (0.8,0.9) at p; =
(0.7,0.8,0.9). Here, according to Landis and Koch (1977), the chosen null values
indicate moderate consistency in measurements. We consider the number of raters
d = (4,6, 8), respectively. The possible values of w to be considered are (0.1, 0.5, 1, 10).

For each set of design parameters («, 3, po, p1,w), we search a potential range of

(¢1, €2, N3) to find a combination that meets the error requirements.

For each combination of (¢, ¢, N3), ¢; could be derived using simulation techniques
described in Section 4.3.4. A total number of m = 5,000 random observations are
generated for the random vector U = (Uy, Uy, Uz, Uy) from the four independent ys
variables described in Section 4.4.3. Simultaneously, two samples each with m =
5,000 observations are drawn from two independent multivariate normal variables,
respectively. The empirical probabilities in (4.13), (4.14) , and (4.15) are computed as
the proportion that the the estimates fall into the rejection regions. The combination
that satisfies the error requirements is thus the desired solution to the design. To help

narrow the search range, we first limit the values of ¢, and Ns close to that required
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in a fixed sample design computed by methods aforementioned in Section 4.3.4, and

then gradually expand the range until a solution is found.

Table 4.1: Sample size tabulation for a number of two-stage designs
d=4,w=0.5,00 = a/2,n1 +ny = Ny (5,000 replicates)
o 6 ny ns c1 Ca ASN  fixed size
Po = 05, P1 = 0.7
0.06 0.1 54 53 0.6587 0.6193 67.64 104
0.025 0.1 85 84 0.6581 0.6279 104.45 164

0.05 02 27 26 0.6861 0.6437 38.12 50
0.025 0.2 38 37 0.6938 0.6510 54.45 72
Po = 05, P1 = 0.8

0.05 0.1 11 10 0.7544 0.6912 14.53 20
0.025 0.1 13 12 0.7659 0.7001 17.40 25
005 02 7 7 07943 0.7238 10.63 13
0025 02 9 9 0797 0.7283 13.59 17

po =0.6,p1 =0.8
0.06 0.1 28 27 0.7631 0.7273 35.70 53
0.025 0.1 38 38 0.7665 0.7314 48.76 72
0.06 0.2 16 15 0.7901 0.7459 22.74 30
0.025 0.2 22 21 0.7932 0.7535 31.38 41
po =0.6,p1 =0.9

005 01 6 6 08337 0.7948 8.00 11
002> 01 7 7 08706 08116 9.74 13
005 02 4 4 08822 0.8205 5.9784 7
0025 02 5 5 0.8874 08351 7.42 9

Table 4.1 presents the simulation results of critical values and sample size required,
for a selected number of designs. For each design, the final critical value ¢y is smaller
than the interim critical value ¢y, partly reflecting the increase of sample size. The
Average Sample Number (ASN) under the alternative is smaller than the fixed sample

size. Note that for a two-stage design the ASN at p is given by

ASN = nlp(ﬁl > C) + sz(ﬁl < Cl)-
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4.6 Example

We illustrate the proposed group sequential testing procedure to data from a study on
endometriosis diagnosis. Endometriosis is a gynecological medical condition occurring
in roughly 5%-10% of women. Despite its relatively high prevalence, substantive
and methodological challenges exist, including diagnostic proficiency. The Physician
Reliability Study (Schliep et al., 2011), conducted by investigators in the Division of
Epidemiology, Statistics and Prevention Research, Funice Kennedy Shriver National
Institute of Child Health and Human Development, the National Institute of Health,
addressed this issue by examining agreement in diagnosing endometriosis and its

association with both rater- and subject-specific information.

In this chapter, we use the review results of four international experts who indepen-
dently examined study subjects’ intraoperative photos for signs of endometriosis or
other gynecologic pathology. These photos were taken when the subjects were under-
going laparoscopies/laparotomies in another study and show panoramic anterior and
posterior views of the uterus and adenexal structures of the subjects. The specific
outcome we use is the Revised American Society for Reproductive Medicine’s classi-
fication (rASRM) (American Society for Reproductive Medicine. Revised American
Society for Reproductive Medicine classification of endometriosis: 1996; Fertil Steril,
1997) that ranges from 1 to 150 with higher scores corresponding to severe symptoms

of endometriosis.

The interim analysis was conducted based on the first 24 (about half of the 47 samples
that have complete ratings) subjects’ scores from the four international experts. The
interim error ay; was set to be /2 based on an error spending function of Kim and

DeMets (1987). Thus, ny = 24, Ny = 47, and a; = «/2 = 0.025. The null value is
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po = 0.4, and the variance ratio w is 0.013 based on the real data. With these design
parameters, we applied the proposed simulation approach described in Section 4.4.3,
and found ¢; = 0.5953 and c; = 0.5359. The powers of the test at p; = 0.55,0.60,0.65
are 0.6088, 0.8150, and 0.9548, respectively. The average sample sizes (ASN) at these
alternative values are 39.3732, 35.6932, and 30.0674, respectively, reflecting the cost-

effective nature of the design.

We now apply the test based on the actual scores on the first 24 subjects in the
endometriosis study. The sample intraclass correlation coefficient computed at the
first stage is p; = 0.6077. We then could terminate the test at the first stage and
reject the null hypothesis because that the test statistic p; exceeds the critical value ¢;.
Therefore, early evidence shows that the four experts demonstrated quite satisfactory

agreement in their scoring.
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Chapter 5

Discussion and Future Research

5.1 Future Research in Inter-rater Reliability Stud-
ies

We develop multistage testing procedures using two-way ANOVA for hypothesis con-
cerning the intraclass correlation coefficient in a inter-rater reliability study. The
designs are proposed to determine critical values, sample size, and power using Lan
and DeMets’s error spending function. There have been no exact tests available for
the intraclass correlation coefficient based on two-way ANOVA framework due to the
involvement of two correlated F' statistics. Realizing that the between-rater sum of
squares violates the independent increments assumption, we develop simulation tech-
niques to effectively calculate the operating characteristics of the sequential test. The
performance of the proposed methods is examined using simulation studies and crit-
ical values are tabulated for a range of two-stage design parameters. Alternatively,

permutation test technique could also be considered to solve the problem.

The operating characteristics of the test are affected substantially by the variance
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ratio w. Our proposed approach requires an upper bound of w be specified. Further

research is needed on other treatments of the nuisance parameter.

The methods discussed in this paper could be applied to the field of genetics in
the sense of the heritability analysis which estimates the relative contributions of
differences in genetic and non-genetic factors to the total phenotypic variance in a

population.

Future research is needed to develop and compare various group sequential designs,
and to propose methods for inference following the sequential testing such as point

and interval estimation of the intraclass correlation coefficient.

5.2 Confidence Interval for a Difference between
Two ICCs in One-way ANOVA Models

Up to now, we have not discussed the statistical methods to compare the intraclass
correlation coefficients of measurements taken by two different measuring devices. In-
ference for the difference between two independent intraclass correlation coefficients
may arise in studies in which two sample of subjects are assessed several times with
a new measuring device and a standard separately. Inference for the difference be-
tween two dependent intraclass correlation coefficients may arise in studies in which
a sample of subjects are each assessed several times with a new measuring device
and a standard. Under each situation, the ICC estimates for the two devices may
then be compared using a test of significance. Moreover, a confidence interval for a
difference between two ICCs is more informative since it combines point estimation

and hypothesis testing into a single inference statement.
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5.2.1 Data Structure

Independent Case

Suppose we have two different types of devices A and B. The device A measures
the sample of n subjects yielding p measurements for each subject. And the device
B measures another sample of n subjects yielding p measurements for each as well.
Assume these two samples are independent and the observations approximately follow
a normal distribution. The intraclass correlation coefficient(ICC) estimates for the

two devices may then be compared using a test of significance.
Let
X = (x xg, LX)

denote measurements obtained by the device A on the ith subject, i =1,2,...,n. We

assume that the following model holds:
XY~ N, 5)

Where ;) = (@, g Ay = pA 1] and YA = (064 — p“NL, + pAJ,. In this
expression I, is a p X p identity matrix, while J, is a p X p matrix with all elements
equal to 1. Thus, the model assumes that the p measurements taken by the device
A have common mean ), common variance 0%, and common intraclass correlation

),

Analogously, for the device B, let

X = xiP xP . xP)

p

denote measurements obtained by the device B on the ¢th subject, : = 1,2,...,n. We

assume that the following model holds:
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X7~ N(u®), 20

Where pB) = (uB) uB) . 4By = ,u(B)lg and XB) = (0% — pBNL, + pB)J,. The
model assumes that the p measurements taken by the device B have common mean

pB) common variance 0%, and common intraclass correlation p(?).
Confidence Limits for Independent Case

Denote the lower limit L and the upper limit U for the difference p4) — pB)

by

L = ﬁ(A) _ ﬁ(B) _ \/(ﬁ(A) — 1)2 4 (u(B) = p(B))2,

U = /s(A) _ ﬁ(B) + \/(U(A) — A2 4 (pB) —(B))2,
Dependent Case

Suppose two devices each measure the same sample of subjects, with the first
device yielding p; measurements and the second device yielding p, measurements on

each subject. Let
Xi= (Xilv Xiz, -y Xipl ) Xi7p1+17 Xi,P1+2> ) Xi,p1+p2)

denote measurements on the ith subject, i = 1,2,...,n, where X1, Xjs, ..., X;,, are
the measurements obtained by device A and X ,, 19, ..., Xj 5, 45, are the measurements

obtained by device B. We assume that the following model holds:

Xi ~ N(p, X)

T
1p1 )

where p? = (1

s ( [(=p)dy + prJpJoi £120102Tp, apy
/0120102‘];0296271 [(1'p2)]p2 + p2‘]p2]ag

p2ll) and
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Confidence Limits for Dependent Case

For the case of dependent ICCs, we have

cov(pW, pB)) = corr(pW, pB))\/var (p)var(p(B)).

(4) _ ,H(B)

Therefore, a 100(1 — «)% confidence interval for p p\P) is given by

L= ,@(A) — ,5(3) —

VD TN = 2c6rr (5@, BN (A — (D) (u® — 5B)) + (uB) — pB)),

U = A — pB) 4

V@ = 52 = 2e6rr (5D, 5B (u@ — pA)(HE) — (B + (HB) — [(B))e,

where

A) A(B p1p2(p1—1)(p2—1) 9
corr(p, ptP)) = [T (1 —Dp ][I+ (pa—1)p B 12>

here, p?, is obtained by computing the Person product-moment correlation coefficient

overall possible np;ps pairs of measurements that can be constructed between devices

A and B.

Pearson’s correlation coefficient between two variables is defined as the covariance of

the two variables divided by the product of their standard deviations:

— cou(X)Y) _ E(X—pa)(Y—py)]
px,y - 00y - OzOy ?

The above formula defines the population correlation coefficient. Substituting esti-
mates of the covariances and variances based on a sample gives the sample correlation

coefficient, commonly denoted r:

YL Xi-X)(Yi-Y)

T’”’y:\/_xx\/z” (vi—v)2’
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5.2.2 One-Stage Test for the Difference between Two ICCs

Hypotheses statement
Hy : p\ — pt?) = 6,
Hy: p — plB) £ 5.
Decision rules

accept Hy if g € (L, U), otherwise reject Hy.

5.2.3 Multistage Test for the Difference between Two ICCs

Suppose the subjects are taken into groups. Denote by n; the number of subjects
in the kth group, and Cy = ny + ns + ... + ny the cumulative sample size (number
of subjects) of the first k& groups. Denote by p“*) and pP*) the estimates of the
intraclass correlation coefficients p(**) and p(B¥) computed from data observed up to
the kth group. Let K be the prespecified maximum number of the tests planned for

the study.

A K-stage testing procedure for Hj is carried out as follows. First, p repeated mea-
surements are taken from each of the n; subjects in the first group using device A,
and pY is computed. Simultaneously, p repeated measurements are taken by device
B from each of another n; subjects in the first group, and p‘®Y is computed. If &
is not within the confidence interval (L, U;), then the test stops and Hj is rejected.
Otherwise, measurements for the second group are taken, and p4?, 552 and (L, Us)

are computed.

In general, at each stage k = 1,..., K — 1, the sampling process stops with rejection

of HO if
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(50 € (LZ,UZ), 7 S k — 1, and (50 ¢ (Lk, Uk>

Otherwise, the test continues to stage k + 1; if it did not stop at any early stage

k < K, then it will stop at the Kth stage and reject Hy if 69 ¢ (Lx,Uk).
The power function of the test is
B0) =0, PO € (Li,Uy),i <k —1,and & ¢ (Ly, Up)),

where the confidence intervals (L;, U;) are chosen so that the type I error of the test,
B(dg), is a and the power at d1, (3(d1), is 1 — 3, where o and [ are prespecified rates

of type I and type II error, respectively.

5.2.4 Simulation Techniques for Two-stage Designs

Stage \ Device A B Diff CI
1 nlaplaﬂ(A)vp(A) nlap%,u(B)ap(B) (L17U1)a1
2 n1 + na, pr, kY, pW | g +ng, po, 1l pB) | (Lo, Us)as

Oé:()él+()é2,

« is prespecified and the values for a; and as could be determined by the error

spending functions. The only concern here is to determine the value of a5 so that
ar = P(0o & (L1, Ur)ay),
az = P(do & (L2, U2)a;),
ag = P(0g € (L1,U1)q,, and g & (Lo, Us)ay,)-

To narrow the search range for as, we start with the value of ap and then expand to

the neighborhood until the desired value of a3 is found.

Simulation procedure:
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. Fixed parameters: ny, ng, p1, pa, ', u?, p*, P, p1a, a1, az, &;
. Choose a value for a3 from the neighborhood of ap;
. Randomly generate data based on the chosen parameters for the two devices;

. Compute (L, Ui)q, based on the first stage data, and (Lz, Usz)a, based on the

cumulated data up to the second stage;

. Set r to be an indicator which takes value 1 when "dy € (L1,U)q,, and 0y ¢

(L2, Us)a,” is met, 0 otherwise;

. Repeat 5000 times from step-3 to step-5, sum all the r; together, where ¢ =

5000

1,2,...,5000, and computer the estimate of as by dp = ;)350”;

. Choose other different values for a3 from the neighborhood of as, and then for

each value of a3, repeat from step-3 to step-6;

. Investigate the relationship between the value of a3 and corresponding value of

the estimate &y by linear regression model.
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