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Abstract of Dissertation

Three Essays on Offline Learning, In-Context Learning Calibration, and Explainable Al

Data-driven decision making increasingly relies on models and algorithms that are powerful,
adaptive, and scalable, yet often difficult to design, evaluate, and trust in real-world settings.
Across many applications, decision makers must act under incomplete information and
operational constraints while producing outputs that are useful and reliable for human
stakeholders. A recurring difficulty is that the information directly observed in practice is
often not the same as the information that should ideally guide learning, optimization, or
evaluation. In the three essays of this dissertation, that gap appears in different forms: realized
sales can hide true demand under stockouts, in-context predictions of large language models
(LLMs) can be unstable and systematically biased despite strong few-shot performance,
and natural-language explanations of black-box machine learning models can be plausible
without faithfully reflecting the model’s actual decision making process. This dissertation
develops methodological frameworks that make these gaps explicit and improve performance
and reliability under the resulting informational constraints.

The first essay studies offline sequential feature-based joint pricing and inventory control
under censored and dependent demand. In lost-sales environments, firms observe realized
sales but not excess demand during stockouts, and this missing information is especially
consequential when demand is temporally dependent. We show that censoring creates
missing reward information and can destroy the Markov property in the observed state,
even when the underlying uncensored system is Markovian. To address this, we develop
a general modeling framework that separates the underlying decision process from the
observed censored process and show that the observed process inherits a finite high-order
Markov structure indexed by consecutive censoring. Building on this result, we derive
specialized Bellman equations, propose two offline learning algorithms—Censored Fitted

Q-Iteration (C-FQI) and Pessimistic Censored Fitted Q-Iteration (PC-FQI)—and establish

il



finite-sample regret guarantees with interpretable components. Numerical experiments
illustrate the effectiveness of the proposed methods and the value of censoring-aware policy
learning.

The second essay studies calibration of in-context learning (ICL) predictions in LLMs.
Although LLMs exhibit strong few-shot classification performance, their predictions often
suffer from systematic biases, leading to unstable performance in classification. While cali-
bration techniques are proposed to mitigate these biases, we show that many of these methods
can be understood, in logit space, as shifting the base LLM’s decision boundary without
changing its orientation, which limits correction under severe misalignment. Motivated by
this, we propose Supervised Calibration (SC), a loss-minimization framework that learns
per-class affine transformations of LLM logits using surrogate training data generated from
the in-context examples. The framework incorporates context-invariance and directional
trust-region regularization, and supports ensembling across context sizes and sub-contexts.
Theoretical analysis clarifies how SC generalizes prior calibration methods, and empirical
results across multiple LLMs and benchmark classification tasks show substantial and
consistent gains.

The third essay studies faithful natural-language explanations for black-box machine
learning models. One of the central challenges in natural-language based explainable Al is
that explanations can be convincing and plausible while failing to be faithful. In particular,
they might not necessarily reflect the actual decision making process of the black-box model.
We address this by proposing a distribution-preserving notion of faithfulness: an explanation
is faithful if an independent interpreter can reconstruct the black-box model’s predictive
distribution from the input and the explanation. We operationalize this idea with a judge
LLM and a Kullback-Leibler (KL)-consistent objective that measures agreement between
the black-box distribution and the judge-implied distribution, and we train an explainer LLM
using a GRPO-style reinforcement learning procedure. Preliminary experiments show that

the KL-based signal provides a principled foundation for faithfulness in language space, but
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can induce reward-hacking when optimized in isolation, motivating auxiliary regularization
and an ongoing extension based on mechanistic interpretability.

Taken together, the three essays develop a coherent perspective on reliable data-driven
decision making under real-world informational constraints. More broadly, the dissertation
shows how classical ideas from dynamic programming and statistical learning theory can be
adapted to contemporary problems in offline learning, LLM calibration, and explainable Al,
yielding methods that are not only accurate, but also structurally valid, robust to practical

limitations, and aligned with how humans evaluate and use model outputs.
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1 Introduction

Data-driven decision making increasingly relies on models and algorithms that are powerful,
adaptive, and scalable, yet often di cult to design, evaluate, and trust in realistic environments.

In many applications, decision makers must act under incomplete information, dependence
across time, and operational constraints, while also communicating model outputs to human
stakeholders in ways that are both useful and reliable. These challenges arise across a wide
range of domains, including operations management, machine learning, and explainable
arti cial intelligence (XAl). Although these areas are often studied separately, they share

a common methodological question: how can we design principled learning and decision
systems that remain e ective when data are limited, biased, partially observed, or di cult to
interpret?

This dissertation studies that question through three essays. The rst essay focuses on
sequential pricing and inventory control under censored and dependent demand, where
historical data are informative but structurally incomplete. The second essay develops a
calibration framework for improving in-context learning in large language models (LLMs),
where predictions can be systematically biased and unstable despite strong few-shot perfor-
mance. The third essay studies faithful natural-language explanations for black-box models,
with an emphasis on closing the gap between explanations that are merely plausible and
those that preserve model behavior. Taken together, the essays advance a common agenda:
building learning systems that are not only accurate, but also structurally valid, robust to
practical data limitations, and aligned with how humans evaluate and use model outputs.

The rst essay, O ine Dynamic Inventory and Pricing Strategy: Addressing Censored
and Dependent Demand, studies an o ine sequential joint pricing-and-inventory control
problem in which realized demand may be censored by available inventory and demand
evolves with temporal dependence. This setting is common in retail operations, where rms
observe prices, inventory levels, sales, and covariates, but do not observe excess demand

during stockouts. The essay shows that censoring creates two fundamental challenges



for o ine policy learning: missing reward information and a breakdown of the standard
Markov structure in the observed state. To address this, the essay develops a general
modeling framework that distinguishes the underlying fully observed process from the
censored observed process, and demonstrates that the observed process inherits a nite
high-order Markov structure indexed by the length of consecutive censoring. Building on
this characterization, the essay derives specialized Bellman equations, proposes two practical
o0 ine learning algorithms (C-FQI and pessimistic C-FQI), and establishes nite-sample
regret guarantees with an interpretable decomposition into statistical error, unidenti able
regret, and operational alignment penalties. This provides a uni ed data-driven framework
for joint pricing and inventory optimization under simultaneously censored and dependent
demand.

The second essay, Boosting In-Context Learning in LLMs Through the Lens of Classical
Supervised Learning, addresses a di erent but related reliability problem: large language
models can exhibit strong in-context learning performance while remaining highly sensitive
to prompt wording, demonstration choice, and label priors. Existing calibration methods
in this literature often improve performance in practice, but many can be understood
as making only limited corrections to the model's predictions. This essay develops a
unifying perspective by viewing calibration as a supervised learning problem in logit space
and shows that widely used label-marginal methods are equivalent to shifting the LLM's
decision boundary without changing its orientation. Motivated by this limitation, the essay
introduces Supervised Calibration (SC), a loss-minimization framework that learns per-class
a ne transformations of LLM logits using surrogate data constructed from the in-context
examples themselves. The framework further incorporates a context-invariance regularizer
to address prompt sensitivity and a directional trust-region regularizer to control the degree
of calibration. Empirically, the essay demonstrates strong improvements across multiple
LLMs and classi cation benchmarks, while theoretically clarifying how SC generalizes prior

calibration methods through a richer function class and a bias variance trade-o perspective.



The third essay, Explainability of Black-Box Models in Language Space Through LLMs,
studies explanation generation for black-box predictive models and focuses on a central
tension in XAl: explanations can be linguistically plausible yet fail to be faithful to the model's
actual decision process. Rather than treating explanation generation as a purely narrative
task, the essay proposes a distribution-preserving view of faithfulness. Speci cally, it de nes
an explanation as faithful if an independent interpreter can reconstruct the black-box model's
predictive distribution from the input and the explanation. This idea is operationalized
using a judge LLM that maps explanations back to label distributions, together with a
Kullback Leibler divergence (KL) consistent objective that measures agreement between
the judge-implied distribution and the black-box distribution. The essay then trains an
explainer LLM via reinforcement learning (in a GRPO-style framework) to optimize this
faithfulness signal without requiring gradient access to the black-box model. Preliminary
experiments highlight both the promise and the di culty of this approach: KL-based
optimization can improve apparent distributional faithfulness but also induce reward-hacking
behavior, motivating auxiliary regularizers such as length penalties and PMI-based speci city
rewards. The essay also outlines an ongoing extension based on sparse autoencoder (SAE)
features and concept dictionaries to introduce a more mechanistically grounded intermediate
representation and further reduce the plausibility faithfulness gap.

Although the three essays span di erent application domains, they are connected by
several recurring themes. First, each essay addresses a setting in which naive use of observed
outputs is insu cient: censored sales do not reveal true demand, raw LLM logits do
not directly yield reliable few-shot predictions, and uent explanations do not guarantee
faithfulness to model behavior. Second, each essay develops a principled learning objective
that explicitly re ects the relevant structural constraint, whether it is censoring-induced
dependence, calibration under prompt variability, or distributional faithfulness in language.
Third, each essay combines methodological development with practical implementation

considerations, aiming to bridge theory and deployment in realistic decision environments.



More broadly, the dissertation contributes to the decision sciences perspective on modern
Al and analytics by showing how classical ideas dynamic programming, supervised risk
minimization, regularization, and probabilistic delity can be adapted to contemporary
problems involving o ine learning, large language models, and explainability. In doing so, it
highlights the value of designing learning systems that are not only performant in benchmark
settings, but also robust to missing information, sensitive contexts, and human-facing
evaluation criteria.

The remainder of the dissertation is organized as follows. Chapters 2 4 present the
three essays in turn. Chapter 2 develops the o ine learning framework for joint pricing
and inventory control under censored and dependent demand, including the structural
characterization, algorithms, theoretical guarantees, and numerical experiments. Chapter 3
introduces the Supervised Calibration framework for in-context learning in LLMs, presents its
theoretical connections to prior calibration methods, and evaluates its empirical performance
across multiple benchmarks. Chapter 4 studies faithful natural-language explanations for
black-box models via a KL-consistent reinforcement-learning framework, reports preliminary
experimental ndings, and discusses ongoing extensions toward mechanistically grounded

explanation generation.



2 Essay1: O ine Dynamic Inventory and Pricing Strategy:

Addressing Censored and Dependent Demand

2.1 Summary

In this paper, we study the o ine, sequential, feature-based pricing and inventory control
problem where current demand depends on past demand and any demand exceeding available
inventory is lost. We develop a general modeling framework that simultaneously incorporates
demand censoring and intertemporal dependence. This framework formalizes how o ine
data are generated in such environments and serves as the basis for designing valid policy-
learning algorithms. It also serves as a uni ed, nonparametric description of the joint pricing
and inventory problem, accommodating richer, real-world dynamics that are often simpli ed

in classical analyses while remaining compatible with standard modeling choices; under
familiar assumptions, many foundational models arise as special cases. While the uncensored
system admits a standard MDP, censoring induces missing pro t feedback, breaks the Markov
property, and can render the optimal policy non-stationary. Within our framework, we recover
approximate Markovian structure by embedding the problem in a high-order MDP that is
characterized by the number of consecutive censoring instances, leading to a specialized
Bellman equation tailored to this setting. Building on o ine reinforcement learning and
survival analysis, we propose to design nonparametric, data-driven algorithms for solving
this Bellman equation and estimating near-optimal policies. We further propose to establish
nite-sample regret guarantees and to conduct numerical simulations to assess performance.
To our knowledge, this is the rst data-driven agenda for learning joint pricing and inventory

policies under simultaneously censored and temporally dependent demand.



2.2 Introduction

E ective inventory and pricing strategies are central to rm pro tability. To identify

pro t-maximizing policies, rms often rely on online experiments such as A/B tests. Yet in
operational settings, such experiments are costly and risky: sub-optimal prices or inventory
decisions can erode revenue and disrupt operations. Atthe same time, rms possess extensive
historical data, involving prices, inventory levels, sales, and contextual features, that remain
underutilized. Leveraging this xed observational data for policy design, an approach often
termed o ine learning, o ers a practical alternative that avoids experimental risk while
enabling data-driven operational improvement.

However, o ine learning faces two structural challenges in developing inventory and
pricing systems. The rst challenge is demand censoring. In lost-sales environments,
realized sales are the minimum of true demand and available inventory. Any demand above
inventory is unobserved, systematically obscuring the revenue potential during stockouts.
Therefore, treating observed sales as demand induces biased pro tability estimates and can
trigger a feedback loop of increasingly sub-optimal pricing and inventory decisions.

The second challenge arises from the interaction between censoring and dependent
demand. In many settings, demand is path-dependent, with current customer experiences
shaping future demand through mechanisms such as brand loyalty and network e ects. If
demand were fully observed, the dependent process could be modeled using standard Markov
dynamics. Under censoring, however, the key driver of future demand today's unobserved
demand remains hidden, violating the Markov property from the retailer's perspective.
Because the retailer cannot observe the true current state, it cannot reliably anticipate its
evolution. As a result, policies developed under Markovian assumptions break down in this
setting, undermining long-term pro t maximization.

Taken together, this implies that any robust framework for policy optimization using
historical data must simultaneously address the challenges induced by censoring and the

complex, non-Markovian dynamics resulting from its interaction with dependent demand.



Failing to do so leaves a signi cant amount of revenue on the table.

2.2.1 Motivating Example

To illustrate the stakes, consider a major grocery retailer such as Target or Kroger managing
ready-to-eat meals and fresh produce. Demand for these products is highly responsive to
price as well as external drivers like day-of-week patterns, weather, and in-store promotions.
Warm weekends or advertised discounts, for example, reliably generate surges in foot tra ¢
and purchases. When a high-velocity item (e.g., rotisserie chicken or packaged salads) is
discounted during such periods, shelf inventory often depletes well before the end of the
day. After a stockout, the retailer observes only sales up to the on-hand inventory, not the
true underlying demand. Customers who arrive later either leave empty-handed or switch
to competing stores, causing the data to systematically understate the revenue potential in
high-demand states, which is the hallmark of demand censoring.

This challenge is ampli ed by the dependent demand. Grocery demand exhibits inertia:
strong sales today driven by promotions, tra c, or evolving habits typically signal
elevated demand tomorrow. When a stockout occurs, the retailer loses visibility not only
into today's true demand but also into a key signal required to forecast future demand. This
highlights the need for a uni ed framework that jointly addresses both censoring and demand

dependence.

2.2.2 Problem Statement, Main Results and Contributions

Most existing o ine policy learning methods are typically tailored to address one challenge

at atime: some assume that the demand is observable even under censoring, while others
account for censoring but assume that demand is independently distributed (given prices)
across periods. These approaches are well-suited to their respective modeling assumptions
and have advanced the eld considerably. However, in practice, as illustrated in the motivating

example, censoring and temporal dependence might arise jointly. In such cases, policy



learning methods designed under one of these challenges are inadequate, leading to policies
that deviate from managerial objectives. Thus, there is a need for a more general framework
that simultaneously addresses censoring and demand dependence, providing a uni ed basis
for accurately designing optimal pricing and inventory policies in real-world settings.

Motivated by this, in this paper, we address the problem of o ine policy optimization
for joint pricing and inventory control while accounting for censored and dependent demand.
We consider a rm with access to a historical dataset comprising past prices, inventory
decisions, contextual market features, and realized sales, but lacks a known underlying
demand process. In particular, this demand process is shaped by two distinct features: it
is censored and exhibits temporal dependence. The rm's objective is to leverage this
xed, observational dataset to learn a feature-based pricing and inventory control policy that
maximizes long-term expected pro t. In particular, our contributions are threefold.

(i) A General Modeling Framework. We begin by modeling the underlying process where
there is no censoring as a standard Markov Decision Process (MDP). We then formally de ne
the observed process experienced by the rm, where demand is censored. A key theoretical
insight of our work is demonstrating that this observed process, while not Markovian in
the observed state, inherits a high-order Markov property determined by the duration of
consecutive censoring. Building on this insight, we characterize the structure of the optimal
policy under the observed process by a set of specialized Bellman equations. These equations
explicitly account for censoring, providing the theoretical foundation necessary to develop
o0 ine policy learning techniques to optimize inventory and pricing decisions under censored
and dependent demand.

(i) Two Practical Algorithms. Bridging theory and practice, we develop two imple-
mentable algorithms for policy optimization based on the derived specialized Bellman
equations. The rst algorithm, named Censored Fitted Q-Iteration (C-FQI), operationalizes
our theoretical framework to estimate the optimal pricing and inventory policy from historical

logs. Recognizing that historical data is often sparse in critical regions (e.g., long period of



stockouts), we further introduce Pessimistic Censored Fitted Q-Iteration (PC-FQI). This
algorithm integrates uncertainty quanti cation to doubt the model in data-poor regions,
preventing the dangerous overestimation of pro ts that plagues standard o ine RL methods
and ensuring robust performance even under distributional shift. To empirically test our
algorithms, we conduct a simulation study and the result con rm the e ectiveness of our
algorithms in optimizing pricing and inventory control strategies.

(i) Finite-sample Regret Guarantees. We establish nite-sample regret bounds for the
proposed algorithms in censored, dependent environments. Our analysis adopts a layered
structure, progressively relaxing assumptions to isolate the speci c drivers of sub-optimality.
Speci cally, we explicitly decompose the total regret into three structural terms: a statistical
error determined by the model complexity relative to the dataset size; an unidenti able
regret arising from blind spots where the optimal policy induces censoring sequences longer
than any observed in history; and alignment penalties that quantify the pro t sacri ced to
satisfy operational safety constraints during the high number of sequential stockouts. This
decomposition turns theory into a strategic roadmap, helping managers make informed

decisions about model complexity, data constraints, and the cost of safe inventory recovery.

2.2.3 Literature Review

O ine learning is valuable when online exploration is costly or infeasible and can also
provide warm starts for online methods. Yet, for sequential joint pricing and inventory
control, existing o ine work largely addresses only one component (pricing or inventory),
typically in single-period settings and/or without accounting for demand censoring, leaving
the dependent-and-censored regime largely unexplored. On the inventory side, Levi et al.
(2007), Cheung and Simchi-Levi (2019) develop multi-period data-driven inventory control
methods based on sample average approximation (SAA), but these approaches are ill-suited
for our setting because price is an additional decision that shifts the demand distribution

and SAA can over t in such contexts (Feng and Shanthikumar 2022) and these works do



not model censoring and do not leverage feature information. Feature-based newsvendor
variants such as Ban and Rudin (2019), Lin et al. (2022) incorporate covariates but remain
single-period and do not model pricing and assume no censoring; additionally, classical
newsvendor settings do not feature decision-dependent uncertainty (price a ects demand),
making them special cases of our problem. On the pricing side, Qi et al. (2022) and
Bu et al. (2023) study o ine pricing with censored demand but in single-period settings
without inventory decisions, while Wang and Liu (2023) and Miao et al. (2023) focus
on feature-based pricing via causal inference under IV considerations, again without the
inventory dimension and censoring in a multi-period control problem. Most closely related,
Qin et al. (2019) considers multi-period joint pricing and inventory using o ine data but
assumes fully observed demand and omits features; likewise, Harsha et al. (2021) and Liu
and Zhang (2023) study pricing and newsvendor style problems in single-period settings
under fully observed demand. Overall, our work tackles the joint optimization of pricing and
inventory decisions in a multi-period setting in a sequential manner while accounting for
censored and dependent demand and incorporating contextual features, thereby generalizing
these prior works.

In addition to the works discussed above, Appendix A.2 provides an overview of
closely related o ine reinforcement learning (RL) literature, emphasizing the unique
methodological challenges posed by censored and dependent demand and summarizing

recent pessimism-based RL algorithms that motivate our algorithmic design.

2.3 Problem Formulation
2.3.1 Underlying Decision Process and Preliminaries

We begin by describing an idealized decision-making process for a retailer selling a single
product over time, which we call the underlying decision process where the retailer can
observe the true demand, even when it exceeds the available inventory. This idealized process,

de ned by a trajectory of states, actions, and rewards denotét{ by ~'®d: o, Serves
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as the basis for the censored demand setting that we will address later. In particular, at the
beginning of each perio@ the retailer observes the current stgtges *- .- ¢ 1%, which
consists of three key components: external featurgs kepresented by a-dimensional
feature vector (including e.g., market conditions, competitor pricing, seasonal trends) from
the spac&X R ?; on-hand Inventory.(Q, the current, non-negative inventory level from

the spac& R :;andlagged Demand (c 1), the total demand from the previous period,

»C 1-CRomthe spac® R . The previous demand is included in the state because
demand is realized after decisions are made, so the demand from @eribg a crucial

piece of information for the decision at period C.

Then, given the observed information in the past, the retailer makes two decisions in
period G which form the action ¢c= 1%=%®. Speci cally, the price %) is referred to
as the price set for the product in peri@drom the spac® R -; and order Quantity
($ 9 is the amount of new inventory to order for peri@drom the spacd& R :. We
letS=X Y D andA =P N denote the state and action spaces, respectively, and
assume tha® A R 3, so that each state action pair for the retailer can be represented as
a 3-dimensional vector.

The retailer's complete plan for making these pricing and ordering decisions over time is
called a policyc. A policy is history-dependent if the decision made today is based on the
entire sequence of past states and actions. Alternatively, the policy is stationary if it applies
the same mapping from a xed-length history window at every time step, so the decision at
time C depends only on the current history window and not explicitly on C itself.

Following the retailer's action, the period's demandis realized. In a general setting,
this demand process can be highly complex, potentially depending on the history of the
process. For illustration, we consider a rst-order auto-regressive linear model AR(1) for

demand process as a running example:

c=\o,\cc V%c,d c1,Yc— (1)

11



whereY. is some i.i.d. demand shock (following e.g., Gaussian distributiani®, R?,
V i O captures price sensitivity, and jdj Y 1 ensures the stability of the AR(1) process.

Following the realization of the demand, the retailer's reward/ptq:tan be de ned as:

‘c=%minte- & 1t c. & & -& ¢ = (2)
C C c 1 2-@C 3-CG C
A TR S ST A e
Sales Revenue Stockout Cost Ordering Cost Inventory Cost

where 1 ¢ 2_cand j3_@re the known per-unit costs for stockouts, ordering, and holding
inventory, respectively, the operatd®® := max*G—(denotes the positive part & and for
simplicity, we assume rewards are uniformly bounded ky |" max-

The periodCthen concludes with the transition to the next stata. This starts with the
calculation of the next period's inventory; 1, via. c1=% ¢, $ ¢ & *Then, next-period
exogenous featuresc 3, are realized from a conditional distributi@t- ¢ 1j (&, leading
to the completion of the period and transition to the next stateX *- ¢ - .c.— ¢&.

Overall, the retailer's main objective is to choose a pol@ythat maximizes long-term
pro t under the dynamics of this decision procéss— = '®gqc 0. We use Markov Decision
Process (MDP) to model the underlying decision prodéss- = 'Cdc o as it naturally
represents evolving system states, connects decisions to probabilistic dynamics, provides a
principled basis for policy optimization, and exibly accommodates nonlinear dependence

beyond our running example. Therefore, we assume that

er='@? ciwmoA (e & withtime-homogeneous transitions— 3)

where ci-mop= (9= 9 9gcy-

Under this framework, it is well-established that a stationary and optimal pricing and

. . . . ., B o -
inventory replenishment policy exists, i.€ . .= *C1_oracie S_oracie that maximizes the

12



expected discounted cumulative rewards (i.e long-term pro t),

a
Coracle2 Argmax ESpp» W &a— (4)
C=0
whereEy,,, means that all actions along the trajectory followthe subscript "MDP"

is used to di erentiate the expectation operator of the underlying MDP from that of the
observed process with demand censoring incorporated de ned in the following section and
W 2 »0-1°is a discount factor.

Moreover, this MDP formulation encompasses many familiar inventory and pricing
models as special cases. It can therefore be viewed as a mild generalization rather than a
departure from classical setups. For instance, consider a special case where we eliminate
exogenous featuress assume demand is additive (i.,eg=\o, V%, d ¢c1,ng with
xed ordering cost j O , and lost sales. In this setting, Chen et al. (2006) proved that the

optimal policyc admits a stationaryB— (— ?8tructure. We illustrate this connection

oracle
by highlighting several other such cases in A.7.1 of Appendix. With this perspective in
place, under the general setting, one popular solution to obfgjg, is to nd an optimal

Q-function and take point-wise maximum with respect to action for every state (Sutton and

Barto 2018).

2.3.2 Unidenti able Oracle Policy

In practice, however, o ine retail data often lack complete demand information due to
censoring. Typically, the retailer observes only sales quahtty= minf. - @ 2 Z
together with a censoring indicatog:= I%. ¢ &@. Consequently, the data are realized
through what we term the observed procdss, 'd» c= 1%°go, instead of the
underlying decision proce$$( &= = 'Cdc o, With, c:=*- —.c-/c1— c1° 2 W. Viewed

this way, the observed process adds a layer that generalizes the underlying one: when

censoring is absent, the observed process coincides with the underlying process.
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Within this generalized and observed layer, two key di erences emerge in the presence
of censoring. First, their state representations di er: the underlying process always includes
the true demand cin the statg g whereas the observed process lacks this information when
demand is censored, leading to a failure of the Markov property. The following proposition

formalizes this idea. Letgic10= , 9= 9 59¢cy -

Proposition 1 Consider the observed proceBs = & 'd» c¢c= 1¥%°o. If censoring

occurs, i.e., ¢c1=0forsomeC 0, then the Markov property fails. In particular, on the

eventf c1=09,% cr—'® 62 ogicrej?t o &

The proof of Proposition 1 is given in Section A.17.1 of Appendix. Second, the observed
process, unlike the underlying one, does not have complete reward information under
censoring. Speci cally, the reward in Equati¢®) depends ot ¢ . ¢ , which is not
directly computable under censoring sinceis unobserved. Consequently, the Markov
property under the observed process fails except in special cases (e.g., i.i.d. démdhid,
Equation(1), or no censoring) and reward is not observed under censoring. Taken together,
they lead to important implications for structural results in both inventory and pricing and
MDP theory.

In particular, classical structural results in inventory and pricing theory {&g.(— ?°
policies) typically require Markov dynamics with fully observed states and some regularity
conditions (e.g., convex costs). With censoring, the problem becomes patrtially observed, so
these results do not carry over: any threshold-type structure, if it exists, must be expressed in
terms of the observed staterather than g and to our knowledge no genetd&d— (— ?8tyle
optimality result holds under censored, dependent derhaktbreover, from an MDP
viewpoint, the observed process is generally non-Markov, so the optimal Q-function is not
well-de ned on the observed state F and standard Bellman equations do not apply.

In summary, well-known structural results from inventory and pricing theory and

1 Eveninthe linear AR(1) example, updating: 1 involves a truncated distribution that depends on past
actions, breaking the monotonicity/sub-modularity arguments used in classical proofs.
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standard MDP solution methods do not apply directly under this observed process. More
fundamentally, the oracle policy,, ., de ned on the underlying statéc under fully
observed demand, may not be learnable from i.i.d. trajectories of the censored observed
procesd, = 'd» c= 1¥%go (i.e., not point-identi ed). Therefore, it is necessary to
rede ne the learning target. In particular, this means that the best achievable outcome under
these conditions is to identify the optimal policy relative to the observed process de ned as
¢
c 2argmax, E ,afE®» W o, o¥ag— (5)
C=0

where the expectation is taken over the trajectories generateduinygler the observed
processf, & ¢ 'd» c= 1¥%@o, With  representing the set of all policies associated
with this process. Here, ¢ follows a* © which is some reference distribution over the
initial observation and is predetermined and known by decision makers. This is a typical
assumption in the literature of RL.

In this paper, we demonstrate how o ine data can be used tocndBefore, we impose

an assumption on our data-generating process.

Assumption 1 TheoinedataOy =f, 9 o=, 9-ct'9l> o-& 1%@8% , s gener-
ated by the policyc! 2 , where each trajector@is an i.i.d. copy fronf, — &'d» c=

1Yago.

In RL literature,c? is often referred to as the behavior policy. The behavior policy may
not be known beforehand and can be history-dependent. @sing/e aim to develop an
algorithm that returns an estimated pol@&yhat approaches the optimal policy in terms of

the value when the sample size # (and/or)) is large.

2.4 Characterizing the Optimal Policy under Censoring

Although the goal is clear, achieving it is far from straightforward compared to traditional

settings. The preceding analysis shows that censoring under dependent demand fundamentally
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alters the problem: the observed process is generally non-Markov, and rewards are missing
under stockouts. Nevertheless, the observed process is not devoid of structure. Our central
insight is that it inherits a latent, high-order Markov property from the underlying rst-order
MDP. The e ective order is determined by how frequently uncensored periods occur under
the governing policy. Building on this observation, in this section, we develop a framework
for learningc from o ine data, ranging from characterization @f to development of
algorithms.

For the remainder of the paper, without loss of generality, we assume that there is
no censoring at the start of the observed process, i£.= 1. We next introduce two

de nitions that will streamline the subsequent analysis.

Denition1 C!) =0 =fO =f, = 'd» c=1%80 j y010° =g, where )olO°de-
notes the maximum number of consecutive censoring up to tim Siephe observed

process.

From this de nition, note that for a xed, we haveC1),—=° C?);—=%orall), ) 1,
implying thatC?) - =%orms a decreasing sequence of sets with respdc tdhis allows

us to de ne the following policy class.
De nition 2 Forany= 0,dene -= cO Prcollim) ap CY) OC-0=1 .

In words, - consists of all policies under which any trajectory will, with probability
one, contain no more thanconsecutive instances of censoring over the entire horizon.
By de nition, 1 2 1, Where 1 represents the set of all feasible policies.
Therefore, any policy, and in particular the optimal poly must belong to some-,

where = may be nite or in nite.

2.4.1 Local Conditional Independence and Finite-Order Structure

Given these de nitions, we rst take a practical perspective on the potential behavior of the

optimal policy before introducing the formal feasibility assumption. Speci cally, in real
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operational settings, no well-designed policy would allow censoring to persistinde nitely. As
the number of consecutive censoring increases, rms inevitably intervene through corrective
actions. Allowing in nite consecutive censoring would imply never observing demand
again, making it impossible to estimate sales potential or update future decisions. Hence,
any realistic optimal policy must implicitly limit the length of censoring streaks by triggering

a recovery action after a nite number of periods. This motivates our rst key assumption,

which ensures that the problem is well-posed and learnable from nite data.
Assumption 2 There exists a nite = Y 1 such that @2 -.

Formally, if the optimal policyc only belongs to ; (i.e., it allows for unbounded
censoring streaks), the dependency structure of the observed process ucalebecome
arbitrarily complex due to the consistent violation of the Markov property (i.e., the process
becomes history-dependent). This makes learning from o ine data infeasible. Assumption 2
precludes this pathological case.

Given this assumption, we restrict our attention to policy classWe now show that
this assumption has a profound structural consequence: any policy includwithin this
class induces a nite-order Markov structure on the observed process, based on which we
can characterize the structure of the optimal policy.

Speci cally, for integerd 1, we de ne the history .1 = 1—, 1— ***—0—, 0 -

To characterize how far one must look back to recover the most recent uncensored observation,
we de ne the most recent uncensored time within the fa&t observations at tim€as

=0 := max 2fC—C 1-++¢—C =gg; =1 . Because we assume; =1, g&=°
exists almost surely under any?2 -. Given this, we can establish the following conditional

independence property.

Lemma 1 Suppose the underlying decision process sati€3sThen, under ang 2 -,

we have ,c —'@? o qu=01 ] ga=0:gimplying an MDP of order at most =, 1.

17



Intuitively, Lemma 1 states that the process resets its history dependence each time an
uncensored observation occurs. Once we condition on the history block since that last
uncensored anchor (u-o.g, the entire history prior to that anchor becomes irrelevant for
predicting the next state and reward. This nite-order structure is the key to characterize the
structure of an optimal policy within -, which has the same value as that untlerThe

proof of Lemma 1 is given in Section A.17.2 of Appendix.

2.4.2 Structure of an Optimal Policy

Under Assumption 2, with the help of Lemma 1, we can show that there exists an optimal
policy ¢ , which is stationary under a nite-order MDP.

Firstly, recall icgo=t ,c***—cs,cd. For8 2 f0—e++—3ge de ne ?C go-oi=

wcgeddf @ = Y - c1—,c1—***—cs, cf—so that 90 go-dS the relevant history

block for a censoring run of leng8fi.e., in the components of.c go.cwe haved ¢ 9= Og%:1
and cg1=1.

Secondly, by the de nition of -, any policy in this class must select an action that
guarantees that the next period is uncensored once a censoring run reaches lgvigth
denote this set of actions as follows: for @y Oand anyh?C _o.satisfyingf ¢ og;_,=0

and c-1 =1,dene

n 0
1=0, (O i . _ 0 .0 _ _
UP th —o:Cc - 0 2 A . Pr CcC— 1 1C =0:C— th 20:(:— c- 0 = 1 °

Next, we introduce the corresponding state action value functions. Fobagy =,
the8" optimal state action value function (Q-function) over the policy classs de ned as
n - #
18°, 0 o 8 0 0
€2 = @38
where the components of gsatisfy f g 9=0¢f_jand 1 =1.

Observe tha&lgodepends on the history block up to the most recent uncensored time

18



point. This dependence is a direct consequence of the process behaving as an MDP of order
at most=, 1, as established by Lemma 1. We now state the main result establishing the

existence and structure of a stationary optimal policppased on these Q-functions.
Lemma 2 There exists a deterministic and stationary poticyhat maximizeE<’» éZOV\? &
over - and has the following form:

G 6
1g0
C ?C =o:C = c ?C 80:C 1» cCo9— 0% |»C 81 — 1Y4— (2)

8=0 9=1

where each 8-component selects a greedy action with respe?:sto:to &

%l— 02 argmax,s & 0, =0— 8=0—eee—=1-

1C 8°:C
18000: 0 120
0°] icgec™ 41— 62 argmax, yp- 0 L o&" 00— 8==-0)
%O— otherwise.
Moreover, &1 O #=8&°1 O = @forallC 8and8 2 f0—+++—=g.

Lemma 2 establishes that, within:, an optimal policy exists that is fully characterized
by its corresponding Q-functions. This result follows directly from the nite-order Markov
structure derived in Section 2.4.1. The only di erence is that when the censoring run reaches
8 = 5 the policy must select an action frodP="t 2 _, @ to remain within the class-. A
detailed proof is provided in Appendix A.17.5. Overall, Lemma 2 sets a clear path forward,
navigating our goal to nding a data-driven approximation of these Q-functions from the
o0 ine data, which will, in turn, yield a near-optimal policy.

However, this path is blocked by three fundamental challenges. First, Assumption 2
enabling feasibility only guarantees that a niteexists, but it does not specify it. Second,

the Q-functions themselve&, ", are non-standard compared to those used in the standard

MDP due to the constraint nature of. Whether there exist Bellman equations to compute
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them remains unknown. Finally, even if we knew how to compute tReBenctions, our
o0 ine data su ers from incomplete reward information due to censoring. In the following

sections, we address these challenges in turn.

2.4.3 Specialized Bellman Equations and Algorithmic Implications

We begin by showing a family of specialized Bellman optimality equations that extend the
standard rst-order MDP Bellman equations to the higher-order, censoring aware setting.
These equations make the structure of the high-order Q-functirl)aﬁe@licit and provide
the foundation for the algorithmic development that follows. Before presenting the formal
statements, we introduce additional notation and highlight a key structural property of the
observed process.

For eact8 2 fO— e+« +—agd history block 90 go-cWe de ne the feasible action sétg
and the corresponding optimal state-value functioh as

A 0 %A_ 8 Y :_ +180 O ._ maX &180 O _O.
8 1cgo:Cc ™ 1C 8o:C

1c go:c = E e c.
1—-0 0 - 8 1 o-
SUP O o 8 == C 8o:C

By construction of the policy class=, when the current censoring run has length
the only admissible actions are those that guarantee an uncensored next state. Hence, any
action outsidéJP"’ is infeasible for the=-th optimal Q-function, as it would induce 1

consecutive censored periods, violating the membership.in

. - . 006 _ 0
With this notation as well as for ary 2 fO— =gd any0 2 Ag ;g the
specialized Bellman optimality equations can now be expressed as
1Q0 h 100 1 o I
&% 0 g =E ¢, W I» c= 10", ¢ ©, 1> c= 0%t Qoo ® Lgor c=0 — (4)

where the components of.c go.satisfy f ¢ 9= Oggzland cg1=1forall8 =0—eee—=,

When8 = = the feasible actions are restricted to thos&/mi="t 9. _, ¢, for which
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Pri ¢c=0 ] 90 _c ¢ = 0. Therefore, the second continuation term in Equafén

vanishes, yielding

h i
&7 Yg0=E ¢ W+", ¢ %ogc=0- (5)

Equationg4)-(5) thus provide the dynamic recursion that links Q-functions of o8ded
8,1, terminating at the=-th level where the process is guaranteed to reset to an uncensored
state. This structure generalizes the standard Bellman operator by explicitly conditioning on
the length of the current censoring run and constraining feasible actions=attiHevel to
maintain admissibility within -.

From an algorithmic standpoint, these equations reveal the modularity of learning under
censoring: eack " can be recursively estimated from o ine data by conditioning on the
history block 9c go.@Nd truncating whenever an uncensored period appears, after which the
estimates can be composed to form a stationary policy greedy with respect to the learned

& "®°functions, yielding a data-driven approximation of ¢

2.4.4 Estimating the Data-Supported Policy Class

However, Lemma 2 indicates that learniogrequires that our o ine data contain enough
examples of censoring streaks of every ler@gjth fO— ¢ « « — s that all&-functions can
be estimated. If the data never exhibit long enough censoring runs, we lack the necessary
information to identify the correspondir@-function of the optimal policy. In other words,
our ability to recovec depends on whether the censoring sequences observedatrater
su ciently long to represent all possible dynamics under ¢
To this end, we analyze the data through nite windows of lengthnd, within each

-window, record the longest observed run of consecutive censored periods. This window-

based perspective re ects the fact that the statement the maximum number of consecutive

censoring periods is is inherently local. By de nition, for any trajectory under any policy
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c 2 -, every window of length=,1 must contain at least one uncensored period. For
example, ifc 2 », then in any three consecutive periods it is impossible to observe three
censored demands in a row; at least one must reveal the true demand. This local structure
implies that the relevant dependence in the observed process can always be recovered by
looking back at most periods. So censoring patterns within nite windows of length
empirically quantify the e ective order of dependence the data can support.

Given this, we de ne=_; and=_ as the maximum number of consecutive censoring
instances observed undet andc , respectively, within any window of length where
the formal de nitions of=_; and=_ are given in De nition 8 of Appendix. To make the

problem solvable, we require that the o ine data covers the complexity of the optimal policy.

Assumption 3 (Su cient Coverage) For a chosen window length 2 N, the data-

supported complexity dominates the target: = _&

This assumption guarantees tleatlies within the data-supported policy class _, . If
this were not true (i.e5 j = _1), the optimal policy would induce censoring sequences
longer than any observed in history, rendering the corresponding higher-order Q-functions
unidenti able. Wher= = _1, however, all necessary censoring patterns are represented in
the data, and clies within the data-supported policy class _, sincec 2 - =,

The parameter plays a central role here. It serves as a regularization hyperparameter:
it enlarges the search window to satisfy Assumption 3 while simultaneously bounding the
modeled dependence order to prevent over tting to rare, long-run censoring patterns. We
provide the theoretical justi cation for the selection of in Section 2.5.

Finally, since=_; is a population-level quantity, we estimate it empirically from the
o ine trajectoriesfl, g g_wclzofor 9= 1—--n- —Hyidentifyingt[le longest fully censored

- . | 0
run within any -window: &_3 = max g=j-eeey 2f0—ees— g: &1 1 4. =1

C=0—eee-)
The estimatorx_; provides a data-driven upper bound on the unknown quantity

Then, under Assumption 3, we can approximate the optimal policy by learning the family
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of higher-order Q-function 180g§:_é via specialized Bellman equations. To this end, we
develop a tailored FQI inspired algorithm (Ernst et al. 2005b) to compute a near-optimal

policy b.

2.4.5 Censored Reward and Imputation Strategy

To proceed further, note that the specialized Bellman equations require the immediate reward
' cto be known at every time step. However, in our o ine data, the reward is only observed
when demand is uncensoredy= 1), and when censoring occursd= 0), ¢is unobserved.
Therefore, the realized pro t is partially missing because the stockout penalty cannot be

evaluated in the true reward expression, i.e.,

‘c=%minte & 1t . & & & & - (6)
C C c 1 2-@C 3-CG C
A TR R ST A e
Sales Revenue Stockout Cost Ordering Cost Inventory Cost

Therefore, the censored reward problem must be addressed before any Q-function can be
estimated from the o ine data. Our goal is to construct an unbiased surrogate reward
that replaces unobserved components with consistent estimates. To this end, we de ne the

surrogate reward function for every C—8 0 as

€ =%c 1cE cj c=0- wcgoc . cl* c=0° 2. 8c 3dc It c=1° (7)

where, in the components ofic go.cwe havef ¢ g= Oggzland cs1 = 1. Intuitively, ©c
equals the true reward whenever= 1, and when ¢= 0, it replaces the unobserved term
1 ¢ . @ with its conditional expectation given the observed history up to the most recent
time point without censoring.

The next result establishes that the surrogate reward preserves the expected value of
the true reward conditional on the observed history, thereby ensuring that optimizing with

respect tdecis equivalent to optimizing with respect ta;'
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Lemma 3 For everyC—8 [we have almost surely ' ¢ €0I» ¢c= 0% | 1c go.c = 0—

where, in components of.c go.cwe have f ¢ 9= Og%zland csg1=1.

h [
Tf;le proofofLemmafiBisgiveninAppendixA.l?.S. Lemma 3impliesEhatcj 90 gog c=0 =

E ©¢j ?c goc c=0 . Hence, in the specialized Bellman equat{d) the immediate
reward term ccan be replaced b§cwithout changing&lgo, yielding the equivalent recursion
h i
&% T gog0°=ECC, W I» c= 1%, ¢ 1> c= 0%t Qoo ? Ygog c=0 » (8)

Therefore, estimatin§cis essential for constructing the Bellman targets needed for policy
optimization from o ine data under censoring. By Equatiff), this reduces to estimating the
conditional meae ¢j c¢=0- icgo.c. We note that estimating» c¢j c=0- icgota
is su cient for our purposes because, by Lemma 3, it enables construction of the surrogate
reward€cand hence valid Bellman targets under censoring. However, using the same
conditional-mean estimator to impute the missing demand and then appending this point
estimate to the state does not resolve the failure of Markov property: a plug-in imputation
collapses the latent demand uncertainty to a single value, whereas the true transition dynamics
depend on the full conditional distribution of the censored demand given the observed history.
See Appendix A.3 for an explicit counterexample and further discussion.

ToestimatE ¢j c=0— ic go.c, we make the following assumption to apply survival

analysis tools.

Assumption 4 (Censored Demand Identi cation)

(@ ForeveryC 0, c?. ¢cjt-c%%°. (b) maxisaknown upper bound.

Assumption 4 (a) is reasonable if the demand is intrinsic or inventory levels are unknown
to consumers. This assumption, called conditional non-informative censoring, negates any
dependency between the demand and inventory levels. If breached, conventional survival
analysis methods fail, leading to biased estimates (Coemans et al. 2022). Assumption 4 (b)

imposes a uniform upper bound for the demands across covariates, which is mainly used to
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simplify the procedure of estimatif§ ¢ c=0- :c ge:c. Under this assumption, we rely
on the following lemma inspired by survival analysis in statistics (e.g., Kleinbaum and Klein

2010)to estimate E d ¢c=0- icgoc

max SF2j 1c go.@. & 32—

Lemma 4 Under Assumption 4& ¢j ¢c=0- icgoc =.c, c P4 cend

whereSF12 | ¢ go.@. @ denotes the conditional survival functi®m® cj 2| icgo@.E.

Lemma 4 shows that estimatiiy ¢j c=0- :c go:c, and thus€g requires estimating

SF12 | 1icgodd.®. The proofis given in Appendix A.17.4. We therefore propose using
the Kaplan-Meier estimator to nonparametrically esting@fé2 | .c go.d1.®. (Kaplan and

Meier 1958, Kleinbaum and Klein 2010); Kaplan Meier type estimators have also been
widely used in lost-sales inventory models to learn from censored demand (e.g., Huh et al.
2011, Lyu et al. 2024). Then when there 8o®nsecutive censored periods, the estimator

for ' cis

be=Udc 1cBE d c=0- wcgoc . cIt c=0° 28c 3bc QI c=1°-

where we denote the estimator of E§ ¢=0— icgocasE d ¢=0- icgoc
By imputing the censored reward using the aforementioned methodology along with

some abuse of notation, the o ine dataset can be transformed from original to augmented as:

O ine data O ine data
(original) (augmented) (9)
— , _ 194# _ . 19#
Of"= , 9oc 9c,0c1'9-d» 0 1Wa5cyy ° Os =, o€ 9, 9-CT g_gpcy)

where'g 11 9_&0°Dg ¢t 9 1% g¢

The augmented datase} thus provides a complete reward record suitable for o ine
estimation of the specialized Bellman equations. This concludes our treatment of the missing
reward problem. In the next section, we leverage this augmented dataset to develop a tted

Q-iteration based algorithm that estimal&lSog::‘é and computes a data-driven poliby
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2.4.6 Full Algorithms

Given the imputation strategy in Section 2.4.5, we now work with the augmented o ine
dataseOy that provides complete reward information vig. Our objective is to compute a
data-driven policyp that approximates . By Lemma 2 and the Bellman system in Equation
(4), nding c is equivalentto estimating it§_1,1 constituent Q-functiont 18°g§;é. The
recursion decomposes by the current censoring-run léhgthich suggests partitioning
the data accordingly. Therefore, we begin by partitioning the augmented daiageb
a1 subsetsfo;sog::‘é , Where eacto;Socontains all transitions preceded by exaétly

consecutive censoring. Formally, for 8 = 0—e « 4 -lét

n 0
0= , 9cs scs —.9-c 9-c'oc.oc1if o@rg=0and ocg1=1 0 C ) 1-1 9 #

With the data partitioned, the remaining part of the FQI-inspired algorithm proceeds
iteratively. We begin by initializing all Q-function estimates to z@é?oz 0. Then, at -th
iteration, we update each &-functi@fsovia a two-step process:

First, at: -th iteration, for each componeBtand corresponding subset of da])éSO,
we construct the target valug2— using the Q-function estimates from the previous
iteration. Essentially, this target is a sample analogue of the right-hand side of the Bellman
system for each consecutive censoring case. SpecicallyBfer 0— -4, using

;_1C go1c To 9-C 2 0;80, we compute the target for th@th transition tuple on thé&th

trajectory:
18 -0 6 100 100
Zyo=1" oocW 0. 109, 0c®.7 Y o-ct®gl» o5 1%
Q02A
| 18,10 0 18,10, ©
A Do eW 1077100 e 80:10,%@: 1t emc 80:1cj°éb°9|» 9-& 0%~ (10)

0%2A

Where«b:lso, forall8 =0- -4 and:=0- - 1, representsthe greedy policy with

respect tdR.°"
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With these target values computed, we proceed to the second step: updating the Q-
functions. For each componehit= 0— ¢ ¢ « — £and their corresponding targets, we minimize
the Bellman residual. In particular, we t a model from a pre-speci ed function c§$
that maps history-action pairs inﬁﬂto their corresponding targets:
(
0

190 . 1 18_-0 190 1
@:8 2 argmin ~igo ng_c & 81 9-1C 89°C 9—% s — 1& 8% (11)
&'82Q'% O, | c-9

o , )

wherej 0;8(] is the cardinality of the sdD.%, 19 is some regularization on the complexity

of &®and_is a positive tuning parameter. Observe that under the linear AR(1) demand
model in Equatior{1), the specialized Bellman equations inherit a linear structure, so each
& ®lies in a linear class and the regression step reduces to ordinary least squares, justifying
linear models in the base case. To accommodate nonlinear structure, we als® &fitaw

be a reproducing kernel Hilbert space (RKHS) and estimate via kernel ridge regression,
enabling nonlinear approximation while retaining statistical guarantees.

After iterations, we obtain the nal Q-function estimaté@lgog::‘é , from which we
derive our nal policy,b . For8 =0—eee—£& 1 | the policy componertnl8°is simply the
greedy policy with respect to its corresponding Q-functiﬁ?ﬁo.

However, the nal policy componenbl&‘lo, requires special handling to ensure the
learned policy remains within the data-supported class, . Speci cally, when the
censoring streak reaches the observed maxirdum the policy must enforce a reset to an
uncensored state to prevent extrapolation into unobserved territory. Ideally, we would select
the pro t-maximizing action from the set of all actions guaranteeing this réset¢:”).
However, since this feasible set depends on unknown system dynamics, we adopt a practical,
conservative approach by assigning a known safe actigg, @t this boundary.

We assume thabnyax always exists as in many applications, such as e-commerce
platforms, such an action can be always identi ed. For example, raising prices signi cantly

to reduce demand while placing large orders can prevent stockouts and, in turn, avoid
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censoring. Under this assumption, we can enforce the required non-extrapolating behavior
by de ning the nal policy component to always select this safe acti®@C 4_;:

0 *-1°1 o= Omaxt 8&_1 S 8&_1 & = 1. Overall, we call this complete algorithm
Censored-FQI (C-FQI).

A key caveat of FQI-type methods is their susceptibility to over tting under distributional
mismatch between the behavior and target policies, an issue ampli ed by the max-operator
in the Bellman backup (Levine et al. 2020). When coverage is insu cient, incorporating
pessimism becomes essential (Buckman et al. 2020). Therefore, we adopt the uncertainty-
quanti er-based pessimism framework of (Jin et al. 2021), and accordingly, introduce the

following de nition:

De nition 3 (n-Uncertainty Quanti er) We sayf* fgog::l , Where* :180: wel A 8l
R, is an-Uncertainty Quanti er (UQ) with respect to the data generating mechanism for the

& supervised learning problem if the event

. 180 . f 100
B fjR % €80 Ept o Wmax® %Y, ¢ 1—0% »c= 1% (12)
" 02A -
1 0 0 . 1 o- . 180 1 o-
1 'bC, ng%)&;&l Lo go11C 15 0% »c= 0%Y4 jic go:c= Cc8 .@/41 * :81 1 1C8°%6@

where €8 H8l-yw38l A 8l _.-g_ _1 jog

satis es that Pr1 8 1 n.

In simple terms* :18°quanti es the uniform error which stems from usi@g}Soto approximate
the regression target. To incorporate the pessimism principle, we make one major change to

Equation (10) of C-FQI algorithm, i.e.

R re Rfrer e, gl (13)
for:=1- — and8=0- —4#,and accordingly, the response is denoteB 3. We

refer to the resulting algorithm as PC-FQI and denote the nal estimated policy produced by

28



PC-FQIl a® . The concise representation of the implementation of these two algorithms
is presented in Table 1. A more detailed description of the implementation is provided in

Table 5 in Section A.5 of the Appendix.
Algorithm 1: Censored FQI and Pessimistic Censored FQI

Data Pre-processing: Use survival analysis to impute censored reward information;
Estimate & 2 for8 =0- -5 by performing FQI for iterations:;

for:=0to 1do

for each 8 do

supervised Iearningg 180

, Wmax)@:lool —0°» = 1Y%, Wma)@:ls’lol —0%» =0% 10,

180 180 190 . .
82_81 30 @.81 10 @ _81 12 1 use only for Pessimism;

end

end
Output:
for8=0to &, 1do
Greedy policies & with respect taR 8"
end

For8 =%, o’ outputs an action that ensures the next state is uncensored almost surely.

2.5 Theoretical Results

This section develops nite-sample regret guarantees for the policies produced by C-
FQI,and PC-FQI V\{here the regret of a generic polcys de ned asRegretic® |,

EC »I S\ Vi E"»I S_ V¢ & Our theoretical analysis builds upon four complementary
groups of assumptions: feasibility and coverage, feasibility unobservability alignment,
structural, and technical assumptions. Each category corresponds to a di erent dimension
of the problem, and we provide a managerial interpretation when appropriate. We then
conduct a layerwise analysis, starting from an idealized setting and progressively relaxing
these assumptions one by one. This strategy isolates the impact of data coverage, operational

safety constraints, and model complexity on the resulting regret.

29



2.5.1 Assumptions and Practical Interpretations

A. Feasibility and Coverage Assumptions The following two assumptions ensure learn-
ability: the optimal policy cannot generate in nitely long censoring streaks, and the o ine

data covers the censoring depths that the optimal policy would produce.

Bounded Censoring. We exclude degenerate regimes in which demand could remain
censored forever. This is what Assumption 2 states.
Managerial insight. In practice, the optimal policy must occasionally trigger a recovery

action to avoid never observing true demand.

Su cient Censoring Coverage. The o ine data must contain trajectories spanning the

censoring depths that would occur under the optimal policy. This is Assumption 3 we made

before. If this fails, some & are unidenti able from the data, yielding irreducible regret.
Managerial insight. The historical dataset must include operating conditions (i.e

su cient censoring coverage) comparable to those induced by the optimal policy.

B. Feasibility Unobservability Alignment Assumptions The following two assumptions
ensure the learning/deployment rules match the unobserved feasit@'set’ at the

censoring limit.

Termination Action Domain Validity. C-FQI/PC-FQI compute intermediate greedy
policies p. «e . at: -th iteration) over the full action space. However, at the censoring limit
=_,, the true optimal policy must select an action froff"=-1°. A discrepancy arises if

the intermediate policies select an action that appears optimal numerically but lies outside
UP™=-1° (i.e., an action that fails to terminate censoring). Since we cannot kidw-1°
empirically, we assume that the selected actions lig$RiT -1°, leading this discrepancy to

vanish.
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Assumption 5 (Termination Action Domain Validity) Allintermediate policie$b :1= *1°g::10

1= o . ey - . . .
andfe.” ™ g :10 select actions withituP'=-1° whenever there is _; consecutive censoring.

This is primarily an algorithmic condition that keeps the dynamic programming updates

aligned with the structural constraint in Equation (4).

Boundary Action Alignment. For the deployed policy, we instead hard-code a safe
backstop actiofmayx 2 UP'=-1° at depth= _;. Because we cannot verify that this backstop

is optimal within UP=-1°, we impose:
Assumption 6 (Boundary Action Alignment) 0 yax maximizes botR =" and& =",

Managerial insight. When an intervention is needed to end a censoring streak, the

backstop actioBnax is the model's value-maximizing action rather than an arbitrary override.

C. Structural Assumption We impose the standard linear MDP assumption (e.g., Jiang
etal. 2017, Yang and Wang 2020, Jin et al. 2020). Here, linear refers to a functional form
restriction: the conditional reward and transition operator deperi@e®®nly through a
known feature mapB—0° 2 R(e.g one may takq to include the original coordinates
gB—-0° = 1B- 6P any chosen basis of functions). The role3as simply the number of

features used to parameterize the MDP.

Assumption 7 (Linear MDP Representation) The decision proced$( — ¢ '®gc o ad-
mits a linear structure with respect to a feature ngapS A ! R 3. Speci cally, there

exist parameter vectorss:\s 2 R2 such that:
@ 80 @ 80
E»'cj(c=B-c=0%= qg'B- OOA —and E>>63'((’1° j(c=B=c=0%= qg'B-0¢ (1)

8=1 8=1

for all bounded measurable functiofsand state-action pair$B—Q° Here,\,l80 and\%80

denote the 8th coordinate gfand \g, respectively.

This holds for our running example (the linear AR(1) demand model in Equation (1)).
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D. Technical Assumptions Finally, we impose the standard technical assumptions. These
assumptions ensure the statistical consistency of our estimators, the necessary coverage of
the o ine dataset, and the validity of the uncertainty quanti ers used in Algorithms C-FQI

and PC-FQI. Unlike the previous categories, these conditions will remain xed throughout

our relaxation sequence. First, we make a consistency assumption on the estimator

Assumption 8 % is a consistent estimator ef_; suchthatPri&_; ==_,° 1 | 4

forany ),wherel 4 =o'1°as#-)!1.

Such consistency can be justi ed via extreme-value theory (e.g., Reiss et al. 1997, Coles
et al. 2001).
Next, we make the following two assumptions that are used primarily for facilitating the

regret decomposition and its presentation:
. i .
Assumption 9 PfciCt —=_;% =1, wherec 2 argmaxe, E LW ¢jCt—=_4°

This, intuitively, guarantees a form of consistency: the optimal policy, when planned
under the condition o€! —=_,°, e ectively manages the system dynamics to ensure that

the condition is actually satis ed. This implies that staying within the zone implied by

C! —=_;%is avalid, reachable choice. Notably, if Assumption 3 holds @€e2 -_,),

this condition is automatically satis ed.

Assumption 10 (Lower bound on partition sizes) There existd 2 *0-1'and an event

str = fmingg= jo;soj d#)g suchthat Prt ° 1 n.

This assumption is reasonable when the partitioning procedure avoids creating vanishingly
small strata.

Furthermore, to guarantee that the optimal policy can be recovered from the o ine data,
we impose following classic assumption. L3§1t_8and3218denote the generalized discounted
visitation measures of the optimal and behavior policies for any history of |@vgtlere the

formal de nition of these is given in De nition 21 of Appendix.
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Assumption 11 There exists a constantc,, | O such that for any censoring depth
0 8 = _; and history ® 2 H&1! (a non-censored start followed I8consecutive

censoring), we have surs1135 3 8%3_ 1 8%

This assumption requires that the o ine dataset su ciently covers the censored observa-
tion sequences visited by the optimal policy, generalizing the classic o ine-RL coverage
condition on single-step state action pairs (Xie et al. 2021). Since censoring induces
multi-step histories whose distributions depend on the number of consecutive censoring,
we impose coverage over entire censoring sequences thratly generate. A detailed

comparison with the classical notion is deferred to Appendix A.7.2.

Assumption 12 There exists a constang'Y° depending on Y 2 10— 1° such that

A= sup E ¢j
1C 89:G) 1 8,1
0C)1
0 8Y= -1

e icge@=10-"C8C B (j1 o icge@=10-"C8C slYoig)o X

Prt % 1 Y forsomeX j O where in the components of® 8Cwe have ¢ 9=0 89:1

and cg1=1

By utilizing standard nonparametric techniques such as the Kaplan-Meier estimator, this
assumption is validated witk = % where3 represent the dimension of the feature space
(Dabrowska 1989, Khardani and Semmar 2014). For more detailed information, refer to

Theorem 3.2 in Khardani and Semmar (2014).

Assumption 13 (Uncertainty Quanti ers) f* :180%5 - andf*‘:l8°%é: o aren-uncertainty

quanti ers for C-FQI and PC-FQI, respectively, as given in De nition 3.

In the literature, Assumption 13 is known to hold under mild conditions. In particular,
under Assumption 7 (Linear MDP), the existence of a valid uncertainty quanti er follows
from Jin et al. (2021). Adapting their construction to our setting, for each iteration

. 180 190 . S~ ~ L2 .
and partltlonO#S, dene* & 'C8C=y. gg 'C8C wfds ©8%C  —whereV. isa
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constant, igois the corresponding regularized covariance matrix, @hd 2 R is the

feature map induced ®step censoring. See Lemma 5.2 in Jin et al. (2021) for details.

Existence results for RKHS-based uncertainty quanti ers are provided in Chang et al. (2021).

2.5.2 A Layerwise Regret Analysis

The remainder of this section examines how relaxing the preceding assumptions a ects the

regret bound. We start from an idealized setting where all assumptions hold exactly and

progressively relax some of them one by one to reveal the incremental sources of regret.

Finally, we present general regret under the combination of all relaxations.

Theorem 1
Regret under ide-
alized setting

Corollary 1 Corollary 2 Corollary 3 Corollary 4 (Appendix)
Regret under Relax- Regret under Relax- Regret under Relax- Regret under Relax-
ation of Assumption 3 ation of Assumption 5 ation of Assumption 6 ation of Assumption 7
Su cient Coverage Termination Action Domain Boundary Action Alignment Linear MDP Structure
Theorem 2

Regret under all relaxations

Figure 1: Structure of the Layerwise Regret Analysis.

Layer 1: Idealized Setting. We rst establish the benchmark regret rate when all

assumptions hold. To begin with, we introduce the general regret decomposition which

connects the structure of censoring to learnability and holds given® 2 :

€ ¢!
Regretitf = 1E¢ » W jCl—=_1°% E» W dAPI° 1C1 —=_,0
c=0 c=0
| {z }
180
a a
JIEC» W jC?i—= 1o B W @u0Pric?t —= 00
c=0 c=0
| {z
1880
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where the characterization @* —=_;° is given in De nition 1 and the details of the
derivation is provided in the Section A.8 of Appendix. We now state our theorem for the
idealized setting. Throughout, we u8e= maxyg= _, 3'8"to denote the maximum feature

dimension across censoring levels.

Theorem 1 (Regret under Ideal Conditions) Suppose that Assumptions 1-13 hold and let
= d e Then for anyn 2 10-1&ndY 2 10-18uchthal !=_; ,3°n .Y Y 1, the
following regret upper bound holds with probability atleast 1 22 _; , 3°n, Y

max'Regretib °— Regretle °° . E gft#)—3° )

S S

cov_ 3.log'len® 3
d#) d#)

‘= max* 3, logtlen® 3

51Y01#)0 X ’| 4

The proof of Theorem 1 is given in Appendix A.9. Speci cally, it relies on the following key

fact, which holds given Assumptions 2-3 and forany® 2 _, .

€] a
Regretit =E¢ » W ojCl—-=_1°% E» W &
C=0 C=0
a a
=E°» W & B» W (4)
C=0 c=0

Speci cally, under the Feasibility and Su cient Coverage Assumptions (i.e Assumptions 2
and 3), the term88 Equation(2) vanishes a€* —=_1° becomes an almost sure event
underc . Accordingly, the general regret decomposition in Equat®meduces to Equation
(4). This provides the basis for Theorem 1.

With this reduction in place, Theorem 1 establishes the statistical e ciency of our
algorithm under ideal conditions for both ande . The bound shows that the leading
statistical termEg#)— 3° decays at a rate @f11e IO#_)0 with respect to the total sample
size#) , while scaling polynomially (in particular, at most quadratically) with the feature

dimension3 up to logarithmic factors. This convergence rate matches the information-
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theoretic lower bound for linear MDP up to logarithmic factors, demonstrating that our
algorithm is minimax optimal (Jin et al. 2021). Finally, the selection ofe ects the
classical bias-variance trade-o found in FQI: increasingeduces truncation bias\V )
but ampli es the accumulated statistical error. To preserve the optimal convergence

rate of$ile p#_)0 , these errors must be balanced, dictating the logarithmic growth rule

Ini#)°
211 We

Managerial insight. The bound quanti es the economic value of data. PHE
convergence rate assures managers that the algorithm is data-e cient. It provides a guarantee
that the system will not get stuck in suboptimal strategies but will improve as the o ine
data grows. Furthermore, the dependence& bighlights a strategic choice in model design.
While including more features (increasif3yallows for capturing richer market dynamics
(e.g., seasonality, competitor prices), it requires proportionally more data to learn e ectively.
Managers must balance the desire for a highly granular model against the availability of
historical data to support it. Finally, in Appendix A.7.2, we further discuss the regret
bound in Theorem 1, showing how it reduces in the independent-demand regime and how it

compares to related results in the inventory literature under full observability.

Layer 2: Relaxing Su cient Coverage. We now relax Assumption 3, which means that
= j = _1. In other words, under the optimal policy, the system can experience a longer
seqguence of consecutive censoring events than under the behavior policy. As aresult,
belongs to the larger policy class, where - -(i.,ec 8 =-_,). Essentially, this
relaxation introduces a part of the optimal policy's behavior that cannot be identi ed from the
o ine data. In our regret analysi§2), this is captured by the eve@f! —= _;°, which now

has a non-zero probability of occurring unaer Therefore, the full regret decomposition
no longer simpli es to Equatiod) and terms (i) and (ii) must be analyzed separately. As a

result, under this relaxation, we have a new, irreducible error term corresponding to term (i)

of the decomposition that is not present in the ideal setting. Speci cally,
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Corollary 1 (Regret under Relaxed Coverage)Suppose all assumptions from Theorem 1
hold, except Assumption 3 (Su cient Coverage). Let Assumption 14 (stated below) hold and
= d 8- e Then for anyn 2 10-1&ndY 2 10-18uchthal !=_; ,3°n,Y Y 1, the

following regret bound holds with probability atleast1 2=_; ,3°n,Y :

max!Regret'd °— Regretle®° . EI statt#)—3° P Cl —=_;° | Ifcovl}{—: _10} -
z z

upper bound of term (i) upper bound of term (ii)

whereEgit#)— 3° is the term from the ideal setting in Theorem 1, &Qdt —= _1°is the

unidenti able regret: Eco,t —=_1°:=1 = _;,1°11 U ,_f71 zl—mv\‘;x .

The proof of Corollary 1 is given in Appendix A.10. Compared to the ideal bound in
Theorem 1, the regret now consists of two distinct components, which directly correspond
to the term (i) (learnable part) and term (ii) (unidenti able part) from the general regret
decomposition in Equatio(®2). In particular, the new componerig,* —=_1°, is the
bound on term (ii) of the regret decomposition. It captures the regret arising from the
unidenti able component of the optimal policy's behavior. Because the o ine data
contains no trajectories with more than; consecutive censorings, we cannot learn how

to act in these scenarios, making it impossible to minimize this term. Our approach,
therefore, is to establish an upper bound on its magnitude. This requires a mild regularity
assumption on how the optimal policy behaves in response to repeated censoring. Let
Us—o=Pr‘t c1=1j c= = ¢ 9.1 = 0°be the probability of becoming uncensored

after 9 consecutive censorings.
Assumption 14 We assume.Ugis hon-decreasingin 9.

Assumption 14 is based on the notion that repeated censoring may lead consumers to seek
alternative stores, ultimately reducing long-term demand. Therefore, the optimal policy
prevents consecutive censoring to a certain extent to strike an optimal balance between

inventory and stockout costs.
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Under this assumption as detailed in Appendix A.8, we can bound term (ii) by
Ecovt —=_1° This bound reveals a crucial trade-o : it decreases exponentially as
= _; increases, meaning richer o ine data that explores longer censoring sequences rapidly
shrinks this unlearnable component. However, the bound increases linearly as the analysis
horizon, , grows. This is because a largersimply expands the window of opportunity
for the optimal policyc to exhibit its unobserved behavior (a censoring sequercer),
thereby increasing the probability of the unlearnable eveat-C= _;°.

The rst componentEgf#)—3° P C! —=_,°, corresponds to term (i) from the
regret decomposition. It represents the regret on the trajectories that are supported by the
o ine data within rst  horizon. This implies that we can still leverage the error bound
Esiadt#)— 3° from Theorem 1. In particular, the conditioning ev€rit — = _;° guarantees
that for the rst time steps, the optimal policy's behavior is indistinguishable from a
learnable policy within our supported class _, . Therefore, we propose to approximate the
in nite-horizon value ofc with the value of the learnable poli@. _, . This approximation
is valid because for a su ciently large , the discount facton\:! makes the rewards from
the distant, unidenti able future (where enight enter states 8 j =) negligible.

In summary, under relaxed coverage, the total regret decomposes into: (i) a learnable
componentEg,t#)— 3° improved by more and better data; and (ii) an unidenti able
componenEcyy, that falls exponentially isr _; but grows linearly with . We set  In1#)°
as in the ideal setting to ensure the learnable component (term (i)) converges to zero as data
size increases. Although this choice increases the upper bound on the unidenti able regret

(term (ii)), the rate is only logarithmical and thus incremental.

Layer 3: Relaxing Termination Action Domain Validity (TAD). We now relax As-
sumption 5. Recall that this assumption addresses a subtle mismatch: during our iterative
algorithms, intermediate policies select actions that are greedy over the entire action space

A . However, the optimal policg._, selects from the restricted feasible &##=-1" the
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set of actions that guarantee termination of censoring. BeddBSe*’ is unknown in
the o ine setting, an intermediate policy's greedy action may lie outside this feasible set.
Therefore, when this assumption fails, the accumulated loss from these infeasible actions

emerges in the regret bound, which are quanti ed as a Termination Action Penalty (TAP).

Corollary 2 (Regret under Relaxed TAD) Suppose all assumptions from Theorem 1 hold,
except Assumption 5 and let= d 2'2‘—1#V)V,e. Then for anyn 2 10-1andY 2 0-1%uch
that2 1=_; . 3°n .Y Y 1, the following regret bound holds with probability at least

12 1= .3nY:

max!Regret'® °— Regret'e® . E g5*#)—3° , ,max TAP® °-TAPle®° -

h 7 [
= - 10 1045: 10 I 190 100
whereTAP1co := L0 E o e E° TADCL *°— %0 ougl» 19°= 0 1»10° = 1Y4—
and the de nition of TAD for C-FQI and PC-FQI can be found in De nition 14-(ii) and -(iii)

of the Appendix, respectively.

The proof of Corollary 2is givenin Appendix A.11. Inthis bou§, denotes the generalized

discounted visitation measure undeand is the random variable whose characterizations are

given in De nitions 20 and 22 of Appendix, respectively and® =1, '°— *0°_ *°o
Managerial insight. TAP captures the operational cost of allowing the learning algorithm

to take actions that fail to resolve consecutive stockouts even when a feasible resolution

exists. This corresponds to unsafe exploration: temporary policies that increase stockouts

to gather information, which is risky in practice. When Assumption 5 faks? precisely

guanti es the resulting performance loss.

Layer 4. Relaxing Boundary Action Alignment. We now relax Assumption 6. This
assumption concerns the behavior of deploying the learned policy produced by our algorithms
speci cally at the boundary of the data-supported censoring depth. When the system reaches

=_; consecutive censoring periods (i8.7 =_1), the optimal policy selects the action that
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maximizes the trué& function over the unknowrJP=-1°, ensuring the end of censoring
streak. To guarantee termination of censoring in the testing environment, the algorithm
applies a conservative safeguard actlan, 2 UP~-1°. However, even thougBmay is
feasible, it may not maximize the learn&dunctions &="or& =", This creates the
Boundary Action Discrepancy (AD). Assumption 6 was imposed speci cally to eliminate
this source of mismatch. If this assumption fails, the resulting discrepancy appears in the

regret bound as Boundary Action Penalty (BAP).

Corollary 3 (Regret under Relaxed AD) Suppose all assumptions from Theorem 1 hold,
except Assumption 6 and let d 2'2‘—1#V)V,e. Then for anyn 2 10-1andY 2 0-1%uch
that2 1=_; . 3°n .Y Y 1, the following regret bound holds with probability at least
12 1=_.3n,Y:

max'Regret'd °— Regretle®® . E gaf'#)—3° , max!BAP%b °-BAPle °°—

5

whereBAPc® := %E togc ADC "°0]» ==_;Y%-and the de nition of AD for

C-FQI and PC-FQI can be found in De nition 13-(i) and -(ii) of the Appendix, respectively.

The proof of Corollary 3 is given in Appendix A.12. Speci cally, as indicated by the term
I» = =_1%this penalty is only incurred at the speci c moment the censoring streak
hits the maximum supported depth 1. BAP thus isolates the cost of enforcing a safe but
suboptimal actio®,ax precisely at the boundary where the algorithm's knowledge ends.
Intuitively, AD quanti es the loss incurred when the emergency action taken at eeqtlis

not the pro t-maximizing one, even though it is operationally safe.

Managerial insight. AD captures the performance loss arising from an overly conserva-
tive but corrective action at the censoring boundary. Operationally, this re ects situations
where the rm takes a safe action that guarantees uncensored next period but may not be
pro t-maximizing under current conditions. When Assumption 6 faBg\P quanti es

exactly how much pro tis sacri ced due to such misaligned boundary responses.
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Summary: The General Regret Bound. We conclude our theoretical analysis by synthe-
sizing the relaxations from Layers 2 through 5. We note that the discussion on the relaxation
of Layer 5 is given in Appendix A.4. At a high level, Layer 5 shows that moving from the
linear models to RKHS setting preserves the almost the same regret decomposition, with
the statistical term, denoted Eétatin this setting, now governed by the kernel's e ective
dimension3 rather than a xed dimensio8. The exact characterization 8f is provided in

De nition 4 of Appendix A.15. By combining the generalized structural capacity of RKHS
(Layer 5), the implications of insu cient censoring coverage (Layer 2), and the potential
alignment discrepancies in intermediate and boundary actions (Layers 3 and 4), we arrive at

the most general regret bound for our Algorithms.

Theorem 2 Suppose that Assumptions 1, 8-14 hold and the Linear MDP, Su cient Coverage,
TAD, and AD assumptions are relaxed witk d 2'[‘—1#\,)7,& Then for anyn 2 10-1%and
Y 2 10-18uchthaR 1=_; ,3°n Y Y 1, the following regret bound holds with probability

atleastl 2 1=_1,3°n.,Y :

max'Regretld °— Regretle@® . Pr ° 1C? E:_1°° Fstaﬁ#{f)—s 0}
z z
Learnability Probability “Statistical & Structural Error
,rPaxlTApldn °_TAPig maxlBAP{lcb °_BAP1g °°
z

Alignment Discrepancy

., Ecot == 1° - (5)
I {z 1}
Unidenti able Regret
where
S S
Estatt#)—3 ° := maxt3 3 loglen°® —COV—q 3 3 ,logtlen°® 1.3, sLYOL#)O X |y e
Sta B d#) 5 d #) 5 B )

The proof of Theorem 2 is given in Appendix A.14. Equat{®)serves as the master regret
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for the proposed Algorithms. Observe that there is a slight di erence in the structure of the
leading statistical terrEs; compared to the one in idealized settifig,. This comes from

the change of dimensia®with e ective dimension of kerneB and slight change in the
regret bound of C-FQI for this generalized setting. Overall, this bound demonstrates that
minimizing regret is not solely a problem of gathering more sampigs (but a structural
balancing act. It tells the rm that success depends on three pillars: (1) Data Quantity
& Coverage (driving dowrEsi;andEcqy), (2) Model Fit (choosing the kernel/features to
manage3 ), and (3) Operational Consistency (ensuring the algorithm’'s recommended safety
actions during stockouts align with pro t maximization and minimizing BAP). Neglecting
any single pillar, for example, ignoring the unobservable long-term stockout risksEhigh
willimpose a hard oor on the achievable performance. Moreover, the bound's structural
terms Unidenti able Regret ( Ecoy) and Alignment Penalties TAP—BAR quantify the
irreducible cost of dependent and censored demand and do not necessarily vanish with

sample size.

2.6 Numerical Results

In this section, we present results from numerical experiments that validate the e ectiveness
of the proposed algorithms. We report the main ndings in the body of the paper and defer
technical details to the appendix. Speci cally, the Appendix A.6 provides the de nitions of
the state and action variables that characterize the environment, the procedure for generating
the o ine dataset with censored observations, and additional implementation details.

We consider two scenarios with two di erent behavior policies to generate o ine dataset.
In particular, we use a uniform behavior policy,, over the action space in the rst scenario
while, in the second scenario, we employas the behavior policy, where we approximate
¢ by numerically solving the specialized Bellman optimality equations (Es(5))
via Monte Carlo method, where the expectations in the dynamic programming recursion

are approximated using large-sample averages generated directly from the simulation
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environment. For comparison, we considerand the oracle policyc ., given in
Equation(4). To approximate the oracle policy, we implement an online RL algorithm
known as Proximal Policy Optimization (PPO) (Schulman et al. 2017) in the environment
where demand is observable throughout the entire horizon.

The Figures 2a and 2b illustrate the performance of our algorithms under uniform and
optimal behavior policies, respectively. These results clearly demonstrate that our proposed
algorithms' performance converges to that of the optimal policy as the sample size increases.
Additionally, the gures reveal an important insight: there is a cost associated with censoring,
evident in the gap between the performance of the oracle and the optimal one. This indicates
that censoring diminishes the potential to achieve higher rewards, as anticipated.

In the rst simulation, where the behavior policy is uniform, C-FQI outperforms PC-FQI
as depicted in Figure 2a. This is consistent with both theoretical expectations and our
algorithmic design. When the data distribution diverges from that induced by the optimal
policy, su cient exploration is necessary to achieve higher performance a task that C-FQI
accomplishes e ectively. Notably, C-FQI tends to explore more as it does not incurs penalties
for exploration, whereas PC-FQI discourages exploration by penalizing both states and
actions that are infrequent in the training data using the uncertainty quanti er. The fusion
of these two algorithms performs comparably to C-FQI. Initially, it adopts a pessimistic
approach and refrains from extensive exploration during the rst four iterations when the
uncertainty is high. However, after the fourth iteration, it begins to explore more, allowing it
to catch up with C-FQI.

In the second simulation, where the behavior policy is near optimal, we observe the
opposite case: PC-FQI outperforms C-FQI as shown in Figure 2b. This outcome also aligns
with theoretical expectations and the structure of proposed algorithms. Since the o ine data
distribution matches the optimal policy, avoiding infrequent states and actions in the o ine
data is crucial for better performance, which PC-FQI achieves e ectively. In contrast, C-FQI

encourages exploration, which can lead to divergence from the optimal policy distribution
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and, consequently, worse performance. Finally, the fusion of these two algorithms performs

similarly to C-FQI, as it explores more than PC-FQI but not as extensively as C-FQI.

(a) (b)

Figure 2: Convergence of the proposed algorithms to the optimal policy as the sample size increases: (a)
Results under a uniform behavior policy; (b) Results under the optimal behavior policy. The error bars represent
0.95 con dence intervals.

2.7 Conclusion

In this paper, we study an o ine sequential feature-based pricing and inventory control
problem in which current demand depends on past demand levels and any demand exceeding
available inventory is censored. Using an o ine dataset of past prices, ordering quantities,
inventory levels, covariates, and censored sales, our goal is to learn an optimal joint pricing
and ordering policy that maximizes long-run pro t. The central di culty is that demand
censoring creates missing pro t information and breaks the Markov property in the observed
state, leading to a non-stationary optimal policy under the observed process. To address
this, we show the observed dynamics admit a high-order Markov structure indexed by the
length of consecutive censoring and characterize the optimal policy via specialized Bellman
equations that explicitly account for consecutive censoring. Building on this foundation,

we propose two novel algorithms C-FQI and its uncertainty-aware counterpart, PC-FQI
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that synthesizes the developed modeling framework with o ine reinforcement learning and
survival analysis to e ectively estimate optimal policy from historical data. We further
provide nite-sample regret guarantees, decomposing the performance gap into interpretable
components.

To conclude, we highlight several avenues for future research. Our current focus is on a
single agent; however, supply chains typically involve multiple echelons where decisions
interact signi cantly. Investigating competition and cooperation among echelons under
incomplete information presents a valuable area for exploration. Additionally, our model
assumes simultaneous pricing and ordering at the start of each period. In reality, rms
often adjust prices dynamically after observing initial demand signals a strategy known
as responsive pricing. Incorporating responsive pricing into our framework represents an
intriguing direction, o ering deeper insights into how rms can adapt strategies intra-period

to further optimize performance.

3 Essay 2: Boosting In-Context Learning in LLMs Through

the Lens of Classical Supervised Learning

3.1 Summary

In-Context Learning (ICL) allows Large Language Models (LLMs) to adapt to new tasks
with just a few examples, but their predictions often su er from systematic biases, leading to
unstable performance in classi cation. While calibration techniques are proposed to mitigate
these biases, we show that, in the logit space, many of these methods are equivalent to merely
shifting the LLM's decision boundary without having the ability to alter its orientation. This
proves inadequate when biases cause the LLM to be severely misdirected. To address these
limitations and provide a unifying framework, we propose Supervised Calibration (SC), a

loss-minimization-based framework, which learns an optimal, per-class a ne transformation
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of the LLMSs' predictive probabilities in the logit space without requiring external data
beyond the context. By using a more expressive functional class, SC not only subsumes
many existing calibration methods in ICL as special cases but also enables the ability to alter
and even completely reverse the orientation of the LLM's decision boundary. Furthermore,
SC's loss-based nature facilitates the seamless integration of two purpose-built regularization
techniques context-invariance and directional trust-region regularizers. The former is
designed to tackle the instability issue in ICL, while the latter is designed to control the
degree of calibration. Finally, we evaluate SC on a diverse suite of benchmarks, across

multiple LLMs, and in comparison to existing calibration methods.

3.2 Introduction

Stateof-the-art LLMs exhibit a striking ircontext learning (ICL) capability: with only a
handful of input label exemplars, they generalize to unseen queries almost as if they had been
ne -tuned, thus functioning as highly samyecient few -shot learners (Brown et al. 2020,
Liu et al. 2021). However, a growing body of evidence shows that ICL performance can be
brittle with respect to seemingly innocent design choices such as template wording (Min
et al. 2022, Voronov et al. 2024) and the particular demonstrations given (Qin et al. 2024).
These biases and sensitivities of ICL pose a practical barrier to developing applications that
are both adaptable and robust. Motivated by this, extensive research has been conducted to
develop calibration approaches to address such a challenge for classi cation problems in
ICL. The majority of calibration methods fall under label-marginal-based calibration (LM).
These methods rst estimate the LLM's probability for each label given the context alone
via various approaches. They then discount the predictive probabilities of the LLM for the
labels that are over-represented and boost those that are under-represented. See a detailed
discussion in the later sections.

Despite the empirical success of these methods, their ability to correct the predictive

probabilities of the LLM via its internal estimated prior is limited. Speci cally, we show in
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Figure 3: Comparison of ICL prediction strategies, where the x-axis represents the LLM's raw logits (log-odds).
(a) Base LLM (accuracy: 30%): The model predicts class 1 whbgit j O . (b) Label Marginal Calibration
(accuracy: 50%): These methods only shift the decision boundary, limiting correction when the base LLM
is systematically wrong. (c) Supervised Calibration (accuracy: 80%): SC can shift and ip the decision
boundary of the base LLM, resulting in a signi cant improvement.
Section 3.4.6 that the underlying idea of these methods is equivalent to optimally shifting
the decision threshold of the base LLM. Hence, they are inherently incapable of altering or
reversing the orientation of the decision boundary. This becomes problematic when the base
LLM performs poorly. To further illustrate this limitation, consider a binary classi cation
problem in Figure 3 (a), where the base LLM only achie88% accuracy. Since LM
methods can only shift the decision threshold, their maximum improvement over the base
LLM is capped, only achieving the level of random guessing as seen in Figure 3 (b). One
may expect that such an issue becomes more common and severe in multiclass classi cation,
where distinguishing among a larger number of labels is inherently more di cult. For
instance, on the SST-5 dataset, the average accuracy across three representative LLMs is only
22%, highlighting the severity of this challenge. This limitation motivates the need for a
more principled calibration framework that is capable of correcting severely misaligned LLM
predictions when necessary (e.g., by reversing the decision direction), and that subsumes
existing methods as special cases while remaining both theoretically grounded and practically
robust.

To achieve this goal, we introduce Supervised Calibration (SC), which is motivated

by conceptualizing existing approaches as learning a calibrated classi er: they take the

LLM's logits as input features and subsequently optimize a bias term to shift these logits.
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However, this shift only corresponds to moving the LLM's decision boundary to maximize
the predictive accuracy illustrated in Figure 3 (b). Therefore, to enable more comprehensive
adjustments, speci cally the ability to alter or reverse the orientation of the LLM's decision
boundary the proposed SC leverages the paradigm of loss-function-based classi cation and
optimizes both the bias and the scaling factor jointly. Our approach begins by generating
a surrogate dataset, removing the need for an external dataset beyond the given context.
From this surrogate data, we extract features in the form of logits derived from the base
LLM's output probabilities. Then we employ these features, paired with their corresponding
true labels to train a standard classi er, which learns not only an optimal bias term but
also an optimal rescaling factor. Critically, the concurrent optimization of this rescaling
factor empowers our approach to reverse the LLM's decision boundary when advantageous
(as illustrated in Figure 3 (c)). Moreover, the loss-minimization framework underpinning
SC inherently supports the integration of regularization techniques designed to address the
common problems in ICL and calibration. In this context, we propose a novel context-
invariance regularizer for addressing the instability issue in ICL and a directional trust-region
regularizer for controlling the degree of calibration. From a statistical viewpoint, these
characteristics allow SC to pursue a balance with respect to the bias variance trade-o .
While SC's exibility targets a reduction in approximation error over LM methods, its
regularization components actively constrain variance, which is an essential consideration
within the data-scarce ICL paradigm. Collectively, SC delivers an adaptable, stable,
and theoretically grounded framework that improves LLMSs' classi cation quality in few-
shot settings, potentially improving robustness across prompts and datasets as a result.
Experimental results demonstrate that SC consistently outperforms existing calibration
methods across a broad range of tasks, signi cantly enhancing the predictive performance of
three distinct LLMs evaluated on nine inference datasets. For example, the performance
of SC is striking on the SST-5 dataset with the Qwen model (8-shot setting), where it

signi cantly outperforms baseline methods with accuracy rising from 25% (baselines) to
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44%. This notable boost is directly attributable to its learned negative scaling factor which
re-orients the base LLM decision boundary in this multiclass classi cation task. See Figure
6 for more details.

Our main contributions are summarized as follows: Firstly, we propose Supervised
Calibration, which adopts a loss minimization framework from classical supervised learning
and calibrates ICL via learning optimal bias and scaling factors, enabling not only shifting but
also altering the orientation of the base LLM decision boundary; Secondly, we integrate the
context-invariance and directional trust-region regularizers into SC, enhancing the stability
of ICL and controlling the degree of the calibration, respectively; Thirdly, we provide a
theoretical intuition behind SC and its generalization over the LM methods; Lastly, we
conduct extensive empirical studies to demonstrate the state-of-the-art performance of SC

compared with several existing baselifes.

3.3 Related Work

Diagnosing biases and calibration via Label Marginal. A seminal study by Zhao

et al. (2021) identi ed primary in-context learning (ICL) biases including majority-label,
recency, and common-token bias and introduced Contextual Calibration (CC), which
adjusts probabilities by normalizing against content-free prompts. Subsequently, observing
that competition for probability mass degrades performance, Holtzman et al. (2022) proposed
DCPMI to recalibrate logits. Recent work has uncovered further ICL instabilities, such as
feature and positional biases, with each diagnosis often paired with a lightweight calibration
strategy (Si et al. 2023, Wang et al. 2023, Pezeshkpour and Hruschka 2023). For instance,
Domain-Context Calibration (DC) corrects predictions by averaging over random in-
domain strings (Fei et al. 2023), while the more recent Batch Calibration (BC) uses
unlabeled mini-batches to adjust each prediction (Zhou et al. 2023). Although these methods

show empirical improvements, they can fail when the base LLM is substantially misaligned

2 Code for reproducibility: https:/github.com/gundemkorel/ICL
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with the downstream task, as they cannot alter the model's decision direction. This limitation
motivates the exploration of calibration frameworks with greater exibility.

Calibration via centroids. A parallel line of work mitigates in-context biases by
replacing the standard decision rule with centroid-based classi cation. Han et al. (2022)
proposed Prototypical Calibration, which models output probability vectors using Gaussian
mixtures and assigns labels based on cluster likelihood, improving robustness to prompt
variation and class imbalance. Similarly, Cho et al. (2024) introduced Hidden Calibration,
which operates in the model's latent space by computing class centroids over hidden states
and classifying based on proximity. Although these methods show empirical performance
gains, they rely on additional data beyond the in-context examples, which may not always be

available or compatible with the ICL setting.

3.4 Supervised Calibration

In this section, we present our approach for boosting ICL performance.

3.4.1 Background

Consider are<lass classi cation task with label verbaliser et= fHp—*++—H gand
guery spaceX. In few-shot in-context learning (ICL), the context is constructed by
concatenating input label exemplars G8- Ff® formatted via a template functignsuch
that . = Concatl) G- H™—eee )15 H’00 Then, given the context of-shots and a

testing query G 2 X, the LLM predicts a label by computing
M2 argHma%uM 1H ] G— 0.
2y

While ICL o ers an appealing alternative to gradient-based ne-tuning by allowing LLMs to
adapt to new tasks with only a handful of in-prompt demonstrations, the resulting posterior

distribution% v *H j G- ° is often distorted by some systematic biases. Such biases
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inherent in ICL often stem from context examples, their order, formatting, or verbalizer
choices, which maké&g vy tH j G- ° signi cantly diverge from ground-truth posterior

% tHjG°Therefore, the objective of calibration is to re ne the LLM's predictive probabilities
%.mt ] G—.°toalign with %'HjGP°.

Existing approaches are mainly focused on correcting the prior distribution over labels
via estimating the LLM's internal prior given the context. Despite their successes, one
can show that these approaches boil down to mestalfging the LLM's decision boundary
lacking the ability to alter the orientation of the LLM's decision boundary. This limitation
turns out to be essential especially in multi-class classi cation, where an LLM can easily
make persistent mistakes. See Figure 3. Therefore, to further reduce the biases and align
with % 1H j Gt such cases of substantial misorientation, we develop a more principled

calibration called Supervised Calibration, introduced below.

3.4.2 Our proposal

To begin with, we assume the context example$G®=- F®,_, 495 . Due to the
aforementioned biases, the LLM's posterfaii v tH j G— °© can deviate notably from the
truth % tH j G°In particular, we measure their deviation using the Kullback Leibler (KL)

divergence de ned as
Ecow kL %! jG°k%Pm! jG-.° -

i o . _
where k. % k& = oy %tH® Iog%':,for some probability measurégsand&. Let ~be
the probability simplex oveY . Then, to correct for this, we seek a vector-valued calibration

function5 : ! = chosen from a prescribed class such that when applied to the
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vector of LLM's predictive probabilities, it minimizes the KL-divergence, i.e.,

5 :arggnzi'QEG%HGO kL 81 jGOK 51%mt jG—.°°

=argmin E sg_ne ¢ 109" 3¢ %M * JG—.* — (1)

where Ris the K -coordinate projection of 5. Note that as long as F contains the identity
map, applying 5enhances the delity of fpom .

To nd 5, we highlight two key challenges. Firstly, since our method is post-hoc,
choosing an e ectivéd- operating solely on the base LLM predictive probabilities is essential.
Secondly, there is no external data sampled fé6nto approximate the objective function in

Equation (1).

3.4.3 A ne-logit approximation and leave-subset-out strategy

To select an appropriate function cldss we only need to consides de ned over the
log-odds of the predictive probabilities against a reference group (class 0 in this paper), since

the logistic function is bijective. Speci cally, denote the logits given by the base LLM as

%umH=2)G=° 77

miG; .°= <51G; %, lo : .
' 2 ' g %mH=0]G=° 5,

Then, instead, we aim to choose the transformed function Elass 5 : R 1 | = for

calibration. To facilitate this, notice that

.o 981G j Ho®%HO
o%1H j GO = FiGe

, % 1miH jG-° 1G-H-°- (3)

: %1G j HO 9§ 1HO
/%LLMlHjG—;O J -
%im*G | H=° % m'H] .°

(2)
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which implies that

%1Gj2°%m*Gj0-° 96 12°%m 10 .°
191G0 = 51G; .0 | . | . — (4
207 =216 7. 190 riGiorem G20 %Y giooopyi2) o
| z TS B }
Class Conditional Shift Labfl Marginal Shift
V4

logt 1G—2— % 1G—0—. ©

where! $1G° = log1%42jG°%40jG°%s the true logit for clasg. Thus, the primary challenge
of choosind- lies in approximating the unknown correctiontdog ! 1G—2—. ¢ 1G—0-. °°.
Since we only have access to the LLM's output logitsG; - ©, we propose to approximate
fl %1609211 via an a ne transformation of< 71G; . 0%':11. In particular, our working model

! 216;)320 is
!21G;):20:F:2<21G; :031:2_ 2=1—eee_= 11— (5)

where) ; = 11,—F,° are calibration parameters associated with cZensd the context size
.. This a ne structure directly targets the two primary sources of discrepancies between true
and LLM logits: class-conditional shift and label marginal shift as illustrated in Equédion
Speci cally, by rearranging EquatidB) as! »1G; %,° = <,1G; . %, »1F; 1°< ,1G; .° 1%
we see that the teriaf; 1°< ,'G; .°, 1 serves as our learned approximation to the true
correction termog?*® *G—2—.% 1G-0-.°, Within this learned correction, the intercept
1; primarily addresses the query-independent "Label Marginal Shift" component from
Equation(4), compensating for discrepancies in label priors. The query-dependent term
1F; 1°9< ,1G; . °targets the "Class Conditional Shift" by allowing the slépgto rescale
the LLM's original logit <,1G; .°.

FurthermoreF ;> enables the reorientation of the LLM's decision boundary. For instance,
a negativeF; inverts the LLM's initial assessment for a class relative to the reference,
e ectively correcting its predictive direction as illustrated in Figure 3 (c). This is a vital

capability that methods that merely learning a bias (i.e., x#g= 1) lack. As detailed
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in Section 3.4.6, our framework not only uni es but also generalizes several recent ICL
calibration techniques. Finally, it naturally encompasses the base LLM's original predictions

as a special case wheg £ 0 and F, = 1 for all 2.

Algorithm 2: Surrogate Data Generation for Calibration

In terms of learning the parameters, if an external calibration dafteGé-— H g 2%

is provided, we rst compute the LLM's logits1?G°®® .° for eachG®" Then based on

Equation (1), we estimate the parameters by minimizing the negative log-likelihood, i.e.,

Bo;
log §4s-tm1G%% .0:) og— (6)

f\: = argmirfL . 1) o
) 9=1

where ) =f) g1 and 5:miG% .o;)i0= 1f2ii9:'egfll”ei;‘f;l{;)t;f"g.

This optimization problem is equivalent to standard multi-class logistic regression using
the model logits<, as input features. However, there is no external calibration dataset
available beyond .. Therefore, we propose generating surrogate training data directly from
the demonstration context via a leave-subset-out strategy. Speci cally, we rst select
a context siz8such thaB Y .. We then construct the surrogate training datdgasing
Algorithm 2, as illustrated in Figure 4. Finally, we estimate calibration param,ﬁ%enia

minimizing LgunderTg Note that this method can be applied across multiple context&izes

enabling ensemble extensions é‘f}@z to construct a nal estimator for calibration.
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Figure 4: lllustration of surrogate data generation for 4 and8 = 2 depicting two distinct instantiations of

the context » 4, as described in Algorithm 2. Each conte>§ and 21 (shown in blue) is constructed

from di erent orderings of two examples. The remaining examplgss 4n > (shown in red) are passed to
the LLM using each context, and the resulting logitsG; ,° are paired with their known labels to produce
calibration data. Aggregating across such variations enables context-diverse surrogate training.

3.4.4 Context invariance and directional trust-region

In the following subsection, we x the context si8e2 and introduce some enhancement to

the proposed method. Note that our surrogate data generation process exposes a well-known
limitation of ICL: its sensitivity to the composition and ordering of the context. Speci cally,

a single query paitG— H% evaluated using multiple di erent sub-contextg yielding
potentially di erent logitsmG; ¢ and label prediction for the same ground-truth label

H In essence, an e ective calibration method should mitigate this sensitivity, leading to
more stable predictions. This motivates incorporating a mechanism to encourage context
invariance in the calibrated predictions. To achieve this, we propose augmenting the standard
MLE objective (Eq.(6)) with a context-invariance regularization term. Speci cally, IP;PO

and glo be any two distinct contexts of si8glrawn from . for evaluating the same query

1G- Hf the surrogate data. We aim for the calibrated distributitta:G 9% [°°;)®

and fm:G*° ;100; )& to be similar. To enforce this similarity, we utilize the symmetric
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cross-entropy between these two calibrated distributions as a regularizer de ned as
!l sym?) 8—G—;OO— ;100 =H f1m1619°; ;000;)90_ flml(‘,\‘?"; ;100;)8) _

whereH1%—-&° , ;:1010/(2 log &2, & 2log %°. This loss term measures the divergence
between the two distributions induced by di erent contexts, penalizing di erences in both
directions. Then the overall context-invariance penalty is de ned by averdgipgover all
possible pairs of contexts associated with each G.
O O
InvPenalty?)® = L oymt) B G0 — gHoe (7)

G 100 110
fg—g0

The full expression of InvPenalty is given in Equation (3) of the Section B.4.

In addition to enforcing context-invariance, a well-established calibration approach
should also take into account the di erent scenarios induced by the base LLM's reliability
and the size of the context. In particular, strong base LLMs warrant minimal adjustment,
while weak ones require more aggressive correction yet limited examples can mislead both
cases, risking over tting or under-correction.

To balance it, we regularize the calibration by introducing a directional trust-region that
restricts parameter updates to remain aligned with the base LLM's logits. Speci cally, we
constrain the average cosine similarity between each parameter ygctor8— %% and

the identity direction E = »0-=1M¢hich corresponds to the base LLM via

1 éllgo>E

=1 2=1 k)gk2

g_

wherek k refers to the ,-norm andg 2 »0- 1liodulates the trust: larggencourages
minor scaling adjustments (exploitation), while smaller values permit broader corrections
(exploration). This mirrors trust-region principles in policy optimization (e.g., TRPO

(Schulman et al. 2015)), adapting model updates based on the con dence in prior predictions.
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3.4.5 Full algorithm

The nal optimization combines this trust constraint with the likelihood loss and a context-

invariance regularizer:

0
min log 514-tm"";) ® i InvPenaltyt)fe
)T ame_ponm
1 él 1 80>E
st. - 2 g- (8)
- 2=1 k)2k2

where i i 0 is a hyperparameter controlling the strength of the context-invariance
penalty. To solve this optimization problem, we used SciByst-constr  algorithm,
a trust-region method designed for constrained optimization. This optimization can be
carried out independently for eaB2 , f1- —: 1g, resulting in a set of calibration
modelsf f‘8%2 , each specialized for a particular context length. Additionally, at inference,
any sub-context gcan be used to extract logits for a given s&&his paves the way for a
two-level ensembling strategy to enhance robustness by aggregating predictions across both
multiple context lengths and diverse sub-context samples.

Speci cally, we train multiple a ne-logit modeld f‘8%2 using training sets with di erent
sizes of the context. Then, at inference time, given a test qiggywe rst draw f ggoggz,ws
from . for every8 2 , where andM gare user-de ned index sets with cardinaliti®$ g
andj j. Then we perform intra-size and inter-size ensembling by averaging the calibrated
predictions ovef égoggzMS and across all context siz8s2 , and output the predictive

probability of SC for Gstas

10 1 0 .
Bsc!Gesl = — _— f MIGes; ggo;j\ ¢ 9)
92Mg
The nal predicted label isfbc 2 arg max, oy Msc¥e Overall, this ensembling procedure

approximates marginalization over plausible sub-contexts and lengths, signi cantly improving
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calibration stability and accuracy. The full algorithm of SC is summarized in Table 3.

Algorithm 3: SC (Full Procedure)

3.4.6 Connections to prior work and theoretical insight

In this section, we show the connection of the proposed SC with the existing LM methods and
provide a principled approach to theoretically understand these methods from the perspective

of supervised learning. Speci cally, LM methods rely on one core assumption.

Assumption 15 The correction term *G—H2/ Wlmo
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Under Assumption 15, by a similar derivation in Section 3.4.3, we can show that LM methods

are equivalent to assuming
151G = 1G; .0, ot .o 2=1—9eee—= 1- (10)

where 21 .° = log»% m12) %% m10j .°% Therefore, they focus on optimally
shifting the decision threshold of the base LLM by estimafiagy Hj - ©, which thus gives
an estimator for > .°. We summarize the existing approaches of estimang, *1Hj - °
in Table 7 of Section B.4. However, Assumption 15 can be easily violated in practice,
causing model misspeci cation error.

Instead of imposing Assumption 15, we propose to understand existing LM methods
from the perspective of function approximation in supervised learning. In this case, LM
methods basically assume a working mod€l). In contrast, the proposed SC considers a

strictly larger working model:
121G; 10 = F5<01G; .02, 15— 2=1—ece—= 1o

This o ers a principled framework to compare SC with LM methods and indeed shows that
SC generalizes existing LM methods.

Furthermore, within this framework, we analyze these methods via statistical learning
theory. Consider a datas&t= f1G'9- FP?g}_, of size#, and denote bys := 5 the
solution minimizingL. ) ‘° underT . LetR denote the Bayes risk amft 5 °the 0-1 risk
of 5. Then, under standard regularity conditions, the excess risk of SC satis es, with high
probability:

r

P 21= 10
ng‘o R_. K|_10/8:k50 10/& k%oh *
Lz ) ¢ #)

excess risk approximation error

(11)

The decomposition leads to the following theoretical insights. Firstly, thanks to the strictly
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larger working model, SC attains an approximation error that is guaranteed to be no worse
than that of LM methods. Secondly, SC estimalés 1° parameters one slope and

one intercept per non-reference class while LM methods estimate enly parameters.

This leads to a factor of 2 increase in estimation error, which scales with the number of
parameter8 asO*3° This gives LM methods an advantage. However, SC incorporates
several variance mitigation strategies to actively control estimation error: (i) diverse training
instances generated via Algorithm 2; (ii) explicit regularization through the directional
trust-region constraint and context invariance penalty; and (iii) ensembling procedure in
Algorithm 3. These components work in concert to reduce variance and stabilize learning,

enabling the model to fully leverage its lower approximation error.

3.5 Experiments and Main Results

In this section, we validate the e ectiveness of SC by evaluating its classi cation performance
across three LLMs and nine benchmark datasets. SC consistently outperforms all baseline
calibration methods across various settings, establishing a new state-of-the-art in ICL for

classi cation.

3.5.1 Experimental Setup

Datasets. We evaluate our method on nine text classi cation benchmarks covering sentiment,
topic, and social media analysis: SST-2, SST-5 (Socher et al. 2013), AGNews (Zhang et al.
2015), SUBJ (Wang and Manning 2012), TREC (Li and Roth 2002), Rotten Tomatoes (Pang
and Lee 2005), TweetEval-Emotion (Mohammad et al. 2018), TweetEval-Hate (Basile et al.
2019), and Financial PhraseBank (Malo et al. 2014).

Models and Baselines. We compare SC against the Base LLM and three prior calibration
baselines (CC, BC, and DC) on three models: LLaMA-2-7B-Chat-HF (Touvron et al. 2023),
Mistral-7B-Instruct-v0.3(Jiang et al. 2023), and Qwen2-7B-Instruct (Yang et al. 2024). All

models are used o -the-shelf from Hugging Face without any ne-tuning. Appendix B.1
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provides full implementation details for the baselines.
Evaluation. Following prior work, we report Macro-F1 in 4-shot, 8-shot, and 16-shot
settings. To ensure robustness, all results are averaged over 5 random seeds on a held-out

test set of 256 examples per dataset. Our prompt template is described in Appendix B.3.

3.5.2 Main results

Figure 5 reports the Macro-F1 performance of ve calibration methods across our full
experimental suite (9 datasets, 3 LLMs, 5 seeds, and 3 few-shot settings). Notably, SC
consistently achieves the highest score across all models and shot counts. In particular,
compared to the Base LLM, SC yields improvements of up to +22.6% absolute in Macro-F1
(8-shot on Qwen2-7B-Instruct), and on average provides +11.1% absolute gain across all
models and shot con gurations. Relative to the strongest competing calibration method (BC),
SC further improves performance by up to +13.4% (16-shot on Mistral-7B-Instruct-v0.3) and
achieves an average gain of +7.1%. Overall, these results con rm that SC o ers a robust and
generalizable enhancement of LM methods in few-shot learning. In addition, our numerical
results are aligned with our theory presented in Section 3.4.6. As shown in Figure 5, SC
achieves the highest average score among all methods due to better approximation error, but
also exhibits increased variance in its performance. More detailed numerical results and

comparisons are given in Appendix B.5. Furthermore, SC delivers a striking improvement

Figure 5: Average Macro-F1 scores for ve methods across 9 datasets and 3 LLMs in 4-, 8-, 16-shots settings.
Bars show the mean performance and standard deviation across datasets over 5 random seeds.
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on SST-5: in the 8-shot setting with Qwen, it boosts accuracy to 44%, up from 24% for the
base LLM and 25% for other methods, nearly doubling performance as shown in Figure 6.
This substantial gain stems from SC's unique ability to not just shift logits but to reverse the
decision boundary when necessary as illustrated in Figure 3. For instance, it learns a bias of
1+29 and a weight 0f0+19 for the negative class relative to very negative. This indicates
that SC e ectively shifts and reorients the LLM's decision boundary between closely related

classes, enhancing overall performance.

Class b w

Very Negative (Ref.)  0.000 0.000

Negative -1.294 -0.188
Neutral 3.457 1.097
Positive 5.541 1.190
Very Positive -7.393  5.487

Figure 6: Performance on SST-5 with Qwen2-7B-Instruct in the 8-shot setting, averaged over 5 random seeds.
The table on the right shows the average learned coe cients with respect to the very negative reference class.

Ablations. To isolate the contributions of our framework's key components, we conduct
several ablation studies which are detailed in Appendix B.6. First, to isolate the impact
of learning the per-class scaling factBp, which underpins SC's ability to reorient
decision boundaries, we compare the full SC model against two alternatives in Figure 14

of Appendix B.6.1: a restricted varial8C (whereF,is xed to 1, thus only learning an

62



optimal bias term), and other baseline calibration methods. Our experiments revé&sCthat
surpasses these other baselines. This suggests that estimating an optimal bias under the SC
framework is more e ective than the methods employed by LM methods. More critically,

the full SC model achieves higher performance t8&h, suggesting that the exibility to

learn the scaling factor and therefore to both shift and rescale the LLM's logits o ers a

further advantage.

Second, ensembling across context sizes improves performance. In particular, ag-
gregating calibrators trained at heterogeneous context lengths (incrgg$iggelds a
consistent improvement in both Accuracy and Macro-F1 across multiple LLMs in the 8-shot
setting (Figure 15 of Appendix B.6.2) and similarly in the 16-shot setting (Figure 16 of
Appendix B.6.2), suggesting that context-size-speci c calibrators provide complementary
signals.

Third, we investigate the impact of the number of sampled sub-conte}tsiged for
prediction averaging within each context-size-speci ¢ calibrator during the ensembling
phase. In Figure 17 of Appendix B.6.3, our ndings reveal that increasig@.e., averaging
predictions over a greater number of distinct sub-contexts of8igenerally enhances
Macro-F1 scores. This suggests that more comprehensive sampling of available context
variations for each 8-shot learner improves the accuracy of the ensemble's output.

Fourth, we characterize the computational footprint of sub-context ensembling by
reporting wall-clock training time and inference time per 256 test examples. Timing results
show that the added compute from SC comes almost entirely at inference time, and it
grows approximately linearly with how many sub-context samples we average over. This is
because each additional sampled sub-context requires an additional forward pass through
the LLM. In contrast, bias-only baselines are essentially insensitive to this choice and stay
nearly at. Concretely, in the 4-shot setting, SC takes 22.91s per 256 test examples when
averaging over 1 sampled sub-context, and increases to 134.96s when averaging over 6

sampled sub-contexts, while baselines remain around 10.5s across all settings (Table 15
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of Appendix B.6.4). The same pattern holds for 8-shot: SC increases from 42.83s (1
sampled sub-context) to 260.32s (6 sampled sub-contexts), whereas baselines stay near 11.1s
throughout (Table 16 of Appendix B.6.4).

Fifth, we evaluate the performance contributions of our two main components: the
directional trust-region constraint and the context invariance penalty. We observe that
removing both constraints improves over the uncalibrated baseline, but adding either the
directional trust-region constraint or the context-invariance penalty yields further gains, and
combining both achieves the strongest performance (Mac@F6and Acc0+788 Table 17
of Appendix B.6.5). This suggests that trust-region and invariance are complementary.

Finally, we assess scalability by repeating our evaluation on the larger LLaMA-13B
model. Because these runs are substantially more expensive, we focus on three representative
datasets Rotten Tomatoes, SST-2, and AGNews and compare against the corresponding
7B variant. The results show that SC scales reliably with model size: on LLaMA-13B,
SC remains competitive or achieves the best performance on Rotten Tomatoes and SST-2
(Tables 18 19 of Appendix B.6.6). Moreover, the gains persist and can even become more
pronounced as the base model grows. For example, on AGNews, SC improves accuracy
from 78¢12with the 7B model t@8<05with the 13B model (Table 20 of Appendix B.6.6),

providing direct evidence that SC's bene ts carry over as underlying model capacity increases.

3.6 Conclusion and Future Work

In-Context Learning (ICL) often exhibits systematic biases that standard calibration tech-
nigues fail to fully correct because, in logit space, many reduce to simple decision-boundary
shifts. We introduced Supervised Calibration (SC), a loss-minimization framework that
learns per-class a ne transformations of an LLM's predictive probabilities in logit space
using only the in-context examples. By employing a more expressive functional class, SC
uni es and subsumes several existing ICL calibration methods while enabling changes to the

orientation of the decision boundary up to complete reversal when warranted. SC further
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integrates two purpose-built regularizers: a context-invariance regularizer to stabilize ICL
across prompt variations, and a directional trust-region regularizer to control the degree of
calibration. Together with our surrogate-data construction from the demonstration set, SC
provides a practical and extensible approach to mitigating ICL miscalibration. In terms of
the future work, we propose to evaluate this framework on a diverse suite of benchmarks,

across multiple LLMs, and against existing calibration methods.

4 Essay 3. Making a Black-Box Model Speak via an LLM

Explainer

4.1 Summary

This essay studies the explainability of black-box predictive models in natural language, with

a particular focus on the distinction between plausible explanations and faithful explanations.
While recent work shows that Large Language Models (LLMs) can translate technical

explanation artifacts into uent narratives, such outputs can be persuasive yet misaligned
with the actual decision process of the underlying model. To address this challenge, we
propose a framework for generating faithful natural-language explanations by treating
explanation generation as a distribution-preserving problem rather than a purely narrative
one. Our core idea is to view an explanation as a probabilistic compression of the black-box
model's behavior: an explanation is considered faithful if an independent interpreter can
reconstruct the black-box model's predictive distribution from the explanation and the input

instance. We operationalize this via a judge LLM that maps an explanation back to a
distribution over the label space, and de ne a KL-consistent faithfulness objective that
rewards explanations whose judge-implied distribution matches the black-box distribution.
We then train an explainer LLM using reinforcement learning via Group Relative Policy

Optimization (GRPO) (Shao et al. 2024, Schulman et al. 2017) to optimize this objective,
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without requiring gradient access to the black-box model. Preliminary experiments reveal
both the promise and the di culty of this approach. In particular, optimizing only the
KL-based faithfulness reward can produce strong apparent gains in distributional agreement,
but also induces reward-hacking behavior (e.g., repetitive and degenerate explanations). To
mitigate this, we study auxiliary reward components, including a length-based regularizer and
a pointwise mutual information (PMI)-based speci city reward that encourages explanations
to be more context-grounded and less boilerplate. Our results suggest that the KL-consistent
reward provides a useful core faithfulness signal, but that additional constraints are necessary
to balance faithfulness, informativeness, and human usability. Finally, we also outline an
extension that introduces a mechanistically grounded intermediate representation based on
sparse autoencoder (SAE) features and concept dictionaries. This extension targets the gap
between explanations that are convincing to human readers (plausible) and explanations
that reliably preserve the black-box model's predictive behavior (faithful) by constraining
the explainer to reference only validated, interpretable concepts tied to the model's internal
representations, thereby improving veri ability and reducing opportunities for reward hacking

in free-form language explanations.

4.2 Introduction

Modern machine learning systems increasingly rely on high-capacity models, including
deep neural networks and large ensembles, that achieve strong predictive performance
but o er limited transparency into why a particular decision was made. This opacity is a
recurring theme in the interpretability literature and is widely viewed as a practical obstacle
to trust, accountability, and responsible deployment, especially when model outputs a ect
consequential decisions (Guidotti et al. 2018, Barredo Arrieta et al. 2020). At the same
time, the interpretability literature also emphasizes that the very notion of interpretability is
multifaceted and often used imprecisely, which complicates how such concerns are framed

and addressed in practice (Lipton 2018).
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A natural response is to prefer interpretable-by-design models in high-stakes settings.
Indeed, a prominent line of work argues that when decisions have severe downstream
consequences, relying on black-box predictors and then attempting to justify them post hoc
can be inappropriate, and that transparent models should be used whenever feasible (Rudin
2019). In practice, however, many deployed pipelines still include black-box components for
reasons including performance requirements and broader deployment constraints, which
sustains demand for methods that can provide meaningful human-facing explanations without
requiring full access to internal mechanisms (Guidotti et al. 2018, Barredo Arrieta et al.
2020).

Explainable Arti cial Intelligence (XAl) has consequently developed into a central
research area, spanning conceptual de nitions, methodological design, and evaluation
concerns (Gunning and Aha 2019, Barredo Arrieta et al. 2020). Over the past decade,
much of the applied XAl ecosystem has been shaped by feature attribution and related local
explanation methods that assign importance to input dimensions for a speci ¢ prediction.
Representative methods include LIME, which ts a simple, interpretable surrogate model
locally around the instance being explained (Ribeiro et al. 2016), and SHAP, which uni es
several attribution approaches through Shapley-value principles (Lundberg and Lee 2017).

At the same time, substantial evidence suggests that some attribution-based explanations
(e.qg., saliency-style explanations) can be fragile or misleading if interpreted as faithful
descriptions of model reasoning (Adebayo et al. 2018). Moreover, research drawing on the
social sciences emphasizes that explanations are not merely numerical decompositions: they
are often selective, contrastive, and shaped by audience and context (Miller 2019, Mittelstadt
et al. 2019). This user-centric perspective also highlights that how explanations are presented
including a ective and interaction design choices can materially in uence how stakeholders
perceive, trust, and use model outputs (Bernardo and Seva 2023).

Large Language Models (LLMs) o er a promising mechanism for bridging this gap

between technical explanation artifacts and human communication. Recent work shows that
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LLMs can convert technical explanation primitives (e.g., SHAP or counterfactual outputs)

into natural-language narratives that improve users' ability to summarize and understand
model decisions (Martens et al. 2025), and can serve as interactive interfaces that allow
users to query black-box systems conversationally (Slack et al. 2023). LLMs have also been
explored as tools for interpreting internal model components by generating and scoring
hypotheses about neuron behavior (Bills et al. 2023). These developments motivate the
approach in this paper: we use LLMs as explainers that translate evidence from black-box

predictors into explanations aligned with how humans ask for, evaluate, and use explanations.

4.3 Related Work

Feature Attribution and Early Natural-Language Rationales Feature attribution meth-

ods remain a foundational paradigm for post-hoc interpretability. LIME explains individual
predictions by approximating the model locally with an interpretable surrogate (Ribeiro
et al. 2016), while SHAP provides a uni ed framework grounded in Shapley values and
associated properties that have contributed to its broad adoption in practice (Lundberg and
Lee 2017). At the same time, some attribution-based explanations, especially saliency-style
methods, can fail basic robustness checks; for example, under sanity-check-style tests, certain
saliency methods may not meaningfully depend on trained parameters, raising concerns
about their reliability as evidence of model reasoning (Adebayo et al. 2018). Prior to
the current LLM era, work on natural-language explanations in NLP also explored two
closely related directions: extracting supporting rationales from inputs (Lei et al. 2016),
and training models to produce text explanations paired with predictions, as exempli ed by
the e-SNLI benchmark (Camburu et al. 2018). Collectively, these e orts anticipated a key
point emphasized in the broader explanation literature: human-facing explanations typically
require communicative structure beyond a list of feature weights (Miller 2019, Mittelstadt

et al. 2019).
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LLMs as Narrative Translators and Conversational Interfaces Recent XAl systems
increasingly treat LLMs as translators from technical explanation objects to user-consumable
language. Narrative-driven frameworks such as XAlstories generate textual accounts
grounded in existing explanation primitives (e.g., SHAP- or counterfactual-based narratives)
and evaluate their impact on user understanding and communication (Martens et al. 2025).
Complementarily, conversational systems such as TalkToModel enable users to ask interactive
natural-language questions about model behavior (e.g., why an outcome occurred or what
would change it), thereby reframing XAl as a dialogue rather than a static report (Slack et al.
2023). In parallel, interpretability-oriented work has explored using LLMs to generate and
evaluate hypotheses about internal units (e.g., neurons) of language models, illustrating that
language interfaces can support interpretability at multiple levels of analysis (Bills et al.

2023).

LLMs as Proxy Explainers, Explanations-as-Features, and Faithfulness Another
stream of related work uses LLMs more directly as proxy explainers. Kroeger et al. (2023)
study how LLMs can, via in-context learning, produce post-hoc explanations for predictions
made by separate black-box models and empirically compare such outputs to established
explainer baselines. Beyond explaining a xed decision, LLM-generated explanations have
also been used as intermediate signals for downstream learning: He et al. (2023) develop
a procedure called TAPE which treats explanations as features by prompting an LLM to
produce explanations and then translating them into representations that improve performance
on text-attributed graph tasks, while another method called AMPLIFY embeds post-hoc
explanation signals into automatically generated rationales to improve in-context learning
performance (Krishna et al. 2023). These gains, however, sharpen a central evaluation
concern in LLM-based explanation: outputs can be uent and persuasive yet misaligned with
the model's true decision process. Empirical evidence shows that chain-of-thought-style

explanations can be systematically unfaithful under controlled interventions (Turpin et al.
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2023), and recent work further formalizes the broader tension between plausibility and
faithfulness in LLM self-explanations (Agarwal et al. 2024). More generally, evaluation

is increasingly recognized as a sociotechnical challenge: it must distinguish properties
of the underlying explanation mechanism from properties of user-facing presentation and
interaction in a given context (Sokol and Vogt 2024), while also accounting for the broader
landscape of evaluation practices and challenges in LLM-based XAl systems (Bilal et al.

2025).

4.4 Our Proposal: KL-Consistent RL for Faithful Natural-Language

Explanations

Goal and high-level idea. We study the following problem: given a xed black-box
classi er whose predictions are accurate but opaque, we seek to produce natural-language
explanations that are not merely plausible narratives, but are faithful to the classi er's
behavior on the instance being explained. Recent work shows that free-form language
rationales can be compelling while failing to re ect the factors that actually drive a model's
prediction, which motivates objectives that target faithfulness directly rather than surface
plausibility alone (Turpin et al. 2023, Agarwal et al. 2024, Jacovi and Goldberg 2020).

Our central idea is to treat an explanation as a probabilistic compression of the black-box
model's decision behavior: an explanation is faithful if, after observing the instance and
reading the explanation, a competent interpreter can reconstruct the model's predictive
distribution with high delity. This de nes an operational notion of faithfulness in language
space one based on predictive-behavior preservation rather than direct access to the model's
internal mechanism. We operationalize this idea by introducing a judge LLM that maps
explanations back to a label distribution, and we train the explainer to minimize the KL

divergence between the black-box predictive distribution and the judge-implied distribution.
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4.4.1 Problem setup and notation
Let X denote the input space and let Y = f1—e++— g denote the label set. Let

n o) o}
= ?2»0-1v ?7=1
2=1

be the probability simplex over classes. We model the black-box classi er as a xed

predictive mapping 5 : X!  such that
?5 j GO = 51G°-

where? 5t | Genotes the black-box predictive distribution for in@utWe assume access

to a dataset D = ngle of instances.

Explainer policy. We model the explainer as a language-model paticthat generates

an explanatiord (a token sequence) conditioned on (i) a natural-language description of
the black-box model and (ii) the speci c instance together with its predictive distribution.
Concretely, we write

4 ¢\ jG- g jG°-B-

where Bs denotes a system-level model description (e.g., architecture summary, feature
schema, training objective, known inductive biases, or other metadata about the black-box
model that is accessible to the explainer). Intuitiv8yprovides global context (e.g., what
kind of model is being explained), whil&s— gt ] G°%Provides local context (e.g., what the

model predicted on the current instance).

Judge as an explanation-to-distribution interpreter. We introduce a second model, a

judge LLM , whose role is to interpret the explanation and return a probability distribution

3 Labels may be available, but they are not required for the training objective introduced below, since the
explainer is trained to match the black-box predictive distribution rather than ground-truth labels.

71



overY:

@! jG—4°:=,1G—-4°2 —

where@?! j G—4%intended to represent the predictive distribution that an interpreter would
reconstruct after observing the instarigand reading the explanati@n Operationally, we
implement ¢ by prompting the judge to output a valid distribution (e.g., JSON with
nonnegative entries summing to one). This design mirrors the broader LLM-as-a-judge
paradigm, but in our setting the judge is used as a distributional decoder of explanations

rather than as a preference rater (Zheng et al. 2023).

4.4.2 Faithfulness reward via KL divergence

Our primary reward measures how well an explanation preserves the black-box model's

predictive distribution through a KL-divergence criterion:

~

AQIG—4° = 75! jGOk@ jG-4o= © ?51HjG°Ioe@7?51HjGo- 1)
H2Y tHjG-4°

Thus, larger values @&, 1G— 4€orrespond to better distributional agreement between the
black-box predictor and the judge-implied interpretation of the explanation. To ensure
the KL divergence is well-de ned, we assun@®'H j G-4° j Whenever?s'H j G°
0; in implementation, this is enforced via standard numerical clipping/smoothing and
renormalization of the judge output.

In practice, we convert this score, which is upper bounded dryd unbounded below,

into a bounded reward in 10— 1¥4 by exponentiating the negative KL divergence:

ALIG—4° = exp kL ?5t jGOK@ jG—4° 2 10-1%e )

Under this transformation, perfect agreement yiélgstG— 4° =,while larger divergences

are smoothly downweighted towafill This objective is closely related to knowledge
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distillation: we encourage the explanation, when interpreted by the judge, to reproduce the
teacher distributior?s* j Go(Hinton et al. 2015). Importantly, optimizing Equati¢2)
does not require gradient access to the black-box mbthelcause it depends only on the

model's predicted probabilities.

Reward shaping (optional components). In practice, optimizing the KL-based reward
alone can induce degenerate behaviors (e.g., overly long explanations, repetitive tokens, or
spurious heuristics that exploit the judge prompt). We therefore also consider a shaped

reward of the form
AlG_40 :KLN‘G—40 J_en Len140 _aux l%ule_4o_ (3)

whereLen'4°is a length-based penalty aAgd'G—48enotes additional regularizers (e.g.,
PMI-based terms that discourage generic or weakly grounded templates). The nonnegative
coe cients _en and_gyx are tuning parameters that control the strength of these auxiliary
penalties relative to the core KL term: larger values enforce stronger constraints (shorter, less
templated explanations) but can also reduce the optimizer's ability to maximize distributional
agreement. Since the core methodological contribution is the KL-based faithfulness signal,
we treat these auxiliary components as pragmatic stabilizers and discuss them after presenting

the main method.

4.4.3 Training the explainer with GRPO-style policy optimization

We train the explainer policg, by reinforcement learning to maximize the expected reward

over instances and generated explanations:

max Ecp Esc\1jo-zp AlG—42 (4)
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whereEg p denotes expectation with respect to the empirical distribution over the dBtaset

We use a PPO-family method for stable policy updates (Schulman et al. 2017), instantiated
in a GRPO-like form that estimates the baseline from grouped samples rather than a learned
critic (Shao et al. 2024). This choice is attractive in our setting because it avoids training an

additional value network while still providing a variance-reducing baseline.

Grouped sampling and relative advantages. Speci cally, for each instanGewve sample

a group of candidate explanations:
AT—_eeed ¢c\1jG-g-B- K =AIG-Ho— 6=1-9ee— o

We then compute a relative advantage estimate by centering (and optionally normalizing)

rewards within the group:

Al60 l I 9:1A190

StdiAL oy

b*1Ge = (5)
whereStdtAl ° © denotes the sample standard deviation of the group reward¥ aitd
is a small constant for numerical stability. This implements the key GRPO intuition: the

baseline is derived from group scores rather than from a separately learned critic.

Clipped surrogate update. We lett, , denote the policy before the current update. Then,

for each sampled explanatiorf4 de ne the sequence-level likelihood ratio

joo .o O 14'6° | G— - B°
0, 146 G- R

wherec, 14'%° j G— 2- B° denotes the probability assigned by the policy to the entire gener-

ated token sequeneé®’ (equivalently, the product of token-level conditional probabilities).
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We then optimize the standard PPO clipped surrogate objective:
" #

]-O . 1R/R0 1R0 . 1R0 1R0
Laip\®:=Egp — min d'®°b®1Go_clipt§’~1 n—1 nob*®1Go — ()

6=1

with clipping parameter n 2 10— 1°.
Optionally, as in RLHF-style ne-tuning, we add a KL penalty that keeps the explainer
close to a reference poliayes (e.9., the pre-RL checkpoint), which improves training

stability (Ouyang et al. 2022):
h [
maxLeap'\® V Egp kG JG-8 B KGer" | G-5-B - (7)

where V 0 controls the strength of the reference-policy regularization.

4.4.4 Algorithm summary

The full training procedure is summarized in Algorithm 4.

Algorithm 4: KL-Consistent Explanation RL (Explainer,cwith Judge )
Input: Dataset D; black-box 5 ; model descriptios; Bhitial explainer policy ¢; judge ;
group size .
Repeat (training iteration):
Step 1: Setrollout policy ¢,, ¢ \,and sample minibatchB D.
Step 2: Foreach G 2 B:
Compute black-box distributions?2 j G° 51G°.
Sample candidate explanations from the rollout policy:
f4'16096:1 Clga 1G— 3 jGO—Be
Foreach6 =1—eee— :
Compute judge distribution:
@' jG-4° | G-% .
Compute reward'’®  A1G-4%% using Equation (3) (core KL term:
Equation (2)).
Compute group-relative advantage® §":G°g_, using Equation (5).
Step 3: Update \ by maximizing the clipped surrogate objective in Equation (6) using the
sampled groups (optionally with reference-policy KL regularization in Equdign
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Interpretation. This training loop enforces a concrete and testable notion of faithfulness:
explanations are rewarded only to the extent that they enable an independent interpreter (the
judge) to reconstruct the black-box model's predictive distribution for the same input. By
grounding optimization in distributional agreement rather than narrative plausibility, the
method directly targets the faithfulness gap emphasized in prior work (Turpin et al. 2023,

Agarwal et al. 2024, Jacovi and Goldberg 2020).

4.5 Experiments and Main Results
4.5.1 Experimental Setting

Overview. We design our experiments to isolate the central question of this paper: can
an LLM be trained to produce faithful natural-language explanations of a xed black-box
classi er? To this end, we consider a standard binary classi cation setting with a neural-
network black-box model that outputs a full probability distribution over the label space for
each input instance. For each sampled instance, we provide the explainer LLM with the
instance and the black-box predictive probabilities, and ask it to generate an explanation of
the model's decision. We then evaluate the explanation using a separate judge LLM, whose
role is to read the explanation and return a probability distribution over the same label space.
The resulting distributional agreement between the judge's reconstruction and the black-box
prediction, measured via KL divergence, serves as the core faithfulness signal during GRPO

training and as the main quantitative notion of explanation faithfulness in our study.

Explainer and Judge LLMs. The explainer iQwen3-14B-Instruct (Yang et al. 2025),

which generates a free-form natural-language explanation conditioned on a natural-language
description of the black-box model, the input instance, and the predictive probability
distribution induced by the black-box model. To score explanations, we use a separate
judge modelQwen2.5-7B-Instruct  (Qwen et al. 2025), whose sole role is to map an

explanation back to a probability distribution over the label space.
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Dataset. We use the Breast Cancer Wisconsin (Diagnostic) dataset as provided by
sklearn.datasets.load_breast_cancer (scikit-learn developers, Pedregosa et al.
2011). This is a scikit-learn-provided version of the UCI Machine Learning Reposi-
tory Breast Cancer Wisconsin (Diagnostic) dataset (Wolberg et al. 1993), originally derived
from digitized ne-needle aspirate (FNA) images with nuclear feature extraction (Street
et al. 1993). The scikit-learn loader provides 569 samples with 30 real-valued features and a

binary target (malignant vs. benign) (scikit-learn developers).

Black-box classi er. Our black-box predictor is a one-hidden-layer neural network im-
plemented viaklearn.neural_network.MLPClassifier (scikit-learn developers, Pe-
dregosa et al. 2011). We use a single hidden layer with 10 neurons (scikit-learn developers).
For each instanc§ the black-box returns a probability vect®eg! j G%ver the two labels,

which is provided to the explainer along with the instance and a natural-language description

of the black-box model.

GRPO training con guration. We ne-tune the explainer using Group Relative Policy
Optimization (GRPO), introduced as a PPO-variant designed to improve memory e ciency
while retaining the core proximal-update avor (Shao et al. 2024, Schulman et al. 2017).

Our GRPO hyperparameters are:

GROUP = 10- MAX_STEPS =300- ROLLOUTS_PER_GROUP =9- LEARNING_ RATE =

Prompt formats for the explainer and judge (system and user prompts) are reported in

Sections C.2.1 and C.2.2 of the Appendix.

Implementation. We implement training using OpenPip&&RT(Agent Reinforcement
Trainer) framework (Hilton et al. 2025), which provides an end-to-end work ow for RL

ne-tuning and grouped rollouts consistent with GRPO-style updates.
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45.2 Main Results

KL-only reward yields strong apparent gains but induces reward hacking. We begin
with the most direct instantiation of our objective by training the explainer using only the
KL-based reward term, without any auxiliary regularization (e.g., length or PMI penalties).

In this setting, the reward is de ned as

ALG—4° = MG—4°— (1)

where £ 1G—4° is de ned in Equation (2).

On a held-out set of 100 test instances, the resulting reward distribution indicates a clear
improvement in judge-aligned distributional agreement relative to the initial checkpoint. As
shown in Figure 7, the mean (median) reward increases Oai#6(0-305 at the initial
checkpoint (i.e., before RL training) @@»902(0+98 after GRPO training. At face value,
this suggests that the explainer has learned to produce explanations that better preserve the
black-box predictive distribution under the judge-based metric.

A closer inspection of the generated explanations, however, shows that this apparent gain
is largely driven by reward hacking rather than genuinely informative reasoning. Concretely,
the trained model often produces highly repetitive, templated outputs that appear to exploit
the judge model's explanation-to-distribution mapping. Table 1 gives a representative
side-by-side comparison: the trained checkpoint repeatedly reiterates the same phrase
( Smoothness and concavity are quite alarming here ) dozens of times, yielding a better
score under the optimization metric despite conveying little additional content beyond the rst
few mentions. By contrast, the initial checkpoint produces a coherent narrative that discusses
multiple feature families and how they may in uence the decision, yet receives a lower score.
We observed this repetition-driven failure mode frequently across test instances, indicating
that optimizing the KL reward alone can encourage degenerate explanation strategies that

improve judge agreement without improving human interpretability.
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Figure 7: Reward distribution under KL-only training. Distribution of the KL-based reward on 100
held-out test instances for the initial explainer checkpoint (no training) versus the GRPO-trained explainer
using only the KL reward term (no auxiliary penalties). The trained model exhibits substantially higher mean
and median reward, but qualitative inspection (Table 1) shows that much of this gain is driven by degenerate
repetitive explanations (reward hacking) rather than improved human-readable faithfulness.

This qualitative failure mode is consistent with the training dynamics shown in Figure 8,
which tracks the explainer's training-time word count. As training progresses, the word
count increases sharply and remains elevated, suggesting that the model learns to in ate
explanations with redundant content to drive the KL-based reward upward. Together, these
results highlight that KL agreement with a judge is a useful core faithfulness signal, but,
when used in isolation, it can be gamed by the explainer. This motivates the additional

regularization components introduced in the next experiments, which aim to discourage

verbosity and repetition while preserving the distributional alignment objective.
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Figure 8: Training-time word count under KL-only training. Average generated explanation length (word
count) over GRPO training steps for the KL-only reward setting. The sharp increase and sustained high
verbosity coincide with the emergence of highly repetitive explanations, suggesting that the explainer can
in ate text to exploit the judge-based KL reward signal.

Adding a length penalty curbs repetition but can dampen optimization of distributional
alignment. Motivated by the severe repetition observed under KL-only optimization,
we next introduce an explicit length-based regularizer to discourage verbosity and reduce
the explainer's ability to in ate outputs to game the judge. Concretely, we impose a soft
word-limit constraint withword_limit=150 , implemented as a piecewise-linear score that
returnsl within the limit, decreases linearly bbetweernl50and300words, and remain@

beyond300words. Speci cally, let4 denote the generated explanation text, ané i&t° be

its word count. For a target limit, j O (we use, = 150), we de ne the soft length score

1- Fiq0 —
F140 . .

Aentd; 0= 1 — — YF140V2— )
%o— F140 2,—
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Table 1: Side-by-side comparison of explanations produced by the initial checkpoint versus the KL-only
trained checkpoint on a representative test instance. The trained model achieves a higher KL-based reward but
exhibits severe repetition, consistent with reward hacking.

Initial checkpoint (no training) Trained checkpoint (KL-only, no penalties)

First checkpoint Last checkpoint (no pen)

The model considers various measurements about the shape The model considers several features to make its decision. The
and texture of a tissue sample to make its decision. Features worst radius and worst area are quite concerning, showing more
related to size like mean radius, perimeter, and area are concern for a serious issue. However, smoothness and con-
prominent and likely play a key role in the assessment. Higher cavity are also alarming here. Smoothness and concavity are
values in these measurements may push the model one way, quite alarming here. Smoothness and concavity are quite alarm-
while lower values may push it the other way. Similarly, featuresng here. Smoothness and concavity are quite alarming here.
like concavity and concave points, which describe irregularitiesSmoothness and concavity are quite alarming here. Smoothness
in shape, carry strong in uence. The model also weighs how and concavity are quite alarming here. Smoothness and con-
much these measurements vary, such as radius error or area cavity are quite alarming here. Smoothness and concavity are
error, which can add nuance to the decision. Other factors,  quite alarming here. Smoothness and concavity are quite alarm-
including smoothness and symmetry, contribute in a more subtieg here. Smoothness and concavity are quite alarming here.
way. The model combines these in uences in layers, with someSmoothness and concavity are quite alarming here. Smoothness
features reinforcing each other and others working against therand concavity are quite alarming here. Smoothness and con-
leading to the nal determination based on the balance of all theavity are quite alarming here. Smoothness and concavity are
evidence. quite alarming here. Smoothness and concavity are quite alarm-
ing here. Smoothness and concavity are quite alarming here.
Smoothness and concavity are quite alarming here. Smoothness
and concavity are quite alarming here. Smoothness and con-
cavity are quite alarming here. Smoothness and concavity are
quite alarming here. Smoothness and concavity are quite alarm-
ing here. Smoothness and concavity are quite alarming here.
Smoothness and concavity are quite alarming here. Smoothness
and concavity are quite alarming here. Smoothness and concavity
are quite alarming here. Smoothness and concavity are quite
alarming here. Smoothness and concavity are quite alarming

which equalsl within the limit, decays linearly t® between and2, , and remain®

thereafter. We combine this term with the KL-based reward via

AIG—4-,° = 0sGAIG—4° 04\ 4; 0 3)

Figure 9 reports the reward distributions on 100 held-out test instances for the initial
checkpoint and the GRPO-trained checkpoint under this combined objective. Relative to
the untrained explainer, the trained model still improves in aggregate reward (mean/median
increasing fronDe427+0+3310 0+589+0+50}, but the gain is notably smaller than in the
KL-only setting. This is consistent with the intended e ect of the length regularizer: it
removes one of the most accessible degrees of freedom for reward hacking (verbosity), but
it can also constrain the explainer's ability to optimize the KL-based component of the

objective.

81



Figure 9: Reward distribution with KL + length penalty. Distribution of the combined rewardh =

06 A, 0+4 Agn 0n 100 held-out test instances for the initial checkpoint (no training) versus the GRPO-trained
explainer with a soft word limit = 150 (Equation(2)). The trained model improves mean and median
reward, but the gain is smaller than in the KL-only setting, consistent with the length term reducing degenerate
verbosity while also constraining optimization of the KL objective.

Qualitatively, the resulting explanations are substantially less degenerate than in the KL-
only experiment. In particular, Table 2 shows a side-by-side comparison in which the trained
checkpoint no longer exhibits the extreme phrase repetition pattern. Instead, it produces short,
focused explanations that mention a small number of in uential features (e.g., emphasizing
worst-case symmetry and concave points) and gives a succinct narrative for why those signals
may indicate a more severe outcome. However, this improvement in non-repetitiveness
comes with a trade-o in informativeness: the trained model's explanations often become
overly terse, sometimes reading as a generic summary of a few cues rather than a more
comprehensive account of the decision. This contrast is illustrated by the representative
example, where the untrained checkpoint provides a longer and more structured enumeration

of feature groups (size-related measurements, compactness/concavity, and variability terms),

while the trained checkpoint compresses the description into a brief statement that, although
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coherent, provides less coverage of the feature space and less explicit structure.

This behavior is also re ected in the training dynamics of explanation length. Figure 10
shows a clear downward trend in average word count over training, consistent with the length
penalty shaping the policy toward shorter completions. Taken together, these results suggest
that introducing a relatively strong length penalty successfully suppresses the most obvious
reward-hacking mode (runaway verbosity and repetition), but may also steer the policy
toward under-explaining by prioritizing brevity over detailed justi cation. This motivates
our next experiment, where we retain the same length-based constraint but reduce its weight
to better balance conciseness with distributional alignment and explanatory richness. The
detailed quantitative and qualitative results of this reduction are deferred to the Appendix
C.1. Overall, reducing the penalty weight produces a clear upward shift in reward and
partially restores explanatory content, while still avoiding the extreme repetition observed in
the KL-only setting. At the same time, this reduction surfaces a remaining limitation: the
added detail does not reliably translate into more informative explanations from a human
perspective. In particular, longer explanations can reintroduce speculative phrasing or
generic heuristics that are not clearly grounded in the instance or the black-box model's
behavior, indicating that length alone is an imperfect proxy for informativeness.

Taken together, these results suggest that (i) a moderate length penalty can e ectively
curb the most degenerate repetition while preserving the ability to optimize KL agreement,
but (ii) additional structure is needed to reward explanations that are not only non-repetitive,
but also informative and decision-relevant. This motivates our next experiment, where we
retain a mild length constraint and introduce an additional reward term based on pointwise
mutual information (PMI) to encourage explanations that convey higher-information content

while maintaining distributional faithfulness.

Adding a PMI-based speci city reward improves explanation grounding while pre-

serving strong KL-driven performance. While the length-penalty sweep in the previous
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Figure 10: Training-time word count with KL + length penalty. Average generated explanation length
(word count) over GRPO training steps when optimizing the mixed obje0tigdy, , 0¢4 Aen with, = 150 .
The overall downward trend indicates that the length term e ectively suppresses verbosity, aligning with
gualitative comparisons showing fewer repetitive outputs.
section partially restored content (by reducing over-regularization), it also highlighted an
important limitation: more words do not necessarily mean more information. In particular,
under weaker length constraints, the explainer can become more verbose while still pro-
ducing generic or speculative narratives that are only loosely tied to the instance at hand.
To explicitly encourage context-tied explanations, we introduce a third reward component
based on pointwise mutual information (PMI), computed using the same model family as the
judge. Intuitively, the PMI term rewards explanations that are substantially more likely when
conditioned on the instance-speci ¢ context than when generated in a generic, context-free
setting.

Formally, letGdenote the current instance and2éG denote the context string provided

to the scorer (e.g., the input features and the black-box probability vectory hesthe
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Table 2: Representative explanations under KL + length penalty. Side-by-side comparison of explanations
from the initial checkpoint and the GRPO-trained checkpoint under the mixed obj@e@vg , 04 Aen
(with, = 150 ). The length penalty mitigates the repetition observed in KL-only training, but the trained
explanations often become more terse and cover fewer feature groups than the untrained baseline.

Initial checkpoint (no training) Trained checkpoint (KL + length penalty)

First checkpoint Last checkpoint

The model evaluates several features to determine the class. The model considers several features to make its decision. The
Features related to size, such as mean radius, mean perimetemorst-case values, like the highest worst symmetry and the most
and worst radius, have a strong in uence, suggesting larger  concave points in the worst-case measurements, lean towards a
measurements may signal one class. Mean area and worst areaore severe outcome. Increased symmetry and concavity in the
also play a notable role, indicating that overall size is importantworst-case numbers might indicate irregularities. Overall, these
Features like mean compactness and worst compactness seermdicators could suggest something more serious.

to push the decision in one direction, while mean concavity

and worst concavity may counterbalance them slightly. Other

features, such as mean symmetry and worst symmetry, appear

to have less impact. The model also considers the variability in

measurements, like texture error and area error, which suggest

how consistent the data is. These factors together shape the

model's reasoning, with some features pulling more strongly in

one direction than others.

generated explanation. Using a log-probability scorer B, de ne two prompts:
Cc2 = Context:\n k 21G° k \n\nExplanation:\n — C p := Explanation:\n —

and letlog ?gt4 j c®denote the log-probability assigned Byo the full continuatiort under

prompt c. We compute a length-normalized PMI-per-token score as

1 . :
PMItG—4° T log 78'4 jc° log? g4 |’ — (4)

where=14%s atoken-count normalization (in our implementatiot4° = maxfl— mini= §°g
with =— 5 the number of scored tokens undera, respectively).

Finally, we map this real-valued score into »0— 1% via a logistic function:

1
1G-4° := fUPMIIG-4° g = - 5
Fou 9 7 T exp UPMIG-4° go ®)

with U = 0«8 and g = 0 in our experiments.
This construction assigns high reward when the explanation is substantially more

predictable given the speci ¢ context than in a context-free prompt. In other words, generic
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explanations that could be reused across many instances tend to have similar likelihood
underc, andcp, yielding low PMI, whereas explanations that meaningfully incorporate
instance-speci c cues (e.g., the particular feature patterns and black-box outputs present
in 21GY become signi cantly more likely undar,, yielding higher PMI. Accordingly, we

optimize the combined reward

A1G—4—,0 = 0sZAG—4°  0o1d\4;,%, 02 A pyi1G— 40+

Figure 11 reports the resulting reward distributions on 100 held-out test instances for the
initial checkpoint versus the PMI-augmented trained checkpoint. The trained model exhibits
a clear improvement over the untrained baseline (mean/median increasinge#gir0+331
to 02684+0+97), suggesting that the explainer can retain strong KL-driven performance

while being shaped toward more context-speci ¢ outputs.

Figure 11: Reward distribution with KL + length + PMI. Box plots of the test-time reward on 100
held-out instances for the initial checkpoint (no training) versus the GRPO-trained explainer optimized with
A =074 , 01 A, 02 Apm. The PMI term encourages context-speci ¢ explanations while preserving
strong performance under the combined objective.
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Qualitatively, the PMI term produces a noticeable shift in the style and structure of
explanations. As illustrated in Table 3, the trained explainer tends to produce narratives
that (i) enumerate feature families in a more instance-grounded way, (ii) explicitly reference
worst-case versus average measurements, and (iii) connect size-, shape-, and variability-
related cues into a coherent account of what drives the decision. Compared to prior
settings, the trained PMI-augmented explanations are less prone to the two earlier failure
modes: they are neither dominated by extreme repetition (as in KL-only training) nor
overly compressed into short, generic templates (as under a strong length penalty). In
the representative example, the trained model frames the explanation around a structured
decomposition size-related measurements (radius/perimeter/area), shape characteristics
(smoothness/symmetry), worst-case deviations (concavity/compactness), and measurement
errors (variability) which makes the explanation feel more tightly tied to the instance
context rather than interchangeable across instances. By contrast, the untrained baseline
remains plausibly worded but is more boilerplate : it lists feature groups and generic
interactions without the same degree of context-conditioned organization.

Table 3: Representative explanations with PMI-augmented reward. Side-by-side comparison of expla-
nations from the initial checkpoint and the PMI-augmented trained checkpoint. The PMI term encourages

explanations that are less boilerplate and more tightly anchored to the instance context, while the KL term
preserves alignment with the black-box predictive distribution.

Initial checkpoint (no training) Trained (KL + length penalty + PMI)

First checkpoint Last checkpoint (KL + LP + PMI)

The model considers several key features to make its decisionThe model looks at several key features to make its decision.
Features like mean radius, mean perimeter, and mean area suffgastsiders the average radius, perimeter, and area, which are

a larger size, which might indicate one class. At the same timeall larger than usual, suggesting a more signi cant size. Along
details like mean concavity and worst concave points signal  with this, it examines the shape characteristics, like smoothness
certain shape characteristics that could point to another class.and symmetry, which are somewhat irregular. The model also
Other factors, such as mean symmetry and worst symmetry, pays attention to the worst-case measurements, where radius,
provide contrast, helping to balance the decision. The model gi@vimeter, area, and features related to concavity and compactness
looks at error measurements, like area error and compactnessre more extreme, showing greater deviation from typical patterns.
error, which highlight variability and could in uence the outcomé&rrors in measurement for some of these features are also higher,
Some features, like mean smoothness and worst smoothness, siieating less consistency or more variability, which the model
texture-related details that work together to support one side of thiees into account. These factors together contribute to a balanced
decision. The model weighs all these traits, adjusting for how trensideration of size, shape, and inconsistencies, guiding the
interact, to arrive at a conclusion based on the patterns it has simision process.

before.

The corresponding training dynamics in Figure 12 show that the PMI-augmented model

maintains explanation lengths in a comparatively stable mid-range overall (with a mid-
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training dip and late recovery), avoiding both the runaway verbosity that enabled reward
hacking and the monotone shrinkage induced by stronger length penalties. Overall, these
results support the view that a PMI-style speci city signal is a useful complement to KL
faithfulness: KL alone can be gamed, and length regularization alone can over-constrain
content, whereas PMI provides an explicit incentive for explanations that are less generic

and more strongly anchored to the instance context.

Figure 12: Training-time word count with PMI-augmented reward. Average generated explanation length
(word count) over GRPO training steps under 0¢7 4 , 01 Acn, 02 Aoy, Word counts remain in a
stable mid-range overall, avoiding both runaway verbosity (KL-only) and excessive compression (strong length
penalty).

Discussion: plausibility is not faithfulness, and veri cation remains the core challenge.
Across all experiments, a consistent theme emerges: highly plausible natural-language
explanations are not automatically faithful to the underlying black-box model. In the KL-only
setting, we observed a stark form of this failure the explainer learned to produce repetitive
outputs that achieved high reward by exploiting the judge interface, despite being unhelpful
to a human reader. Introducing length penalties mitigated this degeneracy but revealed a

di erent tension: suppressing verbosity can make explanations concise yet under-informative,
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and weakening the penalty can restore detail without guaranteeing decision relevance. Adding
PMI improved context speci city, but the broader issue remains: the explanation channel is
easy to game unless the evaluation signal tightly constrains what counts as valid evidence of
faithfulness.

A promising direction is therefore to design more robust reward functions and veri cation
protocols that are harder to exploit. For example, one can (i) incorporate counterfactual
checks by requiring an explanation to correctly predict how the black-box output changes
under controlled feature perturbations, (ii) enforce su ciency/necessity constraints by
rewarding explanations that remain predictive when only the cited evidence is provided
(and fail when that evidence is removed), or (iii) use multi-judge or adversarial setups that
penalize explanations that are predictive but non-discriminative across distinct contexts.
We are actively running additional experiments along these lines, focusing in particular on
mechanisms that restrict the explainer to veri able intermediate representations rather than

unconstrained natural language.

Toward mechanistic grounding via an interpretable intermediate representation (ongo-

ing experiments). Motivated by the above, we are extending the framework with ideas from
mechanistic interpretability, whose aim is to reverse-engineer internal computations into
human-comprehensible components. In ongoing work, we introduce an explicit interpretable
intermediate representation derived from sparse autoencoder (SAE) features. Rather than
allowing the explainer to describe the model freely, we rst construct a dictionary of
semantically grounded concepts aligned to a small active subset of SAE features. Concretely,
a Concept Mapper LLM proposes candidate natural-language meanings for thettipe

SAE features using contrastive evidence (inputs that activate a feature versus inputs that do
not). Following this, an Explainer LLM subsequently produces an instance-level explanation
under a strict schema that may reference only this validated concept dictionary, preventing it

from introducing external, unveri able narratives. As before, faithfulness is evaluated by a
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judge model via KL divergence between the black-box output and the judge-simulated output
conditioned on the constrained explanation, while additional penalties are incorporated to
improve performance. The illustration of the described work ow is given in Figure 13.

At a high level, this two-stage pipeline o ers a principled way to address the plausibility
faithfulness trap. It cleanly separates semantic grounding (feature-to-concept mapping that
must pass contrastive tests) from predictive reconstruction (instance-level explanation that
must reproduce black-box behavior), while coupling the two through a restricted, empirically
auditable intermediate representation. By requiring explanations to be expressed in terms of
validated intermediate concepts, the system reduces the degrees of freedom available for
reward hacking and provides a clearer path toward explanations that are both human-readable

and structurally linked to the model's internal mechanisms.

Figure 13: Concept-grounded faithful explanations. For a tabular instanGethe black-box model outputs
?5tH j GWvhile an SAE identi es the top- active features. A Concept Mapper LLM uses these feature IDs
and contrastive tabular evidence to build a dictiondeaiure_id ! concept name). A schema-constrained
explainer cites only dictionary concepts to proddecand a judge LLM mapsG—4fb @1H j G- 24Yaining
uses a KL-consistent reward exp® KLisk@°° (minus penalties) with a GRPO update loop.

Preliminary evidence from concept-grounded explanations (ongoing experiments).
Under the same experimental setting (Breast Cancer Wisconsin dataset, black-box classi er,

and judge-based KL evaluation), our ongoing experiments provide encouraging evidence that
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the mechanistically grounded variant improves the structure and auditability of explanations
while reducing failure modes observed in the earlier unconstrained free-form setup. In the
current runs, the concept-grounded explanations exhibit a clear recurrence pattern at the
datasetlevel: arelatively small set of validated SAE-linked concepts appears repeatedly across
winning explanations (Table 4). Importantly, this does not mean that the explainer is selecting
concepts from a global concept pool. Rather, for each instance, the candidate concept set is
constructed upstream by taking the top activated SAE features (e.g., top-3) and supplying
their mapped-and-validated concept names to the explainer under a constrained schema. The
empirical patternin Table 4 therefore indicates that certain validated concepts recur frequently
among the top activated SAE features across many instances and consequently reappear
in winning explanations. This is encouraging because it suggests that the SAE-to-concept
mapping stage is surfacing a stable set of reusable, semantically grounded descriptors that
can support predictive reconstruction in a constrained explanation format. Moreover, because
each concept is tied to a validated SAE feature and an explicit natural-language de nition,
the resulting explanations can be inspected, challenged, and re ned at the concept level.
Quialitatively, the outputs also exhibit a more disciplined explanation style than in the
unconstrained setting. As illustrated by the representative example in Table 5, the explainer
produces a schema-constrained explanation that separates (i) mechanisms (the provided
validated concepts that are cited), (ii) aggregation (how the cited concepts jointly support
the predicted class), and (iii) limits (an explicit statement about the limitation). In the
example, the explanation cites High shape irregularity and High size variability as the
active mechanisms and then aggregates them into a concise rationale for the malignant
class, while explicitly noting that no external evidence beyond the validated concepts is
used. This type of output is more auditable than free-form explanations because each claim
is traceable to cited concepts (efgite: 58] ,[cite: 0] ) and, inturn, to specic
SAE features. While quantitative comparisons are still in progress, these preliminary results

suggest that the intermediate concept layer meaningfully constrains the explanation space,
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reduces opportunities for reward hacking, and provides a promising path toward explanations

that are simultaneously faithful, interpretable, and veri able.

Table 4: Most frequently cited validated concepts in winning explanations (ongoing experiments). The

table reports the top ve concept names by citation count (hits) across current runs of the concept-grounded
explainer. Here, feature_id denotes the corresponding SAE feature index. Since concepts are supplied upstream
from top activated SAE features for each instance, these counts re ect dataset-level recurrence of provided
concepts in winning explanations rather than free concept selection from a global vocabulary.

feature_id hits top_concept_name de nition

58 587 High shape irregularity Pattern of increased shape errors and irreg-
ularities in measurements.
17 459 High Perimeter Variability Pattern of varying perimeter measurements
across di erent areas.
5 341 High Fractal Dimension Pattern characterized by elevated fractal
dimension values.

0 322 High size variability Variability in size measurements across
di erent features.
56 220 Texture irregularity Uneven texture variations in the tissue sam-
ples.

Table 5: Representative concept-grounded explanation (preliminary). Example output from the constrained
explainerillustrating the schema-separated format (Mechanisms, Aggregation, Limits) and concept-level citations
used for auditability.

Mechanisms:
- High shape irregularity [cite: 58]
- High size variability [cite: 0]

Aggregation:

- The sample exhibits both high shape irregularity and high size variability,
indicating signi cant deviations from standard measurements, which strongly
suggest a prediction of class malignant [cite: 0, 58]

Limits:
- The explanation relies solely on the provided concepts, and no external evidence
or alternative interpretations are considered [cite: 0, 58]

We leave a full empirical evaluation of this mechanistically grounded variant to ongoing
work, but view it as a promising direction for scaling faithful explanation beyond purely

post-hoc natural language.
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4.6 Conclusion

Natural-language explanations for black-box models are increasingly attractive because they
align with how humans ask for, interpret, and use explanations. However, as this essay
emphasizes, plausibility in language is not equivalent to faithfulness to the underlying model.
In particular, free-form LLM-generated explanations can appear coherent and persuasive
while failing to re ect the actual predictive behavior of the black-box classi er, creating

a central challenge for explanation design and evaluation. To address this challenge, we
introduced a KL-consistent reinforcement-learning framework for faithful natural-language
explanations. The core idea is to treat an explanation as a probabilistic compression of
the black-box model: an explanation is rewarded when an independent judge LLM can
reconstruct the black-box predictive distribution from the explanation and the input instance.
This leads to a distributional faithfulness objective based on KL divergence, and enables
training an explainer LLM via GRPO-style policy optimization without requiring gradient
access to the black-box model. Our preliminary experiments show both the promise and
the limitations of this approach. On the one hand, the KL-based objective provides a
direct and testable signal for explanation faithfulness in language space. On the other
hand, optimizing this signal in isolation can induce reward-hacking behavior, including
repetitive and degenerate explanations that improve reward without improving human
interpretability. To mitigate this, we studied auxiliary reward components, including a
length-based regularizer and a PMI-based speci city reward. The results suggest that
these components are useful for discouraging verbosity and encouraging context-grounded
explanations, but they also highlight the broader di culty of jointly optimizing faithfulness,
informativeness, and usability. Overall, this essay establishes a principled starting point
for training LLM explainers using explicit faithfulness objectives rather than plausibility
alone. At the same time, the current results make clear that robust veri cation remains the
core challenge. As discussed in the main text, our ongoing work extends this framework by

introducing a constrained, mechanistically grounded intermediate representation based on
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sparse autoencoder features and validated concept dictionaries, with the goal of reducing
reward hacking and improving veri ability. We view this direction as a promising path
toward explanations that are not only human-readable, but also structurally linked to the

underlying model's behavior.
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A Appendix: Essay 1

A.1 Organization of the Appendix

The Appendix collects all proofs, supporting lemmas, and supplementary discussions that
underlie the theoretical and algorithmic developments in the main paper. Below we provide

a roadmap so readers can locate the components relevant to their interests.

Appendix A.2: Additional Literature Review. Appendix A.2 places our contribution

within the broader o ine reinforcement-learning literature. It explains why classical o ine

RL methods fail in the presence of censored and dependent demand, outlines the construction
of the high-order MDP and the associated Bellman equations, and motivates the development
of C-FQI and PC-FQI as principled adaptations of tted Q-iteration with reward imputation

and pessimism.

Appendix A.3: Why does not Naive Uncensoring the State Fix the Structure?
Appendix A.3 provides a dedicated discussion explaining why simply imputing latent
demand (or rewards) does not restore the Markov property in the observational state
under temporally dependent demand. This section directly supports the modeling choice
of censoring-aware, history-indexed value functions and specialized Bellman equations

developed in Sections 2.4.1 2.4.5.

Appendix A.4: Layer 5 Relaxing Linear MDP Structure. Appendix A.4 presents the
nal extension beyond the linear MDP condition by allowing nonlinear dynamics modeled

in a reproducing kernel Hilbert space (RKHS).

Appendix A.5: Algorithmic Details. Appendix A.5 provides a consolidated algorithm
table of the proposed algorithms, C-FQI and PC-FQI.
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Appendix A.6: Details of Numerical Results. Appendix A.6 contains experimental

details (i.e., implementation choices)

Appendix A.7: Additional Material Appendix A.7 complements the main theoretical
development by situating the proposed framework within classical inventory models,
clarifying the structural novelty introduced by censoring and temporal dependence, and
positioning the regret guarantees relative to both the pricing and inventory-control and o ine

reinforcement-learning literatures.

Appendix A.8: Regret Decomposition. Appendix A.8 presents the regret decomposition

that serves as the starting point for all subsequent theoretical derivations in the paper.

Appendix A.9: Proof of Theorem 1 (Idealized Setting). Appendix A.9 contains the
complete proof of the regret guarantee in the idealized regime (i.e., Layer 1). Concretely, it

utilizes the regret decomposition derived in Appendix A.8 under the idealized setting.

Appendix A.10 A.13: Proofs for Layered Relaxations (Corollaries 14). Appen-

dices A.10 through A.13 provide the proofs for the intermediate corollaries corresponding

to Layers 2 5 in the layered regret analysis. Appendix A.10 proves Corollary 1 (Layer

2), which relaxes su cient censoring coverage and introduces the unidenti able regret
component. Appendix A.11 proves Corollary 2 (Layer 3), which relaxes Assumption 5 and
yields the Total Action Discrepancy (TAD) penalty. Appendix A.12 proves Corollary 3
(Layer 4), where Assumption 6 is relaxed. Appendix A.13 proves Corollary 4 (Layer 5),
which relaxes Linear MDP assumption (i.e., Assumption 7). Overall, they complete the
sequence of relaxations needed before synthesizing the master theorem. Together, these

appendices isolate each added source of complexity.

Appendix A.14: Proof of Theorem 2 (General Regret Bound). Appendix A.14 syn-

thesizes the relaxations established in Appendices A.10 A.13 and derives the full general
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regret bound.

Appendix A.15 A.16: Key and Technical Lemmas. Appendix A.15 collects the main
auxiliary lemmas used throughout the proofs. Appendix A.16 provides additional technical

lemmas that are referenced across multiple proof sections.

Appendix A.17: Proof of Propositions and Lemmas. Appendix A.17 contains the com-
plete proofs of the propositions and auxiliary lemmas stated in Appendix A.15 A.16. While
these lemmas are summarized and invoked throughout the main theoretical developments,
their detailed technical proofs are deferred to Appendix A.17 to preserve readability of the

primary arguments.

A.2 Additional Literature

Policy Learning through O ine Reinforcement Learning. The eld of o ine policy
learning within the reinforcement learning (RL) framework has garnered signi cant attention
in both computer science and statistics. Traditional o ine RL approaches are typically built
on the framework of MDPs (Bertsekas 1995, Sutton and Barto 2018). Under this framework,
it is well known that an optimal policy can be derived based on the optimal Q-function,
obtained through solving the Bellman equation which relies on the Markov property (e.g.,
Ernst et al. 2005a, Riedmiller 2005, Jin et al. 2021, Kumar et al. 2020). However, in our
problem setting, existing o ine RL methods fall short due to two primary challenges: the
failure of the Markov property caused by the censored demand and the absence of reward
information at censored data points.

Firstly, the failure of the Markov property as a result of the censored demand prevents us
from characterizing the optimal policy using the standard Q-function, the cornerstone of
conventional o ine RL algorithms. In classical MDP settings, an optimal stationary policy

always exists and it takes the greedy action with respect to the optimal Q-function. But, in
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our case, the structure of the optimal policy becomes unknown, potentially non-stationary
and non-Markovian. We demonstrate that identifying the optimal policy is nearly equivalent
to solving for an optimal policy within a speci ¢ high-order MDP, characterized by multiple
optimal Q-functions that depend on consecutive censoring instances and can be obtained
through an alternative form of Bellman equation tailored for our problem setting.

Secondly, the most existing o ine RL algorithms assume that the o ine data contains
complete reward information throughout the observation period. In our scenario, however,
reward information is missing at censored data points, which complicates the direct application
of standard methods. To overcome this, we employ advanced survival analysis techniques to
impute the missing reward information by generalizing the idea proposed in Qi et al. (2022).

With the alternative form of Bellman equation catered for our problem setting and
imputed rewards, we adapt the idea of FQI algorithm to our speci ¢ context, leading to
the development of the Censored Fitted Q-Iteration (C-FQI) algorithm. This algorithm is
designed to approximate the aforementioned Bellman equation from the o ine data with
imputed reward information, and accordingly, output a near-optimal and data-driven policy.

Furthermore, a typical challenge in o ine reinforcement learning is insu cient data
coverage, which stems from the static nature of historical data and the lack of exploration.
This issue arises in our problem as well and often leads to distribution shift, where the
optimal policy di ers signi cantly from the data available for training (Wang et al. 2020,
Levine et al. 2020). Recent research has aimed to address this challenge by adopting a
pessimistic approach in policy optimization, minimizing exploration of rarely encountered
state-action pairs within the batch data. This approach has been shown to mitigate the risks
associated with insu cient data coverage and has led to the development of new algorithms
based on pessimism principle (Kumar et al. 2020, Fujimoto et al. 2019, Liu et al. 2020,
Rashidinejad et al. 2021, Jin et al. 2021, Zanette et al. 2021, Zhan et al. 2022, Fu et al.
2022). In our work, we incorporate the pessimism principle into the C-FQI algorithm to

address extrapolation error and possibly enhance its performance in pricing and inventory

111



control tasks, leading to the development of PC-FQI. This approach allows us to extend the
applicability of our method to real-world scenarios where the o ine data coverage is often

limited.

A.3 Why does not Naive Uncensoring the State Fix the Structure?

A crucial question, central to the challenge of censored data, is whether imputation can
e ectively uncensor the problem and simplify it to a standard MDP. To investigate this,
one might propose creating a plug-in state by replacing the observed/salgsyith an

imputed demand® ¢ 1, whenever a stockout occurs:

c= -ccPfci- c1—- PFci =
bc— ¢1=0e

% cr—- c1=1-
:

While this approach is tempting, it is fundamentally awed. The core reason is that a single
plug-in numberP ¢ 1 is not a su cient statistic for the future dynamics under censoring;
the transition to next state and reward depend on the full posterior distribution of the latent

c 1, ot just its point estimate. In other words, imputation addresses the statistical issue of
a missing data but fails to solve the deeper structural problem of a non-Markovian process.
This failure, which we detail and illustrate below, is precisely what necessitates the high-order
framework developed in this paper.

To illustrate, assume the linear AR(1) demand model with Gaussian error:
C:\O,\G'C V%C,d Cl,YC_ % N10—f 20_

and suppos€ 1lis censored (¢ 1 = 0) while C 2is uncensored (c2=1),S0 c2=/¢c2

is known. De ne the AR(1) predictor for ¢ 1 given, c1— c 1

<c1:=\o,\cc1 V%ci1,d co2°
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Under censoring & 1, we only know ¢ 1. c 1, SO the posterior distribution is truncated

normal:
c1,c1— ci— c1=0 Ni< ¢ —f?° truncated to ¢ 1— 1°¢

Consequently, the predictive distribution oggiven :c 10.ciS @ normal mean variance
mixture:

3
c wcic= Vo,\ecc V%c,d c1,Yc—

with

"c=E» ¢ wc1o¥s = b, \cc V%, dE» c1j, c1— c1— c1=0%-—

2.

fe=Varl ¢j ic10@ = d?Varl c1j, c1— c1— c1=0°, f

A plug-in state€ cthat stores onI;PC 1 reproduces cbut not fg Hence
, c1—'c6?2%ci— c1® e O- (1)

This implies the plug-in state is informationally incomplete. To recover the missing variance
information, one must look back to the history through the latest time point, with no censoring
which, in this example, i$, ¢ 1— ¢ 1°. The plug-in state therefore fails to ensure rst order
conditional independence as in the case of underlying decision prid¢ess '€ o.
Therefore, the process remains fundamentally non-Markovian even if the plug-in state is
used. This reinforces the necessity of characterization of the observed process.
Furthermore, this approach breaks the stationary-environment assumption required by alll
0 -policy algorithms, a classic pitfall in o -policy learning. To make this concrete, consider
that our imputation model is trained on a static dataset generated by a speci ¢ behavior

policy (e.g., a cautious manager who keeps inventory high and rarely has stockouts). The

113



goal of an o -policy algorithm, however, is to nd a new, potentially very di erent target
policy (e.g., an aggressive manager who keeps inventory low, leading to more frequent
stockouts). When the algorithm evaluates this aggressive policy, it generates histories that
are out-of-distribution for the imputation model. The model, trained on cautious data,
will produce biased and unreliable estimates when confronted with the frequent, consecutive
stockouts generated by the aggressive policy. This means the very de nition of plug-in state,
£ becomes systematically wrong under the new policy. The rules of the game are no longer
xed; the state transition probabilities e ectively change as the learned policy evolves. This
violates the core assumption of o -policy optimization and makes convergence to a true

optimum impossible.

A.4 Layer 5: Relaxing Linear MDP Structure.

Finally, we relax Assumption 7. Since operational dynamics can be nonlinear, we extend
our analysis to kernel-based nonlinear function approximation in an RKHS, adopting the
theoretical framework established by Chang et al. (2021). Algorithmically, this replaces
the linear least-squares step in the FQI updates with kernel ridge regression under a kernel
109,

In the RKHS setting, the xed feature dimensi@ris replaced by a capacity measure of
the kernel class. Following the analysis in Chang et al. (2021), we quantify this capacity
using the e ective dimension of a kernel, denote®asvhere the exact characterization of
this term is provided in De nition 4 of Appendix A.15. Intuitivell3 captures the "e ective
dimension" of the feature space accessible by the kernel ¢ivesamples. As derived in
Chang et al. (2021), the convergence rate of the uncertainty quanti er in the RKHS setting

depends on this e ective dimension rather than a static dimension. This generalization

modi es the regret bound in the idealized setting as follows.

Corollary 4 (Regret under General Structure) Suppose all assumptions from Theorem 1

hold, except Assumption 7 and let d J2-e. Furthermore, assume that the dynamics
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belong to a reproducing kernel Hilbert space (RKHS) characterized by a kekreP. Then
foranyn 2 10—1andY 2 10-18uchthal =_; ,3°n .Y Y 1, the following regret bound

holds with probability atleast1 2*=_; ,3°n Y :

max!Regretit °— Regret'@® . Eguafl#)—3 °—

where

q
Esat#)—3 °:=max 3 3 . logilen® “W_ 3 3 logtlen® @1 1yoigyo X |
stat ) X B g d#) 5 g d #) B 5 ) B #)

This bound replaces theg#)— 3° term from the ideal setting in Theorem 1 with
Estat#)— 3 ©. The key change is the substitution of the nite dimensBwith the e ective
dimension3 , which is de ned through the eigenspectrum of the kernel (via Mercer's
theorem) relative to the o ine data distribution and the sample size (Chang et al. 2021).
Intuitively, 3 measures how many e ective degrees of freedom of the RKHS are learnable
from #) samples: kernels with faster spectral decay yield smallat a given sample size,
while richer kernels induce a larg8r. Importantly, in the nite-dimensional linear-kernel
case3 is bounded by the (data-dependent) rank quantity and the blound recovers the linear-
structure behavior (up to logarithmic factors). Finally, the choiceof gi‘—l#v)vomcontinues
to re ect the same bias-variance trade-o as in the linear case: it makes the truncation bias
W comparable to the leading statistical term (which decays at# 12 ), ensuring that
the regret is asymptotically dominated By.#)— 3 °. Finally, it is worth emphasizing that
the leading term ifEsiaft#)— 3 © attains the state-of-the-art scaling for kernelized o ine
RL: up to logarithmic factors and problem-dependent constants (e.g., horizon and coverage),
it behaves a$‘32-pﬂ , Which is consistent with the e ective-dimension rates established
in Chang et al. (2021).

Managerial insight. Relaxing the structural assumption sharpens the trade-o between

model exibility and data requirements throu@h. A simple representation (smal) is
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easier to learn and provides reliable improvements with limited data, but may miss nonlinear
e ects such as localized price sensitivities or regime changes. A more expressive kernel can
capture these nuances, yet it e ectively increa8eand therefore demands more historical
data to separate signal from noise. Sif3cés de ned through the kernel spectrum relative

to the o ine data distribution, the same modeling choice can behave very di erently across
rms and markets: if the historical data concentrates on a low-dimensional set of operating
regimes, the learnable complexity (and thus the achievable accuracy) is correspondingly
limited. Practically, this suggests that rms with smaller datasets should favor simpler
kernels or stronger regularization, while rms with large transaction logs can deploy richer
kernel-based model, provided their data spans the operating regimes where decisions will be

made.

A.5 Algorithm

In this section, we present the details of our proposed algorithms in Table 5.

A.6 Details of Numerical Results

The environment in which our algorithms are tested is characterized by speci c features:
the interest rate ( ) and the state of the economly (), denotedasc=*" ~( &. The
capacity of the inventory is setto 25, i.eg2 fO—  —25@nd the maximum order quantity
atany giventime is 15, i.e§ c2 fO—  —15gFor simplicity, we only allow discrete price
actions such thdg 2 f4—4+25—4+5§0r the reward function, we set the the stock-out cost
1-¢= 2, the ordering cost »_& 3, and the holding cost;_= 1 forallC O.

In data generation phase, the interest rate is modeled using an autoregressive process,
while the state of the economy is represented as a discrete variable indicating either an
expanding or contracting economy. The demand process is also modeled as an autoregressive

process in uenced by various covariates, including the interest rate, the economic state,
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and the price. When generating the demand, we truncate it to ensure that the consecutive
censoring is limited to 3 instances, i.€),1 is 3. In the numerical study, we consider

two scenarios with two di erent behavior policies to generate actions. In particular, we
use a uniform behavior policy!, over the action space in the rst scenario while, in

the second scenerio, we employ as the behavior policy, where we approximateby

a Monte Carlo method. For each experiment, we consider &0 planning horizon of

50 episodes, executed independently 50 times. Training of our algorithms starts with 5
episodes (i.e5 50 observations) and increases in increments of 5 up to 50 episodes.
For each episode levéb—10—e<++—-5@% run = 10 iterations of the algorithms. The
resulting policy is tested in the environment over 500 episodes. We then compute the
average reward for these 500 episodes, and nally, report the overall mean across the 50
independent runs as a performance evaluation of our algorithm. In addition to running C-FQI
and PC-FQI on these o ine data sets, we also consider a hybrid approach that combines
both algorithms. Speci cally, this fusion approach runs PC-FQI for the rst 4 iterations,
followed by C-FQI for the subsequent 6 iterations. In each iteration of our algorithms, we
utilize kernel ridge regression. For hyperparameter tuning, we de ne a parameter grid
that includes the regularization parametethe kernel options, and the kernel bandwidth.

Hyperparameter selection is performed via 5-fold cross-validation.

A.7 Additional Material
A.7.1 Special Cases of the Proposed Modeling Framework

Case 1: Classical Lost-Sales with Linear Demand (Reduction & Policy). Under our
linear demand model 1, we can skt Owith andremove ¢ Thus ¢c=U V%Y,V 0.
Assume only ordering decisions is made as well as lost sales, zero lead time, and stationary
per-unit costs (no xed setup cost). Then the problem reduces to the textbook lost-sales
model with linear demand. Accordinglg, ... matches classical structures: Scenario

(i) single-period: the critical-fractile order with price chosen to maximize single-period
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expected pro t; and Scenario (ii) multi-period, xed price: an order-up-to (base-stock)

policy (e.g., Porteus 2002).

Case 2: 1.1.D. Demand with Pricing and Fixed Ordering Cost (Reduction & Policy).

In the same linear demand model, eliminatingand settingd = 0 makes demand i.i.d. and
linear in price. With a xed ordering cost and convex holding/shortage costs, the problem
becomes the classic joint pricing inventory model with lost sales; the optimal pajg¢y, .

admits a static *B— (— ?° structure (Chen and Simchi-Levi 2004).

Case 3: Markovian Demand without Pricing (Reduction & Policy). Omit pricing

(Y% while only retaining demand in the state vig ;. With zero lead time and per-unit
costs, the problem reduces to lost-sales inventory control with Markovian demand. Under
standard convexity/regularity conditions, the optimal polzy, ., is a state-dependent

1Bt 19— (1 ¢ 1°° policy (thresholds depending on the demand state) (see Sethi and Cheng

1997).

Reference Price Furthermore, a key advantage of this framework is its ability to accommo-
date rich demand structures. First, any nite-order temporal dependence can be encoded by
augmenting the state with appropriate lags of demand. Second, nonlinear e ects of prices,
inventory, and covariates are naturally allowed, since the MDP is de ned through an arbitrary
transition kernel and reward function rather than a speci c linear speci cation. Additionally,
incorporating covariates (e.g., macroeconomic indicators wilgjrallows dependence
across periods even when prices are controlled, generalizing models that implicitly assume
demand is i.i.d. conditional on price (Petruzzi and Dada 2002, Araman and Caldentey 2009,
Feng et al. 2014, Chen et al. 2017). The framework also accommodates behavioral features
such as reference price e ects (e.g., Chen et al. 2020). For example, under a commonly

studied reference-price model where consumers compare the current price to a perceived
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reference price, demand can be speci ed as

c=1 0?¢, 2Ac ? &— A=UA 1,1 U°? c1—

whereAcrepresents the evolving reference price. In this case, augmenting the staf{erby
equivalently?c 1) preserves the rst-order MDP representation, demonstrating that such

behavioral extensions are naturally accommodated within our framework.

Why is our modeling framework necessary? Our framework addresses two distinct
consequences of censoring: (i) missing reward components under stockouts (since pro t
depends ot ¢ . &), and (ii) loss of Markovian structure under dependent demand
because censoring hides the latent demand shocks that drive future demand. If demand is
independent across periods (ed)5 0in the AR(1) model), then the unobserved demand
history carries no predictive information about the future, and the observed process remains
Markov even under censoring; in this regime, the high-order MDP and specialized Bellman
equations are unnecessary, but reward imputation is still required to récoyer & . If
censoring is absent, then demand is fully observed and rewards are observed; both di culties
vanish and the problem reduces to a standard MDP setting where classical FQI applies. This
highlights that our high-order/Bellman construction is needed precisely for the interaction of
censoring and temporal dependence, whereas imputation only targets the separate issue of

missing reward under stockouts.

A.7.2 Further Remarks on Theoretical Results

The di erence between Classical Coverage and Censoring Coverage, Recall that each
& '®is de ned over distinct history blocks consisting of the most reé¢&nt° observations.
In particular,& "’ depends on a history containing exa@lyl consecutive censored periods.
Thus, learning the optimal policy under censoring requires reliably estimating alkséich

functions from data. If the o ine dataset never exhibits more tlFagcbnsecutive censored
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periods, then the dataset never contains the history blocks required to&& hdn this case,
the corresponding Bellman equations are structurally unidenti able: the transitions needed
to form valid Bellman targets simply do not exist in the data. This exact phenomenon is
what our notion of censoring coverage is designed to capture. It does not measure how often
particular state action pairs are visited; instead, it measures whether the dataset contains
su ciently long censoring runs to support all layers of the high-order MDP induced by the
optimal policy. This is formalized as Su cient Censoring Coverage in Assumption 3. In
contrast to classical coverage notions where the state space is xed and one only requires
su cient visitation density our High-Order MDP formulation reveals that the e ective
state space itself expands with censoring depth. Each additional censored period creates a
new structural state indexed ByAs a result, we must learn a speci ¢ Q-functi&n®’for
every censoring depth 8.

To illustrate suppose the optimal policy may induce up to 5 consecutive stockouts
during high-demand surges. This means ®&f is required to optimally act after ve
consecutive lost-sales periods. If the historical data only ever exhibits runs of length at most

=_1 = 3, then:

&' and &’ are structurally unde ned in the dataset—

because the corresponding history blocks never appear. This failure is not a lack of statistical
density it is a lack of structural support. Classical coverage metrics can not detect this
failure mode.

Consequently, classical coverage in o ine RL is de ned for a xed state action space:
once the MDP is speci ed, the question is whether the dataset visits the state action regions
used by the target/optimal policy often enough to estimate values accurately. Our setting
is di erent because censoring changes the e ective order of the control problem: each

additional consecutive censored period creates a new depth regime with its own state
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representation and associag®d’. Therefore, before classical coverage is even meaningful,
the data must contain censoring runs as deep as those induced by the optimal policy;
otherwise the corresponding regimes (and the relevant Bellman objects) are structurally
absent and the optimal policy is not identi able from the dataset. Once these censoring
depths are present (censoring coverage), the remaining question becomes the classical
one within each supported depth, does the data adequately cover the states and actions that

the optimal policy would take

Reduction of Theorem 1 under Independent Demand. Consider the case where demand

is independent across periods (e.g., setting 0 in the AR(1) model from Eq(1)). In

this regime, the unobserved demand history provides no information about the future. This
implies that the observed process satis es the Markov property even under censoring, and
thus, the estimation error for the censoring depth () vanishes from the regret bound, as

the "memory" of the process is e ectively zero (£ = 0). Consequently, the regret bound

in Theorem 1 collapses to:

max!Regretlb °— Regretl@®° . E g #)— 3°

S S
© cov 3, logtlen® 3a X
= - 3 logllen® 3 — 1YO14)0
max- 3, logtlen ) a7 ®, 5 )
« -

This con rms that our result thus can be interpreted as the nite-sample regret guaran-
tee for the problem of o ine multi-stage inventory and pricing control with censored,
independent demand. Furthermore, if there were no censoring, then Imputation Error
(i.e., stY°i#)° X) would vanish as well and the bound would reduce to classical o ine

reinforcement learning case.

Comparison of Theorem 1 with Inventory Literature. The regret bound in Theorem 1

consists of a statistical term and two censoring-speci ¢ terms: the depth estimation error
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| 4 and the reward-imputation termsn°1#)° X When demand is fully observed, as in
the o ine setting of Xie et al. (2024) and in the backlogging model of the online setting
in Gong and Simchi-Levi (2024), both censoring-related terms vanish. In this regime, our
bound reduces tét1e p#_)0 , matching the standai$ 1« p%é’ statistical rate. We

note that Gong and Simchi-Levi (2024) study an online control problem, whereas our setting
IS 0 ine, so the notions of regret di er; nevertheless, their fully observed model yields a
per-period convergence rate $¥le IO)_0, consistent with oustle IO#_)0 scaling.

Furthermore, Agrawal and Jia (2019) study an online periodic lost-sales inventory
problem with censored but i.i.d. demand across periods. In contrast, we study o ine
joint pricing inventory control with censored and dependent demand. Under the identical
conditions to their regime inventory-only ( xed price), i.i.d. demand (no dependence),
the unobserved demand history provides no information about the future. This implies
that the observed process satis es the Markov property even under censoring, and thus,
the estimation error for the censoring dedth() vanishes from the regret bound, as the
"memory" of the process is e ectively zere (; = 0). Consequently, the regret bound in

Theorem 1 collapses to:

max!Regretlt °— Regretl@®° . E gt #)— 3°

S S
© cov 3,10g*1n° 3a X
= - 3 logtlen® 3 — 1YO14)0
max- 3, logtlen ) a7 ®, s )
« -

This is consistent with thé'p)_average-costdecayimplied by thir! p)_’ ° cumulative-

regret bound in Agrawal and Jia (2019).

Comparison of Theorem 2 with Standard O ine RL. Itis crucial to distinguish our result
from standard sample complexity bounds in pessimistic o ine RL (e.g., Jin et al. (2021), Xie
et al. (2021), Shi et al. (2022)). Standard bounds typically scﬁ]&sp#_)" and vanish

asymptotically provided the dataset covers the optimal policy's state-action distribution. In
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contrast, our bound in Theorem 2 includes structural terms speci cally the Unidenti able
Regret (Ecov) and Alignment Penalties TAP—BAR that do not necessarily vanish with

sample size. These terms quantify the unique "cost of dependent and censored demand":
the irreducible risk incurred when the optimal policy generates censoring sequences longer
than those observed in history, or when operational safety constraints force deviations from
greedy value maximization. These are uniqgue components arising from the speci ¢ problem
structure. However, under speci c¢ structural conditions, such as the ideal setting in Theorem

1 and the relaxed linear MDP assumption in Corollary 4, our bounds recover the rates found

in standard analyses.

Underlying Markov Decision Process and Stationary Transitions We, in this paper,
begin from an idealized underlying decision process in which the retailer observes the true
demand even when it exceeds available inventory. In each p€tilod retailer observes the

underlying state

(c=%c.c c1°2S-

where- cdenotes exogenous market featuresgs on-hand inventory, and ¢ 1 is the lagged

(previous-period) demand. The retailer then chooses an action

ci= 0 $C@ 2 A—

where%is price andb cis the order quantity. Demandcis realized after the action, and
prot ' cis accrued as a function 6{ =~ = ¢ (e.g., via sales revenue net of stockout,
ordering, and holding costs).

A central modeling premise is that the underlying process is a (time-homogeneous)
Markov decision process (MDP): conditional on the current state actiontpgi &, the
distribution of the next state and immediate reward does not depend on earlier history,

and crucially does not depend on the calendar ttnd-ormally, letting ¢ 1-mpp =
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f1( - M 9 c1 denote the past history, we assume
er='@? ciwmop Y & with time-homogeneous transitions.
Equivalently, there exists a stationary transition kernel P such that, for all C,
P(c12dB-'c2dA (c=B- ¢c=0 =PidE-dA j B-0°-

where P does not depend on C.

This stationarity is the mechanism by which the Markov property induces a sin-
gle, time-invariant set of dynamics: once we specify How —.c 1~ ¢ evolve given
- —. c1-% %, the same conditional distribution applies in every period. In turn, this
guarantees the existence of an optimal stationary policy for the underlying MDP under

standard conditions.

How the Running Demand Example Fits the Stationary Kernel Structure We, in this
paper, emphasize that the stationarity requirement concerns the conditional distribution of
(c1—"'@givent(c &, notthe specic functional form of demand. Many demand models
satisfy this requirement so long as (i) the parameters governing the demand distribution do
not explicitly vary withG and (ii) the exogenous feature evolution is itself time-homogeneous
when conditioned on the current state.

Our running example is a rst-order autoregressive linear demand model (AR(1)):
c=\o,\g-c V%, d c1, Y-

whereY; is an i.i.d. shock with a time-invariant distribution, ajdj Y 1ensures stability of

the autoregressive component. Under this model, the conditional distributiopgiven
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(= ¢ istime-homogeneous because

P c2d3 (c=1G-H-3 c=17->° = P\y,\ 3G V?,d3 Y 2d3-

which does not depend d&as long as\ o— \s- V- d&nd the distribution of is xed over
time.
The remaining components of the next state evolve as follows. Inventory updates

deterministically via the lost-sales recursion

c1=%c,$c &-
and exogenous features follow a time-homogeneous conditional distribution (in our formula-
tion, - ¢ 1is drawn from a conditional distributioR® j (¢). Combining these pieces, the

next state is

(c1=1*crcr &

so the entire one-step transition fré- ©to (¢ 1isinduced by (a) a stationary distribution

for cgiveni( &, (b) a deterministic inventory mapping, and (c) a stationary conditional
distribution for - ¢ 1 given (¢ Consequently, the induced kerriét j B—09s time-
homogeneous, which is exactly the stationary transition structure required by the underlying
MDP assumption.

Finally, we note that AR(1) is only one illustrative member of a broader stationary family.
For example, the same stationary-kernel logic applies to (i) higher-order autoregressive
models ¢c= 5% ci1—***—c<°, Yconce the state is augmented to include the
required lags; (ii) generalized linear demand models whegés drawn from a time-
invariant exponential-family distribution with natural parameter depending en%- ¢ 1°;
and (iii) nonlinear Markov demand modelsc= (= < ¥ with i.i.d. errors. In all

cases, stationarity holds whenever the conditional distributicit fi—'© given(c- &Cis
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invariant acros§; which is precisely the content of the time-homogeneous Markov property

we impose for the underlying (uncensored) process.

Observed Process: Failure of First-Order Markovianity and Recovery of Stationary
Finite-Order Structure We, in this paper, distinguish between the underlying process in
which the rm observes true demand and the observed process faced in practice under

stockout censoring. In the observed layer, realized sales are

[ c:=minf. & @©- c=If ¢. @

so that cis not observed wheneveg= 0. We therefore work with the observed state

, ci=t-c .l c1°-

and the observed trajectoffy, & 'cI» ¢ = 1¥°go, where reward is only directly

observed when demand is not censored.

Observed process does not inherit rst-order Markovianity (and thus not a rst-order
stationary kernel on, 9. Even though the underlying decision process is Markov with
time-homogeneous transitions, the observed process generally fails the Markov property

once censoring occurs. In particular, Proposition 1 shows that on the eventf0g,

Ler'@ 62 ouicr Y o &

so conditioning only ort, & & isinsu cient to screen o dependence on earlier history.
Intuitively, censoring hides g and that hidden variable is precisely what drives both future
demand dynamics and (through lost sales) the reward component; consequently, the observed

process is history-dependent unless additional structure is imposed.
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Recovering a stationary nite-order dynamics via feasibility of censoring streaks. To
make the observed problem well-posed and learnable, we, in this paper, introduce a feasibility
restriction on the length of censoring streaks. Speci cally, De nition 2 introduces the policy
class - consisting of policies under which, with probability one, no trajectory contains
more tharn= consecutive censored periods. Assumption 2 then posits that there exists a nite
=Y 1 such that the optimal policy satis es 2  -.

Given=, we de ne the most recent uncensored time within thedasl observations at
time C as

n 0
gd=° = max €2fC—C 1-eee—C =goy =1 *

Underanyc 2 -, g2=°exists almost surely. Letg.1 ;=1 1—, 1—***——, ¢° denote the
observed history block. Lemma 1 establishes a local conditional independence property:

assuming the underlying process satis es Equation (3), for any ,2
Ler'@ ? og=1 g

which implies that the observed dynamics behave as an MDP of order atmbstThe
key intuition is that each uncensored observation serves as an anchor that resets history
dependence: once we condition on the block of observations since the most recent anchor,

all earlier history becomes irrelevant for predicting the next state and reward.

How stationarity is inherited (in the augmented nite-order state). Although, ¢
alone is generally not Markov, the process becomes time-homogeneous once we adopt the

nite-order state that Lemma 1 identi es. Concretely, de ne the augmented (history) state
(c= g=c

which is a random-length block but is always of length at mosl underc 2 -. Because

the underlying kernel is time-homogeneous by Markov assumption, the induced conditional
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distribution of'(c —'¢® given( - ¢ is also time-homogeneous: there exists a stationary

kernelP such that, for all C,
P(c12dB-'c2dA (c=B- ¢c=0 = PidB-dA jB-0°-

whereP does not depend dd In this precise sense, the observed process inherits stationarity:
not as a rst-order Markov chain on but as a nite-order, time-homogeneous controlled

process on the augmented stage

Implication for optimal policies. Finally, under Assumption 2 and Lemma 1, we, in this
paper, show in Section 3.2 that there exists an optimal policy that is stationary with respect
to the nite-order state, i.e., a policy that selects actions as a time-invariant function of the
relevant recent history block (equivalently, a stationary policy for the ordert® MDP

induced by( 9.

Extension to lead time In our framework, lead time is incorporated by augmenting the

underlying (fully observed) state with an order pipeline so that the inventory dynamics remain
Markov with stationary (time-homogeneous) transitions. This augmentation is standard:
lead time introduces additional memory only through outstanding orders, and the pipeline

state records exactly that memory.

(1) Deterministic lead time. Fix an integer lead time 1 , meaning an order placed at

time C arrives at the beginning of time C , !. De ne the pipeline vector
Uc:= chlo—- . —Ef) - [éo = quantity scheduled to arrive in periodse
We augment the underlying state as

e='-cc c1- &- ci= %50
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Under the natural arrival-then-demand timing, the on-hand inventory available for sales at

. . 110 . .
time C is¢, DC1 , and the inventory recursion becomes
- 110 ,
.c1= .c, D¢ c’®

The pipeline updates deterministically by shifting outstanding orders and appending the new

order:

100 110
UC31: [)C _..._Ct)_$c.

Thus, conditional oA ¢, the distribution offc 1 is fully determined by (i) the demand
model (e.g., our AR(1) running example) and (ii) the deterministic recursions above. If
the demand and feature dynamics are time-homogeneous, then so is the induced transition

kernel for€g

(2) Random lead time. Now suppose the lead time is random. The same pipeline idea
applies: we only need to specify how newly placed orders are assigned to future arrival
buckets, and this assignment can be stochastic.

A simple and widely used model is: each or@etis split across future arrival times
according to a stationary conditional distribution. let2 fl—ee+—J},.g denote the

(random) lead time for the order placed at time C, with
Pie= j b &= @%fc &- =1-eee b
where @ — ° is time-invariant (stationary). Then the pipeline update is

R sl 1

1 _ 1bCD 1bCO
Dc’l— E and 1 D c1 .S

i.e., we shift outstanding orders one step closer to arrival and then place the new order into
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the bucket indexed by its realized delay mventory still updates via the arrival bucket:

.Cc1= -c,chlo c’e
With this augmented stafgc= - —.c= ¢ 1—?°, the next-state distribution depends on
the past only throughf~— & (Markov), and transitions are stationary as long as (a) the
demand/feature dynamics are stationary in the same sense as our baseline model and (b)
the delay distributior@* — °is time-invariant. If delays depend on additional exogenous
conditions (e.g., shipping congestion), those conditions can be includegsothe same

statement continues to hold.

(3) Implications. Incorporating lead time does not change the conceptual structure of our
approach: it preserves an underlying stationary MDP after state augmentation, and therefore
remains compatible with our analysis pipeline. The main e ect is quantitative: the state
(and thus the feature representation) becomes higher-dimensional due to the pipeline, and
operationally lead time can increase the frequency/length of stockouts, which may increase
the e ective order needed in the observed-process characterization. The censoring-induced
non-Markov issue in the observed state remains, but our nite-order framework is designed

precisely to address that issue.

(4) Minimal example. Consider nax = 2.

Deterministic ! = 2. The pipeline is g= 1ch10_ Iézoo. We have
_ 110 N _ 120
.c1= .c, D¢ c - 1= ¥ —%c

So the only additional state variable beyond our baselinegso—llézoo.

Random lead time withc2 f1—2g Supposéiir=1j €= & = ?f= Q andPix=2
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€= &=1 ?!f= &, withtime-invariant ?1 — °, Then

10 §1$(,—0°— &= 1- 110
Uc 1= DC—O .C1- .c, D¢ c’*

b 510—$é’— = 2—

In both cases, the process is rst-order Markov and time-homogeneous in the augmented
statefg

(5) Remark: Modeling Uncertainty (Ex-Ante vs. Ex-Post). Our formulation assumes
ex-ante lead time uncertainty, where the realization of the dgJagcurs at the moment

of order placement (e.g., a supplier con rming a delivery date). This allows the pipeline
stateucto evolve deterministically, preserving the tractability of the transition kernel.
While this captures the primary e ects of supply volatility stochastic arrival times and
order crossover it does not model ex-post (in-transit) uncertainty, where orders might
be randomly delayed after entering the pipeline. Extending our framework to ex-post
uncertainty is conceptually straightforward but computationally expensive: one would
replace the deterministic shlﬁﬁ{l = D" with a stochastic transition kerngdlw 1) u®
representing random transit progress (e.g., binomial updates for each pipeline stage).
However, for the purpose of this analysis, the ex-ante model su ciently demonstrates how
the nite-order structure adapts to memory-inducing delays without the explosive state

complexity of full in-transit stochasticity.

Relationship to Partially Observable Markov Decision Processes (POMDPs) A natural
guestion arises regarding the relationship between our proposed framework and the general
class of Partially Observable Markov Decision Processes (POMDPs). While the censored
demand problem formally ts within the POMDP de nition, standard POMDP solution
methods are ill-suited for the o ine learning setting due to issues of model identi ability
and computational tractability. Our approach can be viewed as a specialized reduction

of a POMDP that exploits the speci c "reset" structure of inventory censoring to achieve
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polynomial-time learnability.

Formal POMDP Characterization The underlying decision proce$q - & '®% o
de ned in Section 2.1 is a Markov Decision Process. However, due to censoring, the
agent does not observe the full stfte= *- .- ¢ 1°. Instead, the agent receives an
observatior c= - .c-/c 1— ¢ 1°. This formally constitutes a POMDP de ned by the
tuple!S— A— T—R— —QWhere is the observation space a@d>jB- 0ds the observation
probability.

In ageneral POMDP, the optimal policy maps a belief statec(a probability distribution

over the latent states S) to an action. The belief update follows Bayes' rule:

~

1c1Eéb/01>dE9—Q1°o T*E}B-81°1c 1'B° (1)
B2S
Solving for the optimal policy generally requires solving a functional equation over the
continuous simplex of belief states, which is known to be PSPACE-complete (Papadimitriou
and Tsitsiklis 1987).

Why Standard POMDP Methods Fail in O ine Learning While POMDPs provide a
general language for partial observability, they face two critical limitations in our speci c
setting:

1. Non-ldenti ability of Latent Dynamics. Standard o ine POMDP algorithms
(e.g., those learning a Hidden Markov Model) attempt to recover the latent transition
kernel T tBjB—0from data. In our setting, this corresponds to learning the conditional
density of true deman&?! 4 ¢ 1°. However, under censored data (where we only observe
[ c=minl ~ &), the tail of the demand distribution is never observed. Without strong
parametric assumptions, the true transition kefinét not point-identi ed from the history
of observations alone. A POMDP approach that tries to learn a generative modghaf
fundamentally struggle to distinguish between di erent high-demand scenarios that produce

the same censored observation.
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2. The Curse of History. In a general POMDP, the belib§depends on the entire history
o.c Consequently, the value functiett1® is de ned over an in nite-dimensional space.

O ine RL methods for POMDPs often resort to Recurrent Neural Networks (RNNSs) to
summarize this history. However, these methods lack the nite-sample guarantees provided
in our work and can be unstable to train, particularly when the reward signal itself is censored
(as shown in Eg. (11)).

Advantages of the Proposed High-Order MDP Framework Our framework circum-
vents these issues by identifying a speci c structural property of the inventory control

problem: the Renewal Property of Uncensored Events.

Proposition 2 (Structural Reduction) Unlike a general POMDP where uncertainty com-
pounds inde nitely, the inventory system "resets" its state uncertainty whenever an uncensored

observation occurs (c=1).

This insight allows us to replace the in nite-dimensional belief stajeiith a nite-
dimensional su cient statistic: the history since the last uncensored evegtgo.c This

transformation yields three distinct advantages:

1. Tractability (Polynomial Time): By restricting the dependency to the l&&s$teps
(where8 = _;), we convert the intractable POMDP into a sequence of tractable,
high-order MDPs. This allows us to derive specialized Bellman equations (Eq. 9)
that can be solved via regression (FQI) with computational complexity polynomial in

sample size # and feature dimension 3, as established in Theorem 1.

2. ldenti ability via Instrumental Tasks: Instead of trying to identify the full latent
transition kernell' (which is impossible), we focus on identifying the conditional
meanE» d c=0- ic go-¥required for the reward signal. Using tools from survival
analysis (Kaplan-Meier), this quantity is identi able even under censoring (Assumption

4).
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3. Targeted Pessimism: In a POMDP, it is unclear how to apply pessimism to a belief

state. In our framework, the uncertainty is localized to speci c¢ state-action pairs within
the nite history ¢ go.¢ This allows us to construct rigorous uncertainty quanti ers

(De nition 3) and apply pessimism (PC-FQI) precisely where data coverage is lacking.

lllustrative Example: Observational Equivalence Under Censoring (Why O ine
POMDP Can Fail)

We note that while a POMDP representation is theoretically possible by treating true

demand as latent and censored sales as observations, it faces fundamental challenges in

the o ine setting. Speci cally, a belief-state POMDP approach can fail because the latent

dynamics required for belief updates are often not point-identi ed from censored trajectories.

This aligns with our observation that, under censoring, the observed process is generally

non-Markovian, and the oracle policy de ned on the fully observed state is not learnable
from i.i.d. censored trajectories.
Setup (Three Latent Demand Regimes). Consider a system with a latent demand

regime " c2 fL— H— g and corresponding realized demands:

%10— "e=L Lowe-
c= .50~ "c=H; !Highe-

%100— "c=H2 Very Highe

Assume a strict capacity limitc 30 (e.g., due to shelf space or capital constraints).
The retailer observes salég= minf. = @@and the censoring indicatoic=1f ¢ . @

Crucially, under both high-demand regimes, the observation is identical:
M e=HP_Y c=H? 9 Y & ©=130-0%

Thus, H and K are observationally equivalent whenever censoring occurs.
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The Failure of O ine POMDP Learning. A standard POMDP planner relies on a
belief stateld<® = Pri" =< (.@, which is updated using an estimated latent transition
matrix)1< 0 j <°. However, because the censored observatdihr- 0%reates a "blind
spot" distinguishindd; from Hy, the transition probabilities among these high states (e.g.,
)*H 2 j H1° vs.)1H 1 j H1°) cannot be identi ed from the o ine data alone. Consequently,
multiple distinct transition matrices could induce the exact same distribution of observed
sequences. A POMDP algorithm would therefore rely on untestable implicit assumptions
(priors) to distinguish these regimes. If the model incorrectly assumes the systehRyis in
(demand=50) when it is actually H, (demand=100), it would severely underestimate the
value of breaking the capacity constraint, leading to suboptimal policies.

Resolution via the Proposed Framework. In contrast, our framework circumvents the
identi ability crisis by abandoning the attempt to model latent state transitjopertirely.
Instead, we target the optimal policy as a function of the observed histerye..c The
key insight is that while the transition dynamics between latent reghirendH, may
be unidenti able, the conditional expectation of the immediate reward given the history,
E»'c] icgo-¥aremains point-identi ed. By leveraging the renewal structure of uncensored
events and Assumption 4, we prove that the conditional distribution of demand (and thus the
expected reward) can be consistently estimated via the Kaplan Meier estimator (Lemma 4).
Consequently, our specialized Bellman equations (Eq. 9) construct a valid value function
that implicitly marginalizes over the unknown mixture of latent regimes consistent with
the history. This ensures the learned poltcynaximizes expected pro t with respect to
the data-generating process, without ever needing to explicitly disentangle observationally

equivalent latent states.
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A.8 Regret Decomposition

In this section, we present the derivation of the regret decomposition for a polas ned

as follows:
Regretic® =Vic © Vice, Q)

wherec is the optimal policy de ned in Equatiob). Firstly, we make several observations
and state the necessary assumptions for deriving the regret decomposition.

Recall that the nal estimated policies produced by C-FQI and Pessimistic C-FQI belong
to a_,. This shows that both policie, ande , are implicitly a function of the o ine
data through®_;. Therefore, when considering value of the estimated nal policies, data
dependency needs to be taken into account. In addition, we have the following observation,

n n - ##
a
Vico = E E° W oy
C=0
Next, we make the following assumption.
. i .
Assumption 16 PfciCt —=_,°° =1, wherec. 2 argmaxo, EC’ é:OV@ g Ct —=_4°

Now, we are ready to state the Lemma outlining the regret decomposition:

Lemma5 Under Assumptions 1, 8 and 16 the regret of any policy, ¢-2, is given by:

||~ # IIN # '
o (@] @] Wil
Regretic® sup E° W EC W 2 maxy gy P 1C1 —=_400
€2 =, c=0 c=0
= 2I max
1 = _ 1011 U _ -1 _ an
, ; 1, c P W
4I max l I
1 W #

where C* —=_1%and -_, are characterized in De nitions 1 and 2 respectively.

Proof:
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First, we propose to decompose the regret using the law of iterated expectations as

follows:

Regretlc® =Vic °© Vic®

# " #it
¢] ¢]
= EC We Eo, E5 W GO
=0 u C=0u
y # ~ #it
a a
=Eo, E* WO E° WOy
( ..Ci=0 C=0 #

=Eo, E° W jCl-2,°-Q PF1Cl -2 1°j0,°
" C=0

e #
E° W cjC% —&_10-Q PI°1C% —&_10 ) O4°
C=0
" #
a
(=i W cjCl—2_1°-Q PIFICt —&_10j O4°
C=0
u
o )
E¢  WjCh-2_°-Q PrIC* —&_1°)04°
C=0 .
= Prcllﬁ_1:<0 EC Wcj Cl _<0 P 1C1 _ <00
<=0 n %:O
¢)
E° W cl C21 —<0 Pf 1C2%1 _<o0
C=0
" #
a
E° % cj Ct —<° PIF1C1 — <00
C=0
" #
e} )
E° W ¢j C%t —<© PrriC2t —<o0 _
C=0

where we leverage the fact that orfly ; is dependent on the o ine data, whereas bath

and c are independent of it, with the independence of ¢ contingent upon a xed &
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Following this, we decompose the summation into two parts as follows:

(5 #
Regretic® = P?ll&_l ==_49 E° W cj Cl —=_1° PI°F 1Ct —=_,00
Cc=0
" #
Q
,E ¢ W Cj C21 —-= _10 Prr 1C21 -= _100
Cc=0
" #
Q
EC V\? Cj Cl—:_lo prC1c1_:_100
c=0
R #
5 )
EC¢ W cjC* —=_4° PFIC? —=_;0°
c=0 "
o C s #
, Prcil&_l =<0 E° W cj Ct —<° PI°1Ct —<00
<<= _4 C=0
" #
Q
= W cj C%t —<° P 1C21 — <00
c=0
" #
Q
E¢ W ¢jCl—-<° PrFiCL —<
..CEZ;O # )
E® W cjC*—<° PrIC? —<0 o ()
c=0
Considerthe rstpartwher&_, ==_;. C* —=_;°%isasure eventunderasc 2 - _,.

Next, consider the second part based on which we deqarid L as

0c = Pre'1a_) = <o

||@ # "@ #
1. = E° % cjCt =<0 Prc 1C1—<005EC W C C21 _<0 P 1021 _ <00
©=0 wC=0
~ # ~ #
o o
E¢ W jCl-<® PPICl—<% EC¢ W jC?% —<° PF1C% <00
C=0 Cc=0
. . i i
Following this, we note that .- _, O< | 4 , and therefore, .- L 02 | i) ,

as implied by Assumption 8. Additionally, sinde 41 W, we have .- | 12
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.2
110 41mWaX ,giventhai' § ' maxforallC 0. Then, by applying the Cauchy-Schwarz

inequality, it follows that

4|
0cle —Tw »

<<= _4

Therefore, the upper bound on the regret is expressed as:

( ||@ # n@ #I
Regreticc Prt'ia ;== ;0 E° Wejct-=° E¢ W PriCct-=_,°
C=0 C=0
||~ # ||~ #I
a a )
E° W cjCct—=_4° E® W PF1C%-=_,%
8:0 C=0
4 max 1
— | - 3
. 1 W #) 3)

Next we focus on bounding the second term in Equation (3):
" # s #1
Q Q
E° Wejct-=_4° E¢ W PFfiC%—=_40
Cc=0 C=0
This term essentially corresponds to the unlearnable portion of the optimal policy. Recall

that the probability of observing censoring in the next time step under polgyen the last

= periods are censored is denoted by:

Prri ol Oj c— = C=1 =0°=1 UC_:8C 0.
Let Bgrepresent the set containing all trajectories with sub-sequences that exhibit more than
=_; consecutive instances of censoring within the rshorizon starting from th&th

decision point. Formally,

Bs= f, &= co0j9:i= _1suchthat89 2f8—eee—8 : 1gp=0-and 8,: 1Y
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Under these de nitions, PtB¢ can be bounded from above as follows:

PrclBg° = Pl'cl 81 — 1- 8- 0- —8,=_1 =Q°
Prc: 8= 0- —8=_ =Q°
=Pr’t g=0°Pf1 8’1:Oj g=0° Pt 8.= 1 =0j 8=_,1 = = g=0°
1
11 U
9=1

Under Assumption 14, the probability of observing a non-censored state under the
optimal policy increases as the number of consecutive censoring in the previous periods

increases. This implies 1 }J_gdecreases as 9 increases. Therefore,
PP iBg 11 U o_fte (4)

Furthermore, it follows from De nition 1 and the de nition dgthatC%t —= _;° =

[ s=0 ' Bg Therefore, for any policy ¢, we have:

D1 1
Prf1C% —= _19° PrriB t = _; 1° 11 U8 (5)
8=0 9=1

Given Equations (4) and (5), it can be concluded that:
P 1C%t —= 400 1 = ;5 1011 U, P, (6)

Next, we use Equation (6) and the fact thagj'' max8C 0 to obtain the following:

||@ # "@ #]
. ) o

EC V¢ cl C%1 _= 1° E c % c P 1C%1 = 4% 1 = 1011 £ max
C=0 Cc=0 1 W
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Plugging this to Equation (3) yields:

( ||@ # "@ #!
Regretc® Pl'cllﬁ_l ==_49 E° W cjCt—=,° E€ W c Prf1iCt —=_ 00
C=0 C=0
= 2I max
1 = ., 1011 U . _p7-1 2 _MaX
. ; 1, c -1 T W
4" max 1
R | 7
1 W #) (7)

Observe that by de nition¢ is the optimal policy that maximizes® ézOV\? c . However,
it does not necessarily remain optimal 6t éZOV\‘f cj Ct —=_1° as the transition

probabilities are altered once conditioned®h—=_,°. We denote by . the optimal policy

o |
under the event?! —=_,° (i.e CC'2 argmaxe, E° ézOV\?‘ a Ql —=_2). Given the
o . o | . I .
optimality ofc ., itfollows thatE® ~ $_ W ¢jCt —=_,° E % {_ W ¢Ct —=_,°
0
8c 2 .

Consequently, the upper bound on the regret can be further expressed as:

"@ # "@ #!
Regretic® ESc W cjCt—-=_,° E¢ W ¢ PF1Ct—=_,°
C=0 c=0
1 = 1.1011 U, _P~1 2" max
5 - 5 - 1 W
P
4' 1
Iy ®)
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Consider the following term 8c 2 -, :

" # . # " #
Q O Q
ECc \/\?dcl—:_lo = ECc V\?dcl—:_lo bECC Wcjcl_:_lo
c=0 C=0 c=1
" # "L #
O (€]
EC W Ct-=_° E° W Ct—=_4°
C=0 c=1
VV’]'
5 2' maxs a7
AWy i
O (€]
= E®c V\? C. EC W C
c=0 C=1
Wl
2! _
5 maxl W (9)
where the last equality follows from the fact tat —=_;° is a sure event under., as

implied by Assumption 16, and from the condition thatc 2 _, .

Next, note that - results in at most _; consecutive censorings within the rst steps,
while ¢ results in at most _; consecutive censoring over the entire horizon. Based on this,
we de ne a policy, denoted by-_, , asc CI»C %  cI»C j Y% This policy ensures at

most =_; consecutive censoring across the entire horizon. Therefore,

o # # . #
O o O
ECc V\?C§EC WC:Ecz—l V\?C
C=0 C=1 C=0
: e #
o @]
sup E° W e e
c®2 -, C=0
This implies
" # o #
Q 0 a Wl
ECc W jCt —=_;° sup E° W, 2 maxy (10)
c=0 €2 = c=0
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Therefore, the upper bound on the regret becomes the following:

||~ # n~ # '
0 (@) @] Wl
Regretlc® sup E° W EC W 2 maxy vy P 1Cl —=_,00
€2 =, c=0 c=0
= 2I max
1 e _ 1011 U _ -1 _an
5 ) 1., c f 1 W
4' max 1
T e 11

This concludes the proof of Lemma 5.
Remark: Observe thatif Assumptions2and 3holds (ice.2 -_,),thenP® 1Ct —=_;°° =
1. Accordingly, the optimal policy learnable overall, and thus, Equa@meduces to the

following:

n - # n o #!
( 5 5 )
Regretlc®  E® W EC W
=0 c=0
4' max 1 | _
1w "

(12)

We will use this result in the next section.

A.9 Proof of Theorem 1

This section provide a proof of Theorem 1 via three steps. In Step 1, we analyze PC-FQI
under idealized setting where Assumptions 1-13 hold. We rst invoke the special form of
Lemma 5 which is valid speci cally under Assumptions 2 and 3, and we bound resulting
term using Lemma 9 (i.e., performance-di erence lemma) together with the upper/lower
bounds on estimatefl-functions. Step 2 repeats the same derivation for C-FQI, replacing
e byb andusingthe analogous advantage decompositiog&aiuhction bounds. Finally,

Step 3 combines the two bounds via a union bound to obtain the nal result.

143



A.9.1 Step 1: Regret for PC-FQI under Idealized Setting

Recall that in the idealized setting, Assumptions 2 and 3 hold. Moreover, by de nition,
e 2 -_,). Therefore, we may invoke the reduced form of Lemma 5, which is valid
under these two assumptions. Speci cally, this corresponds to the decomposition given in

Equation (12) in the remark of Lemma 5.

a # 8 #
Regret'e © E © Wce E® W
C=0 C=0
| {z }
8l °
p—
4' 1
LR @
Thus, it remains to upper bound the term 8e
Under Assumptions 2 and 3, the optimal policy satisees2 - -_,. Sincec

maximizes the value globally and is a valid candidate within the restricted class for

o I : :
simplicity, letc._ =c , wherec__ 2 argmaxo, -, EC’ g:;OVVi c . Given this and the

Lemma 9 yields

fact that(;_1 ande both belongto - _,,

. 4 . )
aQ a
8le °=E° W E*® W ¢
Cx0 C+0
~ # . #
.. © a
—E*=1 V\(P c E € V\(P c (2)
C=0 Cc=0
1W=*1 10 100 100 1o 100 Loo 1o
= 1 W El‘ 100_ 100_ _’lu_luosi e E e, 1 0°_ 10°_ - o [%» 9 = 0% I» 0 :1%.
9=1
Assume that by conditioning or= 8and?, - - _ 8 = 1p'0°_g0°_  _pBd
suchthat '®=1and '°=089 =1- - fhe expectation above can be upper bounded

144



as follows: 88 =0—- —Fx 1,

00Ul e gl (0%
=1

= &2"_1 -0~ P _FL (0% & Cal 1E0°_g0°~  _PLedipl P (0%o

& 081 IF0_0- P L (0% @O0 P8 _ap8L (0%
L @FIFI_g0_ Lg% g 081 0o g0~ _PLedIFtl (0%

3)
where the rstinequality comes from the optimality of @n 8% 8s=0- -3 1
For8 = =_4, the policye is no longer optimal o by construction as it outputs

Omax- This implies that Equatio(B8) does not hold whe8 = =_;. Therefore, we quantify

the optimality gap as:

AD ® 10— (- -1’0 (4)
— max& 1= _1 01F100_ doo_ _ lt: 1 o_ 00 &1: 1 01F100_ doo_ _ lt: 1 o_el: 1 01F1=_l o_ _ ﬁ)o_ dOOOO.
02A

Itis worth noting that this constant disappears under Assumption 6, and thus, under idealized
setting. In particular, Assumption 6 implies thHa}ax is the action that maximizes the
correspondingk-function, so the constant term evaluates to zero. Accordingly, we will
enforce this simpli cation at the end of the derivation, since Assumption 6 holds in the
idealized setting.

Therefore, by using quanti ed optimality gap, we can derive Equat®)nvhen8 = =_;
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as follows:

SUMEOLGPL g E _ge

g I fat dACIET A (0% max @' IF OG- oo
= B 02A

max @70 e @1 TG0 g T (0

T

R SR e S R L

@ E_GrL gm0 (0%

& SUEOGOL T I (%%

AD® IEOLGOL et ©)

where rst inequality comes from (4) and the fact that

max@'= " CIFO_ (0. _fEat_go @Il _fEaC gt it a0 (0%
02A

Equations (3) and (5) combined yield the following 88 = 0— _;+=

:80 1F 100_ doo_ _ ﬁl)_elsﬂllz 180_ _ ﬂo_ doooo
=-1
L e L I I | e e | e T SIS S s
=1
QIR0 Pl (%% g ¥ 1pt0°_(0°-  _pPlgBip8L _p°_(0%o
B C- 1
JAD © 1F'0°_0%°—  _pYn8 == Y (6)

To upper bound the right hand side of Equatié}) we use Lemmas 12 and 13, which provide

an upper and a lower bound on the di erence betvv&%fﬁ and& " on the event %\
=1

that holds 88 = 0-  —gsimultaneously with probability at least1 = ,1°n Y:
&% F_0%- P8 @ L g8%
€=
w ! 2w, 1 51YO1#)0 X

1w ™ 1w
L OQIF°—Qg%”- P (8%
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and

&5 F_g0- (@8 gBIF_g- (8%

C=
2 W, 1
1w ™ 1w

w1t styoi#)e X TAD © 1fp'°_(g%° 8%

Therefore, it can be shown 88 = 0— _+that:

180 Gpi0°_G0°_  _@Bpi8s  _E0°_ (§30%o

c=

DQIFC_(°- G EL oo

TAD © 1F'°-¢%- _PLel1F8n (0o

2 W, 2

Tw o Tw ST

2wl

i AD € 1F100_ doo_ _ |1:800|»8 - :_1 1/4. (7)

Consequently, an upper bound on the t&¥a ° from Equation(1) can be established

based on Equation (7) as follows:

" # " #
OB WP . © %
8eC®=E" c E C
C=0 C=0
_ 1 W=71 10 1 100_ 100_ _ 1 o_ 1 ooo |)) 190 _ o]/ |)) 100 _ 11
_—11 We =, 100_ 100_ _’lu_luo3; e -, ) = 4 =
- 9=1
- h h i
1 W—_l . . . EC: 1 ng 100 100_ 1 0_ 1 OOJ 1 100_ 100_ 1 Oo
—11 W2 Th, - n e ttog © ) ) ) )
2 W 2
E € TAD € l, 100_ 100_ , 1 0_ 1 00 . 17 100_ 100_ , 1 00 ZW 1 ) 51Y01# o X
s J R TwWw ™ T w )
€ 1 100 100 100 1 O 190 1 100 1
AD , et » ==_1Y [» =0%I» =1%- 8
9=1

which holds with probability at least 1 =1 ,1°n Y.

Given Equation (8), the components related to the alignment discrepancies are exactly:

1 W: -1 € € 100 100 10 10 . 100 100 10 O 190 100
TAPle © ==~ — _E , TAD® 1, 10° M0 _ P tfoja 10°_R0°_ %% oy 19001 15,10° = 98

1 2 °
1w a- 9=1
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and

1 w -
E ) . ADe 1’ 100 10°_ _,100|» ::_1]/4.

BAPle ©:= W ° 3 N

Here, TAD captures the boundary misalignment incurred at censoring depthAcross

iterations, it accumulates the suboptimality (measured u:iil(;fe‘r1 0) of the boundary action
=1

selected bye: relative to the boundary action prescribeddy ,. Concretely, at the

boundary and each iteration :, we compare

1= o 1= o 1= o] 1= o]
= 1 --1" 0 o

& __1 y 0— 0— = _e__l 11 =_1 - —0— 00 & C—_ y 0— 0— _1:_1_(;_1— v =1 —50— O
Under Assumption 5, the action outputteddii " isin the seUP'=*". Sincec. , also
selects an action iDP'=-1° that is optimal with respect t&l= -1° the above di erence is
=1
non-positive. Therefore,

TAPle © O-

-1

Furthermore, Assumption 6 ensures the ac@ggy outputted b)elz * maximizes the

estimated Q-function.

AD ¢ 1F'°_(g0°~ 1% )

=max& ~ T IF_(0°~  _fF1°_go T IF g0~ _fat_g tiptEats _0°_(§0%o
02A

=0

This implies that

BAPle © = Qs (10)
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Given these, Equation (8) reduces to the following:

- h h i
1 W—_l 100 100 10 10, . 100 100 10
8leg ©° WEl‘ 0o _ 0 _ioog @ EC- 1 gQs, 0°_ 10°_ e oj1, 0°_ 10°_  *°%
2 W 2 o . -
2wl slyoig)o X I» 9= 0Val» 0 =114 (11)
1 1w 9=1

which holds with probability atleast1 1=; ,1°n Y
We now bound the contribution @Q in Equation(11). Throughout, we assume
bounded rewardg § ' maxandkogt °3%%k, 1 for all 8 2 f0—e++—zg Given this,
recall the characterization €Q
a h
OQIF - (% eee BB = WES 1 275" g0, eiga L - geeemg = IFO-07-
:=0

n 0]
where"c:zmin =_1— maxfE O: CE-= = ¢c1=0- CElzlg

Next, we derive an upper bound t‘)ﬁgowhich is de ned for each deptBand iteration

index : as follows

18 1C8C . gt ‘C8"61 8Bl 1C8E 12 (12)
where
ey
18 = QBl 1C8 6q81 1C 8°:> L. (13)
g=1

and thus, for eac§ * fsoin Equation(12) satis es De nition 3 as implied by Jin et al. (2021),
Chang et al. (2021).
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Given this, we x 8, invoke Assumption 11 and apply Jensen's inequality which yields

q
8% 18 - ¢ E o (gt '89>1 80l 180

q
V. o wg Gg 801 Wlgg 0 (14)

E 8°3 ¢

where '8is the generic random variable involving history block with length 8.

We now bound the E-5 - qgt 89”1 801l gg 8% ysing Lemma 14. Let
g = E wy Qg OPgg U7 - K":=rankt g0 37%%

On the high-probability event -¢, from Lemma 14, we have for all and for all8 2

fO— _:—19!
gg°>t ®dlgge 2 3 A% logi2,on° gg°” jOS] 4. agtoe

Then, we have

h .

E oy gf T Tign S0 2, AT logizent £ g gt T 00 5.
=21 A% logi2,en° tr éjof] é,_ .

(15)

where the last uses the standard iderfity& G¥ = trt E»GG®4with G = g¢¢ 8% and
=40 % 5. ot
Next, we use the spectral decomposition QMith eigenvalues$ ggoggflto upper bound

the second term in Equation (15). This yields

o \180 ] 100

© . _age © 1 @8 9 @8 1 B A8

tr 510, g._ = —mow —& =
9:110# J 9. 9:110# J JO# J
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where the inequalit foIIowsfrornl;.9 9 =1 _(since 0 and 40 for
quatity 027 o IO°T o J'O#SJ'( - ol
9 A8,
Applying this to Equation (15) brings

180

E g Qg o071 Bblgga 8 o A® jogi2en0 — - (16)
8 . 180
10,”)
which holds with probability at least 1 n on the eventy, .
Then by substituting Equation (16) into Equation (14), we have
v e
E 8°3 ¢ 81 8% \7 Cov21 A180, Ioglz 2'no . 180
Oy
v
3180
V; cov 21 3180> |Og]'2 2.n0 . 180 (17)
Oy
-3¢0 Inthe

which holds with probability at leagt n simultaneously for each 2 fO—

second inequality, we use the fact th&f A3 ®forall8 2 f0o- —=g.

Next, we invoke Assumption 10 (Uniform stratum mass / lower bound on partition sizes):

there exists a constant d 2 10— 1% and an eygstich that Prt ,° 1 n and, on g,

o,

. . 18
osnlm_l jO, ] d#)

Accordingly, by a union bound, we have

Pri€g® = Prt o\ A\ g\ ° 1 1= _; 30 Ye (18)
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Next, we apply Equation (17) to the de nition &Q on the event of ¢, This brings

"t/ #
100 o o . i ° 31" 8:°
OQIF 00—« s 28 W V. By oo, cov2 3" 57 10gt2on® —
=0 v JO# 8,: J
Vinax Ma% 9= _; cov?i 3'9° log12en® 3'9°
1 Ws mino o= , jO,” ]

Vinax cov21 3,10gt2,en° 3 19)
1w d#)

where we use the fact thaningjo;goj d#) , 3 = maxsg= , 3% and Vi :=
max 1 V.

Then, plugging Equation (19) into Equation (11), we can obtain

S
1 W--1 ©Vnax  cov2i 3,109%25°n° 3 12 W 2 5@
8le?° - 2W ' 1YO014)0
11 w2 1 W d#) ’ 1w ™ 1Tw?® )° e
« -
S
1  ©Vmax cov2e 3,109%22en° 3 12 W 2 ¥ 8
- 2W ' 1YO14)0 N ®
11 W2 1 W d#) : Tw e Tw s
«

(20)
which holds with probability atleast 1 =3 ,3°n Ye

To state the nal rate, we choose as follows.

log#)° .
211 We

o p——. Toaim)o .
This implies that 1Y % andW?! 1#)° 12 Therefore, the truncation
contribution satis es

12W|
1

2W

max —2;)_ Wx 1#)0 12

=

for an absolute constagg j O . Furthermore, by following Chang et al. (2021), we choose
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Vinax On the order of

r

Vhax 3, log'2,en° 3 (up to additional logarithmic factors and constants)e

and set the regularization parameter _ used'ffito 1.

Then, on even€ ¢, given Equationgl) and(20) as well as the selection of and Vinax,

we have
s
1 ©Vax covdr 3,109'22°n° 3 25" max 12 2 x &
Regretie ° : 1)0 S gryoig)o
egre 7 W2 1 W %) CTTw L Ty YT
é(— =
4' nax  logi#)° |
1T w211 we P
s !
2 2
o l0a12 -en© cov £1 Q max 5 _jyo14y0 X
s
4' max logt#)°
TwW  2i wo | ¥ (21)

To simplify the expression, we consider the regime in which the truncation term is
dominated by the statistical term, namely without loss of generality, we assume

S

2
2 max 3 .logt2,en° 3 C‘Zjv L. (22)

Under this condition, the truncation contribution is absorbed into the leading statistical
term. Given this, we further use notation which hides absolute constants and logarithmic
factors (e.9.W' max), wWhile keepinng’explicit. This yields the nal bound on
8le ° and Regretle ° as follows:

S

8 ° . 3 logllen® 3 d;o)v . styoig)o X (23)
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and
S

Regret'e © . 3 logtlen® 3 d;o)v ., ostyoig)o X | (24)

which holds with probability at least 1 =1, 3°n Y.

A.9.2 Step 2: Regret for C-FQI under Idealized Setting

The proof ford follows the same steps & . Recall that in the idealized setting,
Assumptions 2 and 3 hold. Moreover, by de nitioty, (2 - _, ). Therefore, we may invoke
the reduced form of Lemma 5, which is valid under these two assumptions. Speci cally, this

corresponds to the decomposition given in Equatoin (12) in the proof of Lemma 5.

5 # 5 #
Regreti © E © Wce EC W ¢
C=0 Cc=0
| {z }
8 °
P
4‘ maX 1
CTrw 0T (29)

Thus, it remains to upper bound the term 81¢tF.

Assumptions 2 and 3, the global optimal policy satises2 -_,. Sincec

maximizes the value globally and is a valid candidate within the restricted class it must

i
wherec. , 2 argmaxs, _ E° L M. Thuscc. , =c.

coincide with thec_ )

1

Given this and the fact thatc, and® both belong to Lemma 9 yields

=_1

" # " #
(e} a
81 °=E° W EFC W ¢
Ccs0 Ccs0
b # b #
. o a
=E*= W EC W ¢ (26)
c=0 c=0
1V\F‘l 10 100 100 10 100 190 100
= E e 1 00ttt "% I» 9= 0vl» 0 =114
2 1) 100_ 100_ - 1o_ 1003 @ _ l 1
11 W a— é ¢ -1 9=1
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Assume that by conditioning on = 8 and the sequencg ®— '“—eee_ 8% =
IF0°_ (0% —eee B2 where ' =1and '°°=0forall 9 = 1— e« +-i8e expectation above

can be upper bounded for all 8 = 0— e+« 4— % as follows:

o g g g
=1
e EO_QUs LR el (o g % R0l gol gt gOuptet g%
C= 1 -1 C= 1
& ;8:71 1F 100_ doo_ _ lq;go_ (igj’l ~ lF180_ _ |;|;Oo_ dooo &1801F100— doo_ _ lteo_ Ql87°1 ~ 1F180_ _ ltoo_ dOOOO
glgoll: 100_ doo_ _ #BD—BSOIF 180_ _ FOO— dooo & 1go lF 100_ doa_ _ #80—6801': 180_ _ lqloo_ dOOO_
5 Cc= 1
(27)
where the inequality stems from the optimality of on@ %88 = 0—eee—x 1.
. . . . . . . 1= 4,0
For8 = =_4, the policyb no longer maintains its optimality with respect® * as

it picks Omax. Consequently, the inequality speci ed in Equati@T) is not applicable when

8 = =_1. To quantify the optimality gap, let

AD¢ 1F0°_g%- 1o (28)
=max® T IF_ @0~ _fFat_go BT IE 0. gt ipE s (0%,
02A

It is worth noting that this constant disappears under Assumption 6, and thus, under idealized
setting. In particular, Assumption 6 implies tHa#ax is the action that maximizes the
correspondingk-function, so the constant term evaluates to zero. Accordingly, we will
enforce this simpli cation at the end of the derivation, since Assumption 6 holds in the

idealized setting.
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1

Hence, with this optimality gap, we can upper boundzz* " as follows:
=-1

:: 1 olF 100 doo_ _ ':I__: 1 0_6= -1 olF =40 _ |1;0°_ dOOc)o
-1
_ & IC: ) olFloo_ doo_ _ r__: _1 o_ é:711_01F1: 1 o_ _ FOO— dooo rr(])g\)A( @1: 1 01F100_ dOO_ _ r_—: -1 0_ 00
=-1
= 01 10°_ 40°_ _E-1°_no = 01 10°_ o°_ N = =1 01 =19 _ p0°_ A0%o0
max F 0° & F o F
* 02A C=_
& ;:: :11 olFIOO— doo_ _ l]__: 1 o_ é:711_01F1: 1 o_ _ '];OO_ dODO
g1:_l OlFloo_dOO_ _fL‘:—l D—Cl_:_l 01F1=_l 0_ _lqloo_doooo
= _q -
@1=_1 OlFloo_doo— _|;|:=71 0_6:_1 01[:1=71 o_ _#Oo_doooo
& i:: 1 olF 100_ dOO_ _ ll:: 1 0_6: -1 olF 1= _4 0_ _ r';oo_ dOOOO
=1
,AD ¢ 1p'0°_g0°_ _fmaito (29)

where rst inequality comes from Equation (28) and the fact that

max@'= 1 IEOC_UL _pEat_go QTCIEO_GCL gt iEE a0 (0o,
02A

By combining Equations (27) and (29), we have the following 88 = 0— _;—=

:870 1': 100_ doo_ _ |1;80_6801F 180_ _ I:I;OO— dOOOO
=-1
& F AR gro B pSL (0% QIR PP iRt 0 (0%o
c= =-1- =-1 -
@180”: 100_ doo_ _ '1;80_680”: 180_ _ ltoo_ dooo & 180 1': 100_ doo_ _ |:;80_6801F 180_ _ #)o_ dOUOO
; .,
JAD ¢ 1R 0%~ P58 == Y (30)
Recall that
& IR0 B (8% = QUSR0S0 8 @8d  BApI0°_0°_ 8% (31
where the exact de nition 0& 489 = 0— - is given in Equatior(38) and the characteri-
zation of "81F'°—(3%°-  _ % js given in De nition 17.
Next, we add and subtract®tF'®—0%”-~  — % to the right hand side of Equation
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(30) to obtair& . This implies the following:

I S | - M I e
€=
180 100 0° o 1g8o 180 o 0o —18° 100 0° o 180 180 o 0°
R e i I T T
& IR0 L gBupel (0% g 87 apl0n (0oL g8 g8l _ 9 (0%o
B c=
JAD ¢ 1FT0°_ (00— Y8 == Y4 (32)

To upper bound the right hand side of Equat{88), we use Lemmas 10 and 11, which
provide an upper and a lower bound on the di erence betv&gﬁ andglgoon the event
=1

\  Athatholds$88 = 0- —= simultaneously with probability at leakt!= _; ,1°n Y :
& 180 1F 100_ doo_ _ #80_ 0800 EISO:LF 100_ doo_ _ IJ;SO_ 6800
€=
w ! 2w, 1 5LYO1#)0 X

1w ™ 1w
. UQ]-F 100_ doo _ F‘LBO_ 6800 . 1801F 100_ doo _ F1800

and
&L‘f"il IE_G0 (8% g CiIp_g0 % (8%
w ! i_w max ﬁv styoig)e X TAD € 1p'0°- g%  _p8L (8%
Hence, we can show that 88 = 0- _+:=
B e el e o
=-1
UQIF °—0%- —PLc¥ _1p'8. (%o

JTAD ¢ 1F'0°_ (0%~ P8R8l _p9°_(0%o

Comeongen e awt 20 A avesyo X

JAD ¢ R0~ %58 == Yy (33)

Consequently, an upper bound on the t&¥P from Equation(26) can be formed based
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on Equation (33) as follows:

=_ O
8lb 0= u 10 1 100_ 100_ _ 1 0_ 104 |» 190: 01/ |)) 100 — 11
1] W i, o0l i _ieog ® g -, , 4
9=1
= h
1 W -t EC: ) UQ]- 100 100 1o 104544 100 100 1o
1 W, e e _‘N_mo3ac , ) 15 )
100 1Q0 10 104 100 100 10 10 100 1Q0 10 2 W
EC TADC;L 0°_ 10°_ _ 0J1 0°_ 0°_ o 1 0°_ 10°_ o) zwl -max
5 ] ] ] ] 5 ] y 5 1 W
2 ° o X e 100 100 10 O 190 100
T W 51Y0L#) JAD B U T I» ==_1Y% [» =0%l» = 1%—
9=1

which holds with probability at least 1 =7, 1°n Y.

Given Equatior(34), the components related to the alignment discrepancies are exactly:

1W:_1 100 10o 10 10, . 100 100 10 O 190 100
e E® TAD® 1, T0°_ 107 _ 0 tfoja OO RO°_ Moy, P90 0y, »'0° = 18

TAPp O:ZW lasa_ , ) ,

9=1

and

= -1
BAPp © := 1w E .., AD®1 '0°_0°_ "%y == ;1.

11 WR °3 .

Here, TAD captures the boundary misalignment incurred at censoring degthAcross

iterations, it accumulates the suboptimality (measured u&@;_e‘rl 0) of the boundary action
=1

selected byb. relative to the boundary action prescribeddy ,. Concretely, at the

boundary and each iteration :, we compare

& __l y 0— 0— = _6:_1 011 =1 —,0— 00

& ¢ L o
_ y 0~ 0— Te= T ' -y =T —0— 0

Under Assumption 5, the action outputtedb)_lﬁ 1% s in the seUP=-1°. Sincec. _, also
selects an action iDP=-1° that is optimal with respect t&;: ‘10, the above di erence is
=-1

non-positive. Therefore,

TAP1b © O-
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Furthermore, Assumption 6 ensures the ac@ggy outputted b)b1= -

* maximizes the
estimated Q-function.

AD ¢ 1F10°_ doo_ _ f:z -1 % (35)
=max@ T IF_g0°-  _fFa®ogo RT1TIpIC_(0°  _fEaf gTttipt=ac. _p0°_(§0%o
02A
=0
This implies that
BAPb ° = Qe (36)
Given these, Equation (34) reduces to the following:
1 o 1 \Nz’1 h C- 1 100 100 10 100.1 100 100 100
80 WElﬁ 100_ 100_ _’10_1003;_ E -1 UQ y - - y - J ) - - y
1 01 100_ 100_ 1 00 2W 1 2_\/\,| 2 51Y01#)0 X O I)) 19(): 0]/4|>) 100 - ll _
’ oo 1w ™ 1w oet
(37)

which holds with probability at least 1 *=; ,1°n Y.

We now bound the contribution &fQ and ' ° in Equation(37). Throughout, without

max @andkogt ©38%, 1 forall 8 2 f0—es+—zg.
Given this, recall the characterization of UQ and’ as follows.

loss of generality, we assunjeqd

~

G h
UQLF ®—(0%—eee B (8% = WE®=-1 * 78" 18: " g.080 1, 0— 0°°°*—.8 & = LF— 0%
=0
e h i o i o
BAE0_ (P —eee B =max WEC1 - & *7 8 B 1, gmeee—g L =1F Peee B0
=0
n o]
where "c:=min =_1— maxfE 0: cg= = ¢c1=0- cg1=1g
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Next, we derive an upper bound bﬁgowhich is de ned for each deptBand iteration

index : as follows

X 18 1CBIC .\ ga 'CEE1 Bb1 g CEE 12 (38)
where
i8]
18 = q81 1C8 6q81 1C 8°%p> . (39)
9=1

i 'Olao' 1 o- 1 o-
.. .fhaigo. 1 J J C 8%g C 8%g>
Next, we rely on Lemma 15 to relate the empirical covaridhéé:= on g=#1 dst g ds* g

to the population covarianceé. Speci cally, under the event- from Lemma 15 which
holds with probability at least n, the regularized design matrix®’= jo;scjb18°, B

satis es the following for all 8 2 fO— ¢« —:

b 180

NI
©

Given this for the sake of simplicity, we assumg f forall8 2 f0—eee—zxgeThis, in

turn, leads to the following

which further implies

®=jo e Lot _ . (40)

Given this, we x8and utilize Equatiorf{40) which yields, for any policyc 2 , the
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following

q
1Q0
E 18°3 ¢ *~:81 8% = V: E 1803 ¢ q81 18b>1 18b1 q81 180

q
V. E wogc gt 8%>1 801qgg 8%

q
V. 1 18v1 E 1803 ¢ kq81 18fbk§

op
131802 318°
V. ———=V.q (41)
f_. 180 | . age
21051, — 310, ), _

where '#is the generic random variable involving history block with lengtin the rst
step we use Jensen's inequality and in the second step W& uSe k k OkaEand lastly
we utilize Equation (40) to bound the operator norm.
Next, we invoke Assumption 10 (Uniform stratum mass / lower bound on partition sizes):

there exists a constant d 2 10— 1% and an eygstichthat Pri s4° 1 n and, on gy,
min jO.5] d#).
08= . *
Accordingly, by a union bound, we have

Pri® :=prt\ A\ G\ .° 1 1= _; 3% Ye (42)

Given this, we apply Equatiof@1)to the de nition ofUQ on the event o . This brings

g0
UQIFO_ (P ees P W V. B o B
3 R ) f . avg o
=0 §JO# J._
Vmax . M@ 9= 3
1w -
ZzMingg=_, JO, ], _
Vmax 3
43
1 d#) @)
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and similarly for "® we have

Vi 3
1801 F 100_ doo_ cee _1'3% max 44
1 T—d 5 (44)

where we use the fact thamingjo;gtj d#) , 3 = maxsg= , 3° and Vpax :=

max 1 V.
Then, plugging Equations (43) and (44) into Equation (37), we can obtain
!
1 w- Vmaxn 3 Vimax 3 12 W, 2 1yvo14)0 X
2W 1Wmax,1W5Y#)

81 ©
11 W2 1 WiTgs) 1 W“T—d#)
o !

1 2Vmax 3 1 2 W, 2 X
2W yoigyo ~ _ (4
11 W2 1 WPT—d#) 1 W mas 7 5 ) (45)
which holds with probability atleast 1 *=; , 3°n Y.
To state the nal rate, we choose as follows
logi#)°

211 we

——
This implies thatIO 1Y 'g?l’?vo andW! 1#)o 12 Therefore, the truncation

contribution satis es

2 W 20 max 1#)0 162
1 max 1 Y,

2wl

Sk

for an absolute constang 2 O.
Furthermore, by following Chang et al. (2021), we choWggy on the order of

r

3, log*1en° 3

Vm ax

and set the regularization parameter _ used'ffito 1.

Then, on event o, given Equation$25) and(45) as well as the selection of andVinax
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we have

1 3 20" max X
Regretit © 2 3 .loglen® 3 p e 2 slyoig)o” _
g 11 Ww 5 g V'%CH:#T 5 4 ) 5 5 )

s
4" max logi#)° |
1 W 211 we  ®

(47)

To simplify the expression, we consider the regime in which the truncation term is

dominated by the statistical term, namely assume

r
f

P d
23 3 R |Ogll'n° 2 0' max 7. (48)
Under this condition, the truncation contribution is absorbed into the leading statistical
term. Given this, we further use notation which hides absolute constants and logarithmic
. . P -
factors (e.g., W,maxand f), while keeping logt1+n® explicit.

This yields the nal bound on 8¢ and Regretb ° as follows:

s
gipo .3 _o»l09'1n®3 1yo14)o0 X (49)
' d#) >
and
s
3, log*1len® 3 X
Regret' © . 3 stYOIH)O ™ | oy — (50)

d#) =

which holds with probability atleast 1 *=; , 3°n Y.
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A.9.3 Step 3: Combined Regret Bound

We now combine the results from the previous two steps to derive the nal bound. First,

recall that under the evefty, Equation (24) yields

S

Regretle © . 3 logllen® 3 d;")v ,ostyorg)o X,y (51)

which holds with probability at least 1 =7, 3°n Y.

Similarly, under the everf} Equation (50) gives

S

o 3,log*len° 3 o1mo X
Regret'd © .3 —an 51YOL#) o - (52)

which holds with probability at least 1 =7 , 3°n Y.

De ne the simultaneous event
al == €\ 8 (53)
By a union bound,
Pri 4° 1 Prt €20 prie? 1 2 1=, 3°n Y — (54)

and on g both regret bounds in Equations (51) and (52) hold simultaneously.
We de ne the statistical error termsigi#)— 3° by

S S

© 3 . logtlen°® 3a
Estat#)—3° := max-_ 3, logllen® 3 d;:;v_ d #) )

« |

51yo1#)o X . | )
(55)

Therefore, on g,

max Regretlt °— Regret'e® . E gaft#)—3°— (56)
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which holds with probability atleadt 2 1=_; , 3°n Y . This concludes the proof of

Theorem 1.

A.10 Proof of Corollary 1

This section provides a proof of Corollary 1 by extending the idealized setting to the setting
where Assumption 3 (su cient coverage / bounded censoring depth undas relaxed, so

that the optimal policy may induce censoring streaks longer than those supported by the
o ine data (i.e., = j = _1 is possible). The proof follows the same three-step structure as
Theorem 1: in Step 1 (PC-FQI) and Step 2 (C-FQI), we invoke the general form of Lemma 5
(which does not rely on Assumption 3) to decompose regret into (i) a learnable-class term
comparing the learned policy to the best policy in the data-supported policy class

plus (ii) an unidenti able remainder capturing the trajectories that produce more-than
consecutive censoring; we denote thisthy,' —= _1°. The learnable-class term is then
bounded using the same way as in the idealized setting. Finally, Step 3 combines the two

bounds via a union bound.

A.10.1 Step 1: Regret for PC-FQI under the Relaxation of Assumption 3

In this section, we relax Assumption 3 (Su cient Coverage). Consequently, it is possible
that= j = _;, meaning the optimal policg may induce censoring streaks longer than
those supported by the o ine dataset. In this case, we invoke Lemma 5, which does not rely

on Assumption 3, together with the fact that the learned paicy. - _,. Therefore, by
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Lemma 5, the regret of esatis es

© a
- " # " # ®
- 0 o o VV’]' ®
Regret'e ° - sup E° We ES® W ¢ 2 maxg ®PI° 1C1 —=_, 00
c%2 -, c=0 c=0 ®
ol {z ®
« glgo -
1 = 1 1911 U . =1 2" max
e - 1 W
P
4‘ max l
| . 1
1 W ) @

Consider the term 81@:

" # " #

Q Q
gle°o= sup E° W . E°* W

c%2 - _ -

o C=y o CeGy
c o o
—E= We E® W - (2)
c=0 C=0

i
0
wherec. , 2argmaxe, . E° ¥ c.
Observe thaBle ° has the same structure as the term analyzed in Section A.9.1 of the
idealized setting (see Equati@h)), except that is replaced b__ . Under Assumption 3,

we havec 2 - and

=-1
||~ #
c? o
c-_, 2argmaxe, _ E W ¢ e
Cc=0

It follows that ¢ is also optimal over -_,, and hencec andc._, are equivalent.
However, with the relaxation of Assumption 3, this no longer holds, and the equivalence
betweenc andc._, fail. As aresult, we have unlearnable partoofwhich is the term
1= ;,1011 U P Zme inEquation (1).

However, Lemma 9 and the analysis of the idealized setting in Section A.9.1 require

only that both policies lie in = _, . This condition is satis ed here, as both _, ande in
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Equation(2) belong to -_, . Therefore, the same bound applies. Speci cally, by invoking
Equation (23), we have with probability at least 1 1z, 3°n Y,

S

8e° . 3 logllen® 3 d;")v, slyo1#)o X (3)

Additionally, we choose as in the idealized setting:

log1#)° .
211 we

— . O
This implies thatp 1Y '3?1*@0 andW! 1#)° 12 (up to a constant factoM ).

Therefore, the truncation term in Equation (1) satis es

gy e
for an absolute constagg j 0 . Again, to simplify further, we consider the same regime in
which the truncation term is dominated by the statistical term (i.e., Equation (22))

Under this condition, the truncation contribution is subsumed by the leading statistical
term in Equation(3). Finally, for the sake of clarity, we assume without loss of generality
that for the chosen , there exists a constaBt 2 10— 1%uch thatr* Ct —=_° 2.

This lower bound ensures that any additive term of oddgy can be absorbed into
Pr* 1C1 —=_;1°° up to a constant factake2;. This condition is imposed primarily to
simplify the exposition.

Given these, we plug Equati¢8) into Equation(1) and this yields, with probability at

leastl 1=_;,3°n Y,

s !

Regret'e °©. 3 logtlen°® 3 d;o)v . stYor)o X |,y PP 1Cl—=_ 00
L= e U pe Sm (4)
: > 1 W
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: S . P——— .
where. hides absolute constants and logarithmic factors, while keepiog*1en°explicit.

A.10.2 Step 2: Regret for C-FQI under Regret for PC-FQI under the Relaxation of

Assumption 3

In this section, we continue to work in the setting where Assumption 3 (Su cient Coverage)
is not relaxed. As before, it is possible tlraf = _1, so the optimal police may induce
censoring streaks longer than those supported by the o ine dataset. Since the learned
policyb 2 -_,,we can againinvoke Lemma 5 as it does not rely on su cient coverage).

Therefore, by Lemma 5, the regret of @an be written as

© a
- " # " # ®
: , 0 o wt 8
Regret'd © - sup E° W EC W ¢ 2 maxg ®PrC 1C1 —= _; 00
te%2 -y c=0 c=0 @)
- {z ®)
« gte e -
1=, 1011 U, P 2' max
o : 1w
4‘ max 1
| . 5
Tw P (5)

Consider the term 81:

"@ # "@ #
8ip ° = sup ECO V\(/}C Ee V\(PC
c%2 - _ _
Tou o C=Q w o C=,
. Q ¢]
—E*+1 W E¢ W — (6)
C=0 c=0

i
0
wherec , 2argmaxe, . E° ¥ c.
Observe tha8b ° has the same structure as the term analyzed in Step A.9.2 of the

idealized setting (see Equati(izb)), exceptthat isreplaced bg__ . Under Assumption 3,
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we havec 2 - -_, and

u~ #
cO o
c-_, 2argmaxe, _ E W e
c=0

It follows that c is also optimal over -_,, and hencec andc. . are equivalent.

1
However, with the relaxation of Assumption 3, this no longer holds, and the equivalence
betweenc andc._, fail. As aresult, we have unlearnable partcofwhich is the term

1 = _;,1011 U P Zme inEquation (5).

However, Lemma 9 and the analysis of the idealized setting in Section A.9.2 require
only that both policies lie in = _, . This condition is satis ed here, as both _, andb in
Equation(6) belong to -_, . Therefore, the same bound applies. Speci cally, by invoking
Equation (49), we have with probability at least 1 1z, 3°n Y,

s

8° .3

3,log*1len® 3
d #) ’

51Y01#)° X (7)

Additionally, we choose as in the idealized setting:

log*#)° .
211 We

Yoo
This implies thatp 1Y B8 andw!  1#)° 12 (up to a constant factoit ).

Therefore, the truncation term in Equation (1) satis es

Vv’l 20I max 162
2' 1# (0]
mXq1 W 1 W )

for an absolute constagg j 0 . Again, to simplify further, we consider the same regime in
which the truncation term is dominated by the statistical term (i.e., Equation (48)).
Under this condition, the truncation contribution is subsumed by the leading statistical

term in Equation(3). Finally, for the sake of clarity, we assume without loss of generality
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that for the chosen, there exists a constat 2 10— 1%uch thatPr®* Ct —=_.° 2.
This lower bound ensures that any additive term of oddgy can be absorbed into
PI° 1C1 —=_;° up to a constant factate2;. This condition is imposed primarily to
simplify the exposition.

Given this, we plug Equatiof¥) into Equation(5) and this yields, with probability at
leastl 1=_,3°n Y,

S

3, logllen® 3 a
Regretib ©° . @3, # 5LYO1#)0 X oy ®Pr® 1Ct —=_; 00
« |
1 = 1011 U 0= -1 2" max
o=, c -1 (8)

1w

A.10.3 Step 3: Combined Regret Bound under Relaxed Coverage

We now combine the results from the previous two steps to derive the nal bound. First,

recall that under the evefty, Equation (4) yields

s !

Regret'e °©. 3, logtlen° 3 d;")" . ostYom)o X |,y Prf1Cl = _ 00
L= ey g T (©)
: : 1 W

which holds with probability at least 1 1=; ,3°n Y.

Similarly, under the everf} Equation (8) gives

S

3,log*len® 3 a
Regretld ©. ©3 dgT stYoL#)e X | L) @Pr¢ 1Cl —=_; 00
« |
= 2l max
o= 1M1 U (10)

1w
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which holds with probability at least 1 1=; ,3°n Y.

Recall the de nition of the simultaneous event from Equation (53)

all = €g\ 8

By a union bound,
Prt 4° 1 Prt €20 pri€2 1 2 1=, 3°n Y - (11)

and on g both regret bounds in Equations (9) and (10) hold simultaneously.
Furthermore, recall the de nition of statistical error term in the idealized setting from
Equation (55) (i.e., kaf#)—3°) as
S S

Estatt#)—3° := max®3 logilen® 3 =¥

3, log'len® 3a

_ 1yo14 o X |
) ) ®, =5 ) R
« |
(12)
Analogous to this, we de ne the unidenti able regret term
- 2
Ecot —=-1° := 1 = 1,1011 U f7 -5 (13)

1w

Then, on g,

max Regretlt °— Regretle@® . E gqof#)—3°PF Cl —=_1° E ! —=_1°— (14)

which holds with probability atleadt 2 1=_; , 3°n Y . This concludes the proof of

Corollary 1.
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A.11 Proof of Corollary 2

This section proves Corollary 2 in the setting where Assumption 5 (termination-action
alignment) is relaxed while the remaining idealized assumptions stay in force. The argument
mirrors the proof structure of Theorem 1 and proceeds in three steps. In Step 1 (PC-FQI) and
Step 2 (C-FQI), we begin from the same reduced regret decomposition provided by Lemma 5
under Assumptions 2 and 3, and we upper bound the resulting learnable-class term via
Lemma 9 and the bounds on Q-functions. The sole change relative to the idealized proof is
that, without Assumption 5, the termination-discrepancy contribution can not be dropped; it
is explicitly retained through the termination alignment pen@&p1c®, while the remaining
components are controlled exactly as before and yield the samdetgsidt) — 3°. In Step 3,

we combine two bounds to obtain the nal result.

A.11.1 Step 1: Regret for PC-FQI under the Relaxation of Assumption 5

In this section, we relax Assumption 5 (Termination-Action Domain Validity), while all other
assumptions remain in force. In particular, Assumptions 2 and 3 hold, and by construction
e 2 -_, . Therefore, we may invoke the reduced form of Lemma 5 that is valid under
Assumptions 2 and 3. This is exactly the same decomposition used at the beginning of the
proof of Theorem 1 in Section A.9 (see the decomposition corresponding to Eq(E2jon

in the proof of Lemma 5).

" # " #
o Q 4 e T
Regret'e © E © W E® W, — " |y 1)
N _ 1 W
c=0 c=0
| {z }
8l ©

Thus, it remains to upper bound the te&%e °© while accounting for the relaxation of
Assumption 5.

Since Assumptions 2 and 3 holds in this section, the global optimal policy satis-
esc 2 - -_,. Sincec maximizes the value globally and is a valid candi-

date within the restricted class

=_,, It must coincide with thec._ wherec._, 2
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i : :
argmaxo, _ EC’ (1;:0 c. Thus,c._, =c . Given this and the fact thaL _ ande

both belongto - _,, Lemma 9 yields

"5 # " #
8 °=E° V\(/‘J c E € W C
Cx0 Cx0
T # s #
. ¢) o
=E" 1 % c EF°® % c
Cc=0 C=0 " & #
l V\/=71 10 100 100 10 10 190 100
TR, o etz g o BT e e v = 1w
" 9=1
1 V\/:’l _ 100 100 10 10 100 100 10
11 We? B, w000 o og ® E-1 @Qt, " O 0 Py RO P
100 100 10 10 100 100 10 2 W'
,Ee TADel, 0 0°_ - 0J1’ 0°_ 0°_ -, o>zwl 1Wmax
o #
s i 5lYC1#)0 X JAD ¢ 1 0°_ 0 —,1o°|» ==_1¥ I» 9°= 0¥ 1»'%° = 14—
1 W -
9=1
2
Observe that this is exactly the same bound as Equation (8) from Section A.9.1.
Given Equation (2), the alignment-related contributions are precisely
- o}
TAPte o= =W " p | BEe TAD L 00 Lo fToju 00U Ui |, t9%s0y,0 = 1
11 we 3.
9=1
and
=-1
BAPe 0= L W " ¢ e AD® 1 0 0°_ _*C0py == 1.

11 W2 3

We rst note that Assumption 6 continues to hold, and therefore the boundary-action
optimality gap vanishes exactly as in the idealized case (i.e., EQUaB)m Section A.9).

In particular, under Assumption 6, we have

AD¢ 1F”°_(¢”- 1 ©)

=max& T IF-(%~ _fF1°_go & TTIF_ (0~  _fFat_e tUipTats P’ (0%o
02A

=0
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which implies
BAPle ° = Qe 4)

Next, recall that in the idealized proof, Assumption 5 was used to guarantee that
the termination action selected B;/:_lo lies in UP=-1° implying that the boundary
misalignment is non-positive. With Assumption 5 relaxed, we can no longer assert this sign,
and thus the term TAP€ must be retained.

Using Equations (2) and (4) and keeping the TAP*eontribution yields

= h i
1 W 100 100 10 10, . 100 100 10 2 W
8190 W 103e_ EC:*l ng, 0°_ 0 ’ - 011, 0°_ 0% ’ 0 ,2W1 1 Wl max
.. #
2 O 1 ) 1No
W styoig)o X I» '9°=0v1»0° =1y, | TAPle ©. (5)
9=1

Observe that the rst term on the right-hand sidg®¥(i.e., the part excludingAPe ©°)
is exactly the same object bounded in the idealized proof after imp@&\rje ° = 0
and dropping th&APe ° contribution (see Equatiofil)). Therefore, the same bound
as in Equatior(23) from Section A.9.1 applies directly. Hence, with probability at least
1 1= _; 3% Y,
S

8 ° . 3 logllen°® 3 % . stYoi#)o X TAPig e (6)

Combining Equatior{1) with Equation(6) and keeping the same choice ofas in the

idealized setting (i.e., Equatiqd6)) yield that, with probability atleast = _;,3°n Y,

S

Regret'e °. 3, log!len°® 3 d;")v , stYorg)o X TAPle © | 4. 7

Observe that this is exactly the same bound derived in Equé®mn the proof of Theorem 1

with an additional term TAP1€° as a result of the relaxation of Assumption 5
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A.11.2 Step 2: Regret for C-FQI under the Relaxation of Assumption 5

In this section, we derive the analogous regret bound® founder the same relaxation of
Assumption 5 (Termination-Action Domain Validity), while all other assumptions remain in
force. In particular, Assumptions 2 and 3 hold, and by construd¢tio - _,. Therefore,

we may again invoke the reduced form of Lemma 5 that is valid under Assumptions 2 and 3.
This is exactly the same decomposition used at the beginning of the proof of Theorem 1

in Section A.9.1 (see the decomposition corresponding to Equéit®nn the proof of

Lemma 5).
|I~ # ",_, #
¢ © o © 8 o 1
Regret'd © E W E W, —T5 |y (8)
) ) 1 W
C=0 C=0
| {z }
81p °

Thus, it remains to upper bound the te8%b °© while accounting for the relaxation of
Assumption 5.

Since Assumptions 2 and 3 hold in this section, the global optimal policy satis es
c 2 - -_,. Sincec maximizes the value globally and is a valid candiplate within the
restricted class = _, , it coincides withc_ _ , wherec_ | 2 argmaxo, -, ECO»I S VP Y

Thus,c. , =c . Giventhis and the fact that. _ andb both belongto -

. Lemma 9

—17
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yields

" # " #
¢ o
81 °=E° W ES W ¢
Cx0 Cx0
~ # ~ #
. ¢ ¢
=E"-1 W c E ¢ % c
C=0 C=0 " O #
1 Wz_l 10 100 100 10 10 190 100
= WEE, vowl gt o o b 0= T ey o =1y
" 9=1
1W=’1 _ 100 100 10 104 . 100 100 10
WElv 100 100_ _10_1003:_ EC__:l UQ1, 0_ 0_ T - 0]1, O_ O_ ] 0
E c TADC 1' 100 100_ _’1 D_ 10011' 100_ 100_ _,100 101’ 100_ 100_ _,100
2 W 2
1 ' 1yo1g)yo X
W Ty max s T 5TYOH) ,
100 100 10 O 190 100
_AD ¢ 1 0°_ *0°_ —"%0» ==_,1, I» "2°= v 1»"0° = 1Y (9)
9=1
Observe that this is exactly the same bound as Equation (34) from Section A.9.2.
Given Equation (9), the alignment-related contributions are precisely
TAPlb o — 1 W:_:l E c TADC 1 100_ 100_ _ 10_ 100 i1 100_ 100_ _ 100 O I)) 1902 O]/4|))10
T w2 - 3t ' ’ 15 '
9=1
and
1 szl 100 100 10
BAPlb ©:= E ¢ ADC 1 T0°_0°_ %0y == 1.

We rst note that Assumption 6 continues to hold, and therefore the boundary-action
optimality gap vanishes exactly as in the idealized case (i.e., EQU&6)m Section A.9).

In particular, under Assumption 6, we have

ADC 1F100_d00_ _'1;‘:—1 °0 (10)

- max@ T UL, oo RTIEOLGC gt Rl (0
02A

=0-
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which implies
BAPb © = Qe (12)

Next, recall that in the idealized proof, Assumption 5 was used to guarantee that
the termination action selected lba.l/:‘10 lies in UP=-1° implying that the boundary
misalignment is non-positive. With Assumption 5 relaxed, we can no longer assert this sign,
and thus the term TAP®® must be retained.

Using Equations (9) and (11) and keeping the TAPbontribution yields

1 W

Slb 0 11 W02 E e 3 e EC: 1 UQl, 100_ 100_ _,1 0_ 1 OOJ. 1’ 100_ 100_ _,1 00 . 1 01, 100_ 100_
i #
1 2 W, 2 X © 190 100
,2W TW ™ T W 5LYOL#)0 [» =0%I1»™ =1Y | TAPY O

9=1

(12)

Observe that the rst term on the right-hand side of Equafid?) (i.e., the part
excludingTAPb °©)is exactly the same object bounded in the idealized proof after imposing
BAP1H © =0 and dropping th@APb ° contribution (see Equatiof87)in Section A.9.2).
Therefore, the same bound as in Equa(@®) from Section A.9.2 applies directly. Hence,

with probability atleast1 '=_; ,3°n Y,

S

3, logtlen® 3 X
8b° .3 —an styor#yo *  TAPlb ©e (13)

Combining Equatior{8) with Equation(13) and keeping the same choice ofas in the
idealized setting (i.e., Equatiqd6)) yield that, with probability at least = _; ,3°n Y,

s
3,log'len® 3

1 (]
Regretid °. 3 a7

s1YO1#)° X TAPp © | 4 (14)

Observe that this is exactly the same bound derived in Equé®mn the proof of Theorem 1
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with an additional term TAPt° as a result of the relaxation of Assumption 5.

A.11.3 Step 3. Combined Regret Bound under the Relaxation of Assumption 5

We now combine the results of Section A.11.1 and Section A.11.2 to obtain a simultaneous
regret bound under the relaxed setting where Assumption 5 (Termination-Action Domain
Validity) is not assumed, while all other assumptions remain in force.
Recall that in the idealized setting (Theorem 1), we de ned the statistical error term as
S S

© cov 3,log'len® 3a
Estadt#)—3° := - 3, loglen® 3 -
stat ) max 5 Og n d#) d #) ®>

1<¢ |

51YO1#)0 X N )
(15)

We keep exactly the same de nition here.
From Section A.11.1 (Equatidi@)) and Section A.11.2 (Equatidf4)), we have that

with probability at least1 1= ,3°n Y,

S
Regretle °©. 3 loglen°® 3 d;O)V , styoi)o X  TAPlg © | 4  (16)
and similarly,
S
3,log*len° 3 X
Regretld © . 3 . 5YorH)or TAPW © | g e (17)

d#)

Recall the de nition of the simultaneous eveny; from Equation(53). By a union

bound,

Pri g° 12 '=_,,3n,Y - (18)
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and on g4 both bounds (16) (17) hold simultaneously. Therefore,

max Regretl® °— Regret'e® . E gt #)—3° , max TAPD °—TAPe?©

which holds with probability atleadt 2 *=_; ,3°n,Y . This concludes the proof of

Corollary 2.

A.12 Proof of Corollary 3

This section proves Corollary 3 in the setting where Assumption 6 is relaxed while all other
idealized assumptions remain in force. The proof follows the same three-step template used in
the idealized analysis. In Step 1 (PC-FQI) and Step 2 (C-FQI), we start from the same reduced
regret decomposition from Lemma 5, valid under Assumptions 2 and 3, and we control the
learnable-class term via Lemma 9 together with bounds on Q-function estimates. Relative
to the idealized proof, the only substantive change is at the censoring boundary: without
Assumption 6, the actiofax is not guaranteed to maximize the estimagetlnction when
consecutive censoring #s_1, so the boundary optimality gap no longer vanishes as it was

in idealized setting. This gap is isolated and carried through the analysis BARie°.
Consequently, both Step 1 and Step 2 yield regret bounds that match thEggk#) — 3°

plus an additional additivBAP1c® term. In Step 3 we combine the two bounds to obtain

the nal result.

A.12.1 Step 1. Regret for PC-FQI under the Relaxation of Assumption 6

In this section, we relax Assumption 6, while all other assumptions remain in force. In
particular, Assumptions 2 and 3 hold, and by construaior?2 - . Therefore, we may
invoke the reduced form of Lemma 5 that is valid under Assumptions 2 and 3. This is exactly

the same decomposition used at the beginning of the proof of Theorem 1 in Section A.9 (see
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the decomposition corresponding to Equation (12) in the proof of Lemma 5).

. 4 " 4
o o 8 o 1
Regret'e © E © W E® W, —T = |y 1)
_ _ 1w
c=0 c=0
| {z }
8le °

Thus, it remains to upper bound the te8%e °© while accounting for the relaxation of
Assumption 6.

Since Assumptions 2 and 3 holds in this section, the global optimal policy satis-
esc 2 - -_,. Sincec maximizes the value globally and is a valid candi-

1

date within the restricted class-_,, it must coincide with thec_

wherec. . 2

-1 1

I : .
argmaxe, _ EC’ (1:=0 c. Thus,c._, =c . Given this and the fact thaL _ ande

both belongto -_,, Lemma 9 yields

"5 # " #
8 °=E° V\?‘ c E ¢ V\? C
Cx0 Cx0
s # s #
. ¢ ¢
=E" % c EE° % c
Cc=0 Cc=0
" #
1W:71 10 100 100 10 100 190 100
= T FE, e . 1o i00a € T P A PR 7
11 wee T - °3,. e C= 4
" 9=1
1 w- _ 100 100 10 10 100 100 10
T W@ T, -0 e icog € E™ = aQ, 0 - - °jL, 0 0 P
100 100 10 10 . 100 100 10 2 W
’EeTADel’ 0_ O_ B} - OJll 0_ 0_ ] 0,2W1 1W'max
2 1VvO01 Io) X € 1 100 100 1 00 1 O 190 1 100 1
T W 5LYOL#) ,AD , = = =, %y ==Y I» = 0% 1»™ = 1Y
9=1
2
Observe that this is exactly the same bound as Equation (8) from Section A.9.1.
Given Equation (2), the alignment-related contributions are precisely
= (0]
TAPe ©:= %E g S TAD® L O PP o RO PRy, T2 0115700 = 18
1w a- 9=1
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and

1 w -
. ADe 1’ 100 10°_ _,1 oOI» ::_1]/4.

BAPle ©:= W ° 3 N

We rst note that Assumption 5 continues to hold and it was used to guarantee that
the termination action selected 63_1/: 1% lies in UP'= -1° implying thatTAPle ° 0 (see
Section A.9.1). With Assumption 5 still in force, we can use this fact and drop the term
TAPe ° from Equation (2).

However, due to the relaxation of Assumption 6, the boundary-action optimality gap
does not vanish as in the idealized case (i.e., EqQugtiojin Section A.9). In particular, the

relaxation of Assumption 6 leads to

AD¢ 1F”_(¢”- 2 ©)
=max& -0~ _F1_ge @ TIF_ 0. et Tipmats (0o
02A
0

-1

This is because the actidyax Which is outputted byelz " is not necessarily the action

_1°

that maximizes estimated Q-functi&w1= when there is= _; consecutive censoring. As

aresult
BAPle °© Qe (4)

Using Equations (2) and (4) yields

1 \/\/:71 [

h i
8le ° E ., o E*= 1 ng 100_ 10°_ 1o 1 Ooj 1 10°_ 100 10, oW 1 2 W -
11 WR 3 . ! ' d ' B 1 W
. #
2 O 190 100
ST W styoig)oe X I» '9°= 014 1»"%° = 1Y, . BAPle ©s )
9=1

181



Observe that the rstterm on the right-hand sid€®f(i.e., the part excludinBAPe °)
is exactly the same object bounded in the idealized setting after impBsiRge ° = 0 and
dropping theTAPe ° contribution (see Equatiofil)). Therefore, the same bound as in
Equation(23) from Section A.9.1 applies directly with an addition of the teBAPe °.

Hence, with probability at least 1 '=; , 3°n Y,

S

8% ° . 3, logllen® 3 d;’)" . slYO1#)° X BAPlg e (6)

Combining Equatior(1) with Equation(6) and keeping the same choice ofas in the

idealized setting (i.e., Equatidd6)) yield that, with probability at least = _; ,3°n Y,

S

Regret'e °. 3 logllen°® 3 % , stYor)o X BAPlg O | 4 e 7)

Observe that this is exactly the same bound derived in Equé®m the proof of Theorem 1

with an additional term BAPe® as a result of the relaxation of Assumption 6.

A.12.2 Step 2: Regret for C-FQI under the Relaxation of Assumption 6

In this section, we relax Assumption 6, while all other assumptions remain in force. In
particular, Assumptions 2 and 3 hold, and by construdtior? - _,. Therefore, we may
invoke the reduced form of Lemma 5 that is valid under Assumptions 2 and 3. This is exactly
the same decomposition used at the beginning of the proof of Theorem 1 in Section A.9 (see

the decomposition corresponding to Equation (12) in the proof of Lemma 5).

e # o # 4' P 1
Regret'd © E °© W EFC W, —T " |y (8)
_ _ 1w
Cc=0 c=0
| {z }
81 °

Thus, it remains to upper bound the te8# °© while accounting for the relaxation of

Assumption 6.
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Since Assumptions 2 and 3 holds in this section, the global optimal policy satis-

esc 2 - -, . Sincec maximizes the value globally and is a valid candi-

wherec. . 2

date within the restricted class-_,, it must coincide with thec. L

-1
i
argmaxe, _ EC’ (1:=0 c. Thus,c._, =c . Given this and the fact that.  andd

both belongto -_,, Lemma 9 yields

" # " #
€] Q
8 o =E° V\?‘C EC Wc
Cx0 Cx0
b # R #
. Q €]
=E" V\?C E¢ WC
C=0 Cc=0 m O #
1 szl 10 100 100 10 10 190 100
=T wE B oo ereegt o o h o= Tm STy B =0y = 1y
" 9=1
1 -1 - 100 100 10 104 . 100 100 10
T W Ti, ool a0 ic0g E%= - uQs, 0 Pt °jL, 0t T
100 100 10 10, . 100 100 10 2 W,
,EC TADC 1’ 0°_ 10°_ - Ole 0°_ 10°_ -, o,zwl 1Wmax
2 X C 100 100 10 O 190 100
L Togy SYOH)O K LAD O -0 oy ==y b T 0% = e
9=1
9

Observe that this is exactly the same bound as the corresponding inequality used in the
C-FQI part of the idealized proof in Section A.9.2.

Given Equation (9), the alignment-related contributions are precisely

- o)
TApp 0= 2 W ¢ o e @S TADC 1 OO0 PO FPoja MO0 00 _*fo gy P9%=011%70% = 1
11 W 3
9=1
and
1 V\/=71 100 100 10
BAPIp ©:= E ¢ ADC 1 T0°_ 0°_ _tfopy == 1.

11 WR 3

We rst note that Assumption 5 continues to hold and it was used to guarantee that the

termination action selected Hx;}: 1% lies in UP*= -1° implying thatTAPb ° 0 (see the
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C-FQI discussion in the idealized setting in Section A.9.2). With Assumption 5 still in force,
we can use this fact and drop the term TAP2rom Equation (9).
However, due to the relaxation of Assumption 6, the boundary-action optimality gap

does not vanish as in the idealized case. In particular, the relaxation of Assumption 6 leads to

AD ¢ = 10°_ doo_ _ f:z ~1 % (10)
- max@ T EC_GY_ _EaC_ge BTE_GYL gt (0%
02A
Qe

This is because the actidiyax Which is outputted byol: 1% is not necessarily the action

that maximizes estimated Q-functiéhl: % at censoring depth =. As a result,
BAPd © Qe (11)

Using Equations (9) and (11) yields

100 1Q0 . 100 1Q0 2 W
07 EC:’l UQl, 0°_ 10°_ , _ oJl, 0°_ 0°_ , o ,ZW 1 i WI max
#

2 190 1Q°
CTW 51Y01#)0 X I» "°=0%1»%° = 1Y, L BAPip Oe
9=1

1 W
11 W2 03

10

8 °

(12)

Observe that the rst term on the right-hand side of Equatii®) (i.e., the part excluding
BAPb ©)is exactly the same object bounded inthe idealized setting for C-FQI after imposing
BAP1H © =0 and dropping th&@APb ° contribution (see Equatiof7)). Therefore, the
same bound as in Equati¢#9) from Section A.9.2 applies directly with an addition of the

term BAPb °. Hence, with probability atleast1 Y p = _1, 1°n,

S

3, logtlen® 3 X
8©° .3 —an - s1YOL#)0 % BAPl ©Oe (13)

Combining Equatior{8) with Equation(13) and keeping the same choice ofas in the
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idealized setting (i.e., Equatiqd6)) yield that, with probability atleast = _; ,3°n Y,

S

3, logtlen® 3 X
Regret'd © . 3 T . s5YOH)O 7t BAPMD O | 4 e (14)

Observe that this is exactly the same bound derived in Equé®m the proof of Theorem 1

with an additional term BAP&P as a result of the relaxation of Assumption 6.

A.12.3 Step 3: Combined Regret Bound under the Relaxation of Assumption 6

We now combine the results of Section A.12.1 (PC-FQI) and Section A.12.2 (C-FQI) under
the relaxed setting where Assumption 6 is not assumed, while all other assumptions remain
in force.

In the idealized setting (Theorem 1), we de ned the statistical error term as

S S

© cov 3, loglen® 3a X
Eqat#)—3° := max— 3 | logilen® 3 - 1yoig)o X | e

« -

(15)

We keep exactly the same de nition here.
From Section A.12.1 (i.e., Equatidid)) and Section A.12.2 (i.e., Equati¢h4)), we
have that with probability atleast 1 1=; ,3°n Y,

S

Regretle °. 3,log'len° 3 d;o)v . styorg)o X BAPig © | #) (16)

and similarly,

3. logtlen® 3

1 o]
Regret'd ©. 3 a7

s1YOL1#)0 X BAPD © | 4. (17)

Furthermore, recall the de nition of the simultaneous evegpt from Equation(53).
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Then by a union bound, we have

Prt ° 12 *=_,.,3n,Y - (18)

and on g4 both bounds in Equations (16) (17) hold simultaneously. Therefore,

max Regretlt °— Regretle® . E gaof#)—3° , max BAPXb °-BAPlg© -

5

which holds with probability atleadt 2 *=_; ,3°n,Y . This concludes the proof of

Corollary 3.

A.13 Proof of Corollary 4

This section proves Corollary 4, where we relax the Linear MDP assumption (Assumption 7)
to Reproducing Kernel Hilbert Space (RKHS) setting. The proof mirrors the idealized proof
structure and proceeds in three steps: Step 1 establishes the regret bound for PC-FQI, Step 2
establishes the analogous bound for C-FQI, and Step 3 combines the two bounds into a
single statement. In Steps 1 2, we start from the same reduced regret decomposition from
Lemma 5, which is valid under Assumptions 2 and 3. The learnable-class term is bounded
exactly as in the linear case. Since Assumptions 5 and 6 remain in force in this corollary, the
alignment penalties are dropped as in the idealized setting. The only substantive modi cation
occurs in the contribution of the uncertainty-quanti er: we replace the uncertainty quanti er

de ned for the linear MDP case with the uncertainty quanti er de ned for RKHS. We adapt

the RKHS concentration arguments used in Chang et al. (2021) to our case.

A.13.1 Step 1: Regret for PC-FQI under the Relaxation of Assumption 7

In this section, we relax Assumption 7 (Linear MDP). Instead, we assume that the relevant

value-function classes at each censoring depth belong to a Reproducing Kernel Hilbert Space
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(RKHS) associated with a positive semi-de nite kerngl— °on length8history blocks.
All other assumptions from the ideal setting (Theorem 1) remain in force.
Given this, Assumptions 2 and 3 hold a@d 2 -_, by construction. Therefore,
we may invoke the reduced form of Lemma 5 that is valid under Assumptions 2 and 3.
This is exactly the same decomposition used at the beginning of the proof of Theorem 1

in Section A.9.1 (see the decomposition corresponding to Equétt®nn the proof of

Lemmab).
" 4 " 4
Cc O € O 4' maxp 1
Regret'e © E W E W, —T " |y 1)
_ _ 1w
c=0 c=0
I {z }
8 °

Thus, it remains to upper bound the te8%e °© while accounting for the relaxation of
Assumption 7.
Since Assumptions 2 and 3 hold in this section, the optimal policy sats €5 -
-_, . Sincec maximizes the value globally and is a valid candidate Within the restricted
class - ,, it must coincide with the__, wherec. | 2 argmaxs, _  E ! LV c.
Thus, without loss of generality, we let | = c as in the idealized setting. Given this and

the factthat ¢ ande both belongto -_,, Lemma 9 yields

"o # " #
Q Q
8l °=E° V\?‘c E ¢ WC
Cx0 Cx0
R # R #
. Q Q
=E~"1 V\?c EE€ WC
Cc=0 Cc=0
#
1W:71 10 100 100 10 100 190 100
_ on € 1 00 PP Py %= 01170 = 1
11 W2 1 -t 3. € c=_,
9=1
1 Wz_l _ 100 100 10 10 100 100 10
W 1 100_ 100 _ t°o_ 1t 03:_ EC7_1 ng’ 0 0_ ™ - 0J11 0_ 0_ ™ °
100 100 10 10, . 100 100 10 2 W,
’Ee TADe]_’ 0°_ 0°_ - = Ole 0°_ 10°_ -, o’zwl 1Wmax
2 X € 100 100 10 O 190 100
L STYOHP X LAD B O o =2y 1 2 01 = 1
9=1

)
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which holds with probability at leadt 1= _;  1°n Y (i.e.,onthe event s\ 4). Observe
that this is exactly the same bound as Equation (8) from Section A.9.1.

Given Equation (2), the alignment-related contributions are precisely

= o)
TAPg ©:= Lw= e ro g %e TAD® 1 '0°_ 0°_ PP oy P00 %P0y 19001050 = 18
11 W2 3 .
9=1
and
1 --1 100 100 10
BAPe °=—+_FE ,,_. AD® 1, — Y= =, Oy ==_ 1Yy

Recall that under Assumption 5 and Assumption 6, we HB&Pe ° 0 and

BAPle ° = 0 as shown in Section A.9.1. Therefore, Equat{@hreduces to the fol-

lowing:
1 VV:_l C h 100 100 10 10, . 100 100 10 I
8 ° T W E1' w_ e _te_teog ® ES--1 QQ¢, '0°— '0°_  _ ' tCoji 0°_ 0°_ %
. #
2w ! 2 W, max 2 5lYOo1#)0 X © I» "2°= 0v4 1»"0° = 1140 ©)
1 W 1 W o1

We now bound the contribution &Q in Equation(3) under the general RKHS setting.
Before doing that, we introduce several de nitions and notations that are related to RKHS
setting.

First, we assume bounded rewajtlg ' maxand bounded kernetsggt — © 1 for
all relevant lengtt8history blocks , which matches the bounded-kernel condition used in
(Chang et al. 2021, Assumption 22). Additionally, for a xed deptB fO—1— ¢« —7, let
0;802 flgtee -731j§ojgdenote the deptBpartition. Let: gt — %e a PSD kernel on leng®-
history blocks with RKHSHgand feature map gt ®such that gt — ® =h gt °©— g ®j_.

De ne the Gram matrixG e 2 RIS 11071 by »Get1 = ' g'ls-o k-2 and its
# #
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regularized version
8o . _ 2
= G, 27 - (4)

whereZ2 ; 0 is the noise variance parameter, consistent with the posterior-variance
formulation in (Chang et al. 2021, Example®3).

Then, for any length-8 history block , the kernel vector is de ned as

gl 0= gl O_esegl| 0_o>2RjO;8°j.
'0#8 : .glg_1 '8—j§j

Accordingly, we de ne the (posterior) kernel variance as
: —. : 1891 .
'8—(;5301_ O:i=:gl—0 : O1801o>1 b _01801 o_ (5)

which is the standard GP/KRR posterior variance (cf. (Chang et al. 2021, Example 3)).
Given these, for each dep8and iteration , the uncertainty quanti er for the RKHS
setting is de ned as

é. 1c go:c 1C 8o:c3L*2
P - ©

R

and thus, for eac *jlsoin Equation(6) satis es De nition 3 as implied by Lemma 14 of

Chang et al. (2021).

Now we are ready to bourllQ. First, recall the characterization @)

a h

1 o

OQIF P—(%—eee B0 = WE"-1 20 8 5.0 [ oigo L g— gere—g @ =F -0

8,
=0

In the linear case, _ served as an algorithmic ridge regularization parameter inside the empirical design
matrix to ensure invertibility and control the con dence width. Here, following Chang et al. (2021), the
analogous role is played by the GP/KRR noise variaffaaside'G , Z2 © 1 which simultaneously
regularizes the Gram matrix and calibrates posterior uncertainty.
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Then for a xed 8, we have

180 '
E 1803ac_8*~: 1 8% = V' E 1803 g_ ZZ (7)

where '8 denotes the generic length-8 history block random variable.
Under the bounded-kernel assumption aAc:ZL1°, (Chang et al. 2021, Theorem 25
(Statement 2)) applied to the dehkernel: g yields that, with probability at least

n-1:_1 s 19,

- Y
f‘q | 3180 3180 |0912 2*n©°
E 1803 ;_8 8—@01 182 18% 2 1 cov 5 _ (8)

o,

jo.]]

where3®is the (depth8 e ective dimension appearing in (Chang et al. 2021, De nition 9)

and 23— 2 are universal constants. SincéZ 11°, we may absorb 1+Z into . and obtain

: 8—@01 189_ 180 COV3180 3180’ |Ogll'no
E waqoc . — . (9)
- z i)

Then, by a union bound ov8r2 fO—« « « —xg, Equation(9) holds simultaneously for all
depths with probability at least 1 n, and we denote this event by .

Following this, substituting Equation (9) into Equation (7), we obtain the nal bound

P 3% 3" logt1enoo
E oone =51 8 g cov , 109 (10)
358 ¢ —igo
10,7]

which holds for all 8 2 fO— « « « =g simultaneously with probability at least 1 n.

We also invoke Assumption 10 which states that there egist0— 1%nd an event g
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with Prt ° 1 n gsuchthaton g,

. . lge
O8rn:|n71 jO, ] d#)

Accordingly, by a union bound, we have

1 1= _; .30 Ye (11)

Pri€o2 := Pri o\ A\ g\ g0

Next, we apply Equation (10) to the de nition &Q on the event 0f ¢, This brings

~ n .o in .0
covd % 3 & logllen©°

h i G
EC- 1 9Q1|:100_600_.,,_’]§o_d8°o W2V. E,. ¢_ =
N -1 H 8,:
:=0 10, ™

1Q0 190
39" 3" , logtlen©°

2 Vmax COVma)© 9= -1

1w . mino o = , jO,”]

2 Vhax  cov3 3 ,logtlen©° 12

1 W d#) (12)
3% and Vmax =

where we use the fact thamingjo;gc]

max 1 V.
Then, plugging Equation (12) into Equation (3), we can obtain
S

1 W°-t @Vnax cov3 3 ,logilen® 12 W 2 52

© - 2W ' 1YO014)0
8le 1T WZ 1 W a#) R 17w M 7w ° )° " ®
« s |
1 (@vaax COV3 3 ,|Ogll°n° 1 2 W 2 xa

- 2W ! 1YO01#)0
11 W2 1 W d#) : 1w ™ 1T w?® )° @
« -

(13)

which holds with probability at least 1 1=; , 3°n Ye
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To state the nal rate, we choose as in the idealized setting

log#)°
211 Wo (14)
sothat W 1#)° 12 and hence
2 W 2’
1 : max 1no 102

for an absolute constang 2 O.
Finally, we choos&hax in @ way consistent with RKHS con dence multipliers, namely
(up to logarithmic factors and constants) as in Chang et al. (2021),

i
Vinax 3 3 _logtlen°® (15)

Then, on even€ ¢, given Equationgl) and(13) as well as the selection of and Vinax,

we have
S
1 C2Vax cov3 3 ,loglen® 20" max 162 2 x &
Regretle ° - 14)0 R VAL FTAY
g 1 W2 1 W a#) CTTw T gy sTYTe
é( |
4' nax logi#)° |
1w 211 we ®
s !
1 cov 20I max X
—— 23 3 . logtlen® 5 2 glYoig)o
11 W@ 5 g d#) 5 IJ#) 5 5 )
s
4' logi#)°

1w 211 We°

To simplify the expression, we consider the regime in which the truncation term is
dominated by the statistical term, namely without loss of generality, we assume

S

20' max 3 3 ,logtlen® (;jov. (17)
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Under this condition, the truncation contribution is absorbed into the leading statistical
term. Given this, we further use notation which hides absolute constants and logarithmic
: P - .
factors (e.9.W ' max), While keeping log*len®explicit. This yields the nal bound on

81e ° and Regret'e ° as follows:

s
8e° .3 3 logllen°® d;")v . gtyoig)o X (18)
and
s
Regret'e © .3 3 | log'len® % , stYorge X | (19)

which holds with probability atleast 1 *=; , 3°n Y.

A.13.2 Step 2: Regret for C-FQI under the Relaxation of Assumption 7

The proof forb follows the same steps as in the idealized linear case, with the only change
being that we upper bound the uncertainty-quanti er and pessimism terms using RKHS
information-gain arguments. Recall that in the idealized setting, Assumptions 2 and 3
hold. Moreoverp 2 - _, by de nition. Therefore, we may invoke the reduced form of

Lemma 5, which is valid under these two assumptions. Speci cally, this corresponds to the

decomposition given in Equation (12) in the proof of Lemma 5.

ke i ke i 4 e T
Regretib © E © W EC W, — " |y (20)
- ) 1 W
C=0 C=0
I {z }
81 ©
Thus, it remains to upper bound the term &b
Assumptions 2 and 3 imply that the optimal policy satis@s2 - -_, . Sincec

maximizes the value globally and is a valid candidate within the restricted class it

o : I :
must coincide with the__ wherec_ , 2 argmaxo, _ ES” " LM c. Thus, without

loss of generality, we let- | = ¢ asinthe idealized setting. Given this and the fact that
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C-_, andb bothbelongto -_,, Lemma 9 yields

" # " #
aQ a
81p ° = EC W EC W
Cx0 Cx0
~ # - #
c Q o
=E% W EC W ¢
C=0 C=0
1 -1 10 100 1Q0 O
- - W - 1 0_ 0_ _10_100 190: 1 100: 1
11 W E1' o 1go_ 1o 1oo3ac_ e oo, , I» 0% I» 1
" 9=1
1 = -1 Ec: 1 UQl 100 100 10 100J1 100 100 104
YRRV 100_ 100 1010, € - ) - - -, - , - - -,
ll W(ﬁ 1 0°_ 10°_ - _ 033_
E C TADC 1 100_ 100_ _ 1 0_ 1 Doj 1 100_ 100_ _ 1 OO
101’ 100_ 100_ _’1 00 2W l 2 W' max 2 51Y01#)0 X
: > 1w 1 W
o) #
JAD 1 f00_ 00 o, == gy, 1 = 0val» P =1v- (20)
9=1

which holds with probability at leadt = _; . 1°n Y (i.e., onthe event\  #). Observe
that this is exactly the same bound as Equation (34) from Section A.9.2.

Given Equatior(21), the components related to the alignment discrepancies are exactly:

1W:_1 100 10o 10 10, . 100 100 10 O 190 100
¢ EEC TADC 1, T O°_ PP Ffoja 0000 %oy "% 0y, 1% = 18

TAPO =S we E el

9=1

and

=1
BAPHp ©:= 1 W E ¢ ADC 1 T0°_0°_ _tfopy == 1.

11 WR 3

Recall that under Assumption 5 and Assumption 6, we fid@'e © 0 andBAP'e °=0

as shown in Section A.9.2. Therefore, Equation (21) reduces to the following:

lVV:_l - 100 100 10 10, 100 100 10
81p © e B e _’N_MOS:_ EC- 1 uQs, 0°_ t0°_ == o 0°_ 10°_ -’
101 100 100_ _ 100
. #
L 2 W 2 Y 190 100
,2W 1 Wl max . 7\ 5LYO1#)0 I» =0%1» = 1Y4e
9=1
(22)
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We now bound the contribution &JQ and *° in Equation(22) under the general

RKHS setting. Recall the characterization of UQ and as follows.

~

e} h
UQIF'O—(0%—eee B2 38 =  WES- + 76"

=0

10o 0
g 5o L 0— 0tce—g & =F -0

h
BARO_ (P eee O =max WES~ & Vet Vet 1 e o 0=1F0 e B
n 0]
where "c:=min =_1— maxfE 0: cg= = ¢c1=0- cg1=1g

Next, we introduce several de nitions and notations for the RKHS setting, and then
provide a nite-rank projection argument that yields an uncertainty quanti er bound in terms
of the e ective dimension.

First, without loss of generality, we assume bounded rewargs ' max and bounded
kernels: gt — © 1 for all relevant lengti8history blocks , matching the bounded-kernel
condition used in (Chang et al. 2021, Assumption 22). Fix a d@@H0—1—+++—gand
let 0;80: fl g1 * » * gl;gdenote the deptBpartition. Let: g — %e a PSD kernel on leng-
history blocks with RKHSHgand feature map gt ®such that gt — ® =h gt °©— g ®j_.

We de ne the Gram matrifso;aa 2 R™~ 8 as the matrix whose entries aFGO;sol/@l =

- g'ls_o b_7. We then de ne the regularized Gram matrix as

18° . 2
= Go;so,z —

whereZ? j 0 is the (GP/KRR) noise variance parameter, consistent with the posterior-

variance formulation in (Chang et al. 2021, Example 3).
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For any length-8 history block , we de ne the kernel vector as

> -
:01801 0:= :gllg 4 O—cee 1I|8_gr 0" 2 R®
#

and accordingly the posterior kernel variance is de ned as

. d_0:—=-1_0 - _10>1 BbBl. 10
-3 =g Lo S0 »

For each depth 8 and iteration :, the uncertainty quanti er is de ned as

.. 1wceec wcgecal?
le.
§ 2

For an arbitrary policy, let 8° 3 ¢ denote a lengti8history block undeB®. We aim

x 18° 1C8%C ._ /.

to boundE ige 5 ¢ »* :1801 "8%1/, To begin, we use Using Jensen's inequality which results in

the following

V. =E 1803 :8—§§°1 180 180 (23)
Accordingly, it su ces to upper bound
A 8L 8%,

Vg = E o3¢ :8_(;?

To do this, without loss of generality, assumgadmits a Mercer expansion with respect
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to 3

a
gt— ©= g kg bk g b P 81 8-2 0-
9=1

where fkg_gg 1 are orthonormal in 5135;0:

E 3 ksb Bbgg 1 B = |fg = ge (24)
Given a x integer truncation rank "8 1, the truncated feature map is de ned as
P— P— > 180
kgt 0= glg-t O—eee— "o kg 18l ® 2R —

and the truncated kernel is de ned as

rg_ et — Pz kg 15l 07kg sgel Do

Moreover, we denote the residual kernel and its diagonal residual as follows

. _ . 2
A gt ®i=1gF—-0°= g-kg_H° e
9i 180

Assume the eigenfunctions are uniformly bounded:

supjkg-$° " kg 89 (25)

We de ne the tail sum as

()

§9%:= g (26)
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Then, using Equation (25), the residual diagonal term satis es the following
O 2 A2 C 2

A gl 0= 8-ks-5°" "ig 8- "kg 8
gi 180 gi 180

1

8 10 (27)

Next, we decompose the posterior variance into a head term and a tail term. By PSD
monotonicity and the decompositiog= : g_:s, : g_3 the posterior variance satis es, for

all |

. 8—(?01 -0 g— 180_q8°1 -0 5 A 8— 1801 o_ (28)

where: o 180_q801 — © denotes the posterior variance computed using the truncated kernel
: g_ 8o With the same Iocations;ﬁand the same%Z
Taking expectations of Equatiq@8) under '8 3 ¢ and then applying Equatio{27)

yields

5 —

V8 E 1803 ¢ 8— 18°_Q8°1 180_ 18% AN E 8 81 180’ 100 (29)

Consequently, it remains to bound the nite-rank head term.
We now rewrite the head term in a nite-dimensional linear-design form. The empirical
covariance is denoted by

b 180 1 16;801

180 L . 180-

180 180
k8— 1gol | 8—8k8— 1gol | 8—8> 2R -

and the population covariance undg;ris de ned as

1 1
g— 180 = E 18”3 8 k8_ 1801 8(bk8_ 1801 8(b> °
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By Equation (24), the population covariance satis es
g_igo = diagt g oo e p g0 (30)

For the truncated kernel, the posterior variance identity is

1 1

= gt = ° =kgwl®” JOSPT 22 kg o (31)
Taking expectations of Equation (31) undérdives
1 . 180 18 . <180, 18° 2 1 18
E 1803 c ?- 8— 180_@801 - ‘b JO# Jb 180 4 Z Op E 1803 c kk8_ 1801 (bkg -

(32)

where the inequality stems from @ k k okaE.

Observe that since PSD truncation impligs st — © @ g —©°,and:g¢—° 1 ,we

have for all ,
kkg_1est OkK5 =g gl —© 1 gl — 0 1o
This implies
E ergc Kkg et 80IE 1o (33)
At this point, the only remaining quantity to control in Equat{8R2)is the terrrkljo,;sojb 18;0,
2201 Kop.

We now control this term using the similar idea from the idealized setting. In particular,

we de ne the following event

180 1 °
— 8
8 18° .=~ b 180 E g 18° ° (34)
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Then, by Lemma 15, this event holds with probability at least 1 ne}= 1°.

Given this, on the eventg_ s, we have

. 18014 18° . 180, 1 t
0, P, 2% O 3 8_180,Z|2
.0180.
Peds w22 - (35)

2

where Equatiorf35) uses Equatio(30) and the fact thatg_:s- is the smallest eigenvalue

among the rst "8 Consequently,

. 180, 180 1
JO#S b 8180522 !

= . (36)
i0.29 .
op J;J o a0, Z2

Substituting Equation (36) and Equation (33) into Equation (32) yields,0nes-,

1 o g 1

. ko
E 8°3 ¢ ZZ " 8- 1@)_@801 - jo180j R ® (37)
>~ g, L7

We now combine the head bound with the tail bound. Plugging Equéionnto

Equation (29) gives, ong_ s,

2
1 v 1 "8

— 8 180, 5

22 0, , 2

2 8-'8, z

g o, 10 (38)

Substituting Equation (38) into Equation (23) yields, og :s-,

H N2
180 1 -8
£ 18 8%y 1 k
. ~180. 5 Zz
jO# ]~ 22
2 8— 18",

E 8°3 ¢

g %, 1% (39)

We now optimize right hand side of Equati(80) with respect to '8’ To do that, we
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de ne e ective dimension at depth 8 as

( _ago )

g 00,7 .
3¥=min 92N: 9 —- g9, 1° - (40)

180 i
which matches the stated form in (Chang et al. 2021) witk jO#Sj and gt9° = :1=9 T8

By the de nition in Equation (40), we have

180 3%
g3°7,1°0 —— (41)
10,’)
Next, consider the followng quantity
-0180-
Bgt © = P ) g, 1%

Z2

With in place and disregarding the relatively minor dependence of the head term on
" g_ 180 iN Equation(39), the right-hand side is dominated by two main contributions inside
the square root: the head contribution, which is of orté#, and the tail contribution,
which is proportional tdbgt © := % gt ,1° ,therescaled tail massgt ,1° . The
goal of choosing the truncation rankis to prevent the tail from signi cantly in ating the
overall bound beyond what the head alone would suggest. In these settings, the complexity
or scale introduced by retaining the rst terms (the head) is naturally on the order of
itself which is the e ective number of degrees of freedom or rank that we are already paying
for in the bound.

Therefore, truncation is most e ective when the tail contribution is controlled relative to

this head complexity scale-, speci cally, when

Ogt ©.

In other words, we want the rescaled tail mass to be no larger than the truncation rank we
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have already accepted. The smallest integer that satis es this is

6 g °-

and this is exactly the e ective dimension®3de ned in Equation (40).

Setting '8°= 3'®in Equation (39) and then applying Equation (41) gives, Qnse,

E 1803 c 1801 18% V: — S ﬁS 813180 10
104 ]~ . 72 22
M 2 8%
1 2 3180
V j0180j 5 B n k-8 0180 (42)
T N
7 ¥4 2 )

Given this, the we de ne the simultaneous event as

T
(- 8—?0.
8=0

Then, by union bound, we have
Prt « 2 1 ne

Therefore, on - , the bound in Equatio@2)holds simultaneously for &l 2 fO0—1—e+—g
with probability at least 1 n.
Next, as in the linear setting, we invoke Assumption 10 which states that there exists a

constant d 2 10— 1% and an eveptsuch that Pr: ¢x° 1 n and,on

. . 1go
osnlm_l jO, ] d#)
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Accordingly, by a union bound, we have

Pri® :=prt\ A\ G\ .° 1 1= _; 3% Ye (43)

Then, we can derive an upper bound UQ by applying Equation (42)amfollows

100 (o] 1 31I 8 °
UQIET- (e B W VL By o f ——
- - jo i 1 i
" T, g2t 0y ™ ]
Vmax 1 A2 3
- 44
1 W 5d#),z2°  d#) 44
and similarly for & we have
)
\Y/ 1 3
1801F100_ doo_. N ._1ﬁ(b max A 2 &~ 45
1 W sd#),z2° *d#) (45)
where we usethefactthalingjoégoj d#) ,3 =maxs= 3180,‘ ‘=Mmingg= _, \8—380'
N =maxpss , M g@NdVimaxi=maxp 1 V.

Then, plugging Equations (44) and (45) into Equation (22), we can obtain

S S
Vimax 1 3 Vinax 1 3 2 W 2
° A2 A2 oWl . 1yo:
81t 1 W d#),z2° k-d#) * 1 W Sd#) .z 2" ) T W ™ 7w 8
S !
1 2Vhax 1 E 2 W 5

— 2w!
11 W2 1 W d#),Z2° *d#) °

1 W max , 1 W 51Y01#)0 x -
(46)
which holds with probability at least 1 1=; ,3°n Y.
To state the nal rate, we choose as in the idealized setting i.e.,

logi#)° .
211 We
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—_—

Yoo
This implies thatIO 1Y % andW?! 1#)° 12 Therefore, the truncation

contribution satis es

2 W ' .
2WH T max —Z‘i W e

=

for an absolute constang 2 O.
Furthermore, choosé,axin a way consistent with RKHS con dence multipliers, namely
(up to logarithmic factors and constants) as in Chang et al. (2021),

r
Vmax 3 3 R |Ogll'n°

Then, on even€, given Equation$22) and(46) as well as the selection of and Vinax,
we have

s !
L 2q33 log1en® !
11 We , 10g*1°n

s
4' max  logi#)° |
1T w211 woe ' P

3 ]
A2 28 max . 2 51y01#)ox _

Regretit ° —_— —
J Sd#),z 2° *d#) ° )

. (47)
To simplify the expression, we consider the regime in which the truncation term is
dominated by the statistical term, namely assume

2N 3 p3 , logtlen®
Pg *

20' max (48)

Under this condition, the truncation contribution is absorbed into the leading statistical
term. Given this, we further use notation which hides absolute constants and logarithmic

factors (e.g., W,naxand °), while keepingp log1len® explicit.
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This yields the nal bound on 8§ and Regretb ° as follows:

S
d 1,3 X
8w° . 3 3 logtlen® . slYoiH)o (49)
d #)
and
S
g 1,3 X
Regret'b © . 3 3 ,logtlen® an s1YOLH)O N | g — (50)

which holds with probability at least 1 =1, 3°n Y.

A.13.3 Step 3. Combined Regret Bound under the Relaxation of Assumption 7

We now combine the results from the previous two steps to derive the nal bound. First,

recall that under the evefty, Equation (19) yields

S

Regretle © .3 3 logilen® d;o)v ,ostYoug)e X o (51)

which holds with probability at least 1 =1, 3°n Y.

Similarly, under the everff Equation (50) gives

q s
Regret'd © . 3 3 logtlen® % . ostYorEe X, (52)

which holds with probability at least 1 =7 , 3°n Y.

De ne the simultaneous event
al = G\ 8 (53)
By a union bound,

Pri 4° 1 Prt €20 prie? 1 2 1=, 3°n Y — (54)
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and on 4 both regret bounds in Equations (51) and (52) hold simultaneously.

We de ne the statistical error termsigd#)— 3° by

S S I
—_— q 1 3 ’
Estatl#)—3 0:=max 3 3 . |Ogll°n° d;:C))V_ 3 3 . |Ogllon0 d’T) . 51Y01#)0 X ) I #
(55)
Therefore, on 4,
max Regretld °— Regret'@® . Egad#)—3°— (56)

which holds with probability at leadt 2 1=_; , 3°n Y . This concludes the proof of

Theorem 1.

A.14 Proof of Theorem 2

In this section, we provide the proof of Theorem 2. This proof synthesizes the analyses
of the individual layers presented in Theorem 1 and Corollaries 1 (Coverage), 2 (TAD), 3

(BAP), and 4 (Linear Structure).

A.14.1 Step 1: Regret for PC-FQI under the Relaxation

In this section, we relax Assumptions 3-7 all together. Consequently, it is possible that
= j = _1, meaning the optimal policg may induce censoring streaks longer than those
supported by the o ine dataset. In this case, we invoke Lemma 5, which does not rely

on Assumption 3, together with the fact that the learned paicy. - _,. Therefore, by
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Lemma 5, the regret of esatis es

© a
- " # " # ®
: o 9 aQ 1 ®
Regret'e® - sup E° W E® Woc .2' max ®Pr® 1Cl —=_; 00
“c02 - 1 W®
SC2 =, c=0 c=0 ()
-| {z ®
« 8re? -
1 = 1.1011 U . P 2" max
e - 1 W
P
4‘ max 1
| 1
1 W # @
Consider the term 81&:
|l~ # ||~ #
, 9 Q
8e°= sup E° Wc E® W ¢
2 =, c=g, . cg
. Q ¢]
=E" W c EF® W c—
C=0 Cc=0

i
0
wherec. , 2argmaxe, . E° ¥ c.
Observe tha8le ° has the same structure as the term analyzed in Step A.9.1 of the

idealized setting (see Equati¢), except that is replaced byc- . Under Assumption 3,

we havec 2 - and

= =_
ll~ #
, 9
i EC V\? c*
C=0

C-_, 2argmaxeo, _

It follows that ¢ is also optimal over -_,, and hencec andc._, are equivalent.

However, with the relaxation of Assumption 3, this no longer holds, and the equivalence
betweenc andc._, fail. As aresult, we have unlearnable partoofwhich is the term

2" max

1= —1,1011 U C—f:_l TW

in Equation (1).
However, Lemma 9 and the analysis in Step A.9.1 of the idealized setting only require

that both policies belong to-_, . Hence, the same bound 8#e ° continues to hold. The
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only modi cations are: (i) the additional additive terméPle ° andBAPle ©°, and (ii)

replacing3 by 3 (i.e., e ective dimension in RKHS setting), as implied by Equati@®)s

(6), and(18) from Sections A.11.1 (i.e., the relaxation of Assumption 5), A.12.1 (i.e., the

relaxation of Assumption 6) and A.13.1 (i.e., the relaxation of Assumption 7), respectively.
In particular, by combining Equatior{6), (6) and(18), we obtain that with probability

atleastl 1=_,,3%n Y,

8° .3 3  logtlen® d;")v . slYoi#)e X TAPle ° BAPle ©° (2)

Plugging Equatioii2) into Equation(1) yields, with probability atleast = _;,3°n Y,
S

Regretle °. 3 3 | logllen® 2V styow)o X TAPle ° BAPle °©

d#)
11
2 maxm Pr¢ 1Ct —=_; 00
G LML U e 2T 3)
We select as in the idealized setting:
_ logi#)°
To211 we @

sothatW W 1 . 1#)0 12 Consequently, the truncation contribution satis es

1 1
W- max 14)0 12 , 5)

2' .
mXq1 W 1 W

To simplify the expression further for illustration purposes, we consider the same regime
in which the truncation term is dominated by the statistical term (i.e., Equation (17)).

Under this condition, the truncation contribution is absorbed into the leading statistical
term in Equation(3). Finally, without loss of generality and for the sake of presentation, we

assume that for the chosernthere exists a constat 2 10— 1%uch thafPr* Ct —=_;°
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21. This condition ensures that any additive term of ordgy can be absorbed into
Pr© 1C1 —=_;°° up to a constant factor 112
Substituting Equation) into Equation(3) yields, with probability at least = _; |
3°n Y,
s !

Regretle °. 3 3 ,log'len® d;")v , styor)o X TAPie © BAPle ° | 4 Pr°iCt-=_;°

_ 2'
L= g ,1011 U P 1?;* (6)

A.14.2 Step 2: Regret for C-FQI under the Relaxation

In this section, we relax Assumptions 3-7 all together. Consequently, it is possible that
= j = _1, meaning the optimal policg may induce censoring streaks longer than those
supported by the o ine dataset. In this case, we invoke Lemma 5, which does not rely
on Assumption 3, together with the fact that the learned pdlic - _, . Therefore, by

Lemma 5, the regret of bsatis es

© a
- ll~ # ll~ # m
: 0 O & Wi ®
Regret'b® - sup E° We EC W e 2" max ®Prc 1Cl —=_; 00
“c02 _ 1 W
- =_1 Cc=0 C=0 (R)
- {z ®)
« 8 ° -
1 = L 1011 U . Pt 2" max
e - 1w
P
4‘ max l
Tmax - . 7
LW #) (1)
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Consider the term 8:

"@ # "@ #
o= sup E° W EC W
c%2 - _ _
e . oy
c o o
=E"~" WC Ec Wc—
c=0 c=0

where ¢, 2 argmaxe, _ g ! LV .
Observe tha8'b ° has the same structure as the term analyzed in Step A.9.2 of the
idealized setting, except that is replaced by _, . Under Assumption 3, we haee 2 -
=_,, and it follows thatt is also optimal over -_, . Hencec andc._, are equivalent.
However, with the relaxation of Assumption 3, this equivalence can fail, and the resulting
unlearnable part of is captured by the additive terin = _; ,1°11 U ., P~ zl—f\‘,‘\‘;x
in Equation (7).
Nevertheless, Lemma 9 (the performance di erence lemma) and the analysis in Step A.9.2
only require that both policies belong ta._, . Hence, the same bound 8#b ° continues to
hold. The only modi cations are: (i) the additional additive terf®sPb ° andBAPb ©,
and (ii) replacingd by 3 with slight change in the composition, as implied by Equations
(13), (13), and(49) from Sections A.11.2 (i.e., the relaxation of Assumption 5), A.12.2
(i.e., the relaxation of Assumption 6) and A.13.2 (i.e., the relaxation of Assumption 7),
respectively.
In particular, by combining Equatior{$3), (13) and(49) (i.e., under the relaxations of
Assumptions 5, 6, and 7), we obtain that with probability at least 1 _$=3°n Y,
S

q
810° . 3 3 logllen® :S iyoimoX TAPlp © BAPH O (8)
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Plugging Equatioii8) into Equation(7) yields, with probability atleast = _;,3°n Y,

S

q
Regretit © . 3 3 ,logtlen® % . styoi)e X TAPlp © BAPp ©
w:t
2' - pC 1C1 _= _, 00
£ maxy Ty r-1C 1
1= ;1011 U, P 2" max I wy e )
s -1, c — 1 W ° )
We select as in the idealized analysis:
log*#)°
= g—) — (10)
211 We

sothatW W 1 | 1#)°o 12 Consequently, the truncation contribution satis es

2!

rnaxV\/=1 | " max 14)0 12, (11)
1 W 1 W
To simplify the expression further for illustration purposes, we consider the same regime
in which the truncation term is dominated by the statistical term (i.e., Equation (48)).
Under this condition, the truncation contribution is absorbed into the leading statistical
term in Equatior(3). Finally, without loss of generality and for the sake of presentation, we
assume that for the choserthere exists a consta®t 2 10— 1%uch thaPr* Ct —=_4°
2:. This condition ensures that any additive term of ordgy can be absorbed into
Pr* 1C1 —=_,°° up to a constant factor 192

Substituting Equationfll)into Equation(9) yields, with probability at least = _; |

3‘n Y,
q > 1.3 |

Regreti ©. 3 3 logilen®  “go- s1YO14)0 X TAPIp © BAPM © | 4 PI°1Ct—=_;0
U= g 10 U pt Zme, 12)

1w
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A.14.3 Step 3: Combined Regret Bound under the Relaxation

We now combine the results from Equati@@) (PC-FQI) and Equatiofil2) (C-FQI) under
the simultaneous relaxation of Assumptions 3 7.

Recall the de nition of the unidenti able regret term from Equation (13)

= 2ImaX
Eeod == 10 ;= 1 = _5 1011 U, _p=2 M,
cov 1 1, c - T W

Recall that in the idealized setting (Theorem 1) statistical error term de ned the as

S S
3, log'len® 3a
Eeni#)—3° = max3 3 logilen® cov_ < 1yoig)o X |
stat ) 5 g d#) d #) ® 5 ) 5 #)
« b |

In the present relaxed setting, the statistical term replaces the dimehdigrihe
e ective dimension3 . Additionally, there is a slight modi cation in the regret of C-FQI in
RKHS setting compared to idealized setting. Therefore, we de ne statistical error term in
Equation (55) (i.e., in RKHS setting) as

S

— q
Estat#)—3 °:=max 3 3 | log'len® —¥_ 33 .logtlen® — 51Y01#)0X Jow

d#)

Given this, recall that Equation (6) yields

s !

Regretle °. 3 3 ,logllen® d;")v , stYory)o X TAPie © BAPle ° | 4 Pr¢iCt-=_,°

- 2'
e T L B e (13)
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which holds with probability at least 1 1=; ,3°n Y.
Similarly, Equation (12) gives

S

q

1.3
Regret'v ©. 3 3 _logllen® R s1Yo1#)° X TAPHy © BAP% © | 4 Pré1CL—=_,00
.2
JPo= g1t Ut ST (14)

1w

which holds with probability at least 1 =7 , 3°n Y.
Then by union bound both regret bounds in Equatid® and(14) hold simultaneously
with probability atleast1 21=_; ,3°n .Y . Thisyields

max'Regret!d °— Regretle® . Pr ¢ 1C!? €=_1°° statlﬁf)z_g’ ©
z

Learnability Probability 4 Statistical Error

}

s rPaxlTAPlcb °—TAPle° max'BAPib °—BAPle °°
V4
Alignment Discrepancy

Ecot —=21° - 15
o et 2= (15)

Unidenti able Regret

This concludes the proof of Theorem 2.

A.15 Key Lemmas

Before presenting key lemmas, we introduce several related notation and de nitions. First of
all, throughout this section, letc= - —./c1— c1° and ¢= %=$°. Also, letF "’

and 0%°be generic realizations of the random vectogsand g respectively.

De nition 4 (E ective Dimension) Consider a continuous positive semide nite kernel
:1 — %onthe spac& suchthat!G—-G° ZXorall G 2 M. Letft" 8—I@°@:1denote the pairs
of eigenvalues and eigenfunctions. ovith respect to the o ine data distribution, sorted in

non-increasing order suchthaty = , e¢e*e. The e ective dimensioB3 is de ned as the
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smallest integer 9 satisfying the following condition:

§ &

3::m|n392N:9 ?: - (1)

W WO

=91

where= denotes the sample size of the o ine dataset &ids the noise variance parameter

associated with the transition model. This de nition is consistent with Chang et al. (2021).

De nition 5 (Maximum Information Gain) LetD =S A be the domain of all possible
state-action pairs and lett — °be a positive semi-de nite kernel. For a sample budgpet

the maximum information gain is de ned as

1
lyy = max =logdet ,_1G; -
Z D-jzj=#)

where the maximum is taken over all subgetsfl 1—++++) g D with the cardinality
jZj=NT ,Gz 2 RY# isthe Gram matrix with entriesG Y%o= :1l g-1°, _j O is the

regularization parameter, and is the identity matrix.

De nition 6 Denote as the set of all policies, i.e.,
=fc=1c o- -€& °je: é! 1A°-8C 0g-

where é: L o~ o~ -.,& Inother wordsccspeci es a probability distribution over
the action space conditioned on the history of observations at the decisiortpdimrefore,

cdoj 0c° denotes the probability that the acti@will be selected at tim€given the history.

De nition 7 ForallC—= @ndf, ¢ — c=1—,c=1—***—c, @suchthaf .21 =0

and ¢ 1=1, de ne the set, named Uncensoring Pathways (UP), as

1-0

UP™! c=c=1—-c=1—°***—7.¢

=fO2AjPrt c-=1j ¢c==0-,c=***—,0=1g°

214



De nition 8 Forany) ° 0, =)o and 5o are de ned as follows:

ch’1
S a1= Sup sup 117 .°
g2Tcle C2N ._o |
c@°1 '
S = sup sup 117 .9 -

g2Tc° C2N ._o

whereT tc1°andT ic ° represent the set of all possible trajectories generated’bgnd

c , respectively.

Deniton9 Foranyc 2 =-with= 0 and0 8 =, the& state value function

conditioned on the event C1 —=° is de ned as

180 100 OO
s Bape_ge
~ #
O 100 ()
:EC V\¢8'@j11 0— 0— _!80:1Fo_do— _r;ecb_C]__ZO
II(’?:S #
O 100 (o]
=ES WP el o oo - =FO-0 b (@)
®=8
where, in the component pfg, we have g1 =0forall 9 =1-  +8&nd in the component
of, o, wehave 1 =1
Note that the event€* —=°is a sure event under any policy2 -. That is why in the

second equality, the condition on the expectation does not involve Ct —=°,

De nition 10

§61 s g
C-.,%¢c -—c=,—-c=,4°= C:_l_looj, c —-cg cd 1» c 9=0%1» cg1=1% -
8=0 9=1 3
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where88 =0- —5 1and8C O

h
¢ _10%, = —cs cf=SUPE ', W » =140, o °
02A
W » = 0%t o —.c.r’
j,ceece —c0%
and for8 ==
1— o] h 100
c- 110, = -—c=,—-c=,°= sup E'c, W »c=1%+21, ¢
02UP"-1°1, & —c=_,—c=_,°
jl C=41— C=_1— _!C,ho.
Now, we are ready state the key Lemmas:
Lemma6 ForeveryC 0OandO0 8 =_3,we have the following
h i
E 'c € I» c=0%jce ce= —.c c =0- ©))
almost surely. Here, in the component af g o, we have cg 91 =0forall 9 =1- +8

and in the component ofg we have cg1 = 1.

The proof is given in Appendix A.17.3

Lemma 7 Under Assumption 4,

: max SF12 | 1cgod. &
E =0— icgoc=. - 32— 4
cl c C8:C~-C, . SFig wced. @ (4)

whereSF12 | ic go.@. @ denotes the conditional survival functi®m® cj 2 icgod®.E.

See Appendix A.17.4 for the proof.
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Lemma8 ForallC O

Ch' = 11,491 0 !
sup E =4 W»c=, =1+ 1 c=,1°] c1—yc c***—¢c=,
c2 =
h i

100 .
sup E'c W>»c=, = 1,491, c=2.1°%],c c***—¢=,—-0°¢
021, C=_1 —eee— @

-1

,=-1 s

See Appendix A.17.12 for the proof.

Lemma9 Let, - -~ _ "2 "nd '8pe the generic random variables. Consider
. . . . 1 o
a discrete random variabletaking value®—  —=; with %! =80 =W’ Then the
di erence between state value functionscafand c,, where both belongs to- . , can be
expressed, 8F° 2 W suchthat 1 =1, as
+é?°1|:10°o + ég°1|:10°0
:I.sz1 10 100 100 10 10O 190 100
=WE1' 100_ 100_ _,10_10013:1100(:10; Czl! 0°_ 0°_ -, _ 09_1 | » 9 = 0¥ I» 0 :1%

where 3., is the state visitation measure under ¢ given in De nition 20.

See Appendix A.17.6 for the proof.

A.16 Technical Lemmas

Before presenting key lemmas, we introduce several related notations and de nitions. First of
all, throughout this section, for the ease of notationtJeg- & = - g and thusS W =X
We similarly denote F 8- (8% = G8°2 X whereF '®°and0"® are the realizations of random

vectors, cand ¢

De niton 11 For any0 8 = _; and a policyc : 1X° 8 W 1A  denea
conditional expectation operator denoted b§:P

(o _ C H —_ —_
Pg&!°=E" &', - - -wc81—-cs81’llcc -cg cd=-Cl—-=,°-

for any function & over 1X98.2°
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Note that for any policg 2 - _,, the evenC?! —=_;°is a sure event which can be dropped

from the expectation.

De nition 12 The conditional Bellman operator under the policy denoted byl,° .is

de ned as:
Tl &IFC-0"- PP =E ' c 5, W&, ¢ 51-C”", c 511> cp= 1%
WEBLL o —,c,s)l—CIS’lol, c81~ —.c > cg=0%
Y -—c& cf=F"-0"- -—P-0%-cr-=,°.
Note that for any polic 2 -, the evenC! —=_;°is a sure event which can be dropped

from the expectation. In that casg; Ibecomes .

De nition 13 (Action Discrepancy fore and® ) For 1F'®°—0%—eee_'E-1°° de ne

180 AD® F'”-(¢%- -F-°
=max& IF-00-  _fF-1°_go @ TR0 _fFat_gTtTipt=ats 0% (0%,
02A
1)
188° AL F'-_0%- _F-1%
=max® ~TUIF_ - _fFat_go QTR0 gt Tipt=acs 00 (0%,
02A
2
De nition 14 (Action Discrepancy and Total Action Discrepancy) For C 0, let
180 AD= -1 1- — —c=,°
- E)nze,lAX&czz__ll o —e=a =00 &c:=__11 I T LR L N )
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1880 TAD 1G%°- 8%

& 0 ( 801
= WE S, ADal.— —g.0»8==; % I» . = 0%l»q = 1Y%
=1 9=1 ’ ;=0
minl:@)—: a0 801 g
R ADC: -1 1. 8,E — —8,: OI»E = =1 Ya I» ;= 0]/4|»8,: E1 = 1% (4)
E=1 =8, E B
1888° TAP 1G”- -B&P
&0 - 801
= Wlfggl AD™"-11-g— —3g:.%»8==; Y » . =0%l»q =1%
=1 9=1 ’ ;=0
minl:é—z 1 ° 801 %
. AD®-1lg. g — —g.%»E==,% I» . =0%l»g. g1 =1% ¢ (5)
E=1 =8,: E B

De nition 15 (Reward Discrepancy)

G 1
RD1#)° = W 51YO1#)0 X = 51YO1#)0 X
-0 1w
De nition 16 (Uncertainty Quanti cation)
180 UQ1@°_ )

é . O C- n 100
= w Pg.o * 1-g.%» g.1 =1%

=0 =0

g o 801
;T g0 I» 9= O%l» 1 =1%l»: =_, 8%

9=0

minir(ljl —: 10 é o 8()1 %%

. B* E -5 e— —s8:° I» 9= 0%l»g . g1 =11/§
E=1 : | 9=8: E :

d O C- 1 . n 1 [ 1n o 0
—_ y - 8 8,:
- w Ps,: o 7 8,:

:=0 :0=0

d h o 1 o o I
= WEC:—I * 8 8’28 1-0_000_892160_000_1@) .

=0
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188° OQG*"°- -—@P

a & . n .
= W P8’:61 i : lg.%» g.1 =1%
=0 :0=0
o o 8¢)1
278 g0 I» o= O%l»1 = 1%l»: =_; 8%
9=0
mini=@y —: 1° § 8()1 %g
1EO0
s 2*“'E 1 8,E — -8 Y I» g= 01/4|»8): g1 =1%
E=1 B | 9=8,: E 32
G O— c. n X o 0
= W PB,:Bl 2 8 18 g . 0:18:°
=0 :0=0
c h S
= w EC: -1 2*\‘ 8 1g: " 8.: 0:18 :0 1. 0—'00—80 = 1G0 _ooo_% . (8)
=0
n 0
where"c:=min =_j—maxfE 0: cg= = ¢c1=0- ceg1 =19
De nition 17 (Price of not being pessimistic)
0, o o @ n h 100
PE-0T- Femac WESHT 0 2T - et gy =10 ©)
=1
0 801
,* 8, 1, 0— o0— -8~ 8. o |» .= OJ/4|»1 = 1Vul»: = 8Y,
=0
minl:@—: 10 8('31
1E0
R * E L s:E—8:E— —8:—8:° I» . = 0%
E=1 =8 E
1> g e1 =1%,* %% o= o= —g &
S L,
@ y h r ° e ° 100 o o I
=max  WE®: ™ % x s g B L om0 —e R e
02A" : B
n 0
where "c:=min =_j;—-maxfE 0: cg= = c1=0- ce1=1g

Now we are ready to state the technical lemmas:

Lemma 10 Under Assumptions 12 and 13, the following upper bound on the di erence

betweer&fo andE18°88 =0- —35 holds with probability atleast = _;,1°n Y:
=1
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N
=

& 1G¥- @ g "~ & w!
-1

C=

—y max  RDH#)°

O

,UQIG' - _8d g0 P (1))

whereRD#)° , UQIGY"- —@& and 81G”- —Pare given in De nitions 15, 16

(i) and 17, respectively.

See Appendix A.17.7 for details.

Lemma 11 Under Assumptions 12 and 13, the following lower bound on the di erence

180 —18° . -
betweer&c8 and& ,88 =0- —=, holds with probability atleast = _;,1°n Y :
=1
180 0°_ _18% —18° 0°_ _18% 1 2 \NI o
& 1G & g 16 (LI T max RDH#)
TAD ¢ 1G%°—~ _@b_ (11)

where the characterizations @D ¢ andRD#)° are given in De nitions 14 (ii) and 15

and , respectively.
See Appendix A.17.8 for detalils.

Lemma 12 Under Assumptions 12 and 13, the following upper bound on the di erence

betweer& > and&® 88 =0~  —-holds with probability atleast 1= _; ,1°n Y:
-1
180 o o 180, o o, 2 W
&C‘i_l 16— @b &% @”- -8 w! Ty max  RDH#)°
, BQIG”-  —Bb- (12)
where RD#)° anddQ1G”~ -8 are de ned in 15 and 16 (ii), respectively.

See Appendix A.17.9 for details.
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Lemma 13 Under Assumptions 12 and 13, the following lower bound on the di erence

between éfo and€'® 88 =0- —=, holds with probability at least 1 &, 1°n Y
=-1
&;8: 1G‘100_ _]éoo &1801G100_ _]éoo W 1 i xl max RDl#)o
TAD ©1G%°- _@&b_ (13)

where TAD® and RD*#)° are given in De nitions 14 (iii) and 15, respectively.
See Appendix A.17.10 for details.

Lemma 14 (Uniform inverse-Gram comparison (adapted Theorem 21 of Chang et al. (2021)))
Fix any8 2 f0—1—e+e+—7. Letgs: H '®°1 R 38be afeature map and assurkegt °k, 1

forall 2 H & Let 0;802 f 180—0"—,12?80,9 denote an o ine dataset of length8, 1°
0,5

1

history windows.

De ne the population covariance undeg as
g = E w3, qg Boggr 8O A := rank: g~

and the regularized empirical Gram matrix as

i8S
180 189 189>
i q81 90(:|81 90 s =
9=1

for some _ j 0. Furthermore, given the following evenltf/z,

(0]

as' ° -

n .
B = 8 2H ' ggto>r Bdlggo 2 AF Jogi2en0 gt jOF ., *

we havePt 2o 1 pe= , 1° for each8 Then, by the union bound, the event

%
N igo . -
" = g ..EA) holds with probability at least 1 n.

See Appendix A.17.11 for details.
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Lemma 15 Let .2 be the event that the empirical covariance concentrates for partition

o

n .
180 . _ pe 1
n - z 8

By the Matrix Cherno bound, for any xe@& P* B 1 0 provided thatjo;soj &

=,1
318°Iogl?%+>1°°. Applying a Union Bound over all 8 2 fO—s* ¢+
- !
U—l 190 Gl
Pro.:= % N -1 no
8=0 8=0

where the result follows directly from Theorem 5.1 (Matrix Cherno ) in Tropp (2012).

A.17 Proof of Propositions and Lemmas
A.17.1 Proof of Proposition 1

Proof: Consider the AR(1) demand process whergdepends on ¢ ; viathe termd ¢ 1.
When censoring occurs & 1(i.e., c1 = 0), the observed sales equal the inventory,
/ c1=.c1 and only the inequality c1 i . c1is observed. In this case,cho longer
contains the full information about the underlying demand. The hidden value-qf

still in uences the dynamics of cthrough the autoregressive tedn ¢ 1, but ¢ 1 itself
depends on earlier variablé&e 1—-c 1— ¢ 2° that are not included in ¢ As a result, the
future evolution oft, ¢ —'® depends on information from the past that is not captured by

1 & &, and the conditional independence property fails.

A.17.2 Proof of Lemma 1

Fix any time C 0 and any policy ¢ 2 -. Recall

=% ;= max 9 2fC-C 1-eee—C =i =1 ¢
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Because 1 =1andc 2 -rules outcensoring streaks longer traisuch a9exists almost
surely; hence §=° is well-de ned.

We prove Lemma (1) by showing that, for any bounded measurable function 5,

E° 5% cr'®j oc = E°5Lcr'@) g=c a.s. (1)

This identity is equivalent to the conditional-independence staterhepti—'® ?
o=l | =0

Recall the state of the Underlying Proce$spgp o (the fully observed, uncensored
state). By Equatioi§3), the Underlying Process is Markov: conditional drby— °, the pair
1(p.1—"p° is independent of all earlier history.

Now consider the state Observed Procgsgg. By construction, p. The key point is:
at any time9such that ¢ 1 = 1, the observation at tim8reveals the full demand state
needed to propagate the dependent-demand dynamics. In particular, when1, sales
equals demand @ 1, so the demand component that drives dependence is observed rather
than truncated, and is included ing,

Consequently, at the tinge:= gZ=° (for which 41 =1 by de nition), the latent state

(g is determined by the observed information at time g:

(g = & ¢° (2

for some measurable mapping(the exact form is model-speci ¢, but existence follows
from the fact that the relevant demand component is fully observed when uncensored).

Take any bounded measurable functfanStart from the conditional expectation given
the full observed history ¢.c By the law of iterated expectations, we may condition rst on
the latent state

h i
E°5%cr'®] 0c=E°E°5Y¢c1—'®j ocly oc® 3
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Next, note that once we X g4 and the post observed history 4. the sequence of
actions' g—e+e+—Cis also xed (because actions are choserclys functions of observed
history). Therefore, conditional of{ g— 4:&, the evolution from timeg to time C | 1is
entirely governed by the Markov transition of the Underlying Process and those xed actions.
In particular, by the Markov property of the Underlying Process, the distributién efi—' &

can not depend on the earlier observed histogy, 1 once (g— ¢:@is xed. Formally,
E°5%¢cr'®] ocg =E°5%cr'®J gc@* 4)
Substituting Equation (4) into Equation (3) yields
h i

E°5%Lc1—'®] oc =E°E°5%¢cr'®] geclG oc®

By Equation(2), (4 is a function of, g, and, g is contained in 4.¢ Thus, conditioning

on! gc (g° is the same as conditioning ony.calone. This implies the following

E°5%cr'®] goc@ =E*5%cr'®j gc*

Plugging this into the previous display gives

E°5%Lc1—'®] oc=E°5%cr'®j gc—

which is exactly (1). Therefore,

L C,l—'CE) ? 0g1 gC

By constructiongd=° 2 fC—C 1-e«++—C, seghe conditioning block g.-o.ccontains
at most=,1 observation action pairs. Hence, under any polcyY -, the Observed

Process admits a Markov representation of order at most =,1, proving the Lemma 1.
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A.17.3 Proof of Lemma 3

Fix an integer 8 0 and de ne the observed history window

1

icgeg=1 ce cg e C°

Let

B T L

whereF °-0%% corresponds t8, cs o~ cs ¢ In particular, in the components of
, cg.owe have cg g1 =0forall 9 =1—-««+~hd in the components ofc gwe have
cs1=1

Consider

i
E d! c=0° icgocs tF O —0%"—ees B (8% (5)
h i
=E ¢ 1C go:c= 1F 100_ dOo_. . ._1'30_ dsﬂo_ c=0 Pr ¢c=0 iC gocs = 100_ doo_. . ._1'&0_ dsoo _

where the equality follows from the law of iterated expectations.

Similarly,

h i
EE Cj C- 1C 8°.C 11 c= o° 1C 8°:C— 1F 10°_ doo_ oo ._1#0_ 0800 (6)
h i
=E c iC 8°:C- F - doo_ °° ._]ﬁ[’_ 0800_ c= 0 Pr c= 0 1C 80:C— 1F 0°_ doo—' ° '—lﬁo— 6800 .

Next, note that

'c €= 1cE cj ¢ wcec !t c=00 (7)
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Therefore,

h [
E C 'ec I c= Qe 1C 8°:C— 1F 0 doo_. ® '—]ﬁo— 6800
|

h i h i
= 1cEE c¢j ¢ wceoclt ¢c=0° 1 cgoc=1° E d' ¢c=0° icgoc=1°

=0- (8)
where the last equality follows from (5) and (6). This concludes the proof.

A.17.4 Proof of Lemma 4

This lemma follows by changing the order of integration. &ix0 and work at timeCwith
the history window icgo.clet 51 | icgo.d. @ denote the conditional density ofcgiven

1c go-c@Xxcluding. g and letSF! j i go-d . @ be the corresponding conditional survival
function. Then

1 1 1

max SF 2| 1~ ao-f. max mx 5 F | i~ qod.
J. cs.@c32: J. cs.d‘lcsF32
¢ SF.c] wcgud.c Lc 2 SF.c] iwcsed.c
max F 5F 1 0- .
_ J. ceudl-C o5 o
LC ¢ SF.c] wcgd.c
max 5F| 1 o,
_ T J. csgedl.c 3F
L-C SF.c] iwcged.c
max 5F|) icgod.
_ = ] wcgadl.cC 3F . ¢

c SF.cj wcgdl.c

=E ¢] ¢c=0- i cgoc . &

which concludes the proof.

A.17.5 Proof of Lemma 2

Before the proof, we rst introduce several related notations and de nitions. Recall that the

state in the underlying MDP is de ned 48=1- .~ ¢ 1° Therefore, ch ¢ 1= (cif
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and only if ¢ 1= 1. Furthermore, we introduce the following policy de nition.

De nition 18 Let= 0 and let ¢ -o.cdenote the history block of lengthending at timeC

De ne the policy

& 80 &:
C- ic=c = C— icg.c 1» co=0Val»cgy = 1%e )

8=0 9=1

Forall C Oandall8 = 0—<++—=, kach8component is greedy with respect to the

corresponding conditional value:

% h 100 18 10
1- @2 argmaxpoa E' c, Wi» c= 1%+ 1, c,1° . Wi» o= 0Yat 1C 80:C 1
1C 8%:C—

180 OOJ
_50— otherwise.

c

(10)
For8 ==,
h - i
. 1- 82 argmas, o E'c,Wi»c= 176491, ¢ o =0 -
C:__ OOJ 1C =°:C = o
_EO— otherwise.
(11)

Observe that for any policg 2 -, where the characterization of- given under

De nition 2, the event C! —=° is a sure event. This implies 8c 2:

ES»jCl —=Y& E®» V4

Following this, for any policy ¢ 2 -, we de ne an o set policy Go 2 - as follows.

De nition 19 8c 2 -, acorresponding o setpolicg =1C: o— —Cpo— 9sdened
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asthat8C landanyf8- 20> c1°2Hcs

_ _ 1C 80 o 1C
C: Clol 8— Jll 8 —0— OO_lF e _Fc_d Bo

_ — - _ 1C80 o CO
=c! cg= j!, c& - o cr®=1FCBL _FIQCL o0

In other words for a given 2 -, the 0 set policyc: o chooses actions based on a trajectory,
g, according to the same distribution that ¢ chooses actions based on the trajectory * —g°.
It follows from De nition 9 that& optimal state value function over a subset of policies,

=, can be correspondingly expressed as:

+ 1_8C°1F 0°_(go_  _ 8%
180 100 0o b
, scuzp + o dF-0"- P
= n - #
O 100 o]
= sup E° Wacj 1= o= —@=1F 0"~ _pPb_Cc1_=o
c2 - n C=8
e #
=supE® WP jl - - -@=FP-0"- - (12)
€2 = c=8
where, in the component of g, we have g1 =0forall 9 =1-  —&nd in the component

of, o,we have ;1 =1.

Note that the3th state value function depends not only on the current state but also on all
previous states and actions. This is because the poltan be history-dependent, requiring
the state-value functions to be conditioned on all past information. Additionally, we only
need to de ne thé&th state value functions up tg as the Markov property has an order of
at most'=, 1° throughout the entire horizon, implied by the optimization over Due to
this property, we will demonstrate that thése, 1° state value functions are su cient to
characterize the optimal policy in this setting.

Proof:

First, we showthatonce conditioned®nc 1—, = = —,c&=1-F¢>0°= —F.8
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the supremum of the expected discounted future rewards, fronQiy8end onwards, is inde-

pendentof giventhe passtates and actionswithc 1 =1, and ¢ 91 =0for 9 =1- -8

(i.e., the past information up to the last non-censored state). Speci cally, we aim to show the

following:
" . #
O 1Co o
SUpE°® Wit cimiec e —cf=1-FCLO%L S0
€2 =  ©&cCg
= WA BRI €8 gg g = (13)
Observe that since we let; 1 = 1, we have the following 8c 2 -:
n - #
O iCo o]
E° Woejit cimie e —c§=t-FCL4T e
®=C8 . #
a
= V\?’%Clo V\?lC’SOI @J 11 0— 0— _’80 = 1F1CO_ dCU_ - lJ;C’SB
®-8
= W& 2 1FCLgl s (14)

where the rst equality is based on De nition 19 and the second equality is based on

De nition 9.

Additionally, we have that the set.. |8 2H c;andc 2 - is equal to itself by

de nition of -and ¢ .. This implies that:

n @ #
SUpE*® Wit crmec e —cf=1-FCL0%L 8
€2 = ¢cg8
= sup \/\?:&-é?:_chlco_dco_ _"';C,SB
c2 -
= sup W& BOFICL Ol BB o & BUpCl el _pese (15)

c2 -

which further demonstrates the validity of Equation (13).
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Next, we derive an upper bound orlloao-lFlo%, where ; =1:

" #
100, — 100 Q . 100
+F% = supE® W e, o= F
W= &0 . 4
a
= SUPE® ', » 0=1%E W ], 0 0-.1 (16)
° - S i
O 100
, > 0=0%E W ej, 0-0-1 ), 0=F" (17)
" =1 "o #
€]
sup E¢ "¢, sup » 0= 1VE V\¢'<§j,o— 0= 1
c2 - c®2 - =1
" # #
00 O . . 100
, Sup » o=0%E W'@J,o—o—,lj,o=F
2 - ¢=1 ,
h 100 110 100 I
=Supk 'o,W » o= 11/4+_0c1, 1°, W » 0:01/4t1c1, o— 0=,1°) % o= o® = F®-00
02
it o o®=1F =00 (18)

0. W » 0= 1%+%1, 12 W » 9= 0%+, o— 0=, 1°], 0= F Z— (19)
| 1z } | {z }
() (i)

100
- EC: -

where step$16)and(17) use the law of iterated expectations and the conditioning argument

based on if the next state is censored or not. §i8puses Equationgl2) and(13)and dtep

(19) follows from the de nition of < given in De nition 18.
We can generalize the result above for&af 0- —= B&nd8C 0, assuming, in the
+8nd in the component of g

component of ¢ g we have ¢ 91 =0forall 9 = 1-
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we have ¢ 1= 1. Speci cally,

+ 1_8C°1F €Lt s
[1] " o #
— C —_ 1C.8% :
= SupE® 'cg, » cs=1wE WP ¢j! cr-vcc -—-.c8?’°
c2 -
"o ¢=C.81 4
_ lC 80' .
,» ce= O%E v c. ¢j! cr-cc -8’
¢=C 81
. 1Co o]
j' crmiec e —cf=t-FC=00 e
n n - #
1 _ lC 8 10 ' .
sup E "cg, sup W »cg= 1€ WCBL 1 o - -.c8.1°
c2 - c2 -
- ¢=Cc.81 4
_ 00 1C 8 19, .
, Sup W »c g= O%E WCBL 61 - -.c8.1°
o2 - ¢=C8.1
. (o] o]
it crrecc  —cf=1-FCR0E B
c h. 100 18 10
= supE” "cg W » cg=1%+t cg1° W » cg=0%+2 1 & —cs1°
c2 -
- _ 1C0 CD 8
j'! c1rme e —cf=t-FC200 e (20)
h
. 100 18 10
=SUPE 'cg, W » cg=1%+ 1 c81® W » cg=0%+2 Y & = —.c81°
02
. o o] o]
jL ¢ —cg00=1FC20% —F8-00 (21)
— cﬁo h. _ 11/ 20% o _ n1/.18.1° o
=E caW»cg=1¥at 1 cg1®° W»cg=0%+2 1 - -8
it e -—c8=1FC20° - - (22)

where Stef§20)is implied by Equatior{15) and Ste21)is due to the fact that the transition

to next state is independentofthg 1as ¢c1=1

It is essential that whe® = 5 the next state should be non-censored almost surely under

any policyc 2 -, as it has to result in at mostconsecutive censoring throughout the entire
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horizon. Therefore, we have the following when

h
+1_=(C:J1F1C0_dc°_ _f;C =% SUp EC 'C_ W » C__11/4+C’ C—l
c2 -

j! cimve = —cL=1FCL0CL —FTh . (23)

In Equation(23), we can not condition o@ and take the supremum over the entire
action spaceA , as previously done. This limitation arises because the next state must be
uncensored almost surely, and not all action& iguarantee this outcome. To ensure the
next state is uncensored, we must restrict the action space to a subset where, giverrthe last
states are censored, any action taken from this subset will lead to an uncensored state. Such
a restricted set is denoted by?'=" and characterized in De nition 7. This restricted set of

actions, UP along with Lemma 8 leads to the following conclusion:

CEeLE e
h
c o 1, Loy
sup E C==,W » C——1/4+C, C—l
c2 -
. _ 1Co ACO —
jt cime & —cL=FCR0% —FTR
h
' = 11,491 )
sup E C.=, W » c== 1/44;(: y C=1

02UP=°1, ¢ ——ssec, &

j, cC CT..._C>:_G/4
- h
:EC:_ 'C_W))C——1]/4+C;C_1

j, c c"‘—c,:1/4 (24)

In the sequel, we use Equati¢2?) to plug the upper bounds of terms (i) and (ii) in
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Equation (19):

100 o 10° 100 110 . o
+ TIF0 EC= 8 o, W » 0= 1%+0% 12 W » 0= 0%+% 0- 0=, 1°), 0=F °
| {z } | {z }
0] (i)
C 1 100"‘. 100
E% "o,W»o=1¥sfc- ' 1 W » 1 = 1%t 1, 2°
110 0 I
JWo» g =0%+ Y 1— 1—,2°), 1
1 Elloh 1,4°1 o
= c- ' =
JWo» g=0% 1, Wo» g =1%+ 1 - .
i
_ 190 . . 100
JWo» g =0%+ .t 00— —2°), 001 ), 0=F
N w2 i 10
=E®% "o, W', W » 1= 1%t 0, WP » 0= 1Y »1 = OYatt, 1— 1—,2°
[
1920 . 0
W2 » 0= 0% »1 = 0%+et, o= o= —2°), 0=F'® « (25)

By iterating the same procedure for = times, we can show the following:

100 109 C- 1 1 =1
+ JAFTO B o, W, W =1
H6 &
_,W— » . :01/4 »=-91 :1]/4't 1, =9— =90— =
39-0:== 9

jo=F .

=0

Recall the upper bound olnl_C from Equation(24). Given that we are operating under
the speci c class of policies, =, this ensures that afterconsecutive censored states, the

system will transition to a non-censored state almost surely. Therefore, in the subsequent
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iteration, we have:

,Wzl':_‘]_ ,W_':

+IF e B g Wy,
_EG O: 190 g
W 5 » =0 »og =1Vat Y 19— 19— —,:,10B
> 9=0:==,1 9 .
(26)

j,o=F" .

Observe that even though the time index shifts by one (i.e. frdm=, 1), the value

function indexes remain the same, fr@to =. This is the consequences of the policy class,

=, over which the supremum is taken.
Therefore, by applying the same procedure recursively in nite times, it can be shown

that:
100 .
+_OC1F1000 EC: 1 0>W|13 J’ 0:F100
— L 10° 0
=+ 7 JF ol (27)
However, we also know by de nition:
100l 1000 _ 1001 1000 100 1 1000_
sup+._cF "0 =+ _'F *cF

c2 -

which implies that

100 109 _ 100 109
1 (0] 1 (o]
R E A R

Therefore,c- 2 argmax, +018001F1°°°. This result can be easily generalizedB® 2
fO—  —gby following exactly the same steps. Therefore, we have 882 —g

_ 8

189, —10° 0°
c. 2 argmax, _+.LF -0%-

Therefore, givenc produces at most consecutive censoring, then it maximizes
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ol

ES» L. & over - and has the following form:
G e
C 9C —oc = C PC 8o-C I» cog=0% I»cg1 =1Ya— (28)
8=0 9=1

Speci cally, each 8-component selects a greedy action with respeé‘foio &

180 0 = o000 _— —
%1— 62 argmay,, & gog0— 8=0- =1

18000 0 _ 1o
€07 icgoc™ §1— 82 argmax, jp=: 0 L o& 0 oc0- 8==— (29

=°:.C

>0— otherwise.

where
180 180
+ 1C 8o:C = max & 8050
02Ag * ic goc
with
%A— 8Y =—
A8 icgoc'T E
1—0 _
: UP 90 o™ 8==

This concludes the proof of Lemma 2. Observe that this proof valid for any policy class
_owhere=" 0. Therefore, by following same procedure, we can show the optimal policy
c-_, for policy class -_; takes the the following form.

§61 s g

— 180 0; — —
c., % e -—c=4,—-c=,°= c-,-0j,c -cs& cé 1» ¢ 9= 0%1» C81—11/§—

58:0 9=1

where eacl8component selects a greedy action with respect to its own optimal Q-function

A.17.6 Proof of Lemma9

Before the proof, we introduce several related notations and de nitions. Firstly, assume
thatc, andcy 2 - _, where the characterizations of the policy classes are given under

236



De nition 2, respectively. Then, for8 =0- —5let

3+;?fq_cl, cc -cf :+;ij1, c e —cf t ;ficl, c o —cge

&10810_01' cc -csgcd *t ;?icli cc -—cé= ;?o_cli cc -cf

&lcio_cl, cc -cg cd t ;gicl, cc —-cf= 20_& cc -cf
Note that the even€* —=_1° occurs almost surely under any policy2 -_,. Conse-
guently, conditioning orC* —=_;° does not alter any conditional distributions induced by

such policies. In particular, for ar§/ = _; and any history block, - c***—¢c s c§,

we have
||~ #
180 i f —
&t c*rr—cs cf=E° We 6 1, & cere—ca c§-Cl—=4°

n ®:8 #
O g8

=E° W% 1 ce**—cs cf
G=8

—_. p 8%

=1 &c !l = c***—¢cs cé° (30)

Therefore, throughout the analysis we may interchangeabl&iﬁso,@and&?ofor all
c2 -_, and8 =_1,withoutambiguity.

Next, for policies that belong to we introduce the visitation measur8g g

=_1>

88 =0- —5 as follows:
De nition 20 [Generalized Discounted Visitation Measures] Given a poic¥ - _,, the
generalized discounted visitation measufed'*- 0"~ —P?is de ned as follows:
100 0 @ 100 () o
3L AF'°_0"~  —Bb=11 wo WPEAF'®_("- _fjFo
=0
whereP® JF°- 0%~ —F¥°j F° denotes the probability density of observing the trajectory
segmentF '~ 0%°-  —P% occurring at time step€ = throughC = _8(i.e.,, =

F'0°—eee— g =F8), conditioned on the episode initializing at statg = F.
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A natural extension of De nition 20 is to include the nal acti@®’. In order to do that,
we can multiply the previous visitation by the policy's probability of taking that action given

the history, which leads to the following extended visitation measure de nition.

De nition 21 Given a policyc 2 -_,, the generalized discounted visitation measure

3¢ gF'°—0% -0« F- 0% is de ned as

~

3 GF 0% —ee e BLO5 =11 Woo WP F 0% eee 0% F -
=0
whereP® 2F'0°-0%-««+—#_0%°j Fo denotes the probability density of observing the
sequenceéF '°—0%—««« B2 38 occurring at time step€ = throughC = 8 (i.e.,
, =F'%-eee_ g =0, conditioned on the episode initializing at statg = F. Here,
the tuplelF '°— (%°—««« B2 (38® represents a xed history window. Speci cally,
corresponds to a fully observed (non-censored) state, whereds fot— ¢ « « {Be states

F'°°correspond to censored observations.

8=1 and cg1 = 1 Furthermore, de ne the following random

We have c9=0 9

variable as:

De nition 22  is a discrete random variable with the suppddt-1- —=gand the

probability distribution given below.

Vi1 we

Prt =80 =
r 1T W

Finally, without loss of generality, we assume that = 1, i.e there is no censoring at
o | §
the beginning and we let %:1 [» c 9= 0% =1 whenevei8 Y 9 Now, we are ready to
show the proof of Lemma 9.

Proof:
Consider two policies, denoted ag andc, both of which belong to the policy class

-_, . This implies that under either; or c,, we can observe at most.; consecutive
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censoring throughout the entire horizon. Consequently, foBamy—e++—-fandC 0,
the following Bellman equation holds for all ¢ 2- _,

h
+OSF-0T- P =EC g WL, cp%1» 8= 1%
W+EEL o —c81%1» c 8= 0%
jL e —cf=FCR0C 8 (31)
where, in the component ofc ¢ we have c 91 =0forall 9 = 1- +&nd in the

component of ,c we have ¢ 1= 1.
Following this, for8 = Q the di erence between state-value functions of the policigs

and ¢ can be written as:

100 1009 _ 10 100 100
1 (o] 1 1 o
3+01—Q—C F F'0% 4 6 F

1 o
=+ ClFlo"o E® o, Who & 19 o= 1%
110 1 Oi
>W+CZ—C11 0— 0~ 10|» 0= 0]/4|»1 = 1]/41 0 = F 0

Ccp 1t 0° 4, o — 11
5E 0’W+02—C’ 1 I» 0_1/4
: 100

110

’W+C?1—Cl' 0— 0=, 1%» 0=0%lI» 1 =1%j,0=F'* + CS_ClFlooo -
|
= WE! 3+01 oco 1% 0= 1%, 3"' _oCr 0= 0=, 2> 0= 0%l» 1 = 1% ] o0=F°
h [
100 . 10o
LE® &c2 cro— 0+t Hho®l,o=F 0
h i
= WE! 3+cl och 1% 0= 1%, 3+ ech 0m 0=, 1%1» 0= 0¥%l» g =1 ,o=F”
h |
100 . 100
JE ot O o— o®j, 0=F « (32)
The equation above can be generalizedBfer 1- —= 1 by following the same
procedure given below.
1 o 100 o o} h
3+, chFO -0~ —_pPr=-gn W3+ QC,81|»8:11/4
18 10 @
W3t G oomom —ea® [» g=0%lI» 1 =1%
9=0 )
|
s e om0 —e L omom -2 == -
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By using the recursive relationship, Equation (32) becomes:

h
100 100 100 110
oy o dF O WES 34T Pl 1= 1, 30T 1o 1, 201 1= Ol = 144
190 o . 100|
,3+ cz—Cl' 0— 0—,1— 1—, 2°1» 1 = Q%l»o = 0%I» 1 =1%j,0=F

h [
100 1]o . 100
R WE® c2—Cl’ 1— 1%1» 9= 1Y% N cz—Cl’ 0— 0—,1— 1°1» o= 0%l» 1 = 1]/4] o0=F 0 —-Cl =0
h [
Ec 03 0j ~=FW0°
s c,-Cr 07 0], 0% *

By doing the same steps recursively for=times, we can show the following:

1 é1
0° 1 10% — \AF - c 18° 1 o - N1 - 11
3+01—Q—CF =W-1E 3+C1—Q—C’ =,8— =_, 8™ —-=_ I» =_; 8,9 = 0% I» =, 81 = 1%
8=0 9=0
100
j, 0=F
=g 1 iniG=_1 ° &1
190
. WE® o 8= 8= —,— ° I» go =0%l» g1 =1%
=0 8=0 9=0
j,o=F . (33)

Observe that when 8 =_z, we have the following Bellman equation

h
=1 °jpco geeo =1° dC=m1% — F 00 4 o _ a1
& ¢ FCR0C- T t-d =E "c=, Wt & c=q 1% c=, =1%
. o o = o = o
lll c- C —C,=_1— C= 0= 1F1C—dc— —FC’_71 —dc’_71 o
h
=E " w+ 1 0
- C=1 c,—C' C=1.1

R TULLL L
which is only valid80'¢:=-1° 2 UP=-1"1F'C.=1°— _FZ FCb_ |n other words, Bellman
equation is not well-de ned forall c =, =0 2 A when8 = =_;. This is due to the fact

thatc, belongs to - _,, and thus, can not produce more consecutive censoring instances

than =_;.

As a result, the following equation holds becauaggby de nition, selects an action from
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the setUP'=-11, c.=,— c.=_,—***—¢ when faced with= _; consecutive censored states:

h i
c 1= ;0 ) g ace .
E-? c—C 11 c- C —C=_1— C=_1 OJ l! c C —C,=_1 °=1F _d - _r:c’ ro
_ec1 h 0 o 00 °
=E &Cz—C’ cCCc TCEaTCEa t oo TeEa
jYc o —c=4°= IECLECL e (34)

This further implies the following:

1= _, 0 1Cco o = o
3+cl—é—ClF CLgeL _[C=a%
=E® W3+% 1 co, 1% c-, =1%
c1—g-C’? C=1.1 C=1
|
= ° . _ 1co ACe = .0
D e —cEi—c=4%lh o =, 0=FCR0T —FeTate

Therefore, by recursively applying the same procedure, we can demonstrate the that

100 100
3*ee-cF °
6 & oo &1 B
= Wy WERR & - - —em 8° Do SO%b g SDhj0=FYL
=0 : 8=0 9=0 :
o §o oo ot 3
= W WE | L gcuipef gdh - — 8- 8° D> 9 =0%l» g =1
=0 :38=o 8 C Lt 9=0 :

(35)

With some abuse of notation, assume tha8’and '°with associated censoring
indicator '8°represent generic random vectors. Therefore, under the De nitions 20 and 22,

Equation (35) can be written as follows:

100 100
1 (o]
3+‘31—C2—C F (36)
-5 ..
_1 © 18° 100 100 1go 189, G 1go 100
= 1 W§ WE 10_ 10°_  _ 1805 ©1 C2—C1’ - - - = |» =0Val» =14
! ’ 100_8
8=0 1g0 F 9-1
: C1 '
1 W Lo o o O
— 1 0°_ 10°_ _ 10104 I» 190_0]/ I» 100_11 .
= —1 2 1’ 100_ 100_ - 10_10¢ 13 01100 c 10 Cz—C s , = o -
1 W F 0o ool
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By further take the expectation with respect to the initial i€ which follows a,

Equation (36) can be expressed as:

a8 # 4 #
EC W E®2 W
C=0 C=0
:I.W:_:l 10 100 100 10 10O 190 100
:WEI’ 000 _ e tv0ag °1 Clog cz—Cl’ 0°_ 0ttt I» 9°=0vl» 0 :11%—
9=1
(37)
which concludes our proof of Lemma 9.
A.17.7 Proof of Lemma 10
Before the proof, we introduce several related notations and de nitions8 Edd— —=,
let
180 o 1 %g 19801600— oo —1@ * 19801G00— oo —1@— QO =1—9ece_ 1
&g 1GP—eee =
§g18°1c;‘0°_ eoe 1ty BUG_ee e I°_F8O_ 9 =
(38)

Observe that the greedy policy derived from the pRIfs: G~  —@p andg 1GP°-  _i@

is the same.
Next,89 =1- - and88 =0- _7dene:
d1G°- @ =T%'8e,1G"- -& &,1G"- & (39

where ‘g_c“’cl is de ned under De nition 12.
Furthermore, note that the eve@t —=_1° occurs almost surely under any policy
c 2 =_,. Consequently, conditioning 08! —=_1° does not alter any conditional

distributions induced by such policies. In particular, for any 8_1=and any history block
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L ¢ c***—¢cs cé, wehave

||~ #
180 P— 1 —
&t c*rr—cs cf=E° We 6 1, & cere—cs c§-Cl-=4°
n ®:8 #
O g8
=E° W8 o Y crrrmcs cf
c=8
. 0189
=&Y - c**r—cs cé° (40)

Therefore, throughout the analysis we may interchangeabl&@?_g@and&?ofor all

c2 -_, and8 =_p,without ambiguity. For instance, since , 2 - _,, this result will
imply that
&180 lGOO_ —lécb - &180 1GOO— _léCb.
c=_, C_ ¢

Additionally, recall that we denote uncertainty quanti er for C-FQI’b?O. Under

Assumption 13 which asserts the existence of an evéhiwith Prt 8® 1 n where

* 180

satis es De nition 3 and is therefore a valid Uncertainty Quanti er. Because the
proof requires :18°to be a valid uncertainty quantie88 = 0— —=, we work on the
intersection event R

i

180.

8=0
which holds with probability at leadt *= _; ,1°n. Andon ,wehave88 =0- -3
and89=1- - 1

o) (o) (o] _180 o]
GHGET. =T, 167 8 g%
=T, 0080,0G°- B 19TGT. @+ J1G°- o

2r g~ 8. (41)
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and for 9 = , we have

d1801G~OO_ _1éfb - TSC(:]_ g 1 1GOO_ _lécb 21801G100_ _lécb
- T8_CC1 g 1 1(;100_ _1é(b 1 21801G00_ _lélb 1801G00— e _1%}0_ Flslb
TG S« TG0 g, @)

These identities will be used in the following proof.
In addition, under Assumption 12, we work on the evefiton which the surrogate

reward relation holds. In particular, we havé,

EQDs  I» g=0%l»y =1%jo —gCl—=4°

&
E Qe glyoig)oX I» 9= OVal»q =1Vajg— —gCl—=1°0— (43)
9=0
which we use to account for the estimation error in the surrogate reward.
Accordingly, Lemma 12 is proved on the joint evenf\ # i.e., under the simultaneous
validity of the uncertainty quanti cation bounds across all depths and the surrogate reward

approximation. By union bound, we have Ps}\ " 1 1= _; 1°n Y.

Now, we are ready to show the proof.

Proof:
We focus on deriving an upper bound on the di erence betv&?ﬁ G- @
=1
and& T1G°~  _@ g8 =0- -5

o o o O, _180 o ()
T A LA N e Ye LU
1

=g'®  GC. @b T,S1 k., 1GY- € d'®iGr. g
=1

_ &180 C]'GOO— _]éoo T 80= -1 @ 1 lGOO— _’(%00 d 1801GO°_ _]éoo
. _ _ s

-1

Tt 16" _8° Tk, 1G°- b (44)
| {z

110
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where we use Equation (39) to derive the equality.

Observe that given the optimalitybtfowith respect tcE;Bofor all8 =0- —= andfor
al9=1- — 1 thefollowing bound holdsfora8 =0- -z and9=1- - I
10=T, " RGP~ —8° T, CRaG"- 8P

:EhW @19001. 8,1—(i0,01_1, 8,1%° @19001, 8,1—@001, 81° I» g=1%

W @198’101-0— 81— Gl gg— = @198’101-0— —18)1—@8)1011 g1— —0%° I» g=0%

ji- =16~ —Ed-Cio=y0

0+ (45)

Then Equation (44) can be upper bounded as:

5 1G¥- 80 &P aG¥- €0 Tk, 167 8 a0 g
1

€= ° C= 0 o 180, o o
=Tg ¢ &c _dG¥- -® T "tk 1G”- -8 ¢%E"- -8

C= _ 100 100
=WR™ " &) _2-51° &7 t-51°1» g=1%
-1

C= 1
G a
1 o 1 o
LB aig g0 Bl 510 b 9= 0Vilbg = 1@
= > s
9=0 -
. b, o . 0° %
éE 8 8 I» 9:01/4|>>1 :11/4jt)— —80:161 — —]éo—Cl —:_10
9=0
180
FRCTC LTS (46)

c. L "
where the characterization ofP™ given in De nition 11.

By Lemma 6 and on event \ A the following holds

5
EQ's By I» g=0%l»; =1%jo— —gCl—=4°
9=0
3
E '8 98, 51Y01#)° X [» 9= 0%l» 1 :11/4j0— -
9=0
51YO1#)0 X _
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where the rst inequality is implied by Equation (43). Then, Equation (46) becomes

©
o C- - 100 100
- 1G%- -8 wpy &C‘iil dre1® &Y 1510 1» g=1Y
- {z }
« 120
a
(e:] ®
1 o 1 o (R)
. &2’1 drom —s1° & 81’1 -0 —3g1° [» 9g=0%l»1 = ll
| z 9=0 )} 0®
130 -
slYol)e X g 81300 _B%. (47)
Observe that
120 * 1010 1.81°= o- 1 1-51°
130 % 181’101-0— -81°= g81- 1 -0— —g1°
Therefore, Equation (47) becomes
o o C=
g- 1GU— -8 WP, o 1 1-g1° % 1 -g1°1» g= 1%
18 10 @ a
. 81-1%o0- —81° * T o= —g1® I» g=0%l»; =1
9=0 -
,ostyere X d TIGT- b (48)

Next, we use Equatiof7)to further upper bound the right hand side of Equati®)
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in an iterative manner as follows:

C- C- 100 100
. 1G0°_ _Bo ng -1 WI?) -1 &CO —Cl' g 2° p2) 02 1.g,0 |» g1 =1V
_— R . R

110 110
&G dre1me2’ &7 1-51-52°I» g1 = Walng= 1%

100 100
styorg)o X g% 1o x g0y g=11,

C- 100 100
. WR,™ &cci " a2 & 02 1-82% 1» 51 = 1%
18 20 1820 a a
L &7 dom —82® &G7-0- 820 1> o=0%l»; = 1%
. . .
9=0 .
styorg)e X d %o g0
' & g
* 1%’1 - o0— _8,10 [» g=0%lI»1 =1%
9=0 3
stYoi#)o X d 8300 _B%.
After simpli cation, we obtain the following:
0° o 2. C= C= n 100
8- 1G”— B WP TP o gl 51550 ¢ D 1500 |y g = 1Y,
, 1 2%g1—82° ¥ 5 lrg1—-82® I» g1=0l»g=1Y
18 20 @l %
. 82-2%0~ —82° * L7t-o0- —sg2° I» 9=0%l», = 11;
9=0 .
C= n X 100 100
JWPRT T gtyergyo X g0 g0 x g0, g1y,
X 18 10 18 lU @
st X d e et Mg g0 b o=V =19
9=0 .
styorgo X g 8130 _@b.
For the remaining part of the proof, we uge to denoteg_1G%—~  —&P. Then, by
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following the same procedure, we reach the following after

1 steps:
. V(
G . O
1 -1 te 1 o b
- W Pg.. &C:l_c'8,1: - -8 1 8. 1
=0 :=0 N
8()2 %
[» g=0Q%l»g 2. =1%
9=8, 1 :
- .. !
! G . n
. = 100 100
W Py styorg)e X g0 ag 0w 0T g0y gy =1y,
=1 00
8)1
1Q -0 19 -0
styeig)o X 8.0, o— —s8.°"* 8.: 1-o— —g:° I» g=QWl»q =1l»: =_,; 8%
9=0
mint=Gy —: 1° g 801
1E0 1E0
5 sYO#)° X d T g -  —5.0 * T l-gip- —g.° I» 9=0%
E=1 : 9=8,: E
I» g:g1 =19
syorse X g PIgrn .

The introduction oimin'=_;—: 1° as the upper limit in the last summation is implied by

the fact that c,2 =, which indicates ffo can not exist forany E j =;.

Onthe event\ A Equationg41) and(42)imply that, for all8 2 fO0—e e+ —%g, we

have:

d21G"- @b 2> %@~ @ go=-1- - 1 (49)
dlsoldoo_ _]éoo 1801G,00_ _FBOO * 1801600_ _J(%o

0

which holds for altG®”-  —&b 2 X 8.1 and with probability at least ni= _;  1°.

Additionally, j&180 _4 1s uniformly bounded by 88 = 0—  —=z andjPq is uniformly
C= d 1w
=1
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bounded by '1ax8C 0. Together, they imply:

2 W G & 00
e W1 T linac, W Pgit o sveme X g o s g =13
=1 ;=0
801
styorg)e X x 8Fa g0 I» 9= 0%l»1 = 1%l»: =_; 8%
9=0
miniy —: 10 § o 81 98
5LYOL#)0 X oD t-gie— —s° I» g=0%I»g . g1 =1Y
E=1 B 9=8,: E 33
slyoig)o X« '81g0°_  _igd  8ug0°_  _ 8%
2 W
=w!? Ty mex - RDM#)°
LUQIGT”- —8d 80l P (50)
where the characterizationsRD!#)° andUQ!GY"-  —&P are given in De nitions 15

and 16 (i), respectively. This concludes the proof of Lemma 10.

A.17.8 Proof of Lemma 11

Before the proof, we introduce several related notations and de nitions8 Edb— —=,

let

§@19801G00_000_1@ * 19801(3100_0.0_1@_ O =1—eee—_ 1

519801600_ LX) —1% =
EQ 1801(;100— eoe _1@ 18“"‘GOO— oo —1—8@;— F18(b_ 9 =

(51)
Observe that the greedy policy derived from the pRiIfsStG®°~  —@p and& 1GC-  _@
is the same.
Next,89 =1- — and88 =0- _—=de ne:
GET. =Tl 1GY TG - (52)

where 'g_cgcl is de ned under De nition 12.
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Additionally, recall that we denote uncertainty quanti er for PC-FQI*bf)?O. Under
Assumption 13 which asserts the existence of an evéfiwith Prt 8% 1 n wherer "

satis es De nition 3 and is therefore a valid uncertainty quanti er. Because the proof requires

* :18°to be a valid Uncertainty Quanti 88 = 0—  —=, we work on the intersection event
T
= 180.
8=0
which holds with probability at leadt = _; , 1°n. Andon ,we haveB8 =0- -3
and89=1- - 1

180 0 0 —18° 0
dBIGT. =T, 01k, 16" 8 ZoiGY-
ST, 200,16 8 1RBIGT ) + Hig0 _@bo

0 (53)
and for 9 = we have

d1801GO°_ _]é’b — -I-S_Ccl g 1 1(3100_ —]élb ngoldoo_ _Jé%
=T, &4 1G¥- 8 191G~ B g _BY_pY
BIGT. b 5 iGC. @ (54)

These identities will be used in the following proof.
In addition, under Assumption 12, we work on the evefiton which the surrogate

reward relation holds. In particular, we havé,

&
E@bBg  I» g=0%lI»y =1%jo- —gCl—=1°
9=0
-
E '68, 51Y01#)0 X [» 9=0%l», = 11/4j 0— —gCl —=,%— (55)
9=0
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which we use to account for the estimation error in the surrogate reward.

Accordingly, Lemma 12 is proved on the joint evekt

A i.e., under the simultaneous

validity of the uncertainty quanti cation bounds across all depths and the surrogate reward

approximation. By union bound, we have Prt \ % 1 1= _; 1°n V.

Now, we are ready to show the proof.

Proof:
We focus on deriving a lower bound on the di erence betw&t%i?j0 JGY- @
=1
and& 1G®- @ gg=0- -—x:
g 1G”- 8, & *° aG®- _8 gigr- _@v

-&'® _ag"-
= l -

180 o O, o O,
=&, _JG¥- € T, &. G- €
Teld &e  dG¥- -8 T St &, 16T~ -8
d 81G%°-  _@b
C: o O, o ()
= T8—C71 &C:_l _ClG'lO _ _’éo Tgfcl &C:_ _C]_GO _ _1(%0
{z
110
¢ 18° 0° X0 ¢ 0° %
Teld & QG- 8 T, &, G- @
d 831G~ _8b.
Consider the term (1) above 88 = 0— _+i=
_ C- 1 1go 00 % @ 1go 00 %
MO=Ty M & 26— 80 7% &; 2~ -8
100 100 100 100
=E W&C: . &he1—G 81 & ., _cs g1—07 1 81 I» g=1%
18 10 18 10 18 10 18 10
W &cz’_l ¢t —e81—G -t g1—  —o & ., g0 —e1—077 Y 81—
jl-o—- -—g= 16°~ _@®b-_Cc1_=,° _

A TS—CCI g2) 1 130

_]éco d 1801600_

&

(56)

—0%° I» g=0%

where the rst equality stems from the de nition @§° given in De nition 12. Recall the

characterization of policg__ given under Lemma 8. F& = 0—
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-3 1,c._ takes



. . . 180 . . . .
the point-wise maximum o&c8 _cover all possible actions giveh -  —¢°. This
=-1

implies88 =0- -3 1:
&28:04 e —eC,lh e —o® & lioil drom —et¥ L e -0 0 (57)
When8 = =_4, c_ . takes the point-wise maximum &‘::80 _covera restricted set of
-1
actions denoted byP~-11, - —-- 1 — —¢° Therefore, it can not be ensured that

Equation (57) holds when 8 ==. To tackle this issue, we make use of De nition 14 (i):

=10 =10 00 =0 =1 00
&C:_l_c-o_ _12_1_0_71_ [ -0 & c:_l_c-o_ _'=—1_Ol v =1 -0
& et il —Cl-__101 =, — —o%° max&lz T = ,—0°
c-_,-C° 0 T - T 0 Tosa Fe-,-c70 =-1
_ C-
= AD -1 1o - _,:710 (58)

Consequently, it can be concluded that:

C= _ 180 0° o e 180 0° 9
Toc & . IRIChHE R LI PR . _ge¥- € (59)
h i
E WAD 11—~ —4g:% g=0jlo~ -£=1G"- -B°-Cl_=,%I»8==; 1¥%-

which further implies the following:

s 1G”- -8 T &2"_1 _Je¥- -8 1.1k, 16"~ &
h [
E WAD 1 1-g— —,1%» g=0%jlo- —¢g=1G"- -8'%-Ci_=,%I»8==, 1%
,d #1eg- _gb (60)
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By extending the right hand side of Equation (60), we obtain:

a
%@ o
0° q ® - 5 10 100 100 100 _
g 16— -&° wpPr ‘&  c81° &7 1-51°,* ] L-g1®* ] - 8,1°81» 8= 1%
§-| z 6 )
-1 *81° -
©
- 18 lD 18 lD 18 10
& drom e - S R P
| {z
« 81- 1 *o- -—s81°
o
x 18,1° o C= ;1 o - 1 = 0L
1 -0— —8.1 AD 14-0— —8,1 I»8==7 1% I» g=0%
@ o
ER'g Py I» 9= 0Ul»qy =1¥jle- —L=1G"- _B-C1-=
9=0

d#1G"- b (61)

where characterization cEJTSC ! givenin De nition 11. Additionally, we add and subtract

* 180 . - .
, to obtain the recursive relation.

Observe that By Lemma 6 and on eveng\ A the following holds

&
ER's 'b8 |» 0= 0%l» 1 =1¥%jleg— - =1G"- —B°-Ct-=
@ o
e glyoiy)o X I» 9= O%l» 1 = 1V4jlo— —L=1G"- _B-C1-=
9=0
@ o )
s1YOL#)O X |y 9= OQWl» g = 1¥ajle— - =1G¥- _Bo-Ct_=
9=0
51YO1#)0 X _
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where the rst inequality is implied by Equation (55).

Therefore, Equation (61) becomes:

n
[o] O, 100
g 1G°— _8b WPSC 1 0- 11-81° * ] -g1° I» g=1%
18 10
., 81-1%o0- —81°* ;7 'o- —81°
0
C=_11 o - 1 =0}
AD 13-0— —8,1 I»8==, 1% I» g=0%
. d 8930°_ _18% sLYOL#)0 X o

Next, we apply the lower bounds op. 1 and g ;- 1 in an iterative manner:

10° 10o
g 1G”- -8 wpfr wgf: &2 ¢ 82° &9 1-5,01» g1=1Y%

C=

110 110 _
s &c: . -cl' 8,1~ -8,2° & 2 1-g1—-82° I» g1 =0%

100 10o
A0 g0 styorgyo X ox Ta g0 5 g=1Yy,

B

100 100
WE? & _2-52° & 152015 g1 =1%

AD % -1 1. o— _:8,20|»8 ==1 2V I» 81= 0Ya
.d 181’101- o— —81° stYorg)o X x 1?[101- o— —s81°
AD 11— —g1%»8==4 1% I» 8:01/3, d #1g%- b
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51YO1#)0 X _



where the right hand side, after simpli cation, is equivalent to:

g 1G”°- -8 wzpl! Pa?lz 0- 2%52° * 5 52 > g1 =1

. 1 2togi—g® * 112° 1-g1—-82° I» g1 =0Vl»g=1Ys
. 8- 2t om g2 * SFigm g0
AD 11— —50»8==4 2% I» g1 = 0%l»g= 0%
JWRSE d taga0  stYOm)o X % g0 1y g=1,
, A% —gg0 gryongo X x B g0
AD 11— —81%»8==1 1Y I» g=0%
,d G- B giyoiyyo X,

For the remaining part of the proof, we usg to denote g_1G%"- —8&®. Then, by

pursuing the same procedure * 1° times, we can obtain the following:

o ., ‘e 82 )
1:0
8- Wk 991 & d-s 1 — -8 1° |b8, 1 I» . =0%l»g . =1%
9=1 ’ :=0 -t =8, 1:
a o n
100 100

, WE S, d% g0 gryorgpo X« P agi0 5 =1y,

=1 9=1 |

18,0 X % 18,0
L duT o -0 stYOH)O T X - - °
8()1
AD -1l.g—  —5.0»8==; Y I» . =0%l»q =1%l»: =_; 8%
=0
mint: &= 1 °
d'E° 1 o 1vo1gyo X
. - - E—- —s: 51YOL#)
E=1 )
e . 81
1-g.e— —8:° AD T1l-g g~ —pg:%IPE==1% I» . =0%l»g. g1 =1%
=8,  E

8%,30° 8o 1yo1gyo X

.d - - 5LYOL#)0 X

Onthe event o\ A Equationg53)and(54)imply that, for all8 2 f0—e e+« —zg, we have

0 d21G”- -® g9=1- - 1
1801G00— _#800 * 1801G00— _]éoo d 1801G100_ _]éoo
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which holds for altG%-~  —&b 2 X "8.1° Additionally,j&f0 _d is uniformly bounded
=_1

by 2288=0- —=anlj ' max8C O. Together, they imply:
2 W,
g- W ! 1 W max
[eNe} n o
s WFé‘?ggl 51Y01;t,ik)o X % : 1 8.: 0|5 8.1 = 1Y,
=1 9=1
51Y01#)0 X % 1?,1" 1= —5.0
8()1
AD =11 0— —8,: I8 ==1 Y I» .= OYal» 1 =1Vl»: =_1 8Y
=0
minl:@—: a0
slyorg)o X« Ee lg.g— —g:©
E=1 '
801 )
AD -1 1. 8:E — -8 YIPE==1% I» ., =0%l»g. g1 =1%
=8, E
i 189,307 _B% = 18016100_ _8% 51YO1#)0 X o (63)

By using De nitions 14 (ii) and 15, Equation (63) can be expressed as follows:

2 W,
- W1 1w ™
a6 U L
, WRg, * | 's:% g1 =1%
=1 9=1
. 8()1
* 8 Lo —-g.:° [» . =0%l» 1 =1%l»: =_1 8%
=0
minl:@-= a0 . 81 g
. * e - -0 1> =0%l»g . g1 =1%
E=1 =8, E :
e Te _pB x 1801G00— _8b ' 1#)0
2 W
=W ! U ma RDM)® TAD ¢ 1@-  —Eb- (64)

which concludes the proof of Lemma 11.

A.17.9 Proof of Lemma 12

Before the proof, we introduce several related notations and de nitions.
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Forall9=1- - and8=0- - =de ne:
d1IE°- B =T, :G%- - @FE®- - (65)

where 'gf’&l is de ned under De nition 12.

Furthermore, note that the eve@t —=_1° occurs almost surely under any policy
c 2 =-_,. Consequently, conditioning o8* —=_1° does not alter any conditional
distributions induced by such policies. In particular, for any 8_;=and any history block

L, ¢ c***—¢cs cé, wehave

"~ #
180 — 1 —
&c - c*r—ce cf=E° We e 1, ce***—¢cs cd-Ct—=4°
n @:8 #
O g8
=E¢ W8 s 1 creece cf
G=8
. 180
=&Y ot —cs cé° (66)

Therefore, throughout the analysis we may interchangeablﬁ@ﬁs(’@and&?ofor all

c2 -_, and8 = _j,withoutambiguity. For instance, since_; 2 this result will

=_1
imply that
&180 1doo_ _lélb - &180 1GOO— _1&%
1 C-_,_c

C= -
- =1
Additionally, recall that we denote uncertainty quanti er for PC-FQI*tf)?o. Under

18%

% 1 n where

Assumption 13 which asserts the existence of an evéj%‘with Prt

*”:80 satis es De nition 3 and is therefore a valid Uncertainty Quanti er. Because the

proof requireS“jlgoto be a valid Uncertainty Quanti 88 = 0— —=, we work on the
intersection event .
t
_ 180
% -— 0% *
8=0
which holds with probability at leagt = _; , 1°n. Andon o, we haveB8 =0- -3
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and 89 = 1- —

6”@ =T g0 ,G"- & &5 _®
=Tyl 8011G0- @ 18%1G"- & g0

2 =BG . (67)

This identity will be used in the following proof.
In addition, under Assumption 12, we work on the evefiton which the surrogate

reward relation holds. In particular, we havé,

EQDs  I» g=0%l»y =1%jo —gCl—=4°

&
E 'eg 51Y01#)0 X I» 9= 01/4|>>1 = 11/4j 0— —g—Cl —:_10 — (68)
9=0
which we use to account for the estimation error in the surrogate reward.
Accordingly, Lemma 12 is proved on the joint evenf\ # i.e., under the simultaneous
validity of the uncertainty quanti cation bounds across all depths and the surrogate reward

approximation. By union bound, we have Ps}\ " 1 1= _; 1°n Y.

Now, we are ready to show the proof.

Proof:
We focus on deriving an upper bound on the di erence betv&?ﬁ G- @
=1
and& 1G>~ _@vgg=0- -_3

_é_ 1Goo_ —]éuo , & :80 _C]-GOU— _]éoo &1801600_ _]éoo
1

=g'®  GC. @b T,S1 &, 1GY- & ¢®iGr-  _igh
=1

:&18° C]'GOO— _18% TSC: 18 1 1G@0°_ _B8% d1801GO°_ _8%
C= - - >
TS e e T e e e ©)
4

110
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where we use Equation (65) to derive the equality.

Observe that given the optimalityetfowith respect t& 198°for all8 =0-

—5 and for

al9 =1- - 1 thefollowing bound holdsforaB =0- -z and9=1- - I

10=T,7" 4G~ -8 T,%@aG"- _8Y
h

100 100

_ 100 0 100 —
=E W&y % g1-GC_,_% 81%° &5 % 51-€ % 51° I» g=1%

W &198’101'0_ —,8,1—é8,’110_ 1, g1— —o%° <9198’l°1-o— —,8,1—(%’ ‘1 81—
j 10— —P= 1G10°_ _’é"o_cl —=,0°
(o
which implies that Equation (69) can be upper bounded as:
o o 180 o o C= o o 180, o
3167 B & aG®- Eh T e 67~ -8, 4TIG0-

_1%- 0° o T - 0°
=To o' &  dG¥- -B° T, &, G”-

C= _ 100 100
:WPg ' &C _Cl-glo & 1 1-81°%1» g=1%
= > B

—_&p

—000 I» 8= 0%

(70)

_&%

dlsoldoo— _Jéoo

18 10 18 10 @ a
L&Y deom -8 &5Y0m —51° b o= 0%y =130
- . .
9=0 4
@ o
LER'g Py I1» 9= 0Wl»y =1Wjle- - =1G"- —B°-Cc1-=,°
9=0
,d81G°- @b (71)
- . C= - - -,
where the characterization ofP™ given in De nition 11.
By Lemma 6 and on evente,\ A the following holds:
G
ER's g I» g=0%lI»; =1%jo— —gCl—=4°
9=0
5
E '8 Ie8> 51Y01#)0 x I» g=0QWl», = 1]/4j 0— —gCl—=,4
9=0
51Y01#)0 X _
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where the rst inequality is implied by Equation (68). Then, Equation (71) becomes

©
C- - 100 100
F1GY- -8 WPt I &”  1-51° &7 1-51° I» g= 1%
- =
- {z }
« 120
a
3 R
1 o 1 o R)
08)1 dro-  -—81° & 8- —81° I» o=0%l» 1 =1'"®
- ; ’ )
| z 0=0 ) @
130 -
1Q0
51YO1#)0 X . d 8130°_ _B%. (72)

Observe that

120= 7% 1 t-82°

13°= 31— 10— —g1°

Therefore, Equation (72) can be expressed as:

o o, C-
3-1G%- 8% WP 51510 1» g= 1Y
G a
B1- 10— —s81° I» g=0%lI»; =1W®
9=0 5
51YO1#)0 X . 48130 _8%. (73)

Next, we use Equatio(v2) to further upper bound the right hand side of Equatio)

260



in an iterative manner as follows:

C- C- 100 100
31G”- 8% WPt WRTT &Y 3-5,0 &9 1-5,01» g1 =1%
c= -C s 2 s N
110 110
. &C1: . _d-s1—82° & 12 1-g1—-82° I» g1 =0%l»g=1%

100
o, ostyore X g% g0 |y g=1Y,

C- _ 100 100
1 _
. WRE, &e t-82° &, -52°1» g1 =1Y
é1 a
1 o 1 o
L& _deom —82® &571-0— 2% I» o= 0Yl»y =10
- 9=0
X 18 10 G g
stYOHH)° 7 d T t-0- —g2° I» 9=0%l»; = 11/;
9=0 -

-

’

sLYOL#)0 X  g'82@0°_  _i8%.

After simpli cation, we obtain the following:

o o C- C-
B-1GY- -8 WAP,T TP Mo B 5 g0 v g = 1Y

., 1-21-81—-82° I» g1 =0%I»g=1%
é1
, 8220~ —82° [» g=0%lI»1 =1Y%
9=0 .B
C:_l n X 100
, WP, sLYO1#)0 X | d'% 1510 Iy g= 134
X 18 lo @
stYO#)0 %l ST - —51® I» o= 0%l»g =11/§
9=0 T

5

51YO01#)0 X d18°1G‘0°_ —_@%.

5

For the remaining part of the proof, we use to denoteg_1G%—~  —8&%. Then, by
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pursuing the same procedure, we reach to the following after 1 steps:

- (.«
1 G C= ( Ot 1-0
8- W PB'_l &c._ _cl' 8, 1: — -8, 1 0 'b8’ 1
=0 v =0 -1
8()2 %
I» g=0%l»g 2. =1%
9=8, 1: ' 3
é y O C= . n 100
R W P8:51 51YO01#)0 X L4 5.0 05 g =1Y
=1 (=0
. 8()1
s 5LYO1#)0 X . d 8 1 —5.: o I» 9= O0%l» 1 =1Y%l»: =_; 8Y%
9=0
e & - s01 28
5 51Y01#)0 X ) d E 1. 8,: E — _8’: o] I» 9: 0]/4|»8’: E1l = 1]/4
e P . 33
51yo1#)o X . d18°1G10°_ _Jéﬂo.

The introduction omin*=_;—: 1° as the upper limit in the last summation is implied by

the fact that c,6?2 which indicates 150 can not exist forany E j =;.

=_11

On the event o\ # Equation (67) implies that, for all 8 2 fO— ¢« « +g we have:

16"~ B 201"~ 8 gg=1- - (74)
holds for alllG®~ -8 2 X 8.1° . Additionally, j&.° _j is uniformly bounded by
=1
_max 88 = 0—  —x and |04 is uniformly bounded by ax8C 0. Together, they imply:
W d y y g y Imply
5 & |
n
2 owt 2w T w o pT stYorg)e X 2x=0" 1 g0y gy =1y,
1 W 8,: : s s
=1 :0=0
o 8()1
. ostyougyo X 2w, g0 1» 9= 0%l»q =1%l»: =_; 8%
9=0
mint=@y —: 1° § o 801 %%
N 51Y°1#)° X ,2*"E 1. 8, E — —g):o I» 9= 01/4|»8,:E1 =1Y,
E=1 : 9=8, E 32
51YO1#)0 X 2»\—~18°1G10°_ _@>
=Wl 2 e RDW)S, OQIGT- 8- (75)
where the characterizations@D#)° anddQ1G*”—~ -8 are given in De nitions 15
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and 16 (ii). This concludes the proof of Lemma 12.

A.17.10 Proof of Lemma 13

In this section, we provide the proof of Lemma 13. Before the proof, we introduce several
related notations and de nitions.

Forall9=1- - and8=0- - =de ne:
dIET- B =T 0'gy,G%- -8 &%E"- - (76)

where ]f’&l is de ned under De nition 12.

Additionally, recall that we denote uncertainty quanti er for PC-FQI*bB?O. Under

180o

Assumption 13 which asserts the existence of an evéj%‘with Prt ,,° 1 n where

*‘:180 satis es De nition 3 and is therefore a valid Uncertainty Quanti er. Because the

proof requireS“jlgoto be a valid Uncertainty Quanti 88 = 0— —=, we work on the
intersection event R
i3y
L 180
% -— % °
8=0
which holds with probability at leagt = _; , 1°n. Andon o, we haveB8 =0- -3

and89 =1- -

%801(3100_ _Jé’b — Ts_eg():l& ° 11(3100_ —]é(b &19801(3100_ _]é%
=T, %'€9,1G"- - 19513~ & e~ @

0 (77)

This identity will be used in the following proof.

In addition, under Assumption 12, we work on the evefiton which the surrogate
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reward relation holds. In particular, we havé,

&
ERBg  I» g=0%I»; =1%jo— —gCl—=4°
9=0
&
E @€, slyor#)oX I» 9= 0%l»q =1%jo— —gCt—=41%%— (78)
9=0

which we use to account for the estimation error in the surrogate reward.

Accordingly, Lemma 12 is proved on the joint evenj,\ A i.e., under the simultaneous
validity of the uncertainty quanti cation bounds across all depths and the surrogate reward
approximation. By union bound, we have Ps;\ " 1 1= _; 1°n Y,

Now, we are ready to show the proof.

Proof:
We focus on deriving a lower bound on the di erence betw&(?ﬁ0 JGY- 8@
=_1
and@®1G”- _@&88=0- -s5.

_§_ 1G’100_ _]éoo , & ::?o

SGC- _Eb @IGC- v
.,

=1

— g '8° 0° 0° 18° (300
=e'®  2GY-  _Bb T, g, 1G°- @b 4@ @b

=& _JG¥- -8 T &, _JG6¥- -8

= -1
’T8—eCl &C:_l _C'LG'lOO_ _’@_,"o T8_e(§ & L 1G00_ _]éoo
dlsoldoo_ _]éoo

Toc'&c.  cG¥- -8 T ° ey STcLm
| z
110

TR GG 8 T e s e

FRETcLN
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Consider the term (1) above 88 = 0- _+=

C=
110 = T8—

_1 1go 1 Oo_ _ 00 €1 1go 1 00_ _ 00
&, 1_cG (CLN W &C:_l_cd €

10°

100 0 100 100
=E W& lg1—6 -1 81%° & g1, 1 g1% I» g=1%
C=_,; -C s 1 s c= , -C N 1 N

18:10 1 ’10 18’10 18’10 _
W& . dro—  —e1—G -t g1i—  —0% & - gt —s1—€; 1 g1 —o% I» g=0%
jl-g- -—g= 16~ _@®b-_Ccr_=,0 _

where the rst equality stems from the de nition @§° given in De nition 12. Recall the

characterization of policg__, given under Lemma 8. F&=0- -3 1,c._ takes
the point-wise maximum o&fo _cover all possible actions giveh -  —¢° This
implies88 =0- -3 1:
&2071 drom —e L e —o® & 28:: do- —e€) g —o® 0 (79
When8 = =3, c__, takes the point-wise maximum &‘;80 _cover arestricted set of
=1
actions denoted byP= 11, -,——=_,1— —o° Therefore, it can not be ensured that

Equation (79) holds when 8 ==. To tackle this issue, we make use of De nition 14 (i):

&1=_1o . =0, 0o g =50 62_101 00
Cz_l_c_o_ _12_1_0__1_ y =1 -0 C:_l_c_o_ =1 TV y =1 -0
& 1:_10 1'0_ —,= _Cl-:_lol = - _000 max &1:_10 1- 0o— —,= _00
c-_, -C L e TR | 02A ¢=_,C m-1
= AD 1l —_ © (80)
Consequently, it can be concluded that:
C- 1 180 o° % € 180 0° %
Toc & IRSLChE N L PR . _ge”- -8 (81)
h i
E WAD 11— —g1%» g=0%jlg~ —¢=1G"- -8°-Cl-=,%I»8==, 1V-
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which further implies the following:

_ 0° o, 180 0° o, 0o° (o)
5 iGT- 80 T, e G- €0 T, e, c"- €
h i
E WAD=-11-g— —g1%» g=0%jlg— -—g=1G"- -B°%-Ct-=;°UI»8==; 1%
, 4016~ @b (82)

By extending the right hand side of Equation (82), we obtain:

L :

- R
- 100 100 R)
316"~ -8 wpSt :&c(i _d-s1® & 01 t- 8,10» 8= 1%
a {z ® }
R 0- 1 *-81° -
©
- 5 18,1° 18,10
L& ) g0 —81° &7 t-o0-  —s2°
| {z }
« 8i1-1 *-o— ~—38.1°
c [0}
AD "-1l-g—  —3g1%»8==; 1% I» g=0%
. #
E g by » gz 0WI»; =1Vjleg- -2 =1G"- -Bb-_Cci_=,0°
9=C
190
,d81G"- @b (83)

where characterization of ' given in De nition 11.

Observe that By Lemma 6 and on event\ # the following holds

&
EQ'g by I» 9= O%l» 1 = 1%jleg— —g=1G"- —8&b-Ct_=
9=0
@ o O,
EQ'sg € slYOI#)O X I» o= %l» 1 = 1Y jlg— —g= 1@0°_ _B%_Cc1_=
9=0
@ o
=ER sYO#)° X n g=Q%l» g =1¥jle— - =1G"- -Bb-Ct-=
9=0
51YO1#)0 X _
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where the rst inequality is implied by Equation (78).

Therefore, Equation (83) becomes:

a
- &
[¢] - 100 100
316”8 wpSt f& e & T 15198 §= 1%
3 2 &
R 0-1*81° )
©
- 5 18,1° 18,10
L& 1_(;1'0— -81° & 77 t-0- -—3g1°
| {z
« 81- 1 *-o— -—81°
c (0]
AD "T-11- 45— —-81°»8==1 1% I» g=0%
190
@G g gyero X

Next, we apply the lower bounds op. 1 and 31— 1 in an iterative manner:

1

o 100
316"~ B wper o wetr o &l de2® & @ 120 1» g1 = 1%

110 110 _
L& reim82® & Ta1m82° > 31 =0%

100
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100 100
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, =1

AD %1 1. - —82%»8==1 2% I» g1 =0%
: dl%lol- o— —g1° slYO#)° X AD %1 1- -81°»8 ==,
) 48130 _8d 51YOL#)0 X _
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where the right hand side, after simpli cation, is equivalent to:

o O
- 16— 8% WAPS P Gl 1-50 I» gy =1Ya
., 1o 21-81—-82° I» g1 =0%lI»g=1%

~ C-
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For the remaining part of the proof, we usge to denote g_1G%*-  —8® Then, by

pursuing the same procedure 1 times, we can obtain the following:

O € ( él 1:0 8, @ . )
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On the event o\ # Equation (77) implies that, for all 8 2 fO— e« « 1+ we have

0 d1G”"- -8 89=1- - (87)

which holds for allG®~  —& 2 X *8.1° | Additionally, j&.° _j is uniformly bounded
=1
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by 2288 =0- —=anBj ' max8C 0. Together, they imply:
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2 W
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By using De nitions 14 (iii) and 15, Equation (88) can be expressed as follows:

N
=

s 1d- -& w ! "max RD#)° TAD °®13- @b (89)

=

This concludes the proof of Lemma 13.

A.17.11 Proof of Lemma 14

Fix 8 For any positive de nite matriX and any vectoE the quadratic form admits the
variational representation

E" 'E = sup 10°E®
0:07"01

Applying thiswith " = "®and E = g ° yields

gt o7t ®lggo = sup  07ggo
0: 0> 801
Write 1 °:=07qgg! °. Since ®° _ , anyO satisfyingd> ®0 1 also satis esk0K

1e . In addition, sincekgg! °k, 1, we have the uniform bounkipk; kOk, 1e p:.

Following the same restriction step as in the proof of Theorem 21(1) in Chang et al. (2021),
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we consider the localized linear class of bounded functions

n 189 p-O
Fg:= %:0 80 1- kgky 1o _ —

and note that the supremum above is taken oy& g

We next control empirical squared norms by population squared norms uniformly over
Fs Applying Lemma 36 of Chang et al. (2021) (a uniform law of large numbers with
localization for squared loss classes), there exists a qua\(j"’](%gyj such that, with probability

atleast1 X over (280 forall 5 2 kg

ey
1 189 1 ! 1
—— 51 2w SE g 51002 §>@18_2.

10;8[] 9=1 2

Lemma 37 of Chang et al. (2021) upper bounds the critical radius of linear function classes

in terms of the e ective dimension (here ranlg;1° = A%, which implies
021X . 2 2 A® logr2%xe
10,7

for universal constants 222 (absorbing the boundedness constants intd2— 2

Now x any O with 0> 80 1. Expanding the constraint gives

On the above high-probability event, applying the uniform inequalitytgidds

j@lfuj -0180- . 180
gy 1Y) 1892 10 )
Bt g7 ——Eg %

X g 2=
o1 2 10,
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and therefore

. 180_ . 180_
O

10,1 _ 18902 4 ) 2
k0K, ——Ey, 07ag! 1, == Xgs

Using E; »0"qg* 8021, = @ éO, we obtain
0" _.j0 T 50 2,j0 f1 X o %
[[Ohg
Combining this with the variational characterization, for every we have

sup 107 qgt °° 2 sup 10> gt °° 2.

0: 0> 801 0:0°t_ jO ;801- éoo 2,jo ;8°j1)4j30180102
#

The right-hand side is a quadratic maximization and equals
. 180 2 . ige. 1
2,071 X * agt®” _ jO7] 5 Tagtos
#

Finally, substituting the bounﬂ);S(]l)@Olgopz 21A'®° logt2 %X°°and absorbing constants
i0,]

into universal 2— 2 yields, uniformly over ,

1

gg©”1 lggo 2 3 A% logi2ex° gg°” jO5) 4, Tago-

which holds with probability at leagt X fora x 8 Then by lettingK = ne1=_;  1° and
using union bound, the bound holds for e&HBh fO—  —= gwith probability atleasi n.
A.17.12 Proof of Lemma 8

Throughout this proof, we assume that, in the componentf we have ¢ ¢, = 0 for
all 9 =1- —=andin the component of g we have ¢ 1 = 1. Additionally, to streamline

the derivations, we assume, without loss of generality, that all policies in the policy class
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are deterministic where the characterization afis given in De nition 2. This assumption

is made for simplicity and does not a ect the generality of the results.

Proof:

We aim to show that for all C 0,
h - i
sup EC ' C.=., W » C,:: 1]/4'tocl, C,:>1O J C1—,C («h..._C,:

c2 - .
h |

sup E ' co.W »co=1%+%% c=1%), & c**2—¢c—0— (90)
02UP="1, ¢ ——seer—, @

where the characterization b=’ is given in De nition 7. The rationale for discarding
c 1in the expectation above lies in the fact that, under the observed process, the transition
to the next state and the immediate reward depend solely on the sequence of past states and

actions up to the most recent non-censored time point. This follows from the conditional

independence structure of the underlying MDP.

Next, we decompose the set into the union of two disjoint sets:

where the superscript stands for history-dependent policies dndstands for Markovian

policies. This implies the following for all C 0:

C h- 10° 0 !
SUpE C,=, W » C= = 11/4tC1’ c=1 ] c1— ._C,=
c2 -

,sup 5°! ci1—,c e
c2 =

=max sup 5! ci1—,c c**r—¢ - SUP5t c1— -ttt 0
c2 = c2

Any c 2 _ uses all the history up to the last non-censored time point. Therefore, we

272



haveforallC Oandc 2 -,

C
St c1mic ¢
h |
= EC ' W = 1Y, 41;001 0 XX
= C.=, »c==1/t-"c=1] c1—HCc C —c,=
I’]' 100 . I
=E "c=,W»c==1%+.% c=1°] c1—yc c***—¢=Chc="""—0,C
k]' 100 0 I
=E '"c=W»c==1%+_1 c=1°], c c***—¢=—CLc=—***—<,C

=5, & ceee—c O (91)

Furthermore, for anyc 2 -, ¢ will output an action that belongs to the set

UP'=1, ¢ e+, & Therefore,

sup 5°t ci1—, ¢ c*te—¢ L= sup 5 & e
c2 " c2 =

= sup 51 ~ (7"'—(,:5:—00' (92)
02UP"="1, c=—*c &

Next, letc 2 argmax, _ 5°! c1—,c c***—¢ 2. This policy,c , uses all the
history to output an actionas 2 _. Giventhat ¢ c***—¢ -are xed, for each
realization of ¢, ¢ outputs an action that belongstt="1, c=—2**—,¢ LetHc
denote the space of all possible realizations gf;.. Correspondingly, we can de ne the

following set:
UF’l:Ol, C,:—--'—cr,c?: C 11—, G"'_C,=O_8 2Hcy *

Observe thaUP =1, ¢ —see—, @ UP'™1, ¢ —eee—, @ Thisis implied by

the fact that anyc 2 - will output an actionin?, ¢c=— c=1—,c=1—-***—0, &
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Therefore,

sup 5°! c1—,c e
c2 -

—_ C
=5 ' crmc ¢

h i
100 i
= sup E C.=, W » c== 1]/4";%1, C>=>10 ] c1—,c c°° ._C;'_O
02UP ™1, ¢ ——veec, @ _
h 100 I
= Sup E ' C,=., W » C,=: 1]/44;01, C,=,10 J , - Cc°*° ._C,Z'_O
02UP ™1, ¢ —eeec, @ _
h 100 I
sup E'c=W»c-== 11/4'*;01, c=1%], c c***—¢ =0
02UP="1, ¢ ——eeec—, @
= sup 5L ce*ee—¢ =00 (93)

02UP=’1, ¢ ——eesrc, @
Consequently, combining Equations (92) and (93) implies:

h 100 I
SUPE® "c=, W » c==1%+ Y c=1°] ci- o c**t—¢c=

c2 - !

=max sup 5°% ci—, ¢ c**t—¢ L - sup5t ci— e e

c2 - c2 =
sup 5%, (7"'—@’:—00
02UP™"1, ¢ ——eeec-, & ;
h - [
= sup E'c=W»c==1Yt " c=1°], c c***—¢=0-

OZUP1:017 c=—**c, e
which concludes the proof of Lemma 8.
B Appendix: Essay 2

B.1 Implementation Details

Computation Resources. All large language models (LLMs) used in our experiments

are based on publicly available implementations fromHlngging Face Transformers

274



library (Wolf et al. 2020). We conduct all experiments on a dedicated computing node

equipped with 8 NVIDIA A6000 Ada Generation GPUs.

Contextual Calibration (Zhao et al. 2021)(CC) Following the original CC implemen-
tation, we compute the label probabilities conditioned on each of the three content-free
tokens "N/A, ™, and "[MASK]' along with the context. We then take the mean of these
probabilities and use it to normalize the LLM's label-space probabilities computed for the

test query and the same context.

Domain-Context Calibration (Fei et al. 2023) We reproduce the DC baseline by using

the test set as the unlabeled corpus to construct a bag-of-words. From this bag, we randomly
sample tokens to create content-free and in-domain inputs with an average target length.
This process is repeated 20 times, and we compute the mean probability over these samples.
Following the original implementation, we use this mean to normalize the LLM's label-space

probabilities computed for the test query and context.

Batch Calibration (Zhou et al. 2023) (BC) BC is an inference-time calibration method
that computes the mean of label probabilities evdest samples given the context during
the inference. We set = 128 and use this mean to normalize the LLM's label-space

probabilities given the test query and context.

Supervised Calibration (SC) We adopt an ensembling strategy for SC as outlined in
Algorithm 3. For each con guration : =4, : =8, and: = 16 we set the minimum
context sizeBin (as de ned in Algorithm 3) to 1, and the maximum context sggg to
mini5—: 1°. We x the regularization parametef,, to 10 across all settings and LLMs.

Additionally, the number of contexts to be sampled fr@¥8%given in De nition 23) for
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size 8 during the prediction is set as:
. T
<g=min 58 —24 —

where gdenotes the number of available samples for context size 8.

To determine the value of g, we use the following formulation:
g = costU°

We rst compute the in-sample accuracy of the LLM while generating the training data

through Algorithm 2. Based on this accuracy, we set the value alSUollows:

201 i accuracy 09
451 if0s7 accuracy Y 0+9
901 if0s5 accuracy Y 0«7

2180  if accuracy Y 05

Here, denotes the number of distinct labels in the dataset.

While running SC with the setting= 4, we excluded datasets containing more than
four classes (i.e SST5 and TREC). This is because when the number of classes exceeds the
number of context examples, some classes are inevitably left out of the training data. This
imbalance poses a challenge for training logistic regression models across di erent context

sizes.

B.2 Additional Related Work

Calibration via centroids. A parallel line of work mitigates in-context biases by replacing
the standard decision rule with centroid-based classi cation. Han et al. (2022) proposed

Prototypical Calibration, which models output probability vectors using Gaussian mixtures
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and assigns labels based on cluster likelihood, improving robustness to prompt variation
and class imbalance. Similarly, Cho et al. (2024) introduced Hidden Calibration, which
operates in the model's latent space by computing class centroids over hidden states and
classifying based on proximity. Although these methods show empirical performance gains,
they rely on additional data beyond the in-context examples, which may not always be

available or compatible with the ICL setting.

B.3 Prompt Templates

B.4 Additional Notation and Detailed Formulation

Let . = f4'°— 42—« e« 4 gbe the full demonstration set ofunique input-label exemplars,

where 4° = 1G°— H%,

De nition 23 (Set of Ordered Contexts) The set C18° is de ned as:
Ci8°=fB—B-ccegB B2 . for 9=1-ee—8; anckB, for 9 < ?ge (1)

This set comprises all distinct ordered sequences (permutatior8)rofjlue exemplars

chosen from the full demonstration set

De nition 24 (Set of Contexts Used for Query G)Given an exemplatG—H?° 2., let Tg
be the surrogate training dataset generated by Algorithm 1 using contexts &fre - .

The set C*G-8° is de ned as:
C1G-8°=£°2 C18°j 1G-He §”"and 1<1G; ;°Z He 245+ )

This set consists of all ordered contexts of §ifrem C18%hat do not contain the speci c
exemplartG— Heself, and were actually used to generate a (logit, label) pair for the q@ery

within the surrogate training datagl
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De nition 25 (Context Invariance Regularization Penalty) The total Context Invariance

Regularization Penalty for parameter§is de ned as:

O O
—_ 8 100 110
InvPenalty?Y° = lymt) =G5 — g % (3)
G2fg'G°-H"2 . gf - g Ci1G-8°-0<1

This penalty aggregates the symmetric cross-entropy loss over all distinct pairs of contexts
1 ;00— ;100 that were used to evaluate each unique query irggaerived from the original
demonstration set. . It encourages the calibrated predictions for the same q@oybe
consistent, regardless of the speci c contegfa "2 C1G-8f&ed to generate the intermediate

LLM logits.

B.5 Detailed Numerical Results

In this section, we present detailed numerical results. For brevity, we refer to Qwen2-7B-
Instruct, Llama-2-7b-chat-hf, and Mistral-7B-Instruct-v0.3 as Qwen, Llama, and Mistral,

respectively, throughout the remainder of this section.

B.6 Ablation Results

We conduct ablation studies to dissect the distinct contributions of key components within

our Supervised Calibration (SC) framework.

B.6.1 Scaling Matters

First, to isolate the impact of learning the per-class scaling fdetpmwhich underpins

SC's ability to reorient decision boundaries, we compare the full SC model against two
alternatives in Figure 14: a restricted varid®€ (whereF,is xed to 1, thus only learning

an optimal bias term), and other baseline calibration methods. Our experiments reveal that

SC surpasses these other baselines. This suggests that estimating an optimal bias under SC
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framework is more e ective than methods employed by LM methods. More critically, the
full SC model achieves higher performance ti&0, suggesting that the exibility to learn
the scaling factor and therefore to both shift and rescale the LLM's logits o ers a further
advantage.

The performance di erence between SC &1 is particularly apparent on a challenging
8-shot, multi-class classi cation task (SST-5) where the base model's predictions are often
poorly oriented. Speci cally, Table 14 shows tIf&€ method achieves a very low Macro-F1
of 0.1004, indicating its inability to correct the model's predictions. In stark contrast, the
full SC method boosts the Macro-F1 to 0.4106 and accuracy to 0.4352, representing a
four-fold improvement. This vast performance gap con rms our hypothesis: on di cult
tasks with severe miscalibrations, only full SC, capable of both shifting and scaling the

decision boundary, can e ectively correct severly misaligned LLM.

Figure 14: Accuracy and Macro-F1 scores of six methods on the Subjective dataset using the Mistral-7B-
Instruct-v0.3 model in (a) 4-shot and (b) 8-shot settings. Results are averaged over 5 random seeds. Bars
represent the mean performance for each metric as indicated in the l€g@nstands for the case where

the scaling factoF ; is xed to 1 under the SC framework. Notably, SC consistently outperforms all other
methods in both settings. The improved performancg®©fover other baselines suggests that estimating an
optimal bias under SC framework is more e ective than the methods employed by LM approaches, while the
full SC further demonstrates the advantage of also learning the scaling factor.
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