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Abstract of Dissertation

Adaptive Designs Utilizing Covariates for Precision Medicine
and Their Statistical Inference

Precision medicine takes account of individual characteristics for disease treatment

and prevention. To develop precision medicine, more covariates of patients are under

consideration in clinical trials. Based on different roles played in clinical studies,

covariates can be categorized into two types: (1) prognostic covariates, which are used

to balance treatment allocations for a simple treatment comparison, and (2) predictive

covariates, which are used to select a suitable treatment based on efficiency and

ethics.

In the literature, covariate-adaptive designs have been proposed to deal with prognos-

tic covariates, while covariate-adjusted response-adaptive designs utilize information

of predictive covariates. Theoretical properties of statistical inference under these

two procedures are provided based on linear models in Chapter 2 and Chapter 3.

We show that, when the covariate, which is used in the randomization procedure,

is excluded from the working model of inference, the hypothesis testing to compare

treatment effects under CARA designs is not always valid, depending on the unknown

parameters in the employed model and the choice of the allocation function. While,

under covariate-adaptive designs, the hypothesis testing is usually conservative when

prognostic covariates, which are balanced in randomization, are omitted in statistical

inference.

In Chapter 4, we propose a general framework of new CARA designs, which can in-

corporate both prognostic and predictive covariates in the randomization procedure

simultaneously. Similar problems of hypothesis testing are studied under new designs

when prognostic covariates are excluded from the final analysis. Some mild condi-

tions for imbalances and target allocation proportions need to be satisfied to derive
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asymptotic properties of test statistics. It is proved that the test for comparing treat-

ment effects is usually conservative under new designs. One possible solution to this

problem is the bootstrap method. New CARA designs have advantages leading to

improvement on average outcomes, but still allowing high power.

Continuous covariates are often used in clinical trials. In Chapter 5, the discrete

assumption for prognostic covariates is relaxed and similar inference problems are

studied under the CAR design and the new CARA design. Asymptotic distributions

of test statistics are obtained under both the null and alternative hypotheses. We show

that the tests for comparing treatment effects are conservative under both designs

when prognostic covariates are omitted for statistical inference regardless of whether

they are discrete or continuous.
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Chapter 1

Introduction

1.1 Overview of Randomization Designs in Clinical Trials

1.1.1 Randomization

Clinical trials are prospective research studies of human subjects, which are designed

to answer specific questions about biomedical or behavioral interventions, including

new treatments, such as novel drugs, vaccines or medical devices, and known inter-

ventions. They are used to generate data on safety and efficacy of new biomedical

or behavioral interventions for further study and comparison. Randomized clinical

trials are considered the “gold standard” of measuring the effects of the intervention.

They have been in practice since 1929 when Ronald Fisher implemented the first

randomization scheme, which was the flip of a coin, in a tuberculosis trial [9]. The

advantage of randomization is that it enables one to evaluate whether the intervention

itself, as opposed to other factors, causes the observed outcomes. There is persuasive

evidence that randomized clinical trials are superior to other study designs in mea-

suring the true effect of an intervention. In general, randomization procedures can be

categorized into three types: complete randomization, restricted randomization and

adaptive randomization.

Complete randomization is simplest in terms of data analysis and convenience, similar
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to “repeatedly tossing a fair coin”. Under this design, subjects are randomly assigned

to each treatment with equal probability. Suppose there are two treatments 1 and 2 in

a clinical trial. Let N be the total number of subjects involved and Im,m = 1, . . . , N ,

index the treatment (1 if treatment 1; 0 if treatment 2) for the m-th subject. As-

signments Im’s are independently assigned with P (Im = 1) = 1/2, m = 1, . . . , N .

Complete randomization is easy to implement, flexible and robust against both selec-

tion and accidental biases. Any number of treatment can be investigated. However,

severe imbalance between different treatment arms may exist, especially when the

number of randomized subjects is small [29], which will lead to larger experimental

error compared with other designs.

In clinical trials, a balanced number of subjects for each treatment is desirable so

that any observed difference between treatment groups can be attributed to treat-

ment effects. Without considering covariates, restricted randomization refers to any

procedure used with random assignments to achieve approximate balance between

different treatment groups in size. The two most popular restricted randomization

procedures are permuted block design and biased coin design proposed by Efron [11].

The randomization scheme of permuted block design consists of a sequence of blocks

such that each block contains a pre-specified number of treatment assignments in a

random order, so that the balanced allocation can be achieved at the completion of

each block. Imbalance only occurs when the last block is not filled. Suppose per-

muted block design is conducted in a two-armed trial (treatments 1 and 2) with block

size 2m, m ∈ Z+. Then, each block consists of 2m subjects and the assignments are

determined by a permutation of exactly m ones and m twos. The major disadvantage

of permuted block design is that even if the block size is large and randomly varied,

the procedure can lead to selection bias [29]. Biased coin design is introduced as a

procedure to minimize selection bias while maintaining allocation balance throughout

the trial. For two treatments 1 and 2, the imbalance Dm is defined as the difference
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between the number of subjects assigned to treatment 1 and the number of subjects

assigned to treatment 2 after m assignments, i.e., Dm = N1,m − N2,m. Then, the

probability of the (m+ 1)-st subject randomized to treatment 1 is

P (Im+1 = 1) =


p∗, if Dm < 0;

1/2, if Dm = 0;

1− p∗, if Dm > 0,

where 1/2 < p∗ < 1 is the biased coin probability.

In any clinical trials, subjects are enrolled sequentially. Adaptive randomization de-

signs are constructed based on information from all previous subjects already in the

trial to achieve some goals, such as to maintain the integrity and validity of the trial,

while providing flexibility in identifying the optimal treatment. Because of the effi-

ciency and ethicality of adaptive designs, they have gained more popularity in the

last few decades, both in the literature and in practice. More discussion of adaptive

designs will be given in Section 1.1.2.

1.1.2 Adaptive Designs

The Pharmaceutical Research and Manufacturers of America (PhRMA) Working

Group on Adaptive Design refers to an adaptive design as a clinical trial design

that uses accumulating data to decide on how to modify aspects of the study as it

continues, without undermining the validity and integrity of the trial [16]. According

to Chow and Chang [9], adaptive designs are very attractive due to the following

reasons. “First, it reflects medical practice in the real world. Second, it is ethical

with respect to both efficacy and safety (toxicity) of the test treatment under inves-

tigation. Third, it is not only flexible, but also efficient in the early and late phase
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of clinical development.” There are various adaptive designs depending on the data

and adaptations used, such as group sequential, sample size re-estimation, adaptive

dose finding, adaptive treatment-switching, adaptive seamless phase II/III trial, and

so on. In this work, we only focus on adaptive designs that sequentially modify

the treatment allocation probabilities of subjects based on accrued data in order to

achieve balance with respect to treatments and covariates and/or increase efficiency

and safety.

The most commonly used historical information from the on-going clinical trials by

adaptive designs includes treatment assignments, responses and covariate profiles of

previous subjects and the covariate profile of the current subject. Then, adaptive

designs can be categorized into three major types, based on the history information,

which are response-adaptive designs (RAR), covariate-adaptive designs (CAR) and

covariate-adjusted response-adaptive designs (CARA).

Response-adaptive designs were developed to provide an allocation scheme for the

incoming subject based on responses and treatment assignments of previous subjects,

who were already in the trial. There are two main families of response-adaptive

designs in the literature: urn model based designs and doubly-adaptive biased coin

designs (DBCD). The preliminary idea of urn model based designs is to assign more

subjects to the better treatment. Two typical urn model based designs are random-

ized play-the-winner model and drop-the-loser model. For a clinical trial with two

treatments A and B, the treatment assignment of randomized play-the-winner [52]

is determined by an urn, that initially contains α balls of each type. A ball is ran-

domly selected with replacement and the corresponding treatment is allocated to the

current subject in the trial. Add β balls of the same type after a success response,

otherwise add β balls of the other type. The procedure repeats until all subjects

are assigned to a treatment. Under drop-the-loser design [26], the inferior treatment
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detected from subjects’ responses will be dropped based on some pre-specified cri-

teria in the on-going trial. However, these are ad-hoc designs and subject to high

variability. The doubly-adaptive biased coin design (DBCD) was first proposed by

Eisele [12] and Eisele and Woodroofe [13]. It takes account of the proportion of sub-

jects assigned to each treatment and the current estimate of the target allocation

proportion to determine the allocation probability for the next subject. For clinical

trials with two treatments 1 and 2, let θ1 and θ2 be the corresponding unknown

parameters from the model employed and ρ (θ1, θ2) is the desired allocation pro-

portion for treatment 1. At the beginning of the trial, 2n0 subjects are assigned

to the two treatments using some restricted randomization procedures, such as the

permuted block design, to make sure that both treatment arms have equal num-

ber of subjects. After m assignments (m ≥ 2n0), estimators of θ1 and θ2 can be

obtained as θ̂1,m and θ̂2,m, respectively. DBCD proposed by Eisele [12] and Eisele

and Woodroofe [13] assigns the (m + 1)-st subject to treatment 1 with probabil-

ity g (N1,m/m, ρ̂m), where g is an allocation function, N1,m is the number of subjects

randomized to treatment 1 after m assignments and ρ̂m = ρ
(
θ̂1,m, θ̂2,m

)
. Later,

Hu and Zhang [22] extended the idea of DBCD and proposed a general family of

allocation functions. Under this design, the (m + 1)-st subject will be randomized

to treatment 1 with probability g(α) (N1,m/m, ρ̂m), where α ≥ 0 and g(x, y) is the

allocation function satisfying:

g(α)(0, y) = 1, g(α)(1, y) = 0,

g(α)(x, y) =
y(y/x)α

y(y/x)α + (1− y)((1− y)/(1− x))α
.

The asymptotic properties were established based on widely satisfied conditions. This

new family of designs was proved to be less variable than both the randomized play-

the-winner [52] and the adaptive randomization design proposed by Melfi, Page and
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Geraldes [36], and it can target any given allocation proportion. More discussion

about DBCD and optimal allocation proportion can be found in Melfi and Page [35],

Hu and Rosenberger [21], Tymofyeyev, Rosenberger and Hu [51].

Covariate-adaptive designs incorporate covariates of subjects in clinical trials to bal-

ance covariates across treatment groups. Here, covariates refer to factors that have

influences on the response of subjects to a treatment, such as gender, age, investigation

centers, blood pressure, a particular genotype, and so on. Under covariate-adaptive

designs, the treatment assignment of the current subject is determined by covariate

profiles of all previous subjects and the current subject’s covariates, together with all

treatment assignments of previous subjects. More detailed covariate-adaptive designs

are discussed in Section 1.1.3.

Covariate-adjusted response-adaptive designs only have a brief history in the litera-

ture. Unlike response-adaptive designs, which assume homogeneity for subjects in

a treatment group, CARA designs allow heterogeneity of subjects based on their

characteristics even though they have the same treatment assignment. They sequen-

tially assign subjects to treatments with probabilities based on previous treatment

assignments, responses, covariates and the current subject’s covariates. They can

preserve the advantages of response-adaptive designs with the incorporation of co-

variates. Under CARA designs, subjects can get a better treatment based on their

personal information. Details of CARA designs are introduced in Section 1.1.4.

1.1.3 Covariate-Adaptive Designs

In most cases, some covariates of subjects can have a deterministic influence on the

responses of subjects to a treatment. For example, the efficacy of a cancer treatment

may depend on age, and whether the patient is a smoker or not. A well-balanced

design over covariates of interest not only is preferred in the viewpoint of statistical
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efficiency, but also can enhance trials by increasing the credibility of the trial, preci-

sion of subgroup or interim analysis, and robustness to model mis-specification [34].

Therefore, it has become more and more important to balance treatment allocation

with respect to key covariates at the design stage [28].

A natural idea to achieve balance over covariates is stratification. Strata are con-

structed based on different combinations of covariate levels. Restricted randomization

designs can be separately applied to each stratum to obtain balance within each stra-

tum, and further to obtain the good overall balance. Two commonly used restricted

randomization methods within strata are permuted block design and Efron’s biased

coin design. Stratified permuted block design is the most popular covariate-adaptive

randomization procedure currently used in clinical trial practice. It can be easily

implemented without sophisticated technologies and computation. However, if there

are too many strata in relation to the target sample size, typically due to too many

covariates or too many levels within individual covariates, some of the strata will be

empty or sparse. This would lead to severe allocation imbalance on stratum level

and further on the overall level [37]. Moreover, it is lack of randomness on treatment

allocation and vulnerable to selection bias [33].

Several marginal methods (also referred as minimization in the literature) were in-

troduced as alternatives to stratified permuted block designs to deal with a large

number of covariates. Taves [47] proposed the first method, which was determinis-

tic to allocate treatments in order to minimize imbalances over important covari-

ates. Pocock and Simon [38] extended Taves’ idea by incorporating randomness

and established a generalization of minimization to control treatment imbalance

over covariate margins. In a clinical trial with two treatments 1 and 2, suppose

there are J covariates. Let Njzjk(n) denote the number of subjects in treatment k

on level zj of the j-th covariate, j = 1, . . . , J, k = 1, 2, after assigning n sub-
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jects. Let (z1, . . . , zJ) be the covariate information for the (n + 1)-st subject. Then,

the marginal imbalance among treatment groups with respect to the j-th covari-

ate is defined as Dj(n) = Njzj1(n) − Njzj2(n). A weighted sum of marginal imbal-

ances D(n) =
∑J

j=1 ωjDj(n) is computed to determine the treatment allocation for

the (n+ 1)-st subject by using Efron’s biased coin design,

P(In+1 = 1) =


p∗, if D(n) < 0;

1/2, if D(n) = 0;

1− p∗, if D(n) > 0,

where 1/2 < p∗ < 1 is the biased coin probability. However, large imbalances tend

to exist within an individual stratum [28, 45]. Indeed, its asymptotic properties were

shown by Ma, Hu and Zhang [32] that the overall imbalance and marginal imbal-

ances are bounded in probability, however, the imbalances within strata increase at

the rate of
√
N , as the sample size increases. Another generalization of minimization

was proposed by Wei [52] based on Friedman’s urn model. Let Ujzj represent the urn

of the j-th covariate with level zj. At the beginning of a trial, each urn contains α1

type 1 balls and α2 type 2 balls. Suppose the (n + 1)-st subject has covariate infor-

mation (z1, . . . , zJ). Let Yjzjk(n) denote the number of type k balls in the urn Ujzj

after n assignments, k = 1, 2. Then, the imbalance with respect to the urn Ujzj is

defined as Djzj(n) = (Yjzj1(n) − Yjzj2(n))/(Yjzj1(n) + Yjzj2(n)). The urn with the

largest absolute value of imbalance is used to determine the treatment assignment. A

ball is randomly draw from that urn and replaced. If the selected ball is type k, then

the subject is assigned to treatment k, k = 1, 2. Also, αk type k balls and βk ≥ 0

balls of the other type will be added to each urn with observations. More extended

versions of minimization can be found in Signorini et al. [45], Heritier, Gebski and

Pillai [18], Russell et al. [42], Lebowitsch et al. [31], etc. The minimization method is
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increasingly used due to its reduction on the marginal and overall imbalances found

by simulation studies [28, 49, 53]. Taves [48] pointed out that Pocock and Simon’s

marginal procedure was implemented in over 400 clinical trials from 1989 to 2008.

However, the advantages of these covariate-adaptive designs have only been substan-

tiated by simulation results. As indicated in Rosenberger and Sverdlov [40], there is

no theoretical justification about these designs.

Hu and Hu [24] proposed a general family of covariate-adaptive designs, which in-

cludes some new designs and many existing designs as special cases, such as stratified

permuted block designs, minimization, and Efron’s biased coin design. In particular,

they employ the Efron’s biased coin design to assign the new subject with higher

probability to the treatment that has a smaller weighted sum of imbalances at three

different levels

Imb(k)n = ω0

[
D(k)
n

]2
+

J∑
i=1

ωm,j
[
D(k)
n (j; zj)

]2
+ ωs

[
D(k)
n (z1, . . . , zJ)

]2
,

where D
(k)
n , D

(k)
n (j; zj) and D

(k)
n (z1, . . . , zJ) are the overall imbalance, marginal im-

balance and within-stratum imbalance of treatment k, respectively. The procedure

simultaneously eliminates imbalances at all three levels. They also obtained the

theoretical properties for the new family of covariate-adaptive designs under certain

conditions, and proved that the overall imbalance, marginal imbalances and within-

stratum imbalances are all bounded in probability under this family of designs, hence

it can yield more balanced allocations.

1.1.4 Covariate-Adjusted Response-Adaptive Designs

Randomization designs depending on responses of subjects have been proved by

Rosenberger and Hu [39] to have a significant advantage on minimizing the number of
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subjects assigned to the inferior treatment, but still allowing statistical inference with

high power. However, they do not account for covariates in the randomization pro-

cedure, which may have strong impact on responses. Therefore, covariate-adjusted

response-adaptive (CARA) designs arose in clinical trials to assign subjects to the

most appropriate treatment based on their covariate profiles. Under a CARA design,

the treatment allocation probability for the current subject is based on all history

information of previously assigned subjects, together with the covariate information

of the current subject.

The history of CARA designs is very short, and only a few sources of literature focus

on this direction. Bandyopadhyay and Biswas [5] considered a linear model to utilize

covariate information with continuous responses for comparing two treatments. Under

the assumption that larger response corresponds to higher efficacy, the new subject

will be randomized to treatment 1 with probability P(In+1 = 1) = Φ(dn/c), where dn

is the difference between treatment means from the previous n subjects, c is a pre-

specified scale constant and Φ is the standard normal CDF. However, performance of

this procedure depends on the choice of c, and smaller values of c may lead to severe

treatment allocation imbalances, hence great power losses. Moreover, covariates of

the new subject are not incorporated in this procedure. Atkinson [2] considered

adaptive biased coin designs for K treatments based on a linear model. Atkinson

and Biswas [3, 4] improved the allocation rule of Bandyopadhyay and Biswas [5] by

proposing adaptive biased coin designs and Bayesian adaptive biased coin designs

for clinical trials with normal responses. Their procedures combined both efficiency

and ethical considerations based on a weighted DA-optimal criterion. Rosenberger,

Vidyashankar and Agarwal [41] considered a CARA design for binary responses that

used a logistic regression model logit (P(Yk = 1|X = x)) = θ′kx, where θk is the vector

of model parameters for treatment k, k = 1, 2. Then, the allocation probability of
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assigning the new subject to treatment 1 is

P(In+1 = 1) = F
((
θ̂n1 − θ̂n2

)
′xn+1

)
,

where F is the standard logistic CDF and θ̂n’s are MLEs of model parameters calcu-

lated from the previous n subjects. A simulation shows that their procedure signifi-

cantly reduced the percentage of treatment failures. But various weaknesses are pre-

sented in the above methods, including high variability, ignoring covariate information

of the current subject, limited to specific cases of responses or two treatments, lack

of theoretical justification and foundations for statistical inference study [23].

Zhang et al. [54] laid out a general framework of CARA randomization procedures for

a very broad class of models with the form E (Yk|X) = pk (θk,X) for K treatments,

where pk(·, ·) are known functions and θk are unknown parameters, k = 1, . . . , K.

This family of CARA designs includes the logistic regression model and the normal

linear regression as special cases. When a new subject enters the trial and is ready

for randomization, the assignment will be based on all history information, including

treatment assignments, covariate profiles and responses of previous subjects, as well

as the covariate information of the new subject. The new subject is randomized to

treatment k with probability

P (In+1 = k) = πk(θ̂k,Xn+1),

where πk(·, ·) are some given allocation functions satisfying π1 + · · · + πK ≡ 1. By

choosing different allocation functions, this family of CARA designs can achieve differ-

ent goals. The asymptotic properties of estimators and allocation proportions were

comprehensively studied under certain widely satisfied conditions, which provides

a theoretical foundation for comparing treatment effects under this randomization
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method. Recently, Hu, Zhu and Hu [23] extended this procedure by simultaneously

taking efficiency and medical ethics into consideration. They proposed a new family

of CARA designs based on two general measurements of efficiency and ethics. The

proposed family also unified several well-known designs, such as DBCD by Eisele

and Woodroofe [13] and Hu and Zhang [22] as special cases. Asymptotic properties

were established on the allocation proportion and the parameter estimates for binary

covariates and it remains unknown for the case of continuous covariates.

1.2 Statistical Inference of Randomization Designs Utilizing Covariates

As covariates have gained increasing importance in clinical trials, it is essential to

study the theoretical properties of hypothesis testings for both treatment effects and

covariate effects. Although various of adaptive designs utilizing covariates have been

proposed and used in clinical trials, the discussion of statistical inference for these

designs is very limited. In practice, covariate information is not considered in conven-

tional tests. Whether the most classical tests, such as statistical methods based on

maximum likelihood estimators or moment estimators, are still valid remains a con-

cern with the incorporation of covariates in randomization procedures [19]. It is now

generally accepted that a valid test can be obtained, if all covariates, that are used

in randomization, are incorporated in the inference procedures. This was suggested

by Forsythe [15] through simulation studies, and theoretically pointed out by Shao,

Yu and Zhong [44].

However, not all covariates, which are used in the randomization procedure, are in-

cluded in the final analysis in practice for the following three main reasons [32]: (i)

it is very difficult to incorporate some covariates in the analysis model, for exam-

ple, in the viewpoint of credibility of a trial, investigation sites, that are needed to

be balanced across treatment groups, should not be included in the inference pro-
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cedure; (ii) including too many covariates usually requires much more complicated

modeling techniques, such as model selection, methods dealing with dependent co-

variates; and (iii) correct model specification is required, which is usually unknown

in practice.

There have been doubts about validity of statistical inference for randomization de-

signs incorporating covariates, especially when covariates are fully or partially omitted

in inference procedures. Birkett [7] and Forsythe [15] had raised concerns about the

validity of unadjusted analysis under covariate-adaptive designs for continuous normal

responses. Both of them found out the conservativeness of testing treatment effects

using a two-sample t-test under covariate-adaptive designs, and there is no obvious

power improvement, when the nominal critical value is used. Due to the complex

inter-dependence among covariates, treatment assignments and responses introduced

by the allocation scheme, investigation of this concern has been mostly done under

restricted conditions or by limited simulation studies.

The first attempt of theoretical results was made by Shao, Yu and Zhong [44] under a

simple linear model for two treatments Yij = µj+bZi+εij, where Yij is the response for

subject i with treatment j, Zi’s are independent and identically distributed univariate

covariates, µj and b are unknown parameters, and εij’s are independent and identically

distributed random errors and independent of Zi’s. They theoretically proved that

a two-sample t-test without covariates included in the final analysis is conservative

under stratified randomization designs, and a bootstrap t-test is proposed to adjust

the estimator of variance and then achieve nominal Type I error. Results of power

comparison depend on the magnitude of treatment effect. However, these results

are only applicable to a covariate-adaptive biased coin design, which is a stratified

design to apply the biased coin method to each stratum but less commonly used in

practice.
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Barbáchano and Coad [6] have also studied the analysis of covariance t-test under

the linear model framework, when covariate-adaptive randomization is used. They

proposed that the nominal significance level can be maintained and the test is slightly

more powerful compared with complete randomization, especially when the number

of covariates is large.

With a linear model, Ma, Hu and Zhang [32] showed the conservativeness of classical

tests to compare treatment effects under more general covariate-adaptive designs.

Two assumed conditions that the overall imbalance and marginal imbalances are all

bounded in probability can be easily satisfied by various of covariate-adaptive designs,

including stratified permuted block designs and Pocock and Simon’s minimization.

Similar bootstrap method, as in Shao, Yu and Zhong [44], can be employed to achieve

nominal Type I error. As many influential covariates are identified to be linked with

certain disease and are often included in the regression model, they also showed that

the test for significance of covariates is still valid.

Most of the existing work in the literature on covariate-adaptive randomization is

based on linear models, where the balance with respect to important covariates across

treatment groups leads to a more efficient trial. However, for nonlinear models,

balance may yield a less efficient trial [10]. In the case of dichotomous responses,

Feinstein and Landis [14] and Green and Byar [17] studied hypothesis tests comparing

successful rate between two treatment groups on a special case of two strata and two

treatments. Under this restricted assumption, they showed that the overestimation of

the variance of estimated treatment effects under stratified randomization results in

conservative hypothesis tests. A theoretical study of asymptotic results for covariate-

adaptive randomization is provided by Shao and Yu [43] under generalized linear

model with possibly unknown link functions, g [E(Yij|Zi)] = µj + β′Zi, where g(·)

is a link function, Zi is the covariate vector for subject i, β is a vector of unknown
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parameters measuring the effects of covariates, Yij and µj are defined same as in the

linear model [44]. Both binary and continuous responses are considered. It is proved

that the simple t-test without using any covariates is conservative, and a valid test can

be constructed using bootstrap. This bootstrap test asymptotically has same power

as the t-test which correctly uses covariates in the final analysis. More discussion can

be found in Tu, Shalay and Pater [50], Aickin [1], and so on.

1.3 Motivation and Organization

Over the past several decades, scientists have identified many new biomarkers /covari-

ates that may be associated with certain diseases as the development of translational

research (genomics, proteomics and metabolomics). Precision medicine is developed

allowing physicians to tailor a treatment regimen based on an individual patient’s

characteristics of interest (which could be biomarkers or other covariates). To de-

velop precision medicine, more covariates are under consideration in a clinical trial.

New designs that balance treatment assignments with respect to key covariates of in-

terest as well as minimize the number of subjects randomized to the inferior treatment

for the sake of ethics are needed. At the same time, covariates can be categorized

into two types according to their different roles played in clinical studies: (i) prog-

nostic covariates that are balanced to provide a valid comparison, and (ii) predictive

covariates that are used to select a suitable treatment based on efficiency and ethics.

The increasing importance of the roles of these covariates can be exemplified by the

following clinical studies.

The HER2 gene is identified to have a significant effect on increasing the aggressive-

ness of tumor in breast cancer. In the clinical trial of Slamon et al. [46], it was shown

that the addition of trastuzumab, which is an antibody against HER2, to chemother-

apy has a great impact on reducing the risk of death and extending the median
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survival for patients with overexpressed HER2. Hence, HER2 is highly recommended

for every invasive breast cancer to be tested as a predictive covariate, since the result

can significantly impact the treatment selection. Age and Karnofsky score of patients

are balanced between treatment groups to provide a valid comparison, which can be

considered as prognostic covariates. In phase II of the “Basket” study of Hyman et

al. [25], patients with BRAF V600 Mutant were found out to have an impressively

good response to the Venmurafenib treatment. The presence of BRAF V600 Mutant

can be used as an important predictive covariate allowing patients to be subgrouped

for the Venmurafenib treatment with complementary treatments. In the “Basket”

study, characteristics of patients (such as age and sex) are used for the balancing pur-

pose to form comparable groups and ensure the credibility of the trial. So, they can be

considered as prognostic covariates. Additional examples can be found in many other

trials, such as Buyse et al. [8], Larkin et al. [30] and Krisam and Kieser [27].

In the literature, many covariate-adaptive designs have been proposed to balance

prognostic covariates for a simple treatment comparison. While covariate-adjusted

response-adaptive designs have been proposed to deal with predictive covariates for

both efficiency and ethical reasons. Unfortunately, there is no design thus far that

is available to deal with both prognostic covariates and predictive covariates simul-

taneously, since the incorporation of covariate information is complex due to the

existence of two dissimilar types of covariates which play different roles in a clinical

study. Therefore, the ultimate objectives of this work are to propose new designs

which incorporate both types of covariates in the randomization procedure and study

the hypothesis testings under the new designs. Ma, Hu and Zhang [32] had proved

the theoretical properties of statistical inference based on a large class of covariate-

adaptive designs. Before investigating problems of new designs, it is crucial to study

hypothesis testings of comparing treatment effects under CARA designs, especially

when covariates are fully or partially omitted in the final analysis, since not all these
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covariates used in randomization can be included in the inference procedure due to

complexity in practice.

In Chapter 2, a theoretical foundation of statistical inference under CARA designs

is established with a linear model framework for clinical trials with two treatments

and continuous responses. The hypothesis testing to compare treatment effects is

examined under widely satisfied conditions of CARA designs. The asymptotic dis-

tributions of the test statistic under the null and alternative hypotheses are derived

without considering covariates in the final analysis. We show that the hypothesis test-

ing to compare treatment effects is not always conservative, but possible to be liberal,

depending on the unknown parameters in the employed model and the choice of al-

location function. Simulations with multiple scenarios of sample size and parameter

settings are conducted to illustrate Type I error and power.

In Chapter 3, with a linear model, we study the statistical inference under the

covariate-adaptive designs with a fixed target allocation proportion, which is an ex-

tension of covariate-adaptive designs proposed by Hu and Hu [24] and a special case

of the new designs. Also, we consider testing the significance of covariates in this case.

We show that the hypothesis testing to compare treatment effects is usually conser-

vative in terms of small Type I error, which agrees with the conclusion of the special

case using 1/2 as the fixed target allocation proportion by Ma, Hu and Zhang [32].

The limiting power reaches its maximum when the allocation proportion is 1/2, and it

is larger than that under complete randomization when the difference between treat-

ment effects is relatively large. The hypothesis testing for significance of covariates is

still valid.

In Chapter 4, the innovative new CARA designs are proposed, which can incorporate

both prognostic and predictive covariates in the randomization procedure simultane-

ously. Hypothesis testings of comparing treatment effects and significance of covari-
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ates are studied under the new designs when prognostic covariates are excluded from

the final analysis. The asymptotic distributions of test statistics under both the null

and alternative hypotheses are given for the new designs with some mild conditions

for imbalances and target allocation proportions. Simulation studies are conducted

to explore the imbalances at all three levels, and to study Type I error and power un-

der complete randomization, the covariate-adaptive design in Chapter 3, the CARA

design in Chapter 2 and the new design.

In Chapter 5, the discrete assumption for prognostic covariates is relaxed and similar

inference problems are studied under the covariate-adaptive design in Chapter 3 and

the new CARA design in Chapter 4. Note that the new CARA design is applied

using fixed target allocation proportions in the randomization procedure instead of

adaptively estimated ones. Asymptotic distributions of test statistics are obtained

under the same conditions used in Chapter 3. We show that the test for compar-

ing treatment effects is conservative under both designs, when prognostic covariates

are omitted for statistical inference regardless whether they are discrete or continu-

ous.
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Chapter 2

Statistical Inference under CARA

Designs

2.1 Introduction

Statistical inference of CARA randomization designs is discussed under a linear model

with two treatments and a univariate covariate in this chapter. For a general family of

CARA designs, we derive the asymptotic distributions of test statistics for comparing

treatment effects under both the null and alternative hypotheses. We find out that

the hypothesis testing to compare treatment effects is not always valid when the

key covariate used in randomization is omitted in the final analysis; it depends on

the unknown parameters in the employed model and the choice of the allocation

function. Proper adjustment of the variance of the test statistic, such as the bootstrap

t-test, can achieve nominal Type I error. The full model is used in the inference

procedure for power comparison between CARA designs and complete randomization

in order to obtain an unbiased estimator of the difference between two treatment

effects. CARA designs can significantly improve average responses, but still allowing

high power.

This chapter is organized as follows. In Section 2.2, the general framework of CARA

designs under a linear model is introduced to study hypothesis testing properties for

comparing treatment effects. Both an underlying model and a working model are

proposed to represent the situation that the univariate covariate used in randomiza-

19



tion is omitted in statistical inference. Theoretical results for the test statistic under

both the null and alternative hypotheses are presented in Section 2.3. In this section,

we show that the two-sample t-test comparing treatment effects is not always valid

when the covariate is omitted in the final analysis. Further, simulation studies are

carried out in Section 2.4 to study Type I error and power of CARA designs under

multiple scenarios compared with complete randomization. Conclusions are given in

Section 2.5, and salient points of theoretical results are shown in Section 2.6.

2.2 Framework

In this section, we study hypothesis testings based on a linear model framework

for a general family of CARA designs. The following notations and definitions are

introduced to help describe the randomized treatment allocation scheme of CARA

designs.

Consider a clinical trial with two treatments studied under a CARA design. Let N

be the total number of subjects enrolled in the trial. For the m-th subject, Im

represents the treatment assignment, i.e., Im = 1 assigned to treatment 1 and Im = 0

to treatment 2, where m = 1, 2, . . . , N . And Nk is the number of subjects assigned

to treatment k, k = 1, 2, where N1 =
∑N

m=1 Im and N = N1 + N2. Let Ym denote

the response of the m-th subject. Assume that the covariate information of subjects

can be observed in the trial. Then, let Xm be the univariate covariate of the m-th

subject. Let Im = σ(I1, . . . , Im), Ym = σ(Y1, . . . , Ym) and Xm = σ(X1, . . . , Xm) be

the corresponding sigma fields for treatment assignments, responses and covariates.

In addition, let Fm = Im⊗Ym⊗Xm be the sigma field of history information after m

assignments.

Conditional on the treatment assignment Im, the following linear model is assumed
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for the response of the m-th subject Ym,

Ym = µ1Im + µ2(1− Im) + γXm + εm, (2.1)

where

- Xm’s, m = 1, . . . , N can be discrete or continuous covariates, which are inde-

pendent and identically distributed as X with E(X) = 0 and Var(X) = σ2
x;

- Xm’s are used in the randomization procedure, but not used in final statistical

inference, m = 1, . . . , N ;

- εm’s, m = 1, . . . , N are independent and identically distributed random errors

with mean zero and variance σ2
ε , and independent of the covariate X;

- θ = (µ1, µ2, γ) are unknown parameters and the parameter space Θ is a bounded

domain in R3.

Notice that under CARA designs, we do not need to restrict the covariate X to be

discrete. Unlike covariate-adaptive designs under which studies are usually conducted

based on discrete covariates only, we can directly incorporate continuous covariates

without discretization. Also, we assume the covariate effect γ to be same for the two

treatments.

2.2.1 CARA Designs

A general CARA design is defined by

ψm = E (Im | Fm−1, Xm) = E (Im | Im−1,Ym−1,Xm) ,

the conditional probabilities of assigning the m-th subject to treatment 1, condi-

tioning on the entire history of all previous m− 1 subjects, including their treatment
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assignments, responses and covariate information, as well as the covariate information

of the current subject.

The allocation scheme of CARA designs is as follows:

1. Assign m0 subjects randomly to each treatment by using some restricted ran-

domization design.

2. Assume that n − 1 assignments have been finished (n > 2m0). Responses

{Yi, i = 1, . . . , n − 1} and corresponding covariates {Xi, i = 1, . . . , n − 1} are

observed. Let θ̂n−1 = (µ̂1,n−1, µ̂2,n−1, γ̂n−1) be the estimators of θ = (µ1, µ2, γ)

based on the observed (n− 1)-size sample {(Yi, Ii, Xi), i = 1, . . . , n− 1}.

3. When the n-th subject comes into the trial and the corresponding covariate Xn

is observed, we assign the subject to treatment 1 with probability

P (In = 1|Fn−1, Xn) = π
(
θ̂n−1, Xn

)
, (2.2)

where Fn−1 = In−1 ⊗ Yn−1 ⊗ Xn−1 is the sigma field of the history, and π(·, ·)

is some given allocation function. Therefore, the probability that the subject is

assigned to treatment 2 is 1− π
(
θ̂n−1, Xn

)
.

4. Repeat step 2 and 3 until each subject is assigned to a treatment.

Different choices of allocation functions can generate different possible classes of useful

designs. Under the linear model framework, the allocation function can be defined

as

π (θ, X) =
G (µ1 + γX)

G (µ1 + γX) +G (µ2 + γX)
, (2.3)

where G is some positive monotone smooth real function defined in R. Then, the

allocation function π satisfies 0 < π < 1, π = 1/2, when µ1 = µ2. Suppose a larger

response is preferred, then G should be an increasing function and a subject will
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have a larger probability to be randomized to the treatment with a larger treatment

effect µ for all X.

The following example gives a more detailed illustration of the allocation scheme of

CARA designs under the linear model framework.

EXAMPLE. Suppose the target sample size of a two-armed clinical trial is 100. We

choose the standard normal cumulative density function Φ as the function G in (2.3)

to construct the allocation function π for the CARA design. At the beginning, we

assign 20 subjects to the two treatments using permuted block design with block

size 4. After each assignment, the covariate information, treatment assignment and

response of the subject are recorded. Further, we use least squares estimation method

to update the estimators θ̂n−1 = (µ̂1,n−1, µ̂2,n−1, γ̂n−1) by using data collected from

the first n − 1 subjects (n > 20). When the n-th subject enters the trial and the

covariate Xn is recorded, we assign the subject to treatment 1 with probability

π
(
θ̂n−1, Xn

)
=

Φ(Ŷ1,n)

Φ(Ŷ1,n)+Φ(Ŷ2,n)
=

Φ (µ̂1,n−1 + γ̂n−1Xn)

Φ (µ̂1,n−1 + γ̂n−1Xn) + Φ (µ̂2,n−1 + γ̂n−1Xn)
.

The update of these estimators and the randomization procedure repeat until the

completion of assigning all 100 subjects.

2.2.2 Hypothesis Testing

In this section, we study statistical inference under CARA designs when the ran-

domization covariate is omitted in the final analysis. The working model of inference

would be

E(Ym) = µ1Im + µ2(1− Im). (2.4)

Our primary interest is to compare treatment effects µ1 and µ2, and the following
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hypothesis testing is used

H0 : µ1 − µ2 = 0 versus HA : µ1 − µ2 6= 0. (2.5)

The test statistic is

T =
Ȳ1 − Ȳ2√
S2
Y1

N1

+
S2
Y2

N2

, (2.6)

where Ȳk and S2
Yk

are sample mean and sample variance for responses in treat-

ment k, k = 1, 2. The following statistics,

N1 =
N∑
m=1

Im, N2 =
N∑
m=1

(1− Im), Ȳ1 =

∑N
m=1 YmIm
N1

, Ȳ2 =

∑N
m=1 Ym(1− Im)

N2

S2
Y1

=

∑N
m=1 Y

2
mIm −N1Ȳ

2
1

N1 − 1
, S2

Y2
=

∑N
m=1 Y

2
m(1− Im)−N2Ȳ

2
2

N2 − 1
,

are computed to construct the test statistic in (2.6).

If |T |> Z1−α/2, where Z1−α/2 is (1− α/2) quantile of a standard normal distribution,

we will reject the null hypothesis, otherwise accept it.

2.3 Theoretical Properties

The hypothesis testing of comparing two treatment effects is considered in this section.

It is conducted based on the working model (2.4), when data are generated from

the underlying true model (2.1). Asymptotic properties of the test statistic (2.6) are

studied under both the null and alternative hypotheses in the following theorem.

THEOREM 2.3.1. Suppose that a CARA design has a linear model framework (2.1)

and the allocation function satisfies the following two conditions:

(A) For any fixed X, the allocation function π (θ, X) is a continuous function of θ;
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(B) The allocation function π (θ, X) is differentiable with respect to θ under the

expectation, and there is a δ > 0 such that

g (θ∗) = g (θ) + (θ∗ − θ)

(
dg

dθ∗

∣∣∣∣
θ

)T
+ op

(
||θ∗ − θ||1+δ

)
,

where
dg

dθ∗
=

(
dg

dµ∗1
,
dg

dµ∗2
,
dg

dγ∗

)
.

Then, we have

(i) under H0 : µ1 − µ2 = 0, the test statistic (2.6) has the following asymptotic

distribution:

T =
Ȳ1 − Ȳ2√
S2
Y1

N1

+
S2
Y2

N2

D→ N
(

0,
σ2
0

σ2
a

)
, (2.7)

where

σ2
0 = 4

(
γ2σ2

x + σ2
ε

)
+ 32γ2

(
dφ

dθ

)
V0

(
dφ

dθ

)T
+ 16γσ2

ε

(
dφ

dµ1

− dφ

dµ2

)
,

σ2
a = 4

(
γ2σ2

x + σ2
ε

)
, φ(·) = E [X · π(·, X)] , V0 = σ2

ε · diag
(

2, 2,
1

σ2
x

)
.

The hypothesis testing (2.5) is not always valid if omitting the covariate X in

statistical inference. Type I error of the test depends on unknown parameters

in the employed model and the choice of the allocation function π. When

dφ

dµ1

∈
[
− 1

4γ
∨ 0,− 1

4γ
∧ 0

]
,

the test is asymptotically conservative, i.e., Type I error is smaller than nominal

significance level α; Otherwise, the test is liberal, i.e., Type I error is larger

than α.

(ii) under Ha : µ1 − µ2 6= 0, consider a sequence of local alternatives, that is,
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µ1 − µ2 = δ/
√
N for some fixed δ 6= 0, then the test statistic (2.6) has the

following asymptotic distribution:

T =
Ȳ1 − Ȳ2√
S2
Y1

N1

+
S2
Y2

N2

D→ N

(
1

σb
·

[
δ +

√
Nγφ(θ)

g(θ)[1− g(θ)]

]
,
σ2
1

σ2
b

)
, (2.8)

where η(·) = E[X2 · π(·, X)], V = σ2
ε


1

g(θ)
0

φ(θ)

g(θ)σ2
x

1

1− g(θ)
− φ(θ)

(1− g(θ))σ2
x

1

σ2
x

 ,

σ2
1 =

γ2σ2
x

[1− g(θ)]2
+

σ2
ε

g(θ)[1− g(θ)]
+ γ2η(θ) ·

[
1

g2(θ)
− 1

[1− g(θ)]2

]
+

2γσ2
ε

g2(θ)[1− g(θ)]2
·
[
dφ

dµ1

· (1− g(θ))− dφ

dµ2

· g(θ) +
dφ

dγ
· φ(θ)

σ2
x

]
+

γ2

g2(θ)[1− g(θ)]2
·

[
2

(
dφ

dθ

)
V

(
dφ

dθ

)T
− φ2(θ)

]
,

σ2
b =

γ2σ2
x

[1− g(θ)]2
+

σ2
ε

g(θ)[1− g(θ)]
+ γ2η(θ) ·

[
1

g2(θ)
− 1

[1− g(θ)]2

]
− γ2φ2(θ)

[
1

g3(θ)
− 1

[1− g(θ)]3

]
.

Theoretical properties of hypothesis testing to compare two treatment effects are ob-

tained under CARA designs in Theorem 2.3.1. Covariate information is utilized in

the randomization procedure to help assign subjects to a better treatment based on

their own characteristics. Two widely satisfied conditions of the allocation function

are assumed to derive the asymptotic distributions of test statistic (2.6). Under these

conditions, we show in the proof that the asymptotic variance of test statistic can be

smaller or larger than 1, when the covariate is omitted in the working model (2.4),
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i.e., the numerator of the test statistic, Ȳ1 − Ȳ2, has variance smaller or larger than

the model-based variance estimator in the denominator. This result comes from the

difference between the variability increase introduced by estimating allocation proba-

bilities and the variability reduction due to the incorporation of covariate information

in randomization, depending on the unknown parameters θ = (µ1, µ2, γ) in model set-

tings and the choice of the allocation function π.

2.4 Simulation Study

Case 1: Testing treatment effects. We first conduct simulations to study Type I

error of the hypothesis testing for comparing two treatment effects under the CARA

design and complete randomization. The linear model in (2.1) is assumed. The

covariate Xm and random error εm are independently distributed as N (0, 1). To

study Type I error, we assume there is no difference between two treatment effects,

i.e., we have µ1 = µ2.

In the simulations, the standard normal distribution CDF Φ is selected to con-

struct the allocation function π. The following three scenarios of parameters are

used to study Type I error: (i) (µ1, µ2, γ) = (0, 0, 1), (ii) (µ1, µ2, γ) = (3, 3, 1), and

(iii) (µ1, µ2, γ) = (0, 0, 2). The hypothesis tests include the two-sample t-test (t-test)

and the test for comparing treatment effects under the full model (2.1) (lm(X)). The

significance level is α = 0.05, and sample size N is 100, 200 or 500. For the CARA

design, 2m0 = 20 subjects are assigned to the two treatments using permuted block

design with block size 4 at the beginning of allocation. Simulation results demon-

strated in Table 2.1 are based on 10,000 runs.

Several conclusions can be drawn from Table 2.1. First, Type I error of test using

the full model (2.1) (lm(X)) is close to 5%. Therefore, the hypothesis testings of

comparing treatment effects are valid when the randomization covariate is included
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Table 2.1: Simulated Type I error under the CARA design (CARA) and complete
randomization (CR) in % using a linear model (2.1). Parameters are (µ1, µ2, γ) with
three scenarios. Simulations are based on 10,000 runs.

Method N
(0, 0, 1) (3, 3, 1) (0, 0, 2)

t-test lm(X) t-test lm(X) t-test lm(X)

CARA

100 2.27 5.20 4.73 5.36 6.48 5.38

200 2.22 5.09 4.37 4.93 9.94 5.44

500 2.02 5.28 4.36 5.01 13.54 5.16

CR

100 5.50 5.61 5.09 5.32 4.83 4.93

200 4.85 5.06 4.94 5.00 4.95 5.15

500 5.02 4.97 5.10 5.24 4.93 5.14

in the working model of the final analysis. Second, Type I error of the two-sample

t-test (t-test) under the CARA design depends on the unknown parameters θ. This

is consistent with the theoretical results in Section 2.3. We can calculate dφ/dµ1 for

these three scenarios, which are −0.1486, −0.0139, and −0.2751. Hence, we can see

that dφ/dµ1 of the first two scenarios are within the range [−0.25, 0], while that of

the last scenario is out of the range [−0.125, 0]. Therefore, the test statistics under

the first two scenarios have variance smaller than 1, resulting in Type I error smaller

than 5%, while that under the last scenario has variance greater than 1, hence the test

is liberal. As the effect of covariate on response weakens, compared with treatment

effects, Type I error would be closer to the nominal level α. In the last scenario,

Type I error increases as the sample size gets larger, approaching the theoretical

Type I error 17.31%. Further, under complete randomization (CR), Type I error

is always close to 5% for all scenarios of parameters and sample size. We also try

different allocation functions and combinations of parameters, similar results can be

obtained and are not shown here.

Since the two-sample t-test is not always valid under CARA designs when the co-
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variate is omitted in the inference analysis, proper adjustment on variance of the test

statistic can be conducted to achieve nominal Type I error. One possible approach is

the bootstrap t-test. In each simulation, original covariates X1, . . . , XN , are collected

after CARA randomization. Then, B bootstrap samples Xb
1, . . . , X

b
N , b = 1, . . . , B

are generated independently as random samples with replacement. The CARA al-

location scheme described in Section 2.2.1, estimated parameters and residuals from

the original N samples are applied to each bootstrap sample to obtain treatment

assignments Ib1, . . . , I
b
N and responses Y b

1 , . . . , Y
b
N . Define

Ȳ1 − Ȳ2 =
1

N1

N∑
m=1

YmIm −
1

N2

N∑
m=1

Ym(1− Im), N1 =
N∑
m=1

Im, N2 =
N∑
m=1

(1− Im),

and

D̂(b) =
1

N b
1

N∑
m=1

Y b
mI

b
m −

1

N b
2

N∑
m=1

Y b
m(1− Ibm), N b

1 =
N∑
m=1

Ibm, N
b
2 =

N∑
m=1

(1− Ibm).

The bootstrap estimator of variance for Ȳ1 − Ȳ2 is the sample variance of D̂(b), b =

1, . . . , B, denoted as νB. Then, the test statistic of the bootstrap t-test is

TB =
Ȳ1 − Ȳ2√

ν̂B
.

The number of bootstrap samples used in the following simulations is B = 500, and

results are shown in Table 2.2. We can see that the bootstrap t-test (BS-t) can still

achieve nominal Type I error under CARA designs.

Case 2: Power comparison. Next, we compare power under CARA designs (CARA)

and complete randomization (CR). Under the alternative hypothesis, there is a differ-

ence between treatment effects µ1 and µ2, i.e., we have µ1 − µ2 6= 0. From the proof,

the equation (2.22) of Theorem 2.3.1, we can see that Ȳ1− Ȳ2 is no longer an unbiased

estimator of µ1 − µ2 under the alternative hypothesis, when the covariate X is not
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Table 2.2: Simulated Type I error of the bootstrap t-test (BS-t) under CARA de-
signs in % with a linear model (2.1). Parameters are (µ1, µ2, γ) with three scenarios.
Simulations are based on 1,000 runs.

Test N (0, 0, 1) (3, 3, 1) (0, 0, 2)

BS-t

100 4.7 5.1 5.5

200 5.1 5.4 5.4

500 4.9 5.2 5.3

included in final inference. It is important to use the full model (lm(X)) in Case 1

under CARA design to conduct power comparison. Simulations are studied with

sample size N = 100. All results of power are given in Figure 2.1, from which several

conclusions can be drawn. The hypothesis testing of comparing treatment effects

using the full model (2.1) under the CARA design (CARA, lm(X)) has very similar

power performance to that under complete randomization (CR, lm(X)). However,

the CARA design (CARA) obtains better average responses in the right plot, and

the improvement becomes more obvious, when the difference between two treatment

effects µ1 − µ2 gets larger. Based on Figure 2.1, we can see that CARA designs have

advantages of assigning more subjects to a more suitable treatment based on their

characteristics and achieving better outcomes.

Further, we explore the power for small sample size 32 and 64. The simulated power

and average responses are demonstrated in Table 2.3 using the same model and param-

eters as in Figure 2.1. And the results show the advantages of CARA designs (CARA)

over complete randomization (CR) on both power and average responses for small

sample size.
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Figure 2.1: Simulated power (left) and average responses (right) for the CARA design
(CARA) and complete randomization (CR) with µ2 = 0 and γ = 1. Simulations are
based on 10,000 runs.

Table 2.3: Simulated power (average response) of full model lm(X) for CARA design
and complete randomization (CR) in %. Simulations are based on 10,000 runs.

N = 32 N = 64

µ1 − µ2 CR CARA CR CARA

0.0 5.10 (0.002) 5.75 (0.002) 5.12 (-0.002) 5.20 (0.001)

0.1 5.89 (0.048) 6.70 (0.054) 6.26 (0.050) 6.92 (0.050)

0.2 7.72 (0.010) 9.49 (0.109) 11.31 (0.099) 12.73 (0.104)

0.3 12.81 (0.149) 13.14 (0.164) 20.76 (0.147) 21.79 (0.162)

0.4 18.05 (0.199) 19.50 (0.223) 34.03 (0.204) 35.68 (0.222)

0.5 25.90 (0.247) 26.92 (0.282) 49.24 (0.250) 49.23 (0.282)

0.6 36.21 (0.302) 36.92 (0.343) 63.48 (0.298) 64.86 (0.341)

0.7 44.76 (0.352) 46.33 (0.401) 76.87 (0.348) 78.15 (0.407)

0.8 56.03 (0.399) 57.37 (0.467) 87.52 (0.401) 86.88 (0.472)

0.9 67.63 (0.447) 67.54 (0.535) 93.48 (0.452) 93.74 (0.534)

1.0 75.35 (0.503) 75.69 (0.601) 97.23 (0.501) 97.37 (0.601)
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2.5 Conclusion

CARA designs incorporate covariates, responses and treatment assignments into the

randomization scheme, which have influence on statistical inference results of conven-

tional hypothesis testings. In this chapter, we show that, based on a linear model,

the hypothesis testing for comparing two treatment effects is not always valid, when

the covariate used in the randomization procedure is omitted in the inference anal-

ysis under a family of CARA designs. The performance of the two-sample t-test

depends on the parameters in the employed model, as well as the choice of the allo-

cation function for treatment assignments. Proper adjustment of the variance of the

test statistic is necessary to achieve nominal Type I error. CARA designs using the

full model in the final analysis can obtain better average responses compared with

complete randomization, but still allowing statistical inference with high power. The

results in this chapter provide a theoretical foundation for statistical inference under

CARA designs and a better understanding on the proper implementation of CARA

designs to achieve valid statistical conclusions in practice.

Theoretical results in this chapter show the influence of the incorporation of predic-

tive covariates in the randomization procedure under CARA designs on conventional

hypothesis testings. However, prognostic covariates, which can be used for balanc-

ing across treatment arms to provide a valid comparison, are not considered in the

underlying model and the randomization scheme. In Chapter 3, we study similar

problems with only prognostic covariates incorporated in randomization. Further,

new designs utilizing both types of covariates and their statistical inference will be

covered in Chapter 4.
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2.6 Appendix: Proof of Theorems

Proof of Theorem 2.3.1.

It follows from (2.1) that
∑N

m=1 YmIm = N1µ1 +
∑N

m=1 (γXm + εm) Im. Note that

XmIm = XmIm − E (XmIm|Fm−1) + φ
(
θ̂m−1

)
, where φ(θ) = E [X · π(θ, X)], then

we have

N∑
m=1

(γXm + εm) Im = γ

N∑
m=1

[XmIm − E (XmIm|Fm−1)] +
N∑
m=1

εmIm + γ
N∑
m=1

φ
(
θ̂m−1

)
.

(2.9)

It is straightforward that the first two terms of (2.9) are martingales, and the last term

can be approximated by two other martingales. Write ∆Um = εmIm and ∆Mm =

γ [XmIm − E(XmIm|Fm−1)]. Then, let MN =
∑N

m=1 ∆Mm and UN =
∑N

m=1 ∆Um.

Under the two conditions of the allocation function, we employ Taylor expansion to

get

φ
(
θ̂m

)
= φ (θ) +

(
θ̂m − θ

)(dφ
dθ

)T
+ op

(
||θ̂m − θ||1+δ

)
, (2.10)

for some δ > 0. Suppose we have

θ̂N − θ =
1

N

N∑
m=1

h (Ym, Xm) (1 + o(1)) + o
(
N−1/2

)
, a.s., (2.11)

where h is some function with E [h(Y,X)|X] = 0, and E||h(Y,X)||2< ∞ depending

on estimation methods. Under the linear model framework, we use the least squares

method to estimate parameters and define

h(Y,X) =

(
ε · I
g(θ)

,
ε · (1− I)

1− g(θ)
,
ε ·X
σ2
x

)
. (2.12)
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By combining (2.10), (2.11) and (2.12), we can get

φ
(
θ̂m

)
= φ(θ) +

Tm(1 + o(1))

m

(
dφ

dθ

)T
+ o

(
m−1/2

)
, a.s.,

where

∆Ti = h (Yi, Xi) and Tm =
m∑
i=1

∆Ti =

(
m∑
i=1

εi · Ii
g(θ)

,
m∑
i=1

εi · (1− Ii)
1− g(θ)

,
m∑
i=1

εi ·Xi

σ2
x

)
.

Therefore, the last term of (2.9) can be approximated by

γ
N∑
m=1

φ
(
θ̂m−1

)
= γNφ(θ) +

N∑
m=1

Tm−1(1 + o(1))

m− 1

(
dφ

dθ

)T
+ o

(√
N
)

a.s.

= γNφ(θ) + γ
N∑
m=1

Tm−1
m− 1

(
dφ

dθ

)T
+ op

(√
N
)
.

Write ∆Dm = γ
Tm−1
m− 1

(
dφ

dθ

)T
and DN =

∑N
m=1 ∆Dm, we have

N∑
m=1

YmIm = N1µ1 + γNφ(θ) +MN + UN +DN + op

(√
N
)
. (2.13)

In the same way, we get

N∑
m=1

Ym(1− Im) = N2µ2 +
N∑
m=1

(γXm + εm)− [γNφ(θ) +MN + UN +DN ] + op

(√
N
)
.

(2.14)

And by letting SN =
∑N

m=1(γXm + εm), we have

Ȳ1 − Ȳ2 = µ1 − µ2 +

(
1

N1

+
1

N2

)
[γNφ(θ) +MN + UN +DN ]− SN

N2

+ op

(
1√
N

)
.

(2.15)

Applying the law of the iterated logarithm for martingales to (2.15) together with
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φ(θ) = E [X · π(X,θ)] = E(X)/2 = 0 under H0, we have

Ȳ1 − Ȳ2 = O

(√
log logN

N

)
, a.s.

Next, we consider the asymptotic normality for martingales. Note that MN , UN ,TN

and SN are all sums of martingale differences. With the asymptotic properties of

allocation proportions, it is easy to verify that the Lindeberg’s condition is satisfied.

To complete the proof, it suffices to derive the variance. Define η(θ) = E[X2 ·

π(θ, X)]. The conditional variances of martingale differences {∆Mn,∆Sn,∆Tn,∆Un}

satisfy

E
[
(∆Mn)2|Fn−1

]
= γ2E

[
X2
nIn − 2XnInE(XnIn|Fn−1) + E2(XnIn|Fn−1)|Fn−1

]
= γ2

[
η(θ̂)− φ2(θ̂)

]
→ γ2

[
η(θ)− φ2(θ)

]
in L1,

E
[
(∆Un)2|Fn−1

]
= E

(
ε2nIn|Fn−1

)
= σ2

ε g
(
θ̂
)
→ σ2

ε g (θ) in L1,

E
[
(∆Sn)2|Fn−1

]
= E

[
(γXn + εn)2 |Fn−1

]
= γ2σ2

x + σ2
ε ,

E
[
∆T T

n ∆Tn|Fn−1
]

=



E (ε2nIn|Fn−1)
g2(θ)

E (ε2nIn(1− In)|Fn−1)
g(θ)[1− g(θ)]

E (ε2nXnIn|Fn−1)
g(θ)σ2

x

E (ε2n(1− In)|Fn−1)
[1− g(θ)]2

E (ε2nXn(1− In)|Fn−1)
[1− g(θ)]σ2

x

E (ε2nX
2
n|Fn−1)
σ4
x


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→ σ2
ε



1

g(θ)
0

φ(θ)

g(θ)σ2
x

1

1− g(θ)
− φ(θ)

(1− g(θ))σ2
x

1

σ2
x



= V in L1.

The conditional covariances of martingale differences are calculated as follows:

E (∆Mn∆Sn|Fn−1) = γ2E
[
X2
nIn −XnE (XnIn|Fn−1) |Fn−1

]
= γ2η

(
θ̂
)
→ γ2η(θ) in L1,

E (∆Un∆Tn|Fn−1) =

(
E (ε2nIn|Fn−1)

g(θ)
, 0,

E (ε2nXnIn|Fn−1)
σ2
x

)
= σ2

ε

(
1

g(θ)
· g
(
θ̂
)
, 0,

1

σ2
x

· φ
(
θ̂
))
→ σ2

ε

(
1, 0,

φ(θ)

σ2
x

)
in L1,

E (∆Un∆Sn|Fn−1) = E
(
ε2nIn|Fn−1

)
= σ2

ε g
(
θ̂
)
→ σ2

ε g(θ) in L1,

E (∆Tn∆Sn|Fn−1) =

(
E (ε2nIn|Fn−1)

g(θ)
,
E (ε2n(1− In)|Fn−1)

1− g(θ)
, 0

)
→ σ2

ε (1, 1, 0) in L1.

Since X and ε are independent, E(∆Mn∆Un|Fn−1) = E(∆Mn∆Tn|Fn−1) = 0. It

follows that

σ2
d =Var

[√
N(Ȳ1 − Ȳ2)

]
=N

(
1

N1

+
1

N2

)2

· [Var (MN) + Var (UN) + Var (DN) + 2Cov (UN , DN)]

− 2N

N2

(
1

N1

+
1

N2

)
· [Cov (MN , SN) + Cov (UN , SN) + Cov (DN , SN)]

+
N

N2
2

· Var (SN)
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=N

(
1

N1

+
1

N2

)2

·
[
Nγ2

(
η(θ)− φ2(θ)

)
+Nσ2

ε g(θ) + 2Nγ2
(
dφ

dθ

)
V

(
dφ

dθ

)T
+ 2Nγσ2

ε ·
(
dφ

dµ1

+
dφ

dγ
· φ(θ)

σ2
x

)
+ o(N)

]
+
N2

N2
2

·
(
γ2σ2

x + σ2
ε

)
− 2N

N2

(
1

N1

+
1

N2

)
·
[
Nγ2η(θ) +Nσ2

ε g(θ) +Nγσ2
ε

(
dφ

dµ1

+
dφ

dµ2

)
+ o(N)

]
.

(2.16)

Hence, under H0 : µ1 − µ2 = 0, we have

σ2
d → 4

(
γ2σ2

x + σ2
ε

)
+ 32γ2

(
dφ

dθ

)
V0

(
dφ

dθ

)T
+ 16γσ2

ε

(
dφ

dµ1

− dφ

dµ2

)
= σ2

0, a.s.

(2.17)

By the central limit theorem for martingales, under H0 : µ1 = µ2, it follows that

√
N
(
Ȳ1 − Ȳ2

) D→ N
(
0, σ2

0

)
. (2.18)

Next, we look at the denominator in the test statistic (2.6). The sample variance of

responses in treatment 1 can be written as

S2
Y1

=
1

N1 − 1

N∑
m=1

Y 2
mIm −

N1

N1 − 1
Ȳ 2
1 .

It follows from (2.13) that Ȳ1
P→ µ1, hence we have Ȳ 2

1
P→ µ2

1 under H0. Also, we

have

N∑
m=1

Y 2
mIm =

N∑
m=1

(µ1 + γXm + εm)2 Im

= N1µ
2
1 + 2µ1

N∑
m=1

(γXm + εm) Im +
N∑
m=1

(γXm + εm)2 Im. (2.19)

It has been verified that
∑N

m=1 (γXm + εm) Im = Nγφ(θ) +Op

(√
N log logN

)
based

on (2.13) and the law of the iterated logarithm for martingales. Now, we only look
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at the last term of (2.19), then we have

N∑
m=1

(γXm + εm)2 Im = γ2
N∑
m=1

X2
mIm +

N∑
m=1

ε2m + 2γ
N∑
m=1

XmεmIm. (2.20)

It is very straightforward that the last term of (2.20) is a martingale. In the following

proof, we will show that the first two terms can be both approximated by martingales

and some constants. Notice that X2
mIm = X2

mIm − E (X2
mIm|Fm−1) + η

(
θ̂m−1

)
,

together with Taylor expansion, we have

N∑
m=1

X2
mIm =

N∑
m=1

[
X2
mIm − E(X2

mIm|Fm−1)
]

+
N∑
m=1

η
(
θ̂m−1

)
=

N∑
m=1

[
X2
mIm − E(X2

mIm|Fm−1)
]

+
N∑
m=1

Tm−1
m− 1

(
dη

dθ

)T
+Nη(θ) + op

(√
N
)

and
N∑
m=1

ε2mIm =
N∑
m=1

ε2m [Im − E(Im|Fm−1)] +
N∑
m=1

g
(
θ̂m−1

)
ε2m

=
N∑
m=1

ε2m [Im − E(Im|Fm−1)] +
N∑
m=1

ε2m
Tm−1
m− 1

(
dg

dθ

)T
+Ng(θ)

N∑
m=1

ε2m + op

(√
N
)
.

Combination of the above two equations with the last term in (2.20) yields

N∑
m=1

(γXm + εm)2 Im = Nγ2η(θ) + g(θ)
N∑
m=1

ε2m +O
(√

N log logN
)
, a.s.
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Therefore, we have

N∑
m=1

Y 2
mIm = N1µ

2
1 + 2µ1

N∑
m=1

(γXm + εm) Im +
N∑
m=1

(γXm + εm)2 Im

= N1µ
2
1 + 2Nµ1γφ(θ) +Nγ2η(θ) + g(θ)

N∑
m=1

ε2m +O
(√

N log logN
)
, a.s.

Hence, we get S2
Y1

P→ γ2σ2
x+σ2

ε under H0. And similarly we can get S2
Y2

P→ γ2σ2
x+σ2

ε .

Then, under H0, we get

√
N

√
S2
Y1

N1

+
S2
Y2

N2

P→ 2
√
γ2σ2

x + σ2
ε = σa.

Finally, under H0 : µ1 = µ2, we have, by Slutsky’s Theorem, that

T =
Ȳ1 − Ȳ2√
S2
Y1

N1

+
S2
Y2

N2

D→ N
(

0,
σ2
0

σ2
a

)
, (2.21)

where σ2
0 = 4 (γ2σ2

x + σ2
ε ) + 32γ2

(
dφ

dθ

)
V0

(
dφ

dθ

)T
+ 16γσ2

ε

(
dφ

dµ1

− dφ

dµ2

)
, σ2

a =

4 (γ2σ2
x + σ2

ε ) and φ(·) = E[X · π(·, X)].

From the definition of the allocation function in (2.3) and the two conditions in The-

orem 2.3.1, it follows that
dφ

dµ1

= − dφ

dµ2

and
dφ

dγ
= 0. The last two terms of σ2

0

represent the difference between the variability increase introduced by estimating

allocation probablities and the variability reduction due to the incorporation of co-

variate information in the process of allocation. The sum of last two terms in σ2
0 can

be written as

Vdiff = 32γ2
(
dφ

dθ

)
V0

(
dφ

dθ

)T
+ 16γσ2

ε

(
dφ

dµ1

− dφ

dµ2

)
= 32γσ2

ε ·
dφ

dµ1

·
(

4γ · dφ
dµ1

+ 1

)
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=⇒ Vdiff


≤ 0 if

dφ

dµ1

∈
[
− 1

4γ
∨ 0,− 1

4γ
∧ 0

]
;

> 0 otherwise.

If Vdiff is negative, then the asymptotic variance of the test statistic T under H0 is

smaller than 1, resulting in a conservative test in terms of smaller Type I error. If

positive, we will get a liberal test. 2

Consider a sequence of local alternatives, that is, µ1−µ2 = δ/
√
N for some fixed δ 6= 0,

we can write (2.15) as

Ȳ1 − Ȳ2 = µ1 − µ2 +
γφ(θ)

g(θ)[1− g(θ)]
+Op

(√
log logN

N

)
. (2.22)

And it follows from (2.16) that

σ2
d →

γ2σ2
x

[1− g(θ)]2
+

σ2
ε

g(θ)[1− g(θ)]
+ γ2η(θ) ·

(
1

g2(θ)
− 1

[1− g(θ)]2

)
+

2γσ2
ε

g2(θ)[1− g(θ)]2
·
[
dφ

dµ1

· (1− g(θ))− dφ

dµ2

· g(θ) +
dφ

dγ
· φ(θ)

σ2
x

]
+

γ2

g2(θ)[1− g(θ)]2
·

[
2 ·
(
dφ

dθ

)
V

(
dφ

dθ

)T
− φ2(θ)

]
= σ2

1, a.s.

Therefore, by the central limit theorem for martingales, we have that under Ha :

µ1 − µ2 = δ/
√
N ,

√
N
(
Ȳ1 − Ȳ2

) D→ N

(
δ +

√
Nγφ(θ)

g(θ)[1− g(θ)]
, σ2

1

)
. (2.23)

Looking at the denominator under the local alternatives, in the similar way, we
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have

S2
Y1

P→ γ2η(θ)

g(θ)
− γ2φ2(θ)

g2(θ)
+ σ2

ε ,

S2
Y2

P→ γ2[σ2
x − η(θ)]

1− g(θ)
− γ2φ2(θ)

[1− g(θ)]2
+ σ2

ε .

Hence, we get

N ·
[
S2
Y1

N1

+
S2
Y2

N2

]
P→ γ2σ2

x

[1− g(θ)]2
+

σ2
ε

g(θ)[1− g(θ)]
+ γ2η(θ) ·

[
1

g2(θ)
− 1

[1− g(θ)]2

]
− γ2φ2(θ)

[
1

g3(θ)
− 1

[1− g(θ)]3

]
= σ2

b . (2.24)

By Slutsky’s Theorem, we have

T =
Ȳ1 − Ȳ2√
S2
Y1

N1

+
S2
Y2

N2

D→ N

(
1

σb
·

[
δ +

√
Nγφ(θ)

g(θ)[1− g(θ)]

]
,
σ2
1

σ2
b

)
(2.25)

under local alternatives, Ha : µ1 − µ2 = δ/
√
N for some fixed δ 6= 0. This completes

the proof of Theorem 2.3.1. 2
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Chapter 3

Statistical Inference under CAR

Designs with a Fixed Allocation

Proportion

3.1 Introduction

In this chapter, we extend the Hu and Hu procedure [24] by using a fixed allocation

proportion, not limited to 1/2, in a two-armed clinical trial. Unequal allocations are

preferred in many situations, for example, an active treatment is favored over placebo,

or one treatment is extremely expensive in comparison to the other treatment. This

design can also be considered as a special case of new CARA designs since it only

balances prognostic covariates across treatment arms in the randomization procedure,

without considering predictive covariates for treatment selection. Statistical inference

under this covariate-adaptive design is investigated with a linear model. Asymptotic

distributions of test statistics for comparing treatment effects and for testing the sig-

nificance of covariates, especially the interaction term for covariate and treatment,

are derived under both the null and alternative hypotheses. Several conclusions can

be drawn: The hypothesis testing for comparing treatment effects is usually conser-

vative when prognostic covariates balanced in randomization are omitted in the final
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analysis, while the one for testing the significance of the interaction term between the

covariate X and treatment I can still achieve nominal Type I error.

This chapter is organized as follows. In Section 3.2, the framework of the covariate-

adaptive design with a fixed allocation proportion under a linear model is introduced

to study hypothesis testing properties for testing treatment effects and significance

of covariates. Both an underlying full model and a working model are proposed to

represent the situation that prognostic covariates used in randomization are omitted

in statistical inference. Theoretical results for test statistics under both the null and

alternative hypotheses are presented in Section 3.3. Simulation studies are conducted

in Section 3.4 to study Type I error and power of the covariate-adaptive design under

multiple scenarios compared with complete randomization. Conclusions are given in

Section 3.5, and major proof of theoretical results is shown in Section 3.6.

3.2 Framework

Consider a two-armed clinical trial studied under the covariate-adaptive design. Sup-

pose the target allocation proportion to treatment 1 is ρ. Let (Xm, Zm,1, Zm,2) be the

covariate profile of the m-th subject. Conditional on the treatment assignment Im,

the following linear model is assumed for the response of the m-th subject Ym,

Ym = µ1Im + µ2 (1− Im) + β1Xm + β2XmIm + γ1Zm,1 + γ2Zm,2 + εm, (3.1)

where

- Xm’s, Zm,1’s and Zm,2’s, m = 1, . . . , N are discrete variables, which are inde-

pendent and identically distributed as X, Z1 and Z2;

- Z1 and Z2 can take multiple values, and X only takes two values a and b with

probability p and 1− p respectively;
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- all covariates are independent of each other with mean zero, and Var(X) = σ2
x,

Var(Z1) = σ2
1 and Var(Z2) = σ2

2;

- both Zm,1’s and Zm,2’s are used to be balanced in the randomization procedure,

but only Xm’s are used in statistical inference;

- εi’s are independent and identically distributed random errors with mean zero

and variance σ2
ε , and are independent of X, Z1 and Z2.

Notice that we only consider discrete covariates in this chapter. Extension to the

situation, where X is dichotomous and Z1, Z2 are continuous, is considered in Chap-

ter 5. Also, an interaction term between the covariate X and treatment assignment I

is included in the full model (3.1) to differentiate the covariate effects of X for two

treatment groups, while the covariate effects of Z1 and Z2 have no difference across

treatment groups respectively. Since Z1 and Z2 are incorporated in the randomization

procedure for balancing purpose, they are considered as prognostic covariates.

We define vectors Y = (Y1, . . . , YN)T , ε = (ε1, . . . , εN)T , β = (µ1, µ2, β1, β2)
T , γ =

(γ1, γ2)
T and matrices

X =



I1 1− I1 X1 X1I1

...
...

...
...

IN 1− IN XN XNIN


and Z =



Z1,1 Z1,2

...
...

ZN,1 ZN,2


.

Write the underlying full model (3.1) into a matrix form, then we get

Y = Xβ +Zγ + ε.
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3.2.1 CAR Designs

A general covariate-adaptive design is defined by

ψm = E (Im|Im−1,Zm) , Zm = σ (Z1,1, . . . , Zm,1, Z1,2, . . . , Zm,2) ,

the conditional probabilities of assigning the m-th subject to treatment 1, condi-

tioning on the treatment assignments and prognostic covariates of the previous m−1

subjects, as well as prognostic covariates of the current subject. The target allocation

proportion to treatment 1 is supposed to be ρ.

For convenience, we use (z1, z2) to denote the stratum which consists of subjects with

the covariate profile (Z1, Z2) = (z1, z2). (j; zj) denotes the margin formed by subjects

with Zj = zj, j = 1, 2.

The allocation scheme of the covariate-adaptive design is as follows:

1. Assign m0 subjects randomly to each treatment by using some restricted ran-

domization design.

2. Assume that n − 1 assignments have been finished (n > 2m0). Corresponding

covariates {(Zi,1, Zi,2), i = 1, . . . , n − 1} are observed. The m-th subject has

covariate profile (Zn,1, Zn,2) = (z∗1 , z
∗
2). Then, the n-th subject belongs to the

stratum (z∗1 , z
∗
2) and margins (j; z∗j ), j = 1, 2.

3. If we assign the n-th subject to treatment 1,

- let D
(1)
n = Nn1− ρ · n, where Nn1 is the number of subjects in treatment 1

after n assignments.

- similarly, let D
(1)
n (j; z∗j ) = Nn1(j; z

∗
j ) − ρNn(j; z∗j ) be the differences be-

tween the actual and target numbers of subjects in treatment 1 on the

margins (j; z∗j ), j = 1, 2, and D
(1)
n (z∗1 , z

∗
2) = Nn1(z

∗
1 , z
∗
2) − ρNn(z∗1 , z

∗
2) be
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the difference within the stratum (z∗1 , z
∗
2).

4. Define an imbalance measure Imb
(1)
n by

Imb(1)n = ωo
[
D(1)
n

]2
+

2∑
j=1

ωm,j
[
D(1)
n (j; z∗j )

]2
+ ωs

[
D(1)
n (z∗1 , z

∗
2)
]2
, (3.2)

which is the weighted sum of imbalances at the overall, marginal and within-

stratum levels caused by assigning the n-th subject to treatment 1. Nonnegative

weights ωo, ωm,j, j = 1, 2 and ωs are placed on the overall, marginal and within-

stratum levels, respectively. Without loss of generality, we assume

ωo +
2∑
j=1

ωm,j + ωs = 1.

5. If we assign the n-th subject to treatment 2, the imbalance measure Imb
(2)
n can

be calculated in the same way, which represents the weighted sum of imbalances

caused by assigning the n-th subject to treatment 2.

6. Then conditioning on treatment assignments of the previous n− 1 subjects and

prognostic covariate profiles of all first n subjects, we assign the n-th subject to

treatment 1 with probability

P (In = 1|In−1,Zn) =


p∗, if Imb

(1)
n < Imb

(2)
n ;

1/2, if Imb
(1)
n = Imb

(2)
n ;

q∗, if Imb
(1)
n > Imb

(2)
n ,

(3.3)

where p∗ is the biasing probability satisfying 0 < q∗ < p∗ < 1, p∗ + q∗ = 1.

7. Repeat step 2 - step 6 until each subject is assigned to a treatment.

Without incorporating the covariate X in randomization, this covariate-adaptive de-
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sign is a special case of new CARA designs; if the target allocation proportion ρ = 1/2,

this procedure reduces to the design proposed by Hu and Hu [24].

3.2.2 Hypothesis Testing

In this section, we study statistical properties of hypothesis testings under the covariate-

adaptive design when prognostic covariates Z1 and Z2 are excluded from the final

analysis. The working model of inference would be

E(Ym) = µ1Im + µ2(1− Im) + β1Xm + β2XmIm, (3.4)

and in the matrix form E(Y ) = Xβ. Under the working model (3.4), the estimator

of β using least square estimation is

β̂ = (XTX)−1XTY = β + (XTX)−1XT (Zγ + ε) .

The primary interest is to compare the two treatment effects µ1 and µ2, and the

hypothesis testing (2.5) is conducted. The corresponding test statistic is

T =
Lβ̂√

σ̂2L(XTX)−1LT
, (3.5)

where L = (1,−1, 0, 0) and σ̂2 = (Y −Xβ̂)T (Y −Xβ̂)/(N − 4). If |T |> Z1−α/2,

where Z1−α/2 is (1 − α/2) quantile of a standard normal distribution, we will reject

the null hypothesis, otherwise accept it.

We are also interested in the coefficient of the interaction term for the covariate X and

treatment I. It indicates that subjects potentially have different responses for the two

treatments. Then, the covariate X may contribute to treatment selection, and we can

develop a procedure with incorporation of the covariate X in randomization, resulting
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in the new CARA design that deals with both types of covariates simultaneously.

Therefore, another hypothesis testing of interest is

H0 : β2 = 0 versus HA : β2 6= 0, (3.6)

and the corresponding test statistic is

T∗ =
lβ̂√

σ̂2l(XTX)−1lT
, (3.7)

where l = (0, 0, 0, 1). If |T∗|> Z1−α/2, where Z1−α/2 is (1−α/2) quantile of a standard

normal distribution, we will reject the null hypothesis, otherwise accept it.

3.3 Theoretical Properties

Two hypothesis testings are considered in this section, one is to compare the two

treatment effects µ1 and µ2, and the other is to test the significance of the interaction

term in (3.1). These hypotheses are conducted based on the working model (3.4) while

the data are generated from the underlying full model (3.1). Asymptotic properties

of test statistics are studied under both the null and alternative hypotheses in the

following theorems.

THEOREM 3.3.1. Suppose that the covariate-adaptive design in Section 3.2.1

satisfies the following two conditions:

(A) the overall imbalance is bounded in probability, that is, DN = Op(1);

(B) the marginal imbalances for Z1 and Z2 are bounded in probability, that is,

DN(j; zj) = Op(1), j = 1, 2.

Then, we have
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(i) under H0 : µ1 − µ2 = 0, the test statistic (3.5) has the following asymptotic

distribution:

T =
Lβ̂√

σ̂2L(XTX)−1LT
D→ N

(
0,

σ2
ε

σ2

)
, (3.8)

where σ2 = γ21σ
2
1 + γ22σ

2
2 + σ2

ε .

Therefore,

(1) if γj = 0, j = 1, 2, then σ2
ε/σ

2 = 1. Thus, when prognostic covariates Z1

and Z2 are completely not associated with the response Y , the hypothesis

testing (2.5) can achieve nominal Type I error. However, if at least one

γj 6= 0, j = 1, 2, then σ2
ε/σ

2 < 1, resulting in a conservative test.

(2) The asymptotic distribution of T under H0 does not depend on the target

allocation proportion ρ used in randomization, treatment effects µ1 and µ2,

nor on the covariate X and its related parameters in (3.1).

(ii) under Ha : µ1 − µ2 6= 0, consider a sequence of local alternatives, that is,

µ1 − µ2 = δ/
√
N for some fixed δ 6= 0, then the test statistic (3.5) has the

following asymptotic distribution:

T =
Lβ̂√

σ̂2L(XTX)−1LT
D→ N

(
δ ·
√
ρ(1− ρ)

σ
,
σ2
ε

σ2

)
. (3.9)

Thus, the limiting power reaches its maximum when ρ = 1/2, and it still does

not depend on X and its related parameters in (3.1).

Under the alternative hypothesis, the power under the covariate-adaptive design

is

P
(
|T |> Z1−α/2

)
= Φ

(
δ
√
ρ(1− ρ)

σε
− σ

σε
Z1−α/2

)
+ Φ

(
−
δ
√
ρ(1− ρ)

σε
− σ

σε
Z1−α/2

)
+ o(1).

It is straightforward to see that the limiting power under the covariate-adaptive design
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reaches the maximum when ρ = 1/2. The power under complete randomization

is

P
(
|T |> Z1−α/2

)
= Φ

(
δ

2σ
− Z1−α/2

)
+ Φ

(
− δ

2σ
− Z1−α/2

)
+ o(1).

The limiting power under the covariate-adaptive design is smaller than that under

complete randomization when δ is relatively small, and it is larger than complete

randomization when δ is large.

The asymptotic properties of hypothesis testing for significance of the interaction

term (3.6) are shown in the following theorem.

THEOREM 3.3.2. Suppose that the covariate-adaptive design in Section 3.2.1

satisfies that all within-stratum imbalances are Op(1), then we have

(i) under H0 : β2 = 0,

T∗ =
lβ̂√

σ̂2l(XTX)−1lT
D→ N (0, 1) . (3.10)

Therefore, the hypothesis testing (3.6) can achieve nominal Type I error.

(ii) under Ha : β2 6= 0, consider a sequence of local alternatives, that is, β2 =

δβ2/
√
N for some fixed δβ2 6= 0, then the test statistic (3.7) has the following

asymptotic distribution:

T∗ =
lβ̂√

σ̂2l(XTX)−1lT
D→ N

(
δβ2 · σx

√
ρ(1− ρ)

σ
, 1

)
. (3.11)

Thus, the limiting power reaches its maximum when ρ = 1/2 and it depends on

variance of X, but not on parameters related with X.

Theoretical properties of hypothesis testings to compare two treatment effects and

to test significance of the interaction term are obtained under covariate-adaptive

designs in Theorem 3.3.1 and Theorem 3.3.2, respectively. Prognostic covariates Z1
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and Z2 are used in the randomization procedure to balance treatment allocations

for credibility of the trial. And the design deals with three levels of imbalances

(overall, marginal and within-stratum) simultaneously. To derive the asymptotic

distributions of test statistic for comparing treatment effects under both the null and

alternative hypotheses, we assume that the overall and all marginal imbalances are

bounded in probability. With these conditions satisfied, we show that the asymptotic

variance of test statistic is smaller than 1 when prognostic covariates is omitted in

the working model, i.e., the numerator of the test statistic, Lβ̂ = µ̂1 − µ̂2, has

variance smaller than the model-based variance estimator in the denominator, which

leads to a conservative test. Larger effects of prognostic covariates on responses

will result in a more conservative test. While a valid test for significance of the

interaction term can still be obtained given all within-stratum imbalances are bounded

in probability. The limiting power of both hypothesis testings depends on the target

allocation proportion ρ used in randomization, and reaches its maximum using equal

allocation proportion, i.e., ρ = 1/2.

3.4 Simulation Study

Case 1: Testing treatment effects. Simulations are conducted to study Type I error

and power of the hypothesis testing for comparing two treatment effects under the

covariate-adaptive design (CAR) and complete randomization (CR). The data are

generated from the underlying model (3.1). The two prognostic covariates Z1 and Z2

are distributed independently with equal probability to take value 1 or -1. We set a

in the distribution of the covariate X to be 1 with different p’s, then these two values

can determine the distribution of X. The random error ε follows a standard normal

distribution. To study Type I error, we assume there is no difference between two

treatment effects, i.e., we have µ1 = µ2.
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The hypothesis tests include the test (lm(X)) under the working model (3.4) and the

corresponding bootstrap test (BS ), and the test under the full model (3.1) (lm(X,Z)).

Sample size is N = 500 and the significance level is α = 0.05. For the covariate-

adaptive design, 2m0 = 20 subjects are assigned to the two treatments using permuted

block design with block size 4 at the beginning of allocation. Simulation results

demonstrated in Table 3.1 are based on 10,000 simulations. We use equal weights,

i.e., ωo = ωm,1 = ωm,2 = ωs = 1/4, for three levels of imbalances. The following

scenarios of parameters are used to study Type I error.

Scenario µ1 µ2 β1 β2 γ1 γ2 p ρ

S1 0 0 1 1 1/2 1/2 1/2 1/2

S2 0 0 1/2 -1/3 1/2 1/2 1/4 1/2

S3 1 1 1 1 1/2 1/2 1/2 1/2

S4 0 0 1 1 1/2 1/2 1/2 2/3

S5 0 0 1 1 1 1 1/2 1/2

S6 2 2 1/2 1/3 1/2 -1/2 1/3 1/4

Table 3.1: Simulated Type I error for comparing treatment effects under the covariate-
adaptive design (CAR) and complete randomization (CR) in %. Simulations are based
on 10,000 runs and sample size N = 500.

Scenario
CAR CR

lm(X) lm(X,Z) lm(X) lm(X,Z)

S1 1.69 4.73 5.30 5.11

S2 1.62 4.79 5.03 4.99

S3 1.54 5.20 5.20 5.23

S4 1.78 5.00 - -

S5 0.06 5.28 4.71 4.79

S6 1.94 5.10 4.98 4.71

Several conclusions can be drawn from Table 3.1. First, Type I error is affected under

the covariate-adaptive design (CAR) when prognostic covariates are omitted in the
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working model of inference (lm(X)). And results agree with theoretical properties

that the test is conservative in terms of smaller Type I error. From the results of

scenarios S1 − S4, we can see that the performance of test does not depend on

the distribution of X and its related parameters β1 and β2, the treatment effects µ1

and µ2, nor the allocation proportion ρ. While results of S1, S5 and S6 indicate that

the larger the covariate effects of Z1 and Z2, the more conservative the test under the

working model (lm(X)). Second, the test under the covariate-adaptive design (CAR)

using the full model (3.1) (lm(X,Z)) can achieve nominal Type I error as expected.

Third, Type I error under complete randomization (CR) is always close to 5% for the

two hypothesis testing models.

Case 2: Power comparison. Next we compare the power for the two hypothesis

testings, lm(X) and lm(X,Z), under three procedures, namely the covariate-adaptive

design with the allocation proportion ρ = 1/2 (CAR1), ρ = 2/3 (CAR2) and complete

randomization (CR). The same model in Case 1 of Section 3.4 is applied, but there

exists a difference between two treatment effects, i.e., we have µ1−µ2 6= 0. The results

of power comparison are given in Figure 3.1, and the conclusions are summarized as

follows.

First, for the hypothesis testing using the working model (lm(X)), the covariate-

adaptive designs with both allocation proportions (CAR1 and CAR2) are less pow-

erful than that under complete randomization (CR) when the difference between two

treatment effects is relatively small, and have larger power when the difference be-

comes larger. Moreover, the power of the covariate-adaptive design with ρ = 1/2

(CAR1) is always slightly larger than that with ρ = 2/3 (CAR2), which is consis-

tent with theoretical results. Second, the hypothesis testing using the full model

(lm(X,Z)) is more powerful than that using the working model (lm(X)) under all

three procedures. CAR1 and complete randomization (CR) have very similar power
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performance using the full model (lm(X,Z)), while CAR2 loses power a little. Third,

CAR1 does not improve average responses much compared with complete random-

ization (CR) since it still uses equal allocation proportion. However, by assigning

more subjects to the better treatment, CAR2 can obtain significantly better average

responses.

Figure 3.1: Simulated power of comparing treatment effects (left) and average re-
sponses (right) under the covariate-adaptive design with ρ = 1/2 (CAR1), ρ = 2/3
(CAR2) and complete randomization (CR). Simulations are based on sample size
N = 500 and 1000 runs.

Case 3: Significance of interaction term. To explore the interaction effect of the

potential predictive covariate X and the treatment I, we study the hypothesis testings

for the significance of the interaction term based on both the working model and the

full model, i.e., lm(X) and lm(X,Z), under the covariate-adaptive design (CAR)

and complete randomization (CR). Sample size is N = 500 and the significance level

is α = 0.05. Four different scenarios of parameters are used to study Type I error,

and the results are given in Table 3.2.

From Table 3.2, it can be seen that tests of β2 using the working model (lm(X)) and
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Scenario µ1 µ2 β1 β2 γ1 γ2 p ρ

S1 1 1 1 0 1/2 1/2 1/2 1/2

S2 1 1 1/2 0 1/2 1/2 1/3 1/2

S3 1 1 1 0 1/2 1/2 1/2 2/3

S4 1/2 0 1 0 -1/2 1/3 1/2 1/2

Table 3.2: Simulated Type I error for the significance of interaction term under the
covariate-adaptive design (CAR) and complete randomization (CR) in %. Simulations
are based on 10,000 runs and sample size N = 500.

Scenario
CAR CR

lm(X) lm(X,Z) lm(X) lm(X,Z)

S1 5.33 5.40 5.11 5.26

S2 5.02 4.84 4.84 4.99

S3 4.94 5.23 - -

S4 5.02 4.99 5.28 5.24

the full model (lm(X,Z)) are valid in terms of Type I error under the two procedures,

regardless of the distribution of X, the allocation proportion ρ, and parameters in

the employed model, which is consistent with Theorem 3.3.2. Results in Table 3.3

indicate that the power of testing β2 based on the full model (lm(X,Z)) is more

powerful than that based on the working model (lm(X)) under all three procedures,

and the covariate-adaptive design with ρ = 2/3 (CAR2) slightly loses power.

3.5 Conclusion

The covariate-adaptive design incorporates prognostic covariates in the randomiza-

tion procedure for balancing purpose to provide a valid comparison for different treat-

ments, which may have an influence on statistical inference. In this chapter, we study

two types of hypothesis testings under the covariate-adaptive design with prognostic

covariates excluded from the final analysis. Asymptotic distributions of test statistics

55



Table 3.3: Simulated power for the significance of interaction term using the working
model (lm(X)) and the full model (lm(X,Z)) under the covariate-adaptive design
with ρ = 1/2 (CAR1), ρ = 2/3 (CAR2) and complete randomization (CR) in %.
Simulations are based on 1,000 runs and sample size N = 500.

CAR1 CAR2 CR

β2 lm(X) lm(X,Z) lm(X) lm(X,Z) lm(X) lm(X,Z)

0.00 5.5 5.4 4.9 5.5 4.8 5

0.05 7.4 8.9 7.1 7.9 7.0 8.8

0.10 14.7 20.7 13.8 17.5 14.8 20.4

0.15 27.7 36.5 25.4 34.2 27.2 36.9

0.20 44.9 61.2 40.6 55.8 44.6 60.1

0.25 63.2 78.3 57.5 75.7 62.8 80.1

0.30 77.7 90.5 72.7 88.3 77.8 89.6

0.35 88.7 97.6 86.0 94.9 88.6 96.9

0.40 95.2 99.5 93.2 98.9 94.8 99.5

0.45 98.4 99.7 97.3 99.7 98.2 99.9

0.50 99.5 100.0 98.9 99.8 99.5 100.0

under both the null and alternative hypotheses are derived under some mild condi-

tions for the overall, marginal and within-stratum imbalances. The test for compar-

ing treatment effects is usually conservative under the covariate-adaptive design if

important prognostic covariates are omitted, while a valid test can still be obtained

for testing the significance of the interaction term. In the case that an allocation

proportion in favor of the better treatment is used in a clinical study, the extended

covariate-adaptive design can significantly improve average responses with only slight

power loss.

In this chapter, we restrict prognostic covariates to be discrete in the underlying

model (3.1). However, many continuous covariates, that need to be balanced, are

used in clinical trial practice, such as age, blood pressure, etc. Continuous-discrete
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conversion can be applied for the implementation of the covariate-adaptive design, but

it will lose information of covariates. Similar problems with direct use of continuous

prognostic covariates in the underlying full model are studied in Chapter 5. Moreover,

the covariate X, which may have different effects on responses depending on treatment

arms, is not used in the randomization scheme. It can work as a predictive covariate

to facilitate treatment selection. The new CARA design utilizing both predictive and

prognostic covariates in randomization and its statistical properties of hypothesis

testings will be investigated in Chapter 4.

3.6 Appendix: Proof of Theorems

Proof of Theorem 3.3.1.

According to the condition (A) in Theorem 3.3.1 and the definition of the overall

imbalance in treatment 1, we have

1

N

N∑
i=1

Ii =
1

N
[DN + ρN ] = ρ+

1

N
·DN

P→ ρ.

The condition (B) assumes that marginal imbalances DN(j; zj) = Op(1), j = 1, 2

and Zj take finite discrete values, together with weak law of large numbers, they

imply that

1

N

N∑
i=1

IiZi,j =
1

N

∑
zj

zjN1(Zj = zj) =
1

N

∑
zj

zjDN(j; zj) +
ρ

N

N∑
i=1

Zi,j
P→ 0.

Since X and I are independent, it follows from weak law of large numbers that

1

N

N∑
i=1

IiXi
P→ 0 and

1

N

N∑
i=1

IiX
2
i

P→ ρσ2
x.
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Hence, we have

X tX

N
=

1

N



∑
Ii
∑
Ii(1− Ii)

∑
XiIi

∑
XiIi

∑
(1− Ii)2

∑
Xi(1− Ii)

∑
XiIi(1− Ii)

∑
X2
i

∑
X2
i Ii

∑
X2
i Ii



P→



ρ

1− ρ

σ2
x ρσ2

x

ρσ2
x ρσ2

x


= M .

Let

A = LM−1
(
X tZγ

N
+
X tε

N

)
, (3.12)

and

B = L

[(
X tX

N

)−1
−M−1

](
X tZγ

N
+
X tε

N

)
, (3.13)

where L = (1,−1, 0, 0). After some matrix calculations, we have

A =
1

N
·

{
γ1

[∑N
i=1 IiZi,1
ρ

−
∑N

i=1(1− Ii)Zi,1
1− ρ

]
+ γ2

[∑N
i=1 IiZi,2
ρ

−
∑N

i=1(1− Ii)Zi,2
1− ρ

]

+

[∑N
i=1 Iiεi
ρ

−
∑N

i=1(1− Ii)εi
1− ρ

]}
=

1

N
· (A1 + A2 + A3).

We already know that
∑N

i=1 IiZi,j =
∑

zj
zjDN(j; zj) + ρ

∑N
i=1 Zi,j and

∑N
i=1(1 −

Ii)Zi,j = (1 − ρ)
∑N

i=1 Zi,j −
∑

zj
zjDN(j; zj). Since marginal imbalances are Op(1),
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we have

Aj√
N

=

∑
zj
zjDN(j; zj)

√
Nρ(1− ρ)

= op(1), j = 1, 2.

Define Ĩ = (I1, . . . , IN). According to the convergence of
∑N

i=1 Ii/N and the inde-

pendence between I and ε, we have

Var

(
1√
N

N∑
i=1

Iiεi

∣∣∣∣∣ Ĩ
)

= σ2
ε ·
∑N

i=1 Ii
N

→ ρσ2
ε ,

Cov

(∑N
i=1 εi√
N

,

∑N
i=1 Iiεi√
N

∣∣∣∣∣ Ĩ
)

= σ2
ε ·
∑N

i=1 Ii
N

→ ρσ2
ε .

Hence, by the central limit theorem, given Ĩ, A3/
√
N is asymptotically normal with

mean zero and variance
σ2
ε

ρ(1− ρ)
. Since the limiting distribution is independent of Ĩ,

this also holds unconditionally. Then, by Slutsky’s theorem, we have

√
NA

D→ N
(

0,
σ2
ε

ρ(1− ρ)

)
. (3.14)

We already prove that

(
X tX

N

)−1
−M−1 = op(1). It is straightforward that

XTZγ√
N

+
XTε√
N

= Op(1).

Therefore, we can conclude
√
NB

P→ 0, which together with Slutsky’s theorem implies

that
√
N [(µ̂1 − µ̂2)− (µ1 − µ2)]

D→ N
(

0,
σ2
ε

ρ(1− ρ)

)
.

Notice that

L(XTX)−1LT =
1

N
L

(
XTX

N

)−1
LT =

1

Nρ(1− ρ)
+ op

(
1

N

)
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and

σ̂2 =
1

N − 4

(
Y −Xβ̂

)T (
Y −Xβ̂

)
=

1

N
(Y −Xβ)T (Y −Xβ) +

1

N

(
β̂ − β

)T
XTX

(
β̂ − β

)
+

2

N

(
β̂ − β

)
XT

(
Y −Xβ̂

)
+ op(1). (3.15)

Because of the consistency of β̂, it follows from weak law of large numbers that

σ̂2 P→ γ21σ
2
1 + γ22σ

2
2 + σ2

ε = σ2. Hence, we have

σ̂2L
(
XTX

)−1
LT =

σ2

Nρ(1− ρ)
+ op

(
1

N

)
.

Then under H0: µ1 − µ2 = 0, by Slutsky’s theorem, we get

T
D→ N

(
0,

σ2
ε

σ2

)
, where σ2 = γ21σ

2
1 + γ22σ

2
2 + σ2

ε . (3.16)

When prognostic covariates balanced in randomization are excluded from the working

model of inference, the test of comparing treatment effects is usually conservative in

terms of smaller Type I error. Neither the allocation proportion ρ, treatment effects µ1

and µ2, nor the covariate X and its related parameters have effects on the performance

of the test. 2

Similarly, under Ha : µ1 − µ2 6= 0 with a sequence of local alternatives, i.e., we

have µ1−µ2 = δ/
√
N for a fixed δ 6= 0, the test statistics has the following asymptotic

distribution

T
D→ N

(
δ
√
ρ(1− ρ)

σ
,
σ2
ε

σ2

)
. (3.17)

The limiting power under the covariate-adaptive design reaches its maximum us-

ing ρ = 1/2, and decreases as ρ becomes more extreme. This completes the proof of

Theorem 3.3.1. 2
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Proof of Theorem 3.3.2.

According to the condition of Theorem 3.3.2 that all within-stratum imbalances

are Op(1), we automatically have the overall imbalance and all marginal imbalances

are also Op(1). In the similar way, let

A∗ = lM−1
(
X tZγ

N
+
X tε

N

)
, (3.18)

and

B∗ = l

[(
X tX

N

)−1
−M−1

](
X tZγ

N
+
X tε

N

)
, (3.19)

where l = (0, 0, 0, 1). After some matrix calculation, we have

A∗ =
1

(1− ρ)σ2
x

· 1

N

{
−

[
γ1

N∑
i=1

XiZi,1 + γ2

N∑
i=1

XiZi,2 +
N∑
i=1

Xiεi

]

+
1

ρ
·

[
γ1

N∑
i=1

IiXiZi,1 + γ2

N∑
i=1

IiXiZi,2 +
N∑
i=1

IiXiεi

]}

=
1

(1− ρ)σ2
x

·
(
A1∗

N
+
A2∗

N

)
.

Define Z̃ = {Zi,j, i = 1, . . . , N, j = 1, 2}. Given Z̃, it is easy to get from weak law

of large numbers that

Var

(
A1∗√
N

∣∣∣∣ Z̃) = σ2
x ·

(
γ21
∑N

i=1 Z
2
i,1

N
+
γ22
∑N

i=1 Z
2
i,1

N
+ σ2

ε

)
→ σ2

xσ
2.

According to the condition that marginal imbalances are Op(1), we have

1

N

N∑
i=1

IiZ
2
i,j =

1

N

∑
zj

z2jDN(j; zj) +
ρ

N

N∑
i=1

Z2
i,j

P→ ρσ2
j , j = 1, 2.

61



And the condition that within-stratum imbalances are Op(1) indicates

1

N

N∑
i=1

IiZi,1Zi,2 =
1

N

∑
z1,z2

z1z2DN(z1, z2) +
ρ

N

N∑
i=1

Zi,1Zi,2
P→ 0, j = 1, 2.

Therefore, given (Ĩ , Z̃), we have

Var

(
A2∗√
N

∣∣∣∣ Ĩ , Z̃) =σ2
x ·

[
γ21
ρ2

∑N
i=1 IiZ

2
i,1

N
+
γ22
ρ2

∑N
i=1 IiZ

2
i,2

N
+
σ2
ε

ρ2

∑N
i=1 Ii
N

+
2γ1γ2
ρ

∑N
i=1 IiZi,1Zi,2

N

]
→ σ2

xσ
2

ρ
,

Cov

(
A1∗√
N
,
A2∗√
N

∣∣∣∣ Ĩ , Z̃) =− σ2
x

ρ
·

[
γ21
∑N

i=1 IiZ
2
i,1

N
+
γ22
∑N

i=1 IiZ
2
i,2

N
+
σ2
ε

∑N
i=1 Ii
N

+
2γ1γ2

∑N
i=1 IiZi,1Zi,2
N

]
→ −σ2

xσ
2.

By the central limit theorem, given (Ĩ , Z̃),
A1∗√
N

+
A2∗√
N

is asymptotically normal with

mean zero and variance
1− ρ
ρ
· σ2

xσ
2. Since the limiting distribution does not depend

on (Ĩ , Z̃), the convergence in distribution also holds unconditionally. So, by Slutsky’s

theorem, we get
√
NA∗

D→ N
(

0,
σ2

ρ(1− ρ)σ2
x

)
. (3.20)

As in the proof of Theorem 3.3.1, we can conclude
√
NB∗

P→ 0, which together with

Slutsky’s theorem implies that

√
N
(
β̂2 − β2

)
D→ N

(
0,

σ2

ρ(1− ρ)σ2
x

)
.

It is straightfoward to get σ̂2l(X tX)−1lt → σ2

Nρ(1− ρ)σ2
x

+ op

(
1

N

)
. Then under

H0 : β2 = 0, we have

T∗
D→ N (0, 1) .
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Therefore, the hypothesis testing for the significance of the interaction term is still

valid in terms of Type I error under the covariate-adaptive design, even when prog-

nostic covariates are not used for statistical inference. 2

Under Ha : β2 6= 0 with a sequence of local alternatives, i.e., we have β2 = δβ2/
√
N

for a fixed δβ2 6= 0, the test statistic has the following asymptotic distribution

T∗
D→ N

(
δβ2 · σx

√
ρ(1− ρ)

σ
, 1

)
,

which finishes the proof of Theorem 3.3.2. 2
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Chapter 4

Statistical Inference under New

CARA Designs

4.1 Introduction

Hu and Hu, et al. [20] stated that precision medicine is to use information associated

with an individual patient systematically to select or optimize that patient’s preven-

tative and therapeutic care. Covariates of patients can be classified into two types

according to their different roles played in clinical studies, which are prognostic co-

variates and predictive covariates. Correspondingly, prognostic covariates should be

balanced to provide a simple treatment comparison, while predictive covariates may

be used for the selection of suitable treatments.

A superior design of a clinical trial of precision medicine relies on whether patients’

characteristics (covariates, especially predictive covariates) could be incorporated in

the design protocol. In the literature, covariate-adaptive designs have been proposed

to balance prognostic covariates, while covariate-adjusted response-adaptive designs

deal with predictive covariates. Unfortunately, there is no design thus far that can

simultaneously deal with both types of covariates. In this chapter, we will establish an

innovative class of covariate-adjusted response-adaptive designs with incorporation of

both prognostic and predictive covariates in their randomization schemes. Statistical
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inference under the new procedure is studied under a linear model. We find out that

the hypothesis testing to compare treatment effects is usually conservative under the

new design if prognostic covariates used in the randomization procedure are excluded

from the final analysis. Moreover, the test for the significance of the interaction term

between the predictive covariate and treatment is not valid any more. It can be

conservative or liberal, depending on the definition of target allocation proportions,

unknown parameters in the underlying model and the predictive covariate.

This chapter is organized as follows. In Section 4.2, the general framework of the

new CARA design is introduced. Similar hypothesis testings for comparing treat-

ment effects and significance of covariates are conducted based on an underlying full

model and a working model. Theoretical results for test statistics under both null and

alternative hypotheses are provided in Section 4.3. Simulation studies are conducted

in Section 4.4 to compare the finite sample properties of four randomization proce-

dures, namely, complete randomization (CR), the covariate-adaptive design in Chap-

ter 3 (CAR), the covariate-adjusted response-adaptive design in Chapter 2 (CARA)

and the new design (NEW), in terms of imbalances, Type I error and power. Conclu-

sions are summarized in Section 4.5, and major proof of theoretical results is shown

in Section 4.6.

4.2 Framework

A clinical trial with two treatment arms is considered under the new CARA design.

Let (Xm, Zm,1, Zm,2) be the covariate profile of the m-th subject. The margin and

stratum defined by Z1 and Z2 are same as described in Section 3.2.1. The target

allocation proportion depends on the covariate X. Therefore, (Z1, Z2) work as prog-

nostic covariates, while X as a predictive covariate. Suppose the target allocation to

treatment 1 is ρ(X). We assume the same underlying full model (3.1) and working
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model of inference (3.4) as in Section 3.2.

The new CARA design can be generally defined by

ψm = E(Im|Im−1,Ym−1,Xm,Zm),

the conditional probabilities of assigning them-th subject to treatment 1, conditioning

on the treatment assignments, responses, predictive and prognostic covariates of the

previousm−1 subjects, as well as both types of covariates of the current subject.

The allocation scheme of the new procedure is defined as follows:

1. The first 2m0 subjects are assigned to treatment 1 and 2 with restricted ran-

domization (m0 subjects in each treatment).

2. Suppose (n − 1) subjects have been assigned to treatments (n > 2m0) and

we observed their responses. The n-th subject has covariate (Xn, Zn,1, Zn,2),

where (Zn,1, Zn,2) falls within stratum (z∗1 , z
∗
2). Based on (Yn−1, In−1,Xn), we

estimate the target allocation ρ̂(Xn). (similar to the estimation of allocation

probability under CARA designs in Section 2.2.1).

3. If the n-th subject were assigned to treatment 1,

- let D
(1)
n (Xn) = Nn1(Xn)−ρ̂(Xn)Nn(Xn), where Nn(Xn) is the total number

of subjects with covariate Xn for the first n subjects. Further, Nn1(Xn) is

the number of subjects with covariate Xn in treatment 1.

- similarly, let D
(1)
n (j; z∗j ;Xn) = Nn1(j; z

∗
j ;Xn) − ρ̂(Xn)Nn(j; z∗j ;Xn) and

D
(1)
n (z∗1 , z

∗
2 ;Xn) = Nn1(z

∗
1 , z
∗
2 ;Xn)− ρ̂(Xn)Nn(z∗1 , z

∗
2 ;Xn) be the differences

between the actual and target number of subjects in treatment 1 on the

margin (j; z∗j ), j = 1, 2, and within the stratum (z∗1 , z
∗
2), respectively.
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4. Define an imbalance measure Imb
(1)
n (Xn) by

Imb(1)n (Xn) = wo

[
D(1)
n (Xn)

]2
+

2∑
j=1

wm,j

[
D(1)
n (j; z∗j ;Xn)

]2
+ ws

[
D(1)
n (z∗1 , z

∗
2 ;Xn)

]2
,

(4.1)

where wo+ws+
∑2

j=1wm,j = 1. If the n-th subject were assigned to treatment 2,

we can define Imb
(2)
n (Xn) in a similar fashion. Then, we assign the n-th subject

to treatment 1 with probability based on Efron’s biased coin function, which is

similar with (3.3).

5. Repeat step 2 - step 4 until each subject is assigned to a treatment.

At the end of the trial, we can obtain estimated imbalances D̂N(X) = N1(X) −

ρ̂N(X)N(X) and true imbalances DN(X) = N1(X)−ρ(X)N(X) in treatment group 1

at overall, marginal and within-stratum levels, respectively. Here, ρ̂N(X) is the es-

timated allocation proportion to treatment 1 from N samples, while ρ(X) is the

theoretical value.

Without considering the covariateX, the new design reduces to the covariate-adaptive

design in Chapter 3; without prognostic covariates Z1 and Z2, the new design reduces

to the CARA design in Chapter 2.

4.3 Theoretical Properties

Two hypothesis testings are considered in this section. Data are simulated from the

underlying full model (3.1) and the hypothesis testings are conducted based on the

working model of inference (3.4). The primary interest is still to compare treatment

effects µ1 and µ2 using the hypothesis testing (2.5). Asymptotic properties of the test

statistic are studied under both the null and alternative hypotheses in Theorem 4.3.1.

We are also interested in the significance of the interaction term for the predictive

covariate X and treatment assignment I, which indicates the different effects of X
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on responses in different treatment groups. Then, the hypothesis testing (3.6) is

conducted, and asymptotic properties of the corresponding test statistic are provided

in Theorem 4.3.2.

THEOREM 4.3.1. Suppose that a new CARA design with adaptive allocation

probabilities satisfies the following conditions:

(A) The estimated overall imbalance is bounded in probability, that is, D̂N(X) =

Op(1) and the true overall imbalance DN(X) is of order Op(
√
N);

(B) The estimated marginal imbalances for Z1 and Z2 are bounded in probabil-

ity, that is, D̂N(j; zj;X) = Op(1), and the true marginal imbalances are of

order Op(
√
N), that is, DN(j; zj;X) = Op(

√
N), j = 1, 2;

(C) The estimated allocation proportion converges in probability to the true one,

i.e., ρ̂N(X)
P→ ρ(X). And

√
N [ρ̂N(X)− ρ(X)] has an asymptotic normal dis-

tribution with mean zero and a finite variance.

Then, we have

(i) under H0 : µ1 − µ2 = 0, the test statistic (3.5) has the following asymptotic

distribution:

T =
Lβ̂√

σ̂2L(XTX)−1LT
D→ N

(
0,

σ2
ε

σ2

)
, (4.2)

where σ2 = γ21σ
2
1 + γ22σ

2
2 + σ2

ε .

The test statistic for comparing treatment effects using the working model (3.4)

under the new CARA design has the same asymptotic distribution with that

under the covariate-adaptive design in Chapter 3. The definition of target

allocation proportions, treatment effects and the predictive covariate X do not

affect the performance of the test.

(ii) under Ha : µ1 − µ2 6= 0, consider a sequence of local alternatives, that is,
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µ1 − µ2 = δ/
√
N for some fixed δ 6= 0, then the test statistic (3.5) has the

following asymptotic distribution:

T =
Lβ̂√

σ̂2L(XTX)−1LT
D→ N

(
δ

σ
·

√
ρa(1− ρa) · ρb(1− ρb)

(1− p)ρa(1− ρa) + pρb(1− ρb)
,
σ2
ε

σ2

)
,

(4.3)

where ρx = ρ(X = x), x = a, b. Therefore, the limiting power can be affected

by the definition of target allocation proportions, unknown parameters in the

employed model and the predictive covariate X.

THEOREM 4.3.2. Suppose that the new CARA design with adaptive allocation

probabilities satisfies all conditions in Theorem 4.3.1, then we have

(i) under H0 : β2 = 0,

T ∗
D→ N

(
0,

σ2
c · (1− p)3

σ2
d

)
, (4.4)

where

σ2
d = a6p3σ2 · ρaρb(1− ρa)(1− ρb) [pρa(1− ρa) + (1− p)ρb(1− ρb)] ,

ρ1 = pρa + (1− p)ρb, ρ2 = ap(ρa − ρb), ρ3 = a2ρa · p+ b2ρb · (1− p),

c1∗ = ρ2
[
ρ22 − (1− ρ1)(σ2

x − ρ3)
]
, c2∗ = ρ2(ρ

2
2 − ρ1ρ3),

c3∗ = (1− ρ1)(ρ22 − ρ1ρ3), c4∗ = ρ1(1− ρ1)σ2
x − ρ22,

σ2
c = (c21∗ + c23∗σ

2
x) · σ2 + 2(c1∗c2∗ρ1 + c1∗c4∗ρ2 + c2∗c3∗ρ2 + c3∗c4∗ρ3) · σ2

+ c22∗ ·
{[
pρ2a + (1− p)ρ2b

]
· σ2

z + ρ1σ
2
ε

}
+ 2c2∗c4∗ ·

{
ap(ρ2a − ρ2b)σ2

z + ρ2σ
2
ε

}
+ c24∗ ·

{[
pa2ρ2a + (1− p)b2ρ2b

]
· σ2

z + ρ3σ
2
ε

}
.

When ρa = ρb = ρ, i.e., we have µ1 = µ2 and β2 = 0, the variance of the

asymptotic distribution for T ∗ can be simplified as σ2
ε/σ

2, resulting in a con-

servative test. However, when ρa 6= ρb, the performance of the test depends on
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unknown parameters in the employed model, the definition of target allocation

proportions and the predictive covariate X. This test can be conservative or

liberal.

(ii) under Ha : β2 6= 0, consider a sequence of local alternatives, that is, β2 =

δβ2/
√
N for some fixed δβ2 6= 0, then the test statistic (3.7) has the following

asymptotic distribution:

T ∗
D→ N

(
δβ2
σ
·

√
a2p · ρaρb(1− ρa)(1− ρb)

(1− p) [pρa(1− ρa) + (1− p)ρb(1− ρb)]
,
σ2
c

σ2
d

)
. (4.5)

Under new CARA designs, theoretical properties of hypothesis testings to compare

two treatment effects and to test significance of the interaction term are obtained in

Theorem 4.3.1 and Theorem 4.3.2, respectively. The predictive covariate is used for

estimating allocation proportions and prognostic covariates are utilized for balancing

purpose. Conditions of imbalances are assumed to derive asymptotic distributions

of test statistics. Under these conditions, it has been shown that the test statistic

for comparing treatment effect under the new CARA design has asymptotic same

normal distribution with that under the covariate-adaptive design, and the test is

usually conservative when prognostic covariates are omitted in the working model.

However, the test for significance of the interaction term is not valid any more. Its

performance is affected by unknown parameters in the full model (3.1), the definition

of target allocation proportions and the predictive covariate. And, so is the limiting

power of both hypothesis testings.

4.4 Simulation Study

Case 1: Checking imbalances. Simulations are conducted to explore imbalances at all

three different levels and check the conditions for imbalances, on which the theoret-

70



ical properties in Section 4.3 are based, under four randomization designs, namely,

complete randomization (CR), the covariate-adaptive design (CAR), the covariate-

adjusted response-adaptive design (CARA) and the new design (NEW).

Data are generated from the underlying model (3.1) with µ1 = µ2 = 1/2, β1 = 1,

β2 = −1/2, γ1 = γ2 = 1/2. All covariates Z1, Z2 and X are distributed independently

with equal probability to take value 1 or -1. The random error ε follows a standard

normal distribution. For the CARA design and the new design, we use the following

optimal allocations defined by the standard normal CDF Φ:

ρ(X = 1) =
Φ(E(Y |I = 1, X = 1))

Φ(E(Y |I = 1, X = 1)) + Φ(E(Y |I = 0, X = 1))
= 0.4741

and

ρ(X = −1) =
Φ(E(Y |I = 1, X = −1))

Φ(E(Y |I = 1, X = −1)) + Φ(E(Y |I = 0, X = −1))
= 0.6184.

Therefore, the overall allocation proportion to treatment 1 under these two designs

is ρ = P(X = 1)ρ(X = 1) + P(X = −1)ρ(X = −1) = 0.5463.

In the simulation, allocation proportions to treatment 1 are estimated adaptively un-

der the CARA design and the new design. While for complete randomization (CR)

and the covariate-adaptive design (CAR), the allocation proportions assigning to

treatment 1 are fixed to be 1/2, regardless of the value of X. After each subject

is assigned to a treatment, estimated allocation proportions to treatment 1 can be

obtained as shown in Table 4.1. We can clearly see that estimated allocation propor-

tions for all procedures converge to their theoretical values, and only those under the

CARA design (CARA) and the new design (NEW) depend on the value of X.

At the end of the trial, imbalances DN = N1 − ρN and DN(X = 1) = N1(X =

1) − ρ(X = 1)N(X = 1) at three different levels are obtained using the theoretical
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Table 4.1: Estimated allocation proportions to treatment 1 under the four procedures.
Results are based on sample size N = 1000 and 5000 simulations.

Method ρ̂(X = 1) ρ̂(X = −1)

CR 0.5003 0.5000

CAR 0.5003 0.5000

CARA 0.4748 0.6164

NEW 0.4743 0.6176

target proportions ρ and ρ(X = 1), respectively. By the symmetric characteristic of

the designs, theoretical means of DN and DN(X = 1) at each level is 0. Standard

deviations of these two types of imbalances are reported in Table 4.2 based on 5000

simulations and sample size 200, 400, 1000. For simplicity, only the results of 2 strata

and 2 margins are presented. The first column shows the overall imbalances, the sec-

ond and third columns are marginal imbalances and the last two are within-stratum

imbalances.

Results in Table 4.2 indicate that the imbalances in treatment 1, i.e., DN , at all

three different levels under complete randomization (CR), the CARA design (CARA)

and the new design (NEW) are all of order Op

(√
N
)

. The new design (NEW)

has relatively smaller standard deviations compared with those under the CARA

design (CARA) and complete randomization (CR). Under the covariate-adaptive de-

sign (CAR), DN at all three levels are bounded in probability, i.e. DN = Op(1), hence

their standard deviations do not increase as the sample size becomes larger.

The imbalances in treatment 1 when X = 1, i.e., DN(X = 1), for three levels are

all of order Op

(√
N
)

under these four designs. Those under complete randomiza-

tion (CR) and the CARA design (CARA) have similar performance, and those under

the covariate-adaptive design (CAR) have smaller standard deviations since prognos-

tic covariates are balanced. However, balancing prognostic covariates using different
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Table 4.2: Standard deviations of imbalances in treatment 1 DN (standard deviations
of imbalances in treatment 1 when X = 1, i.e., DN(X = 1)) for different levels.
Results are based on sample size N = 200, 400, 1000 and 5000 simulations.

Method N Overall Z1 = 1 Z2 = −1 (1, 1) (−1,−1)

CR

200 7.07 (5.03) 5.05 (3.56) 4.97 (3.54) 3.51 (2.51) 3.51 (2.50)

400 10.11 (7.18) 7.07 (5.03) 7.03 (5.01) 4.97 (3.56) 4.94 (3.51)

1000 15.75 (11.32) 11.12 (7.96) 11.22 (7.95) 7.77 (5.48) 7.82 (5.56)

CAR

200 0.73 (3.58) 0.73 (2.53) 0.73 (2.57) 0.74 (1.82) 0.74 (1.82)

400 0.72 (4.98) 0.73 (3.55) 0.74 (3.52) 0.74 (2.52) 0.75 (2.49)

1000 0.72 (7.95) 0.74 (5.59) 0.73 (5.71) 0.74 (3.92) 0.73 (4.01)

CARA

200 8.67 (5.08) 5.88 (3.64) 5.39 (3.51) 3.95 (2.56) 3.55 (2.45)

400 13.50 (7.26) 8.59 (5.08) 8.27 (4.94) 5.60 (3.61) 5.41 (3.53)

1000 22.53 (11.65) 13.91 (8.21) 13.60 (8.08) 8.95 (5.67) 8.76 (5.65)

NEW

200 5.34 (1.42) 3.18 (0.98) 2.84 (0.94) 2.09 (0.82) 1.86 (0.81)

400 7.78 (1.84) 4.22 (1.16) 4.08 (1.10) 2.50 (0.86) 2.40 (0.85)

1000 11.80 (2.73) 6.16 (1.52) 6.14 (1.52) 3.37 (0.98) 3.40 (1.00)

allocation proportions based on the values of X under the new design (NEW) re-

sults in significant reduction on standard deviations of imbalances compared with the

covariate-adaptive design (CAR).

Case 2: Testing treatment effects. We carry out simulations to study Type I er-

ror and power of the hypothesis testing for comparing two treatment effects under

the four procedures. To study Type I error, we use the same parameter settings

in Case 1 of Section 4.4. The hypothesis tests include the test using the working

model (3.4) (lm(X)), the bootstrap test for lm(X) (BS) and the test using the

full model (3.1) (lm(X,Z)). The significance level is α = 0.05 and sample size N

is 200, 400 or 1000. The results are based on 1000 simulations and in each simula-

tion, 200 bootstrap samples are randomly generated with replacement.

Several conclusions can be drawn from Table 4.3: (1) Type I error using the working
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model (3.4) (lm(X)) is affected by omitting prognostic covariates under adaptive

designs (CAR, CARA, NEW), while a valid test can still be obtained under complete

randomization (CR); (2) with the working model (3.4), tests lm(X) are conservative

under both the covariate-adaptive design (CAR) and the new design (NEW), but it

can be liberal under the CARA design (CARA), which agree with theoretical results;

(3) after adjustment on the variance of test statistic, bootstrap tests (BS) can restore

nominal error rate under these three adaptive designs (CAR, CARA, NEW); (4) tests

using the full model (3.1) (lm(X,Z)) have Type I error close to 5% for all four

designs.

Table 4.3: Simulated Type I error of three hypothesis tests in % under four random-
ization procedures based on sample sizes N = 200, 400, 1000 and 1000 simulations.

Method SS lm(X) BS lm(X,Z)

CR

200 5.0 - 5.4

400 5.3 - 5.0

1000 5.0 - 4.8

CAR

200 2.3 4.7 5.2

400 1.7 4.8 4.9

1000 1.3 5.2 5.0

CARA

200 5.8 5.1 5.1

400 5.4 5.2 5.0

1000 5.5 5.2 4.9

NEW

200 2.2 5.4 5.3

400 1.9 5.4 5.1

1000 1.5 4.8 4.7

Case 3: Power comparison. Next we compare the power for the three hypothesis

testings, namely lm(X), BS and lm(X,Z), under the four procedures. The same

model in Case 1 of Section 4.4 is applied, but there exists a difference between two

treatment effects, i.e., we have µ1 − µ2 6= 0.
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All the results of power and average responses are given in Figure 4.1, from which

several conclusions can be made. First, it is shown in the left plot that tests us-

ing the working model (3.4) (lm(X)) are less powerful than those using the full

model (3.1) (lm(X,Z)) under all these four methods. Second, both the covariate-

adaptive design (CAR) and the new design (NEW) have smaller power for lm(X)

compared with complete randomization (CR) when the difference between µ1 and µ2

is relatively small due to the conservativeness, but they have larger power then the

difference becomes larger. Third, from the middle plot, we can see that bootstrap

tests for lm(X) (BS) under the covariate-adaptive design (CAR) and the NEW de-

sign (NEW) significantly improve the power, and perform very similar with those

using the full model (lm(X,Z)). However, the bootstrap test under the CARA de-

sign (CARA) still has smaller power than that using the full model (lm(X,Z)). This

may be because that µ̂1 − µ̂2 under the working model (3.4) is not an unbiased es-

timator of µ1 − µ2 anymore, and correction of the variance of the test statistic can

not solve this problem. Last, the CARA design (CARA) and the new design (NEW)

show their advantages on assigning more subjects to a better treatment and obtain-

ing significantly higher average responses in the right plot, compared with complete

randomization (CR) and the covariate-adaptive design (CAR), by incorporating re-

sponses and predictive covariates in the randomization procedure.

Case 4: Significance of interaction term. The interaction term between the predictive

covariate X and the treatment I contributes to the difference between two allocation

proportions ρ(X = 1) and ρ(X = −1). Therefore, we study the hypothesis testings for

the significance of the interaction term based on both the working model (3.4) and the

full model (3.1), i.e., lm(X) and lm(X,Z), under the new design (NEW) and complete

randomization (CR). Sample size N = 500 and the significance level is α = 0.05. Four

different scenarios of parameters are used to study Type I error.
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Figure 4.1: Simulated power of comparing treatment effects for lm(X) and lm(X,Z)
(left), simulated power for lm(X,Z) and BS (middle), and average responses (right)
under four procedures. Simulations are based on sample size N = 400, bootstrap
samples B = 200 and 1000 runs.

Scenario µ1 µ2 β1 γ1 γ2 p

S1 0 0 1 0.5 0.5 0.5

S2 1 0 0.5 0.5 0.5 0.5

S3 1 0 0.5 1 -1 0.5

S4 0.5 0 1 0.1 0.1 0.7

Table 4.4: Simulated Type I error for significance of interaction term under the new
design (NEW) and complete randomization (CR) in %. Simulations are based on
10,000 runs.

Scenario
NEW CR

lm(X) lm(X,Z) lm(X) lm(X,Z)

S1 1.58 4.73 5.06 4.93

S2 1.84 4.79 4.96 4.85

S3 0.85 4.89 5.09 5.05

S4 6.26 4.83 5.20 5.31

From Table 4.4, it can be seen that the test for significance of the interaction term is

not valid under the new design (NEW) when prognostic covariates are omitted in the

final analysis. The performance of the test under the working model (lm(X)) can be

conservative or liberal depending on the unknown parameters in the employed model,
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the definition of target allocation proportion and the predictive covariate X.

Table 4.5: Simulated power for significance of interaction term using the working
model (lm(X)) and the full model (lm(X,Z)) under the new design (NEW) and
complete randomization (CR) in %. Simulations are based on 1000 runs and sample
size 500.

NEW CR

β2 lm(X) lm(X,Z) lm(X) lm(X,Z)

0.00 2.0 5.0 4.8 5.0

0.05 3.6 8.0 7.7 8.3

0.10 10.0 20.4 14.9 20.6

0.15 22.9 37.1 27.4 37.9

0.20 42.7 59.8 44.1 59.9

0.25 63.6 77.9 62.2 79.9

0.30 81.5 91.6 78.5 91.9

0.35 93.9 97.2 88.5 96.8

0.40 97.7 99.5 95.0 99.9

0.45 99.4 99.9 98.7 100.0

0.50 99.8 100.0 99.5 100.0

Results in Table 4.5 show the power comparison under the new design (NEW) and

complete randomization (CR) using µ1 = 1/2, µ2 = 0, β1 = 1/2, γ1 = γ2 = 1/2 in

the underlying model and p = 1/2 in the distribution of X. The power of testing β2

based on the full model (lm(X,Z)) is usually more powerful than that based on

the working model (lm(X)) under both procedures. The new design (NEW) can

achieve higher power than complete randomization (CR) when β2 gets larger under

the working model (lm(X)), while they have very similar performance under the full

model (lm(X,Z)).
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4.5 Conclusion

New CARA designs incorporate both types of covariates in the randomization proce-

dure. They can balance treatment allocations with respect to prognostic covariates

and assign subjects based on their predictive covariates. From simulation results, we

can see that although the standard deviations of imbalances in treatment 1, condi-

tional on the value of X for all three levels, increase as the sample size gets larger

under the new CARA designs, they have been significantly reduced compared with

those under other designs. Type I error is affected by the incorporation of covariates

under new CARA designs when prognostic covariates, balanced in the randomization

procedure, are omitted in the final analysis. Simulation results agree with theoretical

properties that the test is usually conservative. One possible solution for this problem

is to use a bootstrap test, and it can restore nominal error rate. New CARA designs

also show their advantage on assigning more subjects to a better treatment by target-

ing different allocation proportions based on the value of the predictive covariate X.

Average responses of subjects can be greatly improved under the new designs, but

still allowing high power when the difference between treatment effects is relatively

large.

Theoretical results in this chapter are based on several assumptions, among which

all covariates are assumed to be discrete. A continuous-discrete transformation is

required when covariates are continuous, which will lose important information of co-

variates. By now, there is no good way to deal with continuous predictive covariates

directly. Similar problems are studied with the discrete assumption for prognostic co-

variates relaxed in Chapter 5. However, in this case, we can only apply the new CARA

design using theoretical target allocation proportions in the randomization scheme.

Asymptotic properties under the new designs with continuous prognostic covariates

and adaptively estimated allocation proportions in randomization still remain un-
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known.

4.6 Appendix: Proof of Theorems

Proof of Theorem 4.3.1.

According to the definition of estimated overall imbalances, we have

D̂N(X) = N1(X)− ρ̂(X) ·N(X).

Let ρ̂x = ρ̂N(X = x), x = a, b. Note that
∑N

i=1 Ii = N1(a) + N1(b) and
∑N

i=1 IiXi =

a ·N1(a) + b ·N1(b). Then, it follows that

N∑
i=1

Ii = D̂N(a) + D̂N(b) + ρ̂a ·N(a) + ρ̂b ·N(b),

N∑
i=1

IiXi = a · D̂N(a) + b · D̂N(b) + aρ̂a ·N(a) + bρ̂b ·N(b).

By weak law of large numbers, we have N(a)/N
P→ p, and N(b)/N

P→ 1 − p. It

implies from conditions (A) and (C) that

1

N

N∑
i=1

Ii
P→ p · ρa + (1− p) · ρb = ρ1,

1

N

N∑
i=1

IiXi
P→ ap · ρa + b(1− p) · ρb = ap · (ρa − ρb) = ρ2.

Similar techniques can be applied to obtain

1

N

N∑
i=1

IiX
2
i

P→ a2ρa · p+ b2ρb · (1− p) = ρ3.

Based on the definition of estimated marginal imbalances, together with conditions
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(B) and (C), we get

∑N
i=1 IiZi,j
N

=

∑
zj

[zj ·N1(j; zj)]

N
=
∑
x

[
ρ̂x ·

∑N
i=1 Zi,j1(Xi = x)

N

]
+Op

(
1

N

)
,

where x = a, b and j = 1, 2. By weak law of large numbers and the independence

between X and (Z1, Z2), we have

1

N

N∑
i=1

IiZi,j
P→ 0, j = 1, 2.

The proof for
∑N

i=1 IiXiZi,j/N, j = 1, 2 are similar.

First, we look at the denominator, which is the model-based variance estimator. By

weak law of large numbers, the independence between covariates and the convergences

above, we can get
X tZ

N

P→ 0 and

X tX

N

P→



ρ1 0 ρ2 ρ2

0 1− ρ1 −ρ2 0

ρ2 −ρ2 σ2
x ρ3

ρ2 0 ρ3 ρ3


= M , |M |= a4p2 · ρaρb(1− ρa)(1− ρb)

(1− p)2
,

where ρ1 = p ·ρa+(1−p) ·ρb, ρ2 = ap · (ρa−ρb), ρ3 = a2ρa ·p+ b2ρb · (1−p). Further,

by the independence between (I,X) and ε, we have
X tε

N

P→ 0.

Because of the consistency of β̂, the second and third terms of σ̂2 in (3.15) con-

verge to 0 in probability. It follows from the law of large numbers and independence
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between (Z1, Z2) and ε that σ̂2 P→ γ21σ
2
1 + γ22σ

2
2 + σ2

ε = σ2. Hence, we have

σ̂2L(X tX)−1Lt =
σ̂2

N
L

(
X tX

N

)−1
Lt =

σ2

N
·
[

p

ρa(1− ρa)
+

1− p
ρb(1− ρb)

]
+ op

(
1

N

)
.

Next, we look at the numerator. After some matrix calculations for A defined in

(3.12), we have

A =
1

N |M |
·

{
(σ2

x − ρ3)(ρ22 − ρ1ρ3) ·

(
γ1

N∑
i=1

Zi,1 + γ2

N∑
i=1

Zi,2 +
N∑
i=1

εi

)

+
[
(ρ3 − ρ22) · σ2

x − ρ23
]
·

(
γ1

N∑
i=1

IiZi,1 + γ2

N∑
i=1

IiZi,2 +
N∑
i=1

Iiεi

)

+ ρ2(ρ
2
2 − ρ1ρ3) ·

(
γ1

N∑
i=1

XiZi,1 + γ2

N∑
i=1

XiZi,2 +
N∑
i=1

Xiεi

)

+ ρ2
[
ρ3 − (1− ρ1) · σ2

x

]
·

(
γ1

N∑
i=1

IiXiZi,1 + γ2

N∑
i=1

IiXiZi,2 +
N∑
i=1

IiXiεi

)}
.

(4.6)

Let A1 = γ1
∑N

i=1 Zi,1 +γ2
∑N

i=1 Zi,2 +
∑N

i=1 εi and A3 =
∑N

i=1Xiεi +γ1
∑N

i=1XiZi,1 +

γ2
∑N

i=1XiZi,2. Define X̃ = {X1, . . . , XN} and Z̃ = {Zi,j, i = 1, . . . , N, j = 1, 2}.

Then by weak law of large numbers, given (X̃, Z̃), we can easily get

Var

(
A1√
N

∣∣∣∣ Z̃)→ σ2, Var

(
A3√
N

∣∣∣∣ X̃, Z̃)→ σ2
xσ

2, Cov

(
A1√
N
,
A3√
N

∣∣∣∣ X̃, Z̃)→ 0.

Let Sj =
∑
zj

∑
x

[zjDN(j; zj;x)]

=
∑
zj

∑
x

[
zjD̂N(j; zj;x)

]
+
∑
x

[
√
N(ρ̂x − ρx) ·

∑N
i=1 Zi,j1(Xi = x)√

N

]
,

where x = a, b and j = 1, 2. We know from conditions (B) and (C) that D̂N(j; zj;x) =

Op(1) and
√
N(ρ̂x − ρx) = Op(1). Since X, Z1 and Z2 only take finite number of
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values, we have ∑
zj

∑
x

[
zjD̂N(x; zj)

]
= Op(1).

Further by weak law of large numbers and the independence between X and (Z1, Z2),

we have

∑N
i=1 Zi,j1(Xi = x)

N

P→ 0 for j = 1, 2. Hence, we get Sj = op

(√
N
)

, j = 1, 2.

Since we have
N∑
i=1

IiZi,j = Sj +
∑
x

[
ρx ·

N∑
i=1

Zi,j1(Xi = x)

]
,

we can write

γ1

N∑
i=1

IiZi,1 + γ2

N∑
i=1

IiZi,2 +
N∑
i=1

Iiεi

=
∑
j

∑
x

[
ρx ·

N∑
i=1

γjZi,j1(Xi = x)

]
+

N∑
i=1

Iiεi + op

(√
N
)
.

Let A2 =
∑

j

∑
x

[
ρx ·

∑N
i=1 γjZi,j1(Xi = x)

]
+
∑N

i=1 Iiεi. Define Ĩ = {I1, . . . , IN}.

Then, given (X̃, Z̃, Ĩ), by weak law of large numbers and the convergence of
∑N

i=1 Ii/N

above, we have

Var

(
A2√
N

∣∣∣∣ X̃, Z̃, Ĩ)→ [
pρ2a + (1− p)ρ2b

]
σ2
z + ρ1σ

2
ε , where σ2

z = γ21σ
2
1 + γ22σ

2
2.

Similarly, let

Wj =
∑
zj

∑
x

[x · zjDN(j; zj;x)] =
∑
zj

∑
x

[
x · zjD̂N(j; zj;x)

]
+
∑
x

[
x ·
√
N(ρ̂x − ρx) ·

∑N
i=1 Zi,j1(Xi = x)√

N

]
,

where x = a, b and j = 1, 2. Then, we have

N∑
i=1

IiXiZi,j = Wj +
∑
x

[
xρx ·

N∑
i=1

Zi,j1(Xi = x)

]
.
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Since we have Wj = op(
√
N), we can write

γ1

N∑
i=1

IiXiZi,1 + γ2

N∑
i=1

IiXiZi,2 +
N∑
i=1

IiXiεi

=
∑
j

∑
x

[
xρx ·

N∑
i=1

γjZi,j1(Xi = x)

]
+

N∑
i=1

IiXiεi + op

(√
N
)
.

Let A4 =
∑

j

∑
x

[
xρx ·

∑N
i=1 γjZi,j1(Xi = x)

]
+
∑N

i=1 IiXiεi. By weak law of large

numbers and the convergence of
∑N

i=1 IiX
2
i /N , we get

Var

(
A4√
N

∣∣∣∣ X̃, Z̃, Ĩ)→ [
p · a2ρ2a + (1− p) · b2ρ2b

]
σ2
z + ρ3σ

2
ε .

Covariances between these terms can be obtained in the same way. Given (X̃, Z̃, Ĩ),

we have

Cov

(
A1√
N
,
A2√
N

∣∣∣∣ X̃, Z̃, Ĩ) → ρ1σ
2, Cov

(
A1√
N
,
A4√
N

∣∣∣∣ X̃, Z̃, Ĩ) → ρ2σ
2,

Cov

(
A2√
N
,
A3√
N

∣∣∣∣ X̃, Z̃, Ĩ) → ρ2σ
2, Cov

(
A3√
N
,
A4√
N

∣∣∣∣ X̃, Z̃, Ĩ) → ρ3σ
2,

Cov

(
A2√
N
,
A4√
N

∣∣∣∣ X̃, Z̃, Ĩ) → ap(ρ2a − ρ2b)σ2
z + ρ2σ

2
ε .

From (4.6) we know that

√
NA =

1

|M |

(
c1 ·

A1√
N

+ c2 ·
A2√
N

+ c3 ·
A3√
N

+ c4 ·
A4√
N

)
+ op(1),

where

c1 = (σ2
x − ρ3)(ρ22 − ρ1ρ3), c2 = (ρ3 − ρ22)σ2

x − ρ23,

c3 = ρ2(ρ
2
2 − ρ1ρ3), c4 = ρ2

[
ρ3 − (1− ρ1)σ2

x

]
.
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By the central limit theorem, given (X̃, Z̃, Ĩ), we have

1

|M |

(
c1 ·

A1√
N

+ c2 ·
A2√
N

+ c3 ·
A3√
N

+ c4 ·
A4√
N

)

is asymptotically normal with mean zero and variance σ2
ε ·
[

p

ρa(1− ρa)
+

1− p
ρb(1− ρb)

]
.

The limiting distribution is independent of (X̃, Z̃, Ĩ), so it also holds unconditionally.

Therefore, by Slutsky’s theorem, we have

√
NA

D→ N
(

0, σ2
ε ·
[

p

ρa(1− ρa)
+

1− p
ρb(1− ρb)

])
.

We already proved that

(
X tX

N

)−1
−M−1 = op(1) and

X tZγ√
N

+
X tε√
N

= Op(1).

Hence,
√
NB

P→ 0, where B is defined as (3.13). Together with Slutsky’s theorem, it

follows that

√
N [(µ̂1 − µ̂2)− (µ1 − µ2)]

D→ N
(

0, σ2
ε ·
[

p

ρa(1− ρa)
+

1− p
ρb(1− ρb)

])
.

Therefore, under H0 : µ1 − µ2 = 0, we have

T
D→ N

(
0,

σ2
ε

σ2

)
, where σ2 = γ21σ

2
1 + γ22σ

2
2 + σ2

ε . (4.7)

The test statistic under the new CARA design using the working model (3.4) has the

same asymptotic normal distribution with that under the covariate-adaptive design

in Chapter 3. The incorporation of the predictive covariate X in the randomization

scheme does not affect the performance of the test when there is no difference between

two treatment effects. 2

Similarly, under Ha : µ1 − µ2 6= 0 with a sequence of local alternatives, i.e., we have
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µ1 − µ2 = δ/
√
N for a fixed δ 6= 0, we get

T
D→ N

(
δ

σ
·

√
ρa(1− ρa) · ρb(1− ρb)

(1− p)ρa(1− ρa) + pρb(1− ρb)
,
σ2
ε

σ2

)
. (4.8)

The limiting power is affected by unknown parameters in the employed model, the

definition of target allocation proportion and the predictive covariate X. This finishes

the proof of Theorem 4.3.1. 2

Proof of Theorem 4.3.2.

It is straightforward to get

σ̂2l(X tX)−1lt =
σ2

N
· 1− p
a2p

·
[

1− p
ρa(1− ρa)

+
p

ρb(1− ρb)

]
+ op

(
1

N

)
.

After some matrix calculation for A∗ defined in (3.18), we have

√
NA∗ =

1

|M |

(
c1∗ ·

A1√
N

+ c2∗ ·
A2√
N

+ c3∗ ·
A3√
N

+ c4∗ ·
A4√
N

)
+ op(1),

where

c1∗ = ρ2
[
ρ22 − (1− ρ1)(σ2

x − ρ3)
]
, c2∗ = ρ2(ρ

2
2 − ρ1ρ3),

c3∗ = (1− ρ1)(ρ22 − ρ1ρ3), c4∗ = ρ1(1− ρ1)σ2
x − ρ22.

By the central limit theorem and Slutsky’s theorem, under H0 : β2 = 0, we have

T ∗
D→ N

(
0,

σ2
c · (1− p)3

σ2
d

)
,
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where

σ2
d = a6p3σ2 · ρaρb(1− ρa)(1− ρb) [pρa(1− ρa) + (1− p)ρb(1− ρb)] ,

ρ1 = pρa + (1− p)ρb, ρ2 = ap(ρa − ρb), ρ3 = a2ρa · p+ b2ρb · (1− p),

σ2
c = (c21∗ + c23∗σ

2
x) · σ2 + 2(c1∗c2∗ρ1 + c1∗c4∗ρ2 + c2∗c3∗ρ2 + c3∗c4∗ρ3) · σ2

+ c22∗ ·
{[
pρ2a + (1− p)ρ2b

]
· σ2

z + ρ1σ
2
ε

}
+ 2c2∗c4∗ ·

{
ap(ρ2a − ρ2b)σ2

z + ρ2σ
2
ε

}
+ c24∗ ·

{[
pa2ρ2a + (1− p)b2ρ2b

]
· σ2

z + ρ3σ
2
ε

}
.

When ρa = ρb = ρ, i.e., µ1 = µ2 and β2 = 0, the variance of the asymptotic distri-

bution for T ∗ can be simplified as σ2
ε/σ

2, resulting in a conservative test. However,

when ρa 6= ρb, the performance of test depends on parameter settings in the employed

model, the definition of target allocation proportion and the predictive covariate of X.

The test can be conservative or liberal. 2

Under Ha : β2 6= 0 with a sequence of local alternatives, i.e., β2 = δβ2/
√
N for a fixed

δβ2 6= 0, we have

T ∗
D→ N

δβ2
σ
·

√
a2p · ρaρb(1− ρa)(1− ρb)

(1− p) [pρa(1− ρa) + (1− p)ρb(1− ρb)]
,
σ2c · (1− p)3

σ2d

 .

The proof of Theorem 4.3.2 is finished. 2
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Chapter 5

Statistical Inference for Continuous

Prognostic Covariates

5.1 Introduction

Covariates of patients used in a clinical trial can be categorical (e.g. sex, investigative

site) and/or continuous (e.g. age, weight, blood pressure, body mass index). However,

prognostic covariates incorporated in the underlying model of the covariate-adaptive

design in Chapter 3 and the new design in Chapter 4 are restricted to be discrete

variables. Therefore, if a continuous covariate is to be used in the randomization

procedure, discretization should be performed to split its range into several distinct

intervals, within each of which a subcategory is defined. Usually the choice of dis-

cretization for a continuous covariate is from a clinical perspective or depends on the

model assumption of the covariate distribution. In the study of adaptive stratification

in an acute stroke clinical trial by Weir and Lees [53], twelve variables were selected

to be potentially included. Five continuous variables were categorized before stratifi-

cation. Based on the historical information of covariate distributions, age and mean

arterial pressure were separated into quintiles, and plasma glucose level was first split

by 8mmol/l and then the above values were further subdivided into quartiles; delay

to trial enrollment from stroke onset and Glasgow coma scale on admission were split

into two subcategories by critical values from clinical experience, respectively.

In this chapter, we study the asymptotic properties of statistical inference for compar-

87



ing treatment effects in the case that prognostic covariates Z1 and Z2 are continuous

variables. In Section 5.2, theoretical results of hypothesis testings are given under

the extended covariate-adaptive design and the new CARA design using theoreti-

cal target allocation proportions in randomization. Simulations in Section 5.3 are

conducted for the evaluation of Type I error and power comparison with complete

randomization. Conclusions and technical proof of theorems are given in Section 5.3

and 5.4, respectively.

5.2 Theoretical Properties

The same underlying full mode (3.1) and working model of inference (3.4) are as-

sumed. In the case that the two prognostic covariates Z1 and Z2 are continuous, the

covariate-adaptive design and the new CARA design are applied with respect to the

discrete variables d1(Z1) and d2(Z2), where d1(·) and d2(·) are discrete functions. De-

fine δi,j = Zi,j −E [Zi,j|dj(Zi,j)] , i = 1, . . . , N, j = 1, 2. For simplicity, we still use z1

and z2 to denote the values of d1(Z1) and d2(Z2). Note that for the new CARA design,

we use the theoretical allocation proportion ρ(X) to calculate imbalances at differ-

ent levels in the randomization procedure, instead of using the adaptively estimated

one ρ̂(X).

To compare the two treatment effects, the hypothesis testing (2.5) is conducted

based on the working model (3.4), and data are simulated from the underlying full

model (3.1). Asymptotic properties of the test statistic under the covariate-adaptive

design are studied under both the null and alternative hypotheses and provided in

Theorem 5.2.1, while those under the new CARA design in Theorem 5.2.2.

THEOREM 5.2.1. Suppose that the covariate-adaptive design in Section 3.2.1

satisfies the same two conditions in Theorem 3.3.1. Then, we have
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(i) under H0 : µ1 − µ2 = 0, the test statistic (3.5) has the following asymptotic

distribution:

T =
Lβ̂√

σ̂2L(XTX)−1LT
D→ N

(
0,

σ2
δ

σ2

)
, (5.1)

where

σ2 = γ21σ
2
1 + γ22σ

2
2 + σ2

ε , σ
2
δ = γ21σ

2
δ,1 + γ22σ

2
δ,2 + σ2

ε , σ
2
δ,j = E [Var (δi,j|dj(Zi,j))] .

Note that for γj 6= 0, Var(Zj) = σ2
j > E [Var (δi,j|dj(Zi,j))] = σ2

δ,j. Therefore,

σ2
δ/σ

2 < 1, still resulting in a conservative test. But the direct incorporation

of continuous prognostic covariates in the full model (3.1) can improve the

conservativeness compared with the discrete case. And the variance of the

limiting distribution depends on the discretization functions dj(·).

(ii) under Ha : µ1 − µ2 6= 0, consider a sequence of local alternatives, that is,

µ1 − µ2 = δ/
√
N for some fixed δ 6= 0, then the test statistic (3.5) has the

following asymptotic distribution:

T =
Lβ̂√

σ̂2L(XTX)−1LT
D→ N

(
δ ·
√
ρ(1− ρ)

σ
,
σ2
δ

σ2

)
. (5.2)

Thus, the limiting power reaches its maximum when ρ = 1/2.

THEOREM 5.2.2. Suppose that the new CARA design in Section 3.2.1 using

theoretical allocation proportions in the randomization scheme satisfies the following

two conditions:

(A) The overall imbalances are bounded in probability, that is, DN(X) = Op(1);

(B) The marginal imbalances for Z1 and Z2 are bounded in probability, that is,

DN(j; zj;X) = Op(1), where j = 1, 2;

Then, we have
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(i) under H0 : µ1 − µ2 = 0, the test statistic (3.5) has the following asymptotic

distribution:

T =
Lβ̂√

σ̂2L(XTX)−1LT
D→ N

(
0,

σ2
δ

σ2

)
, (5.3)

where

σ2 = γ21σ
2
1 + γ22σ

2
2 + σ2

ε , σ
2
δ = γ21σ

2
δ,1 + γ22σ

2
δ,2 + σ2

ε , σ
2
δ,j = E [Var (δi,j|dj(Zi,j))] .

Therefore, the test statistic under the new design has the same asymptotic

distribution with that under the covariate-adaptive design. The test is conser-

vative in terms of smaller Type I error, and its performance depends on the

discretization functions dj(·) and the two prognostic covariates.

(ii) under Ha : µ1 − µ2 6= 0, consider a sequence of local alternatives, that is,

µ1 − µ2 = δ/
√
N for some fixed δ 6= 0, then the test statistic (3.5) has the

following asymptotic distribution:

T =
Lβ̂√

σ̂2L(XTX)−1LT
D→ N

(
δ

σ
·

√
ρa(1− ρa)ρb(1− ρb)

pρa(1− ρa) + (1− p)ρb(1− ρb)
,
σ2
δ

σ2

)
.

(5.4)

The limiting power is affected by the predictive covariate X and the definition

of target allocation proportions.

Continuous prognostic covariates are included in the full model (3.1) directly, and uti-

lized in randomization after discretization. Asymptotic distributions of test statistics

for comparing treatment effects are obtained in Theorem 5.2.1 under the covariate-

adaptive design and in Theorem 5.2.2 under the new design using fixed allocation

proportions in randomization. In the proof, we show that tests using the working

model (3.4) are usually conservative in terms of smaller Type I error under both

designs. Variances of the limiting distributions depend on the choice of discretiza-
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tion methods, and become larger compared with discrete cases in Chapter 3 and

Chapter 4, resulting in less conservative tests. Conclusions for limiting powers under

both designs are similar with those in discrete cases. Under the covariate-adaptive

design, it is affected by the target allocation proportion; while under the new de-

sign, it is affected by the two target allocation proportions as well as the predictive

covariate.

5.3 Simulation Study

Case 1: Testing treatment effects. Similar simulations are conducted to study Type I

error and power of hypothesis testings for comparing two treatment effects under the

covariate-adaptive design and the new CARA design using theoretical target alloca-

tion proportions, respectively. Data are generated from the underlying model (3.1).

The predictive covariate X and random error have same distributions as in Case 1 of

Section 3.4. The two prognostic covariates Z1 and Z2 are distributed independently

from Uniform(−1, 1). The discrete variables dj(Zj), where

dj(Zj) =


1, if Zj ≥ 0;

−1, if Zj < 0,

j = 1, 2,

are used in the randomization schemes of the two adaptive designs. Two target

allocation proportions used under the new design are defined same as those in Case 1

of Section 4.4.

To study Type I error, we assume two treatment effects are same, i.e., we have

µ1 = µ2. Same simulation scenarios and hypothesis testings as in Case 1 of Section 3.4

are used for the covariate-adaptive design, and results are presented in Table 5.1.

The conclusions obtained from Table 5.1 are similar to those from Table 3.1 and
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consistent with theoretical results in Theorem 5.2.1. Incorporation of continuous

prognostic covariates directly in the underlying model will increase the variance of

the test statistic compared with discrete ones, resulting in less conservative tests under

the covariate-adaptive designs. Both tests under complete randomization (CR) and

the test based on the full model under the covariate-adaptive design (CAR, lm(X,Z))

can still achieve nominal Type I error.

Table 5.1: Simulated Type I error for comparing treatment effects with continu-
ous prognostic covariates under the covariate-adaptive design (CAR) and complete
randomization (CR) in %. Simulations are based on 10,000 runs and sample size
N = 500.

Scenario
CAR CR

lm(X) lm(X,Z) lm(X) lm(X,Z)

S1 3.72 4.58 5.24 4.98

S2 3.86 4.74 5.40 5.22

S3 3.80 5.18 5.30 5.08

S4 3.76 4.70 - -

S5 1.86 5.02 5.12 4.96

S6 3.82 5.02 4.52 4.88

Similar simulation studies are conducted for the new CARA design using theoretical

target allocation proportions under the following scenarios of parameters. Several

conclusions can be drawn from Table 5.2. First, none of treatment effects, the pre-

dictive covariate X and its related parameters and the two theoretical target alloca-

tion proportions have effects on the performance of the test under the new CARA

design (NEW); larger effects of prognostic covariates on responses lead to a more

conservative test. Second, under the null hypothesis, the test under the new CARA

design (NEW) with theoretical ρ(X)’s performs asymptotically same with that under

the covariate-adaptive design (CAR), which agrees with theoretical results. Third,

tests under complete randomization (CR) and the test based on the full model under
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the new design (NEW, lm(X,Z)) have Type I error close to 5%.

Scenario µ1 µ2 β1 β2 γ1 γ2 p ρa ρb

C1 0 0 1 0 0.5 0.5 0.5 0.5 0.5

C2 0.5 0.5 1 -0.5 0.5 0.5 0.3 0.5 0.5

C3 0.5 0.5 1 -0.5 0.5 0.5 0.5 0.4741 0.6184

C4 1 1 0.5 0.5 1 1 0.5 0.5115 0.4197

C5 1 1 0.5 0.5 0.5 -0.5 0.5 0.5115 0.4197

Table 5.2: Simulated Type I error for comparing treatment effects with continuous
prognostic covariates under the new CARA design using theoretical target allocation
proportions (NEW) and complete randomization (CR) in %. Simulations are based
on 10,000 runs.

Scenario
NEW CR

lm(X) lm(X,Z) lm(X) lm(X,Z)

C1 3.80 5.32 5.36 4.48

C2 3.86 4.84 4.58 4.56

C3 3.78 5.04 4.90 5.20

C4 1.94 4.98 4.96 4.96

C5 3.66 4.92 4.98 4.64

Case 2: Power comparison. First, we compare the power for the two hypothesis

testings, lm(X) and lm(X,Z), under the covariate-adaptive design with allocation

proportion ρ = 1/2 (CAR1), ρ = 2/3 (CAR2) and complete randomization (CR).

Results of power comparison are given in Figure 5.1. For the new CARA design,

according to the theoretical results, if we use p = 1/2 for the distribution of X, then

the power will reach its maximum when ρa = ρb = 1/2, and the design reduces to

CAR1. Therefore, we compare the power and average response under the new design

(NEW) with target allocation proportions defined in Case 1 of Section 4.4, CAR1 and

complete randomization (CR) in Figure 5.2. Same pattern with those of the discrete

case in Chapter 3 and 4 can be observed.
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In both left plots of Figure 5.1 and Figure 5.2, the tests under the full model (lm(X,Z))

is more powerful than those under the working model (lm(X)) for all procedures.

When the hypothesis testing is conducted using the full model (lm(X,Z)), all pro-

cedures have similar power performance. However, when prognostic covariates are

excluded from the working model of inference, the power of each procedure can also

be compared between complete randomization. The tests under adaptive designs

(CAR1, CAR2, NEW) have smaller power than that under complete randomiza-

tion (CR) when the difference between two treatment effects is relatively small due to

conservativeness, but have larger power when the difference becomes larger. Further

among these three adaptive designs utilizing covariates, the covariate-adaptive design

with ρ = 1/2 (CAR1) is most powerful compared with that with ρ = 2/3 (CAR2)

and the new design (NEW).

Figure 5.1: Simulated power of comparing treatment effects (left) and average re-
sponse (right) comparing the covariate-adaptive design with ρ = 1/2 (CAR1), ρ = 2/3
(CAR2) and complete randomization (CR). Simulation based on sample size N = 500
and 1,000 runs.
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Figure 5.2: Simulated power of comparing treatment effects (left) and average re-
sponse (right) comparing the new procedure (NEW), the covariate-adaptive design
with ρ = 1/2 (CAR1) and complete randomization (CR). Simulation based on sample
size N = 500 and 1,000 runs.

5.4 Conclusion

In this chapter, we proposed theoretical properties of statistical inference under

covariate-adaptive designs and new CARA designs with continuous prognostic co-

variates. Note that under the new designs, allocation proportions used in the ran-

domization procedure are fixed to be theoretical ones instead of adaptively estimated

ones. Two conditions about imbalances are used to obtain theoretical results under

these two designs, which are (A) the overall imbalance is bounded in probability;

(B) marginal imbalances are bounded in probability. These conditions are relatively

mild and can be satisfied by a broad family of adaptive designs utilizing covariates.

The asymptotic distributions of test statistics are derived under both the null and

alternative hypotheses, from which we can conclude that the hypothesis testing for

comparing treatment effects under both designs is conservative in terms of smaller

Type I error if prognostic covariates are not incorporated in analysis. This conclusion
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is similar to the results of discrete cases in Chapter 3 and Chapter 4. Therefore,

Type I error will be affect by omitting prognostic covariates in the final analysis

regardless of whether they are discrete or continuous.

5.5 Appendix: Proof of Theorems

Proof of Theorem 5.2.1.

Define Z̃ = {dj(Zi,j), i = 1, . . . , N, j = 1, 2} and Ĩ = {Ii, i = 1, . . . , N}. Then, by

definition and weak law of large numbers, E
(
δi,j|Z̃

)
= 0 and

1

N
Var

(
N∑
i=1

δi,j

∣∣∣∣∣ Z̃
)

=
1

N

N∑
i=1

Var
(
δi,j|Z̃

)
→ σ2

δ,j,

where σ2
δ,j = E [Var (δi,j|dj(Zi,j))] , j = 1, 2.

After some matrix calculations for (3.12) based on the condition that marginal im-

balances are Op(1), we have

A =
1

N

{
γ1

[∑N
i=1 Iiδi,1
ρ(1− ρ)

−
∑N

i=1 δi,1
1− ρ

]
+ γ2

[∑N
i=1 Iiδi,2
ρ(1− ρ)

−
∑N

i=1 δi,2
1− ρ

]

+

[∑N
i=1 Iiεi

ρ(1− ρ)
−
∑N

i=1 εi
1− ρ

]}
+op

(
1√
N

)
=

1

N
(A1 + A2 + A3) + op

(
1√
N

)
.

Given Z̃, δi,j and Ĩ are independent. Since dj(Zi,j)’s take finite discrete values and

marginal imbalances are Op(1), it follows from weak law of large numbers that

E

(∑N
i=1 Iiδi,j
N

∣∣∣∣∣ Ĩ , Z̃
)

=
1

N

N∑
i=1

IiE
(
δi,j|Z̃

)
= 0,
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Var

(
1√
N

N∑
i=1

Iiδi,j

∣∣∣∣∣ Ĩ , Z̃
)

=

∑N
i=1

[
IiVar

(
δi,j|Z̃

)]
N

→ ρσ2
δ,j.

In the same way, we can get

Cov

(∑N
i=1 Iiδi,j√
N

,

∑N
i=1 δi,j√
N

∣∣∣∣∣ Ĩ , Z̃
)
→ ρσ2δ,j and Cov

(∑N
i=1 Iiδi,1√
N

,

∑N
i=1 Iiδi,2√
N

∣∣∣∣∣ Ĩ , Z̃
)

= 0.

The proof for

Cov

(∑N
i=1 Iiδi,1√
N

,

∑N
i=1 δi,2√
N

∣∣∣∣∣ Ĩ , Z̃
)

= Cov

(∑N
i=1 δi,1√
N

,

∑N
i=1 Iiδi,2√
N

∣∣∣∣∣ Ĩ , Z̃
)

= 0

are similar. Therefore, we have

Var

(
Aj√
N

∣∣∣∣ Ĩ , Z̃)→ γ2jσ
2
δ,j

ρ(1− ρ)
and Cov

(
A1√
N
,
A2√
N

∣∣∣∣ Ĩ , Z̃) = 0.

By the independence between ε and (δ, I) given Z̃ and the convergence of
∑N

i=1 Ii/N ,

it is straightforward that Var

(
A3√
N

∣∣∣∣ Ĩ , Z̃)→ σ2
ε

ρ(1− ρ)
and

Cov

(
A1√
N
,
A3√
N

∣∣∣∣ Ĩ , Z̃) = Cov

(
A2√
N
,
A3√
N

∣∣∣∣ Ĩ , Z̃) = 0.

Therefore, by the central limit theorem, given (Ĩ , Z̃), (A1 +A2 +A3)/
√
N is asymp-

totically normal with mean zero and variance
γ21σ

2
δ,1 + γ22σ

2
δ,2 + σ2

ε

ρ(1− ρ)
. Since the limiting

distribution is independent of (Ĩ , Z̃), it also holds unconditionally. Hence, by Slut-

sky’s theorem, we get

√
NA

D→ N
(

0,
γ21σ

2
δ,1 + γ22σ

2
δ,2 + σ2

ε

ρ(1− ρ)

)
.

The conclusion that
√
NB

P→ 0, where B is defined same as (3.13), can be easily
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obtained. Together with Slutsky’s theorem, it implies that

√
N [(µ̂1 − µ̂2)− (µ1 − µ2)]

D→ N
(

0,
γ21σ

2
δ,1 + γ22σ

2
δ,2 + σ2

ε

ρ(1− ρ)

)
.

The proof for the convergence of denominator does not change from the discrete case.

Therefore under H0 : µ1 − µ2 = 0, we have

T
D→ N

(
0,

σ2
δ

σ2

)
, where σ2

δ = γ21σ
2
δ,1 + γ22σ

2
δ,2 + σ2

ε and σ2 = γ21σ
2
1 + γ22σ

2
2 + σ2

ε .

This completes the proof of Theorem 5.2.1. 2

Proof of Theorem 5.2.2.

Denote the two target allocation proportions used in the randomization of the new

CARA design as ρa = ρ(X = a) and ρb = ρ(X = b). Define Z̃ = {dj(Zi,j), i =

1, . . . , N, j = 1, 2}, X̃ = {Xi, i = 1, . . . , N} and Ĩ = {Ii, i = 1, . . . , N}. After some

matrix calculations for (4.6), we have

A =
1

N |M |
·

{
c1 ·

(
γ1

N∑
i=1

Zi,1 + γ2

N∑
i=1

Zi,2 +
N∑
i=1

εi

)

+ c2 ·

(
γ1

N∑
i=1

IiZi,1 + γ2

N∑
i=1

IiZi,2 +
N∑
i=1

Iiεi

)

+ c3 ·

(
γ1

N∑
i=1

XiZi,1 + γ2

N∑
i=1

XiZi,2 +
N∑
i=1

Xiεi

)

+ c4 ·

(
γ1

N∑
i=1

IiXiZi,1 + γ2

N∑
i=1

IiXiZi,2 +
N∑
i=1

IiXiεi

)}
,

where c1 − c4 are corresponding coefficients in (4.6).

Let A1 = γ1
∑N

i=1 Zi,1 +γ2
∑N

i=1 Zi,2 +
∑N

i=1 εi and A3 =
∑N

i=1Xiεi +γ1
∑N

i=1XiZi,1 +
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γ2
∑N

i=1XiZi,2. It is obvious that

Var

(
A1√
N

∣∣∣∣ Z̃)→ σ2, Var

(
A3√
N

∣∣∣∣ X̃, Z̃)→ σ2
xσ

2 and Cov

(
A1√
N
,
A3√
N

∣∣∣∣ Z̃, X̃)→ 0,

by weak law of large numbers. Also, we have

∑N
i=1 IiZi,j√
N

=
1√
N

[
N∑
i=1

Iiδi,j +
N∑
i=1

IiE(Zi,j|dj(Zi,j))

]

=

∑N
i=1 Iiδi,j√
N

+

∑
x

[
ρx
∑N

i=1 E(Zi,j|dj(Zi,j))1(Xi = x)
]

√
N

+ op(1),

where x = a, b.

Let
A2√
N

=
∑

j γj

[∑N
i=1 Iiδi,j√
N

+

∑
x[ρx

∑N
i=1 E(Zi,j|dj(Zi,j))1(Xi = x)]√

N

]
+

∑N
i=1 Iiεi√
N

.

Next, we look at the conditional variance of A2/
√
N .

Similar to the continuous case of the covariate-adaptive design with allocation pro-

portion ρ, we have Var

(
1√
N

∑N
i=1 Iiδi,j

∣∣∣∣ Ĩ , Z̃)→ ρ1σ
2
δ,j. It is easy to get from weak

law of large numbers that

Var

[
ρa
∑N

i=1 E(Zi,j|dj(Zi,j))1(Xi = a)√
N

∣∣∣∣∣ Z̃, X̃
]
→ pρ2aτ

2
j ,

Var

[
ρb
∑N

i=1 E(Zi,j|dj(Zi,j))1(Xi = b)√
N

∣∣∣∣∣ Z̃, X̃
]
→ (1− p)ρ2bτ 2j ,

where τ 2j = Var [E(Zi,j|dj(Zi,j))].

Because of the independence between δi,j and Ĩ given Z̃, we get

Cov

(∑N
i=1 Iiδi,j√
N

,
ρx√
N

N∑
i=1

E(Zi,j|dj(Zi,j))1(Xi = x)

∣∣∣∣∣ Ĩ , Z̃, X̃
)

= 0.

The proof of other conditional covariances between terms of A2/
√
N is similar. Then,
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we have

Var

(
A2√
N

∣∣∣∣ Ĩ , Z̃, X̃)→ ρ1σ
2
δ +

[
pρ2a + (1− p)ρ2b

]
σ2
z∗,

where ρ1 = pρa+(1−p)ρb, σ2
δ = γ21σ

2
δ,1 +γ22σ

2
δ,2 +σ2

ε and σ2
z∗ = γ21τ

2
1 +γ22τ

2
2 . Similarly,

we have

∑N
i=1 IiXiZi,j√

N
=
∑
x

[
xρx ·

∑N
i=1 E(Zi,j|dj(Zi,j))1(Xi = x)√

N

]
+

∑N
i=1 IiXiδi,j√

N
+ op(1),

and let

A4√
N

=
∑
j

γj

{∑
x

[
xρx ·

∑N
i=1 E(Zi,j |dj(Zi,j))1(Xi = x)√

N

]
+

∑N
i=1 IiXiδi,j√

N

}
+

∑N
i=1 IiXiεi√

N
,

where x = a, b and j = 1, 2. The proof for the conditional variance of A4/
√
N is in

the same fashion.

Like the discrete case of the new CARA design, by weak law of large numbers, we

have

Var

[
aρa√
N
·
N∑
i=1

E(Zi,j|dj(Zi,j))1(Xi = a)

∣∣∣∣∣ Z̃, X̃
]
→ pa2ρ2aτ

2
j ,

Var

[
bρb√
N
·
N∑
i=1

E(Zi,j|dj(Zi,j))1(Xi = b)

∣∣∣∣∣ Z̃, X̃
]
→ (1− p)b2ρ2bτ 2j .

By the independence of δi,j and (Ĩ , X) given Z̃ and the condition that marginal

imbalances are Op(1), we have

Var

(
1√
N

N∑
i=1

IiXiδi,j

∣∣∣∣∣ Ĩ , Z̃, X̃
)

=
1

N

{
N∑
i=1

IiX
2
i E
[
δ2i,j|Z̃

]}
→ ρ3σ

2
δ,j.

Therefore, we get Var

(
A4√
N

∣∣∣∣ Ĩ , Z̃, X̃)→ ρ3σ
2
δ + [a2ρ2ap+ b2ρ2b(1− p)]σ2

z∗.

Next, we look at the conditional covariances between terms of
√
NA. By weak law
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of large numbers, we have

Cov

(∑N
i=1 Zi,j√
N

,

∑N
i=1 IiZi,j√
N

∣∣∣∣∣ Ĩ , Z̃
)

=
1

N

[
Cov

(
N∑
i=1

E(Zi,j|dj(Zi,j)),
N∑
i=1

IiE(Zi,j|dj(Zi,j)

∣∣∣∣∣ Ĩ , Z̃
)

+ Cov

(
N∑
i=1

δi,j,

N∑
i=1

Iiδi,j

∣∣∣∣∣ Ĩ , Z̃
)]
→ ρ1(σ

2
δ,j + τ 2j ) = ρ1σ

2
j .

Therefore, Cov

(
A1√
N
,
A2√
N

∣∣∣∣ Ĩ , Z̃) → ρ1σ
2. In the same way, we get

Cov

(
A1√
N
,
A4√
N

∣∣∣∣ Ĩ , Z̃, X̃) → ρ2σ
2, Cov

(
A2√
N
,
A3√
N

∣∣∣∣ Ĩ , Z̃, X̃) → ρ2σ
2,

Cov

(
A2√
N
,
A4√
N

∣∣∣∣ Ĩ , Z̃, X̃) → ρ2σ
2
δ + ap(ρ2a − ρ2b)σ2

z∗,

Cov

(
A3√
N
,
A4√
N

∣∣∣∣ Ĩ , Z̃, X̃) → ρ3σ
2.

Hence, by the central limit theorem, given (Ĩ , Z̃, X̃), we have that

1√
N |M |

(c1A1 + c2A2 + c3A3 + c4A4)

is asymptotically normal with mean zero and variance
σ2
A∗
|M |2

,

where σ2
A∗ =σ2

A + (γ21σ
2
δ,1 + γ22σ

2
δ,2) ·

{
c24 ·
[
pa2ρa(1− ρa) + (1− p)b2ρb(1− ρb)

]
+c22 · [pρa(1− ρa) + (1− p)ρb(1− ρb)] + 2c2c4 · ap(ρa − ρb)(1− ρa − ρb)

}
.

As the limiting distribution does not depend on (Ĩ , Z̃, X̃), it also holds uncondition-

ally. Further, by Slutsky’s theorem, we have

√
NA

D→ N
(

0,
σ2
A∗
|M |2

)
.
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The proof for the convergence of denominator does not change from the discrete case.

Together with Slutsky’s theorem and simplification, the test statistic, under the null

hypothesis H0 : µ1 − µ2 = 0, has the following asymptotic distribution

T
D→ N

(
0,

σ2
δ

σ2

)
, where σ2

δ = γ21σ
2
δ,1 + γ22σ

2
δ,2 + σ2

ε and σ2 = γ21σ
2
1 + γ22σ

2
2 + σ2

ε . 2
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Chapter 6

Conclusions and Discussions

6.1 Conclusion Remarks

Precision medicine has become a very important part of healthcare, and “an emerg-

ing approach for disease treatment and prevention that takes into account individual

variability in genes, environment, and lifestyle for each person” according to the Na-

tional Institutes of Health. Development in the fields of translational research allows

scientists to identify more and more biomarkers/covariates, which are associated with

certain diseases and can be incorporated in clinical trials to select or optimize ther-

apeutic care. Based on the different roles played in clinical studies, we categorize

covariates of patients into two types: the prognostic covariates for balancing purpose

and the predictive covariates for treatment selection.

In the literature, many adaptive randomization designs handling covariates have been

proposed. Note that when covariates and/or responses are used in randomization,

the validity of statistical inference can be affected, and proper adjustment may be

needed for Type I error and power. In this work, we studied theoretical properties

of statistical inference under adaptive designs utilizing covariates based on linear

models. In Chapter 2 and 3, we derived the corresponding asymptotic distributions

of test statistics under both null and alternative hypotheses for CARA designs, which

only deal with predictive covariates for efficiency and ethics reasons, and covariate-

adaptive designs, which only balance prognostic covariates across treatment groups

to provide a valid comparison. And, we established an innovative class of new CARA
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designs in Chapter 4, which incorporate both types of covariates in the randomization

procedure simultaneously. We also provided theoretical results of statistical inference

under the new design.

The covariate-adjusted response-adaptive (CARA) designs update allocation proba-

bilities based on history information of responses and predictive covariates to facilitate

treatment selection. Better average outcomes can be obtained without compromising

power if all covariates used in randomization are included for inference as well. How-

ever, the allocation scheme can have a great impact on statistical inference. Based

on Theorem 2.3.1, the test for comparing treatment effects is not always valid if the

covariates used in the randomization procedure are fully or partially omitted in the

inference analysis, and its performance depends on the choice of the allocation func-

tion and unknown parameters in the employed model. Clinicians should properly

implement CARA designs to obtain a valid test. And, one possible solution for this

problem is bootstrap methods. Prognostic covariates are not considered in CARA de-

signs, therefore large imbalances may exist between treatment groups, even compared

with complete randomization.

The covariate-adaptive designs (CAR) improve balance of treatment allocations to

provide more comparable treatment groups, leading to a more credible trial. With

correct model specification for responses and covariates, a valid test can be obtained if

all covariates balanced in the randomization procedure are also included in the final

analysis. However, according to Theorem 3.3.1, if these prognostic covariates are

fully or partially omitted in the inference procedure, the classical tests for comparing

treatment effects are usually conservative due to the overestimation of variance of

the test statistic. Covariate-adaptive designs only incorporate prognostic covariates

in randomization, without considering predictive covariates and responses for ethical

issues.
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The proposed new CARA design deals with both prognostic covariates and predic-

tive covariates simultaneously, which makes it different from all classical covariate-

adaptive designs and CARA designs. The target allocation proportions depend on the

predictive covariates, and prognostic covariates are balanced at the overall, marginal

and within-stratum levels at the same time. It has been shown by simulations that

the new CARA design can significantly reduce imbalances at all three levels and has

advantage on assigning more patients to a more appropriate treatment by targeting

different allocation proportions based on the predictive covariates of subjects. Clas-

sical tests of comparing treatment effects are usually conservative when prognostic

covariates are excluded from the inference based on Theorem 4.3.1, and the bootstrap

method can be applied to restore the nominal error rate.

In Chapter 5, we extended the theoretical results for comparing treatment effects

under the covariate-adaptive design in Chapter 3 and the new CARA design with

fixed allocation proportions by incorporating continuous prognostic covariates directly

in the underlying model. Under certain conditions, similar conclusions with discrete

cases can be obtained. Theorem 5.2.1 and Theorem 5.2.2 showed that the hypothesis

testings are conservative under both designs when prognostic covariates are omitted

from the analysis procedure.

6.2 Further Discussions

Due to the complex inter-dependence among covariates, treatment assignments and

responses introduced by the allocation scheme, theoretical results in this work are

obtained under restricted conditions and have some limitations. The proposed prop-

erties of hypothesis testings for new CARA designs can be generalized in several

ways.

(1) Both types of covariates incorporated in the new design are restricted to be dis-
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crete. If covariates are continuous, the continuous-discrete conversion has to be

performed, which will lose information of covariates. In Chapter 5, we extended

the discrete assumption for prognostic covariates. However, theoretical results of

the hypothesis testing for comparing treatment effects can only be derived when

new CARA designs use fixed target allocation proportions in the randomization pro-

cedure. Statistical inference using adaptively estimated allocation proportions still

remains unknown. Also, utilizing continuous predictive covariates directly is next to

be considered.

(2) All proposed properties in this work are based on clinical trials with two treat-

ments, which can be generalized to multiple treatment arms. Also, only one pre-

dictive covariate and two prognostic covariates are included in the underlying full

model. Similar problems can be investigated in a more general case with p predictive

covariates and q prognostic ones.

(3) Hypothesis testings are studied under a linear framework for continuous responses.

Dichotomous responses are very common in clinical practice, hence properties for lo-

gistic regressions are also desired. Since there are no closed forms of parameter estima-

tion in logistic regressions, the study for hypothesis testings of comparing treatment

effects will be much more complicated.

(4) CARA designs in Chapter 2 and new designs in Chapter 4 both assume that

responses of subjects can be observed immediately after assignments. However, this

barely happens in clinical practice. Until the response of a subject is observed, the

information cannot contribute to adjust treatment allocations of later subjects. In-

corporation of time-delayed responses into the randomization scheme needs to be

considered.

(5) In this work, the underlying response model is assumed to have a form of lin-

early additive covariate effects in addition to treatment effects. Based on the model,
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theoretical properties of hypothesis testing are studied under randomization proce-

dures. Moreover, we assume that the full model has correct model specification that

coincides with the underlying model. However, the true underlying model is usually

unknown in practice and it is possible that covariate effects are not linearly additive.

Therefore, the situation of model mis-specification is another topic that is left for

future research.
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