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Abstract of Dissertation

Maximum Entropy Analysis of Lattice QCD Data

An application of the maximum entropy method (MEM) to the analysis of lattice

QCD correlation function is presented. We use state-of-the-artMEM by adopting

Bryan's method to make the algorithm more e�cient. This is achieved by performing

singular value decomposition on the kernel of the correlation function which reduces

the search space ofQ(A) = �S � L from O(103) to O(10). We employ the MEM

to study excited states of a number of baryons and mesons by extracting hadronic

spectral functions (SPF) from the correlation functions. The LQCD data sets were

generated by the� QCD collaboration on a 203 � 32 lattice with spatial volume of

(3.5 fm)3 covering a wide range of 26 quark masses. Several tests are performed to

extensively investigate the capability and limitation of the MEM. The �rst excited

states and ground states ofN ( 1
2

� ), �( 1
2

� ), �( 1
2

� ), �( 1
2

+ ), and �( 3
2

+ ) baryons, as well

as � and K � mesons are obtained. There are data of other hadron states, however,

whose excited states fail to be reliably produced by the MEM. Although we are able

to study the excited states in the chiral region with the quark massas low as 175

MeV, we do not attempt chiral extrapolation because the quality ofthe data are not

su�ciently re�ned to do reliable extrapolation. The overall results are shown to be

consistent with experiment and other works in LQCD and MEM.
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Chapter 1

Introduction

Quantum Chromodynamics (QCD) is the theory of the strong interactions be-

tween color-charged quarks and gluons. It is formulated on the assumption that six

quarks,u; d; s; c; b; teach of which comes in three colors are fundamental constituents

of hadronic matter. Eight gluons mediate strong interactions. QCDhas enjoyed great

successes in predicting phenomena involving large momentum (�) transfer in which

regime the coupling is small and therefore perturbation method (expansion in a small

parameter) produces accurate results. These phenomena fall within small hadron

separations wherer � 1 fm.

However, when we study low energy interactions (low momentum transfer) such

as the con�nement mechanism in bound quarks and hadron masses where� � 1 GeV,

the strong coupling is� s � 1 and increases, the perturbation approach fails. Unfor-

tunately, this is the regime (r � 1 fm) where the structure of hadrons, including their

spectra, should be investigated. It is in this regime that lattice QCD (LQCD) provides

a non-perturbative method for calculating hadronic spectra and matrix elements of

1



any operator from �rst principles.

LQCD is QCD de�ned on a discrete Euclidean space-time grid or lattice.There

are no new parameters or �eld variables introduced in discretizing the space-time

continuum, hence LQCD keeps the fundamental character of QCDintact. LQCD

simulations use six unknown input parameters: the coupling� s and the bare masses

of �ve quarks u; d; s; c; b. Currently LQCD is the most powerful method to study all

kinds of strong interaction phenomena when perturbation theorydoes not apply. For

example, it is used to check the possibility of claimed hybrid and exotic states, to

predict new states, and to calculate polarizabilities of hadrons to mention a few.

The goal of this thesis is to explain the measured masses of mesons and baryons

as excitations of the QCD vacuum from LQCD.

1.1 Physics of Hadron Spectrum

There is a large number of hadrons resonances. Fig.1.1 shows some baryon

resonances which are called baryon spectra. Given a meson or baryon spectrum, we

should, in principle, be able to explain and predict it only from the QCD Lagrangian.

In practice, calculation from the above Lagrangian using a perturbation method

does not apply because although the strong gauge coupling (� s = g2=4� ) is negligible

in very high energy region, it is large in the lower energy region� 1 GeV. To �rst

order, the e�ective (running) coupling � s is given by [1]

� s(Q2) =
4�

� 0 ln(Q2=� 2)
(Q2 � � 2) (1.1)
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Figure 1.1: The mass spectra of baryons

where � 0 = 11 � 2
3N f > 01 with N f being the quark 
avor number, 5 in this

case, Q2 is the momentum transfer, and the momentum scale �QCD � 0:2 GeV

(0:1 < � QCD < 0:5 GeV). A perturbation approach is reliable only whenQ is

much larger than � QCD , e.g., whenQ = 1 GeV, � s(Q2) � 0:4. However, the rel-

evant energies in quark bound states are of order of hadronic dimensions, r � 1 fm

(' � � 1
QCD ! � QCD � 0:2 GeV.)

1.2 Quark Model

This section will brie
y describe the early version of the quark model[1, 2, 3, 4,

5, 6, 23, 17]. The current undestanding of hadrons comes from quantum chromody-

1� 0 is positive for N f < 17

3



namics which is discussed in chapter 2.

The number and types of \elementary particles"had become numerous (� 100

particles) by 1960. The hadrons needed a de�nitive theory to explain this zoo of

elementary particles. In 1961 Murray Gell-Mann and Ne'eman introduced a scheme

called the Eightfold Way which arranged the baryons and mesons into such orderly

geometrical patterns according to their charge and strangeness and represented the

root diagrams of an underlying SU(3) symmetry. Diagonal lines associate particles of

like charges and horizontal lines strangeness.

For example, the eight lightest spin-1=2 baryons form a hexagonal array (called

the baryon octet), with two particles at its center as shown by Fig.1.2. Ten heavier
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Figure 1.2: Light baryon octet

spin-3=2 baryons form a triangular array (called thebaryon decuplet) as shown in

Fig.1.3. There are also antibaryon octets, decuplets, etc., with opposite charge and

strangeness. The eight lightest mesons form a similar hexagonal array, called the

4
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(pseudo-scalar) meson octet, with two particles at its center.

Despite its success the Eightfold Way did not explain why hadrons �t into or-

derly geometrical patterns. In 1964 Gell-Mann and, independently, Zweig proposed

SU(3)
avor
2 quark model, which states that all hadrons are composed of more ele-

mentary constituents called (valence)quarks. In an SU(3) fundamental representation

(the smallest non-trivial irreducible representation), a quark is represented as a (3-

component orthonormal complex column vector) triplet:

3 = q =
X

i

� i qi =

0

B
B
B
B
B
B
@

� 1

� 2

� 3

1

C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
@

u

d

s

1

C
C
C
C
C
C
A

; �3 = �q =
X

i

� i �q i =

0

B
B
B
B
B
B
@

� 1

� 2

� 3

1

C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
@

�u

�d

�s

1

C
C
C
C
C
C
A

(1.2)

2\ S\ means special and determinant one, "U " means unitary, and there were three known 
avors:

upness, downness, strangeness (U, D, S.)
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where the orthonormal vectors are used as a basis inC3:

q1 =

0

B
B
B
B
B
B
@

1

0

0

1

C
C
C
C
C
C
A

; q2 =

0

B
B
B
B
B
B
@

0

1

0

1

C
C
C
C
C
C
A

; q3 =

0

B
B
B
B
B
B
@

0

0

1

1

C
C
C
C
C
C
A

(1.3)

An antiquark is represented as a quark's complex hermitian conjugate representation

�3. The quark model says that

1. Every baryon (antibaryon) is composed of three quarks (antiquarks): qqqor �q�q�q

2. Every meson is composed of a quark and an antiquark:q�q

By quarks above, we mean valence quarks which make up the hadrons and determine

their quantum numbers. Hadrons may also contain virtual quarks and antiquark

pairs, called sea quarks, and virtual gluons that do not a�ect the hadrons' quantum

numbers.

The tensor product decomposition of hadrons is then as follows.

Meson : 3 
 �3 = 8 � 1

Baryon : 3 
 3 
 3 = 10 � 8 � 8 � 1 (1.4)

The mesons come as singlets and octets to form nonets. For example, to make

light mesons, we combine a quark and an antiquark of three 
avors of up, down, and

strange. There are nine possible combinations as shown in Table 1.1, and thus the

name nonet. The ninth meson was called a singlet in the Eightfold Way. Meson

multiplets contain both mesons and antimesons:u�s is the antiparticle of s�u.

Baryons come as decuplets, octets, and singlets. Antibaryons also come as such

multiplets. In analogy to the energy levels of a hydrogen atom, baryons are nucleon

6



qi �qj Q S Meson

1p
2
jd �d � u�ui 0 0 � 0

ju �di 1 0 � +

jd�ui -1 0 � �

1p
2
jd �d + u�ui 0 0 �

ju�si 1 1 K +

jd�si 0 1 K 0

js�ui -1 -1 K �

js �di 0 -1 �K0

js�si 0 0 � 0

Table 1.1: Light meson nonet comes from all nine possible combinationsof q�q. Q

is electric charge and S is strangeness. The last/ninth entry,s�s, is a singlet in the

Eightfold Way.
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resonances (N resonances) of quark bound states. The prediction of the theory was

accurate as it explained how hadrons �t into the patterns described by the Eightfold

Way.

The isospin and hyperchargeY are given by

I i = 1
2 � i (i = 1; 2; 3) (1.5)

Y = 1p
3
� 8 (1.6)

where� 's are Gell-Mann matrices described in Table 2.2. BothI 3 and Y are diagonal

in the quark basis

I 3 =

0

B
B
B
B
B
B
@

1
2 0 0

0 � 1
2 0

0 0 0

1

C
C
C
C
C
C
A

; Y =

0

B
B
B
B
B
B
@

1
3 0 0

0 1
3 0

0 0 � 2
3

1

C
C
C
C
C
C
A

(1.7)

Three other quantities that are also diagonal are square of isospin, strangeness, and

charge3.

I 2 = I (I + 1) = I 2
1 + I 2

2 + I 2
3 =

0

B
B
B
B
B
B
@

3
4 0 0

0 3
4 0

0 0 0

1

C
C
C
C
C
C
A

(1.8)

S = Y � B =

0

B
B
B
B
B
B
@

0 0 0

0 0 0

0 0 � 1

1

C
C
C
C
C
C
A

(1.9)

3For example, by using Table 1.3,Qu = I 3;u + 1
2 Yu = 1

2 + 1
2 � 1

3 = 2
3 .
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Q = I 3 + 1
2Y =

0

B
B
B
B
B
B
@

2
3 0 0

0 � 1
3 0

0 0 � 1
3

1

C
C
C
C
C
C
A

(1.10)

SU(3)f is not an exact symmetry because the u, d, and s quark masses arenot

degenerate in mass. The u and d quark masses (3-7 MeV) are much smaller than the

s quark mass (� 100 MeV). However, to some extent, these di�erences in mass are

relatively negligible when compared to typical hadronic mass scale� 1000 MeV[3],

lending to how relatively well SU(3)f works for light quarks. However SU(N f )
avor

becomes increasingly inaccurate forN � f > 3.

The quark model, however, cannot explain why individual quarks hadnever been

observed, and it also violates the Pauli exclusion principle. For example, a baryon

wavefunction4 given by

 3q =  space 
  spin 
  
avor (1.11)

leads to exclusion principle violation when three identical quarks are put into a com-

pletely symmetric ground state. To address this problem, Gell-Mannamong others

(such as Greenberg, Han, and Nambu in 1964-1966) proposed that quarks possess

another quantum number calledcolor(chromo), which also forms an SU(3) group.5

A new three-color-quark wavefunction is

 3q,color = � ijk  i  j  k (1.12)

4The space part of the wavefunction is also called the orbital part. In non-relativistic quark

models, 3d harmonic oscillator is used to describe the orbital part[16].
5SU(3)c is assumed to be an exact symmetry in color. It is not to be confusedwith SU(3) f , which

is an approximate symmetry in 
avor. Note that colors do not intera ct with 
avors.
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Generation Flavor Q D U S C B T Mass (MeV)

First d (down) � 1
3 -1 0 0 0 0 0 4.1-5.7

u (up) 2
3 0 1 0 0 0 0 1.7-3.1

Second s (strange) � 1
3 0 0 -1 0 0 0 80-130

c (charm) 2
3 0 0 0 1 0 0 1180-1340

Third b (bottom) � 1
3 0 0 0 0 -1 0 4130-4850

t (top) 2
3 0 0 0 0 0 1 1,729,000

Table 1.2: Quark classi�cation. Quarks come in three generations. Light quark

current(-algebra) masses (u and d in particular) are not precise [8]. Q is electric

charge, D is downness, U is upness, S is strangeness, C is charm, B isbottomness,

and T is topness. All quarks have spin1
2.

which is anti-symmetric by the use of the anti-symmetric symbol� ijk . The color

indices arei; j; k = 1; 2; 3. It is postulated that only color singlet states are physical

observables. The full 3q wavefunction is then

 3q =  space 
  spin 
  
avor 
  3q,color (1.13)

which is now anti-symmetric. This new additional quantum number overcomes the

Pauli catastrophe problem. Further rami�cations of introducing color quantum num-

ber are discussed in chapter 2.

Tables 1.2 and 1.3 summarize the quarks.
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Quarks Antiquarks

u d s �u �d �s

I 1
2

1
2 0 1

2
1
2 0

I 3
1
2 � 1

2 0 � 1
2

1
2 0

Y 1
3

1
3 � 2

3 � 1
3 � 1

3
2
3

Q 2
3 � 1

3 � 1
3 � 2

3
1
3

1
3

B 1
3

1
3

1
3 � 1

3 � 1
3 � 1

3

S 0 0 -1 0 0 1

Table 1.3: Light quark quantum numbers. QuantitiesI 3, Y , Q, B , and S are con-

served under strong interaction. Note that the values ofI 3, Y , S, and Q for quarks

are the diagonal values of their respective matrices in Eq. (1.7), (1.9), (1.10).
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Chapter 2

Continuum QCD

Today's theory of strong interaction is a non-Abelian gauge theoryof color group

SU(3)c and hence the name quantumchromodynamics. In QCD, each quark and

antiquark comes in three colors (red, blue, and green) forming a triplet and six 
avors

so there are 36 of them in total (2� 3� 6 = 36), as shown in Table 2.1. As mentioned

above, the six 
avors are downness (D), upness (U), strangeness (S), charm (C),

beauty (B), truth (T), the later three of which are not of interest here. Only hadrons

made up of light quarks,d, u and s, will be discussed.

Strong interactions between quarks are mediated by gluons - quanta of the gauge

�elds. A gluon has a color and an anticolor. It transmits color when exchanged. Color

is conserved during emission and absorption of a gluon by a quark. For example, in a

pion that is composed of a red quark and an antired antiquarkur �u�r , the following can

take place. The red quark (ur ) turns into a blue quark (ub) by emitting a red-antiblue

(r �b) virtual gluon. The gluon is then absorbed by the antired antiquark(�u�r ), turning

it into antiblue antiquark (�u�b.) This process of color conversion,ur u�r � ub�u�b (also to

12



Quarks Antiquarks

ui = ur ; ub; ug �ui = �ur ; �ub; �ug

di = dr ; db; dg
�di = �dr ; �db; �dg

si = sr ; sb; sg �si = �sr ; �sb; �sg

ci = cr ; cb; cg �ci = �cr ; �cb; �cg

bi = br ; bb; bg
�bi = �br ; �bb; �bg

t i = t r ; tb; tg �t i = �t r ; �tb; �tg

Table 2.1: All 36 known quarks and antiquarks.

other color), is continuously ongoing inside the pion.

The QCD Lagrangian in Minkowski space is formulated as

L = L gluon + L quark-gluon + L quark-quark

L = � 1
4F a

�� F a�� + i
X

q= u;d;:::

�qi 
 � (D � ) ij qj �
X

q= u;d;:::

mq �qi qi (2.1)

where (summation is assumed when indices are repeated)

F a
�� = @� Aa

� � @� Aa
� + gf abcAb

� Ac
� (gluon �eld tensor) (2.2)

A � = TaAa
� (gauge/gluon �eld) (2.3)

(D � ) ij = � ij @� + i gA� (covariant derivative) (2.4)

The only free parameters are the gauge couplingg and the quark massesmq. The

�rst term in Equation (2.1) is the pure Yang-Mills Lagrangian for self-interacting

gluon �elds [15]. The � and � are the usual 4-dimensional space-time indices and

a = 1; 2; : : : ; 8 is gluon-color index. A new feature here is self-interactions amongthe

eight gluon (gauge) �eldsAa
� as can be seen in the Lagrangian through thegf abcAb

� Ac
�
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term in F a
�� of Eq. (2.2) which leads to asymptotic freedom and quark con�nement

hypotheses. The second term in the Lagrangian contains the interactions between

quarks and gluons. The last term is the interactions between quarks themselves.

The quark wavefunctions1 qj are the spin-12 Dirac matter quark �elds of six 
avors

q = u; d; s; c; b; tand colorj = 1; 2; 3 (i.e., red, blue, green.) The quark �eld is written

as

q =

0

B
B
B
B
B
B
B
B
B
B
@

u

d

...

t

1

C
C
C
C
C
C
C
C
C
C
A

(2.5)

where each ofu; d; s; c; b; t is a 4-component Dirac spinor. The quark �elds are in

3D color space and 6D 
avor space.mq is the (current) quark mass. g is called

the gauge coupling constant. It is an arbitrary parameter due to gauge invariance

(Lorentz invariance(rotations, boosts), space and time reversal invariances.) The

eight (32 � 1 = 8) SU(3) generatorsTa, called hyperspin, are given by2

Ta = 1
2 � a; a = 1; : : :, 8 (2.6)

and are normalized as

Tr( TaTb) = 1
2 � ab (2.7)

� a are 3� 3 hermitian matrices, named Gell-Mann matrices, shown in Table 2.2 below.

1The quark wavefunction q is also written as  q, e.g., u =  u .
2This is similar to SU(2) where the spin operatorsSi = 1

2 � i are used as generators, which satisfy

the commutation relation [Si ; Sj ] = i " ijk Sk . The structure constant of SU(2) is i" ijk
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� 1 =

0

B
B
B
B
B
B
@

0 1 0

1 0 0

0 0 0

1

C
C
C
C
C
C
A

� 4 =

0

B
B
B
B
B
B
@

0 0 1

0 0 0

1 0 0

1

C
C
C
C
C
C
A

� 7 =

0

B
B
B
B
B
B
@

0 0 0

0 0 � i

0 i 0

1

C
C
C
C
C
C
A

� 2 =

0

B
B
B
B
B
B
@

0 � i 0

i 0 0

0 0 0

1

C
C
C
C
C
C
A

� 5 =

0

B
B
B
B
B
B
@

0 0 � i

0 0 0

i 0 0

1

C
C
C
C
C
C
A

� 8 = 1p
3

0

B
B
B
B
B
B
@

1 0 0

0 1 0

0 0 � 2

1

C
C
C
C
C
C
A

� 3 =

0

B
B
B
B
B
B
@

1 0 0

0 � 1 0

0 0 0

1

C
C
C
C
C
C
A

� 6 =

0

B
B
B
B
B
B
@

0 0 0

0 0 1

0 1 0

1

C
C
C
C
C
C
A

Table 2.2: Gell-Mann matrices are generalizations of the Pauli matrices. The 2� 2

matrices taken from the �rst two rows and columns of� 1, � 2, and � 3 are the Pauli

matrices � 1, � 2, and � 3. The � 8 is
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The Gell-Mann matrices represent the 8 generators of SU(3)c in the fundamental

representation3. There are other equivalent sets of SU(3) generators [5] that can also

be used. The generatorsTa's obey the following commutation and anti-commutation

relations 3

[Ta
ij ; Tb

jk ] = i f abcT c
ik (2.8)

f Ta
ij ; Tb

jk g = � ab� ik + dabcT c
ik (2.9)

Only two generators,T3 and T8 commute which means that SU(3) has rank two.f abc

(dabc) are real and completely anti-symmetric (symmetric) in its indices. They are

called the SU(3) structure constants and the indicesa; b; crun from 1 to 8. Equation

(2.8) de�nes the Lie algebra in SU(3).4

Other terms that arise from applying the gauge principle (invarianceunder local

symmetry) such as gauge-�xing (L gf = � 1
2� (@� A �

a )(@� A �
a)) and ghost5 (L g = @� � y

aD �
ab� b)

terms have been omitted for simplicity[3]. One more term that is also omitted is

L � = �g 2
s

64� 2 � ���� F ��
a F ��

a since it is relatively small.

3If � a 's are used, the commutation and anti-commutation relations become [� a
ij ; � b

jk ] = 2i f abc� c
ik

and f � a
ij ; � b

jk g = 4
3 � ab� ik + 2 dabc� c

ik .
4Equation (2.8) de�nes the Lie algebra of SU(n) in n dimension, but equation (2.9) is applicable

only to SU(3) in 3 dimension.
5The gauge-�xing term must be supplemented by the ghost term. The Fadeev-Popov ghosts[5, 3]

� y and � are independent scalar �elds that obey Fermi statistics. The massless ghosts are always

con�ned to loops. Their function is to cancel unphysical contributions from intermediate gluons.
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2.1 Action

The QCD Lagrangian in (2.1) can be written compactly as

L = � 1
4F a

�� F a�� +
X

q= u;d;:::

�q
�
i =D � mq

�
q (2.10)

= � 1
2Tr( F�� F �� ) +

X

q= u;d;:::

�q(i 
 � D � � mq)q (2.11)

where the gluon �eld tensorF�� = TaF a
�� . The trace is taken over the color space.

Continuum QCD action is given by

SQCD =
Z

d4x L QCD (2.12)

= Sgauge + Squark (2.13)

= 1
2

Z
d4x Tr F�� F �� +

Z
d4x �q(i 
 � D � � mq) q (2.14)

The gluon �eld tensor F�� = @� A � � @� A � + g[A � ; A � ] is a traceless 3� 3 hermitian

matrix and is invariant to gauge transformations

F�� ! 
( x)F�� 
 y(x) (2.15)

where 
( x) is an arbitrary SU(3) matrix. The variables are discussed in section1.1.

2.2 Features of QCD

This chapter does not attempt to deeply discuss all features/properties of QCD.

An important short distance property is asymptotic freedom. In this region, pertur-

bative QCD can be used to great accuracy. An important long-distance property is

con�nement. Another property is chiral symmetry. Only these three features will be

presented in a succinct manner.
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2.2.1 Asymptotic Freedom

In section 1.1, the coupling constant in Eq. (1.1) was discussed brie
y. To �rst

order, it is written as [1]

� s(Q2) =
4�

� 0 ln(Q2=� 2
QCD )

(Q2 � � 2
QCD ) (2.16)

where � 2
QCD is called the QCD scale parametersince it sets the momentum scale

of the theory. � s becomes larger when momentum transferQ2 is not much larger

then � 2 (large distances) and it diverges whenQ2 = � 2. Large � s makes quarks

bind more strongly and gives rise to quark con�nement. This phenomenon is called

\infrared slavery\ which is the opposite of asymptotic freedom. Onthe other hand,

� s becomes smaller in higher energy or largeQ2 region (short distances.) This is

called asymptotic freedom where quarks interact as if they were free. Asymptotic

freedom is a fundamental feature of non-Abelian gauge theories [3].

There is another way to see how the coupling constant changes. Physically speak-

ing, interactions at this energy level see the QCD vacuum polarization created out of

quark-quark-gluon vertices and gluon-gluon vertices. The quarkpolarization drives

� s up at short distances while the gluon polarization drives it down. This competi-

tion between the two types of polarizations is described by parameter � 0 = 11 � 2
3N f.

Since in this caseN f = 5, � 0 is positive, and the coupling decreases at short distances.

2.2.2 Con�nement

So far, no individual quark (or gluon for that matter) has ever been observed.

This leads to a hypothesis that a naturally occurring particle must becolorless. By
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colorless, we mean either the total amount of color is zero (e.g.: 1 red + -1 red = 0)

or all the colors are present in equal amount (1 red + 1 blue + 1 green= colorless.)

This hypothesis suggests that there are two ways to naturally combine quarks as

mentioned in quark model in Chapter 1.2: �qqand qqq(or �q�q�q.) Other higher number

of quark combinations have not been observed.6

No conclusive proof, derived from QCD as a theory, has been proposed to explain

con�nement. One di�culty is that con�nement involves long-range quark-quark in-

teraction in which regime the Feynman calculus fails [6]. There are, however, several

ideas that try to explain the phenomenon qualitatively by using the QCD analogies

of electrodynamics, QED, and superconductivity [5, 18].

Intuitively speaking, con�nement can be explained in terms of the strong force

that binds quarks together. As mentioned above, QCD vacuum is a condensate of

virtual gluons and light quarks pairs which behaves like a dielectric. Atlarge distances

the sea of virtual quarks and gluons has an anti-screening e�ect to color particles.

This e�ect increases the quarks' color charges as they interact with each other from

a farther distance. This increases the strength of the binding force which makes it

harder to pull the quarks apart. Thus quarks are con�ned within the bound states

where strong force interaction is minimized.

Lattice gauge theory sheds some light to how quarks are con�ned via its linear

potential. The limiting static potential between a quark and an antiquark [10, 11] is

6The four-quark (qq�q�q) interpretation of a particle called X (3872) discovered at KEK, Japan is

not inconclusive [9].
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found to be

Vq�q(r ) =

8
>>><

>>>:

� A
r for r � 1

� ;

br for r � 1
� :

(2.17)

where the b � 0:9 GeV/fm is the 'string tension' and A = 4
3 � s. The result above

is calculated from a �xed, in�nitely massive q�q pair. This potential is called static

potential because the quarks are not moving.7 It is clearly seen that more and more

energy is required to pull the quark-antiquark pair farther and farther apart as the

potential is linearly rising beyond about 0.2 fm. This is an indication of con�nement

and that the strong force between the quark-antiquark pair is constant for r � 1
� .

The 
ux tube model proposed by Isgur and Paton in 1983 [12] describes how the color-

electric �eld lines are con�ned along the space connecting the interacting quarks, thus

forming a closed tube of �eld lines. This tube of �eld lines provides constant 
ux of

�eld lines which gives rise to linear potential. This is in contrast to electric �eld lines

that spread, giving rise to 1
r potential. The (non-relativistic) 
ux tube model is an

improvement to the relativistic string model proposed earlier in 1973since it gives

correct static potential as seen in (2.17).

2.2.3 Chiral Symmetry and Spontaneous Symmetry Break-

ing

Noether showed that for every continuous symmetry that is manifest in the clas-

sical Lagrangian there exists a conserved current, called Noether current. Its quantum

7There are other potential contributions from spin dependent forces that have di�erent r depen-

dence such as1
r 3 .
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�eld version involves the invariance of the Lagrangian under the in�nitesimal trans-

formation

�q = ( � i� � �=2)q: (2.18)

When quantum corrections are included, a supposedly conserved current can turn

out to be not conserved in some cases. The a�ected current is saidto contain an

anomaly. This happens when fermions are coupled to both vector and axial-vector

currents, for example, U(1)A axial anomaly in Table 2.3.

Spontaneous symmetry breaking (SSB) is a symmetry that is manifest in the

Lagrangian and Hamiltonian but is not respected by the ground state of the system.

The ground state of the system is not an eigenstate of the symmetry operators of

the Hamiltonian but a superposition of the eigenstates[3]. There areglobal and local

8 SSB. The global SSB is called the Goldstone theorem. Goldstone[21] showed that

there exists a massless spin zero boson (called Goldstone bosons) for every continuous

global symmetry of the system that is spontaneously broken (hidden.) In QCD, SSB

is caused by the fact that the QCD vacuum, which is the expectationvalue of the

quark condensateh0j �qqj0i , is not zero.

It is assumed that color symmetry is exact, that is, QCD has an exact SU(3)c

symmetry. In high energy region, light quarks' masses are relatively small and, there-

8When a local symmetry is spontaneously broken, a gauge �eld that causes the breakdown (called

a Higgs �eld) acquires mass and no Goldstone boson occurs. The symmetry is said to be manifested

in the Higgs mode.
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fore, QCD has another (
avor) global symmetry9 called chiral symmetry.

mu = md = ms = 0 ! SU(3)L 
 SU(3)R (2.19)

In this limit, the quark spinors have de�nite chirality or handedness:L or R for �

and + chirality respectively. The Lagrangian is invariant under SU(3)f.

This symmetry can be made to go a step further. The masses ofu and d quarks

(7 MeV and 3 MeV, respectively) are much closer to one another than they are to

the mass ofs quark (120 MeV.) Consequently, the following chiral symmetry is more

accurate than Eq.(2.19).

mu = md = 0 ! SU(2)L 
 SU(2)R and U(1)L 
 U(1)R (2.20)

In this idealized limit, the Lagrangian density that has the chiral symmetry is

L chiral = � 1
4F a

�� F a�� + �qi =Dq (2.21)

where

q =

0

B
B
@

u

d

1

C
C
A (2.22)

The covariant derivative =D is independent of 
avor since it acts only on color and

Dirac indices. The full Lagrangian density, including that ofs, c, b and t quarks, is

L = L chiral � (mu �uu + md
�dd) + L scbt (2.23)

9Given a Lagrangian density L = L ( i (x); @�  i (x)) that is invariant under some symmetry

group G. This means that the Lagrangian is invariant when the �eld is in�nitesim ally changed as

 i !  0
i =  i + � i , where � i = i "aT a

ij  j . The small parameters "a are x-independent. The

matrices T a satisfy the Lie algebra of the groupG: [T a ; T b] = i CabcT c, whereCabc are the structure

constants of the groupG. A symmetry is called global (local) symmetry if the parameters "a are

space-time independent (dependent).
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Symmetries Transformations Noether currents Conservation

SU(2)V q ! e� i ! ��= 2q J k
� = �q
 � � kq Isospin

U(1)V q ! e� i � q j � = �q
 � q Baryon number

SU(2)A q ! e� i 
 5 � ��= 2q J k
5� = �q
 � 
 5� kq Spontaneously broken

U(1)A q ! e� i�
 5 q j 5� = �q
 � 
 5q Not conserved

Table 2.3: Four global symmetry groups and their corresponding Noether currents for

chiral LagrangianL chiral . The subscript V (A) stands for vector (axial-vector). The

j 5� current is not conserved due to a QCD axial anomaly. Indexk=1, 2, 3. Matrices

� = ( � 1; � 2; � 3) are Pauli matrices which are generators of SU(2).� , � , � = ( � 1; � 2; � 3),

and ! = ( ! 1; ! 2; ! 3) are arbitrary real constants.

The global symmetry groups, under which theL chiral is invariant, and their corre-

sponding Noether (conserved) currents [5] are summarized in Table 2.3. The isospin

current is only conserved whenmu = md. The baryonic current is conserved in the full

QCD Eq.(2.23). The three currentsJ k
5� are axial vectors and their three correspond-

ing charges are pseudoscalarQk;5 =
R

d3xqy
 5
� k
2 q. The gauge �eld interaction term,

� 1
4F a

�� F a�� , in Eq.(2.21) is already invariant under SU(3) and SU(2) symmetries.

Equivalently, the quark �elds can be written in terms of their left-handed and

right-handed quark �elds as

q = qL + qR =
� 1 � 
 5

2

�
q+

� 1 + 
 5

2

�
q (2.24)

= PL q + PRq

Projection operatorsPL and PR project the quark �elds into L and R helicity states.

L and R are eigenvalues of
 5 which are� 1 and +1 respectively. The free Lagrangian
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for massless quarks is then

L = �qL i
 � @� qL + �qR i
 � @� qR ; (2.25)

which is separately invariant under transformations

qL ! e� i� L ��= 2qL (2.26)

qR ! e� i� R ��= 2qR (2.27)

The net chiral symmetry is SU(2)L 
 SU(2)R, which breaks down to SU(2)f when

mu = md 6= 0. Similarly, SU(3)L 
 SU(3)R breaks down to SU(3)f when mu = md =

ms 6= 0.

SU(3)L 
 SU(3)R chiral symmetry implies the existence of twice as many mul-

tiplets of hadrons that are degenerate in mass and opposite in parity. For example,

the existing 0� meson octet would be accompanied by 0+ meson octet and the exist-

ing 1
2

+ baryon octet by 1
2

� baryon octet. However, such degenerate multiplets have

not been observed. This SU(3)L 
 SU(3)R chiral symmetry is therefore broken to

SU(3)f. In addition, there are spin zero hadrons (e.g.:� + ; � � ; � 0) that seem to be

the Goldstone bosons. However, they are not massless because the quarks themselves

have mass. Chiral symmetry is explicitly broken because quarks have mass. It is

also spontaneously broken because the QCD vacuum, which is a quark condensate,10

h0j �qqj0i � h �qqi 6= 0. In other words the non-perturbative �eld 
uctuations break the

chiral invariance ofL chiral . As an example, it is estimated from QCD sum rules[19]

that h0j �uuj0i = h0j �ddj0i = � (225� 25)3 MeV. The QCD vacuum leads quarks to pick

10Since h�qqi = h�qR qL + �qL qR i , the quark condensate can be taken as a measure of the coupling

betweenqL and qR . Hence it is also called the 'chiral' condensate.
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up more mass. This new quark mass is called quark constituent mass which is about

300 MeV foru and d quarks and 480 MeV fors quark. In contrast, the current quark

masses ofu and d quarks are 3 and 7 MeV. The constituent masses ~mi and current

massesmi are di�erent by a common constant[17]m0 � 300 MeV:

~mi = mi + m0 (2.28)

SU(3)f symmetry is also broken, albeit slightly, because the light quark masses

are not the same: mu 6= md 6= ms 6= 0. It is just that the symmetry breaking of

SU(3)L 
 SU(3)R is worse than that of SU(3)f because of SSB.

2.3 Path Integral Formulation of QCD

In order to calculate QCD numerically via LQCD, the quantum �eld theory may

be represented by the path-integral (functional integral) representation. This is so

because QCD is best quantized using the functional integral instead of canonical

second quantization. This section discusses some basic ideas of path integration[19,

20, 26, 32].

In quantum mechanics, actionS of a particle propagating fromx i (t i ) to xf (t f )

given its LagrangianL and trajectory [x(t); _x(t)] is

S =
Z t f

t i

dt L [x(t); _x(t)] (2.29)

Feynman formulated the path integral method in 1949. The idea is that the total

probability transition amplitude of the particle going from x i (t i ) to xf (t f ) can be

calculated by a weighted sum over all possible trajectoriesxP or paths P between the
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two points. The probability transition amplitude can then written as

hxf (t f )jx i (t i )i �
X

paths [xp ; _xP ]

exp [iS (f x(t); _x(t)g)] (2.30)

where approximation has been taken by discretizing the time coordinate into N � 1

intermediate time slicestn (n = 1; 2; : : : ; N � 1):

� t =
t f � t i

N

tn = t i + n� t (2.31)

We can sum over the trajectories at di�erent time slices. The sum over pathsP at a

speci�c time tn is

X

P (t= tn )

= exp [iS (f x(t i ); _x(t i )g)] �
Z 1

�1
dx(tn ) exp [iS (f x(t i ); _x(t i )g)]

varying over all possible positionsx(tn ) at this time step. The corresponding velocity

_x(tn ) is determined from each positionx(tn ). This procedure is carried out for every

time step to yield the transition amplitude

hxf (t f )jx i (t i )i �
Z N � 1Y

n=1

dx(tn )exp [iS (f x(tn ); _x(tn )g)] (2.32)

As the number of time slicesN ! 1 , we arrive at the exact expression

hxf (t f )jx i (t i )i = N lim
N !1

Z N � 1Y

n=1

dx(tn )exp [iS (f x(tn ); _x(tn )g)] (2.33)

whereN is a normalization factor.

An important observable is the two-point correlation function (propagator), de-

�ned as, in one-body system,

G(t1; t2) = h0jT(x(t1)x(t2)) j0i ;

26



Figure 2.1: Some possible paths connecting initial and �nal space-time coordinates

whereT is the time ordering operator. Its expectation value is

h0jT(x(t1)x(t2)) j0i =

R
[dx]x(t1)x(t2)eiS(x; _x)

R
[dx]eiS(x; _x)

(2.34)

where in di�erent notations

Z
[dx] �

Z N � 1Y

n=1

dxn �
Z

Dx

Similar approach can be applied to �elds. For a real scalar �eld� (x; t ) in one

dimension the vacuum expectation value of operatorO containing n �eld operators

� is

h0jO(� )j0i =

R
D� O(� )eiS(f � g;f @� � g)
R

D� eiS(f � g;f @� � g)
(2.35)

where the actionS is in Minkowski (
at) space-time.

From this point onwards, we will use the Euclidean space-time where imaginary

time � replaces the real timet by using t = � i� . The Euclidean space is a Minkowski
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space that is Wick rotated by �= 2 in the complex t plane. The following summa-

rizes relationships between quantities in Euclidean (� = 1; 2; 3; 4) and Minkowski

(� = 0; 1; 2; 3) space.

x4 = tE = � itM = � ixM
0 xE

i = xM
i

pE
4 = � ipM

0 pE
i = pM

i

AE
4 = � iAM

0 AE
i = AM

i


 E
4 = 
 M

0 
 E
i = � i
 M

i

� �� g�� (2.36)

Some quantities such asp2
E = p2 � E 2 = � p2

M change. The Lorentz group is replaced

by the rotation group in four dimensions in Euclidean space. It is practical to use a

new set of
 � matrices described above. All the
 matrices are now all hermitian which

satisfy the anti-commutation relations f 
 � ; 
 � g = 2� �� . Note that the 
 5 matrices

becomes
 E
5 = 
 E

1 
 E
2 
 E

3 
 E
4 .

Using Wick rotated amplitudes is technically advantageous because LQCD cal-

culation done in imaginary time avoids the oscillatory nature of eiS. As the Euclidean

action is de�ned asSE = � iSM (t = � i� ), the phase factor in the path integral formula

becomes

exp(iSMinkowski ) ! exp(� SEuclidean ) (2.37)

For real and positive action, the phase factor becomes a weightingfactor so that

sampling techniques can be used to evaluate the integral numerically. Thus the path

integral formulation reduces the problem of determining the expectation value of an
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observable to a problem of integration. in Euclidean space, eq. (2.35) then becomes

h0jO(� )j0i =

R
D� O(� )e� S(f � g;f @� � g)
R

D� e� S(f � g;f @� � g)
(2.38)

which can be applied to other physics problems and non-physics related phenomena

as long as the problem can be cast into the above form.

The corresponding vacuum expectation value of the two-point correlation func-

tion in QCD is

G = h0jT[O(A; q; �q)]j0i =

R
DA D �qDqT[O(A; q; �q)] e� S

R
DA D �qDqe� S

; (2.39)

where the QCD actionS is the sum of the gluon/gauge and the quark actions

S = SG + Sq = 1
2

Z
dx4Tr F�� F �� +

Z
dx4 �qMq: (2.40)

The gluon �eld A � is abbreviated asA. The shorthand of the Dirac operator is

written as M = =D + mq. The QCD Lagrangian in Euclidean space is

L = 1
2Tr F�� F �� +

X

q

�q( =D + mq)q: (2.41)

The Dirac fermionic �elds q� (x) and q� (y) (with Dirac index � = 1; 2; 3; 4:) anti-

commute

f q� (x); q� (y)g = 0

f �q� (x); q� (y)g = 0 (2.42)

f �q� (x); �q� (y)g = 0;

therefore they can be treated as complex Grassmann �elds and obey Grassmann

algebra. The integration of the fermionic �elds follows that of Grassmann's

Z
dq� (a + bq� ) = b: (2.43)
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Let us de�ne the fermionic �eld con�gurations as

D �qDq =
Y

x

Y

�

d�q� (x)dq� (x): (2.44)

The fermionic action Sq =
R

dx4 �qMq is bilinear in �q and q and can be integrated

exactly with respect to the fermionic �elds as follows

Z
D �qDqe�

R
d4x �qMq = det M: (2.45)

We need to integrate the fermionic action before the LQCD simulationbecause it is

di�cult to incorporate the fermionic integrals in the Monte Carlo method. However,

the price is that the detM is non-local inA � and is consequently very expensive to

compute.

An important quantity is the quark propagator [124]

hM � 1i � h 0j �q(x)q(0)j0i �

R
DA D �qDqe� SM � 1
R

DA D �qDqe� S
(2.46)

When the quark part is integrated using Grassman variable, the quark propagator

becomes

hM � 1i �

R
DA det(M )e� SG M � 1
R

DA det(M )e� SG
(2.47)

where det(M ) =
Q

q det( =D + mq). Eq.(2.47) can be numerically evaluated by using

Monte-Carlo methods outlined in section 3.4.1.
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Chapter 3

QCD on the Lattice

As discussed in chapter 1, lattice QCD (LQCD) is a fundamental theory of

the strong interactions. Its calculations are a non-perturbativeimplementation of

gauge �eld theory by using the Feynman path integral approach. In lattice gauge

theories, the Euclidean space-time is discretized into 4-dimensionallattice [27] called

a hypercube. The motivation behind this is to solve QCD numerically since QCD has

not been able to be solved analytically, particularly to its nonlinearity inF�� . This

is a common approach when confronted with solving di�cult di�erential equations.

Space-time discretization reduces the in�nite number of �eld variables to a �nite and

perhaps managable number. The discretization introduces a systematic error that will

be discussed later in this chapter. Overall, LQCD simulations introduce statistical

error _ 1p
N

due to Monte Carlo simulation and systematic errors due to various

sources [26] such as �nite volume e�ects, �nite lattice spacing, chiral extrapolation,

operator mixing, quenched approximation, etc.

Another advantage of this discretization is that the theory is naturally regularized
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because �nite lattice spacing provides ultraviolet cuto� at �
a . To see this, consider

the Fourier transform of a one-dimension functionf (xn ), wherexn = na, on a lattice

~f (p) =
+ 1X

n= �1

af (xn )e� ipxn ; (3.1)

which that is periodic in momentum space, that is,

~f (p) = ~f (p + 2
�
a

): (3.2)

The momentum can be restricted to what is called Brillouin zone in solid state physics

�
�
a

< p �
�
a

: (3.3)

The inverse Fourier transformation is

f (xn ) =
Z

dp
2�

~f (p)eipxn (3.4)

with a clear ultraviolet cuto� at jp� j � �
a . That is, the minimum wavelength of that

the quarks and gluons can have is� min = 2a. There are no particles with momenta

k = 2�
� greater than �

a in the lattice theory and simulation.

The LQCD simulation data in this study uses an isotropic lattice (same lattice

spacinga in all directions.) It is also assumed that the gauge group is SU(3). This

chapter o�ers a brief overview of lattice formulation of QCD in Euclidean space-time

[19, 27, 32, 35, 40].

Much of lattice calculations started in the early 1990's although the LQCD was

invented in the 1970's. LQCD simulations are very expensive computationally. The

cost of a (QMC) LQCD simulation is of the following form [32, 63]

Cost /
� L

a

� 4� 1
a

� 2� 1
m�

� 2
/

1
a6

: (3.5)
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The �rst factor is the number of lattice sites (L
a )4 = N 4 in the hypercube. The other

two factors are the \critical slowing down" that depends on the algorithm used in

evaluating the numerical integration. The second factor varies from
�

1
a

� 1� 2
depend-

ing on how the successive con�gurations are correlated. The thirdfactor varies from
�

1
m �

� 2� 3
depending on what algorithm is used on inverting the fermion propagator.

It also accounts for critical slow down when nearly a massless pion is used. Lattice

spacinga is the most determining factor in the computational cost. For example,

halving the lattice spacing increases the cost by 26 = 64. It was thought that �ne

lattice spacing in the order of 0.05-0.1 fm was needed to get accurate LQCD simu-

lations. Fortunately, new techniques show that larger spacings ofup to 0.4 fm give

relatively reliable results.

In an isotropic lattice of sizeL3 � T, every point on the lattice is completely

represented by a four-integer numbern = ( n1; n2; n3; n4). The Euclidean time is

denoted by the fourth componentn4. The LQCD is obtained from the continuum

QCD by the following substitutions.

x ! na = ( n1ê1 + n2ê2 + n3ê3 + n4ê4)a

q(x) ! q(na)
Z

d4x ! a4
X

n

@xq(x) ! � xq(x) =
q(x + a) � q(x � a)

2a
(3.6)

Dq !
Y

n

dq(na)

êi are unit vectors in the i direction, i.e., along the x-axis ^e1 = �̂ , along the y-axis

ê2 = �̂ , etc.
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Ordinary derivatives such as (3.6) are approximated by �nite di�erences. There

are choices in constructing a �nite di�erence but they are equivalent as long as the

ordinary derivative is recovered in the limita ! 0. One choice is eq. (3.6). The �nite

di�erence � xq(x) introduces a relative error of ordera2 since1

� x q(x) =
h
@x +

a2

6
@3

x + O(a4)
i
q(x): (3.7)

Solving for @xq in eq. (3.7) gives a more accurate discretization of@xq than eq. (3.6)

since

@x q ! � xq �
a2

6
� 3

xq+ O(a4): (3.8)

Thus, when one wants to reduce the �nite lattice spacing error, including the a2

correction to the derivative is usually more e�cient and cheaper than reducing the

size of the lattice spacing. Higher order terms can be included to increase accuracy if

needed. Improving the discretization of the derivatives is an important step in schemes

used to invent improved lattice actions. Similarly obtained, the second derivative

substitution is

@2
x q(x) ! � (2)

x q �
a2

12

�
� (2)

x

� 2
q+ O(a4); (3.9)

where the second-order �nite di�erence is

� (2)
x q =

q(x + a) + q(x � a) � 2q(x)
a2

: (3.10)

Higher-order �nite di�erences can be constructed from �x and � (2)
x .

Discretization breaks the continuous symmetries that QCD possesses such as

continuous Lorentz and translational symmetries. The continuous symmetries in

1From (3.6) write 2a� x q(x) = q(x + a) � q(x � a) =
h
ea@x � e� a@x

i
q(x)

=
h�

1+ a@x q+ 1
2! a

2@2
x q+ 1

3! a
3@3

x q+ : : :
�
�

�
1� a@x q+ 1

2! a
2@2

x q� 1
3! a

3@3
x q+ : : :

� i
=

h
2a@x q+ 2

6 a3@3
x q+ : : :

i
.
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continuum QCD are replaced by discrete symmetries in LQCD. The LQCD has the

following symmetries: CPT, local gauge symmetry, and discrete Poincare (Lorentz:

boosts and rotational, and translational) symmetries at all lattice sizes. For ex-

ample, the discrete translations can only go by one or more lattice units, resulting

in discrete allowed momenta ofk = 2�n
La with n = 0; 1; 2; : : : L or k = � 2�n

La with

n = 0; 1; 2; : : : L=2. However, preserving chiral symmetry in LQCD is still a chal-

lenge. In the following sections, problems arising from discretizationand improved

discretization schemes will be discussed. One key idea to remedy thesymmetry

breaking due to discretization is to use operators that have many powers ofa so that

the e�ect of discretization becomes localized and, thus, relatively negligible on the

physical quantity under consideration.

3.1 Wilson Loops

The fermionic (quark) �elds q(x) are de�ned on each lattice sites. The gauge

(the eight gluons) �elds A � = Aa
� Ta are de�ned on links connecting adjacent pairs of

lattice sites as shown in Fig. 3.1. A quark that moves from sitex to y gains a phase

factor under the gauge �eld given as

q(y) = P exp
�

ig
Z y

x
dx � A � (x)

�
q(x); (3.11)

where operatorP denotes path ordering of theA � along the integration path andg

is the gauge coupling constant. Naturally, on a link connectingx to x � �̂ (where

j�̂ j = a), Wilson de�ned the link variable (operator) U�̂ (x) by the line integral (thus
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making it non-local) of A � (x) along that link:

U�̂ (x) = P eig
Rx + �̂

x dx � A � = e iagA � (x+
�̂
2 ) ' 1 + i agA� (x + �̂

2 ) (3.12)

U� �̂ (x) = P eig
Rx � �̂

x dx � A � = e � iagA � (x �
�̂
2 ) ' 1 � iagA� (x � �̂

2 ) (3.13)

= Uy
�̂ (x � �̂ )

where U�̂ (x) 2 SU(3) and bi-local as it links two sitesx and x + �̂ . Eigenvalues

of agA� (x) are angle variables in [� �; � ] interval but become in�nite when a ! 0.

The link variable U�̂ (x) transports color from x to x + �̂ , and its conjugate,Uy
�̂ (x),

transports color in the opposite direction fromx + �̂ to x. LQCD uses these link

variablesU�̂ (x) in place of gluon �elds A � .

The lattice version of local gauge transformationV(x) on q(x) and U�̂ (x) is

de�ned to be (note that x = na)

q(x) ! V (x)q(x); �q ! �q(x)V y(x)

U�̂ (x) ! V (x + �̂ )U�̂ (x)V y(x) (3.14)

where V(x) is an SU(3) matrix de�ned at each sitex. Matrices U and V are in

the same representation. There are only two gauge invariant objects under this local

gauge transformation: lines/strings and closed Wilson loops. Wilson loops of any size

and shape can be built from smaller loops.

The simplest non-trivial example of Wilson loops is 1� 1 loop, called the pla-

quette,

P�� � W 1� 1
�� = U�̂ (x)U�̂ (x + �̂ )U� �̂ (x + �̂ + �̂ )U� �̂ (x + �̂ )

= U�̂ (x)U�̂ (x + �̂ )Uy
�̂ (x + �̂ )Uy

�̂ (x) (3.15)
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is shown in Fig.3.1. In the limit a ! 0, the plaquette becomes

�

6
-

?
6

-

�

�

x + �̂x

x + �̂ + �̂x + �̂ U�̂ (x + �̂ )

U� �̂ (x + �̂ + �̂ )

U� �̂ (x + �̂ )

U�̂ (x)

a

a

Figure 3.1: A 2-dimensional part of 1� 1 plaquette on a lattice

P�� = exp[ia2gF�� (x)]; (3.16)

where the �eld tensor in Euclidean space is

F�� = @� A � � @� A � + g[A � ; A � ]: (3.17)

The �eld tensor associated with a plaquette with opposite orientation is simply

F�� (x) = � F�� (x).

3.2 Gluons on the Lattice

3.2.1 Standard Wilson Gluon Action

A gauge invariant action in a lattice has to be built from Wilson loops and strings

as they are the only two fundamental gauge invariant objects in the lattice. Wilson
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loops and strings of any size may be used to build the gauge invariant lattice action

as long as it returns to its continuum form in the limit a ! 0. That is the only

necessary constraint in building a gauge invariant lattice action [26].

The Wilson gluon action can be written in terms of plaquettesP�� as

SG, lat = � lat

X

x

4X

�<�;�;� =1

Re Tr
�
1 � 1

3P��

�
; (3.18)

where � lat = 6
g2 . The sum is over all possible 4-dimensional plaquettes in the lattice.

In a lattice of sizeN 3
x � N t , there are 6N 3

x N t plaquettes since there are 6 planes in a

4-dimensional lattice. The above action is obtained after a Taylor expansion of the

P�� . Expansion of planar Wilson loops always produces the terma
2

6 F�� (@3
� A � � @3

� A � ),

therefore the gluon action has a leading correction ofO(a2). Improved gluon actions

such as Iwasaki and Luscher-Weisz actions haveO(a4) leading correction obtained by

cancelling theO(a2) term through appropriate combination ofW 1� 1
�� and W 1� 2

�� . The

inclusion of larger Wilson loops results in slightly greater error and computing cost.2

In the simple continuum limit a ! 0, SG approaches the continuum gauge action

SG,cont = 1
2Tr

R
d4xF �� (x)F �� (x).

3.2.2 Iwasaki gluon action

The LQCD data that were analyzed in this study used Iwasaki gaugeaction.

Iwasaki introduced a block-spin renormalization group (RG) improved action that

comes close to the renormalized trajectory (RT) after a few blockings. One advantage

2For example, the leading correction ofW 1� 1
�� is a2=6 while the leading correction ofW 1� 2

�� is 2.5

times that. The computational cost also increases by a factor of 2-3 [26].
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of using this action is reduced �nite lattice spacing e�ects [65, 33, 34, 26]. It also shows

improved chiral symmetry in quenched calculation (see section 3.3.1)and rotational

invariance. The Iwasaki gauge action is usually written as

SI = �
X

x

h
c0

4X

�<�;�;� =1

Re Tr
�
1 � 1

3W 1� 1
��

�

+ c1

4X

� 6= �;�;� =1

Re Tr
�
1 � 1

3W 1� 2
��

� i
(3.19)

W 1� 2
�� are 1� 2 rectangular Wilson loops. Theci give relative weights of di�erent types

of loops. The values ofc0 = 1 � 8c1 and c1 = � 0:331 for one block transformation,

which givesc0 = 3:648. c1 = � 0:293 is used for two block transformations. The value

of the rescaled� = 2:264. The lattice calculation was carried out on a 203 � 32 lattice

with 110 quenched gauge con�gurations and lattice spacing ofa(f � ) = 0 :17 fm [129].

The lattice size isL = 3:4 fm.

3.3 Quarks on the Lattice

Wilson's discretized version of the covariant derivative is

D � q(x) =
1
2a

[U� (x)q(x + �̂ ) � U� �̂ (x)q(x � �̂ )] ; (3.20)

which is equivalent to the continuum covariant derivativeD � = @� + gA� after Taylor

expanding theU� (x) and the q(x) and taking the limit a ! 0. Directly substituting

eq.(3.20) into the quark action yields what is called naive fermion action, the simplest
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fermion lattice action,

Snaive
q, cont =

Z
d4x �q(x)( 
 � D � + m)q(x)

Snaive
q, lat =

1
2a

X

x

X

�


 �

h
�q(x)U� (x)q(x + �̂ ) � �q(x)Uy

� (x � �̂ )q(x � �̂ )

+ m�q(x)q(x)
i

=
X

x

�q(x)M naive
xy [U]q(x) (3.21)

where the interaction matrix M naive is

M naive
i;j [U] = mq� ij +

1
2a

X

�


 �

�
Ui;� � i;j � � � Uy

i � �;� � i;j + �

�
: (3.22)

It is simpler to use free fermion action (U� (x) = 1) to illustrate fermion doubling.

The free fermion action is

S0;naive
q, cont =

Z
d4x �q(x)( 
 � @� + m)q(x)

S0;naive
q, lat =

X

x

�q(x)M 0;naive
xy q(x); (3.23)

where the interaction matrix (the inverse propagator) takes theform

M 0;naive
i;j = G� 1

i;j = mq� ij +
1
2a

X

�


 �

�
� i;j + � � � i;j � �

�
: (3.24)

The free fermion action (3.23) can be Fourier transformed into themomentum space

to be

S0;naive
q, lat (p) =

Z �=a

� �=a

d4p
(2� )4

�q(p)
h
i
X

�


 �
sin(ap� )

a
+ m

i
q(p); (3.25)

whose dispersion relation is

S(p) =
sin2(ap� )

a2
+ m2 = 0: (3.26)
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Its solution p� = 0 is also accompanied by anotherp� = �
a since sin(ap� ) = 0 at

the edges of the Brillouin zone (� �
a ; �

a ]. There is an additional pole or particle at

�
a . There are two poles for every dimension thus there are 24 = 16 particles: one

real fermion and super
uous unphysical 15 fermions. This problemis called fermion

doubling and the extra fermions are called doublers. This originates from the fact

that the Dirac equation is linear and uses the (antihermitian) symmetric �rst-order

discretized derivative in equation (3.6).3 There are a number of methods developed

and used to suppress the fermion doubling problem by modifying the fermion action.

This is allowed as long as the continuum action is obtained asa ! 0.

Nielsen and Minomiya proved in 1981 [37] (the proof is called the no-go theorem)

that the fermion doubling must occur in a lattice theory that simultaneously respects

hermiticity, locality, and chiral symmetry. That is, such lattice theory cannot avoid

the doubling problem without breaking the chiral symmetry.

The naive lattice fermion action does not have the axial anomaly due to the

physical fermion as in the continuum action. The reason is that the fermion doublers

couple to the external axial current with opposite chiral charge and cancel the axial

anomaly [29].

3The use of the discretized derivative in equation (3.6) involves twice the lattice spacinga instead

of one. Rothe and Sadoogi [35, 36] studied the use of the right derivative @R
� q(n) = q(n + � ) � q(n)

and the left derivative @L
� q(n) = q(n)� q(n� � ), which involve only one lattice spacing, on the fermion

action. It was found that while the doubling problem did not occur, th e use of such derivatives gave

rise to noncovariant contributions to the fermion self energy and vertex function. Such contributions

made the theory nonrenormalizable.
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3.3.1 Standard Wilson Quark Action

The lattice action is not unique, therefore extra operators may beadded to the

action as long as the continuum limit does not change. The solution of fermion

doubling proposed by Wilson is to add an extra operator� r
2 �q @� @� q to the Dirac

action [19, 26, 28, 35]. The Wilson parameterr takes on values 1< r � 1. The

Wilson action reduces to the continuum fermion action in the continuum limit. One

e�ect of this additional term is that the extra 15 fermions at the edges of the Brillouin

zonep� a = � acquire heavy masses of order� 2rn
a , wheren = 15 in this case. These

15 doublers will decouple whena ! 0 as the masses will get in�nitely large. However,

the price of this doubling remedy is the breaking of the chiral symmetry at O(a).

The Wilson action is de�ned as

SW
q, cont =

Z
d4x �q(x)( 
 � D � + m �

r
2

@� @� )q(x)

SW
q, lat =

�
mq +

4r
a

� X

x

�q(x)q(x)

+
1
2a

X

x

�q(x)
h
(
 � � r )U� (x)q(x + �̂ )

� (
 � + r )Uy
� (x � �̂ )q(x � �̂ )

i
(3.27)

=
X

x;y

�q0(x)M W
xy q0(y): (3.28)

The convention in writing the interaction matrix (in position, spin (Dirac), and color

space) is

M W
xy [U]a = � x;y � �

X

�

h
(r � 
 � )Ux;� � x;y � � + ( r � 
 � )Uy

x� �;� � x;y + �

i
; (3.29)

42



where the following rescaling has been implemented

� �
1

2mqa + 8r
=

1
2ma

q0 =
p

mqa + 4r q =
1

p
2�

q: (3.30)

m =
�

mq + 4r
a

�
is the mass term in (3.27). The Wilson action now has the leading

correction ofO(a) due to the additional second derivative. The statistical mechanics

interpretation of the Wilson action is given in [26]. The local term
P

x;y �q0(x)� x;y q0(y)

behaves like an inertia that keeps the fermion at the same site. The nonlocal terms

that are attached to � and U� (x) allow the fermions hop from one site to the next with

nearest-neighbor coupling strength� - called the hopping parameter. The fermions

acquire a twist of (
 � � r ) in the spin space and ofU� (x) in the color space after every

hop.

With the rescaling in (3.30), the quark massmq is de�ned as

mqa =
1

2�
�

1
2� c(� lat )

(3.31)

for a �xed � lat . � c(� lat ) is the critical hopping parameter de�ned as the value of� at

which the pion becomes massless. One way to compute the value of� c is by assuming

a chiral relation m2
� / mq = f ( 1

2� ). The pion mass is a function of1
2� now and it can

be extrapolated to zero. The value of� at which m� = 0 is � c. It is customary to list

the values of� instead ofmq or m� in lattice papers. The physical mass is obtained

by using (3.31).

The action of the system is the sum ofSG and Sq,

Slat = SG[U] + Sq[U; �q; q] (3.32)
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In terms of the path integrals, the expectation value of an observable O[U; q;�q] is

given over the link variablesU� (x) and fermion �elds q(x) and �q(x),

hO[U; q;�q]i =
1
Z

Z
DUD �qDqe� Slat O[U; q;�q] (3.33)

where

Z =
Z

DUD �qDqe� Slat =
Z

DUe� SG detM W
xy [U] (3.34)

The value of detM W
xy [U] is set to 1 in the quenched approximation, called quenched

QCD. Quenched QCD is an approximation of full QCD by not including thevirtual

quark and gluon loops in the lattice calculations. Full QCD includes these loops.

This approximation simpli�es the numerical computations by a factorof 103 since it

is very time consuming to compute the determinant of a large matrix such asM W
xy [U].

3.3.2 Overlap Quark Action

Ginsparg and Wilson modi�ed the anticommutation relation and the chiral ro-

tation as follows

f D; 
 5g = 
 5D + D
 5 = aD
 5D (3.35)

q ! q+ �q; where �q = i �
 5

�
1 �

a
2

D
�
q; (3.36)

where� is the matrix sign function. The Ginsparg-Wilson (GW) relation which states

that if the lattice Dirac operator satis�es (3.35), then the theoryhas an exact chiral

symmetry [46, 48, 49] without the problem of fermion doubling. There are a number

of fermion actions that satisfy the GW relation (3.35� 3.36) and thus have the exact
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chiral symmetry in the lattice. They are overlap, domain wall, and perfect actions.

The lattice QCD data analyzed in this study used Neuberger's overlapaction Sov

where the Wilson fermion is replaced by the overlap fermion [44, 112, 120, 127]

Sov =
X

x;y

�q(x)Dov(x; y; U)q(y) (3.37)

The one Neuberger Dirac operator used for the massive case is

Dov(m) = � +
m
2

+
�
� �

m
2

�

 5 � (H ); (3.38)

where � (H ) = H=
p

H 2 is the matrix sign function of the Hermitian Wilson-Dirac

operator H = 
 5Dw. The Wilson operator Dw is given a negative mass parameter

� � = 1
2� � 4 with � c; �; 0:25. The � = 1:368 for chosen� = 0:19. The overlap

action has one massless physical 
avor in the continuum limit. The massless overlap

operator is given by

Dov(0) = � � � 
 5 � (H ): (3.39)

See (panero p22, luscher 98, ginsparg, neuberger98) No �ne tuning is required.

satis�es atiyah-singer theorem. modi�ed chiral symmetry is exactly realized at every

lattice spacing. It drawback is matrix sign is very expensive to compute. and locality

issues. must write more about this about .5-1 page.

3.4 Numerical Path Integral

There are �ve steps in carrying out the numerical path integrationof LQCD.

1. Discretization of the 4-dimensional space-time.
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The most common practice of discretizing space-time is to use the simplest

isotropic hypercubic lattice. The size of the lattice spacing isa = as = at and the

size of the hypercubic isN 3
x � N t . There are other ways to discretize this space-time

such as body-centered cubic, random, and anisotropic lattices [26, 126].

The hypercube side lengthL must be chosen so that the spatial sizeR (Compton

wavelength) of the system in study �ts comfortably inside it. Otherwise �nite-size

e�ect will yield inaccurate results. The system sizeR must also be much larger than

the lattice spacinga to minimize the granularity of the simulation resolution. The

mass of the systemm � R� 1 is set to be much less thana� 1. In summary the

following is thought to be ideal

a � R �
1
m

� L = Na: (3.40)

For example, the LQCD data used in this study hasa � 0:17 fm with 203 � 32

hypercube, which makes its side length to beL = 3:4 fm. The mass that can be

simulated is m � 1
L as can be seen from eq. (3.40). In this case it ism � 57 MeV

which is a fraction of the � mass. The momentum cuto� of ~
a � 3:5 GeV makes it

su�cient for light quarks ( u; d; s) simulations but not for heavy quarks.

2. Transcription of the gluon,A � (x), and quark, q(x), �eld variables.

Grassmann variables are used to represent the quark �eld at lattice sites. The

fermion variables can be integrated by using the following rules.

Z
dq d�q =

Z
dq d�q q=

Z
dq d�q �q = 0

Z
dq q =

Z
d�q �q = i

Z
dq d�q q �q = 1 (3.41)
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After the fermion variables are integrated out, only the gluon �eld variables are left.

The gluon �elds are de�ned along the links connecting the lattice sites. They are

discussed in section 3.2.

3. Construction of the gluon and quark actions.

The construction of the gluon and quark actions are discussed in section 3.2 and

3.3.

4. De�nition of the measure of integration used in the path integral.

In LQCD, the lattice �eld variables are SU(3) matrices whose elements are

bounded by [0,1]. Wilson showed that an invariant group measure calledthe Haar

measure can be used as an integration measure of the gluon variables. The de�nition

of the measure is the following. For every elementV; W 2 SU(3) and an arbitrary

function f (U) 2 SU(3), the following is true

Z
dU f (U) =

Z
dU f (UV) =

Z
dU f (W U); (3.42)

and this measure is normalized by setting

Z
dU = 1: (3.43)

5. Transcription of the operators used to study the physics.

Construction of the operators is discussed in section (3.5) and (3.6).
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3.4.1 Monte Carlo Method

In computing a physical quantity such as an expectation value of anobservable

O[U; �q; q], the following ensemble average is computed (3.33)

hO[U; �q; q]i =

R
DUD �qDqe� Slat O[U; �q; q]

R
DUD �qDqe� Slat

; (3.44)

where Slat [U; �q; q] is a function of the link variablesU and quark �elds. Integrating

the quark �elds, the ensemble average, now a function of onlyU, can be written as

hO[U]i =

R
DU e� SG [U] detM [U] O[U]
R

DU e� SG [U] detM [U]
; (3.45)

where DU =
Q

x;� dU� (x). There are 2� 4 � 203 � 32 link variables in a 203 � 32

lattice. Additionally, each link variable U is a function of 8 color parameters, making

the integration to be 8� 2 � 4 � 32 � 203 = 16; 384; 000 dimensional (degrees of

freedom.) When 10 integration intervals are used for every integration, the multiple

integral (3.45) will be represented by a sum of 1016;384;000 terms, which is beyond

current and foreseeable future computing capability. There are too many degrees of

freedom to make such numerical computation practical and economical. This calls for

a statistical method to produce an e�cient and reliable way to compute the ensemble

average.

Ideas behind the Monte Carlo method were triggered by Ulam and Neumann

[50] in 1946. The heart of the method is to produce a sampling that approximates an

insurmountable combinatorial problem by a simpler one. It is an old method that has

been used in statistical physics since early 1950s [51]. The Monte Carlo method is

essentially an e�cient numerical method for large multidimensional integration. Its
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aim, in our context, is to evaluate the expectation value of an observable operatorO

over the space of the gauge �eld con�gurationsU. The basic algorithm of the method

has the following steps.

1. Generate a countable set of random link con�gurationsf Ui g (wherei = 1; 2; : : : ;

N = Nconf) in the integration domain DU. The number of con�guration is

N = Nconf.

2. For each link con�guration Ui compute O[Ui ].

3. Compute the averageI (N ) = a� b
N

P N
i =1 O[Ui ]

It was found that when the set of link con�gurations is generated randomly, the

method will be very ine�cient. The following subsections discuss techniques that

make Monte Carlo method e�cient by employing improved ways to generate random

link con�gurations.

Markov chains

Fortunately, most of the link con�gurations have very large actions (e� S � 0),

making the probability density strongly peaked in the con�guration space. Therefore

only a small fraction of them make a signi�cant contribution to the integral (3.44).

The number of link con�gurations (� 102 � 106) that will make a signi�cant contri-

bution depends on the observableO. One e�cient way to do the job is to generate

the link con�gurations with a probability distribution given by the Boltz mann factor

e� Slat [U]. This is called the importance sampling technique whereby only the represen-

tative set of the link con�gurations is generated. If this is achieved, then the ensemble
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average is taken over gauge con�gurations

hO[f Ugi ]i �
1
N

NX

i =1

O[f Ugi ]; (3.46)

whereN = Nconf is the number of con�gurations.

Using the terminology of statistical mechanics, the action can be written as

S[U] = �H [U], where� = 1
g2 and H [U] is a hamiltonian. We will use con�gurations

labeled by a set of continuous variables and drop the discrete subcript from Ui . In

a statistical ensemble, each link con�gurationU has a probability distribution P[U].

The ensemble average (3.46) is then written as

hO[U]i =
Z

DU O[U] P[U]: (3.47)

And, the equilibrium ensemble is the canonical ensemble which is a Boltzmann dis-

tribution

Peq[U] =
1
Z

e� S[U]; (3.48)

where

Z =
Z

DU e� S[U]: (3.49)

The goal is to generate a temporally sequenced set of con�gurations such that the

con�guration U will occur with probability P(U) after some period of warmup time.

That way, the time average of a quantity after the warmup time equals its canonical

ensemble average. We de�neP(U; U0) to be the transition probability for con�gura-
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tion U to go to U0 in the stochastic process and it satis�es the following.

P[U; U0] � 0; (3.50)
Z

DU0P[U; U0] =
Z

DU P[U0; U] = 1; (3.51)

P[U; U0] e� S[U] DU = P[U0; U] e� S[U0] DU0; (3.52)

where it is assumed that any starting con�gurationUi can reach any con�gurationU

in a �nite number of steps (ergodicity.)

The stochastic process here has Markov property (memoryless), that is, the future

state (con�guration) depends only on the current state, not onthe past state. Such

a stochastic process is called a Markov process. One con�gurationevolves to another

in a chainlike fashion. This chain of con�gurations consisting ofUi 's is called the

Markov chain shown below [5]. The process starts from some initial state U1 of the

con�gurations. The instantaneous con�gurations form an ensemble.

U1 ! U2 ! U3 ! : : : ! Un !

Keep
z }| {
Un+1 ! : : : Un+ N

U0
1 ! U0

2 ! U0
3 ! : : : ! U0

n ! U0
n+1 ! : : : U0

n+ N

U00
1 ! U00

2 ! U00
3| {z }

Warmup

! : : : ! U00
n|{z}

Equilibrium distribution

! U00
n+1 ! : : : U00

n+ N

... (3.53)

The ensemble is updated by replacing a distributionP[U] in the next time step by

P0[U] =
Z

DU0P[U; U0] P[U]: (3.54)

This process is repeated throughout the lattice (lattice sweep) until an updated con�g-

uration stabilizes to an average value or 'thermalized' atUn at which time the process

51



is truncated. The �nite set of con�gurations from Un to Un+ N is taken (N = Nconf is

the number of con�gurations.) It can be shown that the transitionprobability P[U; U0]

will converge to the equilibrium distribution e� S[U] by integrating the detailed balance

equation (3.52) (called reversible Markov chain) and using (3.51)

e� S[U[ =
Z

DU0P[U0; U] e� S[U0]: (3.55)

e� S[U] is an eigenfunction ofP[U0; U]. It can also be shown that a nonequilibrium

ensemble will also converge to the equilibrium distribution. Thus, the whole ensemble

will converge to the canonical ensemble asN ! 1 . The number of independent

con�gurations generatedN � 104 depends on the observable in study, the algorithm,

and the values of the bare parameters used. The statistical error of hOi falls as 1p
N

.

Up to now, the form of the transition amplitudesP[U; U0] has not been determined,

and there are quite a number of choices. The following subsections discuss popular

choices of transition amplitudes. The methods that we will discuss shortly are a part

of a large class of sampling methods called the Markov chain Monte Carlo (MCMC.)

Metropolis Monte Carlo method

Monte Carlo method picks the con�gurations randomly and then weighs them

with the Boltzmann factor e� �H (U) . Metropolis Monte Carlo (MMC) method, pro-

posed by Metropolis et al. in 1953, picks the con�gurations with probability e � �H (U)

and then weighs them evenly [51]. MMC is considered one of the ten most in
uential

ideas on the development and practice of science and engineering in the 20th century

[52]. This sampling focuses on low energy con�gurations which contribute the most
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to the ensemble average, resulting in faster convergence. The transition probability

in the Metropolis method, satisfying (3.50-3.52), is given by

P[U; U0] =

8
>>><

>>>:

1 if S[U0]new < S [U]old ;

e� [S[U0]� S[U]] if S[U0]new > S [U]old :

(3.56)

The con�guration is updated in favor of lower energy. Accept a randomly generated

new link con�guration if it lowers the action. If it increases the action, accept it with

a bias probability e� � S, where � S = S[U0]new � S[U]old is the action increase. Since

the con�guration is updated one link at a time, the action di�erence iscomputed

relative to the neighboring links, that is, the updating procedure is local and is done

one variable at a time. This method becomes slow when the updates are done for

all variables at the same time and when the update is done on the nonlocal fermion

action.

Heatbath method

The heatbath method and the Metropolis methods are two common techniques

used to update the single link variableU. The heatbath method is useful when the

Metropolis method has a very slow acceptance rate. Its procedure is essentially the

following.

1. Choose a new linkU0 and give it a probability given by a local Boltzmann

distribution e � S[U0], independent of previous link, while keeping the other link

variables �xed.

2. Generate a random numberr between 0 and 1.
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3. Accept the new link variableU0 if r < P [U0] = e� S [U 0]
P

e� S [U ] . Otherwise, go to step

1.

4. Repeat step 1-3 for the next link until the entire lattice is swept.

Step 1-3 successively brings each link variableU to \thermal"equilibrium with a

\heat bath reservoir", which is the computer. That is, each link is given an in�nite

number of Metropolis updates before the next link is updated. This procedure makes

the heatbath method more e�cient than the Metropolis method. However, the link

variables must be chosen with uniform probability over the group manifold. When

the group manifold is complicated, such as in the SU(3) case, generating a local

e� S[U] distribution becomes too time consuming. The heatbath method hasbeen

successfully implemented on SU(2) gauge theory [53].

Hybrid Monte Carlo method

The idea of hybrid Monte Carlo (HMC) method was proposed by Scalettar et al.

and Duane et al. [55, 56]. The HMC combines the strengths of the Metropolis and the

hybrid methods [35, 57]. The strength of the Metropolis method is that it is free of

systematic errors and simple to implement. The strength of the hybrid method, which

is a combination of the stochastic Langevin and the microcanonical methods, is that

it can update all link variables at once and handle nonlocal actions more e�ciently.

Currently, HMC is the best method used to simulate dynamical fermions as it has

several important advantages [58] such as the following: 1) it is ergodic, 2) it is exact as

the systematic errors due to �nite time steps can be eliminated, 3) itdoes simultaneous
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computation of the evolution of the gluon �elds for all d.o.f., 4) it computes the

dynamical fermions relatively e�ciently, 5) its computational complexity is O(V)

whereV is the number of d.o.f., etc. We will brie
y outline the HMC algorithm next.

In this study, we will use the quenched approximation where the (complex) value

of the detM [U] is set to 1. This unparameterized approximation makes the theory

non-unitary. We will use an arti�cial 'hamiltonian' H instead of the actionSlat in

the algorithm. This hamiltonian is used to guide the evolution of the gauge �elds

through the phase space by using micro-canonical dynamics. The hamiltonian and

the partition function are given by [58]

H = SG[U] +
1
2

X

x;�; color

Tr H 2
� (x); and

Z =
Z

DH DU e�H ; (3.57)

whereH � (x) is the anti-hermitian gauge momenta canonically conjugate to an angular

variable A � (x) that parametrize the link variable U� (x). They are related by

U� = e iA � :

The hamiltonian equations of motion are derived fromH and evolves in an arti�cial

time � used in the simulation. One equation of motion relating the coordinates and

the momenta is

_A � (� ) = H � (� );

and written in terms of U it becomes

_U� (� ) = i H � (� )U� (� ): (3.58)
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Momenta H are made up of eight SU(3) generators� : H � (x) =
P 8

a=1 � aha
� (x). All

eight components ofha
� are Gaussian distributed random numbers. Since the equa-

tions of motion conserve the hamiltonian, setting_H = 0 will yield the second equation

of motion (evolves in time� )

i _H � (x) = �
�
6

�
U� (x)V� (x) � higher correction

�
; (3.59)

where the quantitiesV� (x) describe a gluonic force. They are not made up of closed

plaquettes but staples, which are incomplete plaquettes (taken from [58])

V� (x) =
X

� 6= �

8
<

:

x + n

x x + m

x x + m

x - n

+

9
=

;
: (3.60)

In numerical integration, the hamiltonian H will only be approximately close to some

constant value. The change �H = H f �H i is small so that the Metropolis acceptance

rate is high.

A rough outline of the HMC method is as follows [35].

1. Choose a link variable con�gurationU� .

2. Choose a momentumH � randomly from a Gaussian distribution with a Boltz-

mann factor

e� 1
2

P
x;� Tr H 2

� :

3. Allow the link variables and the canonical momenta to evolve according to the

equations of motion (3.58) and (3.59).

4. Accept the new con�guration [U0; H 0] obtained from step 3 with probability

P = min
�

1;
e�H [U0;H 0]

e�H [U;H ]

�
:
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5. Store the new con�guration obtained above or the old con�guration according

to the Metropolis test in step 4.

6. Repeat step 2-5.

3.5 Correlation Functions

Hadron masses are extracted from the ensemble average of time-ordered two-

point Green's functions. Such two-point functions are called two-point correlation

functions or propagator as they correlate the particle in two coordinates 0 andx.

The function descibes how the hadron propagates from 0 tox in the QCD vacuum.

The de�nition of the hadron two-point correlation function in momentum space is

[59, 62, 64]

hGhh (t; p; �) i =
X

x

eip �x � �
 h0j Tf � � (x) �� � (0)g j 0 i : (3.61)

State j 0 i is the QCD vacuum. The gamma matrices � are just the 4� 4 (16) Dirac

matrices. The Dirac indices are denoted by� and � . The ensemble averageh i is

taken over the gauge �elds. From now on the ensemble average notation h i will be

dropped in writing all correlation functions. T is the time ordering operator andTfg

is the interpolating operator. The� h(x) is the hadron current, called the interpolating

�eld, of the propagating hadron h. The interpolating �eld excites or annihilates the

ground and excited states from the QCD vacuum.

As an example of the use of the correlation function in QCD vacuum, we consider
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(3.61) for one type of hadronh at zero spatial momentum

Ghh (t; p = 0; �) =
X

x

� �
 h0j Tf � h
� (x) �� h

� (0)g j 0 i (3.62)

=
X

n

cne� mn t : (3.63)

This is a sum of exponentials of the whole mass spectrum of the hadron h. The

amplitudes cn tell us how strongly the interpolating �elds excite or annihilate states

from the QCD vacuum. The ground state mass of the particle can bequite accurately

approximated if time is made to be su�ciently large. In that case, onlythe �rst term

is signi�cant as it decays the slowest, and the correlation function isapproximately

(writing G(t) as Ghh (t; p = 0; �) to simplify notation)

G(t) ' c1e� m1 t : (3.64)

The ground state mass is then approximately the log of the ratio ofG(t)=G(t + 1)

m1 = log
G(t)

G(t + 1)
: (3.65)

This method is popular since it is quick and accurate for many cases involving ground

state masses of hadrons provided that the interpolating operator has a good overlap

between the ground state and the excited states. Extracting higher state masses is not

as straightforward because the correlators decay quickly, making the signal rapidly

obscured in the simulation noise.

3.6 Interpolating Fields

The calculation at the quark level can be carried out once the interpolating �elds

are inserted into the correlation function. The hadron interpolating �eld (interpola-
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tor) � (x) can be constructed from not only quark �elds but also a combination of

quarks �elds, gluons, and covariant derivatives [69]. Thus there are in�nitely many

interpolators that can be used for a hadron, say, a proton. However, most of the

hadrons being investigated in a lattice hitherto use the simplest kindsof interpola-

tors. They are made up of only quark �elds. This is what we mean for interpolators

in this thesis. The simplest baryonic interpolators are trilinear quarkcomposite oper-

ators while the simplest mesonic interpolators are bilinear quark composite operators.

The hadron's quantum number follows that from the interpolating �eld's. They have

the following form [101, 120] withq = u; d; s; : : :

Baryons/ � abc
�

qaT C
 i qb
�

qc (3.66)

Mesons/ �q 
 i q (3.67)

The baryonic interpolator (3.66) has a local diquark part and a spectator-like quark

�eld part. It is also antisymmetric under the exchange of 
avor qa $ qb in the

diquark. The index i stands for 5 (� ) for scalar (vector) baryons.

The interpolating �elds for the baryon octet family are the following. Dirac
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indices are suppressed here.

p = udu : � p = � abc(uaT C 
 5 db)uc (3.68)

n = dud : � n = � abc(daT C 
 5 ub)dc (3.69)

� � = dsd : � � �
= � abc(daT C 
 5 sb)dc (3.70)

� + = uus : � � +
= � abc(daT C 
 5 sb)sc (3.71)

� 0 = usd : � � 0
=

p
1=2� abc[(uaT C 
 5sb)dc + ( daT C 
 5 sb)uc (3.72)

� � = sds : � � �
= � abc(saT C 
 5 db)sc (3.73)

� 0 = sus : � � +
= � abc(saT C 
 5 ub)sc (3.74)

� = uds : � � =
p

1=6� abc[2(uaT C 
 5 db)sc + ( uaT C 
 5 sb)dc

� (daT C 
 5 sb)uc] (3.75)

C = 
 4
 2 is the charge conjugation matrix in the notation of Sakurai [66].abcand

uds are color and 
avor indices. The superscriptT means transposition. We have

used the totally antisymmetric Levi-Civita unit tensor � abc to put the three quarks

into a color singlet,

� abc =

8
>>>>>>>><

>>>>>>>>:

+1 if abc= 123; 231; 312;

� 1 if abc= 132; 213; 321;

0 otherwise:

There are two ways to construct a baryon intepolator: the �rst takes the form of

(qT C 
 i q)q and the second (qT C q)q 
 i . The �rst type of interpolators has a good

overlap with the ground states and agrees with the experimental data very well. The

second type (the 'bad') are more noisy. Since they vanish in the nonrelativistic limit,
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they do not couple to the ground states strongly enough to reproduce the baryon

ground states as satisfactorily as the �rst type.

The interpolation �elds for the baryon decuplet are the following.

� � ++

� = � abc(uaT C 
 � ub)uc (3.76)

� � +

� =
p

1=3� abc
�
2(uaT C 
 � db)uc + ( uaT C 
 � ub)dc

�
(3.77)

� � 0

� =
p

1=3� abc
�
2(daT C 
 � ub)dc + ( daT C 
 � db)uc

�
(3.78)

� � �

� = � abc(daT C 
 � db)dc (3.79)

� � � +

� =
p

1=3� abc
�
2(uaT C 
 � sb)uc + ( uaT C 
 � ub)sc

�
(3.80)

� � � 0

� =
p

2=3� abc
�
2(uaT C 
 � db)sc + ( daT C 
 � sb)uc

+ ( saT C 
 � ub)dc
�

(3.81)

� � ��

� =
p

1=3� abc
�
2(daT C 
 � sb)dc + ( daT C 
 � db)sc

�
(3.82)

� � � 0

� =
p

1=3� abc
�
2(saT C 
 � ub)sc + ( saT C 
 � sb)uc

�
(3.83)

� � ��

� =
p

1=3� abc
�
2(saT C 
 � db)sc + ( saT C 
 � sb)dc

�
(3.84)

� 
 �

� = � abc(saT C 
 � sb)sc (3.85)
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The interpolation �elds for the pseudoscalar meson nonet are the following.

� K +
= �s 
 5 u (3.86)

� K 0
= �d 
 5 s (3.87)

� � +
= �d 
 5 u (3.88)

� � 0
=

p
1=2 [�u 
 5 u � �d 
 5 d ] (3.89)

� � �
= �u 
 5 d (3.90)

� � 8 =
p

1=6 [�u 
 5 u + �d 
 5 d � 2�s 
 5 s] (3.91)

� � 0 =
p

1=3 [�u 
 5 u + �d 
 5 d + �s 
 5 s] (3.92)

�
�K 0

= �d 
 5 s (3.93)

�
�K �

= �u 
 5 s (3.94)

The interpolation �elds for the vector meson nonet are the following.

� K � +

� = �s 
 � u (3.95)

� K � 0

� = �s 
 � d (3.96)

� � +

� = �d 
 � u (3.97)

� � 0

� =
p

1=2 [�d 
 � d � �u 
 � u] (3.98)

� � �

� = �u 
 � d (3.99)

� � 8
� =

p
1=6 [�u 
 � u + �d 
 � d � 2�s 
 � s] (3.100)

� � 0
� =

p
1=3 [�u 
 � u + �d 
 � d + �s 
 � s] (3.101)

� �K � 0

� = �d 
 � s (3.102)

�
�K ��

� = �u 
 � s (3.103)
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3.7 Parity Projection

Let us take the nucleon as an example. We can rewrite the standardnucleon

interpolator (3.68) as (3.104). The other nucleon interpolator� p
2 is written as (3.105).

� p +
1 = � abc(uaT C 
 5 db) uc; (3.104)

� p +
2 = � abc(uaT C db) 
 5 uc; (3.105)

where the superscript (+) denotes positive parity (J P = 1
2

+ nucleon) since the inter-

polators transform as a 4-spinor [70, 128]

P � p +
1;2 (x; t) P y = + 
 4 � p +

1;2 (� x; t) (3.106)

under parity operator P since the quark �elds transform in the same way

P q(x; t) P y = + 
 4 q(� x; t): (3.107)

Negative parity interpolators for J P = 1
2

� nucleon are constructed as follows

� p �
1 = 
 5�

p +
1 = � abc(uaT C 
 5 db) 
 5 uc; (3.108)

� p �
2 = 
 5�

p +
2 = � abc(uaT C db) uc; (3.109)

since

P � p �
1;2 (x; t) P y = � 
 4 � p �

1;2 (� x; t): (3.110)

Although these two interpolators are independent, they couple toboth the positive

and negative parity states as can be seen below

G pp+ (t) = � 
 5 G pp � 
 5 since (3.111)

� p �
1;2 = 
 5 � p +

1;2 : (3.112)
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This also applies to all other baryon interpolators. The parities can be separated

by employing parity projection operators [120, 68, 70, 128, 67]. Wewill follow the

positive parity proton case explained in [67]. Let us use a more compact notation to

shorten the writing of the correlation function. De�ne the followingfunction

F (Sf 1 ; Sf 2 ; Sf 3 ) = � abc� a0b0c0�
S aa0

f 1
Tr

�
Sbb0

f 2
S cc0

f 3

�
+ S aa0

f 1
S bb0 T

f 2
S cc0

f 3

	
; (3.113)

where the quark propagatorS aa0
= Saa0

(x; 0) = T
�

qa(x); �qa0
(0)

	
and the 
avor labels

usef 1; f 2; f 3 indices. Note that the quark propagatorS aa0
is none other thanhM � 1 i

in (2.47). The trace Tr is taken over the Dirac indices. The two-pointcorrelators for

the proton interpolating �elds � p+
1 and � p+

2 are

G p�
11 (t; p; �) =

X

x

eip �x Tr
�

� � � F
�
Su; eCSd

eC � 1; Su

��
; (3.114)

G p�
22 (t; p; �) =

X

x

eip �x Tr
�

� � � F
�

 5Su 
 5; eCSd

eC � 1; 
 5Su
��

; (3.115)

and the interference terms for the two interpolators are

G p�
12 (t; p; �) =

X

x

eip �x Tr
�

� � � F
�
Su 
 5; eCSd

eC � 1; Su 
 5

��
; (3.116)

G p�
21 (t; p; �) =

X

x

eip �x Tr
�

� � � F
�

 5Su; eCSd

eC � 1; 
 5Su

��
; (3.117)

where eC = C
 5. The RHS of (3.114� 3.117) are ensemble averagesh: : :i over the link

variablesU whose notation are not written but understood. The appropriateparity

can be projected out by using the projection operator ��

� � =
1
2

�
1 �

Mp�

Ep�

 4

�
; (3.118)

whereMp� (Ep� ) is the mass (energy) of statep� . And, thereby the masses of both

the positive and negativeN
1
2 � can be obtained from the positive-parity interpolators
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� p+
1 and � p+

2 . This illustrates how the two-point correlators are constructed and

the appropriate parity states projected. Parity projection is necessary because we

must isolate excited states so that theN (939), N (1440), and N � (1535) states (in

the nucleon case here) can be distinguished. Other baryonic correlators with their

respective parity are handled similarly.
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Chapter 4

Maximum Entropy Method

4.1 Historical Background

Problems in sciences, mathematics, and many other areas are usually solved

when su�cient initial conditions along with sets of principles and assumptions are

given and known. A solution of such problems must exist, be unique, and be stable.

A problem that does not satisfy all the three requirements is called an ill-posed

problem. Incomplete and/or noisy input cause an ill-posed problem. Noise here

means any disagreement or distance between the \true" and giveninputs. Maximum

entropy method (MEM) is one method that handles such ill-posed problems. Out of

all possible solutions that exist, MEM chooses one that maximizes theentropy of the

system under study in the global sense, which ensures the uniqueness of the solution.

The last requirement about stability is then examined.

Clausius coined the term entropy (from Greek entropia meaning \a turning to-

ward") in 1865 as a measure of physical disorderedness in a thermodynamic system.
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The context was the second law of thermodynamics which states that entropy of

an isolated system either remains constant or increases. Later in 1870s, Boltzmann

de�ned entropy in the context of statistical mechanics as a measure of the disor-

deredness of a system. However, this time the disorderedness means the number of

possible microstates that the system can occupy. Boltzmann entropy S (also called

Gibbs entropy) is de�ned as

S = � kB

X

i

Pi ln Pi = kB ln W (4.1)

where Pi is the probability that the system is in the i th microstate. For a system

in thermodynamic equilibrium, Pi = 1
W whereW is the system's multiplicity or the

number of possible microstates of the system.kB = 1:38� 10� 23 J/K is the Boltzmann

constant. In 1948 Shannon named the following quantity (after the Boltzman H-

theorem) [96]

H (P1; : : : ; Pn) = � k
nX

i =1

Pi ln Pi (4.2)

information-theoretic entropy or uncertainty, which is a measureof the uncertainty

of an information source. Constantk depends on the unit used and the unit depends

on the choice of the base of the logarithmic function. This extendedde�nition of

entropy opens up a new set of problems that can be interpreted and solved by using

old and new techniques. Prior probabilityPi is the probability that a random variable

X = ( x1; : : : ; xn ), for example, takes on a certain value (x i ). It is assumed that

X = ( x i ) and X = ( x j ) are mutually exclusive events in which case
P n

i =1 Pi = 1.

The prior probability distribution ( P1; : : : ; Pn) represents our incomplete knowledge

of the information source. MEM uses this information entropy to maximize. To
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ensure that the entropy (4.2) is invariant under a transform of a coordinate system,

we can introduce a measuremi , which changes in the same manner aspi so that the

value of H is invariant under changes inmi :

H (P1; : : : ; Pn) = � k
nX

i =1

Pi ln
Pi

mi
(4.3)

The measuremi is called a model or estimate (prior) of the solution. The �nal ex-

pression of the entropy depends on the speci�c problem at hand and may be di�erent

from (4.2,4.3). Current Bayesian interpretation of MEM is based on contributions of

many such as Gull, Daniell [74], Skilling [86], and Jaynes [89] among others.

The hadronic spectral functions (SPF) of QCD contain physical information of

hadrons such as masses, nuclear magnetic resonances, decay rates, etc. of not only

ground states but also of excited states. Monte Carlo data produced by Quantum

Monte Carlo (QMC) simulations of QCD on the lattice outlined in Chapter3.4.1 are

just the Green's function D(� ) (or G(� )) as a function of imaginary time � = i t in

the Euclidean space. These data have been used to extract staticobservables such

as hadrons' excited states, spectral and transport properties of a condensed matter

system, etc. [82, 83, 95, 97]. However, relevant physical quantities are contained

in the real-frequency results. The inability to extract real-frequency results A(! )

from imaginary-time QMC data D(� ) limits the usefulness of QMC method. This

problem is called the analytic continuation problem. MEM provides aof analytical

continuation of imaginary-time QMC data into real-frequency results. However, the

relation between dataD(� ) and SPF A(! ) is linear and simple

D(� ) =
Z

d! A (! )K (�; ! ) (4.4)
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whereK (�; ! ) is the kernel of the case in study. The momentum and baryon chemical

potential have been set to zero for simplicity. The dataD(� ) are the two-point

correlation function described in (3.61) in section 3.5. For Bosonic Green's functions,

we may de�ne positive de�nite spectra when we rede�ne the kernel

K (�; ! ) =
! e� � !

1 � e� �!
with A(! ) =

� 1
�!

ImD(! ) � 0 for Bosons (4.5)

For Fermionic Green's function the spectra are already positive de�nite as is evident

below

K (�; ! ) =
e� � !

1 + e� �!
with A(! ) =

� 1
�

ImD(! ) � 0 for Fermions (4.6)

In both casesA(! ) is bounded

Z 1

�1
d! A (! ) < 1 (4.7)

which is a manifestation of a sum rule. This chapter discusses the MEMin some

detail [93, 97, 98, 92, 95] and its application to LQCD data. We will adopt much of

the notation used by Bryan and Jarrell.

4.2 Bayes Theorem

The theoretical foundation of the MEM is Bayes' theorem in probability theory

[86, 95]. Bayesian probability theory is thought to be put into a satisfactory basis by

the work of Cox (1946), Polya (1954), and Jaynes (1957) [72]. Bayes' theorem seeks

the the conditional/posterior probability P[H jDI ] of a hypothesisH given that data

D and extra prior (knowledge) informationI are true:

P[H jDI ] =
P[D jHI ] P[H jI ]

P[D jI ]
(4.8)
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DI means that both propositionsD and I are true. The hypothesisH may include

some parameter! . The prior probability P[H jI ] is the probability of the hypothesis

H given that the prior information I is true. When data D becomes available our

prior probability P[H jI ] is updated to the posterior probability P[H jDI ], which is

the product of the likelihood probability P[D jHI ] and the prior probability. P[D jI ]

serves as the normalization constant and may be called the evidence. Note that we

can also expressP[D jHI ] in terms of P[H jDI ]. In this sense, it is said that Bayes

theorem 'reverses' the role of cause and e�ect.

The Bayes' theorem can be thought of as a result of (1) the fact that both propo-

sitions HD and DH are true (commutative) and therefore have the same probability,

and (2) the product rule of probability. That is

(2) P[DH jI ] = P[D jHI ] P[H jI ];

(2) P[HD jI ] = P[H jDI ] P[D jI ]; and

(1) P[HD jI ] = P[DH jI ]; so that

P[H jDI ] P[D jI ] = P[D jHI ] P[H jI ];

which yields the Bayes' theorem (4.8).

In this study, data D are the LQCD Monte Carlo data with errors andI consists

of all the de�nitions and prior knowledge/information - such as sum rules, symmetry

properties, asymptotic behavior, etc. For our analytic continuation problem, the

fact that A(! � 0) � 0 and additive is the most important prior knowledge. The

posterior probability of spectra A(! ), the hypothesis, given the dataD and prior
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knowledge/information I is then

P[AjDI ] =
P[D jAI ]P[AjI ]

P[D jI ]
: (4.9)

P[AjI ] is the prior probability representing the state of knowledge aboutSPF A(! )

before the dataD are known. The prior state of knowledge is updated by the data

D through the likelihood probability P[D jAI ] and becomes the posterior probability

P[AjDI ]. The posterior probability P[AjDI ] represents the state of knowledge about

SPF A(! ) after the data D are known. P[D jAI ] is called the likelihood probability

in the following sense: the likelihood that a cause (SPF and prior information AI )

will produce an e�ect (data D.) P[D jI ] is a normalization constant independent of

A. We search for spectrumA which maximizes the conditional probabilityP[AjDI ],

that is, the most probable imageA(! ) satis�es the condition

� P [AjDI ]
� A

= 0: (4.10)

The reliability of the most probable image above can be estimated by the second

variation

� 2 P[AjDI ]
�A �A

: (4.11)

The posterior probability P[AjDI ] is easily updated when more dataD1; D2; D3; : : :

are available. We can simply use the chain rule:

P[AjD1D2I ] =
P[D2jD1AI ]P[D1jAI ]P[AjI ]

P[D1D2jI ]
(4.12)

just like in (4.8). The posterior probability of current knowledge will be used as the

prior probability for the next. Sections 4.4 and 4.5 will discuss particular forms of

the likelihood probability and the prior probability.
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4.3 Rationale of MEM

MEM states that if solutions exist, choose one that maximizes the entropy. The

question of why we should choose the solution that has the maximum entropy among

many, possibly in�nitely many, other feasible solutions has to be addressed. The

rationale of taking the maximum entropy can be summarized as follows[88, 96].

Principle of the increase of entropy in thermodynamics states thatthe thermo-

dynamic entropy ST of an isolated system will tend to reach the maximum possible

value. Since the thermodynamic entropy is directly proportional tothe information-

theoretic entropy

ST = kB SI; system; (4.13)

where SI; system is the information-theoretic entropy of the system, the criterionof

maximum entropy is natural.

Principle of maximum multiplicity states that the greater the multiplicity W of

a state, the greater is the probability that the system ends up in that state. The

multiplicity W of a state of a system is given by

W � eNH ; (4.14)

whereN is the number of particles andH is the entropy. In other words, maximizing

entropy H means maximizingW. When N is very large,W is very sensitive to varia-

tion of H . Therefore, most of the probable states concentrate in the neighborhood of

maximum entropy Hmax . This is called the principle of entropy concentration which

warrants the accuracy of MEM.
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MEM agrees with the �rst principle of data reduction in statistical theory, which

states that the solution to a problem with incomplete data must include and be

consistent with all data and be maximally noncommittal to the unavailable data

[90]. Since MEM makes the least assumption about unavailable data, itssolution is

maximally noncommittal. The assumptions that we make here are relatively very

little: the positivity of the SPF A(! ) and the constant value of a default model

m0 discussed in section 4.7. The shape of SPF is never assumed or entered into

MEM. Jaynes presented an argument called the kangaroo problem to show MEM's

noncommittality [89, 95].

MEM must produce the solution that is consistent. Consistency here demands

that the �nal solution depends only on the total data, not on the order in which the

data are used. For example, split data into two partsD1 and D2. The �rst solution

s1;2 is obtained by usingD1 and then D2. The second solutions2;1 is obtained by

using data in opposite order:D2 and then D1. The third solution s1+2 is obtained

by using all data, D1 and D2, at once. Consistency demands thats1;2 � s2;1 � s1+2 .

Numerous studies on the properties of MEM solution and its practical applica-

tions have shown that MEM is a good method to handle ill-posed problems. Two

areas where MEM has been most successful are spectral analysisand image restora-

tion. MEM's two strongest virtues are improvement of resolution and suppression of

noise. Section 4.6 contains a few examples that highlight MEM's virtues. In summary,

the proof of the (MEM) pudding is in the eating (results.)
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4.4 Likelihood probability

The form of the likelihood probability follows the central limit theorem,that is,

the Monte Carlo data obeys the Gaussian distribution provided thatthe number of

Monte Carlo measurements of the correlation function is su�cientlylarge [84, 98].

The asymptotic behavior of the likelihood probability is e� L = e � � 2=2, and it can be

written as

P[D jAI ] =
1

ZL
e� L ; where (4.15)

L = 1
2 � 2 = 1

2

X

i;j

[D(� i ) � DA (� i )] C � 1
ij [D(� j ) � DA (� j )]: (4.16)

L = 1
2 � 2 is just the regular likelihood function. Indicesi and j run over actual data

points � min
a � i; j � � max

a , and hence we know that the number of data points MEM

uses is

N =
� max

a
�

� min

a
+ 1 (4.17)

N � dimensional vectorD(� i ) is the lattice data averaged over total number of gauge

con�gurations Nconf,

D(� i ) =
1

Nconf

N confX

k=1

D (k)(� i ) (4.18)

whereD (k)(� i ) is the data for the k-th gauge con�guration. DA (� i ) is just the corre-

lation function previously de�ned by

D(� ) =
Z 1

0
d! K (�; ! ) A(! )

DA (� i ) � DA i =
X

il

K il A l ; (4.19)
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whereK il = K (� i ; ! l ), A l = A(! l ) � ! as in Eq.(4.42), and indicesi = 1; : : : ; N � 10,

l = 1; : : : ; N! = 600. C is an N � N covariance matrix de�ned by

Cij =
1

Nconf(Nconf � 1)

N confX

k=1

[D (k)(� i ) � D(� i )] [D (k)(� j ) � D(� j )] (4.20)

which is non-diagonal for LQCD data in general. These o�-diagonal elements ofC,

arising from strong correlations of lattice data across the imaginary time � 's, need to

be taken into account.

The integral of the likelihood probability overD with measure [dD] is normalized

to unity

[dD] �
� max =aY

i = � min =a

dD(� i ); ZL = (2 � )N=2
p

detC; (4.21)

where ZL is the normalization constant. The � 2 method assumes that the prior

probability P[AjI ] in (4.9) is constant as part of the normalization. It also assumes no

prior knowledge about SPFA(! ) and �nds the most probableA(! ), namely Â(! ), by

maximizing likelihood P[D jAI ] with respect to A(! ), which is essentially minimizing

� 2. However, this will not work because the number of lattice data (� 101) is much

smaller than the number of DOF that needs to be constructed to reproduce the SPF

(� 103.) In MEM, the fact that the prior probability P[AjI ] is non-constant makes

all the di�erence in the analysis as we will see in the next section.

4.5 Prior probability

From the positive de�nite spectra, as in eq. (4.4-4.7), we can interpret spectra

A as probability densitiesP[AjI ]. In MEM, we assign information-theory entropy
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to this prior probability. Skilling showed that the only consistent prior probability

P[AjI ] for positive and additive imageA(! ) takes the form of [86]

P[AjI ] ! P[AjI� m ] =
1

ZS(�; m )
e�S (A;m ) : (4.22)

Auxiliary parameters � and m are inserted into the prior probability to do the max-

imizing. S is the (negative semi-de�nite) Shannon-Jaynes entropy given by

S =
Z 1

0

h
A(! ) � m(! ) � A(! ) ln

� A(! )
m(! )

�i
d! (4.23)

!
N !X

l=1

� ! l

h
A l � ml � A l ln

� A l

ml

�i
(4.24)

= �
N !X

l=1

� ! l

h
(A l � ml )2 + O

�
(A l � ml )3

�i
(4.25)

where N ! is the number of pixels into which the frequency is equally discretized to

� ! . The parameter� is a dimensional constant that is real and positive and serves

as a scaling factor. It will be integrated out later and eliminated fromthe �nal

analyses. It is also not known a priori since it varies with the quality ofdata. It will

be determined a posteriori. Parameterm(! ), which is a real and positive function, is

called the default model or the prior estimate. It is called the defaultmodel because

MEM will default to this model in the absence of dataD. That is, maximizing

P[AjDI�m ] _ P[AjI�m ] means maximizing e�S , which yieldsS = 0 or SPF A = m.

The entropy S is negative whenA 6= m. The exact form of the default model will be

discussed in section 4.7.m(! ) will stay in the �nal results, but the sensitivity of the

result against the change inm can be studied. It turns out that the �nal results are

not sensitive to variation in m.

The integral of the prior probability over A with measure [dA] is also normalized
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to unity
Z

[dA] P[AjI� m ] = 1; (4.26)

where

[dA] �
N !Y

l=1

dA lp
A l

; (4.27)

ZS(�; m ) =
Z

[dA] e�S (A;m ) �
�

2�
�

� N ! =2

(4.28)

since the integral ofZS has a maximum atA = m, which allows us to use Gausian

approximation in (4.28). Skilling shows that the required measure forthe integral

over the SPFA(! ) with respect to the volume element [dA] must haveA(! )� 1=2 [86].

4.6 Application of MEM

Before we proceed with the discussion of application of MEM to LQCD data, we

will brie
y mention a few applications of MEM to give a justi�ed perspective of its

utility and versatility. As mentioned before, MEM solves incomplete problems and it

has showed astonishing results in its areas of applicability, which are spectral analysis

and image restoration. MEM has been successfully applied to many di�erent �elds

such as physics, chemistry, biology, business and economics, language, engineering and

computation, etc. Some applications are [75, 85, 76] spectroscopy such as enhanced

Raman spectra, NMR, PET, crystallography, economic cycles, astronomy (images,

distances, spectra), neural, Fourier analysis, deconvolution, reaction kinetics, ligand

rebinding, image processing, etc. We will focus on image processing inthis section

not only because images are most visual and therefore readily appealing but also it
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is an application of MEM for which it has become tremendously powerful.

MEM has been used in image processing to greatly enhance clarity of images to

astonishing degree [73, 75, 76, 77, 83]. We will discuss only linear datawhere data

D (noisy and/or incomplete) is related to the observed objectA (true but unknown

source image) by the following linear transformation

D(x) =
Z

A(y) h(x � y) dy

! Dk =
X

l

A l hk� l ; (4.29)

whereh is a blurring function or point-spread function, which is constant in this case.

Non-MEM techniques usually fail to produce an inverse - the objectA. The reason

is that certain oscillatory patterns in the objectA may cancel to zero when blurred

with h in which case they disappear from the data. There are three linear examples

in this section.

The �rst example is about MEM reconstruction of an out-of-focusimage which

is a di�cult problem. The original picture is a picture of a car that is motion-blurred

by the camera in Fig. 4.1. The original picture has a point-spread function that is

mostly motion blur and partly out of focus. The motion blur is mainly bottom-left

to top-right. MEM reconstruction, on the right picture, shows more details such

as the license plate number that become visible. Even the actual chain link fence

becomes visible in the top-left corner in the form of diagonal streaks. MEM is able

to enhance the chain link fence in the direction of the motion blur but not that in

the direction perpendicular to the motion blur. This is entirely consistent with the

data or the original picture. The original picture has some information about the
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chain links in the direction of the motion blur but no information is available about

the chain links in the direction perpendicular to the motion blur. MEM will not

attempt to produce any structure for which there is no evidence inthe data. There

is some horizontal 'ringing' in the MEM reconstructed image that might be caused

by imperfect modelling of the point-spread function.

Figure 4.1: Original picture on the left is motion-blurred and the picture on the right

is deconvolved using MEM [76, 75].
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The second example in Fig. 4.2 illustrates MEM reconstruction of noisyimages.

The original picture is a 128� 128 pixel picture. The image is then blurred with a

circular point-spread function of radius 6 pixels and subjected with10% noise. The

image in the third row is blurred in the same way but with 0.1% noise. The MEM

reconstructions are shown to the right of the respective \originals." MEM does two

things well: improved image resolution and noise suppression. Improved resolution is

more pronounced in the high signal/noise reconstruction than in thelow signal/noise

reconstruction. The low signal/noise reconstruction gets mainly noise suppression

with little improvement in resolution. This is consistent with how MEM should

work. Any extra information within the resolution disc that might have increased the

resolution is lost in the noise. MEM will produce an image with minimum structure

preserving a balance between improved resolution and noise suppression. In other

worrds, MEM will produce structural details if and only if the data contain them.
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Figure 4.2: Top middle is the original 128� 128 test picture. The left picture on

the second row is a degraded image that uses a point-spread-function with a disc of

radius 6 pixels; maximum signal-to-noise ratio is 10. The right picture on the second

row is the restored image showing noise suppression. The left picture on the third

row is a degraded image that uses a point-spread-function with a disc of radius 6

pixels; maximum signal-to-noise ratio is 1000. The right picture on thethird row is

the restored image showing improved resolution and noise suppression. [76, 75].
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The third example in Fig. 4.3 is about MEM reconstruction of sparse images. In

the case of missing data MEM proves invaluable and powerful as it canreconstruct

the data to a great degree. The three pictures on the left are obtained by randomly

discard 50%, 95%, and 99% of the original image. MEM successfully reconstructs

the �rst two with 50% and 95% data loss. The last one with 99% data loss shows to

be unsatisactory due to inadequate sampling. It was found that MEM will produce

satisfactory reconstruction if there are several data points per point-spread-function

area - 100 pixels in this case.

50% Loss

95% Loss

99% Loss

Figure 4.3: Reconstruction of sparse images. Three sparse imageson the left with

50%, 95%, and 99% of missing data are reconstructed on the right using MEM [76, 75].
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4.7 The MEM Procedure

There are several MEM procedures that treat� and search the maximum of

the conditional probability P[AjDI� m ] di�erently. The most popular ones are the

historic MEM, classical MEM, and the Bryan's method. We use the Bryan's method

[92], considered to be state of the art MEM, because of its most e�cient algorithm

and least conceptual di�culty. The Bryan's method can be summarized in four steps

as shown below. Let us be reminded that MEM actually seeks the maximum of

quantity Q = �S � L, not just the entropy S.

Step 1 : Search for the most probable imageA for a given � .

The posterior probability is obtained by combining (4.9), (4.15) and (4.22) to

yield

P[AjDI� m ] /
eQ(A)

ZSZL
; Q(A) � �S � L (4.30)

Without the presence of entropy in the prior probability (if P[AjI�m ] = constant),

maximizing the posterior probability is equivalent to �tting the data by the method of

least squares, which is just minimizing� 2. With the presence of entropy, maximizing

the posterior probability to �nd the most probable A is the same as maximizing

the likelihood probability subject to the constraint of the entropy,or as maximizing

entropy subject to the constraints of the data contained in the likelihood probability.

In other words, maximizing the posterior probability is equivalent to maximizing

entropy S and minimizing � 2 simultaneously. However, the method is simply called

the maximum entropy method by convention. The most probable image A � for a
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given � and m is one that satis�es the following condition

�P [AjDI� m ]
�A

= 0 !
�Q (A)

�A
= 0

�
�
�
A= A �

(4.31)

� may be regarded as a regularizing parameter. It controls the competition (tug of

war) betweenS and L: � controls the relative weight of the entropyS (tends to �t A

to the default modelm) and the function L = 1
2 � 2 (tends to �t A to the lattice data

D). If � is large, the data will not be able to move the solution very far from the

model. On the other hand, if� is too small, the solution will oscillate as the noise in

the data is seen as true signal. From the second derivative of the entropy S,

@2S
@Ak@Al

= �
� kl

Ak
= �

� klp
AkA l

; (4.32)

we can see that the entropy is a concave function ofAk . Since� L is also a concave

function of Ak , Q = �S � L must be a concave function ofAk which means that

Q has one unique maximum for a value of� . Thus, the solution of (4.31) is unique

if it exits. A thorough proof of the uniqueness of the MEM solution is given in the

references such as in Ref. [95, 97]. Details of the numerical algorithm of solving

(4.31) are discussed in section 4.8. This uniqueness of solution makesMEM robust

and di�erent from the � 2-�tting method, which can have many degenerate solutions

for ill-posed problems.

Step 2 : AverageA over �

The �nal output image Aout is weighted averaged overA and � to obtain � -
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independentA:

Aout (! ) =
Z

[dA]
Z

d� A (! ) P[AjDI� m ] P[� jDIm ]

'
Z

d� A � (! ) P[� jDIm ]: (4.33)

In the case of good data with low noise, the posterior probabilityP[AjDI� m ] may

be assumed to be sharply peaked aroundA � (! ). Next P[� jDIm ] can be evaluated

using this property of good data and Bayes' theorem as follows

P[� jDIm ] =
Z

[dA] P[D jAI� m ] P[AjI� m ] P[� jIm ] P[D jIm ]

/ P[� jIm ]
Z

[dA]eQ(A) (4.34)

/ P[� jIm ] exp
h

1
2

X

i

ln
�

� + � i
+ �S (A � ) � L(A � )

i
(4.35)

where � i 's are the eigenvalues of the real symmetric matrix in the frequencyspace

� l;l 0 �
p

A l
@2L

@Al @Al0

p
A l0

�
�
�
A= A �

(4.36)

Laplace's rule (P[� jIm ] = constant) is chosen not only because the integral on the

RHS of (4.33) is not sensitive to any particular choice [81], provided that the condi-

tional probability P[AjDI� m ] is su�ciently peaked around its maximum at � = �̂ ,

but also because it is the simplest of choice.P[� jDIm ] is also not sensitive to a

choice ofP[� jIm ]. For comparison,P[� jIm ] = constant yields r = 0:02125 while

P[� jIm ] = 1
� (Je�ery's rule) yields r = 0:02046. Both choices ofP[� jIm ] also yield

similar P[AjDI� m ] peaks with practically the same height and width. In practice,

the MEM results are not sensitive to the width ofP[AjDI� m ] peak, which has a

typical width range of 10� 25% for our data relative to the� -interval in use.
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In taking the average over� in (4.33), a region of� , [� min ; � max ], is �rst

determined by the criterionP[� jDIm ] � 1
10P[�̂ jDIm ]. Then, the integration (4.33)

can be carried out over the above interval afterP[� jDIm ] has been normalized as

R� max

� min
d� P [� jDIm ] = 1

Step 3 : Error Analysis

MEM is not only able to reconstruct the image but it is also able to determine the

statistical error of the most probable output imageAout (! ). There are correlations

of imagesA(! )s in ! 's as can be seen in the Hesse matrix ofQ

Y!! 0 =
� 2Q

�A (! )�A (! 0)

�
�
�
A= A �

; (4.37)

which is usually non-diagonal. Therefore, the error ofAout (! ) is weighted averaged

over some interval [! min ; ! max ]. We will use a weighting of one for simplicity. The

average ofA(! ) given � is then as follows

hA � i I ! �

R
[dA]

R
I !

d! A (! ) P[AjDI� m ]
R

I !
d!

'

R
I !

d!A � (! )
R

I !
d!

(4.38)

where I ! = [ ! 1; ! 2] is a given region in the! -space. Note that it is assumed that

P[AjDI� m ] is highly peaked aroundA � (! ). The variance ofhA � i I ! can then be also

written as

h(�A � )2i I ! =

R
[dA]

R
I ! � I !

d! d! 0�A (! ) �A (! 0) P[AjDI� m ]
R

I ! � I !
d! d! 0

(4.39)

'
�

R
I ! � I !

d! d! 0
�

� 2Q
�A (! ) �A (! 0)

� � 1

A= A �R
I ! � I !

d! d! 0
(4.40)

where �A (! ) = A(! ) � A � (! ).

From (4.33), the error for output imageAout in the region I ! can also be written
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as

h(�A out )2i I ! �
Z

d� h(�A � )2i I ! P[� jDIm ] (4.41)

Step 4 : Sensitivity test under the variation of m

The sensitivity of the �nal results under the variation of the default model m0

from m = m0! n (n = 2(5) for meson (baryon)) can be investigated as can be seen in

chapter 5. The parameterm0 may be determined either by the perturbative asymp-

totic behavior of SPF at large! , m(! ! large), or by requiring that the output image

Aout (! ) has the least error.

4.8 Numerical algorithm

MEM seeks the global maximum of the posterior probabilityP[AjDI�m ] _ 1
ZS ZL

eQ(A)

which amounts to maximizingQ(A) = �S � L in the A(! )-space withO(103) degrees

of freedom in this case. In short, we want a solutionA that maximizes Q. Bryan

method [92] describes how the search for the global maximum can beeconomized by

making use of singular value decomposition (SVD) of kernelK . SVD reduces the

\search space" by a factor of 102 from O(103) to O(10). The steps are outlined by

Bryan [92], Jarrell [95], Asakawa et al. [98] among others. Notationsused here are

more similar to those used by Asakawa et al. A FORTRAN program named \mem"

that employs the Bryan's SVD method was developed and tested. The results of the

tests are discussed in Chapter 5.
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The frequency and the imaginary time are discretized as follows.

! l = l � � !; A l = A(! l ) � � ! l ; (l = 1; 2; 3; : : : ; N! ) (4.42)

� i = i � � � = i � a; Di = D(� i ); (i = 1; 2; 3; : : : ; N ) (4.43)

� ! = 10 MeV is the pixel, N ! = 600 is the mesh size ofO(103), � � = a = 1:7 fm is

the lattice spacing, andN = 32 = � max =a� � min =a+ 1 is the number of data points

D(� i ) of O(10).

To �nd the maximum of Q(A), apply the extremum condition to Q(A l )

@Q
@Al

= 0

�
@S
@Al

=
@L(D; D A )

@Al

�
@

@Al

N !X

l=1

h
A l � ml � A l ln

A l

ml

i
=

� max =aX

i = � min =a

@L
@DA i

@DA i

@Al

� � ln
A l

ml
=

� max =aX

i = � min =a

K il
@L

@DA i

; (4.44)

(4.45)

whereK il = K (� i ; ! l ) = K t =
@DA i

@Al
=

@
P

ij K ij A j

@Al
from Eq.(4:19):

The solution can be represented by aN -dimensional vectoru

ln
A
m

= K t u: (4.46)

since
��!

@L
@DA

is a N -dimensional column vector. This is where we apply the SVD of the

kernelK t
N ! � N asN ! > N . The SVD of the kernel isK t = U� V t � UN ! � N � N � N V t

N � N .

MatricesU andV are orthogonal (have orthogonal columns), i.e.,UtU = UUt = 1N � N

and V tV = V Vt = 1N � N . Matrix � is diagonal and contains positive semi-de�nite
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singular values ofK t , namely � i (i = 1; 2; : : : ; N ). The singular values� i can be

put in increasing order such as� 1 � � 2 � : : : � � N s > � N s+1 = : : : = 0, where

Ns � rank[K t ] � N � N � . In our case, kernel (K t ) li = e� ! l � i will yield non-zero, ex-

ponentially decreasing singular values� j as j increases. The smallest singular values,

� N s+1 and onwards, are virtually zero to the numerical precision of the computer in

which case we set� i > 10� 30. The number of singular valuesNs is taken to be as

many as there are good/�nite (numerically signi�cant) singular values. The solution

will be parametrized byNs parameters discussed below.

Bryan [92] discusses how the �rstNs columns ofU spans aNs-dimensional space

called the \singular space." A set ofNs number of N ! -dimensional column vectors

s1; s2 : : : sN s of U forms a basis in this space. Each column vectorsi is the i th column

of U and is (s1i ; s2i : : : ; sN ! i )t . All other relevant matrices will be reduced to the

singular space.K t and U have the same vector space and the search space is in the

singular space. According to Bryan, the solution can be written in terms of (column

vectors of)U and u as

A l = ml exp
N sX

i =1

Uli ui ; (l = 1; 2; 3; : : : ; N! ) (4.47)

where nowU is aN ! � Ns matrix and u is aNs-dimensional vector. UsingK t = U � V t

and ln( A
m ) = Uu, the extremum condition in Eq.(4.44) can now be rewritten as

� � U u = U � V t

���!
@L

@DA

� � U t U u = Ut U � V t
���!
@L

@DA

� � u = g = � 0V 0t
���!
@L

@DA
(4.48)
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Matrices � 0
N s � N and V 0t

N � N s
come from the singular space part of � andV t .

Newton method is used to solve (4.48) for each increment� u

f = 0

� u + g = 0

Then from Newton method

xn+1 = xn �
f (xn )
f 0(xn )

xn+1 � xn = � x = �
f (xn )
f 0(xn )

we get

� u = �
f
f 0

� u = �
� u + g

�I + @g
@u

J� u = � � u � g (4.49)

where theJ is the jacobian andI is the identity matrix

Jij = �I ij +
@gi
@uj

(4.50)

Next we write @g
@u as

@g
@u

=
@

@u

�
� 0V 0t @L

@DA

�

= � 0V 0t @2L
@D2

A

@DA

@A
@A
@u

sinceL = L(D; D A ). We also have the following

@DA

@A
= V 0� 0U0t

@A
@u

= diagf AgU0

90



whereU0
N ! � N s

is the singular part ofUN ! � N . Substituting the above into @g
@u , we get

@g
@u

= � 0V 0t @2L
@D2

A
� V 0� 0

| {z }
M

U0t � diagf AgU0

| {z }
T

@g
@u

= MT

Eq.(4.49) can be written as

�
�I +

@g
@u

�
� u = � u � g

�
�I + MT

�
� u = � u � g

The increment size� u must be restricted at each iteration to ensure the second order

approximation used above is accurate. Skilling gave a good justi�cation to restrict

the length � u by using the following metric (the norm of�A )

�A t diag[1=Al ] �A = � u t @At

@u
diag[1=Al ]

@At

@u
� u

= � u t T � u

The step length � u will be kept su�ciently small by adding Marquardt-Levenberg

parameter � into the Jacobian matrix.

[ (� + � )I + MT ]� u = � � u � g (4.51)

� is chosen so that the norm of�A

� u t T � u � c
N !X

l=1

ml ; (4.52)

with c = 0:2 � 1. When � increases, the� u decreases. The values of� and �

are adjusted so that iteration proceeds toward maximumQ for a speci�c value of
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� in the given step-length constraint. The search for maximumQ requires O(N 3
s )

steps for each pair of� and � if (4.51) is solved directly. The search can be made

more e�cient, requiring only O(Ns) operations for each pair of� and � , if (4.51)

is diagonalized. The diagonalization of (4.51) starts from diagonalization of T by

solving an eigenproblem

T P = P� ; where � = diag f � g; and P tP = I (4.53)

De�ne also

B = diagf � 1=2gUt M U diagf � 1=2g (4.54)

and solve another eigenproblem

BR = R� ; where � = diag f � g; and RtR = I (4.55)

De�ne

Y = U diagf � � 1=2gR (4.56)

then the following is true

T = Y � t Y � 1

B = Y � 1 M Y � t

and the columns ofY are the eigenvectors ofT MT with respect to T. Eq (4.51) can

be written as

[ (� + � )I + MT ] � u = � � u � g

[ (� + � )I + M � Y � t Y � 1 ] � u = � � u � g

[ (� + � )I Y � 1 + Y � 1M Y � t � Y � 1 ] � u = � �Y � 1u � Y � 1g

[ (� + � )IY � 1 + BY � 1 ] � u = � �Y � 1u � Y � 1g
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[ (� + � )I + B ] Y � 1� u = � �Y � 1u � Y � 1g (4.57)

which hasNs independent equations for the components ofY � 1� u. The step length

becomes

� u t T � u = � u t Y � t Y � 1 � u = jY � 1� uj2

A has a high dynamic range soT is close to singularity and� are close to zero.

Therefore, Y, which contains � � 1=2 in (4.56), cannot be applied toY � 1� u found in

(4.57) to get � u. To �nd � u, separate the space ofP, the matrix of eigenvectors of

K , into null space (consisting of vectors with zero eigenvalue� ) and non-null space,

denoted by subscript 1. Rewrite (4.53) as

T = P � P t =
�

P0 P1

�
2

6
6
4

0 0

0 � 1

3

7
7
5

2

6
6
4

P t
0

P t
1

3

7
7
5

Let us write p = P tu and multiply P t to the left of (4.51) to get

(� + � )P t � u + P tMT � u = � �P tu � P tg

(� + � )� p t + P tM � P� P t � � u = � � p � P tg

(� + � )

2

6
6
4

� p0

� p1

3

7
7
5 +

2

6
6
4

P t
0

P t
1

3

7
7
5 M

�

P0 P1

�
2

6
6
4

0 0

0 � 1

3

7
7
5

2

6
6
4

� p0

� p1

3

7
7
5 = � � p � P tg

which can be written as

(� + � )� p0 + P t
0 MP1 � 1 � p1 = � � p0 � P t

0 g (4.58)

(� + � )� p1 + P t
1 MP1 � 1 � p1 = � � p1 � P t

1 g (4.59)
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Since� u = P � p, the step length becomes

� u t T � u = ( P � p)tP � P t � u

= � p t P tP � P tP � p

= � p t � � p = � p t
1 � 1 � p1 (4.60)

which is independent of� p0. The null-space increment does not contribute to the

step length (4.60). Equation (4.59) can be solved in the same way as (4.51) since it

has the same form. We need to know when an eigenvalue ofT is small enough to be

treated as zero. Let us rewrite (4.51)

(� + � ) � u = � � u � g � M T � u

= � � u � g � M Y t Y � 1� u (4.61)

Solve for Y � 1� u from (4.57) by starting with � = 1 � 10� 5 and increasing� by

multiples of 10� 6� until the norm condition, Eq.(4.52), is ful�lled. Then, substitute

the result Y � 1� u into (4.61) to obtain the increment � u. The Y � 1 = R diagf � 1=2gP t

on the RHS makes the calculation stable since there is no division by small eigenvalues.

The � u is then added to the temporary solutionu temp to yield the new solution

unew = u temp + � u. Continue the iteration until the convergence conditionj �Q
Q j < 10� 10

is met. The solutionA is then

A l = ml exp
� N sX

i =1

Uli ui

�
; (l = 1; 2; 3; : : : ; N! ) (4.62)

which is shown as (red)Aout in �gures in Chapter 5.
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Chapter 5

Testing MEM

This chapter shows how the reconstructed image depends on the quality of the

simulation data. Data noise or error, lattice spacing, number of timeslices, and lattice

grid de�ne the quality of data. We also study how the value of the default model

a�ects the quality of the �nal image. We show that MEM can detect not only multiple

sharp peaks but also 
at continuum to high reliability. The following sections will

show that MEM is robust and reliable in reproducing SPF from two types of mock

data: schematic and realistic SPF. In addition, MEM also produces error bars for

each output SPF.

We limit the test and analysis to SPF with T = 0 and diagonal covariance

matrices. The procedure to test and analyze MEM is the following [97,98].

1. Construct the input data

D in (� i ) =
Z ! max

0
K (� i ; ! )A in(! )d!

�=
X

j

e� ! j � i A(! j ); (5.1)
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where A in (! ) = ! n � in (! ) is the input image/SPF and � in (! ) is the input

(dimensionless) SPF. We will usen = 2 for meson operator dimensionality.

K (� i ; ! ) = e � !� is the Laplace integral kernel. The value of! max is taken to be

between 4� 7 GeV in which the input SPF � in (! ) shows no signi�cant change.

2. Construct the mock input data atN t points by adding a Gaussian noise to the

above (5.1)

Dmock(� i ) = D in(� i ) + � (� i ); (5.2)

where the variance of the noise� (� i )

� (� i ) = b� D in (� i ) �
� i

� �
(5.3)

imitates the noise level of LQCD data. The indexi = 1; 2; : : : Nt , where

� 1 = � min = � � and � N t = � max = N t � � . The values of time slices are taken to

vary asN t = 10; 20; 30. Parameterb adjusts the noise level from 0.01%=0.0001

to 1%=0.01. The output SPF's behavior is also analyzed asN t and bare varied.

3. Use MEM to produce the output SPF� out (! ) and then compare it to the input

SPF� in (! ). The dependence of� out (! ) for di�erent resolution � ! (= 0 :005; 0:01; 0:05; 0:1

GeV) and ! max (4; 5; 6; 7 GeV) will be discussed. To measure the deviation of

� out (! ) from � in (! ), we may use a certain measurer :

r =
Z ! max

0
[� out (! ) � � in (! )]2 d! (5.4)

r may be thought of as a distance between� out and � in . Lesser (greater) distancer

value means that the output image is closer to (farther from) the input image. The

value of distancer measures the quality of the output image.
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5.1 Schematic SPF

First, we need to know how well MEM can simultaneously reconstructa sharp

peak and a broad peak. Therefore, we will consider an input SPF withtwo peaks: a

sharp peak and a broad peak as a schematic SPF, which mimics LQCD data,

� in (! ) =
1

p
� (� 1=2)

e� (! � M 1)2=(� 1 =2)2
+

1
p

� (� 2=2)
e� (! � M 2 )2=(� 2 =2)2

(5.5)

where M j is the position of the peakj with width � j . A schematic SPF with three

peaks [117] exhibits the same behavior as what will be discussed in thissubsection.

The two peaks are chosen to be (M1; � 1) = (1 ; 0:01) GeV and (M2; � 2) = (3 ; 0:5)

GeV as shown in Fig. 5.1. The broad peak is 50 times wider than the sharp peak.

Mock data (5.2) and kernelK = e � !� are used in this analysis. Note that the mock

Figure 5.1: Left: The input SPF � in (! ). Right: Plot of A in (! ) = ! 2 � (! ). The two

peaks are located at 1 GeV and 3GeV.

data is an exponentially decreasing function and therefore appears as a straight line

when logDmock for various combinations ofN t and b is plotted as can be seen in Fig.

5.2. Real LQCD data have similar behavior since the same kernel is used. To imitate

real LQCD data, the parameters are chosen to be! max = 6 GeV, � ! = 0:01 GeV,

� min = � � = 0:085 fm.
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Figure 5.2: The plots of the schematic input data logDmock(t) for di�erent error/noise

levelsb= 0:01; 0:001; 0:0001 (top to bottom) and number of time slicesN t = 10; 20; 30

(left to right.)

5.1.1 Dependence on Error b and time slices N t

Our LQCD data are signi�cantly noisy as can be seen in Fig. 6.4 in the nu-

cleon case for example. The noise is in the order of 5% and increases for time slices

greater than 10. Since our LQCD data are noisy, we need to know how noise a�ects

MEM's ability. First, consider how the probability distribution P[� jDIm ] (used in

the approximation outlined in Step 2 in Section 4.7) depends onb and N t . Know-

ing the behavior ofP[� jDIm ] is important because it is assumed that it is sharply

peaked. The default model is taken to bem0 = 0:141239. Fig.5.3 shows the proba-

bility distribution P[� jDIm ] that is used to obtain the �nal image for three di�erent
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combinations ofN t and b. As has been discussed before in Section 4.7, the distribu-

tion tends to become peaked asN increases andb decreases, that is, as data quality

gets better. In the case of noiseb= 1%, when the time slicesN t increases from 10 to

30, the width of the peak gets thinner by only a factor of about 2 and the distance

r reduces slowly from 1.006 to 0.864. When the noise decreases from 0.01 to 0.001,

the peak width reduces by a factor of about 5 but the distance reduces from 1.006 to

0.837, which is the same as in the previous case. The best result is obtained when

both b= 0:0001 andN t = 30 are improved in which case the peak width becomes 10

times narrower andr = 0:008, which is a reduction by a factor of 125, compared to

the case ofb= 0:01 andN t = 10. The formation of the sharp peak is in
uenced more

by a decrease in noiseb (from top to bottom) than an increase in number of time

slicesNT (from left to right.) Therefore, it appears from the �gure that decreasing

noiseb is more important than increasing time slicesN t to get a peaked distribution.

Fig 5.4 shows how the likelihood functionL, entropy S, and Q = �S � L (with

one default model valuem0 = 0:141239, about one third of 0.36) behave. The model

takes the formm(! ) = m0! 2 with 'correct' m0 = 0:36 so that the following is satis�ed

Z 1

0
� in (! )! 2d! =

Z 1

0
m0 ! 2d! (5.6)

We can see a competition between the likelihood function (blue) and the entropy

(green) in the �gure as the likelihood function increases in the positive direction and

the entropy \increases" in the opposite direction. This is the sort of tug of war

we mentioned in section 4.7. The di�erence between the initial and �nal values of

Q = �S � L (red) is smaller as data quality gets better. As expected, the valueof
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Figure 5.3: The plots describe how the probabilityP[� jDIm ] behaves with varying

error b= 0:01; 0:001; 0:0001 (top to bottom) and number of time slicesN t = 10; 20; 30

(left to right.)

Q reaches equilibrium (maximum) sooner when the data quality improves. Again we

see that the rate at which maximumQ is reached is in
uenced more by a decrease in

noiseb (from top to bottom) than an increase in number of time slicesNT (from left
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Figure 5.4: The plots describe how the likelihood functionL (blue), entropy S (green),

and Q = �S � L (red) behave with varying error b = 0:01; 0:001; 0:0001 (top to

bottom) and number of time slicesN t = 10; 20; 30 (left to right.)

to right.) Thus, decreasing noiseb is more important than increasing time slicesN t

to reach maximumQ sooner.

Fig. 5.5 and 5.6 show how� out (! ) (red) compares with � in (! ) (blue) for three

di�erent combinations of N t and b and how the distancer varies as well. The top

three �gures of nine show a case where MEM fails to reproduce any peaks. This case

takes place at the largest noise levelb= 0:01. Although increasingN t does hint to the

possible existence of a second peak, its exact location and quality are a far cry from

the input SPF. MEM is not able to reproduce the second peak at this noise level of

b= 0:01. The second peak is reliably reproduced when the noise level is reduced by a
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factor of 10 tob= 0:001. Both peaks are most closely reproduced at the lowest noise

level b = 0:0001. The value of the distancer improves more dramatically with the

improvement of noise than time slices. Quality of the output SPF is more sensitive

to noise b than the number of time sliceN t . MEM reproduces both the sharp and

broad peaks without di�culty when the data has a certain minimum quality. This

is because the entropy density (4.23) is a local function of! without any derivatives

and thus does not introduce arti�cial smearing e�ect for SPF in the! -space. Again,

decreasing noiseb is more important than increasing time slicesN t to get a better

output image.

102



Figure 5.5: The plots describe how the reproduced SPF� out (! ) (red) behaves with

varying error b = 0:01; 0:001; 0:0001 (top to bottom) and number of time slices

N t = 10; 20; 30 (left to right.) The � in is in blue and the default modelm0 = 0:141 is

in green.
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Figure 5.6: The plots describe howAout (red) behaves with varying error

b = 0:01; 0:001; 0:0001 (top to bottom) and number of time slicesN t = 10; 20; 30

(left to right.) The A in = ! 2 � (! ) is in blue, and the default modelm0! 2 is in green.

104



5.1.2 Dependence on lattice spacing a and time slice N t

MEM's dependence on three sizes of lattice spacinga in the range 0.05 to 0.12

GeV is investigated. The noise level is set tob= 0:001 or 0.1%. The grid size is from

! min � ! 1 = 0:8 GeV to ! max � ! 2 = 6:0 GeV. The pixel size is set to �! = 0:01

GeV. The default model used ism0 = 0:0257.

First, the probability distribution P[� jDIm ] is not sensitive to variation ofa in

the given region as shown in Figure 5.7. For 10 and 20 time slices, the peak gets

slightly improved asa varies from 0.05 to 0.12 GeV. Only atN t = 30, variation of a

shows more favorable e�ect on the peak. Overall, theP[� jDIm ] is not sensitive to

the variation of a in the given range.
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Figure 5.7: The plots of describe how the probability distributionP[� jDIm ] behaves

with varying lattice spacing a = 0:05; 0:085; 0:12 (top to bottom) and number of time

slicesN t = 10; 20; 30 (left to right.)
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Figure of Q = �S � L as a variation ofa and N t is not shown since their e�ect on

Q is not signi�cant. Figure for � out is also not shown because of almost unnoticeable

e�ect on the graphs. We show Figure 5.8 for SPFAout to point out that similar degree

of e�ect of variations of a and N t being relatively most pronounced atN t = 30. MEM

is able to reconstruct the two peaks in all of the given variations.

Figure 5.8: The plots describe howAout (red) behaves with varying lattice spacing

a = 0:05; 0:085; 0:12 (top to bottom) and number of time slicesN t = 10; 20; 30 (left

to right.) The A in = ! 2 � (! ) is in blue, and the default modelm0! 2 is in green.

107



5.1.3 Dependence on default model m0

Fig. 5.9 shows thatL, S, and Q are not sensitive to the wide range values of the

default model used: 0.0353, 0.0706, 0.141, 0.282, and 0.565, that is, the values of the

default model are 0:25m0, 0:5m0, m0, 2m0, and 4m0. Maximum value ofQ is reached

at a comparable rate for allm0 values.

Fig. 5.10 also shows that the probability distributionP[� jDIm ] is not sensitive

to the variation of the default model m0. The peaks have similar widths with no

signi�cant di�erence.
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Figure 5.9: The plots shos how the behavior of the likelihood functionL (blue),

entropy S (green), andQ = �S � L (red) are very close with varying default model

m0
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Figure 5.10: The plots of probabilityP[� jDIm ] as the default modelm0 varies.110



Fig. 5.11 and Fig. 5.12 also show how MEM can reproduce both peaks reliably

even though di�erent values ofm0 are used. The locations and heights of the repro-

duced sharp and broad peaks are insensitive tom0. The distancer is almost constant

at 0:539� 0:565 during them0 variation. Thus, the output quality is insensitive to

variations of the default model.

Figure 5.11: The plots of output dimensionless SPF� out (red) as the default model

m0 varies. TheA in = ! 2 � (! ) is in blue, and the default modelm0! 2 is in green.
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Figure 5.12: The plots of output SPFAout (red) as the default modelm0 varies. The

A in = ! 2 � (! ) is in blue, and the default modelm0! 2 is in green.
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5.1.4 Dependence on grid ! max and pixel size � !

Fig. 5.13 shows thatL, S, and Q are insensitive to the variation of the size of the

grid ! max and the size of pixel � ! . Maximum value of Q is reached at comparably

similar rate. There is no signi�cant di�erence observed.

Figure 5.13: The plots ofL (blue), S (green), andQ (red) as ! max = 4; 5; 6 GeV (left

to right) and � ! = 0:0050:01; 0:05; 0:1 GeV (top to bottom) vary.
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Fig. 5.14 shows that � ! is more important than ! max to have the probabil-

ity P[� jDIm ] become more peaked. There is no signi�cant improvement as! max

increases, but the peak becomes sharper more quickly as �! increases.

Fig. 5.15 and Fig. 5.16 show that the distancer does not improve signi�cantly

as ! max increases but improves signi�cantly as �! increases from 0.005 GeV to 0.1

GeV. The value ofr stays about the same as! max increases, but it decreases from

r � 0:3 to r = 0:008 quite rapidly. The greatest improvement inr (a factor of � 30:

from r � 0:3 to r � 0:01) takes place when �! increases from 0.01 GeV to 0.05 GeV.

Although � ! variation is more important than that of ! max , the output SPF is still

not too overly sensitive to! max = 4 � 6 GeV and � ! = 0:005� 0:1 GeV.
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Figure 5.14: The plots of probabilityP[� jDIm ] as ! max = 4; 5; 6 GeV (left to right)

and � ! = 0:0050:01; 0:05; 0:1 GeV (top to bottom) vary.
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Figure 5.15: The plots of probability SPF� in as! max = 4; 5; 6 GeV (left to right) and

� ! = 0:0050:01; 0:05; 0:1 GeV (top to bottom) vary.
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Figure 5.16: The plots of probability SPFA in and Aout as! max = 4; 5; 6 MeV (left to

right) and � ! = 0:0050:01; 0:05; 0:1 GeV (top to bottom) vary. The A in = ! 2 � (! ) is

in blue, and the default modelm0! 2 is in green.
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5.2 Realistic SPF

The behaviors of the solution of in the realistic SPF case are in general the same

as that of the schematic SPF just studied in the previous section. There are no

signi�cant di�erences in the behavior of the solution when the same factors (such as

b, N t , m0, ! max , � ! ) are considered. Therefore, we only summarize the results for

the realistic SPF this time.

We will use data, shown in Figure 5.18, obtained from realistic SPF parameter-

ized to reproduce thee+ e� annihilation cross section into hadrons. It is also assumed

that T = 0 and that the covariance matrix C is diagonal for simplicity. The non-

diagonality of C, however, plays an important role in the case of actual lattice QCD

data. We take SPF in the � -meson channel as our realistic SPF example. Take a

relativistic Breit-Wigner form as a parametrization of SPF in this channel [60, 98]:

� in (! ) =
2
�

�
F 2

�
� � m�

(! 2 � m2
� )2 + � 2

� m2
�

+
1

8�

�
1 + � s

�

� 1
1 + e(! 0 � ! )=�

�
(5.7)

� in (! ! 1 ) =
2
�

�
1

8�

�
1 +

� s

�

�
= 0:0277 (5.8)

The pole residueF� is de�ned as

h0j �d
 � uj� i =
p

2F� m� � � �
p

2f � m2
� � � (5.9)

where� � is the polarization vector. In the vector dominance model, the dimensionless

residue f � is related to the ��� coupling g��� as f � = 1=g��� . To get the correct

threshold behavior due to the� ! �� decay, take the following energy-dependent

width

� � (! ) =
g2

���

48�
m�

�
1 �

4m2
�

! 2

� 3=2

� (! � 2m� ) (5.10)
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The empirical values of the parameters arem� = 0:77 GeV, m� = 0:14 GeV,

g��� = 5:45, ! 0 = 1:3 GeV, and � = 0:2 GeV, where the vector dominance is as-

sumed and� s is taken to be 0.3 independent of! for simplicity. Figure 5.17 shows

the input image � in and A in (! ).

Figure 5.17: Left: Plot of the SPF� (! ). Right: Plot of A(! ). A in = ! 2 � (! ) is in

blue and Aout is in green. The sharp peak is located at 0.77 GeV and the rest is the

continuum.

The default model ism(! ) = m0! 2 because of the asymptotic behavior of� in (! )

in (5.7). The chosen value ofm0 = 0:0257 is smaller than the asymptotic value of

0.0277 in (5.8). We use the same parameter values as those for the schematic SPF:

! max = 6 GeV, � ! = 10 MeV, � min = 0:085 fm. N = � max=� � and b are changed

within the intervals, 10 � N � 30 and 0:01%� b � 1%.

Fig. 5.19 shows how� out (! ) (red) compares with � in (! ) (blue) for di�erent

combinations ofN = 10; 20; 30 and b = 0:01; 0:001; 0:0001 and how the distancer

varies accordingly. It can be seen that the quality of output SPF improves asN

increases and noiseb decreases. It is still more important to reduce noise than to

increase the number of time slices to improve the output SPF as can be seen in the
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Figure 5.18: The plots of the realistic input data logDmock(t) for di�erent error/noise

levelsb= 0:01; 0:001; 0:0001 (top to bottom) and number of time slicesN t = 10; 20; 30

(left to right.)

way the distancer is diminishing. This is consistent with the results in the schematic

SPF case.

The probability distribution P[� jDIm ] also tends to become peaked asN in-

creases andbdecreases, that is, as data quality gets better. Again, the noise reduction

is more important than the time slice increase to getting peaked distribution. This is

also the result that we have in the schematic SPF case. The realistic SPF behaves in

much the same way as the schematic SPF as other variations such as! max and � !

are considered.

Figure 5.20 shows how the default modelm0 a�ects the output SPF. We see that
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Figure 5.19: Input SPF � in with a resonance + continuum (blue) and output SPF

� out obtained by MEM (red) for di�erent combinations of number of time slices

N t = 10; 20; 30 (left to right) and noise b = 0:01; 0:001; 0:0001 (top to bottom.)

The default modelm0! 2 is shown in green.

there is a sort of ringing in the continuum that is not visibly present in the schematic

SPF. The ringing ampli�es as the default model moves away from the \ideal" value

of 0.0257. The increased ringing looks like another peak that may be mistaken for

an excited state. Section 5.3 will discuss the extra peak(s) in the context of error

analysis.
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Figure 5.20: Input SPF � in with a resonance + continuum (blue) and

output SPF � in obtained by MEM (red) for three di�erent values of

m0 = 0:0514; 0:1028; 0:01285; 0:006425; 0:0257 = 2m0; 4m0; 0:5m0; 0:25m0; m0
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5.3 Error Analysis

We use mock data from realistic SPF in section 5.2. The parameters used

are 0.0001 noise,N t = 30, m0 = 0:0257, a = 0:17 GeV, [2; 12] time interval, and

! max = 6:0 GeV for this discussion unless mentioned otherwise. As discussed insec-

tion 4.7, MEM assigns error on the most probable image. The error ofthe output

image in (4.41)

h(�A out )2i I ! �
Z

d� h(�A � )2i I ! P[� jDIm ]

is taken at full width at half maximum (FWHM) of the peak and averaged over �

and ! . The frequency regionI ! = [ ! 1; ! 2] is the width of the peak at half maximum.

The location of the peak! peak is about in the middle of the width. h(�A � )2i I ! is the

variance ofhA � i I ! in (4.40)

5.3.1 Noise b

MEM's ability to accurately reproduce the SPF is quite sensitive to thenoise

level b. As noise decreases, the peak moves closer to the true position, the output

image gets closer to the true image, and the error gets smaller as can be seen in Figure

5.21. The peak position changes from 0.68 GeV to 0.73 GeV or as much as 0.05 GeV

� 7% from the true position, which is 0.77 GeV. MEM is able to reproduce the peak

without di�culty relatively consistently. However, MEM's accuracy o n peak position

depends signi�cantly on noise. The error of the output image does not dramatically

reduce as noise decreases.
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Figure 5.21: The e�ect of noiseb on the error of the output SPF� out (! ) obtained by

MEM (red) for three di�erent noise levels b = 0:01; 0:001; 0:0001. The input image

� in (! ) is in blue.

5.3.2 Number of time slices N t

Figure 5.22 shows that as the number of time slicesN t increases from 10 to 30,

MEM's peak gets closer to the true value 0.77 GeV and the output image quality

gets better asr decreases. However, the error increases by about a factor of two from

0.008 to 0.19. The peak position, the peak error, and the image quality are not overly

Figure 5.22: The e�ect of the number of time slicesN t on the error of the output

SPF � out (! ) obtained by MEM (red) for three di�erent N t = 10; 20; 30.

sensitive to the variation of time slices.
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5.3.3 Default model m0

See eq(4.28-4.32) Fig. 5.23 shows how sensitive the result� out (! ) is against the

variation of m0 for three di�erent values of the default model. N = 20 and and

b = 0:1% are chosen. Green and blue lines correspond to the default model and the

input SPF respectively. The red line shows the output image after the MEM analysis.

As the default model deviates from the expected asymptotic value0.0257, the output

SPF starts to have a ringing behavior, and the error on the peak increases as well.

The quality of the output image deteriorates as well as the input image does not have

any ringing or extra peaks.

Figure 5.23: Default model dependence of the output SPF� out (! ) obtained by MEM

(red) for three values of default model: 0:1m0; m0; 10m0.

We need to determine whether the appearance of extra peaks in the ringing due

to real resonance or an artifact of MEM. We turn to the error analysis outlined in

Section 4.7 to resolve this issue. The vertical height of the error bars in Figure 5.24

indicates the uncertainty in the averaged value of the SPF in three frequency intervals

for three peaks. Judging from the error bars, the ringing images for 0:1m0 and 10m0

are not statistically signi�cant. The best default model yields the best SPF with the

least error. In this case, the middle �gure of Fig. 5.24 quali�es as thebest one.
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Figure 5.24: Error analysis of extra peaks due to ringing. The output SPF � out (! )

obtained by MEM (red) for 10m0

5.3.4 Lattice spacing a

The lattice spacing has a signi�cant e�ect on the position of the peakbut not

so much on the error. At 4 times smaller spacing, the peak almost does not get

reproduced and moves to lower mass. The distancer also increases as can be seen as

the shape of the output image deviates more from the original image.

Figure 5.25: The e�ect of lattice spacinga on the error of the output SPF � out (! )

obtained by MEM (red) for three variations ofa = 0:0425; 0:085; 0:17 GeV.

5.3.5 Time interval [t1; t2]

Changing time interval does not have signi�cant e�ect on the peak position, the

peak error, or the output quality. However, Figure 5.26 shows that as we cut o� more
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and more of data at later times, the lowest resonance is a�ected. This is because the

correlator has the exponential form (3.63)

D(t) =
X

n

cne� mn t :

The ground state being the lowestmn becomes more signi�cant when time is allowed

to be larger. As more data from later time are excluded, MEM has lessdata to

reproduce the ground state peak accurately: the distancer increases and the peak

is shorter. However, note that the error decreases slightly probably because of the

wider peak as the error is averaged out over a greater [! 1; ! 2]. When we cut o� the

data from earlier times, the ground state is not a�ected as expected as shown in Fig.

5.27. The error of the peak and the distancer show no signi�cant changes.

Figure 5.26: The e�ect of time interval [t1; t2] on the error of the output SPF� out (! )

obtained by MEM (red) for three time intervals [2; 10]; [2; 12]; [2; 14].

Figure 5.27: The e�ect of time interval [t1; t2] on the error of the output SPF� out (! )

obtained by MEM (red) for three time intervals [2; 12]; [3; 12]; [4; 12].
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5.3.6 Grid ! max

It is clearly observed from Figure 5.28 that the size of the grid does show any

e�ect on the peak position, error, and the quality of the output image. Only the

distance r shows a slight increase as! max increases because the distancer is taken

over a larger region in! .

Figure 5.28: The e�ect of grid size! max on the error of the output SPF � out (! )

obtained by MEM (red) for three ! max = 4; 5; 6 GeV

5.3.7 Pixel size � !

The pixel size is de�ned asN ! � ! = ! max � ! min . A variation in pixel size � !

also shows no appreciable e�ect on the peak position, the peak error, or the output

quality. The value of the distancer remains the same as the �! becomes �ner or

coarser. The peak error gets slightly decreased for the coarserpixel.

5.4 Summary

We performed a series of tests that capture the key behavior andlimitations of

the MEM. A summary of what we learned from the tests performed inthis chapter

is the following.
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Figure 5.29: The e�ect of pixel size �! on the error of the output SPF � out (! )

obtained by MEM (red) for three � ! = 0:005; 0:010; 0:020 GeV

� The noise of the data plays a vital in
uence on the MEM performance. De-

creasing noise is more important than increasing the number of time slices N t

for reproducing better SPFA(! ).

� In general, better results are obtained when relevant informationis included in

the default model. An example of such relevant information that we used is the

asymptotic value ofA(! ). The asymptotic value does not necessarily lead to

the least error.

� In cases where the resultantA(! ) is sensitive to the model, the most probable

A(! ) is obtained from the model that yields the minimum error.

� The time sliceN t must be su�ciently large for obtaining a reliable result.

� Once N t is su�ciently large, the image quality responds more readily to a

decrease in noise.

� Other factors such asa, ! max , � ! , and [t1; t2] have a secondary e�ect on the

quality of the imageA(! ).
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Chapter 6

Results and Analysis of Hadron

Spectrum Data

We will analyze and present results fromN , �, �, �, �, � , and K � states. Main

attention will be given to the Roper,N � , and �(1405) as they contain some interesting

physics.

The LQCD data used in this study employed the Iwasaki gauge actionand

quenched, point-source overlap fermion action. The simulation wasperformed1 at

spacinga � 0:174 GeV on a 202 � 32 lattice with spatial sizeLa � 3:5 fm and a wide

coverage of 26 pion masses from 1547 MeV to as small as 175 MeV, 18masses of which

are below the strange quark mass. The number of con�gurations isNconf = 110. The

lattice is larger than three times the size of the Compton wavelengthof the smallest

pion mass (175 MeV) to ease �nite volume e�ects such as an increase(decrease) of ef-

1By � QCD collaboration group using the U.S. Department of Energy's computing facilities at

NERSC.
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fective mass(decay constant) relative to a larger-volume simulation. A wave function

of a bound state will be squeezed in a smaller lattice volume resulting in increased

quarks' kinetic energy and state's total energy. The mass spectrum will be raised.

Finite volume e�ect is not investigated in this study because it is not expected to

be very signi�cant. 2 Previous study using the same actions on a 16� 283 lattice

with 3.2 fm lattice size estimated the �nite volume error to be� 2:7% [115]. The

�nite volume e�ect is proportional to e � m � L , but our values ofm� L > 3, giving an

e�ect of less than e� 3 = 5%. Point source data are used in the MEM to satisfy the

positivity condition of A(! ) � 0. The quenched approximation is used where we set

det(M ) = 1 to make the simulation faster.

The MEM analysis uses [! min ; ! max ] = [0:3; 6:3] GeV. The hadron massesm1 and

m2 are the ground (position of �rst peak) and �rst excited (position of second peak)

states respectively. The default modelm0 is a positive de�nite number. The time

slice interval is written as [t1; t2] with t1 > 1 since the point source is att = 1. The

value oft2 � 16. Its �nal value is chosen to be as large as possible until we obtain the

most number of results reliably. The quark mass coverage is given byTable 6 below.

The two-point correlators used are that of (3.62).

2A rule of thumb here is that simulations with m� L � 4 and/or La & 5 fm will yield in�nite-

volume masses within statistical error of less than 0.5%. Note that typical size of hadrons is� 1

fm. The �nite volume e�ects of nucleon mass at physical quark massdone on a lattice La � 3:5 fm

is below 1% [109, 110].
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Bin No � = mqa m� (MeV) m� L Bin No � = mqa m� (MeV) m� L

26 0.01400 175 3.109 13 0.08983 512 9.096

25 0.01633 186 3.305 12 0.10850 566 10.06

24 0.01750 197 3.500 11 0.12950 625 11.10

23 0.01867 208 3.695 10 0.15633 681 12.10

22 0.02100 223 3.962 9 0.18783 717 12.74

21 0.02333 242 4.299 8 0.22633 752 13.36

20 0.02567 264 4.690 7 0.26833 813 14.44

19 0.03033 293 5.206 6 0.32200 899 15.97

18 0.03617 327 5.810 5 0.36000 961 17.07

17 0.04433 359 6.378 4 0.40000 1006 17.87

16 0.05367 391 6.947 3 0.50000 1152 20.47

15 0.06417 426 7.569 2 0.60000 1291 22.94

14 0.07583 466 8.279 1 0.80000 1547 27.48

Table 6.1: Quark masses coverage used in this work. Unit conversion

197 MeV� fm = ~c = 1 has been used form� L , where L = 3 :5 fm.
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State J P Quark structure Spin Isospin I 3 Mass (MeV)

p 1
2

+ uud 1
2 + 1

2 938

n 1
2

+ udd 1
2 � 1

2 939

� + 1
2

+ uus 1
2 � 1

2 1189

� 0 1
2

+
uds 1

2 � 1
2 1193

� � 1
2

+
dds 1

2 � 1
2 1197

� 0 1
2

+ udd 1
2 � 1

2 1116

� 0 1
2

+ uss 1
2 + 1

2 1315

� � 1
2

+ dss 1
2 � 1

2 1321

Table 6.2: Baryon octet states. The masses are taken from [8].

6.1 Baryons

The correlation functionsD(� ) used for baryons have the following form

D(� ) =
Z

d! A (! )K (�; ! ):

The spectral functionA(! ) of the baryon propagator has dimension 5. We can de�ne

a dimensionless function� (! ) as

A(! ) = � (! )! 5 (6.1)

such that � (! ! 1 ) = �nite constants. The simplest default model takes the form of

m(! ) = m0! 5 where the value ofm0 is taken to be the asymptotic value of� (! ) from

perturbative QCD whenever known. Table 6.1 lists the octet baryons from which we

will study N , �, �, and Xi .

133



6.1.1 Nucleon

As discussed in section 3.5, the nucleon correlation function, at thequark level,

used in the simulation is

D(t) =
X

x

� abc� a0b0c0�
S aa0

u Tr
�
Sbb0

d S cc0

u

�
+ S aa0

u S bb0 T
d S cc0

u

	
;

and at the hadronic level the nucleon correlation function containsboth the positive

and negative parity states. This local scalar-diquark interpolatorhas good overlap

with higher states such as the Roper. The ground state of suchD(t) is

D(t) = (1+ 
 t )
�
A+ e� m+ t + bA� e� m � (N t + t)

�
+(1 � 
 t )

�
bA+ e� m+ (N t + t) + A � e� m � t

�
: (6.2)

Values ofb= 1; � 1; 0 are for periodic, anti-periodic, and Dirichlet temporal boundary

conditions respectively. Our simulation usedb = � 1 for anti-periodic boundary

condition. MEM is performed on the LQCD data to extract the masses after parity

projection. The MEM analysis on most of the positive-parity nucleonis carried out

over the time interval [3; 10], which is chosen to be where MEM is able to obtain

stable �rst excited states from the most number of pion masses. The width of usable

time interval is reduced as there are ghost states at earlier time slices for lighter pion

masses beyond m24 = 197 MeV. The time intervals used in the negative-parity state

are even made up of shorter time intervals due to more severe ghost contributions.

We take only positive data as much as noise allows for stable solutions.

We will consider the quality of our nucleon data in terms of errors andlimitations

they contain. Figure 6.2 shows correlation function data of the nucleon's positive

(black) and negative (red) parities. The negative parity data fall more quickly than
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the positive parity data as expected because of the negative parity's higher mass.

The positive parity has a relatively good data in the full time interval [2; 16] over a

wide range of pion mass, from m1=1547 MeV to m21=242 MeV. The error bars were

obtained by jack knife method and appear asymmetric in base 10 logarithm. The

errors grow steadily as time increases as expected. On the other hand, the negative

parity data not only have errors that grow more quickly but they also start to dip

(negative correlation function value) at a pion mass as small as m7=0.813 GeV as

shown in Fig. 6.4 and Fig. 6.2 respectively. The systematic errors in the positive

channel are better controlled as they grow steadily as time increases. The negative

channel shows that the errors grow much quicker and show more 
uctuations. For

example, the data have 30% error beyond an early time sliceN t = 8 for the second

half of the mass coverage. In contrast, the positive channel hassimilar error at a

much later time slices� N t = 14 down to lower pion mass ofm19 = 293 MeV. This

di�erence in the quality of data enables a wider time slices coverage for the positive

channel compared to the negative counterpart.

The negative dip is an artifact of the quenched simulation and is therefore un-

physical, hence the name ghost state. Fig. 6.1 shows some ghost states as a dip

below the zero correlator value. In the nucleon case, it is a problem of the N� 0 state

in the propagator. The heavier isosinglet meson� 0 is a mixture of u�u, d �d, and s�s and

has a mass of 938 MeV. In quenched QCD, only a single hairpin is includedin the

� 0 propagator, and its contribution is negative. This negative contribution becomes

more notable for lighter pion masses below 300 MeV [115]. The negativedip is the

result of signi�cant such contribution. The ghost does not appearin full QCD be-
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cause other contributions (single vacuum loop and vacuum bubbles insertions into the

� 0 propagator) make the overall contribution positive. It was �rst noticed in scalar

meson and later in the nucleon [114, 115]. The ghost limits the ability of MEM to

reconstruct the SPF because MEM requires positivity from the data.

The quality of the negative-parity data deteriorates quickly as shown in Fig. 6.1

and 6.2. The ghost �rst appears at t=15 in m7=813 MeV and reappears at t=14 and

15 in m9=717 MeV, m11-m13, and m15-m26. At the lightest pion mass of 175 MeV,

only four data points can be used. By contrast, the ghost �rst appears at a much

lower pion mass of m22=223 MeV in the positive-parity channel. Thereare still 8

good data points at this pion mass. The negative-parity channel is relatively reliable

from time slices [2; 14] � [2; 8] down to m18=327 MeV. The positive parity channel

fares better with time intervals down to [2; 9] at the smallest pion mass m26=175

MeV.

Fig. 6.3 shows the e�ective masses of the nucleons. The plateau corresponds to

the mass of the ground state of the nucleon. In the positive parity, there are plateaus

in all 26 pion masses even though the plateaus are made up of less andless data points

as the pion masses get closer to the physical mass. For the negative parity state, the

last reliable plateau is seen at m13=512 MeV beyond which the data become poor

and scarce because of error increase and negative dips.

In summary, the positive parity channel is expected to yield betterSPF recon-

structions over a wider range of pion mass coverage than the negative parity channel.

This is because it has signi�cantly less error and more usable data points. Recall

that the quality of MEM's result depends upon the level of error andthe number of
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workable data points used as discussed in section 5.

Figure 6.1: The nucleon correlatorsD(t) for the positive (black) and negative (red) parity

states at the lightest 15 pion masses.
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Figure 6.2: The log10 D(t) for the positive (black) and negative (red) parity states for

nucleon at the lightest 18 pion masses.
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Figure 6.3: Nucleon e�ective mass for the positive (black) and negative (red) parity states

for nucleon at the lightest 15 pion masses.

A typical reconstructed nucleon SPF showing two peaks with their error bars

and a continuum can be seen in Fig. 6.5. The results for the nucleon are tabulated

in Table A.1 and Table A.2 for the positive and negative parity respectively. The
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Figure 6.4: The relative errors of the nucleon correlators for the positive (black) and

negative (red) parity states for nucleon at the lightest 15 pion masses.

positive parity channel uses time interval [3,12] because it yields themost number

of results in the 26 pion masses available. The values of the default model used are

m0 � 0:0040, which is the asymptotic behavior of� (! ) [100]. The default model

yields the � out (! ) with the smallest error. A typical plot of P[� jDIm ] is shown in

140



Fig. 6.5 which is relatively sharply peaked in the given� � interval.

Figure 6.5: Left: A typical plot of the output � (! ) of the 1
2

+ nucleon resonance showing

the ground and �rst excited states at m13, m = 0 :512 GeV, with error bars at full width

half maximum. Right: A typical plot of P[� jDIm ].

The �rst peak such as one shown in Fig.6.5 is identi�ed as the nucleon ground

state because its positions shown in Fig. 6.6 converge to experimental mass of the

nucleon. We make two observations on the second peak. First, its positions seem

to converge to the mass of the RoperN 0(1440) again shown in Fig. 6.6. Second, its

relative positions from the ground state are about the same, thatis, the separations

between it and the ground state are approximately independent from the pion mass.

This is a phenomenological feature of radial excitation of which Roper is. Excitation

in the positive-parity channel is a radial excitation while excitation in the negative-

parity channel is an excitation of the quark orbital angular momentum L. Di�erent

modes of excitation yield di�erent patterns of mass spectra. A consequence of the

Roper being a radial excitation is that it is much more sensitive to the �nite volume

e�ects than the ground state. It can be seen from the graph that it seems to converge

to a value a bit higher than the experimental value of 1440 MeV. We donot do chiral
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extrapolation on N 0 and N � states because the data do not have su�cient accuracy

to do it reliably.

Nucleon and its excitations have been studied extensively in LQCD [67,70, 101,

108, 111, 115, 132, 133]. One of the goals of this subsection is to study the order-

ing of the �rst positive-parity excited state of the nucleonP11, Roper N 0(1440)+ or

N
1
2 + (1440), and the �rst negative-parity excited state of the nucleon S11, N � (1535)�

or N
1
2 � (1535). In nucleon, the �rst negative-parity excited state lies above the �rst

positive-parity excited state. This order is reversed for other baryons and mesons.

This parity reversal has been a puzzle since its discovery in 1964 whose answer will

be important to the understanding of the inner working of the strong interaction dy-

namics. A di�erent puzzle comes from the � channel where �
1
2 � (1405) is the lowest

negative-parity excitation not N
1
2 � (1535). This is unexpected because �(1405)� has

a strange quark, which is much heavier thanu and d quarks. There are disagreements

about how this puzzle may be explained. One view is based on SU(6) constituent

quark models which proposes that color-spin hyper�ne or gluon-exchange interaction,

� c
1 � � c

1~� 1 � ~� 2, gives rise to this hyper�ne mass splitting. However, this view does not

reconcile the two puzzling patterns satisfactorily. Another view uses chiral quark

models and proposes that Goldstone-boson-exchange, which is dominated by 
avor-

spin inter-quark interactions, � f
1 � � f

1~� 1 � ~� 2, gives rise to the hyper�ne mass splitting.

The energy levels of nucleon and two other baryons, � and �, of both positive and

negative-parity states are shown in Fig.1.1.

In QCD, the mass spectrum is the excitation spectrum of the QCD vacuum. We

expect QCD to clarify our understanding of the causes that give rise to the pattern
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Figure 6.6: Spectra of the ground and excited states of nucleons as a function of the

pion mass squared. The experimental values are on the left and are marked as2 ; 4 ; # for

N (939)+ ; N 0(1440)+ ; and N � (1535)� respectively.

described by the models. Ref. [118] tells us that the mass splitting between N and �

is greatly decreased if theZ-graphs in the quark propagator are turned o�. This in-

dicates that the main source of the inter-quark spin-spin interaction for light quarks

might not come from the spin-color interaction. It supports the Goldstone-boson-

exchange model which requires theZ-graphs and favors the 
avor-spin interaction

picture. Further studies [106, 116, 122] were done on theN and � but the pattern

issues are still unresolved today. There are two main challenges faced by these stud-

ies. First challenge is extracting excited states from the correlation functions which

is highly non-trivial. Standard chi-square of multiple exponentials yieldunreliable
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results when multiple operators are absent. Recent and popular methods use vari-

ational analysis and bayesian curve �tting. Second challenge is reaching the chiral

region where the issues need to be investigated. This is very costly computationally

for full QCD simulations because of increased lattice size due to lowerpion mass.

This is why most studies still use relatively heavy pion mass above� 400 MeV.

One goal of this thesis is to study the excited states in the chiral region on a

large lattice to minimize the �nite volume e�ects. We also need to preserve the chiral

symmetry since the issues are related to chiral dynamics. We use the overlap fermion

because it meets these requirements. However, we can only use quenched simulation

because doing full QCD using the overlap fermion down to the chiral region is very

expensive. The simulation was done on 203 � 32 lattice of size 3.5 fm with 0.174 fm

spacing and 175 MeV lowest pion mass.

As mentioned above, our data have ghost states whose e�ects grow as the pion

mass is lowered. The ghost states behave di�erently in the two parities. In the

nucleon channel, the positive-parity branch has the following order: N
1
2 + (939) the

lowest, the ghostN� 0 state in a P-wave, and then the RoperN
1
2 + (1440). The mass

of the non-interacting N� 0 is
p

m2
� + p2 +

p
m2

N + p2 where p = 2�=L is the lowest

momentum of the lattice used. We can see that the mass ofN� 0 depends on the

lattice and thus the orderN� 0 and the Roper could be reversed on a di�erent lattice.

In the negative-parity branch, the order is as follows:N� 0 in an S-wave and then

the S11(1535). What makes the extraction of the Roper andS11 di�cult is the fact

that the N� 0 mass is close to the mass of the Roper andS11. There are methods that

can disentangle the ghost from the spectrum by making use of theirdi�erent spectral
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weights and time dependence. We did not attempt to carry out suchdisentanglement

but rather we include only the positive data up to the appropriate time slice thereby

excluding the most negative part of the ghost.

Fig. 6.6 shows that the mass of the Roper is greater (less) than themass ofN �

above (below)m� � 500 MeV. There is a level order switching or cross over between

the Roper N 0 and N � at m� � 500 MeV. Ref.[130] proposes that the cause of the

cross over is the 
avor-spin interaction between the quarks due to Goldstone (chiral)

boson exchanges which occurs at pion mass between about 300-400 MeV. This was

�rst seen in lattice QCD by Ref. [120] by using constrained curve �tting on overlap

fermion lattice data. Our result shows that such a cross over occurs at a slightly

higher mass [117]. Table 6.3 gives a context to the results of the nucleon analysis in

this study. It compares the mass ratios of RoperN 0 and N � from previous studies

referenced above. This ratio is 0.938 atm� = 140 MeV in experiments. We are able

to observe the cross over and less than unity ratio because we usea much smaller pion

mass ofm� = 175 MeV, close to the pion physical mass. Most studies listed in the

table use higher pion mass of about 500 MeV where the cross over is supposedly to

start taking place. To conclude, our result favors the chiral quark model whereas the

chiral interaction between the constituent quarks in the nucleon islarge enough to

lower the lowest positive parity states in the N=2 band (N 0(1440)) below the negative

parity state in the N=1 band (N � (1535).)

Ref. [115] uses 163 � 28 LQCD data similar to ours (� QCD collaboration group)

with the same Iwasaki gauge and overlap fermion. They also observe the Roper and

S11 to coincide and cross over. Additionally, chiral extrapolation yields consistent
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Ref. Quark action Lattice, a (fm) m�
N 0(1440)
N � (1535)

�(1405)
N � (1535)

[8] Experiment 140 0.938 0.915

[108] Full, 2+1 
avor PACS-CS clover 163 � 32; 0:127 541 < 1 � low

[70] Quenched, DWF 163 � 32; 0:1 510 > 1

[67] Quenched, FLIC 163 � 32; 0:122 560 > 1 > 1

[111] Quenched, chirally-improved clover 203 � 32; 0:119 350 > 1 > 1

[101] Quenched, Wilson 323 � 32; 0:093 610 > 1

[115] Quenched, overlap 163 � 28; 0:200 180 < 1

This work Quenched, overlap 203 � 32; 0:174 175 < 1 < 1

Table 6.3: The mass ratios ofN 0(1440)+ / N � (1535)� and �(1405) � / N � (1535)� are com-

pared. The pion massesm� are in MeV.

masses ofN , N 0, and N � . It is concluded that much of the physics of the Roper can

be studied by probing the chiral regime without necessarily including the dynamical

quarks.

A most recent study of the Roper state [108] using full QCD on a� 3 fm

lattice uses a near physical pion mass of 160 MeV and observes, forthe �rst time, an

unusual way in which the Roper state approaches the physical mass. The dynamical

fermions and their associated light-mesonic dressings of baryons give rise to signi�cant

curvature in the Roper mass in the chiral regime. Another contributor to this behavior

is suspected to come from the �nite volume e�ects as the lattice sizeis less than 3

fm. This curvature is an indication that the Roper state mixes with the ground state

and other nearby positive parity states. Although the dynamical fermions are not

included in our quenched LQCD data, our result also shows a slight curving in the
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Roper mass in the chiral regime.

6.1.2 �

In the lambda channels, we discuss the octet �O and the 
avor-singlet � S with

a focus on �(1405)� . The four �gures below show the quality of LQCD data in the

positive-parity lambda I
�
J P

�
= 0( 1

2
+ ) channel. We use the following interpolators

� � O = � abc
�
2(uaT C 
 5 db)sc + ( uaT C 
 5 sb)dc � (daT C 
 5 sb)uc

�
; (6.3)

� � S = � 2� abc
�

� (uaT C 
 5 db)sc + ( uaT C 
 5 sb)dc � (daT C 
 5 sb)uc
�

(6.4)

for the octet and the 
avor-singlet lambdas respectively. The baryon interpolators

couple to both the positive and negative-parity states. Comparedto the nucleon

channel, the data in the lambda channel are relatively less noisy, more regular, and

less a�ected by the quenched artifact, namely the ghost. The negative dips tend

to start one or two time slices later than in the nucleon as shown in Fig.6.7 and

6.8. At the lightest pion mass of 175 MeV, the positive-parity channel has data from

the �rst 14 time slices while the negative-parity channel has 6 which isconsiderably

more than the nucleon. Plot of the e�ective mass in Fig. 6.9 also shows
atter

and longer plateaus. The relative errors are plotted in Fig. 6.10 and the data have

signi�cantly less noise. The negative-parity channel consistently shows lower quality

data as expected and observed in the nucleon channel.
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Figure 6.7: The lambda correlator D (t) for the positive (black) and negative (red) parity

states at the lightest 15 pion masses.
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Figure 6.8: The log10 D(t) for the positive (black) and negative (red) parity states for

lambda at the lightest 15 pion masses.
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Figure 6.9: The lambda e�ective mass the positive (black) and negative (red) parity states

for nucleon at the lightest 15 pion masses.
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Figure 6.10: The relative errors of the lambda correlators for the positive (black) and

negative (red) parity states for nucleon at the lightest 15 pion masses.

The positive-parity states, �
1
2 + (1116) and �

1
2 + (1600), are extracted from the

octet operator � O. The lowest negative-parity state �
1
2 � (1405) is extracted from the


avor-singlet operator � S. The default model used is� 0:008 [100] which is based on
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the asymptotic behavior of the lambda's SPF. Although the MEM is ableto extract

these three states, the result for �
1
2 � (1405) is intermittent and contains up to ten

times more uncertainty than its positive-parity counterparts. Despite its much larger

error, it appears that the results for �
1
2 � (1405) converge to its physical mass. The

ordering of the lambda states is consistent with the mass spectrumfrom experiments

shown in Fig. 1.1.

Figure 6.11: Left: A typical plot of the output � (! ) of the 1
2

+
lambda resonance showing

the ground and �rst excited states at m12, m� = 0 :566 GeV. Right: A typical plot of

P[� jDIm ].

We observe that �(1405) consistently lies belowN � (1535) for the �rst time as

shown in Fig. 6.13. This trend is consistent with the chiral quark model as a result

of the 
avor-singlet structure of the �(1405) and chiral dynamics. The result does

not support a picture of �(1405) as a mixed state of three-quarkand � 90% �ve-

quark states, suggested by a quenched lattice study [121] and a QCD sum rules

study [122]. The mixed-state picture is an attempt to understand the anomalously

low mass of �(1405) as a strange baryon. It is considerably lighter than non-strange

negative-parity baryons such asN � (1535) where it is expected to be heavier. Another
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Figure 6.12: Octet �( 1
2 � ) as a function of pion mass. The experimental values are on the

left and are marked as2 ; # ; 4 for �(1116) + ; �(1405) � ; and �(1600) + respectively.

unusual feature of �(1405) is its large 115-MeV spin-orbit splittingwith its spin-orbit

partner, �(1520). This is unusually large compared to the spin-orbit splittings of other

members of theP-wave baryons such asN � (1535)� N (1520) and �(1670) � �(1620).

In addition, the standard (non-relativistic) quark model places �(1405) 50-150 MeV

higher than its actual mass with small� 10-MeV spin-orbit splitting. There are

speculations proposed about the structure of �(1405). One interesting speculation

is that it is a bound state of �K and N . In this case, theS-wave attraction causes

�K � N system to be bound by 28-MeV binding energy. Their quark wave functions

will overlap signi�cantly and look like a penta-quark. This 4q� �q system has negative
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intrinsic parity and L = 0 orbit, making a spin-orbit partner unnecessary.

Figure 6.13: �(1405) is consistently below N � (1535).

The latest lattice study on �(1405), using PACS-CS (2+1)-
avor full QCD with

conventional 3-quark operators and pion masses ranging from 702 MeV down to 156

MeV, was able to de�nitively isolate the state [123]. By calculating cross-correlation

functions for di�erent operators, they isolated individual statesof the lowest three

J P = 1
2

� states: �(1405), �(1670), and �(1800). This is important to do b ecause

SU(3) 
avor symmetry is broken by the heavier strange quark, allowing the three

states to survive until the signal gets buried in noise. The usual method of extracting

the ground-state mass at larget can only resolve a mixture of these three low-lying

states. At this point, it is not clear how this mixture of states a�ects our �(1405)

result.
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Table 6.3 shows a comparison of the mass ratio of �(1405)/N � . Experiments

observe the ratio to be 0.915. Previous lattice studies of �(1405) that used quenched

QCD yield higher than unity ratios of �(1405)/ N � (1535) except Ref. [115] and ours

(another one uses full QCD.) Our results thus far support the ideathat the ordering

betweenN � (1535), N 0(1440), and �(1405) comes mainly from the 
avor-spin inter-

action between the quarks due to the Goldstone boson exchangesas outlined in the

chiral quark model. A comparison of results from lattice studies alsosuggests that

chiral symmetry is a primary factor in reconstructing the correctordering near the

physical mass [130].

6.1.3 �

Interpolators used for the positive parity � 0 hyperon in the simulation are

� �
1 =

p
1=2� abc

h
(uaT C 
 5 sb) dc + ( daT C 
 5 sb) uc

i
; (6.5)

� �
2 =

p
1=2� abc

h
(uaT C sb ) 
 5 dc + ( daT C sb) 
 5 uc

i
: (6.6)

The correlator is constructed along similar lines as the nucleon. Figures for the octet

hyperon �( 1
2) data are not shown but they also have less noise and less ghost states

than the nucleon. Typical plots of SPF� (! ) and P[� jDIm ] are shown in Fig. 6.14.

Again we see very clear peaks in the SPF. They are similar to those obtained from

the nucleons and lambdas.
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Figure 6.14: Left: A typical plot of the output � (! ) of the �( 1
2

� ) resonances showing the

ground and �rst excited states at m24, m� = 0 :197 GeV. Right: A typical plot of P[� jDIm ].

See Table A.6 for values of the masses.

Figure 6.15:Octet �( 1
2 � ) as a function of pion masses. The experimental values are onthe

left and are marked as2 ; 4 ; # for � 0 = �(1193) + ; �(1660) + ; and �(1620) � respectively.
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MEM is able to extract the �rst excited state of �( 1
2

+ ) but not that of �( 1
2

� ).

All � 0(1193), � + (1189), and � � (1197) have masses close together and belong to the

sameI (J P ) = 1( 1
2

+ ). At the resolution that we use, these states appear as one state

or one peak. The ordering of the three states is consistent with experiments. The

results clearly indicate that the masses go to the correct respective physical values of

the �( 1
2

� ).

6.1.4 � and �

We will show the main results of the cascades �(12
+ ) and �( 3

2
+ ) shown in Fig.

6.16 and 6.17 respectively without detailed discussion. There are no ghost states

in the positive-parity and negative-parity states of �. However, the negative-parity

data are more noisy than the their positive-parity counterpart. This is also similar to

data from other baryons in this study. MEM is able to extract both the ground and

�rst-excited states of the cascade �(12
+ ) baryons. The ground state of �(1

2
� ) could

not be extracted reliably while its excited state did not show at all in the SPF. The

�rst excited state converges to� 2000 MeV. A possible resonance is �(1950), which

is reported between 1894 and 2000 MeV. Although it has a *** status, its J and P

have not been measured. Another possibility is �(1690) which also has *** status.

Although some evidence suggest that �(1690) hasJ P = 1
2

� , its parity has not been

conclusively determined [8].

The presence of the ghost states in the �(32
+ ) data is signi�cant and comparable

to the nucleon. Its negative-parity data show severe e�ect of ghost below � 300
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MeV. The MEM is able to extract the ground and �rst excited statesof decuplet

delta �( 3
2

+ ), �(1232) + and �(1600) + , as shown in Fig. 6.16. The extraction of any

state from the negative-parity �( 3
2

� ) is either unreliable or absent. In closing, the

ordering of the � and � states is consistent with the mass spectrumfrom experiments.

Figure 6.16: Octet cascade �( 1
2

+
): �(1318) + and �( � 2000)+ .
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Figure 6.17: Decuplet �( 3
2

+
): �(1232) + and �(1600) + .
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6.2 Mesons

We will study the pseudovector (PS) and vector (V) mesons in this section. The

pseudoscalar� hasI G(J P C ) = 1 � (0� + ) and the strange vectorK � hasI (J P C ) = 1
2(1� ).

The correlation functionsD(� ) used for mesons are of the same form as the baryons,

D(� ) =
R

d! A (! )K (�; ! ), but the spectral function A(! ) of the meson propagator

has dimension 2. We can then de�ne a dimensionless function� (! ) as

A(! ) = � (! ) ! 2: (6.7)

We will use the simplest default modelm(! ) = m0 ! 2. Similarly the value of

m0 � � (! ! 1 ). In the chiral limit, it has the following form for large ! and

small a [98],

m0 � � (! � 1 GeV =
C1j

4� 2

�
1 + C2j

� s

�

�� 1
2� cZ j

� 2
; (6.8)

where j = PS and V. The values ofC1j and C2j are calculated perturbatively in the

continuum QCD. Z j are the non-perturbative renormalization constant of the lattice

composite operator. The calculated values that we use arem0 = 2:0(0:6) for the PS

(V) mesons.

6.2.1 Pion and K �

MEM is not able to reproduce the 1st excited state of PS mesons from 203 � 32

lattice data reliably. The reason is perhaps the data do not have su�cient statictics.

We will use the 123 � 28 lattice data with higher statictics, 300 gauge con�gurations,

from previous simulation done by the� QCD collaboration. With lattice spacing
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a = 0:2 fm, the lattice size is 2.4 fm. These data have overall less noise thanthat

of 203 � 32 lattice mainly because of its higher statistics. Note that the statistical

error of the LQCD data is_ 1p
N conf

. The data for the pseudoscalar meson are shown

in Figs. 6.18 and 6.19. The data have relatively low noise (Fig. 6.20) and show

ghost e�ect in all 26-quark-mass data sets. The V (not shown) and PS correlators

Figure 6.18: The correlator D (t) versus N t for the pion at the lightest 9 pion masses.

exhibit an excellent cosh behavior as expected. At large time, the correlator has form

D(� ) = c1(e� m1 � + e � m1 (T � � )) which is di�erent from the baryon in eq.(3.64). This

makes the extraction of the ground state using e�ective mass (Fig. 6.21) in eq.(3.65)

less reliable because of the multiple exponentials involved. A remedy is to convert the

exponentials into cosh functionD(� ) = c0
1 cosh(T � � ) as shown in Fig. 6.22. Clearly

the plateaus look more convincing than simple e�ective mass plots.
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Figure 6.19:The log10 D(t) for the pion at the lightest 9 pion masses.

162



Figure 6.20:Error of the pion correlator at the lightest 9 pion masses.

Fig. 6.23 shows the ground and �rst excited states of PS mesons,� (138) and

� (1300). Both states are reproduced only for the �rst 18 quark masses down to

285 MeV, beyond which the MEM becomes unreliable. Although both sets of masses

approach the physical values quite well, the ground-state massesappear to be slightly

higher than 138 MeV. We do not do chiral extrapolation because therelatively large

error will not yield a reliable �t. The ground states of PS and V channels have

similar error � 30 � 100 MeV. However the PS channel has a signi�cantly higher

error (� 200� 400 MeV) than the V channel (� 50� 100 MeV.) This is consistent

with error of the PS and V channels obtained in Ref. [98] but higher than those in

Ref. [81] for which V channel's states have an error of� 3 � 7 MeV and � 30� 70

MeV for the ground and �rst excited states respectively.
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Figure 6.21: Pion simple e�ective mass for the pion at the lightest 9 pionmasses.
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Figure 6.22: Pion e�ective mass (cosh) for the pion at the lightest 9 pion masses.

Lastly, the MEM is able to reproduce the ground and the �rst excited states of

K � from our 203 � 32 data without di�culty but with relatively large error similar

to the pseudoscalar mesons as shown in Fig. 6.24. The masses approach the physical

values very well down to the lightest quark mass.

165



Figure 6.23: � (138) and � (1300) mesons from 123 � 28 lattice.

Figure 6.24:K � (892) and K � (1410) mesons from 20� 323 lattice
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Chapter 7

Summary and Outlook

This thesis investigates the application of maximum entropy method (MEM)

to hadron spectra by reversibly reconstructing the hadronic spectral function (SPF)

from the lattice QCD correlation function. The MEM o�ers a new method of ex-

tracting the mass spectra from the lattice QCD data. There are several advantages

that the MEM has that other previous conventional methods do not have when it

comes to extracting higher resonances. First, the MEM can reconstruct a SPF with

� 103pixels by using very little time slices from the correlation function, as little

as 5 time slices in some cases. Second, the MEM needs almost no apriori assump-

tions except a few basic assumptions such as SPF positivity and a constant default

model m0. The SPF is produced without particular knowledge of the spectralshape.

Third, the solution produced (the SPF) is unique and comes with quantitative error

analysis. Fourth,the application of the singular value decomposition to the kernel

makes the MEM algorithm e�cient. In conclusion, the MEM can be considered as

an outstanding and novel addition to the tools used in studying lattice QCD.
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We put the MEM through a series of tests of analyzing mock data. The MEM

is able to reconstruct SPFs that have peaks and a continuum. The accuracy of the

MEM depends mainly on several factors such as data noise, numberof time slices,

default model, lattice spacing, etc. The number one factor to whichthe MEM is most

sensitive is data noise, which mainly comes from the data's statisticalerror that goes

as 1p
N conf

. Decreasing data noise by increasingNconf improves the overall quality of

the resulting SPF the most. A comprehensive study on the error analysis of the SPF

also shows that decreasing data noise is more important to the quality of the result

than the other factors. When noise in the lattice data becomes more signi�cant, the

MEM fails to produce the excited states and even the ground states at times.

This study shows that the MEM can successfully extract both the ground and

the �rst excited states of a number of light hadrons in our quenched LQCD data. The

particles are theN , �, �, � from the baryon octet, � from the baryon decuplet, and

the � and K � from the PS and V meson channels. The results here are consistent

with previous lattice studies, MEM or non-MEM, and experiments within their errors.

The MEM is not able to extract the excited states from the negative-parity baryons

because of the overall greater noise in the lattice data. This is caused by the fact

that the negative-parity baryons are heavier states so that their signals decay faster

than the lighter positive-parity states. Another reason is that the interpolating �elds

used do not overlap with the negative-parity states as well as with the positive-parity

states.

The energy level order switching between the RoperN 0(1440)+ and S11(1535) is

observed in the nucleon channel to start at aroundm� � 500 MeV and continues down
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to the chiral region. This result is also consistent with previous studies on the nucleon.

The ordering betweenN � (1535),N 0(1440), and �(1405) favors the chiral quark model,

which proposes that the splittings are caused by the 
avor-spin interaction between

the quarks due to the chiral boson exchanges. Future studies using the MEM need

better data with increased statistics so that the location of the switching can be

more accurately determined. This is important for a better understanding of the

inner working of the strong interaction dynamics. Using actions that preserve chiral

symmetry such as the overlap action is also needed to probe the nucleon deep into the

chiral region. Having such data means reliable chiral extrapolation to the physical

mass of the pion.

The MEM is not able to produce the �rst excited states for the scalar and axial-

vector mesons. Moreover, meson results have larger (MEM) errors than baryon's

for both the ground and the �rst excited states. It is not certain what causes the

larger error. In the pion case, the large gap between� (138) and � (1300) may partly

contribute to the error. Another possible contribution may come from the di�erent

! -dependence of the meson and baryon SPFs.

We have assumed that the default model takes the SPF's asymptotic form

m(! ) = m0! n . The chosen default model value ofm0 is the one that yields the

minimum error among those tested. A systematic method to determine the best

default model orP[mjDI ] for given data needs to be explored.

Although full QCD simulations are becoming available, the quenched QCD is

still important to be studied because it provides a baseline with which to determine

the importance of vacuum polarization, which is important in its own right. However
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the presence of a quenched artifact, ghost states in this case, limits the ability of the

MEM. It is the second main factor that limits the ability of the MEM in this study.

A negative SPF can arise from a two-point correlation function of two non-identical

operators such as in the meson and baryon mixings. For example, in the case of� � !

and � � � 0 mixings [98]. It is very useful and interesting to have a general MEM that

can handle such negative correlators. Although there was an attempt to generalize

the MEM [98], such generalized MEM has not been successfully employed.

The spectral function contains a wealth of physical information. Masses and

decay constant can be obtained from the position of the peaks andthe area under the

same SPF respectively. It is important to study how the SPF is a�ected by dynamical

quarks from full QCD data. Investigations on widths of the SPF will lead to better

understanding of scatterings and decays of intermediate states.

The MEM essentially seeks a balance between image smoothness and goodness

of �t by adjusting the prior probability via a parameter � , which controls the amount

of entropy S relative to the likelihood function L, over the whole image. This is

a fundamental problem with the MEM as it makes the prior probability aglobal

constraint. The MEM enforces an average smoothness on the whole image which

causes image oversmoothing in one region and image undersmoothingin another.

There are modi�ed MEM schemes that employ appropriate prior probabilities to

di�erent regions in the image. It is shown in Ref.[134] that a better method, called

the Pixon method, overcomes the problem by adapting itself to the distribution of

information content in the image. The method uses the principle of Ockham's Razor

to seek minimum complexity. It will be interesting to see how this method can be
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implemented to recover the SPF in greater detail.
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Appendix A

Results

The range ofm� is from 0.175-1.547 GeV. The ground state massm1 and the

�rst excited state massm2 are in GeV. The experimental values are given in the last

row of each table. The default modelm0 is a positive de�nite number. The time

slice interval from t i to t j is written as t = t i � t j . The value of � =[1,400]. Entry

\|"means that the data set does not lead to the MEM solution. The experimental

values are given by entry \exp.".
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Table A.1: Nucleon: I (J )P = 1
2

�
1
2

+ �
, m1 = N (939) and m2 = N 0(1440) P11. Time

interval is [3,11]. File: octp1/mp.

No m� m1 m2

1 1.547 | |
2 1.291 2.30(2) |
3 1.152 2.09(2) |
4 1.006 1.87(1) |
5 0.961 1.82(2) |
6 0.899 1.70(2) 2.28(2)
7 0.813 1.61(1) 2.17(2)
8 0.752 1.54(1) 2.14(2)
9 0.717 1.48(1) 2.12(2)
10 0.681 1.45(1) 2.08(4)
11 0.625 1.35(1) 2.04(3)
12 0.566 1.30(1) 1.96(1)
13 0.512 1.25(1) 1.92(2)
14 0.466 1.22(1) 1.88(2)
15 0.426 1.17(1) 1.85(2)
16 0.391 1.13(1) 1.82(2)
17 0.359 1.11(1) 1.78(2)
18 0.327 1.08(1) 1.76(2)
19 0.293 1.06(1) 1.73(5)
20 0.264 1.04(1) 1.68(2)
21 0.242 1.03(1) 1.64(2)
22 0.223 1.02(1) 1.60(2)
23 0.208 1.01(1) |
24 0.197 1.00(1) |
25 0.186 0.99(1) |
26 0.175 0.98(1) |

exp. 0.939 1.44
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Table A.2: Nucleon: I (J )P = 1
2

�
1
2

� �
, m1 = N � (1535)( S11). Time interval is [3,7-10].

File: octp1/mn.

No m� m1 m2

1 1.547 3.12(1) |
2 1.291 2.78(1) |
3 1.152 2.55(1) |
4 1.006 2.34(1) |
5 0.961 2.21(1) |
6 0.899 2.16(1) |
7 0.813 2.12(1) |
8 0.752 2.09(1) |
9 0.717 2.06(1) |
10 0.681 2.04(1) |
11 0.625 2.00(2) |
12 0.566 1.92(1) |
13 0.512 1.91(1) |
14 0.466 1.90(1) |
15 0.426 1.87(1) |
16 0.391 1.84(1) |
17 0.359 1.81(1) |
18 0.327 1.79(1) |
19 0.293 1.77(1) |
20 0.264 1.75(1) |
21 0.242 1.74(1) |
22 0.223 1.72(1) |
23 0.208 1.70(1) |
24 0.197 1.67(1) |
25 0.186 1.65(1) |
26 0.175 1.62(1) |

exp. 1.535 1.650
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Table A.3: Cascade:I (J )P = 1
2

�
1
2

+ �
, � 0 (1318) and �( � 2000), P11, 1

2
+ , . Time

interval is [2,9]. File: oxi1/mp.

No m� m1 m2

1 1.547 1.95(1) 2.70(7)
2 1.291 1.81(1) 2.67(7)
3 1.152 1.74(1) 2.64(7)
4 1.006 1.67(1) 2.61(7)
5 0.961 1.64(1) 2.58(6)
6 0.899 1.61(1) 2.54(6)
7 0.813 1.57(1) 2.51(6)
8 0.752 1.54(1) 2.48(6)
9 0.717 1.52(1) 2.45(7)
10 0.681 1.50(1) 2.42(7)
11 0.625 1.47(1) 2.39(6)
12 0.566 1.46(1) 2.37(8)
13 0.512 1.44(1) 2.34(8)
14 0.466 1.42(1) 2.31(8)
15 0.426 1.40(1) 2.28(7)
16 0.391 1.39(1) 2.25(4)
17 0.359 1.38(1) 2.23(4)
18 0.327 1.36(1) 2.22(7)
19 0.293 1.35(1) 2.20(5)
20 0.264 1.34(1) 2.19(4)
21 0.242 1.33(1) 2.17(4)
22 0.223 1.33(1) 2.15(5)
23 0.208 1.32(1) 2.13(4)
24 0.197 1.32(1) 2.12(4)
25 0.186 1.32(1) 2.10(5)
26 0.175 1.31(1) 2.08(4)

exp. 1.318
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Table A.4: Lambda: I (J P ) = 0
�

1
2

+ �
. m1 = �(1116) P01, m2 = �(1600). Time

interval is [3,11]. File: olamo1/mp.

No m� m1 m2

1 1.547 | |
2 1.291 | |
3 1.152 | |
4 1.006 1.93(1) 2.36(1)
5 0.961 1.87(1) 2.33(1)
6 0.899 1.81(2) 2.28(4)
7 0.813 1.76(1) 2.24(1)
8 0.752 1.71(1) 2.21(2)
9 0.717 1.67(2) 2.18(3)
10 0.681 1.64(2) 2.15(3)
11 0.625 1.57(3) 2.09(3)
12 0.566 1.51(3) 2.03(2)
13 0.512 1.46(2) 1.97(2)
14 0.466 1.41(1) 1.92(2)
15 0.426 1.37(1) 1.87(2)
16 0.391 1.35(1) 1.82(1)
17 0.359 1.31(1) 1.79(2)
18 0.327 1.28(1) 1.76(1)
19 0.293 1.25(1) 1.72(1)
20 0.264 1.23(1) 1.71(1)
21 0.242 1.21(1) 1.71(1)
22 0.223 1.19(1) 1.67(1)
23 0.208 1.18(1) 1.66(1)
24 0.197 1.17(1) 1.65(1)
25 0.186 1.16(1) 1.64(1)
26 0.175 1.15(1) 1.63(1)

exp. 1.116 1.600
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Table A.5: Lambda: I (J P ) = 0
�

1
2

� �
. m1 = �(1405). Time interval is [3,10]. File:

olams1/mn.

No m� m1 m2

1 1.547 2.46(15) |
2 1.291 2.18(15) |
3 1.152 2.10(13) |
4 1.006 2.02(15) |
5 0.961 | |
6 0.899 | |
7 0.813 1.86(15) |
8 0.752 | |
9 0.717 1.78(14) |
10 0.681 | |
11 0.625 1.70(14) |
12 0.566 1.66(15) |
13 0.512 | |
14 0.466 | |
15 0.426 | |
16 0.391 1.58(15) |
17 0.359 | |
18 0.327 | |
19 0.293 1.53(15) |
20 0.264 1.51(16) |
21 0.242 1.47(15) |
22 0.223 1.45(15) |
23 0.208 1.43(16) |
24 0.197 | |
25 0.186 | |
26 0.175 | |

exp. 1.405 1.670
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Table A.6: Sigma: I (J P ) = 0( 1
2

+ ). m1 = �(1193) and m2 = �(1660), �le:osig1/mp.

No m� m1 m2

1 1.547 | |
2 1.291 | |
3 1.152 | |
4 1.006 1.73(1) 2.30(1)
5 0.961 1.70(1) 2.28(1)
6 0.899 1.66(1) 2.25(1)
7 0.813 1.61(1) 2.21(1)
8 0.752 1.57(1) 2.19(2)
9 0.717 1.54(1) 2.17(2)
10 0.681 1.51(1) 2.15(3)
11 0.625 1.48(1) 2.12(3)
12 0.566 1.45(1) 2.08(2)
13 0.512 1.44(1) 2.03(3)
14 0.466 1.41(1) 1.99(2)
15 0.426 1.38(1) 1.94(1)
16 0.391 1.35(1) 1.90(1)
17 0.359 1.33(1) 1.86(1)
18 0.327 1.31(1) 1.83(2)
19 0.293 1.29(1) 1.80(2)
20 0.264 1.27(1) 1.78(1)
21 0.242 1.25(1) 1.76(1)
22 0.223 1.24(1) 1.74(1)
23 0.208 1.23(1) 1.73(1)
24 0.197 1.22(1) 1.72(1)
25 0.186 1.21(1) 1.71(1)
26 0.175 | |

exp. 1.193 1.660
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Table A.7: Sigma: I (J P ) = 0( 1
2

� ). m1 = �(1620) S11, �le: osig1/mn

No m� m1 m2

1 1.547 2.82(1) |
2 1.291 2.57(1) |
3 1.152 2.40(1) |
4 1.006 2.28(1) |
5 0.961 2.20(1) |
6 0.899 2.19(1) |
7 0.813 2.12(1) |
8 0.752 2.00(1) |
9 0.717 1.98(1) |
10 0.681 1.97(1) |
11 0.625 1.91(1) |
12 0.566 1.85(1) |
13 0.512 1.80(1) |
14 0.466 1.78(1) |
15 0.426 1.76(1) |
16 0.391 1.74(1) |
17 0.359 1.72(1) |
18 0.327 1.69(1) |
19 0.293 1.67(1) |
20 0.264 1.67(1) |
21 0.242 1.66(1) |
22 0.223 1.66(1) |
23 0.208 1.65(1) |
24 0.197 1.65(1) |
25 0.186 1.64(1) |
26 0.175 1.63(1) |

exp. 1.620 1.750
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Table A.8: Decuplet Delta �(1232) and �(1600), P33. Time interval = [3,11], �le:
decd sp32/mp

No m� m1 m2

1 1.547 2.78(4) |
2 1.291 2.39(1) |
3 1.152 2.12(1) |
4 1.006 1.94(1) 2.41(2)
5 0.961 1.86(1) 2.35(2)
6 0.899 1.80(1) 2.30(2)
7 0.813 1.69(1) 2.23(2)
8 0.752 1.62(1) 2.18(2)
9 0.717 1.57(1) 2.16(2)
10 0.681 1.55(1) 2.14(2)
11 0.625 1.50(1) 2.12(2)
12 0.566 1.47(1) 2.09(2)
13 0.512 1.44(1) 2.07(2)
14 0.466 1.41(1) 2.04(2)
15 0.426 1.37(1) 2.01(2)
16 0.391 1.34(1) 1.98(2)
17 0.359 1.33(1) 1.95(2)
18 0.327 1.32(1) 1.92(1)
19 0.293 1.31(1) 1.86(1)
20 0.264 1.30(1) 1.82(1)
21 0.242 1.28(1) 1.80(1)
22 0.223 1.28(1) |
23 0.208 1.27(1) |
24 0.197 1.26(1) |
25 0.186 1.25(1) |
26 0.175 1.24(1) |

exp. 1.232 1.600
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Table A.9: Pseudoscalar mesons� (138) and � (1300), 1� (0� + ) on 123 � 28 lattice,
�le: mes ps1

No m� m1 m2

1 1.346 1.06(14) 2.95(36)
2 1.122 0.96(6) 2.71(43)
3 1.002 0.84(6) 2.60(30)
4 0.875 0.79(6) 2.49(32)
5 0.836 0.74(8) 2.40(34)
6 0.782 0.69(7) 2.30(24)
7 0.707 0.64(3) 2.12(30)
8 0.654 0.58(9) 2.06(16)
9 0.624 0.52(9) 1.99(17)
10 0.592 0.48(5) 1.93(37)
11 0.543 0.44(6) 1.85(38)
12 0.492 0.42(6) 1.78(20)
13 0.445 0.40(6) 1.72(23)
14 0.405 0.38(3) 1.67(21)
15 0.371 0.36(2) 1.62(31)
16 0.340 0.34(3) 1.58(21)
17 0.312 0.33(3) 1.54(24)
18 0.285 0.32(9) 1.50(34)
19 0.254 | |
20 0.229 | |
21 0.211 | |
22 0.194 | |
23 0.181 | |
24 0.171 | |
25 0.162 | |
26 0.152 | |

exp. 0.138 1.300
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Table A.10: Vector mesons:K � (892) and K � (1410), 1
2(1� ). Time interval=[2,11],

�le: mes vc2

No m� m1 m2

1 1.547 1.48(9) 1.98(12)
2 1.291 1.33(8) 1.81(11)
3 1.152 1.26(10) 1.75(8)
4 1.006 1.20(7) 1.73(7)
5 0.961 1.18(8) 1.71(7)
6 0.899 1.16(5) 1.69(9)
7 0.813 1.11(6) 1.64(8)
8 0.752 1.10(6) 1.62(8)
9 0.717 1.07(7) 1.58(6)
10 0.681 1.06(5) 1.57(7)
11 0.625 1.04(6) 1.54(8)
12 0.566 1.02(7) 1.52(6)
13 0.512 1.01(5) 1.51(6)
14 0.466 1.00(5) 1.50(7)
15 0.426 0.99(6) 1.48(6)
16 0.391 0.98(7) 1.47(5)
17 0.359 0.97(7) 1.46(5)
18 0.327 0.96(8) 1.45(6)
19 0.293 0.95(5) 1.44(9)
20 0.264 0.95(5) 1.44(6)
21 0.242 0.94(6) 1.43(10)
22 0.223 0.94(11) 1.43(12)
23 0.208 0.93(7) 1.42(10)
24 0.197 0.93(7) 1.42(10)
25 0.186 0.92(9) 1.41(8)
26 0.175 0.92(10) 1.41(10)

exp. 0.892 1.410
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