Monte Carlo Methods for Optimizing Finance for Development

by Carlos BTCarpi

Bachelor of Liberal Artsn Economics, May014
Harvard University

A Thesis submitted to

The Faculty of
The Columbian College of Arts and Sciences
of The Georg Washington University
in partial fulfilment of the requirements
for the degree of Master of Science

August 31, 2018

Thesis directed by

Tatiyana V. Apanasovich
Associate Professor of Statistics



© Copyright2018by Carlos BTCarpi
All rights reserved



Dedication

To both my grandmotherg and L. The former taught nadout the beauty | can see,
the latter about the one | can feel. It is in the deep mysteries of mathematics, where | hope
to find a little bit of both.

My father taught me who | am supposed to be
their appearance, nor their happiness can be seen thhmilgbmile. He is wise.

My mother taught me about who | could becotret.the complicated becarsimple
when faced with the will to get it right. She is inimitable.

With every day, my brother gives me the secuhgtallows meto follow my dreams
safe in the knowledge that someone better watchesavéuture.

Family keeps me going.

Thank you.



Acknowledgments

This thesis is a continuation of the work by a dear friend and mentor ecoboniigb
Cordella, adviser to the Acting Chief Economist of the World Bank Gibugghanta
Devarajan, Senior Director of the Development Economipartiaent. Even though my
dayjob is far from DEC, | was honored to have benefitted from his leadership,
encouragement and guidance in mgkihis project come tie. Truth be told, poving he
is right, yet againwas not hard only because he is so oftamect.

The role of my thesis director, Dr. Tanya Apanasovich cannot be overestimated. Our
unending meetings every Thursday are quite literally the heart and soul of this piece. Her
enormougatience, candid feedback and open dialogue are what empowestedetiver.

This work would nohavebeen possible without my thesis committeeam thankful to
Tito, Tanya and Dr. Emre BarwAssistant Professor of Statistics als@aorge
Washington Universitjor their advice, feedback and support.

This acknowldgement would not be complete without recognizing the unsung heroes
that allowed this work to exist in the first place: The World Bank Group team task leaders,
who, through their work, enabled mine. There would be no project data without projects, in
factthere would be no World Bank Group without you. It is my hope to one day count
myself among you.

If thereareany valuable insights withithese pagetheycerntainlycame through my
interactions withrito, Tanyg Emreand the amazing staff of the WorldridaGroup Al

shortcomings are the exclusive fault of the author.



Abstract of Thesis

Monte Carlo Methods for Optimizing Finance for Development

Using Monte Carlo methods, we revisit the normative economic model proposed by
economisfTito Cordella tounderstand the tensions between maximizing private financing
and optimizing financing for developmefib focus on his comments about the new World
Bank GroupCascade Approaéhproposed sequence of interventions clveck the
robustness dfis main conclgions, particularly his scenarios where subsidies should be
consideredefore reform$o maximize socialvelfaregainsfrom havingthe private
sectorfinance internationalevelopment projects

More generallyCordellaclaimsthatthe cascadapproach mighnot be the optimal
sequence of interventions to beaaxsethe ze a pr o]
efficiency of reforms in capt uMultipleg ext ernal i
scenariogxistwhere it would be better to first subsidize grevate sector before
enacting inefficient reforms that waste | arg
to make them profitable enough to receive private sector financing.

His conclusionsise anormative economic model that depends on striagpendent
anduniform distributional assumptioriier project characteristics, these results when
replicated using Mont€arlo method simulationgrove robust when considering (1) rRon
independent distributions for project characteristics, (2) severalahffdrstribution
assumptions for project characteristics, and €8g¢realworld financial and economic

returns datdor bothpublic and private sect@orld Bank Group projest

Keywords: G20 Hamburg Action Plan ; multilateral development banks (MDBpflsVBank Group (WBG) ;
Maximizing finance for development (MFD) ; International Development -lgestfit analysis (CBA) ; crowdin
privatesector finance; mobilizing and catalyzing private capital ; decisiaking ; Hamburg principles
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Thesis Statement

When considering how to crowd private sectofinance to increase levels pfivate
investmentinsuppodf t he worl dds 2030 Sugheainabl e Dev
cascadé s Or ef or ms dpgrdachmight soube thetichal sequénce of
interventions 0 ma x i mi zseciabwelfarmopact hetcadsshe efficiency of
reforms in capturing exterrifés isad hi d d e n 6 #oltiple scenaribs whavesitt .
would be better to first subsi@izhe private sector befoenactingnefficientreforms
thatwastel ar ge por t i @ostive externaitiep makgtheroprobtable

enough to recee private sector financing.

Derived from a normative economic modightassumegproject characteristicare
independent and strictly uniforrthese resultehen replicated using Monte Carlo
methodsimulationsprove toalsobe robust when considering (d9rrindependent
distributions for project characteristics, (2) seveitierent distributional assumptions
for project characteristicandeven(3) realworld financial and economic returasita

from World Bank Group projectin boththe private and pult sectors.

Chapter 1 Overview
Using Monte Carlo methods, tish e si s mai n pur pose is to ch

the conclusions derived froeconomist TtadCor del | ads nor mati ve econc
analyzing the newly created World Bank GrquBG) cascade frameworCordella,
2018)2 The research will begin by contextualiziagd layng-out the economic

nor mati ve model proposed in Cor deéperads 6Opt i

2Cordella, fdAOptimizing finance for devel opment o

1



Then, the main results discussed in the paper will Headpd usingvionte Carlo
methodsAfter this replication usinglonte Carlo simulatiof hisnormative modelthe
focus will shift to(1) changingheindependence and distributional assumptions made in
the original model, and (Dringing real data fronWorld Bank Group projects, both
public and pivate, into the model and revisiiitg assumptions accordingly.

Chapte2cont extuali zes the AOptimizing FIi
brief descriptions of approaches usedackleobjectives 1 an@, andquickly discusses
previous work Chapter 3 describes the methodolofjyhe different analyes used
throughout the thesig\ll of those play a role in the main thrust of this thesis: using
Monte Carlo methods tsimulate normative economic modehapter 4 goes over the
main i deas gpacdt her mahsecadeconomi c model
proposed in the 06O0Opt i mipapermmgeviewsntammaioe f or
conclusiongCordella, 2018)

After, chapter 5 replicatethe main results from thariginal normative model using
Monte Carlosimulations Chapter6 focuses on objective 1t testsdistributional and

independence assumptions made in thgiral modelto explore other scenarios and

their relted conclusions he expectation is to test the robustness of the main conclusions

from Cordell® s o r i grelated to theradpoffsbetween the different sequences,
particularly those related to doing reforms or subsidies first.

Chapter7 begins tle work onobjective 2 It first descrilesthe Economic Rate of

Return dataset for World Bank Group public and private sector projects. Then, it explains

a proposed relationship between tfa¢aset and the original model. Chapter 8 extends the

model to 3 dnensions to correctly accommodate the observed \d4ia the

nandce

for

Deve



relationshig and new normative moddescribedchapter 9 usesonparametric
Kolmogorov Smirnov tests to fitite modelo the observed datBescriptions of the
resulting parametric distributns will follow. A special chapter discussing the issues of
fitting a beta distribution to the data follows the work and ultimately concludes with some
of the limitations of the model thanks to the censoring mechanism found in the real data.
In chapter 1, the newly derivedlistributions infornthe simulatiors of themodified
normative modelThe chapter concludes withfather robustess checkto verify how
wellCor del | ads cuptoassumdions dersvedtirandalddata, focusing on
his conclugns about tradeoff on the efficiency of reforms.
Finally, chapted1 will summarize the findings of chaptesss for objective 1, and
chapters 711 for objective 2 Namely, it will review the results from these different
robustness checkand therexpandupont hi s t hesi s éimglicatohsrfor but i ons
the O6optimizing finapgandttert Ascadevapppmaohd map
broadlyThe expectation is that Cordellads nor ma
deep structure and thus its main cosions will be deemed robust, even if the numerical
tradeoff boundaries of the original model shift significantly (i.e. at what level of the
efficiency of reforms is the cascade approach of doing reforms first better than using

subsidies before reforms)

Chapter 2Introduction

2.1.Context
The 2030 agenda is an ambitious plan of action for peojleepand prosperity

adopted by &nited Nations General Assembly resolution on tH& @5September 2015



(UN General Assembly, 2018)Ambitious objectives set fahe World in this 2030
Sustainable Development Agenoi@mught renewed interest iimcreasingcooperation
among worldwide international development stakeholdéasth public and privatéhis
led to increasechteresiin bringing theprivate sector to help finance development
projecs (Kim, 2018)* particularlyin the face of (1) a shirkingool ofresources for
development aidand(2) trillions of privatesectordollars sitting on the side lines
investedn nearzero interest rate bon@#/orld Bank Group, 2018
As an institution, the World Bank Group has sought to add to this conversgtion
hdping design a comprehensipeoject financingrameworkfor multi-lateral
developnent bank§MDBSs) that prioritizes using private sector furfdBheresult is the
G20fopsr i nci pl es of MD B-m BrivadetSectot Fingnge fdr grawthc r owd i n
and sustainable developme(&20 International Financial Ahitecture Working Group,
2017) This effort became the Hamburg princiflesthe6 c ascade approachoé t
financing, and was adopted by the Development Committee (Joint Ministerial Committee
of the Boards of Governors of the Bank and the Fundhef tansfer of Real Resources
to Developing Countries) during the WBGIF joint-Annual meetings of 201For the
Worl d Bank Group and | MF, the i maslfueherent at i on
documented athe principles foi Ma x i mi zi ng VvElopmenpc er f MMf DDé or
short(World Bank Group Development Committee, 204 That said, the cascade

approach guidelines can be roughly summarizdtigage 1 diagrams the quote below)

3 UN General Assembly2030 Agenda

4 Jim Yong Kim, Here's how the World Bankrisaximizing finance for development

5 World Bank Group, Maximizing Finance for Development infographic

5G201 FA WG, APrinci pl ecowdifgin RrbdesSéctosRinanaetfae growth mal sustainable develogment
G20l FA WG, APrbDBixcd pd teravidigggnyrivate $ector Finance for growth and sustainable develogment
8G201 FA WG, APrinci pl ecowdiigin FrbdesSéctosFRinanaetfor growth final sustainable develogment
9 World Bank Group Development Committe&ld@kimizing Finance for Developmeré: O



AWhen a pr oj ecito!lhese apusteirmtdenptivatel seaos dolution that limits

public debt and contingent dJpromadieislchpgrivaees ?6 [ é] 61 f th
solutions. 0 [ é]-ask&l fwhtehéheandwern si DekchMaube of : 6 [ é]
regulatory gapsor weakness? If so, provide WBG support for policy and regulatory

reforms. o6 [é] (2) ORisks? I f so, assess the risks a
address them. 6 [€é] oI f vyou licfundiglpurshethat hat the projec

optiond (World Bank Group Development Committee, 20%7)

Figure 1 'The cascade approach' summary diagram.

Can commercial financing be cost-effectively mobilized for sustainable
investment? If not..

@ Commercial Financing

Can upstream reforms be put in place to address market
@ Upstream Reforms & Market failures? If not..

Failures
+ Country and Sector Policies

: FEEE‘ lations an: gricing Can risk instruments § credit enhancements
nstitutions and Capacity cost-effectively cover remaining risks? If not...
@ Public and Concessional Resources for

Risk Instruments and Credit Enhancements
+ Guarantees

+ First Loss Can development objectives be
resolved with scarce public
@ Public and Concessional Financing, including Sub- financing?
Sovereign

*+ Public finance (incl. national development banks and domestic SWF)
* MDBs and DFIs

However, this sequencing of interventions is presented with two important caveats:
1. Countries will make thdecision as to whether to follow this cascade, and how
2. The role of the Multilateral Development Banks is to help governments
systematically assess options.
Despite pointl moving the political decisions out of the handsmufitilateral
development bank, is still the responsibility of thenultilateral lanksin question(and
t hus t he Woassesk alBptions thanls to poinNa.work on the tradeffs
derived from point 1 visrvis point 2 exis, so it is outside the scope of this papeiisTh
leads us to consider the only research to date on evaluating the cascade namely,

60ptimizing Finance for Devel olffortellat 6 paper b

®Worl d Bank Group DeMekommenhgCBmmanhteefofi Devel opment: €0



2018)*! The focus was on understanding the tradeoffs in #Hradwork outlined in

figure 1, in particular the tradaffs of sequencing@) reforms,(ii) subsidies (referred

above as O0ri sk instrumen(t)gderneni/mpuilce di t enhanc
financing ina givenprojecNot e t hat t he ndégcéo nonpetricoina i sf idnraonpcp

privately profitable projects arenthe focus bthis analysis.

2.2.0ptimizing Finance for Bvelopment’
To better understand the cascade approach in praztaoemark paper by World

Bank Economic advisor to the acts@hief Economist of the World Bank Group, Tito

Corddla proposed a normative modetplaining

A(i) how the adoption of the cascade may affect the
and (ii) the condition under which maximizing and optimizing finance for dewelofpare
|l i kely to coincide, a n dCotddlla, 80é8*u nder which they are

Figure 2 Benchmark Space in (3), space

Benchmark
. . .. Space
Use cascade interventions: .
PRIV. E> Private sector is in D. ;> U, B’
REFORMS e
The Other 37 &) But How B
SUBSIDY to
i A
covt Allin Benchmark Space! ™F gaquence |
Them?? L

Hi s normati ve bechinarkb rpi egdsaspax e@léd whi ch wi
laterin chapter 4For now,the figure abovevill suffice (and the figure itself will be
revisitedlater). In this new space, the model ponders alternative sequences for project

interventions, where one takes as a given that the private sectod fonagiects will be

devel opment o
devel opment o

el |l a, AOptimizing finance fo
2Cordell a, fAOptimizing finance fo
el l a AOpti miexieh @ pfmemamce f o

r
r
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done regardless of intervention by the World Bank Group, but leaves open the possibility
that pojects could benefit from (Beforms or (2)Subsidies and thus be undertaken by

the private sector, or (3) lm®ne with government financing

Tablel Sequence of Interventions
Sequence 1stIntervention 2nd Intervention  3rd Intervention

GRY |Government/Fublic  Reforms Subsidies
Funding - -
InverseCascadst gove'rnment/Puinc Subsidies Reforms
(GSR) Funding = -
SRCH Subsidies Reforms Government / Public
- - Funding
SGF |Subsidies Govemment / Public Reforms
- Funding -
Cascad¢ll Reforms Subsidies %lj’r‘]’ji?;’e””mb"c
(RSG]
RGSH Reforms Government / Public Subsidies
- Funding =

The result is a tally of societal benefits given ohthe 6 possible sequences
(ordering 3 possible interventions can be done 6 different agper table )l With a
total benefit to society given each sequence, the optimal sequence is calculated for a pair
of assumptions regarding (a) the effectivenesgfoirms, and (b) theverall costs of a
project. Ultimately, the model allesveconomists to understand whasumptions
regarding cost and the effectiveness of refommagethe cascadér RSG)the optimal

sequence of interventions for World Bank Grougjgcets.

2.3.Normative Model & Monte Carlos Methods
The normative model presented in Cordella considesithplified marketwhere

projectsare defined by their levels @) private sector advantaged [ ) potential
welfare impact, or externalitsinceead of the threenterventiongreforms, subsidies or
gov 0t [fafientdllthe grpjectsn eachd erket conditiod(i.e. a giverfixed value
for cost and efficiency of reformsLordella performseveraintegratiors and

optimizationsoverhis proposedbenchmarks p ato ebain net benefits for a given
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sequence ahtervention Furthermore, to substitute for the reabrld data inputs the
mod el needs, he uses r abedcbhmarksvpaarcieadb |perso.p oTsheids
Cordella has a fundamental pabilistic interpretation.

Thi s al so medosedform mathemmatcdl expréssiohecome
exponentially more compteas one makes the model more flexible. Since Cordella relies
solelyon closed form analytical methods to solve the optimizatiohlenas,uniformly
distributedindependentandom variables were most convenient and made no
assumptions about the real data, while also greatly simplifying the model.

One can avoid most of these complssuedy leveraginghumercal approximations
derivedusingMonteCarlomethod simulationgistead ofC o r d eclodedfdrm
analytical solutiongProtopapas, 2014} Instead of relying on closed form expressions
for each result, Monte Carlo simulations provide arbitrarily comanteric
approximations to each mathematical calculation given a set of probabilistic assumptions.
In short, by simulating the same problem Cordella proposes, one can explore a varying
set ofindependence arfistributional assumptions, extend the probtermclude more
complex interventions or even incorporate a larger number of parameters in the
calculations. The focus for this piece will be tecreate with computer simulations
Cordell®d sormative model, then chanfes modelto see how the main conslions
from the original paper hold yprvhenproject characteristics are

1 Uniformly distributed, but not independent
1 Independent, but not uniformly distributed

1 Modeled against reatorld World Bank Group project data

4 pavlos, Stochastic Optimization Methods



2.4.Normative Model & Real Data
A further st to the robustness of the conclusions derived by the model can be found

by usingrealworld data. To that effect, a comprehensive dataset on the returns for
private and publis ect or Worl d Bank Group projects cou
the cascadspaceand thus help change the distributional assumptions to be closer to the

realwor | d, i . e. Of i t 6 provided omecah eetreate ihthe cascads p o s s i
space the data generating prodesdhe returns observed in World Bank Group prigec

(King, 1998)%

A set of summary statistics will be done in chapter 7, when the data review will take
place, here the important note is that the observed data and distributions used by Cordella
are not mappable ofte-one. rdella makes into random variables the overall level of
externalities (norappropriable returns) he callsand a private section efficiency
advantage he calls kKowever, using a function of those random variables and a few

other parameters in the model,onecanree at e using Cordell ads ass

economic returns of all projects.

A furtherissuewitt he r eal data not seen in Cordell a
censoring mechanisnin fact, this censoring mechanism is one of the main reasons for
using Monte Carlo methods. The issue is that the observed World Bank Group data is
censored because we dd nbserve any information for projects that were not funded.
Again, this issue is easily solved byaeating the censoring mechanism using
Cordell adbs assumptions. I n this case, the ce

to the publicor private sectorsin other words, we only observe projects that were

15 King 1998



undertakerby the World Bank Group after reviejprofitability and further definitions
are explained in detail in chapters 4, while the censoring mechanism and its replication is

further explaied in chapter 7).

FurthermoreCor del | ads nor mati ve model makes seve
conducive to using thé/orld BankGroupp r oj ect 6 s ecomaumsdata,and f i nz¢
particularly the assumpt ido rpaticmgt, & be eonstaotd el t h a
across a given marketh@ issues surrounding this problem are taken up on chapter 7.

The proposed solutionistos sume t hat O6c6 i,asitstetatedina r andom
chapter 8 This allows direct comparison between thasored function of the assumed
random variables in Cordella to be compared to the data obspresiied we replicate

with Monte Garlo methodsimulationsthe data generating procesatlined(King, 1998)

Comparingappbetésbéebween the Cordella mode
data makes for a very complex inference issue. To change the distributional assumptions
to better match the data, the histograms of the observed data will be compared to the
histogram of the simated analogs in the Cordella model us@ramér von Mises
statistic(the square of the aréatweerthe CDFs) as a goodness of fit statistMsre
details on this can be found in the methodology section and the results will be the topic of

chapter 9.

In short, the stepare (1) randomly simulating large numbers of projects within the
space according to parametric random variables, {@pireg the censoring mechanism,
(3) calculating from th@ow-censoredgimulated values the corresponding project

charateristics we observe from the data, (4) calculating CDFs to compare to the CDFs
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overserved in the data usi@gameér von Misesstatistics, (5) optimize the parameters of

the distributions assumed () by minimizing theCramér von Misesstatistic

Sincewe make several different distributional assumptions that need to be compared
to one another, the dataset will also be split into 60/40 between fitting and testing data.
To o6fitd t hGranéinvom Wiseks tesstatistiolowever, he testingandfinal
display of resultsvill be a comparison of thKolmogorow+Smirnovstatistic(the
maximum distance between the two CDFs, the CDF in the test data and the CDF from the

bestfit parametric distribution after undergoing the algorithm we just outlined).

Finally, the resulbf usingreawor | d dat a wi I-dimersienalanodélf i t t e d 0
a 063d cascade thepesutfa théoptimizatien pnotdemsivall be a series
of one dimensional lines based on the level of efficiency of refomead of the
parametric modelsThis onedimensionakolutionspace will still allow for near direct
comparison to some of the most impottaonclusions made by Cordella regarding
cascadeo0s .lashbrecketkinytleerobustaess of histribuional and model
assumptions given realorld data will be thenost important point of the wodnd done

in detail inchapter 11

Chapter 3Methodology

3.1.Normative Models in Economits
This section willoutline in depth the methodology employed to créater del | a6 s

normativemodel discussed previousliyhe methodologyof his model, and most model
in economicgan best be understoodasseaht e mpt t o il l ustrate MfdAwhat

allow Cordellg or anyresearcher to be clear about their assumptions, while also

%Caplin & Schotte, AThe Foundations of Positive and Normative Ecol
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expressing innovative conclusions extracted from those assumpfens2017)More
precisely for Cordellads model, we are | ooki
with discussing whatthe goal s of publ joand mobnkcessayily ought t o &
describing reality as it is now. To unpack the concept of normative economics it is useful

to also understand it®anterpoint, positive economicshis is the subject of the next

section(Sen, 2017)

3.1.1. Normative versus Positive Economics
More broadly, a commodistinctionin economicss made betweepositive and

normative economic¢$particularly when discussing pubfiolicy. Whereas normative
economicwill put forth and justifypolicies in terms of itempact in maximizing or
simply increasing economic welfare, positive economics concerns itself with describing

the world as it is now instead of making efforts to chandeettus illustrate that point.

Take for example the positive and normative caséhfaconcept ofCostBenefit
Analysis (CBA also known aBCA or BenefitCost Analysi¥, whichwe will use quite a
bit later in this papefHammitt, 2002) Although we will not go into detail on what
exactly we mean by Coe&tenefit Analysis,at this point we define the concept in its
broadest term<CBA is a way to systematize a decision evaluation procedure in terms of
a decisionds cons e qu.eKeapmthis (efntienznenind, an8t er n, 19
focusing on justifyingCBA for policy making in terms of positive economigs frame

the positive economic argumea aKaldor-Hicks compensation tegHammitt, 2002)

[this] compensation test asks whether, if monetary transfers could be madet wik

those who benefit from a policy change could compensate those who are harmed so that
everyone would judge himself better off with the policy change and transfer payments than
without.

12



This is a basic formulation of positive economiexausét containsno strong
assumptions with regas to how the world ought to be. Insteadakes at face value the
outcomesand analygespolicy on that basis alone.

On the flip side, normative economics wojudtify the use of CBA as simply a
method by whiclone identifies actions that are social welfare improyi@mmitt,

2002) A normative economist would point out how rigorous accounting for policy
consequencesiscloséstai ut i | i t ar i awlfare galncoutivaigthelosges),. e .
or may even promote more consistent pohicgkingby relying on rigor to protect

against cognitive errdHammitt, 2002)

What the reader might not realize is that the positive economic case ensures that all
arebetter off, and thus respects individual autonomy by definition, whereas nothing in
the argument from the normative economist discussestféglthat are bound to occur
from the uneven distributioamong the affected populatioficosts and benefit§o,the
normative economist would be perfectly satisfied to propose a policy with significant
adverse consequences to huge segments of the population if there is a net improvement in
the overall social/economigelfare; however, the positive economist wouédrbore
concerned abowRareto optimality and thus study how to evenly distribute costs and
benefits to pass the compensation test discussed earlier.

With the distinction between positive and normative economics developed, we move
back toour discussiombout normative economic models, like the omegnsed by

Cordella, which ighe subject of our analysis.

3.1.2. The normative model proposed by Cordella.
Put simply, Cordella is concerned with creating a codfiatetual to the common

mischaracterization that ptital reforms have no cost, and thus should alvisggn any
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attempt at maximizing social welfare. However, no policy is completely effective in
internalizing all externalities assotgd with a given transactioth@t would mean that
there is a hypothetadly perfect institutional arrangemeiat naiveassumption at best).
However, a case could be made that there is a gradient on which to judge different
institutional arrangement$.hi s i s t he foundati onWewil Cor del |
go over the mdel itself in greater detail on Chapter 4 when we dis@snizing
Finance for Developmeatblormative Modelfor now the focus is on his definition of
gradientand how hioptimizatiors to arrive at different conclusions in thaper
| n Cor de lthegablient isrtlechetdcial welfare impact for the 6 different
ways of sequencing the 3 interventions that faligidefinedBenchmark Space, hamely
government fundingeforms,and subsidiesThe cascade is one such ingdiibnal
arrangementhat proposes to sequence these thmegventions as followdirst do
reforms, therusesubsidies, andnly if they fail usegovernment fundingor RSG for
short As discusse@ordella also defines market conditions. For that he twses
parameters: project cost 6cb6 and the efficie
On the variables side, Cordepapulates each market byodelng four project
characteristicselated to theipotentials based on who implements/finances thema So,
projectds returns when | mpherappepridbkeednonby t he pr
appropriable; henceforth referred to as (i) appropriable returns for the private sector and
(i) non-appropriable returns for the private sector. If the public séttplements the
project its returns are also either appropriable oraqupropriable; we refer to them in
turn as (iii) appropriable returns for the public sector and (iv}appropriable returns

for the private sectofl.o avoid havingo deal with all bur at oncehesimplifies the
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model is two ways. First, he assumes-appropriable returns will be the same if the
project is done by eithehe private or public sectors and calls.itSecondCordella
normalizes all the projectsuch that the apprapblereturns of a project when dobg
the publicsector equals.Trhis creates repercussions to both his parameters and his

variables. With the Cordella model sketched out, let usfocks on interpretation.

313. I nterpreting Cordell ads normative mode
The Cordella modeparametrization makes for some counteuitive relationships

bet we en hmaispamrarneters Kériablesvis-avis the realworld concepts they
representTo illustrate this, let us look at three of them, namely(fl)econsequences
stemming from the normalization by the appropriable returns to the government, (2)
limits imposed on the space by its boundaries, anis$8s of measurability ofwviables
thanks to how they aefined p a r t i06@Va Wwilbtaké tige thber in turn.

The first pointon interpretingCor del | a6 s n oaunderstandingeactinod el i s
what each of the different market conditiorpresentBecausé h e p ar gmject er O6c, 0
cost is also a project characteristic it is nowrmalized by the approjble eturns to the
government. Thismeansthathen o6cdé i s 2, we are dealing wi
populated only with projects where the project cost is twice as large as the appropriable
returnsto the government (i.@governmentevenues from the projectyhich means the
governmentooka 50% losonthepr oj ect . As 6cb6 decreases, thi
more profitable until the government breaks efrem project revenuealone i.e.
government appropriable returns are equal to total project cospdiaisietrization

creates some i nt er estathergointssparticessly thesecond,(B)i s sect

since we limit our analysis to only projettst fall between thosthatcanfinancially
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breakevenwhen done by the public sectop to project that make a loss amounting to
half their revenueThis brings us to the second point.

Second, the boundaries and/or limits imposed on the space might not be justified,
particularly when ilytmetianedevee are lonitidgourselved s pr evi o
projects that in thbestcasescenario would breagven when implemented by the
government. One can speculate that projects where the government has a positive
financial return to be even more likely to be implemented / financed by the private sector.
Although we do not have any data on the financial returns from pulbtiora&/'orld Bank
Group projects, we have several very high outliers when it comes to overall economic
returns.As can be seen in tH2ata gpendix we havequite a fewpositiveoutliers in the
realworld data that would likely and substantively influence the results of the model if
they were considered. We @nto detail on this issue inh@pter 8, wheronsidemvhat
datapoint will be mappedo what random vaablein theC o r d emodela 6 s

Finally, the third issue stems from what exaeifich variable means. To discuss this,
letus look atwhad x 6 me a n swoildrandtthb method®lagical problem of

measuring -aonévarable.a st and

Cordellaparamt ri zes O0Ox 06 &s ti me | pmewndaadntagend tf o manc
over a hypothetical pubhlsector implementation/financing. Then, the variable is further
normalized by the appropriable returns to th
theprivate sector advantage is equal to the appropriable returns to the government (i.e.
the entire amount of revenues the government would get by undertaking the project is
equal to the adtalorem of having this project be undertaken by the private sesteash

of the government
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I n short, 6é6x6 is the total private sector
government revenues had the project been done by the government. This quantity is the
counterfactual of a counterfactual and can neveliteetly mesured in a project if we
must slce each market conditionbycost Thi s i ssue of constant Oc«
much greater detail in Chapter 7.

For now, the important note to makeiaterpretingCo r d e | | ddarsits mo d e |
methodologyis thataprojec s count era fpadtvuale, stelcatori spr oj e
characteristics for a project undertaken by the government, and public sector
characteristics for a project undertaken by the private sector are deehaee the same
distribution agheir observedorrelates (private sector characteristics for projects
undertaken by the private sector and public sector characteristics for projects undertaken

by the public sector). Seketable belowthat clarifiesthis point.

Table2 Relationships Between Projects in the Normative Model and the\Redd

Project Undertaken by:
Public Private
D no private sector appropriablereturns to
g advantage the government
%] .
8 yes appropriablereturns to private sector
the government advantage

Assuming these definitions, let us ntwok for methods ofneasuring themAt first,
we attempted to deconvolve O0x,0 by comparing
(seeMethodologyappendixunderDeconvolution MethodsWe dhelved those efforts in
favor of modeling the data generating processes obloggrvationsin other words, our
rendi t i on norhative mmoddl enlylreheé @n assumptions commonly made of

statistical modelsthis modeis afaithful representation ohe random variation found in

theobservationsin short, a link between positive and normative economics.

17



3.1.4. Normative & positveont ri buti ons to Cordell abds M
As teased in the previous section, our analydigake boh a normative and positive

approach. To expand upontBeo r d e | | wsiGgnorméaive ekonomics, we will

change his model 6s distributional assumpti on
project characteristics and use different distributions. Thisalldw for a discussion

related to the robustness of his conclusions. The other intervention in this paper is more
complicated because it relates to positive economics and empirical claims.

To further expand on our discussion about the robustness oflCbrded s model , r ec¢
world data could be brought into the model. Generally, empirical claims require empirical
model s; however, the proposition here is to
value, change its assumptions as little as possibital® sureve canreplicate the data

generating process observed in the World Bank Group public andepsieetor projects,

(@))

and of it t he paramet r i c.Wkidsthidbyicdmpdringghe s f r om
distributions observefiftom ourdata with the distbutions recreated using the model that

mimic our hypothesisfoo ur 0 b s e r geneératirgg Process. Gach rmodeling

techniques are commonly the underlying assumptions in most political methodology

models and this paperwillreui | d Co r d dite madél by elyirng omias

common set oogical argumentthat make a case for how on can ndaga g@nerating

process to real data abdild soundmodel(King, 1998) Put si mpl vy, given Cor

model is correct, we wiltheck its conclusions against rearld data.

3.2.Monte Carlo Methods
In general, all scientific inquiry depends on some measure of model building, its

estimation, and the testing of its underlying assumptihg&hneeds verification to

check how reliablyhte proposed model is when it (1) departs from its underlying
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assumptions or (2) is confronted against-waild data(Hakan Demirtas, 2017 he
objective of this paper is to conduct both verificasiand rey on Monte Carlanethods
tocal cul ate those scenarios and cwordpare resul

project data.

However, let us first ponderhat exactly are so called Monte Cambethods.This is
the topic of thé sectionThed p o s-m ¢ i m &dichotommydinroduced in the previous
section is very instructive. In mathematics the dividing line is established differently,
there Atheoreticians deduce conclusions fron
concl usi ons f Monte Carlb siethodgeaetrallydalissquarely on the
second category, and the bridge we postulated before of bringing some positive
economics to Cordell ads normative model coul
terminology. So, to conclude our definition usingthe dichojo above, @AMonte Ca
methods comprise the branch of experimental mathematics which is concerned with
experiments on random numbers. o0 Put differen
is to use statistical models to create mathematics thatgnadicive power. Let us now

move to a brief rehearsal of its history for context and more concrete exemplification.

3.2.1. History of Morte Carlo nethods
The idea of using Monte Carlo methods in a systematic way only came in 1944,

despite various previous commonly dsBalectic exercises generally tailored to teach
students by providing a direct relationship between the frequeresseats and

theoretical results. A practical example used to demonstrate thisigerehere several
small ball bearingsvere dropped otop of small wooden pins to show that the arbitrarily

random nature of the bouncing balls always seemed to produce a normal curve in the
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different boxes holding the balls belgitammersley & Handcomb, 2013eal work on
the tgic came irthe form ofthe Manhattan project during World War 1l by scientists
John Von Neumann and Stanislaw Ulam. Degjpgierous formulation coming only later
from Harris and Herman Kahn in 1948, a brief history on the topic might be more

illustrativeon the accountsom Ulamhimself(Dave, 2017)

The first thoughts and attempts | made to practice [the Monte Carlo Method] were suggested by a
question which occurred to me in 1946 as | was convalescing from an illneskging) [3olitaires.

The question was what are the chances that a Canfield solitaire laid out with 52 cards will come out
successfully? After spending a lot of time trying to estimate them by pure combinatorial calculations, |
wondered whetheramore pragti¢c met hod than fabstract thinkingo mi
hundred times and simply observe and count the number of successful plays. This was already possible
to envisage with the beginning of the new era of fast computers, and | immedauglyttbf problems

of neutron diffusion and other questions of mathematical physics, and more generally how to change
processes described by certain differential equations into an equivalent form interpretable as a
succession of random operations. Later I®v6], | described the idea to John von Neumann, and we
began to plan actual calculationsStanislaw Ulam

The name Monte Carl o came fr om-ttihree 6wonrakmei n 1

that eventually stuck to the field as a wh@ave, 2017)

Being secret, the work of von Neumamd Ulam required a code nam& colleague of von Neumann
and Ulam, Nicholas Metropolis, suggested using the name Monte Carlo, which refers to the Monte
Carl o Casino i n Moeawoualdbovolv money fra relatv@sto gambiel

3.2.2. A note on sochasticsmulations
With a cleareunderstandingfahe origins and more concrete examples of what

meant byMonte Carlo methods, it is crucial to note that the process adopted lesre us

electranic computerandrelies heavily random number generators to accomplish most of

the mathematics involved in the modéewillusesoc al | ed fistochastic si
to create asloseto-real as feasiblecenarios buyltimately, they will befimperfect

proxies of the perceived underlying truth; iteratively refining and occasionally redefining

the empirical truth to decipher the mechanism by which the process under consideration

isassumed o oper at e i n (HakarDempidag, 280 manner O
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These proxies are gemdly referred to as simulaticstudies and the aim of this
manuscript is to use simulations to (1) wunde
changes imlistributionalassumptions and (2) understand how hislghob s concl usi ons

hold up to realvorld data.

3.3.World Bank Group Economic Rates of Return (ERR) Analysis
For the World Bank Group projects, one key factor to measure project impact comes

in the form of a projects Economic Rate of Return (EFERR iscalculded through

what is known as @ostBenefitAnalysis, which we previously alluded to in the start of

this chapterRecall we have discussed in the broadest terms what exactly we mean by

CBA ( 6 i wayitosystamatize a decision evaluation procedurgimme of a deci si o
consequencg®reze & Stern, 1989) JFor our purposes, the important issue to

understands where the ERR data comes from by introducing a few basic concepts used

in costbenefit analysis for project evahian, while alsoframingCBA in terms of a

projectdéds O6net effect on social welfare. 6

First, a commonly used concept to measur e

6shadow phadooprice gneadurestheet impact on social welfare of a unit

increase in the supply of that go(idreze & Stern, 1987¥senerally, it is used teefer to

the pricing process of things that do not ha
connectivityo o Furtliebnere, these gobds ard defined to de fiest 0

order measures of a pr o) eneasulementisgpasactde on S oOC i
that the World Bank Group projects have a positive profit (in terms of shadow prices)

(Dreze & Stern, 1987)Such goods are commonly part of a World Bank Group project

and in theCordellamodel referred to as an amorphous set of externaij@amadThe

Independent Evaluation Group is ttepartment responsible for project evaluations, and
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they have prepared an informative table that goes over in detail exactly what gets
evaluatedand howas far as World Bank Group projects are conce(hatepent

Evaluation Group, 2013)

Table3 Self vs Independent Evaluation and IEG

World Bank : IFC
MANAGEMENT SYSTEMS
Self-evaluation
Results-based monitoring system Yes (ISR) Yes, DOTS
and supervision status reports for
Bank Group operations
Self-evaluation of projects Yes, ICRs Yes, XPSRs

(managed by IEG)

Results-hased monitoring system  [Inder development Yes
for advisory services/AAA
Requirement for supervision Yes Yes

reports for advisory services/AAA
Quality assurance of Bank Group’s portfolio

Quality assessment of lending Yes, OPCS Yes, credit review
portfolio

INDEPENDENT EVALUATION

System for reviewing self- Yes, ICR Reviews Yes, IEG Evaluative
evaluations of Bank Group Notes
operations

System for reviewing self- Yes, CASCR Yes, CASCR
evaluations of country Reviews Reviews
evaluations

System for reviewing self- Under development Yes, PCR EvNotes
evaluations of advisory

services/AAA

Independent projects evaluations Yes, PPARs Yes, PES
Independent country evaluations Yes, CPEs Yes, CPEs

Source: |IEG review.
Note: AAA = analytic and advisory activities; CASCR = Country Assistance Strategy Completion Report; CPE = country program
evaluation; DEIS = Development Effectiveness Indicator System; DOTS = Development Outcome Tracking System; E&S = environmental
and social effects monitoring; EvNote = Evaluative Note; IEG = Independent Evaluation Group; ISR = Implementation Status and Results
Report; ICR = Implementation Completion and Results Report; NA = not applicable; PCR = Project Completion Report; PER = Project
Evaluation Report; PES = Project Evaluation Summary; PPAR = Project Performance Assessment Review; OPCS = Operations Policy
and Country Services; XPSR = Expanded Project Supervision Report.

3.3.1. World Bank (Government Financed Project)

The World Bank Group has several institutions, two of which deal exclysinen
public sector projects, the International Development Association (IDA) and the
International Bankor Recorstruction and Development (IBRD). Thexee generally

referred to collectively as the 6Worl d Bank,
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Bank Group (WBG), the broader institutiodithough not mandatory for all projects, a
p r oj ERR isacsucial piece of information to measure its impact on the broader
society(Herrera, 2005)Just like gamma in our model, ERR is an amalgam of the
percentage rate of return for a project that accounts for all positive and/aegat

externalities based on the projectds planned

When aWB project ends, its closing process requires the drafting of a document
calledanImplementatiorCompletionReport This document is authoréy the project
teamandsubmittedtoth®/or | d Bank Groupods I ndsethadndent Ev
the latercan make their own assessments and issue their r@niéepent Evaluation
Group,nd) During this process a projegdtss Econo
calculated to measure the actual impact of a project in terms of a net welfare return
Generally, projects had the same dostefit analysis methodology applied before they
started. In recent timefgwer and feweWorld Bank projects have calculatdteir ERR
(Herrera, 2005)This isdueto the added complexity and sophistication of the required
calculations as the WB began (1) to undertake more complex projects, (2) to review ERR
methodologies to account for green growatid other corporate agendas, and (3)

significant changes in project preparation documentation

For the purposes of this paper, ERR for the public sector is defined as the ERR at

completion discussed above.

3.3.2. International Finance Corporation (IFC) (Priv&ector)
The World Bank Group has one institution that deals exclusively with private sector

projects, the International Financial Corporation (IFC). A random batch of IFC projects
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that are in the process of ending require the preparationEX@aned Poject

Supervision Reports (XPSRs) all of which IEG reviews; more specifically:

IFC selfevaluates a random representative sample of projects that reach early operating maturity
based on less than 5 percent sampling error associated with estimated develogsuks in the
population at the 95 percent confidence level, evaluating 80 projects a year on afladsgent
Evaluation Group, 2013)

Once these projects go through the process, IFC projectahaxgost ERRsThe

projectwill also have an Internal Rate of Retumhich calculates only the profit percent

of the project that came t o-postERFOssemstf f er s fr
match the normative model 6s pri vaametosect or p

be close to the concept of appropriable returns for private sector projects.

For the purposes of this paper, ERR forpghgatesector is defineéx-post ERR
found in I FCb6s XPSRs discussed ahanee, whil e

as project IRRalso above

3.4.GaussiarCopula
Copula is a multdimensional probability distribution that has uniform marginlaiit

correlation between different variables. Copulas can be used to introduce dependence
between two randomariables without charmigg the marginals. Different types of
copulas exist. Here, wesed Gaussian copula to generate a correlated 2D Beta
distribution, a distribution that has Beta distributed marginals and correlations between
variablegCharpentierFermanian, & Scaillet, 2006peeMethodologyappendixfor

more details on correlation.

3.5.Craméri von Mises statistic
In the manuscript, we need to compare a simulated distribution to the distribution

obtained from the data, withbassuming any particular forfar the distribution. As
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such, we need to use nparametric methods. We ustk Cramér von Misesstatistic,

which is a measure of how closeo probability distributionsreto each other. We chose

this statistic beausetican be easily implem&dfor two samplesandwell implemented

in Pythonalready more specificallyast he ener gy di stance between

and 6ud6 with a @CHeBSdaPyvomaunity,2018)e qual s

Equation 1 Energy Distancétatistic forTwo Distributions

D(u,v) = (2E|X - Y| - E[X — X'| - E[Yy - Y'|)""*

For realvalued distributions that are oné@mensional it reduces to the distribution

depemlentCramér von Misesstatistic, parametrization from wéblises, 1947)

Equation2 Craméii von MisesStatistic

w? = f_ h [Fy,(z) — F*(z))* dF* ()

& &)

The picture below shows a more intuitive take on the equations above. As we can see it is

the 6area between the two CDFs. 0

1.0

— D

F
0.8
0.6
0.4

0.2 /
0.0
Figure 3 Illustration of theCraméii von MisesStatistic
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3.6.Kolmogorov Smirnostatistic’
Like theCramér von MisesmeasuretheKolmogorovSmirnov statistidKS) is also

a comparison betweeéhCDFs (even if the CDFs are an approximation, since it does non
parametric)We chose KImogorovSmirnov statistic because it is a Aparametric way

to compare samples from two distributions. It can be applied to any distributions and
does norequirethe sampling distributions to be normally distribut€de test statistic
below, assume®is the expected distributiofQ is the empirical (in our case the

distribution from simulations and the distributions from the data, respectively).

Equation3 KolmogorovSmirnovStatistic

O i 6d§0w "Ows
An illustrationin thepicture belowexplainsthe KS statistic visuallyKS is thered-line
(vertical); it is the maximum vertical distance between the Cidiesdepending on the
location of each CDF in relation to each other the statistic reigdmt be nofunique with
respect to its c o raxis®Bhp KSstitistivtgelf, iowdéverjs i n t
unique by definition{Filion, 2015)

Figure 4 KolmogorovSmirnoff Test lllustration
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3.7.CersoringMechanism
As previously mentioned, we only observe a fraction of the benchmark space,

because oulataset is limited to completed World Bank Group projects. Reconstructing
and estimating distributions from censored data is common in stafisMasserman,

2005) The diagram below confronts the data we havewis the space proposed by
Cordella to define the normative model:

Figure5WBG Pr oj ect Data Concepts vs. (x, 9)

Entire Space (given r, )

1

, c

Projects Done by WB B Projects Done by IFC
FRRpublic ==l FRRprivate
ERRpublic A b ERRprivate

Externalities (Normalized)

0 =1 1

Y

X = Private Sector Aavantage (Normalized)

3.8.K-Fold CrossValidation
We used a hybrid of 60/40 cregalidation and 16old crossvalidation. Since testing

and validation in our approach rely on calculating very similar statistics, we haddo use
validation cohort that iBke the testing cohort in size. As such, wsed 60% of the data

for testing and 40% for validation. To repeat the crnadilation, we used the following
approach. We separattdte data into 1@ins andused 6 bins for testing and 4 for
validation. We then repeated it for all 210 ways to seldxh$ out of 10. This allowed us
to remain internally consistent, and not to rely on random splitting to perform cross
validation ensuring thauiniversalreplicability of our resultsThe diagram goes owéhis

in more detail to clarify ifFigure6 K-Fold Validation to Create Variance for KS

Statistic We do this so that the KS statistic can have a confidence interval for each of our
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parametric models whiglallows us to conduct-2ample tests to make sure the KS for a

given model$ indeed different from one another.

Figure 6 K-Fold Validation to Create Variance for KS Statistic

Training set ]

Training folds Test fold
I}
r ) N
1% jreration I [ I I [ [ o El
o (I =5 |
e I W W T =6 [ 7

210%jteration ...- [T 11 ]= f10 |

Chapter 4 Optimizing Finance for Developmédntslormative
Model

The paper AfAOpt  Demvei ogmEnhanscseekaatheo under s
assumptions on the efficiency ofljpy reforms and subsidy levetsat make the
sequence of interventions suggedigdhe cascade approach (reforms, subsidy,
government}he optimalwith respect tmetsocial welfarechange It also considers the
other 5 ways to order the 3 interviemts (assuming all projects already profitable for
private sectowill indeedbefinanced by the private sectarthout these 3 interventiohs
The main question i s hicewhowtofund prgas ethatt he A f un
are not profitable enough to get private sefitoding butcould be made more attractive
with governmensupportin the form of the 3 proposed interventidnsforms, subsidies,

or direct government fundinglFrromthat Cordellacreates a simplified model.
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The modelhssumesall projects in the world have 2 types of benefits, those
appropriableby whomever is undertaking that project, aah-appropriablebenefits to
the wider societyexternalitie3. We also assume that the private sector has\antabe,
which translates into higher appropriable retwh&n compared to the alternative, i.e.
had they beemmplemented by the public sectitve appropriable returns would be
smal l er (this diNegateinwcee viasl U eadibechlisedhatodx 6ar e d
would mean there is a detriment to bringing in private sector funding, a scenario outside
the scope of this analysiBhe paperalsoassumes that neappropriable returns of the
project are the same whether implemented by the private dc jsebtos.

As previously mentionedhe papethen normalizes all the project beneftsch that
theappropriablaeturns of a projeadonewhen donéyy the publicsector equals 1. Below
we revise how the nenormalizel costs and returns are related te ttormalized
variablesThis will be used later when comparing results of the model to thdatzal
Before normalizationeach project is characterized by 4 parameters

1 Cost of the project
1 Appropriable returns of the project if implemented by the guwent

(Y )
1 Appropriable returns of the project if implemented by the private sector
(Y ), (this variable accounts for the private sector advardageel)

1 Non-appropriable returns of the project, externaliti®s (
We canrescale the project by dividing it by the appropriable returns of the government,

in which case we end up with 3 parameters:

Equation4 Normalization of Concepts in Cordella Model

. el o
oy %
@ Y

0
v
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41T h 8enédhmark Pr oj ect space
Thereforejn the (x,2) space, there are four types of projects:

Figure 7 from Cordella, théBenchmark' Project Space illustration (modified by Author)

n . . Benchmark
7 Entire Space (givenr, c) Space
3 |

é .

@) O

Z B

IE > om1l >~ =1

% D B”
= A

7]

g A

i - 2

I 0 c-1 : ’ -

Y

X
X = Private Sector Advantage (Normalized)

A - projects that are not worth financing by either the private or the public sector.
B - projects, where there is a private sector efficiency advantage, but they are not
sufficiently profitabk for the private sector to be interested
In B, there are two subtypes:
B 6 public investments are welfare improving.
B 6-fublic investments are not welfare improving, but private investments
would be; however, the projects are not profitable for thef sector to be
interested
C - the projects, where public sector has an efficiency advantage (i.e. X is negative)
D - projects that are quintessentially private.

4.2.Defining the Interventions
Figure 8 Diagram lllustrating the Casade visa-vis sequencing of interventions in the Benchmark Space

Benchmark
. . .. Space
Use cascade interventions:
PRIV. :’> Private sector is in D. ;> B
REFORMS .
The Other 37? B
SUBSIDY
[ A
covt Allin Benchmark Space!
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The two approachd&Sordellasuggest gettingbusiness interested undertaking projects
within the Benchmark spaeee:

-- reforms that increase profits byo and decrease public good by

-- subsidiesthat increase profits byand decrease public good &¢-1)

Finally, when subsidies fail, we apply govenrment finanéomgrojects

-- governmentfinancing(i.e. public investments)

Figure 9 from Cordella, illustration of impact of interventions in the Cascade space.

Figure 2a: Refomms Figure 2b: Subsidies Figare 2c: Public Investments

¥ ¥ ¥
Iy : 1] 1}

, fnnas '}'3Ia-|':.:.‘i] ) I
_ L1 Subsidies O Public lovestment

0 No finameing

K Yalamll5) O Mo financing

* — pala=1.15)

e=14 % e=1 g=1f

e=1 0 X o1 0 % '.__'1

Figure 10 Diagram outlining the Welfare Calculation process for each sequence

Recall the Table of Sequences Given each market (pairs of a and c), we can
N apply each intervention in the given sequence
e —— >

Reforms  Subsidies v /e to the Benchmark space:

Funding

Reforms S/ " Subsidies For example: the INVERSE cascade (GSR):

Subsidies  Reforms iwemmemfvubh-,

Subsidies  Emment /Pt B:;;rms U }'\'0 Fmancmg
M Reforms Subsidies D Pubh': In,'.A a= 0.16,‘ 0.5; 0.83

"t/PMie subsidies  Reforms

D Reforms' GSR, a=1/6 GSR, a=1/2 GSR, a=5/6
0O Subsudees 1 l l
Then we can
Calculate the total Change in Welfare e me \ et \
for that sequence and compare across. @
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4.3.Sequencing of Interventions
Cordellashows that if a government can pick a specific instrument for each project, it

does not matter in which order it will offer the instrent to the project. However, the

order of intervention matters when the gover
individually and instead can only offer one reform to all projects; and then offer a subsidy

to all projects that have not been pickadd then provide public funding to the projects

that remainedinfundedbut are still a net benefit to social welfare

4.4 .Final Results from the paper Figure 11 Optimal Sequence given (9, from Cordella
Subsidies > Bad Reforms
The main result is tlly of what

sequence is best for each market, aa se

in Figure11 Optimal Sequence given (c,

SGR
ERO
R3G or RGS

U from CordellaMore specifically, \ SRG or SGR
Cordellaanalyssthe effect of the

sequential application of

reforms/subsidieggublic funding on the
total welfare gainsHe assumethat all projects @ uniformly distributedx, 2) ~ Unif (O,
Drangeand t hat pol i ¢y whichkeans shat palicy makersyoptimizec , 6

at the level of the intervention, not the sequence. That mearmotitgt makers set the

levelfor each of the three interventions in a given sequence ova@mionswithout

consideringhe others. &r examplein the RSG sequence (also known as the cascade),

the first intervention (reforms) wilbe done to as many projeetss possi bl-e unt i |

e v ear zef marginal benefit (minus the imperfect targetihgubsidies).
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For example, take theascade sequence (RSG). To calculate the total welfare, the
first step is to apply reforms to all projects that can be made profitablegh reforms
and integrate over the welfare generated by all pugjectswhile subtracting the cost of

reformsin the form oftotal externalities time$ 1 the efficiency of reforms

Note that this is édmyopicbd in the sense th
legislator does natonsiderthewelfare gaincounterfactual of usingubsidies or
governmentinancing. Even though for some of those projeatshe margint would
have be better for the overall social welfare to have those projects be subsidized or even
financedby the government directlyhey are nevertheless can bada profitable enough
to be financed by the private sector by 06cap
externalities througheforms(this wasteis particularly problematiovhen we are in a
O6mar ket condition6 t hdtefortmavewiltakewp thizissel s of ef

again at several points

Then, ofthe projects in the benchmark space that areilefnpt made profitable
enough for the private sector to undertakenvaking a percentage of its externalities
appropriable througheforms),subsidies are appliag to the point where there is again
zero marginal benefit (because of imperfect targeting the deadweight loss is a little
higher, sowe stop giving subsidies a little bit before zerarginal benefit had there been
perfect targetingput that is a point we will not take up in this paper, even though we use
it in our optimization and Monte €a&rl o si mul
this, thewelfare generated by projects funded because ofrit@ss/ention are also added
up, while the subsidy cost is subtract&dom the projects that are left after the past two

interventionswe calculate what projects would be profitable for the government to
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undertake and then integrate over the welfare generated by having the govéunchent
those projectswhile again subtracting the cost of undertaking the pr@jethis case the

entire project cost)

More importantly, hebase assumption of havilg, 9) beindependent andniformly
distributedleads to simpléntegrals and interprable resultsWith this crucial
simplifying assumption, theptimizationscan be undertaken for each level of alpha
(efficiency of reforms) and costithout too much issue for each sequerttzch
sequencean thus be applied to the projects in the bencki@ace and thus be
comparechgainst all the othersettusrevisit the final resulfwith the normalization
assumptionsin Cordella. See belowigurel2 Final Result from Cordella Model for
each Alpha, ¢ paifmodified by author Note that only when reforms are very efficient,
the cascade (RSG) makes sense (i.e. maximizing social welfare). More impostamtty,

form of subsidiedirst approactseems to be more cost effective everywhere else.

Figure 12 Final Result from Cordella Model for each Alpha, ¢ p@odified by authgr

SGR
SRG

RSG or RGS
SRG or SGR

_ ¢ = Cost (Normalized) [1,2]

a = eff. of reforms [0,1]
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Chapter 5Monte Carlo Methods &e Normative Model

5.1.General methodology of our simulations
To simulate the model, we used Monte Carlo sampling and dynamic programming

approacks The ouline of the simulation is as follows. First, we simulate a set of

projects with values of X amaldrawn from agivenprobabilitydistribution(for the base

case, this is a Un{0,1). Second, for each of the 6 sequences of interventions, we find the
assigment of projects to one of the 4 possible categopiegate sector funded because

of (1) reforms,(2) subsidiesor (3) governmenfunded and finally{(4) non-funded

Finally, we calculate the total welfare of the funded projects and find the optimal
sequence of interventions. We repeat these steps for varying values @f ¢aralpha,

the efficiency of reforms}henplot the optimal sequence of interventions as a function of

¢ andr. Each of the steps is detailed below.

In the first step, wesearadom number generf@mamnddmo O6dr awbd
value that has given probability distribution to simulapgoject characteristics, namely
X anda. We use different strategies dependinglwe distributions consideredhdseare
described in each a@sponding section. We probe both independent distrilamioX
ando, and a case in which X andnay be correlated or antorrelated. After the draw,

we restrict the values of X ando fall insidethebenchmark space.

In the second step, we needasign projects to funding sources according to the
sequences of intervention. Consistent with the paper, we assume that each project may be
funded only by one source of funding: government, reforms or subaitieae do not
take other interventions inccount when applying each intervention sequentiibye
as well that thessignment of projects to government fundingpvate sectofunding

thanks taeformgsubsidiess done according to the equations described in the paper.
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For subsidies, we ed to determine the optimal value of the subsidy that maximizes
total welfare(despite imperfect targetingvhich requires maximizing a value of an
integral with respect to the paramef®dA brute-force solution to this problem would be
inefficient @nd would have a computame that isquadratially proportional tahe
number of projects}p solve thisoptimizationproblem.Hence, we designed a dynamic

programming approach that finds the exact solution in linear time.

To calculate the optimal subgigarameterye use alynamic programming
algorithmthatfinds the solutiorreasonably fast (linearly proportional to theémber of
the projects We first order all neyet-funded projects in the order of decreasing x. We
then calculate total welfare ihty the project with the largest private sector advantage
was able to take the subsidy; then we add the project with the slacgest private
sector advantage and-calculate the total welfare. We then keep increasing the subsidy,
which adds more projézoneby-one. At each step, we record the total welfare, and in
theend,we find a subsidy that maximizes total welfare. We note that as we increase the
subsidy, the welfare cost is increasing for all projects; however, this cost has a simple
formofi z @ p z 0. Furthermore, this has the virtueal$o consideringhe imperfect
targeting of subsides, since the level of subsidy is set to be the same for a given level of

O0x0 regar dl ensreorleds pasitivevextaroabtibs the project generates.

Finally, we find the most efficient sequence of interventions. We note that when we
apply 6 different sequences of interventions, we use the same dxaamdf for
consistency. We then repeat the process of finding the optimal sequence of interventions
for adifferent set of values of ¢ and r. We use a 20x20 grid for r from O to 1, and for ¢

from 1 to 2.Then, weexclude® p because it has no projects in the benchmark space.
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5.2.Formulas for interventions in our model
We followed the Cordella papay defire interventions in our model. The odt for

government funding wds @ p, and the welfare returns of the project were @

1. For modelling reforms, we used the same cutoff formla:do p | 2 , with
welfare returns being @ | zf & Finally, for subsidies, we defined a subsidy
level s. We then defined welfare returns of a project according to CordelbdYas p

® | {z® p & Wethen maximized total welfare:

Equation5 Simulation Approximationf Total Welfare for a given sequence of interventions.

w'Y "YYO OYzZ—p o i ©
Where"Y"Y ldenotes maximum over,'Y is as defined above, ardw denotes the
step function, that equals 1 for positivéues of y, and O for negative values of y. We
note that the only change from the formulas in Cordella is a natural change from

integration to find optimal level of subsidies to the summation over simulated projects.

5.3.Replicating Closedrorm Results Usin§imulations
To replicatethe closed form solution of the paperewerformed our Monte Carlo

simulation starting with thaniform distribution of x anfl. We generated N 200,000
draws from the uniform distribution for x ahdand repeated this for each combination
of (c, r) in the 20x20 grid as described above. For each valige pfwe found the
optimal sequence of intervention.

A challengewasto distinguish between regions where one sequence of intervention is
clearly better, and where two or three sequences of intervention provide the same or
similar results. We designed a way to display this using a combinateamtooshading

and dot plotsWe call thisdotsandsquare plotThe plot is made as follows:
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1 If one sequence of interventi®is clearly better, shading of the corresponding
color is displayed i form of a square.

1 If another sequenaa two sequencesome within 0.36 of the bessequencen
terms of total welfarghey aredisplayed as a dot inside of a squairg] as a
smaller dot inside the dot.

1 If two or three sequencase the same, then the primary shading is chosen
according to the following sequence: SRG, SGR, RSG, BRS, GSR;
favoring the former elements to the latter. Tdrider was desigrdto put
sequences that are typically present in the plot, such as SRG, SGR, RSG, first, so
that the coloring is more continuous.

1 If the distribution is such that, for a partiaulc, r) combination, less than 0.1%
of the projects are being funded, then nothindjsplayed and the space is left
white. This happens, for example, when distribution of x is heavily skewed
towards x=1, and small c only selects for projects neartku8,selecting only a
few projects.

Resulting dot plot is shown beloh.ot e t hat ob6nrsdé iisn tshiemidksaatme 6 as

the efficiency of reforms:

Figure130pt i mal Sequence given (c, U) from Simulations

Uniform distribution
GRS

GSR
18

169

14 4

12

10

.. ¢ = Cost (Normalized) [1,2]

T T T T T T RG5 :
0.0 0z 0.4 06 0.8 10 0

. a = eff. of reforms [0,1]
Figure14Opt i mal Sequence given (c, U) from Cc

Another wayto visualize the relative efficiency of each of the 6 sequences of
interventions is tehowhow well is asequenceloing compared to the best sequefuce

the (c,r) pair. To visualize this, we plot tedeatmapside by siddelow.
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Figure 15 Heat Maps for each Sequence given (c, r) from simulations
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These plots offer us a unigperspective andllows usto seean overall picture for the
different sequences of interventiand their comparative performance in each market
evenwhen theyare suboptimal. We can see that SGR/SRG perfowe# evenwhen

reforms are efficient. However, RGS/RSG perform very poorly if reforms are inefficient.
More importantly, the figure aboveggests that if we cannoalculate thefficiency of
reforms well enough, SRG/SGR could te more conservative approach in the

scenarios assumed here

Chapter 6 Changing Assumptions of Normative Model

6.1.Independencessumption Robust, Subsidies > Bad Reforms
With the simulation replicatedye first tested if the resultsf the model would hold if

x and’ were no longer independeistead of independent draws frane uniform
distribution of x andl , we designed a way to keep x @&ndniform butintroduce
correlation between theriio impose correlation, we generasedample of bivariate
normal distribution with var(x) = varj = 1, and cov(X, ) equal to values ranging from
-0.8 to 0.8 with a step of 0.2 We then applied a rank transformation to the x &heth

made each of them uniformly distributed, whilegmg them correlated or
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anticorrelatedNotethat taking the rank transformation changeshtbarsorcorrelation
between x an@l by a small amount: a correlation of 0.2 in multivariate normal becomes
about 0.18 after the rank transfaation, while corredtion of 0.8becomes about 0.78, as
expectedHauke & Kossowski, 20115ee methodology appendir more details.

We find thatthediagram is largely unperturbed by introducing dependence between x

and’ . While boundaries ddifferent regions shift, overall regions rematable.

corr=-0.50 corr=-0.60 corr=-0.40 corr=-0.20

GRS

GSR

SRG

SGR

RSG

RGS

00 02 o4 06 08 14 00 02 04 06 08 140 00 02 04 06 a8 10 00 02 04 06 0B 10
" " " v

Uniform distribution

r GRS

Negative Correlation

GSR
18

16 SRG

14 SGR

Positive Correlation L

RSG

10

RGs

corr=0.20 corr=0.40 coIr=0.60 corr=0.80

00 02 04 06 08 10 0D 02z 04 06 08 140 00 02 04 06 a8 10 00 02 04 06 a8 10

Note that the diagrams for the case of-aotirelation show a narrow region of c for
which GSR becomes favorable over SRG/SGR strategy. This effect is true; indeed, for
values ofccbéaround 1.4GSRbecomes almost as good as SRG/SGR strategies, amd for

momentmay become minimally advantageous to SRG/SGR. The effect is more
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pronounced with stronger asttorrelation between x arid although it is visible even for

the basic model with uniform distribution of X ahd

6.2.Distributional @sumptionsRobust except for GSR < SGR
Beta distribution is a natural choice for a variable distributed witfdpldinterval. It

allows us to imestigate a broad range of behaviors, including bimodality, and probability
density shifted towards 0 or We focused on 6 beta distributeas per the figure below

First is a classic &$hapedeta (.5, 0.5). This distribution assumes that values itiere

close to 0, or close to 1. For X, it would mean that private sector advantage is more likely
to be close to 0, or 1, than to be around 0.5. Second distribution is a pasabpkd

Beta @,2). It is the opposite of the-Ehapedlistribution anchasa peak at around 0.5.

Figurel6 lllustration of Beta Distributions given (a, b) parameters
Beta(0.5, 0.5) Beta(0.5, 2) Beta(2, 8)

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Beta(2, 2) Beta(2, 0.5) Beta(8, 2)

02 04 06 08 10 00 02 04 06 08 10

Third and fourth distributions are Beta (0.5, 2) and Beta (2, 0.5). They assume that the
probability mass is heavily centered aroundrGaround 1, and decays gradually towards
1 and O respectively. Finally, fifth and sixth distributionsBe¢a (2,8) andBeta(8,2).

They are not divergent at zero or one, and have a mean of 0.2 and 0.8 respectively. They
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decay quicker towards the othaard (1 and O respectively) than Beta(0.5, 2)
distribution.
We then assumed that X andre distributed independently, and we tried all
pairwise combinations of the beta distributions for xfan@his yielded 36 pairwise
combinationsThe completeset of pots forall possible combinations organized by the
Beta distribution oFiguresh&misallanéousppemdixbnder f ound i n
the Distribution Assumption: Plots for Different Betadiributions Below weshow only
a few examplesAll the examples show the same basic features: RSG/RGS strategy is
optimal if reforms are efficient. SRG is optimal if project cost is high and reforms are
medium; SGR is optimal if project cost is low. ABRG/SGR are optimal of reforms are

inefficient. We also notice that for some distributions, GSR may become a best strategy.

Figure 17 Various Plots of Benchmark Space given Different Beta distributions
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We also note tht forBeta ,8) and foBeta 8,2), some parts of the (9,space are
inaccessible because there may be no projects in the benchmark space, or all/most of the
projects may be neprofitable for a particular value 6.6

6.3.Why sometimes GSR strategy tegtthan SGR?

We noticed that fo¢x, [ ) that are either (1) antiorrelateduniform distributiors, (2)
nortuniform Betadistributionsw h e r & righbsl@&wedand even (3) in some cases
wher e 06x 0 Beta(Q.5 0.5 which iouthapddGSR(orange) has higher
total netsocial welfare gain than SGR (green). See below. Note thktgore18
Uniform and AntiCorrelatedx, [ ) we see a small range in which GSR strategy is better

than SGRGO£ 1 1 ™8 hast h e 6 @2 Riti$ bbtween the lines 1.35 and 1.4

corr=-0.80 corr=-0.60 corr=-0.40 corr=-0.20
20

GRS

" GSR

SAG 16 SRG

SGR 14 SGR

L2 ASG

10
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Figure 18 Uniform and AntiCorrelated(x,[ )
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x=Beta(2.00, 8.00) g=Beta(0.50, 0.50)
e A

X Gamma

Figure 19 Various Beta Distributions where GSR is better than SGR

Gamma

We focus here on the caseB#ta 0.5, 0.5), c=1.3, r=0.4, that also favors SGR
sequence. We compare it to GSR sequence. We find that for the case of SGR, all projects
are funded by subsidies alone, including many projects that are not worth financing. This
is a consequence of imperfect tangg of subsidies. This distribution presents an
example of when imperfect targeting of subsidies becomes a burden. However, if
government funding was applied first, many projects with highe funded byhe
government, and therefotiee dead weight loss of applyisgbsidiego the entire square
is no longer efficient, since the highprojects that offset subsidy costs were funded by

government

To see ifabetter strategy for allocatn of subsidies exists, we focused on this
example, and manualgwep through a range of subsidy levels ranging from 0 to 1 with
a step of 0.01. After applying the subsidy, we applied government funding and reforms as
usual. We then selected the subsilel that maximizes the total welfare. Interestingly,
we found that the total welfare produced by this modified subsidy selection method was
much higher than for a naive SRG method, and even surpassed all other sequences

including the GSR.

This result sugests a very important conclusion: when setting the subsidy threshold,
one shoulcconsiderfuture interventionsin fact, if subsidies are first in a sequence,

subsidies should always stop slightly before they become welfare damaging. This would
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ensure thiother interventionbavethe potential to generate additional welfaigove
what we can get for simply providing a subsidy to an-@veneasing section of the

benchmark space

More broadly, what we seem to have stumbled upon beheidrawback of myaop
policy-making, i.ewhenpolicy makersd o rcansiderthe counteffactual social welfare
impact ofother possible interventions when applying a given intervention to a project. In
fact, when one considers just one other intervention before applyindissbaswve did
here Figure20 Benchmark space @; SGR versu§&SR:welfare and projet outcome
graphs, the results clearly favor subsidig€@ne might even speculate that because
subsidy costs are a second order term while reform costs are a first order term that a non

myopic legslator will always opt for subsidies first in the scenario built by Cordella.

Thisaccounti myofporc dregnmn sl ati ngd subsdly t he r esu
thresholdthat considers other possible interventiangbe addressed in future studies.
For now, the important economic point here 1is
disappears becaudetdeadweight lodsom subsidizing projects with small positive
externalities are not enough to offset the very high positive externality projéoeshtagh
end. In other words, although low externality projects would be better served by a
different intervention, the subsidies are imperfectly targeted, so one must set the same
|l evel of subsidies for e acAilythaewitrethehighf pr i vat e
densityoflargeposi ti ve ext er nal i tognd the eotirecbenchsarkat al |
space receives subsidies because any added cost from inefficiently distributing subsidies

is more than offset by the social welfare added fronhitjeer density of large
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externality projectsHowever, eventually the costs become so low that we are back to

subsidiedfirst approach being more effectiagain.

Figure20 Benchmark space (}; SGR versuaBSRwelfare and projet outcome graphs
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Chapter 7RealData & Optimizing Finance for Development
Model

7.1.ERR Data from World Bank and IFC

q For the World Bank Figure 21 Government (IDA/IBRD World Bank) projects ER
projects (IBRD/IDA)we
have economic rate of
returns (ERR) data at
appraisal (before the
projects is undertaken) for 2
4,001 projets, and 3,523 &
projects ERR at completion ©
(measured after the project
closes to estimate the impac
of the project), for 3,310 we
have both. The dates range 00 02 04 06 08 10
from fiscal year 1956 to ERR (gov)
fiscal year 2011 for project
board approval dates (the-gbead by the itigution to allow the project to be
undertaken). Ultimately, the focus was on ERR measured at completion. A
histogram of that data can be seerF@ure21 Government (IDA/IBRD- World
Bank) projects ERR

1 Of the3523, we have project cost and net commitments (amounting to 235bi but
only 1,092 have cost data which makes it a 299bi vs 114bi split) However, we
will not use cost or commitment data for the analysis here, opting instead to focus
exclusively on projectaturns data for the projects undertaken by the public
sector. The idea is to avoid throwing away 75% of our project data, and focusing
on the besmeasured data possible, which is the economic rate of return analysis
done after project completion.

1 Fortheprivates ect or projects (undertaken by the
sector arm, the International Financial Corporation, or IFC), we have around 20
yearsodé6 worth of data from I FCb6s XPSRs (wh
taken after the project wasropleted) which translates 1d 50 IFC projects from
FY91-FYQ9, of which 467 have a valid ERR (even if sometimes negative) and
477 have FRRs (or financial rates of return, our discussed IRR).

Table4 Summary Statistics of WBG Data Negative Values
count mean std min 25% 50% 75%  max g more
values
than 1
S 4740 0128734 0166572 -0128 00645 01085 016975 1.930 47.0 30
(private) ) ’ ’ ’ ’ ’ ’ ’ ’ ’
ERR 463.0 0172257 0166014 -0128 0.0925 01460 0.21000 1.240 40.0 3.0
(private) . . . . . . . . . .
[pugﬁcﬁ 35230 0249564 0323463 -1.000 01200 01900 029000 7470 170.0 63.0
ERR-FRR
(private) 459.0 0.041731 0144162 -1.519 0.0050 00270 0.06850 0937 g62.0 0.0
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7.2.Censoring Mechanism in the daaoroject impact assumptions
Before even attempting to reconstr@ardella model correlated to theturns data

usingMonteCarlo simulations, it is crucial to note thaé observe only a fraction of the
space, since theeturns data fothe IFC and World Bank are only for projects that were

undertakenwhich means they were profitabfee the diagram below.

Figure22 AvailableWBG Project Data Concepts (x;/) Spae.

T  Entire Space (givenr, c)
= 1
E
, =] C
Projects Doneby WB 2 B Projects Done by IFC
lic :g =l F RRprivate

E Rpublic E A b ERRprivate
»
=
I 0 -1 1

Y

X = Private Sector Aélvantage (Normalized)

The data has severaigpects with negative returns since it is measured after project
completion.Thoseprojects withnegative returns were excluderthis allows the strong
assumption that we are looking at the actual, as opposed to projected, returns for
profitable projectsad do not have to relgn the accuracy of th&/orld Bank Group
projections for their projectds returns.
must make is that the World Bank Group is correctly measuring the impact of their
projects after they arclosed. This is a trivial assumption, since for a lot of these project
evaluation / measurememethodsandevaluation frameworks, the World Bank Group
staffaround the worldhas written the manual on how to apply econontfieory into

practicewhen it canes to measuring project impdBluvigneau & Prasad, 1984hd

48



their evaluations and project documents are completely public, allowing for verification

and scrutiny.

7.3.Problem of varying c between the projects
In the normalizabn chosen in the paper, c is a total cost of the project. However, the

meaning of ¢ is more complex, because all the values are normalized to the appropriable
return of the government. Therefore, mathematically ¢ = (total cost of the project) /
(appropridle returns if the project is done by the government). This value is hard to
measure in theeatworld. The manuscript assumes that for a given market, c is constant.
It then applies differenhterventionan aparticularorder andinds the optimal sequee
of interventions. Finally, it spans through the different values,odnd selects the
optimal level of intervention at each value of c.

In therealworld, projects have different cost, and different appropriable return of the
public sector. Therefe, in eachmarket, there will be projects with different values of c.
As a result, different interventions will be applied to the projects with different levels of
c. Reforms and government are allocated based on defined mathematical cutgffs (e.qg.
c-1 for the government), and therefore would be the same between the 2D model with
constant ¢, and the 3D model where c is a random variable. However, subsidies rely on
the subsidy level set by the government to maximize total welfare. In 2D madedclo
value of c there will be a different subsidy level chosen. However, in 3D model there will
be only one subsidy level chosevhichwill be shared across different values of c. We
note that since c is intrinsically not observable, it would be implesg have a subsidy
targeting that allows the subsidy level to depend on c. As a conclusion, when projects
with different values of ¢ are present in the market, sigsssthiould be shared between

them, anddshould beconsidered as a random variable.
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7.4.Estimating distribution of x and assuming constant ¢
We first thought to use the ERR and FRR data for the private and public sector to

infer the distributions of X and. To this end, we made the following assumptions:

1 As assumed by the paper, c isoastant for all projects
T The distribution of X and is the same for private and public projects

Under these assumptions the values of ERR and FRR should be able to give us the
distribution of X and. Indeed, we find thdtom here, we can compare thstdbutions

in the following table:

Table5 Mapping Data to the Model

Data Model
oYYy P2 omi o
w
oYY "OY'Y " omi Qo GoQ
oYY _p&)r P 6 &a

Theoretically, if ve assume that c is a constaineaves us with two ways to obtain X

andr.

7.4.1. Obtaining x from FRR for private projects
The formula for FRR for private projects depends only on x and c. If one assumes

that ¢ isconstantthen x could be expressed in terms of FRR for private projects as

follows:

Equation6 FRR Data and the Model (x, c)

This states that mustbelessthan (¢1) for private projects. This is obviously true for
guintessentially private projects. However, in this study we are interested in the
distribution of x in the benchmark space, i.e. xX d@herefore, there is no way to obtain

the dstribution of x from FRR for privatprojects becausge need the distribution of x
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in the benchmark space, and the above formula can give us the distribution of x only
outside of the benchmark space (x-2)c

We could use projects with negative FRRtfos estimate. However, we quickly
learn that there are only a few projects with negative FRR in the data, their FRR is very
close to zero, and their ERR is also generally very low. Therefore, it does not look

feasible to use them for our purpose.

7.4.2. Obtaining x by comparing private and public projects
If we comparesquations for private and public ERR, we can see that they are only

different by a factor of x/c.

Equation7 Mapping ERR data to Model
p w T

@ 'o'Y'Y
p T p

(:)~ ~
&) @ 0'Y'Y

Therefore, we may be able to extract the distribution of x by analyzing the distribution of
1+x+oand 1. It is not possible taubtract the distributions directly, and decomtmn
based approaches are needed to make this inference.

We obtained histograms of ERR for 67_Figure23 ERR data: Private vs. Public project:
B Private
Government

public and private projects and noted 51

44

that ERR for public projects has a wide

ERR

5]
distribution than for the private projects
2 4

This contradicts our assumption, besau

14

the distribution of the sum of two

‘|‘|||I‘III|IIIIIIII |||‘| L
0.4 0.6 0.8

0.0 0.2

0

Probability density

independent random variables is always
wider than each variable, and therefore the distribution of 4skeuld be wider than

1+0.
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Therefore, we conclude from this section that deconvolving ERR (private) and ERR
(public) isimpossiblebecause the distribution of ERR for the private sectoatisower

than the distribution of the ERR for public sector.

7.4.3. Egimatingo from public projects
Estimation ofo form the data for public projects is possiliteom the ERR foonly

thepublic-sectorWorld Bank projects, we can expresas seen below:

Equation8 nmapped to ERR data ~ B
oW zhHh D p

Although this formula expressesn terms of ERR for public projects, it also implies that

2 should be more than-{). Indeed, this is true for projects that are worth funding by the
government. However, this does not tell ugthimg about the distribution affor

projects that are not worth funding by th@vernment buinay be funded by private

sector leveraging the private sector advantage. As such, ibmhagive us information
about the part of the distribution @fandnot the whole distribution. Indeed, a large part

of the benchmark spacentainsprojects that are netorth beingflunded by the

government butould leverage private sector advantage with reforms and subsidies. It is
not possible to obtain the distributiof 2 for these projectasingonly government

fundedprojects.

7.4.4. Estimatingo from private projects
We can use the welfare returns of the private projects to estifatéhe private

projects. Indeed, we can see that:
Equation9 ERR & FRR for private projects in the model

J& OV gy g0 @Yi¥ a0 won
r w OVY'Y oYY
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This tells us that the distribution ofs very narrow, SinCEO 'YX o, ¢ Y1 v dS ¥Ery
narrow (see below). This is probably the best estimate for the distributicdhatfwe

have, and we will make use of it in the next chapters.

Figure24 Private Sector ERR & FRR

Private project ERR and FRR
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7.5.Takeaway model canot accommodate datadfis fixed
Under the assumption of fixed ¢, we cannot leverage existing data to obtain

information about the distribution of x. Censoring of real projects does not let us access
projects in the benchmark spaediich are inaccessiblwithout reforms and subsidies.
Moreover, we find that assuming a fixed distribution of x arahd a constant ¢ leads to
an inconsistency within the real datdae only useful conclusion we can draw from this
data isaboutthe distribution ob: it is heavily biased towardsandis a narrow
distribution.

In the next two chapters we show thateexting the model to three dimensions, with
¢ being a variable, will resolve these contradictions, and allow for a much better fit

between the model and the real data.

53



Chapter 8 Extending the Model to Epbto Three Dmensions

8.1.Need for threadimensionamodel
In thepaper, and in our previous simulations, we fixed one important parameter: c.

The meaning of c is thatio of the cost of the project to the appropriable returns for the
public sereatwontdo, Itnhith evdriable is mpt fixed,
from project to project.

This calls for an improved model in which c is a variable, and not a fixed parameter.
We implemented the model using the same principles of Monte Carlo, now treating c as a
random variable as well. This extends the-thmensismal model with variables x arm
into a threedimensional model in the space ofti

Adapting our model for the case of ¢ being a variable was relatively easy. The only
notable difference is in the dynamic programming formulas for finding optimal subsidy,

which now requires ordimg the datainc @ and not in x.

8.2.Finding the distribution of x, ¢, armfrom the data available
Before running the model to determine the optimal sequence of interventions, we first

aimed at finding the probability density of projects in the spécefudi . We show
below that the assumption of a uniform distributiondfcd  space is insufficient to
match the histograms of ERR/FRR from the#gatld data to their simulated
counterpartsWe also provide evidence that independent distabstof x, ¢, and are
not consistent with the data.

We first searched for a way to use the data to extract thedhmemsional
probability density functiom ofudi directly. However, athe previous section shows
we cannot extract x, c, orfrom the data directlgvenif their distributions are

independent. Wean only see relatively complex functions of x, ¢, anand only for the
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subset of the projects (private sector or public sector). Moreover, the space of possible
N oftdi  functionsis very large. Therefore, as we cannot exttpdfudi  directly from
the data, and to do so we need to make additional assumptions.

To this end, we chose a following approach. fikst analyze distributions dfRR
andERR andsee whathey cantell us about the probability density of the projects in the

oftli  space. We then attempt to construct a probability distributiafodi  using our

knowledge and@dompardf the distribution fits observations based in real deéfa then
revise our distbution until we reach convergence.

Variables x, ¢, and are nd measuredlirectly in the datahoweverwhat is measured
are financial return rate (ERR) and economic return rate (FRR). We next try to express

FRR and ERR for private/public projects imns of x,c, 2 in our model.

8.2.1. ComparingERR/FRRdata tothe model
In therealworld, each project is characterized by 4 parametersentioned before.
1 Cost of the project
T Appropriable returns of the project if implemented by the government

(Y )
1 Appropriable returns of the project if implemented by the private sector
(Y ), (this variable accounts for the private sector advantage)

1 Non-appropriable returns of the project, externaliti®s (

Note that Rg, Rp, E, and stoare actual costs, not renormaliz8d,we can express:

Table6 Mapping Data Concepts to the Model's Concept

Data Concepts Model Concepts

oYY Y 0
wéEi o

"OY'Y Y 0
wéEio

oYY Yy ° 5
weéi o

oYY Y. __°
wéi o
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When we do a change of variables, we end up with three renormalized variables:

Equation10The &, 1) space mapped to model concepts
- wel o
W o
Y
Q¢ L QI £ Qe o0

&)

Yot v Qi & aneo
F O
Yo: b Qi & aeo
Using these, we can nomrite ERR and FRR in terms of & ando. The last column

indicates if wehave data for a given variable:

Table7 Data Availability & Model Mapping

Data Model Have data?
oYY p—(:)i’“’ pmi Qv oeqd  Yes
oYy P ‘:) _ emiev e  Yes
oYY P&) oM 6 & Qb No
oYY L pmodand| Yes

From this table, we have three potential variables to compare between thleamibthe

data. ERR is the only measurement we have for the public sector. For the private sector,
we have two measurements: ERR and FRR. However, we note that ERR is a complex
function of all 3 variables: x, c, arad If we however subtract ERR from FRiRe

difference has a very simple form. Indeed:

Equationl1 Deriving' /c result from returns data
OYi¥ ap 6o @YX 2 o 0
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So, the difference between ERRI&FRR is only a function of two variables. Moreover,
FRR depends on x and not grwhile (ERRi FRR) depends omand not on x,
separating the two important variables. As such, rather than comparing ERR and FRR for

the private sector, we compare FRR, 88BR1T FRR).

Table8 Distributions to Compare: Data><Model

Data Model
"OY'Y PO i
()
EO lY EY Y‘O!Y !Y r (Br-l}_l \l IQL\) (I) ‘o IQ
oYY P T S
— 0O wa Q
— pM
8.2.2. Replicating the censoringanhanismprivate and public sectors in the
model
Figure25WBG Data Histograms vs. {x,Space
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Since the distributions for government projects and for the private fr@ece from
different projects, and have different distributions of ERR, we need to be able to separate

the private sector and tipeiblic-sectorprojects in the space offili .

It is unknown what kind of rules or interventions were used in realetsat& assign
projects tahe private or public sector. Therefore, we decided to use very conservative

ways of assigning them.
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1 ERR and FRR for private projects were taken from projects that are quintessentially
private (1+x > c)

1 ERR for government projéswas taken from the projects that should be funded by the
government (1 6 > ¢) andare not quintessentially private.

8.3.Describing distributions of ERR/FRR in the data
We obtained distributions of ERR and FRR in WMBG data A salient feature of the

distributions of return rates is that the histograms are relatively narrawrnRates, both
ERR and FRR, are rarely over 40%. When we plotted two relevant distributions for the
private sector: FRR and (ERRFRR), we found that they have a mode below 0.2. For
the public sector, we only have the distribution of the economic redtenThat

distribution was somewhat wider than for the privagetor andhas much heavier tail.

Figure26 Histograms of available data
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The unique form of the distributions above allows us to wieatthe probability
distribution of projects looks like in a spacedtdand’ . Since distributions are very
narrow, and centered arouschall positive values, we can tré&&RR and FRR from these
distributions as small positive numbevge use epsilon to denote such a smaithber

below.
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8.3.1. Private sector ERR
Figure27 Histogram of ERRFRR for Observed Projects undertaken by the Private Sector
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As shown above, we do not directly compare the ERR data for the private sector due
to its complicated matheatical form. Instead, we study the distribution of (ERRRR).
We observe that the distribution of ERRRR for private projects is venarrow anchas
most of the weigharound zero. Since ERRRR =2/c, weknow that the distribution of
dlc is narrow. Since c is from 1 to 2, amd is around 0 to 0.1, the distributionamitself

should be also very narrow and close to 0. Mathematically, this will be written as

Equation12 ERR FRR for Private Sector model comparison variable

&h -

Since c is between 1 and 2, c*epsilon is still a small positive number,

|l et 6s cal l it Aepsilond A. Theref
r -
where - and - are small positive numbend/e will now use similar

logic for the other distributions
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8.3.2. Private sector FRR
Figure28 Histogram of FRR for Observed Projects undertaken by the Private Sector
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FRR in our model corsponds to — p. We will now use the fact that FRR

distribution for the private sector is vamgrrow ands on the positive side of zero. We
use the same mathematical approach: denoté@haty - , and treat epsilon as a

small positve number.

Equation13 FRR for Private Sector model comparison variable
oYY -
P W
P W W
W

~ ~

P W W WP -

Since c is between 1 and 2, c*epsilon is stdhaallpositive number,
| et O shepsilard |Tmerefore:

P ® QO -
P O W - .
This implies that the private projects are clustered around the ptaneb ) on the

sideof p @  @from this plane.

We notehat the planep @  wis the plane of profitability. Therefore, the
conclusion of this part is that most private
consistent with the original observation that the FRR is very skl also implies that

thedistribution of x and c are not independent. Instead, since the projects are clustered
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around p @  plane, then x, and ¢ must be correlated. We estimate this correlation
later. Indeed, it is natural to assume that appropriable returns of the peetie must be

correlated with the project cost.

8.3.3. Publicsector ERR
Figure29 Histogram of ERR for Observed Projects undertaken by the Public Sector
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Distributionof ERR for the public sectas less narrow than private sectdRE, but
also mostly centered towards 0. This implies that the distributioriasfpublic sector
projects is wider than the distributionofor private sector projects. We cansatyat
this point how this can be used when constructing the probability distribution. However,
if we observe this effect naturally, it will reinforce mlea that we inferred distribution

correctly.

8.3.4. Correlation between x arm
The last question to address is if there is any correlation betweerox$inde we

have a matched data for the ERR and FRR for the public sector, then comparing FRR and

(ERRT FRR) should giveis some information about tkerrelation between x aral

Equation14 Mapping Correlation of data to the Model's Variables

oYY oYY "
oYY P e 5, B4
w w
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Since c is thesame for each project, it suggests that correldtedaweerFRR and
(ERR-FRR) should béike thecorrelation betweenp @ @ and' .
When we plot FRR and (ERRRR) for private projects, we can see thatdhs no
visual correlation between the twdpearmartorrelation is very weak, although
significant Spearmam = 0. 15, p = 0. 0015). Whil e we <can

directly, it gives us another quantity to compare between the model andltdatee

Figure30 ERR vs. FRBpearmarCorrelation plot
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8.3.5. Projects below profitability line
Most of the private sector data contains successful projects that were intrinsically

profitable, and therefore lay in the spage & @ However, in this study we are
interested in the projects that are below the profitability plape; & & We do not
have any data about private projects that are not intrinsically profitable but can be
profitable due to reforms or subsidi@herefore, weénitially assume that the density of
projects is symmetriaround the profitability planén the sections that follow we also

assume that the number of unprofitable projects is exponentially increasing.
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8.4.Takeaway4 parameters tootnpare
We can learn generaditures of the distribution oéftht from the distributions of

ERR and FRR for the private and public projects. From the private prajectsarn that
2is a narrow digibution centered towards zero. From public projects, we learn that
projectsare tightly distributed aroundth@ @  GQline. We also note the weak

positive correlation betweerand @ @ .

This gives us four parameters to compare between the model and the real data. Three
arethe distributions of (a) FRRb) (ERR- FRR) for private projects, ar({d) ERR for
public projectsThe fourth is the fact that a weak correlation is present between FRR and
(ERR-FRR) for private projects. We will be comparing these 4 observables when

constructing the distributions in the next chapter.

Chapter 9Selecting th&D Mo d e | 0 sility P rstaboitenrb

9.1.Uniform distributiors

First, we tried the naive assumption obxand ¢ being uniformly distributed. We
used our model to calculate simulated distributions of FRR for the private, #£RR
for the public sectomnd ERRFRR for the private sector. We compared them with

distributions measured from the real data.

Figure 31 Comparison between Data and Uniform Model

Private projects, Private projects, Public projects,
uniform distribution, uniform distribution, uniform distribution,

K5=0.37401026245440555 KS5=0.7279008592288122 K5=0.6950300070603623
— Model 1 - Model o — Model
4 Data Data Data
s 3.5 4
= = 2 30
£ 3 £ £
=z & 6 2 25
= = =y
= - = 1 =
S s S 15
a a g 18
1 ] 1.0 4
I T 1 1Ll ||
o1 |||l . . . 0 | . III|I| . 0.0 Lol dall] ble
[LX1] 0.5 1.0 1.5 2.0 0.0 0.5 1.0 000 0.25 0.50 0.75 100
FRR, or (1 + x)/c -1 ERR-FRR, or gamma/c ERR, or (1 + gamma) /c-1

63



We found that distributions from the model were very different from the real data, as
seenin Figure32 Model fit assuming Uniform Distributions (KS = 1.78;

¢ bette) ; KS stands for the sum of the three tsample Kolmogorossmirnov statistics.

Figure32 Model fit assuming Uniform Distributions (KS = 1g78gtter)
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9.2.Difficulty of inferring a distribution
Thegoal of this sectioiis constructing a probability distribution of projects in a space
of the spannebly cithandy . We will construct a distribution, and then verify that it fits
the data well by comparing the FRR and ERR for private and public maogette ones
inferred fromthe model This comparison is only done over the censored part of the
ofdth space: either quintessentially private &}, or projects which are worth

funding by the governmefabove thesp | @ 71T line).



Figure33WBG Proj ect Data C@epeagpt s vs. (x, 929) Space
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This leaves us with a third part of the space: projects that are not quintessentially
private andare not worth funding by the government. Many of these projects, however,
will be welfare improving if implemented by the private sector with help of reforms or
subsidies. This space is essential for the model, and projects funded by reforms and

subsidies reside in that part of thdch  space.

We therefore can separate gpace of aftdt into four parts. We have data for the
two parts of the space: quintessentially private projects and projects worth funding by the
government, green and orange points on the 3D plot. We are not interested in projects
that are not welfarenproving (gray). We are however interested in the blue projects,

which are not profitable on their oviout could be welfare improving.
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Figure34 Illustrating the Entire 3D Model Space for (x,)c,
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In the next parts, we will catruct a distribution of projects that covers the entire space.
We will thensee how the distribution fits the observed data in the green and orange parts
of the spacejuintessentiallyrivate orquintessentiallypublic projects. Since we cannot

fit projects in the blue space, we will maissumptionabout how the density of projects

in the green/orange parts of the space is related to the blue part of the space.

9.3.Constructing the datdriven distribution
We then turned to design a better probabilityritistion for projects) cfudr . We

know that the distribution afis narrow and centered towards zero. Therefore Voe
choose a truncategdaussiarN(0,,, ), with varying values of the standard deviatjon
and truncated to the intervi@l,1]. This is consistent with the fact that distributiorofaf

is narrow and close to zero, but positive. We assumed thadependent from x and c.

This yields the following distribution foo (nonnormalized)

66



Equation15 PDF for o after censoringassuming normal distribution

I - .
CZ” H po

0% Qan

Since the distributions of ERR and FRR do not provide any information about ¢ or about
X, we have no knowledge about the probability distribution afid x. We therefore

make no assumptions about thdigributions andocus on the joint distributionodto .
Equation16 PDF for xandc after censoringassuming bivariate normal

6 x ApD 2t fon mip i ple
Then, we assumed that> @ is distributed as &aussiarN(0,, ) andtruncated such
that both x and c are in the [0,1] range. This models the fact that projects are tightly
clustered around the profitabilitye, and our assumption that density of projects is
symmetric around the profitability line. We assume no correlation betweena asd
well as between c araj consistent with the fact thand @ @ were found to be

very weakly correlated. Thissalted in a tweparametedistribution characterized hy

, and, . Resulting probability density (unnormalized) may be written as:

Equation17 PDF for x, ¢ ando after~censoringassumingwormal distributions
. W wp N -
UHXAQDCZ— ZQoN T hoov mip ff v Tdp ooy pit

9.4 Fitting the distribution to the da& crossvalidation

We then used th€ramér von Mises tesstatistic to find the goodnesd-fit between
the distribution from the data, and from the simulations. Namely, we defined the
goodnesf-fit as the sum of the thré&&raméi von Misesstatistics for the three
histogramsWe chose Cramévon Misesthetwo-sampleteststatistic, andt is
equivalent taa socalled energy distancenplemented in thecipy.stats.energy_distance

function in Pythoras discussed in Chapter 3
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To separate training and validation datasets, we uséold @rossvalidation, and
60/40 split into training and validation datas&pecifically, we separated each data
sample into 10 bins. We then used all possible combinations of 6 bins for training, and

remaining 4 bins for validation, yielding 210 combinations.

We first generate simulated training data. We take all possibibinatiors of ,,
and, from a31x31grid from 0.05 to B5for, , and from Q15 to 0.4 for,, with a
step of 0.01. During the first run, a 100x100 grid was used from 0.01 to 1 for each
variable. We noted that values,of and, reside well inside the grid defined above. As
such, for a production run a smaller grid was used, allowing us to simulate larger cohorts.
Forthe( ,, )inthe31x 31grid, we perform a simulation with 8200,000 projects.
We record simulattERR and (FRHERR) data corresponding to 3 histograms from each

simulation.

The \alidation part is performed 210 times for different spiito training and
validation datasets as described above. For a training dataset, we find the gotéihess
with each of the simulated datasets. We then find thefittasg) values of, and,
that maximize goodness-fit. For this value, we generate a large simulated validation
dataset consisting of 82,000,000 projects. We evaludtdhegoodnesf-fit for the
fivalidation World Bank dataandt h e @A v al i dadatacdine esultingddtaat i o
contairs 210 optimal values qf and, , as well as matching KS divergence &mel
correlationswithin the simulated data. Shown below are mean values and standa
deviations over 20 replicationg/e found that eshates for, and, were very tight,
with the standard deviation of @.®and 0.0% respectively. Mean values pf and,

were 027 and 0.1Tespectively
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Table9 Overview of First Monte Carlo Cross ValmaResults.

K5 (ERR- K& K& KS Spearman corm. FRR xandc

sigma_xc sigma_g FRR]) ERR FRR sum and (ERR-FRR}); correlation;
private  public private private all projects

mean 0.266 0171 0283 0208 0185 0677 0.077 0.634
std 0013 0.014 D04z 0073 0032 0085 0002 0.026

We found the resulting KS divergence acceptable, although not ideal. As expected,
we found that x and c are correlat@dérsom = 064, p<le3). Interestingly, we also
find that FRR and (ERR FRR) are weakly but significantly correlat€sbearmam =
0.08, p< 1e-3), consistentvith the weak caelation observed in the data (Spearman
0.15, p=0.0015). This result appeared naturally, as information about this weak
correlation was not used in constructing the distribution. It suppar@ssumption that
distribution ofo and x are largely uncorrelated.

We used the mean values,of and, for visualization purposes below. The
resulting 3D distribution is hard to visualize. However, we can visualize distributions for

X, 9, ¢,as well as 2D histograms, and a distributioncof

Figure35Model fit assumindata-DrivenSymmetridNormalDistributions (KS = 0.8; better)
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When we inspected the distributions carefully, we found that the mean of tmel seo
distributions (ERRFRR for the private sector and ERR for the public sector) were
correct, but the tail of the distribution in the data is wider. Since both plots are related to

9, we thought that making the distributionaofvider would increaséne goodnessf-fit.

9.5.Improving the datalriven distribution
Exponential distribution has a heavier talil tlizaussianso we tried a truncated

exponential as the distribution forWe then repeated the same steps as in the previous
part, including selectioof the optimal parameters. Resulting probability density function

(unnormalized) can be written as:

Equation18 PDF for x, ¢ ando after censoring assuminmgprmal x,c and exponential
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Results are presented in the table below. Alajues in the table and below are for-a 2
sided ttest with assumption of different variance. We find that KS divergence decreased
for ERR of public projects (0.18 to 0.11; p=%¢ and for (ERR FRR) (0.26 to 0.09,
p<2e16). For financial return rate of private projects, KS divergenceati¢hange
significantly (p=0.4%, consistent with the fact that it is related to x and not Tmtal KS

divergence decreased significantly @t6 047, p=3e-81). The weak correlation between

FRR and (ERR FRR) for private projects remained.

Table10 Comparing Results from Monte CaxiyossValidation: Symmetry Around Profitdlity Line
KS KS KS KS Spearma xand c
" " (ERR- ERR FRR sum n corr. correlation
FRR) public | private FRR and ; all
private (ERR- projects
FRR);
private
mean (Exponentiald) | 53 0.106 0.122 0161 0187 0471 0.061 0.639
st 0.014 0.010 0.037 0.064 0032  0.077 0.002 0.028
mean (Gaussiano) 0.266 0.171 0.283 0.208 0.185  0.677 0.077 0.634
st 0.013 0.014 0.042 0.073 0.032  0.095 0.002 0.026
pvalue_exp_vs_gaus | - 5 g gp N/A 576149 8.4E12 45801 3.3E81 2.1E282 3.6E02

70



Properties of the resulting distution are presented below. We find that distribution for
ERR of public projects, and (ERRFRR) for private projects show extremely good
match, both visually and in terms of KS divergence. We however note that FRR for
private projects in theealworld has a mode at a slight positive value, and smaller
probability of having FRR near zero. In our simulations, by construction, it has higher
density at profitability line, FRR=0.

This effect in the real data may manifest the fact that selection redheorld does
not happen exactly at profitability line 1+x=c. Instead, projects with very small profits
would be present in the set maegely, because investors would reject them more often.
While such fuzziness of the project selection criteria is undoybitei@resting, it is not
in the original paper and is out of the scope of this study. Hence, we conclude that our

model captures FRR for private sufficiently well.

Figure 36 Model fit assuming Dat®riven Symmetri€xponentiaDistributions (KS = 036; & better)
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9.5.1. Note on the variances in thesttibutions of ERR for private and public
sector
We were originally puzzled by the observation that the ERR for the public sector has

a wider distribution thaERR for the private sector. Haver, we were surprised to see
that our model reconstructed both distributions naturkllyould be interesting to

explore this effect in the future studies.

Figure 37 Comparing Distributions between Model Vs. Data for Width
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9.6.Model with exponentially more neprofitable projects
In the previous section wassumedymmetry around the profitability line. Here, we

replace this assumptiamth a moreplausibleone from an economic perspective.

We notice that economic return ragesharply peaked towards zero: there are many
projects with slightly positive economic return. Howevbe WBG project data only
includes the projects that were profitable on their own, or more precisely, that were
calculatedprofitableafter being undéaken by the public (World Bank) or private sector
(IFC). In this paper, we are interested in the density of all projects, and not only the
projects thatvereprofitable on their own. Therefore, we camgue that ithe density of

projects increaseas theproject becomes less profitable, it should kieepeasing as
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projects become neprofitable. To put this assumption into math, we assumed a very

simple form: density of projects is exponential in a distance from profitability line.

Equation19 PDF for x, c andb after censorlngassumlng exponential distributions

’~xA®D ZQwr]r—hoNT[fthnprﬁ)N plt

We repeated similar fitting procedure for this distribution. The ropsmaldistribution

and its marginalsra visualized below.

Figure 38 Model fit assuming Dat®riven Exponential Distributions (KS = 043¢ better)

Distribution characteristics for Data-driven with more non-profitable projects
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Interestingly the model with more notprofitable projects performed better than two
other models in a crosalidationtest: sum of 3 KS statistic w@s440, compared to

0.471 for a model with exponenti@a(two-sided ttest p= 2e-4).
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Table11 Comparing Results from Monte Carlo Crégalidation: Exponentidy Increasing Number of Unprofitable
Projects

KS KSERR | KSFRR | KSsum | Spearman | xandc

" ” (ERR- public private corr. FRR | correlat

FRR) and (ERR- | ion;all
private FRR); projects

private

mean (E;‘)po”e”“a' 0.263 0106 0122 0161  0.187 0471 0061  0.639
std 0.014 0.010  0.037 0.064 0032  0.077 0.002  0.028

mean Gaussiano) 0.266 0171  0.283 0.208 0185  0.677 0.077  0.634
std 0.013 0.014  0.042 0073 0032  0.095 0.002  0.026

mean (more non

ot bron 0.278 0.091  0.085 0173 0182  0.440 0.062  0.610

std 0.022 0.007  0.025 0070 0033 0087 0.002  0.044
pualue_exp_vs_gaus| 5o NJA 5.7E149  84E12  45E01 3.3E81  2.1E282 3§2E“
pva'“e—grxopf—"s—”o” N/A N/A 11E27 6.7802 8.0E02 2.0E04 1.5E08 2'114E

9.7.TakeawayModel fits the data, but revisit symmetrgsamption
Using our krowledge of ERR and FRR from the real data, we consiltice

probability distributios of projects in thecftlt  space that matdhe real datavell. We

note, however, that we were only able to match the distribution for the quintessentially

private projects (1 + x > c), and for the projects that are worth doing by the public sector

(1 +2>c). We do not &ve any data about projects that are strictly insidéther ay ar ea o
and thusare neveprofitable on their owut can be made profitable using financial

instruments (reforms or subsidies). We needed to use additional assumptions thereate
density ofprojects in this gray aredVe assumed that density of projects is symmetric

around the profitability line. We also assumed that distributianfof funded projects is

the samas thedistribution ofa for the projects in the gray area.

One assumption that it is worth revisiting in the future is the symmetry of the density
of projects around the profitability lin@ne may expect that there shdllemanymore
non-profitablethan profitable projects. In the future, we will revisit the model in which

the density of projects increases as they become less and less profitable
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Chapter 10.  Beta Dstributions & the 3D Model

10.1. Constructing beta distributions for tB® model
We then aimed to design a 3D probability distribution based in beta distributions. We

first assumed that x, ¢, andre all distributed as beta distribution:

Figure 39 BetfiDistribution Parametrizationvfgr X, ¢ and " -
VR X0QOoWW2zZOo QoW 2z0o QoA
where ap, c,d, e, f are parametrs of thebeta distributions.

We however note that in previous chapters we heavily relied on the fact that the
projects are clustered around the profitability line, and hence x and ¢ may be correlated.
To account for this, we added correlation between x and c askagissiarcopula

(Charpentier, Fermanian, & Scaillet, 2006)

To generate a correlated 2D Beta distribution, we first sampled x and ¢ from their
beta distribution. We also created a bivariate normal distribution of the sagth to
implement the copula with the coragibn between the two variablé¥e then rank
transformed the tw&aussiarvariables which create@ copula, which is 2D
distribution with uniform marginals and with correlation between the variables. Ty appl
this copula to the beta distributions, we first sorted x and c, and then sampled x and c
using ranks from a 2D copul&his introduced the desired correlation between x and c,

while keepingmarginaldistributions of x and c as betas.

10.2. Fitting beta distfhutions & parameter search spaces
Fitting a distribution with 7 parameters is a very challenging problem. In addition, the

goodnessf-fit measure that we are trying to optimize relies on our Monte Carlo
simulation, and hence iself intrinsically stochatic. Therefore, typical optimization

routines such as gradient descent are not applicable to our problem because they will be
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easily misled by stochasticity. We therefore turned to approaches that do not rely on

gradients andsed random search as an wmitiation method.

Our function depends on 7 parameters: 6 parameters governing beta distributions that

range from O to infinity, and correlation that ranges frano 1. We first aimed to
transform the correlation such that it belongs to the same rapgeaseters of beta

distribution and behaves similarly to them. We chose correlation to be governed by a

parameteg anddefined it as: corr G o 8This would yield core -1 for

g=0,corr=0 for g=1, and corr=1 for g= +b.

We then noted that parameters of beta distribution are best randomized by
multiplication, and not by addition. Indeeddandb are strictly positive, d Beta @, b
has the same mean&X 0 @% ¢h ®? &, suggesting that multiplying parameters by a
factor is preferable to adding a factor to them. We therefore turned-tmtatal
distributions to describe both the starting point for our seanthfa therandomizing
procedureCorrelation between a and b resides on a different interval, namelyXrtmm
1. Thereforewe transformed correlation to the parameter g that residesdei0 and
infinity as described abov&his made it possible to ply the same mechanism to

transforming parameters of the beta distribution and the correlation.

To generate the random set of parametees,itilizedthe following strategy. First,

we select a parameter that coig a scale of our starting guess, thatcaktii s pr ea d o .

was selected from a uniform distributiomi€{0.5, 2). We then selected initial values of

parameters &, ¢, d, e,f, g asa lognormal distributiorQ o0 1P zi A1 QOQ
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We employed similar strategy for the random searchmd@ified the value of
parameters in a similar way, but with using a smaller spread. We also chose a relatively
long-tail distribution for spread, so that the random search would include both large and
small steps. We chossepreadfrom the exponential dtribution with_ 1@ . We then
multiplied each of parameteasb, c,d, e,f, gby Qo mp zi 71 QdfMe spread
was selected to be small, it multiplied the parameters by a random number very close to
1, effectively exploring the vicinity of the previsguess. If the spread was randpml
selected to be large (e.g.tBe beta parameters wariltiplied bya largerandom
number attempting to push theolution to a new local minimum with a large jump.

Some parameters of the beta distribution may genarditgribution so extreme that
none of the projects may end up in a quintessentially private space. To combat that, we
rejected all the parameters sets that had less than 400 quintessentially private projects, or
less than 400 government projects.

We perbrmthesearch by making a jump from a current set of parameters to a
randomly shifted parameter set as descridngove. Then we simulaié= 100,000
samples for that parametst ancevaluated goodness-fit. If the goodnes®f-fit
became worseomparedo the current set, we rejected that jump and t@gain. If the
goodnesf-fit became bettewe resimulated the parameter set with=N2,000,000
sampleslf the goodnes®f-fit remainedbetter than the previous point, we jumped to the
new parameteres. If not, we rejected the jump. Since our search algorithm rejects most
jumps, this strateghpadsto about 2€fold increase in speed without sacrificing precision.

We validate thearly stoppage timef our optimization by plotting the average

Cramér von Mises test statisti@s a function of the iteration. We find that we reach
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relatively good agreement after 100 attempts, al
the statistic nearly stops changing after 1000

steps. The relative improvement at 3000 steps

compared to 1500 is about 1%, winiis well

within the difference between two testing datase

10.3.
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Figure 40_Search Space Evaluatic
Results using naive random searGoodness of Fit verss
Naive search with randostarting pointgenerated a vast numbenary different

10?

Number

nearlyoptimal solutionghigh goodnessf-fit). Moreover, many solutiortended to

converge to extreme cases of histeewed all the way to O or 1, both; i.e. au-shape)

Four distinct solutions chosen from the top 30 below.
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Figure 41 Various Results using Beta Distributions
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Such high variabity of results combined with high goodnesfsfit suggests that we do

not have enough data to reliably fit distributions with 7 parameters. We therefore need to

choose a different distribution, or to restrain our search space.

In addition, most of the reks showed mean KS divergence in validation stage of

0.53, with a standard deviation of 0.21. We note that the average KS divergence between

validation and training datasets0s832, which is comparable to the best KS divergence

obtained using the Beta meld0.33). Taken together, it suggests that the Beta model has

too many parameters and is overfitting the training data.

10.4. TakeawayOverparametrized, Model Depends on Starting Seed
We then attempted to narrow the search space for the beta distributieedirygsit

with a staring seed resembling the distributions we used b&ftergenerated 8eta
distributionlike theone that isymmetric around the profitability line distribution, and
the distribution with exponentially many ngmofitable projects. Thparameters of the
Beta distributions to start them were as follows. Foretponentially more noen
profitable projectslistribution, we chosparameters (0.8, 1.5, 1.5, 0.8, 0.8, 6, 1): x =
Beta (0.8, 1.5), c Beta (.5, 0.8),0=Beta (.8, 6),corr (, c) = 0. For the symmetric
around profitability line distribution, we chose Beta (.2, 1.2), c Beta (.2, 1.2)] =

Beta 0.8, 6),corr (x, c) = 0.5.

We were surprised to see that the random search process converged to the parameters

of beta distibution that were not too far from the staring position, and generally belonged

to the same class.
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Figure42 Best Beta model given starting seed takemfSymmetric odel
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Figure 43 Best Beta model ginestarting seed taken from Exponentially Increasing Unprofitable PrOJects model

%c

Both distributions resemble the distribution they started with, and have slightly worse fit,

potentially due to ovefitting the Beta distributiopas it has too many parameter

Chapter 11.  Simulating the Dat®riven 3D Model

From the previous chapter, viiea probability distribution of projects that matches
existing data well. In this chapter, wake those distributional assumptions from the past
chapter to reconstruct the resulfeund by Cordella, with one small change. With c,
project cost as a random variabhes are left with only one free parameter, efficiency of
the reforms, rso the final resudtplotis the optimal sequence of interventions given a

level of efficiency of eforms.

11.1. From 2D to the 3D model
As inthe2D model, we start our Monte Carlo simulation by making random draws

for a set of projects. However, we now are making draws in a 3D spaesg.we
remove all quintessentially private projects: 1+x > c. We fhveceed as before, just
treating c as a pgroject variable rather than a constaiinally, we thenapply different

interventions in the different proposed orders and calculate total welfare.
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Both reforms and government funding are modelled based oncsiiadéts anddid
not change betwedahe 2D and 3D model. However, subsidies require finding the
optimal subsidy level. To simulate that, we had to modify the dynamic programming part
of the cale. Luckily, we were able to find the mathematical transformation that allowed

us to calculate the optimal subsshyl in linear time.

11.2. Displaying results ofhe datadriven 3D model
In the main model,idgrams displayingroject spaceasedto be twaedimensional

plots in (x,2) space. Br a 3D model these@now threadimensionabkcattemplots.
Visualizing 3D scatter plots is challenging so we used two ways to visualize each plot.
For each sequence of interventions, we constructed two plts.wemadea 3D scatter
plot, with color representing the results of the intervention for each project. Second, we
generated slices of the scatter plot girection, which generated more familiar scatter
plotsof slices in th€x, 2) space.

Below is an exanip of RSG and SRG cascade implemented on simulated data for
r=0.7. As can be seen from the images, most interventions cluster around profitability
line, x=c¢1. We can also see that for this value of reforms, there are almost no projects
left for subsidiesThis is consistent with the behavior observed in2Zlenodel Indeed,

RSG and RGS strategies may be equal only if one of the two instruments, government or
subsidies, leads to zero projects. Government funding, however, always picks up a small
number ofprojects with nearhzero x and large values af However, subsidies usually

have no impact because there are no projects left where applying subsidies would be

welfareimproving, because reforms are $hogent.
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Figure 44 lllustrative 3D model plot for ExponentiaModel (r = 0.7, SRG sequence)

Distribution: Data-driven with exponential gamma, Distribution: Data-driven with expenential gamma,
sequence:SRG, r=0.7 sequence:R5G, r=0.7
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Figure 45 lllustrative 3D model plot for ExponentiaModel (r = 0.7, RSG sequence)

Finally, for a model with exponentially more nprofitable projectsthe results look
very similar.Abundance of nosprofitable projects in the plots below can be seen as a
large mass of nefunded projects around x=0, c=2. Interestingly, it did not chémge
allocation ofproject outcomesThe issue is best presented witbts of2D cutso v er 6 c
t o Af | @D moeel got for ExponentialModel. As above, we have= 0.7,and

presenSRGand RGS sequence.
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Figure 46 lllustrative 2D cuts of 3Dmodel plot for ExponentialModel (r = 0.7,SRGsequence)
Distribution: Data-driven with more non-profitable projects,

Distribution: Data-driven with more non-profitable projects, sequence RGS, r=07

sequence:SRG, r=0.7
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Figure 47 lllustrative 2D cuts of ® model plot for Exponentia Model (r = 0.7,RGSsequence)

There are similar such plots generated from all the different sequences for each of the
different models (i.e. distributional assumptions). A final note here is that we generated
and inspected #se graphs as fully interactive visualizations using the python package

plotly and custom code helper package pyscatt¢B3atly Technologies Inc., 2015j

11.3. Optimal sequence of interventions
Since we now included c into tineodel as a random variable, we can now plot the

optimal sequence of interventions as a function of efficiency of the refgrordyrTo

this end, we run the model for each sequence of interventions, and for 50 different values
of r over the space [0,1Wethen calculate the total welfare for each sequence, rescaled
such that the worst sequence is at 0, and the best sequence is at 1. The sequenpe at the to
is therefore the most optimal relative to all oth&. this model, we simulated 3 million

draws of(x, c,2) for each value of r.

18 Plot.ly & pyscatter3d
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We find that if reforms are efficient, RGS/RSG are most optimal sequences,
producing the same results. If reforms are inefficient, SRG/SGR are equivalent for small
r, then SGR is better, and later in a small region SRG becomesshsohution. The

general form of this solution closely resembles the main model for larger values of c.

Figure 48 Best Sequence given Efficiency of Reforms for Various Distributional Assumptions
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Table12 Overview of Results from Each Distributional Assumption
SGR, SRG SGR SRG RGS, RSG
Uniform distribution 0.005t0 0.22 0225t00.73 NA 0735101

Data-driven with gaussian gamma 0.005t0 0.1 01051007 0705t0072 0725t01

Data-driven with exponential gamma 0.005 10 0.055 0.06t0 067 0675100715 072101

Data-driven with more non-profitable projects  0.005 10 0.08%  0.09 fo 0.68 N/A 0685101

Beta (from symmetric model) 0.005 to 0.055 0061006 0605t0068 0685101

Beta (from model with more non-profitable projects) 0.005t0 0.075  0.081t0 0.66 066510 0.715 072101

After we summarize transbn points in the table abovegwgee that the results are

surprisingly robust. The transition between subsifiiss and reformdirst occurs
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between r=@G85and r=0.35, which is a narrow range. The only potential difference is

that SRG alone may or may not become advantageous right before the transition point.

11.4. Takeaway: Again, Subsidies > Bad Reforms
We found thathemain result of the 2D modebbust even when thmodel was

extended to 3DIndeed, we find that SGR provides much better resultstktearascade

if reforms are inefficient. If reforms are efficient, thegrformbetter than SRG. Our
analyses additionally suggest that SRG/SGR are universally accegaqbénses of
interventions regardless of the efficiency of reforms, while R8&Gmeghe worst
sequence of interventions if reforms are not effici@&mnen the data, we also note that
the trade off point where RSG (the cascade) overtakes(SitSidy fir$ cascade) moves

down from 0.735 in the original model to roughly 0.72 or 0.685 depending on the. model

Chapter 12.  Concluding RRmarks

In this study, waised Monte Carlmethoddo replicate closed form resufitsund in
the normative model proposed by Cordella to eatd the efficiency of World Bank
Group project allocations using the sequence of interventions proposedCastizeie.
Cordella shows that the Cascade is only efficient if one believes there is a high
effectiveness of reforms.

Once the results were regated,this paper moved testthe robustness of the model
with avariety of perturbationd/Ve studied the effects antroducing positive and
negativecorrelation betweethe two main input variablesused@do r del | ads A Casca
Spaced namelyx ando variables, as well as the effectaifanging distributions of x and
2. We found that the results of the model were universally robust to all perturb&yons.
and large the results would shift numerically, but the overarching conclusions regarding
the pesumption of efficient reforms precluded the optimality of using the cascade. In
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fact, to the untrained eye, it is not trivialftod the difference between the plots, all of
which are put forth in thEigures &miscellaneoussppendixu n d Blots fdar correlation

or anticorrelation between x and 0

With the help of our modifications the model, wee-affirmed a set of observations
proposed by Cordella when discussing the fac
where interventions cannot be forward looking, particularly for subsidy allosatian
example we found thathenaive selection of the subsidy level could lead to the subsidies
being too generous, and as a result GSR strategy imeirggadvantageous th&RG.

Proving and simulating Cordel |Ithabtse concl usi on
selection of subsidies shouwdnsiderfuture interventions. With this modification, SRG

strategy could beconmptimal under most conditions and overtake the cascade in almost

all cases, even with efficient reforms. Of course, targeting subssdieseltknown

problem in economics, and discussing it further is outside the scope of thisNapeer.

importantly, it is often not trivial to assume legislators are indeed forward or backward

looking, since calculating eante the impact of interventisiis not obvious.

To further 1invest i geaadlitoGalyedakidtdthea 6s concl usi
performance of each sequence of interventions relative to the best sedleracagain
Cordell ads conclusions were r foumdtsatSRGFol | owi n
and SGR perform reasonably well under most circumstances (opinm»&0% of
optimal sequencepequences RSG/RGS were optimal if the reforms are efficient, but
quickly became subptimal if the reforms are inefficient. GRS/GSR were rarefybst

andperformed sutptimdly comparedo SRG/SRGn almost all cases
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In attempting to compare the model to the real data, we faced a set of olmgiticles
found by Cordella. W found that the variable ¢ d&fined as a ratio of the cost of the
project to the appropriable returns of the public sector, cannot be held cagigs@anour
data analysis of the different characterist:i
point, this is expected, sinca therealworld 6 omduld naturally vay betweenprojects.
We therefore extended the model to incldofiias a random variable, thus extending the
model to three dimensionAt the crux of themodelareprojects that are not normally
accessile by the private sector without interventions. Howevérthal data we have is
about successful projedise. profitable public and private sector projecWg therefore
had to make assumpti®about the density of projects in the inaccessible area of the

cascade space.

This allowed us to carefully construtie probability distthution from our model to
matchthe Economic and Financial retudata observed in successWbrld Bank Group
projectsin both public (World Bank) and private sector (IF@)e re-create from the
normative economic mod#éiedata geneating process for thg variablesve observe in

the realworld, despite them being censored.

Reconstructing the probability density of projects in the space of x, o,\aas
particularly challenging for a set of reasons. First, the ERR/FRR data wérduaslated
to relatively complex functions of x, ¢, andSecond, we only have data for the projects
that wereultimately carriedout by the World Bank Groypvhile the space of projects
that are not undertaken is much larger, and potbniidinite (there are a myriad ofiays
to use resources ineffectively, bufheonly a f

latter required us to make stroagsumptiorabout how the density of successful
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(profitable) projects relates to the density of projects #éne not profitable. We used two
assumptions(l) thedensity of projects is symmetric aroutine profitability line, or (2)
thedensity of projects increases exponentially as projects become more arfghohdre
unprofitable. The first assumptidl) seemed the moshathematically convenietiut

did not considethe economiainderpinnings of thiproblem. The second assumpti@)
stems from the economics idea that there are many possibléovagie wasteful

interventions i n torojectbwor |l d and call them a 6

It remains unclear how to verifiedistributioral assumption, specialthe density of
projects in the inaccessible space. One potential way would be tons&etwhere
subsidies or reforms were applied. However, it would requice ofmanual data
curatonparti cul arly cr eat i nfgctudoyobthiingd a proj ect 6

information abouhow successfu project wavased on changes @ur interventions.

Data generating processes asiddittmodel to ourdata, we used Cramér von
Misesstatistic and compared the resulting moa@egjainst each othersinga
KolmogorovSmirnov statistiaising a 16fold 60/40 crossvalidation for the KS
statistics This fitting and validation processes allowed us to leverage and compare

several mdels with different distributional assumptions.

Assuminga Beta probability distributioior projectscharacteristicswe found that
the optimization procedure produced many distinct solutions with high goedfiftss
This indicates that many possiblepability distributions can fit theealworld data
equally well. This effect mainly stems from data censoring. Sieean only match
reatworld data toour observed, but highly censored date, distribution camake

several different equally wefitting shapes that are drastically different over the space
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we do not observe. This is particularly problematic because of important parts of the
Benchmark Space are unobserved. As such, addigagsamptionsvereneeded to match

the density of profitable pjects to the density of ngurofitable projectsWe began with

a mathematically convenient symmetry assumption over the profitability line. However, a
more reasonable assumption from an economics standpoint was tdisteketion with

anexponentiallyincreasing number ofon-profitable projects.

Another factor that leads to having too many viidtiing solutions when trying to fit a
Beta distribution is that we have very limited information about the distribution of c.
Indeed, most variables that wensider include eithey'c, or x/c, but not c itself.
However, if we had FRR information for public sector prgeste would directly obtain

information about the distribution of ¢, since FRR =1for public projects.

We simulated the resulting 3odel andound that the mjor resultofCor del | ad s
normative held. IndeedRSG/RGS sequences were optimal if the reforms are efficient,
while SGR was optimal otherwise. Our observation of SRG/SGR being optimal or close

to optimal for all parameters also held for the elrisen 3Dmodel.

Put simply, we started with Cor-dfferhl ads

them thanks to thoroughstatistical analysisdllh i s mo d edndusionsna i n
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14. Appendices

14.1. Methodologyappendix

14.1.1.Deconvolution Methods = Government
Previous research sought to use statisti ]

deconvolution to recover from the sum of

appropriabé returns to the private sector, 2

only the private sector advantage. Howeve

0.0 0.2 0.4 0.6 0.8 10
Probability density

we shelved those efforts in favor or focusiny

on data generating processes for observed variables.
This did not work because the variance ofdkerall public-sector returns wdarger

than the private sector one. In face were originally puzzled to measure that the ERR

for the public sector has a wider distribution than ERR for the private sector. However,

we were surprised to see that our model reconstructed both distroaturally.

Public projects, Private projects,
Exponential gamma, Exponential gamma,
I KS=0.07527747328035078 KS=0.0028387450664518
. Model 4 4 . Model
N Data I Data
34
oy 23
2 -
o] ko
22 .
i s -
8 =
o o
o o
1 4 14
- 0 -
0.0 02 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0 12
ERR, or (1 + gamma) / c- 1 ERR, or (1 + x + gamma)/c- 1

F

This is evidence that most likely the deconvolution was just not the correct method

14.1.2 Pearson/ersusSpearmargorrelation
One must define what we mean by correlati®anerally whenresearcherdiscuss

correlation what they ar@ctuallymeasuringis thePearsorcorrelation defined as a linear
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relationship between two nornhabistributedrandom variablesOnce we are no longer
using purely normallgistributedrandom variables, thieearsomelationship between two

variables will fluctuate.

Case in point, take t hChangingAssumptions@hapt er 6
Normative Model 6 speci fi cal lingepentieacessueption @ nT toenr & hvee 0
have a simulation that first generate® correlatechormally distributed random
variables (measured usinBearsorcorrelatior). Then, we ranforder andransform them
to get the desired pair of correlated Beta distributions. Once we measBeatisen
correlation of the Beta distributigytheinitial correlation seems to have changed
slightly. This is expected.

The Pearson correlation measures the linear relatiobshigeertwo normally
distributed random variables. Theo simulated normal variables, once ranklered and
transbrmed iro a Beta distributiorgre no longer even expected to be normally
distributed. As suchmeasuring thénearrelationship between the resulting Beta
distributionsis a different matter beservedby measuring th&pearmarorrelation that
focuses on thenonotonic relationship between two random variafitesike &

Kossowski, 2011)

More importantly, aglaukeandKossowski discuss at length in their 2011 paper
usingreawwor | d dat a, r es e arSpdarenadsaniscorelatiod not see
coefficient as asignificant measure of trerength of the assiations between two
vari abl es o [ wh-sorlddam]dHauken&glossawskih 2011 Nael irstead
that these two statistiese measurig different thingsone is dinearrelationship

(Pearsohand the other ia monotonicrelationship(Spearmanbetween random
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variablesIn our caseve have an interesting problem with elements that lend themselves

to using both correlations.
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14.2. Figures &miscellaneousppendix
14.2.1.Simulations Matching graphs from Chapter 5

14.2.1.1. Matching Sequence: GovernmériReformi Subsidy

welfare per project
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14.2.1.2. Matching Sequence: GovernmérBubsidyr Reform

welfare per project

project outcome GSR Alpha =0.5
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14.2.1.3. Matching Sequence: Subsityreformi Government

welfare per project
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14.2.1.4. Matching Sequenc&ubsilyi Government Reform

project outcome SGR Alpha =0.16666666666666666

welfare per project
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14.2.1.5. Matching Sequence: RefoinGovernment Subsidy

welfare per project project outcome RGS Alpha =0.16666666666666666
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14.2.2.Plots for correlation or anticorrelation between x and
14.2.2.1. Overall Picture

L

14.2.2.2. Zoomed in plots by correlation
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14.2.3.Distribution Assumption: Plots for Different Betadiributions
14.2.3.1. X =Beta (2, 8)

x=Beta(2.00, 8.00) g=Beta(2.00, 8.00)
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14.2.3.2. X =Beta (2, 2)
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14.2.3.3. X = Beta (8, 2)

14.2.3.4. X = Beta (0.5, 2)
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