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Abstract

Essays on Measuring Poverty and Mobility

This dissertation comprises three interconnected essays focusing on the
measurement of poverty and mobility.

The first chapter introduces a modification to the standard Alkire-Foster
(AF) Method (Alkire and Foster, 2011a,b) for multidimensional poverty mea-
surement. This modification incorporates cardinal information during
the identification step when feasible. Following the typical identification-
aggregation structure, the adjusted method considers both the number of
deprivations and aggregate (or average) achievement for identification and
employs the adjusted FGT class of measures for aggregation. The proposed
method upholds key axioms, including subgroup decomposability, replica-
tion invariance, symmetry, and poverty focus. Empirical results, utilizing
data from Indonesia and South Africa, reveal that the modified method is
less sensitive to changes in the poverty cutoff and exhibits an enhanced
focus on individuals experiencing deeper deprivations.

In the second chapter, we review the three primary approaches for mea-
suring intergenerational mobility and propose an oriented approach capable
of separately measuring upward and downward mobility. This pioneering at-
tempt considers multiple dimensions simultaneously, addressing both fully
ordinal and fully cardinal data. For fully ordinal data, we advocate using
the standard AF identification process, tracking changes in the number of
deprivations across generations. For fully cardinal data, we propose utilizing
the modified AF identification introduced in the first chapter to construct
a comprehensive individual-based index representing overall well-being,

tracked over generations. The proposed method adheres to key properties,



including decomposability, replication invariance, symmetry, and properties
derived from the axiom of expansion. Application of our method to data from
the Panel Study of Income Dynamics (PSID) reveals less upward mobility
and overall mobility from 2011 to 2021 compared to 2001 to 2011, offering
valuable insights for longitudinal comparisons.

The third chapter focuses on chronic poverty measurement. After re-
viewing the two main approaches in the current literature for both unidi-
mensional and multidimensional cases, we propose a method that incorpo-
rates key elements from both approaches: the number of poor periods and
‘permanent income’ or average resources over the entire timeline. The pro-
posed method satisfies crucial properties, including decomposability, time
and population symmetry, and time and population replication invariance.
Demonstrating the feasibility of our method for both unidimensional and
multidimensional cases, we apply our hybrid approach to data drawn from
the National Longitudinal Survey (NLS). Results indicate that the hybrid
method is less sensitive to changes in poverty cutoff and duration cutoff
compared to the traditional counting approach, providing an improved focus

on individuals experiencing deeper deprivations.
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Chapter 1: A modification to the AF Method

1.1 Introduction

Poverty has long been an essential topic throughout human history,
but only during the last few decades has the relevant literature started
to consider poverty as a multidimensional phenomenon. Before that, the
literature used to study poverty under a unidimensional framework where
income or consumption is usually the sole dimension. As the international
community has progressively accepted this multidimensional poverty con-
cept, the relevant literature has proliferated in the last few decades.ﬂ A
handful of methods to measure multidimensional poverty have emerged,
including the very prevalent AF Method (Alkire and Foster, 2011a). The
AF Method is the basis of the global Multidimensional Poverty Index (MPI),
produced by the Oxford Poverty and Human Development Initiative (OPHI)
in partnership with the United Nations Development Programme (UNDP)
annually since 2010, covering as many as 110 countries and 6.1 billion
people from developing regions by 2023 P

The AF Method has the typical two-step structure following Sen (1976),
where the first step is called identification, and the second is called aggre-
gation. The identification step aims to target the poor, while the aggregation
step measures how much poverty exists in the society based on the poor
people identified by the first step. Under a multidimensional framework with
multiple dimensions and people, the identification step of the AF Method

first determines whether a person is deprived in each dimension across all

ISee 1997 Human Development Report, 2000 and 2001 World Development Report.
2See https://ophi.org.uk/global-mpi-2023/.
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dimensions due to a set of dimensional cutoffs. Then, it counts the num-
ber of deprivations for each person and identifies the ones who have more
deprivations than another cutoff called ‘poverty cutoff’ to be the multidi-
mensionally poor.E] The original paper also called this identification process
as ‘dual cutoff method (Alkire and Foster, 2011a) because it is based on two
forms of cutoffs: the set of dimensional cutoffs and the poverty cutoff. Once
the identification is complete, the aggregation step introduces the adjusted
FGT class of measures (Foster et al., 1984) to create indices such as M,
(the adjusted headcount ratio), M; (the adjusted poverty gap), and M, (the
adjusted FGT measure) to measure the breadth, depth and also severity of
poverty.

The identification step of the AF Method can handle ordinal data very
well because when it attempts to identify deprivations, it simply compares a
person’s dimensional achievement to the dimensional cutoff to see which is
larger or smaller. This comparison could be sufficiently satisfied by ordinal
data. However, when data are cardinal, the AF identification process returns
the same result as the data are still treated as ordinal. In other words,
the standard AF identification does not differentiate data type between
ordinal and cardinal and always treats data as ordinal ] Meanwhile, the
aggregation step of the AF Method has the adjusted FGT class of measures
M, requiring cardinal data when o > 0. When data are ordinal, it reduces
to My. Apparently, the aggregation step of the AF method has a responsive

adjustment based on data type, while the identification step does not.ﬁ

3The dimensions can be weighted. So the number of deprivations is usually a weighted
sum.

4A similar discussion can be seen in [Pattanaik and Xul (2018).

5When discussing data type, people may question if cardinal data are always 'better’
than ordinal data. Cardinal data, namely the 'interval’ and 'ratio’ data according to Stevens
(1946), are naturally more informative than ordinal data, as cardinal data 'carry more
information’ (Velleman and Wilkinson|, [1993). Cardinal data are quantitative, while ordinal
and nominal data are qualitative. A more detailed discussion covering measurement
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The identification step itself deserves more attention in general. Consider
the sequence nature of the two-step structure. The aggregation step relies
on the result of the identification step, which means when we alter the
identification step, we will likely have a different group of identified poor
people, hence different aggregation outcomes, but not vice versa. In other
words, the aggregation is based on the identification, while the identification
is unaffected by the aggregation. In practice, the identification directly
determines who will receive aid from a cash transfer program or other
similar poverty alleviation programs, which could have a massive impact on
people’s lives, especially for those in miserable conditions but excluded from
the poor. In contrast, people not in an urgent situation could be included in
the poor group and receive the aid that could be more effective elsewhere.E]
Such resource misallocation undermines the effectiveness and reliability of
poverty alleviation programs.

So here comes the question: When we have cardinal data available, can
we adjust the identification step of the AF Method to exploit the cardinal
information in the data to improve the identification result? Or at least

provide an alternative option when data are cardinal‘?[] Answering this

scales can be seen in |Alkire et al| (2015). While cardinal data seem naturally better
regarding informative richness, we acknowledge that cardinal data could be more difficult
to find. Some dimensions might be challenging to measure with cardinal meaning. Notably,
cardinal data could be easily converted into ordinal data, while the approximation from
ordinal data to cardinal data is much more complicated.

6Determining who should or should not be identified as poor always involves some
normative judgments, which may vary for countries or times. However, that does not
contradict the argument that the identification result is vital for the performance of poverty
alleviation programs. Decerf (2023) described two kinds of ‘misidentification errors’: if a
person is poor but not identified as poor, it is an ’exclusion error’; if a person is not poor
but identified as poor, it is an ’inclusion error.’

“When discussing the availability of cardinal data, it is notable that dimensions like
income or expenditure inherently lend themselves to cardinal measurement, rendering
them relatively easy to obtain. However, for other dimensions such as education, multiple
cardinal indices can be utilized, including years of schooling, school attendance ratio, and
standardized exam performance scores. Nonetheless, none of these metrics alone can
comprehensively represent the level of education. In the Multidimensional Poverty Index
(MPI), additional dimensions such as nutrition can be quantified using metrics like body

3



question is the motive of this chapter.

There can be many ways to incorporate cardinal information in the iden-
tification step. The one proposed by this chapter is to introduce aggregate
achievement into the identification step, while the number of deprivations
remains a factor. More specifically, adopt a function to aggregate achieve-
ments across dimensions for each person and use another function to weigh
the aggregated achievements and the number of deprivations to identify
the multidimensionally poor. Those two newly introduced functions will
be flexible for policymakers to choose based on their specific needs for the
identification step, while the aggregation step will remain the same as the
standard AF Method.

There are several reasons for introducing aggregate achievement. First,
the concept of aggregate achievement is deeply rooted in the literature and
closely related to the traditional unidimensional approach. By introducing
aggregate achievement, we bridge the unidimensional and multidimensional
approaches. Secondly, aggregate achievement has the beauty of the ‘pow-
erful attraction of a single headline figure’ (Stiglitz et al., 2009) reflecting
people’s overall well-being. Thus, we have a more comprehensive evaluation
of a person’s life during the identification other than counting her number
of deprivations. Third, other methods in the literature on multidimensional
poverty also adopt aggregate achievement, such as the information theory

approach (Lugo and Maasoumi, 2009).@ Finally, and most importantly,

mass index or ‘weight for age z score’ for children, while electricity access can be measured
by individual power consumption over a specific period. Similarly, housing conditions can
be partially assessed by the size of the living area. As technology continues to advance,
it is anticipated that data collection methods will improve, leading to broader access to
cardinal data in the future.

8Before the prevalence of the AF Method or the counting approach in general, the
literature of multidimensional poverty measurement had the very traditional custom
that aggregates variables across dimensions, including but not limited to [Tsuil (2002),
Chakravarty and Silber| (2008), |Chakravarty and D’Ambrosio| (2006), Bossert et al.| (2013),
and [Rippin| (2010).



aggregate achievement uses the cardinal information in the data.

Why keep the number of deprivations as a factor? If we solely look at
aggregate achievement, we only care about the average level of each person’s
achievements across dimensions. Thus, we lose track of the dimensional
status, and the modified method would reduce to a unidimensional method.
Deprivations, or dimensional status, still matter from the perspective of
multidimensionality, especially when dimensional cutoffs do have meanings.

The modification shows a couple of advantages after its implementation.
First, it enables the identification step to differentiate people with the same
number of deprivations but different levels of aggregate achievement, which
has meaningful implications for poverty alleviation programs in the sense
of better targetingﬂ In this way, the modified identification step can give
us a different result when data are cardinal compared to the standard AF
Method. Second, the modification brings a better connection between the
identification and the aggregation when data are cardinal. The modified
identification looks at not only the breadth of poverty but also the depth and
severity of poverty, given the appropriate function to aggregate achievement
across dimensions. Thus, the modified identification step better corresponds
to the aggregation step (the adjusted FGT class of measures). Otherwise,

when data are cardinal, the standard AF Method measures the depth and

9Consider a one-person, two-dimension case. A person is not deprived in the dimension
of income but deprived in the dimension of education. When we double her income, the
standard AF Method cannot recognize the change during identification. Thus, the increase
in income, which can be perceived as receiving a cash transfer, will not be reflected in
the identification result with the standard AF Method. However, if we bring in aggregate
achievement as a variable during identification, such differences could be recognized. This
example can also be expressed as a two-person, two-dimension case where one person
has twice as much income as the other one, while both are deprived in the dimension of
education with the same years of schooling. The standard AF Method cannot differentiate
the two persons during identification due to its design. Thus, they may both be identified as
poor and have the same urgency to receive aid from poverty alleviation programs. However,
considering the aggregate achievement during identification, we can differentiate the two
and prioritize them differently.



severity of poverty in the aggregation step without considering them in the
identification step. This could stir a logical issue that the measured depth
and severity of poverty are inherently biased. Third, the modification brings
flexibility through the choice of functions as we can adjust functions based
on specific needs.

The modification has some limitations, too. First of all, it requires fully
cardinal data. Currently, it is challenging to obtain cardinally meaningful
data for some dimensions. The modification also brings complexity by in-
troducing extra functions, compared to the standard AF Method. Although
the functions are flexible for policymakers to choose, it raises the question
of which function is the most appropriate.@ Finally, it requires the as-
sumptions of some degrees of substitutability between dimensions to invoke
aggregate achievement across dimensions.E

What value does this modification add to the literature? The baseline
is that it provides an alternative other than the standard AF Method when
cardinal data are available, offering policymakers extra consultations. As
we have seen better data today than in the previous, we will likely have
cardinally richer data later. If so, modifications incorporating cardinal data
have the foresight and could be a vital direction for new research.

For the rest of this chapter, we review the standard AF Method in Sec-

tion[I.2]with more details and discussions. Then, we present the formulated

10Decerf| (2023) raised a general principle of choosing parameters during identification,
which is also applicable to choosing functions when the preference-based definition of
the poor is considered: the goal is to approximate the identification 'contour’ to the real
indifference curve as closely as possible, or in other words, to minimize the misidentification
errors.

11Some may not regard this assumption as a 'limitation’ because they believe that some
substitutability always exists across all dimensions based on preference. It seems true that
when a preference-based definition of the poor or concepts like aggregate achievement are
introduced, the substitutability assumption is inevitable. However, it is also true that some
dimensions, practically, are not compensable by other dimensions. For example, 'money
cannot buy health’ as high income cannot compensate for low achievement in health with
uncurable diseases.



modification in Section [I.3] Next, we show how the modification could im-
prove the empirical performance of identification in Section by assuming
certain functional forms with two real-world data sets. Finally, there are

some conclusive remarks in Section [I.5l

1.2 Review of the AF Method

Following Alkire and Foster (2011a) and Alkire and Foster (2011b), sup-
pose that we have a data set of n people and d > 2 dimensions, then we have
an n x d matrix, denoted by y, in which the element y;; is the achievement
for person i in dimension j, where i=1,....n and j= 1,...,d.@

Then, we introduce the ‘first cutoff’ of the AF Method, which is a set of
dimensional cutoffs denoted by a vector z = [zj] where j=1,...,d, to determine
whether a person is deprived or not in each of the dimensions. Note that
z;$ can be regarded as ‘minimally acceptable levels’ across dimensions (Sen,
1995). For any element in the achievement matrix y, it is regarded as a
deprivation if y;; < z;. Thus, we can obtain a ‘deprivation matrix,” which is
also an n x d matrix, denoted by ¢°, with its elements being g, = 1 if y;; < z;,
and g); = 1 otherwise, for all i and j. Based on g, we can add the row
elements to have a column vector showing how many deprivations each
person has. Of course, the dimensions could have different importance to
a person’s life, so we assign certain weights to them before we aggregate
deprivations across dimensions. Let w = [w;] denote the vector of weights for
all dimensions, where j=1,...,d. Thus, the new column vector to keep track
of each person’s weighted sum of deprivations, denoted by ¢ = [¢;]’, can be

0 for all its elements.

obtained by ¢; = ng: 1Wi8ij

121f y has a dimension that is cardinally measured, we assume there is a natural zero in
that dimension following Alkire and Foster| (2011a).



The resulting vector ¢ is the domain in which the AF Method identifies
the poor. It is also where the second cutoff, namely the ‘poverty cutoff,
denoted by k, plays its role. The rule is, for anyone whose weighted sum
of deprivations is larger than or equal to %, i.e., if ¢; > k, then that person
i is said to be multidimensionally poor. In other words, the normative
judgment that the AF Method wields to identify the poor is about how many
deprivations people are experiencing simultaneously. That is precisely why
the AF Method can handle ordinal data because its identification only needs
to know the ordinal relationship between the dimensional achievement and
cutoff to determine the dimensional status (deprived or not) before it counts
deprivations to identify whether a person is poor or not. Such a design is
beautiful when data are ordinal but cannot exploit the cardinal information
in the data when data are cardinal.

This limitation of not exploiting cardinal information during the iden-
tification step could lead to some other issues. For example, when two
people have the identical weighted sum of deprivations (same value in the
space of ¢), then they would have the same result of identification (being
identified as poor or non-poor) no matter how unequally their shortfalls
or surpluses distribute across dimensions. It would be fine if the data
were fully ordinal since we could not meaningfully measure the shortfalls
or surpluses with ordinal data due to their nature. However, it could be
improved when we have cardinal data, which would give us information on
the exact achievements that every person has across dimensions, including

information on their shortfalls or surpluses/’

13We can use the same two-dimension case we set up in footnote 8 to illustrate. Suppose
a person now is slightly deprived in education but extremely rich in income, which is
common in some developing countries where people get good fortune without a middle
school degree. Consider another person who is also deprived in education but has a little
surplus in income. The standard AF Method would treat these two persons identically
during its identification step, but in reality, people may question such identification results.

8



Back to the notations. Let p: R4 x R4, — {0,1} denote the identification
step as a function mapping from person i’s achievement vector y; € Ri and
dimensional cutoff vector z € RY | to an indicator variable so that p(y;;z) = 1
when a person is identified as poor and p(y;;z) =0 otherwise. Given a poverty
cutoff k, the identification step of the AF Method can be denoted by py(vi;z)
where pi(yi;z) = 1 when ¢; >k, and pi(yi;z) = 0 otherwise.

Once the identification is complete, we move to the aggregation step,
which measures how much poverty there is overall in society. One of the
most commonly seen measures is the ‘headcount ratio,” denoted by H, which
is simply the percentage of people identified as poor in the total population.
Let Z; be the set of people who are identified as poor by p;(y;;z), and let
qg=q(Y;z) =Y, pr(yi;z) be the number of elements in Z, i.e., the number
of people who are identified as poor. Then H is simply defined as H = ¢/N.
The headcount ratio is intuitively easy to understand but also crude, as
it does not reflect the depth or severity of poverty in any given dimension
or the breadth and distribution of deprivations across dimensions. For
example, suppose we enlarge a person’s shortfall in a deprived dimension.
In that case, the headcount ratio does not change as long as the dimensional
status of that deprived dimension does not change. Similarly, if we have
a mean preserving dispersion in two deprived dimensions with both still
being deprived for any poor person, then the headcount ratio would not
change. Moreover, the headcount ratio sometimes does not fully reflect the
breadth of poverty. For example, when a poor person becomes deprived in
additional dimensions, the headcount ratio will stay the same because that
person would still be identified as poor.

Based on those concerns, the AF Method developed a new class of

measures, inspired by the FGT class (Foster et al., |1984) of measures for



unidimensional poverty, to snapshot the breadth, depth, and severity of
multidimensional poverty more reasonably. The first step to obtaining the
new measures is to censor the deprivation matrix g° to focus on the poor.@
The censoring rule is simple: the row elements of g° shall be set to zero if that
row corresponds to a person identified as non-poor but unchanged if that
row corresponds to a poor person. Specifically, the censored deprivation
matrix, denoted by ¢°(k), is defined for each i and j by g;(k) =0 if ¢; <k,
and g);(k) = g; otherwise. Based on this censored deprivation matrix, the
measure M, called ‘adjusted headcount ratio,” is defined as My = u(g°(k)),
or the mean of the censored deprivation matrix. There is another way of
calculating the adjusted headcount ratio, where c(k) denotes the censored
vector of deprivation counts, following the same censoring rule, the vector
c(k)/d keeps track of the shares of deprivations for each poor, and |c(k)/qd| is
the average share of deprivations across the poor, denoted by A.E Obviously,
My = u(g’(k)) = H x A. We call M, the ‘adjusted headcount ratio’ because it
is the headcount ratio times the average share of deprivations across the
multidimensionally poor.

Note that M, is actually the first of a class M, of multidimensional mea-
sures based on the FGT class P, where oo > 0. The general formulation
begins with any o that is not negative and defines a corresponding censored
matrix g%(k) having elements gfi(k) = w;((z; —yij)/z;)* if ¢; > k and y;; < z;,
otherwise gfi(k) =0, for all i and j. The entire class of measures is then
denoted by M, = u(g*(k)). Besides the special case of adjusted headcount
ratio when a = 0, there are two other special cases of interest: When o =1
the measure M) reflects the depth of poverty; When a =2 the measure M,

reflects the severity of poverty.

14This establishes the property of ‘poverty focus’ for the measures.
15Assuming dimensional weights are equal across dimensions here for simplicity.

10



When we combine the two steps, the identification p; and the aggregation
My), we have the entire AF Method denoted by 9%, = (px, Ma)-

Note that the adjusted FGT class of measures M, requires cardinally
meaningful data, except for the case of a =0, because the shortfall or surplus
of any dimension cannot be measured meaningfully without cardinal data.
When the data set is fully ordinal, the AF Method provides the adjusted
headcount ratio M, only along with the headcount ratio H as a partial
component index. The entire M, class can only be used when the data are
fully cardinal. Therefore, one may ask whether the identification step can
be modified so that it would adjust for different data types similar to the
aggregation step (M, for ordinal data and M, for cardinal data)? Another
comment is about the ex-post nature of the aggregation step. Suppose
the identification step does not employ the information about the depth
of deprivations, then what is the rationale for measuring the depth in the
aggregation step? For example, the deprivations of those with only a few but
very severe deprivations could be excluded from the M, class of measures

because those people may not be identified as poor by the identification.

1.3 The Modified Method

1.3.1 The Modification to the Identification Step

Suppose that all data are cardinal. The main idea of the modification
proposed by this essay is to put the aggregate achievement into the decision-
making space so that the weighted sum of the deprivations is no longer the
only factor being considered in the identification step. One challenge is that
we need a common unit of measurement for combining data across dimen-

sions. For example, adding 120,000 dollars of annual income to 12 years of
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schooling does not mean anything. There might be other ways to overcome
this difficulty, but one commonly employed technique is normalizing the
data before aggregating achievements across dimensions.

Data normalization can be done in various ways. For example, the z-score
conversion, and range normalization which is based upon two reference
points. The normalization proposed in this essay is somewhat unique:
firstly, we assume there exists a natural zero as the lower reference for all
dimensional achievements following the AF Method when data are fully
cardinal, as noted earlier in this paper; secondly, we assume there is
a normative upper reference above which a higher achievement no longer
improves the functioning in that dimension. Some examples can be provided
to illustrate the second point. For instance, extra nutrition or calories may
be useless for a well-fed, healthy person (or maybe even harmful as it could
lead to obesity); extra years of schooling beyond a certain point (for example,
a college degree) brings arguably little return; extra income beyond a certain
level, where people feel their essential needs are being satisfied, may become
just a larger number in the bank account.” Similar concepts are not rare in
economics, such as diminishing marginal utility from having more and more
of one good. Another reason for setting up such a normative upper reference
is that we do not want to pay too much attention to how and whether
the ‘extremely rich’ actually gain extra functioning by having additional
achievement in a given dimension. Poverty evaluation, by definition, focuses
on the poor or those not doing so well in society.

An interesting case worth mentioning is to set the upper reference point
equal to the dimensional cutoff, such that any non-deprived achievement

would be normalized to one. Thus, the normalized dimensional achievement

16This might be achieved by data manipulation.
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would be one minus the normalized poverty gap. Hence, aggregating the
normalized achievements across dimensions is the same as aggregating the
normalized poverty gap across dimensions.E It reflects the same underlying
normative judgment that the AF Method has: Any achievement above the
dimensional cutoff does not interest us. This normative judgment leads to
the axiom of ‘deprivation focus,” which the standard AF Method satisfies.
However, one may argue that for a multidimensionally poor person, even
an improvement of achievement in a non-deprived dimension could still
benefit that person. For example, a multidimensionally poor might be poor
in many dimensions, such as education, nutrition, and access to health
care, but not in income. However, giving this person some cash might still
help improve her life, and we do see many cash transfer programs in the real
world for poverty alleviation. Thus, by allowing the upper reference point to
be higher than the dimensional cutoff, any dimensional achievement above
the dimensional cutoff but below the upper reference could play a role in
identifying the poor.

There could be problems if we choose a normative upper reference that is
too high. For example, if we put a billion dollars as the upper reference point
for the dimension of income or consumption, then most of the normalized
data would be close to zero. Thus, the dimension of income might be
underrepresented in aggregate achievement. This problem, however, can be
avoided by choosing an appropriate normative upper reference point. For
example, an upper reference of 150,000 dollars would create a normalized
annual income distribution that gradually moves from O to 1. In the end,
the choice of the upper reference point is flexible for the user of this method

as long as there is a reasonable justification, and the upper reference point

17This particular set-up is equavalent to what [Pattanaik and Xu| (2018) proposed.
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should be taken as a parameter in the method, assuming the proposed
normalization technique is applied.

Now let { = [{;] be the vector of the dimensional upper reference points
for normalization, and let § be the normalized achievement matrix. The
rule of normalization is simple: §;; =y;;/{; if y;; < {;, and §;; = 1 otherwise,
for all i and j. After normalization, achievements across dimensions lose
their initial units of measurement and have an identical range of [0, 1]. The
normalized achievement can be interpreted as the relative functioning of
each person in each dimension. Thus, aggregating normalized achievements
across dimensions can be interpreted as aggregating relative functioning.
Note that the dimensional cutoffs z would also be rescaled in the same
way into a vector of normalized dimensional cutoffs, denoted by Z, where
Zj =1zj/¢; for all j.ﬂ At this point, if we use the normalized achievement
matrix y and the normalized dimensional cutoffs 7 instead of y and z to apply
the standard AF Method on them with everything else unchanged, then we
get the same result. Eventually, the normalization brings ‘measurements
down to a common scale before they are aggregated’ (Barcena-Martin et al.,
2020). For the rest of the essay, the term ‘aggregate achievement’ will refer
to the aggregate normalized dimensional achievements.

Before aggregating, one question to answer is how exactly we should
aggregate achievements across dimensions. Specifically, which functional
form should we use to aggregate normalized achievements across dimen-
sions? Pattanaik and Xu| (2018) pointed out that the literature should pay
more attention to the ‘well-being function’ as there is no clear conclusion
on which functional form is the best for aggregating achievements across

dimensions to represent people’s overall well-being. This essay would also

18Naturally, we assume the upper reference is higher than or at least equal to the
dimensional cutoff, i.e., {; > z;.
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leave this question unanswered for those who exercise the method since
people would have different considerations and normative judgments similar
to how they would choose the cutoffs and the weights of dimensions. A
positive first-order derivative to dimensional achievements seems to be the
only necessary property for the aggregate function. Other properties, such
as negative second-order derivatives to dimensional achievements and the
sensitivity to the distribution of the achievements across dimensions, could
be helpful [lY)

Let ¢(-) be the function used to aggregate achievements across dimen-
sions. We then obtain the vector of aggregate achievement u = [i;] by u; = ¢ (3;)
for all i. Traditionally, the column vector u would be where we identify the
poor following the unidimensional approach. Note that the unidimensional
approach does not necessarily consider only one dimension, but ‘rather that
it maps multiple dimensions of poverty assessment into a single dimension
using a common unit of account’ (Alkire et al., 2015).@ Even under a mul-
tidimensional framework, some methods, such as the ‘information theory
approach’ (Lugo and Maasoumi, 2009), employ aggregate achievement for
the identification step. Furthermore, the term u; can be connected to or
understood as a person’s overall well-being, which can be traced back to
Atkinson et al.| (1970)’s work on social evaluation. A social welfare approach
has been discussed in |Bourguignon and Chakravarty| (2003), Tsuil (2002),
and Pattanaik and Xu (2018) that after aggregating achievements across
dimensions, if a person’s aggregate achievement, or well-being, is lower than

a given well-being threshold, then she would be identified as poor. Thus,

19Decerf| (2023) argued that if the preference-based definition of the poor is introduced,
then the ultimate goal of choosing appropriate identification criteria seems to be the
minimization of misidentification errors or the closest approximation by the identification
contour to the real indifference curve.

20More discussion about unidimensional and multidimensional approaches can be seen
in |Alkire and Foster (2011Db).
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the function ¢(-) can be regarded as a ‘well-being function,’ a ‘quality of life
function,’ or a ‘social evaluation function.” As discussed in Section [1.1] the
term aggregate achievement not only brings insights from the traditional
unidimensional approach, it also connects the analytical framework for
measuring poverty to that for measuring well-being or living standards
(Pattanaik and Xu, 2018). Therefore, considering « during the identification
step has values.

Next, we derive the deprivation matrix g°, and hence the column vector
¢ = [¢;] containing each person’s weighted sum of deprivations. Both g°
and ¢ are identical to the counterparts under the standard AF Method.
We also use the same dimensional weights as the standard AF Method.
As discussed in Section [1.1] the reason for keeping c in the identification
step is that the concept of deprivation is vital from the perspective of the
capability approach (Sen, |1993) and helps us keep track of the dimensional
status of each person which would eventually help to target ‘shortages’ for
poverty alleviation programs. Dimensional status is important because
some countries may require a person to be poor if and only if she is deprived
in one particular dimension. For example, in Mexico, a person must be
deprived in income to be considered poor.

As our modification will simultaneously consider the information in u
and ¢, we need another function to weigh them. Theoretically, a person
with a large ¢; could still have a large u;. If u; is large enough, we might see
arguments that person i is not poor even though the standard AF Method
could identify person i as poor based on ¢;. Alternatively, a person who has
a small ¢; could still have a small u;, so that if ; is small enough, person i
should probably be identified as a poor even though the AF Method could

identify person i as a non-poor. Thus, when we try to select a function to
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combine ¢ and u, one essential property that we desire is its reflection of the
‘tug-of-war’ impact between ¢ and u on people: People enjoy higher overall
well-being but suffer from more deprivations. Let y(-) be the function to
connect u; and ¢;, and let r = [r;] be the vector as where r; = y(c;, ui). At last,
this r will be the final space to identify the poor instead of ¢ compared to
the standard AF Method.

Once the decision-making vector r is created, the next step is determining
the corresponding cutoff in that space. One intuitive way to create a cutoff
for r is through its components: the weighted sum of deprivations ¢ and
the aggregate achievement u. For the weighted sum of deprivations ¢, we
have the poverty cutoff k¥ from the standard AF Method that we can use
directly. For aggregate achievement u, we follow the approach discussed in
Alkire et al.| (2015) by considering a marginal person whose dimensional
achievements are precisely equal to all dimensional cutoffs so that her
aggregate achievement, denoted by i, is i = ¢(z) @ This # is the minimum
aggregate achievement level that a person may have when she is not deprived
in any dimension with an aggregate function ¢(-). Thus, the cutoff for r
can be obtained by 7 = y(k,i) = y(k,¢(Z)), which is totally based on the
dual-cutoffs from the standard AF Method for any given pair of ¢(-) and y().

In order to make the decision-making inequality involving the cutoff
7 follow the classical pattern as that in the standard AF Method, let us
assume function y(c;,u;) is monotonically increasing in ¢;, and monotonically
decreasing in u;. Thus, the decision-making inequality can be written as r; >

7. If this inequality holds, a person i will be identified as multidimensionally

21The function ¢ could be regarded as part of the function y. Therefore, the function y
could be the only function we need to incorporate aggregate achievement and the number
of deprivations given the individual achievement vector y; and the dimensional cutoff vector
Z.

22This approach is also used in the information theory approach (Lugo and Maasoumi,
2009).
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poor. The interpretation could vary due to different functional forms that y(-)
may have. However, it can be generally seen as a choice to be made weighing
both the weighted sum of deprivations and the aggregate achievement.
Assume function y/(-) has the abovementioned properties. When two persons
have the identical weighted sum of deprivations but different aggregate
achievement, the one with less aggregate achievement would have a larger r
and hence be more likely to be identified as poor; and when two persons have
identical aggregate achievement but different weighted sum of deprivations,
the one with a larger weighted sum of deprivations would have a larger r
and hence be more likely to be identified as poor.

How different will the result of the modified identification be compared to
the standard AF Method? Let us consider two types of people. First, for those
who are not poor under the standard AF Method, if their deprivations are
extraordinarily severe and their achievements in non-deprived dimensions
are barely above the dimensional cutoffs so that their aggregate achievement
is relatively low (e.g., lower than the ‘marginal person’), then they are possible
to be identified as multidimensionally poor under the modified method. We
call this the ‘adding effect, as this type of people may be added to the poor
group. Second, for those who are poor under the standard AF Method, if
their deprivations are extremely light (e.g., only a bit below the dimensional
cutoffs), and they have a considerable amount of surplus in non-deprived
dimensions so that their aggregate achievement is relatively high (e.g., much
higher than the marginal person), then they could be identified as non-poor
under the modified method. We call this the ‘trimming effect,’ as this type
of people may be removed from the poor group compared to the standard

AF identification 23]

23The adding and trimming effects could be regarded as remedies against the exclusion
and inclusion errors, respectively.
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There are exciting predictions for the two extreme cases of the poverty
cutoff k. When we apply the union criterion, i.e., k =1, it is predictable that
whoever is identified as multidimensionally poor by the modified method will
also be identified as multidimensionally poor by the standard AF Method.
Similarly, when we apply the intersection criterion, i.e., k =d, whoever is
identified as multidimensionally poor by the standard AF method will also
be identified as multidimensionally poor by the modified method. In other
words, the modified method will only have the trimming effect under the
union criterion and the adding effect under the intersection criterion.

Why? Recall that we have assumed function y(c;,u;) = r; is monotonically
increasing in ¢; and decreasing in u;, and 7 = y(k,i). Under the union
criterion, if a person i is identified as non-poor by the AF Method, then she
must have no deprivation at all, which means ¢; =0 < k=1 and u; > i, hence
ri < 7 will hold. Therefore, she must be non-poor as well by the modified
method. It is equivalent to saying that, in this case, the poor identified by
the modified method must be poor too by the AF Method. On the other hand,
under the intersection criterion, if a person i is poor by the AF Method, then
she must have ¢; =d =k and u; < &1, hence r; > 7. Thus, she must be poor
by the modified method as well. However, the adding and trimming effects
may co-exist if we choose a poverty cutoff k in the middle.

Overall, it is predictable that the identification result of the modified
method might be less elastic when & moves from one end to the other.
The fundamental reason is that now we consider aggregate achievement
besides the number of deprivations. Thus, it is natural to have the modified
method less sensitive to the change in poverty cutoff alone. We will examine
the adding effect and the trimming effect in Section based on some

real-world data sets.
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StANDARD AF METHOD

MobDIFIED METHOD

Normalize the achievement matrix y
and the dimensional cutoffs z to obtain
v and Z.

Obtain the ‘deprivation matrix’ g° by
gy = 1ify; <z; and g}, = 0 otherwise.

Obtain the ‘deprivation matrix’ g" by
gy =1if yi; <z, and g, = 0 otherwise.

Obtain the vector of weighted sum of

Obtain the vector of weighted sum of

deprivations ¢ with ¢; = ¥9_, w;g;. deprivations ¢ with ¢; = ¥9_, w;g;.
Obtain the vector of aggregate achieve-
ment u by u; = ¢(3;).

Obtain r by r; = y(c;,u;).

Obtain the cutoff for r by 7 = y(k,i) =
y(k,0(2)).

Identify the poor by ¢; > k. Identify the poor by r; > F.

Note: Assume data are fully cardinal. Function ¢(3;) is monotonically increasing in ¥,
and function y(c;,u;) is monotonically increasing in ¢; but decreasing in u;.

Table 1.1: Identification Algorithm of the Standard AF Method and the
Modified Method

Table shows the modified method’s identification algorithm compared
to the standard AF Method. The entire modified identification step can be
denoted by the function p;(y;;z,k), where pz(yi;z,k) = 1| means person i is poor

and p;(y;;z,k) = 0 means person i is non-poor.

1.3.2 The Aggregation Step

The modified method identifies anyone with r; > 7 as multidimensionally
poor. Based on the result, we can obtain censored deprivation matrices
and apply the associated adjusted FGT measures M, through a procedure
identical to the standard AF Method. The same censoring rule applies
to set the row elements in the deprivation matrix to all zeros if that row
corresponds to a person who is identified as non-poor. For the M, class and
the corresponding censored matrices, the notations change slightly because
now we use the cutoff 7 as the final barrier for identification. However, 7 is

determined by z and k once the functions ¢(-) and y(-) are chosen, so the
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censored matrices can be denoted by g%(z,k), where g (z,k) = w;((Z; — i) /Z;)*
if y;; < Zj and r; > ¥, otherwise gfi(z,k) =0, for all i and j. Thus, My = (g% (z,k)).
Combining the identification step p; and the aggregation step M,, we

then have the modified method denoted by ;¢ = (pr, My ).

1.3.3 Properties

Similar to the AF Method, our modified method follows the axiomatic
approach.@ The core idea of the axiomatic approach is that we want
certain mathematical properties to hold for the poverty measures before we
design them. Those properties are called ‘axioms’ as ‘statements that are
accepted true without proof” (Alkire et al., 2015). The axioms are important
because they shape the behaviors of the poverty measures in different
scenarios; hence, they are essential to policymakers to decide whether a
certain measure meets their needs.

Thanks to the significant reliance on the AF Method, especially the
adjusted FGT class of measures, our modified method preserves the majority
of the properties that the AF Method has. The only difference would be
that the property of ‘deprivation focus’ is sacrificed when the aggregate
achievement kicks in during the identification step, which will be further
discussed later in this section.

Following Alkire and Foster (201 1a), we consider the following axioms:
decomposability, replication invariance, symmetry, poverty focus, depri-
vation focus, weak monotonicity, monotonicity, dimensional monotonicity,
nontriviality, normalization, weak transfer, and weak rearrangement.

Decomposability means a measure can be decomposed to be expressed as

24The axiomatic method was intuitively introduced into the field of poverty measurement
by [Watts| (1969) and formally introduced by |Sen|(1976). See more discussion in Tsui/ (2002),
Bourguignon and Chakravarty| (2003), |Atkinson| (2003), [Chakravarty and Silber] (2008),
Alkire and Foster| (201 1a) and |Alkire et al.| (2015), among others.
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a weighted average of several subgroups regarding the poverty level. Decom-
posability enables policymakers to target subgroups and understand the
contribution of each subgroup to the overall poverty level. Decomposability
is a beneficial and necessary trait that a measure should have when it
comes to poverty alleviation work in reality since such work usually requires
a focus on certain subgroups (such as national vs. local). In symbols, let x
and y be the matrices for two subgroups, and let (x,y) be the matrix of the
merged population. Let n(x), n(y) and n(x,y) be the number of people in x, y
and (x,y) respectively.
DECOMPOSABILITY: For any x and y we have

M(x,y;2) = gt M (x;2) + 12 M (v32).

Decomposability can be applied repeatedly to have a decomposable mea-
sure to any number of subgroups eventually. Thus, it becomes even more
useful for ‘generating profiles of poverty and targeting high poverty popu-
lations’ (Alkire and Foster, 201 1a). Note that any decomposable measure
also satisfies ‘subgroup consistency,” which means when a subgroup has
a higher poverty level with all other subgroups remaining the same, the
overall poverty level should increase too.@

When all subgroups are identical, and decomposability holds, the overall
poverty level would equal the subgroup poverty level. Thus, we have another
property called ‘replication invariance.’

REPLICATION INVARIANCE: when x = (y,,...y), M(x;z) = M(y;z).

This property makes the poverty measure invariable when data replicate
themselves. Thus, meaningful comparisons across different-sized groups
are feasible.

Next, let x be a matrix obtained from another matrix y by permutation

25gee discussion in |[Foster et al.| (1984) and |Sen| (1997).
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across people, i.e., x is obtained from y by switching achievement vectors
across people. In symbols, x =IIy where I1 is a square matrix with a single ‘1’
in each column and row and all ‘0’s for the rest of the matrix. If the poverty
measure stays unchanged after such permutation, we say this measure
satisfies the property of ‘symmetry.’

SYMMETRY: If x is obtained from y by a permutation, then M(x;z) = M(y;z).

The property of ‘symmetry’ ensures that the method 9t treats each person
fairly so that even when the achievements are switched across people, the
overall poverty measure will not change.

Two focus axioms are discussed in |Alkire and Foster| (2011a) for the
standard AF Method. The first one is the ‘poverty focus,” which means that
any simple increment in achievement for the non-poor does not affect the
overall poverty measure. The second one is the ‘deprivation focus,” which
says that any simple increment in non-deprived dimensions does not affect
the overall poverty measure.

The term ‘simple increment’ is defined as follows: We say x is obtained
from y by a simple increment if x;; > y;; for some pair (i, j) = (/, /) and x;; = yjj
for all other pairs (i, ) # (7, j/).

POVERTY FOCUS: if x is obtained from y by a simple increment in achieve-
ment among the non-poor, then M(x;z) = M(y;z).

DEPRIVATION FOCUS: if x is obtained from y by a simple increment in a
non-deprived dimension, regardless of whether that person is poor or not,
M(x;z) =M(y;z).

Understanding that both focus axioms are satisfied under the standard
AF Method is intuitive. For poverty focus, remember that those identified
as non-poor already have fewer deprivations than the poverty cutoff. Any

increment in achievement for a non-poor will not increase the number of
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her deprivations. Hence, a non-poor will not become poor after a simple
increment. Furthermore, because of the censoring rule, any change in the
achievement of the non-poor will not affect the censored matrix. Thus, the
adjusted FGT class will return the same result. Therefore, the poverty focus
axiom is easily satisfied.

The deprivation focus axiom is also easy to confirm for the standard
AF Method because it looks purely at deprivations. A simple increment
in a non-deprived dimension will not affect the deprivation matrix as that
dimension remains non-deprived. Thus, the poverty measures would stay
the same.

Does our modified method satisfy both of these focus axioms? The
answer is that our modified method satisfies the poverty focus axiom, but
not necessarily the deprivation focus axiom. The key element to look at
here is the function y(-) which is used to obtain r, where r; = y(c;,u;). Recall
that r is the new vector in which we finally decide whether a person is
multidimensionally poor or not with a cutoff 7. And we have assumed that
function y/(-) is monotonically increasing in ¢; and monotonically decreasing
in u;. Thus, a simple increment of achievement for a non-poor will only cause
her aggregate achievement, u;, to increase and her number of deprivations,
ci, to decrease or stay the same. In this way, her r will only become smaller,
which will not alter her poverty status because being a non-poor at the start
means her initial » was already lower than the cutoff 7. Thus, any increment
to a non-poor under the modified method will not affect the group of poor
nor the censored matrix. Hence, the poverty measures will certainly stay
unchanged.

The deprivation focus axiom, however, will be violated by our modification

because aggregate achievement will kick in during the identification step.
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Consider a simple increment of achievement in a non-deprived dimension
for a poor person. Also, consider the function y(-) and the assumptions
mentioned above. Although an increment in a non-deprived dimension
will not affect the number of deprivations c;, it does increase the aggregate
achievement u;, which leads to a decrease in ri.@ Thus, for a poor person
whose r; is equal to or only slightly above the cutoff 7, that decrease in r;
may lift the person out of poverty. Hence, the censored matrix could be
affected too, and so do the poverty measures.

Next, we will discuss several axioms that are orientation-related. Again,
following the definition in |Alkire and Foster (201 1a), let us say x is obtained
from y by a deprived increment among the poor if it is not only a simple
increment but also targets a deprived dimension of a poor person, i.e.,
zj >y for i’ € Z (Z is the set of poor people, as defined in Section ; also,
it is a dimensional increment among the poor if it is a deprived increment
among the poor and it removes that deprivation, i.e., x;y < z;y <yy for i’ € Z.
Consider the following axioms.

WEAK MONOTONICITY: If x is obtained from y by a simple increment, M(x;z) <
M(y;z).

MONOTONICITY: In addition to weak monotonicity, if x is obtained from y by
a deprived increment among the poor, then M(x;z) < M(y;z).

DIMENSIONAL MONOTONICITY: If x is obtained from y by a dimensional incre-
ment among the poor, M(x;z) < M(y;z).

Weak monotonicity ensures that the poverty level does not go up when
there is an improvement in achievements. Monotonicity further requires

that when there is an improvement in a deprived dimension of a poor person,

26There is one exception though. If the upper reference point for the normalization is
exactly the dimensional cutoff, then the modified method will maintain the deprivation
focus.
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the poverty level should go down. Dimensional monotonicity can be regarded
as a special type of monotonicity where the increment in achievement occurs
in a deprived dimension of a poor person and removes that deprivation.
When this happens, the poverty level should decrease.

Next, let us consider the possible range of values for a poverty measure.
In order to be helpful, a poverty measure must take on at least more than
one value, which leads to the axiom of nontriviality. Recall that the adjusted
FGT class of measures has a minimum value of 0 and a maximum value of
1. The minimum value of 0 is obtained when all elements in the censored
deprivation matrix are 0. In comparison, the maximum value of 1 can be
obtained when all elements in the censored deprivation matrix are 1. The
former situation can be reached in multiple ways. The most obvious case is
when all achievements are larger than or equal to the corresponding dimen-
sional cutoffs. Another potential case is when there are a few deprivations,
but no one is deprived enough to be identified as poor. On the other hand,
the latter situation only occurs when all achievements across people and
dimensions are zero, and thus the poverty measure is maximized. The
axiom of normalization is given below.

NONTRIVIALITY: M at least achieves two distinct values.

NORMALIZATION: M achieves a minimum value of 0 and a maximum value
of 1.

The last set of axioms is about inequality among the poor. Intuitively,
one may argue that by smoothing the achievements among the poor, the
inequality among the poor should decrease, and so should multidimensional
poverty. Two types of ‘smoothing’ exist in Alkire and Foster (201 1a). The first
is based on the idea of ‘progressive transfers’ between the poor according

to [Kolm| (1977). Let x be obtained from y by an averaging of achievements
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among the poor if x = By for some n x n bistochastic matrix B with b;; = 1 for
every non-poor person i in y (Alkire and Foster), 201 la].m Thus, the non-
poor columns in y will stay the same in x. In contrast, the poor columns in x
will be convex combinations of the poor columns in y. Hence, the inequality
among the poor will fall, as Kolm suggested. Consider the following property
that ensures the poverty measure will decrease or at least stay the same if
the inequality among the poor decreases in this way.

WEAK TRANSFER: If x is obtained from y by an averaging of achievements
among the poor, then M(x;z) < M(y;z).

The other type of ‘smoothing’ is based on the work of Atkinson and
Bourguignon|(1982). Imagine two persons, where one person achieves higher
achievement in every dimension than the other. If their achievements in
some dimensions are switched, the inequality among the persons decreases
because the vector dominance no longer holds. In symbols, let us define
x is obtained from y by a simple rearrangement among the poor if there
are two poor persons, i and //, such that for each j either (x;;,x;s;) = (vij,y7;)
or (x;j,x7;) = (yirj,yij), and for every other person i # i,i’ we have xy/; = yy;.
Furthermore, we say that x is obtained from y by an association decreasing
rearrangement among the poor if, in addition, the achievement vectors of i
and /' are comparable by vector dominance in y but not in x. The following
axiom ensures that when there is an association decreasing rearrangement
among the poor, the poverty level is less than or equal to the initial level.

WEAK REARRANGEMENT: If x is obtained from y by an association decreasing
rearrangement among the poor, then M(x;z) < M(y;z).

Note that all the axioms we have just discussed are satisfied by the

standard AF Method. The following result establishes the axiomatic charac-

27 A bistochastic matrix is a nonnegative square matrix with the sum of the elements in
each row (or column) is 1.
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teristics of our modified method.

Theorem 1. Given that function ¢(-) is strictly increasing in y;, function y(-)
is strictly increasing in ¢; and decreasing in u;, for any given weighting vector
and cutoff's, the modified method M = (pr, M) satisfies: decomposability,
replication invariance, symmetry, poverty focus, weak monotonicity, dimen-
sional monotonicity, nontriviality, normalization, weak rearrangement for

o > 0; monotonicity for a > 0; and weak transfer for o > 1.

Proof. In Appendix A.1. ]

1.4 Illustrative Examples

1.4.1 Example of Specific Functional Forms

Although the selection of the functional forms for ¢(-) and y(-) is flexi-
ble, we can provide some examples to show the feasibility of our modified
method 28] Also, as mentioned in Section [1.3] there are certain properties
that we can discuss about ¢(-) and y(-).

For function ¢(-), which is the function used to aggregate achievements
across dimensions, we firstly want it to be increasing when dimensional
achievements increase, so long as the dimensional achievement is not al-
ready too high.@ Some other properties, such as being sensitive to the
distribution of dimensional achievements and a diminishing or increas-
ing marginal return of dimensional achievements, might be helpful in a

particular context, but we do not require them here.

28People may ask what are the "best’ functional forms for ¢(-) and y(-). This question has
no simple answer because it will largely depend on the specific needs of those who use
this method.

29Similar to what we discussed about the normalization of the data in Section[1.3.1] we
assume there is a normative upper reference above which more achievement no longer
benefits the person. We assume there is a natural zero for the lower bound, similar to the
AF Method.
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The specific functional form we choose for ¢(-) in this section is the
so-called ‘generalized mean of order’ f € R (Alkire et al., 2015). Let y; be the
vector for person i's achievements across dimensions where y; € R?. Then,

the weighted generalized mean of order 8 can be written as Equation (1.1)

D .i.ﬁ% it 0
ug(yisw) = iz )P for p# (1.1)

17 (i)™ for =0

where w is the vector of dimensional weights assuming Z? w; =1 for all
j. When B =1, ug(y;w) is just the arithmetic mean. When § > 1, ug(yi;w)
emphasizes the dimensions with higher dimensional achievement. When
B <1and B #0, ug(y;;w) emphasizes the dimensions with a lower dimensional
achievement. When f =0, ug(y;w) becomes geometric mean, and when
B =—1, ug(yi;w) becomes harmonic mean. In addition, ug(y;w) is also called
‘constant elasticity of substitution function’ and frequently used as a utility
function in literature (Alkire et al., 2015).

Although pg(y;;w) usually has B < 1 so that it will prioritize lower di-
mensional achievements and hence penalize for inequality when used for
aggregating achievements (Atkinson et al., |1970), we choose the case of
ug(visw) with § =1 to be the specific functional form for ¢(-) for simplicity.
That is, ¢(y;) = Zle wjyij. Because we would eventually use normalized
dimensional achievements, it could also be written as ¢(y;) = Z_I,-):1 wi¥ii = ;.
Thus, the normalized aggregate achievement is just the arithmetic mean of
all normalized dimensional achievements. Note that in this case, u; has a
constant marginal return of dimensional achievements and does not penal-
ize inequality. Choosing 8 =1 is not necessarily the best case in terms of

properties, but it simplifies the computation and makes the process easier
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to understand. The purpose here is to illustrate the modified method, which
could serve as guidance for practice.

As discussed in Section [1.3.1], we want function y(-) to be increasing
when ¢; increases and decreasing when u; increases. For convenience, we
choose a naturally simple form, the ratio, as the specific functional form of
y(-). More specifically, let ; = y/(u;,c;) = ¢;/u; for all i. This choice has several
advantages. First, the ratio avoids summation or subtraction, which can
raise the problem of the difference in the unit of measurement. In other
words, it does not make sense to add up the weighted sum of deprivations
and the aggregate achievement or subtract one from the other because they
do not share the same unit of measurement. However, this is not an issue
for the ratio functionP% Second, the ratio enables certain interpretations for
the final condition of the identification step. Note that now the new cutoff
7 =k/i, so the final condition of the identification step r; > 7 can be writted
as (ci/u;) > (k/i), which can be further written as (c¢;/k) > (u;/i).

Thus, the condition outlined above can be understood as follows: an
individual is considered multidimensionally poor if and only if their relative
weighted sum of deprivations, compared to the poverty cutoff k, exceeds their
relative aggregate achievement in comparison to the level of the 'marginal
person’ whose dimensional achievements precisely meet the dimensional
cutoffs.

Moreover, the calibration effects, namely the trimming effect and the
adding effect, that the modification may induce in contrast to the standard
AF Method become apparent through the condition (c¢;/k) > (u;/i). When

an individual i is deemed poor under the AF Method (¢; > k), they may not

30Note that the ratio itself would create a new unit of measurement. Any fraction in the
form of a/b could be interpreted as a per b. In our case, the ratio has the unit of 'number
of deprivations per aggregate achievement level.’
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necessarily meet the poverty threshold under the modified method if their
aggregate achievement u; significantly surpasses the benchmark i, thus
leading to the condition (c¢;/k) > (u;/i) not being satisfied.

Conversely, if an individual i is classified as non-poor under the AF
Method (c; < k), they could still be considered poor under the modified method
if their aggregate achievement u; falls considerably below the benchmark i,
thereby meeting the condition (c;/k) > (u;/i).

In summary, we will use the generalized mean of order f when 3 =1 to be
the specific function of ¢(-), and a simple ratio to be the specific function of
y(+), to make an example to show how the modification can work. Note that
the interpretation of the final condition of the identification step can vary
depending on specific functional forms. At the same time, the fundamental
idea of the modification would stay the same regardless of which specific

functional form is selected.

1.4.2 An Application to Indonesian Data

In this sub-section, we use the specific function forms defined in the
previous section for ¢(-) and y(-) to apply the modified method (MM) on a
data set from the Indonesian Family Life Surveys (IFLS3) (Strauss et al.|
2004) and see how the results could differ from the results of standard AF
Method (AF ).@ This data set is used in |Alkire and Foster| (2011a). It has
three dimensions (d = 3) and a population of 19,752 adults (n = 19,752). The
three dimensions are household expenditure, body mass index, and years
of schooling, all measured cardinally. Following Alkire and Foster (201 1a),
the dimensional cutoffs are initially set as 150,000 Rupiah, 18.5 kg/m?, and

6 years respectively for the three dimensions, i.e., z =[150,000 18.5 6.

SlFor the rest of the paper, ‘MM’ refers to the modified method, and ‘AF’ refers to the
standard AF Method.
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The dimensional weights are initially set as 1 across all dimensions, i.e.,

As discussed in Section [1.3.1] to make it possible to aggregate achieve-
ments across dimensions, we need to normalize the data first. The normal-
ization technique proposed in this paper is based on two reference points.
Following the standard AF Method, we assume a natural zero as the lower
reference point. The upper reference points could be flexible due to specific
needs, but as an example, we consider the third quartile in each dimension.
In other words, here we argue that increasing a dimensional achievement
above the dimensional third quartile will bring very little return to the per-
son, especially when our focus is poverty. Thus, we have 333,370 Rupiah,
23.76 kg/m*, and 12 years as the upper references for the three dimensions,
i.e., { =[333,370 23.76 12]. Once the data is normalized based on those two
sets of reference points, we apply the rest of the modified method precisely
as explained in Section [I.3]

Figure Figure[1.2], and Figure show the distribution frequencies
of achievements for each dimension, respectively. The red straight line is
the dimensional cutoff, while the orange dashed line is the upper reference
point for normalization. A reasonable upper reference point shows its
benefit, particularly in Figure [1.1] Because there are households with
extremely high expenditures, the histogram skews to the left. When we
normalize the dimension with an upper reference point equal to the highest
achievement in that dimension, for example, the normalized achievements

would mainly stack around zero, which could lead to underrepresentation

32Since the sum of dimensional weights is not 1 here, so when we apply ¢(-) in the form
of the generalized mean of order 8 = 1, the outcome is not the arithmetic mean. When
dimensional weights are all 1 across dimensions, the aggregate achievement obtained by
¢(-) would be D times the arithmetic mean. However, this does not affect the result of the
identification.
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Note: The width of each bin is 1,000. The red straight reference line
represents the dimensional cutoff, and the orange dashed line represents
the upper reference point. Sub-figure (b) provides a closer look at the
stacked part since sub-figure (a) is highly skewed to the left.

Figure 1.1: Distribution Frequency of Household Expenditure in IFLS3
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Note: The width of each bin is 1. The red straight reference line represents
the dimensional cutoff, and the orange dashed line represents the upper
reference point.

Figure 1.2: Distribution Frequency of Body Mass Index in IFLS3

if we do not adjust dimensional weights. However, adjusting dimensional
weights requires extra justifications.

Table reports those multidimensional poverty measures, including
the headcount ratio H and the adjusted FGT class My when a =0,1,2, for
both the modified method (MM) and the standard AF Method (AF). When
the poverty cutoff changes, the modified method seems less elastic than the
standard AF Method. When k = 1, which is the case of union criterion and
supposed to have the largest group of identified poor, the modified method
has a smaller outcome than the standard AF Method (Hy = 0.327 < 0.577 =
Hur). When k& = 3, which is the case of intersection criterion and supposed to
have the smallest group of identified poor, the modified method has, however,
a larger outcome than the standard AF Method (Hyu = 0.059 > 0.039 = Hyr).

When k = 2, which is the in-between case, the numbers of poor people
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Note: The width of each bin is 1. The red straight reference line represents
the dimensional cutoff, and the orange dashed line represents the upper
reference point.

Figure 1.3: Distribution Frequency of Years of Schooling in IFLS3

Measure k=1 k=2 k=3
(union) (intersection)

Hyuum 0.327 0.200 0.059
Hur 0.577 0.225 0.039
Mo ym 0.197 0.146 0.052
My ar 0.280 0.163 0.039
M ym 0.095 0.068 0.026
M ar 0.123 0.071 0.016
M yim 0.071 0.050 0.020
M AF 0.088 0.051 0.011

Note: MM refers to the modified method, AF refers to the AF Method.

Table 1.2: Multidimensional Poverty Measures: IFLS3, Cardinal Variables,
Equal Weights
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Measure =1 k=2 k=3

(union) (intersection)
HMMfonly 0 0 0.020
Hyr —onty 0.250 0.025 0
Hymnar 0.327 0.200 0.039

Note: ‘MM — only’ refers to the people who would be identified as poor only by the
modified method, ‘AF —only refers to the people who would be identified as poor
only by the AF Method, and ‘MM NAF’ refers to the people who would be identified
as poor by both the modified method and the AF Method.

Table 1.3: Adding and Trimming: IFLS3, Cardinal Variables, Equal Weights

identified by the two methods are relatively close (Hyy, = 0.200 vs. 0.225 = Hup).
Overall, as the poverty cutoff grows from the union case to the intersection
case, Hyyy exhibits smaller dispersion than Hyr, which fits the prediction we
discussed in Section [1.3.1] and exhibits a more stable behavior. The other
measures including My, M; and M, show the same pattern.

With the measures not overturned after modification, people may ques-
tion whether the poor people are mostly the same group under two methods
or completely different? Table and Figure compare the before-
modification and after-modification groups of poor people to show the adding
and trimming effect. We can see that all MM poor are AF poor when k =1
(union), and all AF poor are MM poor when k = 3 (intersection). This result
again fits our prediction in Section [I.3.1I] Note that when k =2, all MM
poor are also AF poor here. Theoretically, when £ is in the middle, both the
trimming and adding effects could occur. If not, it is usually caused by the
singularity of the data set, such as shown in Figure [1.1] Figure[1.2] and
Figure [1.3] It may also be caused by various functional forms of ¢(-) and
w()-

Let us look at a few examples to better understand the trimming and
adding effects.

First, let k = 1 (union). The first row of the data set is a person who
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(a) k=1 (union) b) k=2

MM poor

(c) k =3 (intersection)

Note: MM refers to the modified method, AF refers to the AF Method. Each number
(such as 0.25 and 0.327) represents a separate area in those weighted Venn diagrams.

Figure 1.4: Adding and Trimming: IFLS3, Cardinal Variables, Equal Weights
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is only poor under the union AF identification but not poor under the
modified identification, which means this person is trimmed away from the
poor group by the modification. This person has a vector of dimensional
achievements as y; = [242,130 21.05 4|, meaning she is only deprived in
years of schooling (4 < 6). Of course, she would be poor by the union AF
identification because she has at least one deprivation. However, her slight
shortfall in the dimension of years of schooling and the surplus in the
other two non-deprived dimensions give her a relatively good aggregate
achievement, eventually dominating her single deprivation and pulling
her out of the poverty group. In the meantime, the fourth row, i.e., the
fourth person in the data set, has a vector of dimensional achievements
as ys = [98,437 19.65 4], which shows she is deprived in the dimension
of household expenditure (98,437 < 150,000) and the dimension of years of
schooling (4 < 6). Thus, her two deprivations and her little surplus in the
dimension of body mass index cannot pull her out of the poor group even
with the modified method.

Next, look at the adding effect by setting k = 3 (intersection). The eighth
person has a vector of dimensional achievements as yg = [88,300 20.57 0].
This person has only two deprivations, household expenditure (88,330 <
150,000) and years of schooling (0 < 6), so naturally, she is not poor by the
standard AF Method with intersection criterion. However, her deprivations
are quite deep as her household expenditure is nearly half of the dimensional
cutoff, and she is not educated at all, leading to her being added to the poor
group by the modification.

Such trimming and adding effects echo what we discussed in Section|1.1
about when a person should not be poor while she is identified as poor or

when she should be identified as poor but excluded from the poor group.
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MM — only MMnN AF AF —only

k=1 (union)

Expenditure n/a 0.327 0.228
BMI n/a 0.077 0.064
Years of schooling n/a 0.782 0.591
k=2

Expenditure n/a 0.324 0.199
BMI n/a 0.082 0.051
Years of schooling n/a 0.775 0.490
k =3 (intersection)

Expenditure 0.522 0.328 n/a
BMI 0.235 0.082 n/a
Years of schooling 0.980 0.803 n/a

Note: ‘MM — only’ refers to the people who would be identified as poor only by the
modified method, ‘AF — only’ refers to the people who would be identified as poor
only by the AF Method, and ‘MM NAF’ refers to the people who would be identified
as poor by both the modified method and the AF Method.

Table 1.4: Dimensional Poverty Gap per Deprivation: IFLS3, Cardinal
Variables, Equal Weights

Of course, this reflects the different normative judgments behind different
identification strategies. However, it shows that the modification has solid
potential to complement the standard AF Method.

Let us look back at Table [I.2] Another interesting observation is that
when o increases from O to 2, the ratio of My yy/Mg ar tends to increase
as well, which may imply that in general, the MM poor people have deeper
deprivations than the AF poor. Table further supports this observa-
tion by looking at the ‘dimensional poverty gap per deprivation’ statistic.
This statistic is obtained by dividing the total depth of the poor by the
total number of deprivations of the poor in a dimension. In symbol, it is
YV ¢li(z,k)/ XY &);(z,k) for i € Z and each .

Table shows that when applicable, on average, the poor people who
would be identified only by the modified method have deeper deprivations
than the poor people who would be identified as poor under both the AF

Method and the modified method in every single dimension. The poor people
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k=0.75 k=15 k=2.25 k=3

Measure (union) (intersection)
Hyu 0.388 0.259 0.169 0.092
Hur 0.577 0.346 0.180 0.039
Mo mm 0.238 0.184 0.136 0.079
Mo ar 0.285 0.228 0.145 0.039
M pm 0.093 0.074 0.056 0.039
M aF 0.114 0.084 0.058 0.015
Mo ym 0.059 0.046 0.036 0.027
M AF 0.075 0.051 0.036 0.010

Note: MM refers to the modified method, AF refers to the AF Method.

Table 1.5: Multidimensional Poverty Measures: IFLS3, Cardinal Variables,
Alternative Weights

identified as poor by both the modified method and the AF Method have
deeper deprivations than those identified as poor only by the AF Method in
every single dimension. Note that for this data set, when k=1 and k =2, the
AF-only poor represents the trimming effect as this group of people would
be excluded from the poor group of the modified method. It shows that
the trimming effect tends to target people with a considerable number of
deprivations (so that they can be identified as poor under the AF Method in
the first place) but with fewer deficits across deprivations. When k =3, the
MM-only poor represents the adding effect as this group of people would
be included in the poor group of the modified method compared to the
AF Method. Similarly, we see from Table that the adding effect tends
to target the people with fewer (less than the poverty cutoff) but deeper
deprivations. Overall, the result presented in Table 4 fits our prediction in
Section [1.3.1] and this suggests the modification could help target those
with deeper deprivations during the identification step.

So far, our result shows that the modified method is less sensitive than
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Measure k=0.75 k=15 k=225 k=3

(union) (intersection)
Hyivi—onty 0 0 0 0.054
HyF —onty 0.189 0.087 0.012 0
Hyyvinar 0.388 0.259 0.169 0.039

Note: ‘MM — only’ refers to the people who would be identified as poor only by the
modified method, ‘AF —only’ refers to the people who would be identified as poor only
by the AF Method, and ‘MM NAF’ refers to the people who would be identified as poor
by both the modified method and the AF Method.

Table 1.6: Adding and Trimming: IFLS3, Cardinal Variables, Alternative
Weights

MM — only MMnN AF AF —only
k=0.75 (union)
Expenditure n/a 0.298 n/a
BMI n/a 0.077 0.065
Years of schooling n/a 0.776 0.642
k=1.5
Expenditure n/a 0.329 0.183
BMI n/a 0.077 0.072
Years of schooling n/a 0.759 0.743
k=225
Expenditure n/a 0.324 0.156
BMI n/a 0.077 0.055
Years of schooling n/a 0.748 0.210
k =3 (intersection)
Expenditure 0.456 0.328 n/a
BMI 0.088 0.082 n/a
Years of schooling 0.873 0.803 n/a

Note: ‘MM — only’ refers to the people who would be identified as poor only by the
modified method, ‘AF —only” refers to the people who would be identified as poor
only by the AF Method, and ‘MM NAF’ refers to the people who would be identified
as poor by both the modified method and the AF Method.

Table 1.7: Dimensional Poverty Gap per Deprivation: IFLS3, Cardinal
Variables, Alternative Weights
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the standard AF Method when the poverty cutoff k changes and the modified
method focuses better on severe deprivations. Next, we use a general weight
vector w=[1.5 0.75 0.75] following |Alkire and Foster| (2011a) to see if the
modified method would give us similar results when dimensional weights
change.

Table [1.5], Table [1.6], and Table show that the identification result
of the modified method would have the same pattern even when the di-
mensional weights change: First, the modified method is less sensitive
compared to the standard AF Method to the change of poverty cutoff k;
Second, there is only trimming effect under union criterion, and there is
only adding effect under intersection criterion, and the adding and trimming
effects are relatively larger at two extremes than the middle cases; Third,
the modified method tends to choose people with deeper deprivations to be

poor compared to the AF Method.

1.4.3 An Application to South African Data

This subsection will demonstrate how the modified method works on
a data set from the 2017 National Income Dynamics Study (NIDS2017)
in South Africa (Southern Africa Labour and Development Research Unit,
2018) and how the results could differ from the standard AF Method.@

The data set has three dimensions (d = 3), similar to the last subsec-
tion. The three dimensions are gross income for primary occupation last
month, highest school grade completed, and body mass index, all mea-
sured cardinally. After dropping all empty cells, there are 5,053 people in
the data set (n =5,053). Following Alkire and Foster (201 1a) and Statistics

331 want to thank Dr. Kehinde Oluwaseun Omotoso (University of South Africa) for the
reference of the data.

42



Measure =1 k=2 k=3

(union) (intersection)
Hyu 0.025 0.007 0.000
Hur 0.219 0.021 0
Mo ymm 0.015 0.005 0.000
Mo ar 0.080 0.014 0
M\ 0.005 0.002 0.000
M ar 0.025 0.005 0
M ym 0.003 0.001 0.000
My aF 0.013 0.002 0

Note: MM refers to the modified method, AF refers to the AF Method.

Table 1.8: Multidimensional Poverty Measures: NIDS2017, Cardinal Vari-
ables, Equal Weights

South Africa, I choose z=[1,138 6 18.5] as dimensional cutoffs. For
normalizing the data, again, we assume natural zeros as the lower refer-
ence and the third quartiles in each dimension as the upper reference, i.e.,
§ =18,800 12 31.63]. The rest of the identification process is identical to
the previous subsection, and the aggregation step follows using the adjusted
FGT class of measures.

Figure Figure (1.6 and Figure show the distribution frequency for
all three dimensions in NIDS2017, which suggests that based on the current
dimensional cutoffs that we chose, seemingly fewer people are deprived
in each dimension, and their deprivations are shallow compared to the
Indonesian case. Thus, the identification result by the modified method
might deviate further from the standard AF identification since people’s
aggregate achievement might dominate those shallow deprivations.

Table reports measures including H and M, when a =0,1,2 for the

data set of NIDS2017. Again, we see that when k =1, i.e., the union cri-

34Statistics South Africa has a manual showing national poverty lines from 2006 to 2021.
See https://www.statssa.gov.za/publications/P03101/P031012021.pdf.
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Note: The width of each bin is 1,000. The red straight reference line
represents the dimensional cutoff, and the orange dashed line represents
the upper reference point. Sub-figure (b) provides a closer look at the
stacked part since sub-figure (a) is highly skewed to the left.

Figure 1.5: Distribution Frequency of Gross Income for Primary Occupation
Last Month in NIDS2017
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Figure 1.6: Distribution Frequency of Highest School Grade Completed in

NIDS2017
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reference point.

Figure 1.7: Distribution Frequency of Body Mass Index in NIDS2017

terion, the modified method has an obvious trimming effect compared to
the standard AF identification. When & = 2, the difference between the two
methods is relatively smaller. Note that when k =3, i.e., the intersection
criterion, the standard AF Method has no identified poor, while the modified
method identifies one person as multidimensionally poor. The poor person
is located at the 4,418th row, with her achievements being [500 1 20.13],
which means she was severely deprived in the dimension of gross income
for primary occupation last month and the dimension of highest school
grade completed, and her surplus in the dimension of body mass index
is considerably small. Such a dimensional achievement vector makes her
not poor under the standard AF identification but poor under the modified
identification, representing the adding effect when we apply the intersection

criterion.
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Measure k=1 k=2 k=3

(union) (intersection)
Hym—onty 0 0 0.000 (1 person)
Hyr —onty 0.193 0.014 0
Hymnar 0.025 0.007 0

Note: ‘MM — only’ refers to the people who would be identified as poor only by the
modified method, ‘AF —only refers to the people who would be identified as poor
only by the AF Method, and ‘MM NAF’ refers to the people who would be identified
as poor by both the modified method and the AF Method.

Table 1.9: Adding and Trimming: NIDS2017, Cardinal Variables, Equal
Weights

Measure k=0.75 k=1.5 k=2.25 k=3
(union) (intersection)

Hyum 0.109 0.018 0.008 0.001

Hur 0.219 0.106 0.018 0

Mo mm 0.058 0.014 0.006 0.001

Mo aF 0.086 0.058 0.013 0

M pm 0.022 0.005 0.002 0.000

M aF 0.029 0.022 0.005 0

Mo iy 0.012 0.003 0.001 0.000

Mo 0.015 0.012 0.003 0

Note: MM refers to the modified method, AF refers to the AF Method.

Table 1.10: Multidimensional Poverty Measures: NIDS2017, Cardinal
Variables, Alternative Weights

Table shows the trimming and adding effects for NIDS2017. As
mentioned above, the deviation between the modified and standard AF
identification is larger compared to the case of IFLS3. Such deviation is
already predicted above, which can be caused by multiple reasons, including
the singularity of the data, the choices of the dimensional cutoffs and
functional forms, and the design of the modification itself, where aggregate
achievement plays a role.

Table shows the poverty measures with the alternative weight
scheme w=[1.5 0.75 0.75]. Compared to Table [I.8] the behavior of the
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poverty measures is similar. Interestingly, with the alternative weights, the
deviation between the standard AF and modified identification is smaller. It
again shows that the identification results could be affected by many factors

such as dimensional weights.

1.5 Concluding Remarks

The basic idea of this chapter is that when data are cardinally meaningful,
we consider not only the number of deprivations but also the aggregate
achievement for identification. Although the traditional unidimensional
approach might no longer be the focus of the literature on poverty, the
concept of aggregate achievement still has the value of indicating the overall
well-being of a person. By combining the aggregate achievement and the
number of deprivations, the identification step is now enriched with more
information when data allow. Based on the empirical cases illustrated in
Section [1.4], the identification result of the modified method shows similar
behaviors to the standard AF Method but with less sensitivity to the change
of the poverty cutoff and a tendency to focus on deeper deprivations. This
way, the modified method could provide policymakers with an alternative
option other than the standard AF Method for poverty analysis.

A new column vector r has been introduced in our modification, present-
ing potential benefits for poverty alleviation efforts in practical applications.
As r; serves as an individual-based index, it holds promise for assisting
policymakers in prioritizing aid distribution among the poor. This index
offers insights into determining who should receive aid with precedence.
While the standard AF Method utilizes the number of deprivations ¢; for
a similar purpose, the introduction of r; allows policymakers to leverage

additional cardinal information already present in the data, as r; is derived
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from both ¢; and u;. Consequently, policymakers utilizing r; as a reference for
poverty alleviation policies may prioritize reducing its values, an objective
that aligns with the overarching goal of poverty reduction.@ To achieve
this objective, the allocation of resources to address the deprived dimen-
sions among the poor is the most effective strategy. When resources are
invested in non-deprived dimensions, only u; experiences an increase. In
contrast, directing resources towards deprived dimensions could enable the
simultaneous increase of u; and decrease of ¢;.

In addition to the adjusted FGT class M, the modification also allows us
to create new measures that could be potentially helpful based on the new
vector r. For example, let f be the censored vector of r following the same
censoring rule that f; =r; if r; > 7, otherwise f; =0, for all i. Let F = u(f),
i.e., let F be the mean of vector f, then F is a composite index that can
reflect the overall poverty of a society. F is sensitive to several things.
First, F is larger if more people are poor, ceteris paribus. Second, with the
headcount of poor being fixed, F is larger when the poor are experiencing
more deprivations and/or less aggregate achievement, assuming function
y(ci,u;) is increasing in ¢; and decreasing in ;. Third, when the function ¢(-)
is sensitive to the inequality in the distribution of dimensional achievements
across dimensions, then F would also be sensitive to the inequality in the
distribution of dimensional achievements. As an extension to this essay,
measures like F could be useful supplements to the M, measures.

One may question, however, given the availability of the standard AF
Method for fully ordinal data and the flexibility to employ both the stan-
dard AF Method and the modified AF Method for fully cardinal data, what

approach should be adopted for hybrid data? Hybrid data, in this con-

35Again, we assume r; is monotonically increasing in ¢; and decreasing in u;.
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text, refers to a dataset comprising columns measured with both cardi-
nal and ordinal scales. A plausible solution to this query is the 'binary
achievement’ approach (Dhongde et al., 2016, 2019). In this approach,
each individual’s achievement for ordinal dimensions is marked as either O
or 1, approximating ordinal information into a cardinal format. Although
this binary-achievement approximation is inherently crude and imprecise,
treating ordinal dimensions as cardinal after such conversion enables ag-
gregation across dimensions, facilitating the application of the modified AF
method. It is important to note that in datasets where ordinal dimensions
are predominant, the aggregate achievement following binary-achievement
approximation tends to reflect the count of deprivations rather than actual
aggregate achievement levels. Therefore, the choice between the standard
and modified AF Method for hybrid data hinges on the proportion of ordinal
and cardinal dimensions in the dataset. If only a few dimensions are ordinal,
the binary achievement approach may be worth considering. However, for
datasets where ordinal dimensions prevail, adhering to the standard AF
Method is advisable.

Finally, as time passes, the data collection technology could be improved,
and the survey questions can be better designed. When that happens, we
might see more cardinally meaningful data. Thus, our modification can be

even more helpful.
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Chapter 2: Measuring Intergenerational Mobility
Multidimensionally

2.1 Introduction

Social mobility is an essential issue for every society. For households
and individuals, people care about the possibility of living a better life. For
policymakers, it is also critical to understand how liquid society is, or in
other words, how easy it is for ordinary people to achieve better social
standings.

One primary literature on social mobility is the literature on intergen-
erational mobility, which is focused on the mobility between parents and
children. This field is crucial because people would naturally be interested
in the possibility of their children doing better than them and the relation-
ship between intergenerational mobility and other economic aspects. For
example, Guell et al.| (2018) found that higher intergenerational mobility
correlates with more economic activity, education, and social capital but less
inequality in Italy. Similarly, Chetty et al. (2014) found that high mobility is
associated with less residential segregation, less income inequality, better
primary schools, greater social capital, and greater family stability. Corak
(2013) also found a negative relationship between inequality and mobility.
Wilkinson and Pickett (201 1) found that less mobility may lead to frustration,
resentment, and social unrest. However, as crucial as intergenerational
mobility is, we must be able to measure it before we can talk about it.

Currently, the measurement of intergenerational mobility is conducted
in three major approaches. The most commonly seen is the ’elasticity ap-

proach, which regresses children’s performance on the parents’ performance
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to see how the two are correlated. The regression is usually in the form of
log income so it can be interpreted as elasticity.ﬂ Because the ’elasticity
approach’ is essentially a regression, it only cares about the average and is
not decomposable. Only caring about the average means we will miss some
dynamics, such as a child from poor parents could have the same coefficient
as a child from wealthy parents, but the latter still does a lot better than the
former. Not decomposable means we cannot know an additive relationship
between subgroups and the entire population, such as which subgroup
contributed what percentage to the overall rate after regression.

The ‘transition matrices’ is the other popular approach to measure inter-
generational mobility. The core idea is to create different social classes and
then estimate the transition probabilitiesﬂ This approach differentiates
people by setting up social classes so that it may be able to capture some dy-
namics that the elasticity approach cannot (such as children from poor and
wealthy parents). However, the shortcoming is that any movement that does
not cross cutoffs would be omitted so that it might underestimate mobility
due to the censoring of movement; in the meantime, it might overestimate
some movements due to the choices of cutoffs between social classes.

Another approach is the ‘distance-based measures.” This approach
calculates the total change in the targeted variable (usually income, as it
requires cardinal data) ﬁ Its main drawback is that it does not care about
who exactly gains or loses as it does not keep track of the individual status
of each parent-child pair. It also does not care about the starting point of

every movement, as it only cares about the distance of the movement.

1See, for example, Solon| (1992), |Chadwick and Solon| (2002), Mazumder| (2005), (Grawe
(2000), Jantti et al. (2006), [Nicoletti and Ermisch| (2008).

“See, for example, |[Shorrocks| (1978), Markandya| (1982}, (1984), Morrisson et al.|(1991),
Dardanoni| (1993, [1995), Maasoumi (1998), |Gottschalk and Spolaore| (2002), Tsui (2009).

SSee, for example, (Cowell (1985), [Fields and Ok! (1996, |1999), Mitra and OK| (1998),
Fields et al.| (2002), |D’Agostino and Dardanoni (2009).
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Despite the differences between the three major approaches, they have
one thing in common: they are all based on a unidimensional framework. We
have yet to find a published paper in the field based on a multidimensional
setting, or in other words, that considers multiple dimensions simultane-
ously when measuring intergenerational mobility. Although the selection of
the interested dimension is not limited to income or other earning-based
variables, as it could also be education or occupation, they are used sep-
arately to produce a measure for intergenerational mobilityﬁ Similar to
poverty, one may argue that it might be too shallow to consider a single
domain when we consider mobility from generation to generation. Instead,
we might need to consider multiple aspects simultaneously to evaluate a
person’s life comprehensively and then measure how she is doing compared
to her parents.

Based on the discussion above, we attempt to design a method that
keeps track of individual status, counts all distances even if it does not
cross social class borders when data allow, and differentiates directions of
movement when aggregating the distance so that we can report upward and
downward mobility separately. Moreover, we want to achieve all these goals
in a multidimensional way.

An intuitive way to design a multidimensional measure for intergener-
ational mobility is that when we have multiple dimensions to weigh, we
aggregate information across dimensions first to obtain a composite index
to reflect people’s well-being and then track it over time between two genera-
tions. This composite index can play a similar role as income, education, or

occupation under a unidimensional framework. Thus, we could use existing

4Fletcher and J ajtner] (2023) selected multiple domains and studied the correlation of
intergenerational mobility in different domains. They did not measure intergenerational
mobility while considering multiple domains simultaneously, but they used the elasticity
approach for each dimension separately.
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methods to measure intergenerational mobility for the rest of the process
after we obtain this composite index.

Then, the question shifts to ‘how can we aggregate information across
dimensions to have a composite index’ to evaluate people’s well-being, which
relates to the literature on multidimensional poverty. When we measure
multidimensional poverty, the methods usually involve an identification step
in which we aggregate information across dimensions to have an individual-
based index to help us identify who is poor. For example, the prominent
AF Method (Alkire and Foster, 201 1a) would aggregate deprivations across
dimensions to obtain the number of deprivations, usually denoted by c;,
for each person. Then, it compares ¢; to a poverty cutoff to determine
whether this person is multidimensionally poor. This ¢; could have many
distinct values across the population and could certainly change over time
or generations. Because it is an individual-based index, it may be used
as an indicator for measuring intergenerational mobility in a way that
could be interpreted as how many deprivations the children have compared
to their parents. Similarly, the modified method presented in Chapter
has an individual-based composite index, r;, that can serve the same role,
particularly when data are cardinal.

Once we obtain an individual-based index for each parent-child pair, we
can certainly use the traditional elasticity approach for the rest of the mea-
suring process. However, in this chapter, we propose using the method from
Foster and Rothbaum| (2018) and [Torre et al.| (2024), which is a distance-
based method capable of capturing the direction of movements over genera-
tions. Overall, we propose to apply standard and modified AF identification
to the problem of measuring intergenerational mobility under a multidimen-

sional setting first to obtain an individual-based index that can be tracked
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over time. Then, we use an oriented measure from |[Foster and Rothbaum
(2018) and [Torre et al. (2024) to complete the measurement.

Such design of mobility measurement has the same standardized two-
step structure as the poverty measurement: identification (identify the
upward and downward movers over generations) and aggregation (aggre-
gate mobility across the identified upward and downward movers). It also
has desirable properties such as Symmetry, Decomposability, Replication
Invariance, and Weak Expansion.

We hope this multidimensional method could pioneer the literature on
intergenerational mobility so that more research in the future will study
mobility in a multidimensional set-up. We also want to bridge the literature
on poverty and mobility. Regarding social classes, the literature on poverty
studies a particular case of social classes: the poor and non-poor are
naturally two distinguished social classes that fill society. Moving people
out of poverty is an movement that crosses the border between such two
social classes. With a multidimensional framework, the phenomenon of a
parent who was multidimensionally poor having a multidimensionally non-
poor child is an intergenerational upward move. With all these similarities
between the two fields, researchers may benefit by connecting the two fields
more often.

It is also noteworthy that the proposed method in this chapter does not
only fit the measurement of multidimensional intergenerational mobility.
It could also be applied to intragenerational mobility or any other form of
mobility if there are two different moments for comparison. The reason is
that the method has no specific requirements on the gap length between
the two moments.

For the rest of the essay, we present a formal framework in Section [2.2]
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and then we provide an illustrative example in Section to show feasibility,

and finally, we give some conclusive comments in Section [2.4]

2.2 Formal Framework

This section presents a formal framework of the proposed method de-
pending on different data types. Following the notation we established
in Chapter [Ij assume we have a panel data set with » households, d > 2
dimensions, and ¢ =2 periods. We conveniently split the panel data set into
two single-period matrices corresponding to the two periods: y, =y;,y;. Let
i=1,...,n represent people, j=1,....d represent dimensions, and 7 = 1,2 rep-
resent periods, then y;;, is the matrix element representing the dimensional

achievement for person i in dimension j at time 7.

2.2.1 The Case of Fully Ordinal Data

When data are fully ordinal, we do not know the real gap in achieve-
ment between two persons at a given moment or the absolute change in
achievement of a household across generations. In such cases, we can
only determine the dimensional status of people given specific dimensional
cutoffs. Such cases suit the same process as how the AF Method identifies
deprivations in poverty literature.

Following the notation in Section [1.2 we use the standard AF Method
to introduce dimensional cutoffs z = [z;] and to determine the dimensional
status for each household in two periods. Note that we can potentially
have two different sets of dimensional cutoffs for two periods due to the
change in living standards over time or other reasons that can be justified.
Different dimensional cutoffs for two generations could alter the results but

do not affect the method’s logic. Moreover, we could adjust the data to erase
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the effect of changes in standards of living or other reasonable factors to
compare the data from two generations fairly. For simplicity, let us assume
7, = z for the rest of the essay.

What does the dimensional cutoff mean now? Since we no longer measure
poverty, the dimensional cutoff is not necessarily to categorize people as
deprived vs. non-deprived. Instead, it could be interpreted as the threshold
to create two ’social classes’ in a given dimension so that the dimensional
achievement above the dimensional cutoff could be regarded as qualified
for the upper class in that dimension. In contrast, the achievement below
the dimensional cutoff could be regarded as disqualified for the upper class
in that dimension.

Next, we could obtain the 'disqualification matrix’ and the column vector
of each period’s weighted sum of 'disqualifications.” Similar to the weighted
sum of deprivations, the weighted sum of 'disqualifications’ is individual-
based and thus can be used as a composite index to reflect everyone’s life,
in the sense that the more disqualifications you have, the worse your life is.
Let g; be the disqualification matrices, we have g;;; =1 if y;;; < z;, otherwise
gij; =0, for all i, j and . Then let ¢; = [¢;;] be the column vectors of weighted
sum of disqualifications for the two generations, we have c¢;; = Z?:l Wigijis
where w = [w;] is the set of dimensional weight, for all i, j and r.

For the two-period setup, we could have column vectors ¢; and ¢, storing
the weighted sum of disqualifications, respectively. By comparing c¢; and
¢z, we can identify the ‘upward movers’ and ‘downward movers’ following
the orientated measurement. Let QU be the set of upward movers, then
QY ={i:ci1 >cip}, for all i. Similarly, let 0P be the set of the downward
movers, then Q” = {i:¢;; <c¢;»}, for all i. This step might be counterintuitive,

but remember that more disqualifications are considered bad. That is why
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households with the child having a larger weighted sum of disqualifications
than the parent would be identified as downward movers, and vice versa.
After we could identify the upward and downward movers, we aggre-
gate information for each group of movers and obtain certain measures
following the oriented measurement. The first and also the very crude
measure is always the headcount ratio. Let ¢° = |Q°| be the number of
upward or downward movers, where O = U,D. Then the oriented headcount

ratio is defined as H? = ¢°/n. Furthermore, define the ‘intergenerational

performance gap’ as 19 = (¥;c o |ci2 —ci1|)/q® for O = U,D, then the ‘mobility
gap measure’ can be defined as G° = H°I?, which works similarly to the
‘adjusted headcount ratio’ in AF Method. Note that G can also be expressed
by GO = (Xiegelciz —cial)/n. Finally, the overall measure of mobility, denoted
by G, is obtained by G = GY +G” = (L;cgu |ci2 —citl)/n+ (Licoo lcin —cial) /n.
Note that in the case of fully ordinal data, we do not sum or subtract
dimensional achievements across dimensions or time because that would
be meaningless. However, the number of disqualifications, ¢;, is cardinally
meaningful as it directly shows the count of dimensions in which each
person is disqualified for the upper class. For example, assuming equal
weights across dimensions, a child with five disqualifications is worse off
than the parent with four disqualifications, and the difference is explicitly
one disqualification, which is cardinally measurable and meaningful.
Since we already defined QY and we aggregate change of ¢; over gen-
erations specifically for either the upward movers or downward movers,
we are using a censoring rule latently. The censoring rule is simply that
when we aggregate |c;> —¢; 1| for upward movers, we censor the downward
movers by setting y;;1 =y;j2 if i € QP. Thus, all row elements belonging to

downward movers would be identical across time, and hence |c;2 —c¢; 1| =0
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for all downward movers, and vice versa. Comparing this censoring rule
to the censoring rule in the AF Method, the difference is that the AF cen-
soring rule is based on the poverty cutoff £ and applied to the deprivation
matrix. Here, we censor the achievement matrices based on the direction
of movement, i.e., the relationship between ¢;; and ¢;>. During such a
censoring process, the censored achievement matrices could be denoted
by y:(0), where y;;1(U) = y;j2(U) for i € 0P, and y;;1(D) = yi;2(D) for i € QY.
Clearly, GV(y) = G(y(U)) and G(y) = G(y(D)).

Finally, an oriented multidimensional mobility measure associated with

M could be defined as M%(y) = M(y(0)), for O =U,D.

2.2.2 The Case of Fully Cardinal Data

For the same reason as we discussed in Section|l. 1, we propose to use the
modified AF Method established in Chapter (1| to construct a comprehensive
index that can be compared over generations in order to exploit the cardinal
information better when data are fully cardinal.

Following the notations we set up in Section[1.3]and Section[2.2.1] first we
normalize the cardinal data for each dimension and obtain the normalized
achievement matrices y; for all r, and also the normalized dimensional
cutoffs Z.ﬁ Then we obtain the disqualification matrix g, with g;;, =1 if

Vij <Zj, otherwise g;;, =0, for all i, j and . Then let ¢; = [c;;] be the column

5The normalization technique deployed here is identical to the one introduced in Sec-
tion We want to pick an upper reference point that is not extreme (such as the
highest value in a dimension), which may lead to a bizarre distribution of normalized
achievements in a particular dimension (such as income). Again, we pick the third quartile
as our upper reference point in each dimension. We argue that when the extremely rich
households flow at the top or even get better over generations, such movements are not
worth attention when we study social mobility, as we want to focus on how middle-class or
poor people could move upward. Nonetheless, we could still use the dimensional maximum
as the upper reference point to include the extremely rich in our measures to track how
the wealthy could get even wealthier over generations. Such change does not alter the
method’s logic but provides a different outcome.
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vectors of weighted sum of disqualifications, we have ¢;; = 2?21 w;gij:» Where
w = [wj] is the set of dimensional weight, for all i, j and z. Next, let u; = [u; /]
be the column vectors of aggregate achievement, and let function ¢(-) be the
aggregating function, we have u;; = ¢(3;,) for all i. Finally, let function y(-)
be the function to combine weighted sum of disqualifications and aggregate
achievement, we have r, = [r;;] with r;; = y(ci;,u;;) for all i and r. Now, we
can keep track of r;; for every household over time and apply the oriented
measures. Note that although the functional forms of ¢(-) and y(-) are
flexible, we hope they have certain properties as we discussed in Section
1.3.11

Compared to the case of fully ordinal data, we consider both the aggregate
achievement and the number of disqualifications to construct the index
we track over generations when data are fully cardinal. On the one hand,
we agree with the 'transition matrices’ approach that social classes are
important as it is a concept the public would easily understand and accept,
and that is why we preserve c¢; in our construction. On the other hand, when
¢ is a good fit for ordinal data, it does not reflect the cardinal information
from the data, as people with the same number of disqualifications could still
have a very different distribution of achievements across dimensions. When
we combine ¢; and u; to obtain r; as our to-go index to reflect each household’s
overall well-being over generations, we are covering the two aspects of
dimensional status and the average performance across dimensions.

The rest of the procedure here would be similar to that in Section [2.2.1],
except that we use r;; instead of ¢;;. Following the conventions in Sec-
tion , let us assume y(c;;,u;;) is increasing in ¢;; and decreasing in
u;;, which means a higher r;; carries more disqualifications or less ag-

gregate achievement, or both. Thus, a higher r;;, is worse off for every
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household over generations. Let QU be the set of upward movers, then
QY ={i:riy >rip}, for all i. Similarly, let Q” be the set of the downward
movers, then Q” = {i:r;; <r;p}, for all i. Let ¢° =|0° be the number
of upward or downward movers, where O = U,D, then the oriented head-
count ratio is H? = ¢°/n for O = U,D. Moreover, define the ‘intergenerational
performance gap’ as I° = (Y;cpo|ria —ri1l)/q® for O = U,D, then the ‘mo-
bility gap measure’ can be defined as G° = H°I?, which is equivalent to
G% = (Yicgo|ri2 —rii|)/n. Finally, the overall measure of mobility, denoted by

)/n.

Again, we use a latent censoring rule to measure upward and downward

G, is obtained by G= GU + GD = (ZiEQU |7‘l'72 — i1 |)/n + (ZiEQD |I’i72 —Tril

movements separately. The rule is mostly identical to that in Section [2.2.1]
When we aggregate |r;, —r; 1| for upward movers, we censor the downward
movers by setting y;;1 =y;j2 if i € 0P, which would make all row elements
belonging to downward movers would be identical across time, and hence
cip =c¢i1 and u; | = u;», and eventually r; | = r; > for all downward movers, and
vice versa. Comparing this censoring rule to the censoring rule in the
AF Method, the difference is that the AF censoring rule is based on the
poverty cutoff k£ and applied to the deprivation matrix. Here, we censor
the achievement matrices based on the direction of movement, i.e., the
relationship between r;; and r;». During such a censoring process, the
censored achievement matrices could be denoted by y,(0), where y;; 1 (U) =
vij2(U) forie QP, and y;; (D) = y;;2(D) for i € QV. Clearly, GY(y) = G(y(U)) and
GP(y) = G(y(D)).

Finally, an oriented multidimensional mobility measure associated with

M could be defined as M9(y) = M(y(0)), for O = U, D, similar to Section [2.2.1.
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2.2.3 Properties

Like poverty measures, we want mobility measures to have certain axioms
so policymakers can know whether the measures meet their needs. Four
properties will be discussed below.

The first one is symmetry. Let x;, be matrices obtained from y, by permu-
tation across families, i.e., x; is obtained from y; by switching achievement
vectors across households, r = 1,2. In symbols, x; = 1y, where Il is a square
matrix with a single ‘1’ in each column and row and all ‘0’s for the rest of the
matrix. If the mobility measure stays unchanged after such permutation,
we say this measure satisfies the property of ‘symmetry.’

SYMMETRY: If x is obtained from y by a permutation, then M(x) = M(y).

The property of ‘symmetry’ ensures that the mobility measures do not
change when we switch the names of the households (the parent-and-child
pairs) [f]

The next property we want the measures to have is decomposability.
Decomposability means a measure can be decomposed as a weighted average
of several subgroups regarding the poverty level. Decomposability enables
policymakers to target subgroups and understand the contribution of each
subgroup to the overall mobility level. Decomposability is a beneficial trait
a measure should have when analyzing social subgroups (such as national
vs. local) regarding social mobility. In symbols, let x and y be the matrices
for two subgroups, and let (x,y) be the matrix of the merged population. Let
n(x), n(y) and n(x,y) be the number of people in x, y and (x,y) respectively.

DECOMPOSABILITY: For any x and y we have

M(x,y) = 75 M(x) + 205 M(y).

Decomposability can be applied repeatedly to have a decomposable mea-

6Symmetry does not hold if we switch parents and children separately.
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sure to any number of subgroups eventually. Note that any decomposable
measure also satisfies ‘subgroup consistency,” which means when a sub-
group has a higher mobility level with all other subgroups remaining the
same, the overall mobility level should increase, too.

There is a particular case for decomposability: When all subgroups
are identical, and decomposability holds, the overall mobility level would
equal the subgroup mobility level. Thus, we have another property called
‘replication invariance.’

REPLICATION INVARIANCE: when x = (y,y,...y), M(x) = M(y).

This property makes the mobility measure invariable when data replicate
themselves. Thus, meaningful comparisons across different-sized groups
are feasible.

The last property we want to discuss is expansion. The expansions
could be categorized into two directions: upward expansion and downward
expansion. We say x is obtained from y by an upward expansion if x;;; <
vij1 < yij2 < xij» for some i =/, while x;;, = y;;, for i #¢. In other words, an
upward expansion means an expanded movement for a pair of parent-child
whose child is doing better than the parent while every other household
stays unchanged. Similarly, we say x is obtained from y by an downward
expansion if x;; 1 > yij1 > yij2 > xij» for some i =7, while x;;; = y;j, for i#7. In
other words, a downward expansion means an expanded movement for a
pair of parent-child whose child is doing worse than the parent while every
other household stays unchanged. Following is a set of varieties based on
the axiom of expansion.

EXPANSION: if x is obtained from y by an upward expansion or a downward
expansion, then M(x) > M(y).

WEAK EXPANSION: if x is obtained from y by an upward expansion or a
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downward expansion, then M(x) > M(y).

UPWARD EXPANSION: if x is obtained from y by an upward expansion, then
M(x) > M(y); if x is obtained from y by a downward expansion, then M(x) =
M(y).

WEAK UPWARD EXPANSION: if x is obtained from y by an upward expansion,
then M(x) > M(y); if x is obtained from y by a downward expansion, then
M(x) = M(y).

DOWNWARD EXPANSION: if x is obtained from y by a downward expansion,
then M(x) > M(y); if x is obtained from y by an upward expansion, then
M(x) = M(y).

WEAK DOWNWARD EXPANSION: if x is obtained from y by a downward expansion,
then M(x) > M(y); if x is obtained from y by an upward expansion, then
M(x) = M(y).

The expansion axiom is the fundamental property for 'distance-based
measures,” which indicates that the mobility measure should be larger when
the movement is larger. It is a dominance axiom.

Overall, the proposed method in this chapter exhibits similar properties

to [Foster and Rothbaum (2018).

Theorem 2. Assuming function ¢(-) is strictly increasing in y;, y(-) is strictly
increasing in ¢; and decreasing in u;, for any given weighting vector and cutoffs,
overall mobility measure M satisfies symmetry, decomposability, replication
invariance, and weak expansion; oriented mobility measure MY satisfies
symmetry, decomposability, replication invariance, and weak upward ex-
pansion; oriented mobility measure MP satisfies symmetry, decomposability,

replication invariance, and weak downward expansion.

Proof. In Appendix A.2. ]
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2.3 Illustrative Examples

2.3.1 The Case of Fully Ordinal Data

We use the data from Panel Study of Income Dynamics| (2023) (PSID) to
illustrate the feasibility of our method. The PSID was initially created to
study income and poverty dynamics in the United States in 1968. It is a lon-
gitudinal study collecting data on the same families and their descendants
for decades. It covers health, wealth, expenditures, philanthropy, child de-
velopment, the transition to adulthood, and more. All such characteristics
made PSID a reasonable database for multidimensional mobility study.

Here, we choose three ordinal variables (d = 3): housing status, general
health status, and college degree status. The question for housing status
is whether the household owns a house; the question for general health
status is how the head/reference person of that household rates her general
health condition on a categorical scale from poor to excellent; the question
for college degree status is simply whether the head/reference person has
a college degree. After merging and clearing, we formed a data set with
n = 3,089 families for 2001, 2011, and 2021 [

In our data set, we convert the values for housing status into either "1’
or 'O’, where ’'1’ means the household owns the house, and ‘0’ means the
household does not own the house. Similarly, for college degree status, we
have '1’ representing that the head/reference person of the household holds
a college degree and 'O’ otherwise. For general health status, the variable is

categorical: 1 (poor), 2 (fair), 3 (good), 4 (very good), and 5 (excellent). We

"We are aware that 10-year or 20-year gaps do not guarantee 'intergenerational’ move-
ment. It could be the same head of the household over a 10-year or 20-year period. However,
since the main purpose of this section is to show the feasibility of the method, and also
in the spirit of being applicable to all kinds of mobility, we assume it is 'intergenerational
mobility’ that is being measured here for simplicity.
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Housing Health College Degree

Qualified 1,925 2,760 859
(62.3%) (89.3%) (27.8%)

Disqualified 1,164 329 2,230
(87.7%) (10.7%) (72.2%)

Note: Qualification in Housing means the household owns the house. Qualifi-
cation in Health means the head/reference person of the household rates her
general health status equal to or above 'good.” Qualification in College Degree
means the head/reference person of the household holds a college degree.

Table 2.1: Dimensional Disqualifications, PSID, Ordinal Variables, 2001

Housing Health College Degree
Qualified 2,117 2,597 1,103

(68.5%) (84.1%) (35.7%)
Disqualified 972 492 1,986

(31.5%) (15.9%) (64.3%)

Note: Qualification in Housing means the household owns the house. Qualifi-
cation in Health means the head/reference person of the household rates her
general health status equal to or above 'good.” Qualification in College Degree
means the head/reference person of the household holds a college degree.

Table 2.2: Dimensional Disqualifications, PSID, Ordinal Variables, 2011

choose dimensional cutoffs z=[1 3 1] so that a household is disqualified in
housing if they do not own a house, in health if the head/reference person
rates herself as fair or poor, in college education if the head/reference
person does not hold a college degree. And we choose dimensional weights
w=[l 1 1] for simplicity.

Table[2.1], Table[2.2] and Table[2.3|show the qualification/disqualification
distribution in 2001, 2011, and 2021. From these tables, we can see
changes in the distribution of each dimension over time. However, we want
to know what happens to every household over time, not just about each
dimension. So, we move forward with our method designed in Section [2.2]
Let us assume there are two generations between 2001 and 2021.

Table [2.4] shows the results by our method. Note that the headcount

ratio is not a formal measure in our method as it would violate several

66



Housing Health College Degree

Qualified 2,188 2,371 1,128
(70.8%) (76.8%) (36.5%)

Disqualified 901 718 1,961
(29.2%) (23.2%) (63.5%)

Note: Qualification in Housing means the household owns the house. Qualifi-
cation in Health means the head/reference person of the household rates her
general health status equal to or above 'good.” Qualification in College Degree
means the head/reference person of the household holds a college degree.

Table 2.3: Dimensional Disqualifications, PSID, Ordinal Variables, 2021

Upward Downward Overall

H 0.2286 0.1959 0.4244

1 1.1487 1.1174 1.1342

M 0.2625 0.2188 0.4814
H is headcount ratio. I is performance gap. M is the measure. See definitions in

Section

Table 2.4: Mobility Measures, 2001 to 2021, PSID, Ordinal Variables, Equal
Weights

axioms. However, it is an intuitive and helpful index to show how many
households move upward or downward over generations. Our results show
more upward movers than downward movers (0.2286 > 0.1959). The perfor-
mance gap is simply the sum of movements in a given direction divided by
the number of movers in that direction. Results show that upward movers,
on average, have a greater performance gap, i.e., movement distance, than
the downward movers (1.1487 > 1.1174). Therefore, we have a larger upward
mobility measure than the downward mobility measure (0.2625 > 0.2188).
The interpretation of the mobility measure, in this case, is straightfor-
ward: remember that we track the difference of ¢;; over generations, where
ci; represents the dimensional disqualifications. Thus, a performance gap
of 1.1487 means that the upward movers reduced 1.1487 disqualifications
on average from 2001 to 2021. In other words, the upward movers moved

from the lower class to the higher class in an average of 1.1487 dimensions
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Upward Downward Overall

H 0.2528 0.2036 0.4565

1 1.2762 1.1196 1.2064

M 0.3227 0.2280 0.5507
H is headcount ratio. I is performance gap. M is the measure. See definitions in
Section

Table 2.5: Mobility Measures, 2001 to 2021, PSID, Ordinal Variables,
General Weights

over two generations. In terms of mobility measure, an upward mobility
measure of 0.2625 means that the entire sample population moved up
by reducing their disqualifications in 0.2625 dimensions on average. The
total mobility measure, which is 0.4814, means that the average movement
distance, in terms of change in the number of disqualifications, is 0.4814
per household.

Note that the results could change depending on the dimensional cutoffs
z and dimensional weights w. While the dimensional cutoffs are more of
normative standards, we usually use weights to test the robustness of our
measures. Following Alkire and Foster| (2011a), we use an alternative set of
dimensional weights w=[1.5 0.75 0.75] to test how different the measures
could be.

Table shows the results after we apply an alternative set of dimen-
sional weights. We notice that the numbers of upward, downward, and
overall movers have increased. The performance gaps have also increased,
and so do the mobility measures. However, the change is relatively small.
The mechanism of how different weights could alter mobility measures here
is simple: the weights enter the calculation of ¢;; and then have an impact
on everything calculated later that is associated with ¢;;. Note that the
meaning of changing weights is not subject to robustness tests; it could also

be a choice for policymakers to make when they decide specific dimensions
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Upward Downward Overall

2001-2011

H 0.2172 0.1444 0.3616

1 1.1311 1.0897 1.1146

M 0.2457 0.1573 0.4030

2011-2021

H 0.1301 0.1690 0.2991

1 1.0423 1.0670 1.0563

M 0.1356 0.1803 0.3160
H is headcount ratio. I is performance gap. M is the measure. See definitions in
Section

Table 2.6: Mobility Measures, 2001-2011 and 2011-2021 Comparison,
PSID, Ordinal Variables, Equal Weights

are more critical than others.

Table shows a decade-to-decade comparison between 2001-2011 and
2011-2021. Technically, a 10-year gap does not match the term ’'intergener-
ational’ well, as it is more of an intragenerational period. However, this is
an advantage of our method as it is not limited to intergenerational mobility
measurement; it can be applied to any two-period panel data tracking the
same families over time. The comparison between the two decades shows
that from 2001 to 2011, there was more mobility in the United States with
more upward movers than downward movers, compared to 2011 to 2021,
during which there was less overall mobility with fewer upward movers
than downward movers. This result might contradict some of the papers in
the current literature; for example, (Chetty et al. (2014) found that children
today have the same chance of moving up as children of earlier generations.
However, such contradiction could be caused by different focus on dimen-
sions (income vs. non-income) and methodologies. Nonetheless, Table
provides an example of how we can use our method to conduct longitudinal

comparisons across different eras.
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2.3.2 The Case of Fully Cardinal Data

For the case of fully cardinal data, we choose two variables (d = 2), total
expenditure and highest grades completed, to form a n = 2,920 data set from
Panel Study of Income Dynamics (2023) (PSID) covering the year of 2001,
2011, and 2021. The procedure, compared to the case of fully ordinal data,
has two extra major steps here: normalizing the data and choosing particular
functional forms for ¢(-) and y(-). For data normalization, the choice of
upper reference points ¢ = [{;| uses the third quartile in each dimension to
avoid bizarre dimensional distribution caused by an extremely large local
maximal Value.ﬁ The choice of function ¢(-) is again the 'generalized mean of
order’ B € R when 3 =1 for simplicity.ﬂ The choice of y(-) is ri; = W(cis, uiy) =
exp(ciy)/ui, for all i. As for dimensional cutoffs, we choose z = [30,000 16],
which means any household would be disqualified in the dimension of total
expenditure if the household spends less than 30,000 dollars and in the
dimension of highest grades completed if the head/reference person of the
household does not finish 16 years of education (which is the typical time
required to obtain a college degree) E And we use equal weights w=1[1 1]
as a starter.

Table shows mobility measures with cardinal variables and equal

weights for 2001 to 2021. The first impression is that the headcount ratio

8We assume natural zeros for dimensional lower reference points.
9See function 1.1 in Section
10Compared to what we chose in Section we use exp(-) as the numerator in a fractional
form to avoid the entire index r;, fixed as zero when the person has zero disqualifications,
i.e., ¢;y =0. It is not problematic in poverty measurement to have r; stick to a value of zero
when the person has no deprivation; however, if this happens in mobility measurement,
then any movement that does not change ¢;; would be omitted if the household has ¢;; =0
over generations.
1The PSID data are all reported in nominal dollars, as they do not adjust for inflation
(Insolera et al.,|2021). Therefore, we adjusted the expenditure data through the American In-
stitute for Economic Research (AIER) at https://www.aier.org/cost-of-living-calculator.
We are aware that some may believe inflation could be a reason for mobility, so it is optional
indeed to adjust data for prices or not, depending on the specific needs of the user.
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Upward Downward Overall

H 0.4370 0.4675 0.9045

1 2.3084 1.7168 2.0027

M 1.0088 0.8025 1.8113
H is headcount ratio. I is performance gap. M is the measure. See definitions in
Section

Table 2.7: Mobility Measures, 2001 to 2021, PSID, Cardinal Variables,
Equal Weights

for both upward and downward movers is much larger than that of fully
ordinal data. It is understandable because now we have well-being level,
u;s, included in our tracking index r;;. When u;, enters the calculation, any
movement that changes u;; would be reflected in r;;, even when the movement
does not change number of disqualifications c¢;,. In contrast, when movement
does not change ¢;, with all ordinal variables, the mobility measures would
omit such movement. However, considering the nature of ordinal data, we
cannot measure their distance even if we notice such movements. Being able
to capture more movers/movements is one significant difference between
the two cases under different data types and methods. Table [2.7] shows
other measures such as performance gap also changes dramatically due
to that in this case of fully cardinal data, we track r;, instead ¢;;. The
results suggest that during the 20 years from 2001 to 2021, there were
more downward movers than upward movers. The difference is not too
significant but not too small, as the movers in the two directions stay
around 48.31% to 51.69%, given the two dimensions of total expenditure
and highest grades completed. In other words, almost half of the population
has been moving upward while the other half has been moving downward.
However, the upward movers have larger movements on average than the
downward movers. Thus, upward movements contribute more to overall

mobility, as shown in the table.
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Upward Downward Overall

2001-2011

H 0.4555 0.4360 0.8914

1 2.2900 1.3405 1.8275

M 1.0430 0.5844 1.6275

2011-2021

H 0.4250 0.4322 0.8572

1 1.0979 1.6636 1.3831

M 0.4666 0.7190 1.1856
H is headcount ratio. I is performance gap. M is the measure. See definitions in
Section

Table 2.8: Mobility Measures, 2001-2011 and 2011-2021 Comparison,
PSID, Cardinal Variables, Equal Weights

In this case, the interpretation of mobility measures is more complex
than that of fully ordinal data. What is r;;? It is a question that policymakers
would try to understand and answer. Remember, based on its nature, r;; =
V(cis,ui,) is a particular form of overall well-being, or utility level, over time.
The specific interpretation of r;; would also be affected by different choices
of the function y(:). Although the interpretation of mobility measures in
the case of fully cardinal data is not that intuitive, the mobility measures do
capture the cardinal information from the data. For easier comprehension,
we may get rid of ¢;; and simply track u;; over generations. In comparison,
u;; is a commonly used index in the traditional unidimensional approach.
However, such an option would turn the method back into a unidimensional
method and drop the concept of dimensional status regarding social classes.
There is a dilemma for cardinal measures: if we use the measures specialized
for ordinal data to measure cardinal variables, we are not making use of
cardinal information, which is not an optimal choice; if we try to exploit
the cardinal information in the data, we have to introduce extra complexity
compared to the ordinal case.

The mobility measures for the case of fully cardinal data might be more
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useful when used to conduct cross-generational comparisons. Table [2.8
shows the mobility comparison between 2001-2011 and 2011-2021, given
two dimensions, the total expenditure and highest grades completed. The
results, however, are similar to what we had in Section that the decade
of 2011-2021 is less mobile overall than the decade of 2001-2011. During
2001-2011, the headcount of upward and downward movers was shoulder
to shoulder, with upward movers leading a bit in headcount and even more
in movement distances, contributing more than 60% of the total mobility.
In contrast, during 2011-2021, the headcount of upward movers shrunk
to slightly below the headcount of downward movers, and the movement
distances of upward movers dropped dramatically, while the movement
distances of the downward movers expanded significantly, resulting in the
downward mobility contributing more than 60% of the total mobility. Even
with different data types, methods, and chosen dimensions, the two case
studies give us similar results; this is an interesting outcome that every
reader could consider if this matches the real-life observations.

Note that the results, regardless of the case of fully ordinal data or the
case of fully cardinal data, could ultimately change due to different sets of
dimensional cutoffs, dimensional weights, and upper reference points for
data normalization. Those choices should be made carefully with justified
normative judgments, robustness tests if necessary, and flexibility under

different scenarios.

2.4 Concluding Remarks

In this chapter, we build decomposable intergenerational mobility mea-
sures based on a multidimensional setup. We no longer measure mobility

based on a single dimension. Instead, we collect multiple dimensions and
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consider them all at once, which is a novel experiment in the current litera-
ture. We consider two scenarios: the case of fully ordinal data and the case
of fully cardinal data, such that our methods can be applied accordingly
and the data can be used better when possible. Our method is not limited
to intergenerational mobility measurement; instead, it can be applied to
any two-period panel data that tracks the same households or individuals
over time. Moreover, unlike the traditional ’elasticity approach,” we follow
every household during the process of our method so that we know what
happens to each household over generations. Anyone who desires a method
with the abovementioned characteristics should find our method a new and
useful tool.

There are still limitations, as we are aware of. For the ordinal case, move-
ment not crossing the cutoff would be omitted, similar to the 'transition
matrices’ approach. Potential criticism about not considering the starting
point of the movement or needing more attention to inequality could be
explained as we could not effectively grab that information due to ordinal
data. However, in fully cardinal data, we can emphasize lower-end or higher-
end movements by selecting specific functional forms of the function ¢(-)
and y(:). Another limitation at the moment is that we do not unify the
interpretations under the case of fully ordinal data and the case of fully
cardinal data because we track two different household-/individual-based
indices, ¢;; and r;,. While ¢;, is likely more straightforward to comprehend,
ri; is somewhat cloudy because it is essentially a combination of ¢;; and
u;;. In other words, in the case of fully cardinal data, we track a synthetic
well-being index that we construed from both aggregate achievement and the
number of dimensional disqualifications. Such an index is never easily in-

terpreted. One recommendation we can provide is that we can still apply the
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standard AF Method to the fully cardinal case with an easier-to-understand
interpretation and take consultations from the results of both methods.

A potential extension to our research is introducing a second cutoff
similar to the 'poverty cutoff’ in the standard AF Method. We could name
this second cutoff as ’overall social class cutoff,” denoted by k, so that those
who have a larger (at least equal) weighted sum of disqualifications than
k, i,e., ¢;; > k, would be categorized into the overall lower class. In the
meantime, people who have ¢;; < k would be identified as the overall upper
class. Thus, another derivative measure could capture how many people
changed their overall social class over generations. Based on this 'overall
social class’ concept, we could introduce multiple layers of dimensional
cutoffs z or multiple values of k to create multiple overall social classes to
depict the society better.E

The direction of our study has value as we anticipate the literature on
intergenerational mobility measurement will be extended to a multidimen-
sional set-up soon. Similar to the poverty literature, the mobility between
generations should be measured more comprehensively with multiple di-
mensions considered. One branch, though, is whether we should aggregate
across dimensions before comparing two generations. In this chapter, we
choose to aggregate before comparing two generations. However, one can
undoubtedly compare generations and obtain a vector storing the multi-
dimensional difference between the two generations and then aggregate
across dimensions to obtain a number representing the movement. The
latter could be another way to design multidimensional mobility measures,

though the aggregation process across dimensions is inevitable.

12Setting multiple values for k is called the ’intensity approach’ and setting multiple
layers of dimensional cutoffs that are strictly non-crossing each other is called the ’depth
approach’ (Alkire and Seth), [2015).
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Chapter 3: Chronic Poverty Measurement

3.1 Introduction

Poverty analysis is often based on the data of ‘a snapshot’ of the society to
see how people are doing. However, the status of poverty could undoubtedly
change over time. Moreover, some poor people could experience a longer
duration of poverty while others are transiently poor. Persistent poverty
could have negative impacts on well-being. For example, it can cause
social exclusion (Walker, |1995), social unrest (Salvatore, |2007), higher
likelihood of impairment and illness (Alkire et al., 2017), worsened cognitive
abilities and behavioral problems for children, (Duncan and Brooks-Gunn,
1997), more health issues for adults (McDonough and Berglund, 2003),
less volunteerism (Lichter et al., [1999), a higher probability of staying poor
(Jo Bane and Ellwood,, [ 1983; |Stevens|, |1994), and more. Without considering
time as an aspect of poverty, we cannot differentiate people with identical
poverty status at a given moment but with different dynamics over time.
Thus, it is necessary to develop methods to measure chronic poverty.

Currently, the literature on chronic poverty measurement has two major
approaches. One is called the ‘counting approach’ or the ‘spells approach.ﬂ
The basic idea of this approach is to identify the chronically poor by counting
how many periods each person is poor; if a person has more periods that she
is poor than a duration cutoff, then she is chronically poor. Before counting
the poor periods, however, this approach also requires periodical cutoffs to

determine the poor/non-poor status for each person in each period. Thus,

lSee Levy| (1976), Duncan and Rodgers (1991), |Rodgers and Rodgers| (1993), Foster
(2009), among others.
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this approach has two built-in cutoffs: the periodical cutoffs for determining
the status of each period and the duration cutoff for determining chronic
poverty. People may find this approach very similar to the AF Method (Alkire
and Foster, 201 1a) for multidimensional poverty measurement, which is no
surprise as the AF Method is also a counting method, with the only difference
being that one measures poverty across time while another measures poverty
across dimensions.

The other approach for chronic poverty measurement is called the 'per-
manent income approach’ or the ‘components approach.’ H This approach,
as its name indicates, looks at a person’s overall income (or resources in
general) over time to determine whether the person is chronically poor. More
specifically, it calculates each person’s average or aggregate income and
then compares that to an income standard. At last, whoever has a lower
income than the standard is chronically poor. It is noticeable that this
permanent income approach requires only one cutoff, as the approach does
not care for periodical status.

The two approaches have apparent differences in identification strategies
and have very different underlying assumptions. For the counting approach,
the aggregate level or average level of income does not matter as it solely
looks at the number of poor periods. In other words, the counting iden-
tification does not differentiate people with an identical number of poor
periods but different average or aggregate income levels. In contrast, the
permanent income approach does not care about the periodical status of
each person as it solely looks at the overall resources one may get over
the entire timeline of interest. Obviously, the counting method implicitly

assumes no substitutability across time, which means people cannot save

2See [Lillard and Willis| (1976), [Duncan and Rodgers (1991), Ravallion| (1988), Jalan and
Ravallion| (1998), Foster and Santos| (2013), among others.
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and borrow between periods. Therefore, it might be better used when con-
sumption is the dimension of interest for measurement. In contrast, the
permanent income approach such as Jalan and Ravallion| (1998) assumes
perfect substitutability across time as people can save and borrow freely
without transaction costs between periods.

Those assumptions (either no substitutability or perfect substitutability
across time) are somewhat extreme. Considering that both the number of
poor periods and aggregate income are self-evidently essential and infor-
mative, we propose incorporating both in the identification step. In other
words, we want to design a hybrid method that combines the two existing
approaches for identifying the chronically poor.

Another recent development worth mentioning is that Alkire et al. (2017)
designed a multidimensional method for chronic poverty measurement,
following the trend in the general poverty literature that poverty is gradually
accepted as a multidimensional phenomenon. Their method is, however,
entirely based on the counting approach. They use the standard AF Method
for each period to identify the periodical status of being poor or non-poor.
Then, they use the duration cutoff to identify the chronically poor. Ex-
panding the measurement setup from unidimensional to multidimensional
would inevitably introduce complexity, such as a third cutoff. Combining
the counting and permanent income approaches under a multidimensional
setup would be even more complicated. Nonetheless, this chapter discusses
several potential ways to measure chronic poverty in a multidimensional
way.

In section 3.2, we review the existing approachings using Foster (2009),
Jalan and Ravallion (1998), and |[Foster and Santos| (2013) as examples. In

Section 3.3, we discuss the adpotion of modified AF Method for the case of
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unidimensional chronic poverty measurement. In Section 3.4, we discuss
the case of multidimensional chronic poverty measurement. In Section 3.5,
we illustrate our proposed methods using some real world data sets. Section

3.6 is the concluding remarks.

3.2 Existing Chronic Poverty Measures

Two major approaches exist for chronic poverty measurement. The
difference mainly comes from the identification strategy: the counting
approach firstly identifies the poor/non-poor status for each person in each
period, then it counts the number of poor periods that is later compared
to a duration cutoff, which leads to a conclusion that whoever has more
poor periods than the duration cutoff is chronically poor; in contrast, the
permanent income approach solely looks at the mean income a person may
get over the entire timeline of interest and then compares that mean income
to an income standard so that whoever has lower mean income across time
than the income standard is chronically poor.

We use Foster (2009) as an example to review the counting approach
with notations. To begin with, let us assume we always have a n x T matrix
as the data of achievement for n people in T periods, which is the same
situation for the permanent income approach as long as there is only one
dimension for measurement. Let y denote such a matrix, and obviously its
element y; represents the achievement for person i in period ¢, for i=1,...,n
andr=1,...T. Let z be the universal income cutoff for each period, assuming
all data are well-adjusted for inflation over time.ﬁ Compare y;; to z, we get

another matrix, denoted by 4, storing the relationship between y; and z by

3We could have various z = 7 for each period due to particular needs; for example, when
data are not adjusted for price differences, then we may adjust z instead, then the counting
approach still works.
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setting h; = 1 if y; < z and h; = 0 otherwise, for all i and . This matrix 4 is
very similar to the deprivation matrix in the standard AF Method. Then, we
have a column vector, denoted by /, to store the number of poor periods for
each person by setting /; = Zthl h;;. At last, we introduce the second cutoff
7 € (0,T], namely the duration cutoff, to finish the identification process
by comparing /; to t. If /; > 7, then person i is chronically poor. If /; < 7,
then person i is chronically non—poor. Thus, an identification process for
chronic poverty is complete, denoted by p.(y;;z), where p;(y;;z) =1if ; > 71
and p;(y;;z) = 0 otherwise.

Although [Foster| (2009) does not explicitly define who is transiently poor,
it can be easily adjusted to do so (Alkire et al., 2017). As supplemented by
Foster and Santos| (2013), 'the transiently poor have at least one period of
positive static (periodical) poverty while their chronic poverty is always zero.’
In other words, people with 0 < /; < T would be identified as transiently poor.

The aggregation part of Foster (2009) is also similar to that in the AF
Method. First, we derive a set of censored 'normalized poverty gap’ matrix
based on power o, denoted by g%*(7), where its element g%(7) = ((z—yi)/2)*
if ; > 7 and y; <z, g7(t) =0 otherwise. In other words, all people who are
not chronically poor would have their entries equal to zero in the censored
‘normalized poverty gap’ matrix of power o. Then, the adjusted FGT class of
measures Kkicks in with K, = u(g%(7)). Combining the identification process
pz(vi;z) and the aggregation measures K, the chronic poverty measurement
is complete.

We then use the method developed in Ravallion (1988) and used in Jalan
and Ravallion|(1998) and Jalan and Ravallion/(2000) as an example to review

the permanent income approach. This approach is even simpler as it does

4We could also define [; = (Y, h;)/T and t € (0,1], which does not change identification
result.
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not require a second cutoff. The identification step is directly comparing
i(yi), i.e., the average income or resources of person i, to the poverty line
z. Then, person i is chronically poor if u(y;) < z. In math, the identification
function py (yi,z) =1 if u(yi) <z, pu(yi,z) = 0 otherwise. The aggregation step
is also simpler as |[Ravallion| (1988) applies the single period measure F, from
the FGT class of measures (Foster et al., |1984) to the ditribution y = (yy,...,¥,)
where y; = u(y;) is the mean income drawn from Y (Foster and Santos, [2013).

Which approach is better? There is no simple answer to that question.
One angle to evaluate the two approaches is to consider the underlying
assumptions they invoke. The permanent income approach assumes the free
transfer of income or other resources across time without any transaction
cost. If not, then the mean income across time does not make much sense
as the surplus in one period cannot sufficiently make up the shortfall in
another period, or in other words, a poor period cannot be fully compensated
by other non-poor periods. This assumption is, of course, not realistic in the
sense that most of the time, we face transaction costs when we try to save or
borrow between periods. Reallocating resources across time is particularly
difficult for the poor.ﬁ In contrast, the counting approach assumes that
resources observed in a period are consumed right in that period and not
transferred across period (Foster and Santos, |2013). This assumption is
also not entirely realistic as people can save and borrow at certain costs
across time in the real world.

Foster and Santos (2013) tried to find a middle way by using the general
mean of  function with 8 < 1 to aggregate income across time.ﬁ Note that

when f3 =1, the general mean is the arithmetic mean, which is the case

S5For example, Ruthven et al.| (2009) find that poor households across India, Bangladesh,
and South Africa face higher interest rates and higher transaction costs in general.

8Foster and Santos| (2013) uses 8 < 1 in their paper, but what they added to Ravallion
(1988) is the part of § < 1.
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of Ravallion| (1988). When B < 1, the general mean function emphasizes
lower incomes and is lower than the arithmetic mean. By using 8 < 1, the
new permanent income reflects transaction costs for transferring resources
across time so that when income is distributed more unequally across peri-
ods, the person would have a lower permanent income. This improvement
is undoubtedly reasonable and effective, however, it limits itself as a perma-
nent income method because periodical status is neglected. In other words,
as long as any two persons have the same level of permanent income with
B <1, their possible difference in the number of poor periods will not be
recognized by Foster and Santos (2013), which is a common issue for any
permanent income method.

Does the number of poor periods still matter? People may argue that
when resource reallocation across time is possible, poor periods are no longer
critical because people can even out all periods regardless of transaction
cost. However, we believe that the number of poor periods is still an essential
component for chronic poverty measurement since what we should look at
is not only how people react to a tough period but also the tough period
itself as well as the associated risk and uncertainty it presents.ﬂ Suppose
we only live for today and tomorrow and know tomorrow will be without
income. Hence, we choose to save today for tomorrow. What truly matters
here is not what we choose to do as a reaction to tomorrow being a tough
period but rather the status of tomorrow being incomeless.ﬁ In reality, a
tough period is very often not predictable. In other words, most people do

not know when and to what extent they will experience a poor period. When

"By ’tough period,” we refer to periods that would be marked as poor periods by the
counting approach.

8Sen| (1993)’s capability approach says resources and goods alone cannot ensure that
people can achieve their 'beings’ and 'doings.” Similarly, resource reallocation does not
ensure that people can offset a tough period entirely.
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a person cannot anticipate a tough period forthcoming, such as a jobless
period or a period with health issues, the status of a 'poor period’ itself is
still relevant and vital.

Nonetheless, assuming that one can anticipate all future tough periods
and save in advance, tough periods still represent the associated risks and
vulnerability and the reasons that lead to a tough period. For example, a
farmer can have a few good years and sufficient savings for any potential
emergencies. However, when a bad year hits, it carries the significance of
the factors causing it, such as health issues, accidents, market turbulence,
or even local conflicts and wars. The farmer may still survive the tough
period by reallocating resources, but transfers across periods cannot fully
erase the pressure and difficulties brought by the tough period itself. Thus,
the counting approach like Foster (2009) has the merit of tracking periodical
status, which is essential.

Overall, we argue that the periodical status and the permanent income
are both critical. Therefore, we propose a method incorporating the two
components during identification in the next section.

Note that the above discussion of the two approaches is based on a
unidimensional setup. |Alkire et al.| (2017) developed a method based on
the AF Method to measure chronic poverty in a multidimensional setup.ﬂ
The design of the method is straightforward. Besides the standard AF
framework to identify the periodical status, they introduce a time-based
cutoff 7 similar to Foster (2009) to determine whether a person is chronically
multidimensionally poor. Such a counting method assumes no transfer of
resources across time and also dimensions within each period. What if we

allow certain substitutability across time and dimensions? For example,

9The notations of Alkire et al.| (2017) are formally presented in Section
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what if we combine Foster and Santos (2013) to Alkire et al.|(2017)? It would
be much more complicated as we need to allow aggregation across time
and perhaps dimensions, too. In reality, people can partially compensate
deprived dimensions with resources from other dimensions, given that
markets are not missing and information is rich. We shall discuss the case

of multidimensional chronic poverty in more detail later.

3.3 Hybrid Unidimensional Chronic Poverty Measurement

3.3.1 Hybrid Unidimensional Chronic Poverty Identification

For unidimensional chronic poverty measurement, the variable of in-
terest is usually income or consumption. In such a case, assuming the
data are cardinally meaningful is safe. Thus, we can follow the idea pre-
sented in Chapter [1| that we could use certain functional forms to combine
the information from the number of poor periods and the aggregate in-
come or consumption over time to create a new space to determine who is
chronically poor. There is an apparent difference, however, between uni-
dimensional chronic poverty and multidimensional static poverty, as we
aggregate achievements across dimensions in the latter while we aggregate
achievements (income or consumption) across time in the former. The differ-
ence between dimensions and time opens up new possibilities for choosing
appropriate functional forms to aggregate achievements. One may choose
the general mean of order § function like |[Foster and Santos| (2013) or any
other specific form that is normatively justifiable. We regard the choice of
functions to aggregate achievement across time or dimensions as flexibility
for policymakers or researchers using the method.

Following the notations introduced in Section [3.2] let the n x T matrix
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represent the data of n people in T periods. Let us call this matrix again
the ’achievement matrix’, denoted by y, where we have its elements y;; being
the income or consumption of each person in each period, for i=1,...,n
and r=1,...,T. Now, a typical counting method like [Foster (2009) would
firstly introduce periodical cutoffs to determine periodical status, then count
the number of deprived periods, and at last determine whether a person
is chronically poor based on a second cutoff for the number of deprived
periods. Let z be the universal periodical cutoffs assuming data are readily
adjusted for price differences across time, and such that person i is statically
poor in period ¢ if y; < z. Then we can have another n x T matrix, denoted
by h, where h; = 1 if and only if y; < z, otherwise h; =0, for all i and . Now
let w = [w;] be the weights of all periods. It is straightforward to obtain the
weighted sum of poor periods for each person by /; =Y’ | w/h;, forming the
column vector / = [/;]. If we introduce a second cutoff, denoted by 7, and if
l; > 7, then person i is identified as chronically poor in the manner of the
typical counting approach.

On the other hand, if we use the permanent income approach, we need
to aggregate the income or consumption across time in a particular manner;
for example, Ravallion! (1988) used the mean income across time. Let us
denote the function that processes this aggregation by ¢(-) and denote the
individual-based aggregated income or consumption by u; = ‘P(Yi);E then we
have the permanent income information stored in the column vector u = [u;].
Based on u, we can determine who is chronically poor by comparing u; to
the income standard, which is a typical permanent income procedure.

We propose combining the two approaches to form a hybrid method to

101f we use the generalized mean function similar to Chapter the substitutability across
time could actually be reflected by the function, namely the choice of value of . Indeed,
there are more functions capable of reflecting the substitutability across periods.
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determine who is chronically poor so that more information, including peri-
odic status and aggregate achievement, can be considered simultaneously
for identification. More specifically, we use the information in / and « to form
a new space, denoted by r = y(/,u), where y(-) is the function to combine the
two components. Similar to previous chapters, we leave the functions ¢(-)
and y(-) as an open end for flexibility. Suppose that we have i = ¢(z) as the
cutoff for u, so the the new cutoff for r can be obtained by 7 = y(t,i). Then
the final decision would be based on the relationship between r; and 7, i.e., if
r; > 7, then person i is unidimensionally chronically poor. The identification
function p;(y;;z) can be written as follows: p;(y;;z) =1if r; > 7, and p;(yi;z) =0

otherwise.

3.3.2 Hybrid Unidimensional Chronic Poverty Aggregation

Following either the counting approach such as Foster (2009) or the
permanent income approach such as Foster and Santos| (2013), we propose
to use adjusted FGT class of measures for the aggregation step for chronic
poverty measurement.

First, we derive a set of censored 'normalized poverty gap’ matrix based
on power «, denoted by g%(t), where its element g%(7) = ((z—yi)/2)* if i > 7
and y; < z, and g¥(7) = 0 otherwise. In other words, all people who are not
chronically poor would have their entries equal to zero in the censored
‘normalized poverty gap’ matrix of power . Then, the adjusted FGT class of
measures kicks in with K, = u(g%(7)). Combining the identification process
pz(yi;z) and the aggregation measures K, the chronic poverty measurement

is complete.
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3.4 Multidimensional Chronic Poverty Measurement

The idea of measuring multidimensional chronic poverty can be traced
back to Hulme et al. (2001) and Hulme and McKay (2013) as a follow-up
to the new trend in the general poverty literature that poverty is more
commonly perceived as a multidimensional phenomenon. However, the
specified literature of measuring multidimensional chronic poverty did
not have a method that explicitly differentiated the chronic poor from the
transient poor until Alkire et al. (2017) developed a counting method, which
was primarily based on the AF Method (Alkire and Foster, 2011a) but with
the add-on of a third cutoff in the space of time following Foster (2009).
After determining the periodical status, |Alkire et al.| (2017) counted the
number of periods people are multidimensionally poor to identify who are
chronically multidimensionally poor.

The difference between the multidimensional and unidimensional chronic
poverty measurement starts with the data. In the case of unidimensional
chronic poverty measurement, we have a n x T matrix whose columns spread
along the axis of time. In the case of multidimensional chronic poverty,
we firstly have a n x d matrix within each period; then, we have a set of
totally T of those n x d matrices along the axis of time.E There might be
a natural sequence for analysis in the case of multidimensional chronic
poverty measurement, as we need to study within-period dimensions to
check the periodical status before we study the duration of poverty if we
want to apply the counting approach. However, this natural sequence
may not exist for the permanent income approach. As the permanent

income approach would aggregate resources across dimensions and time

11t could be expressed by a 3D matrix, or a rank-3 tensor, with three dimensions of
i=1,...,n, j=1,...dandt=1,...,T.
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before the realization of the identification, no clear answer exists yet for
which direction, within-period dimensions or time, should the resources
be aggregated first. Nonetheless, we shall discuss the multidimensional

chronic poverty identification in several cases.

3.4.1 Counting Approach

We only elaborate briefly in this sub-section because Alkire et al.| (2017)
is quite mature. It follows the standard AF Method for within-period analysis
and adds a time-based cutoff 7 to identify the multidimensionally chronically
poor following Foster (2009). The detailed notations are provided below.

Suppose we have a set of T matrices, each of which has n rows and d
columns and is denoted by y,, where n is the size of the population, d is
the number of dimensions, and T is the number of periods. In each y;,
the element y;;; represents the achievement for person i in dimension j
in period ¢, fori=1,...n, j=1,....d and t = 1,...,T. Now, let us assume a
universal dimensional cutoff vector, denoted by z = [z;], exists for all periods
as data are readily adjusted for price differences across time. Then, for each
period, we have the deprivation matrix, denoted by g;(0), whose element
would be g;;,(0) =1if y;;; <zj, and g;;;(0) = 0 otherwise. Let column vectors
¢ = [ciy] store the number of deprivations for each person in each period,
Ciy = Z?:l wjgij:» where w = [wj] is the set of dimensional weights. Then, the
periodical status is determined by comparing c;; and k, which is a poverty
cutoff. If and only if ¢;; > k, then person i is multidimensionally poor in
period ¢.

Next, create a n x T matrix, denoted by /(k), whose elements are [;;(k) = 1

if ¢;; >k, I;(k) = 0 otherwise. In other words, the matrix /(k) carries the

12We assume the same data notations for other cases.
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periodical status for each person in each period. If we sum the row elements
in I(k), we have the number of poor periods for each person. Let [ =[; be the
column vector storing number of poor periods, ; =¥, I;(k), assuming equal
weights across time. Now, compare /; to a duration cutoff 7, and we can have
the result of identification of Alkire et al. (2017). If /; > 7, then person i is
multidimensionally chronically poor.ﬁ The identification function could be
expressed by p:(vi;z,k) =1 if [; > 7 subject to dimensional cutoffs z, poverty
cutoff £ and duration cutoff 7, and p:(yi;;z,k) = 0 otherwise.

The aggregation of Alkire et al.| (2017) also uses an adjusted FGT class of
measures. The first step for aggregation is creating censored normalized
poverty gap’ matrices of power ¢, denoted by g*(k,7), whose elements are
g (k,T) = ((zj —yija) [2j))* if i > 7, gf7,(k,7) = 0 otherwise. Thus, anyone not
multidimensionally chronically poor would have all entries equal to zero in
the censored 'normalized poverty gap’ matrices. Then, the adjusted FGT
class of measures is defined as My = (Y, Z;T:1Z?:1 wigdi (k,T))/ (nT). In
words, M, is the mean across people and time of the censored weighted
sum of deprivations gaps. With the identification p;(y;;;z,k) and aggregation
My, a counting method for multidimensional chronic poverty measurement
is complete.

The application of the counting approach is particularly good for fully
ordinal data as its identification does not differentiate data type between
ordinal and cardinal. If the data are ordinal, the adjusted FGT measures

M, reduce to M.

131f 0 < I; < 7, then person i is multidimensionally transiently poor.
14We assume the dimensional weights w;s sum up to 1 here. If w;s sum up to d, then the

adjusted FGT class of measures can be expressed by My = (Y1, YL, Zle wigii . (k,T))/(dnT).
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3.4.2 Permanent Income Approach

We have yet to find a published paper applying the permanent income
approach to multidimensional chronic poverty measurement. However,
expansion from unidimensional to multidimensional chronic poverty mea-
surement is rather simple using the permanent income approach, following
the idea that we should look at the 'mean income’ (or resources, more pre-
cisely) across all periods, and this time across all dimensions as well [/ Two
functions are required for aggregating resources across dimensions and pe-
riods. Let ¢,(-) be the function aggregating resources across dimensions and
let ¢7(-) be the function aggregating resources across time. Then, the 'mean
income’ of each person could be defined as u(y;) = ¢r(¢4(yij;)). An example
of ¢,(-) and ¢r(-) could still be the general mean of order  with different f3
values to represent the different substitutabilities across dimensions and
periods. Once we have the 'mean income’ u(y;), compare it to a poverty
standard, denoted by z,, to identify who are multidimensionally chronically
poor. Note that because we are handling a multidimensional situation, the
‘income standard’ z, represents more than income. In fact, this z, could
be derived from the set of dimensional cutoffs z = [z;] from the counting
approach by z, = ¢r(¢4(z;)). At last, the identification function could be
expressed as p,(vij;zp) =1 if u(yi) < zp, and p,(yiji32p) =0 otherwise.

For the aggregation step, we try to unify measures across different
cases of multidimensional chronic poverty measurement, such that a sim-
ilar manner of adjusted FGT class of measures is consistently applied to

all cases. In the case of the fully permanent income approach, since its

150btaining the 'mean resources’ across dimensions requires data normalization as
well to overcome the difficulty caused by different units in measurement from multiple
dimensions. For data normalization, see more in Section

16Here, p stands for the permanent income approach.
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identification looks at the mean income across dimensions and time for
each person, it essentially uses a set of 'smoothed’ matrices for measure-
ment. Let j; be the set of 'smoothed’ matrices. Its elements are 3;;, = u(y;).
Based on these 'smoothed’ matrices, we then have the censored normalized
poverty gap matrices for the multidimensionally chronically poor, denoted
by g ,(zp). where gi% ,(zp) = ((zp — (1)) /2p)* if and only if u(yi) <zp. &} ,(zp) =0
otherwise. Thus, M, could be defined similarly to Alkire et al. (2017) as
Mg = (Y, YL, ):?:1 wjg?‘j’t(zp))/(nT). With the identification p,(y;j;z,) and
the aggregation measures M, a permanent income method for multidimen-
sional chronic poverty measurement is complete.

The permanent income approach is suitable for the case of fully cardinal
data and does not apply to ordinal data. When we deal with unidimensional
setups, the sole variable is usually income or consumption, which is mostly
cardinal, but the multidimensional setup could have many ordinal dimen-
sions. Before choosing the permanent income approach, we must check

whether the data type is sufficient.

3.4.3 Hybrid Approach

By ’hybrid approach,” we refer to an approach that lies somewhere be-
tween the counting and permanent income approaches and considers the
key elements of both approaches. Note that we would also assume complete
cardinal data here. Otherwise, only using the pure counting approach
such as Alkire et al.| (2017) is practical. There could be many ways to de-
sign a hybrid approach, which essentially depends on whether we adopt

the underlying substitutability assumptions across dimensions and time

17We assume the dimensional weights w;s sum up to 1 here. If w;s sum up to d, then the
adjusted FGT class of measures can be expressed by My = (Y'Y, ):?:1 w;gli(2p))/(dnT).
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and to what extent.ﬁ Trying to introduce less complexity as possible, we
propose to add a weighing function, denoted by (), to incorporate the
number of multidimensionally poor periods /; from Alkire et al.| (2017) and
the mean resources across dimensions and periods u(y;) to identify the
multidimensionally chronically poor.

In math, simply follow the process discussed in Section to obtain
l;, and follow the process discussed in Section to obtain u(y;), then
obtain another individual-based index, denoted by r; = y(/;, u(y;)). At last,
compare r; to a new cutoff obtained by 7 = y/(7,z,), and if r; > 7, then person i
is multidimensionally chronically poor, given that y(/;, u(y;)) is monotonically
increasing in /; and decreasing in ,u(yi).ﬁ The identification function could
be expressed by p(yi;:z.k,7,zp) =1 if r; > 7, and p(yis;z,k, 7,z,) = 0 otherwise.

The new index r; could be interpreted as a weighing index for each
person between the number of poor periods and the overall resources she
can have across dimensions for the entire timeline. The monotonicity we
assumed above ensures that a higher r; suggests more multidimensionally
poor periods, less permanent recourses, or both, all adverse incidences for
each person. By judging r;, we land between the counting and permanent
income approaches.

The aggregation for such a hybrid method could still be unified under
the adjusted FGT class of measures. The first step is always to censor
the set of 'normalized poverty gaps’ matrices so that the people who are
not multidimensionally chronically poor would have all their row entries
equal to zero. Let g/*(7,z,) be the set of normalized poverty gap matrices,

their elements are g7 (7,zp) = ((z; —yijz)/2;)* if i > T and y;j; <z;. Otherwise,

18For example, one may invoke the substitutability across dimensions and time simulta-
neously or only assume one of them.

19The income standard, z,, could be either related to dimensional cutoffs z = [z;] or
separately set by itself, depending on the specific needs of whoever uses the method.
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8ii+(T,2p) = O.@ Then the adjusted FGT class of measures are defined by
Mo = (X1 X X9 wigl (T,2,))/(NT). With the identification p(yis;z,k,7,2,)

and the aggregation My, the hybrid method is complete.

3.5 Properties

Axioms are critical for all kinds of poverty measurement, including
chronic poverty measurement. We discuss a few properties that could
be proven helpful in this section.

The first set of properties is about 'symmetry.’ It could be further divided
into the population symmetry and the time symmetry. For the unidimen-
sional case with a n x T matrix, these two kinds of symmetry are easy to
express as follows: we say that x is obtained from y by a permutation of
incomes across people (or across time) if x = Iy (or x = yIl, respectively),
where I1is a nxn (or T x T) permutation matrix. In other words, x is ob-
tained from y by switching some rows (population) or columns (time). For
the multidimensional case, where we essentially have 7T different n x d ma-
trices, the expression could be more complicated. We say it is a population
permutation if x; is obtained from y; by x; =Ily, for all r = 1,...,T; we say it is
a time permutation if a pair of matrices, x, and x,», is obtained from y, and
y, such that x, = y,» and x,» =y, for any ' #¢”, while x, =y, for t #¢',¢".

POPULATION SYMMETRY: If x is obtained from y by a population permutation,
M(x) = M(y).

TIME SYMMETRY: If x is obtained from y by a time permutation, M(x) = M(y).

The properties of population symmetry and time symmetry ensure that

the chronic poverty measures will not change due to changes in the names

20For simplicity, when we combine the counting approach and the permanent income
approach, let us assume z, = z; = z, which is a universal cutoff given that data are readily
adjusted for price differences across time and scale differences across dimensions.
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of households/individuals or the order of poor periods.@

Decomposability is another important axiom, which means a measure
can be decomposed as a weighted average of several subgroups. Decom-
posability enables policymakers to target subgroups and understand the
contribution of each subgroup to the overall poverty level. Decomposability
is a beneficial and necessary trait that a measure should have when it
comes to poverty alleviation work in reality since such work usually requires
a focus on certain subgroups (such as national vs. local). In symbols, let x
and y be the matrices for two subgroups, and let (x,y) be the matrix of the
merged population. Let n(x), n(y) and n(x,y) be the number of people in x, y
and (x,y) respectively.

DECOMPOSABILITY: For any x and y we have

M(1) = M) M)

Decomposability can be applied repeatedly to have a decomposable mea-
sure to any number of subgroups eventually. When all subgroups are
identical and decomposability holds, the overall poverty level would equal
the subgroup poverty level. Thus, we have another property called ‘replica-
tion invariance.” For chronic poverty measurement, replication invariance
could be further divided into population replication invariance and time
replication invariance. The expressions of these replication invariance prop-
erties are slightly different under the unidimensional and multidimensional

setups. For the unidimensional cases, data replication along the rows is

the population replication, and data replication along the columns is the

2IThere is a discussion of whether time symmetry is a good property for chronic poverty
measurement in [Foster and Santos| (2013). Some researchers, such as Bossert et al.
(2019), Hoy and Zheng (2011), |Glinther and Maier| (2008), Dutta et al.[(2011), |Gradin et al.
(2012), Mendola and Busetta (2012) argue that consecutive spells should have extra weight
measuring chronic poverty, but it might be misleading considering the entire timeline
cannot be fully captured by the data. If we want to emphasize consecutive poor spells,
then the axiom of time symmetry must be abandoned.
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time replication. For the multidimensional case, data replication along the
rows for all periods is the population replication, and data replication of the
entire set of T matrices into 27, 37 ... matrices is the time replication.

POPULATION REPLICATION INVARIANCE: when x is obtained from y by a pop-
ulation replication, M(x) = M(y).

TIME REPLICATION INVARIANCE: when x is obtained from y by a time repli-
cation, M(x) = M(y).

These two replication invariance properties ensure that we can compare
measures across different population sizes and number of periods.

We say that x is obtained from y by an increment among the chroni-
cally poor if x;;; > y;j; for any person i that is identified as a chronically
poor. Moreover, if y;;; < z;, we say that is a deprived increment among the
chronically poor.@

WEAK MONOTONICITY: If x is obtained from y by an increment among the
chronically poor, M(x) < M(y).

MONOTONICITY: If x is obtained from y by a deprived increment among the
chronically poor, M(x) < M(y).

Monotonicity ensures that when there is an improvement for a chronically
poor person in a deprived dimension at any period, the chronic poverty
level should decrease. Weak monotonicity ensures that when there is an
improvement for a chronically poor person in any dimension at any period,

the chronic poverty level should not increase.

Theorem 3. The hybrid methods for chronic poverty measurement regarding
the unidimensional case and the multidimensional case satisfy decomposabil-

ity, population symmetry, time symmetry, population replication invariance,

22For the unidimensional case, an increment among the chronically poor would be that
Xit > yi. Moreover, if y; < z, then it is a deprived increment among the chronically poor.

95



time replication invariance, weak monotonicity for oo > 0; monotonicity for

o > 0.

Proof. In Appendix A.S3. O

3.6 Illustrative Examples

3.6.1 Unidimensional Chronic Poverty Measurement

We use a data set drawn from the National Longitudinal Surveys of Youth
1979 cohort (NLSY79) to illustrate the feasibility of the hybrid approach for
unidimensional chronic poverty measurement.@ NLSY79 is sponsored and
directed by the U.S. Bureau of Labor Statistics and managed by the Center
for Human Resource Research (CHRR) at Ohio State University. Interviews
are conducted by the National Opinion Research Center (NORC) at the
University of Chicago.

The data set has 4,240 households (n = 4,240) and covers the year 2016,
2018, and 2020 (T = 3). The selected variable is ’total net family income
in the past calendar year,” which is cardinally meaningful. We choose a
universal income standard z = 30,000, and assume each period is equally
important such that w=[w,]=[1 1 1].

Regarding the function ¢(-) for aggregating income across time, Ravallion
(1988) used arithmetic mean and Foster and Santos (2013) used the general
mean of order 8 with 8 < 1. For simplicity, we choose 8 = 1 where the general
mean is equal to the arithmetic mean so that u; = u(y;) = (Y, wiyu)/T @

Changing the value of  would certainly change the outcome but not the

23See [Bureau of Labor Statistics, U.S. Department of Labor| (2023a).

24The Federal Poverty Level (FPL) in the United States for a family of 4 is $30,000 for
2023. See https://www.federalregister.gov/documents/2023/01/19/2023-00885/annual-
update-of-the-hhs-poverty-guidelines.

251t could be also expressed by u; = u(y;) = Y., w,y; if wys sum up to 1.
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Counting Hybrid Permanent

Income
Approach Approach Approach

T=1
H 0.3229 0.2443 0.2321
My 0.2387 0.2120 0.2321
M, 0.1269 0.1168 0.1077
M, 0.0880 0.0817 0.0666
T=2
H 0.2314 0.2189 0.2321
My 0.2082 0.1998 0.2321
M, 0.1145 0.1211 0.1077
M, 0.0800 0.0787 0.0666
T=3
H 0.1618 0.1757 0.2321
My 0.1618 0.1711 0.2321
M, 0.0937 0.1007 0.1077
M, 0.0663 0.0723 0.0666

Table 3.1: Chronic Poverty Measures, NLSY79, Year 2016-2018-2020, Total
Net Family Income in Past Calendar Year, Equal Weights

method’s logic. Regarding the function weighing the number of periods and
the average income, we again choose a simple ratio y(l;,u;) = [;/u;.

Table shows the chronic poverty measures by different approaches
and with different values of duration cutoff. Obviously, the permanent
income approach is not affected by the change in 7, while the measures
by the counting and hybrid approaches are affected. The hybrid method
seems less sensitive to the change in 7 than the counting approach, which
makes sense since the hybrid method incorporates not only the number of
poor periods but also the average income across time.

Table |3.2| shows the overlap between the three poor groups identified
by the counting approach, permanent income approach, and the hybrid
approach based on different values of r. Most of the poor who would be
identified as chronically poor by either method are those who would be

identified as chronically poor by all methods. When 7 = 1, the chronically
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Counting Hybrid Permanent Headcount

Income of the
Approach Approach Approach Poor
T=1
v v v 984
v v X 52
v X v 0]
X v v 0
v X X 333
X v X 0
X X v 0]
T=2
v v v 926
v v X 2
v X v 0
X v v 0
v X X 53
X v X 0
X X v 58
T=3
v v v 686
v v X 0
v X v 0
X v v 59
v X X 0]
X v X 0
X X v 239

Note: The sample size is n = 4,240. The check marks (v) means being identified
as chronically poor by the corresponding method, while the X marks (x) means
being identified as non-poor by the corresponding method.

Table 3.2: Overlap of the Poor by Different Methods, NLSY79, Year 2016-
2018-2020, Total Net Family Income in Past Calendar Year, Equal Weights
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poor identified by the counting approach would naturally be more than that
when 7 has larger values. Similarly, the chronically poor identified by the
counting approach would naturally be less when 7 =3. Under these two
extreme criteria, we see more people identified as chronically poor either by
the counting or permanent income approaches, but not the hybrid approach.
In other words, when the duration cutoff t changes, the hybrid approach will
not deviate significantly from the other two methods by creating a group of
poor that are only poor by the hybrid approach. Instead, the hybrid method
stays between the counting and permanent income approach, relating to
Table [3.11

Note that the difference in headcount ratio of the counting approach
for 7=1 and 7 =3 is not as significant as that in Chapter |1/ when we have
poverty cutoff £ changing from union criterion to the intersection criterion.
One possible reason is that now we are dealing with one dimension, income,
which is more likely to have a similar value across time. In other words, a
poor family in one period may also be poor in other periods; however, when
we deal with multiple dimensions, such relationship across columns may
not exist, so a situation like a person having meager achievement in one
dimension but very high achievement in another dimension could be more
frequent, which leads to a more significant difference in the poor group

identified under extreme values of the poverty cutoff or duration cutoff.

3.6.2 Multidimensional Chronic Poverty Measurement

We use a data set drawn from the National Longitudinal Surveys of
Youth 1997 cohort (NLSY97) (Bureau of Labor Statistics, U.S. Department
of Labor, [2023b) to illustrate the feasibility of the hybrid approach for

multidimensional chronic poverty measurement. The multidimensional case
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is undoubtedly more complicated than the unidimensional case, starting
from the data. After merging and cleansing, we have 3,992 households
(n =3,992) and two dimensions (d =2), the highest grades completed and the
gross family income in the previous year, for the year 2015, 2017, and 2019
(T =3).

We choose dimensional cutoff as 12th grade completed and $30,000
dollars for the two dimensions, i.e., z=[12 30,000]. For simplicity, we
choose function ¢, and ¢r to be the general mean of order 8 with =1 such
that u; = u(y;) = (X2, v Z?le vij.)/(dT), and function y to be the simple
ratio such that r; = y(l;,u;) = l;/u;, where v = [v;] and w = [w,] are weights
for dimensions and periods, respectively. Also for simplicity, we assume
v=[l 1]Jandw=[1 1 1]. Again, we emphasize that the choice of functions
is flexible with reasonable justifications.

Aggregating achievements across would naturally require data normal-
ization to overcome the difference in units of measurement. Following
Chapter [I] we assume a natural zero as the lower reference point for both
the dimensions and the 75th percentile as the upper reference point since
we want to study the poor, not the extremely rich. After normalization,
all dimensional achievements are converted into normalized dimensional
achievements, which can be interpreted as the relative performance for each
person in each dimension. The dimensional cutoffs would be rescaled as
well.

Table [3.3| shows our preliminary results by counting and hybrid ap-
proaches for the multidimensional case of chronic poverty measurement.
Technically, There is no permanent income approach for multidimensional
chronic poverty measurement except the short discussion by us in Sec-

tion [3.4.2} so we only present the results using the counting and hybrid
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Counting Hybrid

Approach Approach

k=1,1=1

H 0.3622 0.2715
My 0.1736 0.1584
M, 0.0687 0.0620
M, 0.0440 0.0394
k=1 71=2

H 0.2665 0.2214
My 0.1576 0.1410
M, 0.0614 0.0559
M, 0.0388 0.0356
k=1,7t=3

H 0.2094 0.1283
My 0.1384 0.0961
M, 0.0525 0.0433
M, 0.0329 0.0295
k=2,1=1

H 0.0929 0.0842
My 0.0802 0.0744
M, 0.0315 0.0302
M, 0.0201 0.0195
k=2,1t=2

H 0.0679 0.0669
My 0.0636 0.0628
M, 0.0269 0.0268
M, 0.0180 0.0180
k=2,71=3

H 0.0423 0.0453
My 0.0423 0.0448
M, 0.0195 0.0208
M, 0.0138 0.0147

Table 3.3: Chronic Poverty Measures, NLSY97, Year 2015-2017-2019,
Cardinal Variables, Equal Weights for Dimensions and Periods
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approach. The results are categorized into combinations of different val-
ues of periodical poverty cutoff £ and duration cutoff 7. We have six such
combinations because we have only two dimensions and three periods.
Results show that both k and 7 significantly impact the measurement out-
come. Remember that the choice of functions for aggregating achievements
across dimensions and time, the function weighing the number of poor
periods and average resources, and the weights for dimensions and periods
could affect the measurement outcomes, too. There is no doubt that the
multidimensional chronic poverty measurement is a complicated matter to
handle. From Table [3.3] it seems that the measures by hybrid approach
are less sensitive to the change in cutoffs. In other words, the measure-
ment outcomes by the hybrid approach seem to fluctuate less when cutoffs
change. Moreover, the headcount ratio could be very different between the
counting and hybrid approaches in each situation of a combination of £ and
7. However, the difference in M, is much less, especially when « is larger,
suggesting the hybrid approach better focuses on the poor who have deeper
dimensional deprivations or longer duration of poverty.

People would be naturally interested in the overlap of the two groups of
multidimensional chronically poor by the counting and hybrid approaches.
Table [3.4] shows the overlap and difference in headcounts under six combi-
nations of values in k and t. For the majority of the combinations, most of
the people who would be identified as multidimensionally chronically poor
by either of the approaches are identified as multidimensionally chronically
poor by both approaches. Also, for most cases, the hybrid approach shows
a trimming effect, i.e., moving some of the poor out of the poor group,
compared to the counting approach, rather than the adding effect. The only

exception here is the case of k =2 and 7 =3, which could be regarded as a
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Counting Hybrid Headcount

Approach Approach of the Poor
k=1,7=1

v v 1084
v X 362
X v 0
k=1,17=2

v v 884
v X 180
X v 0
k=1,7t=3

v v 512
v X 324
X v 0
k=2, t=1

v v 336
v X 35
X v 0
k=2,t=2

v v 267
v X 4

X v 0
k=2,17=3

v v 169
v X 0
X v 12

Note: The sample size is n = 3,992. The check marks (v) means being identified
as chronically poor by the corresponding method, while the X marks (x) means
being identified as non-poor by the corresponding method.

Table 3.4: Overlap of the Poor by Different Methods, NLSY97, Year 2015-
2017-2019, Cardinal Variables, Equal Weights for Dimensions and Periods
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‘’double intersection’ criterion, where a person must be deprived in all dimen-
sions for every period to be identified as a multidimensionally chronically
poor. The hybrid approach showing an adding effect in such an extreme
case is as expected and easy to understand. Any person deprived in every
single dimension in all periods must have a lower 'mean income’ (resources)
level than the 'income standard,” which makes the hybrid approach identify
her as multidimensionally chronically poor, too. Thus, in this case, the
hybrid approach cannot trim anyone away from the poor group identified
by the counting approach. In other words, under the 'double-intersection’
criterion, the poor identified by the counting approach must also be poor
by the hybrid method. This phenomenon is, in fact, very similar to what
we discussed in Chapter [1] Besides those deprived in every dimension in
all periods, the hybrid approach may add someone who is not deprived in
all dimensions in all periods but has a substantially lower level of average
resources to the poor group, which is the adding effect. Theoretically, the
adding and trimming effect could happen in the middle between the two
extreme cases for values of k and 7, and the display of such trimming and
adding effect could largely depend on the choice of functions for aggregating
achievements across dimensions and time, as well as the function weighing

the number of poor periods and the average level of resources.

3.7 Concluding Remarks

This chapter begins by reviewing existing approaches to chronic poverty
measurement and subsequently introduces a hybrid method that combines
the counting approach with the permanent income approach. This hybrid
approach is applicable to both unidimensional and multidimensional cases.

The core concept behind the hybrid approach involves introducing a
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function that incorporates elements from both the counting approach and
the permanent income approach. Specifically, it integrates the number of
poor periods from the counting approach with the 'mean income’ derived
from the permanent income approach. This integration is deemed essential
as both concepts play a significant role in comprehending the dynamics of
chronic poverty.

In our application of the hybrid approach to real-world datasets, we
observe that the measures derived from this approach exhibit reduced sen-
sitivity to changes in cutoffs. Moreover, the hybrid approach demonstrates
a better focus on individuals experiencing more profound deprivations or
enduring longer durations of poverty.

However, it is important to acknowledge a couple of limitations of the
hybrid approach. Firstly, it relies on fully cardinal data to operationalize
the 'mean income’ concept effectively. In cases where data are available
only in ordinal forms, we recommend employing the counting approach, as
proposed by Alkire et al.| (2017). Secondly, the hybrid approach assumes
certain substitutability across dimensions or time. This assumption may
impact the accuracy of the measurements and should be considered when
interpreting the results. Looking ahead, we anticipate advancements in
data collection methods, leading to more meaningfully cardinal data in the
future. We hope that our proposed hybrid method serves as inspiration for

future research in this direction.
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Appendix A: Proof

A.1 Proof of Theorem 1

The modified AF method preserves the FGT class of measures in its
aggregation step. Therefore, any properties directly decided by the nature
of the FGT class of measures would be preserved after the modification.
Any change of the properties, if there were any, must enter through the
new mechanism during the identification step, where the modification
introduces the aggregate achievement. In other words, if any change in
properties exists after modification, it must be associated with a potential
change in identification outcomes. While verification is immediate for most
of the properties mentioned in the theorem and the loss of deprivation focus
is already explained in Section [1.3.3 we elaborate a little about the weak
rearrangement and weak transfer.

Like the standard AF identification, an association decreasing rearrange-
ment among the poor does not alter the set of the poor under the modified
identification. Suppose x is obtained from y by an association decreasing
rearrangement among the poor, and person i vector dominates person / in
y, then a switch could only lead to x; < y;, which would make person i even
more qualified as poor in x. In the meantime, person i/ could have x; > y;
after switch, but the highest x; possible is obtained when person i and
person / switch achievements in all dimensions. In that scenario, x; = y;.
However, remember that person i was identified as a poor person before
the switch with y;. Thus, the rearrangement could not lift person i/ out of
poverty. If the set of the poor does not change, then the rearrangement

does not change the collection of achievements among the poor either (just
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relocated into another row). Hence, the weak rearrangement holds for the
modified AF method.

The proof for the weak transfer is quite similar to /Alkire and Foster|(201 1a).
Suppose x is obtained from y by an averaging of achievements among the
poor. If there is no change in the set of the poor, then by construction
M(x) <M(y). If there are people lifted out of poverty by the averaging, then
M(x) < M(y) because of fewer poor people and the censoring rule. Either
way, the weak transfer holds for ¢ > 1 when normalized gap function u(-) is

COnvex.

A.2 Proof of Theorem 2

All properties are immediate to verify due to the simple mathematical
forms of GY, GP, and G. The expansion axioms are adopted in a 'weak’
term because of the ordinal case where an expansion might not impact the

number of disqualifications c;;.

A.3 Proof of Theorem 3

The properties mentioned in Theorem 3 are the basic ones. They are
directly decided by the nature of the FGT class of measures, except for weak
monotonicity and monotonicity, which are straightforward to verify. See

Foster| (2009) and (Alkire et al., 2017) for relevant comments.
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