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Abstract of Dissertation

Group Sequential Robust Designs in Genetic Studies

With the development of modern technology in genetic testing, studies of associa-

tion and linkage between genetic markers and diseases have emerged and become an

important area in human health research. There are three major genetic study de-

signs: population-based case-control study, family-based association study and link-

age study. Each of these designs has its own strength and is most suitable for a

particular setting. The statistical analysis method of the data collected in any of

these studies is often a choice among typically two or three statistical tests. Each

test is optimal under the specified inheritance mode or genetic model, such as the

additive, dominant, recessive or sometimes multiplicative model. Unfortunately, the

information about the underlying genetic model is often unknown for many complex

diseases. Applying a statistical test that mis-specifies the genetic model can result in

significant loss of power. To accommodate this problem, robust statistics have been

proposed by researchers. One commonly referred test statistic, proposed by Gast-

wirth [1965], is called the “maximin efficient robust test” or MERT. This statistic

“averages” the two extreme test statistics of a series of tests by taking into account

their correlation with certain constraints. The other statistic is the maximum of all

the test statistics, referred to as MAX [Freidlin et al. 2003, Zheng et al. 2002]. For

genetics studies, The MERT and MAX show similar robustness when the genetic

model is additive. When the genetic model is dominant or recessive and minor al-

lele frequency is small, MAX has shown advantages in achieving higher power than

MERT. MAX then becomes preferable as the robust test in genetic studies. However,
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while the computation of MAX is simple and straightforward, it no longer follows

asymptotic normal distribution like MERT.

From a different point of view in terms of study designs, group sequential de-

signs have been widely used in clinical trials. Such designs allow early stopping of

the trial according to pre-specified stopping rules for either efficacy, futility, or both.

Application of group sequential designs in genetic studies can be beneficial in terms

of tremendous saving of cost and time incurred during genetic testing and sample

ascertainment. It is therefore helpful to develop a tool that can statistically guard an

approach that combines the group sequential design and the robust approach of statis-

tical testing in genetic studies. This dissertation presents the applications of such an

approach in different genetic study designs and solutions to several challenges encoun-

tered from different aspects during the application. It describes methods of obtaining

critical values for setting up boundaries in a two-stage group sequential design using

MAX as the test statistic. Optimal designs varying in different designs and genetics

parameters are studied. This dissertation also presents adaptive designs using two

proposed genetic model selection methods as the alternative robust approaches that

preserve power under an unknown genetic model.

Chapter 1 provides an introduction to the topic and a summary of the results

from the dissertation.

Chapter 2 provides a detailed review of literature with respect to the applications

of the robust test statistics in each of the genetic study designs and traditional group

sequential design, as well as its application in genetic studies.
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Chapter 3 presents applications of two-stage group sequential designs using robust

test (MAX) in family-based genetic studies. These applications focus on controlling

type I error when early stopping is allowed for significant findings during interim

analyses. The calculation methods of the upper bound of the type I error due to

simultaneous hypothesis testings proposed by Efron [1997] are extended for usage of

determining critical values at each stage of the group sequential tests using MAX.

Although these methods are based on one-sided tests, critical values for two-sided

tests are obtained using the method of symmetry. Monte Carlo simulations are con-

ducted for both one-sided and two-sided tests for various settings of the family-based

association studies and confirm that these critical values adequately control overall

type I error.

In Chapter 4, a two-stage sequential design is extended to linkage studies of af-

fected sib pairs. In this type of genetic study, nonparametric statistical methods (the

means tests and proportions tests) using the information of allele sharing identical-

by-descent (IBD) are considered. Although the knowledge of genetic model is not

required in these tests, it has been shown that each test shows advantages in power

under the study of rare diseases. The MERT statistic is constructed by combining the

means test and the proportions test whereas the MAX statistic is defined as the max-

imum of the means, proportions and MERT test statistics. Since the tests in linkage

studies are directional, the methods developed in Chapter 3 can be readily applied to

obtain critical value for each stage under the specified alpha spending function. Both

type I errors and powers are examined and compared among different test statistics

in this study setting.
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Chapter 5 focuses on the population-based case-control study design, which might

be the most commonly used design due to its simplicity of sample ascertainment and

straightforward application of the traditional statistical methods. Average sample

sizes (ASN) and powers, as the measures of study efficiency, are examined in a two-

stage sequential study. Optimization between minimizing the average sample size

and maximizing the power are explored by changing parameters, such as allocation

fraction for samples in the first stage, and the alpha spending function, under different

assumptions of allele frequencies and genetic models.

Chapter 6 presents an innovative two-stage group sequential design that uses

adaptive statistics based on the examination of data obtained at the first stage. The

motivation of this design also comes from the problem of the unknown genetic model.

Two approaches for selecting the genetic model hence the test statistic are examined.

Significance tests are based on Fisher’s combination test proposed by Bauer and

Kohne [1994]. Powers are compared among several non-adaptive approaches and the

two adaptive approaches. The results show slight power advantage and efficiency

for adaptive designs using the genetic model selection method based on the Hardy-

Weinberg disequilibrium test.

Finally, Chapter 7 discusses the strength and limitations of proposed designs.

Future research needs are also presented.
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Chapter 1

Introduction and Summary of
Results

During the assessment of the association and linkage between a candidate gene

and a disease in genetic studies, the statistical tests are genetic model specific. In

another words, the most powerful or optimal test statistic is constructed according

to the inheritance mode or genetic model such as dominant, recessive, additive or

multiplicative model. However, the genetic model is often unknown. When the genetic

model is mis-specified in the test statistic, there could be a substantial power loss. The

test statistic under the additive model had been used since it is the most robust among

the three and maintains decent power in many situations-but not all. Researchers

have proposed two other simple robust test statistics: the maximin efficient robust

statistic (MERT) and the maximum statistic (MAX). While the MERT statistic has

its advantage of maintaining asymptotic normal distribution after averaging the two

extreme statistics by taking into account their correlations, the MAX statistic has

shown better power in more seen situations such as under the dominant or recessive

model. However, its distribution is in complex form that involves multiple integration

and no longer follows asymptotically normal distribution.

Group sequential designs have been widely used in clinical trials. Such designs
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allow early stopping during interim look(s) of the study data and provide flexibility so

that the efficiency of the study may be maximized. Applications of group sequential

designs in genetic studies have also been studied by researchers. Statistical methods

have been developed for these designs to deal with the control of the overall type I

error because of multiplicity of tests. However, these methods are typically developed

for a single test statistic with a known form of asymptotic distribution. When there

is a need to use the MAX test statistic in these designs, the methods are not readily

available and have not been studied. In this research, the applications of group

sequential designs are studied in different types of genetic studies when using the

robust statistic MAX. We propose methods of obtaining the critical values when

MAX is used and recommend optimal designs after considering the impact of various

designs and study parameters. We also present adaptive designs that use adaptive

statistics based on the selected genetic model from the examination of the first stage

data and compare results with the nonadaptive robust design.

1.1 Controlling type I error in two-stage group se-

quential robust tests in family based associa-

tion

In family-based association studies, the test statistics are based on the score

tests conditional on mating types [Li et al. 2005]. We considered using the maximum

of three test statistics under the dominant, additive and recessive genetic models.

For a two-stage sequential design with a pre-specified alpha spending function, the

critical values were obtained through several approximation methods proposed by

Efron [1997] for calculating the probabilities of simultaneous testing from correlated

test statistics. Simulation studies were carried out for different allele frequencies and
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for different family structures, i.e. different number of diseased and non-diseased

offsprings in a family. The results for a two-stage sequential design showed good

controls of type I error and trend of conservativeness among different methods and

under different specified values of parameters.

1.2 Application of group sequential designs for link-

age studies

As special type of linkage studies, studies of affected sib pairs (ASPs) have a broad

application in the genetic research. In the literature, the means and proportions tests

are the most commonly used non-parametric tests used in linkage studies of relatives

pairs. While they are “model free”, studies have shown one has advantage over the

other in different scenarios. A “Minimax” statistic proposed by Whittmore and Tu

[1995], is algebraically equivalent to the MERT statistic for ASP studies. In the

present study, we extend the methods of obtaining critical values proposed earlier

to linkage studies. We study not only control of type I errors but also the power of

the designs for the three test statistic described above, along with the MAX statistic

of them. Simulation results confirmed preservation of overall type I error using the

approaches described in Chapter 3 and showed power improvement by using MAX.

1.3 Optimization for two-stage sequential robust

designs in population-based case-control asso-

ciation studies

The present study investigates the cost of sample size versus the statistical power

in a case-control genetic study with a two-stage sequential design using the robust

test statistic MAX. We study various factors that can affect the goal of minimizing

3



the average sample size (ASN) or maximizing power of a genetic case-control study

under the two-stage sequential design and make recommendations for the optimal

solutions to different scenarios. The results show advantages of having a two-stage

design in terms of savings on average sample size while maintaining the power in a

slightly reduced rate. The results also indicated that the typical allocation fraction

of half (0.5) often balances the needs between sample sizes and powers. Under strong

alternatives, a smaller allocation fraction, e.g. 0.3, can result in a reduction of more

than half of the sample size comparing to a single stage study. The choice of alpha

spending function can impact the average sample size. Overly conservative alpha

spending helps little in average sample size in a sequential design. Finally, we also

apply these solutions in four existing genome-wide association studies of a total of 17

SNPs and confirm the savings.

1.4 Two-stage adaptive designs in population-based

case-control association studies

There has been a great deal of recent interest in adaptive designs due to various

uncertainties during design. It is also the case for genetic studies, for example, the un-

certainty of the genetic model hence the employment of the test statistic. In present

study, we propose to use two genetic model selection methods to select the optimal

statistic for the selected model in a two-stage adaptive design. The first approach (the

MAX method) uses the genetic model that results in the highest test statistic. The

second approach, proposed by Zheng and Ng [2008], is based on the direction of mag-

nitude of the Hardy-Weinberg disequilibrium test statistic (the HWDTT method).

Simulation studies are performed to provide the operating characteristics and com-

pare them among various choices of adaptive and non-adaptive designs. The results

4



show similar robustness between the non-adaptive robust design and the adaptive

design using the MAX method. On the other hand, the adaptive design using the

HWDTT method has slight better power than the non-adaptive robust design.

5



Chapter 2

Literature Review

2.1 Genetic models

Genetic model, or inheritance mode is a unique description for genetics data. It

describes the manner in which a particular genetic trait or disorder is passed from

one generation to the next. The types of models include, but not limited to, three

major genetic models: the dominant, recessive and additive models. Denote the

three genotypes AA, Aa, and aa and let A be the minor allele. The dominant model

indicates that the risks of having the disease are the same as long as there is at least

one minor allele A (either Aa or AA). Similarly, the recessive model indicates that

the risks of having, or rather, not having the disease is the same for genotypes with

at least one major allele (a) (Aa or aa). Under the additive model, the risk of having

disease for the genotype with two minor alleles (AA) is twice as likely for the genotype

with no minor alleles (aa) in a certain direction as is for the genotype with just one

minor allele (Aa) when compared to the genotype with no minor alleles (aa).

These definitions can be typically expressed in terms of penetrance factors. Denote

the penetrances for the genotypes aa, Aa, and AA by f0, f1, and f2, respectively,

where fi=P(case |i A alleles), i = 0, 1, 2. As A is the candidate high risk allele, we

6



assume f2 ≥ f1 ≥ f0 > 0. Let γi = fi/f0 be the genotype relative risk, i = 1, 2. Then

the three genetic models can be described as: γ1 = γ2 for the dominant model, γ1 = 1

for the recessive model, and 2γ1 = 1 + γ2 for the additive model. The multiplicative

model γ2
1 = γ2 is almost equivalent to the additive model. This can be proved by

γ2
1 ≈ 1 + 2(γ1 − 1) = 2γ1 − 1, using a first order Taylor approximation. Then

γ2
1 = γ2 ≈ 2γ1 − 1. The equation of first two values indicates multiplicative model,

whereas the approximation of the last two values also indicates additive model.

2.2 Genetic study designs and statistical tests

Genetic study designs are divided into two categories: association designs and

linkage designs. Association designs can be further divided into population-based

case-control studies and family-based designs. Population-based studies consist of

independent cases (subjects with the disease) and controls (subjects without the

disease) whereas family-based studies consist of sample population in units of families,

in which the genotypes and disease status are available for both parents and their

offsprings. On the other hand, linkage studies typically consist of genetically related

subjects such as affected sib pairs. Each of these study designs has its own advantages

and disadvantages. The population-based case-control study design is susceptible to

population stratification. When allele frequencies and disease prevalence rates vary

across subpopulations, using a case-control design may lead spurious estimates of the

association [Cardon and Palmer 2003, Hattersley and McCarthy 2005, Wang et al.

2005, Evangelou et al. 2006]. However, it provides the higher power and may be

the most efficient for sample ascertainment among the study designs. The family-

based study design can eliminate the effect from population stratification, but then

it requires more effort during sample collections and may be less powerful and are
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susceptible to other biases. Finally, the linkage study design usually involves looking

at large families where the disease affects individuals in several generations. The

advantage of this design is that it is statistically robust and unlikely to give false

positive results. The disadvantage is that it is less suitable for identification of gene

responsible for complex traits and has low statistical power to detect gene with modest

effect. The statistical tests used in these designs are described below.

2.2.1 Population-based case-control association study design

In a population-based case-control study of association between a diallelic genetic

marker (with alleles a and A) and a underlying disease, there are three genotypes de-

noted by aa, Aa and AA. Assume allele A is the risk allele. There are two commonly

used test statistics for population-based case-control studies. The first classifies cases

and controls according to their alleles and corresponds to an allelic contingency ta-

ble, where a Pearson’s χ2 test is used. This test is referred to as the allele-based test

(ABT). Information of underlying genetic model (dominant, additive or recessive) is

not needed in such test. The advantage of this test model is that the number of

observations has been doubled. The disadvantage is that the genotypic-specific infor-

mation, such as which alleles are paired together, is ignored. A further disadvantage

of basic allele testing is that stratification correction through the principal compo-

nents analysis method is not available for this model. Moreover, this test assumes

Hardy-Weinberg equilibrium (HWE), i.e. both allele and genotype frequencies in a

population remain constant. When HWE is not satisfied due to various reasons such

as non-random mating, mutations, selection, limited population size, random genetic

drift and gene flow, this test is biased and invalid [Sasini 1997].

The second test classifies cases and controls according to their genotypes which

leads to a genotypic contingency table. The most commonly used test method is the
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Cochran-Armitage trend test (CATT) [Armitage 1955, Cochran 1954]. This test has

been shown to have more statistical power than the typical χ2 test for a 2x3 table

test. This test can be used even when HWE is not satisfied. It utilizes a set of scores

that can be the efficient score for a logistic regression. Hence this test is a locally

optimal test statistic for a set of given score, which is driven by the underlying genetic

model [Freidlin et al. 2002, Schaid and Sommer 2001, Tarone and Gart 1980]. The

disadvantage is that mis-specification of genetic model can result in substantial power

loss. To avoid such situations, Zheng et al. [2003] proposed a robust test statistic

that takes the maximum of the statistics under all three genetic models (dominant,

additive and recessive), denoted as MAX. Note that under the null hypothesis, MAX

no longer follows the asymptotic normal distribution as the individual test statistic.

Its asymptotic distribution can be obtained by simulation [Zheng et al. 2005].

2.2.2 Family-based association study design

Although the information collected in the family-based association study is sim-

ilar to that in the population-based study, the cases and controls may be correlated.

Typical data collection in family-based studies requires genetic marker information

from parents to their offsprings. A prime example of a family-based association test

is the transmission disequilibrium test (TDT) [Spielman et al., 1993]. The TDT test

relies on data on transmission of marker alleles from heterozygous parents to affected

offspring. In the special case of TDT using families of trios (heterozygous parents and

an affected child), the test is an application of McNemar’s test. Utilizing the fact that

they are independent if conditioning on their parents’ mating type, Li et al. [2005]

proposed a more generalized genetic model-specific score test statistics conditional on

parental mating types. Under additive or multiplicative models, the conditional score

test is equivalent to the TDT. It is not the case for dominant or recessive models.
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Zheng et al. [2003] compared the powers of the tests under their model assumptions

and also found MAX robust against model misspecification.

2.2.3 Linkage study design

The principle of a linkage study is that the genetic markers run the same way as

the disease in the family, assuming the gene that causes the disease is somewhere in

the same area of the genome as the marker. Therefore, the linkage study design is the

one that studies disease susceptibility genes using using a group of genetically related

subjects, ideally generations of families. The study of affected sib-pairs (ASPs) is

the most commonly used design. ASP analysis based upon allele sharing identical-

by-descent (IBD) is a popular form of nonparametric linkage analysis. This method

has frequently been used to study complex traits. Deviations of the observed IBD

distribution in a sample of ASPs from the trinomial distribution expected under

H0 are indicative for linkage between the marker and the disease locus. Various

statistics have been proposed to measure this deviation. The first test is the likelihood

ratio test (also called the “maximum-lod-score test”), described by Risch [1990b].

This test requires the assumption of genetic model. The second test is called the

means test. It is based on the total number of alleles IBD in the sample. The

third test is called the proportions test and it is based on the number of affected

sib-pairs sharing both alleles IBD. An explicit specification of the inheritance model

is not required for performing nonparametric linkage analysis of ASPs. However,

the absolute power of any ASP test as well as the relative performance of different

ASP tests is influenced by the inheritance model and the genetic distance (i.e., the

recombination fraction) between the marker and disease locus. There is no ASP test

which is superior to all other ASP tests, i.e., there is no uniformly most powerful

ASP test. Blackwelder and Elston [1985] compared the power of the means test,
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the proportions test, and a χ2 goodness-of-fit test of the observed and expected IBD

distribution. They demonstrated superiority of the means test over the proportions

test. On the other hand, Cox and Hinkley [1974] pointed that the means test and the

proportions test are locally most powerful for the families of additive genetic models

(i.e., those with no dominance variance component), and those of models with no

or relatively small additive variance component in comparison with the dominant

component, respectively. The latter situation describes a rare recessive allele. Schaid

and Nick [1990] also compared the tests and a new statistic (the maximum of the

means and proportions tests. They showed that this new statistic is robust against

power loss among a range of true IBD probabilities. Whittemore and Tu [1998]

introduced a robust test, called the “minmax” test and showed its robustness against

misspecification of the true probabilities of IBD among the sibs. This test, when used

in ASP studies is equivalent to the maximin efficient robust test (MERT) (Gastwirth

[1966]) combining the means and proportions tests.

2.3 Group Sequential Design

Group sequential designs have been widely used in clinical trials. In these designs,

interim analyses of accumulating data are conducted due to various reasons: ethical,

administrative or economic. In trials involving human subjects, there is an ethical

need to monitor results to ensure that individuals are not exposed to unsafe, inferior

or ineffective treatment regimens. Even in negative trials where there appears to

be no difference in the performance of two therapies, there is an ethical imperative

to terminate a trial as soon as possible so that resources can be allocated to study

the next most promising treatment waiting to be tested. Interim analyses are also

needed for administrative reasons, for example, to ensure the trial is being executed as
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planned, that the subjects or experimental units are from the correct population and

satisfy eligibility criteria. Sequential statistical methods were originally developed in

order to obtain economic benefits. For a trial with a positive result, early stopping

means that a new product can be exploited sooner. If a negative result is indicated,

early stopping ensures that resources are not wasted. Sequential methods typically

lead to saving in sample size, time and cost when compared with standard fixed

sample procedures. The key elements considered in a group sequential design include

the planned statistical test, the number and spacing of interim looks and stopping

rules/boundaries that are dependent on how the type I error is spent at each interim

look and desired statistical power. Preservation of the type I error is one of the key

areas of statistical researches. Below is a brief description of the literature on this

aspect.

2.3.1 Alpha spending function and critical values

One element in a group sequential design is the alpha spending function, which

allocates the type I error rate throughout a study. Because there are multiple looks,

the alpha value at each look must be adjusted in order to preserve the overall type I

error. Alpha spending functions establish these adjusted alpha values for each interim

monitoring point, given the overall alpha. They hence constitute “stopping bound-

aries”, which, when crossed, indicate that statistical significance has been established.

Group sequential methods were introduced in the late 1970s. Pocock [1977] proposed

even spending on alpha with pre-specified number of looks. O’Brien and Fleming

[1979] introduced a more conservative spending for early stages of the study. That

is, an early stopping occurs only when remarkable significance is observed. Both the

Pocock and the O’Brien-Flemming methods require predetermination of the num-

ber of interim analyses and equal increments of information between looks. A more
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flexible approach was introduced by Lan and DeMets [1983], which eliminated the

constraints of the group sequential methods by introducing a spending function for

alpha. Researchers also studied the characteristics of alpha spending functions and

proposed methods of establishing optimal boundaries [Wang and Tsiatis 1987]. Es-

sentially, the choice relies on the trade off between sample size and power.

2.3.2 Group sequential designs in genetic studies

The benefits of time and cost saving for a group sequential design are also im-

portant for the emerging genetic studies. A few researchers have recently studied and

demonstrated the benefits of such a design. Konig et al. [2001, 2003] utilized the

design to calculate sample size and stopping boundaries in linkage studies based on

the means test and association studies on the TDT. They showed that the application

of a group sequential design led to a maximal increase in sample size of 8% under the

null hypothesis, compared with the fixed-sample design. In contrast, this provides

savings of up to 20% in average sample sizes under the alternative hypothesis. A

similar conclusion was also drawn in Konig and Ziegler [2003], which demonstrated

the application of group sequential analysis for case-control studies. These savings

affect the amounts of genotyping and phenotyping required for a study and therefore

lead to a significant decrease in cost and time. However, the analyses of these stud-

ies were performed by employing a single test statistic with a asymptotically normal

distribution. When a robust test such as MAX is desired, since it does not follow

asymptotic normal distribution, the classical design methods of setting up boundaries

for stopping no longer apply.
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2.3.3 Adaptive designs

In recent years, a number of researchers have proposed adaptive methods that

allows changes the one or more pre-defined statistical parameters through the exam-

ination of the interim data. The adaptation is designed to improve the precision of

estimation and statistical efficiency or to “rescue” the study in the case the parameter

was misspecified or misestimated during the planning of the study. Examples of the

study parameters that can be adapted include: sample size reassessment, sampling

or randomization plan, adding or dropping a treatment group, testing statistic, dose

selection. In flexible designs of adaptive test statistics, the information for the in-

terim data can be used to select the test procedures for the analysis of future study

stages. Several researchers proposed this type of design for their targeted hypoth-

esis. For example, Lang et al. [2000] used this feature for the situation of testing

the equality of several normal means against an ordered alternative. Kieser et al.

[2002] proposed an approach that selects the test statistic at interim via a bootstrap

method for estimation of the power of the two-sample Wilcoxon test for shift alterna-

tives. They showed that this method provided considerable gain of power especially

when the initial assumption of the underlying distribution was wrong. Statistical

methods of combining independent p-values such as the Fisher’s combination test are

often considered [Bauer and Kohne 1994]. For genetic studies, several researchers

have studied two-stage or two-phase designs that involved adaption of test statistics

in non-sequential settings. For example, Song et al. [2007] proposed an adaptive

two-stage procedure that screens single-nucleotide polymorphisms (SNPs) using the

Hardy-Weinberg disequilibrium trend test (HWDTT) in a first stage, and then tests

a reduced number of SNPs that pass the screening step in a second stage using the

CATT. Zheng and Ng [2008] presented a two-phase test combining the HWDTT test
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and consequently selected genetic model specific CATT test based on the results of

the HWDTT test. However, formal adaptive designs in group sequential settings have

not been studied for genetic studies.

Therefore, it is critical to develop a method that can statistically guard a group

sequential design using a robust or an adaptive approach in order to both promote

savings and preserve powers for situations where the underlying genetic model is

known. This dissertation is motivated by these practical needs and fills the gap

between that application of group sequential design and robust/adaptive statistics in

genetic studies. We propose a few computationally straightforward and expandable

approaches that set up the stopping boundaries for group sequential designs using

MAX. We also examine impacts on power from different study parameters in these

designs and recommend optimal designs parameters such as allocation fraction and

alpha spending function. Finally, we propose adaptive group sequential designs that

provide inferences of genetic model for future stage analyses based on interim look(s).

All these methods are computationally straightforward and have shown efficiencies,

making group sequential robust/adaptive designs practically feasible in the next era.
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Chapter 3

Two-Stage Group Sequential
Robust Test in Family Based
Association Studies: Controlling
Type I Error

In this chapter, we describe several approaches for obtaining critical values that main-

tain the overall type I error level in a two-stage robust sequential family-based asso-

ciation study using the maximum of the three genetic-model specific test statistics.

Simulation studies are conducted to compare their performance under the null hy-

pothesis of no association.

3.1 Conditional score tests

Statistical methods have been developed during the past decade to analyze data

collected in family-based association studies. The TDT of Spielman et al. [1993]

and the score statistics of Schaid & Sommer [1993] can only be applied to trios. For

families with various numbers of affected and unaffected offspring, Li et al. [2005]

proposed score statistics based on conditional likelihood functions for three different

genetic models: additive (or equivalently multiplicative), dominant, and recessive
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models. The derivation for the multiplicative model at first order Taylor’s expansion

indicates the additive model expression. The conditional score statistics are obtained

by conditioning on the parental mating type. Like the usual score statistics of Schaid

and Sommer [1993], when both parents’ genotypes are homozygous, the conditional

distribution of the genotype of their offspring is degenerated to a single possibility

and does not contribute any information to the likelihood function. Therefore, the

conditional score statistics only use families that consist of at least one heterozygous

parent, specifically, mating types 1: AA×Aa, 2: Aa×Aa, and 3: Aa× aa, where A

and a are the two alleles of a candidate marker. The counts of affected and unaffected

offsprings may vary. For simplicity, assume we have families with r affected children

and s unaffected children. A trio is a special case with r = 1 and s = 0. Define the

penetrances as f2 = P (affected|AA), f1 = P (affected|Aa) and f0 = P (affected|aa).

Then the null hypothesis is H0 : f2 = f1 = f0 and the alternative hypothesis is

H1 : f2 6= f1 6= f0. Let Nij,d be the number of children from mating type i (i = 1, 2, 3)

having j number of A alleles j = (0, 1, 2) and disease status being d (d = a if affected,

d = u if unaffected). Let Ni,d be the total number of children for mating type i having

disease status d and Ni be the total number of children from mating type i. Let τij

be the conditional probability of a child having j number of A alleles under mating

type i, which, under Hardy-Weinberg equilibrium (HWE), are given in the following

table:

Offspring Genotype
Mating Type (i) AA (τi2) Aa (τi1) aa (τi0)

1. AA× Aa 1/2 1/2 0
2. Aa× Aa 1/4 1/2 1/4
3. Aa× aa 0 1/2 1/2
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Li et al. [2005] derived the following conditional score function and its estimated

variance under the null hypothesis, which can be written as:

U =
3∑
i=1

{
1

f0

[Ni2,a + xNi1,a − r(τi2 + xτi1)]

}

+
3∑
i=1

{
1

1− f0

[Ni2,u + xNi1,u − s(τi2 + xτi1)]

}
, (3.1)

and

V ∗ =
3∑
i=1

{
Ni · r
f 2

0

[
τi2 + x2τi1 − (τi2 + xτi1)2

]}

+
3∑
i=1

{
Ni · s

(1− f0)2

[
τi2 + x2τi1 − (τi2 + xτi1)2

]}
, (3.2)

where x = 1/2, 1, 0 for the additive, dominant, and recessive models, respectively.

Note that x = 1/2 can be approximately used for the multiplicative model. In (3.1)

and (3.2), f0 can be estimated by population disease risk and the tests are robust to

the estimation of f0 [Li et al. 2005].

The corresponding conditional score test statistics can be written as T = U/
√
V ∗,

which is denoted as TA, TR and TD for the additive, recessive, and dominant models,

respectively. These test statistics have asymptotic N(0, 1) distribution under the

null hypothesis. Note that these conditional test statistics are different from the

score statistics of Schaid and Sommer [1993] unless r = 1 and s = 0. The test

statistic that we consider here is MAX = max(TA, TR, TD), for one-sided alternatives

or MAX = max(|TA|, |TR|, |TD|) for two-sided alternatives.

3.2 Asymptotic null correlations

Li et al. [2005] derived the asymptotic null correlation among the three conditional

score tests in terms of probabilities of parental mating types. Assuming HWE, these

correlations can be simplified as ρAD = corrH0(TA, TD) = {4q/(3 + q)}1/2, ρAR =
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corrH0(TA, TR) = {4p/(3+p)}1/2, and ρDR = corrH0(TD, TR) = [pq/{(3+p)(3+q)}]1/2,

where p = P (A), the allele frequency, and q = 1 − p. These correlations can be

estimated under the null hypothesis as:

ρ̂AD =
2(N2 +N3)√

(N1 + 2N2 +N3)(3N2 + 4N3)
,

ρ̂AR =
2(N1 +N2)√

(N1 + 2N2 +N3)(3N2 + 4N1)
,

ρ̂DR =
N2√

(3N2 + 4N1)(3N2 + 4N3)
,

where Ni is the number of children under mating type i, i=1,2,3.

In a two-stage sequential association study, samples in stage 2 contain samples in

stage 1. Denote sample sizes at stages 1 and 2 as n1 and n2, respectively. Let TAi,

TDi, and TRi be the statistics for the three genetic models at stage i, i = 1, 2. Then,

for each genetic model, the correlation between the two statistics at stage 1 and stage

2 is a fraction (
√
n1/n2) of their correlation at stage 1. The correlation matrix for

different genetic models and the two stages is given in Table 3.1. Within each stage,

Table 3.2 shows examples of null correlations among the three test statistics given

allele frequency.

3.3 Upper bound for the probability of the maxi-

mum of statistics

A group sequential design is developed based on repeated significance testing.

Many methods have been developed to adjust for simultaneous significance tests in

order to control for overall type I error level. The rejection rule can be typically

written as “reject H0 if any of the tests are significant”. In a group sequential design

that allows early stopping for significance only, stage 2 is performed only if stage

1 is not significant. Let there be J looks (J − 1 interim analyses and one final

analysis) in the study and denote Tj as the statistics used at the jth stage and cj

19



as the corresponding critical value. Let MAX = max(T1, T2, · · · , TJ) for the J test

statistics, and Ej = {Tj > cj} for j = 1, . . . , J . Using sequential partitioning, we

have

P (MAX > c) = P (
⋃
j

Ej) = P (E1) + P (Ē1E2) + . . .+ P (Ē1Ē2 . . . ĒJ−2ĒJ−1EJ),

which can be approximated by

P (MAX > c) ≤ P (E1) + P (Ē1E2) + P (Ē1Ē2E3) + . . .+ P (ĒJ−2ĒJ−1EJ)(3.3)

≤ P (E1) + P (Ē1E2) + P (Ē2E3) + . . .+ P (ĒJ−1EJ). (3.4)

The above inequalities (3.3) and (3.4) give upper bounds of the probability P (MAX >

c). In (3.4), the equality holds if Ēj−1Ej = Ē1Ē2 . . . Ēj−1Ej for all j. Under the as-

sumption that the test statistics (T1, T2, . . . , TJ) follow standard multivariate normal

distributions under the null hypothesis H0, Efron [1997] summarized three approaches

that determine the upper bounds of the two-point probability formula (3.4) in terms

of the null correlations among the J statistics. These bounds usually beat the Bon-

ferroni bound and can be good approximations to the actual value of P (MAX > c)

in favorable circumstances. The three approaches of calculating the term P (Ēj−1Ej)

are summarized below.

(i) Two-point formula via numerical integration: This formula can be derived

through numerical integrating the bivariate normal distribution. Since

P (Ēj−1Ej) = P (Tj−1 ≤ cj−1 and Tj > cj)

=

∫ cj−1

−∞

∫ ∞
cj

1

2π
√

1− ρ2
j

· e
t2j−1−2ρjtj−1tj+t

2
j

2(1−ρ2
j
) dtj · dtj−1

=

∫ cj−1

−∞

∫ ∞
cj

1
√

2π
√

1− ρ2
j

· e
(tj−ρjtj−1)2

2(1−ρ2
j
) dtj

1√
2π
e−

t2j−1
2 dtj−1

=

∫ cj−1

−∞
Φ̄{ cj − ρjt

(1− ρ2
j)

1
2

}φ(t)dt (3.5)
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where ρj = cor(Tj−1, Tj), the correlation between Tj and Tj−1, φ and Φ are the density

and distribution functions of N(0, 1), respectively, and Φ̄ = 1− Φ.

(ii) Length formula: It further reduces the two-point probability P (Ēj−1Ēj) into a

one-dimensional funtion after transforming the bivariate normal distribution function

into polar coordinates. Let the length be defined as Lj = arccos(ρj). Then,

P (Ēj−1Ej) ≤ e−c
2/2Lj

2π
(3.6)

Below is a brief proof:

Proof: Considering the case J = 2, where we observe test statistics T1 and T2

each N(0, 1) under H0 and with null hypothesis correlation ρ. The Length is thus

L = arccos(ρ).

Let Z ∼ N2(0, I). We can represent T1 and T2 as inner products, Tj = γ′jZ(j =

1, 2), where γ1 and γ2 are unit vectors with γ′1γ2 = cos(L) = ρ. For a fixed value of c,

let

Ej = {Tj > c}, Ēj = {Tj ≤ c}

T =

(
T1

T2

)
=

(
γ′1Z
γ′2Z

)

E(T ) =

(
0
0

)

V ar(T ) =

(
1 γ′1γ2

γ′2γ1 1

)
In terms of the vecter Z, (

Z1 cos θ1 + Z2 sin θ1

Z1 cos θ2 + Z2 sin θ2

)
Given θi, in terms of the vecter Z, Ej is a half space with the boundary perpendic-

ular to γi, intersecting the ray Rj := {xγj, x > 0} at distance c from the origin. The
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event of interest {Tmax > c} = E1 ∪ E2 (Figure 3.1). We can decompose {Tmax > c}

into 3 disjoint sets,

Figure 3.1: Event {Tmax > c} = E1 ∪ E2 in terms of the standard normal vector Z
(Efron[1997])

{Tmax > c} = A1 ∪B ∪ A2,

where A1 and A2 are quadrants bounded by R1 and R2 respectively, and B is a W-

shaped region lying between R1 and R2. Notice that pr(A1) = pr(A2) = Φ̄(c)/2,

so

pr({Tmax > c} = Φ̄(c) + pr(B).

The W-shaped region B is containd in B’, the portion of the disc-complement {‖Z‖ >

c} lying between R1 and R2. Thus

pr(B) ≤ pr(B′) = e−c
2/2 L

2π

The probability e−c
2/2 L

2π
for B’ is obtained by expressing Z in polar coordinates,

since ‖Z‖2 has a χ2
2 distribution independent of the uniformly distributed direction

vector Z/ |Z‖. This can be proved by Basu’s theorem or by definition of independence.
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Imagine that the χ2 > c2 is the area outside the circle and then L/2π restricts to

sector considering the pr. outside the circle is uniform.

(iii)W formula: It improves the approximation given in (3.6) with another geo-

metric inequality. The term P (Ēj−1Ej) in (3.6) can be conveniently evaluated by

numeically integrating the formula

P (Ēj−1Ej) =
1

π

∫ Lj/2

0

e−
1
2
c2secθdθ (3.7)

Since sec2θ ≥ 1 + θ2, (3.7) gives

P (Ēj−1Ej) ≤
e−c

2/2

π

∫ Lj/2

0

e−
1
2
c2secθdθ = φ(c)

Φ(cLj/2)− 1
2

c/2
. (3.8)

where Lj = arccos(ρj).

The probability of simultaneous hypothesis testing in (3.4) can be approximated

accordingly. These methods can be easily adapted in the testing procedure in a group

sequential design. The only difference is that the critical value varies for different

stages.

3.4 Controlling type I error in the robust two-

stage design

3.4.1 The design

In the two-stage robust group sequential design, MAX1 = max(TA1, TD1, TR1)

and MAX2 = max(TA2, TD2, TR2) are applied to the two stages, respectively. In

the subscripts, A,D and R stand for the additive, dominant, and recessive model,

respectively; 1 and 2 stands for the stage. We can apply an appropriate alpha spending

function to determine the levels α1 and α2 for the two stages, and then apply the upper
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bounds given in (3.5)-(3.8) to determine the corresponding critical values c1 and c2

for the MAX statistics in the two stages. Then, in stage 1,

P (MAX1 > c1) ≤ P (TA1 > c1) + P (TA1 ≤ c1, TD1 > c1) + P (TD1 ≤ c1, TR1 > c1)

= α1, (3.9)

and in stage 2,

P (MAX1 ≤ c1, MAX2 > c2) ≤ P (TR1 ≤ c1, TA2 > c2) + P (TA2 ≤ c2, TD2 > c2)

+P (TD2 ≤ c2, TR2 > c2) = α2. (3.10)

It is apparent that the order of the test statistics (Ai, Ri, Di)(i = 1, 2), can affect

the approximations in (3.9) and (3.10). While the formulas are presented in the

order (Ai, Ri, Di), that is not necessarily the case in the approximation process. In

the simulation described in a later section, we chose the best order of the three test

statistics (TA, TD, TR) at each stage based on the case in which the upper bound is

closest to the actual value, i.e., when the minimum L =
∑J

j=2 arccos(corr(Tj−1, Tj))

is achieved, where j denotes the jth statistic in MAX.

An alpha spending function can be used to allocate the overall type I error α into

two stages with α1 and α2. Columns 2 to 4 in Table 3.3 lists a selection of alpha

spending functions [Betensky 1998] and their corresponding α1, α2 levels given that

the overall α is 0.025 and the information fraction is half at Stage 1. Note that the

first two alpha functions, α1(τ) and α2(τ), are continuous forms of the alpha spending

values proposed by O’Brien and Fleming [1979] and Pocock [1977], respectively, which

are discretized at equal increments of information. The O’Brien-Fleming type of

spending function is more commonly used in conservative situations because it allows

very small spending of alpha in the beginning of the study, i.e. very early termination

requires a dramatic difference, compared to aggressive spending at earlier stages in

the Pocock type of spending function. The characteristics of different alpha spending

functions and choice of one have been studied by researchers such as Kim and DeMets
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[2002] and Selwyn and Fish [2004]; the trade off between early stopping and overall

power as well as minimization of the sample sizes are taken into consideration when

making a choice. Regardless of the choice of alpha spending function, for a given

α1 and α2, the critical values c1 and c2 in (3.9) and (3.10) can be obtained by the

Newton-Raphson method described in next section. Since the critical values resulting

from a two-sided approach are more complicated and yet have minimal impact on the

results (see the results section), the critical values that are computed based on the

right tail one-sided test at the 0.025 level are also used for two-sided tests.

3.4.2 Newton-Raphson methods for computing critical vaules
from the two-point formula

The Newton-Raphson method uses an iterative process to approach one root of

a function. Given an equation f(x) = 0 and initial value x1, the root can be located

through iterative steps xn+1 = xn − f(xn)/f ′(xn) until convergence.

Consider the two-point equation (3.5)

f(cj) = P (Tj−1 ≤ cj−1, Tj ≥ cj)

=

∫ cj−1

−∞
Φ̄

(
cj − ρjt

(1− ρ2
j)

1/2

)
φ(t)dt

where cj is the critical value and ρj is the correlative between Tj−1 and Tj statistics

in MAX. The first derivatives can be derived as below considering two scenarios:

(1) cj−1 6= cj (cj−1 is considered as a constant)

f ′(cj) =
d

dcj

∫ cj−1

−∞
Φ̄(

cj − ρjt
(1− ρ2

j)
1/2

)φ(t)dt

=

∫ cj−1

−∞

d

dcj
Φ̄

(
cj − ρjt

(1− ρ2
j)

1/2

)
φ(t)dt

=

∫ cj−1

−∞
−φ
(

cj − ρjt
(1− ρ2

j)
1/2

)
1

(1− ρ2
j)

1/2
φ(t)dt

(2) cj−1 = cj, then f(cj) =
∫ cj
−∞ Φ̄

(
cj−ρjt

(1−ρ2j )1/2

)
φ(t)dt, taking derivative with regard
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to cj, we have:

f ′(cj) = Φ̄

(
cj − ρjt

(1− ρ2
j)

1/2

)
φ(cj) +

∫ cj

−∞
−φ
(

cj − ρjt
(1− ρ2

j)
1/2

)
1

(1− ρ2
j)

1/2
φ(t)dt

Applying the above results with more appropriate notations in a two-stage study,

the function and the first derivative at each stage can be summarized as the following:

MAXi: MAX statistic for Stage i: MAXi = max(Ti1, Ti2, Ti3), i = 1, 2

Tij: jth order statistic in MAX at Stage i, i = 1, 2; j = 1, 2, 3

ci : Critical value at Stage i, i = 1, 2

αi: Desired type I error rate at Stage i, i = 1, 2

g(ci): Function of ci, the quantity is set to αi to solve for ci

ρij: Correlation coefficient between Tij and Ti,j−1, i = 1, 2, j = 2, 3. As a special

notation, ρ13,21 is the correlation coefficient between T13 and T21

Φ: Cumulative distribution function for the standard normal distribution

φ: Probability density function for the standard normal distribution

Stage 1:

P (MAX1 > c1) ≤ P (T11 > c1) + P (T11 ≤ c1, T12 > c1) + P (T12 ≤ c1, T13 > c1)

= Φ̄(c1) +
3∑
j=2

∫ c1

−∞
Φ̄

(
c1 − ρ1jt

(1− ρ2
1j))

1/2

)
φ(t)dt

= g(c1) = α1,

and

g′(c1) = −φ(c1)

+
3∑
j=2

{
Φ̄

(
c1 − ρ1jt

(1− ρ2
1j)

1/2

)
φ(c1) +

∫ c1

−∞
−φ
(

c1 − ρ1jt

(1− ρ2
1j)

1/2

)
1

(1− ρ2
1j)

1/2
φ(t)dt

}
.
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Stage 2:

P (MAX1 ≤ c1 , MAX2 > c2)

≤ P (T13 ≤ c1, T21 > c2) + P (T21 ≤ c2, T22 > c2) + P (T22 ≤ c2, T23 > c2)

=

∫ c1

−∞
Φ̄

(
c2 − ρ13,21t

(1− ρ2
13,21)1/2

)
φ(t)dt+

3∑
j=2

∫ c2

−∞
Φ̄

(
c2 − ρ2jt

(1− ρ2
2j)

1/2

)
φ(t)dt

= g(c2) = α2,

and

g′(c2) =

∫ c1

−∞
−φ
(

c2 − ρ13,21t

(1− ρ2
13,21)1/2

)
1

(1− ρ2
13,21)1/2

φ(t)dt

+
3∑
j=2

{
Φ̄

(
c2 − ρ2jt

(1− ρ2
2j)

1/2

)
φ(c2) +

∫ c2

−∞
−φ
(

c2 − ρ2jt

(1− ρ2
2j)

1/2

)
1

(1− ρ2
2j)

1/2
φ(t)dt

}
.

c1 and c2 can be then obtained through Newton-Raphson iterative method based on

the above function and first derivative formula at each stage. The R program of this

procedure is provided in the appendix.

3.5 Results

3.5.1 Critical values

Simulations were carried out under the assumption that HWE holds in the pop-

ulation. As discussed in earlier sections, the null correlations among different test

statistics depend only on allele frequency p (see Table 3.2). The table also shows

that the null correlation between the test statistics for the recessive and dominant

models are the lowest, from 0.086 to 0.143 for various allele frequencies, among all

the pair-wise correlations because these two are considered ‘extreme’ genetic models
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[Freidlin et al. 2002, Zheng et al. 2002]. Based on six different choices of (α1, α2),

Table 3.3 presents the critical values for two-stage robust group sequential studies

based on the three approximation methods in (3.5)-(3.8) at allele frequency p = 0.1,

0.3 and 0.5. At stage 1, as expected, the Length method gives the largest critical

values c1 (the most conservative approach), whereas the two-point method gives the

smallest critical values c1 (the least conservative approach). The critical values at

stage 2 (c2) are affected by those used at stage 1 and do not necessarily show such

patterns.

3.5.2 Simulation studies

In simulation studies, we considered the following four family settings: (i) One

affected child only (r = 1, s = 0), i.e., trios; (ii) affected sib-pair (r = 2, s = 0); (iii)

one affected and one unaffected sib-pair (r = 1, s = 1); and (iv) two affected and one

unaffected sib-triple (r = 2, s = 1). For each setting, we first generated the parental

genotypes for a given allele frequency p, and selected mating types that have at least

one heterozygous parent. Without loss of generality, a baseline penetrance f0 = 0.1

was used and, under the null hypothesis, f1 = f2 = f0. The offspring genotypes and

disease status were then generated for each mating type. This process was repeated

until the targeted sample size was reached for each family setting. The total sample

size used in the simulation is 200 families, and stage 1 was set at half of the sample

size with 100 families. The simulated alpha levels (α1, α2) and the cumulative α

level (type I error) were calculated based on 10,000 replicates. The results based on

the three most common alpha spending functions in the first three in Table 3.3 are

presented in Table 3.4 through Table 3.6 for p = 0.1, 0.3, and 0.5, respectivley. The

columns under α are the cumulative type I errors for the one-sided or two-sided tests

accordingly.

The simulation results demonstrate good control of the desired overall α levels us-
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ing the methods described earlier. In contrast, the type I errors would be inflated if we

used the conventional boundaries based on a single statistic with asymptotic normal

distribution in a sequential setting. For example, in the family setting where r = 1,

s = 0, when the critical values based on the O’Brien-Fleming method (c1 = 2.8029,

c2 = 1.9817) were used, the cumulative type I errors for one-sided and two-sided were

0.055 and 0.098, respectively, about double of the desired rates. Similarly, using the

critical values c1 = c2 = 2.178 by the Pocock method results in the cumulative type

I errors of 0.058 and 0.097 for one-sided and two-sided tests, respectively. In both

cases, they were about twice as much as the desired type I error (0.025 for one-sided

tests and 0.05 for two-sided tests). When the results from different methods are com-

pared, the Length method provides the most conservative critical values, whereas the

two-point (3.4) method provides the critical values that lead to type I error closest to

the nominal level. Since the null correlations and the “Length” are functions of the

allele frequency p, the results for the Length approach also vary for different values

of p. The higher the correlation, the better the approximation using the “Length”.

The results also show that when more affected offspring are ascertained, the α

levels are more conservatively controlled. For example, the observed α levels are

lower in the family of r = 2, s = 0 than those in the family of r = 1, s = 0. Similar

findings are obtained when we compare families of r = 2, s = 1 with families of

r = 1, s = 1 or r = 1, s = 0. Moreover, when p = 0.5, the observed two-sided type I

errors approximately double the corresponding one-sided type I errors, indicating an

approximate symmetric distribution for MAX. When p = 0.1 or p = 0.3, the observed

type I errors are less than double the corresponding one-sided type I errors, indicating

the null distribution of MAX is skewed slightly to the left. Likewise, when p > 0.5,

the null distribution of MAX would be skewed slightly to the right. In addition, when

c1 and c2 are used, some type I errors in Tables 3.4 and 3.5 appear to be conservative.

Thus, we also examined the potential power loss due to using conservative c1 and

c2. A plot of power functions with different c1 and c2 corresponding to different
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cumulative type I error at the alternatives of different genotype relative risks (GRRs)

for having disease for AA compared with aa (f2/f0) is presented in Figure 3.6. The

loss of power due to a conservative test (e.g. c1 = 2.6060, c2 = 2.5938 for ASF=3

using length formula) appears to be minimal when these values are shifted slighted

towards getting the desired alpha level.

To access the sensitivity of the simulation results, Table 3.7 further reports the

simulated type I errors with the 5th and 95th percentiles of the estimated type I

errors (α(5th,95th)) for p = 0.3 when the simulations are repeated 100 times. Due to

excessive simulation time, we present the results for only two settings: 1) r = 1 and

s = 0, the trio setting; and 2) r = 2 and s = 1. Results for p = 0.1 and 0.5 in the trio

setting (r = 1 and s = 0) are reported in Table 3.8 and Table 3.9, respectively. These

results show that the one-sided type I error levels are between .020 and .028 whereas

the two-sided levels are between .035 and .053. While the one-sided levels appear to

be more liberal than the two-sided ones due to the skewness of the distributions, the

majority of simulated results are slightly below the desired level indicating that the

approximations of the tails of MAX statistics are reasonably accurate.

In genome wide associatation studies of hundreds of genes, it is often desired to

use a smaller alpha level due to multiplicity of tests. To examine the performance

of approximation for a smaller α, we conducted a simulation when the nominal level

was α = 0.0001 for p = 0.3 and trios based on 1,000,000 replicates (Table 3.10).

None of the simulated samples reached significance level at the first stage. The

cumulative type I errors, when the W formula and two-point approximation were

used, are 0.000104 for the two-sided tests.

3.6 Summary

With the emerging needs of implementing group sequential designs in genetic

studies, in particular for large association studies, and the sensitivity of choosing
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genetic model-based statistical tests, we present tools for setting up critical values

in conducting two-stage robust group sequential tests in family-based association

candidate-gene studies using MAX. When the MAX statistics are used sequentially

in a study, we are in fact dealing with multiple statistics at multiple stages. The

problem of an upper bound for type I error can be imagined as a “nested” test

where the multiple statistics are nested within the sequential tests. Previous work of

approximation of multivariate normal distribution [Efron 1997] is utilized not only to

deal with multiple test statistics at one time point, but also to deal with the same

set of statistics at sequential time points. Given alpha levels at each time point

and null correlations among the statistics, the critical values are back-calculated.

Te results have shown that the use of approximation methods works well in this

nested situation. Having these tools, we establish a realistic setting of test criteria for

conducting family-based genetic studies in the group sequential manner with MAX.

Our approaches are presented for computing group sequential boundaries that

allow early stopping for significance while the type I error is controlled. These ap-

proaches can be extended to studies that allow early stopping for futility or insignif-

icance, or those that allow stopping for both significance and insignificance. In those

cases, type II error or both type I and type II errors need to be controlled. Similar

to alpha spending function, beta spending functions may be introduced to allocate

type II errors in the interim analyses. Since power perservation and robust proper-

ties of MAX compared to optimal genetic model specific tests, as single stages tests,

have been demonstrated in a series of research [Gastwirth 1985, Schaid and Nick

1990, Gastwirth and Freidlin 2000, and Freidlin et al. 2002]. We expect to observe

the same preservation of power using MAX in the group sequential setting as in a

one-time test, i.e., non-sequential setting [Zheng et al. 2002] when type II errors are

controlled at different levels in interim analyses.

31



Table 3.1: Correlation matrix in a two-stage sequential study

T1A T1D T1R T2A T2D T2R

T1A 1 ρAD ρAR
√
n1/n2 ρAD

√
n1/n2 ρAR

√
n1/n2

T1D 1 ρDR ρAD
√
n1/n2

√
n1/n2 ρDR

√
n1/n2

T1R 1 ρAR
√
n1/n2 ρDR

√
n1/n2

√
n1/n2

T2A 1 ρAD ρAR
T2D 1 ρDR
T2R 1

Table 3.2: Asymptotic null correlation matrices given allele frequencies (p)

p = 0.1
TD TR TA

TD 1 0.0863 0.9608
TR 1 0.3592
TA 1

p = 0.3
TD TR TA

TD 1 0.1311 0.8699
TR 1 0.6030
TA 1

p = 0.5
TD TR TA

TD 1 0.1429 0.7559
TR 1 0.7559
TA 1

TD: Test under dominant model
TR: Test under recessive model
TA: Test under additive model
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Table 3.4: Simulated type I errors for two-stage family-based association studies:
allele frequency p = 0.1.

One-sided Two-sided
Family ASF Method α1 α2 α α1 α2 α
r = 1, s = 0 1 Length .0016 .0234 .0250 .0018 .0383 .0401

W .0024 .0272 .0296 .0029 .0461 .0490
2pt .0024 .0252 .0276 .0029 .0413 .0442

2 Length .0169 .0062 .0231 .0222 .0093 .0315
W .0192 .0071 .0263 .0271 .0113 .0384
2pt .0199 .0075 .0274 .0278 .0119 .0397

3 Length .0144 .0080 .0224 .0186 .0128 .0314
W .0163 .0108 .0271 .0215 .0171 .0386
2pt .0163 .0108 .0271 .0215 .0171 .0386

r = 1, s = 1 1 Length .0016 .0240 .0256 .0021 .0390 .0411
W .0020 .0290 .0310 .0025 .0486 .0511
2pt .0020 .0263 .0283 .0025 .0436 .0461

2 Length .0166 .0070 .0236 .0242 .0102 .0344
W .0193 .0095 .0288 .0275 .0138 .0413
2pt .0196 .0096 .0292 .0281 .0142 .0423

3 Length .0135 .0103 .0238 .0197 .0150 .0347
W .0158 .0125 .0283 .0230 .0187 .0417
2pt .0161 .0127 .0288 .0233 .0191 .0424

r = 2, s = 0 1 Length .0016 .0225 .0241 .0019 .0419 .0438
W .0019 .0263 .0282 .0025 .0506 .0531
2pt .0019 .0241 .0260 .0025 .0459 .0484

2 Length .0179 .0055 .0234 .0280 .0101 .0381
W .0204 .0066 .0270 .0319 .0125 .0444
2pt .0205 .0068 .0273 .0320 .0131 .0451

3 Length .0141 .0076 .0217 .0219 .0145 .0364
W .0169 .0093 .0262 .0262 .0188 .0450
2pt .0176 .0091 .0267 .0275 .0184 .0459

r = 2, s = 1 1 Length .0019 .0237 .0256 .0025 .0422 .0447
W .0024 .0286 .0310 .0032 .0529 .0561
2pt .0024 .0256 .0280 .0032 .0472 .0504

2 Length .0159 .0064 .0223 .0258 .0109 .0367
W .0184 .0080 .0264 .0302 .0145 .0447
2pt .0186 .0084 .0270 .0307 .0152 .0459

3 Length .0131 .0091 .0222 .0203 .0163 .0366
W .0153 .0110 .0263 .0246 .0205 .0451
2pt .0154 .0114 .0268 .0248 .0212 .0460

ASF = Alpha Spending Function.
Note: The trio setting is a special case with r = 1 and s = 0.
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Table 3.5: Simulated Type I errors for two-stage family-based association studies:
allele frequency p = 0.3.

One-sided Two-sided
Family ASF Method α1 α2 α α1 α2 α
r=1, s=0 1 Length .0012 .0237 .0249 .0023 .0463 .0486

W .0014 .0272 .0286 .0026 .0525 .0551
2pt .0015 .0241 .0256 .0027 .0473 .0500

2 Length .0135 .0072 .0207 .0265 .0131 .0396
W .0153 .0088 .0241 .0291 .0159 .0450
2pt .0153 .0091 .0244 .0291 .0164 .0455

3 Length .0105 .0104 .0209 .0213 .0191 .0404
W .0123 .0121 .0244 .0238 .0226 .0464
2pt .0123 .0121 .0244 .0238 .0226 .0464

r=1, s=1 1 Length .0009 .0237 .0246 .0015 .0441 .0456
W .0011 .0272 .0283 .0019 .0508 .0527
2pt .0011 .0242 .0253 .0019 .0450 .0469

2 Length .0155 .0064 .0219 .0261 .0123 .0384
W .0170 .0076 .0246 .0285 .0148 .0433
2pt .0170 .0079 .0249 .0285 .0153 .0438

3 Length .0120 .0093 .0213 .0204 .0176 .0380
W .0134 .0110 .0244 .0225 .0205 .0430
2pt .0136 .0111 .0247 .0227 .0207 .0434

r=2, s=0 1 Length .0012 .0203 .0215 .0024 .0420 .0444
W .0015 .0245 .0260 .0029 .0493 .0522
2pt .0015 .0210 .0225 .0029 .0429 .0458

2 Length .0131 .0053 .0184 .0271 .0108 .0379
W .0148 .0060 .0208 .0309 .0132 .0441
2pt .0148 .0062 .0210 .0310 .0134 .0444

3 Length .0100 .0082 .0182 .0204 .0169 .0373
W .0110 .0094 .0204 .0225 .0200 .0425
2pt .0110 .0094 .0204 .0226 .0199 .0425

r=2, s=1 1 Length .0016 .0193 .0209 .0029 .0405 .0434
W .0018 .0223 .0241 .0034 .0457 .0491
2pt .0019 .0200 .0219 .0035 .0416 .0451

2 Length .0151 .0053 .0204 .0278 .0126 .0404
W .0158 .0070 .0228 .0304 .0153 .0457
2pt .0158 .0070 .0228 .0304 .0154 .0458

3 Length .0118 .0080 .0198 .0218 .0179 .0397
W .0132 .0093 .0225 .0241 .0201 .0442
2pt .0132 .0093 .0225 .0241 .0201 .0442

ASF = Alpha Spending Function.
Note: The trio setting is a special case with r = 1 and s = 0.
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Table 3.6: Simulated Type I errors for two-stage family-based association studies:
allele frequency p = 0.5.

One-sided Two-sided
Family ASF Method α1 α2 α α1 α2 α
r=1, s=0 1 Length .0009 .0256 .0265 .0022 .0467 .0489

W .0011 .0284 .0295 .0025 .0525 .0550
2pt .0011 .0259 .0270 .0025 .0471 .0496

2 Length .0145 .0063 .0208 .0272 .0121 .0393
W .0158 .0081 .0239 .0300 .0148 .0448
2pt .0158 .0084 .0242 .0300 .0153 .0453

3 Length .0115 .0102 .0217 .0219 .0189 .0408
W .0125 .0122 .0247 .0238 .0223 .0461
2pt .0125 .0122 .0247 .0240 .0222 .0462

r=1, s=1 1 Length .0008 .0239 .0247 .0029 .0464 .0493
W .0010 .0263 .0273 .0031 .0519 .0550
2pt .0010 .0242 .0252 .0031 .0470 .0501

2 Length .0129 .0083 .0212 .0273 .0147 .0420
W .0141 .0096 .0237 .0297 .0168 .0465
2pt .0141 .0098 .0239 .0297 .0173 .0470

3 Length .0097 .0116 .0213 .0210 .0205 .0415
W .0103 .0140 .0243 .0227 .0248 .0475
2pt .0105 .0140 .0245 .0230 .0247 .0477

r=2, s=0 1 Length .0010 .0211 .0221 .0026 .0478 .0504
W .0011 .0236 .0247 .0028 .0530 .0558
2pt .0011 .0215 .0226 .0028 .0483 .0511

2 Length .0144 .0057 .0201 .0294 .0124 .0418
W .0159 .0064 .0223 .0321 .0139 .0460
2pt .0159 .0069 .0228 .0321 .0150 .0471

3 Length .0108 .0094 .0202 .0226 .0192 .0418
W .0117 .0101 .0218 .0245 .0210 .0455
2pt .0119 .0100 .0219 .0248 .0209 .0457

r=2, s=1 1 Length .0008 .0211 .0219 .0020 .0462 .0482
W .0011 .0242 .0253 .0024 .0524 .0548
2pt .0012 .0211 .0223 .0025 .0464 .0489

2 Length .0136 .0056 .0192 .0283 .0109 .0392
W .0147 .0071 .0218 .0307 .0137 .0444
2pt .0152 .0070 .0222 .0315 .0140 .0455

3 Length .0110 .0085 .0195 .0229 .0175 .0404
W .0118 .0096 .0214 .0245 .0204 .0449
2pt .0118 .0096 .0214 .0246 .0203 .0449

ASF = Alpha Spending Function.
Note: The trio setting is a special case with r = 1 and s = 0.
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Table 3.7: Simulated Type I errors with ranges for two-stage group sequential family-
based association studies: allele frequency p = 0.3.

One-sided Two-sided

ASF Method α1 α2 α (5th, 95th) α1 α2 α (5th, 95th)
r=1, s=0

1 Length .00142 .02294 .02436 (.02235, .02710) .00242 .04383 .04625 (.04325, .04910)
W .00166 .02627 .02793 (.02545, .03095) .00285 .05026 .05310 (.04970, .05680)
2pt .00168 .02366 .02534 (.02320, .02810) .00288 .04523 .04811 (.04520, .05125)

2 Length .01466 .00597 .02063 (.01825, .02330) .02687 .01133 .03819 (.03515, .04195)
W .01620 .00713 .02332 (.02095, .02620) .02976 .01362 .04338 (.04025, .04745)
2pt .01625 .00748 .02374 (.02140, .02660) .02988 .01431 .04419 (.04075, .04825)

3 Length .01191 .00889 .02080 (.01855, .02355) .02161 .01692 .03853 (.03530, .04225)
W .01313 .01057 .02369 (.02125, .02675) .02392 .02004 .04396 (.04065, .04780)
2pt .01318 .01056 .02374 (.02130, .02675) .02401 .02002 .04403 (.04070, .04795)

r=2, s=1

1 Length .00160 .02336 .02495 (.02290, .02700) .00261 .04505 .04766 (.04440, .05025)
W .00187 .02653 .02840 (.02650, .03065) .00306 .05145 .05451 (.05090, .05720)
2pt .00189 .02392 .02580 (.02375, .02790) .00308 .04624 .04932 (.04575, .05190)

2 Length .01533 .00628 .02161 (.01930, .02365) .02840 .01198 .04039 (.03705, .04390)
W .01675 .00748 .02422 (.02210, .02650) .03124 .01434 .04558 (.04255, .04930)
2pt .01596 .00725 .02321 (.02015, .02570) .02992 .01408 .04399 (.04125, .04740)

3 Length .01163 .00850 .02012 (.01735, .02245) .02173 .01644 .03817 (.03585, .04080)
W .01283 .01006 .02289 (.01960, .02525) .02395 .01954 .04349 (.04075, .04645)
2pt .01305 .01057 .02363 (.02125, .02625) .02479 .02035 .04514 (.04160, .04855)

ASF = Alpha Spending Function.
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Table 3.8: Simulated Type I errors with ranges for two-stage group sequential family-
based association studies: allele frequency p = 0.1 in the trio setting (r = 1, s = 0).

One-sided Two-sided

ASF Method α1 α2 α (5th, 95th) α1 α2 α (5th, 95th)

1 Length .00185 .02455 .02640 (.02410, .02965) .00245 .04082 .04327 (.04025, .04685)
W .00237 .02957 .03195 (.02905, .03600) .00316 .05019 .05335 (.04910, .05710)
2pt .00241 .02657 .02897 (.02645, .03280) .00321 .04486 .04807 (.04495, .05155)

2 Length .01713 .00681 .02394 (.02175, .02625) .02474 .01062 .03536 (.03240, .03855)
W .01897 .00878 .02775 (.02540, .03050) .02812 .01411 .04223 (.03905, .04540)
2pt .01969 .00928 .02896 (.02660, .03190) .02888 .01489 .04377 (.04075, .04740)

3 Length .01347 .00997 .02343 (.02130, .02590) .01944 .01596 .03540 (.03270, .03845)
W .01606 .01247 .02854 (.02645, .03140) .02314 .02042 .04355 (.04005, .04675)
2pt .01626 .01253 .02879 (.02650, .03160) .02345 .02052 .04398 (.04065, .04705)

ASF = Alpha Spending Function.

Table 3.9: Simulated Type I errors with ranges for two-stage group sequential family-
based association studies: allele frequency p = 0.5 in the trio setting (r = 1, s = 0).

One-sided Two-sided

ASF Method α1 α2 α (5th, 95th) α1 α2 α (5th, 95th)

1 Length .00119 .02271 .02390 (.02155, .02650) .00248 .04509 .04757 (.04460, .05135)
W .00139 .02563 .02702 (.02460, .02965) .0029 .05088 .05378 (.05045, .05785)
2pt .00139 .02285 .02424 (.02210, .02670) .0029 .04535 .04825 (.04515, .05205)

2 Length .01394 .00587 .01981 (.01765, .02195) .02782 .01191 .03974 (.03610, .04240)
W .01523 .007 .02224 (.02000, .02440) .03055 .01386 .04440 (.04115, .04775)
2pt .01523 .00736 .02259 (.02015, .02470) .03055 .01459 .04513 (.04175, .04850)

3 Length .01118 .00887 .02005 (.01790, .02235) .02241 .01761 .04001 (.03665, .04375)
W .01219 .01024 .02243 (.01985, .02495) .0245 .02029 .04479 (.04100, .04885)
2pt .01225 .01023 .02248 (.01985, .02500) .02464 .02025 .04489 (.04110, .04885)

ASF = Alpha Spending Function.
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Table 3.10: Simulated Type I errors for two-Stage family-based association studies at
desired overall alpha level of .0001 using O’Brien-Fleming spending function (ASF=1):
allele frequency p = 0.3 in the trio setting (r = 1, s = 0).

No. of replicates=1,000,000, Total Sample Size=200 (n1 = n2 = 100)

Method Critical Value One-sided Test Two-sided Test
c1 c2 α∗1 α2 α α∗1 α2 α

Length 5.86528 4.21094 0 .000046 .000046 0 .000065 .000065
W 5.79399 4.12424 0 .000076 .000076 0 .000104 .000104
2pt 5.79226 4.12663 0 .000076 .000076 0 .000104 .000104

*No rejection was observed in the simulations at stage 1.
ASF=Alpha Spending Function
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Figure 3.2: Power Comparisons for different sets of critical values in a two-stage
family-based study

c1=2.4500, c2=2.4500, alpha=.052
c1=2.4757, c2=2.4546, alpha=.050
c1=2.5000, c2=2.5000, alpha=.045
c1=2.5408, c2=2.5019, alpha=.043
c1=2.5466, c2=2.5069, alpha=.042
c1=2.6060, c2=2.5938, alpha=.034
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Chapter 4

Two-Stage Designs for Linkage
Studies

4.1 Introduction

One of the shortcomings of the tools proposed in Chapter 3 for obtaining critical

values in a two-stage group sequential study is that they are based on right-tailed

one-sided tests. Because the distribution of MAX can be skewed, the precision in a

two-sided test may be compromised. In contrast, for linkage studies, since one-sided

tests are suggested as an appropriate means of statistically testing the hypothesis

that the recombination fraction is significantly less than 1/2, it is suitable to apply

the approximation methods described in Chapter 3.

In this chapter, we focus on linkage studies that consist of data on affected relative

pairs. These designs have been shown to be efficient and powerful in detecting linkage

between the disease and suspected genetic marker. We also focus on the statistical

tests based on allele shared identical-by-descent (IBD) on a single locus among relative

pairs. These tests do not require knowledge of the genetic inheritance model, i.e.,

dominant, recessive, additive or multiplicative. The basic idea of ASP linkage analysis

is to test whether the inheritance pattern of a marker deviates from Mendelian control

distribution of the number of marker alleles shared IBD. The common statistical test
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for linkage is a one-degree-of-freedom score based test on the weighted sum of the

estimated proportion of allele shared IBD among the sibling pairs. There are two

tests that have been quoted in the literature: the proportions test and the means

test. The proportions test tests a single proportion of the IBD sharing, i.e. IBD=2,

whereas the means test combines the IBD sharing of one and two alleles. Although

the tests are not dependent on genetic models, there is not an optimal test for all

underlying specifications of the parameters including genetic models. A “maxmin”

test was introduced by Whittemore and Tu [1998] to minimize the power loss with an

optimal weight. This test is equivalent to MERT in the ASP setting,which average the

means and the proportions test statistics taking into account their null correlations.

With the similar idea described earlier in Chapter 3, we introduce the MAX

test, which is the maximum across the three test statistics (means test, proportions

test, and MERT) and investigate its application and characteristics under a group

sequential design. Therefore, this chapter extends the methods described in the earlier

chapter for obtaining critical values for a group sequential design to linkage studies,

where affected relative pairs are used. In addition to confirming the appropriateness

of the application of the methods that preserve the type I errors for linkage analysis,

we compare the statistical power among different models using different test statistics.

4.2 Tests in linkage studies of affected relative pairs

and their correlations

When affected relative pairs are ascertained in the study, the observed numbers of

pairs n0, n1, and n2, respectively, sharing 0, 1 and 2 alleles on the suspected locus are

distributed as trinomial distributionMul(N ; p0, p1, p2), whereN = n0+n1+n2. Under

the null hypothesis of no linkage, (p0, p1, p2) have the value (a0, a1, a2), a0+a1+a2 = 1.

(a0, a1, a2) are constants under the Mendalian laws of inheritance according to the

relationship of the relative pairs (see Table 4.1) when there is no linkage. For example,
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Table 4.1: Probabilities that a pair of relative share 0, 1, 2 alleles IBD at an autosomal
(non-sex chromosome) locus.

Probability of sharing IBD alleles

Type of Relative Pairs 0 (a0) 1 (a1v) 2 (a2)

Monozygotic twins 0 0 1
Full sibs 1/4 1/2 1/4
Parent-offspring 0 1 0
First cousin 3/4 1/4 0
Double first cousin 13/16 1/8 1/16
Grandparent-grandchild 1/2 1/2 0
Half sibs 1/2 1/2 0
Avuncular (aunt/uncle-niece/nephew) 1/2 1/2 0

(a0, a1, a2) are (1/4, 1/2, 1/4) for the full sib pairs.

When there is an indication of linkage, the observed values of p1 and p2 are

expected to be larger than a1 and a2. Therefore, the alternative hypothesis is one-

sided, i.e., p1 > a1 or p2 > a2. The proportions test uses the proportions of two

alleles IBD as the statistic and tests the null H0: p2 = a2 versus the alternative H1:

p2 > a2. Likewise, the means test combines information from p1 and p2 and tests the

null H0: p2 + 1
2
p1 = a2 + 1

2
a1 against the alternative H1: p2 + 1

2
p1 > a2 + 1

2
a1. The

test statistics from both the proportions test and the means test, which are in forms

of linear combinations of proportions, can be viewed to have asymptotically normal

distribution and can be tested using standardized Z test statistic. The means and

the proportions tests are equivalent for majority types of relative pairs where there

are either 0% or 100% probability of sharing 2 alleles IBD. These statistical tests are

different for ASP studies, the most popular linkage study design. In most scenarios,

the means test has been preferred as it’s shown to be locally optimal (Blackwelder

and Elston [1985], Knapp et al. [1994], Li and Gastwirth [2003]) when comparing to

the proportions test. However, this is not always true. The linear combination form
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of the tests can be reparametized based on the constraints in the trinomial setting

following:

(p0, p1, p2) = λ(0, a, 1− a) + (1− λ)(a0, a1, a2); 0 ≤ λ ≤ 1. (4.1)

Under the null hypothesis, H0: λ = 0, the choice of a can be anywhere from 0 and

0.5 for practical reason, and λ is between 0 and 1. The test statistic is score based

and the general form is derived in the following:

The individual proportions are p0 = a0(1 − λ), p1 = λa + a1(1 − λ), and p2 =

λ(1 − a) + a2(1 − λ). Then the likelihood function is L ∝ pn0
0 p

n1
1 p

n2
2 and the log

likelihood is:

l(λ) ∝ n0log(1− λ) + n1log[(λa+ a1(1− λ)] + n2log[λ(1− a) + a2(1− λ)].

Taking the first and second derivatives and set λ=0 (null),

l′(λ) =
n0

1− λ
(−1) +

n1

λa+ a1(1− λ)
(a− a1) +

n2

λ(1− a) + a2(1− λ)
(1− a− a2)

l′(0) = −n0 + n1
a

a1

− n1 + n2
1− a
a2

− n2

l′′(λ) =
n0

(1− λ)2
(−1) +

n1(−1)

(λa+ a1(1− λ))2
(a− a1)2 +

n2(−1)

(λ(1− a) + a2(1− λ))2
(1− a− a2)2

l′′(0) = (−1)[n0 + n1(
a

a1

− 1)2 + n2(
1− a
a2

− 1)2]

Since E(n0) = a0n, E(n1) = a1n, and E(n2) = a2n, then

E[−l′′(0)] = n[a0 + a1(
a

a1

− 1)2 + a2(
1− a
a2

− 1))]

Let p̂0 = n0/n, p̂1 = n1/n, and p̂2 = n2/n, then the efficient score statistic is then

T (a) =
l′(0)√

E[−l′′(0)]
=

√
n[−p̂0 + ( a

a1
− 1)p̂1 + (1−a

a2
− 1)p̂2]√

a0 + a1( a
a1
− 1)2 + a2(1−a

a2
− 1)2

(4.2)
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For ASP studies where (a0, a1, a2) = (1
4
, 1

2
, 1

4
), the test statistic is:

TASP (a) =

√
n[4(a− 1)p̂0 + (6a− 4)p̂1 + (3− 4a)]√

6a2 − 8a+ 3
(4.3)

When a = 0, the test is equivalent to the proportions test; when a = 0.5, it is

equivalent to the means test. Whittemore and Tu [1998] demonstrated that in the

ASP setting, there is a minimax test, when a is set at 0.355. This statistic, for the

test of ASPs, is equivalent to the maximum efficient robust test (MERT) proposed

in Gastwirth [1966]. Denote T1 for the proportions test, T2 for the means test, and

T3 for the MERT test between T1 and T2. The test statistics of these three tests in

general forms and then their specific forms for ASP studies are written as below:

T1 = T (a = 0) =

√
n(p̂2 − a2)√
a2(1− a2)

=

√
n(4p̂2 − 1)√

3

T2 = T (a = .5) =

√
n( 1

2a1
p̂1 + 1

2a2
p̂2 − 1)√

1
4a1

+ 1
4a2
− 1

=

√
n(−2p̂0 − p̂1 + 1)√

1/2

T3 = T (a = .355) =
T1 + T2√
2(1 + ρ)

where ρ is the correlation between T1 and T2 under the null hypothesis, i.e., ρ =

1/2−a2√
a2(1−a2)( 1

4a1
+ 1

4a2
−1)

. For ASP studies, ρ =
√

2/3 ≈ 0.816. The correlation between

T1 and T3 and that between T2 and T3 are the same, i.e., corr(T1, T3) = corr(T2, T3) =√
1+ρ

2
≈ 0.953. Note that the null correlations are fixed constants for linkage studies

with the specified type of relative pairs.

The parameters for a group sequential design for a linkage study follow the tradi-

tional ones, similar to those described in Chapter 3. Let’s denote τj the information

fraction that is obtained at jth stage, j = 1...k and k is the total number of looks

planned in the study. This fraction is typically determined by the sample size ratio,

nj/nk, where nj is the sample size at Stage j and nk = N is the total sample size.

Let T1j, T2j, and T3j be the statistics for the means, the proportions and the MERT

at stage j, respectively. The correlation between the two statistics at Stage i and
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Stage j is a fraction multiplier (
√
τi/τj) of their correlation described above, i.e.,

corr(Txi, Tyj) =
√
τi/τj · corr(Tx, Ty), where x = 1, 2, 3, y = 1, 2, 3.

The maximum of the means and the proportions test (MAX2) was initially stud-

ied by Schaid and Nick [1990]. Gastwirth and Freidlin [2000] compared the power

properties of MAX2 and MERT. They found that both statistics provide similar pro-

tection against loss of power relative to the optimal test when the model is uncertain.

However, MAX2 showed to be more optimal for extreme models. Moving one step

further and without any loss, we propose a MAX type of statistic of the means, the

proportions and the MERT statistic. i.e., MAX = max(T1, T2, T3). In the following

sections, we conduct simulations in with restricted attention to the ASP study set-

ting. Simulated type I errors under the null hypothesis and powers under various

alternatives are presented and compared among the statistics. As stated earlier, the

test is one-sided and the desired overall type I error is set at .025.

4.3 Simulation studies

Simulations were carried out for two-stage linkage studies where trinomially dis-

tributed data were generated in terms of numbers of affected sibling pairs sharing 0,1,

and 2 alleles IBD. The interim look at the first stage data was performed at half of the

projected sample size. The parameters of the distribution are based on the λ’s and a’s

described in (4.1). The null hypothesis is H0 : λ = 0 ⇔ (p0, p1, p2) = (1
4
, 1

2
, 1

4
). Two

hundred (200) pairs of affected siblings were generated in each sample and 100,000

replicates of the sample were used in estimating the Types I errors under the null and

powers under various alternatives. Since the tests are one-sided, the overall desired

type I error is set at .025.

4.3.1 Type I error

Table 4.2 presents the derived critical values according to the spending functions

when using the MAX test statistics in a linkage study of ASPs. Similar to the alpha
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spending functions described in Table 3.3: the first two spending functions are the

O’Brien-Fleming (ASF=1) and the Pocock (ASF=2) types of spending functions.

The latter three represent spending functions from a power family in the form of

ατΦ (ASF=3, 4, and 5 in order), where α is the desired type I error level, τ is

the information fraction, and Φ is the power exponent. Simulated type I errors are

presented in the last three columns when simulated data were generated following

the null distribution. The overall simulated type I errors ranged between .0225 and

.0327, a reasonable range for the targeted .025 level. These findings demonstrated

acceptable control of the desired type I error level rate. The different approximation

methods, the two-point (2pt), Length and W, appeared to be mildly sensitive to the

choice of spending function. As expected, the two-point method provided the most

accurate estimates. The Length and the W methods are on the conservative and

aggressive sides of the two-point method, respectively. The results from these two

methods are also reasonable and can be appealing because of their straightforward

formula.

As comparisons, in the bottom of table, we also present the simulated type I errors

using (in order): the O’Brien-Fleming method, the Lan-DeMets methods simulating

O’Brien-Fleming spending, the Pocock method for single asymptotically normally

distributed statistics in a two-stage even information group sequential design, and

lastly the unadjusted standard normal test. As expected, when the MAX statistics

are used, these methods are no longer applicable and largely inflate the type I error

by 50% to 150%.

4.3.2 Power

We further investigated the powers of MAX and individual statistics in the group

sequential design setting. Without losing generality, we used the O’Brien-Fleming

type of spending function. For the MAX statistic, we used the critical values from

the more accurate two-point calculation method. For single statistics (the means, pro-
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portions and MERT), the Lan-DeMets software (Lan and DeMets [1983], download

can be found on the web site: http://www.biostat.wisc.edu/landemets) that approxi-

mates the O’Brien-Fleming spending are used for obtaining the critical values. Table

4.3 demonstrated that these critical values are appropriate in controlling type I error.

In Table 4.4, the powers are presented for various alternatives. The results verified

that the proportions test T (a = 0) and the means test T (a = 0.5) for the locally most

powerful the alternative proportion follows the same pattern. The MAX statistics

showed to have similar robustness against power loss to the MERT statistic and a

tendency of slightly better protection when the alternative departs further from the

null.

4.4 Summary

Choosing from the wide spectrum of linkage studies, this chapter focused on the

most common linkage study, the study of ASPs and applied the most common non-

parametric test that is based on IBD and used for diseases that do not follow a clear

Mendelian pattern of inheritance. The simulation results confirmed the feasibility

of conducting a group sequential study while applying a maximum type of statistics.

The results showed that type I errors are preserved under the calculated critical values

and that the power loss can be prevented using the MAX statistic. Although these

findings are restricted to a small example of the linkage study family, the extension

to other studies and different statistics is promising and can be further verified by

more examples.
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Table 4.2: Critical values for one-side MAX test in linkage studies and simulation
results

Simulated α Level

ASF Method c1 c2 α1 α2 Overall

1. O’Brien Fleming 2pt 3.14012 2.17220 .0017 .0232 .0249
Length 3.14542 2.12182 .0017 .0286 .0303
W 3.14017 2.09015 .0017 .0310 .0327

2. Pocock 2pt 2.34855 2.45966 .0158 .0077 .0235
Length 2.35191 2.51236 .0158 .0067 .0225
W 2.34858 2.47566 .0158 .0077 .0235

3. Power Φ=1 2pt 2.43140 2.37106 .0133 .0114 .0247
Length 2.43496 2.40052 .0133 .0103 .0236
W 2.43143 2.36522 .0133 .0114 .0247

4. Power Φ=1.5 2pt 2.55993 2.28821 .0084 .0149 .0233
Length 2.56379 2.29101 .0084 .0149 .0233
W 2.55996 2.25712 .0084 .0181 .0265

5. Power Φ=2 2pt 2.68311 2.24085 .0076 .0183 .0260
Length 2.68727 2.22521 .0067 .0186 .0253
W 2.68315 2.19217 .0076 .0206 .0282

O’Brien-Fleming (1979) 2.8029 1.9817 .0047 .0336 .0382
Lan-DeMets Method (OF) 2.9626 1.9686 .0035 .0350 .0386
Pocock (1977) 2.1780 2.1780 .0245 .0160 .0405
Standard Normal 1.9600 1.9600 .0413 .0226 .0639
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Table 4.3: Critical values used in the power study reflexing O’Brien-Fleming bound

Simulation Results

MAX T0 T0.5 T0.355

C1 3.1401 2.8029 2.8029 2.8029
C2 2.1722 1.9817 1.9817 1.9817
α1 .0017 .0027 .0026 .0031
α2 .0232 .0023 .0205 .0235

Cumulative .0249 .0261 .0231 .0266

Table 4.4: Powers of different statistics while type I error is maintained under the
null

T0 T.5 T.355

Parameters MAX (Means) (Proportions) (MERT)
λ = .1 a = 0 .6268 .5252 .6469 .6313

a = .2 .4092 .3723 .4080 .4263
a = .3 .3106 .2997 .2952 .3265
a = .5 .1537 .1747 .1203 .1596

λ = .2 a = 0 .9933 .9729 .9947 .9923
a = .2 .9219 .8865 .9211 .9284
a = .3 .8171 .7447 .7542 .7832
a = .5 .4757 .5248 .3493 .4709
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Chapter 5

Optimal Two-Stage Sequential
Design for Case-Control Genetic
Association Studies

5.1 Introduction

It has been shown in the previous two chapters that group sequential designs using

MAX are feasible and practical for genetic studies with the family-association design

and the linkage design. The methods for obtaining the critical values can be extended

to population-based association studies as long as the null correlations among the test

statistics are provided. Since the methods were based on controlling upper bound of

the type I error, they guarantee preservation of type I error in all situations. However,

the other important aspect of a study in a statistical sense concerns the assessment

of sample size and demonstration of statistical power, which have not been explored.

Therefore, in this chapter, we assess the operating characteristics of the MAX statistic

used in a two-stage group sequential design in population-based case-control studies.
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5.2 Background

As described earlier in Chapter 3, for a diallelic marker with alleles a and A,

three genotypes are denoted by aa, aA and AA. The Cochran-Armitage trend tests

(CATTs) are often used to detect association between the diallelic marker and the

disease. The robust statistic MAX, which takes the maximum of the three CATTs

corresponding to the recessive, additive and dominant models, is desired.

Due to their relative simplicity along with the need of improving efficiency, two-

stage optimal sequential designs have been studied in many research areas. Simon

[1989] proposed a two-stage optimal design that minimized the expected sample size

for a clinical trial which determined if the treatment had sufficient biological activity

to warrant more extensive development. Shu et al. [2007] studied the optimal designs

for sequential evaluation of a medical diagnostic test. Although two-stage designs have

been studied in case-control genetic studies, they are not typical two-stage sequential

studies. For example, Satagopan and Elston [2003] proposed an optimized two-stage

design for case-control studies by genotyping all markers (hypotheses) in a portion

of samples at the first stage, and then the most promising markers were selected and

genotyped using the remaining samples at the second stage. Their approach has been

extended further in different situations with different optimality criteria [Satagopan

and Elston 2003, Satagopan et al. 2004, Muller et al. 2007]. Either an allelic test or

a single CATT was used in these studies. For discussion on multi-stage designs for

genetic case-control studies, see Elston et al. [2008]. We consider a typical sequential

design for a single marker using the robust statistic MAX, and study how to allocate

samples (or information) to achieve minimum average sample size or maximum power.

In the following sections, we investigate the operating characteristics of the two-

stage sequential design under a variety of parameters. For example, we take into

account not only the design specific parameters, such as the allocation fraction of

samples for the first stage, an alpha spending function and alternative differences, but
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Table 5.1: Population-based case-control study design.

aa Aa AA Total
Cases r0 r1 r2 r
Controls s0 s1 s2 s

Total n0 n1 n2 n

also genetic-related parameters including the allele frequency and underlying genetic

model. We present the power and the expected sample size under each scenario and

make recommendations for the optimal two-stage sequential design for case-control

studies. Finally, we apply the design using parameter estimates from several published

SNP studies and confirm the savings of sample sizes compared to the original designs.

5.3 Methods

5.3.1 Cochran-Armitage trend tests and MAX

Table 5.1 displays genotype counts for a single marker in cases and controls.

Without loss of generality, we assume A is the risk allele and also a minor allele with

frequency (MAF) < 0.5. The CATTs for association in Table 5.1 are given by Sasieni

[1997]:

Zθ =
n

1
2

∑2
i=0 xi(sri − rsi){

rs[n
∑2

i=0 x
2
ini − (

∑2
i=0 xini)

2]
}1/2

,

where x = (x0, x1, x2) = (0, θ, 1) is the set of scores for the genotypes (aa, Aa, AA). Zθ

is asymptotically normally distributed under the null. The optimal sets of scores for

the recessive, additive (multiplicative), and dominant models are x = (0, 1, 1), (0, 1
2
, 1)

and (0, 0, 1), respectively. For a given θ, the CATT in (6.4) follows asymptotically

N(0, 1) under H0.
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Let pi and qi be the genotype frequencies in the cases and controls, respectively.

Then (r0, r1, r2) ∼ mboxMultinomial(r; p0, p1, p2) and (s0, s1, s2) ∼ Multinomial(s; q0, q1, q2).

The null hypothesis is H0 : pi = qi, i = 0, 1, 2. Denote genotype relative risks (GRRs)

as γi = fi/f0 for cases and δi = (1−fi)/(1−f0) for controls, i = 1, 2, where the pene-

trance fi is the probability of disease given the genotype with i copies of the risk allele.

Then pi = figi/K = γigi/
∑
γigi, and qi = (1 − fi)gi/(1 −K) = δigi/

∑
δigi, where

gi, i = 0, 1, 2, are the genotype frequencies for the three genotypes G0 = aa, G1 = aA

and G2 = AA, and K is the disease prevalence. The relationship between γ1 and γ2

under the dominant, additive and recessive models follows γ1 = γ2, γ1 = (1 + γ2)/2,

and γ1 = 1, respectively.

The MAX statistic is given by MAX = max(|Z0|, |Z1/2|, |Z1|) or MAX = max(Z0, Z1/2, Z1),

depending on whether the risk allele is unknown or is the minor allele. Nevertheless,

when the risk allele is unknown, the one-sided MAX can still be used at the α/2

level with each allele being treated as the risk allele. The asymptotic null correlations

among the three CATTs are used in applying sequential analysis using MAX. These

correlations were given in Freidlin et al. [2002]:

CorrH0(Z1, Z1/2) =
p2(p1 + 2p0)

{p2(1− p2)}1/2 {(p1 + 2p2)p0 + (p1 + 2p0)p2}1/2
,

CorrH0(Z1/2, Z0) =
p0(p1 + 2p2)

{(p0(1− p0)}1/2 {(p1 + 2p2)p0 + (p1 + 2p0)p2)}1/2
,

CorrH0(Z1, Z0) =
p0p2

{p0(1− p0)}1/2 {p2(1− p2)}1/2
.

5.3.2 Applying MAX to sequential design

Critical values for a group sequential design are determined by the distribution

of the test statistic and a prespecified alpha spending function. As discussed earlier,

conventional alpha spending methods, such as the Pocock method [Pocock 1977] and

the O’Brien-Fleming method [O’Brien and Fleming 1979], can be readily applied to

obtain the critical values for a single test statistic with a known form of distribution.
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However, the test statistic MAX does not have an explicit form of distribution. we

demonstrated earlier that the two-point formula (3.5) is simple to use and control

type I errors reasonably well. We consider MAX = max(Z0, Z1/2, Z1) with a target

α/2 level. The two-point formula can be written as:

P (MAX > c) ≤ Φ̄(c) +
∑

j=1/2,1

{∫ c

−∞
Φ̄

[
c− ρjt

(1− ρ2
j)

1/2

]
φ(t)dt

}
,

where ρj is the asymptotic null correlation between Zj and Zj−1/2, φ and Φ are the

density and distribution functions of N(0, 1), respectively, and Φ̄ = 1− Φ.

Consider a two-stage sequential design with overall level α. Assume the sample

size in stage i is Ni with levels αi, i = 1, 2, and α1 + α2 = α. The sample allocation

is denoted by π = N1/N2 (the samples in stage 2 include all samples in stage 1).

Given α and π, the levels α1 and α2 are determined by a prespecified alpha spending

function (ASP). Three commonly used ASFs are considered here (also see Chapters

3 and 4): i) ASP1(t) = 2{1 − Φ(zα/2t
−1/2)}, ii) ASP2(t) = α log{1 + (e − 1)t}, and

iii) ASP3(t) = αt, where t = π is the information fraction. The first and second

functions are equivalent to the discretized O’Brien and Fleming and Pocock types of

spending functions, respectively. The third function is an uniform spending function

of information. The corresponding critical values c1 and c2 for the two stages using

MAX can be inversely computed using the Newton-Raphson method.

5.3.3 Optimal two-stage design for case-control genetic asso-
ciation studies

In a two-stage sequential design, there is a trade-off between minimizing the

sample size and maximizing the statistical power. Both are important when designing

a group sequential study. Decisions are often made to balance the trade-off between

the two factors. Suppose one interim analysis is conducted at Stage 1 and one final

analysis is done at Stage 2. Define the stopping rule as that the study stops if MAX

is statistically significant at Stage 1. Denote the allocation fraction π = N1/N2 as
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before, where N1 and N2 are the cumulative sample sizes at the two stages. The

expected (average) sample size (ASN) for the two-stage sequential design can be

calculated as:

ASN = N1 P(Study stops at Stage 1) + N2 P(Study continues), under H1or H0.

Accordingly, the type I error and power can be respectively written as:

α = P (MAX1 > c1|H0) + P (MAX1 ≤ c1 and MAX2 > c2|H0),

Power = P (MAX1 > c1|H1) + P (MAX1 ≤ c1 and MAX2 > c2|H1),

where MAX1 and MAX2 are the test statistics, and c1 and c2 are the critical values.

The goals of our optimal designs are to minimize the ASN or to achieve the max-

imum power while the type I error is controlled, and find the ranges of parameter

values to achieve the minimum ASN or maximum power. Note that a parameter

considered in the design is a function of other parameters in the design. Using the

notation in Section 2.1, given values of the disease prevalence K and the MAF (and

hence the genotype frequency gi, i = 0, 1, 2 under HWE), the power of MAX for

a given sample size is a function of the GRRs and the underlying genetic model.

In a two-stage design, the ASN is determined by the power of detecting the dif-

ference at each stage, which is determined not only by the above parameters but

also the critical values, which are further determined by the alpha spending function

and the allocation fraction. Here we study the optimal designs such that either the

minimum ASN or the maximum power are achieved. First, we present the optimal

designs under a fixed target sample size and study the impact on ASN and power for

different combinations of the specified values of the allele frequency, genetic model

(dominant, additive, or recessive), the alternative genotype relative risks (γ1, γ2), and

the alpha spending function (ASF). Then, from a different perspective, we provide

recommended sample sizes for optimal designs under the specified values of those

parameters when the power is fixed. The results are also compared with those for a

single-stage design.
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5.4 Simulation studies and examples

In this section, we will first present results from simulation studies with various

assumptions of values for the parameters. Then we will further evaluate the findings

in the simulation studies by applying to real examples with more realistic values for

some of the parameters in the simulation.

The simulation studies were carried out based on the disease prevalence K =

0.1. Each simulation was replicated 10,000 times. The critical values for MAX were

obtained given the values of the allocation fraction π from 0.1 to 0.5 with an increment

of 0.05 and an ASF described earlier. When the target sample size is fixed, the

simulation was generated, and the ASN and power were calculated. When the power

is fixed, the simulation was repeated until the sample size that achieved the specified

power was found. The ASN and power were then calculated based on the simulated

data sets. For all simulations, Hardy-Weinberg Equilibrium was assumed and all tests

were two-sided at an overall alpha level of 0.05.

5.4.1 Fix the sample size

Given the target sample size of 1,000 cases and 1,000 controls for a single-stage

design, we simulated results to obtain the ASNs and the powers under the alternative

hypotheses for each of the three ASFs. The results are reported in Tables 5.2 through

5.4 for three different ASFs. In each table, results are presented under different MAFs

p=0.1, 0.3, or 0.5, a genetic model, dominant (DOM), additive (ADD), or recessive

(REC), and GRRs (γ1, γ2). The ASNs and powers and the corresponding allocation

fractions π are presented for two scenarios: 1) when the minimum ASN is achieved

(Columns 5 through 7); and 2) when the maximum power is achieved (Columns 8

through 10). The last column presents the power of a single-stage study with 1,000

cases and 1,000 controls.

While the optimal designs that achieve the minimum ASNs suggest the allocation
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fractions of between 0.3 and 0.5 for Stage 1 depending on the ASFs and powers,

the allocation fractions for the designs where the maximum powers are achieved are

lower, ranging from 0.1 to 0.3. The gain of the power is relatively small for having

extra samples, especially when the study power is high. For example, in Table 5.3,

under the additive model (γ1 = 1.25 and γ2 = 1.5) where p=0.3, the minimum ASN

is 722 subjects per group when the allocation fraction is 0.5 with the corresponding

power of 85%. The ASN rises to 958 subjects per group when the allocation fraction

is 0.1, the power is maximized and increased to 89%, only 4% more than the power

achieved earlier. The power for a single-stage study with a sample size of 1,000 per

group is 90%.

For a given ASF, higher MAF results in lower ASN and higher power. For example,

for ASF = ASF2, under the additive model (γ1 = 1.25 and γ2 = 1.5), the minimum

ASN when p=0.1 is 869 with a power of 50%, whereas the correponding minimum

ASNs and powers are 722 and 85% when p = 0.3, and 711 and 87% when p=0.5.

Among the three genetic models, when the GRR for genotype AA (γ2) is fixed,

the test has the highest power under the dominant model and has the lowest power

under the recessive model. Focusing on the same section of results where ASF =

ASF2, p = 0.3 and γ2 = 1.5 in Table 5.3, the minimum ASN is 547 with a power of

99% under the dominant model, whereas it is 722 with 85% power under the additive

model, and 783 with 75% power under the recessive model.

Finally, across different ASFs, the allocation fractions are consistently suggested to

be around 0.5 to achieve the minimum ASN when the alpha spending is conservative

at the first stage, e.g. ASF = ASF1 or the O’Brien-Fleming type. When the allowance

for type I error increases, the allocation fractions that achieve the minimum ASN go

slightly lower (ranging from 0.25 to 0.5). The Pocock type of ASF (ASF2) appears

to result in the smallest ASNs with the powers similar to those in the corresponding

setting for the other ASFs.
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5.4.2 Fix the statistical power

For two-stage sequential designs, when the power is given, say 80%, the required

sample size to achieve this given power under a certain alternative can be obtained

along with the allocation fraction. Under similar simulation procedures, we present in

Tables 5.5 through 5.7 the planned sample sizes (N) as well as the ASNs that achieve

the power 80% under different scenarios. Columns 5 through 8 show results when the

ASN is the minimum, whereas Columns 9 through 12 show the results when the ASN

is the maximum in comparison.

When the allocation ratio is set around half (π = 0.5), the probability of stopping

at Stage 1 is the highest and the ASN reaches the minimum. On the other hand,

when the allocation ratio is set low (between 0.1 and 0.15), the required sample size is

relatively smaller because while the probability of stopping at the first stage is small,

the chance of mistakenly stopping (type I error) is small as well. The ASNs, however,

are about 7% higher than those in the case where the allocation fraction is 0.5.

The results also confirm the conservativeness between the three ASFs. When the

O’Brien-Fleming type of spending (ASF = ASF1) is utilized, the required sample

sizes are the smallest but the ASNs are maintained to be close to the targeted sample

size because the probability of stopping at Stage 1 is smaller than in those using the

other ASFs.

In summary, for a two-stage sequential study, although the target sample size is

generally required to be larger than what it is for a single-stage study, the ASN from

a sequential study is smaller than that in a single study. Figure 5.2 also shows a

visual example of such benefit with ASF = ASF2. The patterns are similar for the

other ASFs (result are not shown) even though the extent of the benefit might vary.
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5.4.3 Examples

In this section, we apply the two-stage sequential design using MAX to four exist-

ing genome-wide association studies (GWAS): the age-related macular degeneration

(AMD) study [Klein et al. 2005], the prostate cancer study[Yeager et al. 2007], the

breast cancer study [Hunter et al. 2007], and the hypertension study [WTCCC 2007].

Based on the observed genotype distributions in cases and controls for a total of 17

SNPs in these studies (shown in Table 5.8) cited in Li et al. [2008b], we studied

the ASNs and powers if these studies had used a two-stage design. For GWAS, we

used a significance level of 0.0001, which was used by Sladek et al. [2007] for initial

single-marker scans. Based on results from the previous section, we fix the allocation

fraction at 0.5. The MAF is estimated using the genotype counts of each SNP. Ta-

ble 5.9 shows the ASNs and corresponding powers for each of the three ASFs from

using half of the study sample size (cases+controls) for the first stage and allowing

stopping if significance was found at the desired alpha level. As a comparison, the

corresponding power for a single-stage study is also presented. As expected, the sam-

ple saving is minimal when alpha spending is conservative for Stage 1 (ASF1). Using

more aggressive alpha spending, the saving advantages become more obvious. For

example, in the AMD study and when the Pocock type of alpha spending (ASF2)

was used, for both of the SNPs presented in the table, sample size saving would be

14% of that original planned with about 5% reduction in power. In another example,

using a uniform alpha spending function (ASF3), the results generally suggest that we

can save over 10% of the samples if the study has been conducted using a two-stage

design with about 5% sacrifice in power.

5.5 Discussion

In this chapter we studied the operating characteristics of a group sequential

case-control genetic study of the association between a single candidate marker and a
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disease using the robust statistic MAX. The results have shown advantages of having

a two-stage design on savings of the average sample size while maintaining the power

in a slightly reduced rate. Our results indicated that the typical allocation fraction

of half often balances the trade-off between the sample sizes and powers. The choice

of alpha spending function can impact the sample size. Overly conservative alpha

spending, such as the O’Brien-Fleming type of spending, helps little in sample size

saving in a two-stage design. On the other hand, when the underlying difference is

large, e.g., when the genotype relative risk for Genotype AA (γ2) is above 2.0, or a

slightly more spending during Stage 1 is allocated, the optimal design can be achieved

with the interim analysis being performed for fewer subset of the target samples, i.e.

allocation fraction being around 0.3 or so and results in a more than 50% reduction

in average sample size compared to a single stage study.

The idea of having a two-stage sequential design under strong alternatives that

allows stopping for significance in order to reduce average sample size can be extended

to the opposite direction of the stopping rule, i.e., the study stops for futility or no

association. Our simulation results also infer savings on sample size for such a design

although careful design of the allocation of type II error (β) needs to be considered.

Furthermore, the study can be designed to allow stopping for both significance and

non-significance, where the study may reach the highest efficiency. Our preliminary

results of the impact factors on sample sizes can be a starting point for further research

for optimal choices in the genetic study setting. Our software can also be used as a

practical tool in calculating critical values, sample size and power to design a two-

stage sequential study using case-control samples.

Note that the calculation of critical values for MAX is an approximation. Although

the approximation method has been proven through simulation to work well for a two-

stage study, it can be overly conservative if more stages are planned and therefore

affects the choice of required sample sizes. Further investigation may be needed to

compare different alpha spending functions in terms of their impact on the designs
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of the study given the distribution of MAX under different alternatives with different

values of the allele frequency and specification of the genetic model.
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Table 5.2: Optimal allocation fractions π to achieve the minimum ASN or the max-
imum power given the target sample size for a single-stage design (N = 1000 per
group): ASF = ASF1. The alternatives are specified by the GRRs (γ1, γ2) under
three genetic models with different MAFs p.

Power for
Min ASN is Achieved Max Power is achieved a single

p Model γ1 γ2 ASN Power π Power ASN π stage study
0.1 DOM 1.5 1.5 786 0.978 0.5 0.978 1000 0.15 0.975

2 2 468 1.000 0.4 1.000 468 0.4 1.000
ADD 1.25 1.5 964 0.598 0.5 0.608 1000 0.25 0.601

1.5 2 745 0.991 0.5 0.991 916 0.35 0.989
REC 1 1.5 998 0.146 0.5 0.156 1000 0.15 0.151

1 2 988 0.430 0.5 0.454 1000 0.15 0.451

0.3 DOM 1.5 1.5 678 0.997 0.5 0.998 723 0.45 0.997
2 2 426 1.000 0.4 1.000 426 0.4 1.000

ADD 1.25 1.5 878 0.895 0.5 0.911 973 0.35 0.902
1.5 2 561 1.000 0.5 1.000 561 0.5 1.000

REC 1 1.5 918 0.827 0.5 0.831 985 0.35 0.823
1 2 600 1.000 0.5 1.000 600 0.5 1.000

0.5 DOM 1.5 1.5 802 0.968 0.5 0.973 1000 0.2 0.972
2 2 528 1.000 0.45 1.000 528 0.45 1.000

ADD 1.25 1.5 863 0.919 0.5 0.919 968 0.35 0.915
1.5 2 573 1.000 0.5 1.000 586 0.45 1.000

REC 1 1.5 736 0.993 0.5 0.993 736 0.5 0.990
1 2 439 1.000 0.4 1.000 439 0.4 1.000
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Table 5.3: Optimal allocation fractions π to achieve the minimum ASN or the max-
imum power given the target sample size for a single-stage design (N = 1000 per
group): ASF = ASF2. The alternatives are specified by the GRRs (γ1, γ2) under
three genetic models with different MAFs p.

Power for
Min ASN is Achieved Max Power is achieved a single

p Model γ1 γ2 ASN Power π Power ASN π stage study
0.1 DOM 1.5 1.5 635 0.962 0.45 0.973 943 0.10 0.977

2 2 340 1.000 0.30 1.000 340 0.30 1.000
ADD 1.25 1.5 869 0.501 0.50 0.581 985 0.10 0.605

1.5 2 597 0.981 0.40 0.987 933 0.10 0.988
REC 1 1.5 968 0.119 0.45 0.137 997 0.10 0.153

1 2 914 0.351 0.50 0.425 995 0.10 0.452

0.3 DOM 1.5 1.5 547 0.994 0.45 0.998 727 0.20 0.998
2 2 291 1.000 0.25 1.000 291 0.25 1.000

ADD 1.25 1.5 722 0.852 0.50 0.891 958 0.10 0.903
1.5 2 431 1.000 0.35 1.000 440 0.30 1.000

REC 1 1.5 783 0.745 0.50 0.810 970 0.10 0.827
1 2 469 0.999 0.35 1.000 755 0.15 1.000

0.5 DOM 1.5 1.5 654 0.945 0.50 0.966 948 0.10 0.970
2 2 397 1.000 0.30 1.000 397 0.30 1.000

ADD 1.25 1.5 711 0.870 0.50 0.907 955 0.10 0.918
1.5 2 441 1.000 0.35 1.000 480 0.45 1.000

REC 1 1.5 592 0.982 0.45 0.989 926 0.10 0.990
1 2 306 1.000 0.25 1.000 306 0.25 1.000
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Table 5.4: Optimal allocation fractions π to achieve the minimum ASN or the max-
imum power given the target sample size for a single-stage design (N = 1000 per
group): ASF = ASF3. The alternatives are specified by the GRRs (γ1, γ2) under
three genetic models with different MAFs p.

Power for
Min ASN is Achieved Max Power is achieved a single

p Model γ1 γ2 ASN Power π Power ASN π stage study
0.1 DOM 1.5 1.5 652 0.964 0.45 0.977 960 0.10 0.979

2 2 354 1.000 0.30 1.000 354 0.30 1.000
ADD 1.25 1.5 882 0.526 0.50 0.584 979 0.15 0.602

1.5 2 613 0.983 0.45 0.988 831 0.20 0.988
REC 1 1.5 977 0.115 0.50 0.143 996 0.15 0.154

1 2 928 0.355 0.50 0.422 997 0.10 0.450

0.3 DOM 1.5 1.5 566 0.996 0.45 0.997 928 0.10 0.998
2 2 300 1.000 0.25 1.000 300 0.25 1.000

ADD 1.25 1.5 743 0.863 0.50 0.898 969 0.10 0.905
1.5 2 444 1.000 0.35 1.000 444 0.35 1.000

REC 1 1.5 794 0.778 0.50 0.822 982 0.10 0.832
1 2 487 1.000 0.40 1.000 799 0.15 1.000

0.5 DOM 1.5 1.5 661 0.953 0.50 0.967 959 0.10 0.971
2 2 411 1.000 0.35 1.000 411 0.35 1.000

ADD 1.25 1.5 729 0.876 0.50 0.914 936 0.15 0.918
1.5 2 460 1.000 0.35 1.000 460 0.35 1.000

REC 1 1.5 609 0.986 0.50 0.990 744 0.25 0.991
1 2 321 1.000 0.25 1.000 321 0.25 1.000
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Table 5.5: Sample size and optimal allocation fraction to achieve the power 80%:
ASF = ASF1.

Min ASN is achieved Max ASN is resulted

p Model γ1 γ2 π N ASN
P(stopping
at Stage 1)

π N ASN
P(stopping
at Stage 1)

0.1 DOM 1.5 1.5 0.5 523 481 0.158 0.3 523 521 0.006
2 2 0.5 165 152 0.154 0.1 164 164 0.000

ADD 1.25 1.5 0.5 1572 1446 0.161 0.2 1547 1547 0.000
1.5 2 0.5 451 417 0.153 0.25 450 449 0.000

REC 1 1.5 0.5 7659 7074 0.153 0.25 7581 7573 0.002
1 2 0.5 2186 2039 0.135 0.3 2190 2187 0.002

0.3 DOM 1.5 1.5 0.5 377 348 0.153 0.1 368 368 0.000
2 2 0.5 133 122 0.155 0.1 132 132 0.000

ADD 1.25 1.5 0.5 747 690 0.153 0.25 745 744 0.002
1.5 2 0.5 237 217 0.166 0.2 240 240 0.000

REC 1 1.5 0.5 947 872 0.159 0.25 947 947 0.001
1 2 0.5 284 263 0.151 0.15 289 289 0.000

0.5 DOM 1.5 1.5 0.5 552 510 0.152 0.25 557 556 0.001
2 2 0.5 210 194 0.150 0.15 209 209 0.000

ADD 1.25 1.5 0.5 714 656 0.163 0.15 708 708 0.000
1.5 2 0.5 250 230 0.154 0.2 253 253 0.000

REC 1 1.5 0.5 445 410 0.157 0.1 440 440 0.000
1 2 0.5 142 131 0.153 0.1 143 143 0.000
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Table 5.6: Sample size and optimal allocation fraction to achieve the power 80%:
ASF = ASF2.

Min ASN is achieved Max ASN is resulted

p Model γ1 γ2 π N ASN
P(stopping
at Stage 1)

π N ASN
P(stopping
at Stage 1)

0.1 DOM 1.5 1.5 0.4 596 469 0.354 0.1 541 527 0.027
2 2 0.45 194 148 0.428 0.1 169 166 0.023

ADD 1.25 1.5 0.5 1845 1385 0.499 0.1 1615 1574 0.028
1.5 2 0.5 540 410 0.483 0.1 465 454 0.027

REC 1 1.5 0.5 8830 6712 0.480 0.1 7903 7718 0.026
1 2 0.45 2566 1967 0.425 0.1 2254 2229 0.013

0.3 DOM 1.5 1.5 0.5 440 330 0.500 0.15 401 377 0.071
2 2 0.5 157 118 0.488 0.1 139 135 0.026

ADD 1.25 1.5 0.45 869 659 0.439 0.1 781 756 0.035
1.5 2 0.5 287 215 0.505 0.1 249 243 0.030

REC 1 1.5 0.5 1123 844 0.497 0.1 986 959 0.030
1 2 0.5 338 256 0.482 0.15 303 288 0.058

0.5 DOM 1.5 1.5 0.5 654 495 0.489 0.1 577 559 0.033
2 2 0.4 235 185 0.354 0.1 216 211 0.023

ADD 1.25 1.5 0.45 827 630 0.435 0.1 740 719 0.032
1.5 2 0.5 296 221 0.508 0.1 258 251 0.030

REC 1 1.5 0.45 518 393 0.437 0.1 459 447 0.030
1 2 0.5 172 129 0.503 0.1 149 145 0.027

67



Table 5.7: Sample size and optimal allocation fraction to achieve the power 80%:
ASF = ASF3.

Min ASN is achieved Max ASN is resulted

p Model γ1 γ2 π N ASN
P(stopping
at Stage 1)

π N ASN
P(stopping
at Stage 1)

0.1 DOM 1.5 1.5 0.5 586 460 0.430 0.1 525 516 0.020
2 2 0.45 184 146 0.370 0.15 173 168 0.035

ADD 1.25 1.5 0.45 1737 1382 0.371 0.1 1601 1571 0.021
1.5 2 0.5 508 400 0.425 0.15 467 451 0.039

REC 1 1.5 0.5 8512 6676 0.431 0.1 7698 7569 0.019
1 2 0.45 2471 1986 0.357 0.1 2235 2219 0.008

0.3 DOM 1.5 1.5 0.5 422 328 0.444 0.1 381 374 0.020
2 2 0.5 150 117 0.439 0.15 138 132 0.045

ADD 1.25 1.5 0.5 850 661 0.445 0.1 752 736 0.024
1.5 2 0.5 272 211 0.449 0.1 249 244 0.021

REC 1 1.5 0.45 1045 832 0.371 0.1 962 946 0.019
1 2 0.5 322 254 0.425 0.1 291 288 0.013

0.5 DOM 1.5 1.5 0.45 618 492 0.373 0.1 565 554 0.023
2 2 0.45 235 186 0.379 0.1 212 208 0.020

ADD 1.25 1.5 0.5 810 627 0.454 0.1 724 706 0.027
1.5 2 0.45 279 220 0.387 0.1 255 250 0.019

REC 1 1.5 0.5 496 387 0.438 0.1 450 440 0.023
1 2 0.5 162 126 0.439 0.1 146 143 0.019
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Figure 5.1: ASNs and sample sizes for one-stage and two-stage studies at 80% Power:
γ2=1.5: ASF = ASF1.
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Figure 5.2: ASNs and sample sizes for single-stage and two-stage studies at 80%
Power: γ2=1.5, ASF = ASF2.
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Figure 5.3: ASNs and sample sizes for single-stage and two-stage studies at 80%
Power: γ2=1.5, ASF = ASF3.
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Table 5.8: Description of genotype distributions in 17 SNPs from 4 GWAS studies.

Cases Controls

SNP ID AA AB BB AA AB BB Total MAF
AMD
rs38390 50 35 11 6 25 19 146 0.59
rs1329428 2 24 68 5 29 14 142 0.24

Prostate Cancer
rs1447295 25 283 864 10 218 929 2329 0.12
rs698267 223 598 351 301 579 277 2329 0.48
rs7837688 27 283 861 11 206 939 2327 0.12

Breast Cancer
rs10510126 10 180 955 14 272 854 2285 0.11
rs12505080 50 477 608 99 408 628 2270 0.26
rs17157903 18 316 777 26 220 862 2219 0.14
rs1219648 250 543 352 170 538 433 2286 0.42
rs7696175 187 605 353 249 496 396 2286 0.43
rs2420946 242 546 357 165 537 440 2287 0.41

Hypertension
rs2820037 40 587 1325 72 684 2180 4888 0.15
rs6997709 118 716 1116 237 1201 1500 4888 0.27
rs7961152 416 963 570 492 1448 992 4881 0.43
rs11110912 67 647 1237 83 804 2049 4887 0.18
rs1937506 113 742 1097 244 1205 1484 4885 0.27
rs2398162 111 624 1205 194 1121 1608 4863 0.24
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Table 5.9: ASNs and powers for a two-stage design for the 17 SNPs

ASF1 ASF2 ASF3

SNP ID ASN

Power

two-

Stage

Power

one-

Stage

ASN

Power

two-

Stage

Power

one-

Stage

ASN

Power

two-

Stage

Power

one-

Stage
AMD
rs38390 146 0.902 0.902 126 0.857 0.906 128 0.871 0.902
rs1329428 142 0.859 0.856 123 0.801 0.856 124 0.819 0.854

Prostate Cancer
rs1447295 2327 0.496 0.496 2219 0.419 0.501 2224 0.450 0.506
rs698267 2325 0.688 0.688 2138 0.592 0.671 2153 0.614 0.674
rs7837688 2319 0.737 0.737 2108 0.667 0.735 2111 0.689 0.739

Breast Cancer
rs10510126 2268 0.831 0.831 1986 0.768 0.824 2007 0.790 0.831
rs12505080 2269 0.515 0.515 2174 0.426 0.519 2179 0.463 0.528
rs17157903 2217 0.542 0.542 2103 0.471 0.552 2107 0.490 0.547
rs1219648 2279 0.778 0.778 2032 0.708 0.772 2043 0.735 0.785
rs7696175 2286 0.227 0.227 2249 0.176 0.237 2252 0.188 0.233
rs2420946 2280 0.768 0.768 2033 0.697 0.765 2048 0.727 0.775

Hypertension
rs2820037 4864 0.766 0.766 4371 0.710 0.776 4401 0.716 0.762
rs6997709 4879 0.671 0.671 4498 0.591 0.670 4528 0.623 0.674
rs7961152 4869 0.676 0.676 4466 0.609 0.684 4517 0.627 0.680
rs11110912 4868 0.722 0.722 4421 0.650 0.727 4439 0.681 0.730
rs1937506 4875 0.646 0.646 4529 0.569 0.651 4550 0.587 0.648
rs2398162 4838 0.800 0.800 4284 0.728 0.793 4329 0.755 0.800
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Chapter 6

Two-Stage Adaptive Design for
Case-Control Genetic Association
Studies

6.1 Introduction

Adaptive designs have been increasingly considered during the conduct of clinical

trials in recent years. While the “classical” design is the most preferable in planning

a study, it requires knowledge or good estimates of parameters for determining the

study characteristics such as sample size, power, test statistic and study endpoint.

However, these study parameters are often unknown, mis-estimations affect the suc-

cess of the study in terms of its targeted statistical power or ability to draw a plausible

conclusion. A two-stage adaptive design is often used in the situation to “rescue” the

study from potential loss from various perspectives of the study such as time, cost and

statistical power. It allows an assessment of the study parameter(s) during the interim

of the study and then making an appropriate adjustment to the study characteristics

to obtain the maximum of the information in the study.

The elements to be modified in adaptive designs in a statistical sense typically

include sample size, study endpoint/test hypothesis, randomization plan if in a clinical
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trial, and test statistics. Statistical approaches that combine the p-values obtained

from different stages proposed by researchers from decades ago and are revisited

and applied for modern adaptive designs. Bauer and Köhne [1994] compared a few

methods and demonstrated that using Fisher’s combination test for independent test

statistics worked well in the situation of adaptive design. Hommel et al. [2005]

extended this approach and proposed a combination test for the scenario where the

test statistics are correlated.

Not as popular as adaptive designs for sample size modifications, adaptive designs

that allow early stopping and modification of test statistics have been studied by a

few researchers. For example, Lang et al. [2000] proposed using an adaptive statistic

based on estimation through an isotonic regression of the interim data to test equality

of several normal means against a monotone alternative. Kieser et al. [2000] proposed

to adapt an “optimal” statistic through bootstrapping approaches of several statistics.

Both studies demonstrated power advantages over the classical designs. For genetic

studies, while the two-stage non-sequential designs have been widely considered by

researchers for the purpose of cost and time saving in genome wide association studies,

the idea of adaptive design has been considered in a few researchers. For example,

Song et al. [2007] proposed an adaptive two-stage procedure that screens single-

nucleotide polymorphisms (SNPs) using the Hardy-Weinberg disequilibrium trend

test (HWDTT) in a first stage, and then tests a reduced number of SNPs that pass

the screening step in a second stage using the Cochran-Armitage trend test (CATT).

Zheng and Ng [2008] presented a two-phase test combining the HWDTT test and

consequently selected genetic model specific CATT test based on the results of the

HWDTT test. None of these studies were performed following the formal traditional

group sequential design.

In this chapter, as the uncertainty of the underlying genetic model continues

to be a challenge in the statistical analysis, we explore adaptive group sequential

designs in population-based case-control association studies. We propose two model

75



selection procedures to select “optimal” statistics based on interim data and apply

these statistic to the rest part of the data. One method is based on the maximum

CATT test statistic, the other is based on the HWDTT statistic. We compare the

power results for both adaptive and non-adaptive group sequential designs under

various specified genetic parameters and alternative hypotheses.

6.2 Methods

6.2.1 Combination tests

This section considers the practically relevant situation of a two-stage study where

a single adaptive interim analysis is planned. In the literature, various approaches

have been proposed for significance tests.

Let p1 be the observed error probability or p-value for the test in the subsample

investigated before the interim analysis (Stage 1) and p2 be that for the subsample

recruited after adaptation (Stage 2). If p1 and p2 are uniformly distributed on [0,1]

under H0, using the Fisher’s combination test [Hedges and Olkin 1985], the null

hypothesis can be rejected at the end of the study if

p1p2 ≤ exp[−1

2
χ2

4(1− α)] (6.1)

where χ2
4(1− α) is the (1− α)-quantile of the central χ2 distribution with 4 degrees

of freedom (d.f.).

For test statistics that are asymptotically normally distributed with known vari-

ance and equal sample, the uniform most powerful test method, referred to as the

inverse normal method may be used [Bauer and Kohne 1994]. The rejection region is

written as:

1√
2

Φ−1(1− p1) +
1√
2

Φ−1(1− p2) ≤ z1−α, (6.2)
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where Φ−1 is the inverse of the standard normal distribution function.

By taking into account the sample size imbalance, Lehmacher and Wassmer [1999]

incorporated weights in the inverse normal method and proposed the rejection region

being as: √
n1

n1 + n2

Φ−1(1− p1) +

√
n1

n1 + n2

Φ−1(1− p2) ≤ z1−α, (6.3)

where n1 and n2 are the samples sizes for Stages 1 and 2, respectively.

Bauer and Kohne [1994] demonstrated that using Fisher’s combination tests in

adaptive designs provided simplicity and generalizability in adaptive designs and sur-

prisingly suffered small loss of power compared to the other methods. The procedure

of using such a test is described as following: When one allows early stopping in

a two-stage study, the test decisions can be phrased as: After the first stage, early

rejection occurs for p1 ≤ α1 and early acceptance for p1 ≥ α0. For p ∈ [α1, α0], the

study is continued. To control the type I error rate of α over the two stages, the early

stopping boundaries α0 and α1 are to be chosen such that they fulfill the equation

α1 +

∫ α0

α1

∫ cα/p1

0

dp2dp1 = α1 + cα(lnα0 − lnα1) = α

If p1 ≤ α1 one could already stop at the interim analysis with the rejection of H0.

The condition p2 ≤ 1 guarantees that the combination test must reject H0. regarding

the choice of α1 and α0 and the critical value cα for the two p-values obtained from

a two-stage study.

6.2.2 Adaptive procedures

As described in Chapter 5, CATTs are well suited for testing association between

a marker and a disease in population based case-control studies (Table 5.1). It is

equivalent to the score test in a logistic regression model for case-control data with a

single covariate (genotype) coded with score (0, x, 1) for genotypes (g0, g1, g2), where
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0 ≤ x ≤ 1. Recall the statistic is:

Zθ =
n

1
2

∑2
i=0 xi(sri − rsi){

rs[n
∑2

i=0 x
2
ini − (

∑2
i=0 xini)

2]
}1/2

,

where x = (x0, x1, x2) = (0, x, 1) and x = 1, 1/2, 0 for the dominant, additive, and

recessive models, respectively. For complex diseases, however, the genetic models of

the true disease loci are unknown. In this situation, robust tests, such as MAX, are

preferable. As the previous chapters presented the execution of conducting statistical

testing using the MAX statistic in a group sequential study, the chapter further

explores the application of an adaptive design in such a study. We consider two

different adaptive test statistics, both motivated by the problem that the underlying

genetic model is unknown. The construction of the adaptive statistics targets a higher

likelihood of identification or selection of the genetic model based on the data obtained

in the first stage, hence a more powerful test is advised in the second stage.

The first test statistic is based on the observed maximum value of the test statistics

for the first stage data. The score set or genetic model that results in the maximum

test statistic is selected (referred to as the MAX approach hereafter). In another

words, the adaptive test statistic Tadp1 = T (θ), is constructed by the trend score set

(0, θ, 1) is such that θ = argθ∈(0,1/2,1){T (θ) = max(T (0), T (1/2), T (1)}.

The second adaptive statistic is motivated by the genetic model selection (GMS)

approach proposed by Zheng and Ng [2008]. The selection procedure is based on using

the HWDTT proposed by Song and Elston [2006]. The HWDTT tests the difference

of a Hardy-Weinberg disequilibrium (HWD) coefficient measure [Weir 1996], denoted

as ∆ = Pr(AA)− [Pr(AA) + Pr(Aa)/2]2 between the cases (∆p) and controls (∆q)

being zero under the null hypothesis of no association. When an association exists,

the direction of the difference (∆p − ∆q) is associated with the underlying genetic

model [Wittke-Thompson et al. 2005]. Specifically, the HWDTT test statistic is

written as

ZHWDTT =
(rs/n)1/2(∆̂p − ∆̂q)

[1− n2/n− n1/(2n)][n2/n+ n1/(2n)]
,
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where ∆̂p = p̂2− (p̂2 + p̂1/2)2 and ∆̂q = q̂2− (q̂2 + q̂1/2)2 are the estimates of ∆p and

∆q, respectively, with p̂i = ri/r and q̂i = si/s.

The adaptive statistic Tadp2 = TGMS, where TGMS = T (0) if ZHWDTT > c, T (1)

if ZHWDTT < −c, and T (1/2) otherwise. The c is proposed to be Φ−1(0.95) = 1.645.

This approach is referred as the HWDTT approach hereafter.

6.3 Simulation studies

Similar to the setups described in Chapter 5, the simulation studies were carried

out with a targeted sample size of 1000 (500 cases and 500 controls) and the interim

time point being set at when half of the samples were obtained. The samples were

generated following the multinomial distribution among cases (Mul(r; p0, p1, p2)) and

controls (Mul(s; q0, q1, q2)) that were specified by the disease prevalence (K) of 0.1;

the minor allele frequency (MAF) of 0.1, 0.3, or 0.5; the underlying genetic model

(dominant, additive, or recessive); and the genotype relative risk (GRR) for genotype

AA (γ2 = f2/f0) of 1 (null distribution), 1.2, 1.5, or 2.0. f2 and f0 are the penentrance

factors for genotypes AA and aa, respectively. Both Hardy-Weinberg equilibrium

(HWE) and its violation were considered in data generation. Ten thousand (10,000)

replicates were used.

6.3.1 Probabilities of selecting the correct model

Table 6.1 shows the probabilities of selecting the three genetic models under

various alternatives by using the MAX approach and the HWDTT approach described

earlier. The sample size in this study is 500 (250 cases and 250 controls). Overall, both

approaches show advantages and disadvantages over each other. The MAX approach

tends to aggressively choose between the dominant model (DOM) and the recessive

model (REC) by the data. On the other hand, the HWDTT approach conservatively

puts majority of the weight on the additive model (ADD) and transfers the weight

to the correct model (DOM or REC) as the data shows increasing evidence. Under
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the null hypothesis of no association, the MAX approach only has a 20% of chance

to choose the additive model and a 40% chance to choose either the dominant or the

recessive models. The HWDTT approach puts 90% bet on the additive model, and

5% on each of the other two models. When the true underlying model is dominant

and recessive, the MAX approach has more probability to choose the correct model

than the HWDTT approach. However, it also more likey chooses the opposite model.

The HWDTT approach results in little chance of selecting the recessive when the true

underlying model is dominant and vice versa. When the true model is additive, the

MAX approach has similar probabilities choosing one of the three models, whereas

the HWDTT approachs maintains its 90% chance of having a correct selection. As

expected, for both approachs, the accuracy of the selection improves as the allele

frequency (MAF) or the genotype relative risk increase. As a short summary for

γ2 = 2.0, the MAX approach has roughly 48% to 62% accuracy for choosing the

additive model, and 60% to 87% for choosing the dominant or recessive models. The

HWDTT approach, on the other hand, has 90% accuracy of selecting the additive

model, about 30% for rare alleles (MAF=0.1) and 66% for common alleles (MAF=0.3

or 0.5) of selecting the correct dominant or recessive models.

6.3.2 Adaptive vs. non-adaptive designs

Table 6.2 presents the results of type I errors and powers for both the non-adaptive

(Columns 4 to 7) and the adaptive two-stage group sequential designs (Columns 8

and 9). For reference, the power for the single stage design using the MAX statistic

is also provided.

The test statistics used for the first stage included the model-specific tests for the

dominant, additive and recessive genetic models, as well as the MAX statistic. For the

model-specific test statistic, the p-values were obtained following the standard normal

distribution. The p-value for the MAX statistic was obtained following integration

of the tri-variate standard normal distribution executed by using the “pmvnorm”
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function in the R software. The test statistic used for the second stage data include

the same model-specific or the MAX test used for the first stage (non-adaptive), and

the two adaptive statistics based on the MAX and the HWDTT selection approaches

(adaptive). The adaptive test statistics were combined with the MAX statistics at

the first stage in the assessment for powers and their p-values were obtained following

standard normal distribution. For simplicity, we only allowed stopping for efficacy or

significance. Therefore the parameters described in the Bauer and Kohne approach

were set as: α0 = 1, α1 = 0.0087, and cα = 0.0087. It was considered statistically

significant if p1 or p1p2 was less than 0.0087.

The simulation results confirmed the control of type I errors when using the com-

bination test approaches for both the non-adaptive statistics and adaptive statistics.

The robustness of the MAX test was also demonstrated within the non-adaptive tests,

i.e., while the MAX test achieved less power than the locally optimal test as if the

genetic model was correctly selected, it prevented significant power loss from that

when the genetic model was misspecified. In the table, “ADP1” represents the design

using the adaptive statistic based on the MAX approach, and “ADP2” represents

the design using the adaptive statistic based on the HWDTT approach. Compared

with the non-adaptive design using MAX as the test statistic for both stages, ADP1

and ADP2 show similar power achievement. The ADP2 appears to provide slightly

higher power (2-3%) than the MAX test when the allele frequency is rare (MAF=0.1)

and especially the underlying genetic model is additive. On the other hand, the non-

adaptive desing use MAX, or the adaptive design ADP1 show slight advantage over

the ADP2 design for common alleles (MAF=0.3 or 0.5).

Table 6.3 presents the powers when there is a departure from HWE. The data were

generated according to a Wright coefficient of inbreeding (F ) of 0.05. As demonstrated

by C. C. Li (1991), this will increase the frequencies of homozygotes by Fp(1−p) while

the frequencies of heterozygotes will be decreased uniformly by a factor of (1 − F ),

where p is the minor allele frequency (MAF). The impact of departure from HWE has
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little impact on type I error and are consistent with the previous findings. That is,

when the underlying model is additive, the adaptive design using statistics selected

by the HWDTT approach (ADP2) is more favorable than the non-adaptive MAX test

or the adaptive test by the MAX approach (ADP1). When the underlying model is

dominant and recessive, ADP2 shows similar robustness as the other designs.

6.4 Summary

In this chapter, we studied the power properties for two proposed two-stage adap-

tive designs. Both designs target selections of test statistic that have better likelihood

to represent the true underlying genetic model. The results suggested that both of

the proposed genetic model selection approaches are limited in terms of degree of

accuracy. The adaptation of test statistic based on the MAX selection approach pro-

vided very close results to the MAX statistic used at both stages. The HWDTT

approach provides an adaptive statistic that results in better efficiency and slightly

higher power.

While the idea of using adaptive designs based on moderate accurate genetic model

selection is appealing, the approaches of selecting the correct genetic model may be

further explored. For example, for the HWDTT approach, one might want to choose

a cutoff that is more data driven and hence provides more power. For the MAX

approach, there might be a way to adjust the bias of choosing the opposite model.
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Table 6.1: Distribution (in percentage) of model selection by the maximum and
HWDTT approaches

Selection by MAX Selection by HWDTT

MAF True Model GRR (γ2) DOM ADD REC DOM ADD REC

0.1 NULL 1 34.5 20.4 45.1 4.9 90.4 4.7
DOM 1.2 39.9 25.5 34.7 6.8 90.4 2.8

1.5 54.9 36.2 8.9 13.1 86.0 0.9
2 66.4 33.4 0.3 31.9 68.0 0.1

ADD 1.2 35.0 22.4 42.6 4.8 90.5 4.7
1.5 38.2 32.8 29.1 5.5 90.5 4.0
2 41.5 47.9 10.6 6.9 89.7 3.4

REC 1.2 33.9 20.1 46.0 3.4 88.6 8.0
1.5 30.1 19.7 50.2 2.0 83.3 14.8
2 22.1 19.2 58.6 0.7 70.4 28.9

0.3 NULL 1 37.5 19.8 42.7 5.0 89.5 5.5
DOM 1.2 47.9 24.5 27.5 11.9 86.6 1.6

1.5 68.6 26.8 4.7 31.3 68.5 0.2
2 82.8 17.2 0.1 66.5 33.5 0.0

ADD 1.2 37.6 24.9 37.6 5.0 90.2 4.8
1.5 36.4 40.3 23.3 6.1 90.1 3.9
2 33.6 59.0 7.4 9.1 88.5 2.4

REC 1.2 30.9 20.2 48.9 1.5 86.0 12.5
1.5 13.8 20.4 65.8 0.3 68.4 31.3
2 1.7 14.3 84.1 0.0 32.0 68.0

0.5 NULL 1 40.1 20.2 39.6 5.2 89.8 5.0
DOM 1.2 50.6 21.6 27.8 13.5 85.2 1.3

1.5 71.1 21.3 7.6 33.6 66.2 0.2
2 85.6 13.8 0.6 65.0 35.0 0.0

ADD 1.2 37.7 24.9 37.5 4.9 90.6 4.5
1.5 33.3 40.5 26.2 6.4 90.0 3.7
2 25.2 62.8 12.0 8.5 88.9 2.6

REC 1.2 29.1 21.7 49.2 1.3 84.7 14.0
1.5 5.7 22.1 72.2 0.2 64.2 35.7
2 0.1 12.8 87.1 0.0 33.8 66.2
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Table 6.2: Power comparisons among non-adaptive and adaptive designs under HWE
(F=0)

Two-Stage Non-Adaptive Two-Stage Adaptive Single Stage

MAF Model γ2 DOM ADD REC MAX ADP1 ADP2 MAX

0.1 NULL 1 0.0492 0.0486 0.0406 0.0390 0.0391 0.0430 0.0498

DOM 1.2 0.1959 0.1875 0.0396 0.1433 0.1432 0.1648 0.1962
1.5 0.7716 0.7456 0.0657 0.6767 0.6778 0.7133 0.7827
2 0.9996 0.9987 0.1239 0.9979 0.9951 0.9984 0.9996

ADD 1.2 0.0911 0.0924 0.0472 0.0693 0.0721 0.0824 0.0973
1.5 0.3030 0.3159 0.0718 0.2458 0.2376 0.2770 0.3351
2 0.8159 0.8298 0.1540 0.7544 0.7449 0.7859 0.8471

REC 1.2 0.0527 0.0523 0.0472 0.0428 0.0478 0.0491 0.0608
1.5 0.0496 0.0575 0.0822 0.0613 0.0657 0.0630 0.0935
2 0.0584 0.0846 0.2093 0.1485 0.1493 0.1325 0.2257

0.3 NULL 1 0.0496 0.0498 0.0493 0.0478 0.0484 0.0476 0.0522

DOM 1.2 0.2844 0.2449 0.0682 0.2297 0.2283 0.2366 0.3034
1.5 0.9036 0.8311 0.1427 0.8420 0.8418 0.8384 0.9131
2 0.9999 0.9986 0.3103 0.9994 0.9991 0.9993 0.9999

ADD 1.2 0.1309 0.1449 0.0887 0.1290 0.1241 0.1350 0.1653
1.5 0.5165 0.5846 0.2741 0.5201 0.5060 0.5495 0.6305
2 0.9607 0.9797 0.6897 0.9649 0.9579 0.9721 0.9835

REC 1.2 0.0536 0.0848 0.1217 0.0968 0.0970 0.0922 0.1245
1.5 0.0923 0.2763 0.5023 0.3999 0.4006 0.3579 0.5144
2 0.2252 0.7585 0.9653 0.9239 0.9288 0.8847 0.9653

0.5 NULL 1 0.0495 0.0516 0.0505 0.0512 0.0503 0.0504 0.0515

DOM 1.2 0.2080 0.1525 0.0635 0.1642 0.1647 0.1614 0.2186
1.5 0.7551 0.5392 0.1235 0.6572 0.6546 0.6137 0.7664
2 0.9926 0.9290 0.2300 0.9826 0.9784 0.9670 0.9937

ADD 1.2 0.1220 0.1582 0.1211 0.1438 0.1385 0.1492 0.1833
1.5 0.4615 0.6135 0.4178 0.5575 0.5370 0.5883 0.6596
2 0.9129 0.9767 0.8431 0.9596 0.9520 0.9691 0.9819

REC 1.2 0.0707 0.1652 0.2315 0.1802 0.1779 0.1769 0.2374
1.5 0.1656 0.6886 0.8513 0.7656 0.7697 0.7368 0.8618
2 0.4633 0.9956 0.9999 0.9993 0.9989 0.9988 0.9999

84



Table 6.3: Power comparisons among non-adaptive and adaptive designs without
HWE (F=0.05)

Two-Stage Non-Adaptive Two-Stage Adaptive Single Stage

MAF Model γ2 DOM ADD REC MAX ADP1 ADP2 MAX

0.1 NULL 1 0.0540 0.0554 0.0437 0.0472 0.0488 0.0500 0.0494

DOM 1.2 0.1948 0.1815 0.0505 0.1483 0.1457 0.1617 0.1914
1.5 0.7649 0.7341 0.0854 0.6715 0.6772 0.6985 0.7806
2 0.9989 0.9980 0.1792 0.9965 0.9946 0.9969 0.9989

ADD 1.2 0.0899 0.0907 0.0498 0.0732 0.0722 0.0812 0.0969
1.5 0.3143 0.3343 0.0967 0.2687 0.2577 0.2920 0.3553
2 0.8216 0.8399 0.2325 0.7722 0.7646 0.7976 0.8575

REC 1.2 0.0514 0.0545 0.0560 0.0562 0.0531 0.0543 0.0613
1.5 0.0559 0.0691 0.1085 0.0856 0.0890 0.0879 0.1176
2 0.0707 0.1311 0.3031 0.2239 0.2244 0.2125 0.3115

0.3 NULL 1 0.0519 0.0541 0.0484 0.0509 0.0518 0.0511 0.0541

DOM 1.2 0.2757 0.2354 0.0741 0.2228 0.2192 0.2277 0.3000
1.5 0.8995 0.8251 0.1610 0.8393 0.8410 0.8367 0.9130
2 1.0000 0.9988 0.3603 0.9998 0.9995 0.9997 1.0000

ADD 1.2 0.1321 0.1543 0.0922 0.1354 0.1266 0.1391 0.1731
1.5 0.5344 0.6091 0.3141 0.5452 0.5265 0.5746 0.6545
2 0.9659 0.9820 0.7412 0.9684 0.9635 0.9746 0.9870

REC 1.2 0.0581 0.0895 0.1341 0.1052 0.1058 0.0989 0.1371
1.5 0.1074 0.3211 0.5510 0.4508 0.4534 0.4128 0.5660
2 0.2919 0.8328 0.9768 0.9504 0.9506 0.9203 0.9801

0.5 NULL 1 0.0491 0.0503 0.0499 0.0511 0.0502 0.0535 0.0488

DOM 1.2 0.2188 0.1668 0.0740 0.1805 0.1765 0.1777 0.2255
1.5 0.7623 0.5571 0.1274 0.6683 0.6689 0.6273 0.7721
2 0.9960 0.9428 0.2657 0.9873 0.9852 0.9771 0.9965

ADD 1.2 0.1328 0.1676 0.1232 0.1478 0.1447 0.1547 0.1948
1.5 0.4837 0.6341 0.4362 0.5759 0.5552 0.6012 0.6762
2 0.9317 0.9804 0.8669 0.9682 0.9595 0.9750 0.9857

REC 1.2 0.0680 0.1742 0.2383 0.1823 0.1805 0.1826 0.2520
1.5 0.1812 0.7054 0.8509 0.7746 0.7791 0.7517 0.8600
2 0.5117 0.9960 0.9998 0.9993 0.9988 0.9988 0.9997
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Chapter 7

Discussion and Future Research in
Related Areas

7.1 Discussion

Group sequential designs have been shown to achieve efficiencies in time and cost

in research studies. In recent years, genetic studies which examine association and

linkage between diseases and genetic markers have become popular as the genetic

testing technologies are broadly available. As a result, the identification of the sus-

ceptible genetic markers can directly help researchers to target the development of

treatment and prevention of the disease from the genetic aspect. One unique aspect of

the statistical tests employed in genetic studies is that they can be constructed to be

optimal according to the underlying genetic model. However, for many complex dis-

eases, the genetic model is often unknown. To resolve this problem, researchers have

proposed robust statistics, among which the MAX statistic has become favorable.

This dissertation explores several aspects of applying group sequential designs in

genetic studies with a robust or an adaptive statistic. It first presents approaches of

obtaining critical values for the robust statistic MAX, which does not follow asymp-

totic normal distribution and requires multiple integrations in its distribution func-

tion. These methods are alternative applications of Efron [1997] in calculating the
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upper bound of simultaneous hypothesis tests with a normal distribution. The attrac-

tiveness of these methods is that they reduce multi-dimensional calculations into one

or two-dimension ones. They are based on approximations and lead to conservative

result. The precision relies on the number of statistics used in the simultaneous tests

and the correlations among them. Our results showed that the type I errors were

adequately controlled under these approaches in various settings of genetic studies.

Looking forward, they shall make multi-stage (3 or more) group sequential robust

studies immediately feasible without complex calculation procedures and excessive

computing time.

While applying group sequential robust designs seems practical and feasible with

the approaches presented in the dissertation, there are several design parameters that

can affect the study efficiency. In a series of simulations covering a wide spectrum

of genetic effect mechanisms, we proposed optimal designs in terms of the choices of

design parameters such as the allocation fraction and alpha spending function and

studies the impact of other parameters on the designs. For example, we demonstrated

that earlier looks and more aggressive spendings of alpha for interim monitoring can

promote about 50% savings under strong alternatives. These results can be a good

reference for study designs in the future.

Finally, as an innovative step, this dissertation also presents a special, more com-

plex type of group sequential design that allows adaptation or modification of the

test statistic inferring data from the first stage. The adaptive designs have shown

to be appealing because of their efficiencies and likelihood of providing higher power

than non-adaptive robust designs. The adaptation is based on genetic model selection

according to the observed data. We used the MAX and the HWDTT approach, and

preliminarily found that the later approach provided slightly higher power than the

non-adaptive robust design.

In summary, the group sequential robust design combines two pieces: the group

sequential design and the robust test, which have been individually studied in the
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literature. This dissertation provides the statistical methods needed to execute such

designs in practice for different types of genetic studies, from planning a study with

stopping rules, targeted sample size and power, to allowing modification of the study

plan with an adaptive approach. Our results show that this design can be readily

put to use and will gain benefits just as those in traditional group sequential designs.

On the other hand, being preliminary, they identify areas that can be potentially

improved through future research. Below are the discussions of some of the areas.

7.2 Limitations and research needs

7.2.1 Extension of the two-stage robust design

In this dissertation, although we focused on two-stage group sequential design,

our approach can be extended to more than two stages. The degree of accuracy of

the approximation, however, may decrease when there are too many interim looks

and when the test statistics are less correlated. Therefore an improved calculation

method is needed to provide more precise results.

The major focus of this dissertation is on a single candidate-gene association study,

which is more suitable for study in its later stage after a few suspected alleles are

identified after massive screenings. The application of group sequential designs needs

to be modified when applied in a genome-wide association study (GWAS), where

hundreds of thousands of single-nucleotide polymorphisms (SNPs) are genotyped.

Both the sampling and genotyping costs might be taken into account [Satagopan and

Elston 2003, Satagopan et al. 2004, Müller et al. 2007, Elston et al. 2007]. The

stopping rule needs to be modified and considered together with other restrictions in

practice. One may consider “the no-early-stopping” adaptive designs that hopefully

selects with high likelihood of the underlying genetic model and conduct a more

powerful test in the end.
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The current proposed design may be extended to non-genetic studies. For exam-

ple, for survival studies, the assumption of proportional hazard is often violated. It is

common to conduct a trial that monitors the survivals periodically. Different weight

sets used in weighted log-rank tests may be optimal depending on the underlying

data. Freidlin et al. [1999] demonstrated the robustness of applying MERT in this

situation. Tarone [1981] proposed the maximum of the logrank statistic and modified

Wilcoxon statistic. These statistics have shown robustness against power loss. One

may apply group sequential design and use these statistics, following the approaches

proposed in this dissertation. Because of the direct theories and derivations behind

these approaches, the success of their application is promising.

7.2.2 Adaptive design and genetic model selection

The selection of the genetic model based on the observed data is challenging. The

two approaches discussed in this dissertation show little advantage over the simple

robust design using MAX in population-based case-control studies. Researchers have

shown that using the maximum test statistic of the observed data to select the genetic

model is biased and the adaptive procedure is shy a fraction of power compared to

the non-adaptive robust procedure. The method of choosing the genetic model based

on the HWDTT test has shown some advantages. Both methods may be improved

through future research. First, it might help to explore how to correct the bias in the

selection by maximum approach. Secondly, for the selection procedure by HWDTT,

since we used a nominal cutoff of Φ−1(0.95), it might be helpful to explore a more

data driven cutoff that can result in higher probabilities of correct selection. Thirdly,

it is also possible to combine the two selection methods and define a decision rule that

selects the genetic model with higher accuracy. Last but not the least, genetic model

selection methods are yet to be studied for family-based studies where the cases and

controls are correlated.

In the adaptive design proposed in this dissertation, the statistical test was based
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on traditional meta-analysis-like combination tests. These tests treat data from the

two stages separately and consider the p-values are independent. There have been

researches improving this combination test method, such as the weighted Z-score

methods. Further investigation of performing a test using cumulative data in a true

group sequential setting that consider correlations of the data as well as the test

statistics is needed [Müller and Schäfer 2001].

Furthermore, adaptive studies that allow adaptations not only of test statistics,

but also modification of targeted sample sizes, will be useful. Finally, extension to

GWAS study with hundreds of genetic markers may be explored.

7.2.3 Repeated confidence intervals

In the proposed group sequential robust or adaptive designs, identification of the

genetic markers that are significantly associated with the underlying disease is often

of primary interest. Other statistical measures, such as the parameter estimates and

their confidence intervals, are often desired. It is well known that estimation after a

sequentially-run experiment can be biased if the sequential nature of the experiment

is ignored. There has been a considerable amount of research on computing confi-

dence intervals, point estimates and p-values in the group sequential design. The

estimations are quite straightforward for the classical single statistic, non-adaptive

group sequential design [Jennison and Turnbull 1989]. The principal used in control-

ling the overall type I error can be applied in parameter estimation and construction

of their confidence intervals. In genetic studies using MAX, the rule will need to be

modified to more accurately represent its distribution. There have been progressions

of approaches proposed in the literature to deal with parameter estimation and con-

fidence interval construction. Lawrence and Hung [2001] used a generalization of the

adaptive statistic to produce a consistent point estimate and the confidence interval

with asymptotically correct coverage for adaptive two-stage designs. Their approach

did not encompass the group sequential setting, in which some α might be spent to
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allow for early stopping. Lehmacher and Wassmer [1999] extended the repeated con-

fidence interval approach to adaptive designs based on the inverse normal method.

Their method permits data-driven sample size adaptations in a group sequential set-

ting but does not accommodate other types of data-dependent changes. Mehta et al.

[2007] extended the repeated confidence interval procedure by Jennison and Turnbull

[1989] to the adaptive sequential setting and allowed a broad range of data-dependent

changes to an ongoing group sequential trial, such as sample size changes, alterations

in the spending function and alterations in the number of spacing of interim looks.

Therefore, the extensions of these methods to adaptive designs in genetic studies need

to be explored.
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Appendix: R Programs:

Obtaining Critical Values Using Two-Point Formula

########################################################

# Author: Lihan Yan

# Date: 10/13/2006

# Purpose: Using Newton-Raphson Method to find c1,c2

# in Efron(1997) two point formula given L and alpha

#########################################################

library(mvtnorm)

#function generating correlation matrix given rho1, rho2, rho3

#########################################################

#Function Name: makecorr

#Parameter: rho1, rho2, rho3

#Purpose: Generate correlation matrix

#########################################################

makecorr <- function(rho1,rho2,rho3) {

##set up the correlation matrix

corr1 = matrix(NA, nrow=J, ncol=J)

corr2 = corr1

corrmat = matrix(NA, nrow=J*2, ncol=J*2)

### construct correlation

####corr1 is the base

corr1[1,2]=rho1

corr1[1,3]=rho2

corr1[2,3]=rho3

for(j in 1:J) {

for(k in j:J) {

if(j==k) (corr1[j,k]=1)

else (corr1[k,j]=corr1[j,k])

}

}

## corr2 modified by a fraction due to information change assume 1/2

corr2 = sqrt (1/2) * corr1

## corrmat combines corr1 and corr2

for(j in 1:J) {
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for(k in 1:J) {

corrmat[j, k]= corr1[j,k]

corrmat[j+3, k+3]=corr1[j,k]

corrmat[j,k+3]=corr2[j,k]

corrmat[j+3,k]=corr2[j,k]

}

}

return(corrmat)

}

########################################################

# Function: getminl

# Purpose: output the smallest L through

# permutation

#########################################################

#library(mvtnorm)

##initialization

#number of tests at each stage

#J <- 3

# sample size or anything that affect information change

getminl <- function(rho1,rho2,rho3){

corrmat <- makecorr(rho1,rho2,rho3)

minL <- 1000 #arbitary value to initiate lower bound

tempL <- rep(NA, J*2-1)

L <- rep(NA, J*2-1)

for(r1 in 1:J){

for(s1 in 1:J){

for(t1 in 1:J){

for(r2 in 1:J){

for(s2 in 1:J){

for(t2 in 1:J){

if (r1 != s1 && r1 != t1 && s1 != t1 && r2 != s2 && r2 != t2 && s2 != t2){

tempL[1] = acos(corrmat[r1,s1])

tempL[2] = acos(corrmat[s1,t1])

tempL[3] = acos(corrmat[t1,r2+3])

tempL[4] = acos(corrmat[r2+3,s2+3])

tempL[5] = acos(corrmat[s2+3,t2+3])

if (sum(tempL) < minL) {

minL=sum(tempL)
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L=tempL

o <- c(r1,s1,t1, r2+3,s2+3,t2+3) #order of the optimal

}

# print(cbind(r1,s1,t1,r2,s2,t2,t(tempL[1:5])))

} #end if

}}}}}} #close 6 for loops

return(cbind(t(L), t(o)))

}

#### Example: call FUNCTION getminl

#rho1<-sqrt(2/3)

#rho2<-sqrt((1+sqrt(2/3))/2)

#rho3<-rho2

#L<-getl(rho1,rho2,rho3)

##initialization

#number of tests at each stage

J <- 3

##########################################################

# Function Name: integrand and der

# Purpose: function inside the phibar function and its

# derivatives in prep for fc and dfc functions

#########################################################

# integrand part in f step

integrand<-function(x,cj,rhoj) {

z<-(cj-rhoj*x)/sqrt((1-rhoj^2))

out<-(1-pnorm(z))*dnorm(x)

return(out)

}

#integrand part in f derivative step

integrandf<-function(x,cj,rhoj) {

z<-(cj-rhoj*x)/sqrt((1-rhoj^2))

out <- dnorm(z)*dnorm(x)*1/(sqrt(1-rhoj^2))

#out<-(1-pnorm(z))*dnorm(x)

return(out)

}

102



#der <- function(cj,rhoj) {

#z<-(cj-rhoj*cj)/sqrt((1-rhoj^2))

#out<- ((1-pnorm(z))*dnorm(cj))+(-pnorm(cj))*dnorm(z)*1/(sqrt(1-rhoj^2))

# return(out)

#}

#stage 1 max(t11,t12,t13) and c1

f2ptc1 <-function(crit1,alpha, r1, r2) {

sumpart1<-integrate(integrand,lower=-Inf,upper=crit1,cj=crit1,rhoj=r1)$value

sumpart2<-integrate(integrand,lower=-Inf,upper=crit1,cj=crit1,rhoj=r2)$value

twoptc1 <- 1-pnorm(crit1) + sum(sumpart1, sumpart2) - alpha

return(twoptc1)

}

df2ptc1 <-function(crit1, r1, r2) {

#dsumpart1<- der(cj=crit1, rhoj=r1)

#dsumpart2<- der(cj=crit1, rhoj=r2)

dsumpart1 <- integrate(integrandf, lower=-Inf, upper=crit1, cj=crit1, rhoj=r1)$value

dsumpart2 <- integrate(integrandf, lower=-Inf, upper=crit1, cj=crit1, rhoj=r2)$value

leftover1 <- (1-pnorm((crit1-r1*crit1)/sqrt(1-r1^2)))*dnorm(crit1)

leftover2 <- (1-pnorm((crit1-r2*crit1)/sqrt(1-r2^2)))*dnorm(crit1)

dtwoptc1<-(-dnorm(crit1))-sum(dsumpart1, dsumpart2)+leftover1+leftover2

return(dtwoptc1)

}

#stage 2 max(t21,t22,t23) and c2 given c1

f2ptc2 <-function(crit1,crit2, alpha, r3,r4,r5) {

sumpart1<-integrate(integrand,lower=-Inf,upper=crit1,cj=crit2,rhoj=r3)$value

sumpart2<-integrate(integrand,lower=-Inf,upper=crit2,cj=crit2,rhoj=r4)$value

sumpart3<-integrate(integrand,lower=-Inf,upper=crit2,cj=crit2,rhoj=r5)$value

twoptc2 <- sumpart1+sumpart2+sumpart3 - alpha

return(twoptc2)

}

df2ptc2 <-function(crit1, crit2, r3,r4,r5) {

dsumpart1 <- integrate(integrandf, lower=-Inf, upper=crit1, cj=crit2, rhoj=r3)$value

dsumpart2 <- integrate(integrandf, lower=-Inf, upper=crit2, cj=crit2, rhoj=r4)$value
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dsumpart3 <- integrate(integrandf, lower=-Inf, upper=crit2, cj=crit2, rhoj=r5)$value

leftover1 <- (1-pnorm((crit2-r4*crit2)/sqrt(1-r4^2)))*dnorm(crit2)

leftover2 <- (1-pnorm((crit2-r4*crit2))/sqrt(1-r5^2))*dnorm(crit2)

dtwoptc2<- -dsumpart1-dsumpart2-dsumpart3+leftover1+leftover2

return(dtwoptc2)

}

##########################################################

# Function Name: find2ptc1, find2ptc2

# Parameters: alpha = significance level

#########################################################

find2ptc1 <- function(alpha, r1, r2){

crit <- rep(NA, 30)

crit[1] <- qnorm(1-alpha)

i <- 0

eps1 <- 100

while (eps1>1e-5) {

#while (i<=20) {

i <- i + 1

crit[i+1]<-crit[i]-f2ptc1(crit[i], alpha, r1, r2)/df2ptc1(crit[i], r1, r2)

eps1 <- abs(crit[i+1]-crit[i])

# print(eps)

}

bound <- crit[i+1]

#print(cbind(’bound <- ’,bound))

return(cbind(bound, alpha))

} #end find2ptc1

###iterative steps find c2

find2ptc2 <- function(crit1, alpha, r3, r4, r5){

crit <- rep(NA, 30)

crit[1] <- qnorm(1-alpha)

i <- 0

eps <- 100

while (eps>1e-5) {

i <- i + 1

crit[i+1]<-crit[i]

-f2ptc2(crit1,crit[i],alpha,r3,r4,r5)/df2ptc2(crit1,crit[i],r3,r4,r5)
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eps <- abs(crit[i+1]-crit[i])

# print(eps)

}

bound <- crit[i+1]

#print(cbind(’bound <- ’,bound))

return(cbind(bound, alpha))

} #end find2ptc2

################################################

# Two-stage procedure to find c1,c2

# Parameters: corrmat, alpha1, alpha2

# Called function: getl, makecorr, find2ptc

# Output:

###############################################

findc1c2 <- function(rho1, rho2, rho3, alpha1,alpha2) {

#set sequential correlations

corr1 <- makecorr(rho1, rho2, rho3)

corrmat <- matrix(NA, nrow=6, ncol=6)

o<-getminl(rho1,rho2,rho3)[6:11]

#print(o)

for(i in 1:(J*2)){

for(j in 1:(J*2)){

corrmat[i,j]=corr1[o[i],o[j]]

} } #close corrmat

rho<-rep(NA,5)

#print(corrmat)

for (i in 1:5) {

rho[i] = corrmat[i,i+1]

}

c1<-find2ptc1(alpha1, rho[1],rho[2])[1]

c2<-find2ptc2(c1,alpha2, rho[3],rho[4],rho[5])[1]

print(cbind(alpha1, alpha2, c1, c2))

return(cbind(alpha1, alpha2, c1, c2))

}
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# end function findc1c2

#sink(’c:/OUTFILE.out’)

####EXAMPLE: INPUT DATA

#rho3<-0.086279596

#rho1<-0.960768923

#rho2<-0.359210604

#print("allele freq p=0.1")

#findc1c2(rho1,rho2,rho3, 0.001525323, 0.023474677)

#findc1c2(rho1,rho2,rho3, 0.01550286,0.00949714)

#findc1c2(rho1,rho2,rho3, 0.0125, 0.0125)

#findc1c2(rho1,rho2,rho3, 0.008838835,0.016161165)

#findc1c2(rho1,rho2,rho3, 0.00625,0.01875)

#findc1c2(rho1,rho2,rho3, 0.010, 0.015)
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