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Abstract of Dissertation

Some New Advancements in Adaptive Randomization for Clinical Trials

Clinical trial methodology continues to evolve as researchers strive to enhance efficiency,
ethics, flexibility, and accuracy in response to the growing complexity and stringent
regulatory requirements of modern clinical research. Despite these important
methodological advances, significant practical challenges persist. Among the most
pressing concerns are the development of trial designs that can adapt effectively to real-
world conditions, inference methods capable of accommodating diverse data types, and
statistical approaches that align closely with evolving regulatory standards. These ongoing
issues highlight a gap between theoretical developments and practical application in
clinical research. This dissertation addresses these critical gaps by identifying key
limitations in current clinical trial methods and proposing practical, theoretically grounded
solutions. The contributions presented here are intended not as incremental improvements
but as meaningful advances capable of transforming clinical trial practice to better serve
both researchers and patients.

In Chapter 3, we focus on Response-adaptive Randomization (RAR). Traditional RAR
requires updates after every individual patient response, which is often impractical in real-
world clinical trials. To address this limitation, we introduce new group-based RAR
procedures. These methods update randomization periodically, either in groups or at fixed
intervals like weekly or biweekly. Our theoretical analyses show these group-based
methods maintain the strengths of traditional doubly adaptive biased coin designs (Hu and
Zhang (2004)) and effectively handle delayed or missing responses. We illustrate the

practicality and effectiveness of this approach through a real clinical trial example.

Vi



Chapter 4 explores statistical inference challenges in covariate-adaptive randomization
(CAR) for multi-arm trials with general outcomes. Most existing inference approaches
address continuous outcomes, leaving a notable gap for common trial endpoints such as
binary or count data. We assess the performance of the standard Wald test under model
misspecification, highlighting problems like inflated or overly conservative Type I error
rates due to omitted covariates and correlation among tests from shared control groups. We
propose adjusted test statistics that effectively control Type I error and may improve
statistical power. This research represents the first comprehensive study on inference for
multi-arm CAR trials with GLM endpoints.

In Chapter 5, we address seamless phase II/III clinical trial designs, highly relevant in
oncology due to their potential to accelerate drug development. Current seamless methods
predominantly target continuous endpoints, which do not align with oncology trials often
relying on time-to-event primary outcomes and binary surrogate endpoints during interim
stages. We propose a covariate-adaptive seamless phase II/III trial design specifically for
trials using binary surrogate endpoints for interim analyses and time-to-event outcomes for
final assessments. The accompanying inference method we introduce enhances statistical
power, remains robust against model misspecification, and reliably controls Type I error.
Simulation studies validate the practical effectiveness and regulatory suitability of our
approach, emphasizing its usefulness for oncology trials.

Overall, these methodological improvements contribute significantly to clinical trial
practice, addressing key limitations in current approaches. The proposed designs and
inference methods enhance the practicality, adaptability, and accuracy of clinical trials,

paving the way for more efficient drug development, improved regulatory alignment, and
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better patient outcomes across various therapeutic fields.
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CHAPTER 1

Introduction

1.1 Background

The randomized controlled trial (RCT) is widely recognized as the gold standard for evaluating
medical interventions, because it effectively reduces bias and establishes clear causal relationships.
Traditional RCTs use fixed designs with predetermined sample sizes and complete randomization
(CR), with analysis performed only after participants complete their follow-up. Although his-
torically effective, these methods often lack flexibility. Such rigidity may unnecessarily expose
participants to inferior treatments and delay the identification of superior therapies. Additionally,
fixed designs often fail to adequately account for patient heterogeneity, potentially compromising
trial validity.

Adaptive randomization addresses these limitations through various strategies, including response-
adaptive, covariate-adaptive, and covariate-response-adaptive randomization procedures. These
approaches dynamically adjust the allocation probabilities based on accumulated treatment out-
comes, patient characteristics, or a combination of both. Such flexibility allows trials to respond in
real-time to accumulating evidence, thereby enhancing efficiency and improving statistical power.

Recent high-impact clinical trials demonstrate significant ethical, operational, and statistical
advantages of adaptive randomization. For instance, the REMAP-CAP trial [2], conducted during
the COVID-19 pandemic, employed response-adaptive randomization (RAR) to efficiently identify
beneficial treatments, rapidly informing clinical care and resource allocation. Additionally, Ciolino
et al. [10] conducted a systematic review of 298 RCTs published in leading medical journals
from 2009 to 2014, reporting that 237 (80%) employed covariate-adaptive randomization (CAR),
with stratified block randomization accounting for 69% and other CAR methods for 11%. These

approaches improved baseline covariate balance, reduced confounding, and increased the accuracy



of trial results.
Thus, adaptive randomization is a meaningful advancement in clinical trial methodology. Com-
bined with rigorous statistical inference, it optimizes patient care, resource allocation, and scientific

discovery.

1.2 Overview of Adaptive Randomization

Having outlined the limitations of traditional RCT designs, we now introduce adaptive randomiza-
tion methods designed to overcome these issues. Traditional RCTs utilize CR, assigning participants
to treatment arms with fixed, pre-specified probabilities (typically a 1:1 ratio), regardless of ac-
cumulating data. Adaptive randomization relaxes this constraint by incorporating accumulating
responses or patient characteristics to dynamically update allocation rules. Below, we briefly de-
scribe two distinct classes of adaptive randomization procedures, each particularly advantageous

under different scenarios.

1.2.1 Response-adaptive Randomization

One key adaptive randomization method addressing the limitations of CR is RAR, which was de-
veloped to allocate participants to treatment that appears superior as trial data accumulate. Broadly,
existing RAR methods fall into two categories: randomized urn-based models and sequential es-
timation procedures [19]. Urn-based methods intuitively assign participants to better-performing
arms, but typically fail formal optimality criteria for statistical power or patient benefit. To address
this gap, a newer sequential estimation method first defines optimal allocation targets by solving
optimization problems that balance efficiency and ethical considerations. Then, it sequentially
adjusts allocations, guiding actual treatment proportions toward these optimal targets as the trial
progresses.

However, a significant practical challenge remains: traditional RAR procedures require sequen-

tial outcome observation before subsequent allocations. Consequently, delays in outcome reporting



significantly extend trial durations. This critical limitation is currently a primary focus in RAR

research.

1.2.2 Covariate-adaptive Randomization

Another important adaptive randomization method is CAR, which emphasizes balancing prognostic
baseline variables (e.g., age, disease stage, biomarkers) rather than observed outcomes. After each
participant enrollment, CAR algorithms evaluate current covariate imbalances across treatment
arms, adjusting assignment probabilities accordingly. Commonly used CAR techniques include
stratified permuted block randomization, Pocock and Simon’s minimization, stratified biased-coin
designs, and advanced frameworks like the Hu and Hu (2012) approach. Each approach possesses
unique strengths and limitations, detailed further in Section 2.

Significant research has concurrently targeted improving statistical inference methods under
CAR. Standard statistical tests, relying on pooled variance estimates, often yield overly conservative
results due to induced correlation between treatment assignments and covariates. Robust variance
estimators, permutation tests, and bootstrap methods have been developed to correct this issue,
maintaining nominal type I error rates and enhancing statistical power by improving covariate
balance and reducing residual variance.

Despite these advancements, statistical inference remains challenging in complex trials in-
volving multiple treatment arms or diverse endpoints, such as binary or time-to-event outcomes.

Ensuring inference robustness and feasibility in these settings remains an ongoing research priority.

1.3 Practical Gap

As highlighted in the preceding sections, methodological advances in both RAR and CAR have
significantly improved clinical trial designs. Nonetheless, critical practical gaps remain unresolved,
limiting their widespread adoption and effectiveness in realistic clinical settings.

For RAR, the most substantial practical challenge is its inherent reliance on sequential en-



rollment and outcome observation. Hence, RARs require timely availability of patient outcomes
before subsequent patients can be randomized. This sequential dependency substantially prolongs
trial duration, particularly when outcomes are delayed due to lengthy follow-ups or logistical com-
plexities in multi-center trials. The extended duration increases operational burdens, and poses
substantial challenges to timely clinical decision-making, limiting broader practical adoption.

Similarly, despite substantial methodological progress, CAR faces distinct but related practical
challenges when trials grow more complex. Specifically, in multi-arm trials, dose-ranging studies,
and seamless trials, existing inference methods frequently encounter substantial limitations. These
limitations arise primarily because traditional statistical tests, designed initially for straightforward
two-arm trials with simple endpoints, become overly conservative or inaccurate when used in
more complex settings. In particular, when outcomes include generalized linear model (GLM)-
based endpoints, count data, binary events, or long-term survival outcomes, current methods often
inadequately adjust for correlations induced by adaptive randomization. As trials increasingly
integrate complex endpoints, the need for reliable statistical inference methods becomes more
pressing, both practically and from a regulatory perspective.

Moreover, from an implementation standpoint, complex randomization algorithms require ad-
ditional transparency and ease of use. Clinical teams and regulatory agencies demand clear
documentation and interpretability of the allocation process. Consequently, bridging these prac-
tical gaps, particularly the reduction of trial duration in RAR and the development of robust and
adaptable inference methods for CAR in complex scenarios, remains critical. Addressing these
issues through innovations such as group-based randomization strategies and robust inference meth-
ods for complex endpoints, as explored in this dissertation, would significantly advance adaptive

randomization practices and their practical applicability.



1.4 Research Goal & Contributions

The primary aim of this dissertation is to improve adaptive randomization methods by addressing
key practical issues that limit their broader use in clinical trials. Previous studies established
foundational approaches, yet existing methods often face practical challenges, including delayed
responses, missing data, complex covariates, generalized outcomes, and complex trial structure.
This dissertation focuses on bridging these gaps by providing novel approaches that enhance both
statistical rigor and practical usability.

The main contributions distinguishing this research from prior work include (1) developing a
novel class of group-based response-adaptive randomization that accommodates group enrollment
and effectively handles delayed and missing responses; (2) proposing robust inference techniques
for multi-arm clinical trials using covariate-adaptive randomization with generalized linear model
endpoints; and (3) establishing a comprehensive inferential framework specifically for seamless
phase II/III trials involving multiple endpoints.

In Chapter 3, we develop a new group response-adaptive randomization (group RAR) procedure
capable of simultaneously addressing delayed responses and missing data under the missing-at-
random (MAR) mechanism. Unlike existing sequential RAR methods, the proposed approach
allows randomization by patient groups rather than individual patients, significantly reducing trial
duration and logistical complexity. We establish its theoretical properties and validate practical
performance through extensive simulations.

In Chapter 4, we propose robust inference procedures for multi-arm clinical trials utilizing
CAR. The primary contribution of this project is extending statistical inference beyond standard
continuous outcomes to endpoints modeled via GLMs. We systematically investigate how CAR
affects parameter estimation and hypothesis testing under GLMs, establish theoretical properties
such as asymptotic variance, and develop adjusted inference methods to maintain nominal type I
error rates and potentially increase statistical power. Numerical studies and clinical trial exam-

ples demonstrate the superiority and robustness of our proposed methods compared to traditional



inference approaches.

In Chapter 5, we propose a statistical inference framework for seamless phase II/III clinical
trials using CAR designs. Specifically, we focus on trials involving multiple endpoints, combining
short-term binary outcomes and long-term time-to-event (survival) endpoints. Our approach
addresses the practical challenges associated with adaptive allocation by explicitly accounting
for dependencies among covariates, endpoints, and treatment assignments. We outline a practical
inference framework emphasizing robust testing strategies designed to maintain type I error control
and ensure sufficient statistical power in complex trial scenarios. Extensive simulation studies
and real-world examples validate our proposed methods, providing robust evidence and practical
guidance essential for clinical teams and regulators to confidently adopt seamless adaptive trial
designs.

The rest of the dissertation is organized as follows. To systematically address these practical
gaps and position our methodological innovations effectively, Chapter 2 first provides an extensive
literature review detailing foundational concepts, existing randomization methods, and inference
strategies under CAR. Chapters 3 to 5 introduce our proposed methodologies to address the practical
gaps identified earlier, specifically: group randomization for delayed responses (Chapter 3), robust
inference in multi-arm GLM-based trials (Chapter 4), and seamless phase II/IIl trial designs
(Chapter 5). Each chapter presents theoretical developments, simulation studies, and illustrative
examples. Finally, Chapter 6 summarizes the findings, discusses their practical implications, and

highlights potential areas for future research.



CHAPTER 2

Literature Review

This literature review provides comprehensive theoretical background for the three research projects
presented in this dissertation. The review begins with traditional complete randomization (Section
2.1) as the foundational framework, then progresses through response-adaptive randomization
methods (Section 2.2) and covariate-adaptive randomization approaches (Section 2.3). Finally,
Section 2.4 specifically addresses statistical inference under CAR, a topic particularly relevant to
the projects presented in Chapters 4 and 5.

Each section traces the historical development of these methods and identifies their current
limitations and practical challenges. The organization mirrors the logical progression from basic
concepts to advanced methodologies, ultimately connecting to the three specific research gaps
addressed in this dissertation: group-based RAR for delayed and missing responses (Chapter
3), robust inference in multi-arm trials with GLM-based endpoints under CAR (Chapter 4), and
robust inference methods for seamless phase II/III designs with multiple endpoints (Chapter 5).
This comprehensive foundation enables readers to understand both the theoretical motivation and

practical necessity for the proposed methodological innovations.

2.1 Traditional Randomization: Complete Randomization (CR)

We first introduce CR, the simplest and widely used allocation method in RCTs, as a foundational
concept. CR independently allocates participants with fixed probabilities, typically equal across
treatment arms (e.g., a probability of 0.5 for two-arm trials). Because each assignment is indepen-

dent, CR essentially corresponds to repeated Bernoulli trials with known probabilities of success



[44]. Formally, let T}; indicate the treatment assignment for the ¢ th patient in treatment arm £k :

1 if patient ¢ is assigned to arm k
Tk = 2.1)

0 otherwise

Under CR, the assignment probabilities satisfy:

1
P(Ty, =1)=py, where p= =

with K representing the total number of treatment arms. The key advantages of CR are its
simplicity and strong theoretical guarantees of unbiasedness. The independence of assignments
prevents selection bias, while the law of large numbers ensures that, in sufficiently large samples,
treatment groups will on average be balanced with respect to both observed and unobserved
covariates [28, 44]. Regulators are highly familiar with this design, and most classical statistical
tests assume an underlying CR mechanism.

However, the same independence that guarantees unpredictability also means CR does not
actively control covariate balance in finite samples. Chance imbalance on important prognostic
factors can inflate variance and reduce statistical power, especially when total sample size is modest
[53, 28]. In multi-arm studies, CR further allows substantial variation in arm-wise sample sizes,
again hurting efficiency. Finally, pure CR offers no intrinsic protection against exposing many early

participants to a potentially inferior treatment, motivating the development of adaptive schemes.

2.2 Response-adaptive Randomization (RAR)

Given these limitations of CR, particularly ethical concerns about exposing patients to inferior
treatments, RAR was developed. RAR dynamically adjust the probability of assigning patients to
different treatment arms based on accumulating outcome data. Over time, this method allocates

more participants to treatments showing better performance, directly addressing ethical concerns



[44]. As we mentioned in section 1.2.1, RAR approaches include intuitive urn-based methods and
optimal designs that explicitly balance ethical considerations and statistical efficiency.

Among RAR methods, urn-based procedures have been extensively studied due to their intuitive
appeal and straightforward implementation. A classic example is the RPW design [56], an extension
of Zelen’s original play-the-winner scheme [59], incorporating probabilistic treatment assignments.
RPW adaptively assigns treatments in a two-arm trial using a simple urn model. Initially, the urn
contains an equal number of balls representing each treatment. To assign a treatment, a ball is
randomly drawn and then replaced. If a patient responds successfully to the assigned treatment, an
additional ball of the same type is added, increasing its probability of future selection. Conversely, if
the response is unsuccessful, a ball of the opposite treatment type is added, balancing probabilities.
Over time, this approach favors assigning more patients to the more effective treatment.

However, despite their intuitive simplicity, urn-based designs, including RPW, face notable
limitations. RPW specifically exhibits instability, as early random fluctuations significantly influ-
ence subsequent allocations, potentially causing extreme imbalances. A real-world example is the
ECMO trial conducted in 1985 [3]. The trial resulted in a severe imbalance: 11 infants assigned
to the ECMO group all survived, while only one infant assigned to the control group died. This
severe imbalance prompted ethical concerns and methodological critiques. Such sensitivity can
lead to misleading assessments of treatment performance and compromise statistical power [45].

To overcome these weaknesses, several variants of urn-based designs have been proposed. For
instance, Tamura et al. [52] conducted a notable trial in depression using an RPW design with a
“burn-in” period, initially fixing allocations to ensure a minimum number of control patients before
switching to adaptive mode. Ivanova [26] introduced the drop-the-loser urn design to address insta-
bility by systematically reducing the likelihood of assigning poorly performing treatments. Another
significant improvement is the generalized Pélya urn (GPU) model, incorporating adjustable param-
eters for better control over allocation proportions, thereby enhancing stability and balance. These
procedural advancements mitigate some of RPW’s vulnerabilities. Nevertheless, these extensions

were not specifically designed to optimize any statistical criterion; their primary goal was placing



more patients on superior treatments. Unfortunately, many remain slow to converge and produce
less powerful treatment comparison tests. A comprehensive historical perspective on this topic is
discussed in Rosenberger and Lachin (2002) [43].

Considering these limitations, researchers in the early 2000s began developing optimization-
based adaptive methods, which explicitly balance ethical concerns and statistical efficiency within a
rigorous mathematical framework. Hu and Zhang (2004) developed the doubly biased coin design
(DBCD), a general adaptive randomization method that targets pre-specified optimal allocation
ratios based on a chosen optimization criterion, such as maximizing statistical power, minimiz-
ing variance, or enhancing ethical considerations by preferentially assigning patients to superior
treatments [21]. Formally, let p = (p1, pa, . .., px ) represent the target allocation proportions for
K treatment arms, and let IV, ;, denote the number of patients assigned to arm £ after enrolling ¢
patients. The allocation probability for the (i + 1)th patient being assigned to treatment & under

DBCD is given by:
Ok (Pr/ (Niye /1))
P(Tpsy = k) = — D PRT0RE)) 2.2)
" S 0303 (N i)

where o > 0 is a tuning parameter controlling the randomness and sensitivity of the allocation.

Larger « values yield more deterministic allocations aligned with the targeted proportions, while
smaller values introduce greater randomness.

Efficient response-adaptive designs (ERADE) further refine allocation rules and have been
shown to minimize the asymptotic variance of the estimated treatment effect, while maintaining
ethically motivated allocation constraints. ERADE can be viewed as an advancement of the DBCD,
achieving optimal precision for a targeted allocation ratio [24].

Building upon the optimization-based frameworks, recent approaches further integrated response-
guided and non-myopic perspectives. Response-guided designs adjust treatment allocations based
on interim data, enhancing ethical allocation and potentially reducing the required sample size.
Zhu and Hu [66, 67] provided rigorous proofs confirming convergence and proper type I error
control for sequential tests in DBCD and urn models. Non-myopic methods, inspired by multi-

armed bandit theory, consider the full trial horizon, rather than just the next patient allocation. For

10



instance, the forward-looking Gittins index approach proposed by Villar et al. (2015) optimizes
overall patient outcomes throughout the trial duration, preserving robust statistical performance.
These innovations have significantly strengthened the ethical and statistical foundations of RARs.

Nevertheless, several methodology-specific practical challenges persist in RAR implementa-
tions. Most existing RAR methods require observing previous participants’ outcomes before
allocating the subsequent patient. In trials involving endpoints with long follow-up periods, such
as survival or chronic disease progression, this sequential dependence can stall enrollment and
substantially prolong trial duration, as real-time updating becomes impractical until outcomes be-
come available. Hu et. al. (2008) [23] examined the impact of delayed responses on DBCDs,
finding these designs to be relatively robust and insensitive to delays under commonly satisfied
conditions. Despite this theoretical robustness, practical operational complexities remain signifi-
cant. Implementing RAR in real-time imposes considerable demands on data capture, centralized
coordination, and frequent updating of randomization procedures. These operational complexities
significantly strain resources and increase logistical burdens on trial teams. Addressing these issues
necessitates the development of smoothing or stabilization methods for allocation updates. Finally,
advanced adaptive procedures, particularly those utilizing Bayesian or multi-armed bandit frame-
works, may face regulatory scrutiny due to perceived complexity and lack of transparency. Thus,
clearly specified and thoroughly documented adaptation rules are critical for ensuring regulatory
acceptance and reproducibility. These detailed algorithm-specific difficulties directly motivate the
novel group-enrollment-based RAR procedure proposed in Chapter 3, explicitly designed to handle

delayed and missing responses encountered in clinical trials.

2.3 Covariate-adaptive Randomization (CAR)

While RAR addresses ethical concerns through dynamic allocation based on treatment outcomes,
CAR methods specifically target balancing patient characteristics across treatment groups. Imbal-

ances in important prognostic covariates, especially in smaller trials, can reduce statistical power
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and complicate interpretation. CAR dynamically adjusts assignment probabilities using available
baseline covariate information, thus effectively ensuring balance. Due to their simplicity and ef-
fectiveness, CAR approaches have been widely adopted since the 1970s and remain common in
clinical trials today.

The simplest approach to balance covariates is stratified permuted block randomization (SPB)
[60]. In stratified randomization, patients are grouped into strata defined by R key covariates,
forming S = Hle m, strata, where the rth covariate has m, discrete levels. Within each stratum
defined by the covariate profile (mj, m3,--- ,m}), where m* € {1,--- ,m,} for each covariate r
(1 £r < R), permuted blocks of predetermined sizes ensure nearly equal allocation of patients to
treatment arms. Mathematically, the within-stratum imbalance for a specific treatment arm k can

be represented as:
Dk(m;m;a am;%) = Ny (miam; am*R) _N(m;m;f" 7m*R)> (23)

where ny (mj, m3,--- ,m},) denotes the number of patients allocated to treatment arm & within

that stratum, and

K
1
o) = 5o 3 e )
k=1

is the average number of patients across all treatment arms within that stratum.

SPB guarantee balance on the stratifying factors within each block of a fixed size, and thus
overall balance if the number of patients per stratum is large. However, when there are many
stratification factors or levels, the number of possible strata grows combinatorially and many strata
may have few patients. In such cases, stratified blocking may fail to achieve good overall balance,
and some strata will by chance be unfilled or uneven. This is a known limitation: with a large
number of strata, the method does not scale well and can leave substantial imbalance in combined
covariate distributions.

To overcome the drawbacks of SPB, minimization was introduced independently by Taves

(1974) and further refined by Pocock and Simon (1975). Minimization is a flexible randomization
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approach designed explicitly to control marginal covariate imbalances across treatment arms.
Unlike SPB, minimization dynamically allocates new patients by assessing marginal imbalance
scores for each covariate separately.

Mathematically, the marginal imbalance for treatment arm k£ concerning the rth covariate at
level m; is expressed as:

Dy (rymy) =ng (r;my) — N (r; my) (2.4)

where ny(r; m?) is the count of patients with the rth covariate at level m allocated to treatment £,

and

| K
N (r;m}) = e Z ng (r;me) (2.5)

k=1
is the marginal average across treatments.

In minimization, the next patient is typically allocated to the treatment that minimizes a weighted
sum of these marginal imbalances. Pocock and Simon emphasized adding a probabilistic element
to this allocation (commonly assigning the minimizing treatment with a high probability, such
as 0.8 or 0.9) to mitigate predictability and selection bias, maintaining balance while retaining
randomness.

As trials began to incorporate more covariates (e.g. genetic biomarkers, multi-center indicators,
etc.), the limitations of previous CAR methods motivated new designs. One key development was
the formulation of CAR designs with formal probability models, allowing researchers to prove
asymptotic properties. In an influential paper, Hu and Hu (2012) proposed a novel covariate-
adaptive randomization procedure (HuHu CAR) that can control multiple types of imbalances
simultaneously. They pointed out two critical shortcomings of earlier methods: (1) Stratified block
randomization fails when there are a large number of strata (as discussed), and (2) traditional
minimization can still lead to large within-stratum imbalances meaning that even if marginal totals
are balanced, finer subgroup balances might not be. HuHu CAR design tackles these issues via
assigning patients sequentially by minimizing a weighted imbalance score, combining overall im-

balance (Dy), marginal imbalance (D (r; m})), and within-stratum imbalance (Dy(m7], ..., m5)).
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The overall imbalance Dy, is defined as:

Dk:nk—N

Marginal imbalance and within-stratum imbalance are calculated similarly, as shown above. For-

mally, the imbalance score for assigning the ith patient to treatment arm k is computed as:

K K K
il = {32 ()" 3 {3 (015 0 b { 52 (010 )
k=1 r=1 k=1 k=1

(2.6)
where w,, wy, , and wy are non-negative weights satisfying w, + Zil Wpr +ws = 1. This
formulation provides robust covariate balancing across all dimensions of interest, enhanced by
rigorous theoretical guarantees of convergence and optimal allocation properties. For detailed
procedures, see Hu and Hu (2012) for two-arm trials (Annals of Statistics, 40(3): 1794—-1815) or

Hu, Ye, and Zhang (2023) on multi-arm trials (Science China Mathematics, 66(1): 163—190).
Modern CAR methods have evolved from ad hoc algorithms into well-developed designs sup-
ported by rigorous theoretical frameworks, including guarantees of statistical stability like Markov
chain properties and sufficient randomness to prevent predictability and selection bias. CAR is now
commonly integrated into practical tools such as web-based randomization platforms and statistical
software packages like carat [39], facilitating broad adoption in clinical trials. Recent literature
surveys confirm widespread use of CAR techniques, particularly minimization and stratification,
to maintain covariate balance. This is especially beneficial in trials with smaller sample sizes or
multiple influential prognostic factors, substantially enhancing statistical power and credibility of

trial outcomes.
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2.4 Statistical Inference Under CAR

As CAR methods have become common in clinical trials, researchers have paid increasing attention
to statistical inference after CAR. Early studies by Birkett [6] and Forsythe [13] showed through
simulations that standard tests, such as the two-sample t-test or regression models without covariate
adjustment, are often overly conservative. Shao et al. [49] later provided theoretical evidence
that CAR methods introduce correlation among treatment assignments, changing the distribution
of unadjusted test statistics. This correlation reduces variability between groups, leading to Type
I error rates lower than the nominal level. Further theoretical studies [34, 36, 30] confirmed that
incorporating covariates used during randomization into regression models can restore correct
inference and improve statistical efficiency.

Current statistical inference methods under CAR are generally classified into two categories:
model-free and model-based approaches. The model-free approaches typically use t-tests with
adjusted standard errors or permutation tests conditioned on strata, providing asymptotically valid
inference across diverse CAR designs. For instance, Bugni et al. [8] proposed t-tests with adjusted
standard errors and developed regression-based methods that include strata indicators as covariates.
However, these methods can become impractical when the number of strata is large. Additionally,
permutation tests typically have high computational complexity. More recently, model-based
inference methods have emerged as particularly attractive alternatives, as they remain valid even if
the underlying statistical model is misspecified. Ma et al. (2015) [34] studied two-arm trials under
CAR, focusing on scenarios where randomization covariates are partially or completely omitted in
analysis. They showed that traditional model-based inference becomes conservative and proposed
adjusted variance estimators to correct this issue. Following this, Li et al. (2021) [31] explored the
behavior of Wald tests under GLMs in similar two-arm trial settings, providing modified variance
estimators to maintain valid inference when covariates are omitted. Ye and Shao (2020) [57]
further derived the asymptotic properties of partial likelihood score tests under potential model

misspecification, offering a variance estimation adjustment to ensure robustness across a broad
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class of CAR designs in two-arm trials.

Recent methodological extensions further consider more complex clinical scenarios, such as
multi-arm trials, diverse endpoint types, dose-escalation studies, and seamless designs. For in-
stance, Bugni et al. (2019) [9] generalized previous theoretical results to multiple-treatment
scenarios, developing adjusted variance estimators that ensure valid inference under CAR. Addi-
tionally, Ma et al. (2020) [36] considered CAR in seamless phase II/III trials, proposing adjusted
inference procedures that maintain correct Type I error control and efficiency despite the complex-
ities introduced by interim adaptations and dose escalation. These recent developments broaden
the applicability and reliability of CAR inference methods in increasingly complex trial designs.

Despite these advances, significant methodological gaps remain, particularly for multi-arm trials
and seamless phase II/I1I trials involving non-continuous endpoints. A crucial challenge is statistical
inference for multi-arm trials with endpoints modeled by GLMs, such as binary responses or count
data, commonly encountered in clinical research. Although methods for two-arm GLM trials
under CAR are well-established [48, 31], extending them to multi-arm contexts remains essential
yet challenging. Multi-arm trials typically use a shared control group, introducing dependencies
that violate assumptions of traditional inference methods. Additionally, analyzing CAR data with
GLM endpoints often involves omitting covariates from working models, potentially invalidating
standard inference approaches.

Similarly, existing research on seamless designs commonly assumes the same endpoint for dose
selection and final analysis across trial phases [5, 32, 38], a notable limitation for oncology trials
where using survival endpoints for both stages significantly prolongs trial duration [41].

To directly address these methodological gaps, this dissertation undertakes two targeted research
projects: (1) Investigating asymptotic properties of standard Wald tests in multi-arm GLM trials
under CAR, specifically handling cases of misspecified working models due to omitted covariates.
Based on these theoretical findings, we propose adjusted tests to control Type I error effectively
and potentially enhance statistical power. (2) Proposing a novel seamless phase II/III design

integrating CAR, using binary surrogate endpoints for interim dose selection and survival endpoints
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for final analysis, accompanied by corresponding robust inference procedures. These approaches

substantially enhance the practicality and efficiency of clinical trials.
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CHAPTER 3

Group Response-Adaptive Randomization with Delayed and Miss-

ing Response

As mentioned in the previous two sections, there is extensive literature on RAR procedures and their
underlying theories. However, their practical application is hindered by the requirements of RAR,
which require patients to enroll sequentially and update the allocation probability immediately after
the results for each patient become available. In this section, we introduce our proposed group
DBCD procedure, which allows for batch enrollment of patients and periodic updates of allocation

probabilities, addressing the practical constraints associated with RAR.

3.1 Group DBCDs and their properties

3.1.1 Framework

In this section, we propose a new family of RAR procedures in which the patients are enrolled or
observed in sequential groups. We first describe the framework of the new adaptive design and
then discuss its asymptotic properties.

Consider a clinical trial with K treatment arms, where the total n participants enter the trial
in groups sequentially, and their responses to the treatments are immediate. The sizes of the
groups are assumed to be X1, X2, - - -, which are random integers with x; > 1. Each patient is
assigned to one of the K treatments. We assume that the patient responses with each treatment
are independent and identically distributed with the probability distribution indexed by a parameter
0, € #?, and denote & i to be the response of the mth patient on treatment k. As usual, we let
X = (X1, .., Xm k) be the allocation vector of the mth patient (i.e., X, = 1 if the mth

patient is assigned to treatment k, and 0 otherwise), and let N,, ;, = Z?zl X, be the number of
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patients assigned to treatment k, k € {1,--- , K}.

In clinical trials, we aims to adjust the allocation proportion IV, ;./n to converge towards the
optimal allocation target by adapting the allocation probability for each group. The desired targets
are functions of ® = (6,...,0x), which are derived as a solution to a formal optimization
problem. For instance, the RSIHR targets, proposed by Rosenberger et al,[45] are derived to
minimize the number of failures while maintaining a fixed power using Wald Z test statistics. In
this paper, we implement Hu and Zhang’s ¢(-) function [21] to push the allocation proportions
toward the targets, and we outline the proposed Group DBCD procedure as follows.

(a) (Initial Step). To start, we assign the first one or two groups of patients to treatments via
restricted randomization, ensuring a balance in treatment assignments. And let (:)0 be an initial
estimator of ©.

(b) (Estimation Step) Assume that j groups of patients have been assigned to the trial, and their
responses are observed. Let T; = Zle Xi be the number of patients assigned. When the (j + 1)th
group of patients is ready for allocation, the observed data include responses and assignments of
previous T; patients, and the group sizes X1,. .., Xj+1. Let (:)Tj be the estimator of © derived from
these T; responses.

(c) (Allocation Step) We assign each patient in the (j + 1)th group to treatment k with the
probability

N ~
Tf,p(eTj)), k=1,...K.

PTJG+1 =gk (

7j

That is

Pr(Xm,k = 1}X17"'7Xj+1;£i,laXiai: 17"'77—]'7[: 17>K)

N, o~
= 0k T’p(GTj) ) k?:]_,..,,K, m:Tj+1""’Tj+1'

J

Here N, /7 is the sample allocation proportion after the jth group assignments, and p is the desired
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proportion which is a function dependent on the true parameters of the response distribution. The
allocation function g = (g1, ...,9x) in the procedure is for forcing the allocation proportion
N, /7j close to the desired proportion p. In Hu and Zhang (2004),[21] they had proposed a family

of allocation functions to achieve this goal.

Yk <y—1“>V
gk(x7y): - >'yv k=1,...,K

K .
Zj:l Yj (i-j

where v > 0.

The specific form of gx(-) applied to this step is

~ v
67"1
N, N p( ijk) (;Ejk;;)k)
gk( ]JP(GTj)) - K ~ p(é ) 7
Zi:l p(g’fjai) (Nrj,i;;—j,i)

@

k=1,... K.

(d) (Repeated Step) The estimation step and the allocation step are then repeated continuously until

the end of the clinical trial.

When x; = 1, that is, only 1 people in each group are considered, the proposed design reduces
to a special case of Hu and Zhang’s DBCD. Through this paper, for simplicity and without loss
of generality, we assume that the estimated 8 is the expectation of the observed responses on

treatment k. To estimate it, we use the modified sample mean

~ E i—1 Xz kézk 60k O — (0 0.
Hm — = : : 77 ]i]_—l,?K d(-)m—em7;6m :
i Nm,k 1 " ( ! ,K)

When the (j+ 1)th group of patients arrives, the observed estimator is (:)Tj. Here &; , is the response
of the ith patient on treatment k. Write §; = (§;1...,&; k) and assume that §;,7 € {1,2,--- }, are
independent identically distributed random vectors. @ = (61,002, - - , 6y k) is an initial value

that may be based on historical data.
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Regarding the group sizes ;, we make the following assumption.

Assumption 3.1. For some ) > 0,

J
Xj = O(le/2_w> almost surely, where 7; = Z Xi- 3.1
i=1

This assumption means that, comparing with the sample size, the group size is not that large
so that at least few adaptions during the trial. It is satisfied if the (2 + ¢;) moments £ (X§+€°) are

bounded. In fact, for 0 < ¢ < 1/(2(2 + €)),

D Pr(y; = 7)< e PTIET) < oo, Ve > 0,
J J

which implies that

X = o(jl/g_w) = O(le/z—zp) almost surely

by the Borel-Cantelli lemma and noticing 7; > 7.

3.1.2 Asymptotic properties

In this section, the asymptotic properties of the proposed Group DBCD in Section 3.1.1 are
established. The following two theorems and one corollary are the extension of the properties of
Hu and Zhang’s DBCD within the context of group enrollment, so the three groups of conditions
used for Hu and Zhang’s DBCD are also applied here. In addition, Assumption 3.1 is introduced
for the Group DBCD’s asymptotic theorems. All conditions and assumptions in Section 3.1.2 are
widely satisfied. For simplicity, we present the three conditions from Hu and Zhang’s DBCD in

the supplementary material.

Theorem 3.1 (Strong Consistency). Suppose that Condition 3.3.1 is satisfied, E(||&1x]]) < oo,

k=1,...,K, and that p(-) : R™E — (0,1)% is a continuous function with p(©) = v. If the
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group size x; satisfies x;/ 25:1 Xi: — 0 almost surely as j — oo, then N,,/n — v almost surely,

and @n — © almost surely.

For the asymptotic normality, we use the Gaussian approximation method.[64, 62, 65] We need

to introduce the following notation. We write

dg _(9g(z,y) K _Og
H = 5olow = (T lam), o M B = 5y

where € = (z1,...,2x) and y = (y1,...,yx). It can easily be seen that H1' = E1’ = 0’ and
A1 = 0 is an eigenvalue of both H and E. We let \,, ..., A\ be the other K — 1 eigenvalues
of H, and let A\ = max{Re()\2),...,Re(A\k)}. Denote Vi, = var(&1x), k= 1,.... K,V =
diag(Vi /vy, ..., Vi /vk), X1 = diag(v) — v'v,

K /
== (56)V(56) - X1 () =-E=E

Theorem 3.2 (Asymptotic Normality). Suppose that N,,/n — v almost surely and Conditions 1,

2, 3.2 and Assumption 3.1 are satisfied. If X < 1/2, then

N, logl ~ logl
L _v= O(\/ M) and ©, — © = O(\/ M) almost surely (3.2)
n n n

and there are two independent standard multi-dimensional Brownian motions W, € %% and

B, € ZK such that
N,

G, .
=" qo(n ") and ©, — © =
n n

B,
V2 4 o(nTV2 ) almost surely  (3.3)
n

for some k > 0, where the Gaussian process G is the solution of the equation

B
tVl/Q 0P mar + ﬁH dt. Gy=0 (3.4)

21/2
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and

Gt:/(dW 1/2 /—21/2 " i,
0

In particular, as n — o0,
n Y2 (Npy — ntv) D Gy and tn'*(©,; — ©) B B,V'/? (3.5)
in the space 9\ 1) with the Skorohod topology, and
n'2(N,/n—v) 3 N(0,A), n'2(©, - )3 N(0,V) (3.6)

where

A:W(Gg:/ol (i)Hl21(%)de+/oldx U ()" dy] s, Mi(;) dy]

We now apply the above theorem to the important class of DBCD treatment allocation
functions[21] that is given in Hu & Zhang (2004). Their proposed treatment allocation func-
tion is

ue ()
gk(wvy):K—kjy k=1,... K, (3.7)
Zg 1Yj (y )

where v > 0 is a constant that controls the degree of randomness of the procedure, from most

random when v = 0 to deterministic when v = oo.

Corollary 3.1. Let the allocation function g(x,y) be defined as in (3.7). Suppose that Conditions
1 and 2 and Assumption 3.1 are satisfied. Then, (3.2), (3.3), (3.5) and (3.6) hold with

t t
o)
Gt:t‘V/ xV(dW)21/2+(1+»y)t—V/ B V2EL gy (3.8)
0 0 00
A = 1 by +M2 (3.9)
T 142yt 12y T '

Further, if the group sizes {x;} are independent random variables with sup; E (Xj2+60) < 00 for
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some €y > 0, then Assumption 3.1 is satisfied and

72 (N, /7, —v) B N(0,A), 7,20, —0) B N(0,V), as j— oc. (3.10)

J

Note that in Corollary 3.1, both 7; and n in equation (3.6) pertain to the number of patients

assigned to the trial.

Remark 3.1. (1) The theoretical results presented in Section 3.1.2 is an extension of the asymptotic
theory in Hu and Zhang’s DBCD. Theorems 3.1 and 3.2 state the strong consistency and asymptotic
normality under the Conditions 1-3 and Assumption 3.1. Assumption 3.1 pertains to the group
size within the context of group enrollment and is widely satisfied. For instance, if each group
size within a trial remains around a constant, then Assumption 3.1 is fulfilled. (2) Corollary 3.1
is derived from Theorem 3.2. Theorem 3.2 is a general theoretical result that applies to any g(-)
function that satisfies the requisite conditions. On the other hand, Corollary 3.1 demonstrates
specific theoretical findings when Hu and Zhang’s allocation function is used in the Group DBCD
methods. (3) The theoretical results discussed in Section 3.1.2 are valid for various types of target

allocations that satisfy Condition 3.2.

3.2 Group DBCD with delayed and missing responses

Although we consider the immediate responses above, in reality, the response to many diseases
cannot be immediately available. For example, in some chronic diseases, the manifestation of
treatment effects is usually gradual, and it may take days, weeks, or even months before we can
collect patients’ responses. Consequently, clinical trials should consider the possibility of delayed
responses or long-term effects. Moreover, missing responses due to participant dropout or protocol
violations present another challenge that should be taken into account. In this section, we assess
the performance of the proposed Group DBCD in another practical scenarios where responses may

be delayed or missing at random.
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3.2.1 Framework

We use the same setting as subsection 2.1. Besides, we introduce additional notations subsequently.
Let ¢, be the entry time of patient m, m € {1,2,---,n}. Patients from the same group j
will be recorded as entering the trial simultaneously, meaning they are considered to have a
shared entry time in the records. This entry time for group j is denoted by ¢, where j €
Z. We can infer that {t/}J_, is an increasing arithmetic sequence (weekly or monthly) or an
increasing sequence of random variables. Specifically, t; =t _ 1 = --- =t < t.,,, where
7; is the index of the last patient in group j. The response time to treatment & of the m-th
patient with response &,,,  is a random variable denoted by 7,,(k), k € {1,.., K'}. Alternatively,
it can also be described as the time when this response becomes available to the clinic. Let
My (m,l) = I(ty + nm(k) € [tmsi, tmsir1)), Which is an indicator function that takes the value
1 if the response of patient m on treatment k, &, 5, is observed between the assignment of the
treatments of the (m + [)th patient and the (m + [ + 1)th patient. Moreover, let I, (m)
be an indicator function that takes the value 1 if the response of patient m on treatment £,
&.k» has been identified as missing data. Write I,,,;s(m) = (Lis1,- .-, Imis,x) and assume
that {I,,,;s(m);m = 1,2,...} is a sequence of independent random vectors, and that I,,,;5 x(m) is
independent of &,,, 1, k = 1,..., K. I, (m) follows the Bernoulli distribution with the missing
rate o (0 < ai < 1) as the parameter. The total number of responses in treatment k before
the assignment of the (j + 1)-th group is >_2 | S~7 "™ My.(m, 1)(1 — Lisx(m))Xomx, and the
summation of theses responses is > 7 S™7 ™ My (m, 1) (1 — Lyis k(M) X k& k-

The Group DBCD procedure with the missing and delayed response is defined in the following:

(a) (Initial Step). To start, we assign the first one or two groups of patients to treatment by

restricted randomization and let @™ be an initial estimator of ©.

(b) (Estimation Step). Assume that j groups of patients have been assigned in the trial. There
is a positive probability that the total number of responses observed up to this time is less

than T; = Z‘gzl Xi because of delayed and potential missing responses. We let T7, . be the
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number of the observed responses on treatment k up to the time when group (j + 1) is ready
for treatment assignment. And let the corresponding sum of the responses be S . Besides,
noticed that ®y = (001,602, - ,00x) is an initial value which may based on historical
data.

Thus, the estimated @ﬁ;ﬂ is
~ Srik + 0ok

@dm —
i T‘erc +1 ’
where,
Tk = Y My(m,i)(1 = Lnisx(m) Xpn i,
m=1 i=0
STj,k = Z Z Mk(m7 Z)(l - [mis,k(m>>Xm,k£m,k-
m=1 =0

(c) (Allocation Step). Assign each patients in the (j + 1)th group to treatment k with the

probability

G NTj A\ dm
Pri, = gk - ,p(@Tj> ., k=12 K.

j
Here N, /7; represents the sample allocation proportion after the jth group assignments,
and p is the target allocation proportion. It’s typically a function of response distributions’
parameter 0. These target allocation proportion is derived through the specific optimization
objectives, for example, Neyman allocation is from the optimization which maximizing power
under controlled sample size. Hu and Zhang (2004) introduced the allocation function
g = (91,92, -+ ,gK) for DBCD,[21] which determines the probability of the next patient
being assigned to each group based on the current sample allocation proportions and the
estimated target proportion. The fundamental purpose of this allocation function is to force

the sample allocation proportion to the target allocation proportion. The formula is shown
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below,

where v > Q.

(d) (Repeated Step) The estimation step, and allocation step are then repeated continuously until

the end of the clinical trial.

Remark 3.2. In the setup above, the group size depends on the number of individuals recruited at
each fixed time interval, signifying that patients recruited within each interval (weekly or monthly)
formed a group and entered the trial together. Hence, the number of participants recruited within
each time interval is a random variable, and if its distribution with proper bounded finite second
moments, it does not impact the theoretical outcomes or the finite samples results. In some of
clinical trials, there are still some measured in terms of ‘information time’. This means that a group
joins the trial after recruiting a specific number of individuals. From this perspective, the number
of patients per episode is treated as fixed, but the time intervals for each group recruitment become
random variables. These two scenarios are fundamentally equivalent. The proposed Group DBCD

is applicable to both situations, and the theoretical results remain valid in both cases.

Remark 3.3. Missing responses are a common issue in real clinical trials. The existing literature
presents many strategies for handling them, yet there is very little discussion of this in the context
of RAR. Most trials that address missing data tend to neglect them or impute them as failures if
the response are binary. Alternatively, Kim et al. [27] advocated the use of linear regression to
predict missing responses in RAR, using explanatory variables. Biswas et al.[7] suggested imputing
missing data at each stage by utilizing the data available at that time. If covariates for the patients
are available, the method of Kim et al.[27] is undoubtedly a good approach; however, most RAR
studies do not collect covariate profiles of patients. In this paper, our procedure simply disregards

missing responses. However, it is important to note that our procedure is equally applicable to
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scenarios where missing responses are not ignored but are instead imputed or interpolated in the
case of missing at random. More complex scenarios, for example, data not missing at random but
depend on treatment or outcome, still remain unexplored, but this is the case for adaptive trials in

general except for some simple setting.[42]

3.2.2 Asymptotic Results

Because in the same group, My(m + 1,1), 7; < m + 1 < 7541, may be dependent, instead of
assuming that {My(m,l);m = 1,2,...} is a sequence of i.i.d. random variables as in Hu et
al.[23], we assume that for each fixed k and [, when 7; < m + 1 < 7511, &nt1hs Limis(m + 1),
Mj.(m + 1,1) are independent of the history sigma field ¢, of previous patients when group
(7 + 1) is ready for treatment assignment, which is generated by 71, . .., 7j, & k> Limis i (1), My (i, s),
s=0,....,7—i,i=1,...,75,k=1,..., K. Note that ) , My (m,l) = 1 when I,,,;; ,(m) = 0,
which means that, when the delayed response will eventually be observed when it is not missed,
even if they are not immediately available. And, ), M (m,[) = 0 when I,,;, x(m) = 1. Define

¥ = E{My(m,1)|Lnis(m) = 0}. Thus, 3, ug;;w —1.

Assumption 3.2. For some ¢ > 0 and C' > 0,
i=l

The Probability in Assumption 3.2 illustrates the probability that a patient on treatment k
responds after at least another [ patients have been assigned to treatments. Assumption 3.2 implies
that the delay time cannot be too large compared to the enrollment period of patients.

Let

~

dm _ Sng + 0ok
" Top+1 "
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where

Tn,k = Mk(m; Z)(]- - Imis,k(m))Xm,ka
m=1 i=0

Sn,k: == Mk (m, 7’)<1 - Imis,k(m))Xm,kfm,k
m=1 =0

are the number and the total sum of the responses on treatment k that are observed up to the time

patient (n + 1) is ready for treatment allocation, respectively.

Theorem 3.3 (Strong Consistency). Suppose that Condition 3.3.1 and Assumption 3.2 are satisfied,
E(||&1k]]) < o0, k = 1,...,K, and that p(-) : R™E — (0,1)X is a continuous function with
p(®) = v. If the group size x; satisfies X,/ Z{Zl Xi — 0 almost surely as j — oo, then

N,,/n — v almost surely, and (:)flm — © almost surely.

Theorem 3.4 (Rates of Consistency). Suppose that N,,/n — v almost surely under the delayed
and missing circumstance, that Conditions 1, 2, 3.2 and Assumptions 3.1 and 3.2 are satisfied, and

that N < 1. Let ¢’ = (24 ¢¢) / (24 eo + (1 4+ €0) ¢). Then

~ logl /
em _—e=0 (\/ M) +o (n‘p “!log n)2> almost surely (3.12)
n

and n™" (N,, — nv) — 0 almost surely for k > max {1/2, X\, ¢’} . (3.13)
Furthermore, if \ < 1/2 and ¢ > (2+ ¢¢) / (1 + &¢), then

N, —nv = O(y/nloglogn) almost surely. (3.14)

To discuss the asymptotic normality, we need the following notation. Recall that V), =

var(€1x), X1 = diag(v) — v'v, H and E are defined in Section 3.1.2. Denote V™* =
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Vi Vi )
(1-ai)v1’ """ (I—ax)vk /?

diag(

, opN'<,, .. (Op i 1 op ' op , ,
Emzs — <_> szs(_) — ( ) V < >’ Zmzs — E/EmZSE.
3 PLe) 9O ; (1— ap)vg N6,/ "\ 08, 2 3
Theorem 3.5 (Asymptotic normality). Suppose that N,,/n — v almost surely under the delayed
and missing circumstance, and Conditions 1, 2, 3.2 and Assumptions 3.1 and 3.2 are satisfied. If
A< 1/2and ¢ > (2 + €)/(1 + €), then there are two independent standard multi-dimensional
Brownian motions W, € %% and B, € 2™ such that
Nn Gmis Bn

oy =" 4o(n V) and O -0 =

(VmiY2 4 o(n=Y2=%) almost surely  (3.15)
n n "

for some k > 0. In particular,
VI (N fn = v) < N(O,A™), i (8 — @) 25 N(0,V75),

N (ég?,g - ek) 2y NO, V), k=1,...,K.

Here G7"* and A™ are defined the same as G(t) and A in Theorem 3.2, respectively, with V

being replaced by V'™,

We investigate the asymptotic properties of group DBCD with delayed and missing responses.
Despite these issues, our results show that the estimation of ©?™ and allocation proportion N,,/n
will still converge to the true parameter © and target allocation value v, respectively, under widely
satisfied conditions. However, we proved that delayed responses can affect the convergence rate of
the estimation of ®, as shown by a comparison of Theorem 3.3-3.4 and Theorem 3.2. Additionally,
we find that the asymptotic variance of allocation proportion and estimation of ® depends on the
missing rate o = (v, g, - - -, ¢ ), resulting in a slight increase in the asymptotic variance when

randomly missing responses are present.
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3.3 Numerical studies and application

3.3.1 Some numerical studies

In this section, we conduct numerical studies to compare the performance of the Group DBCD
method with the Hu and Zhang’s DBCD [21]. Our goal is to demonstrate that the Group DBCD
and its modified version not only achieve practicality but also preserve the advantages of the Hu
and Zhang’s DBCD. The Hu and Zhang’s DBCD algorithms offer the advantage of allocating more
patients to superior treatments and allow for the dynamic adjustment of the allocation rate to any
specified optimal targets. We evaluate the mean and standard deviation of allocation proportions,
along with power and failure rates, as our primary comparison metrics.

In our numerical studies, we compared the Group DBCD with the DBCD proposed by Hu and
Zhang[21], and the modified version of Group DBCD with the Hu and Zhang’s DBCD with delayed
response proposed by Hu et al.[23], respectively. We initially assigned 20 patients to each treatment
via restricted randomization, and then allocates the rest of patients (180 for binary cases and 100

for continuous cases) according to each design. We have the following setting for the simulations:

* Group Size: Assume that the group size is random and follows a Poisson distribution with

mean \.

* Delayed Time: Assume the response lag time for treatment follows an exponential distribu-

tion with mean 1/\; for k € {1,2,--- | K}.

* Missing Rate: Assume the missing rates follow a Bernoulli distribution with mean «y, for

kell,2,- K}

To simplify our simulation and ensure comparability of results, we assumed that the missing rate
parameters are identical across all treatment groups, which means & = a; = - - - = a. This setup
in our numerical study aligns with the assumptions of the theory. To investigate the influence of

group size, we conducted simulations for the Group DBCD and Group DBCD with missing and
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delayed responses, using A = 5 and A = 10, respectively. We also varied parameter combinations
to explore the impact of response lag time and the proportion of missing data.

The Case of Binary Response

We utilized the parameter settings described in the paper of Hu & Rosenberger [18] and present
our findings. This analysis evaluates the performance of the Group DBCD method and its modified
version, which handles delayed and missing responses, targeting both RSIHR and Neyman optimal
goals. The RSIHR target seeks to reduce the number of failures while maintaining fixed power,
whereas Neyman target aims at maximizing the power. To save space in the paper, we present the
results for the RSIHR target as follows, while the results and findings for the Neyman target have
been moved to the Supplementary material.

Table 3.1: Power and allocation proportion for binary cases with 5000 replications (RSIHR target)

Hu and Zhang’s DBCD Group DBCD (\ = 5) Group DBCD () = 10)
(A, PB) p  |Power [E(%4)(SD) E(No.Fail)(SD) |Power E("4)(SD) [E(No.Fail)(SD) [Power E(“4)(SD) [E(No.Fail)(SD)
(0.8,0.8) 0.50 0.051 0.500(0.019) 0.201 (0.029) 0.047  0.500 (0.019)  0.200 (0.029) 0.048  0.500 (0.019)  0.200 (0.028)
(0.8,0.7) 0.52 0369 0.517 (0.020) 0.248 (0.030) 0.373  0.517 (0.020)  0.248 (0.030) 0.366  0.517 (0.020)  0.248 (0.030)
(0.7,0.5) 0.54 0.822 0.542(0.023) 0.392 (0.034) 0.824  0.542 (0.024)  0.391 (0.033) 0.814  0.542(0.023)  0.391 (0.034)
(0.7,0.3) 0.60 1.000 0.606 (0.030) 0.457 (0.031) 1.000  0.605 (0.029)  0.458 (0.032) 1.000  0.606 (0.031)  0.457 (0.031)
(0.5,0.5) 0.50 0.046 0.500(0.025) 0.500 (0.035) 0.052  0.500 (0.026)  0.501 (0.036) 0.053  0.500 (0.026)  0.500 (0.036)
(0.5,0.2) 0.61 0.995 0.616(0.039) 0.615(0.033) 0.997 0.615(0.039) 0.615 (0.033) 0.993 0.614 (0.039) 0.615(0.034)
(0.2,0.2) 0.50 0.058 0.500 (0.046) 0.800 (0.029) 0.058  0.499 (0.046)  0.800 (0.029) 0.064 0.501 (0.047)  0.801 (0.028)

In Table 3.1-3.2, we investigate the performance of Group DBCD and modified version of Group
DBCD. Across a range of values for p4 and pp, we found that the Group DBCD method, even
when modified to handle delayed and missing responses, successfully met the target allocations
while maintaining a lower number of failures. Our results indicate that lower missing rates lead to
better performance, because a large missing rate leads to an increase in the standard deviation of
both of the mean of the allocation proportion and failure rate. We also found, through simulations,
that when Assumption 3.2 is satisfied — stating that delayed times are not that large compared to

the whole trial duration — it has a minimal impact on the results.

The Case of Continuous Response
In this section, we explore the Group DBCD’s performance when the responses are continuous

type. Similarly, the goal is to demonstrate the proposed Group DBCD and its modified version
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Table 3.2: Delayed and Missing Response: Power and allocation proportion for binary cases with
5000 replications (RISHR target)

Hu and Zhang’s DBCD Group DBCD (\ = 5) Group DBCD (A = 10)

(o, pa,PB) p |Power E("4)(SD) E(No.Fail)(SD) |Power E(“4)(SD) E(No.Fail)(SD) |Power [E(“4)(SD) [E(No.Fail)(SD)
(0.0,0.8,0.8) 0.50 0.047 0.499 (0.020)  0.200 (0.028) 0.054  0.500 (0.019)  0.200 (0.029) 0.044  0.500 (0.019)  0.200 (0.028)
0.0,08,07) 052 0362 0.516(0.021) 0248 (0.030) 0369 0517 (0.020) 0.248 (0.030) 0372 0517 (0.020)  0.248 (0.031)
(0.0,0.8,0.6) 0.54 0.881 0.535(0.023) 0.293 (0.031) 0.870 0.536 (0.021)  0.293 (0.031) 0.876  0.536 (0.021)  0.293 (0.031)
0.0,0.7,0.5) 054 0819 0.541(0.026) 0392 (0.033)  0.834 0.542(0.023) 0.391(0.034)  0.832  0.543 (0.024)  0.392 (0.032)
(0.0,0.7,0.3) 0.60 1.000 0.606(0.036) 0.457 (0.033) 1.000  0.606 (0.030) 0.458 (0.031) 1.000  0.606 (0.030) 0.457 (0.032)
(0.0,0.5,0.5) 0.50 0.055 0.498(0.030) 0.501 (0.036) 0.053  0.500 (0.026)  0.499 (0.035) 0.056  0.500 (0.026)  0.500 (0.036)
(0.0,05,02) 061 099 0.617(0.049) 0.615(0.034) 0996 0.615(0.038) 0.615(0.033) 0995 0.615(0.039) 0.616 (0.033)
(0.0,0.2,0.2) 0.50 0.056 0.498 (0.055) 0.800 (0.028) 0.053  0.500 (0.046)  0.800 (0.029) 0.053  0.501 (0.047)  0.800 (0.029)
(02,08,08) 050 0050 0499 (0.027) 0.200(0.032)  0.049 000 (0.027) 0.200(0.032) _ 0.044 0.500 (0.027) _ 0.199 (0.032)
(0.2,0.8,0.7) 0.52 0.307 0.516(0.029) 0.248 (0.034) 0.313  0.517 (0.027)  0.248 (0.033) 0.298 0.517 (0.028) 0.248 (0.033)
0.2,0.8,0.6) 054 0803 0.535(0.030) 0292(0.035 0785 0.536(0.028) 0.293(0.036) 0.789  0.536 (0.028)  0.293 (0.034)
(02,07,0.5) 054 0746 0.542(0.033) 0392 (0.038) 0731 0.542(0.031) 0.391(0.037) 0729 0.542 (0.031)  0.392 (0.038)
(0.2,0.7,0.3) 0.60 1.000 0.606(0.043) 0.458 (0.038) 0.999  0.606 (0.037) 0.457 (0.036) 0.999  0.606 (0.037) 0.458 (0.036)
(0.2,05,0.5) 050 0.051 0.498 (0.036) 0.501 (0.040)  0.052 0.499 (0.033)  0.500(0.039)  0.050 0.500 (0.032)  0.499 (0.040)
0.2,0.5,0.2) 0.61 0.980 0.615(0.053) 0.616(0.039) 0.981 0.614 (0.047) 0.616 (0.037) 0.986 0.615(0.047) 0.616 (0.037)
0.2,02,0.2) 050 0050 0.497 (0.064) 0.800 (0.031)  0.057 0.500 (0.054) 0.800 (0.031)  0.054 0.500 (0.056)  0.800 (0.032)
(0.3,0.8,0.8) 0.50 0.046 0.500(0.031) 0.200 (0.034) 0.051 0.500 (0.031)  0.200 (0.034) 0.047  0.499 (0.031)  0.200 (0.034)
(0.3,0.8,0.7) 052 0.276 0.517(0.032) 0.248 (0.036) 0.262 0.516 (0.032)  0.249 (0.037) 0.279  0.517 (0.032)  0.249 (0.036)
(03,08,0.6) 054 0729 0.535(0.034) 0292(0.038) 0735 0.536(0.033) 0.293(0.037) 0737 0536 (0.033) 0.292 (0.037)
(0.3,0.7,0.5) 0.54 0.684 0.542(0.037) 0.391 (0.041) 0.686 0.543 (0.034) 0.392 (0.040) 0.665 0.542 (0.035)  0.392 (0.040)
0.3,0.7,03) 0.60 0999 0.607 (0.045) 0457 (0.041) 0998 0.607 (0.043) 0.457 (0.038)  0.999  0.607 (0.042)  0.458 (0.038)
(0.3,0.5,0.5) 0.50 0.053 0.499 (0.040) 0.500 (0.043) 0.052  0.500 (0.038)  0.500 (0.043) 0.052  0.499 (0.037)  0.502 (0.042)
0.3,0.5,02) 061 0965 0.616(0.057) 0.615(0.041) 0970 0.616(0.052) 0.615(0.040) 0968 0.616 (0.052) 0.616 (0.040)
(03,02,02) 050 0.060 0497 (0.068) 0.800 (0.034)  0.058 0.500 (0.061) 0.800(0.034)  0.052 0.501 (0.060)  0.800 (0.034)

(with delayed and missing responses) perform as good as the Hu and Zhang’s DBCD while enhance
the practicality. We applied all procedures with a sample size of 120 and the optimal target as
the Neyman allocation or Zhang and Rosenberger’s allocation, following the parameter settings
described in Zhang & Rosenberger (2006) [63]. Zhang and Rosenberger’s target minimize the
total expected response from all patients when a small response is desirable. The findings with
this target are presented in Table 3.3-3.4, where we examine various combinations of parameters
(pa,0%, B, 0%). The simulation results indicate a slight decrease in power under the case with
missing and delayed responses, which is expected as missing responses result in a smaller effective
sample size. However, this effect is not a significant issue, and under moderate group size, the
power of the trial is negligibly affected. Furthermore, the allocation proportions of the proposed
procedures and its modified version handling delayed and missing responses consistently converge
to the target in studies with lower standard deviation. Additionally, instead of reporting the failure
rate as in the numerical study of the binary case, the mean of observed responses is reported
when the response is continuous. It is evident that the mean of observed responses is similar

for both Group DBCD and Hu and Zhang’s DBCD, and they are smaller because of Zhang and
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Rosenberger’s target is used as the optimal allocation in the trial. These findings demonstrate the
robustness and reliability of the proposed procedures in practical scenarios with moderate delay
times, missing rates, and group sizes. Besides, the type I error rate is well-controlled. The results
with the Neyman target are included in the supplementary material, from which similar results are

found.

Table 3.3: Power and allocation proportion for continuous cases with 5000 replications (Zhang and

Rosenberger’s target)

Hu and Zhang’s DBCD Group DBCD (\ = 5) Group DBCD (A = 10)
(44,04, 5,08)  p  |Power E(%4)(SD) E(Obs.Rsp)(SD) |Power E(%4)(SD) [E(Obs.Rsp)(SD) |Power [E("4)(SD) [E(Obs.Rsp)(SD)
(13,16, 15,6.25) 0.63 0919 0.635(0.042) 13.729 (0.336) 0915 0.635(0.043) 13.728 (0.335) 0917 0.634 (0.043)  13.723 (0.337)
(13,6.25,15,16) 0.40 0911 0.399 (0.042) 14.200 (0.321) 0.909 0.400 (0.043)  14.191 (0.325) 0.919 0.400 (0.044)  14.206 (0.321)
(15,16,17,6.25) 0.63 0914 0.633(0.042) 15.736 (0.333) 0916  0.633(0.043) 15.733(0.338) 0922 0.633(0.044) 15.732(0.333)
(15,6.25,17,16) 040 0916 0.398(0.043)  16.202 (0.325) 0916  0.397(0.043)  16.205 (0.322) 0917 0.399(0.045) 16.203 (0.323)

Table 3.4: Delayed and Missing Response: Power and allocation proportion for continuous cases

with 5000 replications (Zhang and Rosenberger’s target)

Hu and Zhang’s DBCD Group DBCD (A = 5) Group DBCD (A = 10)

(@, fia, 0 A, LB, OB) p  |Power [E(%4)(SD) [E(ObsRsp)(SD) |Power [E(*4)(SD) [E(Obs.Rsp)(SD) |Power [E(*2)(SD) [E(Obs.Rsp)(SD)

(0,13, 16,15,6.25)  0.63 0.923 0.633(0.041) 13.734(0.332) 0913 0.633(0.043) 13.733(0.338) 0919 0.631 (0.044)  13.746 (0.331)

(0,13,6.25,15,16) 040 0.915 0.401(0.043) 14.203 (0.326)  0.920 0.401 (0.044) 14.200(0.322)  0.919 0.400 (0.046)  14.208 (0.326)

(0,15, 16,17,6.25)  0.63 0.926 0.631(0.042) 15.730(0.328)  0.917 0.631(0.043) 15.740(0.331)  0.920 0.631 (0.045)  15.741 (0.341)

(0,15,6.25,17,16) 040 0.921 0399 (0.042) 16.207 (0.324) 0915 0.399 (0.043)  16.209 (0.325)  0.921  0.400 (0.043)  16.204 (0.327)
(0.2,13, 16, 15,6.25) 0.63 0.844 0.634 (0.053) 13.735(0.383)  0.845 0.633(0.054) 13.739(0.375)  0.859 0.635(0.054) 13.729 (0.379)
(0.2,13,6.25,15,16) 0.40 0.850 0.400 (0.054) 14.210(0.367)  0.842 0.400 (0.055) 14.192(0.372)  0.842 0.399 (0.057)  14.204 (0.368)
(0.2,15,16,17,6.25) 0.63 0.861 0.633(0.053) 15.732(0.381)  0.847 0.633(0.054) 15.732(0.378)  0.858 0.632(0.056)  15.726 (0.386)
(0.2,15,6.25,17,16) 0.40 0.831 0.399 (0.053) 16.203 (0.367)  0.845 0.398 (0.054) 16.197 (0.367)  0.855 0.398 (0.056)  16.209 (0.371)
(0.3,13, 16, 15,6.25) 0.63 0.797 0.634 (0.060) 13.731 (0.405)  0.801  0.635(0.061)  13.731 (0.406)  0.795 0.635(0.061)  13.724 (0.404)
(0.3,13,6.25,15,16) 0.40 0.793  0.399 (0.061)  14.202 (0.400)  0.797 0.399 (0.062)  14.203 (0.396)  0.795 0.400 (0.064)  14.200 (0.398)
(0.3,15,16,17,6.25) 0.63 0.796 0.634(0.061) 15729 (0.414)  0.788 0.632(0.062) 15.740 (0.412)  0.796  0.631 (0.062)  15.741 (0.418)
(0.3,15,6.25,17,16) 0.40 0.802 0.397 (0.060) 16.210(0.399)  0.784 0.397 (0.061)  16.206 (0.402)  0.797 0.398 (0.063)  16.196 (0.398)

3.3.2 Re-designing the HIV transmission trial

Connor et al.[11] reported a clinical trial to evaluate the drug AZT (Zidovudine treatment) of
reducing the risk of maternal-infant HIV transmission. The trial enrolled 477 HIV-infected pregnant
women between April 1991 and December 1993, with 239 women in the treatment group and 238 in
the placebo group. The trial employed a 50-50 restricted randomization scheme in the Zidovudine
treatment group and placebo group, and was randomized, double-blind, and placebo-controlled.
At the end of the trial, 8.3% of infants in the treatment group and 25.5% in the placebo group were

HIV positive.
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Table 3.5: The Re-designed HIV Transmission Trial with Original Sample Size (n = 478)

Method Update Cycle p  Effectiven Power Patientsin AZT Total Infected Infants
CR - 050 478 0998  239.2(11.6) 80.8 (3.2)
RR ; 050 478 0998  239.0(0.00) 80.8 (7.9)
RPW ; 075 478 0993 3303 (54.1) 64.9 (11.5)
DBCD ; 075 478 0997  359.1(23.1) 60.3 (8.4)
DBCDPM ; 075 416 0991  312.6(24.3) 52.4(7.9)
Biweekly 075 478 0997  359.4(22.7) 60.4 (8.7)
Group DBCD Monthly 075 478 0999  358.8 (23.6) 60.4 (8.5)
Biweekly 075 416 0998  309.6 (24.1) 52.6 (8.0)
DM
Group DBCD Monthly 075 416 0992  309.6 (23.2) 52.8 (7.9)

PM gpecifies the procedures deal with the delayed and missing responses.

To provide a more realistic comparison, we re-design this trial using our proposed Group DBCD
method (with v = 2) and its modified version for handling delayed and missing responses. In our
re-design study, we utilize true success rates, specifically p4 = 0.917 for the treatment group (AZT)
and pp = 0.745 for the placebo group, as reported in the original paper. It is important to note that
these true success rates were employed only for generating simulated responses, and the assumption
throughout the trial was that they were unknown. The trial enrolled HIV-infected pregnant women
between 14 and 34 weeks of gestation who were not receiving antiretroviral therapy during their
current pregnancy. The recruitment period for the study lasted approximately 31 months (142
weeks). The comparison of efficacy between treatment groups was based on the percentage of
infants who were infected. For the redesign, we assumed a random delay time following a uniform
distribution between 12 and 32 weeks, and a missing rate of a4 = ap = 0.13, as reported in the
original paper. We considered two scenarios: (i) updating the group monthly with A\ = 15.4, and
(i1) updating the group biweekly with A = 6.6.

Same as the previous numerical studies, we use restricted randomization to assign the first 20
patients to treatment to obtain initial parameter estimates. And then we adopted different designs
for assigning the remaining 458 patients. Besides, we additionally compare them with complete
randomization (CR), restricted randomization (RR) and randomized play-the-winner rule (RPW).
The results are displayed in Table 3.5.

Based on the results of our redesign, we achieve higher power with any method if we keep
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the sample size same as the original trial due to sufficient data. The proposed design and DBCD
showed similar results in terms of allocation proportion, the total infected infants and their standard
deviation, as well as power. Furthermore, DBCD and Group DBCD had fewer patients assigned
to the inferior treatment compared to CR and RR. Since we chose urn allocation as our target
allocation, we compared the redesign under the RPW with it. Our results showed that RPW had
a slower convergence to the target allocation and a higher standard deviation than the proposed
design. All three methods, DBCD, Group DBCD, and RPW rule had fewer failures than CR and
RR, with the number decreasing from around 80 to around 60. However, we did not compare
the total number of infected infants under the missing response scenario with the scenario without
missing response because the effective dataset was smaller when missing responses were present,
making the number of failures incomparable to the redesign without missing data.

We also examined the re-designed trial under a reduced sample size. The power of the Group
DBCD with delayed and missing responses slightly increased compared to the Hu and Zhang’s
DBCD with delayed and missing responses. This increase was reasonable because group adaptive
allocation reduced the probability of allocation shift, resulting in slightly more patients being
assigned to the inferior group but still maintaining a lower failure rate.

Upon conducting a comprehensive evaluation of the proposed design and five other commonly
used trial designs, we conclude that (1) the Group DBCD algorithm, along with its modified version
for delayed and missing responses, outperforms CR, RR and the RPW rule in terms of efficiency
and ethics, and (2) the proposed designs yield results similar to those of DBCD (v = 2). This
demonstrates that the new design not only inherits the favorable properties and advantages of DBCD
but also broadens the algorithm’s practical applicability. Additionally, group entry has negligible
effects on the effectiveness and ethics of designs. In summary, the Group DBCD procedure, along
with its modified version, effectively reduces the number of patients in the inferior group, offers
expected benefits, and can be applied to a wide range of clinical trials to satisfy diverse practical

needs.
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3.4 Discussion

In practical clinical trial scenarios, participants are often recruited in batches at regular intervals,
which can be challenging to accommodate in the designs that do not take this practical situation
into account. To address this issue, we propose a family of group response adaptive randomization
procedures, Group DBCD, based on the DBCDs[21] developed by Hu & Zhang. One key advantage
of our new proposed procedure is that the patients enter the trial by group periodically, such as
weekly and monthly. Hence, the proposed procedure, Group DBCD, enhance the practicality
while preserve the strengths of Hu and Zhang’s DBCD.[21] We also propose the modified version
of Group DBCD which address the issue of delayed or missing responses making the procedure
more accommodate to the common practical issues. Moreover, we derive the asymptotic theory of
the proposed designs which demonstrates that our Group DBCD, along with its modified version
for handling delayed and missing data, exhibit similar asymptotic properties to Hu and Zhang’s
DBCDs [21] under a broad range of conditions. Numerical studies are conducted to complement
our theoretical results. All results and findings indicate that the proposed Group DBCD and its
modified version, which accommodate delayed and missing responses, are capable of enhancing
practicality while preserving all the advantages of the Hu and Zhang’s DBCD.

In the existing literature on RAR, updates are made on a per-subject basis. Even though the term
‘group’ appears in RAR literature, its primary focus has been to conduct tests and adjust sample
re-estimation based on information from a group of individuals. However, no studies have delved
into the procedure of group enrollment itself. Hence, the methodology proposed in this paper
represents a distinct and important contribution in the domain of RAR literature. Furthermore, the
‘group’ concept presented in this paper may be applicable to other RAR designs. For instance,
there should be no difficulty to consider the group ERADEs[24] proposed by Hu, Zhang & He .
Urn models, the most extensively studied RAR procedures, originating with Wei in 1978 [55] and
further developed by Zhang et al. in 2011 [65] among others, also offer potential for a group-based

extension of their work. We leave these as future research projects.
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3.5 Appendix

3.5.1 Conditions

To establish the asymptotic properties, the following three groups of conditions are required. They
are also used for the Hu and Zhang’s DBCD [21].

Condition 3.1: For the response sequence {&, = (£,1, -+ ,&n.i) }, assume that E||&; [>T < oo
forsomeey >0, k=1,... K.

Condition 3.2: The proportion function z = (z1,...,24) — p(z) : Z>E — (0,1)E
continuous function and is twice differentiable at ® with p(®) = v.

Condition 3.3: The function of the allocation rule g(x,y) = (¢1(x,y), ..., 9x(x,y)) satisfies
g(v,v) = v and the following conditions.

(3.3.1). There exists a constant 0 < \g < 1, such that foreach k =1,..., K,

(T, Y) — Yk
— Yk

< )\ forall x,y withz, >y, 1’ =y1' = 1.

(3.3.2). There exists 6 > 0, for which the function g(x, y) satisfies

K K
g(x,y) =g(v,v) + Y _(wr — ) @xk}vﬁz Yk = V) <v,v>
k=1 k=1

+o(llz —v[|"*) + o(ly — v[|'*) as (2,y) = (v,v).

3.5.2 Lemmas

For the doubly adaptive biased coin design without delayed and missing responses, certain values
such as ;s x(m) = 0 and My, = 0 for [ > 1 and all m and k. Therefore, o, = 0, and Assumption
3.2 is satisfied for any ¢ > 0. Hence, it is sufficient to prove Theorems 3.3-3.5. The following
lemmas are essential in supporting the proofs of the three theorems.

Before we begin, we first introduce some settings used in the lemmas. For the (m + 1)th patient,
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we define ks @ = (Gmity - -5 Qi ), O = (5%"1, o gfan) as

km = Tj, &m = N’Tj/Tj7 érdnm = é;i_;m fOITj <m+1< Tj4+1-
Then
Pr(Xms1k = 11 Fn) = gk (G, p(OLT)),
where .%,, = 0(%,.; Xi, &, Inis(i), k; : i = 1,...,m). Further, let @2"5 = (é’ms . ,52””?) and

m,1

Yoy Xiwbin(1 = Lnis (i) + B0

6 — - ,  k=1,...,K. (3.16)
* Dim1 Xik(L = Lo (1)) + 1
Based on this setting, we presented the lemmas.
Lemma 3.1. If x;/7; — 0 almost surely (a.s.) as j — oo, then
gn — Np,/m — 0 as. (3.17)
If Assumption 3.1 is satisfied, then
Qm — Np/m = o(m’l/%w) a.s. (3.18)

Proof. Note for 7; <m + 1 < 7544,

G — Do | Ny Now| (\Noym=7y N =Ny m =7y Xon,
m Tj m Tj m m Tj Tj
(3.17) and (3.18) follow immediately. |

Lemma3.2. Let {ny, k = 1,2, ...} be asequence of independent and identically distributed random
variables with zero means and let {ey,, k = 1,2, ...} be another sequence of random variables that

takes only two values, 0 or 1. Denote G, =Y ., €;. Suppose that for each n,n,, is independent of

39



{m,-y0n_1,€1,--.,n}. Then, in the event that {(,, — o0},

Z?:1 EiTi

— 0 as., if Ejm| < oo,

Cn
and
: > i &l 1/2 .
harln—?ogp 2(71 lolg lOg Cn N <Elr]%) a5 lf En% =0
Proof. The proof is similar to Lemma A.4 in Hu and Zhang (2004) [21]. |

Lemma 3.3. For the doubly adaptive biased coin design with delayed and missing responses, if
E(||&1k]l) < o0, k = 1,..., K, and Assumption 3.2 is satisfied, then the event {N,  — oo}

implies almost surely that T,, . /N, — 1 — a, 52"; — 0y, and 55’7; — 0;.

Proof. Recall that

Tn,k = Mk(m7 Z)(l - [mis,k<m))Xm,k7
m=1 =0

Sn,k = Mk (m, Z)(l - ]mis,k(m))Xm,ksm,k’
m=1 =0

are respectively, the number and the total sum of the responses on treatment k that are observed up
to the time patient (n + 1) is ready for treatment allocation, that /,,,;s x(m) is an indicator function
that takes 1 when the response of patient m is missing, and that Mj(m, j) is an indicator function
that only represents the period [(m + j), (m + j + 1)) in which we obtain the response of patient
m. When [,,;s(m) = 0, the patient’s results will be available after treatment, even if there is a

delay. Hence, we have

> My(m, j) = Lif Lyior(m) = 0and > My(m, j) = 0if Lnsor(m) = 1. (3.19)

=0 j=0
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Then

Sn,k:ZXi,k: (1_ mzsk €zk_z Z szMk Z j (]- mzsk( ))gzk
=1

i=1 j=n—i+1

=:Jpk — Ru. (3.20)

Let Ix(i,p) = Y52,y M(i, 7). Choose | = I, = [(1 + N,;)"/?]. Similar to (17) of Hu et al.
(2008) [23], we have

||Rnk||_H +Z> zka n_Z)(l_ mzsk( ))Ezk

i=n—I+1 =1

< Z Xi,k”ﬁi,k“+ZXz‘,k[k(iJ)H€i,kH
=1

i=n—I+1
n

<LE[&xll+ > Xonlll€osll = EUE LN + D Xom s (m, ) [ i

i=n—Il,+1 m=1

<LE[||&kll] + 217235 | ZXz‘,k(||£i,kH — E[||&4]])]
S i—

+ 3 Xonkllmil T {|€mill = CY+C D~ X Ie(m, 1), (3.21)

m=1 m=1

Note that, when 7; < m + 1 < 741, &mnt1.ks Lmisp(m + 1), My(m + 1,1) are independent of the

hiStOI'y Sigma field g‘rj = U(Tlv cee 7Tj7£i,k7 Imis,k<i>7 Mk<l7 5)7 § = 07 sy T — Zall = 17 ces Ty k=

1,..., K) when group (j + 1) is ready for treatment assignment, and, the results of the assignments
Xy, ..., X1 are generated according to E%j. Hence
&1k Lmiske(m + 1), M(m + 1,1) are independent of X,..., X, 1. (3.22)

It follows that

E[M(m, j)| X1, ..., Xn] = E[My(m, j)]

=E[My(m, ) Inisie(m) = Loy, + BMi(m, j)|Lniai(m) = 0(1 — o) = " (1 — o).
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Note I, = [(Nys + 1)V?] € 0(X4, ..., X,n). It follows that

E [Li(m, 1) X1, .., Xn] = Y E[M(m,j)|X1,.... X

Z i (1= ) < C(L+ 1) ™0 < C(1+ Ny) ™2

J=lm+1

Then

X de(m, 1) | X B [Li(m, 1) | X, X
|3 Snphidel| 57 | X B L]
m,k d.?f
Z/ (14 Ny i) tte/2

mlk

<C & dx
= o (1+ax)+er < 0,

- ka:
02k [ =

[
<CE —_
o N (L)

which implies

= kalk(ma lm)
— < .S.
> TN, Soes

And thus,
an:l Xm,k[k(m7 lm)
1+ Nn,k

— 0 as. on {N,; — oo}.

By (3.22) and that {&; ;7 = 1,2...} is a sequence of i.i.d. random vector, &,, ;. is independent of
{X1ks-- s Xk, &1 ks - - - Em—1,1 ;- For the second and the third terms of (3.21), by Lemma 3.2 we

have

iy Xik (1€l — ElI&x[1])

Ny — 0 as. on {N, — oo},

Yo Xl {1 &kl = C} N

N E[|l€0 kM {[I€1k]l = C3] as. on {Np — oo}

—0as C — 0.
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It follows that
Rn,k
N, n,k

— 0 as. on{N, — oco}.
For J, i in (3.20), by applying Lemma 3.2 again we have

Jn,k

n,k

Combing (3.20), (3.23) and (3.24) yields

Sn,k
Nmk

— (1 — ay)0) as. on {N,,; — oo}

Note that 7, , is a special case of .S, ;, with &,,, , = 1. We have

Tn,k

n,k

— (1 —ag) as. on{N,; — oco}.

From (3.25) and (3.26), it follows that

Snk + 0ok

é\dm —
" Tox+1

— 0, and (9\%’” — O as. on { N, — oo}.

Hence 52’2 — 0y, a.s. on {N,, ;, — oo}. The proof is completed.

— E[(l — Imzs,k(l)) €1,k] = (1 — Oék)ek a.s. on {Nn,k — OO}

(3.23)

(3.24)

(3.25)

(3.26)

Lemma 3.4. For the doubly adaptive biased coin design with delayed and missing responses,

suppose that N, /n — v a.s. If Condition 3.1, and Assumptions 3.1 and 3.2 are satisfied, then for

¢ =02+e)/(2+e+(1+e))

@im - @;’”s =0 (n“”/_l(log n)z) +o (n_(1+€°)/(2+5°)) a.s.

eim — @ = (n“”lfl(log n)2> +o(n ) as.
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for some 0 < 6 < min{v, ¢,/(2(2 + €))}. Also,

Oms _@=0 (\/m) as.

Proof. Write N}7° = 37" | X; x(1 — Inis k(7). Then by Lemma 3.2,

mis mis
Nn,k o Nn,k Nn,k

= — (1 — o )vg, a.s.
n Ny ke n ( )V

and
koo Nmis 4 1
=0 <\/(log log Ngl;is)/N,’L”,i‘*) =0 (\/ (loglog n)/n) a.s.
(3.29) is proved.

For (3.27), recall (3.20). Note

BlIu(i,0)] = Y BIMuG,5)] = Y w1 —ap) < CI+1)7°.
j=l+1 j=l+1

By choosing | = [, = [n¥'] with ¢’ = (24 ¢) / (2 + €0 + (1 + £¢) ¢) and noticing

n

1Rl < LEMNE LI+ Y (€l = ENELID + D Tu(m, ) 1€mill,
m=1

i=n—Iln+1
similar to (18) of Hu et al. (2008)[23], we have

R, = o(n“"/ (logn)?) + o(nﬁ) a.s.

Hence

Sk = Z Xik (1= Lnisx(i)) &k + o(n“"'(log n)?) + o(nﬁ) a.s.
=1

44

(3.29)



Similarly,

Tok = N;’f,ﬁs + o(n‘p/ (log n)2) + o(nﬁ) = NTT,25<1 + o(n“”_l(log n)2) + o(n_ 318)> a.s.

It follows that

1+€0

#~Ilogn)?) + o(n %) as. .

é\dm _ Z?:l Xi,k (1 - mzs k( )) ézk’ (
nk = Nmzs
n,k

(3.27) is proved. For 7; < n + 1 < 7,41, we have 7; ~ n,
Qdm _ Qmis _ p'—1 2 —(14-<0)/(2+¢<0)
e - e =o (n (logn) ) + o0 (n~H= ) as.
Also, for 7; <n +1 < 7j41, we have n — 7; < x;41 = o(n'/?7%) almost surely. So

| ’ mzs m’LS ‘ ’

. Zi=7j+1 Xi,k’Ei,k(l - Imi5<i)) B é\ Z?:Tj—&-l XiJf(l - ImiS(i))
N 41 ok N 41
Z?ZT]'+1 HEl,k‘H —Tj Z?:n—o(nlmﬂl}) ||Ez,k” n—r;

< 16,4 <c +c

N7s 41 ” Ngl,gs +1 n n
:Czi:n o(nl/2=v) (”& k” - (HEl,kH)) +0(n—1/2—¢) — O(n—l/Q—(S) as.

n
for some 6 > 0. (3.28) is proved. |

3.5.3 Proof of the Main Theroems

This section contains all the proofs of the results presented in Chapter 3. As mentioned in Section
1 this appendix, Theorems 3.1-3.2 apply in the case where /,,;s x(m) = 0and M;; =0forl > 1

and all m and k. Therefore, we will focus on proving Theorems 3.3-3.5 in the following.
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of Theorem 3.3. Define p,, = p((:)fnm), Pm+1.k = 9&(Qm, Pm). As we proved in Lemma 3.3,
Od " — O, and Om . — 0 as. inthe event that {N,, , — oo}. (3.30)

On the other hand, if {sup,,, N,, ; < oo}, then there is m, such that X, ;, = 0 for m > my, and so

m m—i mo m—i
Sk —ZZMk Gy ) (1 = Lnis () Xik€ike = ZZMk iy ) (1 = Lnis k(1)) Xi ki
=1 7=0 =1 7=0
mo
%ZZMk l ] - mzsk( )) i,kéi,k’ = Z(l - Imzsk( )) stzk
=1 7=0 =1
and ‘
mo m—i
Tm,kz = ZZMk(Za])(l - [mzsk k — Z - mzsk Xz'7k-
i=1 j=0

Hence, Odmk and Odmk converge to 9”"3 In either case, 5&% has a limit 6} in the parameter space,
k=1,..., K. By the continuity of p(-), pn_1 — p(05,...,0%) := v* € (0,1)®X almost surely.
Denote M, = > (Xpx — E[Xom k| Fm-1]). Then, max,,<, | My, x|/n — 0 almost surely by
the law of large numbers of martingales.

Note g,, — IN,,,/m — 0 almost surely by Lemma 3.1. For any given ¢ > 0, we can choose a m
such that | IN,,,/m — @y, || < € form > my. Letv,, = max{Kmo+1<m <n: gm-1x < Pm—-1k}
and max{()} = Km,. Note the allocation probability p,,x < Pm-1% + Ao(Gn-14 — Pm—1,x) if

Gm—1k > Pm—1 by Condition 3.1. It follows that

m= I/n+1 m=vn+1
n—1
<1+ Ny, 1+ My — M, ,+ Z <5mk + Mo (G — ﬁmk))

If v,, = Kmg, then N,,, 1 , < Kmy. If v, > Kmg + 1, then

Nyn—l,k ~ ~
— = < Q-1 k T €S Py,—1k T E
v, — 1
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It follows that

Ny <1+ Kmg+ 2mgx | M| + (v, — 1)e

n—1 n—1
+ (Vn = Dpr-1k + Z Pk + Ao Z (ke = Prmk)-

It then follows that

lim sup N, x/n <e + v, + /\o(lim SUD @ ke — v,:)

n—oo m—00

=€ + v} + Ao (lim sup Ny, i /m — v}) a.s.

m— 00

Note Ay < 1. We conclude that lim sup V,, ;,/n < v} +e€almost surely. Hence, lim sup V,, ,,/n < v}
n—00 n—0o0

almost surely, k = 1,..., K. From the fact that 3.7 _, N,,,/n = S0 v = 1, we conclude that

N, i/n — v} € (0,1) almost surely, which implies that V,, , — oo almost surely, k = 1,..., K.

Hence, the limits ¢} and 0, (v* and v) must be identical by (3.30). The proof is now complete. W

of Theorem 3.4. (3.12) follows from (3.27) and (3.29) immediately. By noticing (3.18) and (3.28)-
(3.29), we have

A(N,, —mv) = Xy — v = AM,, + g(Gror, p(OU" ) — g(v, p(©))

—AM,, 4 (@1~ 0)H + (O, = ©) 02 B+ Ol — vl + 062, ~ O]
=AM, + (g’ii - 'v>H + (O, — @)g—gE
+ O(H n]jn:_i — UHQ) +o0 (m@/_l(log m)2) + o(m™Y*7%) as. (3.31)
= Nm_l—v H +o Nm_l—'v + o0 (m#(logm)?) + O loglogm a.s.
<m—1 > (‘m—l H) ( (log )> m

(3.32)

Here and in the sequel, Au,, = w,, — u,,_; for a sequence u,,. By (3.32) and Lemma A.2 of Hu

and Zhang (2004) [21], the proofs of (3.13) and (3.14) follow closely to those given in Theorem
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4.2 of Hu and Zhang (2004) [21]. |

of Theorem 3.5. By Lemma 3.2 and (3.14) we have

N’ N Nok (N
L (1= g = (N’; —(1—0%)) Ly ( - —vk) (1— o)

n

where N,T,is = > " X; k(1 — Lnisk(i)). By noticing (3.16), similar to (A.10) of Hu and Zhang
(2004) [21] we have

. mis log1
e _ @ - +o< °8 Og”) as.,
n n

where Q"% = (Qp', ..., Q%) is a martingale with AQ)" = X, 41 (1 — Lnisi(n))(np —

01)/(vi(1 — ay)). Following the lines at page 297 of Hu and Zhang (2004) [21] we can derive that

dn-1 — ’UH + Héznfl — G)H) =3 + O(\/ long(ygn> a.s.,

Var[AQTS| ] =V 4 o(\ Gt — UH + e - o)
=y mis 4 O(\/ —loglnogn> a.s

On the other hand, it is easily seen that ||AM, | < 1, E|AQ,|* ™ < C. By Corollary 1.1 of

cov{AM,,, AQ™*|F, 1} =0,

var[AM,|Z, 1] = X1 + O(‘

Zhang (2004) [61], we can define two independent standard multi-dimensional Brownian motions

W, € #% and B, € #%¥ such that for some 0 < k < min{1/2 — \, 4},
M, = W, 7% + o(n'?") and Q, = B,(V"™*)'/? + o(n"/**) as.

Notice that ¢’ = (2+¢9) /(240 + (1+¢c0) ) < 1/2. We assume that 0 < x < 5 — /. It
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follows that @7 — @ = Bx(Vmis)1/2 4 o(n~1/2=%) almost surely and, by (3.31), (3.14) and (3.4),

n—1 n—1
N, ~ op
N, — =M, ( mo )H mis E 1/2—k
nw +m:1 ———v)H+ Z(@m @)86 +o(n )
n—1
:anl/Q 4 B,, m (yrmis) 1/2 PE+ Z ( v)H+0(n1/2_”)
' m=1 m
" By ap N,
:Wn21/2 / -t szs 1/2 ¥ F Edt (_ . )H 1/2—k
ST Lvmis) e Bt + Z v ) H + o(n/*")

:szs_/n GmisttJrZ <N——’U>H+0( L/2wy
0

m

o szs
=G + Z — ™ _H +o(n'/*") as.

It follows that N,, — nv — G = o(n'/?>~*) almost surely by Lemma A.2 of Hu and Zhang (2004)

[21]. Further, by (3.27)

~ ~ . B, )
@im —O = @Z’LZS - O+ O(n—l/Q—R) _ _(szs)l/Q + O<n—1/2—m) as.

n

The proof of (3.15) is completed. For deriving the variability A™* = var(G7"*), we refer to Hu

and Zhang (2004) [21] and Zhang (2007) [64]. |
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CHAPTER 4

Valid Test for Multi-arm Trials with Generalized Linear Models

under Covariate-adaptive Randomization

4.1 Introduction

Clinical trials are widely utilized in medical research to evaluate treatment efficacy and establish
causal relationships between interventions and health outcomes. Traditional clinical trials typically
employed simple two-arm comparisons with clearly defined continuous endpoints. However, these
conventional designs have become inadequate for the complexity of modern medical interventions
and increased demand for trial efficiency and adaptability. Consequently, modern clinical trials
have evolved towards more sophisticated designs. For example, dose-finding studies, seamless
trials, and shared control designs are widely employed, often simultaneously comparing multiple
treatments. Despite their wide application, statistical inference methods remain predominantly
focused on two-arm trials with continuous outcomes, leaving methods for general outcomes in
multi-arm settings underdeveloped.

Several studies have begun addressing inference issues in complex trial designs under CAR.
CAR adaptively assigns patients to treatment groups based on previous patient allocations and their
baseline covariates (e.g., age, gender, disease severity, pre-treatment). Its randomization framework
and associated theoretical properties have been extensively studied, providing robust foundations
for their use in clinical trials [40, 25, 22, 33, 20, 39, 35]. Consequently, CAR methods are now
widely adopted in practice to ensure efficient and precise treatment comparisons.

Building upon CAR'’s extensive theoretical foundation, recent research has started addressing
inference issues in multi-arm trials. For instance, Nugni et al. (2019)[9] expanded their earlier

work on two-arm trials [8] to multi-arm trials with continuous outcomes, proposing robust methods
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such as two-sample t-tests and regression adjustments under stratified randomization. Additionally,
Ma et al. (2022)[38] investigated adjusted inference methods in a multi-arm setting as part of a
seamless trial design. However, these studies remain limited to continuous outcomes. Although
some researchers have explored other outcome types, these investigations have mostly focused
on two-arm trials [37, 48, 58, 57, 31]. Thus, further research specifically addressing inference
methodologies for multi-arm trials with general outcome types is necessary and timely.

Currently, a critical gap remains in statistical methodologies for multi-arm trials with non-
continuous outcomes. A particularly important class of such non-continuous endpoints includes
binary responses and count data, which are fundamental to clinical research and are usually ana-
lyzed within the GLM framework. The methodological gap stems from two fundamental challenges.
First, unlike two-arm trials, multi-arm trials typically employ a shared control group, creating de-
pendencies among treatment comparisons that invalidate traditional statistical approaches. Second,
when analyzing data under CAR where the endpoints accommodate GLMs, the common practice
of omitting covariates from the working model raises issues about the validity of standard inference
method.

To address these challenges, we develop a comprehensive framework for valid statistical infer-
ence in multi-arm trials with GLM-accommodating endpoints, particularly focusing on scenarios
where the working model omits covariates. Our work makes three main contributions: (1) theo-
retically investigating the asymptotic properties of the standard Wald test under CAR in multi-arm
trials with shared controls; (2) developing valid statistical inference methods that properly account
for both the shared control structure and scenarios where working models cannot include all ran-
domization covariates; and (3) establishing theoretical guarantees for the proposed methods under
GLM settings. Our framework provides the first theoretical foundation for statistical inference in
this important yet under-explored setting, while maintaining practical applicability in real clinical
trials.

This chapter is organized as follows. Section 4.2 introduces the GLM-based testing framework,

including notation, working model, test statistic, and Type I error control. Section 4.3 presents
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our main theoretical results, examining test size under commonly used models (logistic, linear,
Poisson, and exponential regression) and exploring extensions to non-canonical link functions.
Section 4.4 introduces an adjusted test that maintains valid Type I error control. Sections 4.5 and
4.6 evaluate our method through simulation studies and an application to a metastatic breast cancer

trial, respectively. Section 4.7 concludes with a discussion of our findings.

4.2 Test under Generalized Linear Model

4.2.1 Framework and Notation

We consider a clinical trial with K treatment groups (/ > 1) and one control group, where a
total of N subjects are allocated to one of (K + 1) arms based on their covariate profiles via a
multi-arm CAR procedure proposed by Hu et al. (2023)[20]. For each subject ¢, let T}, be the
treatment assignment indicator, where 7, = 1 if subject ¢ is assigned to arm £, and 0 otherwise.
Here, k& = 0 denotes the control group and k£ € {1,..., K} denotes the treatment groups. Let
Z; = (Za,...,Z;) represent the covariate profile of subject 4, and y; be their observed response

under the assigned treatment. The true model is assumed to be:
E[Y; | T;, Zi]=h (50 + 01T + 02To + -+ - + 0k Tire + 5TZz‘) 4.1)

where T; is the assignment vector of subject 4, d, is treatment effect of group k, B8 = (51, -+, B,)
are coefficients for prognostic factors Z;.

In the GLM framework considered in this paper, the function h(-) denotes the inverse of a
monotonic link function, establishing the relationship between the linear predictor and the expected
outcome. For example, h(u) = u corresponds to linear regression models suitable for continuous
outcomes, while h(u) = exp(u)/{1+exp(u)} corresponds to logistic regression models commonly
used for binary responses. Similarly, h(u) = exp(u) corresponds to Poisson regression models

suitable for count data. Our theoretical results and proposed inference procedures hold under
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general assumptions on the link function A(+), including canonical as well as certain non-canonical
link functions. Specific assumptions and conditions on A(-) required for our theoretical results are
detailed in later sections.

The framework we discuss in this article is based on the following assumptions.

Assumption 4.1. Over the whole article, we assume the covariates are independent and identically

distributed for each patient.
Assumption 4.2. All covariates are centered with E(Z) = 0

For the Assumption 4.2, even though the true mean of covariate j is ¢ (¢ # 0), we could
centralized it by subtracting c for each value to construct a new variable.
In GLMs, the distribution of Y given the linear predictor 6o+ 6, Tj; + 32 Tjo +- - -+ T + 81 Z

is assumed to follow an exponential family distribution, which has the form

exp {Y‘)_Tf(@) oY, ¢)} 42)

where ¢ is the scale parameter, 6 is the canonical parameter of the distribution, and b(-) and ¢(+)

are known functions.

4.2.2 Working Model and Test

Before officially starting a trial, it is required a detailed planning, including how the qualified
patients to be randomized and the statistical methodology for post-randomization data analysis.
The post-randomization data analysis usually involves the inference method and associate test
statistic’s establishment. A well-established statistical method can effectively control the Type I
error rate. More specifically, consider a test statistic S constructed from the observed outcome data
of patients, where the null hypothesis is rejected if and only if |S| > z,/,. Under Hy, a valid well-
controlled test statistic maintains a Type I error rate close to nominal significance level . When

all strata factors are used in the post-randomization analysis, the test statistic is well-controlled.
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However, the covariates used in CAR may be partially or fully omitted from the post randomization
data analysis due to simplicity of a testing procedure and some practical reasons. Hence, it is
necessary to study the inference properties of the standard tests when the working model with

omitted covariates used. Consider the following working model:

EY; | T, Z;] = h(0p + 61 T;1 + 62Ti0 + -+ - + 0k Tix) 4.3)

where the link function and conditional distribution of Y given linear predictor are same as in the
true model.

For comparing each treatment with control based on the working model (4.3), we test the
individual null hypotheses Hy ;. : 6 = Ofor k =1, ..., K and obtain their corresponding p-values.
Since multiple comparisons are conducted simultaneously, there is a risk of family-wise Type I
error (FWER) inflation that could lead to false-positive findings. To control this risk and ensure
the validity of our results, we implement appropriate multiplicity adjustment methods, which are

detailed in Section 4.2.3. The multivariate test can be formed as follows:

HOkiék:O k::1,2,---,K (44)

with the test statistics

~

Sy = 5’? (4.5)

se(0)

Remark 4.1. The commonly used test statistic for the hypothesis (4.4) is normalized to have a unit

variance.

Suppose that NV patients have been enrolled in the trial via CAR. For the ith patient, we observe

(yi, Tix, z;) as arealization of (Y, T, Z). The log-likelihood function of the observed responses can
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be written as:

tog [ Toton 109 = S 4 4220 con | @6)

The maximum likelihood estimator (MLE) takes the form:

N
30 i 5k _ ! (Zi:l szzk>

N

From which we can derive:

N
Sy = h! <M> (4.7)

o
N N
~ ) T ! T
6k — h—l (Zz:l Yi 1k> o h—l (Zz:l Yi ZO) (48)
Tk No

where h~!(-) is the link function and n;, = Zf\il T} denotes the number of patients in group k.
These estimators form the basis for our hypothesis testing framework, which we next introduce

with proper multiplicity adjustment.

4.2.3 Control of Family-wise Type I error Rate under Multiplicity

Comparisons across different treatment arms and a control lead to potential inflation of the FWER
as we mentioned previously. For example, in a dose-finding trial, multiple effective doses of a new
drug are commonly compared with a single control, resulting in simultaneous testing of multiple
null hypotheses, denoted as Hyy, Hpo, -+ , Hox. A critical issue here is controlling the FWER.
Hence, multiplicity adjustment methods that ensure the probability of rejecting at least one true null
hypothesis does not exceed the predetermined significance level « are essential [46, 16, 4]. Existing
literature offers several methods, including Bonferroni, Holm, Simes, and Dunnett adjustments.
More advanced approaches are reviewed by Alosh et al. (2014)[1].

In this article, we explore the use of the Simes correction method [50, 47] followed by statistical
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testing, due to its simplicity, greater statistical power compared to Bonferroni and Holm methods,
and flexibility in accommodating correlated hypotheses. While the Dunnett method is specifically
designed for multiple comparisons against a single control group, it requires stronger assumptions
such as normality and equal variance, limiting its applicability in more generalized or exploratory
contexts. The Simes test has been widely used in trials with continuous outcomes, but its use
for multi-arm trials with general outcomes is quite limited. Specifically, the validity of the Simes
procedure relies on assumptions such as independence or the Positive Regression Dependency on
Subset (PRDS) property, as detailed in Proposition 4.1. However, the detailed characterization of
dependency structures under general outcomes remains less studied in the existing literature.

Specifically, the Simes method operates by comparing ordered p-values to adjusted significance
thresholds. For K null hypotheses with p-values pq, ps, . . ., Pk, let the ordered p-values be denoted
as p(1) < p) < -+ < px). The Simes procedure rejects the global null hypothesis if there exists
any ¢ € 1,..., K such that:

P < o (4.9)

To justify the validity of the Simes procedure, we introduce the following proposition specifying

the necessary conditions under which the FWER is strongly controlled.
Proposition 4.1 (Validity Conditions for Simes Method). The Simes procedure provides strong
control of the FWER at level o, meaning:

P ( reject at least one true Hy;) < «, (4.10)

under the following conditions:
(i) The test statistics (or corresponding p-values) are independent; or

(ii) The test statistics exhibit certain positive dependence properties, specifically the Positive

Regression Dependency on Subset (PRDS) property. Formally, PRDS means that for every
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subset I C 1,..., K and every increasing function ¢, the conditional expectation:

Elp(pii€l)|p; <t (4.11)

is non-decreasing in t for each j ¢ I.

Under these conditions, the Simes procedure controls the FWER at or below the nominal significance

level .

Proof sketch (see Sarkar and Chang (1997)[47]): Condition (i) of independence is classical, and
the validity under independence was originally established by Simes (1986)[50]. Condition (ii), the
PRDS property, which covers broader realistic scenarios, was proven to ensure the Simes method’s

validity in more general dependence structures by Sarkar and Chang (1997)[47].

With these conditions clearly stated, we proceed to present our primary theoretical results in

the subsequent sections.

4.3 Main Results

Before presenting the main theorems, we first describe how to measure different types of covariate
balance under multi-arm CAR procedures. These measurements are essential for establishing
our theoretical results. In this article, we consider a family of general multi-arm CAR procedures
proposed by Hu etal. (2023)[20]. This family encompasses many commonly used CAR procedures,
including stratified permuted block randomization (STR-PB), Pocock and Simon’s minimization
(PS), stratified biased coin design (STR-BCD), and Hu and Hu’s general CAR (HuHuCAR).
Consider a clinical trial, each patient’s covariate profile includes R covariates, where rth covariate
has m, levels. Hence, there are M = Zle m, margins, and S = Hle m,. strata. We denote
(r;m}) as a margin formed by patients whose rth covariate falls into m;th (1 < m! < m,) level.
Similarly, we denote (mj, mj,---,m},) as a strata formed by patients has the covariate profile

Zy = mj, -, Zr = mj, where m} € {1,--- ,m,} for any covariate » (1 < r < R). Three
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types of covariate imbalance, overall imbalance Dy, marginal imbalance Dy (7; m?), and stratum

imbalance Dy (m}, m5,--- ,m},) are measured respectively.

Overall Imbalance: Dy = (Dy, Do, -, D), for each arm k£ (0 < k£ < K), we denote
the overall imbalance for treatment k as Dy = ny — N, where N = % 2520 nys 1S average

number of patients over treatments.

Marginal Imbalance: Dy (r;m}) = (Dy(r;m}),--- , Dg(r;m?)),foreacharm k(0 < k <
K), we denote the marginal imbalance for treatment k as Dy (7; m>*) = ng (r;m*)— N (r; m?),
where N(r;m?) = + Zgzo ng (3 M) is the marginal average number of patients over the

treatments.

Within-stratum Imbalance: Dy (m7, .- ,m}) = (Di(m3,--- ,my), -+, Dg(mi,--- ,m%y)),

for each arm k (0 < k£ < K), we denote the within-stratum imbalance for treatment %k as

* * *\ * * * * * * \T * *
Dk(m1>m27 e 7mR) - nK(mlﬁ Mo, -+ 7mR)_N(m1>m27 to ,mR),WhereN(ml,mQ, T
% Y o (mi,m3, -+ mjy,) is the within-stratum average number of patients over the
treatments.

Remark 4.2. The multi-arm CAR procedures we considered in this article could be divided into two
categories in terms of the within-stratum imbalance. In stratified randomization (when ws > 0),
all imbalances including within-stratum, marginal, and overall are bounded in probability (O, (1))
[20]. In Pocock and Simon’s procedure (when wo = ws = 0), this method effectively controls
both marginal and overall imbalances. However, at the stratum level, all within-stratum imbalances

Dy(m3,m5,--- ,m}) grow at a rate of v/N and follow an asymptotic normal distribution [22, 20].

4.3.1 Main Theorem

We now present the asymptotic distribution of the standard Wald test statistic under the working

model (4.3).
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Theorem 4.1. Suppose that a covariate-adaptive randomization procedure satisfies condition that
all within-stratum imbalances are bounded in probability; then under null hypothesis Hoy : 0, = 0

ke{l,---, K}, wehave, asn — oo,

D E[Var(Y | Z)]
S50 20 0. ey )

where V' a K-dimensional square matrix with v;; = 1 if i = j and v;; = 1/2 if i # j.

Based on Theorem 4.1, if the within-stratum imbalances are bounded in probability, the size of
the test for treatment effect depends on a comparison between E[Var(Y | Z)] and ¢h'h((E)[Y]),

i.e., in asymptotic sense,
- The test is conservative if E[Var(Y | Z) < ¢h’h " H(E(Y)).
- The test is valid if E[Var(Y | Z) = ¢h’h "1 (E(Y))
- The test is inflated E[Var(Y | Z) > ¢h’h " (E(Y))

Besides, the test statistics 57, S, - - - , Sk are dependent as same control used.
We assume two key conditions which are also stated in [31]:
Condition 4.1: The overall imbalance is bounded in probability Dy = O,(1)
Condition 4.2: Under the null hypothesis Hoy: 6, = 0, for any stratum (mj, ..., m}), as n — oo,

Yoy (Te = To) h (1 + Bz) b >
N — N (O,ah)

These conditions are generally satisfied by CAR procedures that balance discrete covariates. For
CAR designs where within-stratum imbalances are bounded in probability, the distribution in
Condition 4.2 reduces to O,(1/v/N), implying 02 = 0. It has been proved that these conditions
hold for PS by showing that within-stratum imbalances, when scaled by 1//n, follow an asymptotic
joint normal distribution with positive variances. In the following, we present our theorem 4.2

[22, 20].
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Theorem 4.2. Suppose that a covariate-adaptive design satisfies Condition 4.1-4.2; then under the

null hypothesis Ho: 0, = 0, we have, as n — oo,

Sy . Sk) D yr (07 E[Var(Y | Z)] + (K + 1)0,%/2‘/*>

oh'h=1(E(Y))

where V* a K-dimensional square matrix with v;; = 1 ifi = jand v;; = 1/(2+ o) if i # J.

Remark 4.3. The Simes test is widely recognized as one of the most common multiplicity adjust-
ments for handling positively related or mutually independent test statistics. In this context, our
Theorems 1-2 provide test statistics S, - - - , Sk that are postively correlated, when combined with

the Simes test, may effectively control the overall familywise Type I error rate.

4.3.2 Test Size under Some Commonly Used Models

In Section 4.3.1, we established the asymptotic joint distribution of Wald test statistics S, - - - , Sk
under a general framework of GLM (4.3) and CAR. Now we examine several important special cases
of GLMs that are commonly encountered in practice. For each case, we derive the specific form
of their asymptotic properties by applying the general theory to the corresponding canonical link
functions. Specifically, we consider the logistic regression for binary outcomes, linear regression

model for continuous outcome, Poisson regression for count data, and exponential model.

Logistic Regression

In clinical trials, logistic regression model has been widely used because of the common binary
response. For example, it commonly uses as the surrogate endpoint in oncology trials, such as
overall response rate (ORR). Under the logistic regression, the conditional distribution of Y given
6 is a Bernoulli distribution with ¢ = 1. When the CAR procedures with within-stratum imbalance
are bounded in probability are implemented, we have
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Because we have Var(Y') = E[Var(Y | Z)]+ Var(E[Y | Z]) and Var(E[Y | Z]) > 0, it follows

that Var(Y') > E[Var(Y | Z)]. Hence, the test is conservative.

Linear Regression

Linear regression is common in dealing with the continuous response, especially in may medical
areas like immunology’s drugs. Here, the dispersion parameter ¢ = o2, which is usually unknown
and could be estimated via the observations. Under the linear regression, A(-) is an identity function
with //h~'(E(Y)) = 1. Hence, under the CARs with within-strata imbalance bounded and o2 is

known, we have

D
(517827' o 7SK) _>N(07V)

However, the o is usually unknown and must be estimated based on the data. In practice, the

model with omitted covariate tends to overestimate the variance of the treatment effect estimate

[49, 34]. An inflated variance results in test statistics that are smaller in absolute value, leads to the

conservative type I error.

Poisson Regression

As clinical trials frequently involve count outcomes, such as the number of adverse events or
disease recurrences over a specified time period, Poisson regression serves as a fundamental tool for
analyzing such data while accounting for their discrete, non-negative nature. The distribution of Y|
is a Poisson distribution with ¢ = 1. Hence, under the null hypotheses, we have oh'h =1 (E(Y)) =

E(Y)=E(E(Y|X)) = E(Var(Y|X)). It follows by
(81,8, , Sk) =+ N (0, V)

A unique property of Poisson regression is that the variance equals the mean by definition.

Therefore, even when the analysis model omits certain covariates, the marginal behavior of Y still
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maintains the relationship: E[Var(Y | Z)] = ¢i/(h"'(E(Y))). This equality ensures that the
asymptotic variance of the treatment effect estimate is correctly specified, resulting in test statistics
that follow a normal distribution with unit variance asymptotically. Consequently, the type I error

rate remains well-controlled, neither inflated nor conservative.

Exponential Model

Exponential model also widely used in the post-randomization analysis in many clinical trials.
For example, when clinical trials measure intervals between recurring events, such as hospital
readmissions or disease relapses, exponential regression offers a straightforward approach for
modeling these gaps while accommodating varying follow-up times and patient-specific risk factors.
In the exponential model, the response Y given 6 is exponentially distributed with ¢ = 1. Under
the null hypothesis and canonical link h(6) = —1/60, we have ¢h’h"H(E(Y)) = (E(Y))? =
{E[E(Y|X)]}?. ForY | Z following an exponential distribution with rate parameter A(X), the
mean is 1/\(X) and variance is 1/[\(X)]?, thus E[Var(Y|X)] = E{[E(Y|X)]?}. It follows by
o' h 1 (E(Y)) < E[Var(Y|X)].

D E[Var(Y | Z)]
(51, 80,2 5) = N (O’Wv)

where E[Var(Y|X)]/{E[E(Y|X)]}? > 1.
Consequently, when using stratified randomization without fully accounting for stratification factors

in the analysis, tests for treatment effects tend to be Inflated, leading to inflated Type I error rates.

4.3.3 Additional Results with non-canonical link

While canonical link functions in GLMs provide computational convenience, they may not always
be the most appropriate choice for real data analysis. In many practical situations, non-canonical

links can offer better model fit, more interpretable results sometimes. For example, in biomedical
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Table 4.1: Summary of Type I Error Behavior Across GLMs

GLM Models Link Function Working Variance Term Type I Error Behavior
Logistic Reg. Logit EY)(1-E(Y)) Conservative

Logistic Reg. Probit 0 (PHE(Y))) Conservative

Logistic Reg. Complementary Log-Log —In(1 -E(Y))1 -E(Y)) Conservative

Linear Reg. Identity o? (overestimated) Conservative

Poisson Reg. Log E(Y) Valid

Exponential Inverse (E(Y))? Inflated

Negative Binomial Reg. | Log GE(Y) Inflated

Gamma Reg. Log PE(Y) Typically Inflated
Ordinal Logistic Reg. Cumulative Logit E (m;) [1 — E (m;)] for threshold j | Conservative

studies, the probit link may be more suitable than the canonical logit link when the underlying
process follows a normal tolerance distribution. Similarly, the complementary log-log link might
be more appropriate when analyzing time-to-event data in discrete time. Additionally, some non-
canonical links, such as the identity link for count data, can provide more direct interpretation of
the effects. Therefore, extending our theoretical results to non-canonical links could broaden the
practical applicability of our testing procedure while maintaining its statistical robustness. Hence,
in this section, Theorems 4.1-4.2 which derived under canonical link functions are extended to the
GLMs with non-canonical link functions.

In GLMs with general link functions, the relationship between the natural parameter 6 and
the linear predictor = dg + 6,71 + - - - + 0Tk is characterized by 6 = ~(n), where 7 is some
function. Unlike canonical links where - is the identity function (i.e., # = n), non-canonical links
involve a more general transformation that connects the linear predictor to the natural parameter of

the exponential family.

Theorem 4.3. Suppose that a covariate-adaptive randomization procedure satisfies condition that
all within-stratum imbalances are bounded in probability; then under null hypothesis Hy,, : 0, = 0,

we have, as n — 00,

E[Var(Y | Z)]
 HII(E(Y)) /7 (E(Y)) V)

(S, Sk) 2>N(o
where V' a K-dimensional square matrix with v;; = 1 ifi = j and v;; = 1/2 if i # j.
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Theorem 4.4. Suppose that a covariate-adaptive design satisfies Condition 4.1-4.2; then under the

null hypothesis Ho: 0, = 0, we have, as n — oo,

(S1,--+,Sk) NN (O E[Var(Y | Z)] + (K + 1)05/2‘/*)

" ORhTHE(Y)) /A (E(Y))

where V* a K-dimensional square matrix with v;; = 1 ifi = jand v;; = 1/(2+ o) if i # J.

Remark 4.4. Letn = 6y + 6111 + . .. + 0,1} where exactly one of 77, ..., T} equals 1 and others
are 0. For binary endpoint, besides the canonical logit link log(x/(1 — 1)) = 0 + 03Tk, the probit
link ®~*(u) = g + 6T and complementary log-log link log(—log(1 — 1)) = &y + 6T} are
common alternatives. For Poisson regression modeling count data, although the canonical link is
log(p) = &0+ 6;, the identity link 1 = 8o+ 9,7}, and square root link /1t = o+ 6,1}, are sometimes
preferred for direct interpretation. In gamma regression for positive continuous responses, while
the inverse link 1/u = 0¢ + 05T} is canonical, the loglink log(u) = &g + 0T} is widely used as
it ensures positive fitted values. Here p represents the conditional mean of the response given
T = 1, and these non-canonical options expand the flexibility of GLMs while maintaining the

theoretical properties we established under mild regularity conditions.

4.4 Constructing Valid Test Statistics

Theorem 4.1, along with the discussion in Section 4.3.1 for common GLMs, shows that under
CAR, the standard Wald test statistics fail to converge to a standard multivariate normal distribution
in the absence of a fully adjusted model. This deviation arises from two primary sources: (1)
The implementation of CAR and the potential working model misspecification can lead to test
statistics that fail to converge to the correct asymptotic distribution under the null hypothesis H.
(2) The presence of multiple treatment arms and their associated subject assignment mechanisms
induces dependence among test statistics, which subsequently affects multiple testing corrections.
While existing methods can adjust for dependent test statistics or p-values, they typically yield

conservative family-wise Type I error. To address these limitations, we propose the adjusted test
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statistics that converges to /N (0, I) under null hypotheses for the given randomization scheme,
regardless of potential covariate omission. Such test would simultaneously achieve robustness to
model misspecification and valid family-wise Type I error control.

The scenarios where the within-stratum imbalances are bounded in probability, such as STR-
PB, STR-BCD, and HuHuCAR are consider first. It should be noted that in HuHuCAR [25], the
within-stratum imbalances remain bounded when non-zero weights are assigned to stratum-level
balance. Based on the proof of Theorem 4.1 in the Supplementary material, under the working

model and null hypotheses Hy : 0, = 0 (k =1, ..., K), we can readily establish that:

[~ HE(Y)}] 125 D
W(VQ(KH)E[W(Y’Z)J (V)~126 = N(0, 1). (4.12)

Hence the newly constructed statistics are

1 1—1(v
Sy = VN P (V)} (V)~1/28 (4.13)
\/2(K + 1)O’gooled

where the pooled variance estimator is

S N ~
2 A Zi:l(yi - Ms)Zl{Zi = s}

g = -—
pooled - N ne — 1
S=

(4.14)

Here Y is the overall sample mean, and S is the total number of strata. The indicator / {z; = s}

2

takes value 1 if observation ¢ is in stratum s, and 0 otherwise. The pooled variance estimator o,,,;eq

weights each stratum-specific variance by the relative stratum size ns/N.
Similarly, for general CAR procedures under Conditions 1-2, the within-stratum-level imbalance
may be not bounded. Under the working model and the null hypothesis Hy : §, = 0(k = 1,..., K),

we have:

N W[ HEY)}]
V2(K 4+ 1) (E[Var(Y | Z)] + (K + 1)02/2)

) (V)" 1726 25 N(0, 1), (4.15)
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It follows that the adjusted test statistics are

1{1,—-1(vy R
S.s = VN Ph ()} (V7126 (4.16)
\/2<K + 1)0-;2)ooled,adj

where the adjusted pooled variance estimator is

S N o \2 )

2 _ s Zz‘:1(yi — f1s)*H{z; = s} (K +1)d;
O'pooled,adj - ; N e — 1 + 9 (417)
Compared with Equation (4.13), the only additional quantity that needs to be considered in Equa-
tion (4.16) is o7. This arises because the CAR procedures used here (e.g., Pocock & Simon’s
minimization) do not necessarily bound the within-stratum imbalance, thus introducing additional
variance. Specifically, for the general K -treatment scenario, i can be expressed as a weighted

sum of the within-stratum imbalances across all treatment groups:

o7 =" Di(s)h(u+pBs). (4.18)

K
s=1 k=1
In practice, Monte Carlo simulation is employed to numerically estimate 0. The simulation process
involves repeatedly generating treatment assignments under the CAR method, keeping the observed
covariates fixed. Specifically, the simulation follows these steps:

Step 1: Repeatedly simulate the CAR algorithm (e.g., minimization) under the null hypothesis,
generating B (e.g. B = 500) independent replicates of treatment assignments.

Step 2: For each replicate, calculate the within-stratum imbalance measures Dy(s) for each
treatment and stratum.

Step 3: Estimation of Variance: Compute variance contributions for each replicate by replacing

h(p + Bs) with its sample-based estimate h([i;), yielding replicate-specific variance estimates:
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Step 4: Finally, average across the B replicates to obtain a stable numerical estimate:

B

~2 i 2

O-h - B O‘h],b*.
b=1

Remark 4.5. The proposed adjusted test ensures valid Type I error control by accounting for
the variance-covariance structure inherent in the dependency among treatment groups. While
this adjustment ensures convergence to a standard multivariate normal distribution and addresses
conservative Type I error in the standard Wald test, it does not always improve power. This is
due to potential variance inflation, which can reduce sensitivity to detect the effects, especially
for weak treatment effects or low correlation between test statistics. However, the adjusted test is
advantageous in small samples, imbalanced group sizes, or highly correlated test statistics, where it
provides robust error control and reliability in complex study designs. Thus, its application should

balance Type I error control against potential power trade-offs, depending on the trial context.

4.5 Numerical Studies

In this section, we present simulation studies that evaluate our proposed adjusted test statistics in
(4.13) and (4.16). Our primary goal is to demonstrate that these tests maintain valid FWER while
potentially improving power under various CAR designs. We evaluate both the family-wise and
individual Type I error rates for the original and adjusted tests when testing each null hypothesis H},
(k=1,...,K). The simulations cover three commonly used GLMs: logistic regression, Poisson
regression, and exponential model with canonical link functions. For all simulation scenarios, we
consider 3-arm trials with sample sizes of n = 300 and n = 600 for Type I error assessment, and
n = 300 for power analysis. Each scenario is replicated 5000 times.

In Tables 4.2-4.4, we present the family-wise and individual Type I errors for common-used
GLMs under both the standard Wald test statistics and our proposed adjusted test statistics. The
results demonstrate that the adjusted test statistics provide more efficient control of Type I errors.

For the treatment effect tests based on logistic regression, we set the parameters = (—1,0,0)
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Table 4.2: Simulated Type I error for Logistic Regression

Wald Test Adjust Test
Sample Size Randomization | Family-wise H, H, Family wise H; H,

STR-PB 0.0190 0.0108 0.0114 0.0480 0.0270 0.0226

N =300 PS 0.0140 0.0090 0.0101 0.0433 0.0259 0.0247
HuHuCAR 0.0230 0.0116 0.0160 0.0534 0.0268 0.0298

STR-PB 0.0184 0.0102 0.0118 0.0480 0.0262 0.0234

N = 600 PS 0.0192 0.0109 0.0112 0.0476 0.0254 0.0272
HuHuCAR 0.0258 0.0154 0.0156 0.0540 0.0298 0.0330

Table 4.3: Simulated Type I error for Poisson Regression

Sample Size Randomization Wald Test Adjust Test
Family-wise H; Hs Family wise H,; Hs,

STR-PB 0.0525 0.0300 0.0310 0.0555 0.0275 0.0315

N =300 PS 0.0570 0.0313 0.0304 0.0521 0.0282 0.0297
HuHuCAR 0.0442 0.0294 0.0236 0.0530 0.0296 0.0264

STR-PB 0.0510 0.0295 0.0310 0.0540 0.0265 0.0320

N =600 PS 0.0574 0.0304 0.0322 0.0529 0.0272  0.0299
HuHuCAR 0.0440 0.0238 0.0270 0.0474 0.0226 0.0262

Table 4.4: Simulated Type I error for Exponential Model

Sample Size Randomization Wald Test Adjust Test
Family-wise H, H, Family wise H, H,

STR-PB 0.1554 0.0956 0.0954 0.0538 0.0284 0.0298

N =300 PS 0.1655 0.1087 0.1149 0.0522 0.0294 0.0303
HuHuCAR 0.1794 0.1096 0.1170 0.0568 0.0338 0.0344

STR-PB 0.1666 0.1068 0.0998 0.0550 0.0314 0.0268

N =600 PS 0.1825 0.1077 0.1092 0.0544 0.0301 0.0289
HuHuCAR 0.1730 0.1044 0.1078 0.0572 0.0296 0.0306

and f = (1,2) with fixed sample sizes of N = 300 and N = 600. The covariates used in
simulations include two binary variables Z; and Z,, each evenly distributed with probability 0.5.
Under this logistic regression setup, while the standard Wald test statistics yield conservative but
acceptable FWER, our adjusted test statistics demonstrate improved performance. Specifically,
they maintain valid FWER and reduce conservativeness in individual Type I error rates for each
test. Therefore, the adjusted tests show superior performance in controlling Type I errors.

For the treatment effect tests based on Poisson regression, we set 6 = (0.8,0,0) and 8 =

(0.25,0.25) with sample size N = 300 and N = 600. The covariates 7Z;, Z, are assumed to
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follow the same distribution as in the logistic regression scenario. Under this setting, Table 4.3
shows that both the standard Wald test and our adjusted test maintain good control of Type I error
rates. The FWER stays close to the nominal level of 0.05 , and the individual Type I errors are
also well controlled. This indicates that the asymptotic approximation works well for Poisson
regression even without adjustment, likely due to the natural mean-variance relationship in the
Poisson distribution. Nevertheless, our adjusted test statistics provide comparable performance
while maintaining theoretical consistency with our general framework.

For the exponential model scenario, we specify parameters § = (0.2,0,0) and 8 = (0.5, 1).
The covariates Z; and Z, are also generated following the same distribution described earlier in
the logistic regression setting. Empirical Type I errors from this setup are summarized in Table
4.4. It can be seen that the standard Wald test leads to substantial inflation in both family-wise and
individual Type I error rates, which are not acceptable in practical trial designs. Conversely, the
adjusted test controls the Type I errors well.

Having established the Type I error control properties of both standard Wald test and adjusted
test, we now evaluate their power performance through simulation studies. We consider a 3-arm
trial setting with one control group and two different dosages of a new drug. To create a realistic
scenario for power analysis, we designate one treatment arm as having an optimal effect and the
other as having a suboptimal effect compared to the control. This design allows us to assess how well
our testing procedures can detect both strong and moderate treatment effects, which is particularly
relevant in dose-finding studies where identifying the most effective dose level is crucial.

For power analysis, we consider trials with 300 subjects (N = 300) using the HuHuCAR,
which balances covariates among arms at stratum, marginal, and overall levels. While we present
results for this specific CAR method, similar power performance was observed with other CAR
procedures, including STR-PB, stratified biased coin design, and Pocock and Simon minimization.
In the following tables, d; and -, denote the treatment effects of the two treatment arms relative to
control.

Tables 4.5 and 4.6 present power analyses under the logistic regression model under two distinct
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Table 4.5: Simulated power for logistic regression with N = 300
01 09 Test (Trtl) Test (Trt2) Adjusted Test (Trtl) Adjusted Test (Trt2)

0.2 0.15 0.0296 0.0238 0.0484 0.0384
04 0.15 0.0906 0.0288 0.1652 0.0332
0.6 0.15 0.2270 0.0354 0.3640 0.0386
0.8 0.15 04276 0.0392 0.6204 0.0476
1.0 0.15  0.6404 0.0404 0.8148 0.0646
1.2 0.15  0.8202 0.0422 0.9414 0.0918

Table 4.6: Simulated power for Logistic regression with N = 300
01 09 Test (Trtl) Test (Trt2) Adjusted Test (Trtl) Adjusted Test (Trt2)

0.2 0.15 0.0296 0.0238 0.0484 0.0384
04 035 0.0998 0.0848 0.1230 0.0888
0.6 0.55 0.2596 0.2252 0.2552 0.1926
0.8 0.75  0.4932 0.4502 0.4270 0.3574
1.0 095 0.7092 0.6736 0.6082 0.5328
1.2 1.15 0.8790 0.8566 0.7646 0.7118

Table 4.7: Simulated power for Poisson regression with N = 300

01 09 Test (Trtl) Test (Trt2) Adjusted Test (Trtl) Adjusted Test (Trt2)

0.1 0.03 0.0658 0.0338 0.0654 0.0306
0.2 006 0.1876 0.0518 0.1838 0.0362
0.3 0.09 0.3862 0.0802 0.3922 0.0416
04 0.12 0.6138 0.1176 0.6246 0.0520
0.5 0.15 0.8072 0.1644 0.8172 0.0608
0.6 0.18  0.9222 0.2164 0.9296 0.0664

scenarios. In Table 4.5, we fix d, at 0.15 while varying ¢, from 0.2 to 1.2. As 9, increases, both tests
show monotonically increasing power for Treatment 1, with our adjusted test consistently achieving
higher power (e.g., 0.8148 versus 0.6404 when §; = 1.0). Meanwhile, the power for Treatment 2
remains stable, reflecting its fixed effect size. Table 4.6 examines a different scenario where both
treatment effects increase in parallel, with d, maintained slightly below d;. In this case, we observe
a distinct pattern: while our adjusted test exhibits superior power for smaller treatment effects, the
standard Wald test demonstrates better power when both treatment effects become large.

In Table 4.7, we evaluate the power performance for Poisson regression where ¢, is set to be
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Table 4.8: Simulated power for exponential model with N = 300
01 02  Adjusted Test (Trtl) Adjusted Test (Trt2)

0.05 0.03 0.0878 0.0472
0.10 0.06 0.2236 0.0692
0.15 0.09 0.3890 0.1000
0.20 0.12 0.5576 0.1416
0.25 0.15 0.7022 0.1854
0.30 0.18 0.8068 0.2270
0.35 0.21 0.8802 0.2752
040 0.24 0.9258 0.3210

proportional to d; (0o = 0.391). For Treatment 1 , both the standard Wald test and adjusted test
provide comparable power as d; increases from 0.1 to 0.6 , with the adjusted test showing slightly
higher power (e.g., 0.6246 vs 0.6138 when 6; = 0.4 ). For Treatment 2, where J, takes smaller
values, the standard Wald test demonstrates marginally higher power than the adjusted test, though
both maintain relatively low power due to the smaller values of ds.

For the exponential model, since we have demonstrated that the standard Wald test with Simes
correction fails to control the FWER, we focus only on examining the power of our adjusted
test. Table 4.8 presents the power analysis under our adjusted test where J, is proportional to
91 (62 = 0.601). As 6y increases from 0.05 to 0.40 , the power for Treatment 1 increases substantially
from 0.0878 to 0.9258 . The power for Treatment 2 , though consistently lower due to smaller
values of d,, also shows a steady increase from 0.0472 to 0.3210 . These results show that our
adjusted test maintains good power for detecting treatment differences while preserving valid Type

I error control.

4.6 Analysis of Metastatic Breast Cancer Trial

Hamilton et al. (2022) [15] reported a clinical trial (nextMONARCH) evaluating the efficacy of Abe-
maciclib, a cyclin-dependent kinase 4 and 6 (CDK4/6) inhibitor for treating metastatic breast cancer.
The trial, registered under ClinicalTrials.gov Identifier NCT02747004, was an open-label, random-

ized, controlled, phase 2 study conducted at 60 sites across 14 regions/countries from September
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2016 to June 2017. A total of 234 eligible patients were enrolled and randomly assigned in a 1:1:1
ratio to one of three groups: abemaciclib (150 mg) plus tamoxifen (78 patients) (group A+T),
abemaciclib (150 mg) alone (79 patients) (group A-150), or the reference treatment abemaciclib
(200 mg) alone (77 patients) (group A-200). Randomization was stratified by the presence of liver
metastases (Yes or No) and prior tamoxifen therapy (Yes or No) in the advanced/metastatic setting.
The overall baseline involved patients with heavily pretreated hormone receptor-positive, HER2-
negative metastatic breast cancer. The primary endpoint was investigator-assessed progression-free
survival (PFS), while Objective Response Rate (ORR) served as a common binary endpoint to as-
sess tumor response. Among all endpoints, ORR is defined as the proportion of patients with a
complete or partial response. It is a key and common measure of treatment efficacy in cancer
clinical trials, providing insight into the immediate tumor response to therapeutic intervention. In
this trial, the ORR was 34.6% for the abemaciclib plus tamoxifen group, 24.1% for the abemaciclib
150 mg alone group, and 33.8% for the abemaciclib 200 mg alone group.

In this section, we conduct a post-randomization analysis using the newly proposed adjust test.
Our redesigned study utilizes the true ORR of three treatments and the specified strata factors
and their proportions to generate an increased number (N = 1000) of the individual patient data
via logistic regression model. Since the original paper did not provide the odds ratios for the
strata factors, we assumed reasonable odds ratios based on published real-world and retrospective
studies that provide information on ORR in HR+/HER2- metastatic breast cancer (mBC) patients,
specifically examining the impact of liver metastases and prior tamoxifen use.

For liver metastases, consistent evidence across major trials demonstrated its substantial impact
on treatment response. In the MONARCH 3 trial [14], patients with liver metastases showed a
baseline ORR of 21.1%. Similar findings were reported in MONALEESA-2 [17] with 22% ORR,
and PALOMA-2 [12] with 25.3% ORR in liver metastasis subgroups. Based on these data, an
odds ratio of 0.30 was selected for liver metastases, representing approximately a 70% reduction
in response odds. For prior tamoxifen exposure, we broaden the scope to prior endocrine therapy

exposure, as data specifically related to tamoxifen are limited. The impact of prior endocrine
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therapy exposure was demonstrated in several CDK4/6 inhibitor trials. In MONARCH 2 [51],
which evaluated abemaciclib plus fulvestrant in patients with HR+/HER2- advanced breast cancer,
all patients had progressed on prior endocrine therapy, and prior tamoxifen use was a stratification
factor due to its potential impact on treatment outcomes. Similarly, in PALOMA-3 [54], which
included patients who had progressed on prior endocrine therapy, the response rates were analyzed
according to the line and type of previous endocrine treatment, supporting its inclusion as a
stratification factor. Based on these trials demonstrating the clinical relevance of prior endocrine
therapy exposure, an odds ratio of 0.75 was selected as a conservative estimate for the effect of
prior tamoxifen use in our model. Hence, the individual patients data is generated based on the

following logistic regression:

P(Objective Response = 1 | Z) = logit’1< —0.684 + 0.032T s, — 0.462T 5150
— 1.20 I(liver metastases = Yes)

— 0.29 I(prior tamoxifen usage = Yes))

where T, .1 is a binary indicator vector of length NV representing assignment to treatment group
A + T. Specifically, each element of T’y .1 is coded as 1 if the patient is assigned to group A + T
and 0 otherwise. Similarly, 7’y 159 is a binary indicator vector indicating assignment to treatment
group A-150, where each element is 1 for patients in group A-150 and O otherwise. Besides, We
denote the covariate vector Z here as including treatment indicators, liver metastasis status, and
prior tamoxifen usage.

Based on the generated patient data, we are now using a newly proposed adjusted inference
method, which employs two-sided tests, to redesign and analyze the trial. Specifically, we are
comparing the statistical power of the new inference method with that of the standard Wald test to
demonstrate the improved performance of the new approach in detecting treatment effects within
the context of the trial. The results in Table 4.9 demonstrate the superior power performance

of the adjusted test compared to the standard Wald test across all randomization schemes within

73



Table 4.9: Re-designed Metastatic Breast Cancer Trial (N = 1000)
Wald Test Adjust Test
Randomization | A+T A-150 A+T  A-150
STR-PB 0.0326 0.5438 0.1690 0.7652
PS 0.0332 0.5492 0.1712 0.7657
HuHu 0.0346 0.5590 0.1720 0.7660

the working model. In the A+T scenario, the Wald test exhibited relatively low power (ranging
from 0.0326 to 0.0346), whereas the adjusted test showed a substantial improvement in power
(0.1690 to 0.1720). This enhancement was even more pronounced in the A-150 scenario, where
the adjusted test achieved significantly higher power (approximately 0.76) compared to the Wald
test (approximately 0.54). These improvements were consistent across all three randomization
methods (STR-PB, PS, and HuHuCAR), which means that the enhanced performance of the adjusted

inference method is robust to the choice of randomization scheme.

4.7 Discussion

In this article, we proposed a family of robust tests for treatment effects in multi-arm trials within
GLMs under CAR. Through the theoretical proof, extensive simulation studies and a real-world
trial application, we demonstrate that the proposed inference method could maintain the control of
the Type I error, and also, in some cases, provide improved statistical power.

From a theoretical perspective, we proved that the standard Wald test may not adequately
control Type I error because the test statistics may not converge to the standard multivariate normal
distribution under the working model and CAR. Our analysis revealed distinct performance patterns
across commonly used models: conservative Type I error in logistic regression, valid control in
Poisson regression, and inflation in exponential models. Notably, this represents the first theoretical
investigation of asymptotic convergence for multi-arm trials under both CAR and GLMs, as previous
research primarily focused on linear models. Our findings also demonstrated that the test statistics
are correlated, leading us to propose adjusted test statistics that ensure convergence to the standard

normal distribution.
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Our simulation studies corroborated these theoretical findings. The proposed adjusted test
maintained FWER control across all scenarios, a crucial requirement for post-randomization anal-
ysis. This control was particularly important for GLMs that showed inflated FWER under the
standard Wald test. Power analysis revealed that our adjusted test provided enhanced performance
in certain scenarios under the logistic regression model. For the exponential model, we focused
solely on the adjusted test’s power, as the Wald test’s failure to maintain Type I error control made
comparisons meaningless. The practical application to a metastatic breast cancer trial validated
our theoretical findings and demonstrated potential power advantages, suggesting tangible benefits
for real-world clinical trials.

While our method shows promising results, several limitations should be noted. In scenarios
with moderate or strong treatment effects, the adjustment may reduce power compared to the
traditional Wald test due to variance inflation. However, the proposed adjusted test excels when
treatment effects are weak, where its ability to maintain nominal Type I error ensures more reliable
performance. Despite these nuances, the adjusted test remains a valuable tool for rigorous statistical
inference, particularly in settings with small sample sizes and correlated test statistics.

Several directions for future research emerge from this work. An immediate extension would be
to expand the current framework beyond CAR designs to incorporate response-adaptive random-
ization. The existing framework focuses primarily on achieving covariate balance during random-
ization; however, with the growing emphasis on precision medicine, solely balancing covariates
may no longer suffice. Future randomization schemes should also account for individual patient
responses to improve trial efficiency and enhance outcome precision. The proposed framework
is well-suited for such advancements and can be readily extended to covariate-adjusted response-
adaptive randomization, enabling more dynamic and personalized trial designs. Additionally, while
the adjusted test was developed within the GLM framework, similar principles could be applied to
time-to-event endpoints using a Cox proportional hazards working model, expanding its applica-
bility to survival analysis and other time-to-event scenarios. These extensions represent promising

areas for future research and practical development.
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4.8 Appendix

This section provides the theoretical proof for the main results presented in Chapter 4. It is
organized into three sections. Section 4.8.1 presents ancillary results, including technical lemmas
and intermediate theoretical results that are essential for establishing the main theorems. Section
4.8.2 contains detailed mathematical proofs of all main theorems stated in Section 4.3.1 of the
paper. Section 4.8.3 examines the working variance term in asymptotic theory under different
GLMs. Section 4.8.3 examines the working variance term in asymptotic theory under different

GLMs.

4.8.1 Ancillary Results

Lemma 4.1. Under the assumption the number of patients in each treatment group is approximately

equal, ny, /N converges in probability to 1/(K + 1) as N — oo, forany k =0,1,--- | K.
Proof. It has been proved in Lemma 1 in Ma et al. (2022) [38]. |

Lemma 4.2. Assume that the overall imbalance is bounded in probability, and if the null hypothesis

Hyp:op =0aretrueforallk =1,--- | K, then as n — oo, we have

n n

Z(nl—ﬂo)lﬁv“ -,Z(TiK—Tio)Vi

i=1 i=1

2K +1)
N

Z(Tu—ﬂo)(yi—lﬁ),”' aZ(TiK_TiO)(yi_Vi):|-,

=1 i=1

} 2 (€1,&2),

where & and & are independent, and & ~ N (0,E[Var(Y | Z)] {diag {21k} + 21x1%}) and
£ ~ N (0, diag{2(K + )71, }).

proof of Lemma 4.2: LetZ = {Zy,Zy,--+ ,Zy}andT = {Ty,--- ,Tn}. Since (Yio, Yi1, -, Yin)

are conditionally independent of 7 given Z, we have, under the null hypothesis,

N
K+1
E <—N ;{Tik (Yie —v;) — Tio (Yio — v) } | Z) — 0,
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where v; = E (Y; | Z;), and E(Y;x) = E(Y;o) asymptotically under null hypothesis. Besides, the

variance-covariance has been shown in the following,

Var (% Z(Tz —To)(ys — vi) | Z)

- <%> ;E (T — Too)*(yi — 1) | 2)
_ (ﬂ E ((Ti + Tho) | Z) Var(y; | Z)

i=1

)
s

2
| Z

=1

and

Y E((Ta = To) (T2 = Tio) (yi — vi) (y; — v5) | Z)}

K+1\*< 1 P K+1E
:(T) ;K+1Var(yi\2)—> = ;Var(Y|Z).

By law of large number theory,

%ZVM(Y | Z) EiR E[Var(Y" | Z)]

77



By central limit theorem,

K\/%l' Z(Tz‘ _TiO)(yi_Vi):"'vZ(Ti —Ty) (i —vi) | = N (0, M),

where M = E[Var(Y | Z)] {diag {(K + 1)1x} + (K + 1)1x1%}.

All covariate-adaptive randomization methods have one thing in common: the assignments are

dependent on the covariates 71, Zs, ..., Z,,. Given the Z, then the 7; and Y}, are conditionally inde-

pendent. Here we let A, = 1/% Do (T —Tio) (i — vi) -+ >oiy (Tix — Tho) (i — v3)]
and B, = \/EE 3" (T — Too) vi, - -+, >y (Tix — Tio) v4]. Because v; only depends on the
T and Z, {B, | (X, T)} is constant. Hence, A, and B,, are independent given (7, Z). Then we

have for any sets ), and D5,

P{A, € Dy, B,, € Dy}

=E[P{A, € D1,B, € Dy | Z,T}]

—E[P{A, € D, | Z, T}P{B, € Dy | Z,T}]

=E[P{A, € D, | Z, T}{B, € D,}]

—E[(P{A, €D, | Z, T} — P{& € D) I{B, € D3} + P (& € Dy) P (B, € D,)

Ap (&, € D) P (& € Dy)  (By dominated convergence theorem)

So far, the lemma 4.2 has been proved. |

Lemma 4.3. Suppose that the within-probability is bounded in probability; then under the null

hypothesis Hy : o« = 0 in R¥, we have, as N — oo, foreach k = 0,1,..., K,
1 & P
[

where n;, = Zf\il T;i. represents the number of observations in group k, and Ty is the indicator
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variable that equals 1 if the i-th observation belongs to group k and 0 otherwise. The expectation

E[Y] remains the same across all groups under the null hypothesis.

Proof. Under the CAR with within-probability bounded, we have

N
S T K 1
™ _N;Ekyi+op Nz ) ke{l,2,--- ,K}.
Because (Yo, Yi1,- - , Yin) are conditionally independent of 7~ given Z, we have
1
E(TyY: | 2) =E(Ty, | 2)E(Y; | 2) = Vi

and further we have

By large number theory, for any €, we have,

K& 1 &
NIEOPON;%“K_NZ”‘ >

i=1

z) o

Then, we have

1
— 1KY i E[Y]
Nk

4.8.2 Proof of the Main Theorems

Proof of Theorem 4.4: Based on the remark 1 in the main paper, the test statistics Sy, are expected
to follow a normal distribution with a mean of 0 and an identity variance matrix. However, when

a CAR is implemented during the trial, the variance of & decreases, subsequently influencing the
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asymptotic distribution. Theorem 4.4 is designed to re-estimate this asymptotic distribution and
establish a corresponding adjusted test statistic. The proofs for Theorems 4.1, 4.2, and 4.3 can be
readily derived from the proof of theorem 4.4.

We first re-represent the & as follows

K+1 1
ap =

 (Tu— T, N7 4.1
N g/(E(Y));y( k 0) + 0p( ) 4.1)

where g(-) = h71(-).
Denote ¢ = Y1, Tyyi/ni and g<¢0,¢17"' ,l/)K) = (9(%),9(%), e 79(%())- And the

use the Taylor expansion to expand g(-) at g (E(Y)), we have

g (Vo v, ) — g(B(Y),E(), -+ E(Y))

o —E(Y)

1 — E(Y

1, (BY)E(Y ), By | Y
Ve — E(Y)

45 (0~ BO), i~ (V) V29(¢) (40— E(V), ok — E(YV))

where V2g(-) is a Hessian matrix of g(-), and ¢}, lies between v, and E(Y").

Then, we re-represent the second term and third term in the Taylor expansion.
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Based on the large number theory we showed in the Lemma 4.3, we have

N
1 Tiryi
%_E(y):M_E(y)
ny
yz ik — N g
K+1Z B L [Po+Dite ot Dy = (K+1)D SN Ty
yz ik N ng
K+1 _
=N Z/iﬂk—E(Y)‘i‘Op(N 12y

i=1

where D), = n; — ny. Furthermore, we have the following results via Lemma 4.2 and central limit

theorem:

Tioyi YN K+ DT — 1]y _ Sy — NE(Y) o
5 () Bt By
_ Zz’:l [jb)ﬁ_ Tl yi N Zz’:l [T\i;N_ Tix]yi _ Zi:l yi\/_NN]E(Y) + 0,(1)

We obtain the the following result by symmetry.

VN (T‘“y - ]E(Y)) = 0,(1)

Nk

Plugging the representation of second and third term into the Taylor expansion, and together with

the law of large number theorem from lemma 4.3, we have

g (Wo, - ¥x) =g(E(Y), - E(Y))+

K+1 N
N Zi:1yz’Ti0

K+1 N
N Zi:l (I
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Together with the MLE estimator of oy, which shown in equation (2.7) - (2.8) in the main paper, we

have

% Ef\; yi(Til -1 )
QR vt I A PO

e S v T — Tho)
The individual estimation for &y, is:
K41
k= ' (E(Y)) = >_ vi(Ti = To) + 0, (N"1?)
i=1

So far, the result equation (4.1) has been proved.

In the following, we obtain the variance-covariance matrix. Start with obtaining the Fisher infor-

mation matrix,

LYW () AL Tl (n) YL Teh () ... 35 Tich/(n)
% Z?:l Tnh’(n) % Z:’L:l Tz’21h,(77) 0 e 0
1 LS Th'(n) 0 LS TER () - 0
n
LS Tik—nyh () 0 0 e 0
| v Zim Dol () 0 0 a2 T ()|
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Notice that

Ezh,(a0+alﬂ7l+"'+CVKT;,K)’7(a0+alﬂ,1+"'+QKﬂ,K)

=1

T, N N n " N " " n N N N N
= goh/(ao)vl(ao) + ﬁh'(ao + 1)y (Go 4 ) 4 + %h'(ao + ak )Y (6o + G)

T s T s T v T s T s T s
:%h/(znz,oyz)’y/(Z z,OyZ)_i_Eh/(Z 1,1%)7,(2 z,1y7,>+'”+n_Kh/(Z Z,Kyz),y/(z Z,KyZ)
0 no n nq 1 n ng nkg
B W YE[Y]))Yh Y(E[Y]) (By Lemma 4.3)
and, similarly,
1 « A, X b .
EZﬂkh (G0 +aiTin + -+ axTik)y (Go+aaTin + -+ axT k)
i=1
N oy, A 1/ A ~
:Fh (Qo + )Y (G + a)
P 1 1y —1 1p—1
—_— ElY ElY
B T EY ) EY)
Then, we have
1 I/(K+1) 1/(K+1) - 1/(K+1)
I/(K+1) 1/(K+1) 0 0
1_ Kh~ Y E[Y])Yh Y E]Y
~1(6) = Bl ]); EX) /(K +1) 0 1/(K+1) - 0
_1/(K+1) 0 0 1/(K+1)_
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It follows that,

Because the matrix

K+1 —(K+1) —(K+1)
—(K+1) 2(K+1) K+1
¢
I ENY )R (EY]) —(K+1) K+1 2(K +1)
| —(K+1)  K+1 K+1
_2(K+1) K+1 K+1 ]
K+1 2(K+1) K+1
¥ =
| K +1 K+1 2(K+1)

is symmetric with positive and real eigenvalues are {\; =

(K"— 1)2,)\2 - )\3 -

—(K+1)
K+1

K+1

2(K +1)

...:)\K:

(K + 1)}, its semi-definite. Thus, the eigenvalue decomposition could be used to obtain the E}/ 2,

3 =58DS!
1 1 ~1
0 0 1
0 1 0
10 0

[ K+1 0 - 0 0

0 K+1 -~ 0 0

0 0 K+1 0
0 0 - 0 (K+1)? |
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Then, we have

[ VEFL(K-1) | K+l _VEEL K+l _YEEL | K+l _VEFL | K+1 ]
K K K K K K K K
_\/K+1_'_K+1 K+1(K-1) 4 K1 _VEFT 4 K1 _VEAFT 4 K41
K K K K K K K K
/2
¥,/ =
_VE+1 | K+1 _VE+1 | K+1 VE+I(K-1) | K+1 _ VE+1 +1
K Tk K Tk K + 7k K Tk
_vE+l | K41 _VE+L 4 K4l _VEFT | K41 KFI(K-1) | K+1
L K K K K K K K K
As aresult,

»,/? 4.2)

From the above proof, we can derive the following asymptotic distribution of the test statistics

(Sla"' 7SK)

According to Lemma 4.2, we can readily obtain the following:

\/@zﬂ: (Tiy — Tio) (4i) = N (0, E[Var(Y | Z)] {diag {21, + 2(K + 1)o7} + 21515 })

4.3)

Combined (4.3) and the representation of & shown in (4.1), the asymptotic normality of the
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(Qq,- -+, k) is as follows.

. . K+1
(Ozla"'aaK): N  Wh- EY {Zyz il — Zyz iIK — }

:\/KZ]J\rflh’hl(lE(Y))\/ S {Zy T~ Too) Zyl i ZO}

Then, we have

VNG, k) = N (07 (K;(Fh}})lE[X;g)’ 2)) { ding {215 + 2(K + 1)02) + 21,17 }) .

4.4)
Based on continuous mapping theorem, the asymptotic distribution of (S, -, Sk) is right fol-
lowed by (4.2) and (4.4):
&y dk \ D E[Var(Y | Z)] + (K + 1)o7/2
e = S 0
N R ) R e e

where V' a K-dimensional square matrix with v;; = 1if ¢ = j and v;; = W(T if i # 7. |

4.8.3 Additional Working Variance Analysis in GLMs

In this section, we provide additional derivations for various models to support the results presented
in Table 4.3.3. Logistic Regression with Probit Link

The probit model is defined as . = ®(n), hence h(n) = ®(n), where ®(-) is the standard normal
cumulative density of function (CDF). According to the Theorem 4.1 in the main paper, the working

variance term is as follows:

h'(n) = @(n), where ¢(n) = 1/v2m exp(—n*/2),

oh' (" HE(Y))) = o(® ' (1)), where ¢ = 1 for binary endpoints.
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Logistic Regression with Complementary Log-Log Link
The complementary log-log model is defined as i = 1 — exp(— exp(n)), hence, the inverse link is
h(n) = 1 —exp(—exp(n)). According to the Theorem 4.1 in the main paper, the working variance

term is as follows:

W) = d% 11— exp(— exp(n)] = exp(n) exp (— exp(n))
BHE(Y)) = In (— In(1 — ).

oh' (R (E(Y))) = —In(1 — p)(1 — ), where ¢ = 1.

Gamma Regression with Log Link
The Gamma Regression with Log Link is defined as u = exp(n), hence, the inverse link is

h(n) = exp(n). According to the theorem 4.1, the working variance term could be written as:

H(n) = d%<exp<n>> — exp(n)

h™H(E(Y)) = log(E(Y))

oh'h™H(E(Y)) = ¢ exp [log(E(Y)] = ¢E(Y)

Ordinal Logistic Regression with Logit Link

For an ordinal response with .J categories, define the cumulative probabilities for category 7 (with
j=1,...,J—1)as7m; = P(Y < j). The canonical link for the binary endpoint is the logit
function. Its inverse is h(n) = exp(n)/(1 + exp(n)). According to the theorem 4.1, the working

variance term could be derived as follows:

H(n) = % /(L +eM] = &/ (1+ e = hin)(1 - h(n))
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For a given threshold j, if we denote the expected cumulative probability by E (7;) with £ (7;) =

h (1), where 77 is the value such that i (n}) = E (m;). Then, we have

W (n;) = E(m)[1 = E(nj)]

Because for the binary endpoint, it’s common to set ¢ = 1, for the cumulative logit model at

threshold 7 we have:
ol (W' (E (7)) =1 E(m;) [L — E ()]

Negative Binomial Regression with Log Link

In a Poisson model, the variance is equal to the mean. However, in many practical situations,
the observed variance exceeds the mean—a phenomenon known as overdispersion. The negative
binomial model is commonly used to handle such data, and its variance is typically expressed as
Var(Y | X) = u + au?. Here, o quantifies the extra variability (overdispersion) beyond what
the Poisson model would predict. If Y | X follows the negative binomial distribution, we have
the E[Var(Y | X)] = E [u + ap?®] = E[u] + oF [1?]. With the log link, we have h(n) = €” and
h'(n) = e". It follows that the working variance term is ¢h/ (b (E[Y])) = ¢E(Y). According to
the Theorem 4.1, we could compare theE[Var(Y | X )| and the working variance term to determine
the test size:

Elp+ap?]  Elp] | oE[p’]

= + 2
PE(Y) PE(Y)  ¢E(Y)

When p = € varies across the population due to the inherent heterogeneity, one has

E ] > (E[e"])" = (Elu])*
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with strict inequality. Hence, E [1?] typically exceeds (E[u])?. Besides, the dispersion term iy
with @ > 0 adds an additional ;% term to the variance, any tendency for ;2 to exceed  is
further amplified. In other words, the variance grows faster than linearly in p. Consequently,
underestimating the variance of the estimated effect and resulting in an anti-conservative Type I

error rate.
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CHAPTER 5

Robust Inference for Covariate-adaptive Seamless Phase II/111

Trials

5.1 Background

Clinical trials play a pivotal role in medical research, ensuring patient safety, and facilitating the
development of innovative therapies. Traditionally, clinical trials have been categorized into four
distinct phases, with Phase II primarily focused on dose selection and safety evaluation, while
Phase 111 is dedicated to the assessment of treatment efficacy. However, in recent years, a novel and
highly efficient trial design, known as the ‘Seamless Phase II/III trials’, has garnered significant
attention from researchers, clinicians, and the pharmaceutical industry.

The Seamless Phase II/III trial design differs from the conventional model. It integrates both
dose selection and the confirmation of a selected dose’s efficacy within a single trial, resulting in a
streamlined overall trial duration.

Ina Seamless Phase II/I11 trial, time typically spent transitioning between traditional Phase Il and
Phase 111 is saved. Moreover, it reduces the required sample size, extends patient monitoring during
Phase 11, enabling a more comprehensive evaluation of treatment outcomes. This design also allows
for the simultaneous comparison of various dosage levels, thereby reducing the number of required
trials. Consequently, this innovative approach has gained popularity within the pharmaceutical and
clinical research sectors.

Of particular note, Seamless trials are often employed in oncology due to the longer duration
required to assess drug effectiveness, expediting the development of cancer treatments and providing
patients with faster access to potentially life-saving options. Up to 2016, over 40 ‘first-in-human’

cancer trials had adopted the Seamless strategy [41].
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More recently, Ma, Wang, and Zhu (2022) [38] emphasized the significance and necessity
of implementing covariate-adaptive randomization in Seamless Phase II/III trials. This approach
mitigates imbalances in confounding covariates across treatment groups, addressing potential biases
in results and further promoting the practical application of Seamless Phase II/III trials in real-world
clinical research.

However, the application of seamless Phase II/III under CAR procedures is still in its develop-
mental stages. Several challenges remain to be addressed: (1) In terms of design, CAR is widely
adopted to ensure accurate treatment comparisons; however, research on seamless phase II/II1 trials
under CAR remains limited. Although seamless phase II/III trials are appealing, they are unlikely
to be accepted by current regulatory standards without adequately balanced prognostic factors. (2)
Regarding the inference, there is still a lack of a well-defined inference framework for the use of
seamless trials with CAR tailored to binary surrogate endpoint and time-to-event primary endpoint.

So far, there have been numerous studies on tests under the CAR framework [49, 48, 34, 8,
9, 36, 57, 31]. However, research specifically addressing seamless trials with CAR is relatively
limited at present. Ma, Wang, and Zhu (2022) [38] introduced the use of the adjusted t-test for
inference in seamless trials with CAR. Their study, however, primarily focused on continuous
responses, whereas the predominant application of seamless trials, particularly in oncology trials,
often involves surrogate binary endpoints and time-to-event primary endpoints. An inference
framework for this particular aspect is currently lacking. Therefore, within this chapter, we propose
a seamless Phase II/I1I design with CAR specifically designed for oncology trials featuring surrogate
binary endpoints and time-to-event primary endpoints. We also introduce an inference framework
that remains robust to model misspecification while ensuring the preservation of valid type 1 error

rates.
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5.2 Notation

Consider a seamless phase II/III clinical trial with K candidate treatment groups and one control
group. At the end of the first stage of this seamless trial, we select the optimal treatment based
on safety and efficacy, along with the control, to proceed to the second stage. During the whole
process, CAR is implemented to allocate subjects based on their prognosis profiles.

Let n denote the total number of subjects planned for the entire clinical trial, with n4 and ng
representing the numbers of subjects enrolled in the first and second stages, respectively. We define
T} as the treatment indicator for subject ¢ with respect to treatment k£, where £ ranges from 0 to
K, and 7 ranges from 1 to n. T takes the value 1 if subject ¢+ was assigned to treatment £ and
0 otherwise. Let Z be a vector containing all prognostic factors of a patient that may influence
patient responses. Z; is a subset of Z;, representing the covariate vector in our inference model.
Let Y;i represent the potential binary surrogate outcome for patient ¢ if assigned to treatment arm
k, which follows a Bernoulli distribution with success probability p;;. Similarly, let S;; denote the
potential primary time-to-event outcome for the ¢-th patient if assigned to treatment arm k.

In a seamless phase II/III trial setting, for the initial n; subjects enrolled in Stage 1, the potential
surrogate outcomes are denoted by Y;q, Y;1, ..., Yk, corresponding to the K +1 arms, including the
control and K experimental treatments. Likewise, their potential primary time-to-event outcomes
are represented as Sjo, Si1, - - ., S;kx. For the subsequent ny subjects enrolled in Stage 2, only the
control arm and the optimal treatment arm identified in Stage 1 are considered. Thus, their potential
surrogate outcomes are Y;1, Y;o, and their potential primary time-to-event outcomes are S;1, S;o.
The observed surrogate outcome Y; for patient ¢ is defined as the potential outcome corresponding
to the treatment arm actually assigned. Similarly, the primary outcome S; for patient i is the
potential primary outcome corresponding to the assigned treatment arm. Additionally, for patient
1, the censoring time is C;, and the potential censoring times corresponding to treatment arm k are
denoted by Cj;. Consequently, the observed failure time for patient ¢ is S‘i = 5; AN C;, and 9; 1s an

indicator function equal to 1 if S’z = 5;, and O otherwise.
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The logistic regression model is very popular to be used to analyze the relationship between
a binary outcome variable (e.g., yes/no, success/failure) and other predictor variables.Throughout
this chapter, we assume that the underlying true model for the surrogate binary response is the

logistic regression model:

Y; ~ Bernoulli(p;) 5.1
p; = logit™ (50 + 01T + 0Ti0 + - - - + 0Tk + [3/22) (5.2)
where 0y and J;, represent the intercept and treatment effects for treatment &k, k € {1,2,--- | K},

respectively. Moreover, 3’ denotes the transpose of the vector of coefficients associated with the
all prognostic factors Z,.
As for the primary time-to-event response S;, we assume the underlying Cox proportional

hazard model for the actual survival time. It describes the hazard function as
Ai(t) = Ao(t) exp («91T1 b 0T + %2) (5.3)

where \;(t) represents the hazard rate for subject  at time ¢, Ao(t) is the baseline hazard function,
and 4 is the vector of coefficients corresponding to the all prognostic factors Z The survival time
S; for subject ¢ follows an exponential distribution with the hazard rate \;(¢).

Throughout, we have the following assumptions:

Assumption 5.1 (Discrete or Discretizable Covariates). All covariates are either discrete variables

or continuous variables that can be discretized into finitely many levels.

Assumption 5.2 (IID Sampling). The observations (S;o, Cio, Si1, Cits - - -, Sikc, Circ, Z;) for i =
1,2,...,n are independent and identically distributed samples from the joint distribution of

(S0, Co, S1,Ch, ..., S, Cic, Z).

Assumption 5.3 (Conditional Independence of Treatment). Given the covariate vector Z, the
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treatment assignment 7; is independent of the potential failure times and censoring times:
T; 1L (Sio, Cio, - - -, Six, Ci) | Zi

Assumption 5.4 (Independent Censoring). The failure time S; and censoring time C; are condi-

tionally independent given the covariates:
S; 1L C; | Z;
Assumption 5.5 (Proportional Censoring Hazards). For any kq, ko € {0, 1, ..., K}, the ratio

P(C, >t| Z)

P(Cy, >t | Z)

= Gk1,ko (t)

is a function of time ¢ only, where gy, x,(-) does not depend on Z.

Assumption 5.1 ensures that the CAR balances the treatment assignments across each arm.
Assumption 5.2 posits the iid (independent and identically distributed) property for each patient.
In Assumption 5.3, the potential failure time and censoring are assumed to be unaffected by the
treatment; however, only the observed time can be influenced. Assumption 5.4 adheres to the
non-informative censoring principle commonly seen in survival studies. Assumption 5.5 pertains
to robustness. It guarantees that the later-defined partial likelihood score function has an asymptotic
mean of 0 under Hy. Assumptions 5.3 through 5.5 are consistent with those presented in Ye and

Shao (2020) [57].

5.3 Framework of Design

Given that the primary application of seamless phase II/III designs is in oncology trials, we consider
here a CAR-based design tailored specifically to a binary surrogate endpoint and a time-to-event

primary endpoint. The procedure is outlined below.
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Stage 1: (Dose Selection Stage) The first n 4 patients are sequentially allocated to one of the
K treatment groups or the control group using the CAR method. At the end of the first stage,
an interim analysis is conducted, followed by dose selection. Based on the available binary
surrogate endpoint data, we determine whether at least one dose is statistically significantly
different from the control. If not, the current trial is terminated. If there is, the subsequent
dose selection continues. Guided by predefined criteria, we select the optimal dose, denoted
as k*, using the surrogate binary response. Typically, the optimal dose is selected as the
treatment arm demonstrating the most statistically significant effect compared to the control,

provided it also has an acceptable safety profile.

Stage 2: (Confirmatory Stage) The selected arm £* in the first stage, along with the control
arm, proceeds to this stage. An additional np patients are sequentially assigned to treatment
k* or the control group using CAR. At the end of the trial, time-to-event data from both stages
are available for the final analysis, comparing the treatment effect of the selected dose with

the control arm.

The multi-arm CAR procedures described in Hu et al. (2023) [20] are employed within this
framework. This unified class of CAR procedures for multi-arm trials aims to minimize a weighted
average of stratum-specific, marginal, and overall imbalances. Specifically, this general approach
reduces to stratified permuted block randomization when the weights for marginal and overall
imbalance are set to 0, and it becomes equivalent to Pocock and Simon’s minimization when the
weights for stratum-specific and overall imbalance are set to 0. A detailed definition of imbalance
is provided in Section 4.3; alternatively, readers may refer directly to the original paper by Hu et al.
(2023) [20]. As described previously, throughout the seamless phase II/III design, CAR is utilized
to generate treatment assignments 7; for n 4 patients in stage 1 and n g patients in stage 2.

Throughout this chapter, we focus on randomization procedures satisfy one of the following
conditions.

Condition 5.1: n

Z

_1/2Dn(2) = 0,(1) for every z
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Condition 5.2: n; /*D,,(z) —P N (0, vp) for every Z and a known v, satisfying 0 < vp < T.and
D, (z) and D,, (z') are independent for all z # z’, where ‘— D ’ denotes convergence in distribution

as n — oQ.

5.4 Framework of Proposed Inference

Many clinical trials prefer non-parametric inference methods due to their simplicity and robustness
to model misspecification. However, under CAR, non-parametric approaches can lead to conser-
vative type I errors, especially when continuous covariates are discretized [S7]. To address these
challenges, we propose a comprehensive, robust inference framework tailored specifically for the
covariate-adaptive seamless Phase II/III trial described above. Our framework consists of two

distinct inference stages:

Dose Selection Stage: A robust adjusted Wald test for the binary surrogate endpoint in the

dose selection stage.

Confirmatory Stage: A robust adjusted score test for the primary time-to-event endpoint in

the confirmatory stage.

This framework effectively mitigates type I error conservatism and ensures robust and reliable

inference under CAR.

5.4.1 Inference in Dose Selection Stage

Developing universally robust statistics against all forms of covariate omission can be challenging
and impractical [48]. Therefore, for simplicity and robustness, we intentionally exclude covariates
used in CAR from the working model during the dose selection stage. Specifically, while the true

binary surrogate response model is assumed as (5.1), we adopt the following simplified working
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model:
pi = logit™ (6o + 0, Ty + 62Tio + - - - + 0k Tixc) (5.4)

where 0y, represents the treatment effect for arm k.

At the interim analysis, we test Hy ;, : 0y = 0 versus H, ; : d; # 0. Due to variance reduction under
CAR, the unadjusted Wald test statistic 5k / se (&) is conservative. As demonstrated in Chapter
4, under logistic regression and CAR (conditions in Hu et al. (2023)), we have the asymptotic

normality result:

{ S b S }iN(g)E[Var(Y|Z)}+(K+1)a§/2
se€

) T se(d Var(Y)

= v, 55
(01) se(d2) se(dx) ) )

where V* a K-dimensional square matrix with v;; = 1if i = j and v;; = 1/(2 + 07) if ¢ # j.
(Under Condition 5.1, o7 = 0.) Accordingly, we construct adjusted statistics to achieve valid

inference under CAR as follows:

Y,) (1-Y, .
Sadj = \/N ( n) ( A :) (V*)fl/Qd’ (56)

with asymptotic distribution:
Saqi 2 N (0,1) . (5.7)

The null hypothesis is rejected when |S,q5.1| > 24,2, Where 2,/ denotes the upper ov/2-quantile
of the standard normal distribution.

Since the inference involves simultaneously performing multiple hypothesis tests, controlling
for multiplicity becomes essential. To address this issue, we adopt the Simes test to effectively
control the FWER. At the end of the dose selection stage, the treatment arm associated with the

smallest Simes-adjusted p-value is selected as the optimal dosage and proceeds to the confirmatory
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stage. However, if none of the adjusted p-values are less than 0.05 (i.e., all Simes-adjusted p-values
> (.05), the trial is terminated early for futility, indicating insufficient evidence of efficacy among

the candidate doses.

5.4.2 Inference in Confirmatory Stage

To evaluate the treatment effectiveness at the end of the trial, we perform a final analysis of the
primary time-to-event endpoint using data from both stages. Commonly, log-rank tests (unstratified
or stratified) are used in survival analyses. However, as shown by Ye and Shao (2020) [57], the
conventional stratified log-rank test may still exhibit conservatism under CAR, especially when
continuous covariates are discretized.

To address these limitations, we adopt the adjusted robust score test proposed by Ye and Shao
(2020). This approach is based on a working hazard function incorporating treatment assignment

and partially covariates:
At) = Ao(t) exp (04T + ' Z) (5.8)

Here, Z denotes the covariate vector included in the working model, with dimension ¢, typically
satisfying ¢ < p. The true underlying model (5.3), however, includes the full covariate vector y/
of dimension p. Parameters 6~ € R and 7 € R? are estimates obtained from the working model.
Under this framework, the robust score test statistic for testing the null hypothesis (# = 0) is given

by:

TRScore = n_l/QUO(Oa ’?)/BRScore(0> ’?)1/2 (59)

where Upy(0,4) is the score function evaluated under the null hypothesis, and B’Rscore is the
robust variance estimator derived from stratified sample variances and means of specific influence
functions (for detailed formulations, see Ye and Shao, 2020 [57]).

The key advantage of this adjusted robust score test is its validity and robustness under CAR,
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regardless of potential model misspecification. This ensures reliable statistical inference in our
seamless phase II/III design, particularly when handling continuous covariates discretized during
randomization.

Furthermore, since we have two-stage data at the end of the trial, it is essential to integrate the
inference results obtained from both stages to perform an overall hypothesis test. To accomplish
this, we adopt the combination test approach, specifically the weighted inverse normal method [29].
In this method, we first obtain the p-values P, ; and P» ; from each stage separately, using Ye and

Shao’s robust score test. Then, we combine these p-values into a single statistic:

C(PL], PQJ) = ’LUl(I)_l (1 — PLI) + w2<I>_l (1 — PQJ)

and reject the null hypothesis if the absolute value |C (P 1, P» )| exceeds the 1 — a/2 quantile of

the standard normal distribution.

5.5 Numerical Studies

Fart 1: Dose Selection based on Binary Response This subsection presents simulations to evaluate
the performance of our adjusted test statistics for dose selection in the covariate-adaptive seamless
Phase II/III design. We compare these adjusted statistics with the traditional Wald test in terms of
type I error control, statistical power, and early stopping thresholds for futility under the working
logistic model (5.4).

The true underlying model assumes a logistic relationship between the success probability p;
and covariates for each subject. Specifically, the binary response Y; follows a Bernoulli distribution

with parameter p; :

pi = logit (6o + 011i1 + 02lso + B1Zin + BaZiz), Yi ~ Bernoulli (p;)

We set 51 = 4 and 3, = 2. To assess type I error control, we assume no treatment effect, i.e., §; =
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Table 5.1: Empirical power and No. futility for Stratifies Per-mutated block randomization under
Wald test and adjusted test
parameters power for test ;  power for test 9o futility for Tr 1 futility for Tr 2
do 01 0o waldtest adjust waldtest adjust waldtest adjust wald test adjust
-1.0 03 02 0.022 0.088 0.015 0.073 4352 3874 4492 4081
-1.0 03 04 0016 0.082 0.024 0.105 4355 3863 4182 3626
-1.0 03 0.6 0019 0.09 0.057 0.179 4326 3811 3653 2995
-1.0 03 0.8 0.020 0.089 0.110 0.283 4321 3784 3035 2374
-1.0 03 1.0 0.018 0.088 0.176  0.375 4349 3865 2457 1827
-1.0 03 12 0019 0083 0273 0500 4374 3874 1836 1304
-1.0 03 14 0.022 0.091 0378 0.608 4351 3889 1346 877
-1.0 03 1.6 0019 0.084 0487 0.706 4380 3841 913 560
-1.0 03 1.8 0018 0.085 0.589  0.788 4378 3897 618 360
-1.0 03 2.0 0.021 0.088 0.685 0.865 4329 3812 401 178
-1.0 03 22 0022 0.097 0771 0912 4324 3841 328 99

-1.0 03 24 0021 0.088 0.807 0.942 4357 3850 339 61
-1.0 03 26 0019 0.09 0.819 0.968 4332 3834 420 33
-1.0 03 28 0.022 0.097 0.800 0.976 4334 3788 630 22
-1.0 03 3.0 0019 008  0.786  0.984 4355 3836 840 16

0 = 0. To evaluate statistical power, we vary ds from 0.2 to 3 in increments of 0.2.

As table above shown, it is evident that the adjusted Wald test perform better over the traditional
Wald test in terms of type I error, power and number of early stopping when treatment effect exists.
While both tests are valid under working model, the adjusted Wald test achieves this with a higher
statistical power. On the other hand, the Wald test tends to be overly conservative with its type I
error rate and, as a result, exhibits a relatively lower power. Furthermore, when considering the
decision to stop early for futility before selecting the dose, it is apparent that the adjusted Wald test
significantly reduces the likelihood of terminating the treatment when a treatment effect is truly
exists. These results highlight the efficacy of the adjusted Wald test in the first stage analysis. Next,
we investigate the performance of the whole inference framework.

Part 2: Testing for treatment effect based on the time-to-event data from two stages given the
first stage results In this section, we evaluate the overall performance of our proposed inference
framework, which integrates our adjusted Wald test for dose selection in the first stage with Shao’s

robust score test for the final survival analysis. To demonstrate the advantage of this combined
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approach, we perform comparative analyses in the final stage using multiple established tests,
including the standard log-rank test, stratified log-rank test, classical score test, and Shao’s robust
score test.

Specifically, we assess the advantages of our combined framework across different covariate
scenarios and model assumptions. For discrete covariates (categorical or binary), such as gender
or smoking status, we show that our approach remains robust in situations commonly encountered
in clinical trials. For continuous covariates, including age, blood pressure, or biomarker levels, our
method effectively handles the complexity and variability inherent in these data, resulting in more
reliable inference.

Moreover, we evaluate our framework’s performance under correct model specification as
well as under scenarios involving covariate omission, a common form of model mis-specification
in clinical practice. Our simulation results indicate that the proposed inference framework is
particularly robust against such misspecification, maintaining accurate type I error control and
statistical power when compared with existing alternatives. The specific simulation scenarios are

detailed below.

Case 1 The true hazard model is \gexp (0177 + 0275 + 0373 + 1.5 Gender — 0.75 Age),
C' ~ Unif(20,40), both gender and age are binary with P(Gender = Female) = 0.5 and
P(Age = < 60") = 0.5.

Case 2 The true hazard model is Agexp (01T + 015 + 0515 + 1.57Z; — 0.757,), C' ~
Unif(20, 40), both Z; and Z, are continuous with Z; ~ N'(1,1) and Zy ~ N (0, 1).

For each case, we analyze the tests’ performance under both correctly specified models (all relevant
covariates included) and mis-specified models (with certain covariates omitted). Specifically, in
Case 1, the mis-specified model omits the covariate “Age," while in Case 2, it omits covariate Z,.
In our numerical study of case 1, we initially assumed that our model was correctly specified.
Upon analysis, as shown in the Table 5.2, it is evident that the stratified log-rank test, score test,

and robust score test all exhibit excellent performance, displaying similarities. However, when the

101



Table 5.2: Empirical power comparison of 4 designs based on stratified permuted block random-
ization with discrete covariates

True Parameters Correct Model Mis-specified Model

61 0o 05 TL TSL TS T_RS TL TSL TS T_RS
-0.10 -0.10 -0.10 0.0300 0.1740 0.1925 0.1985 0.0300 0.1740 0.0365 0.1230
-0.15 -0.10 -0.10 0.0555 0.2915 0.3130 0.3205 0.0555 0.2915 0.0650 0.1950
-0.20 -0.10 -0.10 0.1135 0.4155 0.4340 0.4390 0.1135 0.4155 0.1295 0.2990
-0.25 -0.10 -0.10 0.1990 0.5540 0.5805 0.5860 0.1990 0.5540 0.2250 0.4215
-0.30 -0.10 -0.10 0.2980 0.6635 0.6845 0.6870 0.2980 0.6635 0.3210 0.5465
-0.35 -0.10 -0.10 0.4700 0.7815 0.8015 0.8020 0.4700 0.7815 0.4880 0.6720
-0.40 -0.10 -0.10 0.5640 0.8340 0.8480 0.8485 0.5640 0.8340 0.5815 0.7570
-0.45 -0.10 -0.10 0.6730 0.8825 0.8910 0.8930 0.6730 0.8825 0.6955 0.8340
-0.50 -0.10 -0.10 0.7705 0.8900 0.8935 0.8935 0.7705 0.8900 0.7755 0.8640
-0.55 -0.10 -0.10 0.8330 0.9060 0.9100 0.9100 0.8330 0.9060 0.8405 0.8950

! Weights: Equal weights for each stratum
2 Assign Probability: (Imb(o) << Imb(g)) +— {11/16, 2/16, 2/16, 1/16}

Table 5.3: Empirical power comparison of 4 designs based on Hu & Hu covairates adaptive
randomization with discrete covariates

True Parameters Correct Model Mis-specified Model

0, 0, 05 TL TSL TS T_RS TL TSL TS T_RS
-0.10 -0.10 -0.10 0.026 0.153 0.170 0.167 0.024 0.144 0.147 0.175
-0.15 -0.10 -0.10 0.072 0.246 0.270 0.269 0.056 0.233 0.257 0.279
-0.20 -0.10 -0.10 0.115 0.360 0.394 0.394 0.110 0.341 0.352 0.384
-0.25 -0.10 -0.10 0.196 0.485 0.502 0.500 0.214 0.504 0.504 0.548
-0.30 -0.10 -0.10 0.275 0.590 0.604 0.607 0.311 0.596 0.615 0.638
-0.35 -0.10 -0.10 0.391 0.645 0.657 0.658 0.411 0.655 0.667 0.681
-040 -0.10 -0.10 0.506 0.721 0.731 0.733 0.489 0.732 0.731 0.740
-045 -0.10 -0.10 0.573 0.738 0.749 0.753 0.568 0.735 0.732 0.741
-0.50 -0.10 -0.10 0.650 0.749 0.752 0.753 0.670 0.767 0.765 0.769
-0.55 -0.10 -0.10 0.732 0.782 0.782 0.782 0.708 0.767 0.768 0.769

1 Weights: (Overall imbalance, Each marginal imbalance, Stratum imbalance) = {1/6, 1/3, 1/3, 1/6}

2 Assign Probability: (Imb(o) <. < Imb(g)) +— {11/16, 2/16, 2/16, 1/16}

model is mis-specified, as revealed in the table 5.3, the proposed inference framework (Adjusted

Wald test combined with the robust score test) outperforms the other methods. In contrast, both the

log-rank test and score test exhibit suboptimal performance under these conditions.

In case 2, when dealing with continuous covariates, it’s important to note that under the correctly

specified model, both the score test and the robust score test exhibit superior performance, followed
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Table 5.4: Empirical power comparison of 4 designs based on stratified permuted block random-
ization with continuous covariates

True Parameters Correct Model Misspecified Model

01 05 05 TL TSL TS TRS TL TSL TS TRS
-0.10 -0.10 -0.10 0.0145 0.1080 0.1670 0.1725 0.0145 0.1080 0.0675 0.1295
-0.15 -0.10 -0.10 0.0185 0.1530 0.2700 0.2755 0.0185 0.1530 0.1105 0.1890
-0.20 -0.10 -0.10 0.0430 0.2370 0.3900 0.4005 0.0430 0.2370 0.1705 0.2700
-0.25 -0.10 -0.10 0.0710 0.3390 0.5285 0.5385 0.0710 0.3390 0.2600 0.3695
-0.30 -0.10 -0.10 0.1055 0.4295 0.6545 0.6600 0.1055 0.4295 0.3545 0.4815
-0.35 -0.10 -0.10 0.1595 0.5310 0.7525 0.7555 0.1595 0.5310 0.4510 0.5765
-0.40 -0.10 -0.10 0.2590 0.6440 0.8425 0.8440 0.2590 0.6440 0.5960 0.7025
-0.45 -0.10 -0.10 0.3055 0.6955 0.8870 0.8860 0.3055 0.6955 0.6595 0.7505
-0.50 -0.10 -0.10 0.4220 0.7875 0.9090 0.9100 0.4220 0.7875 0.7645 0.8320
-0.55 -0.10 -0.10 0.5105 0.8310 0.9185 0.9195 0.5105 0.8310 0.8195 0.8640

! Weights: Equal weights for each stratum
2 Assign Probability: (Imb(g) < --- < Imb(z)) «— {11/16, 2/16, 2/16, 1/16}

Table 5.5: Empirical power comparison of 4 designs based on Hu & Hu covairates adaptive
randomization with continuous covariates

True Parameters Correct Model Misspecified Model

01 05 03 TL TSL T.S T_RS TL TSL T.S T_RS
-0.10 -0.10 -0.10 0.019 0.080 0.146 0.149 0.013 0.087 0.061 0.116
-0.15 -0.10 -0.10 0.023 0.130 0.226 0.231 0.025 0.126 0.107 0.170
-0.20 -0.10 -0.10 0.047 0.199 0.338 0.339 0.057 0.205 0.181 0.238
-0.25 -0.10 -0.10 0.070 0.279 0.440 0.443 0.077 0.262 0.226 0.335
-0.30 -0.10 -0.10 0.094 0.368 0.547 0.553 0.121 0.383 0.340 0.448
-0.35 -0.10 -0.10 0.139 0.422 0.627 0.622 0.156 0.462 0.400 0.498
-0.40 -0.10 -0.10 0.213 0.508 0.690 0.692 0.225 0.532 0.494 0.600
-0.45 -0.10 -0.10 0.294 0.627 0.764 0.764 0.296 0.626 0.611 0.682
-0.50 -0.10 -0.10 0.355 0.658 0.781 0.782 0.332 0.651 0.617 0.675
-0.55 -0.10 -0.10 0.421 0.700 0.770 0.772 0.421 0.696 0.703 0.746

1 Weights: (Overall imbalance, Each marginal imbalance, Stratum imbalance) = {1/6, 1/3,

2 Assign Probability: (Imb(o) <. < Imb(g)) +— {11/16, 2/16, 2/16, 1/16}

1/3, 1/6}

by the stratified log-rank test. Conversely, under the mis-specified model, the robust score test

remains the top performer, closely followed by the stratified log-rank test. This outcome diverges

somewhat from the performance observed with discrete covariates, but it aligns with the underlying

rationale. In this context, the stratified log-rank test requires discretization of covariates, restricting

it to discrete information. In contrast, the robust score test can directly incorporate continuous

covariates, thus preserving more information.
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valuable information compared to the robust score test.

5.6 Discussion

In practical applications of seamless phase II/I11 trials, the majority of scenarios involve trials whose
endpoints require longer time to become available, leading to extended trial periods and elevated
costs. Trials with these characteristics are predominantly associated with oncology. Hence, the
seamless phase II/III trial has thus garnered significant attention from pharmaceutical companies
specializing in cancer trials. However, until now, the researches in seamless phase II/III trials and
their inference methods have largely focused on continuous covariates. In a bid to enhance the
applicability of the seamless phase II/III trial in real-world scenarios, we introduced a seamless
phase II/III design tailored for binary surrogate endpoints and time-to-event primary endpoints.
Along with this, we have proposed corresponding inference methods.

The newly proposed inference method has been demonstrated to be more robust against model
misspecification while maintain a valid type I error. Particularly, when covariates are continuous, it
significantly outperforms non-parametric analytical methods which are widely used currently. The
proposed design’s framework allows for trials to either terminate early or continue at the end of the
first stage, where a set of treatments may be reduced due to either efficacy concerns or safety issues.
This procedure boasts considerable flexibility concerning distributional assumptions, stopping
rules, and selection criteria. Nevertheless, the current inference framework has its limitations.
Specifically, the analytical method is best suited for CAR procedures with within-stratum imbalances
bounded in probability. However, for scenarios where this condition isn’t met, such as in Pocock
& Simon minimization, the extra layer of variation induced by within-stratum imbalances must be

estimated. We recognize these challenges and earmark them for future research endeavors.
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CHAPTER 6

Conclusion & Future Work

In this dissertation, we addressed three critical methodological issues that advance clinical trial
methodology, making it more aligned with current clinical practice.

In Chapter 3, we proposed a novel class of RAR procedures known as Group Doubly-Biased Coin
Design (Group DBCD). This new design effectively maintains the desirable theoretical properties
of Hu and Zhang’s DBCD while accommodating group enrollment, missing at random (MAR),
and delayed outcomes. To our knowledge, this is the first RAR procedure explicitly designed for
group enrollment. We established rigorous theoretical foundations for Group DBCD, including
unbiasedness and asymptotic normality. Furthermore, we demonstrated that delayed responses
affect the convergence rate of treatment effect estimates, and that randomly missing responses can
lead to an increase in the asymptotic variance of both allocation proportions and treatment effect
estimation. This research significantly advances the practical applicability of RAR by addressing
concerns around prolonged trial durations and providing essential theoretical guidance for real-
world implementations.

In Chapter 4, we shifted focus from RAR to CAR. Unlike RAR, CAR methods are widely used
in practice, strongly endorsed by regulatory agencies like the FDA for their capability to balance
prognostic factors. However, the increasing complexity of clinical trials introduces new challenges
for post-randomization inference under CAR. This chapter specifically investigated the statistical
inference challenges in multi-arm trials with general outcomes under CAR, an important and
under-explored area given the prevalence of multi-arm designs in clinical research. We thoroughly
explored the behavior of the standard Wald test under model misspecification, identifying issues
such as conservative or inflated Type I errors caused by omitted covariates and correlations among
test statistics due to shared controls. To address these issues, we proposed adjusted test statistics that

effectively control Type I error rates and potentially enhance statistical power. This represents the
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first comprehensive study of statistical inference in multi-arm CAR trials accommodating general
outcomes.

Chapter 5 introduced an innovative covariate-adaptive seamless phase II/11I trial design, utiliz-
ing binary surrogate endpoints for interim dose selection and time-to-event primary endpoints for
final analysis. Seamless designs are increasingly valued for their potential to streamline drug de-
velopment. Nevertheless, existing inference methods are often conservative and exhibit diminished
statistical power. The proposed design and associated model-based inference method specifi-
cally address these challenges, offering robust control of Type I error and enhanced power while
demonstrating resilience to model misspecification. Simulation studies confirmed the practical
effectiveness and efficiency of this new approach, particularly within oncology trials.

Despite the advancements provided in this dissertation, numerous critical problems remain
open for further research. First, while the CAR methods discussed here focus primarily on bal-
ancing categorical or discretized covariates, recent work by Ma et al. (2024) [35] introduces
approaches to balance continuous covariates on multiple moments. Developing comprehensive
post-randomization inference methods that effectively utilize this advanced covariate balancing rep-
resents an essential future research direction. Additionally, the exploration of Covariate-Adaptive
Response-Adaptive (CARA) designs in the context of precision medicine deserves further attention.
This emerging class of designs integrates both ethical and efficiency considerations, tailored for
personalized treatment strategies. Further theoretical and practical advancements in CARA designs
would greatly enhance their applicability and acceptance in clinical research. These areas represent

critical and promising directions, which we leave for subsequent research efforts.
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