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Abstract of Dissertation

N to Delta Transition Amplitudes from QCD Sum Rules

A calculation of the N to ∆ electromagnetic transition amplitudes using the method

of QCD sum rules is presented. First, the method is demonstrated using the com-

putation of the proton mass as an example. Next the magnetic moments of octet

baryons are re-examined in the external field method. Then the same methodology

is applied to the entire family of transitions from the baryon octet to decuplet. The

complete set of QCD sum rules derived for the process are analyzed in conjunction

with the corresponding mass sum rules using a Monte-Carlo-based analysis proce-

dure. The performance of each of the sum rules is examined using the criteria of

OPE convergence and ground-state dominance, along with the role of the transitions

in intermediate states. Individual contributions from the u, d and s quarks are iso-

lated and their implications in the underlying dynamics are explored. Valid sum rules

are identified and their predictions are obtained. The results are compared with ex-

periment and other calculations. Finally, a Mathematica package developed in the

project to carry out the construction and analysis is presented.
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Chapter 1

Introduction

1.1 Strong Interaction and QCD

Quantum chromodynamics (abbreviated as QCD) is the theory of the strong interac-

tion (color force), a fundamental force describing the interactions of the quarks and

gluons found in hadrons (such as the proton, neutron or pion) [1, 2]. It is generally

accepted as the underlying theory of the strong interaction. At high energy limit,

QCD is perturbative, described by asymptotic freedom. However, QCD is highly

non-perturbative at the energy scale of low-lying hadrons, described as confinement

and it is hard to solve.

In the hadronic QCD theory, it is assumed that the fundamental constituents of

hadrons are three-colored quarks,

uα, dα, sα, cα, bα, tα, α = 1, 2, 3 (1.1)

1



and gluons. Their interaction is described by the QCD Lagrangian,

L = −1

4
Ga

µνG
a
µν +

∑

q=u,d,...

q̄(i6D −mq)q, (1.2)

where mq is quark mass and q is quark field. Ga
µν is the gluon field strength tensor,

Ga
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAb

µA
c
ν . (1.3)

Numbers fabc (a, b, c = 1, ..., 8) are structure constants of the SU(3) colour group.

6Dα is the covariant derivative,

i6Dα = i∂α + gAa
αT

a, (1.4)

where g is gauge constant that determines the coupling between the quark fields and

gluon field Aa
α as well as the self-interactions of the gluon fields. T a stands for the

generator of the SU(3) color group in the fundamental representation.

The QCD vacuum is densely populated by violent, non-perturbative fluctuations

of quark and gluon fields. The strength of the fluctuations is characterized on aver-

age by the vacuum condensates (also known as vacuum expectation values of QCD

local operators); the most dominant ones are the quark condensates, gluon conden-

sates, and mixed condensates. A very important feature of QCD is that all hadronic

properties are determined by the very peculiar structure of the QCD vacuum. These

condensates allow people to predict quantitatively hadron properties not yet mea-

sured experimentally. Various methods based on the vacuum and hadronic structure

2



have been developed to explore the properties of hadrons. Among them the most

effective ones are the QCD sum rules and the lattice QCD computer simulations.

The focus of this thesis is on the QCD sum rules.

1.2 QCD Sum Rules and N to ∆ Transition Am-

plitudes

The QCD sum rules method [3] was introduced in 1979. It is a nonperturbative

analytic formalism firmly entrenched in QCD with minimal modeling. As such, it

continues to be a highly active field. The influence of the field is reflected in over

3000 references to the seminar paper of Shifman, Vainshtein and Zakharov (it’s cur-

rently no.10 on the all-time top cites according to spires) [4]. The approach has been

successfully applied to almost every aspect of strong-interaction physics. The success

of this approach in predicting hadron properties has historically given us a unique

perspective on hadron structure, compared to other conventional views, like the phe-

nomenologically successful constituent quark model. As an analytical method, it

reveals a direct link between hadron phenomenology and QCD vacuum structure via

the QCD vacuum condensate parameters. The strength of the vacuum fluctuations is

characterized on average by the vacuum condensates (which are vacuum expectation

values of QCD local operators); the most dominant ones are the quark condensates,

gluon condensates, and mixed condensates.

The determination of low-energy electromagnetic properties of baryons, such as

3



charge radii, magnetic and quadrupole moments, has long been a subject of interest

in nucleon structure studies. For example, the GE2/GM1 ratio of the transition am-

plitudes in the process γN → ∆ is a signature of the deviation of the nucleon from

spherical symmetry.

The first serious attempt to determine the GE2/GM1 ratio from quantum chro-

modynamics (QCD), the fundamental theory of the strong interaction, was the lat-

tice calculation of Leinweber et al. [5]. The calculation has been updated recently by

Alexandrou et al. [6, 7] with better technology and statistics. In this work, we present

a calculation of the transition amplitudes using the method of QCD sum rules [3].

The only previous attempt using this method on the N to ∆ transition that we know

of by Ioffe [8] over 25 years ago. It was a limited study conducted in the context of

the magnetic moments of the nucleon, and the results were inconclusive due to large

contamination from the excited-state contributions.

Our goal is to carry out a comprehensive study of the N to ∆ transition in

the QCD sum rule method with a number of features. First, we employ generalized

interpolating fields which allow us to use the optimal mixing of interpolating fields to

achieve the best match in the QCD sum rules. The interpolating field used previously

is a special case. Second, we derive the complete Dirac structure and construct

a new set of QCD sum rules. The previous study was quite limited in its Dirac

structure. Third, we study all transitions from the octet to the decuplet, not just

the proton channel. Fourth, we perform a Monte-Carlo uncertainty analysis which

has become the standard for evaluating errors in the QCD sum rule approach. The

advantage of such an analysis is explained later. Fifth, we use a different procedure to

4



extract the transition amplitudes and to treat the transition terms in the intermediate

states. Our results show that these transitions cannot be simply ignored. Sixth, we

isolate the individual quark contributions to the transition amplitudes and discuss

their implications in the underlying quark-gluon dynamics. A similar study has been

performed for the magnetic moments of octet baryons [9].

The work is organized as follows. In Chap. 2, the physics of N to ∆ transition

is reviewed. In Chap. 3, the QCD sum rule method is introduced using proton mass

as an example. Interpolating fields, master formula are calculated, followed by the

derivation of the phenomenological representation. In Chap. 4, the external field

method is applied. The magnetic moments are extracted from the linear response to

the field. In Chap. 5, the same external field method is used to develop a complete set

of QCD sum rules for the entire family of transitions from the octet to the decuplet.

The results are summarized and a comparison of our results with experiment and

other calculations is given. In Chap. 6, a Mathematica package developed to carry

out both construction and analysis is described. The calculation is presented to

compute the magnetic moments of octet baryons. The summary and conclusion are

given in Chap. 7.

5



Chapter 2

Physics of N to ∆ Transitions

2.1 Definition of the Form Factors

The concept of form factors plays an important role in the study of internal struc-

ture of composite particles. The non-trivial dependence of form factors on the mo-

mentum transfer (i.e., its deviation from the constant behavior) is a signal of the

non-elementary nature of the investigated particle.

In the literature, there are several different definitions of the form factors. For

completeness, we will relate our definitions to other definitions of the form factors

which have been used in the past. In theoretical papers, form factors are usually

decomposed in terms of what we may call perturbative covariants, in analogy with

the Dirac-Pauli decomposition of the nucleon form factor. While experimental papers

are more often concerned with the determination of the multipole amplitudes, defined

in terms of helicity amplitudes, or operationally from the cross-section formula.

6



The current matrix element for the γN → ∆ transition can be written as

< ∆(k′, s′)|jµ|N(k, s) >= ūρ(k′, s′)Γρµu(k, s), (2.1)

where k, s and k′, s′ denote initial and final momenta and spins, jµ the electromagnetic

current, u the spin-1/2 nucleon spinor, and uρ the Rarita-Schwinger spinor for the

spin-3/2 ∆. This matrix element is the most general form required for describing on-

shell nucleon and ∆ states with both real and virtual photons. There exist different

definitions in the literature for the form factors describing the vertex function Γρµ.

One is in terms of G1, G2, and G3 by Jones and Scadron [10]:

Γρµ = G1(q
2)H1

ρµ +G2(q
2)H2

ρµ +G3(q
2)H3

ρµ, (2.2)

where the covariant structures are

H1
ρµ = qργµ − q · γgρµ;

H2
ρµ = qρPµ − q · Pgρµ;

H3
ρµ = qρqµ − q2gρµ.

(2.3)

Here P = (k′ +k)/2, and q = k′−k is the four-momentum transfer. For real photons

(q2 = 0), only G1(0) and G2(0) play a role. Note that the form factors defined this

way are dimensional: G1 in GeV−1, G2 in GeV−2, and G3 in GeV−3.

This set of form factors is analogous to the Dirac-Pauli decomposition of the

nucleon form factors F1 and F2, is useful as a standard reference, but has the disad-

7



vantage of not diagonalizing the cross-section formula. For this purpose it is useful

to have a covariant multiple decomposition analogous to the Sachs choice of nucleon

form factors which is Jones and Scadron form factors.

This definition is commonly used in lattice QCD calculations [5, 6]

< ∆(k′, s′)|jµ|N(k, s) >= i
√

2
3

(

m∆mN

E∆EN

)1/2
ūρ(k

′, s′)Γρµu(k, s), (2.4)

where

Γρµ = GM1(q
2)Kρµ

M1 +GE2(q
2)Kρµ

E2 +GC2(q
2)Kρµ

C2, (2.5)

in terms of the magnetic dipoleGM1, electric quadrupoleGE2, and Coulomb quadrupole

GC2 form factors. They are analogous to the Sachs form factors GE and GM for the

nucleon. The invariant functions involve the masses of the particles explicitly,

Kρµ
M1 = − 3

(m∆+mN )2+q2
(m∆+mN )

2mN
ερµαβPαqβ;

Kρµ
E2 = −Kρµ

M1 − 6Ω−1(q2)ερλαβPαqβε
µλγδ(2Pγ + qγ)

×qδiγ5
(m∆+mN )

2mN
;

Kρµ
C2 = −6Ω−1(q2)qρ(q2P µ − q · Pqµ)iγ5

(m∆+mN )
2mN

,

(2.6)

where Ω(q2) = [(m∆ +mN )2 − q2][(m∆ −mN )2 − q2].

We stress that the two sets of form factors are equivalent in describing the physics
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of N to ∆ transitions. They are related by

GM1(Q
2) = mN

3(mN +m∆)
[((3m∆ +mN)(m∆ +mN) +Q2)G1(Q2)

m∆

+(m2
∆ −m2

N )G2(Q
2) − 2Q2G3(Q

2)];

GE2(Q
2) = mN

3(mN +m∆)
[(m2

∆ −m2
N −Q2)G1(Q2)

m∆
+ (m2

∆ −m2
N )G2(Q

2) − 2Q2G3(Q
2)];

GC2(Q
2) = 2mN

3(m∆+mN )
[2m∆G1(Q

2) + 1
2
(3m2

∆ +m2
N +Q2)G2(Q

2)

+(m2
∆ −m2

N −Q2)G3(Q
2)].

(2.7)

Here we have switched to the notation of Q2 = −q2 since most experimental studies

of form factors are for space-like momentum transfers (q2 < 0 or Q2 > 0). The inverse

form, omitting the explicit Q2 dependence in the G’s, is given as:

G1 = −3(GE2 −GM1)[m∆(m∆ +mN)]/[2mN((m∆ +mN)2 +Q2)];

G2 = −3(m∆ +mN )[(−2GC2Q
2 +GM1(m

2
∆ − 2m∆mN +m2

N +Q2)

+GE2(−3m2
∆ + 2m∆mN +m2

N +Q2))]/[2mN ((m2
∆ −m2

N −Q2)2 + 4m2
NQ

2)];

G3 = −3(m∆ +mN )[(−2GC2(m
2
∆ −m2

N) +GM1(m
2
∆ − 2m∆mN +m2

N +Q2)

+GE2(5m
2
∆ + 2m∆mN +m2

N +Q2))]/[4mN((m2
∆ −m2

N −Q2)2 + 4m2
NQ

2)].

(2.8)

From these relations, we see that GM1 is on the same order as G1, GE2 is proportional

to G1/m∆ + G2 at Q2 = 0. Because of cancellation between G1 and G2, the GE2 is

small and then make it quite difficult to measure accurately.

The Particle Data Group (PDG) [11] uses the transition amplitudes fM1 and fE2
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which are re-scaled versions of the Sachs form factors [12]

fM1 = e
2mN

(

|~q|m∆

mN

)1/2
GM1,

fE2 = − e
2mN

(

|~q|m∆

mN

)1/2 2|~q|m∆

m2
∆−m2

N
GE2,

(2.9)

where e =
√

4πα. In the rest frame of the ∆ at q2 = 0, energy-momentum conserva-

tion sets 2|~q|m∆ = m2
∆ −m2

N so the relations simplify to

fM1 = e
2mN

(
m2

∆−m2
N

2mN
)1/2GM1;

fE2 = − e
2mN

(
m2

∆−m2
N

2mN
)1/2GE2.

(2.10)

They are related to the well-known helicity amplitudes by

fM1 = −1
2
√

3
(3A3/2 +

√
3A1/2);

fE2 = 1
2
√

3
(A3/2 −

√
3A1/2).

(2.11)

A commonly quoted quantity is the ratio

REM =
fE2

fM1
= −GE2

GM1
. (2.12)

Partial photonuclear decay widths may also be related to the Sachs form factors

assuming continuum dispersion relations,

ΓM1 = α
16

(m2
∆−m2

N )3

m3
∆

m2
N

G2
M1,

ΓE2 = 3α
16

(m2
∆−m2

N )3

m3
∆

m2
N

G2
E2.

(2.13)
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2.2 Experimental Information

Throughout this work, we use the generic term N to ∆ transition to refer to the eight

transitions from the baryon octet to the decuplet:

γp → ∆+,

γn → ∆0,

γΣ+ → Σ∗+,

γΣ0 → Σ∗0,

γΣ− → Σ∗−,

γΞ0 → Ξ∗0,

γΞ− → Ξ∗−,

γΛ → Σ∗0.

(2.14)

Experimentally, pion photo- or electro-production has been used to access the transi-

tion amplitudes GM and GE. The only transition measured so far is γp → ∆+. The

Laser Electron Gamma Source (LEGS) at Brookhaven has made measurement of pro-

ton cross sections and photon asymmetries. Experiments on pion electroproduction

were performed at the Mainz Microtron (MAMI) in the ∆ resonance region and low

momentum transfer. A program using the CEBAF Large Acceptance Spectrometer

(CLAS) at Jefferson Lab has been inaugurated to improve the systematic and statis-

tical precision by covering a wide kinematic range of four-momentum transfer Q2. At

the MIT-Bates linear accelerator, an extensive program has also been carried out.

Table 2.1 lists some of the main experimental data and analysis results at low mo-
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Table 2.1: A summary of experimental results for the GE2/GM1 ratio REM in the γp → ∆+

transition.
Experiment Q2 GM1 GE2 REM

(GeV2) (µN) (µN) (%)
MAMI [13] 0.06 2.51 0.057(14) -2.28(62)
MAMI [14] 0.38 3.01(1) 0.096(9) -3.2(0.25)
LEGS [15] 0 -2.5
JLab [16] 0.4 1.16 0.040(10) -3.4(4)(4)
Bates [17] 0.126 2.2 0.050(9) -2.0(2)(2)
PDG [11] 0 3.02 0.050 -2.5(0.5)

mentum transfer. It is clear from the results on GE2/GM1 ratio REM that the quadru-

ple component in the N to ∆ transition is quite small, signaling a slight deformation

of the nucleon. The minus sign implies that its shape is oblate rather than prolate.

The bulk of the transition is dominated by the magnetic dipole component, which

results from a spin-flip in one of the quarks. The PDG results corresponding to GM1

and GE2 in other notations are G1 = 2.70 GeV−1, G2 = −1.65 GeV−2; A1/2 = −0.135

GeV−1/2, A3/2 = −0.250 GeV−1/2; fM1 = 0.284 GeV−1/2, fE2 = −0.0047 GeV−1/2;

The extraction of the small GE2 amplitude is very sensitive to the details of the

models and the specific database used in the fit. Three commonly used are the dy-

namical model of Sato and Lee (SL model) [18], the unitary isobar model MAID [19],

and the partial-wave analysis model SAID [20]. The SL model uses an effective Hamil-

tonian consisting of bare vertex interactions and energy-independent meson-exchange

N → ∆ transition operators which are derived by applying a unitary transformation

to a model Lagrangian describing interactions among γ,Π, ρ, ω,N and ∆ fields. With

appropriate phenomenological form factors and coupling constants for ρ and ∆, the

model gives a good description of πN scattering phase shifts up to the ∆ excitation
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energy region. The MAID and SAID models are partial-wave-based models for pion

photo and electroproduction. They start from the Lagrangian for the nonresonant

terms, including explicit nucleon and light meson degrees of freedom coupled to the

electromagnetic field. The resonance contributions are included by taking into ac-

count unitarity to provide the correct phases of the pion photoproduction multipoles.

This model provides a good description for individual multipoles as well as differential

cross sections and polarization observables.
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Chapter 3

The QCD Sum Rules Method

To explain how the QCD sum rules method works, we take the problem of determining

the mass of proton as an example. The reason we treat this case is twofold. First, the

mass sum rule is the easiest example of baryon QCD sum rules and so our treatment

will be partly pedagogical in that we may work out this case in detail. Second, we

will need these sum rules for the analysis of the magnetic moments of the 1
2

+
baryon

octet and N to ∆ transitions.

QCD sum rule calculations center around the time-ordered two-point correlation

function in the QCD vacuum,

Π(p) = i
∫

d4x eip·x〈0 | T{ η(x) η̄(0) } | 0〉. (3.1)

This two-point correlation function describes the process that a baryon propagates

from 0 to x in the QCD vacuum. Here η is the interpolating field (or hadron current)

with the quantum numbers of the hadron under consideration.
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The QCD sum rule approach is to evaluate this correlation function at two differ-

ent levels. On the quark level, it describes a hadron as quarks and gluons interacting

in the QCD vacuum. On the phenomenological level, it is saturated by a tower of

hadronic intermediate states with the same quantum numbers. This way, a connec-

tion can be established between a description in terms of hadronic degrees of freedom

and one based on the underlying quark and gluon degrees of freedom governed by

QCD.

In fact, both Lattice QCD and QCD sum rule method have the primary goal

of solving the two-point correlation function through QCD vacuum properties and

hadron phenomenology, described as duality.

3.1 Baryon Interpolating Fields (Baryon Currents)

To begin the analysis we need an interpolating field (also known as baryon current)

η to describe the baryon. The expression of η is not unique under the constraint of

consistent quantum numbers. It is build from products of quark field operators. For

proton, we use a linear combination of two independent local interpolating field

ηN
1/2(x) = −2

[

ηN
1 (x) + β ηN

2 (x)
]

, (3.2)

where

ηN
1 (x) = ǫabc

(

uaT (x)Cγ5d
b(x)

)

uc(x), (3.3)

15



and

ηN
2 (x) = ǫabc

(

uaT (x)Cdb(x)
)

γ5u
c(x). (3.4)

Here u and d are up-quark and down-quark field operators, C is the charge conjugation

operator, the superscript T means transpose, and ǫabc makes it color-singlet. The real

parameter β allows for the mixture of the two independent currents. The choice

advocated by Ioffe [21] and often used in QCD sum rules studies corresponds to

β = −1. We will take advantage of this freedom to achieve optimal matching in the

sum rule analysis.

3.2 Operator Product Expansion (OPE)

The two-point correlation function (3.1) is described as the QCD vacuum expectation

value of the time ordered product of baryon currents. Wick’s theorem suggests that

the correlation function may be expressed in the form of quark propagators, which

may be further expanded into a series of QCD vacuum condensates, described as

operator product expansion (OPE) [8, 22, 23]. Substituting the proton baryon cur-

rents into the two-point correlation function will generate contractions of those quark

field operators. Therefore, a baryon’s two-point correlation function is reduced to a

master formula in the form of product of three quark propagators. The result for this

spin-1/2 nucleon with uud quark content is:

〈Ω | T{ηN
1/2

(x) η̄N
1/2

(0) |Ω〉 = −4ǫabcǫa
′b′c′{

+Saa′

u γ5CS
cc′

d

T
Cγ5S

bb′

u + Saa′

u Tr(CScc′

d

T
Cγ5S

bb′

u γ5)
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+βγ5S
aa′

u γ5CS
cc′

d

T
CSbb′

u + βγ5S
aa′

u Tr(CScc′

u

T
CSbb′

d γ5)

+βSaa′

u CScc′

d

T
Cγ5S

bb′

u γ5 + βSaa′

u γ5Tr(CScc′

u

T
Cγ5S

bb′

d )

+β2γ5S
aa′

u CScc′

d

T
CSbb′

u γ5 + β2γ5S
aa′

u γ5Tr(CScc′

d

T
CSbb′

u ) }. (3.5)

The fully-interacting quark propagator S(x) can be derived from Wick’s theorem for

the time-ordered product of two fermion fields under the assumption of vacuum sat-

uration of the intermediate states of composite operators. The result, which includes

operators up to dimension 8 and terms linear in the quark mass, is explicitly given

by [8, 22, 23]

Sab
q (x, 0) ≡ 〈Ω | T

{

qa(x)qb(0)
}

| Ω〉 =

i

2π2x4
γ · x δab − mq

22π2x2
δab − 1

22 3
〈qq〉δab +

i

24 3
mq〈qq〉 γ · x δab

+
x2

26 3
〈qgcσ ·Gq〉δab − ix2

27 32
mq〈qgcσ ·Gq〉 γ · x δab

− x4

210 33
〈qq〉〈g2

cG
2〉δab +

i

25π2x2
(gcG

n
αβ)(γ · xσαβ + σαβ γ · x)λ

n
ab

2

+
1

25π2
mq

[

ln

(

−x2Λ2

4

)

+ 2γEM

]

(gcG
n
αβ)σαβ λ

n
ab

2

+
i

28 3
mq〈qgcσ ·Gq〉(γ · xσαβ + σαβ γ · x)

λn
ab

2

− 1

26 3
〈qgcσ ·Gq〉σαβ

λn
ab

2
+

x2

210 32
〈g2

cG
2〉〈qq〉σαβ

λn
ab

2
+ higher order terms.

(3.6)

In this expression, the various vacuum expectation values 〈O〉 are called QCD vacuum

condensates and mq is the quark mass. Their values will be specified later. The next

step is to substitute the quark propagator into the master formula and expand to the
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desired order. In the end, one obtains the correlation function in the form

〈0|Tη(x)η̄(0)|0〉 =
∑

i

Ci(x)〈Oi〉, (3.7)

where Ci(x) are the Wilson coefficients in coordinate space and 〈Oi〉 are the QCD

vacuum condensates. The calculation is very tedious. Each term is a product of

three copies of the quark propagator S(x)S(x)S(x) with the associated gamma-matrix

multiplication and trace operations. There are hundreds of such terms to evaluate,

counting all possible color permutations.

( C00 )

( Cmixqq2 )

( Cmix1 )

( Cqqgg3 )

( Cmix2 ) ( Cqqqq) ( Cqqgg2 )

( Cmixqq1 )

( Cqq ) ( Cgg )

( Cqqgg1 )

Figure 3.1: Skeleton diagrams considered in the calculation of the QCD side for a baryon

We organize the Wilson coefficients by a graphic representation (similar to Feyn-

mann diagrams) shown in Fig. 3.1 and Fig. 3.2. Each diagram represents a class of

terms in the expansion and is named intuitively. For example, C00 represents the

pure perturbative contribution where 3 massless quarks propagate freely, Cqq the

nonperturbative contribution where one of the quarks picks up the quark conden-
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( Cggm )( C00m ) ( Cqqm2 )

( Cmixm3 ) ( Cmixm4 )

( Cqqqqm2 )

( Cmixm2 )

( Cqqqqm1 )( Cmixm5 )

( Cqqm1 )

( Cmixm1 )

Figure 3.2: Skeleton diagrams linear in the quark mass, denoted by the cross symbol

sate, Cgg the gluon condensate contribution where the dangling gluon lines are to be

contracted, Cmix the mixed condensate contribution, and so on.

We can see that each term except the first two terms is associated with some

QCD vacuum condensates, the vacuum expectation values of the operator. mq is the

quark mass correction. For our computation, we only take account of strange quark

mass and ms = 0.15GeV. u quark and d quark masses are taken to be zero.

The minimum independent set of condensate values includes quark condensate

〈q̄q〉, gluon condensate 〈αs

π
Ga

µνG
aµν〉, and mixed condensate 〈q̄gcσ · Gq〉 = −m2

0〈q̄q〉.

Other condensates may be expressed as a product of the condensates.

We developed a Mathematica package to handle the tedious algebraic computa-

tions which will be explained later in Chap. 6. Here we will show how to calculate

three diagrams in proton calculation by hand as an example. We take the first term

in master formula Eq. (3.5) as a start.

First, we explicitly calculate the contribution of the identity operator. This is

19



represented diagrammatically by C00 in Fig. 3.1. The solid lines denote the ordinary

coordinate space propagator for a massless quark. This correlator, which is the first

term in the quark propagator in Eq.(3.6), can be written as:

Saa′
u (x) = δaa′ i

2π2x4
x̂. (3.8)

x̂ is the contraction of xµ and γµ, that is

x̂ = xµγµ. (3.9)

Then we calculate the correlation function Π in Eq. (3.1) using the master formula

in Eq. (3.5):

Π(x) = −4εabcεa′b′c′{[δaa′ i

2π2x4
x̂γ5C[δcc′ i

2π2x4
x̂]TCγ5(δ

bb′ i

2π2x4
x̂)]

+[δaa′ i

2π2x4
x̂ [C(δcc′ i

2π2x4
x̂)TCγ5(δ

bb′ i

2π2x4
x̂)γ5]]} (3.10)

Using gamma matrix identities, we have:

Π(x) = −4 · 6 · ( i

2π2x4
)3{x̂γ5Cx̂

TCγ5x̂+ x̂ [Cx̂TCγ5x̂γ5]}

=
3i

π6x12
{x̂γ5x̂γ5x̂+ x̂ [x̂γ5x̂γ5]}

=
3i

π6x12
(−x2x̂+ x̂ [−x2])

=
−15i

π6x10
x̂ (3.11)
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The procedure just outlined is how we will calculate the Wilson coefficients of the

various operators in an Operator Product Expansion (OPE) for the correction func-

tion Π(p). We present two more examples calculated by hand. Next, we calculate the

Wilson coefficient of the quark condensate 〈q̄q〉 in the diagrams Cqq. In this diagram,

there are two solid lines and one quark line. The correlator for Cqq comes from the

3rd term in the quark propagator in Eq.(3.6). Then, the correlators for these three

quarks are:

Saa′
u (x) = −δaa′ 1

12
〈ūu〉

Sbb′
u (x) = δbb′ i

2π2x4
x̂

Scc′
d (x) = δcc′ i

2π2x4
x̂. (3.12)

We need to consider all possible permutations of where the quark line is. The con-

tribution to the correlation function Π from the first situation, denoted as Π(x)A

is:

Π(x)A = −4εabcεa′b′c′[Saa′
u γ5CS

cc′T
d Cγ5S

bb′
u + Saa′

u Tr(cScc′T
d Cγ5S

bb′
u γ5)]

= −4 · 6[− 1

12
〈ūu〉γ5C(

i

2π2x4
x̂)TCγ5(

i

2π2x4
x̂)

− 1

12
〈ūu〉Tr(C(

i

2π2x4
x̂)TCγ5(

i

2π2x4
x̂)γ5)]

=
24

12
· ( i

2π2x4
)2〈ūu〉[γ5Cx̂

TCγ5x̂+ Tr(cx̂TCγ5x̂γ5)]

=
〈ūu〉
2π4x8

[−x2 + Tr(−x2)]

=
5〈ūu〉
2π4x6

(3.13)
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Now, we consider another permutation

Saa′
u = δaa′ i

2π2x4
x̂

Sbb′
u = −δbb′ 1

12
〈ūu〉

Scc′
d = δcc′ i

2π2x4
x̂ (3.14)

We have:

Π(x)B = −4 · 6 · (−1

12
)(

i

2π2x4
)2[x̂γ5Cx̂

TCγ5〈ūu〉 + x̂ (cx̂TCγ5〈ūu〉γ5)]

=
−〈ūu〉
2π4x8

[−x̂2 + x̂ (+x̂)]

=
〈ūu〉
2π4x6

(3.15)

Similarly, the third diagram is:

Saa′
u = δaa′ i

2π2x4
x̂

Sbb′
u = δbb′ i

2π2x4
x̂

Scc′
d = +δcc′(− 1

12
)〈d̄d〉 (3.16)

Π(x)C = −4 · 6 · (− 1

12
) · ( i

2π2x4
)2 · 〈d̄d〉[x̂γ5C · 1T · Cγ5x̂+ x̂ (C · 1T · Cγ5 · x̂ · γ5)]

=
−〈d̄d〉
2π4x8

[−x2 + x̂ x̂]

(3.17)
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The final answer for the correlation function is:

Π(x) = Π(x)A + Π(x)B + Π(x)C =
6 < µ̄µ > +〈d̄d〉

2π4x6
. (3.18)

Now, let us calculate the third example of the Wilson coefficient of the gluon

condensate 〈Gn
µνG

nµν〉 (diagram Cgg). The down quark is the lowest line and the

first up quark in the trace is the top line and the second up quark in the trace. They

are represented by term 8th and 10th in the quark propagator.

Saa′
u = δaa′ i

2π2x4
x̂

Sbb′
u = (

λn

2
)bb′(x̂σαβ + σαβ x̂)

i

32π2x2

Scc′
d = (

λn

2
)cc′ 1

3 · 24
< g2

sG
2 > (x̂σρσ + σρσx̂)

i

32π2x2
(3.19)

Π(x)A = −4εabcεa′b′c′[Saa′
u γ5CS

cc′T
d Cγ5S

bb′
u + Saa′

u Tr(cScc′T
d Cγ5S

bb′
u γ5)]

= −4εabcεa′b′c′ · δaa′ i

2π2x4
· (λ

n

2
)bb′(

i

32π2x2
)2 · (λ

n

2
)cc′ 1

3 · 24
· < g2

sG
2 > ·

(x̂γ5C(x̂σρσ + σρσx̂)
TCγ5(x̂σ

αβ + σαβ x̂)

+x̂ [C(x̂σρσ + σρσx̂)
TCγ5(x̂σ

αβ + σαβ x̂)γ5]) (3.20)

Using identities:

εabcεa′b′c′δaa′(
λn

2
)bb′(

λn

2
)cc′ = −4

C(x̂σαβ + σαβx̂)TC = −(x̂σαβ + σαβx̂)
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x̂σρσ + σρσx̂ = −2εµν
ρσxµγνγ5

x̂σαβ + σαβ x̂ = −2εαβµνxµγνγ5 (3.21)

Π(x)A = (−4)(−4) · (−i < g2
sG

2 >)

3 · 215 · π6x8
(−x̂γ5(x̂σρσ + σρσx̂)γ5(x̂σ

αβ + σαβx̂)

+x̂ [−(x̂σρσ + σρσx̂)γ5(x̂σ
αβ + σαβx̂)γ5])

=
+i < g2

sG
2 >

3 · 211π6x8
[x̂γ52ε

µν
ρσxµγνγ5γ52ε

αβµνxµγνγ5

+x̂ (2εµν
ρσxµγνγ5γ52ε

αβµνxµγνγ5γ5)] (3.22)

We have εµν
ρσε

αβµν = −ερσ
µνε

µναβ = 2(gαρgβρ − gασgρβ).

Π(x)A =
i < g2

sG
2 >

3 · 210π6x8
(gαρgβρ − gασgρβ)[4x̂γ5xµγνxµγνγ5 + x̂ (4xµγνxµγνγ5γ5)]

=
i < g2

sG
2 >

3 · 28π6x8
(gαρgβρ − gασgρβ)[x̂x2 + x̂ (x2)]

=
5i < g2

sG
2 >

28π6x6
x̂ (3.23)

Similarly, consider all the possible permutations of attaching the gluon lines to the

quark lines. We have already done the case where one gluon is attached to the down

quark and the other to one of the up quarks and the factor of two we included took

care of both possibilities. One should also do the case where the two gluons are

attached to the two up quarks.This contribution is actually zero when one does the

computation. One should also consider the case when one quark line emits two gluons.

Thus we have actually got the complete Wilson coefficient for the gluon condensate
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operator.

Saa′
u = (

λn

2
)aa′(x̂σαβ + σαβx̂)

i

32π2x2

Sbb′
u = δbb′ i

2π2x4
x̂

Scc′
d = (

λn

2
)cc′ 1

3 · 24
< g2

sG
2 > (x̂σρσ + σρσx̂)

i

32π2x2
(3.24)

Π(x)B = −4εabcεa′b′c′[Saa′
u γ5CS

cc′T
d Cγ5S

bb′
u + Saa′

u Tr(cScc′T
d Cγ5S

bb′
u γ5)]

= (−4)(−4) · −i < g2
sG

2 >

3 · 215π6x8
(−(x̂σαβ + σαβ x̂)γ5(x̂σρσ + σρσx̂)γ5x̂

+(x̂σαβ + σαβ x̂)Tr(−(x̂σρσ + σρσx̂)γ5x̂γ5))

=
i < g2

sG
2 >

3 · 28π6x8
(gαρgρσ − gασgρβ)[xµγνγ5γ5xµγνγ5γ5x̂+ xµγνγ5Tr(xµγνγ5γ5x̂γ5)]

=
i < g2

sG
2 >

3 · 28π6x8
[−x2x̂+ xµγνγ5Tr(x

2γνγµγ5)]

=
−i < g2

sG
2 >

3 · 28π6x8
· x̂ (3.25)

Consider another permutation, we get:

Saa′
u = (

λn

2
)aa′(x̂σαβ + σαβ x̂)

i

32π2x2

Sbb′
u = (

λn

2
)bb′ 1

3 · 24
< g2

sG
2 > (x̂σρσ + σρσx̂)

i

32π2x2

Scc′
d = δcc′ i

2π2x4
x̂ (3.26)

Π(x)C =
i < g2

sG
2 >

3 · 28π6x8
(gαρgβσ − gασgρβ)[xµγνγ5γ5 · x̂γ5xµγνγ5

+xµγνγ5Tr(x̂γ5xµγνγ5γ5)]
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=
i < g2

sG
2 >

3 · 28π6x8
[x2γν x̂γ5γνγ5 + xµγνγ5Tr(x̂γ5xµγν)]

=
i < g2

sG
2 >

3 · 28π6x6
x̂. (3.27)

Add them up, we have:

Π(x) =
5i < g2

sG
2 >

28π6x6
x̂. (3.28)

As one can see, while we evaluated these diagrams by hand, it becomes necessary

in later calculation to use symbolic manipulators owing to the complexities of the

allowed diagrams. We subsequently came back to check the mass sum rule diagrams

using Mathematica code. The use of such symbolic manipulators greatly eases the

computation. The QCD calculation is traditionally referred to as the LHS of a QCD

sum rule.

3.3 Phenomenological Representation (RHS)

In this section, we want to evaluate the same correlation function in Eq. (3.1) at the

phenomenological level. Conventionally, it is defined as the right hand side (RHS)

of a QCD sum rule. This is done by inserting a complete set of eigenstates with

the quantum numbers of the correlation function (3.1). The complete set has the

following form

1 =
∫

d4p

(2π)4

∑

B,σ

−i
p2 −M2

N

|pBσ >< pBσ|, (3.29)

where q is the momentum of the baryon; B denotes the summation over all baryons

(nucleon resonances) having the same quantum numbers as the proton; σ represents
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the spin sum. The rest is for normalization. This leads to a set of terms in the form

of 〈0|η|qσ〉, which represent the transition of a baryon of momentum q and spin σ to

the QCD vacuum.

Use translation invariance on < 0|η|pBσ >. The ability to do so is described by

a phenomenological parameter λB (called current coupling or pole residue), defined

by the overlap with the ground state

< 0|η|pBσ >= λBu(p, σ), (3.30)

where u is a Dirac spinor.

Considering q2 = MN
2 for real particles, and the famous spin sum becomes:

∑

σ

u(p, σ)ū(p, σ) = p̂+MN . (3.31)

Now, we have

Π(p) =
∑

Bσ

< Ω|η|pBσ >< pBσ|η̄|Ω >

p2 −M2
N

=
∑

Bσ

λ2
Nu(p, σ)ū(p, σ)

p2 −M2
N

=
∑

B

λ2
N (p̂±MN )

p2 −M2
N

(3.32)

where +/− corresponds to positive/negative parity baryons. The sum is over the

entire spectrum with both parities.

As one can see, there are two distinct Dirac structures p̂ and the identity 1 in
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this correlation function from which two independent sum rules can be constructed.

3.4 Fourier Transform

Remember we have a Fourier transform in the definition of 2-point correlation func-

tion.

Let D be the dimensionality of space-time. Define the quantity ǫ ≡ 4−D
2

. Then

the following identity holds:

∫

dDxeipx 1

[x2]β
= −iΓ(2 + ǫ− β)

Γ(β)
(4π)2+ǫ 1

4β

1

[p2]2+ǫ−β
; (3.33)

with inverse

∫

dDp

(2π)D
e−ipx 1

[p2]β
= +i

Γ(2 + ǫ− β)

Γ(β)
(π)−(2+ǫ) 1

4β

1

[x2]2+ǫ−β
. (3.34)

This first equation is the basic formula; all else in this section will be derived from it.

We define the following bracket symbol

[f ]β ≡
∫

dDxeipxf(x)
1

[x2]β
. (3.35)

So, for instance,

[1]β ≡
∫

dDxeipxf(x)
1

[x2]β
= −iΓ(2 + ǫ− β)

Γ(β)
(4π)2+ǫ 1

4β

1

[p2]2+ǫ−β
, (3.36)
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which is our basic formula. Terms where f(x) = xµ1 · · · xµn are obtained by differen-

tiating with (−i)n(∂µ1 · · · ∂µn), where ∂µ ≡ ∂
∂pµ , viz.

[xµ1 · · · xµn ]β = (−i)n(∂µ1 · · · ∂µn)[1]β. (3.37)

Terms involving ln x2 can be obtained by differentiating

∂

∂β
(x2)−β = − ln x2(x2)−β (3.38)

[ln x2]β = − ∂

∂β
[1]β (3.39)

[xµ1 · · · xµn ln x2]β = − ∂

∂β
(−i)n(∂µ1 · · · ∂µn)[1]β. (3.40)

As mentioned above, we are only interested in terms which survive in transforming.

These are terms having inverse powers of p2 or terms in ln p2, that is, non-polynomial

terms. Let’s dispose of the simple cases first emanating [1]β. For β = 1, Eq.(3.36)

reduces to:

[1]1 = −i4π
2

p2
, (3.41)

for β ≥ 2, Eq.(3.36) will have divergences coming from the poles of the gamma. But

as mentioned above we need only consider the ln p2 part.

[1]β = −i(4π)2(p2)β−2Γ(2 + ǫ− β)

Γ(β)4β
(
4π

p2
)ǫ, (3.42)
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when β ≥ α we have the following:

Γ(α + ǫ− β)

Γ(ǫ)
= (−1)β−α 1

(β − α)!
[1 + O(ǫ)]. (3.43)

Expanding to order ǫ we have:

[1]β = −i(4π)2(p2)β−2 1

Γ(β)4β
(
1

ε
γEM)(1+ ǫ ln(

4π

p2
))(−1)β−2 1

(β − 2)!
(1+O(ǫ)). (3.44)

where γEM is Euler constant.

Considering only the ln p2 part we have:

[1]β = +iπ2(−1)β 1

(β − 1)!(β − 2)!
(
p2

4
)β−2 ln p2 + z.b.t., (3.45)

where z.b.t. means “zero on Borel transforming”. The Borel transform will be ex-

plained in the next section. We can now simply obtain the transforms [xµ]β and

[xµxν ].

[xµ]1 = 8π2pµ

p4
(3.46)

[xµ]2 = 2π2pµ

p2
(3.47)

[xµ]β = π2(−1)β 1

(β − 1)!(β − 3)!

1

2
pµ(

p2

4
)β−3 ln p2 (3.48)

[xµxν ]1 = −8iπ2[
gµν

p4
− 4

pµpv

p6
] (3.49)

[xµxν ]2 = −2iπ2[
gµν

p2
− 2

pµpv

p4
] (3.50)
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[xµxν ]3 =
1

4
iπ2[gµν ln p2 + 2

pµpv

p2
] (3.51)

[xµxν ]β = −iπ2(−1)β 1

(β − 1)!(β − 3)!

1

2

1

4β−3
[gµν(p

2)β−3 + (β − 3)pµpv(p
2)β−4] ln p2

(3.52)

Now we turn to the logarithmic transforms. Examining (3.36) and (3.39) we need the

derivative:

− ∂

∂β
{(p

2

4
)β Γ(α + ǫ+ β)

Γ(β)
} = {Γ(α + ǫ+ β)

Γ(β)
}[− ln

p2

4
+ ψ(α + ǫ− β) + ψ(β)] (3.53)

where ψ(x) = d
dx

ln Γ(x). Then

[ln x2]β = −i(4π)2+ǫ Γ(2 + ǫ− β)

Γ(β)4β
(p2)β−(2+ǫ)[− ln

p2

4
+ ψ(2 + ǫ− β)] + ψ(β)] (3.54)

For β = 1 we have

[ln x2]1 = 4iπ2 1

p2
[ln

p2

4
+ 2γEM] (3.55)

where we have used ψ(1) = −γEM and γEM = 0.5777... is the Euler-Mascheroni

constant. For β = 2 we have:

[ln x2]2 = −iπ2(
4π

p2
)ǫΓ(ǫ)[− ln

p2

4
+ ψ(ǫ) + ψ(2)] (3.56)

which, after some expansion and algebra, gives:

[ln x2]2 = iπ2 ln p2[−1

2
ln p2 + ln 4 + 1 − 2γEM] + z.b.t. (3.57)
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For β > 2 Eq.(3.36) becomes very messy and since we only need these transforms in

this thesis up to β = 2 we will stop here. One can get the transforms [xµ ln x2]1,2

and [xuxν ln x2]1,2. In Table 3.1 and Table 3.2, we have tabulated the logarithmic and

non-logarithmic transforms we have used in this thesis.

Table 3.1: Logarithmic Fourier transforms

[ln x2]1 = 4iπ2 1
p2 [ln

p2

4
+ 2γEM]

[xα ln x2]1 = −8π2 pµ

p4 [ln p2

4
+ 2γEM − 1]

[xαxβ ln x2]1 = 8iπ2[gµν

p4 (ln p2

4
+ 2γEM − 1) − 4pµpν

p6 (ln p2

4
+ 2γEM − 3

2
)]

[ln x2]2 = iπ2 ln p2[1
2
ln p2 − ln 4 + 1 − 2γEM]

[xα ln x2]2 = −2π2 pµ

p2 [ln p2

4
+ 2γEM − 1]

[xαxβ ln x2]2 = 2iπ2[
gαβ

p2 (ln p2

4
+ 2γEM − 1) − 2pαpβ

p2 (ln p2

4
+ 2γEM − 2)]

Table 3.2: Fourier transforms
[1]1 = −4iπ2[ 1

p2 ]

[xα]1 = 8π2[pα

p4 ]

[xαxβ]1 = −8iπ2[
gαβ

p4 − 4
pαpβ

p6 ]

[1]2 = iπ2 ln |p2|
[xα]2 = 2π2[pα

p2 ]

[xαxβ]2 = −2iπ2[
gαβ

p2 − 2
pαpβ

p4 ]

[1]3 = −iπ2

8
p2 ln |p2|

[xα]3 = −π2

4
pα ln |p2|

[xαxβ]3 = iπ2

4
[gαβ ln |p2| + 2

pαpβ

p2 ]

[1]4 = iπ2

3·26p
4 ln |p2|

[xα]4 = π2

3·24pαp
2 ln |p2|

[xαxβ]4 = −iπ2

3·24 [gαβp
2 + 2pαpβ] ln |p2|

[1]5 = −iπ2

32·210p
6 ln |p2|

[xα]5 = −π2

3·29 p
4pα ln |p2|

[xαxβ]5 = iπ2

3·29 [gαβp
4 + 4pαpβp

2] ln |p2|

Using the table above, we can Fourier transform from x space to momentum

space. Take three diagrams we have done for example, Fourier transforming Eq.
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(3.11) for C00 gives:

Π(p) =
−15i

π6
· −π2

3 · 2a
p4 ln(p2)p̂ =

5i

28 · (2π)4
p4 ln(p2)p̂; (3.58)

Fourier transforming the Eq. (3.18) for diagram Cqq gives:

Π(p) =
6〈ūu〉 + 〈d̄d〉

2π4
[1]3

=
6〈ūu〉 + 〈d̄d〉

2π4
· −iπ

2

8
· p2 ln |p2|

= −i6〈ūu〉 + 〈d̄d〉
4(2π)2

p2 ln(−p2); (3.59)

and Fourier transforming the Eq. (3.28)) for diagram Cgg gives

Π(p) =
5i < g2

sG
2 >

28π6
[x̂]3 =

5i < g2
sG

2 >

210π4
ln |p2|. (3.60)

After the Fourier transform of the OPE side and matching with the phenomenological

side, the QCD sum rule from either structure takes the following generic form,

· · · + c4p
4ln(−p2) + c2p

2ln(−p2) + c0ln(−p2) + c−2
1

p2
+ c−4

1

p4
+ · · ·

=
λ2

N

p2 −M2
N

+
∑

N∗

λ2
N∗

p2 −M2
N∗

(3.61)

The LHS comes from OPE results, while the RHS is the Phenomenological results.

The OPE side is a power series in p2. In the meantime, the RHS is composed of a

ground state term plus a sum over all excited state contributions.

In fact, all the sum rules associated with various Dirac structures share the same
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structure as Eq.(3.61). In principle, this equation can be solved for the ground state

(λ2,MN). But there is a problem: excited states are not suppressed.

3.5 Borel Transformation

While there is some suppression of excited state contributions to the two-point corre-

lation function, it seems there is little hope of isolating ground state properties from

excited states contributions. Hence the well-known Borel Transform is introduced to

achieve a better convergence. This transformation helps to improve the convergence

on both sides of the equation Eq. (3.61). The result is an exponential suppression of

excited state contributions on the phenomenological side, and a n! factorial suppres-

sion on the OPE side of the sum rules for the terms of order n. The Borel transform

is defined by the following limit:

B̂[f(p2)] = lim
−p2,n→∞;−p2/n=M2

1

n!
(−p2)n+1(

d

dp2
)nf(p2). (3.62)

An important feature of the Borel transform is that it removes all polynomial terms

in f(p2). Because of this feature it is not necessary to carry polynomial terms arising

in either RHS or LHS of the two-point correlation function.

Now, consider a simple case,

B̂(
1

p2 −M2
B

) = lim
−p2,n→∞;−p2/n=M2

1

n!
(−p2)n+1 n! (

1

p2 −M2
B

)n+1

= lim
n→∞

(1 +
M2

B

M2n
)−(n+1),

34



= −e−M2
B/M2

(3.63)

Moreover, the OPE side simply follows the patterns depicted in Eq. (3.63). We may

easily obtain a general formula applicable to the OPE side,

B̂[(p2 −M2
B)−k] = (−1)k 1

(k − 1)!

1

(M2)k−1
e−M2

B/M2

. (3.64)

In the limit of M2
B → 0, we have the following Borel transform pattern,

B̂[(p2)−k] = (−1)k 1

(k − 1)!

1

(M2)k−1
. (3.65)

We can extend to:

B̂[(−p2)−k] =
1

Γ(k)

1

(M2)k−1
. (3.66)

where Γ is the Gamma function.

Now,

d

dk
(−p2)−k = −ln(−p2)(−p2)−k. (3.67)

So we get the Borel transform for this frequently encountered pattern,

B̂[ln(−p2)(−p2)−k] = − d

dk

1

Γ(k)

1

(M2)k−1

=
1

Γ(k)
(M2)1−k{ψ(k) + lnM2}. (3.68)

where ψ(k) = −γEM +
k−1
∑

s=1

1
s
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So we have the form

B̂[ln(
−p2

Λ2
)(p2)−k] = (−1)k 1

(k − 1)!
(M2)1−k{ψ(k) + ln

M2

Λ2
}. (3.69)

Another form we may encounter is: (p2)kln(−p2)

B̂[(p2)kln(−p2)] = lim
−p2,n→∞;−p2

n
=M2

1

n!
(−p2)n+1 (

d

d p2
)n (p2)kln(−p2)

= lim
−p2,n→∞;−p2

n
=M2

1

n!
(−p2)n+1 (

d

d p2
)n−k {k! ln(−p2) + polynomial}

= lim
n→∞;−p2

n
=M2

−k!(n− k − 1)!

n!
(−p2)k+1

= lim
n→∞

−k!n
k+1(n− k − 1)!

n!
(M2)k+1

= −k!(M2)k+1 (3.70)

Now, we can apply the Borel transform on Eq.(3.29), we have

· · · + c′42!M6 + c′2M
4 + c′0M

2 + c′−2 + c′−4

1

M2
+ c′−6

1

2!

1

M4
+ · · ·

= λ̃2
N e

−M2
N /M2

+
∑

N∗

λ̃2
N∗ e−M2

N∗/M2

(3.71)

This indeed carries a “one stone two birds” effect by giving us a factorial suppression

of higher order terms on the OPE side, and an exponential suppression of excited

states on the phenomenological side of the sum rules.
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3.6 Excited State Approximation

After the Borel transform, the contributions from the excited baryon states is expo-

nential suppressed. However, the excited state effects in QCD sum rules still can not

be ignored. We must take account of the low-lying excited states, which enclose a

great number of unknown parameters and make our calculation meaningless. At this

point, we need to introduce a “pole+continuum ansatz” for excited state contribu-

tions, so that all the discrete excited states above the ground state under consideration

are modeled by a continuous function started from a single continuum threshold w.

Figure 3.3 shows how to estimate the excited state contributions. We replace the

Figure 3.3: Model the excited states by a pole and a continuum function.

poles with δ(s−MN ), and all excited state with a smoother function f(s). Therefore,

the RHS now takes the form of a pole of the ground state plus a continuum function.

The continuum function for the excited states is given by,

Π(M) =
∫

h(s) e−s2/M2

d s. (3.72)
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where

h(s) = δ(s−MN ) + f(s). (3.73)

w is introduced as a threshold describing the low bound of the continuum function.

For example, we may estimate for the nucleon w ∼ 1.44GeV, which is the Roper

N+
1
2

(1440) mass. Here we leave the threshold w as a free parameter to get optimized

fitting in calculations of the sum rules.

In order to determine f(s) we will exploit the large M behavior of the OPE side

of the sum rules, which is in the non-perturbative limit. Eq. (3.71) gives that the

OPE after Borel transform takes the form which is proportional to terms including

M2, M4, and M6 at large M . We now rewrite the continuum contributions into

the following form, such that the RHS and OPE share the same form under the

perturbative limit.

∫ ∞

0
ds e−s2/M2

f(s) = A6M
6 + A4M

4 + A2M
2. (3.74)

This is a Laplace transform of f(s). Therefore, f(s) must take the following form

f(s) =
1

2
A6s

2 + A4s+ A2, (3.75)

Continuum model contributions associated with M4 and M2 terms are calculated in

a similar manner. Usually we move the continuum contributions from the RHS to

the OPE side of the sum rules, as they share the same form. Hence, the OPE side
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terms surviving in the limit M → ∞ have the following factors associated with them:

M6 :

[

1 − e−w2/M2

(

w4

2M4
+
w2

M2
+ 1

)]

,

M4 :

[

1 − e−w2/M2

(

w2

M2
+ 1

)]

,

M2 :
[

1 − e−w2/M2
]

. (3.76)

They are represented by the En factors

En(w) = 1 − e−w2/M2 ∑

n

(w2/M2)n

n!
, (3.77)

The contributions of this excited state model relative to the ground state, whose

properties are to be determined, are not small. They are typically 10 to 50% [24].

The validity of this model relies upon the removal of the excited state contaminations.

3.7 Sum Rules for Octet Baryon Masses

The phenomenological side of the correlation function can be written as

Π(p) =
λ2

1/2

p2 −M2
N

(p̂±MN) + · · · , (3.78)

where the dots denote excited state contributions.

The correlation function has two Dirac structures, p̂ and 1, from which two

independent QCD sum rules can be constructed for each member of the octet family.

It turns out that the QCD sum rules from the structure p̂ contain dimension-even
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condensates only, so we will refer to the QCD sum rules from the structure p̂ as

chiral-even. Similarly, we refer to those from the structure 1 as chiral-odd, because

they involve dimension-odd condensates only. This classification scheme will be used

throughout this work.

The QCD side are calculated by the Mathematica program: qcdsr2pt-construction

.nb, which will be discussed later in Chap. 6 and Appendix A. We need the mass sum

rules for octet baryon in the analysis of magnetic moment and N to ∆ transition in

later chapters, so here we list the sum rule for N , Σ, Ξ and Λ. The chiral-even sum

rules coupling to spin-1/2 octet states at structure p̂ are:

p1 L
−4/9 E2 M

6 + p2 b L
−4/9 E0 M

2 + p3 ms a L
−4/9 E0 M

2

+p4 msm
2
0a L

−26/27 + p5 κva
2 L4/9 + p6 m

2
0a

2 L−2/27 1

M2

= λ̃2
Ne

−M2
N /M2

, (3.79)

In the sum rule, the condensates and couplings are re-scaled to remove all factors

of π. The basic parameter set includes re-scaled quark condensate a, gluon condensate

b, mix condensate m2
0 and re-scaled coupling constant λ̃. They are defined as:

a = −(2π)2 〈q̄q〉,

b = 〈g2
c G

2〉,

〈q̄gcσ ·Gq〉 = −m2
0〈q̄q〉,

λ̃ = (2π)2λ (3.80)
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The four-quark condensate is not well-known and we use the factorization approx-

imation 〈ūuūu〉 = κv〈ūu〉2 and investigate the possible violation via the parameter

κv.

We have included the normalization factor L raised to various anomalous di-

mensions to take into account the scaling behavior of the various operators. The

anomalous dimension corrections of the interpolating fields and the various operators

are taken into account in the leading logarithmic approximation via the factor

Lγ =

[

αs(µ
2)

αs(M2)

]γ

=

[

ln(M2/Λ2
QCD)

ln(µ2/Λ2
QCD)

]γ

, (3.81)

where µ = 500 MeV is the renormalization scale and ΛQCD is the QCD scale param-

eter. The function t(M2) ≡ ln M2

µ2 − γEM with γEM ≈ 0.577 the Euler-Mascheroni

constant.

The Wilson coefficients for N are:

p1 =
1

64
(5 + 2β + 5β2),

p2 =
1

256
(5 + 2β + 5β2),

p3 = 0,

p4 = 0,

p5 =
1

24
[7 − 2β − 5β2],

p6 = − 1

96
[13 − 2β − 11β2], (3.82)
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for Σ:

p1 =
1

64
(5 + 2β + 5β2),

p2 =
1

256
(5 + 2β + 5β2),

p3 =
1

32
[(12 − 5fs) − 2fsβ − (12 + 5fs)β

2],

p4 = − 1

96
[(4fs + 21 + 18t(M2)) + 4fsβ + (4fs − 21 − 18t(M2))β2],

p5 =
1

24
[(6fs + 1) − 2β − (6fs − 1)β2],

p6 = − 1

96
[(12fs + 1) − 2β − (12fs − 1)β2], (3.83)

The parameter fs account for the flavor-symmetry breaking of the strange quark in

the condensates and susceptibilities:

fs =
〈s̄s〉
〈ūu〉 =

〈s̄gcσ ·Gs〉
〈ūgcσ ·Gu〉 . (3.84)

The Wilson coefficients for Ξ are:

p1 =
1

64
(5 + 2β + 5β2),

p2 =
1

256
(5 + 2β + 5β2),

p3 =
3

16
[(2 − fs) − 2fsβ − (2 + fs)β

2],

p4 = − 1

96
[(15 − fs + 18t(M2)) − 10fsβ − (15 + fs + 18t(M2))β2],

p5 =
fs

24
[(fs + 6) − 2fsβ + (fs − 6)β2],

p6 = − fs

96
[(fs + 12) − 2fsβ + (fs − 12)β2], (3.85)
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for Λ

p1 =
1

64
(5 + 2β + 5β2),

p2 =
1

256
(5 + 2β + 5β2),

p3 =
1

96
[(20 − 15fs) − (16 + 6fs)β − (4 + 15fs)β

2],

p4 =
1

96
[(4fs − 5 − 6t(M2)) + (4 + 4fs)β + (4fs + 1 + 6t(M2))β2],

p5 =
1

72
[(10fs + 11) + (2 − 8fs)β − (2fs + 13)β2],

p6 =
1

288
[(−16fs − 23) + (8fs − 2)β + (8fs + 25)β2], (3.86)

A trivial check of the calculation is provided by the fact that the QCD sum

rules for Σ should reduce to those for the nucleon by replacing the d-quark with the

s-quark, which is equivalent to setting ms = 0 and fs = 1. This check is performed

throughout the work.

The chiral-odd sum rules coupling to spin-1/2 states at structure 1 are

p1 ms L
−8/9 E2 M

6 + p2 a E1 M
4 + p3 m

2
0a L

−14/27 E0 M
2

+p4 ms b L
−8/9 E0 M

2 + p5 a b+ p6 ms κva
2

= λ̃2
NMNe

−M2
N /M2

, (3.87)

where the Wilson coefficients for N are:

p1 = 0,
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p2 =
1

16
[7 − 2β − 5β2)],

p3 = − 3

16
(1 − β2),

p4 = 0,

p5 =
1

1152
[19 + 10β − 29β2], p6 = 0, (3.88)

for Σ

p1 =
1

16
(1 − β)2,

p2 =
1

16
[(6 + fs) − 2fsβ − (6 − fs)β

2)],

p3 = − 3

16
(1 − β2),

p4 = − 1

128
(1 − β)2,

p5 =
1

1152
[(24 − 5fs) + 10fsβ − (24 + 5fs)β

2],

p6 =
1

24
[(5 − 3fs) + 2β + (5 + 3fs)β

2], (3.89)

for Ξ:

p1 =
3

8
(1 − β2),

p2 =
1

16
[(6fs + 1) − 2β − (6fs − 1)β2)],

p3 = −3fs

16
(1 − β2),

p4 =
3

64
(1 − β2),

p5 =
1

1152
[(24fs − 5) + 10β − (24fs + 5)β2],

p6 =
fs

8
[(3 − fs) + 2β + (3 + fs)β

2], (3.90)
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for Λ

p1 =
1

48
(11 + 2β − 13β2),

p2 =
1

48
[(10 + 11fs) + (−8 + 2fs)β − (2 + 13fs)β

2)],

p3 =
1

16
((−1 − 2fs) + (1 + 2fs)β

2),

p4 =
1

384
(13 − 2β − 11β2),

p5 =
1

3456
[(4 + 53fs) + (40 − 10fs)β − (44 + 43fs)β

2],

p6 =
1

72
[(15 − 5fs) + (6 + 4fs)β + (15 + fs)β

2], (3.91)

3.8 Sum Rule Analysis for Proton Masses

Perhaps the crudest analysis on can perform is to simply take the first term from

each sum rule, then take the ratio:

M2

2a
=

1

MN
, (3.92)

This is the famous Ioffe formula [21]:

MN =
2a

M2
= −8π2

M2
〈q̄q〉. (3.93)

Using the value a = 0.52 GeV3 [21] and settingM = MN , the proton mass is estimated

as:

MN ≈ 1.01GeV (3.94)

45



which is not too far from the physical value of 0.94 GeV.

Maybe the result is a little coincidental, but it makes a direct link between the

proton mass and the quark condensate.

To do full analysis, we need go back to the original sum rules equations. The

method of analysis is to fit the sum rules in a region of the Borel parameter M2. We

call it Borel window. The Borel window is chosen so that:

1. Contributions to the left hand side form higher dimensional operators(which have

more powers of M2 in the denominator) are small. This naturally fixes the small M2

2. The ground state pole dominates. By this we mean excited states contribute less

than 50% to the sum rules. This will set the upper limit on M2.

Use these two criteria, we can determine the two cut-offs to get our Borel window.

Within this Borel window, using the least squares criterion, we can extract the mass

of proton and other parameters through best matching of both sides.

The QCD input parameters are given as follows. The quark condensate in

standard notation is taken as a = 0.52 GeV3, corresponding to a central value of

〈ūu〉 = −(236)3 MeV3. For the gluon condensate, early estimates from charmo-

nium [3] place it at b = 0.47 GeV4, a value commonly used in QCD sum rule analysis.

But more recent investigations support much larger values [25, 26, 27]. Here we adopt

b = 1.2 GeV4. The mixed condensate parameter is placed at m2
0 = 0.72 GeV2. For

the four-quark condensate, there are claims of significant violation of the factorization

hypothesis [25, 26, 27]. Here we use κv = 2. The QCD scale parameter is restricted

to ΛQCD = 0.15 GeV. The strange quark mass is taken as ms = 0.15 GeV. The

value of fs flavor symmetry breaking has been determined in [28, 29] and is given by
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fs = 0.83. We apply Monte-Carlo method to do the analysis. It allow us to do the

most realistic estimation of the uncertainties. We apply 10% uniform uncertainty in

all the QCD input parameters. Of course, the uncertainties in the QCD parameters

can be non-uniform. While some may argue that some values are better known, oth-

ers may find that the errors are underestimated. In any event, one will learn how

the uncertainties in the QCD parameters are mapped into the uncertainties in the

phenomenological results representing baryon properties. The detailed analysis and

result will be in Chap. 6.
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Chapter 4

Baryon Magnetic Moments from

QCD Sum Rules

4.1 Introduction

Before we go into the N to ∆ transitions calculation in the next chapter, we will

revisit the magnetic moments of baryons using the QCD sum rule method. This is

instructive because the same method is used in both calculations. The only difference

is the initial and final states. One is N to N and the other is N to ∆, which gives

different Dirac structures. By comparing with the published sum rules [30, 22, 23, 31],

we have an independent check and gain confidence in our way of deriving the sum

rules. Calculations of the magnetic moment were carried out soon after the QCD

sum rule method was introduced for the proton, neutron [32, 8] and hyperons [33]

in the external field method. In this method, a static magnetic field is introduced

that couples to the quarks and polarizes the QCD vacuum. Magnetic moments can be
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extracted from the linear response to this field. The results of the studies validated the

external field method as a way of probing hadron properties other than the mass, such

as magnetic moments, form factors, axial charge and isospin-breakings. Later, a more

systematic study was made for the magnetic moments of octet baryons [30, 22, 23, 31].

Calculations were also carried out for decuplet baryons [34, 35, 36, 37] and the rho

meson [38].

In this work, we carry out a comprehensive, independent calculation of the mag-

netic moments of the octet baryons in the external field method. It can be considered

as an update over the previous calculations [30, 22, 23] which were done more than

20 years ago. There are a number of things we do differently. First, we employ gen-

eralized interpolating fields which allow us to use the optimal mixing of interpolating

fields to achieve the best match. Second, we derive a new, complete set of QCD sum

rules for all three Dirac structures and analyze all of them. The previous sum rules,

which were mostly limited to one of the Dirac structures, correspond to a special

case of the mixing in our sum rules. In this way, we provide an independent check

of the previous sum rules. Third, we perform a Monte-Carlo analysis which has be-

come standard nowadays [39]. The advantage of such an analysis is explained later.

Fourth, we use a different procedure to extract the magnetic moments and to treat the

transition terms in the intermediate states. Our results show that these transitions

cannot be simply ignored. Fifth, we isolate the individual quark contributions to

the magnetic moments and discuss their implications in the underlying quark-gluon

dynamics in the baryons.

This chapter is organized as follows. In Section 4.2, the method of QCD sum rules
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is introduced. Using the interpolating fields for the octet baryons, master formulae

are calculated. Then both the phenomenological representation and QCD side are

derived. Section 4.3 will list the sum rules we derived for the octet baryon family,

followed by the analysis to extract the magnetic moments in Section 4.4. Section 4.5

summarizes the results and gives a comparison of our results with experiment and

previous calculation, followed by an in-depth discussion of our findings.

4.2 Method

The starting point is still the time-ordered correlation function in the QCD vacuum,

but in the presence of a constant background electromagnetic field Fµν :

Π(p) = i
∫

d4x eip·x〈0 | T{ η(x) η̄(0) } | 0〉F . (4.1)

The subscript F means that the correlation function is to be evaluated with an elec-

tromagnetic interaction term added to the QCD Lagrangian:

LI = −AµJ
µ, (4.2)

where Aµ is the external electromagnetic potential and Jµ = eq q̄γ
µq is the quark

electromagnetic current.

Since the external field can be made arbitrarily small, one can expand the cor-

relation function

Π(p) = Π(0)(p) + Π(1)(p) + · · · , (4.3)
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where Π(0)(p) is the correlation function in the absence of the field, and gives rise to

the mass sum rules of the baryons. The magnetic moments will be extracted from

the QCD sum rules obtained from the linear response function Π(1)(p).

The action of the external electromagnetic field is two-fold: it couples directly

to the quarks in the baryon interpolating fields, and it also polarizes the QCD vac-

uum. The latter can be described by introducing new parameters called vacuum

susceptibilities.

The interpolating field for the baryon octet family are:

ηp(uud) = −2ǫabc[(uaTCγ5d
b)uc + β(uaTCdb)γ5u

c],

ηn(ddu) = −2ǫabc[(daTCγ5u
b)dc + β(daTCub)γ5d

c],

ηΛ(uds) = −2

√

1

6
ǫabc[2(uaTCγ5d

b)sc + (uaTCγ5s
b)dc − (daTCγ5s

b)uc

+β(2(uaTCdb)γ5s
c + (uaTCsb)γ5d

c − (daTCsb)γ5u
c)],

ηΣ−

(dds) = −2ǫabc[(daTCγ5s
b)dc + β(daTCsb)γ5d

c],

ηΣ0

(uds) = −
√

2ǫabc[(uaTCγ5s
b)dc + (daTCγ5s

b)uc

+β((uaTCsb)γ5d
c + (daTCsb)γ5u

c)],

ηΣ+

(uus) = −2ǫabc[(uaTCγ5s
b)uc + β(uaTCsb)γ5u

c],

ηΞ−

(ssd) = −2ǫabc[(saTCγ5d
b)sc + β(saTCdb)γ5s

c],

ηΞ0

(ssu) = −2ǫabc[(saTCγ5u
b)sc + β(saTCub)γ5s

c]. (4.4)

The normalization factors are chosen so that correlation functions of these interpo-

lating fields coincide with each other under SU(3)-flavor symmetry.
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4.2.1 Phenomenological Representation

We start with the structure of the two-point correlation function in the presence of

the electromagnetic vertex to first order

Π(p) = i
∫

d4xeipx < 0|η(x)[−i
∫

d4yAµ(y)J
µ(y)]η̄(0)|0 > . (4.5)

Inserting two complete sets of physical intermediate states, we restrict our attention

only to the positive energy ones and write

Π(p) =
∫

d4xd4y d4k′

(2π)4
d4k

(2π)4
∑

N ′N

∑

s′s

−i
k′2−M2

N′
−iε

−i
k2−M2

N−iε

eipxAµ(y) < 0|η(x)|N ′k′s′ >< N ′k′s′|Jµ(y)|Nks >< Nks|η̄(0)|0 > .

(4.6)

We can use translation invariance to express η(x) in terms of η(0)

< 0|η(x)|N ′k′s′ >=< 0|η(0)|N ′k′s′ > e−ik′x. (4.7)

The interpolating field excites (or annihilates) the ground state as well as the excited

states of the baryon from the QCD vacuum. We have < 0|η(0)|Nks >= λNu(k, s)

from Eq. (3.30).

Translation invariance on Jµ(y) gives

< N ′k′s′|Jµ(y)|Nks >= eiqy < N ′k′s′|Jµ(0)|Nks >, (4.8)

where q = k′ − k is the momentum transfer and we will use Q2 = −q2.
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The matrix element of the electromagnetic current has the general form

< k′s′|Jµ(0)|ks >= ū(k′, s′)[F1(Q
2)γµ + F2(Q

2)iσµν qν

2MN
]u(k, s), (4.9)

where the Dirac form factors F1 and F2 are related to the Sachs form factors by

GE(Q2) = F1(Q
2) − Q2

(2MN )2
F2(Q

2)

GM(Q2) = F1(Q
2) + F2(Q

2).

(4.10)

At Q2 = 0, F1(0) = 1, F2(0) = µa which is the anomalous magnetic moment, and

GM(0) = F1(0) + F2(0) = µ which is the total magnetic moment.

Writing out explicitly only the contribution of the ground-state nucleon and

denoting the excited state contribution by ESC, we have

Π(p) = −λ2
N

∫

d4xd4y d4k′

(2π)4
d4k

(2π)4
[k′2 −M2

N − iε]−1[k2 −M2
N − iε]−1Aµ(y)ei(p−k′)x

eiqy ∑

s′
u(k′, s′)ū(k′, s′)[F1(Q

2)γµ + F2(Q
2)iσµν qν

2MN
]
∑

s
u(k, s)ū(k, s) + ESC.

(4.11)

The spin sums are of the form in Eq. (3.31)

QCD sum rule calculations are most conveniently done in the fixed-point gauge.

For electromagnetic field, fixed-point gauge is defined by xµAµ(x) = 0. In this gauge,

the electromagnetic potential is given by

Aµ(y) = −1

2
Fµνy

ν. (4.12)
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Changing integration variables from k to q = k′ − k, then d4k = −d4q, we have

Π(p) =
−λ2

N

2
Fµν

∫

d4xd4y d4k′

(2π)4
d4q

(2π)4
[k′2 −M2

N − iε]−1[(q − k′)2 −M2
N − iε]−1

×ei(p−k′)x(−i ∂
∂qν
eiq·y)(p̂+MN)[F1(Q

2)γµ + F2(Q
2)iσµν qν

2MN
](k̂′ − q̂ +MN) + ESC.

(4.13)

Integrating over x, we get a delta function

∫

d4x
1

(2π)4
ei(p−k′)x = δ4(p− k′). (4.14)

Integrating ∂/∂qν by parts, then doing
∫

d4y, we get another delta function δ(q).

Since we have a δ(q), when doing ∂/∂qν only terms linear in qν contribute. We have

F1(Q
2)|q=0 = 1, F2(Q

2)|q=0 = µa = µ − 1, and ∂/∂qνF1,2(Q
2)|q=0 = 0, so derivatives

of the structure functions do not enter. Finally, we arrive at

Π(p) = i
2
λ2

NFµν [p
2 −M2

N − iε]−2(p̂+MN ){ i(µN−1)
2MN

σµν(p̂+MN ) + iσµν

−(pµγν − pνγµ)(p̂+MN )[p2 −M2
N − iε]−1} + ESC.

(4.15)

Examination of its Dirac structure reveals that its has 3 independent combinations:

F µν(p̂σµν +σµν p̂), F
µνi(pµγν −pνγµ)p̂ and F µνσµν . The momentum-space correlation

function in the above equation can be written in terms of these three structures

Π(p) = −1
4

λ2
N Fµν

[p2−M2
N−iε]2

{[σµν ](2MNµN) + µN−1
MN

(p2 −M2
N ) + µN [p̂σµν + σµν p̂]

+2(µN−1)
MN

[i(pµγν − pνγµ)]p̂} + ESC,

(4.16)
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where we have used the following identities

(p̂+MN )σµν = MNσ
µν + 1

2
(p̂σµν + σµν p̂) + i(pµγν − pνγµ),

(p̂+MN )σµν(p̂+MN ) = σµν(p2 +M2
N ) +MN(p̂σµν + σµν p̂) + 2i(pµγν − pνγµ)p̂,

(p̂+MN )(pµγν − pνγµ)(p̂+MN) = −(p2 −M2
N )(pµγν − pνγµ).

(4.17)

The result in Eq. (4.16) was checked by our mathematica code in qcdsr2pt-construction

.nb. Upon Borel transform the ground state takes the form

B̂[Π(p)] = − λ2
N

4M2 e
−M2

N/M2{ 1
MN

(2M2
NµN −M2(µN − 1))[Fµνσ

µν ]+

µN [Fµν(p̂σ
µν + σµν p̂)] + 2(µN−1)

MN
[Fµνi(p

µγν − pνγµ)p̂]},
(4.18)

where M is the Borel mass, not to be confused with the nucleon mass MN .

Here we must treat the excited states with care. For a generic invariant function,

the pole structure can be written as

C2
N↔N

(p2−M2
N )2

+
∑

N∗

C2
N↔N∗

(p2−M2
N )(p2−M2

N∗
)
+
∑

N∗

C2
N∗

↔N∗

(p2−M2
N∗

)2
, (4.19)

where CN↔N , CN↔N∗ and CN∗↔N∗ are constants. The first term is the ground state

pole which contains the desired magnetic moment µN . The second term represents the

non-diagonal transitions between the ground state and the excited states caused by

the external field. The third term is pure excited state contributions. These different

contributions can be represented by the diagrams in Fig. 4.1. Upon Borel transform,
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Figure 4.1: The three kinds of contributions to the spectral function in the presence of an
external field: ground state, transitions between ground state and excited states, and pure
excited states

the ground state takes the form

λ2
N µN

M2 e−M2
N /M2

+ e−M2
N /M2

[

∑

N∗

C2
N↔N∗

M2
N∗

−M2
N

(

1 − e−(M2
N∗−M2

N)/M2
)]

+
∑

N∗

C2
N∗

↔N∗

M2 e−M2
N∗/M2

.

(4.20)

The important point is that the transitions give rise to a contribution that is not

exponentially suppressed relative to the ground state. This is a general feature of the

external-field technique. The strength of such transitions at each structure is a priori

unknown and is an additional source of contamination in the determination of the

magnetic moment µN . The standard treatment of the transitions is to approximate

the quantity in the square brackets by a constant, which is to be extracted from

the sum rule along with the ground state property of interest. Inclusion of such

contributions is necessary for the correct extraction of the magnetic moments. The

pure excited state contributions are exponentially suppressed relative to the ground

state and can be modeled in the usual way by introducing a continuum model and

threshold parameter.
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4.2.2 Calculation of the QCD Side

Similarly, we start by contracting out the quark pairs in Eq. (4.1) using Wick’s the-

orem, resulting in the so-called master formula in terms of quark propagators. The

master formula for the proton (with uud quark content) is same as Eq. (3.5). The

master formula for neutron (with ddu quark content) can be obtained by exchanging

the d quark with a u quark from. By replacing the d quark with a s quark, one can

get the master formula for Σ+ (with uus quark content). While the master formula

for Σ− (with uus quark content) can be obtained by replacing the u quark with a

d quark from Σ+ master formula. By exchanging the u quarks and s quarks in Σ+

master formula, the master formula for Ξ0 (with ssu quark content) can be obtained.

Likewise, by replacing the u quark with a d quark, one can get the master formula

for Ξ+ (with ssd quark content).

The master formulae for Σ0 and Λ (uds quark content) have a more complicated

structure. They can be written in a combined way as

〈Ω | T{ η(x) η̄(0) } |Ω〉 = −fǫabcǫa
′b′c′{

f1f2S
aa′

s γ5CS
cc′

u

T
Cγ5S

bb′

d − f1f3S
aa′

s γ5CS
cc′

d

T
Cγ5S

bb′

u + f1f1S
aa′

s Tr(CScc′

u

T
Cγ5S

bb′

d γ5)

+f2f1S
aa′

d γ5CS
cc′

u

T
Cγ5S

bb′

s + f2f3S
aa′

d γ5CS
cc′

s

T
Cγ5S

bb′

u + f2f2S
aa′

d Tr(CScc′

s

T
Cγ5S

bb′

u γ5)

−f3f1S
aa′

u γ5CS
cc′

d

T
Cγ5S

bb′

s + f3f2S
aa′

u γ5CS
cc′

s

T
Cγ5S

bb′

d + f3f3S
aa′

u Tr(CScc′

s

T
Cγ5S

bb′

d γ5)

+β[f1f5S
aa′

s CScc′

u

T
Cγ5S

bb′

d γ5 − f1f6S
aa′

s CScc′

d

T
Cγ5S

bb′

u γ5 + f1f4S
aa′

s γ5Tr(CScc′

d

T
Cγ5S

bb′

u )

+f2f4S
aa′

d CScc′

u

T
Cγ5S

bb′

s γ5 + f2f6S
aa′

d CScc′

s

T
Cγ5S

bb′

u γ5 + f2f5S
aa′

d γ5Tr(CScc′

s

T
Cγ5S

bb′

u )

−f3f4S
aa′

u CScc′

d

T
Cγ5S

bb′

s γ5 + f3f5S
aa′

u CScc′

s

T
Cγ5S

bb′

d γ5 + f3f6S
aa′

u γ5Tr(CScc′

s

T
Cγ5S

bb′

d )
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+f4f2γ5S
aa′

s γ5CS
cc′

u

T
CSbb′

d − f4f3γ5S
aa′

s γ5CS
cc′

d

T
CSbb′

u + f4f1γ5S
aa′

s Tr(CScc′

d

T
CSbb′

u γ5)

+f5f1γ5S
aa′

d γ5CS
cc′

u

T
CSbb′

s + f5f3γ5S
aa′

d γ5CS
cc′

s

T
CSbb′

u + f5f2γ5S
aa′

d Tr(CScc′

s

T
CSbb′

u γ5)

−f6f1γ5S
aa′

u γ5CS
cc′

d

T
CSbb′

s + f6f2γ5S
aa′

u γ5CS
cc′

s

T
CSbb′

d + f6f3γ5S
aa′

u Tr(CScc′

s

T
CSbb′

d γ5)]

+β2[f4f5γ5S
aa′

s CScc′

u

T
CSbb′

d γ5 − f4f6γ5S
aa′

s CScc′

d

T
CSbb′

u γ5 + f4f4γ5S
aa′

s γ5Tr(CScc′

u

T
CSbb′

d )

+f5f4γ5S
aa′

d CScc′

u

T
CSbb′

s γ5 + f5f6γ5S
aa′

d CScc′

s

T
CSbb′

u γ5 + f5f5γ5S
aa′

d γ5Tr(CScc′

s

T
CSbb′

u )

−f6f4γ5S
aa′

u CScc′

d

T
CSbb′

s γ5 + f6f5γ5S
aa′

u CScc′

s

T
CSbb′

d γ5 + 4f6f6γ5S
aa′

u γ5Tr(CScc′

s

T
CSbb′

d )]},

where the various factors are: for Σ0, f = 2/3, f1 = 0, f2 = 1, f3 = 1, f4 = 0, f5 =

1, f6 = 1; and for Λ, f = 2, f1 = 2, f2 = 1, f3 = −1, f4 = 2, f5 = 1, f6 = −1.

In the above equations,

Sab
q (x, 0;F ) ≡ 〈0 | T{ qa(x) q̄b(0) } | 0〉F , q = u, d, s, (4.22)

is the fully interacting quark propagator in the presence of the electromagnetic field.

To first order in Fµν and mq (assume mu = md = 0, ms 6= 0), and order x4, the

propagator is given by the operator product expansion (OPE) [8, 22, 23]:

Sab
q (x, 0;F ) ≡ i

2π2

x̂

x4
δab − mq

4π2x2
δab − 1

12
〈q̄q〉δab +

imq

48
〈q̄q〉x̂δab

+
1

192
〈q̄gcσ ·Gq〉x2δab − imq

1152
〈q̄gcσ ·Gq〉x̂x2δab − 1

33210
〈q̄q〉〈g2

cG
2〉x4δab

+
i

32π2
(gcG

n
αβ)

x̂σαβ + σαβx̂

x2

(

λn

2

)ab

+
1

48

i

32π2
〈g2

cG
2〉 x̂σ

αβ + σαβx̂

x2

(

λn

2

)ab

+
1

32210
〈q̄q〉〈g2

cG
2〉x2σαβ

(

λn

2

)ab

− 1

192
〈q̄gcσ ·Gq〉σαβ

(

λn

2

)ab

+
imq

768
〈q̄gcσ ·Gq〉

(

x̂σαβ + σαβx̂
)

(

λn

2

)ab

+
ieq

32π2
Fαβ

x̂σαβ + σαβ x̂

x2
δab
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− eq

24
χ〈q̄q〉Fαβσ

αβδab +
ieqmq

96
χ〈q̄q〉Fαβ

(

x̂σαβ + σαβx̂
)

δab

+
eq

288
〈q̄q〉Fαβ

(

x2σαβ − 2xρx
βσβα

)

δab

+
eq

576
〈q̄q〉Fαβ

[

x2(κ+ ξ)σαβ − xρx
β(2κ− ξ)σβα

]

δab

− eq

16
〈q̄q〉

(

κFαβ − i

4
ξǫαβµνF

µν
)

(

λn

2

)ab

+ higher order terms. (4.23)

We use the convention ǫ0123 = +1 and ǫ0123 = −1 in this work.

In addition to the standard vacuum condensates, the vacuum susceptibilities

induced by the external field are defined by

〈q̄σµνq〉F ≡ eqχ〈q̄q〉Fµν ,

〈q̄gcGµνq〉F ≡ eqκ〈q̄q〉Fµν ,

〈q̄gcǫµνρλG
ρλγ5q〉F ≡ ieqξ〈q̄q〉Fµν . (4.24)

Note that χ has the dimension of GeV−2, while κ and ξ are dimensionless.

With the above elements in hand, it is straightforward to evaluate the correlation

function by substituting the quark propagator into the various master formulae. The

calculation can be organized by diagrams in Fig. 4.2 and Fig. 4.3. We developed

a Mathematica notebook qcdsr3pt-construction.nb to perform the algebraic calcula-

tions. The QCD side has the same Dirac structure as the phenomenological side and

the results can be organized according to the same 3 independent structures.
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( C00 ) ( Cqq1 ) ( Cqq2 )

( Cqqqq1 )

( Cxqq )

( Ckqq1 ) ( Ckqq2 ) ( Cgg ) ( Cmix1 )

( Cmix2 ) ( Cqqqq2 ) ( Cxqqqq )

( Ckqqqq1 ) ( Ckqqqq2 ) ( Cqqgg1 ) (Cqqgg2 )

(Cxqqgg ) (Cmixqq1 ) (Cmixqq2 ) (Cmixqq3 )

(Cxmixqq1 ) (Cxmixqq2 )

Figure 4.2: Non-mass diagrams considered for the octet baryon magnetic moments.
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( C00m ) ( Cqqm1 ) ( Cqqm2 )

( Cmixm2)

( Cqqm3)

( Ckqqm1) ( Ckqqm2) ( Cxqqm1) ( Cxqqm2)

( Cmixm1) ( Cmixm3) ( Cqqqqm1)

( Cqqqqm2) ( Cqqqqm3) ( Cxqqqqm1) ( Cxqqqqm2)

( Cxqqqqm3) ( Ckqqqqm1) ( Ckqqqqm2) ( Ckqqqqm3)

Figure 4.3: Diagrams considered for the strange quark mass corrections to the octet baryon
magnetic moments.
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4.3 QCD Sum Rules

Once we have both the QCD side (LHS) and the phenomenological side (RHS), we

can derive sum rules by matching both sides. Since there are three independent Dirac

structures, three sum rules can be constructed. We denote these Dirac structures by

the following short-hand notation

WE1 = F µν(p̂σµν + σµν p̂), (4.25)

WO1 = F µνσµν , (4.26)

WO2 = F µνi(pµγν − pνγµ)p̂ (4.27)

The sum rule from WE1 involves only dimension-even condensates, so we call this sum

rule chiral-even. The sum rule from both WO1 and WO2 involves only dimension-

odd condensates, so we call them chiral-odd. Note that in previous works [8, 30] the

dimension of the Dirac structures, rather than the dimension of the condensates, was

used to refer to the sum rules.

Now we are ready to collect all of the QCD sum rules. At the structure WE1,

all of the sum rules can be expressed in the following form

c1L
−4/9E2(w)M4 + c2msχaL

−26/27E1(w)M2 + c3χa
2L−4/27E0(w) + c4bL

−4/9E0(w)

+(c5 + c6)msaL
−4/9E0(w) + (c7 + c8)a

2L4/9 1
M2 + c9χm

2
0a

2L−18/27 1
M2

+c10msm
2
0aL

−26/27 1
M2 = −λ̃2

N [ µN

M2 + A]e−M2
N/M2

,

(4.28)
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The quark charge factors eq are given in units of electric charge

eu = 2/3, ed = −1/3, es = −1/3. (4.29)

Note that we choose to keep the quark charge factors explicit in the sum rules. The

advantage is that it can facilitate the study of individual quark contribution to the

magnetic moments. The parameters φ also account for the flavor-symmetry breaking

of the strange quark in the condensates and susceptibilities:

φ =
χs

χ
=
κs

κ
=
ξs
ξ
. (4.30)

We only need to carry out four separate calculations for Σ+(uus), Σ0(uds),

Ξ+(ssd) and Λ(uds). The QCD sum rules for other members can be obtained from

them by making appropriate substitutions specified below.

For Σ+ at WE1:

c1 =
1

16
[(1 + β)2es − 2(3 + 2β + 3β2)eu];

c2 =
1

16
(1 + β)[(−1 + 3β)esfsφ− 2(1 + 3β)eu];

c3 =
1

12
(−1 + β)[(1 + β)esfsφ− 2eu(1 − β + fs + βfs)];

c4 = − 1

384
[(3 − 2β + 3β2)es + 2(11 + 6β + 11β2)eu];

c5 =
1

24
[(3 − 18β + 3β2 − 2fs + 2β2fs)es + (−5 + 2β

+27β2 − 9fs + 6βfs + 27β2fs)eu];

c6 = − 1

24
(−1 + β)[(1 + β)esfsφ(8κ− ξ) + 2eu(4κ+ 6βκ+ ξ)];
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c7 =
1

72
(−1 + β)[es(−3 + 3β + 2fs + 2βfs) + 2eu(−1 + β + 8fs + 8βfs)];

c8 = − 1

72
(−1 + β)[(1 + β)esfsφ(8κ− ξ)

+eu(−2κ + 2βκ+ 10fsκ+ 10βfsκ+ ξ − βξ + fsξ + βfsξ)];

c9 = − 1

288
[(7(1 + β)esfsφ− eu(3 − 3β + fs + βfs)];

c10 = − 1

96
[(1 − 14β + β2)es + (−23 − 2β + 13β2)eu(1 + fs)]. (4.31)

For Ξ0 at WE1:

c1 =
1

16
[(1 + β)2eu − 2(3 + 2β + 3β2)es];

c2 =
1

16
(1 + β)[(−1 + 3β)eu − 2(1 + 3β)esfsφ];

c3 =
1

12
(−1 + β)[(1 + β)eufs − 2esfsφ(fs − βfs + 1 + β)];

c4 = − 1

384
[(3 − 2β + 3β2)eu + 2(11 + 6β + 11β2)es];

c5 =
1

24
[((3 − 18β + 3β2)fs − 2 + 2β2)es

+((−5 + 2β + 27β2)fs − 9 + 6β + 27β2)es];

c6 = − 1

24
(−1 + β)[(1 + β)eu(8κ− ξ) + 2esfsφ(4κ+ 6βκ+ ξ)];

c7 =
1

72
(−1 + β)[eufs((−3 + 3β)fs + 2 + 2β) + 2esfs((−1 + β)fs + 8 + 8β)];

c8 = − 1

72
(−1 + β)[(1 + β)eufs(8κ− ξ)

+esfsφ(−2κfs + 2βκfs + 10κ+ 10βκ+ ξ − βfsξ + fsξ + βξ)];

c9 = − 1

288
[(7(1 + β)eufs − esfsφ((3 − 3β)fs + 1 + β)];

c10 = − 1

96
[(1 − 14β + β2)eu + (−23 − 2β + 13β2)es(1 + fs)]. (4.32)
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For Λ at WE1:

c1 = − 1

48
((−1 + β)2(ed + eu) + (13 + 10β + 13β2)es);

c2 =
1

16
(1 + β)((−1 + β)(ed + eu) − (1 + 5β)esfsφ);

c3 =
1

72
(−1 + β)((ed + eu)(1 − β + fs + 5βfs) − 2(5 + β)esfsφ);

c4 = − 1

1152
((17 + 2β + 17β2)(ed + eu) + (41 + 26β + 41β2)es);

c5 =
1

144
(es(−78 + β(84 − 16fs) + β2(210 − 4fs) + 20fs)

+(−1 + β)(ed + eu)(7 + 3fs + β(41 + 33fs)));

c6 = − 1

72
(−1 + β)(esfsφ(8(1 + 2β)κ+ (5 + β)ξ)

+(ed + eu)((20 + 22β)κ− (1 + 2β)ξ));

c7 =
1

216
(−1 + β)(es(39 + 33β − 10fs − 2βfs) + (ed + eu)(1 − β + 4fs + 20βfs));

c8 = − 1

432
(−1 + β)(2esfsφ(8(1 + 2β)κ+ (5 + β)ξ)

+(ed + eu)(2(19 + 17β + fs + 5βfs)κ− (1 − β + fs + 5βfs)ξ));

c9 = − 1

576
(−1 + β)((ed + eu)(5 + 3β + 3fs + 7βfs) − 2(5 + β)esfsφ);

c10 =
1

192
((62 − 4β − 34β2)es − (−7 − 10β + 5β2)(ed + eu)(1 + fs)). (4.33)

At the structure WO1, the sum rules can be expressed in the following form

c1msL
−8/9E2(w)M4 + c2χaL

−16/27E2(w)M4 + (c3+c4)aE1(w)M2

+c5msχa
2L−16/27E0(w) + c6χabL

−16/27E0(w) + (c7 + c8)msa
2 1

M2 + c9ab
1

M2

= −λ̃2
NMN

[

2µN

M2 + µN−1
M2

N
+ A

]

e−M2
N /M2

.

(4.34)
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For Σ+ at WO1:

c1 = −1

2
(−1 + β)((1 + β)es − 2eu);

c2 = − 1

24
(−1 + β)[(−1 + β)esfsφ+ 18(1 + β)eu];

c3 =
1

24
(−1 + β)[es(−6 − 6β − fs + βfs) − 6eu(2 + 2β − fs + βfs)];

c4 =
1

96
(−1 + β)[(−1 + β)esfsφ(14κ− 13ξ) − 18(1 + β)eu(2κ+ ξ)];

c5 = − 1

12
[(3 + 2β + 3β2)esfsφ− (3 + 4β + 9β2)eu(1 + fs)];

c6 =
1

576
(−1 + β)[(−1 + β)esfsφ− 18(1 + β)eu];

c7 = − 1

36
[es(−3 + 3β2 + 5fs − 2βfs + 5β2fs)

−eu(3 + 4β + 9β2 − 3fs + 10βfs + 9β2fs)];

c8 = − 1

144
[esfsφ(4κ+ 8βκ+ 4β2κ+ ξ − 10βξ + β2ξ)

−eu(−(3 + 4β + 9β2)(1 + fs)ξ + 4(2β + 6β2 + 3fs + 2βfs + 3β2fs)κ)];

c9 = − 1

576
[3es − eu(−3 + 3β2 − fs + 2βfs)]. (4.35)

For Ξ0 at WO1:

c1 = −1

2
(−1 + β)((1 + β)eu − 2es);

c2 = − 1

24
(−1 + β)[(−1 + β)eu + 18(1 + β)esfsφ];

c3 =
1

24
(−1 + β)[eu((−6 − 6β)fs − 1 + β) − 6es((2 + 2β)fs − 1 + β)];

c4 =
1

96
(−1 + β)[(−1 + β)eu(14κ− 13ξ) − 18(1 + β)esfsφ(2κ+ ξ)];

c5 = − 1

12
[(3 + 2β + 3β2)eu − (3 + 4β + 9β2)esfsφ(1 + fs)];
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c6 =
1

576
(−1 + β)[(−1 + β)eu − 18(1 + β)esfsφ];

c7 = − 1

36
[eufs((−3 + 3β2)fs + 5 − 2β + 5β2)

−esfs((3 + 4β + 9β2)fs − 3 + 10β + 9β2)];

c8 = − 1

144
[eufs(4κ+ 8βκ+ 4β2κ+ ξ − 10βξ + β2ξ)

−esfsφ(−(3 + 4β + 9β2)(1 + fs)ξ + 4((2β + 6β2)fs + 3 + 2β + 3β2)κ)];

c9 = − 1

576
[3eu − es((−3 + 3β2)fs − 1 + 2β)]. (4.36)

For Λ at WO1:

c1 = −1

6
(−1 + β)((ed + eu)(1 + 2β) − (5 + β)es);

c2 = − 1

72
(−1 + β)((7 + 11β)(ed + eu) + (37 + 35β)esfsφ);

c3 = − 1

72
(−1 + β)((ed + eu)(14 + β(22 − 3fs) + 3fs)

+es(−30 − 6β + 35fs + 37βfs));

c4 =
1

288
(−1 + β)((ed + eu)(2(−23 + 5β)κ+ (17 − 35β)ξ)

−esfsφ(58κ+ 86βκ+ 49ξ + 23βξ));

c5 =
1

24
((−1 + β2)(ed + eu)(1 + fs) + 2(5 + 6β + 13β2)esfsφ);

c6 = − 1

1728
((−1 + β)((11 + 7β)(ed + eu) + (35 + 37β)esfsφ));

c7 =
1

216
(−(−1 + β)(ed + eu)(−7 + β − fs + 13βfs)

+es(−30 + 34fs + 4β(6 + 7fs) + β2(6 + 82fs)));

c8 =
1

864
(2esfsφ(4(7 + 10β + 19β2)κ− (11 + 26β + 35β2)ξ)

+(−1 + β)(ed + eu)(4(−4 − 2β + 5fs + 7βfs)κ− (−5 + 11β)(1 + fs)ξ));
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c9 =
1

3456
((−1 + β)(2(5 + β)es + (ed + eu)(5 + β + 11fs + 13βfs))). (4.37)

At the structure WO2, the sum rules can be expressed in the following form

c1msL
−8/9E1(w)M2 + c2χaL

−16/27E1(w)M2 + (c3+c4)aE0(w) + c5msχa
2L−16/27E0(w)

+c6m
2
0aL

−4/9 1
M2 + c7χabL

−16/27 1
M2 + (c8 + c9)msa

2 1
M4 +c10ab

1
M4

= − λ̃2
N

MN
[2(µN−1)

M2 + A]e−M2
N/M2

.

(4.38)

For Σ+ at WO2:

c1 = −1

2
(−1 + β)[(1 + β)es − 2eu];

c2 = −1

6
(−1 + β)2esfsφ;

c3 = −1

4
(−1 + β)[es(2 + 2β − fs + βfs) + 2eu(−2 − 2β − fs + βfs)];

c4 =
1

16
(−1 + β)[esfsφ+ 2(1 + β)eu](2κ− ξ);

c5 = −1

3
(−1 + β)[2esfsφ+ eu(−1 − β − fs + βfs)];

c6 =
1

24
(−1 + β)[7(1 + β)es + eu(−1 − β − 3fs + 3βfs)];

c7 = − 1

144
(−1 + β)2esfsφ;

c8 =
1

18
[es(−3 + 3β2 + 5fs − 2βfs + 5β2fs)

−eu(3 + 4β + 9β2 − 3fs + 10βfs + 9β2fs)];

c9 =
1

72
[esfsφ((1 − 10β + β2)ξ + 4(1 + β)2κ)

−eu(4(2β + 6β2 + 3fs + 2βfs + 3β2fs)κ− (3 + 4β + 9β2)(1 + fs)ξ)];

c10 = − 1

288
(−1 + β)((1 + β)es − eu(−3 − 3β − fs + βfs)]. (4.39)
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For Ξ0 at WO2:

c1 = −1

2
(−1 + β)[(1 + β)eu − 2es];

c2 = −1

6
(−1 + β)2eu;

c3 = −1

4
(−1 + β)[eufs((2 + 2β)fs − 1 + β) + 2esfs(−(2 + 2β)fs − 1 + β)];

c4 =
1

16
(−1 + β)[esfsφ+ 2(1 + β)eu](2κ− ξ);

c5 = −1

3
(−1 + β)[2eufs + esfsφ(−(1 + β)fs − 1 + β)];

c6 =
1

24
(−1 + β)[7(1 + β)eufs + es(−(1 + β)fs − 3 + 3β)];

c7 = − 1

144
(−1 + β)2eu;

c8 =
1

18
[eufs((−3 + 3β2)fs + 5 − 2β + 5β2)

−esfs((3 + 4β + 9β2)fs − 3 + 10β + 9β2)];

c9 =
1

72
[eufs((1 − 10β + β2)ξ + 4(1 + β)2κ)

−esfs(4((2β + 6β2)fs + 3 + 2β + 3β2)κ− (3 + 4β + 9β2)(1 + fs)ξ)];

c10 = − 1

288
(−1 + β)((1 + β)eu − es(−(3 + 3β)fs − 1 + β)]. (4.40)

For Λ at WO2:

c1 = − 1

12
(−1 + β)((ed + eu)(1 + 2β) − (5 + β)es);

c2 = − 1

36
(−1 + β)2(2(ed + eu) − esfsφ);

c3 =
1

24
(−1 + β)((ed + eu)(2 + β(−6 + fs) − fs) + +es(10 + 3fs + β(2 + 5fs)));

c4 =
1

96
(−1 + β)((−1 + 3β)(ed + eu) + (5 + 3β)esfsφ)(2κ− ξ);
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c5 =
1

12
(−1 + β)((ed + eu)(−1 + β(−1 + fs) − fs) + 4esfsφ);

c6 =
1

96
(−1 + β)(−2(5 + β)es + (ed + eu)(3 + 7β + 5fs + 3βfs));

c7 = − 1

864
(−1 + β)2(2(ed + eu) − esfsφ);

c8 =
1

216
((−1 + β)(ed + eu)(−7 + β − fs + 13βfs)

−2es(−15 + 17fs + 2β(6 + 7fs) + β2(3 + 41fs)));

c9 =
1

864
(2esfsφ(−4(7 + 10β + 19β2)κ+ (11 + 26β + 35β2)ξ)

−(−1 + β)(ed + eu)(4(−4 − 2β + 5fs + 7βfs)κ− (−5 + 11β)(1 + fs)ξ));

c10 = − 1

3456
((−1 + β)(2(5 + β)es + (ed + eu)(5 + β + 11fs + 13βfs)). (4.41)

It is not necessary to list all the coefficients for all 8 members since the coefficients

for other members of the octet family can be obtained by appropriate replacements

of quark contents in the following way:� for proton p, replace s quark by d quark in Σ+.� for neutron n, exchange d quark with u quark in proton p,� for Σ−, replace u quark by d quark in Σ+,� for Ξ−, replace u quark by d quark in Ξ0,� for Σ0, change corresponding factors in Ξ0.

Here the conversions between u and d quarks are achieved by simply switching their

charge factors eu and ed. Moreover, The conversions from s quark to u or d quarks

involve setting ms = 0, fs = φ = 1, in addition to the switching of charge factors.
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This way, they can also provide additional checks for our calculations.

At this point, we can make some comparisons with previous calculations in

Ref. [22, 30, 23]. First, we use general interpolating fields where we can vary β

to achieve the best match in sum rules. The previous calculations correspond to a

fixed value of β=-1. This effect was studied in detail in Ref. [39], and it was found

that β = −1.2 is the optimal value. Most of our results are at β = −1.2. Second, we

have checked that our sum rules agree with those in the previous calculations for the

most part. For example, for the proton at WE1, we completely agree except for the

κ−2ξ term in Eq. (2.16) in Ref. [30]. In all of our sum rules, we have the combination

2κ−ξ instead of κ−2ξ. For the strange members (Σ, Ξ, Λ), they have 8 terms in the

OPE, while we have 10 terms. For the sum rules at structure WO1, they have only 3

terms, while we have 9 terms. For the sum rules at structure WO2, they have only 4

terms, while we have 10 terms. Third, they only analyzed the sum rules at structure

WE1, while we will examine all the structures. Fourth, we use a completely different

analysis method.

Before going into the analysis, we would like to point out some relations among

the correlation functions (or OPE) follow from symmetries, which lead to the same

relations in the magnetic moments. In exact SU(3)-flavor symmetry, it is known that
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the magnetic moments of the octet family are related by (see, for example, Ref. [40])

µΣ+ = µp,

2µΛ = µn,

µΣ− + µn = −µp,

µΞ− = µΣ−,

µΞ0 = µn.

(4.42)

These relations are borne out in the OPE of our sum rules if SU(3)-flavor symmetry

is enforced. They are approximately true since SU(3)-flavor symmetry is broken

by the strange quark mass difference. Here we have the advantage of studying the

symmetry-breaking effects since the terms are explicit in our QCD sum rules.

4.4 Monte Carlo Sum Rule Analysis

The sum rules for magnetic moments have the generic form of OPE - ESC = Pole +

Transition, where OPE, ESC and Pole represent QCD side from OPE, ESC contri-

bution and pole contribution respectively. Or the sum rule can be in the form

Πmag(QCD, β, w,M
2) = λ̃2

N

(

µN

M2
+ A

)

e−M2
N/M2

, (4.43)

where QCD represents all the QCD input parameters. The task then becomes: given

the function Πmag with known QCD input parameters and the ability to vary β,

find the phenomenological parameters (magnetic moment µN , transition strength A,
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coupling strength λ̃2
N , and continuum threshold w) by matching the two sides over

some region in the Borel mass M . A χ2 minimization is best suited for this purpose.

It turns out that there are too many fit parameters for this procedure to be successful

in general. To alleviate the situation, we employ the corresponding mass sum rules

which have a similar generic form of OPE - ESC = Pole, or

Πmass(QCD, β, w1,M
2) = λ̃2

Ne
−M2

N/M2

, (4.44)

which shares some of the common parameters. Note that the continuum threshold

may not be the same in the two sum rules. By taking the ratio of the two equations,

we are left with

Πmag(QCD, β, w,M
2)

Πmass(QCD, β, w1,M2)
=
µN

M2
+ A. (4.45)

This is the form we are going to implement. By plotting the two sides as a function

of 1/M2, the slope will be the magnetic moment and the intercept the transition

strength. The linearity (or deviation from it) of the left-hand side gives an indication

of OPE convergence and the role of excited states. The two sides are expected to

match for a good sum rule. This way of matching the sum rules has two advantages.

First, the slope, which is the magnetic moment of interest, is usually better deter-

mined than the intercept. Second, by allowing the possibility of different continuum

thresholds, we ensure that both sum rules stay in their valid regimes.

For the mass sum rule in the dominator, we use the chiral-even mass sum rules

developed by qcdsr2pt-construction.nb which are listed in Eq. (3.79), with corre-
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sponding coefficients in Eq.(3.82) to Eq.(3.86).

We use the Monte-Carlo procedure first introduced in Ref. [39] to carry out the

search which allows a rigorous error analysis. In this method, the entire phase-space

of the input QCD parameters is explored simultaneously, and is mapped into uncer-

tainties in the phenomenological parameters. This lead to more realistic uncertainty

estimates than traditional approaches.

First, a set of randomly-selected, Gaussianly-distributed condensates are gener-

ated with assigned uncertainties. Here we give 10% for the uncertainties of input

parameters, and this number can be adjusted to test the sensitivity of the QCD pa-

rameters. Then the OPE is constructed in the Borel window with evenly distributed

points Mj . Note that the uncertainties in the OPE are not uniform throughout the

Borel window. They are larger at the lower end where uncertainties in the higher-

dimensional condensates dominate. Thus, it is crucial that the appropriate weight

is used in the calculation of χ2. For the OPE obtained from the k’th set of QCD

parameters, the χ2 per degree of freedom is

χ2
k

NDF
=

nB
∑

j=1

[ΠOPE
k (M2

j , β, w, w1) − ΠPhen
k (M2

j , µ, A)]2

(nB − np) σ2
OPE(Mj)

, (4.46)

where ΠOPE refers to the LHS of Eq. (4.45) and ΠPhen its RHS. The integer np is the

number of phenomenological search parameters. In this work, nB=51 points were

used along the Borel axis. The procedure is repeated for many QCD parameter sets,

resulting in distributions for phenomenological fit parameters, from which errors are

derived. In practice, 200 configurations are sufficient for getting stable uncertainties.
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We used about 2000 sets to resolve more subtle correlations among the QCD param-

eters and the phenomenological fit parameters. This means that each sum rule is

fitted 2000 times to arrive at the final results. We developed a Mathematica program

qcdsr3pt-analysis.nb to carry out the analysis.

The values for the basic QCD input parameters are given in previous chapter. In

the presence of external fields, additional condensates called vacuum susceptibilities

are introduced. These parameters are less well-known. They have been estimated in

studies of nucleon magnetic moments [8, 30, 9, 37] where the availability of precise

experimental data has put strict constraints on these parameters. In particular, the

magnetic susceptibility χ is the subject of two recent studies [41, 42]. We use the

values χ = −6.0 GeV −2 and κ = 0.75, ξ = −1.5. Note that χ is almost an order

of magnitude larger than κ and ξ, and is the most important of the three. The

strange quark parameters are placed at φ = 0.60 [22, 34]. These input parameters

are just central values. We will explore sensitivity to these parameters by assigning

uncertainties to them in the Monte-Carlo analysis.

4.5 Result and Discussion

We have 24 sum rules in total to analyze: 3 for each member of the octet. For

each sum rule, we have in principle 5 parameters to determine: magnetic moment

µ, transition A, continuum threshold for magnetic moment sum rule w, continuum

threshold for mass sum rule w1 and the real parameter in interpolating fields β.

But a search treating all five parameters as free does not work because there is not
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Table 4.1: Results for the magnetic moment of octet baryons from the QCD sum rule in
Eq. (4.28) (structure WE1). The seven columns correspond to, from left to right: particle,
β value, Borel region in which the two sides of the QCD sum rule are matched, continuum
threshold, transition strength, extracted magnetic moment in unit of nuclear magnetons,
and experimental value. The errors are derived from 2000 samples in the Monte-Carlo
analysis with 10% uncertainty on all QCD input parameters.

β Region w A µB Exp.
(GeV) (GeV) (GeV−2) (µN) (µN)

p -1.2 0.7 to 0.9 1.40 1.46 ± 0.34 3.01 ± 0.24 2.79
-0.4 0.8 to 1.2 1.60 0.74 ± 0.13 2.82 ± 0.26 2.79

n -1.2 0.7 to 1.1 1.40 -0.19 ± 0.09 -1.97 ± 0.15 -1.91
Λ -1.2 1.1 to 1.2 1.60 -0.45 ± 0.05 -0.56 ± 0.15 -0.61
Σ+ -1.2 1.1 to 1.3 1.85 0.56 ± 0.06 2.31 ± 0.25 2.45
Σ0 -1.2 1.0 to 1.6 1.80 0.07 ± 0.02 0.69 ± 0.07 0.65
Σ− -1.2 1.3 to 1.8 1.80 -0.08 ± 0.01 -1.16 ± 0.10 -1.16
Ξ0 -1.2 1.6 to 1.9 2.15 -0.16 ± 0.01 -1.15 ± 0.05 -1.25
Ξ− -1.2 1.1 to 1.4 2.00 -0.34 ± 0.02 -0.64 ± 0.06 -0.65

enough information in the OPE. In fact, the freedom to vary β can be used as an

advantage to yield the optimal match. We find that β = −1.2 gives the best match

in most cases. This agrees with the value suggested in Ref. [39]. One exception is

the proton: we found a better solution at β = −0.4 than at β = −1.2. Another

parameter that can be used to our advantage is the continuum threshold w1 for the

corresponding mass sum rule. We fix it to the value that gives the best solution to the

mass sum rule independently. The following values for w1 are used: for the nucleon,

w1 = 1.44 GeV; for Λ, w1 = 1.60 GeV; for Σ, w1 = 1.66 GeV; for Ξ, w1 = 1.82

GeV. In this way the magnetic moment sum rule and the mass sum rule can stay

in their respective valid Borel regimes. This leaves us with three parameters: µ, A,

w. Unfortunately, a three-parameter search is either unstable or returns values for

w smaller than the particle mass, an unphysical situation. Again we think this is a

symptom of insufficient information in the OPE. So we are forced to fix the continuum
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threshold w that corresponds to the best match for the central values of the QCD

parameters.
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Figure 4.4: Histogram for the proton magnetic moment (top) and transition amplitude
(bottom) obtained from Monte-Carlo fits of Eq. (4.28) at WE1 for 2000 QCD parameter
sets. They are based on 10% uncertainty given to all the QCD input parameters.

4.5.1 The Sum Rule at WE1

The results determined this way at the WE1 structure are displayed in Table 4.1. The

Borel window is determined by the following two criteria: OPE convergence which

gives the lower bound, and ground-state dominance which gives the upper bound.

It is done iteratively. For each value of β, we adjust the Borel window until the

best solution is found. We see that our calculated magnetic moments agree with
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experiment fairly well within error bars.

We stress that the errors are derived from Monte-Carlo distributions which give

the most realistic estimation of the uncertainties. An example of such distributions

is given in Fig. 4.4. We see that they are roughly Gaussian distributions. The

central value is taken as the average, and the error is one standard deviation of

the distribution. We found about 10% accuracy for the magnetic moments in our

Monte-Carlo analysis, resulting from 10% uniform uncertainty in all the QCD input

parameters. Of course, the uncertainties in the QCD parameters can be non-uniform.

For example, we tried the uncertainty assignments (which are quite conservative) in

Ref. [39], and found about 30% uncertainties in our output.

To gain a better appreciation on how the QCD sum rules produce the results,

we show Fig. 4.5, using the proton as an example. There are three graphs in this

figure to give three different aspects of the analysis. The first graph shows how

the two sides of Eq. (4.45) match over the Borel window, which should be linear as

a function of 1/M2 according to the right-hand side of this equation. Indeed, we

observe excellent linear behavior from the OPE side (LHS). The match is almost

perfect (barely distinguishable between the solid and dotted lines). The slope gives

the magnetic moment µ, and the intercept give the transition contribution A. We find

that the inclusion of A is important in producing the best match. Also plotted are the

individual contributions from u and d quarks. We see that for the proton, the u-quark

contribution is the dominant one, which is expected because it is doubled-represented

in the proton (uud). We define the slope from an individual quark contribution as

the effective magnetic moment of that quark in the particle.

78



Figure 4.5: Analysis of the QCD sum rule in Eq. (4.28) (structure WE1) for the proton
at β = −0.4 according to Eq. (4.45). In the top, the pole plus transition terms (solid
lines) are compared against the OPE minus the excited-state contributions (dashed lines)
as a function of 1/M2 (the two should match for an ideal sum rule). Also plotted are the
individual contributions from u (long-dashed lines) and d (dot-dashed lines) quarks. In the
middle, the total in the OPE side and its various terms are plotted as a function of M2. In
the bottom, the 3 terms in the phenomenological side: pole (solid), transition (long-dashed),
and excited (dot-dashed) are plotted as a function of M2.
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The second graph in Fig. 4.5 shows how the various terms in the OPE contribute

to determination of magnetic moments. The M0 term, which contains the contri-

butions from the condensates χa2 and b, plays an important role. It is the leading

contribution in the region below M2 < 1.2 GeV2. For this reason, the sum rule at

WE1 is expected to have good spectral properties. Indeed this is confirmed in the

third graph where we plot the three terms in the phenomenological side (pole, transi-

tion, and excited) as a function of M2. The ground-state pole is dominant (over 70%

of the RHS at the low end of the Borel window). The excited-state contribution starts

small, then grows with M2, as expected from the continuum model. The transition

contribution is small in this sum rule. It is consistently smaller than the excited-state

contribution and has a weak dependence on the Borel mass.

4.5.2 The Sum Rule at WO1

Table 4.2: Similar to Table 4.1, but for the QCD sum rule in Eq. (4.34) (structure WO1).

β Region w A µB Exp.
(GeV) (GeV) (GeV−1) (µN) (µN)

p -0.8 1.4 to 1.6 1.50 1.03±0.16 2.67 ±0.16 2.79
n -1.2 1.2 to 1.4 1.40 -0.54 ±0.11 -1.70 ±0.11 -1.91
Λ -1.2 1.0 to 1.3 1.60 -2.3 ±0.31 -0.62 ±0.17 -0.61
Σ+ -0.6 1.5 to 1.7 1.60 1.60 ±0.50 2.46 ±0.40 2.45
Σ0 -1.0 1.4 to 1.6 1.70 0.23 ±0.11 0.58 ±0.09 0.65
Σ− -0.6 1.2 to 1.5 1.60 -2.04 ±0.34 -0.57 ±0.26 -1.16
Ξ0 -1.2 1.2 to 1.4 2.10 -1.52 ±0.21 -1.27 ±0.15 -1.25
Ξ− -0.2 1.7 to 1.8 1.90 -0.4 ±0.41 -0.49 ±0.29 -0.65

Next, we analyze the sum rule in Eq. (4.34) at the structure WO1, using the

same procedure. Table 4.2 displays the results extracted from this sum rule. The
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magnetic moments have larger errors than those from WE1: about 15% as opposed

to 10%. The agreement with experiment is reasonable (with the exception of Σ−),

but not as good as those from WE1. We had to search a wider region in β to find

the best match. The transition contribution (A) are larger for the strange particles,

as well as their errors.

Fig. 4.6 shows the details of the analysis in the case of the proton. The matching

is very good, as indicated in the top graph. The middle graphs shows that the leading

contribution in the OPE (M4 term) is χa, followed by the quark condensate a (M2

term). The condensate χab (M0 term) and ab (M−2 term) are very small in this sum

rule. The bottom graph reveals a surprising result: the excited-state contribution

dominates over the pole and the transition contributions. As a result, this sum rule is

less reliable. This is the reason why the results from this sum rule are not as good as

those from WE1. This sum rule also shows the importance of checking the individual

terms in the phenomenological side, in addition to looking at the best match of the

two sides. In this case, there is no pole dominance, even though the leading terms is

non-perturbative and the match is almost perfect.

4.5.3 The Sum Rule at WO2

Finally, we present the results from the sum rule in Eq. (4.38) at the structure WO2

in Table 4.2. The agreement with experiment is not as good as the other two sum

rules. For example, Σ− and Ξ− have the wrong sign. Fig. 4.7 shows the details of the

analysis for the proton. The matching is very good, as indicated in the top graph. The
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Figure 4.6: Similar to Fig. 4.5, but at structure WO1 and β = −1.2.
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middle graph shows that the leading contribution in the OPE is M2 with a coefficient

of χa, followed by the M0 term. The 1/M2 term is slightly negative, while the 1/M4

term is very small. The bottom graph shows that the excited-state dominates over

the pole and the transition, like the sum rule from WO1, but the relative size of the

pole is much larger. Since the WO2 sum rule has power corrections up to 1/M4,

it is expected to be more reliable than the WO1 sum rule. But our analysis shows

that this advantage is offset by the smallness of the 1/M2 and 1/M4 terms. As a

result, the reliability of the WO2 sum rule is about the same as the WO1 sum rule.

Table 4.3: Similar to Table 4.1, but for the QCD sum rule in Eq. (4.38) (structure WO2).

β Region w A µB Exp.
(GeV) (GeV) (GeV−2) (µN) (µN)

p -1.2 1.3 to 1.4 1.60 0.42 ±0.07 2.53 ±0.13 2.79
n -1.2 1.7 to 1.9 1.60 0.26 ±0.03 -1.73 ±0.28 -1.91
Λ -1.2 1.3 to 1.4 1.90 -0.85 ±0.22 -0.53 ±0.17 -0.61
Σ+ -1.0 1.2 to 1.4 1.70 0.21 ±0.05 1.50 ±0.11 2.45
Σ0 -1.2 1.0 to 1.6 1.60 -0.02 ±0.02 1.04 ±0.07 0.65
Σ− -1.2 1.4 to 1.6 1.65 0.0 ±0.01 0.61 ±0.06 -1.16
Ξ0 -1.2 1.6 to 2.0 2.1 -0.08 ±0.03 -1.20 ±0.23 -1.25
Ξ− -1.2 1.4 to 1.5 2.2 0.22 ±0.09 0.80 ±0.21 -0.65

We have performed the same analysis for all the members and all three structures.

Fig. 4.8 shows the graphs for the neutron. In this case, the slope is negative. Again,

the sum rule at WE1 has excellent convergence properties. The WO1 sum rule has

a good match, but the pole contribution is less than the excited-state contribution.

The WO2 sum rule does not have a good match. Fig. 4.9 shows the case for the Σ0,

which has all three quark contributions (u, d and s).

Overall, based on the quality of the match, the broadness of the Borel window

and its reach into the lower end, the size of the continuum contribution, and the OPE
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Figure 4.7: Similar to Fig. 4.5, but at structure WO2 and β = −1.2.
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Figure 4.8: Similar to Fig. 4.5, But for the neutron at all three structures: WE1 (left
panel), WO1 (middle panel), WO2 (right panel).

convergence, we find that the sum rule at WE1 is the most reliable of the three sum

rules.

4.5.4 Some Physics Discussions

Based on the results of our comprehensive analysis, we conclude that the QCD sum

rules at WE1 in Eq. (4.5) are the most reliable. Here we discuss some physics impli-

cations of the results extracted from them (Table 4.1). First we look at some ratios

of magnetic moments listed in Table 4.4. Here we compare our results with those

from the SU(6) symmetry, lattice calculations [43] and experiment. From the table,

we see that the QCD sum rule results compare well against other approaches and
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Figure 4.9: Similar to Fig. 4.8, but for Σ0.

experiment. They agree a little better with experiment than the lattice results. Fur-

thermore, our QCD rum rule results are an improvement over the ratios from previous

QCD sum rule calculations in Ref. [30].

Next, we consider a few sum rules among magnetic moments that have been

discussed in literature. They reveal interesting quark dynamics in the baryons. They

are mostly based on SU(6)-symmetry considerations in the quark model. We begin

with the sum rule [44]

3(p− Σ+)

Ξ− − Ξ0
=

(p+ 3Λ)

p
. (4.47)

It assumed ‘baryon independence’ of quark moments: the independence of which

baryon the same quark is in, a concept first mentioned by Franklin [45]. In other
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Table 4.4: A comparison of selected ratios of magnetic moments.

Ratio Sum Rule SU(6) Lattice Exp.
result symmetry results

n/p -0.70(9) −2/3 -0.63(5) -0.68
Σ−/Σ+ -0.50(7) −1/3 -0.37(3) -0.47
Ξ−/Ξ0 0.56(6) 1/2 0.58(5) 0.52
Ξ0/Λ 2.05(56) 2 2.4(5) 2.04
Ξ−/Λ 1.14(32) 1 1.0(2) 1.13

words, each quark is not sensitive to the environment it resides in and quarks in

different spin states had the same effective moments. In this sum rule, it also assumed

that the s quark moment in the Λ is the same as in the Σ and Ξ, even though the

spin states are different. This rum rule is violated the most (by a factor of 5) using

present values of magnetic moments. This large violation is mostly due to the small

difference in the denominator Ξ− − Ξ0 which magnifies the apparent discrepancy. So

this is not a good way of testing baryon independence. Our determination of the

ratio of the left hand side over the right hand side (LHS/RHS) is 7.4(1.0), compared

to the experiment value of 5.7(4) and the lattice calculation of 4.1(1.5). The error

are added in quadrature in forming these ratios.

One interesting sum rule for magnetic moment [46] which is fairly accurately

satisfied is

p+ n = 3Λ +
1

2
(Σ+ + Σ−) − (Ξ0 + Ξ−). (4.48)

It is derived using SU(3)-flavor symmetry to characterize the Λ wave function. Our

determination of the LHS/RHS ratio is 1.24(79), compared to the experimental values

of 1.22(5) and the lattice calculation of 1.45(27).
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Another sum rule for magnetic moment, first derived by Franklin [45],

p− n = Σ+ − Σ− + Ξ− − Ξ0, (4.49)

is another test of baryon independence of the quark moments. The contribution of

the strange quarks approximately cancel, leaving only u and d quarks. We give the

ratio of 1.20(0.68), while the experiment measurements gives 1.133(10) and lattice

results is 1.07(8) for this ratio.

Finally, the Sachs sum rule [47]

3(p+ n) = Σ+ − Σ− − Ξ− + Ξ0 (4.50)

is satisfied by the more general extension of SU(6) symmetry and is another test of

baryon independence of quark moments. This sum rule is just the sum of the two sep-

arate sum rules proposed earlier by Franklin [48]. Our result gives the ratio of 0.86(35)

which is in agreement with the experiment measurements of 0.881(11). Whereas it

yields an opposite violation with a ratio of 1.29(20) from lattice moments. This con-

tradiction is possibly because the Sachs sum rule may be sensitive to dynamics not

included in the lattice calculation.

4.5.5 Individual Quark Contributions

To gain a deeper understanding of the dynamics, it is useful to consider the individual

quark sector contributions to the magnetic moment. In our approach, we can easily
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calculate individual quark contributions to the QCD sum rules. For example, to turn

off all u-quark contributions, we set the charge factor eu = 0. To turn off all s-quark

contributions, we set es = 0, ms = 0, fs = 1, and φ = 1. We can extract a number

corresponding to each quark contribution from the slope of Eq. (4.45) as a function of

1/M2. We call this the raw individual quark contributions to the magnetic moments.

Table 4.5: Individual quark contributions and total magnetic moments in unit of nuclear
magnetons extracted from the QCD sum rules at WE1 (denoted by the subscript SR) are
compared with those from a lattice QCD calculation (denoted by the subscript LAT) [43, 49].

µu
SR µu

LAT µd
SR µd

LAT µs
SR µs

LAT µTotal
SR µTotal

LAT
p 2.46(25) 2.59(24) 0.38(4) 0.15(9) 0 0 2.82(26) 2.79
n -0.42(9) -0.31(20) -1.53(13) -1.32(14) 0 0 -1.97(15) -1.60(21)
Λ 0.18(7) 0.09(6) -0.09(4) -0.03(2) -0.63(15) -0.54(7) -0.56(15) -0.50(7)
Σ+ 2.06(25) 2.33(29) 0 0 0.15(2) 0.08(5) 2.31(25) 2.37(18)
Σ0 1.09(12) 0.87(9) -0.54(6) -0.29(3) 0.14(2) 0.08(5) 0.69(7) 0.65(6)
Σ− 0 0 -1.25(10) -1.14(14) 0.10(2) 0.08(5) -1.16(10) -1.08(10)
Ξ0 0.02(2) -0.44(6) 0 0 -1.08(7) -0.73(6) -1.15(5) -1.17(9)
Ξ− 0 0 0.03(2) 0.22(3) -0.67(6) -0.73(6) -0.64(6) -0.51(7)

Table 4.5 gives the result of raw individual u, d and s quark sector contributions

to the magnetic moments from the QCD sum rules at WE1. It is compared with the

lattice QCD result in [43]. The lattice results were re-scaled later in [49] and we use

the re-scaled results for the comparison. Our results agree with the lattice results

reasonably well. The biggest discrepancy is that our light quark moments in Ξ0 and

Ξ− are small. In Σ0, and Λ the total of u and d quark moments agree very well with

lattice data for light quark moments. Note that only a combined number for light

quark (µl = µu + µd) was given on the lattice [43]. To compare with our separated

u and d quark numbers, we break up the lattice number by using the SU2 relation
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µu = −2µd.

In the simple quark model [50], the magnetic moment of the proton is given by

p = 4
3
µu − 1

3
µd. In the SU(2) limit, there is the relation µu = −2µd. Our results for

Σ0 and Λ, the two uds structure baryons, agree with this very well. This relation

also suggests that the ratio of the u quark and d quark contributions in proton is

4
3
µu/(−3

4
µd) = 8. Our QCD sum rule ratio is 10.6 for β = −1.2, which agrees

with the lattice ratio of 10.3(7) at κ1. For the neutron, the quark model ratio is

4
3
µd/(−1

3
µu) = 2, and our result is 3.64(40) for this ratio, which differs from the

SU(6) spin-flavor symmetry prediction. The lattice ratio is 2.6. The bigger ratio

represents an enhancement of the doubly represented quark contribution. These

results suggest that although the total magnetic moments ratios agree with SU(6)

ratios (see Table 4.4), the underlying quark dynamics are really quite different for

different individual quark contributions.

To include the possible nonstatic effect, Franklin [46] proposed a generalization
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of SU(6) results so that nonstatic components are the same for each octet baryon:

p = 4
3
µu − 1

3
µ′

d,

n = 4
3
µd − 1

3
µ′

u,

Σ+ = 4
3
µu − 1

3
µ′

s,

Σ− = 4
3
µd − 1

3
µ′

s,

Ξ0 = 4
3
µs − 1

3
µ′

u,

Ξ− = 4
3
µs − 1

3
µ′

d,

Σ0 = 2
3
µu + 2

3
µd − 1

3
µ′

s,

Λ = µ′′
s

(4.51)

where quark symbols refer to quark moment contributions including nonstatic effect.

The magnetic moment contribution of the unlike quark in the baryon is primed.

In order to compare with the effective quark moments defined in the quark model,

we convert our raw quark moments in Table quark in a similar fashion. Take the

proton for example, we define effective quark moments µu and µ′
d from QCD sum

rules by uSR = 4
3
µu, dSR = 1

3
µ′

d. One can define effective moments for quarks in other

baryons in a similar manner.

In the proton, µu is 1.84(18) while in Σ+ 1.54(18) and in Σ0 is 1.63(18). In the

neutron, µ′
u is 1.25(27), which is smaller than µu. This is an example that effective

quark magnetic moment is sensitive to the environment the quark resides in. We find

the following relation from our results

µp
u < µΣ0

u < µΣ+

u . (4.52)
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For µd, in n it is −1.15(11) while for Σ0 is −0.82(8) and for Σ− is −0.93(8). From p

we can get µ′
d = −1.15(12). µd has a similar relation for the absolute value

µn
d < µΣ0

d < µΣ−

d . (4.53)

For µs, it is −0.81(6) in Ξ0 and −0.50(5) in Ξ−. For µ′
s, it is −0.45(5), −0.42(5)

and −0.30(5) in Σ+, Σ0 and Σ−, respectively. From Λ we can get µ′′
s about −0.63(15).

For these individual quark effective moments, we notice that in general we have

the following relation

µs < µd < µu. (4.54)

This is expected because of the quark mass effects, which is analogous to those seen

in the electric properties.

Another way of looking at the individual effective quark moments is by expressing

them in terms of baryon magnetic moments using Eq.(4.51) and isospin symmetry.

For example, the d-quark effective moment can be expressed as

µd = −1

4
(2p+ n) =

1

4
(Σ− − Σ+). (4.55)

Our result indicates µd = −0.92(14) < −0.86(7) using the baryon moments in Ta-

ble 4.5 or in Table 4.1. This agrees well with the experimental moments µd =

−0.918 < −0.894(7) and the lattice result of µd = −1.00(5) < −0.86(6).
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Similarly the d′ quark effective moment is

µ′
d = p+ 2n = Ξ0 − Ξ−. (4.56)

We have µ′
d = −1.12(39) < −0.51(8). This also agree very well with the experimental

moments µ′
d = −1.003 < −0.578(26) although the two sides of this sum don’t agree

well.

The strange quark can be isolated as

µs = 1
4
(Ξ0 + 2Ξ−),

µ′
s = −Σ+ − 2Σ−,

µ′′
s = Λ − δ.

(4.57)

Our results are compared with experiment and lattice calculation in Table 4.6. Not

Table 4.6: The result for s s′ and s′′ quark effective moments from QCD sum rule, experi-
ment and lattice calculation.

µs µ′′
s µ′

s

SR -0.61(3) < -0.60(15) < 0.01(32)
Exp. -0.651(12) < -0.57(4) < -0.107(36)
LAT. -0.55(4) ≈ -0.54(4) < -0.24(17)

only do the results agree with the experiment and lattice calculation, they also roughly

agree with the strange quark moments from individual quark moments.

Now, we can look at the quark moment difference such as µ′
s−µ′

d and µs−µd. Ac-

cording to simple quark model, the difference should be the same and approximately

as 0.36. In fact, from

µ′
s − µ′

d = 3(p− Σ+), (4.58)
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µs − µd =
3

4
(Ξ0 − n), (4.59)

QCD sum rules give 1.53(8) and 0.61(12). The experiment gives 1.12(7) and 0.495(11),

while lattice calculation gives 1.3(5) and 0.32(17) respectively. The large result of

µ′
s − µ′

d is difficult to reconcile with any simple model. And Eq. (4.58) is a poor way

to measure the difference of s and d quark contribution.

4.5.6 Correlations

Our Monte-Carlo analysis affords the opportunity to study the correlations between

any two parameters since the entire QCD input phase space is mapped into the

phenomenological output space. This correlation can be explored by a scatter plot of

the two parameters of interest.
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Figure 4.10: Scatter plots showing correlations between the magnetic moment and the
QCD parameters for the proton at structure WE1. They are obtained from 2000 Monte-
Carlo samples with 10% uncertainty on all the QCD parameters.

Fig. 4.10 shows the scatter plots for the proton magnetic moment at structure

WE1. We see that the magnetic moment has a strong correlation with the vacuum
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Figure 4.11: Similar to Fig. 4.10, but for the Σ0 and a different set of QCD parameters.

susceptibility χ. It is a negative correlation, meaning larger χ ( in absolute terms

since χ is negative) leads to smaller µB. A slightly negative correlation with the mixed

condensate and a slightly positive correlation with another vacuum susceptibility κ

are also observed. Precise determination of the QCD parameters, especially for those

that have strong correlations to the output parameters, is crucial for keeping the

uncertainties in the spectral parameters under control.

Fig. 4.11 shows a similar plot for the Σ0 at structure WE1. Here we focus on the

three vacuum susceptibilities and the three parameters that define the strange quark

(ms, fs and φ). The correlations with the other condensates are similar to the proton

and are not shown. A negative correlation with χ exists, but not as strong as that

for the proton. A slightly positive correlation with ms and fs is also observed.
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Chapter 5

N to ∆ Transitions Amplitudes

from QCD Sum Rules

The calculation proceeds in the same way as for the magnetic moment in Chap. 4. The

only complication is that the different vertex function is more complicated because

the final state is a spin-3
2

particle.

The starting point is still the time-ordered correlation function between a nucleon

state and a ∆ state in the QCD vacuum in the presence of a static background

electromagnetic field Fµν :

Πα(p) = i
∫

d4x eip·x〈0 | T{ η∆
α (x) η̄N(0) } | 0〉F , (5.1)

where η∆
α (α Lorentz index) and ηN are interpolating field operators carrying the

quantum numbers of the baryons under consideration.
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5.1 Phenomenological Representation (RHS)

We insert two complete sets of physical intermediate states to the correlation function

Eq.(5.1), it becomes

Πα(p) =
∫

d4xd4y d4k′

(2π)4
d4k

(2π)4
∑

∆N

∑

s′s

−i
k′2−m2

∆−iε
−i

k2−m2
N−iε

eipx

×Aµ(y) < 0|η∆
α (x)|∆k′s′ >< ∆k′s′|jµ(y)|Nks >< Nks|η̄(0)|0 > .

(5.2)

Using the translation invariance on η∆
α (x) and jµ(y), and the overlap strengths (λ∆

and λN) of the interpolating fields with the states: < 0|ηα(0)|∆k′, s′ >= λ∆uα(k′, s′).

The current matrix element for Nγ−∆ transition is defined in previous chapter.

Here we adopt the Jones and Scadron’s definition.

< ∆(k′, s′)|Jµ(0)|N(k, s) >= ūρ(k
′, s′)Γρuu(k, s) (5.3)

The operator Γρµ is

Γρµ = G1(q
2)H1

ρµ +G2(q
2)H2

ρµ +G3(q
2)H3

ρµ (5.4)

with H1
ρµ, H

2
ρµ defined earlier in Eq. (2.3).

We can write out explicitly the contribution of the lowest lying state and desig-

nate ESC for the excited state contributions:

Πα(p) = −λ∆λ
∗
N

∫

d4xd4y d4k′

(2π)4
d4k

(2π)4
[k′2 −m2

∆ − iε]−1[k2 −m2
N − iε]−1

Aµ(y)ei(p−k′)xeiqy ∑

s′
uα(k′, s′)ūρ(k

′, s′)Γρµ∑

s
u(k, s)ū(k, s) + ESC.

(5.5)
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The spin sums for N is the same as before and the Rarita-Schwinger spinsor sum

for ∆ is:

∑

s′
ūα(k′, s′)uρ(k

′, s′) = −(k̂′ +m∆){gαρ −
1

3
γαγρ −

2k′αk
′
ρ

3m2
∆

+
k′αγρ − k′ργα

3m∆
}. (5.6)

We work in the fixed-point gauge in which Aµ(y) = −1
2
Fµνy

ν. After changing

variables from k to q = k′ − k, which leads to d4k = −d4q, we have

Πα(p) = −λ∗Nλ∆Fµν

∫

d4xd4y d4k′

(2π)4
d4q

(2π)4
[k′2 −m2

∆][(q − k′)2 −m2
N ]−1 × ei(p−k′)x

(− i
2

∂
∂qν
eiqy)(k̂′ +m∆){gαρ − 1

3
γαγρ − 2k′

αk′

ρ

3m2
∆

+
k′

αγρ−k′

ργα

3m∆
} × Γρµ × (k̂′ − q̂ +mN).

(5.7)

Integrating by parts and using properties of δ functions, the expression collapses to

Πα(p) =
iλ∗

N λ∆

2
Fµν [p

2 −m2
∆]−1[p2 −m2

N ]−1(p̂+m∆)

×{gαρ − 1
3
γαγρ − 2pαpρ

3m2
∆

− pαγρ−pργα

3m∆
}

×[G1(gρνγµ − γνgρµ)γ5 +G2(gρνpµ − pνgρµ)γ5](p̂+mN ),

(5.8)

where we have chosen to work with the transition amplitudes G1 and G2 as defined in

Eq. (2.2) and Eq. (2.3), rather than GM1 and GE2. They are readily converted back

and forth by Eq. (2.7) and Eq. (2.8).

A straightforward evaluation of this expression leads to numerous Dirac struc-

tures, but not all of them are independent of each other. The dependencies can be

removed by ordering the gamma matrices in a specific order. After a lengthy calcu-

lation we identified 12 independent Dirac structures. They can be organized (aside
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from an overall factor of i that also appears on the QCD side) as:

Πα(p) =
λ∗Nλ∆

2
[p2 −m2

∆]−1[p2 −m2
N ]−1

[WE1(
2

3
G1m∆+

2

3
G1mN )

+WE2(
2

3
p2G1m

−1
∆ −4/3G1m∆−

2

3
G1mN )

+WE3(
2

3
G1m∆+

2

3
G1mN)

+WE4(−
2

3
p2G1m

−1
∆ +

2

3
p2G2+

8

3
G1m∆+

2

3
G1mN−

2

3
G2m∆mN )

+WE5(−
4

3
G1m

−2
∆ mN−

2

3
G2m

−1
∆ mN+

2

3
G2)

+WE6(2p2G2−2G2m∆mN)

+WO1(−
2

3
p2G1−

2

3
G1m∆mN )

+WO2(
2

3
G1m

−1
∆ mN+

2

3
G1)

+WO3(−
2

3
p2G1−

2

3
G1m∆mN )

+WO4(
4

3
p2G1m

−2
∆ +

2

3
p2G2m

−1
∆ +

4

3
G1m

−1
∆ mN−4

3
G1−

4

3
G2m∆+

2

3
G2mN)

+WO5(−
2

3
G1m

−1
∆ mN−2G1−

2

3
G2m∆+

2

3
G2mN )

+WO6(
4

3
G1m

−1
∆ mN−2

3
G2m∆+

2

3
G2mN )]. (5.9)
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The Dirac structures associated with WEi and WOi are listed as follows:

WE1 = Fµνγ5p̂γµγνγα

WE2 = Fµνγ5γµγνpα

WE3 = Fµνγ5p̂(γνgαµ − γµgαν)

WE4 = Fµνγ5(γµγαpν − γνγαpµ)

WE5 = Fµνγ5p̂(γµpνpα − γνpµpα)

WE6 = Fµνγ5(gαµpν − gανpµ)

WO1 = Fµνγ5γµγνγα

WO2 = Fµνγ5p̂γµγνpα

WO3 = Fµνγ5(γνgαµ − γµgαν)

WO4 = Fµνγ5(γµpν − γνpµ)pα

WO5 = Fµνγ5p̂(γµγαpν − γνγαpµ)

WO6 = Fµνγ5p̂(gαµpν − gανpµ)

(5.10)

Same as magnetic moment sum rules, the naming convention of WEi and WOi refers

to even-odd dimension vacuum condensates. Coincidentally, the WEi structures

themselves contain odd number of gamma matrices, while WOi even number.

The next step is to perform the standard Borel transform, which turns a function

of p2 to a function of M2 (M is the Borel mass). Unlike the N to N transition in

the calculation of magnetic moments [9], the double-pole structure in the N to ∆

transition in Eq. (5.9) has unequal masses m∆ and mN . The existence of an equal-

mass double pole in the ground state was crucial in isolating the magnetic moments

from the excited states because it gives a different functional dependence on the Borel

mass (e−m2/M2
/M2) than the single poles (e−m2/M2

). Here for N to ∆ transitions, we

shall approximate the unequal-mass double pole by an equal-mass double pole,

1

p2 −mN

1

p2 −m∆

≈ (
1

p2 − m̄2
)2, (5.11)

where m̄2 = (m2
N +m2

∆)/2 can be considered as an averaged square mass. For the
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physical masses involved in the N to ∆ transitions, this approximation is good to

within 3% in the Borel region of interest we are going to explore. Because of this

approximation, the determination of the N to ∆ transition amplitudes will not be

as accurate as the magnetic moments in the QCD sum rule approach. With the

introduction of the pure double pole, the Borel transform of the ground state in

Eq. (5.9) is given by

Πα(p) =
λ∗Nλ∆

2M2
e−m̄2/M2

[WE1
2

3
G1(m∆ + mN)

+WE2
2

3
G1

1

m∆
(−M2 + m̄2 − 2m2

∆ −mNm∆)

+WE3
2

3
G1(m∆ +mN)

−WE4(
2

3
G1

1

m∆

(−M2 + m̄2 − 4m2
∆ −mNm∆) +

2

3
G2(−M2 + m̄2 −m∆mN))

−WE5(
4

3
G1

1

m2
∆

mN +
2

3
G2

1

m∆
(−mN +m∆))

+WE62G2(−M2 + m̄2 −m∆mN)

−WO1
2

3
G1(−M2 + m̄2 +m∆mN )

+WO2
2

3
G1

1

m∆
(mN +m∆)

−WO3
2

3
G1(−M2 + m̄2 +m∆mN )

+WO4(
4

3
G1

1

m2
∆

(−M2 + m̄2 +mNm∆ −m2
∆)

+
2

3
G2

1

m∆
(−M2 + m̄2 − 2m2

∆ +mNm∆))

−WO5(
2

3
G1

1

m∆
(mN +m∆) − 2

3
G2(m∆ −mN ))

+WO6(
4

3
G1

1

m∆

mN − 2

3
G2(m∆ −mN ))], (5.12)
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where M is the Borel mass parameter, not to be confused with the particle masses

mN , m∆, or m̄.

The excited states must be treated with care. The pole structure can be written

in the generic form

C1

(p2−m2
N )(p2−m2

∆)
+
∑

N∗

C2

(p2−m2
N∗

)(p2−m2
∆)

+
∑

∆∗

C3

(p2−m2
N )(p2−m2

∆∗
)
+

∑

N∗,∆∗

C4

(p2−m2
N∗

)(p2−m2
∆∗

)
,

(5.13)

where Ci are constants. The first term is the ground state pole which contains the

desired amplitudes G1 andG2. The second and third terms represent the non-diagonal

transitions between the ground state and the excited states caused by the external

field. The forth term is pure excited-state to excited-state transitions. These different

contributions can be represented by the diagrams in Fig. 5.1. Upon Borel transform,

Figure 5.1: The four contributions to the spectral function in the presence of an external
field: transition between ground state N to ground state ∆, transitions between ground
state N and excited states ∆∗, transition between excited state N∗ and ground state ∆ and
pure excited states N∗ → ∆∗.

the ground state takes the form

C1

M2 e
−m̄2/M2

+
∑

N∗,∆∗

C4

M2 e
−m̄∗2/M2

+e−m̄2/M2

[

e(m̄
2−m2

∆)/M2 ∑

N∗

C2(1−e
−(m2

∆
−m2

N∗
)/M2

)
m2

∆
−m2

N∗

+ e(m̄
2−m2

N )/M2 ∑

∆∗

C3(1−e
−(m2

∆∗
−m2

N
)/M2

)
m2

∆∗
−m2

N
.

]

(5.14)

The important point is that the non-diagonal transitions (N∗ to ∆ and N to ∆∗)
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give rise to a contribution that is not exponentially suppressed relative to the ground

state. This is a general feature of the external-field technique. The strength of

such transitions at each structure is a priori unknown and is a potential source of

contamination in the determination of the amplitudes. The standard treatment of

the off-diagonal transitions is to approximate the quantities in the square brackets

by a parameter A, which is to be extracted from the sum rule along with the ground

state property of interest. Inclusion of such contributions is necessary for the correct

extraction of the amplitudes. The pure excited state transitions (N∗ to ∆∗) are

exponentially suppressed relative to the ground state and can be modeled in the

usual way by introducing a continuum model and threshold parameter w.

5.2 QCD Side

5.2.1 Interpolating Fields

We need interpolating fields for the baryons in N to ∆ transitions in Eq. (2.14). We

consider a linear combination of the two standard local interpolating fields for the

baryon octet are listed in Eq.(4.4).

For the spin-3/2 baryon decuplet, we use

η∆+

α (uud) =
1√
3
ǫabc[2(uaTCγαd

b)uc + (uaTCγαu
b)dc],

η∆0

α (ddu) =
1√
3
ǫabc[2(daTCγαu

b)dc + (daTCγαd
b)uc],

ηΣ∗+

α (uus) =
1√
3
ǫabc[2(uaTCγαs

b)uc + (uaTCγαu
b)sc],
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ηΣ∗0

α (uds) =
2√
3
ǫabc[(uaTCγαd

b)sc + (daTCγαs
b)uc + (saTCγαu

b)dc],

ηΣ∗−

α (dds) =
1√
3
ǫabc[2(daTCγαs

b)dc + (daTCγαd
b)sc],

ηΞ∗0

α (ssu) =
1√
3
ǫabc[2(saTCγαu

b)sc + (saTCγαs
b)uc],

ηΞ∗−

α (ssd) =
1√
3
ǫabc[2(saTCγαd

b)sc + (saTCγαs
b)dc]. (5.15)

Then, we start by writing down the master formulas used in the calculation of

the QCD side, which are functions of the quark propagators, obtained by contracting

out pairs of time-ordered quark-field operators in the two-point correlation function

in Eq. (5.1) using the interpolating fields in Eq. (4.4) and Eq. (5.15). We note that

the same master formulas enter lattice QCD calculations where the fully-interacting

quark propagators are generated numerically, instead of the analytical ones used here.

The master formula for the transition γp→ ∆+ (with uud quark content) is:

< 0|T{η∆+

α (x)η̄p(0)}|0 >= − 4√
3
εabcεa′b′c′{

Saa′

u γ5CS
bb′T

d CγαS
cc′

u + Saa′

u Tr(γ5CS
Tbb′

u CγαS
cc′

d )

−Saa′

d γ5CS
Tbb′

u CγαS
cc′

u + β[Saa′

u CSTbb′

d CγαS
cc′

u γ5

+Saa′

u γ5Tr(CS
Tbb′

u CγαS
cc′

d ) − Saa′

d CSTbb′

u CγαS
cc′

u ]}.

(5.16)

It is not necessary to list all the master formulas for the other transitions separately.

Only three are distinct; others can be obtained by making appropriate substitutions

in the above expression as specified below:� for nγ → ∆0 (ddu quark content), interchange d quark and u quark in pγ → ∆+,� for Σ+γ → Σ∗+ (uus quark content), replace d quark by s quark in pγ → ∆+,
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� for Σ−γ → Σ∗− (dds quark content), replace u quark by d quark in Σ+γ → Σ∗+,� for Ξ0γ → Ξ∗0 (ssu quark content), interchange u quark and s quark in Σ+γ →

Σ∗+,� for Ξ−γ → Ξ∗− (ssd quark content), replace u quark by d quark in Ξ0γ → Ξ∗0.

Here the interchange of two quarks is achieved by simply switching the corresponding

propagators.

The master formula for Σ0γ → Σ∗0 (uds quark content) is:

< 0|T{ηΣ∗0

α (x)η̄Σ0

(0)}|0 >=
2√
3
εabcεa′b′c′{

Saa′

s γ5CS
Tbb′

u CγαS
cc′

d − Saa
u γ5CS

Tbb′

s CγαS
cc′

d

−Saa′

d Tr(γ5CS
Tbb′

s CγαS
cc′

u ) + Saa′

s γ5CS
Tbb′

d CγαS
cc′

u

−Saa
d γ5CS

Tbb′

s CγαS
cc′

u − Saa′

u Tr(γ5CS
Tbb′

s CγαS
cc′

d )

+β[Saa′

s CSTbb′

u CγαS
cc′

d γ5 − Saa′

u CSTbb′

s CγαS
cc′

d γ5

−Saa′

d γ5Tr(CS
Tbb′

s CγαS
cc′

u ) + Saa′

s CSTbb′

d CγαS
cc′

u γ5

−Saa′

d CSTbb′

s CγαS
cc′

u γ5 − Saa′

u γ5Tr(CS
Tbb′

s CγαS
cc′

d )]. (5.17)

The master formula for Λγ → Σ∗0 (uds quark content) is:

< 0|T{ηΣ∗0

α (x)η̄Λ}|0 >=
2

3
εabcεa′b′c′{

2Saa′

d γ5CS
Tbb′

u CγαS
cc′

s − 2Saa
u γ5CS

Tbb′

d CγαS
cc′

s

−2Saa′

s Tr(γ5CS
Tbb′

u CγαS
cc′

d ) + Saa′

s γ5CS
Tbb′

u CγαS
cc′

d
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−Saa
u γ5CS

Tbb′

s CγαS
cc′

d − Saa′

d Tr(γ5CS
Tbb′

s CγαS
cc′

u )

−Saa′

s γ5CS
Tbb′

d CγαS
cc′

u + Saa
d γ5CS

Tbb′

s CγαS
cc′

u

+Saa′

u Tr(γ5CS
Tbb′

s CγαS
cc′

d ) + β[−2Saa′

d CSTbb′

u CγαS
cc′

s γ5

+2Saa
u CSTbb′

d CγαS
cc′

s γ5 − 2Saa′

s Tr(CSTbb′

u CγαS
cc′

d )γ5

+Saa′

s CSTbb′

u CγαS
cc′

d γ5 − Saa
u CSTbb′

s CγαS
cc′

d γ5

−Saa′

d Tr(CSTbb′

s CγαS
cc′

u )γ5 − Saa′

s CSTbb′

d CγαS
cc′

u γ5

+Saa
d CSTbb′

s CγαS
cc′

u γ5 + Saa′

u Tr(CSTbb′

s CγαS
cc′

d )γ5]}. (5.18)

The QCD side has the same Dirac structure as the phenomenological side and the

results can be collected according to the same 12 independent Dirac structures in

Eq. (5.10).

5.3 Sum Rules

Once we have both the QCD side (commonly referred as LHS) and the phenomeno-

logical side (RHS), we can isolate the sum rules by matching the two sides. Since

there are 12 independent Dirac structures, 12 sum rules can be constructed for each

transition. For the 8 transitions, the total number of sum rules is 96. We divide the

sum rules into four groups according to their dependence on the amplitudes and per-

formance. The first group consists of the sum rules at structures WE1, WO2 and WE3

which only contain the amplitude G1, and at WE6 which only contains G2. These

sum rules are expected to perform better than other sum rules for other structures

because they involve fewer parameters. The second group consists of the sum rules
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at structures WE5, WO5 and WO6 which have both G1 and G2. It is difficult to

extract both amplitudes at the same time. One way out is to fix one of them and

treat the other as free parameter. This reduces the predictive ability of the QCD

sum rules. Our numerical analysis suggests that it can serve as a consistence check at

best. Another way is to take appropriate combinations of sum rules to eliminate one

of the amplitudes. We tried but found the sum rules obtained this way perform worse

than the un-manipulated ones. We advocate against the practice of manipulating

the original sum rules like algebraic equations (such as taking derivatives or linear

combinations) to obtain new sum rules. The third group consists of the sum rules

at structures WE2, WO1 and WO3 which have one of the amplitudes and additional

dependence on the averaged square mass m̄2, aside from the common factor e−m̄2/M2
.

We found these sum rules perform consistently worse than those in groups 1 and 2,

possibly because of the approximation introduced by m̄2. The fourth group consists

of the sum rules at WE4 and WO4 which contain both G1 and G2, and additional

m̄2 dependence. They perform consistently the worst. In the following, we are going

to give detailed analysis of the sum rules in group 1, but first let us present the sum

rules in this group.

At the structure WE1, the sum rules can be expressed in the following form:

c1L
−4/27E2(w)M4 + c2χamsL

−20/27E1(w)M2 + c3amsL
−4/27E0(w) + c4χa

2L4/27E0(w)

+c5bL
−4/27E0(w) + c6m

2
0amsL

−18/27 1
M2 + c7a

2L20/27 1
M2 + c8χm

2
0a

2L−10/27 1
M2

= λ̃N λ̃∆e
−m̄2/M2

[ 1
3M2G1(m∆ +mN) + A].

(5.19)
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Here λ̃N and λ̃∆ are the re-scaled current coupling λ̃2 ≡ (2π)4λ2.

The ci coefficients differ from transition to transition. It is not necessary to

list the coefficients separately for all 8 transition channels. We only need to carry

out three separate calculations for Σ+γ → Σ∗+, Ξ0γ → Ξ∗0 and Λγ → Σ∗0. Other

channels can be obtained from them by making appropriate substitutions as specified

below:� for pγ → ∆+, replace s quark by d quark in Σ+γ → Σ∗+,� for nγ → ∆0, interchange d quark and u quark in proton pγ → ∆+,� for Σ−γ → Σ∗−, replace u quark by d quark in Σ+γ → Σ∗+,� for Σ0γ → Σ∗0, add corresponding coefficients of Σ+γ → Σ∗+ and Σ−γ → Σ∗−,

then divide by 2,� for Ξ−γ → Ξ∗0, replace u quark by d quark in Ξ0γ → Ξ∗0.

All sum rules for 12 structures and 8 channel are listed in Appendix A.

The coefficients appearing in Eq.( 5.19) are given by, in the transition channel

Σ+γ → Σ∗+,

c1 =
1

4
(−1 + β)(es − eu),

c2 = −1

4
(1 + 2β)(eu − esfsφ),

c3 =
1

12
(eu(−1 + β + 3fs + 3βfs + κ− βκ− (2 + β)ξ)

+es(−6 + fs(4 − κφ+ 2φξ) + β(−6 + fs(2 + φ(κ+ ξ))))),

c4 =
1

6
(−eu(1 + β + fs) + (2 + β)esfsφ),
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c5 = − 1

48
(−1 + β)(es − eu),

c6 =
1

24
(1 + 2β)(2es − eu(1 + fs)),

c7 =
1

36
(−eu(2 − 5κ+ ξ + β(2 + κ + ξ) + fs(−4 + 4κ+ ξ))

+es(−6 + fs(4 + 2β − κφ+ βκφ+ (2 + β)φξ))),

c8 =
1

144
(eu(8 + 2β + 8fs + 5βfs) − (16 + 7β)esfsφ); (5.20)

in the transition channel Ξ0γ → Ξ∗0,

c1 = −1

8
(−1 + β)(es − eu),

c2 =
1

8
(1 + 3β)(eu − esfsφ),

c3 =
1

12
(esfs − esfsφ(κ+ ξ) + eu(2 − 3fs + κ + ξ)

+β(eu(8 − 3fs + κ+ ξ) − es(6 + fs(−1 + φ(κ+ ξ))))),

c4 =
1

6
(1 + β)fs(eu − esfsφ),

c5 =
1

192
(−1 + β)(es − eu),

c6 =
1

48
(es(2 − β(−4 + fs) − 5fs) + eu(1 + 2fs + β(−7 + 4fs))),

c7 =
1

36
(eu(−3(1 + β)f 2

s + 3(1 + β)κ+ fs(2 − 2κ+ ξ + β(8 − 2κ+ ξ))) + es(−3

+fs(6 − 3κφ+ fs(−2 + 2κφ− φξ)) + β(−3 − 3fsκφ+ f 2
s (−2 + 2κφ− φξ)))),

c8 = − 1

144
(1 + β)(eu(−1 + 8fs) − esfs(2 + 5fs)φ); (5.21)

and in the transition channel Λγ → Σ∗0,

c1 =
1

8
(−(2 + β)ed + es + (2 + β)eu),
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c2 =
1

8
((3 − 2β)ed + 2(−1 + β)eu),

c3 =
1

24
(ed(−2 − 12fs − κ + β(1 + 3fs − κ− ξ) + 5ξ) + eu(−2 + 6fs + 5κ

−4ξ + β(−1 − 3fs + κ+ ξ)) + es(−6 + fs(−2 + 2κφ− φξ))),

c4 =
1

12
(−eu(2 − 3β + 2(1 + β)fs) + ed(3 + 2fs + β(−3 + 2fs)) − esfsφ),

c5 =
1

192
((5 + 2β)ed + 3es − (3 + 2β)eu),

c6 =
1

96
(−2es − (−9 + 4β)ed(1 + fs) + (−5 + 4β)eu(1 + fs)),

c7 =
1

72
(esfs(−2 + 2κφ− φξ) + ed(2fs(−7 − 2κ+ ξ)

+3(2 + κ+ ξ) + β(−3 + 2fs)(2 + κ + ξ)) − eu(2(2 + κ + ξ)

+β(−3 + 2fs)(2 + κ+ ξ) + fs(−8 − 7κ + 2ξ))),

c8 =
1

288
(−ed(23 + 17fs + β(−20 + 13fs)) + eu(15(1 + fs) + β(−20 + 13fs))).

(5.22)

At structure WE6, the sum rule is:

c1χamsL
−20/27E1(w)M2 + c2amsL

−4/27E0(w) + c3χa
2L4/27E0(w)

+c4a
2L20/27 1

M2 + c5χm
2
0a

2L−10/27 1
M2

= λ̃N λ̃∆e
−m̄2/M2

[ 1
M2G2(m

2
N −m∆mN ) + A].

(5.23)

The coefficients appearing in Eq.( 5.23) are given by, in the transition channel Σ+γ →

Σ∗+,

c1 = β(−eu + esfsφ),
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c2 =
1

3
β(eu(−4 − 2κ+ ξ) + esfs(4 + 2κφ− φξ)),

c3 = −2

3
β(eu − esfsφ),

c4 =
1

18
(−3eu(−1 + fs)ξ + 2β(eu(−4 − 2κ+ ξ) + esfs(4 + 2κφ− φξ))),

c5 =
1

6
β(eu − esfsφ); (5.24)

in the transition channel Ξ0γ → Ξ∗0,

c1 = β(eu − esfsφ),

c2 =
1

3
β(eu(4 + 2κ− ξ) + esfs(−4 − 2κφ+ φξ)),

c3 =
2

3
βfs(eu − esfsφ),

c4 =
1

18
fs(3es(−1 + fs)φξ + 2β(eu(4 + 2κ− ξ) + esfs(−4 − 2κφ+ φξ))),

c5 =
1

6
βfs(−eu + esfsφ); (5.25)

and in the transition channel Λγ → Σ∗0,

c1 =
1

2
β(ed − eu),

c2 =
1

6
β(ed − eu)(4 + 2κ− ξ),

c3 =
1

3
β(ed − eu),

c4 =
1

36
(ed − eu)(β(8 + 4κ− 2ξ) − 3(−1 + fs)ξ),

c5 =
1

12
β(−ed + eu). (5.26)
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At structure WO2, the sum rule is:

c1msL
−16/27E1(w)M2 + c2χaL

−8/27E1(w)M2 + c3aL
8/27E0(w) + c4m

2
0aL

−6/27 1
M2

+c5χa
2msL

−8/27 1
M2 + c6χabL

−8/27 1
M2 + c7a

2msL
8/27 1

M4 + c8abL
8/27 1

M4

= λ̃N λ̃∆e
−m̄2/M2

[ 1
3M2G1

1
m∆

(mN +m∆) + A].

(5.27)

The coefficients appearing in Eq.( 5.27) are given by, in the transition channel

Σ+γ → Σ∗+,

c1 =
1

2
(−es + eu),

c2 =
1

6
(−eu + esfsφ),

c3 =
1

12
(eu(−2 + 6fs + 2κ+ 6β(−2 + 2fs + κ) − ξ)

+es(−6 + fs(2 − 2(1 + 3β)κφ+ φξ))),

c4 =
1

12
(4es − eu(1 + 2β(−1 + fs) + 3fs)),

c5 =
1

6
(eu(1 + 4β(−1 + fs) + 3fs) − 4esfsφ),

c6 =
1

72
β(eu − esfsφ),

c7 =
1

36
(es(6 + fs(−4 + φ(κ+ 6βκ− 2ξ)))

+eu(2 − 2κ+ ξ + fs(−4 + κ− 6βκ+ ξ))),

c8 =
1

144
(−2es + eu(1 − 2β(−1 + fs) + fs)); (5.28)

in the transition channel Ξ0γ → Ξ∗0,

c1 =
1

4
(1 + β)(es − eu),
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c2 = − 1

12
(−1 + β)(eu − esfsφ),

c3 =
1

24
(eu(2 − 6fs + κ+ ξ) − esfs(−4 + φ(κ+ ξ)) + β(eu(−14 + 6fs − 7κ− ξ)

+es(24 + fs(−16 + 7κφ+ φξ)))),

c4 =
1

48
(−2(es + 6βes + eu − 6βeu) + ((−5 + 7β)es + (9 − 7β)eu)fs),

c5 =
1

12
(β(−1 + fs)(2eu − 7esfsφ) + fs(−4eu + es(1 + 3fs)φ)),

c6 = − 1

288
(−1 + 3β)(eu − esfsφ),

c7 =
1

72
(es(12 + 2fs(−8 − 5β + fs + (2 + β(−5 + fs) − fs)κφ) − (−1 + β)fs

(1 + fs)φξ) + 2eu(−3κ+ fs(−2 + 3fs + 2κ− ξ) + β(2 + κ+ 3fs(1 + κ) + ξ))),

c8 =
1

576
(−2(−1 + 2β)(es + eu) + (es + 5βes + (−5 + 3β)eu)fs); (5.29)

and in the transition channel Λγ → Σ∗0,

c1 =
1

4
(−3ed + es + 2eu),

c2 =
1

6
(ed − eu),

c3 =
1

24
(6es + eu(2 + 6fs + 7κ− 6β(−2 + 2fs + κ) − 2ξ)

+ed(−8 − 6fs − 7κ+ 6β(−2 + 2fs + κ) + 2ξ)),

c4 =
1

96
(ed(30 + β(23 − 22fs) + 16fs) + eu(−2(7 + 8fs) + β(−23 + 26fs))),

c5 =
1

6
(ed(−3 + 2β(−1 + fs) − 2fs) + 2eu(1 + β + fs − βfs) + esfsφ),

c6 =
1

288
((−1 + 2β)ed − (1 + 2β)eu),

c7 =
1

72
(−6es − eu(κ− 12βκ+ fs(8 + (4 + 6β)κ− 2ξ) − 2(2 + ξ))

+ed(fs(14 + κ+ 6βκ− 2ξ) − 2(2 + (−2 + 6β)κ+ ξ))),
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c8 =
1

1152
(1 − 8es + eu(6 + β(7 − 10fs) + 8fs) + ed(−14 − 7β − 8fs + 6βfs)).

(5.30)

This concludes the presentation of the QCD sum rules that will be used in the

numerical analysis. The sum rules for N to ∆ transition for other structures are listed

in Appendix A.

5.4 Monte-Carlo Analysis

The sum rules for N to ∆ transition have the generic form of OPE - ESC = Pole +

Transition, or

Πtran(QCD, β, w,M2) = λ̃N λ̃∆

(

f(G1,G2)
M2 + A

)

e−m̄2/M2
, (5.31)

where QCD represents all the QCD input parameters. f(G1, G2) is a function of

transition amplitudes G1 and G2. The basic mathematical task is: given the func-

tion Πtran with known QCD input parameters, find the phenomenological parameters

(G1, G2, transition strength A, coupling strength λ̃, and continuum threshold w) by

matching the two sides over some region in the Borel mass M . A χ2 minimization

is best suited for this purpose. Similarly, to alleviate the situation, we employ the

corresponding mass sum rules which have a generic form of OPE - ESC = Pole, or

Πmass,N(QCD, β, w1,M
2) = λ̃2

Ne
−m2

N /M2

; (5.32)

114



Πmass,∆(QCD, β, w2,M
2) = λ̃2

∆e
−m2

∆/M2

. (5.33)

They share some of the common parameters and factors with the transition sum rules.

Note that the continuum thresholds may not be the same in different sum rules. By

taking the following combination of the transition and mass sum rules,

Πtran(QCD,β,w,M2)√
Πmass,N (QCD,β,w1,M2)Πmass,∆(QCD,β,w2,M2)

= f(G1,G2)
M2 + A, (5.34)

the couplings λ and the exponential factors are cancelled out. This is another advan-

tage for introducing the m̄2 prescription. The form in Eq. (5.34) is what we are going

to implement. By plotting the two sides as a function of 1/M2, the slope will be re-

lated to the transition amplitudes G1 or G2 and the intercept the transition strength

A. The linearity (or deviation from it) of the left-hand side gives an indication of

OPE convergence and the role of excited states. The two sides are expected to match

for a good sum rule over a certain window. This way of matching the sum rules has

two advantages. First, the slope, which is proportional to the transition amplitudes,

is usually better determined than the intercept. Second, by allowing the possibility

of different continuum thresholds, we ensure that both sum rules stay in their valid

regimes.

For the octet baryons, we use the chiral-even mass sum rules in in Eq. (3.79)

which are reproduced here in the same notation used in this work.

For the decuplet baryons, we use the chiral-odd sum rules [51] at the structure
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gµν, which are reproduced here, for ∆:

4
3
a E1 L

16/27 M4 − 2
3
m2

0a E0 L
2/27 M2 − 1

18
a b L16/27 = λ̃2

∆
M∆ e

−M2
∆/M2

; (5.35)

for Σ∗:

4
9
(fs + 2) a E1 L

16/27 M4 − 2
9
(fs + 2)m2

0a E0 L
2/27 M2 − 1

54
(fs + 2) a b L16/27

+1
2
ms E2 L

−8/27 M6 + 2
3
ms κva

2 L16/27 = λ̃2
Σ∗ MΣ∗ e−M2

Σ∗/M2

;

(5.36)

for Ξ∗:

4
9
(2fs + 1) a E1 L

16/27 M4 − 2
9
(2fs + 1)m2

0a E0 L
2/27 M2 − 1

54
(2fs + 1) a b L16/27

+ms E2 L
−8/27 M6 + 4

3
ms fs κva

2 L16/27 = λ̃2
Ξ∗ MΞ∗ e−M2

Ξ∗/M2

.

(5.37)

All the details about monte-carlo analysis and QCD input parameters are given

in Sec. 4.4.

5.5 Results and Discussion

We did a wide survey of the 96 sum rules at the 12 structures and the 8 transitions.

Overall, based on the quality of the match, the broadness of the Borel window and its

reach into the lower end, the size of the continuum and non-diagonal contributions,

and OPE convergence, we found that most of the sum rules do not perform well

in terms of their ability to predict stable values for the amplitudes. They can be

roughly divided into four groups using our naming convention of WEi and WOi, as
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alluded to earlier. Group one consistently produces the most reliable results, except

the structure at WE3. In the following, we focus on the sum rules at WE1 and WO2,

which only contain the amplitude G1, and at WE6 which only contains G2.

5.5.1 The Sum Rules at WE1

The sum rules are found in Eq. (5.19). Ideally, we would like to extract 6 parameters:

G1, A, w, w1,w2 and β. But a search treating all six parameters as free does not work

because there is not enough information in the OPE. In fact, the freedom to vary β

can be used as an advantage to yield the optimal match. One choice is β = −0.2 which

minimizes the perturbative term in the mass sum rule (the first term in Eq. (3)) [52].

Another parameter that can be used to our advantage is the continuum thresholds

w1 and w2 for the corresponding mass sum rules. We fix them to the values that give

the best solution to the mass sum rules independently. The following values are used:

for the nucleon, w1 = 1.44 GeV; for Λ, w1 = 1.60 GeV; for Σ, w1 = 1.66 GeV; for Ξ,

w1 = 1.82 GeV; for the ∆, w2 = 1.65 GeV; for Σ∗, w2 = 1.80 GeV; for Ξ∗, w2 = 2.0

GeV. In this way the transition and the mass sum rules can stay in their respective

valid Borel regimes. This leaves us with three parameters: G1, A, w. Unfortunately,

a three-parameter search is either unstable or returns values for w smaller than the

particle masses, a clearly unphysical situation. Again we think this is a symptom of

insufficient information in the OPE to resolve the parameters. So we are forced to fix

the continuum threshold w to the value that corresponds to the best match for the

central values of the QCD parameters, and extract two parameters: G1 and A.
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Table 5.1: Results for G1 in N → ∆ transitions from the QCD sum rule at structure WE1

in Eq. (5.19). The columns correspond to, from left to right: transition channel, β value,
Borel window, continuum threshold, transition strength A, amplitude G1. The errors in the
results are derived from 2000 samples in the Monte-Carlo analysis with 10% uncertainty on
all the QCD input parameters.

Transition β Window w A G1

(GeV) (GeV) (GeV−2) (GeV−1)
pγ → ∆+ -0.2 0.9 to 1.2 1.5 0.76(7) 3.16 (37)
nγ → ∆0 -0.2 0.9 to 1.2 1.5 -0.76(7) -3.16 (37)

Σ+γ → Σ∗+ -0.2 0.85 to 1.3 1.6 1.06(10) 2.05 (24)
Σ0γ → Σ∗0 -0.2 0.85 to 1.3 1.5 0.42(4) 0.92 (10)
Σ−γ → Σ∗− -0.2 0.8 to 1.4 1.8 -0.04(3) -0.33 (6)
Ξ0γ → Ξ∗0 -0.2 0.8 to 1.4 1.6 -0.27(4) -0.75(8)
Ξ−γ → Ξ∗− -0.2 0.8 to 1.4 2.0 0(1) 0.12 (2)
Λγ → Σ∗0 -0.2 0.8 to 1.3 1.45 0.62(8) 2.60(24)

The results of such an analysis are given in Table 5.1. We also checked that the

results are not sensitive to small changes in β and the Borel window. Our result on the

Λγ → Σ∗0 transition is a prediction: we know of no other calculations of this transition

channel. The results on the parameter A indicate that the non-diagonal transitions

are not significant in this sum rule, perhaps due to cancellations in the excited states,

but they are not negligible in the proton and neutron channels. Ignoring them will

alter the slope of the RHS and lead to different results for G1. In fact, we found that

one of the main symptoms of a sum rule performing poorly is the relatively large

contribution of the non-diagonal transitions represented by A. The effects of such

contributions are not known until a numerical analysis is carried out.

We look at details of the analysis in Fig. 4.5, using the transition pγ → ∆+ as

an example. The first graph shows how the two sides of Eq. (5.34) for this sum rule

match over the Borel window, which should be linear as a function of 1/M2 according

to the right-hand side of this equation. Indeed, we observe good linear behavior from
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Figure 5.2: Histogram for the G1 transition amplitude (top) and transition ampli-
tude (bottom) obtained from Monte-Carlo fits of Eq.( 5.19) at WE1 for 2000 QCD
parameter sets. They are based on 10% uncertainty given to all the QCD input
parameters.

the LHS (which is OPE-ESC). The slope is directly proportional to the transition

amplitude G1, and the intercept give the non-diagonal transition contribution A.

We also plot the individual contributions from u and d quarks. We see that in this

transition, the u-quark contribution is the dominant one, which is expected because it

is doubled-represented in the proton (uud). In the next two graphs, we give details on

the individual terms in the sum rule in Eq. (5.19), remembering that the sum rule is in

the generic form of OPE-ESC=Pole+Transition. The second graph in Fig. 4.5 shows

how the various terms contribute to the OPE as a function of M2. The M0 terms,

which contain the contributions from the condensates χa2 and b, play an important

role. It is followed by the M4 term which is the perturbative contribution. The M2

term is zero in this channel because it is proportional to the strange quark mass. The

M−2 term gives a negative contribution and its contribution as a percentage of the
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Figure 5.3: Analysis of the QCD sum rule in Eq. (5.19) (structure WE1) for the proton
at β = −0.2 according to Eq. (5.34). Top figure, the pole plus transition terms (solid
lines) are compared against the OPE minus the excited-state contributions (dashed
lines) as a function of 1/M2 (the two should match for an ideal sum rule). Also plotted
are the individual contributions from u (long-dashed lines) and d (dot-dashed lines)
quarks. Middle figure, the total in the OPE side and its various terms are plotted
as a function of M2. Bottom figure, the 3 terms in the phenomenological side: pole
(solid), transition (long-dashed), and excited (dot-dashed) are plotted as a function
of M2.
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entire OPE is about 10% at the lower end of the Borel window. In the third graph

we show the three terms that comprise the phenomenological side (Pole, Transition,

and ESC) as a function of M2. The ground-state pole is dominant at the low end

of the Borel window. The excited-state contribution starts small, then grows with

M2, as expected from the continuum model. The transition contribution is small in

this sum rule. It is consistently smaller than the excited-state contribution and has

a weak dependence on the Borel mass.

We also looked into look into correlations between any two parameters by way

of scatter plots of the two parameters of interest. Fig. 5.4 shoes that the transition

amplitude G1 has a strong negative correlation with the vacuum susceptibility χ.

Larger χ (in absolute terms since χ is negative) leads to smaller G1. We found

similar strong correlations with in other transition channels. It is similar to magnetic

moment case. So precise determination of χ is crucial for keeping the uncertainties

in the spectral parameters under control.
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Figure 5.4: A scatter plot showing correlations between the transition amplitude G1

and one of the QCD parameters χ for the pγ → ∆+ at structure WE1. It is obtained
from 2000 Monte-Carlo samples with 10% uncertainty on all the QCD parameters.
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5.5.2 The Sum Rule at WO2

The sum rule at this structure is found in Eq. (5.27). We use the same procedure to

analyze it. Since OPE expansion in this sum rule goes deeper than others (from M2

to 1/M4), it is expected to be more reliable than the WO1 sum rule. But our analysis

shows that this advantage is offset by the smallness of the 1/M2 and 1/M4 terms.

As a result, its performance is about the same as the sum rule at WE1. Table 5.2

displays the results extracted from this sum rule.

Table 5.2: Similar to Table 5.1, but for the QCD sum rule in Eq. (5.27) (structure WO2).

Transition β Window w A G1

(GeV) (GeV) (GeV−3) (GeV−1)
pγ → ∆+ -0.2 0.9 to 1.25 1.5 1.05(9) 3.34(31)
nγ → ∆0 -0.2 0.9 to 1.25 1.5 -1.05(9) -3.34(31)

Σ+γ → Σ∗+ -0.2 0.9 to 1.4 1.6 1.65(24) 0.75(41)
Σ0γ → Σ∗0 -0.2 0.9 to 1.4 1.6 0.65(9) 0.40(17)
Σ−γ → Σ∗− -0.2 0.9 to 1.3 1.4 -0.19(5) -0.08(7)
Ξ0γ → Ξ∗0 -0.2 0.9 to 1.4 1.8 -0.54(8) -0.35(15)
Ξ−γ → Ξ∗− -0.2 0.9 to 1.4 1.7 0.08(2) 0.10(4)
Λγ → Σ∗0 -0.2 0.9 to 1.4 1.55 1.55(13) 1.13(32)

5.5.3 The Sum Rule at WE6

The sum rule is found in Eq. (5.23). This is the only sum rule that depends on G2

alone. The results of our analysis are given in Table 5.3. The off-diagonal contribu-

tions (A) in the p → ∆+ and n → ∆0 are smaller by half than those for G1, but the

uncertainties are larger. They are small in the other channels, just like those for G1.

But others are not good. The reason of this is because he transition contribution (A)

are as larger as the G2 term, so the two terms can’t distinguish and get contaminated.
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Table 5.3: Similar to Table 5.3, but for the G2 amplitude from the QCD sum rule in
Eq. (5.23) (structure WE6).

Transition β Window w A G2

(GeV) (GeV) (GeV−2) (GeV−2)
pγ → ∆+ -0.2 1.05 to 1.3 1.5 -0.25(4) -2.26(43)
nγ → ∆0 -0.2 1.05 to 1.3 1.5 0.25(4) 2.26(43)

Σ+γ → Σ∗+ -0.2 1.2 to 1.6 1.6 -0.19(6) -0.99(32)
Σ0γ → Σ∗0 -0.2 1.0 to 1.3 1.4 -0.11(1) -0.92(19)
Σ−γ → Σ∗− -0.2 0.9 to 1.4 1.7 0.05(1) -0.17(9)
Ξ0γ → Ξ∗0 -0.2 1.0 to 1.3 1.6 0.22(2) 1.50(33)
Ξ−γ → Ξ∗− -0.2 1.0 to 1.5 1.75 -0.03(1) 0.05(7)
Λγ → Σ∗0 -0.2 1.0 to 1.3 1.45 0.09(3) 0.63(13)

5.5.4 Individual Quark Contributions

We extract a number corresponding to each quark contribution from the slope of

Eq. (5.34) as a function of 1/M2, while keeping other factors the same (β, Borel

window, w). We call this the raw individual quark contributions to the transition

amplitudes. Table 5.4 gives the results for the G1 amplitude from such a study. We

see that the u-quark contribution in the transition pγ → ∆+ is twice the d-quark

contribution as expected, and both contributions are positive. It is the opposite in

the transition nγ → ∆0. The s-quark contribution is positive in the Σ transitions,

and negative in the Ξ and Λ transitions. In the Σ0γ → Σ∗0 channel, the d-quark and

s-quark contributions largely cancel.

Table 5.4 gives the results for the G2 amplitude. Similar pattern is observed in

the proton and neutron channels, albeit the signs are opposite for G1 and G2. The s-

quark contribution is opposite to that in G1: negative in the Σ channels and positive

in the Ξ channels. It dominates in the Σ channels over the u-quark and d-quark

contributions. Interestingly, s-quark contribution is exactly zero in the Λ channel.
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Table 5.4: Individual quark contributions to the transition amplitude G1 in units of GeV−1

extracted from the QCD sum rules in Eq. (5.19) (structure WE1).

Gu
1 Gd

1 Gs
1 Gtot

1

pγ → ∆+ 2.10(24) 1.06(12 ) 0 3.16(46)
nγ → ∆0 -1.05(12) -2.10(24) 0 -3.16(46)

Σ+γ → Σ∗+ 1.58(18) 0 0.47(7) 2.05(24)
Σ0γ → Σ∗0 0.84(8) -0.42(4) 0.50(7) 0.92(10)
Σ−γ → Σ∗− 0 -1.04(8) 0.71(6) -0.33(6)
Ξ0γ → Ξ∗0 -0.58(6) 0 -0.17(3) -0.75(8)
Ξ−γ → Ξ∗− 0 0.38(3) -0.26(2) 0.12(2)
Λγ → Σ∗0 1.68(16) 1.02(10) -0.12(2) 2.60(24)

Table 5.5: Individual quark contributions to the transition amplitude G2 in units of GeV−2

extracted from the QCD sum rules in Eq. (5.23) (structure WE6).

Gu
2 Gd

2 Gs
2 Gtot

2

pγ → ∆+ -1.57(28) -0.79(14) 0 -2.26(43)
nγ → ∆0 0.79(14) 1.57(28) 0 2.26(43)

Σ+γ → Σ∗+ -0.56(22) 0 -0.42(6) -0.99(32)
Σ0γ → Σ∗0 -0.50(15) 0.25(8) -0.66(9) -0.92(19)
Σ−γ → Σ∗− 0 0.33(12) -0.50(7) -0.17(9)
Ξ0γ → Ξ∗0 0.96(26) 0 0.53(7) 1.50(37)
Ξ−γ → Ξ∗− 0 -0.46(13) 0.51(7) 0.05(7)
Λγ → Σ∗0 0.42(8) 0.21(4) 0 0.63(13)

5.5.5 Comparison with other Theoretical Calculations

The determination of N to ∆ transition amplitudes has been made in a number of

other theoretical approaches. In the following we briefly discuss each of these ap-

proaches in order to put our results from QCD sum rules in context. The discussion

is by no means exhaustive, but indicative of the breadth of interest in these tran-

sition amplitudes. First, we present our results in Table 5.6 after converting from

G1 from structure WE1 and G2 from WE6 into the various conventions discussed

earlier, and compare them with those from a lattice QCD calculation [5], a quark

model calculation [53], and experiment [11]. For GM1, we see that our results are

124



Table 5.6: A comparison of N to ∆ transition amplitudes from various approaches: this
work (QCDSR) in three different conventions; lattice QCD [5] and quark model [53]. The

experiment [11] gives 3.02GeV− 1
2 for GM1 and −2.5(5)% for REM in pγ → ∆+ transition

channel.
Transition QCDSR Lattice QCD Quark Model

GM1 REM fM1 A 1
2

A 3
2

GM1 REM GM1 REM

µB % GeV− 1
2GeV− 1

2GeV− 1
2 µB % µB %

pγ → ∆+ 3.51(35) -0.80(8) 0.33 -0.16 -0.29 2.46(43) 3(8) 2.15 -0.009
nγ → ∆0 -3.51(35) -0.80(8) -0.33 0.16 0.29 -2.46(43) 3(8) -2.15 -0.009
Σ+γ → Σ∗+ 3.07(31) -1.21(12) 0.18 -0.09 -0.16 2.61(35) 5(6) 2.61 -0.210
Σ0γ → Σ∗0 1.34 (14) 1.44 (15) 0.08 -0.04 -0.07 1.07(13) 4(6) 1.1 0.192
Σ−γ → Σ∗− -0.52 (5) -5.95 (6) -0.03 0.01 0.03 -0.47(9) 8(4) -0.4 0.985
Ξ0γ → Ξ∗0 -1.13(12) 8.45(85) -0.06 0.04 0.05 -2.77(31) 2.4(2.7) -2.86 0.031
Ξ−γ → Ξ∗− 0.21 (2) -5.82(60) 0.01 -0.01 -0.01 0.47(8) 7.4(3.0) 0.44 -0.259
Λγ → Σ∗0 4.04(40) -4.72(48) 0.23 -0.10 -0.21

slightly higher than those from lattice QCD and quark model calculations, but the

overall pattern (in terms of magnitude and sign) is consistent among the three very

different calculations. For the ratio REM , the results are very different. We predict

negative values for all transitions at the level of 10% uncertainty. The lattice QCD

results have too large errors to resolve the sign, although a more recent calculation

in the pγ → ∆+ channel gives a negative value [7]. The quark model results have

varying signs. It demonstrates the difficulty of quantifying the small deformation

from spherical symmetry in these transitions.

Since pγ → ∆+ is the channel most widely studied and the only one measured

in experiments, we give a more detailed comparison including more theoretical de-

terminations. Fig. 5.5 summarizes the calculations of the magnetic dipole transition

amplitude GM1 in units of nucleon magneton. The calculations are grouped into six

categories: lattice QCD (Latt.), QCD sum rules results from this work (QCDSR),

light-cone QCD sum rules (LCSR), hedgehog models including Skyrme and hybrid
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models (Skyrme), quark model calculations (Q.M), and bag models (Bag). The ex-

perimental result from the PDG is also displayed (Expt.). Fig. 5.6 summarizes the

calculations of the ratio REM in the same channel.

Figure 5.5: A comparison of the magnetic dipole transition amplitude GM1 in units
of nucleon magnetons in the pγ → ∆+ transition from different approaches. See text
for discussions.

Figure 5.6: A comparison of the REM ratio in the pγ → ∆+ transition. See text for
discussions.

There are only a few lattice QCD calculations. The original one by Leinweber

et. al. [5] obtained good signals for GM1, but barely a signal for REM (+3 ± 8 %),
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and no signal for GC2. Shown here are the more recent calculations by Alexandrou et.

al. which obtained reasonable signals for all three form factors. For GM1, from top

down, in units of nucleon magneton (µN), the results are 2.5±0.4 [5] with a quenched

Wilson action; 1.68 ± 0.06 with a hybrid action, 1.48± 0.04 with a quenched Wilson

action, and 1.07±0.04 with a 2-flavor Wilson action [7]. Strictly speaking, we should

compare results at the chiral limit and Q2 = 0. The lattice results quoted are at

pion mass of around 400 MeV and non-zero momentum transfer. For the ratio REM ,

the results are −4.1 ± 1.4% [6] at Q2 = 0.13 GeV2 extrapolated to the chiral limit

in quenched QCD; and −0.77 ± 0.88% [7] at Q2 = 0.04 GeV2 and mπ = 360 MeV

in full QCD with a hybrid action. The lattice signals for the transition form factors

are by now well established. With increasing computing power and better lattice

technology, lattice calculations offer the best promise for precision determination of

the transitions from QCD.

The two numbers for QCDSR are from different sum rules: the top one corre-

sponds to G1 from WE1 and G2 from WE6, the bottom one corresponds to G1 from

WO2 and G2 from WE6. They are converted to GM1 and REM for comparison. Our

results gives around 10% uncertainties. For GM1, the number are a little bit higher

than other models and experiments. The REM ratio is a small number, and our

results agree with other models and experiment measurements.

The light-cone QCD results come from Ref. [54] which involve photon distribution

amplitudes (light-cone wavefunctions).

The hedgehog models from top down include the holographic QCD calculation

by Grigoryan, Lee and Yee [55] which can be considered as a 5D version of the
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Skyrme model; the SU(3) Skyrme model calculation by Chemtob [56]; the SU(2)

Skyrme model calculations by Kunz and Mulders [57]; and the SU(2) Skyrme model

calculation by Adkins, Nappi and Witten [58]. The semiclassical hedgehog calculation

of Cohen and Broniowski [59] gives a negative value (-2.8) for M1 moment so it is not

shown in Fig. 5.5. Skyrme models produce reasonable results for the M1 amplitude,

but vanishing ones for eletric quadrupole E2 transition matrix elements so they are

left out in Fig. 5.6.

The quark model results include (from top down): a calculation by Franklin [60]

(It has been correlated with GA and provides arguably the best constraint on GM1

in quark-model calculations); a Bethe-Salpeter determination from Mitra and Mit-

tal [61]; a calculation by Guiasu and Koniuk [62] in which mesonic dressings of the

nucleon are explicitly included; a calculation by Capstick [63] in which configuration

mixing in the baryon SU(6) wave functions is accounted for; and a calculation by

Darewych et. al. [53] based on the simple quark model. Quark model calculations

generally give small values for REM .

The bag models include a chiral bag calculation (top) by Kalbermann and Eisen-

berg [64], and an old MIT bag calculation (bottom) by Donoghue et. al. [65].
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Chapter 6

MathQCDSR: a Mathematica

Package for QCD Sum Rules

Calculations

In this Chapter, we present a computer software package to perform almost all of

the analytic derivations and numerical analysis in a QCD sum rule calculation. We

decided to write the program in Mathematica because of its powerful symbolic capa-

bility, built-in numerical functions, in-line graphical features, user-friendly interface,

and wide usage in the research community. To our knowledge, there have been no

published software packages that perform QCDSR calculations in any language. We

want to provide the framework and some standard tools so that users can focus on

developing projects and trying out ideas quickly and efficiently, rather than getting

buried under a mountain of algebra and fitting. To cover the wide range of QCDSR

129



calculations done in the field, we provide two examples in the package. One is a stan-

dard calculation of baryon masses which involves a two-point correlation function.

The other is a calculation of the magnetic moments of octet baryons which involves

three-point correlation function with coupling to an external electromagnetic field.

The free package FeynCalc is used to handle the gamma-matrix algebra. In addi-

tion to two notebooks for the construction of the QCD sum rules, two corresponding

notebooks are provided for a Monte-Carlo-based numerical analysis, complete with

in-line graphical display of sum rule matching, error distributions, and scatter plots

for correlations. Some sample code for this package is given in Appendix B.

This chapter is organized as follows. In Sec. 6.1, we describe how to calculate

octet baryon masses using our mathematica code. It offers an example of a QCDSR

calculation based on two-point correlation functions. Two Mathematica notebooks,

one for construction and one for analysis of the sum rules, are introduced and their

usage discussed. In Sec. 6.2, we give an example of a more complicated QCDSR

calculation based on three-point correlation functions, namely, the magnetic moments

of octet baryons in external electromagnetic field. Two more notebooks are provided

for the task.

6.1 Example 1: Mass of Octet Baryons

Computing masses is among the simplest of QCDSR calculations. In this example, we

will show how to use Mathematica to do the calculations. Furthermore, the mass sum

rules derived in this section will be used as normalization in computing the magnetic
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moments of baryon octet in the next example.

6.1.1 Sum Rule Construction

Figure 6.1: Outline of qcdsr2pt-construction program for constructing of octet baryon mass
sum rules. All the codes are hidden in the outline.

As we mentioned in Chap. 3, Eq.(3.6) is the fully-interacting quark propagator

and when putting the expression back to master formula Eq.(3.5), we will end up with

hundreds of terms. This is where we introduce the Mathematica notebook qcdsr2pt-

construction.nb. Figure 6.1 show a outline of qcdsr2pt-construction.nb program for

constructing of octet baryon mass sum rules. All the codes are hide in the outline.

We organize the Wilson coefficients by a graphic representation shown in Fig. 3.1 and

Fig. 3.2. Each diagram represents a class of terms in the expansion and is named

intuitively. In the Mathematica notebook, we put diagrams with common names in
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one cell, and evaluate each cell individually and independently. Each cell produces

a contribution to one of the two Dirac structures 1 and p̂ (this is indicated in the

cell heading). Since Mathematica does not have native functions for gamma-matrix

algebra, we employ the external package FeynCalc [66] which is a freely available

package for high-energy physics calculations. Here we invoke only a small portion

of its capabilities, namely, gamma-matrix algebra. The installation of FeynCalc is

straightforward, just like any external package to Mathematica. Since FeynCalc is

written for Mathematica 6.0, our package is limited to this version. However, our

package has nothing specifically tied to version 6.0: Once FeynCalc is upgraded to

version 7.0, our package should work with the new version automatically.

After the calculation in coordinate space, a Fourier transform is needed into mo-

mentum space, which is incorporated into qcdsr2pt-construction.nb. This is achieved

by defining a set of functions that correspond to the x dependence extracted from

each diagram. For example, the x dependence of diagram C00 is x̂/x10. So we define

a function called f101 where“10” denotes the power of x in the denominator, and “1”

denotes xµ from the numerator. If the x dependence is 1/x10 we name the corre-

sponding function f100. If the x dependence is xµxν/x
8 we name the corresponding

function f82, and so on. Once the x dependence is isolated, the Fourier transform

can be done by a simple substitution.

The final step is a Borel transform which is incorporated by a straightforward

substitution. For each diagram, we print out 4 types of intermediate results on the

screen for debugging purposes. For example, for diagram C00, c00x is the result in

x space, c00xf the extracted x dependence for Fourier transform, c00p the result in
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p space, and c00b the result in Borel space. In total, there are 12 cells to evaluate.

After all the diagrams are evaluated, they are added up to give the QCD side. The

result falls into two groups, characterized by two distinct Dirac structures: one at p̂

and one at 1.

In the notebook, we included master formulae for all 4 types of hadrons in the

baryon octet: N , Σ, Ξ, and Λ (we assume isospin symmetry in the u and d quarks).

These particles are named as onuc, osig, oxi, and olam, respectively. The user can

pick a particle at the beginning of the calculation, and then just proceed to complete

all the calculations for that particle. For each particle, the notebook outputs the

QCD side as plain text in two files named appropriately. For example, for the nucleon

channel, the two files written to disk are: mass-onuc-1.txt for structure 1, and mass-

onuc-p.txt for structure p̂. These files should not be modified since they will be read

later by another Mathematica notebook for analysis. Since the construction of the

sum rule needs to be done only once, this way of separating the sum rule from the

analysis improves efficiency.

6.1.2 Sum Rule Analysis

The task is: given the function Eq. (3.79) or Eq. (3.87) with known QCD input

parameters and the freedom to vary β, find the phenomenological parameters (mass

mN , coupling strength λ2
N , and continuum threshold w) by matching the two sides

(LHS=RHS) over some region in the Borel mass M. A χ2 minimization is used. A

crucial question in QCD sum rule analysis is how to estimate the errors in the results.
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Figure 6.2: Outline of qcdsr2pt − analysis program for analyzing the octet baryon mass
sum rules.

A related question is how to assess the reliability of a QCD sum rule, since not all

QCD sum rules are created equal. Traditionally QCD sum rule analysis is regarded

as the weak link in the QCDSR method: there is a general lack of rigor in the wide

variety of practices.

We use the Monte-Carlo-based procedure. In this method, the entire phase-space

of QCD input parameters is explored simultaneously, and is mapped into uncertain-

ties in the phenomenological parameters. It takes as input the QCD sum rules derived

in qcdsr2pt-construction.nb so the construction must be run before the analysis. Fig-

ure 6.2 gives a overview of qcdsr2pt-analysis.nb program. At the beginning of the

analysis, the user has the option of picking a particle and a sum rule (at a particular

structure) to analyze. Then the analysis is divided into the following steps.
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Parameter initialization

The QCD input parameters are given in parameter initialization section. Once the

parameters are initialized, a normal distribution can be created for each, as well as

the standard deviation σ2 for the LHS. The user can adjust the parameter Nr for a

desired number of Monte-Carlo samples.
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Figure 6.3: The matching of the chiral-odd QCD sum rule in Eq. (3.87) for the nucleon. A
three-parameter search was performed, with β = 1.2 and about 2800 QCD parameter sets.

Sum rule matching via χ2 minimization

The analysis does a three-parameter search, treating the mass mN , coupling λ2, and

continuum threshold w as free parameters. Fig. 6.3 show an example of the matching.

We can see that the two curves agree very well. The solution at the best match is

mN = 1.21± 0.05GeV, β = 1.2, w = 1.54± 0.06 GeV and λ2 = 0.20± 0.03GeV6 over

a Borel window of 0.9 to 1.2 GeV. Based on the quality of the match, the broadness

of the Borel window and its reach into the lower end, the size of the continuum
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Figure 6.4: Individual terms in the spectral representation for the chiral-odd QCD sum
rule in Eq. (3.87) for the nucleon.
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Figure 6.5: Individual terms in the OPE for the chiral-odd QCD sum rule in Eq. Eq.(3.87)
for the nucleon.
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Figure 6.6: Histogram for the nucleon mass at β = −1.2 for chiral-odd sum rule Eq.(3.87)
after making section for physical continuum threshold.

contribution, and the OPE convergence, we find that the chiral-odd sum rule from

structure 1 is more reliable than the chiral-even sum rule at structure p. The physical

reason is that the contributions of positive- and negative-parity excited states partially

cancel each other in the chiral-odd sum rules whereas they add up in the chiral-even

sum rules.

Term by term contributions

A more detailed understanding of how a QCD sum rule works can be achieved by

monitoring individual contributions from each term. Fig. 6.4 shows the terms in the

phenomenological representation. Fig. 6.5 shows the OPE terms grouped by powers

of M2.
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Figure 6.7: The correlation between the nucleon mass and the quant condensate, gluon
condensate and mix condensate for chiral-odd sum rule(Eq.3.87) at the optimal β = −1.2.
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Histograms

The search results for each Monte-Carlo sample are saved and can be displayed in

histograms. It turns out for some samples, the search returns negative values for

the continuum threshold w (or w smaller than the mass mN ). These solutions are

clearly unphyical in the pole-plus continuum ansatz. So we impose the condition

w > mN for each Monte-Carlo sample and exclude those who violate the condition.

This means that to obtain a desired number of physical samples, one has to use a

larger number of total samples (controlled by the parameter Nr). Histograms for all

three search parameters are displayed inline, both for all samples (before) and for the

physical samples (after). Fig. 6.6 shows an example for the nucleon mass using only

physical samples. We see that the distribution is roughly Gaussian, whose central

value is taken as the average. The error is taken as one standard deviation of the

distribution. We stress that the error derived this way provides the most realistic

estimate because the entire phase space has been taken into account by Monte-Carlo.

Scatter plots

Another advantage afforded by the Monte-Carlo analysis is the ability to study corre-

lations between any two parameters in the input and output, by way of scatter plots.

Fig. 6.7 shows the correlations between nucleon mass and the vacuum condensates.

One can see that the nucleon mass has a relatively strong positive correlation with

the gluon condensate, not so much with the quark and mixed condensates. Since

the gluon condensate is the least well-known of the three, a better determination of
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Figure 6.8: The correlation between the nucleon mass and the residue of the pole for
chiral-odd sum rule(Eq.3.87) at the optimal β = −1.2.
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Figure 6.9: The correlation between the nucleon mass and the continuum threshold for
chiral-odd sum rule(Eq.3.87) at the optimal β = −1.2.
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its value would lead to improved accuracy on the calculated nucleon mass. Fig. 6.8

and Fig. 6.9 show scatter plots for mN vs λ2 and mN vs w, respectively. The strik-

ing one-to-one association between the nucleon mass and the continuum threshold is

found despite the underlying scatter of QCD parameter values. No output is written

to disk during the analysis. However, it is very easy for a user to save a figure to disk

in Mathematica: just select the figure by clicking on it, then pick a format (pdf, eps,

gif, etc) under “Save Selection As” in the “File” pull-down menu.

6.2 Example 2: Magnetic Moments of Octet Baryons.

Now we move to the next example. Using the package described below, we can

calculate the magnetic moments of octet baryons.

6.2.1 Sum Rules Construction

The construction program is organized in a similar fashion as in the mass example

qcdsr2pt-construction.nb. Here we add the phenomenological side calculation because

the Dirac structure of the correlation function is not as straightforward as the mass

example. We use Mathematica to handle the gamma-matrix part of the calculation,

which is incorporated in a new Mathematica notebook qcdsr3pt-construction.nb. It is

reassuring that Mathematica produces the same three independent Dirac structures

found in the literature, WE1, WE2 and WO2 defined in Eq.(4.27).

Calculation of the QCD side contains more diagrams. The diagrams have a one-

to-one correspondence in the notebook. All eight members of the octet are included.
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The user can pick a member at the beginning, and then proceed to the subsequent

calculations for that member. As expected, the same three Dirac structures as the

phenomenological side emerge from the evaluation of the various diagrams. (Which

diagram corresponds to which structure is indicated in the notebook). For each mem-

ber, the notebook outputs the QCD side as plain text in three files that correspond

to the three Dirac structures. For example, if the proton cell is picked, the three files

written to disk are: Mag-opro-WO1.txt, Mag-opro- WO2.txt, and Mag-opro-WE1.txt.

In all, 24 files will be produced if the notebook is run for all 8 members of the octet,

one member at a time. As part of the package, we include all 24 files in a subdirectory

Mag-output for reference purposes. The user should run the notebook on their own

computer to produce the files, and check against the provided files to ensure every-

thing behaves correctly. By matching the QCD side and the phenomenological side

structure by structure, three QCD sum rules can be constructed for each particle.

These sum rules could be found in Chap. 4.

6.2.2 Sum Rule Analysis

The analysis program for Octet baryon magnetic moment qcdsr3pt-analysis.nb is very

similar to qcdsr2pt-analysis.nb, so it will not be discussed further. The result produced

by this program can be found in Chap. 4.
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Chapter 7

Summary and Conclusion

Here let me summarize the main findings in separate sections.

7.1 Masses and Magnetic Moments

We have calculated the proton mass as an example to get familiar with how the QCD

sum rule works. Along this line, we carried out a comprehensive study of the magnetic

moment of octet baryons using the method of QCD sum rules. We derived a new,

complete set of QCD sum rules using generalized interpolating fields and examined

them by a Monte-Carlo analysis. Here is a summary on our findings in magnetic

moments.

We proposed a new way of determining the magnetic moments. We find this new

‘slope’ method is more robust than the normalization (intercept) method or looking

for ‘flatness’ as a function of Borel mass. The linearity displayed from the OPE side

matches almost perfectly with the phenomenological side in most cases. The method
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also demonstrates clearly that the transition terms caused by the external field in the

intermediate terms cannot be ignored. They are needed to make the two sides of a

QCD sum rule match.

Out of the three independent structures, we find that the sum rules from chiral-

even structure WE1 are the most reliable based on OPE convergence and ground-

state pole dominance. The QCD sum rules from this structure are in Eq. (4.28); its

prediction are found in Table 4.1, and convergence properties are displayed in Fig. 4.5.

They should be considered as the best results in this work. The extracted magnetic

moments are in good agreement with experiment. These results are used to shed light

on a variety of magnetic moment sum rules based on SU(6) spin-flavor symmetries in

the quark model, along with experiment and lattice QCD. Reasonable results from

the other two chiral-odd structures (WO1 and WO2) are obtained for the first time,

but they are less reliable due to poor convergence properties.

We also isolated the individual quark contributions to the magnetic moments.

These contributions provide insight into the rich dynamics in the baryons. By com-

paring them with the simple quark model and lattice QCD results, we reveal the

effects of SU(3)-flavor symmetry breakings due to the strange quark mass and the

environment sensitivity of quarks in different baryons.

Taken together, this work can be considered an updated and improved determi-

nation of the magnetic moments of octet baryons, bringing it to the same level of

sophistication as the decuplet baryons [34].
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7.2 Transition Amplitudes

We carried out a comprehensive study of the Nγ → ∆ transition amplitudes using

the method of QCD sum rules. We derived a new, complete set of QCD sum rules

using generalized interpolating fields and examined them by a Monte-Carlo analysis.

We extracted the transition amplitudes as a function of 1/M2 in conjunction with

the corresponding mass sum rules, as defined in Eq. (5.34). We find that extracting

slopes is more robust than looking for ‘flatness’ as a function of Borel mass as before.

The linearity displayed from the OPE side matches well with the phenomenological

side in most cases. The method also demonstrates clearly the role of the non-diagonal

transition terms in the intermediate states caused by the external field: wherever such

transitions are large, the corresponding sum rules perform poorly.

Of the 96 sum rules we derived (from 12 independent structures, each for 8 tran-

sitions), we find that the sum rules from chiral-even WE1 and chiral-odd WO2 struc-

tures are the most reliable for the transition amplitude G1, based on OPE convergence

and ground-state pole dominance, and smallness of the non-diagonal transitions. The

QCD sum rules from these structures are in Eq. (5.19) and Eq. (5.27); their predic-

tions are found in Table 5.1 and Table 5.2. Our attempt to extract the G2 amplitude

was less successful. The only sum rules that can give stable results are in Eq. (5.23)

from chiral-even WE6 structure because WE6 sum rule is the only sum rule contain

only G2. Their predictions are found in Table 5.3. Our final results in the various

conventions are found in Table 5.6.

Our Monte-Carlo analysis revealed that there is an uncertainty on the level of
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10% in the transition amplitudes if we assign 10% uncertainty in the QCD input

parameters. It goes up to about 30% if we adopt the conservative assignments that

have a wide range of uncertainties in Ref. [39]. The Monte-Carlo analysis also revealed

some correlations between the input and output parameters. The most sensitive is

the vacuum susceptibility χ. So a better determination of this parameter can help

improve the accuracy on the transition amplitudes and other quantities computed

from the same method. We also isolated the individual quark contributions to the

transition amplitudes. +

We compared our results with a variety of theoretical calculations, and with

experiment in the proton channel. Our result for transition amplitude GM1 is larger

than the experiment and other calculations, while our result for the ratio REM is

consistent with experiment. In general, we find that G1 amplitudes are more stable

than G2 amplitudes in this approach. Our results for the Λγ → Σ∗0 transition are

new.

Overall, the results for the N to ∆ transition amplitudes in the QCD sum rule

approach are not as robust as those for the baryon magnetic moments [9, 34, 35].

This lack of robustness is in large part due to the intrinsic un-equal mass double pole

in the phenomenological representation of the spectral functions. Nonetheless, the

calculations offer a physically-transparent, QCD-based perspective on the transitions

in terms of quarks, gluons and vacuum condensates.
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7.3 MathQCDSR

Finally, we have developed a Mathematica software package called MathQCDSR

for standard QCD sum rules calculations. It includes 4 notebooks to carry out both

the construction and analysis of QCD sum rules for two examples. One is the mass

spectrum of octet baryons (based on two-point correlation functions), handled by

qcdsr2pt-constructon.nb and qcdsr2pt-analysis.nb. The other is the magnetic moments

of octet baryons based on the external-field method (an example of of three-point

correlation functions), handled by qcdsr3pt-constructon.nb and qcdsr3pt-analysis.nb.

The construction uses an external Mathematica package called FeynCalc to

perform all gamma-matrix computations, since Mathematica does not have native

gamma-matrix algebra. The calculation is organized by diagrams which have a one-

to-one correspondence with those in the text. For both examples, we use generalized

interpolating fields with a mixing parameter β, which provides a means to study

dependence on the interpolating fields. Although relations exist among the octet

members by appropriate substitutions, we coded each member separately and used

the relations for consistency checks. The user has the option to pick a member and

carry out the rest of the calculations for that member. Intermediate results are dis-

played on the screen for each diagram to facilitate debugging purposes, and the final

results written to disk in plain text. All of the results have been checked by using an

independent computer algebra system called REDUCE.

The analysis of the QCD sum rules is an important task whose treatment has been

traditionally less than rigorous. To this end, we implemented a state-of-the-art Monte-
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Carlo-based procedure, taking advantage of some of Mathematica’s powerful features

such as build in functions, statistics, and in-line graphics. With this procedure, one

can study in detail how a QCD sum rule resolves its spectral properties by monitoring

each individual term, how errors in the input QCD parameters map into uncertainties

in the output parameters by histograms, and how any two parameters are correlated

by scatter plots. One also has the ability to monitor individual quark contributions

to study the underlying quark-gluon dynamics.

The package is structured in a way that is relatively straightforward to modify for

new physics projects. It is our hope that user can benefit from this package by focusing

on discovering new physical insights in our understanding of strong-interaction physics

from QCD, rather than getting bogged down by algebra and numerics.

7.4 Final Remarks

It has been a rewarding experience personally to work on QCD in general and QCD

sum rules in particular. It is a first-principles-based method that truly works. By

nature it is an analytic method, comparing to method of lattice QCD. The method is

physically transparent: it can connect all hadron properties to the non-perturbative

QCD vacuum structure via a few QCD vacuum condensates. One can literally trace

back the contribution of each term or diagram to see how it affects the outcome.

I started with the quantum mechanical example of solving the harmonic oscillator

using this method, then moved on to projects in increasing complexity and challenge

in nuclear physics, namely, proton mass, magnetic moments, and the central focus
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of this work: the N to ∆ transitions. In addition to the physics I learned, I also

learned how to carry out complicated calculations using computational tools (JAVA,

REDUCE, and Mathematica, etc). I have come to appreciate the power of comput-

ers in solving physics problems, be it analytical or numerical. I also learned a lot

about high-performance computing (parallel architecture and algorithms) by earning

a graduate certificate in HPC from IMPACT, and by interacting with other students

and professors in the QCD research group, the Physics Department, and GW at large.

I hope to apply these skills in my future endeavors, be it in physics or elsewhere.

Looking to the future, I think the power of QCD sum rules is fairly unlimited.

Masses, magnetic moments, and N to ∆ transition amplitudes are just a few examples

of what it can do. A variety of hadronic observables in both vacuum and finite

density nuclear matter can be investigated, such as charge radii, strong coupling

constants, and electromagnetic polarizabilities (the quadratic response in the external

field method ). I hope I have contributed a small step in this long journey.
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Appendix A

QCD Sum Rules for Nγ → ∆

Transitions

In Nγ → ∆ Transitions, we identified 12 independent Dirac structures defined in

Eq.(5.10). We have listed the 3 sum rules at structures we made detail analysis:

chiral-even WE1, chiral-even WE6 and chiral-odd WO2 structures in Chap. 5. Here

we write out the other 9 structures. We only need to list the coefficients for the in the

transition channels: Σ+γ → Σ∗+, Ξ0γ → Ξ∗0 and Λγ → Σ∗0. All other coefficients

can be derived from them.

At chiral-even structure WE2, the sum rule is:

c1L
−4/27E2(w)M4 + c2χamsL

−20/27E1(w)M2 + c3amsL
−4/27E0(w) + c4χa

2L4/27E0(w)
+c5bL

−4/27E0(w) + c6m
2
0amsL

−18/27 1
M2 + c7a

2L20/27 1
M2 + c8χm

2
0a

2L−10/27 1
M2

+c9m
2
0a

2L6/27 1
M4 = λ̃N λ̃∆e

−m̄2/M2
[ 1
3M2G1

1
M∆

(−m̄2 − 2M2
∆ −mNM∆) + A].

(A.1)
The coefficients are given by, in the transition channel Σ+γ → Σ∗+,

c1 = −3

8
(−1 + β)(es − eu),
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c2 =
1

6
(1 + 5β)(eu − esfsφ),

c3 =
1

8
(eu(2(3 + fs + κ) + ξ + β(2 − 2fs + 2κ+ ξ))

−es(4 + fs(4 + 2κφ+ φξ) + β(−4 + fs(4 + 2κφ+ φξ)))),

c4 =
1

3
(eu(fs + β(−1 + 2fs)) − (1 + β)esfsφ),

c5 =
1

96
(−1 + β)(es − eu),

c6 = − 1

24
(−1 + β)(2es − eu(1 + fs)),

c7 =
1

36
(fs(eu(8 + 4κ + ξ) − es(8 + 4κφ+ φξ))

+β(2eu(−3 + 5fs)(2 + κ) + eufsξ − esfs(8 + 4κφ+ φξ))),

c8 =
1

72
(−eu(2 + 6fs + β(−2 + 9fs)) + (8 + 7β)esfsφ),

c9 =
1

216
(7(1 + β)esfs − eu(2 + 5fs + β(−4 + 11fs))). (A.2)

in the transition channel Ξ0γ → Ξ∗0,

c1 =
3

16
(−1 + β)(es − eu),

c2 = − 1

12
(1 + 5β)(eu − esfsφ),

c3 =
1

16
(eu(−4 − 4fs − 6κ+ β(−4 + 4fs − 6κ− ξ) − ξ)

+es(6 + fs(2 + 6κφ+ φξ) + β(10 + fs(−10 + 6κφ+ φξ)))),

c4 = −1

6
fs((1 + β)eu + es(−1 + β(−3 + 2fs))φ),

c5 =
1

192
(−1 + β)(es − eu),

c6 =
1

48
((7 + 5β)es − 2(−1 + β)eu)(−1 + fs),

c7 =
1

72
((1 + β)eu(−12κ+ fs(−8 + 2κ− ξ) + es(12 + 12fsκφ+ f 2

s (−4 − 2κφ

+φξ) + β(12 + 2fs(8 + 10κφ+ φξ) − f 2
s (20 + 10κφ+ φξ)))),

c8 =
1

144
(eu(−2 + 9fs + β(−2 + 11fs)) + esfs(−5 − 11β + 2(−1 + β)fs)φ),

c9 =
1

432
fs(9(1 + β)eu + es(−8 − fs + β(−14 + 5fs))), (A.3)

and in the transition channel Λγ → Σ∗0,

c1 =
1

16
(3(2 + β)ed − 4es − 3(2 + β)eu),
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c2 =
1

12
(5(−1 + β)ed + (2 − 5β)eu − 3esfsφ),

c3 =
1

48
(3eu(4(3 + fs + κ) + β(−2 + 2fs − 2κ− ξ) + 2ξ)

−3ed(16 + 4fs + 6κ+ β(−2 + 2fs − 2κ− ξ) + 3ξ) + es(24 + fs(−4 − 2κφ+ φξ))),

c4 =
1

6
(ed(−2 + β − fs) + eu(1 − β + fs)),

c5 =
1

384
(−8ed − 3βed − 12es − βeu),

c6 =
1

48
(2es + (3 + β)ed(1 + fs) − (1 + β)eu(1 + fs)),

c7 =
1

72
(−2(−2 + β)eu(1 + fs)(2 + κ) + 2ed(−4 + β

+(−2 + β)fs)(2 + κ) + eu(1 + β(−2 + fs) + fs)ξ

−ed(2 + β(−2 + fs) + fs)ξ + esfs(−4 − 2κφ+ φξ)),

c8 =
1

288
(2(3(5 − 3β)ed + 7(−1 + β)eu) + (16 + 3β)(ed − eu)fs),

c9 =
1

432
(eu(−7 + 2β + 5(−1 + β)fs) + ed(13 + 3fs − β(2 + 5fs))). (A.4)

At chiral-even structure WE3, the sum rule is:

c1L
−4/27E2(w)M4 + c2χamsL

−20/27E1(w)M2 + c3amsL
−4/27E0(w) + c4χa

2L4/27E0(w)
+c5bL

−4/27E0(w) + c6m
2
0amsL

−18/27 1
M2 + c7a

2L20/27 1
M2 + c8χm

2
0a

2L−10/27 1
M2

+c9m
2
0a

2L6/27 1
M4 = λ̃N λ̃∆e

−m̄2/M2
[ 1
3M2G1(M∆ +mN ) + A].

(A.5)
The coefficients are given by, in the transition channel Σ+γ → Σ∗+,

c1 =
1

8
(−1 + β)(es − eu),

c2 = −1

6
(−1 + β)(eu − esfsφ),

c3 =
1

24
(2eu(−1 − 3fs + κ+ β(5 + 3fs + κ))

−2es(2(−3 + fs + β(3 + fs)) + (1 + β)fsκφ) − (1 + β)euξ + (1 + β)esfsφξ),

c4 =
2

3
βeu(−1 + fs),

c5 = − 1

32
(−1 + β)(es − eu),

c6 =
1

8
(−1 + β)(2es − eu(1 + fs)),

c7 =
1

36
(fs(eu(4 + 2κ− ξ) + es(−4 − 2κφ+ φξ))

+β(2eu(−4 + 5fs)(2 + κ) + eu(−2 + fs)ξ + esfs(−4 − 2κφ+ φξ))),

c8 =
1

36
(−2βeu(−1 + fs) + fs(eu − esφ)),
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c9 =
1

216
(7(1 + β)esfs − eu(2 + 5fs + β(−4 + 11fs))). (A.6)

in the transition channel Ξ0γ → Ξ∗0,

c1 = − 1

16
(−1 + β)(es − eu),

c2 =
1

12
(−1 + β)(eu − esfsφ),

c3 =
1

48
(eu(−4 + 12fs + 22κ+ ξ + β(−4 − 12fs + 22κ+ ξ))

−es(30 + fs(−22 + 22κφ+ φξ) + β(66 + fs(−82 + 22κφ+ φξ)))),

c4 = −1

3
(1 + β)es(−1 + fs)fsφ,

c5 = − 1

192
(−1 + β)(es − eu),

c6 =
1

48
(es(15 + β(9 − 11fs) − 13fs) + 2(−1 + β)eu(−2 + 3fs)),

c7 =
1

72
(−(1 + β)eu(−24κ + fs(4 + 14κ− ξ))

−es(24 + fs(−40 + 4κφ− 2φξ + 3fs(4 + 2κφ+ φξ))

+β(24 + fs(−48 + fs(20 + 10κφ+ φξ))))),

c8 =
1

72
(2eu(1 + β − βfs) + esfs(−3 + 3β(−1 + fs) + fs)φ),

c9 =
1

432
fs(9(1 + β)eu + es(−8 − fs + β(−14 + 5fs))), (A.7)

and in the transition channel Λγ → Σ∗0,

c1 =
1

16
(−(2 + β)ed + 8es + (2 + β)eu),

c2 = − 1

12
(2 + β)(ed − eu),

c3 =
1

48
(β(ed − eu)(10 + 6fs + 2κ− ξ) + 3ed(4fs − 2κ + ξ)

−2eu(2 + 6fs − 2κ+ ξ) − es(48 + fs(20 + 10κφ+ 7φξ))),

c4 =
1

3
(β(ed − eu)(−1 + fs) − esfsφ),

c5 =
1

384
((20 + 7β)ed + 24es − (4 + 3β)eu),

c6 =
1

96
(−8es − (16 + 7β)ed(1 + fs) + (8 + 3β)eu(1 + fs)),

c7 =
1

72
(2ed(−2 − fs + β(−2 + 3fs))(2 + κ) + ed(2 + fs

+β(−4 + 3fs))ξ − 3esfs(4 + 2κφ+ φξ) + eu((1

+fs)(4 + 2κ− ξ) + β(4(2 + κ+ ξ) − 3fs(4 + 2κ+ ξ)))),
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c8 =
1

72
(3eu(2β(−1 + fs) + fs) − ed(2 + 6β(−1 + fs) + 5fs)),

c9 =
1

432
(eu(−7 + 2β + 5(−1 + β)fs) + ed(13 + 3fs − β(2 + 5fs))). (A.8)

At chiral-even structure WE4, the sum rule is:

c1L
−4/27E2(w)M4 + c2χamsL

−20/27E1(w)M2 + c3amsL
−4/27E0(w)

+c4χa
2L4/27E0(w) + c5bL

−4/27E0(w) + c6m
2
0amsL

−18/27 1
M2 + c7a

2L20/27 1
M2

+c8χm
2
0a

2L−10/27 1
M2 + c9m

2
0a

2L6/27 1
M4

= λ̃N λ̃∆e
−m̄2/M2

[ 1
3M2 (−G1

1
M∆

(−m̄2 − 4M2
∆ −mNM∆) +G2(−m̄2 −M∆mN)) + A].

(A.9)
The coefficients are given by, in the transition channel Σ+γ → Σ∗+,

c1 =
5

8
(−1 + β)(es − eu),

c2 = −1

6
(5 + 13β)(eu − esfsφ),

c3 =
1

24
(eu(6fs − 2κ+ 3β(−6 + 6fs − 6κ− ξ) − 11(2 + ξ))

+es(−12 + fs(28 + 2κφ+ 11φξ) + 3β(−12 + fs(12 + 6κφ+ φξ)))),

c4 = −1

3
(1 + β)(eu + 2eufs − 3esfsφ),

c5 = − 1

32
(−1 + β)(es − eu),

c6 =
1

24
(1 + 5β)(2es − eu(1 + fs)),

c7 =
1

36
(−eu(2β(3 + fs)(2 + κ) + 2(−1 + fs)(−2 + 5κ)

+β(−3 + 5fs)ξ + (−1 + 7fs)ξ) + 2es(−6 + fs(6 + 4β(2 + κφ) + (3 + β)φξ))),

c8 =
1

72
(eu(9 + 7β + 14(1 + β)fs) − (23 + 21β)esfsφ),

c9 =
1

216
(7(1 + β)esfs − eu(2 + 5fs + β(−4 + 11fs))). (A.10)

in the transition channel Ξ0γ → Ξ∗0,

c1 = − 5

16
(−1 + β)(es − eu),

c2 =
2

3
(1 + 2β)(eu − esfsφ),

c3 =
1

48
(eu(44 − 12fs + 22κ+ ξ + β(92 − 36fs + 22κ+ ξ))

−es(6 + fs(26 + 22κφ+ φξ) + β(42 + fs(14 + 22κφ+ φξ)))),

c4 =
1

3
(1 + β)fs(2eu − es(1 + fs)φ),
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c5 =
1

192
(−1 + β)(es − eu),

c6 =
1

48
(es(5 + 7β − 3(3 + β)fs) + 2eu(1 + fs + β(−7 + 5fs))),

c7 =
1

72
(eu(−12(1 + β)f 2

s + 6(1 + β)(2κ− ξ)

+fs(20 − 2κ+ 7ξ + β(44 − 2κ + 7ξ)))

+es(−12 + 3f 2
s (−4 + 2κφ+ φξ) − 4fs(−4 + 4κφ+ φξ)

+β(−12 − 6fsφ(2κ+ ξ) + f 2
s (−20 + 2κφ+ 5φξ)))),

c8 =
1

72
fs(−2(7 + 8β)eu + es(7 + 7β + 7fs + 9βfs)φ),

c9 =
1

432
fs(9(1 + β)eu + es(−8 − fs + β(−14 + 5fs))), (A.11)

and in the transition channel Λγ → Σ∗0,

c1 =
1

16
(−5(2 + β)ed + 4es + 5(2 + β)eu),

c2 =
1

12
(−13(−1 + β)(ed − eu) + 3esfsφ),

c3 =
1

48
(3ed(8 − 12fs + 2κ+ β(−6 + 6fs − 6κ− ξ) + 11ξ)

−3eu(β(−6 + 6fs − 6κ− ξ) + 4(5 − fs + ξ)) + es(−24 + fs(4 + 14κφ+ 5φξ))),

c4 =
1

6
(eu(−3 + 3β − 4fs) + ed(5 − 3β + 2fs)),

c5 =
1

384
((16 + 7β)ed + 12es − (8 + 3β)eu),

c6 =
1

96
(−4es − (−14 + 11β)ed(1 + fs) + (−6 + 7β)eu(1 + fs)),

c7 =
1

72
(3esfsφ(2κ+ ξ) − ed(−10(2 + κ) + 2β(3 + fs)(2 + κ)

+fs(32 + 10κ− 5ξ) − 13ξ + β(9 − 7fs)ξ) + eu(2β(3 + fs)

(2 + κ) + fs(4 + 8κ− ξ) + β(9 − 7fs)ξ − 6(2 + κ+ ξ))),

c8 =
1

144
(−ed(35 + β(−23 + fs) + 18fs) + eu(23 + β(−19 + fs) + 28fs)),

c9 =
1

432
(eu(−7 + 2β + 5(−1 + β)fs) + ed(13 + 3fs − β(2 + 5fs))). (A.12)

At chiral-even structure WE5, the sum rule is:

c1L
−4/27E1(w)M2 + c2χamsL

−20/27E0(w) + c3bL
−4/27 1

M2 + c4amsL
−4/27 1

M2

+c5a
2L20/27E2(w) 1

M4 + c6m
2
0amsL

−18/27 1
M4 + c7m

2
0a

2L6/27 1
M6

= λ̃N λ̃∆e
−m̄2/M2

[ 1
3M2 (−2G1

1
M2

∆
mN + G2

1
M∆

(−mN +M∆)) + A].

(A.13)
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The coefficients are given by, in the transition channel Σ+γ → Σ∗+,

c1 = −1

4
(−1 + β)(es − eu),

c2 =
1

3
(−1 + β)(eu − esfsφ),

c3 = − 1

48
(−1 + β)(es − eu),

c4 =
1

12
(es(4(−3 + fs + β(3 + fs)) + 2(1 + β)fsκφ− (1 + β)

fsφξ) + eu(2 + 6fs − 2κ+ ξ + β(−2(5 + 3fs + κ) + ξ))),

c5 =
1

18
(fs(eu(−4 − 2κ+ ξ) + es(4 + 2κφ− φξ))

+β(−eu(−2 + 3fs)(4 + 2κ− ξ) + esfs(4 + 2κφ− φξ))),

c6 = − 1

12
(−1 + β)(2es − eu(1 + fs)),

c7 =
1

108
(−7(1 + β)esfs + eu(2 + 5fs + β(−4 + 11fs))). (A.14)

in the transition channel Ξ0γ → Ξ∗0,

c1 =
1

8
(−1 + β)(es − eu),

c2 = −1

6
(−1 + β)(eu − esfsφ),

c3 =
1

96
(−1 + β)(es − eu),

c4 =
1

24
(2eu(2 − 6fs + κ+ β(2 + 6fs + κ)) − (1 + β)euξ

+es(2(3 + fs) − 2(β(3 + 5fs) + (1 + β)fsκφ) + (1 + β)fsφξ)),

c5 =
1

36
fs((1 + β)eu(4 + 2κ− ξ)

+es(−4 + (−2 + fs)φ(2κ− ξ) + β(−4 + 3fs)(4 + 2κφ− φξ))),

c6 =
1

24
(−1 + β)(es + esfs − 2eufs),

c7 =
1

216
fs(−9(1 + β)eu + es(8 + β(14 − 5fs) + fs)), (A.15)

and in the transition channel Λγ → Σ∗0,

c1 =
1

8
(2 + β)(ed − eu),

c2 =
1

6
(2 + β)(ed − eu),

c3 =
1

192
((4 + β)ed − (4 + 5β)eu),
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c4 =
1

24
(−β(ed − eu)(10 + 6fs + 2κ− ξ) − 3ed(4fs − 2κ+ ξ)

+2eu(2 + 6fs − 2κ+ ξ) + esfs(4 + 2κφ− φξ)),

c5 =
1

36
(−ed(−2 + (−1 + β)fs)(4 + 2κ− ξ)

+eu(−1 + (−1 + β)fs)(4 + 2κ− ξ) + esfs(4 + 2κφ− φξ)),

c6 =
1

48
((4 + 3β)ed + (−4 + β)eu)(1 + fs),

c7 =
1

216
(eu(7 + 5fs − β(2 + 5fs)) + ed(−13 − 3fs + β(2 + 5fs))). (A.16)

At structure WO1, the sum rule is:

c1msL
−16/27E2(w)M4 + c2χaL

−8/27E2(w)M4 + c3aL
8/27E1(w)M2 + c4m

2
0aL

−6/27

E0(w) + c5χa
2msL

−8/27E0(w) + c6χabL
−8/27E0(w) + c7a

2msL
8/27 1

M2 + c8abL
8/27 1

M2

= λ̃N λ̃∆e
−m̄2/M2

[− 2
3M2G1(−m̄2 +M∆mN ) + A].

(A.17)
The coefficients are given by, in the transition channel Σ+γ → Σ∗+,

c1 =
1

2
(1 + β)(es − eu),

c2 = − 1

12
β(eu − esfsφ),

c3 =
1

48
(4eu(−4 + 3fs + κ) − 5euξ + esfs(4 − 4κφ+ 5φξ)

+2β(eu(−16 + 6fs + κ+ ξ) − es(−1 + fs(−4 + φ(κ+ ξ))))),

c4 =
1

24
(7es − eu(1 + 2β(−1 + fs) + 6fs)),

c5 =
1

12
(eu(4 + 8fs + β(−5 + 3fs)) + 2(−6 + β)esfsφ),

c6 =
1

288
(−1 + 4β)(eu − esfsφ),

c7 =
1

144
(eu(20 − 2(7 + 3β)κ− 2fs(14 − 8κ+ β(6 + 6κ− 3ξ) − 5ξ) + ξ − 3βξ)

+es(48 + 3β(4 + fsφ(6κ− ξ)) − fs(40 + 2κφ+ 11φξ))),

c8 =
1

576
(−(14 + 3β)es + eu(6 + β(9 − 6fs) + 8fs)). (A.18)

in the transition channel Ξ0γ → Ξ∗0,

c1 = −1

8
(1 + 3β)(es − eu),

c2 =
1

12
β(eu − esfsφ),

c3 =
1

96
(eu(−12(fs + κ) + β(8 + 12fs − 8κ− 5ξ) + 9ξ)

+es(3(8 + fs(−4 + 4κφ− 3φξ)) + β(24 + fs(−44 + 8κφ+ 5φξ)))),
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c4 =
1

96
(eu(−2 + β(12 − 7fs) + 21fs) + es(−14 − 5fs + β(−12 + 7fs))),

c5 =
1

24
(2eu(1 − β + 2(−4 + β)fs) + esfs(7 + 9β + 7fs − 11βfs)φ),

c6 = − 1

288
(−1 + 4β)(eu − esfsφ),

c7 =
1

144
(eu(8 − 8κ+ 6fs(−4 + 5fs + κ) + ξ − 9fsξ + β(8 + 4κ

+3fs(6 + 2κ− ξ) + 7ξ)) − 2es(−12 + fs(24 − 5fs − 6κφ+ 5fsκφ− (3 + fs)φξ

+β(13 + (4 + fs)κφ+ (1 + fs)φξ)))),

c8 =
1

1152
(eu(4 − 17fs + β(−12 + 5fs)) + es(10 + 3fs + β(−2 + 9fs))). (A.19)

and in the transition channel Λγ → Σ∗0,

c1 =
1

8
(−2(−4 + β)ed − es + (−7 + 2β)eu),

c2 =
1

24
(−(2 + β)ed + (4 + β)eu + 3esfsφ),

c3 =
1

96
(3esfs(4 + 2κφ+ φξ) + 2eu(β(4 + 6fs − κ− ξ)

−3(4 + ξ)) + 2ed(20 + 4κ+ ξ + β(−4 − 6fs + κ + ξ))),

c4 =
1

192
(ed(6 + β(23 − 22fs) + 28fs) + eu(10 − 28fs + β(−23 + 26fs))),

c5 =
1

24
(eu(2 + β(5 − 3fs) + 8fs) + ed(−8 − 5β + 3(−4 + β)fs)),

c6 =
1

576
(ed + 4βed − (3 + 4β)eu + 3esfsφ),

c7 =
1

288
(eu(20 + (−2 + 42β)κ+ 7ξ − 3βξ + 4fs(β(3 − 6κ) − 2(5 + κ) + ξ))

+ed(−44 + (2 − 42β)κ+ (−7 + 3β)ξ + 2fs(20 − 8κ+ 6β(−1 + 2κ) + ξ))

−2es(12 + fs(4 + 2κφ− φξ))),

c8 =
1

2304
(−16es + eu(12 + 17β − 26(−1 + β)fs)

+ed(−28 − 30fs + β(−17 + 22fs))).

(A.20)

At structure WO3, the sum rule is:

c1msL
−16/27E2(w)M4 + c2χaL

−8/27E2(w)M4 + c3aL
8/27E1(w)M2 + c4m

2
0aL

−6/27E0(w)
+c5χa

2msL
−8/27E0(w) + c6χabL

−8/27E0(w) + c7a
2msL

8/27 1
M2 + c8abL

8/27 1
M2

= −λ̃N λ̃∆e
−m̄2/M2

[ 1
3M2G1(−m̄2 +M∆mN ) + A].

(A.21)
The coefficients are given by, in the transition channel Σ+γ → Σ∗+,

c1 = −es + eu,

163



c2 =
1

3
(−eu + esfsφ),

c3 =
1

6
(eu(−2 + 6fs + 2κ− ξ) + es(−6 + fs(2 − 2κφ+ φξ))),

c4 =
1

12
(7es − eu(1 + 2β(−1 + fs) + 6fs)),

c5 =
1

3
(eu(1 + 2β(−1 + fs) + 3fs) − 4esfsφ),

c6 =
1

72
β(eu − esfsφ),

c7 =
1

18
(es(6 + fs(−4 + φ(κ+ 6βκ− 2ξ)))

+eu(2 − 2κ+ ξ + fs(−4 + κ− 6βκ+ ξ))),

c8 =
1

72
(−2es + eu(1 − 2β(−1 + fs) + fs)). (A.22)

in the transition channel Ξ0γ → Ξ∗0,

c1 =
1

4
(3 + β)(es − eu),

c2 = −1

6
(−1 + β)(eu − esfsφ),

c3 =
1

48
(eu(4 − 36fs − 22κ+ 3β(−12 + 4fs − 2κ− ξ) + 5ξ)

+es(48 + fs(−16 + 22κφ− 5φξ) + 3β(8 + fsφ(2κ+ ξ)))),

c4 =
1

48
(eu(−2 + β(12 − 7fs) + 21fs) + es(−14 − 5fs + β(−12 + 7fs))),

c5 =
1

6
(eu(1 − β + 2(−3 + β)fs) + esfs(2 + β(6 − 7fs) + 3fs)φ),

c6 = − 1

144
(1 + 3β)(eu − esfsφ),

c7 =
1

72
(4(2 + β)eu + eu(2(−7 + β)κ+ ξ + 5βξ + 2fs(3 + 7β + 6κ+ 8βκ

−(3 + β)ξ)) + es(36 − 3(1 + β)f 2
s φ(2κ− ξ) − 2fs(25 − φ(4κ+ ξ)

+3β(3 + 2κφ+ φξ)))),

c8 =
1

576
(eu(6 − 9fs + β(−8 + 7fs)) + es(4 − fs + β(−6 + 7fs))), (A.23)

and in the transition channel Λγ → Σ∗0,

c1 =
1

4
(−2ed − 3es + eu),

c2 =
1

6
(ed + 3esfsφ),

c3 =
1

48
(eu(−8 + 24fs + 14κ− 13ξ) + 3ed
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(4 − 8fs + 2κ+ 3ξ) + 6es(−2 + fs(4 + 2κφ+ φξ))),

c4 =
1

96
(ed(6 + β(23 − 22fs) + 28fs) + eu(10 − 28fs + β(−23 + 26fs))),

c5 =
1

6
(ed(−1 + 2β(−1 + fs) − 3fs) + eu(−1 − 2β(−1 + fs) + 2fs) − esfsφ),

c6 =
1

144
((2 + β)ed − (1 + β)eu + 3esfsφ),

c7 =
1

72
(−eu(2 + (7 − 24β)κ+ fs(8 + κ+ 12βκ− 2ξ) − 5ξ)

+6ed(−1 + fs + 2κ− 4βκ+ (−1 + 2β)fsκ− ξ) − 2es(9 + fs(4 + 2κφ− φξ))),

c8 =
1

1152
(−24es + eu(10 + 15β + 12fs − 18βfs)

+ed(−26 − 20fs + β(−15 + 14fs))). (A.24)

At structure WO4, the sum rule is:

c1msL
−16/27E1(w)M2 + c2χaL

−8/27E1(w)M2 + c3aL
8/27E0(w) + c4m

2
0aL

−6/27 1
M2

+c5χa
2msL

−8/27 1
M2 + c6χabL

−8/27 1
M2 + c7a

2msL
8/27 1

M4 + c8abL
8/27 1

M4

= λ̃N λ̃∆e
−m̄2/M2

[ 1
3M2 (2G1

1
M2

∆
(−m̄2 +mNM∆ −M2

∆)

+G2
1

M∆
(−m̄2 − 2M2

∆ +mNM∆)) + A].

(A.25)
The coefficients are given by, in the transition channel Σ+γ → Σ∗+,

c1 = −es + eu,

c2 =
1

3
(−1 + β)(eu − esfsφ),

c3 =
1

12
(eu(−4 + 12fs + 4κ+ 2β(−2 + 6fs + 5κ− ξ) − 5ξ)

+es(−12 + fs(4 − 4κφ+ 5φξ + 2β(−4 − 5κφ+ φξ)))),

c4 =
1

12
(7es − eu(1 + 2β(−1 + fs) + 6fs)),

c5 =
1

3
(eu(1 + β(−3 + fs) + 3fs) + 2(−2 + β)esfsφ),

c6 =
1

72
(−1 + β)(eu − esfsφ),

c7 =
1

36
(es(12 + 2fs(−4 + κφ+ β(8 + 7κφ)) − (7 + β)fsφξ)

−eu(4κ+ fs(8 − 2κ− 5ξ) − 2(2 + ξ) + β(8 + 4κ− 2ξ + fs(8 + 10κ+ ξ)))),

c8 =
1

144
(−3es + eu + 2βeu − 2(−1 + β)eufs). (A.26)

in the transition channel Ξ0γ → Ξ∗0,

c1 =
1

2
(1 + β)(es − eu),
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c2 = −1

3
(−1 + β)(eu − esfsφ),

c3 =
1

4
(eu(2 − 2fs + 2β(−3 + fs − κ) + ξ) + es(2 + 2β(3 + fs(−1 + κφ))

−fs(2 + φξ))),

c4 =
1

24
(eu(−5β(−2 + fs) + 9fs) + es(−7 − 2fs + β(−9 + 4fs))),

c5 =
1

3
(−(1 + β)eu + 2(−1 + β)eufs + esfs(2 + β(2 − 3fs) + fs)φ),

c6 = − 1

72
(−1 + β)(eu − esfsφ),

c7 =
1

72
(esfs(4 + 8φ(κ+ ξ) + fs(8 − 2κφ+ φξ) + 3β(−12 + 2(−4 + fs)κφ

−fsφξ)) + eu(fs(−8 + 12fs + 2κ− 7ξ) − 2(8 + 4κ+ ξ) + β(−fs(−40 + 12fs

−14κ + ξ) + 4(2 + κ+ ξ)))),

c8 =
1

288
(eu(β(−2 + fs) − 5fs) + es(3 + 2fs + β(−3 + 4fs))), (A.27)

and in the transition channel Λγ → Σ∗0,

c1 = −3ed

2
+ eu,

c2 =
1

6
((1 + β)ed − (3 + β)eu),

c3 =
1

24
(−2(−1 + β)eu(−2 + 6fs + 5κ) + (1 + 2β)euξ + esfs(−4 − 2κφ+ φξ)

+ed(2β(−2 + 6fs + 5κ− ξ) + 3(−4(2 + fs + κ) + ξ))),

c4 =
1

48
(ed(20 + 11β + 12fs − 10βfs) + eu(−8 − 11β + 2(−8 + 7β)fs)),

c5 =
1

6
(ed(−5 + β(−3 + fs) − 3fs) + eu(5 + 3β + 5fs − βfs)),

c6 =
1

144
((1 + β)ed − (3 + β)eu),

c7 =
1

72
(−eu(−2(8 + κ) + fs(8 + 4κ− 5ξ) + ξ) + 3ed(2κ+ fs(12 + 2κ− 3ξ) + ξ)

+2esfs(4 + 2κφ− φξ) + β(ed − eu)(−4(2 + 4κ + ξ) + fs(−8 + 2κ+ 5ξ))),

c8 =
1

576
(eu(β(3 − 6fs) + 8fs) + ed(−4 − 3β + 2(−2 + β)fs)). (A.28)

At structure WO5, the sum rule is:

c1msL
−16/27E1(w)M2 + c2χaL

−8/27E1(w)M2 + c3aL
8/27E0(w) + c4m

2
0aL

−6/27 1
M2

+c5χa
2msL

−8/27 1
M2 + c6χabL

−8/27 1
M2 + c7a

2msL
8/27 1

M4 + c8abL
8/27 1

M4

= −λ̃N λ̃∆e
−m̄2/M2

[ 1
3M2 (G1

1
M∆

(mN +M∆) +G2(M∆ −mN )) + A].

(A.29)
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The coefficients are given by, in the transition channel Σ+γ → Σ∗+,

c1 =
1

2
(2 + β)(es − eu),

c2 =
1

6
(1 + β)(eu − esfsφ),

c3 =
1

24
(−eu(8 + 12fs + 4κ− 5ξ + 2β(−4 + 6fs + κ+ ξ))

+es(24 + fs(−4 + 4κφ− 5φξ) + 2β(6 + fs(−4 + φ(κ+ ξ))))),

c4 =
1

24
(−(16 + 7β)es + eu(8 + 5β + 2(4 + β)fs)),

c5 =
1

6
(−eu(3 + β + 3(1 + β)fs) + 2(3 + 2β)esfsφ),

c6 = − 1

144
(1 + 3β)(eu − esfsφ),

c7 =
1

24
(eu(−4 + 2(1 + β)κ+ ξ + βξ − 2fs(−2 + 2κ+ β(−2 + ξ) + ξ))

+es(−8 + fs(8 + 2κφ+ φξ) + β(−4 + fsφ(−2κ+ ξ)))),

c8 =
1

288
((8 + 3β)es + eu(−4 − 5β + 2(−2 + β)fs)). (A.30)

in the transition channel Ξ0γ → Ξ∗0,

c1 = −1

2
(1 + β)(es − eu),

c3 =
1

48
(eu(4 + 24fs + 2κ− 7ξ) + esfs(−28 − 2κφ+ 7φξ)

+β(eu(20 − 2κ+ 7ξ) + es(−24 + fs(4 + 2κφ− 7φξ)))),

c4 =
1

24
(eu(1 + β(−8 + fs) − 8fs) + es(2 + 5fs + β(5 + 2fs))),

c5 =
1

6
(eu(−1 + β + (3 + β)fs) − 2esfs(β + fs)φ),

c6 =
1

72
β(eu − esfsφ),

c7 =
1

72
(eu(−8 + 2κ+ β(−4 − 2κ+ 3fs(−4 + ξ) − 5ξ) − ξ + 3fs(4 − 4fs + ξ))

+es(−12 − 2(3 + β)fs(−4 + κφ) + (−3 + β)fsφξ

+f 2
s (−4 + 4κφ+ φξ + β(8 + 4κφ+ φξ)))),

c8 =
1

288
(eu(−1 − β(−4 + fs) + 4fs) − es(2 + β + fs + 2βfs)), (A.31)

and in the transition channel Λγ → Σ∗0,

c1 =
1

4
(−(−5 + β)ed − es + (−4 + β)eu),

c2 =
1

12
((−3 + β)ed + eu − βeu),
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c3 =
1

48
(2eu(−3(4 + 4fs + 3κ− 2ξ) + β(−16 + 18fs + κ+ ξ)) − 2ed(−12fs

−5(2 + κ) + 4ξ + β(−16 + 18fs + κ+ ξ)) + es(−12 + fs(−4 − 2κφ+ φξ))),

c4 =
1

48
(eu(β(13 − 20fs) + 15(1 + fs)) + ed(−23 − 17fs + β(−13 + 20fs))),

c5 =
1

12
(ed(9 + β(3 − 7fs) + 7fs) + eu(−5(1 + fs) + β(−3 + 7fs)) − 2esfsφ),

c6 =
1

288
(−3(−1 + β)ed + (−1 + 3β)eu),

c7 =
1

144
(eu(−8(2 + κ) + 2fs(16 + 6β(−1 + κ) + 5κ− ξ) − 5ξ + 3β(−6κ+ ξ))

+ed(40 + 2(7 + 9β)κ+ (5 − 3β)ξ − 4fs(5 + 3β(−1 + κ) − 2κ+ ξ))

+2es(6 + fs(4 + 2κφ− φξ))),

c8 =
1

576
(4es + ed(11 + β(5 − 8fs) + 9fs) + eu(−7(1 + fs) + β(−5 + 8fs))).

(A.32)

At structure WO6, the sum rule is:

c1χaL
−8/27E1(w)M2 + c2aL

8/27E0(w) + c3m
2
0aL

−6/27 1
M2 + c4χa

2msL
−8/27 1

M2

+c5χabL
−8/27 1

M2 + c6
1

M4a
2msL

8/27 + c7abL
8/27 1

M4

= λ̃N λ̃∆e
−m̄2/M2

[ 1
3M2 (2G1

1
M∆

mN −G2(M∆ −mN )) + A].

(A.33)
The coefficients are given by, in the transition channel Σ+γ → Σ∗+,

c1 =
1

3
β(eu − esfsφ),

c2 =
1

12
(−3(eu − esfsφ)ξ − 2β(eu(2 − 6fs − 5κ+ ξ) + esfs(4 + 5κφ− φξ))),

c3 =
1

12
(es + eu(−1 − 2β(−1 + fs))),

c4 =
1

3
β(eu(−3 + fs) + 2esfsφ),

c5 =
1

72
(−1 + β)(eu − esfsφ),

c6 =
1

36
(3fs(eu − esφ)ξ − β(esfs(−16 − 14κφ+ φξ)

+eu(8 + 4κ− 2ξ + fs(8 + 10κ+ ξ)))),

c7 =
1

144
(−es + eu + 2βeu − 2βeufs). (A.34)

in the transition channel Ξ0γ → Ξ∗0,

c1 = −1

3
β(eu − esfsφ),

c2 =
1

24
(eu(β(−16 − 14κ+ ξ) + 3(2κ+ ξ))
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+es(β(12 + fs(4 + 14κφ− φξ)) − 3(4 + fs(−4 + 2κφ+ φξ)))),

c3 =
1

24
(−2eu(1 + β(−1 + fs)) + es(5 + 3β(−1 + fs) − 3fs)),

c4 =
1

3
fs(es(−1 + fs)φ+ 2β(eu − esfsφ)),

c5 = − 1

72
(−1 + β)(eu − esfsφ),

c6 =
1

72
(eu(6(−2 + fs)κ− 3fsξ + β(fs(32 + 22κ− 5ξ) + 6ξ))

+es(24 + f 2
s (4 − (−1 + 7β)φ(2κ− ξ)) − 4fs(7 − φ(κ+ ξ) + 2β(4 + φ(κ+ ξ))))),

c7 =
1

288
(2eu(1 + β(−1 + fs)) + es(−1 + β(−1 + fs) − fs)). (A.35)

and in the transition channel Λγ → Σ∗0,

c1 =
1

6
β(ed − eu),

c2 =
1

24
(2β(ed − eu)(−2 + 6fs + 5κ− ξ) − 6(ed(κ− ξ) + euξ)

+es(12 + fs(4 + 2κφ− φξ))),

c3 =
1

24
(−3eu + 6βeu(−1 + fs) + ed(5 − 6β(−1 + fs) + 2fs)),

c4 =
1

6
(β(ed − eu)(−3 + fs) + 2esfsφ),

c5 =
1

144
(−1 + β)(ed − eu),

c6 =
1

72
(6edκ+ 3(−ed + eu)(1 + fs)ξ + β(ed − eu)(−4(2 + 4κ+ ξ)

+fs(−8 + 2κ+ 5ξ)) − 2es(6 + fs(4 + 2κφ− φξ))),

c7 =
1

288
(−4es + eu(3 − 2β(−1 + fs)) + ed(−5 + 2β(−1 + fs) − 2fs)).(A.36)
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Appendix B

Mathematica Source Code

MathQCDSR is a Mathematica package to do the QCD sum rule calculation. It is
explained in detail in Chap. 6. There are four mathematica notebooks in the package:� qcdsr2pt-construction.nb. This notebook constructs the QCD sum rules for octet

baryon masses and outputs them, one particle at a time, to disk in plain text
for analysis. For reference, the output files names Mass-*.txt, there are totaling
8 files. The user should generate the outputs on their own computer and check
against the supplied ones.� qcdsr2pt-analysis.nb. This notebook reads and analyzes the QCD sum rules
produced by qcdsr2pt-construction.nb. The user can save the graphics in the
analysis to disk in a variety of formats.� qcdsr3pt-construction.nb. This notebook constructs the QCD sum rules for the
octet baryon magnetic moments and outputs them, one particle at a time, to
disk in plain text for analysis. Again, for reference, the output files (named
Mag-*.txt), totaling 24 files. The user should generate the outputs on their own
computer and check against the supplied ones.� qcdsr3pt-analysis.nb. This notebook reads and analyzes the QCD sum rules
produced by qcdsr3pt-construction.nb. The user can save the graphics in the
analysis to disk in a variety of formats.

Each notebook can be run separately, apart from the simple interface between
the construction and analysis programs via plain text files written to disk.

The full package is long, so only some sample code for qcdsr2pt-construction.nb

is listed. There are 12 cells in QCD side calculation according to Fig. 3.1. We
only include diagrams C00, Cqq, Cgg and C00m here. Other cells are independent
and similar. The whole analysis program qcdsr2pt-analysis.nb is included in this
appendix. For octet magnetic moments sum rules, there are two notebook qcdsr3pt-

construction.nb and qcdsr3pt-analysis.nb. They have similar structures just we need
to consider more diagrams in the QCD side calculation.
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All the mathematica notebooks in this package will be available in electronic
version along with this thesis.

The following code is from qcdsr2pt-construction.nb

QCD Sum Rules for Octet Baryon Masses
Initialization
<<HighEnergyPhysics`FeynCalc`
(* Set up your working d i r e c t o r y *)
SetDirectory [ “D:\\ Document\\MATHQCDSR package” ] ;

Master Formula (Pick only one of the following particles to run at a time )
Nucleon (N)

Clear [ “Global`*” ]
(* Nucleon master formula *)
ms=0; f s =1;
(* In the master formula , tA , tB , tC are u and d quarks ; tAA, tBB , tCC are

s quark ; tB , tBB are (C SˆT C) *)
mas [ co l , tA , tB , tC , tAA , tBB , tCC ]:=4*(−i c o l ) *(
tA*Tr [GA[ 5 ] . tBB .GA[ 5 ] . tC]+tA .GA[ 5 ] . tBB .GA[ 5 ] . tC+β*GA[ 5 ] . tA*Tr [GA[ 5 ] . tBB

. tC]+β*GA[ 5 ] . tA .GA[ 5 ] . tBB . tC+β*tA*Tr [ tBB .GA[ 5 ] . tC]+β*tA . tBB .GA[ 5 ] .
tC .GA[5]+β*β*GA[ 5 ] . tA .GA[ 5 ] *Tr [ tBB . tC]+β*β*GA[ 5 ] . tA . tBB . tC .GA[ 5 ] ) ;

f i l eSR1=“Mass−onuc−1. txt ” ;
fileSRp=“Mass−onuc−p . txt” ;

Sigma (σ)

Clear [ “Global`*” ]
(* Sigma master formula *)
mas [ co l , tA , tB , tC , tAA , tBB , tCC ]:=4*(−i c o l ) *(
tA*Tr [GA[ 5 ] . tBB .GA[ 5 ] . tC]+tA .GA[ 5 ] . tBB .GA[ 5 ] . tC+β*GA[ 5 ] . tA*Tr [GA[ 5 ] . tBB

. tC]+β*GA[ 5 ] . tA .GA[ 5 ] . tBB . tC+β*tA*Tr [ tBB .GA[ 5 ] . tC]+β*tA . tBB .GA[ 5 ] .
tC .GA[5]+β*β*GA[ 5 ] . tA .GA[ 5 ] *Tr [ tBB . tC]+β*β*GA[ 5 ] . tA . tBB . tC .GA[ 5 ] ) ;

f i l eSR1=“Mass−os ig −1. txt ” ;
fileSRp=“Mass−osig−p . txt” ;

Cascade (Ξ)

Clear [ “Global`*” ]
(* Cascade master formula *)
mas [ co l , tA , tB , tC , tAA , tBB , tCC ] := (4 )*(−i* c o l )*(+tAA*Tr [GA[ 5 ] . tB .GA

[ 5 ] . tCC]+tAA .GA[ 5 ] . tB .GA[ 5 ] . tCC+β*GA[ 5 ] . tAA*Tr [GA[ 5 ] . tB . tCC]+β*GA
[ 5 ] . tAA .GA[ 5 ] . tB . tCC+β*tAA*Tr [ tB .GA[ 5 ] . tCC]+β*tAA . tB .GA[ 5 ] . tCC .GA
[5]+β*β*GA[ 5 ] . tAA .GA[ 5 ] *Tr [ tB . tCC]+β*β*GA[ 5 ] . tAA . tB . tCC .GA[ 5 ] ) ;

f i l eSR1=“Mass−oxi −1. txt ” ;
fileSRp=“Mass−oxi−p . txt” ;

Lambda (Λ)
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Clear [ “Global`*” ]
(* Lambda master formula *)
mas [ co l , tA , tB , tC , tAA , tBB , tCC ] :=(2/3 )*(−i* c o l ) *(+4*tAA*Tr [GA[ 5 ] .

tB .GA[ 5 ] . tC]+4*tAA .GA[ 5 ] . tB .GA[ 5 ] . tC
+4*tA*Tr [GA[ 5 ] . tBB .GA[ 5 ] . tC]+4*tA .GA[ 5 ] . tBB .GA[ 5 ] . tC−2*tA*Tr [GA[ 5 ] . tB .

GA[ 5 ] . tCC]−2*tA .GA[ 5 ] . tB .GA[ 5 ] . tCC+β*(+4*GA[ 5 ] . tAA*Tr [GA[ 5 ] . tB . tC
]+4*GA[ 5 ] . tAA .GA[ 5 ] . tB . tC+4*GA[ 5 ] . tA*Tr [GA[ 5 ] . tBB . tC]+4*GA[ 5 ] . tA .GA
[ 5 ] . tBB . tC−2*GA[ 5 ] . tA*Tr [GA[ 5 ] . tB . tCC]−2*GA[ 5 ] . tA .GA[ 5 ] . tB . tCC)+β*(+4*tAA*Tr [ tB .GA[ 5 ] . tC]+4*tAA . tB .GA[ 5 ] . tC .GA[5]+4*tA*Tr [ tBB .GA[ 5 ] .
tC]+4*tA . tBB .GA[ 5 ] . tC .GA[5]−2*tA*Tr [ tB .GA[ 5 ] . tCC]−2*tA . tB .GA[ 5 ] . tCC
.GA[ 5 ] )+β*β*(+4*GA[ 5 ] . tAA .GA[ 5 ] *Tr [ tB . tC]+4*GA[ 5 ] . tAA . tB . tC .GA
[5]+4*GA[ 5 ] . tA .GA[ 5 ] *Tr [ tBB . tC]+4*GA[ 5 ] . tA . tBB . tC .GA[5]−2*GA[ 5 ] . tA .
GA[ 5 ] *Tr [ tB . tCC]−2*GA[ 5 ] . tA . tB . tCC .GA[ 5 ] ) ) ;

f i l eSR1=“Mass−olam−1. txt ” ;
fileSRp=“Mass−olam−p . txt” ;

Fourier transform
(*The f o l l ow ing func t i o n s are used f o r Four ie r trns fo rm *)
f20:=−4*i*π2/Contract [ FV [ p , u ] , FV [ p , u ] ] ;
f21 [ u_ ] :=8*π2*FV [ p , u ] / Contract [ FV [ p , u ] , FV [ p , u ] ] ;
f22 [ u_ , v_ ]:=−8*i*π2*(MT [ u , v ] / Contract [ FV [ p , u ] , FV [ p , u ] ] 2−4*FV [ p , u ]* FV [ p , v

] / Contract [ FV [ p , u ] , FV [ p , u ] ] ) ;
f40 :=i*π2*log ;
f41 [ u_ ] :=2*π2*FV [ p , u ] / Contract [ FV [ p , u ] , FV [ p , u ] ] ;
f42 [ u_ , v_ ]:=−2*i*π2*(MT [ u , v ] / Contract [ FV [ p , u ] , FV [ p , u ] ]−2*FV [ p , u ]* FV [ p , v

] / Contract [ FV [ p , u ] , FV [ p , u ] ] 2 ) ;
f43 [ u_ , v_ , w_ ] :=4*π2 * ( ( MT [ u , v ]* FV [ p , w ]+MT [ v , w ]* FV [ p , u ]+w . u*FV [ p , v ] ) /

Contract [ FV [ p , u ] , FV [ p , u ] ] 2−4*FV [ p , u ]* FV [ p , v ]* FV [ p , w ] / Contract [ FV [ p , u
] , FV [ p , u ] ] 3 ) ;

f60:=−i*π2/8*Contract [ FV [ p , u ] , FV [ p , u ] ] * log ;
f61 [ u_ ]:=−π2/4*FV [ p , u ]* log ;
f62 [ u_ , v_ ] := i*π2 /4*(MT [ u , v ]* log+2*FV [ p , u ]* FV [ p , v ] / Contract [ FV [ p , u ] , FV [ p ,

u ] ] ) ;
f63 [ u_ , v_ , w_ ] :=π2 /2* ( (MT [ u , v ]* FV [ p , w ]+MT [ v , w ]* FV [ p , u ]+w . u*FV [ p , v ] ) /

Contract [ FV [ p , u ] , FV [ p , u ] ]−2*FV [ p , u ]* FV [ p , v ]* FV [ p , w ] / Contract [ FV [ p , u
] , FV [ p , u ] ] 2 ) ;

f80 :=i*π2 /(26 *3)*Contract [ FV [ p , u ] , FV [ p , u ] ] 2*log ;
f81 [ u_ ] :=π2 /(24 *3)*FV [ p , u ]* Contract [ FV [ p , u ] , FV [ p , u ] ] * log ;
f82 [ u_ , v_ ]:=−i*π2 /(24*3) *(MT [ u , v ]* Contract [ FV [ p , u ] , FV [ p , u ] ] * log+2*FV [ p , u

]* FV [ p , v ]* log ) ;
f83 [ u_ , v_ , w_ ]:=−π2 /(23 *3) * ( ( MT [ u , v ]* FV [ p , w]+MT [ v , w ]* FV [ p , u]+w . u*FV [ p , v

] ) *log+2*FV [ p , u ]* FV [ p , v ]* FV [ p , w ] / Contract [ FV [ p , u ] , FV [ p , u ] ] ) ;
f100:=−i*π2 /(210*32 ) *Contract [ FV [ p , u ] , FV [ p , u ] ] 3*log ;
f101 [ u_ ]:=−π2 /(29 *3)*FV [ p , u ]* Contract [ FV [ p , u ] , FV [ p , u ] ] 2*log ;
f102 [ u_ , v_ ] := i*π2 /(29*3) *(MT [ u , v ]* Contract [ FV [ p , u ] , FV [ p , u ] ] 2*log+4*FV [ p ,

u ]* FV [ p , v ]* Contract [ FV [ p , u ] , FV [ p , u ] ] * log ) ;
f120 :=i*π2 /(2ˆ14*32 *5)*Contract [ FV [ p , u ] , FV [ p , u ] ] 4*log ;
f121 [ u_ ] :=π2 /(2ˆ11*32 *5)*FV [ p , u ]* Contract [ FV [ p , u ] , FV [ p , u ] ] 3*log ;
f122 [ u_ , v_ ]:=−i*π2/(2ˆ11*32*5) *(MT [ u , v ]* Contract [ FV [ p , u ] , FV [ p , u ] ] 3*log

+6*FV [ p , u ]* FV [ p , v ]* Contract [ FV [ p , u ] , FV [ p , u ] ] 2*log ) ;
f123 [ u_ , v_ , w_ ]:=−π2 /(210*3*5) * ( ( MT [ u , v ]* FV [ p , w ]+MT [ v , w ]* FV [ p , u ]+w . u*FV [ p

, v ] ) *Contract [ FV [ p , u ] , FV [ p , u ] ] 2*log+4*FV [ p , u ]* FV [ p , v ]* FV [ p , w ]*
Contract [ FV [ p , u ] , FV [ p , u ] ] * log ) ;
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(* The f o l l ow ing f a c t o r s are used f o r proper s c a l i n g o f va r i ous terms
such as qq=−a /(2π )2 , mix=−m02*qq=m02*a /(2π )2 , gg=b mult ip ly o v e r a l l

f a c t o r (2π )4 . *)
tpi2=(2*π )2 ; tpi4=(2*π )4 ;
xfac=1;
f00=xfac*tpi4*d00 ; f00m=xfac*tpi4*d00m ;
fgg=xfac*tpi4*dgg ; fggm=xfac*tpi4*dggm ;
fmix=xfac*tpi4/tpi2*dmix ; fmixm=xfac*tpi4/tpi2*dmixm ;
fmixqq=xfac*(−1)*dmixqq ;
fqq=xfac*(−1)*tpi4/tpi2*dqq ; fqqm=xfac*(−1)*tpi4/tpi2*dqqm ;
fqqqq=xfac*1*dqqqq ; fqqqqm=xfac*1*dqqqqm ;
fqqgg=xfac*(−1)*tpi4/tpi2*dqqgg ;

Calculation of the QCD side
diagram C00 (structure p)

(* This c e l l i s f o r c a l c u l a t i n g diagram “C00” *)
(* c a l c u l a t i o n in x space *)
colour :=6;
termA :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termB :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termC :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termAA :=termA ;
termBB :=termB ;
termCC :=termC ;
mas [ colour , termA , termB , termC , termAA , termBB , termCC ] / / DiracReduce ;
c00x=%;
Print [ “c00x=” ,Expand [% ] ]
(* Four ie r transform *)
c00x f=DiracReduce [ c00x* f101 *Contract [FV[ x , u ] ,FV[ x , u ] ] 5 / .GS[ x]−> GA[ r ] ] ;
Pr int [ “c00x f=” ,%]
c00p=c00xf / .{ f101−>f101 [ r ]}// DiracReduce//Simplify ;
(* Borel transform *)
c00b=c00p / .{ log−>−2*M6/Contract [ FV [ p , u ] , FV [ p , u ] ] 2}//DiracReduce ;
Print [ “c00p=” , DiracReduce [ c00p ] ]
c00b=c00b* f00 //DiracReduce // S imp l i fy ;
Pr int [ “c00b=” , c00b ] ;

diagram Cqq (structure 1)

(* This c e l l i s f o r c a l c u l a t i n g diagram “Cqq” *)
(* c a l c u l a t i o n in x space *)
colour :=6;
termA :=(−1/12) ;
termB :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termC :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termAA :=fs*termA ;
termBB :=termB ;
termCC :=termC ;
mas [ colour , termA , termB , termC , termAA , termBB , termCC ] / / DiracReduce ;
term1=%;
termB :=−(−1/12) ;
termC :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
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termA :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termAA :=termA ;
termBB :=fs*termB ;
termCC :=termC ;
mas [ colour , termA , termB , termC , termAA , termBB , termCC ] / / DiracReduce ;
term2=%;
termC :=(−1/12) ;
termA :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termB :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termAA :=termA ;
termBB :=termB ;
termCC :=fs*termC ;
mas [ colour , termA , termB , termC , termAA , termBB , termCC ] / / DiracReduce ;
term3=%;
result=term1+term2+term3 ;
cqqx=%;
Print [ “cqqx=” ,Expand [% ] ]
(* Four ie r transform *)
cqqxf=DiracReduce [ cqqx* f f 6 0 *Contract [FV[ x , u ] ,FV[ x , u ] ] 3 ] ;
Pr int [ “cqqxf=” , cqqxf ]
cqqp=cqqxf / .{ ff60−>f60}//DiracReduce//Simplify ;
(* Borel transform *)
cqqb=cqqp / .{ log−>−M4/Contract [ FV [ p , u ] , FV [ p , u ] ] } / / DiracReduce ;
Print [ “cqqp=” , DiracReduce [ cqqp ] ]
cqqb=cqqb* fqq //DiracReduce // S imp l i fy ;
Pr int [ “cqqb=” , cqqb ]

diagram Cgg (structure p)

(* This c e l l i s f o r c a l c u l a t i n g diagram “Cgg” *)
(* c a l c u l a t i o n in x space *)
colour :=−4;
termA :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termB:=−(i/(32*π2*Contract [ FV [ x ,µ ] , FV [ x ,µ ] ] ) ) *(GS [ x ] . DiracSigma [ GA [ al ] ,

GA [ b ] ]+ DiracSigma [ GA [ al ] , GA [ b ] ] . GS [ x ] ) ;
termC :=( i/(32*π2*Contract [ FV [ x , µ ] , FV [ x ,µ ] ] ) ) *(GS [ x ] . DiracSigma [ GA [ al ] ,

GA [ b ] ]+ DiracSigma [ GA [ al ] , GA [ b ] ] . GS [ x ] ) /(24 *3) ;
termAA :=termA ;
termBB :=termB ;
termCC :=termC ;
mas [ colour , termA , termB , termC , termAA , termBB , termCC ] / / DiracReduce ;
term1=%;
termB :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termC :=( i/(32*π2*Contract [ FV [ x , µ ] , FV [ x ,µ ] ] ) ) *(GS [ x ] . DiracSigma [ GA [ al ] ,

GA [ b ] ]+ DiracSigma [ GA [ al ] , GA [ b ] ] . GS [ x ] ) ;
termA :=( i/(32*π2*Contract [ FV [ x , µ ] , FV [ x ,µ ] ] ) ) *(GS [ x ] . DiracSigma [ GA [ al ] ,

GA [ b ] ]+ DiracSigma [ GA [ al ] , GA [ b ] ] . GS [ x ] ) /(24 *3) ;
termAA :=termA ;
termBB :=termB ;
termCC :=termC ;
mas [ colour , termA , termB , termC , termAA , termBB , termCC ] / / DiracReduce ;
term2=%;
termC :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
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termA :=( i/(32*π2*Contract [ FV [ x , µ ] , FV [ x ,µ ] ] ) ) *(GS [ x ] . DiracSigma [ GA [ al ] ,
GA [ b ] ]+ DiracSigma [ GA [ al ] , GA [ b ] ] . GS [ x ] ) ;

termB:=−(i/(32*π2*Contract [ FV [ x ,µ ] , FV [ x ,µ ] ] ) ) *(GS [ x ] . DiracSigma [ GA [ al ] ,
GA [ b ] ]+ DiracSigma [ GA [ al ] , GA [ b ] ] . GS [ x ] ) /(24 *3) ;

termAA :=termA ;
termBB :=termB ;
termCC :=termC ;
mas [ colour , termA , termB , termC , termAA , termBB , termCC ] / / DiracReduce ;
term3=%;
result=term1+term2+term3 ;
cggx=%;
Print [ “cggx=” ,Expand [% ] ]
(* Four ie r transform *)
cggx f=DiracReduce [ cggx* f61 *Contract [FV[ x , u ] ,FV[ x , u ] ] 3 / .GS[ x]−>GA[ r ] ] ;
Pr int [ “cggx f=” ,%]
cggp=cggxf / .{ f61−>f61 [ r ]}// DiracReduce//Simplify ;
(* Borel transform *)
cggb=cggp / .{ log−>−M2}//DiracReduce ;
Print [ “cggp=” , DiracReduce [ cggp ] ]
cggb=cggb* fgg //DiracReduce // S imp l i fy ;
Pr int [ “cggb=” , cggb ]

diagram Cmix (structure 1)

\normalsize{diagram C00m ( structure 1)}
\vspace*{−0.5cm}
\begin{lstlisting}
(* This c e l l i s f o r c a l c u l a t i n g diagram “C00m” *)
(* c a l c u l a t i o n in x space *)
colour :=6;
termA :=0;
termB :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termC :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termAA :=(−ms/(4*π2*Contract [ FV [ x , µ ] , FV [ x ,µ ] ] ) ) ;
termBB :=termB ;
termCC :=termC ;
mas [ colour , termA , termB , termC , termAA , termBB , termCC ] / / DiracReduce ;
term1=%;
termB :=0;
termC :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termA :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termAA :=termA ;
termBB:=−(−ms/(4*π2*Contract [ FV [ x ,µ ] , FV [ x ,µ ] ] ) ) ;
termCC :=termC ;
mas [ colour , termA , termB , termC , termAA , termBB , termCC ] / / DiracReduce ;
term2=%;
termC :=0;
termA :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termB :=( i/(2*π2*Contract [ FV [ x , µ ] , FV [ x , µ ] ] 2 ) ) *GS [ x ] ;
termAA :=termA ;
termBB :=termB ;
termCC :=(−ms/(4*π2*Contract [ FV [ x , µ ] , FV [ x ,µ ] ] ) ) ;
mas [ colour , termA , termB , termC , termAA , termBB , termCC ] / / DiracReduce ;
term3=%;
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result=term1+term2+term3 ;
c00mx=%;
Print [ “c00mx=” ,Expand [% ] ]
(* Four ie r transform *)
c00mxf=DiracReduce [ c00mx* f f 8 0 *Contract [FV[ x , u ] ,FV[ x , u ] ] 4 ] ;
Pr int [ “c00mxf=” , c00mxf ]
c00mp=c00mxf / .{ ff80−>f80}//DiracReduce//Simplify ;
(* Borel transform *)
c00mb=c00mp / .{ log−>−2M6/Contract [ FV [ p , u ] , FV [ p , u ] ] 2}//DiracReduce ;
Print [ “c00mp=” , DiracReduce [ c00mp ] ]
c00mb=c00mb* f00m//DiracReduce // S imp l i fy ;
Pr int [ “c00mb=” , c00mb ]

Total
resx=d00*c00x+dqq*cqqx+dgg*cggx+dmix*cmixx+dqqqq*cqqqqx+dqqgg*cqqggx+

dmixqq*cmixqqx+d00m*c00mx+dqqm*cqqmx+dggm*cggmx+dmixm*cmixmx+dqqqqm*cqqqqmx ;
(* Pr int [ “ r e sx =”, r e sx ] *)
resxf=d00*c00xf+dqq*cqqxf+dgg*cggxf+dmix*cmixxf+dqqqq*cqqqqxf+dqqgg*

cqqggxf+dmixqq*cmixqqxf+d00m*c00mxf+dqqm*cqqmxf+dggm*cggmxf+dmixm*
cmixmxf+dqqqqm*cqqqqmxf ;

(* Pr int [ “ r e s x f =”, r e s x f ] *)
resp=d00*c00p+dqq*cqqp+dgg*cggp+dmix*cmixp+dqqqq*cqqqqp+dqqgg*cqqggp+

dmixqq*cmixqqp+d00m*c00mp+dqqm*cqqmp+dggm*cggmp+dmixm*cmixmp+dqqqqm*cqqqqmp ;
(* Pr int [ “ resp =”, resp ] *)
resb=c00b+cqqb+cggb+cmixb+cqqqqb+cqqggb+cmixqqb+c00mb+cqqmb+cggmb+

cmixmb+cqqqqmb ;
Print [ “resb =” , resb ]
resbW1=resb / .GS[ p]−> 0
resbWp=(resb−resbW1 ) / .GS[ p]−> 1
Export [ f i l eSR1 , resbW1 ]
Export [ f i l eSRp , resbWp ]

The following code is from qcdsr2pt-analysis.nb

QCD Sum Rules Analysis for Octet Baryon Masses
(* Set up your working d i r e c t o r y *)
SetDirectory [ “D:\\ Document\\MATHQCDSR package” ] ;

Read the QCD Sum Rules (must have been produced from
qcdsr2pt-construction)
Pick a particle
Nucleon (N)

Clear [ “Global`*” ]
F01 =ToExpression [ Import [ “Mass−onuc−1. txt ” ] ]
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F0p =ToExpression [ Import [ “Mass−onuc−p . txt” ] ]
s f l a g =0; (* f l a g to handle s t r ange quarks *)
(*Only f o r s e l e c t i n g and unce r ta in ty purpose *)
MN0=0.938; w0=1.44 ;

Sigma (Σ)

Clear [ “Global`*” ]
F01 =ToExpression [ Import [ “Mass−os ig −1. txt ” ] ]
F0p =ToExpression [ Import [ “Mass−osig−p . txt” ] ]
MN0=1.193;
w0=1.66 ;
s f l a g =1;

Cascade (Ξ)

Clear [ “Global`*” ]
F01 =ToExpression [ Import [ “Mass−oxi −1. txt ” ] ] ;
F0p =ToExpression [ Import [ “Mass−oxi−p . txt” ] ] ;
s f l a g =1;
MN0=1.318; w0=1.82 ;

Lambda (Λ)

Clear [ “Global`*” ]
F01 =ToExpression [ Import [ “Mass−olam−1. txt ” ] ] ;
F0p =ToExpression [ Import [ “Mass−olam−p . txt” ] ] ;
s f l a g =1;
MN0=1.116; w0=1.60 ;

Pick a structure
Structure 1

tflag=1; (* f l a g to handle d i f f e r e n t s t r u c tu r e s *)
Clear [ a , b , m02 , ms , fs , kv , β ,mu , LQCD ] ;
L [ M_ ] :=Log [ M/LQCD ] /Log [ mu/LQCD ] ;

p1 [β1_ ] :=F01 / .{ d00m−>1,dqq−> 0 ,dmix−>0,dggm−> 0 , dqqgg−> 0 ,dqqqqm−>0,M
−>1,ms−> 1}/ .β−> β1

p2 [β1_ ] :=F01 / .{ d00m−>0,dqq−> 1 ,dmix−>0,dggm−> 0 , dqqgg−> 0 ,dqqqqm−>0,M
−>1,ms−> 1}/ .β−> β1

p3 [β1_ ] :=F01 / .{ d00m−>0,dqq−> 0 ,dmix−>1,dggm−> 0 , dqqgg−> 0 ,dqqqqm−>0,M
−>1,ms−> 1}/ .β−> β1

p4 [β1_ ] :=F01 / .{ d00m−>0,dqq−> 0 ,dmix−>0,dggm−> 1 , dqqgg−> 0 ,dqqqqm−>0,M
−>1,ms−> 1}/ .β−> β1

p5 [β1_ ] :=F01 / .{ d00m−>0,dqq−> 0 ,dmix−>0,dggm−> 0 , dqqgg−> 1 ,dqqqqm−>0,M
−>1,ms−> 1}/ .β−> β1

p6 [β1_ ] :=F01 / .{ d00m−>0,dqq−> 0 ,dmix−>0,dggm−> 0 , dqqgg−> 0 ,dqqqqm−>1,M
−>1,ms−> 1}/ .β−> β1

F0NEU [ β_ , w_ , M_ ] :=
1/4*( p1 [β ]* ms *M6*L [ M ]ˆ(−8/9)*(1−Exp[(−w2/M2 ) ] * ( w4 /(2*M4 )+w2 /(M2 )+1))
+p2 [β ]* a*M4*(1−Exp[(−w2/M2 ) ] * ( w2 /(M2 )+1) )+p3 [ β ]* m02*a*M2*L [ M ]ˆ(−14/27)*(1−Exp[(−w2/M2 ) ] )+p4 [ β ] ms *b*M2*(1−Exp[(−w2/M2 ) ] )+p5 [β ]* a*b+p6 [β ] ms*kv*a2 )
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F0d1NEU [β_ , w_ , M_ ] :=
1/4*( p1 [β ]* ms *M6*L [ M ]ˆ(−8/9)*(1−Exp[(−w2/M2 ) ] * ( w4 /(2*M4 )+w2 /(M2 )+1)) )
F0d2NEU [β_ , w_ , M_ ] :=1/4* ( p2 [β ]* a*M4*(1−Exp[(−w2/M2 ) ] * ( w2 /(M2 )+1) ) )
F0d3NEU [β_ , w_ , M_ ] :=1/4* (p3 [β ]* m02*a*M2*L [ M ]ˆ(−14/27)*(1−Exp[(−w2/M2 ) ] )+

p4 [β ]* ms *b*M2*(1−Exp[(−w2/M2 ) ] ) )
F0d4NEU [β_ , w_ , M_ ] :=1/4* ( p5 [β ]* a*b+p6 [ β ]* ms*kv*a2 )
F0NEUOPE [β_ , w_ , M_ ] :=
1/4*( p1 [β ]* ms *M6*L [ M ]ˆ(−8/9)+p2 [β ]* a*M4+p3 [β ]* m02*a*M2*L [ M ]ˆ(−14/27)

+p4 [β ]* ms *b+p5 [β ]* a*b+p6 [β ] *ms*kv*a2 )
F0NEUEsc [β_ , w_ , M_ ] := F0NEUOPE [β ,w , M]−F0NEU [β ,w , M ]

Print [ “The proton mass sum rule at structure 1 is” ] ;
F0NEU[ β ,w,M]
F0NEUEsc[β 0 ,w,M] ;
F0NEUOPE[β ,w,M] ;
F0d4NEU[β ,w,M] ;

Structure p

tflag=0; (* f l a g to handle d i f f e r e n t s t r u c tu r e s *)
Clear [ a , b , m02 , ms , fs , kv , β ,mu , LQCD ] ;
L [ M_ ] :=Log [ M/LQCD ] /Log [ mu/LQCD ] ;
lnl=Log [ M2/mu2 ] −0 .577 ;
p1 [β1_ ] :=F0p / .{ d00−>1,dgg−> 0 ,dqqm−>0,dmixm−>0,dqqqq−> 0 ,dmixqq−>0,M

−>1,ms−> 1}/ .β−> β1
p2 [β1_ ] :=F0p / .{ d00−>0,dgg−> 1 ,dqqm−>0,dmixm−>0,dqqqq−>0,dmixqq−>0,M

−>1,ms−> 1}/ .β−> β1
p3 [β1_ ] :=F0p / .{ d00−>0,dgg−> 0 ,dqqm−>1,dmixm−>0,dqqqq−>0,dmixqq−>0,M

−>1,ms−> 1}/ .β−> β1
p4 [β1_ ] :=F0p / .{ d00−>0,dgg−> 0 ,dqqm−>0,dmixm−>1,dqqqq−>0,dmixqq−>0,M

−>1,ms−> 1}/ .β−> β1
p5 [β1_ ] :=F0p / .{ d00−>0,dgg−> 0 ,dqqm−>0,dmixm−>0,dqqqq−>1,dmixqq−>0,M

−>1,ms−> 1}/ .β−> β1
p6 [β1_ ] :=F0p / .{ d00−>0,dgg−> 0 ,dqqm−>0,dmixm−>0,dqqqq−>0,dmixqq−>1,M

−>1,ms−> 1}/ .β−> β1

F0NEU [ β_ , w_ , M_ ] :=
1/4*(p1 [β ]* M6*L [ M ]ˆ(−4/9)*(1−Exp[(−w2/M2 ) ] * ( w4 /(2*M4 )+w2 /(M2 )+1))+p2 [ β ]*

b*M2*L [ M ]ˆ(−4/9)*(1−Exp[(−w2/M2 ) ] )+p3 [β ]* ms*a*L [ M ] ˆ ( 4 / 9 ) *M2*(1−Exp

[(−w2/M2 ) ] )+p4 [ β ]* ms*m02*a*L [ M ]ˆ(−26/27)+p5 [β ]* a2*kv*L [ M ] ˆ ( 4 / 9 )+p6 [ β
]* m02*a2/M2*L [ M ]ˆ(−2/27) )

F0d1NEU [β_ , w_ , M_ ] :=
1/4*(p1 [β ]* M6*L [ M ]ˆ(−4/9)*(1−Exp[(−w2/M2 ) ] * ( w4 /(2*M4 )+w2 /(M2 )+1)) ) ;
F0d2NEU [β_ , w_ , M_ ] :=1/4* (p2 [β ]* b*M2*L [ M ]ˆ(−4/9)*(1−Exp[(−w2/M2 ) ] )+p3 [β ]*

ms*a*L [ M ] ˆ ( 4 / 9 ) *M2*(1−Exp[(−w2/M2 ) ] ) ) ;
F0d3NEU [β_ , w_ , M_ ] :=1/4* (p4 [β ]* ms*m02*a*L [ M ]ˆ(−26/27)+p5 [β ]* a2*kv*L [ M

] ˆ ( 4 / 9 ) ) ;
F0d4NEU [β_ , w_ , M_ ] :=+1/4*(p6 [β ]* m02*a2/M2*L [ M ]ˆ(−2/27) ) ;

F0NEUOPE [β_ , w_ , M_ ] :=
1/4*(p1 [β ]* M6*L [ M ]ˆ(−4/9) * (1 )+p2 [ β ]* b*M2*L [ M ]ˆ(−4/9) * (1 )+p3 [ β ]* ms*a*L [ M

] ˆ ( 4 / 9 ) *M2 * (1 )+p4 [ β ]* ms*m02*a*L [ M ]ˆ(−26/27)+p5 [β ]* a2*kv*L [ M ] ˆ ( 4 / 9 )+
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p6 [β ]* m02*a2/M2*L [ M ]ˆ(−2/27) )
F0NEUEsc [β_ , w_ , M_ ] := F0NEUOPE [β ,w , M]−F0NEU [β ,w , M ]

Print [ “The proton mass sum rule at structure p is” ]
F0NEU[ β ,w,M]
F0NEUEsc[β ,w0 ,M]// S imp l i fy ;
F0NEUOPE[β ,w0 ,M] ;

Numerical analysis with inline graphics

Parameter initialization
Needs [ “ErrorBarPlots `” ]
Needs [ “Histograms `” ]
Needs [ “PlotLegends `” ]
Clear [ f s , a , b ,m02 ,MN,β ,ms ,mu,LQCD,LAM2]
β0=−1.2; (* beta va lue *)
Mmin=0.9 ; Mmax=1.2 ; (*Borel window to match*)
Mmin1=0.5 ; Mmax1=1.8 ;

(* mean va lue f o r QCD input parameters *)
am=0.52;bm=1.2 ;m02m=0.72; msm=0.15; fsm=0.8 ;
mu=0.5 ;LQCD=0.15; kv=2;
Nr=280; (*# of monte c a r l o samples *)
uns =0.1 ; (* unc e r t a i n t i t y o f input parameters *)
Nc=200; (*# of monte c a r l o samples to get s t ab l e s td *)
Nb=51; (* # of M *)

LAMLAM=MNMN=OMA=Table [ 0 ,{ j , Nr } ] ;
aa=bb=m0m0=Table [ 0 ,{ j , Nr } ] ;
MS=FS=Table [ 0 ,{ i , Nr } ] ;
LAMnew=MNnew=OMAnew=Table [ 0 ,{ j , Nr } ] ;
Anew=Bnew=M0new=Table [ 0 ,{ j , Nr } ] ;
MSnew=FSnew=Table [ 0 ,{ i , Nr } ] ;
y1=y12=y3=Table [ 0 ,{ j , Nc } ] ;
σ=σ1=σ3=Table [ 0 ,{ j ,Nb } ] ;

f 2=F0NEUOPE[β 0 ,w0 ,M] ;
For [ j =1, j<=Nb, j++,
x2=Mmin+(Mmax−Mmin) /Nb* j ;
x3=Mmin1+(Mmax1−Mmin1) /Nb* j ;
For [ i i =1, i i <=Nc , i i ++,
Clear [ a , b ,m02 ,ms , f s ] ;
SeedRandom [ 1 2 3 4 ] ;
a=RandomReal [ NormalDis tr ibut ion [am, Abs [ uns*am ] ] ] ;
b=RandomReal [ NormalDis tr ibut ion [bm, Abs [ 0 . 5 *bm ] ] ] ;

m02=RandomReal [ NormalDis tr ibut ion [m02m, Abs [ uns*m02m ] ] ] ;
I f [ s f l a g ==0,
ms=0; f s =1,
ms=RandomReal [ NormalDis tr ibut ion [msm, Abs [ uns*msm ] ] ] ;

f s=RandomReal [ NormalDis tr ibut ion [ fsm , Abs [ uns* fsm ] ] ] ] ;
y1 [ [ i i ] ]= f2 / .M−> x2 ;
y3 [ [ i i ] ]= f2 / .M−> x3 ;
y12 [ [ i i ] ]=Log [ y1 [ [ i i ] ] ] ] ;
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σ [ [ j ] ]= StandardDeviat ion [ y1 ] ;
σ 3 [ [ j ] ]= StandardDeviat ion [ y3 ] ;
σ 1 [ [ j ] ]= StandardDeviat ion [ y12 ] ] ;
σ (* s td f o r y*)
σ 1 ; (* s td f o r l og y*)

Sum rule matching using χ2 minimization
For [ ii=1, ii<=Nr , ii++,
Clear [ a , b , m02 , ms , fs ] ;
a=RandomReal [ NormalDistribution [ am ,Abs [ uns*am ] ] ] ; aa [ [ ii ] ]=a ;
b=RandomReal [ NormalDistribution [ bm ,Abs [ uns*bm ] ] ] ; bb [ [ ii ] ]=b ;

m02=RandomReal [ NormalDistribution [ m02m ,Abs [ uns*m02m ] ] ] ; m0m0 [ [ ii ] ]=
m02 ;

I f [ sflag==0,
ms=0;MS [ [ ii ] ]=0 ; fs=1;FS [ [ ii ] ]=1 ,
ms=RandomReal [ NormalDistribution [ msm ,Abs [ uns*msm ] ] ] ; MS [ [ ii ] ]= ms ;

fs=RandomReal [ NormalDistribution [ fsm ,Abs [ uns*fsm ] ] ] ; FS [ [ ii ] ]=fs ;
] ;

F1 [ M_ , w_ ] :=F0NEU [β 0 ,w , M ] ;
x1=Range [ Mmin , Mmax , ( Mmax−Mmin ) /(Nb−1) ] ;
data1=Table [{ x1 [ [ i ] ] , 0 } , { i , 1 ,Length [ x1 ] } ] ;

I f [ tflag==1,
(* at s t r u c tu r e 1 , with MN*)
yf=FindFit [ data1 , LAM2*MN*Exp[−MN2/M2 ]−F1 [ M , w ] ,{ LAM2 , MN , w} ,M ,

NormFunction−>(Norm [#/σ ]&) ] ] ;

I f [ tflag==0,
(* at s t r u c tu r e p , no MN*)
yf=FindFit [ data1 , LAM2*Exp[−MN2/M2 ]−F1 [ M , w ] ,{ LAM2 , MN , w} ,M , NormFunction

−>(Norm [#/σ ]&) ] ] ;

LAMLAM [ [ ii ] ]= LAM2 / . yf ;
MNMN [ [ ii ] ]= MN / . yf ;
OMA [ [ ii ] ]=w / . yf ] ;

Y0=Table [{ OMA [ [ i ] ] , MNMN [ [ i ] ] , LAMLAM [ [ i ] ] , aa [ [ i ] ] , bb [ [ i ] ] , m0m0 [ [ i ] ] , MS
[ [ i ] ] , FS [ [ i ] ] } , { i ,Length [ OMA ] } ] ;

Y1=Select [ Y0 ,# [ [ 1 ] ] > #[[2 ] ]&&#[[1 ] ] <3&]; (* s e t cond i t i on f o r w, ( w>MN

) to take out non phy s i c a l va lue s *)
Print [ “There are ” , Length [Y1 ] , “ phy s i c a l w va lue s s e l e c t e d from ” ,Nr , “

samples . ” ]
YY=Table [{Y1 [ [ i , 1 ] ] , Y1 [ [ i , 2 ] ] , Y1 [ [ i , 3 ] ] , Y1 [ [ i , 4 ] ] , Y1 [ [ i , 5 ] ] , Y1 [ [ i , 6 ] ] ,

Y1 [ [ i , 7 ] ] , Y1 [ [ i , 8 ] ] } , { i , Length [Y1 ] } ] ;

OMAnew=YY[ [ All , 1 ] ] ;
Pr int [ “w mean= ” , Mean [ OMAnew ] , ” ; w std= ” , StandardDeviation [ OMAnew ] ]
MNnew=YY [ [ All , 2 ] ] ;
Print [ “MN mean= ” ,Mean [MNnew] , ” ; MN std= ” , StandardDeviat ion [MNnew ] ]
LAMnew=YY[ [ All , 3 ] ] ;
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Pr int [ “λ2 mean= ” , Mean [ LAMnew ] , ” ; λ2 s td= ” , StandardDeviation [ LAMnew ] ]

Anew=YY [ [ All , 4 ] ] ;
Bnew=YY [ [ All , 5 ] ] ;
M0new=YY [ [ All , 6 ] ] ;
MSnew=YY [ [ All , 7 ] ] ;
FSnew=YY [ [ All , 8 ] ] ;

(*matching p lo t *)
p=1; (* s e l e c t one s e t o f QCD input which g i v e s phy s i c a l w*)
a=Anew [ [ p ] ] ; b=Bnew [ [ p ] ] ; m02=M0new [ [ p ] ] ; fs=FSnew [ [ p ] ] ; ms=MSnew [ [ p ] ] ;
Print [ “a= ” ,a , “ ; b= ” ,b , “ ; m0

2= ” ,m02 , “ ; f s= ” ,fs , “ ; ms= ” ,ms ]
x1=Range [Mmin, Mmax, (Mmax−Mmin) /(Nb−1) ] ;
data1=Table [{ x1 [ [ i ] ] , 0 } , { i , 1 , Length [ x1 ] } ] ;
x1=Range [Mmin, Mmax, (Mmax−Mmin) /(Nb−1) ] ;

I f [ t f l a g ==1,
(* at s t r u c tu r e 1 , with MN*)
y f=FindFit [ data1 ,LAM2*MN*Exp[−MN2/M2 ]−F1 [M,w] ,{LAM2,MN,w} ,M,

NormFunction−>(Norm[#/σ ]&) ] ;
Pr int [ y f ] ;
Pr int [ “At s t r u c tu r e 1” ] ; ] ;

I f [ tflag==0,
(* at s t r u c tu r e p , no MN*)
yf=FindFit [ data1 , LAM2*Exp[−MN2/M2 ]−F1 [ M , w ] ,{ LAM2 , MN , w} ,M , NormFunction

−>(Norm [#/σ ]&) ] ;
Print [ yf ] ;
ym=LAM0*Exp[−MN02/M2 ] ;
Print [ “Structure p” ] ] ;

LAM0=LAM2/ . y f ;
MN0=MN/ . y f ;
OMA0=w/ . y f ;

I f [ t f l a g ==0,ym=LAM0*Exp[−MN02/M2 ] ; , ym=LAM0*MN0*Exp[−MN02/M2 ] ; ]
x1=Range [Mmin, Mmax, (Mmax−Mmin) /(Nb−1) ] ;
x3=Range [Mmin1 , Mmax1, (Mmax1−Mmin1) /(Nb−1) ] ;
y f1=F1 [ x1 ,OMA0] ;
y f3=F1 [ x3 ,OMA0] ;
y4=F1 [ x ,OMA0] ;
data1=Table [{ x1 [ [ i ] ] , y f1 [ [ i ] ] } , { i , 1 , Length [ x1 ] } ] ;

data3=Table [{ x3 [ [ i ] ] , y f3 [ [ i ] ] } , { i , 1 , Length [ x3 ] } ] ;

makeLegend [ plotMark , s i z e x , s i z e y , p o s i t i o n ] :=Module [{ g raph i c s ={}} ,
g r aph i c s={Graphics [ # [ [ 1 ] ] ] , # [ [ 2 ] ] }& / @plotMark ;

Return [{ graphics , LegendSize−>{s i z ex , s i z e y } , LegendPosit ion−>po s i t i on ,
LegendShadow−>None , BaseStyle−>{FontSize −>14,FontFamily−>”Times” }} ]
]

E r r o rba rp lo t=Graphics [{Red , Po in tS i z e [ 0 . 0 5 ] , Point [ { 1 , 0 } ] , Point [ { 2 , 0 } ] ,
Point [ { 3 , 0 } ] , Thin , Line [{{1 , −0 .4} ,{1 ,0 . 4}} ] , Line
[ { { 0 . 9 , 0 . 4 } , { 1 . 1 , 0 . 4 } } ] , Line [{{0 .9 , −0 .4} ,{1 .1 , −0 .4}} ] , Line
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[{{2 , −0 .5} ,{2 ,0 . 5}} ] , Line [ { { 1 . 9 , 0 . 5 } , { 2 . 1 , 0 . 5 } } ] , Line
[{{1 .9 , −0 .5} ,{2 .1 , −0 .5}} ] , Line [{{3 , −0 .3} ,{3 ,0 . 3}} ] , Line
[ { { 2 . 9 , 0 . 3 } , { 3 . 1 , 0 . 3 } } ] , Line [{{2 .9 , −0 .3} ,{3 .1 , −0 .3}} ]} ] ;

plotmrk1={{Errorbarp lo t , “OPE−ESC”} ,{Graphics [{ Black , Line

[{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”Pole+Tran” }} ;

ShowLegend [Show [ ErrorListPlot [ Table [{ data1 [ [ i ] ] , ErrorBar [σ [ [ i ] ] ] } , { i ,
Length [ σ ] } ] ,Axes−>{False , False } , PlotStyle−>Red , PlotStyle−>
PointSize [ . 0 3 ] ] , Plot [{ ym} ,{M , Mmin , Mmax} , PlotStyle−>{{Black ,
Thickness [ 0 . 0 0 2 ] } } ,Frame−>True ,Axes−>{False , False } ] ,FrameLabel−>{“M
−2 (GeV−2 ) ” ,“LHS and RHS matching” } ] , makeLegend [ plotmrk1
, 0 . 6 , 0 . 3 , { − 0 . 8 , 0 . 2 5 } ] ]

plotmrk2={{Errorbarplot , “OPE−ESC fitting” } ,{ Graphics [{Blue , Point
[ { 0 , 0 } ] , Point [ { 1 , 0 } ] , Point [ { 2 , 0 } ] , Point [ { 3 , 0 } ] , Point [ { 4 , 0 } ] , Line
[{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , “OPE−ESC”} ,{Graphics [{ Purple , Line

[{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”Pole+Tran” }} ;

ShowLegend [Show [ ErrorListPlot [ Table [{ data1 [ [ i ] ] , ErrorBar [σ [ [ i ] ] ] } , { i ,
Length [ σ 1 ] } ] , PlotStyle−>Red , PlotStyle−>PointSize [ . 0 0 5 ] ] , Plot [ y4 ,{ M ,
Mmin1 , Mmax1 } ] , ListPlot [ Table [{ data3 [ [ i ] ] } , { i ,Length [σ 3 ] } ] ,
PlotStyle−>Blue , PlotStyle−>PointSize [ . 0 0 5 ] ] , Plot [ ym ,{ M , Mmin1 , Mmax1

} , PlotStyle−>Purple ] ,FrameLabel−>{“M−2 ( GeV−2 ) ” ,“LHS and RHS
matching” } ] , makeLegend [ plotmrk2 , 0 . 6 , 0 . 3 , { − 0 . 8 , 0 . 2 5 } ] ]

(* l o g p lo t *)
I f [ tflag==0,yx=LAM0*Exp[−MN02*x ] ; , yx=LAM0*MN0*Exp[−MN02*x ] ; ]

y4=F1 [ xˆ(−1/2) , OMA0 ] ;

data1=Table [ { ( x1 [ [ i ] ] ) −2 ,Log [ yf1 [ [ i ] ] ] } , { i , 1 ,Length [ x1 ] } ] ;
data33=Table [ { ( x3 [ [ i ] ] ) −2 ,Log [ yf3 [ [ i ] ] ] } , { i , 1 ,Length [ x1 ] } ] ;

ShowLegend [Show [ ErrorListPlot [ Table [{ data1 [ [ i ] ] , ErrorBar [σ [ [ i ] ] ] } , { i ,
Length [ σ ] } ] ,Axes−>{False , False } , PlotStyle−>Red , PlotStyle−>
PointSize [ . 0 3 ] ] , Plot [{Log [ yx ]} ,{ x , ( Mmax )−2 , ( Mmin )−2 } ,PlotStyle−>{{
Black , Thickness [ 0 . 0 0 2 ] } } ,Frame−>True ,Axes−>{False , False } ] ,
FrameLabel−>{“1/M2 ( GeV−2 ) ” ,“Ln Πs (M) ” } ] , makeLegend [ plotmrk1
, 0 . 6 , 0 . 3 , { 0 . 4 , 0 . 2 5 } ] ]

ShowLegend [Show [ ErrorListPlot [ Table [{ data1 [ [ i ] ] , ErrorBar [σ [ [ i ] ] ] } , { i ,
Length [ σ 1 ] } ] , PlotStyle−>Red , PlotStyle−>PointSize [ . 0 0 5 ] ] , Plot [Log [ y4
] ,{ x , ( Mmax1 )−2 , ( Mmin1 )−2 } ] , ListPlot [ Table [{ data33 [ [ i ] ] } , { i , Length [σ
3 ] } ] , PlotStyle−>Blue , PlotStyle−>PointSize [ . 0 0 5 ] ] , Plot [Log [ yx ] ,{ x , (
Mmax1 )−2 , ( Mmin1 )−2 } , PlotStyle−>Purple ] ,FrameLabel−>{“1/M2 (GeV−2 ) ”
,“Ln Πs (M)” } ] , makeLegend [ plotmrk2 , 0 . 6 , 0 . 3 , { 0 . 3 5 , 0 . 2 5 } ] ]

Term by term contributions
(* OPE s id e −−− a l l dimensions *)
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yf0=F0NEU [β 0 ,OMA0 , x ] ;
yd1=F0d1NEU [ β 0 ,OMA0 , x ] ;
yd2=F0d2NEU [β 0 ,OMA0 , x ] ;

yd3=F0d3NEU [ β 0 ,OMA0 , x ] ;
yd4=F0d4NEU [ β 0 ,OMA0 , x ] ;

I f [ tflag==1,
ypol=LAM0*MN0*Exp[−MN02/x2 ] ;

plotmrk4={{Graphics [{ Blue , Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”Total ”} ,{Graphics [{
Dashed , Purple , Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”M6” } ,{Graphics [{ DotDashed , Red ,
Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , “M4” } ,{Graphics [{ Dotted , Orange , Line
[{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”M2” } ,{Graphics [{DotDashed , Brown , Line
[{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”Mˆ0” }} ;

ShowLegend [ Show [ Plot [{ yf0 , yd1 , yd2 , yd3 , yd4 } ,{x ,Mmin,Mmax} , P lo tSty le −>{{
Blue } ,{Dashed , Purple , Thickness [ 0 . 0 0 3 ] } , {DotDashed , Red , Thickness
[ 0 . 0 0 3 ] } , { Dotted , Orange , Thickness [ 0 . 0 0 3 ] } , { DotDashed , Brown ,
Thickness [ 0 . 0 0 3 ] } } , FrameLabel−>{“Borel Mass (GeV) ” ,“OPE Side” } ] ] ,
makeLegend [ plotmrk4 , 0 . 3 , 0 . 2 ,{ −0 . 7 , 0 . 3 5} ] ]

]

I f [ t f l a g ==0,
ypol=LAM0*Exp[−MN02/x2 ] ;

plotmrk5={{Graphics [{ Blue , Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”Total” } ,{Graphics [{
Dashed , Purple , Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”M4” } ,{Graphics [{DotDashed , Red ,
Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , “M2” } ,{Graphics [{ Dotted , Orange , Line

[{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”Mˆ0”} ,{Graphics [{ DotDashed , Brown , Line

[{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”M−2” }} ;

ShowLegend [Show [ Plot [{ yf0 , yd1 , yd2 , yd3 , yd4} ,{x , Mmin , Mmax} , PlotStyle−>{{
Blue} ,{Dashed , Purple , Thickness [ 0 . 0 0 3 ] } , { DotDashed , Red , Thickness

[ 0 . 0 0 3 ] } , { Dotted , Orange , Thickness [ 0 . 0 0 3 ] } , { DotDashed , Brown ,
Thickness [ 0 . 0 0 3 ] } } ,FrameLabel−>{“Borel Mass ( GeV ) ” ,“OPE Side ” } ] ] ,
makeLegend [ plotmrk5 , 0 . 3 , 0 . 2 ,{ −0 . 7 , 0 . 3 5} ] ]

]

(*Phen . Side −−− pole , e x c i t e d s ta te s , continuum *)
yope=F0NEUOPE [β 0 ,OMA0 , x ] ;
yesc=F0NEUEsc [β 0 ,OMA0 , x ] ;
yd40=F0d4NEU [ 0 , OMA0 , x ] ;

plotmrk6={{Graphics [{ Dashed , Black , Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”Pole ” } ,{
Graphics [{ Dotted , Blue , Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , “Excited” } ,{Graphics [{
DotDashed , Red , Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”OPE” }} ;

ShowLegend [ Show [ Plot [{ ypol , yesc , yope } ,{x ,Mmin,Mmax} , P lo tSty le −>{{Dashed
, Black , Thickness [ 0 . 0 0 3 ] } , { Dotted , Blue , Thickness [ 0 . 0 0 3 ] } , {DotDashed ,
Red , Thickness [ 0 . 0 0 3 ] } } , FrameLabel−>{“Borel Mass (GeV) ” ,“Phen . Side”
} ] ] , makeLegend [ plotmrk6 , 0 . 3 , 0 . 2 ,{ −0 . 7 , 0 . 3 5} ] ]

plotmrk7={{Graphics [{Dashed , Black , Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”Excited” } ,{
Graphics [{ Dotted , Blue , Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , “HDO”} ,{Graphics [{
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DotDashed , Red , Line [{ { 0 , 0 } ,{ 4 , 0 } } ]} ] , ”HDO at β=0” }} ;

ShowLegend [Show [ Plot [{ yesc/(ypol+yesc ) *100 ,Abs [ yd4 ] / ( ypol+yesc ) *100 ,Abs

[ yd40 ] / ( ypol+yesc ) *100 } ,{x , Mmin , Mmax} ,PlotStyle−>{{Dashed , Black ,
Thickness [ 0 . 0 0 3 ] } , { Dotted , Blue , Thickness [ 0 . 0 0 3 ] } , { DotDashed , Red ,
Thickness [ 0 . 0 0 3 ] } } ,FrameLabel−>{“Borel Mass ( GeV ) ” ,“Re la t i v e
Contr ibut ion (%)” } ] ] , makeLegend [ plotmrk7 , 0 . 5 , 0 . 2 ,{ −0 . 7 , 0 . 3 5} ] ]

Historgram distribution
Print [ “Histograms of output parameters for all samples” ]
Histogram [MNMN, Frame−>True , FrameLabel−>{“MN ” ,“Counts” } , HistogramRange

−>{Mean [MNMN]−3*StandardDeviat ion [MNMN] ,Mean [MNMN]+3*
StandardDeviat ion [MNMN] } ]

Histogram [LAMLAM, Frame−>True , FrameLabel−>{“Λ” ,“Counts” } , HistogramRange
−>{Mean [LAMLAM]−3*StandardDeviat ion [LAMLAM] ,Mean [LAMLAM]+3*
StandardDeviat ion [LAMLAM] } ]

Histogram [OMA, Frame−>True , FrameLabel−>{“w” ,“Counts” } , HistogramRange−>{
Mean [OMA]−0.5* StandardDeviat ion [OMA] ,Mean [OMA]+0.5*
StandardDeviat ion [OMA] } ]

Pr int [ “Histograms o f output parameters f o r phy s i c a l samples ” ]

Histogram [ MNnew ,Frame−>True ,FrameLabel−>{“MN ” ,“Counts” } , HistogramRange
−>{Mean [ MNnew ]−3*StandardDeviation [ MNnew ] , Mean [ MNnew ]+3*
StandardDeviation [ MNnew ] } ]

Histogram [ LAMnew ,Frame−>True ,FrameLabel−>{“Λ” ,“Counts” } , HistogramRange
−>{Mean [ LAMnew ]−3*StandardDeviation [ LAMnew ] , Mean [ LAMnew ]+3*
StandardDeviation [ LAMnew ] } ]

Histogram [ OMAnew ,Frame−>True ,FrameLabel−>{“w” ,“Counts” } , HistogramRange
−>{Mean [ OMAnew ]−3*StandardDeviation [ OMAnew ] , Mean [ OMAnew ]+3*
StandardDeviation [ OMAnew ] } ]

Scatter plots
Print [ “Scatter plots of output parameters and the mass for all samples”

]
datL=LAMLAM; datM=MNMN;
l s t 1=Table [{ datL [ [ i ] ] , datM [ [ i ] ] } , { i , Length [ datL ] } ] ;
Lb1={“λ0

2 ( (2π )−4 GeV6 ) ” ,“MN ( GeV ) ” } ;
G1=L i s tP l o t [ l s t 1 , P lo tSty le −>{Red} ,Frame−>True , FrameLabel−>Lb1 , Axes−>

None ] ( * PlotRange−>{Mean [MNMN]−1*StandardDeviat ion [MNMN] ,Mean [MNMN
]+1*StandardDeviat ion [MNMN] } ] * )

datO=OMA; datM=MNMN;
l s t 2=Table [{ datO [ [ i ] ] , datM [ [ i ] ] } , { i , Length [ datO ] } ] ;
Lb2={“w((2π )−4 GeV6 ) ” ,“MN ( GeV ) ” } ;
G2=L i s tP l o t [ l s t 2 , P lo tSty le −>{Red} ,Frame−>True , FrameLabel−>Lb2 , Axes−>

None ]
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Pr int [ “Sca t t e r p l o t s o f output parameters and the mass f o r phy s i c a l
samples ” ]

datL=LAMnew ; datM=MNnew ;
lst1=Table [{ datL [ [ i ] ] , datM [ [ i ] ] } , { i ,Length [ datL ] } ] ;
Lb1={“λ0

2 ( (2π )−4 GeV6 ) ” ,“MN (GeV) ” } ;
G3=ListPlot [ lst1 , PlotStyle−>{Red} ,Frame−>True ,FrameLabel−>Lb1 , Axes−>

None ]

datO=OMAnew ; datM=MNnew ;
lst2=Table [{ datO [ [ i ] ] , datM [ [ i ] ] } , { i ,Length [ datO ] } ] ;
Lb2={“w ( (2π )−4 GeV6 ) ” ,“MN (GeV) ” } ;
G4=ListPlot [ lst2 , PlotStyle−>{Red} ,Frame−>True ,FrameLabel−>Lb2 , Axes−>

None ]
Print [ “Scatter plots of the input parameters and the mass for physical

samples” ]

datO=Anew ;
datM=MNnew;
l s t 2=Table [{ datO [ [ i ] ] , datM [ [ i ] ] } , { i , Length [ datO ] } ] ;
Lb2={“a (GeV3 ) ” ,“MN (GeV ) ” } ;
G5=L i s tP l o t [ l s t 2 , P lo tSty le −>{Red} ,Frame−>True , FrameLabel−>Lb2 , Axes−>

None ] ;

datO=Bnew ;
datM=MNnew;
l s t 2=Table [{ datO [ [ i ] ] , datM [ [ i ] ] } , { i , Length [ datO ] } ] ;
Lb2={“b (GeV4 ) ” ,“MN (GeV ) ” } ;
G6=L i s tP l o t [ l s t 2 , P lo tSty le −>{Red} ,Frame−>True , FrameLabel−>Lb2 , Axes−>

None ] ;

datO=M0new;
datM=MNnew;
l s t 2=Table [{ datO [ [ i ] ] , datM [ [ i ] ] } , { i , Length [ datO ] } ] ;
Lb2={“m0

2 (GeV2 ) ” ,“MN ( GeV ) ” } ;
G7=L i s tP l o t [ l s t 2 , P lo tSty le −>{Red} ,Frame−>True , FrameLabel−>Lb2 , Axes−>

None ] ;

datO=MSnew ;
datM=MNnew;
l s t 2=Table [{ datO [ [ i ] ] , datM [ [ i ] ] } , { i , Length [ datO ] } ] ;
Lb2={“ms (GeV) ” ,“MN ( GeV ) ” } ;
G8=L i s tP l o t [ l s t 2 , P lo tSty le −>{Red} ,Frame−>True , FrameLabel−>Lb2 , Axes−>

None ] ;

datO=FSnew ;
datM=MNnew;
l s t 2=Table [{ datO [ [ i ] ] , datM [ [ i ] ] } , { i , Length [ datO ] } ] ;
Lb2={“fs ” ,“MN (GeV ) ” } ;
G9=L i s tP l o t [ l s t 2 , P lo tSty le −>{Red} ,Frame−>True , FrameLabel−>Lb2 , Axes−>

None ] ;

I f [ s f l a g ==0,GraphicsArray [{{G5} ,{G6} ,{G7} } ] , GraphicsArray [{{G5} ,{G6} ,{
G7} ,{G8} ,{G9}} ] ]
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