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Abstract

Advances in Subgroup Identification and Expected Shortfall Regression

This dissertation focuses on developing new statistical methods in three related directions
to capture heterogeneity and tail features from data.

In the first project, we develop a generalized quantile tree method for subgroup iden-
tification. The method employs quantile rank score tests for split variable selection and
utilizes composite quantile loss for associated split point estimation. The proposed split rule
is free of variable selection bias and robust against outliers and heavy-tailed distributions. In
addition, we introduce a generalized quantile treatment effect test for the selection and con-
firmation of predictive subgroups. Numerical studies suggest that the proposed method gives
more accurate subgroup identification than existing methods for cases with heteroscedastic
or heavy-tailed errors.

The second and third projects focus on statistical inference for regression of expected
shortfall, a commonly used risk measure that is related to quantiles while with distinguished
features. In the second project, we consider the joint modeling of linear conditional quantile
and expected shortfall at the same probability level. A two-step estimation procedure is
proposed to reduce the computational effort. We show that the resulting two-step estimator is
asymptotically equivalent to the joint estimator, but the former is numerically more efficient.
We further develop a score-type inference method for hypothesis testing and confidence
interval construction. The proposed score-type method is superior to the Wald-type method
in finite samples, especially for cases with a large number of confounding factors and
heterogeneous errors.

We extend the joint regression framework to partially linear varying coefficient (PLVC)
models for the analysis of longitudinal data in the third project. The functional coefficients
are estimated by B-spline approximations. We adapt the two-step estimation method

introduced in Section 3.2.2 and consider two types of loss functions for the joint modeling of



conditional quantile and expected shortfall. The estimation procedure is easy to implement,
and it requires no specification of the error distributions or intra-subject dependence structure.
The asymptotic properties of the proposed estimators are established for both varying and
constant coefficients. We develop rank score-type tests for hypotheses on the constant
coefficients, and for testing the constancy of a subset of varying coefficients. We assess the
finite sample performance of the proposed methods by Monte Carlo simulation studies, and

demonstrate their practical value by analyzing an income data set.
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Chapter 1

Introduction

1.1 Overview of Subgroup Identification and Expected Shortfall Regression

This dissertation consists of three projects that are related to subgroup identification and
expected shortfall regression.

For the first project, our primary goal of subgroup analysis is to identify subgroups of
subjects with differential treatment effects. Existing methods have focused on the mean
treatment effect and may be ineffective when the two distributions differ in scales or in the
upper or lower tails. To overcome this limitation, We develop a new generalized quantile tree
method for subgroup identification. The method first uses quantile rank score tests to select
split variables and then estimates the split point by minimizing a composite quantile loss.
The proposed split rule is free of variable selection bias and is robust against outliers and
heavy-tailed distributions. In addition, we introduce a generalized quantile treatment effect
estimator and a testing method for the selection and confirmation of predictive subgroups.
Simulation shows that the proposed method gives more accurate subgroup identification
than existing methods for cases with heteroscedastic or heavy-tailed errors. The practical
value of the method is demonstrated through the analysis of an AIDS clinical trial data.

Quantile and expected shortfall are two commonly used risk measures in financial risk
management. The two measurements are correlated while have distinguished features. In
the second project, our primary goal is to develop stable and practical inference method

for conditional expected shortfall. To facilitate the statistical inference procedure, we



consider the joint modeling of conditional quantile and expected shortfall. While the
regression coefficients can be estimated jointly by minimizing a class of strictly consistent
joint loss functions, the computation is challenging especially when the dimension of
parameters is large since the loss functions are neither differentiable nor convex. To reduce
the computational effort, we propose a two-step estimation procedure by first estimating
the quantile regression parameters with standard quantile regression. We show that the
two-step estimator has the same asymptotic properties as the joint estimator, but the former is
numerically more efficient. We further develop a score-type inference method for hypothesis
testing and confidence interval construction. Compared to the Wald-type method, the score
method is robust against heterogeneity and is superior in finite samples, especially for cases
with a large number of confounding factors. We demonstrate the advantages of the proposed
methods over existing approaches through simulation and the analysis of the 2018 Current
Population Survey (CPS) income data.

Semiparametric models are often considered for analyzing longitudinal data due to their
good balance between flexibility and parsimony. In the third project, we extend the joint
quantile and expected shortfall regression for longitudinal data in partially linear varying
coefficient (PLVC) models. We adapt the two-step estimation method introduced in Section
[3.2.2]and employ B-spline approximations for the estimation of functional coefficients. The
estimation procedure is easy to implement, and it requires no specification of the error
distributions or intra-subject dependence structure. We establish the asymptotic properties
for both varying coefficient estimators and the constant coefficient estimators, and further
develop score-type tests for hypotheses on the coefficients, including the inference procedure
for testing the constancy of a subset of varying coefficients.

The dissertation is structured as follows. Chapter[I]introduces the three projects and
some prerequisites about quantile regression and B-spline approximation. The generalized
quantile tree method is presented in detail in Chapter[2] Chapter [3|discusses the inference

for the joint quantile and expected shortfall regression. The extension of the joint regression



framework for longitudinal data and partially linear varying coefficient models is presented

in Chapter ] Some concluding remarks are provided in Chapter [5

1.2 Introduction to Quantile Regression

Classical regression focuses on the expectation of a response variable ¥ conditional on the
values of a set of predictors X = (X,...,X,)’, E(Y|X). The most common approach for
fitting the conditional mean model is the least squares estimation. The conditional mean
regression provides only a partial relationship, as the covariates may affect the response
differently at different quantiles

Introduced by [Koenker and Bassett (1978b), quantile regression provides an alternative
approach to conditional mean regression by focusing on modeling the conditional quantile
functions of the response, Q:(Y|X) = inf{y : Fyx(y) > t}, where Fyx denotes the distri-
bution function of ¥ conditional on the covariate X. By fitting the regression at different
quantile levels, we can study the impact of predictors on different tails of the response
distribution, and thus can obtain a complete picture of the relationship between ¥ and X. In
addition, the estimation and inference of quantile regression do not rely on parametric distri-
butional assumptions such as normality. A well-known special case of quantile regression is
the least absolute deviation (LAD) regression (Koenker and Bassett, |1978a)), also referred to
as the median regression. For quantile regression at central quantile levels, the estimation is
more robust against outliers and heavy-tailed distributions than the mean-based regression
methods.

At a given quantile level T € (0, 1), a linear quantile regression model can be formulated

as

0:(YX=x)=x'8(1), (1.1)

where 8(7) = (Bi(7), ..., ﬁp(‘c))/ is the quantile coefficient that may depend on 7, and



i(T) measures the marginal change 1n the Tth conditional quantile o ue to a margina
! h ginal change in the tth conditional quantile of ¥ d ginal
change in X, the jth element of X, j =1,..., p. Suppose that the observed random sample

is {yi,x;}7_,, the quantile regression coefficients in model (I.1) can be estimated by

A

B(t) = arg;nin Y 0 (i—xiB), (1.2)

i=1

where o7 (1) = u{7—I(u < 0)} is the quantile loss function. Different from least squares
estimation, the quantile regression estimator 3 () does not have a closed form. The
optimization problem in (I.2)) can be solved by linear programming. Koenker and d’Orey
(1987) adapted the simplex algorithm proposed by Barrodale and Roberts| (1973) to compute
conditional quantiles. |Portnoy and Koenker (1997) proposed the use of interior-point
methods for quantile regression and showed their efficiency for analyzing large datasets.
Chen| (2004, 2007) suggested a heuristic approach, called the finite smoothing algorithm,
which was shown to be faster and more accurate when there is a large number of covariates.

Necessary and sufficient conditions for the weak consistency of quantile regression
estimator have been established by Zhao et al. (1993). Bassett and Koenker (1986) discussed
some related conditions for strong consistency. Oberhofer (1982) considered consistency for
median regression when the response function is nonlinear in parameters. For hypothesis
testing, [Koenker and Machado| (1999) introduced several goodness-of-fit processes for
quantile regression. They also suggested inverting the hypothesis testing procedure to
construct confidence intervals, which has also been discussed in|Gutenbrunner et al.|(1993)
and Wang and He|(2007). Bootstrap and resampling methods can also be applied to construct
confidence intervals; see various developments in [He and Hu| (2002), Parzen et al.| (1994),
Kocherginsky et al.| (2005), Bose and Chatterjee| (2003) and Feng et al. (2011), among

others.



1.2.1 Introduction to B-spline Approximation

Introduced by [Schoenberg) (1946, |1988), splines provide an appealing method for estimating
unknown smooth functions in nonparametric and semiparametric analysis. A spline is a
special function defined piecewise by polynomials. Let 1 < #, < --- < #; be a set of ordered
points (called knots) contained in some interval (a,b). And M-th order spline is a piecewise
M — 1 degree polynomial with M — 2 continuous derivatives at the knots. For example, the

most commonly used cubic spline function (with M = 4) can be written as

k+4

Sx) =Y 6jh;(x), (1.3)
j=1

where 6; are polynomial coefficients, hy(x) = 1,hy(x) = x,h3(x) = x?,hs(x) = x> and
hj(x) = (x—tj_4)3 for j=35,...,k, +4. The functions {hj}’;.i‘lt form a basis for the set of
cubic splines at the given knots, which is known as the truncated power basis. Additional
restrictions can be imposed on the spline functions to ensure the convexity and monotonicity;
see for example Amos and Slater; (1969).

With the known polynomial coefficients, the definition of the spline function (I.3)) is
convenient in application. However, for the computational process, it is simpler to consider
another class of splines based on B-spline basis (Greville, |1969; |Powell, 1967)). For the

M-th order B-spline, define new knots {7; f;rle such that

T <--<tmy<to=a, b=t < Tymt1 < < Tpom,

and 7j,p =t for j=1,... k. The additional knots can be chosen arbitrarily; for instance,
Tl = =Ty=toand ty1| = Tesm+1 = - - = Tr+2m- Given the knot sequence, the B-splines

of order 1 are defined by

Bi71(x):I(’L',~§x<’L',~+1), i=1,...,k=2M—1.



The higher order B-splines are defined recursively by

X— T Ti —X

= BiH,m,l(x), i=1,....,k+2M —m.
Titm—1—Tj Tit+m — Ti+1

With the B-spline basis, the cubic spline function in (I.3]) can be expressed as

k+4
S(x) = Z OC,'B,‘A()C), (1'4)
i=1
where oo = (ot,...,0444)" is the spline coefficient vector. Therefore, with a given sequence

of knots, the fitting of a spline function defined by (1.4)) is a linear problem. In addition, the
compact support of the B-spline basis functions makes it possible to speed up the numerical

calculations; see |[Friedman| (2017)) for details.



Chapter 2

A Generalized Quantile Tree Method for

Subgroup Identification

2.1 Introduction

For many diseases, treatment efficacy may vary across individuals. Rather than searching
for a beneficial treatment for all subjects, it would be more practical to identify subgroups
with differential treatment effects. With the assessment of heterogeneous effects, subgroup
analysis explores how patients with particular characteristics respond to a given treatment,
and therefore provides guidance for tailored therapies. Furthermore, for failed clinical
trials, subgroup identification has attracted increasing attentions as it helps examine hidden
beneficial effects among subpopulations. For example, Lefitolimod, a drug developed by
Mologen AG for the treatment of HIV infections and various cancers, has been shown
to prolong survival to a subgroup of patients with extensive-stage small-cell lung cancer
(MOLOGEN, 2018).

Various methods have been proposed to facilitate the procedure of subgroup identifica-
tion. The model-based clustering approaches of [Imai et al. (2013)), (Cai et al.| (2011) and
/hao et al. (2013) require fitting a model with prespecified main and interaction terms.
The resulting model is then used to evaluate subject-specific treatment differences, and
the target subgroup is formed by including individuals with estimated treatment effects

exceeding a certain threshold. For such approaches, it is often difficult to interpret the



features of the selected group. Alternative methods are developed under the formulation of
change set regression; see for example Chen et al.|(2015]) and Huang et al.|(2017). These
methods identify subgroups with improved treatment effects by examining the significance
of the treatment-covariate interactions, but they do not account for the potential prognostic
effects of the predictive variables. Bayesian methods have also been employed to evaluate
predictive effects in complex regression models; see |Jones et al.| (2011)), Sivaganesan et al.
(2011),|Gu et al.|(2013) and Berger et al. (2014). These methods can easily incorporate prior
information but they are often computationally expensive.

Tree-based methods have drawn more attention in recent years for subgroup analysis
due to the appealing feature that treatment-covariate interactions can be identified without
the need to prespecify the interaction terms in the model. Rather than fitting a global model
over the entire data space, a regression tree applies a split rule recursively to partition the
space into small regions. Therefore, the interactions can be identified in a more convenient
way by fitting local models. This is appealing especially when the study includes a large
number of features that may interact with the treatment in complicated and non-linear ways.
Furthermore, the resulting tree structure can help with data visualization and interpretation,
since subgroups are defined naturally by the path from root to leaf. Most existing tree-based
methods (Breiman et al., [1984; Su et al., 2009; Foster et al., 2011}; Lipkovich et al.,[2011;
Loh et al., 2015} Seibold et al.,|2016) are confined to searching for predictive subgroups
via the assessment of mean or median treatment effects. However, several clinical studies
have shown that the treatment and control distributions may differ not in the center, but in
scales or at the lower or upper tails; see for example |[Keystone et al. (2004) and |[Kremer et al.
(2006)). For such data, the mean or median methods may be ineffective to identify subgroups
with differential treatment effects.

To capture different forms of heterogeneous treatment effects, we develop a new gen-
eralized quantile tree method for subgroup identification. The method first uses quantile

rank score tests to determine the split variable, and this approach is free of variable selection



bias and able to capture non-central difference induced by predictive variables. After this,
the method estimates the associated split points for selected variables by minimizing a
composite quantile loss. The proposed split rule not only reduces computational efforts but
is also robust against outliers and heavy-tailed distributions. Furthermore, we introduce a
generalized quantile treatment effect (GQTE) estimator to measure and test the treatment
effect at each node. Compared with conventional testing procedures, the GQTE test is
adaptive to detecting treatment effects of various forms. Numerical studies show that the
proposed method can capture both central and non-central treatment effects, and it leads to
more accurate subgroup identification than existing approaches for cases with heterogeneous
and heavy-tailed errors.

This Chapter is organized as follows. We introduce the proposed method in Section[2.2],
including the tree-building procedure and the evaluation of treatment effects. We assess the
performance of the proposed method through simulation studies in Section[2.3] and apply
the method to an AIDS clinical trial data set in Section[2.4] Some concluding remarks are

provided in Section[2.5]

2.2 Proposed Method

2.2.1 Notation and Motivation

Let {yi,zi,X; } be the observed data of subject i, where y; denotes the continuous response, z;
is the binary treatment indicator and x; = (x;1,. . . ,xil,)’ is the p-dimensional covariate vector.
The covariates can be either categorical or continuous. An important part of subgroup
analysis is to identify covariates that define patient subgroups with more (or less) beneficial
treatment effects, which are referred to as predictive variables in the medical literature
(Italiano, 2011 Mehta et al.l 2010). In contrast, a variable is prognostic if it provides
information on the outcome distribution and does not interact with the treatment. Under the
regression setup, prognostic variables have marginal effects on the response for untreated

subjects, while predictive covariates are involved in treatment-covariate interaction terms,

9



which can be used to define subgroups.

For example, consider the following model

Y =1.56+0.8Z+0.75I(X; > 0.45) + 1.61(X, < 1.34)Z + €,

where € ~ N(0,1). Then X is a prognostic variable since it has marginal effects on the
response distribution for untreated patients. On the other hand, X is a predictive variable
that interacts the the treatment indicator Z. The predictive variable X5, together with the
cutoff 1.34, defines a subgroup with enhanced treatment effect, that is, X, < 1.34. Our goal
of subgroup identification is to identify subgroups with differential treatment effects that are
characterized by predictive variables and the associated cutoff values.

In general, there are three important steps when applying tree-based approaches for
subgroup identification. The first two steps are split variable selection and split point
estimation, which are employed repeatedly to dichotomize the data at each node. Once the
tree is generated by applying the split rule recursively, the next step is to select and confirm
the predictive subgroups by evaluating the treatment effect at each node.

Most existing tree-based methods search for subgroups by assessing the mean or median
treatment effects, which may overlook some important differences in the scales or tails of
the distributions. Furthermore, tests based on center measurements may suffer from low
power for cases with outlying observations or data from skewed distributions. For example,
as demonstrated in a rheumatoid arthritis clinical trial study (van der Heijde et al., 2006} |He
et al.,[2010), the changes in Total Sharp Scores, the primary measurements of the treatment
effects, are nearly identical for about 75% of patients and differ from patients with the most
progressive diseases on the right tail; see Figure For such data, existing tree-based
methods may fail to detect the tail difference.

To capture different forms of treatment effects, we develop a new regression tree method

for subgroup identification based on quantile rank scores and generalized quantile treatment

10



effect. The method uses quantile-based approaches for all three steps: split variable selection,
split point estimation, and the selection and confirmation of predictive subgroups. Compared
with existing approaches, the method can better adapt to different forms of treatment effects,
and is robust against outliers and heavy-tailed distributions. Hereafter we refer to the
proposed procedure as the generalized quantile (GQ) method. Below we will introduce the

proposed method for the three steps separately.

Total Sharp Score
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Figure 2.1: The changes from baseline in Total Sharp Scores of the three treatment groups.

2.2.2 Split Variable Selection

For tree-based methods, the tree structure is determined by the selected split variables and
the corresponding split points. Existing methods are either based on exhaustive searches
(Su et al., 2009; |[Lipkovich et al., [2011), which are computationally intensive and often
select variables that allow more splits, or focus on mean measurements (Zeileis et al., 2008;

Seibold et al., 2016} [Loh, 2002; Loh et al., 2015), which are susceptible to outliers. To
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overcome such limitations, we propose a quantile-based splitting procedure, where a quantile
rank score test is used for choosing the split variable and a composite quantile method is
then used for estimating the split point. The method is computationally convenient, free of
selection bias and robust against outliers.

We propose to detect treatment-covariate interactions induced by predictive covariates
and select the splitting variables by adapting the rank score test in Gutenbrunner et al. (1993)
and Koenker et al.|(2010). Suppose that the candidate covariate X is a categorical variable
with L levels. A continuous covariate can be discretized, e.g., by the sample quartiles and
converted to a category variable with L = 4. We consider the following quantile regression

model:

O (yilzi,xi) = a(t) +zif (1) + Iin(t) + zlid (1), (2.1)

where Q< (yi|zi,x;) is the Tth conditional quantile of y; given the covariates with 0 < 7 < 1
being the quantile level, I; = (I(x; = 2),...,I(x; = L))’ € RE"1 is an indicator vector repre-
senting the level of X for subject i, and (a(7),B(7),n(7),d(7)) are unknown coefficients.

A popular class that leads to model (2.1)) is the location-scale-shift model

yi = o+ zif +Uim+zli0 + o€, (2.2)

where ¢; are i.i.d. from the distribution function F, and o; = (1,z;,1},zl})~ is the positive
scale function that is left unspecified.

Hereafter we focus on this class to explain the properties of the rank score test. To detect
the interaction effect between X and the treatment, we can test the following hypotheses
Hy:6(t)=0,7 € 7 for some index set .7 C (0,1) against H, : §(7) # 0.

Under the null model, regression rank scores are defined as

a(t) = argmax{a'y|Dpa = (1 —1)Dyl,a € [0,1]"},
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where Do = {1,z;,1;}}_, is the design matrix under Hy. Let & (7) be the residuals obtained
under Hy. Then a;(t) = I{&(t) > 0} for &(7) # 0 and € (0, 1) for &(7) = 0. The vector
a(7) is the dual solution to the quantile regression problem for fitting Model (1) under Hy,

and can be interpreted as “signed residuals.”" Define

R 1
b == [ oudaw), (2.3)

where ¢(-) is some score function on (0,1). When ¢(u) = u—1/2, 13? yields “ranks" of
the observations. One can choose different score functions to get more general notions of
“ranks." For example, the quantile sign score ¢ (u) = sgn(u —1)/2+ (1t —1/2), yielding
b =t —1{&(7) < 0}.

To test for the interaction effect, we consider the test statistic
T,=S 0.'S,/A

where S, = (D1 —D1)'b?,Q, = (D1 — D) (D1 —Dy),D1 = Do(DyI' "' D) "' DT ~'Dy, T =
diag(o;) and Dy = {Uiz;}™ |, A(9) = [y {¢(u) — $}?du and ¢ = [, ¢ (u)du. Koenker and
Machado, (1999) showed that 7, is asymptotically xg_l under Hj, and it converges to a
noncentral y? distribution under the local alternative H,, : 8,(7) = &o(7)/+/n, where &o(7)
is a fixed continuous function for 7 € [0, 1].

At each node, we apply the rank score test with a chosen score function to each candidate
covariate, and then choose the split variable as the one that yields the most significant
interaction effect, that is, gives the smallest p-value. The testing procedure has three
main advantages. First, it is computationally convenient since it requires estimation only
under the null hypothesis. Second, the rank score test has shown robustness to the error
heteroscedasticity in various setups (Kocherginsky et al.,|2005; Wang et al., 2009a), therefore
we can implement the testing procedure under the working i.i.d. error model (Model (2.2))

with 0; = 1), which further reduces the computational effort. Third, by examining the
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noncentrality parameters of the rank score test under local alternatives, we can choose
the score function to optimize the power and thus accommodate different types of signals
in an efficient way. The following proposition summarizes the optimal scores for the

location-scale-shift models.

Proposition 1. Suppose that model (2.2)) holds and the distribution function F has a strictly

positive and continuous density f. Then

(i) for location-shift local alternatives with dy(t) = &, the optimal score function is
/
O(u) o= —ZAF ()} (2.4)
(ii) for scale-shift local alternatives with 8o(t) = 6oF ~' (), the optimal score function is
INDEND Sy
¢ (u) o< —[1+F ' (u) g (u)}]. (2.5)

Remark 1. Proposition |l| suggests that the optimal score function depends on both the
model and the error distribution, and any constant rescaling does not change the efficiency

of score functions. Below we summarize the optimal score function for several scenarios.

(i) Location-shift model with Normal error: ¢y(u) = ®'(u), referred to as the Normal

score.

(ii) Location-shift model with Logistic error: ¢w(u) =u—1/2, referred to as the Wilcoxon

score.

(iii) Scale-shift model with Normal error: ¢ys(u) = {® 1 (u)}?> — 1, referred to as the

Normal scale score.

(iv) Scale-shift model with W error: ¢w(u) = u—1/2, where W has CDF Fy(x) =

(1+cx/2)~U(x > 0) for some ¢ > 0.
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For cases with signals on the tails, e.g., B(7) is nonzero only for T > 7y for some fixed
quantile level 79 € (0, 1), there is no closed expression for the optimal score. However,
our numerical studies and the simulation in |[Koenker et al.| (2010) suggest that trimmed
scores, such as the half Normal scale score ¢pns(u) = ¢ys(u)1(0.5 < u < 1) and the
trimmed Wilcoxon score ¢rw (1) = @w (#)I(0.6 < u < 0.95), are often more efficient than
non-trimmed scores. For real data, it could be challenging to identify the model type and
error distribution. Therefore, we suggest an adaptive approach, which chooses the splitting
variable based on the smallest p-value from multiple score functions with Bonferroni
adjustment. In our numerical implementation, we consider the following four scores:
Normal, Wilcoxon, half Normal scale and trimmed Wilcoxon. Our studies show that the
adaptive approach can accommodate different types of models and distributions, and it
performs competitively well with the method based on the optimal scores; see details in

Section[2.3]

2.2.3 Split Point Estimation

The second step of the data splitting procedure is to estimate the cutoff point (or set) of
the selected split variable, which can be viewed as a threshold regression problem. Most
existing methods estimate the cutoff value by minimizing the sum of squared errors (SSE)
obtained from mean regression models fitted to two child nodes, and thus may be negatively
affected by outliers or heterogeneity. To overcome such limitations, we consider estimating
the split point by minimizing a composite quantile loss. This method combines information
from multiple quantiles and thus often leads to more stable and efficient estimation of the
split point; see some related discussion under a different context in|Zou et al. (2008]). Let
T1 < --- < Tg be a given grid of quantile levels. For simplicity, we consider the case where
the splitting variable X is continuous; the method can also be used to dichotomize discrete
splitting variables. We want to estimate the split point ¢ to partition the data into the left

node: {X <t} and the right node: {X > ¢}. The proposed composite quantile estimator of
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the split point is defined as

f = argmin ) f o (i —ziBr(m) — b (m)} + Y f 0z, {vi — ziBr(t) — O (1)},
¢ xi<ck=1 xi>Ck=1
(2.6)
where (0y.(t¢), (%)) and (6 (), Br(t)) are estimated quantile regression coefficients
in the left and right child nodes respectively, and o7 (u) = {7 — I(u < 0) }u is the quantile
loss function.

In practice, we consider grid search among sample quantiles for continuous split vari-
ables, and this method can be extended readily for categorical covariates to estimate the split
set. By considering the composite loss across different quantile levels, the proposed method
often leads to more robust and efficient estimation, especially in the case of heavy-tailed

distributions.

2.2.4 Selection and Confirmation of Predictive Subgroups

Evaluation of treatment efficacy in a given subgroup is important since it determines
whether the subgroup should be selected or confirmed. Most existing methods focus on
mean treatment effect and the two sample t-test or its regression counterpart is commonly
used to measure the difference. But when two distribution functions differ only in the
upper (or lower) tail, the mean-based tests may suffer from low power. Moreover, mean-
based evaluations are easily affected by outliers and skewed distributions. To remedy such
limitations, we propose to use the generalized quantile treatment effect (GQTE) testing

procedure for the selection and confirmation of predictive subgroups.
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2.2.4.1 Generalized Quantile Treatment Effect Test

Suppose that model (2.2) holds without covariate x; (n(7) = 6(7) = 0), and in this case

B (7) refers to the treatment effect at the tth quantile. We define the GQTE as

0= [ Brjo(as,

where ®(7) is some weight function on (0, 1). Replacing (7) with the sample counterpart,
we can obtain the following estimator 6 = fol B(t)o(t)dt. Assuming independence in the
control and treatment groups, the test statistic for assessing GQTE is given by

6

Iy = .
\/O'Z(w,Fl)/l’ll +62((0,F0)/n0

Here n; and F; are the sample size and the response distribution for the treatment group

Z =z, and

1 1
Gz(w,F):/O /0 (sAt—1)[F{F (0} x F{F~ ()} o(t) o(s)dsdr.

Under Hy : 6 =0, .7, converges to a standard normal distribution (Koenker and Portnoy),
1987). By choosing different weight functions, the GQTE test is flexible and adaptive to
different types of treatment effects. In particular, for the uniform weight w(7) =1, 7,
reduces to the standard two sample ¢ —test statistic.

The density f in 6%(®, F) is difficult to estimate. In practice, we consider using bootstrap
to estimate the standard deviation of 6. Specifically, for each bootstrapped sample, we
calculate the GQTE estimator , and then replace the denominator of .7, by the bootstrap

sample standard deviation of 6.
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2.2.4.2 Recommendation for Score and Weight Functions

In the proposed GQ algorithm, the rank score test is applied to determine the split variable at
each node and GQTE test is employed for selection and confirmation of predictive subgroups.
The choice of scores in the former may affect the resulting tree structure, and the choice
of weight functions in the latter may affect the assessment of treatment effect in a given
subgroup and thus the final subgroup identification. To obtain a consistent and reliable result,
an appropriate pair of score and weight functions should be considered. We discussed in
Section 2.2 how to choose the score function to optimize the power of the rank score test
under local alternatives. For the GQTE test, we can choose the weight function to minimize
the asymptotic variance of 6. The following proposition gives the optimal weight functions

for the class of location-scale-shift models.

Proposition 2. Suppose that Model (2.2)) holds without covariate X, and the error distribu-

tion F has a strictly positive and continuous density f. Then

(i) for location-shift models with B(t) = Bo, the optimal weight function takes the form

() -r"f

7 {F ')} 2.7)

o(u) o<
(ii) for scale-shift models with B(t) = BoF ~' (1), the optimal weight function takes the

form
(f)>=r'f

7 {F~'(w)}. (2.8)

o) o —7'{F1<u>} FF )

Remark 2. With the optimal choice of weight function, the asymptotic variance of 0 reaches
the Cramér—Rao bound. Below we summarize the optimal weight function for several

scenarios.

(i) Location-shift model with Normal error: wpn(u) =1, referred to as the Location-

Normal weight.
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ii1) Location-shift model with Logistic error: Wy (u) = u—u*, referred to as the Location-
Location-shift model with Logist o, 2 d to as the Locat

Logistic weight.

(iii) Scale-shift model with Normal error: wsy(u) = ®'(u), referred to as the Scale-

Normal weight.

(iv) Scale-shit model with W error: wsw(u) = (1 —u)?/u, referred to as the Scale-W

weight.

To accommodate signals on the tails, we suggest trimmed weights such as the half
Scale-Normal weight @psy (1) = @' (1)1(0.5 < u < 1) and the trimmed Scale-W weight
orsw (1) = (1 —u)? /ul (0.6 < u < 0.95). In practice it is often hard to determine the model
and error distribution. Similar to the split variable selection, we also suggest an adaptive
approach for applying the GQTE test. That is, we use the smallest p-value from the GQTE
test based on multiple weight functions with Bonferroni correction to assess the significance
of treatment effect of different forms. In our implementation, we consider four weight

functions, wyy, ®r 7, Wgsy and Orsy .

2.2.4.3 Confirmation of Predictive Subgroups

We propose to select candidate subgroups by assessing the significance of the GQTE for
each node separately. However, it is known that inference on the subgroup identified
from the same data may suffer from inflated false discovery rate (the chance of incorrectly
identifying admissible subgroups when there’s no predictive effects in any subsets); see
for example Ruberg and Shen| (2015) and Thomas and Bornkamp| (2017). Therefore the
selected promising subgroups from the same sample are likely to be false positive due to
over-optimism. To overcome this issue, we conduct analysis by dividing the entire data into
training and testing samples. The procedure is as follows. We first construct the tree with the
training sample by applying the proposed split rule recursively. We then select nodes with

significant GQTEs as candidate subgroups. Finally, we confirm the candidate subgroups by
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re-evaluating the treatment effect using the testing sample. Our numerical results show that

this procedure provides adequate control of false subgroup discovery rate; see Section[2.3]

2.3 Simulation Study

We carry out simulations to assess the performance of the proposed GQ method on split
variable selection, split point estimation and subgroup identification. For comparison, we
also include the following methods, the interaction trees (IT) (Su et al., 2009)), subgroup
identification based on differential effect search (SIDES) (Lipkovich et al.,|2011)), model-
based recursive partitioning (MOB) (Seibold et al.,| 2016} Zeileis et al.,|2008)) and generalized
unbiased interaction detection and estimation (GUIDE) (Loh, 2002;[Loh et al., [2015). The
IT method is applied using the R functions provided by the authors. The SIDES and
MOB methods are based on the R packages SIDES and partykit, respectively. In our
implementation of the MOB algorithm, at each node, we fit a linear model including all
candidate split variables and the treatment indicator, with categorical covariates converted
into dummy variables. Results from GUIDE are based on the software fromhttp://pages.
stat.wisc.edu/~1loh/guide.html using the recommended “Gi" option with a constant

model fitted at each node.

2.3.1 Split Variable Selection

We first compare the methods in terms of accuracy for selecting the true split variables in
five simulation models, presented in Table @ In all models, there are four candidate split

variables X| —Xy that are mutually independent and defined as:

Xl ~ C(Z)a XZ ~ C(6)7 X3 ~ N(07 1)7 X4 ~ exp(l)v (29)

where X| and X, are two categorical variables with two and six levels, respectively. Model

1 is the null model with prognostic effect (X;) only. Models 2 and 3 are location-shift
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models with predictive variables X and X3, respectively. To access the performance of
different methods under heterogeneity, we further consider two location-scale-shift models,

and include a case where the errors follow a heavy-tailed #, distribution.

Model Error Dist.
LY=1+IX=1)+¢ N(0,1)
2:Y=1+404IX,=1)Z+¢ N(0,1)
3:Y=14+04I(X3 >05)Z+¢ N(0,1)
4:Y =14041(X3 >0.5)Z+(0.41(X3 > 0.5)Z+ 1)e N(0,1)
5:Y=1+4041(X3>0.5)Z+ (0.41(X3 > 0.5)Z+ 1)g/2 o)

Table 2.1: Simulation design for split variable selection.

We generate 1000 observations for each example, and repeat the procedure 500 times.
For our proposed method, we consider Normal, Wilcoxon, half Normal scale and trimmed
Wilcoxon scores, referred to as GQy, GQw, GQuns and GQrw, respectively. We also
include the results given by the adaptive approach (GQ4a ), assuming no prior information on

either model type or error distribution.

X; 24 5.0 292 286 272 264  27.0 12.6 27.4
X, 214 346 226 234 200 244 256 536 23.6
X3 402 300 260 21.8 31.6 234 274 18.8 22.8
X4 360 304 222 262 212 258  20.0 15.0 26.2

Table 2.2: Percentage of times each covariate is selected as the splitting variable in the null
model.

Table [2.2| summarizes the selection percentages of all candidate split variables under the
null Model 1. Since there’s no predictive effect, a method has unbiased variable selection if

the proportions are all around 25%. Both IT and SIDES employ exhaustive search algorithms
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to find the split variable, and they give biased results and tend to choose covariates that
allow more splits. The MOB method is also biased toward X, that has six levels. In contrast,
GUIDE and our proposed methods lead to selections with much smaller bias. Among
different variations of the proposed method, the method with Wilcoxon score give the

smallest selection bias, and the adaptive method perform competitively well.

X; 654 768 90.8 928 76.6 920 844 778 92.0
X, 82 11.0 2.4 1.2 7.4 24 4.8 14.8 1.8

? X3 134 58 48 42 9.0 3.8 7.2 3.6 4.6
Xy 130 64 2.0 1.8 7.0 1.8 3.6 3.8 1.6
X, 04 2.6 11.8 9.0 18.0 9.8 14.8 3.2 8.8
X, 48 11.0 74 7.0 12.8 7.8 10.6  13.0 7.4
’ X3 856 778 720 768 572 76.2 650 79.6 77.0
Xy 92 8.6 88 7.2 12.0 6.2 9.6 4.2 6.8
X; 1.0 3.4 4.6 13.0 2.8 13.2 6.2 5.8 8.6
X, 5.8 18.2 1.2 11.0 1.4 11.0 3.0 17.2 52
* X3 814 652 920 668  93.2 656 876 720 80.6
Xy 11.8 132 22 92 2.6 10.2 3.2 5.0 5.6
X; 1.6 3.2 22 54 7.2 3.6 1.8 5.6 17.4
5 X, 128 206 22 52 6.8 2.6 2.0 33.8 14.4

X3 646 576 942 848 794 90.2 95.0 540 54.0
X4 210 18.6 1.4 4.6 6.6 3.6 1.2 6.6 14.2

Table 2.3: Percentages of times each covariate is selected as the splitting variable under
alternative models. The true splitting variable is X; in Model 2 and X3 in Models 3-5.

Selection percentages under the alternative Models 2—5 are reported in Table Under
the homogeneous Model 2, the proposed methods (specifically with Normal, Wilcoxon

and adaptive scores) and GUIDE outperform the others. For Model 3 where the true split

22



variable is X3, IT gives the best selection accuracy. In Models 4 and 5, the errors depend
on the split variable X3, and &(7), and the interaction effect between Z and X3 on the tth
quantile of Y is increasing in 7. In these two models, the proposed method with the half
Normal and trimmed Wilcoxon scores perform the best, which is not surprising since the
signal is stronger on the right tail. Compared to existing approaches, the GQ methods
show more advantages in cases with heteroscedastic or heavy-tailed errors. Across all
different scenarios considered, the proposed adaptive method GQ 4 is competitive to the best
performer and thus is recommended for practice when no prior information about the model

and distribution is available.

2.3.2 Split Point Estimation

To assess the performance of different methods for split point estimation, we focus on
Models 3-5, assuming that the split variable X3 is correctly selected from the previous step.
Figure presents the mean squared errors of the estimated split points from different
methods. Results show that our proposed method provides more efficient estimator than

existing approaches, especially for cases with heteroscedastic or/and heavy-tailed errors.
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Figure 2.2: The Mean Squared Errors (MSEs) of the estimated split points from different
methods in Models 3-5.

2.3.3 Subgroup Identification Analysis

To compare the overall performance of different methods for subgroup identification, we
consider six simulation models with various types of treatment effect and error distribution;
see specifications in Table For each model, we consider covariates X; — X4 as candidate
split variables. Models A and B correspond to the null model with no interactions between
any covariates and the treatment indicator. Models C and D are location-shift models with
the true subgroup {X3 > 0.5,X4 > 0.5}, and Model D has heavy-tailed , errors. Model E is
a location-scale-shift model with the true subgroup {X3 > 0.5}. We further include Model
F, where the enhanced treatment effect in the subgroup {X3 > 0} appears only on the right
tail and this mimics the pattern seen from the rheumatoid arthritis data in Figure[2.1]and the
AIDS clinical trial data in Figure [2.4]

For each case, a random sample of size n = 500 is generated for both treatment groups,
and the same procedure is repeated 300 times. It has been shown in Section [2.3.1] that

the proposed split variable selection method with the adaptive score gives competitive
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results irregardless of the model and error distribution. Therefore, for the remaining of this
simulation study, we will only focus on the proposed GQ method with the adaptive score

and weight functions.

Model Formula

A Y=1+4I(X3>0.5)+¢
Y= 1+4I(X1 = 1)+8
=1+1(X3>05)+1(X4>05)+1(X3>0.5)(X4 >05)Z+¢

=14+1(X3 > 0.5)+I(X4 > 0.5)-|—I(X3 > 0.5)1(X4 > 0.5)Z+8/2

M m O O W

(
(

= 1+1(X3 > 0.5)+1(X3 > 0.5)Z +1(Xs > 0.5) +[1 +2I(X3 > 0.5)Z]e
(

=1+1(X3>0)+1(X4>0.5)+[14+1.51(X3 > 0)I(e¢ > 0.5)Z]¢e

Table 2.4: Simulation models considered for subgroup identification analysis, where € ~ t,
in Model D, and € ~ N(0, 1) elsewhere.

Table [2.5] summarizes the false positive rates for identifying admissible subgroups
under the null Models A and B, defined as the proportion of times at least one subgroup is
confirmed for SIDES and GQ and a nontrivial tree is generated after pruning for IT, GUIDE
and MOB methods. Results show that the false positive rates of GQ, IT and SIDES are
well controlled under the 5% nominal level. However, MOB and GUIDE have inflated
false discovery rate (over 80%) when there exists a continuous prognostic variable. One
possible reason is that both methods search through all distinct values to determine the best
split point for a given split variable while there are infinite number of possible splits for a

continuous prognostic variable.

Model GQ IT SIDES MOB GUIDE

A 40 5.0 47 85.3 100.0
B 43 23 43 0.7 0.3

Table 2.5: False positive rates (in percentages) of different methods for identifying at least
one admissible subgroup under the null Models A and B.
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Next, we compare the performance of different methods in identifying predictive sub-
groups under the alternative Models C-F. Let St be the true predictive subgroup, that is,
the region with enhanced treatment effect, and let S; denote the identified subgroup. For
the GQ approach, Sy is chosen as the one that has the most significant generalized quantile
treatment effect, that is, the smallest p-value with adaptive weights among all confirmed
subgroups. For the other methods, S; is defined as the leaf node with the most significant
mean treatment difference. We use the following criteria to evaluate the performance for

subgroup identification,

* Partial match rate (PMR): proportion of times that S; is covered by an expanded region
of the truth, that is, S; C {X3 > 0.4,X4 > 0.4} (Models C & D), {X3 > 0.4} (Model

E) or {X3 > —0.1} (Model F);
* Power: proportion of times at least one admissible subgroup is identified;

* Sensitivity (STY): average of |S;NS7|/|S

, measuring the relative region that is

identified correctly;
* Specificity (SFY): average of |S;NSr|/|S/];
* Rgg: relative ratio of sizes, defined as the average of |S;|/|S7|;

* RyrE: relative ratio of treatment effects, defined as the average of ratios between the

mean treatment effect in S; and S7,

where |- | denotes the cardinality of a set. The last four criteria are calculated only among
simulations when a subgroup is identified. A better performed method is expected to give
higher values for the first four criteria and values closer to one for the last two criteria.
Table 2.6 summarizes the subgroup identification results. Generally speaking, the IT
and SIDES methods show less power and lower accuracy than the other methods. The MOB
and GUIDE methods give better performance for Model C with homogeneous and normal

errors, but they are less effective than GQ for cases with heteroscedastic or heavy-tailed
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errors (Models D-F). Across all scenarios considered, the proposed algorithm GQ produces
identified subgroups very close to the truth, and its overall performance is competitive or
better than the other four methods, especially for the heterogeneous Models E & F when the

treatment effect differs mostly in the upper tail.

Model Method PMR Power STY SFY Rgs Ryre

GQ 058 0.80 0.87 097 1.06 0.97

IT 029 057 080 097 1.14 0098

C SIDES 039 080 080 096 1.13 0.99
MOB 086 097 095 100 1.08 0.97
GUIDE 093 1.00 096 099 098 1.00

GQ 0.64 100 084 097 1.12 0.88

IT 0.14 033 076 096 1.16 0.90

D SIDES 042 080 082 094 098 0.92
MOB 050 0.83 0.80 096 124 0.72
GUIDE 043 075 081 098 127 0.84

GQ 099 1.00 098 096 092 1.06

IT 061 066 097 094 0.89 1.16

E SIDES 031 050 0.84 084 0.74 147
MOB 0.61 062 099 097 092 1.10
GUIDE 096 1.00 097 095 091 122

GQ 0.89 091 099 094 092 1.07

IT 0.17 019 096 090 0.88 1.12

F SIDES 0.21 036 089 0.72 0.71 1.50
MOB 054 056 098 096 096 1.08
GUIDE 092 1.00 094 0.82 0.77 124

Table 2.6: Summaries of subgroup identification results of different methods under the
alternative Models C-F.
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2.4 Analysis of the AIDS ACTG175 Data

We illustrate the merit of the proposed method by analyzing data from AIDS Clinical Trials
Group Protocol 175 (ACTG175), which contains 2139 HIV-infected patients and is available
in R package speff2trial. Study subjects are randomized to four treatment arms: zidovudine
(ZDV) monotherapy, ZDV + didanosine (ddI), ZDV + zalcitabine, and ddI monotherapy
(Hammer et al., [1996). Following [Lu et al.| (2013) and Tsiatis et al.| (2008)), we choose the
shifted CD4 count at 20 £ 5 weeks post-baseline as the continuous response Y (defined as
the CD4 count at 20 4= 5 weeks post-baseline minus the CD4 count at baseline), and consider
12 baseline covariates as candidate split variables; see variable descriptions in Table
Existing works have shown that the cocktail treatment ZDV + ddI and ddI monotherapy
tend to be effective for increasing the CD4 count of HIV-infected patients (Saravolatz et al.,
1996; Collier et al., [ 1993)). For our analysis, we focus on the difference between ZDV + ddI
and ddI alone treatments. The entire sample consists of n = 1083 patients, with n, = 522
subjects in the “treatment” group (ZDV+ddlI) and the rest n, = 561 belong to the “control"
group (ddI). The objective of our study is to identify the subgroups with potential enhanced

treatment effects.
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Variable

Description

Y
Z
age
wtkg
karnof
cd40
cd80
hemo
homo
drugs
race
gender

str2

The response variable
Treatment (ZDV + ddI) versus control (ddI)
Age in years
Weight in kilogram
Karnofsky score (scale of 0 - 100)
CD4 count (cells/mm?) at baseline
CDS8 count (cells/mm?) at baseline
Hemophilia (yes/no)
Homosexual activity (yes/no)
History of intravenous drug use (yes/no)
White versus non-white
Male and female

Antiretroviral history (naive/experienced)

symptom Symptomatic status (asymptomatic/symptomatic)

Table 2.7: Description of variables in the ACTG175 data.
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Figure 2.3: The sample quantiles of shifted CD4 count at 20 £+ 5 weeks post-baseline for the
ZDV+ddI and ddI treatment groups based on the entire sample.

Figure [2.3] plots the sample quantiles of Y obtained from the entire sample for two
treatment groups. The preliminary results suggest that CD4 counts of nearly 40% of
the patient population showed no or little progression from the baseline. Our primary
interest is to search for subgroups with enhanced treatment effect on increasing the CD4
count. Therefore, it is appropriate to focus more on patients who respond to the treatments,
corresponding to the upper tail of the response distribution. To accommodate the tail effect,
in addition to the adaptive score and weight functions, we also apply the proposed procedure
with half Normal scale score (¢yys) and half Scale-Normal weight (wgsy).

We consider five methods to analyze this data: MOB, IT, SIDES, GUIDE and the
proposed GQ method. For this data, the GUIDE method does not identify any admissible
subgroups. The MOB method selects an artificial subgroup that shows no interaction with
the treatment variable at mean or any quantiles. For GQ, IT and SIDES methods, half of
the entire sample is used as a training set to find promising subgroups and the other half
serves as a testing set to confirm the candidate subgroups. To accommodate the randomness

from data partition, we repeat the process 100 times and record the identified subgroups
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for each repetition. Across 100 partitions, the proposed GQ algorithm with the adaptive
approach leads to confirmed subgroups 34 times, among which the subgroup {Homo: no}
(consisting of n = 358 subjects) is identified 30 times. Furthermore, for the assessment of
treatment effect in the identified subgroups, the most significant GQTE test results are often
times given by weight functions trimmed in upper tails. The GQ method with trimmed
score (Pyns) and weight (wysy) gives confirmed subgroups 53 times, and 47 times the
identified subgroup is {Homo: no}, so the results agree quite well with those from the
adaptive approach. The IT and SIDES methods identify admissible subgroups 22 and 75
times, respectively, and the most common subgroups identified are {cd40 < 484} (n = 959,
IT) and {cd40 < 464} (n =922, SIDES).

Since results from IT and SIDES are similar, we will next focus on comparing two
subgroups: the low cd40 subgroup {cd40 < 484} identified by the IT method, and the
non-homosexual subgroup {Homo: no} identified by the GQ method. We plot the estimated
quantile treatment effect of the identified subgroups in Figure The results suggest that
the non-homosexual group ({Homo: no}) exhibits an enhanced treatment effect, and the
effect is more pronounced in the upper tail, especially for 7 € [0.8,1). The treatment effect
of the low ¢d40 subgroup ({cd40 < 464}) differs from that of the entire sample only on the
left tail for T < 0.15, mostly corresponding to those subjects with negative CD4 changes
post treatments. To gain a deeper understanding, we plot in Figure [2.5]the sample quantiles
of Y for two treatment groups in the low cd40 group and its complement, the high cd40
group ({cd40 > 464}). The plots show a reverse effect of ZDV+ddI against ddI monoterapy
in the high c¢d40 group, which might be due to the deleterious effect of the cocktail treatment
containing ddI as observed in previous studies such as|Lacombe et al. (2005) and Negredo
et al. (2004). In addition, a higher proportion of subjects (about 60%) had no CD4 increase
post treatments in the high cd40 group, compared to about 30% in the low c¢d40 group.
One possible reason is the imbalance of antiretroviral history between two groups, and

specifically, the higher proportion of antiretroviral-naive patients in the high cd40 group.
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Therefore, the differences between the low and high ¢d40 groups in antiretroviral history
and the reverse drug effect of non-responders are likely the main reasons for the low ¢d40
subgroup to be identified. In contrast, Figure 4 suggests that the subgroup identified by the
GQ methods is driven by the enhanced treatment effect in the non-homosexual subgroup
over the entire sample across quantiles but primarily on the right tails, so it aligns better

with the research objective.

2.5 Conclusion

We have developed a generalized quantile tree method for subgroup identification. Our
numerical studies show that the method can capture different forms of heterogeneous
treatment effects, and it leads to more accurate subgroup identification than existing mean-
based methods for cases with heterogeneous and heavy-tailed errors.

For the simulation study, we construct the tree with adaptive score pretending there’s
limited information about the model or error distribution. However, different score and
weight functions may be involved in data splitting and evaluation of treatment effect at each
node, which may cause difficulty in the interpretation of the final subgroup identification. In
real application, we suggest considering a specific pair of score and weight functions based
on clinical and/or marketing considerations; see for example the application on ACTG175
data in Section 2.4l

To control the overall type I error of identifying at least one subgroup when there
is no predictive effect in any subpopulation, we divide the entire data into training and
testing sets to remedy the over-fitting problem. Simulation shows that this method provides
decent control of the false positive rate. The random data partition, however, may affect the
subgroup identification result for finite samples. Tree pruning (Breiman et al., |1984) might
provide a solution to this problem. Recently, Fuentes et al. (2018)), and |Guo and He (2020)
proposed valid inference methods to address the over-optimism issue for inference on the

best subgroup selected from the same sample. Adapting these approaches to conduct formal
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inference on subgroups identified by the GQ method without data partition is an interesting

topic for future investigation.
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Figure 2.4: Estimated quantile treatment effect (ZDV+ddI against ddI) of the entire sample
(solid), the non-homosexual group (dashed) and the low cd40 group (dotted). The shaded
area represents the 90% pointwise confidence band of the quantile treatment effect in the
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Figure 2.5: The sample quantiles of shifted CD4 count at 20 £ 5 weeks post-baseline for the
ZDV+ddI and ddI treatment groups based on the low cd40 group and the high cd40 group.
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2.6 Proofs of Propositions

Proof of Proposition[l} By Theorem 3 of [Koenker and Machado| (1999), under the local
alternative with 8,(7) = do(7)/+/n, the test statistic 7, converges to a noncentral y? , with
noncentrality parameter £'Q & /A%(¢), where &(9,80,F) = [y 8o(t)f(F~'(t))d¢(r) and
Q=YG,'H,G;"Y, ¥=[0:1,-1],G,=n"'DT'D,H,=n"'D'Dand D= {1,7,,l},Ulz;}!_|,
and A%(¢) = [(¢(¢t) — @)>dt with ¢ = [ ¢(t)dt. The optimal score function ¢ is chosen to

maximize the noncentrality parameter.

(i) In the case of location-shift local alternatives, do(7) = do,

£(0.00.5) = [ dur(F o) = [ |17 0} e

Since any constant rescaling does not change the noncentrality parameter, thus the

optimal score function has the form ¢ (i) < —L- AF T (W)}

(ii) In the case of scale-shift local alternatives, 8o(7) = doF ~'(7),

E(9,80,F / SoF L (1) F{F (1) }do (1)
_60/0 { 1—F‘1(r)f7/{F‘l(t)} ¢ (t)dt.

Therefore, the optimal score function has the form ¢ (1) o< — [1+F ! (u) ]% {F~1(w)}].

O

Proof of Proposition[2] For a given quantile level 7, let o¢(7) and B(7) be the quantile
regression coefficients of the model Q(yi|z;) = a(7) +zB(7). Suppose model (2.2) holds

without covariate X, that is, y; = a + Bz; + (1 + yz;) €. We have the Bahadur representation

34



for the regression coefficient:

o(7) o(7) 1 &
Vn — =M'—=Y diy:{&—F (1)} +R,, (2.10)
By ) \B() =

where d; = (1,z)', M, =n" 'Y, didgf,-{Flfl(T)}, f; and F; are conditional density and
distribution functions of y; given z;, y;(u) = 7 —1(u <0) and R, = 0,,(1). For any given
weight function @, let 9 = [ ®(u)ot(u)du and 6 = [ @(u)B(u)du, and let B and 6 be the

corresponding L—estimators.

(i) Under location-shift models y; = o+ Bz; + &, we have fi(y;) = f(yi — Bzi— o) and
F7'(1) = a4 Bzi+ F (1), therefore M, = f{F~'(7)}Q; with Q1 =n~ 'Y, d;d/.
Equation (2.10) then implies that

) O 1

n
Vi - = —=07' Y. diJi+R, - N(0,0%(0,F)Q; "),
é 0 \/ﬁ i=1

where J; = [} o(u) [F{F~ (u)}] - [u—1{&; <F~'(u)}]duand R, = 0,(1).

The log likelihood function for (¢, ) is I(ct, ) = Y7 log fi(yi) = X7 log f(yi —
Bzi — &), and the Fisher information matrix I(a,B) = nl;Q; with I} = [ #(r)dt.
To make @ asymptotically equivalent to the maximum likelihood estimate of B, we
need to choose ®(u) such that 6%(@,F) =1, ! which can be established by choosing
o(u) =1L} {F~'(u)} with L; (x) = — f'(x) / f(x). Notice that any constant rescaling
of weights does not change the GQTE test statistic .7, therefore the optimal weight

function takes the form

N2 _ plf
o(u) o< L {F~ (1)} = %{F*(w}.

(ii) Under scale-shit models y; = o + (1 + yz;)€;, we have fi(y;) = %%f( f;;g) and
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F._l(‘c'):OH—(H—j/z,-)Ffl(‘L'),thereforeMn:f{F’l(‘E)}Qzwitthzrf1 r o, dd/

1

(1+ vzi). By equation (2.10)) we have

d ) 1 n
v || - =—05'Y dJi+R, — N(0,6*(0,F)0,'0105").
0 7] vn i=1
The log likelihood function for (o, y) is I(a,y) = X {log f({ ) —log(1+7vz)},

and the Fisher information matrix I(c,y) = {I; j}lz j—1» Where

= /Ul i1+m’ / i1+m

and

B (f/)Z n 2 _ n z
’22‘{/12 7 (Z)dz‘l},-_zl<1+yz,->2"2)_:<1+yz,>

7\2
with b, = [ Zz% (z)dz— 1. On the other hand, we have

(051010, )2

—1 -1

1 11 v | |1 J

_ n Z I+vzi Z 1+Yz, 1 n Lz n X 1+7/z, n +l}'z,
2
1 1 1 o1 2 1 1 Z;

Z I—H/z, n )y 1+lyz,- n Yz n Yz n Z -H’Zz " Yy +1YZz

(22)

2
; 1 — b —
Notice that )} ——— Ty = Mo+ 1+y’z 1+7/z, Yy 7 = va I—H/z) (1+y2 and Y. z; =

ZZ,'Z = n1. Simple manipulation shows that

N _ n n(l4+7y)? _ L (147y)?
(Q21Q1Q21)(22):%+Tv 12212121 n .

The optimal weight function is chosen such that (0 ' 010, 1)(22)62(60,F )/n=1,,
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which can be established by choosing

2

where Ly (x) = —{1+4xf"(x)/f(x)}. Since constant rescaling of the weight function
does not change the efficiency of the resulting estimator, therefore the optimal weight

function takes the form

/ N2 en
o(u) o< I {F ()} = —§{F-1<u>}+F—1<u>-W{F—%u)} |
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Chapter 3

Inference for Joint Quantile and

Expected Shortfall Regression

3.1 Introduction

A tail quantile of the profit-and-loss distribution measures the risk of loss for investments,
which is known as Value-at-Risk (VaR) and has been widely applied for capital allocation
and risk management over the past two decades (McNeil et al., 2015). Although it is an
intuitive measure, VaR has been criticized since it fails to capture tail risks beyond itself.
Expected Shortfall (ES), defined as the average above or below a certain quantile, fulfills
such deficiency as it better characterizes the tail behavior by consolidating information from
the entire tail region. In addition, ES has the desired property of subadditivity which VaR
lacks in general (Artzner, 1997 |Artzner et al., 1999). With these appealing features, ES
has attracted increasing attentions and has been more widely applied for risk management
in recent years. In financial risk management, the Basel Committee recently to shift the
quantitative risk metrics system from VaR to ES (Basel Committee, 2013)).

In many applications, risk measures might depend on exogenous covariates. For in-
stance, market risks often change across investment conditions, such as macroeconomic,
financial, and political environments. For most clinical studies, patient outcomes are usually
associated with demographic and therapeutic information. It is thus of interest to focus on

the conditional risk measures adjusting for certain covariates. In Chapter 3| we consider the
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problem of inference for conditional expected shortfall (CES).
He et al. (2010) introduced a COVariate-adjusted Expected Shortfall (COVES) test to
detect treatment effects through CES, which is motivated by a clinical study with balanced

design. However, as shown in Sections [3.3.2]and [3.3.3] the statistical power of the COVES

test may be affected when there are unbalanced covariates. To evaluate CES beyond the
scope of treatment differences, we consider inference based on a regression framework.
Nevertheless, as pointed out by Gneiting (2011), CES is not "elicitable" in the sense that
it cannot be represented as the minimizer of an expected loss, and hence the stand-alone
regression for CES is infeasible. To overcome the problem of "elicitability," |Leorato et al.
(2012) and |Peracchi and Tanase (2008) suggested to approximate CES by fitting an entire
quantile process, which imposes both computational and theoretical challenges. Alternative
methods such as those proposed by (Cai and Wang| (2008)), Kato (2012) and Xiao| (2014) rely
on kernel-smoothing estimation for the conditional distribution function, which are subject
to the "curse-of-dimensionality" and practically feasible only for data with a few covariates.

For inference on CES, we consider an alternative approach through the joint modeling
of conditional quantile and CES. [Fissler et al. (2016) recently showed that VaR and ES are
jointly "elicitable," and they provided a class of strictly consistent joint loss functions for
the pairs of quantile and ES at the same probability level. Dimitriadis et al. (2019) utilized
the joint loss functions in a regression setup for quantile and ES. The computation of the
joint estimator is challenging especially when the dimension of parameters is large since the
joint loss function is neither differentiable nor convex. To reduce the computational effort,
we propose a two-step estimation procedure. We first estimate the quantile parameters
by standard quantile regression (Koenker, 2005), and then estimate the ES regression
coefficients bt minimizing the simplified objective function with the quantile estimators
plugged in. We show that the two-step estimator has the same asymptotic properties as the
joint estimator, but the former is numerically more efficient. In addition, the CES estimation

in the second step is locally robust to the quantile estimation in the first step, which implies
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that the local misspecification of the quantile parameters has no effect on the asymptotic
distribution of the ES estimator; see (Chernozhukov et al.| (2016) for an elaboration on local
robustness.

The Wald-type inference method can be conducted based on the asymptotic distribution
of the parameter estimator. However, it has been shown in quantile regression literature that
the Wald-type test is generally unstable for small sample sizes, partly due to the uncertainty
from estimating nuisance parameters involved in the asymptotic variance, such as the
conditional densities of the response (Chen and Wei, [2005; |Kocherginsky et al., 2005).
We develop a score-type inference method for hypothesis testing and confidence interval
construction. Numerical studies suggest that the proposed score-type method is superior
to the Wald-type method in finite samples, especially when the data is heterogeneous and
involves a large number of confounding factors. Furthermore, the method provides more
accurate results than the COVES approach for unbalanced design.

This chapter is organized as follows. In Section we first present the two-step
estimation procedure for the joint regression model and the large sample properties of the
resulting estimator, and then develop the score-type inference method for the ES regression
parameters. We assess the finite sample performance of the proposed inference procedure
with simulation studies in Section [3.3] The merit of the proposed method is illustrated
by analyzing two real data sets in Section [3.4] Some concluding remarks are provided in

Section Proofs are deferred to Section

3.2 Proposed Method

3.2.1 Joint Regression Model

Consider a continuous response Y and a p-dimensional design vector X. At a given proba-

bility level T € (0, 1), the conditional quantile of Y given X is defined as

O:(Y|X) =inf{y e R: Fyx (v) > 7},
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where Fy|x is the conditional distribution function of ¥ given X. The corresponding CES is
defined as

T
ES;(Y|X)=1"" /O FY—‘}((u)du,

which is deemed to be more informative than the conditional quantile as CES summarizes
the entire tail behavior of the conditional distribution. In this project, we are interested
in the inference for the CES of Y given X at a certain probability level. To evaluate CES
with a wide range of applications, we consider inference based on a regression framework.
However, as pointed out by |Gneiting| (2011), the stand-alone regression for CES is infeasible
since it cannot be represented as the minimizer of an expected loss. To overcome this
problem, we adopt the idea in Fissler et al.|(2016) and employ a joint regression framework
that simultaneously models the conditional quantile and CES.

For ease of presentation, let X denote the design vectors for both quantile and ES
regression models, but we should bear in mind that one can consider different design
vectors for these two models. For a fixed probability level 7 € (0, 1), we jointly model the

conditional quantile and CES of Y given X as
0:(Y|X)=X'6] and ES.(Y|X)=X'6,

where the parameter vector 8y = (08/, 0¢') is t-specific. Denote u?(7) =Y — Q(Y|X) and
u’(t) =Y —ES:(Y|X), we assume Q¢ (u?]X) = ES¢(u°|X) = 0 for identifiability purpose.
To obtain the estimated regression coefficients, we utilize the class of strictly consistent

joint loss functions for the pair of quantile and ES (Fissler et al., 2016),

p(¥,X,0) = {I(Y <X'6%) —7}-G(X'69) —I(Y <X'69)-G,(Y)
X'07-Y)I(Y <X'69) }

3.1

+G(X'6°) - {X’ee —-X'07+ ( .

—%(X'0°) +a(Y),
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where G is an increasing and twice continuously differentiable function, ¢, is a three-times
continuously differentiable function, 542(1) =Gy, G and Ggl) are strictly positive, and G
and a are integrable functions. [Fissler et al.| (2016) also showed that, under some regularity
conditions, there exist no strictly consistent loss functions outside the class of functions
given above, which implies that (3.1) is the most general class of objective functions that

can be applied for the joint regression model. Given data (Y;,X;), the corresponding joint

estimators @ = (6%',0¢') can be obtained by

n
6 = argmin Y p;(¥;,X;,6). (3.2)
0 =1

1

Dimitriadis et al.| (2019) utilized the joint loss functions in a regression setup and proposed
to estimate the quantile and ES parameters jointly by (3.2). However, As a one-step
procedure, the estimation is computationally challenging especially when the dimension of
parameters is large since the loss functions are neither differentiable nor convex. To reduce
the computational effort, we propose a two-step estimation procedure by estimating the

quantile parameters first using standard quantile regression.

Remark 3. Following Gneiting|(2011) and |Fissler et al.| (2016), we introduce the concept
of strictly consistent loss functions. A statistical functional, such as the mean or the tth
quantile, is called elicitable if there is a loss function such that the functional is the unique
minimizer of the expected loss. Such a loss function is said to be strictly consistent for the
functional. The strictly consistency of pt(Y,X,0) in (3.1) implies that the parameter vector
6o = (67, 0F') is the unique minimizer of pz(Y,X,0), and thus p(Y,X,0) can be used as

the objective function to estimate the regression coefficients.

3.2.2 Two-step Estimation

The first part of the joint loss functions (3.1]) corresponds to quantile and depends only on

the quantile coefficient 89. If the quantile coefficients are known by "oracle", we can plug
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the quantile parameters into the joint loss functions and use only the second part for the
estimation of ES parameters, thus effectively reducing the computational complexity. Let
07 be a consistent estimator of 08 , then the first part in (3.1)) is fixed given the quantile
estimate. In addition, the function a depends only on ¥ and does not affect the estimation
procedure. Therefore, in practice, we can consider the following much simpler plug-in

objective functions to obtain the estimated ES regression parameters,

(X'97 —Y)I(Y <X'§9)

p:(Y,X,09,0°) = G5(X'0°) - {X’ee —X'67 + } —4,(X'0°),

T
(3.3)
and the associated ES coefficient estimator 6 can be represented as
A n A
o° :argmianT(Y,-,Xi,Hq,Oe). (3.4)
0 =1

In practice, we can obtain 91 by fitting the quantile regression model (I.1)), which
is implemented in the R package quantreg. Numerical estimation methods for linear
quantile regression has been well developed and the regression coefficients can be obtained
efficiently based on linear programming; see Koenker (2005) for details on linear quantile
regression specification. Compared with the joint estimator 8¢, the two-step estimator ¢ is
computationally more efficient. Furthermore, under the following regularity assumptions,

we can show that the two estimators are asymptotically equivalent.

Al The matrix E (XX’ ) is positive definite.

A2 The data (¥;,X;) is an independent and identically distributed (i.i.d.) sample of size
n. Furthermore, the conditional distribution of ¥ given X, Fy|X(-) has finite second
moment, and is absolutely continuous with a continuous density fyx, which is strictly
positive, continuous and bounded in a neighborhood of the tth conditional quantile of

Y.
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A3 The class of strictly consistent joint loss functions is given by (3.1)), where Gy is
an increasing and twice continuously differentiable function, ¥ is a three-times
continuously differentiable function, %2(1) = Gy, G; and Ggl) are strictly positive, and

G and a are integrable functions.

A4 64 is a \/n-consistent estimator of Bg .

Theorem 1. Under Assumptions Al, A2, A3, A4 and the Moment Conditions (. -1) in
Section[3.6.1] we have
V(66 —65) L NO,ATTQATY), (3.5)

where 0y = (84 ,6¢') is the true parameter vector and

A=E{(XX)G{"(X'65)}, (3.6)
Q=E |(XX) {Ggl)(x’eg)}2 X {%W(uq) + erq)z(x, 678.60)}| . (3.7)
v(u?) = Var(u|u? <0,X) = Var(Y = X'0f|y <X'6,X), (3.8)
0 (X,04,68) =X'07 —X'65. (3.9)

Assumption Al is required to exclude the multicollinearity of the stochastic explanatory
variables. Assumption A2 includes standard assumptions in mean and quantile regression,
and the finite conditional moment of ¥ given X is assumed since ES is a truncated mean of
quantiles. The conditions on functions G| and %, are required for the strictly consistent joint
loss functions. Assumption A4 is made for convenience, and it can be relaxed /n ||é‘1 —

67||> = 0 (1); see discussions in the proof of Lemma [3|in Section m

Remark 4. Dimitriadis et al. (2019) established the asymptotic normality of the joint
estimators (éq,ée), and show that the two estimators are asymptotically independent.
Theorem|l|implies that the proposed two-step estimator ¢ is asymptotically equivalent to

the joint estimator 6¢, but the former is obtained with two steps and is numerically more
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efficient. In addition, the error involved in the quantile estimation 07 in the first step does
not affect the asymptotic distribution of 0¢, which agrees with the results of Dimitriadis et al.
(2019). This asymptotic independence result follows because

Fyx(X'07) —t

T ‘eq:og =0.

azE{p(Ya Xa 0q7 06) ’X} |
09—

N ~(1) ' pe

0l —
That is, the partial derivative of the joint loss function (3.1) evaluated at the true quantile
coefficient is zero. Therefore, when /n||09 — 63|1> = 0,(1), 6¢ is locally robust to the prior
quantile estimation or its local misspecification; see Chernozhukov et al.|(2016) for an
elaboration on local robustness. Furthermore, even though we assume both linear models
for quantile and ES regression, the local robustness property enables us to consider more
general models for the quantile estimation in the first step. For instance, the conditional
quantile in the first step can be obtained by nonparametric regression, and this will not affect
the asymptotic property of the two-step estimator 0° as long as the ES regression model is

correctly specified and the conditional quantile estimation is consistent with a certain rate.

Based on the asymptotic normality of the two-step estimator 0, a Wald-type test can be
constructed for inference on 08 through direct estimation of the covariance matrix, which
involves the conditional variance of the quantile residuals y(u?) given in (3.8). However,
accurate estimation of this nuisance quantity is challenging. First of all, for tail quantile
levels, e.g., T close to 0, corresponding to the left tail, there exists very few (about n - T)
observations after conditional on u? < 0. Moreover, taking the dependence of the covariates
X into consideration further complicates the estimation of the conditional variance, especially
when the sample size is small.

Dimitriadis et al.| (2019) provided four different ways to directly estimate the asymptotic
variance of the joint estimator ¢. Since the joint estimator 8¢ and our proposed two-step
estimator §¢ are asymptotically equivalent, we can adopt the same variance estimation

procedures in Dimitriadis et al.[(2019). We summarize different methods below. The first
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three approaches involve the estimation of the nuisance quantity y(u?) = Var(u?|u? < 0,X).
When errors are homogeneous such that the distribution of #4 is independent of the regression
covariates X, we can estimate y(u4) simply by the sample variance of the negative residuals,

that 1s,
Y = Var(d4|a? <0),

where 27 = Y — X' is the estimated quantile residual, and we refer to {; as the iid
estimator. The second estimator allows for a location-scale dependence structure of the
quantile residuals on X,

u' =Xa+ (X'v) e, (3.10)

where ¢ and v are p-dimensional parameter vectors, and € ~ F¢(0, 1) follows some distri-
bution F¢ with zero-mean and unit variance. The conditional distribution of u? given X is
Fe(X'a, (X'v)?), and the truncated conditional density of u? given u¢ < 0 and X is

HElX) = (Xv) e () e (— ) G.11)

The conditional variance y(u?) can be estimated by quasi generalized pseudo maximum

likelihood (Gourieroux et al., [1984) based on the scaling formula

Var (uf|u? < 0,X) = /0 2h(z]X)dz — (/0 zh(zX)dz)”.

—o0 —

In practice, we first estimate the conditional mean and variance of u? given X by MLE
(maximum likelihood estimator) and then employ kernel density estimation to estimate the
unknown distribution F¢ nonparametrically. Then truncated density /(| X) is calculated by
(3.11)) accordingly. The resulting estimator of y is referred to as the nid estimator (denoted
by Piv).

The third option discussed in Dimitriadis et al. (2019) is by assuming that € ~ N(0, 1)
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in (3.10). However, our empirical investigation suggests that this approach does not perform
well in some situations. Therefore, throughout the numerical studies, we focus on the iid
and nid approaches for estimating the conditional variance y/(u?).

Another feasible alternative of covariance estimation is by adopting the bootstrap method
(Efron, 1992). We generate B bootstrap samples by randomly selecting the 7 pairs of (¥;,X;)
with replacement. We can then obtain B bootstrap ES coefficient estimators to each of
the bootstrap samples by applying either the one-step or the proposed two-step estimation
approach. The bootstrap covariance is then approximated by the sample covariance of the B

bootstrap parameter estimates.

Theorem 2. Let §° be the two-step estimator obtained by (3.4) and denote 4! = Y; —X!99,

n
n 'Y (XX)-G X’Be)
i=1

=Y (%) {69y { S +

i=1

1—7

0% (X;, 69, ée)} .

In addition, denote Q(7) and Q(WYy) as the estimated covariance matrices with the con-
ditional variance y(u?) = Var(u?|u? < 0,X) estimated by ; and Py, respectively. If the
assumptions of Theoremhold, then A— A = 0,(1) and Q(Y) — Q = 0,(1). Furthermore,

if u? is independent with X, then Q () — Q = 0,(1).

3.2.3 Proposed Score Test

Theorem shows that the covariance matrix of 8¢ can be estimated consistently. However,
in the quantile regression literature, it has been shown that Wald-type test based on direct
estimation of the asymptotic covariance matrix is often unstable for small sample sizes. One
reason is due to the sensitivity of Wald-type test to the smoothing parameter involved in
estimating the unknown conditional density function. The score test has been shown to have
more stable performance than Wald test for quantile regression in finite samples (Chen and

Wei, [2005; Kocherginsky et al., 2005)). Due to the connection between quantile and ES, we
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propose an alternative score-type test for the inference on ES regression parameters.
We partition 8¢ into two parts 8 € R”! and 85 € RP? with p; 4 p> = p, and let W and
Z be the design vectors corresponding to 81 and 65, respectively. Suppose we want to test

the hypotheses Hy : 65 = 0 against H,, : 85 # 0 in the joint regression model
Q:(Y|X)=X'07 and ES(Y|X)=W¥+7Z65.
Denote

HW:(Wla"'7Wn)/7 HZ:(Z17"'7ZIZ)/7
G = diag{G}" (X,6°),...,G}" (X/,6°)},

P =Ty (I, GIy) "I}, G, Iy = (I — P)Il,, (3.12)

and let Z;’ be the rows of IT} corresponding to the ith subject. We consider the orthogonal
transformation on Z to adjust for the dependence of Z and W. This transformation is needed
to cancel out the first-order bias involved in éf to prove Lemma in Section m The
weighted projection in the orthogonal transformation through G is needed to to account for
the heteroscedasticity; see some related discussion under quantile regression in |Koenker and

Machado (1999). Our proposed score test statistic is defined as

T(¥) = Si{Ea(9)} 'S, (3.13)

i

Sy =n"12Y Z:GSV (X10) {Wi0 — X107 — v af1(a? < 0)}, 4l =Yi— X0,

1

N LW A Ao R 1—1
5,000 = ¥ (2327) {6 (xig) - { Lot +

¢2(Xi7 éq7ée)} .

Here GA‘f is the two-step estimator of the ES regression parameter 8] under Hy, and 6¢ is the

48



two-step estimator of 8¢ = (8¢',04')’ under the unrestricted model. To obtain Z, the weight
matrix G given in (3.12)) can be estimated with 6°.

Before presenting the asymptotic distribution of 7;,, we define
— 1 2 [ 1 l—1
L=E|(Z'Z") {Gg )(X’HS)} {El//(uq) + Tq)z(x,eg,og)H :

We also introduce an additional assumption AS.
A5 The minimum eigenvalue of X is bounded away from zero.
Theorem 3. Suppose that assumptions in Theorem|l|and A5 hold, we have:
(i) under Hy, T,(Py) 4, X;%z as n — o. Furthermore, if ul is independent with X,
(8 S 22, asn o o

(ii) under the local alternative hypothesis H, : 05 = 05,/+/n with 65, be some non-zero
parameter vector corresponding to Z, T,(Wy) asymptotically follows a non-central

11272 distribution with the noncentrality parameter
{ =E{Z°G" (X'05)(2/65) ) = E{Z* G\ (X'65)(Z/65)}.

Furthermore, if u? is independent with X, then T, () A xgz with the noncentrality

parameter (.

Remark 5. The matrix £,(\) in the score test statistic involves the estimation of the
truncated conditional variance of u? given u? < 0 and X. Similar to the Wald-type test, we
consider both iid and nid estimators for the nuisance parameter ¥ to accommodate different

scenarios.

Remark 6. The proposed estimation and inference methods can be directly applied for

analyzing the upper tail CES at the probability level T, which is defined as

1
ES:(Y|X)=(1—-1)" /Y|X (l—f)_l/Qu(Y|X)du. (3.14)
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Assuming the upper tail ES regression model:

ES:(Y|X)=X0°".

That is, 0°* and 0° are the upper and lower tail ES regression parameters, respectively. Note
that FY_|)1((M) = —F__Y1|X(1 —u), which implies the uth conditional quantile of Y given X is the
negative of the (1 — u)th conditional quantile of —Y given X. In practice, if we are interested
in the inference on 0°*, we can (1) change Y to Y* = —Y and let T* = 1 — 1; (2) apply the

proposed two-step estimation and inference methods on the lower tail ES of Y* conditional

on X with probability level t*. Then we have 0 = —0¢ and Var(6°*) = Var(6°).

3.3 Simulation Study

In this section, we investigate the finite sample performance of the proposed inference
method through Monte Carlo simulation studies. For comparison purpose, we include
the results given by the Wald-type and bootstrap methods, which are based on the joint
estimation and are implemented in the R package esreg (Dimitriadis et al., 2019). For both
Wald and score methods, we consider W-1ID and S-1ID approaches, where the asymptotic
variance is estimated under the homogeneous error assumption; and W-NID and S-NID
method, where the conditional variance y(u?) is estimated by {y. In addition, we also
report the results of the COVES test introduced by [He et al. (2010). Since the COVES
method focuses on the treatment difference at the right tail of the response distribution, for
the simulation study in Section and the real data analysis in Section 3.4 we will focus

on the inference for the upper tail CES at the probability level 7, as defined in (3.14).

3.3.1 Simulation Design
The first two models we consider have simple setups:
e Scenario I:' Y =5+ nND+x; +€;
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* Scenario2:Y =5—nD+C+(1+0.25D+2C)¢;

where D is the binary treatment indicator, x; ~ N(2.5,0.5%) and € ~ N(0,1), C is an
unbalanced covariate with C ~ TN (min = —0.5,u = 0.5,6% = 0.5%) (truncated normal
distribution) in the treatment group and C ~ TN(min = —0.5, u = 0, 6> = 0.5?) in control
group.

The first scenario is a homogeneous model where the regression error does not interact
with any covariates. For the second model, the error depends on both the treatment variable
and the unbalanced covariate C. At the probability level 7, the marginal impact on the CES
due to treatment effect is

n(t) =-n+0.25-ES;(¢),

which is the ES coefficient associated with the treatment variable D. In contrast, the

expectation of the COVES test statistic is given by

Te=n(1) +2{E(CID=1)—E[(CID=0)} - {ES:(€) — O«(€) }, (3.15)

where Q:(€) and ES¢ (&) are the marginal tth quantile and upper tail ES of €. Due to the
imbalance of covariate C, COVES may inflate or deflate the treatment difference 1 (), which

consequently makes the test either too liberal or too conservative.

Remark 7. The difference between J; and the treatment difference 10 (7) is

Tz —n(1)=2{E(CID=1)—E[(CID=0)} - {ES:(€) — O<(€) }.

Suppose that C is an unbalanced covariate such that the mean of C differs for the two
treatment groups and the error € depends on C. Then it is possible to have T —1n(7) # 0,
and this may affect the power of the COVES test. Specifically, if the second term on the right-
hand-side (RHS) of (3.13) cancels out with (t), COVES may fail to detect the treatment

difference. On the other hand, if the treatment has no impact on CES such that n(t) =0,
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but the second term on the RHS of (3.13)) is non-zero, then COVES may over-reject the null

hypothesis and thus lead to higher false positive rate.

There’s only one confounding variable in the first two models, and both error terms
follow normal distributions. To examine the robustness of the proposed method, we further
consider another two scenarios where more regression covariates are included (Scenario 3)

and the error has a heavy-tailed distribution (Scenario 4). The data are generated from

n
Y =5+nD+)Y xi+(1+yD)e,
i=2

where x; is Ber(0.4), x3 and x4 have standard log-normal distribution, (xs,x) is bivariate
normal with mean (2,2), variance (1,1), and correlation 0.8, x7 is chi-square distributed with
one degree of freedom. Except for the correlation between x5 and xg, all other variables are

independently generated.

* Scenario 3: we take y = 0, and the error term € ~ N(0,1).

* Scenario 4: we take ¥y = 0.2, and the error term € ~ t3/2.

We consider two sample sizes n = 50 and n = 100 for each treatment group, and we
focus on 7= 0.8 and 7 = 0.9 in this study. The simulation is repeated 600 times for each

scenario with a given value of 7.

3.3.2 Statistical Power for Testing the Treatment Effect

For both Wald-type and score-type approaches, the estimation efficiency depends on the form
of specification functions G| and %,. Dimitriadis et al.| (2019) discusses several feasible
choices, and their simulation analysis suggested that G(z) = z and %(z) = —log(—z)
provide the most consistent estimation results under all scenarios considered. Throughout,

we’ll employ these two functions for the regression procedure.
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Table|3.1|shows that Wald-type and score-type approaches both maintain the significance
level reasonably well and the corresponding type I errors stay close to the nominal level
of 0.05. However, the bootstrap method and the COVES test yield inflated false positive
rates for most cases, especially when sample size n = 50 and 7 = 0.9. Under scenario 1,
with only one covariate besides the treatment indicator, all methods perform quite similarly.
However, as we add more confounding factors, the score-type testing methods show higher
statistical power than the Wald-type approaches; see Figure [3.1] for some typical examples
in Scenarios 3 and 4 at T = 0.8 and n = 100. And the power curves in Scenario 2 confirm
that COVES test gives biased estimation of the treatment difference due to the unbalanced

covariate.
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Table 3.1: Type I error (percentage) for testing Hy : 11(7) = 0 with nominal level of 5%.

Scenario n T W-IID W-NID S-1ID S-NID BOOT COVES

08 7.3 6.7 6.2 6.3 6.7 8.5

50
09 93 8.5 9.7 8.0 8.0 13.2
1
0.8 6.5 6.0 6.2 6.2 6.3 6.7
100
09 6.7 5.5 6.2 5.5 6.7 7.7
0.8 2.3 3.8 2.7 4.2 6.8 13.0
50
09 47 6.2 5.8 7.0 7.0 12.5
2
0.8 1.2 2.5 1.7 3.0 5.5 18.3
100
09 2.0 3.0 2.3 3.2 53 11.8
0.8 5.7 6.0 4.5 4.8 8.2 12.5
50
0.9 8.2 8.2 8.5 8.2 10.0 21.8
3
0.8 3.5 4.3 4.0 4.3 52 6.7
100
09 4.0 4.0 52 4.8 6.2 9.8
0.8 2.5 3.0 2.0 3.0 6.0 9.5
50
09 3.0 3.5 4.7 5.0 11.0 17.8
4
0.8 3.2 3.7 1.8 2.7 7.7 5.5
100

09 27 33 32 4.0 9.5 10.7

W-IID (W-NID): Wald-type methods with y(u?) estimated by @ (¥iy); S-IID (S-NID): score methods
with y(u?) estimated by ¥ (Jiy); BOOT: bootstrap method based on the joint estimation; COVES:
method in He et al.| (2010).

3.3.3 Comparing the Confidence Interval of Treatment Coefficient

To access the performance of different methods for confidence interval construction, we
fix n = 1.35,2,2.5 and 3.5 in Scenarios 1-4 respectively. Tables [3.2] and [3.3] summarize

the coverage percentage and average length of 95% confidence intervals for the treatment
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difference 1 (7). Under Scenario 1, the Wald-type and score methods show similar accuracy.
For Scenarios 3 and 4 with more confounding factors, the score-type methods provide
shorter confidence intervals with relatively higher coverage, which agrees with the results of
the power analysis in Section Furthermore, when errors are i.i.d, W-1ID and W-NID
approaches perform similarly. For Scenarios 2 and 4 when the errors are heterogeneous,
W-NID method shows better performance in the sense that it provides confidence intervals
with coverage closer to the nominal level and shorter length than the W-1ID method. On the
other hand, the score methods are less sensitive to the violation of homogeneity assumption,
as S-1ID and S-NID give similar results across all scenarios considered. Overall, the COVES
method gives lowest coverage percentage, much below the nominal level 95%, especially

under Scenario 2 where the error term depends on an unbalanced covariate.
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Figure 3.1: Power analysis plots for testing Hy : 7(t) =0 at 7 = 0.8 and n = 100.
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Table 3.2: Coverage probabilities and average lengths (inside the parentheses) of 95%
confidence intervals from different methods when sample size n = 50. All values are in
percentages.

Scenario © W-IID W-NID S-1ID S-NID BOOT COVES

92.2 928 940 94.0 93.0 91.8

08 (1200  (122) (120) (120) (124) (113)

1 90.5 915 907 907 913 883
00 (146)  (149) (146) (146) (144)  (133)

98.0 960 973 973 935 858

08 (268)  (240) (265) (265) (203)  (232)

? 955 945 942 942 933 847
00 (327)  (297) (320) (320) (253) (268)

927 923 955 955 947 877

08 (184) (182) (157) (157) (187)  (110)

’ 90.8 915 915 915 925 773
00 210)  (210) (175) (175) (192)  (119)

97.0 963 980 980 965  90.7

08 (234)  (227)  (200) (200) (197)  (143)

* 0 963 962 955 955 943 833

(343) (333) (284) (284) (238) (201)

W-1ID (W-NID): Wald-type methods with y(u?) estimated by 7 ({n); S-1ID (S-NID): score methods
with y(u?) estimated by J; (Y¥y); BOOT: bootstrap method based on the joint estimation; COVES:
method in He et al.| (2010)).
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Table 3.3: Coverage probabilities and average lengths (inside the parentheses) of 95%
confidence intervals from different methods when sample size n = 100. All values are in
percentages.

Scenario t W-IID W-NID S-1ID S-NID BOOT COVES

93.3 93.8 93.8 938 93.7 923

08 (87.1) (884) (87.2) (87.2) (87.8) (83.8)

1 93 93.2 93,5 935 92.5 91.5
02 (109) (110) (108) (108) (107)  (103)

98.7 91.7 983 983 94.7 82.7

08 (194) (173) (192) (192) (143) (174)

? 98.2 97.5 917 917 94.7 86.8
02 (242)  (215) (238) (238) (178) (213)

94.7 94.5 96.2  96.2 95.7 93.7
08 (129)  (129) (108) (108) (128) (81.4)

: 94.8 94.0 95.2 952 95.0 89.5
02 (150) (149) (130) (130) (137) (96.3)

96.2 95.7 98.2 982 96.8 94.3

08 (170)  (161) (152) (152) (142) (113)

* 09 96.2 95.3 96.8  96.8 93.7 89.3

(260)  (247) (233) (233) (188) (176)

W-1ID (W-NID): Wald-type methods with y(u?) estimated by 7 ({n); S-1ID (S-NID): score methods
with y(u?) estimated by J; (Y¥y); BOOT: bootstrap method based on the joint estimation; COVES:
method in He et al.| (2010)).
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3.4 Real Data Analysis

3.4.1 Application to 2018 CPS Income Data

We illustrate the merit of the proposed score-type inference approach by analyzing a data
set from the Current Population Survey (CPS) database, which can be assessed at https:
//www.census.gov/programs-surveys/cps.html. The CPS is a monthly survey of
about 60,000 U.S. households conducted by the United States Census Bureau for the Bureau
of Labor Statistics. Information collected in the survey includes employment status, income
from work and a number of demographic characteristics. From the 2018 CPS Annual Social
and Economic Supplement (ASEC) Bridge Files, we compile a data set, which contains
870 individuals (401 male and 469 female). To find out if there exists a pay gap between
women and men, we use hourly wage in U.S. dollars as the response and consider Gender,
Age, Age?, Education level (ordinal variable with three levels) and Work status (full-times
v.s. part-time) as explanatory variables in the joint regression model.

To check whether the quantile error depends on the predictors, we conduct a heterogene-
ity analysis by analyzing the residual patterns. At a given quantile level 7, we fit a linear
quantile regression model and compare the variance of the quantile residuals for different
covariate groups. Table [3.4) summarizes quantile residual variances associated with different
education levels at T =0.7,0.75 and 0.8. The result shows that the quantile residuals appear
to depend on the Education level. Therefore, for Wald and score inference approaches,
we focus on W-NID and S-NID methods. Moreover, the Education level is an unbalanced

covariate since the female group has a higher proportion of subjects with education level 3.
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Table 3.4: The sample variance of quantile residuals for different education levels. Values
inside the parentheses are standard errors obtained with jackknife.

Education level i
0.7 0.75 0.8
1 13.18 (2.17) 14.03 (2.17) 14.59 (2.09)
2 29.49 (3.03) 29.49 (2.96) 29.64 (2.96)
3 170.55 (39.25) 170.49 (39.71) 169.30 (39.52)

Let 6; denote the upper tail CES difference of the hourly wage between female and
male groups. At the probability levels 0.7,0.75 and 0.8, we apply the proposed inference
method to test Hy : 6; = 0 against H, : 67 # 0. Except for the COVES method, all the other
approaches suggest a significant pay gap between the two gender groups. We further calcu-
late 95% confidence intervals of 6; using different methods and the results are summarized
in Table Under the significance level of 5%, results of W-NID, S-NID and the bootstrap
approaches suggest that the female employee is substantially under-paid compared to the
male employee, when other characteristics are kept the same. In contrast, the COVES test
may be negatively affected by the unbalanced covariate Education level and thus fails to
capture the tail difference.

Table 3.5: The 95% confidence intervals of 8; given by different approaches, where 6y is

the CES difference of the hourly wage between female and male groups for the 2018 CPS
income data.

T W-NID S-NID BOooOr COVES

0.7 (-3.09,-0.47) (-3.27,-0.44) (-3.24,-0.32) (-4.34,0.12)
0.75 (-3.31,-0.45) (-3.41,-0.37) (-3.39,-0.37) (-4.26, 0.6)
0.8 (-3.35,-0.15) (-3.63,-0.14) (-3.45,-0.05) (-4.49,1.14)
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3.4.2 Power Analysis for the Opportunity Knocks Data

To further assess the finite sample performance of the proposed score test, we conduct a
power analysis based on the “Opportunity Knocks” (OK) experiment (Angrist et al., 2014]),
which was designed to explore the effects of academic achievement awards for first-year and
second-year college students. For our analysis, we consider a subset with all second-year
students, which consists of 183 treated subjects and 337 untreated subjects. Treated students
can receive bonus awards and have the opportunity to interact with randomly assigned peer
advisors who can provide advice about study strategies, time management, and university
bureaucracy.

The award scheme offered cash incentives to students with course grades above 70.
Therefore, the academic performance of students can be measured by the amount they
earned in the OK experiment. To determine how the academic performance of students are
motivated by the merit award, we define the response variable Y as the earning of students
(in 1000 U.S. dollars) from the OK program. Besides the treatment indicator D, we consider
six additional covariates, including gender (X1), high school grade (X3), an indicator for
English mother tongue (X3), whether the student answers the scholarship formula question
correctly (X4, yes v.s. no), and mother’s and father’s education levels (X5 and X, defined as
above college degree or not). We apply the proposed inference method to test the treatment
effect 65 (upper tail ES regression coefficient associated with treatment variable D) at
7=0.7,0.75 and 0.8, and the results are summarized in Table The data indicates that
there’s a tendency that the merit award has a positive effect on the academic performance.
However, none of the methods show that the treatment is statistically significant on the CES
based on the original data, which might be due to the small sample size. To determine the
sample size needed for different methods to capture the treatment difference, we conduct a
power analysis.

In order to mimic the response distribution based on the linearity model assumption, we
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fit a linear quantile regression model using the original data at T = 0.75,
. 6
O:(Y|D, X, ..., Xs) = Po(7) Z (3.16)

We then obtain quantile residuals, defined as &(7) =Y; — QT(K|Di,X1, ..., Xg), and perform
a heterogeneity analysis similar to the one in Section [3.4.1] The results indicate that the
residual term depends on X4. Therefore, for power analysis, we focus on S-NID and W-NID

approaches, and the response is generated by

(D)XI+E-I(D=1)+8, (3.17)

o~
5
I
}3
I Mc\

where Bo(7), B1(7) and é;(7) are regression coefficient estimators in (3.16), X¢ follows the
empirical distribution of covariate X; in group D = d, and € is randomly sampled from the
quantile residuals {&(1)} stratified by different grouped values of X,. Since the original
treatment effect is not statistically significant, we add an additional signal & in to
increase the treatment difference, and let the sample size of the two treatment groups be the
same. We apply the proposed S-NID method to the simulated data. Table summarizes
the sample size needed for different methods to reach a power of 0.9 at T = 0.75. The results
show that the score test is clearly outperforming the Wald test and the bootstrap method,

and the latter two require a trial with more subjects.
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Table 3.6: Point estimation and the 95% confidence intervals (within the parentheses) of 65,
given by different approaches based on the original OK data, where 65, is the ES regression
coefficient associated with treatment variable D and measures the treatment effect of the
merit award on the upper tail CES.

T S-NID W-NID BoOor COVES
0.298 0.375 0.375 0.215
0.70
(-0.086, 0.651) (-0.001, 0.751) (-0.327,1.078) (-0.076, 0.506)
0.286 0.304 0.304 0.192
0.75
(-0.126, 0.678) (-0.116,0.724) (-0.379, 0.987) (-0.124,0.507)
0.278 0.204 0.204 0.207
0.80

(-0.190, 0.726)  (-0.229, 0.637) (-0.469, 0.878) (-0.151, 0.564)

Table 3.7: Sample size needed for each treatment group in the simulated OK data to reach
power 0.9 at T = 0.75.

& S-NID W-NID BOOT COVES

0.2 436 484 494 402
03 282 292 314 236
04 210 215 218 171
05 134 155 168 128
0.6 107 120 129 100
0.7 82 94 101 82

3.5 Conclusion

In this chapter, we considered the joint modeling of conditional quantile and ES. A two-step
estimation procedure is proposed to reduce the computational effort. We showed that the
resulting two-step estimator is asymptotically equivalent to the joint estimator, but the

former is numerically more efficient. In addition, the two-step estimator is locally robust
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to the perturbation of the quantile estimation in the first step. We further developed a
score-type inference method for hypothesis testing and confidence interval construction. The
proposed score method is robust in performance, especially for cases with a large number of
confounding factors and heterogeneous errors.

We chose parametric linear models for the joint-regression framework due to its com-
putational efficiency and model interpretability. This framework can be further extended
by considering more general models. Wang et al.| (2018)), Taylor (2019) and Patton et al.
(2019) consider dynamic models for ES with autoregressive features. To model CES based
on exogenous covariates, another feasible alternative is to employ some nonparametric or
semiparametric models, e.g., varying coefficient models (Hastie and Tibshirani, |[1993) and

generalized additive models (Hastie and Tibshirani, |1990).

3.6 Theoretical Proof

3.6.1 Finite Moment Conditions

For some constant ¢ > 0, define a neighborhood of 8 as U.(8]) = {67 € ©7 : |09 —
0% < c}. Similarly, we denote a neighborhood of 6§ as U.(6§) and a neighborhood of

0o = (6',6¢) as U.(8p).

(.#-1) We assume the following moments are finite for a given constant ¢ > 0: E{|G(Y)|},
1 .
E{Ja(Y)[}, E{|IX||" supgucy or) |G1” (X'04)|"} with r =1 and 2,
1
E{|IXIPsupge o) IG (X'07)Ga(X'6°) },
r 1 e\ |r 1
E{|IX]| SUPgecy, (65) \Gé )(X’O )|"} with r =1 and 2,
E{IX|I?" supgecy, (g |G (X'0)|"} with r =1 and 2.
1
E{|X| supgecy, ag) |Gy (X'0°) | E([Y||X)},
1 2
E[||X | supgecu,(g) { G (X'0) }E(|Y[|X)] and
1 2
E[IXI supgecy, o5) { G2 (X'0°) Y E(r?[X)].
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3.6.2 Proofs of Theorems

To derive the asymptotic behavior of y/n (ée — ), we first present and prove three lemmas.

Lemma 1. Assume the conditions in Theorem [l hold. Then we have

1 n

(69,6 .

g = E{XX'G}(X'65) }. (3.18)

:

l:

Proof. By LLN (law of large numbers), we have

1 n

(09,6°))| 0

9@_98} )

a.s. a A
SEC——n(Y,X,07,6°
oy E{ ot X600

:

l:1

where

0 N
q pe
a(ee)/w(Y7X?0 70 ) 96208
X0,y s
= XX’ |G} (X'05) + GF (X' 65) {X’Hs —xgr! T) {W} H |

It then sufficient to show that the expectation of the second term in the above equation is

o(1). Notice that

09 — A
E |XX'G (X'65) X’Oe—X’éq+(X0 Yy <xiiny
2 0 0 T
X0 -YI,y_ s
=E |XX'GY(X'65) - E {X’eg—x’04+( 2{Y<X0q}\X}],

where

(X/éq —Y)I Y<X'6a
XY

E{X'6§—-X'6% + -

A 1 .
=E {X/(eg —07) + %{x/(eq — Og)I{YSX,éq} + (X6 — Y)(I{Ygx,éq} _I{Ygxfeg}) } |X} .

For the above equation, it’s easy to verify that the terms involving X'(6] — 69) are 0, (1)
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due to the consistency of 4. Besides, by Taylor expansion we have

E(Iy cxopny — Iy <xogy |X) = Frx (X'67) — Fyx(X'65)
= fyx(X'00)X (67 — 60) + o{X'(67—67) }

= o0p(1).

Therefore, with the assumption that the conditional distribution of ¥ given X has finite
second moment, the last term E{Y ( yexga —1 {Ygxleg}) X} = 0,(1) holds by Cauchy-

Schwarz inequality. [

Lemma 2. Assume the conditions in Theorem [l hold. Then we have

P

sup — 0,

OA‘I:HOA‘IfG(q)HSon*l/Z

fz [{@:(09,65) — 0i(65,606)} — {A:(67) — 2,(60)}]
(3.19)

where c is a positive constant and
2i(07) = E{o(Y;,X;,07,60)|X;}.

Proof. According to the Remark on page 410 of | Doukhan et al.| (1995)), we can obtain the
stochastic equicontinuity of n~ /2y {@;(67,68) — A;(67) }. That is, for any € > 0, there

exist a & > 0 such that

limsupP( sup Ti {601 01 ,65) A.(é‘])}_

n—yoo 64:(|64—67||<5¢

{@i(65,65) — 2:(67) }]

>g)<g,

which implies the desired result. 0
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Lemma 3. Under the conditions in Theorem|l} we have

1 &, [ A
%,:Zi {2:(67)—2:(65) } = %; [E{o(¥;,X;,07,65)X;} — E{ o(¥;,X;,08,60)|X;}] = 0.
(3.20)

Proof. Recall that

7Ll~(0q) = E{(D(Yi,Xi, 04,05) |Xl}
= XiGy (Xj6§) [Xi05 — X0 + T E{(X'07 — V;)1y,<xv01y| X }]

= X;Gy" (X[05) {X{05 — X[07 + T~ X'07Fy x,(X'0%) — 7' E (Yily, <x000) [Xi) }
Therefore we have
A(67) — 2,(00) = X,GS (X169) {X1(68 — 69) + 7 'k;(89,00) + 7' 1;(6%,60) 1, (3.21)
where

ki(07,60) = X[67Fyx,(X'07) — X' 0 Fy,x,(X'63),

1i(67,60) = E (Yilyy, <xon | Xi) = E(Yil gy, cxogay [Xi).
By Taylor expansion we have

ki(07,60) = X[0%{ Fy,x,(X'09) — Fyx,(X'00) } + Fy;x,(X'00)X' (67 — 67)

= Xgéqui(x’og)x’(éq —00)+1X' (67— 07) +0(|67 - 6|7,
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where the first term can be written as

X6 fyx,(X'08)X' (07 — 6)
2) A 2
= X604 fi,1x,(X'65)X' (07 — 67) + {X'(87 — 60) } "y, x, (X'67)

= X6 fy,x,(X'05)X'(87 — 63) + O(/|67 - 651%).
Therefore,
ki(67,600) = X600 fr.x,(X'08)X' (07— 03) + TX' (67— 60) + O(||67 — 63 |*).  (3.22)

For the second term l,-(éq ,6p), notice that E (Yil (Y,<X'67} |X,) is continuously differentiable
for all 87 in some neighborhood U (6() around ¢, since we assume Fy,x has a density
which is strictly positive, continuous and bounded in this area. So V87 € U(6(), we can

choose 87 € U(6{) such that X687 < X0, then

d
WE(YJ{YI,Squ}’Xi) = WE(YI'I{Y,SX#)?}’XI') + WE(YI'I{XW‘{<K§X§04}|XI'>
P /x;e? e [ “
= — udFiniu—I——/ udFby,x,(u
2(69) )« | 2(69) Jxg7 |
= X{(Xi0) fr, x, (X;07). (3.23)
It then follows that

1:(09,80) = Xi0% fx,(X'00)X' (6 — 09) + 0(]|67 — 6 |1*). (3.24)

Substituting ki(éq, 6y) and l,-(@‘l7 6p) in (3.21) by (3.22) and (3.24), we have

2i(67) — 2(05) = (/|67 - 63]1%).
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Together with the condition [|§7 — 6||> = 0, (n~") = 0,,(n"'/?), we can obtain that

% i‘i {%(67) = 2:(65)} = 0p(1).

O

Proof of Theorem[l] Let w;(Y,X,07,6¢) be the derivative of p;(¥,X, 67,0¢) w.r.t. 8. That
1s,
Y, X,09,0° = o (Y,X,07,0°
wf( 94Xy 9 ) - mpr 94Xy 9
=XG\(X'6°) {X’ee —X'67+

(X'09 - Y)I(Y < X'69)
T } '

For simplicity, denote w;(Y;, X;,07,0°) by w;(04,6¢) for subject i. Then we have

1

— 2V w(69. 6

0 ni;w,(ﬁﬂ)

zlzn:wz(é" 9€)+lzn‘, o wi(69,69 (65— 6°) +R,
ni= Y n/=ad6°) ' lee=6g 270 ’

where 6 is the true parameter vector and R, is a reminder term such that \/nR, — 0 as

—1
oee;;]

n — oo. It then follows that

N 1 & d N
n(0°—05) = |-y (69, 6°
\/_( O) [niZI a(ge)/w( )

Combining this with Lemmas 1-3, the result of Theorem [I| follows by

1

(6 — o) L [E{XX/GgU(X’OS)}] B { Jn

wi(eg,eg)} =N(O0,A'QAY).
=1
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Proof of Theorem[2} Based on the Taylor expansion on A, and application of the asymptotic

normality of 6¢ and Slutsky’s theorem, we have

>
||

N
I
—_

(x:x))- [6 (xi65) + {65 (x16°) — 61 (x5}

M:

(XiX)) -GSV (X!65) +n~"!

||
M:

xix)) { G5 (xj05)X1(6¢ — 05) + (|16 — 05 >) }
1

~.
—

1
>

Similar arguments yields the result for €. [
The proof of Theorem [3|requires the following Lemmas 4-5.

Lemma 4. Let 08 and 65, be the true parameters under Hy, with the assumptions in

Theorem when ||(87,0") — (6,0¢)'|| < c-n~'/2 for some positive constant c, we have
sup|51(67,65) — 5,05, 85) — E{S,(67.65) — 5,(65.65)|X; || =

Proof. Applying similar arguments in the proof of Lemma [2] the result follows by the

stochastic equicontinuity of S,(67,09) — E{S,(64,6)|X;}. O

Lemma 5. With the assumptions in Theorem |3} under Hy, we have
E{S,(07,0%) —5,(04,65)|Xi} = 0p(1)
Proof. The difference can be written as

E{S,(67,65) —S,(04,6%)|X;}

= 2 X ZiGL) (Xi65) {Wi07 — 850) ~ X{(8 — )+ (67, 00) += 1 1,(67.00)}.
i=1

where the functions k; and /; are defined in (3.21)). Based on (3.22)) and (3.24)), the difference
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can be simplified to

E{S.(07,60%) —5,(04,65)|X;}

L& .
== i72 go ; 1~ Y10 14
ﬁZZ GV (X108)W(6¢ — 6¢,) +0,(1)
i=1

1 & " e ne e
— {; Y 7z Gél)(Xwo)W;} V(67 — 679) +op(1)

i=1

= [I,GIy — I, GILy (ITy, GI1y ) ~'TT}, GIy | /n (6% — 65)) +0,(1) = 0p(1).

The last equality holds due to the orthogonal transformation given in (3.12). O

Proof of Theorem[3} For any (8,6¢')" such that || (09',05") — (6¢',05,)'|| < c-n~'/2, define
1 n
i=1

Under Hy : 05 =0, ||Z; GV (X'08) — Z: G (X6°)|| = 0,(]|6° — 6||) = O,(n"/?). There-

fore, if we have the asymptotic normality of S, (89, 8¢), then
Sn — Sn(éqvéf) = Op(”_l/z)Op(l) =0p(1),

which implies S, £ 8,,(67,¢).

: . d
According to Lemmas 4-5, we can obtain that S, > S,(63,0¢,), where

S.(63,65)) = \/_ZZ* )(X165) (W65, — X040 + 7' (X607 — Yl y,<x:0) |

=AN(0,Y),
and

n

* * 1
Zl Zl-Zi’{Ggl)(Wgefo)}zﬁVar{eiql(e?§O)|X,~} :
1=

:I*—‘
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here sl-q =Y — X;Gg are the quantile residuals. Similar to the arguments in the proof of
Theorem [2}, we have 5, () L ¥, and therefore the desired result under Hy follows.

Under the local alternative H, : 65 = 65,/+/n, notice that

E{W;07)— X{0; + 17" (Xi6) — Yi) L1y, <xr00, | Xi}
= W07, — X0 + X0 Fyx,(Xi05) — T_IE(Yil{nsx;ag})

= —Zi3/v/n.

d
The result follows since S, =~ S,,(0(,6¢,) under H,. O
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Chapter 4

Joint Quantile and Expected Shortfall
Regression in Partially Linear Varying

Coefficient Models

4.1 Introduction

Nonparametric models have attracted much attention among statisticians and econome-
tricians. One popular nonparametric specification is the varying coefficient model as
considered by Hastie and Tibshirani (1993)), (Chiang et al.| (2001) and Cai et al.| (2000),
among others. Compared with generalized linear models, varying coefficient models are
more flexible in applications as the coefficients are smooth functions of some covariates such
as the measurement time . However, when some covariate effects are indeed time-invariant,
the data may be overfitted. This motivates the partially linear varying coefficient (PLVC)

model (Robinson, 1988 |[Speckman, [ 1988])
y=xa(t)+7B+u,

where ¢ is the univariate index variable such as the measurement time or age of a subject,
a(t) is a vector of unknown smooth function of 7, 3 is the constant coefficient vector, u is
the random error, X and z are design vectors corresponding to the time-varying functions

and the constant coefficients, respectively.
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In many applications, the response may depend on some covariates in a non-linear way.
For example, preliminary analysis of the 2018 Current Population Survey (CPS) income
data suggests that there is a non-linear pattern of the age effect on the response distribution;
see details in Section[4.6] Therefore it’s appropriate to consider age as an index variable and
include some unknown smooth function of age in the joint quantile and expected shortfall
regression model. We consider the PLVC model with possibly varying coefficients since it
retains the advantages of both parametric and nonparametric modeling. The PLVC model
not only captures the linear interactions as in a linear parametric model but also includes the
general interactions between the index factor ¢ and the other covariates. At the same time, the
PLVC model avoids much of the “curse of dimensionality” problem, as the nonparametric
varying coefficients are taken to be functions of the univariate index variable 7. Many
researches have studied PLVC models; see for example |Ahmad et al. (2005), |[Fan and Huang
(2005) and Sun and Wu (2005) for conditional mean estimation, and [Wang et al. (2009b))
and Shen and Liang (2018)) for conditional quantile estimation. The focus of this project
is to estimate and conduct inference on conditional ES curves for longitudinal data under
the PLVC model without specifying the error distribution or the within subject dependence
structure.

We propose to approximate the unknown smooth functions by B-spline basis functions.
To obtain the ES regression coefficients, we adapt the two-step estimation method in Section
@] and utilize the class of strictly consistent loss functions (Fissler et al., 2016) under
the PLVC model setup (referred to as the L; loss). However, the estimation procedure
with the L; loss function involves non-convex optimization and the resulting estimator does
not have a closed expression, therefore it’s computationally intensive especially given that
the dimension of parameters is expanded with B-spline approximation. To overcome such
limitations, we consider another L,-type of loss functions for the pair of quantile and ES
introduced in Barendse| (2020). The L, loss function is globally convex over the parameter

space and thus the estimation procedure is numerically more efficient than the L; loss.
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In addition, with appropriate choice of weighting, the L,-type estimator can achieve the
asymptotic efficiency under location-scale-shift models. Our simulation study also shows
that the L,-type estimator performs competitively well or better even for non-location-scale-
shift models.

For both L; and L, loss functions, under some regularity conditions, we obtain the
optimal convergence rate of the functional coefficient estimators, and establish the asymp-
totic normality of the estimators for the constant coefficients. The Wald-type test can
be constructed based on the asymptotic distribution of the constant coefficient estimators.
However, as shown in Section the finite sample performance of the Wald-type test is
generally unstable. As an alternative, we introduce a score test for the inference on the
non-varying coefficients. In semiparametric models, another question of practical interest is
the constancy of varying coefficients. To address this type of hypothesis testing problem,
we extend the score test based on parameter re-parameterization, making it possible to test
whether one or some of the varying coefficients is constant, which can be further used in
selecting varying coefficient models of different complexities.

This Chapter is organized as follows. In Section[4.2] we first extend the joint regression
framework using PLVC models, and present the two-step estimation procedure based on two
types of loss functions, followed by the large sample properties of the resulting estimators.
We develop inferential procedures for testing the constant coefficients in Section4.3] and
for testing the constancy of a subset of the varying coefficients in Section[d.4] We assess the
finite sample performance of the proposed method in Section[d.15] Section[4.7]concludes

the project with some discussion. Proofs are included in Section

4.2 Proposed Method

4.2.1 Joint Regression Model

Let y;; denote the continuous response, and let X;; € R”! and z;; € RP? be the design vectors

for the time-varying coefficients and constant coefficients, respectively. Suppose that we
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have n subjects, and the ith subject has m; > 1 repeated measurements over time t € R. Ata
given quantile level 7 € (0, 1), we jointly model the conditional quantile and CES of y;; by

the following PLVC models:
Qe (vijlxij,zij,tif) = x; ;0 (tij) +2;;87  and  ESt(yij|xij, 2ij,1ij) = X0 (t3) +2;8°,

where a(r) = (a(t),..., 0, (1)) and @“(r) = (e (t),..., @, (1)) are unknown smooth
functions of 7, X;; = (xij1,...,Xijp,) € RP' and z = (zj 1,...,Zijp,) € RP2, and we have
x;j1 = 1 corresponding to the intercept, the coefficient vectors a?(t),a¢(t), 37 and 3¢ are
T-specific. Let u?j =yij — Q:(vij|xij, zij,t;j) and ufj =yij — ESc(yij|xij,2ij,tij), we assume
Qr(u?j|xij,zij,tij) = ESc(uf;|xij,2ij,t;;) = 0 for identifiability purpose. In addition, we
assume that the observations, and therefore ulqj and ufj, are independent across subjects, but
are likely dependent within the same subjects. The form of the error distribution and the

intra-subject dependence structure are left unspecified.

4.2.2 Two-step Estimation

Let w(t) = (B1(t),..., B psy () and 7(t) = (By(t),...,Byen1(t)) be B-spline basis
functions of order 71+ 1 with k! and k¢ quasi-uniform internal knots, respectively. Without
loss of generality, we assume that #;; € [0, 1] for all i and j. We also assume the number of
internal knots is the same for each varying coefficient, even though it is allowed to differ
in applications; see Section for a model selection criterion for determining . With
B-spline approximation, we can approximate each o () and of (1), [ =1,..., py, by a linear

combination of normalized B-spline basis functions

k41
/
o)~ Y B(1)6] =m(1)6]
s=1
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and
ke+n+1

Z B els e(t)lgle7

where qu = (qul, .07

/ e e e / . .
l,kZ+h+1) and 0 = (91’1, ey 91,kf,+h+1) are the spline coefficient

vectors. The joint regression model can then be approximated by

1k,,+7l+l
Qr(yij|Xij,Zij7tz] Z Z xz]lB tz] 1s+Zlesﬁq Hq/®q+zlj/6q 4.1)

Pl ke+h+1
EST()}ij|Xij7Zij»lzj Z Z xz]lB tl] 915‘1‘ ZZl]sBe_ne,®e+zljﬂe 4.2)

whereH (x,ll Z, SXijp T ) c R andH (xljl s Xijp) U) € RPk, @1 =
(6/;) € Rt and ©° = (6f,) € RPE, with p{ = py (ki +h+1), p§ = p1 (k& +h+1), xf, =
m?(tij) and 7 = ¢ (t;;).

To obtain the ES coefficient estimators, we adapt the two-step estimation method

introduced in Section [3.2.2]and consider the following two types of loss functions.

e L loss function:

pr (v,x,2,1,0%, B9,0°, B°)

= Gy(170° +7'8%)gc (v, x,2,1,0%,47,0°, B) — 4 (I1"0° +2'8°),  (4.3)

where %, is three times continuously differentiable, G, = fiz( l), G, and Gél) are strictly

positive, and

gT(y7X7Z7t7®q7ﬁq7®enBe)

= (IIY0° +78°) — (1707 +2/89) + 1~ (IT7 Q7 + 2/ 81 — y)I(y < T ©4 + 2/ BY).
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e [, loss function:

p%z(y7x7z7t7®q7ﬂq7®e7186> :W(a)>{gr<y7x7z7t7G)q?IBq?@e?Be)}z? (4'4)

where W(w) := W(x,z,t;®) is a weight function at some (potentially estimated)
parameter vector @. We assume that the weight function is pre-specified for now. The

optimal choice and estimation of W (@) will be discussed in Section[4.3.1]

In practice, we obtain quantile coefficient estimators 7 and B4 first by standard quantile

regression. That is,

nom

(9,87 =argmin )" Y 0; (yij — 1409 — 2;;8%), (4.5)

(©4,89) i=1 j=1
where o7 (1) = u{t—1I(u < 0)} is the quantile loss function. For details on the estimation of
PLVC quantile regression models, the readers are referred to Wang et al.| (2009b)). With the
quantile estimates, the estimators for ES regression coefficients ®° and 3¢ can be obtained

as

n m;
(©5,.8;,) =argmin ¥} Y pc*(vij, xij.2i),1;;,09,81,0°,8°), k=1,2. (4.6)
(04,8¢) i=1 j=1

This estimation method is a two-step procedure applicable to cases with regularly or irreg-
ularly observed measurements. The two-step approach reduces the computational effort,
especially for the regression procedure using L; loss function since it involves non-convex
optimization. In addition, the asymptotic properties of the two-step estimator are locally
robust to the quantile estimation or its local misspecification in the first step; see a related

discussion for local robustness in Section[3.2.2]
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4.2.3 Large Sample Properties

Before presenting the asymptotic properties of the proposed estimators, we first introduce

two definitions.

Definition 1. Define 7, as the collection of all functions on [0, 1] whose m-th order deriva-
tive satisfies the Holder condition of order v with r = m+ v. That is, Vh € F¢,, there exist a

constant ¢ > 0 such that |h"™ (s) — K" (1) < c|s —t|" for any s,t € [0,1].

Definition 2. A function g(x,t) is said to belong to the varying coefficient class of functions
Y if (i) g(x,t) =x'h(t) = L0 xihy(t); (ii) Y74 E{xihy(t)}? < oo, where x = (x1,...,xp,)/
and h(t) = (hi(t),... hp, (1)) with (1) € 5 for | =1,...,py.

For the ith subject, denote Z; = (2;1,. .., Zim,)’ as the m; X p, design matrix corresponding
to the constant coefficient, and let Z;; be the /th column of Z; and Z = (Z},...,Z},).
Similarly, we denote X; = (X;1,...,Xim,)", X = (X|,..., X)), Ti= (ti1,... ,tim;) and T =

(T},...,T,)". In addition, let Bl = diag(B%", s ,Bﬁ") for k = 1,2, where
Ly _ 4 Myt efy ! Qe (1) ror e, / e
B;! = diag (G, '{xja‘(ti1) + 2 85}, - .. G, {Xim, @ (tim;) +Zim,-/80})
corresponds to the L loss pL! in (4.3) and
BILZ = diag(W(Xi17Zi1 »Lits (D), v 7W(Xim,'7 Zimiatimi; (D))

for the Ly loss p2 in (@4).
To obtain the asymptotic distribution of the constant coefficient estimator ,ézk,k =1,2,

we need to adjust for the dependence of Z and (X, T). Let

d(Xi, Ti) = (9 (xi1,ti1),.. -7¢(Xim,~7tim,-))/7
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where @ (x;;,t;;) € % for all i and j. Denote

o7 (X, T;) = a;ggleE [{Z, | — (Xin,')}'BiL"{Zi,l — qb(X,-,T,-)H
60

andmy(x,t) = E(Z; ;[ X=x,T=t) forl =1,..., p>. Then ¢; (X;, T;) are the projections of
m, (X;, T;) onto the varying coefficient functional space % (under the Ly-norm). That is,
@7 (X;, T;) is an element that belongs to %" and is the closest function to m;(X;, T;) among

all the functions in . More specifically,

n

Y E[{Z;; — ¢} (X, T0)YB*{Z;; — ¢} (X, T))}]

i=1

i E[{Zi;—g(X, T) Y B {Z;; — (X, T})}],

for all g(X;, T;) = (g(Xi1,%i1); - - - & (Ximys tim;) ) With g(Xij, i) = Y24 xij il (1) € Y .
For k = 1 and 2, we define

1
Kb == {7~ &' (X0 T) Y BIZ - 67 (X, T ),
Ak = %Z{Zi — " (X0, 1)V A{Zi — " (Xi, Ti)},

AlLk = COV(VIila-"?llfimi)?

where ¢*(X;,T;) = ((/b”l‘ (X;, Ti),..., I (X,-,T,-)) is a m; X p, matrix, and AiL" is a m; X m;
matrix that measures the tail dependence of pairs of residuals from the same subject. In

addition, we have
_1 (1
yij =t Gy (X ac (1) + 24, B8 il (uf; < 0)

for the L; loss and

l[/ij:T_]W<Xij,Zij,li], )u I( 1 <0)
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for the L; loss. Here we pose the following assumptions.
Al Forsome r > 1, oy(t) € J forany 1 <1< p;.

A2 The conditional distribution of 7" given X = x has a bounded density uniformly in x

and 7.
A3 The number of repeated measurements m; are uniformly bounded for all 1 <i <n.

A4 Uniformly over i and j, the conditional distribution F;;(y) := F(yi;|Xij, Zij,tij) has
finite second moments, and is absolutely continuous with probability density function
fij(+), which is strictly positive, continuous and bounded in a neighborhood of the tth

conditional quantile of y;;.
A5 For all i and j, the random design vectors X;;, z;; are bounded in probability.

A6 Let Kb = lim KI,;" and AL = lim A],;" for k = 1,2. The eigenvalues of K and A%

n—yoo n—soo

are bounded away from zero and infinity.

A7 (a) The specification function %, in the L loss function is three times continuously

differentiable, G, = %2(1), G, and Gg) are strictly positive.

(b) For the L, loss function, the weight function W (-) is pre-determined with a given

weight parameter vector @.

Theorem 4. Under Assumptions Al - A7, if r > 1 and k;, = nl/(er), then V1 <1 < py,

- Z Z{al (1)) — o (1) 12 = O (n=2r/CreD)y (4.7)

llj

where 0y is obtained based on p%",k = 1,2 and
Va(B5, — B5) — N (0, (KH) " AL (kM) 1), (4.8)

and sz is given in (4.6).
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Assumption A1l is required to achieve the optimal convergence rate of the time-varying
coefficients. Assumption A2 ensures that kIT'BI1 is positive definite when 7 is sufficiently
large. Assumptions A3 and A4 are typical regularity conditions of longitudinal studies and
quantile regression. The existence of the conditional moments is subject to the conditions of
mean regression and is included since ES is a truncated mean. The boundedness assumption
in A5 is made for technical convenience. It suffices to assume that the random design vectors
have bounded fourth moments, but this will complicate the proof. Assumption A6 is related
to the asymptotic covariance matrix of B3¢ and is used to obtain the optimal convergence rate
of the estimators. Assumptions for the specification function % come from the conditions

for the joint loss functions of quantile and ES in |Fissler et al.| (2016).

4.3 Inference on Constant Coefficients

In this section, we introduce the Wald-type and the score-type tests for inference on the

constant coefficients 3¢. For ease of presentation, let 8y, (quj, ;;) and &¢; = (I1f, z;;)',

and denote 97 = (67, 39 and ﬁek = (6%, 8¢) k= 1,2 as the corresponding quantile and
ES coefficient estimators obtained under the full models (.1)) and (4.2).

4.3.1 Covariance Matrix Estimation for the Constant Coefficient Estimator

The asymptotic normality (4.8) enables us to make inference on 3¢ through direct estimation
of the covariance matrix, which involves the weight matrix Bl.Lk ,k=1,2. For the L; loss

function, BiL ! can be estimated by

BY = diag(GY"(859°),...,GY) (8. 99)).
For the L, loss function, let

qij = qij(7) =xj;0(t;;) +2;;B]  and  e;j = e;j(1) = xj;0 (1)) +2;85
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denote the conditional quantile and CES of y;; at probability level 7. Then the optimal
choice of the weight function W (x;;,z;;,t;;; @) that minimizes the asymptotic variance of

Bzz are given by (Bates and White, [1993)
1/E [{eij—qij+ T Ngij — i) 1(yi; < Qij)}2|xijazijatij] ; 4.9)

which remains agnostic due to the functional form. To obtain an approximately efficient and
easily estimable weight matrix, we adapt the idea of |Barendse|(2020) and estimate BiL2 by
the optimal weights under the general location-scale-shift models.

Consider the following location-scale-shift model,
vij = L(Xij,Zij, tij) + S(Xij, 2ij, tij) €, (4.10)

where /(xX;;,2;j,t;;) and s(X;;,;j,t;j) > 0 are nonlinear functions, &; are i.i.d. with CDF F.

Under the location-scale-shift model (4.10),
qij = 1(Xij, 2ij, tij) + 5(Xij,2ij, 1ij)g" (v) - and ey = 1(Xij, Zij, 1ij) + 5(Xij, 2ij, 1i) e (T),
where ¢®(7) and e®(7) are the Tth marginal quantile and ES of &;;. It then follows that

E [{eij—qij+7 (i —yi) 0ij < qij) Y [Xij, 2ij, )]
= {2 )1 [ {0~ (2) 45 (0 () — )l < o (2) ) e

o {s(xij, 2ij,1ij) }.

Combining this with (4.9)), the result implies that the optimal weights are proportional to
{s(xij,Zij,t;j)} 2. By Section 8.2 of Serfling (2009), with a known marginal density f; of

&;j, the optimal L-estimator (such that the asymptotic variance is minimized) of the scale
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function is
1
SA(Xij,Zij»tij):/O E(u)gij(u)du, (4.11)

where §;;(7) is the estimated tth quantile of y;; conditional on (X;;,z;;,%;) and {(u) =
(—xft/fe){q%(u)}. In practice, for the estimation procedure with the L, loss, we assume
g;j follow the standard normal distribution and estimate the scale function by (.11)) with
C(u) = 2@~ (u), where ®(-) is the distribution function of a standard normal random
variable. Since the constant rescaling of the weights does not change their efficiency, the

weight matrix BiL2 is then estimated by
B2 = diag ({8(xi1,2i1,1i1)} 2, -+, {8 (K Zim timy ) } %)
i ily 41,1 gy im; s Lim; s Lim; .

Another nuisance quantity involved in the covariance matrix of 3ik is AiL", k=1,2, the

intra-subject covariance matrix. To estimate Al.Lk, note that

AT 1 [
T E{upl(u; <0)} =7 v —aij) fij(y)dy = eij — qij-

—00

Therefore, AiL" can be estimated by

where ¥; = (Y1, ..., Wim;)' and i} = (41, .. ,[L;,’;i)’ with
Pij =t Gy (859°)alii(af, < 0), = Gy (850°) (859° — 81H)
for the L; loss function and
Wi = {8(xij, 2, 1)} a1l < 0), Y = {8(xij,2ij,0))} 77 (89 — 8109
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q

q _
ij ij —

for the L, loss function. Here #. are the estimated quantile residuals defined as i@ i

4.3.2 Wald-type Test

Based on the asymptotic normality (4.8)), a Wald-type test can be constructed for inference
on the constant coefficient 8¢ by direct estimation of the covariance matrix. The following
Theorem |5|shows that the asymptotic covariance matrix of B¢ can be estimated consistently.

Fork =1, 2, denote

B = diag(BY, ... BLY), TI° = (I, ITS,, - TTG, Y

Pl =1°(MBHII) "' BY,  Z; = (I-PM)Z, (4.12)
A ¢ Ay * N A 7 ~ 7 * > 1 ¢ A * L5 *
Alr = . Y 77 (hi—p! ) bi— )2, K= - 7;,B*Z;,

i=1 i=1
where Zf 1, are the rows of Z}: corresponding to the ith subject and are obtained with p% k.
Li k

Theorem 5. Under the assumptions of Theorem 4| K5t — K5 = op(1) and AL — Al =

op(1) fork =1, 2.

4.3.3 Rank Score Test

It has been shown in quantile regression literature that the finite sample performance of the
score test is more stable than the Wald-type test (Chen and Wet, 2005} | Kocherginsky et al.,
2005). Due to the strong connection between quantile and ES, we consider the score test
as an alternative for the inference on 3°. For ease of presentation, we will omit L; from
Bl«, @ik and sz wherever clear from the context, and use the L; estimator as an example to
construct the score test statistic, the same procedure can be applied to the L, estimator with
the corresponding estimation.

We partition 3° into two parts 8¢ € RP?! and 85 € RP22 with py; + p2> = p>. Without

loss of generality, we focus on testing Hy : 3{ = 0 against H, : B # 0. Let Z() and Z?) be
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the N X p21 and N x py> design matrices corresponding to 3{ and 35, respectively, where

N =Y, m; denote the total number of observations. Furthermore, let

we=M°Z7), Pg=wW'Bw) 'w°B,

A

9 — (I—P(;;)Z(l), ¢e _ (@e/, Ag/)/,

where B is defined in @.12)) and qAbe is obtained under Hy with the L; loss.
Letd;; and (Dfi be the row vectors of & and ¥ ¢ , respectively, and let .@i = (di,...,d im,-)l
and ﬁ?j =Yij— 55./1% be the estimated quantile residuals. Our proposed score test statistic is

given by

Tp=58V-1s,, (4.13)

A

where Vn_l =n! Yo .@{A,.@, —n! Y .@,’(1& - ﬂy/)(@bi - ﬂ;’l)/.@i and

1

Sy =n""2Y a,;G3" (550) (@8 §¢ — 8497 — v ilL1(af, < 0)}.
i

To establish the asymptotic distribution of .7,, we modify the assumption Al as A1’ and

make an additional assumption A8,
A1’ There exists some r > 2 such that oy () € 7 forany 1 <1< p;.

A8 The minimum eigenvalue of V, := n! " .@i’ A, %; is bounded away from zero for

sufficiently large n.

Theorem 6. If Assumptions A1 and A2 — A8 hold, and the number of knots for the B-
spline space satisfies n'/(*") <« ki < n'/* with r > 2, then under Hy B{ =0, we have

D
T = 2% (pa1) as n — oo,
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4.4 Constancy of Varying Coefficients

Another question of interest in semiparametric models is whether one or some of the varying
coefficients are constant. We propose a score-type method for testing the constancy of
varying coefficients. Without loss of generality, suppose we want to test the null hypothesis

that the first 1 < p1; < p; functional coefficients are constant:
Hy:o/(t)=7v, l=1,...,p1,
for all t € [0, 1], and ¥, are some unknown constants. The alternative hypothesis is
H, : at least one function o () is time-varying, [=1,...,p1;.

Consider the model re-parameterization with some transformation matrices J and J such

that

o e _ D) 1@
= (LAY TG = (1) ),

where T} = (xij 178, xijp, &) € RP, and II,) € RP%P1, py = pyy (kS + h) and

pi=pi(k;+h+1). Let

n® =@ .o nhy, n@=m?..n? o nd)

<y lmy2 " .y lmyo "

and let &; and &; be the parameters corresponding to the design matrices 1) and 12,

respectively. Then the conditional ES of y;; can be approximated by

1 2
ESt(yijlxij, 2ij,tij) = Hl(j)/él +H§j)/£2 +12;;8°,
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and the two hypotheses can be represented as Hy : £ = 0 versus A, : £&; # 0. Let

we=(?%.Z), Pw=WWBW) 'WB,

D=(1-Pw)II, ¢°=(&,57).

Denote d;; and wfj as the row vectors of D and W¢, and let D; = (di1,...,dim,)'. The rank

score test statistic is defined as
! aA—1
. 4.14)
h Al —llA)/A,]A),_ —1lyn f)/ T 4 A,_A‘I//]A). d
where v, - =n ADi=n""Y 1, i(l/)t Ni)('%bz ll’i) i an

so=n"12Y di;GY) (8509 @} ¢ — 897 — v ali(al. < 0)}.
ij
If the number of internal knots &, used for B-spline approximation is bounded with &, = k,
then the rank score test based on #, follows an asymptotic > (p11(k+ 1)) distribution under
Hy. However, to test the constancy of functional coefficients in the PLVC models, the rank
score test will be inconsistent unless k¢, grows with the sample size. The following Theorem

gives the asymptotic null distribution of #, for growing k.

—1 n

A9 The minimum eigenvalue of v, :=n ' | D/A;D; is bounded away from zero for

sufficiently large n.

Theorem 7. Suppose that A1',A2 — A7 and A9 hold, h > 3 and the number of knots k¢

satisfies n'/20+1) <« k& < n'/> with r > 2. Under Hy, we have

— (k, +1)p11
2(kg+h)p11

ZN(0,1), aské— .

Remark 8. For both Wald-type and score-type tests, the variance estimators involve the

within-subject covariance matrix A;, which measures the tail dependence of quantile residu-
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als from the same subject. Numerical results show that both methods maintain the Type I
error well for large sample sizes. However, for small samples, the variance tends to be under-
estimated, leading to inflated false positive rates. Therefore, in practice, we consider finite
sample adjustment on the variance estimators. That is, for An,V, and ,, defined in (4.12),
(@13) and @E.T4), we replace n=' by (n— pl — p2) ="', where pl + p> = p1(ki + i+ 1)+ p>
is the dimension of the quantile parameter space. Numerical studies suggest that this ad-

justment can help the tests control the Type I error in small samples; see details in Sections

K32 andd.53

In addition to the inference on constancy of varying coefficients, the proposed score
test can also be used for model selection since it can examine the constancy of a subset of

possibly varying coefficients.

4.5 Simulation Study

In this section, we investigate the finite sample performance of the proposed estimation and
inference methods through Monte Carlo simulation studies. We consider two sample sizes
n = 100 and n = 300. The simulation is repeated 1000 times for each scenario. For each
repetition, every subject is supposed to be measured at time points {0,1,2,...,10}, and
each time point (excluding time 0) has a 20% probability of being skipped, which results
in different numbers of repeated measurements for each subject. The actual measurement
times are generated by adding an U (—0.5,0.5) random variable to the nonskipped scheduled
times.

The data is generated from the following heteroscedastic model

yij = Qo(tij) + o (ti)xij1 + 0 (tij)xij2 + 03 (tij)xij 3 + Bz + (1 +xi5,1)eij, (4.15)

where x;; 1,x;;2 and x;; 3 follow the folded normal (absolute value of a standard normal ran-

dom variable), U(t;;/10,1+1¢;;/10) and the standard exponential distributions, respectively,
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and z; is a time-invariant covariate. The time-varying smooth functions are given by

o (t) = 15—|—205in(t2—7(§),
ou (1) = 2 — 3cos (@) 4.16)

(1) =6-0.61, az(t) =—4+ (20— 3r)%/1000.

» Case 1: z; ~ Ber(0.5), =1 and ¢; = (ej1, .., €im;) ~ N(0,Z;), where X; has an

exchangeable correlation structure with correlation coefficient of p = 0.5.

» Case2: zj~Ber(0.5),f =1and e; = (ej1,...,€im;) ~ N(0,Z;), where ; has an AR(1)

correlation structure with correlation p (e;j, ,e;;,) = 0.5 ~izl,

» Case 3: z; ~ Ber(0.5),f =1 and ¢; = (eji,. .., ejn;) follows a multivariate #(3) dis-
tribution, specifically e¢; = \/§u; 1/ 2£,~, where g ~ N(0,%;), £; has an exchangeable
correlation structure with correlation coefficient of p = 0.5; u; consists of m; indepen-

dent x?(3) random variables, and « and &; are mutually independent.

e Case 4: Zi ~ U(1,3),ﬁ = log{(l — uij)*l},u,-j = CID(eij) and e = (e,-l,...,eimi) ~
N(0,%;), where X; has an exchangeable correlation structure with correlation coeffi-

cient of p = 0.5, and ® is the CDF of standard normal distribution.

Based on model (4.13)), the CES regression model is given by

ESt(yij[xij,zistij) = 0 (tij, T) + 0 (tij, T)xij1 + 05 (8, T)xij2 + 05 (1, T)xij 3+ B (T)z,

4.17)
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where

1T
OCS(I,'j,T) = OCO(Z‘,'j) +esij(1') = 15—|—2OSin<—gO )+es,-j(‘c),
3tii—25)m
of (ij,7) = ou (t;j) + esij(T) =2 —3cos (%) +esij(7), (4.18)

Otf(tij, ”L') = (Xz(tij) =6— 0.61,'_,‘, (X;(tij, T) =03 (Z‘,‘j) =—4+ (20 - 31‘,']')3/1000,
and es;;(7) is the Tth marginal upper tail ES of ¢;;. For the constant CES coefficient,
B¢(t) = 1in Cases 1-3 and B(7) = (1 — 1)~ ! ffl log{(1 —u)~'}du in Case 4.

4.5.1 Estimation

We employ cubic splines for the B-spline approximation throughout the numerical studies.
To determine the number of internal knots k;,, we consider the Schwarz-type information

criterion,

SIC(k) = log {iszf(y,-j,xij,zij,@23@,@@),3&))} + IZ%VN{pl(h—i-k-l— 1)+ pa},
where p; =4,p, = 1,h =3, ©% and Bq are the quantile estimators obtained in the first step,
(:)fk) and ﬁ(ek) are the estimated ES regression parameters obtained with k knots.

To demonstrate the flexibility and efficiency of the PLVC model, we also generate 1000
data sets from the linear constant coefficient (LCC) model with (o (¢), ot (1), 0a(2), a3(1)) =
(157 2,6, —4) for each case. Table summarizes the estimated mean squared error (MSE)
and average bias of BPLVC and BLCC at T = 0.75 and n = 300, where ﬁpLVC and BLCC
denote the ES estimators of constant coefficients obtained under the PLVC and the LCC
models, respectively. For comparison purpose, we also report the results given by the L,
loss function with the true optimal weight calculated by (4.9) (denoted by ‘OP’). When
the data is generated from a PLVC model, fitting the LCC model leads to less efficient

estimators of 3¢(7). In contrast, the PLVC model is more flexible and does not loss much
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efficiency when the underlying model has only constant coefficients. Furthermore, results
also suggest that the L, estimation method outperforms the L; estimation method and it
provides similar result as the OP approach, even for Cases 3 and 4 when the error has a
heavy-tailed distribution or when the location-scale model assumption is violated. Table 4.2,
shows the integrated mean squared error (IMSE) of & (¢, 7) in Cases 1-4 when the data sets
are generated from PLVC models. Results further confirm that the L, estimation method
is superior to the L; estimation method. In addition, the L; estimation approach is much
more computational intensive than the L, method since the former involves non-convex
optimization, especially when fitting a PLVC model since the dimension of parameter space

is expanded by B-spline approximations.

4.5.2 Inference on 3°(7)

We vary B¢(7) in model to perform power analysis using the proposed inference
methods. Let W-L, W-L, (S-L1, S-L,) denote the proposed Wald (score) tests based on the
L; and L, loss functions, respectively. Table [4.3] summarize the type I errors of the four
methods in Cases 1-4 at T = 0.75. With finite sample adjustment, both Wald and score
tests maintain the level reasonably well and the corresponding type I errors stay close to the
nominal level of 0.05. The score test is computationally more convenient when compared to
the Wald test since it requires estimation only under the null model. Figure shows the
power curves of the four approaches (with finite sample adjustment) in Cases 1-4 at n = 300.
Results suggest that the Wald-type and score-type tests give very similar power. The test
methods based on the L; loss are more powerful than those based on the L loss, especially

for Cases 1-3 when the data is generated from location-scale-shift models.
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Table 4.1: The Monte Carlo mean squared error (MSE) and average bias of 3pLVC and ﬁLCC
in Cases 1-4 at T = 0.75 and n = 300. Standard errors of MSE and bias are reported inside
the parentheses.

Underlying model: PLVC

MSE Bias

Case " " " "
Brrve Bicc Brrve Brcc

L L, OP L L, L L, OP L L,

0.039 0.027 0.027 0.118 0.048 0.001 -0.003 -0.002 -0.025 -0.015
(0.06) (0.04) (0.04) (0.16) (0.06) (0.2) (0.16) (0.16) (0.34) (0.22)
0.020 0.014 0.014 0.105 0.037 0.003 -0.003 -0.002 -0.026 -0.018

? (0.03) (0.02) (0.02) (0.14) (0.05) (0.14) (0.12) (0.12) (0.32) (0.19)
0.128 0.090 0.096 0.179 0.109 -0.005 0.002 0.003 -0.020 -0.004
’ (0.18) (0.12) (0.13) (0.25) (0.15) (0.36) (0.3) (0.3D) (0.42) (0.33)
0.267 0.233 0.229 0.387 0.321 -0.034 -0.052 -0.021 -0.315 -0.288
! (0.39) (0.34) (0.33) (0.51) (0.43) (0.52) (0.48) (0.48) (0.54) (0.49)
Underlying model: LCC
MSE Bias
Case " - " "
BrLve Brcc BeLve PBLcc
Ly Ly OP Ly Ly Ly Ly op Ly Ly
0.039 0.027 0.027 0.042 0.026 -0.004 -0.003 -0.003 -0.005 -0.003
: (0.06) (0.04) (0.04) (0.06) (0.04) (0.20) (0.16) (0.16) (0.20) (0.16)
0.021 0.014 0.014 0.023 0.013 -0.002 -0.003 -0.003 -0.001 -0.002
? (0.03) (0.02) (0.02) (0.04) (0.02) (0.14) (0.12) (0.12) (0.15) (0.12)
0.128 0.091 0.096 0.134  0.096 -0.007 0.002 0.003 -0.010 0.003
’ (0.17) (0.12) (0.13) (0.19) (0.13) (0.36) (0.3) (0.31) (0.37) (0.31)
A 0.271 0.235 0.231 0.273 0.234 -0.037 -0.046 -0.015 -0.024 -0.021

(0.39) (0.34) (0.33) (0.40) (0.34) (0.52) (0.48) (0.48) (0.52) (0.48)

Ly: constant coefficient estimators obtained with the L; loss; L: constant coefficient estimators
obtained with the L loss and weights estimated by (@.11)); OP: constant coefficient estimators obtained

with the L loss and the true optimal weights in (@.9).
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Table 4.2: The Monte Carlo integrated mean squared error (IMSE) of &(z,7) in Cases 1-4
at T =0.75 and n = 300 when the data is generated from PLVC models. Standard errors of
IMSE are reported inside the parentheses.

Case Op(1,7) 0y (t,7) O (t,7) 05(1,7)
Ly L OP Ly L OopP Ly Ly OP Ly L OP
0.279 0.128 0.122 0.290 0.087 0.085 0.082 0.035 0.034 0.021 0.012 0.011
: (0.20) (0.09) (0.08) (0.06) (0.04) (0.04) (0.05) (0.02) (0.02) (0.02) (0.01) (0.01)
0.280 0.125 0.119 0.290 0.088 0.087 0.085 0.035 0.034 0.022 0.012 0.011
? (0.20) (0.08) (0.07) (0.06) (0.04) (0.04) (0.05) (0.02) (0.02) (0.02) (0.01) (0.01)
0.793 0.517 0.560 0.541 0418 0.444 0.225 0.146 0.160 0.073 0.047 0.053
’ (0.72) (0.41) (0.65) (0.43) (0.21) (0.28) (0.18) (0.11) (0.17) (0.17) (0.05) (0.13)
A 2.061 1.666 1.653 0.568 0.488 0.487 0.330 0.263 0.270 0.122  0.085 0.083

(1.83) (1.50) (1.49) (0.26) (0.20) (0.20) (0.23) (0.18) (0.19) (0.09) (0.06) (0.06)

Ly: constant coefficient estimators obtained with the L; loss; L;: constant coefficient estimators
obtained with the L, loss and weights estimated by (4.11]); OP: constant coefficient estimators obtained

with the L; loss and the true optimal weights in (@.9).

Table 4.3: Type I errors for testing Hy : B¢(7) =0 at T = 0.75 (with finite sample adjustment).

n =100 n = 300

Case W-L; W-L, S-L, S-L» W-Ly W-L, S-L; S-L»

1 0.055 0.065 0.046 0.057 0.059 0.056 0.056 0.053
2 0.050 0.055 0.041 0.052 0.046 0.048 0.039 0.047
3 0.042 0.062 0.039 0.051 0.050 0.045 0.046 0.044
4 0.076 0.089 0.066 0.075 0.067 0.076 0.064 0.066

W-L; (W-Ly): Wald-type tests based on the L; and L; loss functions, respectively; S-L; (S-Ly): score-

type tests based on the L; and L; loss functions, respectively.
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4.5.3 Inference on the Constancy of o (7, 7)

To test whether of (¢, T) deviates from a constant, we generate data from model (4.15)) with

o (t,n) =2—3ncos (M) ,

15
where 1) = 0 corresponding to a model with constant coefficient af (,7) and 1 # 0 deter-
mines the extent that of (¢, T) varies with time.

Results in Table [4.4] suggest that the proposed score test controls the type I error reason-
ably well for n = 100 and n = 300. For the power analysis, similar to the results in Section
4.5.2] the S-L, method outperforms the S-L; method; see Figure 4.2]for typical examples
in Cases 1 and 2 where the weight estimation (.11) in the L,-type method is known to be
optimal.

Table 4.4: Type I errors for testing the constancy of o (¢,7) at T = 0.75 (with finite sample
adjustment).

n =100 n =300

Case S-L; S-L S-Ly  S-Lp

I 0.060 0.070 0.065 0.063
2 0.059 0.066 0.068 0.057
3 0.039 0.059 0.054 0.063
4 0.051 0.070 0.056 0.072

S-L1 (S-Ly): score-type tests based on the L; and L, loss functions, respectively.
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Figure 4.1: Power curves for testing Hy : f¢(7) = 0 at T = 0.75 and n = 300 in the PLVC
model @.17).
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4.6 2018 CPS Income Data Analysis

We apply the proposed method by re-analyzing the 2018 Current Population Survey (CPS)
income data considered in Section Information collected in the survey includes
employment status, income from work and a number of demographic characteristics. The
data contains 870 individuals, and each subject has only one measurement. Although the
CPS data is cross sectional, the proposed method can still be applied by treating it as a
special case of longitudinal data. Our analysis aims to explore whether there exists a pay
gap between women and men. We use hourly wage in U.S. dollars as the response Y and
consider Age, Gender, Work status (full-times v.s. part-time) and Education level (ordinal

variable with three levels) as explanatory variables in the joint regression model.

o o
P
—
_:—'—'_'_'_'_'_O
© o—""°
//o
56— ——o
i |
o

o]

T T T I T T T I T
2125 2529 2934 3439 3944 4449 49532 53260 60-85

Coefficient of age factor

Age

Figure 4.3: Estimated quantile coefficients of the age factor at T = 0.75 for the 2018 CPS
income data.

A preliminary analysis is conducted to explore the potential non-linear effect of age on

the hourly wage. Specifically, we fit the following quantile regression model at T = 0.75,

y ~ gender + factor(age) + work status + race + factor(education),
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where the continuous variable age is transformed into a categorical variable (with 10 levels)
by its sample percentiles (10%, 20%, ..., 90%) and there are 9 dummy variables induced by
the age factor. Figure 4.3 shows the estimated coefficients of the age factor for different age
groups. The results imply that there is a non-linear pattern of the age effect on the response
distribution. Therefore, it’s appropriate to treat age as an index variable and include some
unknown smooth function of age in the joint regression model.

At 7 =0.75, we jointly model the conditional quantile and upper tail CES of y; by the

following varying coefficient models:

QT()’i’tth) ao tla + Z OC tta )xzp (4.19)
j=1
4

ES:(yilti,xi) = & (t;,T) + Z oS (17, T)xi j, (4.20)

Jf

where x; 1 and x; » denote the gender (0 = male, 1= female) and work status (0 = part-time,
1= full-time) of the ith subject, x;3 = 1 if the subject has medium education level and
x; 4 = 1 corresponds to a subject with high education level. To determine the complexity
of the varying coefficient models, for j =0,1,...,4, we employ the score test introduced
in|Wang et al. (2009b) to test the constancy of the quantile coefficients 05;.1 (t,7) and apply
the proposed score test based on the L; loss function to examine the constancy of the ES
coefficients Oc_]‘f(t, 7). The p-values from the score tests are summarized in Table Under
the significance level of 5%, the testing results imply that all ES functional coefficients
are significantly time-varying at T = 0.75. Therefore, it would be reasonable to model the
conditional ES of the response by the full model (#.20). On the other hand, the quantile
coefficient o (7, 7) in model is likely to be time-invariant, which implies that the
medium education effects on the conditional quantile of hourly wage are similar across
different age groups.

To gain a deeper understanding about the education effects on the conditional quantile

and the upper tail CES of the response, we plot the estimated function curves a;’ (t,7),
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o (1,7), &4(¢,7) and o (¢, 7) in Figure Since there are very few observations (6.9%)
with Age < 20 or Age > 70, we focus on the education effect in the region where Age
€ (20,70). In terms of the effect on the conditional quantile of the response, both medium
and high education levels tend to increase the earning of an employee with Age € (20,70).
On the other hand, the impact of both education levels on the CES of hourly wage grows
with young and middle-aged workers, and it reaches the peak around age 50, followed by a
decaying trend for senior-aged workers. Such structural heterogeneity would not have been
revealed by quantile regression methods focusing solely on the conditional quantile.

To explore whether there is a pay gap between male and female employee in terms of the
upper tail CES, we plot the estimated functional curve o (¢, ) in Figure To summarize,
when all the other regression predictors are fixed, a female employee is under-paid than a
male employee for 0.11 —4.34 U.S. dollars per hour when Age < 65, which corresponds to
nearly 96.6% of the entire population. The result suggests a significant pay gap between

men and women in terms of CES, especially among subjects with Age € (30,60).

Table 4.5: p-values from the score test for testing the constancy of a;l(t, T) and of(t,7), j =
0,1,...,4 at T =0.75 for the 2018 CPS income data.

Quantile Coefficient p-value ES Coefficient p-value

ol (t,7) 0.000 ol (t, ) 0.000
al(t,7) 0.002 al(t,7) 0.036
o (t,7) 0.025 s (t, 1) 0.016
o (r,7) 0.311 o (1,7) 0.040
od(t,7) 0.050 ol (t, 1) 0.000
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Figure 4.4: The estimated varying coefficients o (,7), of (¢,7), 0§ (¢, 7) and o (¢, ), the
effect of medium and high education on the conditional quantile and CES of hourly wage,
respectively, at T = 0.75 for the 2018 CPS income data.
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Figure 4.5: The estimated o (¢, 7), the varying effect of gender on the upper tail CES of
hourly wage at 7 = 0.75 for the 2018 CPS income data.
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4.7 Conclusion

In this chapter, we extended the joint quantile and ES regression framework for longitudinal
data using PLVC models. We utilized B-spline approximation for estimating the varying
coefficients and adapted the two-step estimation procedure introduced in Section [3.2.2] by
estimating the quantile regression parameters first. In addition to the L;-type loss function
introduced by Fissler et al.| (2016)), we also considered the L,-type loss in Barendse| (2020),
and established the asymptotic properties of the estimators obtained by both loss functions.
We further developed a score test for inference on both a(¢) and B¢. The proposed score
test is easy to implement and is computationally convenient since it requires estimation
only under the null models. The estimation and inference procedure do not require any
specification of the error distribution or within-subject dependence structure. Numerical
studies suggest that estimation and inference based on the L; loss with appropriate choice of
weighting are superior to those based on the L loss in finite samples. Estimation with the
L, loss reaches asymptotically optimal convergence rate under location-scale models and is
quite robust for non-location-scale models.

Confidence intervals of the parametric coefficients can be obtained by inverting the
proposed score test; see [Koenker (1994)) for related discussions in a different context. For
the confidence regions/bands of the functional curves, resampling of subjects or functional
principal component analysis might provide a solution; see for example [Zheng et al. (2014)),
Cao|(2014) and |Goldsmith et al. (2013). Adapting these methods to construct confidence
regions of the functional curves under the joint regression framework is an interesting topic

for future investigation.

4.8 Proofs of Theorems

For ease of presentation, we will omit e from k;, and use &, to denote the number of interior

knots considered in B-spline approximations for ¢ (¢). In addition, we will focus on proving
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the asymptotic results based on the L; type loss, similar arguments can be applied to the
L, estimator with the corresponding estimation. By assumption A1 and Corollary 6.21 of

Schumaker| (2007), there exists a spline approximation ¢ (z)@5, to o (¢) such that

sup o (1) — ¥ (1)05,| = O(k; "), 1=1,....p1. 4.21)
t€[0,1]

For k = 1,2, define

P =II°(I1“BI1°) " '11“B, Z*= (I1-P)Z,

* 1 */ * 1 ¢ */ * * 1 */ * 1 ¢ */ *
K; = -Z2"'BZ :Z;Zi BZj, A,=-Z7"AZ =;;Zi A/Z;.

We first present and prove two lemmas.

Lemma 6. Under the assumptions of Theorem 4} we have
K, —K,=0,(1) and A,—A,=0p(1).

Proof. Let ®* = (¢*(X;,T1),.. .,¢*(Xn,Tn)’)’ and Z = A+ ®* with A = Z — ®*. It then

follows that

K; =A'BA+®*(1-P)B(I - P)®*
+A(I1-P)B(I1-P)®* (4.22)

+@*(I—P)B(I—P)A— A'P'BPA.

By (@Z1)) and assumption A5, there exists a matrix M such that ||®* —I°M|| = 0, (n'/%k;").

Since P is a project matrix, we have

|(T=P)&"[| = ||&" — [T°M]| + | [T°M — P& |

<2||®* —TI°M|| = 0, (n'/?k;, ™). (4.23)
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Letm(X,T) = (m(X;,7;),...,m(X,, T,)") ., n=2Z—m(X,T) and ¢ = m(X,T) — ®*. With

assumption A5, we can obtain that
IPn|> = 0, (tr(P'P)) = Op(ka), [[(I=P)n| = Op(n'/?).

Note that ¢j (-,-) is the projection of m;(-,-) onto the varying coefficient functional space

% . Wehave ¢ L % andI1¢ € %, then
E(IIB¢)=0 and E|YB¢|* = 0,(k.n),

which implies |[TI“B¢|| = O, (k,ll/ nl/ 2). In addition, it follows from Lemma A.4 of Kim!

(2007) that

IPC} < Jlree|f]| (r1'BIT®) ||| 1B |

= 0,(n'*ky 1) 0p (ki /1) Op (b *n"/%) = Op (k).
Therefore, we can obtain that
[PA[| = |[Pn +PC|| = Op(kn). (4.24)

Based on the above derivation, the last four terms on the right-hand side of (4.22) are 0, (1),

so the desired result is proven. The proof of A7 — A, follows with similar arguments. [

Lemma 7. Under the assumptions of Theorem 4} we have

|
Rt

T 2. — N(0,1,),

where tpe = (Wit Vi, and ij = Gy {xt;0c (157, 7) +2};85() yul (uf; < 0) for the
Ly loss and y;j = W(a))u?jl(u?j < 0) for the L loss.
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Proof. Similar to (4.22), we can write

L_uz*, il/z/ I V- vy PN,

_L —1/2 51 L 120z 7 pl AP/
_ﬁ A¢T+f/\ {®"(XI—P')1hr — AP}

By the central limit theorem, we can obtain that n-l/ ZA; 12

Apr — N(0,1,,). It then
suffices to show that the last term on the right-hand side of the above equation is 0,(1).

By #23) and @#.24), we have n~'E||®* (I —P')4;||*> = o(1) and n~'E||A'P'4p.||*> = o(1).

This completes the proof of Lemma (7] [

Proof of Theorem[d] Let

e Ay K/ (B~ B5)
’ o k71,0 —09) + k1 /28, ' TI“BZ (8 — 6S) |

and ¢ = ¢(B¢,0°) = (&,¢}) with H2 = k,[T"BIT¢. We shall show that ||¢]| = 0, (ky'%).

. _ 1/2 /2y
Let 7;; = n~'/2A,, / K~ lz* and ;; = ky / H, IHf Denote Ry ; = I15;07 — x;;¢(t;) as

the bias from the spline approximation.

Define

pij(u) = pij(u,7)

= Go(u){(u—yij)+ 7" 0c (vij — 1707 —2};89)} — % (u)

for estimation with the L; loss function, and o7 (#) = u{7 —I(u < 0)} is the quantile loss

function. Then we have

nom;
Z Z Pij (7] O° +2;;8°) =Y pij(Zi ;61 + 762+ Riyj + yij — ).

(k}l/zn_l/z)

According to Lemma A.5 of Kim| (2007), we have max;; || %;;|| = O . Applying
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similar arguments in Theorem 3.1 of Wei and He|(2006), for any € > 0, there exists some

L¢ such that

P{ Zpl] l]gl T ]§2 +Rm]+yl] zj) > Zpij(Rflij"'_yij z])} >1-e.
\|<>Lsk/ 7] i

Note that };; p;;(Z;;51 + &/ ;52 + Ry, + yij — uf;) is minimized at ¢ over the space RPkFP2 it
then follows that P(||<]| < Leks/? ) > 1 — € and therefore |[<]| = OI,(kl/z) By Lemma@and

the definition of ¢, we have
A _ 1/24-%—1 » _ . _1/2,1/2
18— B8l = I~ 2A0 K~ G| = 0p (™ 261 ) = 0p (0™ 2ha?).
Together with @.21), for I = 1,..., pi, there exists constants C; such that

n! Z{O‘l tij) —of tu)}
<20~ Y {m()(0] — 0fo) Y +2C7 k>
ij

1/2py

= &l? +2n7 Ik TH TIVBZ(B — BY)|1° +2C7 ke, >

= OP('@_l 1€2117) +0p (118 = BE11%) + Ok ") = Op(ky ™).

Next, we establish the asymptotic normality of 3¢. Define S = (nA))~ 1/2 Y L
with ¥; = (Wj1,..., Wim,)'. Based on Lemmas @ and |7 I ¢ is asymptotically normally
distributed with covariance matrix I,,,. Therefore, it’s suffices to show that ||¢] — & || = 0,(1).

Let

Dij(glvél) pl]( l]§1+ ]§2+Rm]+yl] i) pl](zl]§1+ ]§2+Rm]+ylj l)

By Lemmas 8.1 and 8.3 of Wei and He| (2006), together with the orthogonality of Z* and
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BII¢, for any 0 > 0, it follows that

sup
[e1—¢7 <8

Y {Dij(s1,¢0) + (1 — <)% v —EDij(q,é;*)}‘ =o0p(1),
i

and
1
sup |3 EDij(<1,¢) — 5 (si ALK e — e AP 2en [ = 0,(1).
llsi—¢i11<é | ij
Then we have
sup Y Dij(s1,¢7) + (51— $1)'Z'y
ls1—<11<8] ij
1 " 1
B IA*I/ZK* AL 1/2g L1 AT,A*l/zK* 1A*1/2A*
2 2
S| 1/2 1/2 »
= sup |V Dys40) — 5 (o= 6D AT P 6 —¢)| = o (1),
ls1=¢i 1< ij

Here Z = (Z;j). We have (¢ —<f)'(s1 —¢f) > 0 when |[¢; —&f|| > &, then the above

equation implies that

n—oo H >48

limP{|| 1nf Zp,, ,j§1+7r,,§2+Rm,+sz ij)

S1—

> Y P Bt + Rl Ry vy — >}:1'
ij

Based on the convexity of p;;(-) and the definition of i, it further implies that for any 6 > 0,

P(||s1 — ;|| > &) — 0. This completes the proof of Theorem 4} O

Proof of Theorem[5] The proof of Theorem [5|follows similar arguments to those for Theo-

rem 2 of [He et al. (2002)), and therefore is omitted. U]
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Proof of Theorem|[6] Denote

St = —1/2262;,@ (849 @5 96 — 819G — v ul1(uf; < 0)},
ij
which can be viewed as a sum of n independent random vectors with zero mean. It follows

by the central limit theorem that

vV, st N(0,1,,),

where V, is defined in assumption A8. By similar arguments used in Lemmas ] and [5] we

have
152 = Sall = 0p(1)-
Similar to Theorem |5, we can show that V,, —V,, = o »(1) under Hy, then the desired result

follows. U

Proof of Theorem[/] Denote

sy =Y G (8596) {of] @6 — 895 — v ul 1wl < 0)}.
ij

By Theorem 4.1 of Portnoy| (1985), we have

1 — (ko +Hh)p11 D
Z(kn +h)p11

N(0,1),

1

where ¢ = s¥'v-1s* and v, is defined in assumption A9. Similar to Theorem [5 l we can

obtain that ¥, — v, = 0,,(1). In addition, apply the similar arguments used in Theorem 4 of

Wang et al. (2009b), it follows that

157 = $nll = 0p(1).
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Together with the Slutsky’s theorem, the desired result follows.
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Chapter 5

Conclusion

In Chapter 2| we developed a generalized quantile tree method for subgroup identifica-
tion. The proposed method distinguishes from existing tree-based methods in both tree
construction and evaluation of treatment effect. It is computationally efficient and is able to
detect different forms of treatment effect. Numerical studies suggest that the proposed GQ
algorithm is effective and robust for cases with heterogeneous and heavy-tailed distributions.

The proposed method consists of three key steps: (1) split variable selection via the
quantile rank score test; (2) split point estimation based on a composite quantile loss; and
(3) evaluation of treatment effect by the GQTE test. The proposed GQ algorithm may
perform competitively well for experiment data with balanced design. However, when
it comes to observational data, the result may be biased since we didn’t account for the
dependence of the response on the other confounding variables. The proposed method can
be extended for observational data with some modifications. For example, we may include
the confounding variables as additional predictors for all three steps, but more theoretical
and practical investigations are needed.

In Chapter [3] we focused on the inference for joint quantile and ES regression. We
proposed a two-step estimation procedure by estimating the quantile regression parameters
first using standard quantile regression, and the ES parameter estimators are then obtained
by minimizing a much simpler plug-in objective function. We established the asymptotic
properties of the resulting estimator and showed that the two-step estimator is asymptotically

equivalent to the joint estimator, but the former is computationally more efficient. We
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further developed a score-type inference method for hypothesis testing and confidence
interval construction. The proposed score method is superior to the Wald-type method and
is robust in performance, especially for cases with a large number of confounding factors
and heterogeneous errors.

In Chapter ] we extended the joint quantile and ES regression framework for longitudi-
nal data using partially linear models with varying coefficients. We adapted the two-step
estimation in Section[3.2.2] and considered two types of loss functions for estimation. For
both Li-type and L,-type methods, we established the asymptotic properties of the resulting
estimators and developed score test for inference on the constant coefficients as well as
the functional coefficients. The estimation and inference approaches do not require any
specification of the error distribution or the dependence structure.

We chose B-spline approximations for the estimation of smooth functional coefficients
due to its computational efficiency and stability. Other smooth techniques, such as penalized
regression splines and local polynomial fitting could be adapted in the joint regression

framework, which deserves further research and comparison.
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