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Abstract of Dissertation

Maximum Entropy Analysis of Lattice QCD Data

An application of the maximum entropy method (MEM) to the analysis 6 lattice
QCD caorrelation function is presented. We use state-of-the-aMEM by adopting
Bryan's method to make the algorithm more e cient. This is achieved g performing
singular value decomposition on the kernel of the correlation funoth which reduces
the search space oQ(A) = S L from O(10°) to O(10). We employ the MEM
to study excited states of a number of baryons and mesons by edting hadronic
spectral functions (SPF) from the correlation functions. The L@D data sets were
generated by the QCD collaboration on a 26 32 lattice with spatial volume of
(3.5 fm)® covering a wide range of 26 quark masses. Several tests areqraréd to
extensively investigate the capability and limitation of the MEM. The rst excited
states and ground states ok (3 ), ( 3 ), ( ), (1"),and ( ") baryons, as well
as and K mesons are obtained. There are data of other hadron stateswswver,
whose excited states fail to be reliably produced by the MEM. Althagh we are able
to study the excited states in the chiral region with the quark massas low as 175
MeV, we do not attempt chiral extrapolation because the quality ofhe data are not
su ciently re ned to do reliable extrapolation. The overall results are shown to be

consistent with experiment and other works in LQCD and MEM.

Vi



Contents

Dedication
Acknowledgments
Abstract

Table of Contents
List of Figures
List of Tables

1 Introduction
1.1 Physics of Hadron Spectrum . . . . . . ... ... ... .. ...,

1.2 QuarkModel . ... .. ... . . ...

2 Continuum QCD
2.1 Action . ... e
2.2 Featuresof QCD . .. .. .. . . . . . . ...

2.3 Path Integral Formulationof QCD . . . .. ... ... ... .....

vii

Vi

Vii

XViii



3 QCD on the Lattice
3.1 WiIISON LOOPS . . . . . o e
3.2 GluonsonthelLattice. . . ... ... ... ... .. .. .. .. ...
3.3 Quarksonthelattice . ... .......... . ... ........
3.4 Numerical Path Integral . . . . .. ... ... ... .. ........
3.5 Correlation Functions . . . . . . ... ..o
3.6 Interpolating Fields . . . . . . . ... ... ... ... . ... .. ...

3.7 Parity Projection . . . . . . ...

4 Maximum Entropy Method
4.1 Historical Background . . . . . ... ... ...
4.2 Bayes Theorem . . . . . . . . . . . .. ...
4.3 Rationale of MEM . . . .. . ...
4.4 Likelihood probability . . ... ... ... ... ... . ... . ...
4.5 Prior probability . . . ... ... ...
4.6 Application of MEM . . . .. ... L
4.7 The MEM Procedure . . . . . . . . . .. . .. ..

4.8 Numerical algorithm . . . . . ... ... ... ... ..

5 Testing MEM
5.1 Schematic SPF . .. . . . . . .. . ...
5.2 Realistic SPF . . . . . . .. .
53 ErrorAnalysis . . . . . . ...

5.4 Summary ... .. e e

31

35

37

39

45

57

58

63

66

66

69

72

74

75

I

83

87

95



6 Results and Analysis of Hadron Spectrum Data 130

6.1 Baryons . . . . . . ... 133

6.2 MESONS . . . . . . . e 160
7 Summary and Outlook 167
A Results 172
References 183



List of Figures

11

1.2

1.3

2.1

3.1

4.1

The mass spectraofbaryons . . . . ... ... ... ... ....... 3
Light baryonoctet . . . . . ... ... .. .. ... ... ... 4
Light baryon decuplet . . . . . ... .. .. .. ... ... .. ... 5
Some possible paths connecting initial and nal space-time coardtes 27

A 2-dimensional part of 1 1 plaquette on a lattice . . . . ... ... 37

Original picture on the left is motion-blurred and the picture on tle

right is deconvolved using MEM [76, 75]. . . . ... ... ... .... 79



4.2

4.3

5.1

5.2

5.3

Top middle is the original 128 128 test picture. The left picture on

the second row is a degraded image that uses a point-spread-tiorc

with a disc of radius 6 pixels; maximum signal-to-noise ratio is 10.
The right picture on the second row is the restored image showingise
suppression. The left picture on the third row is a degraded imagedh

uses a point-spread-function with a disc of radius 6 pixels; maximum
signal-to-noise ratio is 1000. The right picture on the third row is

the restored image showing improved resolution and noise suppress

[76, 75]. .« o o o 81
Reconstruction of sparse images. Three sparse images on thenih

50%, 95%, and 99% of missing data are reconstructed on the right

using MEM [76, 75]. . . . . . . . . 82
Left: The input SPF i,(! ). Right: Plot of Aj;(! )= 12 (!). The two

peaks are located at 1 GeV and 3GeV. . ... ... ... ....... 97
The plots of the schematic input data lo@ o« (t) for dierent er-

ror/noise levelsb = 0:01; 0:003; 0:0001 (top to bottom) and number of
time slicesN; = 10;20,30 (lefttoright.) . . .. ... ... ...... 98
The plots describe how the probability?[ jDIm ] behaves with varying
error b=0:01 0:001; 0:0001 (top to bottom) and number of time slices

N¢ =10;20,30 (lefttoright.) . ... ... ... ... .. ....... 100

Xi



5.4 The plots describe how the likelihood functior. (blue), entropy S

(green),andQ = S L (red) behave with varying errorb= 0:01; 0:002; 0:0001

(top to bottom) and number of time slicesN; = 10; 20; 30 (left to right.)101
5.5 The plots describe how the reproduced SPFE (! ) (red) behaves with

varying error b = 0:01; 0:002; 0:0001 (top to bottom) and number of

time slicesN; = 10;20; 30 (left to right.) The ;, is in blue and the

default modelmy=0:141isingreen. . . . . . .. .. ... ... ... 103
5.6 The plots describe howh,,; (red) behaves with varying errob = 0:01; 0:001; 0:0001

(top to bottom) and number of time slicesN; = 10; 20; 30 (left to right.)

The Aj, = ! 2 (1) is in blue, and the default modelmg! 2 is in green. 104
5.7 The plots of describe how the probability distributionP[ jDIm ] be-

haves with varying lattice spacinga = 0:05; 0:085 0:12 (top to bottom)

and number of time slicedN; = 10; 20,30 (lefttoright.) . . . . . . .. 106
5.8 The plots describe howA,; (red) behaves with varying lattice spac-

ing a = 0:05;0:0850:12 (top to bottom) and number of time slices

N, = 10;20; 30 (left to right.) The A, = ! 2 (!) is in blue, and the

default modelmg! 2isingreen. . . ... .. ... ... ... ..... 107
5.9 The plots shos how the behavior of the likelihood functioh (blue),

entropy S (green), andQ = S L (red) are very close with varying

default modelmg . . . . . . . . . .. 109

5.10 The plots of probability P[ jDIm ] as the default modelmg varies. . . 110

Xii



5.11 The plots of output dimensionless SPF,;; (red) as the default model

mg varies. TheA;, = ! 2 (!)is in blue, and the default modelmg! ?

ISINGreen. . . . . . . . e e e e 111
5.12 The plots of output SPFA., (red) as the default modelm, varies.

The Aj, = ! 2 (1) is in blue, and the default modelmg! 2 is in green. 112
5.13 The plots ofL (blue), S (green), andQ (red) as! nax = 4;5;6 GeV

(left to right) and ! =0:005Q001; 0:05;0:1 GeV (top to bottom) vary. 113
5.14 The plots of probabilityP[ jDIm]as! hax =4;5;6 GeV (left to right)

and ! =0:005Q001 0:05 0:1 GeV (top to bottom) vary. . . ... .. 115
5.15 The plots of probability SPF i, as! nax = 4;5;6 GeV (left to right)

and ! =0:005Q001 0:05,0:1 GeV (top to bottom) vary. . . ... .. 116
5.16 The plots of probability SPFA;, and Ay as! max = 4;5;6 MeV (left

toright)and ! =0:005Q001 0:05;0:1 GeV (top to bottom) vary. The

A, =12 (1)isin blue, and the default modelm,! ? is in green. . . . 117
5.17 Left: Plot of the SPF (!). Right: Plot of A(!). A, =!2 (!)isin

blue and Ay is in green. The sharp peak is located at 0.77 GeV and

the rest is the continuum. . . . . . . ... ... L. 119
5.18 The plots of the realistic input data lodd o (t) for di erent error/noise

levelsb= 0:01; 0:002; 0:0001 (top to bottom) and number of time slices

N¢ =10;20,;30 (lefttoright.) . .. ... ... ... . ... ...... 120

Xiii



5.19 Input SPF i, with a resonance + continuum (blue) and output SPF
out Obtained by MEM (red) for di erent combinations of number of

time slicesN; = 10; 20; 30 (left to right) and noiseb = 0:01; 0:001, 0:0001

(top to bottom.) The default model my! 2 is shown in green. . . . . . 121
5.20 Input SPF ;, with a resonance + continuum (blue) and output SPF ,

obtained by MEM (red) for three di erent values ofmgy = 0:0514 0:1028 0:01285 0:006425(
5.21 The e ect of noiseb on the error of the output SPF (! ) obtained

by MEM (red) for three di erent noise levelsb = 0:01; 0:00% 0:0001.

The input image (! )isinblue. . . .. .. ... ... ........ 124
5.22 The e ect of the number of time slicedN, on the error of the output

SPF o (! ) obtained by MEM (red) for three di erent N; = 10;20; 30. 124
5.23 Default model dependence of the output SPF (! ) obtained by MEM

(red) for three values of default model: Amg; mg; 10mg. . . . . . . . 125
5.24 Error analysis of extra peaks due to ringing. The output SPFy(! )

obtained by MEM (red) for 10mg . . . . . . . . . ... ... L. 126
5.25 The e ect of lattice spacinga on the error of the output SPF (! )

obtained by MEM (red) for three variations ofa = 0:04250:085 0:17

5.26 The e ect of time interval [t1; to] on the error of the output SPF (! )
obtained by MEM (red) for three time intervals [2 10} [2; 12] [2; 14]. . 127
5.27 The e ect of time interval [t1; to] on the error of the output SPF (! )

obtained by MEM (red) for three time intervals [2 12} [3; 12} [4;12]. . 127

Xiv



5.28 The e ect of grid size! nax on the error of the output SPF o, (!)
obtained by MEM (red) for three! j.x =4;56 GeV. . . . ... ...
5.29 The e ect of pixel size ! on the error of the output SPF ;(!)

obtained by MEM (red) for three ! =0:005 0:010 0:020 GeV

6.1 The nucleon correlators D (t) for the positive (black) and negative (red)
parity states at the lightest 15 pionmasses. . . . . . . . . ... ... ..
6.2 The log;o D(t) for the positive (black) and negative (red) parity states for
nucleon at the lightest 18 pionmasses. . . . . . . . . . .. ... .. ..
6.3 Nucleon e ective mass for the positive (black) and negative (ed) parity
states for nucleon at the lightest 15 pionmasses. . . . . . . . .. .. ..
6.4 The relative errors of the nucleon correlators for the posiive (black) and
negative (red) parity states for nucleon at the lightest 15 gon masses. . .
6.5 Left: A typical plot of the output (! ) of the { nucleon resonance showing
the ground and rst excited states at m13, m = 0:512 GeV, with error bars
at full width half maximum. Right: A typical plot of P[ jDIm]. ... ..
6.6 Spectra of the ground and excited states of nucleons as a futien of the
pion mass squared. The experimental values are on the left ahare marked
as2:4 :# for N(939)" :NY1440)" ; and N (1535) respectively. . . . . .
6.7 The lambda correlator D (t) for the positive (black) and negative (red) parity
states at the lightest 15 pionmasses. . . . . . . . . . . . . . ... ...
6.8 The log;o D (t) for the positive (black) and negative (red) parity states for

lambda at the lightest 15 pionmasses.. . . . . . . . . . . ... ... ..

XV

129

140



6.9 The lambda e ective mass the positive (black) and negative (ed) parity

states for nucleon at the lightest 15 pionmasses. . . . . . . . . ... .. 150
6.10 The relative errors of the lambda correlators for the positve (black) and

negative (red) parity states for nucleon at the lightest 15 gon masses. . . 151
6.11 Left: A typical plot of the output (! ) of the %+ lambda resonance showing

the ground and rst excited states at m12, m = 0:566 GeV. Right: A

typical plotof P[ jDIm]. . . . . . . . . . . ... 152
6.12 Octet ( % ) as a function of pion mass. The experimental values are on

the left and are marked as2;#;4 for (1116) *; (1405) ; and (1600)*

respectively. . . . . . .. e e e e e e 153
6.13 (1405) is consistently below N (1535). . . . . . . . . . ... ... ... 154
6.14 Left: A typical plot of the output (! ) of the ( % ) resonances showing the

ground and rst excited states at m24, m = 0:197 GeV. Right: A typical

plot of P[ jDIm]. See Table A.6 for values of the masses.. . . . . . .. 156
6.15 Octet ( % ) as a function of pion masses. The experimental values are

on the left and are marked as2:4 ;# for © = (1193) *: (1660) *: and

(1620) respectively. . . . . . . 156
6.16 Octet cascade (17): (1318)* and ( 2000) . . . . ... ... .... 158
6.17 Decuplet ( 37): (1232) * and (1600) *. . . . . ... ... ... 159

6.18 The correlator D (t) versus N; for the pion at the lightest 9 pion masses. . 161
6.19 The log;o D (t) for the pion at the lightest 9 pion masses. . . . . . . . .. 162
6.20 Error of the pion correlator at the lightest 9 pion masses. . . . . . . . .. 163

6.21 Pion simple e ective mass for the pion at the lightest 9 pion masses 164

XVi



6.22 Pion e ective mass (cosh) for the pion at the lightest 9 pion masses. . . .

6.23 (138) and (1300) mesons from 12 28 lattice. .

6.24 K (892) and K (1410) mesons from 20 323 lattice

Xvii



List of Tables

11

1.2

1.3

2.1

2.2

Light meson nonet comes from all nine possible combinationsggf Q

is electric charge and S is strangeness. The last/ninth entrgs, is a
singlet in the Eightfold Way. . . . . . .. ... ... ... ....... 7
Quark classi cation. Quarks come in three generations. Light quk
current(-algebra) massesy and d in particular) are not precise [8]. Q

is electric charge, D is downness, U is upness, S is strangeness, C is
charm, B is bottomness, and T is topness. All quarks have spﬁm .. 10
Light quark quantum numbers. Quantitiesls, Y, Q, B, and S are
conserved under strong interaction. Note that the values dg, Y, S,

and Q for quarks are the diagonal values of their respective matrices

in EQ. (1.7), (1.9), (1.10). . . o o\ oo 11

All 36 known quarks and antiquarks. . . . ... .. ... .. ... .. 13
Gell-Mann matrices are generalizations of the Pauli matrices. TRe 2
matrices taken from the rst two rows and columns of 1, ,, and 3

are the Pauli matrices 1, >, and 3. The gis . ... ... ..... 15

XViii



2.3

6.1

6.2

6.3

Al

A.2

A.3

A4

A.5

A.6

Four global symmetry groups and their corresponding Noetheur-
rents for chiral LagrangianL ¢ . The subscript V (A) stands for

vector (axial-vector). Thejs current is not conserved due to a QCD

axial anomaly. Indexk=1, 2, 3. Matrices = ( 1; 2; 3) are Pauli
matrices which are generators of SU(2). , , = ( 1; 2; 3), and
I =(!q;1,;13)are arbitrary real constants. . . . . ... ....... 23

Quark masses coverage used in this work. Unit conversion 19eV fm= ~c=1
has been used fom L, whereL =3:5fm. . . . . ... ... ... .... 132
Baryon octet states. The masses are taken from [8]. . . . . . . . . . .. 133
The mass ratios of N91440)* /N (1535) and (1405) /N (1535) are

compared. The pion massesn areinMeV. . . . ... ... ....... 146

Nucleon: 1 (J)? = 2 1" /' m; = N(939) andm, = N{1440)Py;. Time
interval is [3,11]. File: octpl/mp. . . . . . . . . . ... ... 173

Nucleon: 1(J)? = 3 3 , my = N (1535)( Syy). Time interval is

[3,7-10]. File: octpl/mn. . . . . . . . . .. ... 174

+

Cascade:l (J)P = 1 1", ©(1318) and ( 2000),Pi;, 1", . Time

interval is [2,9]. File: oxil/mp. . . . . ... . ... ... ... 175

Lambda: 1(JP) =0 { . my = (1116) Pg;, m, = (1600). Time

interval is [3,11]. File: olamol/mp. . . . . . . ... .. ... ..... 176
Lambda: 1 (J7)=0 % . m;= (1405). Time interval is [3,10]. File:

olamsl/mn. . . . . . ... 177

Sigma: | (JP) = 0( %+). m; = (1193) and m;, = (1660), le:osigl/mp.178

XiX



A7 Sigma:1(JP)=0(3 ). my = (1620) Sy, le: osigl/mn . . . .. .. 179
A.8 Decuplet Delta (1232) and (1600), Ps3. Time interval = [3,11], le:
decdsp32/mp . . . . . . e e 180
A.9 Pseudoscalar mesons(138) and (1300), 1 (0 *) on 12 28 lattice,
le: mes_psl . . . . .. 181
A.10 Vector mesons:K (892) and K (1410),%(1 ). Time interval=[2,11],

e MESVC2 . . . . . e 182

XX



Chapter 1

Introduction

Quantum Chromodynamics (QCD) is the theory of the strong interetions be-
tween color-charged quarks and gluons. It is formulated on thesasnption that six
quarks, u; d; s; c; b; teach of which comes in three colors are fundamental constituents
of hadronic matter. Eight gluons mediate strong interactions. QCbas enjoyed great
successes in predicting phenomena involving large momentum () tnafer in which
regime the coupling is small and therefore perturbation method (p&ansion in a small
parameter) produces accurate results. These phenomena falthmm small hadron
separations wherg 1 fm.

However, when we study low energy interactions (low momentum tnafer) such
as the con nement mechanism in bound quarks and hadron massesene 1 GeV,
the strong coupling is ¢ 1 and increases, the perturbation approach fails. Unfor-
tunately, this is the regime ¢ 1 fm) where the structure of hadrons, including their
spectra, should be investigated. Itis in this regime that lattice QCDLQCD) provides

a non-perturbative method for calculating hadronic spectra and atrix elements of



any operator from rst principles.

LQCD is QCD de ned on a discrete Euclidean space-time grid or latticeThere
are no new parameters or eld variables introduced in discretizing & space-time
continuum, hence LQCD keeps the fundamental character of QCbtact. LQCD
simulations use six unknown input parameters: the couplings and the bare masses
of ve quarks u;d;s;c;b Currently LQCD is the most powerful method to study all
kinds of strong interaction phenomena when perturbation theorgtoes not apply. For
example, it is used to check the possibility of claimed hybrid and exotidates, to
predict new states, and to calculate polarizabilities of hadrons to mgon a few.

The goal of this thesis is to explain the measured masses of mesams laaryons

as excitations of the QCD vacuum from LQCD.

1.1 Physics of Hadron Spectrum

There is a large number of hadrons resonances. Fig.1.1 shows some/dn
resonances which are called baryon spectra. Given a meson or bargpectrum, we
should, in principle, be able to explain and predict it only from the QCD Lgrangian.

In practice, calculation from the above Lagrangian using a pertugtion method
does not apply because although the strong gauge coupling € g>=4 ) is negligible
in very high energy region, it is large in the lower energy region 1 GeV. To rst

order, the e ective (running) coupling s is given by [1]

4

S(Q) =
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Figure 1.1: The mass spectra of baryons

where o = 11 %Nf > 0! with N; being the quark avor number, 5 in this
case, Q? is the momentum transfer, and the momentum scale QCD 0:2 GeV
(0:1 < qcp < 05 GeV). A perturbation approach is reliable only whenQ is
much larger than ocp, €.9.,, whenQ = 1 GeV, 4(Q?  0:4. However, the rel-

evant energies in quark bound states are of order of hadronic dinsgons,r 1 fm

(' oep! aqco  0:2GeV)

1.2 Quark Model

This section will brie y describe the early version of the quark moddLl, 2, 3, 4,

5, 6, 23, 17]. The current undestanding of hadrons comes fromagtum chromody-

1, is positive for Ny < 17



namics which is discussed in chapter 2.

The number and types of \elementary particles"had become numaus (100
particles) by 1960. The hadrons needed a de nitive theory to explathis zoo of
elementary particles. In 1961 Murray Gell-Mann and Ne'eman introdied a scheme
called the Eightfold Way which arranged the baryons and mesons into such orderly
geometrical patterns according to their charge and strangerseand represented the
root diagrams of an underlying SU(3) symmetry. Diagonal lines assate particles of
like charges and horizontal lines strangeness.

For example, the eight lightest spin-£2 baryons form a hexagonal array (called

the baryon octed, with two particles at its center as shown by Fig.1.2. Ten heavier

S S
udd uud n 0 p
° ° @ L] N(939)
1 1
' 1 172 -1 12 a ls
o | . @ o X(1318)
dss uss X X

Baryon Octet

Figure 1.2: Light baryon octet

spin-3=2 baryons form a triangular array (called thebaryon decuplet as shown in
Fig.1.3. There are also antibaryon octets, decuplets, etc., with oppite charge and

strangeness. The eight lightest mesons form a similar hexagonatagy called the



S S
ddd ddu duu uuu D DO 0 D+ D++
o . @ 1=3/2 o ° ey ° D (1232)
: - 0 E
; S S et
. E 3 S *
| Jdds dus | & UUS =1 ° ) N S (1384)
32 1 12 12 1 32 I 32 -1 12 2 1 32 I
" dss : e %0
° Lo e USS 1=1/2 ° L2 e R
: : : X (1533)
$3 =0 83
sss'
w W (1672)

Baryon Decuplet

Figure 1.3: Light baryon decuplet

(pseudo-scalar) meson octet, with two particles at its center.

Despite its success the Eightfold Way did not explain why hadrons t ito or-
derly geometrical patterns. In 1964 Gell-Mann and, independentlZweig proposed
SU(3)awr 2 quark model, which states that all hadrons are composed of morke-e
mentary constituents called (valencejuarks In an SU(3) fundamental representation
(the smallest non-trivial irreducible representation), a quark is ngresented as a (3-

component orthonormal complex column vector) triplet:
0 1 0 1

0 1 0
u L u
X X
3:q: ig = = d : 3:q: 'q': 2 = d
s s

3 S

1

[any

N

(1.2)

2\ S\ means special and determinant one, U " means unitary, and there were three known avors:

upness, downness, strangeness (U, D, S.)



where the orthonormal vectors are used as a basis@3:
0 1 0

1 0 1
1 0 0
=B oCc: ®=B 1¢; qs=€o (1.3)
0 1

An antiquark is represented as a quark's complex hermitian conjugarepresentation
3. The quark model says that

1. Every baryon (antibaryon) is composed of three quarks (antigrks): qgqgor qqq
2. Every meson is composed of a quark and an antiquargg

By quarks above, we mean valence quarks which make up the hads@nd determine
their quantum numbers. Hadrons may also contain virtual quarksra antiquark
pairs, called sea quarks, and virtual gluons that do not a ect the &drons' quantum
numbers.

The tensor product decomposition of hadrons is then as follows.

Meson : 3 3=8 1

Baryon : 3 3 3=10 8 8 1 (1.4)

The mesons come as singlets and octets to form nonets. For exénpo make
light mesons, we combine a quark and an antiquark of three avord ap, down, and
strange. There are nine possible combinations as shown in Table 1.4dahus the
name nonet. The ninth meson was called a singlet in the Eightfold Way. @gon
multiplets contain both mesons and antimesonaus is the antiparticle of su.

Baryons come as decuplets, octets, and singlets. Antibaryonsalsome as such
multiplets. In analogy to the energy levels of a hydrogen atom, bawps are nucleon
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gqG Q S Meson

phjdd uui | O O 0
judi 1 0 ¢
jdui 10

pjdd+ uui | 0 0

jusi 1 1 K*
jdsi 0 1 KO
jsui 1 -1 K

jsdi 0 -1 K°
jssi 0 O 0

Table 1.1: Light meson nonet comes from all nine possible combinatioosqg. Q
is electric charge and S is strangeness. The last/ninth entrgs, is a singlet in the

Eightfold Way.



resonances (N resonances) of quark bound states. The predictof the theory was
accurate as it explained how hadrons t into the patterns descrilteby the Eightfold
Way.

The isospin and hyperchargé’ are given by

i = 3 (i=1;23) (1.5)

Y = 8 (1.6)

where 's are Gell-Mann matrices described in Table 2.2. Botly and Y are diagonal

in the quark basis

0 1 0 1
1 0o 1o o0

ls=B 0 fog: Y=Bo0oil o0 (1.7)
0 00 00 2

Three other quantities that are also diagonal are square of isospstrangeness, and

charge?®.

0 1
200
1Z=1(1+1)=12+15+12=R o 30 (1.8)
00O
0 1
00 O
S=Y BZ%O 0 0% (1.9)
00 1

3For example, by using Table 1.3,Qu = Igu + Y, = 2+ 1 1= 2



2.0 0
Q=1s+3Y=RBo ! o (1.10)
o o !

SU(3) is not an exact symmetry because the u, d, and s quark masses ao¢
degenerate in mass. The u and d quark masses (3-7 MeV) are muctaker than the
s quark mass ( 100 MeV). However, to some extent, these di erences in mass are
relatively negligible when compared to typical hadronic mass scale 1000 MeV][3],
lending to how relatively well SU(3) works for light quarks. However SU{s) avor
becomes increasingly inaccurate fod f > 3.

The quark model, however, cannot explain why individual quarks hagever been
observed, and it also violates the Pauli exclusion principle. For examep a baryon

wavefunctiorf given by

3q — space spin avor (1 . 11)

leads to exclusion principle violation when three identical quarks areupinto a com-

pletely symmetric ground state. To address this problem, Gell-Manamong others
(such as Greenberg, Han, and Nambu in 1964-1966) proposedtthiaarks possess
another quantum number calledcolor(chromo), which also forms an SU(3) group.

A new three-color-quark wavefunction is

3q,color = ik i | k (1.12)

4The space part of the wavefunction is also called the orbital part. h non-relativistic quark

models, 3d harmonic oscillator is used to describe the orbital part[16
5SU(3). is assumed to be an exact symmetry in color. It is not to be confusedith SU(3)+, which

is an approximate symmetry in avor. Note that colors do not intera ct with avors.



Generation | Flavor Q D U S C B T| Mass(MeV)

First d (down) -1 0 0 0 0 O 4.1-5.7

Wl

wIN
o
=
o
o
o
o

u (up) 1.7-3.1

Second | s (strange) 0O 0 -1 0 0 O 80-130

Wl

c (charm) 0O 0 0 1 O 0] 1180-1340

wInN

Third b (bottom) 0O 0 O O -1 0] 4130-4850

Wl

t (top)

wIiN
o
o
o

0 0 1} 1,729,000

Table 1.2: Quark classi cation. Quarks come in three generations. ight quark
current(-algebra) massesy and d in particular) are not precise [8]. Q is electric
charge, D is downness, U is upness, S is strangeness, C is charm, [Btsomness,

and T is topness. All quarks have spir%.

which is anti-symmetric by the use of the anti-symmetric symbolj, . The color
indices arei;j;k =1;2;3. Itis postulated that only color singlet states are physical

observables. The full 3q wavefunction is then

3q — space spin avor 3q,color (1 : 13)

which is now anti-symmetric. This new additional quantum number oweomes the
Pauli catastrophe problem. Further rami cations of introducing ®lor quantum num-
ber are discussed in chapter 2.

Tables 1.2 and 1.3 summarize the quarks.
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Quarks Antiquarks

u d S u d S
Lz 2 03 2 0
sz 7z 0 3 2 0
Yis 3 il 3 3 3
Qlf 3 3| 3 3 3
Bls 3 3| 3 3 3
S|0 0 -1 0 0 1

Table 1.3: Light quark quantum numbers. Quantitiesls, Y, Q, B, and S are con-
served under strong interaction. Note that the values dfs, Y, S, and Q for quarks

are the diagonal values of their respective matrices in Eq. (1.7),.9), (1.10).
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Chapter 2

Continuum QCD

Today's theory of strong interaction is a non-Abelian gauge theoryf color group
SU(3), and hence the name quantunthromodynamics. In QCD, each quark and
antiquark comes in three colors (red, blue, and green) forming dpfet and six avors
so there are 36 of them in total (2 3 6 = 36), as shown in Table 2.1. As mentioned
above, the six avors are downness (D), upness (U), strangase(S), charm (C),
beauty (B), truth (T), the later three of which are not of interes here. Only hadrons
made up of light quarks,d, u and s, will be discussed.

Strong interactions between quarks are mediated by gluons - quarof the gauge
elds. A gluon has a color and an anticolor. It transmits color when eshanged. Color
is conserved during emission and absorption of a gluon by a quark.rlexample, in a
pion that is composed of a red quark and an antired antiquarnk, u,, the following can
take place. The red quark (,) turns into a blue quark (up) by emitting a red-antiblue
(rb) virtual gluon. The gluon is then absorbed by the antired antiquarku, ), turning

it into antiblue antiquark ( u,.) This process of color conversiony,u,  upu, (also to

12



Quarks Antiquarks

o
I

h

Ui = Ur;Up, Ug | Uj = Ur; Up, Ug
di = dr;db; dg di = dr;db; dg
Si = Sr;Swm Sy Si = Sr;Sp Sy
G,
b

ti = t;; tp, tg t = tr;tb;tg

Ci G | G

b;by | b

Cr; Co; g

b ; by,

Table 2.1: All 36 known quarks and antiquarks.

other color), is continuously ongoing inside the pion.

The QCD Lagrangian in Minkowski space is formulated as

—
|

where (summation

Fa
A

(D),

L gluon +

TFAF? 4]

L quark-gluon + L quark-quark
X X
g (D)q MqG G
g=ud;:: g=u;d;::

is assumed when indices are repeated)

@A?  @A? + gf3APAS  (gluon eld tensor)

T.A*  (gauge/gluon eld)

ij@+igA

(covariant derivative)

(2.1)

(2.2)
(2.3)

(2.4)

The only free parameters are the gauge couplirgand the quark massesng. The

rst term in Equation (2.1) is the pure Yang-Mills Lagrangian for selfinteracting

gluon elds [15]. The

and are the usual 4-dimensional space-time indices and

a=1;2;:::;8is gluon-color index. A new feature here is self-interactions amotig

eight gluon (gauge) eldsA? as can be seen in the Lagrangian through thof 2°°APA°C

13



term in F2 of Eq. (2.2) which leads to asymptotic freedom and quark con neme
hypotheses. The second term in the Lagrangian contains the ing&tions between
guarks and gluons. The last term is the interactions between quakhemselves.
The quark wavefunctions® ¢ are the spin-% Dirac matter quark elds of six avors

g= u;d;s;c;b;tand colorj =1;2;3 (i.e., red, blue, green.) The quark eld is written

as 0 1
u

=B (2.5)

where each ofu;d;s;c; b;tis a 4-component Dirac spinor. The quark elds are in
3D color space and 6D avor space.mq is the (current) quark mass. g is called
the gauge coupling constant. It is an arbitrary parameter due toauge invariance
(Lorentz invariance(rotations, boosts), space and time reveakinvariances.) The

eight (32 1 =8) SU(3) generatorsT?, called hyperspin, are given by
T®=217% a=1;::,8 (2.6)

and are normalized as

T(T*T?) = § a 2.7)

a are 3 3 hermitian matrices, named Gell-Mann matrices, shown in Table 2.2 balo

1The quark wavefunction q is also written as ¢, €.g.,Uu= .
2This is similar to SU(2) where the spin operatorsS; = % i are used as generators, which satisfy

the commutation relation [S;; S;] =i "jk Sk. The structure constant of SU(2) is i"jj

14



0 0O 100

0 1 0 1
0O i 0 0 0 i
%i OOE F%O 0O O
0O 0O i 0 O

0 1 0 1
1 0O 0 0O
%O 10 GZEOO 1
0O 00 010

Table 2.2: Gell-Mann matrices are generalizations of the Pauli matrise The 2 2

matrices taken from the rst two rows and columns of 1,

matrices 1,

o, and 3. The gis

15
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The Gell-Mann matrices represent the 8 generators of SU(3h the fundamental
representation3. There are other equivalent sets of SU(3) generators [5] thatrcalso
be used. The generator§?'s obey the following commutation and anti-commutation

relations 3

[T§; Tjﬁ ]

i i fabeTe (2.8)

fT3: TR g

i 1 ab ik + AT (2.9)

Only two generators, T2 and T8 commute which means that SU(3) has rank twof 2
(d®°) are real and completely anti-symmetric (symmetric) in its indices. fey are
called the SU(3) structure constants and the indices; b; crun from 1 to 8. Equation
(2.8) de nes the Lie algebra in SU(3).%

Other terms that arise from applying the gauge principle (invariancender local
symmetry) such as gauge- xinglC 4 = %(@Aa)(@Aa)) and ghost (L 4= @ D, v)

terms have been omitted for simplicity[3]. One more term that is also dtted is

2 . Lo .
L = &% F, F, since itis relatively small.

3If 2's are used, the commutation and anti-commutation relations becore [ 2 ; }’k ]=2ifac ¢

a.- b — 4 . abc c

4Equation (2.8) de nes the Lie algebra of SU(n) in n dimension, but equation (2.9) is applicable

only to SU(3) in 3 dimension.
5The gauge- xing term must be supplemented by the ghost term. Tre Fadeev-Popov ghosts[5, 3]

Y and are independent scalar elds that obey Fermi statistics. The maskss ghosts are always

con ned to loops. Their function is to cancel unphysical contributions from intermediate gluons.
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2.1 Action

The QCD Lagrangian in (2.1) can be written compactly as

X
L = 3IF*F* + qiF mg q (2.10)
) a= U;d;k '
= sTr(F F )+ qi D mg)q (2.11)
o= u;d;::
where the gluon eld tensorF = T2F?2. The trace is taken over the color space.
Continuum QCD action is given by
Z
Soco = d*L ocp (2.12)
= Sgauge + Squark (2.13)
Z Z
= 1 d%TTF F + d%q@i D mgq (2.14)

The gluon eld tensorF = @A @A + g[A ;A ]is atraceless 3 3 hermitian

matrix and is invariant to gauge transformations
Foo! ( X)F  Y(x) (2.15)

where ( x) is an arbitrary SU(3) matrix. The variables are discussed in sectioh.1.

2.2 Features of QCD

This chapter does not attempt to deeply discuss all features/pperties of QCD.
An important short distance property is asymptotic freedom. In kis region, pertur-
bative QCD can be used to great accuracy. An important long-distece property is
con nement. Another property is chiral symmetry. Only these thee features will be
presented in a succinct manner.
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2.2.1 Asymptotic Freedom

In section 1.1, the coupling constant in Eq. (1.1) was discussed brje To rst
order, it is written as [1]

4
0In(Q%= &cp)

s(Q%) = (Q*  &eo) (2.16)

where 2., is called the QCD scale parametersince it sets the momentum scale
of the theory. ¢ becomes larger when momentum transfe®? is not much larger
then 2 (large distances) and it diverges wheiQ? = 2. Large s makes quarks
bind more strongly and gives rise to quark con nement. This phenoamon is called
\infrared slavery\ which is the opposite of asymptotic freedom. Orthe other hand,
s becomes smaller in higher energy or larg@? region (short distances.) This is
called asymptotic freedom where quarks interact as if they wereef. Asymptotic
freedom is a fundamental feature of non-Abelian gauge theorie$. [3
There is another way to see how the coupling constant changes.yBitally speak-
ing, interactions at this energy level see the QCD vacuum polarizaticcreated out of
qguark-quark-gluon vertices and gluon-gluon vertices. The quankolarization drives
s up at short distances while the gluon polarization drives it down. Thisampeti-
tion between the two types of polarizations is described by paraneet o =11  2N;.

3

Since in this casdN¢ = 5, g is positive, and the coupling decreases at short distances.

2.2.2 Con nement

So far, no individual quark (or gluon for that matter) has ever bee observed.
This leads to a hypothesis that a naturally occurring particle must beolorless. By

18



colorless, we mean either the total amount of color is zero (e.g.: Hre -1 red = 0)
or all the colors are present in equal amount (1 red + 1 blue + 1 green colorless.)
This hypothesis suggests that there are two ways to naturally cdsme quarks as
mentioned in quark model in Chapter 1.2ggand qqq(or qqg.) Other higher number
of quark combinations have not been observéd.

No conclusive proof, derived from QCD as a theory, has been pr@ed to explain
con nement. One di culty is that con nement involves long-range quark-quark in-
teraction in which regime the Feynman calculus fails [6]. There are, hewver, several
ideas that try to explain the phenomenon qualitatively by using the QO analogies
of electrodynamics, QED, and superconductivity [5, 18].

Intuitively speaking, con nement can be explained in terms of the sbng force
that binds quarks together. As mentioned above, QCD vacuum is awedensate of
virtual gluons and light quarks pairs which behaves like a dielectric. Aarge distances
the sea of virtual quarks and gluons has an anti-screening e eab tcolor particles.
This e ect increases the quarks' color charges as they interactithv each other from
a farther distance. This increases the strength of the binding fog which makes it
harder to pull the quarks apart. Thus quarks are con ned within he bound states
where strong force interaction is minimized.

Lattice gauge theory sheds some light to how quarks are con nedavits linear

potential. The limiting static potential between a quark and an antiqark [10, 11] is

5The four-quark (qoga) interpretation of a particle called X (3872) discovered at KEK, Japan is

not inconclusive [9].
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found to be

(2.17)

8

% & forr 1
qu(r):§
- b

r forr e

4

3 s The result above

where theb  0:9 GeV/fm is the 'string tension' and A =
is calculated from a xed, in nitely massive qqg pair. This potential is called static
potential because the quarks are not moving.It is clearly seen that more and more
energy is required to pull the quark-antiquark pair farther and fether apart as the
potential is linearly rising beyond about 0.2 fm. This is an indication of adbnement
and that the strong force between the quark-antiquark pair is ewstant for r e
The ux tube model proposed by Isgur and Paton in 1983 [12] de$ises how the color-
electric eld lines are con ned along the space connecting the intecng quarks, thus
forming a closed tube of eld lines. This tube of eld lines provides cotent ux of
eld lines which gives rise to linear potential. This is in contrast to elecic eld lines
that spread, giving rise to% potential. The (non-relativistic) ux tube model is an

improvement to the relativistic string model proposed earlier in 1978ince it gives

correct static potential as seen in (2.17).

2.2.3 Chiral Symmetry and Spontaneous Symmetry Break-
ing
Noether showed that for every continuous symmetry that is maraét in the clas-

sical Lagrangian there exists a conserved current, called Noetlarrent. Its quantum

"There are other potential contributions from spin dependent forces that have di erent r depen-

dence such as%.
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eld version involves the invariance of the Lagrangian under the in iiesimal trans-

formation
g=( I =2): (2.18)

When quantum corrections are included, a supposedly conservagtrent can turn
out to be not conserved in some cases. The aected current is saa contain an
anomaly. This happens when fermions are coupled to both vector caaxial-vector
currents, for example, U(1) axial anomaly in Table 2.3.

Spontaneous symmetry breaking (SSB) is a symmetry that is marstein the
Lagrangian and Hamiltonian but is not respected by the ground statof the system.
The ground state of the system is not an eigenstate of the symmgetoperators of
the Hamiltonian but a superposition of the eigenstates[3]. There agdobal and local
8 SSB. The global SSB is called the Goldstone theorem. Goldstone[2i¢wsed that
there exists a massless spin zero boson (called Goldstone bosawsvery continuous
global symmetry of the system that is spontaneously broken (higd.) In QCD, SSB
is caused by the fact that the QCD vacuum, which is the expectatiomalue of the
guark condensatd0jqqO0i, is not zero.

It is assumed that color symmetry is exact, that is, QCD has an exaSU(3).

symmetry. In high energy region, light quarks' masses are relatlyesmall and, there-

8When a local symmetry is spontaneously broken, a gauge eld that auses the breakdown (called
a Higgs eld) acquires mass and no Goldstone boson occurs. The synetry is said to be manifested

in the Higgs mode.
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fore, QCD has another (‘avor) global symmetry® called chiral symmetry.

my=mg=ms=0 | SU®B) SUQR) (2.19)

In this limit, the quark spinors have de nite chirality or handedness:L or R for

and + chirality respectively. The Lagrangian is invariant under SU(3)

This symmetry can be made to go a step further. The masseswénd d quarks
(7 MeV and 3 MeV, respectively) are much closer to one another thahey are to

the mass ofs quark (120 MeV.) Consequently, the following chiral symmetry is mer

accurate than Eq.(2.19).

me=mg=0 | SU@), SUER) and U@), U, (2.20)

In this idealized limit, the Lagrangian density that has the chiral symretry is

L chiral Z]iFa Fe + ql[;q (2-21)

where

0 1
u
gq= % § (2.22)
d
The covariant derivative > is independent of avor since it acts only on color and

Dirac indices. The full Lagrangian density, including that ofs, ¢, band t quarks, is

L = Lechra (mMyuu+ mydd) + L sep (2.23)

L (i(x);@ i(x)) that is invariant under some symmetry

®Given a Lagrangian density L
group G. This means that the Lagrangian is invariant when the eld is in nitesim ally changed as

! 0=+ , where ;= i"@T@ ;. The small parameters”® are x-independent. The

matrices T2 satisfy the Lie algebra of the groupG: [T2; TP] =i C3°T¢, whereC?° are the structure

constants of the groupG. A symmetry is called global (local) symmetry if the parameters"? are

space-time independent (dependent).
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Symmetries| Transformations | Noether currents Conservation
SU(2)\ q! e 2q J=q «q Isospin
U@)y q! e'q j =9 ¢ Baryon number
SU(2)a q! e's “2q | J¥ =q s«g | Spontaneously broken
U(l)a q! e' sq js =q sq Not conserved

Table 2.3: Four global symmetry groups and their corresponding Mther currents for
chiral LagrangianL s . The subscript V (A) stands for vector (axial-vector). The
js current is not conserved due to a QCD axial anomaly. Indeix=1, 2, 3. Matrices

=( 1; 2; 3) are Pauli matrices which are generators of SU(2)., , =( 1; 2; 3),

and! =(!4;!,;!3) are arbitrary real constants.

The global symmetry groups, under which thd. 4o IS invariant, and their corre-
sponding Noether (conserved) currents [5] are summarized in Tal2.3. The isospin
current is only conserved whem, = my. The baryonic current is conserved in the full
QCD Eq.(2.23). The three currentsJ¥ are axial vectors and their three correspond-
ing charges are pseudoscal@)y.s = Rd"*qu 50 The gauge eld interaction term,
%Fa F2 ,in Eqg.(2.21) is already invariant under SU(3) and SU(2) symmetries.
Equivalently, the quark elds can be written in terms of their left-handed and

right-handed quark elds as

9= q + Gk (2.24)

Projection operatorsP_ and Pr project the quark elds into L and R helicity states.
L and R are eigenvalues ofs which are 1 and +1 respectively. The free Lagrangian
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for massless quarks is then
L =ai @q+ ki Qk; (2.25)

which is separately invariant under transformations

q ! e't g (2.26)

R ! el® g (2.27)

The net chiral symmetry is SU(2) SU(2),, which breaks down to SU(2)when
m, = mq 6 0. Similarly, SU(3), SU(3); breaks down to SU(3) whenm, = mqy =
mg 6 0.

SU(3), SU(3) chiral symmetry implies the existence of twice as many mul-
tiplets of hadrons that are degenerate in mass and opposite in paritFor example,
the existing 0 meson octet would be accompanied by Omeson octet and the exist-
ing %+ baryon octet by% baryon octet. However, such degenerate multiplets have
not been observed. This SU(3) SU(3); chiral symmetry is therefore broken to
SU(3). In addition, there are spin zero hadrons (e.g.: *; ; °) that seem to be
the Goldstone bosons. However, they are not massless becausequarks themselves
have mass. Chiral symmetry is explicitly broken because quarks lawmass. It is
also spontaneously broken because the QCD vacuum, which is a dueondensate 1°
h0jgq0i h gq & 0. In other words the non-perturbative eld uctuations break the
chiral invariance ofL s . As an example, it is estimated from QCD sum rules[19]

that HOjuujOi = MOjddj0i = (225 25)° MeV. The QCD vacuum leads quarks to pick

0Sincelmd = hrq. + g ori, the quark condensate can be taken as a measure of the coupling

betweenq. and gg. Hence it is also called the 'chiral' condensate.
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up more mass. This new quark mass is called quark constituent madsieh is about
300 MeV foru and d quarks and 480 MeV fors quark. In contrast, the current quark
masses ofi and d quarks are 3 and 7 MeV. The constituent masses; -and current

massedan; are di erent by a common constant[17mg 300 MeV:
mM; = m; + Mg (228)

SU(3) symmetry is also broken, albeit slightly, because the light quark mass
are not the same:my, 6 mg 6 mg 6 0. It is just that the symmetry breaking of

SU(3), SU(3), is worse than that of SU(3) because of SSB.

2.3 Path Integral Formulation of QCD

In order to calculate QCD numerically via LQCD, the quantum eld theay may
be represented by the path-integral (functional integral) remsentation. This is so
because QCD is best quantized using the functional integral insttaf canonical
second quantization. This section discusses some basic ideas oh patiegration[19,
20, 26, 32].

In quantum mechanics, actionS of a particle propagating fromx;(t;) to xs (t;)

given its LagrangianL and trajectory [x(t);x(t)] is
Z,
S = dt L [x(t); x(t)] (2.29)
ti
Feynman formulated the path integral method in 1949. The idea is #t the total
probability transition amplitude of the particle going from x;(t;) to x¢ (t;) can be

calculated by a weighted sum over all possible trajectories or paths P between the
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two points. The probability transition amplitude can then written as

X
b (ts)jxi(ti)1 exp [iS (fx(t); x(t)g)] (2.30)

paths [xp:xp |

where approximation has been taken by discretizing the time coordite into N 1

intermediate time slicest, (n=1;2;:::;N 1):
te g
t =
N
t, = t+n t (2.31)

We can sum over the trajectories at di erent time slices. The sum ev pathsP at a
speci c time t, is
X Z,
= exp[iS(fx(t); x(t)g)] dx(tn) exp [iS (fx(ti); x(ti)g)]

P(t=tn) !

varying over all possible positionx(t,) at this time step. The corresponding velocity
X(t,) is determined from each positiorx(t,). This procedure is carried out for every

time step to yield the transition amplitude

Z N( 1
b (€ )jxi (ti)i dx(tn)exp [iS (f x(tn); X(tn)g)] (2.32)
n=1

As the number of time slicedN !'1 |, we arrive at the exact expression

Z N 1
e (te)ixi(ti)i = N lim dx(tn)exp [iS (fx(tn); x(t)9)]  (2.33)

n=1
whereN is a normalization factor.

An important observable is the two-point correlation function (prgagator), de-

ned as, in one-body system,
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Figure 2.1: Some possible paths connecting initial and nal space-tarcoordinates

whereT is the time ordering operator. Its expectation value is

R
. . dx]x (t1)x(t,)eSxx)
0T (x(t)X()J0 = — B[(d)l()]é(sfx? e (2.34)
where in di erent notations
Z Z N 1 Z
[dx] dxp, Dx
n=1

Similar approach can be applied to elds. For a real scalar eld (x;t) in one
dimension the vacuum expectation value of operatdd containing n eld operators
is

R[Be O( )estt gf@ 9
"D dsf gf@ 9

Hjo( )joi = (2.35)

where the actionS is in Minkowski ( at) space-time.
From this point onwards, we will use the Euclidean space-time where aginary
time replaces the real timd by usingt = i . The Euclidean space is a Minkowski
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space that is Wick rotated by =2 in the complext plane. The following summa-
rizes relationships between quantities in Euclidean (= 1;2;3;4) and Minkowski

( =0;1;2 3) space.

xg=tF= itM= ix{ xE = xM
P: = ipp pr=p"
AL = iAY AF = AV
£ 0 F=od
g (2.36)

Some quantities such ap2 = p2 E?= p2 change. The Lorentz group is replaced
by the rotation group in four dimensions in Euclidean space. It is précal to use a
new set of matrices described above. All the matrices are now all hermitian which
satisfy the anti-commutation relationsf ; g =2 . Note that the 5 matrices
becomesE= E F EE

Using Wick rotated amplitudes is technically advantageous becaus®CD cal-
culation done in imaginary time avoids the oscillatory nature of ®. As the Euclidean
actionis de ned asSF = iSM(t = i ), the phase factor in the path integral formula

becomes
exp(iSMinkowski) I exp( SEucIidean) (2_37)

For real and positive action, the phase factor becomes a weightifigctor so that
sampling techniques can be used to evaluate the integral numericallyhus the path
integral formulation reduces the problem of determining the expgation value of an
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observable to a problem of integration. in Euclidean space, eq. (2)3ben becomes

R[Be O( )e S gf@ 9
"D e S gf@ 9

Hjo( )joi = (2.38)

which can be applied to other physics problems and non-physics redtphenomena
as long as the problem can be cast into the above form.

The corresponding vacuum expectation value of the two-point aalation func-
tion in QCD is

R
DARADT[O(A;q;q)]e °.
" DADgDge S ’

G = T[O(A;g;9)]j0i = (2.39)

where the QCD actionS is the sum of the gluon/gauge and the quark actions

Z Z

S=Ss+S=1 dx'TrF F + dx‘gMq: (2.40)

The gluon eld A is abbreviated asA. The shorthand of the Dirac operator is

written as M = B + mq. The QCD Lagrangian in Euclidean space is

X
L =iTrF F + (> + my)q: (2.41)

T2
q

The Dirac fermionic elds g (x) and g (y) (with Dirac index = 1;2;3;4:) anti-

commute

fg(x);q(y)g = 0
fg(x);q(y)g = 0 (2.42)
fg(x);q(y)g = 0;

therefore they can be treated as complex Grassmann elds and eyb Grassmann

algebra. The integration of the fermionic elds follows that of Gragmann's

Z
dg (a+ bqg) = b: (2.43)
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Let us de ne the fermionic eld con gurations as
Y Y
DgDq= dg (x)dqg (x): (2.44)

X

R
The fermionic actionS, =  dx*qMq is bilinear in g and g and can be integrated

exactly with respect to the fermionic elds as follows

Z
R
DgDge 9*aMd = det M: (2.45)
We need to integrate the fermionic action before the LQCD simulatiobecause it is
di cult to incorporate the fermionic integrals in the Monte Carlo method. However,
the price is that the detM is non-local iInA and is consequently very expensive to
compute.

An important quantity is the quark propagator [124]

R
RADgDge °M !

l. . - .
b Og)a0)j0 Rl

(2.46)

When the quark part is integrated using Grassman variable, the qua propagator

becomes

R
DA det(M)e SM ?

l.
A " DAdet(M)e Se

(2.47)

where detM) = quet(D + mg). Eq.(2.47) can be numerically evaluated by using

Monte-Carlo methods outlined in section 3.4.1.
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Chapter 3

QCD on the Lattice

As discussed in chapter 1, lattice QCD (LQCD) is a fundamental theyp of
the strong interactions. Its calculations are a non-perturbativéamplementation of
gauge eld theory by using the Feynman path integral approach. nl lattice gauge
theories, the Euclidean space-time is discretized into 4-dimensionaitice [27] called
a hypercube. The motivation behind this is to solve QCD numerically siecQCD has
not been able to be solved analytically, particularly to its nonlinearity inF . This
is a common approach when confronted with solving di cult di erential equations.
Space-time discretization reduces the in nite number of eld variales to a nite and
perhaps managable number. The discretization introduces a sysiatic error that will
be discussed later in this chapter. Overall, LQCD simulations introdwc statistical
error _ p% due to Monte Carlo simulation and systematic errors due to various
sources [26] such as nite volume e ects, nite lattice spacing, chal extrapolation,
operator mixing, quenched approximation, etc.

Another advantage of this discretization is that the theory is nattally regularized
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because nite lattice spacing provides ultraviolet cuto at . To see this, consider

the Fourier transform of a one-dimension functior (x,), wherex, = na, on a lattice
X1 _
fp) = af (x,)e 'P; (3.1)

n=1

which that is periodic in momentum space, that is,

fp) = flp+2-_): (3.2)
The momentum can be restricted to what is called Brillouin zone in solid ate physics

3 <p gl: (3.3)

The inverse Fourier transformation is

Z o |

f(xa) = F(per™ (3.4)
with a clear ultraviolet cuto at jpj . Thatis, the minimum wavelength of that
the quarks and gluons can have ispi, = 2a. There are no particles with momenta
k = Z greater than 5 in the lattice theory and simulation.

The LQCD simulation data in this study uses an isotropic lattice (same ttce
spacinga in all directions.) It is also assumed that the gauge group is SU(3). T
chapter o ers a brief overview of lattice formulation of QCD in Euclidan space-time
[19, 27, 32, 35, 40].

Much of lattice calculations started in the early 1990's although the QCD was
invented in the 1970's. LQCD simulations are very expensive comptitnally. The
cost of a (QMC) LQCD simulation is of the following form [32, 63]

4 2

Cost/ | —: (3.5)

1
m ab

Q|
Q|



The rst factor is the number of lattice sites (g)4 = N*#in the hypercube. The other

two factors are the \critical slowing down" that depends on the algrithm used in

12
evaluating the numerical integration. The second factor variesdm é depend-

ing on how the successive con gurations are correlated. The thifdctor varies from

2 3
= depending on what algorithm is used on inverting the fermion propata.

m
It also accounts for critical slow down when nearly a massless pion ised. Lattice
spacinga is the most determining factor in the computational cost. For exapie,
halving the lattice spacing increases the cost by’ 2 64. It was thought that ne
lattice spacing in the order of 0.05-0.1 fm was needed to get accwdtQCD simu-
lations. Fortunately, new techniques show that larger spacings ap to 0.4 fm give
relatively reliable results.

In an isotropic lattice of sizeL® T, every point on the lattice is completely
represented by a four-integer numben = (ng;ny;n3;ng). The Euclidean time is

denoted by the fourth componentn,. The LQCD is obtained from the continuum

QCD by the following substitutions.

X 1 na=(ni& + ny& + n3é + nyéy)a
q(x) ! q(na)
7 X
dx 1 a*
@) | g = TR AX 3 36)
Y
Dq ! dg(na)

n

€ are unit vectors in thei direction, i.e., along the x-axisef = ”, along the y-axis
é =" etc.

33



Ordinary derivatives such as (3.6) are approximated by nite di ereces. There
are choices in constructing a nite di erence but they are equivaldénas long as the
ordinary derivative is recovered in the limita! 0. One choice is eq. (3.6). The nite

dierence ,q(x) introduces a relative error of ordera? since?

h a2 [
xd(x)= @+ g@+ o(a’) q(x): (3.7)
Solving for @q in eq. (3.7) gives a more accurate discretization @q than eq. (3.6)

since
2

@' a % fa+O(a"): (39

Thus, when one wants to reduce the nite lattice spacing error, ineding the a2
correction to the derivative is usually more e cient and cheaper tha reducing the
size of the lattice spacing. Higher order terms can be included to iease accuracy if
needed. Improving the discretization of the derivatives is an impant step in schemes
used to invent improved lattice actions. Similarly obtained, the secahderivative

substitution is

2
a

& @ v o) (3.9)

@ax) ! @q
where the second-order nite di erence is

ax+a+qx a 2q(x),
a2 '

Pq= (3.10)

Higher-order nite di erences can be constructed from , and (XZ).

Discretization breaks the continuous symmetries that QCD posses such as

continuous Lorentz and translational symmetries. The continua symmetries in
h i
From (3.6) write 2a 4xq(x) = qx + a) q(x a) = @ e 2@ q(x)
h i h [
=  1+a@q+ 3a°@q+ £a°@q+ ;1 a@q+ 3a°@q 3a3@q+::: = 2a@qtia@aqrii .

34



continuum QCD are replaced by discrete symmetries in LQCD. The LQX has the
following symmetries: CPT, local gauge symmetry, and discrete Paare (Lorentz:
boosts and rotational, and translational) symmetries at all lattice iges. For ex-
ample, the discrete translations can only go by one or more lattice i) resulting
in discrete allowed momenta ok = 22 with n = 0;1;2;:::L or k = 20 with
n=20;12;:::L=2. However, preserving chiral symmetry in LQCD is still a chal-
lenge. In the following sections, problems arising from discretizaticand improved
discretization schemes will be discussed. One key idea to remedy gywnmetry
breaking due to discretization is to use operators that have manyoprers ofa so that

the e ect of discretization becomes localized and, thus, relativelyegligible on the

physical quantity under consideration.

3.1 Wilson Loops

The fermionic (quark) elds g(x) are de ned on each lattice sites. The gauge
(the eight gluons) elds A = A?2T, are de ned on links connecting adjacent pairs of
lattice sites as shown in Fig. 3.1. A quark that moves from site to y gains a phase

factor under the gauge eld given as

Z y
qly)= Pexp ig dx A (x) q(x); (3.11)

X
where operatorP denotes path ordering of theA along the integration path andg
is the gauge coupling constant. Naturally, on a link connecting to x " (where

j = a), Wilson de ned the link variable (operator) U.(x) by the line integral (thus
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making it non-local) of A (x) along that link:

. Ryga . n ) R
Un(X) Pix XA =R K3 ] 4iagA (X + ) (3.12)

Ry a : 2 . A
Pix XA —g AKX ) 1 jagA (x 2) (3.13)

U ~(X) >

Ul(x 7

where Ua(x) 2 SU(3) and bi-local as it links two sitesx and x + ~. Eigenvalues
of agA (x) are angle variables in [ ; ] interval but become in nite whena! 0.
The link variable U~(x) transports color fromx to x + ~, and its conjugate, UY(x),
transports color in the opposite direction fromx + * to x. LQCD uses these link
variablesU~(x) in place of gluon eldsA .

The lattice version of local gauge transformatiorVV(x) on g(x) and Ua(X) is

de ned to be (note that x = na)

ax) ! V(¥ax); a! ax)V(x)

Ua(x) T V(X +MUr(X)VY(X) (3.14)

where V (x) is an SU(3) matrix de ned at each sitex. Matrices U and V are in
the same representation. There are only two gauge invariant olsje under this local
gauge transformation: lines/strings and closed Wilson loops. Wilsondps of any size
and shape can be built from smaller loops.

The simplest non-trivial example of Wilson loops is 1 1 loop, called the pla-

quette,

-

=
-
N

I

Ur(X)Ua(X + MU a(X+ " + MU (X + 1)

Ua(X)Un (X + MUY (x + A )UZ(X) (3.15)
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is shown in Fig.3.1. In the limita! O, the plaquette becomes

X+ N Un(X +7) X+"N+A7

Un(X) U(x+"+7)

X U(x+72) | x+n

Figure 3.1. A 2-dimensional part of 1 1 plaquette on a lattice

P =exp[ia’gF (X)]; (3.16)
where the eld tensor in Euclidean space is
F =@A @A +gA A (3.17)

The eld tensor associated with a plaquette with opposite orientatio is simply

F X= F (x).

3.2 Gluons on the Lattice

3.2.1 Standard Wilson Gluon Action

A gauge invariant action in a lattice has to be built from Wilson loops andtengs
as they are the only two fundamental gauge invariant objects in thlattice. Wilson
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loops and strings of any size may be used to build the gauge invarianttiee action
as long as it returns to its continuum form in the limita ! 0. That is the only
necessary constraint in building a gauge invariant lattice action [26].

The Wilson gluon action can be written in terms of plaquette® as

X x4
Sg, lat = lat ReTr 1

X <, =1

P (3.18)

where |5 = g% The sum is over all possible 4-dimensional plaquettes in the lattice.
In a lattice of sizeN2 N, there are 8NN, plaquettes since there are 6 planes in a
4-dimensional lattice. The above action is obtained after a Taylor gansion of the
P . Expansion of planar Wilson loops always produces the ter?—in (BA @A),
therefore the gluon action has a leading correction @¥(a?). Improved gluon actions
such as Iwasaki and Luscher-Weisz actions ha@fa*) leading correction obtained by
cancelling theO(a?) term through appropriate combination ofW! * and W! 2. The
inclusion of larger Wilson loops results in slightly greater error and cquating cost?

In the simple continuum limit a! 0, Sg approaches the continuum gauge action

1 R 4
Secont = 5Tr  d'xF (X)F (X).

3.2.2 lwasaki gluon action

The LQCD data that were analyzed in this study used Iwasaki gaugaction.
Iwasaki introduced a block-spin renormalization group (RG) impraad action that

comes close to the renormalized trajectory (RT) after a few bloirigs. One advantage

2For example, the leading correction ofW?! ! is a?=6 while the leading correction ofW?! 2 is 2.5

times that. The computational cost also increases by a factor of B [26].
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of using this action is reduced nite lattice spacing e ects [65, 33, 326]. It also shows
improved chiral symmetry in quenched calculation (see section 3.34nd rotational
invariance. The lwasaki gauge action is usually written as
X h x
S = Co ReTr 1 fwh?

X <;; =1

x4 [
+ 0 ReTr 1 iw?*? (3.19)
6;; =1
W1 2are 1 2 rectangular Wilson loops. The; give relative weights of di erent types
of loops. The values oty =1 8c; andc; = 0:331 for one block transformation,
which givescy = 3:648.¢; = 0:293 is used for two block transformations. The value
of the rescaled = 2:264. The lattice calculation was carried out on a 20 32 lattice

with 110 quenched gauge con gurations and lattice spacing aff ) = 0:17 fm [129].

The lattice size isL = 3:4 fm.

3.3 Quarks on the Lattice
Wilson's discretized version of the covariant derivative is
1
D q(x) = E[U )ax+7) U x)ax  MI; (3.20)

which is equivalent to the continuum covariant derivativeD = @+ gA after Taylor
expanding theU (x) and the g(x) and taking the limit a! 0. Directly substituting

eg.(3.20) into the quark action yields what is called naive fermion actipthe simplest
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fermion lattice action,

Z

Sitten = dq(x)( D + m)q(x)

. 1 X X h
g lat = %a ax)U ()ax+7)  gx)U¥(x - Max ")
§ i
+ ma(x)q(x)
X .
= q()M " [U]a(x) (3.21)

X

where the interaction matrix M "@'e s

. 1 X
Mir;}alve[u] = Mg j + Zl Ui; iij uY R (322)

It is simpler to use free fermion actionl{y (x) = 1) to illustrate fermion doubling.

The free fermion action is

Z
sgrave = d'xq(x)( @+ m)g(x)
. X _
Spa = gMMeq(x); (3.23)

X

where the interaction matrix (the inverse propagator) takes théorm

O;naive _ 1 - 1 X .
Mi; =Gy =mgy + %a i+ B (3.24)

The free fermion action (3.23) can be Fourier transformed into themomentum space

to be
VAN h x . i
;naiv d . Sin(a
Syt (p) = N I;)40|(|0) i (ap )t m a(p); (3.25)
whose dispersion relation is
12
S(p) = Siniap ) Sp ) 4 m?=0: (3.26)
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Its solution p = O is also accompanied by anothep = - since singp ) = 0 at
the edges of the Brillouin zone (;;;]. There is an additional pole or particle at
5+ There are two poles for every dimension thus there aré 2 16 particles: one
real fermion and super uous unphysical 15 fermions. This problem called fermion
doubling and the extra fermions are called doublers. This originatesofn the fact
that the Dirac equation is linear and uses the (antihermitian) symmeic rst-order
discretized derivative in equation (3.6F There are a number of methods developed
and used to suppress the fermion doubling problem by modifying thermion action.
This is allowed as long as the continuum action is obtained as!' O.

Nielsen and Minomiya proved in 1981 [37] (the proof is called the no-doebrem)
that the fermion doubling must occur in a lattice theory that simultareously respects
hermiticity, locality, and chiral symmetry. That is, such lattice theary cannot avoid
the doubling problem without breaking the chiral symmetry.

The naive lattice fermion action does not have the axial anomaly due tthe
physical fermion as in the continuum action. The reason is that thesfmion doublers
couple to the external axial current with opposite chiral chargerad cancel the axial

anomaly [29].

3The use of the discretized derivative in equation (3.6) involves twice le lattice spacinga instead
of one. Rothe and Sadoogi [35, 36] studied the use of the right deative @ q(n)= g(n+ ) q(n)
and the left derivative @ g(n) = g(n) q(n ), which involve only one lattice spacing, on the fermion
action. It was found that while the doubling problem did not occur, th e use of such derivatives gave
rise to noncovariant contributions to the fermion self energy and ertex function. Such contributions

made the theory nonrenormalizable.
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3.3.1 Standard Wilson Quark Action

The lattice action is not unique, therefore extra operators may badded to the
action as long as the continuum limit does not change. The solution oérimion
doubling proposed by Wilson is to add an extra operator 5q @@q to the Dirac
action [19, 26, 28, 35]. The Wilson parameter takes on values 1< r 1. The
Wilson action reduces to the continuum fermion action in the continum limit. One
e ect of this additional term is that the extra 15 fermions at the edjes of the Brillouin
zonep a= acquire heavy masses of order 2% wheren = 15 in this case. These
15 doublers will decouple whea! 0 as the masses will get in nitely large. However,

the price of this doubling remedy is the breaking of the chiral symmit at O(a).

The Wilson action is de ned as

z
SVen = d%AX)( D +m  S@@)AX)
W 4 X
W = Mat = q00AX)
1 X h
g W0 DU
( +0UK Yax %) (3.27)
= qOM,y a%y): (3.28)
Xy

The convention in writing the interaction matrix (in position, spin (Dirac), and color
space) is

X h i
Mg[u]a: Xy (r Wx, xy +(r )ny; Xy+ (3.29)
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where the following rescaling has been implemented

1 1

2m,a+8r  2ma

q’ = pmqa+4rq= plzzq: (3.30)

m= mqg+ %f is the mass term in (3.27). The Wilson action now has the leading

correction of O(a) due to the additional second derivative. The statistical mechansc
interpretation of the Wilson action is given in [26]. The local termP xy AX%) xy aqy)
behaves like an inertia that keeps the fermion at the same site. The@mocal terms
that are attached to andU (x) allow the fermions hop from one site to the next with
nearest-neighbor coupling strength - called the hopping parameter. The fermions
acquire a twist of ( r) in the spin space and ofJ (x) in the color space after every
hop.
With the rescaling in (3.30), the quark massn, is de ned as

1 1

2_ 2 c( Iat) (3.31)

mga =

fora xed i. c( 1at) is the critical hopping parameter de ned as the value of at
which the pion becomes massless. One way to compute the value Of by assuming
a chiral relationm? / mq = f (zi). The pion mass is a function ofzi now and it can
be extrapolated to zero. The value of at whichm =0is .. Itis customary to list
the values of instead ofmy or m in lattice papers. The physical mass is obtained
by using (3.31).

The action of the system is the sum 0Bg and S,

Sat = Sel[U]+ S4[U;qd;d (3.32)
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In terms of the path integrals, the expectation value of an obseable O[U;q;q] is

given over the link variablesU (x) and fermion elds g(x) and g(x),

Z
hOU;qdi = 5 DUDADge *O[U;qi] (3.33)

where

Z Z

Z = DUDgDge %+ =  DUe ¢ detM,[U] (3.34)

The value of deM)‘(’)‘,’[U] is set to 1 in the quenched approximation, called quenched
QCD. Quenched QCD is an approximation of full QCD by not including therirtual
guark and gluon loops in the lattice calculations. Full QCD includes thesloops.

This approximation simpli es the numerical computations by a factorof 1 since it

is very time consuming to compute the determinant of a large matrixugh asM)‘(’;’[U].

3.3.2 Overlap Quark Action

Ginsparg and Wilson modi ed the anticommutation relation and the chial ro-

tation as follows

fD; 5 = sD+ D 5=abD 5D (335)
. a
g! q+ q; where g =i 51 ED q; (3.36)
where is the matrix sign function. The Ginsparg-Wilson (GW) relation which sates
that if the lattice Dirac operator satis es (3.35), then the theoryhas an exact chiral

symmetry [46, 48, 49] without the problem of fermion doubling. Therare a number

of fermion actions that satisfy the GW relation (3.35 3.36) and thus have the exact
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chiral symmetry in the lattice. They are overlap, domain wall, and pdect actions.
The lattice QCD data analyzed in this study used Neuberger's overlaaction Sy,
where the Wilson fermion is replaced by the overlap fermion [44, 1120] 127]

X
Sov = a(x)Dov(X;y; U)a(y) (3.37)
Xy

The one Neuberger Dirac operator used for the massive case is

m m
Doy(m) = + -+ -
ov(M) 2 2

5 (H); (3.38)

where (H) = H=pm is the matrix sign function of the Hermitian Wilson-Dirac

operator H sDw. The Wilson operatorD,, is given a negative mass parameter
= zi 4 with ; ; 0:25. The = 1:368 for chosen = 0:19. The overlap
action has one massless physical avor in the continuum limit. The makess overlap

operator is given by

Do (0) = s (H): (3.39)

See (panero p22, luscher 98, ginsparg, neuberger98) No neihgis required.
satis es atiyah-singer theorem. modi ed chiral symmetry is exaty realized at every
lattice spacing. It drawback is matrix sign is very expensive to comper and locality

issues. must write more about this about .5-1 page.

3.4 Numerical Path Integral

There are ve steps in carrying out the numerical path integrationof LQCD.

1. Discretization of the 4-dimensional space-time.
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The most common practice of discretizing space-time is to use the piest
isotropic hypercubic lattice. The size of the lattice spacing ia = as = a; and the
size of the hypercubic iN2 N,. There are other ways to discretize this space-time
such as body-centered cubic, random, and anisotropic lattices [2@6].

The hypercube side length. must be chosen so that the spatial siz€ (Compton
wavelength) of the system in study ts comfortably inside it. Othewise nite-size
e ect will yield inaccurate results. The system siz&R must also be much larger than
the lattice spacinga to minimize the granularity of the simulation resolution. The
mass of the systenm R ! is set to be much less thara . In summary the

following is thought to be ideal

a R L = Na: (3.40)

1
m
For example, the LQCD data used in this study hasa  0:17 fm with 20° 32
hypercube, which makes its side length to be = 3:4 fm. The mass that can be
simulated ism % as can be seen from eq. (3.40). In this case itns 57 MeV
which is a fraction of the mass. The momentum cuto of>  3:5 GeV makes it
su cient for light quarks ( u; d; s) simulations but not for heavy quarks.

2. Transcription of the gluon,A (x), and quark, q(x), eld variables.

Grassmann variables are used to represent the quark eld at latecsites. The

fermion variables can be integrated by using the following rules.
Z Z Z

dgag = dgayg= dgdyg=0
Z Z
dgqg = dgg=i
Z
dgdgygqq = 1 (3.41)
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After the fermion variables are integrated out, only the gluon eld ariables are left.
The gluon elds are de ned along the links connecting the lattice sites They are
discussed in section 3.2.

3. Construction of the gluon and quark actions.

The construction of the gluon and quark actions are discussed incten 3.2 and
3.3.

4. De nition of the measure of integration used in the path integral.

In LQCD, the lattice eld variables are SU(3) matrices whose elemestare
bounded by [0,1]. Wilson showed that an invariant group measure call¢de Haar
measure can be used as an integration measure of the gluon variablEhe de nition
of the measure is the following. For every elemen; W 2 SU(3) and an arbitrary

function f (U) 2 SU(3), the following is true

v Z v
du f(U)= dUf(UV)= dU f(WU); (3.42)

and this measure is normalized by setting

y
du=1: (3.43)

5. Transcription of the operators used to study the physics.

Construction of the operators is discussed in section (3.5) and (R.6
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3.4.1 Monte Carlo Method

In computing a physical quantity such as an expectation value of ambservable

OJU;q; d, the following ensemble average is computed (3.33)

R
DUpPgDge = O[U;q; 4

haua:di = DUDgDge S« '

(3.44)

where Sz [U;Q; d is a function of the link variablesU and quark elds. Integrating

the quark elds, the ensemble average, now a function of only, can be written as

R
DU e SlVdetM [U]O[U]
"DUe SellidetM[U]

hOU] = (3.45)

where DU = Q . dU (x). There are 2 4 20° 32 link variables in a 26 32

X,

lattice. Additionally, each link variable U is a function of 8 color parameters, making
the integration to be 8 2 4 32 20° = 16;384000 dimensional (degrees of
freedom.) When 10 integration intervals are used for every integran, the multiple
integral (3.45) will be represented by a sum of 183490 terms, which is beyond
current and foreseeable future computing capability. There ar@b many degrees of
freedom to make such numerical computation practical and ecamaal. This calls for
a statistical method to produce an e cient and reliable way to compte the ensemble
average.

Ideas behind the Monte Carlo method were triggered by Ulam and Newann
[50] in 1946. The heart of the method is to produce a sampling that pppximates an
insurmountable combinatorial problem by a simpler one. It is an old mbbd that has

been used in statistical physics since early 1950s [51]. The Monte lBanethod is

essentially an e cient numerical method for large multidimensional ineégration. Its
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aim, in our context, is to evaluate the expectation value of an obsexble operatorO
over the space of the gauge eld con gurationt). The basic algorithm of the method

has the following steps.

1. Generate a countable set of random link con gurationsU;g (wherei =1;2;:::;
N = Ncons) In the integration domain DU. The number of con guration is

N = Nconf.
2. For each link con guration U; compute O[U;].
o P N
3. Compute the averagd (N) = &= 2, O[U;]

It was found that when the set of link con gurations is generated andomly, the
method will be very ine cient. The following subsections discuss tecahiques that
make Monte Carlo method e cient by employing improved ways to gerrate random

link con gurations.

Markov chains

Fortunately, most of the link con gurations have very large actios (e S 0),
making the probability density strongly peaked in the con guration pace. Therefore
only a small fraction of them make a signi cant contribution to the integral (3.44).
The number of link con gurations ( 16 1(P) that will make a signi cant contri-
bution depends on the observabl®. One e cient way to do the job is to generate
the link con gurations with a probability distribution given by the Boltz mann factor
e SalVl This is called the importance sampling technique whereby only the negsen-
tative set of the link con gurations is generated. If this is achievedhen the ensemble
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average is taken over gauge con gurations
1 X\I
hOfUgli & OIfUgl (3.46)
i=1
whereN = N iS the number of con gurations.
Using the terminology of statistical mechanics, the action can be iiten as
S[U] = H [U], where = giz and H[U] is a hamiltonian. We will use con gurations
labeled by a set of continuous variables and drop the discrete suiptrfrom U;. In

a statistical ensemble, each link con guratiorlJ has a probability distribution P[U].

The ensemble average (3.46) is then written as

Z
hOU]i = DU OJU]P[U]: (3.47)
And, the equilibrium ensemble is the canonical ensemble which is a Boltann dis-
tribution

1
PeU] = e S (3.48)

where
Z

Z= DUeSM: (3.49)

The goal is to generate a temporally sequenced set of con gurat® such that the
con guration U will occur with probability P(U) after some period of warmup time.
That way, the time average of a quantity after the warmup time eqals its canonical

ensemble average. We de nP (U; U9 to be the transition probability for con gura-
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tion U to go to U%in the stochastic process and it satis es the following.

P[U; U9 0; (3.50)
Z Z

DU°P[U; U9 DU P[U% U] =1; (3.51)

P[U; UYe SV DU P[U% U]e SMVIDU (3.52)

where it is assumed that any starting con gurationU; can reach any con gurationU
in a nite number of steps (ergodicity.)

The stochastic process here has Markov property (memorylesiat is, the future
state (con guration) depends only on the current state, not orthe past state. Such
a stochastic process is called a Markov process. One con guratiewolves to another
in a chainlike fashion. This chain of con gurations consisting ob;'s is called the
Markov chain shown below [5]. The process starts from some initialas¢ U; of the

con gurations. The instantaneous con gurations form an ensebte.

2 P ¢

U ! U ! Us! s U, I Unsr Vit Upen
0 0 0 Ces 0 0 ...110
ulr udr uwdr o U I U R U
00 00 00 ce 00 00 ...1100
Pl! %! u§! S IPZ’} U R VAN

Warmup Equilibrium distribution

(3.53)

The ensemble is updated by replacing a distributioR [U] in the next time step by

Z
PJU]= DU°P[U;UqP[UI: (3.54)
This process is repeated throughout the lattice (lattice sweep) tihan updated con g-
uration stabilizes to an average value or 'thermalized' dt), at which time the process
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is truncated. The nite set of con gurations from U, to Uy, is taken (N = Neonf IS
the number of con gurations.) It can be shown that the transitionprobability P[U; U9
will converge to the equilibrium distribution e SIV! by integrating the detailed balance

equation (3.52) (called reversible Markov chain) and using (3.51)

Z

e SU[=  pu°p[U®U]e SV (3.55)
e SV s an eigenfunction ofP[U%U]. It can also be shown that a nonequilibrium
ensemble will also converge to the equilibrium distribution. Thus, the ole ensemble
will converge to the canonical ensemble & ! 1 . The number of independent
con gurations generatedN  10* depends on the observable in study, the algorithm,
and the values of the bare parameters used. The statistical errof hOi falls asslﬁ.
Up to now, the form of the transition amplitudesP[U; U9 has not been determined,
and there are quite a number of choices. The following subsectionsaliss popular
choices of transition amplitudes. The methods that we will discuss aftily are a part

of a large class of sampling methods called the Markov chain Monte @a(MCMC.)

Metropolis Monte Carlo method

Monte Carlo method picks the con gurations randomly and then weigs them
with the Boltzmann factor e " (V). Metropolis Monte Carlo (MMC) method, pro-
posed by Metropolis et al. in 1953, picks the con gurations with pradbility e H (V)
and then weighs them evenly [51]. MMC is considered one of the ten mimsuential
ideas on the development and practice of science and engineeringhi@ 20th century

[52]. This sampling focuses on low energy con gurations which contute the most
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to the ensemble average, resulting in faster convergence. Thartsition probability

in the Metropolis method, satisfying (3.50-3.52), is given by

8
% 1 if S[U%mew < S [Uloid;

3

" e BT SV if S[U%ew > S [Uoia:

The con guration is updated in favor of lower energy. Accept a rastomly generated
new link con guration if it lowers the action. If it increases the action accept it with
a bias probability e S, where S = S[U%ey S[UJaq is the action increase. Since
the con guration is updated one link at a time, the action di erence iscomputed
relative to the neighboring links, that is, the updating procedure is lal and is done
one variable at a time. This method becomes slow when the updates atone for
all variables at the same time and when the update is done on the noo# fermion

action.

Heatbath method

The heatbath method and the Metropolis methods are two commore¢hniques
used to update the single link variabldJ. The heatbath method is useful when the
Metropolis method has a very slow acceptance rate. Its proceduis essentially the

following.

1. Choose a new linkU® and give it a probability given by a local Boltzmann
distribution e SMM?, independent of previous link, while keeping the other link

variables xed.

2. Generate a random number between 0 and 1.
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3. Accept the new link variableU®if r < P [UQ = ﬂ% Otherwise, go to step

1.
4. Repeat step 1-3 for the next link until the entire lattice is swept.

Step 1-3 successively brings each link variablé to \thermal“equilibrium with a
\heat bath reservoir", which is the computer. That is, each link is gien an in nite
number of Metropolis updates before the next link is updated. Thisrpcedure makes
the heatbath method more e cient than the Metropolis method. Havever, the link
variables must be chosen with uniform probability over the group maiold. When
the group manifold is complicated, such as in the SU(3) case, generg a local
e SV distribution becomes too time consuming. The heatbath method haseen

successfully implemented on SU(2) gauge theory [53].

Hybrid Monte Carlo method

The idea of hybrid Monte Carlo (HMC) method was proposed by Scalar et al.
and Duane et al. [55, 56]. The HMC combines the strengths of the Mepolis and the
hybrid methods [35, 57]. The strength of the Metropolis method is #t it is free of
systematic errors and simple to implement. The strength of the hylal method, which
is a combination of the stochastic Langevin and the microcanonicaletihods, is that
it can update all link variables at once and handle nonlocal actions m®e ciently.
Currently, HMC is the best method used to simulate dynamical fermits as it has
several important advantages [58] such as the following: 1) itis edjc, 2) it is exact as

the systematic errors due to nite time steps can be eliminated, 3) does simultaneous
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computation of the evolution of the gluon elds for all d.o.f., 4) it comutes the
dynamical fermions relatively e ciently, 5) its computational complexity is O(V)
whereV is the number of d.o.f., etc. We will brie y outline the HMC algorithm next.

In this study, we will use the quenched approximation where the (omplex) value
of the detM [U] is set to 1. This unparameterized approximation makes the theory
non-unitary. We will use an arti cial 'hamiltonian’ H instead of the actionSy; in
the algorithm. This hamiltonian is used to guide the evolution of the gage elds
through the phase space by using micro-canonical dynamics. Thanhiltonian and
the partition function are given by [58]

X

Sc[U] + % TrH?(x); and

X; ; color
Z

I
I

N
1

DHDUe" ; (3.57)

whereH (x) is the anti-hermitian gauge momenta canonically conjugate to an galar

variable A (x) that parametrize the link variable U (x). They are related by

The hamiltonian equations of motion are derived froniH and evolves in an arti cial
time used in the simulation. One equation of motion relating the coordinaseand
the momenta is

A()=H()

and written in terms of U it becomes

W()=iH ()U(): (3.58)
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P
Momenta H are made up of eight SU(3) generators: H (x) = §=1 ah?(x). All

eight components oth? are Gaussian distributed random numbers. Since the equa-
tions of motion conserve the hamiltonian, settindgd- = 0 will yield the second equation

of motion (evolves in time )
iH (x) = 5 U (X)V (x) higher correction ; (3.59)

where the quantitiesV (x) describe a gluonic force. They are not made up of closed

plaquettes but staples, which are incomplete plaquettes (takenofmn [58])
8

9

X < X+n X X +n=
V)= ® o (3.60)

6  x x+m X-n '

In numerical integration, the hamiltonian H will only be approximately close to some
constant value. The change H = Hy H ; is small so that the Metropolis acceptance
rate is high.

A rough outline of the HMC method is as follows [35].

1. Choose a link variable con gurationU .

2. Choose a momentunid randomly from a Gaussian distribution with a Boltz-

mann factor

3. Allow the link variables and the canonical momenta to evolve accongj to the

equations of motion (3.58) and (3.59).

4. Accept the new con guration U% HY obtained from step 3 with probability

eH [U%HI

P=mn 1, oH AT
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5. Store the new con guration obtained above or the old con gut#on according

to the Metropolis test in step 4.

6. Repeat step 2-5.

3.5 Correlation Functions

Hadron masses are extracted from the ensemble average of tiondered two-
point Green's functions. Such two-point functions are called twogint correlation
functions or propagator as they correlate the particle in two codmates O andx.
The function descibes how the hadron propagates from 0 foin the QCD vacuum.
The de nition of the hadron two-point correlation function in momertum space is
[59, 62, 64]

X
G (tp:)i=  €*  hojTf (x) (0)gjoi: (3.61)

X

State j Oi is the QCD vacuum. The gamma matrices are just the 4 4 (16) Dirac
matrices. The Dirac indices are denoted by and . The ensemble averagé@i is
taken over the gauge elds. From now on the ensemble average atodn hi will be
dropped in writing all correlation functions. T is the time ordering operator andT fg

is the interpolating operator. The "(x) is the hadron current, called the interpolating
eld, of the propagating hadronh. The interpolating eld excites or annihilates the
ground and excited states from the QCD vacuum.

As an example of the use of the correlation function in QCD vacuum,exconsider
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(3.61) for one type of hadrorh at zero spatial momentum

X
GM(t;p=0;) = hojTf "(x) "(0)gjoi (3.62)

X
= c,e Mt (3.63)

n

This is a sum of exponentials of the whole mass spectrum of the hadrb. The
amplitudes ¢, tell us how strongly the interpolating elds excite or annihilate stats
from the QCD vacuum. The ground state mass of the particle can logiite accurately
approximated if time is made to be su ciently large. In that case, onlythe rst term

is signi cant as it decays the slowest, and the correlation function iapproximately

(writing G(t) asG""(t;p = 0; ) to simplify notation)
G(t)' ce ™ (3.64)

The ground state mass is then approximately the log of the ratio @(t)=G(t + 1)

G(t)

mp = |Og m:

(3.65)

This method is popular since it is quick and accurate for many cases atving ground
state masses of hadrons provided that the interpolating operatbas a good overlap
between the ground state and the excited states. Extracting Higr state masses is not
as straightforward because the correlators decay quickly, makirthe signal rapidly

obscured in the simulation noise.

3.6 Interpolating Fields

The calculation at the quark level can be carried out once the integhating elds
are inserted into the correlation function. The hadron interpolatig eld (interpola-
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tor) (x) can be constructed from not only quark elds but also a combinatio of
quarks elds, gluons, and covariant derivatives [69]. Thus there arin nitely many

interpolators that can be used for a hadron, say, a proton. Hower, most of the
hadrons being investigated in a lattice hitherto use the simplest kindsf interpola-
tors. They are made up of only quark elds. This is what we mean for iarpolators
in this thesis. The simplest baryonic interpolators are trilinear quarkkcomposite oper-
ators while the simplest mesonic interpolators are bilinear quark corapite operators.
The hadron's quantum number follows that from the interpolating dd's. They have

the following form [101, 120] withg = u;d;s;:::

Baryons/ ae qal ¢, g° ¢° (3.66)

Mesons/ giq (3.67)

The baryonic interpolator (3.66) has a local diquark part and a sp&ator-like quark
eld part. It is also antisymmetric under the exchange of avorg® $ o in the
diquark. The indexi stands for 5 ( ) for scalar (vector) baryons.

The interpolating elds for the baryon octet family are the following. Dirac
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indices are suppressed here.

p= udu: o= AT ¢ sdP)uc (3.68)
n=dud: noo=  aygat c guP)de (3.69)
= dsd: = a%daT ¢ 4sP)d° (3.70)
* = uus: o= YgaT C g sP)sC (3.71)
0= usd: v - Pz bep(aT C (s?)d+(d3T C ssPu¢  (3.72)
= sds: = AY&TC 5dP)sC (3.73)
= sus: o= AT C o yP)st (3.74)
= uds: _ P 1=6 PP2u?T C 5d")s+ (udT C 5sP)d°
CRETLI (3.75)

C = 4 , is the charge conjugation matrix in the notation of Sakurai [66]abcand
uds are color and avor indices. The superscripfT means transposition. We have
used the totally antisymmetric Levi-Civita unit tensor 2° to put the three quarks
into a color singlet,

+1 if abc=123;231; 312

abc —

1 if abc=132;213 323,

TV AR ©0

0 otherwise

There are two ways to construct a baryon intepolator: the rst tikes the form of
(q"C ;0g)q and the second ¢'C g)q ;. The rst type of interpolators has a good
overlap with the ground states and agrees with the experimentahth very well. The

second type (the 'bad’) are more noisy. Since they vanish in the naativistic limit,
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they do not couple to the ground states strongly enough to repdace the baryon
ground states as satisfactorily as the rst type.

The interpolation elds for the baryon decuplet are the following.

CL T W (3.76)
. p 1= % 2 C d)ut+(u@TC uP)de (3.77)
oo Pig e 2daC  uPde+(d*TC  dP)ue (3.78)

S CRE LY (3.79)
2P 1=3 2T C P+ (udTC  ud)s (3.80)
o= Pagacouc d)se+(dTC e

+(s2TC  uP)de (3.81)

_ P 1=3 ® 2(dTC s?)d°+(di C dPs° (3.82)
o _ p =3 2T C WS+ (sTTC sh)uc (3.83)

- Pig 2T C d)s+(sTC sP)d° (3.84)

= YT C gP)st (3.85)
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The interpolation elds for the pseudoscalar meson nonet are thelfowing.

K' = s cu (3.86)

K = 4 es (3.87)

© 2 4 su (3.88)
0 P —

=  1=2[u su d sd] (3.89)

= U .d (3.90)
P

8 = 1=6[u su+d sd 2s 55| (3.91)

o = plTs[u su+d sd+ s 5] (3.92)

KO _ d ss (3.93)

K = U .s (3.94)

K™ = g u (3.95)
K - g ( (3.96)
o= d u (397)
0 P—
= 1=2d d u U (3.98)
= u d (3.99)
P
& = 1=6[u u+d d 2s ¢ (3.100)
- P 1?3[11 u+d d+s s (3.101)
K = d s (3.102)
K = u s (3.103)
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3.7 Parity Projection

Let us take the nucleon as an example. We can rewrite the standandicleon

interpolator (3.68) as (3.104). The other nucleon interpolator) is written as (3.105).

P abe(yam ¢ 5dP) uS; (3.104)

b abe(yam c db) 5 uS; (3.105)

where the superscript (+) denotes positive parity J° = %+ nucleon) since the inter-

polators transform as a 4-spinor [70, 128]
P GtPY=+ 4 PJ( x5t) (3.106)
under parity operator P since the quark elds transform in the same way
Pax;t)PY =+ 4q( x;t): (3.107)

Negative parity interpolators for JP = % nucleon are constructed as follows

f = s{7="UuTC sd") su (3.108)
;o= 55 = T Cd)us (3.109)

since
P LoctPY= 4 P ( xt): (3.110)

Although these two interpolators are independent, they couple tboth the positive

and negative parity states as can be seen below

GPp+* (t)

sGPP g since (3.1112)
o= 50 (3.112)
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This also applies to all other baryon interpolators. The parities can & separated
by employing parity projection operators [120, 68, 70, 128, 67]. Wall follow the
positive parity proton case explained in [67]. Let us use a more compaotation to

shorten the writing of the correlation function. De ne the followingfunction
000 0 0
F(SiSiSa) = 2 52T spfss” + sl sy (3.113)

where the quark propagatoS@°’ = Sa’(x: 0) = T ¢f(x);q*(0) and the avor labels
usef q;f,; f3indices. Note that the quark propagatorSalao is none other thanhM 1|
in (2.47). The trace Tr is taken over the Dirac indices. The two-pointorrelators for

the proton interpolating elds §" and 5" are

G (tp;) P x Tr F Sy, €€ 5s, (3.114)

G (t;p;) P x Tr F sSu 5 €€ Y S, ; (3.115)

X

and the interference terms for the two interpolators are

GL (t;p;) eP X Tr F S5 €S€ %S, 5 ;  (3.116)

dP X Tr F S, €S4€ % S, ;  (3.117)

GJ (t;p;)
X
where€ = C 5. The RHS of (3.114 3.117) are ensemble averaghks :i over the link

variablesU whose notation are not written but understood. The appropriatgarity

can be projected out by using the projection operator
1
51 (3.118)

whereM, (E, ) is the mass (energy) of statgp . And, thereby the masses of both
the positive and negativeN z can be obtained from the positive-parity interpolators
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P* and b5*. This illustrates how the two-point correlators are constructed rad

the appropriate parity states projected. Parity projection is neessary because we
must isolate excited states so that theN (939), N (1440), andN (1535) states (in
the nucleon case here) can be distinguished. Other baryonic cdaters with their

respective parity are handled similarly.
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Chapter 4

Maximum Entropy Method

4.1 Historical Background

Problems in sciences, mathematics, and many other areas are ulgusolved
when su cient initial conditions along with sets of principles and assumtions are
given and known. A solution of such problems must exist, be uniquenébe stable.
A problem that does not satisfy all the three requirements is callednaill-posed
problem. Incomplete and/or noisy input cause an ill-posed problem. dise here
means any disagreement or distance between the \true" and givarputs. Maximum
entropy method (MEM) is one method that handles such ill-posed pbtems. Out of
all possible solutions that exist, MEM chooses one that maximizes tleatropy of the
system under study in the global sense, which ensures the unigass of the solution.
The last requirement about stability is then examined.

Clausius coined the term entropy (from Greek entropia meaning \autning to-

ward") in 1865 as a measure of physical disorderedness in a thedyoeamic system.
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The context was the second law of thermodynamics which statesathentropy of
an isolated system either remains constant or increases. Later i87Ds, Boltzmann
de ned entropy in the context of statistical mechanics as a measal of the disor-
deredness of a system. However, this time the disorderednessansethe number of
possible microstates that the system can occupy. Boltzmann eapy S (also called
Gibbs entropy) is de ned as

X
S= ks PInP=ksnW (4.1)

i
where P; is the probability that the system is in the ith microstate. For a system
in thermodynamic equilibrium, P; = Wi where W is the system's multiplicity or the
number of possible microstates of the systenks = 1:38 10 23 J/K is the Boltzmann
constant. In 1948 Shannon named the following quantity (after # Boltzman H-
theorem) [96]
X
H(Pqy; i Py)= kK P; In P; (4.2)

i=1

information-theoretic entropy or uncertainty, which is a measuref the uncertainty
of an information source. Constank depends on the unit used and the unit depends
on the choice of the base of the logarithmic function. This extendede nition of
entropy opens up a new set of problems that can be interpreted édsolved by using

old and new techniques. Prior probabilityP; is the probability that a random variable

X = (Xg;:::;%y), for example, takes on a certain valuex(). It is assumed that
P

X = (x;) and X = (x;) are mutually exclusive events in which case , P; = 1.

The prior probability distribution ( Py;:::;Py) represents our incomplete knowledge

of the information source. MEM uses this information entropy to me&mize. To
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ensure that the entropy (4.2) is invariant under a transform of a@ordinate system,
we can introduce a measuren;, which changes in the same manner gs so that the

value ofH is invariant under changes imm;:
H(Pi:::::P)= kK Pi|nﬁ' (4.3)

The measurem; is called a model or estimate (prior) of the solution. The nal ex-
pression of the entropy depends on the speci ¢ problem at hand@may be di erent
from (4.2,4.3). Current Bayesian interpretation of MEM is based onantributions of
many such as Gull, Daniell [74], Skilling [86], and Jaynes [89] among others

The hadronic spectral functions (SPF) of QCD contain physical imrmation of
hadrons such as masses, nuclear magnetic resonances, dedag,ratc. of not only
ground states but also of excited states. Monte Carlo data prodad by Quantum
Monte Carlo (QMC) simulations of QCD on the lattice outlined in Chapter3.4.1 are
just the Green's functionD( ) (or G( )) as a function of imaginary time =it in
the Euclidean space. These data have been used to extract statisservables such
as hadrons' excited states, spectral and transport properteof a condensed matter
system, etc. [82, 83, 95, 97]. However, relevant physical qua# are contained
in the real-frequency results. The inability to extract real-frequecy results A(!)
from imaginary-time QMC data D( ) limits the usefulness of QMC method. This
problem is called the analytic continuation problem. MEM provides aofralytical
continuation of imaginary-time QMC data into real-frequency resul. However, the

relation between dataD( ) and SPFA(!) is linear and simple

Z
D()= dAMK(;!) (4.4)
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whereK ( ;! ) is the kernel of the case in study. The momentum and baryon chéral
potential have been set to zero for simplicity. The dateD( ) are the two-point
correlation function described in (3.61) in section 3.5. For Bosonic &&n's functions,

we may de ne positive de nite spectra when we rede ne the kernel

| !
1' ee — Wwith A(!) = ,—lImD(!) 0 for Bosons (4.5)

K )=

For Fermionic Green's function the spectra are already positive deite as is evident

below

K(;!)= with A(!) = 1 ImD(') O for Fermions (4.6)

e
l1+e !

In both casesA(! ) is bounded
z 1
dlA (1) < 1 (4.7)

1

which is a manifestation of a sum rule. This chapter discusses the MEM some
detail [93, 97, 98, 92, 95] and its application to LQCD data. We will agit much of

the notation used by Bryan and Jarrell.

4.2 Bayes Theorem

The theoretical foundation of the MEM is Bayes' theorem in probaibty theory
[86, 95]. Bayesian probability theory is thought to be put into a satisictory basis by
the work of Cox (1946), Polya (1954), and Jaynes (1957) [72]. Bmy theorem seeks
the the conditional/posterior probability P[H|DI ] of a hypothesisH given that data

D and extra prior (knowledge) informationl are true:

PIDJHIJP[HjI]

P[H|DI = PO

(4.8)
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DI means that both propositionsD and | are true. The hypothesisH may include
some parametert . The prior probability P[Hjl] is the probability of the hypothesis
H given that the prior information | is true. When dataD becomes available our
prior probability P[H]|l] is updated to the posterior probability P[H]DI ], which is
the product of the likelihood probability P[DjHI ] and the prior probability. P[Djl]
serves as the normalization constant and may be called the evidend¢ote that we
can also expres®[DjHI ] in terms of P[HjDI ]. In this sense, it is said that Bayes
theorem 'reverses' the role of cause and e ect.

The Bayes' theorem can be thought of as a result of (1) the fadh&t both propo-
sitionsHD and DH are true (commutative) and therefore have the same probability,

and (2) the product rule of probability. That is

(2) P[DHjIT = PI[DjHI]P[H]I];
(2) P[HDjI] = P[H|DI]P[Djl]; and
(1) P[HDjI] = P[DH]jl]; so that

P[HjDI 1P[DjI]

PIDjHITPH]I];

which yields the Bayes' theorem (4.8).

In this study, data D are the LQCD Monte Carlo data with errors andl consists
of all the de nitions and prior knowledge/information - such as sumules, symmetry
properties, asymptotic behavior, etc. For our analytic continuabn problem, the
fact that A(! 0) 0 and additive is the most important prior knowledge. The

posterior probability of spectraA(! ), the hypothesis, given the dataD and prior
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knowledge/information | is then

PIDJAIIP[AjI],

P[AjDI ] = PDIT]

(4.9)

P[Ajl] is the prior probability representing the state of knowledge abousPF A(!)
before the dataD are known. The prior state of knowledge is updated by the data
D through the likelihood probability P[DjAl ] and becomes the posterior probability
P[AjDI ]. The posterior probability P[AjDI ] represents the state of knowledge about
SPF A(! ) after the data D are known. P[DjAl ] is called the likelihood probability
in the following sense: the likelihood that a cause (SPF and prior infoiation Al )
will produce an e ect (data D.) P[Djl] is a normalization constant independent of
A. We search for spectrumA which maximizes the conditional probabilityP[AjDI ],
that is, the most probable imageA(! ) satis es the condition

PIADI] _ .
A =0 (4.10)
The reliability of the most probable image above can be estimated by ¢hsecond

variation
ZP[A|DI],

A (4.11)

The posterior probability P[AjDI ] is easily updated when more dat®,; D,;Ds;:::
are available. We can simply use the chain rule:

P[D,jD;Al P[DjjAI |P[AjI]
P[D1Djjl]

P[AjD1D,l ] = (4.12)

just like in (4.8). The posterior probability of current knowledge will ke used as the
prior probability for the next. Sections 4.4 and 4.5 will discuss partidar forms of
the likelihood probability and the prior probability.
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4.3 Rationale of MEM

MEM states that if solutions exist, choose one that maximizes the gopy. The
guestion of why we should choose the solution that has the maximumteopy among
many, possibly in nitely many, other feasible solutions has to be addssed. The
rationale of taking the maximum entropy can be summarized as follovj88, 96].

Principle of the increase of entropy in thermodynamics states thahe thermo-
dynamic entropy St of an isolated system will tend to reach the maximum possible
value. Since the thermodynamic entropy is directly proportional tahe information-

theoretic entropy

St = kg SI;system; (4.13)

where S;.sysiem IS the information-theoretic entropy of the system, the criterionof
maximum entropy is natural.

Principle of maximum multiplicity states that the greater the multiplicity W of
a state, the greater is the probability that the system ends up in tat state. The

multiplicity W of a state of a system is given by

w (4.14)

whereN is the number of particles ancH is the entropy. In other words, maximizing
entropy H means maximizingWW. When N is very large,W is very sensitive to varia-
tion of H. Therefore, most of the probable states concentrate in the néigorhood of
maximum entropy Hnax. This is called the principle of entropy concentration which

warrants the accuracy of MEM.
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MEM agrees with the rst principle of data reduction in statistical theory, which
states that the solution to a problem with incomplete data must includ and be
consistent with all data and be maximally noncommittal to the unavaildle data
[90]. Since MEM makes the least assumption about unavailable data, gslution is
maximally noncommittal. The assumptions that we make here are relaely very
little: the positivity of the SPF A(! ) and the constant value of a default model
mg discussed in section 4.7. The shape of SPF is never assumed or edtento
MEM. Jaynes presented an argument called the kangaroo problema show MEM's
noncommittality [89, 95].

MEM must produce the solution that is consistent. Consistency herdemands
that the nal solution depends only on the total data, not on the ader in which the
data are used. For example, split data into two part®; and D,. The rst solution
S1.2 IS obtained by usingD; and then D,. The second solutions,.; is obtained by
using data in opposite order:D, and then D;. The third solution s;+, is obtained
by using all data, D, and D,, at once. Consistency demands thag;., Sp1  Si+2-

Numerous studies on the properties of MEM solution and its practitapplica-
tions have shown that MEM is a good method to handle ill-posed problesn Two
areas where MEM has been most successful are spectral analgisid image restora-
tion. MEM's two strongest virtues are improvement of resolution ath suppression of
noise. Section 4.6 contains a few examples that highlight MEM's virtuegh summary,

the proof of the (MEM) pudding is in the eating (results.)

73



4.4 Likelihood probability

The form of the likelihood probability follows the central limit theorem,that is,
the Monte Carlo data obeys the Gaussian distribution provided thathe number of
Monte Carlo measurements of the correlation function is su cientlylarge [84, 98].
The asymptotic behavior of the likelihood probability is et =e *2, and it can be

written as

P[DjAI] = —e‘; where (4.15)
L
X

L=32% = 3 | D(i) Da()IC;'D(;) Dal )l (4.16)

i;j

L = 1 2is just the regular likelihood function. Indicesi andj run over actual data

points -z ;] mand hence we know that the number of data points MEM
uses is
N = max min +1 (417)
a a

N dimensional vectorD( ;) is the lattice data averaged over total number of gauge

con gurations Ncons,

%onf
D®( ) (4.18)
k=1

D(i)=

N conf

where D®)( ;) is the data for the k-th gauge con guration. Da( ;) is just the corre-

lation function previously de ned by
Z 1
D() = dik (5 )A()
° X
Da(i) Da, = Kir Ar; (4.19)
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whereK; = K(i;!), Ay = A(')) ! asinEq.(4.42), and indices =1;:::;N 10,
[=1;:::;N, =600. CisanN N covariance matrix de ned by

1 |’@)nf
1 = Mo D, P¥C) DOV DO @20

which is non-diagonal for LQCD data in general. These o -diagonalements ofC,
arising from strong correlations of lattice data across the imaginatime 's, need to
be taken into account.

The integral of the likelihood probability overD with measure [dD] is hormalized
to unity

My =a P
[dD] dD(i); Z. =2 )V? detC; (4.21)

i= min =a

where Z, is the normalization constant. The 2 method assumes that the prior

probability P[Ajl]in (4.9) is constant as part of the normalization. It also assumes no

prior knowledge about SPFA(! ) and nds the most probableA(! ), namely A(! ), by

maximizing likelihood P [DjAl ] with respect to A(! ), which is essentially minimizing
2. However, this will not work because the number of lattice data ( 10) is much

smaller than the number of DOF that needs to be constructed to peoduce the SPF

( 1C°) In MEM, the fact that the prior probability P[Ajl] is non-constant makes

all the di erence in the analysis as we will see in the next section.

4.5 Prior probability

From the positive de nite spectra, as in eq. (4.4-4.7), we can intergt spectra

A as probability densitiesP[Ajl]. In MEM, we assign information-theory entropy
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to this prior probability. Skilling showed that the only consistent prior probability

P[Ajl] for positive and additive imageA(! ) takes the form of [86]

P[AjlI]! P[Ajl m ]= T%m)es (Aim). (4.22)

Auxiliary parameters and m are inserted into the prior probability to do the max-

imizing. S is the (negative semi-de nite) Shannon-Jaynes entropy given by

Z1h i
_ A(!)
S = . A(') m() A()In m() d! (4.23)
b & h [
! A m A In ﬁ (424)
1=1 m
p& h |
= Ly (A m)*+ 0 (A my)® (4.25)

=1

where N, is the number of pixels into which the frequency is equally discretizea t
. The parameter is a dimensional constant that is real and positive and serves

as a scaling factor. It will be integrated out later and eliminated fromthe nal
analyses. It is also not known a priori since it varies with the quality oflata. It will
be determined a posteriori. Parametem(! ), which is a real and positive function, is
called the default model or the prior estimate. It is called the defaultnodel because
MEM will default to this model in the absence of dataD. That is, maximizing
P[AjDI m ] _ P[Ajl m ] means maximizing € , which yieldsS =0 or SPF A = m.
The entropy S is negative whenA 6 m. The exact form of the default model will be
discussed in section 4.7m(! ) will stay in the nal results, but the sensitivity of the
result against the change irm can be studied. It turns out that the nal results are
not sensitive to variation in m.

The integral of the prior probability over A with measure [dA] is also normalized
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to unity

Z
[dA]P[Aj]l m ]=1; (4.26)
where
W
[dA] S%; (4.27)
=1 Y
Z o Ni=2
Zs(;m) = [dA]eS (Am) — (4.28)

since the integral ofZs has a maximum atA = m, which allows us to use Gausian
approximation in (4.28). Skilling shows that the required measure fahe integral

over the SPFA(! ) with respect to the volume elementdA] must haveA(! ) 12 [86].

4.6 Application of MEM

Before we proceed with the discussion of application of MEM to LQCDadla, we
will brie y mention a few applications of MEM to give a justi ed perspedive of its
utility and versatility. As mentioned before, MEM solves incomplete psblems and it
has showed astonishing results in its areas of applicability, which angestral analysis
and image restoration. MEM has been successfully applied to many drent elds
such as physics, chemistry, biology, business and economics, lagg) engineering and
computation, etc. Some applications are [75, 85, 76] spectrosgguch as enhanced
Raman spectra, NMR, PET, crystallography, economic cycles, ashomy (images,
distances, spectra), neural, Fourier analysis, deconvolution,a@ion kinetics, ligand
rebinding, image processing, etc. We will focus on image processinghis section

not only because images are most visual and therefore readily aplieg but also it
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is an application of MEM for which it has become tremendously powetfu

MEM has been used in image processing to greatly enhance clarity obges to
astonishing degree [73, 75, 76, 77, 83]. We will discuss only linear dataere data
D (noisy and/or incomplete) is related to the observed objecA (true but unknown

source image) by the following linear transformation

Z
A(y)h(x y)dy

X
' Dy = A hk Iy (429)
|

D (x)

whereh is a blurring function or point-spread function, which is constant in his case.
Non-MEM techniques usually fail to produce an inverse - the objed&. The reason
is that certain oscillatory patterns in the objectA may cancel to zero when blurred
with h in which case they disappear from the data. There are three lineaxamples
in this section.

The rst example is about MEM reconstruction of an out-of-focusmage which
is a di cult problem. The original picture is a picture of a car that is motion-blurred
by the camera in Fig. 4.1. The original picture has a point-spread fgtion that is
mostly motion blur and partly out of focus. The motion blur is mainly botom-left
to top-right. MEM reconstruction, on the right picture, shows mae details such
as the license plate number that become visible. Even the actual ahdink fence
becomes visible in the top-left corner in the form of diagonal stresk MEM is able
to enhance the chain link fence in the direction of the motion blur but ot that in
the direction perpendicular to the motion blur. This is entirely consisnt with the

data or the original picture. The original picture has some informabn about the
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chain links in the direction of the motion blur but no information is availalde about
the chain links in the direction perpendicular to the motion blur. MEM will not
attempt to produce any structure for which there is no evidence ithe data. There
is some horizontal 'ringing' in the MEM reconstructed image that mighbe caused

by imperfect modelling of the point-spread function.

Figure 4.1: Original picture on the left is motion-blurred and the pictue on the right

is deconvolved using MEM [76, 75].
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The second example in Fig. 4.2 illustrates MEM reconstruction of noisgnages.
The original picture is a 128 128 pixel picture. The image is then blurred with a
circular point-spread function of radius 6 pixels and subjected with0% noise. The
image in the third row is blurred in the same way but with 0.1% noise. The EM
reconstructions are shown to the right of the respective \origina." MEM does two
things well: improved image resolution and noise suppression. Impealvresolution is
more pronounced in the high signal/noise reconstruction than in thiew signal/noise
reconstruction. The low signal/noise reconstruction gets mainly m&e suppression
with little improvement in resolution. This is consistent with how MEM shauld
work. Any extra information within the resolution disc that might have increased the
resolution is lost in the noise. MEM will produce an image with minimum streture
preserving a balance between improved resolution and noise sugsien. In other

worrds, MEM will produce structural details if and only if the data catain them.
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Figure 4.2: Top middle is the original 128 128 test picture. The left picture on
the second row is a degraded image that uses a point-spread-tiorc with a disc of
radius 6 pixels; maximum signal-to-noise ratio is 10. The right picturerothe second
row is the restored image showing noise suppression. The left pigusn the third
row is a degraded image that uses a point-spread-function with a disf radius 6
pixels; maximum signal-to-noise ratio is 1000. The right picture on ththird row is

the restored image showing improved resolution and noise suppiess [76, 75].
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The third example in Fig. 4.3 is about MEM reconstruction of sparse ingges. In
the case of missing data MEM proves invaluable and powerful as it caeconstruct
the data to a great degree. The three pictures on the left are aohed by randomly
discard 50%, 95%, and 99% of the original image. MEM successfullgarstructs
the rst two with 50% and 95% data loss. The last one with 99% data I@sshows to
be unsatisactory due to inadequate sampling. It was found that M# will produce
satisfactory reconstruction if there are several data points p@oint-spread-function

area - 100 pixels in this case.

50% Loss

95% Loss

99% Loss

Figure 4.3: Reconstruction of sparse images. Three sparse imageghe left with

50%, 95%, and 99% of missing data are reconstructed on the rigking MEM [76, 75].

82



4.7 The MEM Procedure

There are several MEM procedures that treat and search the maximum of
the conditional probability P[AjDI m ] dierently. The most popular ones are the
historic MEM, classical MEM, and the Bryan's method. We use the Bign's method
[92], considered to be state of the art MEM, because of its most eent algorithm
and least conceptual di culty. The Bryan's method can be summaried in four steps
as shown below. Let us be reminded that MEM actually seeks the maxim of
quantity Q= S L, not just the entropy S.

Step 1: Search for the most probable imag@ for a given
The posterior probability is obtained by combining (4.9), (4.15) and (£22) to

yield
Q(A)

P[AJIDI m ]/ ZSZL;

QA) S L (4.30)

Without the presence of entropy in the prior probability (if P[Ajl m ] = constant),
maximizing the posterior probability is equivalent to tting the data by the method of
least squares, which is just minimizing 2. With the presence of entropy, maximizing
the posterior probability to nd the most probable A is the same as maximizing
the likelihood probability subject to the constraint of the entropy,or as maximizing
entropy subject to the constraints of the data contained in the liglihood probability.
In other words, maximizing the posterior probability is equivalent to naximizing
entropy S and minimizing ? simultaneously. However, the method is simply called

the maximum entropy method by convention. The most probable imagA for a
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given and m is one that satis es the following condition

PIAIDIM ] _ ., QM) _, (4.31)

A A A=A

may be regarded as a regularizing parameter. It controls the comtion (tug of

war) betweenS andL: controls the relative weight of the entropyS (tendsto t A

to the default modelm) and the function L = % 2 (tends to t A to the lattice data

D). If is large, the data will not be able to move the solution very far from th

model. On the other hand, if is too small, the solution will oscillate as the noise in

the data is seen as true signal. From the second derivative of thetrapy S,

@S kI Ki
= —= p—; 4.32
QA@A A AA (4.32)

we can see that the entropy is a concave function éf;. Since L is also a concave
function of A,, Q = S L must be a concave function oA, which means that
Q has one unique maximum for a value of. Thus, the solution of (4.31) is unique
if it exits. A thorough proof of the uniqueness of the MEM solution is igen in the
references such as in Ref. [95, 97]. Details of the numerical algamtlof solving
(4.31) are discussed in section 4.8. This uniqueness of solution mak#sM robust
and di erent from the 2- tting method, which can have many degenerate solutions
for ill-posed problems.

Step 2: AverageA over

The nal output image Ay is weighted averaged oveA and to obtain -
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independentA:

z z
Aot(!) = [dA] d A (1)PJADI m ]P[ jDIm]
y
dA (1)P[ jDIm]: (4.33)

In the case of good data with low noise, the posterior probabiliti? [AjDI m ] may
be assumed to be sharply peaked aroumd (! ). Next P[ jDIm] can be evaluated

using this property of good data and Bayes' theorem as follows

Z
P[ jDIm] = [dA]P[DjAI m JP[AjI m JP[ jim]P[Djim]
Z
I P[jlm] [dA]e*™® (4.34)
h X i
[ P[jimlexp3 In + S(A) LA) (4.35)

where ;'s are the eigenvalues of the real symmetric matrix in the frequenspace

P— @L P —
|10 A| @A\@A\) A|0 A=A (436)

Laplace's rule P[ jlm] =constant) is chosen not only because the integral on the
RHS of (4.33) is not sensitive to any particular choice [81], provided d&h the condi-
tional probability P[AjDI m ] is su ciently peaked around its maximum at =",
but also because it is the simplest of choiceP[ jDIm] is also not sensitive to a
choice of P[ jIm]. For comparison,P[ jim] =constant yields r = 0:02125 while
P[ jim]= % (Jeery's rule) yields r = 0:02046. Both choices oP[ jim] also yield
similar P[A]DI m ] peaks with practically the same height and width. In practice,
the MEM results are not sensitive to the width ofP[AjDI m ] peak, which has a

typical width range of 10 25% for our data relative to the -interval in use.
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In taking the average over in (4.33), a region of , [ min; max], IS rst
determined by the criterionP[ jDIm] %P["jDIm ]. Then, the integration (4.33)
can be carried out over the above interval afteP[ jDIm ] has been normalized as
R :

"™dP[jDIm]=1

Step 3: Error Analysis
MEM is not only able to reconstruct the image but it is also able to detenine the
statistical error of the most probable output imageA..:(! ). There are correlations

of imagesA(! )s in! 's as can be seen in the Hesse matrix Q¥

Q

(4.37)

which is usually non-diagonal. Therefore, the error ok (! ) is weighted averaged
over some interval [ min;! max]- We will use a weighting of one for simplicity. The

average ofA(! ) given is then as follows

hA i, (4.38)

R R , R
[dA] | d'A (1)P[ADImM ] dA (1)
d! al

I I
wherel, =[!4;!,] is a given region in the! -space. Note that it is assumed that

P[AjDI m ]is highly peaked aroundA (! ). The variance ofpA i,, can then be also

written as
R[dA]R d d!CA (1) A( 9P[A]DI ]
. o, ard I I iDI m
h(A )%, — pl drdio (4.39)
L didro e
\ LT DALY a=p
“didio (4.40)

I
where A(! )= A(') A (!).
From (4.33), the error for output imageA.; in the regionl, can also be written
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as

Z
h( A ou)?i1, d h A )Z, P[ jDIm] (4.41)
Step 4: Sensitivity test under the variation of m
The sensitivity of the nal results under the variation of the defalt model mg
fromm = mg! " (n = 2(5) for meson (baryon)) can be investigated as can be seen in
chapter 5. The parametemy may be determined either by the perturbative asymp-
totic behavior of SPF at large! , m(! ! large), or by requiring that the output image

Aot () has the least error.

4.8 Numerical algorithm

MEM seeks the global maximum of the posterior probability? [AjDI m ] _ ﬁeQW

which amounts to maximizingQ(A) = S L in the A(! )-space withO(10°) degrees
of freedom in this case. In short, we want a solutioA that maximizes Q. Bryan

method [92] describes how the search for the global maximum candmnomized by
making use of singular value decomposition (SVD) of kern&. SVD reduces the
\search space" by a factor of 10 from O(10% to O(10). The steps are outlined by
Bryan [92], Jarrell [95], Asakawa et al. [98] among others. Notationsed here are
more similar to those used by Asakawa et al. A FORTRAN program nande\mem"

that employs the Bryan's SVD method was developed and tested. &€hesults of the

tests are discussed in Chapter 5.

87



The frequency and the imaginary time are discretized as follows.

o= | LA =AC) !y (10=21;23:000N) (4.42)
i = =i a Di=D(j); (i=1;23:::;N) (4.43)
I =10 MeV is the pixel, N, = 600 is the mesh size 00(10%), =a=1:7fmis

the lattice spacing, andN =32 = ,=a minh =a+ 1 is the number of data points
D( ;) of O(10).

To nd the maximum of Q(A), apply the extremum condition to Q(A))

@Q
= % = O
@A
@S _ @UD;Da)
@A @A
@X h | X @Len
— A Aln— = — =7
@Alzl o m (1n | o =a@Qi @A
A = @L
Tm T en (444
(4.45)
whereK; = K(;;!))= K'= %[i = E@A\” L from Eq.(4:19):
The solution can be represented by Al -dimensional vectoru
A — t,,.
In o K'u: (4.46)

!
since-@L is a N -dimensional column vector. This is where we apply the SVD of the

@
kernelKy, y asN; >N . TheSVDofthekernelisK'=U V' Uy, n n n\W n-
MatricesU andV are orthogonal (have orthogonal columns), i.eJ'U = UU' = 1

and V'V = VV' = 1 . Matrix is diagonal and contains positive semi-de nite
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singular values ofKt!, namely (i = 1;2;:::;N). The singular values ; can be
put in increasing order such as 2 N Ne > Newy = ... =0, where
N rank[K'] N N . Inour case, kernel K'); = e "' i will yield non-zero, ex-
ponentially decreasing singular values; asj increases. The smallest singular values,

Ne; and onwards, are virtually zero to the numerical precision of the ogputer in
which case we set; > 10 3°. The number of singular valuesN; is taken to be as
many as there are good/ nite (numerically signi cant) singular values. The solution
will be parametrized byNg parameters discussed below.

Bryan [92] discusses how the rsiNg columns ofU spans aNs-dimensional space
called the \singular space.” A set ofNg number of N, -dimensional column vectors
S1;S2:::Sn, Of U forms a basis in this space. Each column vectsris the ith column
of U and is (s1;Sz :::;Sn,i)!. All other relevant matrices will be reduced to the
singular space.K' and U have the same vector space and the search space is in the
singular space. According to Bryan, the solution can be written in tens of (column
vectors of)U and u as

s
A = m; exp Uiu; (1=21;23;:::;N)) (4.47)
i=1
where nowU isaN, Ng matrix and u is aNs-dimensional vector. UsindKt= U V!

and In(%) = Uu, the extremum condition in Eq.(4.44) can now be rewritten as

|
' L
= Vi=—
Uu U @,[A
"L
U'Uu = U'U V=
- ' an
u=g = OVQ% (4.48)
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Matrices {_. \ and V] . come from the singular space part of andv'.

Newton method is used to solve (4.48) for each increment

f =0
u+g = 0
Then from Newton method
_ f (Xn)
Xn+1 = Xp fO(Xn)
_ f (Xn)
Xn+1 Xn = fO(Xn)
we get
_ f
T fo
u+g
u =
| +2
Ju = u d

where theJ is the jacobian andl is the identity matrix

@
J” = | i T @—S
Next we write % as
@_ @ @
@ @ @R
_  oya@L @R @A
@F @A @

sinceL = L(D;D ). We also have the following

@R

— \/0 o0
@A V U
@A .
— = diagfAgU
@ grA9

90

(4.49)

(4.50)



where Ug, N, IS the singular part of Uy, . Substituting the above into %, we get

@ Oy/0Q @ 0 0 Q
-~ = V V U di A
@ ad el oY
{
@)
— = MT
@
Eq.(4.49) can be written as
@
Il + — u = u
@ g
Il +MT u = u g

The increment size u must be restricted at each iteration to ensure the second order
approximation used above is accurate. Skilling gave a good justi dah to restrict

the length u by using the following metric (the norm of A)

u' @Adiag[lel] %é\ u

= u'Tu

Atdiag[1=A] A

The step length u will be kept su ciently small by adding Marquardt-Levenberg

parameter into the Jacobian matrix.

[( + ) +MT]Ju = u g (4.51)

is chosen so that the norm ofA

u'T u ¢ m; (4.52)

with ¢ = 0:2 1. When increases, the u decreases. The values of and

are adjusted so that iteration proceeds toward maximun®@ for a specic value of
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in the given step-length constraint. The search for maximun@ requires O(N3)
steps for each pair of and if (4.51) is solved directly. The search can be made
more e cient, requiring only O(Ng) operations for each pair of and , if (4.51)
is diagonalized. The diagonalization of (4.51) starts from diagonalizah of T by

solving an eigenproblem
TP=P ; where =diagf g, and P'P =1 (4.53)
De ne also
B =diagf “?gU'M U diagf g (4.54)
and solve another eigenproblem
BR=R ; where =diagf g; and R'R =1 (4.55)
De ne
Y = Udiagf *gR (4.56)
then the following is true
T = vy 'vy!

Y IMY !

oy}
I

and the columns ofY are the eigenvectors of MT with respecttoT. Eq (4.51) can

be written as

[( + )I+MT]u = u g

[( + )J+M Y 'Y 1lu = u g
[( + )Y '+Yy MY 'Y 1lu= Y uw Yl
[( + )IY *+BY 'Ju = Y u Y lg
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[( + )+B]Y*u= Y W Ylg (4.57)

which hasNg independent equations for the components &f  u. The step length

becomes
u'T u = Uy 'y Y u=jy ! uj?

A has a high dynamic range sd@ is close to singularity and are close to zero.
Therefore, Y, which contains %72 in (4.56), cannot be applied toY * u found in

(4.57) to get u. To nd u, separate the space dP, the matrix of eigenvectors of
K, into null space (consisting of vectors with zero eigenvalug and non-null space,

denoted by subscript 1. Rewrite (4.53) as
2 32 3

t 0 0zgP¢
T =P P=POP1§ égé

0 1 Pf

Let us write p = P'u and multiply P! to the left of (4.51) to get

( + )P'u+P™MT u = P'u Plg

—_ t

5 3 %+)p+PM P3E g— p Pg

. p"é 5 é § °1§ ™1 t

) M p, P, = p Pwg

P 0 1 P
which can be written as

(+ )po+t P(t)MPl 1 P11 = Po Pcth (4.58)
(+ )py+P{MPy 1 p; = p, Pig (4.59)
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Since u = P p, the step length becomes

utT u

(P p)P P' u

P= P1 1 P (4.60)

which is independent of p,. The null-space increment does not contribute to the
step length (4.60). Equation (4.59) can be solved in the same way a&s51) since it
has the same form. We need to know when an eigenvalueTofs small enough to be

treated as zero. Let us rewrite (4.51)

(+ )u = u g MT u
= u g MY'Y tu (4.61)
Solve forY ! u from (4.57) by starting with =1 10 ° and increasing by

multiples of 10 ¢ until the norm condition, Eq.(4.52), is ful lled. Then, substitute
the result Y ! u into (4.61) to obtain the increment u. TheY 1= R diagf *gP!
on the RHS makes the calculation stable since there is no division by dheagenvalues.
The u is then added to the temporary solutionuemp to yield the new solution
Unew = Uemp* U. Continue the iteration until the convergence conditiorj%j <1010
is met. The solutionA is then
s
A = m; exp Uu ; (1=1;23:::;N)) (4.62)
i=1

which is shown as (red)Aq: in gures in Chapter 5.
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Chapter 5

Testing MEM

This chapter shows how the reconstructed image depends on theafity of the
simulation data. Data noise or error, lattice spacing, number of timslices, and lattice
grid de ne the quality of data. We also study how the value of the delult model
a ects the quality of the nal image. We show that MEM can detect rot only multiple
sharp peaks but also at continuum to high reliability. The following setions will
show that MEM is robust and reliable in reproducing SPF from two typs of mock
data: schematic and realistic SPF. In addition, MEM also produces rr bars for
each output SPF.

We limit the test and analysis to SPF with T = 0 and diagonal covariance

matrices. The procedure to test and analyze MEM is the following [988].

1. Construct the input data

© max

K(i)AR()d!

Din( i)

e 'l A(); (5.1)
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where Aip(!) = '™ (1) is the input image/SPF and i,(!) is the input
(dimensionless) SPF. We will usen = 2 for meson operator dimensionality.
K(i;!')=e ' isthe Laplace integral kernel. The value of . is taken to be

between 4 7 GeV in which the input SPF (! ) shows no signi cant change.

2. Construct the mock input data atN; points by adding a Gaussian noise to the

above (5.1)

Dmoek( i) = Din( i)+ (i); (5.2)
where the variance of the noise( )
() = b Dn(i) — (5.3)
imitates the noise level of LQCD data. The indexi = 1;2;:::N;, where
1= min = and N, = max = Ny . The values of time slices are taken to

vary asN; = 10; 20; 30. Parameterb adjusts the noise level from 0.01%=0.0001

to 1%=0.01. The output SPF's behavior is also analyzed a$; and b are varied.

3. Use MEM to produce the output SPF (! ) and then compare it to the input
SPF y(!). The dependence ofy (! ) for di erent resolution ! (= 0:005 0:01; 0:05; 0:1
GeV) and! hax (4;5;6;7 GeV) will be discussed. To measure the deviation of

out(!) from (! ), we may use a certain measure
Z,

+ max

ro= [ (') w()]°d! (5.4)

0
r may be thought of as a distance between,; and i,. Lesser (greater) distance
value means that the output image is closer to (farther from) the jput image. The
value of distancer measures the quality of the output image.
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5.1 Schematic SPF

First, we need to know how well MEM can simultaneously reconstruc sharp
peak and a broad peak. Therefore, we will consider an input SPF wittvo peaks: a

sharp peak and a broad peak as a schematic SPF, which mimics LQCDiaja

1 o 1 -
o) = P e (M1 P2 (M2 (55)

where M; is the position of the peakj with width ;. A schematic SPF with three
peaks [117] exhibits the same behavior as what will be discussed in thidsection.
The two peaks are chosen to beM;; 1) = (1;0:01) GeV and M»; ) = (3;0:5)
GeV as shown in Fig. 5.1. The broad peak is 50 times wider than the shgpeak.

Mock data (5.2) and kernelK =e ' are used in this analysis. Note that the mock

100} 1 > 100}
— <)
. 80} ] 3 80
% 60' -Né 60.
% 40f ] ﬁ a0l
= 20} 13 20} “
ok: M| W Y SR || G —
0 1 2 3 4 5 6 0 1 2 3 4 5 6
w [GeV] w [GeV]
Figure 5.1: Left: The input SPF ;,(!). Right: Plot of Ai,(! )= 12 (!). The two

peaks are located at 1 GeV and 3GeV.

data is an exponentially decreasing function and therefore appesaas a straight line
when logD o for various combinations ofN; and bis plotted as can be seen in Fig.
5.2. Real LQCD data have similar behavior since the same kernel is ds&o imitate
real LQCD data, the parameters are chosen to ble,,x = 6 GeV, ! =0:01 GeV,
min = =0:085 fm.
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Figure 5.2: The plots of the schematic input data lo® o (t) for di erent error/noise
levelsb=0:01; 0:002; 0:0001 (top to bottom) and number of time sliceN; = 10; 20; 30

(left to right.)

5.1.1 Dependence on Error band time slices N;

Our LQCD data are signi cantly noisy as can be seen in Fig. 6.4 in the nu-
cleon case for example. The noise is in the order of 5% and increasedime slices
greater than 10. Since our LQCD data are noisy, we need to knowvihmoise a ects
MEM's ability. First, consider how the probability distribution P[ jDIm] (used in
the approximation outlined in Step 2 in Section 4.7) depends dmand N;. Know-
ing the behavior of P[ jDIm] is important because it is assumed that it is sharply
peaked. The default model is taken to beng = 0:141239. Fig.5.3 shows the proba-

bility distribution P[ jDIm ] that is used to obtain the nal image for three di erent
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combinations ofN; and b. As has been discussed before in Section 4.7, the distribu-
tion tends to become peaked aN increases and decreases, that is, as data quality
gets better. In the case of noisb= 1%, when the time slicesN; increases from 10 to
30, the width of the peak gets thinner by only a factor of about 2 ahthe distance

r reduces slowly from 1.006 to 0.864. When the noise decreases fradi @o 0.001,
the peak width reduces by a factor of about 5 but the distance redes from 1.006 to
0.837, which is the same as in the previous case. The best result isanid when
both b= 0:0001 andN; = 30 are improved in which case the peak width becomes 10
times narrower andr = 0:008, which is a reduction by a factor of 125, compared to
the case ob=0:01 andN; = 10. The formation of the sharp peak is in uenced more
by a decrease in noisé (from top to bottom) than an increase in number of time
slicesNt (from left to right.) Therefore, it appears from the gure that decreasing
noiseb is more important than increasing time sliced, to get a peaked distribution.

Fig 5.4 shows how the likelihood functiorL, entropy S, andQ = S L (with

one default model valuang = 0:141239, about one third of 0.36) behave. The model

takes the formm(! ) = mg! ? with 'correct’ my = 0:36 so that the following is satis ed
VA 1 YA 1
n(1)!2d = mo! 2d! (5.6)
0 0
We can see a competition between the likelihood function (blue) and éhentropy
(green) in the gure as the likelihood function increases in the positévdirection and
the entropy \increases" in the opposite direction. This is the sort fotug of war

we mentioned in section 4.7. The di erence between the initial and rdavalues of

Q= S L (red) is smaller as data quality gets better. As expected, the valusf
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Q reaches equilibrium (maximum) sooner when the data quality improve#gain we
see that the rate at which maximumQ is reached is in uenced more by a decrease in

noiseb (from top to bottom) than an increase in number of time slice®t (from left
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Figure 5.4: The plots describe how the likelihood functiob (blue), entropy S (green),

and Q = S

bottom) and number of time slicesN; = 10; 20; 30 (left to right.)

L (red) behave with varying errorb = 0:01;0:001; 0:0001 (top to

to right.) Thus, decreasing noiséy is more important than increasing time slicedN;

to reach maximumQ sooner.

Fig. 5.5 and 5.6 show how (! ) (red) compares with ,(! ) (blue) for three

di erent combinations of Ny and b and how the distancer varies as well. The top

three gures of nine show a case where MEM fails to reproduce anggks. This case

takes place at the largest noise level= 0:01. Although increasingN; does hint to the

possible existence of a second peak, its exact location and qualitg @ far cry from

the input SPF. MEM is not able to reproduce the second peak at thisamse level of

b=0:01. The second peak is reliably reproduced when the noise level isuet by a
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factor of 10 tob=0:001. Both peaks are most closely reproduced at the lowest noise
level b = 0:0001. The value of the distance& improves more dramatically with the
improvement of noise than time slices. Quality of the output SPF is mersensitive

to noise b than the number of time sliceN;. MEM reproduces both the sharp and
broad peaks without di culty when the data has a certain minimum qudity. This

is because the entropy density (4.23) is a local function bfwithout any derivatives
and thus does not introduce arti cial smearing e ect for SPF in thel -space. Again,
decreasing noisd is more important than increasing time slicedN; to get a better

output image.
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5.1.2 Dependence on lattice spacing a and time slice N;

MEM's dependence on three sizes of lattice spaciagn the range 0.05 to 0.12
GeV is investigated. The noise level is set tb= 0:001 or 0.1%. The grid size is from
Imin  '1=0:8GeVto! hax !'2=6:0GeV. The pixel size is setto ! =0:01
GeV. The default model used isng = 0:0257.

First, the probability distribution P[ jDIm ] is not sensitive to variation ofa in
the given region as shown in Figure 5.7. For 10 and 20 time slices, theabaets
slightly improved asa varies from 0.05 to 0.12 GeV. Only atN; = 30, variation of a
shows more favorable e ect on the peak. Overall, thB[ jDIm ] is not sensitive to

the variation of a in the given range.
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Figure 5.7: The plots of describe how the probability distributiorP[ jDIm ] behaves
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Figure of Q= S L as a variation ofa and N; is not shown since their e ect on
Q is not signi cant. Figure for . is also not shown because of almost unnoticeable
e ect on the graphs. We show Figure 5.8 for SPR; to point out that similar degree
of e ect of variations of a and N, being relatively most pronounced aiN; = 30. MEM

is able to reconstruct the two peaks in all of the given variations.
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5.1.3 Dependence on default model mg

Fig. 5.9 shows thatL, S, and Q are not sensitive to the wide range values of the
default model used: 0.0353, 0.0706, 0.141, 0.282, and 0.565, thathis values of the
default model are ®@5m,, 0:5mg, Mg, 2mMg, and 4my. Maximum value ofQ is reached
at a comparable rate for allmy values.

Fig. 5.10 also shows that the probability distributionP[ jDIm ] is not sensitive
to the variation of the default model my. The peaks have similar widths with no

signi cant di erence.
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Fig. 5.11 and Fig. 5.12 also show how MEM can reproduce both peakbataly
even though di erent values ofmg are used. The locations and heights of the repro-
duced sharp and broad peaks are insensitive tay. The distancer is almost constant
at 0:539 0:565 during themg variation. Thus, the output quality is insensitive to

variations of the default model.
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Figure 5.11: The plots of output dimensionless SPF,,; (red) as the default model
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5.1.4 Dependence on grid ! nhax and pixel size !

Fig. 5.13 shows that_, S, and Q are insensitive to the variation of the size of the
grid ! ax and the size of pixel ! . Maximum value of Q is reached at comparably

similar rate. There is no signi cant di erence observed.
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Fig. 5.14 shows that ! is more important than ! ,ox to have the probabil-
ity P[ jDIm] become more peaked. There is no signi cant improvement &s,ax
increases, but the peak becomes sharper more quickly as increases.

Fig. 5.15 and Fig. 5.16 show that the distance does not improve signi cantly
as! max increases but improves signi cantly as ! increases from 0.005 GeV to 0.1
GeV. The value ofr stays about the same a$ .« increases, but it decreases from
r 0:3tor =0:008 quite rapidly. The greatest improvement i (a factor of  30:
fromr 0:3tor 0:01) takes place when ! increases from 0.01 GeV to 0.05 GeV.
Although ! variation is more important than that of ! ,,5«, the output SPF is still

not too overly sensitive to! hox =4 6 GeVand ! =0:005 O0:1 GeV.
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5.2 Realistic SPF

The behaviors of the solution of in the realistic SPF case are in genktiae same
as that of the schematic SPF just studied in the previous section. hEre are no
signi cant di erences in the behavior of the solution when the sameattors (such as
b, N¢, mg, ! max, !) are considered. Therefore, we only summarize the results for
the realistic SPF this time.

We will use data, shown in Figure 5.18, obtained from realistic SPF pareeter-
ized to reproduce thee* e annihilation cross section into hadrons. It is also assumed
that T = O and that the covariance matrix C is diagonal for simplicity. The non-
diagonality of C, however, plays an important role in the case of actual lattice QCD
data. We take SPF in the -meson channel as our realistic SPF example. Take a
relativistic Breit-Wigner form as a parametrization of SPF in this chanel [60, 98]:

2 _, m 1 1
B F(!z m2)2 + 2m2+8_ 1+ 1+elo D= (5.7)

in(! )

2 si 1+ = =0:0277 (5.8)

in(! 'l )
The pole residueF is de ned as
Mjd uj i = P35 m P 5% m2 (5.9)

where is the polarization vector. In the vector dominance model, the dimeionless

residuef is related to the couplingg asf =1=g . To get the correct
threshold behavior due to the ! decay, take the following energy-dependent
width

gz Am? 3=2
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The empirical values of the parameters aren = 0:77 GeV, m = 0:14 GeV,
g =5451,=1:3GeV, and = 0:2 GeV, where the vector dominance is as-
sumed and g is taken to be 0.3 independent of for simplicity. Figure 5.17 shows

the input image i, and Aj,(!).
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Figure 5.17: Left: Plot of the SPF (! ). Right: Plot of A(!). A, = !2 (!)isin
blue and Ay is in green. The sharp peak is located at 0.77 GeV and the rest is the

continuum.

The default model ism(! ) = mg! 2 because of the asymptotic behavior of;,(! )
in (5.7). The chosen value omg = 0:0257 is smaller than the asymptotic value of
0.0277 in (5.8). We use the same parameter values as those for tbleesnatic SPF:
max = 6 GeV, ! =10 MeV, i, =0:085fm. N = = andbare changed
within the intervals, 10 N 30and 001% b 1%.

Fig. 5.19 shows how (! ) (red) compares with i,(!) (blue) for dierent
combinations ofN = 10;20;30 andb = 0:01; 0:00% 0:0001 and how the distance
varies accordingly. It can be seen that the quality of output SPF immves asN
increases and noise decreases. It is still more important to reduce noise than to

increase the number of time slices to improve the output SPF as cam lseen in the
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Figure 5.18: The plots of the realistic input data lodp o (t) for di erent error/noise

levelsb=0:01; 0:002; 0:0001 (top to bottom) and number of time sliceN; = 10; 20; 30

(left to right.)

way the distancer is diminishing. This is consistent with the results in the schematic

SPF case.

The probability distribution P[ jDIm] also tends to become peaked d$ in-

creases andbdecreases, that is, as data quality gets better. Again, the noiseduction

is more important than the time slice increase to getting peaked disfution. This is

also the result that we have in the schematic SPF case. The realistiPESbehaves in

much the same way as the schematic SPF as other variations such!ggsx and !

are considered.

Figure 5.20 shows how the default modehy a ects the output SPF. We see that
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The default modelm,! ? is shown in green.

there is a sort of ringing in the continuum that is not visibly present in he schematic

SPF. The ringing ampli es as the default model moves away from theideal" value

of 0.0257. The increased ringing looks like another peak that may bastaken for

an excited state. Section 5.3 will discuss the extra peak(s) in thentext of error

analysis.
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5.3 Error Analysis

We use mock data from realistic SPF in section 5.2. The parameterseds
are 0.0001 noiseN; = 30, mg = 0:0257,a = 0:17 GeV, [212] time interval, and
I max = 6:0 GeV for this discussion unless mentioned otherwise. As discussede-
tion 4.7, MEM assigns error on the most probable image. The error tfe output

image in (4.41)
z

h A ou)?iy, d h(A )%, P[ jDIm]
is taken at full width at half maximum (FWHM) of the peak and averagel over
and! . The frequency regionl, =[! ;! ] is the width of the peak at half maximum.
The location of the peak! ,ca is about in the middle of the width. h( A )i, is the

variance ofPA i,, in (4.40)

5.3.1 Noise b

MEM's ability to accurately reproduce the SPF is quite sensitive to thenoise
level b. As noise decreases, the peak moves closer to the true positidie putput
image gets closer to the true image, and the error gets smaller as t& seen in Figure
5.21. The peak position changes from 0.68 GeV to 0.73 GeV or as mustDad5 GeV

7% from the true position, which is 0.77 GeV. MEM is able to reproducéd¢ peak
without di culty relatively consistently. However, MEM's accuracy on peak position
depends signi cantly on noise. The error of the output image doe®hdramatically

reduce as noise decreases.
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Figure 5.21: The e ect of noiséb on the error of the output SPF (! ) obtained by

MEM (red) for three di erent noise levelsb = 0:01; 0:002; 0:0001. The input image

in(! ) is

in blue.

5.3.2 Number of time slices

N

Figure 5.22 shows that as the number of time slicéé; increases from 10 to 30,

MEM's peak gets closer to the true value 0.77 GeV and the output imagquality

gets better asr decreases. However, the error increases by about a factorwed from

0.008 to 0.19. The peak position, the peak error, and the image quglédre not overly
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Figure 5.22: The e ect of the number of time slicedN; on the error of the output

SPF o (!) obtained by MEM (red) for three di erent N; = 10; 20; 30.

sensitive to the variation of time slices.
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5.3.3 Default model mg

See eq(4.28-4.32) Fig. 5.23 shows how sensitive the resylt(! ) is against the
variation of mg for three di erent values of the default model. N = 20 and and
b= 0:1% are chosen. Green and blue lines correspond to the default moaled the
input SPF respectively. The red line shows the output image after hMEM analysis.
As the default model deviates from the expected asymptotic vallie0257, the output
SPF starts to have a ringing behavior, and the error on the peak irgases as well.

The quality of the output image deteriorates as well as the input imagdoes not have

any ringing or extra peaks.
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Figure 5.23: Default model dependence of the output SPFE (! ) obtained by MEM

(red) for three values of default model: Amg; mg; 10m,.

We need to determine whether the appearance of extra peaks irethinging due
to real resonance or an artifact of MEM. We turn to the error anlysis outlined in
Section 4.7 to resolve this issue. The vertical height of the error fzain Figure 5.24
indicates the uncertainty in the averaged value of the SPF in threedquency intervals
for three peaks. Judging from the error bars, the ringing imagesrf0:1mg and 10mg
are not statistically signi cant. The best default model yields the bst SPF with the

least error. In this case, the middle gure of Fig. 5.24 quali es as thbest one.
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Figure 5.24: Error analysis of extra peaks due to ringing. The outplsPF (!)

obtained by MEM (red) for 10mg

5.3.4 Lattice spacing a

The lattice spacing has a signi cant e ect on the position of the pealbut not
so much on the error. At 4 times smaller spacing, the peak almost doeaot get
reproduced and moves to lower mass. The distancealso increases as can be seen as

the shape of the output image deviates more from the original image
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Figure 5.25: The e ect of lattice spacinga on the error of the output SPF o (!)

obtained by MEM (red) for three variations ofa = 0:04250:085 0:17 GeV.

5.3.5 Time interval [ti;t9]

Changing time interval does not have signi cant e ect on the peak psition, the

peak error, or the output quality. However, Figure 5.26 shows tlhas we cut o more
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and more of data at later times, the lowest resonance is a ected.his is because the
correlator has the exponential form (3.63)

X
D(t) = che ™t

The ground state being the lowestn,, becomes more signi cant when time is allowed
to be larger. As more data from later time are excluded, MEM has leskata to
reproduce the ground state peak accurately: the distangeincreases and the peak
is shorter. However, note that the error decreases slightly prably because of the
wider peak as the error is averaged out over a greatér;[! ;]. When we cut o the
data from earlier times, the ground state is not a ected as expeetl as shown in Fig.

5.27. The error of the peak and the distance show no signi cant changes.
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Figure 5.26: The e ect of time interval f,;t;] on the error of the output SPF o (!)

obtained by MEM (red) for three time intervals [2 10} [2; 12] [2; 14].
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obtained by MEM (red) for three time intervals [2 12} [3; 12} [4; 12].
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5.3.6 Grid ! nax

It is clearly observed from Figure 5.28 that the size of the grid doet@v any
e ect on the peak position, error, and the quality of the output imagge. Only the

distancer shows a slight increase akn,.x increases because the distanceis taken

over a larger region in! .
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Figure 5.28: The e ect of grid size! hox on the error of the output SPF ,(!)

obtained by MEM (red) for three! ,ox = 4;5;6 GeV

5.3.7 Pixel size I

The pixel size is dened adN, ! = ! 2 !min. A variation in pixel size !
also shows no appreciable e ect on the peak position, the peak etror the output
quality. The value of the distancer remains the same as the ! becomes ner or

coarser. The peak error gets slightly decreased for the coarpetel.

5.4 Summary

We performed a series of tests that capture the key behavior afichitations of
the MEM. A summary of what we learned from the tests performed ithis chapter

is the following.
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Figure 5.29: The e ect of pixel size ! on the error of the output SPF o, (!)

obtained by MEM (red) for three ! =0:005 0:010 0:020 GeV

The noise of the data plays a vital in uence on the MEM performance De-
creasing noise is more important than increasing the number of timéces N,

for reproducing better SPFA(! ).

In general, better results are obtained when relevant informatiois included in
the default model. An example of such relevant information that wesed is the

asymptotic value of A(! ). The asymptotic value does not necessarily lead to

the least error.

In cases where the resultanf\(! ) is sensitive to the model, the most probable

A(!) is obtained from the model that yields the minimum error.
The time sliceN; must be su ciently large for obtaining a reliable result.

Once N; is su ciently large, the image quality responds more readily to a

decrease in noise.

Other factors such asa, ! nax, !, and [t;;t,] have a secondary e ect on the

quality of the imageA(! ).

129



Chapter 6

Results and Analysis of Hadron

Spectrum Data

We will analyze and present results fronN, , , , , ,and K states. Main
attention will be given to the Roper,N , and (1405) as they contain some interesting
physics.

The LQCD data used in this study employed the Iwasaki gauge actioand
quenched, point-source overlap fermion action. The simulation waerformed at
spacinga 0:174 GeV on a 2® 32 lattice with spatial sizeLa 3:5 fm and a wide
coverage of 26 pion masses from 1547 MeV to as small as 175 Me\mmas8ses of which
are below the strange quark mass. The number of con gurations Mo = 110. The
lattice is larger than three times the size of the Compton wavelengtbf the smallest

pion mass (175 MeV) to ease nite volume e ects such as an increédecrease) of ef-

1By QCD collaboration group using the U.S. Department of Energy's compiting facilities at

NERSC.
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fective mass(decay constant) relative to a larger-volume simulatio A wave function
of a bound state will be squeezed in a smaller lattice volume resulting incheased
qguarks' kinetic energy and state's total energy. The mass speatn will be raised.
Finite volume e ect is not investigated in this study because it is not gxected to
be very signi cant. 2 Previous study using the same actions on a 1628 lattice
with 3.2 fm lattice size estimated the nite volume error to be 2:7% [115]. The
nite volume e ect is proportional to e ™ 1, but our values ofm L > 3, giving an
e ect of less than e ® = 5%. Point source data are used in the MEM to satisfy the
positivity condition of A(! ) 0. The quenched approximation is used where we set
det(M) =1 to make the simulation faster.

The MEM analysis uses![min;! max] = [0:3; 6:3] GeV. The hadron masses; and
m, are the ground (position of rst peak) and rst excited (position o second peak)
states respectively. The default modein, is a positive de nite number. The time
slice interval is written as [i;t,] with t; > 1 since the point source is at = 1. The
value oft, 16. Its nal value is chosen to be as large as possible until we obtaimet
most number of results reliably. The quark mass coverage is given Tgble 6 below.

The two-point correlators used are that of (3.62).

2A rule of thumb here is that simulations with m L 4 and/or La & 5 fm will yield in nite-
volume masses within statistical error of less than 0.5%. Note that ypical size of hadrons is 1
fm. The nite volume e ects of nucleon mass at physical quark massdone on a latticeLa  3:5 fm

is below 1% [109, 110].
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Bin No =mga m (MeV) m L | BinNo =mga m (MevV) mL
26 0.01400 175 3.109 13 0.08983 512 9.096
25 0.01633 186 3.305 12 0.10850 566 10.04
24 0.01750 197 3.500 11 0.12950 625 11.1@
23 0.01867 208 3.695 10 0.15633 681 12.10
22 0.02100 223 3.967 9 0.18783 717 12.74
21 0.02333 242 4.299 8 0.22633 752 13.36
20 0.02567 264 4.690 7 0.26833 813 14.44
19 0.03033 293 5.206 6 0.32200 899 15.97
18 0.03617 327 5.81(0 5 0.36000 961 17.07
17 0.04433 359 6.37§ 4 0.40000 1006 17.87
16 0.05367 391 6.947 3 0.50000 1152 20.47
15 0.06417 426 7.569 2 0.60000 1291 22.94
14 0.07583 466 8.279 1 0.80000 1547 27.48

Table 6.1: Quark masses coverage used in this work. Unit conversion

197 MeV fm = ~c=1 has been used foom L, whereL =3:5 fm.
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State | JP | Quark structure | Spin | Isospinls | Mass (MeV)

p | & uud 3 +3 938

n |3 udd i i 939
N uus 1 1 1189

o | 17 uds i i 1193

L dds z z 1197

0 |17 udd z z 1116

0 |1 uss i +1 1315
L dss i i 1321

Table 6.2: Baryon octet states. The masses are taken from [8].

6.1 Baryons

The correlation functionsD( ) used for baryons have the following form

y
D()= d'A(1)K(:!):

The spectral functionA(! ) of the baryon propagator has dimension 5. We can de ne

a dimensionless function (! ) as
A(l)= (I)°® (6.1)

suchthat (! '1 )= nite constants. The simplest default model takes the form of
m(! ) = my! °® where the value oimg is taken to be the asymptotic value of (! ) from
perturbative QCD whenever known. Table 6.1 lists the octet baryanfrom which we

will study N, , ,and Xi.
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6.1.1 Nucleon

As discussed in section 3.5, the nucleon correlation function, at tlygiark level,
used in the simulation is

X
D (t) - abc a%’c? Suaa0 Tr Sdbli) S Lj:co + Suaaosde)T SUCCO ;

X

and at the hadronic level the nucleon correlation function containsoth the positive
and negative parity states. This local scalar-diquark interpolatohas good overlap

with higher states such as the Roper. The ground state of suéh(t) is
D(t)=(1+ () Are ™tbA e ™ N*) (1 ) bA,e ™NFOLA @M U (62)

Values ofb=1; 1;0 are for periodic, anti-periodic, and Dirichlet temporal boundary
conditions respectively. Our simulation usedo = 1 for anti-periodic boundary
condition. MEM is performed on the LQCD data to extract the masse after parity
projection. The MEM analysis on most of the positive-parity nucleoms carried out
over the time interval [3 10], which is chosen to be where MEM is able to obtain
stable rst excited states from the most number of pion masses.h€ width of usable
time interval is reduced as there are ghost states at earlier time @& for lighter pion
masses beyond m24 =197 MeV. The time intervals used in the negatparity state
are even made up of shorter time intervals due to more severe ghosntributions.
We take only positive data as much as noise allows for stable solutions.

We will consider the quality of our nucleon data in terms of errors anlimitations
they contain. Figure 6.2 shows correlation function data of the nigon's positive

(black) and negative (red) parities. The negative parity data fall mre quickly than
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the positive parity data as expected because of the negative pgg higher mass.
The positive parity has a relatively good data in the full time interval [216] over a
wide range of pion mass, from m1=1547 MeV to m21=242 MeV. The emrbars were
obtained by jack knife method and appear asymmetric in base 10 lgghm. The

errors grow steadily as time increases as expected. On the othand, the negative
parity data not only have errors that grow more quickly but they ale start to dip

(negative correlation function value) at a pion mass as small as m7:813 GeV as
shown in Fig. 6.4 and Fig. 6.2 respectively. The systematic errors indhpositive
channel are better controlled as they grow steadily as time increzs The negative
channel shows that the errors grow much quicker and show moreactuations. For
example, the data have 30% error beyond an early time slitg = 8 for the second
half of the mass coverage. In contrast, the positive channel hasnilar error at a
much later time slices N; = 14 down to lower pion mass oim19 = 293 MeV. This
di erence in the quality of data enables a wider time slices coverager fine positive

channel compared to the negative counterpart.

The negative dip is an artifact of the quenched simulation and is thefi@e un-
physical, hence the name ghost state. Fig. 6.1 shows some ghostest as a dip
below the zero correlator value. In the nucleon case, it is a problerhtbe N © state
in the propagator. The heavier isosinglet mesorfis a mixture of uu, dd, and ss and
has a mass of 938 MeV. In quenched QCD, only a single hairpin is includedthe

O propagator, and its contribution is negative. This negative contribtion becomes
more notable for lighter pion masses below 300 MeV [115]. The negatdip is the

result of signi cant such contribution. The ghost does not appeain full QCD be-
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cause other contributions (single vacuum loop and vacuum bubblesettions into the

9 propagator) make the overall contribution positive. It was rst noticed in scalar
meson and later in the nucleon [114, 115]. The ghost limits the ability of BM to
reconstruct the SPF because MEM requires positivity from the dat

The quality of the negative-parity data deteriorates quickly as shen in Fig. 6.1
and 6.2. The ghost rst appears at t=15 in m7=813 MeV and reappea at t=14 and
15 in m9=717 MeV, m11-m13, and m15-m26. At the lightest pion mas$ »75 MeV,
only four data points can be used. By contrast, the ghost rst gpears at a much
lower pion mass of m22=223 MeV in the positive-parity channel. Therare still 8
good data points at this pion mass. The negative-parity channel iglatively reliable
from time slices [214] [2;8] down to m18=327 MeV. The positive parity channel
fares better with time intervals down to [29] at the smallest pion mass m26=175
MeV.

Fig. 6.3 shows the e ective masses of the nucleons. The plateauresponds to
the mass of the ground state of the nucleon. In the positive parityhere are plateaus
in all 26 pion masses even though the plateaus are made up of lesslasd data points
as the pion masses get closer to the physical mass. For the negatparity state, the
last reliable plateau is seen at m13=512 MeV beyond which the data lmeoe poor
and scarce because of error increase and negative dips.

In summary, the positive parity channel is expected to yield betteSEPF recon-
structions over a wider range of pion mass coverage than the ntga parity channel.
This is because it has signi cantly less error and more usable data ptsn Recall
that the quality of MEM's result depends upon the level of error andhe number of
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workable data points used as discussed in section 5.
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Figure 6.1: The nucleon correlatorsD (t) for the positive (black) and negative (red) parity

states at the lightest 15 pion masses.
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Figure 6.3: Nucleon e ective mass for the positive (black) and negative (ed) parity states

for nucleon at the lightest 15 pion masses.

A typical reconstructed nucleon SPF showing two peaks with theirreor bars

and a continuum can be seen in Fig. 6.5. The results for the nucleoreaabulated

in Table A.1 and Table A.2 for the positive and negative parity respectely. The
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Figure 6.4: The relative errors of the nucleon correlators for the posiive (black) and

negative (red) parity states for nucleon at the lightest 15 don masses.

positive parity channel uses time interval [3,12] because it yields theost number
of results in the 26 pion masses available. The values of the default debused are
mo  0:0040, which is the asymptotic behavior of (! ) [100]. The default model

yields the o, (! ) with the smallest error. A typical plot of P[ jDIm] is shown in
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Fig. 6.5 which is relatively sharply peaked in the given interval.
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Figure 6.5: Left: A typical plot of the output (!) of the % nucleon resonance showing
the ground and rst excited states at m13, m = 0:512 GeV, with error bars at full width

half maximum. Right: A typical plot of P[ jDIm].

The rst peak such as one shown in Fig.6.5 is identi ed as the nucleon aynd
state because its positions shown in Fig. 6.6 converge to experin@ntass of the
nucleon. We make two observations on the second peak. First, it®gitions seem
to converge to the mass of the RopeX {1440) again shown in Fig. 6.6. Second, its
relative positions from the ground state are about the same, thas, the separations
between it and the ground state are approximately independentdm the pion mass.
This is a phenomenological feature of radial excitation of which Ropis. Excitation
in the positive-parity channel is a radial excitation while excitation in he negative-
parity channel is an excitation of the quark orbital angular momenim L. Di erent
modes of excitation yield di erent patterns of mass spectra. A c@equence of the
Roper being a radial excitation is that it is much more sensitive to thenite volume
e ects than the ground state. It can be seen from the graph thiat seems to converge

to a value a bit higher than the experimental value of 1440 MeV. We dwot do chiral
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extrapolation on N®and N states because the data do not have su cient accuracy
to do it reliably.

Nucleon and its excitations have been studied extensively in LQCD [670, 101,
108, 111, 115, 132, 133]. One of the goals of this subsection is talgtthe order-
ing of the rst positive-parity excited state of the nucleonPs;, Roper N Y1440} or
Nz* (1440), and the rst negative-parity excited state of the nucleo S;;, N (1535)
or N2 (1535). In nucleon, the rst negative-parity excited state lies abve the rst
positive-parity excited state. This order is reversed for other bgons and mesons.
This parity reversal has been a puzzle since its discovery in 1964 wbanswer will
be important to the understanding of the inner working of the strog interaction dy-
namics. A dierent puzzle comes from the channel where 2 (1405) is the lowest
negative-parity excitation not N 2 (1535). This is unexpected because (1405)has
a strange quark, which is much heavier than and d quarks. There are disagreements
about how this puzzle may be explained. One view is based on SU(6) siitaent
guark models which proposes that color-spin hyper ne or gluon-elxange interaction,

{ §~1 ~2, gives rise to this hyper ne mass splitting. However, this view doesoh
reconcile the two puzzling patterns satisfactorily. Another view wes chiral quark
models and proposes that Goldstone-boson-exchange, which isnd@ated by avor-
spin inter-quark interactions, fl f1~1 ~,, gives rise to the hyper ne mass splitting.
The energy levels of nucleon and two other baryons, and , of boh positive and
negative-parity states are shown in Fig.1.1.

In QCD, the mass spectrum is the excitation spectrum of the QCD waium. We

expect QCD to clarify our understanding of the causes that give Bsto the pattern
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N (939)" ; N41440)" ; and N (1535) respectively.

described by the models. Ref. [118] tells us that the mass splittingtbeeen N and

is greatly decreased if theZ-graphs in the quark propagator are turned o . This in-
dicates that the main source of the inter-quark spin-spin interaan for light quarks
might not come from the spin-color interaction. It supports the Glistone-boson-
exchange model which requires th&-graphs and favors the avor-spin interaction
picture. Further studies [106, 116, 122] were done on tiNe and but the pattern
issues are still unresolved today. There are two main challengesdddy these stud-
ies. First challenge is extracting excited states from the correlaticfunctions which

is highly non-trivial. Standard chi-square of multiple exponentials yieldinreliable
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results when multiple operators are absent. Recent and popular theds use vari-
ational analysis and bayesian curve tting. Second challenge is rédng the chiral
region where the issues need to be investigated. This is very costbhputationally
for full QCD simulations because of increased lattice size due to lowgion mass.
This is why most studies still use relatively heavy pion mass above 400 MeV.

One goal of this thesis is to study the excited states in the chiral geon on a
large lattice to minimize the nite volume e ects. We also need to presee the chiral
symmetry since the issues are related to chiral dynamics. We usetbverlap fermion
because it meets these requirements. However, we can only usenghed simulation
because doing full QCD using the overlap fermion down to the chiraégion is very
expensive. The simulation was done on 20 32 lattice of size 3.5 fm with 0.174 fm
spacing and 175 MeV lowest pion mass.

As mentioned above, our data have ghost states whose e ectogras the pion
mass is lowered. The ghost states behave dierently in the two paids. In the
nucleon channel, the positive-parity branch has the following ordem %+(939) the

lowest, the ghostN °state in a P-wave, and then the RopeN 2+ (1440). The mass

of the non-interactingN Cis P m2 + p2 + P m2 + p2 wherep =2 =L is the lowest
momentum of the lattice used. We can see that the mass bf ° depends on the
lattice and thus the orderN °and the Roper could be reversed on a di erent lattice.
In the negative-parity branch, the order is as follows:N °in an S-wave and then
the S;1(1535). What makes the extraction of the Roper an&;; di cult is the fact

that the N °mass is close to the mass of the Roper agg,. There are methods that
can disentangle the ghost from the spectrum by making use of theirerent spectral
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weights and time dependence. We did not attempt to carry out suatisentanglement
but rather we include only the positive data up to the appropriate tine slice thereby
excluding the most negative part of the ghost.

Fig. 6.6 shows that the mass of the Roper is greater (less) than theass ofN
above (below)m 500 MeV. There is a level order switching or cross over between
the RoperN®and N at m 500 MeV. Ref.[130] proposes that the cause of the
cross over is the avor-spin interaction between the quarks duetGoldstone (chiral)
boson exchanges which occurs at pion mass between about 30D-M@V. This was
rst seen in lattice QCD by Ref. [120] by using constrained curve ting on overlap
fermion lattice data. Our result shows that such a cross over oasuat a slightly
higher mass [117]. Table 6.3 gives a context to the results of the nuwieanalysis in
this study. It compares the mass ratios of RopelN®and N from previous studies
referenced above. This ratio is 0.938 ah = 140 MeV in experiments. We are able
to observe the cross over and less than unity ratio because we asauch smaller pion
mass ofm = 175 MeV, close to the pion physical mass. Most studies listed in the
table use higher pion mass of about 500 MeV where the cross overupmsedly to
start taking place. To conclude, our result favors the chiral qu&rmodel whereas the
chiral interaction between the constituent quarks in the nucleon itarge enough to
lower the lowest positive parity states in the N=2 band N 4{1440)) below the negative
parity state in the N=1 band (N (1535).)

Ref. [115] uses 6 28 LQCD data similar to ours ( QCD collaboration group)
with the same Iwasaki gauge and overlap fermion. They also obsethe Roper and
S;1 to coincide and cross over. Additionally, chiral extrapolation yields ansistent

145



Ref. | Quark action Lattice, a (fm) | m mo((ll‘éé%)) N(1?f55§5)
[8] Experiment 140 | 0.938 0.915
[108] Full, 2+1 avor PACS-CS clover 168 32 0:127 | 541 <1 low
[70] Quenched, DWF 16° 32 0:1 510 > 1
[67] Quenched, FLIC 16° 32 0:122 | 560 > 1 > 1
[111] Quenched, chirally-improved clover | 20 32, 0:119 | 350 >1 >1
[101] Quenched, Wilson 322 32 0:093 | 610 > 1
[115] Quenched, overlap 16> 28 0:200 | 180 <1

This work | Quenched, overlap 20> 32 0:174 | 175 <1 <1

Table 6.3: The mass ratios of N {1440)* /N (1535) and (1405) /N (1535) are com-

pared. The pion massesn are in MeV.

masses oN, N% and N . It is concluded that much of the physics of the Roper can
be studied by probing the chiral regime without necessarily includinghe dynamical
quarks.

A most recent study of the Roper state [108] using full QCD on a 3 fm
lattice uses a near physical pion mass of 160 MeV and observestli@r rst time, an
unusual way in which the Roper state approaches the physical nsasThe dynamical
fermions and their associated light-mesonic dressings of baryomngegise to signi cant
curvature in the Roper mass in the chiral regime. Another contriltor to this behavior
is suspected to come from the nite volume e ects as the lattice sizs less than 3
fm. This curvature is an indication that the Roper state mixes with tke ground state
and other nearby positive parity states. Although the dynamicaldrmions are not
included in our quenched LQCD data, our result also shows a slight eimg in the
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Roper mass in the chiral regime.

6.1.2

In the lambda channels, we discuss the octety and the avor-singlet s with
a focus on (1405) . The four gures below show the quality of LQCD data in the

positive-parity lambda | J? = O(%+) channel. We use the following interpolators

o = abc 2(uaT C 5db)SC+(UaT C 5Sb)d(: (daT C 5Sb)u(: . (63)

s o= 2% (WTC 5d?)s*+(U¥TC 5sP)d® (d*TC s (6.4)

for the octet and the avor-singlet lambdas respectively. The baon interpolators
couple to both the positive and negative-parity states. Comparetb the nucleon
channel, the data in the lambda channel are relatively less noisy, neoregular, and
less a ected by the quenched artifact, namely the ghost. The native dips tend
to start one or two time slices later than in the nucleon as shown in Fig6.7 and
6.8. At the lightest pion mass of 175 MeV, the positive-parity chanthéas data from
the rst 14 time slices while the negative-parity channel has 6 which isonsiderably
more than the nucleon. Plot of the e ective mass in Fig. 6.9 also showatter

and longer plateaus. The relative errors are plotted in Fig. 6.10 andhe¢ data have
signi cantly less noise. The negative-parity channel consistentlynews lower quality

data as expected and observed in the nucleon channel.
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Figure 6.8: The log;oD(t) for the positive (black) and negative (red) parity states for

lambda at the lightest 15 pion masses.
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Figure 6.10: The relative errors of the lambda correlators for the positve (black) and

negative (red) parity states for nucleon at the lightest 15 don masses.

The positive-parity states, %"(1116) and %"(1600), are extracted from the

1

octet operator o. The lowest negative-parity state 2 (1405) is extracted from the

avor-singlet operator s. The default model used is 0:008 [100] which is based on
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the asymptotic behavior of the lambda's SPF. Although the MEM is abléo extract
these three states, the result for 2 (1405) is intermittent and contains up to ten
times more uncertainty than its positive-parity counterparts. Dapite its much larger
error, it appears that the results for 2 (1405) converge to its physical mass. The
ordering of the lambda states is consistent with the mass spectruinom experiments

shown in Fig. 1.1.
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Figure 6.11: Left: A typical plot of the output (! ) of the %Jr lambda resonance showing
the ground and rst excited states at m12, m = 0:566 GeV. Right: A typical plot of

P[ jDIm].

We observe that (1405) consistently lies belowN (1535) for the rst time as
shown in Fig. 6.13. This trend is consistent with the chiral quark modes a result
of the avor-singlet structure of the (1405) and chiral dynamics. The result does
not support a picture of (1405) as a mixed state of three-quarkand  90% ve-
guark states, suggested by a quenched lattice study [121] and £ sum rules
study [122]. The mixed-state picture is an attempt to understandhe anomalously
low mass of (1405) as a strange baryon. It is considerably lightethin non-strange

negative-parity baryons such adl (1535) where it is expected to be heavier. Another
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Figure 6.12: Octet ( % ) as a function of pion mass. The experimental values are on &

left and are marked as2;#;4 for (1116) *; (1405) ; and (1600) * respectively.

unusual feature of (1405) is its large 115-MeV spin-orbit splittingwith its spin-orbit
partner, (1520). This is unusually large compared to the spin-orl splittings of other
members of theP -wave baryons such abl (1535) N (1520) and (1670) (1620).
In addition, the standard (non-relativistic) quark model places (1405) 50-150 MeV
higher than its actual mass with small 10-MeV spin-orbit splitting. There are
speculations proposed about the structure of (1405). One intesting speculation
is that it is a bound state of K and N. In this case, theS-wave attraction causes
K N system to be bound by 28-MeV binding energy. Their quark wave fations

will overlap signi cantly and look like a penta-quark. This 4 qsystem has negative
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intrinsic parity and L = 0 orbit, making a spin-orbit partner unnecessary.
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T

Figure 6.13: (1405) is consistently below N (1535).

The latest lattice study on (1405), using PACS-CS (2+1)- avor full QCD with
conventional 3-quark operators and pion masses ranging from27®leV down to 156
MeV, was able to de nitively isolate the state [123]. By calculating crascorrelation
functions for di erent operators, they isolated individual statesof the lowest three
JP = % states: (1405), (1670), and (1800). This is important to do b ecause
SU(3) avor symmetry is broken by the heavier strange quark, alleing the three
states to survive until the signal gets buried in noise. The usual rtied of extracting
the ground-state mass at largeé can only resolve a mixture of these three low-lying
states. At this point, it is not clear how this mixture of states a ects our (1405)

result.
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Table 6.3 shows a comparison of the mass ratio of (1403Y¥ . Experiments
observe the ratio to be 0.915. Previous lattice studies of (1405hat used quenched
QCD vyield higher than unity ratios of (1405)/ N (1535) except Ref. [115] and ours
(another one uses full QCD.) Our results thus far support the idethat the ordering
betweenN (1535), NY1440), and (1405) comes mainly from the avor-spin inter-
action between the quarks due to the Goldstone boson exchangesoutlined in the
chiral quark model. A comparison of results from lattice studies alssuggests that
chiral symmetry is a primary factor in reconstructing the correctordering near the

physical mass [130].

6.1.3

Interpolators used for the positive parity ° hyperon in the simulation are

0 h i

. = 1=23 (AT C 5" d°+(d¥T C ssP)uc ; (6.5)
D h i

, = 1=2 3 (1T Cs") 5d°+(d¥TCs”) suc: (6.6)

The correlator is constructed along similar lines as the nucleon. Figs for the octet
hyperon ( ) data are not shown but they also have less noise and less ghostesta
than the nucleon. Typical plots of SPF (! ) and P[ jDIm ] are shown in Fig. 6.14.
Again we see very clear peaks in the SPF. They are similar to those aioted from

the nucleons and lambdas.
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Figure 6.14: Left: A typical plot of the output (! ) of the ( % ) resonances showing the
ground and rst excited states at m24, m = 0:197 GeV. Right: A typical plot of P[ jDIm].

See Table A.6 for values of the masses.
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Figure 6.15: Octet ( % ) as a function of pion masses. The experimental values are dhe

left and are marked as2;4 ;# for ©= (1193) *; (1660) *; and (1620) respectively.
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MEM is able to extract the rst excited state of ( ") but not that of ( % ).
Al ©(1193), *(1189), and (1197) have masses close together and belong to the
samel (J7) = 1( {). At the resolution that we use, these states appear as one stat
or one peak. The ordering of the three states is consistent with gariments. The
results clearly indicate that the masses go to the correct respe& physical values of

the (1 ).

6.1.4 and

We will show the main results of the cascades %(+) and ( §+) shown in Fig.
6.16 and 6.17 respectively without detailed discussion. There are nbogt states
in the positive-parity and negative-parity states of . However, he negative-parity
data are more noisy than the their positive-parity counterpart. This is also similar to
data from other baryons in this study. MEM is able to extract both te ground and
rst-excited states of the cascade ({) baryons. The ground state of (% ) could
not be extracted reliably while its excited state did not show at all in te SPF. The
rst excited state converges to 2000 MeV. A possible resonance is (1950), which
is reported between 1894 and 2000 MeV. Although it has a *** staf its J and P
have not been measured. Another possibility is (1690) which also Ba** status.
Although some evidence suggest that (1690) ha3f = % , its parity has not been
conclusively determined [8].

The presence of the ghost states in the §+) data is signi cant and comparable

to the nucleon. Its negative-parity data show severe e ect of gist below 300
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MeV. The MEM is able to extract the ground and rst excited statesof decuplet
delta ( §+), (1232) * and (1600) *, as shown in Fig. 6.16. The extraction of any
state from the negative-parity ( g ) is either unreliable or absent. In closing, the

ordering of the and states is consistent with the mass spectrumfrom experiments.
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25 .t ot
gﬁﬁﬁ
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s 15
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Figure 6.16: Octet cascade (3"): (1318) * and ( 2000} .
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6.2 Mesons

We will study the pseudovector (PS) and vector (V) mesons in thisestion. The
pseudoscalar hasl ¢(JP€) =1 (0 *)and the strange vectoK hasl (J7¢) = (1 ).
The correlation functionsD( ) used for mesons are of the same form as the baryons,
D()= Rd!A (")K( ;! ), but the spectral function A(! ) of the meson propagator

has dimension 2. We can then de ne a dimensionless functiof! ) as
All)= ()% (6.7)

We will use the simplest default modelm(! ) = mg! 2. Similarly the value of

Mo (" "1 ). In the chiral limit, it has the following form for large ! and
small a [98],
Cl’ s 1 2
I 1GeV=-—"2L 1+Cy—> ; 6.8
me ( ev= 5 2 2z (6.8)

wherej = PS and V. The values ofCy; and C, are calculated perturbatively in the
continuum QCD. Z; are the non-perturbative renormalization constant of the lattice
composite operator. The calculated values that we use amg = 2:0(0:6) for the PS

(V) mesons.

6.2.1 Pionand K

MEM is not able to reproduce the 1st excited state of PS mesons fna®2¢® 32
lattice data reliably. The reason is perhaps the data do not have swient statictics.
We will use the 12 28 lattice data with higher statictics, 300 gauge con gurations,

from previous simulation done by the QCD collaboration. With lattice spacing
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a = 0:2 fm, the lattice size is 2.4 fm. These data have overall less noise that
of 26° 32 lattice mainly because of its higher statistics. Note that the statical

error of the LQCD data is_ p——. The data for the pseudoscalar meson are shown

N cont

in Figs. 6.18 and 6.19. The data have relatively low noise (Fig. 6.20) antaosv

ghost e ect in all 26-quark-mass data sets. The V (not shown) @aPS correlators

m,=327. MeV (mass 18) ;=293 MeV (mass 19) m =264. MeV (mass 20)
0.05 0.06 T
P 2 oos 2 0.06
g 0.04 g £ 005
T 5 004 % 004
S o £ 003 g
S 0.02 =) ] “ s 0.03 . .
o HEs © 0.02 © .
-] = . . = 0.02 L
& 001 S 0.01 e £ 2 001 . .
e . T e LY T T T T T L A Tl T Nesseseet®”
0.00 0.00 0.00
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
t t t
m;=242. MeV (mass 21) m =223, MeV (mass 22) m ;=208. MeV (mass 23)
H 0.08
A 0.07F ¢ a 2 gosf @
= 0.06 = o
S S 0.06 2
= 005 = = 0.06
£ 0.04 - g
= & . 2 0.04r 4 ' E goal @ i
g S Som . .
g V02 = 0.02 = 0.02 7
(=1 =] . = . .
g Q0L e e - S < PRORCE N oo T TResagsseee®
0.00 0.00 0.00
0 3 10 15 20 25 0 3 10 15 20 25 0 5 10 15 20 25
t t t
m,=197. MeV (mass 24) m;=186. MeV (mass 25) m;=175. MeV (mass 26)
A — a 010 . A 0.12
§ B E 0.08 § 0.10
= =] = (.08
g 2 e E 0.06} & i
o F i o} & & = (.
c 004 ‘ C 004 e R S gosf *. L
g 002 : : g 0.02 2 g g 002 g o
- B L Y—— ) 0t T "fcsessss*"® & b "teseseerc"®
0.00 0.00 0.00
0 ) 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25

Figure 6.18: The correlator D(t) versus N; for the pion at the lightest 9 pion masses.

exhibit an excellent cosh behavior as expected. At large time, thercelator has form
D()= ci(e ™ +e ™ ))which is dierent from the baryon in eq.(3.64). This
makes the extraction of the ground state using e ective mass (Fig.21) in eq.(3.65)
less reliable because of the multiple exponentials involved. A remedy asdonvert the
exponentials into cosh functiorD( ) = ?cosh(l ) as shown in Fig. 6.22. Clearly

the plateaus look more convincing than simple e ective mass plots.
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Figure 6.19: The log;o D (t) for the pion at the lightest 9 pion masses.
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Pion Relative Error Pion Relative Error

Pion Relative Error

0.10

293, MeV (mass 19)

0.08
0.06
0.04
0.02

........

0.00

0.10

(¥

m

0.08
0.06
0.04
0.02

0.00
0

[

m,

0.10
0.08
0.06
0.04
0.02

0.00
0

2

Pion Relative Error Pion Relative Error

Pion Relative Error

0.10
0.08
0.06
0.04
0.02

0.00
0

0.10
0.08
0.06
0.04
0.02

0.00
0

0.10
0.08
0.06
0.04
0.02
0.00

m

=264, MeV (mass 20)

. .
.......

(¥}

(5}

m,

0

(5

Fig. 6.23 shows the ground and rst excited states of PS mesong138) and

(1300).

Both states are reproduced only for the rst 18 quark msses down to

285 MeV, beyond which the MEM becomes unreliable. Although bothtseof masses

approach the physical values quite well, the ground-state massgspear to be slightly

higher than 138 MeV. We do not do chiral extrapolation because thelatively large

error will not yield a reliable t. The ground states of PS and V channks have

similar error

30

100 MeV. However the PS channel has a signi cantly higher

error ( 200 400 MeV) than the V channel ( 50 100 MeV.) This is consistent

with error of the PS and V channels obtained in Ref. [98] but higher #n those in

Ref. [81] for which V channel's states have an errorof 3 7 MeV and 30 70

MeV for the ground and rst excited states respectively.
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Figure 6.21: Pion simple e ective mass for the pion at the lightest 9 piomasses.

164



Figure 6.22: Pion e ective mass (cosh) for the pion at the lightest 9 pion masses.

Lastly, the MEM is able to reproduce the ground and the rst excite states of
K from our 2G¢ 32 data without di culty but with relatively large error similar
to the pseudoscalar mesons as shown in Fig. 6.24. The masses aubrohe physical

values very well down to the lightest quark mass.
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Chapter 7

Summary and Outlook

This thesis investigates the application of maximum entropy methodMEM)
to hadron spectra by reversibly reconstructing the hadronic sptal function (SPF)
from the lattice QCD correlation function. The MEM o ers a new method of ex-
tracting the mass spectra from the lattice QCD data. There are seral advantages
that the MEM has that other previous conventional methods do rniohave when it
comes to extracting higher resonances. First, the MEM can recinuct a SPF with

10°pixels by using very little time slices from the correlation function, as little
as 5 time slices in some cases. Second, the MEM needs almost no apagsump-
tions except a few basic assumptions such as SPF positivity and a stant default
modelmy. The SPF is produced without particular knowledge of the spectrahape.
Third, the solution produced (the SPF) is unique and comes with quaitative error
analysis. Fourth,the application of the singular value decompositiorotthe kernel
makes the MEM algorithm e cient. In conclusion, the MEM can be conglered as

an outstanding and novel addition to the tools used in studying lattie QCD.
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We put the MEM through a series of tests of analyzing mock data. EhMEM
is able to reconstruct SPFs that have peaks and a continuum. The@uracy of the
MEM depends mainly on several factors such as data noise, numlmzértime slices,
default model, lattice spacing, etc. The number one factor to whidtne MEM is most
sensitive is data noise, which mainly comes from the data's statisticatror that goes
as pﬁ Decreasing data noise by increasiny.o.n improves the overall quality of
the resulting SPF the most. A comprehensive study on the error alysis of the SPF
also shows that decreasing data noise is more important to the qugliof the result
than the other factors. When noise in the lattice data becomes n®signi cant, the
MEM fails to produce the excited states and even the ground staet times.

This study shows that the MEM can successfully extract both the rgund and
the rst excited states of a number of light hadrons in our quenclieLQCD data. The
particles are theN, , , from the baryon octet, from the baryon decuplet, and
the and K from the PS and V meson channels. The results here are consistent
with previous lattice studies, MEM or non-MEM, and experiments witim their errors.
The MEM is not able to extract the excited states from the negativparity baryons
because of the overall greater noise in the lattice data. This is cadsby the fact
that the negative-parity baryons are heavier states so that thesignals decay faster
than the lighter positive-parity states. Another reason is that tte interpolating elds
used do not overlap with the negative-parity states as well as withhe positive-parity
states.

The energy level order switching between the Rop&Y1440) and S,,(1535) is

observed in the nucleon channel to start at arounih 500 MeV and continues down
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to the chiral region. This result is also consistent with previous stues on the nucleon.
The ordering betweerN (1535),N {1440), and (1405) favors the chiral quark model,
which proposes that the splittings are caused by the avor-spin igrraction between
the quarks due to the chiral boson exchanges. Future studiesing the MEM need
better data with increased statistics so that the location of the siiching can be
more accurately determined. This is important for a better undetanding of the
inner working of the strong interaction dynamics. Using actions thagpreserve chiral
symmetry such as the overlap action is also needed to probe the lmon deep into the
chiral region. Having such data means reliable chiral extrapolatiorotthe physical
mass of the pion.

The MEM is not able to produce the rst excited states for the scalaand axial-
vector mesons. Moreover, meson results have larger (MEM) ensathan baryon's
for both the ground and the rst excited states. It is not certainwhat causes the
larger error. In the pion case, the large gap betweer{138) and (1300) may partly
contribute to the error. Another possible contribution may comerbm the di erent
I -dependence of the meson and baryon SPFs.

We have assumed that the default model takes the SPF's asympiotform
m(!) = mg! ". The chosen default model value ofng is the one that yields the
minimum error among those tested. A systematic method to deteiine the best
default model orP[m]DI ] for given data needs to be explored.

Although full QCD simulations are becoming available, the quenched @Cis
still important to be studied because it provides a baseline with whichotdetermine
the importance of vacuum polarization, which is important in its own riggt. However
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the presence of a quenched artifact, ghost states in this case,itsrthe ability of the
MEM. It is the second main factor that limits the ability of the MEM in this study.
A negative SPF can arise from a two-point correlation function of tav non-identical
operators such as in the meson and baryon mixings. For example, iretcase of !
and 9 mixings [98]. It is very useful and interesting to have a general MEMat
can handle such negative correlators. Although there was an att@t to generalize
the MEM [98], such generalized MEM has not been successfully empthye

The spectral function contains a wealth of physical information. bsses and
decay constant can be obtained from the position of the peaks atite area under the
same SPF respectively. It is important to study how the SPF is a ead by dynamical
quarks from full QCD data. Investigations on widths of the SPF will lad to better
understanding of scatterings and decays of intermediate states

The MEM essentially seeks a balance between image smoothness amadgess
of t by adjusting the prior probability via a parameter , which controls the amount
of entropy S relative to the likelihood function L, over the whole image. This is
a fundamental problem with the MEM as it makes the prior probability aglobal
constraint. The MEM enforces an average smoothness on the Wwhamage which
causes image oversmoothing in one region and image undersmoothimgnother.
There are modied MEM schemes that employ appropriate prior prodbilities to
di erent regions in the image. It is shown in Ref.[134] that a better ntdod, called
the Pixon method, overcomes the problem by adapting itself to theistribution of
information content in the image. The method uses the principle of ®ham's Razor
to seek minimum complexity. It will be interesting to see how this methid can be

170



implemented to recover the SPF in greater detail.
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Appendix A

Results

The range ofm is from 0.175-1.547 GeV. The ground state mass; and the
rst excited state massm, are in GeV. The experimental values are given in the last
row of each table. The default modem, is a positive de nite number. The time
slice interval fromt; to t; is written ast = t; t;. The value of =[1,400]. Entry
\|"'means that the data set does not lead to the MEM solution. The experimental

values are given by entry \exp.".
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Table A.1: Nucleon:1(J)" = 1 1" /'m; = N(939) andm, = N{1440) Py;. Time
interval is [3,11]. File: octpl/mp.

[No| m | m | mp |
1547 | |
1.291 | 2.30(2) | |
1.152 | 2.092) | |
1.006 | 1.87(1) | |
0.961 | 1.82(2) | |

0.899 | 1.70(2) | 2.28(2)
0.813 | 1.61(1) | 2.17(2)
0.752 | 1.54(1) | 2.14(2)
0.717 | 1.48(1) | 2.12(2)
0.681 | 1.45(1) | 2.08(4)
0.625 | 1.35(1) | 2.04(3)
0.566 | 1.30(1) | 1.96(1)
0.512 | 1.25(1) | 1.92(2)
0.466 | 1.22(1) | 1.88(2)
0.426 | 1.17(1) | 1.85(2)
0.391 | 1.13(1) | 1.82(2)
0.359 | 1.11(1) | 1.78(2)
0.327 | 1.08(1) | 1.76(2)
0.293 | 1.06(1) | 1.73(5)
0.264 | 1.04(1) | 1.68(2)
0.242 | 1.03(1) | 1.64(2)
0.223 | 1.02(1) | 1.60(2)
0.208 | 1.01(1) | |

0.197 | 1.00(1) | |

0.186 | 0.99(1) | |

0.175 | 0.98(1) | |

exp. | 0.939 | 1.44

el
PBoo~N~oob~wNR

NNNNNNNNRRRRRRERR
OUBRNRWNROOOMNOOU ~WN
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Table A.2: Nucleon:1(J)P = 2 2 , my= N (1535)(Sy1). Time interval is [3,7-10].
File: octpl/mn.

[(No| m | m [ me |
1.547 | 3.12(1)
1.291| 2.78(1)
1.152 | 2.55(1)
1.006 | 2.34(1)
0.961 | 2.21(1)
0.899 | 2.16(1)
0.813 | 2.12(1)
0.752 | 2.09(1)
0.717 | 2.06(1)
0.681 | 2.04(1)
0.625 | 2.00(2)
0.566 | 1.92(1)
0.512 | 1.91(2)
0.466 | 1.90(1)
0.426 | 1.87(1)
0.391 | 1.84(1)
0.359 | 1.81(1)
0.327 | 1.79(1)
0.293 | 1.77(1)
0.264 | 1.75(1)
0.242 | 1.74(1)
0.223 | 1.72(1)
0.208 | 1.70(1)
0.197 | 1.67(1)
0.186 | 1.65(1)
0.175 | 1.62(1)
exp. 1.535 | 1.650

el
PBoo~N~oob~wNR

NNNRNNNRPRRRERRRR
OBRWNRPOOWONOOUDMWN

N
»
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Table A.3: Cascade:1(J)* = 1 1" | ©(1318) and ( 2000),Py, 1", . Time

-2
interval is [2,9]. File: oxil/mp.

(No| m [ my [ mp |
1.547 | 1.95(1) | 2.70(7)
1.291 | 1.81(1) | 2.67(7)
1.152 | 1.74(1) | 2.64(7)
1.006 | 1.67(1) | 2.61(7)
0.961 | 1.64(1) | 2.58(6)
0.899 | 1.61(2) | 2.54(6)
0.813 | 1.57(2) | 2.51(6)
0.752 | 1.54(1) | 2.48(6)
0.717 | 1.52(2) | 2.45(7)
0.681 | 1.50(2) | 2.42(7)
0.625 | 1.47(1) | 2.39(6)
0.566 | 1.46(1) | 2.37(8)
0.512 | 1.44(2) | 2.34(8)
0.466 | 1.42(1) | 2.31(8)
0.426 | 1.40(2) | 2.28(7)
0.391 | 1.39(2) | 2.25(4)
0.359 | 1.38(2) | 2.23(4)
0.327 | 1.36(2) | 2.22(7)
0.293 | 1.35(2) | 2.20(5)
0.264 | 1.34(2) | 2.19(4)
0.242 | 1.33(2) | 2.17(4)
0.223 | 1.33(2) | 2.15(5)
0.208 | 1.32(2) | 2.13(4)
0.197 | 1.32(2) | 2.12(4)
0.186 | 1.32(1) | 2.10(5)
0.175| 1.31(2) | 2.08(4)
exp. 1.318

B R e
REBowo~oobrwNr

NNNMNNNNNREPRPRPRERRERPREPPR
OO, WNPFPOOONO O ~W
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Table A.4: Lambda: 1(JP) =0 " . m; = (1116) Py, m, = (1600). Time

interval is [3,11]. File: olamol/mp.

(No|m | m | me |
1.547 | |

1.291 | |

1.152 | |

1.006 | 1.93(1) | 2.36(1)
0.961 | 1.87(1) | 2.33(2)
0.899 | 1.81(2) | 2.28(4)
0.813 | 1.76(1) | 2.24(1)
0.752 | 1.71(1) | 2.21(2)
0.717 | 1.67(2) | 2.18(3)
0.681 | 1.64(2) | 2.15(3)
0.625| 1.57(3) | 2.09(3)
0.566 | 1.51(3) | 2.03(2)
0.512| 1.46(2) | 1.97(2)
0.466 | 1.41(1) | 1.92(2)
0.426 | 1.37(1) | 1.87(2)
0.391| 1.35(1) | 1.82(1)
0.359 | 1.31(1) | 1.79(2)
0.327 | 1.28(1) | 1.76(1)
0.293 | 1.25(1) | 1.72(2)
0.264 | 1.23(1) | 1.71(2)
0.242| 1.21(1) | 1.71(2)
0.223| 1.19(1) | 1.67(2)
0.208 | 1.18(1) | 1.66(1)
0.197| 1.17(1) | 1.65(2)
0.186| 1.16(1) | 1.64(1)
0.175| 1.15(2) | 1.63(2)
exp. | 1.116 | 1.600

B R e
REBowow~oobrwNrR

NNNMNNNNNREPRPRPRERRERPREPPR
OO, WNPFPOOONO O ~W
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Table A.5: Lambda: I (JP) =0 % . my = (1405). Time interval is [3,10]. File:
olamsl/mn.

[(No[ m [ my | mp |
1.547] 2.46(15)
1.291 | 2.18(15)
1.152 | 2.10(13)
1.006 | 2.02(15)
0961 |
0.899| |
0.813 | 1.86(15)
0.752| |
0.717 | 1.78(14)
0681 |
0.625 | 1.70(14)
0.566 | 1.66(15)
0512 |
0.466 | |
0.426| |
0.391 | 1.58(15)
0.359| |
0.327| |
0.293 | 1.53(15)
0.264 | 1.51(16)
0.242 | 1.47(15)
0.223 | 1.45(15)
0.208 | 1.43(16)
0.197 | |
0.186| |
0.175| |
exp. | 1.405 | 1.670

el
PBoo~N~oob~wNPE

NNNRNNNRPRRRERRRR
OBRWNRPOOWONOOUDMWN

N
»
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Table A.6: Sigma:1 (JP) = 0( %+). m; = (1193) and m, = (1660), le:osigl/mp.

(No| m | m | mp |
1 | 1.547 | |

1.291 | |

1.152 | |

1.006 | 1.73(1) | 2.30(1)
0.961 | 1.70(2) | 2.28(1)
0.899 | 1.66(1) | 2.25(1)
0.813 | 1.61(2) | 2.21(2)
0.752 | 1.57(1) | 2.19(2)
0.717 | 1.54(2) | 2.17(2)
0.681 | 1.51(1) | 2.15(3)
0.625 | 1.48(2) | 2.12(3)
0.566 | 1.45(1) | 2.08(2)
0.512 | 1.44(1) | 2.03(3)
0.466 | 1.41(2) | 1.99(2)
0.426 | 1.38(1) | 1.94(1)
0.391 | 1.35(2) | 1.90(1)
0.359 | 1.33(1) | 1.86(1)
0.327 | 1.31(2) | 1.83(2)
0.293 | 1.29(1) | 1.80(2)
0.264 | 1.27(1) | 1.78(1)
0.242 | 1.25(2) | 1.76(1)
0.223 | 1.24(2) | 1.74(2)
0.208 | 1.23(1) | 1.73(1)
0.197 | 1.22(2) | 1.72(1)
0.186 | 1.21(2) | 1.71(2)
0.175 | |

exp. 1.193 1.660

O©CoOoO~NO O WN

NNNNNNNRPRRERRRPRRPPRE
OURWNRPRPOOONOUIAWNERO
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Table A.7: Sigma:l (JP) = O(% ). my = (1620) S;;, le: osigl/mn

[No| m | m [ mp |
15471 2.82(1) | |
1.291 | 257(1) | |
1.152 | 2.40(1) | |
1.006 | 2.28(1) | |
0.961 | 2.20(1) | |
0.899 | 2.19(1) | |
0.813 | 2.12(1) | |
0.752 | 2.00(1) | |
0.717 | 1.98(1) | |
0.681 | 1.97(1) | |
0.625 | 1.91(1) | |
0.566 | 1.85(1) | |
0.512 | 1.80(1) | |
0.466 | 1.78(1) | |
I
I
I
I
I
I
I
I
I
I
I
I

el
PFBoo~v~ouorwNeR

e el
abhwi

0.426 | 1.76(1)
0.391| 1.74(2)
0.359 | 1.72(2)
0.327 | 1.69(2)
0.293 | 1.67(2)
0.264 | 1.67(1)
0.242 | 1.66(1)
0.223 | 1.66(1)
0.208 | 1.65(1)
0.197 | 1.65(2)
0.186 | 1.64(1)
0.175| 1.63(2)
exp. 1.620 | 1.750

NDNNNNNNRERERERPRP R
OO, WNPFPOOWONO®
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Table A.8: Decuplet Delta (1232) and (1600), Ps3. Time interval = [3,11], le:
decdsp32/mp

INo| m | mg | mp |
1547 2.78@) | |

1201 2.39(1) | |

1.152 | 2.12(1) | |

1.006 | 1.94(1) | 2.41(2)
0.961 | 1.86(1) | 2.35(2)
0.899 | 1.80(1) | 2.30(2)
0.813 | 1.69(1) | 2.23(2)
0.752 | 1.62(1) | 2.18(2)
0.717 | 1.57(1) | 2.16(2)
0.681 | 1.55(1) | 2.14(2)
0.625 | 1.50(1) | 2.12(2)
0.566 | 1.47(1) | 2.09(2)
0.512 | 1.44(1) | 2.07(2)
0.466 | 1.41(1) | 2.04(2)
0.426 | 1.37(1) | 2.01(2)
0.391 | 1.34(1) | 1.98(2)
0.359 | 1.33(1) | 1.95(2)
0.327 | 1.32(1) | 1.92(1)
0.293 | 1.31(1) | 1.86(1)
0.264 | 1.30(1) | 1.82(1)
0.242 | 1.28(1) | 1.80(1)
0.223 | 1.28(1) | |

0.208 | 1.27(1) | |
0197 | 1.26(1) | |
0.186 | 1.25(1) | |
0.175| 1.24(1) | |
exp. | 1.232 | 1.600

B e
NEhEBowow~v~ooaorwn e

NNNNNNNRPRPRPRPERPRRPRERPRE
OO P WNPFPOOONO O W
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Table A.9: Pseudoscalar mesons(138) and (1300), 1 (0 *) on 12

le: mes_psl

m_|

mj

my

el e = pd
N O ©oO~NOoOOMWNR|S

NDNNMNNNNNREPRPRPRPERPRERPERPRE
OU P, WNPFPOOONOO U W

1.346
1.122
1.002
0.875
0.836
0.782
0.707
0.654
0.624
0.592
0.543
0.492
0.445
0.405
0.371
0.340
0.312
0.285
0.254
0.229
0.211
0.194
0.181
0.171
0.162
0.152

1.06(14)
0.96(6)
0.84(6)
0.79(6)
0.74(8)
0.69(7)
0.64(3)
0.58(9)
0.52(9)
0.48(5)
0.44(6)
0.42(6)
0.40(6)
0.38(3)
0.36(2)
0.34(3)
0.33(3)
0.32(9)
I

2.95(36)
2.71(43)
2.60(30)
2.49(32)
2.40(34)
2.30(24)
2.12(30)
2.06(16)
1.99(17)
1.93(37)
1.85(38)
1.78(20)
1.72(23)
1.67(21)
1.62(31)
1.58(21)
1.54(24)
1.50(34)

exp.

0.138

1.300
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Table A.10: Vector mesons:K (892) and K (1410), %(1 ). Time interval=[2,11],

le: mes_vc2

[(No| m [ my | mp |
1 | 1.547 | 1.48(9) | 1.98(12)
2 | 1.291| 1.33(8) | 1.81(11)
3 | 1.152| 1.26(10) | 1.75(8)
4 | 1.006| 1.20(7) | 1.73(7)
5 |1 0.961| 1.18(8) | 1.71(7)
6 | 0.899| 1.16(5) | 1.69(9)
7 | 0.813] 1.11(6) | 1.64(8)
8 | 0.752| 1.10(6) | 1.62(8)
9 | 0.717 | 1.07(7) | 1.58(6)
10 | 0.681| 1.06(5) | 1.57(7)
11 | 0.625| 1.04(6) | 1.54(8)
12 | 0.566 | 1.02(7) | 1.52(6)
13 | 0.512| 1.01(5) | 1.51(6)
14 | 0.466 | 1.00(5) | 1.50(7)
15| 0.426 | 0.99(6) | 1.48(6)
16 | 0.391| 0.98(7) | 1.47(5)
17 | 0.359 | 0.97(7) | 1.46(5)
18 | 0.327 | 0.96(8) | 1.45(6)
19 | 0.293| 0.95(5) | 1.44(9)
20 | 0.264 | 0.95(5) | 1.44(6)
21 | 0.242 | 0.94(6) | 1.43(10)
22 | 0.223 | 0.94(11) | 1.43(12)
23 | 0.208 | 0.93(7) | 1.42(10)
24 | 0.197 | 0.93(7) | 1.42(10)
25| 0.186| 0.92(9) | 1.41(8)
26 | 0.175| 0.92(10) | 1.41(10)

exp. 0.892 1.410
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