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Abstract of Dissertation

Harmonic Analysis Techniques in Nonlinear Dispersive Equations and Signal Processing

We consider the modified Zakharov-Kuznetsov (mZK) equation in two and three space

dimensions in both focusing and defocusing cases. Using the I-method, for the 2D mZK

equation, we prove the global well-posedness of the Hs(R2) solutions for s > 3
4 for any

data in the defocusing case, and under the assumption that the mass of the initial data is

less than the mass of the ground state solution of ∆ϕ −ϕ +ϕ3 = 0 in the focusing case.

This improves the global well-posedness result of Linares and Pastor. We also prove that

low-regularity solutions to the focusing 2D mZK equation which blow up in finite time have

the property that the mass of the solutions concentrates inside a moving ball of shrinking

radius. For focusing 3D mZK equation, we prove a sufficient condition on the initial data

that guarantees global well-posedness in H1(R3).

We also consider the multichannel deconvolution problem in the presence of additive

white noise. We propose a hybrid algorithm employing a regularized Fourier based approach

followed by wavelet thresholding. Minimizing a proposed cost function, we determine the

optimum regularization parameter that balances the Fourier and wavelet shrinkage. Our

method extends the ForWaRD algorithm introduced by Neelamani, Baranuik, and Choi to

the multichannel setup.
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Chapter 1: Introduction

The study of waves appears in a variety of scientific fields, ranging from oceanic waves to

modern-day communications via fiber optical cables. Simply put, waves are disturbances in

media that transport energy. The study of waves date back to ancient Greek philosophers,

who hypothesized a connection between vibrations of musical instruments and the sound

they produced. In 550 BCE, Pythagoras worked on the mathematical relationship between

the lengths of strings and the harmonics associated with it. In the 18th century, Jean

d’Alembert derived the wave equation and pioneered the mathematical study of the wave

phenomena. In 1822, Joseph Fourier published his findings on heat flow in his book The

Analytical Theory of Heat. Modifications of Fourier’s theory inspired the development of

modern Harmonic Analysis, an extremely useful tool to study the mathematics of waves.

In this work, we investigate two main aspects of wave propagation phenomena. The

first one is to understand the behavior of waves which are less regular. The second one is

to understand and develop algorithms to reconstruct waves that are blurred and noisy, due

to some external interference and due to the inherent limitations of sensors that record the

disturbance caused by the waves.

To investigate the behavior of low-regularity waves, our analysis is restricted to ion-

acoustic waves observed in magnetized plasma (which is governed by Zakharov-Kuznetsov

(ZK) equation).

For the study of reconstructing wave signals from their blurred and noisy readings, we

study the classical methods available to solve the multichannel deconvolution problem,

where multiple observations of the same signal are available. Each observation is made with

a sensor with its own impulse response that convolves with the signal. In the presence of

additive noise, we provide an algorithm to estimate the input signal from its noisy blurred

observations.
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1.1 Dispersive PDEs

The physical law governing wave propagation is influenced by material properties. In

dispersive media, waves of different wavelengths travel at different velocities. As a result,

as time progresses, the wave envelope caused by a disturbance in the media spreads out in

space. This phenomenon is known as dispersion. The partial differential equations (PDEs)

governing such phenomena are called dispersive partial differential equations. Fourier

theory provides us with the tool to decompose an initial disturbance - represented by a ‘nice’

function - into its constituent plane waves with various spatial frequencies. The simplest

example of a dispersive PDE is the constant coefficient, first order in time, linear partial

differential equation given by


∂tu(x, t) = Lu(x, t)

u(x,0) = u0(x),
(1.1)

where u : Rn×R→ H, H is a Hilbert space, and L is a skew-adjoint, constant coefficient,

differential operator. We say L is skew-adjoint if for all v,w ∈ H, we have

〈Lv(x),w(x)〉H =−〈v(x),Lw(x)〉H ,

where 〈., .〉H is the inner product on the Hilbert space H. Throughout this work, the Hilbert

space H under discussion will be an L2-based Sobolev space. The variables x ∈ Rn and

t ∈ R are interpreted as space and time variables, respectively. Note that L has the form

Lu(x) = ∑
|α|≤k

cα∂
α
x u(x),

for constant cα ∈C, where partial derivative ∂ α
x is defined as ∂ α

x =
(

∂

∂x1

)α1
. . .
(

∂

∂xn

)αn
, and

k is a positive integer called the order of the differential operator L, α = (αn, . . . ,αd) ∈ Zn
+

2



ranges over all multi-indices with |α|= αn + · · ·+αd ≤ k.

Denoting

P(x) = ∑
|α|≤k

cαxα

for x ∈Rn, we can write L = P(∂x). Therefore, applying the Fourier transform (see equation

(2.8) in Section 2.2) in the space variable, we have that

L̂u(ξ ) = P(iξ )û(ξ ).

On the other hand, since L is skew-adjoint,

L̂u(ξ , t) =−ih(ξ )û(ξ , t) (1.2)

for some real scalar polynomial h. We demonstrate this when H = L2(Rn). The proofs for

other L2-based Sobolev spaces are analogous with appropriate modification of the inner

product. Since L is skew-adjoint, for any u ∈ H, we have 〈Lu,u〉 = −〈u,Lu〉. Therefore,

Plancherel’s theorem implies

〈P(iξ )û(ξ ), û(ξ )〉=−〈û(ξ ),P(iξ )û(ξ )〉 .

Expanding the L2(Rn) complex inner product, we get

∫
Rn

(
P(iξ )+P(iξ )

)
|û(ξ , t)|2 dξ = 0

for all u∈ L2(Rn). This implies P(iξ )+P(iξ ) = 0, and therefore, P(iξ ) is purely imaginary,

and (1.2) holds.

3



Due to (1.2), after Fourier transform, (1.1) becomes


ût(ξ , t) =−ih(ξ )û(ξ , t)

û(ξ ,0) = û0.

Solving this ordinary differential equation in û we obtain

û(ξ , t) = û0(ξ )e−ith(ξ ).

For a first order in time, linear dispersive equation, the function h(ξ ) is called the dispersion

relation. Taking the inverse Fourier transform in the space variable (defined in equation

(2.9) in Section 2.2), we get

u(x, t) =
∫
Rn

û0(ξ )e−ith(ξ )eiξ ·xdξ =
∫
Rn

û0(ξ )ei(ξ ·x−h(ξ )t)dξ .

This expression implies that the solution u(ξ , t) to the linear dispersive PDE (1.1) is a

superposition of plane waves of the form û0(ξ )ei(ξ ·x−h(ξ )t).

For the plane wave û0(ξ )ei(ξ ·x−h(ξ )t), û0(ξ ) is called the amplitude, ξ is the wave

number, and h(ξ ) is the angular frequency (also known as the angular velocity). In the

physics literature, ξ

2π
is also known as the spatial frequency. However, in mathematics, ξ

is referred to as just the frequency or the spatial frequency of the plane wave. The group

velocity is defined as ∇h(ξ ) and the phase velocity is defined as h(ξ )
|ξ |

ξ

|ξ | .

Remark 1.1.1. Here, we derive the formula of phase velocity. The phase velocity of a

plane wave is the distance traveled by the wave in unit time. To simplify the discussion,

let us consider a real plane wave, i.e., a wave of the form y = Acos(kx−wt) in one space

dimension. As with the complex plane wave, the quantities A, k, and w are the amplitude,

wave number, and the angular frequency, respectively. At time t = 0, the crest of the cosine

curve is at x = 0, i.e. where kx = 0. At time t = 1, the crest appears where kx = w, i.e. where

4



x = w
k . Therefore, the distance traveled by the wave in unit time is w

k , which is the phase

velocity.

In two space dimensions, let z=Acos(ax+by−wt) where K = (a,b) is the wave number

(a vector), and x and y are the spatial variables. At time t = 0, the crest appears where

ax+ by = 0, which is a straight line passing through the origin. At time t = 1, the crest

appears where ax+by = w. This is a line parallel to ax+by = 0 with distance |w−0|√
a2+b2 =

w
|K| .

The direction of the velocity vector will be the unit vector in the perpendicular direction to

these parallel lines. The perpendicular line has slope b
a , since the product of the slopes of

two perpendicular lines is be −1. So, the perpendicular line is y = b/ax. A point on this

line would be (a,b). Normalizing, we get the unit vector K
|K| . So, the phase velocity is w

|K|
K
|K| .

The same idea applies to 3D waves, where we need to compute the distance between

planes and the direction of the velocity will be in the normal direction to the planes.

Generalizing this method, we have the formula for phase velocity w
|K|K̂, where K̂ is the unit

vector in the direction of K.

Therefore, the skew-adjointness of the differential operator L is responsible for the

time-evolution of the phase, which makes the solutions dispersive. This is different from the

diffusion equation (where the differential operator ∆ is self-adjoint),

ut(x, t) = ∆u(x, t), u(x,0) = u0(x),

where each plane wave has the form

û0(ξ )e−|ξ |
2teix·ξ .

Here, the phase eiξ ·x is free of the time variable, so, the plane waves do not travel. Instead,

the time variable affects the amplitude û0(ξ )e−|ξ |
2t that decays in time.

5



For example, taking h(ξ ) = 1 and h(ξ ) =−v ·ξ , we get the phase rotation equation

∂tu(x, t) = iu(x, t), u(x,0) = u0(x)

and the transport equation

∂tu(x, t)+ v ·∇u(x, t) = 0, u(x,0) = u0(x)

with velocity of transport v ∈ Rn. Note that for 1-dimensional transport equation, the phase

velocity is the same as the group velocity, and therefore the wave envelope does not spread

out in space. This is a trivial example of a dispersive equation.

Two of the most important examples of dispersive equations with significant applications

are the Schrodinger equation

i∂tu(x, t)+∆u(x, t) = 0, u(x,0) = u0(x),x ∈ Rn,

and the Airy equation

∂tu(x, t)+∂xxxu(x, t) = 0, u(x,0) = u0(x), x ∈ R.

The dispersion relations associated with these equations are h(ξ ) = |ξ |2 with ξ ∈ Rn and

h(ξ ) = ξ 3 with ξ ∈ R, respectively.

Even though we do not discuss second order in time dispersive equations in detail, we

mention a very important example, which is the wave equation,

∂ttu(x, t)− c2
∆u(x, t) = 0, u(x,0) = u0(x), ut(x,0) = u1(x), x ∈ Rn,

which is second order in time.

Compared to the linear dispersive equations, nonlinear dispersive equations are more

6



interesting to study due to their applicability, as well as their complexity. These equations

can be interpreted as a perturbation of the linear equations. Simple polynomial and derivative

nonlinearities added to the Schrodinger, Airy, and wave equations give rise to three of the

most extensively studied nonlinear dispersive equations:

• nonlinear Schrodinger equation (NLS):

i∂tu(x, t)+∆u(x, t)+ |u(x, t)|p−1 u(x, t) = 0, u(x,0) = u0(x),

x ∈ Rn, p≥ 1,

• Korteweg-de Vries equation (KdV):

∂tu(x, t)+∂xxxu(x, t)+∂xu2(x, t) = 0, u(x,0) = u0(x), x ∈ R, (1.3)

• nonlinear wave equation (NLW):

∂ttu(x, t)− c2
∆u(x, t)+ |u(x, t)|p−1 u(x, t) = 0,

u(x,0) = u0(x), ut(x,0) = u1(x), x ∈ Rn, p≥ 1.

The NLS arises in the study of nonlinear optics [16, 36] and the study of Bose-Einstein

condensates [25, 17]. KdV arises in the study of shallow water wave [66], and NLW arises

in the study of elasticity, sound and pressure waves [68].

The KdV equation was proposed by Diederik Korteweg and Gustav de Vries in 1895 as

a model to describe waves in shallow water channels. Since then, this equation has been

of great interest to physicists and engineers, especially because it admits solutions that

stay spatially localized for a long time. The existence of such solutions, known as solitary

waves, is surprising for dispersive equations, as the solutions are expected to spread out

(de-localize) in space. Yet, a subtle balance between the dispersive effect of the linear part

7



of the equation, and the focusing effect of the nonlinearity produces such solutions. The first

documentation of a solitary wave was due to John Scott Russell is 1834, who observed it in

a shallow river and followed it on horseback (see Figure 1.1 for a re-creation of this event.)

Figure 1.1: Recreation of a solitary wave on the Scott Russell Aqueduct on the Union Canal.
Photograph courtesy of Heriot-Watt University.

Several modifications to the KdV equation have been considered in the literature. A few

examples include Benjamin-Ono (BO) [4, 83], Kodomtsev-Petviashvili (I and II) [53], and

Zakharov-Kuznetsov (ZK) equation [97]. Our discussion will be focused on the ZK family.

Increasing the power of the nonlinearity in the KdV equation and observing its effect on the

behavior of the solution is an interesting problem to study. As a first step in this direction,

changing the nonlinearity from ∂xu2 to ∂xu3 in equation (1.3), we obtain the modified KdV

(mKdV) equation

∂tu(x, t)+∂xxxu(x, t)+∂x
(
u3(x, t)

)
= 0, u(x,0) = u0(x), x ∈ R.

8



Moreover, the generalized KdV (gKdV) is defined as

∂tu(x, t)+∂xxxu(x, t)+∂x (up(x, t)) = 0, u(x,0) = u0(x), x ∈ R

where p≥ 3, an integer.

Apart from modifying the power of the nonlinearity, one might consider generalizing

the equation to higher spatial dimensions. Rewriting the KdV equation as

∂tu(x, t)+∂x
(
∂xxu(x, t)+u2(x, t)

)
= 0, u(x, t) = u0(x), x ∈ R

and replacing the second derivative in x by a Laplacian operator ∑
n
i=1 ∂ 2

xi
, we obtain the

Zakharov-Kuznetsov equation

∂tu(x, t)+∂x1

(
∆u(x, t)+u2(x, t)

)
= 0, u(x, t) = u0(x), x ∈ Rn.

Analogous to KdV, we can consider the following general equation

∂tu(x, t)+∂x1 (∆u(x, t)+up(x, t)) = 0, u(x, t) = u0(x), x ∈ Rn,

where, the case p = 3 is called the modified ZK (mZK) equation, and for all integers p≥ 3,

it is known as the generalized Zakharov-Kuznetsov (gZK) equation. Introduced in 3D by

Zakharov and Kuznetsov [97] in 1974, this equation models the propagation of nonlinear ion-

acoustic waves in magnetized plasma. Plasma is a state of matter containing electrons and

positive ions. When pressure waves propagate in plasma in the presence of a unidirectional

magnetic field, the ions vibrate in the longitudinal direction (i.e. in the direction of the wave

propagation), similar to sound or acoustic waves. However, moving ions (positively charged)

induce electromagnetic fields which interact with the external magnetic field, resulting in

ion-acoustic oscillations. The oscillation of positively charged ions in the direction of the

9



external magnetic field is represented by the solution to ZK equation.

In this work, we shall limit ourselves to the study of modified ZK (mZK) equation in

two and three space dimensions. We also allow the nonlinearity to be positive or negative.

In fact, we consider


∂tv(x, t)+∂x1

(
∆v(x, t)+σv3(x, t)

)
= 0

v(x, t) = v0(x), x ∈ Rn,

(1.4)

where n = 2,3, and σ =±1. The sign (plus or minus) of the nonlinearity has a significant

effect on the long-time behavior of the solutions. The equation is said to be focusing when

σ =+1. On the other hand, the case σ =−1 is called defocusing. The terms focusing or

defocusing represent the cases where the nonlinearity opposes or helps the dispersion effect

of the linear part, respectively.

For a Banach space X , and a differential operator L, the initial value problem (IVP)


vt(x, t) = Lv(x, t), if t > 0

v(x,0) = v0(x)

with v0 ∈ X is said to be (locally) well-posed if

1. there exists time T > 0 such that v(x, t) ∈ X for all t ∈ [0,T ),

2. v(x, t) is unique for all t ∈ [0,T ),

3. the map v0→ v is continuous with respect to the Banach space norm ‖·‖X .

If condition (1) holds for all time T > 0, we say that the IVP is globally well-posed.

Here, we are interested in global well-posedness in the inhomogeneous Sobolev spaces

10



Hs, where the norm ‖·‖Hs(Rn) is defined as

‖ f‖Hs(Rn) =

∫
Rn

(
1+ |ξ |2

)s ∣∣∣ f̂ (ξ )∣∣∣2 dξ

 1
2

,

where s ∈ R. On the other hand, the homogeneous Sobolev norm ‖·‖H̊s(Rn) is defined as

‖ f‖H̊s(Rn) =

∫
Rn

|ξ |2s
∣∣∣ f̂ (ξ )∣∣∣2 dξ

 1
2

.

Once well-posedness is established in a certain space, it is a natural question to ask whether

we can find a bigger space where well-posedness also holds. This motivates us to find the

largest space where the solution v is equally well-behaved as the initial data v0. This would

be our main topic of discussion in Chapter 2 for the 2D mZK equation.

During their lifespan, solutions v to the mZK equation (1.4) conserve the mass M ,

M [v(t)] =
∫
Rn

v2(x, t)dx≡M [v0] (1.5)

and energy E ,

E [v(t)] =
1
2

∫
Rn
|∇v(x, t)|2dx− σ

4

∫
Rn

v4(x, t)dx≡ E [v0]. (1.6)

Indeed, differentiating the energy with respect to t, using the integration by parts formula,
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and the fact that solutions in Hs decay at infinity, we get

∂tE [v(t)] =
∫
Rn

∇v ·∇vtdx−σ

∫
Rn

v3vtdx

=−
∫
Rn

(∆v+σv3)vtdx

=−
∫
Rn

(∆v+σv3)∂x1(∆v+σv3)dx

= 0

Similarly, we get that ∂tM [v(t)] = 0. Since the expression of energy involves a derivative

of order 1, the space H1(Rn) is called the energy space for the IVP.

Another interesting property of (1.4) is the scaling invariance. In particular, if v solves

the IVP (1.4), then for any λ > 0, the rescaled function vλ defined by

vλ (x, t) = λ
−1v
( x

λ
,

t
λ 3

)
(1.7)

also solves the equation (1.4) with initial data

v0,λ (x) = λ
−1v0

( x
λ

)
.

Now, we compute the H̊s(Rn) norm of the rescaled solution vλ and observe that it is

scaled by λ
n
2−(1+s), i.e.

‖vλ‖H̊s(Rn) = λ
n
2−(1+s) ‖v‖H̊s(Rn) . (1.8)

When s = 0, the H̊s(Rn) norm of the solution is, in fact, the mass. Therefore, for n = 2,

the mass of the solution is scaling-invariant. For this reason, the 2D mZK equation said

to be mass-critical. On the other hand, for n = 3, we have ‖vλ‖L2(R3) = λ
1
2 ‖v‖L2(R3), i.e.,
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the mass of the rescaled solution grows with λ . Therefore, the 3D mZK equation is mass-

supercritical. Moreover, the Sobolev index sc =
n
2 −1 is called the critical Sobolev index to

study the mZK equation, since the H̊sc(Rn) norm of the solution is scaling-invariant. For

example, the critical Sobolev indices for the 2D and 3D mZK equations are sc = 0 and

sc =
1
2 , respectively.

The equation (1.4) in the focusing case (σ = 1) admits a traveling wave solution in the

x1 direction. Let ϕ be the unique radial and positive solution of

−∆xϕ(x)+ϕ(x)−ϕ
3(x) = 0, x ∈ Rn. (1.9)

The existence of solutions of the equation (1.9) in 2D was shown by Berestycki, Gallouët,

and Kavian [8]. See Strauss [91], Berestycki and Lions [9], and Berestycki, Lions and

Peletier [10] for the existence in other dimensions. Gidas, Ni, and Nirenberg [38] estab-

lished sufficient conditions to ensure that the positive solutions are spherically symmetric.

Regarding the uniqueness, Kwong [69] showed that radial and positive solutions are unique.

Then

v(x, t) = ϕc(x− cte1)

is a solution to the focusing mZK equation which travels only in the x1-direction with speed

c, where e1 is the unit vector (1,0, . . . ,0) ∈ Rn, and ϕc is the dilation of ϕ given by

ϕc(x) =
√

cϕ(
√

cx)

for c > 0, and solves the equation ∆ϕc− cϕc +ϕ3
c = 0. The function ϕ , also known as the

ground state.

In Chapter 2, we study the global well-posedness of low-regularity solutions to the 2D

mZK equation. Since the Sobolev exponent s represents the regularity of the solution, we

refer to the solutions coming from Hs for s < 1 as solutions with low regularity. Since
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Hs1 ⊂ Hs2 iff s1 > s2, we investigate how small s can be such that the IVP (1.4) is still

globally well-posed in Hs(R2). We prove the best known result in this direction. Improving

a previous result of Linares and Pastor [72], in the focusing case (σ = 1), we show global

well-posedness in Hs(R2) for any s > 3
4 , under the assumption that L2 norm of the initial

data is less than the L2 norm of the ground state. In the defocusing case (σ =−1), we prove

the same result without any restriction on the size of initial data.

In Chapter 3, we concern ourselves with low-regularity solutions to the 2D focusing

mZK equation that blow up in finite time. We prove that low-regularity solutions which

blow up in the Hs(R2) norm, for 17
18 < s≤ 1 in finite time have the property that the mass

of the solutions concentrates inside a ball of shrinking radius. This property displayed by

the finite time blow-up solutions gives more insight into their behavior (should they exist).

Here, for the first time in the literature, we provide analysis of mass concentration for rough

initial data (that is, for s < 1) for 2D mZK equation. While our result applies to the H1(R2)

blow-up solutions, it is in fact more general.

Chapter 4 is dedicated to the study of the H1(R3) solutions to the 3D mZK equation. In

particular, we derive a sufficient condition on the initial data for the focusing equation such

that the local H1(R3) solution extends globally.

1.2 Multichannel deconvolution problem

The deconvolution problem naturally occurs in the fields of signal and image processing.

In practical applications, measured signals are often blurred due to sensor limitations or

due to external interferences with the signals. For example, due to the aperture effects of

camera lenses, camera motion, or atmospheric turbulence, the images captured by satellites

are usually blurred. Deconvolution is necessary to reconstruct a clear image for viewing

and further analysis. In digital communications via electro-magnetic signals, information

is often encoded using sharp pulses. However, the receiver antenna often blurs the pulses,

making the decoding process challenging. Deconvolution problem is also very useful here.
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In the simplest setting, the deconvolution problem is to estimate an unknown function x

from the observation y = x∗h, where the function h (which is known as the impulse response

or the convolver function) is known. Here, ∗ is the convolution operator. In the presence of

additive noise, the observation y is of the form y = x∗h+ γ , where γ is a random variable

with known statistics.

In this work, we are concerned with a more general deconvolution problem, known as

the multichannel deconvolution. In this setup, multiple observations of the same signal

are available. Each observation is made with a sensor with its own impulse response. In

the presence of noise, the goal is to estimate the input signal x from M ≥ 1 observations

yi = x∗hi + γi, for i = 1, . . . ,M. In this case, the impulse responses hi and statistics of γi are

known. This type of problem arises in electron microscopy [87] as well as phased array

antennas [89]. In practice, the signals arriving at each sensor is phase-shifted due to the

spatial distance between the sensors. However, in this work, we shall assume that the output

from each sensor has been phase-aligned. Several beamforming methods [73, 70] exist to

phase-align the out-of-phase signals.

Since the convolution operation becomes a multiplication under the Fourier transform,

classical results on deconvolution problems relied heavily on Fourier-based techniques.

Recently, the development of wavelet theory has influenced signal processing techniques.

The method of wavelet analysis was developed mainly by Y. Meyer and his colleagues.

Starting with the work of Stephane Mallat in 1988, it became a very active area of research.

Significant contributions were made by Ingrid Daubechies, Ronald Coifman, and Victor

Wickerhauser, among others. The main feature of wavelet analysis is to treat signals from

a scale-based approach, as opposed to the classical frequency-based approach. Since the

measurement of average fluctuations at different scales are less sensitive to noise, wavelet-

based technique proved to be an extremely useful tool in deconvolution problems.

Tools from wavelet theory have been applied to treat deconvolution problems in recent

years. Notable examples of such techniques include the WaveD method by Johnstone,
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Kerkyacharian, Picard, and Raimondo [52], wavelet-based Galerkin method by Cohen,

Hoffmann, and Reiss [20], wavelet frame-based deconvolution by Chai and Shen [19],

among others. In [81], Neelamani, Baranuik, and Choi considered a hybrid approach, where

tools from both Fourier and wavelet analysis were used. This method, known as the Fourier

Regularized Wavelet Deconvolution (ForWaRD), introduces a regularization parameter

α ∈ (0,1) in the classical Wiener deconvolution to reduce the ringing effect, which is

characteristic of any Fourier-based approach. The ringing around the edges is due to the

full support of the basis elements of the Fourier domain. Next, the leaked noise is removed

using a thresholding method in the wavelet domain. The optimum regularization parameter

is chosen by minimizing a proposed cost function that mimics the mean squared error

(MSE) for both the Fourier deconvolution and wavelet thresholding. This way, the optimum

regularization parameter balances amount of regularization done in the Fourier-based method

and in the wavelet-based denoising.

Work on multichannel deconvolution goes back to Berenstein, Taylor, and Yger [5]

(see also [7, 6]). Schiske [87, 88] followed Wiener’s approach adapted to the multichannel

setting. Easley and Walnut [32] considered the local multichannel deconvolution problem,

where the impulse responses are compactly supported. Casey, Berenstein, and Walnut [18]

developed a multichannel deconvolution method for radially symmetric domain. However,

in the context of multichannel deconvolution, no hybrid method incorporating wavelet

techniques are available yet.

In this work, we extend the framework of ForWaRD algorithm [81] to multichannel

deconvolution, incorporating both Fourier and wavelet-based methods. The main tool used

here is the work of Schiske [88] , which can be treated as an multichannel alternative of

Wiener deconvolution. In the same spirit of the ForWaRD algorithm [81] , we first partially

deconvolve the observations using a regularized Schiske deconvolution. Here, we exploit

the independence of the noise data associated to each time point. This process reduces the

leaked noise variance by order of
√

M, where M is the number of channels. Next, we trim
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the effective leaked noise in a wavelet domain to obtain the output. We determine the ideal

regularization parameter by minimizing a cost function that generalizes the cost function

proposed in [81]. Thus, in Chapter 5, we provide a novel approach to solve the multichannel

deconvolution problem in a hybrid setup. Our method is consistent with the ForWaRD

algorithm in the sense that when M = 1, the algorithm reduces to the standard ForWaRD

algorithm.
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Chapter 2: Global well-posedness of low-regularity data for 2D mZK

2.1 Introduction

In this chapter, we consider the two-dimensional mZK equation.


vt +∂x(∆v)+σ∂x(v3) = 0, (x,y) ∈ R2, t > 0

v(x,y,0) = v0(x,y),
(2.1)

where v is a real-valued function, ∆ = ∂ 2
x +∂ 2

y is the Laplacian operator in 2D and σ =±1,

as usual, denotes the focusing (plus sign) and defocusing (minus sign) cases of the equation.

Kakutani and Ono [54] deduced this equation to describe the propagation of Alfvén

waves at a critical angle to the undisturbed magnetic field.

2.1.1 Known results for 2D mZK

First, we recall some relevant well-posedness results in Hs spaces. Biagioni and Linares

[12] studied the local well-posedness of solutions to mZK with data in H1(R2). Linares

and Pastor [71] proved the local well-posedness in Hs(R2) for s > 3
4 and they also showed

the ill-posedness (non-uniform data to solution map) for s≤ 0, so one can not expect well-

posedness in the critical space L2(R2). Ribaud and Vento [85] proved local well-posedness

in Hs(R2) for s > 1
4 , which is currently the best result known for the local well-posedness

for the 2D mZK equation. These results are based on embeddings between various mixed

Sobolev spaces.

The global behavior of the solution depends on the sign of the nonlinearity (i.e. whether

it is focusing or defocusing). Until recently, the best result in this direction is due to Linares

and Pastor [72], proved the global well-posedness in Hs(R2) for s > 53
63 with an additional

assumption on the size of the initial data (related to the ground state) in the focusing case.
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2.1.2 Energy method: extending H1 local solutions globally

If a local well-posedness result is established in the energy space (H1(R2)), the local H1

solution can immediately be extended globally, using the energy conservation law, when

the nonlinearity is defocusing. In the focusing case, since the nonlinearity opposes the

dispersion, we require an additional assumption on the mass of the initial data. Since the

results of local well-posedness used Banach’s fixed point theorem, an important outcome is

the inverse dependence of length of the time of local existence on the size of the initial data.

In particular, for 2D mZK, the H1-local result (see [33]) can be stated as follows:

Theorem 2.1.1 (Faminskiı̆). Given v0 ∈ H1(R2), IVP (2.1) is locally well-posed in H1(R2)

for all time T ≥C‖v0‖−θ

H1(R2) for some θ > 0 and constant C > 0.

The ground state ϕ defined in equation (1.9), is related to the following sharp Gagliardo-

Nirenberg inequality (see Weinstein [95])

‖ f‖4
L4(R2) ≤

2
‖ϕ‖2

L2(R2)

‖ f‖2
L2(R2) ‖∇ f‖2

L2(R2). (2.2)

Recall that from the definition of the energy (1.6) in the defocusing case σ =−1, we

immediately have ‖∇v(t)‖2
L2(R2)

≤ 2E [v0]. On the other hand, in the focusing case σ = 1, if

we assume that ‖v0‖L2(R2) < ‖ϕ‖L2(R2), then the sharp Gagliardo-Nirenberg inequality (2.2)

yields

‖∇v(t)‖2
L2(R2) ≤

2(
1−

‖v0‖2
L2(R2)

‖ϕ‖2
L2(R2)

)E [v0].

This inequality, combined with the mass conservation law (2.1) implies that ‖v(t)‖H1(R2)

has a uniform constant upper bound for all time t. Due to Theorem 2.1.1, Now, we can

consider the same IVP with v0 replaced by v(T ) and conclude that v(t) belongs to H1(R2)

for all t ∈ [T,2T ) with ‖v(T )‖H1(R2) bounded by the same constant as the uniform upper

bound. In this way, we can iterate finitely times to show the existence for any time t ∈ R.
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Therefore, the solution of (2.1) is global in H1(R2) for all v0 ∈ H1(R2) when σ =−1,

and for all v0 ∈ H1(R2) such that ‖v0‖L2(R2) < ‖ϕ‖L2(R2) when σ = 1.

2.1.3 I-method: extending low-regularity local data globally

Note that the energy E is not well-defined for initial data in v0 ∈ Hs(R2) with s < 1.

Therefore, the aforementioned energy method to extend local solutions globally does not

apply here. To overcome this hurdle, Colliander, Keel, Staffilani, Takaoka and Tao [21] (see

also [22]) introduce the I-method. This method is a ‘smooth’ modification of Bourgain’s

high-low frequency decomposition approach [15], where the initial data is decomposed

into two parts with disjoint frequency support and the norm of their time-evolutions are

controlled by choosing the frequency supports of the decomposition appropriately. Briefly

recalling the approach, the I-method introduces a smoothing operator I, so that the energy

of the smoothened solution (or, the modified energy) is finite. Even though the modified

energy of the solution is not conserved in time, it can be shown to be slowly growing (or,

almost conserved) in time. By controlling the growth of this modified energy, we can iterate

a local existence result finitely many times to obtain the existence of the solution for any

time T > 0.

The I-method has been applied to obtain global results for the (1D) KdV family. Farah

[34] used the I-method for the critical gKdV equation to establish well-posedness in Hs(R)

for s > 3
5 . Miao [79] obtained an improved result by obtaining global well-posedness for

s > 6
13 . However, for mZK equation, our result employs the I-method for the first time.

A key ingredient of the I-method is to establish a trilinear estimate (Lemma 2.3.3) in the

suitable Xs,b space (defined in subsection 2.2) associated to the linear part of the equation.

To prove the trilinear estimate for the mZK, we use a smoothing estimate (equation (2.18))

proved by Faminskiı̆ [33], which is the 2D upgrade of the smoothing attained by Kenig,

Ponce and Vega [58] for the Airy equation. To complete the proof, we need an L4-based

maximal in time estimate, which can be easily obtained by following Kenig, Ponce and
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Vega’s approach [58] for the KdV equation, if the dispersion relation associated to the

underlying Xs,b spaces is symmetric in both spatial variables (see, for example, Grünrock

[45]). Therefore, following Grünrock and Herr [46], we symmetrize the mZK equation

and work with the symmetrized version instead. We prove the trilinear estimate in the Xs,b

associated with the linear part of the symmetrized mZK equation. Since the symmetrization

changes the conserved quantities associated with the IVP, we also prove that the H1(R2)

norm of the smoothened solution is bounded by its energy. Finally, we obtain a polynomial

growth of the Hs(R2) norm of the solution.

2.1.4 Main result

Here, we consider both focusing and defocusing cases of the 2D mZK equation (2.1). In

the focusing case, σ = 1, we prove global well-posedness in Hs(R2), s > 3
4 , under the

assumption that L2 norm of the initial data is less than the L2 norm of the ground state

solution. In the defocusing case, σ =−1, we prove the same result without any restriction

on the size of initial data. As discussed before, this is exactly the situation in H1(R2). Our

first result is the following

Theorem 2.1.2. Let s > 3
4 . If σ =−1, the initial value problem (2.1) is globally well-posed

in Hs(R2) for any v0 ∈ Hs(R2). On the other hand, when σ = 1, the same conclusion holds

with the following additional assumption on v0:

‖v0‖L2(R2) < ‖ϕ‖L2(R2) . (2.3)

Here, ϕ is the ground state solution of (1.9).

Furthermore, under the above assumptions, for any time T > 0, the solution v(t) satisfies

the following polynomial bound

sup
t∈[0,T ]

‖v(t)‖Hs(R2) . (1+T )
1−s
4s−3+ . (2.4)
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To prove the Theorem 2.1.2, we deal with the symmetrized version of the mZK equation.

For that we make a linear change of variables x 7→ ax+by and y 7→ ax−by with a = 2−
2
3

and b = 3
1
2 2−

2
3 , following Grünrock and Herr [46], to obtain (see subsection 2.2.1)


∂tu+(∂ 3

x +∂ 3
y )u+σa(∂x +∂y)(u3) = 0

u(x,y,0) = u0,

(2.5)

where σ still denotes the sign; see details on this symmetrization and properties of the new

equation in Section 2.2.1. Since this change of variables (2.11) is contributes only a constant

factor to the Hs(R2) norm, we study the equation (2.5) instead of (2.1) without changing

the well-posedness theory. Our second result is the following

Theorem 2.1.3. The initial value problem (2.5) is globally well-posed in Hs(R2), s > 3
4 , for

any u0 ∈ Hs(R2) when σ =−1, and for u0 ∈ Hs(R2) such that

‖u0‖L2(R2) <
√

2ab ‖ϕ‖L2(R2) , (2.6)

when σ = 1. of (1.9).

Furthermore, under the above assumptions, for any time T > 0, the solution u(t) of

(2.5) satisfies the following polynomial bound

sup
t∈[0,T ]

‖u(t)‖Hs(R2) . (1+T )
1−s
4s−3+ . (2.7)

Remark 2.1.4. Since the Jacobian of the above change of variables |2ab|, undoing the

change, the threshold condition (2.6) is equivalent to (2.3), and (2.7) implies (2.4). Therefore,

Theorem 2.1.3 and Theorem 2.1.2 are equivalent, including the polynomial growth bounds

(2.7) and (2.4).

In the next section, we introduce some notations and preliminaries that will be used

22



throughout the chapter. In Section 2.3 we prove a trilinear estimate required for a variant of

the usual local existence theorem. Section 2.4 contains a refinement of bilinear Strichartz

estimate when frequency supports of two functions are separated. In Section 2.5, we

introduce the modified energy and prove an almost conservation law. Section 2.6 is about

the local existence theorem of the modified solution. Finally, in Section 2.7, we prove the

global result stated in Theorem 2.1.3, which in turn implies Theorem 2.1.2.

2.2 Notations, symmetrization and linear estimates

Throughout this chapter, we shall denote the two dimensional spatial variable pair by (x,y)

and its dual Fourier variable by ζ = (ξ ,η). For any integer j, we denote ζ j = (ξ j,η j). As

usual, we denote the time variable by t and its Fourier dual variable by τ . The variables ζ

and τ are called the spatial and temporal frequencies, respectively.

We define the spatial Fourier transform of f (x,y) by

f̂ (ξ ,η) =
∫
R2

f (x,y)e−i(xξ+yη)dxdy (2.8)

and the inverse Fourier transform of f̂ (ξ ,η) as

f̂ (ξ , t) =
∫
Rn

f̂ (ξ ,η)ei(ξ ·x+yη)dξ dη . (2.9)

In addition, we define the space-time Fourier transform u(x,y, t) by

ũ(ξ ,η ,τ) =
∫
R3

f (x,y, t)e−i(xξ+yη+tτ)dxdydt.

By ‖.‖Lp(R2) and ‖.‖Lp(R2×[0,T ]) we denote the Lp(R2) and Lp(R2× [0,T ]) norms, re-

spectively. For the mixed space-time norm we use a subscript to denote the variable with
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respect to which norm is computed. The mixed Lebesgue norm is defined by

‖u‖Lp
x Lq

yLr
t
=

∫
R

(∫
R

(∫
R
|u(x,y, t)|rdt

) q
r

dy

) p
q

dx


1
p

with obvious modifications when p, q or r is ∞. We abbreviate Lp
x Lp

y Lq
t and Lp

x Lp
y Lp

t by

Lp
x,yLq

t and Lp
x,y,t , respectively. In the same way, we define the mixed Lebesgue norm Lr

t Lp
x Lq

y .

The Fourier multipliers with symbols |ζ |α and 〈ζ 〉α are denoted by Dα and Jα , re-

spectively, where 〈ζ 〉=
√

1+ |ζ |2. Also, Dα
x and Dα

y denote the Fourier multipliers with

symbols |ξ |α and |η |α , respectively. Jα
y and Jα

y denote the Fourier multipliers with symbols

〈ξ 〉α and 〈η〉α , respectively. In this notation, the norm in the Sobolev spaces Hs(R2) and

H̊s(R2) are defined by

‖u‖Hs(R2) = ‖J
su‖L2(R2)

and

‖u‖H̊s(R2) = ‖D
su‖L2(R2) .

Let s, b ∈ R. The space Xs,b is defined as the space of all tempered distributions u on

R2×R such that

‖u‖Xs,b
=
∥∥∥〈ζ 〉s〈τ− (ξ 3 +η

3)〉bũ(ξ ,η ,τ)
∥∥∥

L2
ξ ,η ,τ

< ∞.

Also, for T > 0, we define the localized XT
s,b norm by

‖u‖XT
s,b
= inf

{
‖v‖Xs,b

: v ∈ Xs,b and v(t) = u(t) on [0,T ]
}
. (2.10)

These spaces were first used by Bourgain [13, 14] to study the nonlinear Schrödinger
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equation and the KdV equation, respectively. Klainerman and Machedon [62] used similar

ideas in their study of the nonlinear wave equation.

The Sobolev embedding implies that

‖ f‖L∞
t Hs

x(R2) ≤ ‖ f‖Xs,b
.

Given A,B≥ 0, we write A . B, if for some universal constant K > 2 we have A≤ KB.

We write A ∼ B, if both A . B and B . A hold. We write A << B, if there is a universal

constant K > 2 such that KA < B. For arbitrarily small ε > 0, we use a+ and a− to denote

a+ε and a−ε , respectively. By a++ and a−− we denote a+2ε and a−2ε , respectively.

2.2.1 Symmetrization Details

Note that the spatial derivatives (∂xxx and ∂xyy) present in the linear part of the 2D mZK

equation (2.1) are asymmetric in x and y variables. To symmetrize the linear part, we

perform the following linear change of variables


x′ = ax+by

y′ = ax−by,
(2.11)

with a = 2−
2
3 and b = 3

1
2 2−

2
3 , and define u and u0 by u(x′,y′) = v(x,y) and u0(x′,y′) =

v0(x,y). Then the first order partial derivatives of v become

∂xv(x,y) = a(∂x′+∂y′)u(x
′,y′)

∂yv(x,y) = b(∂x′−∂y′)u(x
′,y′).

(2.12)

We would like to work with this new function u. For notational convenience, we re-define

x′ by x and y′ by y. Therefore, the IVP (2.1) becomes (2.5) Note that, from (2.12), we can
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write

|∇v|2 = v2
x + v2

y = a2 (ux′+uy′
)2

+b2 (ux′−uy′
)2

= (a2 +b2)(u2
x′+u2

y′)+2(a2−b2)ux′uy′.

Thus, using the change of variables (2.11), we get

‖∇v‖2
L2(R2) =

a2 +b2

2ab
‖∇u‖2

L2(R2)+
2(a2−b2)

2ab

∫
R2

ux′uy′dx′dy′ (2.13)

and

‖v‖p
Lp(R2)

=
1

2ab
‖u‖p

Lp(R2)
. (2.14)

Note that, after symmetrization, the dispersion relation h(ξ ,η) = ξ 3 +η3 related to the

linear part of the equation (2.13) is symmetric in each spatial frequency.

Now, we compute the expression of conserved energy consistent with the new symmetric

equation (2.13). Writing the energy E [v] in terms of u, we get,

2
a2 +b2 2abE [v] = ‖∇u‖2

L2(R2)+
2(a2−b2)

a2 +b2

∫
R2

ux′uy′dx′dy′− 2σ

4(a2 +b2)
‖u‖4

L4(R2) .

Observe that a = (a2 +b2)−1 = 2−
2
3 and 2(a2−b2)

a2+b2 =−1. We next define the energy of u by

E[u(t)] =
2ab

a2 +b2 E [v(t)].

Then

E[u(t)] =
1
2

∫
R2
|∇u(x,y, t)|2dxdy− 1

2

∫
R2
(uxuy)(x,y, t)dxdy− σa

4

∫
R2

u4(x,y, t)dxdy.

(2.15)

Remark 2.2.1. In view of (2.15), the symmetrized ZK equation (2.5) can be written in the
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Hamiltonian form

ut = (∂x +∂y)E ′(u).

Since E [v(t)] is conserved in time, so is E[u(t)]. From (1.5) we also have mass conser-

vation for u(t) for all time t > 0

‖u(t)‖L2(R2) = ‖u0‖L2(R2) . (2.16)

2.2.2 Linear estimates

We denote the unitary (L2(R2)-norm preserving) group associated to the linear part of

symmetrized equation (2.5) by

U(t) = e−t(∂ 3
x +∂ 3

y ),

i.e., for any u0 ∈ Hs(R2), u(x,y, t) =U(t)u0(x,y) is the solution to the linear problem


∂tu+(∂ 3

x +∂ 3
y )u = 0

u(x,y,0) = u0(x,y).
(2.17)

Next, we recall some linear estimates in the mixed Lebesgue spaces as well as in the

Xs,b spaces. Theorem 2.2 of Faminskiı̆ [33] and using the fact that (ξ 3 +η3) is monotonic

in both ξ and η variables, we get the smoothing estimates

‖DxU(t)u0‖L∞
x L2

y,t
. ‖u0‖L2(R2)

and

‖DU(t)u0‖L∞
x L2

y,t
. ‖u0‖L2(R2) . (2.18)
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From Theorem 3.1.(ii) of Kenig, Ponce and Vega [57] (see also estimate (7) of Grünrock

and Herr [46]), we state the Strichartz-type estimate

∥∥∥∥D
1

2p
x D

1
2p
y U(t)u0

∥∥∥∥
Lp

t Lq
x,y

≤ ‖u0‖L2(R2) , (2.19)

where 2
p +

2
q = 1, p > 2. Taking p = q = 4, we obtain,

∥∥∥∥D
1
8
x D

1
8
y U(t)u0

∥∥∥∥
L4

x,y,t

≤ ‖u0‖L2(R2) .

Also, taking p = 5, q = 10/3 in (2.19), we deduce

∥∥∥∥D
1

10
x D

1
10
y U(t)u0

∥∥∥∥
L5

t L
10
3

x,y

. ‖u0‖L2(R2) . (2.20)

From (2.20), using Sobolev embedding ‖u‖L5
x,y
.

∥∥∥∥D
1
10
x D

1
10
y u
∥∥∥∥

L
10
3

x,y

, and applying Lemma 2.3

of Ginibre, Tsutsumi and Velo [39], we have

‖u‖L5
t,x,y
≤ ‖u‖X

0, 1
2+

. (2.21)

Interpolating (2.21) with the trivial estimate ‖u‖L2
x,y,t
≤ ‖u‖X0,0

, we obtain

‖u‖L4
x,y,t
≤ ‖u‖X

0, 1
2−−

. (2.22)

We also recall the classical inequality (see Ginibre, Tsutsumi and Velo [39] or Tao’s book

[92, Corollary 2.10])

‖u‖L∞
t L2

x,y
. ‖u‖X

0, 1
2+

. (2.23)

Applying the Sobolev embedding H1+(R2)⊂ L∞(R2) to (2.23), we have

‖u‖L∞
t,x,y

.
∥∥D1+u

∥∥
X

0, 1
2+

. (2.24)
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An interpolation between (2.21) and (2.24) yields

‖u‖Lp
t,x,y

.
∥∥∥Dα(p)u

∥∥∥
X

0, 1
2+

, (2.25)

where α(p) = (1+)
(

p−5
p

)
and p ∈ (5,∞).

2.3 A Trilinear Estimate

In this section, we prove a trilinear estimate, which will be the key ingredient in the proof of

the local well-posedness theory of the modified solution INu (see Theorem 2.6.4 below). But

first, we state a Lemma related to the L4-based maximal in time estimate from Grünrock

[45]. It is a higher dimensional analog of Theorem 3.7 of [59] for KdV equations. We

include the proof for completeness.

Lemma 2.3.1 (Proposition 1 in [45]). Let U(t)u0 be the solution to the linear symmetrized

ZK equation (2.17). Then

‖U(t)u0‖L4
x,yL∞

t
.

∥∥∥∥D
1
4
x D

1
4
y u0

∥∥∥∥
L2(R2)

. (2.26)

Proof. Lemma 3.6 of Kenig, Ponce, and Vega [59] states, there exists N ∈ N such that for

all t,

∣∣∣∣∫R |ξ |− 1
2−iγeit(ξ 3)eixξ dξ

∣∣∣∣≤ (1+ |γ|)N
√

x
. (2.27)

Since the dispersion relation is separable in ξ and η variables, we can write

∣∣∣∣∫∫R2
|ξ η |−

1
2−iγeit(ξ 3+η3)eixξ+iyηdξ dη

∣∣∣∣
=

∣∣∣∣∫R |ξ |− 1
2−iγeit(ξ 3)eixξ dξ

∣∣∣∣ ∣∣∣∣∫R |η |− 1
2−iγeit(η3)eiyηdη

∣∣∣∣≤ (1+ |γ|)2N

|xy| 12
.

(2.28)
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Integrating in t variable, and applying the Holder’s inequality,

∥∥∥∥∫RD−1/4
x D−1/4

y U(t)g(t)dt
∥∥∥∥2

L2(R2)

=
∫∫

R2

(∫
R

D−1/4
x D−1/4

y U(t)g(t)dt
)(∫

R
D−1/4

x D−1/4
y U(t ′)g(t ′)dt ′

)
dxdy

=
∫∫∫

R3
g(x,y, t)

(∫
R

D
− 1

2
x D

− 1
2

y U(t− t ′)ḡ(t ′)dt ′
)

dtdxdy

≤
∥∥∥∥∫RD

− 1
2

x D
− 1

2
y U(t− t ′)dt ′

∥∥∥∥
L4

xyL∞
t

‖g‖
L

4
3
x,yL1

t

.

Now, using (2.28), we write

D
− 1

2
x D

− 1
2

y U(t− t ′)ḡ(t ′) =
∫
R2
|ξ η |−

1
2 ei(t−t ′)(ξ 3+η3)+xξ+yηdξ dη ∗xy ḡ(x,y, t ′)

≤
∣∣∣∣∫R2
|ξ η |−

1
2 ei(t−t ′)(ξ 3+η3)+xξ+yηdξ dη

∣∣∣∣∗xy

∫
R

∣∣ḡ(x,y, t ′)∣∣dt ′

≤ 1

|xy| 12
∗xy ‖g(x,y)‖L1

t
,

where ∗xy is the convolution operator in both x and y variables. Since the last term of the

inequality is t-free, we have,

∥∥∥∥∫RD
− 1

2
x D

− 1
2

y U(t− t ′)ḡ(t ′)dt ′
∥∥∥∥

L∞
t

≤ 1

|xy| 12
∗xy ‖g(x,y)‖L1

t
.

Applying L4
x norm on both sides, using Minkowski’s inequality and that 1

|x|
1
2
∗ : L4/3

x → L4
x is

continuous (due to Hardy-Littlewood-Sobolev inequality), we have,

∥∥∥∥∫RD
− 1

2
x D

− 1
2

y U(t− t ′)ḡ(t ′)dt ′
∥∥∥∥

L4
xL∞

t

≤

∥∥∥∥∥ 1

|xy| 12
∗xy ‖g(x,y)‖L1

t

∥∥∥∥∥
L4

x

≤ 1

|y| 12
∗y

∥∥∥∥∥ 1

|x|
1
2
∗x ‖g(x,y)‖L1

t

∥∥∥∥∥
L4

x

≤ 1

|y| 12
∗y ‖g(y)‖L4/3

x L1
t
.
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Finally, applying L4
y norm on both sides, we get

∥∥∥∥∫RD
− 1

2
x D

− 1
2

y U(t− t ′)ḡ(t ′)dt ′
∥∥∥∥

L4
x,yL∞

t

≤

∥∥∥∥∥ 1

|y| 12
∗y ‖g(y)‖L4/3

x L1
t

∥∥∥∥∥
L4

y

≤ ‖g‖
L4/3

x,y L1
t
.

Thus,

∥∥∥∥∫RD−1/4
x D−1/4

y U(t)g(t)dt
∥∥∥∥

L2(R2)

≤ ‖g‖
L4/3

x,y L1
t

Writing the dual form of this inequality,

∥∥∥D−1/4
x D−1/4

y U(t)u0

∥∥∥
L4

x,yL∞
t
. ‖u0‖L2(R2) .

This completes the proof.

An immediate consequence of Lemma 2.26 is the following lemma.

Lemma 2.3.2. Let U(t)u0 be the free solution to the linear symmetrized ZK equation (2.17).

Then

‖U(t)u0‖L4
xL∞

y,t
.
∥∥∥D

3
4+u0

∥∥∥
L2(R2)

. (2.29)

Proof. Since ξ η . |ξ |2 + |η |2, we have |ξ η | 14 . |ζ | 12 . Hence, (2.26) implies

‖U(t)u0‖L4
x,yL∞

t
.
∥∥∥D1/2u0

∥∥∥
L2(R2)

. (2.30)

On the other hand, taking L4
xL∞

t in the both sides of the following Sobolev inequality in y

variable (see [92, Page 336])

‖u‖L∞
y
. ‖D

1
4+
y u‖L4

y
,

we get

‖U(t)u0‖L4
xL∞

t L∞
y
. ‖D

1
4+
y U(t)u0‖L4

xL∞
t L4

y
. (2.31)

Now, using Minkowski’s inequality, we can interchange the L∞
t and L4

y norms on the right-
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hand side of (2.31) to get

‖U(t)u0‖L4
xL∞

y,t
.

∥∥∥∥D
1
4+
y U(t)u0

∥∥∥∥
L4

x,yL∞
t

. (2.32)

Then, from (2.32) and (2.30), we have

‖U(t)u0‖L4
xL∞

y L∞
t
.

∥∥∥∥D
1
2 D

1
4+
y u0

∥∥∥∥
L2(R2)

.

Since |η | ≤ |ζ |, (2.29) follows.

Now, we are ready to prove the following trilinear estimate. Our goal is to show that the

map F : Xs, 1
2+
×Xs, 1

2+
×Xs, 1

2+
→ Xs,− 1

2++ defined as F(u1,u2,u3) = (∂x +∂y)(u1u2u3) is

continuous.

Lemma 2.3.3. For any 3
4 < s < 1, the following inequality holds

∥∥(∂x +∂y)(u1u2u3)
∥∥

X
s,− 1

2++

≤
3

∏
i=1
‖ui‖X

s, 1
2+

. (2.33)

Proof. Since |ξ |+ |η |.
√
|ξ |2 + |η |2, it is enough to show that

∥∥∥∥∥D

(
3

∏
j=1

u j

)∥∥∥∥∥
X

s,− 1
2++

.
3

∏
j=1

∥∥u j
∥∥

X
s, 1

2+
.

We proceed as in [34]. First note that it is enough to show

∥∥∥∥∥D

(
3

∏
j=1

u j

)∥∥∥∥∥
Xs,0

.
3

∏
j=1

∥∥u j
∥∥

X
s, 1

2+
.
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Next, recalling the space time Fourier transform ũ and the definition of Xs,0, we write

∥∥∥∥∥D

(
3

∏
j=1

u j

)∥∥∥∥∥
Xs,0

=

∥∥∥∥∥∥|ζ | 〈ζ 〉s
∫
Ξ

3

∏
j=1

ũ j(ζ j,τ j)dζ1dτ1dζ2dτ2

∥∥∥∥∥∥
L2

ξ ,η ,τ

,

where Ξ denotes the set
{

∑
3
i=1(ξi,ηi,τi) = (ξ ,η ,τ)

}
. We decompose the domain of inte-

gration according to the relative sizes of spatial frequencies. By symmetry, we assume

|ζ1| ≥ |ζ2| ≥ |ζ3|. We consider the following 3 regions based on the relative sizes of the

frequencies ζ1,ζ2, and ζ3.

A = {|ζ1| ≤ 1},

B = {|ζ1| ≥ 1, |ζ3|< |ζ1|/2},

C = {|ζ1| ≥ 1, |ζ3| ≥ |ζ1|/2}.

In region A, we have

||ζ | 〈ζ 〉s| ≤

(
3

∑
i=1
|ζi|

)(
1+

3

∑
i=1
|ζi|2

) 1
2

. 1.

Hence, via Plancherel’s theorem and Holder’s inequality,

∥∥∥∥∥|ζ | 〈ζ 〉s
∫

Ξ

3

∏
j=1

ũ j(ζ j,τ j)dζ1dτ1dζ2dτ2

∥∥∥∥∥
L2

ξ ,η ,τ

.

∥∥∥∥∥
∫

Ξ

3

∏
j=1

ũ j(ζ j,τ j)dζ1dτ1dζ2dτ2

∥∥∥∥∥
L2

ξ ,η ,τ

=

∥∥∥∥∥ 3

∏
j=1

u j

∥∥∥∥∥
L2

x,y,t

.
3

∏
j=1

∥∥u j
∥∥

L6
x,y,t

.
3

∏
j=1

∥∥u j
∥∥

X
α(6), 1

2+
.

3

∏
j=1

∥∥u j
∥∥

X
s, 1

2+
,

where we have used (2.25) with p = 6 and α(6) = 1
6+< 3/4 < s.

In region B, it is easy to see that |ζ |〈ζ 〉s . |ζ1|〈ζ1〉s. Moreover, using Lemma 2.3 in

[39], from the smoothing estimate (2.18) and the L4
x-maximal function estimate (2.29), we
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get

‖Du‖L∞
x L2

y,t
. ‖u‖X

0, 1
2+

(2.34)

and

‖u‖L4
xL∞

y,t
. ‖u‖X3

4+, 1
2+

. (2.35)

Applying Hölder’s inequality, (2.34) and (2.35), we get

∥∥∥∥∥∥|ζ | 〈ζ 〉s
∫
Ξ

3

∏
j=1

ũ j(ζ j,τ j)dζ1dτ1dζ2dτ2

∥∥∥∥∥∥
L2

ξ ,η ,τ

.

∥∥∥∥∥∥
∫
Ξ

|ζ1| 〈ζ1〉s
3

∏
i=1

ũ j(ζ j,τ j)dζ1dτ1dζ2dτ2

∥∥∥∥∥∥
L2

ξ ,η ,τ

= ‖(DJsu1)u2u3‖L2
x,y,t

. ‖DJsu1‖L∞
x L2

y,t
‖u1‖L4

xL∞
y,t
‖u2‖L4

xL∞
y,t
. ‖u1‖X

s, 1
2+

3

∏
i=2
‖ui‖X3

4+, 1
2+

.

In region C, we have |ζ1| ∼ |ζ2| ∼ |ζ3|. Thus,

∣∣∑ζi
∣∣〈∑ζi

〉s
. 〈ζ1〉s 〈ζ2〉

1
2 〈ζ3〉

1
2 .

Hence, using Hölder’s inequality, we have

∥∥∥∥∥|ζ | 〈ζ 〉s
∫

Ξ

3

∏
j=1

ũ j(ζ j,τ j)dζ1dτ1dζ2dτ2

∥∥∥∥∥
L2

ξ ,η ,τ

.

∥∥∥∥∫
Ξ

〈ζ1〉sũ1〈ζ2〉
1
2 ũ2〈ζ3〉

1
2 ũ3dζ1dτ1dζ2dτ2

∥∥∥∥
L2

ξ ,η ,τ

=
∥∥∥Jsu1J

1
2 u2J

1
2 u3

∥∥∥
L2

x,y,t

. ‖Jsu1‖L5

∥∥∥J
1
2 u2

∥∥∥
L

20
3

∥∥∥J
1
2 u3

∥∥∥
L

20
3

. ‖u1‖X
s, 1

2+
‖u2‖X3

4+, 1
2+
‖u3‖X3

4+, 1
2+

,

where we have used the L5 Strichartz estimate (2.21) and the inequality (2.25) with p = 20
3

(note that α(20
3 )+

1
2 = (1

4+)+ 1
2 = 3

4+).
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2.4 A refinement of bilinear Strichartz estimate

In this section, we prove a refinement of the bilinear Strichartz estimate when frequency sup-

ports of the participating functions are separated. Originally, Bourgain [15] introduced such

a refinement in the context of the nonlinear Schrödinger equation in two space dimensions.

Farah [34] also derived an improvement of the bilinear Strichartz estimate associated with

the KdV equation for frequencies that are separated. It should be mentioned that Molinet

and Pilod [80] proved a similar refinement for the unitary group associated with the linear

part of the ZK equation (2.1) using a dyadic decomposition. Here, we follow a different

approach and prove a refinement for the linear part associated with the symmetrized mZK

equation (2.5).

Lemma 2.4.1. Let u and v be supported on frequencies ζ1 and ζ2, respectively, with

|ζ1| ∼ N1, |ζ2| ∼ N2 and N1 << N2. Then, we have

∥∥∥D−
1
2 uDv

∥∥∥
L2

x,y,t
. ‖u‖X

0, 1
2+
‖v‖X

0, 1
2+

. (2.36)

Proof. Let u =U(t)u0 and v =U(t)v0. It suffices to show that

∥∥∥D−
1
2 uDv

∥∥∥
L2

x,y,t
. ‖u0‖L2(R2) ‖v0‖L2(R2) .

Recall that ζ = (ξ ,η) and ζi = (ξi,ηi) for i = 1,2. We make change of variables ζ2 :=

ζ −ζ1,ζ1 := ζ1 to write

D−
1
2 uDv(x,y, t) =

∫
R2

ei(x,y)·ζ
(∫

R2
|ζ1|−

1
2 Û(t)u0(ζ1) |ζ −ζ1|Û(t)v0(ζ −ζ1)dζ1

)
dζ

=
∫
R2

ei(x,y)·ζ
(∫

R2
|ζ1|−

1
2 Û(t)u0(ζ1) |ζ −ζ1|Û(t)v0(ζ −ζ1)dζ1

)
dζ

=
∫
R2

ei(x,y)·(ζ1+ζ2)

(∫
R2
|ζ1|−

1
2 Û(t)u0(ζ1) |ζ2|Û(t)v0(ζ2)dζ1

)
dζ2

=
∫
R4
|ζ1|−

1
2 |ζ2|eix(ξ1+ξ2)+iy(η1+η2)+it(ξ 3

1 +ξ 3
2 +η3

1+η3
2 ) û0(ζ1) v̂0(ζ2)dξ1dξ2 dη1dη2.
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Now, we make the change of variables ϕ(ξ1,η1,ξ2,η2) = (a,b,c,d), where

a = ξ1 +ξ2

b = η1 +η2

τ = ξ
3
1 +ξ

3
2 +η

3
1 +η

3
2

c = ξ1−η1.

Then, using |ζi|2 = ξ 2
i +η2

i for i = 1,2, the Jacobian of the change of variables ϕ is given

by

J =
∂ (a,b,τ,c)

∂ (ξ1,ξ2,η1,η2)
= det



1 1 0 0

0 0 1 1

3ξ 2
1 3ξ 2

2 3η2
1 3η2

2

1 0 −1 0


= 3(|ζ1|2−|ζ2|2).

Now, since N1 << N2, we have

|J |= 3
∣∣|ζ1|2−|ζ2|2

∣∣& N2
2 ≥ N2

1 . (2.37)

Thus,

D−
1
2 uDv(x,y, t) =

∫
R4
|ζ1|−

1
2 |ζ2|eixa+iby+itτ û0v̂0

|J |
dcdadbdτ

=
∫
R3

eixa+iby+itτ
(∫

R
|ζ1|−

1
2 |ζ2|

û0v̂0

|J |
dc
)

dadbdτ.

Using Plancherel’s theorem in time and space variables, Cauchy-Schwarz inequality and
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(2.37), we have

∥∥∥D−
1
2 uDv

∥∥∥2

L2
x,y,t

=
∫
R3

∣∣∣∣∫R |ζ1|−
1
2 |ζ2|

û0v̂0

|J |
dc
∣∣∣∣2 dadbdτ

≤
∫
R3

(∫
R

|ζ2|

|ζ1| |J |
1
2

dc

)(∫
R

ζ2
|û0v̂0|2

|J |
3
2

dc

)
dadbdτ.

Since c = ξ1−η1, we have |c| ≤ |ξ1|+ |η1|. |ζ1|. N1. From (2.37), we obtain,

∫
R

|ζ2|
|ζ1||J |

1
2

dc .
N2

N1N2

∫
|c|.N1

dc . 1.

Now, changing the variables a,b,c,d back to ξ1,ξ2,η1,η2 and using (2.37) again, we

deduce,

∥∥∥D−
1
2 uDv

∥∥∥2

L2
x,y,t

.
∫
R4

|ζ2| |û0v̂0|2

|J | 32
dcdadbdτ

=
∫
R4

|ζ2| |û0v̂0|2

|J | 12
dξ1dξ2dη1dη2

= ‖u0‖2
L2(R2) ‖v0‖2

L2(R2) ,

which concludes the proof of the lemma.

Corollary 2.4.2. Let u and v be as in the hypothesis of Lemma 2.4.1. Then we have the

following bilinear refinement of Strichartz estimate

‖uv‖L2
x,y,t

.
N

1
2
1

N2
‖u‖X

0, 1
2+
‖v‖X

0, 1
2+

. (2.38)

Proof. Replacing u by D
1
2 u and v by D−1v in (2.36), we have

‖uv‖L2
x,y,t

.
∥∥∥D

1
2 u
∥∥∥

X
0, 1

2+

∥∥D−1v
∥∥

X
0, 1

2+
.

N
1
2
1

N2
‖u‖X

0, 1
2+
‖v‖X

0, 1
2+

.
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2.5 Modified energy and almost conservation law

In this section, we define the modified energy E1 for a solution to the IVP (2.5) and prove

an almost conservation law. We denote the hyperplane Γn of (R2)n by

Γn =
{
(ζ1, . . . ,ζn) ∈ (R2)n : ζ1 +ζ2 + · · ·+ζn = 0

}
,

equipped with the measure

∫
Γn

f :=
∫
(R2)(n−1)

f (ζ1, . . . ,ζn−1,−ζ1−·· ·−ζn−1)dζ1 . . . dζn−1

for any measurable function f : (R2)n→ C. For a natural number n, we define Sn as the

group of all permutations on the set {1, . . . ,n}. A measurable function Mn defined on Γn is

called a symmetric n-multiplier if for any permutation π ∈ Sn, we have

Mn (ζ1, . . . ,ζn) = Mn
(
ζπ(1), . . . ,ζπ(n)

)
.

First, we derive a formula for the time-derivative of a general n-linear functional.

Proposition 2.5.1. Let u solve the IVP (2.5) and Mn be a symmetric n-multiplier.

Let Λn be an n-linear functional defined by

Λn(Mn) =
∫

Γn

Mn(ζ1, . . . ,ζn) û(ζ1) . . . û(ζn). (2.39)

Then, recalling the notation ζi = (ξi,ηi), we have

d
dt

Λn(Mn) = Λn(Mnαn) (2.40)

−σ naiΛn+2(Mn(ζ1, . . . ,ζn−1,ζn + · · ·+ζn+2)(ξn + · · ·+ξn+2 +ηn + · · ·+ηn+2)),
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where

αn = i(ξ 3
1 +η

3
1 + · · ·+ξ

3
n +η

3
n ). (2.41)

Proof. Applying Fourier transform to (2.5) in spatial variable, we get

ût(ξ ,η) = i [(ξ 3 +η
3)û−σa(ξ +η)û3 ]. (2.42)

Differentiating (2.39) with respect to t and applying (2.42), we get

d
dt

Λn(Mn) =
n

∑
j=1

∫
Γn

Mn(ζ1, . . . ,ζn)ût(ζ j)∏
k 6= j

û(ζk)

=
n

∑
j=1

i
∫

Γn

Mn(ζ1, . . . ,ζn)
[
(ξ 3

j +η
3
j )û(ζ j)−σa(ξ j +η j)û3(ζ j)

]
∏
k 6= j

û(ζi)

=
n

∑
j=1

i
∫

Γn

Mn(ζ1, . . . ,ζn)(ξ
3
j +η

3
j )

n

∏
k=1

û(ζk)

−
n

∑
j=1

iσa
∫

Γn

Mn(ζ1, . . . ,ζn)(ξ j +η j)û3(ζ j)∏
k 6= j

û(ζk).

Now applying a permutation of indexes, interchanging j with n (or the variables ζ j) in the

integration in the last term above, we rewrite the last term and obtain

d
dt

Λn(Mn) =
∫

Γn

Mn(ζ1, . . . ,ζn)

(
i

n

∑
j=1

ξ
3
j +η

3
j

)
n

∏
k=1

û(ζk)

−
n

∑
j=1

iσa
∫

Γn

Mn(ζ1, . . . ,ζn)(ξn +ηn)û3(ζn)
n−1

∏
k=1

û(ζk)

=Λn(Mnαn)−σ nai
∫

Γn

Mn(ζ1, . . . ,ζn)(ξn +ηn)û3(ζn)
n−1

∏
k=1

û(ζk)

=Λn(Mnαn)

−σ nai
∫

Γn+2

Mn(ζ1, . . . ,ζn−1,ζn + · · ·+ζn+2)

(
n+2

∑
j=n

ξ j +η j

)
n+2

∏
k=1

û(ζk)

=Λn(Mnαn)

−σ naiΛn+2 (Mn (ζ1, . . . ,ζn−1,ζn + · · ·+ζn+2)(ξn + · · ·+ξn+2 +ηn + · · ·+ηn+2)) ,
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where αn is defined in (2.41).

For a large positive real number N and 0 < s < 1, define a Fourier multiplier operator

IN : Hs(R2)→ H1(R2) by

ÎN f (ζ ) = mN(ζ ) f̂ (ζ ),

where mN is smooth, radially symmetric, non-increasing function of |ζ | such that

mN(ζ ) =


1 if |ζ | ≤ N(

N
|ζ |

)1−s
if |ζ | ≥ 2N.

Note that for any f ∈ Xs0,b0 , we have

‖ f‖Xs0,b0
. ‖IN f‖Xs0+1−s,b0

. N1−s ‖ f‖Xs0,b0
. (2.43)

For simplicity, we drop the subscript N of mN and only write m. Further, for any j ∈ N, we

define

m j = m(ζ j).

Moreover, we sometimes abuse the notation to define m as a function of a scalar variable

r ∈ [0,∞) by m(r) = m(ζ ), where r = |ζ |.

We define, for all time t > 0, the modified energy E1[u] of u by

E1[u](t) = E[INu](t). (2.44)

Proposition 2.5.2. Let s > 3
4 , N >> 1 and u ∈Hs(R2) be a solution to (2.5) on [0,δ ]. Then

we have the following growth of the modified energy

∣∣E1[u](δ )−E1[u](0)
∣∣. N−1+

(
‖INu‖4

Xδ

1, 1
2+

+‖INu‖6
Xδ

1, 1
2+

)
.

Proof. First, using Proposition 2.5.1, we write d
dt E1[u](t) as a sum of n-linear functionals.
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By definition, on Γ2, we have, ζ1 =−ζ2 and η2 =−η1. Hence, using Plancherel Theorem,

we can write

∫
R2
|∇u|2dxdy =−

∫
Γ2

ζ1 ·ζ2 û(ζ1)û(ζ2) =
∫

Γ2

|ζ1|2û(ζ1)û(ζ2)

=
1
2

∫
Γ2

(|ζ1|2 + |ζ2|2) û(ζ1)û(ζ2) =
1
2

Λ2(|ζ1|2 + |ζ2|2),

and

∫
R2

uxuydxdy =−
∫

Γ2

ξ1η2 û(ζ1)û(ζ2) =
∫

Γ2

ξ1η1 û(ζ1)û(ζ2)

=
1
2

∫
Γ2

(ξ1η1 +ξ2η2) û(ζ1)û(ζ2) =
1
2

Λ2(ξ1η1 +ξ2η2).

Finally, one can see that

∫
R2

u4dxdy = Λ4(1).

Therefore, the energy (2.15) can be written as

E[u] =
1
4

Λ2(|ζ1|2 + |ζ2|2−ξ1η1−ξ2η2)−
σa
4

Λ4(1). (2.45)

Also, using (2.45) and the definition (2.44), we obtain

E1[u] = E[INu] =
1
4

Λ2
(
m1m2(|ζ1|2 + |ζ2|2−ξ1η1−ξ2η2)

)
− σa

4
Λ4 (m1 . . .m4) . (2.46)

Moreover, since α2 = 0 on Γ2 and ζ2 +ζ3 +ζ4 =−ζ1 on Γ4, differentiating the first term
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of (2.46) in time and using (2.40), we have

d
dt

Λ2
(
m1 m2

(
|ζ1|2 + |ζ2|2−ξ1η1−ξ2η2

))
= Λ2

(
m1 m2(|ζ1|2 + |ζ2|2−ξ1η1−ξ2η2)α2

)
−2iσaΛ4

(
m1 m(ζ2 + · · ·+ζ4)

(
|ζ1|2 + |ζ2 + · · ·+ζ4|2−ξ1η1

−(ξ2 + · · ·+ξ4)(η2 + · · ·+η4))(ξ2 + · · ·+ξ4 +η2 + · · ·+η4)

)
=−2iσaΛ4

(
m1m(−ζ1)

(
|ζ1|2 + |−ζ1|2−ξ1η1− (−ξ1)(−η1)

)
(−ξ1−η1)

)
= 2iσaΛ4

(
m2

1
(
2|ζ1|2−2ξ1η1

)
(ξ1 +η1)

)
= 4iσaΛ4

(
m2

1(|ζ1|2−ξ1η1)(ξ1 +η1)
)

= 4iσaΛ4
(
m2

1(ξ
3
1 +η

3
1 )
)
.

Similarly, differentiating the second term of (2.46), we get

d
dt

Λ4(m1 . . .m4) = 4iΛ4
(
m1 . . .m4(ξ

3
1 +η

3
1 )
)

−4σaiΛ6 (m1m2m3m(ζ4 +ζ5 +ζ6)[ξ4 +ξ5 +ξ6 +η4 +η5 +η6]) ,

where we have used Λ4(m1 . . .m4(ξ
3
j +η3

j )) = Λ4(m1 . . .m4(ξ
3
1 +η3

1 )) for all j = 1, . . . ,4,

by permuting the variables.

Collecting all the Λ4 terms appearing in d
dt E1[u](t), we get

σaiΛ4((m2
1−m1 . . .m4)(ξ

3
1 +η

3
1 )) = σai

∫
Γ4

m2
1−m1 . . .m4

m1 . . .m4
(ξ 3

1 +η
3
1 ) ÎNu(ζ1) . . . ÎNu(ζ4)

= σai
∫

Γ4

[
m1

m2m3m4
−1
]
(ξ 3

1 +η
3
1 ) ÎNu(ζ1) . . . ÎNu(ζ4).

Since σ =±1, collecting all the Λ6 terms, we get

σ
2a2iΛ6

(
m1m2m3 m(ζ4 +ξ5 +ζ6)[ξ4 +ξ5 +ξ6 +η4 +ξ5 +η6]

)
= a2iΛ6

(
m1m2m3 m(ζ4 +ζ5 +ζ6)[(ξ4 +η4)+(ξ5 +η5)+(ξ6 +η6)]

)
.
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Hence, the derivative of the modified energy E1[u](t) is

d
dt

E1[u](t) = σai
∫

Γ4

[
m1

m2m3m4
−1
]
(ξ 3

1 +η
3
1 ) ÎNu(ζ1) . . . ÎNu(ζ4)

+a2iΛ6

(
m1m2m3m(ζ4 +ζ5 +ζ6)[(ξ4 +η4)+(ξ5 +η5)+(ξ6 +η6)]

)
.

(2.47)

The Fundamental Theorem of Calculus yields

E1[u](δ )−E1[u](0) =
∫

δ

0

d
dt

E1[u](s)ds.

Now, we integrate (2.47) in time variable from 0 to δ and take the absolute value to get

∣∣E1[u](δ )−E1[u](0)
∣∣. ∣∣∣∣∣

∫
δ

0

∫
Γ4

[
m1

m2 m3 m4
−1
]
(ξ 3

1 +η
3
1 )

4

∏
i=1

ÎNu(ζi,s)ds

∣∣∣∣∣ (2.48)

+

∣∣∣∣∫ δ

0
Λ6

(
m1 m2 . . .m3 m(ζ4 + · · ·+ζ6) [ξ4 +η4 +ξ5 +η5 +ξ6 +η6]

)
ds
∣∣∣∣ .

To estimate the first term on the right-hand side, we decompose the function u into dyadic

constituents and work with a typical term in the infinite sum.

For example, we decompose ÎNu(ζ1, t) as

ÎNu(ζ1, t) = m(ζ1)û(ζ1, t) = m(ζ1) ∑
l1∈N

ûl1(ζ1, t) = ∑
l1∈N

ÎNul1(ζ1, t),

where supp(ûl1) ⊂ [2l1,2l1+1] for each l1 ∈ N. We do a similar decomposition for other

functions as well and index the projections by l2, l3, l4. Then, the first term on the right-hand

side of (2.48) can be written as

∑
l1,l2,l3,l4∈N

Tl1,l2,l3,l4, (2.49)
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where

Tl1,l2,l3,l4 :=
∫

δ

0

∫
Γ4

[
m1

m2m3m4
−1
]
(ξ 3

1 +η
3
1 )ÎNul1(ζ1,s)ÎNul2(ζ2,s)ÎNul3(ζ3,s)ÎNul4(ζ3,s)ds

and supp(ûli)⊂ [Nli,2Nli], Nli = 2li for each li ∈ N, i = 1,2,3,4.

Our aim is to show that there exists ε > 0 such that

∣∣Tl1,l2,l3,l4

∣∣. N−1+(Nl1Nl2Nl3Nl4)
−ε

4

∏
i=1
‖INuli‖Xδ

1, 1
2+

,

so that, after applying the infinite sum over l1, . . . , l4, we get N−1+ on the right-hand side,

since ∑
li∈N

2−εli < ∞, for i = 1, . . . ,4.

Define Nmax = max{Nli : i = 1,2,3,4}. Since Nε
max ≥ N

ε

4
l1

N
ε

4
l2

N
ε

4
l3

N
ε

4
l4

, it suffices to show

that

∣∣Tl1,l2,l3,l4

∣∣. N−1+N−ε
max

4

∏
i=1
‖INuli‖Xδ

1, 1
2+

.

Here, for brevity we write ui instead of uli for i = 1,2,3,4. Thus, a typical term in the

sum (2.49) is given by

Term1 =

∣∣∣∣∫ δ

0

∫
Γ4

[
m1

m2m3m4
−1
]
(ξ 3

1 +η
3
1 )ÎNu1(ζ1,s) . . . ÎNu4(ζ4,s)ds

∣∣∣∣ . (2.50)

Without loss of generality, we assume that the Fourier transform of all the functions is

non-negative and that N2 ≥ N3 ≥ N4 by the symmetry of the term

(
m(ζ2 +ζ3 +ζ4)

m2m3m4
−1
)(
− (ξ2 +ξ3 +ξ4)

3− (η2 +η3 +η4)
3
)

in ζ2,ζ3,ζ4 variables. Moreover, we can assume that N2 & N, otherwise, the multiplier is

zero, since m1 = · · ·= m4 = 1. Also, the condition
4
∑

i=1
ζi = 0 implies N1 . N2.
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Now, we consider the following nested subcases. Recall that our largest frequency is

N2. Based on where the second largest frequency N3 is located compared to N, we get the

following cases

1. N3 << N. In this subcase, we have N2 & N >> N3 ≥ N4. We also have that N1 ∼ N2.

2. N . N3. In this case, based on whether N3 is comparable to N2 or not, we consider

the subcases

(a) N3 << N2. This is the case where N4 ≤ N3, N . N3 << N2. Here, we also have

N1 ∼ N2.

(b) N3 ∼ N2. This subcase can be broken into two further subcases based on the

comparison between the lowest frequency N4 and N

i. N4 << N. Based on the comparison between N1 and N2, we have two

further subcases

A. N1 << N2

B. N1 ∼ N2

ii. N . N4. Again, comparing N4 and N3, we have the further subcases

A. N4 << N3

B. N4 ∼ N3

Now, we bound the multiplier in every terminal subcase in a pointwise manner.

Case 1. N2 & N >> N3 ≥ N4. This implies N1 ∼ N2. By the Mean Value Theorem,

∣∣∣∣ m1

m2m3m4
−1
∣∣∣∣= ∣∣∣∣m(ζ2)−m(ζ2 +ζ3 +ζ4)

m(ζ2)

∣∣∣∣. N3

N2
,
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which we substitute in (2.50). Using the bilinear Strichartz estimate (2.38), we get

Term1 . N3
1

N3

N2
‖INu1INu3‖L2(R2×[0,δ ]) ‖INu2INu4‖L2(R2×[0,δ ])

.
N3

1 N3

N2

1

〈N3〉
1
2 N2

1

1

〈N4〉
1
2 N2

2

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.
〈N3〉

1
2

N2
2 〈N4〉

1
2

4

∏
i=1
‖INui‖Xδ

1, 1
2+

(since N1 ∼ N2)

.
N

1
2

N2−
2 N0+

2

4

∏
i=1
‖INui‖Xδ

1, 1
2+

(since N3 ≤ N and 〈N4〉
1
2 ≥ 1)

.
N

1
2

N2−N0+
max

4

∏
i=1
‖INui‖Xδ

1, 1
2+

(since N2 & N)

. N−
3
2+N0−

max

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.

Case 2.(a). N2 >> N3 & N and N3 ≥ N4. In this case, we still have N1 ∼ N2.

Here, we use the pointwise bound

∣∣∣∣ m1

m2m3m4
−1
∣∣∣∣= ∣∣∣∣ m(ζ2 +ζ3 +ζ4)

m(ζ2)m(ζ3)m(ζ4)
−1
∣∣∣∣. m(ζ1)

m(ζ2)m(ζ3)m(ζ4)
.

Since m is a non-decreasing function and N1 ∼ N2, we have m(ζ1) . m(ζ2). Then, the

bound on the multiplier becomes

∣∣∣∣ m(ζ2 +ζ3 +ζ4)

m(ζ2)m(ζ3)m(ζ4)
−1
∣∣∣∣. 1

m(N3)m(N4)
.

Hence, using the bilinear Strichartz estimate (2.38), we have,
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Term1 .
N3

1
m(N3)m(N4)

‖INu1INu3‖L2(R2×[0,δ ]) ‖INu2INu4‖L2(R2×[0,δ ])

.
N3

1
m(N3)m(N4)

1

N
1
2
3 N2

1

1

〈N4〉
1
2 N2

2

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.
1

m(N3)N
1
2
3 m(N4)〈N4〉

1
2 N2

4

∏
i=1
‖INui‖Xδ

1, 1
2+

(since N1 ∼ N2)

.
1

N
1
2 N1−

2 N0+
2

4

∏
i=1
‖INui‖Xδ

1, 1
2+

(since m(N3)N
1
2
3 & N

1
2 and m(N4)〈N4〉

1
2 & 1)

.
1

N
3
2−N0+

max

4

∏
i=1
‖INui‖Xδ

1, 1
2+

(since N2 >> N)

. N−
3
2+N0−

max

4

∏
i=1
‖INui‖Xδ

1, 1
2+

,

where we have used that for any p > 0 with p+ s > 1, the function m(ζ ) |ζ |p is increasing

and m(ζ )〈ζ 〉p is bounded below.

Case 2.(b).i.A. In this case, we have N4 << N . N3 ∼ N2 and N1 << N2.

Here, we pair INu1 with INu2 and INu3 with INu4. In the following subcases, we use the

following crude bound for the multiplier

∣∣∣∣ m1

m2m3m4
−1
∣∣∣∣= ∣∣∣∣m1−m2m3m4

m2m3m4

∣∣∣∣. 1
m(N2)m(N3)m(N4)

.
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Thus,

Term1 .
N3

1
m(N2)m(N3)m(N4)

‖INu1INu2‖L2(R2×[0,δ ]) ‖INu4INu3‖L2(R2×[0,δ ])

.
N3

1
m(N2)m(N3)m(N4)

N
1
2
1

N2〈N1〉〈N2〉
N

1
2
4

N3〈N3〉〈N4〉

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.
N

5
2
1

m(N2)m(N3)m(N4)N2
2 N2

3 〈N4〉
1
2

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.
1

m(N2)N2m(N3)N
1
2
3 m(N4)〈N4〉

1
2

4

∏
i=1
‖INui‖Xδ

1, 1
2+

(since N1 << N2 ∼ N3)

. N−
3
2+N0−

max

4

∏
i=1
‖INui‖Xδ

1, 1
2+

,

where in the last step we have used Nmax∼N2, m(ζ ) |ζ |p is non-decreasing and m(ζ )〈ζ 〉p >

1 for s+ p≥ 1, hence, m(N3)N
1
2
3 & N

1
2 , m(N2)N2 & N and m(N4)〈N4〉& 1.

Case 2.(b).i.B. In this case, we have N4 << N . N3 ∼ N2 ∼ N1.

Here, we use the same bound for the multiplier as the previous case. The only frequencies

that are separated are N4 and N2 (or, N3 since N2 ∼ N3). So, we use inequality (2.38) on the

pair INu2INu4 and inequality (2.22) on the other pair to get

Term1 .
N3

1
m(N2)m(N3)m(N4)

‖INu2INu4‖L2(R2×[0,δ ]) ‖INu3‖L4(R2×[0,δ ]) ‖INu1‖L4(R2×[0,δ ])

.
N3

1
m(N2)m(N3)m(N4)

N
1
2
4

N2 〈N2〉〈N4〉
1

〈N3〉〈N1〉

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.
N2

1

m(N2)m(N3)m(N4)N2
2 〈N4〉

1
2 N3

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.
1

m(N2)m(N3)m(N4)N
1
2
2 N

1
2
3 〈N4〉

1
2

4

∏
i=1
‖INui‖Xδ

1, 1
2+

(since N2
1 . N

1
2
2 N

1
2
3 N2)

. N−1+N0−
max

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.
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In the last step, we have used m(Ni)N
1
2−
i & N

1
2−, since Ni & N for i = 2,3, m(N4)〈N4〉

1
2 & 1

and Nmax ∼ N2.

Case 2.(b).ii.A. In this case, we have N . N4 << N3 ∼ N2.

Here, we again use the same bound for the multiplier as in Case 2.(b).i.A. The only fre-

quencies that are separated are N4 and N2 (or N3, since N2 ∼ N3). So, we use the bilinear

refinement of Strichartz on the pair INu2INu4 and L4-Strichartz estimate for the other pair.

Term1 .
N3

1
m(N2)m(N3)m(N4)

‖INu2INu4‖L2(R2×[0,δ ]) ‖INu3‖L4(R2×[0,δ ]) ‖INu1‖L4(R2×[0,δ ])

.
N3

1
m(N2)m(N3)m(N4)

N
1
2
4

N2 〈N2〉〈N4〉
1

〈N3〉〈N1〉

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.
N2

1

m(N2)m(N3)m(N4)N2
2 N

1
2
4 N3

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.
1

m(N2)m(N3)m(N4)N
1
2
2 N

1
2
3 N

1
2
4

4

∏
i=1
‖INui‖Xδ

1, 1
2+

(since N2
1 . N

1
2
2 N

1
2
3 N2)

. N−
3
2+N0−

max

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.

In the last step, we have used m(Ni)N
p
i & N p for any p > 0 with p+ s > 1, since Ni & N for

i = 2,3,4 and Nmax ∼ N2.

Case 2.(b).ii.B. In this case, we have N . N4 ∼ N3 ∼ N2.

Here, we cannot use the bilinear refinement (2.38), since no two frequencies are separated.

Therefore, we use L4 Strichartz estimate (2.22) to control Term1. We use the same bound
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for the multiplier as in Case 2.(b).i.A to get

Term1 .
N3

1
m(N2)m(N3)m(N4)

4

∏
i=1
‖INui‖L4(R2×[0,δ ])

.
N3

1
m(N2)m(N3)m(N4)

1
〈N1〉〈N2〉〈N3〉〈N4〉

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.
N2

1
m(N2)m(N3)m(N4)

1
N2N3N4

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.
1

m(N2)N
1
2
2 m(N3)N

1
4
3 m(N4)N

1
4
4

4

∏
i=1
‖INui‖Xδ

1, 1
2+

(since N1 . N2 ∼ N3 ∼ N4)

. N−1+N0−
max

4

∏
i=1
‖INui‖Xδ

1, 1
2+

.

In the last step, we have used m(Ni)N
p
i & N p for any p > 0 with p+ s > 1 since Ni & N for

i = 2,3,4 and Nmax ∼ N2.

Remark 2.5.3. Note that the cases 2.(b).i.B and 2.(b).ii.B provide the worst growth (N−1+),

which we use in (2.71) to determine the lower bound on the Sobolev index, i.e., 3
4 , for which

the solution is globally well-posed.

Now, we turn to the second term on the right-hand side of (2.48). Again, we perform a

dyadic decomposition. Following the previous discussion, we define

Term2=

∣∣∣∣∣∣
δ∫

0

∫
Γ6

m(ζ1)m(ζ2)m(ζ3)m(ζ4 +ζ5 +ζ6)(ξ4 +η4 + · · ·+ξ6 +η6)
6

∏
i=1

ûi(ζi,s)ds

∣∣∣∣∣∣ .
We arrange the frequencies N1, . . . ,N6 in descending order and call them N∗1 , . . . ,N

∗
6 , respec-

tively (e.g., N∗1 is the largest frequency, etc.). Also, we define u∗i = ui(ζ
∗
i , t), where ζ ∗i is the

frequency variable associated with N∗i .

For any 1≤ i≤ 6, we have

|ξi +ηi| ≤ |ξi|+ |ηi| ≤ 2
√
|ξi|2 + |ηi|2 . |ζi|. N∗1 .
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Thus,

|ξ4 +ξ5 +ξ6 +η4 +η5 +η6|. N∗1 .

If N∗1 << N, m(ζ1) = m(ζ2) = m(ζ3) = m(ζ4+ζ5+ζ6) = 1. Then, defining ν = (1,1), we

write

Term2 =

∣∣∣∣∣
∫

δ

0

∫
Γ6

(ζ4 +ζ5 +ζ6) ·ν
6

∏
i=1

ûi(ζi,s)ds

∣∣∣∣∣ .
Now, permuting the variables ζ1, . . . ,ζ6, we have

Term2 =

∣∣∣∣∣
∫

δ

0

∫
Γ6

1
6! ∑

θ∈S6

(
ζθ(4)+ζθ(5)+ζθ(6)

)
·ν

6

∏
i=1

ûi(ζi,s)ds

∣∣∣∣∣
=

∣∣∣∣∣
∫

δ

0

∫
Γ6

(
c

6

∑
j=1

ζ j

)
·ν

6

∏
i=1

ûi(ζi,s)ds

∣∣∣∣∣= 0 for some c ∈ N,

where S6 is the symmetric group on the set {1, . . . ,6}.

Thus, we assume that N . N∗1 . Also, we cannot have N∗1 >> N∗2 ≥ N∗3 , since the sum of

frequencies is zero. Therefore, we have N∗1 ∼ N∗2 . We shall break the frequency interactions

into the following two cases, based on a comparison between N∗2 and N∗3 ,

1. N∗1 ∼ N∗2 ∼ N∗3 & N

2. N∗1 ∼ N∗2 >> N∗3 and N∗1 ∼ N∗2 & N.

Case 1. Using m(N∗1 )
2−(N∗1 )

2− & N2−, inequalities (2.21) and (2.25), and using the fact
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that m(ζ ∗2 ), m(ζ ∗3 ), m(ζ ∗4 +ζ ∗5 +ζ ∗6 )≤ 1, we get

Term2 . N∗1

∣∣∣∣∣
∫

δ

0

∫
Γ6

m(ζ ∗1 )m(ζ ∗2 )m(ζ ∗3 )m(ζ ∗4 +ζ ∗5 +ζ ∗6 )

m(ζ ∗1 )m(ζ ∗2 )m(ζ ∗3 )

3

∏
i=1

ÎNu∗i
6

∏
i=4

û∗i ds

∣∣∣∣∣
. N∗1

∣∣∣∣∣
∫

δ

0

∫
Γ6

m(ζ ∗2 )m(ζ ∗3 )m(ζ ∗4 +ζ ∗5 +ζ ∗6 )

m(ζ ∗2 )m(ζ ∗3 )N
∗
1 N∗2 N∗3

3

∏
i=1
〈ζ ∗i 〉 ÎNu∗i

6

∏
i=4

û∗i ds

∣∣∣∣∣
.
∫

δ

0

∫
Γ6

1
(m(N∗1 )N

∗
1 )

2

∣∣∣∣∣ 3

∏
i=1
〈ζ ∗i 〉 ÎNu∗i

6

∏
i=4

û∗i

∣∣∣∣∣ ds

.
(N∗1 )

0−

N2−

3

∏
i=1

∥∥J1INu∗i
∥∥

L5(R×[0,δ ])

6

∏
i=4
‖u∗i ‖L

15
2 (R2×[0,δ ])

.
(N∗1 )

0−

N2−

3

∏
i=1
‖INu∗i ‖Xδ

1, 1
2+

6

∏
i=4
‖u∗i ‖Xδ

α( 15
2 ), 1

2+

.
(N∗1 )

0−

N2−

6

∏
i=1
‖INu∗i ‖Xδ

1, 1
2+

. N−2+N0−
max

6

∏
i=1
‖INu∗i ‖Xδ

1, 1
2+

,

where we have used (2.25) with α(15
2 ) =

1
3+ and the inequality (2.43). Here, (1

3+)+1−s <

7
12+< 1 for any s ∈ (3/4,1). Thus, we have

‖u‖Xδ
1
3+, 1

2+
. ‖INu‖Xδ

1, 1
2+

.

Case 2. N∗1 ∼ N∗2 >> N∗3 and N∗2 & N. We use the following bound

|m(ζ1)m(ζ2)m(ζ3)m(ζ4 +ζ5 +ζ6)|. 1,
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and estimates (2.38) and (2.21) to get

Term2 .
N∗1

m(N∗1 )m(N∗2 )m(N∗3 )
‖INu∗1INu∗3‖L2(R2×[0,δ ])

∥∥∥∥∥INu∗2
6

∏
i=4

u∗i

∥∥∥∥∥
L2(R2×[0,δ ])

.
N∗1 (N

∗
3 )

1
2

m(N∗1 )m(N∗2 )m(N∗3 )N
∗
1
〈
N∗1
〉〈

N∗3
〉 ‖INu∗1‖Xδ

1, 1
2+
‖INu∗3‖Xδ

1, 1
2+
‖INu∗2‖L5(R2×[0,δ ])

6

∏
i=4
‖u∗i ‖L10(R2×[0,δ ])

.
1

m(N∗1 )m(N∗2 )m(N∗3 )N
∗
1 N∗2

〈
N∗3
〉 1

2
‖INu∗1‖Xδ

1, 1
2+
‖INu∗3‖Xδ

1, 1
2+
‖INu∗2‖Xδ

1, 1
2+

6

∏
i=4
‖u∗i ‖L10(R2×[0,δ ])

. N−2+N0−
max

6

∏
i=1
‖INu∗i ‖Xδ

1, 1
2+

.

In the last step, we have used

m(ζ1∗)(N∗1 )1− & N1−, m(ζ2∗)(N∗2 )1− & N1−, m(ζ3∗)〈N∗3 〉
1
2 & 1,

and

‖u‖L10(R2×[0,δ ]) . ‖u‖Xδ

α(10), 1
2+

= ‖u‖Xδ
1
2+, 1

2+
. ‖INu‖Xδ

1, 1
2+

,

due to (2.25) and (2.43), since (1
2+)+1− s < 3

4+ for s ∈ (3
4 ,1). This completes the proof

of Proposition 2.5.1.

2.6 A variant of the local existence theorem

Applying the operator IN on IVP (2.5), we get the modified IVP


∂tINu+(∂ 3

x +∂ 3
y )INu+σa(∂x +∂y)

(
IN(u3)

)
= 0

INu(x,y,0) = INu0(x,y).
(2.51)
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The Duhamel’s formula for the IVP (2.51) is

INu(t) =U(t)INu0−σa
∫ t

0
U(t− s)(∂x +∂y)

(
IN(u3)

)
ds. (2.52)

Note that, proving that the IVP (2.51) has a solution in a Banach space X is equivalent to

showing that the operator u→U(t)INu0−σa
∫ t

0 U(t− s)(∂x + ∂y)
(
IN(u3)

)
ds has a fixed

point in X . Using Banach’s fixed point theorem, it is enough to show that the operator is

a contraction on X . To work on Xs,b spaces, we consider the following integral equation

instead

INu(t) = ψ(t)U(t)INu0−σaψδ (t)
∫ t

0
U(t− s)(∂x +∂y)

(
IN(u3)

)
ds, (2.53)

where ψ,ψδ are as in Lemma 2.6.1 below. Note that if u is a solution to this equation,

then u|[0,δ ] is a solution to (2.52). We will use the following two Lemmas (from Grünrock

and Herr [46] and Colliander, Keel, Staffilani, Takaoka and Tao [22]) to establish a local

existence result for INu in H1(R2) space.

Lemma 2.6.1 (Lemma 2.2 in [46]). Let ψ ∈C∞
0 ([−2,2]) be even, 0≤ ψ ≤ 1, ψ(t) = 1 for

|t| ≤ 1. Let ψδ (t) = ψ( t
δ
) for δ > 0. For all s,b ∈ R,

‖ψU(t)u0‖Xs,b
. ‖u0‖Hs(R2) . (2.54)

Also, for −1
2 < b′ ≤ 0≤ b≤ (b′+1) and 0 < δ < 1,

∥∥∥∥ψδ

∫ t

0
U(t− s) f (s)ds

∥∥∥∥
Xs,b

. δ
1−b+b′ ‖ f‖Xs,b′

. (2.55)

Lemma 2.6.2 (Lemma 12.1 in [22]). Let s0 > 0, n ≥ 1 and Z,X1, . . . ,Xn be translation-
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invariant Banach spaces. If T is a translation-invariant n-linear operator such that

‖Is
1T (u1, . . .un)‖Z .

n

∏
i=1
‖Is

1ui‖Xi

for all u1, . . . ,un and for all 0≤ s≤ s0, then,

‖Is
NT (u1, . . . ,un)‖Z .

n

∏
i=1
‖Is

Nui‖Xi

for all N ≥ 1, for all 0≤ s≤ s0, and for all u1, . . . ,un with the implicit constant independent

of N.

Corollary 2.6.3. For all 3
4 < s < 1 and N >> 1, we have

∥∥(∂x +∂y)IN(u3)
∥∥

X
1,− 1

2++

. ‖INu‖3
X

1, 1
2+

. (2.56)

Proof. Using Lemma 2.6.2, it is enough to show that

∥∥(∂x +∂y)I1(u3)
∥∥

X
1,− 1

2++

. ‖I1u‖3
X

1, 1
2+

. (2.57)

Next, note that for any b ∈ R and 3
4 < s < 1 we have

‖I1 f‖X1,b
∼ ‖ f‖Xs,b

.

Indeed, recalling the definition of m and decomposing the domain of integration in two parts,

we can write

‖I1 f‖2
X1,b

= R1 +R2,

where

R1 =
∫
|ζ |≤2

∣∣∣m1(ζ )〈ζ 〉
〈
τ−ξ

3−η
3〉b

f̃ (ζ ,τ)
∣∣∣2 dζ dτ
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and

R2 =
∫
|ζ |≥2

∣∣∣∣∣ 〈ζ 〉|ζ |1−s

〈
τ−ξ

3−η
3〉b

f̃ (ζ ,τ)

∣∣∣∣∣
2

dζ dτ.

When |ζ | ≤ 2, we have m1(ζ )≤ 1 and

〈ζ 〉= 〈ζ 〉s 〈ζ 〉1−s . 〈ζ 〉s ,

which implies

R1 . ‖ f‖2
Xs,b

.

On the other hand, when |ζ | ≥ 2, we have

〈ζ 〉=
√

1+ |ζ |2 .
√

2 |ζ |2 . |ζ | ,

and hence,
〈ζ 〉
|ζ |1−s . |ζ |

s ≤ 〈ζ 〉s .

Thus, we also have

R2 . ‖ f‖2
Xs,b

,

and therefore,

‖I1 f‖X1,b
. ‖ f‖Xs,b

.

Similarly, we can show that

‖ f‖Xs,b
. ‖I1 f‖X1,b

,

since when |ζ | ≤ 1, we have 〈ζ 〉s . 〈ζ 〉 = 〈ζ 〉m1(ζ ) and when |ζ | ≥ 1, we have 〈ζ 〉s .

|ζ |s = |ζ |
|ζ |1−s .

〈ζ 〉
|ζ |1−s . 〈ζ 〉m1(ζ ). Thus, since I1 commutes with (∂x +∂y), (2.57) is equiva-

lent to (2.33), completing the proof.

Now, we prove a local existence result for the modified IVP (2.51). As a consequence,

we also obtain an uniform bound on the Xδ

1, 1
2+

norm of the modified solution INu in terms of
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the initial data.

Theorem 2.6.4. Let 3
4 < s < 1 and u0 ∈Hs(R2). Then there exists δ = δ (‖INu0‖H1(R2))> 0

such that the modified IVP (2.51) has a solution INu ∈C([0,δ ];H1(R2)) with

‖INu‖Xδ

1, 1
2+

. ‖INu0‖H1 . (2.58)

Proof. Applying Xδ

1, 1
2+

norm on both sides of (2.53) and applying estimates (2.54) and

(2.55) with b = 1
2+ and b′ =−1

2 ++, we obtain

‖INu‖Xδ

1, 1
2+

. ‖INu0‖H1(R2)+δ
ε
∥∥(∂x +∂y)(IN(u3))

∥∥
Xδ

1,− 1
2++

,

where ε = (1−b+b′)> 0. By definition of the localized norm (2.10), we have

‖INu‖Xδ

1, 1
2+

. ‖INu0‖H1(R2)+δ
ε
∥∥(∂x +∂y)(IN(φ

3))
∥∥

X
1,− 1

2++

,

where the function φ(x,y, t) = u(x,y, t) on R2× [0,δ ] and

‖INu‖Xδ

1, 1
2+
∼ ‖INφ‖X

1, 1
2+

. (2.59)

Using the trilinear estimate (2.56) for φ and the relation (2.59), we get

‖INu‖Xδ

1, 1
2+

. ‖INu0‖H1(R2)+δ
ε ‖INu‖3

Xδ

1, 1
2+

for some 0 < δ < 1 and ε > 0. Setting r = 2‖INu0‖H1 and taking δ ε ≤min{ 1
16r2 ,1} (and

recalling that ‖INu(t)‖Xδ

1, 1
2+

is continuous in δ ), the operator IN defined in (2.53) maps the

ball Br in Xδ

1, 1
2+

centered at the origin and of radius r into itself and is a contraction by

similar argument.

Remark 2.6.5. We can obtain a more precise bound on δ by observing that the trilinear
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estimate (2.33) holds for b′ = 0 (see the proof of Lemma 2.3.3). Thus, the estimate (2.56)

can be modified to

∥∥(∂x +∂y)IN(u3)
∥∥

X1,0
. ‖INu‖3

X
1, 1

2+
. (2.60)

Moreover, the inhomogeneous linear estimate (2.55) holds for b′ = 0. Thus, the proof of the

above theorem works for ε = 1−b+b′ = 1
2−, and hence, we get

δ
1
2− ∼min

{
1

‖INu0‖2
H1(R2)

,1

}
. (2.61)

Next we prove an a priori bound on the H̊1 norm of the initial data of the modified IVP

(2.51) in terms of its energy. In the focusing case, σ = 1, the size of the L2 norm of the

initial data of (2.5) has to be bounded from above by the L2 norm of the ground state.

Lemma 2.6.6. Let INu ∈C([0,δ ];H1(R2)) be the solution of the modified IVP (2.51) given

by Theorem 2.6.4. If σ =−1, we have,

‖∇INu0‖2
L2(R2) . E[INu0]. (2.62)

If σ =+1, the same conclusion (2.62) holds if

‖u0‖L2(R2) <
√

2ab ‖ϕ‖L2(R2) . (2.63)

Proof. This lemma is straightforward in the defocusing case. Indeed, from (2.15) the energy

of INu at time t = 0 is

E[INu0] =
1
2

∫
R2
|∇INu0|2dxdy− 1

2

∫
R2
(INu0)x(INu0)y dxdy− σa

4

∫
R2

(INu0)
4 dxdy.

(2.64)
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When σ =−1 the last term is positive, thus,

‖∇INu0‖2
L2(R2)−

∫
R2
(INu0)x(INu0)ydxdy≤ 2E[INu0].

The basic inequality for positive numbers αβ ≤ 1
2(α

2 +β 2) applied to the middle term,

yields

‖∇INu0‖2
L2(R2) ≤ 2E[INu0]+

1
2
‖∇INu0‖2

L2(R2) ,

or

‖∇INu0‖2
L2(R2) . E[INu0].

Now we turn to the focusing case σ =+1. First note that in the new variables given by

(2.11), the classical Gagliardo-Nirenberg inequality (2.2) can be rewritten as (see identities

(2.13) and (2.14))

‖ f‖4
L4(R2) ≤

1
a2b‖ϕ‖2

L2(R2)

‖ f‖2
L2(R2)

(
‖∇ f‖2

L2(R2)−
∫
R2

fx fydxdy
)
. (2.65)

Applying the above inequality to the last term in (2.64) and using that ‖INu0‖2
L2(R2) ≤

‖u0‖2
L2(R2), we get

E[INu0]≥
1
2

(∫
R2
|∇INu0|2dxdy−

∫
R2
(INu0)x (INu0)y dxdy

)(
1−

‖u0‖2
L2(R2)

2ab‖ϕ‖2
L2(R2)

)
.

Finally, from the assumption (2.63) and Young’s inequality αβ ≤ 1
2(α

2 +β 2) applied

to (INu0)x (INu0)y, we deduce (2.62).

Next, recalling the definition of uλ from (1.7), we state a local existence result for the

modified rescaled solution INuλ , which will be used in the proof of Theorem 2.1.3. Under

the assumption that the modified energy of the rescaled solution is uniformly bounded from

above, we conclude that the time of existence depends only on the norm ‖u0‖L2(R2) (in

particular, independent of the scaling factor λ ). To arrive at this conclusion, the assumption
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(2.63) is required in the focusing case.

Lemma 2.6.7. Suppose that E[INu0,λ ]< 1, that either σ =−1, or σ =+1 and (2.63) holds.

Then, there exists δ = δ (‖u0‖2)> 0 such that INuλ ∈C
(
[0,δ ];H1 (R2)) with

‖INuλ‖Xδ

1, 1
2+

. 1. (2.66)

Proof. If E[INu0,λ ] < 1 and either σ = −1 or σ = +1 and (2.63) holds, then, in view of

(2.62), we have

∥∥∇INu0,λ
∥∥

L2(R2)
. 1.

Moreover, using m≤ 1 and the fact that the IVP (2.5) is L2-critical, we have

∥∥INu0,λ
∥∥

L2(R2)
≤
∥∥u0,λ

∥∥
L2(R2)

= ‖u0‖L2(R2) .

Thus, we have

∥∥INu0,λ
∥∥

H1(R2)
. ‖u0‖L2(R2) . (2.67)

Since uλ solves the IVP (2.5), from (2.61), the time of existence of INuλ given by Theorem

2.6.4 depends only on ‖u0‖L2 , that is, δ = δ (‖u0‖L2)> 0. Finally, using (2.58) and (2.67),

we have (2.66).

2.7 Proof of Theorem 2.1.3

As we mentioned in the introduction, it suffices to prove Theorem 2.1.3 as it is equivalent to

Theorem 2.1.2.

Proof of Theorem 2.1.3. Let u0 ∈Hs, where 3
4 < s < 1. Given an arbitrarily time T > 0, we

will show that the solution u to (2.5) exists for time [0,T ], which is equivalent to showing
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that INuλ exists for time λ 3T . We will do this by iterating Lemma 2.6.7.

Note that the H̊s norm of the rescaled solution is
∥∥u0,λ

∥∥
H̊s(R2)

= λ−s ‖u0‖H̊s(R2), and

thus, since mN(ζ )|ζ |1−s ≤ N1−s, we deduce

∥∥∇INu0,λ
∥∥

L2(R2)
≤ N1−s

λ
−s ‖u0‖H̊s(R2) . (2.68)

From (2.15), using a simple bound−
∫
R2 uxuydxdy≤ 1

2
∫
R2 |∇u|2dxdy, Gagliardo-Nirenberg

inequality (2.2) and the identity (2.68), we get

E[INu0,λ ]≤
∥∥∇INu0,λ

∥∥2
L2(R2)

+
a
4

∥∥INu0,λ
∥∥4

L4(R2)

.
∥∥∇INu0,λ

∥∥2
L2(R2)

+
∥∥INu0,λ

∥∥2
L2(R2)

∥∥∇INu0,λ
∥∥2

L2(R2)

.
∥∥∇INu0,λ

∥∥2
L2(R2)

(
1+
∥∥INu0,λ

∥∥2
L2(R2)

)
. N2(1−s)

λ
−2s ‖u0‖2

H̊s(R2)

(
1+‖u0‖2

L2(R2)

)
. N2(1−s)

λ
−2s
(

1+‖u0‖2
Hs(R2)

)2
,

where we used
∥∥INu0,λ

∥∥2
L2(R2)

≤ ‖u0‖2
L2(R2).

Take λ such that

C N2(1−s)
λ
−2s
(

1+‖u0‖Hs(R2)

)2
=

1
2
,

or,

λ ∼ N
1−s

s . (2.69)

This implies

E[INu0,λ ]≤
1
2
.

We apply Lemma 2.6.7 and Proposition 2.5.2 to uλ and conclude that there exists a δ =
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δ (‖u0‖L2(R2)) such that

E[INuλ (δ )] = E[INu0,λ ]+CN−1+.

Choosing N large, we have E[INuλ (δ )]< 1.

Now, since ‖INuλ (δ )‖L2(R2) ≤ ‖uλ (δ )‖L2(R2) = ‖u0‖L2(R2), we can apply Lemma 2.6.7

again with t = δ as the starting time, followed by Proposition 2.5.2. In other words, starting

at t = δ , the solution INuλ exists for an additional time δ = δ

(
‖u0‖L2(R2)

)
> 0 with

E[INuλ (2δ )] = E[INu0,λ ]+2CN−1+.

Note that in the defocusing case (i.e. σ = −1), the requirement (2.63) to apply Lemma

2.6.7 again is trivially satisfied due the mass-conservation law (2.16). Indeed, under the

assumption (2.63), as long as the solution exists, we have

‖u(t)‖L2(R2) = ‖u0‖L2(R2) <
√

2ab‖ϕ‖L2(R2) . (2.70)

We repeat this process M times, as long as E[INuλ (Mδ )] < 1 and additionally for

σ =+1, as long as ‖u(Mδ )‖L2(R2) <
√

2ab‖ϕ‖L2(R2), which holds again by (2.70). Thus,

the iterative application of Lemma 2.6.7 is valid as long as

MCN−1+ <
1
2

=⇒ M ∼ N1−. (2.71)

To show that the solution INuλ exists for time λ 3T , we need that

Mδ > λ
3T =⇒ N1− & λ

3T,

where we have used (2.71) and the fact that δ depends only on ‖u0‖L2(R2). Using the relation
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(2.69) between N and λ , we have

N1− & λ
3T ∼ N

3(1−s)
s T =⇒ N

[
1− 3(1−s)

s

]
−
> cT.

Now, if the power of N is positive, that is

1− 3(1− s)
s

> 0 ⇐⇒ s >
3
4

we can reach time T just increasing the value of N, which concludes our global result.

Finally, we derive a polynomial bound for the Hs norm of the solution to IVP (2.5). Note

that in the previous argument we can select time T ∼ N
4s−3

s −. By definition,

‖u(T )‖2
Hs(R2) . ‖INu(T )‖2

H1(R2) = ‖INu(T )‖2
L2(R2)+‖∇INu(T )‖2

L2(R2) . (2.72)

The first term on the right hand side can be bounded by ‖u0‖2
L2 , since m ≤ 1 and mass

conservation (2.16) holds. To bound the second term on the right-hand side of (2.72),

first, we note that E(INuλ )(λ
3T ) . 1. Moreover, in the focusing case σ = +1, for any

time t ∈ [0,T ], we have ‖uλ (t)‖L2(R2) .
√

2ab‖ϕ‖L2(R2) from (2.70) and the fact that the

equation is L2-critical. Then using relations (2.62) and (2.69), we get

‖∇INu(T )‖2
L2(R2) = λ

2∥∥∇INuλ (λ
3T )
∥∥2

L2(R2)

. λ
2E[INuλ ](λ

3T ). λ
2 . N

2(1−s)
s ∼ T

2(1−s)
4s−3 +.

From (2.72), we have

‖u(T )‖2
Hs(R2) . (1+T )

2(1−s)
4s−3 + ,

which concludes the proof of Theorem 2.1.3.

Theorems 2.1.2 and 2.1.3 of this dissertation appear in [11].
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Chapter 3: Mass-concentration of low-regularity blow-up solutions to the

focusing 2D mZK equation

3.1 Introduction

In the previous chapter, our discussion was limited to the well-posedness of the 2D mZK

equation (2.5) for low-regularity initial data, that is, when u0 ∈ Hs(R2), with 3
4 < s < 1.

We also distinguished the focusing case from the defocusing case. Consistent with our

understanding that focusing nonlinearity opposes the dispersion effect of the linear part,

we found that well-posedness for the focusing equation is guaranteed when we impose a

restriction on the mass of the initial data. The restriction is that the mass (L2 norm) of the

initial data has to be smaller than the mass of the ground state (see Theorem 2.1.2). On the

other hand, in the defocusing case, we do not need any such restriction. In fact, for any data

u0 ∈ Hs(R2) with s > 3
4 , the solution to the defocusing mZK equation will exist globally.

We recall the focusing 2D mZK equation,


vt +∂x(∆v)+∂x(v3) = 0, x = (x,y) ∈ R2, t > 0,

v(x,0) = v0(x).
(3.1)

For this equation, when the mass of the initial data is smaller than the mass of the ground

state (defined in equation (1.9)) ‖ϕ‖L2(R2), the solution is global in Hs(R2) for 3
4 < s < 1.

However, for initial data with larger mass, blowup may occur. In this chapter, we investigate

such blow-up solutions. In particular, we study the behavior of the low-regularity solutions

that would exhibit blow up in finite time, which we define as follows:

Definition 3.1.1. For s > 0, we say that the solution u(x, t) to the IVP 2.5 with u0 ∈Hs(R2)
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blows up in finite time if there exists 0 < T ∗ < ∞ such that

lim
t↑T ∗
‖u(x, t)‖Hs(R2) = ∞.

Understanding blow-up solutions from a mathematical perspective is crucial as they

hold the key to explaining extreme natural phenomena such as oceanic and optical rogue

waves [82]. Significant work has been done in developing the blowup theory in the last

three decades. For critical gKdV equation, Merle [76] proved the existence of solutions that

blow up in the H1(R2) norm in finite or infinite time. Later, the existence of solutions that

blow up in the H1(R2) norm in finite time was established by Martel and Merle [75]. The

2D mZK equation is mass critical, and therefore, can be compared to the gKdV equation in

1D. However, far less is known about the blow-up phenomenon for the 2D mZK equation.

When the initial data u0 is in H1(R2), Farah, Holmer, Roudeko, and Yang [35] proved

that there exists α > 0 such that the solution to 2D mZK blows up in finite or infinite

time if the energy is negative (i.e. E[u0] < 0) and if the mass of the initial data satisfies

‖ϕ‖L2(R2) < ‖u0‖L2(R2) ≤ ‖ϕ‖L2(R2)+α . This is referred to as near-threshhold blow-up

phenomenon for the negative energy solutions. Recently, Klein, Roudenko, Stoilov [63]

investigated the H1(R2) blow-up phenomenon for the 2D mZK equation numerically. In

particular, they provide a conjecture that states that, for sufficiently localized initial data,

with mass larger than the mass of the ground state, the H1(R2) norm of the solution blows

up in finite time. In addition, in [63], some numerical evidence that seems to supported their

conjecture is provided.

However, regarding the blowup solutions to 2D mZK equation with rough initial data

(that is, u0 ∈ Hs(R2) for s < 1), there are no results currently known. In this work, we

establish a mass concentration phenomenon exhibited by blowup solutions of the 2D mZK

equation (2.1) in Hs(R2) with s ≤ 1. Kenig, Ponce, and Vega [60] were the first to treat

the concentration phenomenon for critical gKdV equation. Even though the existence of
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finite time H1(R) blow-up solutions was not yet known, in [60], the authors show that, if

such solutions exist, then they exhibit mass concentration. Mass-concentration results for

s < 1 were first proved by Colliander, Raynor, Sulem, and Write [23] for the L2-critical

2D nonlinear Schrodinger equation. Hmidi and Keraani [49] used a refined version of

a compactness lemma adapted to the blowup solution of the L2 critical NLS to improve

the results of [23]. Using a concentration-compactness argument, Tzirakis [93] proved

such results for one dimensional quintic NLS. For the L2-critical gKdV equation, Pigott

[84] proved similar concentration results using the work of Hmidi and Keraani [49] and

the almost conservation law obtained by Farah [34]. For focusing 2D mZK equation, we

prove that low-regularity solutions which blow up in the Hs(R2) norm, for 17
18 < s≤ 1 in

finite time have the property that the mass of the solutions concentrates inside a ball. This

property displayed by the finite time blow-up solutions gives more insight into their behavior

(should they exist). Since the mass critical gKdV equation has finite time blow-up solutions

in H1(R2), and there is some numerical evidence to suggest the existence of finite time

blow-up solutions for the 2D mZK equation, it is crucial to study additional properties of

such finite time H1(R2) blow up solutions of 2D mZK that would bring to light their long

time behavior. We provide one such property of mass concentration of these solutions. Note

that, here, for the first time, we provide analysis of mass concentration for rough initial data

(that is, for s < 1). While our result applies to the H1(R2) blow-up solutions, it is in fact

more general. More precisely, we prove the following result.

Theorem 3.1.2. Let 17
18 < s ≤ 1. Let v0 ∈ Hs(R2) and suppose that the corresponding

solution of the focusing standard 2D mZK equation (3.1) blows up in finite time T ∗ > 0. Let

γ(t)> 0 be such that

(T ∗− t)
s
3

γ(t)
→ 0, (3.2)
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as t ↑ T ∗. Then, there exists x(t) ∈ R2 such that

limsup
t↑T ∗

∫
|x−x(t)|≤γ(t)

|v(x, t)|2 dx≥ ‖ϕ‖2
L2(R2) . (3.3)

If s = 1, γ(t) as in (3.2), and the same assumptions on v0 and v(t) as above hold. Then,

there exists x(t) ∈ R2 such that

liminf
t↑T ∗

∫
|x−x(t)|≤γ(t)

|v(x, t)|2 dx≥ ‖ϕ‖2
L2(R2) . (3.4)

Remark 3.1.3. The above theorem states that, as t approaches T ∗, a non-trivial portion

of the mass of the blow-up solution v(x, t) is located in a ball. Under the assumptions of

the theorem, we could choose γ(t) = (T ∗− t)
s
3−ε for any small ε > 0. Thus, there exist

x(t) ∈ R2 such that, as t approaches T ∗, mass of such solutions is located in a ball centered

at x(t) ∈ R2, with radius (T ∗− t)
s
3−ε , which shrinks to 0. This property is known as mass

concentration.

Note that, in the case s = 1, we obtain a stronger concentration result, since the limsup

in statement (3.3) is replaced with liminf to obtain (3.4) . Such stronger result can also be

obtained for 17
18 < s < 1 if we impose an additional upper bound on the blowup rate of the

solution. In particular, we prove the following.

Theorem 3.1.4. Let 17
18 < s ≤ 1. Let v0 ∈ Hs(R2) and supposes that the corresponding

solution to IVP (3.7) blows up in finite time T ∗ > 0. Suppose, in addition, that there exists a

r ≥ 1
3 such that

‖v(t)‖Hs(R2) .
1

(T ∗− t)rs . (3.5)
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Let γ(t) satisfy

(T ∗− t)rs

γ(t)
→ 0

as t ↑ T ∗. Then, there exists x(t) ∈ R2 such that

liminf
t↑T ∗

∫
|x−x(t)|≤γ(t)

|v(x, t)|dx≥ ‖ϕ‖2
L2(R2) .

As in the previous chapter, our strategy is to symmetrize the 2D mZK equation using a

linear change of variable. By doing so, we can directly borrow some of the tools developed

for (3.1). Briefly recalling the linear linear change of variables introduced in the previous

chapter, we define the spatial variables

x′

y′

=

a b

a −b


x

y

 (3.6)

with a = 2−
2
3 and b = 3

1
2 2−

2
3 , and define u and u0 by


u(x′,y′, t) = v(x,y, t),

u0(x′,y′) = v0(x,y).

Under such linear transformation the standard 2D focusing mZK equation (3.1) reduces to

the following symmetrized 2D mZK equation


∂tu+(∂ 3

x′+∂ 3
y′)u+a(∂x′+∂y′)(u3) = 0, (x′,y′) ∈ R2, t > 0

u(x′,y′,0) = u0(x′,y′).
(3.7)

For notational convenience, in this chapter, we denote the combined space variable (x′,y′)
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as x′, and (x,y) as x. Throughout this chapter, we would like to maintain the distinction

between x and x′ as they would play an important role in adapting several results to the

symmetrized mZK equation (3.7).

Once symmetrized, we prove a key theorem for the Hs blowup solutions to the sym-

metrized 2D mZK equation.

Theorem 3.1.5. Let 17
18 < s ≤ 1. Let u0 ∈ Hs(R2) and suppose that the corresponding

solution of IVP (3.7) blows up in finite time T ∗ > 0. Then there exists a sequence tn ↑ T ∗

such that the following statement holds.

There is a function V ∈ Hs(R2) with

‖V‖L2(R2) ≥
√

2ab‖ϕ‖L2(R2) , (3.8)

a sequence {ρn} ∈ [0,∞], and a family of points {x′n} ⊂ R2 with

ρn ≤ A(T ∗− tn)
s
3 (3.9)

for some A > 0, such that

ρnu
(
ρn ·+x′n, tn

)
⇀V weakly in Hs(R2). (3.10)

As a direct consequence of Theorem 3.1.5, we shall prove the following concentration

result for a Hs-blowup solution to the symmetrized equation (3.7).

Theorem 3.1.6. Let the hypothesis of Theorem 3.1.5 hold. Let β (t)> 0 be such that

(T ∗− t)
s
3

β (t)
→ 0, (3.11)
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as t ↑ T ∗. Then, there exists x′(t) ∈ R2 such that

limsup
t↑T ∗

∫
|x′−x′(t)|≤β (t)

∣∣u(x′, t)∣∣2 dx′ ≥ 2ab‖ϕ‖2
L2(R2) . (3.12)

If s = 1, there exists x′(t) ∈ R2 and β (t) as in (3.11) such that under that same assump-

tion on u0 and u(t), we have

liminf
t↑T ∗

∫
|x′−x′(t)|≤β (t)

∣∣u(x′, t)∣∣2 dx′ ≥ 2ab‖ϕ‖2
L2(R2) .

This result is analogous to Theorem 3.1.2. The only difference is that the soliton

mass associated with the symmetrized equation (3.7) is a scalar multiple of that of the

un-symmetrized equation (3.1). The scalar 2ab is associated with Jacobian of the sym-

metrization transformation.

Analogous to Theorem 3.1.4, for the symmetrized equation we prove,

Theorem 3.1.7. Let 17
18 < s ≤ 1. Let u0 ∈ Hs(R2) and supposes that the corresponding

solution to IVP (3.7) blows up in finite time T ∗ > 0. Suppose, in addition, that there exists a

r ≥ 1
3 such that

‖u(t)‖Hs(R2) .
1

(T ∗− t)rs . (3.13)

Let β (t) satisfies

(T ∗− t)rs

β (t)
→ 0 (3.14)

as t ↑ T ∗.
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Then, there exists x′(t) ∈ R2 such that

liminf
t↑T ∗

∫
|x′−x′(t)|≤β (t)

∣∣u(x′, t)∣∣dx′ ≥ 2ab‖ϕ‖2
L2(R2) .

Two of the main ingredients of this work are the I-method developed by Colliander, Keel,

Staffilani, Takaoka, and Tao [21, 22], and a variant of a compactness theorem in the same

spirit as in Hmidi and Keraani [48]. We follow the approach of Hmidi and Keraani [49], and

Pigott [84], to prove Theorem 3.1.5 first. The proof is based on the almost conservation law

developed in the previous chapter and a variant of the compactness theorem in the same

spirit as in [48]. Our variant of the compactness theorem uses a consequence of the usual

profile decomposition theorem in H1(R2), which we prove in Section 3.4. After proving

the concentration results in Theorem 3.1.6 and Theorem 3.1.7 for the symmetrized mZK

equation in Section 3.7, we show that Theorem 3.1.2 and Theorem 3.1.4 for the standard

mZK equation follow using a change of variable in Section 3.8.

In the next section, we introduce some notations and recall some of the preliminary

results to be used throughout this chapter.

3.2 Notations and preliminaries

Recalling the definition of the smoothing operator IN of order (1− s) from subsection 2.5,

we have the following inequalities among the Hs(R2) norm and the H1(R2) norm of a

function f ∈ Hs(R2)

‖ f‖Hs(R2) . ‖IN f‖H1(R2) . N1−s ‖ f‖Hs(R2) . (3.15)

By λ (t) and Λ(t), we denote the following quantities related to the Hs(R2) norm of the
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solution u(x′, t) of IVP (3.7)

λ (t) = ‖u(t)‖Hs(R2) ,

Λ(t) = sup
0≤τ≤t

λ (τ).

Moreover, σ(t) and Σ(t) denote the quantities related to the H1(R2) norm of the smoothened

solution INu(x′, t).

σ(t) = ‖INu(t)‖H1(R2) ,

Σ(t) = sup
0≤τ≤t

σ(τ).

Using, (3.15), we have the following inequality

Σ(t). N1−s
Λ(t). (3.16)

Next, we mention an elementary result which will by used in the proof of Theorem 3.1.5.

Lemma 3.2.1. If fn ⇀ f weakly in H1(R2), fn ⇀ f weakly in Hs(R2) for s < 1.

Proof. fn ⇀ f weakly in H1(R2) implies that for any ϕ ∈ H−1(R2), we have

∫
( fn(x)− f (x))ϕ(x)dx→ 0 as n→ ∞. (3.17)

Now, since for any s < 1,

‖ϕ‖H−1(R2) ≤ ‖ϕ‖H−s(R2) ,

we have that H−s(R2)⊂ H−1(R2).

Thus, for any ϕ ∈ H−s(R2), we have ϕ ∈ H−1(R2) and hence (3.17) holds. Thus,

fn ⇀ f weakly in H−s(R2).
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We also recall the sharp Gagliardo-Nirenberg inequality adapted to the variable x′. From

equation (2.65), we have

‖ f‖4
L4(R2) ≤

1

a2b‖ϕ‖2
L2(R2)

‖∇ f‖2
L2(R2)−

∫
R2

fx′(x′) fy′(x′)dx′
‖ f‖2

L2(R2) . (3.18)

Now, we prove the following local-wellposedness result similar to Theorem 2.6.4. The

only improvement here is that the time δ of local existence of INu depends on the −4− ε

power of the H1(R2) norm of the initial data INu0.

Theorem 3.2.2. Let 3
4 < s < 1 and suppose that u0 ∈ Hs(R2). Then there exists a δ > 0

such that the initial value problem has a unique local solution INu ∈C([0,δ ];H1(R2)) such

that

‖INu‖Xδ

1, 1
2+

. ‖INu0‖H1(R2) . (3.19)

Moreover, the local time of existence δ is given by

δ ∼ ‖INu0‖−4−
H1(R2) . (3.20)

Proof. Applying Xδ

1, 1
2+

norm on both sides of (2.53) and applying estimates (2.54) and

(2.55) with b = 1
2+ and b′ = 0, we obtain

‖INu‖Xδ

1, 1
2+

. ‖INu0‖H1(R2)+δ
1
2−
∥∥(∂x +∂y)(IN(u3))

∥∥
Xδ

1,b′
,

since (1−b+b′) = 1
2−. By definition of localized norm Xδ

s,b , we have

‖INu‖Xδ

1, 1
2+

. ‖INu0‖H1(R2)+δ
1
2−
∥∥(∂x +∂y)(IN(ψ

3))
∥∥

X1,b′
,
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where the function ψ(x,y, t) = u(x,y, t) on R2× [0,δ ] and

‖INu‖Xδ

1,b′
∼ ‖INψ‖X1,b′

. (3.21)

Now, using the trilinear estimate (2.60) for ψ and relation (2.59), we get

‖INu‖Xδ

1, 1
2+

. ‖INu0‖H1(R2)+δ
1
2− ‖INu‖3

Xδ

1, 1
2+

. (3.22)

Now, using the same argument as in Theorem 2.6.4 involving a contraction mapping

principle, we conclude that there is δ > 0 with δ
1
2− ∼ ‖INu0‖−2

H1(R2) such that ‖INu‖Xδ

1, 1
2+

.

‖INu0‖H1(R2).

We also recall the almost conservation law from Proposition 2.5.2. It states the following:

Let s > 3
4 , N >> 1 and u ∈ Hs(R2) be a solution to (2.5) on [T,T +δ ]. Then we have the

following growth of the modified energy functional

∣∣E1[u(T +δ )]−E1[u(T )]
∣∣. N−1+

(
‖Iu‖4

Xδ

1, 1
2+

+‖Iu‖6
Xδ

1, 1
2+

)
. (3.23)

Using (3.19) from the local existence theorem 3.2.2 for INu, the almost conservation law

(3.23) can be written as

∣∣E1[u(T +δ )]−E1[u(T )]
∣∣. N−1+

(
‖Iu(T )‖4

H1(R2)+‖Iu(T )‖6
H1(R2)

)
(3.24)

. N−1+
(

Σ(T )4 +Σ(T )6
)
. (3.25)

3.3 Lower bound of Hs blowup solutions

In this section, we derive an lower bound on the H1(R2) norm of the smoothened solution

INu, where u is a Hs(R2)-blowup solution to the symmetrized 2D mZK equation (3.7).
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Proposition 3.3.1. Let u0 ∈Hs(R2) with 0 < s≤ 1. Let u(t) be the solution to IVP (3.7) on

the maximal forward-in-time interval of existence [0,T ∗) with T ∗ < ∞. If t is sufficiently

close to T ∗, then

‖INu(t)‖H1(R2) & (T ∗− t)−
s
3 . (3.26)

Proof. Due to (3.15), it is enough to show that

‖u(t)‖Hs(R2) &
1

(T ∗− t)
s
3
. (3.27)

We use a standard scaling argument (see Merle and Raphäel [77], for example).

Note that for the scaled solution defined in equation (1.7) satisfies

‖uλ‖H̊s(R2) = λ
s ‖u‖H̊s(R2) .

For t sufficiently close to T ∗, we define vt by

vt(τ,x′) = λu
(
λ (t)x′,λ (t)y′, t +λ

3(t)τ
)
,

where λ (t) is defined such that

λ
s(t)‖u(t)‖H̊s(R2) = 1,

i.e.,

λ (t) = ‖u(t)‖−
1
s

H̊s(R2)
.
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Under this choice of λ (t), since the scaling if L2-critical, we have that

‖vt(0)‖H̊s(R2) = 1.

On the other hand, the local well-posedness result of IVP (3.7) in Hs(R2) for 3
4 < s < 1,

states that if u0 ∈Hs(R2), there exists T = T
(
‖u0‖Hs(R2)

)
> 0 such that u(t) ∈Hs(R2) for

all t ∈ [0,T ) (See [71]). Therefore, the local theory of vt in Hs(R2) implies that there exists

τ0(s)> 0 such that vt is locally well-posed for all time τ ∈ [0,τ0(s)), which is independent

of t. This is due to the fact that the L2(R2) norm of the initial data vt(x′,0) is independent

of t. i.e.

∥∥vt(x′,0)
∥∥

L2(R2)
=
∥∥u(x′,0)

∥∥
L2(R2)

= ‖u0‖L2(R2) ,

and the H̊s(R2) norm of vt(x′,0) is 1, a constant. Therefore, from the definition of vt , we

conclude that

t +λ
3(t)τ0(s)< T ∗.

Using the choice of λ (t), we obtain

‖u(t)‖H̊s ≥
C(s)

(T ∗− t)
s
3

for some constant C(s) = (τ0(s))
s
3 , depending only on s.

This completes the proof.

3.4 Profile decomposition

Hmidi-Keraani [48] proved the following profile decomposition theorem for a bounded

sequence in H1(Rn), where n ≥ 1 denotes the spatial dimension. We state the result for
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n = 2.

Theorem 3.4.1. Let {ψn}∞
n=1 be a bounded sequence in H1(R2). Then, there exist a

subsequence, still denoted by {ψn}∞
n=1, a family {xxx′j}∞

j=1 of sequences in R2 (where xxx′j =

{x′n, j}∞
n=1 ⊂ R2 ), and a sequence {V j}∞

j=1 in H1(R2), such that the following hold

1. for every k 6= j,
∣∣∣x′n,k−x′n, j

∣∣∣→ ∞ as n→ ∞,

2. for every l ≤ 1 and every x′ ∈ R2, we have

ψn(x′) =
l

∑
j=1

V j(x′−x′n, j)+ψ
l
n(x
′)

with

limsup
n→∞

∥∥∥ψ
l
n

∥∥∥
L4(R2)

→ 0 as l→ ∞. (3.28)

Moreover, the decomposition of both vn and ∇vn satisfy the following asymptotic Pythagorean

expansion

‖ψn‖2
L2(R2) =

l

∑
j=1

∥∥V j∥∥2
L2(R2)

+
∥∥∥ψ

l
n

∥∥∥2

L2(R2)
+o(1), (3.29)

and

‖∇ψn‖2
L2(R2) =

l

∑
j=1

∥∥∇V j∥∥2
L2(R2)

+
∥∥∥∇ψ

l
n

∥∥∥2

L2(R2)
+o(1). (3.30)

In this chapter, we prove an additional property for such a decomposition.

Lemma 3.4.2. In addition to satisfying relations (3.29) and (3.30), the subsequence {ψn}∞
n=1

and the family {V j}∞
j=1 in the conclusion of Theorem 3.4.1 also satisfy the following expan-
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sion.

∫
R2

∂x′ψn∂y′ψn(x′)dx′ =
l

∑
j=1

∫
R2

V j
x′(x
′)V j

y′(x
′)dx′+

∫
R2

∂x′ψ
l
n(x
′)∂y′ψ

l
n(x
′)dx′+o(1). (3.31)

Proof. This result is an easy byproduct the proof of Theorem 3.4.1 stated in Proposition

3.1 of [48]. Here, we present a complete proof by recalling the construction of the families

{V j}∞
j=1 and {xxx′j}∞

j=1.

Given the bounded sequence Ψ = {ψn}∞
n=1 ⊂ H1(R2), we construct the set S(Ψ) by

collecting all the weak H1(R2) limits of translated subsequences Ψ. i.e.,

S(Ψ) = {V : ∃{ψnk} ⊂Ψ such that ψnk(·+x′n)⇀V in H1(R2) as k→ ∞,{x′n} ⊂ R2}.

Next, we take the supremum over the H1(R2) norm of all such translated subsequencial

weak limits. i.e. we define

η(Ψ) = sup
V∈S(Ψ)

‖V‖H1(R2) .

By definition, we have η(Ψ)≤ limsupn→∞ ‖ψn‖H1(R2) .

Our aim is to prove that there exists a sequence {V j}∞
j=1⊂ S(Ψ) and a family of sequence

of translations {xxx′j}∞
j=1 with a pairwise divergence property

∣∣x′n,k−x′n, j
∣∣→ ∞ as n→ ∞ for k 6= j

such that upto a subsequence, the sequence {ψn}∞
n=1 can be decomposed as

ψn(x′) =
l

∑
j=1

V j(x′−x′n, j)+ψ
l
n(x
′)
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with

η(Ψl)→ 0 as l→ ∞,

where Ψl = {ψ l
n}∞

n=1, and the identities (3.29) - (3.31) hold. If η(Ψ) = 0, we an take V j = 0

for all j. Otherwise, we choose the first function V 1 ∈ S(Ψ) such that

∥∥V 1∥∥
H1(R2)

≥ 1
2

η(Ψ)> 0.

Since V 1 ∈ S(Ψ), there exists a sequence of translations {xn,1}∞
n=1, such that, upto a subse-

quence, we have

ψn(·+x′n,1)⇀V 1 in H1(R2).

We set the residue

ψ
1
n := ψn−V 1(·−x′n,1).

Since ψ1
n (·+x′n,1)⇀ 0 in H1(R2), as n→ ∞,

‖ψn‖2
L2(R2) =

∥∥V 1∥∥2
L2(R2)

+
∥∥ψ

1
n
∥∥2

L2(R2)
+o(1)

and

‖∇ψn‖2
L2(R2) =

∥∥∇V 1∥∥2
L2(R2)

+
∥∥∇ψ

1
n
∥∥2

L2(R2)
+o(1).
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Moreover, note that

∫
R2

∂x′ψn(x′)∂y′ψn(x′)dx′

=
∫
R2

∂x′ψn(x′+x′n,1)∂y′ψn(x′+x′n,1)dx′

=
∫
R2

∂x′
(
ψ

1
n (·+x′n,1)+V 1(x′)

)
∂y′
(
ψ

1
n
(
x′+x′n,1

)
+V 1(x′)

)
dx′

=
∫
R2

∂x′ψ
1
n (x
′)∂y′ψ

1
n (x
′)dx′+

∫
R2

∂x′V
1(x′)∂y′V

1(x′)dx′

+
∫
R2

ψ
1
n (x
′+x′n,1)∂y′V

1(x′)dx′+
∫
R2

∂x′V
1(x′)∂y′ψn,1(x′+x′n,1)dx′.

Recalling the definition of weak convergence, the sequence {ψn}∞
n=1 weakly converges

to V 1 in H1(R2) if and only if


∂x′ψn ⇀ ∂x′V 1 in L2(R2),

∂y′ψn ⇀ ∂y′V 1 in L2(R2),

ψn ⇀ ψ in L2(R2).

Therefore, as n→ ∞, the integrals
∫
R2

ψ1
n (x′+x′n,1)∂y′V 1(x′)dx′ and

∫
R2

∂x′V 1(x′)∂y′ψn,1(x′+

x′n,1)dx′ go to zero. Thus, we have

∫
R2

∂x′ψn(x′)∂y′ψn(x′)dx′ =
∫
R2

∂x′ψ
1
n (x
′)∂y′ψ

1
n (x
′)dx′+

∫
R2

∂x′V
1(x′)∂y′V

1(x′)dx′+o(1).

Now, replacing Ψ by Ψ1, we repeat the same steps. i.e., if η(Ψ1)> 0, we get V 2 such

that its H1(R2) norm is bigger or equal to half of η(Ψ1). We also get an associated sequence
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of translations {x′n,2}∞
n=1 and the set Ψ2. Moreover, we have that

∣∣x′n,1−x′n,2
∣∣→ ∞ as n→ ∞. (3.32)

To see this, we assume the contrary. We assume that there exists x0 ∈ R2 such that, there is

a subsequence of {x′n,1}∞
n=1 (still denoted by x′n,1) with

xn,1−xn,2→ x0 as n→ ∞.

Now, since

ψ
1
n (x
′+x′n,2) = ψ

1
n (x
′+
(
x′n,2−x′n,1

)
+x′n,1),

and ψ1
n (·+x′n,1) converges weakly to 0, we have that V 2 = 0. Thus, η(Ψ1) = 0, a contra-

diction. Therefore, (3.32) holds.

This way, by iterating the process of orthogonal extraction, we construct the families

{xxx′j}∞
j=1 and {V j}∞

j=1 that satisfy the equations (3.29), (3.30), and (3.31).

We have chosen V j such that

η(Ψ j)≤
∥∥V j−1∥∥

H1(R2)
. (3.33)

Since the series ∑
∞
j=1
∥∥V j

∥∥
H1(R2)

converges,

∥∥V j∥∥
H1(R2)

→ 0 as j→ 0. (3.34)

Combining inequalities (3.33) and (3.34), we get that η(Ψ j)→ 0 as j→ ∞.

Therefore, it remains to show that

limsup
n→∞

∥∥∥ψ
l
n

∥∥∥
L4(R2)

→ 0 as l→ ∞,
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which follows directly from the proof of Proposition 3.1 of [48].

Therefore, we have proved equation (3.31) for the subsequence {ψn}∞
n=1 and the family

{V j}∞
j=1 that satisfy the conclusions of Theorem 3.4.1.

3.5 A compactness theorem

With the profile decomposition tool developed so far, we are ready to prove a compactness

theorem, which will be used to prove Theorem 3.1.5. This is a variant of Theorem 1.1

of Hmidi-Keraani [49]. The key difference here is that for a bounded family of H1(R2)

functions, we have imposed an upper bound on the mass of the transformed gradient under

the symmetrization transformation. The trade-off here is that the weak limit of a converging

subsequence extracted from this bounded family will be related to the soliton mass ‖ϕ‖L2(R2)

via a different scalar.

Theorem 3.5.1. Let {ψn} be a bounded family in H1(R2) such that

liminf
n→∞

‖∇ψn‖2
L2(R2)−

∫
R2

∂x′ψn(x′)∂y′ψn(x′)dx′
≤M2 (3.35)

and

limsup
n→∞

‖ψn‖L4(R2) ≥ m. (3.36)

Then, there exists {x′n} ⊂ R2 such that up to a subsequence,

ψn(.+x′n)⇀V (3.37)

weakly in H1(R2) with

‖V‖L2(R2) ≥
m2
√

a2b
M

‖ϕ‖L2(R2) (3.38)
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where ϕ is the unique, positive, radial solution to the elliptic problem

∆x′ϕ(x′)−ϕ(x′)+ϕ
3(x′) = 0, x′ ∈ R2.

Proof. Using Theorem 3.4.1, we can find a subsequence of {ψn}∞
n=1, still denoted by

{ψn}∞
n=1, a family of sequence of translations {x′n, j}∞

n, j=1, a family {V j}∞
n=1 of H1(R2)

functions such that

ψn(x′) =
l

∑
j=1

V j(x′−x′n, j)+ψ
l
n(x
′), (3.39)

and (3.29), (3.30) , and (3.31) hold.

Using the variant of sharp GN (3.18), we have

∥∥V j∥∥4
L4(R2)

≤Csym

∥∥∇V j∥∥2
L2(R2)

−
∫
R2

∂x′V
j(x′)∂y′V

j(x′)dx′
∥∥V j∥∥2

L2(R2)
.

where

Csym =
1

a2b‖ϕ‖2
L2(R2)

Summing over j, we conclude

∞

∑
j=1

∥∥V j∥∥4
L4(R2) ≤Csym

(
sup

j

∥∥V j∥∥2
L2(R2)

)
∞

∑
j=1

∥∥∇V j∥∥2
L2(R2)

−
∫
R2

∂x′V
j(x′)∂y′V

j(x′)dx′
 .

(3.40)
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Subtracting equation (3.31) from equation (3.30), we obtain

‖∇ψn‖2
L2(R2)−

∫
R2

∂x′ψn(x′)∂y′ψn(x′)dx′ =
l

∑
j=1

∥∥∇V j∥∥2
L2(R2)

−
∫
R2

∂x′V
j(x′)∂y′V

j(x′)dx′


(3.41)

+

∥∥∥∇ψ
l
n

∥∥∥2

2
−
∫
R2

∂x′ψ
l
n(x
′)∂y′ψ

l
n(x
′)

+o(1).

(3.42)

Note that, using Young’s inequality, we can write the second term of the right hand side as

∥∥∥∇ψ
l
n

∥∥∥2

L2(R2)
−
∫

∂x′ψ
l
n(x
′)∂y′ψ

l
n(x
′)dx′ ∼

∥∥∥∇ψ
l
n

∥∥∥2

L2(R2)
≥ 0.

Therefore, equation (3.41) and the upper bound (3.35) imply

∞

∑
j=1

∥∥∇V j∥∥2
L2(R2)

−
∫
R2

∂x′V
j(x′)∂y′V

j(x′)dx′


≤ limsup
n→∞

‖∇ψn‖2
L2(R2)−

∫
R2

∂x′ψn(x′)∂y′ψn(x′)dx′
≤M2.

Hence, from (3.40), we obtain

∞

∑
j=1

∥∥V j∥∥4
L4(R2) ≤CsymM2

(
sup

j

∥∥V j∥∥2
L2(R2)

)
. (3.43)

On the other hand, using the triangle inequality, (3.39) implies

‖ψn‖4
L4(R2) ≤

∥∥∥∥∥ l

∑
j=1

V j(·−x′n, j)

∥∥∥∥∥
L4(R2)

+
∥∥∥ψ

l
n

∥∥∥
L4(R2)

.
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Applying limsupn→∞ on both sides, and using (3.28) and (3.36), we have

m4 ≤ limsup
n→∞

∥∥∥∥∥ l

∑
j=1

V j(·−x′n, j)

∥∥∥∥∥
4

L4(R2)

.

Moreover, using the elementary inequality

∣∣∣∣∣∣
∣∣∣∣∣ l

∑
j=1

a j

∣∣∣∣∣
4

−
l

∑
j=1

∣∣a j
∣∣4∣∣∣∣∣∣≤C ∑

j 6=k

∣∣a j
∣∣ |ak|3

we can write for all l ∈ N,

∣∣∣∣∣∣
∥∥∥∥∥ l

∑
j=1

V j(·−x′n, j)

∥∥∥∥∥
4

L4(R2)

−
l

∑
j=1

∥∥V j(·−x′n, j)
∥∥

L4(R2)

∣∣∣∣∣∣
≤
∫
R2

∣∣∣∣∣∣
∣∣∣∣∣ l

∑
j=1

V j(x′−x′n, j)

∣∣∣∣∣
4

−
l

∑
j=1

∣∣V j(x′−x′n, j
∣∣4∣∣∣∣∣∣dx′

≤C ∑
j 6=k

∫
R2

∣∣V j(x′−x′n, j)
∣∣ ∣∣V j (x′−x′n,k

)∣∣3 dx.

Using the pairwise orthogonality of the family {xxx′j}, we see that the term on the right hand

side vanishes as n→ ∞. Therefore, we have the following inequality

m4 ≤
∞

∑
j=1

∥∥V j∥∥4
L4(R2)

. (3.44)

Combining inequalities (3.43) and (3.44), we obtain

m4 ≤Csym

(
sup

j

∥∥V j∥∥2
2

)
M2.

Therefore, we obtain a lower bound on the supremum of the L2(R2) norm of V j over all
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j ∈ N, which is

sup
j∈N

∥∥V j∥∥
L2(R2)

≥ m4

M2Csym
. (3.45)

Since the series ∑
∞
j=1
∥∥V j

∥∥2
L2(R2)

converges, the supremum is attained at j = j0 (say). Then

∥∥V j0
∥∥

L2(R2)
≥ m2√

CsymM
.

Change the variable x′ to (x′+x′n, j0), we have

ψn(x′+x′n, j0) =V j0(x′)+
l

∑
j 6= j0

V j(x′+x′n, j0−x′n, j)+ψ
l
n(x
′+x′n, j0).

The pairwise orthogonality of the family {x′j}∞
j=1 implies

V j(·+x′n, j0−x′n, j)⇀ 0

in H1(R2) as n→ ∞ for every j 6= j0. Therefore, taking the weak H1(R2) limit, we get

ψn(·+x′n, j0)⇀V j0 +ψ
l(·+x′n, j0),

where ψ l is the weak H1(R2) limit of ψ l
n as n→ ∞. However, note that

∥∥∥ψ
l(·+xn, j0)

∥∥∥
L4(R2)

≤ limsup
n→∞

∥∥∥ψ
l
n(·+xn, j0)

∥∥∥
L4(R2)

≤ limsup
n→∞

∥∥∥ψ
l
n

∥∥∥
L4(R2)

.

Since the right hand side goes to zero as l→ 0, by uniqueness of weak limits, we obtain

ψ
l = 0
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for all l ≥ j0. Therefore,

ψn(·+x′n, j0)⇀V j0 in H1(R2).

Defining V :=V j0 , inequality (3.45) implies

‖V‖L2(R2) ≥
m2√

CsymM
=

m2
√

a2b
M

‖ϕ‖L2(R2) ,

which is the desired bound (3.38). Renaming the sequence x′n, j0 as x′n, (3.37) follows.

3.6 Proof of the Theorem 3.1.5

In this section, we prove our main theorem, viz. Theorem 3.1.5. But first, we need the

following proposition to obtain a bound on the modified energy functional E1 in terms of

Λ(t). This is a consequence of the almost conservation law (3.23).

Proposition 3.6.1. For 17
18 < s≤ 1, there exists p(s)< 2 such that the following statement

holds.

Suppose u0 ∈ Hs(R2) and that u(t) is the corresponding solution to the IVP (3.7) on the

maximal finite time interval [0,T ∗). Then, for all T < T ∗ there exists N = N(T ) such that

the modified energy functional

∣∣∣E1
N(T )[u(T )]

∣∣∣≤C0Λ(T )p(s),

where C0 =C0(s,T ∗,‖u0‖Hs) and

N(T ) =C (Λ(T ))
p(s)

2(1−s) .

Proof. The steps of this proof follow closely that of Pigott [84].
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First we treat the easy case s = 1. In this case, we take N(T ) = ∞. Then, the smoothing

operator IN(T ) becomes the identity operator, which implies IN(T )u = u, and hence, E1 = E.

Therefore, the conclusion holds with p(1) = 0 due to conservation of energy (2.15) and the

fact that ‖∇u(t)‖L2 → ∞ and t ↑ T ∗.

Next, we suppose that 17
18 < s < 1. Consider T near T ∗. Let N = N(T ), to be chosen

later. Due to Theorem 3.2.2, the time of local existence for the solution u to IVP (3.7) is

δ ∼ Σ(T )−4−. Therefore, we can divide the interval [0,T ] into T
δ

sub-intervals of size δ . On

each of those sub-intervals, we use the almost conservation law (3.24) to get

E1[u(T )]≤ E1[u(0)]+C
T
δ

N−1+
(

Σ(T )4 +Σ(T )6
)

. N2(1−s)+N−1+
Σ(T )8++N−1+

Σ(T )10+.

To obtain the first term on the right hand side of the inequality above, we have used the

Gagliardo-Nirenberg inequality (2.2). Indeed, recalling the definition of the energy (2.15),

we get

E1[u(0)]. ‖∇INu0‖2
L2(R2)+‖INu0‖4

L4(R2)

. ‖INu0‖2
H1(R2)+‖INu0‖2

L2(R2) ‖∇INu0‖2
L2(R2)

. N2(1−s) ‖u0‖2
Hs(R2)+N2(1−s) ‖u0‖2

Hs(R2) ‖u0‖2
L2(R2)

. N2(1−s).

Next, using (3.16), we obtain

E1[u(T )]. N2(1−s)+N−1+N8(1−s)+
Λ(T )8++N−1+N10(1−s)+

Λ(T )10+. (3.46)
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Since N >> 1 and T is close to T ∗, we have that

N8(1−s)+
Λ(T )8+ ≤ N10(1−s)+

Λ(T )10+.

Therefore, (3.46) reduces to

E1[u(T )]. N2(1−s)+N−1+N10(1−s)+
Λ(T )10+.

Now, we choose N = N(T ) such that

N2(1−s) ∼ N−1+N10(1−s)+
Λ(T )10+,

or,

N(T )∼ Λ(T )
10

8s−7+. (3.47)

This choice of N(T ) implies

E1[u(T )]. N2(1−s) ∼ Λ(T )p(s),

where

p(s) =
20(1− s)

8s−7
+ . (3.48)

Notice that p(s)< 2 if s > 17
18 .

This completes the proof.

Proof of Theorem 3.1.5. We follow the method described in the proof of Theorem 1.5 of

Hmidi and Keraani [49]. (See also Pigott [84]). Since we consider the 2D symmetrized mZK

equation (3.7), the new elements here are the definition of ρn in terms of the transformed

89



gradient operator, and the use of Theorem 3.5.1. Let {tn}∞
n=1 be a sequence such that tn ↑ T∗

and for each tn we have ‖u(tn)‖Hs(R2) = Λ(tn).

Remark 3.6.2. We choose the sequence {tn} to be the right end point of intervals starting at

0 such that the supremum of λ (t) is acheived at the right boundary. Note that we can choose

such a sequence, since λ (t) is continuous in t, Λ(T ∗) = ∞ and Λ(0) = ‖u(0)‖Hs(R2) < ∞.

For example, since limt→T ∗ λ (t) = ∞, we can choose t1 easily. Next, given tn, we can

choose tn+1 inductively in the following way. Note that there is tn+1 ∈ (tn,T ∗) such that

λ (tn+1)> λ (t) for all t ∈ [tn, tn+1], since limt→T ∗ λ (t) = ∞. We can further ensure that the

distance between every two consecutive tn’s have some uniform lower bound.

Define the sequence un by

un := ρnINu(ρnx′, tn) (3.49)

and

ρn :=
‖∇ϕ‖L2(R2)√

‖∇INu(tn)‖2
L2(R2)−

∫
R2

IN∂x′u(x′, tn)IN∂y′u(x′, tn)dx′
. (3.50)

Applying Young’s inequality applied to the denominator of ρn, we note that

‖∇ϕ‖L2(R2)√
3
2 ‖∇INu(tn)‖L2(R2)

≤ ρn ≤
‖∇ϕ‖L2(R2)√

1
2 ‖∇INu(tn)‖L2(R2)

.

Since ‖u(tn)‖Hs(R2)→ ∞ as n→ ∞, using equation (3.15) , we obtain ‖u(tn)‖Hs(R2) ≤

‖INu(tn)‖H1(R2). Therefore, we have ‖INu(tn)‖H1(R2)→ ∞ as n→ ∞.

Now, recalling the definition of H1(R2) norm,

‖INu(tn)‖H1(R2) = ‖INu(tn)‖L2(R2)+‖∇INu(tn)‖L2(R2) . (3.51)
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Note that first term of the right hand side is bounded by a constant for all n, due to the

definition of the operator IN and the conservation of mass. i.e., ‖INu(tn)‖L2(R2) ≤ ‖u0‖L2(R2).

But the left hand side of (3.51) approaches infinity as n→ ∞. Therefore, we conclude that

‖∇INu(tn)‖L2(R2)→ ∞ as n→ ∞.

Therefore,

‖INu(tn)‖L2(R2) ≤ ‖∇INu(tn)‖

for some n large enough. Thus, for large n, we have,

‖u(tn)‖Hs(R2) . ‖∇INu(tn)‖L2(R2) ,

and hence

ρn . ‖u(tn)‖−1
Hs(R2) = Λ(tn)−1. (3.52)

Note that, from Proposition 3.3.1, there exists a constant A > 0 such that ρn ≤ A(T ∗−

tn)
s
3 . Therefore, the bound (3.9) holds.

Due to the scaling invariance of the L2 norm and the fact that m≤ 1, we observe that

‖un‖L2(R2) . ‖u0‖L2(R2) .

Moreover, from the definition of un, and using a change of variable,

‖∇un‖2
L2(R2) = ρ

4
n

∫
R2

∣∣IN∇xu(ρnx′, tn)
∣∣2 dx′ = ρ

2
n

∫
R2

∣∣∇INu
(
x′, tn

)∣∣2 dx′,

91



and

∫
R2

∂x′un(x′)∂y′unx′dx′ = ρ
4
n

∫
R2

IN∂x′u(ρnx′, tn)(x′)IN∂y′u(ρnx′, tn)dx′

= ρ
2
n

∫
R2

IN∂x′u(x′, tn)IN∂y′u(x′, tn)dx′.

Also, note that

‖un‖4
L4(R2) = ρ

4
n

∫
R2

∣∣INu(ρnx′, tn)
∣∣4 dx′ = ρ

2
n

∫
R2

∣∣INu(x′, tn)
∣∣4 dx′.

So, from Proposition 3.6.1 and (3.52), we have that

E[un] = ρ
2
n E[INu(tn)]. ρ

2
n (Λ(tn))

p(s) ≤ (Λ(tn))
p(s)−2 .

Therefore, E[un]→ 0 as n→ ∞ as p(s)< 2 for 17
18 < s≤ 1 and Λ(tn)→ ∞ as n→ ∞.

From the definition of ρn,

‖∇un‖2
L2(R2)−

∫
R2

∂x′un(x′)∂y′un(x′)dx′

= ρ
2
n

‖∇INu(tn)‖2
L2(R2)−

∫
R2

IN∂x′u(x′, tn)IN∂y′u(x′, tn)

dx′ = ‖∇ϕ‖2
L2(R2) .

Therefore, from the definition of E[un] and the fact that E[un]→ 0, we conclude that

a
2
‖un‖4

L4(R2)→‖∇ϕ‖2
L2(R2) as n→ ∞.

Now, in Theorem 3.5.1, we can take

M = ‖∇ϕ‖L2(R2)
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and

m2 =

√
2√
a
‖∇ϕ‖L2(R2)

to conclude that there exist a function V ∈ H1(R2) and a sequence {x′n}∞
n=1 such that

un(·+x′n)⇀V weakly in H1(R2) with

‖V‖2 ≥
m2
√

a2b
M

‖ϕ‖L2(R2) =
√

2ab‖ϕ‖L2(R2) .

So far, using Theorem 3.5.1, we have concluded that there exists a sequence {x′n} ⊂ R2

such that, up to a subsequence, un(·+x′n)⇀V weakly in H1(R2) with

‖V‖L2(R2) ≥
√

2ab‖ϕ‖2 .

Therefore, Lemma 3.2.1 implies that un(·+x′n)⇀V weakly in Hs for any s < 1, which can

be rewritten as

ρnINu(ρn ·+x′n, tn)⇀V

weakly in Hs for any s < 1, where we have renamed ρnx′n by x′n.

It remains to show that

ρnu(ρn ·+x′n, tn)⇀V in Hs(R2).

First, we deal with the easy case when s = 1. When u0 ∈ H1(R2), we choose N = ∞. In

that case, IN = 1, the identity operator. Therefore, we have the following conclusion:

un = ρnu(ρn ·+x′n, tn)⇀V weakly in H1(R2).
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We shall now show that for 17
18 < s < 1, the Hs(R2) limit of both ρnINu(ρn ·+x′n) and

ρnu(ρn ·+x′n) is V (which will imply weak convergence of ρnu(ρn ·+x′n) to V in Hs(R2) as

well). We do this by bounding the difference of ρnINu(ρn ·+x′n, tn) and ρnu(ρn ·+x′n, tn) in

H̊r(R2) space with r < s.

Using the scaling property of Fourier transform, and a change of variable

‖(INu−u)(ρn·, tn)‖2
H̊r(R2)

=
1

ρ4
n

∫
R2

|ξ |2r
∣∣∣∣(m−1)

(
ξ

ρn
, tn

)∣∣∣∣2 ∣∣∣∣û( ξ

ρn
, tn

)∣∣∣∣2 dξ

= ρ
2r−2
n

∫
R2

|ξ |2r |(m−1)(ξ )|2 |û(ξ , tn)|2 dξ .

Now, the frequency support of the function (m−1) is {ξ : |ξ | ≥ N}. Therefore, for s > r,

we can write the integral as

ρ
2r−2
n

∫
|ξ |≥N

|ξ |2r |(m−1)(ξ , tn)|2 |û(ξ , tn)|2 dξ

= ρ
2r−2
n

∫
|ξ |≥N

|ξ |2r−2s |ξ |2s |(m−1)(ξ , tn)|2 |û(ξ , tn)|2 dξ

≤ ρ
2r−2
n N2(r−s)

∫
|ξ |≥N

|ξ |2s |(m−1)(ξ , tn)|2 |û(ξ , tn)|2 dξ

≤ ρ
2r−2
n N2(r−s)

∫
|ξ |≥N

|ξ |2s |û(ξ , tn)|2 dξ

≤ ρ
2r−2
n N2(r−s) ‖u(tn)‖2

H̊s(R2)
.

Therefore, for any r < s < 1, using (3.52) and (3.47), we have

∥∥ρn (INu−u)(ρn ·+x′n, tn)
∥∥

H̊r(R2)
≤ ρ

r
nNr−s ‖u(tn)‖Hs(R2) . (Λ(tn))

q(s) , (3.53)
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where

q(s) =
p(s)(r− s)

2(1− s)
+1− r.

Since Λ(tn)→ ∞, the right hand side of (3.53) goes to zero if q(s)< 0. Now, q(s)< 0 if

20(1− s)
8s−7

r− s
2(1− s)

+1− r < 0

=⇒ 10(r− s)
8s−7

+1− r < 0.

If s > 7
8 , we have that

10(r− s)+(8s−7)(1− r)< 0

=⇒ 10r−10s+8s−7−8rs+7r < 0

=⇒ r <
2s+7

17−8s
.

Thus, if r < 2s+7
17−8s and s > 7

8 ,

∥∥ρn (INu−u)(ρn ·+x′n, tn)
∥∥

Hr(R2)
→ 0 as n→ ∞. (3.54)

We also assume that s < 17
8 to ensure that the denominator of the upper bound of r is positive.

Further restriction on s from Proposition 3.6.1 implies s ∈ (17
18 ,1). For these values of s, the

range for r becomes 16
17 < r < 1. Therefore, the convergence (3.54) holds for any r ∈ (16

17 ,1),

in particular, for all r ∈
(17

18 ,1
)
, since 16

17 < 17
18 .

So, ρnInu(ρn ·+x′n, tn) = ρnu(ρn ·+x′n, tn)+ hn for some {hn}∞
n=1 ⊂ Hr(R2) with r ∈

(17
18 ,1) such that hn ⇀ 0 in Hr(R2). This implies ρnu(ρn ·+x′n, tn)⇀V weakly in Hs for all

17
18 < s < 1.

This completes the proof.
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3.7 Mass-concentration on a ball

Now, we return to the concentration phenomenon associated with the symmetrized equation

(3.7) , i.e. Theorem 3.1.2 and Theorem 3.1.4. We follow closely the arguments by Pigott

[84].

Proof of Theorem 3.1.6. First, we assume that 17
18 < s < 1. Using Theorem 3.1.5, we obtain

a sequence {tn}∞
n=1 with tn ↑ T ∗ as n→∞ such that the weak convergence (3.10) holds. This

implies that for all R > 0 we have

lim
n→∞

∫
|x′|≤R

ρ
2
n
∣∣u(ρnx′+x′n, tn)

∣∣2 dx′ ≥
∫

|x′|≤R

∣∣V (x′)
∣∣2 dx′.

Using

∫
|x′|≤R

ρ
2
n
∣∣u(ρnx′+x′n, tn)

∣∣2 dx′ ≤ sup
y∈R2

∫
|x′|≤R

ρ
2
n
∣∣u(ρnx′+y, tn)

∣∣2 dx′,

applying a change of variable, and taking the limit over n, we obtain

lim
n→∞

sup
y∈R2

∫
|x′−y|≤ρnR

∣∣u(x′, tn)∣∣2 dx′ ≥
∫

|x′|≤R

∣∣V (x′)
∣∣2 dx′. (3.55)

Using the hypothesis that lim
t↑T ∗

(T ∗−t)
s
3

β (t) = 0 and the bound (3.9) on ρn, it follows that

lim
n→∞

ρn

β (tn)
= 0.

Therefore, we can modify the domain of integration of (3.55) to get

lim
n→∞

sup
y∈R2

∫
|x′−y|≤β (tn)

∣∣u(x′, tn)∣∣2 dx′ ≥
∫

|x′|≤R

∣∣V (x′)
∣∣2 dx′.
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Letting R→ ∞, and using the bound (3.8), it follows that

lim
n→∞

sup
y∈R2

∫
|x′−y|≤β (tn)

∣∣u(x′, tn)∣∣2 dx′ ≥
∫
R2

∣∣V (x′)
∣∣2 dx′ ≥ 2ab‖ϕ‖2

L2(R2) . (3.56)

Since {tn}∞

n=1 is a sequence with tn ↑ T ∗, we have that

limsup
t↑T ∗

sup
y∈R2

∫
|x′−y|≤β (t)

∣∣u(x′, t)∣∣2 dx′ ≥ 2ab‖ϕ‖2
L2(R2) .

Using the continuous dependence of the integral
∫

|x′−y|≤β (t)
|u(x′, t)|2 dx′ on y for fixed

t ∈ [0,T ), and the fact that this integral goes to zero as |y| → ∞, we can find x′(t) ∈R2 such

that

sup
y∈R2

∫
|x′−y|≤β (t)

∣∣u(x′, t)∣∣2 dx′ =
∫

|x′−x′(t)|≤β (t)

∣∣u(x′, t)∣∣2 dx′

for all t ∈ [0,T ). Therefore (3.12) follows.

Next, we prove the result for the case s = 1. Again, we take N = ∞ in the proof of

Proposition 3.3.1, and therefore, IN becomes the identity operator. In this case, for any

arbitrary sequence tn ↑ T ∗ (as opposed to a particular sequence tn with ‖u(tn)‖Hs(R2) = Λ(tn)

that was used in proof of Theorem 3.1.5) we have the following lower bound on the blowup

rate

‖u(tn)‖H1(R2) & (T ∗− tn)
− 1

3 .

In that case, we have the following upper bound on ρn

ρn . (T ∗− tn)
1
3 .

Using Theorem 3.1.5 for s = 1, we now have the following conclusion:
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there exists a sequence {x′n} ⊂ R2 and a profile V ∈ H1(R2) with

‖V‖L2(R2) ≥
√

2ab‖ϕ‖L2(R2)

such that for any sequence {tn} with tn ↑ T ∗, upto a subsequence, we have

ρnu(ρnx′+x′n, tn)⇀V

weakly in H1(R2). Since the sequence {tn} is arbitrary, following similar steps as in case

s < 1, we get

liminf
n→∞

∫
|x′|≤R

ρ
2
n
∣∣u(ρnx′+x′n, tn)

∣∣2 dx′ ≥
∫

|x′|≤R

|V |2 dx′.

This implies

liminf
t↑T ∗

∫
|x′−x′(t)|≤β (t)

∣∣u(x′, t)∣∣2 dx′ ≥ 2ab‖ϕ‖2
L2(R2) .

Now the proof is complete.

Before we prove Theorem 3.1.7, in the same spirit as in Pigott [84], we shall establish

the following proposition to obtain a bound on the modified energy of the blowup solution.

It is analogous to Proposition 3.7.1. However, the bound is obtained in terms of (T ∗−T )

instead of Λ(T ), when there is an upper bound 3.13 on the blowup rate of the solution is

imposed. As Theorem 3.1.7 suggests, these blowup solutions concentrate faster compared

to the blowup solutions with standard lower bound given by (3.27).

Proposition 3.7.1. For 17
18 < s ≤ 1, there exists κ(s) with κ(s) + 2rs > 0 such that the

following statement holds.

Suppose u0 ∈ Hs(R2) and that u(t) is the corresponding solution to the IVP (3.7) on the

maximal finite time interval [0,T ∗). Then, for all T < T ∗ there exists N = N(T ) such that
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the modified energy functional satisfies

∣∣∣E1
N(T )[u(T )]

∣∣∣≤C0(T ∗−T )κ(s), (3.57)

where C0 =C0(s,T ∗,‖u0‖Hs(R2)). Further, Λ(T ) is related to N(T ) by

N(T ) =C(T ∗−T )
κ(s)

2(1−s) .

Proof. The proof is analogous to the proof of Proposition 3.6.1. However, here we express

N(T ) in terms of (T ∗−T ) instead of Λ(T ). First, using 3.15, we observe

‖u(t)‖Hs(R2) . N1−s (T ∗− t)−rs .

We consider T near T ∗. Due to Theorem 3.2.2, the time of local existence for the

solution u to IVP (3.7) is

δ ∼ N−4(1−s)− (T ∗−T )rs− . (3.58)

Therefore, we can divide the interval [0,T ] into T
δ

sub-intervals of size δ and we use the

almost conservation law (3.24) to get the following increment of the modified energy.

E1[u(T )]≤ E1[u(0)]+C
T
δ

N−1+
(

Σ(T )4 +Σ(T )6
)

. N2(1−s)+N−1+N8(1−s)+ (T ∗−T )−8rs++N−1+N10(1−s)+ (T ∗−T )−10rs+ .

As in Proposition 3.6.1, have used the Gagliardo-Nirenberg inequality (2.2) to obtain the

first term on the right hand side of the inequality above.
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Now, we choose N = N(T ) such that

N2(1−s) ∼ N−1+N10(1−s)+ (T ∗−T )−10rs+ .

or,

N2(1−s)+1−10(1−s)− ∼ (T ∗−T )−10rs+ ,

which implies

N(T )∼ (T ∗−T )
−10rs
8s−7 + . (3.59)

This choice of N(T ) implies

E1[u(T )]. N2(1−s) ∼ (T ∗−T )
−20rs(1−s)

8s−7 + .

Defining

κ(s) =
−20rs(1− s)

8s−7
+, (3.60)

(3.57) holds.

Further notice that κ(s)< 2 if s > 17
18 .

Now we are ready to prove Theorem 3.1.7.

Proof of Theorem 3.1.7. In this proof, we bypass the argument of extracting a maximizing

sequence as in the proof of Theorem 3.1.5, thanks to the assumption (3.13). Therefore, the

conclusion on mass-concentration is stronger than that of 3.1.5.

Let {un}∞
n=1 be a sequence such that tn ↑ T ∗. Therefore, We define un and ρn as in the

proof of Theorem 3.1.5 (see equation (3.49) and (3.50)). Similar to (3.52), we can now
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bound ρn by

ρn . ‖u(tn)‖−1
Hs(R2) ∼ (T ∗−T )rs.

Further, we have

E[un] = ρ
2
n E[INu(tn)] = ρ

2
n (T

∗− tn)κ(s) . (T ∗− tn)
κ(s)+2rs . (3.61)

Since κ(s)+2rs > 0, we get E[un]→ 0 as n→ ∞. Arguing as in Theorem 3.1.5, we find a

function V ∈ H1(R2) and a sequence x′n ∈ R2 such that

ρnu(ρn ·+x′n)⇀V in Hs(R2)

and

‖V‖2
L2(R2) ≥ 2ab‖ϕ‖L2(R2) .

Next, we proceed as in the proof of Theorem (3.1.6). The condition (3.14) implies

ρn

β (tn)
→ 0 as n→ ∞.

Following the proof of Theorem (3.1.6) till equation (3.56), we have the following statement

lim
n→∞

sup
|x′−y|≤β (tn)

∣∣u(x′, tn)∣∣2 dx′ ≥ 2ab‖ϕ‖2
L2(R2) .

Since the sequence {tn}∞
n=1 is arbitrary, (as opposed to a maximizing sequence), we
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obtain

liminf
t↑T ∗

sup
y∈R2

∫
|x′−y|≤β (t)

∣∣u(x′, t)∣∣2 dx′ ≥ 2ab‖ϕ‖2
L2(R2) .

This completes the proof.

3.8 Going back to the standard mZK

In this section, we prove the concentration results related to the standard (un-symmetrized)

focusing 2D mZK equation (3.1), which are Theorem 3.1.2 and Theorem 3.1.4. These

results follow easily by inverting the symmetrization transformation 3.6.

Proof of Theorem 3.1.2. The proof is essentially a variant of Theorem 3.1.6 related to the

symmetrized 2D mZK equation (3.7) adapted to the standard 2D mZK setup. But first, we

introduce some notations.

By Br(x), we denote the closed two dimensional ball of radius r centered at x′, i.e.

Br(x) = {x′ ∈ R2 :
∣∣x′−x

∣∣≤ r}.

Further, by Ba,b(x), we denote a closed two dimensional ellipse centered at x with the

semi-major and semi-minor axes length as a and b, respectively. i.e.,

Ba,b(x) =
{

x′ ∈ R2 :
(x′− x)2

a2 +
(y′− y)2

b2 ≤ 1
}
.

Recall that inverse transformation of (3.6) is given by

x

y

=
−1
2ab

−b −b

−a a


x′

y′

 , (3.62)

and the Jacobian of the transformation is 2ab.
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If v(t) is a solution to (3.1) with v0 ∈Hs(R2), 17
18 < s≤ 1, such that v(t) blow up in finite

time T ∗ > 0, defining u(x′, t) := v(x, t), we see that u(t) is a Hs(R2)-blowup solution to the

symmetrized 2D mZK (3.7) with initial data u0(x′) := v(x). Moreover, u(t) blows up in

time T ∗.

Let γ(t) be as in (3.2). Define

β (t) :=
γ(t)√

2b
. (3.63)

Note that, since

(T ∗− t)
s
3

γ(t)
→ 0 as t ↑ T ∗,

we have

(T ∗− t)
s
3

β (t)
→ 0 as t ↑ T ∗.

Then, Theorem (3.1.6) implies that for 17
18 < s < 1, there exists x′(t) ∈ R2 such that

limsup
t↑T ∗

∫
Bβ (t)(x′(t))

∣∣u(x′, t)∣∣2 dx′ ≥ 2ab‖ϕ‖2
L2(R2) . (3.64)

From x′(t) = (x′(t),y′(t)) obtained this way, we define a new sequence x(t) = (x(t),y(t))

by

x(t)

y(t)

=
−1
2ab

−b −b

−a a


x′(t)

y′(t)

 .
For a given β (t)> 0, the relation

∣∣x′− x′(t)
∣∣2 + ∣∣y′− y′(t)

∣∣2 ≤ β
2(t)
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is equivalent to

2a2 |x− x(t)|2 +2b2 |y− y(t)|2 ≤ β
2(t).

which can be denoted by the ellipse B β (t)√
2a
,

β (t)√
2b
(x(t)).

Using the inverse change of variable (3.62),

∫
Bβ (t)(x′(t))

∣∣u(x′, t)∣∣2 dx′ = 2ab
∫

B β (t)√
2a

,
β (t)√

2b

(x(t))

|v(x, t)|2 dx. (3.65)

Substituting (3.65) in (3.64), we get

limsup
t↑T ∗

∫
B β (t)√

2a
,
β (t)√

2b

(x(t))

|v(x, t)|2 dx≥ ‖ϕ‖2
L2(R2) .

which proves (3.3).

Thus, we have proved mass-concentration inside an ellipse. However, this also implies

concentration on a ball containing the ellipse.

B β (t)√
2a
,

β (t)√
2b
(x(t))⊂ B√2β (t)max{a,b} (x(t)) .

Since a < b, using (3.63), we have

limsup
t↑T ∗

∫
Bγ(t)(x′(t))

∣∣v(x′, t)∣∣2 dx′ ≥ ‖ϕ‖2
L2(R2) .

Therefore (3.3) follows.

The case s = 1 follows similarly.

Proof of Theorem 3.1.6. From Theorem 3.1.7, following the same steps as in Theorem 3.1.2,

Theorem 3.1.6 follows.
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Chapter 4: A sufficient condition on H1 data for global well-posedness of focusing

3D mZK

4.1 Introduction

In this chapter, we consider the focusing mZK equation in three space dimensions (i.e.

n = 3 and σ = 1 in equation (1.4)). Unlike 2D mZK, we do not have a symmetrization

transformation to distribute the derivatives in all variables equally. Therefore, we work with

the standard focusing mZK throughout. Recall that the mass M (defined in equation (1.5))

and energy E (defined in equation (1.6)) of the solution v to IVP (1.4) are conserved in time.

In addition, the 3D mZK equation is mass-supercritical.

Grünrock [44] proved the local well-posedness of both focusing and defocusing 3D

mZK in Sobolev spaces Hs(R3) for all s > 1
2 (recall that the scaling critical Sobolev index

is s = 1
2). Kato [55] studied the defocusing 3D mZK equation in modulation spaces and

established a small data global well-posesness. More recently, Kinoshita [61] proved sharp

local well-posedness results for both focusing and defocusing 3D mZK in Hs(R3) for s = 1
2

using the atomic space technique introduced by Koch and Tataru [64, 65].

Combined with the conservation of energy E, the local well-posedness theory in H1(R3)

implies the global well-posedness in H1(R3) for the defocusing 3D mZK equation with any

data v0 ∈ H1(R3). Grünrock’s result also establishes a small data global well-posedness

result in Hs(R3) with s > 1
2 for the focusing 3D mZK equation using Banach’s fixed point

argument. For s = 1, this result can be stated as follows.

Theorem 4.1.1 (Grünrock). Let σ = 1. Then, there exists ε > 0 such that the IVP (1.4) with

initial data v0 ∈ H1(R3) is globally well-posed if ‖v0‖H1(R3) < ε .

This result states that the H1(R3)-local solution to focusing 3D mZK equation extends

globally if the size of the initial data is small enough. However, it does not specify how
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small the initial data should be in order for the solution to exist globally. In this work, we

establish such a sufficient upper bound on the initial data.

4.2 Main result

Taking s = 1 in Theorem 2.1.2, we noticed that a H1(R2)-local solution to the focusing

(σ = 1) 2D mZK equation (which is mass-critical) can be extended globally under the

assumption that the mass of the initial data is bounded by the mass of the ground state.

However, for the focusing 3D mZK (which is mass-supercritical), this assumption is not

enough. Here, we provide a sufficient condition on initial data, for which the H1(R3) local

solution can be extended globally. The condition involves the H̊1(R3)-norm, the mass, and

the energy of the ground state (ϕ defined in equation (1.9)) associated with the 3D mZK

equation. In fact, we prove the following theorem.

Theorem 4.2.1. Suppose v0 ∈ H1(R3) satisfies the following bounds

E [v0]M [v0]< E [ϕ]M [ϕ] (4.1)

and

‖∇v0‖L2(R3) ‖v0‖L2(R3) < ‖∇ϕ‖L2(R3) ‖ϕ‖L2(R3) . (4.2)

Then, the focusing 3D mZK equation (i.e. equation (1.4) with n = 3 and σ = 1) with initial

data v0 is globally well-posed in H1(R3) .

The proof of this theorem closely follows the arguments of Holmer and Roudneko [50],

who proved similar results for 3D cubic NLS. Their result was inspired by the work of Kenig

and Merle [56] in the context of energy-critical NLS. The main tools used in the proof are a

sharp Gagliardo-Nirenberg inequality, a Pohozhaev-type identity, and a trapping argument.
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4.2.1 Sharp Gagliardo-Nirenberg inequality and Pohozhaev identity

The sharp Gagliardo-Nirenberg inequality from Weinstein [95] with σ = 1 states the follow-

ing inequality holds for any g ∈ H1(R3)∩L4(R3)

‖g‖4
L4(R3) ≤CGN ‖∇g‖3

L2(R3) ‖g‖L2(R3) , (4.3)

where the sharp constant is given by

CGN =
2

‖ψ‖2
L2(R3)

, (4.4)

and ψ solves the nonlinear elliptic PDE

3
2

∆ψ− 1
2

ψ +ψ
3 = 0. (4.5)

Note that, with appropriate scaling, this equation can be reduced to the ground-state equation

(1.9) associated with 3D mZK. Indeed, setting ψ(x,y,z) = cϕ(µx,µy,µz)), we have

3
2

µ
2c∆ϕ(µ(x,y,z))− c

2
ϕ(µ(x,y,z))+ c3

ϕ
3(µ(x,y,z)) = 0

Now, setting c = 1√
2

and µ = 1√
3
, we have 3

2 µ2c = c
2 = c3 which yields equation (1.9).

Moreover, we note that

‖ψ‖2
L2(R3) =

3
√

3
2
‖ϕ‖2

L2(R3) , (4.6)

‖ψ‖4
L4(R3) =

3
√

3
4
‖ϕ‖4

L4(R3) , (4.7)

‖∇ψ‖2
L2(R3) =

√
3

2
‖∇ϕ‖2

L2(R3) . (4.8)
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Next, multiplying (4.5) by ψ and integrating with respect to x = (x,y,z), we get

3
2

∫
R3

∆ψψdx− 1
2

∫
R3

ψψdx+
∫
R3

ψ
3
ψdx = 0,

or,

3‖∇ψ‖2
L2(R3)+‖ψ‖

2
L2(R3)−2‖ψ‖4

L4(R3) = 0. (4.9)

Also, multiplying (4.5) by x ·∇ψ and integrating with respect to x, we get

3
2

∫
R3

∆ψ(x ·∇ψ)dx− 1
2

∫
R3

ψ(x ·∇ψ)dx+
∫
R3

ψ
3(x ·∇ψ)dx = 0. (4.10)

Observe that

∂x j(x ·∇ψ) = ∂x j

3

∑
i=1

xiψi =
3

∑
i=1

δi jψ j +
3

∑
i=1

xiψi, j = ψ j +
3

∑
i=1

xiψi, j, (4.11)

where δi j is the Kronecker’s delta. Thus,

∫
R3

∇ψ ·∇(x ·∇ψ)dx =
∫
R3

3

∑
j=1

ψ jψ jdx+
∫
R3

3

∑
i, j=1

xiψi, jψ jdx

= ‖∇ψ‖2
L2(R3)+

1
2

3

∑
i, j=1

∫
R3

xi∂xi(ψ
2
j )dx.

Now, integrating by parts, the last term on the right hand side yields

−1
2

3

∑
i, j=1

∫
R3

∂xi(xi)ψ
2
j dx =−1

2

∫
R3

3

∑
j=1

ψ
2
j dx =−1

2
‖∇ψ‖2

L2(R3) .

Thus, the first term on the left hand side of (4.10) can be rewritten as

3
2

∫
R3

∆ψ(x ·∇ψ)dx =−3
2

∫
R3

∇ψ.∇(x ·∇ψ)dx =
3
4
‖∇ψ‖2

L2(R3) .
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Since

∇ · (xψ) =
3

∑
j=1

∂x j(x jψ) =
3

∑
j=1

ψ jx j +
3

∑
j=1

ψ = x ·∇ψ +3ψ, (4.12)

the second term of (4.10) can be rewritten as

−1
2

∫
R3

ψ(x ·∇ψ)dx =
1
2

∫
R3

ψ∇ · (xψ)dx

=
1
2

∫
R3

(x ·∇ψ)ψdx+
3
2

∫
R3

ψ
2dx

=
1
2

3

∑
j=1

∫
R3

ψx jψ jdx+
3
2

∫
R3

ψ
2dx

=
1
2

3

∑
j=1

∫
R3

x j
1
2

∂x j(ψ
2)dx+

3
2

∫
R3

ψ
2dx

=−1
4

∫
R3

3ψ
2dx+

3
2

∫
R3

ψ
2dx

=
3
4
‖ψ‖2

L2(R3) .

Finally, using integration by parts, the third term of (4.10) can be written as

∫
R3

ψ
3

3

∑
i=1

xiψiψ
3dx =

∫
R3

3

∑
i=1

xi
1
4

∂xi(ψ
4)dx

=−1
4

3

∑
i=1

∫
R3

∂xi(xi)ψ
4dx

=−1
4

3

∑
i=1

∫
R3

ψ
4dx

=−3
4
‖ψ‖4

L4(R3) .
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Thus, (4.10) reduces to the Pohozhaev-type identity

‖∇ψ‖2
L2(R3)+‖ψ‖

2
L2(R3)−‖ψ‖

4
L4(R3) = 0. (4.13)

Subtracting (4.13) from (4.9), we get

‖ψ‖4
L4(R3) = 2‖∇ψ‖2

L2(R3) . (4.14)

Substituting (4.14) into (4.13), we get

‖∇ψ‖2
L2(R3) = ‖ψ‖

2
L2(R3) . (4.15)

4.2.2 Proof of the main result

Proof of Theorem 4.2.1. Note that the energy (1.6) in the focusing case can be written as

E [v] =
1
2
‖∇v‖2

L2(R3)−
1
4
‖v‖4

L4(R3) . (4.16)

Using the sharp Gagliardo-Nirenberg inequality (4.3), we can bound the energy E from

below by

E [v]≥ 1
2
‖∇v‖2

L2(R3)−
1
4

CGN ‖∇v‖3
L2(R3) ‖v0‖L2(R3) (4.17)

where

CGN =
2

‖ϕ‖2
L2(R3)

. (4.18)

Multiplying inequality (4.17) by the mass M [v], we get

E [v]M [v]≥ 1
2
‖∇v‖2

L2(R3) ‖v0‖2
L2(R3)−

1
4

CGN ‖∇v‖3
L2(R3) ‖v0‖3

L2(R3) , (4.19)
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which can be rewritten as

E [v]M [v]≥ f (s), (4.20)

where the function f (s) is defined as

f (s) =
1
2

s2− 1
4

CGNs3,

and

s := s(t) = ‖∇v(t)‖L2(R3) ‖v0‖L2(R3) .

Now, we investigate the behavior of f . Solving the equation f ′(s) = 0, we see that f

has exactly two critical points with a local minimum at s0 = 0 and a local maximum at

s1 =
4

3CGN
. We also note that f (s0) = 0 and

f (s1) =
1
2

(
4

3CGN

)2

− 1
4

CGN

(
4

3CGN

)3

=
8

27
1

C2
GN

=
2

27
‖ϕ‖4

L2(R3) .

Using (4.8) and (4.14) and (4.15), we have that

‖ϕ‖4
L4(R3) = 4‖ϕ‖2

L2(R3) ,

‖∇ϕ‖2
L2(R3) = 3‖ϕ‖2

L2(R3) .

Thus, the local maximum of f can be expressed in terms of ϕ as

f (s1) =
2

27
‖ϕ‖4

2 =
1
2
‖ϕ‖4

2 = E [ϕ]M [ϕ],
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and the critical point s1 as

s1 =
4

3CGN
=

2
3
‖ϕ‖2

L2(R3) =
√

3‖ϕ‖2
L2(R3) = ‖∇ϕ‖L2(R3) ‖ϕ‖L2(R3) .

Thus, if M [v0]E [v0] < f (s1) i.e. if bound (4.1) holds, combining conservation laws

(1.5) and (1.6), and using inequality (4.20), we obtain that f (s)< f (s1) for all s. Thus, we

have that

s(t) ∈ [0,s1)∪ (s1,∞)

for all t ∈ [0,T ∗), where T ∗ is the time of local existence. Since s(t) is continuous in t,

s(t) can belong to only one connected component of [0,s1)∪ (s1,∞) for all t ∈ [0,T ∗). The

additional assumption (4.2) on the initial data v0 says that 0 < s(0) < s1. In other words,

for time t = 0, s(t) lies in the connected component [0,s1) for all t ∈ [0,T ∗). Recalling

the definition of s(t), and using mass-conservation law (1.5), this implies that ‖v(t)‖H1(R3)

is uniformly bounded from above as long as the solution exists. Now, iterating the local

existence theorem (which is available due to Grunrock [44]), the solution can be extended

to any time T > 0, since the local time of existence is inversely proportional to the H1(R3)

norm of initial data v0.
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Chapter 5: Multichannel deconvolution using regularized Fourier and wavelet

method

5.1 Introduction

In this chapter, we consider the classical discrete-time multichannel deconvolution problem.

Even though the problem is described in the one-dimensional setting, the theory extends

directly to higher dimensions as well. Here, time will be represented by t and will be treated

as a discrete one-dimensional variable.

Let x be the unknown signal that arrives at M channels. Let hi be the impulse response

and γi be the additive white noise associated with the ith channel for i = 1, . . . ,M. Our goal

is to estimate the unknown signal x ∈ l2(ZN) from the observations {yi}M
i=1, where

yi(t) = x∗hi(t)+ γi(t), t = 0, . . . ,N−1 (5.1)

for all i = 1, . . . ,M, and {γi(t) : t = 0, . . . ,N−1} are independent and identically distributed

(i.i.d.) random variables with mean zero and standard deviation σi. Moreover, we assume that

γi(t1) and γ j(t2) are independent for all i 6= j or t1 6= t2. The impulse responses hi ∈ l2(ZN)

are known for all i = 1, . . . ,M. Our goal is to estimate the unknown signal x.

This work was initiated as an attempt to improve the analysis of data recorded by the

Antarctic Impulsive Transient Antenna (ANITA) project. The ANITA project [3] employs

a balloon-borne payload that circles the continent of Antarctica at about 35,000 meters,

scanning the ice sheet for characteristic pulses of radio emission generated by neutrino

events. High energy neutrinos created by collisions between cosmic rays and the cosmic

microwave photons are proposed to interact with the Antarctic ice sheet. Askaryan [1]

predicted that high energy particle showers produced in dense dielectric media would result

in impulsive coherent Cherenkov radiation at radio frequencies. This type of radiation was
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observed in silica sand [86], salt [43], and ice [41]. Examples of experiments incorporating

this technique to detect ultra high energy neutrinos are buried in ice [67, 40], radio telescopes

pointed to the Moon [42, 51], or the ANITA project with balloon-borne antenna arrays

orbiting the Antarctic continent.

To carry out the numerics, we consider specific examples of the unknown signal x,

the impulse response h, and the noisy blurred signal y. The choices of these examples

are motivated by the ANITA project. The input signal x is designed to mimic a sharp

pulse, consistent with the Cherenkov radiation. The impulse response h used here is the

actual impulse response associated with one of the antennas in the ANITA-III payload. The

additive white Gaussian noise γ (or n) is generated in Matlab. Figure 5.1 shows the signals

considered here. We choose the width of the pulse in x narrow enough so that the frequency
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Observed (noisy) signal: y = x*h+n

Figure 5.1: Example impulsive signal x, the impulse response h, the convolved signal x∗h,
and the noisy convolved signal y = x∗h+ γ where the standard deviation of γ is taken to be
σ = 5.

support of x contains the frequency support of h (see Figure 5.2).

Moreover, for demonstration purposes, we also work with a signal z (Figure 5.3a), which

was measured by one of the antennas in the ANITA-III payload. This signal is a noisy,

blurred (by the same impulse response h shown in Figure 5.3b) observation of an impulsive
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Figure 5.2: Original signal x and impulse response h in the frequency domain. x is chosen
such the frequency support of x is a subset of that of h, ensuring no frequency information
of x is lost in convolution.

input signal generated by a calibration pulser located at the West Antarctic Ice Sheet (WAIS)

field camp during the ANITA-III flight [24]. The noise data captured in the same experiment

is shown in Figure 5.4.

5.2 Notations and preliminaries

Let N be a positive integer. For computational efficiency, we assume that N is an integer

power of 2. By ZN , we define the additive group of order N. We denote the (discrete) time

variable by t and frequency variable by f . Therefore, we will assume t, f ∈ {0,1, . . . ,N−1}.

The space l2(ZN) is defined as

l2(ZN) = { f : ZN → C such that
N−1

∑
i=0
| f (i)|2 < ∞}.

However, we only deal with real-valued signal x ∈ l2(ZN). Given x ∈ l2(ZN), we define the

l2 norm as

‖x‖2 =

(
N−1

∑
t=0
|x(t)|2

) 1
2

.
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Figure 5.3: Signal z and the impulse response associated with the observation. The signal
z (event HpolC21203958) is a noisy, blurred observation of an impulse generated by a
calibration pulser. [24]
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Figure 5.4: Example of noise data captured by ANITA.

The discrete Fourier transform (DFT) F of a signal x ∈ l2(Zn) is defined as

F (x)( f ) =
N−1

∑
t=0

x(t)e−2πit f/N
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for frequencies f = 0, . . . ,N−1. Here, we shall adapt the upper-case notation to denote the

Fourier transform, which is common in the signal processing community. In this notation,

for a signal x ∈ l2(ZN) (where the signal is denoted using a lower-case letter), we define

X( f ) = F (x)( f ).

The inverse discrete Fourier transform (IDFT) F−1 of X is defined as

F−1(X)(t) =
1
N

N−1

∑
f=0

X( f )e2πit f/N .

for t = 0, . . . ,N−1. Note that F and F−1 are inverses of each other.

We also state the Plancherel’s theorem for the discrete setting, which state that for

x,y ∈ l2(ZN), we have

N−1

∑
t=0

x(t)ȳ(t) =
1
N

N−1

∑
f=0

X( f )Ȳ ( f ). (5.2)

Consequently, we have the following relation between the l2(ZN) norms of a signal and its

Fourier transform:

N−1

∑
t=0
|x(t)|2 = 1

N

N−1

∑
f=0
|X( f )|2 (5.3)

or,

‖x‖2
2 =

1
N
‖X‖2

2 . (5.4)

By 〈., .〉, we denote the complex inner product on l2(ZN) defined as

〈x,y〉=
N−1

∑
t=0

x(t)ȳ(t).
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With this notation, Plancherel’s theorem (equation (5.2)) can be restated as

〈x,y〉= 1
N
〈X ,Y 〉 .

Since we deal with discrete signals, the operation ∗ is the circular convolution defined by

x∗ y(t) = F−1(X(·)Y (·))(t)

for t = 0, . . . ,N−1. The notion of circular convolution is equivalent to the usual convolution

x∗ y(t) =
N−1

∑
r=0

x(t− r)y(r)

since x and y are assumed to be N-periodic, i.e. for all k ∈ Z

x(t + kN) = x(t),

and similarly for y.

Now we derive some statistical properties related to the Fourier transform. Assume that

{γ(t) : t = 0, . . . ,N−1} is a set of independent and identically distributed (i.i.d.) normal

random variables with zero mean and standard deviation as σ . i.e.,

Eγ(t) = 0

and

E |γ(t)|2 = σ
2, (5.5)
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for all t = 0, . . . ,N−1. The independence implies for any t1 6= t2, we have

E(γ(t1)γ(t2)) = E(γ(t1)Eγ(t2)) = 0.

Since {γ(t) : t = 0, . . . ,N−1} is a set of i.i.d. random variables, so is the set {Γ( f ) :

f = 0, . . . ,N−1}. Thus, distributing the variance over the sum, we have

E |Γ( f )|2 =
N−1

∑
t=0

∣∣∣e−2πit f/N
∣∣∣2E |γ(t)|2 = Nσ

2.

5.3 Single channel deconvolution

In the section, we discuss the standard (single-channel) deconvolution problem, where only

a single observation y of the input signal x is available via a convolution with the impulse

response h and in the presence of additive noise γ .

Note that, in the absence of noise (i.e. σ = 0 in equation (5.8)), the observation y is

given by

y(t) = x(t)∗h(t), for t = 0, . . . ,N−1,

and hence, for all f = 0, . . . ,N−1,

Y ( f ) = X( f )H( f ). (5.6)

In this case, the inverse (with respect to convolution) k of y can be given in terms of its

Fourier transform as

K( f ) =
1

H( f )
.

Note that, the inversion is possible only if H( f ) 6= 0 for all f = 0, . . . ,N−1. Therefore, the
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deconvolution problem is ill-posed.

In the presence of noise, a naive approach to invert the deconvolution would be to treat

F−1( 1
H ) as the inverse. We call this the naive deconvolution. This way, the naive estimate x̃

of x can be given by

X̃( f ) :=


X( f )+ Γ( f )

H( f ) if |H( f )|> 0

0 otherwise.

However, this type of deconvolution is impractical in the presence of noise since the noise

gets highly amplified when H( f ) is small, due to presence of the term Γ( f )
H( f ) . Figure 5.5

shows the result of a naive deconvolution on y.

200 400 600 800 1000
-60000

-40000

-20000

0

20000

40000

60000

Figure 5.5: Result of naive deconvolution performed on the observation y shown in Figure
5.1. Inversion via F−1( Γ

H ) amplifies the noise, making this type of deconvolution highly
impractical.

To avoid dividing by small frequency values of the Wiener deconvolution, allpass

deconvolution suggests dividing by the phase of the impulse response, i.e. H( f )
|H( f )| , which is

non-zero. Therefore, the allpass estimate x̃ is given by

X̃( f ) := X( f ) |H( f )|+ Γ( f )
H( f )

|H( f )| .

Even though the noise is not amplified, the frequency information of the input signal is
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modified and cannot be retrieved.

5.4 Wiener Deconvolution

In this section, we revisit the technique of Wiener deconvolution. Proved in [96], the Wiener

deconvolution provides a formula for inverting the convolution operation in the presence of

noise.

Given the observation y, impulse response h and additive white noise γ , we would like

to find an inverse (with respect to the convolution) filter k of y such that we can estimate x.

In fact, we would like to minimize the following mean squared error (MSE)

E‖y∗ k− x‖2
2 (5.7)

over all k ∈ l2(ZN) where

y = x∗h+ γ. (5.8)

We assume that γ is a zero-mean normal random variable with variance σ2.

Note that, using equation 5.3, we can write

‖y∗ k− x‖2 =
1
N
‖Y K−X‖2 .

So, it is enough to find K( f ) that minimizes the per-frequency error

E |Y ( f )K( f )−X( f )|2 (5.9)

over all K( f ) ∈ C.
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Theorem 5.4.1. The mean squared error (5.7) is minimized when

argmin
{
E |Y ( f )K( f )−X( f )|2 : K( f ) ∈ C

}
=

1
H( f )

λ ( f ),

where

λ ( f ) =
|H( f )|2

|H( f )|2 + Nσ2

|X( f )|2
. (5.10)

Thus, the Wiener estimate x̂W of x is given by

x̂W = F−1
(

Y
H

λ

)
.

Proof. The original proof is due to Wiener [96] in the context of non-deterministic signal

strength |x(t)|2. Here, we treat our signal as deterministic and present a complete proof.

For notational convenience, we omit writing the frequency f . Applying Fourier transform

on (5.8), we have

Y = XH +Γ (5.11)

Expanding (5.9), and substituting Y from (5.11), we obtain,

Y K−X = (XH +Γ)K−X

= XHK +ΓK−X

= X (HK−1)+ΓK

Computing the square of the magnitude on both sides, and using EΓ = 0 and E |Γ|2 =
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Nσ2, we get

E |Y K−X |2 = |X |2
(
|H|2 |K|2 +1−2ℜ(HK)

)
+Nσ

2 |K|2

= |X |2
(
|H|2 KK̄ +1−HK− H̄K̄

)
+Nσ

2KK̄

= |X |2 |HK−1|2 +Nσ
2K2.

Now, to minimize the quantity above, we will require computing the derivative with

respect to K. However, the complex derivative of the quantity is undefined.

However, minimizing a real-valued function on the complex plane can be considered as

minimizing the same function on the 2-dimensional Euclidean domain by identifying the

real and complex components with the x and y coordinates in R2, respectively.

Remark 5.4.2. To see this, consider the function f (z) = |z|2 on the complex plane. Note

that f is not differentiable anywhere in the complex sense except at z = 0 . Indeed, recalling

the definition of complex derivative,

f ′(z) = lim
h→0,h∈C

f (z+h)− f (z)
h

we see that the limit

lim
h→0,h∈C

f (z+h)− f (z)
h

= lim
h→0,h∈C

|z+h|2−|z|2

h

= lim
h→0,h∈C

|z|2 + |h|2 + zh̄+ zh−|z|2

h

= lim
h→0,h∈C

(
h+

zh+ zh
h

)

Now, taking hn =
1
n and n→ ∞, we see that the limit above yields

lim
n→∞

(
1
n
+ z+ z

)
= z+ z = 2ℜ(z)
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However, taking the purely imaginary sequence hn =
1
n i with n→ ∞, we get that the limit is

lim
n→∞
−i

1
n
+
−zi
n + iz

n
1
n i

= (z− z) = 2ℑ(z).

2ℑ(z). Therefore, the complex derivative does not exist except for z = 0.

However, we can treat the function f as a real-valued function of two real variables

i.e. f (z) =: f (x,y) , where the complex number z = x+ iy ∈ C is identified with (x,y) ∈

R2. Moreover, the complex modulus |·| can be interpreted as the Euclidean norm since

|z|2 = x2+y2. Now, the function f (x,y) = x2+y2 is differentiable everywhere. The gradient

(derivative) is given ∇ f (x,y) = 2(x,y). Identifying the gradient with complex number, we get

2z, which is said to be the Wirtinger derivative of the function f (z) = |z|2, where f : C→ R.

Now, let H = H1 + iH2 and K = x+ iy. Now, we identify H and K with elements of R2,

i.e. we define

H := (H1,H2)

K := (x,y),

1 := (1,0).

Under such identification, complex product can be interpreted as follows. Let z = x+ iy

and w = p+ iq. Therefore, zw = xp− yq+ i(xq+ yp), which can be identified with (xp−

yq,xq+yp) ∈R2. In this way, the complex quantity HK−1 = (H1+ iH2)(x+ iy)− (1+ i0)

can be identified with

HK−1 = (H1x−H2y−1,xH2 + yH1) .

Taking the Euclidean norm, we get

|HK−1|2 = (H1x−H2y−1)2 +(H1y+H2x)2.
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Now applying expectations and using E |Γ|2 = Nσ2, we obtain

E |Y K−X |2 = |X |2
(
(H1x−H2y−1)2 +(H1y+H2x)2)+Nσ

2(x2 + y2).

Computing the gradient with respect to (x,y), we get the vector

 |X |2 (2(H1x−H2y−1)H1 +2(H1y+H2x)H2)+2Nσ2x

|X |2 (−2(H1x−H2y−1)H2 +2(H1y+H2x)H1)+2Nσ2y

 .
Setting the gradient to zero, we have the following two equations

|X |2
(
(H2

1 +H2
2 )x−H1

)
+Nσ

2x = 0,

|X |2
(
(H2

1 +H2
2 )y+H2

)
+Nσ

2y = 0.

Solving the equations above for x and y, we get

x =
|X |2 H1

|X |2 |H|2 +Nσ2
,

y =
−|X |2 H2

|X |2 |H|2 +Nσ2
.

Identifying the vector (x,y) back with complex quantity x+ iy,

K = x+ iy =
H̄ |X |2

|X |2 |H|2 +Nσ2
. (5.12)

Therefore, quantity (5.7) is minimized when K satisfies (5.12), and (5.10) holds.

Remark 5.4.3. Using the properties of Wirtinger derivative, the proof of Theorem 5.4.1 can

be made more concise. Differentiating in the Wirtinger’s sense, we immediately get

d
dK
|X |2 |HK−1|2 +Nσ

2K2 = 2 |X |2 (HK−1)H̄ +Nσ
22K.
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Setting the derivative to zero and solving for K, we get

K =
|X |2 H̄

|X |2 |H|2 +Nσ2
,

which can also be written as

K =
1
H

|H|2

|H|2 + Nσ2

|X |2
. (5.13)

Therefore, (5.10) follows.

Remark 5.4.4. When noise is present, due to Theorem 5.4.1, the Wiener estimate x̂w of x

from the observation (5.8) is given by F−1X̂w where its Fourier transform

X̂w := Xλ +
Γ

H
λ

where λ is defined in (5.10). Note that λ < 1. Therefore, the retained signal part in this

estimate is Xλ , which is scaled by λ . We call the expression Γ

H λ the leaked noise part

present in the Wiener estimate. Therefore, Wiener deconvolution can be interpreted as a

Fourier shrinkage with a shrinkage parameter λ .

Note that, when σ = 0, we have λ = 1. Thus, in the absence of noise, the inverse filter is

K( f ) = 1
H( f ) and the retained signal part is close to X. On the other hand,

lim
σ→∞

λ = 0.

When the noise level is high, the shrinkage parameter is close to zero, making the signal

part smaller.
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Note that, the Wiener estimate is still well-defined even when H( f ) = 0 for some f , since

K( f ) =
H̄( f )

|H( f )|2 + Nσ2

|X( f )|2
.

Here, we have assumed that the energy spectral density |X( f )| is known for all f =

0, . . . ,N−1 to obtain a theoretically optimum estimate x̂W among all inverse filters k. When

the energy spectral density is unknown, a natural guess for |X( f )| is |Y ( f )|
‖H‖2

2
.

In Figure 5.6, we compare naive (5.6a, 5.6d), allpass (5.6b, 5.6e) and Wiener decon-

volution (5.6c, 5.6f) methods on the simulated observation y and on the ANITA signal z.

The performance of naive deconvolution is poor, for the reasons described in Section 5.3.

The allpass deconvolution scales the signal peak by a factor of the amplitude of the impulse

response, as well as introduces artifacts that were not present in the original signal. The

Wiener deconvolution performs well in terms of minimizing the noise. However, ringing is

visible near the leading and the trailing edges of the peaks.

5.5 Wavelet analysis

5.5.1 Discrete wavelet transform

Here, we recall the notion of discrete wavelet transform (DWT) for an one-dimensional

signal x ∈ l2(ZN). Our goal is to represent x in terms of a complete orthonormal basis of

the vector space l2(ZN) generated by the translation (or shift) and scaling of two parent

functions ϕ,ψ ∈ l2(ZN). If the functions ϕ and ψ are chosen such that the matrix

1√
2

 Φ( f ) Ψ( f )

Φ( f +N/2) Ψ( f +N/2)

 (5.14)
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Figure 5.6: Comparison of Fourier-based deconvolution methods applied to the constructed
signal y (top) and the ANITA signal z (bottom). From left to right: naive, allpass and Wiener
deconvolution. The results of the top row can be compared with the example signal x in
Figure 5.1.

is unitary for each f = 0, . . . ,N−1, the set

{R2lϕ}
N
2−1
l=0 ∪{R2lψ}

N
2−1
l=0 (5.15)

is a complete orthonormal basis of l2(ZN) and is known as the first stage wavelet basis of

l2(ZN), where Rk is the translation operator defined as

Rkz(t) = z(t− k), t = 0, . . . ,N−1

for any z ∈ l2(ZN). See Theorem 3.8 of [37] for a proof of this result. In that case, the

functions ϕ and ψ are called the scaling function and the wavelet function, respectively. The

functions ϕ and ψ are also called the generators of the first stage wavelet basis.

To construct higher stage wavelet bases, we follow the filter bank approach (see [37, 94,
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90, 31]). First, we define v j and u j by

v j(t) =
2 j−1−1

∑
k=0

ϕ

(
t +

kN
2 j−1

)
,

u j(t) =
2 j−1−1

∑
k=0

ψ

(
t +

kN
2 j−1

)
.

Next, we define f j and g j recursively as

f j = g j−1 ∗U j−1(v j)

g j = g j−1 ∗U j−1(u j)

with f1 = v1 and g1 = u1, where U is the upsampling operator defined by

U(z)(t) =


z( t

2) if t is even

0 if t is odd

for any z ∈ l2(ZN). Therefore for a given coarsest wavelet level j0 ∈ N, the set

{
ϕ j0,l

}N j0−1
l=0

⋃( j0⋃
j=1

{
ψ j,l
}N j−1

l=0

)
(5.16)

is a complete orthonormal basis for l2(ZN), where

ψ j,l = R2 jl f j,

ϕ j,l = R2 jlg j.

Consequently, any signal x ∈ l2(ZN) can be expressed in terms of these basis functions
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as

x(t) =
N j0−1

∑
l0

s j0,lϕ j0,l(t)+
j0

∑
j=1

N j−1

∑
l=0

w j,lψ j,l(t)

for all t = 0, . . . ,N−1, where N j =
N
2 j ,

s j0,l =
〈
x,ϕ j0,l

〉
(5.17)

for all l = 0, . . . ,N j0−1 and

w j,l =
〈
x,ψ j,l

〉
(5.18)

for all l = 0, . . . ,N j − 1, and j = 1, . . . , j0. The indices j and l are called the level and

localization, respectively.

The discrete wavelet transform (DWT) W x of the signal x ∈ l2(ZN) is denoted by

W x = (w1,0, . . . ,w1,N1−1,w2,0, . . . ,w2,N2−1, . . . ,w j0,0, . . . ,w j0,N j0−1, s j0,0, . . . ,s j0,N j0−1).

Since the set (5.16) is an orthonormal basis of l2(ZN), W is an l2-isometry, i.e.

‖x‖2 = ‖W x‖2 .

Since ψ j,l is a shift of ψ j,0, note that

∣∣Ψ j,l( f )
∣∣= ∣∣Ψ j,0( f )

∣∣
for all f = 0, . . . ,N−1, and similarly for Φ j,l .

By convention, the wavelet and scaling functions are chosen to be a high pass and a band

pass filter respectively. Several choices of wavelet (and scaling) functions are available in
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the literature, including the ones due to Shannon [74], Daubechies [26], Haar [47], Meyer

[78] etc. See Figure 5.7 for examples of such basis functions.
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Figure 5.7: Wavelet (above) and scaling (below) functions. From left to right: Daubechies-
10, Shannon, Meyer, Biorthogonal 1.3 (decomposition), Biorthogonal 1.3 (reconstruction)

5.5.2 Wavelet thresholding

Next, we discuss the notion of wavelet thresholding (see Donoho [27], Donoho and John-

stone [29, 30]). Assume that v is an observation of the signal x in the presence of the additive

white noise β , i.e.

v(t) = x(t)+β (t)

for all t = 0, ...,N−1, where β (t) is a normal random variable with mean zero and standard

deviation σ .

Definition 5.5.1. For wavelet level j = 1, . . . , j0 and localization l = 0, . . . ,N j−1, we define
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the Oracle thresholding operator T as the nonlinear map on the wavelet transform of v by

T (W v)( j, l) =


W v( j, l) if |W x( j, l)|> σ

0 if |W x( j, l)| ≤ σ .

where W v( j, l) is the ( j, l)-th wavelet coefficient given by

W v( j, l) =
〈
v,ψ j,l

〉
and W x( j,k) =

〈
x,ψ j,l

〉
.

Oracle thresholding assumes that the original signal information is known, and this is

not suitable for practical applications. However, hard thresholding approximates oracle

thresholding closely [30] and is more useful for practical purposes. For a given observation

v and noise standard-deviation σ > 0, the hard thresholding operator TH is defined by

TH(W v)( j, l) =


W v( j, l) if |W v( j, l)|> σ

0 if |W v( j, l)| ≤ σ ,

In hard theresholding, we essentially drop signal information below the noise level and

retain all the signal information based on the assumption that any signal information below

the noise level in unrecoverable. Soft thresholding TS is also used in practical applications

and is given by

TS(W v)( j, l) =


W v( j, l)−σ if W v( j, l)> σ

W v( j, l)+σ if W v( j, l)<−σ

0 if |W v( j, l)| ≤ σ .

Thresholding can be interpreted as a shrinkage in the wavelet domain. For example, for
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hard thresholding, defining the shrinkage parameter θ = θ(v,σ) by

θ =


1 if |W v( j, l)|> σ

0 if |W v( j, l)| ≤ σ ,

we observe that TH(W v) = θW v with θ ≤ 1, and similarly for soft and Oracle thresholding.

Since we can construct wavelet basis elements with localized support, the effect of

wavelet thresholding stays localized, thus minimizing the ringing effect, which is observed

in Fourier-based methods.

In Figure 5.8, the wavelet coefficients s j,l and w j,l (recall equations (5.17) and (5.18))

of the ANITA signal z (Figure 5.3a) are shown for level j = 1 through j = 5, where the

coarsest level is j0 = 5. Here, we have chosen Meyer’s wavelet basis. The noise levels are

shown using a pair of red lines. After hard thresholding is applied, the resulting wavelet

coefficients are shown in Figure 5.9.

5.5.3 Hybrid approach

Donoho [28] proposed a hybrid approach to incorporate a wavelet-domain thresholding

applied to the noisy signal obtained after inverting the convolution using H−1. Neelamani,

Baranuik, and Choi [81] suggested a regularized Wiener deconvolution followed by a

wavelet denoising. Modifying the shrinkage function in equation (5.10), they defined a

regularized shrinkage function

λ
α( f ) =

|H( f )|2

|H( f )|2 +α
Nσ2

|X( f )|2

with regularization parameter α ∈ [0,1]. Note that, when α = 0, the deconvolution method

is reduced to naive deconvolution. When α = 1, we get back the Wiener deconvolution.

Lowering the value of α reduces the ringing effect but amplifies the noise. The noise level

present (which depends on α) in the Fourier-deconvolved signal is denoised using a wavelet-
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Figure 5.8: Wavelet coefficients of the 5-th resolution wavelet decomposition (with Meyer’s
wavelet) of z (Figure 5.3a) are shown using a stem plot using blue color. The red lines
represent noise standard deviations which will be thresholded later.

domain thresholding. The optimum value of α is therefore determined by minimizing a

cost function that incorporates the error in both Fourier and wavelet shrinkage. We apply
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Figure 5.9: Hard thresholding applied to the wavelet coefficients of z shown in Figure 5.8.
Any wavelet coefficient between the two red lines at each level in Figure 5.8 is set to zero.

the ForWaRD algorithm to the ANITA signal z (Figure 5.3a). In Figure 5.10, we present

the observed ANITA signal z in different wavelet levels and plot its corresponding power
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spectrum. The power of the signal z at frequency f = 0, . . . ,N−1 is defined as

P(z)( f ) = |Z( f )|2 .

We have used a wavelet decomposition with Meyer’s wavelets and coarsest level j0 = 5.
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Figure 5.10: Decomposition of signal z into its wavelet components (left) and the powers
(right) of the corresponding levels. The frequency ranges of each level are shown using red
curves.

Figure 5.11 shows the output of the ForWaRD algorithm applied to ANITA signal z. We

determine the scaling parameters {α j} using a Newton’s method. In Figure 5.12, we show

the wavelet decomposition of the deconvolved signal (Fig 5.11) in different levels and the

corresponding spectrum.

136



200 400 600 800 1000
-1

-0.5

0

0.5

1

22.5998

Figure 5.11: ForWaRD method has been applied to z. The signal-to-noise ratio is mentioned
above. There are some artifacts in the non-peak region which is presumably due to the
underestimation of the noise level.
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Figure 5.12: Wavelet coefficients of level 1,2 and 5 are suppressed in the signal. Level 3 has
most contribution to the artifacts in the non-peak region.
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5.6 Multichannel deconvolution

Now, we shift our focus to multichannel deconvolution. In the absence of noise, to perform

the deconvolution from the observations

yi = x∗hi, where i = 1, . . . ,M,

we need to find k1, . . . ,kM such that

M

∑
i=1

hi ∗ ki = δ ,

where δ (t) = δ1t , where δi j is Kronecker’s delta. This way,

M

∑
i=1

yi ∗ ki =
M

∑
i=1

x∗ (hi ∗ ki) = x∗δ = x.

Berenstein et al. [5, 7, 6] considered the construction compactly supported ki’s when the

impulse responses hi are known to be compactly supported. However, in the presence of

noise, the classical approach is due to Schiske [87].

5.6.1 Schiske estimate

In this section, we derive the Schiske estimate of x from the observations (5.1) in the

multichannel setup. We aim to solve the following minimization problem

min
K1,...,KM∈C

E

∥∥∥∥∥x−
M

∑
i=1

yi ∗ ki

∥∥∥∥∥
2

2

, (5.19)

which, using Plancherel’s theorem, can be written as

min
K1,...,KM∈C

1
N
E

∥∥∥∥∥X−
M

∑
i=1

YiKi

∥∥∥∥∥
2

2

. (5.20)
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It is enough to minimize per-frequency mean squared error

E

∣∣∣∣∣X( f )−
M

∑
i=1

Yi( f )Ki( f )

∣∣∣∣∣
2

. (5.21)

Theorem 5.6.1. The minimizer of the per-frequency mean-squared error (5.21) is given by

K =
(
H̄HT +P

)−1
H̄, (5.22)

where

H( f ) =
[

H1( f ) . . . HM( f )

]T

, K( f ) =
[

K1( f ) . . . KM( f )

]T

,

and

P( f ) =
N

|X( f )|2


σ2

1 0
. . .

0 σ2
M

 .

The proof of this theorem relies on the Sherman-Morrison formula, which states the

following.

Theorem 5.6.2. If the matrix A ∈ Rn×n is invertible and u,v ∈ Rn are column vectors, then

the matrix (A+uvT ) is invertible if and only if 1+ vT A−1u 6= 0. In that case, The inverse is

given by the following formula

(A+uvT )−1 = A−1− A−1uvT A−1

1+ vT A−1u
. (5.23)

Proof. See Bartlett [2] for a complete proof.

Proof of Theorem 5.6.1. The idea of the proof is due to Schiske [87]. We adapt it to our

notation.

139



We omit writing the frequency f . Applying Fourier transform on (5.1), we get

Yi = XHi +Γi (5.24)

for all i = 1, . . . ,M. Therefore, X−∑
M
i=1YiKi can be written as

X−∑
i
(XHi +Γi)Ki = X

(
1−∑

i
HiKi

)
−∑

i
ΓiKi.

Computing the magnitude and squaring both sides, we get

|X |2
∣∣∣∣∣1−∑

i
HiKi

∣∣∣∣∣
2

+

∣∣∣∣∣∑i
ΓiKi

∣∣∣∣∣
2

−2ℜ

(
∑

i
ΓiKi

)
X(1−∑

i
HiKi).

Applying expectation on the expression above, using pairwise independence of the family

{Γi}M
i=1, and EΓi = 0, we have

E

∣∣∣∣∣∑i
ΓiKi

∣∣∣∣∣
2

= ∑
i

Nσ
2
i |Ki|2 .

Therefore, the expression (5.21) becomes

E |X |2
∣∣∣∣∣1−∑

i
HiKi

∣∣∣∣∣
2

+N ∑
i

σ
2
i |Ki|2 , (5.25)

which we wish to minimize over K1, . . . ,KM ∈ C. Now, differentiating (5.25) with respect

to K j in the Wirtinger sense, we get

2 |X |2
(

1−∑
i

HiKi

)
(0− H̄ j)+2Nσ

2
j K j. (5.26)
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Equating (5.26) to zero, we obtain the following equation

|X |2 H̄ j ∑
i

HiKi +Nσ
2
j K j = |X |2 H̄ j,

or,

H̄ j ∑
i

HiKi +
Nσ2

j

|X |2
K j = H̄ j (5.27)

Defining

H =

[
H1 . . . HM

]T

, K =

[
K1 . . . KM

]T

, P =
N

|X |2


σ2

1 0
. . .

0 σ2
M

 ,

equation (5.27) can be written as the matrix equation

H̄(HT K)+PK = H̄. (5.28)

Solving, we get

K =
(
H̄HT +P

)−1
H̄, (5.29)

and therefore (5.22) holds.

The invertibility of the matrix HHT +P can be guaranteed by Theorem 5.6.2 since

1+ H̄T P−1H = 1+ |X |2
M

∑
i=0

|Hi( f )|2

Nσ2
i

> 0. (5.30)

Therefore, P+HHT is invertible and (5.22) holds.

Note that, dividing the (5.1) by σi and renaming hi
σi

by hi, without loss of generality, we

can assume that the standard deviation of each white noise γi is the same. Therefore, we
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assume that

σi = σ

for all i = 1, . . . ,M.

In that case, P = rI, where r is defined as

r =
Nσ2

|X |2
, (5.31)

and I ∈ RM×M is the identity matrix.

Again, noting that HT H̄ + rI = 1+ r ∑
M
i=1 |Hi|2 6= 0 and using Theorem 5.6.2, we con-

clude that (H̄HT + rI) is invertible and

(H̄HT + rI)−1 =
1
r

I− H̄HT

r2 + rh
,

where

L := HT H̄ =
M

∑
i=1
|Hi|2 . (5.32)

So, equation (5.22) reduces to

K =
1
r

H̄− 1
r2 + rL

H̄HT H̄ =
1

L+ r
H̄. (5.33)

Alternatively, the minimizer Ki can be given by

Ki =
1
Hi

λi
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for all i = 1, . . . ,M, where

λi :=
|Hi|2

L+ r
.

Therefore, we have the following estimate for x by solving the minimization problem

(5.20).

Definition 5.6.3. The Schiske estimate x̂s of x is defined as

x̂s := F−1X̂ s

where the Fourier transform of x̂s is given by

X̂ s =
M

∑
i=1

YiKi =
M

∑
i=1

Yi

Hi
λi = X

M

∑
i=1

λi +
M

∑
i=1

Γi

Hi
λi. (5.34)

Therefore, the Schiske deconvolution can be interpreted as a multichannel generalization

of Fourier shrinkage. As with the Wiener estimate, the shrinkage parameter

M

∑
i=1

λi ≤ 1.

Again, in the Fourier transform of the Schiske estimate x̂s, the retained signal part is X ∑
M
i=1 λi

and the leaked noise is F−1
∑

M
i=1

Γi
Hi

λi.

5.6.2 Regularized Schiske decovolution

In the same spirit as in [81], we introduce a regularization parameter to reduce the effect

of the Fourier-based deconvolution. The regularization parameter depends on the wavelet

level j. Let the coarsest wavelet level be j0. The, for any j = 1, . . . , j0, let the regularization
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parameter be α j ∈ [0,1]. Then, we define

λ
j

i :=
|Hi|2

L+ rα j
,

where r and L are defined in (5.31) and (5.32). The optimum value of α j will be determined

later by minimizing the Fourier and wavelet error together. Therefore, the regularized

Schiske estimate is given by x̂rs = F−1X̂ rs, where

X̂ rs := X
L

L+ rα j
+

M

∑
i=1

Γi

Hi
λ

j
i .

5.6.3 Variance of leaked noise

Our aim is to trim the leaked noise present in the regularized Schiske estimate using

thresholding in the wavelet domain. Therefore, we compute the variance of leaked noise in

the jth wavelet level. Here, we shall deal with only the wavelets coefficients related to the

basis elements ψ j,l . The expressions related to the coefficients of ϕ j,l are similar, and will

therefore be omitted.

Proposition 5.6.4. The variance of leaked noise at the jth wavelet level is

σ
2
j,W :=Var

〈
F−1

M

∑
i=1

Γi

Hi
λ

j
i ,ψ j,l

〉
=

σ2

N

N−1

∑
f=0

L(
L+ rα j

)2

∣∣Ψ j,0
∣∣2 . (5.35)

Proof. Using Plancherel’s theorem (5.2), and the definition of the inner product, we get

〈
F−1

M

∑
i=1

Γi

Hi
λ

j
i ,ψ j,l

〉
=

1
N

〈
M

∑
i=1

Γi

Hi
λ

j
i ,Ψ j,l

〉
=

1
N

N−1

∑
f=0

(
M

∑
i=1

Γi

Hi
λ

j
i

)
Ψ̄ j,l
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Computing the square of the magnitude of the expression above, we get

∣∣∣∣∣
〈

F−1
M

∑
i=1

Γi

Hi
λ

j
i ,ψ j,l

〉∣∣∣∣∣
2

=
1

N2

N−1

∑
f=0

∣∣∣∣∣ M

∑
i=1

Γi

Hi
λ

j
i

∣∣∣∣∣
2 ∣∣Ψ j,l

∣∣2 + ∑
f1 6= f2

(
M

∑
i=1

Γi

Hi
λ

j
i Ψ̄ j,l

)
( f1)

(
M

∑
k=1

Γk

Hk
λ

j
k Ψ̄ j,l

)
( f2)

 .
Using independence, we have that for all i, j = 1, . . . ,M and f1 6= f2,

E
(
Γi( f1)Γk( f2)

)
= 0

for all i,k = 1, . . . ,M. Therefore, the after computing the expectation, the cross-frequency

term on the right hand side vanishes. Now, note that

∣∣∣∣∣ M

∑
i=1

Γi

Hi
λ

j
i

∣∣∣∣∣
2

=
M

∑
i=1

∣∣∣∣Γi

Hi
λ

j
i

∣∣∣∣2 + ∑
i1 6=i2

Γi1
Hi1

λ
j

i1
Γi2
Hi2

λ
j

i2.

Again, due to independence, the cross-terms on the right hand side vanish after we apply the

expectation. Finally, using E |Γi|2 = Nσ2,
∣∣Ψ j,l

∣∣= ∣∣Ψ j,0
∣∣ for all l = 0, . . . ,N j−1, and the

fact that ∑
M
i=1

∣∣∣λ j
i

∣∣∣2
|Hi|2

= L
(L+rα j)

2 , we have

σ
2
j,W =

σ2

N

N−1

∑
f=0

L
∣∣Ψ j,0

∣∣2(
L+ rα j

)2 .

This completes the proof.

Note that, when there is only one channel (i.e. M = 1), and h1 = h, the variance of the

leaked noise becomes

σ
2
j,W =

σ2

N
|H|2

∣∣Ψ j,0
∣∣2(

|H|2 + Nα2

|X |2
α j

)2 ,
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since

L = |H|2 .

5.6.4 Multichannel ForWaRD estimate

In this section, we define our multichannel ForWaRD estimate x̂ for the input signal x. It is

obtained by applying the Oracle thresholding on the regularized Schiske estimate x̂rs. More

precisely,

Definition 5.6.5. For the wavelet level j, for all l = 0, . . . ,N j, we define the multichannel

ForWaRD estimate x̂ in terms of its wavelet coefficients as

W x̂( j, l) =
〈
x̂,ψ j,l

〉
:= T (W x̂rs)( j, l), (5.36)

where T is the Oracle thresholding operator (see Definition 5.5.1).

In other words, the j-th wavelet level of x̂ is defined as the j-th wavelet level of Oracle-

thresholded regularized Schiske estimate x̂rs.

5.6.5 Mean squared error and a cost function

Note that, the level-dependent regularization parameters α j are still not determined in the

definition of x̂. Ideally, we would like to find α j by minimizing the mean squared error.

The mean-squared error for multichannel ForWaRD estimate is given by

MSE = E‖x̂− x‖2
2 .

Since

‖x̂− x‖2
2 = ‖W x̂−W x‖2

2 =
j0

∑
j=1

N j−1

∑
l=0
|W x̂( j, l)−W x( j, l)|2 ,
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it is enough to minimize per-level mean-squared error

MSE j := E
N j−1

∑
l=0
|W x̂( j, l)−W x( j, l)|2 ,

over α j ∈ [0,1] for each j = 1, . . . , j0.

Unfortunately, a closed form solution to the minimizer of MSE j is intractable. However,

[81] suggests replacing the MSE with a cost function that closely approximates the actual

MSE by incorporating both the Fourier and wavelet related error.

Definition 5.6.6. For j-th wavelet level, define the cost functions related to the Fourier

shrinkage (i.e. regularized Schiske deconvolution) by

M̃SE
1
j =

2N j

N2

N−1

∑
f=0
|X |2

∣∣∣∣ rα j

L+ rα j

∣∣∣∣2 ∣∣Ψ j,0
∣∣2 , (5.37)

and the cost function related to the wavelet shrinkage (i.e. oracle thresholding) by

M̃SE
2
j = 2

 ∑
l:|W x( j,l)|2>σ2

j;W

σ
2
j,W + ∑

l:|W x( j,l)|2≤σ2
j;W (M,α j)

‖x‖2
2

 , (5.38)

respectively.

The combined cost function C j(α j) is defined by

C j(α j) := M̃SE
1
j + M̃SE

2
j .

The, we can show that the our cost functions satisfy the following bound.

Proposition 5.6.7. For each wavelet level j,

1
N

MSE j ≤C j(α j)
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Proof. Using triangle inequality, we see that

1
N
|W x̂−W x|2 ( j, l)≤ 2

N

∣∣∣∣W F−1X
L

L+ rα j
−W x

∣∣∣∣2 ( j, l) (5.39)

+
2
N

∣∣∣∣W x̂−W F−1X
L

L+ rα j

∣∣∣∣2 ( j, l). (5.40)

Applying Plancherel’s theorem and summing over l, applying Cauchy-Schwartz inequal-

ity, the first part on the right hand side can be written as

2
N j−1

∑
l=0

1
N3

∣∣∣∣〈X
(

L
L+ rα j

−1
)
,Ψ j,l

〉∣∣∣∣2 ≤ 2N j

N3 N
N−1

∑
f=0
|X |2

∣∣∣∣ rα j

L+ rα j

∣∣∣∣2 ∣∣Ψ j,0
∣∣2 ,

which is defined as M̃SE
1
j in equation (5.37). Here, we have used

〈
X

rα j

L+ rα j
,Ψ j,l

〉
=

〈
X

rα j

L+ rα j
Ψ̄ j,l,1

〉
≤
∥∥∥∥X

rα j

L+ rα j
Ψ̄ j,l

∥∥∥∥
2
‖1‖2 = N

∥∥∥∥X
rα j

L+ rα j
Ψ̄ j,l

∥∥∥∥
2
,

where 1 = (1,1, . . . ,1)T .

For the second term on the right hand side of (5.39), we decompose the sum over l into

two parts. From the definition of oracle thresholding, if l is such that W x( j, l)> σ j,W , we

have

W x̂( j, l) =
〈
F−1X̂ rs,ψ j,l

〉
.

In this case,

E
∣∣∣∣W x̂−W F−1X

L
L+ rα j

∣∣∣∣2 ( j, l) = E
∣∣∣∣〈F−1

(
X̂ rs−X

L
L+ rα j

)
,ψ j,l

〉∣∣∣∣2
= E

∣∣∣∣∣
〈

F−1

(
M

∑
i=1

Γi

Hi
λ

j
i

)
,ψ j,l

〉∣∣∣∣∣
2

= σ
2
j,W ,
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for all l = 0, . . . ,N j−1. Otherwise, when l is such that W x( j, l)> σ2
j,W , we have

W x̂( j, l) = 0.

For these values of l, using Cauchy-Schwartz inequality and Plancherel’s theorem, we get

E
∣∣∣∣W x̂−W F−1X

L
L+ rα j

∣∣∣∣2 ( j, l) =
∣∣∣∣〈F−1

(
0−X

L
L+ rα j

)
,ψ j,l

〉∣∣∣∣2
≤
∥∥∥∥F−1X

L
L+ rα j

∥∥∥∥2

2

∥∥ψ j,l
∥∥2

2

=
1
N

∥∥∥∥X
L

L+ rα j

∥∥∥∥2

2

≤ 1
N
‖X‖2

2

= ‖x‖2
2 ,

since L
L+rα j

≤ 1.

Therefore, summing over all l and applying expectation, the second term on the right

hand side becomes M̃SE
2
j . This completes the proof.

5.6.6 Minimizer of the cost function

In this step, we determine the level-dependent regularization parameter α j that minimizes

the cost function C j(α j). We prove the following

Theorem 5.6.8. The minimizer of the cost function C j(α j) is given by

α j =
#
{

l : |W x( j, l)|2 > σ2
j,W

}
N j

. (5.41)
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Proof of Theorem 5.6.8. First note that

d
dα j

(
rα j

L+ rα j

)
=

hr(
L+ rα j

)2 . (5.42)

Therefore, differentiating the cost function related to Fourier shrinkage with respect to α j

and using (5.42), we get

d
dα j

M̃SE
1
j =

2N j

N2

N−1

∑
f=0
|X |2

∣∣Ψ j,0
∣∣2 2
(

rα j

L+ rα j

)
hr(

L+ rα j
)2

=
4N j

N2

N−1

∑
f=0
|X |2

∣∣Ψ j,0
∣∣2 hr2α j(

L+ rα j
)3

= 4σ
2 N j

N

N−1

∑
f=0

∣∣Ψ j,0
∣∣2 hrα j(

L+ rα j
)3 ,

since |X |2 = Nσ2

r .

Also, note that

d
dα j

σ
2
j,W =

σ2

N

N−1

∑
f=0

(
M

∑
i=1

2λ
j

i

|Hi|2
−|Hi|2 r(
L+ rα j

)2

)∣∣Ψ j,0
∣∣2

=−2σ2

N

N−1

∑
f=0

∣∣Ψ j,0
∣∣2 hr(

L+ rα j
)3 .

Therefore, differentiating the cost function related to the wavelet shrinkage with respect to

α j and using the expression above, we get

d
dα j

M̃SE
2
j = 2#

{
l : |W x( j, l)|2 > σ

2
j,W

} d
dα j

σ
2
j,W

=−4σ2

N
#
{

l : |W x( j, l)|2 > σ
2
j,W

}N−1

∑
f=0

∣∣Ψ j,0
∣∣2 hr(

L+ rα j
)3 .
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Solving the equation

d
dα j

(
M̃SE

1
j + M̃SE

2
j

)
= 0,

we get

4σ
2 N j

N

N−1

∑
f=0

∣∣Ψ j,0
∣∣2 hrα j(

L+ rα j
)3 =

4σ2

N
#
{

l : |W x( j, l)|2 > σ
2
j,W

}N−1

∑
f=0

∣∣Ψ j,0
∣∣2 hr(

L+ rα j
)3 ,

and therefore,

α j =
#
{

l : |W x( j, l)|2 > σ2
j,W

}
N j

.

This completes the proof.

Theorem 5.6.8 states that the optimum regularization parameter is equal to the ratio of

the number of wavelet coefficients of x that are above the standard deviation of the leaked

noise present in the regularized Schiske estimate. As pointed out in [81], this optimum

regularization parameter plays an important role in balancing the Fourier and wavelet

shrinkage. Signals with more economic (sparse) wavelet representation will require more

wavelet thresholding to zero out most of the wavelet coefficients. Therefore, recalling the

definition of Oracle thresholding, the numerator of the right hand side of (5.41) is small,

resulting in a smaller value of optimum α j. Therefore, signals that require more wavelet

shrinkage will require less Fourier shrinkage and vice versa.
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Chapter 6: Future directions

Even though we obtained the best result in the literature regarding the global well-posedness

of the 2D mZK equation, we suspect that it is far from optimal. Since the equation is known

to be ill-posed in H0 and is locally well-posed at least in Hs for s > 1
4 , it may be possible to

lower the Sobolev index s from 3
4 down to 1

4 by establishing a better almost conservation

law. This will be one of the future research directions.

Our discussion in Chapter 3, was related to solutions that blow up in finite time. Although

numerical evidence suggest the existence of such solutions (albeit only in H1(R2)), they

have not been mathematically proven to exist for the focusing 2D mZK equation. Unlike

NLS, the equations in the KdV family (in particular, ZK) do not enjoy the virial identity.

The existence of finite time blowup solutions for critical gKdV equation was proved by

construction. However, for 2D mZK equation (which is mass-critical), adaptation of such

results are not available yet. One of the future research directions will be to theoretically

establish finite time blowup solutions, at least in H1(R2).

The mZK equation in three space dimensions is a mass-supercritical. It is an open

question to determine a sufficient condition on the initial data for which the local Hs solution

can be extended globally when s < 1. Following the work of Kenig and Merle [56], and

the techniques developed by Holmer and Roudenko [50], we have obtained the answer of

this question in H1, and this was discussed in Chapter 4. However, for low-regularity data,

only small-data theory is available, which is due to Grunrock. However, quantifying the

smallness in terms of the soliton mass is still an open question. One of the future research

directions will be to apply the I-method for 3D mZK equation to derive a sufficient condition

for global well-posedness.

In signal processing, one possible future direction of research will be to investigate

the dual deconvolution problem, where the goal is to extract two unknown sources from
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one observation. Our goal would be to apply the framework developed in Chapter 5 to

the dual deconvolution problem, which has significant applications in speech processing.

Another important aspect of this work would be the implementation of the multichannel

deconvolution algorithm we proposed here to develop a C++ library that could be used by

the ANITA collaboration to aid their data analysis.
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